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Abstract

Four novel methods to diagnose plasma wakefield accelerators using optical probes are pre-
sented in this thesis. The first method involves sending an optical probe pulse to cross the
wakefield at an oblique angle of incidence. The wakefield then imprints a phase modula-
tion onto the probe which is read using a spectral interferometry technique. At first, the
method was developed analytically and verified against multi-dimensional Particle-in-Cell
(PIC) simulations. These allowed the relation between the phase modulation of the probe
and the electron density in the wakefield to be extracted. An experiment employing this
technique was also performed and modulations with similar wavelength to those expected in

the wakefield accelerator were detected.

The second method — which I have named three-dimensional (3D) spectrometer for
brevity — is based on the concept of compressed sensing. It involves the retrieval of multiple
two-dimensional (2D) spectral profiles just from a single 2D image captured by a planar
detector. Numerical tests show that it can retrieve up to ten sets of 2D spectral profile just
from a single image. The retrieved signal is also robust for further post-processing.

The third method is based on a numerical technique to retrieve information from shad-
owgraphy or proton radiography. The information is the self-generated magnetic and/or
electric fields for proton radiography and the variation of refractive index for shadowgraphy.
The technique is adapted from a computational graphics algorithm. Numerical simulations
show that the retrieved information is accurate with an error of 10% using the method, even
if caustics appear. The algorithm is also applied to retrieve the modulation of the refractive
index from a real experimental result of plasma wakefield using shadowgraphy.

The fourth and the final method is a novel optimisation algorithm and software based on
neuromorphic computing to optimise systems via simulations. The software was employed
to optimise the performance of a laser-driven plasma wakefield system by testing it using
PIC simulations on a computer cluster. It is demonstrated that by running it and letting it
learn laser-driven plasma wakefield parameters for a number of days, the software can find

optimal parameters in a laser-plasma system without explicitly being taught.
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Introduction

If a sufficiently short duration, intense laser pulse [1-6], electron bunch [7,8], or proton
bunch [9-12] is fired into a plasma, it will drive an electron plasma wave, now commonly
known as a wakefield accelerator. The interesting thing about wakefield accelerators are
that the electric fields can reach up to 100 GV /m [1,13-15], about three orders of magnitude
higher than the electric field conventional accelerators can provide. Therefore, this can be
used to accelerate electrons in a much shorter interaction length, opening the potential for

many new areas of research to emerge in the coming decades.

Plasma wakefield diagnostic development is an active research topic in the plasma ac-
celerator community because it can provide insight on what actually happens inside the
plasma accelerator itself. One of the most elegant methods to diagnose wakefields is called
Frequency Domain Holography (FDH) first developed by N. H. Matlis and colleagues, led by
Prof. M. Downer in reference [16]. In FDH, two chirped probe pulses with durations longer
than plasma wakefield period co-propagate with the wakefield and then into a spectrometer
for spectral interferometry. Only one of the pulses interacts with the wakefield while the
other one is used as a reference pulse. Using this method, it is possible to capture a 2D
picture of plasma wakefield in a single shot. However, this method is only able to work when
the amplitude of the plasma wave is relatively small. It also produces an integrated profile of
the plasma wakefield along the propagation distance, hence, it cannot detect any temporal

evolution of the plasma wakefield.

In chapter 3, I present a technique to diagnose the plasma wakefield with a probe crossing

with an oblique angle to solve this problem. By crossing the probe at an oblique angle, one
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can choose the diagnosed position along the propagation distance of the plasma wakefield,
allowing, for the first time, the plasma wakefield evolution to be observed. The quantitative
information of the plasma wakefield amplitude, assuming the wakefield is cylindrically sym-
metric, can be retrieved using an inversion I derived in chapter 3. The results were confirmed
using particle-in-cell (PIC) simulations [17-19]. The technique complements with Frequency

Domain Streak Camera (FDSC) [20] that detects the wakefield evolution in a different plane.

An experiment to support the idea in chapter 3 was performed by our group in June -
November 2016 in Target Area 2, Central Laser Facility, STFC Rutherford Appleton Lab-
oratory. The experiment set-up, results, and analysis of the experiment are presented in

chapter 4.

The idea of extending the work from chapters 3 and 4 is presented in the chapter 5
using a new 3D spectrometer concept that I developed using compressed sensing [21, 22].
Using the 3D spectrometer and supporting simulations, I show that it is possible to acquire

a trillion-frames-per-second video of plasma wakefield in a single shot.

Up to this point, I have only mentioned spectral interferometry techniques to diagnose
plasma wakefields. There is also another technique commonly used to investigate plasma
wakefields, i.e. that of optical shadowgraphy. In 2015, a group in Jena, Germany, led by
Prof. Dr. Malte Kaluza, and Imperial College London, led by Dr. Stuart Mangles and Prof.
Zulfikar Najmudin, captured pictures of plasma wakefields using the shadowgraphy method
and a 6-fs optical probe pulse [23]. However, retrieving quantitative information from shad-
owgrams is a challenging task due to its non-linear nature, as explained in terms of proton
radiography in [24]. In chapter 6 of this thesis, I present my new method of using computa-
tional graphics techniques to retrieve quantitative information from both shadowgrams and

proton radiography images [25].

I present a different approach in the last chapter (chapter 7). In the recent blossoming of
machine learning techniques, I tried to think about possible applications of machine learning
to plasma accelerator research. One subtopic of machine learning that I found suitable is

Bayesian Optimisation or optimisation in general. In the plasma accelerator field, it is inter-
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esting to optimise the output of the plasma accelerators, e.g. electron energy and electron
energy distribution. However, doing simulations and experiments is costly. Therefore, the
number of simulations and experiments performed needs to be minimised. In chapter 7, I
developed a new method to optimise a mathematical functional over a 1D function with
the minimum number of functional evaluations. Following on the work presented in chapter
7 is a novel software framework to perform the optimisation using simulations as means
to perform the function evaluation. In chapter 7, it is deployed to optimise the output of
the plasma wakefield system and it found the optimum parameters required to generate the
highest energy gain. By the time this thesis was written and submitted for examination, the
software is being used to fit 10 parameters to experimental spectral results from the National

Ignition Facility (NIF).

As a summary, my contributions to the plasma accelerator field as well as other fields

are:

1. deriving a novel transformation and its inversion of cases where the probe is crossing at
a non-perpendicular angle to the diagnosed object as well as the code implementation

(chapter 3) [26,27];

2. presenting the idea of plasma wakefield diagnostics in a spatially-resolved manner and
also providing the first experimental validation of the technique (chapters 3 and 4)

[27,28];

3. developing a novel concept of 3D spectrometer and its applications to plasma wakefield

diagnostics (chapter 5); (UK patent application no. GB1712357.1 [29])

4. introducing a method from computational graphics to retrieve quantitative information

from non-linear shadowgrams and proton radiography images (chapter 6) [25];

5. developing a novel machine learning algorithm to optimise a functional over a 1D func-
tion, developed the software and applied it to optimise the output of plasma wakefield

accelerators via simulations (chapter 7) [30].
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Chapter 1

Theory of plasma wakefield

In this chapter, 1 present a brief history of plasma accelerators and some aspects of the
theory of light interaction with plasma, especially in the case of plasma wakefield, starting
from the derivation of the plasma frequency. As work in this thesis involves a wide range
of techniques, the specific theory related to each chapter is included in each correspond-
ing chapter for completeness. Following the derivation of the plasma frequency is that of
the dispersion relationship of electromagnetic radiation in plasma. This is followed by a
discussion of the role of the ponderomotive force and its application to the laser wakefield
accelerators. Current-day limitations are highlighted, including: the pump depletion length;
the de-phasing length; as well as the modulational instability for both laser and beam driven
wakefields. Finally, as one of the experiments described in this thesis involved cluster plasma,

some theories on cluster plasma are also derived and presented.

1.1 History

The history of the plasma accelerator dates back to 1979 when Tajima and Dawson published
a paper [1] describing how electrons can be accelerated using electric field generated due to

the plasma’s electron density modulation, now known as the wakefield accelerator. The

5



1.1 History 6

interesting thing about the electric field in plasma wakefield is that it can reach 100 GeV /m,

or 3 orders of magnitude higher than in conventional accelerators.

As the technology required to produce high power short laser pulses (~ 100 TW and ~
tens fs) had not been invented, in the early days of plasma accelerators, beatwaves [13,32,33]
was proposed as the method of driving laser-driven plasma wakefield accelerators. With the
beatwave, two laser beams with different frequencies were fired and formed the beatwave in
the plasma. The frequency difference was tuned so that it matched the plasma frequency.
A later method used self modulation [34-36], where just one laser beam was fired. The laser
beam pulse duration was long enough to cover several plasma periods. Some modulation
in the plasma density was caused by stimulated Raman forward scattering growing from
noise. This modulation then grew rapidly to form the wakefield. The problem with the
beatwave method is that ion motion, induced by the ponderomotive force associated with
the modulational instability, rapidly detunes the density from the beatwave envelop, thereby
limiting the amplitude of the plasma wave. Equally, the problem with the self-modulation
method is the on-set of wavebreaking and the associated thermal spread of energetic electrons

observed by Modena et al. [13].

When the broad-bandwidth Ti:Sapphire laser technology became available for optical
wavelengths around the turn of the millenium [37], it made ultrashort optical lasers with
multi-terawatt, and even petawatt, peak powers possible. The few-ten-femtosecond duration
laser pulse (shorter than one plasma duration) could drive non-linear wakefields for the first
time [38]. The results from three groups in 2004 [2—4] showed the high quality mono-energetic
electron beams with hundreds of MeV energy can be achieved using ultrashort Ti:Sapphire
laser pulses. These milestone experiments provided great impetus to investigation of laser

wakefield accelerator world-wide.

Since then, many techniques have been proposed to enhance the energy and quality of
the electron beam. These include the use of plasma channels to guide the laser beam [5,39],
the use of petawatt-scale lasers and relatively low plasma density [39,40], optimising the

electron injection mechanism [41], multiple stages of accelerators [42,43], or combinations
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of them all. These techniques can produce electron beams with energy of GeV in only a
centimetre acceleration length. An interesting application of laser-driven wakefields is that
the X-ray generated from the electron beam from the accelerator [44,45] can be used for
tomography imaging on biological tissues [46,47]. Another application is from a group from

SLAC who successfully accelerate positron beams using hollow-profile laser beams [48].

Besides driving the wakefield using intense laser pulses, there has been a number of
experiments that have used electron [7,8] or proton beams [9-12] to drive the wakefield.
With the electron beam as the driver, it can accelerate the trailing electron beam to have
the twice the energy of the driver beam [7]. It has also been recently shown via simulations
that combining optical and electron beam drivers it is possible to generate high flux X-rays
from a plasma wakefield [49]. The problem with electron beams as the driver is that it can
quickly lose its energy due to to the mass of the electrons. To solve this, Caldwell, et al.
proposed a proton beam as a driver [9]. It was shown using simulations in reference [9] that
it might be possible to reach electron energy of 0.62 TeV in 450 m, which is clearly a very
interesting case for a future lepton collider. A proof-of-concept experiment is being performed
at CERN using the 450 GeV Super Proton Synchrotron (SPS) beam. The experiment is

known as AWAKE [10,12].

1.2 Plasma frequency

A plasma is a collection of free electrons and ions. In a stable condition, the negative charge
density from the electrons equals the positive charge density from the ions (the net density
is equal to 0). If there is a disturbance so that the net charge density is not 0, then that
produces an electric field to bring back charge to neutralise it. To start calculating charge
motion in the plasma, first make the following two assumptions: (1) the ions are not moving
because usually they are much heavier than the electrons, (2) the disturbance is small, so

one can neglect the second order terms of the disturbance.

Then, given that the initial (undisturbed) electron plasma density is ng, and there is
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disturbance so that the electron density at position r is n(r) (while the ion charge density

is still nge), Poisson’s equation of the electric potential, ®, is

v2g = (N no)e (1.1)

€0

where e is the elementary charge and gy is the vacuum permittivity. The gradient of the
electric potential induces the force to the electron, so we can write the momentum equation

for an electron as

2 — VD 1.2
m— = eVe, (1.2)

where m and v is the electron mass and velocity, respectively. The momentum equation is
not in the relativistic regime because we assume small movement. The d/dt derivative can
be expanded to d/dt = 0/0t + v - V. However, the second term is neglected here because of

the disturbance (hence the velocity) is assumed to be small. Thus, the equation above is

m—— = eV, (1.3)

As the electron’s movement can change the density, the continuity equation is

g—?+V~Vn+nV-V:O. (1.4)

The second term of the equation above can be neglected as the movement is assumed to
be small. For the third term, the electron density can be substituted as n = ng + dn. In
that terms, the dn is the small disturbance and v is also small. Therefore, by ignoring the

second order terms of the disturbance, we can simplify the equation (1.4) into

o TV v =0, (1.5)
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Applying the div operator on equation (1.3), and substitute V?® from equation (1.1),

yields

= m—(V-v). (1.6)

Next, substitute V - v from equation (1.5) to the equation above. It gives us

(n — ng)e? 0 1 on
VA . 1.7
o m@t o ot ( )
Rearranging the equation above gives us a harmonic oscillator equation,
9’n
ﬁ+w§(n—ng) =0, (1.8)

where wf, = nge/meg is the square of the plasma frequency.

1.3 Light in plasma

In this section, the plasma density is assumed to be uniform and the light is a plane wave
with uniform intensity. Only the transverse mode of the wave is considered in this section.
Even though the electric and magnetic fields move an electron away from its origin, another
electron will immediately replace it because the velocity on the same transverse plane is
uniform. This makes no charge separation in this case. It is also assumed that the light
intensity is small enough so that it does not increase the electron’s mass due to the effect of
special relativity. The ions are assumed to be stationary. Last, the derivation in this section

is treated as in linear case, so all the second order terms are neglected.

Let us start by writing the Maxwell’s equations for electric field E, magnetic field, B,
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and the current density, J,

V.-E=£=0 (1.9)
€0
0B
E=— 1.1
V x Y (1.10)
E
VXBZILLD (goaa—t—FJ) s (111)

where ¢ and p are the vacuum permittivity and permeability, respectively. The divergence
of the electric field in the first equation is zero because no charge separation due to the

transverse mode plane wave. The current density, J, can be written as

J = —ngev, (1.12)

where ng is the electron density, e is the electron charge, and v is the electron velocity. The
electric field and the magnetic field are contributing to the electrons’” movements. We can

write the momentum equation from the electric force and the Lorentz force of the electron

as,

maa—‘t, = —eE —ev x B. (1.13)

The derivative on the left hand side should be d/dt. However, as we are doing derivation in
the linear regime, the derivative d/dt can be approximated as d/dt = 0/0t + v -V ~ 0/0t.
The second term on the right hand side of the equation multiplies the electron velocity and

the magnetic field of the light which produces a second order term, which can be neglected.

Thus,

m— = —ekE. (1.14)

Substituting J from equation (1.12) to equation (1.11) and apply the partial derivative
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of time to that equation, 0/0t, gives

0B O’E ov

E = /JJQ&TOW — HoNo€—=—- (115)

V X 5

Substituting 0B/0t from equation (1.10) and 0v /0t from equation (1.14) to the equation

above and writing the speed of light, ¢ = 1/,/g€o, gives

10E
L)) (1.16)

—VX(VXE):gatz 2

where w}% = nge/mey is the square of the plasma frequency. The term on the left hand side

of the equation can be substituted using the identity,
V x (VxE)=V(V-E)- V’E. (1.17)

As the term V - E = 0 from equation (1.9), equation (1.16) becomes

O*E
*V’E = YT w2E. (1.18)
For a monochromatic wave, the second derivatives can be written as V?’E = —k?E and
OPE/ot? = —w?E, where k and w are the wavenumber and the frequency of the wave,

respectively. Therefore, substituting the second derivatives to the equation above yields the

dispersion relation of light in plasma,

w? =Wl + k. (1.19)

From the dispersion relation, the phase velocity and group velocity of an electromagnetic
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wave are respectively,

2
vp:%:c/ _ % (1.20)

w?
) w2
vg:a—::c - (1.21)

1.4 Ponderomotive force

The spatial gradient of amplitude of an oscillating force can exert force to an object. This
is known as the ponderomotive force. It can be exerted by electromagnetic wave where the
wave intensity is not uniform. To understand the origin of the force, I will explain the

ponderomotive force in longitudinal oscillation first and then move to the electromagnetic

wave.

1.4.1 Longitudinal oscillating force

Suppose there is a longitudinal oscillating force in the z direction,

F(z,t) = Fo(2) cos(wt), (1.22)

where Fj is the amplitude of the force which varies in the 2z direction, w is the frequency,
and t is the time. For simplicity, regard all the vector parameters to have a direction only
along the z axis. An object with mass m with zero initial velocity has the velocity, v, and

displacement, dz, as functions of time as below,

v = sin(wt) (1.23)

cos(wt). (1.24)
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The equations above are obtained by assuming the amplitude of the force, Fy(2), does not

vary much within the object’s oscillation position.

When the object is oscillating, it experiences different amplitude of the force. Although
the difference is minuscule, but when it experiences it many times, it experiences a drift.
From equation (1.22) and (1.24), we can obtain the force exerted to the object as a function

of time,

F(t) = Fy|z(t)] cos(wt)

OF
~ | Fo+ a—;(z — zp) | cos(wt)

oFy F
~ Fycos(wt) — 8_20771(22

cos®(wt). (1.25)

In this equation, Fy(29) and 0Fy(zp)/0z are written without the bracketed (zp), i.e. Fy and
0F,/0z, to avoid confusion between multiplication and function. On the second line, the
term Fy(z) is expanded until the second order term of Fy, while on the third line, the Fy(z)
term from equation (1.24) is approximated to be Fy(zy) to neglect the third and higher
order terms of Fy. Taking the time average of the force in equation (1.25) gives us the

ponderomotive force,

F,=(F(t)) =~ T amt 9.0 (1.26)

The negative term tells us that the ponderomotive force tends to bring the object to the

place where the amplitude is the smallest.
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1.4.2 Electromagnetic wave

Consider an oscillating electric, E, and magnetic, B, fields with frequency w,
E(r,t) = Eq(r) cos(wt) + Ea(r) sin(wt) (1.27)

B(r,t) = By(r) cos(wt) + Ba(r) sin(wt). (1.28)

From Maxwell’s equation, V x E = —0B/0Jt, we obtain,

Bi(r) = év X Ea(r) (1.29)

Ba(r) = —iv X Ea(r). (1.30)

An object with electric charge —e and mass m will experience a force,

F = mo = —eE —ev x B. (1.31)

Now assume the electric force is weak enough so that the object does not move at relativistic
speed. Also assume that the object displacement is small enough so the electric and magnetic
fields do not vary much. In this case, the velocity and the displacement of the object are
dominated by the effect from the electric field. With a simple calculus, one obtains the

velocity, v, and the displacement, s, of the object as,

v(t) ~ i [Ea(ro) cos(wt) — Eq (ro) sin(wt)] (1.32)

s(t) ~ miJQ [Ea(ro) sin(wt) + Eq(rp) cos(wt)] , (1.33)
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where rg is the object average position.

Having the velocity and the displacement of the object, we can follow the similar steps
from the previous subsection to obtain the ponderomotive force. Using Taylor’s expansion

to the first order terms, the electric field can be approximated into

E =~ E(ro) + (s - V)E(ro). (1.34)

Substituting the electric field from equation (1.34), magnetic fields from equations (1.29)

and (1.30) into the equation (1.31) gives
F(t) = —e{E(ro) + [s(t) - V] [E1(ro) cos(wt) + Ea(ro) sin(wt)] } +
- gv(t) X {[V x Ea(ro)] cos(wt) — [V x Eq(re)]sin(wt)}. (1.35)
Substituting the velocity and the displacement from equations (1.32) and (1.33) to the

equation above and take the time average, yields the ponderomotive force,

62

(F(1) = =5 [(B1 - V)E1 + (B3 - V)Ex + Ey x (V x Eq) + Ez x (V x Ea)]. (1:30)

The triple cross product identity gives
Ex(VxE)=V(E-E)—- (E-V)E. (1.37)

Therefore, the equation (1.36) can be simplified to

2 2

(F(t)) = — VI|E?|. (1.38)

2muw?
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To express the ponderomotive force in terms of the normalised vector potential, a, sub-

stitute |E?| = kmc?a/e. Thus,

(F(t)) = —=mc*V(a?). (1.39)

1.5 Linear plasma wakefield

When a laser pulse is fired into a plasma, the electrons are repelled by the action of the
ponderomotive force, leaving a positive charge in its original position. This charge separation
then produces a strong electric field that results in the return of the expelled electrons. The
kinetic energy acquired by the electrons means that they overshoot, and this is repeated over
a number of oscillations, resulting in a formation of a longitudinal electric field structure
behind the laser pulse. To calculate the electron density profile, one starts by writing the

equations from section 1.2 that are still valid in this case. Those are,

Vi = @ (1.40)
maa—:; =eVO 4 Fy, (1.42)

where F, is the ponderomotive force. All the equations above are the same as equations in

section 1.2, except the last equation where we add the ponderomotive force term.

Following the similar steps in section 1.2 and substituting the ponderomotive force Fy, =

—mc*Va? /2 leads to the equation

0? 1
8_;; + w;(n —ng) = 5”002V2(a2)7 (1.43)
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where w}% = nge?/mey is the square of the plasma frequency and a = eA /mc is the normalised

intensity of the laser pulse with A is the vector potential.

1.6 Dephasing length

If the driver of the wakefield travels with slower speed than the beam it accelerates, then
dephasing can occur: the beam from accelerating region can reach the decelerating region. If
the wakefield’s wavelength is \,, the dephasing occurs when the distance between the beam
and the driver is reduced by A,/2 in the lab frame. The distance where the dephasing occurs
can be estimated by assuming the beam travels with speed very close to the speed of light,
¢, compared to the driver. Given the driver’s velocity, vg4, the distance the driver can travel

before the dephasing occurs is [50]

A, 1

T TuTe (1.44)

Sq ~

1

rp—— (1.45)

~ (16.72 pm)[n(x10"8cm %)) ~1/2

where the second line equation is the approximate equation in terms of electron density (in

x10'® ¢cm™?).

If an electromagnetic wave is used as the driver, the driver velocity equals to the group

velocity of the wave, given by equation (1.21).

1.7 Pulse depletion

In the laser-driven plasma accelerator, the laser pulse transfers the energy to the wakefield.

Due to this energy transfer, the front of the driving pulse etches back and it slowly depletes.
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The etching velocity of the driving pulse in the bubble regime is given by [50, 51],

Vetch ~ w_gc’ (146)

where w, is the plasma frequency, wy is the laser pulse’s frequency, and c is the speed of
light. The equation above has been shown to agree with Particle-in-Cell (PIC) simulations

[17-19,52,53] in the reference [51].

One factor that causes the etch is the velocity difference between the front and back of
the pulse. In the bubble regime, the back of the pulse is at the region where there is no
electron, so the speed is ¢, while the front of the pulse still propagates with group velocity
vy < c. Another factor is the photon acceleration process where the front of the pulse is
deccelerating due to positive gradient of the electron density. The photon acceleration is

discussed in chapter 2.

If most of the laser pulse is etched, then it depletes. The depletion length can be ap-
proximated by calculating the length required by v, to etch the full-width-half-maximum

period of the pulse,

2

Letch ~ _gCTFWHM- (147)
Cdp

1.8 Plasma channel and relativistic self focusing

One of the problems in laser wakefield experiments is the defocusing of the laser pulse.
If a laser pulse is focused, then it can drive a relatively large wakefield. However, once it
defocuses, the intensity of the laser pulse, and with it the wakefield amplitude, also decreases.
In order to solve that, one can make use of a plasma channel or utilise the effect of relativistic

self-focusing.

A plasma channel [54] can be made by increasing the density of the plasma radially, so
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it decreases the refractive index and confines the laser pulse to be at the centre. It acts like

an optical guiding structure.

For relativistic self-focusing [55,56], the principle is similar, by decreasing the refractive
index radially. However, it is done not by varying the plasma density, but by increasing the
amplitude of the laser pulse so that it reaches the relativistic regime (i.e. the normalised

intensity, ap ~ 1), where the refractive index depends on the amplitude.

In this section, the criteria for both plasma channeling and relativistic self-focusing are

derived. The derivation follows closely reference [55].

Consider a Gaussian light pulse with focused beam waist size wy with frequency and
wavenumber are wg and kg, respectively. The spot size of the pulse will vary with time in a

uniform medium in the lab frame as [57],

T
where t, = kow?/2c is the Rayleigh or diffraction time. The time ¢ = 0 is chosen when the
beam is at focus. Differentiating the equation above twice with respect to the time with
t = 0 gives us,

0*w 4¢?

—_— = . 1.4
o2~ Rl (1.49)

By taking a line perpendicular to the wavefront, see Figure 1.1(a), the outward acceler-

ation of the wave at distance r is given by,

0%r 4c?

Fr _ A4 1.
T (1.50)

If the refractive index of the medium is varied radially, n(r), the phase velocities of the
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L

(a) (b)

Figure 1.1: (a) Gaussian beam and lines drawn perpendicular to the wavefront. (b) Illustra-
tion of wavefront bending due to difference in phase velocity.

light at the centre and off centre are different. When the off-centre phase velocity of the
light is greater than the phase velocity of the light at the centre, then the wavefront forms

an angle towards the centre. This is illustrated in Figure 1.1(b). The angle is given by,

0= : (1.51)

where 7(r) is the refractive index of the medium, At is the time interval, and r is the position

of the off-centre part of the light.

With the angle, the wavefront travels inward with velocity approximately cf, thus, the

inward velocity of the part at r is given by,

or __[ntr) "t —n(0) M)At

- 1.52
ot r (152)
The inward acceleration is then given by,
92 -1 _ p(0)- 12

o r
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To keep the wave from defocusing, the total acceleration terms in equations (1.50) and

(1.53) must be less than or equal to zero. Therefore,
n(r)~t = n(0)"t > ——r? (1.54)

For a wave in the relativistic regime in the varying density plasma, the refractive index in a

plasma is given by [55]

w? 5 2
n1z1+—”<1+—"—a—>, (1.55)

2w ng 4
with plasma central density and frequency are ng and w,, respectively, and a? is the peak
normalised intensity over the time at the given point. The dn is the density variation. For a

2

Gaussian beam, a® = a2 exp(—2r?/w?). Therefore, to keep the wave focused, the requirement

below must be fulfilled,

5 2 2
on a5 8¢ (1.56)

ng 4 ™ wiw?

where wg/ky & c¢. The critical intensity for relativistic self-focusing in a uniform plasma can

be obtained by substituting r = wy, therefore,

2
> 32¢

2
Qa .
0 ~ 2, .2

wow,

(1.57)

The critical intensity above still depends on the focused waist size, wg, which changing
the waist size will change the intensity. Therefore, it will be more convenient to express the

equation above in terms of the critical power,

2.5 2 W 2
P~—1—— =175 (—) GW. (1.58)



1.9 Modulational instability 22

1.9 Modulational instability

Suppose that there is a very long laser pulse with normalised intensity ag and frequency
wp propagate in a cold plasma with initial electron charge density ng and stationary ions.
The pulse duration is sufficient to cover several plasma wave’s periods. If there are a small
modulations in the electron density, it changes the group velocity of some parts of the
laser pulse. The variation on the group velocity of the pulse causes modulation on photons
distribution along the pulse, hence the intensity. The modulation on intensity then causes
ponderomotive force applied to the plasma’s electrons, therefore amplifying the electron’s
density modulation. This is the scenario of the modulational instability with long laser pulse

in a plasma.

First, let us rewrite the group velocity of the laser pulse as a function of electron density,

n,

w2 w? 2 5
vy = )12 & (1 b C__"), (1.59)

2 902,12
w§ N 2wi vz o

where c is the speed of light, w, and vy are the plasma frequency and the laser pulse’s
group velocity with electron density n = ng, respectively. The variable )n = n — ng is the
modulation of the electron density. The approximation was made using Taylor’s expansion

up to the first order term only.

If 6n is not uniform, the group velocity of the laser pulse is varied and thus makes the
photons distribution changes. We can use the fluid equation to express the equation of
number of photon as function of position and time, Nyp(2,t). As the squared of normalised
intensity is proportional to the number of photon, we can substitute it with the normalised
intensity, instead,

8((12) a(GQ) 2 vy _
or VT, Ty, T

0. (1.60)

This is the continuity equation for photons. The equation above only keeps the zero and

first order terms and ignore higher terms.
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To simplify the equation above, we can introduce a new coordinate, { = z — vgt and

7 = t. Therefore, the relation between the differential equations of two coordinates are,

9 _ 90 9 _9 1.
0z  0¢ o0& 0z (1.61)
o 8 0 o 8 0

- = _ = — = — 4 —0.q. 1.62
ot or  0e or ot 92 (162)

Applying the coordinate transformation above and substituting v, from equation (1.59) to

equation (1.60) yield,

— b (1.63)

where b = (agw?c?)/(2winovgo)-

The equation above shows that the normalised intensity can be changed if there is elec-
tron density modulation. The variation of normalised intensity then can exert ponderomo-
tive force on the plasma. To express this mathematically, write the equation (1.43), but

substituting V2 with 9? / &2,

2 20,2
gn +wi(n —ng) = 1710628 (a )

ot? 2 0&?

(1.64)

Applying 9/071 operator on the equation above and substitute a? from equation (1.63) gives

n on 1 , &n
g - 1.
007 oy — 2" Vg (1.65)

Now, transform back the £ and 7 to z and ¢ using equations (1.61) and (1.62) to obtain,

Pn  Pn on 5, on 1 L, 3n
o+ gzt T gyt ety 5ty =0 (1.66)
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Without loss of generality, substitute n — ng = dnye™! =% into the equation above. It gives

1
y(w) = (w* — wl)(w — vgok) + §n002b/€3 = 0. (1.67)

The function y(w) is a cubic function with local minimum at Wy = (vgok+,/vak? + 3w?2)/3.

The function y(w) will have 2 imaginary roots if y(wymm) > 0, or

2 3w? 3w? 1
Y(Winin) = 5?}20/{:3 (1 + .1+ = ]2’2) (—2 +./14+ 2 £2> + EnOCQbk;g’ > 0. (1.68)
g0 g0

If at the beginning of the laser pulse it drives a small wakefield (vgk ~ w,), then it is

clear from the equation above that y(w) has 2 imaginary roots, no matter how small the a2
is, as long as it is non-zero. The imaginary roots are conjugate to each other, one imaginary

root suppresses the modulation, but another imaginary root grows the modulation.

1.10 Cluster plasma model

In a cluster plasma, electrons and ions form clusters or blobs with higher density than the

average. An illustration of cluster plasma is shown in Figure 1.2(a).

In order to avoid confusion, in this section only, the electron density at the cluster is
denoted as ny and the oscillation frequency of the cluster is w, = (nge?/meg)/2. As not
all the space is filled with electrons and ions with density ng, the space-averaged density is

denoted by (ng) = png, where p is the fill factor.
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Figure 1.2: (a) Ilustration of cluster plasma, where the red blobs have density of ny and
other regions have density less than ny. (b) Charge separation in a cluster produces the
electrostatic field (smaller arrows) inside the cluster.

1.10.1 Dispersion relation in cluster plasma

The derivation of light’s dispersion relation in cluster plasma in this subsection follows closely
the derivation on reference [58]. Consider a case where a plane electromagnetic wave prop-
agates through the plasma. Assume the size of the wave is much larger than the cluster’s
size and the wave’s amplitude is not large (i.e. so that the cluster displacement is much less
than the cluster size), so a linear analysis can be performed. Unlike uniform plasma, in clus-
ter plasma, the electrons motion’s are affected by the electrostatic field resulting from the
charge separation in a cluster. This is illustrated in Figure 1.2(b). Therefore, the electron’s

equation of motion from equation (1.14) can be modified to be

ov
ot

= —¢E — fmw’x, (1.69)
where f is the geometric factor of the cluster (e.g. 1/3 for sphere), w, is the oscillation
frequency of the cluster. The last term in the equation above captures the electrostatic force
due to charge separation exerted to the electron. In equation (1.69), the effect of magnetic

field is ignored and the electric field is not strong enough to displace the electron far from
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its original position (i.e. the displacement is much shorter than the cluster size).

Without loss of generality, the electric field from the electromagnetic wave can be written

as

E = Eleiwt—ikzz + Eze—iwt-l-ikz‘ (170)

Substituting the equation above to equation (1.69) and solving the forced harmonic oscillator

equation give the solution to the electron’s displacement and the velocity,

x=——°" __E (1.71)

m(w? — fuw?)

e OE

m(w? — fw?) ot (1.72)

VvV =

Knowing the velocity of an electron, it is relatively straightforward to get the expression

for the current density, which is

2
— ey = P OB
J=—(ng)ev = (et — fu2) Ot (1.73)

From Maxwell’s equations (1.9), (1.10), and (1.11),

1 0’°E oJ

2
E- -2~ 2.
v 2o T Hyy

(1.74)

Substituting equations (1.70) and (1.73) to the equation above gives the light’s dispersion

relation in cluster plasma,

2
k*c? = w? {1 - ] : (1.75)

wh — fw?

If one substitutes p = 1 and f = 0, it reduces to the dispersion relation of uniform plasma.
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The refractive index, 7, can be easily obtained from the equation above,

(1.76)

1.10.2 Ponderomotive force on cluster plasma

As the equation of motion of the electron in the cluster plasma is different from uniform
plasma, the ponderomotive force exerted on an electron is also modified. The displacements
of electrons with electromagnetic wave, with frequency w and wavenumber £, in a uniform

plasma and cluster plasma are given below, respectively,

E (1.77)

Xe =

JE. (1.78)

m(w? — fw?

The x. can be obtained by simply replacing w? — (w® — fw?) from x,. The velocities are

just the time derivative of the displacement above.

The derivation steps in section 1.4 also applies in the cluster plasma case. Even though
there is fmw’x term in the electron’s equation of motion (see equation (1.69)), it will
be reduced to zero when taking the time average. Therefore, by simply replacing w? —

(w? = fw), we obtain the ponderomotive force on cluster plasma,

1 w?

<F>t = —émmCZV(GZ), (179)

where a = e|E?|/kmc? is the normalised intensity. From the equation above, the pondero-

motive force on cluster plasma is greater than the ponderomotive force on uniform plasma
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with the same electromagnetic wave’s intensity, if |w? — fw?| < w?.

1.10.3 Plasma wakefield in cluster plasma

The motion of electrons in cluster plasma differs quite significantly from the motion of
electrons in uniform plasma when the displacement is relatively small due to their oscillation
around the clusters. However, if the electrons’ displacements are relatively large and produce
electrostatic field that is much larger than the electric field on the cluster’s surface, then the
electrons’ motions become similar to the uniform plasma. Therefore, in this limiting case,

the plasma wakefield in cluster plasma is not much different from the uniform plasma.



Chapter 2

Photon acceleration simulations

In 1989, S. Wilks and colleagues [59] discovered the effect of “photon acceleration”, i.e.
a short pulse co-propagates along with plasma waves undergoes frequency change. The
amount of frequency-shift of the pulse is proportional to the gradient of the electron density
at the pulse’s position. If a long pulse that covers several plasma wakefield is fired and
co-propagates with the plasma wakefield, the frequency in some parts of it will change. By
measuring the frequency change at different parts of the pulse, one can obtain the gradient

of electron density profile, and integrating it to obtain the electron density profile [60-62].

In this chapter, photon acceleration in plasma will be discussed, along with support-
ing simulations. They show that it can be used to diagnose a plasma wakefield’s electron
density quantitatively. Before getting into the main idea and results, the theory of photon
acceleration is briefly presented in the section 2.1. The method and results of simulations I
performed are presented in the sections 2.2 and 2.3, respectively. Analysis and limitations

of the technique are presented in the section 2.4. Last, section 2.5 summarise this chapter.

29
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2.1 Theory of photon acceleration

In a plasma wakefield, the electron density profile varies in space and time. As a result, the
refractive index also varies. For plasma electron density profile, n(r,t) at position r and time

t, the refractive index of light with frequency wy is given by [63]

n(r, 1) wﬁ} v n 1)

r.t)=1|1- -+ p
o) = 1= 2002 nos,

where n is the unmodulated electron density and w, is the plasma frequency. The approxi-

mation is taken with an assumption that w? < wg.

If a laser pulse co-propagates with the wakefield with approximately the same velocity, the
laser pulse will remain in the same relative position in the wakefield rest frame, r' = r — v,
where vy, is the plasma wakefield phase velocity. Because the refractive index in the wakefield

varies, the phase of the laser pulse also varies as

o(r' 1) = %/ﬂ n(r',s") ds, (2.2)

with s = v,t denotes the distance co-propagated by the probe pulse and the wakefield.

From the phase, it is straightforward to obtain the frequency modulation of the probe
pulse, as w = cd¢p/9¢ with ( is the longitudinal axis in ’. Substituting 7 from equation (2.1)

to (2.2), the frequency modulation is obtained as below,

w(r',s) —wo w2 1 [ on(r,s)

ds'. (2.3)

wo 2w0 1o Jo ¢

The equation above is also confirmed by [64,65]. In the remaining sections of this chap-
ter, the frequency modulation of the probe pulse and the integrated density modulation of

the wakefield along the propagation distance are compared. They confirm the relations in



2.2 Simulation method 31

equation (2.3).

2.2 Simulation method

Simulations are performed to confirm that the frequency modulation or phase modulation

can be employed to quantitatively measure the plasma wakefield profile.

2.2.1 Particle-in-Cell

In the simulation, Particle-in-Cell (PIC) code was employed [17-19, 52,53, 66]. PIC is a
method to simulate the motion of huge numbers of particles in an electro-magnetic field
efficiently by grouping the particles into super-particles and simulating the motion of the
super-particles. Each super-particle has a weight that corresponds linearly to the number of

particles it represents.

Initially, the super-particles are deployed randomly in the simulation window according
to the particle’s initial density distribution, ng(x). The simulation window also contains
a grid where the density, electric and magnetic fields are calculated. They are deployed
uniformly at random and the weight is assigned to be proportional to the initial density
(w, o< np(x)). The super-particles are also initialised with the initial velocity, if specified by
the user. Once the super-particles are distributed, the electric field from the super-particles
can be obtained by solving the Poisson’s equation on the grid. The electric and magnetic

fields from electro-magnetic field are then added to initialise the electric and magnetic fields.

Once initialised, the iteration in the PIC simulations goes as follows:

1. calculating the density distribution, n(x), and the current density distribution, J(x)

of the plasma on the grid,
2. updating the electric and magnetic fields on the grid,

3. calculating the force acting on each super-particles based on the updated electric and
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magnetic fields (interpolated from the grid), and

4. update the position and velocity of each super-particles based on the calculated force,

the previous position, and the previous velocity.

The density distribution, n(x), and the current density, J(x), are obtained by spreading

the position of each super-particle, i.e.

n(x) = Z qpwpS(x — Xp) (2.4)

J(x) = Z GpVpwyS (X — Xp), (2.5)

p

where ¢,, w,, z, are respectively charge, weight, and position of the super-particle and S is

the spreading function. The spreading function can be polynomial of order R = 1, 2, 3, or

higher, i.e. S(y) =" a,|ly||” with some coefficients a..

Once the density distribution and the current density distribution are calculated, the

electric and magnetic fields for the next time step are solved using Maxwell’s equations,

OE 1 1

. VxB--J 2
5t~ eV *B- o (2.6)
0B

= - _VxE. 2
Y V x (2.7)

The electric and magnetic fields acting on a super-particle are obtained by interpolating
E and B using the spreading function of the super-particle. After that, the positions and
velocities of super-particles are updated based on the previous positions, velocities, and the

electromagnetic forces acting on them.
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Figure 2.1: An illustration of the simulation set up. The figure is not to scale.

2.2.2 Parameters

The simulations were performed using OSIRIS 1D [17] in SCARF-LEXICON computer clus-
ter at STFC Rutherford Appleton Laboratory. OSIRIS is a fully-relativistic code using
particle-in-cell (PIC) to simulate the movement of particles in the plasma. In the baseline
set up of the simulations, a short laser pulse with wavelength 800 nm and duration 39 fs to
drive plasma wakefield is fired to a plasma with density of 2 x 10'® em™2. The intensity of
the driver pulse is 4.7 x 10" W /cm™2 or in terms of normalised intensity, ag = 1.5. The
simulations employed 10 particle-per-cell, Lindmann open boundary condition for the elec-
tromagnetic field [67], and absorbing boundaries for the electrons and ions. The laser pulse

amplitude and short duration are sufficient to drive non-linear wakefields.

Behind the driver pulse, a long probe pulse with duration 300 fs and normalised intensity
of ap = 0.01 is fired to diagnose the electron density modulation profile. The intensity of
the probe is chosen to be much smaller than the driver pulse so that the probe pulse does
not disturb the wakefield generated by the driver pulse. The probe and driver pulses are
transform-limited pulses. These pulses co-propagate along 7 mm distance. The simulation

set up is shown in the Figure 2.1.
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2.2.3 Obtaining the local frequency

The simulations produced the electric field of the probe pulse during and after the interaction
with the wakefield. Thus, to extract the local frequency at every longitudinal position of the

probe, the Wigner transformation was employed [68].

First, denote the complex profile of electric field of a laser pulse in vacuum as F(§) as
function of & = z — ct, where z, t are position and time, and c is the speed of light. Then

the Wigner transformation of the electric field profile is
Wg(&, k) = / E(€+ & [2)E* (& - ¢/2)e™ a¢, (2.8)

where k = 27 f/c is the wavenumber of the laser pulse and E*(§) is the complex conjugate

of E(£).

From the Wigner distribution, one can obtain the longitudinal intensity profile, |E(€)|?,
and the longitudinal frequency profile, f(§), of the pulse. This is done by performing an
integration and weighted integration of the Wigner distribution over the wavenumber, k, as

shown below,

B =5 [ Wele.h) ak
(2.9)

c 1 &
f(&) = AT /_Oo kW (€, k) dk.

After obtaining the local frequency, f(£), equation (2.3) is used to calculate the integrated
electron density profile from the frequency modulation. This is compared with the integrated

electron density profile from the simulation.
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2.3 Simulation results

From the simulation, data points were taken along the propagation direction to obtain both
the profile of electric field of the pulse and the density profile of the plasma. The first data
point was taken at the centre of the laser pulse and from the electric field of the pulse,
equations (2.9) was applied to obtain the longitudinal frequency profile of the pulse. Then
equation (2.3) was applied to get the integrated density profile. This profile is labelled
the ‘actual’ profile. From equation (2.9), the uncertainty in frequency is larger where the
intensity is smaller. To maintain the accuracy in frequency retrieval of the pulse, only the
frequency where the intensity is at least 0.5% of the maximum intensity was retrieved. At

the other data points, the frequency was assigned to be constant.

The retrieved profile is then compared to the integrated density profile along the prop-
agation direction and this is labelled the ‘retrieved’ profile. The comparisons between the

actual profile and the retrieved profile at various propagation distance are shown in Figure

2.2.

In order to quantify the error in the retrieved profile with respect to the actual profile,

the normalised root mean square error (NRMSE) between those profiles were calculated.

The NRMSE is defined as

RMSE

NS = (@] — minfn. (@]

(2.10)

1 &

RMSE = [ @ = nl a,
§r — 8o Je,

where n,.(§) and n.(§) are the actual and retrieved profiles, respectively, as function of

§ = z —ct. The error is integrated from &, until . In this case, ziy — § = 0.2 mm and

centred at the centre of the probe pulse.

The values of NRMSE against the propagation distance is plotted in Figure 2.3. As seen

in the plot, the relative error is below 10% for short propagation distances. However, as the
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Figure 2.2: Comparison between the actual (red) and the retrieved (blue) profiles when the
laser pulses have propagated (a) 0.8 mm, (b) 1.9 mm, (c¢) 3.8 mm, and (d) 6.3 mm.

probe pulse co-propagates for 6 mm, the relative error increases above 10%. This is due to

photon trapping, an effect that is explained later in the next section.

2.4 Analysis and limitations

There are some factors that needs to be considered when doing any photon acceleration
measurement. Those factors can spoil and reduce the accuracy of the results. However,

these can be minimised by choosing the right parameters.
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Figure 2.3: Plot of the relative error as function of the propagation distance of the laser
probe pulse pulse.

2.4.1 Photon Trapping

When a laser probe pulse propagates inside a plasma wakefield and covers at least one
wakefield, some part of it will be blue-shifted and some part of it will be red-shifted. The
blue-shifted part acquires higher group velocity and the red-shifted part gets lower group
velocity. If the laser pulse propagates for a long enough time inside the wakefield, many
photons in the pulse will gather in the troughs of the wakefield and away from the peaks of the
wakefield. This reduces the accuracy of the measurement as there are some positions where
the laser probe pulse intensity diminishes. This mechanism is called photon trapping [65], a

form of modulation instabilities, described in chapter 1 [63,69,70].

The photon trapping mechanism is intrinsic to the process and starts from the beginning
of the interaction of the probe pulse with the wakefield. However, for small interacting
distances, this effect is still negligible. As shown in the Figure 2.4, the intensity of the
laser probe pulse does not change much at the beginning of the interaction. As the pulse
propagates further, the intensity profile gets disturbed and eventually some parts approach

zero. The measurement should be done before this point is reached.

The photon trapping mechanism starts when the laser enters the plasma. However, this
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Figure 2.4: Distribution of the laser intensity when the laser has propagated (a) 0.8 mm, (b)
1.9 mm, (c) 3.8 mm, and (d) 6.3 mm. The measurement only takes place from about -0.1
mm to 0.1 mm relative to the center of the pulse. The last picture shows that the photon
trapping occurs and causes intensity at some points go to zero.

effect is negligible at the beginning and would become significant after propagating some
distance. Ome can estimate the propagation scale length in which the photon trapping

would be significant. The propagation scale length is approximated to be

Strap ~ n)\p(wo/wp)2(5n/no)_0'57 (2.11)

where )\, is the plasma wavelength, 0n/ng is the relative perturbation of the field, and 7 is

the scaling factor with order less than unity. A safe approximation is to take n = 0.1.
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2.4.2 Diffraction

All the calculations and simulations were done by assuming that the probe pulse is collimated
during the interaction. However, for a finite beam size, diffraction will occur leading to an
increase in measurement errors. This effect is apparent in the simulations presented on the

chapter 3 subsection 3.4.1.

To minimise this effect, one should make the probe beam size large enough such that the
Rayleigh length is longer than the interaction length by a factor of two. A simple calculation

suggests that the minimum beam waist size should be

wo >/ s¢/wo, (2.12)

where wy is the beam waist size, s the interaction distance between the probe pulse and

the wakefield, and wy is the probe’s frequency.

2.5 Conclusion

In this chapter, the first simulated measurements of plasma wakefield density profiles with
the inclusion of photon acceleration have been presented. The simulations were performed
in 1D using particle-in-cell (PIC) code, OSIRIS. In the simulations, the line-integrated den-
sity modulation of the wakefield was obtained from the frequency modulation of the probe
pulse. When compared to the calculated line-integrated density modulation, the measured

quantities agree with error smaller than 10%.

Some effects that can spoil the measurement with photon acceleration have also been
discussed in this chapter. They are photon trapping and diffraction effects. It has been
shown that, by choosing the right parameters for the probe pulse, one can minimise both

sources of error.



Chapter 3

Oblique crossing angle probe

The first snapshots of the wakefield were published in 2006 by Matlis, et al. [16], based on
Single Shot Spectral Interferometry by Kim, et al. [71]. In the experiment, they sent two
chirp probe pulses to co-propagate with the wakefield. One of the probe pulse interacts with
the wakefield while the second provides the reference pulse. The interaction between the
probe pulse and the wakefield imprints a phase modulation on the probe pulse. The phase
modulation is related linearly with the electron density modulation of the plasma. After
the interaction, both pulses are sent to a spectrometer to perform spectral interferometry to
retrieve the spectral modulation. From the retrieved phase modulation, one can interpret the
density modulation of the wakefield. This method is called Frequency Domain Holography
(FDH). However, this method yields an integrated plasma wakefield density profile and

cannot detect any evolution of the wakefield.

Since then, other methods for diagnosing wakefield accelerators have been demonstrated.
One of them used the shadowgraphy technique to capture the evolution of the wakefield
[23,72]. An ultra-fast probe pulse is fired to cross the wakefield in a perpendicular direction.
In a shadowgram, the differences in light intensity seen at the detector plane are proportional
to the second spatial derivative of the refractive index. So in the experiments by the Jena

/ Imperial College groups the density gradients induced by the wakefield bent the path of

40
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Figure 3.1: An illustration of the proposed method where a median plane slice of a probe
pulse crossing wakefield in an oblique angle.

the light that resulted in the observation of the dark and bright pattern on a screen. The
advantage of this method is that the temporal and spatial evolution of the wakefield can
be obtained simply by delaying the probe pulse. The disadvantage is that it has a limited
field of view, that is set principally by the required spatial resolution. It is particularly
problematic when one wants to interrogate the evolution of beam-driven plasma wakefields,

such as the 10-m long Rb plasma in the AWAKE experiment at CERN [10].

Another technique, Frequency Domain Streak Camera (FDSC) [20] employs spectral
interferometry as in FDH, but the probe pulses are fired to cross the wakefield in an oblique
angle, instead of co-propagating with the wakefield. After the interaction, a slice on the
transverse plane of the probe pulse is captured on a spectrometer. The results of this
method can be interpreted to obtain the evolution of the wakefield during the propagation.
However, this method cannot capture the transversal structure of the wakefield at a certain

point in the plasma.

The new method investigated in this chapter is similar to FDSC, but instead of capturing
the transverse plane of the probe pulse, one simply captures the sagittal or median plane of
the probe pulse. With this method, one can obtain a snapshot of the wakefield at a certain
point in the plasma. To capture the evolution of the wakefield, all one needs to do is firing
multiple shots by shifting the position of the probe pulse. Figure 3.1 illustrates this method.
This is a complementary method to FDSC in diagnosing a wakefield with a long column and

evolving wakefield. The content of this chapter have been published in [27].
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(a) (b) (e)

Figure 3.2: (a) An illustration of a probe crossing a cylindrically-symmetric object where
one can apply Abel transformation and inversion to retrieve the object’s properties. (b) If
the longitudinal velocity of the probe equals to the object velocity, then the probe crosses
perpendicularly in the object’s frame, and the Abel transformation and inversion still apply.
(¢) Otherwise, the probe does not cross perpendicularly and the original Abel transformation
does not work.

Another proposed method to capture the evolution of the wakefield by obtaining several

pictures of the wakefield in a single shot is explained in the chapter 5.

3.1 Modified Abel transformation

Denote the group velocity of the probe pulse as v,, the wakefield phase velocity as u,, and
the crossing angle is 6. If the longitudinal velocity of the probe pulse equals to the wakefield
velocity, i.e. wvgcos = u,, the probe pulse crosses the wakefield perpendicularly in the
wakefield frame, as shown in Figure 3.2(b). If the wakefield has a cylindrical symmetry, then
the electron density can be obtained by applying the inverse Abel transformation to the
probe phase modulation, because the phase modulation is proportional to the integration of

the electron density modulation over the interaction distance as given in (2.2).

However, if the longitudinal velocity of the probe pulse does not equal to the wakefield
velocity, the probe pulse does not cross perpendicularly in the wakefield frame, and the
inverse Abel transformation does not work any more, as in Figure 3.2(c). Motivated by this,
a novel transformation was derived from Abel transformation where the probe does not cross

perpendicularly with respect to the diagnosed object.
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Assume an object with cylindrical symmetry as in Figure 3.2 has a property of f(r, z),
where r is the distance from the symmetry axis. The property is diagnosed with a probe
and the probe reads g = fp f dl with p is the path of the probe and dl is the small part

of the path. If the probe crosses the object perpendicularly, it can be obtained by Abel

transformation,

< f(r,z)r dr

o) =2 [ L2 ET 3.1
o) =2 [ TG (3.1)
In most cases, people obtain ¢(y, z), but interested in f(r, z). To obtain f(r, z), one can

apply the inverse Abel transformation,
1 [*0 d
fr == [ o) s (32)

In cases like Figure 3.2(b), one can employ the inversion above as the z-slices are inde-
pendent to each other. However, for cases like in Figure 3.2(c), one part of the probe crosses
multiple z-slices. Therefore, the equations above were modified to handle this case. For

a = [(cos@ — u,/v,)/sinb], the forward and inverse transformation can be written as,

gy, k) = 2/00 Ccos (kaﬂ) M dr (3.3)

T2_y2

B 1 [0 cosh (ka y? — 7’2>
S - 4
frk =2 [ Gy (3.4)

where the tilde hat denotes the Fourier-transformed signal from the spatial domain z to
the spatial frequency domain k, i.e. h(k) = [ h(z)e"™* dz. Setting a = 0 brings the
equations above back to the original Abel transformation. The complete derivations of the

transformation and its inversion as well as its numerical implementation are presented in

Appendix A.1.
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For our case with a wakefield and an oblique-angle optical probe, the variables f and
g need to be replaced by the corresponding parameters in the wakefield and the probe.

Equations (2.1) and (2.2) and the relation g = fp f dl yield

flr,z) = An(r, z) (3.5)
2wocng
g(ya Z) = - (U2 Agb(y?Z)’ (36)

where An is the electron density modulation, wy and w, is the probe and plasma frequency,
respectively, ng is the unmodulated electron density, ¢ is the speed of light, and A¢ is the

phase modulation of the probe pulse.

3.2 3D simulations of measurement

The main objective of this chapter is to confirm that the oblique crossing angle with the
modified Abel transform can be utilised to retrieve the plasma wakefield density profile using

simulations. To achieve that, 3D simulations were performed using OSIRIS [17].

A baseline set up of the simulation uses a plasma with density of ng = 2 x 10 cm ™3,

divided into 3D grids with size (12 x 120 x 120) nm® each, and a moving window that contains
9750 x 400 x 300 cells. Periodic boundary condition were used on the transverse boundaries.
One particle per cell was found sufficient for this purpose. Repeated simulations with a

larger number of particle per cell were performed and the results were similar.

To drive the wakefield, a spherical Gaussian electron beam with radius o, = 4.4 ym
and peak density of n, = 0.33n¢ was used. Each electron in the beam was given an initial
momentum of p,/m.c = 45 x 103, with m, is the mass of electron. As this is a simulation
to measure the wakefield, the type of the driver is not important. An electron beam was

chosen to reduce the simulation time.
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Figure 3.3: (Left) An wy-z;-plane slice of the wakefield, where the driver comes at an an-
gle with respect to the x; axis. (Right) Electric field profile of the probe pulse where it
propagates along the z; axis. The red lines shows the plane where the slices were taken.

The probe pulse was a plane wave with wavelength of 400 nm, duration 53 fs, and
normalised intensity ap = 0.01, coming with an angle 8 = 20° to the wakefield longitudinal
axis. As a parameter scan, the peak density of the driver beam was varied from 0.1ng to
0.35ng, the crossing angle from 25° down to 5°, and the probe’s wavelength from 260 to 800
nm.

In each simulation, five slices of the probe pulse were taken for the analysis. These slices
cross the centre of the wakefield at s = {28,39,49, 60,67} pm measured from the beginning
of the plasma. Each simulation took approximately 8000 CPU hours on average to finish.

Figure 3.3 illustrates the simulation and the slicing of the probe pulse.

When a simulation finished, the plasma density profile, n(r, z), was taken and labelled
as the “actual” density profile. Also, from each taken slice of the probe pulse, the frequency
modulation profile, Aw(y, z) was calculated using the Wigner transform, as explained in
section 2.2.3. From the frequency modulation, the phase modulation profile, A¢(y, z) was
calculated, as Aw ~ cdA¢/0z. Thus, using the calculated frequency modulation from
the probe, equations (3.3)-(3.6), the measured density profile of the plasma wakefield was
calculated. This was labelled as the “retrieved” density profile. Both profiles, “actual” and

“retrieved” density profiles were then compared.
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Figure 3.4: The electron density profile from the baseline simulation (a) obtained directly
from the simulation and (b) retrieved by calculating from the frequency modulation profile
of the probe pulse’s slice that crosses the wakefield.

3.3 Simulation results and analysis

As a first step in this comparison, a slice with s = 28 um in the baseline simulation was
taken just after the probe slice leaves the plasma wakefield. The retrieved density profile
of the plasma wakefield was then compared to the actual density profile obtained directly
from the simulation. Figure 3.4 shows a good qualitative agreement between the two density

profiles.

A quantitative comparison between the retrieved and actual density profiles was done by
comparing the peaks and troughs of the wakefield for every slice in the baseline simulation.
There are five slices of the probe pulse taken from the simulation that cross the wakefield at
s = {28,39,49,60,67} pm after the wakefield driver enters the plasma. Each slice was taken
just after it left the wakefield. A similar comparison was also done for a simulation with
smaller driver density to drive smaller wakefield amplitude with other parameters remaining
the same. The comparisons of the peaks and troughs values between the retrieved and the
actual density profiles are shown in Figure 3.5. The measured peaks and troughs values

agrees well with the actual value, taken directly from the simulation.

In order to get a bigger picture on the regime where this diagnostic works well, a com-
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Figure 3.5: Comparison of the peaks and troughs values of the retrieved and actual density
profiles for (left) non-linear wakefield amplitude and (right) small wakefield amplitude.

parison was made by simulating different values of peak driver density, crossing angle, and
the probe’s frequency. From the retrieved and the actual density profile, the amplitude of
the wakefield was taken and compared between these two profiles. An amplitude is defined
as the mean value of the peaks and the troughs of the central lineout of the wakefield. The
slice that crosses the wakefield at s = 28 pym was taken. The comparisons of the amplitude
values for different driver beam densities, probe’s frequencies, and crossing angles are show

in Figure 3.6.

As seen in Figure 3.6, varying the driver density to generate a non-linear wakefield for
An/ng < 0.7 does not reduce the accuracy of the diagnostic method. Changing the probe’s
frequency from 10w, to 30w, also does not affect the measurement’s accuracy. However,
reducing the crossing angle tends to make the measurement less accurate. The measured
values for small angles underestimate the actual amplitude of the wakefield. This is caused

by the diffraction effect, discussed earlier in Chapter 2.

When the probe pulse interacts with the wakefield, it adds the phase modulation over
the interaction distance. However, if the transverse size of the imparted phase modulation
is small enough, the additional modulation gets diffracted before the probe pulse leaves the
wakefield. An example of this diffraction effect is shown in Figure 3.7. Here it shows the

measured densities evolution of a slice from the probe pulse as it propagates further from the
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Figure 3.6: Comparison of the amplitude of the wakefield from the actual and the measured
values for simulations with different (a-b) driver peak densities and wakefield amplitudes,
(c-d) probe’s frequencies, and (e-f) crossing angles. The left pictures plot the values and the
right pictures show the relative error between the actual and measured values.
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Figure 3.7: The measured density profiles at different positions as the probe pulse propagates
away from the wakefield. Figure (a) is when the probe pulse just leave the wakefield, (b)

and (c) is when the probe pulse already propagates for 18 and 36 pum from the figure (a),
respectively.

wakefield after the interaction. If the crossing angle decreases, then the interaction distance
increases, thus the diffraction can occur during the interaction and reduces the value of

density profile it measured.

3.4 Limitations

In order to perform a good measurement, it is clear that correct parameters need to be
chosen. The constraints on the chosen parameters relies on several factors that limits the

method, which are diffraction and large crossing angles.

3.4.1 Diffraction

This effect is already apparent in Figure 3.7. Let the electric field profile of the probe be
Up(r,t). If the probe undergoes a slight phase modulation, d¢(r,t), the electric field profile
can be written as Up(r,t)e¢™t) =~ Uy(r,t) + iUy(r,t)d¢(r,t). The right hand side of the
equation shows that there is another term that can be regarded as a separate electromagnetic
wave with the same frequency and amplitude profile of |Uy(r,t)||0¢(r,t)|. Even though the

probe transverse size is large and collimated, if the phase modulation size is small, it will be
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diffracted much earlier than the probe itself.

To prevent the diffraction effect to be considerable during the probe-wakefield interaction,
the Rayleigh length of the phase modulated part needs to be longer than the interaction
length. If the probe has wavelength of A\g and the wakefield radius has a size parameter of

rp, the minimum angle is approximately

. Ao
>
0 2 arcsin (rp\/7_r> : (3.7)

In the simulated case, the minimum crossing angle is approximated to be 8°. This explains
why the relative error on Figure 3.6 (f) increases when the angle is down to 10° and exceeds

15% when it is down to 5°.

3.4.2 Large crossing angle

In the previous subsection, the minimum crossing angle was derived based on the diffraction
effect. In this subsection, the upper limit of the crossing angle is determined by limiting
the error generated by the modified Abel inversion in equation (3.4). As the modified Abel
inversion has a cosh(ka---) term inside the integral, the error in obtaining the density

modulation rises exponentially as |a| = |(cos € — u,/v,)/sin )| increases.

To quantify the error in obtaining the density modulation, assume the wakefield takes a
Gaussian profile with radius r, for its transverse profile and sinusoidal on its longitudinal
profile. Although this assumption does not hold for non-linear wakefields, it is simple enough

to quantify the error propagation. In this case, the phase modulation is given by
A¢ = Appaz sin(wpz/c)e ¥/, (3.8)

where Ay, is the amplitude of the phase modulation. From equation (3.4), the density
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modulation is obtained as

An An 27,2
— == i o/ 3.9
e ( e )max sin(wpz/c)e , (3.9)
where
(%) - 4 wzoc @wga2”§/402A¢max' (3.10)
10 /) s T wiry

As can be seen on the equation above, the error or noise in reading the phase modulation
is amplified by an exponential factor of a?. If the crossing angle is larger than arccos(u,/v,),
increasing the angle increases the absolute value of a. This sets an upper limit on the crossing
angle. For example, if there is a 0.01 rad noise in the phase modulation and one wants to get
the error of An/ng below 20%, then the upper limit (with the baseline parameters above) is

around 70°.

3.4.3 Method to acquire the phase modulation

Another limits on the oblique angle probe pulse might come from the method to obtain
the phase modulation profile. For example, in chapter 4, a method called Single-shot Su-
percontinuum Spectral Interferometry (SSSI) [71] is employed to get the phase modulation
profile. This method is good for obtaining moderate number of phase modulation (~ 0.1 rad,
depends on the noise), but it is quite hard to use if the phase modulation is small. The sen-
sitivity of the method to acquire the phase modulation sets the upper limit of the crossing

angle.



3.5 Fast moving object tomography 52

Figure 3.8: Tomography set up for a moving object.

3.5 Fast moving object tomography

The expressions of modified Abel transformations in equation (3.3) and (3.4) are only valid
if the object has cylindrical symmetry. However, if the object does not have cylindrical

symmetry (or is not approximately symmetry), a tomography method needs to be employed.

Current tomography technique is usually employed by sending multiple probes to the
object with all the probes are perpendicular to an axis. However, if the object is moving,
it poses another challenge to match the longitudinal velocity of the probe with the object’s
velocity to make the probe crosses perpendicularly relative to the object (see Figure 3.2(b)
and (c)). Therefore, an analytical expression of the transformation was developed where the
object is not cylindrically symmetric and the probes are crossing with an angle. Figure 3.8

illustrates the case considered in this section.

A general profile in cylindrical coordinate can be expressed by an infinite sum of profiles
with a cylindrical symmetry. This is known as Fourier series where a function A(r, z,6) can
be expressed as [73]

h(r,z,0) = Y hp(r,2)e™, (3.11)

m=—0o0
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where

2
b (1, 2) = i/ h(r,z,0)e™ dg. (3.12)
0

™

An object with cylindrical symmetry has a non-zero element only at m = 0 and h(r, z,6) =

ho(r, z).

Denoting the measurable profile from the probe as f and the diagnosed object’s profile
as ¢, the generalised Abel transformation for non-symmetric object and non-perpendicular

probe can be expressed as,

gm(y, k) =2 h f;n(r, k) cos [/{;a\/r2 —y? — marccos(y/r)} l (3.13)

2 2
|l -y

f(r, k) = ! /OO %ﬁ’@ cosh [k’a\/y2 —r2—m arccosh(y/r)]

d
— Y (314
/2 — 12
This is a combination of the transformations (3.3)-(3.4) and the equations 10 and 18 in [73].

The derivations of the transformations above are given in Appendix A.2.

3.6 Conclusions

In this chapter, a novel method for diagnosing a wakefield was developed, one where an
oblique angle probe takes snapshots of the wakefield at the different positions in a plasma
column. A novel transformation was also derived analytically for the case where a probe
crosses the object in a non-perpendicular angle. The method was confirmed using 3D PIC

simulations and shows that measurements can be done with error less than 15%.

Additionally, new transformations were derived relating the probe parameter and the
diagnosed object’s parameter where the object does not have a cylindrical symmetry and
the probes are not sent perpendicularly to the axis. In short, the first transformations have

been presented for tomography of a fast-moving object.



Chapter 4

Experiment on plasma wakefield

diagnostic

An experiment to diagnose plasma wakefields and to qualify the experimental platform
described in chapters 2 and 3 using an oblique-angle probe was performed in the Gemini laser
facility’s Target Area 2 in the Central Laser Facility, STFC Rutherford Appleton Laboratory.
The experiment used helium, nitrogen, and methane gases as the target. An 800 nm / 45
fs laser pulse containing 0.5 J of energy was used to both ionise the gas and drive the
wakefield. At this point, two second harmonic pulses crossed the wakefield at an oblique
angle. Asthe primary diagnostic of the probe pulses, the single-shot supercontinuum spectral
interferometry (SSSI) method was employed to read the phase modulation imprinted onto
the probe. It is demonstrated here in this chapter that modulations with wavelength similar
to the wakefield from the experiment was observed for the first time. A new model of

wakefield acceleration in a cluster plasma is presented to explain the observations.

54
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4.1 Single-shot supercontinuum spectral interferome-

try

In FDH, FDSC, as well as the proposed method, the phase modulation of a chirped probe
pulse is obtained by sending a reference unmodulated chirped probe pulse with suitable delays
to a spectrometer. This method of combining two chirped probe pulses into a spectrometer
was first introduced by Kim, et al. as single-shot supercontinuum spectral interferometry

71).

Let two identical chirped pulses co-propagates with delay 7 to each other. One of the
pulses has some phase modulation, A¢(t — 7). Also, let the unmodulated pulse electric field

be represented as Ey(t). Then the total electric field of the pulses can be written as
E(t) = Eo(t) + Ey(t — 1)e'2et=7), (4.1)

When both pulses enter the spectrometer, the modulus of the electric field in the fre-
quency domain is generated. Putting a tilde hat on variables on the frequency domain, it is

expressed as,
|E(w)[2 = 2| Eo(w)]? {1 + cos [m + Ags(w)} } . (4.2)

The equation above assumes that the second pulse does not have any modulation in

terms of intensity, just the phase. Now the task is to obtain the phase modulation, Agg(w),

from the signal above.

There are two terms on the right hand side of the equation above, the constant part and
the oscillating part. When a Fourier transform is applied to the term above, there will be
three significant peaks. The central one corresponds to the constant part, and the others
correspond to the positive and negative frequency of the oscillating part. Taking the positive

frequency of the oscillating part can be done by zeroing the area around the central peak
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Figure 4.1: Steps to retrieve the phase modulation in SSSI.

and the negative peak. By doing that, it leave us with
F(w) = 2|Ey(w)Pexp |iwr + iAd(w)] . (4.3)

In order to remove the wt term, one can shift the Fourier transformed signal so that the

positive peak is located at the centre. It yields
Fi(w) = 2|Eo(w)[?exp [zAgE(w)] : (4.4)

Now the phase modulation in frequency domain is relatively straightforward to obtain,
ie. Ap(w) = arg [ﬁ’l (w)} The procedure to obtain the phase modulation is illustrated in

figure 4.1.

The next step in obtaining the important information is to convert the phase modula-

tion from the frequency domain to the temporal domain. The relation between the phase
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modulation in the temporal domain and in the frequency domain is expressed as
Eo(t)eid*®) = F-1 [E’O(w)em@(w)} , (4.5)

with F represents the Fourier transform and F~! the inverse Fourier transform.

For a Gaussian chirp pulse with width 7y, frequency wg, bandwidth Aw, linear chirp

coefficient o, and assumptions o?7y > 1 and o < (Aw)?, one can obtain

Ag(t) = Ap(wo + at). (4.6)

4.2 Experimental design

4.2.1 Schematic in the target chamber

We were awarded 12 weeks of facility access time from June to November 2016 at the
Gemini laser facility’s Target Area 2 (TA2). This state of the art Ti:Sapphire laser facility is
managed by the Central Laser Facility (CLF), STFC Rutherford Appleton Laboratory and
is provided on a “free at the point of access” basis to academic institutions on application to
STFC’s Facility Access Panel. The time was awarded for an experimental proof-of-concept
on diagnosing wakefields using an oblique angle probe, as explained in chapter 3. The
detailed planning, for which I was principally responsible (under Professor Norreys’ guidance)
involved the conceptual design of the optical layout and the development of the diagnostic
instruments. In this task, I was greatly assisted by Dan Symes, Chris Hooker, Steve Hawkes,

Chris Gregory, Luke Ceurvorst, Kevin Glize, James Holloway, and other colleagues.

The target chamber in TA2 has a size of (1000 x 800) mm?. For simplicity of diagnostic
access, it was decided to use a gas jet as the target, an off-axis parabolic mirror as the

focusing optic for the wakefield driver pulse, and frequency-doubled laser pulse as the probe.
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Figure 4.2: Schematic inside the target chamber. The red and cyan lines show the main
laser beam line. The blue line is for the frequency-doubled probe pulses for the wakefield
diagnostic and the orange line show the line for the perpendicular probe for plasma density
diagnostic.

For the diagnostics, the principal one was to use an oblique crossing probe as the main
diagnostic of the wakefield, supplemented by a perpendicular crossing probe to diagnose
the plasma density profile, an electron spectrometer, main laser pulse exit mode, and other
diagnostics around the target and before the target. The schematic of the target chamber is

shown in Figure 4.2.

After exiting the target chamber, the blue line was directed into an imaging system with
40-50 times magnification and a spectrometer. The perpendicular probe (orange line) was

directed into a Mach-Zehnder interferometer and a camera to image the fringes.
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The f = 1016 mm off-axis parabolic mirror with F'# = 17 was chosen because it can
focus down a 800 nm laser pulse down to around 2w, ~ 30 pm diameter (for an ideal
Gaussian beam, 2wy ~ 17 pm, assuming M? ~ 2) and it is in the same order with the
predicted wakefield wavelength for the chosen density, i.e. n &~ (5 — 20) x 10'® cm™ and
Ap = (7.5 —15) pm. Also, it was the most common set-up used in CLF experiments, so
obtaining the off-axis parabolic mirror with the corresponding parameters was relatively

straightforward for the facility staff.

Please note that all beam diameters are expressed in terms of twice the beam waist size,

i.e. 2wy. The beam waist size is defined as wy = dpwpr/V2In2 where dpw gy is the

full-width-half-maximum width of the beam.

Laser probe pulse spot size at the target was designed to be larger than the main driver
laser pulse spot size to make it easier to find the wakefield structure within the probe pulse.
As a result, the probe pulse was designed to enter the target chamber with diameter 9 mm
and focused using f = 1000 mm focusing lens. With that parameter and with 400 nm
wavelength, it is predicted that the probe pulse would have diameter of 110 pm (2wy ~ 57 pm
with M? ~ 2). Tt is around 3 times larger, in diameter, than the main driver laser pulse spot

size.

To optimise the crossing angle, simulations were performed using those parameters with
n=>5x10"% cm™ and n = 2 x 10! cm™3 for 3 mm propagation length, then calculated
the predicted phase modulation on the probe. The density profile from the simulation with
n = 5 x 10'® ecm™3 is shown in Figure 4.3. The predicted phase modulation for 400 nm
probe pulse crossing with an angle of 4° is shown in Figure 4.4. The phase modulation was

calculated using the equations (3.3), (3.5), and (3.6).

From the images in Figure 4.4, it can be seen that the phase modulation is around ~60
mrad. However, based on my conversation with Stephen Dann (a DPhil student in Oxford
who did FDH and SSST in Dr. Laura Corner’s and Prof. Roman Walczak’s group in Oxford),
the minimum phase modulation that FDH can detect is around 80 mrad. As a result, the

4° crossing angle determines the limit for the angle’s order of magnitude, because increasing
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Figure 4.3: Density profiles of the wakefield with n = 5 x 10'® cm™ after (a) 0.2 mm, (b)
0.8 mm, (c¢) 1.4 mm, (d) 2.0 mm, and (e) 2.6 mm propagation.

the crossing angle decreases the interaction length and, hence, the phase modulation. That
sensitivity limit forms the basis of the signal-to-noise ratio of the measurement and, although

the parameters might be somewhat different in our case, it formed a useful estimate for the

experiment design.

It was found that increasing the plasma density significantly helped. The density profile
and the phase modulation from the simulation with plasma density n = 2 x 10! cm™3 is
shown in Figure 4.5 and 4.6, respectively. The main driver laser pulse is depleted after trav-
elling 1.5 mm inside the plasma, based on the simulation. In this case, the phase modulation
at the beginning is around 120 mrad and then increases up to more than 1 rad before the

pulse is depleted. Thus, this case does not have any problem with the sensitivity of FDH.

4.2.2 Schematic on the probe table

In order to do SSSI, two co-propagating probe pulses were needed. In this case, the pulses

were designed to be generated using a Michelson interferometer. The frequency-doubling
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Figure 4.4: Phase modulation of the probe pulse with plasma density n = 5 x 10*® cm
after (a) 0.2 mm, (b) 0.8 mm, (c) 1.4 mm, (d) 2.0 mm, and (e) 2.6 mm propagation.

was also done from 800 nm to 400 nm probe pulse using a BBO crystal. All of the set up for
the probe pulses was done on a separate optical table. The schematic for the optical table

is shown in Figure 4.7.

At the entrance of the optical table, the probe beam had a size of around 18 mm.
The beam was reduced in size by half of its original diameter before being directed into
the frequency-doubling crystal (BBO crystal) to increase the conversion efficiency. The
frequency doubled pulse (blue) and the unconverted pulse (red) were then separated by a
dichroic mirror. The blue pulse was then split into two parts by a Michelson interferometer
set up with one variable-length arm to tune the delay between the pulses. After the Michelson
interferometer, fine and coarse delay lines were installed to tune the delay between the blue
probe pulses and the main laser pulse. Then, a 50-mm glass block was put in the blue line to
stretch the blue pulses to have 400 fs duration each. All mirrors in the blue line are dielectric

mirrors to prevent energy loss during the transport.

After the pulses exited the probe table, they came to a compressor table, where the main
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Figure 4.6: Phase modulation of the probe pulse with plasma density n = 2 x 10! cm™3
after (a) 0.2 mm, (b) 0.8 mm, (c) 1.4 mm propagation.

laser pulse was compressed. However, on this table, the probe pulses (blue and red) were

simply transported to the target chamber.

The thickness of the glass block was calculated by assuming that the FWHM bandwidth
of the probe pulse after frequency doubling was around AApw gy = 6 nm. The group

velocity dispersion (GVD) for N-BK7 glass block is 122 fs*/mm. The thickness of the glass
block is calculated by

1 9 1 2
- KL 4
ts=GvpT0 (m) ) (4.7)

where 7 is the bandwidth-limited pulse duration and 7 is the intended pulse duration. We

needed the pulse to have a pulse duration of 7rw g1 = 400 fs to cover a few wakefield

periods 7, ~ 25 — 50 fs. Therefore, 7 = Trwmap1/2VIn2 = 240 fs. The bandwidth-limited
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pulse duration was also obtained from

2v1n 2

p— —, 4.8
Awpwam ( )

T0

where Awpw gy = (2mc/N)(AXpwaa/A). Putting A = 400 nm, AXpw gy = 6 nm, yields
70 = 23.6 fs. Using the value of 7y, 71, and GVD for N-BK7 glass on equation (4.7) produces

the glass thickness to be around ¢, = 46 mm.

4.3 Experimental setup

Luke Ceurvorst and Kevin Glize were the designated Target Area Officer of the experiment.

We were helped by Nicolas Bourgeois as the link scientist from the CLF. The group was
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split into two teams during the experiment: an optics team and a diagnostics and DAQ
team. The optics team consisted of Luke Ceurvorst, Kevin Glize, and Fearghus Keeble. The
diagnostics and DAQ team comprised myself, Naren Ratan, and James Sadler. We were
also helped by an undergraduate and two master students, Aimee Ross, Alexander Savin,
and Nicholas Chen respectively. Professor Norreys oversaw the experiment and liaised with

facility staff in his role of Principal Investigator.

When the experiment started, a set up from the previous group (by Lucy Wilson and
colleagues) was left in the target area. As the optical layout of their experiment and our
experiment were very similar, we used their design as a starting point. The new elements
were to add the blue line on the probe table, position it correctly inside the target chamber

and also build a diagnostic table for the blue probe pulses.

4.3.1 Probe table

The beam diameter reduction on the probe table was implemented by a concave silver mirror
with f = —1500 mm and a convex silver mirror with f = 750 mm separated by a 750 mm
distance. There was a problem when the experiment started: the glass block arrived late,
so it was not possible to use the glass block to stretch the blue pulses. We overcame this
obstacle by inserting a non-polarising cube beam splitter in the Michelson interferometer set
up with 1 inch (25.4 mm) thickness. As a beam propagates inside the beam splitter twice in
the set up, the cube beam splitter can also act as a stretcher glass block with thickness 50.8
mm. This solved the problem and we ended up using the cube beam splitter as the pulse

stretcher.

For the low-hazard alignment laser, we set up a 400 nm class II laser for the blue line
and a green laser to follow the red line. In summary, while some minor details of the optical
layout changed between the conceptual design and the implementation phase, the operations
performed on the probe table did not change (i.e. frequency doubling, pulse splitting, pulse

stretching, delay stage, etc.).
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4.3.2 Target chamber

The target chamber set up was left by the previous group (Lucy Wilson, et al.). The set up
was similar to the schematic shown in Figure 4.2, except there was no optics to transport

the blue probe.

A turning mirror with flippable mount between the gas jet and the last turning mirror
was installed. This removable mirror reflected the light into a focal spot camera in low power
laser mode. In high power/full power laser mode, this flippable mirror was removed to avoid

damage on the focal spot camera and on the mirror itself.

The chamber was more packed than shown in the schematic mostly because of the off-axis
parabolic mirror’s mount and its motors and also the driver of the gas jet, which consisted
of a three axis motor driver and a goniometer. Because of the geometry and the lack of
space, we could not make the crossing angle to be 4° as planned, but had to contend with
the crossing angle being 8°. This physical limitation in positioning the probe beam limited

the signal to noise ratio, as discussed in the results section 4.2.1.

4.3.3 West table

On the west table (on the left side of Figure 4.2), a Mach-Zehnder interferometer was installed
for the transverse probe diagnostics. A spectrometer for the post-interaction main laser beam
was also installed as well as two cameras (exit mode cameras) to diagnose the main laser
beam profile after the interaction. A camera to observe the longitudinal position of the gas

jet was also placed on this table.

4.3.4 South table

On the south table, a spectrometer for the oblique crossing angle (the “blue” probe) probe
pulse was positioned. Before getting into the spectrometer, the blue probe was magnified

around 50 times larger using a 50x infinity corrected microscope objective. A camera was
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also installed to see the blue probe’s transverse spot profile after the interaction with the

plasma.

4.3.5 Diagnostics

During the experiment, numerous diagnostics before the target, after the target, and at
the target were employed. Below is the complete list of the diagnostics employed in the

experiment.

1. Main beam near field monitor on the probe table and before the target, to make

sure that the main beam shape and alignment did not change much.

2. Main beam far field monitor on the probe table and before the target, with the

same purpose on the near field diagnostic.

3. Probe beam near field monitor on the probe table and before the target, with
the same purpose on the previous diagnostics, but this was applied to the blue probe

pulses.
4. Probe beam far field monitor on the probe table and before the target.

5. Focal spot monitor in the target chamber and before the target, to see the main
laser pulse spot size at the target and to overlap the main laser pulse and the blue

probe pulses at the target.

6. Top view on top of the target chamber and looking at the target, to align the position

of the target gas jet.
7. Side view on the west table and looking at the target, with the same purpose of the
top view.

8. Flippable camera monitor on top of the target chamber to look at a flip mirror for
the focal spot camera, to make sure that the flip mirror does not obstruct the beam

path when full power shots were taken.

9. Electron beam profile monitor inside the lead box, to get the electron beam profile

produced by the wakefield.
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10.

11.

12.

13.

14.

15.

16.

17.

E-spec short side inside the lead box, to monitor the short side of the Lanex screen

of the electron spectrometer.

E-spec long side inside the lead box, to monitor the long side of the Lanex screen of

the electron spectrometer.

Mach-Zehnder camera on the west table and after the target, to capture the fringes
caused by the perpendicular probe and Mach-Zehnder interferometer to get the plasma

density profile.

Exit mode 1 on the west table and after the target, to capture the transverse beam

profile of the main laser pulse after the interaction with the plasma.

Exit mode 2 on the west table and after the target, with the same purpose as exit

mode 1, but with different distances.

Red spectrometer on the west table and after the target, to capture the spectrum

of the main laser pulse after the interaction.

Blue exit mode camera on the south table and after the target, to capture the blue

probe’s profile after the interaction.

Blue spectrometer on the south table and after the target, to capture the blue

probe’s spectrum for the SSSI post-processing analysis to capture the wakefield.

The map of the DAQ system of our experiment is shown in Figure 4.8. The map turned

out to be very helpful when we encountered problems with the DAQ system.

4.4 Experimental results

The experiment was performed using (484 + 44) mJ main driver beam energy with cen-

tral wavelength 800 nm and compressed to 45 fs. It is focused to 29 pm full width half

maximum (FWHM) beam diameter. This gives the normalised intensity, ag ~ (0.853 x

107N A (pm)/I(W em—2) ~ 0.72. A gas jet with a 3 mm nozzle diameter was used with
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Figure 4.8:

DAQ map of the experiment.
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(a) (b) (c) (d)

Figure 4.9: Modulations seen when placing the blue probe pulse at the ionisation front and
the blue reference pulse in front of it. The pictures show where the relative delays between
the blue pulses and the main driver pulse are (a) 0 fs, (b) 59.7 fs, (c) 119.4 fs, and (d) 179.1
fs. Right is the front of the pulse.

helium (He), nitrogen (N2) and methane (CH,4). The backing pressure of the gas was varied

from 7 bar to 15 bar.

4.4.1 Calibrations

The first thing we did for the SSSI method was to obtain the relation in the frequency
domain in the spectrometer pictures with the time domain in the plasma. This was done
by placing the blue probe pulse at the ionisation front and the blue reference pulse outside
the plasma (in front of the blue probe pulse). This caused some modulation to appear on
the spectrometer images. The relative delay between the blue pulses with the main pulse
was then changed to see where the modulation shifts in the spectrometer images. Example

pictures of the modulation shift are shown in Figure 4.9.

By plotting the modulation position as a function of the delay and doing the linear
regression, the chirp coefficient was obtained. The plot is shown in Figure 4.10. From
the linear regression y = a + bx, the gradient is obtained to be b = (1.81 £ 0.12) pix/fs.
The coefficient of determination of the regression is 7> = 0.9773. The spectrometer had
a resolution of 0.012 nm/pixel, hence the chirp coefficient is o) = 0.022 nm/fs or a =
2.5 x 10726 572, The 1024 pixel of the image corresponded to a duration of 7 = 566 fs. For

further analysis, the interesting number was the gradient, b = (1.81+£0.12) pixels/fs, because
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Figure 4.10: Position of the modulation as a function of the pulses’ delay. The blue dots
are the measurements from the experiment and the red line is the line fitted to the data.
The errorbars for each measurement are much smaller than the variation of positions for the

same path delay.
(a) (c) (d) (e)

Figure 4.11: Mach-Zehnder (MZ) interferometer picture with relative delay paths between
the MZ probe and the main driver pulse are (a) 0 gm, (b) 200 pm, (c) 400 pm,(d) 600 pm,
and (e) 800 pm.

(b)

it offered an end-to-end conversion from the spectrometer images into time domain.

The next calibration was the size calibration for the Mach-Zehnder (MZ) interferometry.
This was done by setting the delay between the Mach-Zehnder probe pulse with the main
driver pulse so that the Mach-Zehnder probe diagnoses the plasma when the driver is still
in the plasma. By shifting the delay, the length of plasma diagnosed by Mach-Zehnder
interferometer was changed. The delay path of the Mach-Zehnder probe was shortened by
200 pm for every 3-4 shots. The results of this calibration is a 5-frames movie with rate 1.5

trillion frame per second. Examples of the pictures are shown in Figure 4.11.
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Figure 4.12: Position of the plasma front as a function of Mach-Zehnder probe’s delay path.

As in the blue spectrometer calibration, the calibration was done by plotting the position
of the plasma front as function of the delay path and applying a linear regression to it. The
plot is shown in Figure 4.12. The linear regression y = a + bx has r? = 0.9947 and gradient
b = 0.138 pix/um. It means that one pixel in the camera corresponds to 0.138 pm on the

focal plane, i.e. at the plasma.

The calibration for the main laser spot size was done by the focal spot camera. By
shifting the focal spot camera by a known amount and observe the shift in the CCD, we
could obtain the relation between the CCD pixel shift and the real length. The picture is
shown in Figure 4.13. From the pictures, we obtain the length calibration is 0.97 pum/pixel

and the Full Width Half Maximum (FWHM) of the focal spot is 29 pm.

The energy calibration of the main laser beam was performed by measuring the energy
of the full power main laser beam before compression, energy of the medium power laser
beam before compression, and after compression. The measurement of medium power laser
beam before and after the compression was done to obtain the compression efficiency. These
measurements yield 7.06 mJ + 5.5% and 4.15 mJ + 5.5% for the medium power before
and after the compression, respectively, and 823 mJ 4 4.6% for the high power before the

compression. Using a simple math and assuming the compression efficiency remains the
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Figure 4.13: Main laser calibration with focal spot camera. Left pictures show the focal spot
picture when the camera is shifted by 254 ym and the right picture is the lineout of the top
focal spot picture (taken along the white dash line) to obtain the Full Width Half Maximum
(FWHM) of the spot.

same for the medium and high power, we obtained the full power main laser beam after the

compression was 484 mJ + 9.0%.

4.4.2 Helium and nitrogen gas

In the experiment, we tried firing the laser with different kinds of gases. Among them were

pure helium and nitrogen gas taken in different shots runs.

With helium gas, there was no visible modulation neither on the spectrometer fringes
nor the phase map. With nitrogen gas, the fringes on spectrometer pictures did not produce
visible modulations. However, when the SSSI inversion technique was applied, as described
in section 4.1, the modulations were visible. This is shown in Figure 4.14. The modulations
in the phase map were visible in the other two shots with plasma density around n =

1.4 x 10" cm=3. However, the modulations were also found in shot 160818-0146 where
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Figure 4.14: (Left) Fringes on the spectrometer picture and (right) the phase map retrieved
from the fringes on the spectrometer using the method from section 4.1. Top pictures
are pictures from shot 160818-0141 and the bottom ones are from shot 160818-0143. The
modulations are visible at the upper half of the phase map pictures.

there was no gas as shown in Figure 4.15, indicating that this was an artefact of the signal

processing and not a real signal.

Another proof that the modulation was not being generated by a wakefield was that the
modulation is stronger on the left side and getting weaker to the right. The front of the
pulse was on the right side, therefore the modulation should be stronger on the right side

than the left side.

A likely explanation of why no modulations by the wakefield were observed is that the
wakefield modulation was too small to be detected. Figure 4.4 shows the wakefield modula-

tion with n = 5 x 10*® cm™3 and 4° crossing angle has the amplitude around 60 mrad. If the
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Figure 4.15: (Left) Fringes on the spectrometer picture and (right) the phase map retrieved
from the fringes on the spectrometer for shot 160818-0146. The modulations are visible at
the upper half of the phase map pictures.

crossing angle is increased to 87, then the amplitude of the modulation decreased to around
30 mrad, a value that can be disrupted heavily by noise. The phase modulation amplitude
with n = 2x 10 em ™3 at the beginning of the plasma was around 150 mrad with 4° crossing
angle (see Figure 4.6 (a)), or around 75 mrad with 8° crossing angle. This value is barely

visible in the spectrometer.

4.4.3 Methane gas

The plasma density with methane gas was varied from 5 x 10'® em™ to 1.1 x 10! cm™3.

This was calculated by applying an Abel inversion routine [74,75] from the Mach-Zehnder
interferometry results. The symmetry axis for the Abel inversion was chosen by maximising
the convolution value along the vertical axis of the image. One of the retrieved plasma profile

is shown in Figure 4.16.

Unlike the previous results, the phase modulation of the crossing angle probe (the “blue”
probe) seen in methane gas was very clear and it was repeatable between shots, unlike the
case with nitrogen. Figure 4.17 shows one of the modulation captured during the experiment

as well as the wrapped and unwrapped phase map. The phase map unwrapping was done
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Figure 4.16: (a) Mach-Zehnder interferometer picture on the plasma density diagnostic. (b)
The retrieved density profile of the plasma using Abel inversion. The density modulation on
the axis is due to the singularity in Abel inversion that produce numerical instability on the
axis.

using unwrap_phase function from skimage.restoration library in Python. The function

utilised the phase unwrapping technique from [76].

As seen in Figure 4.17, the wavelength of the modulation at the front is large and the
wavelength decreases towards the back of the wakefield, as expected. Figure 4.18 shows
the comparison of the wavelength of the first, second, and third modulations with the ex-
pected wakefield wavelengths as a function of the plasma density. The expected wakefield

wavelength is given by A, = 2m¢/w,, where w, is the plasma frequency.

The decreasing wavelength from the first modulation to the third modulation is due to
non-linearity of the wakefield at the front. As explained in [15], the wakefield’s wavelength

increases as the wakefield’s amplitude increases.

There are two remarkable points from the results of using cluster plasma. The first one
is the amplitude of the modulation is larger in cluster plasma than using uniform plasma.
This is probably due to the ponderomotive force exerted on electrons in cluster plasma can
be larger than the ponderomotive force in uniform plasma as expressed in equation (1.79) in

section 1.10.2.

Another point is that the modulation wavelength is on average longer than the expected
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Figure 4.17: (Left) The spectrometer image of the spectral interferometry by the blue probe.
(Right) The wrapped and unwrapped phase map of the blue probe.

wakefield’s wavelength of the given density. This is probably because in retrieving the
plasma density, the electromagnetic wave dispersion relation in uniform plasma was used
to get the relationship between the refractive index and the plasma frequency or density.
The relationship between the refractive index, 7, and the plasma frequency in uniform and

cluster plasma are respectively given by,

wWpu = (1= 1")ug (4.9)

2\ p/f
Wl = D =y

— 7). (4.10)

The relations were obtained from equations (1.19) and (1.76), respectively. Here, the angle
brackets is the spatial averaging operator and it is applied to the cluster plasma’s frequency,
(W2) = pwfm, with p is the filled ratio and wy, is the oscillation frequency of the cluster. The

pc

variable f is the geometry factor of the cluster, where f = 1/3 for sphere.

As seen from the equations above, the average plasma frequency, (wﬁc>, in cluster plasma

is lower than the plasma frequency in uniform plasma, wy,, for the same values of wy and
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Figure 4.18: (Left) Plot of the third modulation wavelength vs the plasma density obtained
from the Mach-Zehnder interferometry. The lines show the expected wakefield wavelength
and twice the wavelength for the given plasma density (i.e. A, and 2),). (Right) Plot of
the first (green circles), the second (red squares), and the third (blue points) modulation
wavelength vs the plasma density.

1. Therefore, if the density is retrieved using the dispersion relation in uniform plasma, the
calculated density will be over-estimated. The relations between the average cluster plasma
density, (n.), and the uniform plasma density with the same wy and 7 can be retrieved from

the equations above,

<nc> = p/f

S/ S— 4.11
I+ (4.11)

with n, is the calculated plasma density using the dispersion relation in uniform plasma and

2
Wpy, = Ny €% /Meo.

By trying several values of p/f to match the third modulation’s wavelength with the
expected wakefield’s wavelength, it is found that p/f ~ 3 x 1072 The plot of the third
modulation’s wavelength against the corrected density is given in Figure 4.19. By assuming
that the cluster is sphere, f = 1/3, the cluster density is estimated to be around 5 — 10 x

1029 ¢m 3.

The estimated value of p/ f also produces fw,. ~ (4—6) x 10" s7!| which is less than the

frequency of the light, wy = 2.3 x 10 s7!. As stated in section 1.10.2, the ponderomotive
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Figure 4.19: The third modulation wavelength against the corrected average plasma density
with p/f value equals to (a) 1 x 1072, (b) 3 x 1072, and (c) 1 x 101

force increases if |w§ — fw?.| < wg, which is valid in this case with the estimated value of
p/f.

The longer first modulation wavelength could also be explained by elongation due to
beam loading [77] in a bubble. As the electrons in the wakefield traverse along the bubble,
the electron beam loaded in the wakefield repels the traversing electrons. With the repulsion,
the wakefield bubble size, formed by the plasma’s electrons, is longer than its size without

any loaded beam.

To confirm the exact cause of the modulations in the cluster plasma, more Particle-in-Cell

(PIC) simulations are needed. This is subject of future study.

4.5 Conclusion

In this chapter, the experimental set up and results for diagnosing plasma wakefields have
been presented. The plasma wakefield was diagnosed using a second harmonic probe pulse
crossing at an oblique angle. Variation of refractive index in the plasma imprints phase mod-
ulation in the probe pulse. The phase modulation in the probe pulse is then captured using
spectral interferometry technique with another identical pulse without phase modulation. As
for the results, modulations with similar length to plasma wakefield were successfully cap-

tured, especially in methane cluster target. A plausible analysis has also been presented to
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explain the differences in plasma periods observed within the wakefield structure, although

the precise cause requires further theoretical and simulation studies to confirm.



Chapter 5

3D spectrometer

Compressed sensing is an emerging field in signal processing. In compressed sensing, a
measurement can obtain more information than is immediately apparent by assuming the
measured signal is sparse in an arbitrary domain, which is the case for most natural signals.
In this chapter, I present an idea of a new instrument based on compressed sensing, one that I
have called “3D laser spectrometer”, where one can retrieve the spectral profile as a function
of 2D spatial profile, i.e. A(z,y), in a single measurement. It has been numerically tested on
expected signals from wakefield accelerator measurements. It is demonstrated here that the
spectrometer can retrieve up to 10 times more information than an ordinary spectrometer

from a single picture.

The initial idea of this 3D spectrometer arose after a google search with keywords ”high
speed camera” and it led me to a Nature article describing a one-hundred billion frame per
second camera [78]. In that article, the authors used the compressed sensing technique to
extract multiple images from a single image of a streak camera. This new method apparently
can be applied to extend the idea of plasma wakefield diagnostics with oblique crossing angle

probe by deploying the 3D spectrometer.

Usually a spectrometer consists of a slit that is narrowly open and it gives the spectral

profile of light coming through the spectrum. This slit needs to be as narrow as possible to

30
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Figure 5.1: Mlustration of the previous experiment. The pink arrows show the positions of
the wakefield to be imaged. The blue lines show the slice of the probe pulse that are coming
to the spectrometers.

get higher accuracy. If the slit is wide open, then multiple spectra from a large number of

slices of the slit overlap with each other and that obviously decreases the spectral resolution.

Utilising a narrow-slit spectrometer in the previous three chapters provided us with an
image where the slice of the probe crosses the wakefield. Moving the slit to a different
position moves the diagnosed position of the wakefield. If there is a 3D spectrometer where
one can open the slit as wide as possible and get multiple spectra images from a single shot,
that could give us a video of wakefield evolution along the propagation distance in a single

shot! Figure 5.1 illustrates this case.

Before 1 explain the schematic and how the 3D spectrometer works in detail, 1T will

elucidate the concept of compressed sensing.
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5.1 Compressed sensing

One of the main ideas behind compressed sensing is that most of natural signals are sparse in
some representation. Sparse means it can be represented using only a few non-zeros elements.
An example of this is shown in Figure 5.2. The top pictures show the original picture with
its Discrete Cosine Transform (DCT) coefficients. DCT is a real-valued transformation that
is similar to Discrete Fourier Transform (DFT). It uses cos(kz) as its kernel instead of e**
in DFT. After transforming the image to the DCT domain, a thresholding value is applied
to the DCT coefficients, where the coefficients with lower values than the threshold are set
to zero and the coefficients with higher values are left as they are. The bottom left picture
shows the image after the reconstruction with thresholded DCT coefficients. The bottom
left picture does not differ significantly with the original image. However, the number of
non-zero coefficients for the top picture in the DCT domain is about 2.5 millions and the

bottom picture only has around 250,000 non-zero elements. This is an example of an image

that is sparse in the DCT domain.

Now let us consider a linear measurement expressed in matrix multiplication,

y = Ax, (5.1)

where y is the observation vector with size of M x 1, A is the measurement matrix with
size of M x N, and x is the N x 1 parameter vector that one is usually interested in. If the
interesting signal and the observation are 2D or n-dimensional signals (e.g. images), then

they are flattened into 1D vectors.

In most cases, y and A are known and x is unknown. If M < N, then it is called as
an underdetermined system or ill-posed inverse problem. There is more information to be
retrieved than the measurement. It is like determining the values of 100 variables only from

10 equations.

In an underdetermined system, there are infinitely many possible solutions. However,

using the knowledge that most of the natural signal is sparse, the problem above can be
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Figure 5.2: An example of image that is sparse in the Discrete Cosine Transform (DCT)
domain. The top left picture is the original picture with 1920 x 1280 pixels and one color
channel. The DCT coefficients of the picture is shown in the top right picture. In the bottom
right, 10% of the largest absolute of the DCT coefficients are kept while the rest are zeroed.
The bottom left picture is the picture transformed back from the sparse coefficients. The
figure was taken from Pixabay and it is licensed for the public domain.

reduced to a solvable system. If x is an N x 1 vector that only has K non-zeros elements

(K < N and K < M), then the equation above can be solved by,

x = argmin |[X[|p subject to y = AX/, (5.2)

where ||x]|o is the Ly norm of the vector x, i.e. the non-zero elements of the vector. L, norm

is defined as

1/p
|||, = (Z%‘p> : (5.3)

i
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Solving the optimisation problem (5.2) is not trivial because the Ly norm is non-convex.
However, papers from Candes, et al. [21] and Donoho [22] shows that solving the optimisation

problem above is equivalent to solving an optimisation problem with L; norm,

x = argmin ||x||; subject to y = AX/, (5.4)

X

which can be solved using linear programming [21].

Equation (5.4) above only works if the measurement is noiseless. If there is some noise,

the optimisation problem can be written as,

x = argmin ||x[|; subject to ||y — Ax'||]z <, (5.5)

X

for some value € > 0. An equivalent form of equation (5.5) is

1
x = argmin £(x') = arg min §||y — AX||5+ MN[X||1, (5.6)

X

where £ is the loss function given by the right hand side of the equation and A > 0 is the

regulariser coefficient.

Most of the time the interesting signal is not sparse in its original representation, but it
is sparse in some domain, e.g. Discrete Cosine Transform [79] or wavelet [80]. The picture
in Figure 5.2 is an example of a signal which is not sparse in its original representation but
sparse in the DCT domain. If this is the case, then the signal x can be written as x = ®c,
where @ is the inverse sparsifying transformation and c is the signal’s coefficients in the
sparse domain. In Figure 5.2 example, the sparsifying transformation, ®, is the inverse

Discrete Cosine Transformation. Thus, the loss function from equation (5.6) can be written

as

1
£ = lly — A®cl[3 + Alle]]: (5.7)
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Compressed sensing does not only say that the sparsity can be achieved by L; norm,
it also says that the measurement matrix needs to fulfil a Restricted Isometry Property
(RIP) [81]. Candes, et al. [21,82] say that a Gaussian random matrix fulfils RIP with high
probability. In practice, introducing some randomisation (either Gaussian or binary) into
the measurement matrix also works. For example, see single pixel camera [83] and 100 billion

fps camera [78].

Besides L; norm, another form of regulariser that is commonly used is Total Variation
(TV) regulariser. For a 2D image, isotropic and non-isotropic TV regulariser are respectively

defined as [84]

TVio(x) = > [(Anzs)? + (Ayz)?] (5.8)

7

TVhiso(x) = Z ([Apzi| + [Ayi]), (5.9)

i

where A;, and A, respectively denote the gradient in horizontal and vertical directions.

Various algorithms are already available in solving the optimisation problem encapsulated
by equation (5.6). Among them are Two Steps Iterative Shrinkage Thresholding algorithm
(TwIST) [84], Fast Iterative Shrinkage Thresholding Algorithm (FISTA) [85], Orthant-Wise
Limited-memory Quasi Newton (OWL-QN) [86], and Iterative Hard Thresholding (IHT) [87].
They are basically gradient-descent based algorithms where a thresholding is applied after

each descending step.

5.2 ANOA: A differentiable programming

As most of the available algorithm to minimise the loss function in equation (5.7) are
gradient-descent based, I wrote a library in Python to determine the gradient of a vari-

able automatically. It is called ANOA [88]. The library is an automatic differentiation
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(b)

Figure 5.3: (a) The forward computational graph to compute the value f = 2? + z x y with
intermediate variables g = 2% and h = z * y. (b) The backward computational graph to
compute the derivative of f with respect to each variables in the graph. The derivative
values are shown in blue and they are below the arrows.

library based on the back-propagation algorithm [89].

The key to the back-propagation algorithm is the chain rule on differential. To understand
how it works, let us take an example of differentiating f(x,y) = x? + x * y with respect to
r and y at * = 3 and y = 4. The variable f is written as f = g + h where ¢ = 2% and
h = x xy. Thus, the value of f is obtained by calculating the values of g and A first. This

is straightforward. The computational graph can be seen in Figure 5.3 (a).

To obtain the differentiation of f with respect to x and y, one performs a back-propagation.
We can start from 0f/0f = 1. Then, moving backward from f, once it passes an operation
node, the differential value is multiplied by the differential of that operation. If there are
more than one edge going into the same node, the differential values from those edges are

summed. The computational graph for this back-propagation can be seen in Figure 5.3 (b).

There has been a lot of automatic differentiation libraries available as they are used
extensively in the machine learning community. The examples are Theano [90], Tensorflow
[91], and Torch [92]. The difference between ANOA and those libraries is that ANOA is
designed for compressed sensing and thus algorithms for compressed sensing and L; and

TV minimisation are available. There are also lot more matrix transformations available in

ANOA compared to the libraries used in the machine learning community.

Figure 5.4 shows an example of performing compressed sensing with the ANOA library
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Figure 5.4: An example of doing a compressed sensing retrieval from a picture that lost 90%
of the information.

in just 20 lines. The first part of the code is (line 1-4) to import the required libraries. The
second part (line 7-10) loads the sample image and take only 10% of the pixel-channel values
and drop the other 90%. The third part (line 13-17) sets the loss as a function of an ANOA
variable, img_var, and retrieve the value using FISTA algorithm [85] and the isotropic TV
regularisation [84]. The last part is to save the retrieved picture. The result of this example

is shown in Figure 5.5.

5.3 3D Spectrometer

The main objective of the 3D spectrometer is to obtain 3D spectral datacube of the light
coming through a slit. The datacube consists of 2D spatial and 1D spectral dimensions. The

schematics of the 3D spectrometer are shown in Figure 5.6.

The design consists of two Czerny-Turner type of imaging spectrometers [93] with a beam
splitter to connect these two parts. On one side, there is a random aperture with a mirror

to block some part of the light and reflect it back. This can be replaced by the Digital
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Figure 5.5: The result of the compressed sensing example using ANOA. (a) The original
image. (b) The image sampled from 10% information from the original image. The other
90% of the pixel-channel values are set to zeros. (c) The retrieved image just from the
sampled image using FISTA algorithm and the isotropic TV regularisation. The image is
taken from Pixabay and it can be used for free.
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Figure 5.6: Schematic designs of the 3D spectrometer. Solid lines show the path of the ray
entering from one side of the slit while the dashed lines for the ray on the other side. Blue
and red lines are respectively representing high and low frequency components of the light.
The z-axis is horizontal and the y-axis is coming out of the plane. The top picture (a) is the
folded schematics of the design and the bottom picture (b) is the unfolded schematics.

Micromirror Device (DMD). And on the other side, there is a detector array to record the
intensity of the light on that plane. One can use a Charge-Coupled Device (CCD) camera

as the detector.

To retrieve the 3D information (2D spatial and 1D spectral profile) of the light entering
the slit, it is essential to know how the 3D profile of the light is transformed in the spec-
trometer, or the datacube transformation. The datacube transformation of the light in this

spectrometer design is shown in Figure 5.7.

From the entrance slit, the datacube is sheared by the gratings on the left side of the
picture. After the light is reflected back by the random aperture and mirror, some part of
the datacube is blocked and sheared back by the same gratings when it reaches plane A in

Figure 5.6. Then by using another grating, the datacube is sheared to the opposite direction
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Figure 5.7: The datacube transformation of the light from entering the slit until reaching
the CCD camera. The z-axis is corresponding to the axis in Figure 5.6(a) and the y-axis
is coming out of the plane. The A\ axis on the datacube represents the spectral axis of the
light’s profile. The fourth datacube is the spectral datacube on plane A in Figure 5.6. The
last transformation is summing the datacube along the A\ axis.

before it reaches the detector array. Because the detector array can only record the total
intensity as function of positions, the datacube is then summed over the A-axis. From this
recorded intensity profile on the detector, one can employ a compressed sensing retrieval
algorithm to obtain the original datacube, such as TwIST [84], FISTA [85], OWL-QN [86],

and IHT [87].

In this spectrometer design, the detector measures the intensity in the spectral and spatial
domain, while the randomisation also takes place in the spatial and spectral domain. This
gives more randomisation in the measurement, and thus it has a high probability of having

lower coherence and better retrieval ability compared to the previous methods [94, 95].

An equivalent design of this schematic is shown in Figure 5.6(b) where the design is
unfolded. The unfolded design gives an advantage of higher light flux reaching the CCD
camera. It also reduces the risk of getting double reflections from the beam splitter. In the
folded design (Figure 5.6(a)), at least 25% of the light is loss in the beam splitter. This does
not happen in the unfolded design because it does not involve a beam splitter. However,

more gratings and mirrors are required for this unfolded design.

There are a few similar approaches to the 3D spectrometer that employ a similar trans-
formation: Single Disperser design for Coded Aperture Snapshot Spectral Imaging (SD-
CASSI) [94] and Double Disperser CASSI (DD-CASSI) [95]. SD-CASSI puts the random
aperture at the beginning and then the datacube is sheared once before it comes to the

screen. DD-CASSI shears the datacube first, then it comes to the random aperture, and
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then re-shears back before it comes to the screen. DD-CASSI is similar to our design with-
out the right part of Czerny-Turner in Figure 5.6. Both designs can retrieve simple shape
spectral profiles, but are unable to retrieve accurately the spectral profile when it needs a
further post-processing. This is an advantage of my design where the spectral profile needs

a further post-processing as in spectral interferometry.

5.4 Numerical tests

In order to test the design, I performed some numerical tests. The tests were performed
in Python and the signals were retrieved using ANOA library in Python. In this case, the
program determines the gradients of the loss from equation (5.7), £, with respect to the

spectral cube’s elements, c. The program also determines ¢ that minimises the loss L.

A code was written to simulate the datacube transformation using concave toroidal mir-
rors with focal lengths of f = 15 cm and gratings with 300 lines/mm. The random aperture
in the simulation had 100 x 100 square pixels with side length of 20 um each. The detector

array had 20 pm-size square pixels with 100 x 100 pixels.

The first case used a spatially chirped light source, where the light had different central
frequency for different x-position in this case. For every z-position, the light had a Gaussian
spectral profile with the full width half maximum (FWHM) was 4.05 nm and the central
wavelength was around 633 nm. The chirp was 31.25 nm/mm. Gaussian noise with o 10%
of the maximum spectral intensity was also added to test the robustness. The width of the

slit was 200 pm or about 10 times of the detector’s pixel size.

For the retrieval algorithm, OWL-QN algorithm was employed [86] with the datacube
size of (Ny, N, N)) = (100 x 11 x 90) voxels. OWL-QN is a second order optimisation
algorithm for L; regulariser. Three dimensional Discrete Cosine Transformation (3D-DCT)

domain was chosen as the signal’s sparse domain.

From the measured intensity profile shown in Figure 5.8(a), the complete 3D datacube
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Figure 5.8: (a) The image captured on the CCD camera in the 3D spectrometer. (b) Lineout
of the spectrum from the leftmost slice (blue), middle slice (green), and the rightmost slice
(red). (c) The spectral intensity profiles for every slices.

profile of the light entering the slit is retrieved, as shown in Figure 5.8(c). The figures
clearly show the central wavelength of the light is different for slices in different z-position.
As shown in Figure 5.8(b), the central lineouts of the retrieved signal agree very well with
the original signal. The spectral profiles in Figure 5.8(c) are also in excellent agreement with

the original profiles.

Another test was done based on spectral interferometry case [16,27,71]. In the case
of spectral interferometry, there were two short laser pulses. One pulse, called the probe
pulse, had some phase modulation while another pulse, the reference pulse, did not have
phase modulation. The pulses were temporally chirped. They co-propagated with each
other and were temporally separated. The spectral profile of these two pulses contains

information of the phase modulation of the probe pulse. By applying a high pass filter and
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obtaining the phase of the spectral profile, one can extract the phase modulation of the
probe pulse. Implementing this in the 3D spectrometer poses a greater challenge since the
spectral interferometry needs a post-processing (i.e. phase extraction) of the retrieved signal

to obtain useful information.

In this simulated case, the phase of the probe pulse was modulated spatially and spec-
trally. The modulation was then encoded into the spectral intensity according to the equation

below,

I(z,y,w) = Iy(z,y,w) [1 + cos (wT + AQE(:I;, y,w))] , (5.10)

where [ is the spectral intensity profile for one pulse and gz;(x, y,w) is the phase modulation
of the probe pulse. In the 3D spectrometer, the spectral intensity datacube, I(x,y,w),
undergoes the transformation as in Figure 5.7 with A\ = 27¢/w. The spectral intensity

datacube was retrieved from the image captured by the 3D spectrometer and further the

post-processing analysis was performed to obtain the phase modulation datacube, é(x, Y,w).

In the tested case, there were N, = 10 slice of the spectral intensity profiles to be retrieved
each with size Ny x N, = (800 x 100) pixels. The datacube example is shown in Figure
5.9(a). The pattern on the 3D spectrometer’s screen is shown in Figure 5.9(b). The size of
the image on the screen is (809 x 100) pixels. Retrieving all the spectral intensity profiles
was done using TwIST algorithm. Omne of the retrieved spectral intensity profiles and its

comparison with the original spectral intensity profile is shown in Figure 5.10(a).

One advantage of this 3D spectrometer design is that it is also robust even with this
post-processing. Figure 5.10 (b) show the extracted phase maps from the retrieved and
original spectral profiles. The comparison for the central lineouts of the phase maps from all
the spectral intensity profiles is shown in Figure 5.10 (c¢). This shows an excellent agreement

between the retrieved phase maps and the original phase maps.
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Figure 5.9: (a) Illustration of the datacube to be inverted. There are only N, = 6 slices
shown here, but in the test case, N, = 10 is used. (b) The simulated pattern captured on
the screen in the 3D spectrometer.

5.5 Conclusion

In this chapter, I have presented a novel design of 3D spectrometer that can retrieve multiple
2D spectral profiles in a single shot. The design consists of two or three Czerny-Turner type
of imaging spectrometers with a random aperture. Numerical tests have shown that the
spectrometer can retrieve up to ten sets of 2D spectral profiles just from a single image. The
design is also robust when the retrieved signal requires further post-processing. This can be
useful in diagnosing plasma wakefield experiments. A patent for the 3D spectrometer design

has been filed at the time this was written.
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Figure 5.10: (a) Comparison of a slice of original spectral intensity profile and the profile
retrieved from 5.9(b). There are 10 slices of the retrieved profiles in total. (b) The comparison
between the extracted phase map from the original and the retrieved spectral profiles. (c)
The central lineout of the phase map from every slice. Dashed lines are the original phase
map profile and the solid lines are the retrieved phase map. Both profiles are in a great



Chapter 6

Quantitative shadowgraphy and

proton radiography

Another way to diagnose plasma wakefield is via shadowgraphy. When light propagate inside
the plasma, difference in the refractive index bent the light and thus forming intensity mod-
ulation on the screen. The same principle is also used in proton radiography where the beam
is proton instead of light. Proton radiography is used extensively to diagnose magnetic field
in laser-plasma systems. However, retrieving quantitative magnetic field or refractive index
gradient from shadowgrams or radiograms (inverse problem) is a challenging task due to its
non-linear relation. In this chapter, I describe my initial attempts and successful approaches
to solve the shadowgraphy and proton radiography inversion problem. My successful ap-
proach uses tools from computational graphics. It was the first algorithm introduced in
the plasma physics community to solve the shadowgraphy and proton radiography inverse
problems in the non-linear regime and was published earlier this year in Physical Review

E [25].

The previous chapters discussed diagnosing wakefields using spectral interferometry. In
this chapter, I present an analysis to obtain the plasma wakefield modulation from different

methods: those of optical shadowgraphy and proton radiography.

96
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S~ ‘: d

Figure 6.1: An example set up for proton radiography.

Shadowgraphy is a technique to visualise variation of refractive indices in a transparent
medium [96,97]. The deflection of light beam path results from the variation of refractive
indices and this eventually causes a variation of intensity profile of the beam captured on a
screen. This phenomenon is common in our daily life, for example the shadow of steam of
boiling water or a candle. Some researchers use shadowgraphy to visualise flow [96], measure

temperatures in combustion processes [98], and characterisation of optical systems [99].

Recently, a collaboration from Jena, Germany and Imperial College London used shad-
owgraphy to capture the density modulation of the plasma wakefield [23]. The variation of
the density profile in the plasma wakefield induces a variation of the refractive indices of the
plasma. When an optical probe beam pulse propagates perpendicularly to the wakefield, the
beam pulse gets deflected and forms an intensity modulation profile on a screen after the

interaction. This intensity modulation is related to the density modulation in the wakefield.

Another technique that is frequently used in plasma physics and shares the same un-
derlying principles with the shadowgraphy is proton radiography. In proton radiography, a
proton beam is fired to a small object with magnetic field and/or electric field in it. The
magnetic/electric field in the object deflect the path of some protons; and thus creates an
density modulation profile on a screen to capture the protons. An example set up is shown

in Figure 6.1.

Despite of its wide use, shadowgraphy and proton radiography are only known as quali-

tative diagnostics. It is very hard to extract quantitative information out from the shadow-
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grams and proton radiograms. One can easily obtain information about length and size from
the shadowgrams, but it is hard to obtain other information like how strong the magnetic
field at several points in the object, how much the refractive indices varies in the diagnosed
system, etc. Some progress has been made, principally in the field of, quantitative shadowg-
raphy, but they only work for small deflections [24,96, 100, 101]. The difficulties for large

deflections comes from the non-linear nature of the shadowgraphy and proton radiography.

My work during my third year of my DPhil involved solving the quantitative shadowg-
raphy and proton radiography problems for large deflections. As shadowgraphy and proton
radiography techniques are applied to a variety of research topics in physics and engineering,

I believe it will be applied advantageously to other areas besides plasma physics.

For the rest of this chapter, I use the terms ‘shadowgraphy’ and ‘proton radiography’

interchangeably. Unless stated, the principles and algorithms below apply for both methods.

6.1 The theory of shadowgraphy and proton radiogra-

phy

There are three cases considered in this chapter. The first case is charged beams propagating
into objects with electric fields and the second case is with magnetic fields. The last case
is a beam of light travelling through a transparent medium with varying refractive indices.
In these cases, it is assumed that the longitudinal velocities of the beams are much larger
than the transversal velocities of during the interaction with the objects, i.e. v > v, and
the transversal velocity is initially zero, v, = 0. It is also assumed that the longitudinal

velocities of the beams do not change much, so it can be assumed to be constant.
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6.1.1 Deflections with electric and/or magnetic fields

For the first and second cases, the transversal acceleration experienced by the beam are

respectively,

aJ_(l) — iEL, al(2) = iV” X B’ (61)
m m

where ¢ is the beam’s charge, m is the beam’s mass, v is the beam’s velocity, and E and B
are the electric and magnetic fields, respectively. The longitudinal and transversal vectors
are defined as hy = (h-2)z and h; = h — hy| if the beams are moving in the z-axis. If an

object contains both electric and magnetic fields, both terms are added together.

After the interaction with the objects, the beams’ transversal velocity is given by v, =
[ a, dt. Because it is assumed that the longitudinal velocities do not change much, the time
integration can be changed to be dt = dz/v|. The deflection angles after the beams exit

the object can be approximated as 6 = v, /v|. Thus, the deflection angles of the beams are

given by
o_ 2
g — 1 /B x dz, (6.3)
mv”

where W is the kinetic energy of the beam (assuming non-relativistic beams), W = mvﬁ /2.

In terms of potentials, the transverse electric field can be expressed in terms of the electric
potential, ¢, as E; = V¢ and the magnetic field as B = V x A with A as the magnetic

vector potential. Expressing the equations above in terms of potentials yield the equations
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Figure 6.2: A case for light refraction.

below,

o0 = v % / & dz] (6.4)

02 = v L/A~dz} : (6.5)
| mo)

where the identity dz x (V x A) = V(A -dz) is used in the second equation. The integrations

inside the square brackets produce 2D profiles on an x — y plane, therefore V, = V in these

cases.

6.1.2 Deflection with varied refractive indices

Consider a light propagating on an x — z plane with an angle 6, to the z axis. The light is
refracted by an y — 2z plane as depicted in Figure 6.2. According to Snell’s law of refraction,

the relations between index of refractive of the medium and the light’s angle is

n(r) cos 8, = constant. (6.6)

For simplicity, assume that the light’s path is perpendicular to the y axis and is not
refracted by the x — 2z plane. The refraction on the y axis (by an x — z plane) will be

considered later. By taking the derivative of equation (6.6) with respect to the time, the



6.1 The theory of shadowgraphy and proton radiography 101

equation below is obtained,

dn . df
g 0, — nsin Hx% = 0. (6.7)

As the light is moving with speed ¢/n with an angle 6, with the 2 axis, the light velocity

in the medium is,

% = ﬁSll’l@w (68)
dz ¢
o = Co8 0. (6.9)

Thus, from the equation above, we can substitute the derivatives dn/dt and df,/dt as

dn _onds
dt — Oz dt
onc .
= %ﬁ Slne (6].0)
do, c db,
W = g COS 035% (611)

The term for On/0z is omitted in the equation above because we only consider refraction by
the y — z plane. Refraction on = — y plane does not have any effect on the beam’s angle as

long as the light comes in and out from two parallel x — y planes of the object.

Substituting the equations above with equation (6.7), we obtain

0

0, = B /lnn dz. (6.12)

The equation is also used in [101]. The angle on y axis also takes the same form as the

equation above. Thus, the deviation of the beam after coming out from the object, 8 =
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VJ_//U”,iS

0 = V/lnn dz. (6.13)

6.1.3 Intensity on screen

The three cases (charged beam with magnetic and/or electric fields and light beam with
different refractive indices) share the similar property. The deflection angle after the beams
coming out from the diagnosed objects can be represented as 0(xg, o) = V& (¢, yo), where
® is the integrated property (magnetic/electric field or refractive index) of the object as
shown in equations (6.2), (6.3), and (6.13). In this section and for the rest of this chapter,
I denote the coordinate inside the object with subscript 0 and the coordinate for the screen
without the subscript 0. The deflection potential for the shadowgraphy with light and proton

radiography cases, respectively, are

CD('IanO) = /lnn(x07y0720) dZO (6143)
(I)<I07y0> = % /(15(1’073/07 ZO) dZO (614b)
P (20, y0) = % /A(ffoaymzo) - dz. (6.14c¢)

If in a case there is magnetic and electric field, the second and third equations above should

be added together to produce the deflection potential.

If the distance between the object and the screen is L, the beams at position (g, yo)

on the object will be projected to (z,y) on the screen with the relations between the two
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positions as follows,

(6.15)

y=yo+6-yL

The equations valid for parallel probe beams. For diverging beams using the paraxial ap-
proximation, the equations above can be modified simply by replacing o — xo(1+ L/l) and
Yo — Yo(1 + L/l) where [ is the distance between the beam source and the object. In all

cases in this chapter, it is assumed that the object is much smaller than L and (.

Assume the intensity of the beam on the object is Iy. Now consider a small square with
the bottom left and upper right corners are (g, yo) and (z¢+ dxg, Yo+ dyo). The total flux of
the beam going through the square is Iydzodyy. On the screen, the square’s corners positions

are transformed according to the equations (6.15), i.e.

(zo » o) = (z, y)

ox dy

(o + dxo , yo) = (x + 8_x0dx0 , Y+ 8_1:0d%)

(6.16)
ox dy
d —d —d

(zo , yo + dyo) = (z+ o Yo, Y+ o o)
ox ox y y

d d —d —d —d ——dyp).

(zo + dxo , Yo + dyo) —>(f€+a$0 fco+ay0 Yoo ¥t 370+ay0 Yo)

The square on the object is a parallelogram on the screen. From the transformed square’s

corners positions above, the area of the transformed square is given by

oxr Jy Jy Ox
A g ZI T
dl'odyo (8370 (9y0 8:(:0 8y0>
A(x,y)
drodyy | =————|, 6.17
oo 8(x0,y0) ( )
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Figure 6.3: An example of radiogram with caustics.

where the term 0(x,y)/0(zo,yo) is the determinant of the Jacobian matrix of (z,y) with
respect to (o, o). As the flux that going through a square on the object plane is the same
with the flux on the parallelogram on the screen, the intensity distribution on the screen can

be written as

Io(xvy)

](%?J)ZW

. (6.18)

d(z0,%0)

For general case that includes parallel and diverging beam, [ is the intensity on the screen
without deflections from the object. In the equation above, the deflection potential is encoded

in the denominator, thus the intensity is related non-linearly with the deflection potential.

Moreover, the denominator in the equation above can be zero. Therefore, theoretically
the intensity of the shadowgraphy or proton radiography can reach infinity. That happens
when there are more than one beam line converge into the exact same position on the
screen. The sharp increase of the intensity on the screen are known as caustics. An example

of caustics is shown in Figure 6.3.

Retrieving the deflection potential from a radiogram or shadowgram is a daunting task
because of its non-linear behaviour. At the time I commenced this project, there has been
no introduced algorithm to invert the radiogram or shadowgram to obtain the deflection
potential in non-linear regime. Among of the previous efforts are published by Kugland, et
al. [24] and Graziani, et al. [102]. However, the methods only work for the linear regime or

small deflections on the beam. This is the first algorithm introduced into the plasma physics
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community to solve the proton radiography or shadowgraphy inversion problem.

6.2 Computational graphics tools

As the algorithm in this chapter uses a lot of computational graphics tools, it would be
helpful to present a brief explanation about the tools I used in the algorithm. These are

Voronoi [103] and weighted Voronoi diagram (power diagram), and Lloyd’s algorithm [104].

6.2.1 Voronoi and power diagram

Consider a rectangular plane with several sites occupying some positions on the plane. For
every position on the plane, there is a site that is closest to the position. A collection of
positions that are closest to a particular site is called as Voronoi cell. Mathematically, the
Voronoi cell corresponding to the i-th site at ro; = (x;, yo;) covers all positions ro = (xg, yo)

where r( satisfies the condition below for all 7,

[ro — rosl|* < [ro — ros|>. (6.19)

A Voronoi diagram is a diagram where all the cells are drawn on the plane.

In some cases, not all sites are weighted the same. Some sites with larger weights tend
to increase the sizes of their cells. There are a few method to assign weights on the sites,
but the one that I used in this chapter is the additional weights method. This is called as
the power diagram. If a power diagram has weights represented in a vector, w, with the i-th

site has weight of w;, the condition for a cell in the equation (6.19) becomes

It — ros||* — w; < [rg — oy — wj. (6.20)

When setting w = 0, the power diagram equals to the Voronoi diagram. Figure 6.4(a)-(c)
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Figure 6.4: (a) An example of a case with 3 sites and a point A which is closest to the site
1. (b) A Voronoi diagram constructed with the 3 sites. Here the point A belongs to the cell
of the site 1 because it is closest to the site 1. (c) A power diagram with the same sites as
in the previous picture, but with weight equals to 1 assigned to the site 1. The dashed lines
show the lines for the Voronoi diagram, where all weights are zeros. (d)-(g) An example of
Lloyd’s algorithm with sites denoted by blue circles and centroids with black plus signs (+).

shows examples of Voronoi diagram and power diagram.

6.2.2 Lloyd’s algorithm

Lloyd’s algorithm [104] is an algorithm to divide a bounded region (approximately) evenly

into several smaller regions. It utilises Voronoi diagrams in the algorithm.

The Lloyd’s algorithm starts by deploying N number of sites randomly onto the bounded
plane and construct the Voronoi diagram based on the sites positions. Once each Voronoi
cell is constructed, then calculate the position of the centroid of each cell. Move every site
on the plane to the centroid of its corresponding cell. After that, the Voronoi diagram based
on the new positions of the cells is constructed. This process is repeated several times until
some number of iterations is reached or the maximum displacement of the cells is below a

certain value. An example of the Lloyd’s algorithm is depicted on Figure 6.4(d)-(f).

If the plane’s density is not uniform, then the centroid of each cell is computed by
taking into account the density distribution on the plane. This is similar to computing the
centroid of 2D objects with non-uniform density. Other than that, an improvement to the
Lloyd’s algorithm can be made by deploying the sites initially using the simple rejection
method [105]. The sites are initially deployed randomly, then for each site, generate a

uniform random number. If a site is at a position with lower density, it has a low probability
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to be accepted and high probability to be rejected. All rejected sites are then redeployed
and random numbers for each newly redeployed sites are generated. The process is repeated

until all sites are accepted.

This algorithm can be used to produce stippling pictures [106]. A stippling picture is a
picture that consists of dots with same size placed randomly on the image so that it resembles
the original picture. An example of the stippling picture I produced as a by-product of this

project is shown in Figure 1 at the front of this thesis.

6.3 Quantitative shadowgraphy algorithms

In order to implement quantitative shadowgraphy algorithms, I need to simulate how the
beam deflected from the object forms the intensity profile on the screen, or the “forward”
transform. This section contains my algorithm on doing the forward transform, the first
unsuccessful attempt to do the inverse transform via a simple gradient descent, and the

successful attempt to obtain the inverse transform.

6.3.1 Forward transform

It was relatively straight-forward to simulate the proton trajectory going through an object
with some deflection potential. Some assumptions made in this case were (1) the proton beam
travelled in a straight line while interacting with the object, the direction of the velocity only
changed after the interaction with the object, (2) the beam’s speed was constant from the
source to the screen, (3) the deflection potential of the object did not change much during

the interaction, and (4) interactions among the beam were neglected.

The first step was to calculate the deflection potential of the object. Thus the deflection
angle was determined by @ = V®. From the deflection angle, the projected position of a
proton from (z,yo) on the object plane to (x,y) on the screen was obtained by applying

equation (6.15).



6.3 Quantitative shadowgraphy algorithms 108

While some proton radiography codes [107] rely on simulating huge numbers of protons
and binning the protons that lie on every pixel (Monte Carlo method), my method made use
of computational graphics technique to reduce the memory usage of the simulation and made
the intensity on the screen derivable with respect to the deflection potential. The method
is simple. Assume that on the object plane between [zg, xg + Axo) and [yo, yo + Ayo), the
intensity is Iy and the total flux inside this rectangular plane is Iydxodyy. Four corners of the
small plane are then mapped on the screen based on equations (6.15) using the calculated 6.
The rectangular plane on the object plane becomes a polygon on the screen. The intensity
contributed by this polygon to a pixel on the screen plane, (x,,y,) with size (Az,, Ay,) is
given by

A] . Aclip AiL'pAyp

= 6.21
b Apar A:L‘OAyO o ( )

where A, is the clipping area between the parallelogram and the pixel and Ap,, is the area
of the parallelogram in pixel unit. This is illustrated on Figure 6.5. Every contributions
from every rectangular pixel on the object plane to every pixel on the screen is added to

obtain the proton intensity profile on the screen.

Using this method, it was sufficient to simulate the trajectory of (N, +1)(N,+1) protons
only, which were located at the corners of every pixel on the object plane. The result of
implementing this technique in comparison with binning technique with various numbers of

protons are shown in Figure 6.6.

Figure 6.6 shows that by using the pixel-filling method described in this subsection,
one produces a very smooth image within a reasonable time. It is smoother than the Monte
Carlo (MC) method, even when the MC method used 100 particles per pixel (the pixel-filling
algorithm only uses ~ 1 particle per pixel). Besides the precision of the result, this method
also provided the gradient of each pixel intensity with respect to the deflection potential.

This will be explained in the next subsection.
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Figure 6.5: Projections of 4 protons from object plane (left) to the screen (right). The
square on the object plane have flux of IopAxgAy, that is brought to the screen. The flux
is divided uniformly between the pixels crossed and enclosed by the polygon according to
equation (6.21). Cyan pixels are pixels that are crossed by the circumference of the polygon
and red pixels are pixels that are fully enclosed by the polygon.

6.3.2 Inverse transform with simple gradient descent

The first idea that came to me to solve the quantitative proton radiography problem was

the use of a simple gradient descent algorithm. Suppose that we have a shadowgraph image,

f;t’, discretised on N, x N,, pixels. The vector hat is a flattening operator to change a 2D
matrix into a 1D vector with the same number of elements. The forward transformation, as

explained in the previous subsection, from the deflection potential of the object, ®, to the

image on the screen, fp is expressed as fp(@). The objective of the gradient descent method

in this section is to find ®, to minimise a loss function,

1,7 >
®, = argq)min L(P) = 5”11(;5) —L,(®)]]% (6.22)

This was done via gradient descent method, where the gradient of the loss function with
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(a) (b)

Figure 6.6: Results of various forward transform algorithms of proton radiography with the
same deflection potential profiles on 100 x 100 pixels using (a) the algorithm explained in the
subsection 6.3.1 with 10,201 particles, (b) Monte Carlo simulation with 100,000 particles,
and (c) Monte Carlo simulation with 1,000,000 particles. The running times to produce each
picture are (a) 6.0 seconds, (b) 3.2 seconds, and (c¢) 37.9 seconds, respectively.

respect to every elements of the deflection potential is

Vol(®) = =" (10, = L (®)) Ve, (6.23)

0]

where the subscript (7, j) denotes the element of the matrix at the i-th row and j-th column.
The gradient of the loss consists of taking the derivative of each pixel’s intensity on the
screen with respect to each element of the deflection potential and summing for all elements

in the intensity matrix.

Since all V are accompanied with a ®-subscript, for simplicity of notation, the subscripts
from the nabla symbols are removed in the rest of this sub-section. All nablas are with ®,

unless indicated.

The algorithm works as follows. It starts from an initial profile of ®. For simplicity, ®
is initialised with an all zeros matrix. The algorithm then computes the gradient of the loss

function as in equation (6.23) and update the deflection potential as

& - aVL(D), (6.24)
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where « is the learning rate, a parameter that user needs to choose.

Implementing a gradient descent algorithm is fairly straightforward. However, the real
challenge in this method is to calculate VI, j), the derivative of each pixel’s intensity on the
screen with respect to every element in the deflection potential, ® from every pixel (ig, jo)

on the object plane. This can be split into easier terms by the chain rule,

o1, 0x 00, 8[ Jy Z } (6.25)

L | 9z 06, 8@ 6y 60

20,J0
where all the superscript (ig, jo) are omitted for clarity. The main summation sums every
term from every pixel on the object plane, (ig, jo). The summation inside the bracket sums

the change in angle from pixel (ig, jo) by the change of deflection potential around the pixel.

The change in position with respect to the angle can be obtained easily from equation
(6.15) which is simply 0x/060, = 0y/00, = L. As the angle is @ = V®, the change in angle

with respect to the deflection potential can be written as

agéioyjo) agg(cioajo)

T O®liode)  9Pliogor) 1 (6.26)
H(io,jo) H(io,jo)
= pay =1 (6.27)

a O P (io.jo) O (io+1,50)

The last terms, 01,/0x and 01,/0y, are a bit tricky. They can be computed by the study
of equation (6.21). The derivative equation is divided into three cases, where (1) the polygon
from pixel (ig, jo) does not enclose or cross the pixel (i, j), (2) the polygon fully encloses the

pixel (red pixels in Figure 6.5), and (3) the polygon partially encloses the pixel (cyan pixels
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in Figure 6.5). The equations are given below respectively,

7]
Zp = 0. (6.28)
L O 4 (40,0)

[01,] Az, Ay, Acip OApar

b - _ I 6.29
i ailj' 1 (io.50) Al’oAyO 0 A]?)ar al‘ ( )
_Eﬂp_ AfL‘pAyp Aclip

9lp _ 22 , .
o s AroAys 00 A /0x (6.30)

The same equations apply for partial derivative in y.

The area for a polygon with corners in (x;,y;) is given by

N—
(Tiyi-1 — Tilis1), (6.31)
0

[y

A=

N | —

1=

where the corners numbering is done in clockwise direction. The index is circular, e.g.

rT_1 =xy_1 and Ty = 2.

The clipping between the polygon and the pixel was performed using the Sutherland-
Hodgman algorithm [108]. Putting all these equations together, one is now able to compute
the gradient of an intensity on the screen with respect to the change in the deflection poten-

tial, and thus compute the gradient of the loss, VL(®) from equation (6.23). Clearly, this

is a non-trivial problem.

Results from gradient descent

The algorithm was implemented in 1D cases with a Gaussian deflection potential. I tested
the cases with varying values of p, a parameter from [24] to indicate the characteristic of the

proton radiogram. Caustics appear with value of 1 around the order of unity, depending on
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the shape of the deflection potential. In the Gaussian case, u is defined as,

€¢0 [
=T, 6.32
p=/r T (6.32)
where e and W is the electron’s charge and kinetic energy, respectively, ¢q is the amplitude
of the deflection potential, [ is the distance from the beam source to the object, and «a is the
Gaussian 1/e-distance. In this case, the caustics appears around p ~ 2.4. If p is much smaller
than 1, the deflection potential can be obtained by Poisson’s equation solver [101].However,

the solution for u comparable to 0.1 or larger was not available at that time, let alone p ~ 1.

The gradient descent algorithm turned out to work pretty well in the 1D case, even after
caustics appear. Figure 6.7 shows the results of the proton radiography inversion from 1D
radiograms to the deflection potential for various values of ;1 > 1 with some additional white

noise.

One weakness in the gradient descent technique I employed is that it tended to overfit the
proton radiogram’s intensity. Therefore, the deflection potential it retrieved was different
because of noise. An example is given by Figure 6.8 with x = 2.0 and 10% white noise.
As seen in the figure, the projected proton radiogram from the retrieved deflection poten-
tial matches really well with the given proton radiogram intensity. However, the retrieved

deflection potential did not agree well with the ground truth. This is a sign of overfitting.

In 2D case, the gradient descent algorithm did not perform as well as in the 1D case.
The inversion results of 2D proton radiograms are shown in Figure 6.9. From the figure,
one can see that the retrieved deflection potential always underestimates the true deflection

potential.

A possible explanation for this failure is the algorithm converges to a local minimum,
because gradient descent cannot find the global minimum if the loss function has several
local minima. However, looking at the equation (6.23), VL is not zero unless the intensity
difference between the given and retrieved radiograms are zero (i.e. the term VI, cannot

be zero unless I, = 0). Therefore, the failure is most probably because the gradient descent
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Figure 6.7: The results of 1D proton radiography inversion technique using gradient descent.
The green line is the plot calculated given the deflection potential (ground truth) while the
blue dots are the plots calculated given the radiogram intensity (inverse proton radiogram).
The values of u are (a) 1.5, (b) 2.0, (c) 2.5, and (d) 3.0, respectively. The caustics appear
at u ~ 2.4. A Gaussian noise was added to the every radiograms with deviation of (a-b) 5%
and (c-d) 7% of the mean intensity on the radiograms.

algorithm gets into a shallow valley in the loss function and makes the algorithm converge
very slowly. One famous example of function with a shallow valley is the Rosenbrock function
[109]. A solution to this problem, in future studies, is to employ a second order gradient

descent algorithm, such as gradient descent with momentum [110] or L-BFGS [111,112].

6.3.3 Inverse transform with power diagram

As the previous method was eventually unsuccessful in being able to retrieve quantitative
information from the shadowgraph, I began to employ different methods. While reading
about caustics, I found a link of a group designing surface of a glass to form an image in its
shadow [113]. It is similar to shadowgraphy and proton radiography problems, so I traced

back the algorithm that they did, as explained in this subsection.
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Figure 6.8: An example of overfitted results of gradient descent algorithm of 1D proton
radiography inversion with g = 2.0 and 10% white noise.

The algorithm to perform quantitative shadowgraphy for non-linear cases is not new. It
was invented in 1998 [114]. However, the application of the algorithm to the quantitative
shadowgraphy and proton radiography problems is novel. My contribution is introducing

the algorithm from computer graphics community to the plasma physics community.

Figure 6.10 shows examples of intensity profiles of the beam without and with the de-
flections from the object. The intensity profile without the deflections is called as “source”
profile and the profile with the deflections is called as “target” profile. Assuming that the
total flux between two profiles are the same, the question can be posed as “How to move the
beam’s particles from the source profile to make the target profile so that the total distance

by the particles is minimum?”. This is known as the “transport problem” by Monge [115].

Denote the source profile as Iy(xg, o) and the target profile as I(z,y). Initially, a number
of sites are deployed randomly on the source plane with a simple rejection method [105]. If
there are more sites deployed, the resolution of the resulted picture increases. However, it

also slows down the algorithm. Typical number of sites for an image with total N,;, pixels
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Figure 6.9: Inversion results for 2D Gaussian deflection potential with (a) g = 0.5 and (b)
i1 = 0.8 without noise for both cases. The left pictures are the ground truths and the right
pictures are the retrieved parameters.

is about ~ N, /2. Once the sites are deployed, Lloyd’s algorithm is performed to make the
sites regularly structured. From my experience, usually 50 iterations is sufficient to reach a
good convergence. This produces a Voronoi diagram where each cell has approximately the

same flux.

The regularly structured sites are then redeployed to the target plane by keeping their
positions unchanged. Denote the i-th Voronoi cell on the source plane as V; and the i-th
power cell with weights w on the target plane as P¥. Also denote S(V;) as the total flux
from the cell V; on the source plane and T'(PY) as the total flux from the cell P} on the
target plane. On the target plane, the weights for the cells are going to be optimised so that
the total flux from the Voronoi cell on the source plane equals to the flux from the power

cell on the target plane. Aurenhammer [114] found that to make the fluxes equal, the cost

function below needs to be minimised with respect to the weights, w,

w;S(V;) + /W(Hr —roi||* — wy)I(r) dr|, (6.33)

where ro; and w; are the position and the assigned weight of the i-th site, respectively. Note
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Source plane profile Target plane profile

Figure 6.10: An example of a profile of the beam on the screen without the deflections from
the object (source profile, left) and with the deflections (target profile, right).

that [,. I(r)dr = T(PY). To minimise the cost function above, it is easier and faster to

use gradient descent, where the gradient of the cost function with respect to the i-th cell’s
weight, w;, is given by

Of (w)
8wi

=T(PY) = 5(Va). (6.34)

It is also worth noting that during the optimisation process, the sites’ positions do not change.
Only the weights are changed. During the optimisation, sometimes there are sites that do
not have cells. If this is the case, then the integration on the right hand side of equation
(6.33) is zero and T'(PY) = 0. The cost function and its gradient have been employed to

design surfaces of transparent objects to produce caustic designs [113].

Once the weights have been optimised, the centroids of all power cells are computed.
The displacement from the centroid of the initial Voronoi cell to the centroid of the power
cell becomes the displacement of the beam. However, the displacement is only known at
the positions where the sites are. To determine the displacement at other positions, an

interpolation is required.

In this case, the natural neighbour interpolation is utilised. However, natural neighbour
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interpolation can only determine the values of the positions inside the convex hull of the
sites. To solve this problem, four sites that are closest to each corner are moved to the
corner of the plane. This makes the convex hull of the sites covers all the plane, thus, the
natural neighbour interpolation can be used. Moving the sites to the corners makes the
result picture distorted around the corner. It can be resolved by increasing the resolution

by increasing the number of sites.

As the displacement is proportional to the derivative of the deflection potential, i.e. r —
ro = LV® from equations (6.15), the deflection potential, ® can be obtained by integrating
the deflection in one direction, either x or y. The result from the optimisation of the
cost function in equation (6.33) is curl-free, therefore the integration result along the z
or y direction should be approximately the same. In my implementation, I integrate the
displacement in both directions and obtain the deflection potential as the average value of

the both integration results.

The pseudo-code of the algorithm is shown in Algorithm 1 as well as the illustration on

the algorithm on Figure 6.11.
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Algorithm 1 Inverse shadowgraphy and proton radiography

1: Input: a shadowgram or a proton radiogram image
2: Output: @, the 2D deflection potential of the object
3
4: % Initialisation
5: Deploy sites randomly on the source plane, x and y
6: repeat
7 Construct the Voronoi diagram with sites at x and y on the source plane
8 Calculate the centroid of each region, x. and y,
9 X4 XY Ve
10: until any stopping conditions reached
11: Construct the Voronoi diagram with sites at x and y on the source plane
12: Calculate S(V)
13:
14: % Gradient-based optimization
15: w <+ 0
16: repeat
17: Construct the power diagram with x, y, and w on the target plane
18: Calculate T(P"Y) for each site
19: Calculate f(w) and Aw = V, f(w)
20: Update w + w — aAw
21: until any stopping conditions reached
22:
23: % Finalisation
24: Construct the power diagram with x, y, and w on the target plane
25: Obtain the centroid positions, xp and yp
26: Assign the displacement, xp — x and yp — y, to each site
27: Move 4 sites closest to the corners to the corners
28: Get the displacement of each pixel using natural neighbour interpolation
29: Integrate the displacement in = or y axis to obtain ¢
6.3.4 Implementation

There are a lot of computer science techniques employed in the algorithm. The first one

is

ac

the simple rejection technique. In the implementation of the simple rejection, one needs

ceptance probability values for all positions on the plane. In the pixelated source plane, the
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Simple rejection Lloyd's algorithm

a) Source plane profile b) Deployed sites

Redeploy the sites

(d) Target plane profile

(c) Voronoi diagram of the sites (e) Voronoi diagram of the sites (f) 3rd iteration

g) 26th iteration h) Centroid of each region (i) Displacement of the sites (j) Displacement in y-direction (k) Displacement in x-direction 1) Deflection potential

Compute centroids Get displacements Interpolation Integrate

Figure 6.11: Illustration of the algorithm with 100 sites. Initially, the sites deployed randomly
on the source plane with a simple rejection method is shown in figure (b). In figure (c), the
sites are spaced relatively more regular as a result of Lloyd’s algorithm. The deployed sites
are redeployed at the same position on the target plane profile (d)-(e). Optimisation process
is performed to make each cell has the same flux on the target plane with the flux on the
source plane (f)-(g). In figure (h), the centroid of each cell is shown by red crosses. The
displacement for each cell is then computed and shown in figure (i)-(k). Integration of the
displacement yields the deflection potential of the object (1). The distortion at the corners
in figure (1) is caused from moving the 4 sites to the corner as in line 27 in Algorithm 1

intensity at the position z € [iA,iA+ A) and y € [jA, jA+ A) (A is the pixel size) has the
same value of the intensity at pixel (i, j). The acceptance probability value at position (z,y)
is given by the intensity at that position divided by the maximum intensity on the plane, i.e.
Tmaz(2,y) = I(x,y)/ max,, I(z,y). For every site, a random number, r, is generated from
uniform distribution from 0 to 1. If » < r,,.., the site is accepted. Otherwise, it is rejected
and redeployed. This simple rejection method makes the sites gather in the higher intensity

region.

To obtain the power diagram, algorithm 1 is employed using convex hull and transfor-
mation to dual space. Voronoi diagram can be obtained by setting all weights as zero in
the power diagram. There is an implementation of power diagram in MATLAB, but it runs
slowly for large numbers of sites. I wrote my own implementation in MATLAB to make it

scale well with the number of sites. It works in a reasonable time even there are one million

sites. The codes can be found on [116].

To calculate function (6.33), the values of S(V;) and T'(PY), the flux on the source and
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target plane of the cell, respectively, and [, ||t — ro;[|*I(r)dr, the moment of inertia of the

cell. The centroid of the cell also need to be calculated. In the pixelated source and target
plane profile, the intensity inside a pixel is assumed to be constant. Therefore, it is easier
to calculate the flux, centroid, and the moment of inertia of the cell by doing weighted sum
of the flux, centroid, and the second moment of individual pixels that intersect with the
cell. Weight of an individual pixel in obtaining those parameters is the pixel intensity value.
Obtaining the intersection between the cells and the pixels is done by Sutherland-Hodgman
algorithm [108] since the pixels and the cells are convex. The intersected region is a convex
polygon with uniform density. The area, centroid position, and moment of inertia of a convex

polygon with N vertices are

1 N-1

A= g 2w i) (6.35)
=0
1 N-1
=0
1 N-1

Yo = Gz 2 Wi T ¥i) (@iays = ibisa) (6.35¢)
=0
1 N-1

I, = E [(ZL’? + 2T + I12+1) + (:%2 + YiYit1 + y7;2+1)](.7}i+1y2' — xiyiﬂ), (635(1)
=0

where (z;,y;) is the coordinate of a vertex of the polygon, ordered in the clockwise direction.

Note that (zn,yn) = (o, o).

As the gradient of the cost function in equation (6.33) is available, it is better to employ
a second order gradient descent for a faster convergence. However, second order gradient
descent requires O(n?) memory where n is the number of parameters to be optimised. If
there are one hundred thousand sites, the second order gradient descent will require memory
to store ~ 10'Y values. This is hardly available in an ordinary computer. An alternative to do

the second order gradient descent is using the Limited-memory Broyden-Fletcher-Goldfarb-
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Shanno (L-BFGS) algorithm [111]. The complete implementation code can be found at

https://github.com/mfkasim91 /invert-shadowgraphy.

6.4 Benchmark with simulations

6.4.1 Gaussian magnetic field proton radiography

The first test for the algorithm was to retrieve a Gaussian deflection potential in a case of
proton radiography with a toroidal magnetic field. Consider a proton beam with energy
W = 14.7 MeV diverging from a source, propagating through an object along the z axis,

and get onto a screen. The line-integrated magnetic field inside the object is given by

HI‘H2 1 1
B - D - - - .

where D,, is the maximum value of the line-integrated magnetic field and o corresponds to

the size of the toroidal magnetic field.

In the first benchmark, the magnetic field size was 0 = 30 um, distance from the source to
the object was [ = 1.3 mm, the object to screen distance was L. = 2 ¢m, and value of D,, was
varied from 10 MG.um to 340 MG.um. This system gives magnification of M = L/l =154
from the object to the screen. Caustics appeared at D,, > 190 MG.um, so the benchmark

included cases where caustics appeared.

The proton radiograms were generated based on equation (6.36) and the parameters
above. Gaussian noise was added to the radiograms with standard deviation 10% of the
average intensity on the radiograms. Examples of the radiograms of this system with various

D,, values are shown in Figure 6.12.

From the proton radiograms, the line-integrated magnetic field was retrieved using the

power diagram method and Poisson’s equation solver [101]. The results is shown on Figure
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Figure 6.12: Various examples of the simulated radiograms with value of D,, equals to
{24,97,194,290} MG.pum respectively from (a) to (d). These values correspond to (a) linear,
(b) non-linear, (c) caustics, and (d) branching caustics case. The bottom pictures show the
central lineout of the intensity profiles of the radiograms.

6.13.

The figures show that the power diagram method can retrieve the magnitude of the
line-integrated magnetic field with error less than 10% even the value is as large as D,, ~
300 MG.pm. This is a huge improvement over the Poisson’s equation solver where it can
retrieve accurately (with less than 10% error) when the value is less than D,, < 30 MG.um.
It is also seen on the figures that the power diagram method can still accurately retrieve the

line-integrated magnetic field even when caustics appear.

6.4.2 Arbitrary shape

The next benchmark for the power diagram method was to test whether it retrieved the
line-integrated magnetic field in cases where the magnetic field had an arbitrary shape. The
tested cases generally includes toroidal magnetic fields with different strengths, sizes, and
profiles. In 4 out of 5 tested cases, the strength of the line-integrated magnetic field was

set so that caustics appear on the screen. In the last case, the case of a coaxial cable was
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Figure 6.13: (a) (top) Original and (middle) retrieved line-integrated magnetic field’s mag-
nitude and (bottom) the central lineout of the profiles with D,,, = 190 MG.u, when caustics
just appear. (b) (top) Comparison of the maximum value of the line-integrated magnetic field
between the original values, retrieved by power diagram method and the Poisson’s equation
solver. (bottom) The relative errors of the retrieved value of the line-integrated magnetic
field by the power diagram method and the Poisson’s equation solver with horizontal dash
line shows 10% of the relative error. The vertical dash line shows the value where caustics
appear.

considered where some part of the proton beam was blocked. The proton intensity on the

screen without deflection was uniform.

The benchmark results on arbitrary shape magnetic fields can be seen in Figure 6.14.
The figures show that the power diagram method can reliably retrieve the line-integrated
magnetic field from the radiograms with caustics even with arbitrary structures and blocks

in some part of the beam.
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Figure 6.14: Benchmark results on arbitrary structures magnetic field. (a) A case with
4 Gaussian toroidal magnetic field with same direction, but different sizes and strengths.
(b) Two cos? ellipsoidal toroidal magnetic field with same direction and strength. (c) Two
identical Gaussian ellipsoidal toroidal magnetic field that are close to each other. (d) Two
Gaussian ellipsoidal toroidal magnetic field with different strengths and directions. (e) Mag-
netic field inside two coaxial cables where the outer and inner cables block the proton beam.
The last two rows show the relative intensity lineout and line-integrated magnetic field at
the positions shown by the red dash lines on the first three rows. Gaussian noise with 10%
of the average intensity is added to the simulated radiogram images on screen (the top row).
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6.5 Test with experimental results

The objective of this chapter was to develop a method to analyse proton radiography or
shadowgraphy images from real experiments to get useful quantitative results. Therefore,
the algorithm was tested on real experimental results from a plasma wakefield shadowgraphy

experiment by Savert, et al. [23].

There are several challenges in analysing experimental results that do not exist in simu-
lations. The first one is that the beam’s intensity profile without deflections (source profile)
is not always constant from shot-to-shot, or maybe even unavailable. The second prob-
lem is that experimental results usually contain low frequency noise (i.e. beam’s intensity

modulation at larger length scale) that is amplified by the power diagram method.

There are some preprocessing techniques that can be applied to solve these problems.
The simplest one is to assume the source profile is uniform and apply a high pass filter to
the shadowgrams or proton radiograms (target profile). Another solution is to apply total-
variation denoise (TV denoise) [117] to the target profile and denote the result as the source
profile. TV denoise acts as a low pass filter that removes the high frequency modulation
from the target profile. Both preprocessing techniques give approximately the same results.
However, the first one is much faster than the second one. Thus, in this section, I applied

the first preprocessing technique to the experimental results.

If a wakefield is formed in the plasma, the plasma density is modulated, hence the

refractive index. The refractive index, n, of a plasma depends on the plasma density, n, as

n(rp)e?

n(ro) =4/1— (6.37)

meow?’

where m and e respectively are mass and charge of the electron, £y is the permittivity
constant, and w is the probe’s frequency. Substituting the refractive index, 7, from the

equation above to the deflection potential equation for shadowgraphy (equation (6.14a))
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yields

B2, y0) = — / n(ro) dz. (6.38)

meow?

Here the approximation wg = npe?/mey < w? is used. From the equation above, it is possible

to retrieve the line-integrated plasma density, [n dz, from the shadowgraphy method.

Analysis of experimental results from A. Savert, et al. [23] is presented here. In their
experiment, plasma wakefields were driven by short laser pulses with energy 750 mJ, 35 fs
duration, and central wavelength 810 nm. The driver pulse was focused to produce the peak
intensity of 6 x 10'® Wem ™2 and normalised intensity ag ~ 1.7. A helium gas jet was used to
generate plasma with density of 1.65 x 10! cm™3. The wakefield generated in the plasma by
the driver pulse was captured with shadowgraphy method using a probe pulse with duration

(5.9 4+ 0.4) fs with the central wavelength 810 nm.

The results of inverting shadowgraphs from the experiment using power diagram method
is shown in Figure 6.15. In this case, a high pass filter was applied to the shadowgraphs as
the preprocessing and to the inverted results as the postprocessing. Figure 6.15 (b) shows
the inverted results of the shadowgraphs, i.e. [n dz, from Figure 6.15 (a). Although there
are some distortions at the edges and corners of the figures caused by the postprocessing
high pass filter, Figure 6.15 (b) shows the features of the wakefield. The central lineout of
the line-integrated plasma density is shown in Figure 6.15 (c). This shows that the power
diagram method is robust to process real experimental results when used with preprocessing

and postprocessing high pass filters.

6.6 Conclusions

In this chapter, I have described the algorithms I developed and implemented in solving the
proton radiography and shadowgraphy inverse problem. In simulating the proton radiog-

raphy and shadowgraphy (forward problems), I used a filling intensity method instead of
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Figure 6.15: (a) Shadowgraph obtained by Sévert, et al. [23] in a plasma wakefield exper-
iment. (b) The results of inverting shadowgraph figures using the power diagram method
with high pass filter as the preprocessing and postprocessing. (¢) Central lineout from the
figures (b).

Monte Carlo simulations. It gave much better pictures in a relatively short amount of time,

compared to the Monte Carlo simulations.

My first attempt in solving the inverse problem used the gradient descent algorithm.
Gradient descent algorithm works very well for 1D cases, even when caustics appear. How-
ever, it failed in the 2D case probably because it got into a shallow valley in the function
that reduces the gradient’s magnitude. If this hypothesis is correct, then it might be solvable

by employing a second order gradient descent algorithm in future studies.

The main algorithm presented in this paper is proton radiography and shadowgraphy
inversion with Voronoi and power diagram. This method successfully retrieved the deflection
potential on the object given the 2D radiograms, even when the caustics appear. It also
provides excellent results when tested using real experimental data. This is the first algorithm
introduced in the plasma physics community to solve the proton radiography inverse problem

in the non-linear regime.



Chapter 7

Optimisations in plasma physics

A lot of problems in plasma physics can be posed as optimisation problems. Among the
examples are selecting laser and plasma parameters to maximise electron beam energy and
fitting parameters to experimental results. Realising that, I looked into machine learning and
optimisation communities to see the available algorithms that can be used in plasma physics.
While doing that, I developed a novel optimisation algorithm to do infinite-dimensional op-
timisation or 1D shape optimisation. The developed algorithm was tested against other
algorithms developed recently and worked better than the tested algorithms. On the other
hand, T also developed software tools to bridge physics simulations and optimisation algo-
rithms. The software suite was built to help physicists doing optimisation of plasma physics
systems via simulations. In this chapter, I show an example of optimisation results of laser
plasma systems to maximise the beam energy gain. As the result, the software can find
optimum parameters that agrees with W. Lu et al. results [50] without explicitly being

taught.

During my DPhil, I had many discussions on optimisation and machine learning tech-
niques with my supervisors, in particular, how one can apply them to plasma physics and
accelerator research. There are a lot of problems in plasma physics that can be posed as

optimisation problems. An example in plasma wakefield is “what are the parameters of the

129
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laser pulse and the plasma to get the highest electron energy?” In that example, the ob-
jective is to maximise the electron energy and the input parameters are parameters of the
laser pulse and plasma (e.g. plasma length, density, pulse duration, energy, etc.). Another
example of problem that can be posed as an optimisation problem is fitting: “what are the
parameters of the system so that the simulated result is the most similar to the experimental
result?” In this case, the objective is to minimise the error between the simulation result

and the experimental result.

Without losing generality, the optimisation problem can be posed as below,

Xmin = argminf(x), (7.1)

X

where x is the parameters to be optimised arranged in a vector and f(x) is the evaluation
function to be minimised. Maximisation of a function, g(x), can be performed by taking the

negative its value, i.e. f(x) = —g(x).

There are two classes of optimisation algorithm based on the utility of the gradient of
the evaluation function: gradient-based and gradient-less. An example of gradient-based
optimisation algorithm is gradient-descent algorithm [110,111] which is widely used in the
machine learning community to train the model. An example of the gradient-less optimisa-
tion algorithm is genetic algorithm [118] and Bayesian optimisation [119-123]. The latter is
gaining interest in machine learning community as means to optimise the hyper-parameters

of their models.

Ideally, optimisation should be done during real experiments. However, if the optimisa-
tion during an experiment is infeasible, the optimisation should be done in simulations to get
an idea of the optimal parameters that should be explored in the experiment. In most opti-
misation problems in plasma physics I can think of, the gradient of the evaluation function is
hard to obtain because of its non-linear nature (e.g. how much the electron energy changes
if the pulse is stretched a bit, etc.). Therefore, the focus in this chapter is on gradient-less

optimisation algorithms.
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Moreover, as the cost of doing a simulation and/or an experiment in plasma physics is
relatively high (e.g. one simulation can take up to 1000 core-days), the number of evaluations
of the evaluation function must be kept as low as possible. This is the most challenging part

in the optimisation algorithm.

There are two contributions to the scientific communities written in this chapter. The
first one is a novel algorithm to do infinite dimensional optimisation (shape optimisation)
efficiently. The paper about the algorithm [30] was accepted to be presented at Bayesian Op-
timisation workshop at NIPS 2016, one of the largest machine learning conferences. Another

one is a framework for physicists to optimise parameters using simulations.

7.1 Infinite dimensional optimisation

The main objective of the infinite dimensional optimisation or shape optimisation is to
determine the best shape to minimise some objective. An example of the problem in this
class is “what is the trajectory of an object under the gravity influence so that it can travel
from one point to another point as fast as possible?” (i.e. brachistochrone problem). An
example in plasma accelerator case might be “what is the longitudinal shape of the plasma

density profile, given other parameters, so that one can get the highest electron enerqy?”

The input argument of this optimisation problem is a shape. To fully describe an arbitrary
shape, one needs infinitely many points, even if the shape is one-dimensional shape, hence

the name infinite dimensional optimisation.

To solve the problem, I used a Simultaneous Optimistic Optimisation (SOO) [124,125]
approach and modify it so that it can solve the shape optimisation problem. I call the
approach as Multi Level Simultaneous Optimistic Optimisation (ML-SOO) [30]. SOO works
for optimisation with D-dimensional input arguments with bounded values, where D is finite.
Extending it to ML-SOO makes it works as well for infinite dimensional input arguments.
Before explaining about my approach (ML-SOO), the SOO algorithm will be explained first.

In this section, optimisation is sought for maximisation instead of minimisation.
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7.1.1 Simultaneous Optimistic Optimisation

Consider a function, f : X — R with X C R”, a bounded set in R”. In most cases, X is
a hyper-rectangle with D dimensions, i.e. each parameter has fixed lower and upper bound

values. The function has at least a global optimiser, * € X of f, i.e.

f(@*) > f(z) VreX. (7.2)

Also, for all z € X, it is assumed that f(z*) — f(x) < I(z*,x). The function [ : X x X — R
is a semi-metric function between two points in X, for example I(xy, 15) = ||z1 — 2»]|*. In
simpler words, the assumption states that the values of f(z) around the global optimiser x*
are close to the global optimiser value, f(x*). An example of function that does not satisfy

the assumption is a delta function, where the global optimiser value is not close to the values

around it.

With the properties and assumptions above, R. Munos [124] advised optimistic optimisa-
tion algorithms to find the global optimum value of f. One of the algorithms, Simultaneous
Optimistic Optimisation (SOO), does not even need to know the knowledge of the semi-

metric function, [. This is the approach that is explained in this subsection.

SOOQ is a tree-based search algorithm which partitions the search space, X into several
cells. Initially, there is only one cell, which contains all the search space. The central point

of the cell is evaluated. This is the root of the tree. Then the cell is divided into K smaller

cells and the centre points of the cells are evaluated. The smaller cells become the children
of the divided cell. If a cell has a centre value larger than any cells with larger or the same
size, then the cell is divided. The tree’s depth is limited by a function of the number of
evaluations, N,,q.(n). The pseudo-code of the algorithm is shown in 2, where the i-th cell of

depth h is denoted as (h,7) and the central value of the cell is zp, ;.
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Algorithm 2 Simultaneous Optimistic Optimisation (SOO)
1: T+ (0,0); n < 0; and L7 := any nodes in 7 without children

2: repeat

3: VUmaz < 0

4 for h < 0 to min(depth(T), hmas(n)) do
5 (h,i) <= argmax, jier, f(Tn;)

6 if Vpar < f(2h,) then

7 Expand (h,i) to K children

8 Evaluate the values of the children
9 Add them to T

10: Vmaz < f(zpi);n<—n+ K

11: until any stopping conditions

12: return z;} < argmax,yer f(Tn;)

One way to divide the cell into K smaller cells is to divide along the cell’s longest axis.
Choosing an odd value of K in this case can be advantageous because the central child has
the same value as its parent, so only K — 1 evaluations needed while the cell size is reduced

by K.

The regret of the algorithm after n function evaluations is defined as r,, = f(x*) — f(x;}),
where f(x7) is the maximum value found so far, i.e. how far the found maximum value
is from the true global optimum value of the function. For some functions, the regret is
even exponential, i.e. 7, = O(e~“V"P) for some constant, C, as shown in [124]. SOO is
also combined with Gaussian Processes to give better empirical performance and theoretical

guarantee, as seen in BaMSOO [125] and IMGPO [126].

7.1.2 Multi-level SOO

SOO is a powerful algorithm to optimise function with moderate dimensions (e.g. 10 dimen-
sions). However, to optimise functionals that have infinite dimensions, some modifications

are required.

Suppose that we have a 1D function, f : X — F where X', F C R, which is an input of



7.1 Infinite dimensional optimisation 134

a functional, J : F* — R. An example of the functional .J is the time taken for an object
to travel from one point to the another point in space with the trajectory function, f. The

problem considered here is to find a function, f,, to maximise the black-box functional, J,
ie. f.=argmaxcrx J[f].

It is assumed that the end points of f are fixed, i.e. at f(x,) and f(x}), where x, < ;.
The functional J is also assumed to be Fréchet differentiable and f, is twice differentiable.
In order to solve it numerically, the function f(z) is discretised at regular spacing points

and then the number of discrete points in f(x) is gradually increased. The values of f(x)

for x € X is obtained by linearly interpolating the values from the discretised points.

Let one denote f)(x) as the discretised function of f(x) at n = 2! — 1 points, excluding

the end points, with spacing h = (z, — x,)/2!, and then interpolate linearly. The number of
discretised points will always be counted without the end points, unless indicated. The set

of all possible discretised functions is denoted as F*¥® where F¥M) c F¥@ c .. c F*¥.
The discretised optimiser function, f,, is denoted by fﬁl)(:c). The global optimiser in F*¥®
is defined as fﬁ)(:p) = argmax .z~ J[f]. The global optimiser in F*® ig not necessarily
the same as f*(l), but fJ(rl) — f,fl) as | — oo. Finding fJ(rl) is a finite dimension optimisation

problem with D = 2! — 1 dimensions. Figure 7.1 illustrates the notations in this paragraph.

Assumption 1 For a Fréchet differentiable functional, J[f], there exists L > 0 and n €

(0,1) where nLIf. — fI? < Jf.) = JUf) < LLf. — fIB for all f € F¥.

Lemma 2 The Li-distance between fJ(rl) and f. is bounded by |f. — fﬁ)Hl < ap~™ with

p =4 for some a € RY.

The variable o depends on the intrinsic parameters of JJ and f,. From the lemma above,

the search space can be decreased by 4! as [ increased, provided « is chosen to be large

enough. The variable oo can be regarded as the width of the initial search space for [ = 1.

Based on lemma 2, the initial idea was to start from [ = 1, find fJ(rl) using SOQO, increase
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(a)

Figure 7.1: (a, b) Examples of discretised functions, f®(z) with (a) I = 1 and (b) [ = 2 with
linear interpolation. (c) An example of f.(z) for an arbitrary case, represented in the black
solid line, as well as its discretised function, fﬁl) with [ = 2, shown in the gray dashed line.

[ by 1, repeat the same by reducing the search space by factor p = 4, and then repeat until

it reaches any terminating conditions. However, this approaches requires a lot of functional
evaluations since to find ff) until a very good approximation requires non-trivial numbers

of functional evaluations.

Another approach to solve the problem on the previous paragraph is to reduce the search
space on the additional dimensions from the beginning, so there is no need to search for the
global optimum solution for each [, fJ(rl) . For example, the search space for F¥?) is the space

covered by I;-balls with radius «/p and centres all along F*("). An illustration for this case

is shown in Figure 7.2.

Based on the reduced search space approach, it is possible to perform optimisations using

SOO as in Algorithm 2 with the use of several rules in dividing cells as below, letting p = 4.

(1) The initial cell is one dimensional with a width of w and [ = 1. The position of the

central point of the cell represents the value of a point in x = (x, + x;)/2.

(2) If all dimensions in the cell have lengths less than or equal to p~!, then new 2'

dimensions are added to the cell. The new dimensions represent the position of the new
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Figure 7.2: (Left) The reduced search space for I = 2, but only shown for two dimensions:
the value of left point with the value of the middle point of the input function. The red
squares are the [y-balls with radius /4. The shaded area is the search space for fu,;q and
fiett- The gradient of f,;q with respect to fieg is due to the linear interpolation, i.e. the value
of fiery should change when fi,q is changed. (Right) Illustration of where the left point and
the middle point takes place in a function with [ = 2.

points in the discretised f(*+1)(x) which is placed in the middle positions of discretised points

in fO(x). The new dimensions have widths of p~* each. The value of [ is also increased by

1.

(3) A cell is divided along the longest dimension into K = 3 smaller cells as in [?]. If
there are more than one dimension that have the same length, then the ‘oldest’ dimension

is chosen.

(4) If a cell is divided along an ‘old’ dimension, the change in position in the dimension

will also change the position in the ‘newer’ dimensions around it.

As an example let p = K = 3. The first cell has [ = 1 and only specifies D = 2! —1 =1
points on f, which is xgl), the middle point between x, and x,. On the first division, the
cell is divided into 3 smaller cells along the first dimension. After the division, the children’s

dimension width is now 37! and it is equal to p~' with p = 3 and [ = 1. Therefore, 2! = 2 new

dimensions are added to the children cell which correspond to the middle points between z,
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and xgl) , and between xgl) and .

With [ = 2 and D = 2 — 1 = 3 dimensions, let one denote the discretised points

as x§2) with ¢« € {1,2,3}. The second dimension is the oldest dimension because it was
the same dimension as the dimension with [ = 1. The first and third dimensions are the
newer dimensions. As all the dimensions now has width of 37!, the older dimension is
divided first, i.e. ¢+ = 2. Because an older dimension is divided, some of its children have

different positions in the second dimension and thus change the positions in the first and
third dimensions. If one of the children is shifted in the second dimension by Axg) with

respect to its parent’s position, then the first and third dimensions also shift by Amg) /2,

because linear interpolation is used. Figure 7.3 illustrates the steps of the algorithm.

For the next division, as the longest dimensions are the first and the third dimension, it
can choose any dimension to be divided. As the divided dimension is the newest dimension,
it does not shift the positions in other dimensions. The division process of cells is repeated

until the algorithm stops.

One can use different methods of interpolation other than linear interpolation. If a
different interpolation method is employed, it changes the upper limit of p, but it also needs
different assumptions on the optimal function, f,. For example, quadratic interpolation
yields the upper limit of p to be 16, but the fourth derivative of f, needs to be defined
and bounded. Increasing the order of polynomial in the interpolation does not always help,
because the upper bound of m-th derivative of f, can increase as in Runge’s phenomenon

127).

7.1.3 Technical implementation details

Working with small number when representing a cell’s dimension width can be prone to

) with

]

floating point errors. Therefore, for each D dimensional cell we define an array, d

length of D that represents the log of the width of the cell divided by the initial cell’s

width, dgl) = —log K(wy) Jw). Therefore, comparing the dimension’s width can be done by
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Figure 7.3: Illustration of the cell division rule in the ML-SOQO. The functions illustrated at
the bottom part is the representation of the cross in the search space.
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comparing dl(-l) )

For some [, comparing which dimension is older can be done by counting how many

consecutive zeros at the least-significant bits of its dimension in its binary representation.
For example, for { = 3 and thus it has D = 7 dimensions and numbered from 1-7 (a:f‘) is the
closest to the left end and :cS”) is the closest to the right end), the 4" dimension is the oldest

because it has the 2 consecutive zeros on its least significant bits, i.e. 100, then followed by

274 (010) and 6™ (110) dimensions.

If the dimension has ¢ consecutive zeros on its least significant bits, then changing the
dimension affect 2¢ — 1 other dimensions on each side. For example, with [ = 3, changing
the 4'® dimension (100, ¢ = 2) will also change the 1%, 2" and 3" dimensions as well as the

5t 6" and 7" dimensions. On the other hand, changing the 6"* (110, ¢ = 1) dimension

also changes the 5" and 7*" dimensions. This applies for any values of [.

The amount of change of the j-th dimension if i-th dimension changes can be calculated
using linear interpolation. If ¢, in its binary representation, has ¢ consecutive zeros on its
least significant bits, the change of the j-th dimension with respect to the i-th dimension

change can be written as

(
1= (i—5)270 :if (i—29) <j<i
oz
31,?1) =y 1-(—i)279 :ifi<j<(i+29) (7.3)
0 - otherwise.
.

7.1.4 Analysis

A regret after n functional evaluations is defined by

rn = Jfi] = J|fus] (7.4)
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where f,. is the maximum input of J found among n functional evaluations. The algorithm
employed here is a special case of SOO [124]. Therefore, the derivation of the regret follows

the steps in [124] first and then it is specified to the case in this paper.

Assumption 3 For a semi-metric, d(f1, f2) = L|fi — fo|® for any L > 0, there exists a

decreasing sequence 6(h) > 0 for any cell (h,i) at depth h > 0, where SUPfery, d(fri, f) <

d(h) with F, ;) is the Hilbert space covered by the cell (h,1).

In other words, the assumption states that the cell size, which is defined by the maximum
lo distance in the Hilbert space, decreases as h increases. This assumption holds in our

algorithm as the cells are divided as h increases.

If the cell containing the global optima, f, is at depth h,, the regret is bounded by
r(hy) = J[fi] — max s J[frs] < d(hs). The inequalities can be obtained from assumptions
1 and 3. Thus, the regret bound at depth h can be obtained by calculating cell size at depth
h. For the sake of simplicity, it is assumed that p = K = 3 and the width of the root cell
is w = 1. Although we used p = 4 instead of 3, the upper bound of the resulted regret will

still be applicable.

Lemma 4 Consider a cell with some value of | with D = 2! — 1 dimensions with width for

each dimensions are contained in an array w®). The mazimum L, distance of the elements

in the cell is

9z
(

where J](li) =3 75 is an element of a Jacobian matriz as in equation (7.3).
) T

k3

For a consistent division algorithm, the widths for each dimensions of a cell are always
the same with other cells at the same depth. Based on the equation in lemma 4, the cell size
D (), @

is minimised if the dimension with the largest ) im1 i w; ) is divided. However, in practice
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Figure 7.4: The log size of the cells, relative to the initial cell size, as function of the depth
in the tree. With our division algorithm, the cell sizes are not really much different with
the cell sizes divided by the optimum division algorithm. In practice, our division algorithm
gives better performance.

this does not work as good as the proposed division algorithm. Figure 7.4 shows the log
of cell size versus the tree depth using the proposed division algorithm and the optimum

Y

3

division algorithm by dividing the largest Zle J j( wfl). It is also seen on the figure that the
discrepancy between the cell size divided using the proposed algorithm with the optimum
division algorithm is not really significant. For A = 1000, the cell size divided with optimum

division algorithm is almost half of the cell size divided by the proposed algorithm.

From Figure 7.4, it is seen that there are sudden decrease on cell size at some points.
This happens when new dimensions are added to the cell and the oldest dimension is divided.
When new dimensions are added, all dimensions have the same width. Thus, when the oldest

D 0,0

dimension is divided, it gives large decrement as it has the largest j=1Jj;w; " among all

dimensions. The upper bound on the cell size as function of depth can be derived from this

point of depth and then generalised to other depths.

Lemma 5 If the deepest cell containing the global optima, f. is at depth h,, the regret is
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bounded by

w=a(5) " o () ]

In order to determine the global optima depth, h, with the functional evaluations, N, we
define a set I), as number of cells which the central value, J|[fy ], satisfies J|[f.]—J[fn:] < 0(h).
As in SOO algorithm, the deepest cell that contains f, does not get divided if it is dominated
by other cells, which are members of [;,,. Thus, the lower bound of h, as function of number

of node expansions, n, is given below.

Lemma 6 [Lemma 2 in R. Munos (2011)] For any depth 0 < h < hyax(n), wherever

n = Z?:o | 1| hnax (), we have hy > h.

With odd numbers of K and number of node expansions, n, the number of functional

evaluations is given by N = n(K — 1).

Definition 7 There exist constants, 3 and k, such that |I,| is bounded by |I;,| < k" where

kell,K].

For k = 1, the number of elements in I}, is constant for all depth in the tree. If all elements
in the tree is in |[,|, then £ = K. With definition 7 and lemma 6, we can substitute the

deepest depth of the cell containing f, with the number of functional evaluations to lemma

5.

Theorem 8 For N functional evaluations with K 1is an odd number, the regret is bounded

by r(h) in lemma 5 with

N k-1
h*zlogk[ —k—+1] —1
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for ke (1, K] and

for k=1.

Thus, ry = O [(log, N) 282X (log, log,, N)?| and fork =1, ry = O [N~°82%(log, N)?].

7.1.5 Numerical experiments

To test the performance of the algorithm, some numerical experiments on physical cases
have been performed. The algorithm is benchmarked against SOO [124] and IMGPO [126].
Those algorithms are also gradient-free optimisations. As the other algorithms are designed

for fixed dimensions search space, it is tested with D = 7 dimensions.

The algorithms are tested for solving brachistochrone and catenary problems. The first
case is brachistochrone problem, where the algorithms need to determine the path between
2 points in 2D space so that an object starting from the first point can travel in influence of
gravity to the other point as fast as possible. The gravity is assumed to be 1. The positions

of the end points are (0,0) and (1,0) and the beads have initial velocity vy = 1/2/(2 + ).

The minimum time required in this case is 7/4/2 + 7. The second case is catenary problem,
which is the minimum area when the path between two end points is rotated along the
z-axis. The end points are located at (0,0) and (1,0). The third case is brachistochrone
problem with linear drag, F; = —fv with § = 0.02. The end points are located at (0,0)
and (1,0.417). The object has initial velocity of vy = 1.19. The brachistochrone with drag
is a complicated problem where the solution and Fréchet derivative cannot be obtained in a
straightforward manner. The actual solutions for the test cases are cycloid, hyperbolic cosine,
and the equation (35) from [128], respectively. Output of the functional is the negative value
of time required to travel such shape. It returns a very large number if it is impossible to

reach the other end.

In SOO and IMGPO, a cell is divided into three smaller children along the longest
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Figure 7.5: Top: Log regret versus number of functional evaluations using multi-level SOO,
SO0, and IMGPO for (a) the brachistochrone problem, (b) the catenary problem, and (c)
the brachistochrone problem with drag. Bottom: Comparison of the solutions obtained by
the algorithm with the actual solutions.

dimension. The parameters that were used in IMGPO are the parameters used in [126].
The search space for the algorithms is confined to [0, 1] for each dimension. For the new
algorithm, the initial bound is set to be [—1, 1], except in the second case where the bound

is [—2,2]. The bound is reduced by factor of 4 every time new dimensions are added.

The performance of the algorithms in all test cases is shown in Figure 7.5(a)-(c). The
solutions obtained by the new algorithm are also plotted with the optimum solution in Figure
7.5(d)-(f). As demonstrated in the figures, the new algorithm performs better than the other
algorithms in all test cases. The solutions obtained by the new algorithm are also quite close
to the optimum solutions. In all cases, the solution found by the new algorithm consists
of 15 points which is already more than the dimensions tested by other algorithms. The
number of discretised points in the solutions can be increased by running the algorithm for

longer.
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7.2 Optimisation via simulations

As stated previously, there are many problems in physics that can be posed as optimisation
problems. There are many of optimisation algorithms already available and it is a very
active field of research, especially during the blossoming of machine learning in the last
few years. Most of the optimisation algorithm works as follows: (1) it suggests a single or
multiple values of parameters to be evaluated or tested or simulated that is to be thought
to be optimum, (2) receives the evaluation results, and (3) repeat the steps (1)-(2) until
maximum number of evaluations or other termination conditions reached. Unfortunately, in
many cases in physics, the cost of evaluating or simulating a set of parameters is expensive.

In some cases, supercomputers are required.

Fortunately, there has been some algorithms that can get reasonable results within rea-
sonable numbers of evaluations. Among the examples are CMA-ES [129] and Bayesian
Optimisations [119]. For high dimensions (high number of parameters), CMA-ES is the
current state-of-the-art of the optimisation algorithms. It is based on evolutionary strategy

and works as follow in D-dimensional space (i.e. there are D parameters to be optimised):

1. it is initialised by setting an initial central point, u, and the initial covariance matrix,

K

Y

2. the algorithm generates N random points with Gaussian distribution with central

position p and the covariance K in the D-dimensional space,
3. it evaluates the values of the generated points and sort the points based on their values,

4. it updates the central position and the covariance matrix based on the m best points

and their previous values,

5. repeat from step 2 until any termination criteria is reached.

Some of the advantages of using CMA-ES are that the evaluation process can be paral-

lelised and also its hyper-parameters already have the default values.

Despite its ability in optimising systems with many parameters, the use of CMA-ES
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or optimisation algorithms seems not employed much in physics. In my case in plasma
accelerator physics, the problem is that it is hard to bridge the optimisation algorithms and
the simulations. Because of that, I decided to make a framework to bridge the optimisation

algorithms with physics simulations.

7.2.1 Software architecture

The software requires the simulations executed using a workload management platform, e.g.
LSF, as the simulations are submitted as jobs. This is common in modern supercomputers.
The software itself does not need to be executed in the same machine, as long as it has SSH

access to the computing machine.

The architecture of the software is shown in Figure 7.6. It consists of a database and 3
main blocks: optimiser, submitter, and job-checker. The operations of those 3 blocks are

executed sequentially as follows:

1. [optimiser| reads the config.json file;

2. reads the database to resume the previous state;

3. puts the suggested parameters to the database as new entries;
4. [submitter| obtains unsubmitted jobs from the database;

5. submits the jobs to the computing server;

6. checks if the jobs are submitted successfully;

7. if yes, marks the jobs as submitted, otherwise, resubmits;

8. [job-checker| gets the unfinished jobs from the database;

9. checks if any job has finish;

10. downloads the output of the finished jobs and does the post-processing to convert the

result into a number to be optimised (e.g. electron energy);

11. marks the jobs as finished;
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Figure 7.6: Software architecture of the optimisation framework.

12. repeats the process from step 2

As the optimisation of a system could take very long time (days, weeks, or even months),
the software needs to be robust and able to resume the optimisation progress if something
interrupts, so that the users only need to set up the optimisation process, run it, and leave

it until it finishes.

Although the software is written in Python, the simulations to be executed can be written
in any language, as long as it can be executed in the computing machine. It is also easier if
the simulation program receives a text file as its input. There is also no need to change the
simulation program as the optimisation software only changes the input of the simulation

program and read the simulations output.

I call the software TABE, originated from a Buginese polite word. The codes are up-

loaded and maintained on GitHub (https://github.com/mfkasim91 /tabe).
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7.2.2 Inputs from users

To run the software appropriately, the users need to write some text files and scripts. Those

are:

e config. json - the file to specify the other file names, details of the connection to the

computing machine if applicable, and simulation parameters;

e input_template - template for the input of the simulations that will be filled with the

parameters suggested by TABE;
e submission file - shell/batch/cmd script that will be executed to start a simulation;
e preprocess (optional) - a python script to transform the parameters suggested by the
optimiser into parameters specified in the input template;

e postprocess - a python script to process the output of the simulation into a number

that the users want to optimise.

In the next sub-subsection, each file is explained with an example of minimising a simple

quadratic function, f(a,b) = a® + b*.

File config. json

An example config. json file is shown in Figure 7.7. This is formatted as a JavaScript
Object Notation (JSON) file, so the syntax needs to follow JSON. The reason why I chose

JSON is because of its simplicity and its ability to express complex data structures.

Here are the explanations of each variable in the file.

e experiment name: Specifies the name of an optimisation experiment and will also be
the name of the optimisation process database. When running this software, it looks for
the database with the same name. If found, then it reads the database and resume the
optimisation process. Otherwise, it creates new database and start the optimisation

process from the beginning.
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"input_template™:
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Figure 7.7: An example of config. json file.
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e ssh (optional): The parameter to connect to the remote computing server via SSH.
This variable is not required if the optimisation software runs on the same machine as

the computing machine.

e scheduler: The type of job scheduler on the computing machine. Example of the
schedulers are LSF and PBS. If run on machine without the scheduler, it can be

specified as bash for Linux machine.

e populations: The number of multiple simulations running in a time. This depends on
the availability of the computing machine. Increasing populations can lead to a better

solution, with more computational cost.

e submissions: The relative path to the required files, including the name of the files.
For the input_template name, it needs to have an extension of .template as this

extension will be removed when writing the template for the input file.

e parameters: The parameters the optimiser need to optimise.

— type (optional, default: float): The type of the parameter. Currently only
support float type of parameter.

— size (optional, default: 1): The number of elements in the parameter. All the
parameters are formed in a vector, even if the size is 1.

— min and max: The lower and upper bound of the variable. These parameters can
be written in a number or an array with the same size as size. If it is a number,
then it is applied for all elements in the parameter. If it is a vector, then the
bound is applied element-wise.

— initial (optional, default: min+max/2): The initial central value of the optimiser.

If not specified, it starts from the central point.

Files input_template and preprocess

The simulation software that runs on the computing machine needs to read a file as its input.

The input template file name needs to resembles <file input name>.template where the
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r X['av] [0]*x2,
: X['b"][0]**2
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(=]

=]

Figure 7.9: Preprocess file example (preprocess.py).

.template extension will be removed to be the input file for the simulation software.

In this case, let us say the simulation software named add_two_numbers takes an input of
a file os-stdin that contains two numbers and write the summation result to the output file,
output.txt. If one wants to calculate the quadratic sum of two numbers, f(a,b) = a* + b?,
then the input file needs to contains the values of a? and b2. The input template file in this
case should be as shown in Figure 7.8. The variables in the curly brackets will be replaced
by some values given by the optimiser. If an actual curly bracket is needed, it should be

written as double curly brackets, e.g. {{ is rendered {.

In the input template file, the parameters are a_square and b_square. However, in the
config. json file, the parameters are a and b. To bridge between the config.json and
input_template, a preprocess file is needed. This preprocess file is a Python script that
only contains a main function. The main function receives variable x that is a dictionary of
the variables specified from the config.json and should return a dictionary that contains
keys listed in input_template file. Figure 7.9 is an example of a preprocess file used in this

case. The preprocess file needs to be written in Python.

File submission_file

After the optimiser software have written the input file, it will submit the job by executing
the submission file. This should be a batch script (for windows) or a bash/shell script. An
example of the submission file is shown in Figure 7.10. Line 1-5 is the line to set parameters

for the LSF scheduler. Line 7 is to execute the simple simulation software (add_two_numbers).
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#B5SUB —q scarf
3 -n 1

add two numbers

if _name == " _ main_ ":

main()

Figure 7.11: A simple example of the postprocess code (postprocess.py).

The submission file, input file, and the output files of the simulation software are con-
tained in a folder named based on the job ID. The submission file is also executed from that

directory. Therefore, the simulation program should be accessible anywhere.

File postprocess

The output of a simulation software can be in any form. However, the output desired by this
optimisation software is a single number for each simulation. To bridge this, a postprocess

file is required.

The postprocess file’s job is to read the simulation output, calculate the desired output
to be optimised (e.g. electron’s maximum energy), and print out the number. This file
needs to be written in Python. An extension for MATLAB postprocess script is currently

undergoing.

In this example case, the summation of the two numbers are written in an output file.
Therefore, the postprocess file in this script just needs to read the content of the output file
and print out the result. In some cases, the postprocess script does more complicated tasks.

Figure 7.11 shows the example of the postprocess file.
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Running the program

After all the files are set, to run the program is simple. Of course, the user needs to
download the code and its requirement first. The code and examples can be obtained from
https://github.com/mfkasim91/tabe [130]. The same page contains the requirements and a

tutorial on getting started.

The program can be executed from a command window or terminal. From the termi-
nal, the user needs to navigate (cd) to the directory where the config. json file is con-
tained. We call this as the experiment directory. Then, user can just simply execute
the TABE main file from the experiment directory. It can be done by typing python
/<directory-to-tabe>/main.py (and changing the /directory-to-tabe/ with the actual

directory).

7.3 Optimising laser plasma wakefield

7.3.1 Longitudinally uniform density

The first case to use TABE is optimising laser plasma wakefield. In this case, I tried optimis-
ing the plasma density, plasma length, density waveguide factor, laser pulse duration, waist
size, and its focal spot position. There are 6 variables to be tuned to maximised the integral
longitudinal electric field over the propagation distance, [ E, ds, with a moving window with
the speed of light, c¢. This is approximately the energy gain for externally injected electron

beam.

The simulations are kept as cheap as possible but maintaining reasonable accuracy. Once
the optimum parameters to maximise the electron energy gain are obtained, one can run a

more accurate and more expensive simulation to get better results.

The bounds for plasma density are 1.2 x 10'® ecm™ to 3.5 x 10! cm™3. To search

for parameters with several orders of magnitude range, it is better to take the log of the
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parameter as the input parameter. In this example, the log density bounds are 37 to 45.
The plasma length is searched from 1 mm to 20 mm. Quadratic radial density profile is also
applied in this case where the density is given by n(r)/ng = 1+ f,w2r®/c*n?, where f, is the
density radial factor to be optimised. The bound for the f, is from 0 to 1. In the simulation,

the ions are fixed.

The laser pulse focal position is varied from 0 to 1, where 0 means it is focused at the
beginning of the plasma, 1 is at the end, and other values are interpolated linearly (e.g. 0.5
means the pulse is focused at the middle). The laser pulse duration and waist size are (3 to
13) w, and (1 to 20) w,/c, respectively. Variable w, is the plasma frequency. The laser total
energy is kept 15 J and it is linearly polarised. The parameters search space is set according
to parameters for GEMINI laser in the Target Area 3 in the Central Laser Facility, STFC

Rutherford Appleton Laboratory (RAL).

A particle-in-cell (PIC) code called OSIRIS was used as the simulation program. The
simulations were executed on SCARF, a supercomputer machine from the RAL, STFC. One

simulation is set to run for maximum 24 hours in 64 cores and 16 simulations are submitted

simultaneously every batch.

Optimisation results

The optimisation runs for 20.5 days with 304 simulations performed. The maximum electron
energy gain, [ E, ds, found is 2.47 GeV. Figure 7.12 shows the negative of electron energy

gain against the simulation ID and time. The total cores utilisation is 3280 core-days.

The optimum parameters found by TABE to optimise the electron energy gain are:

plasma density: ng = 5.24 x 10'" cm ™ (plasma wavelength: A, = 46.2 ym);

plasma length: 19.2 mm;

plasma density radial factor (An/r?): 9.53 x 10" cm ™3 /um?;

laser pulse duration: 109.3 fs (full-width half-max: 54.6 fs);
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Figure 7.12: The electron energy gain plotted against the simulation ID and time for uniform
longitudinal density. The dots are individual results for every simulations and the lines are
the minimum results found so far.

e laser pulse waist size: wy = 17.0 pm (Rayleigh length: 1.13 mm, ay = 3.76);

e laser pulse focal position: 0.21 mm from the beginning.

In order to look into the simulation more detail, I plot the average electric field profile
felt by every position in the moving window with speed ¢ and compare it with the electric
field profile at the beginning and at the end. It is shown in Figure 7.13. The left picture
shows the wakefield is shifted backward relative to the moving window. The picture on the
right also shows that the electric field at the optimum position (i.e. the position on the
moving window where the energy gain is maximum) is decreasing as it propagates while the
maximum electric field is increasing. This is due to dephasing effect. However, at the end
of simulation, the electric field at the optimum position is still around 100 GeV/m. If the
simulation is run longer, then the energy potential gain can be more than what was obtained

in this simulation.

During the simulation, plasma bubble was formed. The peak electric field with a bubble
is given by [50] E. =~ (mcw,)/e/ag ~ 135 GeV/m using the optimum parameters found by
the software. The picture on the right of Figure 7.13 shows the electric field is about 100-150

GeV/m, which agrees with the prediction.
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Figure 7.13: (Left) The electric field profile in the moving window with the speed of light, c.
(Right) The electric field at the position where the average electric field is maximum plotted
against the propagation distance. The dashed line shows the maximum electric field at a
given time and propagation distance.

Based on W. Lu et al. [50], the optimum condition for the spot size of linearly polarised
laser pulse, such that it minimises the oscillation of the spot size, is given by k,wo ~ 1.12,/aq.
With k, = 27/)\, = 1.36 x 10°m™, wy = 17 pm, and ay = 3.76, it is found that
kpwo/(1.12,/ag) = 1.06 =~ 1 which means the wy selected by the algorithm is optimum.
Another optimality condition in [50] is that the pulse length is approximately the same
length as the radius of the bubble, cTrwyy S R ~ wy. The FWHM duration of the pulse is
54.6 fs, thus ctrw gy = 16 pm ~ wy. This shows that the optimisation software can learn

about the plasma wakefield system and choose the optimum parameters without explicitly

being taught.

7.3.2 Varied plasma density

After optimising plasma wakefield with 6 parameters, I tried adding more parameters to the
optimisation problem. The new parameters are the relative plasma density at 8 longitudinal
positions with respect to the base plasma density. The 8 positions are spaced regularly with
r =1/9,2/9,...,8/9. The density at + = 0 and z = 1 are kept 0 and all other density is
interpolated linearly. The relative plasma density for the 8 positions are bounded between

0 and 2. If the relative plasma density is 2, then the density at that longitudinal position is
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Figure 7.14: The electron energy gain plotted against the simulation ID and time with varied
longitudinal density. The dots are individual results for every simulations and the lines are
the minimum results found so far. The large gap on the right plot is due to inactivity of

TABE.

twice of the base density, which is also a parameter. The other parameters and their bounds

from the previous subsection are kept the same. The goal also remains the same as the
previous subsection, i.e. [ E, ds, the electron energy gain. In this case, the optimisation

problem now has 14 parameters to be optimised.

Optimisation results
It took 65 days to finish this optimisation process, with 28 days non-activity. There are 435
simulations performed. The optimisation progress is shown in Figure 7.14.

In this process, TABE found a set of parameters that can get [ E, ds = 3.7 GeV electron

energy gain. The set of parameters are listed below:

plasma base density: ny = 1.57 x 10'® cm™® (plasma wavelength: \, = 26.7 ym);

plasma length: 14.7 mm;

plasma density radial factor (An/r?): 4.93 x 10" cm™2/pum?;

laser pulse duration: 67.9 fs (full-width half-max: 33.9 fs);



7.3 Optimising laser plasma wakefield 158

lel18
800}
2.0 ~
£ 600} °
g 155
o
e
@ z
= 400} @
s 11.0 G
) T
(%]
1] 1}
w &
200 {052
0p—"_ . . . ‘ ‘ -
0 2 3 6 g 10 12 14 °°

Propagation distance (mm)

Figure 7.15: (Blue, left axis) The electric field of the optimum position that gains the most
electric potential as a function of the propagation distance. The maximum electric field at
a given time and propagation distance is shown in the dashed blue lines. Note that this
maximum electric field’s relative position is changing therefore it is hard for a beam to get
the maximum electric field all the time. (Red, right axis) The plasma density profile as a
function of the propagation distance in the plasma.

e laser pulse waist size: wy = 17.1 pm (Rayleigh length: 1.14 mm, aq = 4.74);
e laser pulse focal position: 1.3 mm from the beginning;

e plasma density relative profile: [0.138, 0.855, 0.778, 1.57, 1.36, 1.47, 1.43, 0.117].

The Figure 7.15 shows the electric field at the optimum place with the optimum param-
eters given above as a function of the propagation distance as well as the plasma density
profile. As shown in the Figure, the electric field is peaked around 7 mm where the plasma

density is also increased to more than 2.0 x 10'® cm™ and then decreases right away.

One interesting thing to note here is the electric field can exceed 800 GeV/m when the
density is about 2.5 x 10" cm™3. From W. Lu et al. work [50], the peak electric field is
E. = mcwy/ey/ag or around E, ~ 331 GeV/m in this case with n = 2.5 x 10'® ¢cm™* and
ag = 4.74. The electric field in the simulation is Ey;, = 870 GeV/m, which is around 2.6
times of the calculated peak electric field. Comparing this scaling with the previous case

(i.e. the uniform plasma density case where E, = 135 GeV/m and FEg;,, = 150 GeV/m),
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the electric field in the simulation is much higher than the calculated electric field. This is
probably due to the pulse focusing and shortening of the laser pulse when it is around 3-5
mm from the beginning and thus increasing the pulse intensity, ag. The focusing is due to
self-focusing effect and the plasma channel that acts as the external guiding. The shortening
is because when it drives the wakefield, the front part of the pulse travels slower than the

back due to difference in the plasma wakefield density with wakefield.

7.4 Conclusions

In this chapter, I have presented a novel algorithm to do shape optimisation based on Si-
multaneous Optimistic Optimisation (SOO) [124]. The shape optimisation algorithm has
been tested with several cases in physics, such as brachistochrone problem. The algorithm
can find the optimal solutions with reasonable number of simulations. It also surpasses the

benchmark algorithms based on SOO.

Besides the algorithm, the software I developed to bridge physics simulations and optimi-
sation algorithms has also been presented. The software is robust so that the user can just
set the optimisation process once and leave it until the process finish or it finds reasonable
results. If the process is interrupted, it is also possible to resume the previous state of the

optimisation process. The software suite has been named TABE.

TABE has already been tested to optimise laser-driven plasma wakefield parameters using
simulations with different conditions. When the longitudinal plasma density was set uniform,
TABE can find the optimal laser pulse duration and laser pulse waist size in agreement with
analytic models. When TABE was used to investigate the effect of modifying the longitudinal
plasma density profile, it found a profile that increased the electron bunch energy compared

to the uniform case by around 50%. This prediction will be verified in future experiments

on the GEMINT facility.



Summary and future works

This thesis contains some works on inferring quantitative information on plasma wakefield
diagnostics using optical probes with spectral interferometry and shadowgraphy. A method
to obtain quantitative information of magnetic and/or electric field in a plasma with proton
radiography is also presented in this thesis. Aside from the diagnostic parts, software frame-
work that incorporates simulation programs to optimise plasma systems is described in the

last chapter.

In Chapter 2, the idea of using frequency modulation of a co-propagating probe pulse to
measure the wakefield density profile was tested using numerous one dimensional Particle-
in-Cell (PIC) simulations. In each simulation, an intense short driver pulse with period
~fs was fired into a uniform plasma to drive a wakefield. Then, a long probe pulse with
several hundreds of femtoseconds delay and much smaller intensity was fired and covered
several wakefield periods. After some propagation distance, the frequency modulation of
the probe pulse was then extracted and matched with the obtained integrated wakefield
density profile. The simulations were repeated for different peak intensities of the driver
pulse to drive wakefields with different amplitudes. The results showed that the integrated
wakefield density profiles calculated from the probe’s frequency modulations agreed well
with the integrated wakefield density profiles obtained directly from the simulations. Some

limitations that could spoil the measurement results were also discussed.

If the measurement using a co-propagating probe was discussed in Chapter 2, the next
chapter (Chapter 3) presented a study of a wakefield measurement using a probe crossing the

wakefield in an oblique angle. The wakefield density modulation was obtained from the phase

160



Summary and future works 161

modulation of the probe pulse measured by a spectral interferometry. In the chapter, analytic
equations relating the phase modulation of the probe pulse to the wakefield density were
derived. The equations were generalisation of Abel transforms to cover non-perpendicular
probe cases. Measurement simulations using PIC were also performed. The results from
the simulations showed that the measured wakefield density modulations were accurate with
error less than 15%. Limitations on the crossing angle to obtain a small measurement error

were presented in the chapter.

The next chapter, Chapter 4, presented details of an experiment on plasma wakefield di-
agnostic. The main objective of the experiment was to test the wakefield diagnostic method
with the crossing probe pulse described in the previous chapter. The experiment was per-
formed for 12 weeks in the Gemini laser’s facility’s Target Area 2 in the Central Laser
Facility, STFC Rutherford Appleton Laboratory. As the wakefield driver pulse, an 800 nm,
45 fs, and 0.5 J Ti:S laser pulse focused with f/17 off-axis parabolic mirror was used. The
probe pulse to diagnose the wakefield was a 400 nm, 600 fs, 0.5 mJ laser pulse crossing
the wakefield with 8° angle and delayed by 0-200 fs behind the driver pulse. As the target,
helium, nitrogen, and methane gasses were used. The scanned plasma electron density was
(5—10) x 10™® cm™3. With the helium and nitrogen gas, there was no modulation seen. With
methane gas, there were some modulations seen with similar wavelengths with the expected
wakefield wavelengths. However, the modulation wavelengths were generally longer than the
expected wakefield wavelengths. The discrepancy was explained using some theories devel-
oped for cluster plasma and possibility of elongated wakefield due to the beam loading effect.

The exact cause of the disrepancy is a subject of a future study.

In Chapter 5, a novel idea of three dimensional spectrometer was presented. The design
of the 3D spectrometer is similar to the 2D Czerny-Turner spectrometer, except that it has
a random aperture and the slit is supposed to be open wider in the new design. In the 3D
spectrometer, the signal is captured by a screen / CCD and the 3D signal is retrieved using
a compressed sensing method. Numerical simulations that emulated the signal’s transfor-
mations in the 3D spectrometer were done to test the performance of the design. As the

results, the 3D spectrometer can retrieve up to 10 sets of two dimensional spectra images
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just from a single image captured in the spectrometer. Moreover, the retrieved signals were
also accurate enough such that a further post-processing can be applied to them. A patent
for the 3D spectrometer design has been filed. Future works for the 3D spectrometer is to

build a working prototype and test it in a real laser-plasma experiment.

In contrast to the previous chapters, in Chapter 6, other methods to diagnose plasma
were discussed. They were proton radiography and shadowgraphy. By the time I started the
project, there were no well-known algorithm to retrieve quantitative information from proton
radiography and shadowgram images in the non-linear regime. The first attempt to solve this
problem was using a gradient descent algorithm. However, the employed gradient descent
algorithm was not good enough to reach the convergence. The second attempt was using
power diagrams and computational graphics techniques to get the quantitative information.
This method worked very well and also robust to noise. It can retrieve quantitative infor-
mation from proton radiography and shadowgram images in the non-linear regime, except

in the regime where it is mathematically impossible to solve.

The last chapter in this thesis deals with optimisation algorithms and the applications
on the plasma wakefield. New software framework, which is called TABE, was described in
this chapter and how it incorporates any simulation softwares to optimise systems (including
plasma systems). TABE was tested by running hundreds of simulations in a remote cluster
computer to optimise the potential energy gain from laser-driven plasma accelerators. After
running it for 20 days, it found the optimum parameters that agreed well with a well-accepted
reference in the field. It also found a new way to enhance the electron energy by changing

the longitudinal plasma density.

In the software side, TABE has a lot of potentials for improvements, such as incor-
porating more optimisation algorithms. Adding Markov-Chain Monte-Carlo (MCMC) and
multi-objective algorithms is a part of future works, so that it can find several parameters
to optimise several values. From the physics side, trying TABE to optimise laser driven
plasma accelerators with two different plasma densities is worth doing. Exploring optimum
conditions for other plasma systems, such as hole boring, target normal sheath acceleration,

and fitting spectra, could also give new results in the field.



Appendix A

Derivations

A.1 Oblique angle Abel transformation and inverse

A.1.1 Forward transform

In this part of appendix, I will show the derivation of the modified Abel transformation when
the probe is crossing in an oblique angle, not in perpendicular direction in relative to the

object. The case is shown in Figure A.1 where the probe crosses the object with an angle 6.

Consider the object’s parameter to be diagnosed is f(r, z) and thus the probe’s parameter

changes as it diagnosed through the object as
F(y, 20) :/ f(r, z) ds, (A1)

where [ -ds is the integral of the probe along its propagation time. Without losing generality,
we assume that at position s = 0, the probe crosses the axis of the object. Therefore, at

position s, the part of the probe at zy at 2 = 2p+scosf. Now we can apply Taylor expansion
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X
LS

Zy

(a) (b)

Figure A.1: The cases considered in this section by (a) looking along the y axis and (b)
looking along the z axis. The probe is denoted by F' and the object by f.

to f(r,z) in the equation above,

F(y,z) = /_OO Z %(r, zo)%(s cos0)" ds. (A.2)

© n=0

As x = ssinf, we can substitute the integral above to the integral with dx,

=~ cot"f [ "
F(y, z) = Z o f(?“, 2p)x" dx. (A.3)

“nlsing J ., 0z"

From the Figure A.1(b), x = + (r? — y2)1/2, and dx = +r dr//r? — 2. Thus, to change the
integration above into dr, we need to split the argument from x = (—o0, 0] and = = [0, 00).
Fortunately, for odd n, the function inside the integral becomes an odd function (as 9" f /02"
is an even function) and for even n, the function becomes an even function. Therefore, we

can eliminate the odd terms of n and we can get the integral values of even n by integrating
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x = [0,00) and multiply it by 2. From here, we get

= Ot2j 0 oo 82jf i—1/2
F(y, 20) Z @j)isnd 757 (r,z0) (r* — y*)’ oy dr. (A.4)

This is the trickiest part. We can apply Fourier Transform in the z; direction to get,

2. cot¥ 6 Rl P
ya kO Z 2] ' sin @ / (Zk)gjf(ra kO) (TQ - yQ)J 12 T dr
2 o | & rdr
= — k cot 0+/ 72 f(r, ko) , A5
sin 6 /y LZO 27)! ( Y ) ] 0) 2 —y (A-5)

where the variables with tilde hat are the Fourier-transformed variables and kg is the fre-
quency in zo. We know that cosx = > (—1)’2% /(2)!, so we can replace the term in the

square brackets with cosine term,

d
F(.% 0 :_/ cos k:cot@x/r?—y> flr ko) T—T2 (A.6)

r2—y

Now it is relatively straight forward to simplify. By making a substitution for variable

\/1? —y? and cos (k cot 0/r% — y2>, the equation above can be simplified to

oo sm k:cotQ\/ —y )

Fly, ko) = smG/ k cot 0 or <T o) dr. (A7)

This is the modified Abel transformation if the probe is not coming in a perpendicular

direction. Setting § = 7/2 gives us the original Abel transformation.
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A.1.2 Inverse transform

The most interesting part in a transformation is the inverse transform. In the real ap-
plication, people can easily measure the probe’s parameters, F', and interested in f. The
transformation above only gives us F' if f is known. Therefore, the inverse transformation
of equation (A.7) is needed. If the forward transform is already tricky, the inverse transform

is much trickier.

First let us start by applying the Fourier transformation of equation (A.7) in the y

direction and denoting kg as k.,

00 ~ r .
Fy, k)e ™Y dy = b/ / cos k a\/12 —y2) flr, k) ———=e""™Y dr dy,
Jé—@> —o0 Jr=y ) A/ T —zﬁ
(A.8)

where a = cot § and b = 2/sin 6§ for simplification. Reverse the integral order,
k) = 2b/ f(r, kz)r/ cos(kyy) cos (kza\/ﬂ - y2> Ldr. (A.9)
r=0 y=0

We substituted [~ Fe~hwdy into 2 I F cos(k,y)dy because F is an even function on y.

Substituting y = rsin ¢, we obtain

. 0o /2
F(ky k) = 2b/ f(r, kz)r/ cos(kyrsin @) cos(k.ar cos ¢) do dr. (A.10)
r ¢

=0 —0

We can prove that

w/
/ 2 cos(asin @) cos(bcos ¢) dp = gJo (\/ a? + 62) , (A.11)
@

=0
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where Jy(z) is the Bessel function of the first kind. Therefore,

A S ~ 7'('
Fllky k) = 2b[:0f(r, k) Jo (,/kgﬂakgr) dr

1
sin @

o / h f(r, k) Jo(kpr)r dr, (A.12)
r=0

where k7 = k7 +a’k?. The equation above shows that applying the Fourier transformation to

F(y, k) in y direction equals to applying the Hankel transformation to f(r, k.) in r direction.

Inverting the Hankel transformation is similar to its transformation, i.e.

o0

~ A

f(r k,) = sin 02— F(ky, k.)Jo(k.r)k, dk,

T Jk.=0

1 o0 o0 ~ )
= sinf— / / F(y, ke ® Y dy Jo(kr)k, dk,. (A.13)
271' r=0 Jy=—00

F(y) is symmetric in y = 0, so it can be written as

_ 1 [ [ . .
Fr k) = sin 6~ / / Fly, k)e ™ dy Jo(kyr )y diy. (A.14)
T Jk,=0 Jy=0

Reversing the order of the integral and writing F(y, k) = — fyoo F'(y, k.,)dy', where
F/(ylv k,) = 3F’/3y(y/, k.), lead us to

~ si

0 (o] o0 o0 -
fr k) = -2 / / / 'y, k.) cos(kyy) Jo(kor )y dy’ dk, dy. (A.15)
y=0 Jy'=y J k=0

7
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Changing the order of integration to fy, e, fy gives us

!

. sinf [ -, = y ,
F(r k) = — / P k) / Jolkor ) / cos(kyy) dy dk, dy
Y 0 Y

™ =0 kp= =0

sing [ - oo sin < k2 — a’k? y)
= — / F'(y, k:z)/ Jo(k,r)k, dk, dy. (A.16)
y

'=0 k=0 k2 — a’k?

On the second line, we substitute k, = y/k2 — a?k2.

From Gradshteyn-Ryzhik’s book (edition 7, sec. 6.677 equation 1), we know that

00 0 0<e<b
I = / Jo (b\/ x? — a2> sin(cz) dor = (A.17)
a cosh(am) )
W 0<b<ec

dz.

s /OOJ(b ) sin (\/22+a2 c)
g yAa v
0 0 VZ22+a?

We can substitute a — iak,, b — k., ¢ — y, and z — k, from the equation above to

solve the integral in equation (A.16). Therefore, we obtain

3 . ~ AF cosh ( k, cot 0+/y? — 12
Fr k) = _sind oF ( ) p

™ r y2_7"2

A.2 Oblique angle tomography

In the previous section, the transformations for oblique crossing angle probe for cylindrically
symmetric object are presented. In this section, we will consider if the object is not cylin-
drically symmetric. If this is the case, then more than one probes are required to capture

the full profile as in tomography [73]. The derivations here follow closely the derivation in
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X s
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al

Figure A.2: The cases considered in this section by (a) looking along the y axis and (b)
looking along the z axis. The probe is denoted by F' and the object by f.

Cormack [73] with some modifications.

A.2.1 Forward transformation

Let us denote the parameter of the object is f(r, z,1) and the probe’s imprinted parameter
is F'(y, z, »). These are similar to the previous section, except with additional angular terms,
¥ and ¢ to capture the full 3D profiles. Except these two terms, all other terms are re-used
from the previous section. Figure A.2 show the illustration of this case. From equation

(A.3), we obtain

e}

F(y, 20, ¢) = Z il /OO an{(r, 20, 0)2" dx, (A.19)

‘ nlsinf J__ 0z

with a = cot . We can relate ¢) and ¢ as

¢ — arccos(y/r) x>0
b = (A.20)

¢ + arccos(y/r) :x <0.
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Using multipole series, we can substitute

F(ya 20, ¢) = Z Fm(yv ZO) exp(zmgb) <A21)
fr,z,¢) = Z fm(r, 2) exp(ima)) (A.22)

into equation (A.19) to produce
m:ZOO Fou(y, z0) exp(ime) = n'st /Oooom_zoo (r, 20) exp(imi))z"™ dx. (A.23)

Now substitute z = £/r?2 —y? and (A.20) to the equation above, and then split the

integral for x > 0 and x <0,

> . > . - an o an m n—
Z Fou(y, 20) exp(ime) = Z exp(zmgb)z a0 /| 85" (r,20) (r* = yg)( Ve
n=0 Y

m=—0o0 m=—00

[(_1>neimarccos(y/r) + efimarccos(y/r)} r dr. <A24)

From the equation above, we can get the equation for F},,

—a" [C0fm 2 oy(-1)/2 S— »
Fm — . —1)netmarccos y/T) + im arccos(y /) dr.
(y7 Z(]) 2:; n)sin 6 Wl azn (7’, ZO) (71 Yy ) [( ) e e ] rar

(A.25)
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Splitting between the even and odd terms of n produces,

o 2j 27 .
Fuly, ) =23 g [ Gz coslmanceos(y) 02 =) & o
y

2j+1 00 a2j+1f

~ a m - 2_42))
-3 s [ St o nlmanensyf) (7<) o

(A.26)

As before, we need to apply the Fourier transform on z, direction,

3 —an \/r2 r dr
B 220 (2)!sin 6 /yl (”‘“ Y ) fon(r k=) cos [m arccos(y /)] W

=

27+1

a JH ; rdr
— QZZm/ (zk V2 —y ) (r, k.) sin [m arccos(y/r)] \/702—_7

(A.27)

We know that cosz = 3 77 (iz)* /(2j)! and sinx = —i 3222 (iz)**1 /(25 4 1)!, so we can

simplify the equation above into

3 o 3 d
Fo(y k) = = / cos (k;za\/r? - y2> fm(r, k) cos [m arccos(y/r)] T
sin 2 _ .2

|yl -y

sin @

/|0<> sin (k:za\/r? - y2) fm (7, k) sin [m arccos(y /)] \/% (A.28)

Yl

Using trigonometry identity cos(a — b) = cosacosb — sinasinb, it can be further simplify

into,
En(y k) = h cos [kza\/rz —y? — marccos(y/'r’)] f(r kz)l (A.29)
’ sing Jy, ’ /12 — 42
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A.2.2 Inverse transformation

The inverse transformation of equation (A.29) is

B - © §F cosh |k.ay/y? — r? — marccosh(y/r)
Jm(rs k) = sinf / OFy, [ dy.  (A.30)
y=r

— k.
3y (. k) s

™

To proof this, substitute f,, from equation above to the equation (A.29) to obtain,

~ 2 [ 8F
Fly k) = —2 / O (5,1,
| Os

r dr ds.

s CoS {kza\/rz — y? — marccos(y/r)arccosh [k.av/s*> — r? — marccosh(s/r)] }
/ |yl V2 —y2/s2 — 12
(A.31)

Using the software Mathematica, I found that the r-integral for even and odd m and y > 0

is /2. Therefore,

Pl k) = =2 [ 2 ) ds = Pl k), (A32)
s=y

which completes the proof.
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