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Numerical Linear Algebra of
Approximation Involving Radial

Basis Functions

Shengxin Zhu Doctor of Philosophy

St Anne’s College Trinity Term 2014

Abstract

This thesis aims to acquire, deepen and promote understanding of computing
techniques for high dimensional scattered data approximation with radial basis
functions. The main contributions of this thesis include sufficient conditions for
the solvability of compactly supported radial basis functions with different shapes,
near points preconditioning techniques for high dimensional interpolation systems
with compactly supported radial basis functions, a heterogeneous hierarchical ra-
dial basis function interpolation scheme, which allows compactly supported radial
basis functions of different shapes at the same level, an O(N) algorithm for con-
structing hierarchical scattered data set and an O(N) algorithm for sparse kernel
summation on Cartesian grids. Besides the main contributions, we also investigate
the eigenvalue distribution of interpolation matrices related to radial basis func-
tions, and propose a concept of smoothness matching. We look at the problem
from different perspectives, giving a systematic and concise description of other
relevant theoretical results and numerical techniques. These results are interesting
in themselves and become more interesting when placed in the context of the big-
ger picture. Finally, we solve several real-world problems. Presented applications
include 3D implicit surface reconstruction, terrain modeling, high dimensional me-
teorological data approximation on the earth and scattered spatial environmental

data approximation.
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1. Scattered data interpolation

1.1 Problem description

Given a set of points, X = {x;,X,...,xy}, in R d > 2, and corresponding
function values or observations, f;, 1 < j < N, finding a function, s(x), which
is a combination of simple basis functions of the form s(z) = Zjvzl a;¢;(x) to
interpolate or approximate f(x) is a fundamental problem. For simplicity, we shall
first focus on the interpolation problem, the case when s(x;) = f;, for 1 <i < N.
For a given set of basis functions, we can determine the weights, o, by solving the

following linear system

P1(x1)  @a(x1) - on(x1) aq Ji
¢1(.XZ) ¢2(.X2) ¢N('X2) 0f2 _ f:2 . (1.1)
o1(xn)  Pa(xn) -0 On(Xn) QN In

In short, we denote the linear system as Aa = f, where a = (ay,...,ay)? and f =
(fi,.-., fn)T. Once the weights, o, have been determined, an immediate question
is how to economically predict or evaluate s(x) on a new point. Such problems
are fundamental and involve many applications as we shall soon see. As such,
they deserve close study, as we seek to understand the properties of the underlying

problems, to find potentially useful traits and to design efficient algorithms.

1.2 Motivation

One challenge of these problems lies in their high dimensionality, which not only
becomes cumbersome, in terms of storage and computing, but also requires us to
think from an unconventional perspective. For example, consider the basic problem
of how to choose proper basis functions in R and R?, d > 1, respectively. In one
dimensional space, commonly-used basis functions come from the polynomial space

of degree at most n — 1. We can, for example, choose ¢;(x) =277t j=1,...,n. If



the n interpolation points are distinct, then the linear system (1.1) always has an
unique solution, since it is a non-singular Vandermonde linear system. Whereas,
in high dimensional spaces, the Mairhuber-Curtis theorem [208, p.19]|[141][142] il-
lustrates that uniqueness of the solution to (1.1) cannot always be guaranteed for
multi-variate polynomial interpolation. Such an uncertainty was possibly first noted
and proved by Haar [102][141, p.610]. He pointed out that the linear system (1.1)
can be singular, even for some distinct points in R?, when d > 1. His arguments
are based on the following basic facts of linear algebra: (a) uniqueness of the so-
lution to (1.1) is equivalent to the determinant of the interpolation matrix being
non-zero; (b) the determinant of a matrix is a continuous function of its elements;
and (c) switching two rows of a matrix will change the sign of its determinant.
Based on these facts, one can find two points, say, x1, X2 and construct two distinct
curves & (t), & (t) which connect these two points such that &;(0) = x;, & (1) = xo,
£(0) = x2,&(1) = x3, where the two curves have no other common points and do
not intersect with the remaining n — 2 interpolation points. When x; goes along
&1(t) to x2 and x5 goes along &>(t) to x;, the first two rows in (1.1) change contin-
uously, and finally when t = 1, x; and x5 get switched. Therefore, the determinant
of the matrix continuously changes and finally changes sign, and thus there must be
some ¢ € [0, 1] such that the determinant is zero. Such an uncertainty on uniqueness
of multivariate polynomial interpolation in high dimensional space differs from that
of univariate polynomial interpolation. It motivated people to find non-polynomial
basis functions.

If we choose ¢;(x) = ¢(x — x;) for a function ¢ : R? — R, then when we
switch two rows in the interpolation matrix, two columns (two basis functions) will
also be switched. Therefore, the determinant of the interpolation matrix will keep
the same sign. Such basis functions have the potential to avoid a singularity of

the linear system (1.1). Perhaps the simplest such basis function is ¢(x) = ||x[|s =

V@2 +x?+ - + 22, which has radial symmetry. In this case ¢;(x) = [|[x—x;]|» and
the interpolation matrix is a distance matrix in R%. A distance matrix for n distinct
points is always invertible, this result was proved by Schoenberg in [182|. Precisely,
a distance matrix has one positive eigenvalue and n— 1 negative eigenvalues, if the n
points are distinct [183, p.792]. Such matrices with only one positive eigenvalue and

the other eigenvalues negative are said to be almost negative definite. Schoenberg’s



work was motivated by examining whether a given n numbers in R? can serve as the
lengths of edges of a simplex, a generalization of the problem of whether three real
numbers can serve as the lengths of edges of a triangle in a plane (in R? a simplex
is a triangle). This seemingly abstract mathematical result before long became the
starting point and a powerful tool for one of the most important papers on radial
basis functions by Micchelli [148]. Micchelli’s paper was motivated by proving a
conjecture proposed by Franke who did pioneering work in the area of scattered
data approximation. The conjecture can be interpreted as the invertibility of the
interpolation matrix in (1.1) with ¢;(x) = /1 + [[x — x;]]a. The basis function
named as multiquadric had been successfully used in practice for military map
making and other scattered data approximation [91, 105, 106]|. In the paper [148],
Micchelli also proved that a class of radial basis functions can always guarantee
invertible interpolation matrices in R? provided that the n points are distinct. Such
results, which avoid singular interpolation matrices for high dimensional scattered
data approximation, are so encouraging that many high dimensional applications

use radial basis functions as a promising tool.

1.3 Applications

Theoretical research on radial basis functions and various applications cross-
fertilize each other. With the increasing demand for solving high dimensional prob-
lems and the advance of research on radial basis functions, applications which in-
volve radial basis functions are soaring. Here we only describe some representative

applications.

1.3.1 Surface reconstruction

An explicit surface is the graph of a function of two variables. The graph of a
function f : Q — R is the subset of R defined by

graph f = {(x, f(x)) € R*" : x € Q C R%}. (1.2)

Here we call graph f a d + 1 (dimension) graph. With a graph available, one can
find its level sets. A level set f~1(v), for each real number v, is defined by

) ={xeQ: f(x) =7} (1.3)



A level set of a function of two variables is a contour. Contours can be used
to visualize terrain as a two dimensional map [46]. Contour maps are useful in
evaluation and interpretation of geophysical data. Traditionally, 2D contour maps
were constructed from surveying data, at a digital age, 3D terrain are digitized
by reconstructing a 3D graph from existing 2D contour maps. A level set of a
function of three variables is also called an implicit surface. Implicit surfaces can
be used to visualize 3D objects. The essence of surface reconstruction from a set of
observations is a multivariate interpolation problem.

Multiquadrics became popular in the area of terrain modelling and other irreg-
ular surface reconstruction in the 1970s [105]: a topography and other irregular
surfaces are assumed to consist of multiple local quadratic surfaces, i.e., each ¢; in

s(x) = Zfil a;¢;(x) is a local quadratic hyperboloid surface at (z;,y;)

(%) = Vlx = xill + ¢ = /(& =) + (y —y:)* + (1.4)

Here we assume x = (z,y) € R% Alternative quadratic surfaces were also consid-
ered as the local surface ¢; at the beginning, for example, the quadratic cone surface

and the quadratic paraboloid surface

¢i(x) = v/(x — 2:)2+ (y —y:)? and ¢5(x) = o [(w —2:)> + (y —w)?] . (1.5)

They are not preferred because they bring in interpolation matrices with zero diag-
onal elements and the latter case can encounter numerically singular interpolation
matrices in practice [131], we shall see this more clearly in Section 2.1. In modern
usage, the term multiquadric is usually used for radial basis functions of the form
V12 + 2, where r = [|x — -

The multiquadrics were proposed to achieve a high order approximation scheme

for relatively high quality terrain modelling. As Kansa said in a review paper [107]

The method resulted from the frustration of trying to use various trigono-
metric and polynomial series to represent topography from sparse,
scattered data, of the type collected and manually interpolated by
skilled field topographers to produce contours.

In an extended numerical study [90, p.81][91], Franke concludes that multiquadrics



are the most impressive method among the global methods used in [90, 91|. The
spectral convergence of interpolation with multiquadrics was proved in |28, 140].
The success of multiquadric interpolation in surface reconstruction led to multitude
applications, for example, in the study of vertical crustal movements [174], in esti-
mations of areal rainfall [47, 131|, and in the investigation of gradient estimation
from scattered data [190]. It was observed in [190] that multiquadric performs well
in gradient approximation, in particular, it performs very well in sharp gradient
regions. A steep gradient region is of great interest in many applications, for exam-
ple, steep gradients in a temperature field can be used to locate the position of cold
and warm fronts where rain usually falls. Such quality of gradient approximation

with multiquadrics led to a new method for solving partial differential equations.

1.3.2 Solving partial differential equations

1.3.2.1 Unsymmetrical collocation method

Inspired by the high quality surface reconstruction and gradient approximation
with multiquadrics, Kansa in [119] applied an enhanced multiquadric scheme to a
wave propagation problem; enhanced in the way that a shear transform was used
to remap nearly correlated data points to improve the conditioning. Multiquadrics
were applied to design a high order arbitrary Lagrangian-Eulerian (ALE) remapping
scheme for a two dimensional problem. Monotonicity, convexity and high accuracy
of the scheme were reported by Kansa. Such good properties of an ALE remapping
scheme for a two dimensional problem at that time even now must receive a lot of
attention. In a subsequent paper, Kansa proposed schemes for using multiquadrics
to solve parabolic, hyperbolic and elliptic partial differential equations [120]. The
proposed schemes were exemplified by an one dimensional linear advection-diffusion
problem with small diffusion rate, a dynamic one-dimensional von Neuman blast
wave problem and a two dimensional elliptic problem [120]. Their applicability
to such challenging problems made the schemes attractive, whereas few people
use the exact schemes that Kansa used in [120] and repeat his examples. For
example, for the elliptic problem, Kansa used a combination of two multiquadrics,
o(||lx—x;]|) —o(|[x—=x1]), as the j-th basis function [120, eq.71b|. The later so called

Kansa’s unsymmetrical collocation method has been simplified and exemplified by



the following linear elliptic partial differential equation (PDE) of the form

o>

=N

X
I

f(x),x € (1.6a)
u(x) = g(x),x € 99. (1.6b)

The solution to the above equations is approximated by a sum of translates of a
radial basis function ¢(||x||) at scattered data set X C QJ0OQ:

u(x) = Z%’ﬁb(”X—XjH) +p(x), (1.7)

where p(x) is a low order polynomial, usually of order 0, or a constant [212]. For
simplicity, we ignore the low order polynomial term in the following discussion.
The scattered data set X' consists of two parts: X = X |J Xoq, where Xo C 2
and Xpo C . To solve the PDE above, the approximate solution 4(x) is forced
to satisfy (1.6a) and (1.6b). This leads to an unsymmetrical collocation matrix A,

whose elements satisfy

Lo([|xi —x41)), x5 € Xa,x; € A
ai,j = (18)
oi(llxs — x41), X; € Xpn,Xx; € X.

The coeflicients a; in (1.7) can be determined by solving the linear system Aq =
(f',¢")T. A symmetric collocation matrix for solving (1.6a) and (1.6b) can be

obtained by adjusting the choice of basis functions.
1.3.2.2 Symmetric collocation method

The symmetric collocation method applies the following basis functions to ap-

proximate the solution

i(x) = Y oiLigi(llx — x50+ D e Lagy(llx — x4l), (1.9)

X]‘EXQ X]‘E.Xag



where L£;, i = 1,2 are certain differential operators. Forcing 4(x) to satisfy the

equation (1.6a) and (1.6b), we can obtain a collocation matrix

x; € Xg X; € Xan

x; € Xo (ﬁc@j(uxi—xju) ﬁczqu(rrxi—xju))

= A. (1.10)
x; € Xoo \ L19;(llxi —x4l))  Lag;(llxi — x;]1)

If we choose £1 = £ and L, as the identity operator, for the Dirichlet Problem,
then the collocation matrix is symmetric. Such a method is based on the Hermite-
Birkhoff interpolation [212]. The Hermite-Birkhoff interpolation is a generalized
Hermite interpolation problem of finding a function which interpolates n distinct
pairs (L, x;, f;), where £; is a functional. For example, a special case of Hermite-
like interpolation with missing data where the derivatives information need not
necessarily be consecutive.

Radial basis functions can also be used to design high order finite difference
schemes and pseudospectral methods on scattered nodes [76, 82, 186, 211]. Many
applications are based on methods for solving PDEs with RBFs, for example,

computer-aided design, mesh repair [143], and image registration [89).

1.3.3 Probability density function estimation

Probability density function estimation is the process of constructing an estima-
tor, f (x), to f(x), based on given observations. It is one fundamental problem in
statistics. The unknown probability density function allows calculations of proba-

bilities associated with a random variable, X, as follows

b
Pla< X <b) = / f(z)dz, for all a < b. (1.11)

Kernel estimators are commonly used estimators for probability density function
estimation. They are approximated as follows. Suppose that a kernel function, K,

satisfies

/OO K(z)dz =1, (1.12)



then the kernel estimator with the kernel K is defined by

fo) = - S RS, (113

where h is referred to as a (window) width or smoothing parameter in statistics.

Usually, but not necessarily, K will be a radial function, for example the Gaussian,

705332

e or the compactly supported Epanechnikov kernel [68|

3 322
= — for x| < /5,
K. (z)={ W5 20V5 ol < (1.14)

0 for |z| > /5.

Such an approach, which makes no assumptions about the mean and variance of the
probability density function, is referred to as the non-parametric approach; it is easy
to generalise into higher dimensional spaces. We shall see strategies for choosing
the window bandwidth for a relatively accurate density function estimation in the
following chapters.

Besides geodesy, geography, hydrology, digital terrain modelling and mesh-
free methods for solving PDEs, other application areas includes sampling [166],
global optimisation, nonlinear regression, signal processing [1][150], machine learn-
ing [110][167], neural networks and artificial intelligence [93][149][155]. These ap-
plications are usually based on multivariate non-parametric regression or kernel

learning techniques.

1.4 Stance

As the demand of conquering increasingly complicated and high dimensional
problems increases with the advancement of computing technologies, any potential
method which can deal with real-world problems in high dimensional spaces will
receive more attention. The critical aspect of successful problem solving is to choose
a proper method for the underlying problem. Proper use of RBFs can solve some
complicated real-world problems better or more simply than certain other methods.
RBFs are one of the potential tools to handle high dimensional scattered data.

Radial basis functions have received a lot of attention as an elegant approxima-

tion scheme for multidimensional scattered data and as an attractive way to solve



partial differential equations. Success stories related to RBFs have been reported
from geography and digital terrain modelling, data assimilation in geodesy and me-
teorology, engineering design and mesh generation, neural networks and artificial
intelligence, global optimization, implicit surface construction, sampling, signal pro-
cessing and machine learning. Based on such a trend and solid mathematical theory,
it seems reasonable that the application areas which involve radial basis functions
will continuously expand. With the expanding applications, some problems become
more common and even universal; it is worthy to acquire, deepen and promote un-
derstanding of these problems, customize special fast methods, and supply tools or
suggestions when needed.

But we should be realistically optimistic rather than biased, overly optimistic
or just blindly following a trend. There are negative results on using radial basis
functions which should have received more attention. Firstly, we shall see that
designing scalable and convergent interpolation schemes with RBFs is challenging
according to the Strang-Fix condition; the Strang-Fix condition can guarantee local
polynomial convergence results [192, Thm 2.3] for a scalable interpolation scheme.
However, there is no positive definite compactly supported radial basis function
which satisfies the Strang-Fix condition in a space of dimension higher than or
equal to two [214, Thm 2.3]. Secondly, it is difficult to design a pleasant subdivision
scheme for radial basis functions; pleasant in the way that a local modification on
some basis functions does not impact on the weights of other basis functions far
away. The consequence of these negative results is that radial functions are not
particularly useful on grids, on which box splines and tensor splines enjoy a more
pleasant subdivision scheme; the advantage of radial basis functions clearly lies
on the side of truly scattered data problems, where the question of convenience
becomes paramount.

Therefore, we don’t argue that RBFs are proper tools for every problem, in fact,
they may be inferior to other methods in some cases. They are suggested only when
necessary. We focus on developing tools which are potentially useful for the cases
when radial basis functions are the best tool for the underlying problems. Because
there are monographs on the theoretical discussion of radial basis functions, see
[32, 208], here we focus on discussing practical issues which one has to consider

when solving a problem with radial basis functions. We prefer to ask questions
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from realistic applications and then find solutions rather than to propose a series of
assumptions which may diverge from most realistic situations and then derive theo-
retical results. Theoretical results are of course important and sometimes essential,
but in most of places of this thesis, we develop or borrow theory for mathemati-
cal insights into the behavior of heuristic algorithms, for constructing algorithms

directly and finally for problem solving.

1.5 Outline

This thesis consists of four parts. We first raise the underlying mathematical
problems directly and provide the underlying motivations. This is followed by
rigorous analysis and practical algorithms. Finally, we solve a couple of real-world
applications. As the discussion proceeds, the mathematical flavour will fade away
gradually, more practical engineering components will be added, and finally, we
shall solve a couple of practical applications.

The first part consists of two introductory chapters. In Chapter 1, we introduce
the underlying mathematical problems and glance at some representative appli-
cations which motivate ongoing research in this field. We focus on the positive
definiteness and sparsity of the underlying interpolation matrices in Chapter 2.
Both are desirable properties for large scale computation. A number of established
theoretical results related to positive definiteness and sparsity are collected. The
aim of this chapter is to include many brief results related to the positivity and
sparsity of the underlying interpolation linear system so that new intuitions may
be inspired by such connections and comparisons. These results are beautiful in
the sense that the results themselves are concise and solve important problems,
while sophisticated and advanced mathematics is involved in the detailed proofs.
Because of the practical focus of this thesis, only results and their relationships are
described. Occasionally, where some technical terminology is unavoidable, we try
to be clear and focus on the big picture. Those interested in the detailed proofs are
directed to the original references.

Part II consists of two theoretical chapters. We first focus on conditioning is-
sues related to interpolation matrices with radial basis functions. The relationship
between the eigenvalue distribution of an interpolation matrix and the smoothness

of corresponding radial basis functions is discussed. The results we use are scat-
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tered in several unconnected places, mostly in the field of linear integral equations.
Theorem 3.9 on the eigenvalue distribution and the geometrical properties of the
interpolation points did not appear directly elsewhere. Based on the relationship
between the eigenvalue distribution of interpolation matrices and the smoothness
of the underlying radial basis function, we propose a smoothness matching concept
inspired by the Picard conditioning, which brings insight into several important
issues.

In Chapter 4, we focus on a long-standing problem: how to use radial basis
functions of different scales at the same time. This problem was proposed and
discussed when radial basis functions were first used for scattered data interpolation
in the 1970s when few theoretical results on radial basis function interpolation
were established, whereas few practical results for large data sets were obtained.
Solving the problem is one important step towards adaptivity; adaptivity plays a
critical role in reducing the curse of high dimensionality. From this perspective,
this is a significant problem for large scale scattered data approximation. In this
chapter, we knock at one door of adaptivity and the door slides open. We prove
that a class of compactly supported radial basis functions are convex on a certain
region. Based on this local convexity and a local geometrical property of underlying
interpolation points, we construct sufficient conditions which guarantee diagonally
dominant interpolation matrices for compactly supported radial basis functions with
various shapes. The proof only requires basic mathematics and well-known linear
algebra results, the proof is constructive and can be used to design an algorithm
directly. Results in this chapter are completely new.

Part III discusses practical algorithms and consists of 4 chapters. In Chapter
5, we discuss how to assemble interpolation matrices according to the methods
described in Chapter 4. Chapter 6 examines fast methods to solve the interpolation
linear systems. Standard sparse direct methods and sparse iterative methods are
compared, a near point preconditioning technique is customized for Krylov subspace
iterative methods. Also discussed in this chapter includes the RBF-QR method and
the approximate Lagrangian methods for globally supported radial basis functions.

In Chapter 7, we develop a heterogeneous hierarchical method based on the
approach of using compactly supported radial basis functions with different shapes.

The proposed hierarchical method has a good scalability and convergence results
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are observed. At the same time, we develop O(N) algorithms for constructing
hierarchical scattered data sets, which are required for hierarchical methods on
scattered data sets.

Chapter 8 focuses on post-processing and visualisation. We propose a simple and
efficient algorithm for sparse kernel summation on Cartesian grids. The algorithm
takes advantage of the sparsity of the underlying kernel function and the features
of Cartesian grids. It is a scalable algorithm with a complexity of O(N). Special
attention is paid to current computer architectures. Numerical examples for 3D
surface reconstruction are presented to illustrated the efficiency of the algorithm.

Finally in Part IV, we demonstrate how to solve a couple of real-world appli-
cations in Chapter 9 and discuss potential opportunities for further research in
Chapter 10.

1.6 Summary of contributions
The main contributions of this thesis can be summarized as follows:

e We provide sufficient conditions for the solvability of compactly supported
radial basis functions with different shape parameters in Chapter 4. The

result has been published in Journal of Scientific Computing [223].

e We have a good understanding on how the eigenvalue distribution of an in-
terpolation matrix is related to the smoothness of the radial basis functions
in Chapter 3. The results on the eigenvalue distribution have been accepted
by Numerical Algorithm [205].

e We develop a simple fast algorithm for sparse kernel summation on Cartesian
grids in Chapter 8. The algorithm is used for post-processing and visualisa-

tion. The result have been submitted for possible publication [222].

e We have a good understanding on how the decay of the elements of the in-
verse of an interpolation matrix is related to the smoothness of the radial
basis functions in Chapter 6. This result sheds light on choosing the sparse
pattern of a approximate sparse inverse. At the same time, a memory efficient
incomplete factorization preconditioning technique is developed in Chapter 6.
Results on preconditioning have not been published, we plan to contribute

the results to a journal on numerical linear algebra.
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e Based on using compactly supported radial basis functions with different
shape parameters, we develop a heterogeneous hierarchical radial basis func-
tion interpolation scheme in Chapter 7. The scheme aims to achieve a trade-off
between two hierarchical approaches in existence. For the moment, let us call
them ‘Method 1’ and ‘Method 2’ (details will follow in Chapter 7). Method 1
has good scalability in term of storage for the interpolation matrix but does
not converge; method 2 converges but it requires more storage. The proposed
heterogeneous radial basis functions scheme requires less storage than method
1 and first order convergence in infinity norm and second order convergence
in 2-norm are observed on hierarchical Cartesian grids. At the same time,
we develop in Chapter 7 an O(N) algorithm with a high concurrency to con-
struct nested hierarchical scattered data set, which is considerable advance
when compared with previously O(N log N) algorithm. We are still improv-

ing these results for a journal on scientific computing.

1.7 Notation

Frequently used notation is listed on pages xi to xiii. The following notation is
reserved in the following chapters. Let R? be d-dimensional Euclidean space. Points
in R? are represented by bold font letters like x, y, x; and x;,. Vectors are denoted
by letters with an underline like o, 8 and f. An interpolation matrix is denote as
A, Apx, Ax x, or Ay. The interpolation linear system is denoted as Aa = f. By
default || - || denotes the 2-norm. Other occasionally used notation will be defined
locally in discussion.

The reproducing kernel Hilbert space and Sobolev space of order s are frequently
refereed in the context of radial basis functions. They are defined as follows.

Let F be a real Hilbert space of functions f : 2 — R. A function ® : Q xQ — R
is called a reproducing kernel for F if (1) ®(-,y) € F for ally € Q, (2) f(y) =
(f,®(,y))F for all f € F and all y € Q. F is also called a reproducing kernel
Hilbert space. The Sobolev space of order s is defined by the decay order of Fourier
coefficients H*(RY) = {f € Ly(RY) : f(-)(1 + ] - |*/?) € Ly(R%)}.

14



2. Characterization and construction

Let ¢;(x) = ®(x — x;) fori =1,...,n in (1.1), then the interpolation matrix with
{¢1,...,¢n} can be written as

O(x; —x1) P(x; —x2) - DP(x; —xy)
A | PP Bhe ) Poe Tl (2.1)
O(x, —x1) P(x, —x2) -+ D(x, —x,)

A function ® : R?Y — R is said to be radial, if there exist a function ¢ : [0, c0)
such that ®(x) = ¢(||x||2) for all x € RY. We characterize a radial basis function
in two ways: first whether the resulting interpolation matrix (2.1) is positive defi-
nite, and second whether the resulting linear system is sparse. Both are desirable
properties for large scale computation. In this chapter, we first briefly introduce
how to characterize a radial basis function according to the positivity of its Fourier
transform, and then describe how to construct a compactly supported radial basis
function with desirable properties, finally we discuss the relationship between some

compactly supported functions and globally supported functions.

2.1 Characterization of radial basis functions

A radial basis function @ is said to be positive definite, if the resulting interpo-
lation matrix in (2.1) is positive definite for any n distinct points. Furthermore if
® has an integrable Fourier transform <i>, then & is positive definite if the Fourier
transform @ is positive. This can be shown in several lines by using a quadratic
form and the Fourier inversion formula [208, p.67]. We outline the proof here:

According to the Fourier inversion formula, it follows that

e . (2.2)

1 ~
o) = s / ()
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On the other hand, for any 8 € C", consider the following quadratic form

B / Z(x’“*xf)T“’dw.

pAB = ZZ@M

k=1 j=1 k 1j=1
(2.3)
Separate ei(x=%)"w gg eix{we=P] @ then
n n n n 2
DD BTN =B gem ey Btk = |3 e (24)
k=1 j=1 j=1 k=1
Therefore, we have
. 2
6HAB - = —1x w (25)
- = /(2m) Rd

If & > 0, the quadratic form in (2.5) is always positive definite and thus the interpo-
lation matrix A is symmetric and positive definite. One of the most famous positive
definite radial basis functions is the Gaussian e~ %2, with a positive Fourier trans-

1 _lel?
form =

Us(i\fg? the Fourier transform to characterize a positive definite function dates
back to Mathias [145], Bochner [18][208, p.67|, and followed by von Neumann,
Schoenberg [203], and Iske [116] among others; and it provides a simple way to
verify whether the linear system (1.1) is positive definite or not. We only need to
operate on a univariate function to find the Fourier transform for a radial function,
as shown in Schaback and Wu’s work [181], whereas, generally speaking, finding a
multi-variate Fourier transforms is not easy. An alternative way to examine whether
a special class of radial basis functions are positive semi-definite is to calculate the
derivatives of a related univariate function ¢(y/) and examine whether ¢(v/*) is
completely monotone.

A function h(r) is said to be completely monotone on (0,00), if h(r) € CF
and its derivatives satisfy (—1)‘h)(r) > 0 for all positive integers ¢. If further
h(r) € Cff ) it is said to be completely monotone on [0, 00). Schoenberg pointed
out in [184] that a function i(r) is completely monotone on [0, co) if and only if i(r?)
is positive semi-definite on every R?, where r = ||x||. An example of a radial basis

function of this type is the inverse multiquadric (¢ +12)=%. Let h(r) = (*+r?)~",
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one can verify
(DO () = (“1*BE+DB+2) - (B+L-1(* +) 7 >0, (26)

for any positive integer ¢ [208, p.96].

A natural generalization of a positive definite function is a conditional (semi-)
positive definite function. A conditional (semi-) positive definite function of order
k is a continuous function which guarantees that the quadratic form o’ Aq is (non-
negative) positive on a subspace, where a € C"/{0} satisfies 37 | a;p(x;) = 0
for any distinct point set X and any polynomials p(x) in 7{_,(R?), the polynomial
space of degree less than k£ — 1. A conditional (semi-) negative definite function of
order k can be defined similarly.

For conditional (semi-) positive/negative definite functions of order k, the ap-

proximation s(x) is usually used as
n Q
s(x) = Z a;¢;(x) + Z Vepr(X), (2.7)
j=1 k=1

where {pk(x)}g:1 is one basis set of the polynomial space m;_1(R?). Together with

the lower order polynomial constraints

Zocjpk(xj) =0, for 1 <k<Q, (2.8)

Jj=1

the approximation (2.7) results in a saddle point system

[ 0) €)= ()

If P is full rank, and the quadratic form off Aa is positive on the null space of
PT ie. {a: PTa = 0}, then the saddle point system (2.9) has a unique solution
[208, p.117]. When k = 1 and the points in X are distinct, P is always full rank,
therefore for conditional positive/negative definite functions of order 1, the saddle
points system in (2.9) always has a unique solution. For higher order k, whether

P is full rank depends on the geometric properties of the point set X'. Well known
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conditional negative definite functions of order 1 includes the multiquadric radial
basis functions o(r) = v/1 4 72 and the power function r°, 0 < § < 2. We shall first
examine a simple function which is conditional semi-negative function of order 1 by
direct computations and then introduce an alternative way to examine a general
function.

The simplest conditional semi-negative function of order 1 would be the power
function r?, where r = || - ||, and the elements of the matrix A in (2.1) are a;; =
|x; — %[>, 1 < 4,5 < n. For any « such that > , a; = 0 (choose p(x) = 1, the

constant polynomial), it follows that

n n n n
aAa =" "asailba — x5 =YY aiay (Iall3 + gl — 2% x;)

=1 j=1 i=1 j=1
n n n n n n

=Y alxl3d o+ > @ alxl—2> ) aaxx;
i=1 =1 =1 =1 i=1 j—=1

=04+0-2]> ax|*<0.
i=1
Therefore r? is a conditional semi-negative definite function of order 1. In this case
there is still some possibility that the interpolation matrix A is singular. For ex-
ample, let x; = (0,0)7, xo = (0, 1)7, x5 = (1, )T, x4, = (1,0)7, a = (1,-1,1, -1)7T,
then Zle a; =0, Zle a;x; = 0, and

_ N = O
N = O =
_ o =N
S =N =

is a circulant matrix and its eigenvalues are —2, —2,0,4. For the case p(r) = 7°,

0 < d < 2, Schoenberg proved that the corresponding matrix A has n — 1 negative
eigenvalues and 1 positive eigenvalue [183]. An alternative and easy way to examine
whether a general radial basis function is conditionally positive/negative is based
on a generalization of characterization of a positive definite function, a completely
monotone function [208, p.85].

Let us denote the class of the conditional positive definite functions of order
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k over any R? as Py = (o0 Pr(R?). Micchelli in [148, Theorem 2.1] proves that
F(r?) € Py, whenever F(r) is continuous on [0,00) and (—1)*F®)(r) is completely
monotone on (0,00). A positive definite function can be viewed as a conditional
positive definite function of order 0 (with zero constraint). For the case of general
multiquadrics o(r) = (=1)1%1(c2 +72)%, 6,c > 0 and § ¢ Z, let Fs(r) = (—1)1°1(c? +
7)°, then Fd(k)(r) = (=D)1§(§ —1)--- (6§ — k + 1)(c® +7)°"*. One can verify that

(“DPTES () =60 = 1)+ (5= [8] + 1)(e? + 1)

is reduced to be an inverse multiquadric, which has been shown to be completely
monotone on (0, 00) in (2.6). Therefore, the generalized multiquadric defined above
is conditionally positive definite of order [§] on R?. Similarly the power functions
(—1)[%1r9 for § > 0, 6 ¢ 27 are conditionally positive definite of order [§/2] on every
R?, and the thin-plate spline or surface splines (—1)¥*172*logr are conditionally
positive definite of order k + 1 on every R?. The reader is directed to [208, p.116]
for details.

Special attention should be paid to the following radial basis functions, the cubic
spline % in R, 7?(Inr — 1) in R%, r in R?, In7 in R*, and r*~¢ in R, d > 5, because
they are Green functions of the biharmonic operators [173, p.140, Table 1|. In one
and two dimensions, it has been shown that the collocation of such functions at
given points has minimum curvature if and only if the underlying basis function
is the Green function of the biharmonic operator [23]. For the case in R?, the
multiquadratic is used to avoid numerical singularity [108]. In higher dimensional
spaces, the Green functions of biharmonic operators are unbounded at the origin
and thus are not very useful.

So far, the radial basis functions that we have mentioned: the Gaussian radial
basis functions, multiquadrics, inverse multiquadrics, the power functions, the thin-
plate splines and the Green functions of biharmonic operators are referred to as
globally supported radial basis functions because they result in dense interpolation
matrices. Dense interpolation matrices suffer from poor scalability. For large scale
problems, sparsity is a desirable property. The next section will discuss how to
construct compactly supported radial basis functions (CSRBFs) which result in

sparse interpolation matrices.
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2.2 Construction of compactly supported RBFs

It is not difficult to construct compactly supported functions if there are no
other requirements such as smoothness and positive definiteness. For example the
truncated power functions, which are also called Askey’s power functions |4], given
by

(1= lIx[l2)® for 1 — [lx[l> < 0;
de(x) = (1 = [Ix[|2)} = (2.10)

0 for 1 — ||x[[o > 0,
have a compact support in the ball ||x|[; < 1. With dedicated choice of the power ¢,
the truncated power function can be a positive definite function [39][132][208, p.80].

Proposition 2.1. Askey’s truncated power function is positive definite on R® if ¢

is an integer and € > |d/2] + 1, where |-| is the floor function.

However, the Askey power functions do not have continuous derivatives at
|x|l2 = 0, even when ¢ is large, see Figure 2.2(a) for illustration. Thus the next

question is how to increase the smoothness.

2.2.1 Increasing smoothness

Smoother CSRBFs can be constructed by convolution. The well-known cardinal
B-splines [185], box-splines [51| and the Fuclidean hat functions [44, p.81][98][206]
in R? are constructed in this way, see Figure 2.1 for illustration. The Euclidean hat
function is the self-convolution of the indicator function of a Euclidean ball with
diameter 1 in R?. Smoother CSRBFs than the Euclidean hat can be constructed
recursively like the cardinal B-splines. However it turns out that computing con-
volution in high dimensional space R? is not trivial. Wolfram Mathematica shows
that the box-spline generated by self-convolution in Figure 2.1(f) is a piecewise
polynomial in R? (with 17 different polynomials). A simpler method than recursive
convolution is needed.

Let us start with a simpler operation than convolution. Consider the Askey

power function on R, ¢(t) = (1 — |t|) € C°, then

/ ©(t) dt € C* and / / ©(t) dtds € C*. (2.11)
-1 -1J-1
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(a) Cardinal B-splines

(d) An indicator function (e) A box-spline (f) A box-spline

Figure 2.1: Constructing smoother compactly supported functions by self-convolution.
(a) shows the first 3 cardinal B-spline By, kK = 0,1,2. By is the indicator function of

[—%, %], which is discontinuous. By are defined recursively as the convolution product

By := ByxBp_1, k=1,2,.... By has a compact support on [—%, %] and By, € CF 1.

Figures (b) and (d) are indicator functions on a disc and a unit square respectively. Figures
(c) and (e) are the self-convolutions of the indicator functions in (b) and (d) respectively.
Figure (f) is the convolution of the functions in (d) and (e).

It can be shown that [48, p.6]

/j /_1 plt) dids = /_ i wo(t) dt — /_ i tp(t) dt. (2.12)

Therefore both [ zp(t) dt and [ te(t) dt have second derivatives and can be viewed
twice smoother than ¢(t). It turns out that a similar integral operator to [, tp(t) dt
simplifies computations of constructing CSRBFs in higher-dimensional space via

dimension walk.
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(a) ¢p where £ =1,2,3. (b) Z(¢¢), £ = 1,2, 3. (c) scaled Z(¢y), £ =1,2,3.

Figure 2.2: Smoothing functions using the operator Z. Functions in (b) and (c) are even
extensions of Z(¢y).

2.2.2 Dimension walk and Wu’s construction

The following integral operators were employed by Schaback and Wu in the
context of constructing CSRBFs [181, 213]:

(Zop)(r) ::/ to(t)dt, for r > 0 and ¢(t)t € L1]0, 00); (2.13)

1
(Do) (r) :==— ;gzﬁ/(r), for 7 > 0 and ¢ € C*(R). (2.14)
Z¢ is smoother than ¢ and ¢ is smoother than D¢. Furthermore, if ¢ is compactly
supported on [0, 1], so are Z¢ and D¢p; DZop = ¢ for tp € L1[0,00) and ZD¢p = ¢
for ¢ € C*(R). The most attractive property of the two operators is the dimension

walk property (208, p.121|[181], which can reduce computations (Fourier transform

of a radial function) on R? to computations on R.

Proposition 2.2. Let ¢ be a continuous function satisfying (2.13) and (2.14) re-
spectively, then the radial function ¢(r) with r = ||x||2 is positive definite on R? if
and only if

1. Zo(r) is positive definite on R=2 for d > 3;
2. Do(r) is positive definite on R+,
Wu constructs CSRBFs by using the dimension walk property of the operator D.

He starts with a very smooth positive CSRBF in R wy(7) := ¢¢(r?) x ¢¢(r?), where

¢o(+) is Askey’s power function defined in (2.10) and % denotes for the convolution

22



operator. According to Proposition 2.2, D¥w,(2r) is a positive definite CSRBFs
on R#**! However, D*w,(2r) in R**! is less smooth than w, in R. To get a
smooth CSRBF in R%*! one has to start with much smoother CSRBFs in R which
correspond to higher degree polynomials w(r). Thus, at the end of his paper [213],
Wu poses the question: what is the lowest degree of a positive definite CSRBF with
a given smoothness in R%? Wendland answers Wu’s question by constructing his
CSRBFs of minimal degree [207].

2.2.3 Construction of the Wendland functions

Wendland functions are constructed via the integral operator Z in (2.13). By
repeatedly applying Z to Askey’s truncated power functions ¢o(r) = (1 — r)} k

times, Wendland obtains the following functions
Gax(r) = ITF¢e, where £ = |d/2] +k+1, and ¢p = (1 —r)’. (2.15)

Because |d/2] +k+1 > |(d+ 2k)/2] + 1, according to the property of Askey’s
power function in Proposition 2.1, ¢, with ¢ = |d/2] + k + 1 is positive definite on
R42* for a non-negative integer k. According to Proposition 2.2, ¢4 is positive
definite on R?. Since ¢ defined in (2.15) is the smallest integer such that ¢, is
positive definite on R*2* and thus ¢ is also the smallest integer such that ¢qy is
positive definite on R?. In this sense Wendland functions are also called CSRBFs
of minimal degree.

¢ax(r) can be easily computed with the help of mathematical software. Table
2.1 is computed by a short Maple program provided in Program 2.1. As in Table

2.1, Wendland functions can be represented as follows:

ban(r) = TF¢p = dpyrpre(r) = (1 — r) WD, (), (2.16)

where py () is a polynomial of degree k whose coefficients depend on ¢ and pg, := 1.

It can be shown that Wendland functions ¢4 x(r), r = ||x]|2 defined in (2.15) are
piecewise polynomials of degree |d/2| + 3k + 1 on R? with respect to r and positive
definite on R¢ with a compact support in ||x||z < 1. For each k, ¢q(r) possesses 2k
continuous derivatives around zero and k+/¢—1 = 2k+|d/2| continuous derivatives
around ||x||2 = 1 [207]|208, p.128, Theorem 9.13,|. It also has the following so-called
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Table 2.1: Wendland compactly supported radial basis functions of minimal degree, com-
puted by the Maple program in Program 2.1.

d Wendland function ¢q(r),r = [|x]|2 Smoothness
dro(r)=(1—r)4 ol
11(r) = (1—7)3(143r)/12 C?

d=1 ¢12(r)=(1—7r)%(3+ 15r + 24r?)/840 ct
¢1,3(r) = (1 — )7 (15 + 1057 + 28512 + 315r%) /151200 o
¢1,4(r) = (1 —7)9.(105 + 945r + 3555r2 + 679573 + 5760r") /51891840 Cc8
¢3,0(7“) = (1 — ’I“)%_ CO
¢31(r) = (1 —7)4(1+4r)/20 C?

d<3 ¢32(r)=(1-7)%(3+18r + 35r%)/1680 ct
¢3,3(r) = (1 — )% (154 1207 + 375r% + 480r?) /332640 s
¢3,4(r) = (1 —r)19(105 4 1050r + 441072 + 945073 + 9009r*) /121080960 c?®
d50(r) =(1—7)3 o
¢51(r) = (1 —7)5.(1+5r)/30 C?

d<5 ¢pa(r)=(1—r)7(3+21r+48r%)/3024 c*
¢5,3(r) = (1 —1)%.(15 4 135r + 477r? + 693r°) /665280 o
¢5,4(r) = (1 —r)11(105 4 1155r + 535512 + 127053 + 13440r1) /259459200 €8
pro(r) = (1—7r) c°
¢71(r) = (1 —7)%(1+6r)/42 C?

d<T7 ¢ra(r)=(1—7)8(3+24r +63r?)/5040 c*
¢7,3(r) = (1 —1)19(15 + 150r + 59172 + 96073 + 591 + 960r3) /1235520 Ct
¢7.4(r) = (1 —r)12(105 + 1260r + 6390r% + 1662073 + 19305r1) /518918400 B

reproducing kernel property {208, p.160, Theorem 10.35]:

Proposition 2.3. For d > 3, and a non-negative integer, k, ¢q1 is a repro-

ducing kernel in a Hilbert space which is norm-equivalent to the Sobolev space
'Hd/2+k+1/2(]Rd).

Proposition 2.3 suggests that there must be some CSRBFs missing in perhaps the
interesting case d = 2, namely, in R%. Such functions have been found recently and

named as the missing Wendland functions [179], which can reproduce the Sobolev
space HY/2+k+1/2(R4) for even d and half-integer k.
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Program 2.1 A Maple program to compute the Wendland functions.

wd := proc (d, k, r)

local wd, kk;

wd := (1—r) " (floor ((1/2)*d)+k+1);

for kk to k do wd := int(txsubs(r =t, wd), t =1 .. 1)
end do;

return factor(wd)

end proc

2.2.4 Construction of the missing Wendland Functions

The missing Wendland functions are constructed by using a more general integral

operator Z,, as mentioned above:

T(f)(t) = / °°f<s>%ds, (2.17)

where a can be a half-integer and T'(z) = [;~t*'e™" dt is the Gamma function.
The operator Z,, is a scaled integral operator which is closely related to fractional
derivatives, and was used to simplify the multivariate Fourier transform for radial
functions [181]. Applying this operator to a modified version of the truncated power
function, a,(s) := (1 — v/2s)%, we get

T (a,)(¢) = /too(l - @)i%d& £>0. (2.18)

Defining ¥, ,(r) := Z,(a,)(r?/2), then we have

ualr) = [ =V Cmp = [ o r =0

(2.19)

In particular, when o =1,

W, (r) = / 1 t(1 — t) dt = / T = )t = T(6,)(r). (2.20)

It turns out that ¥, ,(r) is simply the operator Z defined in (2.13) acting on the

truncated power functions ¢,(t). Furthermore, it can be shown that the following
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(c) Y212 (d) U333/

Figure 2.3: Scaled Wendland functions and missing Wendland functions in R2.

relationship between the Wendland function ¢, and the function defined in (2.19)

holds for non-negative integer k:

Gar = Y\a/2)+k+1k- (2.21)

The above relationship shows that ¥, , are a larger class of CSRBFs which includes
Wendland functions. It can also be shown that ¥, , is positive definite when p and

« satisfy some constraint [179][181].

Proposition 2.4. For all non-negative integers u € N and all half-integer a@ =
n+ 1/2,n € N, the generalized Wendland function defined in (2.19) is positive
definite on R, if > |d/2 + o + 1.

Schaback also proves that the function ¥, , has a similar reproducing property
as the Wendland function in Proposition 2.3 in even-dimensional space R? [179,
p.75 Collollary 1]:

Proposition 2.5. For integers m > 1,n > 0,d = 2m, ¥, 112 reproduce a Hilbert
space which is isomorphic to the Sobolev space H™"H(R?) = HY/2Het+l/2(Rd),

where « = n + 1/2.

For such functions ¥, ., where p is an integer and o = n+1/2 is a half integer,
they are the so-called missing Wendland functions.

The generalized Wendland functions can be computed by a 6-line Maple program
in Program 2.2. It turns out that the missing Wendland functions ¥, , involve two

non-polynomial terms, and can be written as

V() = Ppa log(ﬁ) +QuaVl—r? (2.22)

1—17r
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Figure 2.4: Comparison between Wendland functions and missing Wendland functions on
R?. The missing Wendland function W3 3/2 is very similar to and overlaps the Wendland

function

®2,1-

where P, , and Q,, , are polynomials in r?. For a detailed derivation and property
of P, and Q,, ,, the reader is directed to [179]. For more details on the Wendland

and the missing Wendland functions, one can refer to a recent paper [114]. Several

missing Wendland functions are listed in Table 2.2.

Table 2.2: Missing Wendland functions computed by Maple program in Program 2.2.

Y, Function
17 =2 (372L 4 (22 +1)S)
21/2  3r(1/2) O r
Uy g (150° +90r") L + (81r* + 2812 — 4)S)
Vissr  qommiresra ((9457° + 25200%)L 4 (2561 + 263979 4 690r* — 13612 + 16)5)
s 7/2 W}ﬁ% (735,7/25 + Q5,7/23)

Ps.zjo = 3465712 4 83160710 + 138601
Qs 770 = 3749570 + 1602907° + 3348878 — 7247 + 13447 — 128

T

14+v/1—72

L(r) = log( )

S(r) = vI—7?

27



Program 2.2 A Maple program to compute the missing Wendland functions [179].

mswd := proc (mu, alpha, r)

local mswd;

mswd :=t*(1—t) mux(t"2—r"2) " (alpha—1)/(GAMMA (alpha)*2"(alpha—1));
mswd := int(mswd, t =r .. 1);

return combine(simplify(mswd), 1ln)

;|| end proc
S

2.2.5 Unification

Both the Wendland functions and the missing Wendland functions can be writ-

ten as

r(k)lzkfl frl t(1 =)t — )kt for 0 <r <1,

Yag = (2.23)

0 for r > 1,
where ¢ = |2+ k] + 1. When k is a positive integer, this defines the original Wend-
land functions; when k is a positive half-integer, this defines the missing Wendland
functions.

The closed formula of 14, is related to the associated Legendre function of the
first kind and the Gamma function [114, Theorem 3.1]. Interestingly, the missing
Wendland functions can be associated to the Chebyshev polynomials of the first
and second kind [114, Corollary 4.6]. Further it can be shown that [42, Lemma 3.1|

(¢ + 1)T(2k)

Yar0) = ST 2k 1 1 (2.24)

Applying this formula, one can show the relationship between the Gaussian and the

compactly supported radial basis functions ¢4 with k& — oo.

2.3 Relationship between compactly and globally
supported RBFs

As we can see from Figure 2.4, the compactly supported functions 4 have a
bell shape which are similar to the Gaussian. One might imagine that after certain
scaling, the function ¢4, would converge to a Gaussian. Such an intuition can

be supported by other similar results on cardinal B-splines and the Euclidean hat
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functions.
Consider the cardinal B-spline mentioned above, i.e. By = X|_1/2,1/2 is the
indicator function on [—1/2,1/2], and B,, is defined recursively by convolution
m+1 m+1

B, = By x By,—1. It is known that B, has a support [—74=, ™| and as k

increases, the normalised cardinal B-spline tends to the Gaussian function [196]

lim. { (ml—;l) Bm(\/@-r)} _ \/12_7Texp(—r—22). (2.25)

The limit may be taken in the point-wise sense or in the L,(R). Further, for

m > k + 1, the k-th derivatives, Bfff) , converges to the k-th derivative of the

Gaussian function [24]

m+1 5 m+1 1 d" exp(——TQ)
' - - Ry 21— — 2
lim {( ) BV ( 15 r)} N e : (2.26)

d? exp(—r?/2)

For the case k = 2, the right hand-side, 07

(r? — 1) exp(—1?/2).
Euclidean hat functions are defined by the following formulae [98]|206].

, is the Mexican hat wavelet

[\

2(arccosr —r(1—r3)Y?), 0<r <1,
ha(r) = (1=1)4, hao(r) = (2.27)
0, r>1,

[(n/2)

- 1— )2 > 3. 2.2
m/20((n + 1)/2)T< )y hnz3 (2.28)

D, (T) = hn—2(r>

The asymptotic behaviour of the scaled h, is related to the special function

erfc [98, p.93], specifically,

r

(n—1)/2

For the Wendland function and the missing Wendland function, 14, defined in

lim A, (
n—

2 (™ 2
) = erfe(r) = ﬁ/r exp(—v~)dv. (2.29)

(2.23), it has been proven recently that the scaled Wendland function and missing

Wendland function converge to Gaussian as the smoothness increases [42].

, 1 2erl(k + 1) B Y
B e (0) Y ((z ok + OI(k + %)) = exp(=er), (2:30)
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where 14(0) is given in (2.24), { = [ + k] + 1.
On the other hand, Schaback proved in [178] that interpolation by Gaussian
radial basis functions with flat limit [60]—the case when ¢ tends to be 0—converges

to the de Boor-Ron least polynomial interpolant |53, 54, 55].

2.4 Notes

The title of this chapter comes from Schaback and Wendland’s publication [180]
and partial of the content is illuminated by their discussion in [180]|. Several new
results and other interesting results are included here. It is very easy to loose
mathematical depth and it is impossible to include all related significant results in
such a dense chapter. Discussions of the construction of compactly supported radial
basis function can also be found in [30, 31, 99|.

The author realised the potential application of approximating a Gaussian by
a compactly supported covariance function for statistical simulation, and noticed
the illuminating results (2.25), (2.26) and (2.28). The author wanted to derive the
limiting result, and thus prove convergence to the Gaussian, but while working on
this problem the author was informed that the problem had just been solved in a

paper in review by Chernih et al. [42].
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Part 11

Theory



3. Spectral distribution and smoothness

matching

This chapter examines the spectral distribution of interpolation matrices arising
from radial basis function interpolation and principles of choosing proper basis
functions. In contrast with the condition number, the spectral distribution can
reveal more details on eigenvalues, for example how many small eigenvalues there
are, and thus can further characterize the conditioning of the underlying problem.
We shall see that the spectral distribution is closely related to error due to round-
off and the Picard condition. Then we conclude that the behavior of the solution
depends on whether the smoothness of the chosen basis function matches with the
smoothness of the target function. Finally we introduce a principle on how to choose
a basis function or how to choose a proper shape parameter to match the smoothness
of the target function which perhaps is unknown or at least not well-understood in

the RBF community.

3.1 Eigenvalue distribution

The main idea described here is to relate the RBF interpolation scheme to a dis-
crete integral equation of the first kind. Instead of considering the finite-dimensional
linear algebra problem directly, we investigate the corresponding classical infinite-
dimensional linear operator problem. Once put in a proper perspective, powerful
tools are already available and many results can be applied to explore the underlying
problem. Combining several scattered results, we obtain results on how the decay
of eigenvalues of kernel matrices of RBFs is closely related to the smoothness of the
underlying RBFs (Theorem 3.4 and Theorem 3.5), and how many small eigenval-
ues there are for analytic kernels (Theorem 3.9). These results are not strikingly
new, however we have not seen the results elsewhere. Several established results
are well known in the community of linear integral equations. The difference and

connections between these theorems are discussed.
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Consider the following integral equation of the first kind

/Q K(x,y)aly)dy = f(x) (3.1)

where x,y € RY Q C R% We call K(x,y) a kernel function in RY. Further,
if K(x,y) satisfies [, K(x,y)a(y)a(x) dxdy > 0 for any non-zero function a(x),
then K (x,y) is positive definite. If a simple quadrature rule is applied to sample

a(y), then we get a discrete equation

N
> K(xywsaly;) = f(x). (3.2)
j=1
Further collocating at xi,Xs, ..., Xy gives
N
ZK(Xiayj>ij5(Yj) :th: 1727"'7Na (33)
j=1

where f; = f(x;). Let K(x,y) = ¢(|]|x — y||), then we can write these equations as

a linear system

O(lxs =yill) olllx =yall) -+ o —ynl) | [ S
¢(HX2'—Y1||) <Z5(HX2‘—Y2H) <b(HX2'—yNH) | _ ,fz  a4)
Olxy =yill) ¢llxn =yall) - olllxy —ynl)) \an f

where o; = w;ja(y;), j =1,2,..., N. We denote the matrix in (3.4) by A, x, where
X denotes the set {x1,Xs,...,xy}. When x; =y;, 1 <i < N, the linear system
as in (3.4) is the same as that obtained for interpolation matrices with the radial
basis function ¢ at the points x1,Xa,...,Xy. We call the matrix in (3.4) a kernel
matriz.

On the other hand, consider the interpolation scheme with a sum of translates

of a radial basis function

s(x) = Z@jcﬁ(HX—yg'H)- (3.5)

33



If s(x) interpolates an unknown function, f(x), on the data set X, and further
x; =y;, 1 <j <N, it results in the same linear system (3.4). We investigate the
spectral distribution of kernel matrices (or interpolation matrices) by studying the

infinite dimensional linear operator
x0(x) = [ Kixy)U(y)dy. (3.
Q

where K (x,y) = ¢(||x — y||) is a radial function ¢. To investigate the spectral
distribution of the operator X in (3.6), consider the following well known Weyl-

Courant minimax principle.

Lemma 3.1 (The Weyl-Courant minimax principle [136, p.133]). If X is

any compact symmetric operator on a Hilbert space H with eigenvalues
Mol > Ml > [Ao] > > [N > -,

and if S is any operator of rank < n, then || K — S| > |\,

In [136], Little and Reade apply the Weyl-Courant minimax principle to tails of
the Chebyshev expansion for analytic kernels, and conclude that the eigenvalues of
an analytic kernel on a finite interval go to zero at least as fast as p™ for some fixed
p > 1. The proof depends on the estimation of Chebyshev coefficients of analytic
functions. Some results used in their proof in fact date back to Bernstein [17] and
relate to the so-called Bernstein’s ellipse, denoted as &, [195, p.56]. The ellipse, &,,

has foci at 1, and the sum of the semi-axes equals p > 1.

Lemma 3.2 ([17][195, p.57|). Let a function, f, be analytic in [—1,1] and analyti-
cally continuable to the open Bernstein ellipse E,, where it satisfies |f(z)| < M for
some M. Then its Chebyshev coefficients, a,,, satisfy ag < M and

la,| <2Mp™,n > 1. (3.7)

Its Chebyshev truncations (partial sums of the Chebyshev expansion) satisfy

2Mp™™"

— <
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and its Chebyshev interpolants satisfy

AMp="
-1’

1f —pull < (3.9)
where S,(z) =Y 1_yaxTi(x), and p,(z) is the polynomial obtained by interpolation
in Chebyshev points.

Formula (3.7) is due to Bernstein, and the second part of the lemma can be
found in [195, p.57, thm. 8.2].

Observation 1. For an analytic function, its Chebyshev coefficients in the Cheby-

shev expansion decay geometrically.

A function, f(z), of bounded variation on R is a real-valued function, it is an
integrable function, say, f(z) € L(R), and, V, the supremum of [ f(z)dg(x) over
all g(z) € CH(R) with |g(z)| < 1 is finite. If f(x) is continuous, then the supremum
of Zjvzl |f(z;) — f(xj—1)| is bounded over all finite samples x¢,z1,...,xy. For
finitely differentiable functions with the highest derivatives of bounded variations,
we consider the following result.

Lemma 3.3 ([195, p.52-p.53|). For any integer v > 0, let w and its derivatives
/

o, ..., u™Y be absolutely continuous on [—1,1], and u”) be of bounded variation

V', then for any n > v + 1, the Chebyshev coefficients of u satisfy

2V
’CLn| < W, n>v. (310)

Its Chebyshev truncations S,, satisfy

2V

-S| £ ————, > 3.11
Ju= S0 € e > (311)
and its Chebyshev interpolants satisfy
4V
—pull < , > . 3.12
R e (312)

Observation 2. The Chebyshev coefficients of smoother functions decay faster.

Besides Chebyshev truncations, we also consider the Fourier series truncations.

Such an approximation is valid for a kernel function which is Lebesgue integrable,
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not necessarily analytic, and it can be generalized to higher dimensional space. Here,
we demonstrate the idea with the simplest one dimensional case. For a Lebesgue

integrable function u on Q, say, u € L'(2), the n-th Fourier coefficient of u is

defined by
T/2

iy = (n) = = / u(t)eim dt (3.13)
T J 7/

for a T-periodic function, u, on Q = [-7'/2,T/2], where T' could be finite or infinite.

If there is no confusion we use 1, for short, otherwise we use @(n). The Fourier

series S[u] of a function v € L'(Q) is the trigonometric series
ul ~ Y e (3.14)

The n-th Fourier series truncation is denoted as S, [u] = > ;__ u,e™. Remember-
ing Euler’s formula e” = cost + isint, the Fourier series of a function u € L*(Q) is

equal to

A o0
O+ZA cosnt + By, sinnt) ——+Z\/A2+BQSm (nt + 0,,) (3.15)

where A, = U, + U—p, B, = i{t, — t_,} and arcsinf, = B,/ /A2 + B2.

particular, when w is an even function, 4, = t_,,
Sy =10(0) +2) i1, cosnt. (3.16)
k=1

As discussed above, it is clear that the Fourier series truncation S, is a function of
finite rank n + 1.

By standard Fourier analysis, see [123] for example, we have:

Lemma 3.4 (Fourier coefficients of differentiable functions). Let u be a

square integral function on Q0 with Fourier transform u and Fourier coefficients i,,.

1. If u has v — 1 continuous derivatives in L*(Q2) for some v > 0, and the v

derivative is of bounded variation, then 4, = O(|n|™"1) as |n| = oco.

2. If u e L*(Q) and u € C™, then 4, = O(|n|™") as |n| = oo for every v > 0.
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3. If u has up to v times continuous derivatives and u™) € L3(R2), then 1, decays

on the order of o(n=v"1/2).

Observation 3. The Fourier coefficients of smoother functions decay faster.

3.1.1 Main results

The eigenvalue problem of the linear integral operator (3.6) has been well-studied
for many years since the work of Fredholm in 1903 [92]. There are many insightful
results in the literature, see [45, 56, 92, 109, 125, 136, 157, 158, 159, 160, 161, 162,
163, 164, 165, 188, 210| for example. Here we only consider the most relevant and

brief results, provide alternative simple proofs, and develop new results.

Theorem 3.1 (Weyl [210, p.449-450]). If the kernel function K(z,y) = K(y,x)

and —M(sz’y)
X

at the order |\,| = o(n=v"1/?).

exists and is continuous, then the magnitude of its eigenvalues decays

The original result of Weyl only states this for the case v = 1, and states it as
lim,,_,ee 7%2\, = 0 [210, p.449]. If the kernel function is positive definite, sharper
results hold [38, 101, 163].

Theorem 3.2 (Reade-Ha). If a kernel function K(z,y) is positive definite, 2m-

periodic in x and y, and v times continuously differentiable, then
1.\, =0

2. for even v, the sharper result Y>>, n’\, < oo holds.

Remark 3.1. This theorem was first proved for v = 1 in [159] and then for the
general case in [160]. The second part of the theorem was initially believed to
be true for all v [101], but Reade [163] constructs a counterexample for odd v.
The eigenvalues of positive kernels have also been considered in |26, 27, 77| with

additional constraints.

It has been noted that both Theorem 3.1 and Theorem 3.2 are sharp [162].
Without the positive definite constraint, similar results can be obtained according
to the following result which states the essential connection between the Fourier
coefficients of a 27-periodic kernel function and the eigenvalues of its corresponding

integral operator.
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Theorem 3.3 (Hille-Tamarkin [109, p.10]). If K(x,y) = k(x —y) and k(z) €
L?[—m, 7| is a periodic kernel, then X\, = ok, where k, = % ffﬂ k(x)e™™ dx is the

Fourier coefficient of the kernel function.
Applying Lemma 3.4 and Theorem 3.3, it is easy to show the following results.

Theorem 3.4. Let K(z,y) = k(x — y), where k(x) is a 27 periodic and square
integrable function on [—m,7|. Further let |\,| be the n'" largest eigenvalue in

magnitude of its corresponding integral operator, then

1. if k(x) € CV, for some natural number v > 0 and its v-th derivative is of

—V—l)

bounded variation, then |\,| = O(n as n — 0o,

2. if k(z) € C™, then |\,| = O(n™") as n — 0 for any v > 0;

3. if k(z) has up to v times continuous derivatives and the v-th derivative is

square integrable, then |\,| = o(n™""1/?).

Now we consider methods for more general cases.

3.1.2 First method: truncated Fourier series Approximation

For simplicity, we consider the compactly supported radial basis functions; such
functions are even and can be extended to be periodic on the real line. Let k(x) be
a square integrable even function in R. Its Fourier series truncation has the form
in (3.16). Furthermore,

T [[k(z) = 1, =0, (3.17)

This implies ) ° |IA€(n) |? is convergent. According to the translation property of the

Fourier coefficient,

k(x —y) ~ lAf(O) -+ Z /%(n)e’my cosn, (3.18)
n=1

~

since |k, (n)[? = |k(n)e=™|? = |k(n)|?, and thus

k(e —y) = SulkJIFa = D [k,(m)P= Y [k(m). (3.19)

m=n+1 m=n-+1
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According to the Weyl-Courant minimax principle, the n 4+ 1-th eigenvalue of the

kernel function k(z,y) satisfies

Aot P < k(=) = SulkJll7: = D k(m). (3.20)
m=n+1
Suppose k(z) satisfies Lemma 3.4.1, then we get
M < Y fkm)P< Y jom (3.21)
m=n+1 m=n+1

(3.22)

< /°° C gt — C 1

T L 222U+ 1) (n 4 1)
Thus, |\,| = O(n~*1/2). Similarly for k) € L?(Q), we have |\,| = o(n™").
Theorem 3.5. Let ¢ be a radial basis function in L*(Q), then

1. if ¢ has v—1 continuous derivatives for some v > 0 and the v'" derivative is of

bounded variation, then its eigenvalues decay at least in the order O(n="=1/2).

2. if ¢ has v — 1 continuous derivatives and ) € L*()), then the eigenvalues

of the corresponding linear operator decay in the order o(n™").

By the Fourier dilation formula and a few additional computations, we obtain

the following results for scaled radial basis functions.

Corollary 3.6. Let ¢.(x) = ¢(ex), € > 0 be a scaled radial basis function in L*(Q),
then

1. if ¢ has v—1 continuous derivatives for some v > 0 and the v*™® derivative is of

bounded variation, then its eigenvalues decay at least in the order O ((%)"“/2).
2. ¢ has v continuous derivatives and ) € L*(Q), then the eigenvalues of the

corresponding linear operator decay in the order o ((%)”)

Remark 3.2. For the compactly supported Wendland function, ¢4 € C?*, the lower
bound of the smallest eigenvalues is Ay, > Cqg?**t [208, p.214| for some constant

C, where ¢ is the so-called separation distance. For equal space sampling in the
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interval [—1, 1] with the sampling points arranged as —1 = 2o < 11 < -+ < x, = 1,

q = 3min,_; |z; — x;| = %, so that Ay, > Cn~ 271 The proof of Theorem 3.5
2k) . Therefore, we obtain both a lower and upper bound on

2k

shows that Ay, = o(n~

the smallest eigenvalue for large n, say, C1n =21 < \in < Con™

The following method employing Chebyshev truncation brings sharper results.

3.1.3 Second method: truncated Chebyshev series approxi-
mation

Using truncated Chebyshev series to approximate an analytic kernel function
has been studied in [136]. Two key points in their poof are the Weyl-Courant
minimax principle and Bernsten’s results (3.7). A slightly different formula to (3.8)
is needed. The Chebyshev expansion of a kernel function is
1 oo
K(w,) = a0(y) + 3 arly) o) (3.23)
=1

Thus the estimation of a,(y) is needed. For details see [136].

Theorem 3.7 (Little-Reade [136]). If K(z,y) = K(y,z) € C[—1,1]2, and for each
y € [—1,1] there is an analytic continuation to K(z,y) for z inside the ellipse &,,
which is uniformly bounded in z,y in this range, then the eigenvalues corresponding

to the kernel function K(x,y) decay in the order |\ 11| = O(p™").
Proof. See [136], or one can directly apply Lemma 3.2. O

Now consider the scaled kernel function K (ex,ey) in the unit square,

Kf(ex) = K(ex,et) f(et)d(et). (3.24)

let|<1
Then the operator (3.24) is equivalent to the following

1/e
Kf(X) = K(X,T)f(T)d(T). (3.25)

—1/e

p

Suppose £, denotes the ellipse with foci at :I:% and semi-axis sum p., then p. = £.

If ¢ < 1 and the kernel function K(z,y) is analytic in &, , we have the following

result.
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Figure 3.1: Eigenvalue decay order of positive definite kernels.

Theorem 3.8. The eigenvalues of the scaled kernel K (ex,ey), € < 1, decay in the
order Dusi| = O(p") = O(mp™™).

When e > 1, the factor €" does not work, because the ellipse £,. C &, can
not give a tighter estimation of a; in (3.7). The case ¢ — 0 corresponds to the
basis functions tending to flatness; the smallest eigenvalue of the kernel matrix will
become smaller.

Lemma 3.3 can be used to obtain similar results as Theorem 3.5 according to
Chebyshev series truncation. The proof involves additional complex analysis results
and the reader is directed to [136, 195] for details.

Observation 4. The eigenvalues of smoother kernels decay faster.

3.1.4 Separable kernels in R?

A separable kernel in R? can be expressed as the product of multiple kernels,
say

K(X7Y) = Kl(xla yl)K2<:B2a y2) T Kd(xdv yd):xa y &€ Rd?'xia Yi € R.

Such kernels exist and have been considered for a long time, see [188] for example.
The famous example is the Gaussian radial basis function e~ I*=I*,

Consider the simplest separable kernel in the case d = 2, if there are analytical
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eigenfunction expansions for each K;, i = 1,2,

Kl(‘rlayl Z Am(pm xl)@m<y1) and K2 332,3/2 Zunwn x2 ZI2) (326)

m=1

and further {\;}32, and {pu}32, are absolutely convergent, then according to the
Mercer theorem [156, p.96]

/ / Ky (w1, y1) Ko (22, y2) (Y1) Vg (y2)dy1dya

- [ [ e (Z Amsomm)sa;(yl)) Yol2) (Z unwg)w;:(yz)) dysdy,

:/\p,uq@p(xl)l/}q(x2)-

When the kernel is symmetric, then ¢}, = ¢, and ¢ = 1,. In this way, one can
show that if A is an eigenvalue of Kj(x1,;) and p is an eigenvalue of Ky(xza,s),
then A is an eigenvalue of K(x,y).

Suppose the eigenvalues of K;(z;,v:), i = 1,2 are in the order O(1), O(R™),
O(R7?),..., for some R > 1, then the eigenvalues of an interpolation matrix with
K (x,y) are expected in the following order: 1 of order O(1), 2 of order O(R™1), 3 of
order O(R72) and (™) of order O(R™™). See Table 3.1 for illustration. Such a case
can happen, for example, with a separable kernel on a square with an equally spaced
N x N regular mesh. If Kj(x1,y;) is the kernel in the horizontal direction, and
Ks(9,1s) is the kernel in the vertical direction, then their corresponding discrete
kernel matrices should have the same eigenvalues because their relative distances in
each direction are identical. Similarly, one can show in R? that, on a d x d cube with
a regular equally spaced mesh, the discrete kernel matrix of a separable kernel is
kzd) = (]]:!J(rg)!! eigenvalues in similar order. This number is equal

to the number of terms in the expansions of

supposed to have (

(1 + 20+ ...+ 24)" (3.27)

and will become more clear as our discussion proceeds. We first use the analytic

and numerical results on Gaussian radial basis functions to verify the result.
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Ezxample 3.1. Consider a weighted inner product defined by

where w(z) > 0 is a weight function, then the eigenvalues of a kernel are defined by
[ K@iy =),

With the weight function w(z) = \%e““Q’”Q, a > 0, the analytic eigenvalues of the

Gaussian kernel e==*=%” in R are given by

Oé2 1 n—1
)\n = V ;
OK2+(52+€2 (1+(52/52+Oé2/82)

2 2
52:%< 1—1—(5)2—1),forn:1,2,3,---.

where

See [220][156, p.97] for details. Clearly, 1+ §2/? + a?/e* > 1 is the parameter p in
theorem 3.7. For the multivariate Gaussian kernel

I<'<:)<7 y) — 678%(xlfyl)Qi'”iEi(l’diyd)Q7
we only consider the case 61 = .-+ = g4 = ¢; according to formula (3.6a) in [72,

p.AT742|, the eigenvalues of a multivariate Gaussian radial basis function under the

weighted inner product with the above weight function can be written as

d o2 d 1 S nj—d
Ap = A, = ) 3.28
jHl ’ (a2+52+52> (1+52/52+a2/s2) (3.28)
Then if Z;l:l n; = k, there are (kzd):(kkfj)! possible combinations of nq,--- , ng.

3.1.5 Infinite smooth kernels in R? with flat limit

The discussion above is primarily based on the properties of the continuous
integral operator and without consideration of the location of the underlying inter-
polation points. This section concentrates on the discrete form, in particular, on

those cases where the shape parameter of the underlying radial basis function tends
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Table 3.1: The order of eigenvalues of tensor product Kernel in R?

0.4
0.2
0
—02
-0.4
7
-0.6
8
9 -0.8

(a) a 9 X9 mesh on unlt square 27 equal spaced pomts on a cu"cle

Figure 3.2: Eigenvalues of kernel matrices of Gaussian radial basis function on different
meshes. The shape parameter e = 5. We first sort the eigenvalues in descending order, then
map the 1 dimensional array to a 2 dimensional diagram by the inverting Cantor pairing
function (http://mathworld.wolfram.com/PairingFunction.html). The figure shows the
log scale of the eigenvalues by the Matlab function imagesc. The dark blue area in the
bottom-right corners is empty with NaN. Panel (a) demonstrates that, on the regular mesh,
the eigenvalues in the same order are grouped by 1,2,3,4,...; while panel (b) shows the
eigenvalues are grouped by 1,2,2,2, ...

to 0. These radial basis functions with shape parameter ¢ — 0 are called radial

basis functions with flat limit, and have received a lot of attention in recent years

[85, 86, 87]. The flatness brings the advantage of asymptotic techniques in e.
Another technique which can be used to investigate the spectral distribution of

high dimensional kernels with flatness limit is due to Schaback. In [178|, Schaback
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proves that a Gaussian with flat limit interpolation tends to de Boor-Ron’s least
polynomial interpolant [53, 54, 55|. In [178, Theorem 6, p.307|, the author focused
on geometric properties of the interpolation points. The techniques used there
can be used to prove the eigenvalue distribution. The basic idea is to construct a
sequence of nested subspaces, and investigate quadratic forms corresponding to the
interpolation matrix (3.4). Combining these techniques with other linear algebra
results, one can show the spectral distribution of scaled infinitely smooth radial
functions, where the radial functions are not necessarily separable. To prove the
results, we introduce the following notation and lemma.

Let {p1,pa,...,po} be a basis set for m,_;(RY), the multivariate polynomial
space of degree at most k — 1, and denote P, € RV*? as the matrix with entries
(pj (X)) 1<i<n1<j<q» then for any given data set X' = {x1,Xa,...,xn} C Q2 C R,
we have ker(Pl ;) C ker(P!) for k = 1,2,3,.... Further denote ker(Fj) = RY,
then for any finite set X', there is a positive integer u(X) such that

0 =ker(Pj) C - Cker(P,,) Cker(P) C -+ Cker(P]) Cker(P)). (3.29)

1(X) can be viewed as a geometric property of the data set X, it can be interpreted
as there existence of a subset of X on which there exists a unique polynomial
interpolation in 7,(x)(R%).

Let A be the Eucidean distance matrix with entries (||x; — x;||)1<i <y and
A" = (||x; — %,]|")1<ij<n denote the element-wise power of A. There is a well

known result on this element-wise power of distance matrices.

Lemma 3.5 (Micchelli [148, p.15, Lemma 3.1]). If >, cup(x;) = 0 for all p €
Tr_1(RY), then (—1)ka” A% a > 0, where the equality holds if and only if

Z Qz’p(xi) =0,
=1

for all p € m,(R?).

For convenience, we denote the interpolation matrix (3.4) corresponding to the
scaled radial basis function ¢(er) = g(e2r?) by Ay x = ¢(eA) = g(e2A?). The

function g is taken to be infinitely smooth and has a Taylor expansion at the origin.
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Theorem 3.9. Let A, x be an interpolation matrix corresponding to an infinitely
smooth radial basis function ¢.(r) = ¢(er) = g((er)?). If g has a convergent Taylor
expansion near the origin on the real line, then, when € — 0, there are exactly
dim (ker(Pl)) — dim (ker(P[,,)) eigenvalues on the order of €**, for 0 < k <

w(X) —1, where Pl and p(X) are defined in (3.29). Furthermore, if each Py, is full

k:+d—1> _ (ktd—1)!
d—1 ) = R{d=1)!

rank, then there are exactly ( eigenvalues on the order of €.

Proof. Since the function ¢g has a convergent Taylor expansion near the origin, we
can write the entries of the interpolation matrix as a sum of the element powers of
the distance matrix A,

O g®
A =g(cay) =3 0 eay (3.30)

£=0

Let m = u(X) — 1, a € ker(PT), then by Lemma 3.5 o” A*a = 0, for £ < m.

Therefore we have

(m) (0 i (0
QTA%,XQ — Esz m'( )QTAQmQ‘i‘ Z 62@f £'< )QTAQZQ (331)
C=p(X)

which decays like 2™ as ¢ — 0. According to the Courant-Fischer’s minimum-
maximum principle [112, p.179], A, » has at least dim(ker(PZ)) eigenvalues which
decay at least as fast as £2™.

Further denote the space My, C ker(P[) and My, L ker(P[,,), then

dim(My) = dim(ker(P])) — dim(ker(PL,)). (3.32)

Applying the same argument on the space My, we can find at least dim(My,)
eigenvalues which decay at least as % in the subspace M. Since > ;" | dim(M}) =
N, there are exactly dim(Mj) on the order of 2¥ when & — 0.

If every P, is full rank, then rank(P;) = dim(m_; (R?)) = (k_clﬁd) , and

(k+d—1)!

dim(M;) = dim(m(RY)) — dim(m,_; (RY)) = R
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Note that the number (k_};d) is the number of terms in the expansion of
(1 + -+ + 24)F1, which is consistent with the discussion above, whereas the
term dim(7(R?)) — dim(m_1(R?)) depends on the geometric property, u(X), of
the interpolation data points. The geometric property is not easy to identify in
general. For example, when the interpolation points lie on a circle with radial 1,
then dim(my(R?)) — dim(7m,_1(R?)) = 2 for k = 1,2, 3, because {1,z,y} are inde-
pendent, while for {z? zy, y*}, we have y*> = 1 — 22, for {23, 3, 2%y, y*x}, we have
2%y = y—y3, vy? = x — 2. It was observed that when the eigenvalues of kernel ma-
trices for Gaussian radial basis function on a circle are grouped in different orders,
the numbers of each group in descending order are 1,2,2,2,2, ---. The reader is
directed to [88, p.389] for more scenarios. Figure 3.2(b) illustrates the eigenvalues

of a kernel matrix for a Gaussian radial basis function on a circle.

3.2 Smoothness matching

The previous section examined how fast the eigenvalues of an interpolation ma-
trix decay given a radial basis function, showing that the eigenvalues of interpolation
matrices with smoother basis functions decay faster, and in R?, there are many small
eigenvalues. As is known, the sensitiveness of the interpolant to the input data, f,
depends on the smallest (in magnitude) eigenvalue of the interpolation matrix. In
this section, we first examine the danger of many small eigenvalues, and then discuss
how a good solution which can be well represented in a computer is closely related
to the smoothness of the underlying kernel function and target function. Finally we
introduce a principle to choose a basis function or to adjust the shape parameter

for a basis function.

3.2.1 Error sources analysis

Without carefully dealing with the ill-conditioning, the expected approximation

quality may be contaminated. Consider the following decomposition

1FG0) =3 < [F (%) = s(x)]] + |s(x) = 8(x)][ - (3.33)

El E2

s(x) interpolates f(x) on the data set X; 5(x) = S_n  (a; + 6ay)p;(x), where « is

the exact solution to the interpolation problem, and & = o+ d« is the solution due
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Figure 3.3: Compare the overall evaluation error (E) and the error due to ill-conditioning
(E2). Interpolation 11 test functions on 289 Halton points with Gaussian radial basis
functions e~ (")’
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Figure 3.4: Condition number (green solid lines) and the overall root-mean-square error
(blue dash lines). Interpolation the franke test function in Matlab on 289 Halton points
with Gaussian radial basis function e~"*. The RMS errors are evaluated on 50 x 50 grid
points.

to round-off or ill-conditioning. Approximation theory focuses on the estimation of
the term, E;. A reasonable scheme should prevent the term E5 from contaminating
the term E;. Now we examine the term FEs.

Let the evaluation matrix on a finer point set ) with the interpolant s(x) on x

be Ay x; its perturbation in finite floating point is Ay’ x and we assume that

||Ay,X - A)’,XH S ||Ay,XH€rnachine, (334)

where €acnine 18 the machine precision. Correspondingly, the interpolation matrix
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and its perturbation are denoted as Ay x and A x,x respectively. Suppose the sin-
gular value decomposition of Ay y is Ay x = ULVT where ¥ = diag{oy,...,0n}
is the diagonal matrix with positive singular values and U and V' are orthogonal
matrices. We assume that 121;(7 » = UZVT so that only the singular values and not
the singular vectors are perturbed. Such a simplification is not a rigorous mathe-
matical model, it is only used for qualitative analysis. We assume the right hand
side f can be represented exactly in a computer and that the solution to Ay ya = £

and the solution to AXXQ =f are

N 5, N 5,
S VO Sty J L - 2y da= Zy, 3.35
a f ; 5 Vi and @ ; GV (3.35)
where 3; = u! f and u; and v, are the i-th columns of U and V respectively (the left
and right singular vectors).

For the term FE5, we have

By = Ay xa — Ay xé| = [[(Ayx — Ay x)a — Ay x(a — a)| 3.36)
< [[Ay.xlll&]l€machine + (| A2l — &, (3.37)
by using (3.34). Substituting (3.35) into (3.37), it follows that
N g S
By < J|A machine —)2 2(ZL)2 , .
s < WAyl [ cmanmey| S22 4 [ S (2 (3.38)

i=1 ¢ i=1 v

O’i—d:i

where ¢; := is the relative perturbation or error of the i-th singular value. If

each ¢; could achieve machine precision then

E2 S 2€machineHAy,X H ~: )2 = 2€machineHAy,XH HQH . (339)

In practice, we use ||Ay x| rather than ||Ay || to estimate the upper bound of the

term Fs.

Conclusion 3.1. Let & be the numerical solution to fl,y’XQ = f. The upper bound

of the term Ej can be estimated by 2€machine|| Ax x ||| &||-
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If there are many small singular values 6; of Ay x, then ||@|| will be big, and so
will F5. Figure 3.3 illustrates the overall evaluation error and the term FEy for 11
test functions, where the functions are interpolated and evaluated on the same data
sets. It is clearly seen that the term Fs also depends on the underlying problem.
Figure 3.4 demonstrates that there would be an “optimal” shape parameter £* to
balance the term F; and E5. We shall look at the problem from another perspective
in § 3.2.4 on p. 54.

3.2.2 Picard conditioning

Another danger of many small eigenvalues or singular values is that the solution
is more likely to loose the information in some frequencies. Suppose the singular
value vector v, in (3.35) is normalised so that ||v;]| < 1. If the range of values
{f—: ?_, spans too many scales, then it is likely that some information is unable to
be captured due to finite precision representation. For example, consider only the

first and the last singular value pairs; if

Bn B a1 |Bn B

10|21 1010 |2 = oy 72 ) = log (4) + oo 1 22) > 16, (3.40)
On o1 on | Bl |51

where r(A) = 2 is the condition number of A, then IEEE double precision is

not enough to represent the sum of % + f—z The sum can be represented when

k(A) < 10"67 10810 ll%\‘. It is too complicated to analyse the round-off in the solution
(3.35) when considering all the singular vectors v,. But so far, it is not a surprise that
the approximation quality is not contaminated by other factors when x(A) < 1017,
for some v > 0 in Figure 3.4.

One possible indicator for a good solution which can be well represented is that
the a in (3.35) should not blow up. The commonly used Picard condition in the
context of solving ill-conditioned integral equations is used to described such an
indicator. The Picard Condition, proved first by Picard in 1910 [49, p.160], is a
necessary and sufficient condition for the existence of a square integrable solution to
the Fredholm integral equation of the first kind (3.1). Suppose the kernel function

in (3.1) has a singular value expansion (SVE),
K(X7 y) = Z Okuk(x)vk (Y)7 (341)
k=1
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then the continuous solution a(y) to (3.1) can be represented as

o) = Yoy auly) = ST ) )

=1 =1
The Picard condition reads as follows.

Condition 1 (Picard Condition [49, III.§11][104, p.12|,[125, p.279]). An integral
equation of the first kind (3.1) has an unique square integrable solution a(y) if and
only if the series (3.42) satisfies

la@)IP = (ay),ay)) = 3 bR SO (3.13)

o o

The SVE is a generalization of an eigenfunction or Fourier expansion of a sym-
metric kernel function [188]. When K is symmetric positive definite, u, = vy,
the SVE (3.41) is reduced to the eigenfunction expansion, and the absolute and
uniform convergence of (3.41) is guaranteed by Mercer’s theorem [147|. For finite
dimensional operators (matrices), the SVE is the SVD.

Furthermore, (uj(x), f(x)) can be viewed as the generalized Fourier coefficients
of f with respect to the orthogonal system {uy}2, [49, p.160|. Large singular values
correspond to low frequency singular functions and small singular values correspond
to high frequency singular functions, see Figure 3.5 for illustration. In this sense,
the magnitudes |(uy(x), f(x))| determine the smoothness of f with respect to the
basis {ux(x)}%%; On the other hand, as we have seen in Section 3.1, the decay of
the eigenvalues (and thus singular values for symmetric kernels) is closely related
to the smoothness of the kernel functions.

As seen in the Hill-Tamarkin Theorem 3.3, the decay order of the eigenvalues
of a symmetric kernel has a close relationship with the decay order of the Fourier
coefficients. Furthermore Lemma 3.4 says the decay order of the Fourier coefficients
of a function depends on the smoothness of the underlying function. Both are
related to the decay order of the Fourier transform of the function. The decay

order of the Fourier transform can also be used to characterize the Sobolev space
[208, p.141]. The Sobolev space of order s, s > d/2, H*(R?) is defined as

HARY) = {f € Ly(RY N C(RY) : f(w)(1 + ||w]|?)*? € Ly(RY)}. (3.44)
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Figure 3.5: The k-th eigenfunction of an interpolation matrix with Gaussian radial basis
function e=®7” on a §x 8 regular mesh on the unit square. Smaller eigenvalues correspond
to higher frequency eigenfunctions.

Let the kernel function K € H*' and f € H*2. If we use this decay order as
that of o and (uk(y), f(y)) in (3.43), then the Picard condition essentially says
a well-conditioned solution should satisfy ss > s;, and H*> C H®'. Because H?*
is equivalent to the space W3, the set of square integrable functions which have
weak derivatives up to order s. Therefore larger s implies that functions in H*® are

smoother. Here we arrive at the smoothness matching condition.

Condition 2. A well conditioned solution to the Fredholm integral equation of the
first kind (3.1) or the interpolation problem (1.1) requires that the smoothness of
the target function f should be no less than the smoothness of the kernel function

or basis functions.

If the properties of the target function are known in advance, and there is room
for us to choose the basis function, condition 2 is a useful criteria for us to choose
a proper basis function. Otherwise, we have to use an alternative way to avoid bad

solutions.

3.2.3 The Discrete Picard Condition

In practice, the singular value decomposition (SVD) rather than SVE is em-
ployed to investigate the ill-posedness of the discrete problem (1.1). Recall that the
solution a can be represented as a combination of the singular vectors as in (3.35)
and thus

a3 = (D (3.45)
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Figure 3.6: The Picard plot of interpolation the test franke function with Gaussian radial
basis function and multiquadrics on a 17 x 17 mesh on the unit square. Where o} and u;,
are the k-th singular value and left singular vector of the interpolation matrix Ay, x or
Ax.x. Where Ay ya = f, and [lof = XN, B2/o2. When the cases (a) and (c) happen,
||| will blow up, a truncated SVD or other regularizations are usually used. Here we
can adjust the shape parameter so that the decay order of singular values o of the kernel
matrix (the smoothness of the kernel functions) matches the decay order of |B| (the
smoothness of the target function).

Analogously to the continuous case, Hansen [103] describes the Picard condition for

the discrete case.

Condition 3 (Discrete Picard Condition [104, p.37]). Suppose that there exist r
and T such that numerically o, = O(T),¥Y'k > r. Then the discrete Picard condition
(DPC), the restatement of the continuous Picard condition for the square integra-
bility of the solution «, is said to be satisfied if, for all singular values which are

larger than T, the corresponding coefficients |4 f], on average, decay faster than oy.
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The DPC can be illustrated by the Picard plot, see Figure 3.6. As illustrated
in Figure 3.6, in the context of radial basis function interpolation, there is room to
choose a kernel function by adjusting the shape parameter, so that the smoothness
of the kernel function can match that of the target function. As such, a natural
question immediately arises: how to choose the right shape parameter? Looking at

this problem from a statistical perspective can bring easier solutions.

3.2.4 Bias-variance trade-off principle

Recall the one dimensional kernel based density function estimation formula in

(1.13):

(3.46)

_ b i K(E
nh —
Choosing a proper shape parameter is equivalent to choosing a proper window width
or smoothing parameter h. The bias-variance trade-off principle is widely used to
choose a proper window width.

The bias of a kernel estimator is the difference between the mean of the estimator

and the true mean of the function:

bias, = by(z) = E(f(z)) — f(x)). (3.47)

The variance of the estimator is given by

var(f(x)) = E((f(x) = Ef(2))*). (3.48)

The mean integrated square error (MISE) which is also called risk in statistics, is
used to measure the global accuracy of the kernel estimator. MISE can be decom-

posed into two parts:

MISE, (f) = Risk(f, f) = /{f (z)}2dx —/ bh(m)2d$+/varf($)d$.
(3.49)
To get an optimal accuracy, we have to minimize the MISE or risk. Under mild

assumption of the kernel function and f, the bias term satisfies [204, p.314|

/ by (z)2da ~ ih‘* / ' (x)dz ( / xk(m)dm)Q, (3.50)
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and the variance term satisfies

< | K?*(z)dx
var f(x)dr =~ ——. 3.51
[ @) - (3.51)
An optimal smoothing parameter or window width is obtained by balancing the bias
and variance. Such a balance between the bias term and variance term is called the
bias-variance trade-off principle.

For example, the optimal window width for this one dimensional kernel estimator

is given by [204, p. 314]
0;2/505/503:1/5

/5 )
where ¢; = [2?K(z)dx, ¢ = [ K(z)?dz and ¢; = [(f"(z))*dz.

For high dimensional density function estimation, there are quite a few tech-

h = (3.52)

niques to get a proper window width or smoothing parameter. The idea is to define
a proper risk function and minimize the risk. We shall see how to use the cross-
validation methods to minimize a risk function so that a optimal shape parameter

for radial basis functions is obtained.

3.3 Discussion

There are a number of pioneering results on estimating the smallest (in mag-
nitude, hereafter) eigenvalue. There are two fundamental motivations. First, to
understand the solvability of a high-dimensional interpolation problem with cer-
tain radial basis functions, one has to prove that the related matrices do not have
any zero eigenvalues. For example, Ball proves [5] that the lower bound of the
smallest eigenvalue of a distance matrix is bounded away from zero. And Micchelli
proves that a class of conditional negative definite radial basis functions leads to
non-singular interpolation matrices [148]. Second, to understand the stability and
sensitivity of the interpolation system, one has to prove that the norm of the inverse
of the interpolation matrix is bounded. Such an upper bound depends on the lower
bound of the smallest eigenvalue of the underlying interpolation matrix. There are
quite a few papers on estimation the lower bound of the smallest eigenvalues, for
example see [8, 152, 153, 154, 176, 177|. There is also one paper which discusses an
upper bound on the smallest eigenvalues of kernel matrices [6]: it gives the lower

bound of the norm of the inverse of the interpolation matrix on a regular mesh, and
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also shows how ill-conditioned the regular mesh is. The proofs of these results are
complicated.

The Picard condition is usually used to evaluate the degree of ill-posedness of a
problem, see [56, 104, 125, 199, 200| for example. The well-posedness of solutions
to (3.1) is analysed via the singular value expansion [188].

Here we start with a concrete linear algebra problem. We prove the eigenvalues’
distribution of the interpolation matrix with limited use of the Fourier transform.
With the help of the SVD and the Picard condition, we derive a condition to
guarantee a solution which can be well represented on a computer, identifying that
the smoothness of the basis functions should match with the smoothness of the
target function. Form this point of view, if the problem is ill-conditioned, then it
is possibly because the target function, f, is in a larger space than that the basis
functions can recover. In such a case, one can adjust the shape parameter of the
basis function to make those two spaces closer. The risk function used in the bias-
variance principle seems to be one way to measure such distance between the target

function and the space which the kernel function can recover.
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4. Convexity and solvability of CSRBFs
with different shapes

As seen in Section 1.2, radial basis functions are promising candidates for high
dimensional scattered data approximation. To reduce the curse of high dimension-
ality, it has taken a number of mathematicians a long time to seek and construct
compactly supported radial basis functions (CSRBFs). When CSRBFs have been
found, it is natural to ask how well the CSRBFs can reconstruct a function, how to
use CSRBFs adaptively to further reduce high dimensionality and whether there are
some scalable algorithms for truly large scale scattered data. Negative results were
soon obtained from classical finite element results. It is more difficult for CSRBFs
to balance with accuracy and scalability than other methods, but remedies exist.
A positive and new result is that using CSRBFs with different shapes at the same

time is possible.

4.1 Accuracy and scalability

Let ¢ be a basis function (not necessarily radial). Consider the following ap-

proximation in H?® by the expansion of translates of ¢:

_ 'h
Y alh(x), with ¢f = hjﬂ(p <thJ ) , (4.1)

jezd

where h,, is referred as the window width, and h is the grid length. By default,
h = h.

Definition 4.1 (Strang-Fix). The basis function ¢ satisfies the Strang-Fiz condition

of order m if its Fourier transform ngS s such that

$(0) #0 (4.2)
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and ¢ has zeros of order at least m + 1 at points & = 2xj for j € Z3\{0}, i.e.

D¥G(¢) = 0 for [k| < m, (4.3)
where 5 5
D¢ = (G (a—%ﬁw- (4.4)

This condition comes from condition (i) in [192, Thm I (the simplest case when
the “trial space” is generated by only one basis function). Such a Strang-Fix con-
dition is a necessary and sufficient condition for (local) polynomial reproduction of
order m for ¢, i.e. all polynomials in 7,,(R?) can be written as linear combina-
tions of ¢ and its translates [192, p.808]. Local polynomial reproduction plays a
central role in local error estimation for radial basis function estimations, see [208,
Chapter 3|. For any p, 1 < p < oo, the approximant in (4.1) provides a local L,-
approximation of order m if and only if ¢ satisfies the Strang-Fix condition of order
m [52]{118, Thm 3|. Since the Fourier transform of any positive definite function is
positive, therefore positive definite kernels alone can not reproduce polynomials of
any order. Thus L, convergence can not be guaranteed. Also there is no positive
definite compactly supported radial basis function which satisfies the Strang-Fix
condition in a space of dimension greater or equal to 2 [214, Thm 2.3]. In partic-
ular, Buhmann in fact proves that the positive definite kernel, the Gaussian, does
not recover a constant function |29, Thm. 23].

We should be very careful to interpret such a result when comparing with avail-
able convergence results for positive definite kernels. The Strang-Fix condition
applies to the cases when the scaling parameter h,, in (4.1) is proportional to the
length of the grids A, such an approach is referred to as the stationary interpola-
tion. The stationary interpolation with positive definite kernels does not guarantee
convergence. Available convergence results for compactly supported positive defi-
nite kernels (for example [208, Thm 11.17]) in the author’s interpretation are for
the nonstationary approach, where the support of each basis function is kept as a
constant, when the data set is refined.

An interesting case is the interpolation with Gaussian with flat limit, ¢(r) =

wl2
q -l

e~(N?* with e — 0. Its Fourier transform, e %~ <2, tends to the delta function

which does not satisfy the Strang-Fix condition of any order, but does asymptoti-
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cally satisfies the Strang-Fix condition of arbitrary order in the sense that chi(f’ )
can arbitrarily tends to 0 for any & € Z4\{0}. In this case, the Gaussian tends
to reproduce arbitrarily order polynomials, which agrees with Schaback’s conclu-
sion that Gaussian interpolation with flat limit tends to the de Boor-Ron least
polynomial interpolate [53, 54, 55|. There is no surprise that the flat limit case
receives a lot of attention. So far, we would like to go back to compare the results
in Figure 3.4; the double precision results and the single precision results make
no significant difference on the trend of the approximation error, so there must
be an essential mathematical problem besides ill-conditioning. The reason lies in
that, even for a non-stationary approach, interpolation with the Gaussian does not
guarantee uniform convergence, but can achieve high order approximation up to
some saturation error; by adjusting the shape parameter the saturation error can
be made negligible in numerical applications [146]. This could explain in Figure 3.4
on page 48 why there is no essential difference on the trends of the evaluation error.

For globally supported radial basis functions, there is no difference on the storage
requirements between the stationary approach and the nonstationary approach,
whereas for CSRBFs, there is a significant disparity.

For the stationary approach, as each basis function has a window width pro-
portional to h, thus the non-zero elements of the interpolation matrix for each
basis function does not increase. The storage for the interpolation matrix is just
O(N), where N is the number of interpolation points, while for the non-stationary
approach, the number of interpolation points which are covered by each basis func-
tion increase proportionally to N, and thus the storage increases as O(N?). One
can slightly decrease the support as the number of interpolation points increases,

and this will lead to a storage increase only at the order of O(N?7%), 0 < 6§ < 1.

Observation 5. The storage for stationary interpolation with radial basis function
increases at the order of O(N) as the number of points N — oo; the storage for
non-stationary interpolation with radial basis function increases at the order of
O(N?7?) for some 0 < § < 1.

Here comes the dilemma, the stationary interpolation is scalable and thus po-
tentially useful for large data sets but it doesn’t converge. Once we figure out why

stationary interpolation does not converge, there might be some remedies.

99



The first way is to add low order polynomials like those conditionally posi-
tive/negative definite basis function like multiquadrics as in (2.7). For only recov-
ering the constant function, there is no problem. If the order of the polynomial
is high, we are not sure whether the interpolation matrix (2.9) is invertible on the
scattered data set.

The second way is based on the partition of unity approach to construct func-

tions which at least can recover constants. For example, one can construct function

like

—x;||/6
W — el
Zje{j:“xijHg&} o(|lx —x;]l/6)
A generalization of this approach leads to the moving least square approach [208,
Chap.4]. Such a scheme satisfies the Strang-Fix condition [133, 215] and is often

(4.5)

referred as the moving least square reproducing kernel method (MLSRK) in engi-
neering [138].

For the third approach, we attempt to explain the failure of stationary interpo-
lation according to the smoothness matching condition. When h — 0 in (4.1), the
combinations of the basis functions can only capture the high frequency informa-
tion and the low frequency information is filtered out. It is impossible to recover a
target function with limited frequency information. From this perspective, the low
frequency information is easy to obtain by using a subset of the interpolation points
with larger support. This leads to the multi-step or multilevel methods [79, 151].
In a coarse data set, a wider basis function is use to capture the low frequency
information, and in a fine data set, the support becomes smaller to capture high
frequency information. In this case the approximation spaces are generated by ba-
sis functions with multi-scales. Recent analysis shows that multilevel stationary
interpolation can converge [209].

As such remedies are available to balance the accuracy and scalability, it is
natural to ask how to choose the scale of the basis function for truly scattered data
and is it possible to use various scales at the same level.

As shown in Section 2.1, interpolation with radial basis functions of the same
scale can guarantee a non-singular interpolation matrix, whereas, if the interpolation
points and the basis function centres are different, or the basis functions are of

different scales or are different kinds of functions, the formula (2.4) does not hold
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and there is no such guarantee. An example of the latter case, using different
kinds of radial basis functions, is the original unsymmetrical collocation method for
solving partial differential equations (PDEs) with multiquadrics [120], where Kansa
uses basis functions of different scales or different combinations at each centre.
Here, we focus on compactly supported radial basis functions [208, 213|. Suffi-
cient conditions to guarantee a unique solution to the RBF interpolation problem
with different shapes are supplied. The conditions only depend on a local convezity
of the underlying basis function, and on a local geometric property of a neighbour-

hood of each centre. Information on both aspects are easy to obtain.

4.2 Results on convexity

A function is said to be convex on [a,b|, if Vzi,22 € [a,b] and V¢ € [0, 1]:
fltey + (1 — t)xs) < tf(xy) + (1 — ) f(xo). Let f(r) € C?a,b], if f'(r) < 0 and
f"(r) > 0 for all r € (a,b), then f is convex on (a,b). This section focuses on one
popular class of compactly supported radial basis functions—Wendland functions.

Recall that the Wendland function ¢4, is defined as

i = Ik¢[d/2j+k+l> (4.6)

where ¢y(r) = max{(1 — r)*,0} , || is the floor operator, and Z is the integral

operator defined as

T(¢)(r) == / T io(t)dt. (4.7)

Here, ¢qx(]|x||) is a compactly supported radial basis function and ¢4, € C*(R?).

Another operator is defined as

Do(r) = —%gb'(r), for ¢ € C*(R). (4.8)

It is known that DZ¢ = ¢ and ZD¢ = ¢ [208, p.121|. Applying the formula (4.8),
we can get the following properties of functions defined by (4.7).

Lemma 4.1. If ¢ € L1]0,00) is a non-negative function, then,
1. LTR¢(r) = —rZF1p(r) <0, for k > 1;
2. LTRG(r) = r?TF2¢(r) — T '¢(r), for k > 2.
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Proof. Because ¢ is non-negative, by the definition of the operator Z in (4.7), Z*¢(r)

is non-negative. Employing the formula (4.8), we can get

%kaﬁ(r) = —rDI%(r) = =" 'o(r) < 0.

The second part holds because

Er = L aD7190) = 12T 20(r) - 000
dr? dr :

O

The first part of Lemma 4.1 demonstrates that Wendland functions are non-
increasing on [0, 1], and the second part gives a recurrence formula to compute the

second derivative of a Wendland function.

Lemma 4.2. If ¢(r) is a continuous and monotonically decreasing function on
0, 1], which satisfies ¢(0) > 0 and ¢(1) = 0, then for the function

£(r) = r26(r) - / 1o (t)dt,

there exists a positive number v € (0,1) such that f(r) >0 on [, 1].

Proof. Since ¢ is a monotonically decreasing function on [0, 1], then for any ¢ €
(r,1), 0 < ¢(t) < ¢(r). By the Cauchy-Schwarz inequality,

[ 1 to(t)dt < < / 1 t2dt) v ( / 1 ¢2(t)dt> v

1—73 =13
<\ 5 @VI=7) <o)/ ——
Therefore
9 1—73
10> (2 =[5 ) o) = hirotr), (1.9
Compute h'(r) = 2r + 2% > 0 on (0,1). On the other hand, h(0) = —4/1/3
and h(l) = 1 > 0. Therefore, according to the intermediate value theorem for

continuous functions, there must exists a positive number + € (0,1), such that
h(~v) =0 and h(r) > 0 on (v,1). Thus f(r) > 0 on [y, 1]. O
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Theorem 4.1. For any Wendland function ¢q ), defined above, there exists a positive

real number q € [0,1), such that ¢qy is convex on [q,1].

Proof. Itk =0, ¢g0 = (1—r)\ 92T ), ((r) = =1(|d/2]+1)(1—r)l92 < 0on (0, 1).
If d =1 ¢j,(r) =0, otherwise ¢}j,(r) = (—1)*(|d/2] + 1)(|d/2])(1 — r)l¥/2=1 > 0.
Thus ¢q,0(r) is convex on [0, 1].
For k = 1, ¢g1(r) = [ t(1 — /2 qt @) (r) = —r(1 — 7r)l42+2 < 0 in
(07 1)7
aa(r) = (L= )2 (/2] +3)r - 1).

Let g = Ld/2J+37then¢ 1(r) >0 on [g,1].
For k > 2, by Lemma 4.1, ¢, (r) < 0 and

He(r) =T 20 (r) — TV gy(r)

where ¢ = |d/2| +k+1 and ¢y(r) = (1 —7). Define (r) = Z¥"2¢,(r), then op(r ) i
a decreasing and non-negative function on [0, 1]. Note that Z¥~ ¢, (r) f to(t)
Employing Lemma 4.2, there exists a positive 0 < v < 1, such that ¢, (r) is positive
on [y,1]. Let ¢ =+, which finishes the proof. O

Lemma 4.3. For any Wendland function ¢qx(r), there exist a positive number m
and ¢, such that for r € (01,1), ¢par(r) <c(l—r)™

Proof. Because ¢4 vanishes at 1, thus ¢z, = (1 —7)"p(r) on [0,1] (see (2.16)),
where p(r) is a polynomial with non-zeros on [0,1]. Let ¢ = max,¢jo1)p(r), since

¢a 1s positive on [0, 1), thus ¢ > 0. O

4.3 Results on solvability

Let N (xj,n;) C X = {x1,X2,...,xnx} C R% be the set of the n; nearest
neighbour points to x;, where x; ¢ N (x;,n;). For each N'(x;,n;), define

- . — d R, = R 410
& xke}\fn(lg’”j)HXk x| an / XkeIAr/l&}j,nj Ik = ( )
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(a) Scaled neighbourhood of x;. (b) Wendland function ¢s3 1.

Figure 4.1: (a) illustrates a scaled neighbourhood of x; with 10 neighbour points. (b)
—m

illustrates a Wendland function which is convex in (g,1). One can see that % = Lm

1—q
holds, which is used to prove Theorem 4.2.

It is obvious that N(x;,n;) C B(x;, R;)\B(x;,7;), where B(x, R) is a Euclidean

ball with center x and radius R. Further, define

T 1
4 = EJ-’ and m; = — > lxe—xll. (4.11)
J 770 XkEN(Xj,nj)

It is easy to find that 0 < ¢; < m; < 1, the equalities holding only when
all of the points in N (x;,n;) are located on the same sphere with x; as center
(including the special case n; = 1). The quantities ¢; and m; are associated
with the particular geometric property of N (x;,n;): the points in NV (x;,n;) are
located in B(xj, R;)\B(x;,r;), and can be viewed as distributed on the sphere
|x; — x|l = m;R; on average. Such a local geometric property only depends
on the relative distances between x; and points in N (x;, n;).

Denote the radial basis functions ¢(||x||) with different scales, ¢;, as ¢, (x) =

o(€]|x]]), for 1 < j < n. The interpolant is written as

s = a6, () (4.12)

and the corresponding interpolation matrix on the data set X' with {¢}7_; is
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(a) N(x;,6) for a distort grid grid  (b) N(xj,7) for a FEM mesh

Figure 4.2: A demonstration of radial basis functions with different supports for non-
uniform grid.

denoted as A¢Ej X

Theorem 4.2. Let ¢(r) be a univariate compactly supported radial basis function
on [0,1] which is convex on [q,1] and satisfies p(0) = 1. X = {x1,Xa,...,Xn}
is a scattered data set in R?. For a set N'(x;,n;) of n; nearest neighbour points.
R; is defined by (4.10) and q; and m; are defined by (4.11). If for every x; € X,
there is a set N'(x;,n;) of nj nearest neighbouring points which satisfies q¢; > q and

mj > 1— z;)flj, then the interpolation matriz Amj,x = o(€]1xi — x4 )1<ij<n s

o(q
non-singular when €; > 1/R;.

Proof. For x; € N'(x;,n;), define dy; = w Since ¢; = ;—jj > ¢, then for each
k and j, dy; > q; > q. Suppose now yy; is defined so that the points (dj;, yx;) are
located on the straight line which passes through (g, ¢(q)), and (1,0), then y;; =

11__d’(;j (g). Since di; € (¢j,1) C [g,1] and ¢ is convex on [g¢, 1], then yi; > ¢(dy;). It

follows that

> o= S ey =0 <1 @y

1 _
xk EN (.15) xk €N (x5.m5) 4

under the stated assumption that m; > 1 — l_flj. This proves that when the scale

#(q)
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parameter €; is taken as €; = 1/R; then for each j we must have

L= Y dldy)=0(0)— D dlellxe—xll2) > 0.

xEEN(x5,n5) xELEN (x5,n5)

That is: the interpolation matrix A¢5j x is diagonally dominant and thus non-

singular. For the case ¢; > 1 /R; , this follows because

9@ =0(0) = > lellxi —xll2) (4.14)

xpEN (x;,m5)
is a decreasing function on e. O

Remark 4.1. If n; =1, theng; =m; =1 > 1— (ﬁ%q;)ij, Theorem 4.2 always holds. In
this case the interpolation matrix is a diagonal matrix, and of course non-singular.
However, this case is not of interest. For n; = 2, then the non-zero off-diagonal
elements are always smaller than 1 if ¢; = 1/R;, even if N (x;,2) does not satisfy
the conditions of Theorem 4.2. When ¢; < ¢, the nearest point is too close to x;

and the two basis function are more likely to correlate to each other.

Ezample 4.1. Consider the Wendland function ¢s,(r) = (1—r)% (4r+1), its convex
interval is [0.25, 1]. Consider a point x; on the equally spaced mesh in R?; see Figure
4.3(a) for illustration. Let R; = 1 for N(x;,n;), n;j = 5,6,7,8. ¢; = */75 > 0.25,
m; = Y2 + 1 ~0.8536 for n; = 8.

1-0.25

— ———————— =~ (0.8519 < m,.
8¢31(0.25) !

Therefore on the equally spaced mesh in R?, N(x;,n;) for n; < 8 satisfy Theorem
4.2. This also illustrates that on a equally spaced mesh, the radii for a compact
support basis function which satisfies Theorem 4.2 is proportional to the underlying

grid size.

Theorem 4.3. Let ¢ be a compactly supported Wendland radial basis function. For
any set of distinct point X = {x, € R* k =1,2,...,n.}, there exist scale parameters
¢j, such that each column of the interpolation matriz Ay, x = o(€51xi —%5l|2)1<i.j<n
1s strictly column diagonally dominant and each column has at least 3 non-zero

elements.
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(a) On an equally spaced regular mesh (b) On a mesh filled by isosceles triangles

Figure 4.3: Two examples for the supports of basis functions which satisfy a diagonally
dominant condition.

Proof. For given x;, let

oy = min [ — %5l s = min [l — ], form > 1
i#j x5 —x;[I>pm

and
N(p) == ##{xx : 0 < [|xx — x4 < p}.

be the number of points whose distance to x; smaller than p, then for any 6 > 0
such that p; + 6 < pa, we have N(p;) = N(p1 + J). According to Lemma 4.3, we
have
> ool <o - 2y (4.15)
xkEN (N (0) P P
If N(p1) > 2,1et p =38+ p1 < po, and force the right hand side in (4.15) less than
one, we get

pT X 1 1/
5 < = §*, where T = m
Sqop = whee T=(T505)
1

Then for any 0 < 6 < min{d*, po — p1}, the shape parameter ¢; = S5 can make the

j-th column have N(p;)+ 1 non-zero elements and be column diagonally dominant.
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For the case N(p;) = 1, let p:= py + § < p3, then

[k — x| 2 P2
D, ) SO e (pe) — D)

< o(—PL) 4 o(N(pa) — 1)(—2ym

p1+9 p2+0
1 0
< (L) el(N () = 1)) = J6),

f(0) = ¢(£;) < 1and f(0) is a monotonically increasing function. Suppose f(6) < 1
has solutions on (0, §*) for some §*. Then for any 0 < é min{d*, p3 — p2}, the choice
€ = /ﬁ makes the column have N(p2) + 1 non-zero elements whilst keeping the
diagonal dominance condition . O]

Remark 4.2. Theorem 4.3 indicates that a point set X satisfying the Theorem is
a sufficient but not necessary condition to guarantee a non-singular interpolation

matrix with RBFs of various shapes.

Example 4.2. Consider a mesh which consists of isosceles triangles as illustrated in
Figure 4.3(b). Since N(p;) = 6, N(x;,n;) for n; < 6 satisfy a diagonal dominant
condition but they result interpolation matrices with only one non-zero element in
column j. For N(py) = 12, let p, = R; = 1, where R; corresponds to N (x;, n;) for
n; = 7to 12, then ¢; = \/Tg > 0.25 and 1 —6%¢31(g;) ~ 0.3664 > 0. Therefore, when
using ¢3 1 with radius as p,, a diagonal dominant condition can also be guaranteed.
The largest n; such that N (x;, n;) satisfies Theorem 4.2 is 8.

Remark 4.3. Both Example 1 and Example 2 illustrate the radii of the basis func-
tions which can guarantee diagonal dominant interpolation matrix is a relative value

to the mesh size.

Finally, we conclude with a useful practical observation that interpolation ma-
trices constructed from Theorem 4.2 and 4.3 have an nice property which can guar-
antee (incomplete) LU factorizations. Matrices with such a property are called
H-matrices. An H-matrix is a generalization of an M-matrix. A real matrix
A = (aij)1<ij<n With a;; < 0 for all i # j is an M-matrix if A is non-singular
and A7! is a non-negative matrix. A matrix A is an H-matrix if its comparison

matrix M(A) is an M-matrix, where the comparison matrix M(A) = (o ;)1<ij<n
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Table 4.1: Estimations of the convex interval for Wendland functions

Smoothness Function convex interval
c? Pro=1-r7)s [0, 1]

c? b1 = (L= 1) (3r +1) L1)

ct Gro=(1—7)2 (82 +5r+1)  [0.2760,1]

c° ¢30=(1—71)3 [0,1]

c? ¢31 = (1 —r)i(4r+1) [ 1]

ct 32 = (1 —r)5 (3512 + 18r +3)  [0.2356, 1]

c° ¢s0=(1—7)3 [0, 1]

02 ¢571 = (1 — 7“)3_(57“ + 1) [%, 1]

ct ¢50 = (1 —7)(16r2 + 7r +1)  [0.2056, 1]

is defined by
Qi = ’ai,i|> and Q5 1= —]am-\ for ¢ 75 j, (1 S ’l,j S 77,)

H-matrices can guarantee stable incomplete factorization pre-conditioners [202].

Theorem 4.4. The interpolation matrices in Theorem 4.2 and 4.3 are H-matrices.

Proof. Theorem 4.2 and Theorem 4.3 guarantee that the underlying interpolation
matrix is strictly diagonally dominant. The result follows due to a established result:
if a matrix is either a strictly diagonally dominant or an irreducibly diagonally
dominant matrix, then A is an H-matrix [201, p.92, Theorem 3.27]. ]

4.4 Convex interval and eigenvalue bound

4.4.1 Estimation of the lower bound of the convex interval

A more accurate estimation on the threshold ¢ for the convex interval [g, 1] can
supply a tighter lower bound on m;. For the Wendland function ¢4, we can take
= 0; for ¢g1, ¢ = m. In both cases ¢ is minimal. It is easy to find out that
the lower bound of the convex interval ¢4, becomes smaller as d increases. This is
also true for ¢40 when d = 1,3,5. See Figure 4.4. Though neither Theorem 4.2 nor

Lemma 4.2 indicates that there is only one root for ¢, (r) = 0 for k& > 2, this is
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Figure 4.4: The second derivatives of Wendland function ¢q(r) ford =1,3,5and k = 1, 2.
The root of ¢/ () in (0,1) is the exactly tight bound of ¢.

true for the case k =2 and d = 1, 3, 5. It is possible that qbgk at most has only one
zero in (0, 1). The estimations of the threshold ¢ for several Wendland function in

Table 4.1 are computed by Mathematica.

4.4.2 Sharper bound for m; and eigenvalue distribution

From Figure 4.1(b), as one might predict, the lower bound on m; in Theorem
4.2 can be far from tight in most cases. For a tighter bound on m;, one can use %
in (4.13). One can even verify the diagonal dominance by “brute force”—evaluate
o(€j||xx — x;||) directly, but this involves more computations, every time changing
the support or the size of the neighbourhood means that one has to re-evaluate
the function. However, even if only some of the centres are checked according
to Theorem 4.2, it can save a lot of computations when adaptively choosing the
support.

In either case, one can guarantee that the smallest eigenvalue of the interpolation
matrix is bounded significantly away from the origin. The diagonal dominance
indicates that p = ||A¢€].,X||1 < 2. According to the classical Gerschgorin disc
theorem [201, p.16], all the eigenvalues of the interpolation matrix are located in a

disc with center (1,0) and radius p1— 1. The upper bound on the ratio of the largest

eigenvalue to the smallest length of the eigenvalue is ﬁ
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4.5 Discussion

The negative results [214] according to the Strang-Fix condition are seldom
mentioned in popular publications. Wendland uses local polynomial reproduction
properties explicitly in monograph [208, Chap 3|, but does not mention the Strang-
Fix condition. Chapter 5 of [208] discusses the moving least square approach, in
fact such a method satisfies the Strang-Fix condition [133, 215|. Buhmann [32] uses
the cardinal function approach to derive the local polynomial reproduction prop-
erties, where he discussed that the cardinal function approach is consistent with
the Strang-Fix condition for conditional positive/negative functions, where he calls
such functions admissible of order m. He proved that it is impossible for pseudoad-
missible basis functions to recover constants [29, Thm 23|, and pointed out that the
Gaussian belongs to the pseudoadmissible functions. For non-stationary Gaussian
radial basis function approximation, which conflicts with the Strang-Fix condition,
it converges to some saturation error. It is unknown whether similar situations
happens for other positive definite kernels. Fewer comparisons on the approxima-
tion quality between radial basis functions and other methods are reported in the
literature. In [29], Buhmann did not mention positive definite CSRBFs because
positive definite CSRBFs were constructed later. It is easy to prove that positive
definite CSRBFs are pseudoadmissible. In his book [32], he did not mention that
CSRBFs do not satisfy the Strang-Fix condition, but pointed out that estimation
of the saturation error for some functions is an open problem.

That stationary interpolation with positive definite CSRBFs does not converge
has been observed for a long time. It was believed that such a behavior had not been
fully understood [70, p.99|. Here, we have easily proved that stationary interpola-
tion with positive definite CSRBFs does not converge according to the Strang-Fix
condition.

According to the Strang-Fix condition, the multilevel approach can converge, if
there is a function U € span{¢s,, ¢s,,. .., ¢s, } which satisfy the Strang-Fix con-
dition. If there is, it is not clear how to adjust such a scale J; such that only a
limited m is enough. It seems very hard to apply to the multilevel approach to
truly scattered data with many levels. The method presented here uses CSRBFs of

different shapes which increases the variability of the scales in the same level, we
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shall further integrate such a scheme into a multilevel approach in Chapter 7.

Interpolation with radial basis functions with different shapes are motivated by
applications. For complicated real applications, it is helpful to use an adaptive
refinement scheme, arranging more data where necessary to reduce the total com-
putational complexity. In this case, one also wants to use radial basis functions with
different scales for locally clustered points; if two basis function centres are too close
to each other, the corresponding two columns of the system matrix A are nearly
linearly dependent, and thus the matrix can be ill-conditioned. Whereas if such
two basis functions employ different scales or are different, then the conditioning
may be improved [88]. The idea of using radial basis functions with different scales
dates back to the 1970s [174], whereas few practical results for large data sets were
obtained. There are papers which discuss how to choose various shape parameters
both numerically [22, 57, 81, 117, 121, 175, 219] and theoretically [20, 22|. In par-
ticular in [20], Bozzini et al. use matrix perturbation arguments, concluding that
if the scales do not vary a lot across the domain, then interpolation with various
scales can result in a non-singular interpolation matrix. The threshold of variation
of the scales depends on the estimation of the smallest eigenvalue of an interpo-
lation matrix with the same scale [20, Theorem 2|; such a dependence limits the
utility of the method. Recently these results were improved [21]. Solvability for
other interesting cases remains to be established for general radial basis functions.

A further open question arises: since positive definite compactly supported ker-
nels do not satisfy the Strang-Fix condition, and since there are constructive ways
to guarantee the diagonal dominance condition, are there non positive definite com-
pactly supported functions which have a better local polynomial reproducing prop-
erty? For example, compactly supported radial basis function with degrees less
than that of Wendland function?
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5. Assembly of interpolation matrices

The aim of this chapter is to design and implement efficient algorithms to check
the diagonal dominance conditions discussed in Chapter 4, and assemble the un-

derlying interpolation matrix with radial basis functions of different shapes.

5.1 Check Theorem 4.2

We assume that the k£ nearest neighbouring points for each center have been
sorted out, and these points are arranged in the ascending order according to cor-
responding distance values. This can be achieved by a k nearest neighbour search
procedure, for example, the knnsearch function in Matlab. The nearest neighbour
search algorithm usually employs the kd-tree structure which can be constructed in
O(dN log(N)) time [208, p.240|, and finding the k nearest neighbouring points can
be done in O((log N +k)N) time [208, p.248] based on the kd-tree or bd-tree search.
A faster approximate nearest neighbourhood search algorithm is also available [144].

Once the initial k& nearest neighbouring points are obtained for each center, we

only need to check the following two conditions:

Condition A : ¢ > q, (5.1)
l—¢q
o(q)n;

Condition B : mj >1— := RHS, (5.2)
where g;,m;,q,n; are defined in Theorem 4.2. Suppose that the queried nearest
points including the center itself are stored in an array dst. Then a Matlab code
in Program 5.1 illustrates one possible way to find the largest number n; (mnj in
the code) which satisfies Theorem 4.2.

Techniques like using cumsum and ./ increase the efficiency of the Matlab code
by vectorizing. This code works very efficiently up to a certain scale (depending
on hardware), but is not suitable for large scale point clouds because it is not
memory efficient and there are redundant computations. Memory efficiency plays
an important role in designing scalable algorithms for large scale point clouds. A

memory efficient procedure is described in Algorithm 5.2. The idea of the procedure
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Program 5.1 A Matlab program to check Theorem 4.2

function|dsto ,mnj,G|—checkt(dst,q,rbf)
%% A Matlab function to find a neighbourhood satisfying theorem

%IN: dst:distance of k mearest neighbouring points in ~ order
% rbf: a function handle
% q: the lower bound of the convex interval of rbf
Q0UT: dsto: elements of the interpolation matriz within current
center

% mnj: the largest number of nj satisfying theorem
% G: G=[r_j, R_j, q_j, mj, lower bounds of eigenvalue|
k=length (dst) —1; % the number of mneighbours
dst2=dst (2:end) ; % remove the center itself;
cs=—cumsum(dst2) ; % cumsum
nij=[1:k]’; % column wvector of nj
mj=cs./(nlj.xdst2); % mj as a vector of k
qj=dst2(1)./dst2; % qj as a vector of k
RHS—1—(1—qj) ./ (n1j.xrbf (qj));
mask=find (mj>RHS &qj>q); % satisfy mj> RHS and qj>q
if Tisempty (mask)

mn j=max(mask) ; % find the mazimum nj
else

mnj=2; % otherwise mnj—2
end

dsto=|[1; rbf(dst2(l:mnj)/dst2(mnj))|;
G=|dst2(1), dst2(idx),qj(mnj), mj(mnj), l-sum(dsto(2:end)) |;

Algorithm 5.2 An algorithm to check Theorem 4.2

1: Start with n; =0, m; = ¢; = 1, RHS=0.
2: while m; > RHS and n; < k. do
3 Increase n;, increase R;.

4 Update g;.

5: if ¢; > ¢ then

6 Update m; and RHS.

7 else if n; == 1 then

8 Rj = (p1+p2)/2.

9 end if

10: end while

11: Set n; and R,;.

is: start with the nearest neighbouring point and then increase the number of

neighbouring points until either condition fails. If one condition fails when there
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are only 2 nearest neighbouring points, the radius is forced to be R; = (p2 + p3)/2,

where py and p3 are defined as in Theorem 4.3, i.e.

pr =min|x; —x;|| and ppp= min ||x; —x|, form=1,2,.... (5.3)
i#] i = [[>pm

Program 5.5 at the end of this chapter is one possible C/C++ implementation for

Algorithm 5.2. Compared with Program 5.1, it only needs 4 numbers: cs,qj,mj

and rhs.

5.2 Check Theorem 4.3

Algorithm 5.2 can be improved so that a larger n; can be selected, and the
condition in Theorem 4.3 that each column of the interpolation matrix contains

at least 3 non-zero elements is guaranteed. For this, the sharper bound on m;
(discussed in § 4.4.2)

o(g)n;

Condition C : mj >1— (5.4)
is used after the condition B in (5.2) fails. At the beginning, a bold step to increase
the neighbours according to condition B in (5.2) can be used. As soon as condition
B fails, the condition C will be employed. The procedure is described in Algorithm
5.3, and a C/C++ implementation of the algorithm is described in Program 5.6 at
the end of this chapter.

5.3 Complexity and numerical verification

Once the support of each center has been determined, it is easy to generate
the interpolation matrix. An algorithm to assemble the interpolation matrix is
illustrated in the Matlab code in Program 5.4, which is based on Program 5.1. Now
we derive the computational complexity of Program 5.4. In Program 5.1, the cumsum
takes k operations, calculating mj and qj takes 3k and k operations respectively,
calculating RHS takes 4k operations plus k£ evaluations; the find step only need 2k
comparisons and k logical operations. Suppose k is a number less than 100, then
the total operation count is at most O(k?). If k neighbouring points are supplied

for each point, then the total operations to calculate entries for the interpolation
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Algorithm 5.3 Adaptive algorithm to check diagonal dominance conditions

1: Start with n; =0,¢; =1,m; =1, RHS =0

2: while ¢; > ¢ and m; satisfies the condition B in (5.2)and n; < k — 3 do
3: n; < nj+2

4: Update m; and g;.

5: end while

6: if (nj =2) then

7 Set n; = 3 and adjust R; to satisfy diagonal dominance condition

8: else

9: Step back n; and update m;, ¢;, and RHS according to Condition C in (5.4).
10: while n; satisfies the condition C in (5.4). do
11: nj <= nj+1 // use small step
12: Update m;, ¢; and RHS according to condition C in (5.4).
13: end while
14: Set n; and R;.
15: end if

Program 5.4 A Matlab function to generate the interpolation matrix

function|[A ,R,mnj|=mkA(dsites,rbf npts,q)

% IN : dsites: the interpolation points

rbf: the radial basis functions

npts: the initial number of neighbouring points
qg: the lower bound of the convex interval of rbf

N N N N N X

ouT : A:  the interpolation matriz
R: The radials of each basis functions
nj: the numbers of neighbouring points of the j—th
basis
% function

% Requires package: statistics toolbox:knnsearch
NN=length (dsites) ;
[idx ,dist|=knnsearch(dsites,dsites, 'k’ npts, 'NSMethod’, kdtree’)
idx=idx ’;dist=dist ’;
A=spalloc (NN,NN,NN*npts) ;s—zeros(NN,5) ;mnj=uint32(ones(NN,1));
for k=1:NN
[dst ,mnj (k) ,G|=checkt(dist (:,k),q,rbf);
R(k)=G(2);A(idx(1l:mnj(k)+1,k),k)=dst;
end
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Figure 5.1: Data sets, interpolation matrices, and the eigenvalue distributions for the
TriDisc problems. The blue circles in (¢) and (f) are eigenvalues, and the blue dashed
lines are the boundaries of the convex hull of all the eigenvalues.

matrix is at most O(Nk?). Furthermore, for each point, this procedure can run

independently and thus is convenient for parallel computing (by replacing the serial
for loop in Algorithm 5.4).

Theorem 5.1. Suppose the initial k nearest neighbouring points to each center are

given, it takes most O(N) operations to assemble an interpolation matriz according
to Algorithm 5.4 and Algorithm 5.3.

Program 5.4 can also return the information n; and R; for each center and the
corresponding lower bound on the smallest eigenvalue.
Ten scattered data sets are used to verify the presented algorithms. Our first 2

scattered data sets in Figure 5.1(a) and Figure 5.1(d) are generated by the following
Matlab code
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[7,p,e,t]=adaptmesh(’cirsg’,’cirsb’,1,0,0, ’maxt’,k, ...

>tripick’,’pdeadworst’, ’ngen’,inf) ;TriDiscl=p’;

We refer to the problems as TriDiscl (T1), when k = 100 and TriDisc2 (T2),
when k = 3000. The other 8 problems come from our applications in Section 9.1.
One for the 2D parametric heart curve (HC) reconstruction problem; four for the
Stanford bunny model (B4, B3, B2, B1), and three for the Stanford dragon model
(D3, D2, D1). In all cases, the Wendland function ¢31(r) = (1 — r)%(4r + 1) is
employed.

Figure 5.1(b) and Figure 5.1(e) illustrate the structure of the interpolation ma-
trices generated by Program 5.4. Figure 5.1(c) and Figure 5.1(f) illustrate the
eigenvalue distribution of the corresponding interpolation matrices.

A collection of results on n; and R; that satisfy Theorem 4.2 according to
Program 5.4 are listed in Table 5.1. Similar results and timing based on Algorithm
5.3 are put in Table 5.2. We observe that the average number of neighbouring
points of each center n; tends to be a number around 10 for the tested data.

Table 5.3 reports the timing results for the C/C-++ implementation of Algo-
rithm 5.5, and compares these results with the time for the data querying part by
knnsearch with the kd-tree method. The time for the checking procedure can al-
most be neglected. The last column in Table 5.3 is the time for the sparse function
in Matlab to construct a sparse matrix, when all the vectors of indexes and the
vector of elements are available. Such a procedure is not necessary if one only uses

the C/C++ environment.

5.4 Discussion

We have demonstrated that using CSRBFs of different shapes as described takes
little time when compared with the pre-processing part, the data querying part
based on fast nearest neighbourhood search. Fast nearest neighbourhood search
plays an important role in scattered data approximation and other applications
based on a point cloud.

According to Table 5.1 and Table 5.2, the methods described in Chapter 4 result
in well conditioned interpolation matrices. The results also show that interpolation
with radial basis functions of different shapes in such a way requires limited memory.

We shall examine the approximation quality later, and now we consider how to solve
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these linear systems efficiently.

Table 5.1: Information of test problems from Program 5.4. The A\yin and Ayax are cal-
culated by eigs in Matlab. p is the 1-norm of the interpolation matrix as discussed in
Section 4.4.2.

p A Eig Information n; Scale Range (R;)
rob . ~ - - -
size nnz| e | A min ﬁ 2 — ujmin max mean/min max mean max/min
HC 252 1704/ 2.23 0.63 4.0 045| 6 8 6.7 0.1095 0.3568 0.2275 3.3
T1 117 989/2.47 0.63 7.6 023 6 14 8.5(0.21630.4 0.2824 1.8
T2 2050 18350/ 2.90 0.57 10.8 0.17| 4 14 9.0 |3.8e-4 0.1515 5.0e-2 391.9
B4 1351 9911 3.87 0.42 10.7 0.17| 3 16 7.3 |3.5e-3 1.6e-2 1.0e-2 4.6
B3 5643 42825/ 3.50 045 88 020 3 17 7.6 |1.6e-3 8.7e-3 5.3e-3 5.6
B2 24425 18398813.95 0.41 12.0 0.15| 3 21 7.5 |1.3e-4 4.2¢-3 2.6e-3 32.2
Bl |105615 740493/4.00 0.41 189 0.10| 3 21 7.0 |5.8¢-6 2.9¢-3 1.2¢-3 510.3
D3 15563 117362| 3.83 0.43 10.1 0.18 | 3 24 7.5 |2.6e-4 5.8e-3 3.51-3 22.0
D2 68830 512376/4.02 0.41 14.1 0.13| 3 19 7.4 |1.5e-4 3.4e-3 1.7e-3 22.2
D1 300298 2136353(12.20 0.15 13.3 0.14| 2 24 7.1 |2.1e-5 2.3e-3 7.9¢e-4 109.8

Table 5.2: Information of test problems from Program 5.6. The A\yin and A\jax are cal-
culated by eigs in Matlab. p is the 1-norm of the interpolation matrix as discussed in
Section 4.4.2.

P A Eig Information n; Scale Range (R;)
rob - X - - -
size nnz| e | A min ﬁ 2 — py|min max meanmin  max mean max/min
HT 252 1704/2.23 0.63 3.49 045| 6 8 6.8 |1.1e-01 3.6e-01 2.3e-01 3.3
T1 117 989/2.48 0.63 7.60 0.23| 6 14 8.5 |2.2e-014.0e-01 2.8e-01 1.9
T2 2050 18350[2.90 0.57 10.8 0.17| 4 14 9.0 |3.9e-04 1.5e-01 5.0e-02  391.9
B4 1351  14603(15.65 0.12 19.6 0.10| 3 22 10.8|3.0e-03 2.1e-02 1.3e-02 7.0
B3 5643 63678/6.95 0.25 7.6 0.23| 3 24 11.3|1.5e-03 1.1e-02 6.8¢-03 7.7
B2 | 24425 275281|6.00 0.17 9.8 0.19| 3 24 11.3|2.0e-04 5.3e-03 3.4e-03 26.3
B1 |1056151127137/4.24 0.40 19.8 0.10| 3 27 10.7|5.8¢-06 3.6e-03 1.6e-03  616.5
D3 | 15563 173323|28.22 0.07 53.4 0.04| 3 27 11.1(4.0e-04 7.3e-03 4.4e-03 18.4
D2 | 68830 763863|36.34 0.05 197.4 0.01| 3 27 11.1|1.5e-04 3.7e-03 2.2¢-03 23.9
D1 |300298 3167659|41.19 0.04 64.4 0.03| 3 27 10.5|2.4e-052.8¢-03 1.0e-03  116.1
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Table 5.3: Timing results for the procedure of checking diagonal dominance condition.
Time in seconds, C/C++ implementation for Algorithm 5.5

Prob N | knn check sparse
B4 1351 | 0.0130 | 0.0002 0.0015
B3 5643 | 0.0543 | 0.0009 0.0068
B2 24425 | 0.2576 | 0.0040 0.0342
Bl 105615 | 1.2357 | 0.0180 0.1546
D3 15563 | 0.1641 | 0.0027 0.0213
D2 68830 | 0.7776 | 0.0119 0.1023
D1 300298 | 3.5881 | 0.0521 0.5041

81



15

16

Program 5.5 A C program for Algorithm 5.2

double rhsrbf(double r, int nilj)
// a function for the right handside §\|delta$
{ return 1—(1-r)/(nlj*xpow((l1—1) ,4)x(4xr+1));}

void checklcol(double *first,int k, int xnj,double *R)
{/* input: xfirst, adrress of the first nearst neighbouring

point
q the lower bound of the convex interval
k: the N(z_j, k) nearst neighbouring points
nj: address to store nj
R: address to store R
output: nj, R with selected wvalues %/

int nj1=0; // starts with nj=0
double cs=«+first,qj=1.0,mj=1.0,rhs=0.0; // ¢s is current
cusum
while (mj>rhs && n1j<k) // check diagonal dominance
condition
{ qj =first|[0] /first[++(njl)]|; // increase nj and comput
qJ
if(qj >=q) // qj locates in the conver interval
{ rhs= qj==170:rhsrbf (qj,nlj); // compute rhs,
cs += first|nlj]; // accumulate cs
mj —cs/(nlj*xfirst|njl]); // calculate mj
}
else // if qj<=q, check diagonal dominance by brute
force
{ if(n1j==1)
{ while(first|n1j|==first|[nlj+1]|) +4nlj;
*R=.5x(first|[nlj|+first[nlj+1]); //
}

break;
}
}
if(n1j!=1) {  #*nj=—mnilj; *R=first|[nlj|; }
else { *R=first|nlj]; *nj=nlj;}
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Program 5.6 A C program for Algorithm 5.3

double rhsrbf (double r,int n1j)
{ return 1—(1-1) /(nlj*pow((1—1) ,4)x(4*xx+1));}
void checklcol2(double xfirst, int k, int xnj, double %R)

{

/* dnput and out put the same as the algorithm checklcol.x/
int n1j=0; double ¢cs=0.0,9j=1.0,mj=1.0,rhs=0.0;
while (mnj>rhs && qj >=q && n1j<k—-3) // Use coarse conditon
{ //after while loop nlj =2 —> 4 —>6 ..... —> 14
cs += first|[nlj++];
cs = first|[nlj++];

mj = cs/(nljxfirst|nlj]);
qj = first|0]/first|nilj];
rhs = 1.0—q31/n1j;

}

if (n1j==2)

{ // only 3 nearst points are slected, sepcial case deal
if ( wd31(first[0]|/first[2]|)+wd31(first|l]/first[2]) <1)
{*nj=3;%xR=first[2];}
else //first[2]=0.5x(first[1]+ first[2]);

{ *R=0.5x%(first[1l]+first|[2]);
while (wd31(first|[0]/ *R)4wd31(first|[l] / *R) >=1)
{ R = 0.5%(first[1] + xR);}
*nj=3;

}

else
{ // n1j—2 satisfy Use sharper conditon (C)
nij——;
cs —= first|nlj];
mj = cs/(nljxfirst|nilj]);
qj = first[0]|/first|nlj];
rhs =rhsrbf(qj,nlj);
while (mj >rhs && qj>=q && n1j<k—2)
{ cs += first|nlj++];
mj = cs/(nljxfirst|nlj]);
qj = first[0]/first|[nlj];
rhs = rhsrbf(qj,nlj);

}

*nj=nlj; *xR=first|[nlj—1];
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6. Fast solvers

This chapter examines how to solve the resulting linear system by exploring fea-
tures of the underlying problems. Linear systems arising from radial basis function
interpolation can be divided into two categories: dense linear systems and sparse
ones. We focus on discussing methods for the sparse linear systems, in particular, for
linear systems obtained as in Chapter 5. Besides, we also discuss methods for dense
radial basis function interpolation systems. Firstly, we examine the performance
of sparse direct methods, followed by a discussion on sparse iterative methods,
and then we try general preconditioning techniques and customize preconditioning
techniques for the underlying linear systems. As the discussion proceeds, better
solvers for the sparse linear systems will be selected and recommended. Finally we
discuss some techniques for dense linear systems related to radial basis function
interpolation. We shall see how to solve a 3D object modelling problem in 1 sec-
ond with a preconditioned Krylov method and customized preconditioners. Finally,
we recommend the BICGSTAB and conjugate gradient squared (CGS) methods
with a preconditioning technique developed here for the linear systems resulted in
Chapter 4.

6.1 Sparse direct methods

Many people would like to choose a direct method for a small or moderate
size linear system. Modern sparse direct methods can solve large scale problems
with dedicated sparse techniques. Compared with iterative methods, they are more
robust but usually suffer from poor scalability. Sparse direct methods usually consist
of three steps: analyse, factorize and solve. The analysis part plays an important
role in the overall solution strategies for large sparse linear systems, see [50, 63].
We emphasize the analysis part so that this critical technique has been considered
and included in implementations when comparing the performance between sparse
direct and sparse iterative methods.

The analysis part usually consists of ordering and symbolic factorization. To

increase numerical stability and to reduce fill-in, ordering is necessary. Numeri-
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Figure 6.1: The fill-reducing ordering and its effects. Subfigure (a) demonstrates the
sparse pattern of a matrix C' and its LLT factors L. Subfigure (b) shows the elimination
tree for the LL” factorization of the matrix in (a); the factorization starts with leaf nodes
(column 1, 2, 3, 4, 5 and 14 in the matrix in (a)) and finishes at the root node (column
18 in the matrix in (a)). The factorization of a parent column depends on the data in its
child columns. The height of the tree shows the sequential steps in the factorization. The
width of the tree shows the maximum parallelism. Subfigure (c) illustrates the approximate
minimum degree ordering of the matrix in Subfigure (a) and the LL” factor corresponding
to the amd ordering. After the amd ordering, there are only 9 fill-ins while there are 29
fill-ins in (a). Subfigure (d) demonstrates the elimination tree for the amd ordering, the
tree is shorter and wider than that in (b). Subfigure (e) and (f) compare a Wathen matrix
with its approximate minimum degree ordering. The matrix is generated by the Matlab
function C=gallery(’wathen’,2,3). (g) illustrates the elimination tree for the matrix in
(f). The elimination tree for the matrix in (e) is a vertical line and thus is omitted here.
Reordering can also shorten and broaden an elimination tree to reduce the sequential steps
and increase parallelism.

cal stability can be improved by choosing proper pivots. Reducing fill-in plays an
essential role in reducing storage and improving performance. The importance of
fill-reducing ordering is illustrated in Figure 6.2. The fill-reducing ordering algo-
rithm adopted here is the approximate minimum degree ordering (amd) |2, 3]; in

Matlab this corresponds to the amd function.
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Table 6.1: Timing results (in seconds) for sparse factorization with amd ordering.

Prob N amd 1lu all nnz(A) nnz(L+U) %ﬁg)
B4 1351 | 0.0020 0.0335 0.0356 14603 78546 5.38

B3 5643 | 0.0085 0.1381  0.1466 63678 553534 8.69
B2 24425 | 0.0479  1.2763  1.3242 | 275281 3142223 11.41
Bl 105615 | 0.3439 20.6308 20.9746 | 1127137 17003902 15.09
D3 15560 | 0.0274 0.4163  0.4437 | 173323 1572824 9.07
D2 68830 | 0.1969 3.5476  3.7445 | 763863 8567189 11.22
D1 300298 | 1.2526 42.5484 43.8010 | 3167659 30131788 9.51

nnz(A)=1460

nnz(A)=14603 nnz(L+U)=78546

i
F |

T,

(aj = o) (C | R \E | (é)

Figure 6.2: The ordering effect for sparse factorization methods. (a) an interpolation
matrix for the Stanford bunny problem. (b) the non-zero pattern of the LU factors of
matrix in (a). (c) the approximate minimum degree ordering of the matrix in (a). (d) the
non-zero pattern of the LU factors of matrix in (c). To get the LU factorization of matrix
in (a), it takes more than 1 second, while to get the LU factorization of matrix in (c), it
only takes 0.003 seconds.

Together with reordering, a symbolic analysis and factorization can predict the
structure of the LU factors before numerical factorization starts. The structure can
be used to allocate proper working space in advance (statically) for the LU factors
rather than dynamically. Such static and dynamic memory allocation can result
in significantly different performance of implementations of the same algorithm.
The symbolic factorization works on sparse patterns rather than numerical values,
and thus it saves memory and can proceed without floating point arithmetic. The
non-zero pattern of the LU factors can be analysed by the elimination tree [50,
p.56]{137], which is also used to analyse the data flow dependence; see illustration
for symmetric cases in Figure 6.1.

Table 6.1 reports the timing results for sparse factorization methods with ap-

proximate minimum degree ordering (amd). Also reported are the number of non-
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zero elements in A, the number of non-zero elements in L 4+ U and the ratio. It
should be emphasized that without the fill-in reducing ordering, most of the prob-
lems in Table 6.1 take an extremely long time to get the LU factors or even fail due
to insufficient memory.

For the largest problem, D1, it takes the sparse direct methods with dedicated
ordering more than 40 seconds to solve the linear system. Our goal in this chapter
is to reduce this time as much as possible, but being able to also solve systems of

even larger dimension is our main reason for considering iterative methods.

6.2 Krylov subspace iterative methods

We first describe a general framework to derive Krylov subspace methods. Then
we briefly discuss the derivation of two kinds of Krylov subspace methods for general
non-symmetric matrices. The first kind of method is based on long recurrence
orthogonalization, which can minimize the residual in a projected space in every
iteration. The other kind of methods are based on biorthogonalization and are
more memory efficient but do not have the minimal residual property. Finally we
compare the performance of these methods when applied to our problems and select

a solver.

6.2.1 General framework

A Krylov subspace of a matrix A with respect to a vector v is a subspace of the
form

Km(A,x) := span{y, Av, Av*, ..., A"y}

which will be denoted simply by IC,, if there is no confusion. A Krylov method
approximates the solution to Az = f iteratively in a sequential affine subspace
zy + K,,. The approximate solution z,, is determined according to the following
constraint condition

where L£,, is a subspace of dimension m. Different choices of the constraint space

L,, result in different kinds of Krylov methods. Commonly used constraint spaces
are L, = Ky, L, = AK,, and L, = K,,(AT | v).

If we write z,, = 2, + 0z and define r, = f — Az, thenr,, =1, — Adz and the
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constraint condition is equivalent to r,, L £,,. The approximate solution, z,,, to

the linear system can be updated if dx is determined; dz is determined by
finding 0z € KC,,, such that (r,,,w) =0,YVw € L,,. (6.1)

When A is symmetric positive definite and £, = K,,, the solution to problem (6.1)
satisfies [171, p.126]

=arg min |z" — z| 4, (6.2)

Z.
£€§0+’Cm

m

where Az* = f and ||z]|4 = 2T Az. Such a choice of the £,, results in the conjugate
gradient method for symmetric positive definite matrices. Here we focus on methods

for general nonsymmetric matrices like the general minimal residual method.

6.2.2 GMRES

When L, = AK,, for an arbitrary square matrix, the solution to problem (6.1)
satisfies [171, p.127|
z,, = arg mir}C |b — Az]|2. (6.3)

" z€z)+
Such a choice of the constraint space results in minimal residual methods. Here
we focus on the generalized minimal residual method (GMRES) [172] for general
non-symmetric matrices. The following lines derive the GMRES algorithm.

Since éx € K,,, the approximate solution z,, can be written as z,, = z, +
DYV = o+ Vipy , where y € R™, V,, = [vy,v,...,v,] € R™™, and
{v;...,v,,} is a basis of the space K,,. Ideally, {v,,...,v,,} are orthogonal for
numerical stability. V,, can be determined by the (modified) Gram-Schmidt algo-
rithm (line 3 to line 15 in Algorithm 6.1). The Gram-Schmidt algorithm generates
a Hessenberg matrix H,, of order (m + 1) x m. Such a process is often referred to
as the Arnoldi procedure. The elements of H,, satisfy

J+1
Av; = higv,j=1,2,...m. (6.4)

i=1

The corresponding matrix equation form is

AVm - Vm+lgm - VmHm + hm+17mym+1§?’l’ (65)
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Algorithm 6.1 GMRES [172]

1: Compute ry = — 4&07 B = [lryll2, and vy = 1o/
2: Initialize a matrix H,, = (hij)1<i<m+1,1<j<;
3: fori=1,...,mdo

5: for:=1,...,5do

6: hij = (w;,v;)

T W; =W, — hini

8: end for

9: R = llw;lla
10: if hj—i—l,j = ( then
11: m = j, go to
12: else if
13: Vi = wj/hj—i-l,j then
14: end if
15: end for )
16: Compute y = argmin 1Be; — Hmyll2

—_
N

: Compute z =z, + Vmgm

where e,, is the i-the column of the identity matrix.

20 ll2 = [Vinsazollz = [Vinsa (o = AViy, )ll2 = 1Vinsi (zg = Vier Hny, )ll2- - (6.6)

Since r, = fv; (according to line 1 in Algorithm 6.1) and {v,,...,v,,.,} are an

orthogonal basis, the best solution y is the minimizer of |[r,,[[2, i.e.
y = arg myin |Be; — Huyl- (6.7)

The resulting algorithm is described in Algorithm 6.1. The GMRES algorithm
only requires storage of m vectors and a Hessenberg matrix of order (m + 1) x m.
Usually m < N, this can be achieved by restarting the orthogonalization procedure
if the first m iterations do not generate a good solution. The main storage for
GMRES methods is the m vectors and v;, 1 <7 < m and the Hessenberg matrix.

Further memory efficient methods can be derived via the biorthogonalization

procedure, which uses short recurrence to generate a basis set {v,,...,v,,}. The
basis set {vy,...,v,,} itself is not orthogonal but biorthogonal to another set of
vectors {w,, ..., w,,} in the sense that (v;,w;) = d;, for 1 <4, 5, <m.

89



6.2.3 Biorthogonalization methods

The aim of biorthogonalization-based Krylov methods is to use a short recur-
rence formula to update the approximate solution z,, and residual r,,. When the
constraint space L, is chosen as C,, (A%, 1,), a biorthogonal system which consists
of {vy,...,v,,} and {wy, ..., w,, } is found through the Lanzcos biorthogonalization
procedure in Algorithm 6.2. If the biorthogonalization procedure does not break
down, the basis sets satisfy span{v,,...,v,.} = Kn(4,1,), span{w,,...,w,,} =

Kn(AT 1,), and the following conditions:

Avm = Vme + 5mym+1§%7 (68)
ATWm = WanT; + ﬁm+1wm+1§£7 (69)
where V,, = [vy,...,v,,], Wi = [wy,...,w,,], Bms+1 and &,,41 are generated in
Algorithm 6.2 and
ar P
0y az 3
T, = ) (6.11)

5m71 Qp—1 ﬁm

Om Oy

The approximate solution can be updated according to z,, = x, + Vmgm where v
is the solution to W[ (r, — AViy ) =0, 1e. yp = T AWTry = T, |r,lle;-

A typical method of this type is the biconjugate gradient (BiCG) method [78].
Based on the BiCG method, the conjugate gradient squared (CGS) method [189]
and the biconjugate gradient stabilized (BICGSTAB) method [197] are derived. For
more details on these methods, one can refer to [67, 171, 198|. We only emphasize
that these methods based on biorthogonalization are much more memory efficient,
as shown from Algorithm 6.3 to Algorithm 6.5. The main storage for these methods
are the sparse matrix itself and several vectors. Such memory efficiency results in
better performance if these methods converge when compared to a long recurrence

method. The drawback of such methods is that they do not have the minimal
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Algorithm 6.2 The Lanczos biorthogonalization procedure [171, p.206]

1: Choose two vectors v;, w; such that (v,w;) = 1.
2: B =01 =0w5=vy=0.

3: for j=1,2,...,m do

4: a; = (Av;, w;)

5: Ving = ij — 5V — /Bij_1
6: Wity = AT%‘ — Qjw; — 0wy
7 Yi = (Yj+17¥j+1)

8 0 =/7

9: if 5j+1 = (0 then

10: Stop

11: end if

122 Bjr=17;/04

13: Wy = Wiy /B
14: Vi1 = Yi41/0541
15: end for

Algorithm 6.3 BiCG [171, p.211]

ry = f— Az,. Choose rj; such that (r,,15) # 0.
: for j =0,1..., until convergence do
4, = Ap,

a; = (r;,17)/(q,, 7))
Tjp1 = Zj + Q;p;
Liyan =75 — Q595

* ok AT %
5 =15 — oy AT

B; = (£j+17£;+1>/<£j7 T}k)
3_91+1 - ziﬂ - ngi
10: pig =1+ Bip;
11: end for

residual property.

6.2.4 Comparison of performance of Krylov subspace meth-
ods

Here we compare the performance of seven Krylov subspace methods for gen-
eral non-symmetric linear systems. The seven methods are: a restarted GMRES
method—GMRES(30), the BiCG method, CGS method, BICGSTAB method, the
quasi-minimal residual method (QMR) [95], the transpose-free quasi-minimal resid-
ual algorithm (TFQMR) [94], and the BICGSTAB(¢) method with ¢ = 2 [187]. We
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Algorithm 6.4 CGS [189]

Compute r, = f — Ax,; 1 arbitrary

Y =P, =1

for j =0,1,2,..., until convergence do
= Ap Q= (r ro)/(s ;)

Q:%+%
Tipg =2, +ajt;
r,=r; —oszt

1:

2

3:

4:

5: g =U; — q;8;
6.

7 %
8

9: /BJ = (—J+1’£0)/(—‘7£6)
10: Ui =1L+ @Qj
e py =Y+ 5i(g; + Pupy)
12: end for

Algorithm 6.5 BiCGSTAB [197]

1: Compute r, = f — Az; rj arbitrary; p, =

2: for j =0,1,..., until convergence do
3: 4= A}_?j * *

4: Qj = <£j7£0>/<2j7£0)

5: $j =Tj — 054,

6: t; = As;

T w = (1,5)/ (. 8)

8: Tip = 2Z; + 5P, + w;s;

9: Iy = 8; — Wil
10: ﬂ — (I‘JH7 )O‘J

: J (L;I5) wj

I py =10+ 6 —wig))
12: end for

L.

do not present the detailed algorithm for QMR, TFQMR and BICGSTAB(Y), be-
cause these methods have all been implemented in Matlab and we shall soon see
these methods may be not of interest for our problems.

The power of Krylov subspace methods immediately appears when comparing
Table 6.1 with Table 6.2. Compared with the long recurrence iterative methods
GMRES(30), the short recurrence methods have better performance according to
Table 6.2. In the short recurrence methods, the BICGSTAB and CGS perform

relatively better for our problems.

The performance of the 7 iterative methods are compared according to the

following model T' = ¢N7, where T is time and N is the number of unknowns, and ¢,



Table 6.2: Timing results for Krylov subspace iterative methods

Prob | gmres(30) bicgstab bicgstabl(2)  bicg cgs qmr  tfqmr
B4 0.0284 0.0103 0.0125 0.0128 0.0094 0.0144 0.0135
B3 0.0758 0.0229 0.0239 0.0296 0.0194 0.0303 0.0331
B2 0.4010 0.1051 0.1298 0.1443 0.1000 0.1859 0.1648
B1 1.4365 0.4041 0.5375 0.5769 0.3788 0.6774 0.5398
D3 0.4384 0.0996 0.1159 0.1224 0.0790 0.1624 0.1351
D2 2.3513 0.4949 0.6740 0.6658 0.4996 0.8967 0.7116
D1 6.4997 1.9680 2.7264 2.5520 1.7487 3.0599 2.5119

Table 6.3: Iteration numbers for Iterative methods without preconditioning

Prob | gmres bicgstab bicgstabl(2) bicg cgs qmr tfqmr
B4 42 49 49 43 28 43 55
B3 28 33 33 29 18 29 34
B2 32 37 35 32 21 32 41
B1 27 32 29 27 16 27 30
D4 57 62 62 49 30 49 59
D3 58 63 61 51 33 51 65
D1 44 54 53 43 27 43 54

~ are unknown constants to be approximated. An iterative method with the smallest
v (and then smallest ¢) is recommended for large scale problems after several trials
on some training sets. Based on such a simple performance evaluation model and
the results in Table 6.4, the BICGSTAB and CGS methods are recommended.
One important and sometimes essential technique to improve performance of
iterative methods is preconditioning [41]. We shall see how much benefit we can
obtain from preconditioning for our problems. Designing an efficient preconditioner
usually requires customization based on the features of the underlying problem. We
shall examine some properties of the radial basis function interpolation problems

and then discuss some possible preconditioning techniques.

6.3 Near points preconditioning

In this section, we develop a new preconditioning technique based on near points
selection. It can be used both to construct a sparse approximate inverse and to
construct local incomplete factorization preconditioners. The underlying intuition

and theoretical support come from three sources. Firstly, intuitions which come
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Table 6.4: Comparison of the scalability of direct and iterative methods. The timing
results are assumed to be T = ¢N7, where N is the number of unknowns, and ¢ and ~ are
fitted constants. The 95% confident intervals for both constants are supplied.

Method ¢ € 95% confident interval | v € 95% confident interval
amd 1 lu_ | 1.01e-06 €[1.29¢-07, 9.33¢-00)] 1.39 €[1.18 1.56]
gmres 1.58¢-05 € [2.70e-06,9.24e-05] 1.02 €[0.85,1.20]
bicgstab | 6.65¢-06 € |1.55¢-06,2.85¢-05)| 0.98 €[0.84,1.12]
bicgstabl(2) | 5.50e-06 € [1.02e-06,2.96-05| 1.02 €[0.86,1.19]
bicg 7.48e-06 € [2.01e-06,2.79¢-05] 1.00 €[0.87,1.12]
cgs 5.36e-06 € [1.16e-06,2.48e-05] 0.99 €[0.84,1.14]
qmr 7.16e-06 € [1.47¢-06,3.48¢-05] 1.02 €[0.87,1.17]
tfqmr 0.74e-06 € [2.58¢-06,3.67¢-05] 0.98 €[0.85,1.11]

from approximation theory are based on theoretical results on cardinal and local
cardinal functions for interpolation with radial basis functions. Secondly, intuitions
which come from preconditioning techniques inspired by approximate sparse inverse,
incomplete factorization and recent preconditioners based on strong components
and strong subgraphs [61, 62]. Third, our recent practice with querying large scale
scattered data shows that the proposed preconditioners are almost by-products of

the process of generating interpolation matrices from queried data, see Table 5.3.

6.3.1 Local cardinal function

A cardinal function, ¥;, is a Lagrangian function in the sense that

1 fori=y;
0 fori#j.

With the Lagrangian basis, the interpolant with cardinal functions is written as
N
s(x) = fi¥(x).
i=1

We approximate or interpolate the j-th cardinal function by {y;(x)}¥, on the
point set X = {x1,...,xy}: ¥;(x) = S0, or(x). Tt turns out, because of the
cardinal property, that a; = (ay, . .. ;)Y is the j-th column of the right inverse

of the interpolation matrix A in (2.1) i.e. a; = A_lgj, where e; is the j-th column
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of the identity matrix.

Interpolation with Lagrangian functions leads to a well conditioned diagonal
interpolation matrix. But transforming the original basis to the Lagrangian basis
is equivalent to finding the inverse of the interpolation matrix A in (1.1); and the
inverse of an irreducible matriz A is full [64, Thm6|. So this leads to a more difficult
problem than solving the original linear system (1.1)! In practice, an approximation
of the coefficients of a Lagrangian function is enough and they can be approximated
by computing a local cardinal function.

A local cardinal function 1; is approximated by {;, (x)}}/_; with the basis
centres in Sy = {x;j,,...,X;,, }, where Sy is a subset of X, usually x; € Sy and
M < N. Denote the coeflicients of 1;(x) = Z%:1 B,.¢;.(x) as the components of
ﬁj € RM, then prolong @j to @j € R according to the index of Sy in X; other
elements of @j are zeros (hereafter, é is always a vector in R, and B8 € RYN).
Denote P = [él, . ,éN], it turns out P is an approzimate sparse inverse of A, i.e.
AP =~ I. The preconditioned linear system becomes APy ={, and a = P.

A common way to construct an approximate inverse is described as follows.
Solve N independent problems in the form min Hfléj — &;|| approximately, where A
is a nearby matrix of A usually approximated by a submatrix of A. One natural
question of such a procedure is how to approximate A. The first way is to use a
principle submatrix, RTAR, of A as A, where R is a matrix of order N x M which
consists of M different columns of the identity matrix I and solve the deflated
small linear system RTAREJ, = R"e;. Such a way is equivalent to solving a small
interpolation problem on a subset Sy C X. Alternatively, one can solve a least
square problem min ||AR§], — ¢;|| and use the prolonged vector RTéj as the j-th
column of the approximate inverse.

Theoretical results on the asymptotic coefficients of cardinal functions for general
radial basis function shed light on the problem of selection of Sy or the restriction
matrix R. Beatson et al. [10] suggest that the closest point set of each center
is a natural choice based on the decay of properties of cardinal function for the
multiquadric functions. By applying a far field expansion, they find that for two
dimensional multiquadrics, the corresponding cardinal function ¥(x) decays on the
order O(||x||™?) for large ||x|| (in fact we shall see that this order can be improved

and depends on the dimension of the space RY). Baxter in [9] uses the asymptotic
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coefficients of the cardinal function on an infinite lattice |7, 9.

Theoretical results on the asymptotic coefficients of cardinal functions for general
radial functions have been established by Buhmann [29, 33| , Micchelli |34, 35| and
many others. In particular, see the result on Multiquadrics in |9, 33, 35|, Gaussian
in [168] and recent investigation by Fornberg et al. [84].

Let k = (k; ..., kq) be an index of an infinite regular lattice, Z?. The cardinal

function for a radial function is written as

U(x) = Z cxd(]|x — Kk||) and ¥(xg) = dxpo. (6.12)

keZzd

Let ¢ be admissible of order m. We use concrete examples in Table 6.5 to ex-
emplify such a kind of function rather than to give the rigorous (somewhat long
worded) definition; this will not prohibit the reader from obtaining information for
constructing a preconditioner. Curious readers are redirected to [29, Def. 4, p.231|

for a definition. Buhmann proves the following result [29, Thm. 10]:

Theorem 6.1. Let ¢ be an admissible of order m on R?. Then the coefficients
satisfy |cx| = O(||k[|72™+%), as ||k|| — oo for some € € [0,1).

Theorem 6.1 states the decay order of the coefficients of the cardinal function not
only depends on the underlying basis function but also the dimension of the space
R?. For the same radial function from the underlying class of functions, the higher
the dimension, the faster the decay of the coefficients ¢y in the cardinal function in
(6.12). In the corresponding finite dimensional case, this can be explained as the
(¢,7)-th element of A~ decays as the distance ||x; — x;|| grows. This brings a very
encouraging strategy for choosing the sparse pattern of the approximate inverse:
select the elements close to the center of the underlying cardinal function. Such a
strategy is expected to work more effectively in higher dimensional space; only a

small number of the nearest points should be sufficient.

6.3.2 Sparse approximate inverse

To describe an algorithm to compute the sparse approximate inverse based on
local cardinal function approximation, let us introduce the following notation. Sup-
pose each column of the underlying interpolation matrix has k; non-zero elements,
let N(x;, k) be the set of k nearest neighbour points, denote the index of N (x;, k)
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Table 6.5: The decay order of coeficients of cardinal functions of some radial basis func-
tions

) R  m Ck reference
e+l d 2¢+1  O(||k[ 2421 29, Ex.1][34, Ex.1]
Ve 4 c? d 1 O(||k]||~24=1) 29, Ex.2|[34, Ex.1]
r?logr d 2q O(||k]|~24-2a~1) 29, Ex.3][34, Ex.1]
(r?+c)"12 d -1 O(||k||~2d+1) 29, Ex.4][34, Ex.1]
r3 1 = GRS k>2 (84, eq. 2.9][83]
r3 2 k ~ —(%)QW [84, eq. 5.1]
—1)*e2 sinh z tanh((g)z)
T+@Er)2 1 =~ (%)Cosh( %ﬁ)) _ (D) 1 84, eq. 3.3]
e o .
E&0 @ - -
Glo®) @ o o
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Figure 6.3: Illustration of local cardinal function selection. (a) A matrix generated by
the 5-point finite difference scheme on a regular mesh. Jg = {3,8,9,10,15}, 28 =
{2,3,4,7,8,9,10,11,14,15,16}, £3\35 = {2,4,7,11,14,16}, where the elements marked
by dot-circle belong to A(£],J3), elements marked by dot-circle-cross belong to A(J3, J5).
(b) the submatrix A(£3,J3), where the small circles are non-zero elements in A(£5\33,J35).

as J¥ = {m : x,, € N(x;,k) or m = j}, and

eh={i:x; € U N (X, k) T

Using Matlab notation, define A(£¥, 3¥) and Rgw = I(:,3%) as follows. A(£F, 3%)
is the non-zero rows of matrix A(:,J%). Each local cardinal function is computed
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Algorithm 6.6 SPAI: sparse approximate inverse by local cardinal function ap-
proximation

1: Initialization with queried data, supply ko and k,,q.;
2: for (j=0; j<N ;++7) do
3: set k <+ ko, J <+ 3?;// choose the k nearest neighbours to x;
find row index: £ < £F; // keep non-zero rows of A(:, J¥)
minimize ||A(S,3)éj — Reejll; // compute local cardinal function
while ||A(2,3)§j — Rie;l| > tol &k < kypqe do
increase k to k+m, m > 1; // increase neighbours, default m=1;
set J «+ J;?er, £« S?er;
solve ||A(£,fj)§j — Reej|| by (QR) updating algorithm;
10: end while

11: end for
10° : : : ‘ : - 10° : :
——BiCGSTAB \ -e-SPAI(10)
- P-BiCGSTAB , -*-ilu(0)
N #*ilun(10)
=107 =107 .
= = x
= = %
£ £ ot
10710l 1070 *
*
*
10 20 30 40 50 60 2 4 6 8 10
Iterations: k& Iterations: k&
(a) (b)

Figure 6.4: Convergence history related to sparse approximate inverse. (a) illustrates
the convergence history of BICGSTAB on problem B4 without (BiCGSTAB) and with
a sparse approximate inverse preconditioner(P-BiCGSTAB). The sparse approximate in-
verse is constructed such that the local cardinal function involves at most 10 neighbour
basis functions. (b) illustrates the convergence history of BICGSTAB on problem B4 with
different preconditioners. SPAI(10) stands for the sparse approximate inverse precondi-
tioning with at most 10 basis functions to form a local cardinal function. ilu(0) stands
for the standard incomplete factorization preconditioners with zero level fill-in. ilun(10)
stands for the local incomplete factorization preconditioners.

by solving the following least square problem

gﬂ = arg r%in 1A(E5,35)8, = Rerel- (6.13)

—J
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The j-th column of the approximate inverse is Ry B; Further denote the solution
kP

to the local cardinal interpolation problem as E*, ie.,
ARE BT = Rhe;. (6.14)
The solution é: is better than é:* because
| A(R; )—e I < [ A(L], ”k)ﬁ — Rgrg)l| = IIA(SI“\TS;“,”’“) il (6.15)

An algorithm based on the least square approach is described in Algorithm 6.6.
Figure 6.4 illustrates the convergence history of the BICGSTAB method with and
without a sparse approximate inverse. At present the SPAI algorithm is imple-
mented in Matlab, but it turns out it takes a long time to construct the approxi-
mate inverse even for the small problem B4. Now we consider a simple and more

practical approach.

6.3.3 Local incomplete factorization

The local cardinal function approach is based on the fast decay property of the
elements of the inverse. The elements of the interpolation matrix with CSRBFs also
have a fast decay property. Employing this property, a local incomplete factoriza-
tion preconditioner can be constructed; local incomplete refers to the incomplete
factorization applied on a submatrix of of A. Each column of the submatrix only
consists of at most k largest elements of A, this corresponds to the first &£ nearest
points to each basis center. For memory efficiency, each column of the submatrix
only keeps min{k,n;} non-zero elements, where n; is the number of non-zero ele-
ments in the j-th column of A. Precisely, split A into two parts A = N(k) + E,

where

~ k,
ai; 1f i€y mln{ n3}7

0  otherwise,
and apply the incomplete factorization on the matrix N (k). We refer to the method
as ilun(k).
Such a ilun(k) incomplete factorization is guaranteed to exist for the interpo-

lation matrices obtained from Chapter 5, because A is an H-matrix as shown in

99



Algorithm 6.7 ilun(k): local incomplete LU factorization preconditioner based on
k nearest points splitting.

1: Generating the matrix N (k) according to (6.16).
2: Apply standard incomplete factorization algorithms to N (k).

—GMRES —GMRES —GMRES
---PGMRES ---PGMRES e ---PGMRES

——BICGSTAB ¥ ——BICGSTAB ——BICGSTAB

& -«-PBICGSTAB| . 5|} -«-PBICGSTAB| _ s -»-PBICGSTAB
10 CGS 107 % caGs 10 cGS
PCGS PCGS PCGS

S IFQMR S IFQMR S IFQMR

MR MR MR

W
* * *
10 20 30 40 50 60 10 20 30 40 50 60 10 20 30 40 50

(a) ilunk(7) for D3 (b) ilunk(7) for D2 (¢) ilunk(7) for D1

60

Figure 6.5: Convergence history of iterative methods with and without ilun(k) precondi-
tioners.

k=4 k=7 k=10 k=13
nnz(L+U)  time | nnz(L+U) time | nnz(L+U) time | nnz(L+U) time
1200990  0.0579 | 2058621  0.1301 | 2712241 0.1669 | 3038710  0.2134

Table 6.6: Storage and timing for local incomplete factorization for problem DI.

Theorem 4.4 and stable incomplete factorization for H-matrix exists [202]. Discard-
ing some small positive values in each column of A makes N(k) more diagonally
dominant.

One can also suggest admitting fill-in in the ilun(k) preconditioner by allowing
max{k,n;} non-zeros elements of the the j-th column of L + U. These non-zero
elements lie in the first max{k, n,;} nearest neighbour points for each basis center.
However, as k increases, the storage for the preconditioners will increase, as will the
construction time. See Table 6.6 for illustration. Besides, a larger k also results in
more sequential steps in the triangular solves, which may result in inefficiency in
the preconditioning step. For our problems, numerical results show that choosing a
larger k than the average number of non-zero elements per column is not necessary.
Table 6.6 to Table 6.8 compare the effect of choosing different k.

By choosing a proper k, ilun(k) works better than the standard incomplete
factorization methods. The efficiency of ilun(k) is illustrated in Table 6.10, which

100



k | gmres Dbicgstab bicgstabl(2)  bicg cgs qmr  tfqmr
4 | 1.4688 0.8606 1.0623 1.8994 0.8015 2.0700 0.9284
7 113436  0.7929 1.0231 1.9600 0.8236 2.1870 0.9209
10 | 1.4732  0.8824 1.1721 2.3662 0.9240 2.5683 0.9436
13| 1.4848  0.9424 1.2033 2.4396 0.9888 2.6955 1.0266

Table 6.7: Timing results for preconditioned iterative methods with local incomplete fac-
torization based on k nearest neighbour points for problem D1.

k | gmres bicgstab bicgstabl(2) bicg cgs qmr tfqmr
4 12 13 13 12 7 12 13
7 10 10 10 10 6 10 10
10 10 10 10 10 6 10 10
13 10 10 10 10 6 10 10

Table 6.8: Iteration number for preconditioned iterative methods with k nearest neighbour
points incomplete factorization for problem D1.

Prob preconditioners | gmres bicgstab  cgs
D1 ilun(7) 1.2743  0.7089  0.7165
D1 ilu(0) 1.3311  0.7854  0.7890

Table 6.9: Timing results for iterative methods with two different preconditioning tech-
niques.

ilun(7) ilu(0)

Prob | nnz(L+U) time | nnz(L+U) time
B4 9179 0.0003 14603 0.0007
B3 38977 0.0015 63678 0.0033
B2 169030 0.0072 275281 0.0165
Bl 726220 0.0426 1127137 0.0823
D3 106621 0.0041 173323 0.0088
D2 474251 0.0233 763863  0.0499
D1 2058621 0.1277 3167659 0.2143

Table 6.10: Storage and construction time for ilun(7) and ilu(0) preconditioners.

compares the storage requirement and the construction time for ilun(k) and ilu(0).
Table 6.9 shows the time for preconditioned Krylov methods to solve the largest
problem D1.
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6.4 Methods for dense linear systems

6.4.1 Iterative methods based on fast multipole methods

Applying iterative methods to dense interpolation linear systems from glob-
ally supported radial basis functions is possible. The main computational kernel
is the dense matrix vector multiplication which usually takes O(N?) operations.
Fast multipole methods can be used to approximate the underlying matrix vector
multiplication. Building up a hierarchical data structure for fast multipole methods
takes O(N log N) operations, and computing the matrix vector multiplication takes
O(N log N) operations [208, p.257]. Fast multipole methods based on a far field
approximation are usually customized for the underlying basis function; for poly-
harmonic splines see [11, 12, 16|, for multiquadrics [43], for Gaussians [19, 170, 191|
and for Matérn kernel [40]. Kernel independent fast multipole methods [216, 217|
are based on the SVD decomposition in R? and the fast Fourier transform (FFT)

in R3.
6.4.2 Discrete Laplacian preconditioner

Preconditioner(s) can be applied to iterative methods for dense linear systems.
In fact, preconditioners play a crucial role in solving these linear systems from
globally supported radial basis functions. Globally supported radial basis functions
are usually smoother than compactly supported radial basis functions, and as shown
in Section 3.1, the eigenvalues of smoother radial basis functions decay faster and
thus the resulting linear system is more ill-conditioned.

For 2-dimensional interpolation with surface splines ¢(r) = r®™~Dlog(r) and
multiquadrics ¢(r) = V2 + ¢2 on a lattice, Dyn and Levin propose a discrete Lapla-
cian operator as a preconditioner for linear systems arising from integral equations
and surface interpolation [65, 66] . Such a preconditioner is based on the fact that
the Laplacian operator, A, satisfies

TILIEO A¢(r) =0 and }qliI(l) A¢p(r) > 1 or }qliI(l) A¢p(r) = 0. (6.17)
Therefore, the “diagonal dominance” of the preconditioned matrices is expected to

be better than that of the original ones whose off-diagonal elements are bigger than
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diagonal elements.

6.4.3 Iterative method based on approximate Lagrangian func-
tions

Iterative methods can also be constructed based on the semi-norm of the native
space of (conditionally) positive definite kernels. A commonly used iterative method
for globally supported radial basis function is based on the approach of approximate
Lagrange functions which dates back to Beatson and Powell [15]. The theoretical
analysis can be found in [75] and a relatively recent description in [74]. The method
is based on approximation of Lagrangian functions. Suppose the true interpolant
is

s(x) = frli(x), (6.18)

where Wy (x) are the cardinal functions on X = {xy,...,xy}. The idea of the
approximate Lagrangian function approach is to replace the cardinal functions by
local cardinal functions 1;(x) which are more easily computed. The approximant

can be written as

3(x) = Z Jer(x), (6.19)

Each local cardinal function can be computed on a subset £; of X in advance and
then §(x) can be updated iteratively according to Algorithm 6.8. The data set
X is divided into two parts £ = {1,2,...,N —¢} and £ = {N —¢+1,...,N}.
Only N — g cardinal functions are computed in advance. In the j-th iteration, the

approximant is updated by s,(g)(x) = s,(jzl(x) + Hl(cj)z/)k(x), 1 <k <N —gq, where

_ 1 ,
8 = 1 S s (620

1€L)

and Ag; are the coefficients which determine the local cardinal functions

V(%) = D Madlx = xi]]) + pr(x). (6.21)

€Ly

pr(x) is a polynomial term for conditionally positive/negative definite basis func-

tions. Such a choice guarantees that the error decreases [75][208, p.267].
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Algorithm 6.8 Iterative method based on approximate Lagrange functions [208,
p.268|

1: Set s)(x)=0,r; = fifori=1,...,N, ¢ = max; |r;|, j =0

2: while € > tol do

3: for k=1to N —qdo

s (%) = 571 () + 07 (x)

end for '
Find an interpolant ¢ (x), s.t. 0 (x;) = f; —sglq(xi), N—g+1<i<N.
Update s§ ™ = s +0(j)( ).
Update residual: 7 = f; — s (x;), € = max; [V
9: Set j < 7+ 1.
10: end while

+1)‘.

Preconditioning schemes for Algorithm 6.8 have been developed in [100].

6.4.4 RBF-QR methods

For Gaussian radial basis functions, stable methods have been customized for
Gaussian RBFs with flat limit. As we have seen in Chapter 3, radial basis functions
with flat limit lead to ill-conditioned linear systems. The RBF-QR methods were
proposed for interpolation on a sphere. They are based on an orthogonal spherical

expansion [86, eq (3.3)]:
¢(ellx —xi]) Z Z {enne™ Y (x:) 1Y, (), (6.22)

where x = (z,y, z) on the sphere S? and Y is the spherical harmonic. Y is defined
as [86, eq (3.1)]

\/ 2l E“ V,P”( Yeos(vtan= (%)), v =0,1,---,p,
Y I‘ Y, 2 p=v)! x
v)! . _
\/ 2 EZJFV;,P z)sin(—vtan'Y¥), v=—p, -, 1,

where P} (z) are the associated Legendre functions. The spherical harmonics of

order no more than k span the space of all independent polynomials in (z,y, z) of

degree no more than k, i.e.

dim{Y} : v = —p,—p+1,--- g, < k} = dim{mp(R?) : 2® 497 + 2% = 1}. (6.24)
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The number of these terms ¢, % in the order €2 in (6.22) is exactly
dim 7TM<R3’52) — dim Wufl(R:}lSQ)a (625)

where R3|g2 indicates the polynomials are restricted on the sphere. This coincides
with the number of eigenvalues in the order of 2! in Theorem 3.9. In fact, this is
just an orthogonal eigenvalue expansion on a sphere. Based on such an orthogonal
eigenvalue expansion, the transform between the basis of translates of a radial basis

function and the orthogonal spherical harmonics can be written as

Y5 (x)
lellx —xu]) Y (x)
¢(8IIX.— il _ Yo |, (6.26)
: Yi(x)
lellx —xnll) :

where

cooYP(x1)  eoYL(x1) e 1Yy N(x1) eleraYi(xa)
0070Y0(X2) 8201,0Y0X2 €2C17,1Y1X2 €2C1’1Y1 (Xg) s

B= ’ ! o ' . (6.27)
co0Yy (%) €%c11Y) (%) oY (xn) e Yi(xw)

If we write B as

Ye(x) Yy i(x) ce-\ [ 0,0

B = YE)O(XQ) }/l_l(Xg) s g2 C1,—-1 = QRDlDQ,

(6.28)
then the QR decomposition of the first matrix in (6.28) is completely independent
of the kernel functions. The pattern of the D; on the sphere can be determined by
the number of spherical harmonics in the order pu. The term Dy depends on the
underlying kernel. It has been reported that such an approach is more stable than

using direct factorization methods to solve the underlying interpolation matrix with
flat limit 85, 86, 126].
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6.5 Discussion

In this chapter, we have reduced the time for solving the largest 3D object
modelling problem (D1) from more than 40 seconds with a sparse direct methods
with dedicated fill-reducing ordering to less than 1 second with a preconditioned
Krylov method.

Compared with sparse direct methods, iterative methods require less storage:
only for the sparse matrix, the preconditioner(s), and several vectors. The storage
for preconditioners usually can be controlled. In the Krylov subspace methods,
the short recurrence methods based on biorthogonalization performs better due to
memory efficiency. Further we can show the realistic performance of sparse itera-
tive methods and other computations with sparse features is limited by the memory
bandwidth on a shared memory machine. On distributed computers, however, mini-
mizing communication, especially minimizing synchronizations [221| plays a critical
role in improving the performance of Krylov methods. It should be noticed that
performance evaluation for iterative methods is receiving increasing attention with
the emergence of the new metric, high performance conjugate gradient (HPCG), for
ranking high performance computers [59]. Performance evaluation is becoming a
standalone research subject because computing hardware is continuously changing
and we want explore the full potential of the multitude of computer architectures
in use. Such details go beyond our current discussion, but we shall see that realiz-
ing such practical issues can bring us insight into designing efficient algorithms in
Section 8.1.

As seen in Chapter 3, the Picard condition indicates that the ill-conditioning
arises because the smoothness of the target functions and the underlying basis func-
tions does not match. The idea of of using radial basis function of different shapes in
Chapter 4 is to adjust the shape of the basis functions so that the resulting interpo-
lation matrices are well conditioned. The sparse linear systems which are generated
in Chapter 5 are well conditioned due to the diagonal dominance conditions. There-
fore, any standard Krylov subspace method for non-symmetric matrices works well
without any preconditioning. On choosing a proper preconditioner, we recommend
the local incomplete preconditioners ilun(k). To avoid preconditioning which is fast

in converge rate but slow in overall performance, one should choose a proper k such
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that a trade-off can be achieved. For the 7 iterative methods used in this chapter,
the long recurrence method, GMRES, takes a longer time than the other methods.
For our problems, we recommend a preconditioned BICGSTAB methods or con-
jugate squared with the ilun(k) preconditioners. The sparse approximate inverse
(SPAI) approach based on approximate Lagrangian function requires more compu-
tations. Indeed, our current implementation has not shown any advantage than the
ilun(k) preconditioners.

The ill-conditioning phenomena of interpolation with multiquadrics had been
noticed soon after the multiquadrics collocation method appeared [122|. Baxter
considered preconditioned conjugate gradient methods for multiquadric interpola-
tion by exploring the Toeplitz structure of the interpolation matrices on grids [9].
Preconditioning based on structured Toeplitz matrices has also been considered
in [37].

The approximate Lagrangian/cardinal function approach dates back to Beatson
and Powell [15]. Preconditioning based on this approach is also referred to as the
least square approach to preconditioning [10, 25, 73, 135|. Domain decomposition
methods and overlapping additive Schwarz preconditioners have been considered in
[13, 111, 134]. Preconditioning for spherical radial basis function has been consid-
ered in [127, 129, 194].
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7. Adaptive Algorithms

This chapter examines a multilevel interpolation method. The method uses com-
pactly supported radial basis functions of different shapes at each level according
to the approach described in Chapter 4 and Chapter 5. Because it allows het-
erogeneity at each level, we call it the heterogeneous hierarchical approach. The
proposed method has a good scalability and convergence of numerical results are
observed. This differs from that of the so-called multilevel stationary interpolation
approach, which is scalable but does not converge. At the same time, we design an
O(N) algorithm to construct hierarchical scattered data sets, which is a necessary
step before applying hierarchical methods to scattered data. Also discussed is the
‘leave-one-out cross-validation’” method to find an optimal shape parameter for a

global support radial basis function.

7.1 Hierarchical interpolation with CSRBFs: illus-

tration

As mentioned in Chapter 4, stationary interpolation with positive definite com-
pactly supported radial basis functions has a good scalability, but it does not con-
verge because it violates the Strang-Fix condition. Non-stationary interpolation
with positive definite compactly supported radial basis functions can converge, but
the benefit of sparsity will be lost as the size of the data set increases. Our hierar-
chical approach gives a trade-off between the scalability and convergence.

Given some hierarchical data sets X} C &,... C A, = X, and observations,
f=(f1, fo,..., fu)t, on the data set, X = {x1,Xs,...,X,}, the idea of a multilevel
approach can be described as in Algorithm 7.1, where the notation f|x,, 1 = 1,2,...¢,
stands for the (restricted) observations on the subset &;. In such an approach, s;(x)
interpolates the residual at level i, r,_,|x, on data set X;. The number of zeros of
1, increases as the level ¢ increases. More zeros in r; result in an interpolant of
higher frequency. In this sense, the multilevel approach can recover information

on different frequencies at different levels. If we scale each interpolant s;(x) by its
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(8) s7(x)

Figure 7.1: Illustration of frequency information of multilevel interpolation. Inter-
polate the franke function on 289 Halton points at 8 levels according to Algo-
rithm 7.2. (a) to (h) illustrate the shape and magnitude of the interpolant s;(x),
i = 1,2,...,8. (i) illustrates the sum of the 8 interpolants.  The 289 Hal-
ton points can be regenerated according to the following Matlab code (functions in
statistics tool box) p=haltonset(2,’Skip’,le2,’Leap’,10); p=scramble(p,’RR2’);
center=net(p,289); and the hierarchical data sets are constructed according to Pro-
gram 7.6.
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Algorithm 7.1 An algorithm for multilevel interpolation
: Input fand Ay, ..., X, 1y =1
:fori=1to ¢ do
Find an interpolant s;(x) s.t. s;|x, =1, 4|«
Update the residual r; =1, ; — s;|x-
end for
s(x) = 51(x) + s2(x) + ... + se(x).

S Gl W

supremum norm on {2, then

s(x) = Zsup sl(x)LX) (7.1)

We can relate the sum (7.1) to a generalised Fourier truncation in the sense that
if the coefficients, sup s;, decay fast for smooth functions, then || f(x) — s(x)||« is
expected to tend to zero in a certain norm, || - |, as ¢ goes to infinity. When ¢
is a finite number, the approximation quality, ||f(x) — s(x)||«, should depend on
the decay order of sup s;(x), which itself depends on the decay order of r,. Such
an analogy may supply a direction to prove the convergence rate by a contraction
technique.

To exemplify such an idea, we interpolate the franke function in Matlab on
289 Halton points according to a multilevel method described in Algorithm 7.2.
The data set is partitioned into 8 levels; the 8 interpolants, s;(x), for i = 1...,8,
and their sum, s(x), are illustrated in Figure 7.1. The hierarchical data sets are

constructed according to Program 7.6.

7.2 Heterogeneous hierarchical interpolation on reg-

ular mesh

Unlike the commonly used multilevel approaches, which use radial basis func-
tions of the same scale at one level, we allow heterogeneity at the same level and
vary the supports at each level adaptively according to the approaches described
in Chapter 4 and Chapter 5. We call this method heterogeneous hierarchical in-
terpolation. The method is described in Algorithm 7.2. Such a method generates

interpolation matrices with fixed bandwidth on average (under the natural order-
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Algorithm 7.2 HHRBF': heterogeneous hierarchical interpolation with CSRBFs

1: Input f and A}, ..., ).
2: 1y =1
3: fort=1to ¢ do
4: Check the diagonal dominance condition for &; according to Algorithm 5.3.
5: Generate the interpolation matrix Ay, according to Program 5.4.
6: Find an interpolant s;(x) by solving Ay,a; =1, 4|x,-
7 Save the support information and the solution q;.
8: end for
Using CSRBFs with different shapes M1
level N n; R; Ry
max min mean | max min mean
1 9 8 6 6.7 | 1.1180 0.7071 1.0199 || 1.1180
2 13 8 6 6.8 | 0.7906 0.5000 0.7169 || 0.7906
3 25 8 7 7.5 10.5590 0.3536 0.4567 | 0.5590
4 41 8 6 7.2 10.3953 0.2500 0.3046 | 0.3953
5 81 8 7 7.9 10.2795 0.1768 0.2072 || 0.2795
6 145 8 6 7.6 10.1976 0.1250 0.1384 || 0.1976
7 289 8 7 8.0 |0.1398 0.0884 0.0967 || 0.1398
8 545 8 6 7.8 10.0988 0.0625 0.0658 | 0.0988
9 1089 8 7 8.0 |0.0699 0.0442 0.0464 | 0.0699

Table 7.1: Comparison of scaling information between stationary and adaptive approach

ing), when the points are uniformly distributed. This is similar to the multilevel
stationary interpolation which covers a fixed stencil at each level for uniformly dis-
tributed data. On regular grids, the difference between the two approaches takes
place at corners and along boundaries. Algorithm 7.2 results in basis functions with
different supports: the basis functions at corners have the largest support, followed
by those basis functions along boundaries, the basis functions in the middle have
the smallest support. This procedure pays more attention to corners and bound-
aries adaptively, where large error usually occurs. See Figure 7.2 for illustrations.
Such a difference at corners and along boundaries results in a significant disparity
in convergence: the stationary multilevel interpolation does not converge, while the
heterogeneous hierarchical approach converges. Such a disparity is observed on all
of the 12 representative test functions in Table 7.2. See Figure 7.3 to Figure 7.5 for
comparisons.

These test functions are interpolated on a 33 x 33 uniform mesh on the unit
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(a) Using CSRBFs with different shapes  (b) Radius for stationary interpolation

Figure 7.2: Comparisons of the radii of CSRBFs in two multilevel approaches.

square [0, 1] x [0, 1]. The data set is partitioned into 9 levels. The nested data sets

are constructed according to Algorithm 7.3. The errors between the interpolants,

Zizl sk(x), £ =1,2,...,9, and each test function are evaluated on a 35 x 35 fine
mesh. Two kinds of errors are recorded: the maximum error, || - ||o, and the root
mean Square error, %, where N is the number of evaluation points.

Table 7.1 compares the radii information of basis functions at each level. For the
heterogeneous hierarchical approach, we list the maximum, minimum and average
numbers of neighbouring points, n;, and corresponding radius, R;, for each basis
function. In the stationary approach, all the basis functions share a fixed radius
R, at level /. The difference of the supports on the same data set is illustrated
in Figure 7.2. Figures 7.3 to Figure 7.5 compare the convergence history of the
maximum error (maxerr) and the root mean square error (RMS) against the fill
distance, hy. The fill distance is defined by

he := hy, o = sup min ||x — x;||, where X, C Q. (7.2)
xeQ Xi€Xg

It is observed that the multilevel stationary interpolation approach provides only
limited convergence [70, p.277]. In [70], only the root-mean-square error is reported

using at most 7 levels. Here, we report both the maximum error and the root-mean-
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Table 7.2: A list of test functions, where the R column stands for reference number.

Name R formula

F1 [91]  franke function in Matlab

F2 [91]  tanh(9y — 9x) + 1/9

F3 [91]  (1.25 + cos(5.4y))/(6(1 + (3z — 1)?)
F4 91]  exp(3(z —0.5)% + (y — 0.5)%)/3

F5 9] exp(5(z —0.5)% + (y — 0.5)%)/3

F6 V64 —81(z — 0.5)2 + (y — 0.5)2

F7 [169] 1/\/1+26Xp(—3\/1‘2+y2) - 6.7
F8 [169] 50 exp(—200(z — .3)% + (y — .3)?) + exp(=50((z — .5)* + (y — .5)?))
FO  [139] tanh(—3(0.595576(y + 3.79761)? — & — 10)) + 1

F10 [139] (1 —2)5(1 — £)° +1000(1 — z)%23(1 — y)3y® + y*(1 — £)5 + 25(1 — ¥)S

1 if y—&>1/2, where { = 2.1z — 0.1,
2(y — &) f0<y—-£<1/2,
Fl1 [169] cos(47r\/m)+l .
’ if \/(E—15)2+ (y—5) <1/4,
0 otherwise.
F12 sin(27z) sin(7y)

square errors. It turns out that the multilevel stationary interpolation approach
does not converge in the infinity norm, whilst it provides limited convergence in the
Ly norm. In contrast, superlinear convergence in the infinity norm and quadratic
convergence in the Ly norm are observed for the heterogeneous hierarchical approach
on hierarchical Cartesian sets generated according to Program 7.4.

The heterogeneous hierarchical approach converges on regular grids. It deserves
further investigation on scattered data sets. Further investigation requires efficient

algorithms to construct hierarchical scattered data sets.

7.3 Hierarchical data sets construction

Multi-step methods receive a lot of attentions recently. Hierarchical scattered
sets are necessary for multi-step methods. Floater and Iske [79, 80| use thinning
algorithms, which recursively remove points in X according to some criterion based
on Delaunay triangulations. In general, the implementation of the thinning algo-
rithm requires O(N?) steps; planar points requires O(N?) steps. The previously
best achievable complexity is O(N log N) according to [80, p.706]. Here we con-
struct an O(NV) algorithm to construct hierarchical scattered data. The method is

implemented in R?. Generalization to R? is possible but needs more tedious work.
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column corresponds to the heterogeneous hierarchical approach in Algorithm 7.2 on

33 x 33 Cartesian grids.
tered data.
the fill distance.

The fourth column corresponds to Algorithm 7.2 on scat-
The z-axis in the last column is the separation distance rather than
The scattered data set can be regenerated in Matlab (statis-

tics tool box) using p=haltonset(2,’Skip’,1le2,’Leap’,10); p=scramble(p,’RR2’);

center=net (p,1089) ;.
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hierarchical approach in Algorithm 7.2. The fourth column corresponds to Algorithm
7.2 on scattered data. The z-axis in the last column is the separation distance rather
The scattered data set can be regenerated in Matlab (statis-
tics tool box) using p=haltonset(2,’Skip’,1le2,’Leap’,10); p=scramble(p,’RR2’);
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Figure 7.5: Convergence results of multilevel methods. The second column corresponds
to the multilevel stationary method. The third column corresponds to the heterogeneous
hierarchical approach in Algorithm 7.2. The fourth column corresponds to Algorithm
7.2 on scattered data. The z-axis in the last column is the separation distance rather
than the fill distance. The scattered data set can be regenerated in Matlab (statis-
tics tool box) using p=haltonset(2,’Skip’,1le2,’Leap’,10); p=scramble(p,’RR2’);
center=net(p,1089) ;.
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Algorithm 7.3 An algorithm for constructing hierarchical Cartesian grids

: Given an N x N mesh gird, where N = 2 + 1.
: Start from 3 x 3 coarsest grid points as Xj.
: for j=2tok do
Xo(j—1y = Xa(j—1)-1U {face centres of Xy;_1)_1}.
Xyj_1 = Ay(j—1)U {edge centres of Xo(;_1y_1}.
end for

We propose a method based on grid mapping: mapping scattered points to grid
points. Firstly, we construct hierarchical Cartesian grids. One possible algorithm
for constructing hierarchical Cartesian data sets is described in Algorithm 7.3. The
algorithm works for data sets in R?. In R3, cell centres are needed. For simplicity, we
restrict our discussion to R%2. Numerical computing for face centres and edge centres
in Algorithms 7.3 can be avoided by exploring features of Cartesian grids. The
algorithm can be done only by index mapping. Such an index mapping procedure
is illustrated in Matlab Program 7.4. The Matlab Program only works for the
special case on an m x m mesh with m = (2% +1)? for some positive integer k. This
special case serves as the starting point for constructing hierarchical scattered data
sets.

Hierarchical scattered data sets are obtained by mapping the scattered data set
X to an m x m Cartesian mesh ), where m = 2¥ 4+ 1 for some k, i.e. find the
nearest point in ) to a given point each in X. Those points in X corresponding to
Y; C Y go to the set X;. Those points in X but not mapped to any point in ) go
to the finest data set in X.

The mapping procedure can be done in parallel using the following formula
idxreal = (x — yo — Stepsize)./Stepsize, (7.3)

where yo = (min(y;), min(ys)) for y = (y1,92) € V), Stepsize is the step length in
the Cartesian grid ), and ./ is the element-wise division as in Matlab. Rounding

idxreal to the nearest integer array idxint
idxreal = idxint + idxrem (7.4)

will map the j-th point in X to a grid point (idxint(j,1),idxint(j,2)). If
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Program 7.4 Hcgrid: a Matlab program to construct hierarchical Cartesian grids

function |pidx|=Hcgrid(N)
if rem(log2(N—1),1)7=0
error ('N should be 2°k+1");
end
level=floor (log2(N));
G=reshape (1:N"2,N,N); % index of the grid.
pidx=cell (2xlevel —1,1);% cell array 4 the indices of points
pl=1:2"(level—1):N;Gp=G(pl,pl);
pidx{1}=Gp (:) ; % indices of points in the first level
for k=2:level
p=1:2"(level—k):N;% Gp(:) indices of

pp=p(2:2:end); % face points in X {2(k—1)—1}
Gp=G(pp,PP) ; % matching face points
pidx{2x(k—1)}=union(pidx{2%(k—1)—1},Gp(:)); % X {2(k—1)}
Gp=G(p,p); % refine mesh as X {2k—1}
pidx{2xk—1}=Gp (:) ;% refine grid

end

multiple x; are mapped to the same grid point, choose the nearest one by comparing
the idxrem part. The other point(s) go(es) to the finest level of the data set. This
step is similar to the thinning algorithm: first thin the data set from N points to
m? points. Computing the array idxreal is highly scalable and can be done in one
step by scaling vectors. Making the mapping one-to-one requires at most N logical

and numerical comparisons. The procedure is described in Algorithm 7.5.

Theorem 7.1. The complexity of the grid mapping algorithm in Algorithm 7.5 is
O(N).

One implementation of Algorithm 7.5 is Program 7.6, which takes advantage of
the existing knnsearch algorithm in Matlab. The complexity of the algorithm is
slightly higher, O(N log(m?)), whilst in practice the linear scalability of the Matlab
Program 7.6 is observed for scattered data sets; see Figure 7.7. With hierarchical
scattered data sets available, we can investigate multilevel interpolation on scattered

data sets.
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Algorithm 7.5 Constructing hierarchical scattered data sets by grid mapping

1: Given N scattered points X, calculate m = 2lls: VN] 41 // suppose x € R2.
Compute the left-bottom corner xy and the up-right corner xy 1, Stepsize =
(Xn+1 — X0)./(m — 1)
Compute idxreal = (x — X( — Stepsize)./ Stepsize
Compute idxint and idxrem.
Construct an empty m x m matrix , G to store the index of X
for j =1to N do
if G(idxint(j,1), idxint(j,2)) is empty then
G(idxint(j,1),idxint(j,2))=j
else if
10: then suppose G(idxint(j,1),idxint(i,2))=p.
11: if norm(idxrem(j,:),2) < norm(idxrem(p,:), 2) then
12: G(idxint(j,1),idxint(j,2))=7.
13: end if
14: end if
15: end for
16: Apply Program 7.4, pidx=hcgrid(m);
17: for k=1 to length(pidx) do
18: pidx{k}=G(pidx{k})
19: end for
20: if N > m? then
21: pidxk+1=[1:N]’.
22: end if

N

7.4 Heterogeneous hierarchical interpolation on scat-

tered data set

We interpolate the test functions on 1089 Halton points. These points are quasi-

uniform, i.e. there exists a constant ¢ > 0 such that
r .
qx < hxq < cqx, where gy := 2 H;m [xi — x;]|2. (7.5)
i#j

Since the fill distance is not easy to compute for scattered data sets, we use qx,
instead of hy, o when we plot the convergence history. The convergence history for
heterogeneous hierarchical interpolation is listed in the last column of Figure 7.3
to Figure 7.5. It seems that there might be some saturation for some problems

on scattered data. But such seemingly saturation can also caused by the fact that
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Applications and scalability of hscatter2grid.
hscatter2grid. Apply the Program 7.6 to scattered Halton points on the unit square
with N points, where N range from 472 to 4172. (b) 8564 observation stations belonging
to the World Meteorological Organization. (c) and (d) are observation stations in level 7
and level 8 by hscatter2grid, where the longitude and latitude are used as coordinates.

Figure 7.7:
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Program 7.6 hscatter2grid:hierarchical scattered data sets construction by grid
mapping

function|idxnet ,xmin, xmax|=hscatter2grid(center)
n—length (center);
xmin=min(center) ;
xmax—max(center ) ;
m=floor (sqrt (n));
level=floor (log2
m=2"level+1;
[x,y|=meshgrid(linspace (xmin (1) ,xmax (1) ,m),linspace (xmin(2) ,xmax
(2)m));
datae-[x(:) y(:)]
idxmap= knnsearch( enter ,datae, 'NSMethod’ , "kdtree’, 'k’ 1);
pidx=hcgrid(m) ;
idxnet—pidx;
idxnet{l}=idxmap (pidx{1})
for kx=2:length(pidx)
idxnet{k}=idxmap (pidx{k});
end
idxnet=cellfun(@unique,idxnet, UniformOutput’ 6 false);
if n>m"2
idxnet{k+1}=[1:n]|’
end

(m))

neither gy, nor hy, decreases smoothly as the case on regular grids; see the x-axis

labels of Figure 7.3 to Figure 7.5. When the ratio —~— is larger than the ratio of
the background regular mesh, it leads to a smaller slolptle in the convergence curves.
When the separation distance shrinks while the fill-in distance does not, the error
won’t be reduced as expected, because all the error estimates are related to the fill
distance [208]. This is the possible reason for the poorer convergence history in
column 4 of Figures 7.3 to Figure 7.4.

The multilevel stationary interpolation on scattered data does not converge at
all. We only show the results for the franke function, F1, and F3 in Figure 7.8.
Results for other functions are similar.

The difference between the heterogeneous hierarchical approach and the mul-

tilevel stationary interpolation is striking and needs further investigation. One

reasonable explanation is that using CSRBFs of different shapes increases the va-
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Figure 7.8: Multilevel stationary interpolation on scattered data. The scattered

data points are generated in Matlab using p=haltonset(2,’Skip’,1le2,’Leap’,10);
p=scramble(p,’RR2’); center=net(p,1089);

rieties of frequencies. There is less correlation between the basis functions in the
middle of the underlying region and at points near the boundaries.

One particular example is the test function F8 in Figure 7.4, which has a narrow
peak in the middle; in the first 5 levels, the support of each basis function is larger,
and the method converges slowly. When the support becomes smaller than some
threshold, it converges faster.

Multilevel interpolation with globally supported RBFs makes little sense, be-
cause it is difficult for globally supported radial basis functions to interpolate func-
tions of high frequency. However we can still adjust the shape parameter and obtain

a better approximation.

7.5 Adaptive shape and smoothing parameter se-

lection

Rippa [169] uses the leave-one-out cross validation (LOOCV) to select a good
shape parameter for radial basis functions. The idea of LOOCV is to minimize a
cost function or a risk function. The cost function is a sum of residuals defined

as follows: for each interpolation centre x, define the set X7 := X\ {x;}, and
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find an interpolant sl=%¢/(x) such that sI=%</( X[k} = f| i), where ¢ is the shape
parameter in the basis functions. For each interpolant sl=%¢ we use f, to validate

the approximation:

Uu(e) = fr — sM(xy). (7.6)

Let L(e) = (¢1(¢),...,¢n(€)), and define a certain norm of L(e) as the cost function.

The best shape parameter is obtained by minimizing the cost function
e = argmin || L(¢)||«. (7.7)
I

Rippa uses the 1-norm in (7.7).

The element ¢4 () is given by the explicit formula

677
ex(e) = Al (7.8)
where Aa = f is the underlying interpolation system on X and A, is the k-
th diagonal element of A™'. The formula in (7.8) is the most interesting part in
LOOCV: it avoids solving N linear systems of order (N—1)x (N —1). Such a method
is convenient for choosing a best shape parameter for problems of moderate size.
One possible issue that should be taken into account is that the global minimum
of the cost function might be missed by using some linear search procedure, see
Figure 7.9 for illustration. This leads to a difficult global optimization problem,
where radial basis functions can also serve as a useful tool. This method goes
beyond our discussion.

The same idea can be applied to choosing the smoothing parameter, y, in the

following linear system

(A+ pla =1 (7.9)
However when the problem size is large, evaluating the associated cost function is

computationally intensive.

7.6 Discussion

The multilevel method was introduced by Floater and Iske [79]. The method has
been further investigated in |71, 80, 97, 115|. Such methods and multiscale analysis

have received much attention recently with the advance of error analysis [69, 128,
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Figure 7.9: Cost functions for choosing best shape parameters. Interpolate the franke
function on a 17 x 17 regular mesh on the unit square [0, 1] x [0, 1]? with multiquadrics. The
global minimum of the cost function ||L(¢)||; is near 2. Using the linear search algorithm to
find the minimum between [1, 8] may miss the global minimum, for example, the fminbnd
function in Matlab finds a local minimum for the ||L(¢)||; near 5 as shown in (b). The
fminbnd can only find the global minimum when the initial search range containing the
global minimum is narrow enough. For this problem, one can apply the fminbnd to several
intervals, or use other global optimization techniques.

193, 209]. These convergence results are obtained by adjusting the scaling parameter
and the bandwidth; these schemes usually result in sparse matrices with a wide
bandwidth. In contrast, stationary interpolation with positive definite CSRBFs
does not converge according to the Strang-Fix condition and this condition should
have received more attention. The striking part of this chapter is that convergence
is observed for heterogeneous hierarchical interpolation. Theoretical analysis of
such a scheme needs to be investigated in future. It appears that the convergence
rate observed is linear or superlinear in the maximum norm and quadratic in the
Ly norm. The method is not recommended for applications which require high
resolution, whereas we shall see that there are a wide range of applications which
do not require high resolution, and for which this method is applicable and very
convenient.

The O(N) algorithms introduced here for constructing hierarchical scattered
data are a considerable advance compared with the O(Nlog N) thinning algo-
rithms. The algorithm and implementation are restricted to special cases in R2
at the moment, but we are sure that it can be generalised to higher dimensional

space.
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8. Sparse kernel summation on Cartesian

grids

In this chapter, we propose a fast algorithm for sparse kernel summations of the
form s(x) = Zf‘il a;¢(g;]|x — x;]|) on N points on arbitrary fine Cartesian grids
in R?. The algorithm takes the advantages of the sparsity of ¢ and the feature of
Cartesian grids. It is a scalable algorithm with a complexity of O(N). Efficiency
can also be improved by looping over M bases instead of N points. The algorithm
is used for post-processing for 3D object modelling with compactly supported radial
basis functions. Numerical examples for 3D surface construction are presented to

illustrated the efficiency of the algorithm.

8.1 Motivation

This chapter examines post processing of scattered data approximation. Post
processing is usually needed for visualization. Post processing usually takes longer
time than solving the underlying interpolation systems for 3D visualization because
the number of evaluation of the summation of basis functions is usually far greater
than the number of basis functions . As shown in Chapter 6, for our cases, the
sparse linear system with M basis functions can be solved in O(M) time, where M
is the number of interpolation points. Post processing needs to evaluate the sum of
M basis functions on N points. Usually, N > M. In this chapter we propose an
efficient method which can reduce the time for post processing.

Consider a summation of sparse kernels in the form

s(x) = ZaiKi(x, X;), (8.1)

where o = (ay, an,...,ay) € RM x € R? and x; € R? is the support centre for
function K;. The function K; can be an arbitrary compactly supported function.
Here, we focus on a compactly supported radial basis function with a support ra-

dius p;, K; = é(ei]| - ||). We are interested in the following problem: evaluating
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the sum, s(x), on arbitrarily fine Cartesian grids with N points (where N > M).
The evaluation results are closely associated to visualizing an implicit surface [2237
|, an eigenmode [96], pattern evolution on a biological body [69] and similar post-
processing (usually visualization) of results on Cartesian grids from mesh-free meth-
ods based on scattered data |[70]. The Cartesian grids are required for some popular
visualization functions like meshgrid, patch, isosurface in Matlab.

The sparse kernel summation problem arises frequently and is of increasing sig-
nificance because of the increasing demand for vivid visualization. Similar problems
also arise from various applications involving nonlinear regression, non-parametric
density function estimation, and kernel based machine learning, see [130] for ex-
ample. The essence of these problems share the same foundation: fast summation
of sparse kernels. The challenges of these problems lie in the fact that because of
the high dimensionality, it is easy to make the problem data-intensive and thus
memory-intensive, and the sparsity usually results in a low ratio of computation to
memory reference volume.

Both of these features contradict the traits of current and future design of chips
(according to the current trend) which usually have relatively fast computation
rates while low memory bandwidth and thus slow memory reference rate. Memory
bandwidth usually limits the performance of such data/memory-intensive applica-
tions. In addition, here we allow the support, p;, of each function K; to vary, which
increases the data heterogeneity.

For cases when the kernel functions are global, there are various available fast
evaluation methods; for example, there are methods for polyharmonic splines [11,
12, 14, 16|, multiquadrics [43], Gaussians [19, 170, 191] and Matérn kernels [40].
These methods are usually based on fast multipole like methods [216] or tree-code
[57, 124]. To set up such efficient tree structures usually requires O(dN log N) time
and O(dN) storage [208, p240, p245|. In contrast to the global case, little has
been mentioned for the compactly supported cases. Here, we contribute an efficient
overhead-free algorithm which requires O(N) time and only O(N) storage, rather
than O((d+ 1)N) storage, for fast summation of compactly supported kernel func-
tions. The efficiency of the algorithm is obtained by taking advantage of sparsity,
by removing the overhead for setting up a tree structure and by properly managing

memory. Compared with recent O(N) algorithms for truncated Gaussian radial
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basis functions [218] where numerical results are presented for the 2D frank test
function which take 106 seconds to interpolate with 50 million data points and 1024
processors on a Blue Gene/L supercomputer, here we report numerical results for
a 3D implicit surface which consists of 105,615 centres, and takes only 11 seconds
to evaluate the 45,079, 265 points of a 389 x 385 x 301 mesh on a low-end AMD
chip without any multithreading techniques.

The remainder of this section is organized as follows. We first propose a simple
and efficient data structure and algorithm design, followed by performance analysis
of the algorithm and numerical verification. Finally, we give some remarks and

discussion.

8.2 Data structure and algorithm design

8.2.1 Data structure

struct gridbox{

uint8 d;
double *low_left; // x_min
int *N; // N=[N_1, ..., N_d]

double *steps[d]; // stepsize of each direction

Figure 8.1: A gridbox data structure to store N = Nj; x --- x Ny points with only
O(Ny + --- + N,) storage or even O(1) storage if the step size in each direction is a
constant.

Since Cartesian grids like those generated by meshgrid or ndgrid in Matlab
are usually stored in multidimensional arrays, a d-dimensional array is usually used
to store the evaluations of s(x) on these grid points. To store the Cartesian grids,
meshgrid or ndgrid in Matlab return d d-dimensional arrays. Such a multidimen-
sional array data structure for regular Cartesian grids is inefficient and unnecessary
for large scale high dimensional problems: suppose the number of Cartesian points
is N = Ny X --- X Ny, the d d-dimensional arrays will require d x Ny X --- X Ny
storage. The storage will soar as any N; (i = 1,...,d) increases even a little; and
in each multidimensional array, there are repeated, and therefore redundant values.
Here we propose a simple data structure which can immediately reduce the storage

for the N Cartesian points from d X Ny X -+ X Ng to Ny + --- + Ny, or even a
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constant in O(1); for the former case, it allows the step size in each direction to
vary, for the latter case, the step size in each direction is a constant. We call the
data structure gridbox; it is illustrated in Fig 8.1. When the step size is allowed to
vary in each direction, the pointer steps[i] points to a vector of coordinates of the
grids in the ¢-th direction, otherwise it only stores a constant step size in the that
direction. The coordinates can be obtained by cheap computation at runtime rather
than costly memory reference. Let us first consider the most memory efficient case

when the step size in each direction is a constant.

8.2.2 Range search

The next question is how to find those points in a gridbox which are located in
the support of a function K; = ¢(g;]| - ||) with center x; and radius p;. Only those
points located in the smallest box which contains the ball B(x;, p;) can possibly be
in the support. For some cases the box can shrink to a smaller one which covers
most of the ball B(x;, p;). The evaluation of the function K; only takes place on this
small box which will be referred to as a subgridbox. A subgridbox can be stored
more economically than a gridbox, since only the coordinates of its lower-left and
upper-right (think it as 2D) corners need to be stored. The relative coordinates in
the gridbox of the lower-left corner and the upper-right corner can be computed

as follows
MyDownLeft = [x;—Xo—p;]|./steps and MyUpRight = |x;—Xo+p;]./steps, (8.2)

where X, is the coordinate of the low_left corner in the gridbox, stepsc R? is
the step size in each direction and ./ is the element-wise division as used in Matlab;
[-] and |-] are the ceiling and floor function respectively.

Special care has to be paid to any subgridbox near the boundary of the gridbox.
Such cases can result in relative coordinates in (8.2) less than 0 in MyDownLeft or
greater than N;—1 (i = 1,...,d) in MyUpRight. In these cases, only the intersection
of the subgridbox and the gridbox is used, the subgridbox is shrunk by adjusting
MyDownLeft and MyUpRight as follows

MyDownLeft = max{(0,...,0),[x; —xo— p;|./Steps}, (8.3)
MyUpRight = min{(N; —1,...,Ng—1),|x; —Xo + p;]./Steps}. (8.4)
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Here we keep MyDownLeft and MyUpRight separately instead of saving them in a
special subgridbox structure; this can increase the possibility of taking advantage
of the register. In this small subgridbox, there are a small number of points near
the corners which might be outside the support of current basis function. Such

points are excluded at runtime as shown in Algorithm 8.1.

8.2.3 Algorithm

We consider the most common case, when d = 3. Generalization for other
dimensions should be straightforward. First we consider how to evaluate the results
of one compactly supported function «;K;(x,x;) in its corresponding subgridbox;
and then the same procedure can be applied to the other basis functions. The
storage of the evaluation results is closely related to the implementation. The
results are stored in an array fval. Since only those points near the surface in
the gridbox are active points which can be selected during the process, only part
of fval will be referred to during the evaluation. First, all the points in fval
are stored in a special non-numerical format, for example, here, they are stored as
NaNs (saving them as NULLs is not recommended, because NULL may display as 0 in
some environments like Matlab, and an implicit surface usually is an isosurface
with isovalue 0). When a point is selected as an active point for the first time,
the evaluation result replaces the special format (NaN here) as shown in line 15
in Algorithm 8.1, otherwise the result is accumulated as in line 17 in Algorithm
8.1. Another issue needs to be mentioned in Algorithm 8.1: how the 3 dimensional
N = N, x Ny x N, grid maps to a one dimensional array. Here we suppose that
fval is a 3D array in Matlab, it has NV, pages of 2 dimensional N, x N, arrays. If
fval is viewed as a one dimensional array indexed from 0 to N — 1, then the index

transform is described as follows.
fval(i,j, k) = fval(k * N, * Ny + i % N, + 7). (8.5)

Once the evaluation of one compactly supported function a; K;(x,x;) is clear, a
loop of Algorithm 8.1 makes the whole of Algorithm 8.2. In both pseudo-algorithms,

C-like syntax and comments are used.
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Algorithm 8.1 subbox_eval(fval,x;,p;, @; , gridbox)

1: Initialization

2: Compute MyLowLeft and MyUpRight

3: for (z_idx=MyLowLeft[2]; z_idx <= MyUpRight[2];++z_idx) do

4: z=low_left[2]+z_idx*stepsize[2]; // This is current z coordinate

5: idxz0=z_idx*Nx*Ny; //current slice

6: for (x_idx=MyLowLeft[0]; x_idx<=MyUpRight[0];++x_idx) do

7: x=1low_left[0]+x_idx*stepsize[0]; // This is current x coordinate

8: idxx0=x_1idx*Ny;

9: for (y_idx=MyLowLeft[1]; y_idx<=MyUpRight[1];++y_idx) do

10: y=low_left[1]+y_idx*stepsize[1]; // current y coordinate

11: Dist2Center =|x — x;||2/pi; // x = (z,y,2), x; is the center in
ileillx —xil2)

12: if (Dist2Center <1.0) then

13: f_idx=idxz0+idxx0+y_idx; // x € B(x;, p;), compute index for
fval

14: if (isnan(fval[f_idx])) then

15: fval[f_idx] = a;K(x,x;); //if first accumulation

16: else

17: fval [f_idx] +=a;K(x,x;); //if already accumulated

18: end if

19: end if

20: end for

21: end for

22: end for

Algorithm 8.2 gridbox_eval(fval, centers,radials,weights,gridbox)
1: for (i=0;i<M;++1i) do

2: subbox_eval(fval,centers[i] ,radials[i],weights[i],gridbox);
3: end for

8.2.4 For special K;(x,x;) with tiny support

For some surfaces with fine features, the supports of K;(x,x;) may vary signifi-
cantly; the ratio of the largest support to the smallest support can be on the order
of hundred, see Table 5.1 and Table 5.2. When such cases occur, to reduce the
number of evaluation points, one may choose a gridbox whose stepsize is greater
than the smallest radius of K;(x,x;), (i = 1,...,M). In this case the support of
these basis functions may located in a small cell of the grid, and thus these basis

functions K;(x,x;) should be treated specially. First, choose those points x; on the
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Algorithm 8.3 modifysubbox_eval(fval, x;, gridbox)

1: Compute MyDownLeft and MyUpRight and modify them if necessary
2: for (z_idx=MyLowLeft[2]; z_idx <= MyUpRight[2];++z_idx) do
3: idxz0=z_idx*Nx*Ny; //current slice

4: for (x_idx=MyLowLeft[0]; x_idx<=MyUpRight[0];++x_idx) do

o: 1dxx0=x_1idx*Ny;

6: for (y_idx=MyLowLeft[1]; y_idx<=MyUpRight[1];++y_idx) do

7 f_idx=i1dxz0+idxx0+y_idx;

8: if (isnan(fval[f_idx])) then

9: fval[f_idx] =0; // only modify points related to x; on surface
10: end if

11: end for

12: end for

13: end for

Algorithm 8.4 modify_eval(centers,radials,gridbox)
1: for (i=0;i<P;++i) do

2: if 2*radials[i] < min stepsizes then

3: modifysubbox_eval(fval, x;, gridbox) // Note i < P not M
4: end if

5: end for

surface with radius p; smaller than the stepsize, the ball B(x;, p;) can be either in
a cell of the gridbox or it could be in between two to eight cells (more in higher di-
mensions). In the former case, the coordinates MyDownLeft and MyUpRight defined
in (8.2) should be swapped. In the latter cases if MyDownLeft [i] > MyUpRight [i],
they should be swapped (otherwise they would be equal).

8.3 Performance analysis and numerical verification

8.3.1 Performance analysis

First we consider how many points there are in the subgridbox corresponding
to K;(x,x;). Here we suppose that the height, length and width of the gridbox
are H, L and W respectively. For simplicity, the step size in each direction of a
gridbox are assumed to be h, and the radius of support is assumed to be p. Thus

a subgridbox can consists of at most [22]3 active grids. Since [22] < W22 anq
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LWH — N then
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20 |° 8p?
~| <N ) 8.6
{ h J - LWH (86)
When the radii of the supports of K;(x, x;) are equal to p, % is a constant. Thus
Algorithm 8.2 is an O(N) algorithm. In particular, when i@;ﬂfl < 1, Algorithm

8.2 can be completed with at most N evaluations. In the case when p; may vary,

3 x p3 :
Zi]\il LE;’);'H <M Sznv?/ ;Z . Therefore we have the following result.

Theorem 8.1. For given M basis functions, the sparse summation algorithm, Al-

gorithm 8.2, is an O(N) algorithm.

Remark 8.1. We do not make use of the seemingly more promising format O(| 2 |*M),
since the step size h is a variable and N % Since the support of most of the basis
<1

8 max p?
LWH

functions is a subset of the gridbox with dimension L x H x W, then

and Algorithm 8.2 at most takes N x M evaluations.

Remark 8.2. Looping over M basis functions can save overhead by avoiding un-
necessary comparisons and branch statements. If we loop over N points instead
of M basis functions, for each point, it requires at least M comparisons (to decide
whether the current point locate in the support of each basis functions) and thus it

results in at least N - M work.

8.3.2 Numerical verification

Consider the reconstruction of an implicit surface with compactly supported
radial basis functions as described in [223]: a Wendland function [208, p.129],
¢31(r) = (1 — )3 (4r + 1) is used as ¢, where (-); = max{-,0} is the cut-off func-
tion and r = ||x — x;||o. Various scales for support of the basis functions are chosen
according to the procedure described in [223]. Four raw data sets of the Stanford
bunny are used!, namely Bunny453, Bunny1889, Bunny8171 and Bunny35947, which

result in the sum
M

s(x) =) dledlx —xll), (8.7)

i=1
with M = 1351, 5643, 24425 and 105615 respectively. Algorithm 8.2 is implemented

in C/C++, with a Matlab mex gateway function. Numerical experiments are carried

Yhttp:/ /graphics.stanford.edu/data/3Dscanrep/
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out on a relatively low end AMD Phenom II x4 925 CPU with frequency 2.8 GHz.
No multi-threading technique is used. A high resolution timer is used to obtain
accurate timing results. Timing results for these four data sets on different grids
are presented in the first 6 columns in Table 8.1.

Two formulae are used to model the relationship between N and the timing

results, 7.
Model I: T = ¢N?' + noise, and Model II: T = ¢N + S, + noise. (8.8)

Model I is used to confirm that [3; is a constant near 1 for a given M. Once this
is confirmed, Model II gives further explanation based on the assumption §; = 1.
Experimental results and the almost coincident fitted lines from the two models are
illustrated in Figure 8.2, which shows that both models fit the experimental data
very well for given M. Table 8.2 presents the fitted parameters in both models and
their 95% confidence intervals calculated according to [204, p.214]. It turns out that
B is a negative number. The ratio of || over the timing results 7', and |G|/ (T'M)
are listed in Table 8.1. One interesting phenomenon is that when this ratio |fs|/T is
large, 1 in model I is large, whereas when this number is scaled with M, |5y|/(T'M)
decrease as N increases. It seems that (35 is related to operations outside the loops
in Algorithm 8.1 or some overhead due to loading functions. When N is large, the
average overhead is small. This is not a definite explanation of this subtle issue,
which doesn’t change the decisive conclusion: Algorithm 8.2 is a scalable O(N)

algorithm.

8.4 Discussion

Visualizing an implicit surface constructed from scattered data points or visual-
izing numerical results on scattered data from mesh-free like methods is a problem
which frequently occurs. Evaluating such results on suitably fine grids for desirable
results usually consumes a lot of time and there is shortage of user-friendly software
packages. The algorithms presented here take advantage of sparsity and the features
of Cartesian grids. The gridbox data structure is essential to reduce the storage
of the grids from N; x Ny--- x Ny to a constant, transforming a time-consuming

data-intensive operation to a computationally intensive one. Another benefit is
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Table 8.1: Timing results (in seconds) for the summation s(x) with M centres and N
evaluation points, where (35 is the fitted parameter in model II.

M Ny Ny N3 N T |Bo|/T  [Ba] /(T M)
1351 89 &89 69 546549  0.8790 0.081 6.0e-05
1351 91 91 70 579670  0.9324 0.076 5.6e-05
1351 93 93 72 622728  1.0071  0.070 5.2e-05
1351 95 95 74 667850 1.0886  0.065 4.8e-05
1351 97 97 75 705675 1.1512  0.062 4.6e-05
1351 99 99 77 754677  1.2387  0.057 4.2e-05
5643 143 138 109 2151006  2.1361  0.087 1.5e-05
5643 145 140 111 2253300 2.2440 0.083 1.5e-05
5643 147 142 112 2337888  2.3374  0.080 1.4e-05
5643 149 144 114 2445984 2.4550 0.076 1.3e-05
5643 151 145 115 2517925 2.5315 0.074 1.3e-05
5643 153 147 117 2631447  2.6535  0.070 1.2e-05

24425 233 229 185 9871045 5.1615 0.108 4.4e-06
24425 235 231 187 10151295 5.3260 0.104 4.3e-06
24425 237 233 188 10381548  5.4584  0.102 4.2e-06
24425 239 235 190 10671350 5.6302  0.099 4.0e-06
24425 241 236 191 10863316  5.7369  0.097 4.0e-06
24425 243 238 193 11161962  5.9093 0.094 3.8e-06
105615 379 376 294 41896176 10.5082  0.138 1.3e-06
105615 381 378 295 42485310 10.6717 0.136 1.3e-06
105615 383 380 297 43225380 10.8867 0.133 1.3e-06
105615 385 382 298 43826860 11.0569 0.131 1.2e-06
105615 387 384 300 44582400 11.2744  0.129 1.2e-06
105615 389 385 301 45079265 11.4144 0.127 1.2e-06

Table 8.2: Parameter estimations and their 95% confidence intervals(CI) for the two mod-
els.

Model M c 95% CI B; 95% CI
I 1351 6.60e x 107 [5.50e x 107,7.92¢ x 10-7] 1.07  [1.05, 1.08]
I 5643 3.16e x 107 [2.86e x 107,348 x 1077] 1.08  [1.07,1.09]
I 24425 1.03e x 1077 [8.89¢ x 1075,1.19¢ x 1077] 1.10  [1.09,1.11]
I 105615 2.45e x 1078 [2.22¢ x 1078,2.70e x 1078] 1.13  [1.13,1.14]
I 1351 1.73e x 10°¢ [1.71e x 107%,1.76¢ x 10°5] -0.07 [—0.09, —0.06]
I 5643 1.08¢ x 1076 [1.07e x 10%,1.09¢ x 107] -0.19 [—0.20,—0.17]
II 24425 5.79¢ x 1077 [5.75¢ x 10°7,5.83¢ x 1077] -0.56 [—0.60, —0.51]
II 105615 2.85¢ x 10°7 [2.84¢ x 1077,2.87¢ x 10°7] -1.45 [—1.51,—1.39)

that there is no overhead to set up a tree like data structure, such as those used

in methods related to fast multipole methods. The data structure presented here
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Figure 8.2: Timing results (red circle) and fitted line with model I and model II. The solid
line for model II overlaps the dash line for model I.

can also be applied to functions which work together with meshgrid and ndgrid in
Matlab, especially visualization functions for a 3D surface.

In stead of looping over the number of evaluation points, Algorithm 8.2 loops
over the number of basis functions, M, which saves amount of unnecessary com-
parisons and branch statements. Both the analysis and numerical results show that
the presented algorithms are scalable with O(N) complexity. Multithreading tech-
niques could be applied to Algorithm 8.2 on the for loops with special care to
avoid potential data race in fval. For multi-threading, one can only adjust the one
loop function in Algorithm 8.2. More promising algorithms with O(M) complexity
might be possible, if one allowed a more sophisticated data structure, however, the
evaluation results may not be user-friendly for the visualization functions currently
in Matlab.
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Part 1V

Applications



9. Scattered spatial data analysis

Designing different types of mesh-free methods for solving partial differential equa-
tions is one of the most important applications involving radial basis functions.
Since there are lots of publications on such applications [70] and there are various
other available techniques for solving partial differential equations, we shall avoid
that application here. Instead we present other interesting applications. Firstly, we
discuss how to use compactly supported radial basis functions to construct an im-
plicit surface for modelling and visualizing a 3D object from point clouds. Secondly,
we apply our methods to terrain modelling and meteorology. Finally, we apply our
methods to scattered spatial environmental data analysis, for example, visualizing
pollution in air, soil and water, identifying pollutant sources, and evaluation of
environmental risk. We think that this is a relatively new application area to be

explored in the light of increasing public concern about environmental problems.

9.1 3D object modelling by implicit surface recon-

struction

As discussed on page 4, a planar implicit curve can be viewed as a contour of a
3D graph (see definition on page 4), a 3D object can be represented as an isosurface
of a 4D graph. An implicit curve/surface can be constructed as a zero level set of

a function f(x), i.e. f(x) satisfies

f(x;)=0 if x on the curve/surface;
f(xf)=df if x; off the curve/surface (outside);
f(x;) =—d; if x; off the curve/surface (inside).

Given a point x; on the curve/surface and its unit normal n;, artificial off-surface

points x* can be constructed easily: xI = x; + &;n; for some ¢;. The df can

1

be arbitrary positive numbers. Carr et al. argue that the reconstruction result is

insensitive to the choice of di [36]. Here we choose d; = d;, and §; is proportional
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Figure 9.1: Reconstruction of an implicit curve. The blue + points are artificial off-curve
points constructed by related normal information. The red circles in (a) are the supports
for the basis functions corresponding to red + centres (shown for only a subset of points,
all the interpolation points are illustrated in (c)). (b) demonstrates that the eigenvalues
of the interpolation matrix are located in the black circle. The red curve in (c) and the 0
level set in (d) are the reconstructed curve.

to the nearest distance from a point x; on the surface to x;. An implicit curve

construction problem is used to illustrate such a procedure.

9.1.1 Illustration in 2D

Consider the following heart-shaped curve

z(t) = V2(sin(t) — cos(t));

(9.1)
y(t) = —v/2(sin(t) + cos(t)(1 + sin(t))),

which is modified from an example in |70, p.257]. The 84 points on the curve are
sampled by setting {;}%1, equally spaced in [0,27]. See the small blue circles in

Figure 9.1(c). The off-curve artificial points are constructed according to xif =

X; +.750;n;, where n; is the normalised normal direction at x; and ¢; is the distance
between x; and its nearest neighbour (x,, for some m) on the curve; the ratio .75
can be a scalar not far from 1 (the ratio is not sensitive according to Carr et al.
[36]). We use CSRBFs with different shape as discussed in Chapter 4 to interpolate
f(x). The Wendland function ¢s,(r) = (1 — r)%(4r + 1) is employed. Figure
9.1(a) illustrates the support of each basis function, the supports are determined by
Algorithm 5.1. Figure 9.1(b) demonstrates that the eigenvalues of the interpolation

matrix are located in the black circle by the diagonal dominance condition. The red
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Algorithm 9.1 A framework for 3D surface reconstruction with CSRBFs

1: Prepare the artificial data, normal information, and generating right hand side
of the linear system.

2: Generating the interpolation matrix according to Algorithm 5.4.

: Evaluating the interpolant on fine Cartesian grids according to Algorithm 8.2.

4: Visualising the object.

w

curve in Figure 9.1(c) and the zero level set in Figure 9.1(d) are the reconstructed

result.

9.1.2 3D object modelling

We consider the Stanford bunny model and the Stanford dragon model in
the Stanford 3D scanning repository!. The Stanford bunny, bunny.tar.gz in-
cludes four data sets of 35947, 8171, 1889 and 453 points. The Stanford dragon
model is larger; only three low resolution data sets in dragon recon.tar.gz are
used, the data sets with 100250, 22998 and 5205 vertices. The test problems
are named as Bunny453(B4), Bunny1889(B3), Bunny8171(B2), Bunny35947(B1),
Dragon5205(D3), Dragon22998(D2) and Dragon-100250(D1) respectively as previ-
ously. The normal information is computed by the program normalsply from the
package ply.tar.gz provided by Greg Turk?. The artificial points are constructed
according to X;Tt = x; + .50;n;. A framework of 3D object modelling with radial
basis functions is presented in Algorithm 9.1. Multilevel methods have not been
applied here. Figure 9.2 shows the reconstruction results for the Stanford bunny

model and the Stanford dragon model.

9.2 Terrain modelling

Terrain modelling is one of the forces which drives research on scattered data
approximation. We use the terrain of Colorado as our first example because the
region is roughly square on the earth and the true terrain is available from high
resolution maps. The elevations and positions in longitude and latitude of 346 cites

in Colorado are extracted from Wolfram Mathematica CityData.

{CityData[#, "Longitude"], CityDatal[#, "Latitude"],

Yhttp:/ /graphics.stanford.edu/data/3Dscanrep/
http://www.cc.gatech.edu/projects/large_models/ply.html
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(a) N =89 x 89 x 69 (b) N =143 x 138 x 109

(¢) N =233x229 x 185 (d) Dragon5205

Figure 9.2: Reconstruction 3D surface from point clouds. (a) Bunny453 reconstructed
from 453 points with M = 1351 interpolation centres. (b) Bunny1889 reconstructed from
1189 points with M = 5643 interpolation centres. (c¢) Bunny8171 reconstructed from 8171
points with M = 24425 interpolation centres. (d) Dragon5205 reconstructed from 5205
points with M = 15563 interpolation centres. N is the number of evaluation points for
visualization.
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Figure 9.3: Terrain of Colorado, USA. In (j), FC stands for Fort Collins, CS for Colorado
Springs, LJ for La Junta, GS for Glenwood Spring, GJ for Grand Junction, and FM for

Fort Morgan.
CityDatal[#, "Elevation"]} & /@ CityData[{All, "Colorado", "USA"}]

The cites can be divided into 8 hierarchical data sets in Figure 7.6. The interpolants

in each level are illustrated in Figure 9.3. The contour map and several main cities

are illustrated in Figure 9.3(j).
Our second example is the terrain of the mainland of China. The longitude,

latitude and elevation of 914 cites are also obtained from Wolfram Mathematica
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Figure 9.4: Hierarchical data sets of cites in mainland of China.
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Figure 9.5: Terrain of mainland of China.

CityData

{CityDatal[#, "Longitude"], CityDatal[#, "Latitude"],
CityDatal#, "Elevation"]} & /@ CityData[{All, "China"}]
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Hierarchical scattered data sets of the cites are illustrated in Figure 9.4. We use
the planar coordinates, longitude and latitude, to calculate the distance. Geodesic
distance could be considered for a more accurate model. The contour maps with

different resolutions are illustrated in Figure 9.5.

9.3 Interpolating meteorological data on the earth

Interpolation points at level 1 Interpolation points at level 3 Interpolation points at level 5 Interpolation points at level 6
60.0° N 60.0°N 60.0° N g 60.0°N

(a) (b) (c) ()

Figure 9.6: The temperature maps for UK.

Meteorology is one important field which involves high dimensional scattered
data approximation. Meteorological data are obtained from irregularly distributed
observations stations. The observation stations which are associated to the world
meteorology organization are scattered all over the world. Most of the stations are
scattered in continents. See Figure 7.7 for illustration. Temperature, humidity,
wind speed, wind direction, pressure and other data are collected at each station at
a fixed time every day. An interpolation of these measurements onto certain mesh
points can serve as the initial values for numerical weather forecasting programs.
Weather forecasting and some climate modelling require four dimensional interpo-
lation or approximation [58]. We consider a simpler 2D model. We only focus on
how to interpolate a scalar field from these observations. The data come from Wol-
fram Mathematical WeatherData. Firstly we use the information from observation
stations near the United Kingdom on June 3rd 2014, and construct the tempera-
ture distribution maps for the UK. The heterogeneous hierarchical approach with
Wendland functions ¢s3; is used. The results are illustrated in Figure 9.6. Sec-
ondly, we extract all available temperature information on June 22, 2014, and draw
the temperature maps of the world. We interpolate on the sphere in the following

way: we first map the sphere to a [—180, 180] x [—90, 90] domain and then padding
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Table 9.1: Observation information of temperature

original observations extended observations
temperature | 8561 17076
pressure 6816 13608

the domain along the longitude coordinate, the range of longitude are extended to
—200 and 200 by assuming periodic conditions along the longitude coordinate so
that the artificial interface is along the +180. The number of original observations
and extended observations are listed in Table 9.1.

We use two ways to interpolate observations, firstly we use multiquadrics. Sec-
ondly we use the heterogeneous hierarchical approach. Figure 9.7 shows the inter-

polation results of the two methods.

9.4 Pollution sources identification

With the high-output of environmental data like concentrations of pollutants in
air, soil and water, there is an increasing demand for visualizing spatial environmen-
tal data. Visualization brings us a vivid and direct impression of the concentration
distribution of pollutants. This makes it easier for us to obtain intuitions and in-
sights into potential reasons for the underlying pollution, where these pollutants
come from, how they diffuse and finally how to control or clear them up. Such
spatial environmental data are usually sparse, scattered and unstructured. For ex-
ample, the small circles in Figure 9.8(e), Figure 9.8(f) and Figure 9.9(d) illustrate
the positions of ground monitoring points for air pollutants in two cities; based
on such observations, we want to approximate the concentration distributions of
several air pollutants in the nearby region. The first column of Figure 9.10 and
Figure 9.11 illustrate the distribution of cites which have ground air pollution mon-
itoring system over a large part of China. Based on data from such sparse and
scattered cities, we want to depict the density distribution of air pollutants over a
larger scale, in a region of several provinces or the whole country.

Our second example is a soil pollution problem, the small white circles in Fig-
ure 9.12 are sample points of soil in a city. Concentrations of 8 heavy metals in the
samples are tested. Based on such scattered measurements, we want to know the

concentration distributions of these heavy metals in soil across the city. It is evident
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Figure 9.7: Temperature and pressure maps for the world on June 22, 2014. The multi-
quadric interpolation formula is s(x) = Z;qul ary/e2]|x — xx|2 + 1+ ap. The results in
the second column are obtained according to the heterogeneous hierarchical interpolation
approach.
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that scattered spatial environmental data are universal in environmental science.
For the air pollution problem, we focus on the density distribution of 3 air
pollutants: SO2; fine particulate matter (PM2.5, diameter of 2.5 micrometers or
less); and respirable suspended particle (RSP or PM10, particles with diameter of
10 micrometres or less). Table 9.2 and Table 9.3 list the positions of observation
stations and the concentrations of the 3 air pollutants at these observation points.
The real-time data are extracted from www.pm25s.com® on June 14, 2014. The po-
sition data are obtained from a GPS positioning website?, which provides longitude
and latitude information. We use the following formula to approximate such small

observations:

s(x) = Zaieﬁi(&HX—XiH) + Bo, (9:2)

where fj is the average of the observation which can be calculated in advance. «;
and ¢; are determined by the algorithm described in Chapter 4. [y can contain
background information, which can, for example, be obtained from remote sensing
or a trend surface from a larger scale approximation. Figure 9.8 and Figure 9.9
illustrate the density distribution of the air pollutants. When using globally sup-
ported radial basis functions in (9.2), those region outside the convex hull of the
interpolation points can be very large; while using compactly supported radial basis
function without the constant gy, the density would vanish at regions which are not
covered by any basis function. The constant term 3, for compactly supported radial
basis functions is a trade-off which can reduces the large extrapolation error. See
Figure 9.8 for comparison.

For larger scale approximation, we use the heterogeneous hierarchical approach
described in Chapter 7. We extract the average concentrations of PM2.5 and PM10
for 190 cites in China on June 22, 2014. The data sets are divided into 6 regions. For
each region we apply the heterogeneous hierarchical approach described in Chap-
ter 7, and then draw the approximate density distribution of PM2.5 and PM10.
The data comes from www.pm25s.com. The results are illustrated in Figure 9.10
and Figure 9.11.

For the soil pollution problem, the data comes from the China Undergraduate

3http://www.pm25s.com/chongqing.html and http://www.pm25s . com/wuhan . html
“http://www.gpsspg.com/latitude-and-longitude.htm

146


http://www.pm25s.com/chongqing.html
http://www.pm25s.com/wuhan.html
http://www.gpsspg.com/latitude-and-longitude.htm

Mathematical Modelling Contest® (Problem A, 2011). Figure 9.12(a) illustrates the
terrain of a city and some sample points. Concentrations of 8 heavy metals, As, Cd,
Cr, Cu, Hg, Ni, Pb and Zn are tested at the sample points. The tolerable threshold
of the concentration of a heavy metal depends on the function of the underlying area.
A living area requires a higher standard than an industrial area. The functional
areas of the city are illustrated in Figure 9.12(b), which consists of living area (C),
industrial area (I), transportation (T), mountain (M) and parks (P). We use the
multiquadric \/W to approximate the concentration distributions of the 8
heavy metals. Figure 9.12 demonstrates the potential sources of the pollution and

the distribution of the concentration.

9.5 Discussion

This chapter illustrates the utility and flexibility of radial basis functions for
scattered spatial data analysis. All of the presented models do not require high
accuracy; for example, predicting the temperature to 0.1°C makes little sense in
daily life. Flexibility and convenience of the underlying method is of great concern
and even paramount. The 3D object modelling problems show that good scalability
can be obtained when using CSRBFs with different shapes as described in Chapter 4.
Even when the multilevel approach hasn’t been applied, satisfactory results can be
obtained.

For other applications, we want to show that scattered data approximation
is common and becoming increasingly important in daily life. The air pollution
problem in China, is a very recent problem which is receiving a great deal of public

attention.

Shttp://www.mcm.edu.cn/html_cn/node/alffc4c5587c8a6f96eacefb8dbcc3de.
html
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Table 9.2: Observations of density distributions of PM2.5 and SO2 in Wuhan, China,
Data were extracted from http://www.pm25s.com/wuhan.html on June 14, 2014. The
position data are identified by a GPS positioning website http://www.gpsspg.com/
latitude-and-longitude.html.

Position Density (ug/m?)
(latitude,longitude) | pm2.5 SO2
(30.574,114.375) 95 11
(30.593,114.305) 79 9
(30.633,114.134) 87 9
(30.523,114.310) 96 24
(30.617,114.323) 100 149
(30.619,114.255) 91 )
(30.558,114.258) 88 7
(30.593,114.305) 69 1
(30.458,114.188) 75 15
(30.617,114.375) 89 21

Table 9.3: Observations of density distributions of PM2.5, PM10 and SO2 in Chongqing
China. Data were extracted from http://www.pm25s.com/chongging.html on June 14,
2014. The position data are identified by a GPS positioning website http://www.gpsspg.
com/latitude-and-longitude.htm.

Position Density (ug/m?)
(latitude,longitude) | pm2.5 pml0 SO2
(29.714,106.623) 39 79 9

29.534,106.565
29.425,106.579
29.600,106.642
29.818,106.419
29.475,106.472

( ) 50 54 32
( ) 48 54 13
( ) 52 104 9
( ) 35 55 12
( ) 51 82 18
(29.511,106.510) 59 92 30
(29.490,106.363) A7 BT 3
(29.670,106.484) 0 76 12
(29.756,106.652) 43 70 8
(29.841,106.395) 23 31 1
(29.743,106.485) 26 38 6
(29.600,106.307) 37 48 16
(29.560,106.573) 38 80 12
(29.580,106.459) 5379 9
(29.383,106.519) 4120 25
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Figure 9.8: Density distribution of air pollutants in Wuhan, June 14, 2014. (a) and (b) use
the method which first subtracts the average mean as the the background information, and
finally add the background information to the interpolant. (c¢) uses the globally supported
radial basis function r2logr, it produces larger results at the bottom-right conner. (d)
applies CSRBFs with different shapes directly on the observation data, it produces lower

values at the bottom-right conner.
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Figure 9.9: Density distribution of air pollutant in Chongqing, June 14, 2014.

150



observations at 85 cities

140
40°N 120 40°N
100

200
150
100
50
125 03

© ° g ‘25u © o g
10 E 115'E 120 E i g/md 110 E 115'E 120°E g /m

(a) Observations (b) PM2.5 (c) PM10
80
60
40
20
05

28" N® g g g 28 N3 > g
118 E 120°E 122°E | g/m 118°E 120°E 122°E | g/m

(d) Observations (e) PM2.5 (f) PM10

observations at 36 cities

—
LI \x
T Sl

32°N g\oo 0o © N

observations at 74 cities

60

40

20
1200°E 1225Fy /m?

300N 115.0°E 1150°E  117.5°E  120.0'E

175°E 1225, /r(ra3

1150°E  1175°E

(g) Observations (h) PM2.5 (i) PM10

Figure 9.10: Density distribution of PM2.5 and PM10 in China I.
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10. Discussion and future work

As surveyed in Chapter 2, there is a long history of seeking proper and convenient
basis functions for scattered data approximation in high dimensional space in Chap-
ter 2. Problems related to radial basis functions emerged one by one. Some of the
problems are of great interest themselves, but most of the profound ones arose in re-
sponse to some requirements of real applications. Engineers and scientists may wish
to use multiquadrics or thin-plate splines to reconstruct irregular surfaces, whilst
mathematicians are interested in why such methods work, how well such methods
work and in seeking simper alternative methods. The derivation of positive definite
compactly supported radial basis functions was a step forward. However, soon such
basis functions were found to violate the Strang-Fix condition. Few people discuss
such a negative result, but research on fixing this deficiency is continuing. To some
degree, the Strang-Fix condition also suggests how to fix this: by using multi-scale
generating functions. There is long way to go before for CSRBFs can compete
with classical finite element, finite difference and finite volume method for solving
many challenging real applications, but it is also difficult to find a simper method
to deal with truly scattered data approximation like the applications presented in
Chapter 9. The correct choice of tool is an essential step in problem solving.

In this final chapter of this thesis, we ask what problems which should be further

considered and what opportunities exist in this field.

10.1 Error estimate for the adaptive multilevel ap-

proach

There are a multitude of reasons which motivated us to design the method of
using CSRBFs with different shapes proposed in Chapter 4. We hope the reader
is convinced that such a scheme is necessary for scattered data sets which are not
quasi-uniform, like those in Figure 7.6, Figure 7.7, Figure 9.4, Figure 9.8 and Figure
9.9. Such a scheme is an important step towards to adaptivity, and adaptivity

plays an important role in removing the curse of high dimensionality. One striking
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result is that convergence is observed when employing such a scheme in a multilevel
fashion and good scalability also remains. This is quite different for the multilevel
stationary interpolation which does not converge. We have not understood why
such a scheme works and how well such a scheme works. Further investigation is

definitely needed.

10.2 Smoothness matching and further implemen-

tation in 3D

The perspective of looking at the spectral distribution of kernel matrices related
to radial basis functions convinces us that the cause of the ill-conditioning lies in the
observation that the smoothness does not match between the target function and the
underlying kernel function. We have not made it clear how to match the smoothness,
for instance, how to choose a proper basis function without any information on the
regularity of the solution and the target function except some observations, and how
to choose a proper window width for a compactly supported radial basis function.
The LOOCV method provides some insight, but more profound results are needed.
To find a specific matching condition, we have to find proper tools, possibly from
nonlinear functional analysis and best approximation theory.

The multilevel method has not been applied to the 3D model; this is a further

implementation need.

10.3 CSRBFs and Strang-Fix condition on sphere

Another approximation problem of great interest is how to find compactly sup-
ported zonal functions on the sphere. The problem is motivated by scattered data
approximation or signal processing on the earth and other heavenly bodies. Some
work in this direction has been carried out by Hubert [113] and Hubert is contin-
uing working on this problem. We should also pay attention to whether there is a
similar condition to the Strang-Fix condition on the sphere? The answers to such

problems are unclear.

10.4 Sparse approximation

For many problems with enough observations, approximation rather than inter-

polation is used, particularly, as most observations are to some degree uncertainty.
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A problem to be solved is how to adaptively choose interpolation centres and use lim-
ited basis functions to approximate many observations. This can avoid over-fitting.
There are greedy algorithms based on recursive least squares. Recently introduced
techniques like ¢, and ¢y optimization can serve as promising tools. Discussion in

this direction seems rare.

10.5 Data manipulation

As we have seen, one of the challenging problem for scattered data approxi-
mation is data manipulation. Data sets may be “big”’, but this is not the most
significant issue; the challenge lies in whether the data is structured or not. As
we have seen, the preprocessing (data querying) and post-processing (evaluation
and visualisation) time for scattered data approximation takes much longer time
than solving the interpolation problems themselves. Many mathematicians mainly
focus on designing approximation schemes, while few pay attention to manipulating
data, such as data querying. Data manipulation on manifolds is common and more
challenging—approximation problems arise in this context.

Scattered data approximation is a fast developing area and problems will con-
tinue to arise in many fields so that the relevance of approximation methods for
such problems can only increase. There are many possible further research oppor-
tunities, we have only summarized a couple of them which are most relevant to this

thesis.
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Appendix: related work and possible directions

Table 10.1: Commonly used radial basis functions

Name(abbreviation) Formula Support
Multiquadrics (MQ) 1+ (er)? global
Inverse Multiquadrics (IMQ) —1+1(er)2 global
Inverse quadrics (1Q) m global
Gaussian (GA) e~ (er)’ global
Thin-plate splines (TPS) (=1)* 12 logr global
Biharmonic splines (BS) r3in R, r?(Inr — 1), in R*  global
Power functions (PF) 7,y >0 global
Askey’s power (AP) (1—r)4 compact
Wendland functions (WD) Table 2.1 compact
Missing Wendland functions (MS) Table 2.2 compact
Wu functions (WF) §2.2.2 compact

Table 10.2: Methods and possible future work for commonly used RBFs

Related to work in this the-
sis

Apply to RBFs

Possible directions

Closed formula

relationships of the deriva-

of WD, MWD tives between Gaussian and
Wendland function increas-
ing smoothness
Eigenvalue distribution | all RBFs Smoothness matching, reg-
(Chapter 3) ularization techniques
Convexity of CSRBFs | WD, MWD, | derive explicit formula for

(Chapter 4)

WF and other
CSRBFs

the lower bound of a convex
interval

Solvability of CSRBFs with | WD, MWD, WF | HHRBF

different shapes (Chapter 4)

HHRBF (Chapter 7) CSRBFs approximation error and
conditioning estimate, ap-
plications to 3D large data
sets

Near point preconditioning | all RBFs Preconditioned implicit sur-

(Chapter 6)

face reconstruction, mem-
ory efficient preconditioners
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