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Abstract

Frazil ice crystals are small, often disk-shaped, millimetre sized crystals that form
in supercooled turbulent water. Frazil ice crystals are found in rivers, lakes and
the sea. Despite their small size, frazil ice crystals have significant impacts on
infrastructure and the climate, in particular through the role frazil ice formation
plays in the water transformation processes in coastal polynyas. The processes
governing the evolution of a frazil ice crystal population are complex. One of these
processes is collisions between frazil ice crystals. It is hypothesised that this process
can result in crystal fracture, and is responsible for the rapid increase in the number
of frazil ice crystals that has been observed in experiments. Despite its significance,
many uncertainties remain about how to parametrise crystal collisions and many
key physical processes are unaccounted for. In this thesis we include some of these
processes into a model for frazil ice crystal collisions.

Typical models assume that the crystal collision rate can be determined by
calculating the number of crystals each frazil ice crystal meets per second as it moves
through a fluid. The other crystals are assumed to be stationary and point-like. We
develop a model for crystal collisions that accounts for the velocity and finite size of
both crystals and better accounts for the cylindrical shape of the crystals. We derive
a new method to distribute fractured particles into the crystal population which
better accounts for the size difference between the fractured crystal and the original
crystal. We also use the lubrication approximation to calculate the hydrodynamic
forces on 2D plates and 3D crystals as they approach and find a critical velocity for
collision when the crystals approach close to parallel. We also obtain the conditions
for fracture of 2D plates by elastic bending.

Including these non-hydrodynamic processes leads to a large increase in the
collision rate and a decrease in the mean radius of the crystal population when
compared to a typical frazil ice model. Hydrodynamic effects act to reduce the
number of collisions. However, there are still discrepancies between our model and
experimental results. We hypothesise a main cause of these differences is from
neglecting flocculation and assuming that collisions always introduce crystals of
the smallest size class. This suggests that future models could be improved by
focussing on understanding these processes.
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"Open my eyes that I may see wonderful things in
your law."

— Psalm 119:18 NIV

Introduction

Contents

1
2
3
4
[1.5 Observations of frazilicel . . . ... ... ... ...... 6
6
8
8

1.7 Strengths and weaknesses of numerical frazil ice models |

[1.8 Outline of the thesisl. . . . ... .. ... .. ....... 10

1.1 Overview

The cryosphere is one of the five major spheres of the climate system. It plays
an important role in the earth system with its huge fresh water reserves, latent
heat of phase transitions, greenhouse gases, and unique species (Qin et al., .
Numerical models of the cryosphere vary in resolution but all processes on scales
smaller than a kilometre are not directly resolved even in fine scale models of the
Earth’s climate system (Hewitt et al., 2022). However, these processes occurring
on much smaller-scales often have climactic significance and may affect model

predictions (Hewitt et al., 2022). One of these processes is frazil ice formation



2 1.2. What is frazil ice and where is it found?

in rivers, lakes and the ocean. Frazil ice has been shown (Nakata et al., 2021}
Ohshima et al., [2022; Portela et al., 2022) to impact the global ocean circulation
via the role it plays in the water transformation processes occurring off the coast
of Antarctica. However, there is still large uncertainty in the approach used to
model frazil ice (Souillé et al., 2023)). This thesis addresses one aspect of modelling
frazil ice: collisions of frazil ice crystals and provides a more physically informed

parametrisation for the collision rate.

In this chapter we provide a broad introduction to frazil ice before providing
a more detailed background on how crystal collisions are modelled in §2] In the
subsequent chapters we discuss the effect of incremental improvements to how crystal
collisions are parametrised. In this chapter we begin in with a discussion of
the physical characteristics of frazil ice crystals and where frazil ice is found, before
discussing how it forms in and why it is important in §1.4, We then give a broad
overview of the existing observations of frazil ice in and discuss how it is currently
numerically modelled in §1.6]. In §I.7] we then justify why further work needs to be

done on crystal collisions and give an overview of the rest of the thesis in §1.8|

1.2 What is frazil ice and where is it found?

Frazil ice typically consists of a suspension of individual sub-millimetre to millimetre-
sized crystals in water (Barrette, 2021; Daly, [1984)). The crystals may, under certain
conditions, coalesce into flocs, slush, and ‘pancake ice’, and eventually form a
floating ice cover (see . Frazil ice crystals can have dendritic, hexagonal,
needle-shaped, and irregular shapes (see (Pei et al., [2024; Schneck et al.,
2019), but are predominately disc-shaped (Barrette, 2021; Daly, |1984; Martin, [1981)).

Frazil ice can be found in rivers, lakes and the ocean (Frazer et al., 2020)). In
the ocean, frazil is particularly found in leads (long narrow openings in pack ice
that form as a result of deformation of the pack ice) and polynyas (large openings

in pack ice) (Smith et al., 1990).
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Figure 1.1: Frazil ice crystals accumulate as a ‘slush’ on the surface of the water. Image
taken during some laboratory experiments in collaboration with Rosie Willatt and Tom
Mitchell at University College London.

Figure 1.2: © Schneck et al. m Frazil ice crystals can have a) disk, b) dendritic, c)
hexagonal or d) irregular shapes.

1.3 How does frazil ice form?

Frazil ice tends to form in a water column that is both supercooled and turbulent
(Frazer et al., 2020) as sufficient turbulence is needed to prevent a surface skim of

ice from forming (Barrette, 2021).

The mechanism behind the initial seeding process to form frazil ice (known as
primary nucleation) is unknown. Homogeneous nucleation (freezing of ice in pure
water) only occurs at temperatures of about —40°C' and heterogenous nucleation
(where impurities are used as a catalyst) typically requires a supercooling of at least
1°C, far lower than that observed when frazil ice formation occurs (Daly, 1994]).
Therefore, it is suggested that frazil ice forms as a result of initial seed crystals,

which then multiply by secondary nucleation.
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There are a range of possible sources for these seed crystals. Vapour evaporating
from the water surface and depositing into ice crystals in the atmosphere which
fall back into the water has been observed by Osterkamp (1975). Gosink and
Osterkamp (1983) and Martin, [1981| suggested that seeding could also result from
bubbles caused by wave breaking: the bubbles burst at the surface where the
droplets are ejected into the cold air, freeze and fall back into the water to act
as seed crystals. Further, Martin (1981) suggested that crystals could also be
introduced into rivers as snow or frost crystals. Evidence for natural seeding comes
from finding numerous ice crystals in air samples taken at night above Arctic streams
(Martin, 1981). Finally, it has been discovered that water-soluble gas micro-bubbles
and cavitation bubbles created by turbulence can also start the processes of frazil

ice nucleation (Chen et al., |2023; Zhang et al., 2015).

1.4 Why is frazil ice important?

Frazil ice is important for its effects on infrastructure, the ecosystem and its climactic

significance.

Frazil ice that forms in rivers, lakes and canals has been observed to block water
intakes (e.g. Daly and Barrette (2023), Daly and Ettema (2006), Ettema et al.
(2009), and Gebre et al. (2013)), posing substantial difficulties for hydropower and
water-supply facilities. Furthermore, frazil ice may promote ice jamming of a water
channel, and consequent flooding if it develops into hanging dams below a stable

ice cover (Barrette, 2021)). In extreme cases this can halt shipping (Chen et al., 2023).

As well as impacting infrastructure, frazil ice has been observed to affect
ecosystems. Frazil ice has been observed to change winter biogeochemical processes
in rivers, affecting microbial activity and thus the nitrogen cycle (Opfergelt et al.,
2024)). Frazil ice also impacts fish habitats and causes them to migrate or redistribute

daily (Brown et al., 2011). Finally, frazil ice has been shown to enhance the
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entrainment of microplastics into ice (Chen et al., 2023; Kelly et al.,|2024)) impacting

the transport of microplastics and the subsequent effect they have on an ecosystem.

Frazil ice also plays a role in processes impacting the global climate system.
When frazil ice forms it releases latent heat into the water column and subsequently
when it melts it cools down the water column. In cases where frazil ice forms in
saline water, brine rejection during frazil ice formation increases the salinity of the
water column (Thompson et al., 2020). Frazil ice is often the dominant type of
ice produced in coastal polynyas off the coast of Antarctica (Nakata et al., [2021])).
Polynyas are focal locations for biological activity and gas and nutrient exchange,
allowing enhanced carbon sequestration into the deep ocean by buoyancy driven
mixing (Golledge et al., [2025)). Further, the production of dense shelf water within
polynyas plays a key role in the global thermohaline circulation (Jeong et al., [2023).
All of these processes are highly sensitive to the amount of frazil ice produced and

how it interacts with the water column (Bradtke and Herman, 2023; Ito et al., 2020).

Frazil ice also forms under ice-shelves in ice-shelf water plumes (Galton-Fenzi
et al.,|2012). Understanding the melt rate of ice shelves is vital for predicting the
future of the Antarctic Ice Sheet (Rosevear et al., 2025), as when ice shelves lose
mass they can destabilise the ice sheet (Smith et al., 2020). Therefore, frazil ice is
important for understanding the mass balance of ice shelves as freezing is dominated

by frazil ice formation, so-called marine ice accretion (Rosevear et al., 2025)).

In order to understand how frazil ice impacts all of these processes, a fundamental
understanding of the behaviour of frazil ice is required. In particular, how frazil ice
crystals nucleate, grow and melt, interact with each other, move through the water
column and alter the properties of the water. In order to understand the behaviour of
frazil ice, various studies of frazil ice in both the laboratory and in the field have been

conducted. Numerical models for frazil ice have been developed informed by these
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studies and the physics governing the behaviour of small particles in turbulent water.

In the following sections we shall give a brief overview of the existing observations

of frazil ice and the numerical models that have been developed.

1.5 Observations of frazil ice

Frazil ice has been observed both on a large scale with measurements looking at
frazil ice distribution and occurrence (e.g. Bradtke and Herman (2023)) and Ito et al.
(2015, 2020, 2021))) and at a smaller scale looking at individual crystals. A full review
of laboratory experiments conducted on frazil ice was done by Barrette (2021)).
Chen et al. (2023) gives an overview of field observations of frazil ice in freshwater.
Fewer field observations have been conducted in saline water (Frazer et al., 2020)).
Observations have been taken of the air temperature, salinity, flow speed, turbulence
intensity and the degree of supercooling alongside the concentration, rise velocity
and size distribution of frazil ice crystals. Not all observations have all of this data.
Key results are that the number of frazil ice crystals rapidly increases after the
initial seeding processes (McFarlane et al., 2015; Schneck et al., 2019)) in what is
known as a frazil ice explosion (Jones and Wells, 2018). At the same time the
temperature of the water increases (McFarlane et al., 2015; Schneck et al., [2019)
due to latent heat release from crystal growth. The location of the frazil ice crystals
changes with the turbulence. In more quiescent conditions the frazil ice crystals
rise to the surface, whilst in more turbulent conditions the crystals are distributed
throughout the water column (Ito et al., |[2021; Ohshima et al., |2022; Wang and
Doering, 2005). A more complete overview of the existing observations of frazil ice

crystals that can be used to test numerical frazil ice models is given in §2.2]

1.6 Numerical models of frazil ice

In numerical models, frazil ice crystals are often modelled as disks moving around

the water column (Daly, 1984). The volume V, of a frazil ice crystal with radius r
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and thickness w is given by V; = 7r?w. This can also be expressed as V; = 27r3/d,

in terms of the aspect ratio d = 2r/w of the crystal.

As frazil ice crystals move throughout the water column, they grow or melt
depending on the water temperature, and in doing so introduce a local heat and
salt flux (Heorton et al., 2017)). Crystal collisions may result in frazil ice crystals
flocculating (joining together) or secondary nucleation, where sections of the crystal
fracture and create an additional source of nuclei (Svensson and Omstedt, [1994)).
A complete model of frazil ice would calculate the motion and growth of each
individual crystal as it moves throughout the water column as well as interactions
with other crystals. However, due to the high computational cost of doing so and
the need to develop a frazil ice parametrisation to inform larger scale models, most
frazil ice models evolve a crystal size distribution rather than individual crystals

(Souillé et al., [2023)).

Many frazil ice models build on the suggestion of Daly (1984), that the change

in crystal size distribution can be modelled using a continuity equation (Souillé et al.,

2020)),

on, +u-Vn,—V-(v.Vn,) =
ot —_— —
1 2)
) : : 10 on,
- Ny + N — ———(F —v,—. (1.1
5y (G (Vi Np)o(r = 1) = 2 o (FVimy) =, 57 (L)
v (4) —_— v

(3) (5) (6)
The continuity equation captures (1) advection, (2) diffusion, (3) growth/melt, (4)
nucleation, (5) flocculation and (6) gravitational rise of crystals. Here, n, is the
number of crystals per unit length in radius space per unit volume, u = u(r,t)
is the fluid velocity at position r = (x,y, z) and time ¢, v, is the frazil particle
diffusivity, G is the growth rate, N; and Ny are the respective primary and secondary
nucleation rates, F' is the flocculation rate, V. is the volume of a crystal with radius

r and v, is the buoyant rise velocity. It is assumed all crystals nucleate at a radius r..
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To solve the continuity equation, two different approaches are used. Either
the crystals are binned into groups of crystals of a certain size range or a mean
crystal size is assumed. Choosing a mean crystal size has the advantage of being a
simpler approach, allowing easier understanding of how each of the processes in
influence the frazil ice population. However, choosing an evolving size distribution
allows processes such as crystal rise and nucleation to be more accurately modelled.
These approaches are discussed in along with the different choices for the

parametrisation of growth/melt, nucleation, flocculation and gravitational rise.

1.6.1 Interaction with the water column

Local changes to the water properties due to frazil ice formation have important
consequences. They alter the process of buoyancy driven mixing as well as the
habitability of the water. In numerical models of frazil ice, the presence of frazil ice
is parametrised to alter the water column in several ways. Growing and melting ice
crystals alter the density of the water column column, by changing the temperature
and salinity of the water and also changing the fraction of the water column that
is ice. In fresh water the crystals provide a heat flux (e.g. Wang and Ayala, and
and Scott, and Wojciech (2005))) and in saline water a heat flux and a salt flux
(e.g. Heorton et al. (2017)). Sufficiently high concentrations of frazil ice increase
the effective viscosity of the water (e.g. Ito et al. (2015))). In some numerical
models frazil ice crystals exert a drag force on the water as they rise to the surface
(e.g. Herman et al., 2020)). Finally, in some models frazil ice leads to a decrease
in the heat and momentum exchange between the atmosphere and ocean/river

(e.g. Herman et al. (2020)).

1.7 Strengths and weaknesses of numerical frazil
ice models

Numerical frazil ice models often produce results consistent with those measured in
the lab. However, this does not necessarily mean that frazil ice models are predictive

(Jones and Wells, 2018). This is particularly true when different processes compete
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and have similar impact on the crystal size distribution, meaning that parameters
can be tuned so that the model matches the experiment. Therefore, we shall discuss
the uncertainties in each of the four terms on the right hand side of the frazil ice

continuity equation ({L.1J).

Much work has been done to parametrise crystal growth (see and
Rees Jones and Wells (2015)) for a detailed review). Crystal growth is thought to
occur dominantly in the radial direction and increases with the supercooling and size
of the crystal. Therefore, there is less uncertainty surrounding the parametrisation

of crystal growth (Souillé et al., 2023)).

Secondary nucleation and flocculation remain poorly understood (Souillé et al.,
2023)) and the mechanism of these processes has not been fully understood or
replicated (Chen et al., 2023)). Many of the important physical processes such as
the fracture mechanism and hydrodynamic interactions have been neglected or
simplified resulting in the need for fitting parameters to be introduced to match
experimental results. This was emphasised by Souillé et al. (2023) who performed
an uncertainty analysis of single and multiple-size-class frazil ice models and found
that the choice of parametrisation for secondary nucleation and flocculation strongly

influenced the evolution of the frazil ice once the supercooling was small.

There are also multiple methods to calculate the rise velocity of the crystals
(see for a detailed review). Some approaches (e.g. Chen et al. (2024)) rely
on experimental data from ice-like crystals. Other approaches (e.g. Holland and
Feltham (2005), Souillé et al. (2020), and Yang et al. (2023)) rely on a combined
experimental and theoretical approach. This means that models use a wide range
of expressions for the rise velocity, such that the choice of parametrisation for
gravitational removal (Souillé et al.,|[2023)) provides a significant source of uncertainty

in frazil ice models.
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Given that much uncertainty in frazil ice models comes from the parametrisation
for secondary nucleation and flocculation of frazil ice crystals, the focus of this
thesis will be on improving parametrisations of these processes which rely on a

parametrisation for the frequency of crystal collisions.

1.8 Outline of the thesis

We shall begin in §2| by giving further background on frazil ice, focussing on how
frazil ice crystal collisions are parametrised. We shall also discuss how crystal
collisions in other settings are parametrised. By comparing the two approaches
we will find weaknesses in the current method to parametrise frazil ice crystal
collisions which will be addressed in §4] - §§8] To test the impact of our changes to
the parametrisation of crystal collisions, we shall implement them into a very basic
frazil ice model which only includes crystal collisions. This model is introduced in
alongside a frazil ice model for a well mixed-layer that will be used in §9 to test the
final parametrisation for collisions against experimental data. The improvements
to the parametrisation of frazil ice crystal collisions are broadly divided into two
halves: in §4] - §6] the improvements focus on the ballistic aspect of the collisions,
such as the parametrisation of the relative velocity and the effect of crystal shape.
These changes impact how often crystals encounter each other. The improvements
in focus on calculating how many of these encounters result in a collision

when accounting for hydrodynamic effects.
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2.1 Overview

The purpose of the thesis is to improve numerical models for frazil ice, with
a particular focus on crystal collisions resulting in secondary nucleation and
flocculation. We therefore in begin by discussing the observations of frazil
ice that can be used to test an improved model. We then discuss the different
numerical parametrisations of frazil ice processes in §2.3] As the focus of this
thesis is on modelling collisions of frazil ice crystals, we also outline the methods
currently used to model crystal collisions in other settings in §2.4 In we then
compare these models to the models typically used for frazil crystal collisions. This
enables us to identify weaknesses in the current approach used in frazil ice models,

which will be addressed in subsequent chapters.

2.2 Observations of frazil ice

We begin by outlining some of the existing observations of frazil ice. As the focus
of this work shall be on improving our fundamental understanding of how frazil
ice behaves, we shall here focus on reviewing the measurements that provide data

to test simple numerical frazil ice models.

2.2.1 Crystal sizes and size distribution

Sizes of frazil ice crystals measured by photographing the crystals in the laboratory
(e.g. Clark and Doering, [2008; McFarlane et al., [2015; Ye et al., 2004) and the field
(McFarlane et al., 2017, 2019), at different salinities (Schneck et al.,|[2019) and levels
of turbulence (Clark and Doering, 2008) have all been reported to fit a log-normal
distribution (Souillé et al., [2023). A wide range of crystal sizes are reported, with
summaries given in McFarlane et al. (2017) and Souillé et al. (2023)). The measured

diameters of frazil ice crystals ranges from 22 pm to 5.5 mm (McFarlane et al., 2017)).

Most frazil ice crystals formed in freshwater are observed to be disk shaped

(Barrette, 2021; McFarlane et al., 2015), with aspect ratios ranging from 5 to
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100 (Souillé et al., 2023)). In saline water disk-shaped crystals still form but
qualitative observations show that the individual crystals tend to be more irregularly

shaped (Schneck et al., [2019).

2.2.2 Effect of turbulence

The maximum crystal size has been shown to increase with increasing turbulence
(Clark and Doering, 2008; McFarlane et al., |2015; Ye et al.,2004) and then decrease
again (Clark and Doering, 2008; Ettema et al., [1984; McFarlane et al., 2015)))
with the intensity still increasing. It is hypothesized by Clark and Doering (2008)
that increasing turbulence intensity allows larger crystals to form due to a higher
turbulent energy dissipation rate allowing faster ice growth, until a point when
the turbulent eddies physically limit the average size of the crystals because of
their relatively weak mechanical strength. Increasing turbulence intensity may also
increase the frequency and intensity of crystal collisions, which could also begin
to limit the average size of the crystals. Further, the production rate of frazil ice
has been measured to increase with wind speed (Naumann et al., 2012; Ushio and

Wakatsuchi, |1993)) and turbulence (Ettema et al., 1984).

The distribution of frazil ice crystals throughout the water column has been
observed to be more uniform at higher turbulence levels (Clark and Doering, [2009).
This is potentially due to the velocity of each crystal being dominated by turbulence
and not buoyant rise. Increasing the turbulence also prevented the formation of

large flocs (Clark and Doering, 2009).

2.2.3 Supercooling history

shows measurements of the water temperature (blue line) as a function of
time in an experiment with a frazil ice suspension. Initially the water temperature
decreases as the water is cooled by the cold air. As the number of frazil ice crystals
increases (panel a) and the crystals grow (panel b), the water temperature increases

due to latent heat release. Some experiments (see Barrette (2021)) for a full list)
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Figure 2.1: From McFarlane et al. . Time series of the water temperature (blue
line and right hand scales), along with green curves showing the a) average number of
crystals observed in a 35 second window, b) mean crystal diameter p and c) standard
deviation of the crystal diameter.

report a residual supercooling (e.g. Ye et al. (2004)) whilst in other experiments
the temperature levelled off at the freezing point (e.g. McFarlane et al. (2015)) and

Schneck et al. (2019)).

Various measurements have been taken of the concentration of frazil ice as a

function of supercooling both in the field (Frazer et al., 2020) and in the laboratory
(Clark and Doering, 2008; McFarlane et al., [2015; Schneck et al., 2019). The most

useful for validating numerical models are the measurements of the number of

crystals, mean and standard deviation of the crystal diameter, and the supercooling

over time (McFarlane et al., 2015 Schneck et al., [2019)).

In both of the experiments by McFarlane et al. (2015) and Schneck et al. (2019)

the mean crystal size is seen to increase and then subsequently decrease until a near-
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equilibrium crystal diameter is reached. This is supported by the field observations
reported in McFarlane et al. (2017) where it was observed that the mean crystal
diameter was larger during the principal supercooling stage, and reached a smaller
mean diameter during the residual supercooling phase. Using this data, McFarlane
et al. (2015)) suggest that larger crystals may be more prone to form frazil flocs or

fracture into smaller crystals.

Measurements of the volume concentration of frazil ice have been made in rivers,
the sea and the laboratory, with a summary of the results given in McFarlane et al.
(2019). Typically volume concentrations of frazil ice range from 1076-1073 in rivers,

1078-10~* in the sea (from Frazer et al. (2020))) and 107°-1072 in the laboratory.

2.2.4 Rise velocity

The rise velocity of different sized frazil ice crystals has also been measured (see

McFarlane et al. (2014)) for a review). Larger crystals are observed to rise faster.

2.3 Numerical parametrisations of frazil ice pro-
cesses

We shall now discuss how frazil ice crystals are modelled numerically. As was briefly
discussed in numerical models for frazil ice solve the continuity equation
instead of modelling individual frazil ice crystals. Two different approaches are used.
Either the crystals are binned into groups of crystals of a certain size range, or a

mean crystal size is assumed.

In most models (termed multiple-size-class frazil ice models) (e.g. Heorton et al.,
2017; Holland and Feltham, 2005; Souillé et al., 2020; Svensson and Omstedt, 1994)),
the crystals are binned into groups of crystals of a certain size range, with transfer
between bins as a result of growth, secondary nucleation and flocculation/break
up. In some models (termed single-size-class frazil ice models) (e.g. Souillé et al.,

2023; Yang et al., 2023)), a single mean crystal size is assumed. |Figure 2.2| illustrates
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Figure 2.2: To demonstrate the difference between single-size-class and multiple-size-
class frazil models we split a frazil ice population (panel b) into crystals at different height
levels within a water column. a) Representation in a single-size-class frazil model, where
a single mean crystal size is assumed and the number of crystals at each height level
is calculated. c) Representation in a multiple-size-class frazil model, where the crystals
are binned into N different size classes and the number of crystals of each size class at
each height level is calculated. Here N = 3. A more complex single or multiple-size-class
crystal model would discretise the grid in each spatial direction and calculate the number
of crystals in each grid cell.

the difference between single and multiple-size-class frazil ice models versus an
illustration of the true crystal population in a case when the crystal population
density is calculated at certain heights. In the single-size-class model (panel a), the
number of crystals at each height is calculated. In the multiple-size-class model
(panel ¢) the crystals are binned into three separate size classes and the number of

crystals is calculated in each size class at each height.

The spatial distribution of crystals changes due to advection, diffusion, nucleation,
flocculation and gravitational rise. The mean size of crystals changes due to
growth /melt, nucleation and flocculation. Single-size-class models should capture
all of these processes. However, almost all single-size-class models ignore secondary
nucleation and flocculation (Souillé et al., 2023)). The exception is the model of

Yang et al. (2023), where the number of crystals can change by secondary nucleation

and flocculation, but these processes do not affect the mean crystal size.

The single-size-class models of Souillé et al. (2023) and Yang et al. (2023) can
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be adapted to calculate the spatial distribution of frazil ice throughout the water col-

umn,

on
— v,
AV Nuky(Ty — T)Ar
dr Lol ’

) o
o UV =V (v.Vn) = Ny + Ny — N

where n is the number of crystals per unit volume, N is the rate of flocculation, V'
is the mean crystal volume, L is the latent heat of solidification, p; is density of ice,
Nu is the crystal Nusselt number, £; is the liquid thermal conductivity, T} is the
freezing temperature of ice, T is the fluid temperature, A is the area of the crystal
that freezes, and [ is a characteristic length scale for thermal diffusion. Choices for
Ap and [ are discussed in , N are discussed in , and Ny is discussed
in , and Np in §2.3.4.2l In this model, the spatial distribution of crystals
changes due to advection, diffusion, nucleation, flocculation and gravitational rise.

The mean size of crystals changes due to growth/melt.

All multiple-size-class frazil ice models are very similar in their basic form. We
shall use the mixed layer model of Svensson and Omstedt (1994) as an example, but
modify some of the coefficients to account for modifications from later publications
and keep advection and diffusion for ease of later comparison. Crystals are divided
into N size classes, with ¢+ = 1 being the smallest size class and ¢ = N being the
largest. The size class 7 = 1 is chosen to have a radius corresponding to the survival

radius (the radius below which the crystals melt (Lal et al., [1969)). The number of
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crystals per unit volume n; in each size class changes according to,

on;
- +u-Vn, - V- (v.Vn;) =
ot ~—— — 7
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As in (L.1), the terms labelled (1) and (2) correspond to advection and diffusion.
The terms (3a) and (3b) respectively describe growth out of and into size class i,
with —I'; corresponding to rate at which crystals growth out of size class ¢ and
+I';_1 corresponding to the rate at which crystals grow into size class ¢ from the size
class below. The terms (4ai) and (4aii) are the primary and secondary nucleation
rates of crystals into size class 1 and (4b) is the corresponding removal of crystals
in the larger size classes, with [3;; corresponding to the rate of removal of crystals
of size class i by secondary nucleation and «; corresponding to the rate of addition
of crystals into size class 1 by secondary nucleation of crystals in size class ¢. The
terms (5a) and (5b) describe flocculation of crystals out of and into size class ¢
where it is assumed that only crystals of the size class below can flocculate into size
class i. The rate of flocculation of crystals out of size class i is given by f; and the
rate of flocculations into size class ¢ due to crystals flocculating in the size class
below is given by F;_; The term (6) describes crystal rise with v,; the buoyant rise

velocity of crystal i.

We shall now discuss how the terms parametrising crystal growth, seeding, rise

and collisions in (2.3) are obtained across a range of models.
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2.3.1 Crystal growth (I';)

Disk shaped frazil ice crystals have been observed to grow predominately in the
radial direction, parallel to the basal plane (Daly, 1984; McFarlane et al., 2014;
Schneck et al., 2019).

The growth rate of a frazil ice crystal can be derived using energy conservation,

d A
Eﬁ = Nukl(Tf — T)TF,

- (2.4)

where L is the latent heat of solidification, m is the mass of the crystal, Nu is the
Nusselt number, k; is the liquid thermal conductivity, T is the freezing temperature
of ice, T is the fluid temperature, Ap is the area of the crystal that predominantly
loses heat and [ is a characteristic length scale. This assumes that there is a single
scale for each of Ar and [, when in reality there could be different [ for planar faces

and narrow curved edges (see Rees Jones and Wells (2015))).

The choice of freezing area and characteristic lengthscale varies across models:
see Rees Jones and Wells (2015) for discussion. Most models assume there is only
radial growth, yielding, Ap = 27rw. Some models (e.g. Svensson and Omstedt
(1994)) assume that [ is the disk thickness w and others (e.g. Heorton et al. (2017),
Holland and Feltham (2005]), Smedsrud (2002), Smedsrud and Jenkins (2004)), and
Souillé et al. (2020)) assume [ is the disk radius 7. A more complete treatment by
Rees Jones and Wells (2015)) allowing for heat loss from the planar disk faces and
the curved faces gives Ap/l = (27r)/[0.9008 — 0.2634 log(w /2r)].

As noted by Jones and Wells (2018) the differences in Ap and [ can all be
expressed in terms of a function f(w/[2r]), with Ap/l = 27r f(w/[2r]) in (2.4]) and
f =1 corresponding to the assumption that growth is radial and the characteristic

lengthscale is w.
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The crystal growth rate can be related to (2.4) by discretising the growth term
(see Jones and Wells, 2018)) in (I.1)),

0 n; dV; ni—1  dVi
So(Gny) m s -
Vip = Vi dt  Vi=Vi_y dt

= (2.5)

Equation ({2.5) is valid provided V41 — V; — V; — Vi_; as AV; — 0, where AV, =
Vie1 — Vi (Jones and Wells, 2018). Thus,

1 d‘/; 1 27 Nu k?l(Tf —T)
m—v;(dt) m—w( piL il (26)

The possibility of a different rate for melting was introduced by Holland and
Feltham (2005) such that crystal growth is discretised as,

dnigrowtn ) —Ting + Timini—a, T <Ty, (2.7)
de —Min; + Mipnig, T > 1Ty, '
where in a similar way to how I'; is calculated,
M, 1 dv; _ 1 Nuky (T —T)\ (2nr? + 27rriwi)' (2.8)
Vi—Vioi \ dt Vi—Via prLl l

It is assumed that the melting area is the entire surface area of the crystal and [

is w; or r; depending on the choice of characteristic lengthscale.

2.3.2 Seeding (NI)

Most models initiate with a certain number and size distribution of frazil ice crystals
and then assume all subsequent new crystals only form through secondary nucleation
(fracture of existing crystals). The exception is the model of Hammar (1994) who
introduces a constant seeding rate and Chen et al. (2024)) who argue that subsequent
ice nucleation should take place under certain weather conditions (rainfall, snowfall,

and high winds) and suggest a power function form

. T
NI = a|‘/| X 10k556d|T‘, (29)

where, a = 1 K=1s7!, T is the water temperature in degrees Celsius and kyeeq is

a coefficient obtained by calibrating against the weather conditions.
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2.3.3 Crystal rise (v;,)

There is larger variation in the choice of rise velocity across models. For a more
complete review see McFarlane et al. (2014)). Models are either completely based
on experimental results, a combination of experimental results and theory, or just

theory.

Theoretical /combined approach

A common theoretical approach is to calculate the rise velocity by balancing the drag
force with buoyancy and then to obtain the drag coefficient either from experiment
or theory. For an anisotropic particle, the drag force is not co-linear with the
slip velocity (the relative velocity between the particle and the flow) in general

and is given by (Challabotla et al., 2015)

Uj — Upj

[F‘d]Z = Kij|u — up|2 s (210)

lu— |
where [F9]; is the i component of the drag force acting on the particle, K;; is the
resistance tensor and u; and u,; are j components of the fluid velocity u and
particle velocity u, respectively. Frazil ice models often simplify this by setting
K;; = B1;; where I;; is the identity matrix and 3 accounts for the different choices

of crystal area perpendicular to the relative flow. This yields

u—u,

F? = BCppriju — u,|? : (2.11)

lu—u|
where Cp is the crystal drag coefficient and p is the fluid density (Liu et al., 2024]).

Various approaches are used to find 5Cp. A number of approaches consider the

likely particle Reynolds number of frazil ice crystals,

2 —
Rep — M, (212)
14

as this can be related to Cp, where v is the fluid viscosity. To estimate (3, different
models make certain assumptions about the orientation of frazil ice crystals relative

to the slip velocity.
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If the frazil crystals rise broadside on,

=, Re, <1
_ ) Rep’ p ’

3 s
Note that for low Re,, Cp; is inversely proportional to Re, meaning that the drag
force is directly proportional to the relative velocity. Manohar (1936) gives a = 32
and Daly (1984) gives a = 2/(257). The differences in the two results for the
drag coefficient for Re, < 1 must come from the method used to obtain the drag

force. Bessel functions are used by Manohar (1936)) to obtain the drag force on

a cylinder. The method to obtain the second equation is not discussed in Daly (1984).

In the case when Re, > 1, various approaches are used to estimate Cp. The
models of Holland and Feltham (2005), Souillé et al. (2020), and Yang et al.
(2023)) use the crystal drag coefficient empirically determined by Gosink and
Osterkamp (1983)),

log Cp = 1.386 — 0.8921og Re, + 0.111(log Re,)*. (2.14)

Here Cp, was obtained by measuring u, when u is zero, assuming that buoyancy

balances drag (Ju,| = v,) and that the crystals rise broadside on with 8 = 7/2.

In this limit (2.11)) becomes

2 pr\ 2wg

vi=1|1——=]—==, 2.15

! ( p) Cp (249)
where ¢ is the acceleration due to gravity and Cp can be obtained from measuring
v, and w. An alternative formula for the drag coefficient when the disks are
rising broadside on with Re, > 1 is suggested by Daly (1984) for r and v

measured in SI units,

98.07’0‘405
9801049 pe < 1000
CD _ {Reg.6V0.27 §4 (216)

2, Re, > 1000.

Svensson and Omstedt (1994) and Wang and Doering (2005) approximated the
discontinuous data of Daly (1984) as

vy = 75.475/5. (2.17)
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If instead it is assumed that the frazil crystals rise with their axis perpendicular

to the slip velocity (Liu et al., |2024; McFarlane et al., 2014,

64
, Re, < 1,
BCp = { 3hep b 2.18
P 73m§;0137 Re, > 1. ( )

which uses the scaling due to Manohar (1936) for Re, < 1. To determine Cp
for Re, > 1, empirical results are used. Liu et al. (2024)) use the drag coefficient

for a sphere at high Re, (Kolev, 2012),

24 0.697
. {R (140.15Re}%7) . Re, < 1000 (2.19)

0.44, Re,, > 1000.
An alternative approach is to assume an infinitely thin vertically rising disk.
McFarlane et al. (2014]) used the equations for the drag exerted on a vertical disk,
assuming a laminar boundary layer was formed on both sides of an infinitely

thin disk, to calculate

6.56
BCp = ——. (2.20)

Re;l,/ 2
Using equations based on the measured terminal velocities for atmospheric
particles, Morse and Richard (2009)) suggest obtaining the frazil ice rise velocity

using a power law. This method is used by Heorton et al. (2017) yielding

B {6.229 x 107371621 r < 0.635mm (2.21)

—
7] (—0.412r2% + 8.138r — 2.024) x 1073, 7 > 0.635mm,

where r is measured in millimetres and the velocity is in metres per second.

Experimental approach
Other frazil ice models are entirely based on experimental data. For example, Chen

et al. (2024) use the experimental results from Matousek (1992) yielding

1.31 1075 2 0.29,,,0.61
y = 307 (2.22)
14

where r, w and v are measured in SI units. These results were obtained by measuring

the rise velocity of discs made of polyethylene (which has the same density as ice)
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with radii of 1, 2 and 2.75 mm and thicknesses ranging from 0.03 — 0.27mm.

Mixed approach
Finally, Jones and Wells (2018)) argue more complicated parametrisations do not fit

that much better than a simple linear relationship, and use the relationship,
vy = 16, (2.23)

with r in SI units, suggested by McFarlane et al. (2014) from laboratory experimental

data.

In order to obtain v; 4, the rise velocity of crystals of size class 7, r is replaced
with r;, w with w;, and the mean particle velocity of crystals of size class i, (u,;) is

used to calculate the particle Reynolds number Re,; of crystals of size class i.

The different choices of equation for the rise velocity mean that there is
substantial variation in the rise velocity across models (see Fig. 4 of Souillé
et al. (2023))). As the empirical data gives a large spread of velocities for each value
of r, (see Fig.10 of McFarlane et al. (2014))), there is still little justification as to
which equation for the rise velocity is preferable. However, choosing an equation

used in a previous model allows ease of comparison across models.

2.3.4 Crystal collisions

We now discuss how secondary nucleation and flocculation are parametrised in
frazil ice models. We shall reserve discussion on the weaknesses and strengths

of these parametrisations until we have also reviewed how crystal collisions are

modelled in other settings in §2.4]

2.3.4.1 Secondary nucleation (a;; and f;;)

Models using the collision energy to determine the rate of secondary

nucleation
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According to Daly (1984), Mercier (1985)), and Yang et al. (2023)), the number of
crystals produced of the first size class per collision should be a product of the
number of nuclei produced per unit collision energy Ng, and the collision energy
E.oi- The collision energy can be calculated by momentum and energy conservation
(see — as an example), and is equal to the difference in kinetic energy of
the particles before and after the collision, where it is assumed that some energy is

lost in crystal fracture.

Considering crystals of size class j, the energy and frequency of collisions with
other crystals will vary depending on the size, velocity and concentration of the
other size classes. The coefficient «a;; in corresponds to the rate of production
of crystals of size class ¢ due to collisions with a single crystal of size class j.
Mercier (1985) and Daly (1984) calculate a;, by summing over all the interactions
of crystals of size class j with crystals of other size classes,

N
;= kzl feott jkEeott jk NE- (2.24)
feor i 1s the collision frequency of a single crystal of size class j with crystals of size
class k. The collision energy E.q j is now the mean collision energy of crystals of
size class j and k. The total rate of production per unit volume F,o4,; of crystals

of size class ¢ due to collisions with crystals of size class j is then,
errod,ij = Oyny. (2-25)

The single-size-class model of Yang et al. (2023) uses this approach to calculate
the secondary nucleation rate, Ny in (2.1). For n crystals per unit volume of mean

mass m, mean radius 7, moving with mean velocity u, they set

Nr = feoBeoNg, (2.26)

feonr = (2r)%un, (2.27)

a2
Ecoll = Teoll X 2 % %, (228)
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where 7., is proportion of collisional energy transferred to the crystals and Ng is
tuned to match experimental results. The collision frequency is equal to the average
cylindrical volume swept out per unit second by a crystal of radius 2r moving with

velocity @ multiplied by the number of crystals per unit volume.

The only multiple-size-class model to consider the collision energy is the model
of Hammar (1994). In this model it is assumed that collisions are inelastic such
that after the collision the crystals will not be moving relative to each other and
instead move with velocity u,,. The collision energy E.,; can be obtained by

solving for momentum and energy conservation,

miupi + mjupj = (ml + mj)ﬁpij, (229)
1 1 1 _
§mz‘|um’\2 + Qmj\upj\Q = §(mi + ;) [Wpis|* + Eeotr (2.30)
1 MM ;
Eco = 3 L J i i 2, 2.31
0= () (s = 231

where m; and u,, is the mass and velocity of crystal ¢ respectively.

In the model of Hammar (1994), the collision frequency between a single particle
of size class ¢ with n; crystals per unit volume of size class j is calculated from
the flux of particles into a sphere of surface area r; + r; multiplied by the number

density in size class 7 and the collision efficiency giving,
1 2
fcoll,ij =n; X 5 X 471'(7’1' + Tj) <]wij,r(ri -+ Tj)’)Ceff. (232)

w;;r(r; + 7;) is radial component of the relative velocity between the two particles
of size classes i and j separated by a distance r; + r;, () is the mean and Cess is
the collision efficiency, defined as the fraction of particles that would have collided

if particle-particle interactions were neglected (Daly, [1984)).

The mean radial relative velocity |w;;(r; + 7;)| is the sum of the mean radial

relative velocity from turbulence wjj . and from buoyant differential rise w;; 4.
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The turbulent relative velocity is given by

2 ¢ 1/2
Wij turb = (77_]_5”) (Tz‘ + Tj), (233)
1/2
€
wij,turb == (]W) (’I"i —+ Tj), (234)

depending on whether a normal (2.33)) or lognormal (2.34) distribution is assumed
for the fluid velocity distribution. K, is the kurtosis of the velocity derivative.
Derivations for w;; . can be found in (2.2.1) of Mercier (1985). To obtain an
expression for w;; , Hammar (1994) use the result of Findheisen (1939),
0.2 (4m\"2 glor=pl 5
Wijg = 5~ (3> ;T!n — 3. (2.35)

which determined crystal rise speeds from a balance of buoyancy and drag.

Models assuming one crystal is produced per collision
Many other models simplify the suggestion of Daly (1984]), Mercier (1985), and
Yang et al. (2023) and assume that one crystal of the smallest size class is produced

per collision such that

N
ji = Y feolt ji- (2.36)
k=1

These frazil ice models use a mean density in their collision calculation, instead
of calculating a collision frequency that treats collisions between crystals of each
size class separately. The collision frequency of crystals of size class j is obtained
by calculating the volume swept by crystals of size class j per second, multiplied
by the number of crystals per unit volume 7 = >V, n;. In most cases the velocity
is assumed to be aligned perpendicular to the basal plane (i.e. along the axis of
the cylindrical disk) such that the volume swept out in time At is the volume

of a cylinder 777|(uy;)|At. Overall,

N
feolt,j = Z feollkj = 7T7’]2'|<upj>|ﬁ- (2.37)
k=1

Modifications to r

Heorton et al. (2017)), Holland and Feltham (2005)), Smedsrud (2002), and Smedsrud
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and Jenkins (2004) suggest that, because the crystals can twist and turn in all
directions as they move with the flow, a more appropriate choice of radius is the

equivalent radius 7§ (the radius of a sphere with the equivalent volume as the disk)
= (ST?wj/él)l/g’. (2.38)

Modifications to n

When comparing model outputs to experiments, the rate of secondary nucleation
was found to be too high (Svensson and Omstedt, [1994). Thus, a limit is placed on
7 such that 7 = min|n,qe., >; n;]. The limit describes the effect of unparametrised
processes which limit the efficiency of the secondary nucleation process. For example
if the concentration of frazil increases we might expect gravitational damping of
the turbulence and hence a reduction in the collision frequency. This approach is
used by many models (e.g. Holland and Feltham (2005), Jones and Wells (2018),
Smedsrud (2002), Smedsrud and Jenkins (2004)), Souillé et al. (2020, Svensson and
Omstedt (1994), and Wang and Doering (2005))). Other models (e.g. Heorton et al.
(2017)) suggest introducing a constant calibration parameter to limit the efficiency
of the secondary nucleation process (see Radia (2014]) for discussion). One purpose
of the thesis is to find a more physically informed approach to reduce the collision

rate.

Choice of |(u,;)]

Methods to calculate the mean velocity |(u,;)| of crystals of size class j vary between
authors. Most models assume that the relative velocity is a combination of the
speed due to gravitational settling v, ; and the mean relative speed from turbulent
motion w; 4,5 The models of Daly (1984) and Mercier (1985) assume the relative
velocity due to gravitational settling and from turbulent motion can be superimposed
linearly, |(u,;)| = vj4 + v urp Whilst Heorton et al. (2017), Holland and Feltham
(2005), Jones and Wells (2018), Smedsrud (2002), Smedsrud and Jenkins (2004),
Souillé et al. (2020), Svensson and Omstedt (1994)), Wang and Doering (2005), and

Yang et al. (2023) sum the contribution of turbulence and gravitational settling
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/2 The linear assumption is preferred if

quadratically, |(u,;)| = (v]z,g + vﬁtmb)
the relative velocity due to gravitational settling and the relative velocity due to
turbulence are close to co-linear. The quadratic assumption is preferred if this is

not the case.

For a particle of size class j, all of Jones and Wells (2018)), Souillé et al.
(2020), Svensson and Omstedt (1994), Wang and Doering (2005)), and Yang
et al. (2023), assume

4e

V5 turb =

The expression for v; 4, comes from the calculation of the variance of the relative

radial velocity, (w?,), in a turbulent flow (Saffman and Turner, [1956).

In contrast Heorton et al. (2017)), Holland and Feltham (2005]), Smedsrud (2002),
and Smedsrud and Jenkins (2004) use

3\Y3 [ 4e
Vjturb = <2d2> 1571/7”]“ (240)

The difference between the two models arises due to the choice of collision radius,
where Jones and Wells (2018]), Souillé et al. (2020), Svensson and Omstedt (1994),
Wang and Doering (2005), and Yang et al. (2023) use the actual radius of the
crystal and Heorton et al. (2017), Holland and Feltham (2005]), Smedsrud (2002]),

and Smedsrud and Jenkins (2004)) use the equivalent radius.

The settling velocity is equal to the terminal velocity of the particle. The choices

for the settling velocity were outlined in §2.3.3|

Parametrisation of [;;
The above discussion considered the parametrisation of a;;. The rate of transition

of nuclei out of size class 7 into size class 1 due to secondary nucleation, (3;;, can be
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derived from ; using mass conservation. Let dn; ,../dt be the rate that crystals

are transferred into or out of size class ¢ by nucleation. Mass conservation yields

Vi
B = %ai1~ (2.41)

Almost all models described in use this parametrisation for 3;; with the
exception being the model of Svensson and Omstedt (1994), who let 5;1 = an

and therefore do not conserve mass.
2.3.4.2 Flocculation (f; and F; )

The process of flocculation is only included in a limited number of models (Chen
et al., 2024; Hammar, 1994} Souillé et al., 2020; Svensson and Omstedt, [1994; Wang
and Doering, 2005; Yang et al., 2023)).

The model of Hammar (1994) assumes that ¢ crystals of the smallest size class
break off when a collision occurs between crystals of size classes ¢ and j. The
colliding crystals merge into a new crystal of volume V., ;; = Vi +V; — (V4. The

rate of removal of crystals from size class ¢ due to flocculation is,

N
fi =" feoltin: (2.42)
k=1

It is assumed that the volume of the new crystal formed after collisions of crystals
of size class ¢ with crystals of size class 1 is always greater or equal to a crystal
of size class i + 1. The rate Fy; at which crystals are added to size class i

per unit volume from flocculation is

4 7
«Ffloc,i = Z Z fcoll,jknjvfrac,ija (243>
j=1k=1
where v v
%7 ‘/;,1 S Vnew,ij < ‘/7,
‘/7l+17Vnew,7L'
Vir1i—V; J? V; S Vnew,ij < V:H—l
Vfrac,ij = View y . (244)
ViN” Z:Navnew,ij >VN7
0, otherwise.

Here, the new crystal is distributed between the two neighbouring size classes, with

fraction V445 being added to each size class. In the case when the flocculated
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crystal is larger than the largest size class, it is completely added to the largest size

class. Vipqacij is chosen to conserve volume.

The models of Souillé et al. (2020), Svensson and Omstedt (1994), and Wang
and Doering (2005) assume that flocculation is more effective for larger crystals,

with the flocculation rate increasing linearly with radius,

r.

fi= aflocria (2.45)
V.

F; = 7V-]1fj’ (2.46)
A

where Fj can be obtained from f; using mass conservation in a similar method to

that outlined for 3;; and «;.

Chen et al. (2024)) use experimental observations to suggest crystals of different
sizes are likely to flocculate, and split particles into three different groups where

flocculation can only occur when collisions are between groups of different sizes.

The single-size-class frazil ice model of Yang et al. (2023)) applies the same
logic that is used for secondary nucleation to determine a collision rate, and then
introduces a critical velocity for flocculation V. Yang et al. argue that crystal
collisions with a velocity higher than the adhesion velocity will bounce off each
other, whilst crystals colliding with a velocity at or below the adhesion velocity will

flocculate. In the single-size-class frazil ice model of Yang et al. (2023,

Ne = n27(27) %08 f10e, (2.47)
1, u<V,
e =21 =7 2.48
On { 0, otherwise ( )
which we can adapt to a multiple-size-class-frazil-ice model via,

fi = TN Bioc; = @1 Bioc,s (2.49)

V.
Fy = f. (2.50)

Vit
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where Bfioc; is 1 when (u, ;) < V; and 0 otherwise. The critical adhesion velocity is
obtained by estimating the energy required to separate the crystals (see Yang

et al. (2023) for details).

2.4 Crystal collision models in other settings

Having demonstrated the variety of approaches used to model crystal collision in
§2.3.4 We now discuss how particle collisions are parametrised in other settings.

In we then use this to identify weaknesses of current frazil ice models.

Parametrising particle collisions is important for understanding a range of
natural processes, from planetary formation in protoplanetary nebula (Champney
et al., [1995) to rain formation in clouds (Ayala et al., [2008). Particle collisions are
also important for industrial processes ranging from crystallization (Evans et al.,
1974)) to froth flotation (Schubert, |1999). Therefore, there is a range of theory
to draw on to apply to frazil ice crystal collisions. For a fuller review of collision

modelling in a range of contexts see Meyer and Deglon (2011).

In general parameterisations define the average collision rate (N;;) between

particles of size class ¢ and j as
Ny = V2T =V foouijni =V feoujintj- (2.51)

(Devenish et al., 2012), where I';; is the collision kernel between particles of sizes
i and j. As in §I1.6] n; is the average number of particles of size ¢ per unit

volume and V is the volume.

2.4.1 Collision Kernel

The collision kernel for single particles of size clases ¢ and j can be formulated as

the product of the encounter frequency Fe,i; and the collision efficiency Ccyy.;;,

Fij — fenc’ijceff’ij. (252)
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Figure 2.3: There are two different formulations to calculate the collision frequency. In
the spherical formulation (panel a) the collision frequency is calculated from the frequency
of particles entering a sphere of radius 7; + r;. In the cylindrical formulation (panel b)
the collision frequency is calculated from the frequency of particles entering a cylinder of
radius r; + 7.

The collision efficiency is defined as the ratio of the number of particles that collide
when particle-particle interactions are included to the number of particles that
collide when particle-particle interactions are neglected (Daly,|1984). In other words
the collision efficiency accounts for the reduction in the collision frequency due to
hydrodynamic interactions. In the case when particle interactions do not affect

collisions, the collision efficiency is unity.

We initially consider the simpler case of spherical particles with zero-inertia.
The collision kernel can be defined in two formulations (Figure 2.3)): the spherical
formulation and the cylindrical formulation (Wang et al., 1998). Using the spherical
formulation the collision kernel is obtained by calculating the volume influx of
particles of radius r; toward a particle of radius r;, averaged over the collision
surface S. with area 47 (r; + r;)? about the centre of the particle of radius r; (i.e.
the collision surface corresponds to the surface area of the sphere with radius equal
to the sum of the particle radii). Defining the collision radius r.;; = r; + r;, and

assuming only half the particles are travelling into the collision sphere,

1 1
Fencij = v X3 % Ar? i (Jwij e (res)) (2.53)

under the spherical formulation, where w;;,(rci;) = Wij(Teij) - Teij/Teijs Teij 1S the

separation vector and w;;(r.;;) is the relative velocity between the two particles
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separated by a distance 7. ;;.

The cylindrical formulation instead calculates the volume influx of particles
of radius r; towards a particle of radius r; averaged over the collision surface
S. with area m(r; 4+ r;)* about the centre of a particle with radius r;. Under

the cylindrical approximation,

7'('7"2

]:enqij _ c,2]<| Z]( Cﬂ])|>'

%

(2.54)

Unlike the spherical formulation, the cylindrical formulation assumes that the
relative velocity w;; in any instant is locally uniform over a spatial scale on the
order of the collision radius 7.;;, which is not necessarily the case for turbulent
flow (Wang et al., |1998). Therefore, it is well-accepted that models based on
a cylindrical formulation (as opposed to a spherical formulation) are erroneous
for some flows (Meyer and Deglon, |2011)). Both formulations produce the same
results when calculating the collision kernel in an uncorrelated isotropic random
velocity field or a uniform velocity field over the spatial scale of r.;; = r; + ;. For
example, the latter occurs if the size of the particles is smaller than the Kolmogorov

lengthscale (Wang et al., |[1998).

Particles with finite inertia have a tendency to accumulate in areas of low vorticity
due to the action of centrifugal forces and are thus distributed inhomogeneously
in turbulent flow. This is known as the accumulation effect (Wang and Ayala,
and Scott, and Wojciech, [2005). A radial distribution function g(r.;;) is added to
the collision kernel to account for the accumulation effect. The radial distribution
function is defined as the probability density of observing a particle pair at contact
in the actual suspension, normalised by the corresponding value in a nominally
uniform suspension (Devenish et al., |2012; Wang et al., [2000b),

oy = Anar)ng (v 4 7egg))
93 (Te.is) CICH! .

(2.55)
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where n;(r;) is the number density of particles at location r; and (n;) is the spatially

averaged number density of particles of radius r;.

Overall, for spherical particles of finite inertia,

spherical formulation,

v )
172 1 {IWij (re,ig))gig (re,ig) Cers,i
14 9

2mr2 A wig e (re,ij))gis (re,ij)Cerf i
T, = (2.56)

cylindrical formulation.

2.5 Comparison to frazil ice models

Having now given an overview in of how crystal collisions are modelled in
other settings and having giving an overview in of how crystal collisions are
modelled in frazil ice models, we now compare the approaches to model crystal
collisions in other settings to what is currently done in frazil ice models. We identify
weaknesses of the current approach used in frazil ice models. These weaknesses will

be addressed in later chapters.

The collision models outlined in all assume spherical particles, however
frazil ice crystals are usually approximated as cylinders. In order to account for
the approximate cylindrical shape of frazil ice crystals, models usually either set
the contribution to the collision radius 7 ;; from a single frazil ice crystal of size
class i to be either the crystal radius r; or the equivalent radius r{ (defined as the
radius of a sphere with the same volume as the cylinder). Therefore, for cylindrical

crystals we define r.;; = r.;+7r.; where r.; is either 7; or r{ depending on the model.

Almost all of the frazil ice models described in §2.3.4] simplify (2.51)) to,
(N) = VZ{ns)ml;. (2.57)

With the exception of Hammar (1994), these models do not separately consider
interactions between different size classes. The models summarised in §2.3.4 employ
the cylindrical formulation to calculate the collision kernel, with

7 ([wi(2req)|)
V )

I; = (2.58)
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where (|w;(2r.;)]) = (Jup;(2r;)|) in (2.37). The relative velocity is calculated
assuming particles are separated by a distance 2r.;, whilst the collision cylinder is
of radius r.;. Therefore, these models assume that the collision frequency for each
size class is calculated by modelling a crystal of the relevant size moving through a
uniformly-distributed stationary cluster of point-like crystals, see [Figure 2.4, This
approach has several weaknesses which are detailed below in §2.5.1}§2.5.6]

a) bi) bii)

Vi

Uk

=

Te,ik Tke

Figure 2.4: a) The collision frequency for each size class is calculated by modelling a
crystal of the relevant size moving through a uniformly-distributed stationary cluster
of point-like crystals. b) The collision radius should depend on the sizes of each of the
colliding crystals and the size-class dependent relative velocity should be taken into
account. bi) and bii) show how the collision radius changes with the crystal size.

2.5.1 Relative velocity and the collision radius should de-
pend on both size classes

The first weakness is that the collision radius in frazil ice models is too small.
Models let r.;; = r.;. The true collision radius involving collisions of crystals of
radius 7; and r; should be 7.; 47, ;. This approach underestimates the collision rate.
In Chen et al. (2024), Jones and Wells (2018)), Souillé et al. (2020), Svensson and
Omstedt (1994), and Wang and Doering (2005)) r.; = r;, in Heorton et al. (2017),
Holland and Feltham (2005), Smedsrud (2002), and Smedsrud and Jenkins (2004])

’T‘C,i - TZ .
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Further, this approach means that these frazil ice models ignore the fact that
the relative rise velocity depends on the size of each interacting particle and the
relative turbulent velocity depends on the particle separation. The relative velocity
should depend on both interacting size classes, rather than just a single size class
(ie. wy # w;), (see [Figure 2.4). Additionally, there is an inconsistency in the
choice of collision radius used to calculate the relative velocity (2r;, see (2.58))

and to calculate the area swept out by the crystal (r.;).

2.5.2 Method to calculate the relative velocity

Common to all models is that the expression for w; 4, comes from the calculation
for (Wiurb,r(2r¢45)?) in Saffman and Turner (1956). This is only strictly valid for
particles with particle relaxation time 7, less than the Kolmogorov timescale, 7x
and with particle radius r much less than the Kolmogorov lengthscale ny. Frazil ice
crystals can be on the order of millimetres in size, the same order of magnitude as the
Kolmogorov lengthscale. Further, as (|w|) is used in the cylindrical approximation
it would be more appropriate to choose w; turt, = (|Wiurb(27¢,5)|) instead of taking

the average radial velocity.

There is also uncertainty as to how to accurately obtain the relative velocity by

combining the velocity due to turbulent fluctuations and the rise velocity (see §2.3.4)).

2.5.3 Method to redistribute crystals between size classes

In all multiple-size class frazil ice models discussed in §2.3.4] where the volume
of crystals in the smallest size class is greater than zero, it is assumed that every
collision only changes the number of crystals in the colliding size classes and the
smallest size class. However, consider the case when we have the volume difference
between size classes is V; — V;_1 = V4. When a single crystal of size class 1 fractures
from a crystal of size class ¢, the number of crystals in size class ¢ should reduce

by 1 and the number of crystals in size classes ¢ — 1 and 1 should increase by 1.
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In current models (see §2.3.4) the number of crystals in size class i would reduce

by V1/V; and the number in size class ¢ — 1 would not change.

2.5.4 Choice of collision radius and inclusion of non-radial
components of the relative velocity
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Figure 2.5: Different approaches to calculate the collision radius. Models assume either
a) the collision radius is the sum of the radius r; of each disk, b) the collision radius is
the sum of the equivalent radius r§ of each of each disk, where the equivalent radius is
the radius of a sphere that would give the same volume as the disk. A more accurate
description would be ¢), where the collision radius depends on the orientation of the disks.

A further weakness comes from the fact that calculating the collision radius
using either the equivalent radius or the actual radius of each crystal is still an
approximation for the true radius (see[Figure 2.5). A crystal can take any orientation
as it rises through the fluid, so models should take into account how the collision
radius depends on the relative orientation of each of the crystals. Additionally,
all spherical particles of radius r; entering a sphere of radius r; + r;, will collide
with with a spherical particle of size r; as long as the relative radial velocity is
negative. However, for disk-like particles this will not necessarily be the case if

the non-radial components dominate the motion.

2.5.5 Ignorance of particle interactions

Additionally, the models described in §2.3.4] assume a collision efficiency of unity,

Cerr = 1, assuming particle interactions do not effect the collision rate. In reality
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the presence of another particle is likely to alter the trajectory of an approaching
particle due to the hydrodynamic forces between them, increasing or decreasing the
likelihood of a collision. Hydrodynamic interactions have already been shown to
be important in heterodispersed systems (Thomas et al., [1999) and for colliding
cloud droplets (Wang and Ayala, and Scott, and Wojciech, 2005).

2.5.6 Assuming the particles are homogeneously distributed

The models described in also assume the particles are homogeneously
distributed and neglect the accumulation effect, setting the radial distribution

function, g¢;; = 1.

2.5.7 Summary

In this chapter we have introduced the existing observations that can be used to test
numerical frazil ice models in and the approaches to model frazil ice numerically
in We focussed our attention on crystal collisions and also outlined how crystal
collisions are modelled elsewhere in the literature in In we then identified
weaknesses in the current approach used to model frazil ice crystal collisions. These

weaknesses will be addressed in subsequent chapters.

In we noted that secondary nucleation and flocculation affect the size
distribution and number of crystals and consequently change the heat and salt
flux into the water because the solidification rate depends on the crystal size.
Secondary nucleation depends on the turbulence intensity (see and (2.40)).
The observations of the crystal sizes, the crystal size distribution, and the water

temperature can be used to test our model.

We also discussed the different numerical parametrisations of frazil ice processes.
We showed that the methods used to parametrise secondary nucleation and floccu-

lation vary substantially across models. This demonstrates the need for a better
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understanding of secondary nucleation and flocculation.

Then we compared the approach used by frazil ice models to calculate the
collision frequency, to the approach used to calculate the collision frequency in other
settings. We identified several weaknesses of the current approach used in frazil ice
models. These weaknesses are using the cylindrical formulation for the collision area
instead of the spherical formulation, the assumptions required to calculate the mean
relative velocity, the method to calculate the collision radius, the failure to consider
non-radial components of the relative velocity, the neglect of the collision efficiency
and the assumption that crystals are homogenously distributed. Therefore, this

thesis derives a new parametrisation for the collision kernel of frazil ice crystals.

In §4 we derive a new expression for the relative velocity between crystals and
allow the collision radius to include the size of each interacting size class. To do
this we will adapt models for water droplet collisions in clouds (Ayala et al., 2008)
and collisions of inertial particles (Chan et al., |[2023; Yuu, 1984) to improve the
parametrisation of the encounter frequency. In §5| we derive a parametrisation that
allows the crystals to redistribute between multiple size classes when they collide.
In §6] we let the collision radius depend on the orientation of each of the crystals and
account for the non-radial components of the relative velocity. To obtain a collision
efficiency, in §7 we first build physical insight by modelling the effect hydrodynamic
interactions have on the trajectories and curvatures of two approaching plates
with two dimensional flow. In §8 we then model the hydrodynamic interactions
experienced by two approaching cylindrical disks. Finally, in §9] we implement
our new parametrisation for crystal collisions into a mixed-layer frazil ice model.
In each chapter we discuss the implications of each change by adding the change

to a simplified frazil ice model.
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cubits long, 50 cubits wide and 30 cubits high."
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3.1 Introduction

The remainder of this thesis will explore new treatments of frazil ice crystal

interactions,

that underpin many of the frazil ice models discussed in This

chapter introduces two simplified frazil ice models that will be used later in the

thesis to illustrate the implications of the new treatment of crystal interactions.

We first describe a mixed-layer frazil ice model with multiple size classes in §3.2)

that we will

use in §9| to test the effect of the combined changes we make to the

parametrisation of secondary nucleation and flocculation. In we then simplify

the mixed-layer frazil ice model to create a frazil ice model with multiple size

classes that only alters the crystal population by secondary nucleation. The latter

41
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model will then be used in §4-§8| to assess the effect of each change we make to the
parametrisation of crystal collisions, in a setting where crystal collisions are isolated.
In §3.4) we discuss typical initial conditions used, and illustrate the behaviour of

both the mixed-layer model and the simple model in §3.5

3.2 Frazil ice model for a well mixed-layer

Following the discussion in §2 we describe a multiple-size-class frazil ice model
that we will use in §9] to test the effect of changes to the parametrisation of crystal
collisions. As mentioned in we compare this model to the experimental data of
McFarlane et al. (2015)) and Schneck et al. (2019). In their experiments the turbulent

3 and

kinetic energy dissipation rate € was estimated to be between 2 x 10™3m?s~
3 x 1072m?%s72. We assume that the tank can be approximated as a well-mixed
domain such that all physical quantities (temperature and crystal size distribution)
are uniform over the tank and the turbulence is sufficient to overcome buoyant rise.

A mixed-layer model can also be used to model frazil ice in the upper layer of a

lake or the ocean (Jones and Wells, 2018). Under this assumption (2.3)) becomes,

I, —Tini + Ny + S, aging — fin, i =1,
8151 = —Iini +Timinioy — Bani — fini + Fioinioq, 2<i< N -1, (3.1)
+anio — Bani + Fiini_q, it =N,

where as in , —I'; corresponds to the growth rate out of size class ¢ and I';_;
corresponds to the growth rate into size class ¢ from the size class below, Ny is
the primary and secondary nucleation rate of crystals into size class, «j; is the
rate at which crystals are added to size class 1 due to collisions involving size
crystals of size class j, f; is the rate at which crystals are removed from size class
¢t by flocculation, ;; is the rate at which crystals are removed from size class ¢
by nucleation and F;_; is the rate at which crystals are added to size class ¢ by

flocculation of crystals of size class i — 1.
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Variable Symbol | Value/Equation Units
Salinity expansion coefficient Bs 7.86 x 10~* psu?
Temperature expansion coefficient Br 3.87 x 107 ot
Latent heat of ice fusion L 3.35 x 10° Jkg™!
Reference density 00 1030 kgm®
Density of ice Pr 920 kgm*
Density of water Pw (13.12)) kgm*
Specific heat capacity Cu 3974 Jkg teC!
Thermal conductivity k 0.512 WmteCc?
Nusselt number Nu 1
Reference salinity So 34.5 psu
Reference temperature Ty -2 °C
Freezing temperature Ty (13-3) °C
Kinematic viscosity v 1.95 x 1076 m?s~1

Table 3.1: Constants used in our frazil ice model. All values are the same as those used
in Holland and Feltham (2005), but are listed here for ease of reference.

3.2.1 Method to parametrise crystal growth, seeding and
collisions

We now discuss the choices to parametrise crystal growth, seeding, rise (which is

used to calculate the collision frequency) and nucleation.

3.2.1.1 Crystal growth

In §2.3.1] we noted that the most complete parametrisation to date for crystal
growth yields (Rees Jones and Wells, 2015))

1 2rNu ]{Zl<Tf — T) Tr;
Vi — V, piL 0.9008 — 0.2634 In[w, /(2r7)]
Following Holland and Feltham (2005]), we set
Ty = —0.05735 + 0.0832, (3.3)

with the salinity S given in psu and the choices for Nu, k;, py and L listed in
[ble 3.11

3.2.1.2 Crystal seeding

We now discuss the choice for the primary nucleation rate (the crystal seeding

rate). McFarlane et al. (2015) notes that additional seeding is likely to occur from
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frost that forms in the cold room refrigeration system, but there is no method to
calculate this seeding rate (McFarlane et al., 2015). Hence, for simplicity and in
line with Holland and Feltham (2005)), Svensson and Omstedt (1994)), and Wang
and Doering (2005) we set N; = 0 neglecting primary nucleation other than via
the initial condition on n;. When the concentration of frazil ice is large, secondary
nucleation is likely to be the dominant source of nuclei (McFarlane et al., 2015
instead of seeding. Therefore, we initialise our simulation at the minimum observed
temperature in the data of McFarlane et al. (2015)) and Schneck et al. (2019)), when
the crystal concentration is already around one crystal per centimetre cubed and

uncertainties due to the parametrisation of seeding are likely to be less significant.

3.2.1.3 Secondary nucleation and flocculation

To obtain an expression for secondary nucleation we combine (2.36) and (2.41]),

VOéjZ'TLj = fcoll,j, (34)
\%
VBan; = %fcoll,i- (3.5)

where, Feou; =V Zszl feourikni denotes the total collision frequency of crystals of

size class 1.

Improving parametrisations for flocculation and secondary nucleation will be
the focus of this thesis. We will compare the improved parametrisations with
the parametrisation for flocculation and secondary nucleation in Holland and

Feltham (2005)), where

Feang = V(r§)?mmJv3, + de/(15v)(r§)2, (3.6)
fi=0, (3.7)
F,=0 (3.8)

The choice for v;, is discussed below.
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Figure 3.1: The rise velocity (black line) is calculated using a combination of the velocity
obtained assuming Stokes flow (purple line) when Re, < 0.01 and non-linear drag (green
line) for Re, > 1, with (3.9)) used to switch between the two velocity profiles.

3.2.1.4 Crystal rise velocity

As there is no compelling reason to choose a particular parametrisation for the
rise velocity, we use a slightly modified version of the rise velocity obtained by
Holland and Feltham (2005)) which allows us to compare our model to their mixed-
layer model. In Holland and Feltham (2005)), the rise velocity for each size class
is calculated using an iterative approach to solve using the crystal drag
coefficient found by Gosink and Osterkamp (1983)). For small crystals the resulting
velocity leads to a particle Reynolds number much smaller than one. As the crystal
drag coefficient in Gosink and Osterkamp (1983) is only found for 1 < Re, < 100,
we use the Stokes flow solution, SCp = 32/Re,, found by Manohar (1936) to
obtain the velocity for Re, < 0.01. In line with Holland and Feltham (2005),
to calculate Re,, we set v = 1.95 x 1076 m?s™! and p; = 920 kgm>. The
solution obtained using the method in Holland and Feltham (2005)) is denoted
vg.co and the velocity obtained assuming Stokes flow, vy giores. TO transition

between the two solutions we set v, = vycof[In(Rep)] + vy stores{1 — f[In(Rep)]}
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for Re, = 2rv,co/v, where the switching function,

07 X S Lmin,
)2
f(&?) = (xfxm(ii)fﬁgln)mzfm)w Timin < T < Tmaz, (39)
L, T > Tmazs

with 2, = In(0.1) and e, = In(1).

The smallest crystals (r = 0.01 mm) have a rise velocity of 4.5 x 1077 ms™!

and the largest crystals (r = 2 mm) have a rise velocity of 7.8 x 1072 ms™!.

The rise velocity is plotted in [Figure 3.1 The transition between vy stores and

vgqo occurs at r ~ 0.4mm.

3.2.2 Heat flux

As the frazil ice crystals grow, they will introduce an additional heat flux into

the water. The water temperature changes as,

ar _dr
dt  dt

PIE dvfrazil
Vpc, dt

(3.10)

cooling

where d1'/dt|cooiing is the temperature change due to cooling from the atmosphere,
V' is the volume, ¢, is the specific heat capacity listed in [Table 3.1} and dV,q.:/dt
is the growth rate of the frazil ice crystals. Using (2.4) we find,

dvfrazil a NUkl

Nﬂ“i
- Ty —T)2 . 3.11
it = oL (Tr=1) 7T{o.9008 —O.2634ln[wi/(2ri)]} (3:11)

where NV; is the number of crystals of size class ¢ and as in §3.2.1.1 we have used

the parametrisation for Ar/l suggested by Rees Jones and Wells (2015)).

The density depends on the temperature 7" and salinity S of the water (Holland
and Feltham, 2005),

p = poll + Bs(S — So) — Br(T — Tp)] (3.12)

with po, Bs, So, fr and Ty listed in [Table 3.1 We shall test the mixed-layer
model against the freshwater results of Schneck et al. (2019) and therefore there

is no salt flux.
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3.3 Simple frazil ice model

To isolate the effect of changes made to model of crystal collisions, we simplify the
model in so that the crystal size distribution is only modified by secondary
nucleation, such that (3.1)) becomes,

Vv

N S
dn; _ {zjzgfwu,j, i=1, (3.13)

dt _%‘Fcell,iv 2 S l S N.

3.4 Initial conditions

In line with the model described in Holland and Feltham (2005), all the crystals
have the same aspect ratio of d = 50, with crystals in the smallest size class having

a radius of 0.0lmm and crystals in the largest size class having a radius of 2mm.

One accurate model of crystal size redistribution by fracture treats the difference
in volume between each size class as V;, such that V,, = 2713 /d = nV} = 2nmr? /d
and 7, = n'/3ry. For 0.01 < r; < 2 mm this would require 8 x 10° size classes, which
would lead to impractical run times. Instead we initialise with 200 size classes. This
allows us to capture the behaviour of the model under each change, whilst keeping
the run time sensible. We choose three different initial conditions for the distribution
of crystals. In the first case we follow the approach in Holland and Feltham (2005)
and use a logarithmic spacing in radial space between size classes. The initial volume
concentration of crystals in each size class is a uniform value of 0.0016. In the other
cases we initialise with a uniform spacing in radial space between size classes. In
one case we initialise with the same number of crystals in each size class and in the

other case initialise with the same volume concentration of crystals in each size class.

The initial mean crystal radius changes depending on the choice of initial
condition, as does the initial total number density of crystals. This means that
the initial collision rate is likely to differ between models, with the rate being the

highest when the crystals are logarithmically spaced as ), n; is largest. The values
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Model Radial Spacing Distribution 7 (mm) iy

1 linear same number 1 6.4 x 10°
2 linear same concentration  0.014 7.8 x 10'°
3 logarithmic same concentration  0.015 8.4 x 10!

Table 3.2: Initial total number density of crystals >, n; and mean crystal radius 7 in
each of the different model setups. Crystals are either initialised with the same number
of crystals in each size class in which case the distribution is ‘same number’ or the same
concentration in which case the distribution is ‘same concentration’.

for the initial mean radius and the initial number density >, n; of crystals are given
in [Table 3.2l The mean radius is much smaller when the crystals are initialised

with the same concentration in each size class.

Qualitatively we expect the changes to the collision kernel to have the same
effect on the model behaviour, independently of how the radii bins are chosen.
Therefore, choosing the different discretisation method for the radii, allows us to
test the robustness of the model. Initiating with a linear radial spacing and uniform

number of crystals allows easy physical interpretation of the changes.

When we use the simple model in §4+§8| In order to capture the effects on the
behaviour in quiescent and turbulent flow we will let the kinetic energy dissipation

rate € vary between 10~8m?s™3 and 1072 m?s73.

3.5 Example model result

We now illustrate the behaviour of the mixed-layer model described in and the
simple model described in We initialise with the initial conditions described
in §3.4 We use the turbulent kinetic energy dissipation rate, ¢ = 0.034 m?s~3,
measured by McFarlane et al. (2015) for the tank also used by Schneck et al. (2019).
We take the measured initial concentration when the temperature was a minimum
in the zero salinity (S = 0) experiment of Schneck et al. (2019). This gives an initial
supercooling of —0.085 °C, and 6.3 x 10° crystals per metre cubed with a mean

radius of 0.66 millimetres. Schneck et al. (2019)) reported a lognormal distribution
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Figure 3.2: The change in crystal population and temperature for a frazil model run
with the initial conditions described in and Panels a, b and c illustrate the
change in number density in crystals of size class ¢ with the coloured lines corresponding
to number density of crystals in each size class at ¢t = [0, 50, 100, 150, 200, 250] s. Panels
d, e and f are the change in temperature. In the first column (a and d) we use the full
mixed-layer model described in In the second column (b and e) we only allow the
population to change by collisions and use the simple model described in §3.3] In the
third column (c and f) we only allow the population to change by growth.

of crystals, but for simplicity and to clearly illustrate the behaviour of the model
we choose to initialise with the radii linearly spaced and N; = 6.3 x 10°/N in
each size class. This gives an initial mean radius of 1 mm, whilst the other initial
conditions described in have a much smaller mean radius. The number of
size classes, N, is 200. Schneck et al. report an atmospheric cooling rate
dT/dt) cooling == 2 x 107* Ks™'. However, for simplicity, we set dT'/ dt|cooling = 0 in

this example.

We run three versions of the mixed-layer model. In the first version (panels a

and d in [Figure 3.2/ and the solid lines in [Figure 3.3|) we use the full mixed-layer
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Figure 3.3: The change in temperature (panel a), total frazil ice concentration (panel
b) and mean crystal radius (panel c) for frazil models run with the initial conditions
described in and The solid lines are for data obtained using the full mixed-layer
model described in where growth and collisions (GC) are included. The dashed lines
are for data obtained using the simple model described in where the population
only changes by collisions (C). The dotted lines are for data obtained using using the full
mixed-layer model described in but the population only changes by growth (G).

models where the crystal population evolves due to crystal growth and collisions. In
the second version (panels b and e in and the dashed lines in
we only allow the crystal population to evolve due to collisions (this is the same as
using the simple model described in . In the third version (panels ¢ and f in
and the dotted lines in we only allow the crystal population

to evolve due to crystal growth.

Figures and show that the models produce very different results, illus-
trating the importance of each of these processes. First, we note in
that collisions act to decrease the number of crystals in all but the smallest size
class (size class 1) such that the mean crystal radius approaches r1, the radius

of the crystals in size class 1 (see |[Figure 3.3c). In contrast, crystal growth acts
to decrease the number of crystals in the smaller size classes (see [Figure 3.2c).

The total concentration trajectory follows the temperature
because the temperature here is entirely controlled by latent heat release from ice
growth. Therefore, collisions do not change the overall concentration of the frazil

ice, whilst growth increases the concentration.
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igure 3.3 shows that the radius of the crystal population in the full mixed
model mainly changes due to collisions (the solid line closely follows the dashed
line). Once the supercooling is relieved the crystal population eventually becomes
dominantly composed of crystals of the smallest size class as there is hardly any
more growth into the larger size classes. There is a period of time between about
20 and 80 seconds where crystal growth acts to slow down the rate at which the
number of crystals in size class one increases. Here, crystals grow to relieve the
supercooling and the mean radius decreases at a slower rate than in the case with

just collisions.

Comparing the temperature difference in we see that initially the
supercooling is relived at similar rates when only growth is included and when the
full mixed-layer model is used. The supercooling stays constant when growth is not
included. When the full mixed-layer model is used, the supercooling approaches
zero substantially faster than in the case when just growth is included (where it
does not reach zero in the time plotted). This indicates significant interactions
between crystal size redistribution and growth. In the experiment of Schneck et al.
(2019) the supercooling was halved in approximately 110 seconds, about twice as
slow as in the model run with the full mixed-layer model and twice as fast as in
the model run only including growth. However, in our model we did not include
cooling from the atmosphere or initialise with the correct crystal size distribution
so we would not expect a perfect match with the experimental data. Comparing
the mean crystal radius in we see that the mean radius increases when
just growth is included, whilst the mean radius decreases when collisions occur.
The decrease in radius due to collisions corresponds to a large number of crystals
being produced, and therefore, the total surface area of frazil ice increasing. This
increases the total growth rate of frazil ice leading to the temperature increasing

faster when growth and collisions are included.
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3.6 Overview

In this chapter we first in introduced a frazil ice model for a mixed-layer §3.2) where
the frazil ice population changes due to growth and collisions. This model can
be used to compare with the experimental results of McFarlane et al. (2015]) and
Schneck et al. (2019), and is also applicable to the upper, approximately well mixed,
layer of a lake or the ocean. In we then simplified the model to only include
secondary nucleation. Both models use the parameters from the model of Holland
and Feltham (2005) but also include a modification to the rise velocity to account for
the particle Reynolds number being less than 1 when the crystals are small. There
is uncertainly over the choice of method used to parametrise crystal rise and seeding
(Souillé et al., 2023) and more future experimental observations is needed to reduce
the uncertainty in these parametrisations. Due to computational limitations, we are
also limited in the number of size classes we can use in our model. This means that
some processes such as secondary nucleation carry discretisation error because the
difference in volume between each size class is not equal to the crystal volume. In
§3.5|we then demonstrated how the model behaves for conditions close to those in the
freshwater experiment of Schneck et al. (2019)) using a typical past parametrisation
(Holland and Feltham, 2005)) of secondary nucleation. Crystal growth increased
the mean crystal size and relieved the supercooling. Crystal collisions enhanced
the rate of temperature change when interacting with crystal growth and led to a
decrease in the mean crystal size. In the following chapters we make improvements
to the parametrisation of secondary nucleation. In §4-§8] these changes shall be
implemented into the simple model to give us an understanding of the effect of each

change before finally being implemented into the mixed-layer model in §9



As I looked at the living creatures, I saw a wheel on
the ground beside each creature with its four faces.
This was the appearance and structure of the wheels:
They sparkled like topaz, and all four looked alike.
FEach appeared to be made like a wheel intersecting
a wheel. As they moved, they would go in any one
of the four directions the creatures faced; the wheels
did not change direction as the creatures went. Their
rims were high and awesome, and all four rims were
full of eyes all around.

— Ezekiel 1:15-18 NIV
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4.1 Introduction

Having introduced a simple frazil ice model to test the effects of our changes to
how crystal collisions are parametrised, we now address the first of the concerns

described in §2] Current frazil ice models do not correctly calculate the relative
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velocity between crystals of different size classes. Further, when calculating the
collision frequency of crystals of size class ¢, current frazil ice models assume that

all crystals in the other size classes can be modelled as point-like particles.

In we use the Maxey-Riley equation to derive an expression for the relative
velocity between particles. In we then allow both colliding size classes to
contribute to the collision radius and particle separation. Finally, we obtain a new
collision frequency, which neglects the assumption of point-like particles and gives
an improved estimate for the particle relative velocities. We discuss the implications

of the new model in §4.4]

We begin by deriving an expression for the relative velocity between par-
ticles of arbitrary size classes separated by a distance corresponding to their

collision radius, 7 ;.

4.2 Relative velocity

The relative velocity between two particles ¢ and j at positions r; and r; is given by,

Wij (I‘, t) = upz-(rz-, t) — upj(rj, t), (41)
where u,; is the velocity of particle ¢ and r = r; — r;. The relative radial
velocity is given by,

wij,r(r, t) = upi(ri, t) T — upj(rj, t) . f', (42)

where T = r/|r|. Therefore, to solve for the mean relative velocity between particles,

we need to solve for the individual particle velocities.

4.2.1 Solution for the individual particle velocity

The equation of motion for a particle of density p, (where for ice particles p, = pr)

and volume V), travelling with velocity u, through a fluid with density p and velocity
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u in the presence of other particles is given by (Poole et al., 2005),

d )
%%g%:FLHﬂ+F%HW+FB+FF+F“H#M+F”, (4.3)

where the forces (F with superscripts) and the particle velocity depend on the
position and time. The superscripts identify contributions to the force on the
particle as follows: ¢ is the force due to gravity; d is the viscous drag force; i is the
inertial force due to the carrier fluid acceleration (or the gradient of the pressure
and shear stress); a is the added mass force; B is the Basset (history) force which
accounts for the additional drag force arising due to the development of a boundary
layer or viscous flow during a transient acceleration of the particle (Poole et al.,
2005); F' is the Faxén correction to the viscous drag which accounts for the effects
of non-uniform flow (Dolata and Zia, 2021)); w is the shear-induced lift force; LM is
the Magnus lift force; PI is the force due to particle interactions. See Poole et al.

(2005) for discussion of their origin.

In the limit when the particle Reynolds number is small,

F?! = p—%(u —u,), (4.4)
Tp

where 7, is the particle relaxation time.

We can relate this to the expression for the drag force (2.11) in §2.3.3| by

equating the two expressions for the drag force. Assuming |u,| ~ v, and u = 0,

such that Re, ~ 2rv,/v, we find,

2Vp 1 Yg Pr -
— e 2 Yy rr) 4.5
P BCpRe, g ( p) (4.5)

where 8 and C'p were defined in §2.3.3] r is the crystal radius, g is the acceleration

due to gravity, v is the kinematic viscosity and v, is the buoyant rise velocity.

Equation (4.3]) can be simplified if the Kolmogorov lengthscale 7y of the fluid is

larger than the size of the particle and if the ratio of the particle relaxation time to
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the timescale 74 of the fluid motion (defined as the Stokes number St = 7,/7¢) is

small.

For conditions under which frazil ice forms, the Kolmogorov lengthscale of the
fluid is roughly of order 1073 m (Steinberg et al., 2021). This is approximately the
lengthscale of the largest frazil ice crystals. Assuming 7; is given by the Kolmogorov
timescale, we estimate 7,, using the combined rise velocity found in
plots the Stokes number, St for the range of expected values of the turbulent kinetic
energy dissipation rate where frazil ice forms. When St < 1, the particle closely
follows the fluid. When St > 1, the particle velocity lags the fluid velocity. For
frazil ice, St < 1 in all cases (see and the maximum particle size is
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Figure 4.1: Stokes number for 7; = \/v/e and 7, calculated using (4.5)) with d = 50,
and the combined rise velocity found in in

In the limit when the particle is much smaller than the Kolmogorov lengthscale of

the fluid [r < (v°/€)'/4], the particle relaxation time 7, is smaller than the timescale,
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7¢ of the fluid motion (Eames and Gilbertson, |2004), and particle interactions are

negligible, we can approximate (4.3) to

d |
ppvp% ~F? +F! + F' + F°. (4.6)

For frazil ice most frazil crystals satisfy this approximation except for the largest
which are on the limit of the validity of this approximation. We therefore use ({4.6))
to make analytical headway into improving the parametrisation for the particle
velocity. Dividing by the mass of the particle and including the expressions for

the forces (Maxey and Riley, 1983) we obtain,

du, p\ . pu—u,) pDu p |Du du,
T (1oL L 2R e 6 AL e N O
dt ( pp> T Dt D @ 41

where C,44 is the added mass coefficient and Du/Dt = 0u/dt + (u- V)u.

We can rewrite (4.7) in the form,

du, u-uy, Du
P _ bgz + A —. 4.8
dt I Y (4.8)
where,
T*:T<pp+0dd> b*:_M A:M (49)
p P p ’ P Pp + CaddP’ P Pp + pCadd

Integrating gives (Zaichik and Alipchenkov, [2010),

1 ! / / * Du r t, ’t, / * / *1k A
u,(r,t) = T*/ {u[r(t ), t'] + TpAp[]gt)]} exp [(t' —t)/7)]dt" + 170} g2,
' (4.10)

which can be simplified by integrating the Du/Dt term by parts to (Nguyen et al.,
2016)),

1—A t
u,(r,t) = Ayu(t) + (T*p) / u(r(t'),t)exp [(t' —t)/m))dt' + 7,br92, (4.11)
p —00
giving an equation for the particle velocity. In §4.2.3| we use this expression to
obtain an expression for the relative velocity of two frazil ice crystal separated by a
distance r.;;. However, first we will discuss how the relative velocity currently used
in frazil ice models can be obtained from (4.11]). This emphasises the difference in

our approach and the weakness of the current expression for the relative velocity.
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4.2.2 Method used to obtain the relative velocity in previous
frazil ice models

In we noted that the relative velocity currently used in frazil models is a
combination of the velocity due to gravitational settling v, and the relative velocity
from turbulent motion wy,,;. In order to obtain the expression used for v, and
Weyrp 10 frazil ice we take limits of , setting u = 0 and T;b;g =A,=0to
obtain v, and wy,,, respectively. As was noted in the relative velocity in
frazil ice models is then obtained by linearly or quadratically combining the average
component of the velocity due to buoyant rise and the component of the velocity due
to turbulence. However, allows us to solve for u, simultaneously considering
the component of the velocity due to buoyant rise and the component of the velocity

due to turbulence, demonstrating one weakness of the current approach.

4.2.2.1 Expression for gravitational rise speed v,

In quiescent flow (u = 0), we obtain from (4.11]) the gravitational rise velocity,
u, = 7,b,92. (4.12)

For a crystal of size class 4, the rise velocity is given by v;, = 7,,b7g. The scaled
particle relaxation timescale 7,; for a crystal of size class 4, can be found using
the expressions for SCp outlined in for particles of size class i. Frazil ice
models typically assume w;;, = v; ,. However, as noted in and (4.2)), in the
limit when u = 0 the relative velocity should be the difference in rise velocity

between two particles of size class i and j, w;j, = |v;g — vj4], and not the rise

velocity of a single particle.

4.2.2.2 Expression for wg,.,

The expression for wy,, used in typical frazil ice models (Heorton et al., 2017}
Holland and Feltham, 2005; Jones and Wells, [2018; Smedsrud, 2002} Smedsrud and
Jenkins, 2004; Souillé et al., 2020; Svensson and Omstedt, [1994; Wang and Doering,
2005 Yang et al., 2023) can be obtained from by assuming A, and
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7,b,g are negligible and 7, — 0. However, for frazil ice, p ~ py, so the assumption

of A, < 1 is not valid which is a further weakness of frazil ice models.

Neglecting A, and 77b5g, (4.11) reduces to,

w(r, ) = Tl /_ (e (), ) exp (¢ — £)/7]dE" (4.13)

In order to obtain wy,, typical (Heorton et al., [2017; Holland and Feltham, [2005;
Jones and Wells, 2018 Smedsrud, 2002; Smedsrud and Jenkins, 2004} Souillé et al.,
2020; Svensson and Omstedt, [1994; Wang and Doering, 2005, Yang et al., |2023)
frazil ice models consider two particles separated by a distance 2r.;, where r.; is the
contribution to the collision radius from a particle of size class 7, and calculate the
covariance of the particle velocities in the direction corresponding to their separation
vector (the covariance of the longitudinal velocity component). This corresponds to
the variance of the relative particle velocity at a distance equal to the collision radius
if both particles are of the same size class, r.; = 2r.;. We orientate our coordinate
system such that the separation vector is in the i-direction, # = i, and denoting the

i component of the particle velocity as the radial component u,,,., we calculate,

(U () 1 (5200)) = ([t (0)2) ([t (5 2000)]2) =2ty ()11 (520)).

(4.14)
In the limit where 7, — 0, reduces to u, = u as the particle perfectly
follows the flow. Therefore, we use the fluid velocity correlation assuming statistical
homogeneity, Ry, (r) = (u(x 4 r)u,,(x)), to work out the particle correlation. Here,
u; denotes the [-component of the fluid velocity. For the longitudinal particle

velocity correlation,

(pr (%) — e (x + 21))* = ([ (3)]%) + ([(ur(x + 20)]%) — 2(u, (X)ur (x + 21)),
(4.15)

= Ruy(0) + R11(0) — 2Ry (21). (4.16)

In the limit of small particles with radius much less than the Kolmogorov micro-scale,

Ry (r) = u?[1 — er?/(30vu)] (Ayala et al., 2008) where u? = (u?) and e is the
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turbulent kinetic energy dissipation rate. Therefore,

der?

Weary = ([0, (2r)]°) = (tpr (%) = upp(x +21))° = T,

(4.17)

which is the same result obtained by Saffman and Turner (1956|). Therefore, for

two crystals of size class i colliding, w?,,,, = 4er;/(15v).

4.2.2.3 Aside: the mean radial velocity

Finally, a further weakness of the current method used to obtain the relative velocity
in frazil ice models is that frazil ice models use (wfmb» to calculate the mean relative
velocity due to turbulent fluctuations. As noted in when using the cylindrical
approximation, it would be more appropriate to use (|Wyu|) instead of (w7,,,) to
calculate the mean relative velocity due to turbulent fluctuations. Applying the

same method as outlined in §4.2.2.2| but instead calculating (|w(r)|) gives,

(Iwi)l) = (\/f + @) o <\/§ v @ Jw@P). @18)

(see Wang et al. (1998))). Therefore, if the mean relative velocity was used instead of
the radial relative velocity, then the relative velocity due to turbulence would

be roughly twice as large.

4.2.3 Calculation for the relative velocity

Having noted the weaknesses in the current approach used to obtain the relative
velocity in frazil ice models, we now calculate a new expression for the relative
velocity. We use to solve for u,, simultaneously considering the component of
the velocity due to buoyant rise and the component of the velocity due to turbulence.
Given the higher accuracy of the spherical approximation, we calculate (|w;,|)

instead of (|wy;]).

Ayala et al. (2008) calculated (|w;;,|) for water droplets in clouds by solving
(4.7) for A, < 1. As for frazil ice we cannot neglect A, we adapt the approach of
Ayala et al. (2008), and combine the method with the approaches of Yuu (1984) and
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Chan et al. (2023) who calculated |w;| for b; = 0. We first outline the argument
of Ayala et al. (2008)) and argue how it can be extended to the case of finite A,,.
Then we adapt the approach of Yuu (1984) and Chan et al. (2023)) to calculate

(Jwij |) for by = 0. Finally, we derive a new expression for (|wg,|).
4.2.3.1 Solution for (Jw,|) neglecting fluid acceleration (A, = 0).

Following Ayala et al. (2008), when A, = 0 (valid for p < p,) for a particle of
size class i, (4.11) reduces to,

1 t
(e 1) = / u(x(t)), ) exp (' — t)/r5)dt' + 75btgh.  (4.19)
pi J —co

Using the definition of the relative radial velocity (4.2)), and defining

hi;(0) = (T;i — T;j)b;gi = (7’; — T;‘j)b;g cos b, (4.20)
Gij(r,0,t) = £ - [up(rs, t) —uy(ry, )] — his(0), (4.21)

where 6 is the angle from the z axis. We find that the relative radial velocity

between particles of size class i and j separated by a distance r is given by,
wijﬂ”(r? 97 t) = Cij (T, 97 t) + hzy(e)y (422)

such that the relative velocity is split into a fluctuating component (with mean zero
over time) due to turbulent fluctuations and a mean component due to buoyancy.
The function ((r,0,t) can depend on 6 due to the coupled impact of turbulent

fluctuations and gravity on the motion of particles.

The mean absolute radial velocity at a specific angle is given by,
(lwijr(r,0)]) = / (Wijir (7, 0)| Py, (1, 0) dwiy, (4.23)

(where we have also averaged over space and time assuming the system is homogenous

and stationary). P,

Wij r

(r,0) is the probability of the relative velocity at an angle 6

and separation r being w;; ,(r,0) at a given instant in time.
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It is common in collision models (e.g. Ayala et al. (2008), Dodin and Elperin
(2002), Varaksin (2019), Wang et al. (2000b), and Zaichik et al. (2005)) to assume (;;
is normally distributed with standard deviation o;;(r, §) such that the probability

distribution P,,, (r,0) can be written as,

(e n8) - ()
Py, (r,0) = \/%O-i](?a, ) p < 200 (r, O > (4.24)

Integrating (4.23) gives,

(s, = | o0y [ 20 ] o [P0

To find the mean relative radial velocity we take the average integral over the
surface of the collision sphere assuming a uniform distribution of pair density

(Ayala et al., |2008)),

1 T w/2
(s (D) = 5 / (s (r, 6)]) sin 6 = / (w1, 0)]) sin 6d6,  (4.26)
0 0
where we have used |w,(m — )| = |w,(0)| to obtain the second equation.

To obtain an expression for ;;(r, ), we assume that the standard derivation
of the relative velocity is independent of the angle between the separation vector
and the z-axis, o;j(r,0) = o0;;(r) (valid when turbulence dominates buoyancy
(Zaichik and Alipchenkov, 2003)). Under this assumption we integrate
using for (|w;;,(r,0)|) to obtain the result of Dodin and Elperin (2002)

neglecting fluid acceleration,

(i (1)) = \/fam{iexp [‘2%] "

(e e e | e }’ 2

* E—

where we have defined wy;, = (7,; — 7,;)brg.
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4.2.3.2 Inclusion of fluid acceleration

If we now include fluid acceleration, A, # 0, we can still use the approach of Ayala
et al. (2008)), outlined in We again split the relative radial velocity into
a fluctuating component and a mean component and assume that the fluctuating
component is normally distributed with standard deviation o;;(r,8). Therefore,
(wijr(r,0)) is still described with but the statistics of o;;(r) are changed as

A, is no longer negligible.

We now calculate o;;(r) when A, # 0. Following the assumption used in
collision models that the relative velocities follow a Gaussian distribution, o;;(r)? =
(wijr (r)?), we solve (4.8), setting b = 0 to obtain an expression for (w;;(r)?). This
is consistent with our assumption that in order for ¢;;(¢) = o;; turbulence must
dominate. We adapt the approach of Ngo-Cong et al. (2018) and Yuu (1984) and
Chan et al. (2023) who calculated |w;;| for by = 0 in (4.§)).

4.2.3.3 Calculation of o;;

Remembering we are assuming that the relative velocities follow a Gaussian
distribution, o;;(r)> = (wy;,(r)?) and choosing # = i, we want to calculate the
standard deviation of the fluctuating velocity when the particles are separated

by a distance r.;; = rc; + 7,

0ij (reii)* = ([Wpi(res) - £ = Wy (rey) - %) = ([pia(res) — upja(rey)]®),  (4.28)

where w,;; is the [—component of the velocity of particle <.

To calculate o;; we first calculate the velocity correlation of two ghost particles
(particles which do not feel the presence of another particle and are thus able to
overlap in space) located at the same point and then relate this to their velocity

correlation when the particle centre of masses are separated by a distance r.;;.
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In homogenous turbulence, two ghost particles with neutral density (b, =

0) and size class i located at the same point have radial velocity correlation

given by (see |Appendix B]
(Upia(%)7) = Ailuz). (4.29)

If one particle is of size class ¢ and the other is of size class j, the radial velocity

correlation is given by (see |[Appendix B
(o () s o (%)) = By (ui7), (4.30)

where, as in the previous sections, u, is the fluid velocity in the r—direction and

A; and B,; are given by (B.3|) and (B.4]).

To relate the radial component of the velocity correlation of two ghost particles
when they are located at the same point to their velocity correlation when the
distance between their centre of masses is r.;; = r.; + r.; we follow Yuu (1984)

and Ngo-Cong et al. (2018)) and use a Taylor series setting,

upi,T(rC,i) = upi,r(o) + rci+7 (4.31)

Upjir(Tej) = Upjr(0) F e (4.32)

where, as the choice of x is arbitrary, we have chosen x = 0. The + corresponds to

setting £ = +(r.; —r¢;)/|rei — Tejl-

The real variance is the arithmetic average of two cases expressed by the

plus/minus sign in (4.31)) and (4.32)). Substituting in (4.31]) and (4.32)) to (4.28)), tak-

ing the arithmetic average and letting the u,; , = up; ,(0) and w,; , = Uy, (0) we find,

au 7, ?
0ij(rei)” = (i) + (Upsa) = 2(Upirtipsa)) + <<rc’i o ) > "

8um~,m 2 aupm 8Upj,x
<<TC’Z81'> > + 2 <<TC,1TC’] 83’; (‘)T . (433)
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When the turbulence field is homogeneous (Yuu, [1984)) ((Monin et al., |2007)

for derivation),

< 827 > 87% <upi,:v> 9 (434>

upie )\ 02
<< - ) > e () (4.35)

Qi \ [ Opja 0?
<< a{;’ > ( 6237 >> ﬁ<upi,xupj,x>v (436)

such that,

Oij (Tc,ij)z = <U’;2n:r> + <u;2)j,x> — 2((Upi,aUpja))+

0
(rii(uQ )+ TZj (W2, )+ 2reire (upwupj,x» . (4.37)

o2 DI,z DJ,T

Substituting in (4.29) and (4.30)),

Oug )’
O-ij(rc,ij)2 — (A2+AJ —281])<Ui> + (Aﬂ"ii—f'AjTij +28ijrc,irc,j) << al; ) > . (438)

From Taylor (1935),

()5

And assuming isotropic turbulence, (u?) = (u?)/3 = u'?/3,

) U/2
0ij(Teij)” = (Ai + Aj — 2Byj) —

€
3 + (Az-rii + Aj?"2 -+ ZBich,iTc,j) (15y> . (440)

C’j

For 73 — 0 (the assumption used in frazil ice models), A;, Bj; — 1 because u, — u

and

€
07 (reij) = E(rc’i + 7). (4.41)

4.2.3.4 Final expression for (Jw,|)

We obtain a final expression for the mean relative velocity (Jw,|) from (4.27) using
(4.40) to specify o;;(rc;;) and with,

Wijg = byg(Tpi — Tp)- (4.42)
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with A; and B;; given by (B.3)) and (B.4) and derived in [Appendix B| In cases

where ' is known the full expression for o;; can be used in the model. In the
cases where ' is unknown the expression for o;; (4.41)) in the limit when 7, — 0
can be used instead. In the limit of wy;, > 04, (|wij,|) = wije/2. In the limit

of Wijg <K Uij;<|wij,r|> — Ojj 2/7T-

4.3 Derivation for the encounter frequency

As was noted in , the encounter frequency, Fe,.i;, currently used in frazil ice
models is obtained using the cylindrical formulation with

w2y + 5
fenc,ij = Y o ’ (443)

%

and 7.;; = Te;, Wije = vy and 0;; = 0(2r.;) because the particles in size classes
other than ¢ are assumed to be stationary and point-like when calculating collisions
with crystals of size class i. We refer to this model as the ‘old cylindrical, point-like

formulation’ or ‘CP’ for short.

However, in §4.2.2.3] we noted that, because the volume swept out in the
cylindrical formulation is given by (Jw|) instead of (|w,|), it would be more

appropriate to use the statistics of |w| to obtain the relative velocity such that

we use (4.18) for |w|,,,. Equation (4.43]) becomes

2 2 2 ((m+2)2
Wc,z’j\/ Wijg + %‘( o
V b

fenc,ij = <444>

with 7¢;; = 7ei, wij g = viy and o;; = 0;j(2r.;) unchanged. We refer to this model

as the ‘new cylindrical, point-like formulation” or ‘nCP’ for short.

Even though this approach ensures the consistency of the expression for the
relative velocity due to turbulent fluctuations and the cylindrical geometry used
to obtain the encounter frequency, an even more accurate approach (see §2.4.1)

would be to obtain the encounter frequency using the spherical approximation which
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avoids the assumption used in cylindrical formulation that the relative velocity in

any instant is locally uniform over a spatial scale on the order of the collision radius.

In this case we use the equations derived in §4.2.3.4] to obtain the relative velocity

and substituting into the expression ([2.53|) for the encounter frequency we find,

2 2. 2

Fo ey V20 [1 exp (_ ww) L VT ( Wijg 0ij ) Erf( Wij,g )1

enc,dij — )
Vv 2

-— +
20% 2 \/io-ij \/iwij,g \/io-ij
(4.45)

27(’/’2~~<”LU" D

c,1) 13,7

_—— 4.46
‘r ) ( )

again with r.;; = r.;, wi; 4 = vy and o0;; = 04(2r.;) unchanged. We refer to this

model as the ‘new spherical, point-like formulation’ or ‘SP’ for short.

A further improvement is made if we no longer assume that the other crystals are
point-like, and include their relative rise velocities and let both crystals contribute
to the collision radius. In this case we let r.;; = 7c; + rej, Wijy = |Vig — Vg4l
and 0;; = o(rq;;) in — and the formulations are termed ‘CD’, ‘nCD’

and ‘SD’ respectively. A summary of the different acronyms and the formulations

they correspond to is given in [Table 4.1]

Name Acronym | Feoui  Fenciij Te,ij Wij.g Oij

old cylindrical, point-like CP 4.52 4.43 Tei Vig o(2r.,)
new cylindrical, point-like nCP 4.52 4.44 Tei Vig o(2r.,)
new spherical, point-like SP 4.52 4.46 Tei Vig o(2re;)
old cylindrical, differential size CD 4.53 4.43)  rei e |vig — Vgl o(reis)
new cylindrical, differential size nCD 4.53 4.44)  rei e |vig — Vgl o(reis)
new spherical, differential size SD 4.53 4.46) T+ |Vig — Vgl 0(Teig)

Table 4.1: The acronyms for the different formulations used to calculate the collision
frequency suggested in this chapter, together with the equations used to obtain the
collision and encounter frequency.

4.3.1 Comparison of the different formulations

Figure 4.2 compares the different formulations defined in (4.43))-(4.46]). We plot the

2

(X

scaled encounter frequency Fencij/(7;;0i5) as a function of wyj 4 /0i; such that the

result is independent on whether the crystals are assumed to be point-like or not.
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—— old cylindrical formulation
—— new cylindrical formulation
—— new spherical formulation

102 -

Fenc/(aijrg)

101 4

102 1071 10° 10! 102
Wi o/ O

Figure 4.2: Comparison of the encounter frequency obtained using (4.43)-(4.46)).

All the formulations give the same encounter frequency when buoyancy dominates,
Wjj,4 > 04;5. However, in the limit w;; ; < 0;; when turbulence becomes significant,
the encounter frequency differs between the models with the new cylindrical
formulation giving the highest encounter frequency by a factor of two compared to
the old cylindrical formulation and the new spherical formulation increasing the
encounter frequency by a factor of 1.6 compared with the old cylindrical formulation.
This is due to different assumptions the models make about the relative velocity
statistics of the flow, with the spherical formulation not relying on the relative
velocity in any direction being locally uniform over a spatial scale on the order of

the collision radius.

For the data considered in this thesis there is no estimate of 4’ available so we will
use (4.41) to obtain o;;. If estimates of «’ are available (4.40)) is preferable. We use

the rise velocities used in our simple model defined in §3|such that w;; = |v; y —v; ¢|.

Figure 4.3 shows the encounter frequency obtained with the new model (|4.46])

(left column) and the encounter frequency currently used in frazil ice models (4.43))
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Figure 4.3: Comparison of the encounter frequency obtained with the new model (4.46|
(left column) to the encounter frequency currently used in frazil ice models (4.43)) (right
column) for € = (1072,107%,10~%)m2s~3. The calculation for the rise velocity discussed

in@

(right column) for € = (1072, 107*,107%)m?s 3. Using the new spherical formulation
Fencij = Fene,ji, Whilst in the old model Fo,cij = Fene,i, meaning that the encounter
frequency does not depend on r;. The effect of increasing turbulence is seen clearly
in panels (a), (c) and (e). In more turbulent flow the relative velocity increases
with the separation between the crystals so the contours are approximately along
lines of constant r; + r; for € = 0.01lm?s™>. In almost quiescent flow, the relative

velocity is proportional to the difference in rise velocities between the crystals. This
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means that the relative velocity is close to zero when the crystals are the same size

so the contours follow lines of constant r; = r; for large but similar values of r; and r;.

In the limits where the relative velocity is dominated by the velocity due to
turbulence or by the velocity due to buoyant rise we can find approximate expressions

for the encounter frequency.

For ¢ = 0.02 m?s~3 the relative velocity in all cases is dominated by the

velocity due to turbulence (0;; > w;;). In the old CP formulation, combining

(4.41) and (4.43) we obtain,

2mrd .=
fenc,ij ~ % (447)

When allowing for differential crystal size (CD formulation), combining (4.41])
and (4.43)) we obtain,

W(Tc,i +’I"c’j)3 €

Vv 150"

«Fenqij ~ (448)

In the new spherical formulation (SD formulation), combining (4.41) and
(4.46)) we obtain,

\/2271'(7”0’2‘ + 1) €
V

) 4.49
15v ( )

-Fenc,ij ~

Therefore, in the turbulent case, for large values of r; and r; the encounter frequency
is higher when considering differential crystal sizes, as the collision radius and
relative velocity is higher. The encounter frequency when considering differential
crystal size is lower for small values of 7; as the increase in collision radius under
the SD and CD formulations does not overcome the decrease in relative velocity as
the separation between the crystals is now (r.; + r.;) instead of 2r.;. From (4.48)
and , the collision frequency for crystals of size classes ¢ and j is 1.6 times

higher under the SD compared to the CD formulation.
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For € = 107® m?s™3, the relative velocity in all cases is dominated by the velocity

due to buoyancy (0;; < w;;). In the old model using (4.43) we obtain,

2 v
Foneii ~ —229 4.50
In the SD formulation using (4.46)) we instead obtain,
-Fencﬂ,'j ~ W(Tc’i + TC,]’)2|/U7:79 — Uj’g| ) (451)

%

In the quiescent case, the encounter frequency is higher under the new spherical
formulation than in the old model for cases where the difference in size between
the colliding crystals is large and their relative velocity is large. In cases where the
crystals are a similar size the collision frequency is smaller than in the old model as

the relative velocity is smaller.

4.4 Implementation into the simple frazil ice model

We have suggested two improvements to current frazil ice models. The first is a
new expression for the relative velocity in the spherical approximation and the
second is no longer treating the other size classes involved in a collision as stationary

point-like particles. We now implement these changes into the model described in

Under the old parameterisation,
fcoll,i = VQfenc,ikﬁni- (452>

with Fepeir given by (4.43). In order to compare across models we here set @ = 3, n;.

In our new parametrisation which involves separately modelling collisions

between crystals of each size class using the spherical formulation,

N
fcoll,i == V2 Z fenc,iknkni (453>
k=1
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Figure 4.4: Initial collision rate for the three different initial conditions given in the
panel title and described in The crystal population is either initialised with the
same number or the same concentration of crystals in each size class. The crystal radii
increases either linearly or logarithmically with the index of the size class. Dashed lines
are using the point-like assumption (CP, nCP and SP formulations) and solid lines are
using the differential size assumption (CD, nCD and SD formulations). Different colours
correspond to the collision rate given by the old cylindrical, new cylindrical and new

spherical formulations (see (4.43])-(4.46])).

with Fepe i given by (4.46). We have assumed that when two crystals collide,
dendrites are broken off both of them so two crystals of the smallest size class are

produced.

4.4.1 Effect of using the different encounter frequency for-
mulations on the initial collision rate

shows the initial collision rate for each of the different model setups.
Comparing the initial collision rate under the point-like approximation (dashed lines)
to our suggestion of including differential size in the collision parameterisation (solid
lines), we see that the initial collision rate is faster in all model setups as long as the
method to calculate the relative velocity is the same between models. This is because
the collision rate of smaller particles with larger particles is substantially faster
when considering differential crystal size, compared to the point-like approximation.

Comparing the different methods to calculate the initial relative velocity (4.43)-
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(4.46) (coloured lines), we see that the old cylindrical method consistently gives a
lower collision rate for large ¢, followed by the new spherical method and then the

new cylindrical method.

As the cylindrical and spherical formulations give the same encounter frequency
in quiescent flow, the initial collision rate in quiescent flow depends only on whether
differential-size is included. In turbulent flow, o;; > w;; and Fe,.i; o< 0;; in each of
the formulations. The increase in collision rate for each of the methods can thus be

understood by comparing F,.i;j/0;; for the three different formulations.

4.4.2 Effect of using the different encounter frequency for-
mulations on the collision rate as n; — 7.

As all the frazil ice crystal collisions are assumed to break-off crystal fragments of
size class 1, ny — T as t — oo and we can predict the effect of using each of the

different encounter frequency formulations on the collision rate when n; ~ 7.

In the turbulent case, 0;; > w;; 4. In the limit when ¢ — oo, because n; — n
we find:

i) using the old CP model ((4.47) coupled with (4.52)),

Feotti & 2175 V4 | 15%”1”1‘ (4.54)

ii) when allowing for differential crystal size using (4.48)) coupled with (4.53) and
the old cylindrical formulation (CD) to get the relative velocity,

Feoli = T(Tei +761)°V 15%”17“ ~ ) Vy w%nmi for i > 1. (4.55)

iii) when when allowing for differential crystal size and using the new spherical

formulation to get the relative velocity (SD) (4.49) with (4.53]),

2 2
Feollij = \/;QWV(TC’Z' + Tc,j)?’,/w%nlni ~ \/;27TV7“3“/15€anni for i > 1. (4.56)

Therefore, at later times we predict that including differential crystal size will lead

to a slower collision rate than that predicted with the point-like assumption. For
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the larger size classes, r; > r1, including differential crystal size and the spherical
formulation, will give a higher collision rate than that obtained using differential
crystal size and the old cylindrical model but still a slower rate than that obtained

when assuming the crystals are point-like.

In the quiescent case, 0;; < w;j 4. In the limit when ¢t — oo, we find:

i) using the old model (CP, nCP, SP)
Feotti = Ve w; gnan;. (4.57)
ii) in the case when we account for differential crystal size (CD, nCD, SD),
Feoni = Vr(re; + rcyl)2|wiyg — wy glnin; & V7rriiwiygn1ni for i > 1, (4.58)

and as we noted before, the old cylindrical, new cylindrical and new spherical
models all give the same collision rate in the quiescent case. Therefore, we predict

that at later times, the collision rate will be the same for all models.

4.4.3 Results

In the discussion below we show results for the frazil ice model initialised with
the same number of crystals in each size class. The same qualitative results are

obtained for each of the different initial setups discussed in §3]and a quantitative

comparison is shown in [Figure 4.8

4.4.3.1 Effect of including differential crystal size in turbulent flow

We first consider the limit of high-turbulence (¢ = 0.01m?s™3) and compare the CP
and CD formulations. shows the effect of including differential crystal size
on the collision rate. In this figure the collision rate using the old CP formulation
(dashed lines) is compared to the collision rate using the CD formulation where

differential crystal size is used to calculate the collision radius (solid lines).

We see that the number crystals in each of the size classes decreases at a very

similar rate in the CP formulation (the dashed lines are almost on top of each other
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Figure 4.5: The change as a function of time in (a) the number density of crystals in
each size class, (b) the concentration of crystals in each size class for € = 1072 m?s~3.
Panel (c) is the normalised number of crystals in size classes 2-200 (n(r;) = n;/ 2% n;
and ng = 0.02 mm) when n; = am and represents how the crystals are distributed within
the size classes. Panel (d) is the time taken for n; to reach am. The dashed lines and
circular markers are for data obtained using the CP formulation. The solid lines and cross
markers are for data obtained using the CD formulation. See for a description
of each of the formulations. We initialize with the same number of crystals in each size
class.

in panel a). In the CD formulation the number of crystals in size class two initially
decreases at a faster rate than the crystals of size class two in the CP formulation (as
expected from the discussion in . This is due to the increase in the collision
radius when the smaller size classes collide with the larger size classes under the
CD formulation. Further, in comparing the distribution of crystals in each of the
size classes (panel c), there are relatively fewer crystals in the smallest size classes
for the same value of n; in each of the formulations, demonstrating that crystals

are lost faster in the smaller size classes when differential size is included.

The collision rate is initially slower in the old model (the dashed line increases
more slowly than the solid line for r = 0.01 mm), as expected from the discussion
in §4.3.1| but soon the collision rate using the CP formulation becomes faster

than the collision rate using CD formulation due to the factor of two difference

between (4.54) and (4.55)).
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Figure 4.6: Comparison of crystal number evolution between spherical, differential size
(SD) formulation and old cylindrical point-like (CP) formulation. Same as [Figure 4.5
but solid lines and cross markers are for data obtained using the SD formulation. (See

Table 4.1| for a description of each of the formulations.)

4.4.3.2 Effect of choosing the spherical or cylindrical formulation in
turbulent flow

Figure 4.6( compares the effect of using the new spherical approximation (4.46) and
(4.53)) instead of the old cylindrical formulation (4.43) and (4.52). The solid lines

now show the collision rate calculated using the SD formulation, whilst the dashed
lines are still the old CP formulation. The collision rate under the SD formulation
is now similar to the collision rate in the old CP model (the crosses in panel (d) are
now much closer to the circles) but the crystal size distribution is very different,

reflecting the fact that smaller crystals collide at a higher rate in the new model.
4.4.3.3 Quiescent flow (¢ = 107® m?s™?)

shows how the numerical models behave in the limit of weak-turbulence
(wijg > 0i;). In line with the discussion in we see that the collision rate
of the smaller crystals is higher when considering differential crystal size than for
point particles (the solid lines for r; = (0.02,0.01,0.1) decrease faster with time in
than the dashed line and the crystal population distribution contains

relatively more crystals in the smaller size classes for the CP formulation than the
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Figure 4.7: Comparison of crystal number evolution between spherical, differential size

(SD) formulation and old cylindrical point-like (CP) formulation. Same as [Figure 4.6| but
with € = 1078m?2s 3.

CD formulation at the same value of a. The collision rate of the larger particles is

similar in both models as n; — 7 in line with the reasons discussed in §4.4.2

4.4.3.4 Comparison across a wider range of initial conditions

In the preceding discussion we only compared the CP and SD formulations for
e =10"2m?s 73 and € = 10~ ®m?s~3. We also only used the model where we initialise
with the same number of crystals in linearly distributed size classes. We now
compare the CP and SD formulations for ¢ = (107%,107°,107*,1073,1072) m?s~3,
as for the intermediate values of e the relative velocity is a combination of the
velocity due to turbulence and buoyancy. We also compare across the three different

model initial conditions discussed in .

We compare the times taken (panels a, ¢, e of for n; to reach an
and the mean radii (panels b, d, f of of crystals in size classes 2-N under
the two different formulations. In each of the rows we initialise with one of the
three different setups discussed in In panels (a)-(d) the radii are linearly binned
and we initialise with the same number of crystals (panels a and b) or the same

concentration (panels ¢ and d) of crystals in each of the size classes. In panels (e)-(f)
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Figure 4.8: Panels a, c, e are the time taken for n; to reach am as a function of the
turbulent dissipation rate e. Panels b, d, f are the normalised mean radii of crystals in
size classes 2-N as a function of €, calculated as 7 = Zf\LQ Ting/ Z;{\Lz n; under the CP and
SD formulations. In each of the rows we initialise with one of the three different setups
discussed in In panels (a)-(d) the radii are linearly binned and we initialise with the
same number of crystals (panels a and b) or the same concentration (panels ¢ and d) of
crystals in each of the size classes. In panels (e)-(f) the radii are logarithmically binned
and we initialise with the same concentration of crystals in each of the size classes.
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the radii are logarithmically binned and we initialise with the same concentration

of crystals in each of the size classes.

The collision rate increases with e. The collision rate using the SD formulation
is consistently faster than that using the CP formulation when the flow is more
quiescent (e < 107*m?2s™3) across all model setups (left column). When the flow is
more turbulent (e > 107*m?s™3), the collision rate at larger values of « is slower
under the SD formulation than under the CP formulation. This is because the
CP approximation gives a higher collision rate when collisions are mostly with
crystals of size class 1. The exception comes for the case when we initialise with
logarithmically spaced crystals. In this case, there are initially much larger numbers
of crystals in the smaller size classes than in the other models, so when « is close to
one, most of the crystals remaining are very close in size to the crystals in size class
1. Therefore, for ny to increase large numbers of collisions are required involving
crystals of the smaller size classes. However, under the SD formulation the crystal
population is less strongly dominated by crystals in the smallest size classes when
« is close to one (7 is larger). This means that when n; is close to @, collisions
still occur between crystals of the larger size classes and crystals of the smaller size

classes, so the collision rate is higher.

For small values of o the mean radius is sensitive to the initial crystal distribution,
meaning that the mean radius is initially much smaller when the crystals are
initialised with the same concentration in each size class (see for the initial
values of 7). The mean radius is consistently higher with the SD formulation as the
collision rate of crystals of the smaller size classes increases, leaving relatively more
crystals in the larger size classes at the same value of a.. For all cases the mean radius
also increases with the turbulence. This is because the ratio of the collision rate of
larger particles with particles of size class 1 to the collision rate of smaller particles
with particles of size class 1 is higher in the quiescent case than in the turbulent case

(see §B.2). Hence, the particle distribution shifts more to the smaller size classes
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in the quiescent case. This can also be seen by comparing[Figure 4.6k and [Figure 4.7c.

The increase in the mean radius with € is more substantial in the SD formulation
than the CP formulation when we initialise with the same concentration of crystals
in each size bin. This is because there are initially substantially more crystals in
the smaller size classes. Therefore, in the quiescent case, very few crystals remain
in the larger size classes at large values of «, whilst in the turbulent case there are
still crystals remaining in the larger size classes because the change in collision rate

increases less with radius.

The heat flux from each crystal is proportional to the crystal radius. Therefore,
the total heat flux depends on the total number of crystals and how the crystals are
distributed among the size classes. The SD formulation changes the collision rate
and the radial distribution of the crystals, increasing the relative number of crystals
in the larger size classes. Therefore, changing to the SD formulation will likely alter
the heat flux and the subsequent effect frazil ice crystals have on the water column
when included in a full frazil ice model. We postpone consideration of these changes
to the energy balance until §9) where we use a complete frazil ice model which also

accounts for other improvements to parametrising collisions from §5}-§8|

4.5 Conclusions

In this chapter we have derived a new expression for the encounter frequency.
Previous models have often assumed that the particles outside of the colliding size
class are stationary and point-like. We call this the CP formulation. Instead, we
separately considered the interactions between each of the crystal size classes, and
allowed the radius and velocity of each size class to contribute to the collision radius.
We have also obtained a new expression for the relative radial velocity of the
particles by combining the approaches of Ayala et al. (2008) and Yuu (1984) and
Chan et al. (2023)). In the case when both the turbulent kinetic energy and the
dissipation rate € of the fluid flow is known, then should be used to calculate
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0i;. Otherwise (4.41) can be used instead if only € is known, as explained here
in a simple model. Overall, we obtain a new expression ({4.46|) for the encounter
frequency which we term the spherical differential size (SD) formulation and a

subsequent expression (4.53) for the collision frequency.

Although, the SD formulation is an improvement to the previous CP formulation,
there are still some weaknesses of this model. Firstly, we have used an approximation
to the Maxey-Riley equation to solve for the particle velocity. This approximation
holds for small frazil ice crystals but is less accurate for larger crystals with a
radius similar to the Kolmogorov length scale of the flow. Therefore, for these
crystals, the forces that were assumed negligible in deriving might have some
effect. Secondly, in line with other collision models the formulation assumes that
the distribution of the relative velocities is Gaussian, which may not always be
the case (Mercier, [1985; Rani et al., 2014). In some settings the relative velocities
have instead been observed to be log-normally distributed (Mercier, 1985). It
would be interesting to see how an encounter frequency would change if it was
instead derived assuming that the relative velocities are log-normally distributed.
Finally, to be used to its full potential the model relies on knowing the turbulent

kinetic energy and the dissipation rate € of the fluid flow, which is not always known.

We have implemented these changes into the simple frazil ice model detailed in
§3l When the effects of differential size are included, the collision rate of crystals in
the smallest size classes increases due to the increase in collision radius and relative
velocity when they interact with crystals of larger sizes. This means that the mean
radius of the crystal population model is higher when including differential crystal
size then when using the point-like assumption. The collision rate increases with the
turbulent dissipation rate because the relative velocity increases. Turbulence starts
to be significant when € > 1075 m?s~3. Initially the SD formulation gives a higher
collision rate across all model runs than the CP formulation. When most of the

crystals are in size class 1 the collision rate is almost the same under both the SD
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and the CP models for quiescent flow (¢ = 10~®m?s™?). As the turbulence increases
the collision rate is slower under the SD formulation than the CP formulation as
the separation radius used to calculate the relative velocity is smaller. There is also
considerable sensitivity to the initial crystal population distribution and how the

size classes are binned.

Using the SD formulation changes both the collision frequency and the distri-
bution of crystals among the size classes and hence will impact the heat flux and
the resultant properties of the water column when implemented into a full frazil ice
model. Before doing this we consider further improvements to the parametrisation

of crystal collisions.



"And no one pours new wine into old wineskins.
Otherwise, the new wine will burst the skins; the
wine will run out and the wineskins will be ruined.
No, new wine must be poured into new wineskins.
And no one after drinking old wine wants the new,
for they say, ‘The old is better.”

—Luke 5:37-39 NIV
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5.1 Introduction

Having derived a new expression for the collision frequency in §4] we now address
the second of the weaknesses outlined in As was noted in to correctly
redistribute the crystals after a collision, there should be change in the number of
crystals in intermediate size classes, in the smallest size class and in the colliding
size classes. Currently only the number of crystals in the colliding size classes
and the smallest size class changes. In this chapter we implement a method to
more accurately redistribute the crystals using the recommended SD formulation
described in §4. The method is derived in and the results of implementing

redistribution is given in §5.3]

83
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Figure 5.1: Four different ways a fractured crystal from size class ¢ can redistribute into
different size classes. Here V¢, = V1. The number of crystals added to each size class
is shown above the corresponding arrow. Panel (a) the volume of the larger fractured
crystal fragment is added to the size classes with volumes sandwiching the size of the
fractured crystal. The larger size class in the sandwich is size class i. Panel (b) the
volume of the larger fractured crystal fragment is equal to the volume of crystals in a
smaller size class so the number of crystals in the smaller size class increases by 1 and
the number of crystals in size class i decreases by 1. Panel (c¢) the volume of the larger
fractured crystal is added to the size classes with volumes sandwiching the size of the
fractured crystal. The larger size class in the sandwich is smaller than ¢ so the number of
crystals in size class ¢ decreases by 1. Panel (d) the volume of the crystal fragments are
less than or equal to Vj so all the volume of the fractured crystal is added to size class 1
and the number of crystals in size class ¢ decreases by 1.

5.2 Method to redistribute

We consider the case when a volume V., of ice is removed from a crystal of size
class 7 such that the crystal now has volume V,rystat = Vi — Viemn. There are four

different ways that the fractured crystal could redistribute into the different size

classes, which are illustrated in [Figure 5.1} In |[Figure 5.1 we assume V., = Vi,

so each crystal fracture always results in the number of crystals in size class 1
increasing by 1 and then the remaining volume of ice is divided according to the

discussion below.
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If there exists a size class ¢ — a with crystals of volume V., 50 (panel b), then
the number of crystals in size class ¢ — « should increase by 1, the number of crystals

in size class ¢ should decrease by 1.

If there is no size class with crystals of volume V., s, then the fractured
crystal will distribute as a fractional increase in the number of crystals in size
class i — a and i — § (panels a and c¢). Crystals in size class i — a have volume
Vi—o which satisfies V;_o < Vipystar, Vi < Via Vk < i (i.e. size class i — a is the
largest class with crystals smaller than V., sa). Crystals in size class i — 3 have
volume V;_g which satisfies Vi_g > Viystar, Vi > ViegVk > i (i.e. the smallest
size class @ — [ with crystal size larger than V,.,qq but closer in size to Viysta
than crystals in any other size class that have a volume larger than Vi, sq). If the

volume removed is very small or the volumes are very different, then § = 0 (panel a).

It is possible to reduce the spacing between size classes sufficiently such that
Verystat < Vi for some fracture events. In this case we assume that all the crystals

become crystals of size class 1 (panel d).

We now set out the transition rules for each cases, choosing a scheme that enforces
mass conservation. We define V,.,,, = (V. Firstly, we derive a new expression for
the rate at which crystals are removed from size class ¢« and added to size class 1

when Vi ystw < Vi (panel d in [Figure 5.1f). The relevant size classes are i and 1.

The total volume of crystals in these size classes before and after the collision are

%efore = Nl‘/l + Nl‘/’U (51)

V;zfter = N{‘/l + (Nz - 1)‘/1 (52)

where N; is the number of crystals in size class i. Setting, N| = N; + AN; and
applying mass conservation we find,

Vi

AN, =
Ty

(5.3)
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Secondly, we derive a new expression for the rate at which crystals are removed
from size class ¢ when § = 0 and Viysa > Viea (panel a in [Figure 5.1). We let
the number of crystals in size class ¢ before the collision be n; and the number
after the collision be n}. The total volume of ice in size classes 1, i and i — «

before and after the collision is given by,

%efore =N Vi + Ni—a‘/z'—a + Nz‘/;a (54>
V;zfter = N{‘/l + NZLO[V;—Q + NZ/V; (55>

In the case when V,ep, =V, = Vi, N/ = N; = =1l and N/, — N;_, = +1. In
the case when Ve, = 0, N/ = N; = 0 and N;_, — N;_, = 0. Thus, we choose

an interpolation between these end member cases,

V;“em

N_ —Nj_,=—"l"
e ‘/1 - V;fa

(5.6)

Using Viefore = Vasier and noting that Ni = Ny + ¢ as Vi, = (V4. we solve for IV,

V;"em

N/ - Nyj= -
‘ ‘/i_‘/;—a

(5.7)

Thirdly, we derive a new expression for the rate at which crystals are removed

from size class ¢ when 5 # 0 and Viyystar > Viea (panel c in [Figure 5.1)). The total

volume of ice in size classes 1, ¢ and ¢ — « before and after the collision is given by,

%efore = Nl‘/l + Ni,a‘/;',a + Nifﬁ‘/zf,b’ + N’L‘/Za (58>

Vafter = (Nl + C)‘/l + Ni/—oz‘/;—a + Ni,—/B‘/i—ﬂ + (NZ - 1)‘/1 (59)
As ‘/crystal = ‘/1, - CV'I and %efore = Vafter W€ ﬁnd7

V;:rystal = (N/ - Ni—a)‘/;—a + (Nz'/_ﬁ - Ni—B)‘/:i—ﬂ' (51())

11—

In the case when Vrysat = Vica, Ni_s = Nig=0and N , — N; o =+1. In
the case when Verystar = Vieg, Nj_g— Ni—g = 1 and N]_, — N;_, = 0. Interpolating

between these end numbers we choose,

‘/i—ﬁ - ‘/crystal o ‘/i—ﬁ - ‘/z + ‘/rem

N N = _
e ‘/;75 - ‘/ifa ‘/ifﬁ - ‘/ifa

(5.11)
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and substituting in (j5.10)),

Virystal — Vica Vi — Viem — Vi_
N/ . Ni— _ crystal 11— _ 1 rem 1 a. 512
= T Vi Via Vieg — Viea (5:12)

In the case when = 0, substituting in (| and (| . ) to and (| and
- ) to , whilst setting n;_3 = 0 to avoid double counting, we find that ( .

and are equivalent.

For each size class ¢ undergoing a collision, we define «; and (; as the values
of a and f for size class i. We define size class k,,;, as the largest size class k
which satisfies, Vi — Ve, < V1 (i.e. size class k,,;, is the largest size class which,
during a collision, fractures into a crystal smaller than size class 1). Maintaining

the assumption that Vie, = (Vi and using (5.3), (5.6), (©.7), (5.11) and (5.12).

Our simple frazil model becomes,

(w0 + 10 =16 (7S )} e i=N,

Z Z [e 73

~{HB) + -G () Fani o 1<i< N,

SN, [ (Benmbish Y 51— a4

Vie—g, = Vie—ay,

de (Vk_CVI__Vk_%) 6(k — By —Z)] coll

V-8, —Vi—ay,

N .
C > ito Feoli + =1
Vi Bk_Vk+<V1

S () 0k = o = 1)+

kminfl Vi _CV
Zk:z %‘lel,k?

(5.13)

where
1, B>0,

0. B=0. (5.14)

H(B) = {

In the limit when we break off one crystal of size class 1 per collision, ( = 1 and
the difference in volume between size classes is large, V; — V;_, > V;_, we recover
the equations used to parametrise secondary nucleation in Heorton et al. (2017)),

Holland and Feltham (2005]), Jones and Wells (2018)), Radia (2014), Smedsrud
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(2002), Smedsrud and Jenkins (2004)), Souillé et al. (2020), and Wang and Doering
(2005).

In the limit when V; — V,_; = (V,

_Fcoll,ia 1= N,
_-Fcoll,i + Jrcoll,iJrly I1<i< N, (515)
CfoiQ ~Fcoll,i + fcoll,i_ﬂ, 1= 1.

dni,nuc o

v
dt

5.3 Results

We now implement into the simple frazil model defined in . We continue
to use the spherical differential size (SD) formulation defined in §4| for the crystal
collision rates and keep all other parameters and initial conditions the same, apart
from now using to distribute the particles after a collision. We define models
which use the SD formulation and allow redistribution, the spherical, differential size
redistribution model or SDR for short. Results are shown for an initial setup where
the number of crystals in each of the size classes is initially uniform and the increase
in radius between size classes is linear. Qualitatively the results are the same for the
different initial conditions and discretisations. A summary of the net effects on the

collision frequency and mean radius for each of the initial models is discussed in §5.4}

and show the effect of redistribution on the simple frazil

model, for cases initialised with the same number of crystals in each size class
and the size classes linearly binned in radial space. In both cases the mean radius
decreases faster when we allow redistribution (in panel ¢ n(r) shifts to the left with
increasing « for the cases when redistribution is included) and we see a cascading
effect where the number of particles in the larger size classes asymptote to zero and
the number of crystals in the size classes below subsequently increases. For a given
ny the total number of crystals is higher when redistribution occurs than without
redistribution. To understand this consider the limit when the gap between size

classes is equal to Vi, ¢ = 1, so that one additional crystal fragment is produced per
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Figure 5.2: The change over time of (a) the number density of crystals in each size class,
(b) the concentration of crystals in each size class for ¢ = 1072 m?s~3. The n; and C;
dashed lines overlap with the solid n; and Cj lines. Panel (c) shows is the normalised
number of crystals in size classes 2-200 (n(r;) = n;/ 2% n; and ny = 0.02 mm) when
n1 = am and indicates how the crystals are distributed within the size classes. Panel (d)
is the time taken for n; to reach am. The dashed lines and circular markers are for data
obtained using the spherical, differential size (SD) formulation. The solid lines and cross
markers are for data obtained using the spherical, differential size redistribution (SDR)
formulation. We initialise with the same number of crystals in each size class.
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Figure 5.3: Same as but with lower turbulent dissipation rate, e = 10 8m?s™3
so that differential gravitational rise of crystals plays a more significant role. The n; and
(1 dashed lines overlap with the solid n; and C lines.
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collision. Without redistribution we would produce (1 — V;/V;) additional crystals

per collision.

In the turbulent case the total collision rate remains unchanged
despite the change in the shape of the size distribution (the equivalently coloured
crosses and circles are at the same time in panel d). This is due to two competing
effects. Firstly, the number of crystals for the same value of n; is higher in the SDR
case due to redistribution than in the SD case, and hence there are more crystals to
collide with, which increases the collision frequency. Secondly, the number of crystals
in the smaller size classes is relatively higher in the SDR case. These crystals have
a smaller collision radius and relative velocity so the collision frequency decreases.
These two effects seem to cancel out and the resultant net collision frequency is

unchanged.

In the quiescent case the collision rate decreases when redistribution
is added. In this case the relative velocity is due to the difference in the rise velocity
and not proportional to the collision radius as was the case for ¢ = 0.02 m?s~3.
The rise velocity is very small when the crystals are all small. This means that

the increase in the number of crystals is insufficient to counter the decrease in the

encounter frequency and the collision rate decreases.

5.4 Comparison across a wider range of initial
conditions

In the preceding discussion we only compared the CP and SD formulations for
€ =10"2m?s 3 and € = 10~ ®m?s~3. We also only used the model where we initialise
with the same number of crystals in linearly distributed size classes. We now
compare the SD and SDR formulations for ¢ = (107%,1072,107%,107%,1072) m?s~3,
as for the intermediate values of e the relative velocity is a combination of the

velocity due to turbulence and buoyancy. We also compare across the three different
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Figure 5.4: Sensitivity of evolutions timescale and mean radii to the turbulent dissipation
rate e for different model configurations. Panels a, c, e are the time for ny to reach am
for different @ shown by the line colour, and the formulation shown by the line type.
Panels b, d, f are the corresponding normalised mean radii of crystals in size classes 2-N,
calculated as 7 = SN, rin;/ SN, n; under the SD and SDR formulations for collision
and redistribution. In each of the rows we initialise with one of the three different setups
discussed in In panels (a)-(d) the radii are linearly binned and we initialise with the
same number of crystals (panels a and b) or the same concentration (panels ¢ and d) of
crystals in each of the size classes. In panels (e)-(f) the radii are logarithmically binned
and we initialise with the same concentration of crystals in each of the size classes.
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model initial conditions discussed in §3]

We compare the times taken (panels a, ¢, e of [Figure 5.4)) for n; to reach am
and the mean radii at this time (panels b, d, f of [Figure 5.4 of crystals in size

classes 2-N under the two different formulations. In each of the rows we initialise
with one of the three different setups discussed in §3| In panels (a)-(d) the radii are
linearly binned and we initialise with the same number of crystals (panels a and b)
or the same concentration (panels ¢ and d) of crystals in each of the size classes. In
panels (e)-(f) the radii are logarithmically binned and we initialise with the same

concentration of crystals in each of the size classes.

Panels (a, ¢, e), show that for a > 0.9, redistribution decreases the collision rate
for small values of € and there is little change in the collision rate for larger values
of e. There is a smaller decrease in the collision rate for small values of € is smaller
when we initialise with the same concentration of crystals in each size class, because
we are already initialising with more crystals in the smaller size classes and the
effect of redistribution shifting the crystal population to be dominantly composed

of crystals in the smaller size cases makes less of a difference.

Panels (b, d, f) show that, in all cases, redistribution decreases the mean radius
of the crystals. For a given value of n;, the mean radius with redistribution is

almost independent of € in the case when we initiate with the same number of

crystals in each size class. However, [Figure 5.2 and |[Figure 5.3|shows that the crystal

population distribution n(r) is shaped differently with few crystals of the smallest
size classes remaining at o = 0.999 when € = 10~®m?s™>. This leads to n(r) being
narrower at € = 10~%m?2s™3 than at € = 1072m?s~3. The reason for faster removal of
the crystals of smaller size classes in the more quiescent case is due to the velocity

difference as discussed in §4.4.3.4
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When the crystals are instead initialised with the same concentration of crystals
in each size class the mean radius increases with e. In these cases there are
initially substantially more crystals in the smaller size classes than in the larger
size classes. The reason why the mean radius increases slightly with ¢ when we
initialise with the same concentration of crystals in each size class is discussed
in but redistribution here makes the effect less pronounced, as crystals

cascade down from the larger size classes.

5.5 Conclusion

In this chapter we have introduced a method to more accurately redistribute a
fractured crystal into the surrounding size classes. The crystal fractures into
¢ crystals of size class 1 and the remaining volume of the fractured crystal is
redistributed in the two neighbouring size classes above and below the fragment
size. In the case when the fractured crystal is the size of a smaller size class, the
fractured crystal is put into that size class. In the case when the fractured crystal is
smaller than the smallest size class, the fractured crystal are put into the smallest
size class. The resulting equation to redistribute the crystals is implemented
into the simple frazil model described in §3] In all cases redistribution acted to
decrease the mean radius of the crystal population due to the cascading effect
of adding crystals to the smaller size classes. For a given value of ny, adding in
redistribution increased the number of crystals. For smaller values of €, the collision
frequency decreased with the SDR formulation compared to the SD formulation
because the maximum possible difference in relative velocity decreased faster than
in the case when redistribution was not included due to the larger crystals being
removed faster. For larger values of €, the change in collision frequency was small
due to the competing effects of increasing the number of crystals and decreasing

the mean crystal size.

Although this method does more accurately model the volume changes within

the crystal population model, it is limited by the model setup. In order to accurately
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redistribute the crystals, the size classes must have volume V;, = kV; such that
Vi — Vi—1 = V4. This would require too many size classes for the population model
to run on reasonable timescales. Further, there is uncertainly surrounding the choice
of V; and whether crystal fracture should always only fracture off crystals of the

smallest size classes.

Using the spherical, differential size redistribution formulation changes both
the collision frequency and the distribution of crystals among the size classes. It is
likely to change the heat flux and the resultant properties of the water column when
implemented into a full frazil ice model which depends on the number of crystals
and the crystal sizes. Before doing this, we shall enact further improvements to

the parametrisation of crystal collisions.



"He has inscribed a circle on the face of the waters
at the boundary between light and darkness."
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6.1 Introduction

Having addressed in §4-§5] the first three weaknesses of the current method used
in frazil ice models to parametrise crystal collisions we now move on to the next
weakness outlined in §2.5] We noted that frazil ice models incorrectly assume that
the collision radius r.; when considering crystal collisions involving size class 7 is
equal to the crystal radius r; or the equivalent radius r{ depending on the model
(see for details. As was addressed in §4] both crystals should contribute to

the collision radius, r.;; = 7¢; + .; in collisions between crystals of size class ¢ and

95
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Figure 6.1: a) In the instantaneous rest frame of the bottom crystal consider two crystals
approaching with centres-of-mass separation r{ + r5. The top crystal will collide with the
bottom crystal if the orientation of the relative velocity vector, defined to have angle 6,
to the —z-axis, and ¢, to the z-axis within the z-y plane, is between a range of angles.
For clarity, in this sketch, we allow the crystals to only rotate in the x — 2z plane and
their centre of masses lie along the line y = 0 with —7 < ¢, < 7. Collisions occur for
Oumin < Ou < Oy maz- Panel a shows 0y min and 6y, maq for the symmetric system, where
the axis of each of the crystals is along the z axis and |0y min| = |Oumaz|- D) Ou,min and
0y maz change as the orientation of the crystals change and [0y min| # |Ou.maz|- €) Oumin
and 0, e also depend on the position of each of the crystals.

size class j, rather than just a single crystal of size class i. In the previous chapters
( and , we calculated the collision frequency for spherical crystals assuming
that all crystals within a sphere of radius r? + 75 and with a negative relative radial
velocity collide. However, for two cylinders at a distance r{ + 7, collisions are only
possible when the velocity vector has certain orientations (panel a in .
The relative velocity has angle 6, to the —z-axis and ¢, to the z-axis within the
z-y plane. The range of angles over which collisions are possible depend on the

orientation (panel b in [Figure 6.1)) and initial position (panel c in [Figure 6.1|) of

each of the crystals.

In this chapter we calculate two new expressions for the encounter frequency
including the effects of variable crystal and velocity orientation. In we first
define the angles used to describe the orientation of the crystals. In §6.3) we calculate
an expression for the encounter frequency which takes into account the relative
velocity of the crystals and their orientation. As certain orientations of the crystals
and the relative velocity vector are more probable than others, in §6.3|we then discuss
different options for the probability distribution functions (PDFs) of the cylinder

orientation and relative velocity. In §6.5] these PDFs are combined with the method
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Figure 6.2: The orientation of a cylinder changes as the cylinder is rotated by an angle
f from the z—axis and ¢ about the z—axis in spherical polar coordinates. In panels a - d,
the cylinder is initially orientated with its axis vertical (6 = ¢ = 0). 6 is increased from 0
in panel a to 37/8 in panel d. In panels e - h, § = 37/8 and ¢ is increased from 0 to 7.

in to obtain a new expression for the encounter frequency. We discuss how this

expression for the encounter frequency compares to the expression used in §5in §6.7]

6.2 Cylinder orientation

We begin by defining the crystal orientation angles needed to calculate the collision
criteria. We can describe the orientation of a cylinder using the angles 6 and ¢
in spherical polar co-ordinates where 6 is the angle the axis of the cylinder makes
with the z—axis and ¢ is the angle the axis of the cylinder makes with the x—axis
in the z-y plane. shows how the axis of the cylinder changes as 6 and
¢ are increased. There is a symmetry the area swept out by the cylinder being
identical when the axis of the cylinder makes an angle 6 or an angle 7 — 6 with the
z-axis. Therefore, all relevant cylinder orientation are met by varying 6 between

0 and 7/2, and ¢ between 0 and 2.
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X X

Figure 6.3: a) We consider two cylinders, A and B approaching. We work in the
rest from of cylinder B such that cylinder A has velocity wg, and the x,y, z directions
are externally imposed rather than being measured relative to the disk. The centre
of mass of cylinder B is at (0, 0, 0) and the centre of mass of cylinder A is at
(Tmaz SN © cos D, 740 8i0 O Sin @, 7,4, c0s O) where © and ¢ are the respective polar
and azimuthal angles in spherical polar co-ordinates with respect to the Cartesian axes.
b) cylinders A and B are at respective angles 6, and 6, to the z-axis. ¢) cylinders A and B
have respective azimuthal angles ¢, and ¢ to the z-axis. Panels a-c are the same initial
setup but viewed in different planes.

6.3 Collision criteria

We now derive a new expression for the encounter frequency that accounts for the
variable orientation and direction of the relative velocity of the cylinders. In the
special case of two cylinders of sizes classes 7 and j with relative velocity w;; = w;;2,

the maximum possible separation between the centre of masses whilst the cylinders

are in contact is given by 7azij = \/7’22 + (w;/2)% 4+ /7% + (w;/2)2.

We denote the cylinder of size class ¢ as cylinder A and the cylinder of size class
7 as cylinder B. We consider these two cylinders approaching with the setup shown
in [Figure 6.3 Cylinder A has orientation § = 6, and ¢ = ¢, and cylinder B has
orientation # = 6, and ¢ = ¢, where the angles are measured with respect to the
lab frame. The centre of mass of cylinders A and B is at x,, x;, respectively, and
we set X, = 0 and X, = (Tmaz.ap SIN O €08 P, 7oz ap SIN O SIN P, 70z 4 COs O) where
© is the polar angle with respect to the Cartesian 2 axis, and ® is the azimuthal
angle relative to the z-axis (so that the y axis has ® = 7/2). In the Cartesian

coordinate system, cylinders A and B move with velocity Uy, = (Upa,z, Upay, Upa,z),
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Upp = (Upbz, Upby, Upb, ). We work in the rest frame of cylinder B such that cylinder A
has velocity Wap = Upg — Upp = (Wab,z) Waby, Wap,z). We assume that the background
flow between the disks is uniform. We assume that the orientation of the cylinders
stays constant as they approach each other. In reality, for turbulent low below
the Kolmogorov lengthscale the relative velocity should vary linearly with distance
(Pope, 2000) and the orientations of the cylinders might change. However, for
simplicity and ease of comparison with the hydrodynamic case introduced in §7] we
assume changes in orientation are negligible. A collision will occur if the surface of

the cylinders come into contact.

The relative velocities in the spherical coordinate system are related to the

relative velocities in the lab frame by

Wby = Wap 5 SIN Oy, COS @y, + Wap,y SIN Oy, SIN Py, — Wy, COS G, (6.1)
Wah,© = —Wah,g COS Oy, COS Py, — Wep,y €OS Oy, SIN @y, — Wep, » SIN O, (6.2)
Wab,d = —Wab,x sin ¢u + Wab,y COS ¢u (63)

where 6, and ¢, are the angles in spherical polar co-ordinates describing the

orientation of wy, relative to the —z and x axes respectively.

Assuming that the probability of the centre of mass of cylinder A being located at
angle ® to cylinder B is uniform then the collision probability should be independent

of . We hence define a collision kernel,

ICcoll,ab = Kcoll,ab<@> ¢a7 eaa ¢b7 eba Wab,ry Wab,05 wab,fb) (64)

where Kooy = 0 when there is no collision and K. q = 1 when there is a

collision. Using the collision kernel, in the spherical approximation the encounter
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frequency is now given by

27'('7”2 oo 00 o]
mazx,ab
Jrenc,(zb = / dwab r / dwab 0 / dwab e X

/ do, /27r d¢b/ dé, /%dqba/ sin © dO x

coll ab( ¢aa0(17¢b7vawabr7wab@7wab¢>)|wabr|x

P(0a)p(8a)p(d6) p(Ob) p(Wapr ) p(Wab0) P(Wab,3).  (6.5)

where p(z) is the probability distribution function (PDF) of variable z. Assum-
ing Kooy = 1 for all values of ©, ¢q, 04, Op, O, Wap.0, Wape and wep, < 0 and
Keoit,ap = 0 for all values of O, ¢,, 04, &b, 0, Wap,0, Wap.o and wy,, > 0, and that

fo (Wapr)dwap,, = 1/2 we obtain,

27Tr%1ax,ab<‘wabﬂ” ’)

%

«Fenc = (66)

which is the same expression (4.46|) that was previously used to obtain the encounter

frequency when 7.,45.06 = Tc.ab-

In the limit of quiescent flow, the velocity of each of the cylinders is parallel which
means the collision rate is the same under the cylindrical or spherical approximation
because Wqp = Wap g2 = Wap,g(COS OR — sin @é)) In this limit a collision will
occur if the projected area of the cylinders in the x — y plane overlaps and the
faster rising cylinder is below the slower rising cylinder. The expression for the

collision kernel becomes,

Fenc,ab = mam / do, / doy / dé, / do, / sin © |wgp, 4 cos O]dO x

coll (ba; a7¢b79b) ( ( ) <¢b) (b) (6 7)

If Keor.ap = 1 when the disks have a negative radial velocity (Keoap = 1 for all values
of @a,Oa, b, 0, and 7/2 < © < ) and Keoya = 0 when the disks have a positive
radial velocity (Keouap = 0 for all values of ¢q, 8, ¢p, 8, and 0 < © < 7/2) we obtain,

Wrznam,ab | Wg,ab |

Fenc,ab = Vv

(6.8)
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which is again the same expression ([2.58|) previously used to obtain the encounter

frequency in the quiescent limit when 7p,00.06 = 7¢.ab-

Calculating Feyc o requires knowledge of the PDFs of ¢4, 04, @5, 0, Wap r, Wap,0, Wap -

In the discussion below we suggest potential choices for these PDFs.

6.4 Choices for probability distributions
6.4.1 Choices for orientation probability

Understanding how anisotropic particles behave in turbulence is a complex process
(see review by Voth and Soldati, 2017). In quiescent flow, it has been shown that
the falling style of disk-shaped particles can be classified into six different regimes
based on their rise velocity and their inertia (Auguste et al., 2013). Disks rising
slowly with small inertia move with the axis of the disk parallel to the velocity
(they rise broadside on). As the rise velocity and inertia increases the disks tend to
tumble. Using the results from Auguste et al. (2013]), where the region boundaries
are based on the dimensionless inertia ratio I* and Archimedes number Ar of the
disks we can find where frazil ice crystals would fit on the regime diagram. For
frazil ice of constant aspect ratio, I* = wp;[1+4/(3d)]/(64dp) and Ar = \/%vgr/u.
Substituting the values for the aspect ratio d, density of ice p;, density of water p,
rise velocity v, crystal radius r and kinematic viscosity v used in §3| we find that
for frazil ice in water I* ~ 1072 and Ar < 10. This means that in quiescent flow,
frazil ice crystals would lie in the steady velocity regime, where they rise with their

axis parallel to the velocity.

As the flow gets more turbulent, the orientation of the disks gets more random
as they align with the principle axis of the strain rate matrix (Roy et al., 2018)
which is along different directions in different parts of the flow. This was observed
in the experimental results of Tinklenberg et al. (2024) and the numerical results of

Challabotla et al. (2015) and Anand et al. (2020).
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Figure 6.4: Panel a) 7, as a function of r for different e. Only values of € and r where
7o < 1 are plotted. Crystals orientation are close to the horizontal when 74 < 1 (see
Gustavsson et al., |[2021) which requires larger r at small e. b) the standard deviation of
the angle that the crystal axis makes with the vertical for the values of € and r where
Ty < L.

To determine when turbulent effects become significant Gustavsson et al. (2021))
performed a scale analysis on the equations of motion for small disks with r» < ng
falling in the Stokes regime. They found that the axes of the disks are randomly
distributed when the rotation of the disk due to turbulence is faster than the rotation
due to settling. This occurs when the Stokes number is small and the velocity due
to rise is much smaller than the velocity due to turbulence. Following Gustavsson
et al. (2021), we denote the relative ratio of timescales for turbulence and settling as

T = 3(vi Jvy)?, where vg = (ve)l/4

is the Kolmogorov velocity scale. When 7, > 1,
the orientation of the disks is random. When 74 < 1, the crystal is oriented close to
the horizontal as its orientation is mainly due to buoyant rise. Using the values for
vy and v defined in §3] we calculate 7,4. Panel a of plots the values of €
and r where 7, < 1 (at 74 = 1 the crystals are approximately randomly orientated).
Crystals with radii less than 0.5 mm have 7, < 1 for € > 107® m?s~3. Crystals with
larger radii are predicted to have a high probability of having an orientation close

to the horizontal in more quiescent conditions, with the orientation becoming more

random as the turbulence increases. For ¢ > 107* m?s™3 any crystal with » < 1.7
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mm is approximately randomly orientated.

When 7, < 1, the standard deviation of the crystal orientation, o4, from the
horizontal depends on the rate at which the crystal orientation changes due to
the local velocity gradients, the time it takes for the crystal to cross an eddy, and
the time taken for the flow to respond to other inertial effects. Gustavsson et al.
(2021) estimated how o, changes with the timescale for each of these processes.
Calculating the different timescales in table 2 of Gustavsson et al. (2021) we find
that when 74 < 1, frazil ice crystals are in regime 2 of the phase space in Gustavsson
et al. (2021)). In this regime, the standard deviation of the particle orientation is
given by o ~ 1.54(ve)"/? /v2. Panel b of [Figure 6.4| plots the standard deviation of

the particle orientations when 7, < 1.

However, the true orientation of frazil ice crystals is made more complicated
because larger crystals have at least one dimension larger than the Kolmogorov
scale. This means that crystals interact with the non-linear variation of the velocity
field, and the point-particle models used to get the previous results are no longer
accurate (Voth and Soldati, 2017). Furthermore, the particle Reynolds number of
larger crystals is greater than one, suggesting that the Stokes flow assumption is
not valid. However, the experimental results of Tinklenberg et al. (2024) suggest
that disks with diameters larger than the Kolmogorov scale, falling with particle
Reynolds numbers greater than one follow a similar qualitative trend, with the
axis starting parallel to the vertical for low € and then becoming more randomly

orientated as the turbulence increases.

All of these results apply to dilute particle suspensions. Hamid et al. (2024) ran
simulations for suspensions of disk-shaped particles with volume fractions increasing
to 0.1. As the volume fraction occupied by the particles increased, the orientation
of the particles shifted from being dominantly horizontal when the volume fraction

was 0.0003 to dominantly vertical when the volume fraction was greater than 0.001.
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At intermediate volume fractions the distribution was more random.

Given there is still much uncertainty about the particle orientations, we suggest
two parametrisations for the orientations of the crystals to explore in this thesis. In
the first parametrisation the orientations are uniformly distributed in any direction
with p(6,) = p(6y) = 2/7, for 0 < 0,,0, < 7/2. In the second parametrisation the
orientation is sharply peaked around the axis of the crystal being vertical, which
we approximate by p(6,) = p(6,) = 0(0,) = §(6y). In both cases we assume a
uniform distribution for p(¢,) and p(py).

6.4.2 Choices for velocity probability

Following the approach outlined in §4.2.3.1] and the assumption used in many
collision models (Zaichik and Alipchenkov, 2003) that each component of the
particle velocity correlation can be modelled as Gaussian, for particles separated

by a distance 7,450 we find

1 - (wab,r — Wap,g COS @)2] (6 9)

Wap.r) = ex

plwas) V2ToaR P I 202R

Swan o) = 1 exp [—(wape + Wap,g Sin O)?
N I 2026 ’

p(ae) = L exp | b
o VAT O o L 2031@

(6.10)

(6.11)

In the limit when the scaled particle relaxation timescale 7; — 0, which is the limit
we have used to derive this model, oup0 = Twpo = V20wr, With our = Tabr (Tmaz.ab)
given by (4.41)) (see Pope, 2000). When 0,, < wq,, the PDFs of wg,, and wepe

are very sharply peaked about wg,,cos © and —wg 45in © respectively.

6.5 Numerical method to calculate the encounter
frequency

Having obtained an expression (6.5)) for the encounter frequency that accounts for
the non radial velocity components and variable orientation of the crystals and

having found choices for the PDFs needed to calculate F,. . we now calculate
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Fenc,ap for frazil ice crystals. The value of et/ 27“mm,ab can change by several orders
of magnitude which means that finding the encounter frequency using requires
evaluating the collision kernel I over a large range of velocities. However, when
the crystal orientations and velocities do not change as they approach (which is the
case considered here), the probability of a collision depends only on the direction
of the relative velocity. Therefore, instead of testing if a collision occurs for all
possible values of wg,,, Wap0, Wape, We instead calculate the range of 0, and ¢,
over which a collision occurs. We initialise two cylinders at separation 7,44 qb,
orientation 0,, 0, ¢., ¢, and with the velocity vector orientated at angle 6,, ¢,.
We then let the cylinders to move towards each other. A collision occurs if the
cylinder surfaces make contact during the simulation and does not occur if the
surfaces do not make contact. We do this for a discrete set of angles and relative
sizes, with © = [0,5,15,...,75,85,86,87,88,89]°, 6, = [0,5,15,...,75,85,90]°,
0, = 10,5,15,...,75,85,90]°, ¢, = [5,15,...,345,355]°, ¢, = [5,15,...,345,355]°
and when max{r;/r;,r;/r;} =[1,4/3,2,5,10,200]. The result is two 6D matrixes
at each r;/r; ratio in ¢, ©,60,,0,, ¢a, d» space with one matrix containing the
maximum value of 6, required for a collision at ¢, = [0,1,2,...,359,360]° and the

other containing the minimum value of 6, required for a collision.

In ), we plot the range of 6, and ¢, over which a collision occurs for
for r; = r;, © = 35°, 0, = 35, 0, = 65°, ¢, = 55°, ¢, = 155°. The collision boundary
is initially determined to within 0.5° accuracy for ¢, = [—180, —175, —170, ..., 180]°
(white circles) and then interpolated (white line) to find the collision boundary at
1° intervals in ¢,. In panels b-f of we show how this collision boundary
changes when 0,, 0, ¢, ¢, and © each increase and decrease by 10° with the other
values being kept constant. We then linearly interpolate over the full matrix of
gridded values of 6, to find the collision boundary for ©,6,, 8, spaced by 1° and
®a, Op spaced by 10°. The wider spacing in ¢; is chosen to speed up the calculation

and because the collision boundary was observed to vary less with ¢; than with 6;
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2 no collision

)] collision

bu(”)

Figure 6.5: a) the collision boundary for r; = r;, ® = 35° 6, = 35, 6, = 65°,
¢a = 55°, ¢p = 155°. The collision boundary is found to within 1/2 a degree for
¢u = [—180,—175,—170,...,180]° (white circles) and then interpolated (white line) to
find the collision boundary at 1 degree intervals. The new collision boundary when b)
Oq, ) Oy, d) ¢q, €) ¢p, f) O each increase (solid lines) and decrease (dashed lines) by 10°
with all the other values staying constant. The dotted black line is the original collision
boundary

and O.

We use (6.9)-(6.11) to obtain the joint probability distribution p(6,, ¢.) at each
value of wg, g for selected values of max{r;/r;,r;/r;} = [1,1.01,1.1,1.33,2,5, 10, 100].

The encounter frequency is then given by,

22 b 00 w/2 2w w/2
‘Fenc,ab = %/ dwab,?“/ deb/ d(bb/ deax

‘9u max ¢ua@ d)aﬁayd)b»eb)
/ dgba/ sm@d@/ d¢u/ 6, x
O ,min ¢uy ¢a,9u1¢b,0b)

[Wab,r | P(Ba) p(0a) p(D5) p(O) p(Wab 1) P(Ous, Pu|Wapr).  (6.12)

Comparing to (6.5)), the collision kernel is now accounted for by the introduction

of the integration limits on the 6, integral.
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6.6 Results for the encounter frequencies

We shall now compare our new expression for the encounter frequency to the
expression (4.46) which was used to calculate the encounter frequency in . In
this chapter we have introduced two changes to method to calculate the encounter
frequency. Firstly, we have altered the collision radius of the sphere, choosing all disks
to have the same aspect ratio d such that r.;; = 7mesij = (ri+rj)(1+1/d2)1/2 instead
of re;; = r{ = r§ which was used in §5 Secondly, we have introduced a collision
kernel that depends on the crystal orientation and the non-radial components of
the relative velocity. To isolate the effects of these two changes we write as

2 (r + r§)*(wij (] + 1) DR(reg)W(reis) Ty
V )

Foncij = (6.13)

where R(reij) = 12,/ (rf +715)% W(rei;) = ([wijr(reij)) / (wijr (r§ +1§)]) and

1 0o w/2 2 w/2
7;:/ dwi~,r/ d9~/ dqf»/ d6;x
T {Jwige(rea)l) ’ ’ ’
27 ™ u,max ¢u7 7¢7,: Za¢]? )
/ do; / sin © dO / dé, / df, x
0 mzn ¢u,@ ¢17 z7¢J7 )

u

|wijr|p(0:)p(0:) p(¢5) p(0;) p(wij.r ) p(Ou, Pulwise)). (6.14)

R(rei;) and W;;(r.;) respectively account for the modification to the area of the
collision sphere and the mean radial velocity when the collision radius changes.
7i; accounts for a reduction to the collision rate due to the non-radial velocity

components and variable orientation being considered.

In we outlined two choices of p(6;) for i = a,b leading to two options for
the encounter frequency when non-radial velocity components are included. We
denote the encounter frequency when the disks are parallel, p(6;) = 6(6;) as F,.,;
and the encounter frequency when the disks are randomly oriented, p(6;) = 2/7 as
FA ij- For completeness, we also calculate the encounter frequency for r¢;; = ri+7;
and 7;; = 1 as Jones and Wells (2018), Souillé et al. (2020), Svensson and Omstedt
(1994), Wang and Doering (2005), and Yang et al. (2023) choose this method to

calculate the collision radius and it will be interesting compare how the encounter
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Figure 6.6: Box plots showing the distribution of W;(7c,ij)Rij(reij) for reij =mi +1;
and 7p4z,45 and 0.01mm < r;,7; < 2mm as a function of €. Due to the small aspect ratio
of the disks, box plots are indistinguishable and lie on top of each other for r.;; = r; +1;
and 7 ij = Tmaaz,ij- The whiskers of the plot correspond to the range of W;;(rcij)Rij(re,ij)-
The box plots at € = 1078 m2s™ have a very small interquartile range shown as a single
line close to R;jW;; = 10. The dashed lines are the minimum [(2d/3)?/3] and maximum
[(1 + 1/d2)3/2(2d/3)] value of Wij(rc,ij)Rij(Tc,ij)-

frequency changes across all documented choices of r.;;. We denote the encounter

r

frequency calculated with this method as F_,. ;;

and the encounter frequency setting

— € e
Teij =T + 15 a8 Fenciij-

We first illustrate how changing the collision radius is likely to alter the encounter
frequency. We calculate W;;R;; for 0.01mm < 7;,7; < 2mm for r.;; = r; + 7}
and 7cij = Tmazij- shows box plots of the range of values for W;;R;;
for e = [107%,107°,107%,107%,1072] m?s™>. As d = 50, 7yazij ~ ri + 7 so the
box plots for both choices of r.;; are indistinguishable. The value of W;;R,;; is
close to R?j = (2d/3)?/® for r.;; = r; + r; for almost all values of 7.;; for e = 1078
m?s® as the relative velocity is dominated by the buoyant rise velocity to (|w,.;|) is
independent of the collision radius. The exception is when the crystals are very close
to or exactly the same size and in this case the relative velocity is dominated by the
turbulent component. As e increases, Wi;R;; approaches RY; = (1 + 1/d?)*?(2d/3)
for 7. = Tmag,ij as the turbulent component becomes the dominant contribution to
the rise velocity and the turbulent relative velocity o< R(7;;). Therefore, from the

ranges shown in [Figure 6.6| we expect the increase in collision radius for 7. ;; = r; +r;
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Figure 6.7: T;; for e = [107%,1075,1074,1073,107%] m?s~3 calculated assuming p(¢;) =
5(6;) for i = a,b.

and 7,45 4; to make the collision rate between 10 and 33 times faster with the increase

in collision rate being higher at larger values of e.

Next, we calculate 7;; for the two choices of p(6;) listed in §6.4.1] [Figure 6.7|
shows T;; for e = [107,107°,107*,1072,1072] m?s™® and p(6;) = §(6;). When the

flow is very turbulent, the velocity vector is randomly orientated so the probability
of a collision is lower and therefore, 7;; is smallest at the highest value of e plotted,
e = 0.02 m?s73. As the flow becomes more quiescent there is a higher probability
of the velocity vector being vertical. For 6; = 0 the crystals will always collide
when the velocity is vertical and the smaller crystal is below the larger crystal

3

and hence 7;; increases. The maximum value of 7;; is 0.27 at € = 0.01m?s~2 and

0.99 at at e = 10~®m?s™®. When r; = r;, there is no velocity due to buoyant rise

so Ti; is small even at small values of € explaining the narrow strip at € = 107% m?s™.

Figure 6.8 shows 7;; for e = [107,107°,107*,1073,1072] m?s™® and p(6;) = 2/~.
As was the case for p(6;) = 0(6;), T; is smallest at the highest value of e. This is

again because the velocity is more randomly orientated. The maximum value of 7;;
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Figure 6.8: 7;; for e = [107%,107°,107%,1073,1072] m2s~3 calculated assuming p(6;) =
2/ for i = a,b.

at € = 0.01 m?s™2 is 0.17 which is lower than the value for p(6;) = 6(6;). This reflects
the additional decrease in the number of collisions due to the crystals rotating.
The maximum value of 7;; = 0.6 is found when ¢ = 107® m?s™®. Examining
Ormin(Dus O, Gay ba,y P, 0p) and Oy maz(Pu, O, Ga, 04, b, 0p) we find that there is a
greater range of 0, i, and 6y, 4, over which collisions are possible for larger values
of r;/r;. However, the highest number of collisions for © > 0 occurs at 6, close to
but not equal to 0. This means that there is a trade off between the increase in r;/r;
increasing the range of 6, over which collisions are possible and hence increasing
7;; and the increase in 7;/r; meaning that the velocity has a higher probability
of being orientated at 6, = 0 and hence decreasing 7;;. This explains why T;;
switches from increasing with increasing r;/r; for € = 107 m?s™ to decreasing

with increasing r;/r; for € = 107% m?s™3.

6.7 Effect of the new encounter frequency

To compare the difference that changing the parametrisation for the encounter

frequency makes to the crystal population, we run simulations for each of the
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parametrisations for the encounter frequency. We initialise using the model described
in §3| where the number of crystals in each size class is initially constant and the
size classes are linearly spaced in radial space. For each simulation we calculate
the times 7 taken for m; to reach am for o = [0.001,0.01,0.1,0.9,0.99,0.999]
and the mean radius 7 of crystals in size classes 2-200, 7 = >N, ngry/ SN, n; for
e=[107%,107",10"*,1073,107%] m?s~3. We then take the ratio of 7 and 7 calculated
using each of the different parametrisations for the encounter frequency, to the values
of 7 and 7 calculated using F.,.;; (where we set the collision radius as r¢ + r]e) For

each of the calculations we use the spherical differential size formulation, detailed

in §5]

The ratios are shown in [Figure 6.9, Panel a, for all cases the timescale over

which collisions take place increases compared to the timescale for Fe,.;; with

Teij = 7§ + 15, The increase is most significant for F/, .. For F7, ... (calculated
using 7.;; = r; + r; and setting T;; = 1) the collisions are between (2d/3)%* and

2d/3 times faster compared with the collision rate calculated using Fe,.;; with
Teij = i + 15 For FZ,.;; the ratio of the collision times for F,..; and Fepej
increases with e. This is due to (Jw;;,|) becoming increasingly dominated by the
contribution of turbulence, leading to the relative velocity becoming increasingly
proportional to r.;; and hence Wj; approaching r; +7;/(r{ +75). For more quiescent
conditions W;; ~ 1. For anc’ij (calculated using 7.;; = Tmasi; and calculating
Ti; with p(6;) = §(6;) for i = a,b) the increase to the collision rate compared to
the collision rate for F,.;; is similar for all values of ¢ with the increase being
slightly larger for the more quiescent flow. This is because the increase in W;; with
increasing e is overcome by the decrease in 7;; with increasing e and hence the ratio

of the increase to the collision timescale decreases with increasing e. For F-

enc,ij
(calculated using 7¢;; = rimag,i; and calculating 7;; with p(6;) = 2/7 for ¢ = a, b) the
increase to the collision rate compared to the collision rate for F.,.;; has a less clear

trend with e. This is because of the difference in 7;; for p(6;) = 6(6;) and p(6;) = 2/=.
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Figure 6.9: Effect of using the different parametrisations for the encounter frequency. a)

the ratio of the time for n; to reach am using ]-"ém,ij divided by the time for ny to reach

amn using Fepcij, plotted as a function of €. The circles are the ratio for ¢ = r (where
reij =i +1; and Tj; = 1), the crosses are the ratio for i = 0 (where r;; = rmae,i; and
Tij is calculated assuming p(6;) = §(0;) for i = a,b) and the plusses are the ratio for i = A
(where 7 ij = T'mazij and Ti; is calculated assuming p(0;) = 2/7 for i = a,b). The values
of a are colour coded according to the legend. The dashed lines are the maximum and
minimum values of R;;W;;. b) the ratio of the mean radius of crystals in size classes
2-200 at the corresponding values of « (using the same colours).

Panel b shows there is little change in the mean radius (the ratios are all very close
to 1) when we change the parametrisation for the encounter frequency, suggesting

that the dominant change is for the timescale over which the collisions occur.

6.8 Conclusion

In this chapter we have addressed the fourth weakness discussed in §2.5] the fact
that variable orientation and non-radial velocity components should be considered
when calculating the collision radius and the encounter frequency. To address this
weakness we first derived a new expression for the encounter frequency which

includes a collision kernel IC which takes a value of 1 or 0 depending on whether a
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collision occurs or does not occur for the initial condition considered. We showed
that the previous expression for the encounter frequency can be retrieved
by setting the collision kernel £ = 1 when w;;, < 0 and £ = 0 when w;;, > 0.
The collision kernel depends on the probability distributions for the orientation
of the frazil ice crystals and the probability distributions for the relative velocity.
We discussed choices for the probability distributions in and chose Gaussian
distributions for the components of the relative velocity, uniform distributions for
p(¢;) where ¢; is the angle the axis of crystal i makes with the z—axis in the
x — y plane in the lab frame and either p(6;) = 6(6;) corresponding to all crystals
being horizontal or p(6;) = 2/ corresponding to the crystal axis having a random
orientation with respect to the z-axis. Then in §6.5] we calculated the range of

possible orientations of the velocity vector for a collision to occur for two disks

initially separated by 7c;; = Tmazij = \/7"22 + (w;/2)? + /77 + (w;/2)%. We chose
this radius as it is the maximum distance possible separation between the centre of
masses whilst the crystals are in contact. Finally, in we examined the effect
of our changes on the encounter frequency. We found that the changes had little
effect on the way the number of crystals in each size class evolved with time as the
mean crystal radius for the same number of crystals in the smallest size class did
not change much with the parametrisation for the encounter frequency. Changing
the encounter frequency did increase the overall collision rate in comparison to the
model discussed in The collision rate was between 3 and 10 times faster with
the increase depending on the turbulent kinetic energy dissipation rate and the
choice of p(6;) with setting p(6;) = §(6;) leading to a greater increase in the collision

rate than setting p(6;) = 2/7 and the increase being greatest for € = 1072 m?s73.

However, there are some weaknesses with the outlined approach. Firstly, as was
explained in there is no experimental or theoretical result for the probability
distribution of the crystal orientations for frazil ice crystals. This means there
is uncertainty in the correct choice to make for p(6;). In this chapter we chose

p(0;) = 0(0;) and p(6;) = 2/m. The different choices led to a different collision
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rate when the encounter frequencies were inputted into the simple frazil ice model.
For € = 0.02 m?s™3 the collision rate was approximately 3 times higher when
p(0;) = 0(0;) was used to calculate the encounter frequency than when p(6;) = 2/7
was used. Therefore, more work is needed to characterise p(6;). Secondly, these
calculations are accurate for perfectly cylindrical frazil ice crystals of constant aspect
ratio, d = 50. Although it reasonable to approximate frazil ice crystals as cylinders
(McFarlane et al., 2015)), some frazil ice crystals can also have dendritic, hexagonal
or irregular shapes (Schneck et al., 2019) for which cases the calculation is less
valid. Further, aspect ratios ranging from 5 to 100 have been observed (Souillé
et al., 2023). Therefore, it would be interesting to see how the encounter frequency

changes with different choices of the aspect ratio.
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116 7.1. Introduction
7.1 Introduction

We now address the next of the problems highlighted in ignorance of particle
interactions when calculating frazil crystal collision rates. Up until now we have
assumed that all collisions are ballistic, i.e. that the relative velocity does not
deviate from its initial value as the particles approach. This is the equivalent to
assuming the collision efficiency, which was defined in as the ratio of the
number of particles that collide when particle-particle interactions are included to
the number of particles that collide when particle-particle interactions are neglected,
is unity. However, in order to collide, frazil ice crystals have to squeeze out or
freeze the fluid between them. These hydrodynamic interactions create additional
forces and torques on each crystal that are not currently considered in frazil ice
models. Hydrodynamic interactions will likely alter the crystal trajectory and thus
affect the collision efficiency. In the following two chapters we calculate the effect

of hydrodynamic interactions and derive a new collision efficiency.

7.2 Lubrication approximation

In order to understand what happens when the disks come together, we model the
flow of fluid out from between two surfaces. We consider the case where the size
of the surfaces is much greater than the gap between the surfaces. In this limit
we can relate the pressure p between the disks to the velocity at which the disks
approach each other using the lubrication approximation (Reynolds, |1886)),

op  Ou
or; Moz

(7.1)

where u; is the fluid velocity in the i direction and 7 is the dynamic viscosity. (A
derivation of the lubrication approximation is given in appendix [C). Using the

pressure and velocity we can calculate the forces and torques on each of the disks.
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7.2.1 Validity of the lubrication approximation for the disks
coming together

Before using the lubrication approximation we justify its validity for modelling
frazil ice crystal collisions. We assume that the flow is incompressible. For the

lubrication approximation to be valid we require that,

e H <« L, where h and L are characteristic lengthscales in the vertical and

horizontal directions respectively.

e Reh?/L? < 1, where Re = pUL/n is the Reynolds number. This condition

also typically ensures laminar flow.

The first assumption that H?/L? < 1 becomes slightly less valid for larger tilt
angles between the upper and lower disks. However, Cawthorn and Balmforth (2010)
compared the results from the lubrication approximation for a wedge approaching
a plane to the numerical solution for the Stokes flow and found close agreement
for small (o« = 7/12) tilt angles of the wedge. For larger tilt angles (o = 7/3),
the calculated force showed the incorrect dependence on gap thickness but agreed
within an order of magnitude. As we are only aiming to get a rough approximation
for the force we will use the lubrication approximation throughout. We next derive

the pressure and thus the forces and torques between the disks.

7.3 Simplified case of two approaching plates

To gain physical insight we begin by considering the simplified case of hydrodynamic
interactions of two approaching rectangular plates in two dimensions before moving
on to consider a three-dimensional disk-like geometry in §8 We neglect freezing of
the crystals. This work builds on the results of Moy et al. (2017)) who solved for
the squeeze flow between two angled surfaces which are not allowed to translate,
Cawthorn and Balmforth (2010) who applied lubrication theory to a falling wedge,
and Wilkinson et al. (2023) who considered the dynamics of a single freely moving

solid plate approaching an infinite plate at an angle. Previous work (Cawthorn and
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Balmforth, 2010; Wilkinson et al., 2023) showed that finite-time contact is possible
under certain conditions. Elastic deformation of a sheet in the presence of a thin
fluid film above a rigid substrate has received significant attention (e.g. Audoly,
2011; Hewitt et al., 2015; Hosoi and Mahadevan, 2004; Wagner and Vella, [2011)).
Building on this, we here obtain the conditions under which finite-time contact
is possible when a second freely moving plate is included, as well as quantifying

small amplitude elastic deformation in order to determine the conditions for fracture.

After setting up the problem and deriving the forces and torques on the plates
in §7.4 we state the equations of motion for the plates in §7.5] In §7.6| we derive an
expression for the stresses on the plates and the corresponding curvature induced by
elastic bending. Results are shown in In the different plate trajectories
are discussed, along with an estimate of the critical velocity required for a collision
to occur in this two-dimensional geometry. In an approximation for the
maximum curvature and corresponding stress in each plate is obtained. We apply

the results to frazil ice crystals in and summarise our findings in §7.8

7.4 Setup and derivation of the forces and torques

7.4.1 Setup

We begin by obtaining the equations of motion, pressure, forces and torques
experienced by two approaching plates A and B. We model the two dimensional

flow and the motion of the plates moving in the 2’ — 2’ plane, as shown in [Figure 7.1}

Plates A and B have respective lengths L, and L, thicknesses D, and Dy, and
masses per unit width m, and m,. For this two-dimensional problem, the fluid
flow is only in the z’-z’" plane. We consider a system where L, < L; but note that

results can be obtained for the case L, < L, by symmetry arguments. As shown

in [Figure 7.1| the top plate A has centre of mass (), 2/) and moves with local

a’”~a

/
ax?

velocity u, = (u,,u,). Likewise, the bottom plate B has centre of mass (x}, z;)

and moves with local velocity u, = (uj,,u;,). The velocity of the fluid between the
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Figure 7.1: Plate geometries in the laboratory frame S’. Two plates approach in the
2’-2' plane, with normal vector ¥ into the page so that angles increase in the clockwise-

direction. The top plate A has centre of mass (2, z,) and moves with local velocity
/ /

(U, ul,). Likewise, the bottom plate, B, has centre of mass (z}, z;) and moves with local

velocity (uy,,u;,). Plates A and B are at an angle 6/, 6, to the 2’—axis respectively. The
relative angle between the plates 6 = ¢/, — 0;.

plates is (u},u)). We initially assume that the plates remain planar, before later
considering small amplitude bending to understand the conditions for fracture. The
plates are allowed to translate and rotate in response to the hydrodynamic stresses.
We can split the velocity of the plates into a translational component, denoted with
superscript ! and a rotational component, such that the velocity at location r on

/

1§’ x (r' —r}), where wj is the angular velocity

plate i = a, b is given by u, = u’ +w
about the centre of mass, r; = (z/,2). In the derivation and figures below we

assume the thicknesses of the plates D,, D, is much smaller than their length, so

that they can be treated as infinitely thin from the point of view of the fluid flow.

7.4.2 Rotated reference frame

The forces and torques on the plates depend on the fluid pressure and viscous shear
stress. To simplify the algebra, we calculate the pressure in a reference frame S in
which the bottom plate is instantaneously horizontal (6, = 0); (note that frame S is
not a rest frame of plate B, with the two plates in .S maintaining angular velocities
We = Wh, wp = wy, along with translational motion). In general § = ¢/, — ] can be
positive or negative. In the derivation below we illustrate the method for the case
where 6 < 0 and assume plates A and B completely overlap, as shown in [Figure 7.2|
The more complex case of incomplete overlap is covered in [section D.2] and the
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Frame S
Z

'y

(uaX’ uaz) P‘

increasing 6

B

o) ~~

(Upx) Upz)

Figure 7.2: We calculate the pressure and resulting forces and torques in reference frame
S, in which the bottom plate is instantaneously horizontal. The distance h between the
plates, measured perpendicular to plate B, depends on x and ¢ = —6, with minimum
perpendicular distance, hyn.

case with 6 > 0 is detailed in

As in we define the acute angle ¢ = —0. We set x = 0 at the left-hand
edge of plate A, which has position z = h(z,t) and we set z = 0 as the instantaneous
location of plate B, and write h(z,t) = hpin(t) + x tan[¢(t)]. The coordinates x, z

in frame S are related to coordinates z’, 2’ in the lab frame S’ by

x = cos Oy (' —x!)—sin 0, (2’ —2. )+ Ly cos(0,—6,) /2, =z =sinb,(z'—x})+cos b (z'—z).
(7.2a, )
Neglecting the thickness of the plates, the decomposition of the plate velocity into

rotating and a translating parts, yields

t —
(“) = (“t> + Wa (h(x’w Z“) : (7.3)
Ugz (1 Ty — @
4
Upg . ubm —2Zp
() = (1) v () (7.4)
The velocities and angular velocities for plate i in frame S” are related to those

in frame S by

b, [ costy sinf)\ (ul, ;L
(ut/> N (— sin@, cos6; ) \ut, |’ Wi T (7.5)

1z [¥
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7.4.3 Fluid flow

When the relative angle, § = 6, — 6, is small and the minimum distance between
the plates, h,;,, is small compared to L, and L;, we can use the lubrication

approximation (§7.2)) to model the hydrodynamic forces on the plates.

By conservation of mass for incompressible flow the change in local height h

between the two plates is related to the volume flux g, of fluid in the x—direction by

oh  0q, "
The x-component of ([7.1) is
op 0%u,
or "oz (7.7)

Integrating and applying the no slip boundary conditions u, = up, at z = 0

and u, = ug, at z = h gives

(7.8)

o= 7% 2n  Ox h h
The local rate of change of the height 0h/Jt only depends on the horizontal
velocity w4, of the top plate A and the relative vertical velocity, ug., — up., of

the two plates,
oh oh

— = Uy — Upy — Ugy — (7.9)

ot ox
(see|Figure 7.2)). Combining (7.3)), (7.4)), (7.6)), (7.8)) and (7.9 we obtain a governing

equation for the pressure,

9 (3, \Op(x)\ _
oz (h (z) or |
1
12n [(ufw — b ) — (Wa — Wp)T + Walq — WpTp — 5 (uﬁm — U, — waze + wbzb) 8:131 .

(7.10)
For the lubrication assumption to hold, ¢ must be small, so Oh/0x = tan ¢ ~ ¢

and cos¢p =~ 1. Assuming negligible plate sheet thickness, we also have, x, &~
Lo/2, zo &= hpmin + La®/2 and 2z, = 0. The boundary conditions on are
p(0) = p(L,) = 0 because the pressure is negligible in all regions that are not
directly between the two plates.
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7.4.3.1 Non dimensionalisation and solution for the pressure

We define dimensionless variables with a tilde,

T = .T/La, Bmm = hmin/Lm t= t/Tv w="Tw,

Z=2/Le, @ =u/(LT), ﬁ:mp/T, (7.11a — g)

where T' = m,/(12n) is the viscous damping timescale of crystal motion, and define

= @, — Oy, (7.12)

Q
V = (g, = @) + Gafa = By — 5 (i, — i, — GaZa) - (7.13)

aj [(Bmm + f¢)3z] = Qi +V, (7.14)

subject to the conditions p(0) = p(1) = 0. Noting that this equation is linear in p, we
can split the solution for the pressure into two components p = Qpg + Vpy. This al-

lows us to assess the contribution of each component later. The components satisfy,

0 |- 8pQ L o | - 8pv B

Solving each equation we obtain,

< (=) BT — 1)
L 1 27 s
Po(T) = > 20 Ppin (& — 1)T + . ..

- hfmn(x — 1)(2ﬁmm + ¢+ ¢F) In hypin + . ..

— (2hmin + &) (hnin + 6F)2 I (Appin + ¢F) |, (7.17)

where we have individually imposed py(0) = py (1) = pa(0) = pa(1).
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7.4.4 Forces and torques

Having obtained an expression for the pressure between the plates, we now calculate
the forces and torques on each plate in frame S before translating the forces and

torques to the lab frame S’ where the equations of motion are more straightforward.

Consistent with the approximations of lubrication theory (Reynolds, |1886), the
stresses T; on the plates have dominant contributions from the pressure p and

the viscous shear stress ndu,/0z, given by

Oh Oy,

Tax N —pa- — ) Taz ~ D, 7.18
Pa. 1, p (7.18)
ou

Thy = . Ty, ~ —p. 1

b A1) . b p (7.19)

To calculate the force per unit width F; on each of the plates (i = A, B) we
integrate the stress vector over the length of each plate. We initially assume A
entirely overlaps with B, and the force is dominated by stresses in the thin gap
between the plates, with the stress approximated as zero in the region where the

plates do not overlap. This yields
L, La
F, :/ T, dz, F, :/ T, dx. (7.20a, b)
0 0

Using (7.3), (7.4) and (7.8) to calculate du,/0z at z = 0 and z = h, and
combining with (7.18)) and ((7.20)), we obtain an expression for the force per unit

width on plate A,

L L

“{ Oh hop 1 a
Fax = - a_ P b — Up, — aca) 7 a d Faz = / .
/0 [pax+2ax+n(um Up, wz)h—irnw] x, i pdx
(7.21a, b)

Integrating the term involving Op/0x by parts, letting 0h/0x = ¢ and knowing

that the pressure is zero at the boundaries,

La Tpg 1 "
Fax = _/ [ + n(ufla} - ui:c - waza)i + nwal de, FaZ = / pdm
0 2 h 0
(7.22a, b)
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A similar calculation for plate B shows F, = —F}, as expected for low Reynolds

number flow in a lubrication film.

The torque per unit width 7 on each plate is given by

T; = /(r —r;) x T;dx. (7.23)

Under the lubrication approximation, the leading order contributions are

L, L,
Ty & —y/ (x — z,)pde, Th A }7/ (x — xp)pde. (7.24a,b)
0 0

Applying the non-dimensionalisation from §7.4.3.1] and expressing the dimensionless

forces F' and torques 7 in terms of the dimensionless variables p, a! ., @}, @4, Z, (see

section D.1)), we obtain F = (12nL,/T)F and 7 = (12nL2/T)7.

The forces F and torques 7 calculated in frame S are related to the forces F’

and torques 7" in frame S’ via a rotation about the § axis,

F!\ [ cost sin\ (F, ,
(F,é) a (— sin Cos@{)) <F> T=T (7.25a, b)

7.4.5 Additional cases

The calculation above is valid for § < 0 and the plates completely overlapping.
When plates A and B no longer completely overlap, we define ; and %, as the
respective minimum and maximum value of & where overlap occurs, which replace
the location of the boundary conditions and the integral limits in that case. In

frame S, Z; and Iy are given by
71 = max|0,Z, — 1/(27)], To = min[l, T, + 1/(27)], (7.26a, b)

where v = L,/L,. We solve for cases with partial overlap in [section D.2| and
we solve for # > 0 in [section D.3
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7.5 Plate Motion

The motion of the plates is modelled using the forces and torques from ([7.25).
We state the equations of motion below, then discuss the possible end results

of a simulation.

7.5.1 Equations of motion

The equations of motion for plate ¢, rotating about its centre of mass with moment

of inertia per unit width m;L?/12 for plates of negligible thickness, are given by

2z, F 2, 127
= = e (7.27a, b)

Employing the non-dimensionalisation in §7.4.3.1| and §7.4.4] we obtain the di-

mensionless equations of motion for the plates,

~/ Fv/ 7! Fv

d2 Lq ax d2 b “ - bx

el EA I A P =l mo . (7.28a, b)
0, 127, )T \12y?F

We solve the equations of motion numerically using the Python programming
language with an explicit Runge-Kutta method of order 5(4) (Dormand and Prince,
1980).

7.5.2 Initial conditions

We consider three geometries, with v = L,/L, = 1, 1/2, 1077, chosen to capture
three distinct cases for the relative acceleration experienced by the top and bottom
plates. When v = 1 both plates have equal and opposite accelerations, whereas
when v = 107° the bottom plate has negligible acceleration. We also assume
that the plates have equal densities and thicknesses so that m,/m;, = 7. The
equations of motion in require 12 initial conditions. We focus here on
varying the initial angle and relative velocity, setting 0, = 6, and ﬂgz = 0;, at
t = 0. We set the initial minimum separation ime = iLm =1att=0, so that

~

Zl =1+ |0;,|/2 and the plates have dimensional initial separation L,. We set

VTR B S A T ARl 1] g : :
all the other values 7}, Ty, 2, Uy, Upy, Uiy, Weys Wy, 0 to 0 at ¢ = 0. The lubrication
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approximation does not strictly hold with A, of order 1, but the forces are
generally small so do not significantly affect the motion until smaller values of Bmm
are reached. Furthermore, we only consider results where the final minimum distance
is much less than 1. We consider the range 0 < 6;, < 7° and —1000 < v;, < —0.01.
For frazil ice crystals we expect ¥;, > —10 so this captures the expected range

of velocities for frazil ice crystals.

7.5.3 End criteria

We end the simulation if one of the following conditions is reached: i) the plates no
longer overlap at all, ii) the plates collide, iii) the modulus of the angle between the
plates exceeds 20° (motivated by the breakdown of the lubrication approximation
for large angles), iv) the plates start to move away from each another. The end

criteria are therefore,

i) No overlap
Fo— | > (1/7+1)/2. (7.29)
ii) Collision

~ z 7o— 1) <1076
hmm:{zﬁe(% £) <107, 6<0, (7.30)

Za— 0(T2 — 7,) <1075, 0 >0,
where expressions for Z; and Z», in account for the different limits in the
case when there is incomplete overlap. The threshold on ﬁmm for collision is set
to 1075 because once the simulation reaches this point, we found that there was
negligible change in the collision velocities when we instead use smaller values down

t0 min = 10715,
iii) Large angles

6] > 20°. (7.31)

iv) Threshold for moving away from each other

We calculate this threshold using the velocities of the ends (z = 0,1 in frame
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S) of plate A, relative to the velocity of the points on plate B directly below
the ends of A. We define

t Wq — Wh

. ~t - - ~ ~t  ~t | Wa T W
Uz,RHS = Uyq—Uyp— 2 —Wb(l‘a—l'b), Uz, LHS = uza_uzb+

—wb(:ia—fb).
(7.32a, b)

If 4, pus and 4, ps are both positive then the crystals are moving apart.

7.6 Elastic beam deflection

The pressure arising from the lubrication flow can cause the plates to bend if they
deform elastically. schematically illustrates the pressure and the resulting
deformation. If the bending stresses are sufficiently large, the plates may snap
via bending-induced fracture. We determine the stresses on the plates using the

dynamic beam equation (Bokhari et al., [2012) for the deflection wj,

O*w;  EL; 0'w;  p(z,t)
ot? +pDZ- ozt pD; (7.33)

where p is the density of the beam, F is the elastic modulus and I; is the second
moment of area in the y-z plane per unit width (I; = [ 2°dz = D} /12 for beams
with a rectangular cross section). We assume that the beam is sufficiently stiff and
elastic deformation is sufficiently small that its impact on the fluid flow can be

neglected, and hence we can use p(z,t) from the calculation with planar plates and

gap thickness h(z,t) from

|
j

X2
X

Figure 7.3: Computing (a) illustrative pressure distribution along plate B (red line) with
the dashed grey lines showing the edges of plates A and B. (b) Corresponding separation
of two plates (grey lines), and the corresponding elastic deflection (black lines) due to
the pressure on each plate. The pressure has been scaled and the deflection has been
exaggerated for clearer visualisation.
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We assume the dimensionless deflection, w;/L,, can be described by a translat-
ing part % and a rotating part 6;(Z — #;) (as described in §7.4), plus a small

bending deflection,

0, S . LD,
L—a = j:[zz(t) - ez(t)(x - ‘1.1)] + wi(x’ t) T2E[Z ’

(7.34)

where ; is a scaled bending deflection and ¢ € {a,b}. The sign of the term in the
square brackets is positive if ¢ = a and negative if ¢ = b. With the deflection being

in the 42 direction when w; is positive.

Employing the non-dimensionalisation from §7.4.3.1f and substituting in I; we

obtain an equation for the dimensionless small bending deflection, w;,

1280202 9%w; 9"y D, . 9%z, 0%,
TE g = Pt | )
EpD2D?; 0t 0z D, ot ot

(7.35)

In we show that the derivatives of Z;(f) and ;(£) are equivalent to those
of Z() and 6,(f) defined in §7.4.4 for z, = 6, = 0.

We consider the limit of a stiff beam for which 128L2n?/(EpD2D?) < 1. For
example, for frazil ice, typical values are L, ~ 107° m, n ~ 103 kgm 's™!, E ~
10° Pa, Dy, Dy ~ 1074 m, p ~ 10°kgm >, so 123L3n%/(EpD?D?) ~ 1077 < 1. We

therefore ignore the first term and have,

0'w; _&~ _@_(f_j,)@
o7t~ D,F a2 VA |

(7.36)

This approximation considers the quasi-steady response, neglecting transient prop-

agation of elastic waves.

7.6.1 Boundary conditions

The ends of the beams are free and hence there is no shear force or bending moment

on the ends of the beam. We work in a rescaled coordinate system detailed in
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such that edge of plate A is at £ = 0 and & = 1. Following Pradhan
and Chakraverty (2019), for plate A,

0%, %, P*w, P,
= =0 = =0. 7.37a,b
072 072 ' 073 073 ( a, b)
#=0 i=1 #=0 #=1
For plate B with ends at z = M, P,
0?1y, Oy Py D3y,
= =0 = =0. 7.38a, b
072 072 ’ O3 973 ( a,b)
=M Z=P F=M #=P

7.6.2 Calculation of the curvature and stress

The curvature k; = 0%w;/0x* is related to the dimensionless curvature &; =
szi / 6’%2 by

pD;L3 _ 128L.n? _

The maximum tensile and compressive stress Otens and ocom, occur at the top

and bottom of the beam, and are given by (see Gere and Goodno, [2009)

ED; 864L,n*
Otens = Ocomp — ? |/fmax| = W |/{max| . (740)

To determine whether the plates experience sufficient stress to fracture, we calculate
the curvature of the plates and then compare the stress to the fracture
toughness of the material. Note that implies that the fracture criteria is
independent of the elastic modulus: whilst softer plates have larger amplitude defor-
mation, the corresponding elastic stress is controlled by the underlying amplitude

of the hydrodynamic load.

We now describe how the dimensionless curvature &; is found. Exploiting the
linearity of the equations, and recalling the decomposition p(z,t) = Qpq + Vpy,
we solve (7.36), (7.37), (7.38)) for %, 91 and the V and €2 components of w; and
hence find ;. Here, py is given by and pq is given by for 0 <z <1,
with py = po = 0 outside of that range. We decompose

D,
R; = F (Vl%i’\/ + Ql‘%%Q) , (741)
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where the factor D,/ D, is included to match the coefficient in front of p in (7.36]).

The solutions for the curvature calculation were found using Mathematica and
are lengthy so not written here. However, it is useful to consider the approximations

for izmm/Q — O,

1 4 h .
Fav = 75 (2% — 53% 4+ 37% —ZInZ) + (# — 222 + 7°) In (%”) +0 (h;”ﬂ :
] (7.42)
; 1 [2—1—InZ Pomin
= [FLE (P o
(P —1)

Kb,y

T 603(M —P)(M(3P +2) — pg){Mz(?)er?) —2M (P% + P+ ) + 4P”

R
_2(5P+4)f2+P(11P+4)f+21n( ’g”) [M2(3az+2)_

} +0 (h’g“> . (7.44)

(21M2:z + 14M? — 14M P& — 14M P—

2M (PZ + P +3%) + P2 — (P +2)i* + P(2P + 1)i

B (P — &)
2463(M — P)[P2 — M(3P + 2)]

Kpo =

hmin
14M7? + 5P*% + 4P* + 2P3* 4+ 4P% — 8@2) +0 ( g ) . (7.45)

Solutions for the opposite limit of § — 0 are given in Due to the In(Apn/6)
terms in and , the curvature will become infinite in the limit A,,;, — 0
whenever V' # 0. Hence, the stresses diverge and will cause fracture whenever the
disks make a direct contact. We see below that fracture is also possible without

contact for a certain range of initial velocities.

7.7 Results
7.7.1 Trajectories and collision criteria

Example solutions are shown in and we begin be making a few general

observations about their behaviour. The hydrodynamic force acts to reduce the
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Figure 7.4: Motion of the two plates, starting with fme = 1, relative angle 6;, = 5°,
and initial relative velocity 0;, € —{0.01, 100,200} from left to right. All the other initial
conditions are 0. The bottom plate is twice as long as the top plate (v = 1/2). The
category of motions is noted in the title for each column. Panels (a)-(c) show the minimum
distance between the plates over time. Panels (d)-(f) show the evolution of the relative
angle. Panels (g)-(i) show maximum curvature as a function of time. Panels (j)-(1) show
some snapshots of the motion at the times indicated by the corresponding colour coded
dots in (a)-(f). The snapshots are shifted evenly in Z and separated by a grey dashed line
to make visualisation easier. Time increases from top to bottom. A collision occurs for
Oin, = —200 in the bottom snapshot in panel (1). In all cases the relative angle initially
decreases and plate A translates to the right.
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relative vertical speed of the plates, and can act to prevent a collision (left and centre
columns) when a simple ‘ballistic’ trajectory given the initial conditions would have
predicted it. However, for sufficiently large initial velocities, the hydrodynamic force
is insufficient to prevent a collision (right column). The pressure increases with
decreasing gap thickness, and varies assymetrically, with higher pressure near the
narrower end of the gap. Hence, it produces a torque on both plates that reduces
the relative angle. In some cases the relative angle passes through zero. Finally, as
we initialize with 0 < 6 < 7°, plate A always translates in the positive x direction.
This is because initially Fj, in is dominated by the pressure integral, leading
to F,, > 0 for the initial slope of the plate we have chosen. For some of the model
runs the relative angle # becomes greater than 20°, our chosen cut-oft angle, and
we choose to end the simulation because the lubrication approximation becomes

invalid for large angles.

We categorise four different types of outcome:

Category NI: no collision and no sign change in 6,

Category NII: no collision and sign change in 6,

Category CI: collision and no sign change in 6,

Category CII: collision and sign change in 6.

In all simulations considered here only categories NI, NII and CI are found
to be possible. To illustrate the three different observed categories we plot the
motion for v = 1/2, ;, = 5° and 0y, = [-0.01, —100, —200] in . The
angle # changes due to both plates A and B rotating, with plate B rotating less
because it has a higher inertia than plate A for v = 1/2. In case NI, the relative
velocity is sufficiently small that the hydrodynamic force slows the plates down
before the torque is sufficient for the relative angle to pass through zero. In case
NII a sign change in the angle occurs, ?me passes through a local minima and

the curvature passes through a local maxima. It is complex to explain the time
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dependence of the curvature. Broadly the curvature increases with increasing €2
and |V| and decreasing A, and ||, with the curvature becoming infinite when
fzmm = 0. Therefore, we see a local maximum in the curvature close to § = 0, in
places where 6 is rapidly changing and € is large because A, is small. In case NI,

homin remains of order 1 and the curvature simply decreases as the relative velocity

between the plates and hence |V| decreases.

shows the category of the motion between the plates as a function of
the initial relative velocity and initial angle for v = 1075, 1/2 and 1, corresponding
to different relative sizes of the plates. Category NI only occurs for smaller
initial velocities than the range shown here, for which Bmin remains relatively
large throughout. Therefore, the only observed categories of motion are NII and CI.
The boundary between NII and CI is dependent on ~. This is due to the fact that
the relative angle decreases much more when plate B is shorter, has smaller inertia

and so rotates more and the resistive lubrication force increases.

[Vinl

0 2 4 6 0 2 4 6 0 2 4 6
6in(°) 6in(°) 6in(°)

Figure 7.5: Category of the motion of the two plates with (a) very different sizes
(v = La/Ly = 1077), (b) somewhat different sizes (y = 1/2) or (c) the same size (y = 1).
The plates are initialised with relative angle 6;,,, ﬁmm =1, ﬂfw = Uin, < 0 and all the other
initial conditions being 0. Category NII designates no collision and a sign change in 6.
Category CI designates a collision, without a sign change in . Case NI designates no
collision and no sign change in 0 occurs for smaller values of |v;,| than are shown in the
figure, for which the plates remain comparatively further apart. The solid red line is the
predicted collision boundary assuming no rotation using . The dashed red line is
the alternative collision boundary using .
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7.7. Results

4
ein(o)

ein(o)

2 4
ein(o)

Figure 7.6: Minimum distance between the two plates for different ratios of plate sizes
v = La/Ly: (a) v =1075, (b) v = 0.5, (c) v = 1. The plates are initiated with angle 6;,,
Bmm =1, ﬁflz = ¥;, and all the other initial conditions being 0. The white contours are
lines of constant h,,;,, and the dark purple shaded region corresponds to the collision

criteria being reached.

shows the minimum distance between the plates during the simulation.
The region of phase space above the collision boundary grows as the length of the

bottom plate increases, allowing collisions for smaller values of 6;, and |;,,|.

10 - y=10" y=0.5 y=1
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Figure 7.7: Collision angle between the two plates for different ratios of plate sizes
v = Lq/Ly: (a) v = 1072, (b) v = 0.5, (c) v = 1. The plates are initiated with angle
Oin, Emm =1, ﬂgz = ¥;, and all the other initial conditions being 0. The regions shaded
in white are where a collision does not occur. The contour lines are lines of constant

ecollision .

Further evidence of the cause for the changes to the collision boundary with ~

is illustrated in [Figure 7.7, which shows the angle f.ouision between the two plates

at the point when they collide. The collision angle decreases with increasing ~y
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(the curvature of the contours increases with ) for plates initialised with the same
value of ¥y, and 6;, but for a larger value of 4. The region shaded white is where a
collision does not occur. The contours of constant # indicate that the change in 6 is
relatively modest when the collision angle is positive, and remains far from 6 = 0.
This suggests the potential approximate the position of the collision boundary by

solving ([7.28)) assuming € is constant, as described below.
7.7.1.1 Collision boundary

Initially, the horizontal forces are much weaker than the vertical forces (|F,| ~ |0 F,|
in (7.22))) when ug,, up, and w, are small. Hence we assume that the plates fully
overlap and only translate in the z—direction with negligible rotation (u,, = up, =

w, = wp = 0). Combining the equations of motion ([7.28) for the two plates by

noting £y, = —F,,, and using hyin = Za — 5 — |0]/2 with 6 constant, we have
d2ﬁmin = myg
— =F,(14+—). 7.46
dt? ( + mb> ( )

Setting p = Vpy = (dhmin/dE)py from the simplification of (7.13) and using
the expression for F,, in ([7.22)) along with the non-dimensionalisation defined
in §7.4.4) we find,

d2 hmin me diLmzn 1 ;Lmzn 2 ’ 0 ’
— =1+ ) ~——— |In | = + = , 7.47
dt? ( my/ dt |63 [n (hmm + |0|> 2R min + |9|] (7.47)
where we have used the integral result from appendix . When 6 > 0, we find
d?h dh 1 Ma h 20
— =——1(14+— ) |In|= = . 7.48
a2 dt63< +mb)[n<h+9>+2h—|—9] (7.48)
where we have set h = h,,;, for brevity.
dh 1 m - .
— =Ty = — (1 4+ —2 h,0) — f(hin,0)], 7.49
7~ 0= g5 (14 22 F(R.6) = (B, 0)] (7.49)

where 0, is the initial relative velocity of the plates, h;, is the initial value of i and

f(h,0) = —hln (1 + Z) +0 [ln <2 + Z) —1In (1 + Z)] (7.50)

In order to collide we require dh/df < 0 at h = 0. As h — 0 we find dh/df —
O — (14 ma/my) f(hin, 0)/6°. Further, for sufficiently small initial values of 6/h,,
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f(hin,0) ~ 6(In2 — 1). Therefore, the collision boundary without rotation or

translation is approximately at,

my\ 1 —1n2
|U | ( + mb> 62 ( )

Figure 7.5/ compares the predicted collision boundary from ([7.51)) in red with

the actual boundary between category NII (shaded in blue) and category CI
(shaded in green). Although the analytical collision boundary differs from the
true boundary by a factor of around 3|0;,|, the shape of the curve does seem to
match the true boundary relatively well. The potential sources of disagreement
between the numerical and approximate collision boundary seem to arise from the
small changes in 6 and the horizontal translation of the plates, meaning that @
and @, are no longer negligible as the plates approach collision. Informed by the
structure of but with a modified numerical prefactor, the red dashed line
in shows an alternative expression,

mg\ 1
bin| = (14 —2) =, 7.52
5l = +mb)92 (7.52)

which provides a reasonable fit to the true boundary.

7.7.2 Stress and curvature

Recall that the maximum stress at any instant is proportional to the maximum
curvature |K;|maz- We therefore consider the maximum curvatures of plates A
and B over all time and space that is induced by elastic bending as calculated in
§7.6, We calculate the curvatures for v = 107° as in this case we do not have
to consider the scenarios when the plates do not fully overlap. shows
that the maximum curvature increases with increasing relative velocity 9;,, but has
much weaker dependence on 6;, (the contours are approximately aligned with the
0;n-axis). The exception comes in the case where a collision occurs where, as noted
in §7.6.2] the curvature becomes infinite (white areas). We find that the maximum

curvature occurs close to the centre of each plate. The curvature increases with
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increasing |0y, |, as the pressure difference across the plate increases with |v;,|. The

maximum curvature of plate B is much larger than the maximum curvature of

plate A. The difference is evaluated in §7.7.2.0]

103
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g 102 g =
2 2 104
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Figure 7.8: Maximum dimensionless curvature for the plates with initial velocity ¥;, and
initial angle 6;,. We set D, = Dy and v = L,/L, = 107°. The white region corresponds
to simulations which ended in a collision, leading to an infinite curvature. The contours
are lines of constant dimensionless curvature. a) the maximum curvature of plate A. b)
the maximum curvature of plate B.

7.7.2.1 Analytical approximation for maximum curvature in the case
when the plates do not collide

shows that the maximum curvature is largely independent of 6;,. We

therefore obtain an approximation for the maximum curvature by considering the

case when 6;, = 0 and 7, = I, throughout the motion. In that case 2 = 0,

V =4, — @k, and h = hy, throughout, and we find (see §D.5) that the maximum

curvature at any instant occurs at the midpoint of plates A and B and is given by,

D.V (4Li—3>, (7.53)

384D;h3 \ L,

|/€i|maa: - ‘

for ¢ = a,b. If the plates have the same thickness, D, = Dy, then |&p|maz > |Ra|maz
for L, > L, so the larger plate will break first. Equation (7.53)) shows that
|Rbmaz > |Falmaz for v = 1075, consistent with [Figure 7.8l The curvature increases

with increasing V and decreasing h due to enhanced lubrication pressure.

To see how ([7.53)) evolves through time we first relate V' to h, noting that
V =a, —al, = dh/dt. We use (7.28) to relate the forces at zero angle to the

a
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translational velocity. If 6;, = 0 and Z, = %, then @, = @, = 0 for all time.
Therefore, p = Vpy and —F,, = F,, = Vfolﬁvdi“ = —V/(12h%) from (D.11)),

so the equations of motion give

dV Mg %4
— =—|14+— —. 7.54
dt ( * mb) 12h3 ( )
Solving with the initial condition V(0) = 0;,, h(0) = hin, we obtain
1 My 1 1
= 7; - 1 — = — = . .
1% vm+24< +mb) <h2 h?n> (7.55)

Substituting ([7.55)) into ((7.53])) we find an expression for the predicted maximum

curvature /%Z-|pred in terms of A,

17l Da (4Li 3) o+ <1+m“> L1 (7.56)
Kilpred = | oo~ 7= - Vin T 57 —_ o T To9 . .
pred = 138a D3 \ Ly 24 my/ \h? k2,

Initially the magnitude of the curvature increases as the gap thickness h decreases,

and there is increasing resistance to squeezing out the fluid between the plates.
However, the resulting deceleration eventually leads to a reduction in pressure
between the plates and the curvature decreases with further decreasing h. As
the maximum stress is proportional to the maximum curvature from , these

physical effects also impact the variation of the stress.

We find the value of h where the curvature is largest by maximising ((7.506))
over values of h where dh/df < 0, such that,

1 o4z, \
he e - . (7.57)
(h?n 1+mb)

In this case we find that ||, is largest at its local maximum over time, which is

found at

o 3 1 .
o= e = B (LA ma/muw) (7.58)
3(1 + ma/my — 2402 0;)

and the curvature then has magnitude,

i V15 D, <4Li 3) (1 + mq/my — 24h2 0:,)7/?
Kilmaz = T - 7 ’
192000 D; \ L, h2, (14 my,/my)3/2

(7.59)



7. 2D Collision Efficiency 139

For the maximum curvature to be at h,,,, we also require h,,q: < hin, which requires,

1 m
'ﬁin S — = (1 + a) = Verit- 7.60
3612, my ' (7.60)

In the cases where }szm > }sz the maxima immediately occurs when h = fzm,

although the lubrication approximation is less valid in such cases anyway. Overall,

)

Dy V15 (AL; _ g (Ltma /my—24h3 Bin)/ 5 <
~ D; 192000 \ Lg RS (14ma/my)3/2 ) in = Ucrit,
|’ii|ma:c ~ " (761)
Do 1 (4Li _ 3\ tin B
D; 384 \ L, w3 Vin, Verit-
m

[Figure 7.9/ compares the maximum curvature obtained for each angle to the analytical
estimate from ([7.61f). The ratio of the numerical maxima to the analytical maxima

is less than 1.6 in all cases for 0 < 6,,, < 7°.
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Figure 7.9: a) Maximum curvature for plate A, |#q|maz for ¥ = 1072 as a function of
the initial velocity ¥;,. Each of the coloured lines corresponds to a different value of 6;,
and the black line is the analytical estimate from (7.61]). b) Maximum curvature for plate
B, |&b|maz for ¥ = 1077 as a function of the initial velocity @;,. Results where a collision
occurred are not plotted.

We can relate the expression for the maximum dimensionless curvature to the

true curvature and stresses using ((7.39) and ((7.40)). Combining ([7.40)), (7.61)) and

letting hi, = 1 (as used in the simulations), the maximum tensile and compressive

stress in plate ¢ is given by,

9L 4Li__3) {VT51(14_Zx__24@m>5ﬁ, @m)g._[ltﬁﬁﬁmﬁ},

Omaz = — ( 500 (14+ma/my)3/? 36
4pD2D, \ L,

~ ~ 14+(mq
—Uin, Vip, > — [%} .

(7.62)
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Recalling that the true initial relative vertical velocity v;, is related to the dimension-
less vertical velocity ¥y, by vi, = 12n0;,/(pD.), we can rearrange ((7.62)) to find the

minimum |v;,| required to cause the plates to fracture at a given fracture stress o4z,

ERCTE R ” Omar < 55 (14 2]
oD & |(1+ 2) = (a) ™| o> 55 (1 20).

Here o = (4L;/L, — 3)9Lan?/(4pD?D,) and B = /15(1 + my/my) =%/ /500.

(7.63)

Uin

7.7.3 Application to frazil ice

We now apply our results for the collision criteria and fracture criteria to frazil ice.
We use both the numerical collision boundary and the collision boundary given
by as well as the analytical fracture boundary to calculate whether
frazil ice crystals are likely to collide and/or fracture under the likely conditions
found in polynyas. Our results apply for crystals approaching close to parallel and,
although the crystals are often disk-shaped (Schneck et al., [2019), we apply the 2D

results with L; given by the crystal diameter. The weakness of these assumptions is

discussed in

The maximum tensile strength o,,,, of a single ice crystal is ~ 1-10 MPa
(Schulson and Duval, [2009)). The thickness of a crystal D; is related to the crystal
radius, r; and aspect ratio d by D; = 2r;/d and r; ~ r;/2. We choose a lower
bound of e, = 1 MPa (Schulson and Duval, 2009) and p; = 920 kgm ™ (Svensson
and Omstedt, 1998), n = 1.9 x 103 kgm ' s~' (ITTC, 2011). In line with Souillé
et al. (2023)) we choose 5 < d < 100, 0.002 < r, < 10 mm and 107 < r,/r, < 1,
which are the maximum possible range that these values are observed to take across
a compilation of various experiments. The maximum expected velocities of the

crystals within a polynya are ~ 0.1 ms™! (Herman et al., 2020).

We first calculate the velocity required for a collision. The approximation ([7.52])
for the collision boundary predicts that the minimum dimensionless relative speed

for a collision at small relative angles (0 < 60;, < 7)° is |0;,| = 67. Recalling that
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the dimensionless velocity 0y, is related to the velocity vy, by vy, = 1200, /(pD,).
This means that we require D, > lem for |v;,| < 0.1 m/s which clearly violates
the assumption of a thin plate used in the model and the plate thickness is much
larger than observed thicknesses of frazil ice crystals (Souillé et al., [2023). If instead
of using the analytical expression for a collision, we use the numerical collision
boundary, we find that the minimum dimensionless relative velocity to cause a
collision is ©;, = [—77,—98, —156] for the case when v = L,/L, = [107°,1/2,1],
respectively and 6 < 7°. This suggests that collisions of frazil ice crystals for typical
oceanographic conditions are unlikely. For higher values of 6;,, suggests that
the required initial relative velocity may be small enough for a collision of these
crystals to occur with the criteria varying o< 6;,%. However, further work is required
to test whether this result derived using the lubrication approximation is still valid

at larger angles.

Next, using , we calculate the minimum initial speed required for fracture
in the case when a collision does not occur. Varying L,, L, and d across the full
range of parameter values, we find that the minimum initial speed required for
the crystals to fracture is > 1 m/s. This is an order of magnitude faster than the
likely maximum speed of crystals in polynyas (but may be possible close to the
mechanical stirrers used in laboratory experiments), suggesting that crystals are
unlikely to fracture without making contact. However, further work is required to

test the validity of ([7.63]) for plates of similar length.

This suggests that, when crystals approach close to parallel at typical oceano-
graphic velocities, secondary nucleation by crystals snapping can only occur for
similarly sized crystals in typical polynya conditions with thicknesses of at least
lem, which means the crystals will be O(10cm) in diameter. If a large number
of crystals are to be produced in a short period of time this would either need (i)
significant numbers of collisions of large crystals carried at the faster speeds, (ii)

smaller scale dendrite snapping, or potentially (iii) approach at a steeper angle than
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considered here. The second of these would support the current implicit hypothesis
that secondary nucleation occurs when small dendritic structures are broken off
from the crystal surface (Svensson and Omstedt, |1994). However, further work
is required to rule out the third option as we need to understand the conditions

for crystals snapping at larger relative angles.

7.8 Conclusions

In this chapter we have considered how hydrodynamic interactions alter the
trajectory of two thin stiff elastic plates approaching with small relative angle. Using
the thin-film approximation and Euler-Bernoulli beam theory, we have calculated
the criteria for two thin and stiff elastic plates to collide and/or fracture when
moving through a viscous fluid in two spatial dimensions. We initialised simulations
with plates at relative angles 0 < 6,,, < 7° and dimensionless relative vertical velocity
107* < |§3,] < 103, The critical velocity for collision increases with the viscosity of
the fluid and decreases with the density and thickness of the smaller plate, the initial
relative angle between the plates and the ratio of the mass of the smaller plate to the

mass of the larger plate. An approximation for the critical velocity is given by ((7.52)).

In cases when a collision does not occur, we found an analytical approximation
for the maximum stress on each plate. The maximum stress increases with
initial relative speed. The condition, can also be used to obtain the minimum
initial speed which causes the plates to fracture without collision. We also
showed that in cases where a collision occurs the stress diverges so that the plates
always fracture. These results could be relevant to fracture criteria in industrial

crystallisers or mechanically stirred systems with large velocities.

We applied this collision and fracture criteria to frazil ice. The results show that
for typical polynya conditions, with initial relative velocities of ~ 0.1 m/s fracture
is unlikely for disks of typical size approaching close to parallel. The velocities

required to fracture, when the disks approach close to parallel, in the case when
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the crystals do not collide are at least an order of magnitude higher than the likely
speeds of crystals in polynyas. This might tentatively support the current implicit
hypothesis that secondary nucleation occurs by small dendrites breaking off from
crystals (Svensson and Omstedt, [1994) rather than by complete crystal snapping.
However, the lubrication calculations suggest that the critical velocities reduce
significantly (o< #72) with increasing relative angle of the plates. More work is
therefore needed to rule out collision and fracture at steeper angles of approach

where the lubrication approximation breaks down.

This chapter has also focused on the collision of thin plate-like crystals. Frazil
ice crystals are observed to mostly have thin-circular disk-like geometries (Schneck
et al., 2019), requiring consideration of the third dimension. The fluid flux between
two approaching circular disks will be different to the one-dimensional flux in the
rectangular case, and hence the restive lubrication force is likely to be different.
Plate theory (Mittelstedt, 2023) would have to be used instead of beam-theory
to model the deflection of disk-shaped crystals. Further, we found that collisions
become more likely when the initial relative angle between the plates is greater,
but for large angles the lubrication approximation breaks down. Hence, the next
chapter explores the case when the initial relative angle is larger and accounts

for the full three-dimensional disk geometry.
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"Then Moses stretched out his hand over the sea,
and all that night the Lord drove the sea back with
a strong east wind and turned it into dry land.
The waters were divided, 22 and the Israelites went
through the sea on dry ground, with a wall of water
on their right and on their left."

— Exodus 14:21-22 NIV
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8.1 Introduction

In §7| we calculated the effect of two-dimensional hydrodynamic interactions on two
approaching plates. We found that the relative velocity needed for these plates
to collide is high relative to the likely velocities of frazil ice crystals in polynyas.
However, we noted that this calculation gives only an approximate result as in

reality frazil ice crystals are often disk-shaped (Daly, 1984]) and would generate

145
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three-dimensional patterns of flow.

Therefore, in this chapter we adapt the calculation described in §7] to apply to
disk-shaped objects and eventually obtain an expression for the collision efficiency
introduced in §2.4.1] After describing the initial setup in §8.2 we follow the same
approach of first in §8.3] using the lubrication approximation to calculate the forces
and torques on each disk. Then in §8.4) we define the equations of motion, initial
conditions and the end criteria for the simulations. In we compare the results
of the full 3D calculation to the results found in §7] for the 2D case. Finally, in

§8.5.2| we calculate a collision efficiency.

8.2 Setup

As in §0] we consider collisions of disk A with disk B. In we defined two
angles to describe the orientation of a disk in the laboratory frame. Following the
notation in §7] we denote angles measured in the lab frame with a prime. Therefore,
following the definitions in , 0! is the angle the axis of disk i makes with the
Z'-axis and ¢}, is the angle the axis of disk ¢ makes with the 2’—axis in the /-y
plane. In this chapter we assume that both disks A and B are orientated with the
same angle ¢/, = ¢;, chosen as ¢, = ¢, = 0 so that the geometry is symmetric
in 3/. This removes a degree of freedom from our problem and makes it far less
computationally expensive. However, it does mean that we do not fully capture all

possible orientations.

Letting the initial setup be symmetric in 3/, we use a similar geometry to the

2D case (see [Figure 8.1)). We use the setup shown in [Figure 8.1 where the top disk

is labelled A with centre of mass (], 2/) and moves with local velocity (u/,,u..) in
the a/-2' plane. Likewise, the bottom disk, labelled B has centre of mass (z}, z;)
and moves with local velocity (uj,,u;. ) in the x — z plane. The velocity of the
fluid in between the disks is (u/, u). We define 6/ and 6, as the respective angles

between the z’-axis and the basal planes of disks A and B. Disks A and B have
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(u’ax’ u’ﬂZ)

(ulbxr u’bz)

Figure 8.1: Frame S’. We consider two disks moving only in the zz—plane. The top

disk is labelled A with centre of mass (27, z,) and moves with local velocity (ul,,ul,,).

Likewise, the bottom disk, labelled B has centre of mass (x}, z,) and moves with local
velocity (uj,,u;,). The relative angle between the disks 6 = 0/, — ;. The radii and widths
of disks A and B are a, w, and b, wy respectively.

respective radii a, b and widths w,, w,. The aspect ratios d,, d, of the disks A

and B are given by, d, = 2a/w,, d, = 2b/wy,.

8.3 Derivation of the forces and torques
8.3.1 Rotated reference frame

Following the same method for the 2D case (see , we first obtain the pressure
and calculate the forces and torques on the disks. As for the 2D case, the pressure
is independent of the coordinate system, so to simplify the algebra we choose to
calculate the pressure in the reference frame where the bottom disk is instantaneously

horizontal (frame S).

shows the possible orientations of disk A for 0 < 6, < 27. The
configuration is cyclic for 6, — 6, + nm, where n is an integer. There are two
different possible orientations. The first case is for 0 + nw < 0, < 7/2 + n7w
where n is an integer and corresponds to case A and case C in [Figure 8.2 In this
setup the flat face is to the left of the minimum point. The second case is for
7/2 + nm < 0, < nm where n is an integer (case B and case D in [Figure 8.2). In
this setup the lower planar face is to the right of the minimum point. As in the 2D
case, in the derivation below we illustrate the method by solving for the second case

when nm — /2 < § < nm and for disks A and B completely overlapping . The case
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hm[n hmm
b i . 3
0<6,<3 S <6a<m 7T<()a<37” — <ba<2m
Y =106, {=m—bq Y=60,—-m (=2m—0,

Figure 8.2: The minimum distance and location of the lowest point of disk A both
change as disk A rotates by an angle 6,, where 6, = 6/, — ;. We plot the orientations of
disk A in frame S (where disk B is instantaneously horizontal). Comparing case A and C,
and case B and D, the setup looks the same for 6, — nw 4+ 6, where n is an integer, with
the only difference being that the location changes on the disk where the lowest point is
found (point € in case A, point « in case B, point 3 in case C and point v in case D). We
define angles ¢ and ( as the acute angle between the planar face of disk A and the z-axis.
Where ( is used when the height of the planar face above disk B decreases with z and ¢
is used when the height of the planar face above disk B increases with x.

of nt < 6 < m/2+nm is solved for in and the more complex case of incomplete
overlap is solved for in §E.3

Frame S
Q 7 (ulz;lX’uCtlZ)
increasing 6 <
) (U Upz)
ntb \ hmin .

(xp, 2p disk B

Figure 8.3: We calculate the pressure and resulting forces and torques in reference frame
S in which the bottom plate is horizontal. We set ¢ = —0. The perpendicular distance
h(z) between the plates depends on z and ¢, with the minimum perpendicular distance
given by hpmin-

shows frame S, the inertial reference frame where disk B is instanta-
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neously horizontal. Like in we set ¢ to be the acute angle between the z-axis
and the lower planar face of disk A (see |[Figure 8.2)). For —7/2 < 0 <0, ¢ = —0,
we set x = 0 to be at the minimum distance between the disks and locate the top of
the bottom disk to be along z = 0. Defining the coordinates x’, 2’ in the lab frame

S’, the coordinates z, z in frame S are related to the coordinates in frame S’ by

x = cosO(x' — ) —sinby(z' —2) +acosd — % sin ¢, (8.1)
z =sinby(z" — x}) + cos O (2" — z;) — %, (8.2)
such that in frame S in the region where disk A overlaps with disk B,
Poin — t ak(a? )2 <0
h(z,y) = Teote T G (8.3)
hmin + x tan ¢, x> 0.

Derivations for the expressions for h(z,y) can be found in §E.1 The differences
between (8.1)-(8.3) in the 2D case and ([7.2)) in §7.4.2| arise from the cylindrical
geometry where the thickness of the crystal is no longer neglected and both faces

must be taken into account.

8.3.2 Fluid flux and pressure

Similarly to the 2D case, mass conservation implies that the change in distance h
between two objects will be equal to the divergence of the fluid flux q spreading
out from the two objects,

oh
- 4+V.-q=0. 4
(’9t+ q=0 (8.4)

where, as in the 2D case, we have again neglected freezing, a justification for
this is given in §E.4l Using the same method as in the 2D case, and noting that
qQy = foh uy dz, and up, = uqy = 0 we can derive an expression for the flux in the
z— and y— directions. The equation for 9h/0t is the same as (7.9). We combine
the solution to with to obtain an expression for the pressure,

o (e 25 1 L (1 2 -

Oh  10(ugx + upz )P
129 [(uaz — Up,) — uam% + 5 o |- (8.5)
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Like in the 2D case we split the velocity of each crystal into a translational and
rotational component ¥ = u* + w X (r — roy) (c.f. (7.3) and (7.4)), where the

rotation is about the centre of mass. The equation to obtain the translational and

rotational velocities in frame S, (7.5)) is the same as that used in the 2D case.

8.3.2.1 Coordinate system

In Frame S, z, = —w,/2 and the planar surface of the bottom disk is parallel to

the z-axis (Figure 8.3|), such that the expression for the pressure becomes,

U <h3<x,y>apgj; ”) N aay (h3<x,y>ap§;’”) — 129 [(uzz ul)—

1 wpwy\ Oh
(Wg — Wp)T + Wey — wWpTy — 3 (uzw —ub — Wezg — 172b> 33@] . (8.6)

The edges of the smaller disk are at (see r = [a=+ (a—y*)? cos ) and
T = —wysin ¢ + [a %+ (a — y?)Y?] cos ¢.
We assume that the pressure difference in the region where the disks do not
overlap. If the surface of A is completely on top of the surface of B the boundary

condition is given by,

pla = [a+ (> = y*)"/*] cos ¢) =0, (8.7)

p(x = —wysin ¢ + [a — (a® — y*)/?] cos ¢) = 0. (8.8)

In the scenario when the surface of A is not completely on top of the surface of

B, the pressure difference is zero at the boundary of disk B.

8.3.2.2 Non dimensionalisation and solution for the pressure

We use the same non-dimensionalisation as in in the 2D case (see §7.4.3.1]) but set

L, = a and we include an additional scaling, y = ag. We set,

Q= Wa — ('Dba (89)

V= (ﬂzz - ﬂ;iaz) + Wolq — W, (810)
L/, - - . Wpwy

U= 3 al, — U, — OaZa — 5 > , (8.11)
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such that becomes,

D (33- ODED\ | O (33, OBED) - Ok
5% (h (Z,7) 5% + i h*(Z,9) i = —Qz+V U@i‘ (8.12)

Compared to the expressions for €2 and V in §7.4.3.1] note that the previous

expression for V (7.13) has been split into V and U because dh/07% varies on each

face.

As in §7.4.3.7] this equation is linear in p. Hence we split the pressure into
three components p = Vpy + Upy + Qpg, and individually impose the boundary
condition that each component of the pressure is zero at the points where the

disks no longer overlap. The components satisty,

8853 (ﬁ%,g)%‘g;?’g)) + 88@ (Ef‘(:f,g)aﬁfg;’g)) = —7, (8.13)
085: (ﬁ?’(f,g)W) + (% <B3(a:~,g)aﬁv(,§§’y~)> =1, (8.14)
5; (ﬁ?’(:z,g)W) + aag <ﬁ3(f,g)aﬁl]@(§7g)> = —gg. (8.15)

We solve numerically for fo, py and py for 1076 < by < 104, 0 < ¢ < /2,
—(b—a) < &, — T, < b— a using a finite difference scheme. We initially set
ﬁmm = 10* and use 501 x 501 grid points to solve — for the components
of the pressure. As iNme decreases to 1078 we increase the grid resolution about the

location where iL(QZ, y) = Rpnin. Full details can be found in .

Figure 8.4 shows py for ¢ = w/4. The maximum pressure increases by 12 orders

of magnitude from A = 102 t0 A = 1076, The pressure distribution becomes
increasingly sharply peaked and the location of the maximum pressure shifts from
being close to the centre of disk A to being close to Z, 7 = 0, the location of the lowest
point of disk A. Hence, when the V terms dominate and Ay, is small we expect

the hydrodynamic stresses to be highly localised near the lower edge of disk A.
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Figure 8.4: The pressure py calculated for ¢ = /4 for Bmin decreasing from 102 in the
top row to 1070 in the bottom row. Panels ai, bi, ci, di and ei show the full pressure
distribution. Panels aii, bii, cii, dii and eii show the pressure distribution zoomed close
to its maximum, such that the pressure only reduces by about a factor of 5 from its
maximum value in the panel. The white lines are the edges of disk A.
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8.3.3 Forces and torques

Having obtained an expression for the pressure between the disks, we can calculate
the forces and torques on each disk. The forces and torques are obtained by
the same method as detailed in but the integral is over the surface S, of
the smaller disk rather than along a line when evaluating per unit length

and ([7.24]) in become,

— 6B (53 -+t — uh, — waza — wrtn/2)} + 1) dady
Sa

—F,=F, ~ 0 , (8.16)
F
Ta ™ =% #xpdxdy —z. L, (8.17)
Sa
TRy [# xpdrdy — bel , (8.18)
Sa

where F' = #Sa pdxdy and again we have employed integration by parts for the

terms involving poh/0z and set the pressure to be zero in the non-overlapping region.

The result ([7.25)) relates the forces and torques between frames S” and S, valid

also here in 3D as well as in the previous 2D case.

Applying the non-dimensionalisation from in §7.4.3.1] and §8.3.2.2] we express

the dimensionless forces F' and torques 7 in terms of the dimensionless variables
Pl G, Da, Za. We obtain F = (12na®/T)F and 7 = (12na®/T)7. We then
integrate the pressure to find the forces and torques. The numerical method to

solve for the forces and torques is discussed in §E.6]

Figure 8.5(shows | [[ pydzdy| as a function of ¢. Initially £ =V [[ pydidyg, so

this plot gives insight into the initial expected behaviour of the disks. For small i,
the resistive force is several orders of magnitude higher when the disks are close to
parallel or close to perpendicular. Therefore, this plot suggest that collisions may

be possible at much lower speeds when the disks are far from them being parallel
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Figure 8.5: | [[ pydidj| as a function of ¢ for Ay, = 1071, 1073 and 107°, indicated
by the different coloured lines.

or perpendicular. The minimum value is not at ¢ = 45° reflecting the asymmetry

of the disk configuration. Plots of the other components can be found in §E.6]

8.4 Disk motion
8.4.1 Equations of motion

Defining a rotation axis about the centre of mass of each of the disks, disks A

and B have moments of inertia

I, = 1Ml <1 + 3d2) , D= Zmbb <1 + Mz) ; (8.19a, b)

respectively. For disk ¢ with mass m;, moment of inertia [;, centre of mass coordinates

t/

Y = (uf,0,ul.) angular velocity w| and at

7

x; = (a},y., 2}), translational velocity, u
an angle 0 to the horizontal in the lab frame, the equations of motion are given by,

dQX/- F/ d29’ 7'.,

t = =21 8.20
dt? mi’ dt? Iz ( )
Employing the non-dimensionalisation in §7.4.3.1 and §8.3.2.2, and letting

v = a/b and A = [1 + 4/(3d*)]"!, we obtain the dimensionless equations of

motion for the disks,

~/ Fv 7! Fv
d2 %a ax d2 ~b my - bx
@ Z:l = F(J,,Z s @ Zl,) = Fb,z . (821)

0, ANF )T AR
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We solve the equations of motion using the Matlab programming language and
the odelbs solver which is a variable-step, variable-order solver based on numerical
differentiation formulas of orders 1 to 5 (Champney et al., [1995)). We set the relative

and absolute tolerances to 10™° for each of the variables.

8.4.2 Initial conditions

A sketch showing the initial setup can be found in [Figure E.5in §E.7 In order to run

simulations for all possible geometries we require 0 < © < /2, —7/2 < ¢/ < 7/2,
—m/2 < 0, < w/2, where © is the angle between the line connecting the centre of
masses of disks B and A and the 2’ axis (see . As the disk geometry is
symmetric after a rotation of 8 — 6 + 7 (see 0! and 6, only vary by .
However, note that by symmetry arguments we can achieve all possible geometries
by instead choosing 0 < © < 7/2, —7/2 < ¢/, < /2, 0, = 0. Defining the original
values of O, ¢ and 6] as ©F, /L and 6} and the smaller range as ©, ¢/, and 6;,
in we show how this smaller range of © and 6 can still achieve all possible

geometries and how they are related to ©F, 6’ and ;L.

As in we initialise each simulation with the centre of mass of the disks

a dimensionless distance 7z 0 = \/1 + [w,/(2a)]? + \/(b/a)2 + [wy/(2a)]? apart;
this is the maximum distance possible separation between the centre of masses
whilst the cylinders are in contact. For large values of b/a this means that

hmin > 1. However, as the lubricating force does not have a noticeable effect

until fzmm < 1, these simulations still give useful results. We run simulations for

b/a =[1,4/3,2,5,10,100].

We define the relative velocity w,, = @ — ujf. To determine the range of initial
velocities to use in the simulations we note that the dimensionless velocity is related
to the velocity by Wq, = Wy /[6nd/(mpra)]. In we stated expressions for the
PDFs of p(wap,r) (6.9), p(wase) (6.10). Noting that, wapx = Wap,r SIn O + wap,e cos ©

and Wgp, = Wap,r €08 O — wyp o sin O we can use the PDEs of p(w,), p(we) to obtain
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Figure 8.6: Using the PDFs for w; q, and we 4 we estimate a range for wg,. The

left hand column plots the scaled mean radial relative velocity at

© =0, <"Z]r,ab> at

© =0 for Omm < a,b < 2mm. The right hand column plots, Wgp g + 26 = [Wab,g +
20 (Tmaz,ab)]/[6nd/(7prmin{a, b})] for 0Omm < a,b < 2mm which is the location of the
location of the 95" percentile of Wy qp for © = 0. The turbulent kinetic energy dissipation

rate € decreases from top to bottom.
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a range of |Wg| to use for our simulations. The right hand column of
plots Wep,g + 26ab = [Wabg + 20 (Fmaz,ab)]/[6nd/ (mprmin{a, b})] where, using (4.41]),
0 (T"maz.ab) = \/€/(15V)"maz.ap- The probability of |[W,,| being less than this value
is roughly 0.95. Therefore, we choose to run simulations for 107* < |Wwg| < 10.
We also plot (0, 4) at © = 0. The value of (0, 4) at © = 0 and the value of
Wap,g + 204 both increase with turbulent kinetic energy dissipation rate €, suggesting
that larger relative velocities become more likely with increasing turbulence. For
€ > 107* m2s73 the dimensionless relative velocity increases with increasing a
and b. For ¢ < 107* m?s~3 the dimensionless relative velocity increases with

increasing with a and b and a # b.

8.4.3 End Criteria

In we defined four possible end criteria for a simulation. i) no overlap, ii)
collision, iii) large angles, iv) the disks move away. The same criteria can be used
to decide whether a collision occurred in the 3D case. In some cases the lubrication
approximation means that the disks take an infinite length of time to make contact.
In order to avoid numerical difficulties due to this we add in an additional timeout

criteria to stop simulations once ¢ > 1007, /W ap]-

We have calculated the forces and torques for all angles. The lubrication
approximation is less accurate at larger angles, but with expected errors of less than
an order or magnitude (Cawthorn and Balmforth, 2010). We therefore choose to
remove the large angle criteria as an end point for a simulation, and instead replace
it with a criteria when the dominant contribution to the lubricating force is likely
to come from the curved face of disk B, instead of the planar face of disk B. The
criteria for no overlap, collision and moving away also change because of the finite

thickness of the disks. The end criteria in the 2D case are therefore as follows:

i) no overlap
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The disks no longer overlap if the outermost x—locations of the edges of the top

disk are outside of the base of the bottom disk, e.g. in case a) of [Figure 8.2| point «
or v is outside the edge of disk B. In we specify the conditions for the

disks not to overlap.

0, No overlap LHS | No overlap RHS
0<6,<m/2 Ty(0a) <xp—b | 2 +b<x0(0,)
T/2<0,<m Te(by) <axp—b | xp+b<xs(60,)
T<0,<3m/2 | z,(0,) <xp—0 | 2p+b<x,(6,)

3n/2 <6, <2m | 25(0,) <xp—b | xp+b<x(6,)

Table 8.1: Criteria for the disks no longer to overlap for 0 < 8, < 27. For larger and
smaller values of theta the relation is cyclic due to the 27 rotational symmetry. See
for the locations of points «, 3, € and 7, which have corresponding = coordinates

x; for i € {a, B, €,7}.
ii) collision

Pomin < 1078, (8.22)

where Iy is given by (E.8) for nr—7/2 < 6 < nx and (E.7)) for nm < 6 < w/2+nm.
The threshold on A, for collision is set to 10~® because once the simulation reaches
this point, we found that there was negligible change in the relative velocities when

we instead use smaller values down to i, = 10713,

iii) curved surface more relevant

If the z-coordinate of the lowest point of disk A is lower than the upper surface of
disk B and the minimum distance parallel to the planar surface of disk B between
the surface of disk A and the curved surface of disk B (D, in is shorter
than the minimum distance perpendicular to the planar surface of disk B between
the surface of disk A and the planar upper surface of disk B (D, in
then the dominant contribution to the pressure should come from the interaction
between disk A and the curved surface of disk B (as is the case in [Figure 8.7h, b).
This occurs when the centre of mass of disk A is to the left of disk B and ¢ < 7/4 or
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a) b)
D, D;X D, D, &
D, D¢

D, D,

Figure 8.7: Cases where the minimum distance parallel to the planar surface of disk B
between the surface of disk A and the curved surface of disk B (D,) is shorter than the
minimum distance perpendicular to the planar surface of disk B between the surface of
disk A and the planar upper surface of disk B (D,). This occurs when the lowest point of
disk A is below the upper surface of disk B and when a) the centre of mass of disk A is
to the left (right) of disk B and ¢ < w/4 (¢ > m/4) or b the centre of mass of disk A is to
the left (right) of disk B and ¢ > w/4 (¢ < 7/4)). D, and D, are marked with the green
and purple lines respectively.

¢ > /4 or when the centre of mass of disk A is to the right of disk B and { > 7/4
or ¢ < m/4. We have not calculated the pressure for this case so we do not include

simulations which reach this criteria.

iv) the disks move away

For the disks to be moving away from each other, the relative velocity of the
disks in frame S must be in the Z direction. This is not equivalent to saying
that the translational velocity of the disks is in the Z direction, as the disks
could still be rotating towards each other. The relative vertical velocity between
point p on the surface of disk A and point [ on the surface of disk B is given by
Wab 2 (Tp, T1) = Uz = 2p) — ump(x = 27) = Ul — uly — wa(zy — 24) + wp(a) — 23p),
where z,, corresponds to the z-location of the point p and x; corresponds to the
z-location of the point [. Letting z, = x; such that we compare the relative velocity

of the surfaces at the same value of z, we require all of,

o Wap o (Ta, Ta) = ul,—uly — (wo—wp) (e +wy /2 cos O, —asin 0,)+w,zq —wpxy > 0,

Wap - (25, 25) = ul,—uly—(wa—wp) (Tq—wa /2 cos O, —asin b,) +waxq —wpry > 0,
o Wapo(Ty, xy) = ul, —ul,—(we—wp) (g —w, /2 cos O, +asin b,) +wax, —wpry > 0,

o Wapo(Ty, Ty) = ul, —uly—(wWe—wp) (Tq+wy /2 cos O, +asinb,) +wex, —wpry > 0,
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to be true.

8.5 Results
8.5.1 Comparison to the 2D case

Before calculating a collision efficiency we compare the results when W, = WuZ

and © = 0 to the results obtained in §7] for the 2D case.
8.5.1.1 Trajectories

In §7] we noted that there were three possible categories of trajectory for the crystals:
» Category NI: no collision and no sign change in 6,
o Category NII: no collision and sign change in 6,
o Category CI: collision and sign change in 6.

We now see how this compares in the 3D case. We first calculate the trajectories for
b/a = 2 and compare them to the trajectories in . In gf] the dimensionless
velocity is given by v = v(p;D,)/(12n), whilst in this chapter the dimensionless
velocity is given by Wa, = wop(pram)/(6nd) and a/d = 2D,. Therefore, to compare

the results for the same dimensionless velocities we let W, = 7V.

We initialise each simulation with W, = WgZz and © = 0. shows
the trajectories for |[W,,| = [0.01, 60, 100, 200]7, where the case [W| is added to
illustrate regime NII. The same three categories of motion exist as were observed in
the 2D case but the trajectories are slightly changed. A collision now occurs for
|Wap| = 1007, whilst a collision did not occur at the equivalent value in the 2D case.
In the cases of [W,,| = 0.017 and [W;| = 2007 the category of motion did not change
but the amount of rotation is more significant for |W,,| = 0.017 and less significant
for |[W.,| = 2007. This may be due to the change in the equations of motion with
mg/my = /b3 in the 3D case and m,/m; assumed to be equal to a/b in the 2D

case meaning that the forces and torques experiences by the disks and plates are
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Figure 8.8: Motion of the two disks, starting with ® = 0 such that Z, = Iy,

Teab = Tmazabs relative angle 0, = 5° and initial relative velocity Wgpin €
—{0.01,70,100,200}7Z from left to right. All the other initial conditions are 0. The
bottom disk is twice as long as the top disk (a/b = 1/2). The category of motion is noted
in the title for each column. Panels (a)-(d) show the minimum distance between the
plates over time. Panels (e)-(h) show the evolution of the relative angle. Panels (i)-(1)
show some snapshots of the motion at the times indicated by the corresponding colour
coded dots in (a)-(h). The snapshots are shifted evenly in Z and separated by a grey
dashed line to make visualisation easier. Time increases from top to bottom. A collision
occurs for Wy s, = —1007 and —2007 in the bottom snapshot in panels k and 1. In all
cases the relative angle initially decreases and plate A initially translates to the right.
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Figure 8.9: The collision angle Ocoyision = 0 — 0, for disks initialised at angle 6y, ;,

and relative velocity Wap in, = |Wqpin|2 with ratio b/a = 100. The light blue line is the
collision boundary calculated using interval bisection for ¢’ . < 30° (for comparison to

a,in
the small angle case in gﬂ) and b/a = 100. The darker blue line is the collision boundary
calculated using interval bisection for b/a = 1. The dashed green line is the predicted

collision boundary using ((7.52)).

different. Further, the moment of inertia is different for the plates and disks. The
trajectory for |W,,| = 607 is in category NII with 6 changing sign but no collision,

demonstrating that all three categories of motion are still observed in the 3D case.

8.5.1.2 Collision angle

As we are particularly interested in the dynamics when a collision occurs, we also
compare the collision angle and collision boundary in the 3D case to the 2D case.
Again, we initialise simulations with W, = W,z and © = 0. We use the expression
that we found to approximate the collision boundary well in §7| and test how

successfully it can be used in the 3D case.

We first examine the collision angle and the collision boundary for b/a = 100.

Figure 8.9 shows the collision angle .oyision = 0, — 6. The collision angle changes

/
a,in

with the initial value of ¢/, which we term ¢/ ,, and the initial relative velocity |Wgp)|.

Collisions are now possible at much lower speeds with steeper angles. A collision
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does not occur in the regions shaded grey. Similar to the 2D case, higher initial
relative velocities are required to cause a collision for smaller values of ¢, ;.. This is
because it is harder to squeeze fluid out and cause a collision when the disks are
close to parallel. No collisions occur when the disks are initially perpendicular or
parallel as in this case finite time contact is not possible, because the force diverges
two rapidly as the gap thickness tends to zero. As was the case in §7] the relative
angle does not change significantly as the disks approach and collide for cases when
the initial value of ¢, is small. This means that the assumptions used to derive
the equation for the collision boundary used in §7| remain valid, other than
changes in the disk geometry. We find that estimates a velocity threshold for
collision which is a maximum of 1.53 times smaller than the numerically determined
velocity threshold calculated using interval bisection for ¢; ;,, < 30°. Above this
value the 3D disk geometry starts to become more important and the error increases.
By comparing the light blue line to the darker blue line which show the collision
boundary for b/a = 1 and b/a = 100 respectively, we see that somewhat higher

velocities are required to cause a collision when the disks are a similar size and have

smaller relative angle. This is the same trend as in §7]

/
a,imn

There is a region 70° < 0/ . < 90° where the collision angle changes significantly
between two values of [Wgpn|. [Figure 8.10] plots the trajectory for two initial
velocities close to the transition region. In all cases the disks are initialised with

0/, =85° 0 =0, 0, =0 and Wup;n = |Wapin|2. In|Figure 8.10p very little rotation

occurs, with the difference between the relative angle between the disks when they

collide €.01:5i0n and the original angle, Hfm»n equal to 0.1°. In|Figure 8.10b significant

rotation occurs, Oeoyision — eé,m = 29.5°. We also test if changing the ratio of the disk
sizes alters the trajectory in the case where significant rotation occurs.
plots the trajectory for b/a = 2. In this case the disks rotate by a larger angle of
37.5%, due the smaller inertia of the bottom disk for b/a = 2, than for b/a = 100

changing the trajectory. The disks start rotating by a significant amount when
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b/a =100 |Wiap, in| = 0.12

b/a =100 |Wap, in| = 0.06

8.5. Results

b/a=2 |Wab,in| =0.06

(a)

(b)

(c)

Figure 8.10: Trajectories for disks initialised at angle 0, ;, = 85 with © =0, 6, = 0.
The ratio of the radii of the disks along with their initial relative velocity is given
in the title of the panel. From top to bottom the position of the disk is plotted for
Pmin = [1071,1072,1073,107%,107°] and the collision position. Only the top surface of

disk B is plotted in panels a and b.
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Figure 8.11: The collision angle Ocoyision = 0, — 0, for disks initialised at angle ¢;, ;,, and

relative velocity Wapin = [Wap,in|2 with ratio a) b/a = 4/3, b) b/a = 2. The light blue
line is the collision boundary calculated using interval bisection for b/a = 100 and the
darker blue line is the collision boundary calculated using interval bisection for b/a = 1.
The dashed green line is the predicted collision boundary using .The cyan patches
are where the solver was unable to meet the integration tolerances.

Pomin < 0.01.

Figure 8.11| shows the collision angle and the collision boundary for b/a = 4/3

and b/a = 2. Cyan patches indicate where the solver was unable to meet the
integration tolerances and the outcome is hence undetermined. When the disks are

close to perpendicular, collisions are not possible for as small values of W, as were

/
a,mn

observed for b/a = 100. Again, for small values of ! . the collision angle is similar

to the initial relative angle between the disks and the numerically predicted collision

boundary ([7.52)) provides a good approximation to the true collision boundary with

the estimated velocity threshold for collision for ¢, ;, < 30° being a maximum of
1.3 and 1.4 times smaller than the numerical velocity threshold for collision for

b/a = 4/3, 2 respectively.

Next, we examine the collision angle and the collision boundary for b/a = 1. We
first use a relative and absolute tolerance of 107°, as was used for b/a = [4/3, 2, 100].

Figure 8.12h shows the results. The phase plane for b/a = 1 has a patchy region of

mixed collisions and no collisions around 107% < [We| < 107" and 45° < 6/, < 70°.

To test whether this region was a numerical artifact, both the relative and absolute

tolerance were reduced from 107° to 1078 to see if the region persisted. The phase
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b/a =1, tol = 107° b/a =1, tol = 1078

Figure 8.12: To test the robustness of the patchy region around 1072 < |[Wg| < 1071
and 45° < @/ . < 70° for b/a = 1 we ran the same simulations but with both the absolute

a,n
and relative tolerances set to 10~% (panel b). This is compared to the original results for
both tolerances set to 107> (panel a).

planes for a tolerance of 107° and 10~® are shown in panels a and b respectively of

Figure 8.12, The region where the solver struggled to meet the required tolerance
substantially increased (see the larger cyan region in [Figure 8.12b) and some

collisions at larger values of 6 ;, no longer occurred. Unfortunately reducing
the tolerance by this amount leads to much slower computational run times so
simulations had to be run with the higher tolerance of 10~ over the remaining

phase planes. This is likely to mean that the collision kernel calculated when the

disks are similar in size will suffer some inaccuracies for the range of ¢, ;, and |[We|
where the result changes with the solver tolerance. Increasing the tolerance for the

other values of b/a has almost no effect suggesting that these results are more robust.

8.5.2 Calculation of the collision efficiency

We now proceed to calculate a collision efficiency due to hydrodynamic interactions.
In we explained that the collision kernel I';; is equal to the product of
the encounter frequency Fe,.;; multiplied by the collision efficiency C.s¢;;, where
collision efficiency was defined as the fractional reduction in the number of collisions
due to particle-particle interactions were neglected (Daly, . We have so far

focussed on improving parametrisations for the encounter frequency in §4H6 Now
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we calculate an expression for the collision efficiency.

A full expression for the collision efficiency due to hydrodynamic interactions
would be given by (Wang and Ayala, and Kasprzak, and Grabowski, 2005),

hydro
fy

enc,ab
Cepfab = W (8.23)

enc, ab

where Fé’g?ff,f” is the ballistic encounter frequency given by (6.5)), with K. qp equal
to the ballistic collision kernel which was calculated in §6l The hydrodynamic
encounter frequency F hydm would also be calculated using (6.5) with Ko ap as the

enc, ab

collision kernel due to hydrodynamic interactions.

However, we have only calculated the collision kernel due to hydrodynamic
interactions for ¢, = ¢, = wape = 0, meaning that we have neglected rotation
and translation of the disks around one axis. Restricting this range of incident

angles and velocities, F'¥ 18 instead given by,

fjgjg‘;— Pzt / de’ / dwk,, / dwh, o / do't / ;L sin ©F x
—7r/2 —7r/2

p(wfb,r>p( ) Q/L (6 ®L>1Chyd’f0 ab(@L7 9;L7 8 ab r Wap 6>|wabr| (8 24)

which sums over the possible configurations of relative position, orientation and

velocity in the 2/ — 2z’ plane. Hence, to calculate the collision efficiency, we instead set

s i [ [ oty [ o [ [ it it
771'/2 —m/2

p(w(fb,r)p( ) (QIL (9 ) (@L)KballZStlcab(@L70;L79 abr7 ab@)’wabr| (825)

which considers ballistic collision over the same range of configurations as the

hydrodynamic simulations.

Collisions do not occur in finite time under the lubrication approximation for
00 = 0, = ©, = 0. Collisions may be possible for |W,| > 1000 when © # 0

and T, # T, however the probability of the crystals having these velocities for
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€ <1071 m?s73 is < 107! and hence the encounter frequency will be very close
to zero. Collisions are necessary for the supercooling temperature to reduce at a
fast enough rate to match observations. If secondary nucleation is the dominant
source of nuclei, the collision rate will be too low if we assume p(¢,) = §(¢’,) and
p(0,) = 6(0;), therefore, we will only calculate the collision efficiency for the case

of p(#,) = p(6,) = 1/m where collisions are possible at lower velocities. As in §f|

we assume p(wp, ) and p(w,,.) are given by and (6.10]) respectively.

8.5.2.1 Calculation of the collision kernel

As in §I§| we calculate the collision kernels Kpyaroap and Kpauistic.ao for %, 024 0;F
spaced by 1° and then integrate these kernels to obtain the encounter frequencies,
where 07 ;F are the orientations of the crystal in the 2/ — 2’ plane and ©F is the
angle between the z’-axis and the the line joining the centre of mass of crystal A and
crystal B. For the simulations with hydrodynamics included, we calculate whether a
collision occurs for initial values of the dimensionless variables ©, 6, W, and Wep.e.
Therefore, for each value of ©F, 0% 0L we use the mapping in between ©F
and ©, 0" and 6, 6;" and 0, w}, . and Wa,,, and wk o and Waepe, in order to find
the corresponding values of O, 0/, W, and Wy e. We relate this to the collision
kernel in terms of dimensionless variables, Kpydroa = Khydro,ab(©: 0, Waprs Wap,0)-

YV a)l

To obtain Khydrean(©, 6., Wapr, Wap,0) hydrodynamic simulations were run for
107% < |Wa| < 100, with the relative velocity increasing logarithmically. We
chose —85° < 6, < 85° with 6, increasing in 5° increments (see for
a sketch of 6, which is the angle the relative velocity makes with the —z’ axis)
and © = [0, 10, 20, 30, 40, 50, 60, 70, 80, 85]°. We chose —90° < 6, < 90° with 6,
increasing in 5° increments for |6, > 20° and 1° increments for |0, < 20° as we
found the collision boundary to be most sensitive to the initial angle. Next we
found the velocity intervals bracketing the collision boundary at each value of 6,,,

0, and © and then refined the resolution to determine the collision boundary with

0.005 accuracy in wgp,,. We then constructed Khydroab(©, 0ly, Wap,r, Wap,0) across the

yYa)l
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range of simulated O, 0,, W, and Wy, e. To find the collision kernel for or, Ql’lL
and 0;F, we have to find phase planes for ¢/, and © spaced by 1°. To calculate this
we linearly interpolated the phase planes in 6,-© space to determine the collision
kernel at the intermediate values. In some cases this meant that the hydrodynamic
collision kernel was between 0 and 1. In reality the hydrodynamic collision kernel
should only be 0 or 1 so future work should focus on refining the collision kernel
when it is between 0 and 1. The ballistic collision boundary can be calculated

analytically so does not suffer from this issue (see §E.8)).

In some of the simulations (see for example the blue squares in [Figure 8.11)),

the Matlab solver was unable to meet the integration tolerances, so the simulation
produced no result. In these cases we calculated whether a collision would have
occurred if the simulation was ballistic. If a collision would not have occurred we
set Khydro,ar(©, 0, Wap,r, Wap,0) = 0. This effectively assumes that in cases where a
ballistic collision does not occur, a collision would also not occur if hydrodynamic
interactions were included. In the simulations where a ballistic collision did occur we
calculated one hydrodynamic collision kernel setting Crydro.a6(©, 0, Wap 1, Wap0) = 1

and another setting Kpydro.ar(©, 0, Wapr, Wape) = 0, in order to explore the sensi-

YV al

tivity to the non-converged results.

We define

) w/2 . 00 . 00 . w/2 .
P T do / dw, T/ dwy, / de’” x
’ ([wabr(re.an)]) /0 —o0 > —0 he —n/2

w/2
[ s sin 6otk Joluk ol )00 x

—7/2

=

’Ca,ab<@L7 6;L7 0;)[/’ wéb,r? w{;b,@)) ’w(fb,r |7 (826>

with o = {hydro, ballistic} such that Cyf s = T oY/ ThastC We calculate T ™
and TRalste for ¢ = (0.034 m?s™3 (the turbulent kinetic energy dissipation rate in

the experiment of Schneck et al., 2019)) and hence obtain Cesy 4.
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Figure 8.13: Maximum and minimum values of the collision efficiency for the value
of b/a given in the title of each panel. The maximum values are obtained when we
set Khydro,ab(©, 0, Wap,r, Wap0) = 1 for cases where the solver failed but a collision
occurred in the ballistic case, and the minimum values are obtained when we set
Khydro,ab(©, 0%, Wap,r, Wap,0) = 0 for cases where the solver failed but a collision occurred
in the ballistic case.

shows the range of expected values for Csf o for b/a = [1, 4/3, 2, 5, 10, 100].
There is much larger uncertainty in Cey 45 for the smaller disk-size ratios where the
solver struggled more. For values where b/a > 5, the collision efficiency increases
with b. This is because at larger values of b the initial relative speed is faster (see
so more collisions are possible. In all cases the collision efficiency is less
than 1.

Using the values of C.y 4, shown in we use the Matlab scattered
interpolation function to find the maximum and minimum collision efficiency for the
values of a and b used in our model. shows Clsp.ap, Toy ™ and T hellistic
for the two methods used to calculate the collision kernel, which were outlined
above. In the top row (panels a-c) the collision kernel is set to 1 in cases where
the solver failed and a ballistic collision occurred for that value of ©, 0., Wy, Wap.0-
In this case we find 0.08 < Cesrap < 0.42 for € = 0.034 m?*s™®. In the bottom

row (panels d-f) the collision kernel is set to 0 in the same cases, and we find
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Figure 8.14: Calculation of the collision efficiency for radii of disks ¢ and j with e = 0.034
m?s~3. In the top row (panels a-c) the collision kernel is set to 1 in cases where the solver

failed and a ballistic collision occurred for that value of ©, 6/, W, Wap,e. In the bottom

row (panels d-f) the collision kernel is set to 0 in the same cases. Panels a and d are the
collision efficiency, Ceffap = hydm / Tbalhsm Panels b and d are ’Thydro and panels ¢ and
f are 7:};,31“3&0, where 7.3 is glven by (8.26)) and reflects the fractlonal reduction in the
number of collisions from the assumption that all crystals with a negative radial velocity
entering a sphere of radius 7,44 5 collide.

0.20 < Cepfap < 0.82. There is a larger difference in the collision efficiencies as
the disks become similar in size. We also note that 7;; is between 3 and 6 times
greater here than 7;; calculated in §|§| for the same probability density functions
for 6, and #,. This reflects the increase in the number of collisions due to setting
Wape = 0 and ¢!, = ¢, = 0 in this chapter whilst assuming a Gaussian distribution

for We,e and a uniform distribution for ¢}, and ¢, in §o]

8.6 Conclusion

In this chapter we have calculated the effect of hydrodynamic interactions on the
trajectories of the crystals in three spatial dimensions. To reduce computational
expense, we only calculated the effect of hydrodynamic interactions for crystals with
orientation varying in one plane (such that ¢/, = 0 for crystal A). We also assumed
that the velocity was only in the a/-z’ plane and the setup was symmetric in y’. We

calculated the pressure between the crystals using the lubrication approximation
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and used this to find the forces and torques. We found that the resistive force
was much weaker at steeper angles of approach when the velocity was manly due
to vertical translation. This allowed for collisions of frazil ice crystals at these
angles. Collisions generally occur with little rotation of either disk but when the
disks are initially close to perpendicular, collisions are also possible at much lower
initial speeds and occur after significant rotation of the top disk. We found that
the two-dimensional criterion still approximates the shape of the collision
boundary well in the dimensions when the initial relative angle between the disks

.in 18 small. The boundary is correct to within a factor of 1.53 for 6, ;,, < 30°.
For larger values of ¢, ;, is far from the true collision boundary as the 3D

geometry of the disk becomes more important.

In we calculated the collision efficiency due to hydrodynamic interactions.
We estimated that if the relative angle between the two crystals is zero, hydrody-
namic interactions lead to a negligible number of collisions. If the relative angle
between the crystals follows a uniform distribution we found that hydrodynamic
interactions reduced the number of collisions by a factor between 0.08 and 0.82
depending on the relative size of the crystals and uncertainty from the simulations
that did not produce useful results. The large range is reflective of the difficulties
the solver had when the crystals were of a similar size. When ratio of the crystal
radii was greater or equal to 5 we found that the collision efficiency was between
0.08 and 0.62. The larger values of the collision efficiency occur for larger disks. If
the larger disk has a radii of less than 0.5 mm the maximum collision efficiency is
0.4. Hence, hydrodynamic interactions might play an important role in accurately

modelling collisions of frazil ice crystals.

To further understand the effect of hydrodynamic interactions several aspects
could be explored. Firstly, the pressure between the crystals could be calculated
using the full Stokes equations (Katopodes, 2019)). This approach would be more

computationally expensive but would yield more accurate results for cases with
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intermediate relative angles 0/, — 6; where the lubrication approximation does not
strictly apply. More accurate results could also be obtained by improving the solver
to reduce the number of cases where the solver fails and by running at higher
tolerances which proved prohibitively expensive here. We have also neglected the
effects of crystal growth which would provide an additional flux due to the different

densities of water and ice generating volumetric expansion in freezing.

For the observed supercooling for frazil ice production, the simple scale analysis
in §E.4] suggests that growth generally acts on a significantly longer timescale than
the time taken for the disks to collide. However, in some cases where the disks do
not collide, the disks spend a long time close to each other at lower velocities in
which case freezing might be important. A further simplification comes from the
fact that we have chosen our setup to remain symmetric in y’ such that we have
set wapy = 0 and ¢, = ¢}, = 0. Therefore, it remains uncertain how successfully
our calculation of the collision efficiency can be applied to cases where the ballistic

collision rate consider all degrees of freedom.

The introduction of hydrodynamic interactions to calculate the collision efficiency
also allows for several diagnostics to be obtained which might be useful in future
models. In the model of Yang et al. (2023) flocculation only occurs for collisions
occurring with velocity below a certain value. Hydrodynamic interactions enable a
more accurate calculation of the collision velocity, which could be used to improve
their model. Further, more complex parametrisations for secondary nucleation (for
example Daly, [1984; Mercier, 1985 and Yang et al., |[2023) rely on knowledge of the
kinetic energy and velocity of each of the crystals when they collide, which again
will be influenced by hydrodynamic interactions. Finally, hydrodynamic interactions
allow us to calculate the pressure distribution across the crystal. This means that
plate theory could be used to determine a fracture criteria for the crystals, which

may allow more insight into the mechanics of the fracture process.
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"By the seventh day God had finished the work he
had been doing; so on the seventh day he rested from
all his work. Then God blessed the seventh day and
made it holy, because on it he rested from all the
work of creating that he had done."

— Genesis 2:2 NIV
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9.1 Overview of this thesis

This thesis has focussed on improving the parametrisation of frazil ice crystal
collisions. Frazil ice crystals are small, roughly millimetre sized crystals that form in
supercooled turbulent water. In the absence of seed nuclei from primary nucleation,
secondary nucleation has been shown to be necessary to generate the large number
of crystals needed for numerical models of frazil ice to match experimental data
(Jones and Wells, 2018} Souillé et al., Svensson and Omstedt, [1998). However,
all of these models have included tuning parameters to limit the number of collisions,
such that the model results are a closer match to the experiments. Further, various

processes are neglected, or incorrectly accounted for in the parametrisation of crystal

175
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collisions. In this thesis we first identified these processes and then suggested how
they can be parametrised. We began in §2| by comparing frazil ice models to crystal

collision models in other settings. We found that typical frazil ice models:
1. Do not correctly calculate the relative velocity between crystals.

2. Only allow the collision radius to depend on the size of one crystal, when it

should actually depend on the size of both colliding crystals.

3. Use the cylindrical formulation to estimate the encounter frequency, which
assumes that the relative velocity in any instant is locally uniform over a
spatial scale on the order of the collision radius, instead of the spherical

formulation which does not make the same assumption.

4. Do not correctly redistribute the crystals between different size classes after a

collision.
5. Do not fully account for the cylindrical shape of the crystals.
6. Ignore hydrodynamic effects.

7. Assume that the frazil ice crystals are homogenously distributed throughout

the fluid.

In this thesis we addressed aspects of the first six of these concerns. Determining
how the frazil ice crystals are distributed throughout the fluid remains a question
for future research. At several points through the thesis we tested the effect of each
of our changes using a simple frazil ice model where the crystal population only
changed due to crystal collisions. We compared our results to the parametrisation
for secondary nucleation used by Holland and Feltham (2005) which we termed the
CP formulation. This model along with a mixed-layer model was introduced in

The results of these comparisons are summarised below.

In §|§| we addressed the first three of the above concerns. We introduced a

parametrisation for the mean radial relative velocity between frazil ice crystals
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under the spherical formulation, where the number of crystals entering a sphere
with radius equal to the collision radius is used to estimate the collision rate. The
radial relative velocity was derived by combining the force on each crystal due to
buoyancy and inertia. We also set the collision radius to be the sum of the radii
of both of the colliding crystals rather than just one of the colliding crystals, to
capture a wider range of configurations that lead to a collision. We found that
these changes increased the crystal collision rate relative to the CP formulation for
more quiescent flows with turbulent kinetic energy dissipation rate ¢ < 107 m?s73,
and decreased the crystal collision rate relative to the CP formulation for e > 10~*
m?s73. As tuning parameters in numerical models for frazil ice focus on changing

the collision rate, these results suggests that the value of these parameters should

also change, where used.

In §5| we addressed the fourth of the concerns above and derived a method to
redistribute the crystals after a collision. The method distributes post collision
crystal fragments into multiple size classes, not just the smallest size class and the
size class of the crystal that collides. This led to a significant change in the mean
crystal radius as the crystal population evolved, with the mean radius being much
smaller than the mean radius calculated without the change in redistribution. The
change to the collision rate was less than a factor of two. As the growth rate and
mean buoyant rise velocity of frazil ice crystals depend on the mean radius of the
crystal population, including the refined treatment of size redistribution is likely
lead to further impacts on the results of more detailed numerical models of frazil ice
suspensions. For example a smaller mean radius is likely to reduce the precipitation

rate of frazil ice crystals.

In §6| we addressed the fifth of the above concerns and derived a method to
account for the cylindrical shape of the crystals when calculating frequencies of
ballistic collisions. We calculated the non-radial components of the relative velocity

and the conditions for a collision to occur. We increased the collision radius to
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the maximum separation between the crystals when they could still be in contact.
We then calculated the reduction in the number of collisions for cases when the
orientation of the crystals was random, and when the axis of the crystals was parallel
to the gravitational field. For typical oceanographic turbulence levels, we found that
the number of collisions reduced by a factor of between 0.17 and 0.99 depending on
the crystal sizes, turbulence, and assumption made about the crystal orientation.
The overall collision rate was between 3 and 10 times faster than in the CP model
due to the larger collision radius. There was almost no change to the shape of
the radius distribution of the crystal population. Again, as tuning parameters in
numerical models for frazil ice focus on changing the collision rate, these results
suggest that value of these parameters should also change where collisions schemes

are updated.

In §7)and §8 we addressed the sixth of the above concerns by modelling the effect
of hydrodynamic interactions as the crystals approach. In §7]we calculated the effect
of hydrodynamic interactions when two plates approach close to parallel, using
lubrication theory with an effectively two dimensional flow geometry. This provided
an expression for the velocity required for the plates to collide. We found that
this initial velocity is at least an order of magnitude larger than the likely velocity
of millimetre-sized frazil ice crystals in typical oceanographic conditions, suggesting
collisions when crystals approach close to parallel are unlikely. We also tested
whether fracture of the crystals via elastic bending is possible in cases where they do
not collide. We again found that the velocity required for fracture is at least an order
of magnitude larger than the likely velocity of millimetre sized frazil ice crystals in
typical oceanographic conditions. As the results of §7|did not rule out the possibility
of collision at larger angles, and were also calculated for two-dimensional plates
instead of three-dimensional disks, in §8 we calculated the effect of hydrodynamic
interactions as three-dimensional disk-shaped crystals approach at all angles. We
again used the lubrication approximation, noting that it is not strictly applicable

at steeper angles but is likely to be accurate to within an order of magnitude
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(Cawthorn and Balmforth, 2010). We found that collisions were now possible at
steeper approach angles. Using these results we than obtained an estimate for the
collision efficiency, which is the fraction of crystal encounters that result in a collision.
We found that the collision efficiency was between 0.08 and 0.82. The collision
efficiency is dependent on the relative size of the crystals, with larger relative crystal
sizes generally leading to a higher collision efficiency. The range in values for the
collision efficiency is also influenced by uncertainty from the simulations that did
not produce useful results. The results suggest that hydrodynamic interactions
could be very important for accurately parametrising crystal collisions, but further

work needs to be done to reduce the uncertainty in the collision efficiency.

9.2 Comparison with experimental results

We now use the mixed-layer model introduced in §3| to test our parametrisation for
secondary nucleation against the experimental results of Schneck et al. (2019)). We
initialise the model with the reported values found at the maximum supercooling
observed in the freshwater experiment (¢/t. = 1 in Figure 3. of Schneck et al.,
2019). We set the supercooling to 0.0847°C, the frazil ice crystal number density
to 0.648cm ™2, the mean radius to 0.65 mm and standard deviation of the crystal
population distribution to 0.28 mm. Schneck et al. (2019)) reported that the crystal
population retained a lognormal distribution throughout the experiment so we
initialise with a lognormal distribution. In line with their observations, we set the
cooling rate from external sources to —2 x 10~* Ks™'. We initialise with a uniform
spacing in radial space between 200 size classes, with the crystal radii ranging from

0.01 mm to 2 mm. The rest of the model parameters are unchanged from those

described in §3]

We compare four different parametrisations for secondary nucleation which we
term as the CP, (SDR, E), (SDR, E1) and (SDR E0) parametrisations. In the
CP parametrisation we use the parametrisations for secondary nucleation used

by Holland and Feltham (2005). In the (SDR, E) parametrisation we use the
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Figure 9.1: Comparison of the four parametrisations for secondary nucleation introduced
in this thesis (dashed lines) against the laboratory results of Schneck et al. (2019) (solid red
line). In CP parametrisation we use the parametrisations for secondary nucleation used
by Holland and Feltham (2005)). In (SDR, E) we use the parametrisations for secondary
nucleation that includes the improvements made in ﬂﬂ In (SDR, E1), (SDR, E0) we
use the same improvements from §4}-§6] as well as including the upper and lower bound
on the collision efficiency from §8|in (SDR, E1) and (SDR, E0) respectively. The results
are obtained using the mixed-layer model introduced in §3| and show a) the supercooling,
b) the total number of crystals, ¢) the mean crystal radius.

parametrisations for secondary nucleation that includes the improvements made
in §4-§6] The spherical formulation is used to calculate the relative velocity, the
collision radius depends on the size of both crystals, the crystals are redistributed
after a collision using the method described in §5] and the cylindrical shape of the
crystals as well as the non-radial components of the velocity are accounted for. As
the flow is very turbulent, € = 0.034 m?s—3, we assume that the orientation of the
crystals is likely to be random, so we take the collision frequency calculated using this
assumption, (Fz,;;) from §|§| In the (SDR, E1) and (SDR, EO0) parametrisations
we use the same improvements from §4-§6] as well as including the upper and lower

bound on the collision efficiency from §8|in (SDR, E1) and (SDR, EO) respectively.

compares the results using the different parametrisations for secondary
nucleation. Panel a compares the supercooling against observations, panel b
compares the total number of crystals against observations and panel ¢ compares
the mean radius of the crystal population against observations. All of the parametri-
sations lead to an initial decrease in the temperature, whilst the results of Schneck

et al. (2019) suggest that the temperature should initially increase. The discrepancy
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is largest in the CP model, suggesting that although results with the implemented
parameters do not mimic the observed initial temperature change, they do better
than the old model. The time when the temperature starts to increase reflects the
timescale over which collisions occur in each of these parametrisations for secondary
nucleation, with collisions happening slowest in the CP parametrisation and fastest
in the (SDR, E) parametrisation. In all models the temperature then increases
more rapidly than was observed. In all cases, the total number of crystals also
increases to be several orders of magnitude higher than what is observed by Schneck
et al. (2019). Finally, in all cases the mean crystal radius tends to the radius of
the smallest size class whilst the mean radius observed by Schneck et al. (2019)
seems to plateau at a larger value. In the CP model the mean radius initially
increases, whilst in all the other formulations the mean radius initially decreases in
line with observations. This again suggests that our parametrisations for secondary

nucleation may be favourable to the prior approach.

Although, the results in are still a poor fit with the observations
of Schneck et al. (2019), they do allow useful insights into how parametrisations
of crystal interactions could be improved and which processes should be included.
Firstly, Schneck et al. (2019) report that ‘the total volume of frazil ice particles
was between 0.3 % and 1 % of the total volume of flocs’. Therefore, flocs are likely
to play an important role in the temperature increase and not including flocs is
probably the most significant reason why the results disagree. In particular, this
may explain why the temperature in our experiments initially decreased. Further,
the very presence of crystal flocs suggests that flocculation cannot be assumed
to be negligible in frazil ice models. Therefore, some crystal collisions should be
parametrised to result in flocculation. Letting some crystal collisions result in
flocculation would also reduce the total number of crystals and increase the mean
crystal size, which may lead to the modelled total number concentrations matching

more closely with the observations.
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As an additional test of our model, we compare the crystal population size
distribution at the temperatures given in the titles of the panels in [Figure 9.2
We compare the model results with the observed size distribution. For T — T} =
0.1[7°(0) — T¥], the temperature in the experiment did not reach this value so
we compare to the population distribution at the end of the experiment. As the
temperature increases the modelled size distribution becomes increasingly less log-
normal. This is reflective of the rapid increase in the number of crystals in the
smallest size class due to collisions. These crystals then grow into the other size
classes but at too low a rate for the crystal population to remain log-normal. The
relative number of crystals in the smallest size classes is largest for the (SDR, E)

parametrisation where the collision rate is highest.

Again, although, these results are inconsistent with the observations of Schneck
et al. (2019), they do allow useful insights into the model could be improved.
Parametrising collisions to produce large number of crystals of the smallest size
class leads to great difficulty in maintaining the observed log-normal distribution
as the crystals cannot grow quickly enough into the other size classes to maintain
the distribution. This suggests that it would perhaps be more appropriate for
collisions to result in crystals fracturing into a range of size classes. The number of
crystals in the smallest size class could also be reduced if flocculation is much faster
for smaller crystals, again suggesting that the model may show closer agreement

to experiment if flocculation were included.

9.3 Ideas for further work
9.3.1 Parametrisation of secondary nucleation

Although, this thesis has improved the way crystal collisions are parametrised
there are still many unanswered questions, and the results in suggest that
improvements can still be made to how secondary nucleation is included in models.
Firstly, we have not addressed the weakness that comes from assuming that the

frazil ice crystals are homogenously distributed. A homogenous distribution is
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Figure 9.2: Same model runs as but comparing the crystal population

distribution when the temperatures reach the value given in the title of each panel. The
temperature at time zero is denoted 7'(0). Time increases from left to right panels, but

the actual times are different for each parametrisation (see [Figure 9.1J).

unlikely to be the case in turbulent flow because it has been shown (Varaksin,
2019) that particles lighter than the fluid have a tendency for increased particle
concentration in areas of low vorticity due to the action of the centrifugal force.
The opposite case is true when the particles are denser than the fluid. This effect
has been shown to increase the collision frequency of heavy particles by one to two
orders of magnitude (Sundaram and Collins, [1997; Wang et al., 2000a)). Therefore,
assuming the crystals are homogenously distributed within a turbulent flow means

we are potentially underestimating the collision rate by a significant amount.

Secondly, there are still unanswered questions above the correct choice of
probability density function for the relative velocity and the crystal orientation. In
the ballistic case we have found that the collision rate can be up to a factor of three
times faster, depending on the choice of probability density function for the crystal
orientation. It would be useful to have experimental observations of the choice of

probability density function for the crystal orientation.

Thirdly, our calculation of the effect of hydrodynamics was limited by computa-
tional resources. With unbounded computational resources this calculation would
have ideally been done using full Stokes flow, for all possible crystal orientation with

the velocity varying in all three directions. Therefore, our present results for the
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collision efficiency need to be treated with some caution. The pressure distribution
due to hydrodynamics could also be used to calculate the elastic deflection of the
crystals as they approach in three-dimensions, which would provide interesting

insight into the fracture mechanism.

Fourthly, we have only obtained results assuming the crystals have an aspect
ratio of 50, whilst in reality a range of aspect ratios has been observed (Souillé
et al., |2023). We would expect the aspect ratio to change over time if the ratio of
radial verses axial growth is not constant. Further, once fracture occurs the aspect

ratio of the fractured disk should change which is not accounted for in our model.

Finally, one big assumption made in our model is that all collisions always
result in the production of a crystal of the smallest size class. This assumption
leads to difficulties in maintaining the observed log-normal population distribution
suggesting that a more appropriate choice might be to fracture the crystals into

a range of different sizes.

9.3.2 Parametrisation of other processes

The results in and the observations of Schneck et al. (2019)) suggest that
flocculation cannot be ignored in frazil ice models. Although this thesis has focussed
on secondary nucleation, the ideas introduced could also be used to parametrise
flocculation. Instead of assuming that all collisions result in fracture, a flocculation
criteria could be implemented. Depending on how the crystals collide, they would
either fracture, flocculate or remain unchanged. Lubrication forces slow down crystal
evolution and increase the time for crystals to move apart when they approach but
do not collide. This means that there is more time for the crystals to freeze together.
Lubrication forces may also generate the apparent flocculation of crystal clusters that
are not directly bonded but are slow to separate (i.e. hydrodynamically metastable
clusters). One mechanism to calculate a flocculation criteria could be to introduce

freezing into the hydrodynamic calculation. The collision velocity would then be a
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combination of the velocity of the crystal and the crystal growth rate. As is the
case in the model of Yang et al., 2023|, flocculation could be parametrised to occur
in cases where the collision velocity was below a certain value and nucleation when
the collision velocity was above this value. The difference here is that the collision
velocity would be calculated more accurately due to inclusion of hydrodynamic
forces. The inclusion of freezing would also enable insight into the dynamics of
the flocculation process. However, the calculations in §7] showed that all collisions
produce a sharp enough pressure peak to cause fracture in 2D. Therefore, reconciling
the results from lubrication theory with current models would need more detailed

consideration of the mechanism of the fracture and flocculation process.

9.3.3 Introduction into a depth-dependent model

The code written for the simple frazil model and the mixed-layer model is easily
adapted to modelling a depth dependent frazil crystal population with buoyant rise
included. It would be interesting to see how inclusion of these processes affect crystal
collisions. We have found that in quiescent conditions the collision rate is larger when
crystals of different sizes interact. In more turbulent conditions the collision rate is
larger for crystals of larger sizes. With buoyant rise included, the larger crystals are
likely to rise to the surface faster than the smaller crystals. This is likely to reduce the
collision rate in the quiescent case and in the turbulent case lead to more collisions

closer to the surface, as long as the number of crystals at each depth is similar.

9.4 Implications of this thesis

This thesis has led to an improved understanding of secondary nucleation of frazil
ice crystals and the important physical processes governing the rate at which
frazil ice crystals collide. In particular, the choice of collision radius was seen to
significantly alter the collision rate. Not completely accounting for the cylindrical
shape of the crystals, and failing to include crystal interactions can lead to an
overestimate of the number of encounters that result in a collision. The choice of

parametrisation for secondary nucleation has been demonstrated to significantly
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affect the evolution of the water temperature. In oceans and rivers, growth of
frazil ice crystals produces heat and, in saline conditions, salt fluxes. Therefore,
incorrectly parametrising secondary nucleation could lead to errors in the density of
the water which would then propagate to larger scale processes such as convection.
Further, we have demonstrated the need for further work in observing frazil ice
collisions and parametrising flocculation. Many of our results, depend on the choice
made to parametrise certain variables for example the probability distribution of
the crystal orientation and the relative velocity. This demonstrates the need for
experimental observations of these quantities. Further, comparison of our model
with the observations of Schneck et al. (2019) suggests that future work should focus
on parametrising flocculation which we postulate is important. Finally, although
this thesis has focussed on frazil ice crystals, some of the results could be used as a
basis to parametrise fracture of plate-like crystals in other settings. For example,
after applying density modifications, the equation for the collision boundary
could be applied to estimate a minimum velocity for the fracture of plate-like ice
crystals in clouds (Sheikh et al., 2022; Diedenhoven et al., |2020) or of plate-like

crystals in industrial crystallisers (Besenhard et al., 2017)).
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Nomenclature

defines some important symbols used in this thesis. Some cases where

the symbol is only used a few times and in close proximity to where it is defined are

not listed. The values or equation numbers listed in the final column correspond to

the values or equations used in the numerical frazil ice model used to obtain the

results in this thesis. In cases where the quantity is not used in the final model

the relevant section referring to the quantity is listed instead.

Table A.1: Nomenclature.

Name Symbol Unit Value/
equation
Area of the crystal that freezes Ap m? §2.3.1
Scaled added mass of particle p A, (4.9)
Scaled buoyancy of particle p b,
Added mass coefficient Clrdd
Crystal drag coefficient Ch §3.2.1.4
Volume concentration of crystal of C; n;V;
size class 7
Collision efficiency between particles Ceftij (18.23))
of sizes 7 and j
Specific heat capacity Cw Jkg 'K! 3974
Thickness of plate i D; m §7]
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A. Nomenclature

Table A.1: Nomenclature. (Continued)

Aspect ratio of crystals of size class ¢

Mean collision energy of crystals of
size class 7 and k

Total collision frequency of particles
of size class i

Drag force on a particle of size class ¢

Encounter frequency of particles of
size 1 with particles of size j

Rate at which crystals are added to
size class ¢ per unit volume from
flocculation

Total production rate of crystals of
size class ¢ due to crystals of size class
J per unit volume

Flocculation rate

Flocculation rate of crystals of size
class 7 — 1 into size class 7

Flocculation rate of crystals out of
size class @

Collision frequency of a single crystal
of size class j with crystals of size
class k

Growth rate

Acceleration due to gravity
Radial distribution function
Gap thickness

Minimum gap thickness
Liquid thermal conductivity
Length of plate ¢

Rate at which crystals melt out of size
class ¢ into the neighbouring size class

Crystal mass
Mass of crystal ¢
Number of size classes

Number of nuclei produced per unit
collision energy

d;

Ecoll,jk
Fcoll,i
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Table A.1: Nomenclature. (Continued)

Primary nucleation rate
Flocculation rate
Secondary nucleation rate

Average collision rate between
particles of size class ¢ and j

Nusselt number
Number of crystals per unit volume

Number of crystals of size class ¢ per
unit volume

Limit on the number density to
reduce the collision rate

Number of crystals per unit length in
radius space per unit volume

Pressure

Particle Reynolds number
Crystal radius

Radius of crystals of size class i
Critical radius

Contribution to the collision radius
from a particle of size class @

Collision radius between particles of
size classes ¢ and j

Maximum possible separation
between the centre of masses whilst
the crystals are in contact

Equivalent radius for crystal of size
class ¢

Reference salinity

Stokes number

Fluid temperature

Reference temperature
Freezing temperature of ice
Time

Average squared fluid velocity

Fluid velocity

Te,ij

Tmax,ij

m—3s—1

m73871

m_3s_1

8B B B B

=

psu
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Table A.1: Nomenclature. (Continued)

Velocity of a particle

Velocity of particle ¢

Mean velocity of particle of size class ¢
Mean crystal volume

Volume of a crystal of size class ¢
Volume of particle p

Volume of a crystal with radius r

Volume removed from an individual
crystal in a single collision

Rise velocity

Rise velocity of a crystals of size class
1

Thickness of a crystals of size class @

Relative rise velocity of two particles
of size classes 7 and j

Radial component of the relative
velocity between the two particles of
size classes ¢ and j separated by a
distance 75

Mean absolute radial component of
the relative velocity between the two
particles of size classes ¢ and j
separated by a distance 7. ;;

Relative velocity between the two
particles of size classes 7 and j
separated by a distance 7 ;;

Mean relative velocity between the
two particles of size classes ¢ and j
separated by a distance 7 ;;

Relative velocity of crystals of size
class ¢ from turbulent motion

Depth
Rate of production of crystals of size

class 7 due to collisions with a single
crystal of size class j

Difference crystal rise area for crystal
drag calculation

wy

Wij,g

Wijr (Te,ij)

(Jwijr(reii)])

Wij(7eif)

(Wij(reis))

W; turd

Continued on next page

A. Nomenclature

QTZ/dl

Vig — Ujg

E2)

(4.46)

@)

(WE)

2:39). @40

229, @39)

52.3.5)



A. Nomenclature 198

Table A.1: Nomenclature. (Continued)

Secondary nucleation rate of crystals Bi1 st (2.41))
out of size class ¢ into size class 1

Salinity expansion coefficient Bs psu~! 7.86 x 1074
Temperature expansion coefficient Br °C—! 3.87 x 1075
Whether flocculation occurs for Bfloc,i (2.48)
crystals of size class ¢

Turbulent kinetic energy dissipation € m2s3 1078 —0.034
rate

Rate at which crystals grow out of size I; st (2.6)
class i into the neighbouring size class

Collision kernel between particles of Iy m3s! (2.52))
sizes ¢ and j.

Curvature of plate 4 Ki m > §7]
Latent heat of solidification L Jkg™* 3.35 x 10°
Kolmogorov lengthscale Nk m (13/e)1/4
Fluid dynamic viscosity n Pas 1.9 x 1073
Fluid kinematic viscosity v m?s~! 1.95 x 1076
Frazil particle diffusivity v, m?Zs~? (1.1])
Angle the vector joining the centre of ) radians

mass of two crystals makes with the x

axis within the x — y plane

Angle the axis of crystal a makes with O radians

the x axis within the x — y plane

Angle the relative velocity makes with Ou radians

the x axis within the x — y plane

Fluid density p kgm (13.12))
Probability density function of z p(x)

Reference density 00 kgm ® 1030
Ice density Pr kgm 920
Particle density Pp kgm ~?

Standard deviation of the radial 0ij(Te,ij) (4.40), (4.41])
velocity fluctuations

Angle the vector joining the centre of © radians

mass of two crystals makes with the z

axis

Continued on next page
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Table A.1: Nomenclature. (Continued)

Angle the axis of crystal a makes with 0 radians
the z axis
Angle the relative velocity makes with 0., radians

the —z axis

Proportion of collisional energy Teoll
transferred to the crystals

0
N
«
SN
—

Kolmogorov timescale TK s v/e
Particle relaxation time Ty S (14.5))
Number of crystals of size class 1 ¢ 1

broken off per collision
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Contents
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[ turbulenceincreasesl. . ... ... ... ... 196

B.1 Expression for (u}; ,(x)) and (u,.(x)u,;.(x))

In this appendix we briefly explain how the expression for the radial velocity

correlation of particles 7 and j is obtained.

We use the expressions (A6) and (A7) in Chan et al. (2023) for A; and B;;. To
calculate A; and B;;, Chan et al. (2023) express (uy;;(x)?) and (u,;;(X)up (X)) using
a Fourier integral and relate the Fourier coefficients to the equivalent coefficients in

the fluid Eulerian energy spectrum. The full derivation for these terms is found in

Chan et al. (2023).

195



198.2. Ezxplanation for the increase in the mean radius as the turbulence increases

They obtain,

(u; ) = Ai(u) (B.1)
<upi,z“pj,fc> = B;; <“i> (B.2)
where
4 S [1 + AT /T 14 AﬁiCT&/Tﬂ] (B.3)
¢—1 1+ T;i/Tfl C(l + CT;i/Tfl) ’
B — 1+ ¢ (Api - 1)<T;i_1 + T;j_lApj>+(Apj - 1)(71*_1 + T;j_lApi)
B (SR VCA L7 Ty Lty Ty

(Api — 1)(71371 + T;iilApj) B (Apj — 1)(7-;;1 + T;jilApi)
¢+ T ¢+ Ty

(B.4)

Here ¢ = 2(Tj;/71)?, where the Lagrangian time scale 72 = 2u'2/(1.16€%/2,~1/2)
and T’y is the fluid Lagrangian integral time scale (which gives a rough measure of
the time taken by the particle velocity to become decorrelated with its initial state
(Di Bernardino et al., 2020)). T}, is related to the Eulerian longitudinal integral
length scale Ly by Ty = 0.4Ls/u’.

We estimate Ly using a scaling analysis: Ly = O.5u/3/e (Schréder et al.,
2024). Therefore,

u
Ty = — B.5
= (B.5)
0.0464u2
- B.6
q ()12 (B.6)

B.2 Explanation for the increase in the mean
radius as the turbulence increases

In this appendix we explain why the size class distribution shifts more to the smaller

size classes when the turbulence reduces.

When most of the crystals are in size class 1, the dominant collisions are those

between crystals of each size class and crystals of size class 1. In this case the
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encounter frequency is found using (4.58)) for quiescent flow and (4.56)) for turbulent

fow.

In turbulent flow, the ratio of the collision rate of larger particles with particles
of size class 1 to the collision rate of smaller particles with particles of size class 1
is equal to r}/r3 where r, is the radius of the smaller particle and r; is the radius of

the larger particles.

In quiescent flow, the ratio of the collision rate of larger particles with particles
of size class 1 to the collision rate of smaller particles with particles of size class
1 is equal to rfw,,/(r?w, ). From we see that for particles smaller
than 0.5mm, the rise velocity is calculated using the Stokes approximation, giving
wys = g(1 = pr/p)2r2/(32dv) and for particles larger than 0.5mm the rise velocity
is roughly 1073m/s. We find that the ratio of the collision rate of larger particles
with particles of size class 1 to the collision rate of smaller particles with particles of
size class 1 is approximately equal to 0.001/r4(r;/7s)?. Therefore, as r; ~ Imm the
collision rates between smaller and larger particles are more different in quiescent
flow, suggesting that the size class distribution will shift more to the smaller

size classes for quiescent flow.
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Derivation of the lubrication

approximation
Contents
[C.1 The lubrication approximation| . .. ........... 199
[C.1.1 Dimensional analysis of the Navier-Stokes equation|. . . 199
[C.1.2 Approximations|. . . . . . . . . . .. ... ... .. 200

C.1 The lubrication approximation

The lubrication approximation is derived by considering which terms of the Navier-
Stokes equation dominate for viscous flows where variation in one-direction is

significantly larger than the others.

C.1.1 Dimensional analysis of the Navier-Stokes equation

We start off by considering the Navier-Stokes equation,

ov 1 9
E—F(V-V)——;Vp—i—uv v, (C.1)

where v = (uy,uy, u,) is the velocity of the fluid, p is the density of the fluid, p

is the pressure and v is the kinematic viscosity. We can write (C.1)) in terms

199
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of scaled variables, u, = Ut,, u, = Vi, u, = Wa,, v = L,Z, y = Ly,

z = Hz t =Tt p = App.

L, 0t . iy N VLIU i N WLxd o, \
TU 0t “or UL, Yoy UH "0z )
1Apdp L, ( 1%, 1P 1 0P,

b U207 U

L2 072 + L2 972 + H2 932 > (C-Q)
x Y

and likewise for the y and z components.

C.1.2 Approximations

We consider a thin film, where the distance H between the surfaces is much larger

than the length of the surfaces in the x and y directions,

H H
€ L "I, < (C.3)

Further we assume that the fluid is incompressible,

Uou, Vou WO
Vio=—-"T+_——"2+—-—Y=0. C4
YT I,0t L,o5  H oz (C4)
Performing a scale analysis we see W ~ HU/L, ~ HV/L, ~ eU ~ eV < U, V.
We also assume one advective characteristic timescale T ~ L, /U, and lengthscale

L., L, ~ L and that the quantity,

2

H
Re-writing (C.2)) in terms of ¢, U, L, and the Reynolds number, Re = UL /v and
choosing a characteristic pressure scale Ap ~ nU/L(H/L)?,
ou o, o, o, op 0%, 0%, 0%,
2R i ~x xz ~ x ~z x _ 2 T 2 x x '
€ Re at+u 97 +uyag +u 9z € 972 +e€ 83}2+8§2
(C.6)

0z

For flows with €2Re < 1 and € < 1, the z-component of the dimensional Navier-

Stokes equation simplifies to,

ap  Pu,
or o2

(C.7)



Derivation of the forces and torques used

in §7 for the cases of incomplete overlap
and 6 > 0.

Contents
ID.1 Dimensionless forces and torques for full overlap| . . . 201
ID.2 Incomplete overlap| ... ... ... ............ 203
[ID.3 Forces and torques when 6 >0[. . . .. ... ... .... 204
[ID.4 Boundary conditions| . .. ... .............. 205
ID.5 Location of the maximum curvature when 6,, =0 . . . 205

D.1 Dimensionless forces and torques for full
overlap

In this section we calculate the pressure integrals required to determine the

dimensionless forces and torques in §7.4.4] Applying the non-dimensionalisation in

201



202 D.1. Dimensionless forces and torques for full overlap
§7.4.3.1 we obtain, F = F/(12nL,/T), 7 = 7/(12nL2/T), and (7.22) (7.24)) become,

Bo—F /1~d~+1<~t " ~~>/11d~+ Le o1 o
—Lpy = Lagx — — | & X —\Uyr — — Wa<a = T Wal o .
' o DT g \tae = tee = WaZa) | G o @
1
—FbZ:FM:/O pdz, (D.2)
1
/ @—@W], .3)

/0 G- :zb)ﬁd:z] | (D.4)

Dropping the tildes we can calculate the integrals in these expressions. Recalling

that p = Vpy + Qpq and h = h,, + ¢x we obtain,

1 1 [h i + gb]
—dr=-—In| 2271, D.5
/ e = L [ (i P (D.6)
T = — .
0 bv ¢3 N hmin + Qb thzn + Qb ’
Cde — L [P (P +2) In (o5 + 6hmin + 0 D.7
J, = 55 i+ B
1 1 [ 2hmin (3humin + 26) In (228252) — §(Ghypiy, + )
/ rpydr = — ) (D.8)
0 2¢4 thzn + gb

/1 e = . {higgn In (22 [(Bypin + 6)*In (’%;ﬁ) ; z¢(4hmm +3¢)] - Wi — B+ %
0 man
(D.9)

These expressions contain singularities at ¢ = 0, which present numerical

difficulties when applied to the numerical solution of the equations of motion.
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Hence, for ¢ < 1, we make use of asymptotic expansions for small ¢,

"1 1 6 1( ¢\ ¢\
1 | 30 33( ¢\ ¢\
/0 pydr = _712@%'71 [1 e + 20 (hmzn> +0O (hmm> , (D.11)

1 1 176 41/ ¢ \° o\’
L — - 41 D.12
/o Poct 24n3 [ 10hmin " 20 (hmz‘n) O <hmm> 7 ( )

min

: 1 176 41 ( ¢ \° o\’
I U 41 D.1
/0 rpydr TR [ T + 20 (hmm> +0 (hmm> J (D.13)

min

L 1 156 1093 [ ¢ \° o\’
do = 1 - . (D4
/0 TPACT = 15n3 [ Shpan | 448 (hmn> o (hmm> (D-14)

min

To avoid numerically induced errors, we transition from the full analytical solutions,

given by (D.5)-(D.9), which we call G(h, ¢) fuu, to the approximation (D.10)-(D.14)

for small ¢, which we call G(h, ¢)smaugs. We do this by writing each expression as
G(h,¢) = G(h, @) punf(h, &) + G(h, @) smaus|l — f(h, @)] where f(h,¢) is a switching

function given by

07 ¢ < ¢mz’n7
’ ((b*(bmin)k‘i’(qﬁmaz*(]ﬁ)k’ (bmzn < ¢ < ¢max7 '
17 (b > ¢ma$

where k = 3, ¢pin = min[1072, hypin /100], Gpae = min[1073, hppni /10].

D.2 Incomplete overlap

This appendix summarises treatment of cases when the plates do not fully overlap
and # < 0. The pressure deviation is assumed to be non-zero only between

71 and Ty, where

1 = max[0,Z, — 1/(27)], (D.16)

Ty = min[l, 7, + 1/(27)]. (D.17)

The minimum height perpendicular to plate B is given by

hmin — ga — gb — qb(;fa — 531) (D18>
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We now solve for py and pg but with the boundary conditions py (%) =
pv(Z2) = 0 and po(T1) = pa(Z2) = 0. We then integrate Zpy, Zpq, pv, Po and 1/E
between Z; and T, to obtain the components necessary to calculate the torques
and forces between the disks in the case when they do not overlap. As in
we also calculate the integrals in the limit when ¢ < 1 and switch between the
results with the switching function (D.15). The calculations are performed using

Mathematica, and yield lengthy expressions not stated here.

D.3 Forces and torques when 6 > 0

In this section we discuss how the forces and torques are calculated for # > 0. The
forces and torques for # > 0 can be calculated from the results for the forces and
torques derived in and for and angle —6, with # < 0. To do this
we reflect the coordinate system into a frame where the results for # < 0 can be
applied, and then use symmetry arguments to calculate the forces and torques for
6 > 0. To do this transformation we first transform to a frame where plate B is
horizontal and set the centre of mass of plate A to be at & = —1/2. In this frame
and Z in become Z; = max[—1, %, — 1/(27)], £ = min[0, , + 1/(27)]. Then
we let T — —Z such that T3 — —Z; and #; — —Z3. We have now transformed to
a coordinate system such that we can use the integrals calculated for ¢ = |f| and

Ty — —i’b, .ﬁb = —.i'a.

Therefore, the forces and torques for § = 4[| will be related to each other by a
parity inversion. The components of the forces and torques have the same sign if the
terms in each integral have even parity, f(Z) = f(—Z). The components have the
opposite sign if the terms in each integral have odd parity f(Z) = f(—Z). Because
pv(Z) = py(—=2), pa(Z) = —pa(—2) and h(Z) = h(—Z), the resulting integrals will
have the sign change detailed in [Table D.1]
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Integral for 8 < 0 | Equivalent integral for 6 > 0
[ pvdx [ pvdzx
[ padz — [ podz
[ xpydax — [zpyvdx
f rpodx f rpodr
[ 1/hdx [1/hdx

Table D.1: Sign change of the integrals for 6 — —6.
D.4 Boundary conditions

In this section we demonstrate that the equations in ((7.28)) are recovered when we
apply the boundary conditions for beams with no shear force or bending moment at
the ends. Integrating (7.36)) over the length of plate A and applying the boundary
conditions ([7.37)) for no shear force and no bending moment at the ends gives,
d*z ! -
— = pdT = F,. D.19
- [ (D.19)

Integrating (Z — Z,)x (7.36) to obtain the torque, we find,

4?0,

dt?
Similarly, integrating ([7.36) over the length of plate B, using (7.38) and noting
that D,L,/(DyLy) = mg/my gives,

d?z, my 1 My ~
—— 2 pdt = —F},, D.21
dt? mb/o paz mp b ( )

1
= —12/ (T — &4)pdi = 127,. (D.20)
0

and integrating (T — Z)x (7.36) we have,

d2§b L?m, (! L?’m,
— =124 T — Tp)pdi = 122 Th. D.22
dt? Lgmb/o (¥ = )pdi LgmbTb ( )

Hence we recover the equations in ([7.28)).

D.5 Location of the maximum curvature when

In this section we find the x location of the maximum curvature when 6;, = 0.

For configurations starting with 6, = 6, = 0, @, = 0;,, 2, = 1 and all the
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other initial conditions set as zero, all other parameters apart from Z, and @},
will remain zero throughout the trajectory such that Q = 0 and A(x,t) = A (t).

Therefore, the curvature is given by,

"%a - V’%a,Va Ry =

D,V
Rp v D.2
D, v (D.23)

When 6 = 0, solving (7.36) using p = Vpy from (7.16), and applying ((7.37)
and (7.38) for w, gives,

(& — 1)2°

Rav = = D.24
v e (D.24)
which has a maximum value of 1/(384h%) at & = 1/2.
Likewise, solving for Ky gives,
g (C1+7 —292)%, 31— <<0,
Foy = ﬁ{1+7[—2+7+4f(:%— D(y—1—-2+2%)]}, 0<x<1,
ﬁ(wy—m@?, l<z<i+5.
(D.25)

where the ends of plate B are located at M = (1 —1/v)/2 and P = (1+1/v)/2
and the curvature has a maximum value of (4 — 3v)/(384vh%) at & = 1/2.
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E.1. Derivation for the height of disk A above disk B and the location of edges of
208 disk A

E.1 Derivation for the height of disk A above disk
B and the location of edges of disk A

In this section we derive the expressions for the height of the surface of disk A above
disk B and the position of the edges of disk A as a function of ¢, where ¢ = —0,
and 0, is the angle disk A have rotated about the y-axis (see for a sketch
of how ¢ is related to 6, ).

When ¢ = 0, in frame S the two edges of disk A are given by (x — a)? + y? = a?,
2 = hypin, and (x —a)? +y* = a®, 2 = hypin +w,. We first work out a new expression
for the edges of disk A and the height of the lower planar face of disk A when
the planar face of disk A is at an angle ¢ to the z-axis. We keep the minimum

perpendicular distance between disk A and disk B the same.

We first translate the position of disk A, such that the lowest point is at
z,z =0, x — x, 2 — 2 — hpin. Then we rotate disk A anti-clockwise by an
angle ¢ about the y—axis such that © — xcos¢ — zsing, z — xsin¢ + zcos ¢.
We define x = 2'cos¢p — 2'sing and z = x'sin¢ + 2’ cos¢. The lower edge of
disk A is at z = 0 and the upper edge of disk A is at z = w,. Therefore, at
the lower edge, 0 = 2/sin ¢ + 2’ cos ¢, giving x = 2’/ cos ¢ and at the upper edge
w, = x'sin¢g + 2’ cos ¢, giving x = (2’ + w,sin @)/ cos . Substituting 2’ in we

find new expressions for the edges of disk A,

r = (a%/a®+ y?) cos ¢, (E.1)
r = —wgsin ¢ + (a £ \/a® + y?) cos ¢, (E.2)
where ([E.1]) corresponds to the position of the lower edge and (E.2|) corresponds

to the position of the upper edge. The lower planar surface is at z = z tan ¢ and

translating z — z + hyipn gives h(x,y) = hpin + 2 tan ¢ for z > 0.

We now find an expression for the height of the lower faces of disk A. For = > 0

the relevant face is the lower planar surface of disk A which we have found to satisfy
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a)—Z+nr<f<nm ¢p=¢ b)nm <6 <Z+nm, ¢ =

.—Pl
(xp,2p) Ar disk B disk B

Figure E.1: To calculate the forces and torques for 0 + nm < 6 < 7/2 + nm, we use the
co-ordinate transformation described in such that the geometry is symmetric to the
case when —7/2 +nmf < 0+ nw. We set ¢ = (

h(z,y) = hpmin + x tan ¢. To find an expression for the curved face we consider the
geometry when ¢ = w/2. In this case the equation for the curved face is given by
2 — (a+ hpin)? + y* = a®>. Again we translate disk A such that the lowest point is
at x,2 =0, x — x, 2 — 2 — hyin. When we rotate disk A clockwise by an angle
about the y—axis such that x — xcosy + zsinvy, z — x — siny + zcos . Noting
that we can write ¢ = m/2—1), the rotation can be expressed as z — x sin ¢+ z cos ¢,
2+ x — cos ¢ + zsin ¢. Therefore, translating by A,,;,, the new expression for the

curved edge of the disk is given by 2 sin ¢+ x cos ¢ — (a+ hpin)? +y? = a?, such that,

Wz, y) = {hmm —zcotp+ (a £+a? —y?)/sing, <0 (F.3)

Ronin + T tan ¢, x > 0.

E.2 Case when the lower planar face of the upper
disk is to the right of the minimum point

In this section we solve for the forces and torques for the case when the lower planar
face of disk A is to the right of the minimum point. In the case when the angle
between the disks satisfies 7/24+n7m < 0, < m+nm, for n € Z, such that the geometry
corresponds to cases B and D in [Figure 8.2 we use the results of the calculation
for the forces and torques we found in where —7/2 + nr < 0, < 0+ nm.
Considering the case discussed for 6, < 0 in in and repeated in
Figure E.1h, we setup the symmetric case (Figure E.1b) such that is



210 E.3. Case of incomplete overlap

related to [Figure E.1b by a reflection in the 2 axis.

To ensure symmetry, we set ( = ¢ where ( is the acute angle between the flat
face of disk A and the z-axis (see |[Figure 8.2)). For 7/2 4+ nr < 0, < 7 + nw, we
apply a different z-co-ordinate transformation to the one given by (8.1) but the

same z-co-ordinate transformation (8.2)), we set

x = cosfy(x' — xl) —siny(z' — 2)) — (a cos ¢ — % sin C) : (E.4)
z =sinfy(z' — x}) + cos Oy (2' — z;) — %, (E.5)

such that we again the location of the lowest point of disk A is at x = 0. Under
this transformation we can use the results for 8, — —6, and x — —x. The forces

and torques in the reflected frame are related to the forces and torques in the

original frame using the transformations in [Table D.I]

E.3 Case of incomplete overlap

In this section we describe how the forces, torques and minimum distance between

the plates changes when the disks do not fully overlap.

When the disks no longer fully overlap we set the pressure to be zero at points
on the surface of disk A and B where there is no overlap. The integrals (see
to calculate the forces and torques are the same as in the case of complete overlap.
The expression for h(x,y) is still used to calculate h(x,y) but with h,,;, equal
to the distance between the lowest point of disk A and z = 0 and the minimum
distance is not necessarily equal to the vertical distance between the lowest point of

disk A and the upper surface of disk B (see below).

In the case when the disks fully overlap the minimum distance between the
disks is always the distance parallel to axis of disk B between the lowest point on
the surface of disk A to the upper surface of disk B. However, when the disks do
not fully overlap, this might not be the case (see panels a, b, e, f, g, h, k and 1 of
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hooll Ry heo heo = Rmin
Axy I AkL] I ]
d) e) f)
hmin
hmin hoo hoo
| | | 2| Jaxg
g) h) i)
hmin
hoo h hmin
AXJ I Ax, I I I
j) k) )
heo = Rmin he homin ffheo
| i | | | Axp

Figure E.2: The minimum distance between disks A and B in the case when the disks
do not fully overlap. We define the vertical distance between the lowest point on the
surface of disk A and z co-ordinate the upper surface of disk B as ho. Az (Axg) are
the minimum horizontal distance between the edge of disk B and the lowest point on the
surface of disk A, when the centre of mass of disk A is to the left (right) of the centre of
mass of disk B. In panels c, d, i and j the minimum distance, hp,;n = hoo. In panels b, e,
h and k the minimum distance is the distance between the edge of disk B to the bottom
surface of disk A along a line parallel to the normal to disk A. In panels a, f, g and 1 the
minimum distance is the distance between the lowest point on the surface of disk A and
the edge of disk B. Expressions for h,,;, are given in and .
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. Working in the frame where disk B is horizontal, we define h,,;, as
the minimum distance between disks A and B, h., as the vertical distance between
the lowest point on disk A and the z—co-ordinate of the upper surface of disk B
(z = wp/2). We also set Az, (Azg) as the minimum horizontal distance between
the edge of disk B and the lowest point on the surface of disk A when the centre of
mass of disk A is to the left (right) of disk B. The acute angle between the lower
planar face of disk A and the z-axis is given by ¢ for 0 + nw < 0, < 7/2 + nm,
and by ¢ for —7/2 4+ nr < 0, < 0+ nm for n € Z. The minimum distance
changes depending on the value of hy,, Az, Axg, ¢ and (. We define zp as
the x—coordinate of the lowest point on disk A where,

Te, 2nm <0, <mw/24 2nm,

To, T/242nm <0, <7+ 2nm,
TrLp = (E6)
xrg, w4+ 2nmw <46, <31/2+2nm,

T, 3m/242nm <6, <27+ 2nm, for n € Z.

(See |[Figure 8.2 for locations of x, x4, x5, ©,). Note that Azg = x1p — (2, +b) and

A%L = (.Z’b — b) — TLp.

For nm < 0, < ©/2 + nm,

\/ h2, + A2, xpp < Ty — b — (he + Az cot ¢) sin cos ¢,

(hoo + Azpcot ()sinC, xp —b— (heo + Azpcot()sincos¢ < zpp < xp — b,
Poin, = § hoo, r,—b<xpp<xp+0b,

(hoo + Azgtan()cos(, zp+b < xpp < (heo + Azgtan()cossin(,

\VhE + Az, zrp > (heo + Azpgtan() cos(sin(,

(E.7)
where h,,;, in the first line calculated using pythagoras theorem and h,,;, in the
second line is calculated using i, = hy,sin ¢ where h, = he + 2 cot ¢. In the
second line the lower bound on x is at © = x, — b — Ay, cos (. Similar arguments
can be used to derive the bounds on z and h,,;, for the other choices of 8,, x, and

xp. The configuration for each choice of h,,;, for the top to bottom case in (E.8) is
shown in panels a-f of [Figure E.2
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For nm — /2 < 0, < nm,

\/ h2, + A2, xrp < Ty — b — (he + Azy tan @) sin ¢ cos ¢,
(hoo + Azptan¢) cos ¢, p —b— (heo + Azptang)singcosd < xpp < xp — b,
Ponin = { hoo, xp—b<xpp <+ b,

(hoo + Azgcot ¢)sing, z,+b < xpp < (he + Axg cot ¢) cos ¢sin ¢,

\VhE + Az, zrp > (heo + Az g cot @) cos ¢ sin ¢.

(E.8)
The configuration for each choice of Ay, for the top to bottom case in (E.7) is
shown in panels g-1 of [Figure E.2

E.4 Justification for neglecting freezing of the
crystals

In this section we justify why the effects of freezing of the ice crystals can be

neglected.

If the water is supercooled the gap thickness will also tend to decrease due to
disk growth by freezing as well as due to the disks moving towards each other. If
the rate at which the gap decreases due to freezing is given by vfyecze, the total

change in gap thickness is then given by
Oh oh

E = Uqz — Ubz — Uaz 7~ — VUfreeze- (E9>

ox

Because the density of ice is lower than that of water, freezing also results in an

additional fluid flux out of the gap. Using mass conservation we obtain,

oh pr
= -V q— S 0eese. E.10
ot d P v ( )

Eliminating 0h/0t from (E.10) using (E.9)) yields a result that differs by (1 —
P1/P)Vfreeze from the equivalent combination of (7.9)) and (8.4) used in §8.3.2].

Assuming that the growth is only radial, the maximum value of vf¢c.. Occurs
when the top disk is perpendicular to the bottom disk. In this case vfpee.e = dr/dt,

where 7 is the radius of the top disk. We calculate the growth rate by assuming
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only radial growth in (2.4) and using the suggestion for f made by Rees Jones and
Wells, 2015, We find for an isolated ice crystal of thickness 2r/d

dr  NukATd 1 1

= = - E.11
dt 2p1L  0.9008 — 0.26341n(1/d) r (E-11)

This is an approximation as the presence of another crystal will mean that the
temperature field is different to that experienced by an isolated ice crystal, which
is likely to reduce the thermal gradient driving growth. Further, the increase in
pressure due to the crystals approaching will increase the melting temperature of
the ice (Wagner et al., [1994), making it harder for it to freeze. Therefore, this

method is likely to underestimate the growth rate.

Expressing vgrouth = (@/T)0growtn in the dimensionless form using the non-

dimensionalisation in §7.4.3.7] and §8.3.2.2| we find that the maximum dimensionless

value of Ugrouen is equal to,

. Nu kAT 1 " a
Vgrowth = ’
growth 24nL  0.9008 — 0.26341n(1/d) = r(t)

(E.12)

Assuming a/r(t) ~ 1 and using the values of Nu, k;, d, n and L in and
setting 7 = 1.9 x 107kgm ™' s (ITTC, 2011). We find, growen < 107*AT. As we
expect AT < 1072 °C, the growth rate of the crystal is significantly slower than
the initial relative velocity between the crystals (see and hence it seems
reasonable to neglect crystal growth. However, growth could still be important at

late stages near the collision boundary where |W,;| — 0.

E.5 Solution for the pressure

In this section we describe the method used to solve for the pressure. Before
describing the numerical method, we first derive an analytical expression for the
pressure in the limit when the disks are close to parallel (¢ is close to 0). This

analytical expression allows us to test the numerically calculated forces and torques.
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E.5.1 Analytical solution: limit where the disks approach
close to parallel

In the limit when the disks fully overlap and are close to parallel we can obtain
an analytical estimate for the pressure. For small ¢, the system is close to being
radially symmetric. We choose to set Z,7 = 0 to correspond to the centre of the
circular face of disk A and we use a small angle approximation for the slope of
the disk such that we replace Z +— 7 — 1 + O(¢?) in the calculation set out in

§7.4.2 Thus in this co-ordinate system,
h ~ ho + & = ho(1 + BF), (E.13)

where }NLO is the height of the centre of the circular face of disk A (BO = Nonin + o)
and ® = ¢/hg, which we shall assume is small. In this limit, (8.13)-(8.15) become,

aax {[ho(l + o7 %ﬁ;} + aag {[Bo(l + @:z:)]?)aaﬁ;} — 741, (E.14)
8811: {[ho(l +o3))? 05;} + aag {[Bo(l + @5;)]388’2} ~1, (E.15)
0 8pU 0 7 ~ 3aﬁU .

% {[ho(l + 7)) or } + B {[ho(l + )] 6@} = —¢. (E.16)

and the boundary of disk A is at Z = ++/1 — y?cos ¢. Because ¢ is a constant

Pu = —pvo.

We assume ® < 1, and solve using a perturbation series expanding the pressure
in powers of @,

1
Di = ~3 Z@ Pri = e (po,i+<1>p1,i+q)2p2,i—|—...). (E.17)
On 0 0

Substituting the series expansion for the pressure into (E.14)-(E.16) gives

ai, l(1+<b (Z@ pm) aay (1+®7)° (Z‘I’ pnﬂ) =—Z+1,
) (E.18)
0 0
= l(1+q> <Zq> pnv> +8—g (1+<I)x (Z@ pw) =1, (E.19)
—Pn,v® = Pnu-

(E.20)



216 E.5. Solution for the pressure

Comparing powers of ® up to O(®') and dropping the tildes we obtain,

(92190,9 82PO,Q
B + Dy =—r+1, (E.21)
82]90 v 32]90 v
. =1 E.22
0z?2 + oy? ’ ( )
32191 i 82]91 i Opo,; 82170 i 82]00 i
- - = -3 - -3 : = . E.23
0x? 0y? ox o * 0y? ( )

Boundary condition
We require p to satisfy the boundary conditions p(z = /1 — g% cos¢) = 0 on the

edge of the disk. Dropping the tildes and expanding in increasing powers of ¢,

Ozplx:i\/ﬁ(l_fJ“"')]’ (E.24)

Individually imposing the boundary condition on each component of the pressure

T (E.25)

r=24+/1—y2

such that py = po = py = 0 on the boundary. As long as ®' > ¢? or equivalently

1> ¢(hmin + ¢), then to order ®' the pressure boundary condition becomes,

Po. <a; =4/1 - y2> + Opy (a; = iﬂ) — 0. (E.26)

so that po,; and p;; are individually zero at each order of expansion.

Method to solve for the pressure

To solve for the pressure, we split p,; = pPn; + P,; a particular integral and

homogeneous solution, where each p,; satisfies (E.18)-(E.20|) respectively and

V2P,; = 0. In polar co-ordinates (z = rcosf, y = rsinf) solving V2P, ; = 0 gives,

Poi= Y 1™ (Ay,cosmb + By, sinmb) + Ay + Bob, (E.27)
m=1

where we have ignored the 1/r™ and the Inr terms as the pressure remains finite

at the centre of the disk. To satisfy the boundary conditions,

0= pni(r =1)+ Poi(r =1). (E.28)
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When enforcing the boundary conditions, we use De Moivre’s theorem to rewrite
cos™ 0 in terns of cos kf and then convert back to polynomials in x and y using
properties of the Chebyshev polynomials. For example, Solving we obtain,
pov = (22 +y?)/4 = r/4. Therefore, to satisfy the boundary condition we require
Pyv = —1/4. Thus, pov = (2?2 +y* — 1) /4.

Solution for the pressure

Overall we find,

poy = (¢ +y* = 1)/4, (E.29)
pry = —(9/16)z(2® + y* — 1), (E-30)
Pnu = —Pnv o, (£.31)
poo = —(1/8)(z —2)(z* +y* — 1), (E.32)

(E.33)

pra = (1/64)(3 — 36z + 192 — ) (2* + y* — 1).

E.5.2 Numerical solution for the pressure

We now discuss the numerical method to solve for the pressure. We solve for pq,
pyv and py for 1070 < hppin < 10,0 < ¢ < 7/2, —(b—a) < Fg — 7 < b — a using
a finite difference scheme of second-order accuracy applying Dirichlet boundary
conditions in the non-overlapping regions. We initially set A, = 10* and use
501 x 501 grid points to solve — for the components of the pressure.
We set Aupin to decrease logarithmically with 41 values between Fmin = 10* and
Bmin = 107°. At each new value of ime we then add a region of refined grid with

501 x 501 new grid in the region 0 < #,§ < h/2 .

When ¢ is close to 7/2 (the disks are close to perpendicular). We additionally
solve for the pressure assuming that the top disk can be approximated as an
approaching parabolic prism (see ) In this setup we refine the grid to
grow around the midpoint of the curved face of the top disk (Z = 0 in the parabolic

geometry is at T = —(7/2 — ¢)w, /2 in frame S) such that the height of the top disk



218 E.6. Calculation of the forces and torques

b)

Figure E.3: When the disks are close to perpendicular we also calculate the pressure
due to an approaching parabolic prism (panel a) with grid growing from = = 0, which is
located halfway along the lowest edge of the curved surface. This is in contrast to the
disk geometry (panel b), where z = 0 is located at the lowest point of the upper disk.

in the parabolic geometry is given by A = Tyin -+ (Z-+10,/2)(7/2— @) +52 /2. This will
be used as an additional solution for the forces and torques when the disks are close

to perpendicular and will allow us to compare two different numerical approaches.

E.6 Calculation of the forces and torques

In this section we discuss the numerical method to calculate the dimensionless forces
and torques. We compare the numerical solution to the analytical solution when
the disks are close to parallel. Using the non-dimensionalisation in §7.4.3.1] §D.1]
and we find that the dimensionless forces and torques are given by,

_ pOh <~t L wbwb> 1 @
Po—_ pon _ gt — — 4+ did E.34
a 7]% [2 gp T \Tas = Uy = Cata = == Jop o pddy - (B.34)

a

E, = # pdady (E.35)

Sa
Fo= —4 #(9? — i)pdEdj (E.36)
Sa
F =1 # (% — &,)p dEdy. (E.37)
Sa

Recalling p = Vpy + Upy + Q2pq we integrate each component of the pressure

over the surface of the overlapping disks to find the forces and torques. To do
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this we calculate each component of the pressure, £ and (‘971/ 0% at each point on

the grid and integrate over the grid.

E.6.1 Analytical estimates for the forces and torques when
the disks overlap and are close to parallel

In the limit when ¢ < 0 we can obtain the dimensionless forces and torques

by integrating the analytical estimates for the pressure found in §E.5.1| Letting

Oh/0x = ¢ we integrate (E.29))-(E.33) to find,

T
5 didi ~ — E.38
Sa
3
- ft - apv dsdg~ -7 (E.39)
64hs
Sa
pvoh W
#23@“’ 1673’ (40
Sa
T 3¢
~ d~d~% - 1_i_f E41
#p” vy 8h3< 8ho> (40
Sll
T 1 3¢
— ~—~a~ dzdy ~ —— — + = ) E.42
i#(aj x )pQ ray 8h(3) (12 8h0) ( )
padh . wo 3
— — —drdy ~ ~ 14—, E.43
Z%Qafzxy 16h8< 8h0> (B4
T
5 didg ~ T2 E.44
Sa
3 2
_ # (& — &)y didg ~ 222 (E.45)
64ht
Sa
puoh T
— (@) == didy ~ ——=. E.4
# 201 VT 16k (240
Sa

where 710 = ﬁmm + ¢. We note in the limit where the disks are exactly parallel
and not rotating (¢ = @, — w, = 0), 7, = 0 as would be expected by symmetry.

In this limit, fl/ildi’dﬂ = W/ﬁmm
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E.6.2 Comparison to the numerical solution

To test the accuracy of our numerical solution for the forces and torques we

compare to the analytical solution from §E.6.1] in [Figure E.4. We expect the

analytical solution to closely match the numerical solution when ¢/ (Amin + ¢) is
small. Looking at the plots of | [[ p;dZdy| and | [[ p;0h/0% dEdy|/2 in panels a-f
of (where i = V, U, Q) we see that the numerical solution (solid lines)
closely matches the analytical solution (dotted lines) at small ¢. The analytical
solution and the numerical solution obtained with the disk geometry agree to within
a factor of 3, with the largest disagreement found at the smallest value of h,,;, for
| [[ pv/20h/07d#dj|. The vertical component of the force given by | [[ pydadg| is
postulated to dominate the motion. For this integral, the analytical solution and
the numerical solution obtained with the disk geometry agree to within a factor
of 2. This suggests that the numerical solution captures the forces well. Looking
at the numerically calculated torques (panels g-i) we see that the numerically
calculated torques closely match the analytical estimates when ¢ > 1072, However,
the numerically calculated U and V' component of the torque on disk A does not
go to zero as ¢ goes to zero (which we would expect to be the case as the system
is symmetric at ¢ = 0). We suspect this is due to the grid not being centred on
the maximum of the pressure distribution and as a result when the pressure is
very sharply peaked, points slightly different distances from the pressure peak are
captured leading to a finite torque being calculated. This inaccuracy means that

we use the analytical solution at small values of ¢ to calculate the forces and torques.

We also compared how close the numerical solution calculated using the parabolic
prism is to the solution obtained using the full disk geometry. We again found very
close agreement with the forces but the numerically calculated torques did not go
to zero as ¢ approached /2 in the disk geometry. As the parabolic prism setup
was centred on the mid-point of the rounded surface, the torques in this co-ordinate
system did go to zero. Therefore, the solution for the forces and torques due to the

parabolic prism can be used when the disks are close to perpendicular.
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Figure E.4: Comparison of the components of the forces and torques obtained by the
The solutions are compared for
Bomin = [1075,1073,1071] with a different line colour for each value of Bnin. The solid
line is the numerical solution obtained with the disk geometry. The dashed line is the
numerical solution obtained with the parabolic prism geometry. The dotted line is the
analytical solution obtained using the equations in ﬂ@

numerics to the analytical solutions given in §E.6.1
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E.6.3 Combined forces and torques

As was noted in §E.6.2] the full numerical solution works well when the disks are far
from being either parallel or perpendicular, but fails to capture the torques correctly
when the disks approach parallel or perpendicular. Therefore, when the disks fully
overlap we switch between the analytic, the numerical solution with disk geometry
and the numerical solution with parabolic prism geometry to calculate the forces

and the torques. Denoting Fy, = ¢ py ddg. When the disks do not overlap we set,

Fy = Fygeoll = fo(8)] + Fraise fo (@)L = fr2(0)] + Fuparafr2(d).  (E.AT)

where ﬁv,<<0 is the analytical solution (E.38]), Fv,disk is the numerical solution
with the disk geometry, ijpam is the numerical solution with the parabolic prism
geometry. The functions f;(¢) transition smoothly between each of the regimes,

and are given by

07 Qb < ¢i7mina
— i )3
fz(¢) - (¢_¢“Y(jn)f:€;jzmm_¢)3a ¢i,min < ¢ < (bi,ma:m (E48)
17 Cb > ¢i,maxa

where ¢g min = min{m /1800, Apmin/3}, Gomar = min{m /180, 107min/3}, Gr/2min =
7/2 — w/1800, ¢r/2maz = 7/2. We use the same switching method with the
other integrals listed in §E.5.1 When the disks do not overlap, the system is not
symmetric at ¢ = 0 or 7/2 so the torque does not go to zero and we use the

numerical solution with the disk geometry.

E.7 Relationship between the angles used to cal-
culate the collision kernel and the initial
angles in our simulation

In §8.4.2| we noted that the full range of initial conditions needed to calculate the
collision efficiency can be obtained by running simulations for a reduced range of
parameters. In this section we relate the full set of parameters used to obtain the

collision kernel, ©F, 6%, 6;%, wk,  wk .. to the initial conditions in our simulations.
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Figure E.5: Initial setup used in the simulation and how the initial conditions in the
laboratory frame ©F, 9’L 9b , wh ab.r and w?, abOL ATe related to ©, 0, 6}, Wap,» and Waep e
for three different initial conditions. We initialise with the distance between the centre of
mass of each crystal equal to 7,44,4p- In panels a, d and g we sketch three different initial
choices for ©F, ¢’ o wgbjr and wfb’@ .. In panels b, e and h we transform the sketch
in panels a, d and g respectively such that the planar surface of disk b is parallel to the x
axis. In panel h we have let 6! s #! — 7. In panels c, f and i we sketch the corresponding
values of ©, 0, 0}, Wap,» and Wyp e, which are obtained by symmetry, and are to be used

in the simulation for the initial parameters in panels a, d and g.

Panels a, d and g of show three different initial values of for ©F, 'L,
ok . and wh or- The simulations set ¢, = 0 so we initially rotate all angles
by 0;F such that we reach intermediate angles 0! = ¢’ — ;X 0] = 6% — 0;F =0,
0! = Ol — 9jF shown in panels b, e and h for the initial conditions in a, d and g
respectively. The simulations use initial conditions —7/2 < ¢ <7/2,0<0 < 7/2.

In some cases the rotation by 6;¥ makes 6! and/or © outside of this range. We
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of ) o, Wap,0 Wap,r
0<O'<n/2 | 0=0" | 6,=0! | due =gy | du, = g
“R[2<071<0| O=[0] |0 =8l o = ~Suibuey | s = S
72<Ol < |O=1-0 | f = 0] | dpe = —wmetO) | g, — w0

Table E.1: Relationship between © and ©7, ¢/ and 6!, Wap,0 and wgp gz and Wep» and
Wqp,r- The transformation for the top, middle and bottom rows of the table is sketched in

the top, middle and bottom rows of

first ensure —7/2 < 6L < /2 by setting

T+60L, —37/2 <0 < —7/2,
07 — < 0L, —7/2 <0l <7/2, (E.49)
0l — 7, 7/2 <0l <3r/2.
We then transform ©! such that 0 < ©' < 7/2. In doing so this changes 6! and
Wap,e in some cases, with the transformations given in [Table E.I Panels c, f and
iof sketch the value of ©, 0., 6}, Wa, and Wy e corresponding to the

initial choice of ©F, 0'% 9L wcfbvr and w(fb@L in panels a, d and g of [Figure E.5|

E.8 Calculation of the ballistic collision kernel

In this section we discuss how the ballistic collision kernel is calculated.

To calculate the ballistic collision kernel we use a different method to calculate
the collision kernel as was used in §6 as we wish to calculate the kernel as a function
of Wy, and Wep e so that we can combine it with the hydrodynamic collision kernel.
In §0] we stated that disks will collide if the orientation of the relative velocity
is within a range of angles 0y min < 0y mez Where 0, i and 0, e, depended on

¢q and ¢p. For ¢, = ¢, = 0 we can calculate an expression for 0, ., and 0, maz-

Consider two disks separated by Tmaz.ap = \/a2 + (wq/2)? + \/b2 + (wp/2)? at an
angle © from the z axis (see . We calculate the angles between the
maximum and minimum values of x on the edge of the disks (arrows joining the
black circles in . The maximum and minimum angle are the angles

between each of the blue arrows and the z axis. If the angle the relative velocity
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Figure E.6: Method to calculate the range of angles the relative velocity can make with
the -z axis for a collision to occur. A collision occurs if the angle that the relative velocity
makes with the -z axis, 6, is between 8, ;4 and 0y min. To calculate 0y maz and 0y min
lines are drawn connecting each of the points at the maximum and minimum values of x
(black circles) on on the edge of the disks and the angle between each line and the -z axis
is calculated. The maximum and minimum angle correspond to 0y ez and 0y ymin and
the corresponding lines are coloured blue.

makes with the z—axis is between the maximum and minimum of these angles, a
collision will occur. The collision criteria is therefore,
Wap
Oumin < arctan | ——— | < 0y oz (E.50)
—Wgap,z
To determine if a collision occurs for a certain value of Wey, and W, e we first find

Wap,» and Wy, and then calculate whether they are within the collision region.
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“Therefore everyone who hears these words of mine
and puts them into practice is like a wise man who
built his house on the rock."

— Matthew 7:24 NIV
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