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Abstract

We introduce a general recursive method to construct continuum random trees (CRTs)
from i.i.d. copies of a string of beads, that is, any random interval equipped with a
random discrete measure. We prove the existence of these CRTs as a new application of
the fixpoint method formalised in high generality by Aldous and Bandyopadhyay. We
further apply this recursive construction to “embed” Duquesne and Le Gall’s stable tree
into a binary compact CRT in a way that solves an open problem posed by Goldschmidt
and Haas. Some of these developments are carried out in a space of co-marked metric
spaces generalising Miermont’s notion of a k-marked metric space.

Furthermore, we introduce a family of branch merging operations on continuum
trees and show that Ford CRTs are distributionally invariant. This operation is new
even in the special case of the Brownian CRT, which we explore in more detail. The
operations are based on spinal decompositions and a regenerativity preserving merging
procedure of (a,f)-strings of beads, that is, regenerative strings of beads arising in
the limit of ordered (a, §)-Chinese restaurant processes as introduced by Pitman and
Winkel. Indeed, we iterate the branch merging operation recursively and give a new
approach to the leaf embedding problem on Ford CRTs related to («, 2 — «)-tree growth

processes.

Keywords: string of beads, continuum random tree, stable tree, marked metric space,
recursive distribution equation, line-breaking construction, Chinese restaurant process,
regenerative interval partition, Poisson-Dirichlet, Ford CRT, Brownian CRT, branch

merging, tree-valued Markov process
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Chapter 1

Introduction

Random trees have ever since played a central role in probability theory and combina-
torics due to their wide range of applications in biology, physics, computer science and
other areas, see e.g. [10, 21, 25, 26, 30, 36, 51, 63]. The study of large discrete trees has
directed the attention to scaling limits of random tree structures. The limiting objects,
provided their existence, have been identified as continuum random trees (CRTSs) with
potentially complex branching structures such as branch points which are dense on
the edges, or an uncountable number of leaves, cf. [7, 8, 9, 46, 47]. We will use the
framework of an R-tree, that is, a separable metric space (T,d) such that for every

01,02 € 7,

(i) there is an isometric map hgy, o, : [0,d(01,02)] = T such that hs, 4, (0) = 01 and

hUl,OQ(d(Ulag2)) = 09, and

(ii) for every injective path ¢ : [0,1] — T with ¢(0) = o1 and ¢(1) = o2 we have

q([O, 1]) = hUl,Uz([()?d(UlvUQ)])'

The R-trees in this thesis are rooted, i.e. they have a distinguished vertex p called
the root. An R-tree can be equipped with a probability measure p. We call (T,d, 1) a
continuum tree if (T,d) is an R-tree, and u is a probability measure which is supported
by the set of non-root degree-1 vertices of T (the leaves of T), has no atoms, and assigns
positive mass to each subtree 7, above each point x € T that is not a leaf. This

thesis is centred around various models of continuum random trees, that is, random
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variables taking values in the space of continuum trees, see e.g. Section 2.3.1 for a

precise introduction of R-trees and continuum (random) trees.

Ford and stable CRTs

David Aldous [7, 8, 9] published his groundbreaking work on the Brownian CRT in a
three-paper series in 1991-93. The Brownian CRT can be considered as the prototype of a
CRT, and appears naturally as a universal scaling limit of discrete random trees, random
maps and other graph structures. For instance, Aldous showed that the Brownian CRT
is the scaling limit as n — oo of Galton-Watson trees with critical offspring distribution
of finite variance conditioned to have total progeny n.

Various equivalent definitions of the Brownian CRT were given in Aldous’ initial
work. We use the Poissonian line-breaking construction of the Brownian CRT, directly

building the Brownian CRT as an increasing limit of discrete trees with edge lengths.

Algorithm (Aldous’ line-breaking construction of the Brownian CRT). Let (S, k > 0)
be the times of an inhomogeneous Poisson process of intensity tdt. We build a sequence

of trees (Tx, k > 1) with edge lengths as follows.

0. Let T7 be the tree consisting of one edge of length Sy, connecting the root p and
a leaf Q.

For k > 1, to construct T conditionally given Ty,
1. select Ji uniformly at random according to the length measure on Tg;
2. attach to J an edge of length Sj, — Si_1 leading to a new leaf Q4.

The metric space completion T := [Jy>; Ti is called the Brownian Continuum

Random Tree, cf. Figure 1.1 for a realisation of the Brownian CRT.

The Brownian CRT is equipped with a natural mass measure that can be defined as
the a.s. weak limit as k — oo of the empirical mass measure on the leaves of T;. The
Brownian CRT is self-similar in the sense that subtrees above fixed heights (and more
generally) are scaled independent Brownian CRTs. In the past 25 years, the literature

on random trees has been enriched by a variety of other models. We will mostly be



Fig. 1.1 An approximation of a realisation of the Brownian CRT.
Picture by Igor Kortchemski.

interested in Ford CRTs and stable CRTS, parametrised by « € (0,1) and g € (0,1/2],
respectively. They both have a self-similarity property, and contain the Brownian CRT
as a special case (& = 8 = 1/2). Note the non-standard parametrisation for stable trees
used in this thesis (8 € (0,1/2] rather than o/ = 1/(1 — ) € (1,2]).

Ford CRTs are binary CRTs, and can be defined via a line-breaking construction,
generalising Aldous’ construction of the Brownian CRT. The cut points are the arrivals
of the Mittag-Leffler Markov chain (Sk, k > 0) with parameters a € (0,1) and 6 = 1 —av.
The Mittag-Leffler Markov chain (Sk, k > 0) of parameters («, 6) for a € (0,1) and 6 > 0
is the Markov chain starting from Sy ~ ML(a, 0), where ML(«, 0) is the Mittag-Leffler
distribution with parameters (a, #), and with transition density

f5k+1|5k=z(y) = flz,y) = 1“1(1_/2) (y — z)l/a—zy;];((zy))’

y>z>0,

where gg(-) denotes the density of ML($,0), cf. [39, 44] and e.g. Section 2.2.1 for a
definition of the Mittag-Leffler distribution. Note that (Sk,k > 0) depends on 6 only
via the initial state Sop ~ ML(/3,0).

The attachment procedure in the Ford CRT construction is slightly more enhanced
than in the Brownian setting. In particular, at step k > 1, we select an edge Fj of

Tk proportionally to length. Conditionally given the selected edge Fj, we choose the
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attachment point J; uniformly according to the length measure on E}, if E} is internal,
and according to a certain Beta split if Ej is external. The following line-breaking

construction of Ford CRTs was given by Haas et al. [42].

Algorithm (Haas et al’s line-breaking construction of Ford CRTs). Let a € (0, 1), and
let (Spm,m > 0) be the Mittag-Lefler Markov chain with parameters (o, 1 — o). We

build a sequence of trees (F,,, m > 1) with edge lengths as follows.

0. Let 1 be the tree consisting of one edge of length Sy, connecting the root p and
a leaf ;.

For m > 1, to construct F,,41 conditionally given &,

1. select an edge E,, of &, proportionally to length, and select a point J,,, € E,,
as follows; if E,, is an internal edge of JF,,, sample J,, uniformly from the
normalised length measure on E,,; if E,, is external, sample B,,, ~ Beta(l,1/a—1)
independently, and let J,,, be such that F,, is split into length proportions B,,

and 1 — B,, with the part of proportion B,, being closer to the root;

2. attach to J,, an edge of length S, — S;,—1 leading to a new leaf ,,,41.
The tree F := U,;,>1 T is called Ford CRT of index a € (0,1).

Note that, for o = 1/2, we have (o,1 — ) = (1/2,1/2) and B,,, ~ U([0,1]), m > 1.
One can show that, in this case, the Mittag-Leffler Markov chain corresponds to the
sequence of times of an inhomogeneous Poisson process of intensity tdt (up to a scaling
factor), i.e. we recover Aldous’ line-breaking construction of the Brownian CRT.

Le Gall and Le Jan [48] introduced a family of multifurcating CRTS, so-called Lévy
trees, which capture all possible scaling limits of Galton-Watson trees, cf. [28]. Stable
trees are a special subclass of Lévy trees parametrised by 5 € (0,1/2]; they were
introduced by Duquesne and Le Gall [28, 29]. The stable tree of parameter 8 € (0,1/2]
is the scaling limit as n — oo of Galton-Watson trees with critical offspring distribution
in the domain of attraction of a stable distribution of index 1/(1 — ) conditioned to
have total progeny n.

Goldschmidt and Haas [39] developed two line-breaking constructions of the stable

trees, based on the Mittag-Leffler Markov chain with parameters (3, 3), 5 € (0,1/2].



The two versions differ with regard to branch point selection in the attachment procedure;
one version is based on assigning weights to branch points whereas the second version is
based on branch point degrees. We will mostly be interested in the weight-based version
of the construction. In contrast to the line-breaking construction of Ford CRTs, only an
independent Beta(1,1/8 — 2) part of the increment (Sy — Sg_1) of the Mittag-Leffler
Markov chain is used as length of the attached branch, where the remaining part is
added to the weight of the branch point of degree > 2 the new edge is attached to. In
the following, for any R-tree, Br(7) denotes the set of branch points of T, and Leb(-) is
the length measure. We write [n] := {1,2,...,n} for n € N, and #S for the number of

elements of a set S.

Algorithm (Goldschmidt-Haas’ line-breaking construction of stable trees). Let 5 €
(0,1/2]. We grow R-trees Tj, with weights W,Ei) in branch points v; € Br(T), i € [bg],
where by = #Br(T%), k > 0, as follows.

0. Let Ty be the tree consisting of one branch of length Sy ~ ML(3, 3), let by = 0
and W =0,i> 1.

Given (Ty, (vi,i € (b)), (Wi € [by])) and Sy = Ly, + X%, W, where Ly, = Leb(Ty),

1. select I = i for each branch point v; € Br(T%) with probability proportional to
W,gi), i € [bg]; or select an edge Fy C T3 with probability proportional to its length

and let by =bx + 1, I, = bgyq;
2. if an edge Ej is selected, sample vy, from the normalised length measure on Fy;

3. sample Siy1 with density f(Sk,:) and an independent B ~ Beta(1,1/5 — 2);
attach to Ty at Jy, := vy, a new branch of length (Si41 — Si) By to form Ty q; set

W,ﬁl = W,Ei),i # Ij, and increase the weight of Jj, = vy, to

Wik = W 4 (Spe1 — Si)(1 — By).

The tree T := Uy>o Tk is a stable tree of parameter 3, cf. Figure 1.2 for a realisation of

the stable tree when § = 1/3.
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Note that each branch point has an initial weight of 0 in the case when 5 =1/2, i.e.
we obtain a binary tree. One can show that, in this case, we obtain Aldous’ line-breaking

construction of the Brownian CRT (up to a scaling factor).

Fig. 1.2 An approximation of a realisation of the stable tree of index 8 = 1/3.
Picture by Igor Kortchemski.

Regenerative tree growth processes

Ford and stable CRTs, as well as some other types of self-similar CRTs, can be obtained
as scaling limits of random tree growth processes, where leaves carry labels in the order
of appearance in the growth procedure.

Ford [35] introduced a discrete, binary tree growth model for « € (0, 1), the so-called
Ford alpha-model, that interpolates between several standard models of random tree
growth (Yule, uniform and comb models). It was shown by Haas et al. [42] that the
distributional scaling limit of the delabelled trees of Ford’s alpha-model is a Ford CRT
of index a € (0,1). The case a = 1/2 corresponds to the uniform model whose scaling
limit was identified as the Brownian CRT in Aldous [7, 8, 9]. Ford’s alpha model is
contained as the special case § = 1 —« in the («, 0)-tree growth process [60] for o € (0, 1)
and # > 0 whose delabelled trees have a self-similar CRT as their scaling limit. In a

similar manner, Marchal [50] introduced a discrete tree growth process for 8 € (0,1/2],



whose scaling limit is the stable tree of parameter § € (0,1/2], see also [23]. We will
give precise definitions of these tree growth processes in the relevant chapters.

The mass measures of Ford and stable CRTs, and of the self-similar CRTs related to
the («, #)-model can, for instance, be obtained via the empirical probability measure
on the vertex set in the related discrete tree growth processes. This yields probability
measures supported on the set of leaves of these CRTs, and sampling from this measure
provides exchangeable leaves.

The leaves with labels in order of appearance in Marchal’s model are exchangeable,
whereas, in the («, )-tree growth process, leaf labels are exchangeable if and only if
a = 6 = 1/2, which corresponds to the uniform case related to the Brownian CRT.
Since scaling limits are only obtained for the delabelled trees, a fundamental problem
related to (o, #)-tree growth is to embed the leaf labels in the limiting CRT. We refer
to this problem as the leaf embedding problem.

When leaf labelling is exchangeable this problem can be solved directly by sampling
independent leaves from the mass measure on the CRT. In general, the leaf embedding
problem was solved in [60] via an («, #)-coin tossing construction. Informally, to find
the first leaf of the («, #)-model in the limiting CRT, we consider a walker climbing up
the spine from the root to a(n exchangeable) leaf chosen uniformly at random from
the mass measure, tossing a coin for each of the countably infinite number of subtree
masses along the spine, where the heads probability depends on the relative remaining
mass after each subtree. The walker stops as soon as he sees heads, selects the related
subtree, and the same construction is applied recursively in the selected subtree.

Given an embedding of the first leaf, iterating this procedure to embed all subsequent
leaves (in particular the second leaf) requires finding the subtree on the spine from
the root to leaf 1 which contains leaf 2. This is solved by so-called («, #)-coin tossing
sampling on the spine from the root to the first leaf equipped with projected subtree

masses. The notion of a string of beads naturally captures this setting.

Strings of beads

A string of beads is an interval of random length equipped with a random discrete

measure. Particular emphasis will be on so-called («, #)-strings of beads for o € (0, 1)
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and € > 0. They arise in the scaling limit of ordered (a, #)-Chinese restaurant processes
as introduced by Pitman and Winkel [60] in the context of the («, #)-model, where they
describe the limit of the path from the root to the first leaf equipped with relative
projected empirical subtree masses. An («, 6)-string of beads is an interval of length
K ~ ML(a,0) equipped with a discrete probability measure whose atom sizes are
Poisson-Dirichlet with parameters (a,#), arranged in a random order that yields a
regenerative property.

The recursive embedding of leaf labels in the self-similar CRT obtained from the
(c, 0)-model is directly related to (a,6)-coin tossing sampling on an («,#)-string of
beads, that allows one to select an atom of an (a, #)-string of beads such that the two
intervals obtained are rescaled independent («, «)- and (a, #)-strings of beads (the latter
one being further away from the root), which are independent of the Dirichlet(c, 1 —«, 6)
mass split between the two intervals and the selected atom (with parameters assigned

according to increasing distance from the root).

Outline of this thesis

This thesis consists of two independent, self-contained pieces of research. We give a
recursive construction of continuum random trees and various contributions to the

theory of tree-valued stochastic processes.

Chapter 2: Recursive construction of binary CRTs and a binary embedding

of the stable-line-breaking construction

This chapter constitutes the main part of joint work [65] with my supervisor Dr Matthias
Winkel.

We develop a new recursive method to construct continuum random trees based
on i.i.d. copies of a string of beads, which is a new application of the fixpoint method
developed by Aldous and Bandyopadhyay [13]. This extends the current literature on
construction methods for CRTs as studied by Haas, Miermont, Stephenson and others,
cf. [14, 40, 61, 66]. Our construction method is based on inductively replacing the
atoms of a string of beads by rescaled independent copies of itself. We show that this

method builds a compact CRT.



Theorem. Letp > 1, 8> 1/p, and let (‘j'o, fio) be an isometric copy of a string of beads
§ = ([0, K], X1 Pidz,) such that K = sup;>1{x; : P; > 0} and E[K?] < co. Forn >0,
to obtain (‘j'n+1, fin+1), attach to each atom x € ‘j'n of iy, an independent isometric copy
of & with metric rescaled by [in(x)?, and mass measure rescaled by Ji,(x). Then there
exists a binary compact CRT (‘j', i) such that

lim 7, =7 a.s.
n—oo

with respect to the Gromov-Hausdorff distance dgy. Furthermore,

lim (‘j'n,ﬁn) = (‘j', [L) a.s.

n—oo

with respect to the Gromov-Hausdorff Prokhorov distance dgup-

We use this method to embed the stable tree of index 5 € (0,1/2] into a compact
binary CRT, which solves an open problem posed by Goldschmidt and Haas [39]: they
asked if there is a sensible way to associate a notion of length with the branch point
weights arising in their line-breaking construction of the stable trees.

We enhance the line-breaking construction of the stable tree by using the vertex
weights to build rescaled Ford CRTs of index /(1 — ). This construction evolves in a
space of co-marked metric spaces, generalising Miermont’s notion of a k-marked metric
space, where the marked components, that is, compact connected non-empty subsets
R < T,4 > 1, of an R-tree T, and the unmarked remainder T\ U2, R are associated
with two different colours. Our two-colour line-breaking construction combines the

line-breaking constructions of the stable tree of parameter 5 and the Ford CRT of index
B/(1—B).
Algorithm (Two-colour line-breaking construction). Let 5 € (0,1/2]. We grow oo-

marked R-trees (77, (R,(f),i > 1)), k>0, as follows.

0. Let T3 be the tree consisting of one branch of length Sy ~ ML(j, 5) connecting
the root p with another degree-1 vertex, let rg = 0 and CRg) ={p},i>1
Given (77, (ﬂll(f),i > 1)), let S, = Leb(T}) be the length of T}, and 7, = #{i > 1: ﬂ%l(f) #
{r}}:
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1. select an edge Ej C T} with probability proportional to its length; if Ef C fR,(j) for
some i € [ry], let I = i; otherwise, i.e. if B C T3\ Ucpry ZR,(j), let rp4q1=ri+1,
Iy =7rk41;

2. if Ef is an external edge of 32,(3), sample Dy, ~ Beta(1,1/8—2) and place J}; to split

E} into length proportions Dy, and 1 — Dy; otherwise, i.e. if Ef C T} '\ Uie[rk] fR,(j)

(4)

or if Ej is an internal edge of R.”, sample J;} from the normalised length measure

on FJ;

3. sample Si+q with density f(Sk,-) and an independent By ~ Beta(1l,1/8 — 2);
attach to Tj at J a new branch of length Sy,1 — Sg to form T; |, and add to
ng) the part of length (Sgy1 — Sk)(1 — Bg) closest to the root to form Réﬂ'ﬁ%; set

R =R, 5 # I

We define T* := Upzg 97 and RO := g RV, i > 1.

We obtain the correspondence of the branch point weights in the line-breaking
construction of the stable tree and the lengths of the marked subtrees in the two-colour
line-breaking algorithm. The following theorem will be made precise in Section 2.5.4,

Theorem 2.58.

Theorem (Weight-length representation). Let (T}, (R,(f) ,i> 1),k >0) be the sequence
of co-marked R-trees constructed in the two-colour line-breaking construction, and let
Wéi) = Leb(IR,(:)) denote the length of IR,(:), 1 > 1, respectively. For k > 1, contract each
component fR,(f) to a single branch point v; by using an equivalence relation (cf. Section

2.5.4 for a precise definition), and denote the resulting tree by ;Jv'k Then
(Tss (Wi 2 1),k > 0) £ (Th, (Wi, > 1),k > 0),

see Figure 1.3 for an illustration of the weight-length representation.

The sequences (T, k > 1) and (F,,,, m > 1) converge to CRTs T and F, respectively.
Similarly, we obtain convergence of the sequence (T7, (IR,(;),Z' > 1),k > 0) with respect to

d&y, the analogue of the Gromov-Hausdorff distance on the space of co-marked R-trees.
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Fig. 1.3 Example of 5'5 with four branch points vy, ..., vs. Branch point weights Wél), R W5(4)

are represented as lengths of marked subtrees iRél), . ng").

ey

Theorem. Let the sequence (T}, (Rg),i > 1),k >0) be as above. Then there exists a
compact CRT T* and a sequence of i.i.d. Ford CRTs (F® i > 1) of index ' = /(1 —j3)

and scaling factors (Ci,i > 1) such that
klingo(T;, (Jz,(j),z' > 1)) — (tr*, (R@'),z’ > 1)) a.s.

with respect to dgy; where RO = C;F0)

In fact, the trees (77, (fR,(f),i > 1)) are equipped with mass measures p, k > 0, and

we will show that
klg](r)lo(ﬂ'k, (Rk 1> 1),uk) = (7 , (IR 4> 1),,u, ) a.s.

with respect to dZyp for some compact CRT (T, u*), where d&jp is the analogue of

the Gromov-Hausdorff-Prokhorov distance on the space of co-marked R-trees.

The compactness of the CRT T* can be shown by applying the recursive CRT
construction method presented in this thesis (cf. Theorem 2.1) to a specific distribution
v of a string of beads, obtained by concatenating an independent (8,1 — 23)- and
an independent (3, 3)-string of beads rescaled by the two parts of an independent

Beta(l — 24, 8) variable.

We obtain a stable tree T embedded in a binary compact CRT T*.
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Theorem. The tree (}’ obtained from T* by contracting each component R® to a single

branch point U;, is a stable tree of parameter 3.

Eventually, we develop a two-colour discrete tree growth process, whose scaling
limit of the reduced trees spanned by the root and the first k + 1 leaves, is the tree

(7%, (R,(f),i > 1)) of the two-colour line-breaking construction for any k£ > 0.

Chapter 3: Branch merging on continuum trees with applications to regen-

erative tree growth

The article version [64] of this chapter appeared in the Latin American Journal of
Probability and Mathematical Statistics (ALEA) in July 2016.

The main contribution of this paper is a family of branch merging operations on
continuum trees. These are based on merging underlying strings of beads, as the notion
of a string of beads naturally captures the branches of reduced trees equipped with
projected subtree masses.

We can merge independent (a, 6;)-strings of beads for a € (0,1) and 64,...,6, >0
in a way that preserves the regenerative property. Figure 1.4 illustrates the following

algorithm in the case when k = 3.

Algorithm /Theorem (Merging of (o, #)-strings of beads). Let a € (0,1) and let
01,...,0r > 0 for some k € N. Furthermore, let E; = (pi,p}), i € [k], be k disjoint
intervals and let p be a mass measure on E = Ji_; E; such that (u(E1),. .., u(Eg)) ~
Dirichlet (61, ..., 0), and (u(E;)"“E;, n(E;)"u 1g,) are independent (v, 0;)-strings of
beads, i € [k], respectively. Construct Etﬂ as follows. Set EV) := E, Ei(l) = E;,

pl(-l) = pi, i € [k]. Forn>1,

1. select an interval Ei(n) proportionally to its mass assigned by ;

)

, select an atom X, of El(n
(n)

)

2. conditionally given E™

3 according to («,6;)-coin

tossing sampling, and let a, = p; ' and b, := X,,;

3. wpdate p"" = X, and " i= gV for j € WA} BT = (Y 6)

7 7 7 s 14

fori e [k] and EM+1) .— U?:l Ei(nJrl)'
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Align the interval components (ay,by], n > 1, by identifying b, with an1, n > 1, to

obtain an interval Eyy. Then, (E&J, ) is an (o, K1 6;) string of beads.

Fig. 1.4 Example of merging of strings of beads for k = 3. First five cut points Xy, ..., X5 are
displayed.

Based on merging of («, 8)-strings of beads, we define branch merging on Ford CRTs.
The branch merging operation on a Ford CRT of index o € (0,1) is defined via an
embedding of the first two leaves of the related («, 1 — a)-tree growth process using
the («, 1 — )-coin tossing construction, aligning the three branches of the reduced tree
structure and replanting the subtrees in a certain random order. Embedding leaves 1
and 2 of the (o, 1 — a)-tree growth process (Ford’s alpha model) into its scaling limit, a
Ford CRT of parameter «, yields two rescaled independent (a, 1 — «)-strings of beads
and one rescaled independent («, ov)-string of beads, subject to a Dirichlet(1 —a, 1 —a, )
mass split. Merging these strings of beads and replanting the subtrees at the related
atoms, yields an (o, 2 — «)-strings of beads with subtrees attached to its atoms. We
obtain the self-similar CRT arising as scaling limit of the («, 2 — a)-model with the first
leaf embedded. It is well-known that this CRT is as a Ford CRT of index «.

Theorem. Ford CRTs are distributionally invariant under branch merging.

Applying the branch merging procedure recursively in subtrees, we obtain an
embedding of all leaves of the (a,2 — «)-model in the corresponding CRT, given an
embedding of the leaves of the (o, 1 — «)-model in a Ford CRT of parameter o € (0,1).

Branch merging is particularly simple in the case when o = 6 = 1/2 since (1/2,1/2)-
coin tossing sampling corresponds to uniform sampling from the mass measure, i.e.
leaves are sampled independently from the mass measure on the CRT and the arising
(1/2,1/2)-strings of beads are merged via uniform sampling. Since the (1/2,3/2)-tree
growth process also has the Brownian CRT as its scaling limit, we obtain a remarkable

simplification of leaf embedding for the (1/2,3/2)-tree growth process.
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Theorem. The Brownian CRT is distributionally invariant under branch merging.
Furthermore, the leaf embedding problem related to the (1/2,3/2)-tree growth process
can be solved by sampling leaves independently from the mass measure of the Brownian

CRT and applying branch merging recursively.

We use this simplified branch merging operation based on uniform sampling from
the mass measure as transition rule of a new tree-valued Markov process, the so-called
Branch Merging Markov Chain (BMMC). Tree-valued Markov processes have attracted
particular interest in recent years. Various operations such as cutting, pruning or root-
growth with re-grafting have been studied by Abraham, Broutin, Delmas, Evans, He,
Pitman, Wang, Winter, and others, cf. [1, 2, 3, 5, 6, 11, 12, 16, 18, 19, 33, 43, 55, 56].

The BMMC can be defined in a discrete as well as a continuous setting. In the
continuous case we obtain a continuum-tree valued Markov process, cf. Figure 1.5. The
following is a direct consequence of the distributional invariance of the Brownian CRT

under branch merging.

Theorem. The Brownian CRT is a stationary distribution of the BMMC.

21
X5 -

>

Fig. 1.5 Transition rule of the continuous BMMC. Reduced tree structure related to two
independently sampled leaves ¥; and 3; with subtrees attached in the atoms. Strings of beads
are merged and subtrees are carried forward.
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In the discrete setting, for any n > 1, we consider an analogue of the BMMC on the
space of discrete (rooted and unlabelled) trees with n leaves and no degree-2 vertices.

We show the following.

Theorem. The discrete BMMC on the space of discrete (rooted and unlabelled) trees
with n leaves and no degree-2 vertices has a unique stationary distribution, which is
supported on the space of binary discrete (rooted and unlabelled) trees with n leaves and

no degree-2 vertices.

In a nutshell, in the continuous case, we can identify a stationary distribution of the
BMMC (the Brownian CRT) but we do not know if it is unique (up to scaling distances
by a random factor). In contrast, the discrete BMMC can be shown to have a unique
stationary distribution. As there is a direct relation between the uniform model and

the Brownian CRT, we conjecture the following.

Conjecture. The BMMC on the space of (isometry classes of) continuum trees has a
unique stationary distribution, which is the law of the Brownian CRT, and the BMMC
converges in distribution to the Brownian CRT with respect to the Gromov-Hausdorff-

Prokhorov topology (both up to scaling distances by a random factor).






Chapter 2

Recursive construction of binary
CRTs and a binary embedding of
the stable line-breaking

construction

Abstract

We introduce a general recursive method to construct continuum random trees (CRTS)
from i.i.d. copies of a string of beads, that is, any random interval equipped with a
random discrete measure. We prove the existence of these CRTs as a new application
of the fixpoint method formalised in high generality by Aldous and Bandyopadhyay.
We apply this recursive method to “embed” Duquesne and Le Gall’s stable tree into
a binary compact CRT in a way that solves an open problem posed by Goldschmidt
and Haas. Some of these developments are carried out in a space of oco-marked metric

spaces generalising Miermont’s notion of a k-marked metric space.

Keywords: string of beads, continuum random tree, stable tree, marked metric space,

recursive distribution equation, line-breaking construction
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2.1 Introduction

In this chapter, we introduce a new recursive method to construct continuum random
trees (CRTSs) from i.i.d. copies of a string of beads, that is, any random interval equipped
with a random discrete measure. Our construction is based on the concept of a recursive
tree framework as introduced by Aldous and Bandyopadhyay [13] to unify various
constructions that relate to some discrete branching structure of potentially infinite
depth, but not a priori to construct CRTs. This allows us to go beyond the class
of self-similar CRTs constructed by Haas, Miermont and Stephenson [40, 66], and in
particular generalises the bead-splitting processes of [61].

In this setting, we build a random R-tree from a string of beads and rescaled i.i.d.
R-trees attached to its atoms, i.e. we view a random tree T as the output of a map ¢g,
taking a sequence of i.i.d. R-trees (T;,7 > 1) and attaching these trees to the locations
of the atoms of a string of beads £ with lengths rescaled by the S-power of the respective

atom mass for some (5 € (0, 00),

T = ¢a(€, Tivi > 1). (2.1)

Given some distribution on the space of strings of beads, (2.1) yields a map from P(T)
to P(T) where P(T) is the space of probability measures on the space T of (equivalence
classes of) compact R-trees equipped with the Gromov-Hausdorff topology. We can also
interpret ¢g as a map from the space Ty, of weighted R-trees (that is R-trees equipped
with a probability measure) to Ty, equipped with the Gromov-Hausdorff-Prokhorov
topology. See Section 2.3.1 for a formal introduction to R-trees and CRTs, and the
discussion leading up to Lemma 2.31, which establishes the measurability of ¢z on a
suitable space of strings of beads.

We show that in our setting the conditions for the existence of a fixpoint distribution
developed in [13] are satisfied. Those are mainly based on a contraction property of the
Wasserstein metric on a suitable subspace P C P(T). This establishes the existence of a
large family of new CRTSs, also including all self-similar CRTs constructed differently by

Haas, Miermont and Stephenson [40, 66], which allows us to prove the convergence to
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such a CRT of various tree growth procedures based on an i.i.d. family of the given

random string of beads. The following is a recursive construction.

Theorem 2.1 (Recursive construction of CRTS). Let p > 1, 8> 1/p, and let (‘j'o, fio)
be an isometric copy of a string of beads & = ([0, K], ;51 Pidy;) with some distribution
v such that K = sup;> {z; : P; > 0} and E[KP?] < co. Forn >0, to obtain (Tt fins1)
conditionally given (‘j'n, fin), attach to each atom x € ‘j'n of fin, an independent isometric
copy of & with metric rescaled by /in(ac)ﬂ, and mass measure rescaled by fi,(x). Then

there exists a compact CRT (T, i) such that
JE"{,‘O(%’%) = (‘j', ,&) a.s. in the Gromov-Hausdorff-Prokhorov topology.

The attachment procedure for the above construction (and all following algorithms)

will be defined precisely in Section 2.4.2.

Corollary 2.2 (Bead splitting processes). Let p > 1, > 1/p, and let (‘j'o,ﬁo) be an
isometric copy of a string of beads & = ([0, K1, >>;~1 P;d,) with some distribution v such
that K = sup;> {z; : P; > 0} and E[K?] < co. For k >0, to obtain (Tyy1, pigy1) condi-
tionally given (Ty, ug), pick an atom Jyi € Ty from py and attach at Jy an independent
isometric copy of & with metric rescaled by u(x)?, and mass measure rescaled by py(x).

Then there exists a compact CRT (T, u) such that

kli_{go(i]'k, pur) = (T,p) a.s. in the Gromov-Hausdorff-Prohorov topology.

We will prove this corollary by embedding (Tj, ), k > 0, into (T, /2), and then
show (T, 1) = (T, 2). These bead splitting processes were introduced in [61] Definition
18. Corollary 2.2 was proved in [61] Theorem 21 in the special case when the string of
beads is regenerative in the sense of Gnedin and Pitman [38]. In this special case, it was
shown that (T, p) is a self-similar CRT in the sense of Haas and Miermont [40]. Since
we show (T, 1) = (T, 1), Theorem 2.1 gives an alternative construction of the binary

self-similar CRTs of [40].
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We will apply Theorem 2.1 to “embed” Duquesne and Le Gall’s stable tree [28] into
a compact binary CRT in a way that solves an open problem posed by Goldschmidt
and Haas [39].

Marchal [50] introduced a Markovian random tree growth model related to the stable
tree. Specifically, he built a sequence of discrete trees (T,,,n > 0), which we view as
rooted R-trees with unit edge lengths where the edges of an R-tree T are the connected
components of T\ Br(T) and where Br(7) is the set of branch points of T. We equip T,
with the graph distance, i.e. the distance between two vertices x,y € T, is the number

of edges between x and y in T;,, n > 0.

Algorithm 2.3 (Marchal). Let g € (0,1/2]. We grow discrete trees T,,, n > 0, as

follows.
0. Let Ty consist of two vertices connected by an edge.
Given 73,0 < j < n,

1. distribute a total weight of n + 3 by assigning (d — 3)(1 — 5) + 1 — 253 to each
vertex of T}, of degree d > 3 and ( to each edge of T,; select a vertex or an edge

in T,, at random according to these weights;

2. if an edge is selected, insert a new vertex, i.e. replace the selected edge by two
edges connecting the new vertex to the vertices of the selected edge; proceed with

the new vertex as the selected vertex;

3. in all cases, add a new edge from the selected vertex to a new degree-1 vertex to

form Tj,41.
It was shown by Curien and Haas [23] that the sequence of trees (T,,,n > 0) has a

CRT T as its a.s. scaling limit, i.e.

lim n?T, =T a.s. in the Gromov-Hausdorff topology,

n—oo

where, for any a > 0, a7}, denotes the metric space obtained when all distances are

multiplied by . The tree T was identified as a stable tree of index 1/(1 — (3), introduced
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earlier by Duquesne and Le Gall [28] in the context of continuous-state branching
processes, and studied by Miermont and others [40, 42, 43, 52, 53] in the context
of fragmentations. Note that the stable trees in this chapter are characterised by a
parameter 8 € (0,1/2] rather than an index 1/(1 — ) € (1,2]. A stable tree T is
naturally equipped with a mass measure p with u(7) = 1, supported on the set of its
leaves. Given (T, u), sampling leaves (X, k > 0) independently from p yields a sequence
of random compact R-trees

(Tk, k > 0) (2.2)

where T} is the reduced subtree of T spanned by the root and the first k + 1 leaves
¥0,..., 2. In the case when = 1/2, the stable tree is Aldous’ Brownian CRT [7, 8, 9].
Note that, in Algorithm 2.3 for § = 1/2, each branch point has weight 0 after it is
created, and hence no vertices of degree d > 4 will arise in the sequential construction.

Aldous [7] introduced a line-breaking construction of the trees (T, k > 0) in the
Brownian case (8 = 1/2), where the branches Ty and T;11 \ Tk, £ > 0, can be thought
of as being broken off a half-infinite line at cut points according to an inhomogeneous
Poisson point process. Goldschmidt and Haas [39] generalised Aldous’ line-breaking
construction of the Brownian CRT to all stable CRTs of parameter § € (0,1/2], building

the sequence of trees (T, k > 0) from (2.2) and assigning weights
Wi i), k=1, (2.3)

to each branch point v; € Br(T}), where by := #Br(7T%) and #S denotes the number
of elements of a set S, [k] :={1,...,k} for £ > 1, and (v;,7 > 1) denotes the sequence
of branch points in order of appearance in the construction of (Ty, k > 0). We set
ngi) = 0 for all ¢+ > 1 with v; ¢ Br(T%). The branch point weights (2.3) are derived
from the lengths of the edges attached to the respective vertex. For k > 0, the sum of
the branch point weights (W,gl) ,i > 1) and the total length L = Leb(Tj) of Ty is given

by Sk where (S, k > 0) is the Mittag-Leffler Markov chain [39, 42, 44] with parameters
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(8, 3), that is, the Markov chain starting from Sy ~ ML(f, §) with transition density

fSk_;,_l\Sk:Z(y) = f,@(z7y) = Fl(l_/g) (y - Z)l/,B—QZ‘/ggI:((j/)), y>z>0,

for k > 0, where ML(«, 6) denotes the Mittag-Leffler distribution with parameters

0 <a<1andf > —a, see Section 2.2.1, and gg(-) is the density of ML(3,0). Then
b '
Sk =D Wi+ Li ~ ML(B, B + ).
i=1
In the following, Leb(-) denotes the length measure.

Algorithm 2.4 (Line-breaking construction of the stable tree, Goldschmidt-Haas [39]).
Let 8 € (0,1/2]. We grow R-trees T; with weights W,gi) in branch points v; € Br(7%),
i € [b], where by, = #Br(Ty), k > 0, as follows.

0. Let (Tp,p) be isometric to ([0, Sp],0), where Sy ~ ML(S, 3); let by = 0 and
W =0,i>1.

Given (Tj, (vi,i € [b]), (Wi € [b])), 0 < j < k and S = Ly + W 4 -+ W,

where Ly = Leb(Ty),

1. select I, =i for each branch point v; € Br(T%) with probability proportional to
W,gi), i € [by]; or select an edge Ej C Ty with probability proportional to its length

and let by = b + 1, I, = b11;
2. if an edge EJ is selected, sample vy, from the normalised length measure on FE;

3. sample Spy; with density fz(Sk,-) and an independent By, ~ Beta(1,1/8 — 2);
attach to Ty at Ji := vy, a new branch of length (Sky; — Si)Bj to form Tpiq;

increase the weight of J, = vy, to

W =W p (Sp1 = S)(1— By),  andset W, =W, i# I

Note that, when g = 1/2, W,gi) =0foralli>1and k >0, i.e. Ly =S, for all

k > 0. It was shown in [39] that the sequence of trees (Ty, k > 0) of Algorithm 2.4 has
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the same distribution as the sequence in (2.2), i.e. the metric space completion

T:=J T
k>0

is the stable tree of parameter f3; see also [39] for another line-breaking construction
building the sequence of trees (Tg,k > 0), where branch point selection is based on
vertex degrees and not weights.

Goldschmidt and Haas [39] asked the question if (and if yes how) the branch point
weights in Algorithm 2.4 can naturally be expressed in terms of lengths. We answer this
question by using the branch point weights to build rescaled Ford trees whose lengths
correspond to these weights. Ford trees arise in the scaling limit of Ford’s alpha model
studied in [35, 42] and also in the context of the alpha-gamma-model [22] for v = «,
which is also related to the stable tree in the case when v = 1 — «. Ford trees are
examples of binary self-similar CRTs; they have also been constructed via line-breaking
[60]. We call an edge of an R-tree T internal if it connects two branch points (or the
root and a branch point) of T, and external otherwise.

The following algorithm slightly restates results obtained in [42, 60].

Algorithm 2.5 (Line-breaking construction of Ford trees, Haas-Miermont-Pitman-Winkel

[42, 60]). Let 5" € (0,1). We grow R-trees F,,, m > 1, as follows.

0. Let (F1, p) be isometric to (]0,57],0), where S] ~ ML(5',1 — ).
Given Fj, 1 < j <m, let S}, = Leb(F,,) denote the length of F,,,

1. select an edge F,, C F,, with probability proportional to its length;

2. if E,, is external, sample D,, ~ Beta(1,1/3" — 1) and place J,,, € E,, to split E,,
into length proportions D, and 1— D,,, the former closer to the root p; otherwise,

sample J,, from the normalised length measure on F,,;

3. sample S}, ., with density fg(S;,,-); attach to F,, at J, an edge of length
S/

i1 — S to form Fppyy.
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The sequence of trees (F,,,m > 1) converges a.s. with respect to the Gromov-
Hausdorff topology to a continuum random tree F as k — oo, a so-called Ford CRT of
index 8" € (0,1), see [42, 60]. We refer to the trees F,,, m > 1, as Ford trees.

We combine the line-breaking constructions given in Algorithms 2.4 and 2.5 in
the framework of co-marked R-trees, which we introduce in Section 2.3.2 as a natural
extension of Miermont’s notion of k-marked trees [54]. An co-marked R-tree (T, (R®), i >
1)) is an R-tree (7,d, p) with compact non-empty connected subsets RO T, > 1.
We will refer to this setting as a two-colour framework, meaning that the marked sets
Uis1 R and the unmarked remainder T\ Uit R are associated with two different
colours. The marked components in the line-breaking construction below correspond
to rescaled Ford trees with lengths equal to the branch point weights in Algorithm 2.4
and the unmarked remainder gives rise to a stable tree. Selection of a branch point in
Algorithm 2.4 corresponds to an insertion into the respective marked component in the

enhanced line-breaking construction of Algorithm 2.6.

Algorithm 2.6 (Two-colour line-breaking construction). Let 5 € (0,1/2]. We grow

oo-marked R-trees (77, (fR,(f),i > 1)), k>0, as follows.

0. Let (T, p) be isometric to ([0, So],0), where Sy ~ ML(3, ). Let 1o = 0 and
RS = {p}, i> 1.

Given (T3,(R%Y,i > 1)), 0 < j < k, let S, = Leb(T}) be the length of T} and
rp = #{i = 1: R # {p}};
1. select an edge £}, C T; with probability proportional to its length; if E} C le(f) for

some i € [ry], let I = i; otherwise, i.e. if B} C T;\ Uiepy 3%,(:), let rpp1=rr+1,

I =rpy1;

2. if E} is an external edge of 93,(3), sample Dy, ~ Beta(1,1/8 — 2) and place J} to
split E} into length proportions Dy and 1 — Dy, the former closer to the root p;
otherwise, i.e. if £y C T3\ Uiy iR,(j) or if Ff is an internal edge of 32,(5), sample

Ji from the normalised length measure on E};

3. sample Si4+q with density f(Sk,-) and an independent By ~ Beta(1l,1/8 — 2);

attach to T at J; a new branch of length Si1 — Sk to form T}, and add to
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CR,(CII“) the part of length (Sxy1 — Sk)(1 — Bg) closest to the root to form Rl(fﬁ? set

R0 =R, 5 # I

Indeed, we obtain the correspondence of the branch point weights in Algorithm 2.4

and the lengths of the marked subtrees in Algorithm 2.6, cf. Figure 2.1.

Theorem 2.7 (Weight-length representation). Let ( ,’;,(IRg),i > 1),k > 0) be the

sequence of co-marked R-trees constructed in Algorithm 2.6, and let I//IV/IEZ) = Leb(fR,(f))

denote the length of fR,(f), 1 > 1, respectively. For k > 1, contract each component iR,(f)
to a single branch point v; by using an equivalence relation, and denote the resulting

tree by Ti. Then

(Te, (Wi > 1),k 2 0) £ (70, (W7, > 1),k > 0), (2.4)
The sequences (T, k > 1) and (F,,,, m > 1) converge to CRTs T and F, respectively.
Similarly, we obtain convergence of the sequence (7T7, (JQ,(;),Z' > 1),k > 0) with respect to

d&y, an analogue of the Gromov-Hausdorff distance on the space of co-marked R-trees.

Theorem 2.8 (Convergence of two-colour trees). Let (T}, (iRl(f),i > 1),k > 0) be as

above. Then
klggo(:r;;, (Jz,(j),z' > 1)) = (‘I*, (R(i),i > 1)) a.s. (2.5)

with respect to d%y where (T, (RW,i > 1)) is a compact co-marked R-tree.
Furthermore, the tree ‘j', obtained from T* by contracting each component R® to

a single branch point ¥;, is a stable tree of parameter 5. The trees C’;lﬂ%(i), 1>1, are

i.i.d. copies of a Ford CRT F of index ' = 3/(1 — 3).

The proof of Theorem 2.8, in particular the compactness of T7*, are based on an
embedding of (T}, k > 0) into a compact CRT whose existence follows from Theorem 2.1
applied for a specific distribution v on a certain space of strings of beads. The distribution
v is related to the distribution of an («, 6)-string of beads, arising in the framework of
ordered (a, #)-Chinese restaurant processes for a > 0 and 6 > —« as introduced in [60].
An (o, 0)-string of beads is an interval of length K ~ ML(«, #) equipped with a discrete

probability measure whose atom sizes are PD(«, #), arranged in a random order that
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Fig. 2.1 Example of 55 with four branch points vy, ..., vs. Branch point weights 551), ey W5(4)

are represented as lengths of marked subtrees fRél),. 9{534).

ey

yields a regenerative property (see Section 2.2.2 for a precise definition). Specifically, a
string of beads with distribution v is obtained by concatenating independent (3,1 — 24)-
and (S, §)-strings of beads, scaled by the parts of an independent Beta(1l — 24, ) split.

It is crucial for our argument to equip each reduced tree with a mass measure which
effectively captures projected subtree masses. This naturally leads to a line-breaking
construction of the stable tree where attachment point selection is based on masses

rather than lengths.

Algorithm 2.9 (Construction of the stable tree based on masses). Let 8 € (0,1/2].

We grow weighted R-trees (T, pur), k > 0, as follows.

0. Let (To, po) be isometric to a (8, §)-string of beads &p.
Given (Tj, uj) with pj = 3, cq, 1j(2)02, 0 < j <k,
1.-2. sample Ji from pg;

3. given deg(Jx, Ti) = d > 2, let Qp ~ Beta(f, (d—2)(1— )+ 1—203), and let & be
an independent (3, §)-string of beads; to form (Tjp11, pir+1), remove Qppix(Jx)d,
from ui and attach to T at Jp an isometric copy of & with measure rescaled by

Qrpur(Jx) and metric rescaled by (Qpux(Jr))?;

Theorem 2.10. In Algorithm 2.9, (Ti, k > 0) has the same distribution as the sequence

of trees in (2.2) (i.e. as in Algorithm 2.4). In particular, limy_,oo Tp = T a.s. in the
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Gromov-Hausdorff topology for a stable tree T. Furthermore, limy_,oo (Tg, pir) = (T, )

a.s. in the Gromov-Hausdorff-Prokhorov topology.

The proof of Theorem 2.10 is based on the following well-known property of the
stable tree, phrased in different terminology in [43] Corollary 10(3), and [60] (see the
discussion after Corollary 8), where the link between (3, 3)-strings of beads and a Bessel

bridge of dimension 23 was established.

Proposition 2.11. Let (T, u) be a stable tree of parameter § € (0,1/2], and let ¥ ~ p.
Denote the trivial tree spanned by the root p and X by Ty, and equip To with the mass

measure fip, capturing the masses of the connected components of T\ Ty projected onto

To. Then (To, o) is a (B, 5)-string of beads.

This chapter is organised as follows. In Section 2.2 we present some preliminary
results on Dirichlet and Mittag-Leffler distributions, focussing on the connection with
(ordered) two-parameter Chinese restaurant processes and the Mittag-Leffler Markov
chain. We introduce the framework of co-marked R-trees in Section 2.3, and develop
the recursive construction of CRTs via recursive tree frameworks in Section 2.4, which
includes the proof of Theorem 2.1. The two-colour line-breaking construction which
allows us to obtain a binary embedding of the stable line-breaking construction is
discussed in Section 2.5 (including the proofs of Theorems 2.7, 2.8 and 2.10). In Section
2.6 we present a discrete two-colour tree growth process which converges to the trees
in the two-colour line-breaking construction. An appendix, Section 2.7, contains some

technical proofs postponed from earlier parts of this chapter.

2.2 Preliminaries

2.2.1 Dirichlet and Mittag-LefHer distributions

In this section, we present the distributional relationships that are key for our con-
structions. A random variable L follows a (generalised) Mittag-Leffler distribution with

parameters («, 0) for a > 0 and 6 > —« if its p-th moment is given by

ro+nr@/a+1+p)
T@/a+1)L(@+pat1) D=7

E[L] =
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for short L ~ ML(«, #). The moments (2.6) uniquely characterise ML(«, 0), cf. [58].
The following proposition is related to the scaling factors of the Ford CRTs built in our

construction.

Proposition 2.12 (Relationship between Mittag-Leffler variables). Let 8 € (0,1/2],
and consider independent random variables C ~ ML(1 — 8, k(1 — 8) — 8) and S ~
ML(5/(1 — B),k — /(1 = B)) for some k > 1. Then

cP/0-Pg L (2.7)

where K ~ ML(B,k(1 — 3) — ).

Proof. Recall that the Mittag-Lefller distribution is uniquely characterised by its mo-
ments (2.6). It is easily checked that, for each p > 1, E[(C#/(1-F)8)P] = E[KP]. O

The Mittag-Leffler distribution naturally appears when we study lengths in the trees
considered in this chapter. To analyse mass and length splits across the branches of
these trees we have to consider Dirichlet distributions. We will be able to relate mass

and length splits on the edges using the following result.

Proposition 2.13 ([39] Proposition 4.2). Let 8 € (0,1) and 6§ > 0. Forn > 2, let
01,...,0, >0 and let 0 := > 1 0;. Consider S ~ ML(3,0) and an independent vector

(Y1,...,Y,) ~ Dirichlet(61/8, ...,6,/5). Then,
SOV, Ya) = (X780, xs™) (2.8)

for independent (X1, ..., X,) ~ Dirichlet(1,...,60,) and S ~ ML(B,6;), i € [n].
We will also need some standard properties of the Dirichlet distribution.

Proposition 2.14. Let X := (Xy,...,X,,) ~ Dirichlet(01,...,0,) for some6y,...,0, >

0, neN.

(i) Symmetry. For any permutation o : [n] — [n],

(Xg(l), ce. ,Xg(n)> ~ Dirichlet (90(1), RN go(n)) .
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(ii) Aggregation and deletion. Let X' := (X1 + -+ + X, Xont1, .- -, Xpn) for some

m € [n]. Then

X' ~ Dirichlet(6y + -+ + Oy Omst, - -, 0n)

is independent of

(Xl/(Xl -+ .- —|—Xm), . ,Xm/(Xl + - +Xm)) ~ Dirichlet(&l,. . ,Gm)

(i) Decimation. Leti € [n], m € N, and let 6;1,...,60;,m > 0 be such that ;1 + --- +

0;.m = 0;. Consider an independent random vector

(Pl, N ,Pm) ~ DiI‘iChlet(GiJ, ey 9i7m),

and deﬁne X” = (Xl, e 7X7Z—17P1X7L7 .. -,PmXiaXi+1a e ,Xn) Then

X” ~ Dirichlet(@l, ey 01‘71, 91"1, ey 9i7m, (91'+1, N ,Hn).

(iv) Size-bias. Let I € [n] be a random index such that P(I = i|X) = X; a.s. for

i € [n]. Then, conditionally given I =i for some i € [n],

X ~ Dirichlet(@l, vy 0i1,0; + 17‘%—&—17 ce 70n)-

Furthermore, we have P(I =1i) = 60;/(01 + -+ + 6,).

Proof. We refer to [67], Propositions 13 and 14, Remark 15, and the Gamma variable

representation of the Dirichlet distribution. O

Proposition 2.15. Let S ~ ML(B,0 +k + 1) and A ~ Beta((0 + k)/5+ 1,1/ —1)
for some >0, 0> —03, k€ N, be independent. Then SA ~ ML(3,0 + k).

Proof. We consider the moments of SA. By independence, for p > 1, we have

FO@+k+2)I(0+k+1)/8+1+Dp)
T((@+k—+1)/8+1)T(0+k+pB+2)

E[(SA)"] = E[SPIE[A?] =
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T(O+k)/B+1+p((0+k+1)/8)
(0 +k)/B+1I((0+k+1)/8+p)

We can apply I'(t + 1) = tI'(¢) for t > 0 to show that

@+ k+ D00 +K)/B+1+p)

S = g+ m/F+ UT O+ kB 1)

which is the p-th moment of ML(/3, ). O

2.2.2 Chinese restaurant processes and strings of beads

We consider (a, 0)-strings of beads for a € (0,1),60 > 0, arising in the scaling limit of
ordered (a, #)-Chinese restaurant processes, cf. [58, 60].

Consider customers labelled by [n] = {1,...,n} sitting at a random number of tables
in a Chinese restaurant as follows. Let customer 1 sit at the first table. At step n + 1,
conditionally given that we have k tables with ny,...,ng customers at each table, the

next customer labelled by n + 1
o sits at the i-th occupied table with probability (n; — «)/(n+0), i € [k];
 opens a new table with probability (ka + 6)/(n + ).

The induced sequence of random partitions (II,,,n > 1) of [n] is called an («, 6)-
Chinese restaurant process (CRP). For each partition 7w of [n] into k blocks of sizes

niy,...,ng, we have

9 k
P(IT, = =) = H[1 " 0* o) H et (2.9)

where, for z € R and m € N, we define the m-rising factorial by [z],, := z(z + 1)(x +
2)---(z 4+ m). Note that the distribution of II,,, given by (2.9), only depends on block
sizes, i.e. the partitions II,, are exchangeable. They are also consistent as n varies, i.e.
they induce a random partition ITo, of N, which yields II,, when restricted to [n].
Pitman and Winkel [60] enhanced the («, #)-CRP with a table order, i.e. a random
total order < on the tables, independently of the actual seating process. The tables are

ordered from left to right as follows. The second table is put to the right of the first
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table with probability 8/(a + ), and to the left with probability «/(a + ). For k > 1,
conditionally given any of the k! possible orderings of the first k tables, the (k + 1)-st

table is put

o to the left of the first table, or between any two tables with probability a/(ka + 0)

each;
o to the right of the last table with probability 6/(ka + 0).

This induces the ordered (c, )-CRP (IL,,,n > 1), that is, the (e, §)-CRP (II,,n > 1)
with tables ordered according to <. Note that (II,,n > 1) can be recovered from
(ﬁn, n > 1) by ordering the blocks in order of appearance, i.e. in order of least labelled

elements. For n € N, we write
I, := (Hn,la"'vnn,Kn)a I, := (Hn,la---ann,Kn)

for the blocks of the two partitions II,,, II,, of [n], where K, denotes the number of
tables at step n. The sizes of these blocks at step n form random compositions of n,
n > 1, that is, sequences of positive integers (nq,...,n) with sum n = Z;?:l nj. The
composition related to ﬁn, n > 1, can be shown to be regenerative in the sense of
Gnedin and Pitman [38], where a sequence of random compositions €, of n, n > 1, is
called regenerative if for all 1 < m < n, conditionally given that the first part of C,, is
m, the remaining composition of n — m is distributed as Cp_,.

The number of tables K, at step n rescaled by n® converges a.s. as n — o0, i.e.

there is L, g > 0 a.s. such that
Log= nlgIolo n K, as.. (2.10)

The distribution of L, can be identified as ML(«, #). Furthermore, we obtain limiting
proportions (P, P2, ...) of the relative table sizes n ™ #I1,,;, i € [K,], as n — oo in the
order of appearance, i.e.

lim (n_l#l_[ml,...,n_l#ﬂn’;(n) = (P, P, Ps,...) = (Vl,Vlvz,Vlvm,...)

n—oo

(2.11)
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a.s. where (V;,i > 1) are independent with V; ~ Beta(l —«, 0 +ia), and V; :=1—V;. If
we rank the components of the vector (P;,i > 1) in decreasing order we obtain a Poisson-
Dirichlet distribution with parameters («, 8), i.e. (Pj,i >1):= (P,i> 1)} ~PD(a,0).
On the other hand, each of the atom masses P;,7 > 1, is associated with a position on

the limiting interval [0, L, 9] induced by the table order.

Lemma 2.16 ([60] Proposition 6). Consider an ordered (c,6)-CRP

fora e (0,1), 8 >0. Let Ny := zzl #ﬁm, j € [n], be the number of customers at
the first j tables from the left. Then,

lim {nlen,j,j > 0} = Nayg = {1 —e Gt > O}C1 a.s. (2.12)

n—oo

with respect to the Hausdorff metric on closed subsets of [0,1], where I denotes the
closure in [0,1], and (G¢, t > 0) is a subordinator with Laplace exponent ®q(s) =
sT'(s+0)T'(1 — «)/T'(s + 0 + 1 — «). Furthermore, there is a continuous local time pro-
cess L = (L(u),u € [0,1]) for Ln(u) == #{j € [Ky] : n"IN,; < u}, u € [0,1], such
that

lim sup [n”%L,(u) — L(u)| =0 a.s.

N0 4e(0,1]
where Ny g is the set of points at which L increases a.s..
We refer to the collection of open intervals in [0, 1] \ Ny ¢ as the («a, 0 )-regenerative
interval partition associated with the local time process £, where £(1) = Lo ¢ a.s.. Note

that the joint law of ranked lengths of components of this interval partition is PD(«, ),

and that (£(u),0 <u < 1) can be characterised in terms of (G, ¢ > 0) via

t
L(l - e_Gt> =T(1- a)/e_o‘Gsds, t>0.
0

The inverse local time £~ defined by

L7100, Lag] — [0, 1], L7 Nz) :=1inf{u € [0,1] : L(u) > z}, (2.13)
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is increasing and right-continuous. We equip the random interval [0, L, 9] with the
Stieltjes measure d£ 1, and refer to the pair ([0, Lo g, dC 1) as an (a, 0)-string of beads

in the following sense.

Definition 2.17 (String of beads). A string of beads (I, \) is an interval I equipped
with a discrete mass measure \. An («, 0)-string of beads is the weighted random interval
([0, Log],dL ™) associated with an (c, f)-regenerative interval partition [0, 1] \ Ny g for

€ (0,1),6 > 0.

For any string of beads £ = (I, \), we will write x € £ to mean z € I. We would
like to consider random variables taking values in a set of strings of beads. To this end,
we equip the space of strings of beads with the Borel o-algebra associated with the
topology of weak convergence of probability measures on [0, 00), where the length of a
string of beads (I, A) can be obtained as the supremum of the support of the measure A.

We also refer to measure-preserving isometric copies of the weighted interval
([0, Ly ], dL™1) as an (a,6)-string of beads. Since the lengths of the interval com-
ponents of an («, #)-regenerative interval partition [0,1] \ N, ¢ are the masses of the
atoms of the associated («, 6)-string of beads, we conclude that the joint law of the
masses (Pii,i > 1) of the atoms of an (o, 0)-string of beads ranked in decreasing order is
PD(a, §). It is well-known that the length L, g ~ ML(c,0) of an (a, §)-string of beads
can be recovered from the ranked atom masses (Pii,z' > 1) or the vector (P;,i > 1) of
the stick-breaking representation (2.11) via

& o
Lag = lim il(1 - a)(PHe = klggo<1 - Z; B) a ke (2.14)
which is the so-called a-diversity of (Pj,i >1) ~PD(«,0), cf. [58].

One of the key properties of («, )-strings of beads is the regenerative nature inherited
from the underlying regenerative interval partition, cf. [58]. Pitman and Winkel [60]
developed a method to sample an atom of an («, 6)-string of beads such that the two
strings of beads obtained in this way are rescaled independent («, «)- and («, 6)-strings

of beads (the first one being the one closer to the origin). The mass split between the
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two induced interval components and the selected atom is Dirichlet(a, 1 — v, 8), with

parameters assigned in order of appearance on the interval [0, Lq g].

Proposition 2.18 ([60] Proposition 10/14(b), Corollary 15). Consider an («,0)-string
of beads (I,)\) := ([0, Layg],dC™Y) for some a € (0,1),0 > 0 with associated (c,0)-
regenerative interval partition [0,1]\ Ny g as in (2.12). Consider the switching probability

function
(1 —u)d

p:[0,1] = [0,1], uw~ T ——

Fort >0, select a block (1 — e~ %= 1 —e~Ct) of [0,1] \ Ny g with probability

p( ) T -r(2))

s<t

where AGs := G5 — Gs— > 0, and consider the local time J := L(1 — e*Gt) related
to the selected block (1 — e~ Ct=,1 — e~Ct). Then the following random variables are

independent.
e The mass split (A([0,.J)), A(J), \((J, La.g])) ~ Dirichlet(a, 1 — a, );
o the (o, a)-string of beads (M([0,J))~*[0,J), A([0, )X Tjo.5))
e the (a,0)-string of beads (A\((J, L)) (J, Lo, A((J, Lag]) A [(J,Las])-

We refer to the sampling procedure of Proposition 2.18 as («, 0)-coin tossing sampling
in the (a, 0)-string of beads ([0, Lq 6], d£ ™). When a = 6, this is just uniform sampling
from the mass measure .

There is an informal description of coin tossing sampling: consider a walker going
along the string of beads ([0, Lq.g],d£ ™) from 0, tossing a coin for each of the (countably
infinite number of atom) masses aligned along the interval; the heads probability is
given by p(exp(—AGy)), i.e. it depends on the relative remaining mass after an atom;
the walker stops when he sees heads for the first time, and we select the associated
atom.

In Section 2.5 we will formulate the algorithms of the Introduction based on masses

rather than lengths. In particular, the attachment points in the update step will be
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sampled from the mass and not the length measure. The following statement will be

needed to conclude that that the algorithms based on masses imply the length versions.

Lemma 2.19. Let (Xq,...,X,,) ~ Dirichlet(64,...,0,) for some 01,...,0, > 0 and

n € N, and let ([0, L;], ;) be independent («, 0;)-strings of beads, respectively.

e Select I' = j € [n] with probability X; and, conditionally given I' = j, select

L' € [0, L;] via (a, 0;)-coin tossing sampling on ([0, L;], A;).

o Select I" = j € [n] with probability proportional to X§'L; and, conditionally given

I" = j, select L" = BL; where B ~ Beta(1,6;/a) is independent.

Then

(I'Ly,...,Lp_y,L',Lp — L', Lpy1, ... Ly)

L(I" Ly,...,Lyp_y, L' Ly — L Lyniq, ... Ly).
Proof. We show that, for any bounded continuous function f: R"*? — R

E[f(II7L17 .. ‘7LI’—17L/7LI’ - L/aLI’-i-l? . 7Ln)]

= E[f([”, Ly,... ,L]//_l,L”, L — L//, LI”+17 ... Ln)} (2.15)

Conditioning on I’ = j, and using Proposition 2.14(iv), the LHS of (2.15) is

n

n
SE[f(I',L1,..., Ly, L', Ly = L', Lpyq,...Ly) | I' = j] (@/Z@).
=1

j=1

Conditionally given I’ = j, we select an atom of the relevant («,6;)-string of beads
via (a,6;)-coin tossing sampling. We conclude by Proposition 2.18 and Proposi-
tion 2.14(ii) that the mass split (A\;([0, L)), A;((L, L;])) ~ Dirichlet(e, 6;), the («, c)-
string of beads (A;([0,L"))=*[0, L’), \;([0, L)) "' Aj T}0,r/7) and the (v, 8)-string of beads
(N (L L)) (L L), \j (L, L)) 7' Ay I(1r,1,)) are independent. By Proposition 2.13,
we conclude that the relative length split on [0, L] is L'/L; ~ Beta(1l,6;/a). To
conclude (2.15), proceed in the same way with the RHS of (2.15), using that, by

Proposition 2.13, (L1, ..., L,) ~ Dirichlet(6;/a,...,0,/a). More precisely, note that
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PI" = j) = (0j/a)/ (> 6i/a) = 0;/ i, 0;, and that, conditionally given I” = j, we
have L"”/L; ~ Beta(1,0;/a), as before. O

We will also need the following statement about sampling from Poisson-Dirichlet

distributions.

Proposition 2.20 (Sampling from PD(«,#), [62] Proposition 34). Let (P;,i > 1) ~

PD(a, 0) for some 0 < a <1 and 6 > —a, and let N be an index such that
P(N=i|(P,i>1)=PF, a.s., i>1.

Let (P/,i > 1) be obtained from P by deleting Py, and set P!' :== P!/(1 — Py) fori > 1.
Then, Py ~ Beta(l — a,a +6), and (P,i > 1) ~ PD(a, o + ) is independent of Py.

2.2.3 The Mittag-Lefler Markov Chain

The Mittag-Leffler Markov chain (Sg,k > 0) is one of the key ingredients in the line-
breaking construction of the stable tree, Algorithm 2.4. In the (k + 1)-st update step
a new branch whose length is a Beta proportion By of the increment (Sky1 — Sk) is
attached to the tree constructed in the first k steps, where the remaining proportion
(1 — By) of (Sk+1 — Sk) is added to the respective branch point weight. The following
results are mainly taken from [39] but note that we consider a more general parameter
regime. The proofs can be directly adapted from [39].

The Markov chain (Sk, k > 0) can be introduced via a coupling of underlying Chinese
restaurant processes as follows. Let 5 € (0,1) and # > —f. Consider infinitely many
Chinese restaurant processes (H%k), n > k), k >0, where ao®) is a (8,0 + k)-CRP. We
couple these CRPs as follows. Inductively, for k& > 1, to start the CRP II¥), ignore the
first k customers in the CRP II*~1) and add their total weight of & to the weight for
opening a new table. Let Sy be the scaling limit of the table number in the k-th CRP,
i.e. S ~ ML(3,6 + k). One can show that a Beta((0 + k)/5 + 1,1/ — 1) proportion
of customers opening a new table in II**1) will also open a new table in II*). The
following result is a direct generalisation of [39] Lemma 1.1, where the special case

6 =1 — 3 was studied. See also [42] Proposition 18(c) for the special case 6 = §.
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Proposition 2.21 (Mittag-Leffler Markov chain). The process (Sg,k > 0) satisfies
Sk = AkSk+1,k > 0, where Ay, ~ Beta((0 +k)/8+ 1,1/ — 1) and Sk4+1 is independent
of (Ao, ..., Ax). Furthermore, (S, k > 0) is a time-homogeneous Markov chain with

transition density

fSk+1|Sk=z(y) = f(zvy) = Fl(l_/g) (y - 3)1/5_2%7 y>z>0,

where gg: (0,00) — (0,00) denotes the density of ML(}3,0).

We showed that S, ~ ML(/3,6 + k) in Proposition 2.15. An expression for gg in
terms of densities of stable subordinators can be found in [58]. Recall that Sy is the
sum of the branch point weights and the length of the tree at step k in Algorithm 2.4.
In the two-colour line-breaking construction, Algorithm 2.6, Sy is the length of the tree
at step k, as needed for the weight-length representation.

We also refer to James [44] who obtained the Mittag-Leffler Markov chain via limits

in certain preferential attachment models.

2.3 Marked metric spaces

2.3.1 R-trees and the Gromov-Hausdorff topology

We use the notion of an R-tree, that is, a separable metric space (T, d) such that the

following two properties hold for every o1,09 € 7.

(i) There is an isometric map hq, 5, : [0,d(01,02)] = T such that
hoy,05(0) = 01 and hg, o, (d(01,02)) = 02.
(ii) For every injective path ¢: [0,1] — T with ¢(0) = o1 and ¢(1) = o2 we have

Q([O’ 1]) = h01,02([07 d(al’ 02)])‘

We write [[o1,02]] := hgy 0,([0,d(01,02)]) for the range of hs, ,, and refer to the

combinatorial graph structure associated with (7, d), that is, the finite connected and
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labelled graph with no cycles and a-priori no degree-2 vertices, as the shape of T, i.e.
the shape of T is the graph whose vertices are the root, the leaves and the branch points
of T.

The trees considered in this chapter are usually compact, but we also allow non-
compact R-trees. A rooted R-tree (7T,d,p) is an R-tree (T,d) with a distinguished
element p = p(7), the root. We only consider rooted R-trees, and will often refer to T
as an R-tree without mentioning the distance d and the root p explicitly. For any a > 0
and any metric space (7,d), we write aJ for (T, ad), the metric space obtained when
all distances are multiplied by «.

We are only interested in equivalence (or isometry) classes of rooted R-trees. Two
rooted R-trees (T, d, p) and (77, d', p’) are equivalent if there exists an isometry from T
onto J” such that p is mapped onto p’. The set of equivalence classes of compact rooted
R-trees is denoted by T.

We follow [32] and equip T with the pointed Gromov-Hausdorff distance dgy to
obtain the Polish space (T,dgn). The pointed Gromov-Hausdorff distance between
rooted R-trees (T,d, p), (T',d’,p') is

deu((7,d,p), (T, d',p)) := ;gpf,{maxw(w(p),w’(p’))ﬁH(sO(‘T),90'(7'))}}7 (2.16)

where dp is the Hausdorff distance between compact subsets of (M, d), and the infimum is
taken over all metric spaces (M, d) and all isometric embeddings p: T — M, ¢': T/ — M
into (M, ). It can be shown that the Gromov-Hausdorff distance only depends on
equivalence classes of rooted R-trees. We equip T with its Borel o-algebra B(T) induced
by dgu. We often consider random R-trees whose equivalence class in T has the same
distribution as a Ford CRT or a stable tree of parameter 3. We also refer to these trees
as Ford CRT or stable tree, respectively.

A weighted R-tree (T,d, p, p) is a rooted R-tree (T, d, p) equipped with a probability
measure 4 on the Borel sets B(T). Two weighted R-trees (T, d, p, u) and (77, d’, p, i)
are equivalent if there is an isometry from (7,d, p) onto (77,d’, p') such that p’ is the
push-forward of p under this isometry. The set of equivalence (or isometry) classes of

weighted compact R-trees is denoted by Ty,.
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The Gromov-Hausdorff distance can be extended to a metric on weighted R-trees,
the Gromov-Hausdorff-Prokhorov metric, which only depends on equivalence classes
of weighted R-trees, see e.g. [54] Section 6. The pointed Gromov-Hausdorff-Prokhorov
distance daup (T, d, p, p), (T, d’, p', 1)) between two weighted R-trees (T, d, p, u) and
(T, d',p\ 1) is

;?j{max{5 (0(p), €' (0), 0u(2(T), &' (7)), Op (st Pt } } (2.17)

where ¢, ¢, 0y are as in (2.16), p.u, ¢, p are the push-forwards of u, p' via ¢, ¢/,
respectively, and Jp is the Prokhorov distance on the space of Borel probability measures

on (M, ) given by
Sp(p, p') =inf{e > 0: u(D) < p/(D) + € and 1/ (D) < u(D) +€ VYD C M closed}

where D := {zx € M :inf,cp 0(z,y) < €} is the e-thickening of C.

Proposition 2.22 ([54] Proposition 8(i)). The space (Tyw,dcup) s separable and

complete.

We will also need some terminology to describe an R-tree (7,d, p). For any z € T,
we call d(p, z) the height of x, ht(T) := sup,cq d(p, ) the height of T, and diam(7T) :=
sup, yer d(7,y) the diameter of T. A leaf is an element z € T\ {p} such that T\ {z}
is connected. We denote the set of all leaves of T by Lf(T), and call #Lf(T) the size
of 7. An element x € T\ {p} is a branch point if T\ {z} has at least three connected
components. The degree deg(xz,T) of a vertex = € T is the number of connected
components of T\ {x}. The connected components of T obtained when we remove all
leaves and all branch points of T are called edges.

A weighted R-tree (T,d, p, i) is a continuum tree if the probability measure p on T

satisfies the following three properties.
(i) w is supported by Lf(T), the set of leaves of 7.
(ii) p has no atom, i.e. for any singleton x € Lf(T) we have u(x) = 0.

(iii) For every x € T\ Lf(T), pu(Tz) > 0, where T, := {0 € T: x € [[p, 0]}
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Note that these properties imply that Lf(T) is uncountable and has no isolated
points. We will also need the notion of a reduced tree: for an R-tree T and any
x1,x2, ...,y € LE(T) let

R(T,x1, ... zn) = )][p, xi]] (2.18)

-

=1

be the reduced subtree associated with T, x1,...,z,, that is, the tree spanned by the
root p and x1,...,xy,.
R(T,z1,...,2y,) is an R-tree with root p and leaves x1,...,x,. We consider the

projection map
T = T, wes hyu(sup{t > 0: h,u(t) € T1}) (2.19)

where T, = R(T, z1,...,xy) for some z1,...,x; € LE(T), and hyy: [0,d(p,u)] — T is
the unique isometry with h,,(0) = p and h,u(d(p,u)) = u from the definition of an
R-tree. For any probability measure 1 on T, we denote the push-forward of u via this

projection map by ﬂf’“u, ie.

-1
¥ (D) = ,u<(7rmk) (D)), D € B(Ty) := {D' C Tj : D' Borel measurable}.
(2.20)

We refer to [20, 31, 47] for a rigorous study and details on the topic of R-trees.

2.3.2 oo-marked R-trees

We introduce co-marked R-trees to capture the framework of an R-tree with infinitely
many marked components. This is a generalisation of Miermont’s concept of a k-marked
metric space, [54] Section 6.4. In the two-colour line-breaking construction, the marked
components correspond to the rescaled Ford CRTs by which we replace the branch
points in the stable tree. Each Ford CRT, i.e. each connected red component, is related
to a new marked subset of the co-marked metric space.

A k-marked R-tree (T,d,p,(RMW,...,R®)) &k > 1, is a rooted R-tree (T,d, p)
with compact non-empty connected subsets RO R®) = T As in the unmarked

case, we do not always mention the distance d and the root p explicitly, and rather
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write (T, (RW, ..., R®)). We call two k-marked R-trees (T,d, p, (RM), ... R(*))) and
(T, d, p, (RD ... R equivalent if there exists an isometry from T to J7 such that
each R is mapped onto R, i € [k], respectively. If T and T are equipped with
mass measures g and u', we speak of weighted k-marked R-trees, and we call them
equivalent if there is an isometry from T to J7 such that each R(® is mapped onto R/,
i € [k], respectively, and ' is the push-forward of p under this isometry. The set of all
equivalence classes of k-marked compact R-trees is denoted by T/, and ']I‘y;] is the set
of equivalence classes of weighted k-marked compact R-trees.

We equip T with d[g]H, a generalisation of the Gromov-Hausdorff distance on the
set of compact metric spaces. For (T, (RM, ... RE)Y)) (77 (R'D) ... RK)) € TH with

roots p, p, respectively, define

d[("j]H(({Ia (fR(Da o ,fR(k)),p), (‘J”7 (Rl(l), o ,fR/(k)) : p/))
= inf/{max{éH(gp(‘J'),4,0'(‘3")), max 0y (cp(ﬂ%(i)),@’(R’(i))),5(<p(p),cp(p’))}}

©,p 1<i<k

(2.21)

where the infimum is taken over all isometric embeddings o, ¢’ of T, 77 into a common
metric space (M, J), and g is the Hausdorff distance on (M, d). It was shown in [54]

that d%c]H is a metric on T,

Lemma 2.23 ([54] Proposition 9(ii)). The space (T, d[(];]H) is separable and complete.

We extend the definition of a k-marked R-trees to the notion of an co-marked R-tree
(T,d, p, (RW,i > 1)), that is a rooted R-tree (T, d, p) with compact non-empty subsets
RO < T, i > 1. As in the k-marked case, co-marked R-trees (T,d, p, (R(i),i > 1)),
(T, d, 0, (R'D i > 1)) are equivalent if there is an isometry from T to I’ such that T
is mapped onto 77, and each R is mapped onto R'¥, i > 1, respectively. We write
T for the set of equivalence classes of co-marked compact R-trees, and equip it with

[k

the metric dfyy := > g>1 2_de]H, ie. for (T,(R®,i>1)), (T,(R'D, i >1)) € T® with

roots p, p, respectively,

dOGOH((‘j’, (R(i),i > 1),p)7 (‘T’, (iR/(i),i > 1),/)/))
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=3 27kql (( (R<i>,...,ﬂz(’f>),p),(‘r’, (ﬂz’<1>,...,3z’<’f>),p’,)). (2.22)

E>1
Corollary 2.24. The space (T, d&y) is separable and complete.

Proof. By Lemma 2.23, for any k > 1, there exists a countable dense subset Cy, C T}, such
that for any e > 0 and any (T, (R, ..., R*))) e T there is (77, (R'D), ..., R'*))) e C,,
with

di (7, (RO, .., 2E0)), (7, (R, R B))) <. (2.23)

Let p’ denote the root of 7. For any k > 1, the set

b = {(‘I’, (R(ll), L RED) L (') )) : (‘.T', (iR’(l), - ,R’(k))) € (Ck}

is clearly countable. For any (T, (R(M) R . )) € T* there is an element

(TJ", (:R’<1>, LR Y )) € C,

such that (2.23) holds when we restrict to the first k¥ marked components, i.e.

%OH(<‘I (9z<i>,z'z1)),(fr’, (:R’U’),z'zl))) <2 eZT—I— Y 2 diam(T

n>k+1

for k large enough. Therefore, Coo := U1 Cj}, is countable and dense in T, i.e.
(T*°, d&y) is separable.

To see completeness, consider a Cauchy sequence (T, (IRg),i >1),n > 1) in T.
By definition of d&y, for any k& > 1, the sequence (Tp, (ngLl), e ngLk)), n > 1) is clearly
Cauchy in T*. By Lemma 2.23, (T, d[é]H) is complete, and we conclude that there is
(T, (RM, ..., R*))) e T such that

Tim. (‘I, (32,(}), . ,:Rgﬂ)) — (‘I, (:R<1>, - ,3z<k>)). (2.24)
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Furthermore, the limits (2.24) are easily seen to be consistent as k varies, i.e. given

(2.24) for some k > 2,
lim (‘J’, (Jz“), - ,3%““*1))) = (‘I, (R(l), . ,ﬂzUH))) (2.25)
in (Tk-1] dgﬁ”). We conclude that there is (T, (R, R?) .. )) such that

i (7 (302 1), (7. (30,5 21))) =0 q

We can extend d[(];]H to a metric on TL’J] by adding a Prokhorov component to d[éc]H

For any k € {1’ 2’ o } and (77 (R(l)a tee 7R(k))7:u')7 ("T,a (:R/(l)v cee 7"R,(k))7 :u,) S TL\I;:]7 we
define d[C];f}HP((T’ (R, REY ), (T, (RO, R 1)) as the infimum over all

o, ¢ of

1<i<k

max{éH (#(T), (7)), max du(p(RD), @' (RD)), 5((p), & (¢) 0p (@urt, ) }

where ¢, ¢’ and ., @, are as in (2.17) and (2.21). In the spirit of (2.22), we define

d3e (7, (RD,i > 1), ), (7, (R, >1),0))
) y b

:szkd[ggp((m (Jz(”,... JQ(’“)) ),(fr/, (R’(l),...,R/(k)),u’D (2.26)
k>1

for two weighted co-marked R-trees (T, (R® i > 1), ) and (77, (R'®,i > 1), /).

Lemma 2.25. The function d[édHP defines a distance on T\[,]f], and the space ('IF\[A’,“], dy;]HP)

is separable and complete, for any k € {1,2,...;00}.

Proof. For k > 1, the proof is a direct generalisation of the proof of Lemma 2.23. In
particular, it is straightforward to generalise the results about dgpp in [54] Section 6.2
and Section 6.3 to d[g]HP. For k = oo, the claim can then be deduced as in the proof of

Corollary 2.24. O
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As a natural special case of weighted k-marked R-trees we can introduce k-marked

strings of beads of the form
(I=1[0,K], I =[K1,Ki],..., I = [Ky, K}], \),

i.e. intervals I = [0, K] with marked subsets I; = [K;, K]] C [0, K], 1 < i < k, equipped
with a discrete mass measure A. We can view a k-marked string of beads as a weighted
k-marked R-tree. It will be sufficient to restrict our considerations to equivalence classes

of 1-marked strings of beads, where the marked component [K7, K{] is of the form

[0, K1), i.e. K =0.

Remark 2.26. We view the points of colour changes in k- and co-marked R-trees as
branch points of degree 2, i.e. an interval [0, K] with a marked component [0, K] as in

a 1-marked string of beads is related to two edges in the tree.

Remark 2.27. Miermont [54] introduced the more general concept of a k-marked metric
space, and studied the space M! of equivalence classes of k-marked metric spaces. T

is a closed subset of MI* ([32] Lemma 2.1), i.e. the results on (T[], d[gH) presented here

are a direct consequence of his studies of (M¥], d%} ).

2.4 Construction of CRTs using recursive tree frameworks

2.4.1 Recursive tree frameworks

We briefly recap the concept of a recursive tree framework (RTF) introduced by Aldous
and Bandyopadhyay [13], where general recursive distributional equations were studied
with regard to the existence of fixpoints. Such recursive relationships arise in a variety
of contexts, e.g. in algorithmic structures, Galton-Watson branching processes and
random trees. We will use the recursive distributional relations underlying an RTF to
give a recursive construction of CRTs based on a string of beads.

Consider two measurable spaces (T, Ar) and (2, A=), and construct

(1]

=Ex | 17 (2.27)

0<m<oo
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where T™ denotes the space of T-valued sequences of length m, 0 < m < oo, and where
we denote the empty sequence by Y, i.e. TY = {T}. Furthermore, consider a measurable
map

¢:=F - T, (2.28)
and random variables (£, N) € Z x N := 2 x {1,2,...;00}, and (15,7 > 1) € T as
follows.

(i) The pair (£, N) has some distribution v, i.e. (§, N) ~ v.
(ii) The sequence (7;,7 > 1) is i.i.d. with some distribution 7, i.e. 7 ~ 7.
(iii) The random variables in (i) and (ii) are independent.

We denote by P(T) the space of probability measures on the space T. For any given

distribution on Z x N, we then obtain a map
®:P(T) - P(T), n+— ®(n) (2.29)
as an analogue of (2.28) on P(T), i.e. ®(n) is defined as the distribution of
T:=¢, 1,1 <i<N). (2.30)

We call 7 the parent value of (7;,1 < i < N), and refer to (73,1 <i < N), as the values
of the children of 7. We now proceed recursively, and view the random variables 7; as

the parent values of random variables 7;;,1 < j < Nj, associated with &, i.e.

This setting can be extended recursively to each of the following generations, i.e. each
child is considered as a parent itself. We refer to this setting as a recursive tree framework.

More precisely, we define

N:= UN”

n>0
and use the Ulam-Harris notation to describe the set of all possible descendants i, where

i=141i9- - i, denotes an individual at generation n > 1, which is the i,-th child of the
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parent iyis - - -i,_1. If we let the empty vector @ (the only element of N%) be the root
of N and link parents and children via edges, the space N can be viewed as a (discrete)

tree.

Definition 2.28 (Recursive tree framework). A recursive tree framework (RTF) is a
pair {(&;, Ni,i € N); ¢} where (&, Vi, i € N) is a sequence of = x N-valued i.i.d. random

variables (&, Nj) ~ v, i € N, and ¢ : Z* — T is a measurable map.

Suppose there are random variables 7,1 € N, possibly on an extended probability

space, as follows.

(ii) For all i € N,
=07y, 1 <J< Ny as. (2.31)

(ii) The random variables

{mi :1in generation n} (2.32)
are i.i.d. with some distribution 7,.

(iii) The random variables {7 : i in generation n} are independent of the random
variables

{(&, Vi) : i in first n — 1 generations}. (2.33)

N(;te that {7; : i in generation n} = {7 :i € N"}. A recursive tree process (RTP)
is a recursive tree framework with random variables 73,i € N, as in (2.31)-(2.32), i.e.
an RTP is an RTF enriched by the random variables 73,1 € N. An RTP with random
variables 73 only defined up to generation n, i.e. only for i € |J;,,_oN™, is called an
RTP of depth n. While RTPs of depth n can always be defined using (2.32) for any
distribution 7,, and (2.31) for generations n — 1,...,0, RTPs of infinite depth do not
exist in general. We refer to [13] Section 2.3 for more details on RTFs and RTPs, in
particular with regard to connections to Markov chains and Markov transition kernels.

In what follows, consider a fixed recursive tree framework, i.e. let (&, Vi), i € N, be
i.i.d. with distribution v, and let ¢ : =¥ — T be a measurable map. Given n > 1 and

an arbitrary distribution 7, on T, we consider a recursive tree process where the values
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of n-th generation individuals are i.i.d. with distribution 7,,. The distributions of the

values of j-th generation individuals are then given by

T~y =0 (n,), i€ N, (2.34)

for 1 <j <n—1. Aldous and Bandyopadhyay [13] studied fixpoints of ®. Note that
the existence of a fixpoint n* of ® ensures the existence of a stationary RTP, i.e. an

RTP with n, =n, n > 0, by Kolomogorov’s consistency theorem.

Lemma 2.29 (The contraction method, [13] Lemma 5). Let P C P(T) such that
O(P) C P, i.e. consider ®: P — P as in (2.29)-(2.30) related to a recursive tree process
as above. Furthermore, let dp be a complete metric on P such that the contraction
property holds, i.e.

n,m' €Pm#n’ dp(n,n')

Then the map ® has a unique fixpoint n* € P, and the domain of attraction of n* is the

whole set P, i.e. for alln € P, lim & (n) = n* in the sense of weak convergence.
J—00

2.4.2 The setting for recursive tree processes in the context of CRTs

We now use a specific recursive tree framework to construct a continuum random tree.
We will apply this construction to build a compact CRT which is related to the tree
constructed in the two-colour line-breaking construction (without colour marks).

Let T be the space of all equivalence classes of (rooted) compact R-trees, as in

Section 2.3.1, and let = be the space of strings of beads defined by

2= {g £ = (I =[0,K],\ = ZP,@CJ such that (i)-(iii) hold} (2.36)

i>1
where the properties (i)-(iii) are given by
(i) K>0and 0 < x; < K for all i > 1;

(i) 0<Xs>Pi<land 0 < P <1 forall i > 1;
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(iii) @; # «; for all 4, j > 1 with ¢ # j, where the z;’s are enumerated in decreasing
order of their mass P;; indices are assigned according to increasing distance to 0 if

atom masses have the same size.

Each string of beads £ € = can be characterised via a constant K > 0 and a sequence
of atoms (z;);>1 with respective masses (F;);>1 in decreasing order. This gives a natural

bijection between Z and the space
== {(K, (@)1, (P);z1) : (i)-(iii) hold} € [0, 00) x [0,00)" x I'(N).

We will obtain a construction of a random compact weighted R-tree (‘j', ) based
on any string of beads & satisfying (i)-(iii) and an additional moment condition on its
length K. (‘j’, 1) will be a CRT in the strict sense if and only if £ satisfies the additional
properties K = sup;>i{x; : P; >0} and >_,»; P, = 1. When }°,5; P; < 1, we will still
obtain convergence of our contruction to a random R-tree in the Gromov-Hausdorff
sense, but we do not obtain a CRT (as the total mass of the tree is strictly less than 1).

Henceforth, we work with the space =, and define =* := = x T where T is the
set of infinite sequences in T. From now on, let 8 € (0,00) be fixed. We equip Z* with

the metric dg where dg(9,9') is defined as

(2

[ = K| v sup(Jai = | v [(B)” = (PO V dan (i, ) v dan ((P) i, (P)Pri) )
(=
for & = (K, (2i)iz1, (P)iz1, (7i)iz1), ¥ = (K, (2)iz1, (F)iz1, (77)iz1) € E*, where we
recall that Pf 7 denotes the R-tree 7; with distances scaled by Pf .
Proposition 2.30. The space (E*,dg) is separable.

Proof. We first show that the space ([0,1] x T, CZg) is separable, where

ds((P.7), (P 7)) i= |P? = PP| v dau(r, 7') v dau (PPr, (P))°7). (2.37)

Recall that T equipped with the Gromov-Hausdorff distance dgy and the space [0, 1]
equipped with the Euclidian distance are separable, i.e. there exist countable dense

subsets T C T, QN [0,1] C [0,1] such that for any € > 0 and any 7 € T, P € [0, 1] there
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are 7 € T/, P € QN [0, 1] such that
dan(r, ™) < /2, |P? = (P)°] < ¢/(2nt(r)),

see e.g. [31] Theorem 4.23 for the separability of (T,dgy). Clearly, the space D :=
(QnN[0,1]) x T" is countable. To prove that D is dense in [0, 1] X T, it remains to show

that dgu(PP7, (P")?7") < €. Indeed,

don(Pr, (P)°7') < dan (P*7, (P')r) + dan ((P') ', (P)°7')
<|P? = (P)’|nt(r) + (P') dem (7, )

< (e/(2ht(7)))ht(7) + ¢/2 =€,

where we applied the triangle inequality twice. Hence, ([0,1] x T,dg) is separa-
ble. Note that [0,00) equipped with the Euclidian distance is separable. Proposi-
tion 2.30 now follows from the fact that if (A;,d;), (Aa,d2),... are separable metric

spaces, then the space ((A; X Aa X ...),d~) is separable, where d is defined by

doo((x1,22,...), (2}, 2h,...)) = SUP;>1 dj(xj,a:;-). O

Next, we consider

(K, (xi)i>1, (Pi)iz1, (T, dis pi)i>1)

where (K, (2;)i>1, (Pi)i>1) € Z and (73,d;, pi)i>1 is a sequence of R-trees, that we do
not consider as elements of T.

For any i > 1, rescale the tree (7;,d;, p;) by Pf, i.e. consider the tree an =
(73, PZ-’BdZ‘, pi), and attach PZ-'BTZ' to the point x;, replacing the related atom P;d,, of the
string of beads ¢ related to (K, (x;)i>1, (Pi)i>1), i.e. identify the root p; with the point

x; of mass P;. More formally, define

(', d, o) (2.38)
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by 7" := [0, K] U|l;>1 7 \ {pi} and the metric d’ on 7’ via

|z =yl if z,y € [0, K],

d(z,y) = P}d;(x,y) ifz,yer,j=>1,
|33_xj|_|_Pdej(Pjvy) ifxel0,K|,yer,j>1,
Pﬁdjl(xvpjl) + |25, — 25| + ngdjz(ﬂjmy) if v €15,y € 1)y, J1 # J2,

(2.39)
where we define the root by p’ := 0. We only consider (7/,d’, p') when compact. It
is easy to see that the equivalence class of (7/,d’, p’) only depends on the equivalence
classes of (7;,d;,p;i), i > 1, hence we can define the subset Cys C E* as the set of

all elements (K, (z;)i>1, (P)i>1, (73)i>1) € E* such that (7/,d’, p’) is compact for any

representative associated with (K, (2;)i>1, (P;)i>1, (7i)i>1), and the map ¢g: =% — T,
V= (K, (25)i>1, (B)iz1, (73)i>1) = oI, (24)i>1, (P)i>1, (T6)i>1)

mapping ¥ onto the equivalence class associated with (7/,d’, p') if ¥ € Cy,, and onto
{p} otherwise.
As we have a natural bijection between = and Z, we will also write s, (15,1 > 1))

for any & = ([0, K], 3,51 Pida;) € E to mean ¢g(K, (2:)iz1, (P)iz1, (73,1 > 1)).
Lemma 2.31. The map ¢g : Z* — T is measurable.

Proof. We first show that ¢g [¢ 05 is continuous.
Let (19(”)),21 be a sequence in Cy, such that lim, dﬁ(ﬁ(”),ﬁ) = 0 for some

¥ € Cy,. Then, using the notation

and ¥ = (K, (xi)izl, (Pi)zZla (Ti)iZI)y we obtain

dcu (@f)B (ﬁ(n)),%(ﬁ)) < ‘K(”) - K‘ +sup|z{") — z;

i>1

< 3ds (6, 7)), (€,7),

n B n
+SUPdGH<<PZ-( )) Ti( )7(Pi)ﬂ7'i>

i>1
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ie. limy, oo dGH(gZ)g(z?(”)), ¢p(¥)) = 0, and hence, ¢3 fc% is continuous.

The measurability of ¢z will follow from Lemma 2.33 and Lemma 2.34. O

The proof of Lemma 2.33 is based on the following proposition, whose proof we

provide for completeness.

Proposition 2.32. Let (A, A) and (B,B) be two separable metrisable Borel spaces,

and let f: A — B be continuous. Then f is measurable.

Proof. Consider the collection of sets
G:={BycB: f'(By) € A}.

By continuity, the pre-image f~!(Bg) of any open set By € B is open, and hence
measurable, i.e. By € G for all open sets By € B. Furthermore, by properties of the
pre-image function f~!, the collection of sets G is a o-algebra. Since the Borel o-algebra

B on B is generated by all open sets, we conclude that B = G, i.e. f is measurable. [

Lemma 2.33. Let (A, A) and (B, B) be two separable metrisable Borel spaces, and let
Ao € A. Then any function f : A — B with f(a) = by for all a € A\ Ay and f |4,

continuous is measurable.

Proof. For every Ag € A, the subset topology on Ay is separable and induced by the
metric restricted to Ag. By Proposition 2.32, fo = f [4, is measurable. We need to

show that f~!(Bg) € A for any By € B. We have that

(/710 \ 5" (b)) U fg*(Bo)  if by € Bo,

£ (Bo) if by ¢ Bo.

FH(Bo) =

Since fy is measurable, we obtain f; '(By) € A. Furthermore, f~1(by) \ fo*(bo) =

A\ Ag € Asince A, Ag € A. Thus, f~1(By) € A for all By € B, i.e. fis measurable. [

Now take A = =* equipped with its Borel o-algebra A = B(E*), and similarly
B =T, B = B(T). Furthermore, consider Ag = Cy,, f = ¢, bo = {p}. We already

know that ¢z [c ” is continuous. It remains to show the following.
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Lemma 2.34. The set Cy, C E* is measurable, i.e. Cy, € B(Z7).

Proof. For any (K, (x;)i>1, (Pi)i>1, (Ti)i>1) € 2%, ¢0g(K, (xi)i>1, (F;)i>1, (:)i>1) is com-
pact if and only if for all N > 1, we can find I > 1 such that for all i > I, ht(PiBT,-) < 1/N,

ie.
C‘Z’ﬁ = m U ﬂ{(K, (fEi)izly (Pi)izh (ﬂ')iZl) e =" Pfht(Ti) < 1/N}
N>11>1i>1
Since the height function ht: T — [0, 00) is measurable, Cy, is measurable. t

Consider the space of probability measures P(T) on the space T of equivalence

classes of compact R-trees, and the subsets P, C P(T), p > 0, given by
Pp :={n : n is a probability measure on T and E[ht(7)?] < oo for 7 ~n}.  (2.40)

We follow [13], and equip P, with the Wasserstein metric of order p > 1, which is

defined by
Wy(n, 1) = (inf E[|dau (r, 7)')", nof € P(T), 7~ 7 ~n,  (241)

provided that E[|dgn(r,7")[’] < oo, where the infimum is taken over all couplings of
random variables 7 and 7/ with marginal distributions 7 and 7/, respectively. The space

(Pp, Wp) is complete since dgp is a complete metric on T, see e.g. [17, 32].

2.4.3 Existence of a fixpoint distribution

We consider the recursive tree framework induced by some string of beads & € = with
distribution v and an i.i.d. sequence of compact R-trees (7;)i>1 = (73, d;, pi)i>1 with
some distribution n € P,. We have N = oo throughout this section, and, with a slight

abuse of notation, we write (§, N) ~ v.
Lemma 2.35 (Contraction). Let 8 >0, p > 1/ and { = ([0, K], > ;51 Pids,;) € = with

some distribution v be such that E[K?] < co. The map ®g: P, — P, related to § and

¢ : Z° — T is a strict contraction with respect to the p-th Wasserstein distance, i.e.

sup <1 (2.42)

n.n' €Pp.nFEn Wp(n.n')
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Proof. Let 7 ~n and 7" ~ 1’ be two elements of T. Furthermore, let (7;);>1 and (7})i>1
be two i.i.d. sequences with 71 ~ n and 7 ~ 1/, independent of £. We first check that
®3(n) € Pp. Indeed,

Eht(ps(¢, (1,0 > 1)))P] <E

<K + sup Pfht(n))ZJ]

i>1

< ?E[K?] + 2'E
i>1

sup Pipﬂht(n)p] < 00

since the first term is finite by assumption, and the second term can further be estimated

above using

<E

E [sup PPPht(7;)P
i>1

S” PPut(n) ] (ZE[P’”B}) [t (71)"]
1>1 i>1

which is finite since 7 € P, and since p3 > 1, 37,51 P, <1, and P; € [0,1) for all 7 > 1

by the assumption that £ € Z. Then

W}?((I)ﬁ(n)aq)ﬁ(n/» < infE[(dGH(¢ﬁ(§7Tivi > 1)7¢ (57 2 1))) }

<infE sg;l) (dGH (Pfﬂ;, PZ-”BT) p]

<infE ZdGH P TZ,PB / ]
Li=1

= infE i(PZ‘)p/BdGH(TuT{)p}

Li=1

— inf Z E {(P,J)pﬁ} E [dGH (Tia Ti,)p]
i=1

<§ E|( B)pBD (inf E[dgu (71, 7)7])
- (iE{(H)p[gDWg (n.7) (2.43)

where the infimum is taken over all couplings of (7;);>1 and (77)i>1.
Dividing by W2(n,n'), taking the 1/p-th power and the supremum over all 5,7 € P,

n # ', we obtain, for any p > 1,

Wy(2(n), @ Lp
o SO (S sl 240
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By assumption, p > 1. Then, since 0 < > ;51 P, <1land 0 < P, <1 for all ¢ > 1,

we have
iE[(Pi)pﬁ] < iE[Pi] = E[i pl <1 (2.45)
i=1 =1 i=1
0

Corollary 2.36 (Fixpoint). In the setting of Lemma 2.35, the map ®g : P, — P, has
a unique firpoint n* € Py, i.e. Pg(n*) =n" and ®j(n) — n* as n — oo for alln € P

in the sense of weak convergence.

Proof. Recall that W), is a complete metric on P, for any 1 < p < oo. Furthermore,
® is a strict contraction by Lemma 2.35. Hence, we conclude by Lemma 2.29 that
®g5: P, — P, has a unique fixpoint n* € P, such that ®3(n) — n* as n — oo for all

n e Pp. O

This yields a distribution n* on T, and a recursive construction of an R-tree T ~ n*

based on a string of beads ¢ € = with distribution v, cf. [13].

Corollary 2.37. In the setting of Lemma 2.35 and Corollary 2.36 the height of‘j' has

v

finite moments E[ht(T)P] < oo for all1 < p < p* :=sup{p > 1: E[K?] < co}.

Proof. Note that, as a direct consequence of Lemma 2.35,

e (1 Pp= (] P

1/B<p<p* 1<p<p*

We write

& = (Ei,ZPijaxu), icN, (2.46)

j>1

for isometric copies of i.i.d. strings of beads with distribution v, where Ej,i € N, are
disjoint intervals.

We will slightly abuse notation by writing & C T to mean that F; C T for some

set T. In Corollary 2.38, we construct a sequence of trees (frn, n > 0) by successively

replacing the atoms of the mass measure [i,, on T, by rescaled independent copies

of the initial string of beads £z = (‘j'o, fip) (simultaneously for all atoms at the same
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depth n > 0). The almost-sure limit T of this sequence is a tree with the fixpoint
distribution determined by the underlying recursive tree framework (&;,i € N). Note
that, by construction, T = Un>0 T = Uiex Ei.

The following result is a restatement of Theorem 2.1 from the introduction.

Corollary 2.38 (Recursive construction of CRTs). We construct an increasing sequence
of weighted R-trees (‘j'n, fin,n > 0) as follows.

Let &,1 € N, be isometric copies of i.i.d. strings of beads with distribution v, and
set (To, fi0) = Eo. Forn > 1, set T, == dp(&a, (Ti(n),i > 1)) where (Ti(n),i € Up_; N¥) is
a sequence of trees defined recursively via 7 = &,1€ N, and, forn > 2,

i

w 10K, ieN",

T, =

o6 (7.5 >1)) ieN"1<m<n-1.

1

We equip T, with the mass measure [in given by

Hn = E -ZDZ -Pi1i2 U -P7;1i2...in+161’i =: E Pi5xi7 n > 0.
i=i1i2...in+1€N"+1 i=i1i2.A.in+1€Nn+1

(2.47)

Then we have the convergence
Tim dgn (Tn,‘I) =0 as (2.48)

where T := Un>o0 T, has the fizpoint distribution n* related to the RTF (&;,i € N).

Proof. The sequence (‘j'n, n > 0) and the tree T are naturally coupled via the underlying
recursive tree framework (&;,i € N). More precisely, ‘j'n C §'n+1 c T for all n > 0.
The tree T has the fixpoint distribution n* given in Corollary 2.36, i.e. T admits the

representation

T = 65(€, (Ti 2 1)) (2.49)
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where T;,i € N, are i.i.d. copies of ‘T and T; = ¢3(&, (Tij,J > 1)),i € N. For any p > 1,
we have

E[dGH(frn,ﬁ)p}gEK sup  PLht(T )p S By

j>1

<) E

ieNn

B[ (7).

ieNn j>1

Note that, for each i € N, the sequence (]VDU, j > 1) can be represented as
(Pyi=1) = (BB, = 1) (2.50)

where (P;j,j > 1) is independent of ]51, i € N”, and has the same distribution as the

ranked atom masses (Pj,j > 1) of the initial string of beads {z. Therefore,

E[dGH(t}n,‘fr) } <]E[ht }

E[ Y 5.

ieNn
)TL

P (e (T T) > €) < ¥Elden (07| < Bl ()] <E

Z PPIB

j>1

Applying (2.50) recursively, we obtain

B Jdon (7. 7)"] < B[ (7] (E

By the Markov inequality, we have

> Py

Jj=1

> P

Jj=1

) . (2.51)

We choose p such that pS > 1 to obtain E[Z]>1 pP } < E[Z]‘zl PJ} < 1 as in (2.45).

By Corollary 2.37 and the first Borel-Cantelli Lemma, we conclude

P(dGH (‘j'n, ‘j') > ¢ for infinitely many n) =0, (2.52)
and hence lim,, ‘.an = T a.s. in the Gromov-Hausdorff topology. L]

If the initial string of beads satisfies some extra conditions, we obtain a mass measure

[i as the a.s. limit of ji, as n — oo such that (T, 1) is a CRT in the strict sense.
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Proposition 2.39 (Mass measure on “Yf) Consider the setting of Corollary 2.38. If
Yi>1 P =1 and K = sup;>{z; : P, > 0} a.s., there exists a continuum random tree

(T, 1) such that

Tim. dGHP((%’rH,[Ln), (‘I M)) =0 as. (2.53)

Proof. By Corollary 2.38, it remains to show that the mass measures fi,, converge a.s..
We follow Aldous’ formalism of trees embedded in I*(N), cf. [7, 8, 9]. For any z € T,
there exists a unique index i € N such that x € & (excluding left endpoints of the strings
of beads &, i€ N\ {@}). N is countable, i.e. there is a bijection o : N — N, and hence
we can embed the branches of the trees T, into {*(N) (instead of embedding them into
I'(N)). This embedding is consistent as n varies, as, for each n > 0, T, 11\ T, = Uienn &-
The mass measure fi, can hence be viewed as a measure on [!(N), and we need to
show that the fi,, converge a.s., as random probability measures on I!(N). This is easier
than Aldous’ approximation of the measure representation of the Brownian CRT ([7],
Theorem 3) but the formalism and the key steps are the same.

Firstly, mass is preserved from fi,, to fin+1, and, for n > k > 0, the projection of i,
onto ‘}k is pg and does not depend on n > k. Hence, we obtain a.s. convergence to a
consistent system of finite-dimensional marginals of a random probability measure [ on
[0,00)N. Secondly, the sequence (fi,,) is (a.s.) tight as a family of (random) probability
measures on [!(N) since T (represented in !(N)) is compact a.s.

Hence i := lim,, .o /i is a probability measure on [*(N). It remains to check that
(‘j', ) is a CRT, i.e. that i a.s. satisfies the properties of a continuum tree from Section
2.3.1. Note that max 5 fin(2) = maXj—j...i, ,, enn+1 P;, and that for € > 0 and p > 1,

r P
Z P( max P, > 6) < Z e PE ( max ]51> ]

n>0 i=i1~~-in+1€Nn+1 n>0 i=i1-ip41ENPHL

<D El > H

n>0 _i=i1---in+1€Nn+1
n+1
<D e EILP < oo,
n>0 7>1

where the second last inequality can be derived as in (2.50), and the last inequality

follows from the fact that E[>-,5; PJP] < 1 for p > 1. Hence, lim,,_,o maxjecnn P=0
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a.s.. Note that fi,(E;) = 0 for any i € Uy <pp<p—1 N™, ie. for any z € T,

~

&([[p, z]]) = Jim fin([[p,2]]) < lim max P, =0  a.s.. (2.54)

n—oo jeNn

Properties (i) and (ii) of a continuum tree now follow from (2.54). To see (iii), note that,
for x € ‘.VT\ Lf(‘.VT), there is i = iy --- i, € N for some n > 0 with x; € T, i.e. & C Ty.

Hence, [i(Ty) > Jin(&) = B > 0. O

We now prove Corollary 2.2, using an embedding of (T, ug), k > 0, into (‘.VT, f).

v

Proof of Corollary 2.2. Consider (T, ), n > 0, built from &, ¢ € N, as in Corollary
2.38, with limit 7, and mass measure ft as in Proposition 2.39. Now let (To,71y) = &»
and given (ﬁ'j,ﬁj), 0 < j <k, with T, C T and %, the push-forward of ji, under the
natural projection from T to Tk, pick Jy, from . If J), = xjj, Temove i (jk)5jk from
i, and add to Ty the rescaled string of beads &; C T to form (Tht 15 Btog1)-

Then (T, fig, k > 0) has the same distribution as (T, g, k > 0). Since m cT
is compact, it remains to show that the inclusion is actually an equality. To see this, we
employ a simpler variant of an argument of [60] Proposition 22. Let ¢ > 0 and consider

the connected components of

where T, = {z € T : 0 € [[p,z]]}. Since T is compact, only finitely many attain
height €. Each of these intersects & for some i = iyig---i, € N, and each Tiyoigs
1 < j < n, is picked as some Jy, where k; := inf{k > 1 : Jp = z4,..4,} after a
geometric number of steps with parameter 77, | (2i;..i;),1 < j <n, and the tree Thyt1
will intersect the component. When all components of height € have been intersected
the Gromov-Hausdorff-Prohorov distance from (7, ) is below e. This completes the

proof. O
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2.5 Binary embedding of the stable line-breaking construc-
tion

In the previous section, we obtained a tree T via a recursive construction using isometric

copies of i.i.d. strings of beads with some distribution v on the space Z. We are now

interested in the construction induced by the (1-marked) string of beads (I, I, A) defined

as follows. Let 5 € (0,1/2], and consider a function
Up:2xEx[0,1] » =M (2.55)
where Z1 is the space of 1-marked strings of beads given by
2= {(I=[a,0],I' = [, ¥],\) : (I,\) € 5,1 C I}. (2.56)
For (I, = [0, K1],\1), (I2 = [0, K3], X2) € 2 and B € [0, 1], define
(I=1[0,K],I"=1[0,K'],\) := Ug((I1, \1), (I2, X2), B) (2.57)

via

K := B°K, + (1 - B)’K,, K':=B°K,

and the mass measure A on [0, K] given by

A([0,2]) = B)\l([O’B_ﬂx})’ ifr e [OvK/],

B+(1-BX(|0,0-B) @@-K|), ifze[k K]

The string of beads obtained via (2.57) when (I;, A1) and (I2,\2) are independent
(8,1 — 2p3)- and (B, §)-strings of beads, respectively, and B ~ Beta(l — 23, 0) is
independent is called a S-mized string of beads. Recall from Section 2.2.2 that for any
(o, B)-string of beads ([0, K],\), a € (0,1) and 6 > —a, we have that K ~ ML(«,#0),
and

(A(z) : z € [0, K], A\(z) > 0)* ~ PD(a, ). (2.58)
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Hence, any (a, 8)-string of beads a.s. satisfies properties (i)-(iii) of Z as in (2.36). Since
each (-mixed string of beads is composed of a rescaled (3,1 — 2/)- and a rescaled
(B8, B)-string of beads, we conclude that a S-mixed string of beads is an element of =
a.s.. We denote the distributions of (I,\) and (I,I’,\) on = and =1 by vg and ug},
respectively, i.e.

Ws((I1, M), (2, Aa), B) ~ v . (2.59)

Remark 2.40. The total length of a -mixed string of beads is given by K = B K, +
(1 — B)PKy where B ~ Beta(l — 28, ) and K; ~ ML(3,1 — 23), Ko ~ ML(B, ) are
independent. Therefore, by Proposition 2.13 with 6; = 1 — 23,6, = [, noting that
(B,1 — B) ~ Dirichlet(1 — 283, 3), we have

4

(B°K1, (1= B)’Ky) £ K (B',1- B) (2.60)

where B’ ~ Beta(1/8 — 2,1) is independent of K, and K ~ ML(3,1 — 3), but note
that we cannot expect that ([0, K], \) is a (8,1 — 3)-string of beads when € (0,1/2).
In particular, at the junction point in a (3,1 — 3)-string of beads, we would expect a
Beta(f,1 — 2/3) mass split into a rescaled (3, 3)- and a rescaled (8,1 — 2f3)-string of

beads in this order (and not vice versa).

We now apply Corollary 2.38 and Proposition 2.39 with v = vg to obtain a CRT
(fvT, ). We will embed the stable line-breaking construction of Algorithm 2.4 into the

tree T* defined via

T = ¢ﬁ(55,57 (‘I;lkvi > 1)) (2.61)

where (T}, p¥,4 > 1) is an i.i.d. sequence of weighted R-trees with the same distribution
as (‘j', ft), and &g g is an independent (f3, B)-string of beads with ranked atom masses
(D;,i > 1) ~PD(8,B).

The tree T* is constructed by replacing the atoms of a (3, 3)-string of beads by
independent copies of T with metric rescaled by Df , which yields a natural mass measure
w* on T* via

pt =" Dipf(Tr 0.

i>1
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Lemma 2.41. The tree T* is compact a.s..

Proof. The trees attached to the atoms of 3 3 have heights Diﬂ ht(77),7 > 1. We have,

for any € > 0,

o0 oo

S P(D/nt(T;) > €) < e > B[DP|Bt(T;)7] < e PE[ht(T)] < o0,

i=1 i=1
where we choose p such that p3 > 1 and E[ht(T)?] < oo, cf. (2.45) and Corollary
2.37. By the first Borel-Cantelli lemma and the compactness of T, ¢ > 1, and {3 3, we

conclude that T7* is compact. ]

We would like to exploit the recursive structure of J%, so we need to introduce some

notation first. Let

éi = (Ei, Z pij(sfij) , 1eN, (262)

j=1
be such that

T* = ¢y (5},, (frj,j > 1)) (2.63)

ie. é@ = {33 and ‘fj,j > 1, are i.i.d. with the same distribution as T, Hence, we may

assume that for all i € N,
Ti=0s(é (7,5 =1)), ieN, (2.64)

where Aij, j > 1, are i.i.d. with the same distribution as T. We can now describe the
mass measure p* by considering the masses of the subtrees T, = {o € T* : x € [[p, o]|},
and obtain, p*(Tz) = 3514, I if © € Eg, and

p(Te)= Y. PyPiiy... Py,

>l >w

el

1192 +inj (2~65)

ifx e Ei for some i =iy ---i, with n > 1. Note that, for each i € N'\ {&}, (fij,j >1)

is a sequence of i.i.d. copies of the string of beads { ~ v as in Corollary 2.38.
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2.5.1 The binary two-colour line-breaking construction

The aim of this section is to show that the tree T* can be obtained as the limit of
the sequence of trees constructed in the two-colour line-breaking construction given
by Algorithm 2.6 in the Introduction. Note that the tree T* is an R-tree without any
marked components, whereas the two-colour line-breaking construction evolves in the
space of co-marked R-trees. We present an enhanced version of Algorithm 2.6, which
is based on sampling from the mass measure, and we show that we can embed this
sequence of weighted R-trees into (T, u*).

Let us first make the attachment procedure precise. For any R-tree 7 with metric d
and discrete mass measure pu, a parameter 5 € (0,1/2], an element J € T and a string
of beads (I = [0, KT], u™) with metric d*, the tree (T’,d’, ') created from (7,d, u)
by attaching to J the string of beads (I, u™) with mass measure u™* rescaled by pu(J)

and metric d* rescaled by u(J)? is defined as follows. Set

T =T\ {JyuIlt, (2.66)

and equip T’ with the metric d’ defined by

d(z,y) if 2,y €T,
d'(z,y) =S d(z, J) + (u(J)PdT(0,y) ifzeT,yel, (2.67)
(u(]))Pd* (x, y) if 2,y €1,

and the mass measure i/ given by

W= (@)= Y u@)d+p(0) Y pt(@)d, (2.68)

zeT’ ze€T\{J} zelt

We now consider oco-marked R-trees with a discrete branching structure. Note that
the marked components R, i > 1, of an oo-marked R-tree (T, (R, i > 1)) are compact
R-trees when equipped with the metric restricted to R, i > 1, respectively. We call

an element of R® a branch point of R if its removal disconnects R into three or
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more components; it is a leaf of R if its removal does not disconnect R, Lf(R(®)
and Br(R(®) are the set of leaves and the set of branch points of R, respectively.
Recall that we distinguish between internal and external edges of R() where the
edges of R1) are the connected components of R\ (Br(R®)ULf(R®)). External edges
of R are edges connecting a branch point and a leaf of R, internal edges connect
two branch points or the root and a branch point. The same definition is applied to
distinguish between internal and external edges of T. In the following, we will slightly
abuse the definition of an edge; we will also refer to the set containing the endpoints or

only one endpoint as an edge.

Algorithm 2.42 (Two-colour line-breaking construction). Let 5 € (0,1/2]. We grow

weighted oo-marked R-trees (T7, (TR,(f),i >1),u5), k>0, as follows.

0. Let (T, ug) be isometric to a (3, §)-string of beads &o; let ro = 0 and fRéi) = {p},

1> 1.

Given (77, (R, > 1), u7) with 11} = Ypeq pi(@)00, 0 < j < k, let 1 = #{i >
J
1: RY # {p});

1. select an edge E; C TJ; with probability proportional to its mass puj(E); if
E} C fR,(ci) for some ¢ € [ry], let I, = i; otherwise, i.e. if E} C T} \Uie[rk] Rl(f), let

Tht1 =Tk +1, Ip="k11;

2. if E} is an external edge of 92,(5), perform (8,1 — 2f)-coin tossing sampling on Ej

to determine Jj; € Ej, (cf. Proposition 2.18); otherwise, i.e. if £} C Tp\Uicp,] fR,(j)
)

or if £} is an internal edge of RY , sample J; from the normalised mass measure

on E};

3. let (E,j, R,j, ,uz) be an independent 3-mixed string of beads; to form (T} 1, 1),
remove iy (Jy)d x from py and attach to T} at Ji an isometric copy of (Ef 1)
with measure rescaled by u(J;) and metric rescaled by (u(J;))%; add to fR,(f’“)

the (image under the isometry of) R,j to form IRl(fﬁ; set Rl(ﬁl = le(f), 1 £ Iy

To analyse Algorithm 2.42, we will need some more notation, in particular with

regard to the marked subtree growth processes (Rl(:), k > 0),i > 1. Define the random
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subsequences ( g),m >1),i>1, by
B = inf{n > 1: RO £ RP} = inf{n > 1: R0 £ {p}}, (2.69)

and, for m > 1,

k:ﬁ,?_,’_l = inf{n > k’,(,? : :R%i) # Rlii()z')}a (2.70)

i.e. there is a change in (Rl(j),k > 1) when k = k:ﬁ,? for some m > 1. Note that

U¢21{k1(7?7m > 1} = {1,2,...} is a disjoint union, and that, for any i > 1, le(f) is a

binary tree, rooted at JZ@ . for any k£ > 1, where we also use the convention that
@ _

p ¢ Rl(f) for k > k:gi). For k = k:,(,? — 1, we write
Ry =[5, Q0 C Bf = (15, Sena)), e 5 QD) =R\ R,

In other words, at step k = k,%) -1, Q,(fl) and X, denote the leaves added to JQ,(;) and
T}, respectively.
We write 5,9),5,22) and v for the random variables inducing the S-mixed string of

beads (B, R, puif) as in (2.57), i.e.
1) (2
(B Biuf) = s (g 67 ).

We now establish a result on the total mass split in the trees (T}, k > 0), where, for
any R-tree (T, u) with n edges F1, ..., E,, a vector (X1,...,X,) with X; := pu(E;)/u(7),
i € [n], is called mass split in T if >1* | X; = 1. We will also consider mass splits in
subtrees of a tree R C 7, that is, the mass split in (R, u(R~1)u [¢). To distinguish
between the mass split in the “big” tree T, and the mass splits in “small” subtrees R we

will speak of the total and internal (relative) mass splits, respectively.

Proposition 2.43 (Mass split in T}). Let the sequence (T}, (R,(f),i > 1), up, k> 0) be
as in Algorithm 2.42 for some 8 € (0,1/2]. The total mass split between the edges of T},

has a

Dirichlet(8,...,5,1 —=208,...,1—20) (2.71)
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distribution, with parameter B for each internal marked and each unmarked edge, and

parameter 1 — 23 for each external marked edge. Furthermore, for each edge E of T3,
* —B * -1
(1(B) B, wi(B) 1 1) (2.72)

is a (8,0)-string of beads, where 6 =1 — 23 if E is an external marked edge of Rl(:) for
some i € [rg], and @ = B otherwise. The strings of beads (2.72) are independent of each

other, and of the mass split (2.71).

Proof. This proof is an application of the properties of the Dirichlet distribution,
Proposition 2.14, and of coin tossing sampling, Proposition 2.18. We give a brief sketch
of the proof, using an induction on k.

For k =0, (T3, 1) is a (B, B)-string of beads by definition. Assume that the claim
holds up to k. In the update step from T} to Jj ,, we first select an edge of T}
proportionally to mass. By Proposition 2.14(iv), the parameter for this edge in the
Dirichlet split (2.71), conditionally given that it has been selected, is then increased
by 1. We select an atom J; on this edge via (f3, #)-coin tossing, where § =1 — 273 for
external marked edges, and 8 = § otherwise, and, by Proposition 2.18, the selected edge
is split by J; into a rescaled independent (/3, 3)- and a rescaled independent (3, #)-string
of beads where the relative mass split on this edge is Dirichlet(3,1 — 3, 0), which is
conditionally independent of the total mass split. Furthermore, the mass puj(J}) is split
by the independent random variable 7 ~ Beta(1l — 23, 3) into a marked (5,1 — 25)-
string of beads, and an unmarked (3, 8)-string of beads, which are independent, i.e., by

Proposition 2.14(iii), the claim follows. O
Remark 2.44. By Proposition 2.43 and Lemma 2.19 we conclude that Algorithm 2.42
implies Algorithm 2.6.

We will show that T* = [y~ T}, equipped with the metric d* which is the natural

extension of the metrics dj, on T, k > 0, and obtain an oo-marked metric space via

(‘I*, (Jz@,z‘ > 1)) where R := | J R, i>1. (2.73)
k>0
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Given T* with mass measure p*, and the recursive description (2.62) — (2.65) via the
strings of beads éi,i € N, we will obtain the sequence of weighted oco-marked R-trees of
Algorithm 2.42 as an increasing sequence of trees with mass measures embedded in T*.
Note that the strings of beads &, i € N\ {9}, are obtained as the S-mixed strings of
beads used in Algorithm 2.42 but are not elements of the space of (equivalence classes
of) weighted 1-marked R-trees T‘[,&], as there is no marked component. Therefore, given
some € = (I = [0, K], \) ~ vg, we need to determine I; = [0, K] C I = [0, K] such that
(I,I1,\) ~ I/E}, where vg and Vg} were introduced in (2.59). To this end, we need the

conditional distribution of the point of the colour change K; given f , which exists due

to the following proposition.

Proposition 2.45. Let T be the space of equivalence classes of compact R-trees equipped
with its Borel o-algebra, and let é ~ vg. Then there exists a unique probability kernel x

from T to R such that
P(Kie-[€) =r(é:) as. (2.74)

Proof. This is a special case of Theorem 6.3 in [45], since R is a Borel space. 0

Given the weighted R-tree (T*, u*), we will obtain a sequence of weighted oo-marked

R-trees
(7. (ﬁ,(j),z' > 1),7, k > 0)

with the same distribution as (77, (fR,(j),i > 1), u5,k > 0) as an increasing sequence
of subsets ﬁ',: C J%, k > 0, where the mass measure i, captures the masses of the
connected components of 7% \ T, projected onto ﬁ'z, k > 0. The recursive structure
(2.64) provides the i.i.d. strings of beads needed in Algorithm 2.42, which the colour

change kernel (2.74) turns into i.i.d. 1-marked strings of beads.

Algorithm 2.46 (Two-colour embedding). Let 8 € (0,1/2]. We embed into the tree
(T*, 1*) constructed in (2.61)-(2.65) weighted oo-marked R-trees (T, (i,(:),i > 1)),

k > 0, as follows.

0. Let (Ty, ) = £o be the initial (3, 8)-string of beads &; let 7o = 0 and i(()i) = {p},

1> 1.
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J J

1R+ (o))

Given (T, (R, > 1),5) with 1} = Speq ()50, 0 < j < k, let 74 = #{i >
J

1. select an edge E, C T, with probability proportional to its mass i (Ey); if
Ey C ﬁ,(;) for some i € [F}], let Ij, = i; otherwise, i.e. if £y C Tj, \ Uiefr] il(:), let
i1 =Tk +1, Tp=Tpt1;

2. if Ey is an external edge of ig) , perform (5,1 — 2/3)-coin tossing sampling on

E}, to determine J, € Ey; otherwise, i.e. if E;, ¢ T, \ U }ﬁl(;) or if E}, is an

internal edge of ﬁ,(;), sample J, from the normalised mass measure on E,;

€Tk

3. let i = 41i9---i, € N and j > 1 be such that 7;; = Iy € éi and EZ(T,;) =
P, Py, Piiyein Bij, see (2.65); sample a point € from n(éij,'); to form
(?Z+1, Tjiyq), TEMOVE Ti); (72)5?2 from 7} and add to T, the string of beads fij c T

set Ry = R U [[75, Q)] and R, =R, i £ T

The proof of the following statement can be found in the appendix.

Proposition 2.47. The sequences of trees constructed in Algorithm 2.42 and Algorithm

2.46 have the same distribution, i.e.
(75 (R0 > 1),k > 0) £ (T, (ﬁ,ﬂf),i > 1), k > 0)).

Before we identify a tree growth process related to the stable tree embedded in the
two-colour line-breaking construction, we need to recall and establish some preliminary

results on stable trees.

2.5.2 An introduction to stable trees

The stable trees are a family of compact random R-trees, parametrised by 5 € (0,1/2].
They describe the genealogical structure of continuous-state branching processes with
branching mechanism A — AY/(1=8)and are related to various fragmentation and
coalescence models, see [28, 29, 40, 43, 48, 52, 53]. We define the stable tree based on

Goldschmidt and Haas’ line-breaking construction.
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Definition 2.48 (Stable tree). Let (Tx,k > 0) be the sequence of discrete trees

constructed in Algorithm 2.4 for some € (0,1/2]. The tree

T:=J T (2.75)
k>0

is called stable tree of parameter [3.

Many discrete random tree growth models such as the one described by Marchal,
Algorithm 2.3, have a stable tree as their scaling limit (in the Gromov-Hausdorff sense).
Critical Galton-Watson trees whose offspring distribution lies in the domain of attraction
of a stable distribution of index (1 — 3)~! conditioned on having n vertices at step n
converge in distribution to the stable tree of parameter (3, see [9, 27]. Considering the
limit of the empirical probability measure on the vertices of these Galton-Watson trees
naturally leads to a uniform probability measure supported by the leaves of the stable
tree.

Goldschmidt and Haas [39] gave two line-breaking constructions of the stable trees,
where branch point selection can either be based on weights, see Algorithm 2.4, or
vertex degrees, see [39] for more details. In the following, we consider the tree growth
process (Tx, k > 0) obtained via Algorithm 2.4.

Leaves and branch points have a natural order induced by time of appearance, i.e.
we can write (v;,7 > 1) for the branch points, and ngi) for the branch point weight
of v; in Ty, (if v; ¢ Br(T) or i > by, set sz‘) = 0). We will also need an order of the
edges and the edge lengths of (Tx, k > 0) in Algorithm 2.4. It was suggested in [39] to
proceed inductively as follows.

Set the length Lél) of the first edge equal to Sy, and let |T%| denote the number of

edges of T for k£ > 0. Conditionally given a vector

Ly = (L}j’, o L,(C'Tk')) (2.76)

of edge lengths of Ty, let Lgi’ilﬂ) denote the length of the edge added at step k + 1,

and recall that J, € T} is the point to which this edge is attached to. We have two

possibilities for the location of Jj.
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o If J; is a branch point of T, i.e. Jp € Br(Ty), then |Tpi1| = |Ti| + 1 and
LYY = ()41 — Sp) By, We set L), = L, i € [|T3]].

o If Ji is a point along an edge of Ty, i.e. Ji € Tg \ Br(Tx), then [Tpiq| = |Tk| + 2,

and we add one edge of length L,(Ji"l'lﬂ), and split an edge of length L,(cj ) for some

€ [|Tk|], say, into two edges whose lengths we denote by L,(i)rl and L,(Ji’j‘”),

using the convention that L,(ﬁ_l denotes the length of the edge closest to the root.

We set L,(H)r1 = L( € [|Tel] \ {4}

This description yields an order of the edges of T, k > 0, and their lengths, respectively
denoted by
Ej, = (E,gn,...,E,gW), Ly = (L,ﬁ”,...,L,EJT’f‘)). (2.77)

The following result is directly taken from [39].

Lemma 2.49 ([39] Proposition 3.2). For k > 1, given the shapes of Tg,..., Tk, and
|Ti| — (k+1) =1, i.e. conditionally given that the tree Ty, has | branch points (v;,i € [I])

and | internal edges, we have

(Lél)’ ... ,L£k+1+l)’ W}gl)’ 3 "W’El)) _ (Z,il), o Z}ik+l+1)7 Z]gk+l+2)’ o Zlilc+1+2l))
(2.78)
where Sy ~ ML(B,8 + k) and Z), := (Z,gl), o Z}gk+l+1)7 Z}Ek+l+2), o Z}gk+1+21)) N
Dirichlet(1,...,1,w(dy)/B,...,w(d;)/B) are independent, w(d;) = (d;—3)(1—F)+1-203

and d; = deg(v;, Ty) is the degree of v;.
The following corollary is key for our weight-length representation.
Corollary 2.50 (Masses as lengths). For k > 1, given the shapes of Ty, ..., Ty, and

el = (B +1) =1,

(7, L w L ow) = (M, X

k1420
oo M )) (2.79)

where the random variables

X = (Xl, oy X140 Xkt 241y - - - Xk+1+2[) ~ Dirichlet(/B, - ,B,w(dl), - ,w(dl))
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MO ~ML(B.B). i€ k14l MY ML w(d), i el
are independent, and w(d;) = (d; — 3)(1 — ) + 1 — 23 with d; = deg(v;, Tg).

Proof. We apply Lemma 2.49, and Proposition 2.13 with n =k + 14 2[, §; = 3,1 €
[k+1+1], and Op11414; = w(d;), ¢ € [I]. It remains to check that § = > | 6; = f+k—1,

i.e. that

l

(B+Ek—-1)/8= (Zd—3 1/ —1)+ (1/5—2)>+(k+l).

i=1

This follows from the fact that the sum of the vertex degrees in a tree with m edges is
om,ie Y di=2k+1+1)— (k+1)—1, since T; has k+1+1 edges and (k+1)+1

degree-1 vertices. O

Haas et al. [43] analysed the stable tree as an example of a self-similar CRT. Let
(T,d, p) with mass measure p be the stable tree of parameter 5 € (0,1/2], and let X ~ p
be a leaf sampled from u. Consider the spine, that is, the path [[p, X]] from the root
to this leaf, and remove all vertices of degree one or two from this path. This yields a
sequence of connected components (8;,7 € I) rooted at p; € [[p, X]], i € I, respectively,

where p;, i € I, has infinite degree a.s..

o The coarse spinal mass partition is (PO, i > 1) := (PW,i € I)¥ = (u(S;),3 € I)*,

i.e. the sequence of masses (u(8;),7 € I) ranked in decreasing order.

o The fine spinal mass partition is the sequence (Pj(i),j €Liicl)t:= (,u(S( )) je
I;,i € I)* where (Sgi),j € I;) are the connected components of 8; \ {p;}, i € I. In
other words, the fine spinal mass partition is the sequence of masses ranked in
decreasing order of the connected components that we obtain when we remove

the whole spine.

Theorem 2.51 (Mass partition in the stable tree, [43] Corollary 10). Let 5 € (0,1/2],

and let T be the stable tree of parameter 3. Then the following statements hold.

(i) The coarse spinal mass partition has a Poisson-Dirichlet distribution with param-

eters (B, 8), i.e. (POY i >1) = (u(8;),i € I)* ~PD(B,p).
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(ii) Fragmenting each block 11(8;),i € I, of the coarse spinal mass partition by an
independent random vector with distribution PD(1 — 8,—3) and re-ranking in

decreasing order yields the fine spinal mass partition, i.e.
DY st eV = (FO . sy ic1)
p(8;"),jelyiel) =(F cu(8y),1 el a.s.

for i.i.d. random variables () := (Fj(i),j >1)~PD(1—-p,-p),i€el.

(iii) Conditionally given the fine spinal mass partition (;L(Sj(i)),j € L,i € It of T, the

rescaled trees equipped with restricted mass measures
((s”) 88y w1y ). e hie, (2.80)
J

are i.i.d. copies of (T, ).

The a-diversities of these PD(a, 0) partitions can naturally be interpreted as lengths
in the tree T7*. In particular the §-diversity of the coarse spinal mass partition has
distribution Sy ~ ML(3, 3) which is the starting point of Goldschmidt-Haas’ line-
breaking constructions. Similarly, the (1—3)-diversities of the fragmenting PD(1—3, —f)
random partitions for each block of the coarse spinal mass partition in (ii) are related
to the lengths of the Ford CRTs by which we replace the branch points in the stable
tree. The independence of these PD(1 — 3, —3) vectors reflects the independence of the
related Ford trees.

We now consider a third construction of the stable tree, Algorithm 2.9, which is
based on masses, and yields a tree growth process (T, k > 0) as in (2.2) and Algorithm

2.4. We refer to (2.66)-(2.68) for a precise definition of the attachment procedure.

Proposition 2.52. Let (T,u) be the stable tree of parameter B, and consider the
reduced tree ‘.ATk = R(T, X0, ..., 2k) associated with T and independently sampled leaves
Y0,y 5k ~ i,k > 0. The sequence of weighted R-trees (T, g, k > 0) from Algorithm
2.9 has the same distribution as the sequence of trees (‘j'k, Qi) as in (2.2) where, for any
k > 1, the mass measure fij, = Tr*fr’“,u captures the masses of the connected components

of T\ T1, projected onto Ty, as in (2.19)-(2.20).
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Furthermore, conditionally given |Tx| =k + 1+ 1 and the shape of Ty, the edges of
T equipped with the mass measure uy restricted to each edge, are rescaled independent

(8, B)-strings of beads given via
N\ B @ 1 .
(Mk(Eli)) Ex(g),/ﬁk(E;i)) o rEff))’ ielk+1+1], (2.81)
and the total mass distribution

(Mk (E/gl))7 e Bk (Ei(gkﬂﬂ))?uk(vl)? ey Mk(vl))

which is independent and has a Dirichlet(3, ..., 8, w(dy),...,w(d;)) distribution where
v, € [l], are the branch points of Ty, of degrees d; = deg(v;, Tx), @ € [l], respectively, and
w(d;) = (d;=3)(1=p)+(1-205), i € [l], and where we number the edges E,(f),i € [k+1+1],
of Ti as in (2.77).

The proof of Proposition 2.52 is part of the appendix.

2.5.3 The marked subtree growth processes

We first consider the evolution of the marked subtrees iR,(f), k> 1, for ¢ > 1. Recall
the notation used in Algorithm 2.42. Following (2.77), given that Rg) has m leaves, i.e.

kﬁ,il) <k< kf??Jrl — 1, we denote the edges and the edge lengths of IR,(f) by

= (B, B2T), Lps= (L0 22070), (282)

respectively, where we note that fR,(j) is a binary tree, i.e. R,(;) has 2m — 1 edges for

]ﬁ(:? <k< kﬁ,?ﬂ — 1. Recall that Eq(g)l is an internal edge of R,(:) if1<j<m-—1, and

an external edge if m < j <2m — 1.

We will need the following characterisation of the distribution of Ford trees.

Lemma 2.53 ([42] Proposition 18). Consider the process (Fpm,m > 1) of Algorithm
2.5 for some 3’ € (0,1). The distribution of F, is characterised by the following three
independent random variables. Its shape Fy,, the total length S), ~ ML(S',m — ) and

a Dirichlet(1,...,1,(1=8"/8",...,(1=3")/8') length split between the edges of F, with
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a parameter of 1 for each of the m — 1 internal edges, and a parameter of (1 — ")/’

for each of the m external edges of Fpy,.

Proposition 2.54 (Marked subtrees). Let (T}, (fR,(;),i > 1), pup, k> 0) be as in Algo-
rithm 2.42, and fix some i > 1. Then, for m > 1, the following random variables are

independent.
e The initial mass Hy) (iRZy));
o the shape Fqsf) of TRS)Z.) which has the same distribution as the shape Fy, of a Ford
tree Fp, of index B’ = /(1 — B);

o the relative mass split D,(qi) n 93](})1.) given by

m

-1
sk Z k 1 k m—l k m k 2m—1
i (az;gg?) (M (Bt (Bt (B, ity (B >)>
(2.83)
which has a Dirichlet(f3,...,8,1—28,...,1 —20) distribution;

e the independent (3, 6)-strings of beads

-1
*

ffi)z = (Mk%) (ET(??L)J Efrjl,)i,ﬂkq(é) (ET(??L)J IO fE(j)_>; 1<j<2m—1, (2.84)

where 0 =0 for 1<j<m-—-1and0=1-20 form<j<2m—1;

e the independent random variables Qgi), ey le)fl where

”Z(“ (RZ&)

n+1 n+1

) = (1= Q@) (22, (2.85)

and ng) ~ Beta(B,n(1—08)+1—-28),1<n<m-—1.
The proof of Proposition 2.54 will use the following standard lemma.

Lemma 2.55. Let I be a random variable taking values in a countable set 1. Futhermore,
consider a random variable Z taking values in some measurable space (V,Z) whose
distribution conditional on I = j does not depend on j € I. Then, Z is independent of
I, and for any other random variable Z' taking values in some measurable space (V' Z')

that is conditionally independent of Z given I, the pair (Z',I) is independent of Z.
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Proof of Proposition 2.54. We prove Proposition 2.54 by induction on m > 1. The case
m = 1 is trivial since the shape of ZR,(jl) is deterministic, and the initial (3,1 — 23)-string
of beads is independent of the scaling factor ’UZY) (Rz(jg)”)’ cf. Algorithm 2.42.

Assume that the claim holds for some m > 1, i.e. that “Z@ (g{%{», the shape F,(ni) of
R]i%), the internal mass split D,(f;L) in JQ](C%), the strings of beads f,(,]l)z on the edges Effl)z,
j € [2m — 1], and Qgi), cee Qg,?_l are independent, and have the claimed distributions.

Consider the construction of 93](;)” conditionally given 5%](;()”.

m—+41

o First, we select an edge E of sz(“ according to the internal mass split in Rk@),
that is, conditionally given the Dirichlet(s3,..., 5,1 —28,...,1 —23) mass split
(2.83), the probability of selecting Eg)z is ,uz(i) (Efi)l) a.s.. By Proposition 2.14(iv),

we have, unconditionally,

_ ) _ 4
P(E=B0) = D= A = 1=20

_ 6/(1—5)
(m—1)+ (1 28)/(1~ B)

where 0 = g if j € [m—1]and § =1— 24 if j € [2m — 1]\ [m — 1], as required
in a Ford tree of index /3'. Note that, by the induction hypothesis and the fact
that the edge selection is independent of the shape ng) as it only depends on the
internal mass split D%), we conclude that the distribution of the shape Fg ‘1 of

R,(Cir)wl is as the shape F,, of a Ford tree F,,.1 of index /3.

o Second, conditionally given the selected edge E we perform (f3,6)-coin tossing
sampling on the independent (g, 0)-string of beads related to F, where § =
if F is internal and # = 1 — 23 if E is external. (3,0)-coin tossing sampling,
cf. Proposition 2.18, yields a rescaled independent (3, 3)-string of beads, an
atom, and a rescaled independent (f3, §)-string of beads subject to an independent
Dirichlet(3,1 — 3,0) mass split. By the two-colour line-breaking construction, the
selected atom is split according to an independent Beta(3,1 — 23) variable into a
new marked independent (3,1 — 2/3)-string of beads attached to this atom, and

](;}l)) is

split according to Dirichlet(s,...,5,1 —23,...,1 — 23, 3) with a parameter of 3

an umarked independent (3, 3)-string of beads. Therefore, the mass ,uz(i) (R
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for the new unmarked (8, §)-string of beads and each internal edge, and weight

1 — 23 for each external edge.

As the mass of the new unmarked rescaled (3, )-string of beads is the only
component of HZ(“ (Rg()i)) which is not part of ,u (fR( ()1) ), we conclude by

+1 m+1

Proposition 2.14(i) that

(~) _ _ (z) * (l)
v, (50, = (- ) (%)

where Q%) ~ Beta(8, (m —1)(1 — 8) + 1 — 20) is independent of the mass split
D)., in R, which is Dirichlet(g, ..., 3,1 25,...,1 - 26).

1
By the induction hypothesis, Qgi), ceey Q _, are independent of the internal mass
split D%) in ka%) which determines anl via edge selection based on the internal
mass split, coin tossing on the independent string of beads related to the selected
edge, and the independent Beta variable splitting the selected atom. Hence,

gi), cen Qs,? are independent.

Similarly, conditionally given the shape Fél)ﬂ of R )Z) , by the induction hypothesis
m+1
(4)

and arguments as above, MZY) (fR( ()”) the mass split Dm+17 the strings of beads
£m+1 5 J € [2m+1], and Qgi), ceey Qm are independent and have the required

distributions.

o Finally, note that the distributions of all of these random variables, conditionally

given Fgl)ﬂ, do not depend on F jols Zrl where we recall that FU Zrl is fully determined

by the selected edge E' and the shape FT(n) of .’R](C(),.). By Lemma 2.55, we conclude

the independence between these variables and the shape F; jos Zrl of CR(I) . O

m+1
Lemma 2.56 (Length split in marked subtrees). In the setting of Proposition 2.5, let

sz = Z?ml ! L(J) denote the total length of R’(c%), m > 1. Then,

(L0, LD ) LYY = 5, (280, 2D 2 L )

m,t m,t 7

(2.86)
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where S = M:ﬁ,? (RI(C%))HSm,i, and where MZSZ) (Rl(jé))ﬁ, Sm,i ~ ML(B8, (m —1)(1 - 3) +
1—205) and

(Z“). L gimeh g m) Z(Qf”*”) ~ Dirichlet(1,...,1,1/3—2,...,1/8 — 2)

m,i) » “myi ymyi o “myi

are independent. Furthermore, for m > 1,
Smyi = Bm,ism—i-l,i (287)

where By, ; ~ Beta(m(1/ —1),1/8 —2) and Sy,41, are independent.

Proof. Fix i > 1, and set

2m—1 )
X; = (Efi)z), Jj€2m—1], so that zjl X;= M;;(qi) (C){]i?:))
]:
By Proposition 2.54, the edge lengths L%?i, Jj € [2m — 1], are given by LSTJL)Z = XfM,(Tf)
where M) ~ ML(8, 8) for j € [m— 1], M ~ ML(B,1—28) for j € [2m — 1]\ [m — 1],

> 7t X and

—1
2m—1
( > Xj) (X1,..., Xm-1,Xm, ... Xom_1) ~ Dirichlet(3,...,8,1—28,...,1 —2p)

are independent. We apply Proposition 2.13 with n =2m — 1, 6; = 8 for j € [m — 1]

and 0; =1 —2p for j € 2m — 1] \ [m — 1] to the vector

B

2m—1 B B

> X ( 2X11 ) M;,gx...,(f?m; . ) M™Y. (2.88)
J=1 Z X Zj;nf X;

Then 6 = ZQm 19, = (m—1)(1 — B) + 1 — 23, and hence (2.86) follows.
To see (2.87), recall that ngl) ;= IR(< ). \ZR(Z - By (2.88) for m+1, and Proposition
2.14(i)-(ii),

o (@)’ . @\’
Fr :Rkﬁ,? Sm’i:Bmvi“kffL)Jrl Rk(w Sm+1,i

m—+1

where Sp115 ~ ML(8,m(1 — 8) +1 — 28), By ~ Beta(m(1/8 —1),1/8 — 2) and
() (iR( ()2) ) are independent, i.e. S'm’i = Bm’igm_l'_l’i. O

m—+1 m+1

w
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We are now ready to present our main result on the subtree growth processes
(Rlilé),m >1),i> 1.
Theorem 2.57 (Embedded Ford trees). Let (‘J’,’;,(R(l) i > 1),u5,k > 0) be as in

Algorithm 2.42.

(i) The weighted tree growth processes (9%)#57?, m > 1), i > 1, defined by

-1
i) (i — (i ) (@) s (@) *
(2.89)

are independent and identically distributed.

(ii) The tree growth processes

1 (RO 75:)2("). m>1], i>1
kiz) kgz) k%)’ = ) = 1,

are i.1.d. tree growth processes starting from the length ML(5,1-28) of a (8,1-205)-
string of beads, and the shapes (Fél),m >1) of( k ,m > 1) evolve as the shapes
(Fym,m > 1) of a Ford tree tree growth process (Fp,m > 1) of index 8’ = 8/(1—0).
Furthermore, for each i > 1, there is RO such that lim,, o 93( )Z) =R g5 in

the Gromov-Hausdorff topology.

: (fR() )~B. The processes

(iii) For i > 1, define Ci(m) := (1 — B)Pm~F*/(A=5)* 3

kS
(Ci(m)yg()i)am >1),i>1, are i.i.d.,

N
lim C;(m) =C; B/~ m,uk( ) (iR(Z)i ) a.s.

m—oo k§ )

where C; ~ ML(1 — 8,1 — 203), and there are i.i.d. Ford CRTs (?(i),i >1) of
index 8’ = /1 — (3 such that

lim Ci(m)R, =50 as. (2.90)

m— 00

in the Gromov-Hausdorff topology.

Proof. (i) Informally, our argument is as follows. The initial states are independent

and identically distributed as they correspond to independent (/3,1 —203)-strings of
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(iii)

beads related to the independent S-mixed strings of beads used in the two-colour
line-breaking construction. The transition steps, whenever they happen, are

carried out irrespective of other components already created.
A formal and technical proof can be found in the appendix.

The convergence of le(f) to some CRT R follows from the fact that, by Proposition
2.47, (R,(j), k > 1) can be embedded as an increasing sequence into a compact

CRT, and hence converges a.s..

Note that, by Proposition 2.54 (and Proposition 2.43), for each i and k = k:y(r? -1
for some m > 1, we are in the situation of Lemma 2.19 with n = 2m — 1,
hh=-=0p_1=0,0,,=--=00,_1=1—28, a = . We recover the shape

evolution of Algorithm 2.5 with index 3/, cf. Proposition 2.54.

First note that, by Lemma 2.56, the lengths of the trees C’i(m)Rl(:()i) do not depend

m

on u*, (wa ). Fix some i > 1 and recall from Proposition 2.54 that there are
NORSO)

m

independent random variables Q%) ~ Beta(f,m(1 — ) + 1 — 25) such that

* (@) (1 _ @\, * (4)
v, (8h,) = (@ (7). m=n

Define Pl(i) = Qgi) ~ Beta (3,2 — 35), and, for m > 1,
P =aad - ailaf)

where Q = 1 — @ for any random variable ). Note that Bsnf) is the proportion

of the mass of “Z(” (RS()")) attached to the (m + 1)-st leaf of the i-th marked
1 1

component.

We recognise the stick-breaking construction (2.11) of a PD(1 — 3,1 — 23) vector

(Rsli), m > 1)+, and obtain the corresponding (1 — 3)-diversity C; by

m 1-5
C; = lim (1 -3 Pj”) (1—8)" PP w ML(1— 8,1 —28), (2.91)

m—»o0 .
Jj=1
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as in (2.14). Now fix some mg > 1 and let k > k,(ﬁ)o We consider the reduced tree

R(Ci(m)ﬂzl(j({) NOIC Q,(QO) (2.92)

spanned by the root v; and the leaves ng‘) Yy Q,(fl)o of JQ,(:) . Recall that the shape
and the Dirichlet(1,...,1,1/8 —2,...,1/3 — 2) length split between the edges
gW pEmo=l) o iR(i()i) are as required for the reduced tree associated with a

mo,t? " " mo,t A
0

Ford CRT of index ', ¢f. Proposition 2.54 and Lemma 2.56.

Scaling by Cj(m) is independent of the Dirichlet length split and the shape of
92;%) and only affects the total length of the reduced tree (2.92), cf. Proposition
2.540 and Lemma 2.56. We will show that the total length of (2.92) scaled by
Ci(m) converges a.s. to some S, . ~ ML(8',mg — '), which is the total length
of the reduced tree spanned by the root and the first mg leaves of a Ford CRT of

index 3/, i.e. that
lim Leb (m(ci(m)az;%),gp, .. Qg,go)) = 800 ~ ML(8',mo — )
where we will use that
8 82/0-8), ()"
Ci(m) : = (1= 5)"m Koo \ Ry

-8
m . N\ B
i —R2/(1— * 7
= (1 — § pj( )) (1 —5)Bm B/ B)Mkzi” (RIE;“)) ,

Jj=1

since 1 — 377, P](Z) = MZ(i) (R](j()i))/’l’;;(i)(Rlii()i))il' Hence
m m 1 1

: , _ 0 B/A=8) x (i) \-8

Note that C; is independent of uz(i) (RS&)) as it only depends on the sequence of
1 1
(1)

independent random variables (Q iz 1) which is independent of MZ‘” (g{ﬁ)ﬁ).
1 1

The shape of RS()Z.) has the same distribution as the shape of F,,, where (F,,, m > 1)
is a Ford tree growth process of index ’. In particular, by Proposition 2.54 and

(ii), we already know that the number of edges Thng+m + (2mo — 1),m > 0, of the



80

Recursive construction of CRTs

reduced trees (2.92) as a subset of CR;?Z.) behaves like the number of tables in a

(8", mg — B3')-CRP, started at time my, that is, by (2.10),

lim m 00T, .= hm m~PA=A, =5 a.s. (2.93)

m—o0

where S}, ~ ML(3',mg — ('), cf. [42]. By Proposition 2.54, we conclude that, in

the limit, the length of Rli%% is given by

m—00 km mo

)\ 2N ) @\’ G
lim o ( Ry Z(X) M = o (R0 ) Smos = Smai (299)
j=1

where, the mass split X' := (X7,...

mlv

X! LX) of ng? with
X' ~ Dirichlet(3,...,8,1 —28,...,1—23),

MZQ (:Rl(c()’ ), (Tin,m > 1) and the i.i.d. random variables MY ~ ML(3,8),j > 1,
are independent. Note that we do not consider the lengths of the mg external edges
leading to the leaves of the reduced tree (2.92) and the initial mg—1 internal edges,
which do not affect the asymptotics. We will use the representation of a Dirichlet
vector X’ ~ Dirichlet(S,...,8,1—28,...,1—23) in terms of independent Gamma
variables, that is,

d

X' E2Y 'V, Yy 1, Y], Y

where the i.i.d. sequences (Yj,j > 1) and (Y}],j > 1) are independent with
Y1 ~ Gamma($,1), Y{ ~ Gamma(l — 24,1), and ¥ = 37" LY+ P
Gamma((m —1)(1 - 8) +1—25,1). By (2.94),

~ 0 B [Tm+(mo—1) P ' mo—1 5—)
Ci(m)SmM:Ci(m)/,LZ%) (ka%)) > (XD M@+ (Xgl+m) M,

j=1 7=0
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where M,(i), j > 1, are i.i.d. with Mﬁ? ~ ML(3,1 — 23) and independent of X'

and T},, m > 1, and hence Ci(m)gmoyi has the same distribution as

Tpn(1 — B)’m= A/ ( (ZY+ZY))_B

Tm‘i’(mo_l) 8 mo 3 ( )
-1 j 18570
T, > YIMO N VM (2.95)
j=1 j=1

where the i.i.d. sequences (Yj,7 > 1), (Y], > 1), (M@, j>1) and (H(j),j > 1),
and the sequence (T,,,,,m > 1) are independent with MO ~ ML(B, 8) and
MY~ ML(8,1 - 28).

By the strong law of large numbers, we have lim,, oo 1), ZT’” Yﬁ MU =
E[YM@D] = 1 as. since Tp, — oo a.s., E[Y{] = I'(28)/T(8), and where we
use the first moment of the Mittag-Leffler distribution (2.6). Furthermore, note
that Y} := Y; + Y] ~ Gamma(l — 3,1), j € [m — 1], are i.i.d., and hence
mfl(z LY+ > Y]) = E[Y{"] = (1 - B) as.. By (2.93), we conclude that

the expression in (2.95) converges to S, a.s. where S}, ~ ML(5",mq — ).

We already know that Ri(j()") and the scaling factor C;(m) converge almost-surely,

and hence, by Lemma 2.53,

: @) _ g
n}gnooci(m)f]%k%—?,(n)o a.s.

where 3"7(711)0 is a Ford tree of index ’. Let mo — oo to conclude (iii). O

2.5.4 The stable tree growth process

We use an equivalence relation ~ on (T7, (fR,(f) ,i > 1)) to contract each marked component

CRS), i > 1, of T} to a single point, i.e.
T~y X,y € IR;? for some ¢ > 1. (2.96)

Note that, for all ¢ with R # {p}, x,y € R() implies z,y € R for all k' > k, and

hence the equivalence relation ~ is consistent as k varies. Denote the equivalence class
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related to IR,(f) by 0; 1= [R,(f)]N, and let
Ty =T}/ ~ (2.97)

denote the set of equivalence classes of T,k > 0. Furthermore, for k > 0, let fi; be
the push-forward of p; under the projection map from T} onto Tk This yields another

formulation of the atom selection procedure on 77 in Algorithm 2.42.
Given (T7, (R0 > 1), 45) and ry = #{i > 1: RY # {p}} = #{i > 1255 # {p}},

1. select J from ks

2. if J, # ¥ for all i € [1%], set Jif = Jy; otherwise, if J, = @ for some i € k],
sample an edge E} of Rl(f) proportionally to its mass pj (EY); if E is an internal
edge of Rl(f), sample J; from the normalised mass measure on E}; if £} is an
external edge of CR,(j), perform (3, 1—2f)-coin tossing sampling on E}; to determine
Ji € Ej..

It is this view on Algorithm 2.42 that we pursue further now. The following theorem

contains the desired weight-length transformation, i.e. the branch point weights in
Goldschmidt-Haas’ stable line-breaking construction (Algorithm 2.4) are indeed as the

lengths of the marked subtrees in the two-colour line-breaking construction (Algorithm

2.42). Tts proof is given in the appendix.
Theorem 2.58. Let the sequence (T3, (fR,(j),i > 1), ui, k > 0) be as in Algorithm 2.42,
and let
(Tes (7 = R i > 1), fix k> 0)
be as in (2.97). Then the following hold.

(i) The sequence of trees with mass measures from Algorithm 2.42 and (2.97) has the

same distribution as the sequence in Algorithm 2.9, i.e.
(ﬁk,ﬂk,k > o) L (T, e, ke > 0). (2.98)

(ii) The sequence of trees with marked component lengths from Algorithm 2.42 and

(2.97) has the same distribution as the sequence of trees with weights from Algorithm
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2.4, i.e.
(?rk, (W,ﬁ“,z’ > 1),k > 0) 4 (‘J’k, (W,gi),i > 1), k> 0), (2.99)

where Wél) = Leb(fR,(j)) is the length of IR,(j),i > 1, respectively. In particular, the

sequence (Si,k > 0), where S, = Leb(T7}) is the length of T}, evolves like the

Mittag-Leffler Markov chain (Sk,k > 0) with @ = 8 (cf. Section 2.2.3), i.e.

(St k> 0)< (S, k> 0).

Remark 2.59. We do not claim independence of the tree growth processes (95,?, u%),m >
1),i > 1, as in Theorem 2.57(i), and (‘j'k,ﬂk,k > 0). Informally, if we see a long
red component (as recorded in 95,?) of small mass (as recorded in ﬁk%)({f)i})), the
(implicit) mass distribution will not be Poisson-Dirichlet, as is the case when averaging
out according to the appropriate length distribution, but will be a Poisson-Dirichlet
variable conditioned on having as its S-diversity the length of 9%). In particular, a
(sampling plus coin-tossing) pick from the conditioned Poisson-Dirichlet variable will not
give the appropriately Beta distribution. But this is needed to obtain an independent
factor to further scale the unmarked (3, 3)-string of beads (which is also scaled by the
second factor ﬁki}'}({vi})’ which is independent of 9%)). However, we conjecture that
(9%),u%),m >1),i7 > 1, are conditionally independent given the stable tree (‘j', ). We

believe that his can be proven using coagulation-fragmentation dualities of [58].

2.5.5 Convergence of two-colour trees

Theorems 2.57 and 2.58 demonstrate that the two-colour line-breaking construction
naturally combines the stable tree growth process, and infinitely many rescaled subtree
growth processes that build rescaled independent Ford CRTs. By Proposition 2.47, we
can show that the tree growth process (T}, k > 0) converges to a compact CRT T*,

using the embedding of Algorithm 2.46.

Proposition 2.60 (Convergence of (T}, uf, k > 0)). Let (T}, ug, k > 0) be the sequence

of weighted R-trees from Algorithm 2.46. Then, there is a compact CRT (T*, u*) such
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that
lim dgu(77,7°) =0 a.s.. (2.100)
k—o00
Furthermore, we have
Jim daup(T, ), (T, 1) =0 a.s. (2.101)

Proof. We prove the claim for the sequence of weighted R-trees (fz, Iy, k > 0) embedded
in a given (T, 1*) obtained in Lemma 2.41. Then (2.100) and (2.101) will follow from
Proposition 2.47.

We follow the lines of the proof of [60] Proposition 22. Conditionally given T*, we

show that for any € > 0 there is k1 > 0 such that

o all edges of Ty, have length less than e, and

o all connected components of T* \ T, have height less than e.

Consider the set of connected components Y, := {i'(i),i eI} of
{oeT*:{c' €T.:d(o,0') > e} =0}, (2.102)
completed by their root vertices on T*, where
To=A{c" €T :0€llp, o}

By Lemma 2.41 the tree T* is compact a.s., and hence T, has finitely many elements.
Fix some T\ € T, and recall the recursive structure (2.63)-(2.65) of T* given via the
strings of beads éi,i e N.

Clearly, éi N i'(i) # () for some i = i1i5---iqg € N. We show that T(i) N ?Z = () for
only finitely many k. To this end, we exploit the recursive structure of 7* and apply a
Borel-Cantelli argument inductively.

Note that there exists N1 < oo a.s. such that, for all £ > Ny, éil - fz. Indeed, we

have H*(gzd) = fig(zi,) = Fi; € (0,1) and

Dl i= P(éil NT, =0 ' (ﬁ;aﬁg)) =(1-P,)",
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ie. D72 p1k < 0o, and the first Borel-Cantelli Lemma yields the claim. In the following,

we work conditionally given Nj.

o First, we show that there is N; < Ny < oo a.s. such that the atom x;;, of éil is
on an internal marked edge or an unmarked edge of ‘.7: for all K > Ny. For k > Ny,
let Ej, denote the edge of Tj such that Tii, € Eg. Recall that the probability
of selecting Ej, is fij,(Ey), and that, conditionally given that Ej is an external

marked edge,

(7. (Bx) 7 Bx, 1. (Bx) "B 15, )
is a (8,1 — 2f)-string of beads on which Algorithm 2.46 selects an atom via
(8,1 — 2p)-coin tossing sampling (Proposition 2.18), and that the switching
probability function p: [0,1] — [0, 1] is given by

(1-28)(1—w)
(1-28)(1— ) + fu

p(u) =

Note that p(-) is decreasing.

The probability that Ej is an internal marked edge, given that Fj is an external
marked edge, is bounded below by

—x Pil'
e I (o)

321 @iy j<Tiyig Tig jELK

> P I1 (1 - p<P“j>> >0 (2.103)

—5
21 @4y i <®ijig i ;EEN, Ny M)

as Ey C Eny, ie. i (Ex) < Ty, (En, ), and note that (2.103) does not depend on
k. The random time N» determining the first time when E} is an internal edge
of ?}Z is hence bounded above by a geometric random variable, in particular it is

finite a.s..

e Second, conditionally given N7 and No, we show that there is No < N3 < 00 a.s.

such that, for all k > Ns, &,;, C T.. Since B, (Tiyiy) = Piy Piyiy € (0,1), we have,
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for k > No,
D3k = P(éi1i2 ﬁﬁ =0 ‘ (ﬁd*Nzaﬁ*NJ) < (1 - Pilphiz)k_NQv

and we apply Borel-Cantelli again.

We proceed inductively up to depth d, and conclude that there is Nog11 < 00 a.s.
such that & C ﬁ'z for all kK > Nygy1, and therefore, T(i) N j’z # () for all & > Nogiq.
Since T, only contains finitely many components attaining height €, we can find kg such
that all connected components of T* \ﬁko have height less than ¢, i.e. no subtrees of
height e can persist outside T}, forever.

Now consider the tree ﬁ'ko with its marked components ﬁ,(jo),i > 1. This tree has at
most 2kg — 1 marked edges and at most 2ky + 1 unmarked edges. Hence, at most 4kg
edges have length > e¢. Unmarked and internal marked edges are related to rescaled
(B, B)-strings of beads with atoms being dense on these edges. Atoms of these (3, 3)-
strings of beads are sampled from the mass measure, and hence, for k large enough, all
of these unmarked and internal marked edges will be split up into edges of lengths < e.

External marked edges are selected proportionally to mass, and are related to
rescaled (3,1 — 2f3)-strings of beads on which atoms are selected via (8,1 — 23)-coin
tossing sampling, cf. Proposition 2.18. We can use the same argument as for subtrees
on external marked edges (i.e. we can show that for any atom z on an external marked
edge of ?ZO, we can find N < oo a.s. such that z is an element of an internal edge of
ﬁ'z for all K > N), and conclude that there is k1 > ko such that all edges of ?Zl have
length < e.

Note that each edge added in the growth procedure after step ki has length < e,

since it is part of a subtree of T* \le. Therefore, we conclude that for all k£ > kq,
dan (TTZ,T*) <e (2.104)

and hence limy_,o dasr (Ty, T°) = 0 a.s., i.e. (2.100) follows.
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The convergence in the Gromov-Hausdorff-Prokhorov sense follows directly from
(2.104) since the mass measure fij, is the projection of * onto ﬁ'z. We refer to the proof

of [60] Corollary 23, for details of this argument. O

Theorem 2.61 (Convergence of two-colour trees). Let (T}, (R,(f),i >1),up, k> 0) be
the two-colour tree growth process from Algorithm 2.42 for some B € (0,1/2]. Then
there exist a compact CRT (T, u*), an i.i.d. sequence (F9,i > 1) of Ford CRTs of

index ' = /(1 — ) and scaling factors (C;,i > 1) as in Theorem 2.57 such that
kli_)n;od%OH(CJ‘,j, (R,(:),i > 1)) (‘I*, (Ci:f(i),i > 1))) =0 as.
Furthermore,
Jlim dngP((iT,j, (Jz,(j),i > 1),;5;), (:r*, (Cﬁ@,z’ > 1)),u*) —0 as.

Proof. This is a direct consequence of Proposition 2.60 and Theorem 2.57(iii). O

2.6 Discrete two-colour tree growth processes

We discussed Marchal’s discrete tree growth model yielding the stable tree in Algorithm
2.3. In a similar manner, the trees (F,,,m > 1) of a Ford tree growth process can be
obtained as a.s. scaling limits of reduced trees of a (discrete) tree growth process, the
so-called Ford alpha-model.

Both Marchal’s model related to the stable tree and Ford’s alpha-model that gives
rise to Ford CRTs are contained as special cases in the alpha-gamma-model studied in

[22]. We view discrete trees as R-trees with unit edge lengths.

Definition 2.62 (The alpha-gamma-model). Let a € [0,1] and v € (0,a]. We grow

discrete trees T;,,n > 1, as follows.
0. Let 17 consist of two vertices connected by an edge.

Given 7T},0 < j < n,
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1. distribute a total weight of n — a by assigning (d — 2)a — 7y to each vertex of T,
of degree d > 2, 1 — « to each external edge of T},, and - to each internal edge of

T,; select a vertex or an edge in T,, at random according to these weights;

2. if an edge is selected, insert a new vertex, i.e. replace the selected edge by two
edges connecting the new vertex to the vertices of the selected edge; proceed with

the new vertex as the selected vertex;

3. in all cases, add a new edge from the selected vertex to a new degree-1 vertex to

form T}, 4.

Note that the case v =1 — a = § gives Marchal’s model, Algorithm 2.3, where the
case v = a = [’ is Ford’s alpha-model. In the latter branch points get assigned weight

0 after their creation, i.e. the trees constructed in Ford’s alpha model are binary.

Lemma 2.63 (Convergence of reduced trees, [22] Theorem 5). Let (T,,,n > 1) be an
alpha-gamma tree growth process for some « € (0,1) and vy € (0,«]. For k > 1, consider
the reduced tree R(T),, 31, ..., Xk) spanned by the root and the first k leaves X1, ..., Xk,
equipped with the graph distance on T,,, that is, for any edge a — b in R(T,,, X1, ..., 5k)

the number of edges between a and b in T,,. Then there exists an R-tree T such that
nlgrolo n TR(Ty,Xo,..., %) =Tk a.s.

in the Gromov-Hausdorff topology. Furthermore, conditionally given that T} has a
total of k + 1 edges, i.e. that Ty has | branch points, the edge lengths of Ty are given
by LV, Dy where Dy, ~ Dirichlet((1 — «)/v,...,(1 —a)/v,1,...,1) with a weight of
(1 — )/ for each external edge, and weight 1 for each internal edge, and Ly ~

ML(7, ly+k(1—a)), Vi ~ Beta(k(1—a)+1v, (k—1)a—1v) are conditionally independent.

Note that in the stable case, Vi ~ Beta((k +1)(1 — «),(k — 1 — ) — 1), and the
total length is a V;' = proportion of Ly ~ ML(1 — «, (k +1)(1 — «)), which is uniformly
distributed amongst the k + [ edges. In Ford’s model, we have | = k — 1, and we
distribute the “full” length Ly ~ ML(«, k — «) according to a Dirichlet variable Dy, with

a parameter of 1/a — 1 for each external edge and parameter 1 for each internal edge.
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In a similar manner, we can obtain the two-colour trees (J7, (ﬂll(f),i >1)),k>0,as
a.s. scaling limits of the following discrete tree growth process in the space of oco-marked

R-trees with unit edge lengths.

Definition 2.64 (The discrete two-colour model). Let 5 € (0,1/2]. We grow discrete

two-colour trees (7);, (Rg),i > 1)), n >0, as follows.

0. Let Ty consist of the root p and another degree-1 vertex connected by an edge, let

R(()i) ={p},i>1,and ro = 0.
Given (T7,(RY,i > 1)), 0 < j <n, and r, = #{i > 1: R # {p}},

1. distribute a total weight of n + § by assigning S to each unmarked and each
internal marked edge of T}, and 1 — 2/ to each external marked edge of T;,; select

an edge in T, at random according to these weights;

2. if the selected edge is unmarked, replace it by two unmarked edges connecting the
new vertex to the vertices of the selected edge; if the selected edge is a marked
edge of Rg ) for some i > 1, replace it by two marked edges; proceed with the new

vertex as the selected vertex;

3. add a new degree-2 vertex and connect it to the selected vertex by a marked edge,
and to a new degree-1 vertex by an unmarked edge; add the marked edge to Rg )
if the selected vertex is an element of Rg ) , otherwise add the edge to Rg”l) and

remove p from Rg”l).

Proposition 2.65 (Convergence of the discrete two-colour model). Consider the discrete
two-colour tree growth process (T}, (RS),Z' > 1),n > 0) from Definition 2.64, which we

view as a sequence of co-marked R-trees with unit edge lengths. For k > 0, let
R(Ty, (R, >1), %, ... %)

denote the reduced tree spanned by the root p and the first k+ 1 leaves X, ..., 2. Then

lim n*b’R(T;f, (Rgm > 1),20,...,2k)

n—00

(7, (30,i21)) as
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with respect to the distance dgy defined in (2.21).

Conditionally given that T}, has 7, marked components R,(f) # {p} with dy —
2,...,d,, — 2 leaves, the distribution of the edge lengths of (T3, (iR,(f),z' > 1)) is given
by SiDy, where Sy ~ ML(S, 8 + k) and Dy, ~ Dirichlet(1,...,1,1/8—2,...,1/8 — 2)

with a parameter of 1 for each unmarked edge and each internal marked edge, and a

parameter of 1/8 — 2 for each external marked edge, are conditionally independent.

The proof of Proposition 2.65 is based on exactly the same techniques as the proof
of the corresponding result for the alpha-gamma model, cf. [22] Proposition 21 and

Proposition 22, and the result for (a, #)-tree growth processes, cf. [60] Proposition 14.

Remark 2.66. One can obtain the mass measures uy, k > 0, as the scaling limits of the
empirical probability measures on the leaves of T}, projected onto the reduced trees,
using the same methods as in [60]. In particular, each edge equipped with limiting
relative projected subtree masses is a rescaled (3, 6)-string of beads where § = 3 for
internal marked and unmarked edges, and § = 1 — 23 for external marked edges. It
can be shown that these (f3,0)-string of beads are independent of each other and of
the mass split on T} which has distribution Dirichlet(f,..., 5,1 —24,...,1—2f), with
parameter 5 for each internal marked and each unmarked edge, and parameter 1 — 2

for each external marked edge of T7.

2.7 Appendix

We present the proofs postponed from earlier parts of this chapter.

Proof of Theorem 2.57(i). Consider a space T, of weighted discrete R-trees (T, u)
with m leaves labelled by [m] and mass measure p of total mass u(7) € (0,1], m > 1,
see e.g. [60] Section 3.3. for a formal introduction. We consider the transition kernels

Km* Tpr) = Thmga), m > 1, defined as follows. Given any (T, u) € Ty,

« select an edge E of T according to the normalised mass measure (7)™ y; given E,
select an atom J of p [g according to (53, #)-coin tossing sampling where 6 = § if E
is internal, and 8 = 1 — 2§ if F is external; this determines a selection probability

pm/(x) for each atom x € T;
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o given J, let v ~ Beta(1 — 24, 3) be independent, and attach to J an independent
(8,1—20)-string of beads with mass measure rescaled by yu(.J) and metric rescaled

by (yu(J))?, and label the new leaf by m + 1.

We use the convention that if no atom is selected, we apply a scaling factor of 0. Note
that, in our setting with (3, §)-strings of beads on internal edges and (5,1 — 2/3)-strings
of beads on external edges, this does not happen almost surely.

Denote by £, ((T, 1), -) the distribution of the resulting tree. We further consider
the kernel ko(-) = ro(({p},d,), ) taking the singleton tree {p} of mass 1, and associating
a (8,1 — 20)-string of beads with {p}. We will show that each process in (2.89)
evolves according to the transition kernels k,,,m > 1, starting from an independent
(8,1 — 2p)-string of beads whose distribution is given by kg (v;).

More formally, for { > 1 and some m; > 1, i € [l], we will show that

[r[[l £:((99, 60),m [mi])]

= H// /fz Ri,...,Rp)bm;—1(Rm;—1,dRpy;) - - - k1(R1, dRa)ko(dRy) (2.105)

i€(l]

for any bounded continuous functions f;: Tpyy x -+ X Ty — R, 4 € [1].

We first show the equation (2.105) for [ = 1. For notational convenience, we write
(S, ) = (9%),,um ) and f = fi. We further use the notation {3 g and &5 1_25 for
(8,8)- and (5,1 — 23)-strings of beads, respectively, and recall that we denote by
pm(z) the selection probability of x € T for T € T}, using the edge selection rule in
combination with coin tossing sampling, as described above. Bgi_25(-) denotes the

density of Beta(3,1 —23). We obtain,

E[f(S1,---,Gmi)] = > /Zuo /B,Bl 25(71 /

k’§1)=1,kél) k(l) &- ’UGEO 51

(1) _ (1) _
(1= po(v)(1 —71))" M " pg(v)(1 - 71) > pi(wn /Bm 28(x2 /

w1 ER £

by =k 1
(1—u0(v) 11 (1—331»)) po(v) I (1—m)
€l

7 ml,l] iE[mlfl}
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X Z pm1—1(wm1—1) / B,B,172,8($m1)/f(Rl,---,le)

Wy —1€ERm —
mq 1€ mq—1 mml §m1

X P(fﬁ71,25 € d{ml)dxml .- 'P(é&l*?ﬁ S dfg)d.ﬁgp(f/g,l,Qg S dfl)dl'l

X P(ﬁ/@ﬁ S dﬁo)

where

e o is the mass measure of &;

e R; =& with mass measure ugl) is the initial string of beads, and, for m > 2, R,,

with mass measure MS} is created by attaching to w,,—1 € R,,—1 the string of

beads &, rescaled by the proportion z,,_1 of the mass of wy,_1;

o the sequence (Z;,7 > 1) is defined by

o the integrals are taken over the whole ranges of z; € [0, 1] and the subspaces of

(B,B)- and (8,1 — 2f3)-strings of beads &; € Tyy;.

Note that
mow) [ @—=)
i€m—1

is the relative remaining mass of the first marked component after m transition steps

have been carried out in this component.

We can move the sum over k:gl), el k:%z inside the integrals, and note that there is

(1) (1)
mi1

only one term which depends on ky,;. Moving the sum over ky,; in front of this factor,

we obtain
i) k) 1 —1
2 (1—Mo(v) II <1—xi>) () [[ G-m)=1
k$i>k(1) 1+1 Z‘G[ml—l} iE[ml—l]
2k,

as this is the sum over the probability mass function of a geometric random variable
(there are infinitely many insertions into the first marked component almost surely).

We can proceed inductively and sum the corresponding geometric probabilities over
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l-egl) k(lz 1 to obtain

E[f(gla---79m1 :/ZMO /Bﬁl 2ﬁ 331 / Z pl wl

o veép & w1 ER;
/Bﬁ,l 2/3(962)/ Y 1w 1) / Bﬁ,l—m(xml)/
62 wml—IEle—l Ty my

f(Ry, .oy R )P(Ep,1-28 € démy )dTm, - P(§51-2p € d&a)dxo

P(s,1-2p € d&1)dz1P(§5,5 € d&o).

We can now take the sum ¢, to(v) = 1 and the outer integral, as the inner terms

are independent of ug(v) and &y. This results in

E[f(S1,...,9m1)] /35,1 28(21 / Z p1(wy /351 25962/

w1 ERy £

Z pmlfl(wﬂufl) / Bﬁal—Qﬂ(xﬂh)/f(R17"'aRm1)

wml—lele—l Tmy gml

P(€s,1-28 € dém,)dxm, - - P(£p.1-28 € d&2)dxoP(Eg 128 € d&1)dx;.

We recognise the definition of the transition kernels k,,,m > 1, and rewrite this integral

in the form

[ 917~ 9m1
—// /f Rl,..., )ch_l(Rm_l,dRm)”'/ﬂ(thRg)Ho(de)

To see (2.105) for [ > 2, we express the left-hand side in terms of the distribution of
(75, pp) and the two-colour transition kernels, which can be described via Algorithm
(4)

2.42, as a sum over k;’,j € [m;],i € [l]. Then we can proceed as follows.

o First integrate out irrelevant transitions which affect components ¢ > 1 + 1 and
parts of earlier transitions such as unmarked strings of beads after the creation
of the [-th component. These transitions do not affect the marked components

i€l
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O

o Move the sums over k), . .. ,k:gl) inside the integrals. Notice that there is only one

term depending on kr(,l@)l, i.e. we obtain the sum over k%)l > kﬁ,?lfl, kr(,l@)l #* kgj),j €

[m;], i € [l — 1] of the probabilities of selecting the /-th marked component at step

k;l@)l, provided that no insertion into other marked components i € [[ — 1] happens

at this time, that is,

k(m,l)
_a
> L=, (v) 11 (1 — )>
K 2k Lk A6 jelma]iell-1] i€[mi—1]
_q
po_ () T1 (1 -7 ))
! i€fm—1]
where

(m, 1) = k) — k) = #{k <k <k k =k, j € [milie 1]},

my

and where the sequences (:L'l(»l),i > 1) and (Egl),i > 1) are defined as (z;,7 > 1)

and (T;,1 > 1), respectively. Note that

P (V1) I1 (1—Tz('l))

1€[m—1]

is the mass of the [-th marked component after m transition steps have been

carried out in this component.

As we have a sum over the probability mass function of a geometric random
variable, no matter when insertions into components i € [l — 1] happen, this sum

)

is 1. We can proceed inductively down to k;l .

The sum over the insertion point v; is just a sum over the bead selection probabili-
ties ng“—1(vl)’ kgl) > k%l_l) + 1, which sum to the probability of creating the I-th
component (no matter what the sizes of the other components are at this step).
The sum over kgl) is not geometric but it is a sum over the probabilities of success

in a Bernoulli sequence with increasing success probability. This sum is again 1

(as we will open the [-th marked component with probability one).
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e We can put the integrals over the ingredients for the [-th subtree growth process

in front of the other integrals, as they do not depend on anything else.

e Inductively, for j =1 —1,...,1, repeat these steps to lose all sums over insertion
(4)

times k;”’ and first insertion points v;, i € [I].

e Finally, the integrand of the outer integral over the distribution of & is constant,
so the integral can be dropped. We obtain precisely the product form of the
right-hand side (2.105). O

The proofs of Theorem 2.58(i), Proposition 2.47 and Proposition 2.52 are based
on coupling arguments and are quite similar to one another. We present the proof of

Theorem 2.58(i) first.

Proof of Theorem 2.58(i). Recall the constructions of (T}, ;) in Algorithm 2.42 and
(Tp, fi)) in (2.97). We use the following coupling to construct (Ty, sk, k > 0) from

(T3, i, k > 0) with the same distribution as in Algorithm 2.9.

e Let the trees with mass measures coincide initially, i.e. consider the same isometric

copy of a (3, B)-string of beads given by
(To, po) = (‘}0,/10) = (75, Ko)-

o Supposing that (Tg, ux) = (‘:)V'k,/]k) for some k > 0, set

— i = Jy = [T}
— & = 5;2) (i.e. consider the same (3, 3)-strings of beads); and

— Qr = (1 — ) (J¥) ) fin(Jx), where we recall that (1—~;,) ~ Beta(8, 1 —243)
is the independent scaling factor for & ,(f) in the construction of the independent
[-mixed string of beads \I/(élgl),g(f),'yk) ~ vg in Algorithm 2.42. Note that,
if the selected atom J; is an element of a marked component, @}, is the
proportion of the mass of J; which is added to this marked component in
form of a rescaled independent (/3,1 — 23)-string of beads, i.e. a proportion

of 1 — Qy, is split into an unmarked rescaled (3, 5)-string of beads.
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Since J;, was sampled from iy, Jj, is sampled from py, as required for Algorithm 2.9.
It remains to check that the scaling factor Qk,ﬂ,k(jk) induced by Algorithm 2.42 for
the (B, B)-string of beads & = 5,(62) used in the attachment procedure is as needed for
Algorithm 2.9. We work conditionally given that T, has [ branch points ¥; of sizes

d; = deg(ﬁi,‘}k), i € [l], respectively.

o If J, £ 0; fori e [l], then Jy = Jp = Jii, and a new branch point Jy, of degree
deg(Jy, Thp1) = 3 = 1+ deg(Jy + 1, T) is created. The mass wi(JE) = jig(Jg) is
split by the independent random variable v, ~ Beta(1 — 24, ) into a branch point
weight firi1(Jx) = Yfie(Jx) and the rescaled isometric copy of the (8, §)-string
of beads &) = &, i.e. fik(Je)(1 =) = (i) Qr where Qy, ~ Beta(8, 1 — 23) is

conditionally independent of &, and (Tg, uk, Jx) given deg(Jx, Tx) = 2, as required.

e If J, = ; of degree deg(@;,T),) = d; for some i € [I], we first select an edge E} of
ZR,(j) from p restricted to 3%,(;). Conditionally given that E} has been selected, we
choose J; € Ej according to (3, 6)-coin tossing sampling, where 6 = g if E} is an

internal edge of R

,and 6 = 1 — 28 otherwise. Hence, by Proposition 2.18 and
Proposition 2.14(iii)-(iv), conditionally given J; € EJ, the relative mass split in
fR,(j) is

Dirichlet(3,...,3,1—28,...,1—283,8,1— ,6)

with parameter S for each non-selected internal edge of fR,(f), 1 — 23 for each
non-selected external edge of fR,@, B for the part of E} closer to the root, ¢ for
the other part of £}, and 1 — /8 for the atom J}}. In any case (i.e. no matter if E}
is internal or external), we get by Proposition 2.14(i)-(ii) that, conditionally given
J = i,

i (I0) /(i) ~ Beta(l — B, (d; — 2)(1 — B))

is independent of iz (.J;), as the internal relative mass split in R,(;) is independent
of its total mass, see Proposition 2.54. Overall, still conditionally given J; = @;,

we have that

pr(Je) (1 =) = (1 - ’Yk)(NZ(Jg)ﬂk(jk)il)ﬂk(jk) = Qufir(Jy)
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where Q ~ Beta(3,d;(1 — ) — 1), as is easily checked using Proposition 2.14(i)-
(iii). Note that Qj is independent of fix(Jy). This is due to the fact that the
mass split within IR,(f), and the mass split between the edges of T, and its branch

points are conditionally independent given [ branch points ©; with deg(%;, ‘j'k) =d;,

i€ (1], ie. i, ui(JE) /() and fig(Jx) are independent. O

Proof of Proposition 2.47. Similarly to the proof of Theorem 2.58(i), let the initial
weighted co-marked R-trees coincide, i.e. let (T3, (IRg),i > 1), 1) = (Tp, (igi),i >
1),75). Then, (T§,uh) is a (B, 5)-string of beads, and IR(()i) = {p} for all i > 1, as
required in Algorithm 2.42.

Supposing that (T}, (R,gi),i > 1), up) = (T, (ﬁg),i > 1),7;) for some k > 0, set
Ji = j}i, I}, == Iy, and, conditionally given I}, = z;; and €y, set (Elj,,u;) = ¢;; and
R = [[J}, Q%]]. We need to check that the induced update step from (T7, (Rg),i >
1), pi) to (Tipq, (R,(:J)rl,z' > 1), jyq) is as required in Algorithm 2.42.

To select 72 in Algorithm 2.46, we first select an edge FZ of T}, proportionally to
7t (Ey), and perform (3,1 — 28)-coin tossing if E}, is an external marked edge, and
uniform sampling from 7, IEZ otherwise, i.e. Ji is sampled from uj as required in
Algorithm 2.42, and pi(J;) = @i (J5). In particular, Ty, = Ij.

Furthermore, (E:,R,':, uz) is an independent [-mixed string of beads, which is

a direct consequence of the definition of §;; from the recursive construction of T7* in

(2.62)-(2.65), and the transition kernel x(&;;,-). Therefore,

(7, (5652 1)), (e, (32 1), )

has the same distribution as

* i) . * o* O —x
(( ks (fR;(q)ﬂ > 1)7:“]9)7 (7k+17 (:RI(HDZ > 1)aﬂk+1>>a
which proves Proposition 2.47, as Algorithm 2.42 and Algorithm 2.46 specify Markov

chains. ]

Proof of Proposition 2.52. We denote the sequence of trees of (2.2) by (‘j', fk, k > 0),

which is obtained by sampling leaves ¥, k > 0, independently from the mass measure p
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of a stable tree (T, d, p) where fij, := Wf’“u is the projected mass measure on ‘?k, k> 0.

(Tk, pk, & > 0) denotes the sequence of Algorithm 2.9, where (Ji, k > 0) is the sequence

of attachment points, and (Qx, k > 0) is the sequence of update random variables.
The coupling is as follows. Set (To, po) = (‘fo,ﬂo), and, given (Tg, ux) = (‘.ATk, fix,) for

some k > 0, set J := jk where
Jy = arginf{d(p, z) € Tpp \‘j'k},
let Qk =1 — fuxr1(Jx)/fin(Jx), and
. s &\ Pa & A & &\ 1.
& = (Mk+1(7k+1 \Tk) Tit1 \ Tk, Mk:+1<‘7k:+1 \‘Tkz) flk+1 T§k+1\’§k)-

By Proposition 2.11, (‘j'o, fig) is a (3, B)-string of beads, as required in Algorithm
2.9. Now assume that (T, pg) = (T, fig,) for some k > 0 with the distribution claimed
in Proposition 2.52. Denote the connected components of T\ ‘}k by 8;,1 € I, completed
by their root vertices p; € Tg, i € I, respectively. Note that fx(pi) = Y iipi=pi ©(8;)-

Since we sample Y11 from the mass measure p on T, the conditional probability
that Ygi1 € 8, given (T, 1), (Tp, ) and (8i,i € ), is pu(8:) = fux(pi) (1(S:) /i (i),
i.e. we can sample jk in two steps: first select one of the atoms p; of ‘/J\'k proportionally
to their mass fix(p;), and then we select one of the components 8; with root p; = p;
proportionally to relative mass 1(8;)/fix(p;i), where we note that by Theorem 2.51(ii),
(u(8;)/fux(pi).j : pi = pi)* ~ PD(L = B, —B) is independent of ju,(p;)-

We have jk = p; with probability fix(p;), and hence Jj is sampled from py, as required
in Algorithm 2.9. By Theorem 2.51(iii), the weighted R-trees (14(8;)™#8;, u(8:)~1u Is,)
are independent copies of (T, u), i.e. conditionally given ¥j,1 € §;, the sampling
procedure of ¥ € 8; from p(8;) 1pu s, is like sampling ¥ € T from p. Hence & is
an independent (3, 3)-string of beads, as required in Algorithm 2.9.

Let us consider the distribution of Q). Conditionally given deg(jk, ‘j'k) =2, Yp1
is a leaf of a connected component 8; of T \ ‘j'k with root p; = p; = jk, which is

chosen independently and proportionally to relative mass ((8;)/fik(pi). By Theorem
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2.51, the relative mass partition above Jj, is PD(1 — 3,—0), i.e. by Proposition 2.20,
Q1 ~ Beta(,1 — 2p3), as required in Algorithm 2.9.

Conditionally given deg(jk, ‘j'k) = d for some d > 3, Y11 is a leaf of a connected
component 8; of T\ ‘j'k with root p; = p; = Ji. By Theorem 2.51 and Proposition
2.20, the relative mass partition of the connected components T\ ‘j'k with root p; is
PD(1 — 3, (d — 3)(1 — B) + 1 — 253) where we note that .J; must have been selected
d — 2 times up step k in order to obtain deg(jk,‘j'k) = d. Therefore, by Proposition
2.20, conditionally given deg(fk,‘j'k) =d, Qr ~ Beta(f,(d —3)(1 — ) +1—203), as
required in Algorithm 2.9. We also note that, by Proposition 2.20, @)y is conditionally
independent of fiy(J;) given deg(Ji, Tp) = d.

The mass distribution in (‘j'kﬂ, fix+1) can easily be found from Proposition 2.14, as

in Proposition 2.43. 0

Proof of Theorem 2.58(ii). Recall that the ingredients in Algorithm 2.4 to construct
the sequence on the RHS of (2.99) are the Mittag-Leffer Markov chain (S, k > 0),
attachment points (Ji, k > 0), and an independent sequence of i.i.d. random variables
(Bg, k > 0) with By ~ Beta(1,1/8 — 2). We recover these ingredients from the random

variables incorporated in the construction of the LHS of (2.99) via the following coupling.

o Set Sp = 5§, i.e. So ~ ML(S, 3) is the length of the initial (3, §)-string of beads

(Tg, 1) = (‘jv'g,ﬂo). For k > 0, set Sy equal to the total length of 77, i.e. S = S;.
o Set (Jy,k>0) = (Jp, k> 0).

e Set (By,k > 0) = (Bj,k > 0), where B} denotes the length split between
the unmarked and the marked part of the independent S-mixed string of beads
(Ef REuh) = \Ifﬁ(flgl),gl(f),%). By Remark 2.40, (Bg, k > 0) is an i.i.d. sequence

with By ~ Beta(1,1/8 — 2), as required.
Since Algorithm 2.4 and Algorithm 2.42 specify Markov chains, we have to check

(@ (.72 1)) (T (Wil 212)))

4 ((‘J’k (W,gi),i > 1)) (T,M, (W,ﬁjlz > 1))) (2.106)
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for all £ > 0. We prove (2.106) by induction on k.

The shape of the tree 5’1 is clearly the same as the shape of 7. In particular, ‘3’1
and T7 have three edges, connected via one branch point. For & = 0 the distribution of
the LHS of (2.106) is hence fully characterised by the joint distribution of the lengths
(Lgl), L?), Lg?’), Lﬁ) of the four edges (E%l), E?), E§3), E%ll)) of T7, where we recall that
E&) is the only marked edge of T7, and T3 = E;l) U Egg).

By Theorem 2.58(i), Proposition 2.52 and Proposition 2.54, the total mass split in

J7 is given by
(1 (B0 ) s (B (). (BL2) ~ Divichin(5.5. 5.1 - 29

and the edges of J7 equipped with restricted mass measures are rescaled independent
(8, 0)-strings of beads where § = 3 for the unmarked edges E%l), E£2), E£3), and 0 = 1-23
for the marked edge E%ll) . Therefore, by Proposition 2.13, the total length ST of J7 is
given by

ST ~ML(8,38 + (1 - 28)) = ML(8,1+ ),

and the distribution of the length split in J7 is obtained via

(sp7H (24, 28, LY, L{)) ~ Dirichlet(1,1,1,1/8 - 2) (2.107)

)

where (Sik)_l(Lgl), LEQ), L§3), Lﬁ) is independent of S;. By Proposition 2.14(i)-(ii), we

)

conclude that

S =1+ L = ars;

where A} ~ Beta(2,1/5 — 1) is independent of S}, i.e. (S§,ST) has the same distribu-
tion as (Sp, S1), see Proposition 2.21. Furthermore, the attachment point Jj has an

independently and uniformly chosen location on T since

(Lgl) + Lg3))_1Lg1) ~ Beta(1,1) = U([0, 1])
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is independent of Sj. Similarly, it follows that the weight Wl(l) = Lg%l), is given by

— 1 * 2 1 * [ Qi *

Wl( ) = LH = By (Lg )y Lg%) = By(57 = Sp)
where B} ~ Beta(1/8 — 2,1) is independent of 57 — Sz, (7%, %), £ and ¢, By the
coupling, we obtain (2.106) for k = 0.

Now assume that (2.106) holds up to k, in particular that
(Te, (W70 > 1)) & (70, (W, > 1)), (2.108)

In the tree growth process (‘j'k, k > 0) edge and branch point selection is based on
masses, whereas in (T, k > 0) edges are selected based on length and branch points
based on weights. We first prove the correspondence of the selection rules, where we
work conditionally given the shape of the tree ‘.~Tk = T}, in particular conditionally given
that T} has [ marked components fR,(f) # {p}, i € [l], of sizes d; — 2, i € [l], respectively,
or, in other words, that Tj, has [ branch points ;,i € [1], of degrees d;, i € [l], respectively,

and a total of k + [+ 1 edges. By (i) and Proposition 2.52, the total mass split in Ty is

(ﬁk (E,(j)), T (E,(f““)),gk(@l), . ,gk(@l))

~ Dirichlet(8, .. ., B, w(dy), ..., w(dy)) (2.109)

where w(d;) = (d; —3)(1 — B) + 1 — 2p for ¢ € [l]. We denote the edge lengths and the

branch point weights in ‘j'k by
L= (E}j), . .,E,ﬁ’“““’), W, = (VT/,S), .. ,W,ﬁ”), (2.110)

respectively, and use corresponding notation in T;. We first show that the joint
distributions of edge lengths, weights and the selected attachment points Jj, and Jj, in
T, and Ty, respectively, are the same in Algorithm 2.42 and Algorithm 2.4, i.e. for any

k >0, and any continuous and bounded function f : RF+2+1 5 R,

E{f(Lk,Wk)n{jkeEg)} (2.111)

—E|f(Li WL, oy
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for any j € [k + 1+ 1], and

E[f(ik’ W’“)H{Jk:va‘}} - E{f(Lka Wk)]l{Jk:vj}} (2.112)
for any j € [l].

o Proof of (2.111). Fix some j € [k + 1+ 1], and consider the LHS of (2.111) first.
Conditioning on Ji, € E,gj), and using the mass split (2.109) and Proposition

2.14(iv), we obtain
E{f(ik,m)n{jk@g)}] = kaE[f(Ek,Wk)‘jk e 59].

By Proposition 2.14(iv) and (2.109), conditionally given Jj, € E,gj ), the distribution

of the mass split
(X;gl), o 7X]5j—1)7Xlgj)’X,gj+1)’“.’X,gk+l+1)7X]5k+l+2), 3 "X]gk+2l+1)) (2.113)

with X,gi) = ﬂk(E,(:)) for i € [k+ 1+ 1] and X,gi) = fig(Vi—(j4i41)) for i €
+20+ 1\ [k+1+1]is

Dirichlet(8,...,5,1+ 3,8,...,8,w(dy),...,w(d)). (2.114)

Furthermore, still conditionally given J; € E,gj ), Jj, is an atom of mass fig(Jy) =:

U,ij ) x ,E,j ) sampled from the rescaled independent (3, 3)-string of beads related

to E,(Cj), splitting E,(Cj) into two edges E,(igl and E,(CIfIHS) of masses ﬂk(E]&)l) =:

U,gj_)X,gj) and [Lk(E,ng;H?’)) = U,EjJr)X,gj), respectively. By Proposition 2.18, the
)

relative mass split on E,E/,j is given by

(0F 7,07, U07") ~ Dirichlet(8,1 - 8, 8),
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and is independent of X;ij) = ﬂk(E;ij)), since, by (i) and Proposition 2.52, the
(B, B)-string of beads

(x0) 750 (x0) " 1)

)

is independent of the scaling factor X ,gj . We obtain the refined mass split

(Y;”, XU U0 X Ut gy ,Y,ﬁ’““l*”) (2.115)

where X = X, i € [k + 20+ 1]\ {j,j+,j—} and X¢ ) =0 xY, X =
U x9 and X = vt x 9,

By Proposition 2.14(iii), the distribution of (2.115) is

Dirichlet(8,...,8,8,1 = B,8,8,...,B,w(d1),...,w(dy)).

Furthermore, the atom Jj, induces the two rescaled independent (B, B)-strings of

beads
((X;ij_)> _6E1(£1, (ngj_)) _lﬂk rE;ijﬁl)

and

. -8 . -1 _
((x00) B, (X))

k+1

where X,gi) = ,Ei)X,(gj),i € {j—,j+}, i.e. the lengths of the edges E,E;j) and

+1

E,(CTEIH) are given by

= i) v\ G—) (kA3 +) v D\ 2 G+
L](ng)rl: (U’gﬂ )XIE:])) Mlg] ), L§c+1 ): (U’gJ )Xlg;j)) M]g] )7

respectively, where M,gi) ~ ML(B,8), i € {j—, j+}, are independent, see Propo-
sition 2.18. Conditionally given J;, € E(j), by (2.108) and Corollary 2.50, the

weights I//[v/,gl) of ‘j‘k are therefore

S (i NP G .
WD (XN M, e 20+ 1)\ [+ 141,
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where the lengths f/,(cz) are

NP o (i . .
20— (x¢7) "2, i€ lk+1+1]\[j]

. . B . . . B . . .
(U7 x9) P + (0TI X0V M, i,

for independent random variables

@ ML B), i€ k+1+1\{jU{i—j+}
M.~ ~

ML(B, w(d;_(k4141)))s @ € [k+20+ 1]\ [k+1+1].

Also note that, by the definition of (S, k > 0) and the attachment procedure,

where M; ~ ML(B,1 — ) is the length of the attached, independent S-mixed

string of beads. We conclude by Proposition 2.13 and Proposition 2.14(i)-(ii) that
Sk = Ak ~ ML(B, E + )

where S| ~ ML(8,k + 1+ 3) and A} ~ Beta(k/8+2,1/8—1) are independent,

and that, conditionally given J; € E(j), we have (Ek, Wk) = S,’;HA};Zk where

Zu= (2., 970,20, 2040, 200, g4

7Z£k+zz+1)>
is independent of Sy, ; and Ay, and has a

Dirichlet(1,...,1,2,1,...,1,w(d1)/B,...,w(d;)/B)
distribution. Hence,

E{f(ik,Wk)ﬂ{jkeEéj)}] = &E[f(szzk)’jk e 5.
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We now consider the RHS of (2.111). We condition on Ji € E,E:j ), and apply

Lemma 2.49 and Proposition 2.14(iv) to obtain

E{f(L,(j), L L w L w) E[f(SkZe)|Jk € BY]

1 N
{(JeEV}| k+ 3

where S, ~ ML(5, k + ) is independent of
Zy = (Zl(cl)’ e Z,ij_l), Z,gj), Zl(cj-&-l), o 7Z](€lc+l+1), Z}gk+z+2)’ o Z}gk+2z+1)>

and Zj ~ Dirichlet(1,...,1,2,1,...,1,w(d1)/B,...,w(d;)/B).

Hence, we conclude (2.111).

o Proof of (2.112). Consider now the LHS of (2.112). We follow the lines of the proof

of (2.111). Conditionally given Jj, = 0, the mass split (2.113) has distribution
Dirichlet(5,..., 8, w(d1),...,w(dj-1),1 +w(d;),w(d; +1),...,w(d;)) (2.116)

where we recall that w(d;) = (d; — 3)(1 — 8) + 1 — 28 for ¢« € [l]. By (i),
the mass fix(0;) is split by an independent random variable (Qg,1— Q) ~

Dirichlet(3, w(d;) + (1 — 3)) into a new unmarked (3, §)-string of beads
~ (k+1+2)\ =B (k+1+2) - (k+1+2)\ 1 -
(/‘Lkﬁ-l-l (Ek+1 ) Ek+1 y k+1 (Ek+1 ) H41 [E](Cl:;lJrQ))
attached to ¥; and the mass fig41(9;), i.e.

ﬂk+1(E](§]i:l+2)> = Qurfir(05),  Frt1(05) = (1 — Q) ik (D;).

By (i), Lemma 2.56 and the induction hypothesis, we have Wéi__l(kHH)) =

i1 (B (reyrg2) P MY) for i€ [k + 20+ 2]\ [k +1+2]i # j+ (k+1+2)
and 1:41(;3_1 = fig+1 (E,(ﬁl)ﬂM,gil for i € [k 4+ | + 2] where the random vari-
ables M\"), ~ ML(3,8) for i € [k+1+ 2], M), ~ ML(8,w(d;_(r4142))) for
i € (k42042 [k+1+2],i # j+(k+1+2) and M) | ~ ML(B, w(d;_(g4112))+(1—5))
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for i = j + (k+ 1+ 2), are independent of the mass split (2.116). Note that, by
Lemma 2.56 and recalling the definition of W ie 1],

WY~ B

where B} ~ Beta((d; —2)(1/8 —1),1/8 — 2) is independent of I//Iv/,gi)l Note that

N,Eizl = W,EZ) for 7 # 7, Efjll = Eg) for i e [k+141], ie.

* * > (k4142 -7 -7
Sk+1—5k:Ll(<:++1+)+( lgr) _ngj))'

By Proposition 2.13, S;; = A};S;; where S; ; ~ ML(8,k+ 1+ 3) and A} ~
Beta(k/B + 2,1/8 — 1) are independent. The rest of the proof of (2.112) is

analogous to the proof of (2.111).

The statement in (ii) now directly follows from (2.111)-(2.112) and the coupling. [J



Chapter 3

Branch merging on continuum
trees with applications to

regenerative tree growth

Abstract

We introduce a family of branch merging operations on continuum trees and show that
Ford CRTs are distributionally invariant. This operation is new even in the special case
of the Brownian CRT, which we explore in more detail. The operations are based on
spinal decompositions and a regenerativity preserving merging procedure of («, )-strings
of beads, that is, random intervals [0, L, ¢] equipped with a random discrete measure
dL~1 arising in the limit of ordered (o, §)-Chinese restaurant processes as introduced
by Pitman and Winkel. Indeed, we iterate the branch merging operation recursively
and give a new approach to the leaf embedding problem on Ford CRTs related to

(cr, 2 — av)-tree growth processes.

Keywords: string of beads, Chinese restaurant process, regenerative interval partition,
Poisson-Dirichlet, Ford CRT, Brownian CRT, branch merging, tree-valued Markov

process
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3.1 Introduction

Tree-valued Markov processes and operations on continuum random trees (CRTS) such
as pruning have recently attracted particular interest in probability theory. Evans
and Winter, for instance, consider regrafting in combination with subtree pruning and
show in [33] that Aldous’ Brownian CRT arises as the stationary distribution of a
certain reversible R-tree valued Markov process. Evans et al [32] present a similar
study involving root growth with regrafting. Aldous [11, 12] and Pal [55, 56| consider a
Markov chain operating on the space of binary rooted R-trees randomly removing and
reinserting leaves, related to a diffusion limit on the space of continuum trees. See also
[1, 2, 3, 5, 16, 18, 19, 43] for related work.

We study branch merging as a new operation on (continuum) trees, which leaves
Ford CRTs, and in particular the Brownian CRT, distributionally invariant. Our branch
merging operation is based on a leaf sampling procedure, and on the study of the
resulting reduced subtrees equipped with projected subtree masses. The notion of a
string of beads naturally captures this projected mass on a branch.

Following [60], we consider («,8)-strings of beads for a € (0,1) and § > 0. An
(o, §)-string of beads is a random interval [0, L, ¢] equipped with a random discrete
measure dL~!, arising in the framework of the two-parameter family of (v, #)-Chinese
restaurant processes (CRP) when equipped with a regenerative table order. An («, 6)-
Chinese restaurant process as introduced by Dubins and Pitman (see e.g. [58]) is a
sequence of exchangeable random partitions (II,,,n > 1) of [n] := {1,...,n} defined
by customers labelled by [n] sitting at a random number of tables. Customer 1 sits at
the first table, and, at step n + 1, conditionally given k tables in the restaurant with

ni,...,nE customers at each table, customer n + 1
o sits at the i-th occupied table with probability (n; — «)/(n+0), i € [k];
 opens a new table with probability (ka + 6)/(n + ).

The joint distribution of the asymptotic relative table sizes arranged in decreasing
order is known to be Poisson-Dirichlet with parameters («,6), for short PD(«, ).

PD(a, 8) vectors have been widely studied in the literature: see e.g. [34, 62] for
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constructions and properties, [24] and [58] for coagulation-fragmentation-dualities, and
[60] for Poisson-Dirichlet compositions arising in the framework of continuum random
trees.

Pitman and Winkel [60] equipped the («,#)-CRP with a table order which is
independent of the actual seating process. These structures arise naturally in the study
of the (a, f)-tree growth process (T%?, n > 1), that is, a rooted binary regenerative tree
growth process with n leaves at step n labelled by [n] such that the partition structure
induced by the subtrees (tables) encountered on the unique path from the root to the
first leaf defines an ordered («, #)-CRP, see Section 3.4.1.2.

It was shown that the table sizes in the ordered (o, 6)-CRP induce a regenerative
composition structure of [n] in the sense of Gnedin and Pitman [38], and yield a so-called
(o, B)-regenerative interval partition of [0, 1] in the scaling limit. The lengths of the
components of this interval partition are the limiting proportions of table sizes in the
CRP arranged in regenerative order, and correspond to the masses of the atoms of the
discrete measure dL~! associated with an (a, §)-string of beads. («, )-strings of beads
in this sense align the limiting table proportions of an («, #)-CRP along an interval of
length L, g in regenerative order where L, g is the almost-sure limit as n — oo of the
number of tables in the CRP at step n scaled by n™® (see Section 3.2.1).

In this chapter, we study a merging operation for («, 6;)-strings of beads, i € [k]
for some k € N fixed, subject to a Dirichlet(fy,...,0;) mass split with o € (0,1),
f1,...,0, > 0. This situation arises naturally in the framework of ordered CRPs.
Consider k ordered CRPs with parameters («,0;), ¢ € [k]. At each step, let one of
these restaurants be selected proportionally to the total weight in each CRP with initial
weights 6;,i € [k]. Conditionally given that the j-th restaurant is selected with m;(n)
customers present, the (n 4 1)-st customer is customer mj(n) + 1 in the («, 6;)-CRP,
and chooses a table according to the («, 6;)-selection rule, independent of the restaurant
selection process. Then, by a simple urn model, we obtain a Dirichlet(6y, ..., 0)) mass
split between these restaurants in the limit, and each CRP is associated with an («, 6;)-
string of beads, when we rescale distances and masses by appropriate scaling factors

depending on the Dirichlet vector. Remarkably, the identified («, 6;)-strings of beads
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are independent of each other and of the Dirichlet(fy,...,0;) mass split. We ask the

following questions.

o (How) can we merge these ordered (a, 6;)-CRPs, i € [k], by completing the partial
table orders to obtain the seating rule of an ordered («,#)-Chinese restaurant

process for some 6 > 07
o How does the parameter 6 depend on « and 0;, i € [k]?

Our merging algorithm allows to merge («,6;)-strings of beads preserving the
regenerative property. It becomes particularly simple when o = 0; = 1/2 for all i € [k],
which is the case relevant for branch merging on the Brownian CRT (see Figure 3.1 for

an example with k& = 3).

Algorithm/Theorem 3.1 (Merging (1/2,1/2)-strings of beads). Let E; = (pi, p}),
i € [k], be k disjoint intervals and p a mass measure on E := Ule E; such that

(W(E1), ..., u(Ek)) ~ Dirichlet(1/2,...,1/2). Suppose that the rescaled pairs

(M(Ei)fl/QEz’a p(E) " fEi)

are (1/2,1/2)-strings of beads, i € [k], independent of each other and of the Dirichlet
mass split (W(E1), ..., u(E)).

Define the metric space (EL*J’ dL*‘J) as follows.

e Set EV .= E, EZ-(l) = FE;, p(l) :=pi, i € [k]. Forn >1, do the following.

(i) Select an atom X, from p [ pmy with probability proportional to mass.
(ii) Let ay, := pyz) and b, := X,, where I, :==1i if X, € E;, i € [k].
(i) Update pi"™) = Xo, p"™ = o for any j € (K] \ {L,}, BV =

(P, p}) for any i € [k] and B+ = Uy BITY.

(]

o Align the interval components (an,by| in order by identifying an4+1 with by, n > 1,

to obtain the set ELﬂ equipped with a metric d@ induced by this operation.

Then the pair (EU"“) equipped with the metric dLﬂ is an (1/2,k/2)-string of beads.
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Fig. 3.1 Example of merging of strings of beads for k = 3.
First five cut points X1, ..., X5 are displayed.

This algorithm will be made mathematically precise, and will be presented for general
(o, 0;)-strings of beads, o € (0,1) and 0; > 0, @ € [k], in Section 3.3, see Algorithm 3.14
and Theorem 3.15. In general, our merging procedure yields an (o, 6 := Zi?“:l 0;)-string
of beads. As a corollary of our result, we recover the following property of PD(«, )

vectors, disregarding the regenerative order incorporated by (o, 6)-strings of beads.

Corollary 3.2. Let o € (0,1) and 6; > 0, i € [k]. Let P;,i € [k], be a sequence
of independent random vectors such that P; = (P;1,P;2,...) ~ PD(«,0;),i € [k],
and let Y := (Y1,...,Y) be an independent k-dimensional vector Y such that Y ~
Dirichlet(61,...,0;). Then

P:=Y1Pi1,YoPo1,..., Y Pr1,Y1Pio, ..., Y Pro, Y1Pi3, .. )* ~ PD(a, 6)

where 0 := Zle 0; and | denotes the decreasing rearrangement of components.

The proof of our main result, Theorem 3.15, goes back to decomposition results
for (a, 0)-strings of beads [60] and a stick-breaking construction of («, #)-regenerative
interval partitions [38].

The (o, 0)-tree growth model [60] related to ordered (a, #)-CRPs generalises Ford’s
model (i.e. § =1 — «) [35] whose asymptotics were studied earlier by Haas et al. [42].
See also [22] for a multifurcating tree growth process related to Ford’s model, and [59]
for structural results on regenerative tree growth.

It was proved in [41] that, for 0 < a < 1 and 6 > 0, the delabelled trees in the (o, 0)-
model have a binary fragmentation continuum random tree (CRT) T as distributional

scaling limit, where a two-stage limit was provided earlier in [60].
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The problem of appropriately embedding leaf labels of (7%, n > 1) and the reduced
trees with edge lengths Rg’e, arising as scaling limit of the growth process (T;L’"O, n>1)
reduced to the first k leaves, into 7% was solved in [60] by introducing the so-called
(ar, )-coin tossing construction.

Based on our merging operation for strings of beads, Algorithm 3.14, we develop a
branch merging operation (Algorithm 3.44) on Ford CRTs, the class of CRTs J%!~@
arising for § = 1 — a, o € (0,1). We can couple 7%~ and T%2~% in the sense that
we can embed iRg’Q_a into T2~ given an embedding of iRz’l_a into T®!1=@ k> 1. In
particular, we construct T2~ with leaves embedded from the limiting tree T~ of
Ford’s model.

In the case when aw =1/2, and 6§ = 1/2 or § = 3/2, Aldous’ Brownian Continuum
Random Tree [7, 8, 9] arises as distributional scaling limit of the delabelled (c, #)-tree
growth process. Leaf labelling is exchangeable in the case when o = 6 = 1/2, and
uniform sampling from the natural mass measure on the Brownian CRT allows to embed
leaf labels in this case, using a simplified version of the branch merging algorithm. For
the case when a = 1/2 and 6 = 3/2 we obtain embedded leaves applying our branch
merging operation yielding a much simpler approach than the coin tossing construction
from [60].

As a by-product of these developments, we obtain the distributional invariance under
branch merging of Ford trees T%'~® « € (0,1), and in particular of the Brownian CRT.
Detached from the aim of leaf identification in CRTs, we define the Branch Merging
Markov Chain (BMMC) using a simplified branch merging operation as the transition
rule. The BMMC operates on continuum trees. We prove that, for any n € N, a discrete
analogue of the BMMC on the space T¢ of rooted unlabelled trees with n leaves and no
degree-2 vertices (except the root) has a unique stationary distribution supported on
the space T%° of binary rooted unlabelled trees with n leaves (and no degree-2 vertices),
to which it converges as time goes to infinity. The Brownian CRT is a stationary
distribution of the BMMC, and we conjecture that, for any continuum tree as initial
state, the BMMC converges in distribution to the Brownian CRT.

This chapter is organized as follows. In Section 3.2 we recall some background on

regenerative composition structures, and give a proper definition of ordered Chinese
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restaurant processes and («, 0)-strings of beads. In Section 3.3, we introduce the merging
algorithm for strings of beads and state our main result, which is proved in Section 3.3.3.
Branch merging is explained in Section 3.4, where we also recap some background on
R-trees and explain the («a, 8)-tree growth process including its convergence properties.
We use a simplified version of the branch merging algorithm to define the Branch
Merging Markov Chain including a discrete analogue, which is shown to have a unique
stationary distribution. As an application of general branch merging, we describe leaf
embedding for (a, 2 — a)-tree growth processes in general, and the (1/2,3/2)-tree growth

process related to the Brownian CRT in particular.

3.2 Preliminaries

3.2.1 (a,0)-Chinese restaurant processes and (o, #)-strings of beads.

We present some properties of the two-parameter Chinese restaurant process, and refer
to [58] for further details. Recall the definition of an («, #)-Chinese restaurant process
(CRP) (II,,n > 1) from the Introduction. The state of the system after n customers

have been seated is a random partition II, of [n]. It is easy to see that, for each

particular partition 7 of [n] into k classes of sizes nq, ..., ng, we have
9 + i) k
P(Il,, = 7) = [1+0 ];[ 1 —alp,—1, (3.1)

where, for z € R and m € N, we define [z],, :== z(x 4+ 1)(x + 2) --- (z + m). It follows
immediately from the fact that the distribution of II,,, given by (3.1), only depends on
block sizes, that the partitions II, are exchangeable. They are consistent as n varies,
and hence induce a random partition II, of N whose restriction to [n] is II,.

We equip the CRP (II,,,n > 1) with a random total order < on the tables, which
we call table order, see [60]. Independently of the process of seating of customers at
tables, we order the tables from left to right according to the following scheme. The
second table is put to the right of the first table with probability 6/(a 4 ), and to the
left with probability a/(« + 6). Conditionally given any of the k! possible orderings of

the first k tables, k > 1, the (k + 1)-st table is put
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o to the left of the first table, or between any two tables with probability a/(ka + 0)

each;
o to the right of the last table with probability 6/(ka + 6).

We refer to the CRP with tables ordered according to < as ordered CRP, and write
(ﬁn, n > 1) for the process of random partitions of [n] with blocks ordered according to
<, where we use the convention that (II,,,n > 1) orders the blocks according to least

labels (birth order). For n € N, we write
M, = (Mo, M), = (T, T, )

for the blocks of the two partitions II,,, Il,, of [n], where K, denotes the number of
tables at step n. The sizes of these blocks at step n form two compositions of n, n > 1,
that is, sequences of positive integers (nq,...,ng) with sum n = Z?:l n;. The theory

of CRPs gives us an almost-sure limit for the number of tables K, i.e.

K
Lyp = lim — Lop>0 as.,

n—oo N ’

as well as limiting proportions (Py, Ps,...) of customers at each table in birth order,
represented as (Pi, P», Ps,...) = (My, M1 My, M1 MsMs,...) where the random vari-
ables (M;,i > 1) are independent, M; ~ Beta(l — «, 0 + ia), and M; := 1 — M;. The
distribution of ranked limiting proportions is PD(«, @). The table sizes in the ordered
(o, §)-CRP (II,,n > 1) induce a regenerative composition structure in the sense of

Gnedin and Pitman [38], see also Section 3.2.2 here.

Definition 3.3 (Regenerative composition structure). A composition structure (C,,n >
1) is a Markovian sequence of random compositions of n, n = 1,2,..., where the
transition probabilities satisfy the property of sampling consistency, defined via the
following description. Let n identical balls be distributed into an ordered series of boxes
according to C,, n > 1, pick a ball uniformly at random and remove it (and delete an
empty box if one is created). Then the composition of the remaining n — 1 balls has the

same distribution as C,,_1.
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We call a composition structure (C,,n > 1) regenerative if for all n > ny > 1,
given that the first part of C,, is ni1, the remaining composition of n — n; has the same

distribution as C,—_p,.

Lemma 3.4 ([60] Proposition 6). Let o € (0,1) and 0 > 0, and consider an ordered

CRP (ﬁn = (ﬁn,l, .1, k,),n > 1). Forj € [n], define Sy ; = g:l’ﬁn,i’, i.e. Sp;j

1s the number of customers seated at the first j tables from the left. Then,
—=7>0 —>Za79::{1—e t,tZO} a.s. as n — oo,
n

with respect to the Hausdorff metric on closed subsets of [0,1], where <l denotes the

closure in [0,1], and (§,t > 0) is a subordinator with Laplace exponent

sT(s+0)I'(1 — o)
I(s+0+1—a)

(I)aﬁ(s) =

Furthermore, define Ly(u) := #{j € [Ky] : Sn,j/n < u} for u € [0,1], where for any set

S, #S denotes the number of elements in S. Then

lim sup [n"%Ly(u) — L(u)| =0 a.s.,

=% 4e(0,1]

where L := (L(u),u € [0,1]) is a continuous local time process for Zq g which means

that the random set of points of increase of L is Zy 6 a.s..

We refer to the collection of open intervals in [0, 1] \ Zq,¢ as the («,0)-regenerative
interval partition associated with (C,,n > 1) and the local time process L, where
L(1) = Lo a.s.. Note that the joint law of ranked lengths of components of this interval
partition is PD(a, #). The local time process (L(u),0 < u < 1) can be characterised via

£, i.e. we have
t

L(l - e_gt) =T1- a)/e_agsds, t>0.
0

We consider the inverse local time L~! given by

L7 [0,Lag) = [0,1],  L7Yz):=inf{u € [0,1]: L(u) > x}. (3.2)
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Note that L~ is increasing and right-continuous, and hence we can equip the random
interval [0, Lo g] with the Stieltjes measure dL~'. We refer to the pair ([0, Ly ], dL™1)

as an (a, 0)-string of beads in the following way.

Definition 3.5 (String of beads). A string of beads (I, p) is an interval I equipped with
a discrete mass measure p. An (a, 0)-string of beads is the weighted random interval

([0, Ly 6], dL™1) associated with an («, 6)-regenerative interval partition.

We equip the space of strings of beads with the Borel o-algebra associated with the
topology of weak convergence of probability measures on [0, 00), where the length of a
string of beads (I, u) is determined by the supremum of the support of the measure p.

We also use the term («, 6)-string of beads for measure-preserving isometric copies
of the weighted interval ([0, Lag],dL™1). Since the lengths of the interval components
of an («, 6)-regenerative interval partition are the masses of the atoms of the associated
(a, §)-string of beads, we know that the joint law of ranked masses of the atoms of an

(o, B)-string of beads is PD(«, 0).

3.2.2 Regenerative composition structures

We recap some well-known results for regenerative composition structures from [38],

some of which are based on [49]. For a (random) closed subset M of [0, co] let
G(M, t) :=supMn [0, ¢], D(M,t) := inf M N (¢, 00].

A random closed subset M C [0, 00| is regenerative if for each t € [0, 00), conditionally
given {D(M, t) < oo}, the random set (M — D(M, t)) N[0, o] has the same distribution
as M and is independent of [0, D(M, t)] N M.

Theorem 3.6 ([38] Theorem 5.1). The closed range {S;,t > 0} of a subordinator
(Si,t > 0) is a regenerative random subset of [0, 00]. Furthermore, for every regenerative

random subset M of [0, 0o] there is a subordinator (St,t > 0) such that M 4 {S;,t > 0}c.

We call a process (S, t > 0) a multiplicative subordinator if for t' > t, the ratio
(1—5Sy)/(1—S;) has the same distribution as (1 — Sy_;) and is independent of (S,,0 <

u < t). Furthermore, let M denote the closed range of a multiplicative subordinator
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(S;,t > 0), i.e. M := {S,,t > 0}. A multiplicative subordinator (S;,¢ > 0) can be
obtained from a subordinator (S ¢t > 0) via the the mapping from [0, co] onto [0, 1]
defined by z — 1 — exp(—2), i.e. S; :=1 — exp(—Sy).

For any closed subset M of [0,1] and any z € [0, 1] such that M N (z,1) # 0, we
define M(z) as the part of M strictly right to D(M, z), scaled back to [0, 1], i.e.

ny(M,Z)

M(z) = {l—D(]W,Z) ryeMN [D(M,z),l]}.

A random closed subset M C [0,1] is called multiplicatively regenerative if, for each
z € [0,1), conditionally given {D(ﬁ, z) < 1} the random set M(z) has the same

distribution as M and is independent of [0, D(M, z)] N M.

Proposition 3.7 ([38] Proposition 6.2). For two random closed subsets M C [0,1] and
M C [0, 00] related by M=1- exp{—M}, the random set M is regenerative if and only

if M is multiplicatively regenerative.

We associate with each composition (ni,...,ny) of n the finite closed set whose
points are partial sums of the parts nq,...,n; divided by n, i.e.
(nh <o nk) = {07 nl/nv (nl + TLQ)/TL, L) (TL - nk’)/nv 1} =: M. (33)

Every regenerative composition structure (€,,,n > 1) is hence associated with a sequence
of random sets (M,,n > 1). Note that cach M, defines an interval partition of [0, 1],

namely [0, 1] \Mn, n>1.

Lemma 3.8 ([38] Lemma 6.3). Let (C,,n > 1) be a composition structure and let
(ﬁn, n > 1) be the associated sequence of random sets as in (3.3). Then M, — M a.s.

as n — oo in the Hausdorff metric for some random closed subset M.

Lemma 3.9 ([38] Corollary 6.4). In the setting of Lemma 3.8, a composition structure

(Cn,n > 1) is regenerative if and only ifﬁ is multiplicatively regenerative.

For a € (0,1) we can construct an («, 0)-regenerative interval partition, arising in
the limit of the regenerative composition structure induced by an ordered («, 0)-CRP,

as the restriction to [0, 1] of the range of a stable subordinator of index a.
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Definition 3.10 (Stable subordinator). A subordinator (S, ¢ > 0) is called stable with

index o € (0,1) if it has the self-similarity property, that is, for all t > 0, t~1/*8, 4 S1.

Proposition 3.11 ([38] Section 8.3). Let o € (0,1), and let My, be the range of a stable
subordinator of index o > 0. Then, the interval partition of [0, 1] generated by M, N0, 1]

is an («, 0)-regenerative interval partition.

3.3 Merging strings of beads

3.3.1 The merging algorithm

We first explain the basic structure of our merging operation for strings of beads, given
a sequence of cut points (z,)n>1, that is, a sequence of atoms on the strings of beads.
We use R equipped with the usual distance function as the underlying metric space,
and refer to isometric copies of the related intervals when we present applications to
continuum trees in Section 3.4.

Let k € N, and consider k disjoint strings of beads (E;, i;), ¢ € [k], given by
Ei:= (pi,p;), i€k,

where E; N E; = () for all 4,5 € [k],i # j. Furthermore, suppose that, for every i € [k],

we have a sequence (p; j);j>1 such that

E; =

3

(pij»>pij+1]  and d(p;, pij) < d(ps, pijr1) for all j > 1, (3.4)
0

J

where p; o := p;, i € [k]. We refer to the sequences (p; j)j>1, ¢ € [k], as cut points for

the string of beads (Ej, i1;), i € [k]. Define the set of cut points T by
Y :={pij,j > 1,i € [k]}, (3.5)

and assume that oy : T — N gives a total order on Y (i.e. oy is bijective) which is
consistent with the natural order given by N when restricted to {p; j,j > 1}, i € [k], in
the sense that oy (p; ;) < oy (pij+1) for all j > 1. For n € N, we write z,, := o' (n), i.e.

T ={x,,n>1}
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We define the merged string of beads (EL+J, 1) equipped with the metric d’L"J by

k

k
By = W Ei = [ (i, p}) (3.6)

=1 =1

where the operator ¢ on the intervals F;, i € [k], the metric dL’d : EL’d X EE’J — R{ and

the mass measure p on EL+J are defined as follows.

o For any n > 1, let (ay, by,] be defined by

(an, bn] := (pij-1, pijl (3.7)

where p; ; denotes the unique element of Y with o (p; ;) = n, i.e. z, = p;j.

e Define the set EL’_'J by

00 k
By = (an, bu] = U B, (3.8)
n=1 i=1

and equip it with the metric dL“J carried forward via these operations, i.e.

m—1
d(xz,by) + Y dag,bg) +d(am,y), x € (an,bn],y € (am,bm)],
dy(ey) i= S

d(x’y)v T,y € (an,bn],n > 1,
(3.9)

where n < m in the first case. We use the subscript [t to underline that the set

EL*J = Ule FE; is equipped with the metric db‘J'
o Considering the natural mass measure p on the Borel sets B(Etﬂ) given by

k

w(A) =S m(ANE), AcB(By), (3.10)
=1

yields a metric space (EUJ’ dL“J) endowed with a mass measure .

Note that (Elﬂ’ dL’d) is isometric to an open interval. Considering its completion
[p, p'], we can write ELﬂ = (p,p') where p := ag and p’ is the unique element in the
completion of EE'J such that dLﬂ(b”’ p') — 0 as n — oco. Hence, (EU’“) is a string of

beads equipped with the metric dLTJ' Furthermore, note that dw(p, p) = Ele d(pi, ps)-
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Remark 3.12. Note that we do not necessarily need open intervals (p;, p}), @ € [k], in
the merging algorithm. In the case when E; = [p;, p;) for some [ € [k], we interpret
our algorithm in the following way. Consider the first cut point p;; in Fj, i.e. pj1 =

x, such that x,, € £y and x,, ¢ E; forall 1 <m <n — 1.

o If p1 # x1, then there is n € N, such that b, = p; 1 and b,,_1 = p; ; for some j > 1
and i € [k]\{l}. In this case, we consider the interval component (an, b,] = (p1, pi.1]

in our algorithm, and set p(b,—1) := pi(pij) + (o).

o If pj1 = 1, then [a1,b1] = [p;, z1] and we obtain an interval [p = p;, p’) as a result

of the merging procedure with p(a1) := w(pr).

If E; = (p1, pj), we might have that z,, = p] for some n € N. Then the interval Ej is split
into only finitely many components. If E; = [p, pj] is a closed interval, we naturally

combine the described conventions.

3.3.2 Cut point sampling and main result

We now assume that our strings of beads are rescaled («, 6;)-string of beads for a € (0, 1)
and 0; > 0, i € [k]. More precisely, let E; = (p;, p}), i € [k], and let ;1 be a mass measure

on E = J¥_| E; such that
(w(E1), ..., (E)) ~ Dirichlet(6y, ..., 6). (3.11)

Furthermore, suppose that

(B Eiu(B) i ls), i€ W],

are (a, 6;)-strings of beads, respectively, independent of each other and of (3.11). We
construct an (o, = 32 | 6;)-string of beads from (Ej, it |,), i € [k], using the merging
algorithm presented in Section 3.3.1. The procedure is based on sampling an atom of
an («, 0)-string of beads such that the induced mass split has a Dirichlet(a, 1 — «, 6)
distribution. Pitman and Winkel [60] describe a sampling procedure for such an atom,
and show that the atom splits the («, 6)-string of beads into a rescaled independent

(a, @)- and a rescaled independent (a, #)-string of beads.
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Proposition 3.13 ([60] Proposition 10/14(b), Corollary 15). Consider an («,0)-string
of beads (I, ) := ([0, Lag],dL™1) for some a € (0,1) and 6 > 0 with associated («,6)-
regenerative interval partition [0,1] \ Zq 9, where Zo9 = {1 — exp(—&),t > 0}, cf.
Lemma 3.4. Define a switching probability function by

(1—u)d

p:[0,1] = [0,1], uw~ A= wbtua

Fort > 0, select a block (1 —e™%=,1 —e7%) of [0,1] \ g with A& ==& — & >0

with probability

p(em) I -p(e7%))

s<t
and let X be the local time at the selected block (1 — e~%— 1 — e~), which we call

switching time, i.e. X := L(1 —e~%). The following random variables are independent.
e The mass split (1([0, X)), 1(X), u((X, La,))) ~ Dirichlet(e, 1 — o, 8);
o the (a,a)-string of beads (4([0, X))~[0, X), ([0, X))~ s [jo.x)):
o the (v, 0)-string of beads (11((X, La.a)) (X, Lag), n((X, Lag]) " *p [(X\Lao))

We refer to the sampling procedure described in Proposition 3.13 as («, 0)-coin
tossing sampling in the string of beads ([0, Lo g],dL™1). Informally speaking, we can
visualise this by a walker starting in 0, walking up the string of beads ([0, Lq,¢], dL=Y),
tossing a coin for each of the (infinite number of atom) masses where the probability
for heads is given by p(exp(—A&;)), and hence depends on the relative remaining mass
after an atom; let the walker stop the first time the tossed coin shows heads and select

the related atom.

Algorithm 3.14 (Construction of an («,#)-string of beads). Let o« € (0,1) and
01,...,0, > 0.

o Input. A mass measure u on E =}, E;, E; = (p;, p}), i € [k], such that

(W(E), ..., u(Ex)) ~ Dirichlet(6q, ..., 0) (3.12)
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where the pairs (u(E;)"*E;, n(E;)) "' [g,), i € [k], are («, 0;)-strings of beads,

respectively, independent of each other and of the mass split (3.12).

o Output. A sequence of cut points (X,,),>1 and a sequence of interval components

{(an, bn)}n>1 of Ei,i € [K].

Initialisation. n =1, Ei(l) = F;, i € [k], and BV := Uicr i pl(»o) = pi, i € [k].

For n > 1, given (E, u) and the previous steps of the algorithm, do the following.

(i) Select one of the intervals Ez-(n), i € [k], proportionally to mass, i.e. let I, be a
random variable taking values in {1,...,k} such that, for i € [k], I,, = i with

probability ,u(El-(n))/u(E(”) ).

Conditionally given I,,, pick an atom X, of the interval E}:) according to («, 01, )-

coin tossing sampling in the string of beads
-« -1
<M(E1(r:)) EfY, /'L(E§:)) 1 TE<n))~
(ii) Define the interval (ay,, b,] by

(s bn) = (0", X,). (3.13)

(iii) Update pi" := X,, and p\" == p{" ™" for i € [K] \ {L,}, i.e.
BV = (X, 1), EUTY = B for i € [K]\ {1}, (3.14)

and set B =¥, EZ-(n).

We can define EL“J by aligning the intervals (a,, b,] in order, i.e. by identifying a1
with b,,, n > 1. More precisely, we consider T := {X,,;,n > 1}, oy : T = N, 0(X,,) :=n,

and define

Ew = L—ij (an, by,

n>1
equipped with the metric dL‘d’ where the operator | was defined in (3.6)-(3.9). We can

write Ej,; = (p, p'). Our main result here is the following.
¥ PP g
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Theorem 3.15 (Merging of («, 0)-strings of beads). Let a € (0,1) and 61,...,0; >0,
ke N. Let Ey,...,E be k disjoint intervals and p a mass measure on E := Ule E;
such that (u(E1),...,u(Ey)) ~ Dirichlet(61,...,0y). Furthermore, suppose that the
rescaled pairs (u(E;)~*E;, p(E) ™ [g,) are (o, 0;)-string of beads, i € [k], respectively,
independent of each other and of the Dirichlet mass split (u(E1),...,u(Ey)). Let
EL*J = Lﬂle E; be constructed as in Algorithm 3.14 with associated distance dL+J and

mass measure . Then the pair (E@’“) is an («, 0)-string of beads with 0 := Zle 0;.

3.3.3 Proof of the main result

We first recall and establish some preliminary results, including decomposition and

construction rules for («, #)-regenerative interval partitions and («, )-strings of beads.

3.3.3.1 Some preliminary results

(cv, B)-regenerative interval partition can be constructed as follows.

Proposition 3.16 ([60] Corollary 8). Let a € (0,1) and 0 > 0, and consider a random
vector (G, D — G,1 — D) ~ Dirichlet(a, 1 — o, 8). Conditionally given (G, D), construct
an interval partition of [0, 1] as follows. Let (G, D) be one component, and construct the
interval components in [0, G] and in [D,1] by linear scaling of an independent (o, «)-
and an independent («,@)-regenerative interval partition, respectively. The interval

partition obtained in this way is an (o, 0)-regenerative interval partition.

Remark 3.17 (The special case § = 0). The case § = 0 is considered in [57] Proposition 15.
In this case, G ~ Beta(a, 1 — ) and (G, 1) is the last interval component of [0,1] \ Zq.0,
and the restriction of Z, to [0,G] is a rescaled copy of Zq , where Zq 9, € (0,1),

0 > 0, was defined in Lemma 3.4.

We can formulate an analogous version of Proposition 3.16 for («, §)-strings of beads,

a € (0,1) and # > 0, which is based upon [60] Proposition 14(b).

Proposition 3.18 ([60] Proposition 14(b)). Let o € (0,1) and 6 > 0, and consider a
random vector (G, D — G,1 — D) ~ Dirichlet(a, 1 — o, 0). Conditionally given (G, D),

let (It = [0, Laal, p11) be an independent (o, a)-string of beads and (I = [0, Lqg], p12)
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an independent («, 0)-string of beads. Define

'a,g = G%La,a+ (1 —D)Lqy,

the interval I := [0, L;, 4] and the mass measure p on I by
G- (G™%) if y €[0,G"Laa),
:u(y) =3D-@G ny = GaLa,on
(1= D) io((1 - D) (y — G°Laa)) iy € (G*Lava, Il ).

Then (I, ) is an (a, 0)-string of beads.

The following theorem shows how an («, #)-regenerative interval partition, a € (0, 1)
and € > 0, can be constructed via a stick-breaking scheme, and a sequence of i.i.d.

stable subordinators of index o.

Proposition 3.19 ([38] Theorem 8.3). Let (Y;);>1 be i.i.d. with By ~ Beta(1,0) for

some 6 > 0, and define the sequence (Vy)n>1 by
Ve :=1-J]01 -V, n>1. (3.15)

For a € (0,1), let My (n), n > 1, be independent copies of the range My, of a stable

subordinator of index ., and define a random closed subset M(av,8) C [0,1] by
M(e, 8) := {1} U | (Va1 Vil 0 (Vior + Ma(n))) (3.16)
n=1

where Vi := 0. Then, ﬁ(a, 0) is a multiplicatively regenerative random subset of [0, 1]
which can be represented as M(a,0) = 1 — exp(—M(«, ), where M(«, ) is the range
of a subordinator with Laplace exponent

s'(s+0)I'(1 — )

(I)Ocﬁ(s): F(s+9—|—1—a) .

Remark 3.20 (Sliced splitting). Note that [0, 1]\ M(«, #) is an (c, 6)-regenerative interval

partition. Gnedin [37] refers to the method presented in Proposition 3.19 as sliced
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splitting: first split the interval [0, 1] according to the stick-breaking scheme with
Beta(1,#) variables, > 0, to obtain the stick-breaking points (V},)n>1. Then, for each
n > 1, use an independent copy of a regenerative set derived from a stable subordinator
with index « € (0,1) to split the interval (V,,—1,V,), n > 1, Vj := 0. In other words,
we first split the interval [0, 1] according to a (0, §)-regenerative interval partition with
6 > 0, and then shatter each part according to an («, 0)-regenerative interval partition,

a € (0,1).

As a consequence of Proposition 3.19, an («, 6)-regenerative interval partition can

be constructed via independent (a, 0)-regenerative interval partitions.

Corollary 3.21. Let (Y;);j>1 be i.i.d. with Y1 ~ Beta(1,0) for some 6 > 0, and let
(Vi)n>1 be defined as in (3.15). For a € (0,1), let M} (n), n > 1, be independent copies
of the random closed subset N, of [0, 1] associated with an (o, 0)-regenerative interval

partition of [0,1] given by [0,1] \ M. Define the random set ﬁ*(a,@) by

M*(a, 0) == {1} U G (V1 4 (Vi = Vo 1)ME (1)), (3.17)

n=1

Then M* (v, 0) is a multiplicatively regenerative random subset of [0, 1], and hence defines

an (a, 0)-regenerative interval partition of [0,1] via [0,1] \ M*(c, 6).

Proof. We apply Proposition 3.19, i.e. we show that the sets V,,_1 + (V;, — V1) M, (7)
are of the form [V;,—1,V,] N (V=1 + Mqy(n)) as in (3.16). Consider the closure M, of
the range of a stable subordinator S, of index o € (0, 1) as defined in Proposition 3.19,

i.e. Mgy := {Sa(t),t > 0} Since S, is stable, we obtain, for any ¢ > 0,
{Salt),t > 0} = {Sa(te),t > 0} £{c/25a (1), ¢ > 0} = ¢/ {Su (1), ¢ > 0}
Therefore, for any r > 0, rM, 4 M., and hence, for any r» > 0, we have

[0,7] N Mo L7 - ([0,1] N M,).
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Furthermore, by stationary and independent increments of subordinators, and the

independence of (V},)n>1 and My (n), n > 1, in Proposition 3.19, we obtain
Vi1, Val O (Vi1 + Ma(n)) £ Vi_1 + [0, Vi, — Vie_1] N Ma(n).

Hence, by Proposition 3.11, the sets [0, V,, —V,,—1]NMq(n), n > 1, define independent
(c, 0)-regenerative interval partitions of [0, 1] rescaled by the factor (V,, — V,,_1). More
precisely, we use that if V is a random interval partition or closed subset of [0, o]
such that, for any r > 0, rV 2y and W is an independent random variable such that
0 < W < 00 as., then WV LY.

Consequently, the sets [0,V,, — V,—1] N My(n), n > 1, are independent (a,0)-
regenerative interval partitions rescaled by (V;, — V,,—1), and hence each set [0, V], —
Va—1] N My (n), n > 1, has the same distribution as (V;, — V,,—1)MZ,(n). By Proposition

3.19, we conclude that 5\7(*(04, 0) defines an (o, #)-regenerative interval partition. O

3.3.3.2 Strings of beads: splitting and merging

The proof of Theorem 3.15 uses an induction on the splitting steps n > 1. In Lemma
3.23 we describe the initial step. Its proof requires some basic properties of the Dirichlet

distribution.

Proposition 3.22. Let X := (Xy,...,Xx) ~ Dirichlet(6y,...,0;) for some 6; > 0,
i € [k], and k € N.

(i) Aggregation. Fori,j € [k] with i < j define
X' = (Xl, X, X+ Xj,Xi+1, e 7Xj—1,Xj+17 ... ,Xk).

Then, X'~ DiI‘iChlet(gl, ey 01,0 + Gj, (9,L'+1, ... ,9]',1, 9j+17 . ,Gk)

(ii) Decimation. Let oy, e, a3 € (0,1) be such that aq + a2 + a3 = 1. Fix i € [k],
and consider a random vector (Py, Py, P3) ~ Dirichlet(a10;, as8;, as;) which is

independent of X. Then

X” = (Xl, .. 7Xi—17 PlXi, PQ_XZ‘, P3Xi,Xi+1, cey Xk)
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has a Dirichlet(01,...,0;—1,010;, a20;, a360;, 041, ...,0k) distribution.

(iii) Size-bias. Let I be an index chosen such that P(I =i|(X1,...,Xk)) = X; a.s. for

i € [k]. Then, for any i € [k], conditionally given I = i,

X = (Xl, ce ,Xk> ~ Dirichlet(@l, ey Bi1,0; + 1,9i+1, R ,Qk)

(iv) Two-dimensional marginals. For any i,j € [k] with i # j,

Xz/(Xz + Xj) ~ Beta(6;, 9])

(v) Deletion. For any i € [k], the vector

X* o= (X1 /(1= X)), X /(1= Xa), Xiwn /(1 — X2), .., Xo /(1 = X))

has a Dirichlet(0y,...,0;—1,0;41,...,0%) distribution.

Proof. (i) and (ii) can be found in [67] as Proposition 13 and Proposition 14/Remark 15,
for instance. (iii) is Lemma 17 in [4]. (iv) and (v) follow directly from the representation

of the Dirichlet distribution via independent Gamma variables. ]
Lemma 3.23. In Algorithm 3.14, the following random variables are independent.

e The mass u((pr,, X1]) ~ Beta(1,0);

the (a, 0)-string of beads (u((pr,, X1])~* (pry, X, 1l(prs X))~ 1 Tor, x0))3

the (o, 0;)-strings of beads (u(E{") =B w(EX) | )i € [K);

the mass split M(E(Q))_l(u(EF)), e ,M(E,(f))) ~ Dirichlet(6y, ..., 0).

The proof of Lemma 3.23 will use the following basic proposition, whose proof is a

simple exercise.

Proposition 3.24. Let I be a random wvariable taking values in a countable set I.
Futhermore, consider a random variable Z taking values in some measurable space (V,2)

whose distribution conditional on I = i does not depend on ¢ € I. Then, Z is independent
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of I, and for any other random variable Z' taking values in some measurable space

(V' 2)) that is conditionally independent of Z given I, (Z',1I) is independent of Z.

Proof of Lemma 3.23. Conditionally given I, i.e. given that the interval Ey, is selected

in the first step of Algorithm 3.14, by Proposition 3.22(iii), we have

(N(El)v Tt ,M(E[1,1)7 M(Eh)a /’L(Ethl)? L) M(Ek))

~ Dirichlet(&l, R ,0[1_1,0[1 +1, 6[1+1, R ,ij).

Note that, conditionally given [;, X; is an element of Ej, which is independent of
Ei,i € [k]\ {i}. We apply («,0y,)-coin tossing sampling in the («,8r,)-string of
beads (u(Er, ) “Er, u(Er) 1y [k, ), which gives an atom X splitting Ey, according

to Dirichlet(a, 1 — v, 01, ), i.e.

M(Ell)il (/“L((ph?Xl))a U(Xl)nu((leplll))) ~ DiriChlet(av 1- 04,9]1), (3'18)

see Proposition 3.13. Proposition 3.22(ii), with i = I, P1 = u((pr,, X1))/pw(Er), P2 =

M(Xl)/M(Eh)v P = M((Xlap/ll))/:u’(Eh)v and ag = a/(911 + 1)’ Q2 = (1 - a)/(ell + 1)7
ag =01, /(0r, + 1), yields that the distribution of

(/‘((ph?Xl))a N(X1)> N(El)v s Hu(Efl—l)’ /L((Xla plll))a /L(EIH-I)’ s 7N(Ek)) (3'19)

is Dirichlet(c, 1 — v, 61,...,05,-1,01,,01,41, - .. ,0r). By Proposition 3.13, the pairs

(o1 X0) ™ (o1 X1)s (01 X)) ™ 1 Ty 0 ) (3.20)

and

(X1, 1)) (X0 ) (X0 0,) 0 T ) (3.21)

are (o, «)- and (o, 0, )-strings of beads, respectively, independent of each other and of
the mass split (3.18).

By Proposition 3.22(iv) and (3.19) we have p((pr,, X1))/u((pr,, X1]) ~ Beta(a, 1—a).
Furthermore, by Proposition 3.22 (i), u((pr,, X1]) ~ Beta(1,0) with § = Y% , 6;. By



3.3 Merging strings of beads 129

Proposition 3.16, Remark 3.17 and Proposition 3.18, we conclude that

(ot X)) ™o, X it X)) ™0 )

is an (o, 0)-string of beads. The distribution of ,u(E(Q))*l(,u(Ef)), . ,,u(E,E,Z))) follows

directly from Proposition 3.22(v). The strings of beads

(mEP)—“EP,u(Ef’rlu rE@), i€ [,

are independent (a, 0;)-strings of beads, as, for i € [k] \ {I1}, these are not affected by
the algorithm, conditionally given I, and Eg) = (X1, p07,)-

To deduce the claimed independence, note that the distributions of the four random
variables mentioned in Lemma 3.23 do not depend on I3, i.e. we can apply Proposition

3.24 to these variables inductively with I = I;. O
We are now ready to prove our main result, Theorem 3.15.

Proof of Theorem 3.15. We use Corollary 3.21 to show the claim. Let (X,)n>1 be a
sequence of random atoms of E, as sampled in Step (i) of Algorithm 3.14.

By Lemma 3.23, the distribution of the mass split obtained via X;

(1((pry, X1)), w(X1), w(Er), - oo (Er—1), p((X1, 07)) s (B 41)s - - -, 1(Eg))
is Dirichlet(c,1 — o, 61,...,01,-1,01,,01,41,-..,0;). Again by Lemma 3.23,
Y1 := p((pn, X1]) ~ Beta(1,0),
where Y] is independent of the (a, 6;)-strings of beads

(B EP w(BP) 1y ). i€ W, (3.22)
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which are also independent of each other. Furthermore, Y7 and the k strings of beads in

(3.22) are also independent of the (a, 0)-string of beads

(/“L((pthl])ia(ph?Xl]v M((phﬂXl])ilu r(pjl ,Xl])-

X, is now a random atom picked from E?) = EMW\ (p7,, X1]. By Lemma 3.23,

,U((Plypll)) M((pfl—laplll—l)) M((Xlaplh)) M((pfﬁ-lap/]l—l—l)) M((Pk#%))
p(E®) T p(B@) T w(B@) T w(B®) T u(E@)

has a Dirichlet(61,...,0r,-1,0r1,,01,+1,...,6k) distribution, and hence X splits the set

E® according to Dirichlet(a,1 — «, 6y,...,0;). Therefore, inductively, for n > 1, we

obtain the representation

Vi 1:M< LnJ (am,bm}) =1- ﬁ (1-Yn),

m=1 m=1

where (Y;,)m>1 is a sequence of i.i.d. random variables with Y;, ~ Beta(1,0), us-
ing notation from (3.13). Consider now the sets of interval components defined via
{(an,bp],n > 1}. Applying Lemma 3.23 inductively yields that the sequence (Y,)m>1

is i.i.d. and independent of the (a,0)-strings of beads

(1@, bu)) ™ (@ bl 1@ b)) ™ 1 TGl )5 12 L

We are now in the situation of Corollary 3.21, and conclude that <EL+J = (p,p'), p) is
indeed associated with an («, #)-regenerative interval partition of [0, 1]. By Proposition

3.18, <ELﬂ = (p, p'), n) equipped with dU defines an (a, #)-string of beads. O

3.4 Branch merging on (continuum) trees

We introduce a branch merging operation on Ford CRTs, i.e. on binary fragmentation
continuum random trees of the form T%!~% arising in the scaling limit of the (a, §)-tree
growth process for # = 1 — a. We construct a sequence of reduced trees (ng’%a, kE>1)

associated with T7%2-% the scaling limit of the (a, 2 — a)-tree growth process, based
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on branch merging and the («,1 — a)-coin tossing construction of embedded leaves
according to the (a, 1 — a)-tree growth model.

The (o, 1 — a)-coin tossing construction reduces to uniform sampling from the mass
measure in the case of the Brownian CRT, i.e. when o = 6 = 1/2, which yields a
simplified branch merging operation, that we use to construct a new tree-valued Markov

process on a space of continuum trees.

3.4.1 Preliminaries
3.4.1.1 R-trees, self-similar CRTs and the Brownian CRT

We recap some background on R-trees. As we will only work with compact R-trees, we
include compactness in the definition. An R-tree is a compact metric space (7, d) such

that the following two properties hold for every o1,09 € 7.

(i) There is an isometric map @4, o,: [0,d(01,02)] — T such that

@01702 (0) =01 and (I)al,ag(d(UI,UQ)) = 09.

(ii) For every injective path ¢: [0,1] — T with ¢(0) = o1 and ¢(1) = o9,

q([ov 1]) = (1)01,02([07 d(alv 02)])'

We write [[o1, 02]] := ®4, 0, ([0, d(01,02)]) for the range of Py, 4.

A rooted R-tree (T,d, p) is an R-tree (7, d) with a distinguished element p, the root.
In what follows, we only work with rooted R-trees. Sometimes we refer to T as an
R-tree, the distance d and the root p being implicit. For any o > 0 and any metric
space (7T,d), in particular any R-tree, we write a7 for (T, ad).

We only consider equivalence classes of rooted R-trees. Two rooted R-trees (T, d, p)
and (77, d’, p') are equivalent if there exists an isometry from T onto J’ such that p is
mapped onto p’. We denote by T the set of all equivalence classes of rooted R-trees. As
shown in [32], the space T is a Polish space when endowed with the pointed Gromov-

Hausdorff distance dgy. The pointed Gromov-Hausdorff distance between two rooted
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R-trees (7,d, p), (T7',d, p') is defined as

deu((T,d, p), (T, d', pf)) := inf{max{s(é(p), ¢'(¢)), ou((T), &'(T')) } },

where the infimum is taken over all metric spaces (M, d) and all isometric embeddings
¢: T =M, ¢ T — Minto (M, ), and oy is the Hausdorfl distance between compact
subsets of (M, d). In fact, the Gromov-Hausdorff distance only depends on equivalence
classes of rooted R-trees and so induces a metric on T. We equip T with its Borel
o-algebra. See [32] for a formal construction of T.

A weighted R-tree (T,d, p, ) is a rooted R-tree (T,d, p) equipped with a probability
measure u on the Borel sets B(T). Two weighted R-trees (T, d, p, u) and (77, d’, p', i)
are called equivalent if there exists an isometry from (T, d, p) onto (77, d’, p’) such that
i is the push-forward of pu. The set of equivalence classes of weighted R-trees is
denoted by Ty,. The Gromov-Hausdorff distance can be extended to a metric on Ty,
the Gromov-Hausdorff-Prokhorov metric, see e.g. [54]. For any rooted R-tree (T,d, p)
and x € T, we call d(p, z) the height of z, and sup,cyd(p, ) the height of T. A leaf is
an element z € T with x # p whose removal does not disconnect T. We denote the set
of all leaves of T by Lf(7). An element = € T, x # p, is a branch point if its removal
disconnects the R-tree into three or more components. The degree of a vertex x € T is
the number of connected components of T\ {x}; we call an R-tree binary if the highest
branch point degree is 3.

A pair (T, p) is a continuum tree if T is an R- tree, and p is a probability measure

on T satisfying the following three properties.
(i) w is supported by Lf(T), the set of leaves of T;
(ii) p has no atom, i.e. for any singleton x € Lf(T) we have u({x}) = 0;
(iii) for every = € T\ Lf(T), p(Tz) > 0 where T, :={oc € T:z € [[p,d]]}.

By definition of a continuum tree, Lf(7T) is uncountable and has no isolated points.
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It will be useful to consider reduced trees: for any rooted R-tree T and any

T1, T2, ...,y € LE(T) let

n
R(T,.’L‘l,. "7:1:71) = U[[p7 xl]] (323)
i=1
be the reduced subtree associated with T, z1, ..., z,. R(T,x1,...,2,) is an R-tree, whose
root is p and whose set of leaves is {z1,...,z,}.

For any weighted R-tree (7, d, p, 1) and any R C T, we define the projection
™ TSR, o @, (sup{t > 0:D,,(t) € R}), (3.24)

where the function ®,,: [0,d(p,o)] — T is the isometry with ®,,(0) = p and
®,(d(p,0)) = 0. We write

(€)= n( (%) (C)), Ce B,

for the push-forward of p via 7%, where B(R) is the Borel o-algebra on R.
Weighted R-trees can be obtained from height functions, that is, continuous functions

h:[0,1] — [0,00) with A(0) = h(1) = 0. We define a distance by

dp(z,y) := h(z) + h(y) — 2 inf h(z), z,y€]0,1]. (3.25)

min{z,y}<z<max{z,y}

Let y ~ o' if di(y,y") = 0, and take the quotient T, = [0,1)/ ~. Then (Tp,dp, p) is
a rooted R-tree coded by the function h, where the root p is the equivalence class of
0. When the height function h: [0, 1] — [0, 00) is random we obtain a random R-tree
(Th,dp, p). Note that (random) R-trees can be equipped with a natural mass measure
pp, induced by the Lebesgue measure on [0, 1].

We study a certain type of random R-trees, namely binary fragmentation continuum

random trees, arising in the scaling limit of («, #)-tree growth processes.

Definition 3.25 (Binary fragmentation continuum random tree). A random weighted

rooted binary R-tree (T,d, p, ) is called a binary fragmentation continuum random tree

(CRT) of index v > 0, if
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(i) the measure p has no atoms and u(7;) > 0 a.s. for all z € T\ Lf(7T), where
T, ={oc€T:ze€llp,o]]}, and u([[p,z]]) =0 for all x € T;

(ii) for each ¢t > 0, given the masses of the connected components (Tt,i > 1) of
{o0 € T:d(p,0) > t}, indexed in decreasing order of mass and completed by a
root vertex p;, i.e. given (u(J%),i > 1) = (my;,i > 1) for some my > mg > -+ > 0,
the rescaled trees

(78mid Lge, pis 1)
are independent identically distributed isometric copies of (T, d, p, u).

Binary fragmentation CRTs are characterised by a self-similarity parameter
v > 0 and a so-called dislocation measure v(du), that is, a o-finite measure on [1/2,1)
satisfying f[l /271)(1 —u)v(du) < oco. They can be decomposed into isometric i.i.d. copies
of the (in a probabilistic sense) “same” tree, when split into subtrees along the spine

from the root to a leaf sampled from the mass measure.

Theorem 3.26 (Spinal decomposition, [60] Proposition 18). Let (T,d, p, ) be a binary
fragmentation CRT with self-similarity parameter v > 0. Select a leaf ¥* ~ p in 7,
consider the spine [[p, ¥*]] and the connected components (T;,i € I) of T\ [[p, X*]], each
completed by a root vertex p;. Furthermore, assign mass m; = u(7T;) to each point
pi € [[p, 2*]] and denote the resulting distribution on [[p, X*]] by p*. Then, given the

string of beads ([[p, X*]], u*), the rescaled trees
(T0md I3 pim; e l), A€

are independent identically distributed isometric copies of (T,d, p, ).

For any ¥ € Lf(7), we say that the spinal decomposition theorem holds for the spine
[[p, X]] to mean that Theorem 3.26 holds when we replace the leaf ¥* by .

Examples for binary fragmentation CRTs include Ford CRTs, i.e. the trees of the
form T%1=% o € (0,1), with self-similarity index v = «, see Section 3.4.1.2. When
v =a=1/2, the tree T1/2.1/2 ig the Brownian CRT, which can be defined in terms of

Brownian excursion, see e.g. [15]. Specifically, let W = (W (¢),0 < ¢ < 1) be a standard
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Brownian excursion. The tree (T, dow, p) defined via 2W as height function, with
mass measure popy induced by the Lebesgue measure on [0, 1], is called the Brownian
continuum random tree (Brownian CRT), see [7].

We often need a random R-tree whose equivalence class has the same distribution

as a Ford CRT on T (or Ty,). We also refer to such R-trees as Ford CRTs.

3.4.1.2 Regenerative tree growth: the («,)-model

Ordered (a, #)-CRPs and related («, #)-strings of beads naturally appear in the study
of the (a, §)-tree growth process (7%, n > 1), as studied in [60].

Consider the set T? of rooted binary trees with n leaves labelled by [n] = {1,...,n}.
We study the growth model given by the following growth procedure. Let 17 be the
tree consisting of one single edge, joining the root p and the leaf with label 1. At step
2 we select this edge and split it into a Y-shaped tree 75, which has one edge that
connects the root vertex and a binary branch point; there are two leaves labelled by
1 and 2 which are linked to the single branch point by one edge each. Inductively, to
construct 7,41 conditionally given T, select an edge of T;, according to some weights
(which we specify later). We select the edge Q,, — Q| say, directed away from the root.

We replace this edge by three edges Q, — Q), Q/ — n+1and Q), — Q/

n, Meaning

that there is one edge connecting 2, to a new branch point Q/, which is linked to the
existing vertex €/ and a new leaf n + 1. Clearly, T}, € T for all n > 2.

The stochastic process (15,,n > 1) of random trees created in the described way,
where each edge is selected randomly according to some selection rule, is called a binary
tree growth process. A range of selection rules, which are partly related to each other,

was studied in the literature. We focus on the («, #)-rule.

Definition 3.27 ((«,0)-tree growth process). For 0 < o« < 1 and 6 > 0, the («,)-

selection rule is defined as follows.

(i) For any n > 2, consider the branch point of the tree T,, adjacent to the root,
and the two subtrees T;, o and T}, 1 above this point, where T}, 1 contains the
smallest label in T,, . Denote their sizes, i.e. their number of leaves, by m and

n — m, respectively. Assign weight o to the edge connecting the root and the
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adjacent branch point, and weights m — «, n —m — 1 + 0 to the subtrees T, o,

Ty 1, respectively.

(ii) Choose one of the two subtrees or the edge adjacent to the root proportionally
to these weights (note that the total weight is n — 1 4 6). If a subtree with two
or more leaves was selected, recursively apply the weighting procedure and the
random selection until an edge or a subtree with a single leaf is chosen. If a

subtree with a single leaf was selected, select the unique edge of this subtree.

A binary tree growth process (%%, n > 1) grown via the (a,)-rule for some
0 <a<1land® >0is called an («a, 8)-tree growth process, see Figure 3.2 for an example
showing the growth procedure.

We write (7229, n > 1) for the delabelled tree growth process. The trees 7.%¢ and

T9° n > 1, are considered as R-trees with unit edge lengths.

Remark 3.28 (Ford’s rule). The selection rule for § =1 — «, 0 < e < 1, is called Ford’s

rule, see [35].

Consider the spine [[p, 1]], i.e. the unique path in T%? connecting the root and leaf 1.
Referring to the subtrees along the spine as tables and the leaves within these subtrees
as customers we obtain an ordered («, §)-CRP with label set {2,3,...}. Whenever an
edge on the spine is selected, the height of leaf 1, that is, the graph distance between
the root p and leaf 1, i.e. the number of tables K, in the CRP, increases by 1. Note
that the j-th customer in the restaurant carries label j + 1 as a leaf in the tree, since
leaf 1 is not contained in a subtree off the spine. Each subtree is uniquely characterised
by its leaf labels which is a natural consequence of the growth procedure of 7%, n > 1.
Moreover, the order of tables on the spine (or spinal order) is consistent across different
values of n.

(a, )-tree growth processes are regenerative in the following sense.

Definition 3.29 (Regenerative tree growth process). A binary tree growth process
(T,,,n > 1) is called regenerative if for each n > 2, conditionally given that the first split
of T;, is into two subtrees T, o, 15,1 with label sets By, By, respectively, the relabelled
trees Tn,O and 7T, n,1 are independent copies of T p,, i = 0, 1, respectively where Tm is

the tree T, ; with leaves relabelled by the increasing bijection B; — [#B;], i = 0, 1.
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The trees grown via the (a, 6)-selection rule have leaves which can be identified
by successively assigned labels from {1,2,...}. Exchangeability of leaf labelling was
studied in [60].

Lemma 3.30 ([60] Proposition 1). Let (T.%% n > 1) be an (a, 0)-tree growth process
for some o € (0,1) and 6 > 0. The leaf labels of T are exchangeable for allm > 1 if

and only if « =0 =1/2.

(1) Selected subtree: continue

Inserted 6
(2) Selected edge: insert 6

Fig. 3.2 Example of two-step recursion in the (a, 8)-model. First subtree is selected with
probability (2 — a))/(4 + 0); within this subtree leaf 6 is inserted at the root edge with
probability a/(1 + 6).

Limits of the delabelled tree growth process (%% n > 1) were established in [60]
by considering the reduced trees R(T%, [k]), k > 1, where each edge between two
vertices v; and vy is equipped with the graph distance in T;L”e, i.e. with the number of

edges between vy and vg in T,
Proposition 3.31 ([60] Proposition 2). Let (T% n > 1) be an («,0)-tree growth
process for some o € (0,1) and 8 > 0. Then, for all k > 1,
. _ 0
nh_)nolon YR(T | [K]) = RY a.s., (3.26)
i.e. the edge lengths of R(T?,[k]) scaled by n=% converge jointly a.s. as n — oo to the
edge lengths of a tree IRZ’Q with the same shape as R(T, [k]).

Recall the notation fRZ"G’O for the delabelled tree associated with fRZ"e.



138 Branch merging on continuum trees

Theorem 3.32 ([60] Theorem 3). Consider the situation of Proposition 3.31, and the
delabelled trees iRg’e’o associated with ng’e for k> 1. Then there exists a CRT T*Y on

the same probability space such that

lim Rz’e’o = gof a.s. in the Gromov-Hausdorff topology. (3.27)

k—o0

In general, the trees T are binary fragmentation CRTs, characterised by the self-
similarity parameter o, and the absolutely continuous dislocation measure v, g(du) =

ap(w)du for u € (1/2,1), where the dislocation density is given via

(1 = a)f2o(u) = ou’(1 = u)™ " w7 (1 = w)’)

+0(u 1 —w) (- w) ), 1/2<u<l. (3.28)

Corollary 3.33. For any o € (0,1), T®1-« 4 qa2—a

The family of trees {T%!=% a € (0,1)} is called Ford CRTs.

Proof. This was shown in [60].

o The marginal distributions of delabelled trees coincide for the (a, 1 — a)- and the

(o, 2 — a)-tree growth process (see Lemma 12 in [60]).

e The (a,1 — a)- and the (a, 2 — a)-tree growth process have the trees 7%1~% and

T2 as their distributional scaling limits (Proposition 3.31). O

Corollary 3.34. For o = 1/2 and 6 € {1/2,3/2}, 7Y is the Brownian CRT.

Proof. It was shown in [42] that the delabelled (1/2,1/2)-tree growth process has the
Brownian CRT as its distributional scaling limit. By Corollary 3.33, the Brownian CRT

is also the limit of the delabelled (1/2,3/2)-tree growth process. O

Pitman and Winkel [60] used an embedding of the reduced trees fRz"e, k > 1, into

the CRT T%? to prove convergence results for (T3 n > 1).

Theorem 3.35. Let (T%Y d, p, i) be a CRT as in Theorem 3.32. Then there exists a

sequence of leaves X, k > 1, on a suitably enlarged probability space such that

(RET,S1, Sk = 1)L (R k> 1), (3.29)
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The problem of finding the leaves ¥,k > 1, as in Theorem 3.35 inside a CRT
was solved in [60] (Lemma 19, Proposition 20 and Corollary 21). We refer to this
problem as the leaf embedding problem. In particular, given a CRT T = T for some

a € (0,1),6 > 0, with mass measure , it involves the following steps.

(i) Find a leaf ¥y € T such that ([[p,X1]], i x,)) is an (a, 0)-string of beads, i.e.

embed (Ry, p1) into (T, ) via (Ra, 1) = ([, Z1]]s ip,z07))-

(ii) Given (R, p1), find the point on R; which identifies the root J; of the component
of T\ Ry which contains ¥, so that Ry = RyU]]J;, La]].

(iii) Iterate the procedure to embed (R, ug) for general k > 2 into 7.

When («,0) = (1/2,1/2) the leaf embedding problem can be solved by sampling
leaves Xk, k > 1, independently from the mass measure u. The general technique to
solve the leaf embedding problem is more involved, but not needed to understand the
Branch Merging Markov Chain, Section 3.4.2, and the new and simple leaf embedding
approach for (1/2,3/2)-tree growth processes in Section 3.4.3.2.

We recap the procedure to solve (i) for o € (0,1), 6 > 0, from [60], Section 4.3.

o Let (TMW,dM pM 1My = (T,d, p, ) and let Zi(l) be a random leaf sampled

from p in T, Consider the string of beads ([[p, Ef(l)]],,u,“p E*(l)”) obtained
2

by considering the spine from the root to this leaf, equipped with projected

subtree masses. ([[p, ET(I)]], /,L[[pyzi(l)ﬂ) can be represented via a local time process

(LD (), 0 < u< 1), ie. dlp, 23") = LO(1) and

*(1) *(1) *(1) *(1)
Piio z*m]]({@pz*(” (L*(l)<1 -t ))D = — e = Al
e taa |

for a subordinator (£, m,t > 0), the so-called spinal subordinator, whose distribu-

tion was characterised in [60], Section 4.1. Note that the definition of Hifp, 5207
Rl

-measure of the point L*() (1 — 6*5:(1)) along the

1l
path from the root to ET(I is —Ae&".

above means that the Hifp, 52
»>1
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Consider the switching time 7(!) associated with the switching probability function

(p(u),0 < u < 1) defined by

(I —u)fan(l—u)

;,e(u)

p(u) :=

, O<u<l,

as in Proposition 3.13 where, for 0 <u <1, fao(u) and f; 4(u) are given by

fao =T (1 =)~ (a1 —w) =@ 1~ 4 g 2(1 = u) ™),

fap(w) = ufap(w) + (1 —u)fap(l —u).

Note that fg o(u) = ufae(uw) + (1 —u)fae(l —u),1/2 < u < 1, where fg, was
given in (3.28). We refer to [61] (19) for a derivation of f; 4. Define

F, .= exp(—Aff(l)), 0<t< 7'(1), Faoy=1- exp(—AﬁiEll)))

T

o For i > 1, consider the interval partition {1 —exp(—ﬁf(i)), t > 0} with associated

local time process (L*()(u),0 < u < 1), and the junction point
i+1) _ * (4 *(2)
P =0 s (L= O (e (=€)

that is, the point on the spine [[p, Ey{(i)]] related to the switching time 7(%.

Furthermore, define

70 = {0 e 70 [0, o)l N[, 51 = [0, 5]},
(1 — exp(—ﬁjg))#@fl)))i dD T340,

(1 — eXp(‘f;kg))_T@,l)))_1,u(i) [q(i+1) -

d(i-‘rl)

D)

Note that (T0HD @041, +1D) is the subtree rooted at p(*1) on [[p(*), E’{(i)]] with
distance and mass measure rescaled by the mass of the selected atom plith) to

the power —« and —1, respectively.
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Sample a leaf E;(iﬂ) from ,u(”l) in 70+ and proceed as before to determine

the spinal subordinator £*(t1) and the switching time 71, Set

_ exp<_A§:(i+l)>’ 0<t< 1) 7_(@7

*(1+1
F iy =1- exp(_AfT((:j__l))_T(i))‘

Lemma 3.36 ([60] Proposition 20). The process (Fy,t > 0) is a Poisson point process
in (0,1) with intensity measure ufyg(u) and cemetery state 1. Furthermore, consider

the space

(o, S1ll:= Ullp, 1],

i>1
Then X1 € T is a leaf a.s., the string of beads ([[p, X1]], pyjp,5,))) s a weight-preserving
isometric copy of (R1, 1), and the spinal decomposition theorem holds for the spine

[[p, £1]] with connected components (T;,i € I) of T\ [[p, X1]].

We refer to this procedure to find the leaf ¥; as the (a, 8)-coin tossing construction
(or simply the coin tossing construction) in the tree (T, u).

In order to find the branch point where the spine to leaf ¥ leaves the spine to leaf
Y9, we apply («, #)-coin tossing sampling (cf. Proposition 3.13) in the («, #)-string of
beads (Rq, 1) which we have already embedded into (T, ). By the spinal decomposition
theorem, we conclude that the subtrees associated with that atom as branch point base
point is a rescaled independent copy of (7, 1), and hence we can apply the («, )-coin
tossing construction in this subtree to identifiy 5. Therefore, given the embedding of
(R1, 1) into (T, ), we can embedd (Re, p2) by identifying leaf 3o, and considering po
as the projection of the measure p onto Re. It was shown in [60], Corollary 21, that

this method can be used to embed (Ry, ug) into (T, p) for all k& > 1.

Lemma 3.37 (Embedding of (R, px), [60] Corollary 21). Fork > 1, given an embedding

of (Rg, pux) into (T, 1), perform the following steps to embed (Ryi1, fk+1)-

o Select an edge E of Ry, proportionally to the mass assigned to E by piy.
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o If E is an internal edge of Ry, pick Jy, from the mass measure ug restricted to E;
otherwise perform (o, 0)-coin tossing sampling (see Proposition 3.13) in the string

of beads (ur(E)~*E, ux(E) Ly [g) to identify Ji.

e Define the pair (Rei1, pirr1) 0y Riq1 := R U [Tk, Breqa]], ey = pmy -

3.4.2 The Branch Merging Markov Chain

We present a branch merging operation on continuum trees. Given a continuum tree,
we pick two leaves independently from the mass measure on the tree, merge the three
branches of the arising reduced Y-shaped tree, and replant the subtrees in a certain
random order on the created longer branch. This is in principle a simplified version of the
more elaborate and general branch merging operation that we present in Section 3.4.3,
and, in contrast to Section 3.4.3, branch merging here is separate from leaf embedding.

Recall that Ty, denotes the space of equivalence classes of weighted R-trees.

Definition 3.38 (Branch Merging Markov Chain). The Branch Merging Markov Chain
(BMMC) is the time-homogeneous Markov Chain (B, k > 0) on T which is defined via
the following transition rule. Given a continuum tree By := (7T,d, p, 1), perform the

following steps to obtain a tree By := (‘j', d, p, ).

()MC Start configuration. Pick two leaves £1 and ¥ independently by uniform sampling
from the mass measure p on T, and denote by €2 the branch point of the spines
from the root p to X1 and Y. We write Ry = R(T, X1, il), and obtain the three
branches F; := [[p, Q[[, B2 :=]]Q, £1][, E3 := [[Q, Z1][-

(ii)MC Partition sampling. Consider a sequence of i.i.d. random variables (Xg)g>2 ~ fir,,

and define I1, := {k > 2: X = z},x € Ro.
(iii)MC  Tree pruning and spine merging. Define II; := {II,,z € E;}, i € [3], and the

collection of blocks

C:= U {Hx € ﬁl (I, < Hyv;y € Ry with Hy € ﬁi,dRQ(p,y) > d(R2 (p,IL’)},
1€[3]

where, for A, BCN, ANB # (), A< B :& minA < min B.



3.4 Branch merging on (continuum) trees 143

Let T := {x : II, € C} be the associated set of cut points on the branches
Ep, Es, E3, and write T = { Xy, k > 1} where, for k > 1,

X :=x € Ry such that |{y € Ry|ll, € € and I, < II,}| =k — 1.

Note that the set of cut points T contains all points x € Ry such that the smallest
label in the label set II, is smaller than the smallest label in all the other label
sets 11, for points y € Ry which are on the same branch as x but further away

from the root than z, see Figure 3.3.

Define the merged branch Ry via

- o (9 5 wim

i€[3]
where the operator i) was defined in (3.4), Section 3.3.1. We obtain the metric
dg - Ri x Ry — RE, d. (x,y) == ‘dil (p,x) — d. (p,y)| where

dz (p,x) := diy(p, @) for z € Ri\ {1}, dg (p.T1) = d(p, 1) + (2, 51).

(iv)MC Update rule. Let 8, be the subtree of T rooted at & € Ry, respectively, and
define the metric space (‘j'l, ch) by Ty =Ry U Uxeﬁl 8z, equipped with the metric
Jl :(:]:1 X(}l—)RJr,

dﬁl(l',y) ifl’ayeilv
~ dg; (¢, y) + d(x, 2") + d(y,y) if €8,y €8y, 2’ #y € Ry,
dl ('Ia y) = . "
dil(x,y’)—i—d(y,y') ifreRi,yedy,y eR,
d(z,y) if 2,y € 8,2’ € Ry.
(3.30)
Furthermore, define the mass measure ji; on (5’1, dl) by
_ S o= =8, ifzeR,
fin(Tp) = { VTR (3.31)

(T N 8yr) if 2 €8y, 2' € Ry,
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where T, := {y € T1 : z € [[p, 9]]}, which uniquely identifies /i, .
Finally, define the output tree By := (‘5'1, di, p, f1).

Remark 3.39. In fact, the merging operation 4 was only defined for intervals. However,
each E; = [[p;, pi]], i € [3], is isometric to the interval [0, d(p;, p})], i.e. we write W;cpy Ei
to mean that we apply the merging operation to the strings of beads that we obtain
when we consider the intervals [0, d(p;, p;)] with mass measure pushed-forward via the
choice of class representatives.

2

>

Fig. 3.3 Transition rule of the BMMC. Reduced tree structure with subtrees attached in the
atoms. Strings of beads are merged and subtrees are carried forward.

Lemma 3.40. The distribution of the Brownian CRT on the space Ty, is a stationary

distribution of the Branch Merging Markov Chain (Bg,k > 0).

Proof. Recall that, by Lemma 3.30, leaf labelling in the (1/2,1/2)-model is exchangeable,

i.e. we can embed fRé/ 21/2 by sampling two leaves independently from the mass measure.

The distribution of the mass split on the three branches of the Y-shaped tree iR;/ 21/2
is Dirichlet(1/2,1/2,1/2), and the three branches are rescaled independent (1/2,1/2)-
strings of beads when equipped with the restricted mass measure (Proposition 3.13).
We merge the three (1/2,1/2)-strings of beads to obtain a (1/2,3/2)-string of beads
(see Theorem 3.15). By the spinal decomposition theorem, the subtrees rooted on
35/2,1/2

which we carry forward, are rescaled independent Brownian CRTs, i.e. by

Theorem 3.35 and Corollary 3.34, the merged tree is a Brownian CRT. O



3.4 Branch merging on (continuum) trees 145

We now study a discrete analogue of the BMMC, and use the framework of R-trees
with unit edge lengths. For n € N, let T¢ be the set of rooted unlabelled trees with n
leaves and no degree-2 vertices (except the root), and let T%° be the space of binary
rooted unlabelled trees with n leaves and no degree-2 vertices, i.e. T%° C T9. For
T € T?, we consider the uniform probability measure on Lf(T) by assigning mass 1/n
to any of the leaves. Let (7%, k > 0) be a time-homogeneous Markov chain operating on
T¢ with the following transition rule. Conditionally given 79 = T" with root p, perform

the following steps to obtain 71 = T.

(i)4 Select one of the edges of T' uniformly at random, and insert one leaf at this edge
to create the tree T ; € Tj | according to the growth rule for uniform binary
tree growth processes (i.e. as in the (1/2,1/2)-tree growth process), see Section

3.4.1.2 and Figure 3.2.

(i)Y Sample two distinct leaves ¥; and %1 from the empirical mass measure on the set
of leaves Lf(Ty1) of Ty, as in ()M, and let Q be the unique branch point of the

reduced tree R(Ty1, %1, il)

(iii)? Sample leaf labels 2,...,n according to a uniform allocation onto the n — 1 unla-
belled leaves (in the sense that leaves are sampled uniformly without replacement).

Define the set of cut points as in (iii)M®, and refer to the labelled tree as T_ZH.

(iv)d Consider Ry = R(T', 1, 1) and the pairs (E;, g, |5,), i € [3], where

El = [[p,Q[[, E2 :HQa El[[v E3 = [[Qvil[[

Define the merged spine R, and the tree T; as in (iii)MC and (iv)MC (and forget

the labels) to obtain the output tree T="T.

Note that T € T¢ as we lose the leaf 31 under branch merging.

Further note that both in the BMMC and in the discrete version, we accept g, (€2) >
0. In this case, when the first part of E5 is not the first part of the merged string of beads,
in step (iv)4, we join the two atoms  and x for some = € Ry, and form a larger atom

with mass pg, (€2) + ux, (), see the convention from Remark 3.12. Furthermore, when
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subtrees are carried forward, we join the trees 8q = (7%2)71(Q) and 8, = (7%2)~(z) at

their root vertices. We treat the case ug,(p) > 0 analogously.

Theorem 3.41. Let n > 2, and consider the Markov chain (g, k > 0) operating on TS,
with transition rule given by (i)d— (iv)d. The space TY° is the only closed communicating
class of (tx,k > 0). Furthermore, (1, k > 0) has a unique stationary distribution

which is supported by ']ngo, and the distribution of T, converges to m as k — oo.

Proof. Consider two trees T, T e T?. We have to show the following.

o If T € T%°, then
P(r € T4 for all k> 1|r) = T) = 1. (3.32)

« If T,T € T%°, then

]P’(Tk =T for some k > 1’70 = T) > 0. (3.33)

o IfT €TY\ T2, then

P(Tk € Tb° for some k > 2‘70 = T) > 0. (3.34)

We use an induction on the number of leaves n. For n = 2, we have two possible
trees, a Y-shaped tree, say 71, and a tree with two leaves which are directly connected
to the root, say T>. Obviously, given 79 = T1, 71 = 11 with probability 1. On the other
hand, to obtain T} from T5, after the leaf insertion, assign label ¥4 to the leaf directly
connected to the root or, indeed, to the inserted leaf. This leaf gets lost in the branch
merging operation, and we obtain T7.

Now, assume that (3.32)-(3.34) hold for any 1 <m <mn — 1 where n > 2.

o Proof of (3.32). (3.32) is clear due to the nature of the leaf insertion procedure:
only edges can be selected (but no branch points), and, in the binary case, there
are no atoms in branch points. Hence, degrees of branch points cannnot increase,

and (3.32) follows.
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 Proof of (3.33). Conditionally given T' € T%°, we consider the two subtrees T}
and T5 into which T splits at the first branch point. Let n; be the number of
leaves in 17 (i.e. T has n — ny leaves). By the induction hypothesis, for any

T{ € T%° and any T} € T°

n—ni

it holds that
P(ry = T} for some k > 1| =T;) >0, i=1,2.

Assigning label 2 to a leaf in 75, and restricting the remaining leaf insertion and
sampling procedure for the leaves X1, f]l and the labels 3,...,n1 + 1 to the tree T}
(and swapping the roles of T} and T, afterwards), we obtain positive probability
to attain any tree 7" € T%O which splits at the first branch point into two subtrees

T{ and T3 of sizes ny and n — ny, respectively.

It remains to show that, for any 1 < n; < n — 1, we have positive probability
of attaining a tree T € T%° which splits into two subtress of sizes ny + 1 and
n —ny — 1 at the first branch point. This is easy to see, e.g. consider the case
when the leaf insertion takes place in the subtree 77, label 2 is assigned to a leaf

in 71, and ¥, ¥, as well as labels 3,...,n — n; are all in T,. This shows (3.33).

« Proof of (3.34). For a tree T € T? \ T%°, conditionally given that the degree of
the root is k, consider the subtrees S1, ..., Sk of sizes nq,...,n; in which T splits
at the root (taking one edge each as a root edge for S;, 1 <i < k). First, we want
to show that we have positive probability to decrease the degree of the root vertex
by one. Therefore, apply the following procedure. In (i)¢ insert the leaf in Sy
to increase its size by one, assign label 2 to one of the subtrees 5o, ..., Sk, and

consider the subtree Sp in the following.
- At the first branch point Q; of S, the tree splits into k; subtrees, say,
S11,-+-,51k - Assign labels ¥, ¥ to leaves in S1,1, S1,k,, respectively.
- Assign label 3 to a leaf in one of the subtrees S12,...,51 k1.

- Perform branch merging to obtain a tree S from S; whose size has decreased

by one, as leaf > gets lost under branch merging.
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After branch merging, the tree T becomes a tree 7' € T?

n’

which splits at the
root into subtrees Sy, ..., S} of sizes n1 — 1,n9,...,nk_1,n; + 1, respectively. We
perform this procedure ny; — 1 times, and obtain a tree T”, which splits into
subtrees S7,...,S) of sizes 1,na,...,nk_1,n, +n1 — 1. Note that S} consists of
one single edge and one leaf. Now, perform the leaf insertion in S}/, assign label
Y1 to a leaf in S}, label ¥ to the single leaf in S7, and label 2 to a leaf in one of
the subtrees Sy, ..., S)_;. After branch merging, we only have a split into k — 1
subtrees at the root edge. Clearly, we can perform this procedure another k — 2
times, and, eventually, with positive probability, we obtain a tree with a root of
degree 1, which we denote by T. The tree T has one edge connecting the root and

a branch point at which the tree splits into m, say, subtrees Si,..., Sm.

Next, we want to show that there is positive probability to obtain a tree from
T with root degree one and first branch point degree two. Therefore, repeat
the procedure as above m — 2 times with S1,...,S,,. Eventually, with positive
probability, we obtain a tree with a binary branch point, and denote the two

subtrees of sizes n; and n —ny by T and T, respectively.

We now use the induction hypothesis related to (3.34). Assigning label 2 to a leaf
in T, and restricting the remaining leaf insertion and sampling procedure for the
leaves X1, il and the labels 3,...,n1+1to T (and swapping the roles of T, and
T afterwards), by the induction hypothesis, we obtain positive probability to
turn T'; and T into binary trees, and hence, positive probability to turn T into a

binary tree, i.e. (3.34) follows.

Hence, for any n € N, the Markov chain (73, k > 0) on T? has exactly one closed
communicating class, namely T?°. For T € T, P(r, = T | 70 = T) > 0, i.e. the
chain is aperiodic. We conclude that (g, k > 0) has a unique stationary distribution ,

supported on T%O, and that the distribution of 7 converges to m as k — oo. ]

Theorem 3.41 gives evidence that the Brownian CRT should be the unique stationary

distribution of the Branch Merging Markov Chain.

Conjecture 3.42. The Markov chain (By,k > 0) operating on Ty has a unique

stationary distribution given by the Brownian CRT, and By converges in distribution to
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the Brownian CRT as k — oo with respect to the Gromov-Hausdorff topology (both up

to scaling distances by a random factor).

Remark 3.43. Note that the R-trees we consider are compact, and hence, continuum
trees are of finite height. The convergence to the Brownian CRT in Conjecture 3.42
is with respect to the Gromov-Hausdorff topology. Fix € > 0. For any continuum tree
By := T and any branch point, we consider the subtrees attached of height > e¢. The
probability that the two leaves 3; and 3 in the leaf sampling procedure are in two
distinct subtrees of this branch point is positive, and the number of subtrees with height
> € is reduced by one after the branch merging transition. Eventually, the BMMC will
turn this branch point into a binary branch point (ignoring subtrees of size < €). On the
other hand, subtrees of size < ¢ do not matter for convergence in the Gromov-Hausdorff
sense, and hence we conjecture the convergence in distribution of the BMMC (B, k > 0)

to the Brownian CRT.

3.4.3 General branch merging and the leaf embedding problem

We now turn to a more general setting where leaf sampling is not based on uniform
sampling from the mass measure as in the BMMC. As a tree analogue of merging of
(c, 0;)-strings of beads, i € [k], in the special case when k = 3 and 6; = 6, = 1 — o,
03 = a, we introduce branch merging on Ford CRTs, and give two applications.

This procedure will be more involved than the branch merging algorithm of the
BMMC. In order to define branch merging on general Ford CRTs, using our merging
algorithm for strings of beads, we need a Dirichlet(a, 1 — a;, 1 — o) mass split between
the three branches of the reduced tree structure. In general, this cannot be achieved via
uniform sampling of leaves from the mass measure, see e.g. [60], Section 4.2. Therefore,
we have to apply the (a, 1 — a)-coin tossing construction in T~ (which corresponds
to uniform sampling when o = 1/2). A similar generalisation is needed for the partition
sampling procedure in (ii)M¢.

It is a straightforward generalisation of Lemma 3.40 to conclude that Ford CRTs
are distributionally invariant under this general procedure. However, our goal is to

establish a coupling between the sequences of reduced trees related to the («,1 — «)-
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and the (a,2 — a)-model. The simple procedure involving two sampled leaves is enough
to relate R‘f’l_a and IR?’%Q but not to apply the procedure recursively, and to couple
the sequences (RY' ™ k > 1) and (R{>7 k > 1): it is necessary to find the bead of
the second leaf on 5%‘11’270‘ to obtain a Dirichlet(a, 1 — ar, 2 — ) mass split at the atom of
label 2 in 3~Q1 which identifies the subtree we have to select for the recursive application
of the merging procedure. Therefore, it is crucial for the recursive leaf embedding
procedure to obtain successively finer allocations of the non-embedded leaf labels, that
is, after step k > 1, the labels {k + 1,k + 2,...}, onto the atoms of the mass measure
jiz;, on the reduced tree Ry.

In the case @ = 1/2 and 0 = 3/2, in which the Brownian CRT arises as scaling limit,
we do not only obtain a coupling of the reduced trees; in fact, we provide a significant
simplification of the solution to the leaf embedding problem for (1/2,3/2)-tree growth
process. We construct a Brownian CRT with embedded leaf labels according to the
(1/2,3/2)-rule from a Brownian CRT equipped with the natural mass measure. In this
sense, uniform sampling from the mass measure on the Brownian CRT in combination
with branch merging allows to embed leaf labels in the (1/2,3/2) case by using a much

simpler approach than the (1/2,3/2)-coin tossing construction of Lemma 3.36.

3.4.3.1 Branch merging on Ford CRTs

We now present our branch merging algorithm on Ford CRTs T~ « € (0, 1).

Algorithm 3.44 (Branch merging). Let (7%=, d, p, ) be a Ford CRT with parameter

a € (0,1), root p, mass measure p and metric d : T¥1=% x Jol-a 5 RE

(i) Start configuration. Embed three leaves g, Q1,{s, i.e. the tree ng’l_O‘, into
Jo1=a by using the (a, 1 — a)-coin tossing construction, and denote by € the first

branch point of the spines from the root p to g, 21, s. We obtain the three
branches Eq :=]]Q, Qol], E1 :=]]Q, Q1]], B2 :=]]Q, Q,]]. Define the start configura-
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tion (X1, il, ©) by

(Q2,Q0,)  if EgnEy #0,

(Elail)(—)) = (Ql,QD,Qg) if EQHEQ 7é @,

(Q0,Q1,Q) if By N Ey # 0.

Write Ry = R(T*172, %y, f]l) for the reduced tree spanned by p, ¥1, ¥, po =
7%2(0) and 8, := (7%2)7!(x) for any x € Ry. As illustrated in Figure 3.4,
we obtain a split of Ry into the 4 branches Ey :=[|p, Q[[, E1 :=]]Q, 4[], B2 =

]]Qv p@[[u Es 3=Hp@, il[[

(ii) Partition sampling. Consider i.i.d. random variables (Z,)n>3 ~ pg,. Let Ya := pe,

and, given Yy, 2 < k < n, define Y,,41 as follows.

o If Zn+1 € UZ:QHP? YkHa set Yn+1 = Zn+1-

o Otherwise, perform (o, 1 — «)-coin tossing sampling on the connected com-
ponent of Z,41 in Ro \ Ur_s|[p, Y]] to identify the atom Y,,11, i.e. on the

string of beads related to the branch [[Y,*,¥*]] in Ry where

- Y1 if Zpga € [[p, X1l

n

S1 if Zoga € [[p, 34]],
and V' := argmax{d(p,Y)|Y € {Q,Y2 ..., Y, } and Y € [[p, Z}]]}.
Define the label sets II, := {k > 2: Y, = x},z € Ra.

(iii) Tree pruning and spine merging. Define II; := {Il,,x € E;}, i € [3], and the

collection of blocks

C:.= U {Il, € I, : 1L, < II,Vy € Ry with II, € ﬁi,dgz2(p@,y) > dg,(pe, )},
1€[3]

where, for A BCN, ANB# (), A< B :& min A < min B.
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Let T := {x : II, € C} be the associated set of cut points on the branches
Ep, Ey, E3 and write Y = { Xy, k > 1} where, for k > 1,

X =2 € Ry such that |{y € Ry|ll, € Cand I, < II,}| =k — 1.

Define the merged branch Ry via
Ry = [Ip, A[W{po} U (Lﬂ E) Ui, (3.35)
1€[3]

where the operator |4 was defined in (3.4), Section 3.3.1. We obtain the metric

d= : Ry x Ry = RY, dg. (x,y) := ‘dil (p,x) — dg. (p,y)| where

R1
d(p, ) if z € [[p, Q[,
d(p, Q) if x = Poe,
dg (p,x) =
d(p, Q) + di(pe, ) if 2 € UL, B,
d(p, Q) + d(pe, Q) + d(pe, £1) + d(Q,T1) if 2 =y

(iv) Update rule. Define the metric space (‘3'1, dy) by T =R UU 8., equipped

x€§1
with the metric Jl : ‘5'1 X ‘5'1 — Rg,

d%(x’ Y) if x,y € Ry,
~ dil(l"/ay/) +d(ZL‘,ZE/) +d(y7y,) ifre Sx’7y € Sylaml #y/ € jila
dl(xay) = B
dﬁl(x,y’)—kd(y,y’) if v € Ri,y €8,y € Ry,
d(z,y) if 2,y € 8,2 € Ry.
(3.36)
Furthermore, define the mass measure fi; on (‘}1, Jl) by
_ S oo = u(S,) ifzeR,
fin(Tp) = { VTR (3.37)

M(ﬁxﬁsx/) ifa}ESr/,{L'/Eil,

where T, := {y € T1 : © € [[p, y]]}, which uniquely identifies ji; .
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Note that the only step which was directly carried forward from the transition rule
of the BMMC (i.e. without any generalisation) is step (iv)M®=(iv), and that we keep

the information from the label sets.

_ ./531
1
\ X4 ’3(5(5

P

Fig. 3.4 The reduced tree split into four branches with subtree masses as atoms. First five cut
points X7,..., X5 are displayed.

Theorem 3.45 (The merged tree). The quadruple (5‘1, di, p, fi1) constructed in Algo-

rithm 3.44, see Figure 3.5, is a random R-tree with the following properties.

(i) Let 8;, = € 521, denote the connected components of T \ f]il, where the branch
point base point of S, in T, is x, and denote the discrete mass measure on Ry
obtained by assigning mass u(8;) to x € Ry by p, - Then (5%1 = [[p, Eﬂ],,uﬁl) is

an (o, 2 — av)-string of beads.

(ii) Given (il,u'ﬁl), the trees

(Sx,ﬁl(sx)iadl 18,5 P8, = T, f11(8) i fsx), x € Ry,

are isometric to independent copies of (T =%, d, p, ).

(iii) The tree (T1,d1,p, fir) is a Ford CRT with parameter oo € (0,1), i.e.

x5 ~ N\ d — d —
(717 di, p; :ul) = (70471 “.d, P M) = ((J’O[’2 “.d, Ps M)'

We prove Theorem 3.45 in a series of propositions.
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Proposition 3.46. The leaf embedding procedure in step (i) of Algorithm 3.44 induces

the mass split

(:ufRQ (E0)7 MRy (El)v HRo (E2)7 HRy (ES)a MRy (ﬂ@))

which has a Dirichlet(a, 1 — o, a, 1 — o, 1 — ) distribution. Moreover, the aggregated

mass split

(2, (E0), pwy (p0), iy (En) + iy (E2) + piwy (E3))
has a Dirichlet(a, 1 — o, 2 — ) distribution.

Proof. We refer to [60], Section 3.5. It was shown that the leaf embedding procedure
on T4~ yields a reduced tree R(T%1= 3y, S, ) subject to a Dirichlet mass split
with parameter « for each internal branch, and (1 — «) for each external branch. To
see the first claim note that the mass of the branch ]|pg, O] of R(T*1~% %1, %, 0)
corresponds to the mass of the atom pg on Ry. The second claim follows from the

aggregation property of the Dirichlet distribution, Proposition 3.22(i). O

Proposition 3.47. Let I, © € Ro, be the label sets of step (ii) of Algorithm 3.44.
Furthermore, let (X, k > 1) be a sequence of leaves as in Theorem 3.35. Then, for any

x € Ry and 8, = (7%2)~(x), we have Hmi{k: >2: %, €8},

Proof. This follows from Lemma 3.37. Given R(T*'~% %,...,%;) the selection rule
for the atom x which ;1 is attached to, is such that an edge of the reduced tree
is selected proportionally to mass. If an external edge is selected, the (o, 1 — a)-coin
tossing construction of Lemma 3.36 is applied. If an internal edge is selected, an atom
is chosen proportionally to weight. Projecting the labels of ¥, k > 2, onto Ry yields

the claimed equality in distribution of the label sets, where we set o = O. O

Proposition 3.48. Let A(pug,) := {z € Ra : pp,(z) > 0} be the set of atoms of ux,.

Conditionally given A(uw,), the quadruples

(Swvﬂ(sz)_ad TSZ,PSI = $>M(8$)_1M rsz)7 T e ‘A(:U’fRQ)v

are isometric to independent copies of (T¥'=% d, p, ).

Proof. This follows directly from Theorem 3.35 and Lemma 3.36. O
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Proposition 3.49. The atom pg splits Ry into |]p, po[[, pe, llpe, S1[[ such that

(15, 0lp. polD 155, (pe). iz, (lpe. Sl)) ~ Dirichlet(@,1 — .2 — ). (3.38)

Furthermore, the pair

(13, (oo Z11)"Noe. Zall. 135, (oo Z1D) 1z, o) (3.39)

is an (o, 2 — «)-string of beads, and the pair

(113, (1, po D~ No polls 1z, Mos oD ™ 11z, Ml (3.40)

is an (o, a)-string of beads. The strings of beads (3.39) and (3.40) are independent of

each other, and of the Dirichlet mass split (3.38).

Proof. First of all, recall the definition of F;, i € [3], i.e.
El :HQ7 21[[7 E2 :]]Q7 P@H7 E3 :]]p@y il[[a

and note that, as a consequence of the embedding procedure, ,uﬁl(El)_o‘Ei, i€ [3],
equipped with sz (EZ-)_l,uj21 lE;,, © € [3], are independent («,6;)-strings of beads,
respectively, where §; = 03 = 1 — a, 03 = «, see [60], Lemma 3.13. Hence, by

construction of ]]pe, 1[[C Ry using the operator |4 from (3.4) and Theorem 3.15,

(13, Wloe. £1(D~Ter Eall, 55, (oo £al) ™ 115, Tipesatt)

is an (o, 2 — a)-string of beads. On the other hand, the interval Ey =]|p, pe|[[ with

distance d [y is not affected by Algorithm 3.44, in particular d [y

p.poll p.pell™ dil Mp.poll-

Therefore, (uz; (lp, pell)~*Np, pell. 1z, (1p: pol) "1z, Mool is an (o, a)-string of
beads, cf. Theorem 3.35. By Proposition 3.13, the strings of beads (3.39) and (3.40) are

independent of each other, and of the mass split (3.38). (3.38) is a direct consequence

of the branch merging operation and Proposition 3.46. O

Lemma 3.50. The pair (ﬁl,uﬁl) is an (o, 2 — «)-string of beads.
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Proof. By Proposition 3.49 we have a Dirichlet(«, 1 —c, 2— ) mass split, an independent
(o, )- and an independent (o, 2 — «)-string of beads as in Proposition 3.18, and we

conclude that (R, ufﬁl) is an (a, 2 — a)-string of beads. O

Proof of Theorem 3.45. Lemma 3.50 proves Theorem 3.45(i). For (ii), note that, as an
immediate consequence of the nature of the branch merging algorithm, the rescaled
subtrees [i1(8;) 48, = 1z, ()~ %8z, x € 5{1, are i.i.d. copies of 7%~ see Proposition
3.48. (iii) is a direct consequence of the spinal decomposition theorem for § = 2 — «, cf.

Lemma 3.36, and Corollary 3.33. 0

>

>

Fig. 3.5 Branch merging on Ford CRTs. Reduced tree structure with subtrees attached in the
atoms. Strings of beads are merged and subtrees are carried forward.

3.4.3.2 Application: the leaf embedding problem

In order to apply the branch merging procedure to the leaf embedding problem we first

describe how to apply the branch merging procedure recursively on Ford CRTs.

Recursive branch merging. Let T%1~% be a Ford CRT for some o € (0,1) as in
Section 3.4.3.1. Consider (ﬁ'k,dk,p, fr), k € N, with leaves X1,...,%; and root p,
denoting the random R-tree obtained by performing the branch merging operation

given by Algorithm 3.44 in (T~ d, p, 1), and in k — 1 subsequently selected subtrees
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according to the following scheme, which explains how to obtain (‘:]v'k+1, CZk+1, 0 fik+1)
from (‘j’k,czk,p, fk), k> 1.

Consider the subtree Ry, = R(‘}k, 31, .., 2k) spanned by the leaves ¥1,..., % (as
embedded in the previous steps of the algorithm), which is equipped with a random

point measure ?ik given by

Pr = D O@s.)

ivefl(lrj;]C )

where the mass measure 1z, is the push-forward of fi; via the projection

ke T 52;9,, o — @;’2 (sup{t >0: ép]fg(t) € ik})
mapping the connected components of ‘j'k \ R onto the closest point of the reduced
tree Ry, the set A(,uﬁk) = {z € Ry : 1z, (x) > 0} is the set of atoms of M, and
éffi} 2 [0,di(p,0)] — Tk, 0 € Tj, denote the unique geodesics associated with T

Suppose that the union of the sets Il,, x € A(,uﬁk), is N>p41, ie.

U T =Nsppq.
zeﬂ(ugk)

Recursive application of the spinal decomposition theorem for binary fragmentation
CRTs 7%~ (Lemma 3.36) yields that the point process :P'ﬂik defines a labelled bead

space in the following sense (see also [60, 61] for subtree decompositions).

Definition 3.51 (Labelled bead space). Let (T~ d, p, u) be a Ford CRT for some
ac(0,1).

(i) A labelled bead is a pair (8,1Ig) where (8,ds) is a pointed metric space with a
distinguished vertex pg (the “root” of §) and equipped with a mass measure pg,

IIg is an infinite label set, and, for Ag := ug(8),

(8, A5 %ds, ps, Ag s ) = (T2, d, p, ).
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(ii) A labelled bead space is a pair (R, Py) where (R, dg) is a metric space with a
distinguished vertex pg (the “root” of R) and equipped with a discrete mass

measure pg, and Pg is a point process of the form

Py = Z 0(2,84,1)
TEA(pR)

where A(pug) is the set of atoms of the measure ug on R, i.e. A(ug) :={x € R:
ur(z) > 0}, such that (8;,11;) is a labelled bead for every z € A(ux) with root

ps, ‘= x, distance dg, and mass measure jig, .

In order to obtain the branch linking 9~Qk and ¥j41 choose the unique labelled bead

(84,11;) whose label set contains k + 1, say (8j,1Ix). Note that d [g, = dy Is, and

k
w s, = fi |s,, since each subtree related to a labelled bead on ik was present as a
subtree of (Ty, dy, p) as well as in the initial CRT (T4~ d, p).

We now consider the rescaled tree

(Sk7JSk7Pk7ﬁSk) = (Skau(sk)ﬂd 84 s Pk 1(Sk) fsk) (3.41)

completed by the root pg := R (8x) and equipped with the label set II;. Since

(Sk, ds,, P, ﬂsk) 4 (Ta’l_a, d, p, M)

we can apply the procedure of Algorithm 3.44 when interpreted appropriately.

(i) Choose the start configuration as in Algorithm 3.44(i) but label the three selected
leaves by (Ek+1,ik+1, ©y) instead of (3, ¥, ©), and the branch point by
instead of Q. Furthermore, consider the label set IT := {n;,7 > 1} where subscripts
are assigned according to the increasing bijection, i.e. n; = k+ 1 and ny = K/,

where k' := min{n € N:n e II; \ {k + 1}}.

Let (Zy,)i>3, and let Y, = Y}/ := pg, be a sequence of i.i.d. random variables
where pg, denotes the projection of O onto the reduced tree R(8y, Xgt1, ikH_l).

Given Y),,,1 < i </, define Y, , in the following way.

+1

« If Z € Ué:2[[pk7Ym‘H7 set Ynl+1 = an+1'

ni4+1
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o Otherwise, perform («, 1 — a)-coin tossing sampling on the connected compo-
nent of Z,,,, in R(8k, L1, Dk+1) \Uls[[or, Y]] to identify the atom Y,

1+17

i.e. on the string of beads related to [[Y,,3} ]| in R(8y, Y41, St1) where

ng?

E* Ek+1 lf an+1 S Hpku Zk+1]]7
ny =

i:k’-i-l if an+1 € Hpkv ik’-ﬁ-l“’
Yy = argmax{d(py, Y)Y € {Q, Yo, ..., Yo, } and Y € [[pg, X7, ]]}-

Algorithm 3.44 applied to (Sg, Jgk, Pk fis,,) vields a CRT incorporating a spine
transformation on the spine from pj to the leaf ¥;, 1. We obtain a labelled bead

space (|]pk, Zkt1]s Ppp i) o€

PlowSial] = 2 S
€A1 oy 4 111)

where fi)),, s, ) denotes the mass measure on the merged spine ||py, 3x11]] whose
atoms are the connected components of S8 \|]px, Xk+1]] projected onto |]pk, Xg11]],

and

Ao, 5400 = {fU €llpk, Bl + 1)y 240y (@) > 0}

is the associated set of atoms. Note that the union of the label sets II;, = €

1Pk, Xka1]], of the labelled beads aligned along |]pg, Xky1]] is g \ {k + 1}.

(ii) Denote the transformed, scaled back tree by (8}, d’gz,pk, ,&’S;). The reduced tree

spanned by the root p and leaves X1,...,3;,1 is obtained via

Ri+1 1= Rl prey S]]

We replace the point (pk, Sk, I1;) by a new series of labelled beads aligned along

1Pk, Zk+1]] to update the point process :Pik’ and get

?ik-‘rl = Z 5(x,Sz,Hz)v

JCEA(M;};IVH)
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where A(“ﬁkﬂ) = {z € Rpy1 : ,uﬁkﬂ(a?) > 0}, and H3e o is uniquely determined
via

Bz, Mow S ™ Bl M3y 1300 ™ My i, (PR) =0

More precisely, we have Tﬁkﬂ = Tik — 5(p8k’5k,nk) + Pl S o€

:Pﬁk+1 = Z 5(33753671_[92) + Z 5(1'75171_[90)'
xGA(Nik)va#Psk xGA(ﬂ]]pk,zkH]])

Informally speaking, we replace (8k,d s, , pk, ¢t [s,) by attaching (8}, dgk’ Pk ﬂé;g)
to pg, the base point of the subtree (8y,d [s,,p Is,, ;) on ;Jv'k, where the tree
(8% a?’S;, Ok ﬂ/sk) is obtained from the initial subtree (Sy,d s, , p Is,, ;) by incor-
porating the distance changes related to the spine transformation and removing

the two points 0, and ikﬂ lost in the branch merging operation.

(iii) We define (Typ1, dpr1, p, fins1) by

Tt := Rpp1 U U Sz

LL’E:Rk_'_l

where the distance dj; is the push-forward of dj via the analogue of (3.36), and
the mass measure figy1 is induced by i as in (3.37), see Algorithm 3.44 for the
precise definition of CZkH and fig4+1 in the case £ = 0, which can be easily adapted

to the general case k > 0.

Corollary 3.52. Let (T%'=% d, p, i) be a Ford CRT for some o € (0,1) as in Algorithm
3.44. The sequence of trees ((;Jv'k,dk,p, fr), k > 1) constructed recursively according to

Algorithm 3.44 and the recursive leaf embedding procedure, and the sequence of leaves

(Xk, k > 1) are such that
(R(ﬁkazh o .,Ek),k’ > 1) i (:Rzgia’k > 1)a

where 91?2_& is the almost-sure limit as n — oo of the trees R(T >~ [k]) scaled by

—Q

n~% associated with the («o,2 — «)-tree growth process as in Proposition 3.31.
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Proof. We prove Corollary 3.52 by induction. By Theorem 3.45, IJ%(;JV'l, Y1) defines an
(ar, 2 — «)-string of beads and is therefore distributed as iR?’Q_O‘. Now, let £ € N, and
assume that R(Ty, 21, ...,%) is distributed as Rg’g_a. Using the labelled bead space

property, we conclude that the rescaled, transformed subtree
(S 1(85) ™y, o 1(81) ™y )

has the same distribution as (‘5'1, di, p, 1), and that ¥4 is such that
R(1(Sk) ™ Shs Bia1) L R(T1, B).

Therefore, the subtree (8, dj, [$4» Pk fli; [s,,) in T, is replaced by (S;C,J’S;C,pk,ﬂ’sz) in

order to obtain (‘j'kﬂ, dyt1, ps fit1), and

(M(Sk)_asggaCzlszapkaﬂ(sk)_lﬂ/sz) 4 (717621,/0, ﬂ1).

Since the tree (‘j'k, di, p, fix) is such that fR(‘}k, ¥1,..., %) has the same distribution
as Rg’%a by the induction hypothesis, and since, by construction, the projection of
R("j:k+1, ¥i,...,Xk+1) onto R(;j:kJrl’ Yy, 8) is iR(‘j’k, ¥1,...,2), the claim follows.

O

Remark 3.53. Note that by the refining nature of the branch merging algorithm,

dGH(‘}kH,R(ﬁH,El,...,2k+1)) < dGH(i?k,Jz(%k,zl,...,zk))

for all £ > 1. By Corollary 3.52, the increasing limit

T = :R(Trk,zl,...,zk)
E>1

is a random compact R-tree distributed as a Ford CRT (since this holds for the increasing

sequence (fRz’Q_a, k >1)). By construction,

:R(ffoo,zl,...,zk) - iR(‘Tk,El,...,Ek). (3.42)
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Hence, T is a Ford CRT with all leaves Yk, k > 1, embedded. By the nature of the

algorithm, (3.42) can be enriched by the corresponding point processes, i.e.

- d -
(9%(700, 1,0 S), ?m(%w,zh...,zk)) 4 (R(Tk, Sheen zk),?ﬁ@’ZMEQ).
Based on a generalisation of Miermont’s notion of k-marked trees [54] to co-marked
trees, it can be shown that ‘j'k — ;Jv'oo a.s. as k — oo with all leaves Y, k > 1, embedded

in ‘j'oo, see Chapter 2.

The Brownian case: leaf embedding for o« = 1/2, 6 = 3/2. In the following, (7, d, p, )
denotes the Brownian CRT. By Corollary 3.34, fora = 1/2,ie. 1—a=1/2,2—a =3/2,
we have T4 gorl-a L qa2—a

In the Brownian case, by Lemma 3.30, leaf labelling in the (1/2,1/2)-tree growth
model is exchangeable, and hence, leaf embedding in Algorithm 3.44 simplifies to uniform
sampling from the mass measure. For any continuum tree (T,d, p, 1) (and in particular

the Brownian CRT), let (i)® and (ii)® be defined as follows.

(i)B Start configuration. Pick three leaves g, Q1, Qs independently by uniform sam-
pling from the mass measure p on T, and denote by §2 the first branch point of
the spines from the root p to g, 21, 22. We obtain the three branches EO =
119, Q0]], E1 :=]]Q, Q1]], B :=]]Q, Q2]]. Define the start configuration (X1, %1, ©)
by

(2,0, 21) if BEgnEy #0,

(31,51,0) = (0, 0, Q) if By By #0,

(Q0,Q1,Q) if By N Ey # 0.

Write Ry = R(T, £1,%1), po = 7%2(0) and 8, := (7*2)~1(z) for any 2 € Ry. We

obtain a split of Ry into the 4 branches

Ey =p,Q, E1:=]0,%[, E2:=%pell, Es:=]pe,1l[-
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(ii)B Partition sampling. Consider a sequence of i.i.d. random variables (Yi)k>3 ~ fm,,

and define

I,y :=1{k>3:Y,=po}U{2}, I, :={k>3: Yy =z}, 2 € R\ {po}

Based on the properties of the Brownian CRT as described above, we conclude that
(i) and (ii) in Algorithm 3.14 simplify to (i)® and (ii)® in the Brownian case. Algorithm
3.44 gives a way to construct a Brownian CRT with an (1/2,3/2)-string of beads, and
in particular leaf 1 of the (1/2,3/2)-tree growth process, embedded. By Corollary 3.52
and Corollary 3.34 the Brownian CRT is distributionally invariant under the simplified

branch merging algorithm with (i)® and (ii)®B.

Corollary 3.54. Let (T,d, p, ) be the Brownian CRT. The sequence of trees

((ﬁﬂmm%)% > 1)

constructed recursively according to Algorithm 3.44 with steps (1)2, (ii)®, (iii), (iv) and
the procedure described in Section 3.4.3.2, and the sequence of leaves (Xg, k > 1) are
such that

(Jz(‘}k,zl,...,zk),k > 1) 4 (31,1/273/2,14 > 1),

where :Rl1€/2,3/2 is the almost-sure limit as n — oo of the trees ﬂQ(Trl/Q’?’/Q, [k]) associ-
ated with the (1/2,3/2)-tree growth process ( &/2’3/2,71 > 1) as in Proposition 3.31.
Furthermore, for any k > 1, (;Jv'k,dk,p, [Lk)i({], d,p,p), i.e. the Brownian CRT is

distributionally invariant under the simplified branch merging algorithm.
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