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Abstract

Our main result is that there are infinitely many primes of the form

a® + b% such that a® + 4b% has at most 5 prime factors.

We prove this by first developing the theory of L-functions for Gaussian
primes by using standard methods. We then give an exposition of the
Siegel-Walfisz Theorem for Gaussian primes and a corresponding Prime

Number Theorem for Gaussian Arithmetic Progressions.

Finally, we prove the main result by using the developed theory together
with Sieve Theory and specifically a weighted linear sieve result to
bound the number of prime factors of a®+4b?. For the application of the
sieve, we need to derive a specific version of the Bombieri—Vinogradov
Theorem for Gaussian primes which, in turn, requires a suitable version
of the Large Sieve. We are also able to get the number of prime factors

of a®+4b* as low as 3 if we assume the Generalised Riemann Hypothesis.
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Chapter 1

Introduction

1.1 Historical Background

1.1.1 L-functions

Many people (see [Dav80]) think that Analytic Number Theory began with Dirich-
let’s 1837 memoir [Dir37] on the existence of primes in arithmetic progressions. In
this memoir Dirichlet proved his theorem that there are infinitely many primes
in arithmetic progressions where the first term is coprime to the difference of the
terms. To prove this, he introduced L-functions in the form

L(s,x) =Y xn),

nS

n=1
where y is a Dirichlet character, and exploited their analytic properties. All of
these ideas have since become fundamental in Analytic Number Theory. Dirich-
let’s work was followed by work of Riemann, who realised better than anyone before
him that the (-function in the whole complex plane and in particular its zeroes hold
the “secret of primes”. Riemann published his results in his sole but outstanding
paper on number theory [Rie59] in 1859. In particular, Riemann’s methods were
used by Hadamard [Had96] and de la Vallée Poussin [dIVP96] to independently
prove the Prime Number Theorem in 1896. The Prime Number Theorem, origi-
nally formulated by Legendre in 1796, states that the number 7 (z) of primes up to
a given number x is approximated by the function ﬁ In the two papers [Hec18§]

and [Hec20] in the early 1920s, Erich Hecke extended the notion of characters to

an arbitrary number field and called these Grdssencharacters, which also gave rise



1.1.2 Sieve Theory Introduction

to new L-functions over these fields. Grossencharacters could be of infinite order,
although we will only deal with finite characters in this thesis. In 1936, Chevalley
[Che36] introduced ideles and the idele group of an algebraic number field and rein-
terpreted Hecke’s Grossencharacters as characters of the idele class groups. In 1945
Artin and Whaples [AW45] defined the adele ring of an algebraic number field and
finally in 1950 John Tate in his thesis [Tat67], and independently Iwasawa (though
the latter probably not as far reaching), showed how to use harmonic analysis of
adele groups to prove Hecke’s theorems about L-functions. We shall not be con-
cerned with the advanced means used for this, even though they can be regarded
as a more natural approach. It is however our aim in the second chapter, to use
straightforward standard arguments to prove the standard L-function theorems for

the very specific Gaussian field.

1.1.2 Sieve Theory

Having developed the standard L-function results, we will try to apply an ad-
vanced sieve using these theorems to prove our result. Sieve Theory goes back to
Erastosthenes, in about 300 BC, who seems to be the first person to develop an
algorithm for tabulating primes. After that it took a long time, until Legendre, as
mentioned above, took up the subject and formulated the Prime Number Theo-
rem in 1796. This can be seen as the first use of the inclusion-exclusion principle.
However, the first one to develop an effective sieve method, which was significantly
more advanced than the sieve of Erastosthenes, was Viggo Brun [Brul5| in 1915,
and Brun’s sieve is still a very powerful method today. Despite this, Brun’s sieve
was first seen as complicated and even Brun himself seemed to discourage further
study. Hardy, when using Brun’s sieve in one of his collaborations with Little-
wood, in which they derived an early version of the Brun—Titchmarsh inequality,
said that the sieve did not seem “...sufficiently powerful or sufficiently profound
to lead to a solution [of Goldbach’s Problem|”. Landau later acknowledged, when
he finally read Brun’s work, that it had not received the attention it deserved. In
1947 Selberg [Seld7] published an account of his upper bound sieve, which gave
sieve theory a new impetus, and it seemed to consist of more elegant methods

than Brun’s original work. Selberg also indicated how his upper-bound sieve could



1.1.3 The Bombieri—Vinogradov Theorem Introduction

be used to construct lower-bound sieves, however he never published the details.
These were first supplied in the late 1950s by Vinogradov, Levin and Barban, but
it was not until Ankeny and Onishi in 1964 [AOG65], as well as Jurkat, Richert and
Buchstab in 1965 that the power of this was fully exploited. We shall apply this
advanced weighted sieve due to Richert, which was based on the results by Ankeny
and Onishi. It turns out that this gives us a very strong result in Chapter 3 if we as-
sume the Generalised Riemann Hypothesis. The final chapter will then be devoted
to removing this assumption. A version of the Bombieri—Vinogradov Theorem will
serve as the unconditional substitute for the Riemann Hypothesis to bound the

error term in the Prime Number Theorem for Gaussian Arithmetic progressions.

1.1.3 The Bombieri—Vinogradov Theorem

The Bombieri-Vinogradov Theorem is a theorem of the form

aaq)_l
q<Q

m(x;q,a) — <4

?(q) (log )4

for A >0 and QQ = %, where B only depends on A. Thus it gives a bound on
the mean error in the Prime Number Theorem for arithmetic progressions. It is
often used as an unconditional subsitute for the Generalised Riemann Hypothesis
in many important arguments.

It was Barban in 1961 who proved the first result of this kind in [Bar61]. The
standard version of the Bombieri-Vinogradov Theorem for rational integers given
above is a refinement of Barban’s method. The theorem is named after Enrico
Bombieri [Bom65] and A. I. Vinogradov [Vin65], the latter of which published the
result as part of a paper on the density hypothesis, in 1965, although some people
believe that Barban’s name is often unjustly forgotten. The result is a major
application of the large sieve method, which was developed by Yuri Linnik [Lin41]
in 1941.

The Bombieri—Vinogradov Theorem has many applications in Analytic Number
Theory. It is often applied to sieve theory as an unconditional replacement for the

Generalized Riemann Hypothesis. A famous applications is that every large even

integers can be written in the form p+ P3. This result has since been superseded by
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Chen’s Theorem [Che73] which improved it to p + P, for which he used a related
but different mean value theorem. Chen also used almost identical methods to
prove (in the same paper) the best approximation to Goldbach’s Problem to date,
namely that every sufficiently large even integer is the sum of a prime and a product
of at most two primes.

Early proofs of the Bombieri—Vinogradov Theorem needed the fact that very
few L-functions have zeroes close to 1. Later the Siegel-Walfisz theorem was used
to improve such results by limiting the region where such “Siegel zeroes” can occur.
It should however be noted that results relying on the Siegel-Walfisz theorem are
ineffective. In all of these proofs @ can usually be little less than y/z and this
barrier is of great importance. For our purpose, we need a theorem of this type
that takes a slightly complicated form, in the sense that we need the theorem to
apply to Gaussian integers, but we will only count rational integer moduli for our
application and we have a larger factor inside the sum which we need to account for.
These facts make it impossible to use earlier proofs of the Bombieri—Vinogradov
Theorem for arbitrary number fields, as given in [Wil69], [Hin88] and in particular

Huxley’s version in [Hux71].

1.1.4 Hypothesis H

In 1958 Andrzej Schinzel and Wactaw Sierpinski published a paper [SS58] which
presented Schinzel’s Hypothesis H which broadly says that for a set of irreducible
polynomials in one variable with integer coefficients that do not have a common
fixed prime divisor there exist infinitely many values for which all of the polynomials
will represent prime numbers simultaneously. For example, this hypothesis covers
the twin prime conjecture as a special case. Whilst Schinzel’s hypothesis H is out
of reach today, one can change or simplify the problem a bit to make it more
accessible. The most famous such result is probably Chen’s proof [Che73] where
he shows that for any positive even integer h, there are infinitely many primes p
such that p 4 h is either prime or a product of two primes.

Hypothesis H is what motivates our problem, which in a sense is the simplest
possible question one can ask about polynomials in two variables. We show that

there are infinitely many integers a, b for which the quadratic form a? + b? is prime

10



1.1.5 Possible future work Introduction

and a? + 4b? is almost prime taking P; or Ps values infinitely often, conditional
and unconditional on the Generalised Riemann Hypothesis respectively. By a P,
value we mean a value which has at most n prime factors.

Related work has been done by Gihan Marasingha [Mar06] in which he shows
that the product of a pair of quadratic forms satisfying some reasonable conditions
takes Ps-values infinitely often. The difference is that we are insisting on one of the
quadratic forms to be prime, but we are only covering one special case of quadratic
forms in this thesis, although we believe certain generalisations should be possible
without much further work, though probably not to arbitrary quadratic forms as
mentioned below. Marasingha’s work uses a similar sieve approach, although his
sieve has dimension 2 as opposed to our dimension 1 (linear) sieve, but relies on
a level of distribution formula that he proves to estimate the error terms ), | Rl
instead of L-function theory over number fields and a custom Bombieri—Vinogradov
theorem that we will prove and use in this thesis. Our approach also has a natural
way of introducing the Generalised Riemann Hypothesis as a condition to get a

stronger result.

1.1.5 Possible future work

We only had time to analyse this most basic case, though we believe that certain
generalisations will be possible without too much extra work. For example one
could replace the second form by a? + B2?b? for a constant integer B and most
likely get the same results without needing much modification. Replacing the
second form by a? + Bb? for a non-square constant B should also be possible to
some extent, though the set of primes one has to sift by will change, as —B will
need to be a quadratic residue modulo these primes. One can also think about
modifying the first form, which we require to be prime to a more general form
a® 4+ Db? for a positive constant D, and we believe that generalisation to that form
will not be too difficult if Q(v/—D) has class number 1. Other forms however
would require to work over more complicated fields and in particular one would
need to work with ideals instead of algebraic integers and it is not clear to us if our

argumentation would still work, in particular whether we can still use a rational

11



1.2. OVERVIEW Introduction

integer sieve result or whether one would need more sophisticated techniques over
general number fields.

One could also think about improving the results given in this paper for ex-
ample by improving the Bombieri-Vinogradov theorem that we prove. This could
potentially be possible by summing non-trivially over the special character sums
that we get. However this does not seem to be an easy task and at the moment

we do not know how we would approach such a problem.

1.2 Overview

The thesis consists of four chapters: an introduction and the three chapters where
all results are derived. The second chapter derives standard theorems about L-
functions over the Gaussian field for finite Grossencharacters of the form y(i) = 1.
We do this by using standard methods. Chapter 3 then sets up the sieve and proves
the following strong form of the result, which is conditional on the Generalised

Riemann Hypothesis.

Theorem 1.2.1 (Main Result 1). Assuming the Generalised Riemann Hypothesis,
there are infinitely many primes of the form a®+0b* such that a®>+4b* has at most 3

prime factors.

Finally, Chapter 4 removes this condition by proving an appropriate form of
the Bombieri-Vinogradov Theorem, which, in turn, requires an appropriate form

of the Large Sieve. We conclude that chapter with our main result:

Theorem 1.2.2 (Main Result 2). Unconditionally, there exist infinitely many

primes of the form a® + b such that a*> + 4b* has at most 5 prime factors.

12



1.3. NOTATION Introduction

1.3 Notation

e We will write s = o + it, with o,t € R whenever we analyse our functions at
a point s.
e p = [+ iy will be the non-trivial zeroes of our function.

e 7 € ZJi| are meant to be Gaussian primes, whereas p € Z are rational primes.

e N(a) is the norm of an algebraic number being the product of all conjugates

of a.

e Tr(«) is the trace of an algebraic number that is the sum of all conjugates of

a.
® Y\, is a character with modulus d.
e Yy is the principal character.

e i is a primitive character.

e Usually L(s,x),((s),¥(x),A(n),... are meant to be the corresponding func-
tions over the rationals, whereas Loy (s, x), Copi(5), Yo (2, x), Agpj(a),. . . etc

are over the Gaussian field.

° ZN, HN are the sum and product over all non-associate alpha.
# .
° Z is the sum over all squarefree d.
d
_I.
° Z is the sum over all squarefree d such that if p | d then p = 1 (mod 4).
d
1
. Z is the sum over all squarefree d such that if p | d then p # 3 (mod 4).
d
) . . .
. Z is the sum over all x with x(i) = 1.
X
° Z* is the sum over all primitive y.

X

13



1.3.
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!

Z is the sum over all non-trivial zeroes p which are not exceptional (ie not

p
Siegel zeroes).

P; is a rational integer with at most ¢ prime factors.

®(d) is the Euler ¢-function for the Gaussian Integers (so that ®(d) is the
order of (Z[i]/dZ][i])*).

¢(d) is the Euler ¢-function for rational integers.

d(n) is the divisor function.

v(n) denotes the number of distinct rational prime factors of n.
log(x) is the natural logarithm of z.

log,,(z) is the logarithm of = to the basis n.

Li(z) = [} 1;% is the logarithmic integral of .

g(x) = O(f(x)) means that there exists a constant C' and a real number x

such that for all « > zy we have |g(z)| < C|f(x)].

g(z) < f(x) is Vinogradov’s notation and means g(z) = O(f(x)).
g(z) <, f(x) means that the implied constant depends on n.
#.47 is the number of elements in the set 7.

r(n) is the number of representations of n as a sum of two squares.

14



Chapter 2

Hecke Characters and L-functions

2.1 Introduction

In this chapter we investigate the Hecke L-functions over the Gaussian primes. We
prove most standard results by using standard methods. Some things are similar
to what happens in the rational field, others are different. Many differences arise
because we need to estimate the number of integer points less than a given norm,
which is easy for rational integers but is hard for the Gaussians. We avoid using
estimates that have been proved for Gauss’ Circle Problem. After establishing the
Prime Number Theorem for Gaussian Primes, we proceed to proving an analog
of the Siegel-Walfisz Theorem, which we will need for the results in the following
chapters. Most of the facts in this chapter have been proven for general number
fields by Erich Hecke in [Hecl8] and [Hec20], as well as later generalised in John
Tate’s celebrated thesis [Tat67]. Further results about zero-free regions and the
general Siegel-Walfisz Theorem for general number fields can be found in [Col90]
and [Gol70]. Our aim, however, is to use elementary methods and concentrate on

the Gaussian field.

2.2 The Dedekind (gj-function

Let s = o +it. We define the Dedekind Zeta Function over Q[i] to be

C@m(S):% > (2)5-

. N
a€Z[i\{0}

15



2.2. THE DEDEKIND (o-FUNCTION Hecke Characters and L-functions

First thing to note is that (gp(s) # 0 for ¢ > 1. As in the rational case, since Zli]
is a unique factorization domain, we have the Euler product (for o > 1)

~ 1
Gans) = [T 77—

Tprime N(m)s

where by HN we mean that the primes 7 range only over non-associate primes
(for example only those in the first quadrant of the complex plane).

From here, since we know what Gaussian primes are, we can easily deduce the
following factorisation of (g (s):

1

Ci(s) = [ ——
7 prime N(m)®
2
1 1 1
- _ 1 X H 1— L X H 1
22 p=1 (mod 4) p? p=3 (mod 4) p2s
2
1 1 1 1
-1 II =] * Il == 1+ L
22 p=1 (mod 4) p? p=3 (mod 4) p? p?
1 1
= ((s) x H 1 - L x H 1+ L
p=1 (mod 4) p? p=3 (mod 4) p*
1
= ((s) x H [ C()L(s, xa),
p prime ps

where y4 is the non-trivial Dirichlet character (mod 4) over the ordinary integers.
In order to prove that the definition of our (gp(s) is non-zero (in the real part
region o > 1), it is sufficient to show that its logarithm is finite:

i 2 (1o )|

T prime

|log Copy(s)| =

Now, log(1 —z) = =3 72, %, and hence

1 1
log Gar(s)] = |7 2 ZkN <72 Z
7 prime k=1 7 prime k=1
1 1 1 1 1
R N e 42 N

1
nef =1

Ies 1
_§;na_1<00.

16
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2.3. CHARACTERS OVER Q[I] Hecke Characters and L-functions

The last inequalities hold because there are at most two non-associate primes of a

given norm, and o > 1.

2.3 Characters over Q[i]

For the purpose of this thesis, we shall only be concerned with “finite” periodic
characters over Q[i], even though these are not all the characters one can define,
and the infinite Hecke characters (“Grossencharaktere”, as they were called by
Hecke) give a bigger variety of L-functions (see [Neu99]). For our purpose the
following definition is sufficient.

Definition 2.3.1. Let d be a non-zero Gaussian integer in Z[i]. Then a character x

over Qli] with conductor d is a homomorphism
X« (Z[i]/d)" — C*,

such that x(«) = 0 whenever («,d) # 1. In this thesis we shall be particularly
interested in characters x for which x(i) = 1 (which then makes them characters

on ideals).

Definition 2.3.2. A character xo = xo.4 is called principal if xo(a) = 1 for all «

coprime to d.

Definition 2.3.3. A character x (mod d) is said to be induced by a charac-
ter x; (mod dy) if di | d whenever x(«) = x1(«) whenever (o, d;) = 1.

Definition 2.3.4. A non-principal character with the conductor d is called primi-

tive if it is not induced by any other character. Otherwise it is called imprimitive.

2.4 Hecke Lgj-functions

Correspondingly, for a character x satisfying x(i) = 1, we define a Hecke (or
Dirichlet) L-function over Q[i] to be

X a
a

LI]SX
anh

17



2.5. FUNCTIONAL EQUATION Hecke Characters and L-functions

where x is a character (mod d) over Q[i], as defined in 2.3.1 and N(d) # 1. Of

course, we get an Euler product representation

~ 1
Ly (s, x) = H 1 @

T prime N(m)s

Just as before, we can prove that it is non-zero for ¢ > 1. The proof works exactly

the same way as it does for the (-function, and so we will avoid repetition.

2.5 Functional Equation

We will first make a short digression and present a proof of the functional equation

for the Dedekind (-function as we will need to refer to a specific form of it later.

2.5.1 (gp-function

Theorem 2.5.1 (Functional Equation). The function (qp satisfies the following

functional equation:
7 T(s)Ga(s) = 7 U701 = 5)Cap (L — 5)-
Proof. We start off with the usual definition of the I'-function for o > 0:
I(s) = / e s ldt.

0

Put t = N(«a)mz and suppose that o > 1:
['(s) = / e_N(a)”:z:s_lN(oz)swsdx;
0

7 °T'(s)N(a)™® = / e N@mzgs=lqy.
0

4T (s)Cap(5) = / o N | g
0 a€Z[i]\{0}

Note that we now include associates in the sum. Let

w(z) = Z e Nz, (2.1)

a€eZ[i\{0}

18



2.5.1 (gpj-function

Hecke Characters and L-functions

Then
w(r) = E e
m,neL
m,n not both 0
o0
— 4 § e—n27rcc
n=1
where

Lemma 2.5.2. We have

w(r) < max <1,

Proof. We first note that

o0 2
(o)
1

We now apply this as follows

w(zr) =

(m2+4n2)rx

+4<Ze_” ”) = 4(w(x)* +w(x), (2.2

o0
— § e—’l’b2ﬂ'$‘

n=1

2 o 2
e—y Wd?dy/ e—Z 7I'Zdz

J
Iy
//1 re "™ drdf

7T/ re Ty
2
1

—Tx

Ee

y 2422 wmdydz

oo

e—ﬂ$+/ e yﬂxdy
1

_ ]_ _ Tz

T e 2

19



2.5.1 (qpi-function Hecke Characters and L-functions

Now we split the integral:
o0 1
7 °T'(s)Cgp(s) = / ms_lw(x)der/ 2 o(z)de
1 0
= / x31w(a:)dx+/ () da,
1 1

which can be done since by Lemma 2.5.2 both integrals converge. We further know

that

1 1 2 1
w(z™) = —5 T 5ot r2w()

[\)

(see [Dav80]), and hence
wE )P +wE™) = -+ -2+ 2(w(r)® + w(z)).
Thus
w(z) = -1+ 2+ 2w(z),

and so we get

4m°T'(s)Cop(s) = —é + . i 1 + (/loo(xs_1 + x_s)w(:z:)dx) . (2.3)

We note that this integral is regular everywhere and so we have an analytic contin-

uation of (gp)(s) for s # 0,1. As the right hand side stays unchanged if we replace

s by 1 — s, we get the functional equation. |

Lemma 2.5.3. The function

Sopy(s) == s(s — )7 *T'(s)(qp ()

is reqular everywhere and hence (opy(s) has an analytic continuation to the whole

complex plane.

Proof. By (2.3) we have that
4gp)(s) =1+ s(s — 1)/ (251 + 27 %) w(z)da.
1

Recall that w(z) = 4(w(x)? + w(x)) where w(z) = O(e™™) as x — oo. Hence
w(x) = O(e™™), and so the integral is bounded for every s and thus gy represents

an everywhere regular function. |

20



2.5.2 Lop-functions Hecke Characters and L-functions

Since sI'(s) does not have any zeroes, this lemma also proves that (gpj(s) can
only have a pole at 1. As the integral in (2.3) is regular everywhere, the pole must
in fact be simple with residue 7. Further, as (gpj(s) has no zeroes for o > 1, the
only zeroes for o < 0 are (trivial) simple zeroes at —1, —2, =3, ..., where I'(s) has

simple poles.

2.5.2 Lgp-functions

Definition 2.5.4. (Gauss sum) We define the Gauss sum over Q[i] to be
TOGy) = Y x(a)erTED, (24)
z (mod d)

where by the sum we mean that @ ranges over all coset representatives of Z[i] /dZ]i].

We also define

T(x) ==T7(x,1).

We need to check that the sum in (2.4) is indeed well-defined on (Z[i] /dZ]i]), so

suppose 1 = 23 (mod d). Then 1 = ad + x4 for some Gaussian integer «. Hence

Tr <%> =Tr (% + %) =Tr <%> + Tr <%> =Tr (%) (mod Z).

Thus the Gauss sum is well-defined. The same argument also proves that 7(y, y)

is a function on Z[i]/dZ][i].

Theorem 2.5.5. If x is a primitive character with conductor d over Qli], then

T ya) = X(W) T a).

Proof. First suppose that (y,d) = 1 (by which we mean that the corresponding
ideals are coprime). Then
XW)rhea) = Y X(y)x(z)e TED,
2 (mod d)
Now, as (y,d) = 1, for each x € (Z[i]/dZ][i])* we can find an h € (Z[i]/dZ]i])* such
that yh = x (mod d). As x ranges over all residue classes modulo d, we get that h
will also range over all residue classes. Hence

XW)rea) = 3 XWxh)e T = 3y (h)e? ) = £(x, ya).
h (mod d) h (mod d)

21



2.5.2 Lop-functions Hecke Characters and L-functions

If, however, (y,d) = d; then, if x is primitive, we can choose 5 € (Z[i]/dZ[i])* such
that

f = 1(mod dy)
and

x(B) # 1,

where d = dyds, since otherwise y would be induced by a character with conduc-
tor dy. Then d; |y and dy | B—1. Hence y(5—1) = 0(mod d) and y5 = y (mod d).
However, (3 is coprime to d, and so we can use the first part of our proof to get
X(B)7(x, ay) = 7(x, Bay) = 7(x, ay).
The second equality holds because, as mentioned before, 7(x,y) is a function on
Z[i]/dZ[i]. But as X(8) # 1, we get that
T(x, ay) = 0.
Also, clearly
XW)T(x,y) =0,

as (y,d) # 1 implies Y (y) = 0. Thus the two expressions agree in this case as well.

Hence the theorem holds for all primitive characters . ]
Lemma 2.5.6.
Tr(zu N(d) if 2 =0 (mod d);
_ 2miTe(55) )
S(z) = Z ¢ ’ { 0 otherwise.
y (mod d)

Proof. First, note that

PGS () = Y PTCED = S(a),
y (mod d)
This is because y + 1 ranges over the all residue classes whenever y does. Hence
S(z) =0 or e*™™(a) = 1. We get the latter case if and only if Tr(Z) € Z, which
happens if and only if d | Re(z). Similarly using

e2”m(%)5(a:)

we find that S(z) =0 or d | Im(z). Thus S(x) vanishes unless d | z in which case
S(z) is clearly equal to N(d). [ |
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2.5.2 Lop-functions Hecke Characters and L-functions

Theorem 2.5.7. If x is a primitive character modulo d over Qli], then

Proof. Here a similar proof to the rational case works. Let y € (Z[i|/dZ][i])*. By
Theorem 2.5.5 we get

XW)PrO)PP = 706y T(xY)

_ Z X(xl)ezwm(%)x Z X(@)e%m(%)

z1 (mod d) z2 (mod d)

_ Z Z 27r1Tr( (11;;32)11)

21 (mod d) z2 (mod d)

Now consider summing both sides over all y € (Z[i]/dZ[i]). By Lemma 2.5.6, all

the terms with z1 # x5 (mod d) cancel, and the terms with x; = 25 (mod d) sum

to N(d). So
Y. KPP =Y Ix@)PN(@),

y (mod d) z (mod d)

and hence

Theorem 2.5.8 (Functional equation). Let x be a primitive character of Qli] with
conductor d € Z[i] (not a unit). Then Lqp (s, x) satisfies the following functional
equation:
AN - (1)
Y r = ) LonGa 1 — ) = 2 (120 1is) Lo (s, x).
() v - 9zenemr - = 2 (1) r)agtsnn

Proof. We have that

_ N(o)mz

['(s) = / e [ 2" IN(a)*n|d|"*da;

(2) reniar = [T
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2.5.2 Lop-functions Hecke Characters and L-functions

If we now assume o > 1 and sum both sides over o € Z[i]\{0} we get

4(H> I'(s)Lgp(s,x) = /Oooxs_l ZX(Q)G_N(‘?'M de.(2:5)

™

Now let

Plz,x) = 3 xla)e

and consider

TX)Y(r,x) = Z (X Oé)e_N(‘ad)lm (by Theorem 2.5.5)

a€Zli]

- T % s o

a€Z[i] \ B (mod d)

= 33 x(pe G,

a€Z[i] B (mod d)

Putting a = pi + ¢ and % =ui+ v we get
(2 +¢*)

T()U(x,x) = Z Z X(B)e +2mi(vg—up)

a€Z[i] B (mod d)

B (mod d) p=—00 g=—00

and we can handle these sums separately, as we would do in the case of the ordinary

Dirichlet L-function:

FRE) = Y m((%)Q 3 <> .

B (mod d) p=—00

2\ 77 SN e
((m) 2. )

g=—00

B % S oxp) Y e (et

B (mod d) a€Zli]
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2.5.2 Lop-functions Hecke Characters and L-functions

Note that o + (g) =(p—uw)i+ (¢+wv). Thus

(vl x) = l%’ > xB) Ze*N(M@)%

B (mod d) aEZli]

= S x) 3 )
]

B (mod d) a€Zli

LM S 3 e

B (mod d) a€Zli]

Put v = @d + . Then each pair (a, #) corresponds to exactly one v € Z[i] such

that v = 5 (mod d), hence we can regroup the terms as follows:
(Y x) = — Y X(e T = X). (26)

Now that the functional equation for ¥ (x,y) has been obtained, we can deduce

the functional equation for Lgjy(s, x):

(1) ) zns )
_ / " (e, x)da

= /oo :cs‘lw(%x)dx+/oox‘s‘11/)(x‘1,x)dl’
1 1

= 0036871 x x 0 Oox""’ x,x)dx
= [ e+ T e nan .1)

Theorem 2.5.7 implies that |7(y)| = /N(d) = |d|. Furthermore, we note that for
the Lgpj-function to be non-zero, we need x(i) = 1, and hence x(—1) = 1 and thus
we can deduce that 7(¥,z) = 7(x, ). Hence 7(x, z)7(x, z) = N(d) = |d|>.

The integral in (2.7) is everywhere regular and so gives, as in the rational case,
an analytic continuation for Lgp(x, ). Also we note that if s is replaced by (1—s),

and y by ’, the integrals become
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™

= /looa:‘sw( )dx+%/mxs‘l¢(%x)d$

1N p oy Lo (s
T(X) (77) F( )LQ[1]< 7X)a

4 (M) o T'(1 — s) Loy (1 — ,%)

and we get our functional equation. |

A quick analysis of this reveals that, as Lgjp(s) has no zeroes or poles for o > 1,
, ... We

also get that the non-trivial zeroes of Lgjp(s) are symmetric with respect to the

the only zeroes for ¢ < 0 are at the poles of I'(s), which are at 0, —1, —2

line 0 = %, and if x is a real character, then they are also symmetric with respect

to the real line (this follows from the definition of Ly (s)).

2.6 Hadamard Product

Lemma 2.6.1. If 0 > 2 then |(gj(s)| = O(1) as |s| — oo.

Proof. We have

o0

1
2 ey

P,qEZ
p,q not both 0

S+ = (X o+ e

2s
p1p p1q1p+q

[Cai(s)] =

»-bl*—‘
] =

Z;{0}
S

Mg

1 1p+q

FI29) < 5 [C(0)] + lo(20)] = 0(1).

N\
M2 3
Mw

(2pq)*

I
—

1

p q

For a proof that |((s)| < C|s| see [Dav80, p. 79]. Unfortunately the idea of
counting the number of integer points (which is used in [Dav80]) does not generalise

easily to a general number field. In Q[i] we would end up using Gauss Circle
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2.6. HADAMARD PRODUCT Hecke Characters and L-functions

Problem estimations to count the number of integer points in a circle, which we
want to avoid. Instead we consider the interval % < 0 < 2 separately using the

analytic continuation of (gj(s) to prove that {gpy is of order 1.
Theorem 2.6.2. gy is an integral function of order 1.

Proof. As with the ordinary (-function, since we already know by Lemma 2.5.3
that {gpiy(s) is an integral function and since {gpij(s) = gpj(1 — ), it is sufficient to
show that

[€op (5)] < ePHiosl!

1
for o > 3

Clearly, |s(s — 1)7~%| < e“l*l. By Stirling’s Formula, |T'(s)| < e“lslelsl " as for

o= % we have —%ﬂ' < arg(s) < %71’. These results, combined with Lemma 2.6.1,
prove the theorem for o > 2.
Now suppose % < 0 < 2. Since the integral in (2.3) is absolutely convergent,

we have
Son(s)] < 14 [s(s — 1) /loo |(2*7! + 27 %) (2)] da.
Thus, for % <o <2,
[€api (5)] < Cols* < ™.

Consequently we can conclude that in the range o > % the function {gp is an
integral function of order 1 and, by the functional equation, on the whole of the

complex plane. |

As 0 — 00, (gjij(0) is monotonically decreasing and also bounded below by 1
(in fact it is easy to see that it tends to 1). Thus, as logI'(0) ~ o log o, we cannot
possibly have [{g(s)] < eCl*l. Hence we can deduce that &gpj(s) has infinitely
many zeroes p with 3 |p|++5 < oo for any € > 0 but >_ L diverges. Also we get

P ol
the representation of {gp)(s) as a Hadamard product over its zeroes:

Soi(s) = e [ ] (1 - f) ev. (2.8)

Y P
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As the only zeroes of {gpj(s) are the non-trivial zeroes of (gpij(s), the Hadamard
product runs over zeroes in the critical strip 0 < o < 1.

We now define a Hadamard product for the L-functions.

Theorem 2.6.3. The function

cants.0 = () To)Lan (s, 29)

is an integral function of order 1 and hence there is a Hadamard product, which is

a product over its zeroes of the form

p P

for some constants A(x), B(x) and zeroes p, which, again, are the non-trivial zeroes

of L(s,x)-

Proof. We will use what we already know for £gpj(s) to bound &g (s, x) for o > 2:

S

o (s x)| < IT(s)I| La (s, x)]

™
da
< ST(0)Gai(o)

< 6@[1](0—) d° < eCologcr'
o(loc—1)

To get % < 0 < 2 we use exactly the same idea as we used for the (-function,

and apply the integral from the functional equation (2.7). Once again the stronger

inequality [£gp (s, x)| < el*l does not hold so that we get the same results for the

sums of reciprocals of zeroes as we did for (gp(s). |

Theorem 2.6.4.

L{@[i}(S’X) _ _1Ogﬂ _ @ + Z (L + 1) + B(x)-

Loy (s, x) ™ I(s) —p P
Proof. This follows by logarithmic differentiation of (2.9) and (2.10). [ |

Lemma 2.6.5. If x is a primitive character (mod d), then
1
Re (B(x)) = — > Re <;> .
p
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Proof. By logarithmic differentiation of (2.10) we get that

) = 5@[1](07 X)
(0, X)
The functional equation states that
7(X)

o (s, X) = Wf@[i}(l —5,X),

implying that , / B
SQ[i](SaX) _ _g(@[i](l - 87X)
Eopiy (55 X) Som(1 —5,%)

and hence

. 5(,@[1}(07X) . _5(’@[1](17Y) _ - L 1
Bl = San(0,x) (LX) 5% Z( - ) '

Note that the last equality holds because L(s,X) = L(s, x), and so p is a zero of
Lqpi(s, x) if and only if p is a zero of Lgjp(s,X). For the same reason it follows
from (2.9) that

o (0:X) [ &om(0:x)
o (0:X) (5@[11(0, X))’

and so B(Y) = B(x). The zeroes of {gjj(s) that is the non-trivial zeroes of (g (s),

are symmetric with respect to the critical line, and hence if p is a zero then so

is 1 — p. Consequently, we can regroup the terms of the sum, as it is absolutely

>(5+3)-2(5)

p P

convergent, to get

Thus

2.7 Zero-free Region

2.7.1 (gp-function

As for the ordinary zeta function, our proof of the zero-free region revolves around

the inequality

3+4cosf + cos20 > 0. (2.11)
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By logarithmic differentiation of the Euler Product we get

S (9) ~ Agpy(a)
_ _ 7 2.12
an) 2, Ny 212

Aoy () = logN(m) if @ = 7™ for some prime 7 and some integer m;
QT 0 otherwise.

(recall that we count only one prime from each class of associates). Thus

Ci(3) =~ Agpla)

R " N(a)7

cos(tlog N(av)).
a€eZ[i\{0}

Hence by (2.11) we get

L olo L o(o 4 it o+ 2it

-3
Cop (o) Copi (0 +it) C@p (o +2it) ~

(2.13)

We now want to estimate the three terms of this inequality, to get a condition on

the zeroes close to the left of the line o = 1.

T

As (gpi(s) has a simple pole at 1 with residue 7, we get that —(gp(s) has a

double pole, and has a simple zero. So, if we look at the coefficients of the
Laurent expansions, we find that gg[fig has a simple pole with residue -1. Hence
we get
Cop () 1
S U +0(1) (2.14)
Cou(o) o—1

in the range 1 < ¢ < 2. We only need to consider this range, as we are only
interested in the zeroes of (g (s) just to the left of 1.
Logarithmic differentiation of (2.8) gives that

(L)

Also from logarithmic differentiation of £gj(s) and the identity sI'(s) = I'(s + 1),

we get

o (s) O 1 M(s+1)  Sop(s)
Sap(s) . D5+ 1) Co(s)’
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and so
G (9) 1 T(s+1) 11
= B +log(m) — — + ( +—>. 2.15
Cani (s) ™= I'(s+1) zp: s—p p (2:15)
We know that in the given region
[(s+1) o
— =1 1 1
T 1 1) og(s+1)+0(ls+1]7)
and thus
F’(s +1) .
=1 1 1 < Alog(t + 2
TetD) ogls + 1]+ O(]s +1[7) og(t +2)

for 1 <o <2andt> 2 Also B+ log(m)+ =5 = O(log(t + 2)) in the same
range of s, as |[Rez| < |z| for all z € C. Thus

Cap () < 1 1)
R < Al 2) -3 R ).
o < AR = 2R (T

It is easy to see that the sum is, in fact, positive. This is because each term is
positive (as 0 > 1 > Rep). Hence for a zero p = B+iy with v > 0 choose s = o +i7y
(that is, ¢ = 7). Then, considering just the first term of the sum, we get a valid
inequality
C@[l (o +1it) 1
oo +it) o—p

which gives an estimation for the second term of (2.13). Finally, for the last term,

< Alog(t+2) — (2.16)

the sum may be omitted altogether.

C@ o+ 2115)

Using these estimates in (2.13), we get

4
31+O()—I—4Alog(t—|—2)——ﬂ—l—Alog(t+2) > 0,
o —
and hence
3 4
2 ] 9 :
+ Clog(t+2) > i
o—p - o—1 _
4 34 Clog(t+2)(c — 1)’
40 — 1
i (0 - 1)

3+ Clog(t+2)(o—1)
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Now let 0 =1+ o (t+2) Then
44 1
<1 o — .
& +( 3+C’(5) log(t + 2)
Choose § so that D = 3+C§ — 0 > 0. Then
D
<l— — .
P log(t +2)

So there cannot be a zero s = o + it such that 0 > 1 — whenever ¢t > 2.

_ D
log(t+2)
However, in view of the simple pole of (gj(s) at s = 1, we can easily use (2.11) in
exactly the same way as we do for the ordinary zeta function, to find that (gp(s)
does not have any zeroes on the line ¢ = 1. Hence, by continuity of (gpj(s) for
0 <t < 2, there must be a positive constant F, such that (gp(s) does not have any

zeroes in the region o > 1 — Thus the constant F' := min(D, F) gives us

log(t+2)

a zero-free region 0 > 1 — (for t < 0 we just use the fact that whenever p

10g(|t|+2)
is a zero, p is also a zero). This gives us an analogous zero-free region for (g (s)

just as we have for the ordinary zeta function:

Theorem 2.7.1. There exists a positive constant I such that (gpij(s) does not have

any zeroes s = o + it for

F
o -
log([t| + 2)
2.7.2 Lgp-functions
For s =0 +it
L’ .
L Z AQ[l] (a)eflt log N(a).
@[1 a€Zli]

Now, if (o, d) =1, let 6 be such that Re (x(a)e °8™) = cosf. Then we get that
Re (x?(ar)e (2D 1eN(@)) — ¢os20. Obviously, Re (yo(a)e "01eN@) = Re(1) = 1

and so we get the inequality

Ly (05 X0 Ly (o +it, x Ly (o + 2it, x*
JLan(@x0) o Lo ) | R lal )
Ly (o, xo) L (o +it, x) LQM(U—l—Qlt X?)

>0. (2.18)
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Let x be a primitive character of conductor d. As in the rational case, (gp(s) has

a simple pole at s = 1 and hence we get an easy estimation of the first term:

Liyg(ooxo)  Co(o) 1
o <-2— < +0(1 2.19
Ly (o, X0) Coy(o) ~o—1 (1) (2.19)

forl <o < 2.

For the second term we can use Theorem 2.6.4 to get

L (s:x) |d| I'(s) 1 1
i\
R =1 +R ~Re) ~ ) —ReB(x).

o) Cw ) . (S—p+p) B

By Lemma 2.6.5

Ligg (s, x) |d| IV(s) 1
QA >
CRe AT o 8 Rt )R ( ) . (2.20)
Ly (s, x) ™ I'(s) Zp: s—p
Now, for ¢ > 0 and ¢ > § we have FF/((;) = O (log(t +2)), and so (for primitive

characters x) we get

1
: (2.21)
s—p

L (s,
—ReM <AZ - Re
LQ[i}(‘SuX) 0

where

£ =log|d| +log(t + 2).

Again, the series is positive (as, again, s lies to the right of the line o = 1 and any
possible zero lies to the left of it). We can, as before, omit any of its parts and still
get a valid inequality.

We now need to differentiate the cases when x is real (quadratic) and when y
is complex, as x? is principal if and only if y is real. So first suppose that y is
complex. Then y? is non-principal (and we do not run into difficulties with the
pole at s = 1).

If p = B+ i7, we again choose ¢t = v and so, analogously to (2.16), we get an

estimation for the second term

L (o +it,
“Re i : X><A.§f— L
Ly (o +it, x) o—p

(2.22)

33



2.7.2 Lgjy-functions Hecke Characters and L-functions

Suppose first that y? is primitive. Then, by the estimate above,

L/
“Re Lay(x°) <CZ. (2.23)
Ly (s, x?)

If x? is imprimitive however, then let y; be the primitive character inducing x?2.

We get

~ 1 ~ 1 ~ 1\
Lo =11 @ = 1l T—m = Lo < 11 (1_;\(1(;)1)‘

mtd N(m)s wtd 1 N(m)s w|d

Logarithmic differentiation gives

a0 Lan(a) g~ xalm) logNGr)
Ly (s, x) Loji(s:xa) -+ 47 N(m)s(1— 38
_ Ly (s, x1) LN x1(m) log(N())
Laj(s:x1) 4= (N(m)* = xa(m))’
and so
Ly (s, x Ly (s, x1 ~ ulr)
QH( ) @H( ) < Z N(m o 10g<N(7T))
LQ[I](‘S? X) LQM(S’ Xl) 7'('|d ]- - 1>\<]1(7-‘-).5
1>\<11((7)r)
< 1 log(N
) ]
7|d N(m)s
1>\<11((7)r)
- Z log(N(7))
1— x1(m)
|d N(m)®

x1(m)

The last step holds because 0 < NEE

0 <z < 1. Hence

Lo (s:x) — Lig(s:xa)
Lap(s,x)  Lap(s, x1)

< 1. Further, *- increases in the range

<y " (_L’_ log<N<w>>> -

w|d N(m)”
1
Also,0<ﬁﬂ)[,< and so 0 < — N7 < 1. Thus

N(m)o

Log(six) Ly
Q> [1]
log(N < log(N(d)) = 2log|d|. (2.24)

LQ[l] (87 X) LQ[1] %d:

Hence our bound (2.23) remains valid.
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Combining the three bounds (2.19), (2.22) and (2.23) and plugging them into
(2.18) again, we get

3
D¥
(7—1+ >U—6’

and hence, as in the previous section, we can find a positive constant F such that

any zero p = 3 + iy of Lgp(s, x) satisfies

E
log |d] + log(|y| +2)

<1

This gives us the zero-free region whenever y is complex and primitive. The result
can easily be extended to imprimitive complex x: if y; is the primitive character
inducing x, then the only zeroes of L(s,x) additional to those of L(s, x1) are the
zeroes of the factors 1—x; (m)N(7)~* for 7 | d. This means that we need |[N(7)*| =1
and hence 0 = 0. So the extra zeroes cannot lie in our zero-free region and hence
the result generalises to imprimitive characters.

This almost works for real characters. There is a complication, however, since x?

L (5,%%)
[ \%
needs to
Laji (s,x?)

is the principal character, and so L(s, x?) has a pole at 1. Hence

C(l@[i] (s)

) Using the same argument as in (2.24) we deduce

be compared to

LfQ[i] (8,X%) - %m (s)

< 2log|d|.
Lap(s,x?)  Cap(s)

Using (2.15), we get that

C@[-}(S)

—Re—"—— < Re + C'log(t + 2),

Coiil (5) s—1

and hence
Ly (0 + 2it, X?) 1

+ C(log|d| + log(t + 2)).

—-R <Re————
eL@[i](U + 2it, x?) ‘o —1+ 2t

Hence, choosing t = =, as before, and combining this with (2.19) and (2.22) in

(2.18), gives us

4 3 1
< R DZ.
o—p a—1+ ea—1+21v+

Now, take 0 =1 + %. Then

+DZ

4 3.¥ 1 3.Z <
<—+Res———+D¥ ="+ 5%
o—f d = + 21y 0 (y +
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for a positive constant D. If v > < then

9
Zz

4 3¢ £
0—6<T+§+D$’

and hence choosing ¢ sufficiently small in relation to D (see [Dav80, p.91]) gives

us the same zero-free region as before, but now subject to v > %.

As for the Dirichlet L-function over rational integers, it can be proven that

there is at most one exceptional simple zero in that region if v < % (and hence

this zero must be real, as complex zeroes always come in conjugate pairs for a real
character y). To prove this we use (2.21) at s = ¢ > 1 and consider only the terms

corresponding to the two conjugate zeroes or to the two real zeroes (or one double
L{@[i] (o,x) C(Eg[i] (o
Lap(o.x) = Copigle
to get that f < 1 — ﬁ for a sufficiently small §. Since it works exactly as in

zero). Then we use the relation — ; and apply the estimation (2.14)
[Dav80, p.92|, the proof is not given in detail.

Hence we have proven the following result:
Theorem 2.7.2. There is a positive constant § for a real character x over Qli],

such that there is at most one simple real zero (called the Siegel zero) p =iy + 3
of Lopi(s, x) satisfying

0
log |d|

o
T 1

Together with the result for complex characters we get

Theorem 2.7.3. There is a positive constant F', such that if x is a complex char-

acter with conductor d, then Lgp (s, x) has no zero in the region defined by

F : .
02{ 1_W lf |t|>1,

F .
1—m 1f|t|<1

If x is a real (but nonprincipal) character, then the only possible zero in this region

18 a simple real zero.

2.8 Numbers of Zeroes

We now want to find estimations for the number N(7, x) of non-trivial zeroes of

Lqpi (s, x) in the critical strip from height —7" up to the height 7". (Note that the
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contour used in [Dav80] cannot be used, as it depends on ((s) not having any
non-trivial real zeroes, which might not be true for Lqp(s, x)). To do this we note
that for any holomorphic function f(s) Cauchy’s Residue Theorem for any closed

contour I' implies

BRSO
o Ff(s)d Nr(f) — Pr(f),

where Np(f) is the number of zeroes inside I' and Pr(f) the number of poles. Now,
if f(s) is holomorphic and non-zero inside an area U, then for any path v we have

1 1'(s) 1 d
= 7f(s)ds = TMLEIng(S)dS

d d
= % (/ngogﬁ(s)\ds—l—/%iargf(s)ds>.

o

The first integral is clearly zero and so
d
2n(Nr(f) — Pr(f)) = /E arg f(s)ds =: A, arg f(s).
gl
The second integral is the change in argument of f(s) as s traverses 7, for which
we use the above notation. We use this to estimate N(7T', x) and for that we will
employ the function {gpy (s, x) which, as we have shown, is regular everywhere and

only has zeroes that are non-trivial zeroes of Lgp(s, x). So in fact

2rN(T, x) = Ar(arggp(s)),

where we choose R to be the rectangle with vertices at —%—iT, g—iT7 g—i-iT, —g—i-iT
as shown in Figure 2.1. For simplicity we will assume that 7" > 2 was chosen so
that there is no zero of the form 3 4i7T". (We know that {gj;(s) is non-zero on the
contours lines; so this does make sense.) Now, the functional equation tells us

_ T(X
Eopf(1 —5,X) = fT‘)f@m(S,X)v
and since
o (3, X) = Sap (s, X),
we get that

|d|

arg &opi (5, x) = arg 0 +arg &g (1 — s, %) = C +arg g (1 — 5, x)
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S+iT Ry s+i R, 2 4+iT
\‘ \ ‘\
| X |
« |
| ! |
|
\ I x|
Ry \ X: ‘ AR,
| X
« |
| } |
| R
| } |
\ | | L\
Ry /R,

3 . h 1 . : 5 .
—5—1T —iT 5—1T 1—-iT 5—1T

Figure 2.1: Our contour

for some constant C' independent of s. This means that the change in argument
along the segment R; is equal to the change of argument along the segment Rs
(since we have argzZ = — arg z). So for now we will just concentrate on the segment

R; and multiply by 2 later. Recall that &g (s, x) == (‘%‘)s I'(s)Lqp (s, x). Thus

d S
Apg, arg&gpi (s, x) = Ag, arg <|7r_‘) + Ag, arg'(s) + Ag, arg Lo (s, X)-
Now, clearly
Apg, arg (M) = Ap,tlog (M> = 2T'log (M) . (2.25)
T T T

We consider the vertical component of Ry first (the horizontal components together

turn out to be negligible).
SHT
Apg argl'(s) = / —ImlogI'(s)ds
S—iT ds
5 . 5
= Imlog F(§ +1i7T") — Imlog F(§ —iT)
)

= 2Imlog F(§ +1iT).

By Stirling’s Formula we get that

Ag, argl'(s) = 2Im ((2 +1iT) log(g +iT') — (g +iT) + O(l))

= 2 (Qarg (g—HT) + T'log g—HT‘ —T—l—O(l)).

38



2.8. NUMBERS OF ZEROES Hecke Characters and L-functions

But note that 0 < arg (g + iT) < § and also

1 25 1 25
= _Tlog| —+T?%) ==T (logT?+1log [ — + 1
5 og<2+ ) 5 (og +og(2T2+ ))

= TlogT +O(T™).

5
Tlog |5 +iT

Hence
Ag, arg'(s) = 2T log T — 2T + O(1). (2.26)

Precisely the same argument can be used to show that the horizontal contribu-
tion is O(T~') = O(1). Thus it remains to find an estimate for the last term
Apg, arg Lo (s, x). Since Lgji(s, x) does not have any zeroes or poles on the verti-
cal component and is absolutely bounded on that path, the integral is also abso-
lutely bounded on that path and is hence O(1). For the horizontal components, we
apply the following lemma (which we will not prove here, as it follows from (2.21)

very similarly to the example in [Dav80, p.99]).

Lemma 2.8.1. If p = B+iy runs through the nontrivial zeroes of Lo (s, x), where

X is primitive, then for any real t we get

1
o
Zp:1+(t—7)2 (£),
where £ = log |d|(|t]| + 2).

Hence, following [Dav80], we can deduce that if ¢ does not coincide with the

ordinate of a zero, and —% <o < g, then

Ly (s, x) 1

Q[iJ\* /

R I +O g,
l@[i}(SaX) Zs—p ( )

where now the sum runs over all zeroes such that [t — | < 1. So for the lower

horizontal component we get

5_iT I/

2T
(S X
Ap, arg Lo (s, x) = /2 Ides = /2 Im <Z/
3

1T Ly (s, x) 5—iT p

p— —i—O(,i”)) ds.

The argument of ﬁ has the value at most 7, and we can easily see from Lemma

2.8.1 that there are at most O(.Z) zeroes such that |y — T| < 1. The same

estimation works for the upper horizontal component. Thus in fact
AR, arg Lo (s, x) = O(2). (2.27)
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Combining (2.25), (2.26) and (2.27) we get for T > 2
]d|2T T

7T2

N(T,x) = —|— O(log T+ log |d]). (2.28)

2.9 The Explicit Formula

In order to prove a version of the Prime Number Theorem for arithmetic progres-
sions of Gaussian primes, we need to deduce a version of the explicit formula for
L-functions and we also need to estimate the error term. This will not be done in
great detail, because it is very similar to the rational case.

For a character y such that x(i) = 1, we define

Yop(@x) = > x(a)Agy().

a€Z[i]\{0}
N(a)<z

We also define a vy(z, x) which is ¥gp(z, x) everywhere except for the points of
discontinuity, where it is the average between the value from the left and the value

from the right. Recall the previously used identity

= Y7 Agyla éj)) .

a€cZ[i]\{0}

z® _L(,@[i]<87 X) ds.
S LQ[i](S7 X)

We now use the following Lemma from [Dav80)]

Ly Lo (s:x) (s, %)
* Lagi(s,x)

This implies that

e =gm [

211 J oo

Lemma 2.9.1. Let

0 f0<y<1;
oy)=1q 3 ify=1
1 ifty>1;
and i
1 CcT1 S
I(y,T) = —/ Y ds.
27T1 c—iT S

Then fory > 0,c>0,T >0 we get

B y*min(1, 7' logy|™") if y # 1,
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Now let ¢ > 1 and

I, T) = — / QI E T | P
271 c—iT S L@[l](S7X)

Applying Lemma 2.9.1 with y = sza)v we get

W}O(xv X) - J(l‘, X T)|

< ) Agyla (())Cmm<1T

acZ[i\{0}
N(a)#z

log

~1
x
T 'A(z).
N(a) > +c (x)
Note that the last term contains the ordinary A-function over Q. This works,
since if Agp(a) # 0, then « is a power of a Gaussian prime, and so if = N(a),

then x is a power of N(7) which is a power of an ordinary prime, and so we have

that Agp(a) < 2A(z) < 2Agp(a) (as N(m) = p or N(7) = p? for an ordinary

prime p).
As before, we can express 1y(x,x) as a principal value integral which is the
L' 1S, s . . . .
sum of residues of — @[ligz 3 “ provided that we can move the line of integration

to infinity at the left. However we also want to estimate the error term if we just
integrate in the rectangle ¢ —iT, c+iT, —U +iT, —U — ¢T where 1 < ¢ < 2 and U
is § for some positive odd integer n (we have to see that the zeroes do not lie on

our line of integration). There is a slight Comphcatlon in Calculatlng the residues
o (5X) 5
LQ[I](SX s

because Lgp (s, x) has a zero at s = 0, and hence — - has a double pole

at s = 0.

(X s
Q[ and &
Loy (s,x)

However, if we do a brief analysis of Laurent’s expansions of

find that

Logi(s,x) = Cs+0(s);
Lop(s,x) = C+0(s);

L O s o)
Loj(s,x) — 1+0(s) (Cs)7 (1 +O(s));
by - s s)~! s ! s):
Lo (C+0(s)(Cs)™H (14 0(s)) = ~ +b(x) + O(s);
%S = é(l—l-slogx—l—%_i_...)’
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where b(x) is a constant that can be expressed in terms of B(y) by using our

Theorem 2.6.4. Consequently

L0t 1 R S
Lo(s,x) s (5 +000) +O(s))( +loga + O(s))
= —3—2—(b(x)+logx)§+0(1).

Thus the residue at s = 0 is —(b(x) + log z).

If we now follow [Dav80, p. 107], we find that everything Davenport mentions
works in our case with slightly different constants as we can have more than one
prime of a given norm, but since there are at most two, we just need to modify the
constants, which will later be neglected anyway.

We first get the estimate (which is independent of )

“"(IOT“)Q + (log ) min <1, ﬁ) ,

where () denotes the distance from x to the norm of the nearest Gaussian prime.

|¢0($,X) - J($7X7T)| <

We now suppose that x > 2 and T > 2. By using Lemma 2.8.1, we can deduce
that in the range —1 < o < 2
Ly (o £iT, x)
L@[i] (O’ + iT, X)

= O(log® |d|T).

xlog? |d|T

and hence
Tlogz

So the contribution of the horizontal integrals in this range is <

negligible. Now let us consider —U < o < —1. For this range we use the functional

equation in its unsymmetric form, that is

Lon(1 ) ld| [ |d| >~!gin WSF( 2L (5. %)
1(l=sx)=—F=|— s)"Lqyi (s, X),
Q] X 00 \Ur - Ql\S; X
and we then logarithmically differentiate it. It is easy to see that one of the terms

1
tanms”

1

In order to achieve that, we exclude circles of radius ; around

to bound is
the trivial zeroes of Lgj(s, x) that is around all the negative integers. If we do

Ll i b .
that, then the logarithmic derivative gives a bound for % for 0 < —1 in

exactly the same way as it is done in [Dav80], namely
Loy (s, x

AT o og 2s]ld).
LQ[i](87X)
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Thus the remaining parts of the horizontal integrals contribute < M from

which it follows that if 2 < T < z then

ba(e0) = = 3 T = b(x) + Ri(e, ),

i<t P
with
|Ry(z,T)| < 2T log® |d|z.

We then can proceed to estimate b(y) and make the possible Siegel zero explicitly

visible in our formula. We get that

b(x) = O(log|d]) — Z -

M<1

Hence our estimate becomes

M@[i}(%X):—Zp Z + Ro(z,T),

[vI<T |”/|<1

where the order of Ry(z,T) is the same as the order of R;(z,T'). Further, if y is real
and there is an exceptional Siegel zero, then we can extract the terms corresponding
to the Siegel zeroes at 0 = 1 and 0 = 1 — 3} and use the estimations as in [Dav80)]

to get
ajﬁl

wQ[i](x7X) - T2 = Z/x_p + R3(x7T)7

b y|<T

where the sum is meant to exclude the terms corresponding to p = f; and p =
1 — B4, and where

|Rs(z,T)| < %log2(ld|x) + zilog .

Of course the term —xﬁill can only occur if y is a quadratic character. The argument
to extend this to imprimitive characters is exactly the same as in [Dav80, p.119].
It uses the fact that if x is induced by x1, then the difference between ¥qp (, x)
and Yo (z, x1) is of order log® |d|x and the fact that all zeroes of x; are also zeroes
of x including the Siegel zero (though it might not be a Siegel zero for y). And so

we get the following theorem
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Theorem 2.9.2. If x is a nonprincipal character with conductord and2 < T < x,

then
$61

B

where the sum is meant to exclude the terms corresponding to p = 1 and p = 1— [

p
Z Ix_ + R3(x> T)a

Iv|<T

Yap (T, X) = —

and where

[Ry(a, T)| < = log?(|d|x) + o log z,

and the term —xﬁill is to be omitted unless x is a real character for which Lgp/(s, x)

has a real zero 31 such that B > 1 — @ for some positive constant F.

2.10 The Prime Number Theorem

Of course it does not make much sense to analyse g (), the number of Gaussian

Primes of norm less than = (not counting associates), as we know that
mop (x) = 1+ 2m(z;4,1) + 7(Va; 4, —1),

where m(z; ¢, a) denotes the number of ordinary primes congruent to a modulo g.
Hence we can apply the Prime Number Theorem for arithmetic progressions (for

fixed ¢) which states that if (¢,a) = 1 then 7(z;q,a) ~ I;:((Z)). Thus

m 1)y, 20Dy, VLD
T—00 L1($) T—00 Ll(aj) T—$00 LI(ZL’)

and hence the immediate result is

Qi (33) ~ Li(x) .

44



2.10. THE PRIME NUMBER THEOREM  Hecke Characters and L-functions

We also know that

Yop() = Y Aggla)= > logN(z™)

aEZ[i] T prime
N(o)<z N(7™)<z
= Zlog2+2 Z logp + Z log p
2me p=1 (mod 4) p=—1 (mod 4)
p<x PPy
= Y log2+2 Y logp+ Y. logp
2m <Ly p=1 (mod 4) p=—1 (mod 4)
p"<z P <x
= log2 Y 1+2¢(z;4,1)+ (x4, -1)
m<logcv
log 2
1 _ —
= Oflog) + 775 > | (XMWl ) + XD (V. )
X

There are only 2 characters modulo 4: the principal one (xo) and one for which

x(—1) = —1, which we will call x;. Thus

Yai(e) = Ofloga) + (. xo) + (X1
5 (VEx0) — $(VE ). (2.29)

We can thus get an estimate for gy («) using the well-known bound for (z, x)
(for d =4) and get

Yo (r) = Oflogz) + 2+ O (xe_cl(1°g$)§> +0 <xe_c2(1°gx)§>
+%\/§—|— O <\/§e_c3(1°g$)%> +0 (\/Ee_c“(logx)%) .

Hence we can deduce an equivalent of the Prime Number Theorem in de Vallée

Poussin’s form.

Theorem 2.10.1. We have
1
Y (@) =2 + O (we Clo)? )

where C' is a positive constant.
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We are aiming to prove an equivalent theorem for Gaussian Arithmetic Pro-

gressions. We start by looking at the principal character. First we note

[vap (2, x0) — Yo (z)| = ZN ) Aqp (o Z Aqyij(

a€Zli] a€Zli]
N(a)<z N(a)<z

= | Y Agi(@)

(A1
N(a)<z

= ZN Z log N(7)

T prime

v
7|d N(m¥)<z

Since N(7¥) < x, we have N(7)" < x and thus vlog N(7) < logz. As N(7) is at

least 2, there are at most 10101%’” possible v, and so
g N(m)

|Yqp (2, x0) — Yo (z)] < logz Z logN(7)| < log zlogN(d). (2.30)
T prime
w|d

We now define

Definition 2.10.2.

Yop(rsd,a) = > Ag(B),
N(B)<z
B=é& (mod d)

where & runs over the conjugates of a.

It is a standard property of characters that for (8,d) = 1, then

ZX {1 if 8= a(mod d);

0 otherwise.

However, g (z, x) is only defined for y for which (i) = 1. We introduce a new
: (0) :
notation Z by which we mean that the sum runs only over the characters for

which x(i) = 1
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Lemma 2.10.3. If (5,d) =1, then

H, 0) _ [ 1 if B=a(mod d) with & some associate of o;
®(d) Z X()x(8) _{ 0 otherwise,

Xd
where

1 if N(d) =1 or N(d) = 2;
Hy=1< 2 ifN(d) =4
4 otherwise.
Proof. Since x(i) = 1 we can view x as a character of the quotient group given by
%, which has %i) elements, with ®(d) being the order of the multiplicative

group (Z[i]/dZ][i])*. [ |

Note that the Gaussian ®-function behaves like the ordinary Euler ¢-function,
in the sense that it is a multiplicative arithmetic function (see [Cro83]). We now

note the important relationship between vgp (2, x) and Yqp(7; d, a):

Yo (z;d,a) = ZN Aqp(8)

N(B)<z
B=a (mod d)
- ~ Hy ) _
— N%:@ A@[i](ﬁ)w%; X(a)x(5)
H ~
DI ) D OND
Xd N(B)<z
H,
- e X x(@an (0. 231)
Xd

Using this relationship, every estimation of ¥gfj(, x) has an equivalent estimation
of g (; d, o), which, in turn, can be made into a version of the prime number
theorem by partial summation in the same way we do this for rational primes. We
will hence from here on only prove facts about 9gp(z, x). We use our bound for
g (x, x) from Theorem 2.9.2. First we estimate the sum over the non-exceptional

Zeroes
P
g.—
p

[v|<T

We recall that all (non-exceptional) zeroes p = [ + iy satisfy § < 1 — for

_
log |d|T
some constant F'. Thus

_ log =
|2°| = 27 < xe” FToelaT
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It hence remains to estimate

which we split up to get
/ 1 !/ 1
S= Y +Z—:Sl+52.
LemTer [l i
First suppose |y| > 1. Then

1 1 TN(t, %)
S K Z _/ ;dN(t,X):TN(T,X)nL/ 5dt.

IShy[<T 1l

We now use (2.28) which states

d T

< Tlog<|d|T>,

T
-7 O(log T + log |d|)

and so

1 TNt
Sl < —N(T,X)+/ (t;X)dt
1

T
T og(|d|t

< log(|d|T)+/ %dt
1

< log?(|d|T) < log*(|d|z) (2.32)

since 2 < T < z. For |y| < 1 we have
1 1 - 1
R
ol /B2+A2 |8
for the zeroes in question, which are symmetric with respect to

Thus

Now g < 1—

0:% 06>

\d\
lo g\d\

| 1= = O(log|d]).

By (2.28) with T' = 2 we also get that there are O(log|d|) of these zeroes and hence

S = 3L = O(log? |dl). (2.33)

lyI<1 |'0|

Using this in Theorem 2.9.2 we get
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Theorem 2.10.4. If x is a nonprincipal character with conductor d and sup-

pose 2 < T < x, then
B1

Yop (2, x) = —5;— + Ry(2, T),
1

where

|Ry(z, T)| < zlog?(|d|zx)e FretiT 4 % log?(|d|z) + 2 log z,

and the term —xﬁill is to be omitted unless x is a real character for which Lgp/(s, x)

has a real zero By for which By > 1 — WFIdI for some positive constant F.

Since this is very similar to the rational case, the rest is exactly as in [Dav80].

We impose a condition on d that

’d| < eClog% x)

where C' is an arbitrary positive constant, and we choose

T — emog% v
With these conditions we get that all terms of Ry(x,T') are

< 20-C log 3 3
and so

[Ria, T)| < ae=C'los% s
for some constant C”.
Theorem 2.10.5. If x is a nonprincipal character with conductor d and
d] < st

then
I'ﬁl

b
2t

and the term — 5 is to be omitted unless X is a real character for which Lgp/(s, x)

S
+ O(ze=Clos @),

Yop (T, X) = —

has a real zero By for which By > 1 — WFIdI for some positive constant F.
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We could now prove a weak form of the Prime Number Theorem as done in
[Dav80], by using a weak upper bound on (1, but it is not required for the purpose
of this thesis, so we will skip this step and instead proceed directly to Siegel’s
Theorem, which gives us a strong bound for §; which we can use to deduce the
required version of the Prime Number Theorem. However, before we do that, we
will finish off this section by looking at what happens if we assume the Generalised
Riemann Hypothesis for Gaussian Integers, which states that the Dedekind (-
function as well as all L-functions have their non-trivial zeroes on the critical line

025'

Theorem 2.10.6. If we assume the Generalised Riemann Hypothesis, then
iy (2, x0) = = + O(z* log* z).
Proof. By (2.29) we have
Yai(e) = Oflogz) +(x xo) +¥(w,x1) + 5 (B, xo) — YV 1))
and we know from the theory of the usual (-function ([Dav80, pp.113,125])

U(w,x0) = x+O0(x?log’x)
1/}<I7X1) << .T% 10g2x7

and so

By (2.30) we have

[Wop (7, X0) — Yo (z)] < logxlogN(4).

Thus

Yo (2, X0) = $+O($%10g2x).
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Theorem 2.10.7. If we assume the Generalised Riemann Hypothesis and if x # Xo
and |d| < z, then

|gp (2, )| < 27 log? .
Proof. By Theorem 2.9.2 we have for 2 <7 <z

Yop (T, x) < — + Z "+ Zlog?(|d|z) + 27 log .
& [v[<T r

The Generalised Riemann Hypothesis tells us that all non-trivial zeroes lie on the

line 0 = %, and thus

’QDQ[i](QS, X) < iE% + ZL'% Z/
Iv<T

1
—‘ + % log®(|d|z) + zi log .

By (2.32) and (2.33) we know

1
S < log?(|dJa).

i 171

and we take T = 22 to get

Yop (2, x) < 2% log?(|d|).

2.11 The Siegel-Walfisz Theorem

We will now give a proof for Siegel’s Theorem which will essentially follow the
proof first given by Estermann [Est48] using standard methods. The reader might
also be interested in seeing the general proof for arbitrary number fields given by
Goldstein in [Gol70]. As can be seen, the generalised proof is not much more
complicated, especially if one is only interested in real characters and in fields of
class number 1.

We start with a lemma:

Lemma 2.11.1. Let x be a non-principal character. Then in the circle |s — 2| = %
we have

3
| Lo (s, x)| < |d]=.
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Proof. Recall the formula for the L-function (2.7), which is valid on the whole of

the complex plane:

4 (%) I'(s)Lap (s, x) = /100 2* p(x, x)dw + % /100 x = p(x, X)dz,
that is
_ m > s—1 LX) > —s —
Lo (s,x) = AT (5) (/1 ¥ (, x)de + d /1 x Mm,x)dx), (2.34)
where now 1 (x, x) is the theta function
Yl x) =) la)e

a€Zli)

For x > 1 we know that

W)l = |3 xla)e

_ ('m2+n2)7rac
< g e Id|

m,ne’
m,n not both 0

= =(in);

where w(z) is as in (2.1). We hence know from (2.2) that

st = =)=+ (- () ()

We now use Lemma 2.5.2 to get

el = 4 () )
< max (1, ’;l—f) eIl (2.35)

In the circle given by |s — 2| = 2 we have that I'(s) is non-zero, and hence
1
— =0(1).
e (1)

Further in that region we get
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By Theorem 2.5.7 we also know that |7(x)| = |d|. Using all of these estimations
in (2.34), we get that in the above region

/100 ¥ (x, x)dz + % /100 x %Y (z, X)dx

< |77 (|d)? + |d)?) < |d]?.

_1
| Lo (s, x)| < |d|™2

We first note that if y;, x2 are both real primitive (and hence nonprincipal)
characters to the distinct moduli dy, dy respectively, then x; x> is a character to the
modulus d;dy, which is nonprincipal. The former is a standard fact from character
theory and the latter follows from the fact that if it were principal, then, since y;
and o are real, it would mean that y; and y, would agree on values coprime to
dyds, which would in turn mean that they both induce the same character to the
modulus dydy. This is impossible since the conductor of a character is a well-defined
property.

We now define

F(s) = Cap(s) Lo (5, X1) Lam (s, x2) Lo (s, x1x2)

and note that since all characters involved are non-principal, F(s) is regular ev-

erywhere except for a simple pole at s = 1, where the residue is

A = Lo (1, x1) Lop (1, x2) Lop (1, X1X2)-

Lemma 2.11.2. If s is real with % < s < 1 then we have

1 EX 12(1—s)
F(s) > 5 1 s S‘dle‘

for some positive constant E.

Proof. Since all of the functions involved have Euler products, we know that F'(s)

can be written as
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whenever o > 1 with a; = 1. We further know that

log Fi(s) = log(gp(s) + log Lo (s, x1) + log Loy (s, x2) + log L (s, x1X2)

> (1 + Xl(ﬂ'k)) (1 + Xg(ﬂk))
35 () )

W)m

T k=1
Thus it follows from the general theory of Dirichlet series that, since the coefficients
in that sum are non-negative, so are the coefficients a,. We can now use de Vallée
Poussin’s argument and expand F'(s) as a Taylor series around 2. We know that

the radius of convergence of that series is 1. We get

— FM(2)(s — 2)

F(s)=)_ o .
k=0

We can calculate F (k)(Q) from the Dirichlet series and get

—1)k Qq 10 K (0%
a€Zli]

where b, > 0, and so
F(s) = ch@ — 5)k,
k=0

where ¢, = % > 0. We now remove the singularity that F'(s) has at 1 to get that

A
s—1

F(s) —

is a holomorphic function in the disc around 2 with radius of at least 2. The second

term has the Taylor expansion

A A = .
5—1:1—(2—3):ZA(2_3)’

k=0

which is valid for |s — 2| < 1. Thus in that region we have

F(s) - - f T = > (e = N2 —s)". (2.36)

By our observation above the left hand side is regular for |s—2| < 2 and uniqueness
of Laurent expansions then implies that the right side must also be valid in this

region.
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We now use Lemma 2.11.1 to get that for |s — 2| = 2 we have

L(s,x)| < |2
L(s,x2)| < |dol2
L(s, xaxe)| < |dudal2.

We also note that on that circumference (gp(s) is bounded. Thus
|F(s)] < |didal’,

and we also have

A ‘<< L (1, x1) Lo (1, x2) Lo (1, X1x2)

dyds?.
s1 5 1] < ldidy]

We can hence apply Cauchy’s inequalities for the coefficients of a power series

0 (2.36) and get

92 k
‘Ck — )\’ < |d1d2|3 (5) .
7

Suppose now = < s < 1. We have

(o]

o0 o0

Z e — A2 —98)F < Z |dyda|?

k=M
& |dydy]? Z ‘

3
3
k=M

3 M
< |dydof? (Z) < |dydolPe™ 7,

(2—3)

We apply that ¢y > 1 and ¢, > 0 and get for % s<1

Flo) = 2= = Y(a—N@-s)

k=

o

M—-1
> 1= ) A2- )" = CldidyPe™
k=0
2
N Cluk) : " _ C|dydo|e™ 5 .
— S
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We now choose M such that

1 1
5 ~3 < C|dydsPe” <3
and get
A
F(s)> = — 2 —s)M
where
1 M
—log2 — — < —— + 3log|dids| + D.
4 4
Consequently

M < 12log |dyds| + D'.

We can thus conclude that

(2 o S)M _ eMlog(Q—s) _ eMlog(l-i—l—s) < eM(l—s) < |d1d2|12(1_8).

We have hence proven that for % <s<1

1 EX
F(s)> 5 = —|d dy| 12079

for some constant E.

We now want to prove that L(o, x) < log|d| for 1 —log|d| < ¢ < 1. To do

that we have to refer to a version of the Phragmen—Lindelof principle, the proof of

which is well-known (see [PL08]) and hence omitted.

Theorem 2.11.3. (Lindeldf’s Theorem) Suppose f(o + it) is holomorphic in the

strip a < o < b and continuous on a < o < b, and suppose that |f(o + it)| is

bounded by M on the edges o = a and o = b and satisfies f = O(el17) as |t| — oo

for some constant C. Then |f(oc +1it)| < M for a < o < b.

Lemma 2.11.4. If1 — <o <1, then

log log|d]

Lajp(1, x) < log|d].
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Proof. Define

LQ[i]<S> X)
(s 26

G(s) =
and let a =—1,b=1+ @. For ¢ > 1 we know that

1
oc—1’

| Logi (o + it, X)| < Copi(0) = C(0) Lo, xa) < Y % <

n=1

where x4 is the non-trivial character (mod 4). For o = b we get

1
Low 1+ —— +it, log |d].
QH( +10g|d|+1 X)‘<< Ogl ’

To get a bound for the boundary ¢ = a, we use the functional equation. By the
above fact we have

’LQ[i](2 + it, X)| < 1.

By the functional equation we know

T . . |d|\? . L

Td] IT(=1+it) Lo (x, —1 +it)| = P IT(2 + it) Loy (2 + it, X)| -
It is well known that I'(s + 1) = sI'(s), so

[(2+4it) = (1 +it)it(—1 + it)(—1 + it),
and thus
d 3
| Lo (=1 +it, x)| < ('—J) (12 +1)2 | Loy (2 + it, )| < |d](% + 1)2.

We now return to G(s). If o = —1, we have

G(—1+it) =

Lo (=1 + it, dP3(t2 +1)2
ol ( X) d*( )z <1

(1 +it)3[d|=3C2H0 | gjo(¢2 4 1)

_ 1
and for c =1+ e We have

1 , Lopi) (1 + tograrmme X) log |d
G(1+—+1t): ! 1§|d|+t - < 4 .L < log |d|.
log || (3 + e + it) a3t (824 16)2e7
og

Hence, there exists a constant D with
|G(s)| < Dlog|d|
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on the edges a and b. We know that G is holomorphic and continuous in the strip,
thus for Theorem 2.11.3 to be applicable we still need to show that G(s) = O(ell”)
in this strip as [t| — oo. To do that we follow the same strategy we used in Lemma

2.11.1. We know from (2.34) that

s 7(X)

Lanls:) = e ( /1 () da + o /1 . (x,@dx). (2.37)

By (2.35) we also know that

d?\ _m
[Y(x,x)] < max (1’|x_|2> e ld, (2.38)

Henceifa <o <b

1 © ) . B
Lop(s,x) < m(/l z? 1|¢($7X)|dx+/l x |¢(%X)|d$)

jd|?
[(s)

<
It is a known fact that from Stirling’s formula for log I'(s) that
I(s) > o Isllogls|

Hence
2\ 4 o oy 1
Lagi (s, x) < |d]Pelslogll = |qppe® ! g((2+12)7)

in our strip. And hence, from the definition of G(s), we deduce that G(s) = O(el!)
in this strip as |[t| — co. We can therefore apply Lindel6f’s Theorem to G(s) to
deduce that

|G(o +it)| < Dlog|d|
for —-1<o <1+ m. This means that
Lag (0 +it, x) < (|t] +2)*|d| >V log ] (2.39)

for the same range. However, if we reduce the range to 1 — m <o< 1+ @,

then

Loji(0, x) < |d|7*Vlog |d| < log]d].
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Theorem 2.11.5 (Siegel’s Theorem I). For any ¢ > 0 there exists a positive

number C., such that if x is any real, non-principal character with modulus d, then
Lo (1, x) > Ccld|™".

Proof. Following Estermann we will use the inequality we have just established in

Lemma 2.11.2 to prove Siegel’s Theorem in our case.

e Suppose first that there is a character x such that Lgp(s, x) has a real zero
between 1 — i&? and 1. We choose x; to be that character and ; to be that
zero, and we get F'(f1) = 0 for any ys.

e If such a zero does not exist, then we let xy; be any real primitive character
and ; be any number between 1 — e and 1. We note that F(o) > 0
for ¢ > 1 (since the Euler products of all factors are positive) and F(s)
has a simple pole at s = 1, ie after removing the singularity (s — 1)F(s)
does not have a zero at s = 1. Thus (¢ — 1)F (o) > 0 for 1 < o and
(s —1)F(s) # 0 for 1 — 5-e < o (after removing the singularity). Thus we
must have (o — 1)F(c) > 0 for 1 — 3t < ¢ < 1, which, in turn, means that

F(o) <0forl—4e<o<l

In both cases we thus have F'(f;) < 0. We now use Lemma 2.11.2 to deduce

1 EX

> Z_ 12(1-p1)
0/F<61)> 5 1_61’d1d2’ )

which implies

EX
1—f

?

]d1d2|12(1*ﬁ1) >

EX >

N — N~

(1 _ 51)|d1d2|*12(1*51).

We now choose ys to be any real primitive character to a modulus dy such that

|da| > |d1|. By Lemma 2.11.4 we know

A<D lOg |d1‘LQ[l](1, XQ)D log ’dldgy,
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which means

A
D?log |dy|log |dyds|
5(1— Br)|dydy| 1205

Lo (1, x2) >

>
ED? log |d1| log |d1d2|
—12(1-p1)
> O€—|d2| ,
log |dy|

where C. only depends on e since this is how we chose all parameters in the
procedure. As 12(1 — ;) < 3¢, for sufficiently large |da| (which we may assume)

we get

Lo (1, x2) > Celda| ™

Lemma 2.11.6. If1 — <o <1, then

logld\
L (s, x) < log? |d].

Proof. By Cauchy’s Differentiation Formula we have

1 Lo (s + z,x)
L (s, x) = —j{@[]—dx,

271 2

and the integral is around a circle path of radius around 0. From (2.39) we

_1
log |d|
know

Lagpi (o +it, x) < (|| + 2)%d (o—1) log |d|

for -1 <o <1+ 10g|d| This means that if 1 — <o<1+ log|d| and [t| <

Idl
then

L (o +1it, x) < log|d|.

We note that the circle path above lies within this region if s = ¢ + it and for
1-—- < 1. We hence have

L [,

271 2

log \d\

| L (3, )| =

1 27 log |d|

— X log? |d|.
27 | log|d| ( 1 >2 < log”|d]
log |d]

<
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Theorem 2.11.7. (Siegel’s Theorem II) For any € > 0 there exists a positive

number C., such that if x is any real, non-principal character with modulus d, then

Loy (o, x) # 0 for
o>1-Cld|l".

Proof. We deduce this form of Siegel’s Theorem from the original form (Theo-
rem 2.11.5) and our Lemma 2.11.6. Suppose for a contradiction that there exists
such a real zero 5. We may suppose that |d| is sufficiently large in which case

lies in the range 1 — < B < 1. By the Mean Value Theorem, there exists oy

1
log |d|
with 8 < 09 < 1 such that

Lo (1, x) — Lo (B, x)  Lop(1,x)
/ ~ Lapiih X Qi\Ps X)  Laull;, X

which means
LQ[i}(LX) = (1 - ﬁ)Lf@[i](Uo7X) < C|d]™* 1Og2 |d].

Now if x is primitive then this contradicts Theorem 2.11.5 if we take the ¢ in that
theorem to be slightly smaller, such as %5, say.

If x is not primitive, then let x; be the inducing character with conductor d; | d
(in particular |d;| < |d|). We know that Lgpj(o, x) can only be zero if Lgp(o, x1)

is zero, and we also have
o>1—-Cdy|°>1—-C.|d|™".
Thus we can take C. to be the same as for the primitive characters. |
Theorem 2.11.8 (Siegel-Walfisz Theorem). Suppose that
|| < (log )™

for some positive constant N. Then for any non-principal x of conductor d we

have

1
‘w(@[l} (x7 X)| < xe_cN log?2 :C‘
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Proof. Theorem 2.10.5 tells us that if y is a nonprincipal character and
1
|d‘ < eClog? x’

then
P! S 1
@Z)(l‘, X) = _5_ + O(xe_c log* a:),
1

where (; is the exceptional real zero. Now Siegel’s Theorem II (Theorem 2.11.7)

tells us that
pr<1—Clldl™s,
and hence
et < xe*Cs|d|_510gac.

We now suppose that |d| < (logz)" and take e = 7. Then

|dI° < (log z)?,

and so
P < me_cN(logx)%.
Thus
| (2, x)| < ze”N log? =
as required. [}
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Chapter 3

The Conditional Result

3.1 Introduction

In this chapter we shall setup and use a weighted linear sieve due to Richert, based
on results by Ankeny and Onishi [AO65], to show that there are infinitely many

almost primes with 3 prime factors in the set
o ={a®+ 4 a,b€Z,2|ba’+ b =p,a®+b <z}.

We will show that the sieve is applicable to our problem, by checking all of the
conditions, and we will use the conditional results of the previous chapter to derive
this strong result, which is conditional on the Generalised Riemann Hypothesis.
Most of this chapter, however, will be devoted to getting the sieve to work with
our problem and getting the error terms in a form that is adequate for the next
chapter. In particular it will be seen that the major savings come from only
requiring rational integer moduli in the sieve and only special characters in the

error term.

3.2 The Sieve

Theorem 3.2.1. Let

o ={a®+4":a,beZ,2]ba®+b =p,a’+b <z}

and
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dyg={me o d|m}.

Then for squarefree d we have

d
H# Ay = #X + Ry,
with
X = 2Li(x),
i) = | S ipld=p=1(mod 1)
0 otherwise,
and
(0 (wemctosn?) Fd—1
i ) O(Ses, Pi) + O (w:20)) i d 1 and -
o pld=p=1(mod4); :
( 0 otherwise,
where

Py = <x11< + K2”(d):2—;) log z.

for a fized integer K > 2. Ey(x;2d) is given by (3.7), (3.9) and (3.10). Finally,
Sy is a set of residue classes B (mod 2d), to be defined in the proof.

Proof. Let d € N be odd. We want to check which residue classes (mod d) exist
in .«7;. First suppose ¢ is a rational prime. Let o = a +ib and let ¢ | a® + 4b%, then
a’ = —(20)? (mod q). If ¢ = 1 (mod 4), we know that (‘71) = 1 and so there does
exist an x € (Z/qZ) such that a = £2xb(mod ¢). Hence for each b € (Z/qZ) there
are two possible a. Thus for each integer prime ¢ = 1 (mod 4) there are 2(¢ — 1)
residue classes o (mod ¢) for which ¢ | a® 4 4b*. Obviously if ¢ = —1 (mod 4), then
there are no such residue classes a. Also we note that ¢ = 2 (mod 4) is impossible

since we require b to be even and a? + b? is prime, so a is odd, and thus a? + 4b*
is odd.
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Now suppose d is squarefree and d = ¢1¢2q3 . . . ¢, then we can apply the Chinese

Remainder Theorem to the following set of equations:

a> = —(2b)% (mod q);
a®> = —(20)* (mod g);
a®> = —(2b)* (mod ¢,);

to get the number of solutions to
a® = —(2b)* (mod d).
As we know, there will be

201 = 1)2(g2 — 1) ... 2(gn — 1) = 2"0(d) = 2"Vg(d)

residue classes a = a + ib(mod d) if d is such that d | a® + 4b% if all ¢; = 1 (mod 4)
and 0 otherwise.

We now note that if o is an admissible residue class, then —« is an admissible
residue class. Generally @ and —a will be distinct (mod d), unless d | 2« so that
d | 2, and since d is odd, that means d = 1. We hence assume for now that d # 1
and will deal with the case d = 1 later. Hence suppose d # 1 and d is squarefree
and such that p | d = p = 1(mod 4). Then if we count only one residue class from
each admissible pair {a, —a}, we have 2"(Y~1¢(d) possible residue classes in the
set S1, say, of permissible residue classes. However, our aim is to find the possible
residue classes of the primes used in @7 and this has the further condition 2 | b.
To count the numbers of residue classes of elements of 27; we hence need to look at
the congruence classes (mod 2d) now. The possible congruence classes § (mod 2d)
with = a (mod d) for « € Sy are a, a +d, o +id and a + d +id. As d is odd,
of these only 2 can have even imaginary part and of those only one will have odd
real part. If both real and imaginary part were even then the norm could not be
prime, as it would be divisible by 4. We hence know that for each o € S} there is
exactly one 3, such that 5 = o (mod d) and § has even imaginary part and odd
real part. Let S5, say, be the set formed by such . We have hence shown that
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there is a bijective correspondence between the elments o € S; and the elements
B € S,. Thus both sets have exactly 2"(Y~1¢(d) elements. We also note that if
£ € S5, then none of the associates —f, i, —if are in S,.

We now define 7(x; 2d, 3) to be the number of associate classes of primes which
are congruent to § (mod 2d). Let m be a Gaussian prime coprime to 2 such that
m = fa (mod d) for a« € Sy and 2 | Im(7). Since 2 1 7, we have that Re(r) is odd.
By the analysis above it means that there is a corresponding 8 € S5 such that
7 = B (mod 2d). However for k € {1,2,3} we have i*r # 3 for any 8’ € Sy. As
such there is a bijective correspondence between the pairs of primes +7 = a + ib
with a? 4 4b* € @, and the classes of associates {r,im, —m, —ir} for which exactly
one member is congruent to 5 € Ss.

Hence we have for

22%(3:;2(1,5) for d # 1 such that p | d = p =1 (mod 4);
#'Q{d - ,BESQ
0 otherwise, if d # 1.

We know that

o B ~  Agp(B) ~  logN(r)
Mwda= 3 ieN@ T 2 TN

ﬁﬁGZ([i}\‘Ei()}d) e
=a (mo m prime
N(B)<z 7*=a (mod d)

N(7*)<a

For the second sum we know

~ logN(m) ~ 1
Z log N(7k) k Z !

k>2 2<k<log,y k=2
7 prime 7 prime
m*=a (mod d) mf=a (mod d)
N(r*)<a N(rk)<a
< logx E L. (3.2)
k>2
7 prime
7*=a (mod d)
N(ﬂ'k)<$

We need to estimate the last sum.

Lemma 3.2.2. Let K > 2 be fived. Then

1
~ €xrz
k>2
T prime
mF=a (mod d)
N(7*)<z
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Proof. We have

ZN 1 = }{W:ﬂkza(modd),N(ﬂk)éx,k}Q}‘.

k>2
T prime
mk=a (mod d)
N(7F)<x

First suppose k£ > K, then

{7 : 7" = a(mod d),N(7") < z}| < |{m:N(z") <z}
- ]{«N(ﬂgﬁ}‘«ﬁ. (3.3)

Now let 2 < k < K, then
[{m: 7" = a(mod d),N <z}

:Z Z {7 : 7 = B (mod d), N(7") < z}|.

k=2 B (mod d)
BF=a (mod d)

Estimating the number of possible 7 trivially gives

[{m : 7" = a(mod d),N <zl < Z Z <$:+1) :

k=2 3 (mod d)
B*=a (mod d)

Modulo each Gaussian prime 7 | d there are k residue classes (3, say, such that
B* = a(mod 7). There are at most 2v(d) primes dividing d, and so by the Chinese
Remainder Theorem there are at most k(%) residue classes 8 with ¥ = o/ (mod d).

Thus

K 1 2
fr it = almod N <0l < 3RO (7 : 1)
k=2
K x%
<x K¥OY° <ﬁ + 1)
k=2

1
<x K*@ (I— + 1> . (3.4)

The combination of (3.3) and (3.4) yields the required result. |
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Using this Lemma in (3.2) gives

1

~  logN(r) 1 o) [ 22 ,
Z W < <I‘K + K ﬁ—i_l logx =: Pk (3.5)

k=2
T prime
m*=a (mod d)
N(mk)<a
Consequently
~  Agy
flasda)= Aquld) | (Py). (3.6)
—~ . logN(3)
BEL[\{0}
B=a (mod d)
N(B)<z

In order to apply partial summation to the main term, we can express it as

> e f(n)F(n) with

f(n) = ZN Aqp (B);

BeZ[i\{0}
B=a (mod d)
N(B)=n

Partial summation then gives

~ Agy(B) ¢ B . ,
5 ZZ log N(B) Zf (n)F(n) = S(@)F(z) - /1 S(t)F'(t)dt,
ezfij\{0} =1
B=a (mod d)
N(B)<z

where

Sty =3 "fm)= > Agu(B) = gyt d.a).

n—1 BEZ\{0}
B=a (mod d)
N(B)<t

Hence we have

ZN Mg (B) o (z;d, ) . oy (t; d’a)dt
log N(5) log x 2 tlog?t '

BeZ[\{0}
B=ca (mod d)
N(B)<z

We shall define

Blaid, ) = vo(sid, ) = 3 (3.7)
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Then

$ Agy(B) E(:v;d,a)Jr/x Etd o)

2
s} log N(53) log x tlog”t

B=a (mod d)
Hd T /:v
+ + dt 3.8
d(d) (logm 9 log t ) (38)
For the last term we have

N(B)<z
Tt Tt
° 4 / —dt = — 4+ / —dt
log x o log”t log o log”t

x 2 x 1 2
— ——dt = Li
log + log2 logx +/2 logt i(z) +

log2’
Thus using (3.8) in (3.6) gives
_ Hy . E(z;d, a) /x E(t;d, a)
pd, o) = L _— —————=dt + O(Pg).
7(x;d, o) () i(x) + log « + L tlog’t + O(Pxk)
If we write
= B(x;d.p) (3.9)
BES2
then for d # 1 with p | d = p = 1 (mod 4) we have
#dy = 2 F(w;2d, )
BES2
Ey(x;2d T Ey(t; 2d
=23 ( )+ O(PK)) 2—°1<x’ ) +/ Eolt 2d) - at
et ogx o tlog®t
We further define
E(;d) == max | Ey(y; d)] (3.10)

and can then deduce

dzzz(

BES2

) + O(PK)) + O (Ey(z;2d)) .

We now also notice that ®(d) = ¢*(d) if d only has prime factors p = 1 (mod 4)

and ®(2) = 2. Proofs of this can be found in [Cro83]. It follows that

Holy =2 w(x;2d,8) =) <¢2‘éd) Li(x) + O(PK)) + O(Ey(x; 2d)).

BES2 BESs
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So if we take for d # 1

w(d) = 2o ifp|d=p=1(mod 4);
0 otherwise,
and
X = 2Li(z),
then
ALi(z) ALI(2) ey, o ALi(7)  w(d)
i) _ g A _ e 1i2) _ ld)
BES: (d) ®(d) d(d) d
Consequently, for d # 1 we have
w(d)
#ody = =X +0( Y P |+ O(E(x:2d)).
BES

If, however, d = 1 then /; = &/, which contains as many elements as there are
Gaussian primes with an even imaginary part whose norm is a rational prime. We
know that for any real prime p = 1 (mod 4) there are 2 conjugate non-associate
Gaussian primes and vice-versa, 8 primes if we do count associates. Exactly half
of those will have an even imaginary part, so for each ordinary prime there are 4
Gaussian primes which produce elements in /. By the Prime Number Theorem

for real primes there are

Li(x) _c ! Li(z) _ !
O(ge Clogm)2y — 2 4 (O (geCllos)?
rational primes such that p = 1 (mod 4). So in fact

1 d 1
5271 — 2L1<LIZ’) + O(xefC(logxﬁ) _ #X + O(xefC(logxﬂ )

Combining these results, we have for all d

d
hofy = #de,

where
(

1
O xe_c(logz)z) if d=1;

O (Zses, Pc) + O(Ex(2:2d)) if d # 1 and

Ha = pld=p=1(mod 4);

0 otherwise,
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This sets up our sieve. In particular this gives w(p) = % for all primes
p = 1 (mod 4) and w(p) = 0 otherwise. So intuitively w(p) is about 2 for every
second prime and 0 for all the others, so on average it is about 1. Thus we are
expecting the sieve weight x to be 1, and hence that we will use a linear sieve. In
fact, we will apply a linear weighted sieve to get a lower bound for the number of

almost primes in 7.

3.3 Weighted Linear Sieve

We will use the weighted sieve developed by Richert (see [HR74]) based on weight-
ing results by Kuhn, which were extended by Ankeny and Onishi in [AO65]. We
will use the sieve as stated in [HR74, p. 253]. We define the numbers

log 4
(1+37)log3
Theorem 3.3.1. Let &/ and <7y be as defined above, and assume the following

A =r+1-—

conditions hold:

(1)

o< 4L
D A
(2) If 2 < v < w, then
—Bloglog3X < Z Mlogp—logggB.
v<p<w v

(3) If 2 < z <y, then

X log X
Z\Apzy<0< Zg —i—y).

2<p<y

(4) If X > 2, then there exists 0 < a < 1 such that

X
> ()3 Ry < BE—5—.
et log” X
STos )P
(d.B)=1

Then if
(a) We have (a,B) =1 for all a € o;
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3.4. APPLICATION OF THE SIEVE The Conditional Result

b) There is § € R such that 0 < § < 2 and r > 2 is so large that
3

|CL| < Xa(AT—é)

for all a € o7 ;

we have

) l—w(p)/p X
: > — > .
{P.: P e o} o | | T=1/p logX for X > X,

Thus there are > gi almost primes P, with at most r prime factors in the set

log X
o .

Note that 9B is the complement of B (the set of primes we are sifting by) in
the set of all primes. But as we want to sift by all integer primes p = 1 (mod 4),
B consists of all p = 2, —1(mod 4). We have shown above that if such p divides d,
then R; = 0 and hence the condition (d,) = 1 is actually redundant.

3.4 Application of the Sieve

We will now apply this theorem to the sieve as set up in Theorem 3.2.1. Our aim
is to prove the main Theorem 1.2.1. We need to check all of the conditions of
Theorem 3.3.1, of which the error term estimation (4) will be the most important

one and will determine the number of prime factors of a® + 4b%.

w\p
O\ \].

Proof. 1f p # 1 (mod 4) then w(p) = 0, otherwise w(p) = z%' Hence for p > 5

we have
o) _ 2 2 1
P p—1 "4 2
We can hence take A = 2, say. |
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3.4. APPLICATION OF THE SIEVE The Conditional Result

(2) If 2 < v < w, then

—Bloglog3X < Z w(p) logp—logE < B.
v

v<p<w

In fact, in our case we will show that

Proof. Note that

5 . Zw;p)logp: 3 2logp

v<p<w v<p<w p—= 1
p=1 (mod 4)
lo lo
=2 2 §p+2 2 p(pg—pl)'
v<p<w v<p<w
p=1 (mod 4) p=1 (mod 4)

Note that the second sum converges by comparison with Zn ——. We will now

use two results which are proved in [Dav80, pp.57-58]. The first is

1
Z in = logz+ O(1).

p<x

and the second is

A
n
n<x
Choosing y to be the non-trivial character (mod 4) and adding the two ex-
pressions above, we get

1 M1
2 Z log(p) ZX ng = logz + O(1).

p<z ph<x
p=1 (mod 4) k>2

Clearly the second sum above converges absolutely by comparison with the
sum »_, ——, again. Thus

2 Z log(p) = logz + O(1).

p

p<x
p=1 (mod 4)
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Hence

log p log p log p
2 ) =2 ) -2 )
v<p<w p p<w p p<v p
p=1 (mod 4) p=1 (mod 4) p=1 (mod 4)

= logw —logv + O(1) = log % + O(1).

That deals with the first sum component of S, and the second sum clearly

converges. Thus
S = logE + O(1),
v

and hence
—B < S —log w <B
v

for some constant B, as required. [ |

If 2 < 2z <y, then

S ol < (XlogX y).

Z<p<y

Proof. This condition is slightly out of line, as until now we have only con-
sidered squarefree d (and thus our estimates so far are not applicable) and in
fact we will only need squarefree d after this. Luckily we do not need a strong

estimate here, in fact a very weak one turns out to be sufficient.

Let r(n) be the number of ways an integer n can be written as a sum of two

squares. We first prove a helpful lemma.

Lemma 3.4.1.
r(pzm) < 3r(m).

Proof. We know that there are r(m) different Gaussian integers «;, such that
N(a;) = m. Now suppose that (3 is a Gaussian integer, such that N(3) = p?m.
Let the unique prime factorisation be f = mmy...m, (up to units and order
with multiplicities), where each 7; is a Gaussian prime. Taking norms on both
sides gives

N(B) = N(m)N(mz) ... N(mn) = pi'p3* - Py
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where each e; is either 1 or 2 (depending on whether p; splits or not). From
the unique factorisation of ordinary integers, we can deduce that if p splits,
then p; = p and p; = p for some ¢ # j, and if p is inert or is ramified then

p; = p for some 7. In any case it means that
f=wa,

such that N(w) = p* and N(a) = m. By the above hypothesis, this means that
a = «; for some i. There are at most 3 different possible @ (up to units), as
there are at most 3 different Gaussian integers of norm p?: If p does not split
in Z[i], there is just one, if p = mme does split then there are 3 possibilities
wy = MM, Wy = Ty = p and w3z = momy. This now means that for each 5 of
norm p?m, there exists a w@; and an «; such that 8 = uw;a; for some unit u.
Hence for each representation of m as a sum of two squares, there are at most
3 representations of p?m as a sum of two squares, which yields the required

result. [ |

We now continue with the original proof and apply Lemma 3.4.1. It is clear

that

2] <Y r(m) =) r(p*n) <3) r(n).

m<x n=1 n=1
p?|m

We will use a very crude estimate to Gauss’ Circle Problem. Clearly the sum

on the right is the number of integer lattice points within a circle of radius

xT

[5} We will estimate that by the number of lattice points in the square of

2
side length H +1, which is ([;-f] v 1) . So

2 2
|%2|<3(M+1) <6<{£} +1> <6+
p P p
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Figure 3.1: Gauss’ Circle Problem

Thus for 2 < z < y we get

=< X (005)

Z2<p<y Z2<p<y

N\ /AN

< g

+ +

SN
M 5 s
3| —

/N

D

<

+

=

8
A\
Lo

|

/N
D
<
+
[=p}
8
—~
I\
|
Nt
|
<
L
~—

N
N
NS

+

N
<
+

|

Also note that X = 2Li(z) and we know that

_ x
Li(z) ~ gz’
and hence
, x
Li(z) = O <logm) :
Also
x :
logz =0 (10g (logx>> = O (log (Li(2))) , (3.11)
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and so
z = O (Li(z)logz) = O (Li(z) log (Li(z))) = O(X log X). (3.12)

It follows that

as required. [}

(4) If X > 2 then we need to find an « such that

X
> A3 R < B g
= og” X
I< loe x)D

(d,g):l
This condition is the most important one and the rest of the thesis will be
dedicated to finding an admissible «, which will determine the number of

prime factors of a? + 4b* in the main theorem.

3.5 Error Term Estimation

Initially we shall only be concerned with d > 1. We recall that we only have non-
zero error terms if d has only prime factors that are equal to 1 (mod 4). We also
note that the sum we need to estimate only counts squarefree values of d. We shall
hence introduce a new notation Z# which shall mean that the sum ranges only

over squarefree values of the index.

Lemma 3.5.1. For any fized integer n and any (Q > 1 we have

v(k)
Z# <%> <, (log@Q+ 1)™.
k<Q

Proof. Note that n”(9 is exactly the number of factorisations dids . . .d,, of d such
that (di,ds,...,d,) = 1 because as the sum ranges only over squarefree d, each

prime factor occurs once and each prime factor can be part of exactly one d;. There
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3.5. ERROR TERM ESTIMATION The Conditional Result

are v(d) prime factors, each of which can be part of exactly one of the n divisors d;,

giving n*(? combinations. Thus

# (nrk) 1
2 (¢<k>) 2 e o)

k<Q

d<Q
[ |
Note by (2.31) that for relevant d # 1 we have
4 (0)
Yop (37; 2d, Oé) = o Y(a)w i ($>X)~
Qli] @(261) ; Q[i]
We now define
Yo (T, X) if x # Xo;
! _
Q/JQM (]3, X) o { me (127 X) — _é?gd) if X = Xo-
Then
B(;24,8) = —— 3" 2(8) (2 0)
T 9 2a) & AT
Now consider
0 4 _
> E(x;2d,8) = ) 2d) > X (B (, X) (3.13)
BESs BESa X2d
4 (0) _
= CI>—2d) Z X(ﬂ)iﬂ@m (z,x)
X2d BES2
Lemma 3.5.2.
Z X(B)| < 20g(d) if x @iz
0 otherwise.

BeS2

so the sum is zero, unless x is principal on the rational integers.

Proof. From the beginning of the proof of Theorem 3.2.1 where we construct the
set Sy, it is clear that if « € S then £na € S; for every n € (Z/dZ)*. Thus we
can deduce that if § € Sy, then +nf € Sy for all n € (Z/2dZ)*, as it will not

change the parities of the real and imaginary parts. Hence

> x( Z S xnB),

BES2 ,3653 n€(Z/2d7)*
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where S3 consists of coset representations of Sy over (Z/2dZ)*. We hence get

2y x(B) = >, > x(nh

BES) BESs ne(Z,/2d7)x
= > D xmxB)=>_x(8) Y. x(n). (3.14)
BE€Ss ne(z,/2dZ)x BESs n€z)2dz.

As there are 2"(D71¢(d) elements in S, and there are 2¢(2d) = 1¢(d) elements in
((Z/2dZ)*) /{£1}, so we have 2/(9) elements in Ss. Since the restriction of y to

7,/2dZ is also a character, we know that

od) x|, =1
> xn) =
neZ/2dZ ;
€ 0 if x 2 # 1.
And thus
1 1
RCIEE]) WEIDIRCIES D IRte
BES: BESs nEZ/2d7. BeSs  |nez/2dZ
v(d)—1 ; —1-
{ 2 ¢(d) le (2)2d7)% -
0 if x 2y #+1
[ |
Applying this lemma to (3.13) gives
2V p(d) (0)
Y E(x:2d,8) < To02d) > (0] -
BES X2d
X (z/2dz) % -
However for the relevant d this can be simplified to
2v(d) (0
ZE(az;2d,ﬁ) < o(d) Z |¢</@[i](37aX>‘~ (3.15)
BES2 X2d
X (@)2d7)%

We now note that if x is induced by a primitive character y;, then

W@m (Y, x1) — W@[i} (v, x) = Z Xl(ﬂ'k) log N().
N(m*)<y
w|d
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It is clear that N(7*) = N(7)*, and hence there are at most —2L- integers k such

og N(m)
that N(7*) < y. Thus

Yo (W x1) — Yo (1, x) < Zl )logN() <logy > logN(r)

w|d
< 10g( ) log(N(d)) < log(yd)*,
and we hence get
2v(d) 2V (0)
2 o o) 2
X\ zjamyx =

where Y is the primitive character inducing Y.

We define
R, := Ei(x;2d) = max Z E(y; 2d 5)‘
vse BES2
R:i/ = Z PK7
BES2

so that by (3.1), if d # 1 and d is such that it only has prime factors which are
congruent to 1 (mod 4) then

Ry= R, + Rl

We apply (3.16) to get

dz2v(d) 2v(d) (0)
R, < Wlog(ycd)2 + o(d) Z maX|wQ[l] Y, X1)’ (3.17)
X2d
X@sazyx =

We now recall the condition (4) of Theorem 3.3.1 which says that we need to show
that for X > 2 there exists 0 < a < 1 with

X
> 1P(d)3 Ry < E—5—.
= log® X
(log X)P
We define

R = Y p*(d)3" Ry (3.18)
d<Q

80
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and
R = ) 2(d)3"? Ry (3.19)
1<d<Q
and finally
R' = > p( RY|. (3.20)
1<d<@
This gives

R < |R|+ R + R".
We will first estimate R” and then R'.
Lemma 3.5.3. If Q) < z, we have
R’ <« (x%Cf + x%> (log )K"+,

Proof. Recall

Z <x11< + K@ (2—; + 1)) log =
BES2
# 174 14 14 1
< 373 @ |9 () (w 4 K@ (d2 + 1)) log x
1<d<@Q

# 1 V l’%
Z 6u(d)¢(d) (fEK + K@) <ﬁ + 1)) log z

1<d<@Q
# u(d) N # u(d) 2u(d)x%
= log:cz 6"V o(d)x® —1—10ng 6"V o(d) K 7
1<d<Q 1<d<Q
#
+logz Y " 6" D(d) K>
1<d<@
= Sl+52—|—53.

We will estimate S1,S; and S3 individually. For S; we have that

Q* _ Q
o) <4< < (3.21)

since d < ). Thus
# 67(4)

¢(d)’

St < xKQ log:pz

1<d<@Q

81



3.5. ERROR TERM ESTIMATION The Conditional Result

We now apply Lemma 3.5.1 to get
S, < 2% Q?log r(log Q)°.

For S5 we have

# (6K2)1/(d)

Sy < x2log Z < 72 log z(log Q).

1<d<@Q

And finally for S5 we have

Sy < logz Z# 6" Dp(d) K>,

1<d<@
By (3.21) we, again, get
# (6K?)V@ >
S5 < Q*log x Z % < Q?log z(log Q)K"

1<d<@Q

Combining the results for Sy, Sy and S3 gives

R' < axQlogx(log Q)" + 22 logx(log Q)" + Qlog z(log Q)™
< 2%Q*logz(log Q)% + 2 log x(log Q)°K”.

The result now follows provided @) < . |
We now turn to R'.
Lemma 3.5.4. For Q < /z, we have
R < (log )"V (Ro)?.

where

Proof. We note

2 v(d)
R = > (’”L\/gxﬁ(d)r"(d)ﬂu%;\). (3.22)

1<d<@

We now state a well-known inequality, that we will not prove here.
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Lemma 3.5.5 (Cauchy—Schwarz Inequality).

2

We apply Cauchy-Schwarz to get

(Z & 36“0) (Z/f( 4R, |> (329

1<d<@ d<Q

The first factor can be estimated by Lemma 3.5.1 as

3y 1(d)36"0 36” < (log Q). (3.24)

1<d<@Q

For the second factor, one of the |R)| can be estimated trivially by using (3.1) and

the fact that there are 2"(9~1¢(d) residue classes in the sum to get
4y
/
R, < Z (maX Yo (y; 2d, ) — CID—Zd)D

BES2

< 27Dg(q) ((2—‘/(; + 1> logz + ﬁ)

It is a well known theorem (see [HW79, p.267]) that

log1
lim g 21081087 _
n—o00 n

and we hence deduce that

1 log log d
< .
o(d) d
For relevant d we thus know that
1 1 (log log d)?

(3.25)

2d) 202 ST @

Consequently the trivial estimation gives

R, < 2"@ 3 log z.

We use this together with (3.24) in (3.23) to get

R < (logQ)®\/zlogx ( Z ,u2(d)2_”(d)|R;|> :

1<d<@Q
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Thus if Q </« we have

1

R’<<<1ogm>1%(2u2<> R, |> = (log2)"* v/ (Ro)?,

1<d<@Q

where

= > X Ry.

1<d<@Q

(3.26)

From now on, our main task will be to estimate Ry. Since d < @), it follows

from (3.17) that

Ry < ¥ o )log(:vd)

1<d<Q
Z o(d) d Z maxWQ[l] Y xa)ls
1<d<Q X2d
X\ zj2azyx ~

Xo

where we need to find the maximal o such that Q = Toa X)0

(3.27)

T
. By Z we mean

that the sum is only over the relevant d (squarefree and having only prime factors

congruent to 1 (mod d)). We will deal with each of the two terms separately.

As d < @, it follows that

——log(zd)? < Qlog(zQ)?
1<zd<:Q o(d) 1<Zd;cg ¢(d)
< Qlog(zQ)
1@Z<Q (fb( )

Applying Lemma 3.5.1 we get

Z —log (zd)* < Qlog(zQ)?,

1<d<Q

and so

Ry < Qlog(zQ)’ + Z ¢(d> Z(O) 1?1113;(‘1%[1}(31,)(1)‘-

1<d<@ X2d

X (z)2dz)%
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Lemma 3.5.6. If x is a non-principal Gaussian character to a rational prime

modulus p such that

X =1,

(z/pZ)*

then x is primitive (with conductor p).

Proof. For a contradiction, suppose that y is induced by x, with = | p. Sup-
pose m = ai + b with a # 0. Then

Xﬂ(n) =1
for any n € Z/pZ*. Since x is non-principal, there exists a non-rational
a=ci+de (Z[i]/nZ]i])*

such that ¢ # 0 (mod ) and
Xr(a) # 1.

Now consider = aaw — e = ad — be. Suppose 7 | 5. Then since 7 1 a, we must
have that m | «, which is a contradiction, to the assumption o € (Zl[i|/7Z]i])*.

Thus 7 1 § meaning that pt 5 and § € (Z/pZ)*. Consequently

Xx () = 1.
However, 8 = aa (mod 7) and also p{ a. Thus
1= xx(8) = Xr(aa) = Xz(a)xx(@) = x=(a) # 1,
which is the required contradiction. [ |

Lemma 3.5.7. If x is a non-principal Gaussian character modulo a squarefree
rational integer d, such that
X =1

(Z.)dZ) %

Then the conductor of x is also a rational integer.
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Proof. We will prove this by induction on the number of (real) prime factors of
d. The base case is then if d is prime, which is hence dealt with by Lemma 3.5.6.
We now suppose that the Lemma is true for all numbers with fewer prime factors
than d. Now suppose that d = uwv, where u and v are rational integers. Then
(u,v) = 1, since d is squarefree. As 7 is a Euclidean Domain, we can choose
numbers u,v € Z such that uu+ vv = 1. We now construct two characters y, and

Xv With moduli u,v respectively by defining
Xu(@) == x(avv + un);
Xo(@) := x(v0 + aun).

We need to show that these in fact are well-defined characters. Without loss of
generality it is enough to do this for x,. For that we need to show that it is a well-
defined multiplicative function on Z[i]/uZli], satisfying y.(«) = 0 for (a,u) # 1
and y,(«) # 0 for (a,u) = 1.

(i) Clearly if @ = § (mod w) then
Xu(@) = x (vt +utt) = x((B + yu)v + v) = x(Bvo + vdv + un),
but y is a character modulo d, hence
Xu(r) = X (Bv0 + utr) = xu(B).
(i)

Xu(@)Xu(B) = Xx((avV + wu)(Bvv + un))

(
= x(apv*v* + Buvuv + cuvtn + u*u?)
= x(apv*®® + Bduv + aduv + u*u?)

= x(apv®v® + u’u?).
We know vv = —uw + 1. Thus

V20? = —utvT + vT = —duv + v0 = vo (mod d),
and symmetrically we get u*u? = v (mod d). Hence

Xu(@)Xu(B) = x(afvT +utt) = xu(af).
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(iii) Suppose (a,u) =  # 1 then 8 | avv + vu and § | uv = d. Then we have
that (d, avv + wu) # 1 and hence

Xu(a) = 0.

(iv) Suppose (a,u) =1 and y,(«) = 0. Let § = (d, avv + uu) # 1, whence there
exists a Gaussian prime 7 such that 7 | 5. As d = uv we have 7 | u or 7 | v.
Suppose 7 | u, then since 7 | avt + vt = a(—vu + 1) + vu we have 7 | «,
which is a contradiction to («,u) = 1. Suppose on the other hand that 7 | v,
then 7 | avv 4+ ut = avv — vo + 1, whence 7 | 1, which is impossible. Hence

we have x,(a) # 0.
We have hence shown that y, and y, are Gaussian characters. We also note that

Xu = 1

(Z/uZ)*

Xv = 1a

(Z/vZ) >

because if a is a rational integer, then avt + wu is also a rational integer (as

a,u,u,v,v € Z). Furthermore,

Xu(a)xo(a) = x(vt + uu)x (v + aquu)
= x(a*?* + au’u?)
= x(a).

Consequently,

X = XuXv-

X« and Yy, cannot both be principal, since otherwise y would be principal as well.

We can apply the inductive hypothesis to the non-principal characters and get that

X = Xuy Xvg Xu0 X005

where x.,, Xy, are primitive with rational integer moduli u; | v and vy | v. Also
Xuo and X0 are principal with moduli w,v. (Note that if x, or x, is principal, the
corresponding Y., or Y., would not exist). From the theory of Dirichlet characters
[Dav80] we know that x.oxw0 = Xo Where xo is the principal character modulo d.
We also know that x,,x», = X1 is a primitive character with conductor w,v; € Z.

Thus x = x1x0, and so y has an integer conductor. |
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By Lemma 3.5.7, all the primitive characters y; in (3.16) have integer conduc-

tors which are divisors of 2d and hence the estimate can be rewritten as

Ry < Qlog(zQ)?

Pt 0
1<d<2Qk<§ vy

X @sazyx =

where by Zi we mean that the sum is over all squarefree d such that if p | d then
p # 3 (mod 4). Note that from now on d can be even, but it still is squarefree and
it still cannot have any prime factors = 3 (mod 4). Applying the well-known fact
that ¢(kd) = ¢(k)¢o(d) to Ry gives

Ry < Qlog(zQ)?
* Zi LZI (L) Z(O)* max [ (v, X)| . (3.30)
¢(d) o(k) nax |V (Y-

1<d<2Q kg% Xd

X @/dz)

We apply Lemma 3.5.1 to the sum over £ to get

Lemma 3.5.8.

P 0 ,
Ry < Qlog(zQ)’ +1logQ Z o) Z m§§|¢Q{i](an)‘~
1<d<2Q Xd Us

X (z.)dz) %

If we now use our Theorems 2.10.6 and 2.10.7, which assume the Generalised

Riemann Hypothesis, then we get for y # xo and N(d) < x that
| (1, X)| < v log?y,
and also
Ygpi (2, x0) =2+ O (wé(log 56)2) -

Thus we immediately get

N|=

Ro < Qlog(xQ)’ +105@ 3 1o 3 [a (loga)?

X
1<d<2Q d)(d) Xd

X @jamyx =
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Lemma 3.5.9. If d has no prime factor p = 3 (mod 4) then there are at most
2¢(d) characters x on Z[i]/dZ[i] with

(z/dz)*

Proof. Characters on Z[i]/dZ[i] that are principal on Z/dZ can be viewed as char-
acters on (Z[i|/dZ[i])* /(Z/dZ)*, which is a group of order % < 2¢(d), and so
there are at most 2¢(d) of them. [ |

Note that we have a further restriction x(i) = 1 in this sum, but since we are

not interested in constant multiples anymore, this is irrelevant. Thus

Ry < Qlog(zQ)® + (log Q)x% log? zQQ ZT ﬁ’
1<d<@

and by Lemma 3.5.1 we have
Ry < Qlog(zQ)* + (log Q)*(log x)Qx%Q.
Hence for Q) = 27 with 0 < v < % we have
Ry < z2"(logz)*.
By (3.26) this means
R < (logz)"v/z(Ry)? < x13 (log z)*".
Since 2 + 2 < 1 and by (3.11) and (3.12) we get
R < Xit3(log X)?.
We recall that by Lemma 3.5.3 that
R <« (x%QQ +a:%> (log z)PK"+1
< (5(:%“7 + IL‘%> (log )5+,
Ifvy> }1, then

R' < :(;%er(log x>6K2+1 < X%+2'y(logX)6K2+2_
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3.5. ERROR TERM ESTIMATION The Conditional Result

Combining R’ and R” we get

R = ) ()3 Ry < Ry + R + R’
d<Q

< + X313 (log X)'0 + X %27 (log X 0K 2,

log? X

Thus for any v < %, we can pick K = [ﬁ] + 1 to get

SR @R <

g
= (log X)

Now, A3 =4 — M?ﬁ% ~ 2.78. Thus taking any « in the range 2% <a< %

would satisfy the conditions of Theorem 3.3.1, which means that there are > ﬁ

P3 almost primes in /. This completes the proof of

Theorem 3.5.10 (Main Result 1). Assuming the Generalised Riemann Hypothe-
sis, there are infinitely many primes of the form a* + b* such that a® + 40* has at

most 3 prime factors.

It is of course our aim to avoid the Riemann Hypothesis, and the next Chapter

will be dedicated to that by proving a Bombieri-Vinogradov type theorem.
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Chapter 4

The Unconditional Result

4.1 Introduction

The previous result, whilst interesting in its own right, is conditional on the Rie-
mann Hypothesis, an assumption which we would like to avoid. We will hence try
to establish an unconditional result in this chapter. The initial setup is almost the
same. In fact all of the conditions in Theorem 3.3.1 are unchanged apart from the
very last one which estimates the error terms.

Thus the purpose of this final chapter is to establish condition (4), so if X > 2,
then there exists 0 < a < 1 such that

X

— . 4.1
log? X (41)

> 1A(d)3" Ry < E
XCX
(log X)P

Previous work on this is not sufficient for our purpose. The existing versions of the
Bombieri-Vinogradov result for arbitrary number fields (eg [Wil69], [Hux71] for
sums over ideals or [Hin88| for sums over prime elements) count all moduli d € Z[i]
whereas we want to only count rational integer moduli. Furthermore our theorem

will take the form

d? * T
i 9 <
KZQ (d) ; max [Yor (v, )| <€ (e

X (z.)dz) %

whereas standard results and in particular the general result from [Hux71] require

the factor % instead of the larger % in the sum. We are also able to get some
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4.2. THE LARGE SIEVE The Unconditional Result

saving by using the fact that we are only interested in some of the characters
(mod d).

To estimate this sum unconditionally, we will derive a version of the Bombieri—
Vinogradov Theorem for the Gaussian field. Since Ry is zero if d has a prime factor
not congruent to 1 (mod 4), we shall only be concerned with squarefree d that have

only prime factors that are 1 (mod 4), and we will call these the ‘relevant’ d.

4.2 The Large Sieve

In order to prove a suitable version of the Large Sieve for our application, we are
going to generalise a result of Heath-Brown that is proven in [HB01, pp.79]. In fact,
we are only going to prove it for 2 dimensions (instead of 3 given by Heath-Brown),

but it looks like the theorem can be extended to arbitrary dimensions.

Theorem 4.2.1. Let a = (a1,a2)” and b = (by,by). Also let ¢(b) be arbitrary
constants,

Sy ={b€L”: 2z <b<z+l}

and

S(a, Fp) = Y ™*Pe(b).

beyz,l
Then we have

ST Sk A <€ P QUEQY) Y Je(b)P

Q<d<2Q x (mod d) be.”,

’

where Z is over d for which (x1,xq,d) = 1.

Proof. We first note that
S(a, yz,l) — e—27ria~y Z e27ria~bc(b o y>7
bG(Vz+yyl

so that for any translation of the square . by an integral vector y there exist
constants ¢’(b) such that |S(a,.”)| remains the same. Thus it is sufficient to prove

the theorem for one fixed square, such as So;, say. We define

l l
S(B.) a y(” Z eQmab b) _ Z Z eZﬂ'i(alb1+a2b2)C(b).

bEfo 1 b1=0b2=0
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4.2. THE LARGE SIEVE The Unconditional Result

We start with the Sobolev—Gallagher inequality ([Gal67], [Mon71, Lemma 1.1])

which states

Lemma 4.2.2 (Sobolev—Gallagher). Let a < b be real numbers, and let f be a

continuous complez-valued function on |a,b] with continuous first derivative on
(a,b). Then

1£(0)] < 2—15/_5|f(t)]dt+%/_6]f’(t)|dt.

We apply this three times to functions of two variables to get
1 [° I
1001 < g [ 1feolan g [ 10 dn;
25 | 2/
1 1/
|f(t1,0)] < —/ |f(t17t2)|dt2+—/ | fea (1, t2)| dita;
25 | 2/

1 /0 1 [?
|fe(t1,0)] < %/ |ft1(t17t2)\dt2+§/ | fert, (1, 2)| dio.
—0 —0

Substituting the second and third inequalities in the first one gives

1 ) ) 1 ) )
70,0 < 5 / / 7 (b1, 8] diadty + 7o / / fua(t1, £2)] dtrdty
[ -0 J =4
1 ) ) 1 ) )
+—/ / |ft1(t1,t2)|dt1dt2+—/ / | fire, (t1, to)| dtqdts.
49 _5J—s 4 —6J—0

We now apply Cauchy’s inequality to get

) 1 6 8 2
100k < (g [ [ emldnde)
5J-s
1 /8 9 2
+ —// fu(t,t dtdt)
(55 ] [ el anar,
1 /8 9 2
+ —// o (b, t dtdt)
(55 /[ e elanar,
1 [ [0 2
—0J =6

We apply Cauchy—-Schwarz again to each of the terms:
, 1 (8 9 , 5 o ,
0.0 < 5 [ [ irtwlande s [ ] e e)P o,

) ) ) )
+/ / |ft1(t1,t2)|2dt1dt2+62/ / | frres (11, t2)| Aty dts.
—5J—6 —0J =4
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4.2. THE LARGE SIEVE The Unconditional Result

Let us now leverage this with

flt,s) = f(t) =S(d'x+1t) = S(d""x +1t,50);
5 - 1
o
We get
’S(dilx)}
W/
< l2/ / ‘S(d X—I—t‘ dt,dts + / ‘Stl d X+t ‘ dt dt,
—1/1J-1/1 —1/1J-1/1
/1 p1/l e p1/ 9
+/ / |Si (d7 %+ t)|* dtydty + 172 / |Stt, (A7 + t)| dtydty.
—1/1J-1/1 —1/1J-1/1

It is obvious from the definition that S(t) = S(t’) if t = t + n for some integer

vector n. Thus we can reduce x modulo d above to get x’, with 0

do a substitution t’ = d~'x' + t.

< 7 < d, and

n
S
X

1, 1,
]

15( ]dtldt2+/ /
o

da

Q\H\

| Sy, (t | dt,dt,

Np—t

/AN
o~
(V)
—
o~
+
3 sl
\\N‘H
+ + 4+
s
—
~|—
sl &\m
l\ g_‘w\ m‘w\
~|—
+
ahi

sl aln

—
N_i\_,_-
i

= e
g
sl &‘MH\
N\,_A
N\,_.
m.‘w\

!StQ( t)[* dtydty + 172 ism( t)[? dt,dts.

+

We replace the integration limits by an indicator function

t) - 1if [d7ta) — ;] < 1 fori=1,2;
bxd N 0 otherwise.

x'.

and we also note that since 4 < 1lweget —1< —% + ~ and % + % 2. Hence we

can state

2 2 2 2
1S(d'x)| < P / / be.a(t) |S(t)]7 dtydty + / / bx.a(t) [y, (£)]7 dtydty
—1J-1 —-1J-1
2 2 2 2
/ / b.a(t) [, (8) 7 dtydty + 172 / / b, (t) [Siyey ()] dtydts.
—1J-1 —-1J-1
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We generalise this to the sum

Z > < P /_ 1 /_ 1#vg,d(t)|5(t)|2dtldt2

Q<d<2Q x (mod d)
2 2 5
+/ / #00.4(t) |Sy, ()" dt1di,
—1J-1

2 2
+ / / H00.4(8) |5 (8)]2 dirdts
—1J—-1

2 2
—|—l‘2/ H#00.a(t) |Siye, (V)| dtydty, (4.2)

1J-1

where

v = 5 healt)

QR<d<2Q x (mod d)
= [{(d.x):|d "2 —t;] <lfor Q <d<2Q,(d xy,z2) =1}].

We let Tgq = maxgvgq(t). Such a maximum clearly exists, as there are only

finitely many elements (d,x). We get

Z S dx2<<vad//]S|dt1dt2

QR<d<2Q x (mod d)
2 2 )
Do / / 15y, (t)[2 dérdts
—-1J-—1

2 2
0.4 / / 1Sy, (t)]* dydts
—-1J-1
2 2
SNAOLY / / |Ss,e, (t)F dtydty. (4.3)
-1J-1

We now consider Parseval’s identity applied to the space L?[(0,1)?] and the or-

thonormal basis {e?™(rititnzt2)},

Lemma 4.2.3 (Parseval’s identity). Let

_ Z eQwit-bv<b)

beZ?

//|f (t)Pdtydty = > Ju(b)

beZ?

Then
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4.2. THE LARGE SIEVE The Unconditional Result

Definition 4.2.4. For a set [ = (iy,i2) € {0,1} x {0, 1} let

FO(t)
denote partial derivative of f(t) of order #1 = i1 +1is, derived i, times with respect
to tk.
Note that

Z Z (27iby) u (27ib )Z2 2mi(t1b+tabo) ¢(b).

=0by=

We apply Lemma 4.2.3 to S(t)) to get

1 1
/ / ’S(t)(l)’2dt1dt2 = Z Z| 27T1b1 27T1b2)22 (b)’z
0 JO

=0b2=0

(2ml)**! Z Z [e(b)[*

b1=0b2=0

N

As we noted above, S(t) is periodic modulo 1 in each variable, and hence we can

modify the limits to get

2 2 l l
[ [ iswrandn < on S S el
—-1J-1

ni1=1no=1

We now use this in (4.3) to get

Z Z d X 2 < lQ@QdZ Z|C(n)

Q<d<2Q x (mod d) ni=1nao=1
It hence remains to prove the following lemma
Lemma 4.2.5.

2 3
vQ.a(t) < 1+ QT + %

. (4.4)

Proof. Suppose that vgq(t) is not empty. We can choose (r,y) € vgq(t) and

classify the elements of vg 4(t)\{(r,y)} into the sets v; and v, such that (d,x) € v;

if and only if % # % Since we are only considering (d,x) with (d, z1, ;) = 1,

the vectors d~'x will be necessarily distinct. Thus each element of vg 4(t) apart
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4.2. THE LARGE SIEVE The Unconditional Result

from (r,y) will lie in at least one of the two classes v;. We will try to estimate the

sizes of the two classes vy, vy. Let (d,x) € v;. Then

2
07&‘% ) <7 (4.5)

which follows from the triangle inequality, as the distance from each of the two

numbers to ¢; is < % We define
s; = dy; —rzj. (4.6)
Since @ < r,d < 2Q, we use (4.5) and get

8
07 s <

16Q

Note also that if u; = (y;, ), then u; | s;. As s; is an integer, there are at most "

possible values for s;. Once s; is defined, then we have

a% =% (mod L)

U Uj Uy

Furthermore, since z—] and - are coprime, d is defined modulo -, and so d =

J J J
n% + m, where the only free parameter now is n. But again, since () < r,d < 2Q),

we have nug < nui < 2Q and thus there are at most 2u; choices for n. This way
J J

yj,r and d are defined uniquely and hence, by (4.6), z; is also determined. Thus

we have at most 16@ x2u; =0 ( ) possible choices for the pair (d,z;). Finally

consider xj, for k 7é j. We now only have the upper bound

Yo _ | 2
r d l
and hence
Ye| _ 2d _ 4Q
r [ [

elements in v;. In an interval of length % there are at most 1 + % integers, and
hence we have O(1 + %) choices for ;. Overall it means that there are (together

with (r,y)) O <1 + Q72 + Cf—;) elements in v; for each j =1, 2. O

The proof of our theorem is thus complete. |
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For a = ay + asi € Qli] and f§ = by + boi, we define

S(O{) — Z eQﬂi(albl—agbg)C(/B)'
BEZ[i]
N(B)<N

Lemma 4.2.6. Let

Then
2

d? *
o(d) YTl > ‘S<%>
X (mod d) a((H;O)d: 1d)

Proof. We start off with the known expression, deduced from Theorem 2.5.5

_T(p) L o2 (%)
x(B) 5D - @ a(mzw d)x( ) -

Multiply both sides by ¢(5) and sum over N(8) < N to get

T(x) = Y ) Y ()
a (mod

We now use the fact that |7(X)| = d for primitive x to get that

P= S0P = 5 XY s (5) . @

x (mod d) x (mod d) |a (mod d)

Finally

P Y|y wes(y)

X (mod d) |a (mod d)

_ % S Y xws (%)X > x(@s ()

X (mod d) \ « (mod d) a (mod d)

“a XX T s (§) s (y)

(mod d) & (mod d) v (mod d)

- = Z > 5(5) (—’;‘{) > xx0).

« d) v (mod d) X (mod d)

N
|
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If o or 7y is not coprime to d, the character sum will be zero. If both o and ~ are
coprime to d, we can write v = da (mod d). Further, as 7 varies over all residue
classes modulo d, so does ¢. Thus

Py ¥ s(@)xs(B) T wenea

a (mod d) 6 (mod d) X (mod d)
“(od)=1 (=1

S Y Y s(@)xs(E) ¥ e

a (mod d) 6 (mod d) X (mod d)
(o, d)=1 (6 d)=1

Now, the character sum is zero apart from when 6 = 1, in which case it is ®(d),

and hence
o) oYe!
Pz Y T os@)xs(R) ¥
a (mod d) ¢ (mod d X (mod d)
(a,d)= (5 d)=
d(d) a a
- > S(3)*s(3)
a (mod d)
(a,d)=1
d(d) ay |2
- > @I
a (mod d)
(a,d)=1
]
We can deduce an immediate corollary for our character sums.
Corollary 4.2. 7
S a L TR <0V VT 69 3 o)
d<Q N(8)<N
Proof. If we take M =1+ [v/N] and [ = 2M, then
M
S(Oé) — Z e27T1 a1b1 a2b2 Z Z e271’1 a1b1 a2b2 (b)
BEZ[i] bi=—M by=—
N(B)<N
= 5(3-7 yz+m,l)>
where a = (a1, —as), m = (=M, —M) and
[ e(by +iby) BT +b3 <N
c(b) = { 0 otherwise
The result now follows immediately from Lemma 4.2.6 and Theorem 4.2.1, since if
(a,d) =1 then (ay,a9,d) = 1. [ |
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4.3 An Application of the Large Sieve

We want to apply the Large Sieve to our sieve error term. To do this we first need

the following Lemma which we will use several times.

Lemma 4.3.1.

Z@ Z max Z Z anbax(af)

d<Q N(a)<M N(B)<N
N(ap)<u

< (N2+ QN +Q%z(M?+Q*M + Q%2

2

<[ D0 laal > bsl* | log2MN.

N(@)<M N(B)<N

Proof. By the large sieve inequality and more specifically Collorary 4.2.7, we know
that

2

S Y| Y ada)| <V HQVE Ll (48)

<@ X |N(o)KN

As in [Dav80], we use the equality

/Temsinwdt . {w+O<T1<@—|a|>1 itlal <8y

T t O(T  (Ja| — B if |a| > f.
Let
B aqx ()
A(t7 X) N(Oé)it 9
N(a)<M
bex ()
B = -,
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Then if 5 = logu, then by (4.9) we get

| AwoBe0™5

e [ e

N(a)<M N(B)<N

= > > aabsx( aﬁ/ log(N(aﬁ))itmdt
T

N(a)<M N(B)<N

=7 Z Z anbsx(ap)

N()<M N(8
(aﬁ)<u

+O | Y Z |aab5|‘T1

N(a)<M N(B

sin(tlogu) A&t

-1

(4.10)

Now, suppose that v =k + % for an integer k, such that 0 <k < MN. Then

N 1
M>>_>>
u u

1 -
8 MN

and

sin(tlog u) < min(1, |t|log 2M N).

Thus, it follows from (4.10) that

Z > aabsx(aB)

a)<M N(B)KN
N(afB)<u

g 1 MN
< / |A(t, x)B(t, X)\mm(| n logZMN)dt—i—T Z Z |anbs|

-T N(a)<M N(B)<N
Z Z anbpx(af) mln(‘ i ,Jog 2M N)dt

/T N(a)<M N(B)<N

+@ SN Jaabsl. (4.11)

N(e)<M N(B)<N

We apply this to S as originally defined in Lemma 4.3.1 to get

S < Z@ Z/ Z Z anbsx(af) mm(HlogZMN)d

a<Q T IN(a)<M N(B)<KN
« M N
+Z B0 Z Z Z |aabs). (4.12)
d<Q a)<M N(B)
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By Cauchy—-Schwarz (Lemma 3.5.5) and (4.8) we know that

> s Z DL D asbax(ah)

d<Q N(a)<M N(B)<N

< (N+Q2\/_+Q3) (M +Q*VM + Q%)?

2

< D aal > bl (4.13)

N(B)<M

(S

By (double) Cauchy—Schwarz we also know that

=

> Z laabsl < D laal N | Y sl

N(a)<M N(B) N(a)<M N(B)<N

1
2

< MN[0 aof S olbsl| o (414)

N(e)sM N(B)<N

N

If we now apply (4.13) to the first term of (4.12) and (4.14) to the second. then

we get

2

S < (N+Q*WN+@Q%:(M+ QM+ Q%)

x| Y laal > bl

N(a)<M N(B)<M

T
1
X / min(|t—|, log 2M N)dt

|
D=

« M?N?
+Z o(d Z T Z |aal” Z [bs|*

d<Q N(a)<M N(B)<N

Note in the second term that the outer sum has @) terms and that there are ®(d)
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characters modulo d. Hence we can estimate it by

S < (N+Q*N+Q¥2(M+Q*VM + Q%:2

2

X Z |aa? Z ‘bb"z

N(a)<M N(B)<M

T
></ mm(| s logQMN) dt

SM2N?2
e N N S

N(a)<M N(B)<N

|
N

We now note that

1 1
min(m,logQMN)dt<<log2MN+/1 ;dt:log2MN+logT.

We apply that to our estimation and we let T' = M?N? to get our final result

S < (N+Q*VN+Q2(M+Q VM + Q%>

1

2

< D aal > bsl* | log2MN.

N(e)sM N(B)<N

4.4 Vaughan’s Method

We will now generalise Vaughan’s Method, which is presented in [Dav80], to the
Gaussian field. The following sums and products only include one associate per
class. Let

Ps) = Y Agygla)N(@)™

N(e)<U

G(s) = > ngla)N(a)™.

N(a)<V

= F(s) = (o () F(s)G(s) — Gop ()G ()

_San® N (e (vt
+< Copi (5) F( )> (1 = Cap (5)G(s)) (4.15)
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and (2.12) which is

Coi(5) =~ Agp (@)
Com(s) 2 N(a)

By equating the coefficients in this Dirichlet series, we get that

a€Z[i]

Agpij(@) = a1 (@) + az() + az(a) + as(a), (4.16)

with the a; being the Dirichlet coefficients in (4.15), namely

_J Agp(a) if N(a) <U;
m(e) = { 0 otherwise;

ae) = — > Agy(B)uen();
Byé=a
N(B)<U
N(m<v

as(a) = Y pgu(y)logN(e);

ey=a
N(v)<V

a(@) = — > Agp(B®) | D nen()
Bn=a

yv=n
N(B8)>U N(y)<V
N(n)>1

Our aim is to use Vaughan’s Method to estimate the sum

Sa@ X bl

d<Q
X @/am<
We have
Ylax) = Y x(a)Agp(a). (4.17)
N(a)<z

Combining this with (4.16), gives
(Y, x) = S1+ Sz + S5+ S,

where S; = > x4« @i(@)x(@). Thus we are left with estimating the following

sums

Sio= Y Aggla)x(e) < U; (4.18)

N(a)<U
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S = — > Aau(Bmen() | x(@)
N(a)<y | Bvé=a
N(B)<U
N(v)<V
= — Z Z AQ[I] ,U@[l] ) X({:‘(S)
N(ed)<y By=¢
N(e)<UV | N(B)<U
NCING
= - > AaBuaa() | Y x(ed);
N(e)<UV N[gg)gU N <wt5
NV
S5 o= 3 | X man1ogNE) | xl)
N(a)éy EY=x
N(7)<V
= > ugn() Y. x(ye)logN(e)
N(’Y <V N(E)\N:(y'y)
N(e)
= 3 vt X xoe [ g
N(y)<V N(a)<ﬁ !
= / Z poi(y) Y. x(ye)-dt
t<N(a)<ﬁ
< (logy) Y max| > x(ye)l;
N(y)<V t<N(e)< x5y
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and finally

Si = — > Ao | D] ponly

N()<y | Bn=a V=

N(B)>U N(v)<V
N(n)>1
= - > S AanB) | DD nen)
N(Bn)<y \ N(B)>U ¥l
N(n)>1 N(y)<V

However, since whenever 1 < N(v) <V we have

> pgp(y) =

NV

the last sum can be rewritten as

S = — Y S M) | DD pon®)

N(Bn)<y \ N(B)>U Y0
N(n)>V N(y)<V

= — > Agg®®) ), > e | x(8n).

U<N(B)<¥ V<NM)< x5 ¥[n
a2 N(y)<V

We note that

> e < D ran ()] < doy ().

v I
N(y)<V N(y)<V

If we combine this with Lemma 4.3.1 using

o = Ao (@)

and

Z tqp ()

7B
N(v)<V
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we may split the interval for N(f) into dyadic ranges to get

Z% *1325‘ >, M) D > ni() | x(8m)

d<Q U<N(B)<% V<N(n)< ﬁ ¥In
M<N(B)<2M N(y)<V
1
2 i [ L 2 [T 5\
< (M4+QPVM+@Q*)2 | = +0%/—=+Q
M M
1 1
2 2
X Z Aqp(8)? Z dop(n)* | loga. (4.20)
M<N(8)<2M =3

Now we note that

Yo Ag(8) < (logN@2M)) D~ Agy(B) < MlogM,  (421)

M<N(B)<2M M<N(B)<2M

and also

> dog(m® = Y Y day(y) < N(;ﬁdQ[i}(VZ)Mg(V)

N <37 N(m<45 7In

since

{n:Ne) < v | = HP Nip) < Mlﬁ()}‘<<M§(’Y)

by the trivial Gauss Circle Problem estimation. Hence

2 € dog (7?)
2t < (5) 3 ey

m<az N(v)<37
x dop)(7?) | dopy(7") | dop(7°)
Bl 1
< \m Hz( TNm T NE) TN T
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There are at most two Gaussian primes 7 of a given (prime-power) norm and their
norm will be p or p? depending on the residue class modulo 4. Thus N(7) > p for

the corresponding norm p. Consequently

Zd@h < (=7 < )
21
M

S\H

N(T] \]M p<

< ) < ]\:U/[> (log x)°. (4.22)

Substituting (4.21) and (4.22) in (4.20)

S e e X a2 | T e )

a<Q U<N(B)<+ V<Nm)< sy vIn
M<N(8)<2M N(7)<V

[SIRe]

1
< (M+Q*VM + Q%> (% + Qﬂ/% + Q3) 22 (log z)
< (x —1—413%62]\4i + SU%Q%M% —i—:z:Q]\/[’i +x%Q2 _1_1;%@%]\4%
—f-xQ%M_% + m%Q%M_% + x%Q?)) (logx)g.

Now we apply this to M = 2 for each k such that % <2k L 7> and, since there

are only O(logz) such M, we get

Zcp Z max |5

d<Q
< (x F2QV I 4+ 2Q2V T +2QU T + 21Q°

F2iQEVTE 4 2QRUE 4 21Q3 U + x%Q?’) (logz)s.  (4.23)

We will treat Sy just as Davenport does in [Dav80], with the exception that we

need a suitable Pélya—Vinogradov type inequality which we get from a result by

Landau that can be found in [Lan18]. We start off by separating S, into two ranges

of e

Z o+ D =8+9

£)<UV  N(e)<U  U<N(e)<UV
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We first deal with S5 which is very similar to Sy. The contribution to (4.17) from
those terms of Sy with M < N(e) < 2M is

— d? *

a<Q U<N(e)<UV By=e NO)<xt5

M<N(e)<2M \ N(B)<U
N(y)<V

We now write

and note that

Thus

7 < Z rilggc dooa Y x(ed)].

d<Q U<N(E)<UV  N(§)< Y
M<N(e)<2M

We now again apply Lemma 4.3.1 to this and get

N|=

5 < (M+Q2\/M+Q3%( +Q\/7+Q3)

X <%) ’ Z (logN(e))* | logz

M<N(e)<2M

< (M+Q2\/_+Q35< +Q2\/%+Q3>

N|=
[SIE

(%) (M(logM)Q)%logx
< (M+Q2\/_+Q32( +Q2\/Z+Q3) 2% (log z)?
< (x+x3QM%+x%Q%M2+xQM RIS Yo LI Yot Ve

+2QI M7 +2iQ2 M T + x%Qg) (log x)*.

[
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Again, if we sum over M = 2* for U < 2¥ < UV we see that

d? * .
®(d) Z ?2}’52’
d<Q X
< (e+olQUuivi 4 dQiubvi 4 aQu-it 4ol
FQIUIVE 1 0QIUE 4 riQIU T 41 (log ). (4.24)

To treat S5 note

Sy = — > Mg (B)ng () x(29)
N(e)<U Nf?g)ZSU N(8)<xt5
N(y)<V

< logU > | > x(9)]. (4.25)

N()<U |N@)< 5

We now use a special case for Q[i] of Landau’s general result from [Lan18] which
states (after translating from ideals to numbers) that if y is a primitive, non-

principal character modulo d, then

3 x(@) < N(d)i(log N(d))*a. (4.26)
N(a)<z
We note that in contrast to the Pélya—Vinogradov inequality in the rational case,
there is a dependence on = here. We combine this with (4.25) to get that if d > 1,
then

1

d5 (log d)? <%> ’

ol

< yidi(logUd)* Y N(e)3.
N(e)<U

Sy < logU Z
N(e)<U

Now note
U
> N =D r(n)n s
N(e)<U n=1

By the trivial Gauss Circle Problem estimation we know



4.4. VAUGHAN’S METHOD The Unconditional Result

Thus we can use partial summation to get

> N5 = F(U)Ué—/1 F(t)&t*%dt

N(e)<U

Thus
SL < Usysds (log Ud)®.

For d = 1 we use the trivial bound

1
Sy < logU Z %<<ylogU Z NG
NEEG NEE

< ylogU (Z @) < y(logU)?,

n<U

v

since Zn<U -2 = O(logU) by the same partial summation argument as above.

Overall, if we only consider the relevant characters, we get

d? . / L 3
KZQ‘P(CD ; max|Sy] < (Q323U3 +)(logal) (4.27)

X\ @/ azyx

for all d. This is because there are only O(Q) of the relevant characters, as shown

in Lemma 3.5.9. Finally we deal with S5, which is basically the same as S%:

& .
Z(I)(d) XX: max |Ss|

d<Q
X @pazyx =
e .
< z% ) > max | (logy) N(%V max oo xX(ve)
X\ @yazyx =
< (Q3z3V5 + 2)(logzV)?. (4.28)
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Combine the estimates (4.18), (4.27), (4.24), (4.28) and (4.23), then we get (as-

suming Q? < )

d? *
> o) > max [ (y, X))
d<Q X

(z./dz)*

< (QQU L4+ aQV I+ 2Q3V " + 2QU T +21Q + 21Q3V 1
+2Q3UTE +2iQIUTT + 03 QP + 22 QRUTV T + 2 iQUTV
TS QAURVE 4 23QIUR + 23 QIVE) (logzUV) ¥ (4.29)

X

We note that omitting the first term, this expression, F'(U, V) say, is symmetric in
U and V. We now wish to choose the parameters U and V' to our best advantage,

by looking for values that minimise F(U, V).

Lemma 4.4.1. We have F(U,V) > F(vUV,VUV), and hence F can be min-

imiased with a choice in which U =V .

Proof. 1t is sufficient to prove the lemma for the simplest general symmetric form
F(U,V) = U*Vb 4 UV as any other symmetric form will be a sum of these.
Suppose F'(U, V) is minimized with U = Uy, V = V. We have

(z+1)?2 > 0
41 > 2
1
r+- = 2
x
a—b
We now choose x = (%) 2 and get
A
0 0
— + | > 2
@) @) -
a—b
U+ Vet = 2/UV

a+b
UV +Veue > 2TV

F(Uy, Vo) = F(VUsVo, VUi Vh).

This means that for any Uy, V4 there exist Uy = Vi = Uyl such that we
have F(Uy, Vo) = F(Uy,Vy). Thus there always exist U = V' such that F(U,V) is

minimised. n
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Since the expression (4.29) is almost symmetric, we will assume U = V' in order
to minimise it. It thus simplifies to
> 72 max vy 0] < (QU + o+ 2QRUTE +aQUTE + Q7
d(d y<az

d<Q X

X| @/ azyx
F21Q3U F +22Q% +22Q2U2 + 21QU2 + 22Q2U + x%Q%U§>
x(log zU) 2 . (4.30)

We shall denote
S = QU+r+2Q:U 7 +2QU & +2iQ>+21Q3U 1 +
v2Q* + 22QEUT + 2iQUE + 22Q3U + 23QI U,
We now want to find an optimal U to minimise the above expression. We will later

use this estimation for dyadic sums of the form

DngQ] "
Z Z Z max [ty (9, X))
k=0 2k<d<2k+1 b

X @pazyx =

which will need to be O(1 = ) to be applicable in our Main Sieve Theorem 3.3.1.
This however requires S < A—+1 We see from above that x%Q2 < S and thus
the best general result we can hope for requires () < 21 since for Q > 24 we have

Qxr < $%Q2 < S. We thus assume @) < z1. In that case we have
QU < 22U < x%Q%U.
Furthermore
113 3 12
r2Q)° <K xiQ).
Thus we have

S < +aQiUTE+2QU T +21Q +21QIUT
+23QRUT + 21QU? +22Q3U + 23Q5 U5,
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It turns out that U = 23 balances two pairs of terms and is a suitable choice for

our purpose. We hence choose

=

U=uas.
With that choice of U for @ < 21 we get
S < r+a0Qr +r2Q+21Q>+11Q7 +
25Q% + 22 Q + 6Q7 4+ 25Q5
< x —|-3;'%Q% +x%@ +x%Q2 —+ x%@% —+ x%@%

We also note that

©olo

X

w00
I
8
©l
O
(SIS
O
o=
A
&
ol
&
-
@
I
8

Q

and hence
5
2

S < r4+26Q2 +21Q+21Q% +23Q5.

First suppose z6 < . Then

r < 25Q3;
x%Q% < IL’%Q%7
rEQ < wIQE;
T1Q? < w35
and hence
2 5
S < x3Q)2.
If otherwise () < 3:%, then
5 3 11
r6Q2 < rQ;
riQP < riQ;
2 5 11
r3Q2 < rQ;
and hence
11
S<KLr+x12Q
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in this range. Thus for any ) < 24 we have

Wl
m\m

S<<a:+x12Q+:): Q2.

Using this in (4.30) we have hence proved an analogue of a Bombieri—Vinogradov

Result:

Theorem 4.4.2. We have

d2
®(d)

2

S bt (s b 10!) e
X

d<Q

X(Z/dZ)X
4.5 Error Term Estimation

As in the previous chapter, we again estimate Ry to get an estimation for R. To

do this, we will use the estimation from Lemma 3.5.8 which was

ok
Ry < Qlog(2Q)* +1ogQ 3 ¢() > max fugy(y, ).
1<d<2Q X2d s

X (z)dz)*

To estimate the sum in the second term without the Riemann Hypothesis, we use
Theorem 4.4.2 above. First, however, we need to get the expression into a form

the result is applicable to. We first split the sum into ranges of d as follows

Z ¢ Z %o (Y )]

d<2Q X
X@sazyx =
[log,(2Q)] 1 .
< Z Z ) > W x)]-
k=0 2k<dg2k+! X
X\ @jamyx =
Now, in the inner sum 2% > 1 and % > 1, thus
[log,(2Q)]
T Y Y pagag L Mol
= 2k <d2k+1 X
X\ @jamyx =
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For the d we are summing over we have ®(d) = ¢(d)?, and hence

[log, (2Q)]

T < Z Z Z | (v, )| -
2k<d<2k+1 X

(Z/ dz)*

We will now split this sum into small and large d

T < Z 2 Wl +
d<Q@: X

X (Z)dz)*

[log, (2Q)]
1 o d? * ,

¥ 2 @ 2 Ma@l=Ti+T (43)

k=[log, Q1] 2k <d<2k+1 X

X (z.)dz) %

and consider each sum, separately starting with 75. We want to apply Theo-

rem 4.4.2 to this. We can apply this with Q = 2¥*! to T, and get

[log2(2Q)] 1

i d? *
k=[log, Q1] 2k<d<2kt1 X

X| (2 azyx
e 11 2 5
< (10g$)6 Z % (ZL’ + p129k+1 + l‘§<2k+1)5>
k=[logy Q1]
[logs(2Q)]
< (logz)® Z (— S+t 4 93%(2’“)%>
k=[logy Q1]

[logs (2Q)] . s
< (logz)® Z (— + a1 +x3Q2> :
k=[log, Q1]

There are O(log @) terms in this sum so

T, < (logx)GlogQ(Q—+g;1z +$3Q)
1

Since we need this to be applicable to our sieve we choose Q; = (log x)* to get

€T 2 .3
T < (logx)610gQ((logx)A+:c3Q2).
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As for Ty, we will apply the Siegel-Walfisz Theorem proven earlier (Theorem
2.11.8). We have

1 *
Ty = Zi M Z |¢(,@[i](an1)‘

d<(log z)4 X
X(zmz)X =1
« S0 Y
2A
ictionna O 5 (loga)
b% =1
(z/dz)*

We use Lemma 3.5.9 to estimate the number of characters that are counted by the

inner sum to get

T < Zi o(d) x < x

d<(logz)4

We combine 77 and 715

T < (logx)6logQ<

We use this in Lemma 3.5.8 to get

Ry < Qlog(zQ)? + (log zQ)® (ﬁ + ngg) )

Note that while the second term in Lemma 3.5.8 contains only characters for which

x(i) = 1, it does not matter in the estimation. Let ) = 7 where v < %. Then

i
(log )4

—A

Ry < (logx)s( toait ;> < z(logz)®

By (3.26) this means
R < (log )" v/Z(Ry)? < x(logz)® 2.
We now use (3.11) and (3.12)

=Y ¥ (d)3 VR < X(logX)™
d<Q

We recall that by Lemma 3.5.3
R’ « (x%Qz + x%) (log )07+
< (x%”” + x%> (log x)6K2+1.
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As v < % this means that choosing K = 18 gives
R < 22(logx)t
We use (3.11) and (3.12) again
R < Xz(logz)® 2,
and hence
/ 7 X 244
R<|R|+ R+ R' < —5— + X(log X)* 2.
log” X
We choose A = 52:

X
R= 2(d)3" 9 | R .

So any () = 27 such that v < % would yield

X
2 v(d)
S R3O R) €
= (log X)
Now A5 = 6— m;ﬂ’% ~ 4.74. Thus taking any « in the range ﬁ <a< ﬁ = %

would satisfy the conditions of Theorem 3.3.1. We have thus proven Theorem 1.2.2:

Theorem 4.5.1 (Main Result 2). Unconditionally, there exist infinitely many

primes of the form a® + b* such that a® + 4b* has at most 5 prime factors.
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