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these divergences by employing the Schwinger parametrization of Feynman integrals. After
using tropical geometry to identify divergent limits, we study the all-orders asymptotic
properties of Feynman diagrams via matrix manipulations of graph Laplacians, which allows
us to analyse their IR behaviour systematically. We explicitly demonstrate the soft-hard
factorization of the integrand for a broad class of diagrams, and reveal that when written in
terms of worldline distances, topologically distinct diagrams asymptote to the same integrand
at leading order in the soft limit. In particular, for the case of Quantum Electrodynamics
(with massive fermions), we use this fact to show how ladder-type diagrams combine in
Schwinger-parameter space to yield the correct exponentiated soft anomalous dimension.
This framework provides a foundation for extending these methods to more complex theories
like Quantum Chromodynamics and offers a pathway towards a systematic understanding
of infrared divergences in perturbative amplitudes.

KEYWORDS: Factorization, Renormalization Group, Renormalization and Regularization,
Scattering Amplitudes

ARX1v EPRINT: 2506.15603

OPEN AcCESS, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP05(2026)040


https://orcid.org/0000-0002-7398-9089
https://orcid.org/0000-0003-4462-0423
https://orcid.org/0000-0002-5440-2086
mailto:cfigueiredo@princeton.edu
mailto:giulio.gambuti@physics.ox.ac.uk
mailto:hofie@ias.edu
https://doi.org/10.48550/arXiv.2506.15603
https://doi.org/10.1007/JHEP05(2026)040

Contents
1 Introduction

2 Warm-up: one and two loops
2.1 Location of IR divergences from tropical analysis
2.2 Factorisation of the two-loop integrand in Schwinger space
2.3 Matrix-tree theorem for factorisation
2.4 Regions of integration and exponentiation
2.5 Diagrams beyond ladders and renormalization

3 Diagram numerators in Schwinger representation

4 Integrand factorisation
4.1 Structure of the Laplacian matrix
4.2  Factorisation of U
4.3  Factorisation of V(z)
4.4 Factorisation of the integrand and ladder diagrams

5 Exponentiation of tropical rays
5.1 Diagrams and scalings
5.2 Modified soft integrands
5.3 Locally IR-finite remainders and factorisation
5.4 Exponentiation of the soft function
5.5 Spurious UV divergences and soft RGE

6 Conclusions

A Diagrammatic proof of scalar-integrand factorisation
A.1 Proof at all planar loops
A.2 Incorporating non-planar diagrams: region of integration

B Exponentiation in loop-momentum space

13
17
20
23

24

27
29
33
34
41

43
44
46
49
50
53

55

58
o8
61

62

1 Introduction

Scattering amplitudes lie at the heart of Quantum Field Theory (QFT), connecting theoretical

calculations and experimental results. However, when long-range forces are present, such as

in Quantum Electrodynamics (QED) and Gravity, the traditional assumptions of scattering

theory are violated. Most notably, the assumption of free asymptotic states fails due to

the persistence of long-range forces, giving rise to infrared (IR) divergences in perturbative

amplitudes. These divergences appear as 1/¢ poles in dimensional regularization and reflect

the inability to isolate interactions at infinite distances. They are of different nature from

ultraviolet (UV) divergences: while UV divergences can be renormalised away — thanks to



the insensitivity of long-distance physics to short-distance details — we cannot use the same
argument to eliminate IR divergences, which stem from the low-energy dynamics. To date,
IR divergences remain an active area of research, see e.g. ref. [1] for a review of this rich field.

Two main approaches have been developed to eliminate IR divergences. The first one,
the cross-section method, traces back to the 1930’s, when Bloch and Nordsieck [2] showed
that IR divergences in QED are absent in inclusive cross sections. The physical explanation
is that low-energy photons are inevitably generated in any scattering process to represent
the electromagnetic fields, and when summing over all possible ways of emitting low-energy
photons, one gets a finite cross section in QED. However, an analogous theorem for Quantum
Chromodynamics (QCD) does not exist as has been established via an explicit counterexample:
the cross section for the process qq¢ — u™pu~qq + (soft gluons), where the final colours are
summed over, is not infrared finite [3], as has been discussed in various references since,
see e.g. refs. [4, 5]. Nevertheless, in any unitary theory, one can resort to the Kinoshita-
Lee-Nauenberg (KLN) theorem [6, 7], which prescribes that a cross section is infrared finite

when summing over all initial and all final states.

Despite the existence of the KLN theorem, determining which exact states are needed for
IR finiteness can be complex. Its stronger version implies that summing over initial states or
final states is sufficient for a finite cross section [8].}) However, this version is not practically
useful either for defining specific finite observables and follows directly from unitarity: the
probability for an initial state to scatter into anything is 1, and 1 is IR finite. Instead,
infrared and collinear (IRC) safety has played a central role in QCD, where observables are
constructed to be insensitive to infrared and collinear splittings, e.g. by collecting partons into
jets [9-11]. These IRC safe observables, including thrust and jet mass, become calculable in
perturbative QCD by resumming large logarithms [12, 13] and have thus played an essential
role in precision measurements [14, 15], see refs. [16, 17| for reviews.

The second strategy to achieve IR finiteness involves tackling the underlying problem
of using free asymptotic scattering states, and instead redefine the scattering amplitudes
themselves to include the asymptotic long-range interactions. Despite the existence of methods
to define finite observables, finite scattering amplitudes are still theoretically appealing, as they
are, for example, a prerequisite for using non-perturbative bootstrap methods (see ref. [18] for
a review). Redefining scattering amplitudes in QFT was originally inspired by a construction
of finite amplitudes for charged particles scattering off a Coulomb-potential in non-relativistic
quantum mechanics [19, 20]. It was later generalised to QED by Chung [21] and Faddeev-
Kulish [22]. They showed how to define QED scattering states incorporating asymptotic
dynamics, leading to finite scattering amplitudes. By leveraging modern approaches, one
can universally factor out IR divergences from the S-matrix to isolate the effects of the
short-distance scattering [23, 24].

Naturally, both IRC safety and modifying the definition of scattering amplitudes require
a good understanding of how to explicitly compute IR divergences. A remarkable fact is
that UV-renormalised scattering amplitudes for hard scattering in QCD factorise into a

Note the difference to the Bloch-Nordsieck theorem, which prescribes that a sum over the QED process
under consideration and any configuration of final state photons gives a finite cross section.



hard, soft and collinear part:

M =T1] TS Ha. (1.1)

i=1

Soft dynamics are captured by the soft function S? containing divergences from low-energy
gluons, collinear dynamics by jet functions J;, and short-distance interactions by the hard
function H,,. The IR divergences in gauge theories were connected e.g. in refs. [25-28] to the
ultraviolet divergences of Wilson line correlators, which allow for a simplified computation
of the soft and jet functions. The factorisation of amplitudes and observables in QCD has
a long and rich history, with foundational work establishing these concepts primarily in
momentum space, see e.g. [29-39]. This factorisation can be systematically achieved within
Soft-Collinear Effective Theory (SCET) [40-42] (see refs. [43, 44] for pedagogical lectures),
which provides a field-theoretic framework for separating physics at different scales. While
the approach we present in this paper is formally distinct, it shares the conceptual goal
of isolating these contributions in integration space, offering a complementary perspective
on the origins of factorisation.

As explained in the references above, the QCD soft function S can be expressed as a path
ordered® exponential of the so-called soft anomalous dimension g

00 /
S = IP’exp/ d—/ffsoft(u'). (1.2)
oM
Using either the correspondence between soft IR divergences and UV divergences of Wilson
lines or bootstrap methods, the soft anomalous dimension has been computed up to three
loops [45-57]. At three loops, it exhibits both dipole and quadrupole terms [55]. The jet
functions J; are instead controlled by the collinear anomalous dimensions, which depend
on the type of the external state i. Both the collinear anomalous dimensions and the cusp
anomalous dimension, a component of I'yyg, are known at four loops [51, 58-66].
An even stronger result holds in QED with massive electrons where infrared divergences

exponentiate exactly:
M =8 -Hy,, with S =exp(Syy), (1.3)

so that S is simply an exponential of the one-loop (UV renormalised) divergence Sy ~ 1/e.
Whenever such exponentiation holds, it implies that all IR divergences at ¢-loops can be
predicted solely from lower-loop information. More precisely, if we know the amplitude up to
k loops, we can predict the IR divergences at ¢ loops up to and including the coefficient of
1/€=*. This can be seen by expanding both sides of the equation in powers of the coupling
constant, and matching terms on both sides. For example, denoting with subscript (i) the
i-th loop, and normalizing the tree-level amplitude to 1 for simplicity, eq. (1.3) gives:

1
I+ My +Mpa +...= (1+S(1)+§S(21)+...) X (1+H(1)+H(2)+...) , (1.4)

2In non-abelian gauge theories S takes the form of an operator mixing the various colour structures in ..
3The path ordering here refers to operators in colour spaces being ordered with respect to the scale .



and when equating terms at the same order one finds

1 .
Mz = 58(21) + (M(l) — 5(1)> Sy + (IR finite) . (1.5)

That is, the IR divergences of the 2-loop amplitude can be fully determined from the
knowledge of the full one-loop amplitude, etc.

The result in eq. (1.3) was originally worked out using the loop-momentum space repre-
sentation of Feynman integrals. For the leading 1/€’ pole in ladder-type diagrams at ¢ loops,
a slick argument by Weinberg [67] involving symmetrizing over different photon attachments
to the fermion legs can be used to show how the exponentiation arises. Explaining how the
subleading divergences exponentiate, and including various subtleties about e.g. numerator
factors and renormalisation, requires the longer explanation provided, for example, in ref. [68]
in loop-momentum space, or in the many-body worldline formalism, see refs. [69, 70].

In this paper, we explore the structure of IR divergences using an alternative representation
of Feynman integrals: the Schwinger-parameter formalism. In this approach, the loop
momenta are integrated out, see e.g. refs. [71, 72| for a review, and we are left with an
integral over Schwinger parameters. Here, the worldline perspective, where divergences are
associated with the shrinking (UV) or expanding (IR) of Schwinger proper times has proven
to be ideally suited for studying divergences using the mathematical methods of tropical
geometry [73]. It provides a unified framework to analyse both UV and IR divergences
by examining the asymptotic behaviour of the integrand.? In particular, the polyhedral
structure of Symanzik polynomials, built from graph Laplacians, offers a novel framework
for understanding the IR behaviour. There has been much recent progress on this topic, for
example, in systematically identifying divergent regions [74, 80], implementing subtraction
schemes for subleading divergences [81, 82], and computing the coefficients of UV and IR
divergences [83, 84]. It is therefore natural to ask how this systematic geometric approach
can be leveraged to understand IR divergences to all orders in ¢ in gauge theories.

As a first step in this direction, the central aim of this work is to show how the factorisation
and exponentiation of the soft infrared divergences of QED? can be clearly worked out within
the Schwinger-parameter framework. In this formalism, the Feynman integral for a graph
G takes the form

R © Na 1Fa
Io =iF ZD/2/ | I dae —= ex [}, 1.6
¢ 0 eeG Z/{GD/2 0 Z/{G ( )

where Ug and F¢ are the first and second Symanzik polynomials of a graph G, respectively,
and the numerator N is theory dependent, and can be written as a polynomial in the

4As has recently been pointed out [74-76], the asymptotic structure is not always sufficient to capture the
divergences, and one must resort to the Landau equations [T7-79] to detect all the potential singular regions
for finite values of the Schwinger parameters. However, in this paper we will only consider soft divergences
corresponding to asymptotic limits and show how they factorise and exponentiate. Any additional divergence
originating from the bulk of Schwinger-parameter space will therefore be ignored. Still, a large body of
empirical evidence suggests that bulk singularities do not play a role in strictly on-shell scattering amplitudes
as the ones considered here.

5In order to isolate purely the soft dynamics we are interested in we regulate potential collinear divergences
by considering massive fermions.



e, see ref. [72] or section 3 of this work for a brief review. Above E counts the number
of propagators in G, £ the number of loops and D the number of space-time dimensions.
To achieve our goal of demonstrating factorisation and exponentiation, we leverage the
fact that the polynomials appearing in Schwinger-parametrized Feynman integrals can be
understood in terms of Laplacian matrices. This connection, which follows from the matrix-
tree theorem (or Kirchhoff’s theorem) [85], allows the factorisation and exponentiation
theorems to be translated into manipulations of matrices, making the incorporation of
numerators, intermediate hard factors, and different limits straightforward.

A class of diagrams that appears repeatedly in our analysis are ladder diagrams, where
two (or more) massive lines (jets) in a Feynman diagram are connected via any number
of massless lines, see figure 2. Our proofs will involve both planar and non-planar ladder
diagrams, but also general ladder-like ones, which involve any number of jets. We will study
the asymptotic form of these diagrams as the Schwinger parameters a, are scaled by some
power of a small parameter A

ae = A a, (L.7)

given by the corresponding tropical ray r. In particular, in this work we will focus on rays
associated with IR divergences of the type encountered in QED with massive fermions. In
the rest of this paper we will refer to any such scaling as soft, since in momentum space they
correspond to limits in which some subset of massless particles have vanishing momenta. In
general there can be multiple soft scalings for a single diagram.

As we will discuss in detail, it turns out that in any soft scaling, the Symanzik polynomials
F and U satisfy

U— Uy ls, (1.8)

F Fg Fs

d” s
where the subscripts H and S correspond to hard and soft subgraphs identified by the scaling
or ray considered. We will clarify their definition below.

One can straightforwardly see that these equations lead to a factorisation of the integral
in eq. (1.6) if Mg also factorises (note that for a scalar integral, Ng = 1). An interesting
observation in Schwinger parameter space which we present for the first time in this work is
that diagrams of the type in figure 1 which are identical up to permutation of the soft photon
attachments to the massive fermion lines all yield the same integrand at leading order in the
soft limit, while the integration regions differ between different topologies. We will see how this
property of soft integrands becomes evident only when they are expressed in terms of a set of
worldline variables which are related to Schwinger parameters by simple linear transformations.
This is quite different from the loop-momentum space trick of symmetrizing over photon
attachments to get an eikonal integrand and a 1/n! factor: instead, here the eikonal integrand
is manifest diagram by diagram® and the sum of all ladder diagrams fills out the entire
integration space, leading to factorisation of the integrated amplitude. This structure mirrors
the known behaviour of non-Abelian webs in the position-space eikonal formalism [86-90].

5Due to the different integration regions, the leading divergence always comes from the planar ladder
diagram.



Figure 1. Class of diagrams studied in detail in this paper. Black straight lines represent massive
(anti-)fermions, black wavy lines represent photons, red wavy lines represent soft photons. The “hard”
subgraph contains no further soft photons, while the “soft” subgraph represents any QED Feynman
diagram for the scattering of n photons (which could include any number of hard loops).

As a crucial difference with the momentum-space picture, the Schwinger-space repre-
sentation has the advantage of making the factorisation and exponentiation features of
the amplitudes we consider manifest, while simultaneously being amenable to numerical
integration techniques. Indeed, as we will discuss in section 5.3, our framework allows us
to define “finite-remainder” integrands in Schwinger representation which are locally free
of soft divergences and therefore (in absence of divergences) could be integrated directly in
four dimensions, though this goes beyond the scope of this paper. Importantly, the finite
remainders we compute correspond directly to the hard function H,, of eq. (1.3), so that
the full amplitude is obtained by multiplying it by the exponential of a one-loop anomalous
dimension. We envision that similar results can be obtained for non-abelian gauge theories.
In the case of massless fermions, which we will not treat further here, the remainder #,,
would still be free of soft divergences, but it would not be IR finite. Indeed, it would contain

collinear singularities.

This paper is organised as follows: section 2 showcases the main ideas of this paper via
concrete examples of one- and two-loop scalar diagrams. It contains an explicit analysis
of their integrand in the relevant soft limits as well as of how their domains of integration
combine to yield exponentiation of the one-loop divergence. In section 3 we briefly review
a general method to represent Feynman diagram numerators in Schwinger representation.
In section 4, we work out the full proof of integrand factorisation for QED-type diagrams,
where numerators and partially scaled diagrams are included and where we work directly at
the level of Laplacian matrices. We also include a Mathematica notebook showing explicit
examples of the matrix definitions and manipulations required. We go on to showing how
the integration regions for different diagrams combine in a way that exhibits exponentiation



Uhg

Figure 2. (left) Planar 2-loop ladder; (right) Non-planar 2-loop ladder.

in section 5. Appendix A contains details on a diagrammatic proof of factorisation, and
appendix B connects our analysis in Schwinger parameters to the one in loop-momentum space.

Notation and conventions. We work in mostly-minus Minkowski signature and in an
expansion around D = 4 — 2¢ dimensions, where we take ¢ — 0~ for IR divergences and
we will leave the Feynman causal ic implicit throughout. Further, we set the dimensional
regularisation scale u = 1 and only reconstruct the dependence on it when necessary from
dimensional analysis. We use X(y) to refer to the -loop order of the quantity X. Since in this
paper we will mainly work in the Schwinger parametric representation of Feynman integrals,
unless otherwise specified we will indicate the “standard” integration in Schwinger parameter
space (i.e. RY) in any number of variables by a single [ symbol.

In the various IR integrations regions we will consider, we will refer to the subset of the
edges close to the mass shell as soft part and to the complementary set as the hard part.
We will use subscripts “S” and “H” respectively, to denote various quantities belonging
to each part of the diagram.

2 Warm-up: one and two loops

In this section we carry out the analysis of factorisation and exponentiation for the one-loop
triangle and two-loop ladder diagrams. The steps taken follow the organisation of the rest of
the paper, and illustrate the key aspects of our method. In sections 4 and 5 we will then
discuss how each step is generalised to all orders and to any number of external massive
states. For simplicity, here we stick to the case where we consider a purely scalar theory (so
that there are no numerators), but one in which massive particles exchange a massless one,
imitating the QED case. In later sections, we will incorporate a larger class of diagrams,
numerators and renormalisation.

The first step is to use tropical geometry to identify the divergent scalings in Schwinger
parameter space that lead to IR divergences. We go through this analysis in section 2.1 and
explain how the Newton polytope of the Symanzik polynomials allow us to detect divergent
rays. By doing this at one-loop, we define the one-loop soft factor S(;), the same one as
appears in the exponential of eq. (1.3).

In section 2.2, we then proceed to study the expansion of the integrands for the planar
and non-planar ladders at two loops under the divergent scalings. Concretely, using only the



recursive definition of the Symanzik polynomials, we can show that, as expected, under the
different IR divergent scalings the integrands factorise as the product of hard and soft terms.

In section 2.3, we study the same properties as in section 2.2, but using a different method:
instead of the recursive properties, we use the definition of the Symanzik polynomials via
graph Laplacian matrices. We show how factorisation of the integrand is a simple consequence
of “factorisation into blocks” of these matrices. This approach turns out to give a much
more uniform description of the hard-soft factorisation, allowing for the study of diagrams
with different topologies as well as incorporating numerator factors, as will be explained
in subsequent sections.

In section 2.4, we show how we can combine the contributions of the different integrands
and their respective expansions to define the IR divergent part of the two-loop amplitude.
This involves extending the integration domains of the expanded integrands to regions beyond
their respective domains of validity. In doing so, we will need to carefully add subtraction
terms to avoid over-counting divergences. This will allow us to obtain the exponentiated
form of the loop-integrated amplitude at two-loops. We end in section 2.5 by commenting on
the contributions of diagrams beyond ladders to the IR divergent part of the answer.

2.1 Location of IR divergences from tropical analysis

The first step in our analysis is to understand the definition and origin of the divergent
scalings. This can be done systematically for a general diagram following the steps outlined
in ref. [84], (see also ref. [83]). In the Mathematica file attached with this paper, we provide
a code which uses the software polymake [91, 92] to directly output the divergent rays for
any given diagram.

In order to illustrate this procedure explicitly, we review in detail how we can use the
tropical methods to derive the divergent scaling of the one-loop diagram, and in this way
give an explicit definition of S(;y (which we will need to prove exponentiation at all orders).

Divergent rays of the 1-loop diagram. For simplicity, we start with a one-loop scalar
diagram, with

U

d3a Fp
:z’3*D/2/ ¢ oxp i 23| 2.1
ae>0 (]:::)/2 p u(l) ( )

J=2

Mirroring QED, we take the straight lines to be massive with mass m and the wavy line
to be massless, and we will refer to the wavy lines as photons. The one-loop Symanzik
polynomials are given by

Uny = arg +az1 +1, (2.2)
Fay =saiaz1 + m? (11 + agam) —mP(ary + az1) (e + a1+ ), (2.3)

where we have defined s = (p1 + p2)?, with p; the momentum associated with the external leg
J. Note that, without any limit or expansions, the second Symanzik polynomial simplifies to

.7:(1) = 801,121 — m2<0z171 + Ck271)2 , (2.4)



which is the same F polynomial as the one for a scalar bubble diagram with incoming
momentum squared s and equal internal masses m. However, crucially, the U polynomial
differs from that of a bubble diagram since it contains the additional Schwinger parameter ;.

Since the argument of the exponential in eq. (2.1) is homogeneous of degree one in the a,
we can write it as a projective integral in Feynman representation as

d3a 1
Iy =TI (3-D/2 / = )
(1) ( /) >0 GL(l) ]__(31;D/2u([i)_3

(2.5)

The overall GL(1) covariance can be used to set, for example, a11 + a1 +71 = 1, or any
of the individual Schwinger parameters, a1, a1 and 71, to one.

This integral has multiple possible divergences, which can be detected by solving the
Landau equations [77-79]. Here, we distinguish between UV/IR divergences and the kinematic
singularities, which occur only for specific values of kinematic data. For example, Z(;) has
a kinematic singularity if

S = 4m2, Q11 = Q271 . (2.6)

In contrast with UV/IR divergences, this singularity occurs only at one point in the kinematic
space, i.e. at s = 4m?. Depending on the space-time dimension D, it can lead to a logarithmic
or square-root type branch point of the function Z; in the complex s plane. Locating these
singularities is crucial to studying the analytic structure of Feynman integrals, but will not
be a concern in this paper.”

In this paper, we will instead be concerned with singularities that prevail at any values of s
and m?, which lead to UV/IR divergences of the Feynman integral and must be regulated, e.g.
in dimensional regularization for the integral to be well-defined. A class of these singularities
come from configurations where a, are at the boundaries of the integration contour, that
is, ae — 00 or ae — 0, for o € {a1,1,a2,1,71}. Intuitively, the integral in eq. (2.1) is the
integral over the worldline action for each internal particle, where a. is the proper time along
the worldline for each internal particle e. Very crudely, the configurations where o, — 0 then
correspond to the worldlines shrinking, signalling contact interactions and UV divergences,
while those obtained for o — 0o correspond to IR divergences (note that in general this
identification is not valid in the projective representation of eq. (2.5)). We point out that
there exist examples of values of a. in the bulk of integration contour can also lead to UV/IR
divergences [76, 80, 98] of Feynman integrals, although those types of divergences do not
occur in the diagrams we consider in this paper, so we will not worry about them.

Going back to our one-loop example, we start by fixing 73 = 1, and perform the change
of variables, a1 — €™, a1 — €. To derive the divergent directions in 71,7 space, we
consider the Newton polytopes® of the Symanzik polynomials:

Uy = Newt(Uy)),  Fy = Newt(F)). (2.7)

"See refs. [93-97] for recent work on solving the Landau equations systematically.

8The Newton polytope Newt(P) of a polynomial P is the convex hull of the points given by the exponents
of its monomials. Its geometric properties, particularly its outer normal vectors, encode the dominant scaling
behaviours of the polynomial.



In particular, to study to potential directions for which the integral from eq. (2.5) can diverge,
it suffices to consider the Minkowski sum S(;) = U(y) @ F(1). The resulting Newton polytope
S(1) is the convex hull of the points

{2,1},{3,0},{1,2},{1,2},{2,1},{0,3},{1,1},{2,0}, {0, 2} (2.8)

and looks as follows in the 71, 7 space:

(2.9)

T3

The outward-pointing normals to the facets of Sy, i.e. the duals rays, are given by
r1=(-1,0), ro=(1,1), r3=(0,-1), r4=(-1,-1), (2.10)

representing the possibly divergent directions. To diagnose whether such a ray produces
an IR divergence, we have to check (i) whether it comes from a low-energy configurations,
and (ii) whether the direction leads to a divergent power counting of the integrand in D = 4
spacetime dimensions.

The former condition (i) can be obtained by considering the corresponding value of the
loop momenta, which is given by [72]

1
¢ = > o I e, (2.11)
T e'&T

where ¢¥ is the momentum flowing through edge e, T" are the spanning trees of the Feynman
diagram, and pr. is the external momentum that flows through the edge e in the tree 7.
In our simple example we find

o Pt 4 a1 (pr + p2)t u NPy +oq1(p1r + p2)t u 02apy —appf
' -

q1 = 2 , g3 = . (2.12)
Q11+ o1+ a11 o211+ ap1+a1+7
So in our one-loop case where v = 1, we see that
p1t+a21(p1+p2) P2 a2 12
( ag1+1 > a1+l 042,1+1)’ along 71
a2 1(p1+p2) a1,1(pi+p2) a21p2—or11p1
( )_> ( aitag 7 apitaz;y 7 aitas; )’ along 2 (2 13)
q1,492,43 _ .
P1 p2toa1,1(p1+p2) a1,1p1) along r
(a1,1+1’ ai,1+1 > ara+l g3
(p17p27 0)7 along T4

,10,



So the soft limit corresponds to ray r4 for which we check condition (ii) using the tropical
function [84] — which is simply what we obtain by tropicalizing the integrand in 71, 7o space:

TropI(l) =71 + 712 — (3 —D/2) max(m + 79,27m,272) — (D — 3) max(7y, 72, 0). (2.14)

We then have that the integral is logarithmically divergent along the direction of ray r;, if
the tropical function evaluated for 7. = (r;), is zero, i.e. Trop = 0. Instead, we have a power
divergence when Trop > 0, and no divergence otherwise. Therefore, taking the ray r4 and
plugging it into TropI(l), with D = 4, we get

Trop(rs) =0, (2.15)

which implies an IR divergence in D = 4. In the projective slice where €™ = v; = 1, it
corresponds to the case in which 7 and 73 go to negative infinity (and therefore o 1/ag1
go to zero) at the same rate. We will write this scaling as follows

r=(ai1,a21,7)=(—1,-1,0). (2.16)

This means that we scale each a, as a, — A ", and take A\ — 0 at the end of the
computation. Note that the Trop function is imply equal to minus the power in A of the
leading term of the integrand expanded in series along the ray r:

damdagjl

(sar1001 —m2(a1,1 + 012,1)2)3_]3/2 (@11 + gy +1)P—3

_ O()\—Trop(’r)).

Qe—A"Teq,

(2.17)
Due to GL(1) covariance, we can freely add any constant to all components of the vector
r. Anticipating later examples, we will rewrite r as

r= (a1, 001,m) = (1,1,2), (2.18)

i.e., taking all components to be positive, which allows for an intuitive picture of all the
parameters scaling to infinity, although ~; scales twice as fast as o1 and az ;. In loop-
momentum space, using eq. (2.11), this precisely corresponds to the limit in which photon
71 goes soft. Applying this scaling to eq. (2.5), the singular configuration of the integral
is simply the leading term in the expansion,

+ (IR finite) , (2.19)

D daq 1dag 1d 1
Ty = I‘(S— )/ aq1dag 1dy
D1

2 GL(1) (]_—(1))3—%7113—3

with D; is some domain in which the integrand approximation is valid. Before we go on, it
is worth commenting that the dependence of ; has completely factored from the integrals
in a1 and ag1 and so the corresponding integral is scaleless: it vanishes in dimensional
regularisation if we take the domain of integration D; to be the entire ]Ri?jr. In particular,
the IR divergence of eq. (2.19) along the ray (1,1,2) is exactly cancelled by an opposite
UV divergence along the opposite ray (—1,—1,—2), which appeared after the integrand
approximation along r4 was taken. Because in the next sections we will be mainly concerned
with the IR properties of integrands, rather than integrals, from now on we assume to always
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2 M2 M2

Figure 3. Explicit scalings for the rays of the planar and non-planar two-loop ladders as given in
eq. (2.24). Black propagators are unscaled while red ones are scaled (soft/on-shell).

be able to distinguish IR and UV divergences and systematically ignore the UV ones. We
will then come back to spurious UV divergences and resolve this problem in section 5.5.

Since in the coming sections we will perform our analysis in Schwinger representation,
let us integrate back in the overall scale and remove the projective invariance. We therefore
define the (Schwinger) IR integrand as

F
— i37D/2M exp (Z (1)> )
!

dS)(e) = R
1

(2.20)

where the barred notation reminds us that in order to obtain the full integrand for a given
theory we will need to add overall normalisation C containing the correct power of the
coupling and factors of 7 as well as a numerator part N, which will be introduced in the
context of parametric integrals in section 3. So in general the theory-specific one-loop soft
integrand will have the form

dSy(a) = C x dSq)(a) x N(a). (2.21)

For example, in the case of QED it would be

dsg)ED(ﬁl,52,7) _ _iS—D/Qa(M) (2p1) - (2p2) dydBrd By exp |i 58182 — m? (81 + B2)?

A 112 ~D/2 12y )
(2.22)
where we have restored the dim.reg. scale u and we used the modified coupling
a(p) = p*ee?/(4m)' =, (2.23)

with e the bare electric charge.

Divergent rays of the two-loop ladder diagrams. When detecting divergent directions
more generally, one does not need to make a change of variables to the exponential variables
Te. We can directly consider the Minkowski sum S = U @& F, where U and F are the
Newton polytopes of the Symanzik polynomials. We can directly infer the divergent rays
using standard algebraic geometry software such as polymake, see attached Mathematica
notebook for an example code.
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At two loops, we start by focusing on the planar and non-planar ladder diagrams,
respectively presented on the left and right of figure 2, for which we find the following
divergent scalings:

Planar Ladder : T = (o1, 00,2,001,022,71,72) = (0,1,0,1,0,2);
T2 = (11,009,021, 029,71,72) = (1,1,1,1,2,2); (2.24)

Non—planar Ladder : T[1,2} = (dl,l, 5[172, 5&2,1, O~é272,’)/1, ’72) = (1, 1, 1, 1, 2, 2)

Note that we find two different divergent scalings for the planar ladder — one corresponding
to the case where only the outer photon goes soft, 7y, and the other where both photons
go soft, 71 9) — while for the non-planar ladder we only have a divergence in the second
scaling. In both situations, the photons scale to infinity twice as fast as the Schwinger
parameters associated with the hard jets a; (see figure 3). As we will see in detail below,
the most divergent part of the two-loop integrals will come from simultaneously scaling the
planar ladder in 7}9 and r[; g), leading to the 1/ €2 IR pole, while the non-planar ladder, only
contributes a 1/e pole to the amplitude.

2.2 Factorisation of the two-loop integrand in Schwinger space

Let us now study the soft expansion of each integrand in the respective scalings given in
eq. (2.24), and check how in both cases we find that the Symanzik polynomials F and U
exhibit the factorisation properties from eq. (1.8). In doing so, we use the following recursive
properties of the & and F polynomials: we can pick any edge e of the graph G and write

UG) = UG /e) + ad(G — ¢),
./—"()(G) = fo(G/e) + a.Fo(G —e),

(2.25)

where Fy = F + (3, m2a.)U is defined as the part of the F polynomial independent of
the internal masses, G/e is the diagram G with edge e contracted, while G — e is G with e
deleted (or cut). These properties are exact and follow from the definitions of the Symanzik
polynomials.

Planar ladder, scaling r[3;: we begin by analysing the contributions we get from the
planar ladder in the scaling where only the outer photon becomes soft, given by (5. Using
the recursive structure of U, we can derive that in the rpy scaling it behaves as

u=u <@<) ~+ vold <‘<> T}—) (OéLQ +012,2)UH +UrUs T}—) UHUS+O()\_1), (2.26)
T2 T2

where Uy = (a1,1 + @21 +71) corresponds to the inner hard loop, and Ug = 2, which is just
the leading term of the U polynomial of the outer loop in the scaling r[y. Similarly, using the
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recursive features of Fp, we get that in the rpy scaling it behaves as follows

Fo=Fo (@<) +72F0 (’<§)
[ -
_7";]_) saq 2000 oUE + y2 | Fo ('{) + a1 250 '<<

[ -
— sa 200 92U + 72 | Fo ('<£) + a2 Fo << + a1,2F0 <<
2] ~

— s pae Ui + mPys (a1 + o) Uy + yaFo,um + OAY),

2]

(2.27)
where Fo i stands for the one-loop Fy corresponding to the inner hard one-loop. Therefore
we have that F goes as

F r—[; sy a0 oy + M2 (a2 + o) U + yoFo.u

— m2 (041,1 + a1+ a1+ Oé2,2> [(061,2 + OCQ,Q)MH + UHUS] + O()\_l)

T—[Q]—> sa 909U + yaFo i — m? (11 + az1) Upls — m? (12 + az2)* U + O(A)

— Uy {80{1720(272 —m? (01172 + agjz)ﬂ + Ug [}_07}] —m? (a1,1 + a271)uH] + O()\fl)

2]

— Uy Fs +UsFg + O(/\_l),

(2]

(2.28)
where Fg is now the full second Symanzik polynomial for the inner hard loop, and Fg

that for the outer loop, precisely as expected. Therefore at leading order, the two-loop
planar integrand satisfies

az?t — a7V x as®? (2.29)

)

where the superscripts (i) stand for the photon number entering in each factor as given
by figure 2.

Planar and non-planar ladders, [ 2): let’s now look at scaling r; o) where both photons
go soft. In this case both diagrams are divergent, but we start by analysing the planar one.
For the U polynomial we find the following expansion

1 O ) D)
—Uu (OO<) Ll (@<) 1y D)

- (2.30)
") MYz +m (g +az1 + a2+ as2) +72 (a1 +az1) + 0(}\2),

= Uél)ug) +ué1) (Br,2 + B2,2) + U§2) (Br1 4 Ba1) FONT2),
—_———
Oo(A=1) O(A=3)
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where UV stands for the U polynomial of the inner loop, involving photon 71, i.e. U 1) =
a1,1+o21+71, and Z/{g) are, respectively, the soft limits of the inner and outer loops, U g) = ;.
In addition, in the last line above, we see the first appearance of the worldline variables ()

associated to each jet J, where 375 = Zle a4, such that

Pra=0a11, Po1=a21, Pirz=o11+a12, Po2=a1+ a2, (2.31)

which can be simply interpreted as distances between the hard vertex and the vertices
where the soft photons are anchored along the hard lines. Note that in order to prove
factorisation of the I polynomial we could have kept only the O(A™*) term in eq. (2.30),
but we also retained the next order because we will need it to show the factorisation of
F below. Indeed, for Fy we find:

Fo=Fo (@<) + 72T (-(i)
= 52(00K) + 170 (OK) 4 e (-{Z) ,

(2.32)

with
Fo (()O<) = sa11099(a12 + ag1) + sa10a21(a11 + agz) ~ O(A3),

Fo (@<> = s(a11 + a12)(az1 + azg) ~ O(X7?), (2.33)

Fo <'<{Z> =m’ (o2 + az2) U + féi) ~ O\,

so that we get

F=Fy— mz(a1,1 +aj2+ a1+ 06272) [Z/{ ((x)<) +vU (@<) + ’)/21/{(1)}

ﬁ Vo [fé” —m?*(a11 + 042,1)1/1(1)} + 71 [s(aa + a12) (a1 + az2) 234)

, 2.34
*m2(011,1 +a12+ a1+ 042,2)2]

— ué2)F(1)[51,1’ Ba] + Ug)}_@) [Br2, B2] + O(N73),

T[1,2)

where F(1) /F ) are the second Symanzik polynomials for the inner and outer loops re-
spectively. The Schwinger parameters associated to each fermionic line are replaced by the
appropriate worldline variables in eq. (2.31). Since the a,; are integrated over R*, we find
that the 8’s cover the following domain for the planar diagram (see figure 4 below):

0<pBr1<pPr2, 0<Bo1<fop. (2.35)

Now let us look at the non-planar integrand under scaling 71 5. In this case the integrand is
a function of the Schwinger parameters, ¢ j;, but as we show below, when written in terms
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of worldline () variables, it precisely matches the one of the planar ladder under the soft
scaling. Let us start with the U polynomial, which at leading and subleading order gives

U=u <<Jj<z) + vl (‘<§> =U <<Jj<f) +¥2 (G, + G + G2 +71)
. MU (@§> + 72U (B11, B2, 1) (2.36)

ﬁ Y192 + 71 (@11 + @1 + G12) + Y2 (G110 + G2 + do9) + O(N?),

=UPUP +UP (Bra+ Bap) +US (Bra + B21) + O,

where now for the non-planar diagram the worldline variables are given by:

P11 =011, o1 =a21+ a2, [r2=a11+da12, Bo2=ada1. (2.37)

For the F polynomial we find:

Fo=Fo (@%) 4o (<§)
o o <@§) + 720 (<§j) :

Fo <@§) = S(dl,l + 54172)07271 + m2d2,2(d1,1 + a2+ d271) ~ O(/\_z),

(2.39)
Fo (‘@) =m? (@12) UV (B, P21, M) +]:0 (51 1,B21,7) ~ O(A™3),

so that we get

(2.38)

with

F=Fo—m*(@11+ a1+ a1 + do2) [’hu <@§> + o (51 1, 32 1771)}
— 72 {}—0 (Bi1, Boi, 1) — m (@1 + Go + Goo)U D (Bra, 52,1771)}

T1,2]
+m {851,252,2 —m2(B12 + B21)(Bra + Baa) + m?&5(Bra + Ba 2)} (2.40)
— U( JFM 4 " {851,252,2 —m?*(Br2 + 52,2)2}

1,2

L{(2 FY (B, Bar) + Ué: FO (B2, B22) + O ?),

[1 2]

which is precisely of the same form of what we found for the planar integrand once written
in terms of the B-variables! So at leading order along r(; 5], both the planar and non-planar
two-loop integrand satisfy

Az 5 a8y, 1) x dS\P (B2, 72), (2.41)

where crucially each soft factor is written in terms of the respective worldline variables.
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worldline
@ variables

bra

Figure 4. Ilustration of how worldline variables modify the integration region of the lower line (p2)
Schwinger parameters. (left) In Schwinger variables the planar and non-planar ladder have different
(soft) integrands and both occupy the entire positive octant in ag 1, e 2. (right) In the worldline
variables they have identical integrands and each of the diagrams fills half of the positive octant in
B2,1, B2,2. The sum of the two diagrams fills the entire positive octant.

Note, however, that the definition of the S variables in terms of & for the non-planar
diagram is different from that of the planar diagram, which ultimately translates into a
different integration region in the (3’s. Concretely, since the @ € R™', we have that for
the non-planar diagram

0<PBr1<PBr2 0<pBr2<fBor. (2.42)

Therefore we see that in the scaling r[; 9 the contributions coming from the planar and
non-planar diagrams written in the 8 variables are the same, just integrated over different
regions. So for the full integrand, when we sum over both diagrams, we get a single integral

over the domain (see figure 4):

Ds:0<B11 <Pz, Ba21,B2€RT. (2.43)

Note that though the sum over diagrams has filled the entire positive octant in 35, and
B2,2, the integration domain for the worldline variables of the other external leg (31,1 and
B1,2) remains ordered, but identically for the two diagrams. This will ultimately yield the
1/2 (or 1/¢! for £ photons) factor necessary for exponentiation.

2.3 Matrix-tree theorem for factorisation

It is well known that the recursive structure of the Symanzik polynomials (see eq. (2.25)),
used in the previous section to derive the soft expansion of the two-loop diagrams, is a
simple consequence of the matrix-tree theorem applied to the definition of Us and F¢ via the
Laplacian matrix of a graph, G (see ref. [71]). Concretely, given a graph G, the respective
Uq and Fg can be defined as follows

Ua = (H ae> det L, Fo =Ug |po ~pw(L*1)vw - Z mg()z6 , (2.44)
eeG eeG
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where p, is the total momentum entering in vertex v, and L is the reduced Laplacian matriz,
which can be obtained by removing one row and column from the graph Laplacian matrix,
L, given by:

(L), = Ak, (2.45)

eeG €

where 7, . is the incidence matrix, which is a V' x E matrix, with E the number of internal
edges in the graph, and V the number of vertices in GG, given by

+1, e directed towards v
Mwe = —1, e directed away from v . (2.46)

0, e disconnected from v

As one can easily check, the matrix L is not invertible since the sum of its rows (or columns)
vanishes, but after removing a vertex from the graph (which removes a line and a column from
the matrix) we are left with the invertible matrix, L, entering in eq. (2.44). For concreteness
here we choose L = L[V], where L[V] is the matrix L with the V-th row and column deleted.
In general we can pick any vertex to drop to form the reduced Laplacian matrix, but for
convenience we will always consider removing a vertex inside the hard part of the diagram.

Using this formulation, we can write the Feynman integral associated to a given graph
G with F internal propagators and ¢ loops as follows

da
Tg = iE—tb/2 / I dae exp (iV), 2.47
“ ae>0 (Heae)D/2 (detL)D/2 (@) (2.47)

with the worldline action given by

<

V =Dy Puw (L_l)vw - Z mgae =
eeG

(2.48)

From this point of view, it is then expected that the factorisation found in the previous
section for F and U, which ultimately ensured the correct hard-soft factorisation of the
integrand in the different scalings, should translate into a simple behaviour of the matrix
L when expanded along the IR divergent rays. As it turns out, this is exactly the case and
moreover the definition of the Feynman integral via the graph matrix L allows for a simple
derivation of the factorisation structure of the integrand under the different IR scalings.
Most importantly, this formulation allows for a completely uniform treatment of a class of
different graphs — with arbitrary number of loops and jets, as well as different web structures
connecting the jets — while also allowing for the inclusion of numerator factors, which play a
role when considering different theories. This is the path we pursue in section 4. For now,
let us stick to the two-loop example in study, and illustrate this procedure for the simplest
type of the factorisation corresponding to the ry; o) scaling in the planar ladder.

For the planar ladder, if we list the vertices in the graph labelled in figure 2 in the
following vertex vector

v = (vh071)17177}1727v2,1;U2,2); (249)
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the reduced Laplacian matrix we get by deleting the first row and column, corresponding
to the hard vertex, vy, is simply

1 1 1 1 1
1,1 + a11,2 + 71 L 041,21 71 01
I = a1,2 a1,2 + Y2 0 Y2
_1 o L4t 1 1
Y1 @21 a2 2 Y1 a2 2
0 _1 __L 1L
Y2 a2 2 a2 2 Y2

To get more insight into its structure, we can write this matrix as a sum L = J + Ty,
where J is the block diagonal part which contains the Schwinger parameters scaled as A~}
(i.e. the massive “jet” lines), and I'; the part including the photon Schwinger parameters,
which scale as A ™2

1o, 1 1 1 1

Q1,1 + ai,2 a1,2 0 0 " 0 e 0
L L 0 0 o L o -1L1

— Q1.2 Q1.2 — Y2 Y2

J= 0 0 RS T I';= 10 1 ol (2.50)

a1 2.2 a3.2 71 1 Y2 1

1 1 1 1

0 0 22 2.2 0 72 0 2

We see that J is block diagonal with blocks J; and J2 corresponding to edges in jets 1 and
2. Further, one can immediately see that L. — J at leading order in A and, since J is block
diagonal, we can easily extract its determinant to derive the factorisation of U. Concretely:

2
= U7 H a; 10 2det(J;) = 71 X 2. (2.51)

=1

det(Ji) =

Qi 1062

As for the action V, we see from the exponent of eq. (2.47) we see that we first need to invert L.
Using the decomposition above, we can write the expansion of L~! under the 71,2 scaling as

L'=0+r)t=3"'-J'r,0t+.... (2.52)

Plugging this result into eq. (2.47), we find

YV = Dy Pw (J_l)vw —Pv - Pw (J_II‘JJ_I)UU) - m2ze Qe . (253)
N
oA 1) O\9) o1

Now, because J is block-diagonal we can invert it by inverting each of its blocks J;. In
doing so, quite nicely, we see how the worldline variables emerge automatically from the
Laplacian matrix:

1 |Bi1 Bia
3o [ o 5] (25)

Now p, is a V-dimensional vector whose entries encode the momentum entering each vertex of
the graph, and therefore it takes the form p, = (0, p1, 0, p2), where we have already dropped
vertex, vp,. Therefore we can readily compute J~1p = (B1,1p1, B1,201, 52,1p1,5272p2)T, so that
the first term in eq. (2.53) simply gives

2
Do - Pw (J_l)vw = Zp?ﬁzﬂ =m? Zae, (2.55)
=1 [

which precisely cancels the last term in eq. (2.53).
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Finally, to manifest the factorised form of (J~!p)TT ;(J~1p), it is useful to swap the entries
on the vertex vector such that vertices connected by a photon are adjacent to each other, i.e.

0 = (v1,1,v2,1|v1,2, v2,2). (2.56)

In this basis, we have that I'j is block diagonal and each block, TI';, is labelled by the
respective photon i,

1 1
" o g
- = 0 0 rs 0
Ty=| n m . E[ 11_‘]’ (2.57)
0 0 —= =
and similarly for this vertex ordering we have that
J7'p = (Biap1, Boip2 | Bropt, Bogpa) | = (P1| P2) . (2.58)
So we find
2 2 B — m2( B 2
VY - ZPZTI‘sz _ Z 351,1/82,7, m (51,1 + /81,z> ’ (259)
T T Yi
=1 =1

which is simply the sum over F;/U; for each one-loop process, written in terms of the
worldline variables [, precisely as expected.

In summary, already in this simple example we have found that the matrix formulation
of the Symanzik formulation lets us derive the factorisation of the integrand on a diagram-
by-diagram basis as a result of simple matrix identities coming from the fact that the graph
matrices simplify — namely become block diagonal — under the soft scaling. In section 4,
we extend this observation to a general proof at all loops as well as to more interesting
soft diagram structures. In general, we find that the Laplacian matrix can be decomposed
into a hard and a soft part — here there was no hard part since all photons were made
soft — where now the soft part has more interesting structure coming from the presence of
hard subdiagrams (or blobs) inside the photon webs. In addition, the Laplacian formulation
will also allow us to incorporate numerators and therefore perform a uniform study of the
integrand behaviour under the soft scalings in different theories. Nonetheless this simple
two-loop case serves as a perfect example of the main features that enter in showing the
factorisation of the integrands in the settings described in section 4.

2.4 Regions of integration and exponentiation

Having understood how the integrands for the planar and non-planar ladder behave under
the different IR divergent scalings, we now proceed to discussing how putting everything
together we can recover the two-loop exponentiation statement of eq. (1.5).

Note that when defining the expansions of the integrand under the different scalings we
have not yet been careful in articulating in which region the expansions are valid. It is well
known that if we expand a function in a certain limit, but then integrate it over a larger
domain (namely outside the domain of applicability of the expansion) we may create new
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"1,2]

»TJ,1

»TJ,1

Figure 5. (left) Representation of different dontains in (71, 7s2) space, with o; ; = exp7ys;. The
normals to each facet of the Newton polytope give the
the respective regions. (right) Resulting Newton polyto
gray vertex on the left becomes a facet. It has a total of
and r(; o) and the sum of both, 7y + 71 2]

jvergent rays (blue and red), and also determine
after performing a “blow-up” — where the
ree rays/facet normals, the original 7y

divergences that are present in the expansion but not in the original function. The purpose

of this section is to perform the analysis of tropical rays and domains of integration carefully
for the two-loop example discussed above. The ideas presented here‘are generalised to all
orders and to an arbitrary number of external states in section 5.

Let us start by looking at the planar ladder, where we have the two scalings given in
eq. (2.24). Calling Dy and Dj; 9 (see left of figure 5), the regions where these two scalings

are valid approximations, we can approximate the full two-loop planar integral

az?) ~ / ar?]  + / a |,
Rf (2) D[Q] |: (2):|T'[2] D[I,Q] [ (2):|7‘[1’2]

where here we are assuming the integrands are written in terms of the standard Schwinger
parameters, a € R;. We will explicitly introduce the g variables later on when discussing
the full result after summing over the planar and non-planar ladders. In the equation above,
[+ -] stands for the leading approximation under the ray r.

Now our goal is to extend the integration domain of each term above to the full integration
domain. Of course, in doing this we must be careful to avoid the over-counting of divergences
coming from the overlap of the two domains — as we now explain this can be done by
introducing subtraction terms from which we define modified soft integrands.

Starting with the integral over D[y, and recalling from the previous section that we have

[dIle)L[z] >~ dZgyy[ag] x dSqylasl, (2.61)

we can extend it to the full integration domain as follows

dz?! :/dedS :/ dZ,y x dS —/ dZy x dS(py,  (2.62
/D[Q][ @Lm by 0 DT fopp, GO XWX (2.62)

— 21 —



where Dg stands for the region in Schwinger parameter space for which the original integrand
is IR finite, which we can be define as the complement of (Djg U Dy 9)) in ]Rif . Replacing
this result back in eq. (2.60) yields

dI(p21) ~ dI(l) X dS(l) + /D[ | [dZ&l) — dI(l) X dS(l)
1,2

RE\Do ]T[1,2]

E
]Ri+

~ dI(l) X dS(l) + /D[ | [dIFQI) — dI(l) X dS(l)}
1,2

R\ Do 2]

~ ATy x dS(y + / ds Las ] —dS « dS ,
/]RE\DO (1) x dSq) D[m]( @l as.0] = dSu)lar] x dS()las,,])

(2.63)
where in the last line we replaced the expansion of dIle) under 7 9] by dSz. As we know
from the previous section, once we change variables into the (§’s, this term further factors into
the product of two factors of dS;. So comparing the last line of eq. (2.63) to eq. (2.60), we
see that the integrand approximation along ray 79 is integrated on the whole IR-divergent
domain, but to compensate for this in the domain Dj; 5) we have a modified soft integrand:

dS(Q) = dS(Q) — dS(l) X dS(l). (2.64)

Now, by construction we have that ds (2) vanishes when we further expand along vz, since
[dS(g)]r[Q] ~ dS(y) X S(1). Therefore we can safely extend the integration domain of the second
term in the last line of eq. (2.63) from Dy 9 to R %\ Dy, without over-counting any divergences:

ot dzf =~ . dZ ) x dSqy + dS o). (2.65)
However, as we mentioned above, expanding the original integrand along the divergent rays
(719 and 7 9] in this case) can produce an expression which has new IR divergent rays. Indeed,
the expansion along 7[5 given in eq. (2.61) has a new ray 7o = (1,0, 1,0, 2,0) which lies inside
the previously IR-finite region Dy and corresponds to the inner photon going soft. Still we
can check that the total integrand above vanishes along this direction at leading order in A.
This is simply because dS(y) is finite on 7o, but dZ;) x dS(y) 2, dS(1) x dS(1), which precisely
cancels with the subtraction term in dS (2)- So we see that, quite nicely, the subtraction term
added in the modified dS (2) is doing double-duty, as it both avoids the over-counting of the
divergences when extending Dy o) — Dy o) U D[g], as well as cancels the new divergence of

[dIFQI)} once we extend the integration domain into Dy, recovering the full ]Rif .
2]

Now writing the final result in eq. (2.65) in terms of the expansions of the integrand we find

= / a4+ a7 — |az? + (IR finite). 2.66
el A ) B S o I Y ) (2:66)

In summary, we found that the correct integrand capturing the IR divergent part of the
two-loop planar integrand is given by the sum over the expansions along the two IR divergent
rays r[g and r(; o of the Newton polytope, minus the expansion along a new ray, given by
the sum of 7y + T[LQ}.Q Geometrically this corresponds to replacing the original Newton

9This correspond respectively to the expansions [-- ey [+ e gy @and [+ Jrpy)ry 55 where we have

[ ']T[z]vru,z] =[- ']Tu,z]vT[z]‘
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polytope of the Feynman integral with a “blown-up” version obtained by adding to the
underlying fan this new ray, as shown on the right of figure 5. From this new object we
can directly extract the IR divergent part by expanding along the different rays, with the
alternating sign as explained above.

Finally let us show how using egs. (2.65) and (2.66), together with the contribution from
the non-planar ladder, we can reproduce the exponentiation result in eq. (1.5). We start
by noting that for the non-planar ladder there is a single soft scaling and therefore we can
trivially write the IR divergent part without the need for any subtractions

npl npl .
¥ = / . [dI(Z)LM + (IR finite), (2.67)

«

and so adding both ladders we obtain

I(2) - /aE]RﬁL [dZ&l)L[m] B [dzg)}f[z]ﬂ“[m]

: 1 (2.68)
+ dz;y) + dz?. + (IR finite).
aerR+ [ (2)L[1,2] a€Rt [ (Q)L[zwu,z] ( )
Using eq. (2.63), we can write the terms in the first line as
/3 dZey(ag1,71) X /3 dSi(a2,72) — /3 dSi(ay1,71) X /3 dS( (a2, 72)
R3 R3 R3 R3 (2.69)

= M1)Sy = S1)Say,

where we restored the dependence on the Schwinger parameters for clarity. On the other
hand, for the two terms in the second line of eq. (2.68), changing from the a’s to the
worldline variables 8, we can combine both integrals into a single integral over Dg (as
defined in eq. (2.43)),

1
dz,. .. = = dz
/Da 02 T g fy eme vz (Ba1:715 B2, 72)
1

2 B1,7€ERT

. (2.70)
_ Q2
dSy(Bri,m) /ﬂg,JE]RH dS1)(Br2:72) = 550"

Adding egs. (2.69) and (2.70) together, we precisely reproduce the two-loop IR divergent
part from eq. (1.5), which proves exponentiation of the IR divergences at two-loops for
the form-factor amplitude.

2.5 Diagrams beyond ladders and renormalization

So far we have only focused on “ladder-type” diagrams, but, already at two-loops, there are
other types of diagrams that contribute to the amplitude, see figure 6. These diagrams are
particularly important when considering the UV renormalization of the theory. Of course,
we can eliminate the UV divergences in a standard way, e.g. using counterterms. However,
depending on which renormalization scheme we choose, these counterterms may or may
not contain IR divergences as well.

One scheme which makes our analysis particularly simple is the on-shell scheme. In
this case, the counterterms for the vertex renormalization have IR divergences which will
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<44

(I11) (IV)

Figure 6. Two-loop diagrams beyond ladders.

exponentiate, but we can fix their contribution to the cusp soft anomalous dimension by
requiring that the limit as the cusp angle goes to zero is finite. We will come back to this
point in section 5.5.

In more detail, diagrams (I) and (II) give the standard logarithmic UV divergences which
allow us to derive the S-function for the coupling a(i). In addition, they are IR divergent
when the photons between the jets go soft. However, these divergences just effectively correct
o, so that in the exponentiated one-loop result we obtain the low energy coupling, ae(m.)
with m, being the mass of the hard lines — in QED, the electron mass. Below the electron
mass, a, stops running. Similarly, in diagram (IIT), we find a power-like divergence in the
limit in which the photon between the two jets becomes soft. This, as usual, is reflecting the
fact that the mass of internal propagator is not the physical (pole) mass. Indeed, when we
sum all the loop corrections to that internal propagator we shift the bare mass to the pole
one and the power-like divergence disappears. Finally, diagram (IV), is associated to the
wavefunction renormalization. Since we consider the external states to be the physical states,
and thus only deal with amputated diagrams, we do not need to include it.

Keeping this in mind, for the rest of this paper, unless said otherwise, we will focus
on diagrams where we have photon webs connecting different jets. In addition, in our IR
analysis, we also assume that the UV divergences are taken care of by some renormalization
procedure that does not affect the IR limits under consideration.

3 Diagram numerators in Schwinger representation

In this section we briefly review a general method to express any Feynman diagram, including
its theory-dependent numerator, in Schwinger parameter space. We refer the reader to
appendix A of ref. [72] for a more detailed discussion.

Starting in loop-momentum space we have the expression'’

_’Z'—l/lE_[dD N(qe) \ﬁ15D< +Z ) (31)
- (i WD/Z)E e=1 o HeEzl (—qg + mg) v=1 b ot '

where ¢, are the momenta associated with the internal edges and p, is the external momentum
entering each vertex, which is zero for all the internal vertices and non-zero for those connected
to external edges. These momentum assignments are taken as independent and momentum

10Note that here we work in the conventions where the numerator is written solely in terms of internal
momenta, which we can always do by momentum conservation.
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conservation at each vertex of the graph is imposed by the delta functions. Note that we
include V — 1 delta functions in the vertex momenta so that 7 uses the traditional convention
of dropping an overall momentum conserving delta function. The incidence matrix 7,
takes the form given in (2.46). Finally, N is the numerator of the diagram arising from
the Feynman rules of the corresponding theory.

In order to obtain a parametric representation for eq. (3.1), we start by using the
identities'!

]. 0 ) 2, - de .
- — da i@ —m*+ic)a sP(p :/ iz-P 9
q?> —m? +ic ! /0 “c ’ (P) (2r)D € (3.2)

to cast eq. (3.1) into the form [72]

d xv
t= KD/2/€IR{D /ae>01_[d e dore H / erD ( (qe)
V-1 V-1
Xexp{zll — Mg ae+zxv'nveQe]+szv pv}

v=1 v=1

(3.3)

where q, is the Schwinger parameter associated to the internal edge with momentum ¢.. We
further express the numerator in the exponentiated form

N(ge) =N< 86 >H6Xp ige - ze]

(3.4)
2e=0
where the z. are auxiliary Schwinger parameters which are set to zero at the end and the
differential operator N (—id.,) is obtained from N (q.) by replacing g& — (—7)+2 e [72].
This leads to

Bt b V-1 dPx
= — d¥qe da / =N (—i0,,
mtD/2 /qu]RD /o¢e>0 ¢ 1 N )

v=1 x’UERD (27'(')

E V-1 V-1 (3.5)
X exp {z Z [qgae + ge - (Z My,eXTy — ize> . mgae +1 Z Ty -pv}.
e=1 v=1 v=1

At this point we introduce two important quantities: the Laplacian matriz and the weighted
incidence matriz. The Laplacian matrix, L, was already defined in section 2.3 and takes
the form given in eq. (2.45). Once again, this matrix is not invertible, and so we will deal
directly with the reduced Laplacian matriz, L, which is obtained by removing a vertex from
L — for convenience we choose this vertex to be part of the hard diagram (not connected to
any soft edge). The weighted incidence matrix M lets us incorporate the numerators into the
Schwinger representation of the integral and it is a (V—1) x E matrix defined as

(M) e = Z— (3.6)
where the omitted vertex has to be chosen consistently with the definition of the reduced
Laplacian.

11n eq. (3.2) we reintroduced the Feynman prescription ie to emphasise how it ensures convergence of the
integral in o by providing a negative real part to the exponent.
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Finally, performing the Gaussian integral over the ¢, we are left with a Gaussian integral
in the z, that evaluates to the following final expression

T = ZE é/ He dOée
ae>0 ([T, ove)P/? (det L)P/2

X N (=i0z,) exp (iV(z)) (3.7)

where we introduced the modified worldline action

. T E 2 E
V(z) = <p + ;Mz> L~ (p + Mz) + Z 4Z; Z (mg) Qe (3.8)
e=1 € e=1
The standard worldline action V introduced in section 2.3 can then be obtained as
E
V=V(z=0)=p L !p— ZmZae (3.9)
e=1

and the first and second Symanzik polynomials are given by (2.44). Indeed, we see that the
exponential can be split in a z-independent part (V = F/U) and a z-dependent one as

_ E—¢ [1. dae @]'—>

(3.10)

4ae

X N (—i0,,) exp {z

1 2
ip' L7'Mz— 12 M'L™'Mz +Z H

z=0

so that an integral without any numerator corresponds to N' = 1, for which we can trivially set
z = 0. Whenever N is not 1, we find it convenient to split its terms into a z-independent tensor
and a product of derivatives. Without loss of generality we focus on a numerator of the form

0 0
Y

N = TH1-bn (3.11)
where T is a tensor independent of the Schwinger parameters. In general the numerator of
a Feynman diagram can involve a linear combination of terms of this type. We can then
rewrite the diagram in the form

7= z‘E—f/ >0%S/‘;‘€ exp (g) Tt (DD ), (3.12)

where we defined the quantity

<8Z511 . 8zé‘,?> =

o o e TL—lM 1 TMTL 1M 2 (3.13)
ng...@exp 1 |1p zZ — 1 Z+Z4ae 0,
Z—=
which can then be computed recursively as
(Opr o O ) = A (D pa o D )+ D AL, 0 Oy ), (3.14)

1=2n
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(a) (b)

Figure 7. (a) General form of the diagrams considered here. Red wavy lines are massless and their
Schwinger parameters scale as A~2, while black solid lines are massive and scale as A~!. The blue
blob is any unscaled (hard) subdiagram. The gray blob corresponds to any subdiagram of either
disconnected massless lines or unscaled propagators. (b) Representative example of a type of diagram
included in (a). The black blobs (which we will simply refer to as blobs in the rest of this section) are
connected subdiagrams of unscaled propagators.

with the one- and two-point “Wick” contractions

. 5,
—(ML"'p#),,  A™ Z[(ML1M> +f} G- (3.15)

I —
Ae €f 2 Ef ae

Egs. (3.14) and (3.15) provide a particularly convenient way of computing the Schwinger-
parameter version of Feynman diagram numerators recursively. Plugging this into eq. (3.12),
we find the final expression

_ B¢ [[cdae 4y
=i /ae>0 D72 € N(a), (3.16)
with the shorthand
N(a) =T (0 .0 ). (3.17)

We point out that the quantity N'(«) is a rational function of the Schwinger parameters whose
coefficients can only depend on the external momenta, polarisation vectors and space-time
dimensions D. The a-dependent part of N can then be interpreted as a linear combination
of scalar integrals, so that eq. (3.16) automatically yields a “tensor-reduced” representation
of the diagram numerator.

4 Integrand factorisation

In section 2 we showed how one- and two-loop scalar ladder diagrams factorise when ap-
proximated along their IR divergent rays. We also showed how the integrand of the full
amplitude can be reorganised to make exponentiation of the one-loop IR divergence manifest.
The goal of this section is to prove factorisation of the much wider class of diagrams and
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scalings illustrated figure 7(a) to all loops. In the figure, the black solid lines correspond
to massive lines, whose Schwinger parameters scale as A~! (on-shell), while the red lines
are massless and their Schwinger parameters scale as A™2 (soft). From this point onwards
we will use the shorthand jet to refer to each collection of connected lines scaling as A ™.
For instance figure 7(b) contains three jets.

The tropical rays corresponding to the scalings we consider here have entries which are
either 0, 1 or 2 and concretely have the form

r=(0,0,...,0,1,1,1,...,1,1, 2,2,...,2 ,0,0,...,0), (4.1)
all edges in massive edges massless edges  all edges in
the hard part in jets connecting to jets the blobs

which is defined in accordance with the (partial) edge ordering given below in eq. (4.14). The
blue and gray blobs correspond to any subdiagrams whose edges are unscaled, or in the case
of the gray blobs, they can also include massless edges, scaled as A\~2. Concretely, the gray
subdiagram can consist of many disconnected pieces, some of which are trivial (disconnected
massless soft edges) while others contain a connected unscaled subgraph and are represented
by black blobs, see figure 7(b) for example. Whenever a black connected subdiagram is
encountered we refer to it simply as blob. We will instead use the name hard subdiagram for
the blue blob. We will also refer to the collection of scaled edges and (black) blobs as soft
subdiagram. An explicit example of such a diagram is given in figure 8.

Below will show that, on the rays defined above, the integrands of this class of Feynman
diagrams factorises at leading order in A as

AT ~ dTy x dZs, (4.2)

where dZy and dZg are interpreted as the integrands of the hard subdiagram and of the
soft subdiagram. We will then proceed to prove a further factorisation property of the soft
integrand, which splits into the product of simpler soft integrands related to the various
connected components W (such as the ones in figure 7(b)) of the soft subgraph

w

Further, we will prove all these properties hold at leading order in the ray approximation
not only for the scalar integrals but also for their generalised version defined in section 3,
which contains information about the numerators of these diagrams.

All the information needed to prove the factorisation properties above is contained in the
asymptotic structure of the L™! and M matrices of section 3, which in turn will let us derive
the factorisation of the generalised worldline action V(z) ~ Vi (zg) + Vs(zs). Connecting
the approach of this section to the diagrammatic one from section 2.2 relies on the matriz-tree
theorem, see e.g. ref. [71]. While the two representations are mathematically equivalent for
scalar integrals, we find the matrix representation to give a more transparent way to include
numerators, generic hard diagrams and blobs in our analysis.

This section is organised as follows. In section 4.1 we organise the entries of the graph
Laplacian matrix to highlight the structure and scalings of the diagrams. In section 4.2 we
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v=1{1,23,4,567,8,9,10, 11}

vy ={1,2,3,4,5}

v = {6, 7}

vy = {6, 7, 8,9} 'U.]g — {8, 9}

vp = {10,11}

J2

Figure 8. Simple example of a diagram of the general form considered in this section. On the right,
we present the vertex vector, which gives an ordering to the vertices and is based on which we define
the graph matrices H, S, J, B, etc.

prove the factorisation of the ¢ polynomial. In section 4.3 we do the same for the generalised
worldline action V(z). Finally, in section 4.4 we collect our results and show how they imply
the factorisation properties of the integrand anticipated in egs. (4.2) and (4.3). We also
comment on the form of simpler ladder diagram (where no blobs are present), which will
be important for the proof of exponentiation in section 5. We present multiple examples of
the matrices entering in this section, as well as their respective expansion in the IR scalings,
in the example Mathematica notebook.

Edge/propagator naming conventions. Before we proceed let us define a naming conven-
tion for the Schwinger parameters of the jet edges in the graphs we are studying. Labelling the
external massive lines J; with ¢ = 1,2, ... we name the parameters of the massive propagators
along J; as «;;, with j starting from 1 at the innermost edge:

where [; is the number of edges on that line. In the following we will not need to refer
explicitly to the parameters of the soft massless edges or to those of the unscaled edges so
we will not fix any specific convention here.

4.1 Structure of the Laplacian matrix

In order to study the structure of the Laplacian L in the limit described above, we begin
by defining the following ordering among vertices:

v=A{vg|vs|ve}, (4.4)

where here and in the rest of this section we use the symbol “|” to separate the columns of
different blocks of a vector or matrix. Above the three lists on the r.h.s. are respectively
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the vertices in the hard diagram, along the jet lines and in the blobs. We can then further
order and split the jet and blob lists of vertices as follows:

vy={vn1,vn2 | - | V1002, ),
| |
V%rtiges in vertiﬁes tin
rst jet n-th je (
4.5)
vp ={vB,1,UB2,--- | -+ | UB,1,UBL 2, )
| e
vertices in vertices in
first blob npg-th blob

with the vertices in each jet ordered from the inside out and no particular ordering among
vertices in the each blob. For an example of vertex ordering see figure 8.

With these conventions in mind we can split the reduced Laplacian matrix'? L into
various blocks associated with vertices of the soft and hard subdiagrams:

- (29). w

Above, H connects vertices of the hard subdiagram to themselves and S does the same for
the soft subdiagram vertices, see figure 8. C and its transpose instead are generally sparse
matrices connecting hard to soft vertices. We will not make any assumptions about the
matrix H (i.e. on the shape or type of hard diagram) other than it is invertible and that
its components are of order \°. The structure of C is fixed by the general form of diagram
defined in figure 7(a) and can be written in the form

C=(cso)=(cCu|..|Cslo),  with  (Cyp)y=aiid0mm,,  (47)

where the hard vertex hj, is the one where the jet J; is attached to the hard subdiagram.
The block of zeros in this matrix corresponds to the blob(s), if present. The structure above
can be understood as follows. The i-th jet is connected to the hard diagram by a single edge
(with associated parameter ;1) which, following the vertex ordering in figure 8 connects the
first vertex of the jet to some vertex in the hard subdiagram (two or more jets may connect
to the same vertex). As a consequence, all entries in each C, are identically zero, except for
the ones corresponding to the vertices that directly connect the soft and hard diagrams.
To understand the structure of S, we further split its entries in the following way:

r, T
s (?+Ts Tus (4.8)

As we will see shortly, this form clearly separates the components of S with different scalings.
The matrix J corresponds to the Laplacian of the soft graph where all edges except those
that scale as A™! have been deleted (figure 9), while B is the Laplacian of the collection
of blob graphs where all edges except the unscaled ones have been deleted. The matrices
T (T, T;p and T'p) contain the edges that scale as A~2, e.g. the photons in QED and
gluons in QCD. Figure 10 shows on which edges the various blocks of S depend on and
which vertices they connect (for the soft subdiagram of the example in figure 8). The various

1276 define the reduced Laplacian from the full Laplacian, we use the conventions that a vertex from vy is
removed, e.g. in figure 8 we would remove the vertex labelled with 1.
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Figure 9. Graphical representation of the J matrix, which only contains information about the
massive lines scaling as A~!. The diagonal blocks of J correspond to the individual lines stemming
out of the hard diagram.

7 'l s 7l

O | . | o)

< L~ <
] F] F],B FBB B

Figure 10. The soft Laplacian S can be split into various components corresponding to different
subsets of vertices. In this figure it is shown which edges and vertices of the soft diagram enter the
different building blocks. For each matrix all unrelated edges and vertices are shaded. The unshaded
edges appear in the entries of the corresponding matrix, while the unshaded vertices determine its
indices. The leftmost vertex is omitted as we assume it has been removed when defining the reduced
Laplacian.

components therefore scale homogeneously as

v

J5 A, BLB, T'3%\T. (4.9)

Looking more in detail at the matrix J, we find it is block-diagonal

J=1|: - 1, (4.10)
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where the matrices on the diagonal correspond to the various branches or jets of figure 9
and are given by tridiagonal matrices with the entries
-1, —1 -1
Q1 tQ; 9 —Q9
-1 -1, -1 -1
Q9 Qo+ 3 —Qg

1 1 1
QT —

—1 —1
i, Yl

where again [; is the number of soft photons attached to jet J;. In the case of jets with

a single fermion propagator (i.e. [; = 1) the equation above reduces to J; = Q- 11 Using

egs. (4.10) and (4.11) we find

Bia Bix Bix -
J7U0 Bi1 Bi2 Bi2 Biz - ,
J_l = s (Jz’_l)’u,v’ = Bi’l Bi’Q Bi,?) o = /Bi,min(v,v’) ~ X? (412>

n

0 ---J1! D Big
. Bii;
where f;r = a; 1+ --- + oy . That is, each j3; ;, represents the worldline distance from the
hard scattering to edge k in jet i, precisely mirroring the 5’s we got in the diagrammatic
formalism in section 2. Therefore we see for a very general set of diagrams how the Laplacian
formalism naturally suggests the worldline variables to describe the jet edges.
The matrix B can also be written in the block diagonal form

B;--- 0
B=|: . ], (4.13)
0 --- Bu,
where each B; is the Laplacian matrix of the i-th blob with all external photons deleted
and npg the total number of blobs.

Structure of the weighted incidence matrix. In addition to the Laplacian L we can
also split the components of the weighted incidence matrix M according to the vertex
ordering defined above. Recall that M is a (V' — 1) x E matrix connecting vertices to edges
(M — (M),,) and so, to define it, on top of the vertex vector (given in eq. (4.4)), we also
need to specify an edge vector e, which we order as follows

e={enleslesles},

BJ:{€J171,€J1’2,...| ...|€Jn71,€Jn’2,...}
edges in edges in
first jet n-th jet (414)
eg={ep,1,€B,2,--- | .- | e, 1,€B, 2, },
e | |
edges in edges in
first blob npg-th blob
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where ep; are the unscaled edges of the hard part and eg are the massless edges scaled as
A~2. Just like for L, we can begin by splitting hard and soft vertices

-
M= (Mpy[Ms) (4.15)
and then further decompose the soft component into jet and blob blocks:
T T
Ms = (My[Mp ) = (My,|... M, [Mp,|... Mg, ), (4.16)

where the minors M, related to the jet vertices are explicitly given by

-1 —1
Q1 —® 9
a;zl —ai}}
M, = (4.17)
-1
Q1

Finally, the vector of external momenta p can be decomposed similarly to L and M as

p = (pulps)"
T
= (PH,lv pH,Za-‘-J| \070)-"50517]1}‘ s | \0707"'707])]71}‘ paoa"'J )Tv (418)
vertices vertices in vertices in vertices in
in hard diagram first jet n-th jet the blobs

where we have assumed some arbitrary momenta pp; entering each hard vertex.

4.2 Factorisation of U

Having understood the features of the underlying graph matrices from which we can extract
the Symanzik polynomials and define the worldline action, we now proceed by showing the
factorisation under the IR scaling of the first Symanzik polynomial. As we saw already in
section 2.3, since U = [], a. det L, the factorisation of U is equivalent to the factorisation
of det L.

Factorisation into hard and soft. Our first goal is to prove that to leading order in A
U ~ Uy x Us, (4.19)

where Uy and Ug are the first Symanzik polynomials of the hard and soft graphs respectively.
Using eq. (4.6) we rewrite the determinant of L as'?

det L = det Hdet S, (4.20)

v-(23)

and A is invertible, then det M = det(D — CA™' B) det(A), and

131f M is an invertible block matrix,

= AT+ AT'B(D - CA™'B)"'CA™ —A7'B(D-CAT'B)™!
- —(D—-CA™'B)'cA™! (D-cA™'B)™!
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where we introduced the deformed hard matrix
H=H-CS!C’". (4.21)

Therefore in order to show that U factors in the correct way, we simply have to argue that
CS!CT is sub-leading in the scaling as A — 0, so that H can be approximated by H
in eq. (4.20). To show this we use the block-inversion formula in footnote 13 on S split as
ineq. (4.8) and use the special form of C given by eq. (4.7) which yields

-1
CS7ICT =Cy (J+ T, ~Typ(B+Tp) 'Tp,) Cj=Cy37'C) ~\ (4.22)

To explain the scaling above, we start by looking at the matrix (B + I'g). Since B is not
invertible by itself (it is the unreduced Laplacian of the blob subdiagrams), we must consider
the full matrix B + I'g. This matrix is invertible, and its inverse has components starting at
order \~2.1* Still, in the equation above it appears multiplied by two matrices of uniform
scaling A2, so that the whole term is negligible when compared to J, which scales as A. In the
last approximation we also dropped T'; since it scales as A2. Finally, we see from eq. (4.12)
that J~! scales as A™!, but here it appears multiplied by two uniformly scaling O(\) matrices
(CyJ), so overall the result goes like A. Egs. (4.22) and (4.21) imply

H=H-+0(\), (4.23)
which in turn gives us the desired factorisation property
detL = (det H+ O(\)) det S, (4.24)
when plugged into eq. (4.20).

Factorisation into webs. From the block diagonal structure of the leading entries of S,
it is simple to see that detS further factorises as

det S ~ [ det J; x [] det (B, + T, ) (4.25)
@ J

and since detJ; = [], a;el one can check that
Us ~ [[thw. (4.26)
w

where the connected webs W are the graphs obtained by deleting all disconnected components
of the soft subdiagram except for one. In the example of the graph in figure 8 we find that
there are two connected webs and the U/ polynomial factorises as shown in figure 11. In the
next section we will show that the (modified) worldline action factorises into a sum of terms
which correspond exactly to the same types of diagrams: connected webs.

4.3 Factorisation of V(z)

We now switch to showing how the modified action V(z) factorises in the scalings considered.
All the results obtained below can be trivially extended to the standard action V by setting
all z, = 0.

We will give more details on the form of the (B + I'z) ™" matrix in the next section.
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X uwl X (UWZ

Uu = (HH
—
<
Figure 11. Example of factorisation of the ¢/ polynomial into hard and web terms.

Factorisation into hard and soft. Let us focus on the part of the action involving the
inverse Laplacian:

V(z) = <p + ;'1\/[z>T L! (p + ;Mz> T (4.27)

as all other terms are already trivially factorised. To begin, let us write L~! through the
block-inversion formula in footnote 13 as

H-! S !cTH!
_1 _ . =
L= (—Hl cs! sl4sI1CcTH!C sl> ’ (4.28)

which can be further split as

H! 0 1y —Cs!
L t'=T/ Ty, with Tg= ) 4.29
5 < 0 s—1> 5 s (o 1g (4:29)

where H was defined in eq. (4.21), and, as we will see momentarily, Tg guarantees that the
external momenta feeding into each massive line propagate through the soft subgraph and
enter into the correct vertex of the hard diagram.

As we proceed to show, C;J~! scales as \°, and since we are interested in retaining
terms in V up to order A\Y, in all the terms involving H in (4.28), we can safely approximate
H ~ H, since the corrections coming from CS~' CT are sub-leading.

The action V(z) then takes a factorised form if Tg acting on the vector of (modified)
external momenta p + iMz/2 yields a vector whose hard vertex entries depend only on
Schwinger parameters of the hard subgraph, and similarly for the soft vertex entries. More
concretely, we would like

Tsp. = (PH(GH)‘PS(GS))T, (4.30)

where by a(s) we mean the collection of Schwinger parameters of the hard(soft) subgraph.
To prove this we start by looking more in detail at the entries of the vector. Using egs. (4.15)
and (4.18) we find

)
Tsz = TS (p + 2MZ) =
: 1 : ’ T 4.31
= (PH +iMpyz — CS™H(ps + tMgz) | ps+ %MSZ) (4.31)

A , T
o~ (pH + tMpyz — CS™'pg ‘ pPs + %MSZ> ;
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where in the first block we dropped the term proportional to Mg since it is sub-leading as
A — oo and it will only be multiplied by H in the action, see egs. (4.28) and (4.29).

We now turn our attention to the product CS™! = (S™!CT)T. Once again, we use
block inversion on S~! to obtain

CS'x~(Cat | G (BT, (4.32)

where once again we neglected the O(\?) correction I'; to J since the product above only
appears multiplied by H in eq. (4.28) and therefore can be expanded to first order. It also
turns out that the part of CS™! associated to the blobs, i.e. the part to the right of the
vertical bar in eq. (4.32), can be ignored since it will always be multiplied by the zero entries
of ps. The overall scaling is deduced through arguments similar to those below eq. (4.22).
We further notice that C;J~' = (C;,J7!|C.JI5 | ...) and

Z 61}’1511}1(72. Bi,min(v’,w) = &i(svhji Bi,min(l,w) = 51)}1(11.7 (433)

Qi1 i1

(CJiJfl)vw =

so for instance if the vertex hj, = 1, i.e. i-th jet attaches to the hard subdiagram on vertex
1, then the matrix C;,J ;1 will be a matrix of zeros, apart from the first row which will be
(1,1,...,1). Since the larger matrix C;J~! is made up of blocks of the type in eq. (4.33),
this proves the scaling stated above:

CS™ 1~ )\, (4.34)

Multiplying a “jet vector” p, (its entries corresponding to the vertices along a jet line) by the
corresponding components of C;J~! creates a vector of momenta with the external momentum
entering the jet J; is injected instead into the appropriate hard vertex. More precisely, it has
the effect of injecting into the vertex hj, the sum of all (modified) external momenta that
entered the diagram through the jet J;. Using this result we can rewrite eq. (4.31) as

Ts(p+ %Mz) = (p'H +iMyz | ps+ gMSz)T : (4.35)

where pl; = pg + CS™!pg is exactly the set of external momenta of the diagram after
deleting the soft sub-diagram. Plugging eqgs. (4.29) and (4.35) into the modified action
eq. (3.8) we obtain the factorised expression

V(z) = Vu(zn) + Vs(zs) + O(N), (4.36)

with

_E maea

T
Vi(zmg) = (pH+ MHZ> H™ (pH+ MHZ)+Z
Qe ecH

(4.37)

- T
Vs(zs) = <Ps + ;MSZ> S™ <Ps + Msz)
eS ecsS
which confirms that the modified worldline action exactly factorises onto the sum of the
worldline action of the hard and soft subdiagrams, as defined above. From eqs. (4.36)
and (4.37) we also immediately see that the numerator N (9,) factorises too, since all 2-point
contractions A%} (defined in eq. (3.15)) mixing hard and soft edges are sub-leading.
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Factorisation into connected webs. So far we have proven that the action of the full
diagram V(z) factorises into the sum of a soft and a hard action. We will now look deeper
into Vg(zg) and show how it further factorises into a sum of simpler terms, similarly to what
we found for the U polynomial, as depicted in figure 11. Among other things, we will find
that as a function of the worldline variables the soft action is independent of the ordering of
attachment of the soft (o ~ A~2) photons to the jet lines (a ~ A71).

Let us start by observing that the matrix S~ in Vg is of order A~!, so we will have to
retain the first two orders (up to A°) as well as contribution coming from the two factors of
Mg. We start by block-inverting S using the decomposition in eq. (4.8) and then further
factorising it like we did in eq. (4.29):

o J+T))! 0
STt =Tg, ( 0 B+Tp) 1+ O(A‘1)> Tss (4.38)

with the transfer matrix

1, 0
Tg, = _ . 4.39

As before, we consider the action of the transfer matrix on the external momenta:
Tg, (PS+2MSZ> =Tg, (pJ+%MJZ ‘ %MBZ) =

(4.40)
= (ps+iMyz | iMpz—Tp,(3+1,) " (ps +iMyz))

and plugging this into the soft action and using (J + FJ)_l =J 1 -Jr; 4+ we
find that the expansion of the soft action up to O(\?) is

Vs(z) =~ lp}J_lpJ -3 mﬁae]

ecJ

—prJ- {FJ —Typ(B+ FB)_er,J} J7'py - %miae (4.41)
e

, T
+ip}J71MJZ + <;MBZ> (B+Tp)” ( MBZ> + Z

= dae '

Here, we have already dropped some sub-leading terms using that (B 4+ I'g)~'!Mgp is of
O(X\%), as we will explain momentarily. The terms in square brackets are divergent, of order
A~L, but exactly cancel since

J_lpJ = (Jl_lpjl‘... ‘J;lpJn)T
jet 1 jet n (442)
= (le(ﬁul, Bris—ts - Br) |- | (Buds Badu—ts - ﬁn,1))T

and therefore

p;JilpJ = Zp?ll /Bi,l Zp] Z Oj e = Zm Q. (443)

ecJ; eeJ

— 37 —



The terms in the second line of eq. (4.41) are independent of z, while those on the third
line carry all dependence on z and affect the numerator structure. They are all of order
A%, We point out that although (B +T'g)~! ~ A2 and Mpz ~ A\°, their product scales
only as A\’. This is because, as mentioned above, B is not invertible. To be more precise,
the inverse of the Laplacian of the unscaled subgraph can be split into a direct sum (i.e. in
block diagonal form) where each term corresponds to a disconnected part of the subgraph
and the same is true for Mp:

(B+Tp) ' =B1+Tp) " '@ - &Bn, +I,, )",

(4.44)
Mp =Mp, & &Msp,

where np is the number of disconnected subgraphs of B. The matrix B; of each subgraph
corresponds to its unreduced Laplacian and is therefore one short of full rank, with kernel
(1,1,...,1)T. Because of this, to O(A~2) we find

1
Bi+TIp) = ——(1,1,....,D)"®@(1,1,...,1) + O\"). (4.45)
! TrI'p,
Since the vector (1,1,...,1) is in the left kernel of Mp, (again because it is the unreduced

M matrix of B;), the leading term is projected out in the product (B; + ') "'Mp,, which
is therefore of O(A?). The soft action is therefore finite in the scaling considered, however, as
anticipated, we can say a lot more about its structure. Below we will show that Vg(z) can be
written as a sum over a set of subdiagrams called connected webs. We will prove this term by
term.

We begin from the z-independent terms of eq. (4.41). Since the sum over masses is trivial
we focus on the first term, which we recast into the form

p:]rJfl {FJ — FL],B(B + I‘B)ier’J} Jflpj ~ P:]r"YJP]. (4.46)

Here we defined the quantities

P;=J""py,
vy =Ty +T7, (4.47)
1
r,=— r ,1,....1)" ®(1,1,...,1)|T
J TI'I‘B J,B |:<7 ) P ) ®(7 ) ) >:| B,J>
where one can check that
1
g = — .
Tp= ) -~ (4.48)
eeB

with yp the set of soft photons connecting the blob to the jets. The approximation (up to
sub-leading terms) of eq. (4.46) is justified by the leading-order expansion of eq. (4.45). Above,
I'/; is independent of the unscaled parameters in B. Indeed, it is completely independent of
the structure of the disconnected parts of B, and only retains information about which soft
photon attaches to which unscaled subdiagram. It can therefore be interpreted as “connecting”
jets through a modified version of B where each disconnected piece has been contracted
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(B+r, r//

Figure 12. The matrices (B+TI'g), Iy, g are associated to the sets of vertices inside the corresponding
blue rectangles (left). In particular the matrix (B + I'g) corresponds to the Laplacian matrix of
the encircled sub-graph. After taking the approximation corresponding to the soft region where
all four photons become soft, the graph matrices associated to the blob appear in the combination
T 5(B+Tp) Tz which at leading order is identical to the same quantity computed on the graph
where the entire blob has been pinched to a point (right).

~1 < <X

Figure 13. Some examples of how massive edges are associated to soft connected webs.

to a point. In other words, the form of I'; encodes the action of “pinching” the unscaled
blob to a point, as illustrated in figure 12.

I'; instead connects jets through individual photon exchanges. Finally P is a vector
of the form given in eq. (4.42), with each entry equal to some external four-momentum
multiplied by the appropriate worldline variable 5. Importantly the Schwinger parameters
of the jet lines enter in Vg only through the worldline variables, and never independently.
A consequence of this fact is that the soft action, when expressed in terms of the worldline
variables is the same for all attachment orderings of the soft photons to the jet lines!

The non-zero minors of v ; identify connected webs, sub-graphs of S which cannot be
disconnected by removing any number of jet edges. We define the jet edges associated to a
web as the edges starting from a web vertex (which lies on the jet line) and going towards
the hard sub-diagram, as depicted in the example of figure 13. It is therefore natural to
reorganise Lh.s. of eq. (4.46) as a sum over connected webs

c-webs

Piy;P;= Y PjyywPw, (4.49)
w

where ~,,, are the “connected” minors of v ; and P)y are the components of P ; corresponding
to the vertices connected by 7.
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Moving to the term of Vg(z) linear in z, we find

c-webs

szJ 1MJZ_ZZPJ Zzefz Z DI, Z Ze s (4.50)

7 ecJ; ecJ;MWy

where in the first equality we used the explicit form of the matrix M ; = (M g1 ‘ .. ‘M T )
given in eq. (4.17) and in the second equality we divided the sum over edges into contributions
to different connected webs using the association of edges to webs of figure 13.

Finally, the term of eq. (4.41) quadratic in z can be simply written as a sum over webs,
since each disconnected component of B identifies a connected web:

<;MBZ>T(B—|—I‘B) ( M3z> + Z

c-webs [/ T 4% ; (4.51)
() 1 () 3 2]

Above it is implied that if c-web W is simply made up of a single photon, the corresponding
contribution to the sum in eq. (4.51) vanishes. Otherwise Byy is the minor of the B matrix
associated with that web.

To obtain an intuitive understanding of the expression in curly braces above we write
M3,z as a sum of two terms according to their scaling in A

Mg,z = My z+ My 2, (4.52)

where the superscript corresponds to the scaling in A of the corresponding matrix. By

definition M( ) depends solely on the a-parameters of the unscaled edges in the blob, while

Mgﬁv depends only on those of the massless edges attached to it. In particular Msgzv

corresponds exactly to the weighted incidence matrix of the blob By and since it is the
unreduced one we know that

(1,1,...)- M) =(0,0,...). (4.53)

Using this together with eq. (4.45) for the piece (Byy + I'p,,) 7!, at O(AY) the expression
in curly brackets can be recast into the form

{PW() (Bw) oy PW(2) + Z } (4.54)

EEBW

where (By),eq is the reduced Laplacian matrix of the blob (with all scaled propagators
deleted) and pw(z) = (i/2)M B z acts as an effective set of external momenta. So eq. (4.54)
together with the mass terms — 3 cp,, m2a. can be interpreted as an effective worldline
action for the blob By in the soft limit:

VB (2) = {pW(Z)T(BW)relde + Z }— > mlae. (4.55)

eEBW e€ By
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Collecting the results of eqs. (4.49)—(4.51) and (4.55) we find that the soft action can be

expressed as a sum over connected webs:

c-webs
Vs(z) = 3 Viw(z) + O, (4.56)
w
with the connected web soft actions
Yw(z) = —Pyyyw Pw +i > v Y ze+Vp,(2). (4.57)

7 eeJ;NW

Egs. (4.56) and (4.57) prove the factorisation of the soft action we promised at the beginning
of this section. Furthermore, note that in this representation of the soft action, the Schwinger
parameters of the jet line edges only enter though the worldline variables in Pyy, which
was defined in eq. (4.47) and whose entries are all of the form 5;;p; for some jet J (see
eq. (4.42) for instance). This implies that the soft integrand, when expressed in term of
worldline variables, not only factorises neatly, but is also independent on how the webs
attach to the jets! One can shuffle the ordering of the soft photons emitted from any jet
and the integrand remains unchanged.

4.4 Factorisation of the integrand and ladder diagrams

In the previous sections we showed that the first Symanzik polynomial and the modified
worldline action factorise as

c-webs
U ~ Z/{H X H Uw,
W (4.58)

c-webs

V(z) ~ Vy(zu)+ > Yw(Bizw),
W

where all c-web terms are approximated along their corresponding soft rays and with the
jet Schwinger parameter evaluated on the worldline variables, 8, which measure the entire
distance to the hard subgraph.

Plugging this into the definition of the full diagram integrand we find the sought-after
factorisation property

c-webs
dZ ~dZy x ] dZw(B) (4.59)
w
The c-web integrands above take the form
dadfd ; .
dTyy ~ (H Ofg/f TN <az>e“’w<ﬂvzw>> : (4.60)
UW z—0

which is proportional to the (scaled) integrand of the web W but with the jet « parameters
swapped for the appropriate § worldline variables and having stripped out an overall factor
proportional to the tree-level diagram. This is graphically shown in figure 14.
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Figure 14. Examples of integrand factorisation in the soft scalings defined at the beginning of this
section. Here colours are not associated to scaling, except for black lines which are either external
or unscaled, but instead they help identify the different connected webs (left) and how the different
worldline variables are defined (right). The graph integrands factorise as the product of c-web
integrands in their respective soft limits and where the Schwinger parameters associated to jet lines
have been replaced by the corresponding worldline variables. The black rectangles signify that an
overall factor proportional to the corresponding tree-level diagram has been stripped out.

Ladder diagrams. Before proceeding let us quickly look into what happens for the simpler
case where we only consider ladder diagrams without any blobs. This is important since
in the IR limit these are the only diagrams in the class discussed in this paper which in
four-dimensional QED actually induce divergences, with the exception of ladder diagrams
dressed by photon propagator corrections (discussed in section 2.5).

In this case, where we have taken ¢ photons soft, which means that we have ¢ separate
webs, the soft action simply becomes:

F(l),S(/BJi,w; 6Jj,w)
u(l),S(ﬁJi,wa 5Jj,w7 Yw

¢
Vs(z) =)

w=1

) +Z2(pzsz,w +pszj,w) =
v (4.61)

o Zg: Sijﬁji,wBJj,w - m2(5Ji,w + BJj,w)z
w=1

+1 Z(pizji,w + ijJ]-,w)a
Yo —

with s;; = (ps + pj)z. So, once again, we find that by writing the soft action in terms of the
worldline variables we get the sum over the one-loop integrands, and a simple numerator
part encoded by the second sum in the equation above. In both sums, we are summing over
the webs which are labelled by the photon, w, where w picks a J; and J; corresponding
to the jets it is attached to, and the 3 variables are the ones associated with the vertices
where the photon is anchored to jets.
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Example: numerators in scalar QED. In the case of scalar QED, we have that the
numerator function is of the form

— Ji
in,u)
o X (2in,w + Qw) ) (2ij,w - Qw) (4.62)
—
pljj,(ll Jj

where we have one such factor for all the photons w, connecting jets J; and J;. Therefore,
the numerator prefactor in the Schwinger representation, N (9,,), is given by

9 o 9
9.,) o H ( o azw> : <282Jj,w - %> , (4.63)

and so when we act with this operator on e?Vs(®) with the soft action given by (4.61), for

each photon w we find
N(3:.) €Y@ oc (2pg, ) - (2pg;0) €X' (4.64)

which corresponds to the product of standard eikonal numerator factors for each soft photon

insertions.

Example: numerators in QED. For QED we can consider a single jet line of momentum
pJ, with soft photons {wi,ws, ...} attached to it. This yields a numerator of the form

N(D,,) ox -+ (—iaj ) ~H2 (—ia; + m) Y u(py) (4.65)

which when acting on the exponential of the action eq. (4.61), repeatedly using the Clifford

algebra {v,,7} = 2¢,, to commute the p, to the right and the Dirac equation (pJ —
m)u(ps) = 0, gives

N (9., ( Y (p, +m ’y’“u(pj)) eV (@)
U(PJ) (' (21? 2)(2p)}")) V)

which once again yields the (same) eikonal numerator factor for each photon insertion.

(4.66)

5 Exponentiation of tropical rays

In the previous section, we showed how the integrand leading to soft divergences for ladder-
type diagrams factorises into a soft and hard contribution. In this section, we show that
the integrated answer also factorises. As a by-product, we will show that this leads to
the exponentiation of divergences in QED. To demonstrate the integral factorisation, we
show that when summing over all diagrams, the integration regions combine in the correct
way leading to exponentiation, as previously shown explicitly for the two-loop example
in section 2.4. Below, we will draw diagrams and write out explicit expressions for a two-jet
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Figure 15. Organisation of the amplitude in rungs, each containing indivisible photon webs.

process without any blobs for simplicity, but the generalisation to N jets and including
blobs is straightforward. Just like in section 2.4, we need to make sure to only perform
soft expansions in the corresponding integration regions, which can then be extended to the
full original integration domain by defining suitably modified soft integrands. Importantly,
as we will see momentarily, we introduce new (spurious) UV divergences when we use soft
approximations of the integrands, i.e. those worked out in section 4. However, throughout
this section, we will systematically ignore them assuming that they are regulated in some
way (e.g. by a scale that separates the UV from the IR) and that they don’t affect the IR
sensitive integration regions. Thus, we will declare that an integral is finite as long as it is
free of soft (IR) divergences. We will then come back to the spurious UV limits in section 5.5.

5.1 Diagrams and scalings

In order to expose the exponentiated structure of soft divergences of ladder-type diagrams we
use a different organisational principle than in section 2.4: instead of working to fixed order
in the coupling, we start by dividing each diagram into indivisible rungs, or webs as done
in figure 15. We will see how this organisation helps make the argument more transparent.
We label the webs from 1 to n starting from the outermost rung. This labelling is different
from previous sections, but will facilitate the presentation of our arguments. Below we will
refer to the Schwinger parameters of the i-th web of a single Feynman diagram as well as
the hard (or jet) lines to its left by w;. See figure 16, for an example of this labelling for
the two-loop ladder diagrams.

We will refer to the sum of integrands for all diagrams with n rungs as dZj, ;j, where
the notation emphasises that the integrand depends on variables w; through w,. For the
single-rung integrand dZj; ;; we will interchangeably use dZp;;. According to this organisation
of diagrams, the k-loop planar ladder enters in dZjy, 1), while the fully non-planar k-loop
ladders (where all photons are maximally intertwined) enters in dZp.

In this section, differently from the ones above, we use the symbol dZ to refer to the full
integrand of the corresponding diagram, including all coupling and normalisation factors
as well as numerators. We will however assume that the amplitude has been normalised
to the tree level, which is indicated by the small black rectangle replacing the leftmost
vertex in the figures of the section. In other words, the tree-level amplitude is 1 in this

normalization convention.
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Figure 16. (left) The planar two-loop ladder has two rungs. Labelling the parameters by «a;, with 4
given by the numbering in the figure the collection of Schwinger parameters for rung 1 is given by
w1 = {ag, ag, @z}, while that for rung 2 is ws = {as, a3, a1}; (right) The non-planar two-loop ladder
has a single rung with wy = {ag, a5, a4, a3, @2, a1}. So in the integrands dZjg,n), the contribution
of the two-loop planar ladders comes from dZ;; while the non-planar one comes from dZj; (see
figure 15).

From the tropical analysis (and by assumption), we know that soft divergences arise when
all photon webs from the outermost (1) to some inner one (k) become soft. More precisely, if
we split the set of parameters w; into web =, and jet a; components, w; = {;, a;}, then the
divergent integration regions occur in the scalings given by the tropical rays

TRt Y~ A2, o ~ A7 Vie{l,... k), (5.1)

where k < n. For a given k, this prescription corresponds to the uniform soft scaling of
the type illustrated in figure 17: all webs from 1 through k are scaled uniformly according
to ri. We call the integration region where this expansion is valid Dj. Even though there
is a lot of freedom in how we exactly define the domains Dy, we will show below that the
their precise form is irrelevant to show integral factorisation. Our only restriction is that
regions with different k& should not overlap and that their union should entirely fill the domain
of integration where IR divergences arise. In other words, defining Dy = ]R{f — U Dy, we
ask that [p dZ is IR finite.

From section 4 we know that the integrand dZj, ;) factorises along each ray ry as

AT, 1) = ATpp 1) X dSp 1] (5.2)

where
dSp1) = [dI[k,l]Lk (5.3)
and the symbol [...], indicates the leading approximation with respect to the scaling induced

by the ray r. In addition, we know that the scaled (i.e. soft) diagrams also factorise under
a ray ri as

dS[n,l] T—k> dS[n,k—i—l] X dS[kJ}. (5.4)

The expressions in eq. (5.2) and eq. (5.4) are the ones that will be crucial for proving
factorisation.
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Figure 17. Depiction of integrand factorisation under the uniform scaling of the first k rungs, see
eq. (5.2). Blue blobs represent unscaled rungs, while red ones represent scaled soft rungs.

From section 4, we further know that, once written in terms of the worldline variables (),
each dS[;, 1) further factors into products over the individual rungs in ladder-type diagrams.
However, this fact will not be important until section 5.4, so until then we assume that
the expressions are written in terms of the original Schwinger parameters, w; € R4, unless
explicitly stated otherwise. The full integral associated with the diagram in figure 15 is
then approximated by

/IRE dI[Tl,l] ~ kgl/Dk |:dI[n,1]:|rk ) (55)

where the error is free of IR divergences. In this equation, it is crucial that we are integrating
each soft integrand given by the ray r; only in the corresponding subregion Dj. Indeed our
next task is to extend the integration of each term back to the full domain ]R{f.

Note. In order to avoid cluttering the notation in what follows we will omit the R (unless
necessary) and use the symbol [ to refer to an integral of the positive orthant.

5.2 Modified soft integrands

The strategy to prove factorisation will be the same as we followed in the example in section 2.
Our first step will be to extend the integration region of the approximated integrands from the
respective domains Dy, to the full positive orthant while avoiding double-counting divergent
contributions.

In order to transform the r.h.s. of eq. (5.5) into a sum of integrals over the full integration
domain ]R{f, we start from region D; and write the corresponding integral as the integral
over ]Rif minus the integral over all other regions:

/ [dz[n,l]} Z/ dZp, o X&\Sl =/
D 1 D R

where we defined cfSl = dS; and we remind the reader that the region Dy is the one in
which the unscaled integral dZj, ;) is IR finite, defined as

dI[n,g] X (;1\»/5’1 — Z/ dI[mg] X (;1:/5'1, (5.6)
k=27 Dk

E_
+—Do

Do =REY — (U Dy). (5.7)
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Figure 18. Example of the subtracted IR integrands as [k,1] associated with each region vector

e

and defined A{ecursively by eq. (5.11). Diagrams with k& purple blobs correspond to the subtracted
integrands dS| 1), while diagrams with k£ = 1,2, 3 red blobs correspond to the soft integrands dS 1

Plugging this into eq. (5.5), we find

AT, 1 ~ a7, ds dz —d7, ds
/ [n,1] /IREDO n,2] X 1+ ];Z/Dk <|: [n,l]]Tk [n,2] X 1)

~ AZ;, o x dS1 + / dZ;,, 1) — AT, o x dS 5.8
ey Tina) X 451 kZ::z b, (AZpy — AT < d51 | (5.8)
~ wE Dy AT}, 9 x dS1 + kzz:z/Dk dZp, ki) X (ds[k,l] —dS[-1, X Cigl) ;

where in the second line we used the approximation [, dJ =~ [p [dJ];,, and in the third
line we used dSp 9 = dS[—1,1)- We have also used a convention in which dZy, ,q) = 1.
Moving to the integral over region Dy in the last line of the equation above, we now have
the modified soft integrand

dI[n,B] X &TS[QJ], with &Tg[2,1] = dS[QJ] —dS; x (’1\5’1, (5.9)

which provides an approximation of the full integrand along the ray ro without double-
counting the contribution from r;. Indeed, this integrand vanishes when the ray r; is applied
to it. At the level of the regions, this integrand is such that when we extend from Dj to
Dy U Dy we do not gain any new divergences, exactly as desired.

Recursively applying this subtraction procedure to 73, r4, etc. we find that the full
integral can be approximated by

/dI[n,u 2/ > AT ) X dS ) (5.10)
RE-Do =1

where the subtracted integrands are defined iteratively as

k-1 k—1
dS[k,l} = dS[k,l] — Z dS[k-’jJrl} X dS[j,l] = dS[k‘,l} — Z dS[k*j,l] X dS[],l] (511)
7=1 7=1

In figure 18 we present a graphical representation of this subtraction. Each term in the
sum on the r.h.s. of eq. (5.10) can be interpreted as the “genuine” contribution coming from
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the tropical ray ry since dZ, 1) X ds (k,1] Provides an approximation of the full integrand
dZj,,,1) along the region vector 73 without double-counting any of the contributions coming
from the previous divergent rays, i.e. all rays r; with j < k. In other words, the modified soft
integrands have a single divergent ray: the one which scales all photons in all rungs at the
same rate. One can explicitly check this by verifying that [&TS’ [k’l]]r ;=0 forall j <k.

However, we have not yet succeeded in expressing the IR approximation as an integral
over the original integration domain ]Hif, since we must still prove that the integrand in
eq. (5.10) yields an IR-finite result when integrated over the Dy domain. This is equivalent
to showing that the integrand

> dZj sty X dS ) (5.12)
k=1 Do

vanishes at leading order when expanded along any of its tropical rays associated with regions
inside Dg. This can be shown by rearranging the integrand as follows:

n

Z(—l)erl Z dI[n7k1+1} X dS[kl,ngrl] X - X dS[ks_hkSJrH X dS[ks,l]- (5.13)

s=1 nzk1>..2ks>1

From this expression it becomes clear that the new (spurious) divergent rays in D
correspond to the soft scalings of an internal set of rungs [k, h] with h < 1 (recall that non-soft
parts of Dy are already finite by assumption). However, scaling the integrand (5.13) on any
of these rays yields a vanishing result at leading order in A thanks to the alternating sign
in the sum and to the factorisation properties of eqs. (5.2) and (5.4). More precisely, let
us focus on one particular term of the sum in eq. (5.13)

(—l)s“dI[mle} o dS 1] - - A 1] (5.14)

and apply the scaling given by 7, | r, +1), where rungs kj,—y through kj, + 1 are scaled. The
term above is invariant under this scaling and it develops a divergence due to the soft factor
dSik,_, kn+1)- However, note that for every term of the type above, there is another in the
sum in eq. (5.13) with one less dS factor which exactly matches eq. (5.14) when approximated
along the scaling 7, | r,+1). Since this term has one less factor of dS in the product, it
also has a coefficient of opposite sign, so the two terms cancel.

Using this, we can finally extend eq. (5.10) to

/dI[n,l] ~ kz: (/ dI[n,k+1}) X (/ Ctg[kg]) (5.15)

which allows us to restore the full domain of integration and for every term in the sum uplift
integrand factorisation to integral factorisation. In section 5.3 we will see how eq. (5.15)
forms the basis for the (integral) factorisation of the full amplitude.

Geometric interpretation. Just like we did in the two-loop example in section 2.4, it is
now interesting to point out that the form eq. (5.13) of the soft integrand can be understood
in terms of a simple geometrical picture. Starting from the original integrand dZj, ;; one can
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ﬁ); (el@ (-] = finite

Figure 19. Graphical depiction of the finite leftover integration on the domain Dy, eq. (5.12)

construct the associated Newton polytope N and identify all of its IR divergent faces. While
the facets (faces of codimension 1) of N identify the tropical rays r, a face of codimension ¢
is associated to a subset, s, of ¢ rays among the IR divergent rays where each r; € s labels
a facet that touches the face under consideration. An IR approximation of the integrand
can then be obtained as

AZpyy =3 (=) |4}y (5.16)

c=1 s,|s|=c s
where |s| is the number of rays in s, and [dI[n,l]L stands for the expansion of in the
integrand along the different rays in s, which exactly reproduces eq. (5.15). Note that,
perhaps unsurprisingly, eq. (5.16) closely resembles the R operation for UV divergences. In
our language, the R operation subtraction takes the same form of eq. (5.16), but the sum
runs over sets s of rays which are associated to non-overlapping subdiagrams. This in our
geometrical picture can be rephrased as compatibility of the corresponding rays, i.e. the
facets of all rays in s should be adjacent, so that the hierarchies induced on the Schwinger
parameters by their scalings are compatible.

5.3 Locally IR-finite remainders and factorisation

Moving on, now that we have a valid IR approximation of the integrands, we can use it to define
a IR finite integrand as the difference of the full integrand and its IR approximation eq. (5.10):

dH[n,l] = dI[n,l] — Z dI[n,k+1] X &\S[k,l}- (517)
k=1

For the case of three rungs (n = 3) this can be represented in a similar fashion to figure 18 as

SONOIOROIOR O]

where we used the green colour to indicate the IR (locally) finite integrand. Recursively
eliminating in eq. (5.17) dZ in favour of dH and d.S (recall its definition eq. (5.11)), one finds

/dI[ml] = Z (/ dH[n,k+1]) (/ dS[kJ]) + /dH[n,l]' (5.19)
k=1

(5.18)
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Note that in the equation above the IR divergent part of the integral is captured by the original
soft integrands d.S rather than by their subtracted counterparts dS. After summing over the
number of webs n from n = 0 to infinity, eq. (5.19) implies the factorised amplitude form

A=HxS, (5.20)

with the finite remainder and the soft functions defined as

H=> /dH[ml], S=> /dS[n,”, (5.21)
n=0 n=0

where we define [ dSj ) = 1 and now the subscripts [h, k] simply tell us how many rungs are
contained in the corresponding diagram but not about which sets of parameters the integrand
depends on. Let us now make some further comments.

Equations (5.20) and (5.21) provide a factorisation formula for the amplitude into an
IR finite quantity (H) and a soft function (S) which contains all infrared divergences.
Furthermore, the finite remainder is defined explicitly and is locally IR finite in Schwinger-
parameter space.

Finally, let us highlight that in order for the amplitude to take the form of eq. (5.20),
there are only two requirements:

(1) for any given divergent ray the integrand of the corresponding diagram(s) should
factorise as in eq. (5.2), up to IR finite corrections. In general, if the ray r is captured
by the scaling a; ~ A™" with A > 1, the sufficient condition is

[AZ(N)], = dZ' x dS(\) + O(\Y), (5.22)

with dZ’ the integrand of the Feynman diagram obtained by deleting the scaled subgraph
and dS any integrand of the scaled edges. In the case of logarithmic divergences, the
equation above simply requires the factorisation of the leading term on r;

(7i) the expansions of the integrand along different divergent rays should commute

(4%l = ([Tl - (5.23)

However, because the rays considered here are all compatible, i.e. as explained above the
corresponding facets meet on faces of higher codimension, the compatibility condition
above is automatically satisfied. Indeed, this is a general feature of the tropical fan
of any generalised rational function:'® the leading order expansions of the function
corresponding to compatible rays commute.

5.4 Exponentiation of the soft function

As a final step, we rearrange the terms in S in powers of the coupling, so that at each
perturbative order /¢ it becomes a sum over planar and non-planar ladder-like diagrams
approximated in their uniform soft scaling and integrated on the whole integration domain.

5Here by “generalised” we mean the extension to rational functions whose numerators and denominators
have non-integer exponents, e.g. N /D? with r, ¢ € R and N, D polynomials.

,50,



In particular, we can split these ladder diagrams first by loop order (number of photons) ¢ and
then by number of photons attached to each couple of external legs: ¢1 » photons attached
to jets 1 and 2, ¢; 3 attached to jets 1 and 3, and so on. Using o to identify the various
permutations of attachment order of the photons to the jets and collecting the number of
photons connecting each pair of legs in a vector

U= (012, lig, oy N, bag, bogs <oy Loy ooy ENC1N), (5.24)

with N being the number of jets, we can write

S=1+ZZZ/d£g, (5.25)
(=174 @
|a1=¢

where!6 |ﬂ = >_(i,j) lij, 1.e. the sum over all the components of 7, and dﬁ% stands for the

integrand of an individual diagram, containing the photon attachments given by 7 and ordered
according to o. Invoking the result from section 4, we know that the integrand of each
uniformly soft ladder-like diagram is given by a product of one-loop single-photon (dipole)
exchanges, where the fermion Schwinger parameters are replaced by the corresponding
worldline variables:

¢
AL = [T dSw)(Buw; puw, ply)- (5.26)
w=1

Here, just like in eq. (4.61), we defined By = (Biw, Bjw, Yw) Where i and j are the two jets
to which photon w is attached, and f; ,/3;. are the corresponding worldline variables. In
addition p,, = p; and pi, = p; are the external momenta entering the two jet lines. Remarkably
we have that the r.h.s. of eq. (5.26) is independent of o, as emphasised in section 4. Of course,
for different ¢’s the worldline variables are integrated over different domains.

In particular, for the case in which there are multiple jets, at a loop order specified by
lz we can express the worldline variables in terms of the original a-parameters for a given
diagram with the attachments given by permutation o as

¢
Big =D 01 (5.27)
h=1

with /; being the number of soft photons attached to jet j, i.e. ¢; = Z{C\;j L. Above,
@th is 1 if the edge h is between the hard part and the vertex where the k-th photon is
inserted on jet j, and 0 otherwise.

Therefore, given an order o; for the order in which the photons are attached along jet
J, i.e. with o;(1) the number of the photon attached to the first soft vertex, closer to the
hard part, and ¢;(¢;) the number of the photon attached to the last soft vertex in jet j,
the worldline variables are defined in the domain

7
Cojt 0<Bjo;1) <Bjoy2) <+ < Bjoyty)- (5.28)

SHere and below we use the notation (4, 5) to refer to unordered couples with i # 7.
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Figure 20. We fix the photon attachments along the top jet line (J = 1) and use it to define the
labelling of the photons, i.e. photon 1 is represented in red, photon 2 in blue and photon 3 in green.
Then we consider all the possible permutations of the attachments along bottom jet line (J = 2),
o2(w). The resulting ( variables for each ordering range inside a different domain, and the union of
these domain tiles the full positive orthant.

It is then easy to see that if we sum over all possible orderings o, the final domain for half of
the worldline variables is precisely the positive orthant. The integration over the remaining
ones is ordered and yields a factor of 1/[]; ;) £i;!, which is crucial for exponentiation. In
figure 4 we showed how the two-loop planar and non-planar ladders in § space covered
the positive quadrant. In figure 20, we show another example of how the domains over
the S variables correctly cover the positive octant for the case of diagrams with two jet
lines at three-loops.

Proceeding in the same way for each jet line, we can then define the domain of integration
for diagram dL% as Cct = H;-Vzl C’f.j, and therefore for fixed ¢ (at loop-order ¢ = |£]) we have

¢
zg:/dﬁz = /UUC'Z H dS (1) (Buw; Pw, Phy)

o w=1

: (/ dS(l)(ﬁ;phpQ))eL2 T </ dsSg) (ﬂ;pn—hpn))en_lm

T liallisl . )]
(5.29)

where in the first equality we used eq. (5.26), in the second we used the fact that the sum

over o above corresponds to a sum over the orderings (5.28), and so the integral over the
union of diagram domains UUC’ﬁ can be written as a product of one-loop integrals multiplied
by an overall factor to compensate for over-counting. Next, summing over all numbers of
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photon insertions on each line and using the multinomial formula we find

VA
ZZ/dﬁ% = % <Z/d5(1)(ﬂ;pi,pj)) . (5.30)
7o ‘

(4,9)

Finally, summing over the loop order ¢ we get

¢
S=1 +Z% (Z /d5(1)(ﬂ;pi,pj)> = exp (Z/dsu)(ﬂ;pi,pj)) ; (5.31)
1=1"" \(i,5)

(4,9)
which is the sought-after exponentiated form of abelian soft divergences!

5.5 Spurious UV divergences and soft RGE

With the analysis above we proved that the sum of all ladder (planar and non-planar)
diagrams can be cast in the form

A= (/ dH) X exp (/ dS(l)) (5.32)

where the integrand dH has no IR divergences. However, looking more closely at the form
of the one-loop soft QED integrand (recall eq. (2.22) and definitions below)

)

(5.33)
we see that compared to its unscaled counterpart, it has developed a new UV divergence

_;3-D/2 a(u) (2p1) - (2p2) dydBidpe exp lz 5182 — m*(B1 + B2)?

dS(l)(5175277) = A7 /1’2 ’VD/Z NQ")/

corresponding to the tropical ray reusp = (—1, —1, —2) which points exactly in the opposite
direction of the soft tropical ray rig = (1,1,2). More generally, this holds for any number of
photons, both in the planar and non-planar case: each of the soft integrands dS, ;) defined
in section 5.1, which is the approximation along the soft ray r, of the corresponding unscaled
integrand dZy, y), picks up a corresponding UV divergence on the tropical ray ryy,, = —7y.
Further, one can check that all these UV divergences are logarithmic.

As a result, even after UV renormalisation, dH is plagued by spurious UV divergences
coming from the IR subtraction terms, which we should regulate if we want H to be a
convergent integral in four space-time dimensions. Still, we would like to remove these UV
poles while preserving the geometrical interpretation of exponentiation via worldline variables.
Therefore whichever regularisation we choose should not involve the 5 variables. One effective
way to achieve this is to modify the soft integrands as

dSpp1) = S 1y = dSpy [T @), (5.34)

where the product runs over all soft photon (whose parameters are «;) and © is a function
with the following properties:

¥—0

o(y) 2521 and  B(y) 0, (5.35)
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so that the soft integrand modification in eq. (5.34) leaves all soft limits unchanged but
removes the spurious UV divergence appearing as the photon Schwinger parameters vanish.
Because this does not interfere with the domains of integration over the worldline variables,
and it preserves the factorisation and infrared approximation of the amplitude integrand,
we can simply replace dSp, ;) with defl’l] everywhere in the proof above. As a consequence

eq. (5.32) is modified to
A= (/ d?ﬂ) X exp (/ dsg‘;)) , (5.36)

where now H® = [dH? is a convergent integral in four dimensions.

Toy example of RGE of the finite remainder. Though in theory one can freely choose
the functional regulator ® we will now focus on the simple choice

P(y) =6(y —n), (5.37)

where 7 is an O(1) parameter and 6 the Heaviside function. This choice of ® has the effect
of simply truncating the integration in each photon Schwinger parameter .

In general it is well known that regulating the spurious UV divergences of the soft
function induces an RGE equation of the finite remainder, see e.g. [25-28], so that this
RGE can be written in terms of an IR regularisation scale ur. Further, by setting ur to
the renormalisation scale, the RGE can be further expressed into an evolution with respect
to the running coupling. It is not our goal to show this here. Instead we simply want to
demonstrate how, regardless of the regulator chosen, the RGE is controlled by the same
anomalous dimension.

The RGE is obtained using the fact that A is independent of 7, and therefore we can
take a derivative of eq. (5.36) with respect to n to find

%&7%9 = =0y (/ dS((?))
B @(M) 1 db1dby 1

Am e GL(1) sbiby — m? (b1 + b2)?

alp) 1 2(s—2m?) log [F— \/‘m]

4 ntme/=sVAm? — s Vs VaAm? —s

1
- _Frygusp(plalba mQ).

(s — 2m?)
(5.38)

Rewriting it in terms of a derivative with respect to logn we find the familiar!” RGE

OM°
dlogn

= _776 VSuSp(plap% m2) HG: (539)

where '){?usp is the QED bare cusp anomalous dimension

Yo = U (5 ixh(3)) coth(3). (5.40)

Ql

"The n° is an effect of the “naive” regularisation scheme we are using here.
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and the cusp angle'® 3 between two momenta p; and ps is defined by

_ pip2  s—2m?
Ip1l[p2| 2m?

cosh f3;; (5.41)
In the case of on-shell (OS) renormalisation the coupling in eq. (5.40) is replaced by the
renormalised coupling @ and the electron-positron-photon vertex counterterms introduce a
new class of diagrams whose soft divergences also exponentiate and have the overall effect
of subtracting the 5 — 0 (or s — 0) limit from eq. (5.40). This yields the familiar on-shell

renormalised QED cusp anomalous dimension

1980 = T2 1B — in0(8) coth() 1] (542)

Though we were successful in deriving the expected RGE equation in the regulator 7
for the finite remainder H, the result above is clearly not enough to prove that the soft
singularities of QED amplitudes are governed by the UV singularities of Wilson line cusps.
Indeed, the regulator n we introduced above is useful to illustrate how in order to regulate
the spurious UV divergences one is forced to introduce a new parameter or scale, but it does
not have a direct physical interpretation. Other regulators might be better suited for this
purpose, but we postpone the study of this connection to future investigation.

6 Conclusions

In this paper, we have demonstrated how the Schwinger parametrization of Feynman integrals
provides a powerful and systematic framework for deriving the factorisation and exponentiation
of soft infrared divergences. A key advantage of our approach, especially when compared to
the momentum-space representation where divergences are identified by solving the Landau
equations, is the use of tropical geometry to systematically and straightforwardly identify the
potential soft divergences of general Feynman integrals, which can be translated into specific
scalings of Schwinger parameters. By working directly at the level of graph Laplacians, we
translated the complex combinatorics of factorisation and exponentiation into more tractable
matrix manipulations, which also allow for the treatment of the numerators in a more
unified way. While we applied it directly to QED exponentiation, our method offers a novel
perspective that generalises to other gauge theories.

The graph Laplacian formalism not only facilitates these derivations but also naturally
reveals variables interpretable as worldline distances. Specifically, starting from the Schwinger
parameters «., our factorisation procedure automatically yields effective parameters, such
as Bj = Y ccjet ¥jes Which represent the integrated proper time (or “distance”) along a
jet from the hard interaction. In terms of these worldline variables, the integrands for all
ladder-type diagrams become identical in the soft limit. The distinct IR behaviour of different
topologies arises from their corresponding integration regions in Schwinger parameter space.
In particular, in this formalism it becomes manifest that planar ladder diagrams exhibit the
most divergent behaviour, corresponding to a hierarchical softening of photons as they are

18Here we use § as it is the a common symbol for the cusp angle in the literature but it should not be
confused with the worldline variables.
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Figure 21. Simplest example of a soft purely non-abelian diagram.

further from the hard vertex. Further, combining the integration regions from all different
diagrams disentangles the hierarchies among soft photons, yielding exponentiation of the
one-loop soft anomalous dimension in QED.

Our proof of factorisation and exponentiation is diagrammatic and at the integrand level.
As a by-product, it provides a local (in Schwinger parameter space) subtraction procedure
which yields IR finite integrands at all loop orders. The subtraction terms, which we give
in egs. (5.13), (5.16) and (5.17), can be understood geometrically as a recursive subtraction
(and addition) of limits of the original integrand along tropical rays associated with faces of
increasing codimension of the Symanzik Newton polytope. Thus, as we suggest in section 2, a
natural object to consider is not the standard Newton polytope, but rather the one we obtain
by “blowing-up” all the IR faces — associated to collections of the IR tropical rays — into full
facets. This is reminiscent of the ideas recently proposed in the context of Cosmohedra for
the wavefunction in cosmology [99]. The same procedure can be further extended from the IR
case to that of UV divergences, for which it yields exactly the R operation of BPHZ. Coupled
with local UV renormalisation of the diagrams our procedure can provide an integrand for
the finite remainder which is convergent in four space-time dimensions.'® This could be
interesting in view of recent progress in tackling direct numerical evaluation of QCD scattering
amplitudes via local subtractions in momentum space [100-104].

An important future direction is to properly work out the soft factorisation of non-Abelian
gauge theories like QCD using our methods. The formalism presented in this paper allows
us to systematically identify all potentially divergent scalings using tools like the Landau
equations and tropical geometry, and then accurately keep track of their interplay at the
amplitude level, which is a key advantage as one ventures to the more complicated multipole
structure of non-Abelian gauge theories. We hope this can contribute to developing a more
general, and perhaps more algorithmic, way to derive factorisation theorems for a wider range
of observables and in different quantum field theories.

Extending the formalism of this paper to the soft divergences of the non-abelian case
introduces two new elements: colour factors which differ among ladder diagrams and entirely
new diagrams not considered here, such as the one in figure 21. Dealing with the former
will require suitable (anti-)symmetrisations of the soft gluon insertion operators, yielding a
basis of colour tensors better suited to study the factorisation of QCD amplitudes. It will
then be possible to treat a large class of contributions to the kinematic coefficients of these

19Up to a proper contour deformation which satisfied the Feynman prescription.
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colour tensors within the formalism developed here, namely the ones arising from abelian-like
diagrams. The new, purely non-abelian class of diagrams will also contribute to some of these
kinematic coefficients and will require a separate analysis. In particular, a different feature
of the diagram in figure 21 is that the corresponding scalar integrand (the one obtained
by stripping its numerators) features a power-like divergence of order dA/A? in the scaling
corresponding to the red gluons becoming simultaneously soft. However, in this limit the triple
gluon vertex induces a suppression of order A which recovers the usual logarithmic behaviour.
In all cases considered in this paper the numerator did not change the integrand power
counting and therefore analysis of this type of interplay is necessary for an extension to QCD.

In the future, it would also be natural to study the extension of the methods developed
here to the case of collinear divergences, which appear both in QED and QCD as one allows
the fermion mass to vanish. In this context, already from the simplest diagrams, one sees that
the tropical fan is modified and that most of the soft rays appear only as linear combinations
of collinear rays (reflecting the fact that most soft limits happen to correspond to intersections
of collinear ones). This serves as additional motivation to consider a blown-up Newton
polytope, where lower dimensional faces are promoted to facets, as mentioned in section 2.4.
Nevertheless, the main complication appearing in the fully massless case is that collinear
factorisation does not generally happen for each diagram individually, instead it becomes
manifest only as many diagrams are summed together, much like for the exponentiation of
soft divergences. The factorisation mechanism of collinear divergences has recently been
explored in momentum space [100-103], but to our knowledge a similar analysis does not
exist for Schwinger space.

Currently, we have used computational tools like polymake [91, 92] to help identify
divergent scalings on a case-by-case basis. In generic kinematics, ref. [84] gives a complete list
of the divergent rays for a class of Feynman integrals, stemming from the facet inequalities of
the Newton polytope. However, since we consider diagrams for which the external particles
are on shell with the same mass as the internal particles, we are no longer in the case of generic
kinematics, and we get new rays compared to those found in ref. [84]. It would be natural to
extend the rigorous methods of e.g. ref. [75] to the case of strictly on-shell amplitudes in order
to prove that the scalings we consider here are the only ones that lead to IR divergences.

So far, we have combined Feynman diagrams at the level of fixed orders in pertur-
bation theory. Nevertheless, there is a simple RG equation relating different orders in
perturbation theory. For example, imagining regulating our integrals by cutting off our
Schwinger-parametrized worldline distances using a large wavelength A for the photons, we
can differentiate in this scale to get an equation of the form

A _
OlogA

T A(A), (6.1)

with I' proportional to the cusp anomalous dimension. Diagrammatically, proving this
equation directly involves comparing the amplitudes obtained by including particles cut off by
the wavelength A versus using the cutoff A + dA, order by order. Since I' contains powers of
the coupling constant, this equation relates different orders in perturbation theory on the left
and right-hand sides: adding photons propagating with an extra wavelength of dA “factor out”
of the Feynman diagrams and leaves the amplitude .A(A), which includes only photons with
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a maximum wavelength of A, multiplied by I'dlog A. It would be fascinating to investigate
beyond the toy example in section 5.5 how this property translates to properties of the
Newton polytopes for the IR divergences representing different orders in perturbation theory.

Looking further ahead, it would be interesting to understand how exponentiation relates
directly to the geometry of Newton polytopes for Feynman integrals. One natural step in
this direction is to further study the blown-up Newton polytope that is relevant for the
IR structure, and ask whether it can be combined with the recent techniques which allow
us to put large sets of Feynman diagrams into single geometrical objects, analogous to
refs. [82, 105, 106]. Establishing this connection could provide a more unified geometric
picture, potentially allowing us to tackle both the identification of divergent scalings and
the derivation of properties like factorisation and exponentiation.
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A Diagrammatic proof of scalar-integrand factorisation

In this appendix we prove the IR factorisation of the F and U polynomials as described
in eq. (1.8), for the class of diagrams corresponding to two-jet ladders, but following a
diagrammatic approach analogous to what was done in section 2.2. We will also restrict to
the scalar case, where we don’t have any numerators, for simplicity.

A.1 Proof at all planar loops

Assume that we have a Feynman diagram G, with ¢ outer loops connecting photons and
the hard lines. Let us label the outer photon loops, ;, with indices from 1 to ¢, and the
Schwinger parameters of each outer loop i as aq;, ag; for jets 1 and 2, respectively, see
figure 22. The edge vector is then,

e = (221,1'2, ooy TN |Oél71, 011,2, e ,alvg‘all, OL272, ceey O£27g|’)/1,’72, e ,’}/g) (Al)
N hard edges

and we consider the limit given by the scaling vector r that splits it into inner and outer loops,

P= (0,0, 0 L1 LT 1] 2,2,00,2), (A.2)
N hard edges 2( soft jet edges ¢ soft photons
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Figure 22. The labelling of a ¢-loop planar diagram (left) and the labelling of an example four-loop
non-planar diagram (right). The gray blob represents any Feynman diagram, which does not need to
be a ladder. For the non-planar diagram, we define the permutations o(1) = 2, 0(2) =3, 0(3) =4
and o(4) = 1.

so that we have

Ti = T;, i = A lay,, Vi A2 (A.3)

T

with A — 0. We now want to show that at leading order in the scaling parameter A, the
Symanzik polynomials behave as

Fo = UnFs+UsFu, (A.4)
Uc — Unls (A.5)

where, Uy and Fpg are the first and second Symanzik polynomials of the inner diagram,
and, for the soft parts we further have

4 4 4
Fs > IviFi(Boesw) s Us — 1T, (A.6)
k=1 ik i=1

where F1(8k, Vi) is F polynomial for the one-loop ladder, written in terms of the worldline
variables §. This ultimately leads to factorisation

Fa  Fu = Fi(Brm k)
Ua Uy kz::l Tk (A7)

Let us start by looking at the & polynomial. Using the graphical identities obeyed by the
Schwinger parameters summarized in eq. (2.25), for the planar ladder, we get

u (W.@) - (EII’Y) u (”‘(Z) + g(gv)u (M@<) + o@Dy,

for the U-polynomial. For the Fy-polynomial, we get

Fo (“@) - (ﬁl%)fo (M‘iii) + é(]}v)ﬁ) <~@<> )
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Note that for both Ug and Fy g, not all the terms have the same scaling in A. In particular,
as discussed in the main text, the leading terms that scale like ~ A~2¢ will cancel out in
the computation of Fg.

To break up the terms on the right-hand side, we sum over all different ways of forming
the Fp polynomials. Recall that we have to split the diagrams into two trees. For the term
with all the outer photon edges deleted, we get

¢
Fo (W.\/Zj) = .7:071{ + m?> Z(Oxu + 01271') Uy , (A.lO)
=1

while for the Fy of the diagrams with a contracted edge, we get

Fo <W@<> = $B1,;Ba, ;U +m* (Brj + Baj) D (a1 p+agr) +OAN" D) (A11)

k=j+1

Now, Fg can be written as

]'-G—}—o—UX<Zm ari+ az;) +Zm :Ue>, (A.12)

i=1 =

where we recall that x. is the Schwinger parameter for edge e in the hard part. Entering the
expansions of Fy and U derived in egs. (A.10) and (A.11), we obtain at leading order

L

Fa 72(1_[%) {S/BI,j/BZj +m*(Brj + Paj) Y (ark+ Oéz,k)}UH

J=1 i#j k=j+1

(H%) [ i (a1 + agj)m UH‘| -~ (imiaze) (ﬁ%)ug (A.13)
—m’ (i(al,j +ag ) [(H%)UH + Z (Buk + Bk (H%)L{H]

j=1 i#£k

from which we can directly identify the first term in the conjecture UgFy:

<ﬁ7> [fo,H - (im%)] = (]iwg) Fu = UsFu, (A.14)

£ £
in addition note that the most leading term, —m? (Z(O‘Lj + a27j)> (H%> Up, which is of
j=1 i=1

order ~ O(/\_(2”+1)), cancels so that the answer goes at leading order as A™2", and simplifies to
4 4
F —UsFu + Z (H%) [8514’52,;‘ +m?(Br,; + B2) ( Z (a1p + az,k))] Un

i#j k=j+1

(Z a1 + 02, ) <f§(m + ﬁg,k)> (Hv) U,

k=1 ik

(A.15)
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we can finally rewrite the last term in the following way

ZUH <H%) [Sﬁl,kﬂZ,k —m? (Z(am + Oéij)) (Brk + ﬁQ,k)] —

i#k j=1
‘ ‘ e A16
=Y Uy (H%) [Sﬁmﬁz,k —m*(Bre + ﬁz,k)ﬂ =Un <Z (H%‘) fl(ﬁkﬁk)) (410
K1 Ak k=1 \jzk
= UHf57

making manifest the form conjectured.

A.2 Incorporating non-planar diagrams: region of integration

Let us now consider a non-planar diagram with the same hard part, but where now the
photons going soft can be anchored to the hard lines in a non-planar way. One way of labelling
all such contributions is by considering all possible permutations, o (i), corresponding to the
places in the bottom hard line where photon ¢ is anchored. So we always label photon ¢
by the vertex it is anchored to on the top hard line and consider all the possible vertices
it can be anchored in the bottom line, o(i) (see figure 22).

As described in the main text, for a given non-planar diagram, we can still define the
worldline variables from the hard part to the vertex photon ¢ is anchored:

i o(2)
Bri= > 6uj, Boi=Y Qo (A.17)
j=1 k=1

Now, while for the planar diagram both $1; and 32 ; are defined in the following domain

0<By1<By2<-<Be (A.18)

for a non-planar diagram, this domain still holds for the f;; (since all photons are anchored
in the standard ordering on the top line), but for the bottom ones, we have different
domains depending on the permutation, o(i). For example, let us consider the case in which
o(1) =2,0(2) =1 and o(i) =i for all i # 1,2, this is the case in which photons 1 and 2
are crossed. For this diagram the domain for the 33 ; becomes

0 < P22 < P21 < B23<- < Pay. (A.19)

This makes it clear that if we consider the union of all the domains corresponding to all the
different non-planar diagrams/permutations, we simply get f2; > 0 for all ¢ € {1,2,--- ,¢}.

To conclude this appendix, let us show that in the limit where the ¢ outer photons go
soft, the non-planar diagrams written in terms of the § variables precisely agree with what
we obtained for the planar one — the only difference being the domains of the 8’s in each
case. This means that, since the soft part of the integrand factors from the hard one, when
adding all diagrams together we can write the soft part as a single integral over a larger
domain in 8 space given by [2; > 0.

So let’s consider a given non-planar diagram, G, associated with permutation o(i). In
terms of the 8 variables we still have that in the soft limit:

Ug — (f[v) Up + EZ:(H%) (Brj + Boj)Um + O~ 2), (A.20)

J=1 i)
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and similarly eq. (A.10) also holds with the replacement o — &, now eq. (A.11) becomes

¢ ¢
Fo = sf1,j2,;Un + m? (ﬁl,j + 527]') < Z Qg + Z &2’m> Uy + O()\_(2n_2)) . (A.21)

k=j+1 m=c(j)+1

so that at leading order we obtain:

]:G %Z(H%) [551 gBQ,] +m (51,] + 52,] ( i E+ i 642,m> }UH

Jj=1 i#j m=o(j)+1

(H%) l Ei: (a5 + dz)m (Zm2x> (lf[v)uH (A.22)
—m? (i(&m + Gay) ) l(H%)UH - Zj: (Bik + Bok) (H%)UH]

7j=1 i#k

where similarly the leading order term cancels, we get precisely what we expected

Fa —UsFu + Z <H%> [3ﬁ17j52,j +m?(B1; + Bay) ( Z aq g + Z 542,m>] Un

=1 \ij k=i +1 m=0(j)+1
—m? (Z(dl,j + 072,;‘)) (Z(ﬁm + 52@)) (H%) Uy
j=1 k=1 ik
4 o(k)
=UsFu + > Ug (H%) [Sﬁl,kﬁ2,k - (Zal i+ ZOQ m> (Brk + 52,1@)1
k=1 i#k

Y4
=UsFy + Y Un (H%) [Sﬁmﬁm —m?*(Brg + 52,1@)2} =UsFu +UnFs.

k=1 ik

(A.23)

B Exponentiation in loop-momentum space

In this appendix, we briefly discuss the proof of factorisation and exponentiation of IR
divergences in loop-momentum space. The proof of Abelian exponentiation is often attributed
to Yennie, Frautschi and Suura [68] as well as Weinberg’s seminal paper from ref. [67]. The
former includes a discussion on the role of the numerators and renormalization. When
deriving exponentiation of infrared divergences in loop-momentum space, previous work
(see e.g. [107, Ch. 13]) takes a slightly different route from this work: they symmetrise over
the loop momenta to simplify the discussion of nested divergences. The purpose of this
appendix is to review previous work and connect it to our derivation of exponentiation in

Schwinger-parameter space.

Two loops. We use the following labeling for the photons,
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The most divergent region will come from the configuration where ky — 0 and k1 — 0, but
where ko tends to zero faster than ky does. This configuration, which is only relevant for
the planar diagram, leads to a 1/ e%R pole of the amplitude at this order in perturbation
theory. The scaling where k; and ko are of roughly equal magnitude and both tend to zero is
relevant for both diagrams. If we exclude the integration region where ko is much smaller
than k1, this uniform scaling leads to a 1/eg divergence.

Soft scalings of loop momenta. Two soft scalings will be relevant for the two-loop ladder,
which in Schwinger-parameter space (in the notation of section 2.1) are

T[1,2] = (1,1,1,1,2,2), TR = (0,1,0,1,0,2). (B.2)

The scaling 771 9) is the uniform scaling applied to both loops, i.e. the case in which both loop
momenta k1 and ky become soft, while (5 corresponds to only the outermost photon in the
loop labelled 2 becoming soft. This corresponds to the following scalings of the loop momenta,

ki o~ A, ks o~ A, (B.3)
T[1,2] T(1,2]

ki ~ 1, kg~ A (B.4)
2] (2]

The most divergent part of the integral comes from applying both scalings simultaneously,
i.e. from when the outer loop momentum scales faster to zero than the inner one,
ki o~ A, ks o~ A (B.5)
T[1,21772] T[1,2)772)
While this discussion parallels the one in Schwinger-parameter space, we will soon see that

if we first symmetrize over ki and ks, then it turns out that the double scaling given by
simultaneously applying r; o) and 7] is automatically included in the 7 9 scaling.

Factorisation of the integrand. Recall that throughout the derivation in Schwinger-
parameter space (see e.g. section 2.2), the uniform scaling 7(1,2] Played an important role.
In that scaling, we found that the integrand factorises in terms of worldline variables £,
representing the worldline distance from the last hard scattering point to the photon emission
and absorptions. In loop-momentum space, when adding the planar and non-planar integrands,
an analogous expansion along the direction 7 g gives,

11 1 1 1 1
4 Az

az? =
@) o) k3 k3 2p1 - k1 2p1 - (k1 + k2) 2p2 - Ky 2pa - ko

(2)

dPkidPk,. (B.6)

The trick to simplify the integrand is to symmetrise over k1 and ko, which according to
the derivation from [107, Ch. 13] gives:

. 1
azb), +dz¥! 545mdSa) (B.7)

2) (2) T[1,2], Symm in k1<ko
where dS(;) is the eikonal factor for a one-loop diagram,

1 1 1

— dPk;, B.8
O(kzzp1'7€ip2'ki (B2)

dS1) (k:)
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| E2| Non-symmetric integrand: | ]22| Symmetric integrand:
A A

Dy Dy
not divergent 1/eir divergence
1/€?, divergence, 1/€%, divergence,
fIrPém region ___| D[1,2} D fIrIf)m region - D[1,2] D
where ko<<ky \ [2] where ki,k2—0 \ [2}
1/eir divergence = 1/emr divergence _ =g
> |kl > [kl

Figure 23. 2-loop integration regions in loop-momentum space. Before symmetrizing over k; and ko
(left panel), the most divergent region contributing to a 1/e%; divergence is obtained when ks < k1
while k1, ks — 0. Since the region where k1 > k5 is not divergent, we end up picking up a factor
of 1/2! from ignoring that part of the integration region. After symmetrizing over ky and ks (right
panel), we manually add a factor of 1/2!, but now the 1/ef; comes from the region where ki, ko — 0,
regardless of the hierarchy between ki and k.

where the index ¢ labels the loop. Here we have used the notation dS(; to indicate that the
loop-momentum integrand above, assuming that the corresponding domain of integration is
left untouched, can be translated in Schwinger representation and yields exactly eq. (2.20)
(up to normalisation factors).

The expansion along r is

1
dzh, — dI(l)dS(l) R (B.g)
Furthermore, in the double scaling 7y 5], 7[2, the integrand behaves as

dz?!

) + arr — dS(l)(kl) dS(l)(kQ) . (B.10)

@) g

The integration region. Analogously to what we did previously in Schwinger-parameter
space, we split the integration region according to which momenta are going soft, see figure 23:
we define Dyy) as the region where all components of k1 are small but at least one component
of kg is not small, Dy as the one where all components of k2 are small but k; is not, and
Dy ) as the one Whel;e bothﬁkl and ko are small. We use a slight abuse of notation and
write k2 < k1 when |ka| < |k1| and k;, ko are approximately on shell. Similarly, we write
k; — 0 when all components of k; tend to zero. Before symmetrizing over k; and ko, the
most divergent part of the integral, contributing to the 1/ elzR divergence, comes from the
ko < k1 part of the integration region. The trick often employed in loop-momentum space
is to instead leverage the symmetric form of the integrand from eq. (B.7). When doing so,
we have to add a factor of 1/2!, but the 1/ 612R divergence is now present regardless of the
hierarchy of ko and k. Then, we can write

1 npl 1
/dI(Q) - /dzé) +/dI(213 = [ dImdSa +§/D dS)dSqy (B.11)
[2] [1,2]
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analogously to what we had in section 4.4. Next, extend the domains of integration and
rearrange the terms to obtain

ATy = / S — / dS(1ydS
/ (2) D[Q]UD[LQ]UD[ (1) 12]UD UD (1) (1)

(B.12)
— dSldSl—i—f/ dSydS(yy -
/D[l] MHRA) T Dy UDg, (1)92(1)
Due to the symmetry in Djj) and Djy for the integrand d.S(;)dS(;), the second line in eq. (B.12)
adds up to zero. Furthermore, by assumption, we can extend the first line to include the
domain where |k1| and |ks| are large and write

1 1
/ dZy) = / dZaydSa) — 5 / dSndSa) =ZmSm = 550 - (B.13)
in agreement with the exponentiation statement of eq. (1.5).

Generalisation to £ loops. To generalise the argument above to ¢ loops, we have to
follow a procedure similar to that in section 4.4: recursively add and subtract the divergent
integration regions. We can either leverage a symmetrisation in the uniform scaling analogous
to eq. (B.7), or, we can simply use the analogues of eq. (B.10). In either case, we have to
be careful to include the relevant subtraction terms whenever we extend the integration
regions to be over the full space.
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