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Abstract

This thesis considers aspects of modelling solid tumours. We begin by

considering the common assumption that nutrient or drug concentrations

in avascular tumour spheroids are radially symmetric. We derive a sim-

ple Poisson equation for biomolecular diffusion into an avascular tumour,

but with highly oscillatory boundary conditions due to the surrounding

capillary network. We find that the assumption of radial symmetry is

legitimate for biomolecules that are taken up in sufficient quantities by

proliferating cancer cells; however radially symmetric profiles need not be

observed otherwise.

We then investigate how the gap between an avascular tumour and the

neighbouring vasculature varies as the tumour grows. This is explored by

(i) using scaling arguments based on ordinary differential equations, (ii)

coupling the rate of oxygen flux from the vasculature to oxygen evolu-

tion within the tumour, and (iii) deriving a system of six coupled non-

linear partial differential equations modelling the tumour evolution. It is

found that as the tumour grows any initial gap between the tumour and

neighbouring vasculature closes since there is no mechanism which would

sufficiently up-regulate non-cancerous cell proliferation. This is in con-

trast to the intra-cornea implantation observations, upon which several

mathematical models are based.

Finally, we study the growth and treatment of a vascular tumour subjected

to chemotherapies, particularly when the therapies can exhibit an anti-

angiogenic effect and resistance to the therapy is incorporated. A multi-

compartment model is derived for the evolution of a tumour undergoing

treatment and parameters are estimated, with extensions to incorporate

numerous different therapy protocols in the literature. We find that anti-

angiogens can be effective, though the appropriate scheduling is counter-

intuative and contradicts many standard therapy rules. We conclude that



chemotherapy protocol design is very sensitive to the mode of action of

the drug and simple general strategies will, in many cases, not be the most

effective.
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Chapter 1

Introduction

In this thesis we will be considering aspects of modelling solid tumours. In partic-

ular we will consider avascular tumour growth and how avascular tumour spheroids

interact with the neighbouring vasculature as they grow. We will also be consider-

ing the evolution of vascular tumours and their response to drugs, and in particular

their response to drugs which exhibit some anti-angiogenic effect. The mathematical

modelling of solid tumours is an extensive field with much active research. It is not

feasible to introduce the entire field here and the mathematical modelling specifically

relevant to each chapter will be presented in the introduction to that chapter. How-

ever we now provide a brief overview of the biological background that is relevant

throughout this thesis.

1.1 Motivation

In 2007 cancer caused 7.9 million deaths worldwide (around 13% of all deaths)

(www.who.int). Specifically in England, more than one in three people will be diag-

nosed with cancer at some point of their lives and one in four people will die of the

disease (Donnellan, 2003). In a bid to overcome the disease, cancer therapy has been

an area of intense research for a number of years. Since 1971, when the American

President declared “war on cancer”, America has invested over $200 billion into can-

cer research (Begley, 2008), yet despite this cancer deaths are expected to continue

rising with a projected 13 million deaths world wide in 2030 (www.who.int). The war

on cancer remains intense.
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1.2 What is Cancer?

Throughout this section we use Hanahan and Weinberg (2000), and Kleinsmith (2006)

as sources of information.

Cancer is actually a generic term used to describe over 100 chronic diseases which can

affect any part of the body. It is difficult to define cancer in a way which characterises

every variant of the disease, but the following six traits are common to most, if not

all, types of human cancers:

1. Cancer cells can proliferate in the absence of the mitogenic growth signals which

normal cells require for proliferation.

2. Cancer cells are insensitive to the anti-growth signals which inhibit proliferation

in normal cells.

3. Cancer cells can evade apoptosis, which is a form of programmed cell death

which contributes to regulating normal cell growth.

4. Cancer cells can replicate a limitless number of times.

5. Cancer cells can cultivate their own blood supply, via a process called angio-

genesis.

6. Cancer cells can invade neighbouring tissues and spread via metastasis, which

is the process by which some diseased cells separate from the primary diseased

tissue and invade healthy tissue elsewhere in the body.

The unrestrained division of cancer cells will cause a growth, or swelling, of tissue1.

Any swelling caused by abnormal tissue growth is known as a tumour, however not

all tumours are cancerous. A tumour which is cancerous is called malignant, whereas

a tumour which does self-limit its growth and does not invade healthy tissue is called

benign.

1Note that leukaemias are cancers which develop from blood-forming cells in bone marrow. These
cancers are characterised by the accumulation of abnormal white blood cells in the patient’s blood-
stream and do not arise as solid growths of tissue.
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1.3 The “Life Cycle” of a Malignant Tumour

Throughout this section we use Carmeliet and Jain (2000), Michor et al. (2004), and

Kleinsmith (2006), as sources of information.

It is widely accepted that cancer is initiated by mutations in cancer-susceptible genes.

These genes are typically those which regulate cell growth in some way, either by

controlling cell birth or death directly, or by suppressing tumours, or by controlling

the cell environment in a way which affects cell division. If these genes mutate then

it can become possible for cells to grow and divide without restraint. The mutation

of a single gene is usually not sufficient to cause full-blown cancer; for malignancy to

occur a number of mutations are necessary. For example, the initiation of colorectal

cancer requires a sequence of four or five mutations (Knudson, 2001). These gene

mutations can be the result of carcinogens, or can be randomly acquired through

errors in DNA replication, or can be inherited.

If a malignant tumour becomes established then the net proliferation rate within the

tumour is typically higher than the surrounding tissue and this causes the tumour to

grow in size. As the tumour gets bigger its surface area to volume ratio decreases.

Eventually this ratio will become so small that not enough nutrients can diffuse into

the tumour to adequately feed it and this lack of nutrients will begin to inhibit tumour

growth. Eventually the tumour will reach a maximum size where the amount of

nutrient diffusing into the tumour is only just enough to sustain its size and it cannot

continue to grow. This regulation process is called diffusion-limited control. The

maximum volume a tumour spheroid can reach in this way is typically 1mm3−2mm3

(Bicknell et al., 1997). A tumour of this size will not be fatal for its host.

For a tumour to grow to a larger size than this it must increase the quantity of

nutrients available to it. To do this the tumour releases numerous growth factors

which induce capillary growth into the tumour. Once the capillaries have grown into

the tumour it has more nutrients available to it and can continue to grow in size.

The process by which a tumour cultivates its own capillaries is known as tumour

angiogenesis. Tumours which have yet to undergo angiogenesis are known as avascular

and tumours which have undergone angiogenesis are known as vascular.

Once angiogenesis has taken place tumour cells from the primary tumour can travel to

different parts of the body via the circulatory system and establish secondary tumours

in different parts of the body; this process is known as metastasis. Before angiogenesis
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TUMOUR

has taken place a tumour will be too small to kill its host, but after angiogenesis, and

then metastasis, the host is likely to end up suffering from multiple tumours, any of

which could grow to a fatal size. This makes the process of angiogenesis a critical

step in malignant tumour growth.

1.4 The Structure of an Avascular Malignant Tu-

mour

Throughout this section we use Carmeliet and Jain (2000), Michor et al. (2004), and

Kleinsmith (2006) as sources of information.

A tumour will begin as a single cancerous cell. This cell will divide into two cells

and these cells will then in turn divide and so on and a small clump of cancerous

cells will develop. At this stage of tumour development the tumour cells divide in

a roughly uniform manner which causes most tumours to grow in a comparatively

spherical way, unless constrained by the local environment, in which case spherical

growth will not be possible.

Once a tumour spheroid has grown to a large enough size, typically 150 µm in diam-

eter, cells at the centre of the tumour stop dividing. The cells which have stopped

dividing are called quiescent cells and the cells which are still dividing are known as

proliferating cells. Despite its importance to tumour growth little is known about the

onset of quiescence. It is known that it is not simply driven by nutrient depletion

at the centre of the tumour and instead a combination of other factors, including

cell-cell interaction and the availability of growth factors, are likely to be important

(Freyer, 1998; Mueller-Klieser, 2000).

As the tumour continues to grow the proliferating rim on the surface of the tumour

will maintain an approximately constant thickness, typically 2-4 cells deep (LaRue

et al., 2004) and the tumour core remains quiescent. When the tumour reaches a

certain size, typically 600 µm or so in diameter, cells at the centre of the tumour

begin to die. The region of the tumour where cells have died is known as the necrotic

core. Whilst the precise reason for this cell death is currently unknown it is often

analogised, with some success, that the cells at the centre of the tumour die when

the radius of the tumour exceeds the diffusion distance of a critical factor, which is

typically taken to be oxygen (Mueller-Klieser, 2000).
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As the tumour continues to grow the region consisting of the proliferative rim and

the quiescent region, known as the viable rim, maintains an approximately constant

depth and the necrotic core increases in size.

An illustration of the structure of a well-developed avascular tumour is shown in

Figure 1.1.

The Proliferating Rim
Cells are dividing

The Quiescent Region
Cells are not dividing

The Necrotic Core
Cells are dead

Figure 1.1: A schematic cross-section of a well-developed avascular tumour (not to
scale).

1.5 The Cell Cycle

Throughout this section we use Murray and Hunt (1994), Andreef et al. (2000), and

Alberts et al. (2002) as sources of information.

Cancer cells characteristically exhibit different proliferation dynamics to non-cancerous

cells. As such a basic understanding of the cell cycle is necessary for understanding

the evolution of cancer cells.
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Immediately following a cell division the new daughter cells enter the G1 phase of the

cell cycle. This is a growth phase where the newly formed cells increase in size and

synthesise the proteins required for the next phase of the cell cycle.

Following the G1 phase there is a checkpoint where the cell monitors the progress

of the cell cycle and if the cell has grown suitably, and conditions are appropriately

favourable, then the cells enter the S phase of the cell cycle. During the S, or synthesis,

phase all the DNA in the cell is replicated.

Following the S phase the cell undergoes the G2 phase, a second growth phase, which

prepares the cell for division.

Following the G2 phase there is another cell cycle checkpoint and if conditions are

suitably favourable then it enters the M phase where it undergoes mitosis and divides.

The M phase begins with the cell’s nucleus dividing into two identical nuclei and then

the cell also divides into two identical cells. Each of these new daughter cells then

enter the G1 phase of the next cell cycle.

If conditions are not favourable during the G1 phase, then cells can arrest from the

cell cycle and enter the G0 phase. During this phase the cells are quiescent, and

are not dividing nor preparing to divide. Cells in the G0 phase can rejoin the cell

cycle when conditions become more favourable, but can arrest in the G0 phase for a

limitless amount of time before doing so.

The G1, S, and G2 phase of the cell cycle are collectively known as the interphase

portion of the cell cycle.

A diagram illustrating the cell cycle is shown in Figure 1.2.

1.6 Cancer Therapies

Throughout this section we use Carmeliet and Jain (2000), www.cancer.gov (2002),

Michor et al. (2004), www.cancer.gov (2005), and Kleinsmith (2006) as sources of

information.

1.6.1 Current Therapies

The ultimate goal of cancer therapy is the complete removal of the cancerous tissue

without damage to the rest of the body. In theory it is possible to cure the patient by
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The M phase
The cell undergoes mitosis

(divides into two daughter cells)

The G1 phase
The first

growth phase

The S phase
The DNA

synethesis phase

The G2 phase
The second

growth phase

The G0 phase
The cells

are quiescent

The interphase phase

The G1/S checkpoint

The G2/M checkpoint

Figure 1.2: A schematic of the cell cycle.

surgically removing all cancerous tissues. However tumours are not always accessible

and a cancer’s ability to invade adjoining tissue and metastasise to other parts of

the body often makes the complete removal of all cancerous tissue impossible. Also,

many tumours will not be detectable until they are too big to be removed surgically.

Instead it is often necessary to treat the tumour by attempting to poison it without

fatally damaging healthy tissues. The two most common cancer therapies which

do this are radiotherapy, which uses ionising radiation to poison the tumour, and

chemotherapy, which uses drugs to poison the tumour.

The radiation used in radiotherapy damages the affected cell’s genetic material in a

way which makes it impossible for the cells to grow and divide. The radiation can

either come from an internal source, where radioactive material is placed within the

host’s body, or an external source, where radiation waves are passed through the

host. The radiation used in radiotherapy will also damage healthy cells, although a

larger proportion of healthy cells than diseased cells will recover once radiotherapy

has ceased. In an attempt to minimise the damage to healthy cells the dose of
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radiation is focused upon the tumour cells, but side-effects are still inevitable. Cells

are more sensitive to radiotherapy in the presence of oxygen and if a tumour becomes

hypoxic (deficient in oxygen) then it can become relatively resistant to the effects of

the radiation. If the tumour is particularly resilient to radiation then it might not

be possible to successfully treat the tumour without using a dose of radiation which

would be fatal for the patient, even if the radiotherapy were given in many small

doses to encourage healthy tissue recovery between doses.

The drugs used in chemotherapy typically target cells which are dividing and impair

cell division. Cancer cells tend to divide more quickly than non-cancerous cells and

so chemotherapy will target cancer cells; however healthy cells which are dividing will

also be destroyed and healthy cells with a high replacement rate will be particularly

affected. These healthy cells will typically recover once the chemotherapy has ceased.

Chemotherapy aims to deliver a high dose of the drug to the tumour, whilst also

delivering a dose of the drug to the rest of the patient which is low enough to prevent

major side-effects yet high enough to destroy any metastases present. Typically this

will involve delivering the drug intravenously but the drug can also be delivered in a

number of different ways, including orally. If the tumour is particularly resilient to the

chemotherapeutic agent then it might not be possible to successfully treat the tumour

without using a dose which would be fatal for the patient, even if the chemotherapy

were given in many small doses to allow healthy tissue to recover between doses.

Surgery, radiotherapy and chemotherapy are the three well established cancer treat-

ments and usually a combination of the three will be used to treat a patient. Alter-

native therapies do exist for cancer treatment, although these are generally specific

to a particular type of cancer or are newer therapies which have yet to become well

established.

Hormonal therapy can be used to treat cancers in hormonally responsive tissue such

as breast or prostrate. The growth of these cancers can be controlled by altering

the hormone levels in the surrounding tissue and in some cases it is even possible to

induce tumour cell death.

Immunotherapy is any therapy which attempts to use the patient’s own immune

system to destroy cancer cells. This typically involves either vaccinating the patient

so that their immune system can recognise tumour cells as cells to be destroyed,

or giving the patient therapeutic antibodies which use their own immune system to

destroy cancer cells. Immunotherapy is currently used as a treatment for some forms
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of cancer, including cancer of the sympathetic nervous system and small cell lung

cancer, but it is not yet an effective treatment for all types of cancer.

An anti-angiogenic therapy is any therapy which attempts to control tumour growth

by preventing or rescinding angiogenesis. The first study concerning the potential

use of anti-angiogenic therapies was conducted in 1998 when angiostatin and endo-

statin were successfully used to make tumours shrink and disappear in mice. Since

then dozens of angiogenesis inhibiting drugs have undergone clinical trials to try and

reproduce these results in humans.

The early trials on humans showed that anti-angiogenic drugs exhibit much milder

side-effects than chemotherapy or radiotherapy and tumours did seem to stop growing

in a few patients, but results were generally disappointing. The trials have so far

only used patients with well-developed tumours, but it has been suggested that anti-

angiogenic drugs might be more effective at treating patients with early stage tumours

and that this may have contributed to the disappointing results. It is hoped that the

use of anti-angiogenic drugs to treat human cancers will become much more effective

once the optimal treatment schedules have been found.

In 2004 Avastin become the first anti-angiogenic drug to be approved by the U.S.

Food and Drug Administration (FDA) for routine medical use in cancer patients.

This was after clinical trials showed that patients with metastatic colon cancer who

received chemotherapy in conjunction with Avastin lived longer than patients who

received chemotherapy alone. Avastin works by targeting and inhibiting the action

of a natural protein called vascular endothelial growth factor (VEGF) which tumours

excrete to induce angiogenesis. Avastin binds to VEGF and blocks its ability to

stimulate capillary growth.

Avastin is currently used in conjunction with chemotherapy for the treatment of

metastatic colon cancer and most forms of metastatic non-small cell lung cancer.

However Avastin is prone to resistance and the mechanisms by which tumours be-

come resistant to Avastin are not currently well understood (Schneider and Sledge

Jr., 2007). There are several clinical studies currently underway to determine the

effectiveness of Avastin in treating several other forms of cancer.
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1.6.2 Future Therapies

Cancer therapy is an area of intense active research. Whilst established therapies

are continuing to be improved there are new therapies being developed which could

potentially provide more effective cancer treatments.

Targeted therapy refers to any treatment which targets the molecules which are specif-

ically needed for tumour growth, rather than simply targeting cells which are dividing.

Certain cancers have a palpable “molecular driver” which encourages cancer progres-

sion and targeted therapies act to inhibit the action of such drivers (www.cancer.gov,

2006a). In early clinical trials targeted therapies were found which caused a dramatic

response in most patients with a dose of therapeutic below the maximum dose the

patient could tolerate (Green, 2004). However, many common solid tumours have no

overriding single molecular driver, which makes the development of targeted therapy

for these types of cancer much more challenging.

Most targeted therapies under development are currently undergoing pre-clinical ani-

mal testing, some are undergoing clinical trials and a few have been approved for use

by the FDA (www.cancer.gov, 2005).

Gene therapy refers to any treatment which introduces genetic material into a pa-

tient’s cells with the aim of fighting disease; typically a virus is used to insert the

genetic material. Gene therapy has several possible applications to cancer treatment.

One approach involves treating cancers caused by missing or mutated genes by re-

placing the problem gene with a healthy copy. Another approach involves inserting

genes into a patient’s white blood cells to help the white blood cells identify and kill

tumour cells. It is also possible to insert genes into cancer cells which make them

more susceptible to chemotherapy or radiotherapy, or insert genes into the cancer

cells to make them undergo apoptosis, which is a form of programmed cell death

(www.cancer.gov, 2006b).

Gene therapy is not without its risks. Viruses will insert the new gene into healthy

cells as well as cancer cells, and when the new gene is inserted it can cause mutations

to the patient’s DNA. These mutations could actually cause new cancers. It is also

possible that the virus used to insert the new gene could cause an adverse immune

reaction.

The first trial for human gene therapy has been approved for patients with adeno-

sine deaminase (ADA) deficiency, which is a rare genetic condition. There are cur-
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rently no trials for human gene therapy with direct applications to treating cancer

(www.cancer.gov, 2006b).

Developing targeted or gene therapies is a very slow process and such drugs typically

need a long-term administration to adequately trial them. Furthermore, early clinical

trials are often ineffective because the optimal therapy dose is not known, which

means several trials can be required to adequately test the therapies. It is also

difficult to quantify the effectiveness of a new therapy. A standard measure for the

effectiveness of a therapy is the extent to which the therapy regresses the tumour.

However, many targeted therapies are designed to prevent tumour growth without

causing a significant amount of tumour regression and such measures underestimate

the effectiveness of these therapies. The combination of these factors means that

targeted therapies and gene therapies are many years away from being a viable and

widespread cancer treatment.

1.7 Thesis Outline

In this chapter we have provided a brief overview of the biology relevant to our study.

In particular we have motivated why cancer is a worthwhile area of investigation,

what cancer is, and provided a brief introduction into cancer therapies.

In Chapter 2 we consider the validity of the often made assumption that the nutrient

and drug concentrations within an avascular tumour spheroid are radially symmet-

ric. To test this we derive a model for the radially averaged mean nutrient or drug

concentration within an avascular tumour, which after some simplification consists

of a one-dimensional Poisson equation, and the perturbation of the nutrient or drug

concentration away from this mean value, which after some simplification consists

of Laplace’s equation, which is solved by introducing a Laplace series. Our model

contains some freedom and so we test this assumption for a number of parameter

values and configurations which encompass a range of relevant situations.

In Chapter 3 we utilise our work of Chapter 2 to construct a multi-compartment model

for avascular tumour growth and interaction with the surrounding vasculature, which

after some simplification consists of six coupled non-linear differential equations. We

also use a simple scaling argument, and an oxygen delivery argument to consider

what the correct interaction between a growing avascular tumour spheroid and the
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surrounding vasculature is and in particular what size gap should exist between the

tumour and neighbouring capillaries.

In Chapter 4 we derive a multi-compartment model for vascular tumour growth and

estimate the parameters in this model, which consists of four coupled non-linear

ordinary differential equations. To estimate the parameters we make a temporary

simplifying assumption, which is expected to be valid when modelling tumour growth

in the absence of therapy but not when modelling a tumour’s response to therapy. To

estimate the parameters in this simplified model we perform a literature search, an

asymptotic analysis, a steady state analysis, and also ensure that parameter values are

chosen so that the behaviour of our model is consistent with observed tumour growth.

We then use this parameter estimation for the simplified model to obtain a parameter

estimation for the corresponding general model, and then compare the behaviour of

the simplified and general models to ensure than the parameter estimation for the

general model also provides realistic tumour growth.

In Chapter 5 we generalise the model of Chapter 4 by including the application of

chemotherapy, and in particular a chemotherapy which can exhibit an anti-angiogenic

effect. We then use this model to consider by what mechanisms the therapy can treat

the tumour and test the Norton-Simon hypothesis for discrete and continuous appli-

cations of therapy. We then attempt to use our model to reproduce the experimental

work of Browder et al. (2000), who found that chemotherapy can be used effectively

as an angiogenesis inhibitor, and finally we consider the behaviour of the tumour

when the action of the chemotherapy saturates.

In Chapter 6 we generalise the work of Chapters 4 and 5 further by considering the

effect of resistance to obtain a system of six coupled non-linear ordinary differential

equations when the resistance to a single therapy is considered, and a system of ten

coupled non-linear ordinary differential equations when the resistance to a double

therapy is considered. Again we consider by what mechanisms the therapy can treat

the tumour when resistance is included, and investigate whether the Norton-Simon

hypothesis is altered by the inclusion of resistance. We also consider the application of

double therapies and test the Goldie-Coldman hypothesis and Day’s worst drug first

rule and consider whether even better therapy schedules can be obtained. We also

determine if the resistance of endothelial cells has a significant effect on our results.

Finally in Chapter 7 we summarise our work and discuss possible future extensions.
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Chapter 2

The Radial Symmetry of Nutrients
and Drugs in an Avascular Tumour
Spheroid

2.1 Introduction

2.1.1 The Assumption of Radial Symmetry

Many models for the growth of avascular tumour spheroids, particularly early mod-

els, assume that the growth of the tumour and the concentration of any nutrient, or

drug, within the tumour are radially symmetric. For example, Casciari et al. (1992)

models the evolution of an avascular tumour spheroid and implicitly assumes that

the concentrations of oxygen, glucose, carbon dioxide, lactate ions, bicarbonate ions,

chlorine ions, and hydrogen ions are all radially symmetric with no explicit justifica-

tion of why this assumption is reasonable. Assuming radial symmetry like this with

little or no explicit justification is common.

The justification for assuming that the concentration of any nutrient, or drug, within

an avascular tumour is radially symmetric typically stems from the fact that solid

tumours are generally observed to grow as spheroids, like the tumour shown in Figure

2.1 for example, unless they are inhibited by the local geometry. However, this need

not imply that the concentration of all nutrients and drugs within the tumour are

also radially symmetric. Any such substance must diffuse into the tumour from the

capillary network. This capillary network is not perfectly uniform and typically forms

a mesh like structure, such as that shown in Figure 2.2. Throughout this mesh we
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would expect the concentration of any nutrient, or drug, to be relatively high in the

vicinity of a capillary and relatively low away from the capillaries. Whether or not this

expected difference in concentrations in the vicinity of the capillary network causes

significant variations in concentrations within the tumour has not been explicitly

considered. Therefore a detailed understanding of whether, and indeed when, it is

legitimate to invoke radial symmetry is lacking and motivates further study.750 SELF-REGULATION OB GROWTH IN TI-I~REE DIMENSIONS 

FIC. 4 a. Cross section of V-79 spheroid, 1.0 mm diameter and 20 days old. Five to seven 

outer layers of cells are labelled with [~H]thymidine. 

Volume of labeled cells 

Total Volume 
= 0.60. 

outer  zone. This  indicated tha t  in the dormant  state,  s~me cells newly generated 

on the surface, gradual ly  migrate  toward the center of the spheroid. 

When  dormant  spheroids were exposed continuously for 7 days  to high con- 

centrat ions of [3H]thymidine (2/zCi /ml) ,  there was rapid  regression in the size 

of the spheroid along a steep, linear slope3 This  indicated tha t  inhibit ion of mi- 

tosis in cells a t  the per iphery of the spheroid prevented replacement of cells 

undergoing continual lysis in the necrotic center. 

2 Abraham, E., and J. Folkman. Unpublished observation. 
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Figure 2.1: A cross-section of a tumour spheroid, which is 1mm in diameter and has
been grown in vitro (reproduced with permission from Folkman and Hochberg, 1973).

2.1.2 The Aims of this Chapter

In this chapter we will consider the assumption that the concentration of any nutrient,

or drug, in an in vivo avascular tumour spheroid is radially symmetric and can be

approximated by the radially averaged mean nutrient concentration.

To consider this assumption we will model the diffusion of a particular nutrient, or

drug, out of the capillary network and into an in vivo tumour spheroid. We will then

calculate the magnitude of the radially averaged mean nutrient, or drug, concentration

and the magnitude of the perturbation away from this mean concentration throughout
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Figure 2.2: An in vivo scanning tunnelling microscope illustration of the capillary
network of a mucosal fold of the human colon with a 1mm scale bar shown (reproduced
with permission from Konerding et al., 2001).

the tumour. From this we will determine whether or not the perturbation away from

the mean is significant. If we find that it is valid to approximate the concentration

of nutrients, and drugs, in an avascular tumour spheroid by their radially averaged

mean value then we will be justified in utilising this assumption in future models.

2.1.3 The Use of the Term Nutrient

Note that throughout this chapter we will be considering the concentration of any

substance which could diffuse into an in vivo avascular tumour spheroid; although

cell nutrients and cancer therapy drugs will be of particular relevance. For ease of

reference rather than discussing the nutrient, or drug, concentration we will simply

refer to the nutrient concentration. However unless specified otherwise this will refer

to the concentration of any nutrient or drug which may be present in the tumour.

Whenever our discussion specifically considers either a nutrient or a drug we will

explicitly state this.
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2.2 Modelling Nutrient Diffusion Into An Avascu-

lar Tumour Spheroid

2.2.1 The Model

We now derive a model for the diffusion of a nutrient out of the capillary network

and into an avascular tumour spheroid.

Spherical Polar Co-ordinates

We begin by assuming that the tumour grows as a spheroid and work in spherical

polar co-ordinates, where the origin lies at the centre of the tumour, as defined by

x = r cos θ sinφ, y = r sin θ sinφ, z = r cosφ,

where r ∈ [0,∞), θ ∈ [0, 2π), φ ∈ [0, π].

The Mutual Dependency of Nutrient Concentration and Tumour Evolu-
tion

Before deriving our model we first consider the interaction between the tumour and

the nutrient concentration. Any nutrient present in the tumour must diffuse out of

the capillary network and into the tumour; hence the nutrient concentration within

the tumour will depend upon the size of the tumour and the evolution of cells within

the tumour. However, if the nutrient being considered is required for cell division,

or is a drug which kills cells, then the evolution of the tumour will depend upon the

local nutrient concentration. Hence the evolution of the tumour and the nutrient

concentration within the tumour will be mutually dependent.

This mutual dependency is likely to be too complex for it to be desirable to model it

explicitly. To simplify our model we will assume a particular form for the distribution

of the rate of nutrient uptake by the tumour and then build a model based upon this

assumption. We now consider what properties this nutrient uptake must exhibit to

be realistic.

16



CHAPTER 2. THE RADIAL SYMMETRY OF NUTRIENTS AND
DRUGS IN AN AVASCULAR TUMOUR SPHEROID

The Distribution of the Rate of Nutrient Uptake

The cells within the necrotic core of the tumour are all dead and so there can be no

nutrient uptake in this region. Outside the necrotic core and at relatively low nutri-

ent concentrations we would expect the rate of nutrient uptake to be an increasing

function of the nutrient concentration. Finally, it would be unphysical for the rate of

nutrient uptake to increase without bound as the nutrient concentration is increased

and hence the rate of nutrient uptake must reach a saturation level, whereby any

further increase in the nutrient concentration does not increase the rate of nutrient

uptake.

Whether the uptake of a particular nutrient or drug actually saturates in any given tu-

mour will depend upon which nutrient or drug is being considered. Cells have evolved

to be very efficient at uptaking oxygen and so the rate of oxygen uptake is likely to

saturate in a tumour, even if the oxygen concentration is relatively low (Guzy and

Schumacker, 2006). Also, the most common site for metastases of colorectal tumours

is the liver and such metastases are treated by delivering a highly concentrated dose of

chemotherapeutic directly into the liver via the portal vein (Midgley and Kerr, 2000).

The corresponding concentration of the chemotherapeutic is so high that the rate of

chemotherapeutic uptake would be expected to saturate. However other chemother-

apies, particularly those which cannot be delivered as efficiently, do not saturate at

clinically relevant concentrations (Mistry et al., 1992; Hromas et al., 1987; Johnson

et al., 1996).

In this chapter we limit the possible choices for the distribution of the rate of nutrient

uptake by only considering the case where the rate of nutrient uptake saturates. We

then assume that the distance over which the nutrient uptake increases from zero

to its saturated rate is small compared to the width of the tumour (this assumption

is later justified in Section 2.4 of this chapter). Hence, if we denote the radius of

the tumour by R and the distance over which the rate of nutrient uptake increases

from 0 to its saturated rate by ε then we have assumed that ε
R
� 1. Given the

existence of this small parameter we proceed by taking ε = 0 and consider the leading

order approximation to the nutrient concentration; in which case the leading order

distribution of the rate of nutrient uptake is

µH(r − r∗),

17



2.2. MODELLING NUTRIENT DIFFUSION INTO AN AVASCULAR
TUMOUR SPHEROID

where µ is the saturated rate of nutrient uptake, r∗ is the distance from the centre

of the tumour at which nutrient first uptake saturates (which we will refer to as the

radius of saturation) and H(x) is the Heaviside function.

Conservation of Nutrients

We now derive our model for the evolution of the leading order nutrient concentration

in an avascular tumour which has reached its maximum size as given by diffusion-

limited control. Our model will explicitly consider the two main mechanisms which

affect the local nutrient concentration: nutrient diffusion, and nutrient uptake by the

tumour cells. Our model will not explicitly consider the advection of the nutrient with

the movement of the cells, but in Section 2.2.2 it is shown that the Péclet number

of our system, which is a non-dimensional constant relating the rate of advection

to the rate of diffusion (Schetz, 1999), is small so that it is legitimate to neglect any

advection dynamics. If we assume that the diffusive flux of the nutrient satisfies Fick’s

law, then a simple conservation of nutrient argument yields the following equation

for the local nutrient concentration

∂c

∂t
= D∇2c− µH(r − r∗) in r < R, (2.1)

where c(r, θ, φ, t) is the local nutrient concentration, D is the diffusion coefficient of

the nutrient, and R is the radius of a typical avascular tumour at its maximum size

as given by diffusion-limited control.

The Radius of Saturation

Having considered the distribution of the leading order rate of nutrient uptake and

derived an equation governing the conservation of nutrients we now consider how the

radius of saturation, r∗, must relate to the structure of the tumour and the nutrient

concentration for it to be viable. This will then give us a value, or range of values,

for r∗ which we should consider in our later analysis.

As discussed in Section 2.2.1 we are considering the leading order system where there

is no nutrient uptake for r < r∗ and nutrient uptake at the saturated rate for r ≥ r∗.

For nutrient uptake to occur at the saturated rate for r > r∗ we require the nutrient

concentration to be suitably high and cells which consume the nutrient to be present.

Hence we require that

c(r, θ, φ, t) > cthres ∀ r > r∗, ∀ θ, φ, t, AND r∗ ≥ ri, (2.2)
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where c(r, θ, φ, t) is the concentration of the nutrient at position (r, θ, φ) and time

t, cthres is the threshold nutrient concentration necessary to sustain nutrient uptake

at the saturated rate, and ri is the radius of the region of the tumour which cannot

consume the nutrient. For i = 1 we consider cell cycle non-specific nutrients, which

are consumed by both quiescent and actively proliferating cells, and then r1 = rnec,

the radius of the necrotic core. For i = 2 we consider cell cycle specific nutrients,

which are only consumed by proliferating cells, and then r2 = rprof, the radius from

the centre of the tumour to the inner surface of the proliferating rim.

A schematic showing rnec, rprof, and R, is presented in Figure 2.3.

The Proliferating Rim
Cells are dividing

The Queiscent Region
Cells are not dividing

The Necrotic Core
Cells are dead

rnec

rprof

R

Figure 2.3: A schematic cross-section of the tumour spheroid we are considering with
the different regions of the tumour and the parameters rnec, rprof, and R highlighted
(not to scale).

Similarly, for there to be no nutrient uptake for r < r∗ we require there to either be

a lack of nutrient or a lack of cells which can consume the nutrient, so that

c(r, θ, φ, t) < cthres ∀ r < r∗,∀ θ, φ, t, OR r∗ ≤ ri. (2.3)

Note that for r∗ to be realistic it must satisfy both Conditions (2.2) and (2.3). This

then gives two different pairs of conditions for r∗ to be a viable radius of saturation,
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namely:

c(r∗, θ, φ, t) = cthres ∀ θ, φ, t AND r∗ ≥ ri, (CASE 1)

OR (2.4)

c(r∗, θ, φ, t) ≥ cthres ∀ θ, φ, t AND r∗ = ri. (CASE 2)

Condition (2.4) then defines two different cases for the radius of saturation to be

realistic for each value of ri, and ri can take two different values depending upon

whether we are considering a cell cycle specific of cell cycle non-specific nutrient.

So we actually have four separate conditions for the radius of saturation, r∗, and

if any one of them is satisfied then our value of the radius of saturation is viable,

subject to correctly considering either a cell cycle specific or cell cycle non-specific

nutrient. Given these conditions we will later consider a range of values for the radius

of saturation which will consider a wide range of biologically reasonable situations.

To close our model we now derive a corresponding boundary condition.

A Boundary Condition

For our boundary condition we will consider the outward nutrient flux across the

surface of the tumour spheroid, which we denote by the currently unknown function

h(θ, φ, t). This nutrient flux will be the flux due to diffusion and assuming again that

this satisfies Fick’s law we obtain the following boundary condition

h(θ, φ, t) = −D∇c · n on r = R, (2.5)

where n is the outward unit normal across the surface of the tumour.

Note that for ease of notation we will now refer to the outward nutrient flux across

the surface of the tumour spheroid simply as the flux.

We couple this with the behaviour inside the tumour by integrating Equation (2.1)

over the volume of the tumour and then appealing to the divergence theorem and

Equation (2.5) to obtain∫∫∫
V

∂c

∂t
+ µH(r − r∗) dV =

∫∫∫
V

D∇2c dV,

= −
∫∫

∂V

h dS,

(2.6)
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which the flux must satisfy for the system to be well posed. We obtain a further

condition on the flux by noting that we expect the nutrient flux to be strictly towards

the tumour, so that

max
θ,φ

h(θ, φ, t) ≤ 0 ∀ t. (2.7)

Note that the actual form of the flux, h(θ, φ, t) is still unknown, but for a given

form of h(θ, φ, t) we have derived two conditions to check that h(θ, φ, t) is biologically

reasonable and a corresponding boundary condition for the nutrient concentration.

2.2.2 Non-Dimensionalising the Model

Non-Dimensionalisation

We now non-dimensionalise the model using the following rescalings

c =
µR2

D
ĉ, r = R r̂, t = T t̂,

where T is the doubling time of the tumour, R is the radius of a the tumour, and

the carets denote dimensionless variables. We then find that Equation (2.1) for the

conservation of nutrients non-dimensionalises to become

Pe
∂ĉ

∂t̂
= ∇̂2ĉ−H(r̂ − r̂∗), (2.8)

where Pe = R2

DT
is the Péclet number of the system and the corresponding boundary

condition, Equation (2.5), becomes

ĥ
(
θ, φ, t̂

)
= −∇̂ĉ · n on r̂ = 1, (2.9)

where ĥ(θ, φ, t̂ ) = R
DC
h(θ, φ, t) is the non-dimensional nutrient flux across the surface

of the tumour spheroid. The solvability condition on our system, Equation (2.6),

becomes ∫∫
∂ bV ĥ dŜ = −4π

3
(1− r̂ 3

∗ )− R2

DT

∫∫∫
bV
∂ĉ

∂t̂
dV, (2.10)

and the direction of flux condition, Inequality (2.7), becomes

max
θ,φ

ĥ
(
θ, φ, t̂

)
≤ 0 ∀ t̂. (2.11)
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Finally the viability conditions on the radius of saturation, Conditions Equation (2.4),

become

ĉ(r̂∗, θ, φ, t̂ ) = ĉthres ∀ θ, φ, t̂ AND r̂∗ ≥ r̂i, (CASE 1)

OR (2.12)

ĉ(r̂∗, θ, φ, t̂ ) ≥ ĉthres ∀ θ, φ, t̂ AND r̂∗ = r̂i, (CASE 2)

where r̂∗ =
r∗
R

, ĉthres =
Dcthres

µR2
, and r̂i =

ri
R

.

Parameter Estimation

We now evaluate as many of the non-dimensional parameters in our model as possible

by performing a literature search.

Avascular tumours typically saturate at a radius of between 0.5 mm and 2 mm (Folk-

man and Hochberg, 1973; Haji-Karim and Carisson, 1978) and here we consider a

tumour at saturation and take R = 1 mm.

The diffusion coefficient of the nutrient will depend upon which specific nutrient is

being considered. To estimate its likely magnitude we now consider the diffusion

coefficient of oxygen, which has been recorded in DS-Carcinosarcoma tumour cells to

be D = 1.75× 10−5 cm2 s−1 (Grote et al., 1977).

The time scale of tumour growth will depend upon what tumour type is being con-

sidered and again we estimate the likely magnitude of T by considering a specific

example. Kusama et al. (1972) analysed the results of 199 patients with breast can-

cer and calculated their mean doubling time to be 3.5 months. Given this we take

T = 9× 106 seconds.

Using these values we find that

Pe ≈ 6× 10−5 � 1.

So for oxygen in breast cancer the non-dimensional parameter Pe is a small parameter.

We generalise this result by assuming that Pe will be negligibly small for an arbitrary

nutrient in an arbitrary tumour, which justifies our original neglection of advection

from our model in Section 2.2.1.

The parameter ĉthres, which is the non-dimensional threshold nutrient concentration

required to sustain nutrient uptake at the saturated rate, is also going to vary de-

pending upon which particular nutrient is being considered. To estimate its likely
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magnitude we evaluate it when the nutrient being considered is glucose. Weiss (1965)

showed that varying the glucose concentration from 1mM to 5mM did not appreciably

affect metabolic activity in bacteria. This suggests that once the glucose concentration

reaches 1mM the rate of glucose uptake has already reached its saturated rate. Non-

dimensionalising with the diffusion coefficient of glucose in a multicellular tumour

spheroid, 5 × 10−6cm2s−1 (Groebe et al., 1994), and the saturated rate of glucose

uptake in rats, 40 µmol g−1min−1 (Groebe et al., 1994), we find that for glucose

ĉthres ≈ 7.5× 10−4 � 1.

So for glucose ĉthres is a small parameter and we generalise this by assuming that

ĉthres is a small parameter for an arbitrary nutrient. A relaxation of this assumption,

which is not guaranteed to be valid for drugs the cells have not evolved to be efficient

at uptaking, could be a future generalisation of our work.

Finally we consider the values of r̂1 and r̂2, which are the non-dimensional radius of

the necrotic core and the non-dimensional radius from the centre of the tumour to

the inner surface of the proliferating rim respectively. Mueller-Klieser (2000) recorded

the diameter of necrosis and spheroid diameter of 46 human colon tumour spheroids

and a linear regression through the data points found the radius of the necrotic core

to be given by rnec = 1.03× rtum − 203.5µm, where rtum is the radius of the tumour.

Hence we take the non-dimensional radius of the necrotic core to be

r̂nec =
1.03× 1000µm− 203.5µm

1000µm
= 0.83 (2 s.f.).

Similarly, LaRue et al. (2004) found that for a tumour of diameter 1200µm only the

outer two or three cells on the surface of the tumour are proliferating. Taking the

mean diameter of an animal cell to be 25µm (Alberts et al., 2002) and the cell volume

fraction to be 0.66 (Freyer and Sutherland, 1986) this gives the non-dimensional

distance from the centre of the tumour to the inner surface of the proliferating rim

to be:

r̂prof =
1000µm− 2× 25µm

0.66
1000µm

= 0.92 (2 s.f.).

The Non-Dimensional System

Having evaluated some of the non-dimensional parameters in our model we now re-

consider the non-dimensional system. Having found that R2

DT
and ĉthres are both small

23



2.2. MODELLING NUTRIENT DIFFUSION INTO AN AVASCULAR
TUMOUR SPHEROID

parameters we neglect these terms and consider a leading order approximation. Note

that neglecting the O
(
R2

DT

)
terms removes all the time derivatives from our system

and hence we make the quasi-steady state assumption that to leading order the nutri-

ent concentration within our avascular spheroid tumour exhibits no time dependency;

which is equivalent to assuming that the time scale for nutrient diffusion is much faster

than the time scale for tumour growth. As part of this quasi-steady state assumption

we have assumed that R(t), the tumour radius, is a constant, and hence ri

After neglecting these terms and dropping carets we obtain the following leading order

non-dimensional system. Equation (2.8) for the conservation of nutrients becomes

∇2c = H(r − r∗), (2.13)

with the corresponding boundary condition, Equation (2.9), becoming

n · ∇c = −h(θ, φ) on r = 1. (2.14)

Also, for this system to be well defined it must satisfy the non-dimensional solvability

Condition (2.10), which becomes∫∫
r=1

h dS = −4π

3

(
1− r 3

∗
)
, (2.15)

and the flux Condition (2.11), which becomes

max
θ,φ

h(θ, φ) ≤ 0. (2.16)

Finally the criteria for the location of the radius of saturation, r∗, Conditions (2.12),

become

c(r∗, θ, φ) = 0 AND r∗ ≥ ri, (CASE 1)

OR (2.17)

c(r∗, θ, φ) ≥ 0 AND r∗ = ri. (CASE 2)

Despite having simplified our model to obtain the leading order system our system

still contains significant freedom. In particular the precise form of the flux, h(θ, φ),

and the values of the radius of saturation, r∗, and nutrient concentration at the

radius of saturation, c(r∗, θ, φ), are unknown for an arbitrary nutrient. However we

can remove some of this freedom from our system by deliberately considering the

worst case scenario with regard to our problem.

24



CHAPTER 2. THE RADIAL SYMMETRY OF NUTRIENTS AND
DRUGS IN AN AVASCULAR TUMOUR SPHEROID

Recall that we are investigating when the perturbation away from the mean nutrient

concentration is much smaller than the mean nutrient concentration. The worst case

scenario corresponding to our problem will consider the largest possible perturbation

and the smallest possible mean. Hence we remove some of the freedom from our

system by deliberately only considering the smallest possible mean.

The smallest value of the mean nutrient concentration will correspond to the lowest

value of the nutrient concentration at the radius of saturation, as allowed by Condition

(2.17), and so we take

c(r∗, θ, φ) = 0. (2.18)

The radius of saturation, r∗, will depend upon which nutrient is being considered,

and it could possibly take one of an infinite number of values subject to Condition

(2.17). We limit this freedom by only considering a finite number of values for r∗,

which will encompass a range of situations for both cell cycle specific and non-specific

nutrients. Recalling the values of r̂nec and r̂prof found earlier when performing our

parameter estimation we will consider each of the following values of r∗ in turn

r∗ ∈
{

0.83, 0.92, 0.85, 0.9, 0.95
}
.

2.3 Considering Radial Symmetry

We now calculate the magnitude of the radially averaged mean nutrient concentration

and the perturbation away from this mean. We begin by considering the magnitude

of the radially averaged nutrient concentration.

2.3.1 Quantifying Radial Symmetry

The Mean Nutrient Concentration

We define the leading order radially averaged mean non-dimensional nutrient concen-

tration, c(r), by

c(r) =
1

4πr2

∫ π

0

∫ 2π

0

c(r, θ, φ)r2 sinφ dθ dφ.

Note that for brevity we will refer to the leading order radially averaged mean non-

dimensional nutrient concentration simply as the mean nutrient concentration, or just

the mean.
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We obtain a model for the mean by radially averaging the equation for the con-

servation of nutrients, Equation (2.13), and the corresponding boundary conditions,

Equations (2.14) and (2.18), to obtain the following system for the mean

1

r

d2 (rc(r))

dr2
= H(r − r∗) in r < 1, (2.19)

dc(r)

dr
=

1− r 3
∗

3
on r = 1, (2.20)

c(r∗) = 0.

This system of equations can be explicitly solved and ensuring that the mean is

continuous at r∗ and is bounded at the origin yields

c(r) =


r2

6
+
r 3
∗

3r
− r 2

∗
2

for r∗ ≤ r ≤ 1,

0 for 0 ≤ r < r∗.
(2.21)

The Perturbation Away from the Mean Nutrient Concentration

We now consider the perturbation of the leading order non-dimensional nutrient con-

centration away from its radially averaged mean value, c̃(r, θ, φ), as defined by

c̃(r, θ, φ) = c(r, θ, φ)− c(r).

For brevity we will refer to this simply as the perturbation.

We obtain a model for the perturbation by recalling the full system, given by Equa-

tions (2.13) and (2.14), and subtracting the radially averaged system, given by Equa-

tions (2.19) and (2.20), to obtain:

∇2c̃(r, θ, φ) = 0 in r < 1, (2.22)

n · ∇c̃(r, θ, φ) = h̃(θ, φ) on r = 1, (2.23)

where h̃(θ, φ) is the perturbation of the leading order flux away from its radially

averaged mean value as defined by

h̃(θ, φ) = h(θ, φ) +
1− r 3

∗
3

.

Note that for brevity we will refer to the perturbation of the leading order flux away

from its radially averaged mean value simply as the perturbed flux.
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To close our model for the perturbation we recall the solvability condition on the flux,

Condition (2.15), which gives the following solvability condition on the perturbed flux:∫ π

0

∫ 2π

0

h̃(θ, φ)r2 sinφ dθ dφ = 0. (2.24)

Hence for our system to be well posed the mean perturbed flux must be zero. We

also recall the flux condition, Inequality (2.16), which gives the following bound on

the magnitude of the perturbed flux

max
θ,φ

h̃(θ, φ) ≤ 1− r 3
∗

3
. (2.25)

Before choosing a particular form for the perturbed flux, which must satisfy Condi-

tions (2.24) and (2.25), we now consider what further properties the perturbed flux

must exhibit to be realistic.

2.3.2 The Required Properties of the Perturbed Flux

We begin by considering what properties the perturbed flux should inherit from the

capillary network in the vicinity of the tumour. The capillary network will consist of a

criss-crossing mesh of capillaries, such as that shown in Figure 2.2, and it can be seen

that this capillary mesh is quite regular. In the vicinity of the capillaries we would

expect the nutrient flux to be relatively high and in between the capillaries we would

expect the nutrient flux to be relatively low, which suggests that the nutrient flux

across the surface of the tumour will consist of regions of relatively high and low flux

which are regularly distributed and the number of regions of high and low flux will

depend upon the relative length scales of the tumour radius and the inter-capillary

distance.

The mean inter-capillary distance in different segments of the human large intestine

has been measured to be 101.9µm (Fait et al., 1998), with the minimum and max-

imum inter-capillary distance observed by Fait et al. being 41.7µm and 196.3µm

respectively.

Fait et al. measured the inter-capillary distance in tissue which was tumour free. It

could be conjectured that as a tumour grows it displaces the surrounding tissue in

a way which might alter the inter-capillary distance in the vicinity of the tumour.

Whilst there has been little research specifically considering how the inter-capillary

distance in the vicinity of a tumour varies as the tumour grows, papers by Carmeliet
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and Jain (2000), and Fukmura and Jain (2007) do present images of the vessels in

the vicinity of a tumour at different stages of its growth. These images show no

noticeable change in the inter-capillary distance in the vicinity of the tumour as the

tumour grows. Given this we assume that the average inter-capillary distance in the

vicinity of the tumour is 100µm irrespective of the size of the tumour.

Recalling that we are considering a tumour with a radius of 1 mm we find that this

mean intercapillary distance implies that around any circumference of the tumour

there will be approximately 63 capillaries, which in turn implies that our nutrient

flux should exhibit approximately 63 regions of high flux and 63 regions of low flux

around any circumference of the tumour spheroid.

Having shown that the flux will be highly oscillatory and recalling that the perturbed

flux averages to zero, as given by Equation (2.24), we assume that we can generalise

the upper bound in Condition (2.25) and assume that

max
θ,φ

∣∣∣h̃(θ, φ)
∣∣∣ ≤ 1− r 3

∗
3

. (2.26)

As before we can remove some of the freedom from our system by deliberately con-

sidering the worst case scenario for our investigation. The worst case scenario here

corresponds to having the largest possible perturbation and so we will only consider

perturbed fluxes which achieve the upper bound given by Condition (2.26).

Having derived this bound for the magnitude of the perturbed flux and considered

how oscillatory it should be, we are now in a position to assume a realistic form for

the distribution of the perturbed flux. However, there is still considerable freedom

concerning the form the perturbed flux can take. To ensure generality we will consider

a number of different forms for the distribution of the for the perturbed flux, each of

which will be known as a test function.

Having derived criteria which ensure that the perturbed flux is realistic, we now

consider how to evaluate the perturbation given a particular form of the perturbed

flux.

2.3.3 Introducing a Laplace Series

To aid us in evaluating the perturbation for a given form of the perturbed flux we

now introduce a Laplace series.
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We have just shown that the perturbed flux must be bounded and to be biologi-

cally realistic it must also be continuous. Hence the perturbed flux must be square

integrable and can therefore be expressed as a Laplace series thus

h̃(θ, φ) =
∞∑
n=0

n∑
m=0

αn,mYcn,m(θ, φ) + βn,mYsn,m(θ, φ)︸ ︷︷ ︸
ψn,m(θ, φ)

, (2.27)

where

Ycn,m(θ, φ) =
√

(2n+1)
2π

(n−m)!
(n+m)!

Pm
n (cosφ) cos(mθ),

Ysn,m(θ, φ) =
√

(2n+1)
2π

(n−m)!
(n+m)!

Pm
n (cosφ) sin(mθ),

(2.28)

where Pm
n (x) is the associated Legendre polynomial of degree n and order m (Hobson,

1955). The functions Ycn,m(θ, φ) and Ysn,m(θ, φ) are known as the real spherical

harmonics of degree n and order m. The
√

2n+1
2π

(n−m)!
(n+m)!

coefficients are normalisation

factors which are chosen so that each of the spherical harmonics are O(1).

The real spherical harmonics are orthogonal with respect to the L2 inner product

with integration taken over the surface of a unit sphere, as defined by

〈f(θ, φ), g(θ, φ)〉 =

∫ π

0

∫ 2π

0

f(θ, φ)g(θ, φ) sinφ dθ dφ,

(Arfken and Weber, 2005). In fact these spherical harmonics satisfy the following

orthogonality relationships〈
Ycn,m(θ, φ), Ycn′,m′ (θ, φ)

〉
= (1 + δm,0) δn,n′ δm,m′ ∀ n, n′, m, m′,〈

Ycn,m(θ, φ), Ysn′,m′ (θ, φ)
〉

= 0 ∀ n, n′, m, m′,〈
Ysn,m(θ, φ), Ysn′,m′ (θ, φ)

〉
= (1− δm,0) δn,n′ δm,m′ ∀ n, n′, m, m′.

These orthogonality relationships can then be used to relate the coefficients in our

Laplace series, as defined by Equation (2.27), to the perturbed flux to give

αn,m =
1

1 + δm,0

〈
h̃(θ, φ), Ycn,m(θ, φ)

〉
∀ n, m, (2.29)

βn,m = (1− δm,0)
〈
h̃(θ, φ), Ysn,m(θ, φ)

〉
∀ n, m. (2.30)

Notice that in the Laplace series (2.27) the spherical harmonic Ysn,0 is zero for all n

and so without loss of generality we have taken βn,0 = 0 for all n.
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Given a particular form for the perturbed flux Equations (2.29) and (2.30) allow us

to calculate the corresponding Laplace series. In order to calculate the perturbation

corresponding to a particular form for the perturbed flux we now consider how to

solve for the perturbation in terms of this Laplace series.

Solving for the Perturbation

The Laplace series (2.27) can be substituted into the boundary condition for the

perturbation, Equation (2.23), to give

∂c̃

∂r
= −

∞∑
n=0

n∑
m=0

ψn,m(θ, φ), on r = 1. (2.31)

We now seek a quasi-separable solution to Laplace’s equation, Equation (2.22), which

satisfies this boundary condition of the form

c̃(r, θ, φ) =
∞∑
n=0

n∑
m=0

fn,m(r)ψn,m(θ, φ). (2.32)

From the definition of the spherical harmonics in Equations (2.28) it can be shown

that

∇2ψn,m = −n(n+ 1)

r2
ψn,m,

(Arfken and Weber, 2005) and after exploiting this property Laplace’s equation for

the perturbation, Equation (2.22), becomes(
∇2fn,m −

n(n+ 1)

r2
fn,m

)
〈ψn,m, ψn,m〉 = 0 ∀ n, m.

Without loss of generality we can assume that the inner product in this equation is

strictly positive to obtain the following ordinary differential equation for fn,m(r)

1

r

d2 (rfn,m)

dr2
− n(n+ 1)fn,m

r2
= 0 ∀ n, m.

This differential equation is simply an Euler equation with general solution

fn,m(r) = Cn,mr
n +

Dn,m

rn+1
.

We require fn,m(r) to be bounded at the origin and recalling the boundary condition,

Equation (2.31), we find that

fn,m(r) = −r
n

n
∀ n, m.
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Substituting this back into Equation (2.32) we find that the perturbation is given by

c̃(r, θ, φ) = −
∞∑
n=0

n∑
m=0

√
2n+1

2π
(n−m)!
(n+m)!

rn

n
Pm
n (cosφ) {αn,m cos(mθ) + βn,m sin(mθ)} ,

(2.33)

where αn,m and βn,m are the coefficients in the Laplace series expansion for the per-

turbed flux in Equation (2.27). The coefficients αn,m and βn,m are unique to each

perturbed flux, but given a particular form for the distribution of the perturbed flux

the corresponding Laplace coefficients can be calculated using Equations (2.29) and

(2.30) and then the corresponding perturbation is given by Equation (2.33).

2.3.4 The Decay of the Perturbation

We now review our analysis so far and use it to suggest that the perturbation will

decay to zero quickly as r tends to zero.

Recall that when considering the properties of the perturbed flux in Section 2.3.2 we

reasoned that it should be a highly oscillatory function. It follows from this that the

dominant terms in the Laplace series in Equation (2.27) will be the higher order modes

with relatively high values of n. However, Equation (2.33) for the perturbation shows

that the contribution these higher order terms make to the perturbation will decay

like rn

n
as r tends to zero. The fact that the terms which dominate the perturbation

on the edge of the tumour are expected to quickly decay away from the edge of the

tumour suggests that the perturbation is likely to be small inside the tumour.

This gives us an indication that we are on course to show that it is valid to approximate

the nutrient concentration by its radially averaged mean value. To confirm this we

now quantify and compare the magnitudes of the mean and perturbation. Before

doing this we use our initial analysis to perform a consistency check and justify some

of the assumptions made in deriving our model.

2.4 A Consistency Check

With our initial analysis complete we are now able to perform a consistency check to

show that an assumption made in Section 2.3.2 when considering the distribution of

the rate of nutrient uptake is consistent with the behaviour of our modelled tumour.

In particular we check the assumption that when the rate of nutrient uptake saturates,
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the distance over which the nutrient uptake increases from zero to its saturated rate

is small compared to the width of the tumour.

For there to be no nutrient uptake there must either be no nutrient or no cells which

consume the nutrient. Equally, for nutrient uptake to occur at the saturated rate the

nutrient must be present in a suitably high concentration and all cells must be able

to consume the nutrient. So, for our assumption to be true in all possible situations

we require that the transition from the necrotic core to the quiescent region, and

then from the quiescent region to the proliferating rim, both be sharp transitions,

and we also require that the nutrient concentration quickly increases from zero to the

concentration required for saturation.

It can be seen that the tumour shown in Figure 2.1 exhibits a clean boundary between

the necrotic core and the quiescent region, although the location of the proliferating

rim is less clear. The tumour shown in Figure 2.1 has been grown in vitro, but tumours

grown in vivo have been observed to exhibit similar structures. Furthermore, it has

been shown mathematically that if the different cell populations exhibit a different

chemotactic response to the local nutrient concentration then shocks can form, which

results in the transitions between the different compartments of the tumour being

sharp (Tindall and Please, 2007; Tindall et al., 2008). The combination of these

effects suggest that it is reasonable to assume that the boundary between the necrotic

core and the quiescent region and the boundary between the quiescent region and the

proliferating rim will both be sharp boundaries.

The distance over which the nutrient concentration increases from zero to the con-

centration required for saturation will vary depending upon which nutrient is being

considered. To suggest the likely magnitude of this distance we now estimate it for

glucose. Recall that during our parameter estimation of Section 2.2.2 we found that a

non-dimensional mean of c(r) = 7.5× 10−4 is sufficient for the rate of glucose uptake

to be at its saturated rate. Recalling Equation (2.21) for the mean and taking the

radius of saturation to be r∗ = 0.83 we find that the non-dimensional distance over

which the nutrient concentration increases from zero to its saturated rate is 0.039 (2

s.f.), where a non-dimensional distance of 1 corresponds to the radius of our tumour.

This shows that for glucose the distance over which the nutrient concentration in-

creases from zero to its saturated rate is small compared to the width of the tumour.

Given this we assume that this distance is small for any arbitrary nutrient for which

the rate of nutrient uptake saturates.
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This demonstrates that the assumption that the distance over which the nutrient

uptake increases from zero to its saturated rate is small compared to the width of the

tumour is consistent with the results of our model.

2.5 Results

We are now in a position to choose some suitable test functions for the perturbed flux

and evaluate the corresponding maximum value of the perturbation.

2.5.1 Test Function 1

We choose our first test function so that it is simple to calculate the corresponding

perturbation analytically. To do this we take our test function to be a simple sum

of spherical harmonics and in particular we consider a sum of spherical harmonics

which exhibits the required distribution of regions of high and low flux. We do this

by taking the distribution of the perturbed flux to be

h̃(θ, φ) =

(
1− r 3

∗
3

)
g(θ, φ)

max
θ,φ
|g(θ, φ)|

, (2.34)

where g(θ, φ) =
Yc91,63

(θ,φ)

max
φ
|Yc91,63(θ, φ)| +

Yc91,12
(θ,φ)

max
φ
|Yc91,12(θ, φ)| +

Yc91,1
(θ,φ)

max
φ
|Yc91,1(θ, φ)| .

Then the distribution of the nutrient flux across the surface of the tumour spheroid

is shown in Figure 2.4.

For this choice of test function we can use the uniqueness of the Laplace series to

evaluate the coefficients αn,m and βn,m analytically and it is found that

αn,m =

(
1− r 3

∗
3

)
1

max
θ,φ
|g(θ, φ)|

1

max
θ,φ
|Ycn,m(θ, φ)|

,

for (n,m) ∈
{

(91, 1), (91, 12), (91, 63)
}
, and αn,m = βn,m = 0 otherwise.

The corresponding perturbation can then be evaluated explicitly and is

c̃(r, θ, φ) = −
(

1− r 3
∗

3

)
r91

91

g(θ, φ)

max
θ,φ
|g(θ, φ)|

,

33



2.5. RESULTS

Figure 2.4: The distribution of the nutrient flux across the surface of the tumour
when the perturbation away from the mean nutrient flux is given by Equation (2.34).

and hence for a given value of r the maximum value of the perturbation is

max
θ,φ
|c̃(r, θ, φ)| =

(
1− r 3

∗
3

)
r91

91
. (2.35)

Having bounded the perturbation we plot this bound and the corresponding mean,

as given by Equation (2.21), for the radii of saturation r∗ = 0.83, 0.92, 0.85, 0.9, and

0.95 in Figure 2.5.

It can be seen in Figure 2.5(a) that when the radius of saturation is r∗ = 0.83, which

is the non-dimensional radius of the necrotic core, the bound on the nutrient concen-

tration is extremely tight in most of the tumour. In fact for a dimensional radius of

r < 950µm the difference between the mean nutrient concentration and the bound on

the nutrient concentration cannot readily be seen. However for a dimensional radius

of r > 950µm the difference between the nutrient concentration and the bound on

the nutrient concentration is observable, but still small.

For the larger values of r∗ we again see that for dimensional radii of r < 950µm the

difference between the mean nutrient concentration and the bound on the nutrient
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(a) r∗ = 0.83
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(b) r∗ = 0.92
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(c) r∗ = 0.85
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(d) r∗ = 0.9
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(e) r∗ = 0.95

Figure 2.5: The radially averaged mean nutrient concentration and the bound on
the nutrient concentration, as given by Equations (2.21) and (2.33), in an avascular
tumour of radius 1000µm as a function of the radius from the centre of the tumour
when the perturbed flux is as given by Equation (2.34) for different values of r∗, the
radius of saturation, as defined in Section 2.2.1. See text for details.
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concentration is so small that it cannot be resolved, but for dimensional radii of

r > 950µm a difference between the mean and the nutrient concentration can be

observed, the relative magnitude of which appears to be getting larger with increasing

values of r∗. To see how large this difference might become for extreme values of r∗

we now consider the limit as r∗ tends to one.

2.5.2 The Limit as r∗ Tends to One

Our results suggest that for this test function increasing the value of r∗, which moves

the radius of saturation closer to the edge of the tumour, results in a more significant

relative difference between the mean and perturbation on the surface of the tumour.

To consider how significant this difference could become we consider the limit as r∗

tends to one. We do this by recalling Equation (2.21) for the mean and Equation

(2.35) for the bound on the perturbation and then using l’Hopital’s rule we find that

lim
r∗→1

max
θ,φ
|c̃(1, θ, φ)|

|c(1)|
= lim

r∗→1

1

91

(
2(1− r 3

∗ )

1 + 2r 3
∗ − 3r 2

∗

)
=∞.

Hence as r∗ tends to one the relative difference between the mean and perturbation

blows up to infinity, which implies that when r∗ ≈ 1 the relative difference between

the mean and the perturbation will be large. However, when r∗ ≈ 1 the radius of

saturation is very close to the surface of the tumour, which means that the nutrient is

only penetrating a very small distance into the tumour. Hence this very large relative

difference in nutrient concentration only occurs over a very small region of the tumour

so that the overall effect of the nutrient on the tumour may only be slight.

2.6 Numerically Approximating the Perturbation

We deliberately chose our first test function so that the perturbation could be evalu-

ated analytically, however many other forms for the perturbed flux are possible. To

consider other forms for the perturbed flux we will consider different test functions

and calculate the corresponding perturbations. However, analytically calculating the

perturbation for an arbitrary test function will be non-trivial. So we now outline a

numerical scheme to approximate the perturbation for a given test function.
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Approximating the Perturbation

Our solution series for the perturbation, as given by Equation (2.33), contains the

Laplace coefficients αn,m and βn,m. These coefficients are related to the original test

function by the integral Equations (2.29) and (2.30). These integrals can be evaluated

numerically to obtain approximations to the coefficients αn,m and βn,m, which we

denote by α′n,m and β′n,m respectively. This can be done using any quadrature method,

of which there are many, and our choice of quadrature method will be optimised to

suit the particular test functions being considered.

We now consider what criteria should be placed on the approximations to αn,m and

βn,m to ensure that the corresponding approximation to the perturbation is suit-

ably accurate. It will only be possible to numerically approximate a finite number

of Laplace coefficients, but our solution series, given by Equation (2.33), contains a

doubly infinite number of Laplace coefficients. It will therefore be necessary to con-

sider a truncated approximation to the solution series and if we truncate the solution

series at order N then we obtain the following approximation to the perturbation

c̃ ′(r, θ, φ) = −
N∑
n=0

n∑
m=0

rn

n
ψ′n,m(θ, φ), (2.36)

where ψ′n,m(θ, φ) is the numerical approximation to ψn,m(θ, φ) as defined by

ψ′n,m(θ, φ) = α′n,mYcn,m(θ, φ) + β′n,mYsn,m(θ, φ).

The corresponding numerical approximation to the perturbed flux is then given by

h̃′(θ, φ) =
N∑
n=0

n∑
m=0

ψ′n,m(θ, φ), (2.37)

To ensure that the error in the approximation to the perturbation is acceptably small

we consider the relative mean square error in our numerical approximation to the

perturbed flux. In particular, we ensure that α′n,m, β′n,m and N are chosen so that

the relative mean square error in our approximation to the perturbed flux is less than

1%, i.e. we ensure that α′n,m, β′n,m and N are chosen so that

1

4π

∫ 2π

0

∫ π

0

 h̃′(θ, φ)− h̃(θ, φ)

max
θ,φ

∣∣∣h̃(θ, φ)
∣∣∣


2

sinφ dφ dθ < 10−2. (2.38)
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We then assume that when Condition (2.38) is satisfied the numerical error in the

approximation to the perturbation, as defined by Equation (2.36), will be acceptably

small. There are two ways of justifying this assumption. Firstly, if our numerical

approximation only introduces a “small” error into the perturbed flux then by the

continuous dependence of Laplace’s equation the error introduced into the perturba-

tion should also be “small”. Furthermore, the terms discarded when truncating our

solution series are all O( r
N+1

N+1
) where N is expected to be large and so for r less than

one these terms will contribute less to the perturbation than the corresponding terms

contribute to the perturbed flux. So if discarding the corresponding terms from the

perturbed flux gives an acceptable approximation to the perturbed flux, then dis-

carding these terms from the perturbation should give an acceptable approximation

to the perturbation.

Alternatively, we can justify this numerical approximation differently. Suppose that

h̃(θ, φ) is a suitable test function for the perturbed flux and that Condition (2.38)

is satisfied. Then the relative difference between h̃(θ, φ) and h̃′(θ, φ) is small, which

implies that h̃′(θ, φ) will also be a suitable test function for the perturbed flux. If

we take h̃′(θ, φ) to be the test function in its own right then the corresponding per-

turbation is exactly c̃ ′(r, θ, φ) and is subject to no numerical errors. So rather than

numerically approximating the perturbation it can be viewed that the test function

has been approximated to obtain a new, but equally valid, test function and the cor-

responding perturbation corresponding to this approximated test function has been

calculated exactly.

Either way we assume that given a test function for the perturbed flux and having

ensured that α′n,m, β′n,m and N are chosen so that the relative mean square error in

our numerical approximation for the perturbed flux is less than 1%, then c̃ ′(r, θ, φ) is

a numerical approximation to the perturbation which is subject to acceptably small

numerical errors.

To ensure Condition (2.38) is satisfied we must evaluate a double integral. It is

expected that it will not be possible to evaluate this integral analytically and so

when necessary we will approximate it numerically. To do this we will use a repeated

trapezium rule quadrature method using (63k)2 quadrature points as defined by

(θ, φ) ∈
{(

2πp

63k
,
πq

63k

)∣∣∣∣ 0 ≤ p ≤ 63k, 0 ≤ q ≤ 63k

}
.
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Note that we have used (63k)2 quadrature points because our test functions will

exhibit 63 regions of high and low flux around any of its circumferences and so we

will be using k quadrature points for each peak and trough in the θ and φ direction.

To ensure that this repeated trapezium quadrature method gives a suitably accurate

approximation to the integral in Condition (2.38) we will increase the number of

quadrature points until the relative change in the numerical approximation of the

integral is less than 10−4, so if Ik is the value of the approximated integral using

the repeated trapezium rule with (63k)2 equally spaced quadrature points, then we

increase k until ∣∣∣∣Ik+1 − Ik
Ik+1

∣∣∣∣ < 10−4,

and then take Ik+1 to be an appropriate numerical approximation of the double inte-

gral in Condition (2.38)

Bounding the Perturbation

Having calculated our numerical approximation to the perturbation we now consider

how to find the maximum value of this approximation at any given radius. If possible

we will bound the perturbation analytically, but it is likely we will have to approximate

this maximum value numerically.

To numerically approximate the maximum value of the perturbation at a given radius

we will evaluate the numerical approximation to the perturbation, c̃ ′, at (63k)2 equally

spaced θ and φ values and consider the maximum observed value as defined by

Mk(r) = max

{∣∣∣∣c̃ ′(r, 2πp

63k
,
πq

63k

)∣∣∣∣
∣∣∣∣∣0 ≤ p ≤ 63k, 0 ≤ q ≤ 63k

}
, (2.39)

and then increase k until the change in value of Mk(r) is acceptably small. Note that

we are calculating the maximum value of the perturbation so that we can compare it

to the mean and so any error in the bound on the perturbation need only be small

compared to the mean. Hence we increase k until the error in the approximation to

the maximum value of the perturbation is small compared to the magnitude of the

mean, and so we increase k until

max
0≤r≤1

|Mk+1(r)−Mk(r)| <
c(1)

104
. (2.40)
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Summarising the Numerical Scheme

To approximate the magnitude of the perturbation we have performed several nu-

merical approximations and some of these numerical approximations depend upon

previously calculated numerical approximations. A summary of all these numerical

approximations is presented in Table 2.1.

Details of how these numerical scheme is actually implemented for our test functions

are presented in the Appendix and referenced in the section discussing that test

function.

2.7 Further Results

2.7.1 Test Function 2

For our second test function we consider a simple test function which exhibits the

necessary properties discussed in Section 2.3.2 and take the perturbed flux to be

h̃(θ, φ) =

(
1− r∗3

3

)
sin(63θ) sin(63φ). (2.41)

The distribution of the nutrient flux across the surface of the tumour spheroid corre-

sponding to this test function is shown in Figure 2.6.

To quantify the magnitude of the perturbation corresponding to this test function we

utilise the numerical scheme derived in the previous section, Section 2.6, but here we

are able to make some simplifications to the general scheme. These simplifications

and details of how the scheme are actually implemented are outlined in Appendix

A.1. Then our bound on the nutrient concentration and the corresponding mean, as

given by Equation (2.21), for r∗ = 0.83, 0.92, 0.85, 0.9, and 0.95 are shown in Figure

2.7.

As with the first test function it can be seen that for all values of r∗, for dimensional

radii r < 950µm the difference between the mean nutrient concentration and the

bound on the nutrient concentration is so small that it cannot be resolved, but for

dimensional radii r > 950µm a difference between the mean and the nutrient concen-

tration can be seen for all values of r∗, and this difference appears to get relatively

larger with increasing values of r∗.
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2.7. FURTHER RESULTS

Figure 2.6: The distribution of the nutrient flux across the surface of the tumour
when the perturbation away from the mean nutrient flux is given by Equation (2.41).

2.7.2 Test Function 3

For our third test function we consider the fact that the regions of high and low

flux across the surface of the tumour will not all be perfectly evenly distributed. Fait

et al. (1998) found that the mean inter-capillary distance in the human large intestine

is approximately 100µm, but a range of inter-capillary distances from 41.7µm to

196.3µm was observed. To capture this we take our third test function to be

h̃(θ, φ) =

(
1− r 3

∗
3

)
sin

{
63

(
θ +

sin(10θ)

20

)}
sin

{
63

(
φ+

sin(10φ)

20

)}
. (2.42)

Then the distribution of the nutrient flux across the surface of the tumour spheroid

is shown in Figure 2.8, and it can be seen that the regions of high and low flux vary

in size.

We approximate the perturbation associated with this test function using the method-

ology outlined in the previous section, Section 2.6, but again we are able to sim-

plify the general procedure. These simplifications and details of how the numerical

scheme are actually implemented are outlined in Appendix A.2. Having bounded
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(c) r∗ = 0.85
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(d) r∗ = 0.9
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Figure 2.7: The radially averaged mean nutrient concentration and the bound on
the nutrient concentration, as given by Equations (2.21) and (2.33), in an avascular
tumour of radius 1000µm as a function of the radius from the centre of the tumour
when the perturbed flux is as given by Equation (2.41) for different values of r∗, the
radius of saturation, as defined in Section 2.2.1. See text for details.
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Figure 2.8: The distribution of the nutrient flux across the surface of the tumour
when the perturbation away from the mean nutrient flux is given by Equation (2.42).

the perturbation we plot this bound and the mean, as given by Equation (2.21), for

r∗ = 0.83, 0.92, 0.85, 0.9, and 0.95 in Figure 2.9.

Our third test function behaves similarly to those considered previously, although the

bound on the perturbation is looser for this third test function. It can be seen here

that for all values of r∗ for dimensional radii r < 925µm the difference between the

mean nutrient concentration and the bound on the nutrient concentration is small, but

for dimensional radii of r > 925µm a difference between the mean and the nutrient

concentration becomes significant and this difference appears to become relatively

larger with increasing values of r∗.

2.8 Conclusions

In this chapter we were aiming to compare the magnitudes of the radially averaged

mean nutrient concentration in an avascular tumour spheroid and the perturbation

away from the mean nutrient concentration. We were doing this to investigate the
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(c) r∗ = 0.85
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(d) r∗ = 0.9
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Figure 2.9: The radially averaged mean nutrient concentration and the bound on
the nutrient concentration, as given by Equations (2.21) and (2.33), in an avascular
tumour of radius 1000µm as a function of the radius from the centre of the tumour
when the perturbed flux is as given by Equation (2.42) for different values of r∗, the
radius of saturation, as defined in Section 2.2.1. See text for details.
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assumption that the concentration of any nutrient of drug within an avascular tumour

spheroid is radially symmetric.

We achieved this by deriving a model for the diffusion of an arbitrary nutrient out of

the capillary network and into an avascular tumour spheroid. In deriving our model

we assumed that the rate of nutrient uptake saturates and does so quickly, although

we later justified this assumption using a consistency check. Having justified this

assumption for glucose we would expect it to be valid for any nutrient which is

required for cell growth, because cells have evolved to be efficient at uptaking such

nutrients. However, this assumption may not be true for nutrients, or drugs, which

the cell has not evolved to take up efficiently, such as an arbitrary chemotherapeutic.

From this model we obtained a lower estimate for the radially averaged mean nutrient

concentration within the tumour, and an upper bound on the perturbation away from

this mean. These quantities still exhibited some freedom and to consider their general

behaviour we considered a number of different distributions for the nutrient flux into

the tumour and a number of different radii of saturation in each case.

Comparing the magnitudes of our lower estimated mean and the bound on the pertur-

bation we found that the test functions all behaved similarly. For smaller values of r∗,

which corresponds to the radius of saturation being a larger distance into the tumour,

the bound on the perturbation was suitably tight for the mean nutrient concentration

to be a valid approximation of the nutrient concentration.

As r∗ increases, which corresponds to the radius of saturation moving closer to the

edge of the tumour, the bound on the nutrient concentration loosens until eventually

the difference between the mean and the nutrient concentration may become signif-

icant. In fact, for our first test function we showed analytically that as r∗ tends to

one, so that the radius of saturation moves to the edge of the tumour, the possible

relative difference between the nutrient concentration and the mean tends to infinity.

So the expected value of r∗ is fundamental to our conclusions. Our model is most

applicable to nutrients which are required for cell growth and it would be expected

that such nutrients would diffuse a significant distance into the tumour. In which

case the largest value applicable value of r∗ will be r∗ = 0.92, which corresponds to

a cell cycle specific nutrient being considered and the radius of saturation being the

inner surface of the proliferating rim.

Figures 2.5(b), 2.7(b), and 2.9(b) show the mean nutrient concentration and bound

on the nutrient concentration for the different test functions when r∗ = 0.92. It can
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be seen that the bound on the nutrient concentration is suitably tight to the mean,

except for in a thin region of width approximately 25µm on the edge of the tumour.

The behaviour in such a thin region is unlikely to have a significant effect on the

entire tumour. Furthermore we have demonstrated that for nutrients required for cell

growth, which are the nutrients to which our model is most applicable, the nutrient

uptake saturates and does so quickly. Hence even if the nutrient concentration cannot

be assumed to be radially symmetric on the edge of the tumour, it may be valid

to assume that the rate of nutrient uptake on the edge of the tumour is radially

symmetric there.

Given this we conclude that for nutrients required for cell growth it is valid to assume

that the nutrient concentration within the tumour is radially symmetric. Note that

this conclusion is further supported by the fact that we deliberately considered a

lower estimate for the mean and obtained a maximum bound for the perturbation so

that our results represent the worst case scenario for our problem.

However for nutrients not required for cell growth, such as chemotherapeutic drugs,

this conclusion may not apply. Either because the rate of nutrient uptake does not

saturate, in which case our model does not apply, or because the nutrient only pene-

trates a small distance into the tumour. However if a nutrient does not even penetrate

across the entire proliferating rim, then the nutrient will only be present in a region

of the tumour which is less than two cell widths across. In which case a continuum

model for the evolution of the tumour is unlikely to be appropriate anyway.

Given these conclusions we will assume that the concentration of any nutrient required

for cell growth is radially symmetric, and we utilise this assumption in our model for

the evolution of an avascular tumour spheroid in Chapter 3.
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Chapter 3

The Interaction Between an
Avascular Tumour Spheroid and
the Surrounding Vasculature

3.1 Introduction

In this chapter we consider the interaction between an avascular tumour spheroid

and the surrounding vasculature. In particular we consider how the distance between

an avascular tumour spheroid and the surrounding vasculature varies as the tumour

grows. We begin by carrying out a review of the relevant biological and mathematical

literature.

3.1.1 Literature Summary

There is little information in the literature concerning the interaction between avas-

cular tumours and the surrounding vasculature. Our literature review will therefore

gather some information from implicit statements in the literature and previous math-

ematical models for angiogenesis. We begin by reviewing the biological literature.

Biological Literature

Most biological research into angiogenesis concerns the mechanisms which cause and

drive angiogenesis and any interaction between the tumour and vasculature before

the onset of angiogenesis is often overlooked. However, there is a prevailing implicit

assumption in the literature that a significant gap exists between the tumour and the
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vasculature at the onset of angiogenesis. Kerbel (2000) typifies this by describing the

process of angiogenesis thus: “host blood vessels begin sprouting new blood capil-

laries which grow toward and eventually infiltrate the tumour masses”. To have the

literature discuss capillaries growing toward the tumour suggests that before the ini-

tiation of angiogenesis there is a significant gap between the tumour and vasculature

for the capillaries to grow into.

One paper which does explicitly consider the movement of the vasculature surrounding

an avascular tumour is an early paper by Warren and Shublik (1966), who implanted

mammary carcinoma and viewing chambers into the cheeks of hamsters and observed

the evolution of the tumour and the movement of the surrounding vasculature over

a period of ten days. It was observed that, “As the tumour expanded it carried its

vasculature with it, as well as pushing existing vessels ahead of the leading edge”,

which would appear to suggest that the capillaries ahead of the tumour move so that a

gap between the tumour and the surrounding capillaries is maintained as the tumour

grows. However, this work was not specifically investigating the distance between

the capillaries and the tumour; instead it was considering the broad behaviour of the

vasculature as the tumour grows. Their observation could equally be describing a

growing tumour which pushes the surrounding vasculature ahead of it at a slower

speed than that of the tumour front, so that the distance between the tumour and

surrounding vasculature still decreases as the tumour grows. So we cannot be certain

what their observation means for the interaction between an avascular tumour and

surrounding vasculature. To further confuse things the sketch accompanying this

work appears to show the distance between the tumour and capillaries decreasing as

the tumour grows so that the capillaries eventually lie on the surface of the tumour

whilst it is still avascular.

Note that some primary carcinomas, as opposed to metastases, can initiate with a

basement membrane separating the tumour and capillaries, for example breast ductal

carcinomas. In such tumours the basement membrane has the potential to form a

restrictive barrier if it withstands the physical pressures of adjacent tumour growth

without deforming into the capillary bed. Under such circumstances there will be a

gap between the tumour and neighbouring capillaries of at least the lengthscale of the

basement membrane thickness, possibly more. Here we will only consider the growth

of tumours which are not inhibited by the presence of such a basement membrane,

which is particularly relevant for modelling the growth of micrometastases.
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Whilst it is widely accepted that most avascular tumours grow to their maximum size

as given by diffusion limited control and then belatedly cultivate a blood supply, it

has been shown that a subset of tumours obtain their vasculature via vessel co-option

(Leenders et al., 2002; Wesseling et al., 1997; Dome et al., 2002). Holash et al. (1999)

in particular considered vessel co-option in rat gliomas. They implanted gliomas into

rat brains and observed them for four weeks and concluded that, “a subset of tumours

rapidly co-opts existing host vessels to form an initially well vascularized tumour

mass. There is wide spread regression of these initially co-opted vessels, leading to a

secondarily avascular tumour and massive tumour cell loss. The remaining tumour

is ultimately rescued by robust angiogenesis at the tumour margin”.

Whilst the growth phase of co-opting tumours is very different to that of traditional

avascular tumours, such tumours eventually cultivate their own blood supply by nor-

mal angiogenesis. Furthermore, in such tumours only the co-opted vessels are ob-

served to regress and the vessels immediately outside the tumour are left intact.

Hence when a co-opting tumour initiates angiogenesis the surrounding capillaries will

be expected to lie on the surface of the tumour.

So a tumour that grows by vessel co-option would be expected to have the surrounding

capillaries lie on its surface at the onset of angiogenesis. However, for a traditional

avascular tumour which is not inhibited by the presence of the basement membrane

or some other aspect of the local geometry is not clear what gap, if any, should exist

between the surface of the tumour and the surrounding vasculature at the onset of

angiogenesis.

Mathematical Literature

We now consider previous mathematical models for angiogenesis to see if there is a

consensus as to whether a significant gap exists between the tumour and the capillaries

at the onset of angiogenesis.

Mathematical models of angiogenesis often assume that there is a significant gap

between the capillaries and the tumour at the onset of angiogenesis, but are not clear

about how wide this gap should be and what mechanisms might maintain it. For

example, Chaplain and Stuart (1993) and Chaplain (1995) both implicitly assume

there is a gap between the tumour and the capillaries and then non-dimensionalise

this gap to unity without explicitly evaluating it or considering why such a gap would

exist.
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Many other mathematical papers considering angiogenesis (including Balding and

McElwain, 1985; Chaplain et al., 1995; Byrne and Chaplain, 1995; Holmes and Slee-

man, 2000; Chaplain, 2000) take parameters from experiments where tumours have

been implanted into a rat cornea. Motivated by these experiments, which exhibit a

large gap between the newly implanted tumour and the surrounding vasculature, such

papers assume that a significant gap exists between the tumour and the capillaries

at the onset of angiogenesis, and is at least 2 mm wide. However, the cornea is a

completely and uniquely avascular region of tissue and it is not clear whether this

framework would be applicable to tumours growing in normally vascularised tissue.

The overall implicit consensus of the mathematical literature is that a significant gap

between the tumour and neighbouring capillaries exists. However the existence of

such a gap has not been verified experimentally, except in the context of intra-cornea

tumour implantation, and the potential mechanisms which might maintain this gap

are not known.

Summary

We have found that much of the mathematical and biological literature suggests

that there is a significant gap between an avascular tumour and the surrounding

capillaries, but the mechanism which might maintain this gap as the tumour grows

is not known. This highlights a lack of understanding of how a tumour and the

surrounding capillaries might interact as the tumour grows.

3.1.2 The Aims of this Chapter

In this chapter we aim to investigate the interaction between the tumour and the

surrounding capillaries as the tumour grows. Of particular interest will be whether

or not a significant gap exists between the tumour and surrounding vasculature, and

what mechanisms might maintain or close this gap.

3.2 A Scaling Argument

The net rate of proliferation of tumour cells is typically faster than non-cancerous cells

and hence cancerous tissue would be expected to increase in volume at a faster rate

than non-cancerous tissue. We now consider whether this difference in proliferation
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rates is consistent with the presence of a significant gap between the tumour and

the surrounding vasculature, which our literature review suggested should exist. In

particular, we consider whether the difference in proliferation rates can maintain a

gap of constant width as the tumour grows.

Consider a tumour spheroid of radius r(t), which is a function of time, then the

corresponding tumour volume, Vtum(t), is

Vtum =
4πr3

3
.

From this we can use the chain rule to obtain an expression for the net growth rate

per unit volume of the tumour

1

Vtum

dVtum

dt
=

3

r

dr

dt
. (3.1)

Now assume that a gap of constant width is maintained between the tumour and the

surrounding capillaries as the tumour grows. Then to be consistent with the mean

inter-capillary distance this gap should be approximately 50µm wide (Fait et al.,

1998) and the volume of healthy tissue in this gap, Vgap(t), is

Vgap =
4π

3

{
(r + 50µm)3 − r3

}
.

Again, we can use the chain rule to obtain an expression for the net growth rate per

unit volume of healthy tissue in this gap

1

Vgap

dVgap

dt
=

3
{

(r + 50µm)2 − r2
}

(r + 50µm)3 − r3

dr

dt
. (3.2)

Taking the ratios of Equations (3.1) and (3.2) then gives an expression for the relative

net growth rate per unit volume of each compartment:

1

Vgap

dVgap

dt

1

Vtum

dVtum

dt

=
r(r + 50µm)2 − r3

(r + 50µm)3 − r3
. (3.3)

Note that the right hand side of Equation (3.3) contains no time derivatives, so that

the ratio of net growth rates of the different tissue types is actually independent of

the growth rate of the tumour.
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For large tumours the quantity 1
Vtum

dVtum

dt
will be a poor estimate of the proliferation

rate of individual tumour cells. This is because large tumours possess significant

quiescent and necrotic regions and so the net doubling rate of the tumour will be

significantly slower than the doubling rate of individual proliferating tumour cells.

However, for a tumour of radius less than 80µm all the cells within the tumour can

be expected to be proliferating (LaRue et al., 2004). For such a tumour we can use

Equation (3.3) to estimate the ratio of growth rates of proliferating tumour cells to

non-cancerous cells and substituting in r = 80µm we find that

1

Vgap

dVgap

dt

1

Vtum

dVtum

dt

= 0.499 (3 s.f.).

So to maintain a uniform gap between the tumour and capillaries we require non-

cancerous cells to proliferate on average approximately half as quickly as proliferat-

ing tumour cells. However tumour cells usually proliferate much faster than non-

cancerous cells; for example in healthy liver tissue only one cell in 10,000 to 20,000

is typically undergoing mitosis at any given time (Strain and Diehl, 1998) whereas

in tumour tissue typically at least one cell in every ten is undergoing mitosis at any

given time (McKinell et al., 1998). Hence this relative rate of proliferation is unreal-

istically high, except for tumours which are particularly slow growing or are growing

in non-cancerous tissue which is particularly fast cycling.

This simple scaling argument shows that the maintenance of a uniform gap between

the tumour and vasculature initially requires an unfeasibly high relative rate of pro-

liferation of non-cancerous cells. This suggests that as the tumour begins to grow any

gap between the tumour and surrounding vasculature will initially close and further

highlights the non-triviality of the problem of whether a significant gap exists between

the tumour and surrounding vasculature at the onset of angiogenesis.

However, our scaling argument does not imply that a significant gap between the

tumour and surrounding vasculature cannot exist at the onset of angiogenesis. Our

scaling argument only applies to small tumours and it could be hypothesised that

the gap between the tumour and the vasculature might initially shrink when all the

tumour cells are proliferating, but later recover once the growth fraction of the tumour

has reduced.

To further investigate whether it is feasible for a significant gap to exist between the

tumour and surrounding vasculature we now consider whether the capillaries could
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supply enough oxygen to sustain an avascular tumour with a significant region of

non-cancerous cells between the tumour and surrounding capillaries.

3.3 An Oxygen Delivery Argument

A solid avascular tumour at saturation places a considerable burden on the local

vasculature and the addition of a region of healthy cells between the tumour and

vasculature will place an even greater burden on the vasculature. We now consider

whether it is feasible for the local vasculature to support this extra burden.

The Capacity of the Local Vasculature

We first estimate the maximum rate at which oxygen can be drawn out of the local

vasculature. In particular we consider how much faster oxygen can be drawn out of

the vasculature in extreme compared to regular conditions.

Oxygen extraction from the vasculature is often quantified by measuring a subject’s

arteriovenous oxygen difference (A-V O2 difference), which measures how much oxy-

gen the body extracts from the blood by considering the difference in oxygen content

in the arterial and venous blood. Saltin et al. (1968) measured the A-V O2 dif-

ference in five college students and found their mean resting A-V O2 difference to

be 4.2ml/100ml and their mean maximum A-V O2 difference during exercise to be

16.2ml/100ml. So the oxygen extraction was found to increase almost fourfold in

extreme compared to resting conditions. This is the average increase in oxygen ex-

traction throughout the subject’s body, but it is the muscles being exercised which

experience the highest oxygen demand and so it could be hypothesised that the in-

crease in oxygen extraction in the exercised tissue will be slightly higher than this.

This suggests that the oxygen flux out of the capillaries can increase by a factor of

slightly more than four in extreme compared to normal conditions and gives us an

indication of how much extra oxygen can be drawn out of the capillaries to support

an avascular tumour. We now consider whether this observed increase in oxygen

extraction is consistent with the presence of a region of healthy cells between the

tumour and vasculature.
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3.3.1 The Rate of Oxygen Supply in the Absence of a Tu-
mour

We begin by quantifying the rate of oxygen extraction from the capillaries in the

absence of a tumour and we will compare this to the corresponding oxygen extraction

in the presence of a tumour.

We begin by considering the largest possible sphere of healthy tissue, in the absence

of any tumour, which contains no capillaries. We label this sphere R1 and let it have

radius r1, which will be determined by the inter-capillary distance. We assume that

the cells in R1 are homogeneous and that the oxygen uptake in R1 takes place at the

constant rate Γ1. Such a system is as shown in Figure 3.1.

Figure 3.1: The region of non-cancerous cells considered to estimate the oxygen flux
out of the vasculature in the absence of a tumour (not to scale).

As explicitly justified when performing the non-dimensionalisation in Section 2.2.2 of

the previous chapter we assume that advection is negligible and make a quasi-steady

state assumption, then the following simple diffusion equation can be derived for the

evolution of the oxygen concentration

D∇2c = Γ1 in R1,
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where D is the diffusion coefficient of oxygen in healthy tissue and c is the local

oxygen concentration. By integrating this equation over R1, and using the divergence

theorem, we can couple the total rate of oxygen uptake in R1 to the total flux across

∂R1 to obtain ∫∫
∂R1

D∇c · n dS =
4πΓ1

3
r 3

1 .

where n is the outward unit normal. Denoting the mean oxygen flux out of the

capillaries across ∂R1 by µ1, as defined by

µ1 =
1

4πr2
1

∫∫
∂R1

D∇c · n dS,

we then obtain the following expression for µ1

µ1 =
Γ1r1

3
. (3.4)

Hence the mean oxygen flux out of the capillaries is prescribed by the rate of oxygen

uptake in the tissue. We now apply a similar argument to obtain an estimate for the

mean oxygen flux in the presence of a tumour.

3.3.2 The Rate of Oxygen Supply in the Presence of a Tu-
mour

We now consider the oxygen flux out of the vasculature in the presence of an avascular

tumour spheroid which has grown to its maximum size as given by diffusion-limited

control. Our system will consist of a tumour spheroid at saturation of radius r2, which

we label R2. It is not expected that oxygen will penetrate all the way to the centre

of the tumour and so we assume that there is a region on the edge of the tumour

spheroid where oxygen uptake is homogeneous and occurs at a constant rate Γ2, but

within a distance a of the centre of the tumour the rate of oxygen uptake is zero,

where a is to be estimated later.

We also assume the existence of a region of non-cancerous cells between the tumour

and vasculature of width r̃1 which we label R̃1. As before we assume that the non-

cancerous cells uptake oxygen homogeneously at a constant rate Γ1. The system we

are considering is then as shown in Figure 3.2.

57



3.3. AN OXYGEN DELIVERY ARGUMENT

Figure 3.2: The regions of cancerous and non-cancerous cells considered to estimate
the oxygen flux out of the vasculature in the presence of an avascular tumour at
saturation (not to scale).

As before we assume that advection is negligible and make a quasi-steady state as-

sumption to obtain a simple diffusion equation for the evolution of the oxygen con-

centration

D∇2c =


0 if r ≤ a,
Γ2 if a < r ≤ r2,
Γ1 if r2 < r ≤ r̃1 + r2,

where D is the diffusion coefficient of oxygen and c is the local oxygen concentration.

As before integrating this equation over R̃1 ∪R2 allows us to couple the total rate of

oxygen uptake in R̃1 ∪R2 to the total flux across the surface of R̃1 ∪R2 thus∫∫
∂( eR1∪R2)

D∇c · n dS =
4πΓ1

3

(
(r̃1 + r2)3 − r3

2

)
+

4πΓ2

3

(
r3

2 − a3
)
.

If we denote the mean oxygen flux out of the capillaries by µ2, as defined by

µ2 =
1

4π (r̃1 + r2)2

∫∫
∂( eR1∪R2)

D∇c · n dS,

then we obtain the following expression for µ2

µ2 =
Γ1

(
(r̃1 + r2)3 − r3

2

)
+ Γ2 (r3

2 − a3)

3((r̃1 + r2)2 . (3.5)
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Taking the ratio of Equation (3.4) to Equation (3.5) then gives the following expres-

sion for the relative increase in oxygen flux out of the vasculature required to support

the extra burden of the tumour:

µ2

µ1

=
(r̃1 + r2)3 − r3

2

r1 (r̃1 + r2)2 +
Γ2

Γ1

(r3
2 − a3)

r1 (r̃1 + r2)2 . (3.6)

Evaluating the Length Scales

To quantify the right hand side of Equation (3.6) we must evaluate the relevant length

scales.

As in Chapter 2 we take r1, half the inter-capillary distance, to be 50µm (Fait et al.,

1998) and r2, the radius of an avascular tumour at saturation, to be 1000µm (Folkman

and Hochberg, 1973; Haji-Karim and Carisson, 1978).

To calculate the value of a, the radius of the sphere containing no oxygen, we consider

the diffusion distance of oxygen in tumours. Olive et al. (1992) recorded the mean

oxygen diffusion distance in mice tumours and found it to be 121±34µm and Gunduz

(1981) states that oxygen can only diffuse 80− 90µm into mouse mammary tumour

tissue. This suggests that we would expect oxygen to diffuse approximately 100µm

into the tumour.

However, for the tumour’s viable rim to be maintained oxygen must be present

throughout the majority of the rim, with some of the rim also obtaining energy

from glycolysis. Mueller-Klieser (2000) estimates that the viable rim on the surface

of a 1000µm radius tumour will be 174µm (3 significant figures) deep, although this

calculation extrapolates the trends of Mueller-Klieser’s results beyond the range of

tumour sizes explicitly considered.

Given these findings we take the penetration distance of oxygen into the tumour to

be 120µm, which is consistent with both the diffusion distance of oxygen and the

width of the viable rim of our tumour. This then implies that a = 880µm.

To consider the width of any potential gap between the tumour and vasculature we

will consider three different values for r̃1, the width of the gap between the tumour

and vasculature at saturation. We will consider r̃1 = 0µm, which corresponds to

no gap existing, r̃1 = 50µm, which corresponds to a gap of constant width being

maintained as the tumour grows, and r̃1 = 2000µm, which corresponds to the width

of gap seen in cornea implant experiments.
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Finally, to evaluate the right hand side of Equation (3.6) we must consider the likely

magnitude of the ratio Γ2

Γ1
, which is the ratio of the rate of oxygen consumption in

tumour tissue to the rate of oxygen consumption in non-cancerous tissue. The higher

proliferation rate of tumour cells might cause them to exhibit higher metabolic activity

than non-cancerous cells, however tumour cells obtain a significant proportion of their

energy from glycolysis (Warburg, 1956) which suggests the ratio Γ2

Γ1
will be lower than

the metabolic activity would suggest. Anticipating that Γ1 and Γ2 will be of similar

magnitudes we consider a range of possible values for Γ2

Γ1
, namely 0 < Γ2

Γ1
< 2, and

consider how the right hand side of Equation (3.6) depends upon the ratio Γ2

Γ1
.

3.3.3 Results

The relative oxygen supply, µ2

µ1
, as a function of the relative oxygen uptake, Γ2

Γ1
, for

the different width gaps between the tumour and vasculature, r̃1, is shown in Figure

3.3.

It can be seen that when r̃1 = 0µm, so that the neighbouring capillaries lie on the

surface of the tumour, the ratio of oxygen fluxes is an increasing function of the ratio

of oxygen uptakes. In particular, when the rates of oxygen uptake are equal, so that
Γ2

Γ1
= 1 we have that the ratio of oxygen fluxes out of the vasculature is µ2

µ1
= 6.37

(3 s.f.). This is larger than the relative increase of 4 seen in the maximum A-V O2

difference experiments, but plausible for very extreme conditions. This is particularly

plausible given that the tumour is at its maximum size as given by diffusion limited

control and so the oxygen flux out of the vasculature would be expected to be at its

absolute maximum.

Also note that when Γ2

Γ1
= 2 we have µ2

µ1
= 12.7 (3 s.f.). This is considerably larger

than the relative increase of 4 seen in the maximum A-V O2 difference experiments.

The fact that the capillary network cannot supply enough oxygen to sustain this

relative rate of oxygen uptake, even in the absence of any gap between the tumour

and the vasculature, suggests that the relative oxygen uptake of the tumour cells must

be less than 2, which validates the range of values of Γ2

Γ1
being considered.

Allowing the maintenance of a constant width gap between the tumour and vascu-

lature, which corresponds to taking r̃1 = 50µm, the same trends are observed and

the ratio of oxygen fluxes remains an increasing function of the ratio of oxygen up-

takes. However the ratio of oxygen fluxes is higher than the case where no gap existed

between the tumour and vasculature, and in particular when Γ2

Γ1
= 1 we now have
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(a) The cases where r̃1 = 0µm, r̃1 = 50µm, and r̃1 = 2000µm.
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(b) The cases where r̃1 = 0µm, and r̃1 = 50µm in more detail.

Figure 3.3: The ratio of mean oxygen fluxes out of the vasculature in the presence
of a tumour versus in the absence of a tumour, µ2

µ1
, as a function of the ratio of the

rate of oxygen uptake per unit volume in tumour versus non-cancerous tissue, Γ2

Γ1
, for

different widths of the gap between the tumour and the vasculature, r̃1, as governed
by Equation (3.6).
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µ2

µ1
= 8.64 (3 s.f.). Such an increase in oxygen supply is not impossible, however

it is twice that seen during maximal exercise, which is a very high demand for the

vasculature to meet.

Finally, we see that taking r̃1 = 2000µm, which corresponds to the size of gap between

the tumour and vasculature considered by models motivated by the cornea implant

experiments, requires approximately 60 times as much oxygen supply than the case

where no tumour is present. This is obviously much larger than is possible. In

particular it is unfeasible for the local vasculature to supply enough oxygen to support

such a system.

3.3.4 Conclusions

This rate of oxygen supply argument has shown that the presence of a 2 mm gap

between a tumour and surrounding vasculature is unique to tumours implanted into

the cornea, where nutrient supply is uniquely not contingent on vasculature, and

cannot be representative of tumours growing in other tissue. So whilst the 2 mm

gaps seen in the intra-cornea implant experiments are relevant to that setting, such

a configuration cannot represent a tumour growing in vascularised tissue. It has

also shown that the existence of a gap of constant width between the tumour and

vasculature as the tumour grows would require a very high rate of oxygen supply, but

our analysis was inconclusive concerning whether such a gap is plausible.

Similarly, our previous scaling argument showed that in general the distance between

the tumour and the surrounding vasculature must reduce when the tumour first starts

to grow, but was equivocal concerning whether gaps could exist on the surface of

larger tumours. Since these simple models have proved inconclusive at investigating

whether a small gap can exist between an avascular tumour at saturation and the

surrounding vasculature we now utilise a full multi-compartment model for the growth

of a avascular tumour spheroid to consider this problem in more detail.

3.4 A Multi-Compartment Model for Avascular

Tumour Growth

In our multi-compartment model we consider the tumour and surrounding tissue

to be a continuum of cells. Our model will consist of healthy non-cancerous cells,
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proliferating cancerous cells, quiescent cancerous cells and necrotic cells and we now

derive an equation governing the evolution of each class of cell and close our model by

coupling these equations together and deriving the appropriate initial and boundary

conditions.

3.4.1 The Model

Preliminary Assumptions

We assume that the tumour grows as a spheroid and given the results of the previous

chapter we also assume that the distribution of the different cell compartments and

the concentration of any nutrients in our system are radially symmetric. We derive

our model in spherical polar co-ordinates, with the origin taken to be the centre of

the tumour, as defined by

x = r cos θ sinφ, y = r sin θ sinφ, z = r cosφ,

where r ∈ [0,∞), θ ∈ [0, 2π), φ ∈ [0, π].

The Domain

The domain of our system will consist of a tumour spheroid of radius Stum and the

region of non-cancerous cells outside the tumour up to and including the capillaries

which are closest to the edge of the tumour. The boundary of our domain will be

the largest sphere which is concentric with the tumour spheroid but contains no

capillaries. This spheroid will be referred to as the capillary spheroid and will have

radius Scap. A schematic cross-section of our domain is shown in Figure 3.4.

Healthy Non-Cancerous Cells

We assume that in the absence of any tumour the healthy non-cancerous cells (hereby

simply referred to as healthy cells) will exist in a steady state where the density of

healthy cells is constant and uniform. We note that whilst healthy cells do prolif-

erate as part of the natural turnover of cells, this proliferation occurs rarely and in

many tissues the vast majority of healthy cells are in a quiescent state (Strain and

Diehl, 1998). So whilst individual cells may be undergoing mitosis or necrosis, we
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Figure 3.4: The domain of our multi-compartment model for avascular tumour growth
(not to scale).

assume that we can neglect these processes in a leading order approximation. Then a

conservation of cells argument gives the evolution of healthy cells to be governed by

∂h

∂t
+∇ · (vh) = 0, (3.7)

where h(r, t) is the density of healthy cells at radius r at time t, and v(r, t) = v(r, t)er

denotes the local cell velocity.

Proliferating Tumour Cells

We now consider the evolution of the tumour cells which are proliferating (hereby

simply referred to as proliferating cells). It is possible that crucial nutrients required

for cell growth will not adequately diffuse to all the proliferating cells. A lack of any

such nutrient could then inhibit mitosis and/or drive cell necrosis. To model this we

assume there is a single crucial nutrient, which we analogise to be oxygen, and make

the often made assumption that the rates of cell mitosis and necrosis are functions of

the local nutrient concentration (Lin, 1976; McElwain, 1978).

We denote the rates of mitosis and necrosis per proliferating cell by km(c) and kd(c)

respectively, where c(r, t) is the local oxygen concentration. The rate of mitosis must
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be a non-decreasing function of the local oxygen concentration, where the cells cannot

proliferate in the complete absence of oxygen and the cells can only proliferate at a

finite rate given an unlimited oxygen supply. To capture this behaviour we take km(c)

to be given by a first order Michaelis-Menten kinetic:

km(c) =
Ac

c+ cc
, (3.8)

where A and cc are constants. Michaelis-Menten uptake kinetics are often used to

model cell kinetics (Casciari et al., 1992; McElwain, 1978); in particular Lin (1976)

considered the data of Amberson (1928) for the oxygen consumption rate in a cell and

showed Michaelis-Menten uptake kinetics to be a good fit to the data and White et al.

(1978) have also observed that oxygen consumption in tissue often follows Michaelis-

Menten kinetics.

Similarly, we expect the rate of cell death to be a non-increasing function of the local

oxygen concentration, where the cell death rate is non-zero in an unlimited oxygen

supply. To capture this behaviour we take kd(c) to also be given by a Michaelis-

Menten based kinetic:

kd(c) = B

(
1− σc

c+ cd

)
,

where B, σ < 1 and cd are constants.

As well as proliferating and dying, the density of proliferating cells will vary as pro-

liferating cells become quiescent and quiescent cells recover the ability to proliferate.

It is often suggested that proliferating cells become quiescent when the concentra-

tion of oxygen falls below some threshold level, and that quiescent cells can recover

the ability to proliferate if the oxygen concentration increases again. For example,

Casciari et al. (1992) makes this assumption when modelling the growth of an avas-

cular tumour based upon the local concentration of oxygen and glucose. Whilst this

is a popular analogy it has been shown in a number of studies that the onset of

quiescence is not exclusively driven by hypoxia. For example, it has been shown

that quiescent cells exist at the centre of small spheroids where there is only a slight

difference in oxygen and nutrient concentration between the centre and edge of the

tumour (Mueller-Klieser, 1997; Durand and Sham, 1998). In fact, Mueller-Klieser

(2000) showed experimentally that the onset of quiescence is a complex process and

as well as local hypoxia “other factors such as cell-cell and cell-matrix interaction,

availability of growth factors, expression and accessibility of growth factor receptors,

adhesion molecules and their receptors etc. may be involved in the emergence of
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cell cycle arrest in spheroids”. Furthermore, the observed distribution of proliferat-

ing and quiescent cells can be recreated mathematically by assuming transfer rates

between the proliferating and quiescent populations which depend linearly upon the

local nutrient concentration and allowing the different cell types to exhibit different

chemotactic responses to the local nutrient concentration (Tindall and Please, 2007).

Currently the exact mechanisms which cause proliferative cells to become quiescent

and quiescent cells to become proliferative are not well understood.

Rather than attempting to model a system which is not well understood we will

instead capture the observation that proliferating cells are generally observed in the

outer region of the tumour and quiescent cells are generally seen further towards the

centre of the tumour (LaRue et al., 2004). To do this we assume that proliferating

cells become quiescent at a rate α if they exceed some distance R from the edge of

the tumour and quiescent cells become proliferative at a rate β within a distance R

of the edge of the tumour.

After applying a conservation of cells argument we find the density of proliferating

cells to be governed by

∂p

∂t
+∇ · (vp) = [km(c)− kd(c)] p− αpH ([Stum −R]− r)

+ βqH (r − [Stum −R]) ,
(3.9)

where p(r, t) is the density of proliferating cells, q(r, t) is the density of quiescent

tumour cells, Stum(t) is the radius of the tumour and H(x) is the Heaviside function.

Quiescent Tumour Cells

We now consider the evolution of the tumour cells which are quiescent (hereby simply

referred to as quiescent cells). If we assume that the onset of quiescence merely pre-

vents a cell from proliferating and does not affect the cell’s death rate, then recalling

the rate of cell transfer between the proliferating and quiescent compartments we find

the evolution of quiescent cells to be governed by

∂q

∂t
+∇ · (vq) = −kd(c)q + αpH ([Stum −R]− r)− βqH (r − [Stum −R]) . (3.10)
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Necrotic Cells

We have already considered the rate at which living cells become necrotic, and we also

assume that necrotic cells undergo linear degradation at a rate ν. Then the evolution

of necrotic cells is governed by

∂n

∂t
+∇ · (vn) = kd(c)(p+ q)− νn. (3.11)

where n(r, t) is the density of necrotic cells.

Cell Volume Fraction

We also assume that the total cell volume fraction of the tissue is constant. We take

the mean volume of the living cells to be VL, independently of the state of the cell,

and we take the mean volume of necrotic cells to be VN . Then assuming that the

mean cell volume fraction is constant gives

VL(h+ p+ q) + VNn = V ≤ 1, (3.12)

where V is the mean cell volume fraction of the tissue.

The Oxygen Concentration

We now consider the evolution of the local oxygen concentration. Oxygen will move

throughout our system by diffusion and we assume that the diffusion of oxygen follows

Fick’s law. As well as spreading via diffusion it is possible that some oxygen will be

advected within cells as they move. It is not known to what extent oxygen will

be carried in this way, so to deliberately overestimate this affect we will assume

that oxygen is completely advected with the movement of cells. It is then shown

in Section 3.4.2 that the Péclet number of our system, which is a non-dimensional

constant relating the rate of advection to the rate of diffusion (Schetz, 1999), will be

small so that any advection dynamics can be neglected anyway.

As well as moving via diffusion and advection the oxygen concentration will also de-

pend upon the rate at which the cells consume oxygen. We split oxygen consumption

into two separate components; the oxygen required for the normal processes which

keep the cell alive, and the additional oxygen required for mitosis.
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It has been shown that the rate of oxygen consumption in tissue fits well with

Michaelis-Menten kinetics (Lin, 1976; Hlatky and Alpen, 1985) and so we denote

the rate at which oxygen is utilised for normal processes by kn(c) and assume that

kn(c) =
Cc

c+ cn
,

where C and cn are constants.

We previously assumed that cell proliferation occurs at a rate km(c)p and so we

assume that oxygen is also utilised for mitosis at a rate γkm(c)p. Then the evolution

of the local oxygen concentration is governed by

∂c

∂t
+∇ · (vc) = ∇ · (D∇c)− γkm(c)p− kn(c) (h+ p+ q) , (3.13)

where D is the diffusion coefficient of oxygen.

The Tumour and Capillary Spheroids

We are using our model to consider the gap between the tumour and surrounding

vasculature and to do this we must explicitly track the edge of the capillary spheroid.

In particular, we are considering whether a significant gap can be maintained between

the tumour and surrounding vasculature. Our scaling argument suggested that such

a gap cannot be maintained and with a view to confirming this we will deliberately

overestimate any such gap which might exist. To do this we neglect any inertia or

elastic effects which may resist the movement of the capillaries and assume that the

edge of the capillary spheroid moves at the local cell velocity.

Additionally, the governing equations for the local proliferating and quiescent cell

densities, Equations (3.9) and (3.10), contain an Stum term which denotes the edge

of the tumour spheroid, and so we must also explicitly track the edge of the tumour

spheroid. By definition the edge of the tumour spheroid will move with the local cell

velocity, so that

dScap

dt
= v(Scap, t), and

dStum

dt
= v(Stum, t), (3.14)

where Scap and Stum are the radius of the capillary and tumour spheroids respectively.
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The Initial and Boundary Conditions

We complete our model by deriving the corresponding initial and boundary condi-

tions.

To consider how the gap between an avascular tumour and surrounding vasculature

varies as the tumour grows we initiate our model starting from the smallest tumour

which can be modelled as a continuum of cells. However, we must also start with a

tumour where the distribution of proliferating, quiescent, and necrotic cells is known

empirically.

LaRue et al. (2004) found the proliferating rim on the surface of avascular tumours

to be typically two or three cells deep, so we take our tumour to have an initial

radius corresponding to three cell widths and assume that this tumour only consists

of proliferating cells. The initial tumour radius is then

Stum(0) =
6

V

(
3VL
4π

)1
3

,

and the initial distribution of the cell densities is

h(r, 0) =

 0 r ≤ Stum(0)
V
VL

r > Stum(0)
, p(r, 0) =


V
VL

r ≤ Stum(0)

0 r > Stum(0)
,

q(r, 0) = 0, n(r, 0) = 0.

We now consider the initial radius of the capillary spheroid. Recalling that Fait et al.

(1998) observed the mean inter-capillary distance in the human large intestine to

be 101.9µm we assume that initially the capillary spheroid is 50µm larger than the

tumour spheroid, so that

Scap(0) =
6

V

(
3VL
4π

)1
3

+ 50µm.

We now derive the boundary conditions which apply at the centre of the tumour. The

assumption of radial symmetry implies that the local cell velocity and the oxygen flux

at the centre of the tumour must both be zero, so that

v(0, t) = 0 ∀ t, and
∂c(0, t)

∂r
= 0 ∀ t.
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For our final boundary condition we assume that the capillary network is a constant

source of oxygen so that

c(Scap, t) = c̃ ∀ t,

where c̃ is the external oxygen concentration.

This boundary condition is used in the Krogh cylinder model (Krogh, 1919) for oxy-

gen diffusion out of the capillary network and assumes that the oxygen permeabil-

ity of the capillaries is high. A full boundary condition for the transfer of oxygen

across the membrane of a capillary was considered by Tsoukais et al. (2007) and non-

dimensionalising their condition with their parameter values shows that to leading

order the oxygen concentration is constant on the surface of the capillary spheroid,

which validates our assumption that to leading order the oxygen permeability of the

capillaries can be taken to be high.

3.4.2 Non-Dimensionalisation

The Re-Scalings

With our model derived we now non-dimensionalise the system using the following

re-scalings (where carets denote dimensionless variables)

h(r, t) =
V
VL
ĥ
(
r̂, t̂
)
, p(r, t) =

V
VL
p̂
(
r̂, t̂
)
, q(r, t) =

V
VL
q̂
(
r̂, t̂
)
, n(r, t) =

V
VN

n̂
(
r̂, t̂
)
,

r = Lr̂, t =
t̂

A
, c(r, t) = c̃ ĉ

(
r̂, t̂
)
, v(r, t) = LAv̂

(
r̂, t̂
)
,

Scap(t) = LŜcap

(
t̂
)
, Stum(t) = LŜtum

(
t̂
)
, vtum(t) = LAv̂tum

(
t̂
)
,

where A is the maximum rate of mitosis in Equation (3.8) and L is the diameter of

a living cell as given by

L = 2

(
3VL
4π

)1
3

.

Upon applying these re-scalings the system governed by Equations (3.7), (3.9), (3.10),

(3.11), (3.12), and (3.13) non-dimensionalise to become

∂ĥ

∂t̂
+ ∇̂ ·

(
v̂ĥ
)

= 0,

∂p̂

∂t̂
+ ∇̂ ·

(
v̂p̂
)

=
[
k̂m(ĉ)− k̂d(ĉ)

]
p̂− α̂p̂H

([
Ŝtum − R̂

]
− r̂
)

+ β̂q̂H
(
r̂ −

[
Ŝtum − R̂

])
,
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∂q̂

∂t̂
+ ∇̂ ·

(
v̂q̂
)

= −k̂d(ĉ)q̂ + α̂p̂H
([
Ŝtum − R̂

]
− r̂
)
− β̂q̂H

(
r̂ −

[
Ŝtum − R̂

])
,

∂n̂

∂t̂
+ ∇̂ ·

(
v̂n̂
)

= δk̂d(ĉ)(p̂+ q̂)− ν̂n̂,

ĥ+ p̂+ q̂ + n̂ = 1,

Pe

[
∂ĉ

∂t̂
+ ∇̂ ·

(
v̂ĉ
)]

= ∇̂2ĉ− γ̂k̂m(ĉ )p̂− k̂n(ĉ )(ĥ+ p̂+ q̂). (3.15)

where

k̂m(ĉ ) =
ĉ

ĉ+ ĉc
, k̂d(ĉ ) = B̂

(
1− σĉ

ĉ+ ĉd

)
, k̂n(ĉ ) =

Ĉĉ

ĉ+ ĉn
,

B̂ =
B

A
, α̂ =

α

A
, β̂ =

β

A
, δ =

VN
VL
,

ν̂ =
ν

A
, Pe =

AL2

D
, γ̂ =

VAγL2

VLDc̃
, Ĉ =

γ̂C

γA
.

Here B̂ is the relative maximum rate of cell necrosis compared to the maximum rate

of cell proliferation, α̂ and β̂ are the relative maximum transfer rates compared to the

maximum rate of cell proliferation, δ is the relative volume of a necrotic cell compared

to a living cell, ν̂ is the relative rate of necrotic cell decay compared to the maximum

rate of proliferation, and Pe is the Péclet number of the system.

The equations governing the movement of the edges of the capillary and tumour

spheroids, as given by Equation (3.14), also non-dimensionalise to become

dŜcap

dt̂
= v̂
(
Ŝcap, t̂

)
, and

dŜtum

dt̂
= v̂
(
Ŝtum, t̂

)
,

and our initial and boundary conditions non-dimensionalise to become

Ŝtum(0) =
3

V
, Ŝcap(0) =

3

V
+

50µm

L
, ĥ(r̂, 0) =

{
0 r̂ ≤ Ŝtum(0),

1 r̂ > Ŝtum(0),

q̂(r̂, 0) = 0, n̂(r̂, 0) = 0, p̂(r̂, 0) =

{
1 r̂ ≤ Ŝtum(0),

0 r̂ > Ŝtum(0),

v̂
(
0, t̂
)

= 0,
∂ĉ
(
0, t̂
)

∂r̂
= 0, ĉ

(
Ŝcap, t̂

)
= 1.
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Parameter Estimation

We now evaluate as many of our non-dimensional parameters as possible from the

literature. If we are unable to evaluate any of the non-dimensional parameters, then

we will estimate them using an analysis of parameters by ensuring that the growth

of our modelled tumour is consistent with observed tumour growth.

We begin by trying to estimate the Péclet number, Pe = AL2

D
where A is the maximum

rate of tumour cell mitosis, L is the width of a live cell, and D is the diffusion

coefficient of oxygen. Grote et al. (1977) measured the diffusion coefficient of oxygen

in DS-Carcinosarcoma tumour cells and found it to be 1.75×10−5 cm2s−1 and Hlatky

and Alpen (1985) took the diffusion coefficient of oxygen in tumour tissue to be

2× 10−5 cm2s−1. Given these two results we take

D = 2× 10−5 cm2s−1.

Casciari et al. (1992) found the number of cells per unit volume of tumour in EMT6/Ro

tumours to be 2.01× 108 cells cm−3. Before converting this into an estimate for the

average volume of a live tumour cell we must take account of the extracellular space.

Whilst there is little data concerning the cell volume fraction specifically in tumours,

Buckley et al. (1999) found the cell volume fraction in parts of a rat forebrain to be

0.66 ± 0.04. Taking V to be 0.66 gives the average volume of a tumour cell to be

approximately 3× 10−9 cm3. In addition to this, Li (2006) found the median volume

of rat brain tumour cells to be 1.2 × 10−9 cm3 and Landry et al. (1982) analysed

the data of Landry et al. (1981) to conclude that the mean volume of exponentially

growing tumour cells is 3× 10−9 cm3.

Given these results we take VL = 3× 10−9 cm3, which corresponds to

L = 9× 10−4 cm.

To estimate the maximum rate of mitosis we use the work of Marini et al. (2006) who

measured the median doubling time of untreated colorectal cancer cells to be 135

hours. Given this we can estimate the maximum rate of mitosis of colorectal cancer

(as outlined in Appendix B.1) to be

A = 1.4× 10−6s−1.
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Combining these values of D, A and L allows us to estimate the Péclet number and

we find that

Pe ≈ 5.6× 10−8 � 1.

Hence the Péclet number is a small parameter and to leading order we can neglect

the left hand side of Equation (3.15) for the evolution of the non-dimensional oxygen

concentration. This is equivalent to making the quasi-steady state assumption that

the diffusion of oxygen occurs on a much faster time scale than the growth of the

tumour and that the advection of oxygen with the movement of cells is negligible.

In Section 3.4.1, when deriving our model, we were unsure to what extent oxygen

would be carried by advection. Having shown that the case where oxygen is com-

pletely carried by advection is negligible we can be certain that the actual advection

of oxygen in the tumour will be negligible.

Having found the Péclet number to be small we now attempt to evaluate the other

non-dimensional parameters in our model.

Landry et al. (1982) analysed the data of Landry et al. (1981) to estimate the mean

volume of both living and necrotic cells. The mean volume of living cells was found to

be 3×10−9 cm3 and the mean volume of necrotic cells was found to be 1.5×10−9 cm3.

Given this we take δ, the ratio of the volume of a necrotic cell to the volume of a live

cell volume, to be

δ = 0.5.

As noted previously, LaRue et al. (2004) states that the proliferating rim is typically

two or three cells thick. We take the proliferating rim to be three cells thick and

including the extra-cellular space this gives the non-dimensional thickness of our

proliferating rim, R̂, to be

R̂ =
3L

VL
= 4.5.

These are all the non-dimensional parameters it is possible to estimate from the

literature and these parameters are given in Table 3.1.

We have not been able to determine all the parameters in our model. In particular

the rates at which live cells change state, α̂ and β̂, the necrotic cell decay rate, ν̂,

the rate at which oxygen is consumed for proliferation, γ̂, and the parameters in

the Michaelis-Menten type kinetics, ĉc, ĉd, ĉd, B̂, Ĉ, and σ, remain unknown. These

remaining parameters will be estimated using an analysis of parameters where we will
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Parameter Description Value Reference

Pe The Péclet number 5.6× 10−8

(Grote et al., 1977;
Hlatky and Alpen, 1985;

Casciari et al., 1992;
Buckley et al., 1999; Li,

2006; Landry et al., 1982,
1981; Marini et al., 2006)

δ
The ratio of necrotic cell

volume to live cell volume
0.5

(Landry et al., 1981,
1982)

R̂
The non-dimensional

thickness of the
proliferating rim

4.5
(LaRue et al., 2004;
Buckley et al., 1999)

Table 3.1: The non-dimensional parameters in our model which can be estimated
from the literature.

simulate the growth of our tumour for different parameter values and use a system of

trial and improvement to find parameter values which yield realistic growth dynamics.

To do this we must first consider how to numerically simulate the evolution of our

non-dimensional model. We begin by recapping our non-dimensional model.

3.4.3 The Non-Dimensional Model

Upon dropping carets and having evaluated some of the non-dimensional parameters

we have the following non-dimensional system

∂h

∂t
+∇ · (vh) = 0. (3.16)

∂p

∂t
+∇ · (vp) = [km(c)− kd(c)] p− αpH (−r) + βqH (r) , (3.17)

∂q

∂t
+∇ · (vq) = −kd(c)q + αpH (−r)− βqH (r) , (3.18)

∂n

∂t
+∇ · (vn) = 0.5kd(c)(p+ q)− νn, (3.19)

h+ p+ q + n = 1, (3.20)

∇2c = γkm(c)p+ kn(c)(h+ p+ q), (3.21)
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where

km(c) =
c

c+ cc
, kd(c) = B

(
1− σc

c+ cd

)
, kn(c) =

Cc

c+ cn
,

r = r − [Stum − 4.5]
dStum

dt
= v(Stum, t),

dScap

dt
= v(Scap, t).

To close our non-dimensional model we use the following initial and boundary condi-

tions

h(r, 0) = H(r − 4.5), p(r, 0) = 1−H(r − 4.5), q(0, t) = 0,

n(r, 0) = 0, Stum(0) = 4.5, Scap(0) = 7.3,

c(Scap, t) = 1,
∂c(0, t)

∂r
= 0, v(0, t) = 0.

3.4.4 Analysing the Non-Dimensional System

We will now simulate the growth of the tumour by numerically approximating the

evolution of our system. Before doing this we will manipulate our system to make

the calculation of this numerical approximation as efficient as possible.

The Local Cell Velocity

First we derive an equation governing the local cell velocity. Considering the sum of

Equations (3.16) to (3.19) for the evolution of the different cell types and recalling

that the cell volume fraction is constant, as given by Equation (3.20), gives the first

order partial differential equation for the local cell velocity

∇ · v = [km(c)− 0.5kd(c)] p− 0.5kd(c)q − νn,

= f v(p, q, n, c),

where for ease of notation we have denoted the right hand side of this equation by

f v.1

Recalling that v = v(r, t)er we extract the following differential equation for v

1

r2

∂(r2v)

∂r
= f v(p, q, n, c) (3.22)

1The superscript v represents this function denoting the right hand side of the partial differential
equation for v. It does not denote f to the power of v.
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The Characteristic Equations

We now manipulate Equations (3.16) to (3.19) for the evolution of the different cell

types to make the numerical approximation of these equations as efficient as possible.

Note that expanding the equation for the evolution of healthy cells, Equation (3.16),

and utilising the equation for the local cell velocity, Equation (3.22), gives the follow-

ing partial differential equation for h

∂h

∂t
+ v

∂h

∂r
= −hf v(p, q, n, c),

= fh(h, p, q, n, c),

where for ease of notation we have denoted the right hand side of this differential

equation by fh.

We simplify this equation further still by using the method of characteristics. We

define the characteristics of our system to be the lines which follow the movement of

the cells, which are the parameterised lines, (r(s), t(s)), which satisfy

dr(s)

ds
= v(r(s), t(s)), and

dt(s)

ds
= 1, (3.23)

and we define our parameterisation so that t = 0 when s = 0. The evolution of h

along the characteristics is then given by the ordinary differential equation

dh

ds
= fh(h, p, q, n, c). (3.24)

Similarly, the equations for the evolution of the other cell types, Equations (3.17) to

(3.19), can be expanded and written in terms of the characteristic variable to give

dp

ds
= [km(c)− kd(c)] p− αpH (−r) + βqH (r)− pf v(p, q, n, c),

= fp(r, p, q, n, c),
(3.25)

dq

ds
= −kd(c)q + αpH (−r)− βqH (r)− qf v(p, q, n, c),

= f q(r, p, q, n, c),
(3.26)

dn

ds
= 0.5kd(c)(p+ q)− νn− nf v(p, q, n, c),

= fn(p, q, n, c),
(3.27)

where for ease of notation the right hand sides of these equations have been denoted

by fp, f q and fn respectively.
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Finally for ease of notation we denote the right hand side of the equation for the

oxygen concentration, Equation (3.21), by f c to give

1

r

∂2(rc)

∂r2
= f c(h, p, q, c). (3.28)

Equations (3.22) to (3.28) now completely describe the evolution of the tumour and

each equation only contains derivatives with respect to a single variable. This makes

the numerical approximation of these equations simpler than solving the original sys-

tem of coupled partial differential equations, however computing a numerical solution

to our system remains non-trivial. In particular all the differential equations are

coupled and we cannot use a predefined set of mesh points for our numerical scheme

because Equations (3.24) to (3.27) must be integrated along along the characteristics.

The details of the numerical scheme are discussed in the following section.

3.4.5 The Numerical Scheme

We now define the numerical scheme which we will use to simulate our system of non-

dimensional equations. We will define this scheme iteratively and begin by calculating

the numerical approximation at the initial time step.

We define rji to be the mesh point which lies at r = ri when t = tj. We also define

Hj
i , P

j
i , Qj

i , N
j
i , V j

i , and Cj
i to be the numerical approximations to h, p, q, n, v, and

c respectively at r = ri when t = tj and define Sjtum and Sjcap to be the numerical

approximations of Stum, and Scap at t = tj.

The Initial Approximation

From the initial conditions we have

H1
i =

{
1 if r1

i ≥ 4.5,
0 if r1

i < 4.5,
P 1
i =

{
0 if r1

i ≥ 4.5,
1 if r1

i < 4.5,
Q1
i = 0 ∀ i,

N1
i = 0 ∀ i, S1

tum = 4.5, S1
cap = 7.3,

(3.29)

but the initial distribution of the local oxygen concentration and the local cell velocity

are unknown.

To find the initial distribution of the local oxygen concentration we approximate the

solution of its governing equation, Equation (3.28), subject to the boundary conditions

∂c(0, 0)

∂r
= 0, and c(Scap(0), 0) = 1.
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To do this we implement a shooting method where we approximate the solution

subject to the modified boundary conditions

∂c(0, 0)

∂r
= 0, and c(0, 0) = a,

and then find the value of a required to give c(Scap(0), t) = 1.

These modified boundary conditions imply that C1
1 = C1

2 = a and we calculate the

remaining values of C1
i using a simple forward quadrature method where the integrand

can be evaluated using the previous values of C1
i and the initial conditions for the

other variables. To find a suitable value of a we initially consider the cases where

a = 0 and a = 1 and then refine our estimate of a using the Newton-Raphson method.

Having approximated the initial oxygen concentration we find the initial local cell

velocity by approximating the solution to its governing equation, Equation (3.22),

subject to the condition that v(0, 0) = 0. First we rewrite Equation (3.22) as

∂v

∂r
= f v(p, q, n, c)− 2v

r

and then we integrate using the backward Euler method defined by

V 1
1 = 0,

V 1
i+1 = V 1

i +
(
r1
i+1 − r1

i

){
f v(P 1

i+1, Q
1
i+1, N

1
i+1, C

1
i+1)−

2V 1
i+1

r1
i+1

}
. (3.30)

Note that even though we are using a backward quadrature method the linearity of

the integrand in v means that Equation (3.30) can be rewritten to obtain the following

explicit scheme

V 1
1 = 0,

V 1
i+1 =

(
r1
i+1

3r1
i+1 − 2r1

i

){
V 1
i +

(
r1
i+1 − r1

i

)
f v(P 1

i+1, Q
1
i+1, N

1
i+1, C

1
i+1)
}
.

Having calculated the numerical approximation at the initial time step we now assume

that we have calculated the numerical approximation up to and including the jth time

step and then show how to calculate the numerical approximation at the (j + 1)th

time step.
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The Iterative Step

We begin by defining the mesh points we must take at the (j + 1)th time step. Our

mesh points must follow the path of the characteristics and given the mesh points

r = rji for i ∈ I at the jth time step we calculate the new mesh points by integrating

the characteristic equation, Equation (3.23), using a forward Euler method. This

gives the mesh points at the (j + 1)th time step to be

rj+1
i = rji + (tj+1 − tj)V j

i for i ∈ I.

Next we calculate the density of the different cell types at these mesh points. To do

this we integrate the corresponding governing equations, Equations (3.24) to (3.27),

from the old mesh points to the new mesh points using a forward Euler method to

obtain

Hj+1
i = Hj

i + (tj+1 − tj)fh(Hj
i , P

j
i , Q

j
i , N

j
i , C

j
i ),

P j+1
i = P j

i + (tj+1 − tj)fp(rji , P
j
i , Q

j
i , N

j
i , C

j
i ),

Qj+1
i = Qj

i + (tj+1 − tj)f q(rji , P
j
i , Q

j
i , N

j
i , C

j
i ),

N j+1
i = N j

i + (tj+1 − tj)fn(P j
i , Q

j
i , N

j
i , C

j
i ).

With the values of Hj+1
i , P j+1

i , Qj+1
i and N j+1

i calculated we must approximate the

values of the local oxygen concentration and the local cell velocity. This is done in

the same way as when calculating the initial state of the tumour, albeit with the

necessary generalisation.

We calculate the values of Cj+1
i using a shooting method, whereby we approximate

the solution to Equation (3.21) using a simple forward quadrature method subject to

the boundary conditions

∂c(0, t)

∂r
= 0, and c(0, t) = a.

We then find the value of a which gives c(Scap, t) = 1 by a Newton-Raphson method

with the starting values a = 0 and a = Cj
1 .

We calculate the values of V j+1
i by integrating Equation (3.22) using a backward

Euler method. As before the approximations to the local cell velocity at the (j+ 1)th

time step are given by the recursive relationship

V j+1
1 = 0,

V j+1
i+1 =

(
rj+1
i+1

3rj+1
i+1 − 2rj+1

i

){
V j+1
i +

(
rj+1
i+1 − r

j+1
i

)
f v(P j+1

i+1 , Q
j+1
i+1 , N

j+1
i+1 , C

j+1
i+1 )

}
.

This completes our approximation of the tumour dynamics at the (j+ 1)th time step.
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The Insertion and Deletion of Characteristics

To complete the numerical scheme we now consider the step sizes in our numerical

scheme. The time step size can be prescribed, but our mesh points follow the paths

of the characteristics and at any given time point the spatial step size is determined

by the distance between adjoining characteristics.

Is it possible that as the system evolves some of the characteristics will diverge so that

the corresponding spatial step sizes become unacceptably large. To prevent this we

prescribe a maximum relative spatial step size. If any spatial step between two mesh

points exceeds this maximum size, then we insert an additional mesh point midway

between the original two. We approximate the values of the variables at this new

mesh point by linearly interpolating the values of the adjacent mesh points. We then

track the evolution of this new characteristic and include it at all future time steps.

It is also possible that some characteristics will converge so that some of the spatial

steps become unnecessarily small. This would needlessly slow our computation and

could possibly even result in the accumulation of significant rounding errors. To

prevent this we prescribe a minimum relative step size. If at any point a spatial step

is smaller than this minimum step size then we delete the second mesh point and will

not consider its evolution at future time points.

Ensuring an Accurate Approximation

Having presented our numerical scheme we now discuss how to ensure that the nu-

merical errors in it are suitably small. In particular, our quadrature scheme utilises

quite simple explicit quadrature methods and so we must ensure that our scheme is

both stable and convergent.

Given the complex nature of our coupled system of differential equations it is not

desirable to analytically bound the error in our quadrature scheme. So instead we

will use the results of the numerical scheme to self-validate.

Firstly, if our numerical scheme were to lose stability then a rapid breakdown of the

results would be observed. It is therefore simple to prescribe step sizes that are small

enough to ensure that such a breakdown does not occur.

Secondly, we must ensure that our numerical scheme is convergent and converges with

an acceptably small numerical error. To verify this we will run the numerical scheme
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with decreasingly small step sizes. Once decreasing the step sizes leads to only a

negligible change in the results of our numerical scheme then we will assume that

the scheme has suitably converged. Furthermore, the constancy of the cell volume

fraction, as given by Equation (3.20), implies that the non-dimensional cell volume

fraction, h+p+q+n, should be equal to unity and we can use this condition to ensure

that the numerical errors in our scheme only accumulate at an acceptable rate. To do

this we will consider the sum Hj
i +P j

i +Qj
i +N j

i at every mesh point and ensure that

this sum diverges away from one at an acceptably slow rate and in a manner which is

consistent with the tolerances of our numerical scheme. Any divergence quicker than

this will highlight an unacceptably poor level of accuracy in our numerical scheme.

A further a posteriori check of our numerical scheme is discussed in Section 3.7.1.

3.5 Results

3.5.1 Analysis of Parameters

We now estimate the remaining parameter values using an analysis of parameters. To

do this we will make an initial estimate of the values of the unknown parameters and

then vary each parameter in turn whilst observing the corresponding tumour growth.

From this we will consider which aspects of tumour growth each parameter affects and

to which parameters the tumour is most sensitive. We will then refine our parameter

estimation by a sequence of trial and improvement until the growth dynamics of

our modelled tumour suitably match observed tumour growth. In particular we will

ensure that our simulated tumour’s growth curve, size at saturation, relationship

between necrotic core radius and tumour radius, and oxygen diffusion distance are

all realistic.

Doing this we find that the parameter with largest influence upon how long it takes

the tumour growth to saturate is ν, the dead cell decay rate. Folkman and Hochberg

(1973) considered the growth curves of several in vitro tumour lines and found that

the time taken to reach saturation was of the order of a hundred days and we choose

ν to match this time scale.

The parameters with the largest influence upon the distance that oxygen diffuses

into the tumour are γ and C, the maximum oxygen consumption rates. We expect

that the uptake of oxygen required for normal processes and the additional uptake
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of oxygen for mitosis will both be significant and so we choose γ and C to be of

similar magnitudes. We then choose these parameters in tandem so that the oxygen

concentration remains significant until approximately 100µm from the edge of the

tumour (Olive et al., 1992; Gunduz, 1981).

The primary parameters determining the onset of necrosis are B, the maximum cell

death rate, and σ, a parameter in the cell death kinetics. We choose these parameters

so that the relationship between the necrotic core radius and tumour radius in our

modelled tumour is realistic. To do this we use the work of Mueller-Klieser (2000) who

considered the relationship between the diameter of necrosis and the tumour diameter

in human colon carcinoma spheroids; the results of which are shown in Figure 3.5.

Figure 3.5: The diameter of necrosis as a function of spheroid diameter in WiDr
human colon carcinoma spheroids (reproduced with permission from Mueller-Klieser,
2000). The dashed line is a linear best fit to the data and the solid line is obtained
from Mueller-Klieser’s modelling of the onset of necrosis.

The primary parameters determining the size the tumour reaches at saturation are

B, the maximum cell death rate, and α, the rate at which proliferative cells become

quiescent. Avascular tumours typically saturate at a radius between 0.5 mm and 2 mm
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(Folkman and Hochberg, 1973; Haji-Karim and Carisson, 1978) and so we choose these

parameters so that our modelled tumour saturates at a radius of approximately 1 mm.

Altering β, the rate at which quiescent cells recover the ability to proliferate inside

the proliferating rim, had no effect on the behaviour of our modelled tumour. This

is because our initial conditions assume there are initially no quiescent cells inside

our tumour and as a consequence of this our proliferating rim never actually contains

any quiescent cells. Hence the rate at which these cells might become proliferative

is irrelevant. However, if our initial conditions were altered so that our tumour did

initially contain some quiescent cells then the value of β may become influential. Here

we estimate β by assuming that quiescent cells can become proliferative at a similar

rate to which proliferating cells become quiescent.

Finally, the nutrient saturation parameters, cc, cd and cn, are chosen so that the cell

kinetics saturate over the range of nutrient concentrations observed in our model.

This analysis of parameters leads to the parameter values summarised in Table 3.2.

Non-Dimensional Parameter Symbol Value Taken

Maximum death rate B 1.5

Maximum rate of oxygen consumption for
normal processes

C 0.018

Rate of dead cell degradation ν 0.2

Critical parameter in cell mitosis kinetic cc 0.1

Critical parameter in cell necrosis kinetic cd 0.1

Critical parameter in rate of oxygen
consumption for normal processes kinetic

cn 0.1

Rate of transfer from proliferating to
quiescent compartment

α 1

Rate of transfer from quiescent to
proliferating compartment

β 1

Rate of oxygen consumption per proliferating
cell

γ 0.018

Parameter in cell necrosis kinetic σ 0.9

Table 3.2: The non-dimensional parameters chosen by our analysis of parameters
which result in our modelled tumour exhibiting realistic growth.
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The radius of our modelled tumour as a function of time for the parameter values

outlined in Table 3.2 is shown in Figure 3.6. It can be seen that the tumour undergoes

the expected growth dynamics. There is an initial period of exponential like growth,

then the growth slows, and eventually the tumour growth saturates at a radius of

approximately 1000µm. Furthermore it takes our modelled tumour a few hundred

days to reach saturation, which is consistent with the results of Folkman and Hochberg

(1973).
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Figure 3.6: The radius of our modelled tumour as a function of time for the parameter
values outlined in Table 3.2, as governed by Equations (3.16) to (3.21).

To consider the behaviour of the necrotic core we first define the necrotic core to be

the region where n ≥ 2
3
, then the radius of our simulated tumour’s necrotic core as a

function of the tumour radius is shown in Figure 3.7. It can be seen that the results

shown in Figure 3.7 are very similar to those of Mueller-Klieser (2000) in Figure 3.5.

Finally we check whether the distance which oxygen diffuses into the tumour is real-

istic. The oxygen concentration in our saturated tumour as a function of the distance
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Figure 3.7: The radius of necrosis of our modelled tumour as a function of tumour
radius for the parameter values outlined in Table 3.2, as governed by Equations (3.16)
to (3.21).

from the centre of the tumour is shown in Figure 3.8. It can be seen that the oxygen

concentration remains significant approximately 100µm to 150µm into the tumour,

which is again consistent with observed tumour behaviour.

It should be noted that our choice of parameters is not completely unique and it is

possible to alter parameters to some degree and still obtain realistic tumour growth.

However, care has been taken to choose a set of parameter values so that several

different aspects of tumour growth are consistent with observed tumour growth.

3.5.2 The Behaviour of the Tumour

Having chosen parameters so that the growth of our modelled tumour is realistic we

now consider the behaviour of our modelled tumour and in particular we consider

the evolution of the gap between the tumour and surrounding vasculature. The
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Figure 3.8: The non-dimensional oxygen concentration in our modelled tumour at
saturation, as governed by Equations (3.16) to (3.21), as a function of tumour radius
for the parameter values outlined in Table 3.2.

distributions of the different cell types in the tumour at saturation, as well as the

distance between the tumour and vasculature as a function of tumour radius, are

shown in Figure 3.9.

The properties of the saturated tumour are largely as expected. The centre of the

tumour consists entirely of necrotic cells. Moving away from the centre of the tumour

the necrotic core gives way to a region where the cells are quiescent and past this

region of quiescent cells there is the outer rim which largely consists of proliferating

cells.

The right hand axis in Figure 3.9(a) lies at the edge of the capillary spheroid and

our model shows the existence of only a very thin region of healthy cells outside the

tumour spheroid; so thin in fact that this region is barely visible. We consider the

width of the gap between the tumour and neighbouring capillaries in more detail in

Figure 3.9(f) where we plot this width as a function of tumour radius. It can be seen
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(a) The density of healthy cells.
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(b) The density of proliferating cells.
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(c) The density of quiescent cells.
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(d) The density of necrotic cells.
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(e) The cell speed.
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(f) The width of the gap between the tumour and
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Figure 3.9: The non-dimensional density of the different cell types in our modelled
tumour at saturation as a function of the distance from the centre of the tumour,
the non-dimensional cell speed at saturation as a function of the distance from the
centre of the tumour, and the width of the gap between the tumour and surrounding
vasculature as a function of tumour radius, all for the parameter values outlined in
Table 3.2 and as governed by Equations (3.16) to (3.21).
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that the gap between the tumour and surrounding vasculature rapidly decreases as

the tumour grows. This decrease is so pronounced that once the tumour has grown

to 200µm or so in radius the capillaries are effectively lying on the surface of the

tumour.

This result is in agreement with our earlier scaling argument, presented in Section

3.2, that as tumours begin to grow any gap between the tumour and surrounding

vasculature initially closes. Furthermore, this multi-compartment model predicts that

the gap between the tumour and neighbouring vasculature will continue to close even

after the tumour has become established.

However, in our literature search in Section 3.1.1 we found that many mathematical

models of angiogenesis assume the existence of a significant gap between the tumour

and surrounding vasculature at the initiation of angiogenesis. To consider whether

such a gap might be maintained by some mechanism not currently in our model

we now consider whether there are other biologically reasonable cell kinetics which

might lead to the existence of a significant gap between the tumour and surrounding

vasculature.

3.6 The Proliferation Kinetics of Healthy Cells

We now consider four different cases for the proliferation kinetics of healthy cells to see

whether we can find biologically reasonable kinetics which are capable of maintaining

a significant gap between the tumour and surrounding vasculature. To isolate the

effect the healthy cell kinetics have on the system the rest of our model will remain

unchanged.

The work in this section generalises our previous model and much of the analysis will

be exactly as before. In particular, the kinetics of the tumour cells will be unchanged

and the numerical simulation of these new models will require only minor adaptations

to our previous scheme. Where work is exactly as that already presented it will not

be presented again.

We begin by deriving the four different kinetics for the proliferation of healthy cells.
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3.6.1 Case 1: No Net Proliferation

For our first case we take the kinetics already considered. We have already noted

that although healthy cells do proliferate and die, the rate of cell turnover is low

and the majority of healthy cells are typically quiescent (Strain and Diehl, 1998).

We also noted that in the absence of any tumour the healthy cells will exist at an

approximately constant density. This suggested that the natural proliferation and

death of healthy cells are approximately in balance so that to leading order it can

be assumed that there is no net proliferation or death of healthy cells. Then the

evolution of healthy cells is given by

∂h

∂t
+∇ · (vh) = 0.

3.6.2 Case 2: Oxygen Driven Proliferation

If the gap between the tumour and vasculature begins to thin then the average dis-

tance between the healthy cells and the surrounding capillaries will reduce. It could

be conjectured that this reduction in the distance between the healthy cells and neigh-

bouring capillaries might increase the amount of oxygen being delivered to the healthy

cells, which in turn could upregulate healthy cell proliferation, which in turn again

might maintain a gap between the tumour and vasculature.

For our second case we consider whether such a feedback mechanism could maintain

a non-trivial gap between the tumour and vasculature. To do this we assume that

the proliferation and necrosis kinetics of healthy cells depend upon the local oxygen

concentration. In particular we assume that the death rate of healthy cells is equal to

the corresponding death rate of tumour cells, but the proliferation rate of healthy cells

is slower than the corresponding proliferation rate of cancer cells. The dimensional

equation for the evolution of healthy cells is then given by

∂h

∂t
+∇ · (vh) =

{
λkm(c)− kd(c)

}
h,

where λ < 1 is the relative rate of proliferation of healthy cells compared to tumour

cells.

The evolution of the proliferating and quiescent tumour cells is unaffected by this

change in the healthy cell kinetics and are still governed by Equations (3.9) and
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(3.10) respectively, but the dimensional equation for the evolution of the necrotic

cells is now given by

∂n

∂t
+∇ · (vn) = kd(c)(h+ p+ q)− νn,

and the dimensional equation for the uptake of oxygen is given by

∂c

∂t
+∇ · (vc) = ∇ · (D∇c)− γkm(c)(λh+ p)− kn(c)(h+ p+ q).

The assumption that the cell volume fraction is constant is also unaffected by this

change in the healthy cell kinetics and is still governed by Equation (3.12). As

with the previous case, this equation for the cell volume fraction can be used to

couple the equations governing the evolution of the different cell types together to

obtain a first order partial differential equation which governs the local cell velocity.

However, it is not desirable to do this before non-dimensionalising the system and the

details of the non-dimensionalisation are not presented in detail again. Having non-

dimensionalised, and dropped carets, we evaluate λ, the relative rate of proliferation

of healthy cells compared to tumour cells, by noting that in the absence of any

tumour the inter-capillary distance should be approximately maintained. Letting R

be a sphere of healthy cells of dimensional radius 50µm we choose λ so that the net

change in volume of R is zero, i.e. we choose λ so that∫∫∫
R

{
λkm(c)− 0.5kd(c)

}
h− νn dV = 0.

Note that the value of λ feeds back into our system via the oxygen concentration and

so this is actually an implicit equation for λ, the solution of which we find using a

Newton-Raphson method. Doing this we find that taking λ = 0.301 (3 s.f.), so that

healthy cells proliferate approximately 30% as quickly as equivalent tumour cells,

maintains the inter-capillary distance in the absence of any tumour.

Having included oxygen driven kinetics for the evolution of healthy cells into our

model, we can again transform this system into a system of characteristic equations

and numerically simulate the growth of the tumour exactly as before.

3.6.3 Case 3: Forced Proliferation I

For our third case we force the healthy cells to undergo mitosis at a rate kh1, which is

specifically chosen so that the velocity field in the region of healthy cells is constant.
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This will forcibly and artificially maintain a gap of constant width between the tumour

and surrounding vasculature. Such proliferation kinetics have no biological motivation

other than the maintenance of a constant gap and we consider this case to see if such

proliferation is plausible.

In this case the dimensional equation for the evolution of healthy cells is given by

∂h

∂t
+∇ · (vh) = hkh1,

where kh1 is chosen so that outside the tumour, where h = V
VL

, we have v = vtumer.

It is simple to show that the required form for kh1 is:

kh1 =
2vtum

r
.

The corresponding dimensional equation governing the evolution of oxygen is then

∂c

∂t
+∇ · (vc) = ∇ · (D∇c)− γ

(
2hvtum

r
+ km(c)p

)
− kn(c)(h+ p+ q).

This system can then be non-dimensionalised as before and dropping carets the non-

dimensional oxygen concentration and local cell velocity are given by

∇2c = γ

(
2hvtum

r
+ km(c)p

)
+ kn(c)(p+ q), (3.31)

∇ · v =
2hvtum

r
+ km(c)p− 0.5kd(c)(p+ q)− νn. (3.32)

The evolution of the proliferating, quiescent, and necrotic cells is unaffected by this

change in the healthy cell kinetics and are still given by Equations (3.9) to (3.11).

As before this system can be non-dimensionalised and transformed into a system of

characteristic equations, which we numerically simulate similarly as before, albeit

with a slight modification.

The right hand side of the Poisson equation for the oxygen concentration, Equation

(3.31), now contains a vtum term. To find vtum we must solve Equation (3.32) but the

right hand side of this equation depends upon c, the oxygen concentration. So we

now have a pair of coupled, implicit differential equations.

To solve this pair of equations we make an initial estimate for the speed of the tumour

front, vtum, which we denote vtum = X. We can then find the oxygen concentration,

c, and local velocity, v, corresponding to this value of X. This will then give us a
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new, calculated, value of the speed of the tumour front, which we denote by g(X),

and this will depend upon the original value of X. This process defines the function

g(X), where X is the assumed value of vtum and g(X) is the corresponding calculated

value of vtum. For consistency we require that X = g(X) and we find this value

of X using a Newton-Raphson method. Having found the value of X, we use this

to approximate the speed of the tumour front, vtum, and then Equations (3.31) and

(3.32) can be decoupled and solved as before.

3.6.4 Case 4: Forced Proliferation II

For our fourth and final case we force the healthy cells to proliferate at a constant rate

kh2, which is chosen to maintain a constant gap between the tumour and surrounding

vasculature. As in Case 3 a constant width gap between the tumour and surrounding

vasculature is being maintained, but in Case 3 the proliferation of healthy cells was

forced so that the velocity of the healthy cells was spatially constant, but the rate

of healthy cell proliferation itself was not spatially constant. Here the proliferation

of healthy cells is being forced so that the proliferation of healthy cells is spatially

constant, but the velocity of the healthy cells is not constant.

As in Case 3 this proliferation kinetic will forcibly and artificially maintain the gap

between the tumour and surrounding vasculature, but has no other biological mo-

tivation. However, it is assumed that the joint consideration of Cases 3 and 4 will

consider any biologically reasonable healthy cell proliferation which might maintain

a constant width gap between the tumour and healthy cells. This is because any

proliferation kinetic not considered by Cases 3 and 4 must have a highly variable rate

of proliferation and also a highly variable corresponding local cell velocity and such

behaviour would be difficult to motivate.

In this case the dimensional equation for the evolution of healthy cells is given by

∂h

∂t
+∇ · (vh) = hkh2,

where kh2 is chosen so that v(rtum, t) = v(rtum + 50µm, t) = vtum. Recalling that

h = V
VL

outside the tumour this becomes a first order differential equation for v, the

local cell velocity. Integrating this equation and satisfying these boundary conditions

we find that the healthy cells must proliferate at the constant rate:

kh2 =
3vtum(2rtum + 50µm)

3r2
tum + 3rtum50µm + (50µm)2

.
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The corresponding dimensional equation for the evolution of oxygen is then:

∂c

∂t
+∇ · (vc) = ∇ · (D∇c)− γ

{
kh2h+ km(c)p

}
− kn(c)(h+ p+ q),

The evolution of the proliferating, quiescent, and necrotic cells is unaffected by this

change in the healthy cell kinetics and are still given by Equations (3.9) to (3.11).

The system can then be non-dimensionalised as before and upon dropping carets the

non-dimensional oxygen concentration and local cell velocity are governed by

∇2c = γ
{
kh2h+ km(c)p

}
+ kn(c)(p+ q), (3.33)

∇ · v = kh2h+ km(c)p− 0.5kd(c)(p+ q)− νn. (3.34)

As before the system can be non-dimensionalised and transformed into a system of

characteristic equations which we numerically simulate. Again, Equations (3.33) and

(3.34) are a pair of coupled implicit differential equations, which we de-couple by

approximating the value of vtum in exactly the same way as was outlined for Case 3.

3.7 Results

Having defined the healthy cell kinetics for each of our four cases, we now simulate

the resultant tumour growth to see what effect the evolution of healthy cells has on

the system.

Tumour Dynamics

We begin by considering what effect the healthy cell kinetics has on the growth of

the tumours. The growth curves of the tumours as functions of time for each of the

four cases are shown in Figure 3.10.

It can be seen that initially the growth curves for each of the cases are very similar.

However as the tumour grows the tumour growth rate in Cases 3 and 4 slows relative

to the tumour growth in Cases 1 and 2, and in Cases 3 and 4 the tumour saturates

at a smaller radius. However, the growth curves of Cases 1 and 2 are almost identical

to each other, and the growth curves of Cases 3 and 4 are almost identical to each

other.
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Figure 3.10: The growth curves of the tumours for the four cases of healthy cell
kinetics. See text for details.

We hypothesise that this difference in the growth curves is caused by a wider gap

between the tumour and vasculature in Cases 3 and 4. We consider this explicitly

by plotting the width of this gap as a function of tumour radius in each of our four

cases, which is shown in Figure 3.11.

In Cases 1 and 2 the width of the gap between the tumour and surrounding vasculature

decreases as the tumour grows. The oxygen driven proliferation dynamics in Case

2 do marginally slow the thinning of the gap, but only by a very small amount and

the capillaries still effectively reach the surface of the tumour well before the tumour

growth saturates.

The results of Figure 3.11 support our hypothesis that the difference in the growth

curves in Figure 3.10 is caused by the presence or not of a significant gap between

the tumour and vasculature. The gap in Cases 3 and 4 is much thicker than in either

Case 1 or 2 and the additional healthy cells in this gap will be consuming oxygen

so that less oxygen reaches the tumour. This relative lack of oxygen will inhibit cell
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Figure 3.11: The width of the gap between the tumour and surrounding vasculature
as a function of tumour radius for the four cases of healthy cell kinetics. See text for
details.

proliferation and upregulate cell necrosis in the tumour and overall tumour growth

will be reduced.

In Figures 3.10 and 3.11 it can be seen that the tumour growth curves and the

behaviour of the distance between the tumour and vasculature are indistinguishable

between Cases 3 and 4. This was to be expected because both cases have been

constructed to forcibly maintain a gap of constant width between the tumour and

surrounding vasculature. However the mechanism by which these two cases maintain

the gap is fundamentally different, with Case 3 forcing a constant velocity field in

the region of healthy cells and Case 4 forcing a constant rate of proliferation in the

region of healthy cells. We now compare the results of Cases 3 and 4 in more detail

to consider whether these cases are fundamentally different, or whether they are

effectively equivalent.
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Comparing Cases 3 and 4

To compare Cases 3 and 4 we consider the initial rate of proliferation and local cell

speed within our tumour.

The cell proliferation rates in our initial tumour as a function of the distance from the

centre of the tumour for Cases 3 and 4 are shown in Figure 3.12. It can be seen that

the kinetics of Case 4 have successfully forced the rate of proliferation to be constant,

which appears to be approximately equal to the average rate of proliferation in Case

3. The difference between the rates of healthy cell proliferation in Cases 3 and 4 is

discernible.
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Figure 3.12: The rate of proliferation in the initial tumour as a function of the distance
from the centre of the tumour for Cases 3 and 4. See text for details.

The local cell speed in our initial tumour as a function of the distance from the centre

of the tumour for Cases 3 and 4 is shown in Figure 3.13. It can be seen that in Case

3 the speed of the healthy cells has been successfully forced to be constant, whereas

in Case 4 the speed of the edge of the capillary spheroid has successfully been forced

96



CHAPTER 3. THE INTERACTION BETWEEN AN AVASCULAR
TUMOUR SPHEROID AND THE SURROUNDING VASCULATURE

to equal the speed of the tumour front. The difference between the local speeds of

the healthy cells in Cases 3 and 4 is again discernible.
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Figure 3.13: The local cell speed in the initial tumour as a function of the distance
from the centre of the tumour for Cases 3 and 4. See text for details.

In Figures 3.12 and 3.13 it can be seen that the differences between Cases 3 and 4 are

discernible. Given this we conclude that these two cases are not effectively equivalent

and both cases should be explicitly considered in our further analysis. However, the

fact that the behaviour of these two cases is quite similar suggests that any healthy

cell proliferation which maintains a constant gap between the tumour and surrounding

vasculature will also be similar to at least one of these cases. Hence we assume that

any possible mechanism which maintains a constant width gap between the tumour

and surrounding vasculature can be investigated by considering Cases 3 and 4.

The Rate of Proliferation

Recall that our initial scaling argument in Section 3.2 found that maintaining a con-

stant width gap between the tumour and surrounding vasculature required the initial
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rate of healthy cell proliferation to be unrealistically high. We now use our multi-

compartment model to compare the rates of proliferation of tumour and healthy cells

throughout the course of tumour growth. In particular we consider whether the rate

of healthy cell proliferation required in Cases 3 and 4 to maintain a constant width

gap between the tumour and vasculature is unfeasibly high. To do this we define the

mean net rate of proliferation of the proliferating cells in Cases 3 and 4 to be given

by ∫ Scap

0

{
km(c)− kd(c)

}
p dV∫ Scap

0

p dV

,

and the mean net rate of proliferation of the healthy cells in Case 3 to be given by∫ Scap

0

2hvtum

r
dV∫ Scap

0

h dV

.

Then the mean net rate of proliferation of the proliferating cells in Cases 3 and 4, the

mean and maximum net rate of proliferation of the healthy cells in Case 3, and the

constant net rate of proliferation of the healthy cells in Case 4, are plotted in Figure

3.14.

It can be seen that to maintain the gap of constant width between the tumour and

vasculature initially requires some of the healthy cells in Case 3 to proliferate at a

net rate 83% of that of the proliferating cells. Furthermore, in both Cases 3 and 4

healthy cells are on average required to proliferate at a net rate 63% of that of the

proliferating cells. This initial relative net rate of proliferation of the healthy cells is

higher than would be expected to be observed experimentally, except for extremely

slow growing tumours or tumours growing in tissue with a particularly high turnover

rate. However as the tumour grows larger the relative net rate of proliferation of

healthy cells required to maintain a gap of constant width between the tumour and

surrounding vasculature reduces to a more realistic level. These results agree with

the findings of our simple scaling argument of Section 3.2, that the gap between the

tumour and neighbouring vasculature must initially close because the healthy cells

cannot proliferate fast enough to maintain the gap. Once the tumour has grown to

a larger size, the re-establishement of a gap between the tumour and neighbouring

vasculature would not require an unfeasibly fast rate relative rate of proliferation, but

there is no obvious mechanism which would upregulate healthy cell proliferation in

this way.
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Figure 3.14: The rates of proliferation of the different cell types in Cases 3 and 4 as
a function of the tumour radius, see text for details.

3.7.1 An a Posteriori Check of the Numerical Scheme

It can be seen in Figure 3.11 that our results for Cases 3 and 4 show a gap of constant

width being maintained between the tumour and neighbouring vasculature as the

tumour grows. Furthermore, it can be seen in Figure 3.12 that our results for Case 4

show the rate of healthy cell proliferation to initially be constant, and in Figure 3.13

our results for Case 3 show the local cell velocity to initially be constant throughout

the region of healthy cells. Hence where terms have been deliberately chosen to force

the tumour to behave in a specific way, this forced behaviour is observed in our

results. The fact that our numerical simulation of the tumour growth has correctly

reproduced these different forced behaviours further validates our numerical scheme.
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3.8 Conclusions

In this chapter we were aiming to derive a model for the evolution of an avascular

tumour spheroid and use this model to investigate whether or not a significant gap can

be maintained between a growing avascular tumour and the surrounding vasculature.

We began our investigation in Section 3.2 by using a simple scaling argument to

compare the rate of proliferation of tumour cells to the rate of proliferation of healthy

cells in small tumours with growth fractions close to unity. For such tumours we found

that the maintenance of a gap of constant width requires healthy, non-cancerous, cells

to proliferate approximately half as quickly as cancerous cells. This is unrealistic for

all tumours, except those with very long doubling times or those growing in tissue

with a very high cell turnover rate. This suggests that for most tumours the gap

between the tumour and vasculature will initially reduce in width, but our scaling

argument was inconclusive at considering whether this gap could re-establish itself

once the tumour exceeds the range of sizes that can be considered by this scaling

argument.

In Section 3.3 we then built a model which quantified the rate at which oxygen is

drawn out of the capillary network to support a variety of tumour and gap configura-

tions. We found that the 2 mm gap between the tumour and vasculature often seen

following intra-cornea implant experiments must be unique to the cornea and is an

artefact of the fact that the cornea is an uniquely large region of avascular tissue. In

other tissues, which are vascularised in the absence of a tumour, it was found that to

support a saturated tumour with a 2 mm gap between the tumour and vasculature

requires that almost 60 times as much oxygen be drawn out of the capillary network

than is required to support normal tissue in the absence of a tumour. This is orders of

magnitude higher that the maximum increase in oxygen supply observed experimen-

tally and unrealistic. However, our rate of oxygen supply argument was inconclusive

at considering whether a gap between the tumour and vasculature of 50µm, which

corresponds to a gap of constant width being maintained as the tumour grows, might

exist.

In Section 3.4 we then considered the behaviour of the gap between the tumour and

vasculature by developing a multi-compartment model for the growth of an avascular

tumour. In this section we considered four different cases for the proliferation kinetics

of healthy cells. In the first case we assumed that to leading order there is no net
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proliferation of healthy cells and in the second case we allowed the healthy cells to

proliferate and die at rates which depend upon the local oxygen concentration.

It was found that the difference between Cases 1 and 2 was minimal. This validates the

assumption made in Case 1 that to leading order the natural proliferation and death

of healthy cells is negligible. However, the addition of oxygen driven cell kinetics

could not maintain a significant gap between the tumour and vasculature. This

demonstrates that if a significant gap is to be maintained between the tumour and

vasculature then more complicated cell kinetics are required.

In Cases 3 and 4 we forced the healthy cells to proliferate in a way which maintained

a uniform gap between the tumour and vasculature. In Case 3 we forced the local cell

velocity to be constant throughout the region of healthy, non-cancerous, cells, and

in Case 4 we forced the rate of proliferation to be constant throughout the region of

healthy, non-cancerous cells. Comparing the results of Cases 3 and 4 we found these

two cases to exhibit discernibly, if not significantly, different tumour behaviour. The

resultant behaviour of these two cases was sufficiently similar to suggest that any

healthy cell proliferation kinetics which maintains a uniform gap between the tumour

and surrounding vasculature can be approximated by considering these two cases.

Cases 3 and 4 agreed with our initial scaling argument and again illustrated that

the maintenance of a uniform gap between the tumour and surrounding vasculature

initially requires unfeasibly rapid proliferation of non-cancerous cells, except possibly

for tumours with very slow doubling rates or tumours growing in tissues with very

high cell turnover rates.

Both our initial scaling argument and our multi-compartment model show that the

rate of healthy, non-cancerous, cell proliferation initially required to maintain an

uniform gap between the tumour and surrounding capillaries is unfeasibly rapid,

except possibly for tumours with very slow doubling rates or tumours growing in

tissues with very high turnover rates. Furthermore, even if a given tumour has a

very slow doubling rate, or grows in tissue with a high cell turnover rate, or the

gap between the tumour and surrounding capillaries initially closes but then later

recovers, then there is no obvious mechanism which would upregulate healthy cell

proliferation to the required extent, and our multi-compartment model has shown

that oxygen driven healthy cell kinetics are nowhere near sufficient.

Given this, we conclude that for in vivo tumour spheroids, any initial gap between

the tumour and surrounding vasculature quickly closes so that once the tumour grows
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to be 200µm in radius the surrounding capillaries are effectively lying on the surface

of the tumour. Certainly when the tumour reaches its maximum size as given by

diffusion limited control then the surrounding capillaries will effectively be lying on

the surface of the tumour with no significant gap between the tumour and surrounding

capillaries.

However, while applicable for micrometastases, the presence of a basal membrane

near the initiation point of a carcinoma can provide a physical barrier between the

tumour and surrounding vasculature. In situations where the additional, albeit thin,

membraneous, biological structures exist they may limit the ultimate approach of an

initiating tumour to the capillary bed.

Regardless of this, as the initial separation between tumour and capillary is of the

order of the inter-capillary distance, our studies unequivocally demonstrate that sus-

taining a tumour with a 2 mm gap between the tumour and surrounding vasculature

requires an impossibly high rate of oxygen delivery out of the vasculature. This

highlights that the results of the intra-cornea implant experiment are unique to that

setting. In particular, angiogenesis does not in general take place with capillaries

sprouting towards and into the tumour from a significant distance away. This result

is in contrast to the widespread belief of many papers in the mathematical literature.

So whilst the intra-cornea implant experiment is relevant to that context, it should

not be used as a starting point for general models for angiogenesis.
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Chapter 4

Modelling the Evolution of a Solid
Vascular Tumour

4.1 Introduction

In this chapter we derive a model for the growth of a vascular tumour. This model

will be developed as a stepping stone to modelling a vascular tumour undergoing

treatment by a combination of chemotherapy and/or anti-angiogenic therapy, and

such therapies are included into our model in the proceeding chapters. While deriving

this initial model we will remain conscious that our system must be receptive to the

inclusion of these therapies. After deriving our model we will then evaluate all the

parameters in it by performing a literature search and an analysis of parameters.

4.1.1 Literature Summary

Before deriving our model we conduct a review of the relevant literature.

Mathematical Literature

Early mathematical biologists hypothesised that the increased cell proliferation rate

in a tumour should cause it to double at a constant rate so that tumour growth can

be described by a simple exponential growth model. Collins et al. (1956) used the

case study of a soldier who had observed a small “nodule” behind his left knee to

highlight that tumour growth does follow the exponential model. The soldier noted

the size of the nodule at various dates, but did not seek medical attention until four
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years after he first noticed the tumour, by which time the tumour had grown to 15 cm

in diameter. The observed growth of the soldier’s tumour matched the exponential

growth model.

Laird (1964) proposed that tumours actually grow by some modified exponential

growth process, where successive doublings occur over increasingly longer intervals.

By considering data by Patt and Blackford (1954), who inoculated mice with Krebs

ascites cancer and recorded the size of the corresponding tumours at various times,

Laird showed that such growth dynamics provided a good fit to their data.

Laird et al. (1965) then performed their own experiments and considered the growth

of guinea pigs and recorded their weight, W (t), as a function of time. It was found

that log
(

1
W (t)

dW (t)
dt

)
exhibited a very strong negative linear correlation with time.

Given this relationship between animal weight and time the following non-linear first

order differential equation was derived for the growth of the guinea pigs:

dW (t)

dt
= α2W (t) log

(
K

W (t)

)
, (4.1)

where α2 and K are positive parameters. The solution to an equation of this form

is known as a Gompertzian function, and such functions inherit their name from the

Gompertz law of human mortality, which was discovered whilst considering the pric-

ing of life contingencies (Gompertz, 1825). Such functions characteristically exhibit

sigmoidal curves such as the one shown in Figure 4.1.

Laird et al. (1965) considered the growth of guinea pigs to derive the Gompertz

model, but the Gompertzian growth curve has also been shown to fit well with the

growth of solid vascularised tumours (McCredie et al., 1965; Norton et al., 1976).

However Burton (1966) noted that whilst tumours do follow Gompertzian growth

for a “remarkably large range of size”, they finally grow at a linear rate and the

Gompertzian model fails to capture this final behaviour.

Since then the Gompertzian growth model has been widely used to describe the

growth curves of various animals and organisms (Laird, 1965). Despite the motivation

for Gompertzian growth being entirely empirical, and the fact that it fails to capture

the final linear stage of tumour growth, the Gompertzian growth model remains a

standard model for describing vascular tumour growth.

It should be noted that the Gompertzian growth model only describes the total size

of a tumour. In the next chapter we will apply chemotherapy and anti-angiogeneic
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Figure 4.1: The Gompertz function, as defined by Equation (4.1), with α2 = 1,
κ = 10, and W (0) = 0.1.

therapy to our modelled tumour and to consider the effect of these therapies we will

explicitly model the populations of proliferating, quiescent, and necrotic cells in the

tumour, as well as the level of angiogenesis which has taken place; the standard Gom-

pertzian growth model will not be sufficient for our needs. Even so we must ensure

that our model is consistent with observed tumour growth and displays sigmoidal

growth curves similar to those produced by the Gompertzian growth model.

Before deriving our model we now review other multi-compartment models for vas-

cular tumour growth and any other relevant mathematical papers.

Gyllenberg and Webb (1989) developed a two compartment model for tumour growth

which considered proliferating and quiescent cells. They assumed that proliferating

cells could either proliferate, become quiescent, or die, whereas quiescent cells could

either become proliferative, or die. The rate of transfer from the proliferating popu-

lation to the quiescent population and vice versa (referred to as the transfer rates)

simply depended upon the size of the tumour.
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Gyllenberg and Webb assumed general forms for the transfer rates between the prolif-

erating and quiescent compartments and after imposing some biologically motivated

restrictions derived a number of observed properties of tumour growth. For example,

they predicted that tumour volume would be a monotonically increasing function of

time and saturates at a finite size. Furthermore, upon simulating the tumour growth

over time sigmoidal growth curves were observed and it was also shown analytically

that terms could be specifically chosen so that the model exhibits exact Gompertzian,

or logistic growth.

Whilst Gyllenberg and Webb’s model does not explicitly model angiogenesis, and

so is not general enough for our purposes, their work does suggest that a simple

multi-compartment model can exhibit realistic, sigmoidal growth curves.

Kozusko and Bajzer (2003) align Gyllenberg and Webb’s model with that of Gom-

pertzian growth by calculating the terms required for Gyllenberg and Webb’s model to

exhibit exact Gompertzian growth in a more general setting. The resulting terms are

complex and have no biological motivation other than recovering exact Gompertzian

growth. Since exact Gompertzian growth is not required to obtain realistic growth

curves, and the resulting transfer rates when Gompertzian growth is forced are overly

intricate, we will build a simple multi-compartmental model where the transfer rates

from one compartment to another are biologically motivated. However, we must still

ensure that our model exhibits a sigmoidal growth curve.

Our model will be similar to Gyllenberg and Webb’s (1989) but we make two impor-

tant generalisations. Firstly Gyllenberg and Webb (1989), and Kozusko and Bajzer

(2003) both ignore necrotic cells. Whilst living cells were allowed to die the progres-

sion of these necrotic cells was not considered. However, when tumours have been

observed to exhibit sigmoidal growth curves it is the total volume of the tumour which

is recorded and this will include the volume of any necrotic cells. So our model will

also consider the evolution of necrotic cells.

Secondly, Gyllenberg and Webb, and Kozusko and Bajzer both assume that the be-

haviour of the tumour depends only upon the size of the tumour. We anticipate

that the behaviour of the tumour will actually depend on the quality of the local

vasculature. In untreated tumours it might be valid to assume that the quality of

the local vasculature is a function of tumour volume, but for a tumour undergoing

treatment by chemotherapy and/or anti-angiogenic therapy this will certainly not be
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true. So our model will explicitly consider the dependence of the tumour growth on

the quality of the local vasculature.

One paper which does model tumour treatment with anti-angiogenic therapy is that

of Hahnfeldt et al. (1999) who proposed a Gompertzian based model but assumed

that the carrying capacity of the tumour depends upon the vascular support provided

to the tumour. The level of vasculature support could then vary depending upon the

presence of angiogenesis stimulating growth factors and anti-angiogenic therapies.

This simple model was able to reproduce experimental tumour growth, both in the

presence and absence of anti-angiogenic therapy, which suggests that it is possible to

accurately model angiogenesis and its inhibition. However, Hahnfeldt et al.’s model

only considers the total volume of the tumour and as noted previously our model

must be more general than this.

Motivated by the success of these previous models we now build our own multi-

compartment model for vascular tumour growth. To ensure that this model is bio-

logically realistic we first conduct a review of the relevant biological literature.

Biological Literature

Our model will consider three types of tumour cell, namely proliferating cells which

are alive and actively in the cell-division cycle, quiescent cells which are alive but in

the G0 phase of the cell cycle, and necrotic cells. We will also consider the amount of

vasculature support available to the tumour by considering the number of capillary

endothelial cells present in the tumour. These endothelial cells are not cancerous, but

if present in sufficiently large numbers will be considered to contribute to the volume

of the tumour.

It is well known that cell proliferation within solid vascular tumours is heterogeneous

(Tannock, 2001) and so modelling any spatial aspect of vascular tumour growth is

a highly non-trivial task. This heterogeneity also makes it impossible to utilise any

spatial simplifications, such as radial symmetry. So rather than model the spatial

distribution of the tumour cells in each compartment we will consider the total volume

of cells in each compartment.

We now review the relevant properties of the live cells preset in vascular tumour

spheroids and also recall the behaviour of the cell cycle, which was described in

Section 1.5.
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As the tumour grows the cell cycle time of continuously proliferating cells remains

essentially constant (Tubiana, 1971).

The relationship between the vasculature and cell proliferation has been considered

in implanted mouse tumours (Tannock, 1968). It was observed that blood vessels had

“cords” of viable tissue surrounding them and outside these viable cords large regions

of necrosis were found. Furthermore, the proportion of cells which were proliferating

was found to decrease with an increase in the distance away from the nearest vessel.

Comparing the size of these viable cords with the diffusion distance of oxygen and

considering the tumour dynamics when the mice were exposed to different background

oxygen levels gave results which were consistent with the assumption that oxygen is

the main driver for proliferation. However other factors, such as a lack of metabolites

or an accumulation of toxic products could also be important (Tubiana, 1971). The

fact that low growth fractions are found in regions of poor vasculature suggests that

the presence of a poor vasculature promotes proliferating cells to become quiescent

and/or inhibits quiescent cells from becoming proliferative.

It has also been observed that if a tumour is treated by a chemotherapeutic then quies-

cent cells begin to proliferate in greater numbers than before the treatment (Gavosto

and Pileri, 1971). Chemotherapy typically reduces tumour volume to a greater extent

than it reduces vasculature support and so the net effect of the treatment will actually

be to improve the tumour’s vasculature. The fact that large numbers of quiescent

cells are recruited back into the cell cycle after the application of chemotherapy sug-

gests that a good vasculature promotes quiescent cells to become proliferative and/or

inhibits proliferating cells from becoming quiescent.

Having considered the interaction of proliferating and quiescent cells we consider one

final important property of quiescent cells. Some cells can remain quiescent for many

years before they regain the ability to proliferate (Tubiana, 1971). This suggests that

the transfer between proliferative and quiescent states is independent of the cell’s age.

We now consider the behaviour of necrotic cells. It has been observed that cell loss in

tumours is considerable and this loss is primarily due to death (Gavosto and Pileri,

1971). The fact that large regions of necrosis are found away from the blood vessels

suggests that a poor vasculature promotes necrosis. We also know that tumour growth

saturates whilst there are still some proliferative cells present (Tubiana, 1971) and

for this to occur a simple conservation of volume argument implies that there must

be some breakdown of the necrotic cells.
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Finally we consider the behaviour of the capillary endothelial cells in the tumour.

Under normal circumstances endothelial cells are amongst the slowest to reproduce

with cell turnover times of the order of hundreds of days. In contrast, during an-

giogenesis endothelial cells can turnover in a matter of days (Folkman and Kalluri,

2003). This increased proliferation rate is caused by the tumour releasing diffusible

angiogeneic stimulators and to date more than 15 such stimulators have been found.

One of the key angiogenic stimulators is vascular endothelial growth factor (VEGF)

(Oudar, 2000). Treatment with an anti-VEGF antibody has been shown to signifi-

cantly impair the growth of mouse tumours, even if the antibody is applied after the

tumour has become established (Kim et al., 1999). The effect of inhibiting VEGF

was so significant that in one tumour line the treatment resulted in tumours growing

to only 4% of the size of the untreated tumours. In vitro experiments have confirmed

that VEGF does indeed stimulate endothelial cell growth, rather than activate some

other mechanism of tumour cell division, which highlights that VEGF is an important

stimulant of tumour angiogenesis.

Further evidence that VEGF is a fundamental stimulant of angiogenesis stems from

the fact that VEGF controls vascular development during the growth of embryos.

Inhibiting VEGF during mouse development can disrupt the embryonic vascular net-

work and can even result in death (Carmeliet et al., 1996; Ferrara et al., 1996).

Furthermore, VEGF is the only growth factor for which gene knockout during emby-

rogenesis is known to be lethal (Bicknell et al., 1997). This suggests that whilst other

growth factors may have an effect, VEGF is the principle driver of angiogenesis.

It is well known that VEGF is produced in the presence of hypoxia (Shweiki et al.,

1992, 1995) but is has also been shown that VEGF production is up-regulated by

glucose deficiency and that this is independent of up-regulation by hypoxia (Shweiki

et al., 1995). This suggests that VEGF production is correlated to the quality of

the local vasculature, with VEGF production being up-regulated in the presence of

a poor vasculature and down-regulated in the presence of a good vasculature. These

observations suggest that VEGF acts as the principle mediator in a simple feedback

system where a poor local vasculature promotes local endothelial cell growth and a

good local vasculature inhibits local endothelial cell growth.
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4.1.2 The Aims of this Chapter

In this chapter we aim to construct a model for vascular tumour growth which is

receptive to the inclusion of chemotherapy and anti-angiogenic therapies. We then

aim to estimate all the parameters in this model. Our model will then be ready for

the inclusion of these therapies, which will be added in the next chapter.

4.2 The Model

We now derive our model and we begin by considering how to quantify the quality of

the local vasculature.

4.2.1 Quantifying the Quality of the Local Vasculature

We noted in our biological review in Section 4.1.1 that cells exhibit different behaviour

depending upon the local concentration of oxygen and other nutrients, and hence the

quality of the local vasculature. We also noted that it is not desirable to model any

spatial aspects of the tumour and so we consider the quality of the entire tumour’s

vasculature, which we assume correlates with the average oxygen concentration within

the tumour.

To quantify the quality of the tumour’s vasculature we consider the ratio of oxygen

demand to oxygen supply. Oxygen will be in demand by the proliferating, quiescent,

and endothelial cells in the tumour, but only supplied by the endothelial cells. As

a surrogate measure of the ratio of oxygen demand to oxygen supply we consider

the ratio of the total number of proliferating, quiescent, and endothelial cells to the

number of endothelial cells, which we denote by X. If this ratio is order one then

the tumour will be considered to be well vascularised, and if this ratio is much larger

than one then the tumour will be considered to be poorly vascularised.

A Switching Function

To allow various mechanisms in our model to be up-regulated or down-regulated de-

pending upon the quality of the local vasculature we now define a switching function,

which we denote by Sw(X, a), where X is our measurement of the quality of the

local vasculature, a is the critical quality of the local vasculature determining when
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the switching function is turned on or off, and w is the sensitivity of the switching

function.

Note that our X increases as the quality of the local vasculature decreases. We

choose our switching function so that it gets switched on when the quality of the

local vasculature decreases, and so it must be an increasing function of X. We also

choose our switching function so that it is switched completely on in the presence

of an extremely poor vasculature and switched completely off in the presence of an

extremely good vasculature, so it must also satisfy lim
X→∞

Sw(X, a) = 1 and Sw(1, a) =

0. Finally, we choose our switching function so that Sw switches from Sw ∼ 0 to Sw ∼
1 at X ∼ a, and so that increasing w leads to a sharper switch with lim

w→∞
Sw(X, a) =

H(x− a) (the Heaviside function).

There are an infinite number of candidate switching functions, but here we take

Sw(X, a) =
tanh(w(X − a)) + tanh(w(a− 1))

1 + tanh(w(a− 1))
. (4.2)

A plot of this switching function for w = 1 and a = 5 is shown in Figure 4.2. With

the general properties of the switching function defined we can now derive our model

for the evolution of the different cell populations.

4.2.2 The Evolution of the Cell Populations

Proliferating Cells

In our review of the cell cycle in Section 1.5 we observed that proliferating cells can

divide into daughter cells which are immediately either proliferating or quiescent.

Here we assume that each proliferating cell divides into two daughter cells, both of

which are quiescent, at a rate µ. When considering the behaviour of the quiescent cells

we will assume that these quiescent daughter cells can recover the ability to proliferate.

Under optimal conditions, with suitable parameter choices, these assumptions allow

daughter cells to be temporarily quiescent and then quickly recover the ability to

proliferate, in which case this brief period of quiescence represents the G1 phase of

the cell cycle.

We also assume that proliferating cells undergo necrosis at a rate which depends upon

the quality of the local vasculature, with an increase in the quality of the vasculature

downregulating necrosis and a decrease in the quality of the vasculature upregulating
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Figure 4.2: The switching function, Sw(X, a), as defined by Equation (4.2), for w = 1
and a = 5.

necrosis. We also assume that the rate of necrosis is bounded by a maximum rate η,

which occurs in the presence of an extremely poor vasculature.

We also assume that proliferating cells can become quiescent at a maximum rate ψ1,

but this maximum rate only occurs in the presence of an extremely poor vascula-

ture and that quiescent cells recover the ability to proliferate at a maximum rate

ψ2, but that this maximum rate only occurs in the presence of an extremely strong

vasculature.

Having made these assumptions we find that if P denotes the total volume of prolifer-

ating cells in the tumour, including any extracellular space in between the proliferating

cells, then

dP

dt
= −

{
µ+ψ1Sw1

(
P+Q+E

E
, α1

)
+ηSw2

(
P+Q+E

E
, α2

)}
P+ψ2

{
1−Sw1

(
P+Q+E

E
, α1

)}
Q,

(4.3)

where Q, and E are the total volume of quiescent, and endothelial cells respectively

in the tumour, including any extracellular space in between the cells, α1 is the critical
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level of vascularisation which determines the net direction of transfer from prolifera-

tive cells to quiescent cells, α2 is the critical level of vascularisation for cell necrosis,

and the parameters w1 and w2 define the sharpness of the switching functions.

Quiescent Cells

As well as the previously made assumptions we assume that quiescent cells undergo

necrosis at the equivalent rate as proliferating cells. Then the evolution of quiescent

cells is given by

dQ

dt
=
{

2µ+ψ1Sw1

(
P+Q+E

E
, α1

)}
P−
{
ψ2

(
1− Sw1

(
P+Q+E

E
, α1

))
+ηSw2

(
P+Q+E

E
, α2

)}
Q.

(4.4)

Note that we have assumed that during the M phase of the cell cycle one proliferating

cell divides into two daughter cells which are initially quiescent. It is this division of

one proliferating cell into two quiescent cells which means that whilst proliferating

cells are lost due to mitosis at a rate µP , quiescent cells are gained due to mitosis at

a rate 2µP .

Necrotic Cells

As well as the previous assumptions we assume that necrotic cells undergo linear

break up at the constant rate ν. Then if N denotes the total volume of necrotic cells

in the tumour, including any extra cellularspace in between the necrotic cells, then

dN

dt
= ηSw2

(
P+Q+E

E
, α2

)
(P +Q)− νN. (4.5)

Endothelial Cells

In our biological review of Section 4.1.1 we found that the principle driver of en-

dothelial cell reproduction is the local VEGF concentration and that VEGF can be

considered to act as a mediator in a simple feedback system governing the quality

of the local vasculature. Rather than model the local VEGF concentration explicitly

we capture this feedback system by assuming that endothelial cell proliferation is

promoted by a poor quality vasculature and inhibited by a good quality vasculature.

The tumour should exhibit a sigmoidal growth curve, and culminate with the growth

of the tumour saturating. Having assumed that the behaviour of the tumour cells
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depends upon the quality of the tumour’s vasculature this saturation must be driven

by the saturation of the growth of the endothelial cells. Then the evolution of the

endothelial cells is given by

dE

dt
= λ log

(
K

P+Q+N+E

)
ESw3

(
P+Q+E

E
, α3

)
, (4.6)

where λ is a Gompertzian growth parameter, K is the carrying capacity of the tu-

mour’s host, w3 measures the sharpness of the VEGF feedback loop, and α3 is the

critical level of vascularisation in the VEGF feedback loop.

This completes our simple model of vascular tumour growth and we now derive some

suitable initial conditions.

4.2.3 The Initial Conditions

We are modelling the evolution of a vascular tumour, starting from a tumour under-

going the first stages of vascularisation, and finishing with a tumour at saturation.

Our initial tumour should therefore be an avascular tumour which has reached its

maximum size as given by diffusion limited control and is about to become vascu-

larised.

During our analysis of parameters in Section 3.5.1 of the previous chapter we found

that avascular tumours typically saturate at a radius between 0.5 mm and 2 mm (Haji-

Karim and Carisson, 1978; Folkman and Hochberg, 1973) and so we take the initial

radius of our tumour to be 1 mm.

For a tumour of this radius the work of Mueller-Klieser (2000) allows us to estimate

that the corresponding radius volume of the necrotic population is N(0) = 1.0 mm3

(2 s.f.).

In Section 3.4.2 of the previous chapter we found that the mean volume of a proliferat-

ing tumour cell is 3×10−9 cm3, that the cell volume fraction of tissue is approximately

0.66, and that the proliferating rim on the surface of an avascular tumour of radius

1 mm is typically only 2 or 3 cells thick. Given this we estimate that the initial volume

of the proliferating population is P (0) = 0.37 mm3 (2 s.f.).

Finally, all the cells in our initial avascular tumour will be either proliferative, quies-

cent or necrotic, so that Q(0) = 2.8 mm3 (2 s.f.).
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We also require an initial condition for the volume of the endothelial cell popula-

tion. We are considering a tumour which is initially avascular, but about to undergo

vascularisation. This suggests that we should take E(0) = 0. However, Equation

(4.6), which governs the endothelial cell population, implies that if we take this ini-

tial condition then E(t) ≡ 0 for all time. It is simple to shown that E = 0 is an

unstable steady state of our system and so to allow the initiation of vascularisation

we take there to initially be one endothelial cell in our tumour, which corresponds to

E(0) = 1.5 × 10−6 mm3 (Rubin et al., 1989).

Note that our model ignores both the vasculature outside the tumour and the diffusion

of any nutrients across the surface of the tumour. This is expected to be reasonable

for even a moderately well vascularised tumour, but our initial tumour is effectively

avascular, in which case the diffusion of nutrients across the surface of the tumour

is likely to be significant. During the initial vascularisation process this assumption

neglecting the diffusion of nutrients into the tumour will not be valid and we do not

expect our model to accurately capture the initial onset of angiogenesis. However, we

do anticipate that the endothelial cell population in our model will quickly increase

and once our tumour has become vascularised our model will become valid.

4.2.4 Non-Dimensionalisation

We now non-dimensionalise our model using the following rescalings (where carets

denote dimensionless variables)

P (t) =
VL
V
P̂
(
t̂
)
, Q(t) =

VL
V
Q̂
(
t̂
)
, N(t) =

VN
V
N̂
(
t̂
)
,

E(t) =
VE
V
Ê
(
t̂
)
, and t =

t̂

µ
,

where VL is the mean volume of a living tumour cell, VN the mean volume of a

necrotic cell, VE the mean volume of an endothelial cell, and V is the mean cell

volume fraction. Note that under these rescalings P̂ , Q̂, N̂ , and Ê are estimates of

the number of proliferating, quiescent, necrotic and endothelial cells respectively in

the tumour.

Upon applying these rescalings we find our system, as given by Equations (4.3) to
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(4.6), non-dimensionalises to become

dP̂

dt̂
= −

{
1 + ψ̂1S1 + η̂S2

}
P̂ + ψ̂2 (1− S1) Q̂, (4.7)

dQ̂

dt̂
=
{

2 + ψ̂1S1

}
P̂ −

{
ψ̂2 (1− S1) + η̂S2

}
Q̂, (4.8)

dN̂

dt̂
=
V̂L

V̂N
η̂S2(P̂ + Q̂)− ν̂N̂ , (4.9)

dÊ

dt̂
= λ̂ log

( bKbVL( bP+ bQ)+bVN bN+ bE
)
ÊS3, (4.10)

where Si = Swi

( bVL( bP+ bQ)+ bEbE , αi

)
, and

ψ̂1 =
ψ1

µ
, ψ̂2 =

ψ2

µ
, V̂L =

VL
VE
, V̂N =

VN
VE

,

η̂ =
η

µ
, ν̂ =

ν

µ
, λ̂ =

λ

µ
, K̂ =

VK
VE

.

We can also non-dimensionalise the initial conditions to obtain

P̂ (0) =
0.37 mm3V

VL
, Q̂(0) =

2.8 mm3V
VL

,

N̂(0) =
1 mm3V
VN

, Ê(0) =
1.5× 10−6 mm3V

VE
.

(4.11)

Having non-dimensionalised our model we now seek to evaluate the non-dimensional

parameters in it. Not all the parameters can be evaluated directly from the literature,

and so we will perform analysis to assist in our parameter estimation. Unfortunately,

our non-dimensional system consists of a set of four coupled non-linear ordinary differ-

ential equations and an analysis on this system is not readily tractable. However, it is

possible to make a temporary simplifying assumption to our system which will allow

us to perform some analysis which will relate some of the parameters in our model to

known biological quantities. We make this temporary simplifying assumption in the

next section.

4.3 A Temporary Simplifying Assumption

It is anticipated that in the absence of any therapy the quality of the tumour’s vascula-

ture will not alter significantly as the tumour grows. More specifically, it is anticipated
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that in the absence of any therapy the rate of cell necrosis, which depends upon the

quality of the tumour vasculature, will not alter significantly as the tumour grows.

So in the absence of any therapy we now make the temporary simplifying assumption

that the non-dimensional rate of cell necrosis is constant and denoted by the param-

eter η̃. This assumption is validated with an a posteriori validation in Section 4.6.1.

Then our simplified system is given by

dP̂

dt̂
= −

{
1 + ψ̂1S1 + η̃

}
P̂ + ψ̂2 (1− S1) Q̂, (4.12)

dQ̂

dt̂
=
{

2 + ψ̂1S1

}
P̂ −

{
ψ̂2 (1− S1) + η̃

}
Q̂, (4.13)

dN̂

dt̂
=
V̂L

V̂N
η̃
(
P̂ + Q̂

)
− ν̂N̂ , (4.14)

dÊ

dt̂
= λ̂ log

( bKbVL( bP+ bQ)+bVN bN+ bE
)
ÊS3. (4.15)

where Si = Swi

( bVL( bP+ bQ)+ bEbE , αi

)
.

Note that for ease of reference we will refer to the tumour modelled by this simplified

system as the simplified tumour.

4.4 Parameter Estimation

Having temporarily simplified our system we now perform an asymptotic analysis to

relate some of the non-dimensional parameters in our simplified model to the tumour’s

growth and necrotic fractions.

4.4.1 An Asymptotic Analysis

We begin our asymptotic analysis by considering the existence of a small parameter,

which stems from the time scales of our system.

The Cellular and Tumoural Time Scales

We have non-dimensionalised our system with respect to the mean cumulative time

for the S, G2, and M phases of the cell cycle time which is typically of the order of a

few days (Rew and Wilson, 2000). However, the mean doubling time of a tumour is
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typically of the order of a few months (Perry, 2007). This suggests that there are two

time scales in our system, one being the cellular time scale for the mitosis and necrosis

of individual cells, and the other being the tumoural time scale for the net growth

of the entire tumour. We have non-dimensionalised with respect to the cellular time

scale, and we now consider when the cellular time scale will be the relevant time scale

of our system, and when the tumoural time scale is the relevant time scale of our

system.

In our initial conditions we took there to initially be only one endothelial cell in

the tumour, which represents an extremely under-vascularised tumour. As such our

tumour will initially be starved of oxygen, and other nutrients, so that the tumour cells

should undergo necrosis on the cellular time scale, and angiogenesis should up-regulate

endothelial cell proliferation to occur also on the cellular time scale. We therefore

anticipate that our system will undergo an initial normalisation period where the

tumour regresses and/or angiogenesis takes place on the cellular time scale until it

becomes well vascularised. Any such normalisation will be an artefact of our initial

conditions and is not expected to accurately model the onset of tumour angiogenesis.

During this initial normalisation period we anticipate that the tumour will relax to an

adequately vascularised state, and following this normalisation period we anticipate

that the birth and death of individual tumour cells will approximately balance so

that the tumour will then evolve on the slower, tumoural time scale. Furthermore,

with the tumour more adequately vascularised it is expected that angiogenesis will

be less extremely up-regulated so that endothelial cells also evolve on the tumoural

time scale.

We have non-dimensionalised our model with respect to the cellular time scale (for

ease of parameter estimation) but it is anticipated that the tumoural time scale will

be the relevant time scale of our system. So we now introduce a new non-dimensional

time variable, τ̂ , which has been non-dimensionalised with respect to the mean tumour

doubling time as defined by

t = Tdτ̂ ,

where Td is the mean doubling time of the tumour. Then our non-dimensional time

variables are related thus
1

µTd
t̂ = τ̂ ,
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and the fact that the mean cell cycle time of individual cells is much shorter than the

mean doubling time of the tumour implies that

εt̂ = τ̂ where ε� 1.

Approximating The Growth Fraction

To relate the non-dimensional parameters in our simplified system to the simplified

tumour’s growth fraction, which is the ratio of the number of proliferating cells to

the total number of live tumour cells (Mendelsohn, 1960), we first add the non-

dimensional equation governing the proliferating cell population, Equation (4.12),

to the non-dimensional equation governing the quiescent cell population, Equation

(4.13), to obtain an equation for the total live cell population in the simplified tumour

d

dt̂

(
P̂ + Q̂

)
= P̂ − η̃

(
P̂ + Q̂

)
. (4.16)

This can be rescaled to give the following equation governing the live tumour cell

population which has been non-dimensionalised with respect to the tumoural time

scale:

ε
d

dτ̂

(
P̃ (τ̂) + Q̃ (τ̂)

)
= P̃ (τ̃)− η̃

(
P̃ (τ̂) + Q̃ (τ̂)

)
, (4.17)

where P̃ (τ̂) = P̂
( bτ
ε

)
, and Q̃ (τ̂) = Q̂

( bτ
ε

)
.

So during any initial relaxation period where the system evolves on the cellular time

scale, Equation (4.16) is the appropriate equation governing the evolution of live

tumour cells, otherwise the system evolves on the tumoural time scale and Equation

(4.17) is the appropriate governing equation for the population of live tumour cells,

in which case our model contains a small parameter.

To exploit this small parameter we consider the behaviour of the total live cell pop-

ulation over the tumoural time scale, as governed by Equation(4.17), in more detail.

Manipulating and integrating this equation gives

P̃ (τ̂) + Q̃(τ̂) =
1

ε

∫ bτ
0

P̃ (τ̂ − s) e−
eηs
ε ds+

(
P̃ (0) + Q̃(0)

)
e−

eηbτ
ε . (4.18)

We can use Watson’s Lemma (Bender and Orzag, 1978) to obtain the following asymp-

totic expansion for the integral in this equation:∫ bτ
0

P̃ (τ̂ − s) e−
eηs
ε ds ∼ −

∞∑
n=0

(
−ε
η̃

)n+1
dnP̃ (τ̂)

dτ̂n
as ε→ 0,
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Upon substituting this asymptotic expansion into Equation (4.18) we obtain the

following asymptotic expansion for the total live cell population:

P̃
(
τ̂
)

+ Q̃
(
τ̂
)
∼ 1

η̃

∞∑
n=0

(
−ε
η̃

)n
dnP̃ (τ̂)

dτ̂n
+
(
P̃ (0) + Q̃(0)

)
e−

eηbτ
ε as ε→ 0. (4.19)

Assuming that the right hand most term in Equation (4.19) can be taken to be

exponentially small we then obtain the following leading order and second order

approximations for the number of live cells in the tumour.

P̃ + Q̃ ≈ 1

η̃
P̃ , (4.20)

P̃ + Q̃ ≈ 1

η̃
P̃ − ε

η̃2

dP̃

dτ̂
. (4.21)

These approximations can then be manipulated to give the corresponding leading

order and second order approximations to the tumour’s growth fraction, which are

P̃

P̃ + Q̃
≈ η̃, (4.22)

P̃

P̃ + Q̃
≈ η̃ +

ε

η̃

dP̃

dτ̂

P̂ + Q̂
. (4.23)

These approximations are valid when the tumour evolves over the time scale of the

doubling rate of the tumour, in which case τ̂ is the fundamental time scale of the

problem. They can also be re-scaled and expressed in terms of t̂, the non-dimensional

time variable of our model which has been non-dimensionalised with respect to the

doubling rate of the tumour. However the approximations will still only be valid when

the tumour is evolving on the tumoural time scale, even though the approximations

are being expressed in terms of the cellular time scale. Doing this gives the following

leading order approximation to the tumour’s growth fraction:

P̂

P̂ + Q̂
≈ η̃, (4.24)

and the following second order approximation to the tumour’s growth fraction:

P̂

P̂ + Q̂
≈ η̃ +

1

η̃

dP̂

dt̂

P̂ + Q̂
. (4.25)
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So to leading order the growth fraction is constant and equal to the parameter η̃,

which is the non-dimensional cell necrosis rate in our simplified tumour. We have

also derived the second order asymptotic expansion for the growth fraction. This

second order approximation might not offer much insight beyond that afforded by

the first order approximation, but we will use it in Section 4.5 to test the validity of

our asymptotic expansion.

Approximating The Necrotic Fraction

We now apply a similar argument to find an asymptotic expansion for the necrotic

fraction, which is the ratio of the total volume of necrotic cells in the tumour to the

total volume of the tumour (Khalil et al., 1995). To do this we consider the equation

for the evolution of the necrotic cell population in the simplified tumour, Equation

(4.14), but rescaled to be non-dimensionalised with respect to the tumoural time scale

ε
d

dτ̂

(
Ñ(τ̂)

)
=
V̂L

V̂N
η̃
(
P̃ (τ̂) + Q̃(τ̂)

)
− ν̂Ñ(τ̂),

where Ñ (τ̂) = N̂
( bτ
ε

)
.

As before this can be manipulated and integrated to yield

Ñ (τ̂) =
V̂L

V̂N

η̃

ε

∫ bτ
0

(
P̃ (τ̂ − s) + Q̃ (τ̂ − s)

)
e−

bνs
ε ds+ Ñ(0)e−

bνbτ
ε ,

and as before we apply Watson’s Lemma to the integral in this equation to obtain

the following asymptotic expansion for the necrotic cell population:

Ñ
(
τ̂
)
∼ V̂L

V̂N

η̃

ν̂

∞∑
n=0

(
− ε
ν̂

)n(dnP̃
(
τ̂
)

dτ̂n
+

dnQ̃
(
τ̂
)

dτ̂n

)
+ N̂(0)e−bνbt.

Assuming that the right hand most term in this equation is exponentially small then

as before we can obtain the leading order and second order approximations for the

number of necrotic cells in the tumour (equations not presented), and as before these

can be manipulated to give the following first and second order approximations to

the tumour’s necrotic fraction, which are

V̂NÑ

V̂L

(
P̃ + Q̃

)
+ V̂NÑ

≈ η̃

ν̂ + η̃
, (4.26)

V̂NÑ

V̂L

(
P̃ + Q̃

)
+ V̂NÑ

≈ η̃

ν̂ + η̃
− η̃ε

(ν̂ + η̃)ν̂


dnP̃

dτ̂n
+

dnQ̃

dτ̂n

P̃ + Q̃+
bVNbVL Ñ

 , (4.27)
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These approximations are valid when the tumour evolves over the time scale of the

doubling rate of the tumour, but as with the approximations to the tumour’s growth

fractions they can also expressed in terms of t̂. However the approximations will still

only be valid when the tumour is evolving on the tumoural time scale, even though

the approximations are being expressed in terms of the cellular time scale. Doing this

gives the following leading order approximation to the tumour’s necrotic fraction:

V̂NN̂

V̂L

(
P̂ + Q̂

)
+ V̂NN̂

≈ η̃

ν̂ + η̃
, (4.28)

V̂NN̂

V̂L

(
P̂ + Q̂

)
+ V̂NN̂

≈ η̃

ν̂ + η̃
− η̃

(ν̂ + η̃)ν̂

 P̂ − η̃(P̂ + Q̂)

P̂ + Q̂+
bVNbVL N̂

 , (4.29)

where we have used Equations (4.12) and (4.13) to replace the time derivatives in the

second order approximation with a function of the different cell compartments.

As with the growth fraction, to leading order the necrotic fraction is constant and

determined by the parameters ν̂ and η̃. So given an estimate for the tumour’s necrotic

fraction, Equation (4.28) gives a leading order relationship between these two param-

eters. We have also derived the second order asymptotic expansion to the necrotic

fraction, which might not offer much insight beyond that afforded by the first order

approximation, but we will use it in Section 4.5 to test the validity of our asymptotic

expansion.

4.4.2 The Steady States

We now gather some information regarding parameter values by considering the

steady states of our simplified model. We are only interested in tumours which

have the potential to grow to a lethal size if left untreated; for some parameter values

the tumour will naturally die out and such parameter values are uninteresting for

our purposes. Furthermore, we wish to consider tumours which exhibit a sigmoidal

growth curve. Hence our system must exhibit at least one non-trivial stable steady

state and the approach to this steady state should be monotonic.

It is simple to show that our simplified system has at most two classes of non-zero

steady states. The first non-zero steady state is(
P̂ , Q̂, N̂ , Ê

)
=
(

0, 0, 0, E†
)
, for any E† > 0,

122



CHAPTER 4. MODELLING THE EVOLUTION OF A SOLID
VASCULAR TUMOUR

which corresponds to the tissue consisting only of endothelial cells. Despite being non-

zero, this steady state is trivial and will not be considered further. The non-trivial

steady state is (
P̂ , Q̂, N̂ , Ê

)
=
(
P ∗,

(
1−eηeη
)
P ∗,

bVLbVN 1bνP ∗, E∗
)
,

which exists when the simultaneous equations

−
(

1 + η̃

)
− ψ̂1Sw1

( bVLeη P ∗+E∗

E∗
, α1

)
+ ψ̂2

(
1− Sw1

( bVLeη P ∗+E∗

E∗
, α1

))(
1− η̃
η̃

)
= 0,

V̂L

(
η̃ + ν̂

η̃ν̂

)
P ∗ + E∗ = K̂,

have positive solutions for P ∗ and E∗.

It is not possible to write the solution to these simultaneous equations in simple

closed form, but it can be shown that necessary, but not sufficient, conditions for this

non-trivial steady state to exist are

1 ≥ η̃, and ψ̂2 ≥
η̃ + η̃2

1− η̃
, (4.30)

and when the non-trivial steady state exists is it unique. These conditions imply

that for a non-trivial tumour to be viable the rate of necrosis must be less than the

rate of proliferation and that quiescent cells must potentially recover the ability to

proliferate at a rate quicker than some critical rate determined by the rate of necrosis.

Unfortunately finding sufficient conditions for the existence of the non-trivial steady

state and determining an explicit criterion for the steady state to be stable is non-

trivial. So rather than having explicit bounds on the parameters which ensure that

the non-trivial steady state exists and is a stable node we will only consider parameter

values which satisfy Condition (4.30) and then manually verify that our tumour sat-

urates at a non-trivial steady state and that the growth of the tumour is monotonic.

Having performed some analysis on our simplified system, which has allowed us to

relate some of the non-dimensional parameters in our model to more widely known

biological quantities, and derived some necessary but not sufficient conditions for the

existence of a steady state we now evaluate some of the non-dimensional parameters

by reviewing the literature.
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4.4.3 Parameters In the Literature

We begin by recalling the cell volumes and the cell volume fraction which were pre-

viously found in Section 4.2.3. Combining these with an estimate of the volume of

necrotic cells in a tumour (Landry et al., 1981, 1982) we obtain

VL = 3× 10−6 mm3, VN = 1.5× 10−6 mm3, VE = 10−6 mm3, and V = 0.66,

which allows us to evaluate the non-dimensionalised initial conditions, as given by

Equations (4.11), to obtain

P̂ (0) = 82, 000, Q̂(0) = 620, 000, N̂(0) = 440, 000, Ê(0) = 1,

and evaluate the following non-dimensional parameters

V̂L = 3, and V̂N = 1.5.

We now use our asymptotic analysis of Section 4.4.1 to evaluate the non-dimensional

rate of necrosis, η̃, and the decay rate of necrotic cells, ν̂. We begin by considering

the tumour growth fraction. The growth fraction of a tumour can vary considerably

from tumour to tumour and a growth fraction of ten percent is considered low and

growth fractions of thirty to sixty percent are considered high (McKinell et al., 1998).

It is conceivable that tumours with different growth fractions will respond differently

to different therapy schedules and so it is desirable to be able to consider a range of

growth fractions. In particular we will choose parameter values for a tumour with a

low growth fraction, which we take to be 10%, a mid growth fraction, which we take

to be 25%, and a high growth fraction, which we take to be 40%. Then our previ-

ous leading order asymptotic approximation of the growth fraction, Approximation

(4.24), implies that we should consider three different values for the non-dimensional

simplified rate of necrosis respectively, namely

η̃ = 0.1, η̃ = 0.25, and η̃ = 0.4.

We relate this to the non-dimensional rate of decay of the necrotic cells, ν̂, using

the leading order asymptotic approximation to the necrotic fraction, Approximation

(4.28). Here we consider a tumour with a necrotic fraction of 25%, which is typical

for an in vivo tumour (Khalil et al., 1995), so that

η̃

ν̂ + η̃
= 0.25, =⇒ ν̂ = 3η̃.
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So having taken η̃ = 0.1, η̃ = 0.25, and η̃ = 0.4, we must also take ν̂ = 0.3, ν̂ = 0.75,

and ν̂ = 1.2 accordingly.

We now recall the necessary condition for the existence of the non-trivial steady state,

given by Condition (4.30). This criterion gives a bound for the non-dimensional

maximum rate at which quiescent cells become proliferative, ψ̂2, for each value of the

non-dimensional necrosis rate, η̃, and we find that for

η̃ = 0.1, η̃ = 0.25, and η̃ = 0.4,

the respective bounds on ψ̂2 (to 3 s.f.) are

ψ̂2 ≥ 0.122, ψ̂2 ≥ 0.417, and ψ̂2 ≥ 0.933. (4.31)

We can redimensionalise these bounds on ψ̂2 to obtain bounds for the corresponding

dimensional cell cycle time, but first we must estimate the value of the dimensional

cell proliferation rate µ.

Consider our dimensional model applied to a tumour dividing optimally in the pres-

ence of an extremely good vasculature. Under these conditions the Sw1

(
P+Q+E

E
, α1

)
switching function will be small and can be neglected. In this situation a prolifer-

ating cell gives birth to two quiescent cells in a mean time T1 and these quiescent

cells become proliferative in a mean time T2, where T1 and T2 can be related to the

dimensional cell proliferation rate, µ, and the dimensional maximum rate at which

quiescent cells become proliferative, ψ2, as follows

µ =
log 2

T1

, and ψ2 =
log 2

T2

.

T1 corresponds to the mean cumulative time for the S, G2 and M phase of the cell

cycle. The duration of each of these phases of the cell cycle has been recorded, are

roughly invariant, and cumulatively take approximately 11 hours (Murray and Hunt,

1994; Andreef et al., 2000). From this we find that µ = 0.0630 hour−1 (3 s.f.) and

that we have non-dimensionalised time with respect to T = 1
µ

= 15.9 hours (3 s.f.).

With the cellular time scale of our system evaluated we can re-dimensionalise the

bounds on the maximum rate at which quiescent cells become proliferative, as given

by Condition (4.31), to find that these bounds correspond to the total cell cycle time

being less than 101 hours, 37 hours, and 23 hours respectively to the nearest hour.

The total cell cycle time is typically of the order of a couple of days with the cell

cycles as short as 18 hours observed (Rew and Wilson, 2000). Hence the cell cycle
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times required to satisfy Condition (4.31) are all consistent with observed cell cycle

times.

We now estimate the non-dimensional carrying capacity of our tumour’s host, K̂.

Previous applications of Gompertzian models have estimated the carrying capacity

and estimates of the order of 3 × 1012 cells are typical (Norton, 1988; Yorke et al.,

1993). However these models were single compartment models and did not consider

the fact that vascular tumours consist of a mix of cell types and that these different

cell types can have different mean volumes. If we assume that the proliferative cells,

quiescent cells, and necrotic cells form the bulk of the tumour volume then for our

tumour with a necrotic fraction of 25% we can estimate that K̂ = 7.2 × 1012, as

outlined in Appendix B.2.

We now use the cell cycle times of endothelial cells to estimate the magnitude of the

Gompertzian growth parameter λ̂. Ishiwata et al. (1990) studied the doubling rates

of endothelial cells for different concentrations of tumour angiogenesis factor (TAF)

and found that for high concentrations of TAF the doubling time of the endothelial

cells was approximately 60 hours, which corresponds to an exponential growth rate

of log 2
60

hours−1 and a non-dimensional exponential growth rate of 0.184 (3 s.f.). We

relate this experimental exponential growth rate to the parameters in our model

by calculating the exponential growth rate of our modelled endothelial cells in the

presence of high TAF concentrations.

The evolution of endothelial cells in our simplified model is governed by Equation

(4.15). In the presence of high concentrations of TAF, which corresponds to a sit-

uation where the tumour is heavily under-vascularised, the switching function in

Equation (4.15) will be close to unity and the endothelial cell population will be

approximately governed by

dÊ

dt̂
= λ̂ log

( bKbVL( bP+ bQ)+bVN bN+ bE
)
Ê.

In this case the endothelial cells in our model will undergo an initial period of ap-

proximately exponential growth at the non-dimensional exponential growth rate

λ̂ log
( bKbVL( bP (0)+ bQ(0))+bVN bN(0)+ bE(0)

)
.

Comparing this to the doubling time observed by Ishiwata et al. (1990) we can esti-
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mate the value of λ̂ to be

λ̂ ≈ 0.184

log
( bKbVL( bP (0)+ bQ(0))+bVN bN(0)+ bE(0)

) ,
= 0.0124 (3 s.f.).

(4.32)

However we have had to make some assumptions in deriving this expression for the

Gompertzian growth parameter λ̂. In particular, if the switching function in Equation

(4.15) is slightly less than one then we will have underestimated the value of λ̂. Hence

we expect that the Estimate (4.32) will give the likely magnitude of λ̂, but that the

appropriate value may actually be slightly larger than this estimate.

Having evaluated all the non-dimensional parameters we can from the literature,

we will now perform an analysis of parameters to estimate the values of the yet

undetermined parameters in our simplified system, namely

ψ1, ψ2, α1, α3, λ, w1, w3.

4.4.4 Analysis of Parameters

To perform our analysis of parameters we make an initial estimate of the remaining

parameters, and then varying each parameter in turn to investigate to which param-

eters the tumour is most sensitive and which aspect of tumour growth is affected by

each parameter. We will then refine our estimation of parameters by a sequence of

trial and improvement until our modelled tumour growth is consistent with observed

tumour growth. However, there are no recorded growth curves for untreated in vivo

human tumours from vascularisation to saturation and it is expected that the growth

curves of animal tumours and in vitro tumours will only give us qualitative, but

not quantitative, information about the desired behaviour of our simplified model.

Hence we can only chose parameters to ensure that our simplified tumour exhibits a

sigmoidal growth curve and that the tumour growth takes several years to saturate

(Yorke et al., 1993).

To perform this analysis of parameters we must first be able to simulate the evolution

of the tumour for a given set of parameter values. We now recap the non-dimensional

simplified model and consider how to simulate its evolution.
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The Non-Dimensional Simplified Model

We now drop carets in our non-dimensional simplified model to obtain

dP

dt
= −

{
1 + ψ1S1 + η̃

}
P + ψ2 (1− S1) , (4.33)

dQ

dt
=
{

2 + ψ1S1

}
P −

{
ψ2 (1− S1) + η̃

}
Q, (4.34)

dN

dt
= 2η̃(P +Q)− νN, (4.35)

dE

dt
= λ log

(
K

3(P+Q)+1.5N+E

)
ES3, (4.36)

where Si = Swi

(
3(P+Q)+E

E
, αi

)
, with the initial conditions

P (0) = 82, 000, Q(0) = 620, 000, N(0) = 440, 000, E(0) = 1. (4.37)

Simulating the Tumour Growth

To simulate the evolution of our simplified tumour we must first recall that our switch-

ing function is given by Equation (4.2), it is then simple to simulate the evolution

of Equations (4.33) to (4.36) using a standard quadrature method. Recalling that in

Section 4.4.1 we asserted that our system should exhibit two distinct time scales, the

cellular time scale and the tumoural time scale, we simulate our system using an adap-

tive linear multistep method where the adaptive time stepping has been optimised

for stiff systems.

The Analysis

We now perform our analysis of parameters whereby we vary each yet unchosen

parameter in turn to determine to which parameters the tumour is most sensitive,

and which aspects of tumour growth each parameter affects.

Doing this we find that w3, which controls the sensitivity of the angiogenic switch, has

a particularly significant effect on the tumour. If w3 is taken to be too small then the

growth of the tumour is not monotonic and instead the tumour volume overshoots

its maximum size and then oscillates around the carrying capacity of the tumour.

However, if w3 is taken to be too large then the tumour cannot grow to a significant
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size and instead dies out. As a compromise between these effects we find that we

should take w3 = 1 for each of the tumours of different growth fraction.

We also find that w1, which controls the sensitivity of the switch in the transfer rate

between the proliferating and quiescent compartments, has only a slight effect on

the tumour. In particular it has only a slight effect on the time it takes the tumour

to reach saturation. We expect that the transfer of cells between the proliferating

and quiescent compartments and the angiogenic switch will both be significant, so we

choose w1 to be of a similar magnitude to w3, but this choice is not unique.

The critical levels of vasculature for the transfer between proliferating and quiescent

states, α1, and angiogenesis, α3, both have a significant effect on the tumour. Taking

either of these parameters to be too small we find that the tumour does not grow

and instead dies out and taking either of these parameters to be too large causes

the tumour to grow unrealistically quickly and be prone to oscillations rather than

monotonic growth. We also assume that the transfer between proliferating and quies-

cent states and angiogenesis will both be significant so that α1 and α3 should be of a

similar magnitude. As a compromise between all these affects we take α1 = α3 = 10

for each tumour of different growth fraction.

Note that we have taken the same values of α1, α3, w1, and w3 for each tumour of

different growth fraction, whereas we alter the values of ψ1, ψ2 and λ for each tumour

of different growth fraction.

To estimate ψ2, which is the rate at which quiescent cells can become proliferative, we

recall Condition (4.30), which is a necessary condition for a non-trivial steady state

to exist. If ψ2 is close to the lower bound in this condition then the tumour dies out

rather than becoming established. However, if ψ2 is taken to be too large then the

corresponding dimensional cell cycle time becomes unrealistically short. So for each

different growth fraction we choose ψ2 as a compromise between these effects.

Finally we must choose the parameters ψ1, which is the rate at which proliferating

cells become quiescent, and λ, which is a Gompertzian growth parameter. These pa-

rameters both affect the time it takes the tumour growth to saturate. In Section 4.4.3

we estimated the expected magnitude of λ and we anticipate that the transfer of pro-

liferating cells to a quiescent state and the transfer of quiescent cells to a proliferating

state will both be significant, so that ψ1 and ψ2 will be of similar magnitudes. We

therefore choose λ and ψ2 as a balance between these effects and so that the resulting

tumour also exhibits a realistic time to saturation.
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Our analysis of parameters then leads us to the parameter values given in Table 4.1.

For these parameter values the growth curves of the different growth fraction tumours

are shown in Figure 4.3 and the evolution of each of the cell compartments for the

different growth fraction tumours are shown in Figure 4.4. In Figure 4.3 it can be

seen that as required the growth curve for each tumour is sigmoidal, with saturation

occurring just under three years after vascularisation. In Figure 4.4 it can be seen

that each of the cell compartments in the tumours also follows a sigmoidal growth

curve with the same time to saturation as the entire tumour.
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Figure 4.3: The growth curves of our simplified tumours for the parameter values
outlined in Table 4.1, as governed by Equations (4.33) to (4.36).

During the analysis of parameters we also simulated the growth of the tumour with

different initial conditions but the same parameter values (results not shown). This

allowed us to investigate how sensitive our model is to changes in the initial condi-

tions. It was found that the system is very robust to changes in the initial conditions.

So whilst our initial conditions derived in Section 4.2.3, and the ensuing initial vas-

cularisation of our model, are unlikely to represent actual tumour growth, the long

time dynamics of our tumour are largely independent of the initial conditions. So
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(a) The 10% growth fraction tumour.
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(b) The 25% growth fraction tumour.
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(c) The 40% growth fraction tumour.

Figure 4.4: The growth curves of each cell type in our simplified tumours of differ-
ent growth fractions for the parameter values outlined in Table 4.1, as governed by
Equations (4.33) to (4.36).
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our choice of initial conditions is sufficient for closing the model and yielding realistic

long time tumour dynamics.

4.5 Validating the Asymptotic Analysis

Having evaluated all the parameters in our simplified system we now test the validity

of the asymptotic analysis which was performed in Section 4.4.1.

We begin by considering the simplified tumour’s growth fraction, which can readily

be calculated from the simulations of the evolution of the tumour, and the asymptotic

approximations to it as given by Equations (4.24) and (4.25). These quantities for

the 25% growth fraction simplified tumour are shown in Figure 4.5. It can be seen

that except for the very early behaviour our leading order approximation suffers from

an error of less than 15% and our second order approximation suffers from an error of

less than 2%. In Figure 4.5(b) it can be seen that initially the approximations are not

valid, but after a period of approximately 12 days they become reasonable. We antic-

ipate this is due to the tumour initially undergoing a relaxation on the cellular time

scale, during which our Watson’s lemma based asymptotic analysis does not apply.

To consider this in detail we consider the initial behaviour of the tumour in Figure

4.6. It can be seen that as anticipated the tumour initially regresses on the cellular

time scale until the tumour is relatively well vascularised, at which point it then starts

growing on the slower tumoural time scale. The presence of this initial relaxation is

an artefact of our initial conditions and during this relaxation our Watson’s lemma

based analysis does not apply and so it is to be expected that our asymptotic analy-

sis breaks down here. Furthermore the time frame for which our approximations are

initially not valid, 12 days or so, is consistent with them not being initially valid over

the short time scale, of a few days, but being valid over the long time scale, of a few

months. This is also as expected given the assumptions of our Watson’s lemma based

analysis.

Figure 4.7 show the necrotic fraction of our simplified tumour and the first two ap-

proximations to it. This behaves similarly to the growth fraction whereby the ap-

proximations are initially not valid, but do become valid once the initial relaxation

has taken place. Once valid the leading order approximation suffers from an error of

less than 4% and the second order approximation suffers from an error of less than

0.02%.
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Figure 4.5: The growth fraction and the first two approximations to the growth
fraction, for our simplified tumour with a growth fraction of 25%, for the parameter
values outlined in Table 4.1, as governed by Equations (4.33) to (4.36).
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Figure 4.6: The initial behaviour of each cell type in our simplified tumour with a
growth fraction of 25% for the parameter values outline in Table 4.1, as governed by
Equations (4.33) to (4.36).

The evolution of the simplified tumour has shown the predictions of Section 4.4.1

to be correct. As predicted there are two time scales in our system. Initially the

tumour regresses on the cellular time scale, but once adequately vascularised the

tumour evolves more slowly on the tumoural time scale. When the system evolves

on the slower, tumoural, time scale our leading order asymptotic approximations to

the tumour’s growth and necrotic fraction are sufficiently accurate to validate their

use in estimating parameters in our simplified model. Furthermore, our second order

approximations to the growth and necrotic fraction are an order of magnitude more

accurate than the first approximations, which validates our asymptotic analysis.
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Figure 4.7: The necrotic fraction and the first two approximations to the necrotic
fraction, for our simplified tumour with a growth fraction of 25%, for the parameter
values outlined in Table 4.1, as governed by Equations (4.33) to (4.36).
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4.6 Re-Generalising the Model

In Section 4.3 we temporarily simplified our model by assuming that the rate of

necrosis was constant, rather than depending upon the local oxygen concentration.

This simplification allowed us to perform an asymptotic analysis to assist with our

parameter estimation. It was anticipated that this simplification would be valid for

a tumour growing in the absence of any therapy, but not for a tumour undergoing

treatment. We now relax this temporary simplification and use the parameter values

summarised in Table 4.1 for our simplified model to find parameter values which

provide realistic growth dynamics for the re-generalised system. Upon re-generalising

we obtain the following non-dimensional system

dP

dt
= −

{
1 + ψ1S1 + ηS2

}
P + ψ2 (1− S1)Q, (4.38)

dQ

dt
=
{

2 + ψ1S1

}
P −

{
ψ2 (1− S1) + ηS2

}
Q, (4.39)

dN

dt
= 2ηS2(P +Q)− νN, (4.40)

dE

dt
= λ log

(
K

3(P+Q)+1.5N+E

)
ES3, (4.41)

where Si = Swi

(
3(P+Q)+E

E
, αi

)
, with the initial conditions

P (0) = 82, 000, Q(0) = 620, 000, N(0) = 440, 000, E(0) = 1. (4.42)

Where parameters in this generalised system have exact parallels to parameters in the

simplified system we will use the parameter value presented in Table 4.1. However

the parameters relating to cell necrosis, η, w2, and α2, do not have exact parallels

with the previous system.

It is expected that cell necrosis will not dominate cell proliferation or tumour an-

giogenesis and vice versa, and instead we anticipate that all of these processes will

be significantly up and down-regulated across the range of conditions observed in an

in vivo tumour. To allow the necrosis switching function to switch on and off over

the same range of conditions as the other switching functions we take α2 = 10 and

w2 = 1.

We now estimate the maximum rate at which cells can undergo necrosis, η. We do

this by ensuring that the rate of necrosis in the general model is comparable to the
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rate of necrosis in the simplified model by choosing parameters in our general model

so that

ηSw2

(
3(P+Q)+E

E
, α2

)
≈ η̃.

However to evaluate the switching function in this approximation we must simulate

the evolution of the generalised tumour, but we cannot do this until we evaluate

the parameter η. Instead we estimate the value of the switching function in this

approximation by comparing it to the equivalent switching function in the simplified

model.

For our 10% growth fraction simplified tumour at saturation the switching function,

as given by Equation (4.2), takes the value Sw2

(
3(P+Q)+E

E
, α2

)
= 0.350 (3 s.f.) when

α2 = 10 and w2 = 1. Assuming that the quality of the vasculature at saturation in

our simplified model will serve as a good estimate for the quality of the vasculature

at saturation in our generalised model, and recalling that in our simplified model we

took η̃ = 0.1, we now take η = 0.1
0.350

= 0.286 (3 s.f.) in our generalised model.

By a similar argument we take η = 1.09 (3 s.f.) for the 25% growth fraction tumour

and η = 2.16 (3 s.f.) for the 40% growth fraction tumour.

Thus, for our generalised model we take the parameter values presented in Table 4.2.

This parameter estimation is reliant upon the simplified and re-generalised models

behaving similarly in the absence of any therapy, and we now check this.

4.6.1 Comparing the Simplified and Generalised Models

Having re-generalised our model we now compare the behaviour of the simplified and

generalised models to ensure that the generalised model also exhibits realistic tumour

growth. In Figure 4.8 we plot the growth curves of the simplified and generalised

models for the parameter values corresponding to the 25% growth fraction tumour.

It can be seen that the growth curves for both the simplified and generalised mod-

els are sigmoidal. However, the generalised tumour grows more quickly than the

simplified tumour. The reason for this can be seen in Figure 4.9, where we plot

the constant rate of cell necrosis used in the simplified model, η̃, and the rate of cell

necrosis which depends upon the quality of the vasculature used in the general model,

ηSw2

(
3(P+Q)+E

E
, α2

)
. It can be seen that following the initial normalisation the rate

of cell necrosis is lower in the general model than in the simplified model. The reason
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Figure 4.8: The growth curves of our simplified model, as governed by Equations
(4.33) to (4.36), and our generalised model, as governed by Equations (4.38) to (4.41),
for the parameter values corresponding to a 25% growth fraction tumour as outlined
in Tables 4.1 and 4.2.

for this is that following the initial normalisation the quality of the tumour vascula-

ture in both models is comparatively good, but decreases as the tumour grows (results

not shown). Hence allowing the rate of necrosis to depend upon the quality of the

tumour vasculature causes the rate of cell necrosis to be relatively low following the

initial normalisation, but it then increases as the tumour grows. However, the overall

effect of this is only to slow the growth of the tumour, though orders of magnitude are

not changed. This validates our temporary simplifying assumption that the rate of

necrosis in the absence of any therapy can be assumed to be constant for the purpose

of parameter fitting, which was made in Section 4.3.

In Figure 4.8 we only plotted the total volume of the tumour. To ensure that each cell

compartment in the general tumour behaves suitably similarly to the corresponding

cell compartment in the simplified tumour we consider the evolution of each of the

different cell compartments, which we plot in Figure 4.10. Again it can be seen that
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Figure 4.9: The rate of cell necrosis in the simplified model, η̃, for the 25% growth frac-
tion tumour for the parameter values outlined in Table 4.1, as governed by Equations

(4.33) to (4.36) and the rate of cell necrosis in the general model, ηSw2

(
3(P+Q)+E

E
, α2

)
,

for the 25% growth fraction tumour for the parameter values outlined in Table 4.2,
as governed by Equations (4.38) to (4.41).

each of the different cell compartments in the generalised model behaves similarly to

the corresponding compartment in the simplified model, albeit with the generalised

model growing more quickly. Despite growing slightly quicker than the simplified

model, the time to saturation of our generalised model is still biologically realistic

and so the evolution of the generalised model is as realistic as the simplified model.

The asymptotic analysis performed in Section 4.4.1 which assisted in evaluating pa-

rameters is not valid in our generalised tumour, however the simplified and gener-

alised systems may behave suitably similarly that the resulting approximations to the

growth and necrotic fractions may still be valid in the generalised model. To consider

this we compare the growth and necrotic fractions of the simplified and generalised

tumour and we plot these fractions of the two modelled tumours in Figure 4.11. It can

be seen that whilst there is some variation in the growth fraction and necrotic fraction
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Figure 4.10: The evolution of the different cell compartments in our simplified model
(plotted with solid lines), as governed by Equations (4.33) to (4.36), and our gener-
alised model (plotted with dashed lines), as governed by Equations (4.38) to (4.41),
for the parameter values corresponding to a 25% growth fraction tumour, as shown
in Tables 4.1 and 4.2.

in each case, the trends remain the same and the fractions of the two models converge

at saturation. We primarily used our asymptotic analysis to estimate parameter val-

ues in our simplified model pertaining to the growth and necrotic fractions. The fact

that the growth and necrotic fractions in the simplified and generalised models behave

similarly validates the use of this asymptotic analysis in our parameter estimation.

4.7 Discussion

In this chapter we were aiming to construct a model for the growth of a vascular tu-

mour which would be receptive to the inclusion of chemotherapy and anti-angiogenic

therapies. In particular we wanted to construct a model which exhibited realistic

growth dynamics and which also considered the evolution of different cell compart-
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Figure 4.11: A comparison of the growth and necrotic fractions of our simplified
model, as governed by Equations (4.33) to (4.36), and our generalised model, as
governed by Equations (4.38) to (4.41), for the parameter values corresponding to a
25% growth fraction tumour outlined in Tables 4.1 and 4.2.
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ments in the tumours and explicitly depended upon the quality of the tumour vascu-

lature.

Having reviewed the biological literature we derived a set of coupled ordinary differ-

ential equations for the evolution of each cell compartment within the tumour. We

closed this model by deriving the corresponding initial conditions for an avascular

tumour at saturation which has just begun to undergo angiogenesis.

Upon non-dimensionalising the model we evaluated some, but not all, of the non-

dimensional parameters in the model by performing a literature search. We then

performed analysis which related some of the unknown parameters to biologically

known quantities. In particular, we temporarily simplified the model by assuming

that the death rate of tumour cells was constant, rather than depending upon the

quality of the local vasculature, and introduced a small parameter by comparing

the cellular and tumoural time scales. This small parameter allowed us to perform

an asymptotic analysis which showed that the leading order growth and necrotic

fractions of the simplified tumour are given by the tumour cell death rate and the

necrotic cell decay rate, which allowed the estimation of these parameters. We also

used the criterion that we are only interested in tumours with a stable non-trivial

steady state to obtain bounds on some of the remaining unknown parameters.

We finalised our parameter estimation by performing an analysis of parameters,

whereby we ensured that the evolution of our simulated tumour was suitably realistic.

In particular we ensured that our simulated tumour exhibited a realistic monotonic

Gompertzian style growth curve.

With a complete set of parameter values chosen for our simplified model, we then re-

generalised our model and converted these parameter values into an estimation of the

parameter values in our general system. By comparing the behaviour of our simplified

and general systems we found that they behave similarly, although the general tumour

grows quicker than the corresponding simplified tumour, but not extensively so. We

also found that both models undergo an initial relaxation where the tumour regresses

and the endothelial cells proliferate on the cellular time scale. This is not expected

to suitably model the initial vascularisation process; however the behaviour of our

model after the normalisation relaxation is very robust to the behaviour of this initial

relaxation. Hence the details of the initial conditions and the associated transient

dynamics are not significant for tumour dynamics on longer timescales.
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Hence our general model is a empirically motivated model for vascular tumour growth

with sets of parameter values which provide realistic growth dynamics for a range of

growth fractions. Furthermore, the fact that our model distinguishes between the

different tumour cell types makes it receptive to the inclusion of a chemotherapeutic,

and the fact that our model explicitly depends upon the quality of the tumour’s

vascular makes it receptive to the inclusion of any therapy which provides an anti-

angiogenic effect. We include such therapies in our model in the next chapter.
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Chapter 5

Incorporating Therapy

5.1 Introduction

In this chapter we incorporate therapy into our previous model for the evolution of

a vascularised tumour. The resulting model for the evolution of a vascular tumour

undergoing treatment is then used to consider some key clinical questions regarding

tumour treatment. Before doing this we will consider what relevant mathematical

modelling has already been done, and how well the relevant biology is understood,

by conducting a review of the relevant mathematical and biological literature.

5.1.1 Literature Summary

Mathematical Literature

One of the first, and most influential, mathematical papers concerning chemotherapy

was that by Skipper et al. (1964). Amongst other results, Skipper et al. used a law of

mass action type argument to show that chemotherapy follows a log-kill rule, where

each application of therapy kills a constant fraction of the tumour, rather than killing

a constant number of cells.

This log-kill rule was later generalised by Norton and Simon (1977a) who proposed

that tumour regression in response to radiotherapy is actually proportional to the

growth rate of the unperturbed tumour, rather than simply being proportional to the

size of the tumour, and they validated this assertion by using a model to reproduce

the observed in vivo response of rat tumours to radiotherapy. Norton and Simon

(1977b) then showed that this result also applied to chemotherapy and assuming
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chemotherapy induces tumour regression at a rate proportional to the growth rate of

the unperturbed tumour gave greater agreement between the modelling and in vivo

results than using either a constant cell kill or a log-kill model. The assumption that

chemotherapy induces tumour regression at a rate proportional to the growth rate of

the unperturbed tumour has since been dubbed the Norton-Simon model and remains

a standard model for tumour response to chemotherapy.

Norton and Simon (1977b) also used this model to consider tumour response to dif-

ferent treatment regimes and concluded that brief periods of high doses of chemother-

apy are more effective at treating a tumour than prolonged periods of low doses of

chemotherapy. This assertion, that dose dense therapies are more effective than dose

sparse therapies, has become known as the Norton-Simon hypothesis. However, the

work of Norton and Simon (1977b) neglects the important effect of therapy resistance.

Since these general results were derived much work has been carried out which con-

siders more specific questions concerning the treatment of vascular tumours with

chemotherapy. It is unfeasible to review all this work here, however the aforemen-

tioned papers are the most general, and influential, concerning the mathematical

modelling of chemotherapy scheduling.

Biological Literature

The term chemotherapy refers to any drug which has a toxic effect on cells. The term

is typically applied to drugs which are used in the treatment of malignant tumours

and we will only use it in that context here. Also, whilst chemotherapy can refer to

any drug which kills tumour cells, it typically only refers to therapies which are more

toxic to malignant cells than healthy cells, and again we will use it in that context

here.

Many chemotherapies interfere with proliferating cells as they are going through the

cell cycle in some way which causes the them to undergo a form of cell suicide known

as apoptosis (Goldie, 2008). Such drugs can only affect cells which are actively going

through the cell cycle and are known as cell cycle specific drugs. Cell cycle non-

specific chemotherapies which target all living cells independently of whether or not

they are actively in the cell cycle also exist, but in this investigation we limit ourselves

to considering cell cycle specific therapies.

During treatment, chemotherapy is often delivered intravenously, but can also be

given orally (Freter and Perry, 2008) and at clinically relevant doses chemotherapy
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uptake by the cells often increases linearly with therapy dose (Mistry et al., 1992;

Hromas et al., 1987; Johnson et al., 1996).

As well as targeting tumour cells, chemotherapy has also been found to be able

to provide an effective anti-angiogenic effect by killing endothelial cells; however a

small proportion of chemotherapeutics possess no significant anti-angiogenic efficacy

(Browder et al., 2000). In fact, traditional chemotherapies have been shown to work

as effective anti-angiogenic agents in resistant in vivo mouse tumours and it has been

suggested that chemotherapy might be scheduled to provide a predominately anti-

angiogenic effect. One of the key benefits of such a therapy is that the population of

endothelial cells within a vascular tumour would not be expected to acquire resistance

to the therapy (Browder et al., 2000).

5.1.2 The Aims of this Chapter

In this chapter we aim to build a model for the evolution of a vascular tumour

being treated by chemotherapy and use this model to consider some of the key clin-

ical questions regarding tumour treatment. In particular we aim to build a model

which explicitly considers the role of angiogenesis and the possibility of scheduling

chemotherapy to provide an anti-angiogenic affect.

5.2 Modelling the Inclusion of Chemotherapy

We now take our previous model for the growth of an untreated vascular tumour,

which was derived in Section 4.2 of the previous chapter, and include chemotherapy

into this model. We begin by considering how chemotherapy is delivered to our

tumour.

5.2.1 The Delivery of Chemotherapy

We assume that chemotherapy is delivered to the patient intravenously so that the

intravenous chemotherapy concentration is prescribed and given by L(t), which is

a function of time. Then the amount of chemotherapy delivered to the tumour will

depend upon the quality of the tumour’s vasculature, with a well vascularised tumour
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receiving a higher dose of therapy than an equivalent poorly vascularised tumour.

Hence we take the mean chemotherapy concentration within the tumour, C(t), to be

C(t) =
(
1− Sw4

(
P+Q+E

E
, α4

))
L(t),

where Sw(X, a) is the switching function discussed in Section 4.2.1 of the previous

chapter, α4 is the critical vasculature for the delivery of chemotherapy, w4 is the

sensitivity of the chemotherapy delivery switch and P , Q, and E are the total volumes

of proliferating, quiescent and endothelial cells, respectively, in the tumour.

Note that this simple model implicitly assumes that the half-life of the chemothera-

peutic is sufficiently fast for the chemotherapeutic concentration to quickly decay to

zero upon completion of the therapy. This will be valid for a chemotherapy such as

Fluorouracil (5-FU) which has a half-life of 10-15 minutes (White, 2001).

We now consider what effect this chemotherapy should have upon the tumour.

5.2.2 The Effect of the Chemotherapy

We are limiting our model to the action of cell cycle specific drugs which only affect the

actively proliferating cells and we also assume that at clinically relevant concentrations

the rate of cell kill increases linearly with chemotherapy concentration. Then the

proliferating tumour cells undergo chemotherapy induced apoptosis at a rate κ1CP ,

where κ1 is the linear kill rate of proliferating cells exposed to the chemotherapy.

The findings of Browder et al. (2000) highlight that the endothelial cells will also be

susceptible to the therapy and we model this by applying the Norton-Simon model

and assuming that endothelial cells undergoing therapy undergo net regression at

a rate proportional to the growth rate of an equivalent untreated endothelial cell

population. Then the endothelial cells undergo chemotherapy induced apoptosis at a

rate κ2C
dE
dt un

, where κ2 is the linear relative kill rate of endothelial cells exposed to

the chemotherapy and dE
dt un

is the growth rate of an equivalent untreated population

of endothelial cells.

In this model we combine the populations of apoptotic cells and necrotic cells and

model them as a single compartment of dead cells. This compartment of dead cells

will behave equivalently to the necrotic cell compartment in the previous chapter. It

is possible that apoptotic cells and necrotic cells will actually exhibit slightly different

dynamics, however any slight difference between these cell types is not expected to
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have a significant feedback into the system and so this approach is considered more

desirable than modelling the apoptotic cells separately and introducing additional

unknown parameters into our model.

5.2.3 The Non-Dimensional Model

We now include chemotherapy into our model. Due to the similarity between our

previous model without chemotherapy, presented in Section 4.2 of the previous chap-

ter, and our current model including chemotherapy we do not present the current

dimensional model explicitly, and instead we immediately present the model which

has been non-dimensionalised using the rescalings of Section 4.2.4 of the previous

chapter, as well as the additional rescalings

L(t) = LL̂
(
t̂
)
, where L = max

t
L(t), (5.1)

where caret denotes non-dimensional variables. Defining the following non-dimensional

quantities

Ĉ
(
t̂
)

=
C(t)

L
, κ̂1 =

κ1L
µ
, and κ̂2 = κ2L,

we find that upon introducing chemotherapy to our previous model and dropping

carets we obtain the following non-dimensional system

dP

dt
= −

{
1 + ψ1S1 + ηS2 + κ1C

}
P + ψ2 (1− S1)Q, (5.2)

dQ

dt
=
{

2 + ψ1S1

}
P −

{
ψ2 (1− S1) + ηS2

}
Q, (5.3)

dN

dt
= 2ηS2(P +Q) + 2κ1CP + 2

3
κ2Cλ log

(
K

3(P+Q)+1.5N+E

)
ES3 − νN, (5.4)

dE

dt
= (1− κ2C)λ log

(
K

3(P+Q)+1.5N+E

)
ES3, (5.5)

C(t) = (1− S4)L(t). (5.6)

where Si = Swi

(
3(P+Q)+E

E
, αi

)
, and max

t
L(t) = 1.

Note that our non-dimensional parameters defining the potency of the chemotherapy,

κ1 and κ2, quantify the potency of the therapy in different ways. κ1 is the rate at

which proliferating cells undergo apoptosis per unit of chemotherapy, whereas κ2 is

the relative rate at which endothelial cells undergo apoptosis per unit of chemotherapy

compared to the growth rate of untreated endothelial cells. Hence setting κ1 = κ2

would not correspond to the proliferating cells and endothelial cells being equally

susceptible to the therapy.
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5.2.4 Parameter Estimation

We now attempt to evaluate the non-dimensional parameters which are present in

this model but absent from the previous model outlined in Section 4.2.4. We begin

by estimating the value of κ2, which is the non-dimensional rate of chemotherapy

induced apoptosis of the endothelial cells. To do this we use the work of Browder

et al. (2000) who considered the potential of using traditional chemotherapies as

anti-angiogenic agents in drug-resistant tumours. It was found that chemotherapy

successfully recessed the endothelial cell population in the drug-resistant tumour. To

reproduce this result in our model would require that

1− κ2C < 0

=⇒ κ2 >
1

C
≥ 1.

Hence for the endothelial cell population to be a viable target of the chemotherapy

require that κ2 be at least O(1).

We now use this result to estimate the magnitude of κ1, which is the non-dimensional

rate of chemotherapy induced apoptosis of the proliferating cells, by supposing that

tumour cells and endothelial cells are as equally sensitive. The Norton-Simon model

states that the endothelial cell population will undergo chemotherapy induced apop-

tosis at the rate

κ2C

(
dE

dt

)
un

. (5.7)

However, if we let the fraction of endothelial cells which are instantaneously prolifer-

ating be denoted by φ and assume that endothelial cells and tumour cells are equally

sensitive to the therapy, then the endothelial population will undergo chemotherapy

induced apoptosis at the rate

κ1CφE. (5.8)

To use Expressions (5.7) and (5.8) to relate κ1 and κ2 together we must find an

expression for φ, the fraction of endothelial cells which are actively proliferating. To

do this we compare the potential doubling time of the endothelial cell population to

the actual doubling time of the endothelial cell population. In Section 4.4.3 of the

previous chapter we found that the cell cycle time of endothelial cells is 60 hours.

This corresponds to a non-dimensional cell cycle time of 60
15.9

and a non-dimensional

exponential growth rate of 15.9 log(2)
60

. However the endothelial cell population does
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not grow at this potential rate, instead only a fraction φ of the endothelial cells are

proliferating, so that (
dE

dt

)
un

=
15.9 log(2)

60
φE. (5.9)

Substituting this expression into Expression (5.7) and equating it to Expression (5.8)

we find that

κ1 =
15.9 log(2)

60
κ2,

≈ 0.184κ2.

Therefore, assuming that the tumour cells and endothelial cells are equally sensitive

to the therapy implies that κ1 should be approximately one fifth of the value of κ2.

Note also that we can use this analysis to obtain an estimate of the fraction of

endothelial cells which are proliferating. Re-arranging Equation (5.9) we find that

φ =
60

15.9 log(2)

1

E

(
dE

dt

)
un

.

Given this expression we can use our previous model for vascular tumour growth in

the absence of any therapy, which was presented in Chapter 4, to estimate the fraction

of endothelial cells which are actively proliferating in an untreated tumour. We find

that immediately after the initial relaxation the fraction of endothelial cells actively

proliferating in our untreated 10%, 25%, and 40% growth fraction tumours are 39%,

56%, and 57% (2 s.f.) respectively.

Initial Conditions

In this chapter we will be considering a tumour which is undergoing treatment with

a chemotherapeutic and as such our initial conditions should correspond to a tumour

which has grown to a clinically detectable size. We therefore take initial conditions

which correspond to an untreated tumour which has grown to half the maximum

size allowed by Gompertzian saturation. We can then extract the corresponding size

of each cell compartment from our model for tumour growth in the absence of any

therapy, as defined by Equations (4.3) to (4.6) in the previous chapter, to obtain the

initial conditions given in Table 5.1.
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Tumour Growth Fraction Initial P Initial Q Initial N Initial E

10% 8.23× 1010 6.97× 1011 5.10× 1011 3.27× 1011

25% 2.15× 1011 6.33× 1011 5.63× 1011 3.90× 1011

40% 3.09× 1011 4.52× 1011 5.05× 1011 3.52× 1011

Table 5.1: The initial conditions (to 3 significant figures) relevant to the current
model, as defined by Equations (5.2) to (5.5), which corresponds to an untreated
tumour which has grown to half the maximum size as given by Gompertzian growth.

5.2.5 Treatment Schedule

We will begin by applying a very simple treatment schedule to our modelled tumour to

gain an insight into how our model behaves; we will consider more complicated sched-

ules later when posing more specific questions of our model. This initial treatment

schedule will consist of applying therapy continuously for one day, and then following

this therapy application by a rest period, the length of which is a free parameter.

This sequence of therapy application will be repeated a number of times.

5.2.6 Numerically Simulating the Treatment of the Tumour

As in Section 4.4.4 of the previous chapter we simulate the evolution of our model

using an adaptive linear multistep method. Our current initial conditions have been

extracted from our previous model and correspond to a tumour which has grown to

half the maximum size as given by Gompertzian saturation. As such we would not

expect this system to undergo any initial relaxation, such as that observed in Section

4.5 of the previous chapter. However our model may still be stiff with the time scale

for tumour recession during treatment potentially being much quicker than the time

scale of tumour growth during the rest phase. So as before we optimise our adaptive

time stepping for stiff systems. Furthermore, we will prescribe a maximum step size

in our quadrature method to ensure that each therapy application is always resolved.

5.2.7 Analysis of Parameters

We now use the findings of our parameter estimation in Section 5.2.4 to make an initial

estimate of the new parameters which are present in this model but absent from the
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previous one. We will then vary each parameter in turn and see how this affects the

resulting behaviour of our model (results not shown). This analysis of parameters will

allow us to identify the crucial parameters which determine how our tumour responds

to chemotherapy, and how the tumour depends upon these parameters. It will also

allow us to assign clinically relevant, and interesting, values to the new parameters.

We begin our analysis of parameters by making an initial estimate of the new param-

eters in our model. We choose the parameters concerning the switching function for

chemotherapy delivery so that it exhibits similar behaviour to the switching functions

for nutrient delivery, and we initially consider a treatment schedule where treatment

is applied once a fortnight.

In our parameter estimation of Section 5.2.4 we found that if a continuous application

of chemotherapy is to be effective at targeting endothelial cells, then we require κ2 > 1.

Given this we anticipate that for a therapy being applied once a fortnight to be

effective at targeting endothelial cells we will require that κ2 � 1. In Section 5.2.4

we also found that κ1 should be approximately one fifth of the size of κ2. Guided by

this we make the initial estimate of the new parameter values outlined in Table 5.2.

Parameter Description Value

κ1 Sensitivity of proliferating cells to chemotherapy 5

κ2 Sensitivity of endothelial cells to chemotherapy 25

The rest period The rest period between therapies 13 days

α4 Critical level of vasculature for chemotherapy 10

w4 Sensitivity of chemotherapy delivery to vasculature 1

Table 5.2: The initial values of the non-dimensional parameters pertaining to
chemotherapy used in our analysis of parameters.

Altering κ1

We begin by altering κ1, which denotes the sensitivity of proliferating cells to chemother-

apy, and in particular we consider the values κ1 = 0, 1, 5, 25, and 100 and investigate

the long time behaviour of our model. We then consider the evolution of our 25%

growth fraction tumour with the parameter values given in Table 4.2 for these values

of κ1 and the values of the other parameters given in Table 5.2.
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Taking κ1 = 5 did not significantly impair the growth of the tumour. Upon each

application of the therapy the tumour volume decreased, but recovered to the pre-

application volumes during the rest phase. It was also found that each application

of therapy had only a minimal effect on the endothelial cell population. So during

each application of the therapy the population of proliferating cells was significantly

reduced, but with a functional vasculature still present the remaining quiescent cells

quickly recovered the ability to proliferate and the tumour recovered and continued

to grow during the rest phase.

Increasing the value of κ1, so that the therapy becomes more potent at targeting the

proliferating cells, increased the magnitude of the recession the tumour underwent

upon each application of the therapy, to a point, but the tumour could still fully

recover during the rest phase and tumour cure, or even maintenance, was not achieved

even when κ1 = 100.

However, taking κ1 = 0, so that the proliferating cells were unaffected by the chemother-

apy, led to significant tumour regression and this was driven by regression of the

endothelial cells. In particular the endothelial cell population underwent significant

regression when κ1 = 0, but no significant endothelial cell regression was observed

when κ1 ≥ 10. This is highly counterintuitive and we will consider the reasons for

this is more detail in Section 5.2.8.

Altering κ2

We now alter κ2, which denotes the sensitivity of endothelial cells to chemotherapy.

Recalling that we found in Section 5.2.4 that κ2 should be approximately fives times

larger than κ1 and also recalling the range of values of κ1 just used we consider the

values κ2 = 0, 10, 25, 50, and 250 with our 25% growth fraction tumour and the values

of the other parameters as given in Table 5.2. It is found that altering κ2 across these

values had only a slight effect on the tumour. In particular the only discernible effect

occurred when κ2 = 250, where tumour recession was observed and this was driven

by a recession of the endothelial cells. Hence when κ1 = 5, κ2 must be taken very

large (κ2 = 250) for endothelial driven tumour recession to occur, but when κ1 = 0,

κ2 could be taken much smaller (κ2 = 25) for endothelial driven tumour recession to

occur. Again, this is highly counterintuitive and we will consider the reasons for this

in Section 5.2.8.
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Altering α4

We now alter α4, which is the critical level of vasculature in the chemotherapy delivery

switch. Recalling that in Section 4.4.4 of the previous chapter we took the critical

levels of vasculature in the switching functions for tumour growth to be α1 = α3 = 10

we anticipate that α4 should be of a comparable magnitude and consider a range of

values of similar order, namely α4 = 1, 5, 10, 20, and 50. Then for these values of

α4, and the other parameter values as given in Table 5.2 for our 25% growth fraction

tumour we find that altering α4 had a significant effect on the tumour, with larger

values of α4 leading to more tumour regression during each therapy application. By

extracting measures of the quality of the vasculature and the corresponding values of

the switching functions from our results we find that altering α4 does not significantly

alter the quality of the local vasculature and instead it merely alters the value of the

chemotherapy delivery switching function so that more or less therapy reaches the

tumour.

Altering w4

Considering the values w4 = 0.1, 0.3, 1, 3, and 10, where w4 denotes the sensitivity

of the chemotherapy delivery switch, and other parameter values as given in Table

5.2 for our 25% growth fraction tumour we find that altering the value of w4 had a

negligible effect on the tumour.

Altering the Duration of the Rest Phase

To alter the duration of the rest phase between therapies we considered applying the

therapy continuously with no rest phase, applying the therapy once a week, once

a fortnight, once a month, and once every six months, with the other parameter

values as given in Table 5.2 for our 25% growth fraction tumour. We found that

decreasing the rest phase of the therapy increased its effectiveness; however this was

to be expected because in a fixed time period more therapy is applied. Tumour cure

was only possible with a continuous therapy, and when tumour cure was not observed

a shorter rest period slowed the tumour growth to a greater extent than a longer rest

period.
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Altering the Tumour Growth Fraction

Considering the parameter values corresponding to the 10%, 25%, and 40% growth

fraction tumours as given in Table 4.2 of the previous chapter and other parameter

values as given by Table 5.2 it was found that increasing the tumour growth fraction

caused the tumour to undergo greater regression upon each application of the therapy.

This is because each application of the therapy can target a higher proportion of the

tumour in higher growth fraction tumours. However for all the tumours of different

growth fractions the tumour completely recovered during the rest phase and whether

or not tumour cure could be achieved did not depend significantly upon the growth

fraction of the tumour.

Conclusions

Our analysis of parameters has found that the value of α4, which denotes the critical

level of vasculature in the chemotherapy delivery switch, is important, but it is as-

sumed that chemotherapy delivery should saturate at the same quality of vasculature

as oxygen and nutrient delivery. We also found that the value of w4, which denotes

the sensitivity of the chemotherapy delivery switch, does not appear to be significant,

although again we would expect that chemotherapy delivery should behave similarly

to oxygen and nutrient delivery.

We have also found that the tumour depends strongly upon the duration of the rest

phase between therapies, with shorter rest phases leading to a more successful therapy.

However, in a constant time period therapies with shorter rest periods will deliver

more drug than therapies with longer rest periods, and would therefore be expected

to be more toxic. Hence when altering the duration of the rest phase care should be

taken to ensure that comparably toxic therapies are investigated. We will consider

this in more detail in Section 5.3 where we consider the Norton-Simon hypothesis.

We have also found that our tumour depends strongly upon both the chemotherapy

kill rates, κ1 and κ2. Furthermore, we have found that for some values of κ1 and

κ2 tumour treatment is driven by endothelial cell recession and for other parameter

values it is driven by proliferating cell recession. This suggests that there are at least

two distinct mechanisms of tumour treatment and that which of these mechanisms

takes effect strongly depends upon the relative strength of the therapy at targeting

the proliferating and endothelial cells. We consider this in more detail in the next

section.
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5.2.8 Jointly Altering the Chemotherapy Kill Rates

To consider the joint sensitivity of our tumour to the chemotherapy kill rates, κ1 and

κ2, we now consider the final dimensional volume of tumour cells within the tumour,

as defined by {3(P+Q)+1.5N}
0.66

10−6 mm3, upon completion of the tenth application of

the therapy, where the therapy is applied once a week, for the range of parameters

0 ≤ κ1 ≤ 10 and 0 ≤ κ2 ≤ 50, and the other parameter values as given in Table 5.2.

The results of which are shown in Figure 5.1.
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Figure 5.1: The volume of our modelled 25% growth fraction tumour (in mm3) upon
completion of the tenth application of chemotherapy, as a function of the chemother-
apy kill rates κ1 and κ2 for the parameter values given in Table 5.2, as governed by
Equations (5.2) to (5.6).

It can be seen that tumour cure is possible when κ1 is very small and κ2 is large, even

though for such parameter values the therapy is very poor at targeting the tumour

cells. Therapy failure is observed when κ1 and κ2 are both very small so that the

chemotherapy is poor at targeting either cell population, as would be expected, and

tumour inhibition and possibly maintenance is observed when κ1 and κ2 are both
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large, so that the chemotherapy is good at targeting both cell populations. Whatever

the value of κ1 increasing κ2 provides a more effective therapy. However, for low

values of κ1, increasing κ1 can make the therapy less effective and can even lead

to therapy failure; whereas for high values of κ1, increasing κ1 makes the therapy

more effective. This mutual dependency of the model upon the parameters κ1 and

κ2 suggests that there are at least two distinct mechanisms by which the therapy can

treat the tumour, and we now identify these mechanisms.

Using the Therapy as a Traditional Chemotherapeutic

We begin by considering the model when both κ1 and κ2 are large and the therapy

appears to be providing some maintenance effect, but not curing the tumour. The

growth curves of the cell populations until the end of the fifth application of therapy

for κ1 = 10, κ2 = 30, and the other parameter values as given by Table 5.2, are shown

in Figure 5.2. It can be seen that each application of the therapy heavily reduces the

population of live tumour cells, but the endothelial cell population does not reduce

in volume. At the end of each application of the therapy, the functional remaining

vasculature allows the tumour to regrow and do so quickly.

For these parameter values the therapy is targeting the live tumour cells and the

endothelial cells are not successfully targeted; hence the therapy acts like a traditional

chemotherapeutic.

The perceived success of the therapies with high values of κ1 and κ2 in Figure 5.1 is

due to sampling the tumour at the end of an application of therapy. If the success of

the therapy was instead measured by considering the tumour volume at the end of

the rest phase, then this therapy would be considered to be failing.

Using the Therapy to Exploit an Angiogenesis-Therapy Feedback Loop

We now consider the behaviour of the tumour when κ1 is small and κ2 is large, so

that the therapy is relatively poor at targeting the tumour cells but relatively good

at targeting the endothelial cells, and tumour cure is observed. The corresponding

growth curves of the cell populations until the end of the tenth application of therapy

for κ1 = 1 and κ2 = 30 and the other parameter values as given in Table 5.2 are

shown in Figure 5.3. It can be seen that each application of the therapy provides

a more modest reduction in each of the tumour cell compartments than when the
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Figure 5.2: The evolution of our modelled 25% growth fraction tumour when the
chemotherapy kill rates are κ1 = 10 and κ2 = 30, and the other parameter values
are as given in Table 5.2, as governed by Equations (5.2) to (5.6). The times during
which the therapy is being applied are highlighted in purple along the time axis.

therapy was acting as a traditional chemotherapeutic, but for these parameter values

the endothelial cell compartment is successfully being targeted by each application of

the therapy. This is despite the strength of the therapy as an anti-angiogenic therapy,

κ2, being the same as when the therapy acted as a traditional chemotherapeutic in

Figure 5.2.

This therapy can provide a successful anti-angiogenic effect where the previous one

could not, and this is despite both therapies having the same value of κ2, which is

the sensitivity of the endothelial cells to chemotherapy. This happens because this

therapy is less effective at targeting the tumour cells than the endothelial cells and

so the first application of therapy eradicates a greater proportion of the endothelial

cells than the tumour cells. This serves to undervascularise the tumour and then the

tumour responds by upregulating angiogenesis which causes the endothelial cells to

proliferate more quickly than before. With more endothelial cells proliferating the
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Figure 5.3: The evolution of our modelled 25% growth fraction tumour when the
chemotherapy kill rates are κ1 = 1 and κ2 = 30, and the other parameter values
are as given in Table 5.2, as governed by Equations (5.2) to (5.6). The times during
which the therapy is being applied are highlighted in purple along the time axis.

Norton-Simon hypothesis implies that the second application of therapy will be even

more effective at targeting the endothelial cells than the first, which then further

undervascularises the tumour. Angiogenesis will then continue to be upregulated

so that the third application of therapy will also be more effective at targeting the

endothelial cells. Hence this therapy is exploiting an angiogenesis-therapy feedback

loop where the therapy is more effective at targeting the endothelial cells than the

tumour cells because each application of this therapy undervascularises the tumour,

which then upregulates angiogenesis, which then primes the tumour for the next

application of endothelial cell targeting therapy. This is why each application of

the therapy in Figure 5.3 can be seen to provide a slightly increased endothelial cell

kill than the previous therapy. Even though this therapy exploits the angiogenesis-

therapy feedback loop and does not target the tumour cells directly, a reduction in

the tumour population is still observed because the lack of endothelial cells starves
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the tumour of nutrients and oxygen and the tumour reduces in size.

The fact that this therapy provides an effective anti-angiogenic effect, even though its

strength as an anti-angiogenic, κ2, is the same as the therapy which acted as a tradi-

tional chemotherapeutic highlights that the critical factor is not the anti-angiogenic

strength of the therapy, but the relative strength of the therapy at targeting the

endothelial cells compared to the tumour cells.

Comparing Figure 5.2 to Figure 5.3 we see that when the therapy exploits the

angiogenesis-therapy feedback loop the tumour recovers more slowly during the rest

phase than when the therapy acted as a traditional chemotherapeutic. When the

therapy exploits the angiogenesis-therapy feedback loop it is targeting the tumour’s

vasculature, which results in the tumour being relatively undervascularised at the

end of each application. Hence when the tumour regrows during the rest phase it

does so at the rate of angiogenesis. When the therapy previously acted as a tradi-

tional chemotherapeutic the tumour was overvascularised at the end of each therapy

application. So when the tumour regrew during the rest phase it did so at a rate

approaching the potential doubling rate of the tumour, which is quicker than the rate

of angiogenesis. For our rest period of six days the tumour almost completely regrew

when the therapy acted as a traditional chemotherapeutic, but does not completely

regrow when the therapy exploited the angiogenesis-therapy feedback loop.

5.2.9 Conclusions

So far we have successfully added chemotherapy into our previous model for vascular

tumour growth and performed an analysis of parameters. Our analysis of parameters

has found that there are two distinct mechanisms by which the therapy can treat

the tumour. The therapy can either act as a traditional chemotherapy whereby the

tumour cells are targeted, or it can exploit the angiogenesis-therapy feedback loop

whereby the endothelial cells are targeted. The analysis of parameters also highlighted

the potential of using chemotherapy to exploit the angiogenesis-therapy feedback loop.

When varying the chemotherapy kill rates, κ1 and κ2, the therapy was most effective

when targeting the endothelial cells. This was primarily because when the therapy

exploits the angiogenesis-therapy feedback loop there is a compounding effect whereby

each application of the therapy treats the tumour, but also primes the tumour for the

next application of therapy. Furthermore, the tumour recovers more slowly following
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a therapy which exploits the angiogenesis-therapy feedback loop than a traditional

chemotherapeutic, which also contributes to such therapies being more effective.

Note that although our therapy is nominally referred to as a chemotherapy, and we

have demonstrated the potential of using chemotherapy to provide an anti-angiogenic

effect, parameters could equally be chosen so that the therapy is specifically an anti-

angiogenic therapy, rather than a chemotherapy which can provide an anti-angiogenic

therapy.

Regarding parameter values, we now find parameters for which the therapy acts as

a traditional chemotherapeutic, and for which the therapy exploits the angiogenesis-

therapy feedback loop. We have found that the value of α4, which denotes the critical

level of vasculature in the chemotherapy delivery switch, is important, but it is ex-

pected that chemotherapy delivery should saturate at the same level of vasculature

as oxygen and nutrient delivery. We also found that the value of w4, which denotes

the sensitivity of the chemotherapy delivery switch, does not appear to be significant,

although again we expect chemotherapy delivery to behave similarly to oxygen and

nutrient delivery. The results of Figure 5.1 allow us to identify parameter values

where the therapy acts as a traditional chemotherapy, presented in Table 5.3, and

parameter values where the therapy exploits the angiogenesis-therapy feedback loop,

presented in Table 5.4.

Parameter Description Value

κ1 Sensitivity of proliferating cells to chemotherapy 10

κ2 Sensitivity of endothelial cells to chemotherapy 30

The rest period The rest period between therapies 13 days

α4 Critical level of vasculature for chemotherapy 10

w4
Sensitivity of chemotherapy delivery to

vasculature
1

Table 5.3: Non-dimensional parameter values for which the therapy acts as a tradi-
tional chemotherapeutic when treating the 25% growth fraction tumour.

Finally, we also found that reducing the rest phase between the applications gives

a more effective therapy, which appears to be consistent with the Norton-Simon hy-

pothesis. We consider this in more detail in the next section.
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Parameter Description Value

κ1 Sensitivity of proliferating cells to chemotherapy 1

κ2 Sensitivity of endothelial cells to chemotherapy 30

The rest period The rest period between therapies 13 days

α4 Critical level of vasculature for chemotherapy 10

w4
Sensitivity of chemotherapy delivery to

vasculature
1

Table 5.4: Non-dimensional parameter values for which the therapy exploits the
angiogenesis-therapy feedback loop when treating the 25% growth fraction tumour.

5.3 The Norton-Simon Hypothesis

We now consider whether our model provides a framework which agrees or disagrees

with the Norton-Simon hypothesis, which states that dose dense therapy schedules

provide more effective cell kill than dose sparse therapies. In particular we will in-

vestigate this for a therapy which acts as a traditional chemotherapeutic, and also

for a therapy which exploits the angiogenesis-therapy feedback loop, and we will also

study it for discrete applications of therapy with a varying rest phase, and a contin-

uous application of therapy of varying length.

5.3.1 The Norton-Simon Hypothesis for a Discrete Therapy

We begin by considering the case where discrete applications of therapy are ap-

plied and in particular we begin by considering a therapy which acts as a traditional

chemotherapeutic.

A Therapy which Acts as a Traditional Chemotherapeutic

To consider the Norton-Simon hypothesis for a discrete therapy which acts as a tra-

ditional chemotherapeutic we take parameters pertaining to our 25% growth fraction

tumour, as given in Table 4.2, and the therapy parameter values given in Table 5.3,

except for the duration of the rest phase which is being varied. To quantify the effec-

tiveness of the therapy we consider the total volume of the tumour cells, as defined

by {3(P+Q)+1.5N}
0.66

10−6 mm3, upon completion of the tenth application of therapy. The
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final size of the tumour as a function of the rest phase for the 25% growth fraction

tumour when the therapy acts as a traditional chemotherapeutic is shown in Figure

5.4.
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Figure 5.4: The volume of our modelled 25% growth fraction tumour upon completion
of the tenth discrete application of chemotherapy, as a function of the rest period
between therapy applications for the other parameter values given in Table 5.3, as
governed by Equations (5.2) to (5.6). Plot generated for a large number of discrete
values of the rest period and then linearly interpolated.

It can be seen in Figure 5.4 that dose dense therapies lead to smaller tumours than

dose sparse therapies and by examining the growth curves of the tumour and en-

dothelial cell populations, such as those shown in Figure 5.5 where the rest period is

one day, we see that the chemotherapy acts as a traditional chemotherapeutic and

targets the proliferating cells, rather than having any anti-angiogenic effect. Upon

examining the tumour growth curves we find that the tumour undergoes significant

cell kill during each application of the therapy, but then regrows during the rest phase.

By shortening the rest phase between applications of therapy the amount the tumour

regrows during the rest phase is reduced and overall a smaller tumour is observed.
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Figure 5.5: The evolution of our modelled 25% growth fraction tumour when the rest
period between applications of the therapy is one day for the other parameter values
given in Table 5.3, as governed by Equations (5.2) to (5.6). The times during which
the therapy is being applied are highlighted in purple along the time axis.

Furthermore, it can also be seen in Figure 5.4 that therapies with rest periods of

less than two days are dramatically more effective than therapies with slightly longer

rest periods. The reason for this can be understood by considering the evolution of

the tumour for a rest period of one day, which is shown in Figure 5.5, where it can

be seen that whilst each application of the therapy provides near eradication of the

proliferating cells, the quiescent cells are less affected by the therapy. Each application

of therapy lasts one day, which is only slightly longer than the cell cycle time of our

tumour cells, and so a single dose of the therapy can target the proliferating cells

within the tumour, but is not applied for long enough for a significant proportion of

the quiescent cells to be recruited into a proliferative state and then targeted by the

therapy.

At the end of the therapy application there remains a large bank of quiescent cells

in the tumour, some of which are immediately recruited back into the cell cycle. If
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another application of therapy is applied when some of the quiescent cells have been

recruited back into the cell cycle, but significant cell proliferation has not yet occurred,

then some of the quiescent cells remaining in the tumour after the first therapy can

be targeted by the second therapy without the tumour recovering significantly and a

more effective therapy is obtained.

Having considered the Norton-Simon hypothesis for a discrete therapy when the ther-

apy acts as a traditional chemotherapeutic, we now consider the case where the ther-

apy exploits the angiogenesis-therapy feedback loop.

A Therapy which Exploits the Angiogenesis-Therapy Feedback Loop

To consider the Norton-Simon hypothesis for a discrete therapy which exploits the

angiogenesis-therapy feedback loop we take parameters pertaining to our 25% growth

fraction tumour, as given in Table 4.2, and the therapy parameter values as given in

Table 5.4, except for the duration of the rest phase which is being varied. Since this

therapy exploits the angiogenesis-therapy feedback loop to provide an anti-angiogenic

effect we will measure the effectiveness of this therapy by considering the evolution

of both the tumour volume and the volume of endothelial cells in the tumour. The

final size of the tumour, as defined by {3(P+Q)+1.5N}
0.66

10−6 mm3, and the final size of the

endothelial cell population in the tumour as functions of the rest phase for the 25%

growth fraction tumour when the therapy exploits the angiogenesis-therapy feedback

loop are shown in Figure 5.6.

In Figure 5.6 it can be seen that again dose dense therapies lead to smaller tumours

than dose sparse therapies and by examining the growth curves of the tumour and

endothelial cell population in detail (results not shown) it can be confirmed that the

therapy is exploiting the angiogenesis-therapy feedback loop. The growth curves also

show that during each application of therapy the endothelial cells undergo significant

regression and that this causes a corresponding regression of the tumour cells. Both

cell populations then regrow during the rest phase. By shortening the rest phase

between therapies the amount of tumour regrowth before the next application of

therapy is reduced and overall a smaller tumour is observed. However, extremely

intense therapy schedules with rest periods of less than a day are observed to perform

worse than therapy schedules with a slightly longer rest period and investigating

the growth curves of the tumour and endothelial cell populations in detail (results

not shown) it is found that such intense therapies begin to become more potent
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Figure 5.6: The volume of our modelled 25% growth fraction tumour and the cor-
responding endothelial cell population, upon completion of the tenth application of
discrete chemotherapy, as a function of the rest period between therapy applications,
for the other parameter values given in Table 5.4, as governed by Equations (5.2) to
(5.6). Plot generated for a large number of discrete values of the rest period and then
linearly interpolated.

as traditional chemotherapeutics, which actually limits their ability to successfully

exploit the angiogenesis-therapy feedback loop.

Comparing Figure 5.4 to Figure 5.6 it can be seen that the therapy which exploits

the angiogenesis-therapy feedback loop is effective over a wider range of rest phases

than the therapy which acts as a traditional chemotherapeutic, however when the

therapies are ineffective the traditional chemotherapeutic results in a smaller tumour

that the therapy which exploits the angiogenesis-therapy feedback loop.

The reason that the therapy which exploits the angiogenesis-therapy feedback loop is

effective over a wider range of rest phases is that during an application of such a ther-

apy the tumour cells are more intensively targeted than the endothelial cells so that

at the end of the therapy the tumour is relatively overvascularised. The tumour then
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recovers by undergoing cell proliferation and since the tumour is relatively overvas-

cularised this happens on a time scale approaching the potential doubling rate of the

tumour. During an application of the therapy which exploits the angiogenesis-therapy

feedback loop the vasculature is targeted directly. This then starves the tumour and

leads to tumour regression so that at the end of the therapy the tumour is averagely

well vascularised. The tumour then recovers on the time scale of normal vascular

tumour growth, which is slower than the time scale of recovery following a therapy

which acts as a traditional chemotherapeutic. Since the tumour recovers more slowly

following the therapy which exploits the angiogenesis-therapy feedback loop a longer

rest phase can be taken between therapies.

We now consider the reason that when both therapies are ineffective the traditional

chemotherapeutic results in a smaller tumour than the therapy which exploits the

angiogenesis-therapy feedback loop. Even when both therapies are ineffective at

treating the tumour there is still some pruning of the tumour during the applica-

tion of therapy. The traditional chemotherapeutic prunes the live cells in the tumour,

whereas the angiogenesis-therapy feedback loop targeting therapy prunes the endothe-

lial cells in the tumour. Hence the traditional chemotherapeutic can prune a greater

proportion of the tumour and immediately following an application of the therapy the

traditional chemotherapy results in a smaller tumour than the angiogenesis-therapy

feedback loop exploiting therapy. Since Figures 5.4 and 5.6 sample the tumour at

the end of an application of therapy, the tumour which results from an ineffective

traditional chemotherapeutic appears to be smaller than the tumour which results

from an ineffective angiogenesis-therapy feedback loop targetting therapy. This is for

the reasons outlined above and if these results are re-considered at the end of a rest

phase, after the tumour has recovered from any temporary pruning, the two therapies

result in exactly the same size tumour when ineffective (results not shown).

For both therapy mechanisms we have found the length of the rest phase to be

fundamental to the success of the therapy and therapies which are dense enough to

have a compounding affect whereby the next application of therapy is applied before

the tumour had completely recovered from the previous application are particularly

successful. Since we have found dense therapies to be most successful, we now consider

the effectiveness of a longer single application of therapy and consider the Norton-

Simon hypothesis for a continuous therapy.
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5.3.2 The Norton-Simon Hypothesis for a Continuous Ther-
apy

We now consider the optimal duration for a therapy by investigating the Norton-

Simon hypothesis for continuous therapies. In this investigation we consider a con-

tinuous therapy of length T ∗ days and of non-dimensional concentration 10 days
T ∗ days

. Then

the total amount of therapy applied is constant and the continuous therapy lasting

ten days will be equivalent to the application with no rest phase in the previous

discrete case. Note that for extremely dose dense therapy schedules, with short de-

livery times and high chemotherapy concentrations, the effect of the chemotherapy

would eventually be expected to saturate which invalidates our assumption that the

rate of cell kill increases linearly with therapy concentration. So for extremely dose

dense therapies we would expect a clinical tumour to respond more poorly than our

modelled tumour.

A Therapy which Acts as a Traditional Chemotherapeutic

To consider a continuous therapy which acts as a traditional chemotherapeutic we

take parameter values pertaining to our 25% growth fraction tumour, as given in

Table 4.2, and the therapy parameter values as given in Table 5.3, except for the

duration of the rest phase which is set to zero. Again we use tumour size, as de-

fined by {3(P+Q)+1.5N}
0.66

10−6 mm3, upon completion of the therapy as a measure of the

effectiveness of the therapy. Doing this the relationship found between the therapy

duration and tumour size at completion of the therapy is shown in Figure 5.7.

In Figure 5.7 it can be seen that for a large range of therapy durations, from approx-

imately 10 days to 50 days, the therapy provides effective tumour cure. However if

the therapy is denser than this, with a duration of less than 10 days or so, then the

therapy becomes dramatically less effective. The reason for this can be understood

by considering the evolution of the cell populations when the total therapy duration

is shorter than ten days (results not shown) and it is found that if the therapy is

applied for too short a duration then there is not sufficient time for all the live cells

in the tumour to be recruited into the cell cycle and then be targeted. Hence the

therapy can first provide cure when the therapy is applied for long enough for all the

live cells to be recruited into an actively proliferating state and then targeted by the

drug.
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Figure 5.7: The volume of our modelled 25% growth fraction tumour upon comple-
tion of a continuous chemotherapy as a function of therapy duration, for the other
parameter values given in Table 5.3, as governed by Equations (5.2) to (5.6). Plot
generated for a large number of discrete values of therapy duration and then linearly
interpolated.

If the therapy is applied for a duration of approximately 50 days or so, then increasing

the duration of the therapy results in the therapy becoming significantly less effective.

The reason for this is that the therapy concentration becomes too low and cell apop-

tosis is not upregulated significantly enough to cause tumour regression and instead

growth is merely inhibited.

There is then a locally worst therapy duration of approximately 70 days before the

therapy improves slightly with a locally best therapy duration at approximately 95

days. Increasing the therapy duration past this local optimum leads to a less successful

therapy. The reason there is such a local best therapy duration is that this is the

precise therapy duration at which the therapy can slightly exploit the angiogenesis-

feedback loop and provide some growth inhibition. If the therapy exhibits absolutely

no anti-angiogenic affect, so that κ2 = 0, then the tumour volume at completion of
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therapy as a function of the tumour duration exhibits no turning points outside the

window where the therapy provides effective cure, as can be seen in Figure 5.8.
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Figure 5.8: The volume of our modelled 25% growth fraction tumour upon completion
of a continuous chemotherapy as a function of the therapy duration, for κ2 = 0 and
the other parameter values given in Table 5.3, as governed by Equations (5.2) to (5.6).
Plot generated for a large number of discrete values of the therapy duration and then
linearly interpolated.

A Therapy which Exploits the Angiogenesis-Therapy Feedback Loop

We now consider the Norton-Simon hypothesis for a continuous therapy which exploits

the angiogenesis-therapy feedback loop by taking parameter values pertaining to our

25% growth fraction tumour, as given in Table 4.2, and the therapy parameters as

given in Table 5.4, except for the duration of the rest phase which is set to zero. Doing

this the relationship between the therapy duration and tumour volume, as defined

by {3(P+Q)+1.5N}
0.66

10−6 mm3, and the volume of endothelial cells in the tumour upon

completion of the therapy is shown in Figure 5.9.
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Figure 5.9: The volume of our modelled 25% growth fraction tumour and the corre-
sponding endothelial cell population upon completion of the continuous chemotherapy
as a function of the therapy duration for the other parameter values given by Table
5.4, as governed by Equations (5.2) to (5.6). Plot generated for a large number of
discrete values of the therapy duration and then linearly interpolated.

Figure 5.9 exhibits some similarities to Figure 5.7. There is a local optimal therapy

duration at approximately two days, and this is the duration for which the ther-

apy actually inhibits tumour growth by acting as a traditional chemotherapeutic.

If the behaviour between the final size and therapy duration is reconsidered when

the therapy provides no cell kill of the tumour cells, so that κ1 = 0, then this lo-

cal optimal therapy duration is no longer present (result not shown). There is then

a local worst therapy duration of length approximately 6 days, which is present be-

cause the therapy must fail as a traditional chemotherapeutic before it can exploit the

angiogenesis-therapy feedback loop. The optimal therapy duration is approximately

20 days, which occurs when the therapy is at exploiting the angiogenesis-therapy

feedback loop.

174



CHAPTER 5. INCORPORATING THERAPY

5.3.3 Conclusions

Our investigation largely validates the Norton-Simon hypothesis. For discrete ther-

apy with a rest period inbetween applications of therapy, a dose dense therapy was

generally more effective. This is true of both kill mechanisms and this is because

a shorter rest phase allowed less regrowth between the applications of the therapy.

However, really dense therapies with a rest phase of a few days or less were found to

be significantly more effective.

For continuous therapies dose densing was again generally found to be more effective,

except for therapies which were extremely dose dense and administered for a total

duration of less than a few days. This is despite our modelled tumour being expected

to respond better to extremely dense therapy schedules than a clinical tumour would

because of saturation effects. The reason that very short duration therapies were

ineffective was that to eradicate the tumour all the proliferating cells must be targeted

and then all the remaining quiescent cells must gain the ability to proliferate and then

be targeted. For this to have time to occur the therapy must be active for at least

a couple of cell cycle times. Therapies with shorter durations than this are therefore

ineffective.

This result explains the success of extremely dose dense discrete therapies. Each

individual application of therapy is applied for too short a duration to recruit and

then target the quiescent cells, but if the discrete therapy is significantly dense then

the quiescent cells can be recruited and targeted by the next application of therapy

and the discrete applications of therapy can effectively act like a longer continuous

therapy.

Hence dose dense therapies are generally more effective, but it is critical that for a

cell cycle specific therapy each application of the therapy must be effective for at least

a couple of cell cycle times.

We also found that by altering the therapy duration, and hence concentration, with

fixed total dose the therapy which nominally was a traditional chemotherapeutic

could exploit the angiogenesis-therapy feedback loop and similarly the therapy which

nominally exploits the angiogenesis-therapy feedback loop could act as a traditional

chemotherapeutic. This highlights how non-trivial the relationship between the ther-

apy acting as a traditional chemotherapeutic and exploiting the angiogenesis-therapy
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feedback loop is. The fact that more intense therapies tended to act as a tradi-

tional chemotherapeutic, and less intense therapies tended to exploit the angiogenesis-

therapy feedback loop highlights that to exploit the angiogenesis-therapy feedback

loop it is not sufficient for the therapy to be better at targeting the endothelial cells

than the tumour cells, it is actually necessary for the therapy to be sufficiently poor

at targeting the tumour cells that it fails to significantly kill them, while retaining a

significant anti-angiogenic activity.

Having shown that theoretically chemotherapy can treat the tumour by exploiting

the angiogenesis-therapy feedback loop, we now attempt to recreate the results of an

experimental paper exploring the anti-angiogenic influences of therapy.

5.4 Using Chemotherapy as an Angiogenesis In-

hibitor

5.4.1 Introduction

In the previous section we found that chemotherapy can successfully treat a tumour

by exploiting the angiogenesis-therapy feedback loop. One paper which considered the

use of chemotherapy as an anti-angiogen is that of Browder et al. (2000), who showed

that chemotherapy can significantly impair mice tumour growth, even if the tumour

cells are resistant to therapy. Furthermore, a schedule of 170 mg/kg of chemotherapy

every six days (which Browder et al. refer to as an anti-angiogenic schedule) was

found to be more effective at treating both drug-sensitive and drug-resistant tumours

compared to three doses of 150 mg/kg of chemotherapy every other day every twenty-

one days (which Browder et al. refer to as a conventional schedule). We now attempt

to reproduce these results with our model and consider what mechanisms cause the

anti-angiogenic schedule to be more effective than the conventional schedule.

5.4.2 Modelling the Experiments of Browder et al.

We now take our model, as given by Equations (5.2) to (5.6) and attempt to choose

parameters to reproduce the results of Browder et al.. As explained in our analysis of

parameters in Section 5.2.7 we will take the switching parameters for chemotherapy

delivery to be the same as for nutrient delivery, so that w4 = 1 and α4 = 10. To be

consistent with the anti-angiogenic schedule of Browder et al. we apply therapy of
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non-dimensional concentration 1, where a dose of therapy is delivered for one day and

a dose is delivered every six days and to be consistent with the conventional schedule

of Browder et al. we deliver therapy of non-dimensional concentration 15
17

, where a

dose of therapy is applied for one day and a dose is delivered every other day for three

doses, every twenty-one days.

Browder et al.’s experiments considered a tumour with an initial volume of 100 mm3.

To model a tumour of this initial volume we consider our previous model of un-

treated tumour growth, as governed by Equations (4.3) to (4.6), and extract the cell

populations shown in Table 5.5.

Tumour Growth Fraction Initial P Initial Q Initial N Initial E

10% 2.01× 106 1.51× 107 6.26× 106 6.13× 106

25% 4.22× 106 1.18× 107 7.84× 106 5.83× 106

40% 6.44× 106 9.29× 106 8.82× 106 5.77× 106

Table 5.5: The initial conditions taken when modelling the work of Browder et al.
(2000), which corresponds to a tumour of volume 100 mm3, all to three significant
figures.

We now attempt to choose our remaining free parameters, which are the chemotherapy

kill rates, to reproduce the experimental results of Browder et al., which are shown in

Figure 5.10. Note that Browder et al. considered in vivo tumours in mice, whereas

we are modelling a human tumour. Hence we would only expect to be able to achieve

qualitative, rather than quantitative, agreement with their results.

Results

We begin by considering the results of Figure 5.10(a) for a drug-resistant tumour,

and so we take κ1 = 0. In Figure 5.10(a) it can be seen that in Browder et al.’s exper-

iments the anti-angiogenic schedule gave a significantly more effective therapy than

the conventional schedule. However for all values of κ2, the strength of the therapy

as an anti-angiogenic, the anti-angiogenic schedule applied to our modelled tumour

gave only a slight improvement over the conventional schedule. For example, taking

κ2 = 2 gives the results shown in Figure 5.11, where the anti-angiogenic schedule can

be seen to perform only slightly better than the conventional schedule. In particular
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(a) The drug-resistant tumour

(b) The drug-sensitive tumour

Figure 5.10: The observed in vivo growth curves of a drug-resistant and drug-sensitive
tumour being treated by the conventional therapy schedule and the anti-angiogenic
therapy schedule (reproduced with permission from Browder et al., 2000).

after 70 days, which corresponds to just after the fourth application of chemotherapy

in the conventional therapy, the tumour undergoing the anti-angiogenic schedule is

83% (2 s.f.) of the size of the tumour undergoing the conventional schedule.

Similarly, in Figure 5.10(b) it is seen that for drug-sensitive tumours the conventional

scheduling only impaired the growth of the tumour, whereas the anti-angiogenic

scheduling provided complete tumour cure. However, our modelled drug-sensitive

tumour was found to exhibit only a slight difference between the different therapy

schedules, such as that seen in Figure 5.12 where the two schedules are shown for
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Figure 5.11: The volume of the tumour cells as a function of time for the conventional
and anti-angiogenic therapy schedules for our modelled drug-resistant tumour with
κ1 = 0 and κ2 = 2, and the other parameters as outlined in the text, as governed by
Equations (5.2) to (5.6).

κ1 = 0.4 and κ2 = 2. In particular, after 70 days, which corresponds to just after the

fourth application of chemotherapy in the conventional therapy, the tumour undergo-

ing the anti-angiogenic schedule is 86% (2 s.f.) of the size of the tumour undergoing

the conventional schedule.

Hence our model disagrees with the experimental results of Browder et al.. In partic-

ular, they found the anti-angiogenic schedule to be significantly more effective than

the conventional schedule, whereas our model has found the anti-angiogenic schedule

to only be slightly more effective than the conventional schedule. To investigate why

this discrepancy exists between their results and our model we consider the observed

apoptotic rates of the tumour and endothelial cells in their experiments.
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Figure 5.12: The volume of the tumour cells as a function of time for the conventional
and anti-angiogenic therapy schedule for our modelled drug-sensitive tumour with
κ1 = 0.4 and κ2 = 2, and the other parameters as outlined in the text, as governed
by Equations (5.2) to (5.6).

5.4.3 Prescribing the Apoptotic Rates

We now attempt to reproduce the drug-resistant tumour growth curves of Browder

et al. (2000) by prescribing the endothelial cell apoptotic rates observed during the

conventional and anti-angiogenic therapies. Browder et al. (2000) recorded the pro-

portion of both tumour and endothelial cells that are apoptotic in their drug-resistant

tumour and they are shown in Figure 5.13. However their tumour is drug resistant

and so chemotherapy will primarily be inducing apoptosis in the endothelial cells, and

any death of the tumour cells will be a reaction to the apoptosis of the endothelial

cells.

To approximate this we take the proportion of endothelial cells undergoing apoptosis
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(a) The anti-angiogenic schedule

(b) The conventional schedule

Figure 5.13: The in vivo proportion of tumour and endothelial cells which are apop-
totic in a drug-resistant tumour for the anti-angiogenic and conventional therapy
schedules (reproduced with permission from Browder et al., 2000).
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in the anti-angiogenic schedule to be

Aangio(t) =
2.5 sin

(
πt

31 days
− π

2

)
+ 3.5

100
, (5.10)

and the proportion of endothelial cells undergoing apoptosis in the conventional sched-

ule to be

Aconv(t) =

{ 5

100
sin
(πτ

12

)
if τ < 12

0 if τ ≥ 12
where τ =

t

1 day
mod 21. (5.11)

These approximated proportions of endothelial cells which are undergoing apoptosis

are shown in Figure 5.14.

Note that although the fraction of endothelial cells undergoing apoptosis is being

prescribed, we do not know the exponential decay rate of a group of cells undergoing

apoptosis, so the rate at which endothelial cells undergo apoptosis is still unknown.

Defining λa to be the non-dimensional exponential decay rate of endothelial cells

undergoing apoptosis we find that forcing endothelial cell apoptosis upon our previous

model, as defined by Equations (5.2) to (5.6), yields the non-dimensional system

dP

dt
= −

{
1 + ψ1S1 + ηS2

}
P + ψ2 (1− S1)Q, (5.12)

dQ

dt
=
{

2 + ψ1S1

}
P −

{
ψ2 (1− S1) + ηS2

}
Q, (5.13)

dN

dt
= 2ηS2(P +Q) + 2

3
λaAiE − νN, (5.14)

dE

dt
= λ log

(
K

3(P+Q)+1.5N+E

)
ES3 − λaAiE, (5.15)

where Sj = Swj

(
3(P+Q)+E

E
, αj

)
, for i ∈ {conv, angio}.

As in Section 5.2.6 we simulate the evolution of this model using an adaptive lin-

ear multistep method and it is found that for all values of λa the anti-angiogenic

schedule performs an order of magnitude better than the conventional schedule. For

example, the tumour growth curves when λa = 0.7, with the other parameter values

as given in Table 4.2 for the 25% growth fraction tumour, are shown in Figure 5.15

and it is found that after 70 days, which corresponds to being just after the fourth

application of chemotherapy in the conventional schedule, the tumour undergoing the

anti-angiogenic schedule is only 47% (2 s.f.) of the size of the tumour undergoing the

conventional schedule, which is much more consistent with the experimental results
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(a) The anti-angiogenic schedule
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(b) The conventional schedule

Figure 5.14: The modelled proportion of endothelial cells undergoing apoptosis for
the anti-angiogenic and conventional therapy schedules as defined by Equations (5.10)
and (5.11).
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Figure 5.15: The volume of tumour cells as a function of time for the conventional
and anti-angiogenic therapy schedules for our modelled drug-resistant tumour where
λa = 0.7 and the other parameter values are as in Table 4.2, as governed by Equations
(5.10) to (5.15).

of Browder et al. than the work of Section 5.4.2 where the therapy schedule was

prescribed.

We have found that prescribing the treatment schedule is less successful at reproduc-

ing the experimental results of Browder et al. (2000) than prescribing the apoptotic

rates. This suggests that the model presented in Section 5.2 is failing to accurately

capture the induced rate of cell apoptosis in Browder et al.’s experiments following

an application of therapy. We consider this in more detail in the next section.
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5.5 The Saturation of Chemotherapy

5.5.1 Introduction

We now consider the apoptotic rates observed by Browder et al. in more detail. In

Figure 5.13(a), which shows the apoptotic rates observed during the anti-angiogenic

schedule, it can be seen that after each application of the therapy the apoptotic rate

is raised for a period of 5-6 days. This suggests that the chemotherapeutic remains

active within the tumour after the application of the therapy and decays with a

half-life of the order of a few days.

Given this, we would expect that when the therapy is applied every other day in

the conventional schedule the different applications of therapy would interact so that

a higher concentration of chemotherapy is present after the second and third ap-

plications than after the first. Whilst it can be seen in Figure 5.13(b) that during

the conventional schedule the apoptotic rate is raised for longer following the third

application of therapy than following after a single application of therapy, which is

consistent with a higher chemotherapy concentration being present, a corresponding

increase in the relative apoptotic rate is not observed. This suggests that in this

experiment the effect of the chemotherapy is saturating, and so we now model the

saturation of chemotherapy to see if this gives better agreement with the results of

Browder et al. (2000).

5.5.2 Modelling Chemotherapy Saturation

We now consider the evolution of the tumour where we allow the action of the

chemotherapy on the tumour to saturate. To do this we take the rates of chemother-

apy induced apoptosis to be saturating functions of the chemotherapy concentration,

and in particular we take them to be given by Michaelis-Menten kinetics. Such ki-

netics are often used to model saturating nutrient uptake and have been validated

experimentally for oxygen uptake (Lin, 1976; Hlatky and Alpen, 1985). We also note

that in the experiments of Browder et al. (2000) the chemotherapy is given to the

mouse by subcutaneous injection and to model this we assume that the chemotherapy

concentration within the tumour undergoes a discontinuous jump after each injection

and that the magnitude of each jump depends upon how well vascularised the tu-

mour is, with more chemotherapy being delivered to a well vascularised tumour than
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an equivalent poorly vascularised tumour. In between injections we assume that

the chemotherapy concentration undergoes exponential decay at the non-dimensional

decay rate λc. Incorporating these assumptions into our previous non-dimensional

model, derived in Section 5.2, we obtain the non-dimensional system of equations

dP

dt
= −

{
1 + ψ1S1 + ηS2 +

κ1C

C∗ + C

}
P + ψ2 (1− S1)Q, (5.16)

dQ

dt
=
{

2µ+ ψ1S1

}
P −

{
ψ2 (1− S1) + ηS2

}
Q, (5.17)

dN

dt
= 2ηS2(P +Q) +

2κ1CP

C∗ + C
+

2κ2C

3(C∗ + C)
λ log

(
K

3(P+Q)+1.5N+E

)
ES3 − νN,

(5.18)

dE

dt
=

(
1− κ2C

C∗ + C

)
λ log

(
K

3(P+Q)+1.5N+E

)
ES3, (5.19)

dC

dt
=
∑
i∈I

(1− S4)L(ti)δ(t− ti)− λcC, (5.20)

where Si = Swi

(
3(P+Q)+E

E
, αi

)
,
{
ti|i ∈ I

}
are the non-dimensional times of the ther-

apy application, L(ti) are the non-dimensional strengths of the therapy applications,

and C∗ is the non-dimensional critical chemotherapy concentration in the Michaelis-

Menten kinetics. We close this model by taking the initial conditions outlined in

Table 5.5, which correspond to a tumour 100 mm3 in volume, and the additional

initial condition that C(0) = 0.

5.5.3 Numerical Methods for Simulating the Treatment of
the Tumour

As before we simulate the evolution of our model using an adaptive linear multistep

method. However, we note that it is simple to integrate Equation (5.20) to obtain

C(t) =


0 if t ≤ min

i
(ti),∑

i

(
1− Sw4

(
3(P (ti)+Q(ti))+E(ti)

E(ti)
, α4

))
L(ti)e

λc(t−ti) ∀ i s.t. ti < t.

This explicit expression for the nutrient concentration can simply be included into

the numerical scheme.
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5.5.4 Choosing Parameter Values to Reproduce the Results
of Browder et al. (2000)

We now attempt to choose the values of the parameters which are present in this model

but absent from the model outlined in Section 5.2 to reproduce the experimental

results of Browder et al. (2000). In particular we seek parameter values so that

the anti-angiogenic therapy schedule is an order of magnitude more effective than

the conventional therapy schedule. For this to occur we require the chemotherapy

concentration to decay significantly over a rest period of 16 days, but not over a rest

period of 6 days. This implies that the chemotherapeutic should have a half-life of

approximately 6 days, so that λc ≈ log 2
9

= 0.077 (2 s.f.). Furthermore, for the effect

of saturation to be significant with our chemotherapy concentration we would expect

that C∗ � 1.

5.5.5 Results

Guided by this initial consideration of the parameter values we find that taking the

parameter values in Table 5.6, along with the other parameters listed in Tables 4.2

and 5.2 for a 25% growth fraction tumour, gives the results shown in Figure 5.16.

Parameter Description Value
λc The decay rate of the chemotherapy 0.2
κ1 Sensitivity of proliferating cells to chemotherapy 0
κ2 Sensitivity of endothelial cells to chemotherapy 0.5

C∗
Critical chemotherapy concentration in the

Michaelis-Menten kinetics
0.1

w4 Sensitivity of chemotherapy delivery to vasculature 1

Table 5.6: The non-dimensional parameter values used in our drug-resistant model
of chemotherapy saturation, as governed by Equations (5.16) to (5.20).

It can be seen that although these results are not as conclusive as the experimental

results of Browder et al. (2000), saturation has allowed the anti-angiogenic schedule to

perform better compared to the conventional schedule than was observed in our model

ignoring saturation (the results of which were shown in Figure 5.11). In particular

after 70 days, which corresponds to just after the fourth application of chemotherapy

in the conventional therapy, the tumour undergoing the anti-angiogenic schedule is
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Figure 5.16: The volume of the tumour cells as a function of time for the conventional
and anti-angiogenic therapy schedules for our modelled drug-resistant tumour with
the parameter values given in Table 5.6 and the other parameter values outlined in
the text, as governed by Equations (5.16) to (5.20).

60% (2 s.f.) of the size of the tumour undergoing the conventional therapy. This is

not as low as the 47% (2 s.f.) relative size which was observed in Section 5.4.3 when

the apoptotic rates of the endothelial cells were prescribed, but it is still significantly

lower than the 83% (2 s.f.) relative size observed in the absence of any saturation

in Section 5.4.2. Furthermore, a more significant difference between the conventional

and anti-angiogenic schedules can be created by taking more extreme values of the

saturation parameters.

We now consider a drug-sensitive tumour by taking κ1 = 0.1 and using the other pa-

rameter values as given by Tables 4.2, 5.2, and 5.6, which gives the results shown in

Figure 5.17. It can be seen that, as with the drug-resistant tumour, saturation has al-

lowed a significant difference between the conventional and anti-angiogenic schedules.

In particular after 70 days, which corresponds to just after the fourth application of

chemotherapy in the conventional therapy, the tumour undergoing the anti-angiogenic
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schedule is 55% (2 s.f.) of the size of the tumour undergoing the conventional sched-

ule.
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Figure 5.17: The volume of tumour cells as a function of time for the conventional
and anti-angiogenic therapy schedules for our modelled tumour with κ1 = 0.1 and
the other parameter values given in Table 5.6 and outlined in the text, as governed
by Equations (5.16) to (5.20).

To further consider whether our model including chemotherapy saturation gives qual-

itative agreement with the results of Browder et al. (2000) we compare the observed

experimental apoptotic rates of the endothelial cells shown in Figure 5.13 to the

corresponding Michaelis-Menten kinetics of our modelled tumour which are shown

in Figure 5.18. Note that Figure 5.18 is showing the non-dimensional value of the

Michaelis-Menten endothelial cell apoptosis kinetics, whereas Figure 5.13 shows the

proportion of endothelial cells which are observed to be undergoing apoptosis. Hence

we would only expect there to be qualitative but not quantitative agreement between

these figures and in particular we would expect Figure 5.13 to be smoother than

Figure 5.18.
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(a) The anti-angiogenic schedule
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(b) The conventional schedule

Figure 5.18: The non-dimensional value of the Michaelis-Menten endothelial cell
apoptosis kinetics as a function of time in our simulated modelled tumour, as governed
by Equations (5.16) to (5.20).
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Comparing Figure 5.13(a) to Figure 5.18(a) we find that in both figures the apoptotic

rate of endothelial cells during the anti-angiogenic schedule oscillates regularly with a

period of 6 days. Also, comparing Figure 5.13(b) to Figure 5.18(b) we find that in both

figures the apoptotic rate during the conventional schedule is raised for approximately

12 to 15 days, but the maximum observed apoptotic rate is no higher than in the

anti-angiogenic rate. Hence we have qualitative agreement between our saturation

model and the apoptotic rates observed experimentally by Browder et al. (2000).

5.5.6 Conclusions

In this section we investigated whether chemotherapy saturation could explain the

results of Browder et al. (2000), who found that their anti-angiogenic schedule therapy

was considerably more effective at treating mice tumours than their conventional

schedule therapy.

We have found that modelling saturation did get closer to reproducing the results of

Browder et al. (2000) than our original model presented in Section 5.2. In particular,

after 70 days the tumour undergoing the anti-angiogenic schedule in our initial model,

as given by Equations (5.16) to (5.19), was 83% (2 s.f.) of the size of the tumour

undergoing the conventional schedule, but after 70 days the tumour undergoing the

anti-angiogenic schedule in the model including saturation, as given by Equations

(5.2) to (5.5), was 60% (2 s.f.) of the size of the tumour undergoing the conventional

schedule. Whilst this result is not as pronounced as those in Section 5.4.3 where

the apoptotic rate of the endothelial cells was prescribed, where after 70 days the

tumour undergoing the anti-angiogenic schedule was just 47% (2 s.f.) of the size of

the tumour undergoing the conventional schedule, it does highlight how saturation

allows the anti-angiogenic schedule to perform better than the conventional schedule.

Furthermore, more extreme saturation kinetics could be taken which would show a

more pronounced difference between the anti-angiogenic and conventional schedules,

but such kinetics would be harder to justify.

Furthermore, choosing parameter values to maximise the amount by which the anti-

angiogenic schedule performs better than the conventional schedule yielded Michaelis-

Menten kinetics which were consistent with the observed apoptotic rates. This again

highlights the fact that the experimental results of Browder et al. (2000) can be

explained by chemotherapy saturation.
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Browder et al. (2000) conclude that chemotherapy has the potential to provide an

effective anti-angiogenic effect by targeting the endothelial cells. They also note that

the anti-angiogenic schedule “provided more sustained apoptosis of vascular endothe-

lial cells within the tumour bed” than the conventional schedule. Following our model

we conclude that this is because the effect of their applied chemotherapy saturates.

In particular, in the conventional therapy the three dose dense applications of therapy

do not lead to an increased rate of endothelial cell apoptosis because this rate has

already saturated, but the longer rest phase of the conventional schedule allows the

apoptotic rate to decrease significantly in between applications. In the anti-angiogenic

schedule, the therapy is applied at regular intervals which match the decay rate of the

therapy to constantly top up the chemotherapy concentration. Hence significant cell

kill is always present and the mean rate of apoptosis in the anti-angiogenic schedule

is greater than in the conventional schedule.

5.6 Conclusions

In this chapter we were aiming to build a model for the treatment of a vascularised

tumour by chemotherapy and consider the possibility of scheduling chemotherapy to

provide an anti-angiogenic affect. We have successfully done this.

During our analysis of parameters of Section 5.2.7 we found that altering the sensitiv-

ity of the proliferating and endothelial cells to the therapy, by altering the parameters

κ1 and κ2, allowed the therapy to either act as a traditional chemotherapeutic or ex-

ploit the angiogenesis-therapy feedback loop. In the later case each application of

therapy was more effective at targeting the endothelial cells than the tumour cells.

This meant that each application of therapy undervascularised the tumour, which

in turn upregulated angiogenesis, which primed the endothelial cells for the next

application of endothelial cell targeting therapy.

We also found that for the range of parameter values considered the most effective

therapy exploited the angiogenesis-therapy feedback loop. The main reason for this is

that when the therapy acts as a traditional chemotherapeutic the tumour is relatively

over-vascularised upon cessation of the therapy, so that the tumour recovers at the

time scale of the potential doubling rate of the tumour. However, when the ther-

apy exploits the angiogenesis-therapy feedback loop the tumour is relatively under-

vascularised upon cessation of the therapy and the tumour recovers on the time scale
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of angiogenesis, which is slower than the potential doubling rate of the tumour. Hence

the tumour recovers more slowly following treatment by an angiogenesis-therapy feed-

back loop exploiting therapy than a traditional chemotherapeutic. The therapy which

exploits the angiogenesis-therapy feedback loop also exhibits a compounding effect

where each application of the therapy primes the endothelial cells for the next ap-

plication of therapy, which also helps make the angiogenesis-therapy feedback loop

exploiting therapies effective.

We also found that there are cases where making the proliferative cells less susceptible

to the chemotherapy made the treatment more effective by improving the ability of

the therapy to exploit the angiogenesis-therapy feedback loop. This highlights that

the optimal joint treatment of a tumour with a combination of chemotherapy and

angiogenesis inhibitors is highly non-trivial because these two types of therapy have

the potential to be mutually inhibitory.

Next we considered the Norton-Simon hypothesis, which states that dose dense sched-

ules of chemotherapy provide more effective cell kill than dose sparse schedules. By

considering the Norton-Simon hypothesis applied to both continuous and discrete ap-

plications of therapy when the therapy acted as both a traditional chemotherapeutic

and exploited the angiogenesis-therapy feedback loop we found that the total duration

of the therapy is important.

For cell cycle specific chemotherapies which act as a traditional chemotherapeutic

it is vital that chemotherapy is applied for long enough for all the quiescent cells

to recover the ability to proliferate and then be targeted, which corresponds to ap-

plying the chemotherapy for at least a few cell cycles, or equivalently a few days.

This result is consistent with the observation of Norton (2005) who noted that doses

of chemotherapy can be made more effective by delivering the doses: “more often,

although not so often that we are trying to ‘to kill cells that are already dead.’ ”

For both therapies which act as a traditional chemotherapeutic and therapies which

exploit the angiogenesis-therapy feedback loop it was found that as long as the therapy

is active for at least a few cell cycle times then the Norton-Simon hypothesis holds

and dose dense therapies are more effective at providing cell kill than dose sparse

therapies. For continuous applications of therapy this is primarily because dose dense

therapies allow greater concentrations of chemotherapy to be delivered which provide

greater cell kill, assuming there are no saturation effects, and for discrete applications
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of therapy this is primarily because dose dense therapies allow less tumour recovery

during the shorter rest periods.

We also found that for continuous therapies with constant chemotherapy kill rates, κ1

and κ2, and a constant total application of chemotherapy, dose dense therapies tended

to act as a traditional chemotherapeutic and dose sparse therapies tended to exploit

the angiogenesis-therapy feedback loop. Hence therapies with fixed chemotherapy

kill rates and a fixed total application of chemotherapy can either act as a traditional

chemotherapeutic or exploit the angiogenesis-therapy feedback loop depending upon

the concentration of the therapy. This highlights how non-trivial the interaction

between the therapy acting as a traditional chemotherapeutic and exploiting the

angiogenesis-therapy feedback loop is.

We then attempted to reproduce the results of Browder et al. (2000), who considered

the use of chemotherapy as an anti-angiogenic agent in mouse tumours, and found

that their “anti-angiogenic” schedule was considerably more effective at treating the

tumours than their “conventional schedule”. Our initial model would not reproduce

this trend, but prescribing the apoptotic rates observed by Browder et al. into our

model could. We used this to suggest that the action of the chemotherapy in the

experiments might be saturating and modelling saturation allowed us to demonstrate

that the “anti-angiogenic” schedule can be significantly more effective than the “con-

ventional” schedule whilst also yielding relative apoptotic rates consistent with those

observed experimentally. This suggests that the reason the “anti-angiogenic” sched-

ule is more effective than the “conventional” schedule is due to saturation. Hence,

rather than being a comparison of anti-angiogenic and conventional schedules, we can

use the results of Browder et al. to reach a more general conclusion concerning the

scheduling of therapies which saturate. We conclude that when the effect of the drug

saturates the therapy should be applied with a rest phase similar to the therapy’s

half-life, and not denser than this. This then tops up the therapy as it decays, rather

than delivering excessive therapy which does not result in greater cell kill due to

saturation.

Hence in this chapter we find that the Norton-Simon hypothesis is generally true but

we should add some caveats to it, namely that dose dense schedules do provide more

effective cell kill than dose sparse therapies, when the action of the therapy does not

saturate, but to be effective a cell-cycle specific therapy must be active for at least

a few cell cycle times. When the therapy does saturate, it should be applied with a

rest phase similar to the therapy’s half-life.
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Chapter 6

Incorporating Resistance

6.1 Introduction

Chemotherapy often fails because the tumour undergoing treatment develops resis-

tance to the therapy (Persidis, 1999). This makes the relationship between therapy

application and the development of resistance crucial to the long term prognosis of

the patient. In this chapter we will add resistance to our previous model for vascular

tumour growth undergoing chemotherapy, which was presented in Chapters 4 and 5,

and consider some key clinical questions concerning resistance. To guide our model

we first review the relevant biological and mathematical literature.

6.1.1 Literature Summary

Biological Literature

Luria and Delbrück (1943) demonstrated in their Nobel prize winning work that bac-

teria develop resistance to viruses via random spontaneous mutations which occur

independently of the action of the virus. Law (1952) then demonstrated that in

vivo L1210 leukaemia cells also develop drug resistance through random spontaneous

mutations. Furthermore Summers and Handschumacher (1973) and Jaffrézou et al.

(1994) both demonstrated that drug resistance in in vitro cancer cell systems is ac-

quired at random. It is now widely, but not universally, accepted that drug resistance

is typically acquired due to random cell mutations (Goldie, 2008).

There are a number of different mechanisms by which a cell can exhibit resistance

to a particular chemotherapy. One of the most prominent mechanisms of resistance
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is altered membrane transport, where resistant cells extrude chemotherapy molecules

quickly enough to keep the intra-cellular concentration below some fatal threshold,

but other mechanisms can also cause resistance, including but not limited to: en-

hanced DNA repair, alterations in target molecules, and enhanced drug metabolism

(Luqmani, 2005). These mechanisms make the resistant cells more resilient to the

action of the drugs, but not completely unaffected by it (Scappini et al., 2004). Hence

resistant cells are only partially resistant, so that they are less susceptible but not

completely insusceptible, to the therapy.

These resistance mechanisms use up energy which would otherwise be available for

proliferation and/or invasion. This additional metabolic cost of being resistant actu-

ally reduced the fitness so that there is a proliferative cost of being resistant (Gatenby,

2009). In the absence of any therapy this cost of being resistant gives the sensitive

cells a competitive advantage over the resistant cells and resistant tumours have been

observed to lose resistance if the therapy is ceased for a sufficiently long period of

time (Scappini et al., 2004).

Endothelial cells are typically more genetically stable than tumour cells and there-

fore mutate less often. Hence endothelial cells typically do not become resistant to

chemotherapy (Boehm et al., 1997).

Mathematical Literature

Given that resistance to therapy is randomly acquired, Goldie and Coldman (1979)

calculated the probability of a tumour of a given size containing no cells which are

resistant to a given therapy. Their result depends upon the mutation rate of the

tumour cells, but for one estimate of the mutation rate it was found that for a tumour

consisting of 105 cells, which corresponds to a volume of at most 0.3 mm3, there is a

probability of 99% (2 s.f.) that none of the tumour cells are resistant to the therapy,

whereas for a tumour consisting of 108 cells, which corresponds to a volume of at

most 30 mm3, there is a probability of 0.005% (1 s.f.) that none of the tumour cells

are resistant to the therapy. This highlights that in clinically diagnosable primary

tumours there can be expected to be at least one cell which is resistant to any given

therapy.

Goldie et al. (1982) considered chemotherapy scheduling and its affect on drug resis-

tance. In particular they assumed that resistance was acquired due to random cell

mutation and then considered the probability of a doubly resistant cell existing when
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two non-cross-resistant chemotherapies are applied. They found that for therapies of

equal potency alternating the therapies as quickly as possible minimised the proba-

bility of a doubly resistance population becoming established compared to applying

several hits of one therapy followed by several hits of the other therapy. This finding

is known as the Goldie-Coldman hypothesis. However, Goldie et al. conceded that

alternation may not be optimal if the therapies are not of equal potency.

Day (1986) relaxed the symmetry assumptions of Goldie et al. (1982) and ran a large

number of simulations to consider therapies of different strengths. It was found that

in many situations the Goldie-Coldman hypothesis could be improved upon, and in

the absence of detailed knowledge of parameter values alternating therapies with the

least effective drug being delivered first maximised the probability of cure. This result

is known as Day’s worst drug first rule. However, if detailed knowledge of parameter

values is available, then the therapy schedule can be optimised to provide a more

effective therapy than Day’s worst drug first rule.

However, Day’s worst drug first rule is not universally accepted and other works have

arrived at different conclusions. In particular, Katouli and Komarova (2010) revisited

the worst drug rule and simulated the evolution of stochastic and deterministic models

for all possible treatment regimes to consider which treatment schedules gave the

greatest probability of treatment success. They found that often the optimal therapy

starts with the stronger drug, but that the weaker drug should be applied for longer.

Furthermore, several experimental works have found that the worst drug first rule

does not apply for non-small cell lung cancers (Colucci et al., 1997; Gebbia et al.,

2003; Fulfaro et al., 2003; Grossi et al., 2007).

However, the work of Goldie et al. (1982) and Day (1986) only considered the probabil-

ity of a doubly resistant cell existing. Their models ignored the competition between

resistance and sensitive cells and the possibility of a tumour losing resistance after

cessation of the therapy. Furthermore the work of Day only defined the better drug

to be the one with the higher cell kill, rather than considering any other potential

mechanism which might make a drug better than another one.

The research of Goldie et al. (1982) and Day (1986) considers scheduling therapy to

maximise cell kill and minimise the probability of a doubly resistance cell accumulat-

ing. It was assumed that these conditions must be met to maximise the chances of

complete tumour eradication. However Hahnfeldt et al. (2003) considered whether a

maintenance therapy aimed at restricting a tumour below a non-fatal size might be
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more practical than aiming to completely eradicate the tumour. They considered a

pair of coupled ordinary differential equations governing the evolution of a sensitive

cell population and a resistance cell population, where the sensitive population could

proliferate more quickly than the resistant population, and it was found that regu-

larly spaced therapy applications allowed the tumour to “resensitize” to the therapy.

Hence they found that a regular, lower dose therapy schedule aimed at maintenance

could be more practical than a therapy aiming for tumour eradication; other papers

have arrived at similar conclusions, see, for example, Monro and Gaffney (2009) who

consider the optimal scheduling of palliative therapies.

6.1.2 The Aims of this Chapter

In this chapter we aim to incorporate resistance to therapy, and the cost of being

resistant to therapy, into our previous model for vascular tumour growth and treat-

ment presented in Chapters 4 and 5. We will then perform an analysis of parameters

to see how this model behaves in the presence of resistance and consider some of the

key clinical questions regarding resistance. In particular we will consider whether

the Norton-Simon hypothesis is affected by the inclusion of resistance and test the

Goldie-Coldman hypothesis and Day’s worst drug first rule when the evolution of the

cell types is considered, resensitisation is allowed and possible anti-angiogenic effects

are included. We will also investigate how therapy should be scheduled to provide

the most practical maintenance therapy.

6.2 Modelling Resistance

We now include resistance into our previous non-dimensional model for vascular tu-

mour growth and treatment as given by Equations (5.2) to (5.6) of the previous

chapter. Due to the similarity between this and the previous model we will sim-

ply present the non-dimensional model, where we have applied the equivalent non-

dimensionalisation to that of Section 5.2.3.
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6.2.1 The Model

The Cell Compartments

We begin by considering the different cell compartments in this model. In the pre-

vious chapter there were four different non-dimensional cell compartments, which

were denoted by P , Q, N , and E representing the number of proliferating, quiescent,

necrotic and endothelial cells respectively in the tumour. In this section we consider

drug sensitive and drug resistant tumour cells, but assume that the endothelial cells

do not exhibit resistance to the therapy. Hence we consider the non-dimensional

variables Ps, Qs, Pr, Qr, N , and E which will denote the number of sensitive prolif-

erating, sensitive quiescent, resistant proliferating, resistant quiescent, necrotic and

endothelial cells respectively.

The Resistant Cells

We now consider how the resistant cells behave, and in particular how their behaviour

differs from that of the sensitive cells. We assume that there is a cost, ω, of being

resistant, so that resistant proliferating cells proliferate a factor (1 − ω) slower than

an equivalent sensitive proliferating cell.

We also assume that a population of sensitive proliferating cells randomly mutates

to become resistant at a non-dimensional rate εPs, and a population of resistant cells

randomly mutates to lose resistance at a non-dimensional rate εPr.

The Chemotherapy

In the previous chapter we showed that chemotherapy saturation can significantly

affect the response of the tumour to the therapy and provides a possible explanation

for the results of Browder et al. (2000) who found that an “anti-angiogenic” scheduling

of chemotherapy was more effective than a “conventional” schedule. However, the

modelling of saturation requires the inclusion of at least two extra free parameters,

namely the half-life of the therapy and the critical chemotherapy concentration in

the chemotherapy kill kinetics. To minimise the number of parameters in an already

complex model we revert to our original model of chemotherapy delivery presented in

Section 5.2, where the chemotherapy concentration is assumed to be low enough to
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prevent the action of the therapy saturating and non-dimensional mean chemotherapy

concentration in the tumour, C(t), is

C(t) =
(

1− Sw4

(
3(Pr+Qr+Ps+Qs)+E

E
, α4

))
L(t), (6.1)

where Sw(X, a) is the switching function introduced in Section 4.2.1, α4 is the critical

vasculature for the delivery of chemotherapy, w4 is the sensitivity of the chemotherapy

delivery, and L(t) is the intravenous chemotherapy concentration which is defined by

the treatment schedule.

However, given the results of the previous chapter we emphasise that this simple model

for chemotherapy delivery will only be valid when the half-life of the chemotherapeutic

is very short, which would be appropriate for Fluorouracil (5-FU) which has a half-life

of 10-15 minutes (White, 2001), and the chemotherapy concentration is sufficiently

low that saturation can be neglected.

Having derived an expression for the chemotherapy concentration in the tumour we

now consider the effect of the chemotherapy on the tumour. As in Chapter 5 we limit

our model to the action of cytotoxic drugs, which only affect actively proliferating

cells, and also assume that at clinically relevant concentrations the rate of therapy

induced cell kill increases linearly with therapy concentration. We also assume that

the resistant cells undergo chemotherapy induced apoptosis a factor σ slower than

equivalent sensitive cells.

The Non-Dimensional Model

If all these aforementioned assumptions are incorporated into our previous model,

which was presented in Section 5.2.3 of the previous chapter, then our non-dimensional

model for the evolution of a tumour undergoing therapy is:

dPs
dt

= −
{

1 + ψ1S1 + ηS2 + κ1C + ε
}
Ps + ψ2 (1− S1)Qs + εPr, (6.2)

dQs

dt
=
{

2 + ψ1S1

}
Ps −

{
ψ2 (1− S1) + ηS2

}
Qs (6.3)

dPr
dt

= −
{

1− ω + ψ1S1 + ηS2 + σκ1C + ε
}
Pr + ψ2 (1− S1)Qr + εPs (6.4)

dQr

dt
=
{

2(1− ω) + ψ1S1

}
Pr −

{
ψ2 (1− S1) + ηS2

}
Qr, (6.5)
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dN

dt
= 2ηS2 + 2κ1C(Ps + σPr) + 2

3
κ2Cλ log

(
K

3P+1.5N+E

)
ES3 − νN, (6.6)

dE

dt
= (1− κ2C)λ log

(
K

3P+1.5N+E

)
ES3, (6.7)

where

C(t) = (1− S4)L(t), Si = Swi
(

3P+E
E

, αi
)
, max

t
L(t) = 1,

and for brevity of presentation we have denoted the total live tumour cell population

by P = Ps +Qs + Pr +Qr.

Having derived our non-dimensional model we now attempt to evaluate the new non-

dimensional parameters which have been introduced to our model, namely the cell

mutation rates, ε and ε, the partial resistance, σ, and the cost of being resistant, ω.

Parameter Estimation

The mutation rate of normal cells is typically of the order of 1 mutation every 1012

replications (Duesberg et al., 2000; Drake et al., 1998). Cancer cells typically have a

higher mutation rate than this and mutation rates between 1 mutation every 103 and

108 replications have been observed (Duesberg et al., 2000; Tomlinson et al., 1996).

However mathematical models for the mutation of cancer cells typically assume that

the mutation rate of cancer cells is 1 mutation every 106 to 108 replications (Goldie

et al., 1982; Goldie and Coldman, 1998; Sawyers, 2005; Jackson and Loeb, 1998).

Assuming that 1 mutation occurs every 106 replications and that mutations occur

during the proliferative rather than quiescent stage of the cell cycle corresponds to

taking the mutation rates to be ε = ε = 10−6, although we consider the affect of

varying the mutation rates in Section 6.4.

To estimate the value of σ, the partial resistance of the resistant cells, we relate it to

the resistive index, RI, which is defined by

RI =
(IC50)r
(IC50)s

where (IC50)r is the chemotherapy concentration causing 50% inhibition of the growth

of the resistant cells, and (IC50)s is the chemotherapy concentration causing 50%

inhibition of the growth of the sensitive cells (Scappini et al., 2004). Recall that

sensitive proliferating cells are killed by chemotherapy of concentration Cs at the rate

κ1Cs, and resistant proliferating cells are killed by chemotherapy of concentration
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Cr at the rate κ1Cr. Then the fact that (IC50)r and (IC50)s are the chemotherapy

concentrations which cause a 50% inhibition in the growth of the respective cell

populations, and at such concentrations chemotherapy is likely to be the dominant

effect inhibiting cell proliferation, implies that

σκ1(IC50)r ≈ κ1(IC50)s,

and re-arranging this we can relate the partial resistance of the resistant cells to the

resistive index thus

σ ≈ 1

RI
.

Hence our parameter σ is aproximately the reciprocal of the resistive index. In vitro

measurements of the resistive index of leukemia cells have been recorded to be as

low as 1, but the resistive index of other cells lines have been recorded to be at least

20 (Scappini et al., 2004). This implies that the parameter σ may vary significantly

between different tumours and different therapies and could take any value throughout

the range 0 ≤ σ ≤ 1.

To estimate the value of ω, the cost of being resistant, we use the relative doubling

times of resistant tumours. In vitro myeloma (cancer of white blood cells) cells have

been observed to increase their mean doubling time by approximately 10% following

their acquisition of resistance (Dalton et al., 1986; Bellamy et al., 1991). Hence for

these cell lines and therapy the cost of being resistant is slight.

However, human lung cancer lines in vitro have exhibited an increase in mean doubling

time of approximately 63% (Davidson et al., 2004; Gautam and Bepler, 2006). So

for these cell lines and therapy the cost of being resistant is high. Furthermore, it is

possible that the cost of being resistant in other cell lines might be so high that it

prevents a significant resistant population from becoming established; in which case

resistant cells with an extremely high cost of resistance would exist, but this high

cost of resistance would not be readily observed. This implies that the parameter ω

may vary significantly between different tumours and therapies and could take any

value throughout the range 0 ≤ ω ≤ 1.

We now consider the treatment schedule.

Treatment Schedule

Recall that in Section 5.3 of the previous chapter we found that for a continuous

therapy to be effective it is necessary to apply the therapy for at least a few cell cycle
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times. To optimise the chemotherapy effectiveness, but minimise the total amount

of chemotherapy delivered, we will apply the therapy continuously for 5 days. This

therapy application will then be followed by a rest phase, the duration of which will

be varied in our analysis and we will repeat this therapy application followed by

a rest phase a number of times. When comparing different therapy schedules the

same number of therapy applications will be delivered, to ensure that the schedules

are comparably toxic, but in different comparisons we may take a different number

of therapy applications. The exact number of therapy applications in any given

comparison will be outlined in the text.

Numerical Methods for Simulating the Treatment of the Tumour

We now consider how to simulate the evolution of our tumour. As in Section 5.2.6

of the previous chapter we simulate the evolution of our model using an adaptive

linear multi-step method. We note that the time scale for tumour recession during

treatment may be much faster then the time scale of unperturbed tumour growth, so

again we optimise our adaptive linear stepping for stiff systems. We also prescribe a

maximum time step size to ensure that each application of the therapy is resolved.

Initial Conditions

We now consider the initial conditions which we should take in our model for the

treatment of a vascular tumour which exhibits resistance. As in Section 5.2.4 of the

previous chapter these initial conditions should represent a tumour which has just

began to undergo treatment, and hence must represent a tumour which has grown to

a clinically detectable size.

To generate such initial conditions we again simulate the evolution of our model,

as given by Equations (6.2) to (6.7), in the absence of any therapy, starting with

an avascular tumour at saturation which has just begun to undergo angiogenesis and

finishing with a tumour has grown to half its maximum size as limited by Gompertzian

saturation. To do this we require starting values which represent an avascular tumour

at saturation which has just begun to undergo angiogenesis. We take these from

Section 4.2.3 of Chapter 4, coupled with the assumption that there are no resistant
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cells in the avascular tumour, to obtain the following starting values:

Ps(0) = 82, 000, Qs(0) = 620, 000, Pr(0) = 0,

Qr(0) = 0, N(0) = 440, 000, E(0) = 1.

These starting values are used to initiate our model in the absence of therapy which

allows us to calculate the initial conditions which then are then used in our model in

the presence of therapy.

In the absence of any therapy our model still depends upon the cost of being resistant,

ω, but is independent of the partial resistance, σ. To investigate how sensitive our

initial conditions are to the cost of being resistant we calculate and compare the

corresponding initial conditions for the range of values of ω outlined above, for the

mutation rates ε = ε = 10−6. The remaining parameter values are as given in Table

4.2 for the 25% growth fraction tumour. The initial conditions we should take in our

resistance model depend upon ω as shown in the log plot in Figure 6.1.

It can be seen in Figure 6.1 that as the cost of resistance is increased, a smaller resis-

tant population becomes established. Whilst the sensitive cell population is robust

to changes in ω, the resistant cell population is highly sensitive to changes in ω. In

particular there is approximately a 200-fold difference in the number of live resistant

cells, Pr + Qr, when ω = 0 compared to ω = 1. This is clearly highly significant

and the initial conditions we should take in our model should therefore depend upon

ω. Hence, for any given value of ω we will perform a simulation to calculate the

corresponding initial conditions using the methodology outlined above.

6.2.2 Sensitivity Analysis

We now perform a sensitivity analysis to investigate how our model depends upon

the new parameters which have been introduced. Note that in Section 5.2.8 of the

previous chapter we found that the therapy can target the tumour using two distinct

mechanisms, either by acting as a traditional chemotherapeutic or by exploiting the

angiogenesis-therapy feedback loop, and we identified parameter values for which

the therapy uses each mechanism. However, it is not known how the inclusion of

resistance and the longer therapy application duration now used might affect the

mechanism by which the therapy treats the tumour. In particular, the longer therapy

application now being applied is likely to alter the parameter values for which each

mechanism is utilised. Hence we begin by taking broad, clinically relevant parameters
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Figure 6.1: The initial conditions in our model including resistance as a function of the
cost of being resistant, ω, for the parameter values as outlined in the text, as governed
by Equations (6.2) to (6.7). These initial conditions are generated by simulating the
evolution of the tumour in the absence of any therapy until the tumour reaches half
its maximum size as allowed by Gompertzian saturation (see text for details).

and do not deliberately seek to identify treatment mechanisms yet. Educated by our

previous parameter estimation in Section 5.2.4 and Section 6.2.1 we begin by taking

the parameter values outlined in Table 6.1.

Also note that during our parameter estimation in Section 6.2.1 we found that both

the partial resistance, σ, and the cost of being resistant, ω, are free parameters which

may vary significantly from tumour to tumour and therapy to therapy. It is expected

that the behaviour of the tumour and the onset of resistance will strongly and jointly

depend upon both these parameters and so we now vary them jointly and observe the

behaviour of the resulting tumour.
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Parameter Description Value

κ1 Sensitivity of proliferating cells to chemotherapy 5

κ2 Sensitivity of endothelial cells to chemotherapy 25

ε
The mutation rate at which cells

randomly acquire resistance
10−6

ε
The mutation rate at which cells randomly lose

resistance
10−6

The application period The duration of the therapies 5 days

The rest period The rest period between therapies 9 days

Table 6.1: The non-dimensional parameter values initially used in our sensitivity
analysis.

The Joint Sensitivity of the Tumour Upon σ and ω

The volume of live sensitive cells in the tumour, as defined by 3(Ps+Qs)
0.66

10−6 mm3, the

volume of live resistant cells in the tumour, as defined by 3(Pr+Qr)
0.66

10−6 mm3, and the

total volume of live tumour cells in the tumour as functions of the resistive parameters

σ and ω for the parameter values given in Table 6.1 are shown in Figure 6.2.

In Figure 6.2(c) it can be seen that cure is possible for most values of the resistance

parameters, σ and ω, however the therapy fails due to the onset of resistance for a

region of parameter values which partitions the parameter plane.

For parameter values above and to the right of the region where the therapy fails

due to resistance, i.e. for therapies with a relatively high cost of being resistant

and to which the resistant cells are relatively highly susceptible, it can be seen in

Figure 6.2 that whilst the total tumour volume is small there is a small residual

population of sensitive cells. For these parameter values the resistant cells have a

relatively high proliferative cost to being resistant, and a relatively low benefit to

being resistant, and so the sensitive cells have a competitive advantage over the

resistant ones and no resistant population becomes established. By considering the

evolution of the different cell populations (results not shown) it can be confirmed

that in this region the therapy is acting as a traditional chemotherapeutic so that

the tumour undergoes exponential-like decay whilst the therapy is being applied, and

then recovers during the rest periods in between applications of the therapy. A small
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Figure 6.2: The volume of cells present in our 25% growth fraction tumour (in mm3)
upon cessation of the tenth application of therapy as a function of the partial resis-
tance, σ, and the cost of being resistant, ω, for our 25% growth fraction tumour and
the other parameter values outlined in Table 6.1, as governed by Equations (6.2) to
(6.7).

207



6.2. MODELLING RESISTANCE

sensitive cell population remains because the cell cycle specific drug cannot target

the quiescent cells directly and so complete tumour eradication is difficult.

The therapy fails when the resistant cells are more resistant to the therapy, i.e. have

a lower value of σ, and/or have a lower cost of being resistant, i.e. have lower values

of ω. Since the therapy is now less effective at treating the resistant cells, and/or

the resistant cells have a lower cost of being resistant, the therapy fails to effectively

target the resistant cells and a significant resistant population becomes established

and can grow despite the applications of the therapy.

It is also found that if the resistant cells are even more resistant to the therapy,

i.e. have a lower value of σ, and/or have an even lower cost of being resistant, i.e.

have a lower value of ω, then the therapy becomes effective again and tumour cure

is possible, which is counter-intuitive. By considering the evolution of the different

cell populations (results not shown) it is found that in this region the therapy is now

so poor at targeting the resistant cells that when the therapy is applied it gives the

resistant cells a competitive advantage over the sensitive cells and a resistant cell

population quickly becomes established. Once this resistant population has become

established each application of therapy is more effective at treating the endothelial

cells than the tumour cells, and then each application of the therapy undervascularises

the tumour which results in the upregulation of angiogenesis. With angiogenesis

upregulated the endothelial cells are then primed for the next application of therapy

and there is a compounding effect whereby each application of the therapy targets

the endothelial cells, but also primes the tumour for the next application of therapy.

Hence the therapy can now use resistance to exploit the angiogenesis-therapy feedback

loop which was identified in Section 5.2.8 of the previous chapter. Note that here the

therapy is using resistance to exploit the angiogenesis-therapy feedback loop because

once resistance is established the therapy becomes better at targeting the endothelial

cells than the resistant tumour cells. For these parameter values the therapy is unable

to provide a significant anti-angiogenic effect in the absence of this resistance.

Note that for the therapy to use resistance to exploit the angiogenesis-therapy feed-

back loop requires the establishment of a resistant population in the tumour. Since

tumour cells typically exhibit higher cell mutation rates than non-cancerous cells

(Boehm et al., 1997) a resistant population will typically become established in

a tumour more readily than in non-cancerous cells. Hence we would expect tu-

mour tissue to be more susceptible to a therapy which uses resistance to exploit

the angiogenesis-therapy feedback loop than non-cancerous tissue, and so we would
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expect it to be possible to successfully target a tumour by using resistance to exploit

the angiogenesis-therapy feedback loop without providing a prohibitively toxic effect

to the non-cancerous tissue.

It can be confirmed that there are parameter values where the therapy is providing

an effective anti-angiogenic therapy by reconsidering these results when the therapy

provides no anti-angiogenic effect, i.e. when κ2 = 0 and the other parameter values

are given in Table 6.1. The volume of live sensitive cells in the tumour, as defined

by 3(Ps+Qs)
0.66

10−6 mm3, the volume of live resistant cells in the tumour, as defined by
3(Pr+Qr)

0.66
10−6 mm3, and the total volume of live cells in the tumour as functions of σ

and ω for the other parameter values given in Table 6.1 are shown in Figure 6.3. It can

be seen that when the therapy fails it does so because of the onset of resistance. This

occurs when σ and ω are both low, i.e. when the resistant cells are highly resistant

to the therapy but with a low cost of being resistant. Comparing Figures 6.2(c)

and 6.3(c) it can be seen that the region of parameter values for which the therapy

uses resistance to exploit the angiogenesis-therapy feedback loop is very similar to

the region for which the therapy completely fails when it provides no anti-angiogenic

effect. This highlights how important the anti-angiogenic affect of the therapy is and

that it should be considered when designing therapy schedules. In particular it can be

seen in Figure 6.2 that when the therapy provided a moderate anti-angiogenic effect

it performs best when using resistance to exploit the angiogenesis-therapy feedback

loop, which requires relatively low values of both σ and ω. However, in Figure 6.3 it

can be seen that these are the worst parameter values when the therapy provides no

anti-angiogenic affect.

In this section we have found that therapies with fixed chemotherapy kill rates can

either provide effective cure as a traditional chemotherapeutic, fail due to the onset

of resistance, or provide an effective therapy by exploiting the angiogenesis-therapy

feedback loop, and that which of these situations occurs depends upon the values of

the resistance parameters σ and ω. To allow us to consider each of these mechanisms

in our later analysis we now identify parameter values where the therapy acts as a

traditional chemotherapeutic, which are presented in Table 6.2, fails because of the

onset of resistance, which are presented in Table 6.3, and uses resistance to exploit

the angiogenesis therapy feedback loop, which are presented in Table 6.4.
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Figure 6.3: The volume of cells present in our 25% growth fraction tumour (in mm3)
upon cessation of the tenth application of therapy as a function of the partial resis-
tance, σ, and the cost of being resistant, ω, for our 25% growth fraction tumour and
the other parameter values outlined in Table 6.1, except for κ2 = 0, as governed by
Equations (6.2) to (6.7).
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Parameter Description Value

κ1
Sensitivity of proliferating cells to

chemotherapy
5

κ2
Sensitivity of endothelial cells to

chemotherapy
25

ε
The mutation rate at which cells randomly

acquire resistance
10−6

ε
The mutation rate at which cells randomly

lose resistance
10−6

The application period The duration of the therapies 5 days

The rest period The rest period between therapies 9 days

σ The partial resistance 0.35

ω The cost of being resistant 0.35

Table 6.2: The non-dimensional parameter values for which our therapy acts as a
traditional chemotherapeutic.

Parameter Description Value

κ1
Sensitivity of proliferating cells to

chemotherapy
5

κ2
Sensitivity of endothelial cells to

chemotherapy
25

ε
The mutation rate at which cells randomly

acquire resistance
10−6

ε
The mutation rate at which cells randomly

lose resistance
10−6

The application period The duration of the therapies 5 days

The rest period The rest period between therapies 9 days

σ The partial resistance 0.08

ω The cost of being resistant 0.6

Table 6.3: The non-dimensional parameter values for which the therapy fails because
of the onset of resistance.
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Parameter Description Value

κ1
Sensitivity of proliferating cells to

chemotherapy
5

κ2
Sensitivity of endothelial cells to

chemotherapy
25

ε
The mutation rate at which cells randomly

acquire resistance
10−6

ε
The mutation rate at which cells randomly

lose resistance
10−6

The application period The duration of the therapies 5 days

The rest period The rest period between therapies 9 days

σ The partial resistance 0.15

ω The cost of being resistant 0.15

Table 6.4: The non-dimensional parameter values for which the therapy uses resis-
tance to exploit the angiogenesis-therapy feedback loop.

6.3 The Norton-Simon Hypothesis (with Resistance)

In Section 5.3 of the previous chapter we validated the Norton-Simon hypothesis, that

dose dense therapies provide more effective cell kill than dose sparse therapies. We

now consider whether this conclusion is affected by the inclusion of resistance and

how the dose density of the therapy affects the onset and evolution of resistance. To

do this we simulate the evolution of our model whilst alternating the dose density of

the therapy and we will begin by using parameters for which the therapy fails be-

cause of the onset of resistance. To ensure that all the therapy schedules considered

are similarly toxic to the non-cancerous cells we will deliver ten applications of the

chemotherapy in each therapy schedule. We will consider the Norton-Simon hypoth-

esis in the case where the therapy fails because of the onset of resistance. Hence

we take parameter values in Table 6.3 and the other parameter values presented in

Table 4.2, though with variation of the rest phase. The resultant volume of the live

cell compartments in the tumour at the end of the tenth application of therapy as a

function of the rest phase is shown in Figure 6.4.

It can be seen that for very dose dense therapies, with rest periods of less than

three days or so, the therapy eradicates the tumour and the fact that the endothelial
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Figure 6.4: The volumes of the live cell compartments in our 25% growth fraction
tumour after the tenth application of therapy as a function of the rest phase between
application of therapy for the other parameter values given in Tables 4.2 and 6.3, as
governed by Equations (6.2) to (6.7). Plot generated for a large number of discrete
values of the rest period and then linearly interpolated.

cell population is unaffected by the therapy shows that the therapy is acting as a

traditional chemotherapeutic. As the therapy is made less dense it becomes less

effective and there is then a small range of rest phases, of about three to six days,

where the therapy fails as a traditional chemotherapeutic and a resistant population

becomes established. However, there is a local optimal rest phase of approximately six

days where the therapy is relatively poor at treating the resistant cells, but relatively

good at treating the endothelial cells so that the therapy is effective at exploiting the

angiogenesis-therapy feedback loop. The fact that the angiogenesis-therapy feedback

loop can only be exploited for a relatively narrow range of rest phases and that

oscillations are observed in this region suggest that the angiogenesis-therapy feedback

loop is more sensitive to the rest phase when resistance is being exploited than it was

in Section 5.3.1 when resistance was not considered. Increasing the rest phase further,
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from approximately six days up to approximately thirteen days, results in the therapy

losing its ability to use resistance to exploit the angiogenesis-therapy feedback loop.

Increasing the rest phase further still, past twenty days or so, results in a tumour

which consists largely of sensitive rather than resistant cells and a smaller tumour is

observed following the application of the therapy because the larger sensitive portion

of the tumour allows more of the tumour to be targeted by the therapy.

Hence there is broad agreement between our model and the Norton-Simon hypothesis.

Decreasing the rest phase did always lead to a more potent therapy, however the

potential to use resistance to exploit the angiogenesis-therapy feedback loop and the

fact that resistant cells cannot always be treated means that it is not always desirable

to apply the most potent therapy. In particular, using resistance to exploit the

angiogenesis-therapy feedback loop requires the therapy to be sufficiently impotent

for it to fail to target the resistant cells, but potent enough to target the endothelial

cells. Hence increasing the rest phase, which makes the therapy less potent, could

drive a better balance between these two effects and lead to a more effective therapy

(in Figure 6.4 the balance between these two effects occurs at the locally optimal rest

phase of approximately 6 days).

Furthermore, if tumour cure is not possible then a more dose sparse, less potent ther-

apy, might be desirable to use cellular competition to prevent the onset of resistance.

With the onset of resistance prevented it may be possible to schedule a maintenance

therapy, which may not be possible if a population of resistant cells had become

established.

6.4 The Resistance of Endothelial Cells

In Section 6.2.2 we identified the potential of using resistance to allow a chemothera-

peutic to exploit the angiogenesis-therapy feedback loop. It is possible that this result

relies upon the often made assumption that endothelial cells do not acquire resistance.

We now consider whether this result is affected by the allowance of endothelial cell

resistance and we begin by considering the probability that there are no resistant

endothelial cells present.
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6.4.1 The Probability of Endothelial Cell Resistance

We begin by quantifying the probability that there are no endothelial cells present. If

this probability is suitably small then we will have explicitly justified the assumption

that the resistance of endothelial cells can be neglected.

The Model

Defining εe to be the spontaneous mutation rate at which endothelial cells acquire

resistance per replication, the probability of there being no resistant endothelial cells

present, p0, after n cell divisions is

p0 = (1− εe)n.

Assuming that cell proliferation dominates the growth of endothelial cells, then the

number of cell divisions after time t will be

n = E(t)− E(0). (6.8)

Hence the probability of there being no resistant endothelial cells present after time

t is

p0(t) = (1− εe)(E(t)−E(0)). (6.9)

Note that the death of endothelial cells means that Equation (6.8) will actually un-

derestimate the number of endothelial cell divisions and so Equation (6.9) will over-

estimate the probability of there being no resistant endothelial cells present.

The Mutation Rate of Endothelial Cells

To evaluate Equation (6.9) we require an estimate of the mutation rate of endothelial

cells. The mutation rate specifically of endothelial cells has not been widely considered

and whilst it has been noted that endothelial cells are more genetically stable than

tumour cells, it is not clear whether they should be more or less genetically stable than

other non-cancerous cells. In order to estimate the likely magnitude of the endothelial

cell mutation rate, εe, we now consider the mutation rates of normal non-cancerous

cells.

Duesberg et al. (2000) found the mutation rate of normal diploid cells to correspond

to εe = 10−12, and Drake et al. (1998) found the mutation rates of normal cells

215



6.4. THE RESISTANCE OF ENDOTHELIAL CELLS

to correspond to εe = 5 × 10−11. Whereas higher mutation rates corresponding to

εe = 2 × 10−7 have also been reported (Jackson and Loeb, 1998). Given this range

of cell mutation rates we now consider whether the resistance of endothelial cells can

ever be a priori neglected.

The Probability of No Resistant Endothelial Cells Existing

We now calculate the probability that there are no resistant endothelial cells present

in the absence of any therapy by simulating the evolution of the tumour, using the

methodology outlined in Section 6.2.1, and inputting the results of the simulation into

our equation for the probability of there being no endothelial cells present, Equation

(6.9). Note that even in the absence of any therapy our model depends upon the cost

of being resistant, ω. However, the probability of there being no resistant endothelial

cells present is expected to only weakly depend upon the value of ω, and so for

this calculation we set ω = 0.5. Then the probability of there being no resistant

endothelial cells in the absence of any therapy as a function of tumour volume for

different values of the endothelial cell mutation rate, εe, for the parameter values in

Table 4.2 is shown in Figure 6.5.

It can be seen that for the range of endothelial cell mutation rates which are clinically

relevant, i.e. values up to and including εe = 10−12, it is not guaranteed that the

endothelial cell population will contain no resistant cells. Furthermore, for some

clinically relevant mutation rates, εe = 10−8, 10−10 for example, it is almost certain

that at least one resistant endothelial cell will be present. This is despite choosing

a form for p0(t) which underestimates the probability of there being a mutation and

ignoring the potential for mutations to occur after the therapy has started. Hence we

should not a priori assume that no resistant endothelial cells will exist. Given this we

now consider whether a therapy can still use resistance to exploit the angiogenesis-

therapy feedback loop when the endothelial cells can also acquire resistance.

6.4.2 A Tumour with Resistant Endothelial Cells

The Model

We include the resistance of endothelial cells in a similar way to that used to include

resistant tumour cells, which gave the model governed by Equations (6.2) to (6.7). We

let the non-dimensional number of sensitive and resistant endothelial cells be denoted
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Figure 6.5: The probability of there being no resistant endothelial cells in our modelled
tumour, as governed by Equations (6.2) to (6.7), in the absence of any therapy, as a
function of tumour volume for different values of the endothelial cell mutation rate,
εe, and the other parameter values as outlined in Table 4.2.

by Es and Er respectively. Then recalling that we found an expression for the fraction

of endothelial cells which are proliferating in Section 5.2.4 we can generalise this to

give the following expression for the fraction of sensitive endothelial cells which are

proliferating

φ =
60

15.9 log(2)

(
dEs
dt

)
un

,

where
(

dEs
dt

)
un

is the unperturbed growth rate of the sensitive endothelial cell popu-

lation. We also assume that sensitive endothelial cells mutate to acquire resistance

at a rate εe per cell cycle, and each cell cycle takes 60
15.9 log(2)

non-dimensional time

units, hence the non-dimensional rate at which sensitive endothelial cells mutate to

acquire resistance is 15.9 log(2)εe
60

per proliferating cell per unit time. Therefore the rate

at which the population of sensitive endothelial cells mutates to acquire resistance is

εe

(
dEs
dt

)
un

.
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Similarly, the rate at which resistant endothelial cells mutate to lose resistance is

εe

(
dEr
dt

)
un

,

where εe is the rate at which resistant endothelial cells mutate to lose resistance per

cell cycle. This, coupled with our previously made assumptions concerning resistance

which were made in Section 6.2 gives the following model for the evolution of our

tumour with the resistance of endothelial cells explicitly considered:

dPs
dt

= −
{

1 + ψ1S1 + ηS2 + κ1C + ε
}
Ps + ψ2 (1− S1)Qs + εPr, (6.10)

dQs

dt
=
{

2 + ψ1S1

}
Ps −

{
ψ2 (1− S1) + ηS2

}
Qs (6.11)

dPr
dt

= −
{

1− ω + ψ1S1 + ηS2 + σκ1C + ε
}
Pr + ψ2 (1− S1)Qr + εPs (6.12)

dQr

dt
=
{

2(1− ω) + ψ1S1

}
Pr −

{
ψ2 (1− S1) + ηS2

}
Qr, (6.13)

dN

dt
= 2ηPS2 + 2κ1C(Ps + σPr) + 2

3
κ2Cλ log

(
K

3P+1.5N+Es+Er

)
(Es + σEr)S3 − νN,

(6.14)

dEs
dt

=
{

(1− κ2C − εe)Es + εe(1− ω)Er

}
λ log

(
K

3P+1.5N+Es+Er

)
S3, (6.15)

dEr
dt

=
{

(1− σκ2C − εe)(1− ω)Er + εeEs

}
λ log

(
K

3P+1.5N+Es+Er

)
S3, (6.16)

where

C(t) = (1− S4)L(t), Si = Swi

(
3P+Es+Er
Es+Er

, αi

)
,

max
t
L(t) = 1, P = Ps +Qs + Pr +Qr.

Numerical Methods for Simulating the Treatment of the Tumour

As in Section 6.2.1 we simulate the evolution of our model using an adaptive linear

multi-step method where the adaptive linear stepping is optimised for stiff systems

and a maximum time step size is prescribed which ensures that each application of

the therapy is resolved.

Initial Conditions

As before our initial conditions should represent a tumour which has grown to a

clinically detectable size. To generate such initial conditions we again simulate our
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tumour in the absence of any therapy, starting with an avascular tumour at saturation

which has just begun to undergo angiogenesis and finishing with a tumour at half its

maximum size as limited by Gompertzian saturation. To do this we require starting

values which represent an avascular tumour at saturation which has just begin to

undergo angiogenesis. We take these from Section 4.2.3, coupled with the assumption

that there are no resistant cells in an avascular tumour, to obtain the following starting

values in our initial condition generation:

Ps(0) = 82, 000, Qs(0) = 620, 000, Pr(0) = 0, Qr(0) = 0,

N(0) = 440, 000, Es(0) = 1, Er(0) = 0.

Results

We are investigating whether resistance can still be used to exploit the angiogenesis-

therapy feedback loop when the resistance of endothelial cells is included. Hence

we take our resistance parameter values from Table 6.4, and the other parameter

values from Table 4.2, and then the volume of the different cell compartments at

the end of the tenth application of therapy for different values of the endothelial cell

mutation rate, εe, are shown in Figure 6.6. It can be seen that when εe = εe =

10−6, which is the same mutation rate as for the tumour cells, the therapy performs

significantly worse than when εe = εe << 10−6. In fact if the long time behaviour of

the model is considered it is found that the therapy fails when εe = εe = 10−6, but

successfully exploits the angiogenesis-therapy feedback loop for the smaller values of

the endothelial cell mutation rates.

Considering the growth curves of the tumour compartments (results not shown) it

can be seen that when the endothelial cell mutation rates are much smaller than

the tumour cell mutation rates, a significant resistant population of tumour cells

becomes established in the period before the resistance becomes established in the

endothelial cells. This allows the angiogenesis-therapy feedback loop to be exploited

before endothelial cell resistance becomes significantly established and whilst there

are resistant endothelial cells present, there is a greater proportion of resistant tumour

cells and so the tumour is still primed to exploit the angiogenesis-therapy feedback

loop.
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Figure 6.6: The volume of cells in our 25% growth fraction tumour upon completion
of the tenth application of chemotherapy for different values of the endothelial cell
mutation rates and the other parameter values as outlined in Tables 4.2 and 6.4.
Cell populations which are present in too smaller volume to be readily seen are not
labelled in the legend.

Conclusions

In this section we investigated whether neglecting the resistance of endothelial cells

is necessary for the therapy to be able to use resistance to exploit the angiogenesis-

therapy feedback loop. We found that in tumours undergoing therapy we would

expect there to be at least one resistant endothelial cell present, so that the resis-

tance of endothelial cells cannot be a priori neglected, but including the resistance of

endothelial cells did not prevent the exploitation of the angiogenesis-therapy feedback

loop in protocol scheduling. If the endothelial cells mutate more slowly than the tu-

mour cells, then it was found that resistance becomes established within the tumour

before the endothelial cell population and that this is sufficient to enable the therapy

to exploitation of the angiogenesis-therapy feedback loop. Given that tumour cells

are typically observed to have mutation rates which are orders of magnitude larger
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than normal cells (Drake et al., 1998; Duesberg et al., 2000) we conclude that our

results concerning the use of resistance to exploit the angiogenesis-therapy feedback

loop when endothelial cell resistance was ignored would still be valid if endothelial cell

resistance was included. Furthermore, since our results and conclusions are not sig-

nificantly affected by the modelling of endothelial cell resistance, we do not consider

this effect in our further work.

6.5 Double Resistance

Multiple therapies are often applied in an attempt to prevent the onset of resistance

(Goldie et al., 1982). Furthermore, the Goldie-Coldman hypothesis and Day’s worst

drug first rule both concern the joint application of two distinct chemotherapies. We

now derive a model for the application of, and resistance to, two distinct chemother-

apies.

6.5.1 The Model

The assumptions of our double therapy model will be equivalent to the assumptions of

our single therapy model, albeit with the obvious generalisations. We refer to the two

therapies as therapy 1 and therapy 2, and then generalising the model of Section 6.2

to consider the application of two therapies we obtain the non-dimensional system:

dPs
dt

= −
{

1 + ψ1S1 + ηS2 + κ11C1 + κ12C2 + ε1 + ε2

}
Ps

+ ψ2 (1− S1)Qs + ε1Pr1 + ε2Pr2, (6.17)

dQs

dt
=
{

2 + ψ1S1

}
Ps −

{
ψ2 (1− S1) + ηS2

}
Qs, (6.18)

dPr1

dt
= −

{
1− ω1 + ψ1S1 + ηS2 + σ1κ11C1 + κ12C2 + ε1 + ε2

}
Pr1

+ ψ2 (1− S1)Qr1 + ε1Ps + ε2Pr12 (6.19)

dQr1

dt
=
{

2(1− ω1) + ψ1S1

}
Pr1 −

{
ψ2 (1− S1) + ηS2

}
Qr1, (6.20)

dPr2

dt
= −

{
1− ω2 + ψ1S1 + ηS2 + κ11C1 + σ2κ12C2 + ε1 + ε2

}
Pr2

+ ψ2 (1− S1)Qr2 + ε1Pr12 + ε2Ps (6.21)

dQr2

dt
=
{

2(1− ω2) + ψ1S1

}
Pr2 −

{
ψ2 (1− S1) + ηS2

}
Qr2, (6.22)
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dPr12

dt
= −

{
(1− ω1)(1− ω2) + ψ1S1 + ηS2 + σ1κ11C1 + σ2κ12C2 + ε1 + ε2

}
Pr12

+ ψ2 (1− S1)Qr12 + ε1Pr2 + ε2Pr1 (6.23)

dQr12

dt
=
{

2(1− ω1)(1− ω2) + ψ1S1

}
Pr12 −

{
ψ2 (1− S1) + ηS2

}
Qr12, (6.24)

dN

dt
= 2ηS2P + 2

3
(κ21C1 + κ22C2)λ log

(
K

3P+1.5N+E

)
ES3 − νN (6.25)

+ 2κ11C1

{
Ps + Pr2 + σ1(Pr1 + Pr12)

}
+ 2κ12C2

{
Ps + Pr1 + σ1(Pr2 + Pr12)

}
dE

dt
= (1− κ21C1 − κ22C2)λ log

(
K

3P+1.5N+E

)
ES3, (6.26)

where Ci(t) = (1− S4)Li(t), Si = Swi
(

3P+E
E

, αi
)
, max

t
L(t) = 1,

P = Ps +Qs + Pr1 +Qr1 + Pr2 +Qr2 + Pr12 +Qr12,

where Ps, Qs, Pr1, Qr1, Pr2, Qr2, Pr12, Qr12, N , and E are the non-dimensional num-

ber of sensitive proliferating cells, sensitive quiescent cells, proliferating cells which

are resistant to therapy 1 only, quiescent cells which are resistant to therapy 1 only,

proliferating cells which are resistant to therapy 2 only, quiescent cells which are re-

sistant to therapy 2 only, proliferating cells which are resistant to both therapies,

quiescent cells which are resistant to both therapies, necrotic cells, and endothelial

cells respectively. Furthermore, ωi is the cost of being resistant to therapy i, κ1i is

the rate at which sensitive tumour cells are killed by therapy i, κ2i is the relative

rate at which endothelial cells are killed by therapy i, σi is the partial resistance to

therapy i, εi and εi, are the rates at which cells mutate to acquire and lose resistance

to therapy i respectively, and Li(t) is the intravenous chemotherapy concentration of

therapy i which is defined by the treatment schedule.

Note that since the doubly resistant cells must undergo two mutations before they

become established it is not immediately obvious that they will be sufficiently abun-

dant to be modelled as a continuum. We will explicitly check the initial size of the

doubly resistant population later when calculating our initial conditions to confirm

that a continuum model is appropriate.

Parameter Estimation

Given our parameter estimation of Section 6.2.1 we assume that the partial resistance

to therapy i, σi, and the cost of being resistant to therapy i, ωi, are both highly
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variable and can take the range of values 0 ≤ σi ≤ 1, and 0 ≤ ωi ≤ 1. As before we

also take the cell mutation rates to be εi = 10−6 and εi = 10−6.

Therapy Schedules

Following on from our result of the previous Chapter, that therapies should be deliv-

ered for at least a few cell cycle times, in this section therapy will always be applied

continuously for 5 days, then followed by a rest period of 9 days, but the number and

order of the therapy applications will be varied. Note that if n total applications of

therapy are to be applied and there are two candidate chemotherapies, then there are

2n possible therapy schedules. For even a relatively small value of n this is clearly

more schedules than it is desirable to consider explicitly. Instead we will initially con-

sider a smaller number of therapy schedules, but identify which particular schedules

should be investigated further to identify the key trends in the tumour response.

To consider even a small number of different therapy schedules it is desirable to

introduce a notation to define the schedules. Here we will use square brackets and

the relevant sequence of ones and twos to define the schedule, so that the therapy

denoted by

T = [1 2],

is the schedule where therapy 1 is applied first, and then therapy 2 is applied second,

and then the therapy is ceased.

Numerical Methods for Simulating the Treatment of the Tumour

As in Section 6.2.1 we simulate the evolution of our model using an adaptive linear

multi-step method where the adaptive linear stepping is optimised for stiff systems

and a maximum time step size is prescribed which ensures that each application of

the therapy is resolved.

Initial Conditions

In Section 6.2.1 we found that varying the cost of being resistant had a significant

effect on the initial conditions that should be taken in our single therapy model.

Given this we anticipate that the cost of being resistant to each therapy will have a

significant affect on the initial conditions we should take in our double therapy model.
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So as before we will generate new initial conditions for each choice of the parameters

ω1 and ω2, and again we do this by simulating the evolution of our tumour in the

absence of any therapy with the following starting values:

Ps(0) = 82, 000, Pr1(0) = 0, Pr2(0) = 0, Pr12(0) = 0, N(0) = 440, 000,

Qs(0) = 620, 000, Qr1(0) = 0, Qr2(0) = 0, Qr12(0) = 0, E(0) = 1.

Once the tumour in the absence of any therapy has grown to half its maximum size, as

given by Gompertzian saturation, we will extract the corresponding cell distributions

from this model and take them to be the initial conditions in our double therapy

model.

As discussed in the derivation of our model, we now confirm that the initial size of

our doubly resistant population is sufficiently large to be modelled as a continuum.

For the cost of being resistant ω1 = ω2 = 0.2 we find that the corresponding initial

conditions for our doubly resistant population are

Pr12 = 65 Qr12 = 128, (6.27)

(rounded to the nearest integer), which we consider large enough to be modelled as

a continuum.

6.5.2 Preventing Resistance

Having derived our model for the treatment of a vascular tumour by a combination

of two chemotherapies we now consider how applying a double therapy effects the

onset of resistance compared to a single therapy. To isolate the affect of introducing

a second therapy we will initially consider two non-cross resistant therapies which are

of equal strength, partial resistance and cost of being resistant. We are investigating

whether a double therapy reduces the onset of resistance and so apply two therapies

where each would fail because of resistance when applied singularly and take them

each to have the parameter values given by Table 6.3. We will then compare the

results of applying ten applications of a single therapy versus ten applications of a

double therapy, and in particular we will consider the following treatment schedules:

T1 = [1 1 1 1 1 1 1 1 1 1],

T2 = [1 2 1 2 1 2 1 2 1 2].
(6.28)

224



CHAPTER 6. INCORPORATING RESISTANCE

The different cell populations at the end of the final application of therapy for these

two treatment schedules are shown in Figure 6.7. It can be seen that the single therapy

schedule leads to a tumour which consists almost entirely of cells which are resistant

to that therapy, whereas the alternating double therapy results in a much smaller

tumour which predominantly consists of cells which are sensitive to both therapies.
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Figure 6.7: The volume of cells in our 25% growth fraction tumour after the final
application of therapy for the two therapy schedules defined by Schedules (6.28) for
the parameter values given by Tables 6.3 and 4.2, as governed by Equations (6.17) to
(6.26). Cell populations which are present in too smaller volume to be readily seen
are not labelled in the legend.

The results of Figure 6.7 are for specific and deliberate choices of the partial resis-

tances, and the costs of being resistant. To consider how widely the double therapy

provides an improved therapy over the single therapy we now set the partial resis-

tances to be equal, so that σ1 = σ2 = σ, and the cost of being resistant to be equal,

so that ω1 = ω2 = ω, and vary them jointly throughout the range 0 ≤ σ ≤ 1 and

0 ≤ ω ≤ 1. We then consider the improvement achieved by delivering the double

therapy rather than the single therapy, which we define to be the decrease in the
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total volume of live tumour cells in the tumour when delivering the schedule T2 com-

pared to T1 as defined by Schedules (6.28). For the chemotherapy kill rates defined

in Table 6.3 this gives the results in Figure 6.8.
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Figure 6.8: The improvement in the volume of live tumour cells in the tumour (in
mm3) as defined in the text, when applying the double therapy compared to the
single therapy, defined by Schedules (6.28), after the final application of therapy for
the parameter values outlined in the text, which is governed by Equations (6.17) to
(6.26).

Comparing Figure 6.2(c) to Figure 6.8 it can be seen that for the values of the

resistance parameters where the single therapy provides successful cure whilst acting

as a traditional chemotherapeutic, applying an alternating double therapy is equally

effective at treating the tumour. Considering the evolution of the growth curves in

detail (results not shown) it can be confirmed that the double therapy still acts as a

traditional chemotherapeutic.

Furthermore, in the region where the single therapy fails due to the onset of resistance,

the alternating double therapy provides a significant improvement over the single
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therapy. The reason for this is shown in Figure 6.7, where it can be seen that when

the single therapy is applied the resulting tumour eventually consists of cells which

are resistant to that therapy. These resistant cells are sufficiently resistant for a

resistant population to accumulate and cause the therapy to fail. However, when

the alternating double therapy is applied the resulting tumour consists primarily of

sensitive cells, which are susceptible to the therapy. The alternating double therapy

can then target these sensitive cells and the resultant tumour upon the cessation of

the final application of therapy is much smaller than the equivalent tumour following

the single therapy.

Comparing Figure 6.2(c) to Figure 6.8 we also find that there is a set of parameter

values for which the single therapy uses resistance to exploit the angiogenesis-therapy

feedback loop and the alternating double therapy performs significantly worse than

the single therapy. By considering the evolution of the single and double thera-

pies for these parameter values in more detail (results not shown) it is found that

a single therapy provides effective tumour cure by using resistance to exploit the

angiogenesis-therapy feedback loop, however an alternating double therapy either pre-

vents, or delays, a significant resistant population from becoming established so that

the angiogenesis-therapy feedback loop either cannot, or is slower to, be exploited.

The results of this section demonstrate that when a single therapy fails because of

onset of resistance a double therapy can be a significantly more effective than a

single therapy. However when a single therapy which uses resistance to exploit the

angiogenesis-therapy feedback loop is applied, applying a double therapy can provide

a significantly less effective therapy than a single therapy.

We consider this in more detail in the next section, where we consider the Goldie-

Coldman hypothesis.

6.6 The Goldie-Coldman Hypothesis

We now consider the Goldie-Coldman hypothesis, which states that when double

therapies are applied the most effective therapy is achieved by alternating the non-

cross resistant therapies as quickly as possible. We do this by applying six applications

of therapy 1, and six applications of therapy 2, but varying how quickly the therapies

are alternated; as a control we also consider twelve applications of a single therapy.
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Therefore we consider the following treatment schedules

T3 = [1 1 1 1 1 1 1 1 1 1 1 1],

T4 = [1 1 1 1 1 1 2 2 2 2 2 2],

T5 = [1 1 1 2 2 2 1 1 1 2 2 2],

T6 = [1 1 2 2 1 1 2 2 1 1 2 2],

T7 = [1 2 1 2 1 2 1 2 1 2 1 2].

(6.29)

We will consider the Goldie-Coldman hypothesis in the case where the single ther-

apy successfully acts as a traditional chemotherapeutic, fails because of the onset

of resistance, and uses resistance to exploit the angiogenesis-therapy feedback loop.

We begin by considering the case where the single therapy successfully acts as a

traditional chemotherapeutic.

The Goldie-Coldman Hypothesis When the Single Therapy Acts as a Tra-
ditional Chemotherapeutic

We begin by considering the behaviour when each therapy acts as a traditional

chemotherapeutic when applied singly. Hence we let therapy 1 and therapy 2 each

take the parameter values given in Tables 6.2 and 4.2. It is then found that the

tumour response to the double therapies is identical to the single therapy (results not

shown). Hence when the single therapy successfully acts as a traditional chemother-

apeutic applying a double therapy and altering the scheduling of that double therapy

has no affect on the effectiveness of the therapy.

The Goldie-Coldman Hypothesis When the Corresponding Single Therapy
Fails Because of the Onset of Resistance

We now consider the behaviour of the scheduling when the single therapy fails because

of the onset of resistance. We let therapy 1 and therapy 2 each take the parameter

values given in Tables 6.3 and 4.2, and the resultant cell populations upon cessation

of the final application of therapy for the therapy schedules defined by Schedules

(6.29) are shown in Figure 6.9. It can be seen that when the single therapy fails

because of the onset of resistance, the double therapies are much less susceptible to

resistance. Furthermore, alternating the therapies quickly completely prevents the

onset of resistance for these parameter values.
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Figure 6.9: The volume of cells in our 25% growth fraction tumour after the final
application of therapy for the therapy schedules defined by Schedules (6.29), for the
parameter values given in Tables 6.3 and 4.2, as governed by Equations (6.17) to
(6.26). Cell populations which are present in too smaller volume to be readily seen
are not labelled in the legend.

The Goldie-Coldman Hypothesis When the Corresponding Single Therapy
Exploits the Angiogenesis-therapy Feedback Loop

We now consider the behaviour when the single therapy uses resistance to exploit

the angiogenesis-therapy feedback loop. We let therapy 1 and therapy 2 each take

the parameter values given in Tables 6.4 and 4.2 and then the cell populations upon

cessation of the final application of therapy for the therapy schedules defined by

Schedules (6.29) are shown in Figure 6.10. It can be seen that the single therapy

successfully uses resistance to exploit the angiogenesis-therapy feedback loop, but the

double therapies cannot exploit the angiogenesis-therapy feedback loop sufficiently to

provide tumour clearance. Furthermore, the more quickly the therapies are alternated

the less successful the therapy becomes.
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Figure 6.10: The volume of cells in our 25% growth fraction tumour after the final
application of therapy for the therapy schedules defined by Schedules (6.29) for the
parameter values given in Tables 6.3 and 4.2, as governed by Equations (6.17) to
(6.26).

Conclusions

In this section we have found agreement with the Goldie-Coldman hypothesis and

found that to minimise the onset of resistance a double non-cross resistant therapy

should be applied and alternated as quickly as possible. In each of our situations

the double therapy suffered less from resistance than the single therapy and quickly

alternating the double therapy minimised the onset of resistance.

If the single therapy can successfully treat the tumour by acting as a traditional

chemotherapeutic without being inhibited by the presence of any resistant cells, then

applying a double therapy does not improve therapy; since the presence of resis-

tance cells does not inhibit the single therapy minimising the onset of resistance is

superfluous.

Furthermore, if the single therapy uses resistance to exploit the angiogenesis-therapy
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feedback loop, then applying a double therapy significantly inhibits the effectiveness

of the therapy and can even lead to complete failure of the therapy. The reason for

this being that for such therapies resistance is utilised to allow the therapy to exploit

the angiogenesis-therapy feedback loop. Minimising resistance reduces the possibility

of exploiting the angiogenesis-therapy feedback loop and the therapy is actually made

less effective.

However, if the single therapy fails because of the onset of resistance then applying

a double therapy minimises the onset of resistance, and alternating the therapy as

quickly as possible optimises the double therapy.

Hence we have found that whilst applying an alternating double therapy and alternat-

ing between the applications of therapy quickly does minimise the effect of resistance

on the tumour, this is not always beneficial. When the single therapy fails because of

the onset of resistance applying a double therapy provides a significant improvement

over the single therapy. However, when the single therapy successfully exploits the

angiogenesis-therapy feedback loop applying a double therapy can result in therapy

failure. This highlights how non-trivial the application of a double compared to a

single therapy is, and that there is no general rule governing whether a single or

double therapy should be applied when the therapy mechanism is unknown. The

optimal schedule can only be designed given information concerning the mechanism

the therapy is using to treat the tumour.

Having considered the Goldie-Coldman hypothesis, we now consider Day’s worst drug

first rule.

6.7 Day’s Worst Drug First Rule

Day (1986) only considered the cell kill of a therapy as a measure of its effectiveness,

however there are four mechanisms by which one therapy could be nominally better

than another; it could either be better at targeting tumour cells (by having a higher

value of κ1), better at targeting endothelial cells (by having a higher value of κ2),

better at targeting resistance cells (by having a higher value of σ), or have a higher

cost of being resistant (by having a higher value of ω). Section 6.2 highlighted that

for given parameter values the chemotherapy can either be successful as a traditional

chemotherapeutic, fail because of the onset of resistance, or successfully use resistance

to exploit the angiogenesis-therapy feedback loop. Hence to fully consider Day’s worst
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drug first rule would require the consideration of an undesirably large number of

configurations. To reduce the size of this task we begin by considering whether the

results of our Goldie-Coldman based analysis from the previous section, Section 6.6,

can be generalised to yield conclusions corresponding to Day’s worst drug first rule.

We begin by considering the case where both drugs successfully act as a traditional

chemotherapeutic when applied singly.

Day’s Worst Drug First Rule when both Therapies Act As Traditional
Chemotherapeutics

In Section 6.6 we found that when two therapies both successfully act as a traditional

chemotherapeutic when applied singly, with no significant resistant population be-

coming established, then there is no benefit to applying a double therapy compared

to a single therapy. Applying both therapies and alternating them might minimise

the chance of a resistant cell population forming, but since the therapy is not limited

by the onset of resistance this provides no improvement over a single therapy.

So our previous results imply that when considering two therapies which each suc-

cessfully act as a traditional chemotherapeutic when applied singly, applying a double

therapy will give no improvement over applying a single therapy. Clearly applying a

single therapy of the better therapy will be more effective than applying a single ther-

apy of the worse therapy, and so the results in Section 6.6 imply that when there are

two candidate therapies for the treatment of a tumour, and each therapy can provide

effective tumour cure whilst acting as a traditional chemotherapeutic without failing

due to resistance, then only the better therapy should be applied.

This conclusion, which has been extrapolated from the results of the previous section,

can be validated by our model. By simulating the evolution of a number of tumours

for different parameter values and therapy schedules we find that the results of our

model concur with this conclusion (results not shown).

Day’s Worst Drug First Rule when both Therapies Use Resistance To
Exploit the Angiogenesis-Therapy Feedback Loop

In Section 6.6 we found that when two therapies both successfully use resistance to

exploit the angiogenesis-therapy feedback loop when applied as a single therapy, then

a single rather than a double therapy should be applied. Whilst a double therapy

would minimise the onset of resistance, it is the onset of resistance which is required
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to allow the tumour to successfully exploit the angiogenesis-therapy feedback loop

and so reducing resistance makes the therapy less effective.

So the conclusions of our previous section imply that when considering two therapies

that each use resistance to exploit the angiogenesis-therapy feedback loop when ap-

plied as a single therapy, only a single therapy should be used. In this case, clearly

the therapy which is most effective at exploiting the angiogenesis-therapy feedback

loop should be the one which is applied. However because the therapy is using re-

sistance to exploit the angiogenesis-therapy feedback loop, rather than acting as a

traditional chemotherapeutic, the therapy which is most effective at exploiting the

angiogenesis-therapy feedback loop may not be nominally the “better” therapy. The

therapy most effective at exploiting the angiogenesis-therapy feedback loop will be

the therapy which is worst at preventing the onset of a resistant cell population and

the best at targeting the endothelial cells. To promote the onset of resistance the

best therapy here will have the lower partial resistance, σ, and cost of being resistant,

ω, and to target the endothelial cells via the angiogenesis-therapy feedback loop the

better therapy will have a higher kill rate of endothelial cells, κ2, but a lower kill rate

of tumour cells, κ1.

This conclusion, which has been extrapolated from the results of the previous section,

can be explicitly validated by our model. By simulating the evolution of a number of

tumours for different parameter values and therapy schedules we find that the results

of our model concur with this conclusion (results not shown).

6.7.1 Day’s Worst Drug First Rule when One of the Thera-
pies Fails because of Resistance

In Section 6.6 we found that if two therapies of equal strength are available to treat the

tumour and each fails because of resistance when applied singly, then to prevent the

onset of resistance the therapies should be applied jointly and alternated as quickly

as possible. However it is not clear how this result generalises when these therapies

are not of equal strength.

We now consider Day’s worst drug first rule when one of the therapies fails because

of the onset of resistance. To do this we will apply two asymmetric therapies where

therapy 1 fails because of the onset of resistance when used as a single therapy and

hence takes the parameter values given in Table 6.3. Therapy 2 will have similar

parameter values to therapy 1, but we will alter each of the parameters, κ12, κ22, σ2,
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and ω2, in turn and see how the response of the tumour depends upon the therapy

schedule. Having considered the Goldie-Coldman hypothesis in Section 6.6 and found

that if a double therapy is being used, then to minimise the onset of resistance it

should be alternated as quickly as possible we now consider the following therapy

schedules:

T9 = [1 2 1 2 1 2 1 2 1 2 1 2],

T10 = [2 1 2 1 2 1 2 1 2 1 2 1],

T11 = [1 1 1 1 1 1 1 1 1 1 1 1],

T12 = [2 2 2 2 2 2 2 2 2 2 2 2].

(6.30)

To consider the effectiveness of the therapy we will compare the resulting tumour

volume at the end of the last application of therapy and we begin by considering the

case where the tumour cells exhibit different sensitivities to the therapies.

Varying κ12

We begin by altering κ12, which determines the sensitivity of proliferating cells to

therapy 2. In particular we consider the range of values 2.5 ≤ κ12 ≤ 10 and let the

other parameters value for therapy 2 be as given in Table 6.3. Figure 6.11 then shows

the volume of live cells in the tumour at the end of the final application of therapy

as a function of κ12 for the different therapy schedules defined by Schedules (6.30).

It can be seen in Figure 6.11 that the double therapies consistently provide significant

tumour growth inhibition, but not complete cure, and the worst drug first double

therapy is always the best therapy. Considering the evolution of the different cell

populations in detail (results not shown) it can be seen that the worst drug first

therapy outperforms the best drug first therapy simply because the former ends with

the stronger therapy. By considering the evolution of the tumour when an odd number

of therapies are applied (results not shown) we find that rather than depending upon

the first therapy the optimal therapy is actually the best drug last schedule.

In Figure 6.11 one may also observe that there is a value of κ12, approximately

κ12 = 3.7, where the worst drug only therapy schedule is reasonably effective. By

considering the response of the tumour to this therapy in more detail (results not

shown) it is found that this is the value of κ12 for which the worst drug only schedule

can exploit the angiogenesis-therapy feedback loop. However, for other values of
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Figure 6.11: The volume of cells in our 25% growth fraction tumour after the final
application of therapy for the schedules defined by Schedules (6.30), as a function
of κ12 for the other parameter values listed in Tables 6.3 and 4.2, as governed by
Equations (6.17) to (6.26). Plot generated for a large number of discrete values of
κ12 and then linearly interpolated.

κ12 the single therapies perform poorly, either because they fail due to the onset of

resistance, or because they are too impotent to treat the tumour.

Note that in Figure 6.11 the gradients of our lines are discontinuous at κ12 = 5. The

reason for this is actually due to a discontinuity in our definition of which is the best

therapy and which is the worst therapy. Having taken κ22 = 5 and varied κ12 we

have labelled therapy 2 as the best therapy when κ12 < 5 and therapy 1 as the best

therapy when κ12 > 5. Hence the response of our tumour is continuous to variations

in the parameter values, but our labelling of the line is discontinuous.
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Varying κ22

We now alter the sensitivity of the endothelial cells to therapy 2 by considering κ22

throughout the range 10 ≤ κ22 ≤ 50 and letting the other parameters concerning

therapy 2 be as given in Table 6.3. The volume of live cells in the tumour at the

end of the final application of therapy as a function of κ22 for the therapy Schedules

(6.30) and the other parameter values given by Tables 6.3 and 4.2 is shown in Figure

6.12.
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Figure 6.12: The volume of cells in our 25% growth fraction tumour after the final
application of therapy for the therapy Schedules (6.30), as a function of κ22, for
the other parameter values listed in Table 6.3, as governed by Equations (6.17) to
(6.26). Plot generated for a large number of discrete values of κ22 and then linearly
interpolated.

In Figure 6.12 it can be seen that the alternating double therapies consistently pro-

vide successful tumour inhibition, but not complete tumour cure. Furthermore, the

effectiveness of the double therapy and whether the best or worst drug should be

applied first appears to be independent of how potent the therapy is at targeting the
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endothelial cells. The reason for this is that when a double therapy is applied the

drugs act together as traditional chemotherapeutics so that no significant resistant

cell population becomes established and the angiogenesis-therapy feedback loop is not

exploited. Since the double therapy does not use any anti-angiogenic effect to treat

the tumour, altering the strength of the anti-angiogenic component of the therapy

has no effect on the tumour.

In Figure 6.12 it can also be seen that for lower values of κ22 the worst drug only

therapy performs poorly. The reason for this is that the therapy fails because of the

onset of resistance and so the tumour grows to the size which can be supported by the

local vasculature. Decreasing κ22 reduces the anti-angiogenic affect of the therapy,

which results in a larger population of endothelial cells and hence a larger tumour.

However, if κ22 is taken to be large enough then the therapy becomes a potent enough

anti-angiogen for the angiogenesis-therapy feedback loop to be exploited and the best

drug only therapy becomes the most effective.

Note that again there is a point of discontinuous gradients at κ22 = 25 as our definition

of which is the best and worst therapies switch over.

Varying σ2

We now alter the partial resistance of therapy 2. In particular we vary the value of

σ2 about the value previously considered, σ2 = 0.08, and consider the values in the

range 0 ≤ σ2 ≤ 0.2 and letting the other parameters concerning therapy 2 be as given

in Table 6.3. The volume of live cells in the tumour at the end of the final application

of therapy as a function of σ2 for the different therapy Schedules (6.30) and the other

parameter values given by Tables 6.3 and 4.2 is shown in Figure 6.13. It can be seen

that for very low values of σ2, so that the tumour cells are very resistant to therapy

2, applying the worst drug only as a single therapy provides an effective therapy. By

considering the growth dynamics in more detail (results not shown) it is found that for

these parameter values the resistant cells are sufficiently resistant to the therapy for

the angiogenesis-therapy feedback loop to be exploited; in which case this provides

the best therapy. However, as the cells become more resistant to the therapy, i.e.

as σ2 is increased, the single therapy fails because of resistance. However, if σ2 is

increased further still then eventually the best drug only therapy does not suffer from

resistance and is as effective as the alternating therapies.
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Figure 6.13: The volume of cells in our 25% growth fraction tumour after the final
application of therapy for the therapy schedules defined by Schedules (6.30), as a
function of σ2 for the other parameter values listed in Tables 6.3 and 4.2, as governed
by Equations (6.17) to (6.26). Plot generated for a large number of discrete values of
σ2 and then linearly interpolated.

Again we find when the therapies are alternated, applying the best drug first or the

worst drug first does not affect the therapy. The reason for this is that alternating

the therapies prevents a resistant population from becoming established, and so the

partial resistance of the resistant cells has no affect on the tumour.

Note that again there is a point of discontinuous gradients at σ2 = 0.08 as our

definition of which is the best and worst therapies switch over.

Varying ω2

We now vary the cost of being resistant to therapy 2. In particular we vary the value

of ω2 about the value previously considered, ω2 = 0.6, and consider the values in the

range 0.3 ≤ ω2 ≤ 1 and let the other parameters concerning therapy 2 be as given

238



CHAPTER 6. INCORPORATING RESISTANCE

in Table 6.3. Then the volume of live cells in the tumour at the end of the final

application of therapy as a function of ω2, for the different therapy Schedules (6.30)

and the other parameter values given by Tables 6.3 and 4.2 are shown in Figure 6.14.
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Figure 6.14: The volume of cells in our 25% growth fraction tumour after the final
application of therapy for the schedules defined by Schedules (6.30), as a function of
ω2 for the other parameter values listed in Table 6.3 and 4.2, as governed by Equations
(6.17) to (6.26). Plot generated for a large number of discrete values of ω2 and then
linearly interpolated.

In Figure 6.14 it can be seen that for very low values of ω2, so that the cost of being

resistant to therapy 2 is very low, the worst drug only schedule provides the most

effective therapy schedule. Investigating the tumour behaviour in this region in more

detail (results not shown) it is found that if the cost of being resistant to therapy

2 is very low, then a population of cells which are resistant to therapy 2 becomes

established which allows the worst drug only schedule to use resistance to exploit the

angiogenesis-therapy feedback loop. Equally, if the cost of being resistant to therapy

2 is very high, then resistance to therapy 2 cannot become established and the best
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drug only schedule can successfully act as a traditional chemotherapeutic. However,

for intermediary values of the cost of being resistant to therapy 2 both single schedules

fail due to the onset of resistance.

It can also be seen that if ω2 is taken to be very low then the best drug first schedule

performs poorly. Investigating the tumour behaviour in this region in more detail

(results not shown) it is found that if the cost of being resistant to therapy 2 is

extremely low the tumour will eventually consist of cells which are all resistant to

therapy 2, then even when a double therapy is applied. However the application

of a double, rather than single, therapy increases the duration between applications

of therapy 2 and in fact the applications of therapy 2 are now too sparse for the

therapy to use resistance to exploit the angiogenesis-therapy feedback loop. Instead,

for all therapy schedules an application of therapy 1 successfully acts as a traditional

chemotherapeutic, but applications of therapy 2 are largely ineffective. Hence any

application of therapy 2 in a double schedule effectively gives the tumour a longer

recovery period until the next application of therapy 1. It appears that for low values

of ω2 the worst drug first schedule is significantly outperforming the best drug first,

however this is simply because the worst drug first schedule is being recorded at the

end of an effective hit of therapy, but the best drug first schedule is being recorded

at the end of an ineffective hit of therapy. It is this inconsistency which makes one

schedule appear more effective than the other and if an odd number of applications is

applied then it can be confirmed that the better alternating schedule is the therapy

1 last schedule.

Note that again there is a point of discontinuous gradients at ω2 = 0.6 as our definition

of which is the best and worst therapies switch over.

Conclusions

In this section we were seeking to test Day’s worst drug first rule, which states that

when a double non-cross resistant therapy is being applied the worst drug should be

applied first.

We found that if both therapies act as traditional chemotherapeutics and can cure

the tumour without the appearance of a significant resistant population when applied

singly, then only a single schedule of the most potent drug should be applied.
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We also found that if both therapies use resistance to exploit the angiogenesis-therapy

feedback loop when applied singly, then only a single schedule of the drug which is

best at exploiting the angiogenesis-therapy feedback loop should be applied.

If one of the therapies fails because of the onset of resistance then we have demon-

strated that there is not one general rule which leads to an effective therapy. Alter-

nating the therapies was successful at preventing the onset of resistance, although

the onset of resistance is unavoidable if the cost of being resistant to the therapies

is extremely low; however preventing resistance did not always lead to the optimal

therapy. We have found that there are circumstances where applying a single therapy

allowed it to successfully use resistance to exploit the angiogenesis-therapy feedback

loop and provide the best therapy, but we also found circumstances where applying

a single therapy meant that it failed because of the onset of resistance and resulted

in the worst therapy.

We also found that when the double therapies were more effective at treating the

tumour than the single therapies, the worst drug first schedule did not perform sig-

nificantly better than the best drug first therapy. In cases where the worst drug first

schedule appeared to perform better this was merely as a result of this schedule also

being the best drug last schedule. Hence, overall the two alternating therapies are

similarly effective, however whichever schedule has most recently received the better

drug will appear to perform better.

These results highlight how non-trivial the derivation of general rules concerning

therapy application are and have also illustrated situations where Day’s worst drug

first rule does not appear to apply.

6.8 Applying a Traditional Chemotherapeutic in

Conjunction with Another Therapy which Ex-

ploits the Angiogenesis-Therapy Feedback Loop

We now consider the application of a therapy which acts as a traditional chemother-

apeutic when applied singly, in conjunction with another therapy which exploits the

angiogenesis-therapy feedback loop when applied singly. In such a configuration it is

not clear which drug should be labelled the better drug and so Day’s worst drug first

rule becomes ambiguous. To determine the optimal therapy, we will take therapy 1

to be the traditional chemotherapeutic when applied singly, with parameter values
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given by Table 6.2, and therapy 2 to be a therapy which uses resistance to exploit

the angiogenesis-therapy feedback loop when applied singly, with parameter values

given by Table 6.4. We will consider the two alternating double therapies beginning

with either the traditional chemotherapeutic or the therapy which uses resistance to

exploit the angiogenesis-therapy feedback loop, and the two single therapies where

only the traditional chemotherapeutic or the therapy which uses resistance to exploit

the angiogenesis-therapy feedback loop are applied, which are the therapy Sched-

ules (6.30) with our new definition of therapies 1 and 2. The cell populations upon

cessation of the final application of therapy are shown in Figure 6.15.
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Figure 6.15: The volume of cells present in our 25% growth fraction tumour after
the final application of therapy for the therapy schedules defined by Schedules (6.30),
when therapy 1 takes the parameter values outlined in Table 6.2 and therapy 2 takes
the parameter values outlined in Table 6.4, as governed by Equations (6.17) to (6.26).
Cell populations which are present in too smaller volume to be readily seen are not
labelled in the legend.

It can be seen that the optimal therapy is the single therapy which uses resistance to

exploit the angiogenesis-therapy feedback loop. By considering the evolution of the
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tumour in more detail (results not shown) it is found that the other therapies are

less successful than this single therapy because to exploit the angiogenesis-therapy

feedback loop it is vital that the applications of the therapy under-vascularise the tu-

mour. This will then upregulate angiogenesis which in turn makes the tumour more

susceptible to the next hit of therapy. Ensuring that the therapy under-vascularises

the tumour is fundamental to the compounding effect which makes the angiogenesis-

therapy feedback loop successful. However administering a traditional chemother-

apeutic, which predominately targets the tumour cells, in between applications of

the angiogenesis-therapy feedback loop exploiting therapy actually serves to over-

vascularise the tumour. Hence the actions of these two therapies are mutually in-

hibitory and sufficiently so that the double therapies are less successful than applying

the angiogenesis-therapy feedback loop exploiting therapy singly.

However, if the therapy which acts as a traditional chemotherapeutic is made more

potent by setting κ11 = 20, and the therapy which exploits the angiogenesis-therapy

feedback loop is made less potent, by setting κ22 = 18, and all other parameters re-

main unchanged, then the single therapy consisting only of the traditional chemother-

apeutic becomes the best schedule, as can be seen in Figure 6.16.

We have found that the double therapies are less effective than the single therapies,

because the actions of the single therapies are mutually exclusive and so the thera-

pies do not compliment each other. However, it could be hypothesised that if both

therapies are extremely potent, then a single application of either therapy might be

sufficiently effective to alter the quality of the tumour’s vasculature and overcome

the mutual exclusiveness of the therapies. To consider this we apply a highly potent

traditional chemotherapeutic with tumour cell kill rate κ11 = 20, and a highly potent

angiogenesis-therapy feedback loop exploiter with endothelial cell kill rate κ22 = 50,

and leave all the other parameters unchanged. Then the cell populations upon ces-

sation of the final application of therapy for therapy Schedules (6.30) are shown in

Figure 6.17.

In Figure 6.17 is can be seen that both single therapies are more effective than either

double therapy. This demonstrates that even if each therapy is extremely potent, the

mutually inhibitory nature of traditional chemotherapies and angiogenesis-therapy

feedback loop exploiting drugs mean that scheduling them to provide an effective

double therapy is a highly non-trivial task. In fact our work suggests that any double

therapy is likely to perform worse than the better of the single therapies.
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Figure 6.16: The volume of cells in our 25% growth fraction tumour after the final
application of therapy for the therapy schedules defined by Schedules (6.30), for the
parameter values outlined in the text as governed by Equations (6.17) to (6.26). Cell
populations which are present in too smaller volume to be readily seen are not labelled
in the legend.

6.9 Conclusions

In this chapter we incorporated resistance into our model for vascular tumour growth

and treatment. Our goal was to then use this model to consider whether the inclusion

of resistance alters how therapy should be scheduled and in particular whether the

results of our model agree with the general rules for therapy scheduling, such as

the Norton-Simon hypothesis, the Goldie-Coldman hypothesis, and Day’s worst drug

first rule. We also aimed to consider whether a maintenance therapy schedule could

provide a more practical treatment than attempting tumour eradication.

We successfully included resistance and the cost of being resistant into our model.

Our sensitivity analysis of Section 6.2.2 then showed that the resistance parameters

can be chosen so that the therapy experiences one of three responses: it can either
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Figure 6.17: The volume of cells present in our 25% growth fraction tumour after the
final application of therapy for the therapy schedules defined by Schedules (6.30) for
the parameter values outlined in the text, as governed by Equations (6.17) to (6.26).
Cell populations which are present in too smaller volume to be readily seen are not
labelled in the legend.

treat the tumour by acting as a traditional chemotherapeutic; it can fail because of

the onset of resistance; or it can treat the tumour using resistance to exploit the

angiogenesis-therapy feedback loop. (Note that in Section 5.2.7 we found that the

therapy can exploit the angiogenesis-therapy feedback loop without using tumour cell

resistance; this will still be true when tumour cell resistance is included and was not

investigated in this chapter.)

In Section 6.3 we considered the Norton-Simon hypothesis, which says that dose

dense therapy schedules are more effective than dose sparse ones. In particular we

investigated this when the therapy fails because of the onset of resistance. It was found

that dose densing made the therapy more potent, which tended to make the therapy

act like a traditional chemotherapeutic. In fact for our parameter values, taking very

short rest phases made the therapy potent enough to target even the resistant cell
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population. Making the therapy increasingly less dense resulted in the therapy failing

because of the onset of resistance, then using resistance to exploit the angiogenesis-

therapy loop, and finally failing due to lack of potency. This highlights that dose

densing makes the therapy more potent as a traditional chemotherapeutic, but this

does not always provide a better therapy. In particular, no general rule concerning

dose densing can be asserted unless the therapy is sufficiently well understood that

it is known by which mechanism the therapy is targeting the tumour.

Whilst considering the Norton-Simon hypothesis we also found that very dose sparse

therapies could potentially provide a more effective maintenance therapy than dose

dense therapies. This is because dose sparse therapies can be sufficiently potent to

eradicate a significant proportion of the tumour when applied, but not potent enough

to give a competitive advantage to the resistant cells and so a significant resistant

population does not become established. Furthermore, the long rest phase in between

applications of very dose sparse therapies is likely to make them more tolerable for

the patient. The finding that maintenance therapies should be more dose sparse is in

agreement with the results of Hahnfeldt et al. (2003) and Monro and Gaffney (2009).

To check that our results were not reliant upon the neglect of endothelial cell resis-

tance we then modelled the resistance of the endothelial cell population. It was found

that despite the endothelial cells having significantly lower mutation rates than the

tumour cells, some resistant endothelial cells would be expected to exist in a clini-

cally relevant tumour. Hence the resistance of endothelial cells cannot be a priori

neglected. However, when the resistance of endothelial cells was included into our

model the fact that endothelial cells have a significantly lower mutation rate than to

tumour cells was sufficient for the exploitation of the angiogenesis-therapy feedback

loop.

We then generalised our model to consider the application of double non-cross resis-

tant therapies of chemotherapy. In Section 6.6 we used this to consider the Goldie-

Coldman hypothesis, which states that to minimise the onset of resistance a double

therapy should be applied and the therapies should be alternated quickly, and a

summary of our results is presented in Table 6.5.

Our model did find that applying a double therapy and alternating it quickly was

effective at minimising the onset of resistance, but this did not always give the best

therapy. For example if the therapies are each capable of treating the tumour by

acting as a traditional chemotherapeutic when applied as a single therapy, without
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Therapy Mechanism

Does the Goldie-Coldman
hypothesis, that

alternating the therapies
minimises resistance,

hold?

The best therapy
schedule

A successful traditional
chemotherapeutic

No The single therapy

The therapy fails because
of resistance

Yes
The quickly alternating

double therapy

Exploits the
angiogenesis-therapy

feedback loop
Yes The single therapy

Table 6.5: A summary of our results concerning the Goldie-Coldman hypothesis.

failing due to the onset of resistance, then the stronger of the two therapies should be

applied singly. Furthermore, if the therapies are capable of treating the tumour by

using resistance to exploit the angiogenesis-therapy feedback loop, then preventing

resistance by applying a double therapy leads to a worse therapy, and possibly even

complete failure of the therapy. However, applying a double therapy and alternating

it quickly was effective when the therapies fail because of the onset of resistance. This

again highlights that general rules concerning the scheduling of the therapy should

only be applied if the mechanism the therapy uses to treat the tumour is known.

Finally in Section 6.7 we considered Day’s worst drug first rule and a summary of our

results is presented in Table 6.6. Again it was found that in several circumstances the

best single therapy was the optimal therapy, however this optimal therapy can only

be delivered if detailed knowledge of the therapy mechanism and tumour response

are known. If the optimal therapy cannot be confidently predicted then the double

therapies were more reliable than the single therapies in the sense that they were

less prone to suffer complete therapy failure. However when one therapy acts as a

traditional chemotherapeutic when applied singly, and the other uses resistance to

exploit the angiogenesis-therapy feedback loop when applied singly, the action of the

drugs was found to be mutually inhibitory and applying a double therapy resulted

in a much poorer therapy than applying the more effective single therapy. When

the best drug first and the worst drug first therapies were compared there was often

no difference between them, and what difference was observed was primarily due to
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which drug was delivered last, rather than first. This again highlights that general

rules concerning therapy treatment can only be applied when the mechanisms the

therapy is uses to target the tumour are known, and applying the general rules in the

incorrect setting can actually lead to a less effective therapy.

Therapy Mechanisms
Does Day’s worst drug

first rule hold?
The best therapy

schedule

Both therapies are
traditional

chemotherapeutics
No

The more effective single
therapy

Both therapies exploit
the angiogenesis-therapy

feedback loop
No

The more effective single
therapy

When one therapy fails
because of resistance

Not always
Depends upon parameter

values

When one therapy is a
traditional

chemotherapeutic and
the other exploits the
angiogenesis-therapy

feedback loop

No
The more effective single

therapy

Table 6.6: A summary of our results concerning Day’s worst drug first rule.
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Chapter 7

Summary and Future Work

7.1 Summary

In Chapter 2 we considered the often made assumption that the concentration of

any nutrient or drug within an avascular tumour spheroid is radially symmetric.

Whilst this assumption has been made in many mathematical models of avascular

tumour growth, the justification for it is often implicit and inferred from the fact

that avascular tumours are typically observed to grow as spheroids. We explored the

validity of this assumption and when it no longer holds by building a model for the

radially averaged mean nutrient concentration and the perturbation away from this

mean nutrient concentration within an avascular tumour spheroid. We then evaluated

this model for a number of different nutrient and nutrient flux configurations when the

rate of nutrient uptake saturates. It was found that the condition that the nutrient or

drug diffuses at least two cell widths into the tumour is sufficient for the nutrient or

drug to be assumed to be radially symmetric. This is because diffusion is a stabilising

effect and two cells widths is sufficiently far for diffusion to well mix the nutrient so

that the nutrient concentration can be approximated by its radially averaged mean

value.

Since a continuum model for tumour growth is unlikely to be appropriate for a nutrient

or drug which diffuses less than two cell widths into the tumour, we have shown that

when a continuum model is appropriate the nutrient concentration can be assumed to

be radially symmetric. However, our analysis may not be valid for chemotherapeutic

drugs, for which the rate of drug uptake may not necessarily saturate, and so our

work has not shown that the concentration of such drugs can be a priori taken to be

radially symmetric.
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In Chapter 3 we considered the interaction between a growing avascular tumour

spheroid and the surrounding vasculature. In particular we investigated how the

distance between the surface of the tumour spheroid and the neighbouring capillaries

varies as the tumour grows. An oxygen delivery argument showed that the 2 mm

gap between the tumour and neighbouring vasculature observed following tumour

implantation into a test animal’s cornea must be unique to that setting. The cornea

is an uniquely large region of avascular tissue and if an avascular tumour grows

elsewhere then a gap of this size between the tumour and vasculature would put an

impossibly large strain on the vasculature network. Such a configuration is therefore

impossible.

We then utilised our results of Chapter 2 to build a multi-compartment model for the

growth of an avascular tumour and its interaction with the neighbouring vasculature

in the absence of a basal membrane, which particularly represents the growth of a mi-

crometastasis. It was found that when the non-cancerous cells proliferate less quickly

than the cancerous cells, which is typically the case, the gap between the tumour and

neighbouring vasculature initially closes; a result which was confirmed by a simple

scaling argument. Once the tumour has grown to a larger size the re-establishment

of a gap between the tumour and vasculature would not require an impossibly large

rate of non-cancerous cell proliferation, however there is no obvious mechanism which

would upregulate non-cancerous cell proliferation to the required extent and a num-

ber of biologically motivated mechanisms were tested and found to not be sufficient.

From this we conclude that once the tumour has grown to a reasonable size (about

200µm in radius) there will be no significant gap between the tumour and neighbour-

ing vasculature and the surrounding capillaries will effectively lie on the surface of the

tumour. More generally, noting that the initial gap between the initiating tumour and

the capillary bed is of the order of the inter-capillary distance, even in the presence

of a basal membrane, these studies highlight that the numerous mathematical and

computational models based on the cornea implant experiments are not sufficiently

general for modelling carcinogenesis.

In Chapters 4, 5, and 6 we derived a multi-compartment model for vascular tumour

growth, included the application of chemotherapy, and included therapy resistance re-

spectively. Having derived our multi-compartment model for vascular tumour growth

we chose some of our model’s parameters by performing a literature search in combina-

tion with an asymptotic and steady state analysis. We then estimated the remaining
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parameters by performing an analysis of parameters whereby parameters were chosen

so that the corresponding tumour growth dynamics were suitably realistic.

Having included the application of therapy and evaluated the chemotherapy based

parameters we discovered that the therapy can be effective via one of two mechanisms:

it can either act as a traditional chemotherapeutic, or it can exploit the angiogenesis-

therapy feedback loop. To exploit the latter the therapy should be more potent

at targeting the endothelial cells than the tumour cells. Then each application of

the therapy under-vascularises the tumour, which up-regulates angiogenesis, which

then makes the tumour more susceptible to the next application of endothelial cell

targeting therapy. It was found that the therapy which exploits the angiogenesis-

therapy feedback loop was often the more effective therapy. This is because the

endothelial cells recover more slowly than the tumour cells following an application

of therapy, so that the system recovers more slowly following an endothelial cell

targeting therapy than a traditional chemotherapeutic, the fact that therapies which

exploit the angiogenesis-therapy feedback loop have a compounding effect whereby

each application of therapy treats the tumour but also primes the tumour for the next

application of therapy also contributed to making them effective.

We then considered whether the Norton-Simon hypothesis applies to therapies which

utilise these identified treatment mechanisms. It was found that for both therapies

which act as a traditional chemotherapeutic and those which exploit the angiogenesis-

therapy feedback loop, and for both discrete and continuous applications of therapy,

dose densing the therapy did cause more effective cell kill. More dose therapies allowed

higher chemotherapy concentrations, or therapies with shorter rest phases, which were

more intensive and provided a more effective therapy despite the application time of

the therapy being reduced. However, we did find one important caveat to this, that

the therapy must be applied for at least a few cell cycle times in duration. This is

required so that the therapy is applied for sufficient time for all the proliferating cells

to be targeted, and for all the quiescent cells to be recruited back into the cell cycle

and then targeted.

However, we also found that dose dense therapies are more likely to give a compet-

itive advantage to the resistance cells and cause a resistant population to become

established within the tumour. Hence if tumour cure is impossible, or a maintenance

therapy is sought, then the therapy should be relatively dose sparse. Then each ap-

plication of the therapy can prune the tumour and maintain it at a non-fatal size,

but the therapy is never intense enough to drive the onset of resistance.
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We then considered the work of Browder et al. (2000) who showed that chemotherapy

can effectively treat drug-resistant tumours, so that the chemotherapy must be pro-

viding an anti-angiogenic effect. Furthermore, they found that an “anti-angiogenic”

therapy schedule was more effective than a “conventional” therapy schedule. Whilst

Browder et al.’s work exemplifies the possibility of using traditional chemotherapies

to provide an effective anti-angiogenic effect, we actually found that the difference

between the effectiveness of their “anti-angiogenic” and “conventional” therapy sched-

ules was probably due to the action of the chemotherapy saturating. Hence we found

that Browder et al.’s results comparing “anti-angiogenic” and “conventional” therapy

schedules can actually be phrased more generally; that if the action of the chemother-

apy saturates, then the duration of the rest phase between applications of therapy

should be comparable to the half-life of the chemotherapeutic. Then the therapy

concentration can be constantly topped up to provide continual significant cell kill,

but with minimal toxicity.

Upon including resistance into our model we found that the therapy can fail because of

the onset of resistance, but resistance also creates another mechanism by which the

therapy can provide an effective treatment, namely the therapy can use resistance

to exploit the angiogenesis-therapy feedback loop. To do this the therapy should

be potent enough to give a competitive advantage to the resistant cells. Then a

resistant population will become established in the tumour and once this happens,

and for certain parameter values, the therapy will be more potent at targeting the

endothelial cells than the resistant tumour cells and the therapy can exploit the

angiogenesis-therapy feedback loop in the manner previously outlined.

We then considered whether the Goldie-Coldman hypothesis and Day’s worst drug

first rule applied for these therapy mechanisms. If the total amount of therapy de-

livered is held constant, so that the therapies are comparably toxic, it was found

that when two single therapies act as a traditional chemotherapeutic or fail because

of the onset of resistance, the Goldie-Coldman hypothesis held and alternating the

therapy quickly was effective at preventing the onset of resistance. However, if both

therapies are unaffected by resistance then applying both as a double therapy was

not beneficial and applying the stronger single therapy was optimal. If both ther-

apies failed because of resistance when applied singly we did not find Day’s worst

drug first rule to hold and instead we found that the perceived effectiveness of the

therapy was more dependent upon which drug was delivered last. However when one
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of the therapies exploits the angiogenesis-therapy feedback loop applying an alternat-

ing double therapy was not appropriate. Whilst the Goldie-Coldman hypothesis was

correct in the sense that applying a double therapy prevented the onset of resistance,

the therapy requires the onset of resistance to exploit the angiogenesis-therapy feed-

back loop, and so applying an alternating therapy led to a worse therapy schedule

and even complete therapy failure. Furthermore we found that if one therapy acts

as a traditional chemotherapeutic, and the other exploits the angiogenesis-therapy

feedback loop, then the mechanisms of these therapies are mutually inhibitory and

applying them jointly led to a worse therapy than applying either of them singly.

We also showed that these conclusions would be unaffected by the explicit considera-

tion of endothelial cell resistance. The fact that endothelial cells are more genetically

stable than tumour cells, and therefore less likely to mutate to acquire resistance, is

sufficient for therapy to be able to use resistance to exploit the angiogenesis-therapy

feedback loop. The reason for this being that resistance becomes established in the

tumour cells much more quickly than in the endothelial cells, and so there is a time

window where the tumour consists largely of resistant cells, but the endothelial cells

consist largely of sensitive cells, and the angiogenesis-therapy feedback loop can be

effectively exploited in this window.

Overall we have found that there is potentially another mechanism by which a ther-

apy can provide an effective treatment, namely it can use resistance to exploit the

angiogenesis-therapy feedback loop. However, if the therapy uses this mechanism

then many of the typical therapy scheduling rules, particularly the Goldie-Coldman

hypothesis and Day’s worst drug first rule, do not apply. Furthermore following them

can lead to complete therapy failure. This highlights how non-trivial the problem of

therapy scheduling is. Furthermore, if the mechanisms by which the therapies treat

the tumour, or whether the therapy fails because of resistance, are known then rules

concerning how the therapies should be applied can be found. However this requires

a good understanding of how the therapy and the tumour interact and in the absence

of such knowledge there is not one therapy schedule which will be effective for all

therapies. In fact, the best therapy schedule for a traditional chemotherapeutic is

typically the worst therapy schedule for a therapy which uses resistance to exploit

the angiogenesis-therapy feedback loop. This highlights how difficult it is to schedule

general therapies with the intention of completely eradicating the general tumour.

This suggests that maintenance therapies which intend to manage, rather than com-

pletely eradicate, the tumour might be more practical. In which case relatively dose
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sparse therapies should be applied which do not give a significant competitive advan-

tage to the resistant cells and give the tumour sufficient time to resensitise to the

therapy in between applications of the therapy.

7.2 Future Work

Our model in Chapter 2 only considered the radial symmetry of nutrients and drugs

for which the rate of nutrient, or drug, uptake saturates and does so quickly. This

is certainly true for oxygen and is expected to be valid more generally for nutrients

which are required for cell growth, because cells have evolved to be very good at

uptaking such nutrients, but may not be valid for a general chemotherapeutic drug,

which highlights the opportunity for future work.

In Chapters 4, 5, and 6 we considered how chemotherapy should be scheduled to ob-

tain the most effective tumour treatment. In particular, one aspect of chemotherapy

scheduling we considered was how to schedule the therapy to provide the best main-

tenance therapy, by which we mean a therapy which keeps the tumour below some

non-fatal size rather than trying to completely eradicate it. A similar investigation

could be undertaken to consider what the best palliative therapy schedule is, i.e. if a

tumour cannot be eradicated how should therapy be delivered to limit its progression

to the greatest extent.

Another extension which could be performed to the work of Chapters 4, 5, and 6

is the consideration of spatial effects. Since vascular tumours have been observed

to be highly spatially inhomogeneous we have not attempted to model any spatial

aspect of the tumour. Instead we averaged the behaviour of the tumour across the

entire tumour. Spatial effects could be included in a future model and the results of

the model in this thesis could be tested against the results of the spatial model to

investigate whether spatial effects are significant.

A major area of future work would be the experimental testing of our theoretical

assumptions and results. For example, in Chapter 3 we concluded that for an es-

tablished in vivo avascular tumour the neighbouring capillaries effectively lie on the

surface of the tumour. Whilst there are in vivo images which show that a 2 mm

gap between the tumour and neighbouring capillaries, such as that seen following an

intra-cornea implant, there has been no explicit experimental study of how the dis-

tance between the tumour and neighbouring capillaries behaves as the tumour grows.
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Whether the neighbouring capillaries do actually lie of the surface of the tumour, as

predicted by our model, or whether there is a gap, albeit a smaller one than the 2 mm

gap observed in the intra-cornea experiments, between the capillaries and tumour

could be explicitly investigated. Furthermore, if the capillaries are found to lie on

the surface of the tumour then a detailed study of how quickly the gap closes would

allow our model to infer what proliferation kinetics the non-cancerous cells undergo

as the tumour grows.

The other major area of this thesis which would benefit from detailed experimen-

tal testing is our model for the growth and response of a vascular tumour, which

was presented in Chapters 4, 5, and 6. Care has been taken to ensure that all the

assumptions in our model are biologically reasonable and some, such as the use of

Michaelis-Menten proliferation kinetics, have been tested in other works, and the

results of our model have been tested against observed experimental results, both

in the presence and absence of therapy. However, the field would still benefit from

detailed experimental investigations. Initially tumour spheroids could be grown in

culture and the observed growth of these spheroids could be analysed to estimate

the parameter values in our model corresponding to the grown spheroids. While it is

straightforward to match empirical growth curves as they simply increase and satu-

rate, exploring whether the current modelling frameworks presented here, and in the

literature more generally, are capable of predicting tumour dynamics in the presence

of multiple distributions of cytotoxins remains to be explored. This also offers the

opportunity for iterative cycles of model refinement and testing which is critical for

the integrity of next generation simulations.

Existing clinical trials tend to use protocols that are more complicated than the

idealised ones considered here, and there is ample scope for assessing existing data

from real trials in modelling frameworks to assess whether the qualitative trends

predicted in silico can be observed in current data. When, or perhaps if, a simulation

based discovery platform addressing protocol scheduling is validated against in vitro

data and also appears to be consistent with trends in existing clinical trials data,

there is then scope for iterations of model validation and in vivo experiments as

well as an increasing application in developing insight for clinical trials. The fact

the latter occurs with even the simple models of today, as proudly highlighted in a

number of Nortons clinical trials, emphasises the importance of embarking on a cycle

of modelling refinement by iterative comparison with empirical studies.
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Appendix A

Simplifying the Numerical Scheme
of Chapter 2

A.1 Simplifying the Numerical Scheme for Test

Function 2

We begin by integrating Equations (2.29) and (2.30) for the coefficients αn,m and βn,m.

Here we are able to use the orthogonality of the trigonometric functions to simplify

our calculations. Upon substituting the test function given in Equation (2.41) into the

integral equation for αn,m, Equation (2.29), and recalling the orthogonality properties

of the trigonometric functions we find that

αn,m = 0 ∀ n,m.

Similarly, upon substituting this test function into the integral equation for βn,m,

Equation (2.30), and recalling the orthogonality properties of the trigonometric func-

tions, we find that

βn,m =


π(1− r∗3)

3

∫ 2π

0

√
2n+1

2π
(n−63)!
(n+63)!

P 63
n (cos(φ)) sin(63φ) dφ if m = 63,

0 if m 6= 63,
∀ n.

(A.1)

So for this test function most of the βn,m coefficients are zero, except for the coeffi-

cients βn,63 which now contain a single integral. Here we calculate this single integral

numerically using the inbuilt matlab function quadl with an absolute error tolerance

of 10−9, which implements an adaptive Lobatto quadrature method. This then gives

us an approximation to βn,63 which we denote by β′n,63.

257



A.1. SIMPLIFYING THE NUMERICAL SCHEME FOR TEST
FUNCTION 2

Having shown that most of the coefficients in our Laplace series are zero we find that

our numerical approximation to the perturbed flux becomes

h̃′(θ, φ) =
N∑

n=63

β′n,63Ysn,63(θ, φ).

The condition that the relative mean square error in the numerical approximation to

the perturbed flux must be less than 1%, as given by Equation (2.38), then becomes

∫ 2π

0

∫ π

0

(
N∑

n=63

3β′n,63

1− r3
∗
Ysn,63(θ, φ)− sin(63θ) sin(63φ)

)2

sinφ dφ dθ <
π

25
. (A.2)

To evaluate this double integral we apply the trapezium rule twice to obtain a repeated

trapezium rule quadrature method. We implement this (63k)2 quadrature points,

evenly spaced in θ and φ, and increase k until the relative change in approximation

to the double integral is less than 10−4.

From Equation (A.1) it can be seen that the quantities of 3βn,63/(1− r 3
∗ ) are actually

independent of r∗ and it follows that Condition (A.2) is also independent of r∗. Hence,

having approximated βn,63 by numerically integrating Equation (A.1) and satisfied

Condition (A.2) for the first value of r∗, we can immediately rescale these results to

obtain suitable approximations of βn,63 for any other value of r∗.

Having found β′n,63 and ensured that Condition (A.2) is satisfied we obtain the fol-

lowing numerical approximation to the perturbation

c̃ ′(r, θ, φ) = −
N∑

n=63

rn

n
β′n,63Ysn,63(θ, φ),

and for a given value of r the maximum value of the perturbation is found to satisfy

max
θ,φ
|c̃ ′(r, θ, φ)| =

(
1− r 3

∗
3

)
max
θ,φ

∣∣∣∣∣
N∑

n=63

rn

n

3β′n,63

1− r 3
∗
Ysn,63(θ, φ)

∣∣∣∣∣ . (A.3)

Note that as before the absolute value on the right hand side of this equation is

independent of r∗. Hence we only need calculate this maximum value once and we

can then rescale our result to obtain the maximum value of the perturbation for other

values of r∗.
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We now approximate the maximum value of the absolute value on the right hand side

of Equation (A.3) numerically and to do this we define

Lk(r) = max

{∣∣∣∣∣
N∑

n=63

rn

n

3β′n,63

1− r 3
∗

√
(2n+1)

2π
(n−63)!
(n+63)!

P 63
n

(
cos pπ

63k

)∣∣∣∣∣
∣∣∣∣∣0 ≤ p ≤ 63k

}
,

where Lk(r) is related to the maximum observed value of the perturbation, Mk(r) as

defined by Equation (2.39), thus

Lk(r) =
3

1− r 3
∗
Mk(r).

Again Equation (A.1) shows that Lk(r) is independent of r∗.

We previously used Condition (2.40) to ensure that the maximum value of the pertur-

bation is suitably approximated. That condition for Mk(r) gives rise to the following

condition for Lk(r)

max
0≤r≤1

|Lk+1(r)− Lk(r)| <
3c(1)

104(1− r 3
∗ )
.

Notice that the left hand side of this equation is independent of r∗ but the right hand

side depends upon r∗. So we will increase k until this condition is satisfied for all the

values of r∗ being considered. Noting that

min

{(
3c(1)

1− r 3
∗

)
10−4

∣∣∣∣r∗ ∈ {0.83, 0.92, 0.85, 0.9, 0.95
}}

= 2.5× 10−6 (2 s.f.),

we find that we must increase k until

max
0≤r≤1

|Lk+1(r)− Lk(r)| < 2.5× 10−6,

and once this condition is satisfied we can approximate the maximum value of the

perturbation by

max
θ,φ
|c̃(r, θ, φ)| =

(
1− r 3

∗
3

)
Lk+1(r).

A.2 Simplifying the Numerical Scheme for Test

Function 3

Upon substituting the test function given in Equation (2.42) into the integral equation

for αn,m, Equation (2.29), we find that it is possible to separate the double integral

into two single integrals where the θ integral is∫ 2π

0

sin
{

63
(
θ + sin(10θ)

20

)}
cos(mθ) dθ.
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However, the periodicity of the trigonometric functions can be used to show that this

integral is zero for all n, so that

αn,m = 0, ∀ n, m.

Similarly, the θ integral in the double integral for βn,m, as given by Equation (2.30),

is

Iθ =

∫ 2π

0

sin
{

63
(
θ + sin(10θ)

20

)}
sin(mθ) dθ.

The symmetry of this integral’s integrand about the point θ = π can then be used to
show that

Iθ =

 2
∫ π

0
sin
{

63
(
θ + sin(10θ)

20

)}
sin(mθ) dθ when m odd,

0 when m even.

Given this, our integral equation for βn,m becomes

βn,m =

 2

(
1− r3

∗
3

)∫ π

0

∫ π

0

3h̃(θ, φ)

1− r 3
∗
Ycn,m(θ, φ) dθ dφ when m odd,

0 when m even.

Notice from Equation (2.42) that 3h̃(θ, φ)/(1 − r 3
∗ ) is independent of r∗ and so it

is only necessary to evaluate the integral in this expression once and the result can

be used to find the value of βn,m corresponding to any other value of r∗. Here we

calculate this double integral numerically by splitting it into two single integrals and

evaluating each one using the inbuilt matlab function quadl with an absolute error

tolerance of 10−9, which implements an adaptive Lobatto quadrature method. This

then gives us an approximation to βn,63 which we denote by β′n,63.

Also notice that for this test function the condition that the relative mean square dif-

ference between the perturbed flux and the numerical approximation to the perturbed

flux must be less than 1%, as given by Equation (2.38), becomes

∫ 2π

0

∫ π

0

 N∑
n=1

bn2 +1c∑
k=0

3β′n,2k+1

1− r 3
∗
Ysn,2k+1(θ, φ)− 3h̃(θ, φ)

1− r 3
∗


2

sinφ dφ dθ <
π

25
, (A.4)

where bxc is the floor function which rounds a number down to its next smallest

integer.
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To evaluate this double integral we apply the trapezium rule twice to obtain a repeated

trapezium rule quadrature method. We implement this (63k)2 quadrature points,

evenly spaced in θ and φ, and increase k until the relative change in approximation

to the double integral is less than 10−4.

Recalling that 3βn,2k+1/(1− r 3
∗ ) and 3h̃(θ, φ)/(1− r 3

∗ ) are both independent of r∗ we

find that N is also independent of r∗. So again we only need to calculate the value

of N for the first value of r∗ and we have found it for any value of r∗.

Having found β′n,2k+1, our numerical approximations to βn,2k+1, and having found

N and having ensured that Condition (A.4) is satisfied we find that our numerical

approximation to the perturbation is given by

c̃ ′(r, θ, φ) = −
N∑
n=0

bn2 +1c∑
k=0

rn

n
β′n,2k+1Ysn,2k+1(θ, φ),

and the maximum value of the numerical approximation to the perturbation is

max
θ,φ
|c̃ ′(r, θ, φ)| =

(
1− r 3

∗
3

)
max
θ,φ

∣∣∣∣∣∣∣
N∑
n=0

bn2 +1c∑
k=0

rn

n

3β′n,2k+1

(1− r 3
∗ )
Ysn,2k+1(θ, φ)

∣∣∣∣∣∣∣ .
The absolute value on the right hand side of this equation is independent of r∗ and

so we only need calculate its maximum value once and we can then scale our result

to obtain the maximum value of the perturbation for any value of r∗. As before we

approximate the maximum value of this absolute value by defining

Lk(r) = max


∣∣∣∣∣∣∣
N∑
n=0

bn2 +1c∑
k=0

rn

n

3β′n,2k+1

(1− r 3
∗ )
Ysn,2k+1

( pπ
63k

,
qπ

63k

)∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ 0 ≤ p ≤ 63k, 0 ≤ q ≤ 63k

 ,

and increasing k until the error in this maximum is acceptably small and Condition

(2.40) is satisfied so that

max
0≤r≤1

|Lk+1(r)− Lk(r)| < 2.5× 10−6.

Once this condition is satisfied we approximate the maximum value of the perturba-

tion by

max
θ,φ
|c̃ ′(r, θ, φ)| =

(
1− r 3

∗
3

)
Lk+1(r).
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Appendix B

Details of Parameter Estimations

B.1 The Parameters in Chapter 3

B.1.1 Estimating the Value of A

We estimate A, the maximum rate at which colorectal cells undergo mitosis, by

relating it to the doubling time of colorectal cancer cells. Under optimal conditions we

assume that a tumour of volume V (t), a function of time, only consists of proliferating

cancer cells and that cell mitosis dominates cell necrosis. Then to leading order the

evolution of the tumour volume will be governed by:

dV

dt
= AV,

=⇒ V (t) = V (0)eAt.

Letting t2 be the doubling time of the tumour, so that V (t2) = 2V (0), we find that

eAt2 = 2,

=⇒ A =
log 2

t2
.

Finally, substituting in t2 = 135 hours we find that A = 1.4× 10−6s−1.

B.2 The Parameters in Chapter 4

B.2.1 Estimating the Value of K̂

To estimate the value of K̂ we assume that we have 3 × 1012 cells in total, of which

X are viable cells, 3 × 1012 − X are necrotic cells, and we neglect the contribution
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of any endothelial cells. Then the total volume of the live cell compartment is X VL
V

and the volume of the necrotic compartment is (3× 1012 −X) VN
V . Recalling that we

previously took the necrotic fraction of our tumour to be 0.25 we find that we should

choose X so that:
(3× 1012 −X)VN

XVL + (3× 1012 −X)VN
=

1

4
.

Recalling that we have previously found that VN
VL

= 0.5 this becomes:

(3× 1012 −X)

2X + 3× 1012 −X
=

1

4
,

=⇒ X =
9

5
× 1012.

Hence there are 9
5
×1012 live cells in the tumour, 6

5
×1012 necrotic cells in the tumour,

and the non-dimensional carry capacity of the tumour’s host is:

K̂ =
V
VE

(
9
5
× 1012 VL

V + 6
5
× 1012 VN

V

)
,

= 7.2× 1012.
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