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Abstract.

Using the post-Newtonian formalism of gravity, we attempt to calculate the x-ray

Thomson scattering cross section of electrons that are accelerated in the field of a

high intensity optical laser. We show that our results are consistent with previous

calculations, suggesting that the combination of high power laser and 4th generation

light sources may become a powerful platform to test models exploring high order

corrections to the Newtonian gravity.
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1. Introduction

A common misperception of theories that attempt to describe quantum mechanics in

curved space-time is that they require accessing energies up to the Planck scale of 1019

GeV, which is unattainable from any conceivable particle collider. However, quantum

electro-dynamics, as a highly successful quantum field theory, has demonstrated

how renormalization involving high energy states can influence low energy physical

observables. This is testified, for example, by the observable nature of the Casimir effect,

which results from a renormalization of quantum vacuum through boundary conditions

set by conducting plates at low energy. Similarly, the experiment of Colella, Overhauser

and Werner [1, 2] showed a phase shift in the neutron’s wave function caused by the

lowest order gravity correction in the quantum mechanical Hamiltionian. Later on, the

same result was obtained for neutrons in accelerated frames [3], confirming the validity

of the weak equivalence principle [4, 5, 6] for quantum systems. To obtain a consistent

description of experimental findings, it was shown that the Hamiltonian must consist

of two parts, the usual kinetic term and a gravitational term. This forms the basis of

a sub-class of equations known as Newton-Schrödinger Hamiltonians [7, 8]. While the

Newton-Schrödinger formalism has an important role in macroscopic quantum gravity

theories as it provides laboratory testable predictions, it should be also pointed out

that the Newton-Schrödinger equations are not the semiclassical limit of the Einstein

equations [9] and thus do not give a self-consistent description of gravity at scales where

curvature, radiation (i.e., gravitational waves) and particle production are important.

Indeed, the latter is the most prominent manifestation of gravity affecting vacuum

fluctuations: black holes radiate energy at a universal temperature - the Hawking

temperature [10, 11]. This is a quite general fact, not confined to black holes. As shown

by Davies, Unruh and Fulling [12, 13, 14], an observer in a uniformly accelerated frame

experiences the surrounding vacuum as filled with thermal radiation with temperature

TDU = h̄a/2πkBc = 4.05 × 10−23a K, where a is the acceleration (in cm/s2) and kB
is the Boltzmann constant. Thanks to the development of chirped pulse amplification

of optical laser light [15], state-of-art laser systems can now achieve focused intensities

I>∼1022 W/cm2, thus being able to accelerate the electron to unprecedented values:

a>∼1027 cm/s2. And, for this reason, high power lasers have been advocated as an ideal

tool to study gravity models beyond the Newton-Schrödinger approximation [16, 17, 18].

While several experimental proposals have been put forward, at present it remains

unclear whether or not such effects are measurable in the laboratory frame [19].

In this paper, however, we take a step back and only focus on possible experimental

tests of the Newton-Schrödinger approximation in the post-Newtonian formalism. We

give a detailed derivation of dynamic structure factor of electrons scattering from a high

power optical laser light in an accelerated frame. This work provides the theoretical

background underpinning the ideas originally proposed by some of us in the paper

of Crowley et al. [20]. While the experimental setup, the photometrics and the

expected signal from scattering of linearly accelerated electrons are presented there,
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we feel that our original work needs a more in depth discussion of the underlying

theory and its connection with other approaches. We indeed show that our results

are consistent with the concept of mass shift [21, 22], and they can be interpreted as a

frequency shift of radiation emitted by a particle experiencing a strong ponderomotive

potential. By virtue of the equivalence principle, this work thus provide an important

step towards an experimental platform to test higher order gravity corrections to the

Newton-Schrödinger Hamiltonian.

2. Post-Newtonian gravity approximation

We now describe the non-relativistic Hamiltonian in the post-Newtonian gravity theory

[4, 23]. By post-Newtonian gravity we refer to a classical metric model of weak gravity

which has the standard Newtonian gravity as its limit for null curvature [6]. The gravity

is generated by a system of massM surrounded by a isotropic and homogeneous universe.

In this approximation the metric is given by:

gµν =


−1 + 2 U

c2
− 2β

(
U
c2

)2
0 0 0

0 1 + 2γ U
c2

0 0

0 0 1 + 2γ U
c2

0

0 0 0 1 + 2γ U
c2

 , (1)

with the indices µ and ν running from 0 to 3 (0 is used for the time-like coordinate),

and c is the speed of light. The Newtonian potential at a distance r = (xaxa)
1/2 from

the mass is U = GM/r (G is the gravitational constant, and latin indices are used for

the spatial components of the 4-vectors). The parameters β and γ describe the specific

gravitational model, with β measuring the amount of non-linearity and γ the degree of

space-time curvature. Einstein’s general relativity requires β = γ = 1. We also notice

that U = 0 gives gµν = ηµν , where ηµν = diag(−1,+1,+1,+1) is the Minkowski metric

of flat space.

The next step consists in describing the quantum mechanical behavior of an electron

(excluding spin effects) in such metric. The approach we use is to generalize the standard

Hilbert-Schrödinger formalism to curved space-time represented in terms of a metric that

depends continuously on the coordinates. In other words, we do not concern ourselves

with the quantized nature of the gravitational field itself. This semiclassical approach

seems reasonable for weak gravity due to an external source that is not coupled to the

motion of the particles under consideration. The generalization of the Klein Gordon

equation to curved space-time is done by introducing the covariant derivatives in the

Laplacian operator [24]:(
gµν∇µ∇ν −

m2c2

h̄2

)
ψ

=

(
1
√
g
∂µ
√
ggµν∂ν −

m2c2

h̄2

)
ψ = 0, (2)
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where the covariant derivative of a 4-vector T ν is defined as ∇µT
ν = ∂µT

ν + ΓνσµT
σ,

with Γνσµ the Christoffel symbols and ∂µ = ∂/∂xµ. In the Klein Gordon equation,

g = −det(gµν), m is the electron mass, and ψ the electron wavefunction. Following

closely the approach of Ref. [25, 23], we write the Klein Gordon wave function as

ψ(x) = exp
{
i

h̄

[
c2K0(x) +K1(x) + c−2K2(x) + ...

]}
, (3)

where x ≡ xµ. By treating c2 as our expansion parameter, and substituting the above

ansatz in the Klein Gordon equation gives K0 = ±mt. The two solutions indicates

that positive and negative energy states are well defined. Taking K0 = −mt, we obtain

to the lowest order ψ = exp(−imc2t/h̄) which corresponds positive energy solutions.

The procedure works only if we can neglect negative energies throughout, i.e., particle

creation is sufficiently small to be ignored. Particle production by the Hawking-Unruh

effect is thus neglected in this approximation.

The next order approximation is obtained by setting ψ = exp(−iK1/h̄) and by

keeping terms of order c0. This gives the lowest order Newton-Schrödinger equation:

ih̄
∂ψ

∂t
=

p2

2m
ψ −mUψ, (4)

where pa = −ih̄∂a is the usual quantum mechanical momentum operator, and thus

p2 = pap
a. This corresponds to the standard Schrödinger equation except for the

addition of the gravitational potential. The experiments of Colella, Overhauser and

Werner [1, 2] showed that the gravitational potential in the Newton-Schrödinger is

needed in order to explain the interference of neutrons in the Earth’s gravitational

field. Further, keeping the terms in order c−2 leads to an Hamiltonian with additional

relativistic correction terms [23]. We also require the Hamiltonian to be Hermitian

with respect to a scalar product. The procedure can be greatly simplified if the wave

functions and the Hamiltionian are redefined as [23]

ψ →
(

1 +
p2

m2c2

)1/4

J 1/4ψ

H →
(

1 +
p2

m2c2

)1/4

J 1/4H (5)

×
(

1 +
p2

m2c2

)−1/4

J −1/4 + ih̄∂0J −1/4, (6)

where J = det(gab) and thus the scalar product acquires the usual form of “flat” space:

〈φ|ψ〉 =
∫
φ∗ψ dV, (7)

with dV = dx1dx2dx3. The final result is thus [23]

ih̄
∂ψ

∂t
= Hψ, (8)

where,

H =
p2

2m
− p4

8m3c2
−mU +
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2γ + 1

2mc2

(
−Up2 + ih̄∂aUp

a
)
−
(

1

2
− β

)
mU2

c2
+

3γ
h̄∂a∂

aU

4mc2
. (9)

Since this Hamiltonian is defined with respect to the usual non-relativistic scalar product

(7), and thus all the terms in the equation maintain their normal meaning. Finally the

effect of an external electromagnetic field A is introduced into the Hamiltonian (9) via

a gauge transformation p→ p− eA, where e is the electron charge.

3. The variable mass metric

Let’s now consider the special case of β = 0 and γ = −1, which gives gµν = h2(x)ηµν ,

where h2 = 1− 2U/c2. This metric corresponds to the Friedmann-Lemâıtre-Robertson-

Walker metric of an isotropic expanding universe where the physical time has been

replaced by the conformal time. For reasons that will become clear later on, we will

refer to this particular metric as the variable mass metric. An important property of

the variable mass metric is that the propagation of massless particles (e.g., photons) is

completely unaffected by this metric.

The Lagrangian for a particle of a test particle of mass m in the gravitational field

is

L =
(
−v

µgµνv
ν

c2

)1/2

mc2, (10)

where vµ = ∂xµ/∂t = (c,v) is the particle velocity. In the case of the variable mass

metric, the above Lagrangian specializes to

L =
h

γv
mc2, (11)

where γv = (1 − v2/c2)−1/2. We can then determine the energy via a Legendre

transformation:

E = p · v − L = hγvmc
2, (12)

where the canonical momentum is p ≡ pa = ∂L/∂va. This gives,

E =
(
p2c2 + h2m2c4

)1/2
. (13)

Using Hamilton’s equations, ṗa = −∂E/∂xa, the acceleration is then a = ṗ/hγvm, which

gives

aa = − c
2

γ2
v

∂ lnh

∂xa
. (14)

If the gravitational potential is small, we can expand h ∼ 1−U/c2, and thus, assuming

spherical symmetry,

a =
1

γ2
v

∂U

∂r
. (15)
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Let’s consider now the case of a test electron in Minkowski space. We assume

that this particle is accelerated by an external laser field, with acceleration given by

a = −eE/γvm, where E is the laser electric field. Taking electron velocity to be

v = p/γvm, with similar considerations as before, we arrive at

E =
(
p2c2 + γ2

vm
2c4
)1/2

. (16)

Hence, the dynamics of an accelerated test electron in Minkowski space-time is the same

as an electron in curved space-time described by the variable mass metric with h = γv.

By taking the time derivative of this expression, we readily obtain

∂v

∂t
=
c2

γ2
v

∂ lnh

∂xa
, (17)

which is the same as Eq. (14) but with the reverse sign. Hence, the equivalence with the

gravitational acceleration as defined previously, is obtained by setting U = −γ2
va · r =

γveE · r/m + U0, where U0 is a constant which depends on the choice of the boundary

conditions. Assuming U = 0 at r = 0, we can then take U0 = 0. One important point

to consider is that, since the electron is accelerated in a space-time which was initially

flat, the metric which we use to describe its motion needs to have null curvature. We

note that for the case of the variable mass metric, the Ricci curvature is zero if ∇2h = 0,

as it is the case for uniform acceleration.

4. Thomson scattering of high frequency photons

We follow here closely the derivation outlined in Ref. [20]. Our goal is to design an

experiment where it may be possible to test higher order correction in the Hamiltonian of

Eq. (9) in the laboratory by emulating the variable mass metric through the acceleration

of electrons in an intense optical laser field. The laser electric field is

|E| =
(

2IL
ε0c

)1/2

(18)

where IL is the laser intensity. Following Ref. [20], let’s now consider the case of an

electron oscillating in the field produced by the superposition of two linearly polarized

laser beams with orthogonal polarizations, with vector potential A = Ao + Ax,

and Ao · Ax = 0. We take Ao to be a strong low-frequency optical laser field

in which the motion of the electron can be treated classically. Thus E = −Ȧo

and |eȦo| � (h̄mΩ3)
1/2

, with Ω the optical laser field frequency. Let the field

component Ax be a relatively weak perturbative high-frequency (x-ray) laser field, the

effects of which on the electron are treated quantum-mechanically [32, 31]. Hence,

|eȦx| � (h̄mω3
x)

1/2
, with ωx � Ω. We can decompose the canonical momentum as

(p − eA)2 ∼ (px − eAx)2 + (γvmv)2, which yields that the energy of the electron as

E = [(px − eAx)2c2 + γ2
vm

2c4]
1/2

. For the field Ax let’s take instead the one generated

with a fourth generation source, or Free Electron Laser (FEL) [26]. Without loss of

generality, for the rest of the paper we will replace px by p, and Ax by A.
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For the present, we assume that the scattering takes place on a sufficiently short

timescale and is confined to a region of the FEL spot in which the acceleration field

is relatively homogeneous. Accordingly, a can be considered to be constant. As it is

customary, we regard the scattering part of the Hamiltonian to be determined solely

by the A† ·A term. Indeed, for an ensemble of weakly-coupled free electrons (e.g., an

ideal electron gas) the polarization contribution from second order terms involving p ·A
terms can be neglected [27, 28]. This is particularly true to the scattering of x-rays if

the FEL photon energy is much higher than the plasma frequency of the electron gas.

Thus the interaction Hamiltonian is

H′ = e2

2m
e−q·rA†(r) ·A(r), (19)

where

e−q·r =
(

1 +
U

c2

)
=

(
1− γ2

va · r
c2

)
, (20)

with q ≈ γ2
va/c

2. We note that in absence of any gravitational effect, Eq. (19)

corresponds to the standard perturbation Hamiltonian in scattering theory [27].

We use a second quantized representation for the electromagnetic field, confined to

a volume V ,

A(r) = −i
√

h̄

V ε0

∑
k,ε

εeik·r√
ω

âk,ε, (21)

where âk,ε is the annihilation operator for a photon in a state of wavenumber k, frequency

ω, polarization ε, and ε0 is the vacuum permittivity. Such a representation follows

directly from Eq. (2) with the variable mass metric when m = 0. Since the variable

mass metric only affects particles with a finite rest mass, photons are unaffected by it.

We note that in the weak gravity limit, when pair creation is negligible, the vacuum state

remains unchanged, and the Bogolubov transformation is not required. Consequently

the standard representation of the electromagnetic field in Minkowski space-time is

applicable.

Assume a photon of momentum h̄k0 and energy h̄ω0 is scattered by the free electrons

into the solid angle dΩ. Let h̄k1 and h̄ω1 be the momentum and energy of the photon

after the collision. Energy and momentum conservation imply

h̄k = h̄k0 − h̄k1 (22)

h̄ω = h̄ω1 − h̄ω0 ≡ h̄ω01, (23)

where h̄k and h̄ω are the momentum and energy transferred. For low energy (compared

to the electron rest mass) collisions, |k0| ≈ |k1|, and k = (4π/λ) sin(θ/2), where λ is

the wavelength of the probe photons and θ the scattering angle. If we denote with

|0〉 and |1〉 the initial and the final state of the electron, then the probability per unit

time that the composite system of electron plus the photon makes a transition from

|0; k0, ε
(0)〉 to |1; k1, ε

(1)〉, where ε(0) and ε(1) are the polarization unit vectors of the
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incident and scattered photons, is given by the Fermi’s “golden rule” of first-order

perturbation theory:

Γ(0; k0, ε
(0)|1; k1, ε

(1)) =
2π

h̄
|〈1; k1, ε

(1)|H′int|0; k0, ε
(0)〉|2δ(h̄ω − h̄ω01), (24)

where H′int is the perturbation part of the interaction Hamiltonian. For scattering of a

single electron Hint ≡ H′.

5. The differential cross section

We need now to generalize the previous formalism for an ensemble of N electrons, all

subject to the same acceleration in the focal spot of the high intensity optical laser.

While its full treatment of has already been given in our previous work [20, 27, 28], it

lends to be rather involved. In the spirit of keeping a more straightforward derivation

of the relevant equations in one singe place, we repeat them here with some additional

simplifications.

We can assume for the perturbation Hamiltonian (in the interaction picture) a

Fermi pseudo-potential approximation, i.e., given by the sum of local terms

H′int =
∫
V
dV H′(r)

N∑
j=1

δ(r− rj), (25)

where rj is the position vector of the jth electron. The matrix element in Eq. (24) now

reads

〈1; k1, ε
(1)|H′int|0; k0, ε

(0)〉 =

h̄e2

2mV ε0

ε(1) · ε(0)

√
ω1ω0

∫
V
dV

N∑
j=1

〈1|e−i(k1−k0−iq)·rδ(r− rj)|0〉 =

h̄e2 cos β

2mV ε0ω0

〈1|ρ−k−iq|0〉 (26)

where in the last term we have used the fact that ω1 ' ω0 (k1 ' k0) in the low energy

limit, and β is the angle between the two polarization vectors. The electron density

operator is defined for any complex wavenumber k̃ as

ρk̃ =
N∑
j=1

e−ik̃·rj , (27)

and ρ†k+iq = ρ−k+iq, with both k and q real vectors. The transition probability (24) is

then written as

Γ(0; k0, ε
(0)|1; k1, ε

(1)) =

2π

h̄2

(
e2h̄ cos β

2mε0V ω0

)2

|〈1|ρ−k−iq|0〉|2δ(ω − ω01). (28)

In a scattering measurement, only k1 is measured, thus the transition probability

needs to be summed over all possible initial and final states (see Ref. [27]). We denote

with p{0} is the distribution of the initial states with
∑
p{0} = 1. Similarly, p{1} is the
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distribution of the final states. Usually, for a system in thermodynamic equilibrium,

p{0} corresponds to the density matrix of the canonical ensemble, that is the Boltzmann

factor divided by the sum of states (e.g., the partition function). If we further introduce

the integral representation of the delta function,

δ(ω) =
1

2π

∫ ∞
−∞

dt eiωt, (29)

we get

|〈1|ρ−k−iq|0〉|2δ(ω − ω01) =

1

2π

∑
{0}

∑
{1}

p{0}

∫ ∞
−∞
|〈1|ρ−k−iq|0〉|2ei(ω−ω01)tdt, (30)

where {0} and {1} refer to the ensemble of initial and final states, respectively. This

can be simplified by noticing that [29]

e−iω01t|〈1|ρ−k−iq|0〉|2 =

e−iE1t/h̄eiE0t/h̄〈0|ρk−iq|1〉〈1|ρ−k−iq|0〉 =

e−iE1t/2h̄eiE0t/2h̄〈0|ρk−iq|1〉e−iE1t/2h̄eiE0t/2h̄〈1|ρ−k−iq|0〉 =

〈0|eiHt/2h̄ρk−iqe−iHt/2h̄|1〉〈1|e−iHt/2h̄ρ−k−iqeiHt/2h̄|0〉 =

〈0|ρk−iq(t/2)|1〉〈1|ρ−k−iq(−t/2)|0〉, (31)

where E0 and E1 are the energies of the initial and final states, respectively, and H is

the unperturbed Hamiltonian of the system. Using completeness,
∑ |1〉〈1| = 1, we then

have

|〈1|ρ−k−iq|0〉|2δ(ω − ω01) =
1

2π

∑
{0}

p{0} ×∫ ∞
−∞
〈0|ρk−iq(t/2)ρ−k−iq(−t/2)|0〉eiωt dt. (32)

It only remains to weight over all possible initial states, but this is equivalent to taking

a thermal average [29]. Thus,

|〈1|ρ−k−iq|0〉|2δ(ω − ω01) =

1

2π

∫ ∞
−∞

dt eiωt〈ρk−iq(t/2)ρ−k−iq(−t/2)〉, (33)

where now 〈...〉 refers to a thermal average.

The differential cross section for Thomson scattering is then defined as the

probability of transition per unit time into dω1dΩ divided by the total number of electron

scatterers (N) times the incident flux of photons (c/V ). Since the number of final states

k1 is given by V/(2π)3d3k1, we have

d2σ

dω1dΩ
dω1dΩ =

ΓV/(2π)3k2
1d(ω1/c)dΩ

Nc/V
, (34)

or, using (28), (33) and the condition ω0 ' ω1,

d2σ

dω1dΩ
= (re cos β)2 S(k + iq, ω), (35)



Post-Newtonian gravity with lasers 10

where re = e2/4πε0mc
2 is the classical electron radius, and the quantity

S(k̃, ω) =
1

2πN

∫ ∞
−∞

dt eiωt〈ρ†−k̃(t/2)ρ−k̃(−t/2)〉, (36)

is the extension of the usual dynamic structure factor to a complex wavenumber k̃,

as obtained in, e.g., Ref. [27]. We note that Eq. (36) is written in the less common

time-symmetric form [20], which is more appropriate to non-equilibrium systems. This

preserves the reality of the density-density correlation function for any value of k̃ and

ω, which is an essential requirement since the differential cross section represents an

experimental observable (i.e., the number of scattered photons).

6. Scattering in accelerated frames

All the static and dynamic details associated to the scattering are described by

the structure factor S(k + iq, ω). This differs from the usual structure factor in

Minkowski space by the additional imaginary dependence on the wavenumber, a fact

that was first discussed in Ref. [20]. In more physical terms, the appearance of an

imaginary component in the structure factor is associated with the fact that the external

gravitational force (or induced acceleration) imposes a collective motion that is added

to the background (thermal) motion of the particles. In other words, macroscopic

inhomogneneities are emerging out of the initial equilibrium state in absence of gravity.

In general, given the presence of a thermal background, the position vector of the

ith electron in the system is ri(t) = r0
i (t) + R(t), where R(t) describes the motion

of cold electrons induced by the superimposed high intensity laser, and r0
i (t) describes

the random movements of the electrons at a given temperature. Substituting this into

Eq. (27) and using the formal definition of the structure factor given by (36), we obtain

S(k + iq, ω) =
∫
Seq(k, ω′)F (k + iq, ω − ω′)dω′, (37)

where

Seq(k, ω) =
1

2πN

∫ ∞
−∞

dt eiωt〈ρ0†
−k(t/2)ρ0

−k(−t/2)〉

=
1

2πN

∫ ∞
−∞

dt eiωt〈ρ0
k(t)ρ0

−k(0)〉, (38)

is the usual structure factor for an equilibrium plasma (where time averages are

equivalent to ensemble averages) with thermal density fluctuations

ρ0
k =

N∑
j=1

e−ik·r
0
j (t), (39)

and

F (k + iq, ω) =
1

2π

∫
exp {iωt′ − ik · [R(t+ t′/2)−R(t− t′/2)]

−q · [R(t+ t′/2)−R(t− t′/2)]} dt′. (40)

If we consider a linearly polarized high intensity optical laser, and we probe the electrons

for a short time, t � c/a, at the peak of the laser acceleration, then, taking the
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acceleration to be uniform, R(t) ≈ at2/2, where we have assumed the initial electron

velocity is small and the motion remains non-relativistic, γv ∼ 1. This was the regime

considered in Ref. [20]. Under this condition equation (40) becomes

F (k + iq, ω) =
c e−2q·R(t)

√
2πa2

exp

[
− c2

2a2
(ω − k · v)2

]

∼ c√
2πa2

exp

[
− c2

2a2
(ω − k · v)2

]
, (41)

where q ·R(t) ∼ a2t2/2c2 � 1.

We also note that in an homogeneous plasma, the approximate dynamic structure

factor of free electrons is given by the dielectric superposition principle [30]:

Seq(k, ω) =
S0(k, ω)

|ε(k, ω)|2
, (42)

where ε(k, ω) is the dielectric response function, S0(k, ω) is the structure factor for an

ideal (non-interacting) gas, which is used as the reference system:

S0(k, ω) =
∫
dvf(v)δ(ω − k · v), (43)

and f(v) is the equilibrium distribution function at the temperature T . For a classical

gas, this is a Maxwell-Boltzmann distribution:

f(v) =
(

m

2πkBT

)3/2

exp

(
−m|v|

2

2kBT

)
. (44)

At sufficiently high temperatures, electron motions are uncorrelated and ε(k, ω) ≈ 1.

Putting together Equations (41) and (43), we obtain the following expression for

the structure factor of a uniformly accelerated thermal ensemble of electrons [20],

S(k + iq, ω) =

√
m

2πk2kBT ∗
exp

[
−m(ω − k · v)2

2k2kBT ∗

]
, (45)

where,

T ∗ = T +
ma2

k2kBc2
. (46)

This results can be interpreted as implying an additional uncertainty, expressed as a

standard deviation, of h̄∆ω in the energy of the outgoing photon as given by

h̄∆ω = h̄k

√
kB(T ∗ − T )

m
=
h̄a

c
= 2πkBTDU , (47)

which, apart from a numerical factor, is just the Davies-Unruh temperature. This is also

consistent with the energy uncertainty, due to the imposition of non-relativistic motion,

predicted at the start.

Alternatively, this uncertainty in the outgoing photon momentum can be

interpreted as a change in the rest mass of the electron [21]. To see this, consider

the case when ∆ω is small, and of the same order as the frequency Ω of the optical

photons. This means that the electrons experience an energy change resonant with the
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bath of optical photons which surrounds them. Because of this change of energy, the

work done by the optical laser photons in accelerating the electrons is slightly different

from the one done in decelerating them. This difference in energy is thus attributed

to a difference in the rest mass of the electron. Hence, from Eq. (47) and by setting

∆ω = Ω,

∆m2 =
e2E2

Ω2c2
, (48)

which is the usual expression for the mass shift of an electron in an intense laser beam

[21, 31, 32].

7. Conclusion

In this paper we have developed a model of x-ray Thomson scattering of electrons

that are accelerated in the field of a high intensity optical laser. Due to the strong low-

frequency optical laser field, the motion of the electrons is treated classically, meanwhile,

due to its relatively weak perturbative high-frequency field, the effects of the 4th

generation free electron laser probe on the electrons are treated quantum-mechanically.

We assume that the scattering takes place on a sufficiently short timescale and is confined

to a region of the FEL spot in which the acceleration field is relatively homogeneous. For

this situation we derive a general form for the dynamic structure factor of the accelerated

electrons. We show that this differs from the usual structure factor in Minkowski space-

time by the additional imaginary dependence on the wavenumber. The appearance of

this imaginary component is associated with the fact that the external gravitational

force, i.e., the induced acceleration, imposes a collective motion that is added to the

background motion of the particles.

We show that our results are consistent with the concept of mass shift, that is,

an uncertainty in the outgoing photon energy due to the acceleration. The theoretical

results discussed here provide the underlying framework that supports the conclusions

of Ref. [20], and rely on the validity of the equivalence principle in describing the

acceleration of the electron in terms of a variable mass metric. These results are thus

important for the development of future experimental tests of post-Newtonian gravity

using high power lasers and 4th generation light sources [20].
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