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Abstract

Machine learning (ML) has caused a fundamental shift in how we practice science,
with many now placing learning from data at the focal point of their research. As
the complexity of the scientific problems we want to study increases, and the amount
of data generated by today’s scientific experiments grows, ML is helping to automate,
accelerate and enhance traditional workflows.

Emerging at the forefront of this revolution is a field called scientific machine
learning (SciML). The central goal of SciML is to more tightly combine existing
scientific understanding with ML, generating powerful ML algorithms which are
informed by our prior knowledge.

A plethora of approaches exist for incorporating scientific principles into ML and
expectations are rising for SciML to address some of the biggest challenges in science.
However, the field is burgeoning and many questions are still arising. A major one is
whether SciML approaches can scale to more complex, real-world problems. Much
SciML research is at a proof-of-concept stage, where techniques are validated on
simplified, toy problems. Yet, understanding how well they scale to more complex
problems is essential for them to become widely applicable.

This question is of central focus in this thesis. Firstly, multiple different
physics-informed ML approaches are designed for three complex, real-world, domain-
specific case studies taken from the fields of lunar science and geophysics, and their
performance and scalability is assessed. Secondly, the scalability of physics-informed
neural networks, a popular and general SciML approach, for solving differential
equations with large domains and high frequency solutions is evaluated and improved.
Common observations across these studies are discussed, and significant advantages
and underlying limitations are identified, highlighting the importance of designing
scalable SciML techniques.
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Introduction

1.1 Overview

Machine learning (ML) has caused a revolution in the sciences. Traditionally, scienti c
research has revolved around theory and experiment: one proposes a hand-crafted
and well-de ned theory, then continuously re nes it using experimental data and
analyses it to make new predictions. But today, many are placing learning from
data at the focal point of their research. Here, models of the world are learnt from
data by ML algorithms and an existing theory is not required.

There are multiple reasons why this shift has occurred. Firstly, the eld of ML
has undergone exponential growth over the last decade, with the main driver behind
this surge generally being attributed to breakthroughs in deep learning [Goodfellow
et al., 2016]. Important discoveries such as the use of deeper network designs and
better training algorithms, as well as the availability of more powerful computing
architectures, have led to rapid improvements in the performance of deep learning
techniques over a wide range of problems [Dally et al., 2021]. Modern ML algorithms
are now able to learn about and solve incredibly complex tasks, from self-driving
cars [Schwarting et al., 2018] to beating world-class Go players [Silver et al., 2018].

Alongside these advances, today's scienti ¢ experiments are generating increas-

ingly large amounts of data and studying increasingly complex phenomena [Baker
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et al., 2019, Hey et al., 2020]. It is quickly becoming impossible for humans, and our
traditional work ows, to analyse and theorise about all of this data, and before long
it is likely that scienti c experiments will be limited by how well they can extract
insights from the data they have rather than what data they can collect [Baker et al.,
2019]. Given the powerful tools ML can o er, many researchers are turning towards
ML to help automate, accelerate and enhance traditional work ows.

This combination of new ML algorithms and the availability of data has led
to some signi cant scienti ¢ advances over the last decade. For example, ML has
been used to predict protein structures more accurately than ever before [Jumper
et al., 2021], synthesize speech from neural activity [Anumanchipalli et al., 2019]
and improve the simulation of quantum many-body systems [Carleo and Troyer,
2017]. Indeed, modern ML algorithms have now been applied to nearly every facet
of science and a de ning research question of the era has become: Take problem
X and apply ML to it, with intriguing and often exciting results ensuing.

However, despite these advances, various shortcomings of ML and in particular
deep learning algorithms have been crystallising in the eld of ML. For example,
whilst they are able to learn about highly complex phenomena, deep neural networks
are generally regarded as black-boxes and there is a lack of understanding about
how they represent and reason about the world. This uninterpretability is a key
issue, particularly for safety-critical applications where a justi cation of the network'’s
predictions is required [Gilpin et al., 2019, Castelvecchi, 2016]. Furthermore, there is
little theoretical guidance on how to design deep learning algorithms which perform
appropriately for a given task. The selection of deep neural network architectures
is largely carried out empirically, although the elds of meta-learning and neural
architecture search are starting to provide more automated approaches [Elsken et al.,
2019, Hospedales et al., 2021]. Finally, although they are highly expressive, deep
neural networks are limited by their training data and usually do not perform well
outside of their training distributions. Learning generalisable models of the world
which perform well on novel tasks is a crucial trait of more general arti cial intelligence

(Al) systems and a key outstanding challenge of the eld of ML [Bengio et al., 2021].
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Researchers are starting to encounter these limitations when using ML in scienti ¢
problems [Ourmazd, 2020, Forde and Paganini, 2019]. Given the poor generalisation
ability of deep neural networks, a key concern is whether they truly learn scienti c
principles. A good scienti ¢ theory is expected to make novel and accurate predictions
beyond experimental data, yet deep neural networks struggle to make accurate
predictions outside of their training data. Even if a network could make reliable
predictions, given their uninterpretability it may be challenging to extract any
meaningful scienti ¢ insights from them. Another major concern is that many
current ML work ows entirely replace traditional scienti c models with learned
models. Whilst this can be useful, these purely data-driven approaches throw
away our vast prior scienti c knowledge. The important point is that for many
problems there is an existing theory which could be built upon, rather than starting
from scratch. In a eld traditionally based upon the tight interplay between well-
de ned theory and experiment, some believe that the limitations above render
current ML approaches unacceptable.

These concerns have prompted the formation of a new and rapidly growing
eld, known as scienti c machine learning (SciML) [Baker et al., 2019, Karniadakis
et al., 2021, Willard et al., 2020, Cuomo et al., 2022, Arridge et al., 2019, Karpatne
et al., 2017a]. The goal of SciML is to blend together existing scienti ¢ knowledge
and ML, generating more nuanced ML algorithms which are informed by our prior
knowledge, as shown in Figure 1.1. The key thesis of the eld is that by doing so
we will end up with more powerful methods for scienti c research. Both traditional
and ML methods have advantages and disadvantages, and their combination may
prove more powerful than one or the other. For example, when carrying out data
assimilation (e.g. in climate modelling), traditional physical modelling could be
used to provide prior knowledge whilst ML could be used to account for data-
dependencies and other unknown physics.

Expectations of the eld are rapidly growing and a wide plethora of approaches
with many innovative strategies for incorporating scienti ¢ knowledge into ML is

currently being proposed and investigated. These approaches range from their
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Figure 1.1: Scienti c machine learning (SciML) overview. SciML aims to tightly combine
ML with scienti ¢ knowledge in order to generate more powerful, robust and interpretable
ML methods for scienti c research.

intended scienti c task (e.g. simulation, inversion, and governing equation discovery),
to di erent ways to incorporate scienti ¢ principles (e.g. through the architecture

of a deep neural network, its loss function, and the use of hybrid models), and the
degree to which scienti ¢ principles are imposed (e.g. via hard or soft constraints).
We present a detailed review of these approaches in Chapter 2. Many approaches
use ideas from physics to inform their ML algorithms in a sub- eld of SciML known
as physics-informed machine learning (PIML) [Karniadakis et al., 2021].

So far, SciML is enjoying some early successes. It has helped us carry out powerful
simulations [Raissi et al., 2019], discover the governing equations of complex physical
systems [Kutz and Brunton, 2022], accurately invert for underlying parameters in
inversion problems [Arridge et al., 2019], and seamlessly blend traditional work ows
with learned components [Rackauckas et al., 2020, Thuerey et al., 2021] across
a wide range of domains.

Despite its early promise, the eld of SciML is still in its infancy and there are many
important questions arising, for example; how should we enforce scienti ¢ principles?
How should we balance the lack of interpretability of data-driven models with the
clarity of existing theories? Are there any overarching SciML techniques which can

be applied across scienti ¢ disciplines? Can SciML provide new perspectives and
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ideas for the eld of ML? How well do SciML techniques scale to complex, real-world

problems? This thesis focuses on the last question, which is discussed in detail below.

1.2 Research guestions

Much of the current research in the eld of SciML is focused on developing new
concepts and techniques for combining scienti ¢ principles with ML. This is an
exciting phase of the eld, and it is largely being driven by modern advances in ML.

Given that SciML is an emerging eld, many of these techniques are not yet
fully explored or understood. In particular, most works either demonstrate a proof-
of-principle of a new technique, or its application in a speci c domain. In both
cases, a simpli ed or toy problem is typically used to test the e ectiveness of the
technique. This is usually because these problems are easy to understand and
implement, and they often have analytical or well-studied solutions which makes
it easy to assess how the technique is performing.

An essential next step is to shift focus towards solving more complex, real-
world problems with SciML. Major challenges are usually encountered when scaling
traditional methods to such problems and it is therefore crucial to understand how
well SciML approaches scale in this setting. This is important because we ultimately
want to use SciML to solve real-world problems. Indeed, the complexity of the
scienti ¢ problems we are interested in studying today is increasing, and so being
able to answer this question will only become more important over time.

By real-world problems, we mean problems which attempt to closely resemble
the real-world and thus have tangible impact. Examples would be the simulation
of the aerodynamics of an aeroplane to optimise its design, or the estimation of
the location of an earthquake from real seismic recordings to better understand the
Earth's crustal dynamics. In contrast, well-studied toy versions of these problems
would be the simulation of the uid ow over a cylinder, or the estimation of the
location of a point source in a small, simplied medium.

Below is a list of some of the major challenges often encountered when scaling

traditional scienti ¢ analysis methods from toy problems to real-world problems.
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This list is not intended to be complete or exhaustive, but highlights some broad
challenges and speci c examples. These challenges have been the subject of decades

of research and remain di cult to solve;

Incorporating more complex phenomena The real world usually contains
much more complex physical phenomena than those studied in toy problems. In-
corporating more complex physical phenomena is highly non-trivial and usually
requires signi cant changes to the design of traditional algorithms. For example,
when carrying out simulation, incorporating multi-scale, multi-physics phenomena
can be very challenging. Finite di erence and nite element methods usually require
elaborate changes such as adaptive mesh re nement and sub-grid parameterisations
to accurately simulate such systems. Furthermore, for many real-world problems

it can be challenging to even know what the true underlying physical processes
are. In such cases techniques such as data assimilation are required to ensure our

physical models are well-calibrated with reality.

Computational intractability As the size and complexity of the problem grows,
the computational requirements of traditional algorithms often become extremely
demanding. For example, when simulating high frequency phenomena (or similarly,
phenomena over long distance/time scales) the number of discrete elements (and
hence computations) required by nite di erence or nite element methods typically
grows exponentially with the dimensionality of the domain. Thus, supercomputers
with thousands of nodes are required to carry out such large-scale simulations. When
solving inversion problems, more complex physical models can signi cantly increase
the di culty of the problem. In particular, much larger numbers of underlying
parameters may need to be estimated, any forward simulations required may become
much more computationally demanding, and the more complex model may make
the problem signi cantly more ill-posed, i.e there exists many possible underlying
parameter con gurations for a given set of observations of the system. This often

results in the problem being computationally intractable.
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Real-world data  Real-world data nearly always includes unwanted processes.
These processes can be deterministic or random, and are usually labelled as noise.
Noise can be very challenging to identify and disentangle from the underlying
processes being studied. For example, noise often strongly a ects inversion problems,
by increasing the problem's ill-posedness and making it harder to solve. Often, a fully
probabilistic framework is required to ensure an inversion algorithm is robust to noise.
Another example is in the discovery of underlying laws. Here, alongside discovering

underlying processes, algorithms must also be able to disentangle noise processes.

It is clear that transitioning from simpli ed problems to real-world problems
is highly non-trivial for traditional methods, but less research has focused on
assessing how well SciML, and in particular PIML, concepts and techniques scale
to these problems. This issue is the central subject of this thesis. Our main
research question is:

How well do PIML techniques scale to real-world problems?

For the purpose of this thesis the notion of scalability is de ned in the broadest
sense; any factor which could a ect the performance of an algorithm when it is
applied to a real-world problem is considered.

Many more sub-questions stem from this central question. For example, how
do the challenges encountered when scaling PIML algorithms compare to those
encountered when scaling traditional methods? What changes need to be made to
PIML algorithms to help them scale better? Furthermore, given the plethora of
di erent PIML concepts and techniques being researched, it is clear that the answers
to these questions will vary signi cantly across di erent approaches. In this thesis

we focus on a few speci ¢ sub-questions which are listed below.

Can PIML algorithms discover underlying physical principles from real

data?

One goal of PIML is to provide more powerful algorithms which can discover
underlying physical laws and principles from data. However, many of the current

approaches are trained and tested using synthetic data generated from simpli ed
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physical models. Furthermore, many only assume simple (e.g. Gaussian) noise
models. Real data often contains signi cantly more complex physical and noise
processes. Key questions are, how is the performance of these algorithms a ected

by real noise? How well do they scale to more complex physical systems?

Can PIML algorithms carry out inversion using real data?

A large variety of PIML concepts have been proposed to solve inversion problems.
Yet, similar to above, many are only trained and tested using synthetic data generated
from toy physical models. Typically, the di culty of the inverse problem increases
signi cantly for more complex systems and when using real data. Key questions are,
how well do PIML algorithms cope with real-world noise? Can they carry out inversion

for more complex physical systems? How do their computational requirements scale?

Can PIML algorithms simulate complex physical phenomena?

Another active area is the use of PIML for enhancing simulation. However, many
PIML approaches are only veri ed by simulating simple physical systems with well-
studied solutions. Usually, elaborate changes to traditional simulation methods are
required to model more complex phenomena. Key questions here are, how well do
PIML techniques scale to multi-scale, multi-physics phenomena? What changes

should be made to improve their performance?

Can PIML algorithms carry out large-scale simulations?

Related to the above question, many PIML simulation algorithms are only tested using
problems con ned to small domains with low frequency solutions. Yet, simulating
larger domains with traditional methods (i.e. higher frequencies, over longer
distance/time scales) often becomes computationally intractable. Key questions
are, how do the computational requirements of PIML techniques scale? How does
this compare to traditional methods? How should the design of PIML algorithms

change so they are scalable?
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1.3 Thesis overview
1.3.1 Overview

In this thesis, we use two main approaches for studying the sub-questions above.
Firstly, for the rst three sub-questions, we use complex, real-world, domain-speci c
case studies to investigate the performance and scalability of multiple di erent
PIML approaches. For each sub-question we present a case study, propose a PIML
technique (or variety of PIML techniques) for solving it, and evaluate how well the
technique scales to this setting. Secondly, for the last sub-question, we focus on a
single general-purpose PIML technique and assess and improve its scalability.
Each of the rst three sub-questions is studied in a separate chapter in this
thesis (Chapters 3-5 respectively) and their case studies are taken from the elds
of lunar science and geophysics. The last sub-question is investigated in Chapter 6.
Finally, we discuss and summarise the implications of each chapter on our main

research question in Chapter 7.

1.3.2 Detailed structure

In this section we give a more detailed overview of this thesis. First, Chapter 2
discusses the existing literature from the eld of SciML. We review general strategies
for incorporating scienti ¢ principles into ML, with a focus on deep learning-
based PIML techniques, and then discuss general trends, challenges and future
opportunities for the eld.

Next, Chapter 3 considers the question, can PIML algorithms discover underlying
physical principles from real data? More speci cally, we train a variational autoen-
coder (VAE) to disentangle underlying factors of variation from real measurements
of the lunar surface temperature taken by the Diviner instrument on-board the
Lunar Reconnaissance Orbiter (LRO) satellite. First, a Gaussian process is used to
model the noise in this dataset and interpolate its raw temperature measurements.
Then, the VAE is trained using example temperature pro les extracted from multiple

locations over the entire lunar surface. Its latent space is interpreted by comparing
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it to parameters estimated from inversion using an existing thermophysical model.
Global maps of the VAE latent variables are generated and used for anomaly
detection on the lunar surface. We discuss the advantages of using the VAE
alongside traditional thermophysical modelling and future ways to combine physical
principles into the VAE.

Chapter 4 investigates the question, can PIML algorithms carry out inversion
using real data? In particular, we present a PIML approach for enhancing extremely
low-light images of permanently shadowed regions on the Moon. The underlying
inversion problem is to estimate the mean photon count from real, noisy images
captured by the LRO Narrow Angle Camera (NAC). Our physics-informed work ow
uses two deep neural networks. Given an input noisy image, the rst network
estimates and removes the dark noise contained in the image, using the environmental
meta-data (such as CCD temperature and orbit number) available at the time of
image capture. Next, the ateld and nonlinearity corrections taken from the
existing calibration routine of the camera are applied. Finally, the second network
estimates and removes all other noise sources, such as photon (shot) noise and image
compression noise. We use a realistic physical noise model of the camera which
combines both synthetic noise and real noise samples to generate training data. We
compare our PIML approach to a naive end-to-end deep learning method, as well
as the existing calibration routine of the camera.

Chapter 5 considers the question, can PIML algorithms simulate complex physical
phenomena? More speci cally, we propose, evaluate and discuss three di erent
approaches for simulating increasingly complex seismic wave phenomena. First, we use
a deep neural network with a physics-informed WaveNet architecture [van den Oord
et al., 2016] to simulate the seismic waves generated by a point source propagating in
simple 2D horizontally layered acoustic media. Next, we use a deep neural network
with a conditional encoder-decoder architecture to simulate the same problem, but for
more realistic media which contain geological faults and for a variable source location.
Lastly, we use a fully-connected neural network with a physics-informed loss function

to simulate the entire seismic wave eld in both simple 2D horizontally layered media
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and strongly heterogeneous Earth-realistic media. We discuss in detail the remaining
challenges of scaling our approaches to more realistic, complex, 3D media.

Chapter 6 researches the question, can PIML algorithms carry out large-scale
simulations? Speci cally, we investigate the scalability of physics-informed neural
networks (PINNSs) [Raissi et al., 2019, Lagaris et al., 1998] when solving di erential
equations with large domains. First, we assess the performance of PINNs when solving
problems with high frequency solutions. Next, we present a general approach for
scaling PINNSs to large domains called nite basis physics-informed neural networks
(FBPINNSs). FBPINNSs extend PINNs by combining them with domain decomposition,
individual subdomain normalisation and exible training schedules. The performance
of FBPINNs and PINNs is compared across di erent simulation problems and their
outstanding scalability challenges are discussed.

Finally, Chapter 7 concludes this thesis by discussing how each chapter contributes
to our central research question. Common observations and challenges are identi ed

and several areas of future research are recommended.

1.4 Contributions

In this section the contributions of each chapter are summarised. A more detailed dis-

cussion of their implications on our main research question is presented in Chapter 7.

For investigating whether PIML algorithms can discover underlying physical principles

from real data (Chapter 3):

~

We show that a VAE is able to disentangle physically meaningful factors of
variation (such as e ective albedo, thermal conductivity and solar onset) from

real measurements of the lunar surface temperature.

The VAE is able to invert for underlying physical parameters multiple orders
of magnitude faster than traditional inversion using an existing physical model,

allowing anomaly maps of the entire lunar surface to be generated.
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1.4. Contributions

We show that carrying out traditional physical modelling alongside the VAE is
synergistic; physical modelling allows us to interpret the latent space of the
VAE, and the agreement of the VAE increases our con dence in the existing

physical model.

However, the complexity of the real-world dataset makes it challenging to fully
disentangle some of the physical processes present and interpret parts of the

model learned by the VAE and we discuss this further.

For investigating whether PIML algorithms can carry out inversion using real

data (Chapter 4):

We present a novel PIML algorithm for denoising real low-light images of

permanently shadowed regions (PSRs) on the lunar surface.

We show that our algorithm is able to accurately denoise these images, strongly
outperforming the existing calibration routine of the camera and a naive end-
to-end ML baseline, allowing us to reveal surface features in PSRs down to

3-5 m for the rst time.

However, we nd the real-world noise contained in these images makes it
challenging to validate the denoised images, generate realistic training data
and ensure the algorithm generalises well to real images, and we discuss these

limitations further.

For understanding whether PIML algorithms can simulate complex physical phe-

nomena (Chapter 5):

We present and evaluate various physics-informed approaches for simulating
increasingly complex seismic wave phenomena. This includes a deep neural
network with a WaveNet architecture, a deep neural network with a conditional
encoder-decoder design and a fully-connected neural network with a physics-

informed loss function.
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The rst approach is able accurately to simulate seismic waves in horizon-
tally layered media, the second in faulted media and the third in strongly

heterogeneous Earth-realistic media.

Once trained, all approaches are orders of magnitude faster than nite di erence

simulation.

We encounter multiple challenges when scaling our approaches to more complex
simulations, including the limited generalisation ability of the networks and
the increasing computational resources required to train them, and we discuss

these challenges further.

For understanding whether PIML algorithms can carry out large-scale simula-

tions (Chapter 6):

We show that PINNs struggle to solve di erential equations with high frequency
solutions and large domains, due to the increased complexity of their underlying

optimisation problem.

We present a general physics-informed deep learning framework which is able
to alleviate this issue and scale PINNs to solve large, multi-scale problems

relating to di erential equations.

Our framework outperforms PINNSs in terms of accuracy and computational

resources required.

Even so, we nd outstanding challenges of our approach compared to traditional

simulation methods and discuss these further.

1.5 Publications

Below is the list of publications which have been generated as a direct result of

the work in this thesis:

Peer-reviewed
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1. Moseley, B. , Bickel, V., Lopez-Francos, I. G., & Rana, L. (2021). Extreme
Low-Light Environment-Driven Image Denoising Over Permanently Shadowed
Lunar Regions With a Physical Noise Model. IEEE/CVF Conference on
Computer Vision and Pattern Recognition (CVPR).

2. Bickel, V., Moseley, B. ; Lopez-Francos, I., & Shirley, M. (2021). Revealing
the Geomorphology and Tra cability of Lunar Permanently Shadowed Regions

with Deep Learning. Nature Communications.

3. Moseley, B. , Nissen-Meyer, T., & Markham, A. (2020). Deep learning for fast

simulation of seismic waves in complex media. Solid Earth, 11(4), 1527 1549.

4. Moseley, B. , Bickel, V., Burelbach, J., & Relatores, N. (2020). Unsupervised
Learning for Thermophysical Analysis on the Lunar Surface. The Planetary

Science Journal, 1(2), 32.

Preprints

5. Moseley, B. , Markham, A., & Nissen-Meyer, T. (2021). Finite Basis Physics-
Informed Neural Networks (FBPINNS): a scalable domain decomposition

approach for solving di erential equations. ArXiv.

6. Moseley, B. , Markham, A., & Nissen-Meyer, T. (2020). Solving the wave

equation with physics-informed deep learning. ArXiv.

7. Moseley, B. , Markham, A., & Nissen-Meyer, T. (2018). Fast approximate

simulation of seismic waves with deep learning. ArXiv.

Publication 4 forms the basis of Chapter 3, publications 1 and 2 form the basis
of Chapter 4, publications 3, 6 and 7 form the basis of Chapter 5 and publication
5 forms the basis of Chapter 6.

In addition, much of the code used in this thesis is available open-source and

can be found here:https://github.com/benmoseley



Background

2.1 Scienti c machine learning overview

The eld of scienti c machine learning (SciML) has been rapidly growing over the
last few years. Seminal papers have attracted thousands of citations (e.g. Raissi
et al. [2019], Chen et al. [2018a]), several SciML workshops have been hosted at
leading Al conferences [NeurlPS, 2021a,b, ICLR, 2020, AAAI, 2021, 2020, ICERM,
2019], and signi cant amounts of funding have been announcdedSciML research

is being carried out across a diverse range of disciplines and scienti ¢ objectives,
for example in climate science [Rasp et al., 2018], uid dynamics [Jin et al., 2021],
biology [Jumper et al., 2021] and chemistry [Zhang et al., 2018], and expectations
are rising for SciML to accelerate scienti ¢ discovery and address humanity's biggest
challenges [Baker et al., 2019, Irrgang et al., 2021, Lavin et al., 2021].

In this chapter we aim to provide a snapshot of the latest SciML research. The
eld is already vast, and so our goal is to provide a representative overview rather
than an exhaustive review. It is also fast-moving, and we aim to capture this by
including some of the techniques which have gained recent popularity. There are

many other reviews related to this eld (e.g. Willard et al. [2020], Karniadakis

IFor example, the US National Science Foundation recently founded a $20M Institute for
Arti cial Intelligence and Fundamental Interactions which aims to develop novel Al approaches
that incorporate rst principles from fundamental physics [NSF, 2020].

15
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et al. [2021], Arridge et al. [2019], Karpatne et al. [2017a], Rai and Sahu [2020],
Alber et al. [2019], Kutz and Brunton [2022]) from which we draw from. Most
of our focus is placed on deep learning-based PIML research, which is driving a
large portion of current SciML research.

Such a review could be approached from many di erent angles. One way is
to focus on di erent classes of scienti ¢ tasks (e.g. simulation, inversion, equation
discovery, etc) across di erent disciplines and describe how SciML can aid them.
Another is to focus on the di erent ways scienti ¢ principles can be incorporated into
ML algorithms (e.g. through architecture design, loss functions, hybrid approaches,
etc) and describe example scienti ¢ applications. Here we choose the latter approach,
centering around the SciML algorithms themselves.

A wide plethora of SciML approaches exist and Table 2.1 summarises the
approaches covered in this review. The table classi es approaches by the way
scienti ¢ knowledge is incorporated into their ML algorithm and their intended
scienti ¢ task. We see that SciML research covers this entire plane, suggesting that
SciML algorithms can be designed in many di erent ways for many di erent tasks.
In addition, Figure 2.1 plots how strongly scienti ¢ knowledge is imposed for the
approaches studied. We nd that the whole spectrum is spanned, suggesting that
there is no single best way to impose scienti ¢ constraints.

The remainder of this chapter is structured as follows. First, in Section 2.2
we introduce the typical scienti c tasks for which SciML algorithms are being
developed. Then, in Section 2.3 we review di erent SciML approaches, grouped by
the way scienti ¢ knowledge is incorporated into their ML algorithm. Finally, in
Section 2.4 we summarise our ndings and identify general trends, challenges and
future opportunities for the eld, focusing on our central research question (how

well do PIML techniques scale to real-world problems?).

2.2 Scienti ¢ tasks

In order to aid the discussion on SciML approaches we rst provide a high-level

overview of the types of scienti ¢ tasks that they are being designed for and the bene t
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Forward simulation Inversion Equation discovery
Architecture
Adding physical Daw et al.
variables
Encoding symmetries Ling et al., Wang Udrescu et al.
et al., Anderson et al.,
Schiitt et al.
Physics-inspired NAS Ba et al., Panju and
Ghodsi
ML inspired by Geneva and Zabaras,
Koopman theory Lusch et al.
Physically constrained Raissi et al., Raissi
GPs and Karniadakis
Other approaches Jumper et al., Mohan
et al.

Loss function
Constraining physical Karpatne et al., Zhang
quantities et al., Benjamin
Erichson et al., Xie
et al., Brehmer et al.

Encoding conservationBeucler et al., Zeng Greydanus et al., Toth
laws et al. et al., Cranmer et al.
Auxiliary tasks de Oliveira et al.

Encoding governing  Raissi et al., Jin et al., Jin et al., Chen et al., Chen et al., Champion
equations Kharazmi et al., Yang Yang et al. et al.

et al., Wang et al.,
Wang et al., Li et al.,
Zhu et al., Geneva and
Zabaras, Gao et al.

Hybrid approaches

Residual modelling Pawar et al. Jiang et al.
Di erentiable physics Ren et al., Minkov
et al., Wir et al,,
Zhang et al.
Neural di erential Chen et al.,
equations Rackauckas et al.,

Long et al.
In-the-loop methods Um et al., Rasp et al. Adler and Oktem,
Morningstar et al.,
Hammernik et al., Li
et al., Lunz et al., Bora
et al., Mosser et al.

Table 2.1: SciML works reviewed in this chapter, classi ed by the way scienti ¢ knowledge
is incorporated into their ML algorithm (rows) and their intended scienti ¢ task (columns).
This table and taxonomy is inspired by Willard et al. [2020].

SciML can bring. These are fundamental and essential tasks carried out across science,
and they traditionally have long-standing general and domain-speci ¢ challenges

associated with them. Visual examples of these tasks are shown in Figure 2.2.
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Figure 2.1: Spectrum of SciML approaches. This gure plots how strongly scientic
knowledge is imposed for the di erent types of SciML approaches reviewed in this chapter.
Note the strength of a scienti c constraint is a fairly fuzzy concept; in this plot we de ne it
as how close the SciML approach is to a traditional work ow. An approach in the middle
would equally combine ML with some aspects of traditional work ows, for example in-the-
loop methods which interleave traditional iterative solvers with ML models. Furthermore
our assignment is somewhat subjective, and so this gure is only intended to convey the
general trend.

2.2.1 Forward simulation

One major task is carrying out forward simulation. That is, predicting certain
properties of a system given some input conditions of the system. At a very

high level, one could write
b= F(a) ; (2.1)

wherea is a set of input conditions of the systemF de nes a physical model of
the system, andbis a set of resulting properties of the system givela and a. We
note, depending on the speci c problema and b could contain scalars, vectors,
tensors, functions, or other descriptions of the system.

For many tasks, forward simulation amounts to solving a set of di erential
equations describing the system. In many cases, the system can be described by

Dlu(x); 1=f(x); x2 ;
Be[uX)] = ak(X); X2 ¢ @ ;

for kK = 1;2;::;;n, where D is a dierential operator, B¢ is a set of boundary

(2.2)

operators,u 2 R% is the solution to the di erential equation, f (x) is a forcing
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Figure 2.2: Types of scienti ¢ tasks SciML approaches are being designed for. Whilst
their application domains can di er, the goal of many SciML approaches can be abstracted
into one of three tasks, namely forward simulation, inversion and equation discovery. In
this plot we visualise each of these tasks using the example of seismic waves propagating
through the Earth as a result of an earthquake.

function, gc(x) is a set of boundary functionsx is an input vector in the domain
RY (i.e. x is ad-dimensional vector),@ denotes the boundary of and is a

set of additional parameters of the di erential operator. Many di erent di erential
equations can be represented in this form, including those with time-dependence
or time-independence, and linear or nonlinear operators. In this particular setting,
a= ff(xX);qu(x);:50,(X); 9, b= fu(x)g and F represents some method for
solving the equations.

There are many long-standing challenges associated with carrying out simulation.

For most real-world applications, the greatest challenge is usually the extremely high
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computational costs of simulating complex, multi-scale, multi-physics systems. Such
simulations can require elaborate implementations and millions of CPU hours on
the world's fastest supercomputers. Many general and domain-speci c strategies
exist for reducing computational cost, including adaptive mesh re nement, subgrid
parameterisations, and reduced-order modelling. However, there is usually a com-
promise required between the level of approximation of the physical system and
the computational cost of the simulator.

As we will see below, SciML is helping to alleviate these issues by allowing the
possibility to learn from previous simulations, providing more powerful computational
shortcuts whilst having less impact on the simulation delity. For example, SciML
is being used to learn more e cient subgrid parameterisations [Rasp et al., 2018,
Rackauckas et al., 2020], ner-resolution outputs from coarser-resolution simulations
[Jiang et al., 2020, Um et al., 2020], and mesh-free methods which do not require

elaborate discretisation schemes [Lagaris et al., 1998, Raissi et al., 2019].

2.2.2 Inversion

Inverse problems are tightly related to simulation and solving them is crucial for
many real-world tasks. Here the goal is to estimate a set of latent, or unobserved
parameters of a system given a set of real-world observations of the system. Under
the framework described by Equation 2.1, it is the task of estimating given b.
Inversion can be extremely challenging for a number of reasons. Firstly, inversion
algorithms often require many forward simulations to be run in order to match the
predictions of the physical model to the set of observations. Given the potentially
high computational costs of forward simulation stated above, this can render many
applications infeasible. Secondly, inversion problems often su er from ill-posedness.
This is the case where the information provided by is not su cient to uniquely
determine a. In such cases, sophisticated regularisation schemes are required to
restrict the space of possible latent parameters the inversion algorithm can explore.

Finally, real-world inversion usually su ers from noise. This can be challenging
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to identify, and usually increases the ill-posedness of the problem. Often a fully
probabilistic framework is required to model such processes.

SciML is aiding inversion algorithms by addressing some of the challenges above.
For example, SciML is providing fast surrogate models which allow many forward
simulations to be carried out inexpensively [Wang et al., 2021b, Li et al., 2021, Zhu
et al., 2019], stronger regularisers which learn from previous examples [Hammernik
et al., 2018, Li et al., 2020a, Bora et al., 2017], and more tractable methods for
estimating posterior distributions of unknown parameters in probabilistic settings

[Brehmer et al., 2020].

2.2.3 Equation discovery

Finally, there are many cases where we do not fully understand the system itself.
That is, we are unsure how to de ne our physical moddt in Equation 2.1. For
example, we still do not have a satisfactory model of fundamental particles, or
of many processes in the Earth's climate system. Being able to learn about a
system, for example by discovering its governing equations, is powerful as it can
provide a general model of the system.

One could think of this as a di erent type of inversion problem where the entire
physical model, or at least the unknown parts of it, are inverted for given some
observations of the system. This is often very challenging, and inherits many of the
di culties encountered by inversion tasks described above.

Traditionally, discovering new theories about the world has relied upon remarkable
human intuition. SciML is aiding this discovery by allowing us to automate the
process and/or learn about complex processes which are hard to intuit [Chen et al.,
2021, Champion et al., 2019, Long et al., 2019, Udrescu et al., 2020]. Furthermore,
it is allowing us to cope with the increasingly large amounts of scienti ¢ data
being generated by modern experiments, which is quickly becoming impossible

for humans to sift through.
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2.3 Ways to incorporate scienti ¢ principles into
machine learning

In this section we review a snapshot of the current SciML approaches being researched.
We primarily focus on the way scienti ¢ knowledge is incorporated into their ML
algorithm, and the sections below are grouped by di erent high-level ways to do so;

namely through the ML architecture, loss function and the use of hybrid approaches.

2.3.1 Architecture

The rst set of SciML approaches considered are those which change the architecture
of the ML algorithm so that it incorporates scienti ¢ constraints. Rather than
treating a ML algorithm as a black-box , we open up its design and change parts of
it so that it obeys these constraints. For deep learning-based techniques, this usually
means making changes to the neural network architecture itself. Incorporating
scienti ¢ principles in this way can restrict the range of models the algorithm can
learn, and result in more generalisable and interpretable models. From a machine

learning perspective, we are introducing a strong inductive bias into the model.

2.3.1.1 Adding physical variables

One way to do this when using neural networks is to assign physical meaning
to some of its neurons. For example, Daw et al. [2020] used a sequence of long
short-term memory (LSTM) networks and a fully connected layer to model the
time evolution of lake temperatures. Importantly, the LSTMs were used to predict

an intermediate physical quantity, the density pro le of the lake, before passing
this to the fully connected layer to estimate its temperature. They also used a
monotonicity-preserving LSTM design to preserve the fact that the density pro le
only increases with depth. All networks were trained end-to-end. They found both
techniques improved the generalisation and physical consistency of the temperature

predictions compared to a black-box end-to-end LSTM network.
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2.3.1.2 Encoding symmetries

Another approach is to encode symmetries into the ML model. Indeed, symmetries
such as translational and rotational invariance play a fundamental role in physics
and dictate the form of the laws of nature [Gross, 1996]. And thus, it is likely that
honouring symmetries in ML models will make them more physically consistent
and generalisable.

For example, Ling et al. [2016] proposed rotationally invariant tensor basis neural
networks for estimating the Reynolds stress anisotropy tensor in turbulent ows.
They ensured the neural network’s prediction stayed the same when the input axes
of the ow were rotated, by noting that the anisotropy tensor lies on a basis of
isotropic tensors and by using the neural network to predict the coe cients of the
tensor in this basis. They found that this approach provided more accurate ow
predictions than a generic neural network architecture.

Wang et al. [2021a] proposed a variety of methods for enforcing di erent types of
symmetries (translation, rotation, uniform motion and scale) in convolutional neural
networks (CNNs) when modelling dynamical systems. They showed that CNNs which
included these constraints were more robust to di erent symmetry transformations
and were better at conserving quantities such as energy than standard CNNs when
used to solve the Navier-Stokes equations.

In molecular dynamics, Anderson et al. [2019] proposed a rotationally covariant
neural network architecture for predicting the ground state properties and potential
energy surfaces of molecules. Rotational and translational covariance were explicitly
encoded by representing all activations in spherical tensor form. Similarly, Schtt et al.
[2017] used neural networks to predict the potential energy surfaces of molecules,
ensuring rotational invariance by using interatomic distances as inputs to their
network. Furthermore, they proposed continuous convolutions that allowed these
inputs to have arbitrary positions.

Finally, Udrescu et al. [2020] presented Al Feynman, a search algorithm for
symbolic regression of physical functions which relied on hidden simplicity to

factor the exponential search space of possible functions into multiple smaller search
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spaces. Their algorithm worked by rst tting a neural network to observed data and
recursively testing this mystery function for di erent types of modularity, including
compositionality, symmetry and separability. Given this modular decomposition,
a combination of polynominal tting and brute-force search was used to nd the
remaining functional form. By doing so, their method was able to signi cantly

outperform a state-of-the-art genetic algorithm [Udrescu and Tegmark, 2020].

2.3.1.3 Physics-inspired neural architecture search

Taking a di erent approach, Ba et al. [2019] explored the idea of physics-informed
neural architecture search (NAS). Speci cally, they considered the case of learning
to model a physical system given training examples of its inputs and outputs. They
used a neural network to model the system and whilst training the network they
used a modi ed version of di erentiable architecture search (DARTS) [Liu et al.,
2018]. Importantly, the set of operators which DARTS selected from to design
the network contained physically-motivated operators alongside standard neural
network layers, including an incomplete (and di erentiable) physical model of the
system. Interestingly, they found the degree to which the physical operators were
used depended on their completeness and the quality of training data available, and
their approach outperformed standard residual modelling with a neural network.
In a similar vein, Panju and Ghodsi [2020] used neural networks to learn symbolic
solutions of di erential equations. Each layer of the network consisted of a set of
mathematical operators followed by a learnable softmax gate. Thus, during training
the network learned to select a speci ¢ sequence of operators from which the symbolic
solution could be interpreted. The network was trained by minimising the di erential
equation residual of its predicted solution over a set of random points in the domain.
They found their method was able to provide approximate symbolic solutions to

problems which have no simple analytical solutions.

2.3.1.4 ML inspired by Koopman theory

Another line of work is to constrain ML algorithms using concepts from Koopman

operator theory [Brunton et al., 2021]. Koopman theory states that any (potentially
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nonlinear) dynamical system can be represented in terms of an in nite-dimensional
linear operator [Koopman, 1931]. This representation is powerful as it allows us to
use linear analysis methods to e ciently predict, estimate and control a system, but

nding such a representation is challenging. Encoding such linear constraints in a
ML model could improve its performance [Kutz and Brunton, 2022].

For example, Geneva and Zabaras [2022] proposed a general transformer model
[Vaswani et al., 2017] for predicting the temporal evolution of a dynamical system,
where the input to the transformer was a learned embedding of the state which was
constrained by Koopman dynamics. The embedding was de ned as the latent vector
of an encoder-decoder model, and it was constrained by pretraining the encoder-
decoder to both reconstruct snapshots of the current state and to predict future
timesteps by multiplying the embedding with a learnable Koopman matrix before
decoding it. They found that such a representation improved the extrapolation
accuracy of their model at later timesteps compared to a naive LSTM model when
modelling the Lorenz system.

In a similar fashion, Lusch et al. [2018] used a modi ed encoder-decoder model
to identify nonlinear coordinates of dynamical systems on which the dynamics are
linear. Their encoder-decoder was trained to both reconstruct snapshots of the
current state and to predict future timesteps by multiplying its latent vector with
a Koopman matrix before decoding it. They parameterised their Koopman matrix
by using a separate neural network to specify its eigenvalues given the current
latent vector. In this way they were able to learn interpretable low-rank linear
models of dynamical systems, including those with continuous spectra, such as
a nonlinear pendulum and a high-dimensional nonlinear uid ow. However, a
limitation of both these approaches is that the dimensionality of the latent space

is a hyperparameter which must be chosen.

2.3.1.5 Physically constrained Gaussian processes

Gaussian processes (GPs) are exible probabilistic models which have a wide range

of applications, and many approaches exist for asserting physical constraints within



26 2.3. Ways to incorporate scienti ¢ principles into machine learning

them [Swiler et al., 2020]. For example, Raissi et al. [2017] proposed an approach for
inverting parameters of linear di erential equations using GPs. Importantly, the linear
equations were directly incorporated into the design of the GP. Speci cally, they noted
that any linear transformation (including di erentiation) of a GP is another GP with

a suitably transformed covariance kernel, where any parameters of the linear operator
become learnable hyper-parameters of the transformed kernel. Thus, training a
combined GP to model noisy observations of both the solution and the forcing term
of a linear di erential equation allowed them to successfully estimate its underlying
parameters. Furthermore, this approach circumvented the need for discretisation and
naturally accounted for noise in the observational measurements. They later extended

this concept to nonlinear di erential equations too [Raissi and Karniadakis, 2018].

2.3.1.6 Other approaches

Many other approaches exist which ensure the architecture of the ML algorithm con-
forms with some prior scienti ¢ knowledge and some more examples are given below.
Jumper et al. [2021] presented AlphaFold, which is a deep learning algorithm
for predicting 3D protein structures based on their amino acid sequences. Their
algorithm incorporated many design features which were motivated by physical and
biological knowledge about protein structure. Speci cally, they focused on learning a
pairwise representation of the residues in the protein which emphasised the learning
of the 3D relationships between them, rather than a sequential representation based
on their chain. Furthermore, they used various triangular updates to update these
pairwise features using all features which formed length-3 cycles with them. This
emphasised the fact that residuals should be constrained by their neighbours, for
example the paths between residues should obey the triangle inequality. When
computing the 3D rotation and position of each residue in the protein, a local frame
of reference was used for each residue which ensured invariance of the prediction
to the global frame. They showed that all of these domain-inspired design choices

were required to achieve optimal performance.
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Mohan et al. [2020] proposed a CNN for learning compressed representations of
velocity elds in turbulent ows where the notion of an incompressible uid was
hard-coded into the CNN design. Speci cally, they noted that the velocity of an
incompressible uid should obey the continuity equationy v = 0. To ensure this
condition, they took the output of the CNN, denoted asa, and de ned its nal
velocity prediction to bewv=r  a, where the spatial gradients ofa were computed
using a set of non-trainable nite di erence convolutional Iters. By noting that the
divergence of the curl of any vector eld is zero, one can see that the CNN prediction
always obeys the continuity equation. In contrast, they showed that a CNN which

predicted the velocity eld directly signi cantly deviated from this constraint.

2.3.2 Loss function

The next class of approaches we consider are those where the loss function used to
train the ML algorithm is modi ed so that it includes scienti ¢ constraints. As the

ML model is trained, these constraints encourage the model to become consistent
with some prior knowledge. This is usually considered a soft way of imposing
constraints as the learned model typically only minimises the loss function and can
therefore still disobey its constraining terms. From a machine learning perspective,
such terms in the loss function can be seen as regularisers (or from a Bayesian
modelling perspective, physical priors) which restrict the possible space of models
which can be learnt. Including scienti ¢ knowledge in this way can signi cantly
improve the convergence of ML models, allow them to generalise better and reduce

the amount of training data required.

2.3.2.1 Constraining physical quantities

Modifying the loss function is a very general idea which can be achieved in a variety
of ways. One way to do this is to constrain the values of certain physical quantities
in the ML model. The hope is that by doing so these quantities become more

physically consistent.
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For example, Karpatne et al. [2017b] used a fully connected neural network to
predict the temperature depth pro le of lakes given a set of input drivers including
wind speed, air temperature and the time of year. Importantly, they used a known
empirical relationship to convert the predicted temperature pro les to density pro les,
and then de ned an additional ReLU-type loss function to encourage the changes
in the density values to be positive, i.e. such that the density pro le increased
with depth, which is a known physical constraint. They found that using this
loss term alongside a standard supervised loss both improved the accuracy of the
network's predictions and made them more physically consistent compared to the
same network trained without it.

In molecular dynamics, Zhang et al. [2018] trained a fully connected neural
network to estimate the atomic energies of molecules given the positions of each
atom in the molecule, using a loss function that not only constrained the atomic
energy but also the resulting atomic force and virial tensor of the molecule. The
resulting network was able to make accurate predictions across water, ice and organic
molecules of di erent compositions and size.

Benjamin Erichson et al. [2019] used ideas from Lyapunov analysis to de ne a
loss function which encouraged stability when training encoder-decoders to model
the time evolution of dynamical systems. They assumed the dynamical system
could be described by linear dynamics in a low-dimensional latent spazeuch that
z+1 = z. They learned the matrix and the mapping from the state to this
latent space by training an encoder-decoder network to both reconstruct snapshots
of the current state and predict future timesteps by multiplying its latent vector
with  before decoding it. Importantly, they encouraged the latent dynamics to be
Lyapunov-stable (i.e, that all trajectories starting close to an origin state remain
arbitrarily close at later times) by de ning an additional loss term which encouraged
the positive de niteness of the matrixP, where > P P = 1. They showed via
Lyapunov's second method that this condition ensured stability if held. Including
this loss term signi cantly improved the extrapolation ability of the encoder-decoder

when modelling the uid ow past a cylinder.
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Xie et al. [2018] introduced TempoGAN, which is a generative adversarial network
(GAN) [Goodfellow et al., 2014] for super-resolving coarse-resolution simulations
of uid ows. They used a standard conditional generator-discriminator setup,
where the inputs to the generator were the spatially-varying velocity and density of
the ow at a single snapshot in time, and the discriminator assessed whether the
super-resolved density eld output by the generator was fake or not. Importantly,
they added a second discriminator which asserted that the super-resolved outputs
were temporally coherent. Speci cally, this discriminator assessed whether sequences
of density elds output by the generator were fake or not. They found that adding
this temporal discriminator improved both the temporal and spatial consistency
of the super-resolved ows.

Finally, in the context of training neural network surrogates to model the
outputs of stochastic simulators, Brehmer et al. [2020] showed that intermediate
quantities extracted from within the simulator could be used to help train the
surrogate model. In particular, they de ned a joint score and a joint likelihood
ratio based on the conditional transition probabilities between the latent states
of the simulator, and showed theoretically that these could be used to constrain
the gradient of the likelihood and the likelihood ratio estimated by the surrogate
model when included in the loss function. Incorporating these constraints led to
more accurate surrogate models which required much less training examples when

modelling problems including the Lotka-Volterra system and the Galton board.

2.3.2.2 Encoding conservation laws

Another possibility is to encourage the ML model to obey certain conservation laws
through its loss function. Similar to above, the hope is that this allows the ML
model to be more physically consistent.

For example, in climate modelling, Beucler et al. [2021] trained a supervised
neural network surrogate to emulate subgrid cloud processes, where the input to
the network was a set of variables describing the large-scale thermodynamic state

of the atmospheric column and the output was a set of variables describing the
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rate at which subgrid convection vertically redistributes heat and water. They
added appropriate combinations of these inputs and outputs as an extra term in
the loss function such that the conservation of energy, mass and long- and short-
wave radiation was encouraged. Taking this a step further, they also proposed an
approach for analytically conserving nonlinear constraints of a network's inputs and
outputs by rewriting them as linear constraints over auxiliary variables and using
the network to solve the subsequent linearly constrained optimisation problem. They
showed that both approaches achieved similar prediction performance to a naive
neural network whilst achieving greater physical consistency.

Zeng et al. [2021] used additional terms in their loss function to enforce mass
conservation when training GANs to model potential ow velocity elds. Speci cally,
they added a loss term which imposed that the divergence of their generator output
was zero, using nite di erences computed over its output. They found that this
constraint both improved the physical consistency of the generator output and
accelerated the convergence of the GAN.

Greydanus et al. [2019] proposed Hamiltonian neural networks (HNNs) for
modelling the time evolution of dynamical systems, where instead of using the neural
network to directly predict the evolution of the state, the neural network was used to
predict its Hamiltonian, H(p; g), assuming a set of canonical coordinates describing
the state, (p; ), were available, i.e.NN(p;q ) H (p;09. The network was trained
using a loss function which matched its derivatives to observations of the temporal
derivatives of the coordinates such that its output satis ed Hamiltonian's equations,
ie.L()= jj@'\[‘) %jj2+jj%'\é+ &jj2. This learned Hamiltonian was then numerically
integrated to predict the time evolution of the coordinates. By construction, these
networks naturally learned and respected conservation laws within the training
data. For example, they showed that a HNN could more accurately predict the
time evolution and conserve the total energy of two bodies under the in uence of
gravity compared to a baseline network trained to directly predict the temporal
derivatives of the coordinates. Toth et al. [2020] extended this idea by showing that

the canonical coordinates of the system could also be learnt by adding trainable
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encoder and decoder layers to map raw observations (such as images of two bodies
moving under the in uence of gravity) to these coordinates. Cranmer et al. [2020]
proposed Lagrangian neural networks, which followed an analogous idea by modelling
the Lagrangian of the system. These networks also learned and respected conservation

laws but acted on generalised coordinates rather than canonical coordinates.

2.3.2.3 Auxiliary tasks

Rather than using scienti ¢ terms in the loss function which constrain the current
task, another approach for encoding scienti ¢ knowledge into ML algorithms is to
train them in a multi-task setting [Crawshaw, 2020]. Here, the ML model is trained
to learn multiple tasks simultaneously. The additional tasks may provide the ML
model with more awareness of the context surrounding the main task and allow
the model to learn shared representations, which can improve its generalisation
and result in improved sample e ciency.

In particle physics, de Oliveira et al. [2017] trained a GAN using multi-task
learning to generate jet images, which are 2D representations of the energy deposited
from particles interacting with a calorimeter inside a particle collider. The GAN
was trained using many example jet images, and importantly its discriminator was
tasked with not only classifying whether the generated images were fake or real, but
also whether the jet images originated from high energy W bosons or generic quark
and gluon events. Their work ow followed the auxiliary classi er GAN proposed
by Odena et al. [2017], with some further modi cations to help model the sparsity
of the jet images. They showed that their GAN was able to realistically generate
jet images, honouring multiple physically-relevant statistics across their distribution.
However, they noted that the GAN may have favoured generating images which
were very distinguishably W-like or quantum chromodynamics (QCD)-like jet images
because of the additional discriminator task, and thus under-represented those

images which were hard to distinguish.
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Figure 2.3: Schematic of a physics-informed neural network (PINN). A PINN is a neural
network, NN (x; ), with trainable parameters , which directly approximates the solution,
u(x), to a di erential equation, i.e. NN(x; ) u(x). To train the PINN, a loss function is
used which is composed of two terms, one termed the boundary loss which tries to match
the PINN solution to the known solution (and/or its derivatives) along the boundaries of
the domain, and another termed the physics loss which tries to minimise the residual
of the underlying equation at a set of locations within the domain. The derivatives of
the PINN solution with respect to its inputs required by the boundary and physics loss
are obtained using autodi erentiation. PINNs can also be used for inverse problems, in
which case an additional data loss is added which compares the PINN solution with
known solution values at additional locations within the domain, and parameters of the
underlying equation are jointly optimised alongside .

2.3.2.4 Encoding governing equations

Instead of just adding constraints on the physical quantities of a system into the loss
function, a more powerful constraint may be to include knowledge of the underlying
governing equations of the system themselves. By doing so, one could hope that
the ML model learns to obey these equations in general.

This idea has led to multiple general-purpose SciML approaches, each of which
are rapidly turning into their own sub- eld of SciML. Furthermore, it has provided
new perspectives on how to carry out key scienti ¢ tasks such as simulation, inversion

and equation discovery.
Physics-informed neural networks

One recent and popular way of doing this is to use physics-informed neural networks

(PINNSs), which are designed to solve problems related to di erential equations. The
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starting ideas behind PINNs were developed in the 1990s by Lagaris et al. [1998] and
others, and they were recently reintroduced and extended by Raissi et al. [2019] using
modern deep learning techniques. Since these works PINNs have quickly become
their own sub- eld of SciML [Karniadakis et al., 2021, Cuomo et al., 2022].

A generic schematic of a PINN is shown in Figure 2.3. At a high level, a
PINN is designed to model the solutionu(x), of a di erential equation by using
a neural network,NN (x; ), with learnable parameters , to directly approximate
the solution, i.e. NN(X; ) u(x).

Importantly, the PINN learns the solution by using a loss function which
directly penalises the residual of the underlying equation. More precisely, the

loss function takes the form

L()=Lo( )+ Lp(); (2.3)
where
X 1 Moo o
Lo( )= No JiBKINN (X5 )] ok(Xi) i s (2.4)
K bk j
1 Re =2
Lp( )= N JDINN(xi; ); 1 f(xi)ii“; (2.5)

P
given all of the de nitions and nomenclature from Equation 2.2 The rst term,
denoted the boundary loss ,Ly( ), encourages the network's prediction to match
the true solution (and/or its derivatives) at a subset of known locationsf x; g, in
the domain (typically along the boundaries). The second term, denoted the physics
loss, Ly( ), tries to ensure that the PINN solution obeys the underlying di erential
equation of the system by minimising the residual of the di erential equation at
a set of points,f x;g, sampled over the entire domain. Intuitively, the physics loss
pushes the neural network to learn a solution which is consistent with the underlying
di erential equation, whilst the boundary loss attempts to ensure the solution is

unique by matching the solution to the known boundary conditions.

°Note other classes of di erential equations can be incorporated too, e.g. Pang et al. [2020,
2019].
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Thus, training a PINN amounts to solving a di erential equation. Compared to
a naive neural network trained to model the solution using only example solution
points, a PINN requires much less training data and is able to extrapolate away from
these example solution points. Furthermore, PINNs provide potential advantages
over traditional methods when used to solve di erential equations. Firstly, they
provide a continuous, mesh-free solution, and therefore one does not have to design
discretisation schemes used in traditional approaches such as nite di erence and
nite element modelling. Secondly, they provide analytical and tractable gradients
with respect to their inputs, which are valuable for tasks such as inversion and
sensitivity analysis. Finally, PINNs can be extended to carry out inversion tasks. In
this setting, a data loss is usually added which penalises the di erence between
the network solution and the solution at a set of observed points within the domain,
and inversion parameters (such as the parameters of the di erential equation)

are jointly optimised alongside the network solution.
PINN applications

PINNs have been utilised in a wide range of applications spanning many domains
[Cuomo et al., 2022]. In their original paper, Raissi et al. [2019] showed that
PINNs can accurately solve a range of canonical equations including the Burgers
equation, Schroédinger equation and Navier-Stokes equations. Two more detailed
examples are described below.

Jin et al. [2021] proposed NSFnets, which consisted of two PINNs designed for
solving the Navier-Stokes equations, one using the velocity-pressure formulation of
the equations and the other using the vorticity-velocity formulation. They showed
that both designs were able to accurately solve various 2D and 3D laminar, unsteady
and turbulent ow problems with a Reynolds number of 1,000. However, they noted
that the computational cost of training their PINNs was 5-10 times higher than
traditional computational uid dynamics (CFD) solvers. Transfer learning was used
to alleviate this issue, by initialising the weights of the PINN using a separate
PINN pretrained on a lower Reynolds number. They showed that this signi cantly

improved both the training time and accuracy of the higher Reynolds number PINN.
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They also showed that the PINNs could be used in an inversion setting to estimate
unknown Reynolds numbers, and that adaptive weighting between the two terms
in the PINN loss function could be used to improve performance.

Chen et al. [2020] used PINNs in an inversion setting to solve inverse scattering
problems related to photonic meta-materials and nano-optics. More speci cally, they
used a PINN to estimate the unknown, spatially-varying e ective electric permittivity,
"(x;y), of arrays of dielectric nanocylinders given measurements of the electric eld
strength, E(Xx;y), resulting from their transverse magnetic wave excitation. The
electric eld strength was governed by the Helmholtz equation, and this was used
in the PINN loss function. They found that the PINN could accurately model the
electric eld strength and recover the e ective permittivity of the nanocylinders,
for periodic and aperiodic arrays of nanocylinders. Furthermore, they used their
approach to design nanocylinders which could serve as invisible cloaking devices,
achieving a 75% scattering abatement when the size of the cylinder was comparable

to the wavelength of the incoming radiation.
PINN extensions

Furthermore, many extensions of PINNs have been proposed. A few notable
examples are discussed below; they include using alternative formulations of the
underlying equation, incorporating uncertainty and discovering the underlying
equations themselves.

Kharazmi et al. [2019] proposed variational PINNs (VPINNs) which instead
trained PINNs using the variational form of the underlying di erential equations.
Their neural network was still used to approximate the solution of the di erential
equation, but it was combined with a set of analytical test functions to compute the
residual of the variational form of the equation in its physics loss term. Furthermore,
they used quadrature points to estimate the corresponding integrals in the variational
loss, rather than random collocation points. They found that the VPINN was
able to solve di erential equations including Poisson's equation with similar or
better accuracy to a PINN trained using the strong form, whilst requiring less

collocation points to train. However, a downside of their approach is that additional
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approximation errors were introduced through the use of nite sets of test functions

and numerical integration in the variational loss. Kharazmi et al. [2021] later extended

their approach by using domain decomposition over the set of test functions, more
closely emulating traditional nite element method (FEM) solvers.

Yang et al. [2021a] presented Bayesian PINNs (B-PINNs) which combined PINNs
with Bayesian inference. First, they assumed that one had access to a $2f,0f noisy
measurements ofi(x); f (x) and g«<(x) in Equation 2.2, and that these measurements
were independently and identically Gaussian-distributed around their true values.
Next, they assumed that the solution to the di erential equation was approximated
by a Bayesian neural network (BNN),BNN (x; ) u(x), where they assumed the
parameters of the network, were random variables with some prior distribution,
p( ). Given these assumptions, they could write the likelihood of the measurements,
p(Dj ), as a product of Gaussians, where(x) and g«(x) were rewritten in terms of
BNN (x; ) according to Equation 2.2. They then used standard Bayesian inference
methods, such as Hamiltonian Monte Carlo (HMC) and variational inference (VI), to
infer the posterior distribution of the parameters of the BNNp( jD)/ p(Dj )p().
This approached allowed them to both solve the di erential equation and provide
uncertainty estimates on the solution, whilst naturally accounting for noisy training
data. Furthermore, they extended their approach to inverse problems by assuming
priors over inversions parameters, such asin Equation 2.2. They found that in
general HMC provided more robust predictions and uncertainty estimates than VI
for the problems they considered (Poisson equation, Allen-Cahn equation), and that
B-PINNs provided more accurate solutions than standard PINNs in the presence
of large amounts of noise. However, a limitation of their approach was that the
cost of HMC typically scales poorly to large dataset sizes and they only tested
cases with up to several hundred measurements.

Chen et al. [2021] combined PINNs with sparse regression such that their
algorithm not only learned the solution of di erential equations but also discovered
the di erential equations themselves too. They used an optimisation strategy

that alternated between carrying out sparse regression over an extensive library
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of candidate functions of the PINN solution and its gradients in order to guess
the underlying di erential equation, and using this guessed equation and example
solution points in a standard PINN loss function to update the weights of the
PINN. In this way, the algorithm set up a positive feedback loop between the PINN
and the sparse regression. They showed that their method was able to robustly
discover a variety of di erential equations, including the Burgers equation, Kuramoto-
Sivashinksy equation, nonlinear Schrodinger equation, Navier-Stokes equations and

reaction-di usion equation.
PINN limitations

Finally, PINNs also have a number of important limitations, and multiple works
have attempted to address them. These are discussed below.

A major source of di culty is that PINNs can struggle to converge. PINNs often
contain millions of free parameters and it is unclear how best to optimise them.
Indeed, in contrast to traditional numerical methods, their theoretical convergence
properties are not well understood. Some work has started to understand the
theoretical properties of PINNs, but it is in its early stages [Mishra and Molinaro,
2022, Shin et al., 2020, Wang et al., 2022, 2021c].

This has led to many works proposing (mostly empirical) strategies for improving
their convergence. For example, Wang et al. [2022] proposed a loss balancing strategy
based on insights from neural tangent kernel theory, Anitescu et al. [2019] and
Lu et al. [2019] proposed adaptive re nement methods where more training points
were added where the physics loss was high, Jagtap et al. [2020a,b] used learnable
activation functions, Avrutskiy [2020] and Son et al. [2021] included higher-order
derivatives of the underlying equation in the loss function, and Lyu et al. [2022]
used auxiliary variables to rewrite higher-order di erential equations into rst-order
equations before using them in the loss function. All of the above methods, at
least for the various cases studied, showed signi cant convergence improvements

over standard PINN implementations.
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Another related limitation is that PINNs often struggle to scale to problems which
have larger domains and/or multi-scale solutions. This limitation is the central focus
of Chapter 6 and discussed in detail in Section 6.2.1, and so we refer the reader there.

Lastly, when used purely for forward simulation tasks, PINNs are usually less
e cient than traditional approaches such as nite dierence and nite element
methods, because of their large optimisation costs and the fact they need to be
retrained for each simulation [Karniadakis et al., 2021]. However, PINNs can
outperform traditional approaches when used for inversion problems, where traditional

inversion algorithms often require thousands of forward simulations to converge.
Physics-informed neural operators

A related set of approaches which incorporate governing equations into their loss
function are physics-informed neural operators. These are neural networks which
are similar to PINNs in that they are designed to learn the solution to di erential
equations, but instead of learning a single solution they learn an entire family of
solutions by adding certain inputs of the di erential equation (such as those contained
in ain Equation 2.1) as inputs to the network. Thus, they do not need to be retrained
to carry out new simulations, and during inference they o er a fast surrogate model.
From a mathematical standpoint, the goal is to learn an operator to map function
spaces to function spaces, rather than just a single function. Indeed, there is a
growing sub- eld of ML concerned with learning operators [Lu et al., 2021, Li et al.,
2020b], and we discuss some of the physics-informed approaches here.

Wang et al. [2021b] proposed physics-informed deep operator networks, which
essentially conditioned PINNs on input functions of the di erential equation by
using the DeepONet architecture introduced by Lu et al. [2021]. Their DeepONet
consisted of two sub-networks, a branch network which encoded the input function
(by taking discretised samples of the input function at xed locations as input),
and a trunk network which encoded a set of input coordinates. The solution of
the di erential equation was then approximated by merging the outputs of both of
these sub-networks. The network was trained using a loss function that extended

the PINN loss function (Equation 2.3) by averaging over many random samples
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of the input function. They showed that this approach was able to learn fast and
accurate surrogate models of the solution to a nonlinear di usion-reaction system
given the source term of the equation as input, and of the solution to Burgers
equation given the initial condition as input.

In a related approach, Li et al. [2021] proposed physics-informed neural operators
(PINOs), which used a physics-informed loss function when training Fourier neural
operators (FNOSs) introduced by Li et al. [2020b]. Similar to DeepONets, FNOs
learn an operator to map between function spaces. This is achieved by using a
series of stacked Fourier layers, where the input to each layer is Fourier transformed
and truncated to a xed number of Fourier modes. This truncation allows the
model to learn mappings which are invariant to the number of discrete points used
in its inputs and outputs. Their PINO was trained using a similar loss function
to Wang et al. [2021b], evaluated by averaging over many random samples of the
input function. They showed that this approach was able to learn e cient and
accurate surrogate models for a range of systems, including the Burgers equation,

Darcy ow and chaotic Kolmogorov ow.
Physics-informed neural networks on meshes

Another way to include governing equations in the loss function when training
neural networks to approximate their solutions is to use nite di erence lters to
evaluate the residual of the di erential equation [Zhu et al., 2019]. This is useful
when the neural network is used to output a discretised version of the solution on
a mesh of points, rather than represent a functional approximation of the solution.
The advantage of this approach is that architectures which take advantage of the
spatial relationships between their inputs and outputs can be easily used, such
as CNNs. Similar to PINNSs, this approach provides a way to solve di erential
equations with very little training data.

Zhu et al. [2019] showed this approach could be used to learn single solutions
to di erential equations by providing a xed arbitrary input to the network, or
a surrogate model by providing discretised versions of an input to the di erential

equation as input and averaging over these in the loss function during training. Geneva
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and Zabaras [2020] extended this approach by proposing physics-informed auto-
regressive networks for solving time-dependent di erential equations, and Gao et al.
[2021] extended it to learn solutions on non-rectangular meshes by rst transforming
the problem onto a rectangular mesh and then learning the solution and evaluating

the physics loss in this transformed domain.
Other approaches

In a di erent approach, Champion et al. [2019] used a loss function which included
high-level assumptions about the underlying equation of a dynamical system to both
learn the underlying equation and a coordinate system in which it was parsimonious.
More speci cally, they used an autoencoder to learn a coordinate transform from the
observed state of a system to lower-dimensional latent representation of the state. The
autoencoder was trained by using a loss function which tried to reconstruct example
snapshots of the state and match the temporal derivatives of the latent coordinates
to a library of candidate functions via sparse regression, in a similar fashion to
the SINDy algorithm [Brunton et al., 2016]. They showed that their approach

was able to learn a low-dimensional coordinate transform and a corresponding
parsimonious underlying equation for a nonlinear pendulum given high-dimensional
2D images of the system as training data, and for a reaction-di usion system given

high-dimensional snapshots of its solution discretised on a grid.

2.3.3 Hybrid approaches

Finally, we consider hybrid approaches, where rather than using a ML algorithm
to solve a scienti c task by itself, the ML algorithm is tightly integrated with a
traditional algorithm. The combined result can be thought of as a learnable system,
strongly informed by our prior knowledge but exible enough to adapt to the data
at hand. Designing a hybrid approach can accelerate and improve the accuracy
of traditional algorithms and provide more interpretable ML outputs. However,
hybrid approaches require deep knowledge of ML, the scienti ¢ task at hand and

the traditional methods for solving it. This is the broadest category presented and
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such approaches vary signi cantly by their intended scienti ¢ task and by how their

traditional and learned components interact.

2.3.3.1 Residual modelling

Perhaps the simplest way to combine ML with traditional algorithms is to carry out
residual modelling. This is where a ML model is trained to correct the outputs of a
traditional algorithm, and it only sees its inputs and outputs, i.e. the traditional
algorithm is treated as a black box . Depending on the scienti ¢ task at hand,
there are many reasons why residual modelling is useful; for example it can be
used to correct traditional work ows where they are inexact due to computational
restrictions, or unable to account for some unknown physics.

For example, Pawar et al. [2021] designed a neural network to predict the forces
acting on an aerofoil given the aerofoil shape, physical parameters of the ow and
predictions of the forces from a simpli ed theory (speci cally, the Hess-Smith panel
method) as inputs. They inputted the force predictions by concatenating them
to intermediate layers of their network rather than the input layer, and used an
ensemble of networks to quantify the uncertainty in the prediction. They found that
their approach provided more accurate predictions with less uncertainty than a naive
neural network trained to predict the forces given only the physical parameters of
the ow as input, whilst remaining faster than full CFD simulation.

Super-resolution can be thought of as type of residual modelling, and in a more
involved example, Jiang et al. [2020] proposed MeshfreeFlowNet, which learned to
super-resolve turbulent ows in a Rayleigh-Bénard convection problem given the
output from a coarse CFD solver. They used two neural networks applied sequentially,
where the rst network generated a latent context grid given the output of the CFD
solver. Then, the second network estimated the super-resolved ow parameters,
given a query coordinate and the neighbourhood of latent context values around this
location. In addition to a standard supervised loss function, they regularised the
output of the second network by minimising the residual of the underlying equations

in a similar fashion to the PINNs discussed above. They found that MeshfreeFlowNet
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strongly outperformed a standard convolutional super-resolution architecture across
a range of physical metrics including total energy, dissipation rate, and eddy turnover

time, with the physics loss helping to improve its accuracy.

2.3.3.2 Dierentiable physics

A potentially more powerful hybrid approach is to open up the black box of a
traditional algorithm and tightly integrate ML models within it. This allows a more
granular way of balancing the two paradigms; ML can be inserted where we are
unsure how to solve a problem, or where the traditional work ow is computationally
expensive, and traditional components can be kept where we require robust and
interpretable outputs. Often, the performance of the traditional work ow is improved
whilst the ML components are easier to train, are more interpretable, and require
less parameters and training data compared to a naive ML approach.

A general approach for doing so is to use concepts from the eld of di erentiable
physics [Thuerey et al., 2021, Ramsundar et al., 2021, Belbute-Peres et al., 2018,
Monga et al., 2021]. In particular, the central realisation of this eld is that
many traditional scienti ¢ algorithms can be written as a composition of basic
and di erentiable mathematical operations (such as matrix multiplication, addition,
subtraction, etc), and that modern automatic di erentiation and di erential program-
ming languages [Baydin et al., 2018] make it easy to track and backpropagate the
gradients of these outputs with respect to their inputs. This unlocks the possibility
of inserting and training gradient-based ML components (such as neural networks)
within traditional work ows, whereas otherwise it may have been di cult to do so.
From a ML perspective, one could imagine the combined work ow as a new type
of neural network, where some of its operations are xed and others are learnable.
This is a powerful and exible concept, and it is an essential part of many of the
remaining approaches studied in this chapter.

A simple way to start is to re-implement a traditional work ow inside a modern
di erentiable programming language. For example, Ren et al. [2020] re-implemented

full waveform inversion (FWI), an algorithm used to invert for an Earth model
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given its seismic response, using the PyTorch framework [Paszke et al., 2019] and
showed that computing gradients of the seismic response with respect to the Earth
model using automatic di erentiation was mathematically equivalent to traditional
adjoint-state methods. Furthermore, they showed that using modern deep learning
optimisation strategies (such as using the Adam optimiser [Kingma and Ba, 2015])
within the FWI algorithm gave competitive performance compared to standard FWI.

In a similar fashion, Minkov et al. [2020] implemented traditional mode-expansion
methods for simulating the optical response of photonic crystals in an automatic
di erentiation framework and then harnessed automatic di erentiation to optimise
their design. In this case, computing gradients of the traditional methods by hand
was challenging because of the complexity of the simulation method and so automatic
di erentiation opened up a new class of inversion algorithms.

Once a traditional algorithm is implemented, its design can be altered by treating
certain parameters as learnable, or by inserting new learned components. For example,
Wir et al. [2018] reframed traditional Itered back-projection-type algorithms
for carrying out 3D tomographic reconstruction as neural networks. They took
this a step further by learning key hyperparameters of the algorithms, such as
their compensation weights and apodization windows, by optimising the network's
performance over many example reconstructions. They showed that their approach
consistently outperformed the traditional algorithms while keeping the same test-
time computational complexity by design. Furthermore, the network was easy
to interpret as its learned hyperparameters could be directly compared to those
used in traditional algorithms.

Similarly, Zhang et al. [2019a] reframed a traditional iterative prox-linear solver
for estimating the voltages across a power grid by unrolling the solver over a xed
number of iterations into a ResNet-like neural network architecture. Then, they
treated certain matrices in the solver as learnable, relaxing its formal de nition,
and optimised the network using many example outputs. They showed that this
network signi cantly outperformed a naive fully connected network and a more

sophisticated Gauss-Newton solver.
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Figure 2.4: Schematic of a neural ordinary di erential equation (ODE). The goal of a
neural ODE is to learn the right-hand side term of an unknown ODE. A neural network
NN (u;t; ) is used to represent this term, which is trained by using many examples of the
solution of the ODE at two times, u(t = tg) and u(t = t1). More speci cally, a standard
ODE solver is used to model the solution of the ODE,u(t = t;), at time t = t; given the
solution at time t = tg and evaluations of the network where needed. Then, the network's
free parameters, , are updated by matching this estimated solution with the true solution
and di erentiating through the entire ODE solver.

2.3.3.3 Neural dierential equations

The approaches above are simple use cases of di erentiable physics in that they
only learn existing parameters in the traditional work ow. However, di erentiable
physics is more exible than this; it also allows more complex ML modules (such
as neural networks) to be inserted into traditional algorithms, and for these to be
learnt by training the entire algorithm end-to-end.

An example of this are neural di erential equations [Chen et al., 2018a, Rackauckas
et al., 2020], which combine neural networks with traditional numerical solvers in
order to discover terms in underlying equations. Neural di erential equations were
rst proposed in the eld of ML by Chen et al. [2018a] in the context of continuous-
depth models. More precisely, they used a neural network to learn the right-hand

side of the ordinary di erential equation (ODE)

du _ ey
5t = NN(uiti ) ; (2.6)

whereu 2 RY,t 2 R and were the free parameters of the neural network.
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The network was trained using a standard ODE solver. More speci cally, it was
iteratively updated using a loss function which matched the output of the ODE
solver, a(t = ty), at time t = t;, given the solutionu(t = tg) at time t = t; and
evaluations of the network where needed, to the true observed solution of the ODE,
u(t = ty), and backpropagating through the entire ODE solver. A schematic of
this work ow is shown in Figure 2.4.

From a di erentiable physics perspective, this work ow inserts a neural network
into a traditional ODE solver in order to learn the underlying equation. From a ML
perspective, the work ow o ers a novel class of trainable, continuous-depth models,
which do necessarily need to relate to a physical system, where the input to the
model is the solution at timet, and its output is the solution at time t;. The simplest
ODE solver is an Euler integrator, which discretises the solution in time. In this case
Chen et al. noted the resulting model was analogous to a ResNet [He et al., 2016].

Rackauckas et al. [2020] extended this idea to learning arbitrary terms in more
complex di erential equations, such as partial di erential equations (PDES). In a
similar fashion, a neural network was used to represent a term (or set of terms) in
the equation and was trained by di erentiating through a numerical solver. They
also presented e cient adjoint methods for computing the gradients required to
train the network, and a strategy for converting the learned terms into symbolic
expressions via sparse regression. They showed that their approach was able to
accurately discover unknown terms in the Lotka-Volterra equation, Boussinesq
equation and a reaction-di usion system.

Long et al. [2019] proposed a similar approach to Chen et al. [2018a] and
Rackauckas et al. [2020], but they instead used a symbolic neural network to
learn a symbolic representation of the PDE. Speci cally, they proposed PDE-
Net, which was designed to discover governing equations with the generic form
Ur = F(U;Uy; Uy; Uy Uy s Uyys i2) Whereu(x;y; t) was the solution to the equation
and (x;y;t) 2 R3. First, given a discrete mesh of solution observations at a starting
timestept = to, they used a series of convolutional lters to estimate the spatial

derivatives of the solution. Next, a symbolic neural network was used to de ne the



46 2.3. Ways to incorporate scienti ¢ principles into machine learning

nonlinear function F given these derivatives. The structure of the neural network
was de ned such that only multiplicative and summative relationships between its
inputs could be learnt, allowing a symbolic representation of the underlying equation
to be easily extracted. A discrete time-stepping Euler scheme was used to solve
for the solution a later timesteps using the neural network, and the network was
trained by matching these predictions to solution observations at later timesteps.
They showed their method was able to accurately discover a range of (2+1)D PDEs

including the Burgers equation and the di usion equation.

2.3.3.4 In-the-loop methods

The nal class of approaches for combining ML with traditional algorithms we
consider is one we de ne as in-the-loop methods. Many traditional algorithms
are fundamentally iterative, and in these approaches an ML component is used in
the inner loop of the algorithn®. Using an ML component in this way can lead to
less iterations being required, increasing the e ciency of the algorithm, and result
in more accurate outputs. A selection of approaches for both forward simulation

and inversion tasks are discussed below.
Forward simulation

Forward simulation algorithms (such as nite di erence and nite element methods)
are often iterative and many works exist which combine them with ML components.
For example, Um et al. [2020] used a neural network in the inner loop of a coarse
numerical solver to correct the discretisation error in its solution at each timestep.
Importantly, rather than training this network using many example high-resolution
and low-resolution solution pairs in a naive fashion, they unrolled their hybrid
algorithm over a xed number of timesteps and di erentiated through the solver
in order to train the network. This solver-in-the-loop strategy ensured that the
correction network experienced states which were not purely on the manifold of

coarse solver states, and that the network learned to correct its own corrections.

3A related but slightly narrower concept is the unrolling of traditional iterative algorithms,
where these algorithms are unrolled and their parameters are learned through end-to-end training
[Monga et al., 2021, Gregor and LeCun, 2010] (e.g. see Zhang et al. [2019a] described above).
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They found that this strategy was able to more accurately correct the coarse solver
over longer roll-outs than the same network trained naively, for simulating a range
of problems including unsteady wake ow and an advection-di usion system.
Learning subgrid parameterisations can be viewed as an in-the-loop method,
where a ML model is used to predict the e ect of a subgrid process at every
timestep within a numerical solver. There is a signi cant amount of work in this
area, and one example is Rasp et al. [2018], who trained a deep neural network
to represent atmospheric processes in a global climate model. Their network was
allowed to freely interact with the simulator and they showed it was able to produce
simulations which were more stable and better reproduced key aspects of variability
such as extreme precipitation than a traditional subgrid parameterisation, although

it struggled with out-of-sample climates.
Inversion

Many inversion algorithms are iterative and there are many ways they can be

combined with ML [Arridge et al., 2019]. We discuss two major themes below.
Learned gradient descent

One option is to use ML to learn gradient descent steps [Adler and Oktem, 2017,
Andrychowicz et al., 2016]. Many inversion algorithms use gradient descent to
iteratively estimate the unknown parameters of a system based on the gradient of
some mis t function, although, depending on the di culty of the problem, gradient
descent can su er from some well-known limitations such as trapping in local minima
and unstable convergence. Instead, given the current state of the inversion algorithm
(for example the current parameter values and the gradient of the mis t function with
respect to the parameters), a ML model can be trained to estimate the best direction
to move in at each iteration of the algorithm. The ML model can be inserted into
the inner loop of the inversion algorithm, then the entire algorithm unrolled and the
network trained end-to-end using many example inversion problems.

Adler and Oktem [2017] used this strategy when carrying out 2D inversion

of images of human heads given their projection data from simulated computed
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tomography (CT) scans, using a training dataset of similar images and their CT
scans. They found that their learned gradient scheme outperformed a standard
primal-dual iterative algorithm with total variation regularisation, providing more
accurate reconstructions whilst being signi cantly faster. In a similar fashion,
Morningstar et al. [2019] proposed a learned gradient scheme for correcting distorted
images of gravitationally-lensed galaxies and showed that it was signi cantly more

accurate than linear inversion.
Learned regularisers

Another option is to use ML to learn a regularisation strategy. Most iterative inversion
algorithms use regularisers within their inner loop to help guide the algorithm towards
a likely solution, although de ning one by hand can be very challenging. Instead,
ML can be used to learn one.

For example, Hammernik et al. [2018] proposed to learn key parameters of a
elds of experts regulariser when using it within the loss function of the Landweber
iterative algorithm to carry out magnetic resonance imaging (MRI). Speci cally,
they learned the Iter kernels, activation functions and data term weights of the
regulariser by unrolling the iterative algorithm over a xed number of steps and
training end-to-end using many example inversion problems. They found using this
learned regulariser led to more accurate reconstructions than standard algorithms
over a wide range of images.

Li et al. [2020a] took this idea a step further and used a neural network to
de ne the regularisation term in the loss function when using iterative Tikhonov
regularisation-based inversion algorithms, in a strategy they called network Tikhonov
(NETT). The network was trained to estimate artefacts in the solution given the
current solution as input, using a dataset of previous inversion runs. Lunz et al.
[2018] used a similar strategy, but instead used an adversarial network to de ne the
regulariser, which was trained to discriminate between ground truth and estimated
solutions from previous inversion runs. Both works found their regularisers led

to accurate inversion algorithms.
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Finally, Bora et al. [2017] used generative models to de ne a regularisation
strategy when using iterative inversion algorithms. Speci cally, they trained a
generative model (e.g. a VAE or GAN) to generate plausible solutions using a
dataset of many example solutions and then used this generator to parameterise the
solution in the inversion problem. This transformed the inversion problem from one of
estimating the solution to one of estimating the latent values of the generator. They
showed this approach outperformed standard baselines across a range of compressive
sensing tasks. In a similar fashion, Mosser et al. [2018] showed this strategy could

be successfully applied to seismic inversion tasks.

2.4 Summary

Innovation in the eld of SciML is happening at a remarkable pace and a wide range
of SciML approaches have been proposed across many di erent domains and scienti ¢
objectives. In this section we summarise these approaches and identify general trends,
challenges and future opportunities for the eld. Finally, we motivate our central

research question (how well do PIML techniques scale to real-world problems?).

2.4.1 General trends

Whilst a plethora of di erent SciML approaches exist, some general trends emerge
from our analysis. Firstly, and perhaps most importantly, incorporating scienti ¢
knowledge nearly always improves the performance of ML algorithms. The SciML
approaches studied consistently outperform their naive ML counterparts in terms of
accuracy, speed, interpretability and physical consistency. This is generally true across
all the approaches, regardless of their application domain and scienti ¢ objective.
Adding scienti ¢ knowledge restricts the space of models the ML algorithm can learn,
introduces stronger inductive biases, and allows the ML algorithm to focus on only the
parts of the scienti c work ow that need to be improved, which in turn alleviates some
of the well-known aws of ML algorithms (and in particular, deep learning), including
their poor generalisation, their di culty of optimising, their lack of interpretability

and the large amounts of training data required. This observation is encouraging
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as it gives strong evidence in favour of the central thesis of the eld, which is that
incorporating scienti ¢ principles into ML leads to more powerful models.

Secondly, SciML approaches can be applied across a wide range of domains and
scienti ¢ objectives. The approaches studied cover elds such as uid mechanics,
computational biology, seismology and particle physics, and they are applied to
tasks ranging from the prediction of protein structures to the design of photonic
devices. Whilst their applications dier, the core algorithmic goal of many of
these approaches can be abstracted into one of the fundamental scienti ¢ tasks
discussed in Section 2.2, and a host of SciML techniques are available for each,
as summarised by Table 2.1. Some techniques are general-purpose (for example,
incorporating underlying equations into the loss function [Raissi et al., 2019]), whilst
some remain highly domain-speci ¢ (for example, using a curl representation to
ensure incompressibility in uid mechanics [Mohan et al., 2020]). It is an open and
interesting question to whether the most powerful SciML techniques will end up
being domain-speci c or general-purpose; currently both approaches are powerful.

Thirdly, scienti ¢ knowledge can be incorporated across the entire ML pipeline.

It can be added through careful choice of training data, the architecture of the
algorithm, the way the algorithm is trained, and by incorporating the algorithm
more tightly into an existing scienti c work ow. Furthermore, as summarised by
Figure 2.1, these strategies vary signi cantly in how strongly they impose scienti ¢
knowledge. Generally, approaches which modify the loss function assert the weakest
constraints, whilst hybrid approaches assert the strongest. Similar to above, it is an
open and interesting question to whether SciML will converge on a certain strategy;
currently it appears the most appropriate highly depends on the scienti c task at
hand. We also note it is possible to use multiple strategies at once, for example Jiang
et al. [2020] who combined a physics-informed loss function with residual modelling.

Finally, it is clear that SciML can signi cantly enhance the performance of
traditional work ows. In some cases, SciML dramatically improves the e ciency and
accuracy of traditional algorithms, and adds new scienti c insights. SciML appears

most useful where the underlying processes are not fully understood, or where the
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traditional approach is computationally expensive, or where we are unsure of the
best solution strategy. In such cases, we can take advantage of the large amounts

of data we have to learn solutions to these tasks.

2.4.2 Future challenges and opportunities

Even though a plethora of SciML techniques have been proposed, the eld is
burgeoning and many opportunities exist. For example, many of the approaches
above have only been applied to a restricted number of domains and are likely to
strongly benet others. There are sections in Table 2.1 which appear relatively
unexplored, such the use of architectural constraints when carrying out inversion
or equation discovery, which may lead to novel approaches. Combining multiple
strategies for incorporating scienti ¢ principles at once is also relatively unexplored
and could lead to more powerful models. Alongside SciML, the eld of ML is
constantly generating new ideas which could be incorporated into SciML.

There are challenges too. For example, the eld lacks clear benchmarking and
comparison across these approaches, and future research is required to recommend
which SciML approaches perform best for a given problem. Even though SciML
helps to improve the interpretability of ML models, for the most part they still
remain challenging to interpret and understanding how best to balance this lack
of interpretability with the clarity of traditional models is an open question. Fur-
thermore, in contrast to traditional approaches, many of the SciML approaches
above lack theoretical grounding, yet theoretical guarantees may be crucial for
safety-critical or resource-limited applications. Studying these properties could lead
to better performance and new insights.

Finally, whilst most SciML research is primarily focused on helping the sciences,
a growing amount of research is being carried out in the other direction, using
scienti ¢ insights to improve our understanding of ML [Ruthotto and Haber, 2020,
Chaudhari et al., 2018, Chang et al., 2019, Wright et al., 2022, Hughes et al.,
2019]. This work closes the loop and will hopefully accelerate research and

cross-fertilisation in both elds.
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Figure 2.5: Number of works studied in this chapter which focus on solving real-world
versus toy/simpli ed problems, broken down by scienti ¢ task. Please see the main text
for a description of how these categories were assigned.

2.4.3 Scaling to real-world problems

Alongside the above, and as discussed in Chapter 1, a major outstanding challenge
is to understand how well SciML approaches scale to more complex, real-world
problems. To highlight this, Figure 2.5 plots the number of works studied in this
chapter which focus on solving real-world problems compared to the number which
focus on solving toy/simpli ed problems, broken down by scienti ¢ task. This
assignment is fairly subjective, and for this plot we de ne a real-world problem
to be one which attempts to closely resemble the real-world and thus has tangible
impact. For example, for a work which carries out forward simulation, a real-world
problem would be carrying out modelling of a complex, real-world environment (for
example, a multi-scale, multi-physics global climate simulation), and for a work which
carries out inversion or equation discovery, a real-world problem would be inverting
for underlying parameters using real data captured from a real-world environment
(for example, carrying out MRI using real clinical data). A work considered in the
real-world category does not necessarily have to o er an e ective solution to such
a problem, but it must at least place signi cant focus on the real-world problem
and assess how well its approach scales.

Under this de nition, we nd that most works focus on the latter, using only

simpli ed problems to validate their SciML approaches. Whilst this useful, given
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the increasing complexity and scale of the scienti ¢ problems we wish to study, it
is clear that a crucial next step is to understand how well these approaches scale
to more complex, real-world problems. This is essential for them to become widely
applicable and have signi cant impact.

As presented in Section 1.2, understanding how well SciML (and in particular,
PIML) approaches scale is the central question of this thesis. In the next chapter
we will address our rst sub-question on this topic, which is, can PIML discover

underlying physical principles from real data?



54



Physically-interpretable unsupervised
learning of lunar thermodynamics

3.1 Introduction

In this chapter we investigate the question, can PIML algorithms discover underlying
physical principles from real data? In particular, we assess whether a variational
autoencoder (VAE) is able to learn about the underlying physical processes a ecting
the lunar surface temperature from real temperature measurements captured by
the Diviner Lunar Radiometer Experiment on board the Lunar Reconnaissance
Orbiter (LRO) satellite.

The LRO has been orbiting around the Moon since 2009 and its main goal is
to map as much of the Moon as possible in order to support future human and
robotic missions there. Of particular interest to this chapter is the data recorded by
LRO's Diviner instrument, which has been recording the Moon's surface temperature
since the LRO's launch. This dataset contains rich information about the Moon's
thermophysical environment and understanding the underlying processes contained
within it is of key interest to scientists and mission planners alike.

Aside from its use in lunar science, this dataset is a good candidate for assessing
how well PIML techniques for discovering physical principles scale to real-world

problems, for a number of reasons. Firstly, the thermal behaviour of the lunar
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surface is complex and therefore many di erent physical processes are contained
within the dataset. Secondly, its measurements contain real-world noise which
is more complex in character than e.g. synthetic Gaussian noise. Thirdly, over
its 12 year lifetime the Diviner instrument has captured billions of temperature
measurements, providing signi cant amounts of data to learn from. Thus, learning
from this dataset presents signi cant di erences to learning from a synthetic dataset
generated using a simpli ed physical system.

In this chapter we speci cally assess whether a VAE is able to learn about the
underlying physical processes in this dataset. The VAE de nes a fully probabilistic
and data-driven model of the lunar surface temperature. The model is physics-
agnostic and only makes broad assumptions about the physical system; the most
important being that at each point on the surface the observed temperature variations
can be described by a small set of independent latent variables. The VAE learns the
relationship between these latent variables and the observed temperature variations by
learning to reconstruct the dataset. To cope with the dataset's noise and irregularity
a Gaussian process is used to interpolate the raw surface temperature measurements
onto a regular grid before using them to train the VAE.

Once trained, we interpret the model learned by the VAE by comparing its latent
variables to underlying physical parameters estimated during traditional inversion
using an existing thermophysical model of the lunar surface. By doing so, we nd
that the VAE is able to disentangle ve di erent thermophysical processes from the
data, including 1) the solar thermal onset delay caused by slope aspect, 2) e ective
albedo, 3) surface thermal conductivity, 4) topography and cumulative illumination,
and 5) extreme thermal anomalies. Furthermore, compared to traditional inversion,
the VAE is extremely e cient, requiring orders of magnitude less computational
power to invert for underlying physical parameters. This allows us to generate global
thermal anomaly maps of the lunar surface.

Whilst the VAE is e ective at learning about the underlying physical processes in
this dataset, multiple challenges are uncovered. Firstly, because the VAE is fully data-

driven, it is di cult to interpret its latent space. Carrying out traditional physical
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modelling alongside the VAE is symbiotic in this sense; it both helps us to interpret
the VAE and increases our con dence in the existing physical model. Secondly, the
VAE struggles to fully disentangle all of the underlying physical processes contained
in the dataset, and this is discussed further. Finally, our work ow is only very weakly
physics-informed in the sense that a traditional physical model is used to interpret
the latent space of the VAE. Incorporating physical principles directly into the design

of the VAE could bring additional advantages and we discuss this further.

3.2 Background
3.2.1 Understanding the lunar surface

The lunar surface is a fascinating environment to study. It is the result of the Moon's
turbulent geologic history and allows us to understand many of the endogenic and
exogenic processes that have shaped the Moon over billions of years. It also allows
us to understand the evolution of our Sun and the solar system [Spudis and D., 1996,
Fagents et al., 2010, Joy et al., 2016]. For example, the spatial distribution and
heterogeneity of surface characteristics, such as composition and relief, can be used
to infer some of the fundamental processes that control the evolution of the Earth -
Moon system. Famously, the frequency of occurrence and diameters of impact craters
can be used to estimate the age of lunar regions as well as of planetary surfaces all
across the solar system (e.g. Shoemaker [1962], Baldwin [1964], Hartmann [1965]).

As well as informing science, studying the lunar surface is essential for the
continued exploration of the Moon. For example, maps of the surface temperature
(e.g. Vasavada et al. [2012], Williams et al. [2017]) and rock abundance [Band eld
et al., 2011] are vital for planning future crewed and uncrewed missions. Furthermore,
with NASA's goal of establishing a permanent and sustainable human presence on
the lunar surface [NASA, 2020], maps of in-situ resources such as oxygen, water, rare
Earth elements, metals and solar power are essential [ESA, 2019].

However, because of its remoteness, studying the lunar surface can be challenging.
Remote sensing missions provide the main source of data, but such data can be

noisy, sparse, incomplete, and require careful calibration. Furthermore, many of
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the scienti ¢ products derived from this data rely on a physical model to interpret
the data and invert for underlying physical quantities of interest. These models
are typically either theoretically derived or have been developed during extensive
laboratory studies, but they can be di cult to verify; humans have only been to
the Moon a small number of times and we therefore lack ground truth observations.
This can result in bias and incorrect interpretation. Finally, increasingly large
amounts of data are being returned by space exploration missions, and it is becoming
challenging to absorb and analyse all of it.

An example remote sensing mission which is of particular interest to this chapter
is the Diviner Lunar Radiometer Experiment (DLRE) or Diviner instrument on board
the LRO which has been acquiring visible and infrared radiance measurements of the
lunar surface since 2009 [Paige et al., 2010, Williams et al., 2017, Mazarico et al., 2018].
Its main goal is to study the Moon's thermophysical environment and over its history
it has revealed many complex thermal phenomena. It was the rst instrument to
create high-resolution ( 150m spatial resolution) day and night surface temperature
maps of the Moon, which revealed signi cant variations in temperature which depend
on location and time of lunar day [Williams et al., 2017]. It characterised rock
abundance [Band eld et al., 2011], discovered the presence of anomalous lunar cold
spots, which are extensive regions of low thermal inertia, highly insulating surface
material that usually surround small, recent impact events [Band eld et al., 2014],
and discovered craters and other regions with anomalously high thermal conductivity,
which could suggest the presence of metals on or close to the surface [Hayne et al.,
2017]. The instrument has also been used to study the temperature of permanently
shadowed regions, which are among the coldest places in the solar system [Sefton-
Nash et al., 2019], and the mineralogy of the Moon's surface [Greenhagen et al.,
2010]. However, as noted above, many of these studies rely upon traditional physical
modelling and/or laboratory studies to analyse and interpret the raw temperature
measurements recorded by the instrument, which may introduce biases.

One potential solution is to place the focus on learning from data, rather than

relying on traditional model-based analysis. This could allow weaker assumptions to
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be made about the data and could therefore result in new underlying processes to be
discovered. Furthermore, machine learning may be able to help absorb the increasing

amounts of data by providing more automated and e cient inference algorithms.

3.2.2 Related work

Machine learning is starting to see increased use in lunar and planetary science. For
example, Silburt et al. [2019] developed a deep learning-driven tool to detect and
measure impact craters on the Moon and Mercury in digital elevation model data.
Kodikara and McHenry [2020] showed that machine learning can be used to classify
the physical and mineralogical properties of lunar regolith. Bickel et al. [2019, 2020]
trained convolutional neural networks to automatically extract the locations and
sizes of lunar rockfalls from LRO's image archive with more than 2 million entries
and Wu et al. [2019] presented a neural network-driven approach to improve the
localisation accuracy of rovers on planetary surfaces by matching ground-based and
space-borne imagery. However, whilst these works concentrate on detection and
classi cation, little work has been done on using ML to learn about and model

the underlying physical processes on the Moon.

3.2.3 Instrument overview

The Diviner instrument collects radiance measurements across 9 di erent wavelength
channels in the visible-infrared band (0.3 - 200 microns). Each channel is de ned by
a linear array of 21 thermopile sensors (i.e., the instrument has a total of 189 sensors)
and due to the limited eld of view (FOV) of the sensors, Diviner's swath width is very
narrow, resulting in quasi-point measurements along LRO's ground track (nadir push
broom mapping). Thus, multiple orbits are required to completely cover the entire
surface of the Moon and the number and e ective FOV of the available measurements
governs the spatial and temporal resolution of Diviner's nal image or map products.
The dominant in uence on the size of the e ective FOV of each point measurement
is the LRO's altitude, which has varied between 20 200 km over Diviner's

operational period; at 30 km altitude it is expected to be an ellipse approximately
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Figure 3.1: Example pre-processed data. Left: optical image of Tycho (LRO Wide Angle
Camera (WAC) Global Morphologic basemap [Speyerer et al., 2011]) (348.7lon./ -43.3
lat.). Middle: evening temperature map extracted from the pre-processed Diviner dataset,
plotting the average temperature over 12 am-4 am in local lunar time. Right: four example
temperature pro les extracted over Tycho. Points show temperature measurements, solid
lines show the Gaussian process ts of the pro les used for interpolation. Colour coded
stars in the middle plot indicate the locations of the pro les.

160 120m in size with its major axis oriented in the in-track direction, whilst at
200 km altitude these dimensions are expected to double or triple [Sefton-Nash et al.,
2017]. Since its launch, Diviner has obtained billions of point measurements of the

lunar surface, allowing its temporal and spatial temperature variations to be studied.

3.3 Methods
3.3.1 Data pre-processing

There are multiple Diviner datasets at di erent levels of processing publicly available
from NASA's Planetary Data System (PDS). For this study we collect the Diviner
Level 1 Reduced Data Record (RDR) data [Paige et al., 2011], which consists of tables
of calibrated radiance point measurements and their derived surface temperature
values, as well as their associated ephemeris and geometry information, including
the local lunar time at which each point measurement was recorded. We choose this
dataset because it is minimally processed from the raw Diviner telemetry data and
contains the point measurements before any gridding is applied.

We download data from Diviner's entire operational period January 2010 - March
2019, which contains data recorded during LRO's nominal science mission phase
as well as its three extended science mission phases. We use all available data for

a number of reasons. Firstly, because we are using a data-driven approach, we
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want to absorb as much data as possible and do not wish to bias our analysis to
a narrow observational window. Secondly, as noted above, including more orbits
increases the spatial-temporal resolution of the data.

A number of pre-processing steps are carried out before inserting this data into
our unsupervised learning work ow. Firstly, for each RDR data table, we only keep
measurements which have instrument activity ags equal to 110 (indicating on moon
orientation, standard nadir observation and nominal instrument mode), calibration
ags equal to 0 (indicating an in-bounds interpolated measurement), geometry ags
equal to 12 (indicating tracking data was used to generate geometry information),
miscellaneous ags equal to O (indicating no miscellaneous observations) and emission
angles less than 10(angle between the vector from the surface FOV centre to Diviner
and the normal vector to the Moon's surface). This step removes 23.4% of the
point measurements available. Secondly, for simplicity, in this study we only use
data from channel 7 which records radiance in the 25-50 micron band, is the most
sensitive to temperature values in the range 69-178 K and has a high signal-to-noise
ratio over the majority of surface temperatures [Williams et al., 2017, Vasavada
et al., 2012, Feng et al., 2020]. Finally, we sort the data int6:5 0:5 latitude and
longitude bins, which allows temperature values at each point in space to be easily
extracted in our subsequent work ows. This pre-processing step takes considerable
computational resources; 400 CPU cores over approximately 2 days are used to
process over 425 billion point measurements contained in 35 TB of uncompressed

Diviner RDR data. Example pre-processed data are shown in Figure 3.1.

3.3.2 Overview of VAE work ow

Our basic idea is to use a VAE to learn the underlying factors of variation in the
Diviner surface temperature measurements. The input to the VAE is the observed
surface temperature variations over the lunar day at each point on the surface and
we learn a latent representation which is able to reconstruct this input. In doing so
we learn a model of the thermophysical data, without the use of an a prior physics

model. We choose a VAE framework (as speci ed in Equation A.3-A.6) because
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Figure 3.2: VAE work ow. We train a VAE to compress the observed surface temperature
variations over the lunar day into a sparse set of latent values. The input to the VAE is
the 1D pro le of the surface temperature variation over the lunar day extracted at a single
point on the lunar surface. A convolutional encoder computes the mean and standard
deviation of the VAE's approximate latent posterior distribution, given these observations.
During training a sample from this posterior distribution is fed into a convolutional decoder,
which outputs a reconstruction of the input pro le.

it attempts to learn a model which 1) accurately reconstructs the input pro les,
2) disentangles independent factors of variation in the surface temperature and 3)
has a latent representation which varies smoothly over the input space. We stress
that these are very general assertions and therefore this method could be applied
to other similar space science and exploration tasks.

A major bene t of this approach is that it is fully data-driven. In general, methods
which rely on physical models to analyse physical data may be unreliable if one is not
con dent on the accuracy of the model (e.g. Hayne et al. [2017]). Furthermore, we
learn salient features directly from the data; other traditional approaches which uses
hand-crafted features (such as averaged or evening temperature maps, e.g. Band eld
et al. [2011]) to interpret physical data risk discarding important information. We
interpret the VAE by comparing its latent variables to parameters estimated using
inversion with an existing thermophysical model. Once trained the VAE is run
over the entire lunar surface to map its latent variables and these maps are used
to search for thermal anomalies.

Our VAE work ow is shown in more detail in Figure 3.2. The input to the VAE
is the 1D pro le of the surface temperature variation over the lunar day extracted at

a single point on the lunar surface. The VAE has multiple encoder convolutional
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layers which reduce this pro le into its latent representation and multiple decoder
convolutional layers which reconstruct it, and is trained using example pro les from

many di erent locations on the lunar surface.

3.3.3 Training data generation

To train the VAE, millions of example 1D pro les of the surface temperature variation
over the lunar day are extracted from 48 Areas Of Interest (AOI). We curate the
AOls so that they encapsulate a wide range of surface temperature variation. The
AOls include impact craters of di erent ages, large pyroclastic deposits and swirls
(magnetic anomalies), with areas ranging from 1 - 10,000n?. They are listed
in Table A.1 and described in more detail in Appendix A.2. The locations of all
the AOIs are shown in Figure A.l.

We extract the 1D temperature pro les by locally projecting and binning the
observed Diviner surface temperature measurements at each AOl ont@@0 200m
grid and sorting the points in each bin by the local lunar time at which they were
recorded, obtaining a pro le at each bin location. An orthographic projection centred
over each AOI with a radius ofRyeon = 1737:4 10° m is used to de ne each grid.
To ensure su cient sampling of each temperature pro le, we reject pro les whose
maximum spacing in local lunar time between points is less than 4 hours. We also
reject some pro les from background areas to ensure they do not dominate the
training set. This work ow results in 1,985,693 training pro les extracted over all
AOIs and examples of extracted pro les are shown in Figure 3.1.

Before inputting the pro les into our VAE work ow, we interpolate their temper-
ature measurements onto a regular grid by using Gaussian Process (GP) regression
[Rasmussen and Williams, 2005]. A GP with a Matern-1.5 kernel, maximum length
scale of 6 hours and an assumption of 10 K standard deviation of uncertainty in
each temperature measurement is t to each prole. We sample every 0.2 hours,
resulting in a 1D input pro le with 120 samples. Example GP interpolations are

also shown for the proles in Figure 3.1.
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3.3.4 VAE architecture and training

A convolutional encoder-decoder design is used for our VAE architecture, shown in
Figure 3.2, which consists of 9 convolutional layers in the encoder and 8 convolutional
layers in the decoder. The encoder takes an input pro le of dimensionaliy20 1 and
slowly reduces it to 2 output vectors each of dimensionality n which represent the
mean, g, and standard deviation,h, of the approximate latent posterior distribution

in Equation A.5. The number of latent variables,n, is a hyperparameter of the
VAE model which we test. The decoder takes a sample from the latent posterior
distribution and slowly expands it to output a reconstruction of the input pro le.

We use 32 hidden channels in the encoder and decoder and batch normalisation
[lo e and Szegedy, 2015] after all hidden layers to help training converge. For
n =4 the total number of trainable parameters in the model is 28,713. A complete
speci cation of the network is given in Table A.2 and the network architecture is
described in more detail in Appendix A.2. We design the network architecture by
hand to maximise its reconstruction performance.

During training, the mean and standard deviation vectors are used to generate a
single sample (or vector of latent values) from the approximate posterior distribution
which is fed into the decoder so that the expectation term in the loss function
(Equation A.6) can be estimated. During inference, only the mean vector is passed
to the decoder and used to de ne the latent values. We use avalue of 0.2 and
normalise the training pro les to have a collective mean of 0 and standard deviation
of 1 before inputting them to the VAE. The network is trained using the Adam
stochastic gradient descent optimisation algorithm [Kingma and Ba, 2015], using
an exponentially decaying learning rate starting atix10 * and a mini-batch size of
200 pro les, reserving 20% of the example dataset for cross validation. We use the

PyTorch framework [Paszke et al., 2019] to de ne and train the VAE.

3.3.5 Physics modelling and interpretation

A downside of our approach is that the VAE model lacks a clear physical interpretation.

To aid its interpretation, we compare the VAE's latent representation to a physics-
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based inversion. We modify the thermophysical model proposed by Hayne et al.
[2017] which consists of numerically solving the heat equation over tinhend depth

z in a one-dimensional solid medium

@'(z;t)!

@1z - @ y (51 or

(z;1) Cp(z; 1) at @z

(3.1)

where (z;t) is the mass densityC,(z; t) is the speci ¢ heat capacity,T (z;1) is the
temperature andK (z;t) is the thermal conductivity. The boundary conditions and
functions (z;t), Cy(z;t) and K (z;t) must be known in order to solve this di erential
equation for the temperature pro le. We make a few important alterations to the
model used by Hayne et al. [2017]. First, we assume that the densitys constant
and equal to the surface density 4 given by Hayne et al. [2017]. Second, we use
the phonon conductivity K. as a free tting parameter, rescaled with respect to the
surface conductivityK 5 given by Hayne et al. [2017]. For this purpose, we introduce
the thermal conductivity factor as K ;.=Ks. Third, we assume that the solar incidence
angle approximately coincides with the hour angle and absorb the e ect of latitude
and slope on solar incidence in an e ective Bond albedo, which we use as another free
tting parameter. Hence, our model treats the lunar regolith as a solid medium with a
constant density, but with a varying e ective albedo and thermal conductivity factor.

We run inversion using this model by tuning the thermal conductivity factor,
albedo and onset time of solar radiation to best match each input interpolated pro le.
Note the model predicts the temperature as a function of depth and tim&,(z;t),
and so the temperature at the surface is used when matching to the input pro le.
Bayesian optimisation with an expected improvement acquisition function and a L2
loss function is used as the inversion algorithm [Frazier, 2018]. We then compare
the estimated parameters from the inversion to the latent variables generated by the
VAE. Note, in contrast to this model, the VAE only models the temporal dependence

and not the depth dependence of the surface temperature.
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Figure 3.3: 1D numerical simulations of the lunar surface temperature against local lunar
time. Our baseline model uses thermal properties estimated for the lunar regolith. The
three plots show the sensitivity of the baseline model when varying the onset delay, albedo
and thermal conductivity factor independently.

3.3.6 Generation of global maps

As a nal step, we run the trained VAE with n = 4 over the entire lunar surface
and generate maps of its latent variables to search for thermal anomalies. This
allows us to compute global statistics of the learned latent variables and interpret
these new features alongside existing physical maps. The details on how we generate

these maps are provided in Appendix A.3.

3.4 Results
3.4.1 Data pre-processing

In total 425,745,195,120 Diviner point measurements are extracted, of which 326,190,541,311
(77%) remain after the rst pre-processing lItering step and 36,483,372,924 remain
after Itering channel 7, requiring 2.9 TB of storage. We plot the number of points
after pre-processing in each latitude-longitude bin in Figure A.4. There is a higher
point density closer to the poles, which is expected because LRO's orbit means the
Diviner instrument samples the poles more frequently than the equator.
Example data after pre-processing over the Tycho crater are plotted in Figure 3.1.
We observe a wide variation in temperature around this crater. Outside of the
crater, the surface temperature increases to around 350 K at midday and decreases
to 100 K at night. On the Eastern slope of the crater the pro les are shifted in local

time by approximately 2 lunar hours, which is consistent with the slope's shadow
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Figure 3.4: VAE results and physical interpretation. Top left: Average L1 reconstruction
loss of VAEs with varying latent vector lengths n and the 1D physics inversion, over 1000
pro les from the validation set. Error bars show 1 standard deviation. Top middle and
right: Example reconstructions for the VAE with n =4 and the 1D physics inversion, for 3
selected pro les in the validation set. Bottom: plots showing the correlation between the
rst 3 VAE latent values when n =4 and the estimated parameters from physics inversion,
over 1000 pro les from the validation set. Thermal conductivity factor is relative to the
regolith. The larger coloured-coded points correspond to the pro les shown in the top
middle and top right plots.

delaying the incidence time of the Sun's radiation. On the Northern slope the peak
temperature is lower at 270 K, which is consistent with the slope receiving less
thermal radiation per unit area from the Sun's elevation at Tycho's latitude. In the
centre of the crater we observe a pro le which has a higher evening temperature
around 150 K. Figure 3.3 (right) plots our physics model simulation when varying
thermal conductivity factor; one explanation is that the material at Tycho's center
has a higher thermal conductivity than its surroundings, although it should be noted
that its central peak has complex topography and surface roughness which is likely

to in uence the measured temperature pro les.

3.4.2 VAE results and physical interpretation

Whilst training the VAE the training and validation reconstruction loss values
converge to similar values, suggesting the VAE generalises well and does not over-

t to the training dataset. Training takes approximately 1 hr using one NVIDIA
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Figure 3.5: Reconstructed pro les generated from the VAE with n =4 when sampling
each latent variable independently across its range and xing the other latent variables to
zero.

Figure 3.6: Maps of the VAE latent variables over Tycho, using the VAE with n = 4.
Left two columns show maps of the four VAE latent variables, without any transforms
applied. Top right is a repeat of the Diviner evening temperature map shown in Figure 3.1.
Bottom right shows a map of the L1 reconstruction loss of the VAE.

Tesla T4 GPU. Example reconstructed pro les from the validation dataset after

training are plotted in Figure 3.4 (top middle). We nd that the VAE is able to
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accurately reconstruct the pro les from the validation dataset. Figure 3.4 (top

left) shows the average reconstruction loss over the validation dataset after training
the VAE when varying the number of latent variables. The reconstruction loss
asymptotes atn = 4, suggesting that only 4 latent variables are needed to accurately
represent the input pro les.

Figure 3.5 shows example pro les generated by the VAE when varying each latent
variable independently and xing the others to zero, fom = 4. We observe that
latent variable 1 responds to the onset of the pro le, latent 2 responds to the peak
temperature, latent 3 responds to the evening temperature sidelobe and latent 4
responds to the width of the temperature pro le. To aid our interpretation of the VAE
further we compare its latent variables with estimated parameters from the physics
inversion. The VAE and physics inversion are run over the validation dataset and
the latent values are plotted against the estimated physics parameters in Figure 3.4
(bottom). We nd that latent variables 1, 2 and 3 have a strong linear correlation
with the onset of solar radiation, e ective albedo and the logarithm of the thermal
conductivity factor respectively. This correlation can also be seen in Figure 3.3;
scanning the physics simulation across the physical parameters result in similar
pro le variations to those seen when scanning the latent variables in Figure 3.5.

A straight line t is shown for each correlation plot in Figure 3.4 (bottom).
As thermal inertia is proportional to the square root of thermal conductivity, we
expect that applying the transform[" = €"23=2 to the latent 3 values will obtain a
quantity which is linearly correlated with the thermal inertia at constant density and
temperature, under the assumptions of our physics model. Heme is the gradient of
the latent 3 and log thermal conductivity factor correlation and is estimated to b@:93.

Maps of the latent variables and the VAE L1 reconstruction loss over Tycho are
plotted in Figure 3.6. The VAE takes approximately 0.001 s to compute latent values
for each pro le when running on a single CPU, whilst each physics inversion takes of
the order of 60 s to run using the same CPU. This signi cant e ciency improvement

(factor of 60,000 or 4 orders of magnitude) allows the VAE to be run over large areas.
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Figure 3.7: Global maps of the VAE latent variables 1 and 2. Top map shows latent
variable 1 and bottom shows latent variable 2.

3.4.3 Global maps

The global maps produced by our mapping work ow are shown in Figures 3.7 and
3.8. We nd that our observations of the latent variables are consistent on a global
scale; the latent 1 map consistently shows higher values on the Eastern sides of
craters and lower values on their Western sides, indicating that latent 1 responds
to the onset delay of solar radiation as function of slope (East-West) aspect. The
latent 2 map shows higher values at the equator and lower values closer to the poles,
suggesting that it represents a combination of e ective incidence angle and surface
albedo. The latent 3 map mostly shows a background value with some craters and
recent impact basins being either anomalously bright (e.g. Tycho crater) or showing

a brightness level slightly above the background (e.g. Mare Orientale), and could
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