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Abstract

Machine learning (ML) has caused a fundamental shift in how we practice science,
with many now placing learning from data at the focal point of their research. As
the complexity of the scientific problems we want to study increases, and the amount
of data generated by today’s scientific experiments grows, ML is helping to automate,
accelerate and enhance traditional workflows.

Emerging at the forefront of this revolution is a field called scientific machine
learning (SciML). The central goal of SciML is to more tightly combine existing
scientific understanding with ML, generating powerful ML algorithms which are
informed by our prior knowledge.

A plethora of approaches exist for incorporating scientific principles into ML and
expectations are rising for SciML to address some of the biggest challenges in science.
However, the field is burgeoning and many questions are still arising. A major one is
whether SciML approaches can scale to more complex, real-world problems. Much
SciML research is at a proof-of-concept stage, where techniques are validated on
simplified, toy problems. Yet, understanding how well they scale to more complex
problems is essential for them to become widely applicable.

This question is of central focus in this thesis. Firstly, multiple different
physics-informed ML approaches are designed for three complex, real-world, domain-
specific case studies taken from the fields of lunar science and geophysics, and their
performance and scalability is assessed. Secondly, the scalability of physics-informed
neural networks, a popular and general SciML approach, for solving differential
equations with large domains and high frequency solutions is evaluated and improved.
Common observations across these studies are discussed, and significant advantages
and underlying limitations are identified, highlighting the importance of designing
scalable SciML techniques.
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1
Introduction

1.1 Overview

Machine learning (ML) has caused a revolution in the sciences. Traditionally, scientific

research has revolved around theory and experiment: one proposes a hand-crafted

and well-defined theory, then continuously refines it using experimental data and

analyses it to make new predictions. But today, many are placing learning from

data at the focal point of their research. Here, models of the world are learnt from

data by ML algorithms and an existing theory is not required.

There are multiple reasons why this shift has occurred. Firstly, the field of ML

has undergone exponential growth over the last decade, with the main driver behind

this surge generally being attributed to breakthroughs in deep learning [Goodfellow

et al., 2016]. Important discoveries such as the use of deeper network designs and

better training algorithms, as well as the availability of more powerful computing

architectures, have led to rapid improvements in the performance of deep learning

techniques over a wide range of problems [Dally et al., 2021]. Modern ML algorithms

are now able to learn about and solve incredibly complex tasks, from self-driving

cars [Schwarting et al., 2018] to beating world-class Go players [Silver et al., 2018].

Alongside these advances, today’s scientific experiments are generating increas-

ingly large amounts of data and studying increasingly complex phenomena [Baker

1
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et al., 2019, Hey et al., 2020]. It is quickly becoming impossible for humans, and our

traditional workflows, to analyse and theorise about all of this data, and before long

it is likely that scientific experiments will be limited by how well they can extract

insights from the data they have rather than what data they can collect [Baker et al.,

2019]. Given the powerful tools ML can offer, many researchers are turning towards

ML to help automate, accelerate and enhance traditional workflows.

This combination of new ML algorithms and the availability of data has led

to some significant scientific advances over the last decade. For example, ML has

been used to predict protein structures more accurately than ever before [Jumper

et al., 2021], synthesize speech from neural activity [Anumanchipalli et al., 2019]

and improve the simulation of quantum many-body systems [Carleo and Troyer,

2017]. Indeed, modern ML algorithms have now been applied to nearly every facet

of science and a defining research question of the era has become: “Take problem

X and apply ML to it”, with intriguing and often exciting results ensuing.

However, despite these advances, various shortcomings of ML and in particular

deep learning algorithms have been crystallising in the field of ML. For example,

whilst they are able to learn about highly complex phenomena, deep neural networks

are generally regarded as “black-boxes” and there is a lack of understanding about

how they represent and reason about the world. This uninterpretability is a key

issue, particularly for safety-critical applications where a justification of the network’s

predictions is required [Gilpin et al., 2019, Castelvecchi, 2016]. Furthermore, there is

little theoretical guidance on how to design deep learning algorithms which perform

appropriately for a given task. The selection of deep neural network architectures

is largely carried out empirically, although the fields of meta-learning and neural

architecture search are starting to provide more automated approaches [Elsken et al.,

2019, Hospedales et al., 2021]. Finally, although they are highly expressive, deep

neural networks are limited by their training data and usually do not perform well

outside of their training distributions. Learning generalisable models of the world

which perform well on novel tasks is a crucial trait of more general artificial intelligence

(AI) systems and a key outstanding challenge of the field of ML [Bengio et al., 2021].
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Researchers are starting to encounter these limitations when using ML in scientific

problems [Ourmazd, 2020, Forde and Paganini, 2019]. Given the poor generalisation

ability of deep neural networks, a key concern is whether they truly “learn” scientific

principles. A good scientific theory is expected to make novel and accurate predictions

beyond experimental data, yet deep neural networks struggle to make accurate

predictions outside of their training data. Even if a network could make reliable

predictions, given their uninterpretability it may be challenging to extract any

meaningful scientific insights from them. Another major concern is that many

current ML workflows entirely replace traditional scientific models with learned

models. Whilst this can be useful, these purely data-driven approaches “throw

away” our vast prior scientific knowledge. The important point is that for many

problems there is an existing theory which could be built upon, rather than starting

from scratch. In a field traditionally based upon the tight interplay between well-

defined theory and experiment, some believe that the limitations above render

current ML approaches unacceptable.

These concerns have prompted the formation of a new and rapidly growing

field, known as scientific machine learning (SciML) [Baker et al., 2019, Karniadakis

et al., 2021, Willard et al., 2020, Cuomo et al., 2022, Arridge et al., 2019, Karpatne

et al., 2017a]. The goal of SciML is to blend together existing scientific knowledge

and ML, generating more nuanced ML algorithms which are informed by our prior

knowledge, as shown in Figure 1.1. The key thesis of the field is that by doing so

we will end up with more powerful methods for scientific research. Both traditional

and ML methods have advantages and disadvantages, and their combination may

prove more powerful than one or the other. For example, when carrying out data

assimilation (e.g. in climate modelling), traditional physical modelling could be

used to provide prior knowledge whilst ML could be used to account for data-

dependencies and other unknown physics.

Expectations of the field are rapidly growing and a wide plethora of approaches

with many innovative strategies for incorporating scientific knowledge into ML is

currently being proposed and investigated. These approaches range from their
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Machine learning Scientific 
understanding

SciML

more powerful, robust, 
interpretable models 

Figure 1.1: Scientific machine learning (SciML) overview. SciML aims to tightly combine
ML with scientific knowledge in order to generate more powerful, robust and interpretable
ML methods for scientific research.

intended scientific task (e.g. simulation, inversion, and governing equation discovery),

to different ways to incorporate scientific principles (e.g. through the architecture

of a deep neural network, its loss function, and the use of hybrid models), and the

degree to which scientific principles are imposed (e.g. via hard or soft constraints).

We present a detailed review of these approaches in Chapter 2. Many approaches

use ideas from physics to inform their ML algorithms in a sub-field of SciML known

as physics-informed machine learning (PIML) [Karniadakis et al., 2021].

So far, SciML is enjoying some early successes. It has helped us carry out powerful

simulations [Raissi et al., 2019], discover the governing equations of complex physical

systems [Kutz and Brunton, 2022], accurately invert for underlying parameters in

inversion problems [Arridge et al., 2019], and seamlessly blend traditional workflows

with learned components [Rackauckas et al., 2020, Thuerey et al., 2021] across

a wide range of domains.

Despite its early promise, the field of SciML is still in its infancy and there are many

important questions arising, for example; how should we enforce scientific principles?

How should we balance the lack of interpretability of data-driven models with the

clarity of existing theories? Are there any overarching SciML techniques which can

be applied across scientific disciplines? Can SciML provide new perspectives and
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ideas for the field of ML? How well do SciML techniques scale to complex, real-world

problems? This thesis focuses on the last question, which is discussed in detail below.

1.2 Research questions

Much of the current research in the field of SciML is focused on developing new

concepts and techniques for combining scientific principles with ML. This is an

exciting phase of the field, and it is largely being driven by modern advances in ML.

Given that SciML is an emerging field, many of these techniques are not yet

fully explored or understood. In particular, most works either demonstrate a proof-

of-principle of a new technique, or its application in a specific domain. In both

cases, a simplified or toy problem is typically used to test the effectiveness of the

technique. This is usually because these problems are easy to understand and

implement, and they often have analytical or well-studied solutions which makes

it easy to assess how the technique is performing.

An essential next step is to shift focus towards solving more complex, real-

world problems with SciML. Major challenges are usually encountered when scaling

traditional methods to such problems and it is therefore crucial to understand how

well SciML approaches scale in this setting. This is important because we ultimately

want to use SciML to solve real-world problems. Indeed, the complexity of the

scientific problems we are interested in studying today is increasing, and so being

able to answer this question will only become more important over time.

By real-world problems, we mean problems which attempt to closely resemble

the real-world and thus have tangible impact. Examples would be the simulation

of the aerodynamics of an aeroplane to optimise its design, or the estimation of

the location of an earthquake from real seismic recordings to better understand the

Earth’s crustal dynamics. In contrast, well-studied toy versions of these problems

would be the simulation of the fluid flow over a cylinder, or the estimation of the

location of a point source in a small, simplified medium.

Below is a list of some of the major challenges often encountered when scaling

traditional scientific analysis methods from toy problems to real-world problems.
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This list is not intended to be complete or exhaustive, but highlights some broad

challenges and specific examples. These challenges have been the subject of decades

of research and remain difficult to solve;

Incorporating more complex phenomena The real world usually contains

much more complex physical phenomena than those studied in toy problems. In-

corporating more complex physical phenomena is highly non-trivial and usually

requires significant changes to the design of traditional algorithms. For example,

when carrying out simulation, incorporating multi-scale, multi-physics phenomena

can be very challenging. Finite difference and finite element methods usually require

elaborate changes such as adaptive mesh refinement and sub-grid parameterisations

to accurately simulate such systems. Furthermore, for many real-world problems

it can be challenging to even know what the true underlying physical processes

are. In such cases techniques such as data assimilation are required to ensure our

physical models are well-calibrated with reality.

Computational intractability As the size and complexity of the problem grows,

the computational requirements of traditional algorithms often become extremely

demanding. For example, when simulating high frequency phenomena (or similarly,

phenomena over long distance/time scales) the number of discrete elements (and

hence computations) required by finite difference or finite element methods typically

grows exponentially with the dimensionality of the domain. Thus, supercomputers

with thousands of nodes are required to carry out such large-scale simulations. When

solving inversion problems, more complex physical models can significantly increase

the difficulty of the problem. In particular, much larger numbers of underlying

parameters may need to be estimated, any forward simulations required may become

much more computationally demanding, and the more complex model may make

the problem significantly more ill-posed, i.e there exists many possible underlying

parameter configurations for a given set of observations of the system. This often

results in the problem being computationally intractable.
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Real-world data Real-world data nearly always includes unwanted processes.

These processes can be deterministic or random, and are usually labelled as noise.

Noise can be very challenging to identify and disentangle from the underlying

processes being studied. For example, noise often strongly affects inversion problems,

by increasing the problem’s ill-posedness and making it harder to solve. Often, a fully

probabilistic framework is required to ensure an inversion algorithm is robust to noise.

Another example is in the discovery of underlying laws. Here, alongside discovering

underlying processes, algorithms must also be able to disentangle noise processes.

It is clear that transitioning from simplified problems to real-world problems

is highly non-trivial for traditional methods, but less research has focused on

assessing how well SciML, and in particular PIML, concepts and techniques scale

to these problems. This issue is the central subject of this thesis. Our main

research question is:

How well do PIML techniques scale to real-world problems?

For the purpose of this thesis the notion of scalability is defined in the broadest

sense; any factor which could affect the performance of an algorithm when it is

applied to a real-world problem is considered.

Many more sub-questions stem from this central question. For example, how

do the challenges encountered when scaling PIML algorithms compare to those

encountered when scaling traditional methods? What changes need to be made to

PIML algorithms to help them scale better? Furthermore, given the plethora of

different PIML concepts and techniques being researched, it is clear that the answers

to these questions will vary significantly across different approaches. In this thesis

we focus on a few specific sub-questions which are listed below.

Can PIML algorithms discover underlying physical principles from real

data?

One goal of PIML is to provide more powerful algorithms which can discover

underlying physical laws and principles from data. However, many of the current

approaches are trained and tested using synthetic data generated from simplified
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physical models. Furthermore, many only assume simple (e.g. Gaussian) noise

models. Real data often contains significantly more complex physical and noise

processes. Key questions are, how is the performance of these algorithms affected

by real noise? How well do they scale to more complex physical systems?

Can PIML algorithms carry out inversion using real data?

A large variety of PIML concepts have been proposed to solve inversion problems.

Yet, similar to above, many are only trained and tested using synthetic data generated

from toy physical models. Typically, the difficulty of the inverse problem increases

significantly for more complex systems and when using real data. Key questions are,

how well do PIML algorithms cope with real-world noise? Can they carry out inversion

for more complex physical systems? How do their computational requirements scale?

Can PIML algorithms simulate complex physical phenomena?

Another active area is the use of PIML for enhancing simulation. However, many

PIML approaches are only verified by simulating simple physical systems with well-

studied solutions. Usually, elaborate changes to traditional simulation methods are

required to model more complex phenomena. Key questions here are, how well do

PIML techniques scale to multi-scale, multi-physics phenomena? What changes

should be made to improve their performance?

Can PIML algorithms carry out large-scale simulations?

Related to the above question, many PIML simulation algorithms are only tested using

problems confined to small domains with low frequency solutions. Yet, simulating

larger domains with traditional methods (i.e. higher frequencies, over longer

distance/time scales) often becomes computationally intractable. Key questions

are, how do the computational requirements of PIML techniques scale? How does

this compare to traditional methods? How should the design of PIML algorithms

change so they are scalable?
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1.3 Thesis overview

1.3.1 Overview

In this thesis, we use two main approaches for studying the sub-questions above.

Firstly, for the first three sub-questions, we use complex, real-world, domain-specific

case studies to investigate the performance and scalability of multiple different

PIML approaches. For each sub-question we present a case study, propose a PIML

technique (or variety of PIML techniques) for solving it, and evaluate how well the

technique scales to this setting. Secondly, for the last sub-question, we focus on a

single general-purpose PIML technique and assess and improve its scalability.

Each of the first three sub-questions is studied in a separate chapter in this

thesis (Chapters 3-5 respectively) and their case studies are taken from the fields

of lunar science and geophysics. The last sub-question is investigated in Chapter 6.

Finally, we discuss and summarise the implications of each chapter on our main

research question in Chapter 7.

1.3.2 Detailed structure

In this section we give a more detailed overview of this thesis. First, Chapter 2

discusses the existing literature from the field of SciML. We review general strategies

for incorporating scientific principles into ML, with a focus on deep learning-

based PIML techniques, and then discuss general trends, challenges and future

opportunities for the field.

Next, Chapter 3 considers the question, can PIML algorithms discover underlying

physical principles from real data? More specifically, we train a variational autoen-

coder (VAE) to disentangle underlying factors of variation from real measurements

of the lunar surface temperature taken by the Diviner instrument on-board the

Lunar Reconnaissance Orbiter (LRO) satellite. First, a Gaussian process is used to

model the noise in this dataset and interpolate its raw temperature measurements.

Then, the VAE is trained using example temperature profiles extracted from multiple

locations over the entire lunar surface. Its latent space is interpreted by comparing
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it to parameters estimated from inversion using an existing thermophysical model.

Global maps of the VAE latent variables are generated and used for anomaly

detection on the lunar surface. We discuss the advantages of using the VAE

alongside traditional thermophysical modelling and future ways to combine physical

principles into the VAE.

Chapter 4 investigates the question, can PIML algorithms carry out inversion

using real data? In particular, we present a PIML approach for enhancing extremely

low-light images of permanently shadowed regions on the Moon. The underlying

inversion problem is to estimate the mean photon count from real, noisy images

captured by the LRO Narrow Angle Camera (NAC). Our physics-informed workflow

uses two deep neural networks. Given an input noisy image, the first network

estimates and removes the dark noise contained in the image, using the environmental

meta-data (such as CCD temperature and orbit number) available at the time of

image capture. Next, the flatfield and nonlinearity corrections taken from the

existing calibration routine of the camera are applied. Finally, the second network

estimates and removes all other noise sources, such as photon (shot) noise and image

compression noise. We use a realistic physical noise model of the camera which

combines both synthetic noise and real noise samples to generate training data. We

compare our PIML approach to a naive end-to-end deep learning method, as well

as the existing calibration routine of the camera.

Chapter 5 considers the question, can PIML algorithms simulate complex physical

phenomena? More specifically, we propose, evaluate and discuss three different

approaches for simulating increasingly complex seismic wave phenomena. First, we use

a deep neural network with a physics-informed WaveNet architecture [van den Oord

et al., 2016] to simulate the seismic waves generated by a point source propagating in

simple 2D horizontally layered acoustic media. Next, we use a deep neural network

with a conditional encoder-decoder architecture to simulate the same problem, but for

more realistic media which contain geological faults and for a variable source location.

Lastly, we use a fully-connected neural network with a physics-informed loss function

to simulate the entire seismic wavefield in both simple 2D horizontally layered media
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and strongly heterogeneous Earth-realistic media. We discuss in detail the remaining

challenges of scaling our approaches to more realistic, complex, 3D media.

Chapter 6 researches the question, can PIML algorithms carry out large-scale

simulations? Specifically, we investigate the scalability of physics-informed neural

networks (PINNs) [Raissi et al., 2019, Lagaris et al., 1998] when solving differential

equations with large domains. First, we assess the performance of PINNs when solving

problems with high frequency solutions. Next, we present a general approach for

scaling PINNs to large domains called finite basis physics-informed neural networks

(FBPINNs). FBPINNs extend PINNs by combining them with domain decomposition,

individual subdomain normalisation and flexible training schedules. The performance

of FBPINNs and PINNs is compared across different simulation problems and their

outstanding scalability challenges are discussed.

Finally, Chapter 7 concludes this thesis by discussing how each chapter contributes

to our central research question. Common observations and challenges are identified

and several areas of future research are recommended.

1.4 Contributions

In this section the contributions of each chapter are summarised. A more detailed dis-

cussion of their implications on our main research question is presented in Chapter 7.

For investigating whether PIML algorithms can discover underlying physical principles

from real data (Chapter 3):

• We show that a VAE is able to disentangle physically meaningful factors of

variation (such as effective albedo, thermal conductivity and solar onset) from

real measurements of the lunar surface temperature.

• The VAE is able to invert for underlying physical parameters multiple orders

of magnitude faster than traditional inversion using an existing physical model,

allowing anomaly maps of the entire lunar surface to be generated.
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• We show that carrying out traditional physical modelling alongside the VAE is

synergistic; physical modelling allows us to interpret the latent space of the

VAE, and the agreement of the VAE increases our confidence in the existing

physical model.

• However, the complexity of the real-world dataset makes it challenging to fully

disentangle some of the physical processes present and interpret parts of the

model learned by the VAE and we discuss this further.

For investigating whether PIML algorithms can carry out inversion using real

data (Chapter 4):

• We present a novel PIML algorithm for denoising real low-light images of

permanently shadowed regions (PSRs) on the lunar surface.

• We show that our algorithm is able to accurately denoise these images, strongly

outperforming the existing calibration routine of the camera and a naive end-

to-end ML baseline, allowing us to reveal surface features in PSRs down to

3-5 m for the first time.

• However, we find the real-world noise contained in these images makes it

challenging to validate the denoised images, generate realistic training data

and ensure the algorithm generalises well to real images, and we discuss these

limitations further.

For understanding whether PIML algorithms can simulate complex physical phe-

nomena (Chapter 5):

• We present and evaluate various physics-informed approaches for simulating

increasingly complex seismic wave phenomena. This includes a deep neural

network with a WaveNet architecture, a deep neural network with a conditional

encoder-decoder design and a fully-connected neural network with a physics-

informed loss function.
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• The first approach is able accurately to simulate seismic waves in horizon-

tally layered media, the second in faulted media and the third in strongly

heterogeneous Earth-realistic media.

• Once trained, all approaches are orders of magnitude faster than finite difference

simulation.

• We encounter multiple challenges when scaling our approaches to more complex

simulations, including the limited generalisation ability of the networks and

the increasing computational resources required to train them, and we discuss

these challenges further.

For understanding whether PIML algorithms can carry out large-scale simula-

tions (Chapter 6):

• We show that PINNs struggle to solve differential equations with high frequency

solutions and large domains, due to the increased complexity of their underlying

optimisation problem.

• We present a general physics-informed deep learning framework which is able

to alleviate this issue and scale PINNs to solve large, multi-scale problems

relating to differential equations.

• Our framework outperforms PINNs in terms of accuracy and computational

resources required.

• Even so, we find outstanding challenges of our approach compared to traditional

simulation methods and discuss these further.

1.5 Publications

Below is the list of publications which have been generated as a direct result of

the work in this thesis:

Peer-reviewed
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1. Moseley, B., Bickel, V., Lopez-Francos, I. G., & Rana, L. (2021). Extreme

Low-Light Environment-Driven Image Denoising Over Permanently Shadowed

Lunar Regions With a Physical Noise Model. IEEE/CVF Conference on

Computer Vision and Pattern Recognition (CVPR).

2. Bickel, V., Moseley, B.; Lopez-Francos, I., & Shirley, M. (2021). Revealing

the Geomorphology and Trafficability of Lunar Permanently Shadowed Regions

with Deep Learning. Nature Communications.

3. Moseley, B., Nissen-Meyer, T., & Markham, A. (2020). Deep learning for fast

simulation of seismic waves in complex media. Solid Earth, 11(4), 1527–1549.

4. Moseley, B., Bickel, V., Burelbach, J., & Relatores, N. (2020). Unsupervised

Learning for Thermophysical Analysis on the Lunar Surface. The Planetary

Science Journal, 1(2), 32.

Preprints

5. Moseley, B., Markham, A., & Nissen-Meyer, T. (2021). Finite Basis Physics-

Informed Neural Networks (FBPINNs): a scalable domain decomposition

approach for solving differential equations. ArXiv.

6. Moseley, B., Markham, A., & Nissen-Meyer, T. (2020). Solving the wave

equation with physics-informed deep learning. ArXiv.

7. Moseley, B., Markham, A., & Nissen-Meyer, T. (2018). Fast approximate

simulation of seismic waves with deep learning. ArXiv.

Publication 4 forms the basis of Chapter 3, publications 1 and 2 form the basis

of Chapter 4, publications 3, 6 and 7 form the basis of Chapter 5 and publication

5 forms the basis of Chapter 6.

In addition, much of the code used in this thesis is available open-source and

can be found here: https://github.com/benmoseley.

https://github.com/benmoseley


2
Background

2.1 Scientific machine learning overview

The field of scientific machine learning (SciML) has been rapidly growing over the

last few years. Seminal papers have attracted thousands of citations (e.g. Raissi

et al. [2019], Chen et al. [2018a]), several SciML workshops have been hosted at

leading AI conferences [NeurIPS, 2021a,b, ICLR, 2020, AAAI, 2021, 2020, ICERM,

2019], and significant amounts of funding have been announced1. SciML research

is being carried out across a diverse range of disciplines and scientific objectives,

for example in climate science [Rasp et al., 2018], fluid dynamics [Jin et al., 2021],

biology [Jumper et al., 2021] and chemistry [Zhang et al., 2018], and expectations

are rising for SciML to accelerate scientific discovery and address humanity’s biggest

challenges [Baker et al., 2019, Irrgang et al., 2021, Lavin et al., 2021].

In this chapter we aim to provide a snapshot of the latest SciML research. The

field is already vast, and so our goal is to provide a representative overview rather

than an exhaustive review. It is also fast-moving, and we aim to capture this by

including some of the techniques which have gained recent popularity. There are

many other reviews related to this field (e.g. Willard et al. [2020], Karniadakis
1For example, the US National Science Foundation recently founded a $20M Institute for

Artificial Intelligence and Fundamental Interactions which aims to develop novel AI approaches
that incorporate first principles from fundamental physics [NSF, 2020].

15
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et al. [2021], Arridge et al. [2019], Karpatne et al. [2017a], Rai and Sahu [2020],

Alber et al. [2019], Kutz and Brunton [2022]) from which we draw from. Most

of our focus is placed on deep learning-based PIML research, which is driving a

large portion of current SciML research.

Such a review could be approached from many different angles. One way is

to focus on different classes of scientific tasks (e.g. simulation, inversion, equation

discovery, etc) across different disciplines and describe how SciML can aid them.

Another is to focus on the different ways scientific principles can be incorporated into

ML algorithms (e.g. through architecture design, loss functions, hybrid approaches,

etc) and describe example scientific applications. Here we choose the latter approach,

centering around the SciML algorithms themselves.

A wide plethora of SciML approaches exist and Table 2.1 summarises the

approaches covered in this review. The table classifies approaches by the way

scientific knowledge is incorporated into their ML algorithm and their intended

scientific task. We see that SciML research covers this entire plane, suggesting that

SciML algorithms can be designed in many different ways for many different tasks.

In addition, Figure 2.1 plots how “strongly” scientific knowledge is imposed for the

approaches studied. We find that the whole spectrum is spanned, suggesting that

there is no single best way to impose scientific constraints.

The remainder of this chapter is structured as follows. First, in Section 2.2

we introduce the typical scientific tasks for which SciML algorithms are being

developed. Then, in Section 2.3 we review different SciML approaches, grouped by

the way scientific knowledge is incorporated into their ML algorithm. Finally, in

Section 2.4 we summarise our findings and identify general trends, challenges and

future opportunities for the field, focusing on our central research question (how

well do PIML techniques scale to real-world problems?).

2.2 Scientific tasks

In order to aid the discussion on SciML approaches we first provide a high-level

overview of the types of scientific tasks that they are being designed for and the benefit
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Forward simulation Inversion Equation discovery

Architecture
Adding physical
variables

Daw et al.

Encoding symmetries Ling et al., Wang
et al., Anderson et al.,
Schütt et al.

Udrescu et al.

Physics-inspired NAS Ba et al., Panju and
Ghodsi

ML inspired by
Koopman theory

Geneva and Zabaras,
Lusch et al.

Physically constrained
GPs

Raissi et al., Raissi
and Karniadakis

Other approaches Jumper et al., Mohan
et al.

Loss function
Constraining physical
quantities

Karpatne et al., Zhang
et al., Benjamin
Erichson et al., Xie
et al., Brehmer et al.

Encoding conservation
laws

Beucler et al., Zeng
et al.

Greydanus et al., Toth
et al., Cranmer et al.

Auxiliary tasks de Oliveira et al.
Encoding governing
equations

Raissi et al., Jin et al.,
Kharazmi et al., Yang
et al., Wang et al.,
Wang et al., Li et al.,
Zhu et al., Geneva and
Zabaras, Gao et al.

Jin et al., Chen et al.,
Yang et al.

Chen et al., Champion
et al.

Hybrid approaches
Residual modelling Pawar et al. Jiang et al.
Differentiable physics Ren et al., Minkov

et al., Würfl et al.,
Zhang et al.

Neural differential
equations

Chen et al.,
Rackauckas et al.,
Long et al.

In-the-loop methods Um et al., Rasp et al. Adler and Öktem,
Morningstar et al.,
Hammernik et al., Li
et al., Lunz et al., Bora
et al., Mosser et al.

Table 2.1: SciML works reviewed in this chapter, classified by the way scientific knowledge
is incorporated into their ML algorithm (rows) and their intended scientific task (columns).
This table and taxonomy is inspired by Willard et al. [2020].

SciML can bring. These are fundamental and essential tasks carried out across science,

and they traditionally have long-standing general and domain-specific challenges

associated with them. Visual examples of these tasks are shown in Figure 2.2.
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Traditional 
workflowsNaive ML

Constraining physical quantities
Encoding conservation laws
Auxiliary tasks

Encoding governing equations

Architecture

Loss function

Hybrid approachesAdding physical variables
Encoding symmetries

Physics-inspired NAS
ML inspired by Koopman theory
Physically constrained GPs

Residual modelling
Differentiable physics

Neural differential equations
In-the-loop methods

Figure 2.1: Spectrum of SciML approaches. This figure plots how “strongly” scientific
knowledge is imposed for the different types of SciML approaches reviewed in this chapter.
Note the strength of a scientific constraint is a fairly fuzzy concept; in this plot we define it
as how close the SciML approach is to a traditional workflow. An approach in the middle
would equally combine ML with some aspects of traditional workflows, for example in-the-
loop methods which interleave traditional iterative solvers with ML models. Furthermore
our assignment is somewhat subjective, and so this figure is only intended to convey the
general trend.

2.2.1 Forward simulation

One major task is carrying out forward simulation. That is, predicting certain

properties of a system given some input conditions of the system. At a very

high level, one could write

b = F(a) , (2.1)

where a is a set of input conditions of the system, F defines a physical model of

the system, and b is a set of resulting properties of the system given F and a. We

note, depending on the specific problem, a and b could contain scalars, vectors,

tensors, functions, or other descriptions of the system.

For many tasks, forward simulation amounts to solving a set of differential

equations describing the system. In many cases, the system can be described by

D[u(x);λ] = f(x) , x ∈ Ω ,

Bk[u(x)] = gk(x) , x ∈ Γk ⊂ ∂Ω ,
(2.2)

for k = 1, 2, ..., nb where D is a differential operator, Bk is a set of boundary

operators, u ∈ Rdu is the solution to the differential equation, f(x) is a forcing
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Forward simulation
Estimate wavefield u(x, y, t)
Given velocity c(x, y)
and source location (sx, sy)

Wavefield, u(x, y, t)

Wavefield, u(x, y, t)

Inversion
Estimate velocity c(x, y)
and source location (sx, sy)
Given wavefield u(x, y, t)
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Source location, (sx, sy)

Wavefield, u(x, y, t)
Velocity, c(x, y)

Source location, (sx, sy)
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Equation discovery
Estimate governing equation
Given wavefield u(x, y, t),
velocity c(x, y),
and source location (sx, sy)

Wave equation

Figure 2.2: Types of scientific tasks SciML approaches are being designed for. Whilst
their application domains can differ, the goal of many SciML approaches can be abstracted
into one of three tasks, namely forward simulation, inversion and equation discovery. In
this plot we visualise each of these tasks using the example of seismic waves propagating
through the Earth as a result of an earthquake.

function, gk(x) is a set of boundary functions, x is an input vector in the domain

Ω ⊂ Rd (i.e. x is a d-dimensional vector), ∂Ω denotes the boundary of Ω and λ is a

set of additional parameters of the differential operator. Many different differential

equations can be represented in this form, including those with time-dependence

or time-independence, and linear or nonlinear operators. In this particular setting,

a = {f(x), g1(x), ..., gnb
(x), λ}, b = {u(x)} and F represents some method for

solving the equations.

There are many long-standing challenges associated with carrying out simulation.

For most real-world applications, the greatest challenge is usually the extremely high
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computational costs of simulating complex, multi-scale, multi-physics systems. Such

simulations can require elaborate implementations and millions of CPU hours on

the world’s fastest supercomputers. Many general and domain-specific strategies

exist for reducing computational cost, including adaptive mesh refinement, subgrid

parameterisations, and reduced-order modelling. However, there is usually a com-

promise required between the level of approximation of the physical system and

the computational cost of the simulator.

As we will see below, SciML is helping to alleviate these issues by allowing the

possibility to learn from previous simulations, providing more powerful computational

shortcuts whilst having less impact on the simulation fidelity. For example, SciML

is being used to learn more efficient subgrid parameterisations [Rasp et al., 2018,

Rackauckas et al., 2020], finer-resolution outputs from coarser-resolution simulations

[Jiang et al., 2020, Um et al., 2020], and mesh-free methods which do not require

elaborate discretisation schemes [Lagaris et al., 1998, Raissi et al., 2019].

2.2.2 Inversion

Inverse problems are tightly related to simulation and solving them is crucial for

many real-world tasks. Here the goal is to estimate a set of latent, or unobserved

parameters of a system given a set of real-world observations of the system. Under

the framework described by Equation 2.1, it is the task of estimating a given b.

Inversion can be extremely challenging for a number of reasons. Firstly, inversion

algorithms often require many forward simulations to be run in order to match the

predictions of the physical model to the set of observations. Given the potentially

high computational costs of forward simulation stated above, this can render many

applications infeasible. Secondly, inversion problems often suffer from ill-posedness.

This is the case where the information provided by b is not sufficient to uniquely

determine a. In such cases, sophisticated regularisation schemes are required to

restrict the space of possible latent parameters the inversion algorithm can explore.

Finally, real-world inversion usually suffers from noise. This can be challenging
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to identify, and usually increases the ill-posedness of the problem. Often a fully

probabilistic framework is required to model such processes.

SciML is aiding inversion algorithms by addressing some of the challenges above.

For example, SciML is providing fast surrogate models which allow many forward

simulations to be carried out inexpensively [Wang et al., 2021b, Li et al., 2021, Zhu

et al., 2019], stronger regularisers which learn from previous examples [Hammernik

et al., 2018, Li et al., 2020a, Bora et al., 2017], and more tractable methods for

estimating posterior distributions of unknown parameters in probabilistic settings

[Brehmer et al., 2020].

2.2.3 Equation discovery

Finally, there are many cases where we do not fully understand the system itself.

That is, we are unsure how to define our physical model F in Equation 2.1. For

example, we still do not have a satisfactory model of fundamental particles, or

of many processes in the Earth’s climate system. Being able to learn about a

system, for example by discovering its governing equations, is powerful as it can

provide a general model of the system.

One could think of this as a different type of inversion problem where the entire

physical model, or at least the unknown parts of it, are inverted for given some

observations of the system. This is often very challenging, and inherits many of the

difficulties encountered by inversion tasks described above.

Traditionally, discovering new theories about the world has relied upon remarkable

human intuition. SciML is aiding this discovery by allowing us to automate the

process and/or learn about complex processes which are hard to intuit [Chen et al.,

2021, Champion et al., 2019, Long et al., 2019, Udrescu et al., 2020]. Furthermore,

it is allowing us to cope with the increasingly large amounts of scientific data

being generated by modern experiments, which is quickly becoming impossible

for humans to sift through.
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2.3 Ways to incorporate scientific principles into
machine learning

In this section we review a snapshot of the current SciML approaches being researched.

We primarily focus on the way scientific knowledge is incorporated into their ML

algorithm, and the sections below are grouped by different high-level ways to do so;

namely through the ML architecture, loss function and the use of hybrid approaches.

2.3.1 Architecture

The first set of SciML approaches considered are those which change the architecture

of the ML algorithm so that it incorporates scientific constraints. Rather than

treating a ML algorithm as a “black-box”, we open up its design and change parts of

it so that it obeys these constraints. For deep learning-based techniques, this usually

means making changes to the neural network architecture itself. Incorporating

scientific principles in this way can restrict the range of models the algorithm can

learn, and result in more generalisable and interpretable models. From a machine

learning perspective, we are introducing a strong inductive bias into the model.

2.3.1.1 Adding physical variables

One way to do this when using neural networks is to assign physical meaning

to some of its neurons. For example, Daw et al. [2020] used a sequence of long

short-term memory (LSTM) networks and a fully connected layer to model the

time evolution of lake temperatures. Importantly, the LSTMs were used to predict

an intermediate physical quantity, the density profile of the lake, before passing

this to the fully connected layer to estimate its temperature. They also used a

monotonicity-preserving LSTM design to preserve the fact that the density profile

only increases with depth. All networks were trained end-to-end. They found both

techniques improved the generalisation and physical consistency of the temperature

predictions compared to a black-box end-to-end LSTM network.
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2.3.1.2 Encoding symmetries

Another approach is to encode symmetries into the ML model. Indeed, symmetries

such as translational and rotational invariance play a fundamental role in physics

and dictate the form of the laws of nature [Gross, 1996]. And thus, it is likely that

honouring symmetries in ML models will make them more physically consistent

and generalisable.

For example, Ling et al. [2016] proposed rotationally invariant tensor basis neural

networks for estimating the Reynolds stress anisotropy tensor in turbulent flows.

They ensured the neural network’s prediction stayed the same when the input axes

of the flow were rotated, by noting that the anisotropy tensor lies on a basis of

isotropic tensors and by using the neural network to predict the coefficients of the

tensor in this basis. They found that this approach provided more accurate flow

predictions than a generic neural network architecture.

Wang et al. [2021a] proposed a variety of methods for enforcing different types of

symmetries (translation, rotation, uniform motion and scale) in convolutional neural

networks (CNNs) when modelling dynamical systems. They showed that CNNs which

included these constraints were more robust to different symmetry transformations

and were better at conserving quantities such as energy than standard CNNs when

used to solve the Navier-Stokes equations.

In molecular dynamics, Anderson et al. [2019] proposed a rotationally covariant

neural network architecture for predicting the ground state properties and potential

energy surfaces of molecules. Rotational and translational covariance were explicitly

encoded by representing all activations in spherical tensor form. Similarly, Schütt et al.

[2017] used neural networks to predict the potential energy surfaces of molecules,

ensuring rotational invariance by using interatomic distances as inputs to their

network. Furthermore, they proposed continuous convolutions that allowed these

inputs to have arbitrary positions.

Finally, Udrescu et al. [2020] presented AI Feynman, a search algorithm for

symbolic regression of physical functions which relied on “hidden simplicity” to

factor the exponential search space of possible functions into multiple smaller search
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spaces. Their algorithm worked by first fitting a neural network to observed data and

recursively testing this mystery function for different types of modularity, including

compositionality, symmetry and separability. Given this modular decomposition,

a combination of polynominal fitting and brute-force search was used to find the

remaining functional form. By doing so, their method was able to significantly

outperform a state-of-the-art genetic algorithm [Udrescu and Tegmark, 2020].

2.3.1.3 Physics-inspired neural architecture search

Taking a different approach, Ba et al. [2019] explored the idea of physics-informed

neural architecture search (NAS). Specifically, they considered the case of learning

to model a physical system given training examples of its inputs and outputs. They

used a neural network to model the system and whilst training the network they

used a modified version of differentiable architecture search (DARTS) [Liu et al.,

2018]. Importantly, the set of operators which DARTS selected from to design

the network contained physically-motivated operators alongside standard neural

network layers, including an incomplete (and differentiable) physical model of the

system. Interestingly, they found the degree to which the physical operators were

used depended on their completeness and the quality of training data available, and

their approach outperformed standard residual modelling with a neural network.

In a similar vein, Panju and Ghodsi [2020] used neural networks to learn symbolic

solutions of differential equations. Each layer of the network consisted of a set of

mathematical operators followed by a learnable softmax gate. Thus, during training

the network learned to select a specific sequence of operators from which the symbolic

solution could be interpreted. The network was trained by minimising the differential

equation residual of its predicted solution over a set of random points in the domain.

They found their method was able to provide approximate symbolic solutions to

problems which have no simple analytical solutions.

2.3.1.4 ML inspired by Koopman theory

Another line of work is to constrain ML algorithms using concepts from Koopman

operator theory [Brunton et al., 2021]. Koopman theory states that any (potentially
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nonlinear) dynamical system can be represented in terms of an infinite-dimensional

linear operator [Koopman, 1931]. This representation is powerful as it allows us to

use linear analysis methods to efficiently predict, estimate and control a system, but

finding such a representation is challenging. Encoding such linear constraints in a

ML model could improve its performance [Kutz and Brunton, 2022].

For example, Geneva and Zabaras [2022] proposed a general transformer model

[Vaswani et al., 2017] for predicting the temporal evolution of a dynamical system,

where the input to the transformer was a learned embedding of the state which was

constrained by Koopman dynamics. The embedding was defined as the latent vector

of an encoder-decoder model, and it was constrained by pretraining the encoder-

decoder to both reconstruct snapshots of the current state and to predict future

timesteps by multiplying the embedding with a learnable Koopman matrix before

decoding it. They found that such a representation improved the extrapolation

accuracy of their model at later timesteps compared to a naive LSTM model when

modelling the Lorenz system.

In a similar fashion, Lusch et al. [2018] used a modified encoder-decoder model

to identify nonlinear coordinates of dynamical systems on which the dynamics are

linear. Their encoder-decoder was trained to both reconstruct snapshots of the

current state and to predict future timesteps by multiplying its latent vector with

a Koopman matrix before decoding it. They parameterised their Koopman matrix

by using a separate neural network to specify its eigenvalues given the current

latent vector. In this way they were able to learn interpretable low-rank linear

models of dynamical systems, including those with continuous spectra, such as

a nonlinear pendulum and a high-dimensional nonlinear fluid flow. However, a

limitation of both these approaches is that the dimensionality of the latent space

is a hyperparameter which must be chosen.

2.3.1.5 Physically constrained Gaussian processes

Gaussian processes (GPs) are flexible probabilistic models which have a wide range

of applications, and many approaches exist for asserting physical constraints within
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them [Swiler et al., 2020]. For example, Raissi et al. [2017] proposed an approach for

inverting parameters of linear differential equations using GPs. Importantly, the linear

equations were directly incorporated into the design of the GP. Specifically, they noted

that any linear transformation (including differentiation) of a GP is another GP with

a suitably transformed covariance kernel, where any parameters of the linear operator

become learnable hyper-parameters of the transformed kernel. Thus, training a

combined GP to model noisy observations of both the solution and the forcing term

of a linear differential equation allowed them to successfully estimate its underlying

parameters. Furthermore, this approach circumvented the need for discretisation and

naturally accounted for noise in the observational measurements. They later extended

this concept to nonlinear differential equations too [Raissi and Karniadakis, 2018].

2.3.1.6 Other approaches

Many other approaches exist which ensure the architecture of the ML algorithm con-

forms with some prior scientific knowledge and some more examples are given below.

Jumper et al. [2021] presented AlphaFold, which is a deep learning algorithm

for predicting 3D protein structures based on their amino acid sequences. Their

algorithm incorporated many design features which were motivated by physical and

biological knowledge about protein structure. Specifically, they focused on learning a

pairwise representation of the residues in the protein which emphasised the learning

of the 3D relationships between them, rather than a sequential representation based

on their chain. Furthermore, they used various “triangular updates” to update these

pairwise features using all features which formed length-3 cycles with them. This

emphasised the fact that residuals should be constrained by their neighbours, for

example the paths between residues should obey the triangle inequality. When

computing the 3D rotation and position of each residue in the protein, a local frame

of reference was used for each residue which ensured invariance of the prediction

to the global frame. They showed that all of these domain-inspired design choices

were required to achieve optimal performance.
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Mohan et al. [2020] proposed a CNN for learning compressed representations of

velocity fields in turbulent flows where the notion of an incompressible fluid was

hard-coded into the CNN design. Specifically, they noted that the velocity v of an

incompressible fluid should obey the continuity equation, ∇v = 0. To ensure this

condition, they took the output of the CNN, denoted as a, and defined its final

velocity prediction to be ṽ = ∇× a, where the spatial gradients of a were computed

using a set of non-trainable finite difference convolutional filters. By noting that the

divergence of the curl of any vector field is zero, one can see that the CNN prediction

always obeys the continuity equation. In contrast, they showed that a CNN which

predicted the velocity field directly significantly deviated from this constraint.

2.3.2 Loss function

The next class of approaches we consider are those where the loss function used to

train the ML algorithm is modified so that it includes scientific constraints. As the

ML model is trained, these constraints encourage the model to become consistent

with some prior knowledge. This is usually considered a “soft” way of imposing

constraints as the learned model typically only minimises the loss function and can

therefore still disobey its constraining terms. From a machine learning perspective,

such terms in the loss function can be seen as regularisers (or from a Bayesian

modelling perspective, physical priors) which restrict the possible space of models

which can be learnt. Including scientific knowledge in this way can significantly

improve the convergence of ML models, allow them to generalise better and reduce

the amount of training data required.

2.3.2.1 Constraining physical quantities

Modifying the loss function is a very general idea which can be achieved in a variety

of ways. One way to do this is to constrain the values of certain physical quantities

in the ML model. The hope is that by doing so these quantities become more

physically consistent.
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For example, Karpatne et al. [2017b] used a fully connected neural network to

predict the temperature depth profile of lakes given a set of input drivers including

wind speed, air temperature and the time of year. Importantly, they used a known

empirical relationship to convert the predicted temperature profiles to density profiles,

and then defined an additional ReLU-type loss function to encourage the changes

in the density values to be positive, i.e. such that the density profile increased

with depth, which is a known physical constraint. They found that using this

loss term alongside a standard supervised loss both improved the accuracy of the

network’s predictions and made them more physically consistent compared to the

same network trained without it.

In molecular dynamics, Zhang et al. [2018] trained a fully connected neural

network to estimate the atomic energies of molecules given the positions of each

atom in the molecule, using a loss function that not only constrained the atomic

energy but also the resulting atomic force and virial tensor of the molecule. The

resulting network was able to make accurate predictions across water, ice and organic

molecules of different compositions and size.

Benjamin Erichson et al. [2019] used ideas from Lyapunov analysis to define a

loss function which encouraged stability when training encoder-decoders to model

the time evolution of dynamical systems. They assumed the dynamical system

could be described by linear dynamics in a low-dimensional latent space z such that

zt+1 = Ωzt. They learned the matrix Ω and the mapping from the state to this

latent space by training an encoder-decoder network to both reconstruct snapshots

of the current state and predict future timesteps by multiplying its latent vector

with Ω before decoding it. Importantly, they encouraged the latent dynamics to be

Lyapunov-stable (i.e, that all trajectories starting close to an origin state remain

arbitrarily close at later times) by defining an additional loss term which encouraged

the positive definiteness of the matrix P, where Ω>P Ω− P = −I. They showed via

Lyapunov’s second method that this condition ensured stability if held. Including

this loss term significantly improved the extrapolation ability of the encoder-decoder

when modelling the fluid flow past a cylinder.
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Xie et al. [2018] introduced TempoGAN, which is a generative adversarial network

(GAN) [Goodfellow et al., 2014] for super-resolving coarse-resolution simulations

of fluid flows. They used a standard conditional generator-discriminator setup,

where the inputs to the generator were the spatially-varying velocity and density of

the flow at a single snapshot in time, and the discriminator assessed whether the

super-resolved density field output by the generator was fake or not. Importantly,

they added a second discriminator which asserted that the super-resolved outputs

were temporally coherent. Specifically, this discriminator assessed whether sequences

of density fields output by the generator were fake or not. They found that adding

this temporal discriminator improved both the temporal and spatial consistency

of the super-resolved flows.

Finally, in the context of training neural network surrogates to model the

outputs of stochastic simulators, Brehmer et al. [2020] showed that intermediate

quantities extracted from within the simulator could be used to help train the

surrogate model. In particular, they defined a “joint score” and a “joint likelihood

ratio” based on the conditional transition probabilities between the latent states

of the simulator, and showed theoretically that these could be used to constrain

the gradient of the likelihood and the likelihood ratio estimated by the surrogate

model when included in the loss function. Incorporating these constraints led to

more accurate surrogate models which required much less training examples when

modelling problems including the Lotka-Volterra system and the Galton board.

2.3.2.2 Encoding conservation laws

Another possibility is to encourage the ML model to obey certain conservation laws

through its loss function. Similar to above, the hope is that this allows the ML

model to be more physically consistent.

For example, in climate modelling, Beucler et al. [2021] trained a supervised

neural network surrogate to emulate subgrid cloud processes, where the input to

the network was a set of variables describing the large-scale thermodynamic state

of the atmospheric column and the output was a set of variables describing the
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rate at which subgrid convection vertically redistributes heat and water. They

added appropriate combinations of these inputs and outputs as an extra term in

the loss function such that the conservation of energy, mass and long- and short-

wave radiation was encouraged. Taking this a step further, they also proposed an

approach for analytically conserving nonlinear constraints of a network’s inputs and

outputs by rewriting them as linear constraints over auxiliary variables and using

the network to solve the subsequent linearly constrained optimisation problem. They

showed that both approaches achieved similar prediction performance to a naive

neural network whilst achieving greater physical consistency.

Zeng et al. [2021] used additional terms in their loss function to enforce mass

conservation when training GANs to model potential flow velocity fields. Specifically,

they added a loss term which imposed that the divergence of their generator output

was zero, using finite differences computed over its output. They found that this

constraint both improved the physical consistency of the generator output and

accelerated the convergence of the GAN.

Greydanus et al. [2019] proposed Hamiltonian neural networks (HNNs) for

modelling the time evolution of dynamical systems, where instead of using the neural

network to directly predict the evolution of the state, the neural network was used to

predict its Hamiltonian, H(p, q), assuming a set of canonical coordinates describing

the state, (p, q), were available, i.e. NN (p, q; θ) ≈ H(p, q). The network was trained

using a loss function which matched its derivatives to observations of the temporal

derivatives of the coordinates such that its output satisfied Hamiltonian’s equations,

i.e. L(θ) = ||∂NN
∂p
−dq
dt
||2+||∂NN

∂q
+dp
dt
||2. This learned Hamiltonian was then numerically

integrated to predict the time evolution of the coordinates. By construction, these

networks naturally learned and respected conservation laws within the training

data. For example, they showed that a HNN could more accurately predict the

time evolution and conserve the total energy of two bodies under the influence of

gravity compared to a baseline network trained to directly predict the temporal

derivatives of the coordinates. Toth et al. [2020] extended this idea by showing that

the canonical coordinates of the system could also be learnt by adding trainable
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encoder and decoder layers to map raw observations (such as images of two bodies

moving under the influence of gravity) to these coordinates. Cranmer et al. [2020]

proposed Lagrangian neural networks, which followed an analogous idea by modelling

the Lagrangian of the system. These networks also learned and respected conservation

laws but acted on generalised coordinates rather than canonical coordinates.

2.3.2.3 Auxiliary tasks

Rather than using scientific terms in the loss function which constrain the current

task, another approach for encoding scientific knowledge into ML algorithms is to

train them in a multi-task setting [Crawshaw, 2020]. Here, the ML model is trained

to learn multiple tasks simultaneously. The additional tasks may provide the ML

model with more awareness of the context surrounding the main task and allow

the model to learn shared representations, which can improve its generalisation

and result in improved sample efficiency.

In particle physics, de Oliveira et al. [2017] trained a GAN using multi-task

learning to generate jet images, which are 2D representations of the energy deposited

from particles interacting with a calorimeter inside a particle collider. The GAN

was trained using many example jet images, and importantly its discriminator was

tasked with not only classifying whether the generated images were fake or real, but

also whether the jet images originated from high energy W bosons or generic quark

and gluon events. Their workflow followed the auxiliary classifier GAN proposed

by Odena et al. [2017], with some further modifications to help model the sparsity

of the jet images. They showed that their GAN was able to realistically generate

jet images, honouring multiple physically-relevant statistics across their distribution.

However, they noted that the GAN may have favoured generating images which

were very distinguishably W-like or quantum chromodynamics (QCD)-like jet images

because of the additional discriminator task, and thus under-represented those

images which were hard to distinguish.
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Figure 2.3: Schematic of a physics-informed neural network (PINN). A PINN is a neural
network, NN (x; θ), with trainable parameters θ, which directly approximates the solution,
u(x), to a differential equation, i.e. NN (x; θ) ≈ u(x). To train the PINN, a loss function is
used which is composed of two terms, one termed the “boundary” loss which tries to match
the PINN solution to the known solution (and/or its derivatives) along the boundaries of
the domain, and another termed the “physics” loss which tries to minimise the residual
of the underlying equation at a set of locations within the domain. The derivatives of
the PINN solution with respect to its inputs required by the boundary and physics loss
are obtained using autodifferentiation. PINNs can also be used for inverse problems, in
which case an additional “data” loss is added which compares the PINN solution with
known solution values at additional locations within the domain, and parameters of the
underlying equation are jointly optimised alongside θ.

2.3.2.4 Encoding governing equations

Instead of just adding constraints on the physical quantities of a system into the loss

function, a more powerful constraint may be to include knowledge of the underlying

governing equations of the system themselves. By doing so, one could hope that

the ML model learns to obey these equations in general.

This idea has led to multiple general-purpose SciML approaches, each of which

are rapidly turning into their own sub-field of SciML. Furthermore, it has provided

new perspectives on how to carry out key scientific tasks such as simulation, inversion

and equation discovery.

Physics-informed neural networks

One recent and popular way of doing this is to use physics-informed neural networks

(PINNs), which are designed to solve problems related to differential equations. The
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starting ideas behind PINNs were developed in the 1990s by Lagaris et al. [1998] and

others, and they were recently reintroduced and extended by Raissi et al. [2019] using

modern deep learning techniques. Since these works PINNs have quickly become

their own sub-field of SciML [Karniadakis et al., 2021, Cuomo et al., 2022].

A generic schematic of a PINN is shown in Figure 2.3. At a high level, a

PINN is designed to model the solution, u(x), of a differential equation by using

a neural network, NN (x; θ), with learnable parameters θ, to directly approximate

the solution, i.e. NN (x; θ) ≈ u(x).

Importantly, the PINN learns the solution by using a loss function which

directly penalises the residual of the underlying equation. More precisely, the

loss function takes the form

L(θ) = Lb(θ) + Lp(θ) , (2.3)

where

Lb(θ) =
∑
k

1
Nbk

Nbk∑
j

|| Bk[NN (xkj; θ)]− gk(xkj) ||2 , (2.4)

Lp(θ) = 1
Np

Np∑
i

|| D[NN (xi; θ);λ]− f(xi) ||2 , (2.5)

given all of the definitions and nomenclature from Equation 2.22. The first term,

denoted the “boundary loss”, Lb(θ), encourages the network’s prediction to match

the true solution (and/or its derivatives) at a subset of known locations, {xkj}, in

the domain (typically along the boundaries). The second term, denoted the “physics

loss”, Lp(θ), tries to ensure that the PINN solution obeys the underlying differential

equation of the system by minimising the residual of the differential equation at

a set of points, {xi}, sampled over the entire domain. Intuitively, the physics loss

pushes the neural network to learn a solution which is consistent with the underlying

differential equation, whilst the boundary loss attempts to ensure the solution is

unique by matching the solution to the known boundary conditions.
2Note other classes of differential equations can be incorporated too, e.g. Pang et al. [2020,

2019].
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Thus, training a PINN amounts to solving a differential equation. Compared to

a naive neural network trained to model the solution using only example solution

points, a PINN requires much less training data and is able to extrapolate away from

these example solution points. Furthermore, PINNs provide potential advantages

over traditional methods when used to solve differential equations. Firstly, they

provide a continuous, mesh-free solution, and therefore one does not have to design

discretisation schemes used in traditional approaches such as finite difference and

finite element modelling. Secondly, they provide analytical and tractable gradients

with respect to their inputs, which are valuable for tasks such as inversion and

sensitivity analysis. Finally, PINNs can be extended to carry out inversion tasks. In

this setting, a “data loss” is usually added which penalises the difference between

the network solution and the solution at a set of observed points within the domain,

and inversion parameters (such as the parameters of the differential equation, λ)

are jointly optimised alongside the network solution.

PINN applications

PINNs have been utilised in a wide range of applications spanning many domains

[Cuomo et al., 2022]. In their original paper, Raissi et al. [2019] showed that

PINNs can accurately solve a range of canonical equations including the Burgers

equation, Schrödinger equation and Navier-Stokes equations. Two more detailed

examples are described below.

Jin et al. [2021] proposed NSFnets, which consisted of two PINNs designed for

solving the Navier-Stokes equations, one using the velocity-pressure formulation of

the equations and the other using the vorticity-velocity formulation. They showed

that both designs were able to accurately solve various 2D and 3D laminar, unsteady

and turbulent flow problems with a Reynolds number of 1,000. However, they noted

that the computational cost of training their PINNs was 5-10 times higher than

traditional computational fluid dynamics (CFD) solvers. Transfer learning was used

to alleviate this issue, by initialising the weights of the PINN using a separate

PINN pretrained on a lower Reynolds number. They showed that this significantly

improved both the training time and accuracy of the higher Reynolds number PINN.
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They also showed that the PINNs could be used in an inversion setting to estimate

unknown Reynolds numbers, and that adaptive weighting between the two terms

in the PINN loss function could be used to improve performance.

Chen et al. [2020] used PINNs in an inversion setting to solve inverse scattering

problems related to photonic meta-materials and nano-optics. More specifically, they

used a PINN to estimate the unknown, spatially-varying effective electric permittivity,

ε(x, y), of arrays of dielectric nanocylinders given measurements of the electric field

strength, E(x, y), resulting from their transverse magnetic wave excitation. The

electric field strength was governed by the Helmholtz equation, and this was used

in the PINN loss function. They found that the PINN could accurately model the

electric field strength and recover the effective permittivity of the nanocylinders,

for periodic and aperiodic arrays of nanocylinders. Furthermore, they used their

approach to design nanocylinders which could serve as invisible cloaking devices,

achieving a 75% scattering abatement when the size of the cylinder was comparable

to the wavelength of the incoming radiation.

PINN extensions

Furthermore, many extensions of PINNs have been proposed. A few notable

examples are discussed below; they include using alternative formulations of the

underlying equation, incorporating uncertainty and discovering the underlying

equations themselves.

Kharazmi et al. [2019] proposed variational PINNs (VPINNs) which instead

trained PINNs using the variational form of the underlying differential equations.

Their neural network was still used to approximate the solution of the differential

equation, but it was combined with a set of analytical test functions to compute the

residual of the variational form of the equation in its physics loss term. Furthermore,

they used quadrature points to estimate the corresponding integrals in the variational

loss, rather than random collocation points. They found that the VPINN was

able to solve differential equations including Poisson’s equation with similar or

better accuracy to a PINN trained using the strong form, whilst requiring less

collocation points to train. However, a downside of their approach is that additional
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approximation errors were introduced through the use of finite sets of test functions

and numerical integration in the variational loss. Kharazmi et al. [2021] later extended

their approach by using domain decomposition over the set of test functions, more

closely emulating traditional finite element method (FEM) solvers.

Yang et al. [2021a] presented Bayesian PINNs (B-PINNs) which combined PINNs

with Bayesian inference. First, they assumed that one had access to a set, D, of noisy

measurements of u(x), f(x) and gk(x) in Equation 2.2, and that these measurements

were independently and identically Gaussian-distributed around their true values.

Next, they assumed that the solution to the differential equation was approximated

by a Bayesian neural network (BNN), BNN (x; θ) ≈ u(x), where they assumed the

parameters of the network, θ were random variables with some prior distribution,

p(θ). Given these assumptions, they could write the likelihood of the measurements,

p(D | θ), as a product of Gaussians, where f(x) and gk(x) were rewritten in terms of

BNN (x; θ) according to Equation 2.2. They then used standard Bayesian inference

methods, such as Hamiltonian Monte Carlo (HMC) and variational inference (VI), to

infer the posterior distribution of the parameters of the BNN, p(θ | D) ∝ p(D | θ) p(θ).

This approached allowed them to both solve the differential equation and provide

uncertainty estimates on the solution, whilst naturally accounting for noisy training

data. Furthermore, they extended their approach to inverse problems by assuming

priors over inversions parameters, such as λ in Equation 2.2. They found that in

general HMC provided more robust predictions and uncertainty estimates than VI

for the problems they considered (Poisson equation, Allen-Cahn equation), and that

B-PINNs provided more accurate solutions than standard PINNs in the presence

of large amounts of noise. However, a limitation of their approach was that the

cost of HMC typically scales poorly to large dataset sizes and they only tested

cases with up to several hundred measurements.

Chen et al. [2021] combined PINNs with sparse regression such that their

algorithm not only learned the solution of differential equations but also discovered

the differential equations themselves too. They used an optimisation strategy

that alternated between carrying out sparse regression over an extensive library
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of candidate functions of the PINN solution and its gradients in order to guess

the underlying differential equation, and using this guessed equation and example

solution points in a standard PINN loss function to update the weights of the

PINN. In this way, the algorithm set up a positive feedback loop between the PINN

and the sparse regression. They showed that their method was able to robustly

discover a variety of differential equations, including the Burgers equation, Kuramoto-

Sivashinksy equation, nonlinear Schrödinger equation, Navier-Stokes equations and

reaction-diffusion equation.

PINN limitations

Finally, PINNs also have a number of important limitations, and multiple works

have attempted to address them. These are discussed below.

A major source of difficulty is that PINNs can struggle to converge. PINNs often

contain millions of free parameters and it is unclear how best to optimise them.

Indeed, in contrast to traditional numerical methods, their theoretical convergence

properties are not well understood. Some work has started to understand the

theoretical properties of PINNs, but it is in its early stages [Mishra and Molinaro,

2022, Shin et al., 2020, Wang et al., 2022, 2021c].

This has led to many works proposing (mostly empirical) strategies for improving

their convergence. For example, Wang et al. [2022] proposed a loss balancing strategy

based on insights from neural tangent kernel theory, Anitescu et al. [2019] and

Lu et al. [2019] proposed adaptive refinement methods where more training points

were added where the physics loss was high, Jagtap et al. [2020a,b] used learnable

activation functions, Avrutskiy [2020] and Son et al. [2021] included higher-order

derivatives of the underlying equation in the loss function, and Lyu et al. [2022]

used auxiliary variables to rewrite higher-order differential equations into first-order

equations before using them in the loss function. All of the above methods, at

least for the various cases studied, showed significant convergence improvements

over standard PINN implementations.
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Another related limitation is that PINNs often struggle to scale to problems which

have larger domains and/or multi-scale solutions. This limitation is the central focus

of Chapter 6 and discussed in detail in Section 6.2.1, and so we refer the reader there.

Lastly, when used purely for forward simulation tasks, PINNs are usually less

efficient than traditional approaches such as finite difference and finite element

methods, because of their large optimisation costs and the fact they need to be

retrained for each simulation [Karniadakis et al., 2021]. However, PINNs can

outperform traditional approaches when used for inversion problems, where traditional

inversion algorithms often require thousands of forward simulations to converge.

Physics-informed neural operators

A related set of approaches which incorporate governing equations into their loss

function are physics-informed neural operators. These are neural networks which

are similar to PINNs in that they are designed to learn the solution to differential

equations, but instead of learning a single solution they learn an entire family of

solutions by adding certain inputs of the differential equation (such as those contained

in a in Equation 2.1) as inputs to the network. Thus, they do not need to be retrained

to carry out new simulations, and during inference they offer a fast surrogate model.

From a mathematical standpoint, the goal is to learn an operator to map function

spaces to function spaces, rather than just a single function. Indeed, there is a

growing sub-field of ML concerned with learning operators [Lu et al., 2021, Li et al.,

2020b], and we discuss some of the physics-informed approaches here.

Wang et al. [2021b] proposed physics-informed deep operator networks, which

essentially conditioned PINNs on input functions of the differential equation by

using the DeepONet architecture introduced by Lu et al. [2021]. Their DeepONet

consisted of two sub-networks, a “branch” network which encoded the input function

(by taking discretised samples of the input function at fixed locations as input),

and a “trunk” network which encoded a set of input coordinates. The solution of

the differential equation was then approximated by merging the outputs of both of

these sub-networks. The network was trained using a loss function that extended

the PINN loss function (Equation 2.3) by averaging over many random samples
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of the input function. They showed that this approach was able to learn fast and

accurate surrogate models of the solution to a nonlinear diffusion-reaction system

given the source term of the equation as input, and of the solution to Burgers

equation given the initial condition as input.

In a related approach, Li et al. [2021] proposed physics-informed neural operators

(PINOs), which used a physics-informed loss function when training Fourier neural

operators (FNOs) introduced by Li et al. [2020b]. Similar to DeepONets, FNOs

learn an operator to map between function spaces. This is achieved by using a

series of stacked Fourier layers, where the input to each layer is Fourier transformed

and truncated to a fixed number of Fourier modes. This truncation allows the

model to learn mappings which are invariant to the number of discrete points used

in its inputs and outputs. Their PINO was trained using a similar loss function

to Wang et al. [2021b], evaluated by averaging over many random samples of the

input function. They showed that this approach was able to learn efficient and

accurate surrogate models for a range of systems, including the Burgers equation,

Darcy flow and chaotic Kolmogorov flow.

Physics-informed neural networks on meshes

Another way to include governing equations in the loss function when training

neural networks to approximate their solutions is to use finite difference filters to

evaluate the residual of the differential equation [Zhu et al., 2019]. This is useful

when the neural network is used to output a discretised version of the solution on

a mesh of points, rather than represent a functional approximation of the solution.

The advantage of this approach is that architectures which take advantage of the

spatial relationships between their inputs and outputs can be easily used, such

as CNNs. Similar to PINNs, this approach provides a way to solve differential

equations with very little training data.

Zhu et al. [2019] showed this approach could be used to learn single solutions

to differential equations by providing a fixed arbitrary input to the network, or

a surrogate model by providing discretised versions of an input to the differential

equation as input and averaging over these in the loss function during training. Geneva
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and Zabaras [2020] extended this approach by proposing physics-informed auto-

regressive networks for solving time-dependent differential equations, and Gao et al.

[2021] extended it to learn solutions on non-rectangular meshes by first transforming

the problem onto a rectangular mesh and then learning the solution and evaluating

the physics loss in this transformed domain.

Other approaches

In a different approach, Champion et al. [2019] used a loss function which included

high-level assumptions about the underlying equation of a dynamical system to both

learn the underlying equation and a coordinate system in which it was parsimonious.

More specifically, they used an autoencoder to learn a coordinate transform from the

observed state of a system to lower-dimensional latent representation of the state. The

autoencoder was trained by using a loss function which tried to reconstruct example

snapshots of the state and match the temporal derivatives of the latent coordinates

to a library of candidate functions via sparse regression, in a similar fashion to

the SINDy algorithm [Brunton et al., 2016]. They showed that their approach

was able to learn a low-dimensional coordinate transform and a corresponding

parsimonious underlying equation for a nonlinear pendulum given high-dimensional

2D images of the system as training data, and for a reaction-diffusion system given

high-dimensional snapshots of its solution discretised on a grid.

2.3.3 Hybrid approaches

Finally, we consider hybrid approaches, where rather than using a ML algorithm

to solve a scientific task by itself, the ML algorithm is tightly integrated with a

traditional algorithm. The combined result can be thought of as a learnable system,

strongly informed by our prior knowledge but flexible enough to adapt to the data

at hand. Designing a hybrid approach can accelerate and improve the accuracy

of traditional algorithms and provide more interpretable ML outputs. However,

hybrid approaches require deep knowledge of ML, the scientific task at hand and

the traditional methods for solving it. This is the broadest category presented and
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such approaches vary significantly by their intended scientific task and by how their

traditional and learned components interact.

2.3.3.1 Residual modelling

Perhaps the simplest way to combine ML with traditional algorithms is to carry out

residual modelling. This is where a ML model is trained to correct the outputs of a

traditional algorithm, and it only sees its inputs and outputs, i.e. the traditional

algorithm is treated as a “black box”. Depending on the scientific task at hand,

there are many reasons why residual modelling is useful; for example it can be

used to correct traditional workflows where they are inexact due to computational

restrictions, or unable to account for some unknown physics.

For example, Pawar et al. [2021] designed a neural network to predict the forces

acting on an aerofoil given the aerofoil shape, physical parameters of the flow and

predictions of the forces from a simplified theory (specifically, the Hess-Smith panel

method) as inputs. They inputted the force predictions by concatenating them

to intermediate layers of their network rather than the input layer, and used an

ensemble of networks to quantify the uncertainty in the prediction. They found that

their approach provided more accurate predictions with less uncertainty than a naive

neural network trained to predict the forces given only the physical parameters of

the flow as input, whilst remaining faster than full CFD simulation.

Super-resolution can be thought of as type of residual modelling, and in a more

involved example, Jiang et al. [2020] proposed MeshfreeFlowNet, which learned to

super-resolve turbulent flows in a Rayleigh-Bénard convection problem given the

output from a coarse CFD solver. They used two neural networks applied sequentially,

where the first network generated a latent context grid given the output of the CFD

solver. Then, the second network estimated the super-resolved flow parameters,

given a query coordinate and the neighbourhood of latent context values around this

location. In addition to a standard supervised loss function, they regularised the

output of the second network by minimising the residual of the underlying equations

in a similar fashion to the PINNs discussed above. They found that MeshfreeFlowNet
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strongly outperformed a standard convolutional super-resolution architecture across

a range of physical metrics including total energy, dissipation rate, and eddy turnover

time, with the physics loss helping to improve its accuracy.

2.3.3.2 Differentiable physics

A potentially more powerful hybrid approach is to open up the black box of a

traditional algorithm and tightly integrate ML models within it. This allows a more

granular way of balancing the two paradigms; ML can be inserted where we are

unsure how to solve a problem, or where the traditional workflow is computationally

expensive, and traditional components can be kept where we require robust and

interpretable outputs. Often, the performance of the traditional workflow is improved

whilst the ML components are easier to train, are more interpretable, and require

less parameters and training data compared to a naive ML approach.

A general approach for doing so is to use concepts from the field of differentiable

physics [Thuerey et al., 2021, Ramsundar et al., 2021, Belbute-Peres et al., 2018,

Monga et al., 2021]. In particular, the central realisation of this field is that

many traditional scientific algorithms can be written as a composition of basic

and differentiable mathematical operations (such as matrix multiplication, addition,

subtraction, etc), and that modern automatic differentiation and differential program-

ming languages [Baydin et al., 2018] make it easy to track and backpropagate the

gradients of these outputs with respect to their inputs. This unlocks the possibility

of inserting and training gradient-based ML components (such as neural networks)

within traditional workflows, whereas otherwise it may have been difficult to do so.

From a ML perspective, one could imagine the combined workflow as a new type

of neural network, where some of its operations are fixed and others are learnable.

This is a powerful and flexible concept, and it is an essential part of many of the

remaining approaches studied in this chapter.

A simple way to start is to re-implement a traditional workflow inside a modern

differentiable programming language. For example, Ren et al. [2020] re-implemented

full waveform inversion (FWI), an algorithm used to invert for an Earth model
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given its seismic response, using the PyTorch framework [Paszke et al., 2019] and

showed that computing gradients of the seismic response with respect to the Earth

model using automatic differentiation was mathematically equivalent to traditional

adjoint-state methods. Furthermore, they showed that using modern deep learning

optimisation strategies (such as using the Adam optimiser [Kingma and Ba, 2015])

within the FWI algorithm gave competitive performance compared to standard FWI.

In a similar fashion, Minkov et al. [2020] implemented traditional mode-expansion

methods for simulating the optical response of photonic crystals in an automatic

differentiation framework and then harnessed automatic differentiation to optimise

their design. In this case, computing gradients of the traditional methods by hand

was challenging because of the complexity of the simulation method and so automatic

differentiation opened up a new class of inversion algorithms.

Once a traditional algorithm is implemented, its design can be altered by treating

certain parameters as learnable, or by inserting new learned components. For example,

Würfl et al. [2018] reframed traditional filtered back-projection-type algorithms

for carrying out 3D tomographic reconstruction as neural networks. They took

this a step further by learning key hyperparameters of the algorithms, such as

their compensation weights and apodization windows, by optimising the network’s

performance over many example reconstructions. They showed that their approach

consistently outperformed the traditional algorithms while keeping the same test-

time computational complexity by design. Furthermore, the network was easy

to interpret as its learned hyperparameters could be directly compared to those

used in traditional algorithms.

Similarly, Zhang et al. [2019a] reframed a traditional iterative prox-linear solver

for estimating the voltages across a power grid by unrolling the solver over a fixed

number of iterations into a ResNet-like neural network architecture. Then, they

treated certain matrices in the solver as learnable, relaxing its formal definition,

and optimised the network using many example outputs. They showed that this

network significantly outperformed a naive fully connected network and a more

sophisticated Gauss-Newton solver.
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Figure 2.4: Schematic of a neural ordinary differential equation (ODE). The goal of a
neural ODE is to learn the right-hand side term of an unknown ODE. A neural network
NN (u, t; θ) is used to represent this term, which is trained by using many examples of the
solution of the ODE at two times, u(t = t0) and u(t = t1). More specifically, a standard
ODE solver is used to model the solution of the ODE, u(t = t1), at time t = t1 given the
solution at time t = t0 and evaluations of the network where needed. Then, the network’s
free parameters, θ, are updated by matching this estimated solution with the true solution
and differentiating through the entire ODE solver.

2.3.3.3 Neural differential equations

The approaches above are simple use cases of differentiable physics in that they

only learn existing parameters in the traditional workflow. However, differentiable

physics is more flexible than this; it also allows more complex ML modules (such

as neural networks) to be inserted into traditional algorithms, and for these to be

learnt by training the entire algorithm end-to-end.

An example of this are neural differential equations [Chen et al., 2018a, Rackauckas

et al., 2020], which combine neural networks with traditional numerical solvers in

order to discover terms in underlying equations. Neural differential equations were

first proposed in the field of ML by Chen et al. [2018a] in the context of continuous-

depth models. More precisely, they used a neural network to learn the right-hand

side of the ordinary differential equation (ODE)

du

dt
= NN (u, t; θ) , (2.6)

where u ∈ Rd, t ∈ R1 and θ were the free parameters of the neural network.
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The network was trained using a standard ODE solver. More specifically, it was

iteratively updated using a loss function which matched the output of the ODE

solver, û(t = t1), at time t = t1, given the solution u(t = t0) at time t = t0 and

evaluations of the network where needed, to the true observed solution of the ODE,

u(t = t1), and backpropagating through the entire ODE solver. A schematic of

this workflow is shown in Figure 2.4.

From a differentiable physics perspective, this workflow inserts a neural network

into a traditional ODE solver in order to learn the underlying equation. From a ML

perspective, the workflow offers a novel class of trainable, continuous-depth models,

which do necessarily need to relate to a physical system, where the input to the

model is the solution at time t0 and its output is the solution at time t1. The simplest

ODE solver is an Euler integrator, which discretises the solution in time. In this case

Chen et al. noted the resulting model was analogous to a ResNet [He et al., 2016].

Rackauckas et al. [2020] extended this idea to learning arbitrary terms in more

complex differential equations, such as partial differential equations (PDEs). In a

similar fashion, a neural network was used to represent a term (or set of terms) in

the equation and was trained by differentiating through a numerical solver. They

also presented efficient adjoint methods for computing the gradients required to

train the network, and a strategy for converting the learned terms into symbolic

expressions via sparse regression. They showed that their approach was able to

accurately discover unknown terms in the Lotka-Volterra equation, Boussinesq

equation and a reaction-diffusion system.

Long et al. [2019] proposed a similar approach to Chen et al. [2018a] and

Rackauckas et al. [2020], but they instead used a symbolic neural network to

learn a symbolic representation of the PDE. Specifically, they proposed PDE-

Net, which was designed to discover governing equations with the generic form

ut = F (u, ux, uy, uxx, uxy, uyy, ..) where u(x, y, t) was the solution to the equation

and (x, y, t) ∈ R3. First, given a discrete mesh of solution observations at a starting

timestep t = t0, they used a series of convolutional filters to estimate the spatial

derivatives of the solution. Next, a symbolic neural network was used to define the
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nonlinear function F given these derivatives. The structure of the neural network

was defined such that only multiplicative and summative relationships between its

inputs could be learnt, allowing a symbolic representation of the underlying equation

to be easily extracted. A discrete time-stepping Euler scheme was used to solve

for the solution a later timesteps using the neural network, and the network was

trained by matching these predictions to solution observations at later timesteps.

They showed their method was able to accurately discover a range of (2+1)D PDEs

including the Burgers equation and the diffusion equation.

2.3.3.4 In-the-loop methods

The final class of approaches for combining ML with traditional algorithms we

consider is one we define as “in-the-loop” methods. Many traditional algorithms

are fundamentally iterative, and in these approaches an ML component is used in

the inner loop of the algorithm3. Using an ML component in this way can lead to

less iterations being required, increasing the efficiency of the algorithm, and result

in more accurate outputs. A selection of approaches for both forward simulation

and inversion tasks are discussed below.

Forward simulation

Forward simulation algorithms (such as finite difference and finite element methods)

are often iterative and many works exist which combine them with ML components.

For example, Um et al. [2020] used a neural network in the inner loop of a coarse

numerical solver to correct the discretisation error in its solution at each timestep.

Importantly, rather than training this network using many example high-resolution

and low-resolution solution pairs in a naive fashion, they unrolled their hybrid

algorithm over a fixed number of timesteps and differentiated through the solver

in order to train the network. This “solver-in-the-loop” strategy ensured that the

correction network experienced states which were not purely on the manifold of

coarse solver states, and that the network learned to correct its own corrections.
3A related but slightly narrower concept is the “unrolling” of traditional iterative algorithms,

where these algorithms are unrolled and their parameters are learned through end-to-end training
[Monga et al., 2021, Gregor and LeCun, 2010] (e.g. see Zhang et al. [2019a] described above).
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They found that this strategy was able to more accurately correct the coarse solver

over longer roll-outs than the same network trained naively, for simulating a range

of problems including unsteady wake flow and an advection-diffusion system.

Learning subgrid parameterisations can be viewed as an in-the-loop method,

where a ML model is used to predict the effect of a subgrid process at every

timestep within a numerical solver. There is a significant amount of work in this

area, and one example is Rasp et al. [2018], who trained a deep neural network

to represent atmospheric processes in a global climate model. Their network was

allowed to freely interact with the simulator and they showed it was able to produce

simulations which were more stable and better reproduced key aspects of variability

such as extreme precipitation than a traditional subgrid parameterisation, although

it struggled with out-of-sample climates.

Inversion

Many inversion algorithms are iterative and there are many ways they can be

combined with ML [Arridge et al., 2019]. We discuss two major themes below.

Learned gradient descent

One option is to use ML to learn gradient descent steps [Adler and Öktem, 2017,

Andrychowicz et al., 2016]. Many inversion algorithms use gradient descent to

iteratively estimate the unknown parameters of a system based on the gradient of

some misfit function, although, depending on the difficulty of the problem, gradient

descent can suffer from some well-known limitations such as trapping in local minima

and unstable convergence. Instead, given the current state of the inversion algorithm

(for example the current parameter values and the gradient of the misfit function with

respect to the parameters), a ML model can be trained to estimate the best direction

to move in at each iteration of the algorithm. The ML model can be inserted into

the inner loop of the inversion algorithm, then the entire algorithm unrolled and the

network trained end-to-end using many example inversion problems.

Adler and Öktem [2017] used this strategy when carrying out 2D inversion

of images of human heads given their projection data from simulated computed
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tomography (CT) scans, using a training dataset of similar images and their CT

scans. They found that their learned gradient scheme outperformed a standard

primal-dual iterative algorithm with total variation regularisation, providing more

accurate reconstructions whilst being significantly faster. In a similar fashion,

Morningstar et al. [2019] proposed a learned gradient scheme for correcting distorted

images of gravitationally-lensed galaxies and showed that it was significantly more

accurate than linear inversion.

Learned regularisers

Another option is to use ML to learn a regularisation strategy. Most iterative inversion

algorithms use regularisers within their inner loop to help guide the algorithm towards

a likely solution, although defining one by hand can be very challenging. Instead,

ML can be used to learn one.

For example, Hammernik et al. [2018] proposed to learn key parameters of a

fields of experts regulariser when using it within the loss function of the Landweber

iterative algorithm to carry out magnetic resonance imaging (MRI). Specifically,

they learned the filter kernels, activation functions and data term weights of the

regulariser by unrolling the iterative algorithm over a fixed number of steps and

training end-to-end using many example inversion problems. They found using this

learned regulariser led to more accurate reconstructions than standard algorithms

over a wide range of images.

Li et al. [2020a] took this idea a step further and used a neural network to

define the regularisation term in the loss function when using iterative Tikhonov

regularisation-based inversion algorithms, in a strategy they called network Tikhonov

(NETT). The network was trained to estimate artefacts in the solution given the

current solution as input, using a dataset of previous inversion runs. Lunz et al.

[2018] used a similar strategy, but instead used an adversarial network to define the

regulariser, which was trained to discriminate between ground truth and estimated

solutions from previous inversion runs. Both works found their regularisers led

to accurate inversion algorithms.
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Finally, Bora et al. [2017] used generative models to define a regularisation

strategy when using iterative inversion algorithms. Specifically, they trained a

generative model (e.g. a VAE or GAN) to generate plausible solutions using a

dataset of many example solutions and then used this generator to parameterise the

solution in the inversion problem. This transformed the inversion problem from one of

estimating the solution to one of estimating the latent values of the generator. They

showed this approach outperformed standard baselines across a range of compressive

sensing tasks. In a similar fashion, Mosser et al. [2018] showed this strategy could

be successfully applied to seismic inversion tasks.

2.4 Summary

Innovation in the field of SciML is happening at a remarkable pace and a wide range

of SciML approaches have been proposed across many different domains and scientific

objectives. In this section we summarise these approaches and identify general trends,

challenges and future opportunities for the field. Finally, we motivate our central

research question (how well do PIML techniques scale to real-world problems?).

2.4.1 General trends

Whilst a plethora of different SciML approaches exist, some general trends emerge

from our analysis. Firstly, and perhaps most importantly, incorporating scientific

knowledge nearly always improves the performance of ML algorithms. The SciML

approaches studied consistently outperform their naive ML counterparts in terms of

accuracy, speed, interpretability and physical consistency. This is generally true across

all the approaches, regardless of their application domain and scientific objective.

Adding scientific knowledge restricts the space of models the ML algorithm can learn,

introduces stronger inductive biases, and allows the ML algorithm to focus on only the

parts of the scientific workflow that need to be improved, which in turn alleviates some

of the well-known flaws of ML algorithms (and in particular, deep learning), including

their poor generalisation, their difficulty of optimising, their lack of interpretability

and the large amounts of training data required. This observation is encouraging
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as it gives strong evidence in favour of the central thesis of the field, which is that

incorporating scientific principles into ML leads to more powerful models.

Secondly, SciML approaches can be applied across a wide range of domains and

scientific objectives. The approaches studied cover fields such as fluid mechanics,

computational biology, seismology and particle physics, and they are applied to

tasks ranging from the prediction of protein structures to the design of photonic

devices. Whilst their applications differ, the core algorithmic goal of many of

these approaches can be abstracted into one of the fundamental scientific tasks

discussed in Section 2.2, and a host of SciML techniques are available for each,

as summarised by Table 2.1. Some techniques are general-purpose (for example,

incorporating underlying equations into the loss function [Raissi et al., 2019]), whilst

some remain highly domain-specific (for example, using a curl representation to

ensure incompressibility in fluid mechanics [Mohan et al., 2020]). It is an open and

interesting question to whether the most powerful SciML techniques will end up

being domain-specific or general-purpose; currently both approaches are powerful.

Thirdly, scientific knowledge can be incorporated across the entire ML pipeline.

It can be added through careful choice of training data, the architecture of the

algorithm, the way the algorithm is trained, and by incorporating the algorithm

more tightly into an existing scientific workflow. Furthermore, as summarised by

Figure 2.1, these strategies vary significantly in how strongly they impose scientific

knowledge. Generally, approaches which modify the loss function assert the weakest

constraints, whilst hybrid approaches assert the strongest. Similar to above, it is an

open and interesting question to whether SciML will converge on a certain strategy;

currently it appears the most appropriate highly depends on the scientific task at

hand. We also note it is possible to use multiple strategies at once, for example Jiang

et al. [2020] who combined a physics-informed loss function with residual modelling.

Finally, it is clear that SciML can significantly enhance the performance of

traditional workflows. In some cases, SciML dramatically improves the efficiency and

accuracy of traditional algorithms, and adds new scientific insights. SciML appears

most useful where the underlying processes are not fully understood, or where the
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traditional approach is computationally expensive, or where we are unsure of the

best solution strategy. In such cases, we can take advantage of the large amounts

of data we have to learn solutions to these tasks.

2.4.2 Future challenges and opportunities

Even though a plethora of SciML techniques have been proposed, the field is

burgeoning and many opportunities exist. For example, many of the approaches

above have only been applied to a restricted number of domains and are likely to

strongly benefit others. There are sections in Table 2.1 which appear relatively

unexplored, such the use of architectural constraints when carrying out inversion

or equation discovery, which may lead to novel approaches. Combining multiple

strategies for incorporating scientific principles at once is also relatively unexplored

and could lead to more powerful models. Alongside SciML, the field of ML is

constantly generating new ideas which could be incorporated into SciML.

There are challenges too. For example, the field lacks clear benchmarking and

comparison across these approaches, and future research is required to recommend

which SciML approaches perform best for a given problem. Even though SciML

helps to improve the interpretability of ML models, for the most part they still

remain challenging to interpret and understanding how best to balance this lack

of interpretability with the clarity of traditional models is an open question. Fur-

thermore, in contrast to traditional approaches, many of the SciML approaches

above lack theoretical grounding, yet theoretical guarantees may be crucial for

safety-critical or resource-limited applications. Studying these properties could lead

to better performance and new insights.

Finally, whilst most SciML research is primarily focused on helping the sciences,

a growing amount of research is being carried out in the other direction, using

scientific insights to improve our understanding of ML [Ruthotto and Haber, 2020,

Chaudhari et al., 2018, Chang et al., 2019, Wright et al., 2022, Hughes et al.,

2019]. This work “closes the loop” and will hopefully accelerate research and

cross-fertilisation in both fields.
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Figure 2.5: Number of works studied in this chapter which focus on solving real-world
versus toy/simplified problems, broken down by scientific task. Please see the main text
for a description of how these categories were assigned.

2.4.3 Scaling to real-world problems

Alongside the above, and as discussed in Chapter 1, a major outstanding challenge

is to understand how well SciML approaches scale to more complex, real-world

problems. To highlight this, Figure 2.5 plots the number of works studied in this

chapter which focus on solving real-world problems compared to the number which

focus on solving toy/simplified problems, broken down by scientific task. This

assignment is fairly subjective, and for this plot we define a real-world problem

to be one which attempts to closely resemble the real-world and thus has tangible

impact. For example, for a work which carries out forward simulation, a real-world

problem would be carrying out modelling of a complex, real-world environment (for

example, a multi-scale, multi-physics global climate simulation), and for a work which

carries out inversion or equation discovery, a real-world problem would be inverting

for underlying parameters using real data captured from a real-world environment

(for example, carrying out MRI using real clinical data). A work considered in the

real-world category does not necessarily have to offer an effective solution to such

a problem, but it must at least place significant focus on the real-world problem

and assess how well its approach scales.

Under this definition, we find that most works focus on the latter, using only

simplified problems to validate their SciML approaches. Whilst this useful, given
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the increasing complexity and scale of the scientific problems we wish to study, it

is clear that a crucial next step is to understand how well these approaches scale

to more complex, real-world problems. This is essential for them to become widely

applicable and have significant impact.

As presented in Section 1.2, understanding how well SciML (and in particular,

PIML) approaches scale is the central question of this thesis. In the next chapter

we will address our first sub-question on this topic, which is, can PIML discover

underlying physical principles from real data?
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3
Physically-interpretable unsupervised

learning of lunar thermodynamics

3.1 Introduction

In this chapter we investigate the question, can PIML algorithms discover underlying

physical principles from real data? In particular, we assess whether a variational

autoencoder (VAE) is able to learn about the underlying physical processes affecting

the lunar surface temperature from real temperature measurements captured by

the Diviner Lunar Radiometer Experiment on board the Lunar Reconnaissance

Orbiter (LRO) satellite.

The LRO has been orbiting around the Moon since 2009 and its main goal is

to map as much of the Moon as possible in order to support future human and

robotic missions there. Of particular interest to this chapter is the data recorded by

LRO’s Diviner instrument, which has been recording the Moon’s surface temperature

since the LRO’s launch. This dataset contains rich information about the Moon’s

thermophysical environment and understanding the underlying processes contained

within it is of key interest to scientists and mission planners alike.

Aside from its use in lunar science, this dataset is a good candidate for assessing

how well PIML techniques for discovering physical principles scale to real-world

problems, for a number of reasons. Firstly, the thermal behaviour of the lunar
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surface is complex and therefore many different physical processes are contained

within the dataset. Secondly, its measurements contain real-world noise which

is more complex in character than e.g. synthetic Gaussian noise. Thirdly, over

its 12 year lifetime the Diviner instrument has captured billions of temperature

measurements, providing significant amounts of data to learn from. Thus, learning

from this dataset presents significant differences to learning from a synthetic dataset

generated using a simplified physical system.

In this chapter we specifically assess whether a VAE is able to learn about the

underlying physical processes in this dataset. The VAE defines a fully probabilistic

and data-driven model of the lunar surface temperature. The model is physics-

agnostic and only makes broad assumptions about the physical system; the most

important being that at each point on the surface the observed temperature variations

can be described by a small set of independent latent variables. The VAE learns the

relationship between these latent variables and the observed temperature variations by

learning to reconstruct the dataset. To cope with the dataset’s noise and irregularity

a Gaussian process is used to interpolate the raw surface temperature measurements

onto a regular grid before using them to train the VAE.

Once trained, we interpret the model learned by the VAE by comparing its latent

variables to underlying physical parameters estimated during traditional inversion

using an existing thermophysical model of the lunar surface. By doing so, we find

that the VAE is able to disentangle five different thermophysical processes from the

data, including 1) the solar thermal onset delay caused by slope aspect, 2) effective

albedo, 3) surface thermal conductivity, 4) topography and cumulative illumination,

and 5) extreme thermal anomalies. Furthermore, compared to traditional inversion,

the VAE is extremely efficient, requiring orders of magnitude less computational

power to invert for underlying physical parameters. This allows us to generate global

thermal anomaly maps of the lunar surface.

Whilst the VAE is effective at learning about the underlying physical processes in

this dataset, multiple challenges are uncovered. Firstly, because the VAE is fully data-

driven, it is difficult to interpret its latent space. Carrying out traditional physical
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modelling alongside the VAE is symbiotic in this sense; it both helps us to interpret

the VAE and increases our confidence in the existing physical model. Secondly, the

VAE struggles to fully disentangle all of the underlying physical processes contained

in the dataset, and this is discussed further. Finally, our workflow is only very weakly

physics-informed in the sense that a traditional physical model is used to interpret

the latent space of the VAE. Incorporating physical principles directly into the design

of the VAE could bring additional advantages and we discuss this further.

3.2 Background

3.2.1 Understanding the lunar surface

The lunar surface is a fascinating environment to study. It is the result of the Moon’s

turbulent geologic history and allows us to understand many of the endogenic and

exogenic processes that have shaped the Moon over billions of years. It also allows

us to understand the evolution of our Sun and the solar system [Spudis and D., 1996,

Fagents et al., 2010, Joy et al., 2016]. For example, the spatial distribution and

heterogeneity of surface characteristics, such as composition and relief, can be used

to infer some of the fundamental processes that control the evolution of the Earth -

Moon system. Famously, the frequency of occurrence and diameters of impact craters

can be used to estimate the age of lunar regions as well as of planetary surfaces all

across the solar system (e.g. Shoemaker [1962], Baldwin [1964], Hartmann [1965]).

As well as informing science, studying the lunar surface is essential for the

continued exploration of the Moon. For example, maps of the surface temperature

(e.g. Vasavada et al. [2012], Williams et al. [2017]) and rock abundance [Bandfield

et al., 2011] are vital for planning future crewed and uncrewed missions. Furthermore,

with NASA’s goal of establishing a permanent and sustainable human presence on

the lunar surface [NASA, 2020], maps of in-situ resources such as oxygen, water, rare

Earth elements, metals and solar power are essential [ESA, 2019].

However, because of its remoteness, studying the lunar surface can be challenging.

Remote sensing missions provide the main source of data, but such data can be

noisy, sparse, incomplete, and require careful calibration. Furthermore, many of
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the scientific products derived from this data rely on a physical model to interpret

the data and invert for underlying physical quantities of interest. These models

are typically either theoretically derived or have been developed during extensive

laboratory studies, but they can be difficult to verify; humans have only been to

the Moon a small number of times and we therefore lack ground truth observations.

This can result in bias and incorrect interpretation. Finally, increasingly large

amounts of data are being returned by space exploration missions, and it is becoming

challenging to absorb and analyse all of it.

An example remote sensing mission which is of particular interest to this chapter

is the Diviner Lunar Radiometer Experiment (DLRE) or Diviner instrument on board

the LRO which has been acquiring visible and infrared radiance measurements of the

lunar surface since 2009 [Paige et al., 2010, Williams et al., 2017, Mazarico et al., 2018].

Its main goal is to study the Moon’s thermophysical environment and over its history

it has revealed many complex thermal phenomena. It was the first instrument to

create high-resolution (∼ 150 m spatial resolution) day and night surface temperature

maps of the Moon, which revealed significant variations in temperature which depend

on location and time of lunar day [Williams et al., 2017]. It characterised rock

abundance [Bandfield et al., 2011], discovered the presence of anomalous lunar cold

spots, which are extensive regions of low thermal inertia, highly insulating surface

material that usually surround small, recent impact events [Bandfield et al., 2014],

and discovered craters and other regions with anomalously high thermal conductivity,

which could suggest the presence of metals on or close to the surface [Hayne et al.,

2017]. The instrument has also been used to study the temperature of permanently

shadowed regions, which are among the coldest places in the solar system [Sefton-

Nash et al., 2019], and the mineralogy of the Moon’s surface [Greenhagen et al.,

2010]. However, as noted above, many of these studies rely upon traditional physical

modelling and/or laboratory studies to analyse and interpret the raw temperature

measurements recorded by the instrument, which may introduce biases.

One potential solution is to place the focus on learning from data, rather than

relying on traditional model-based analysis. This could allow weaker assumptions to
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be made about the data and could therefore result in new underlying processes to be

discovered. Furthermore, machine learning may be able to help absorb the increasing

amounts of data by providing more automated and efficient inference algorithms.

3.2.2 Related work

Machine learning is starting to see increased use in lunar and planetary science. For

example, Silburt et al. [2019] developed a deep learning-driven tool to detect and

measure impact craters on the Moon and Mercury in digital elevation model data.

Kodikara and McHenry [2020] showed that machine learning can be used to classify

the physical and mineralogical properties of lunar regolith. Bickel et al. [2019, 2020]

trained convolutional neural networks to automatically extract the locations and

sizes of lunar rockfalls from LRO’s image archive with more than 2 million entries

and Wu et al. [2019] presented a neural network-driven approach to improve the

localisation accuracy of rovers on planetary surfaces by matching ground-based and

space-borne imagery. However, whilst these works concentrate on detection and

classification, little work has been done on using ML to learn about and model

the underlying physical processes on the Moon.

3.2.3 Instrument overview

The Diviner instrument collects radiance measurements across 9 different wavelength

channels in the visible-infrared band (0.3 - 200 microns). Each channel is defined by

a linear array of 21 thermopile sensors (i.e., the instrument has a total of 189 sensors)

and due to the limited field of view (FOV) of the sensors, Diviner’s swath width is very

narrow, resulting in quasi-point measurements along LRO’s ground track (nadir push

broom mapping). Thus, multiple orbits are required to completely cover the entire

surface of the Moon and the number and effective FOV of the available measurements

governs the spatial and temporal resolution of Diviner’s final image or map products.

The dominant influence on the size of the effective FOV of each point measurement

is the LRO’s altitude, which has varied between ∼ 20 − 200 km over Diviner’s

operational period; at 30 km altitude it is expected to be an ellipse approximately
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Figure 3.1: Example pre-processed data. Left: optical image of Tycho (LRO Wide Angle
Camera (WAC) Global Morphologic basemap [Speyerer et al., 2011]) (348.7◦ lon./ -43.3◦
lat.). Middle: evening temperature map extracted from the pre-processed Diviner dataset,
plotting the average temperature over 12 am-4 am in local lunar time. Right: four example
temperature profiles extracted over Tycho. Points show temperature measurements, solid
lines show the Gaussian process fits of the profiles used for interpolation. Colour coded
stars in the middle plot indicate the locations of the profiles.

160× 120 m in size with its major axis oriented in the in-track direction, whilst at

200 km altitude these dimensions are expected to double or triple [Sefton-Nash et al.,

2017]. Since its launch, Diviner has obtained billions of point measurements of the

lunar surface, allowing its temporal and spatial temperature variations to be studied.

3.3 Methods

3.3.1 Data pre-processing

There are multiple Diviner datasets at different levels of processing publicly available

from NASA’s Planetary Data System (PDS). For this study we collect the Diviner

Level 1 Reduced Data Record (RDR) data [Paige et al., 2011], which consists of tables

of calibrated radiance point measurements and their derived surface temperature

values, as well as their associated ephemeris and geometry information, including

the local lunar time at which each point measurement was recorded. We choose this

dataset because it is minimally processed from the raw Diviner telemetry data and

contains the point measurements before any gridding is applied.

We download data from Diviner’s entire operational period January 2010 - March

2019, which contains data recorded during LRO’s nominal science mission phase

as well as its three extended science mission phases. We use all available data for

a number of reasons. Firstly, because we are using a data-driven approach, we
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want to absorb as much data as possible and do not wish to bias our analysis to

a narrow observational window. Secondly, as noted above, including more orbits

increases the spatial-temporal resolution of the data.

A number of pre-processing steps are carried out before inserting this data into

our unsupervised learning workflow. Firstly, for each RDR data table, we only keep

measurements which have instrument activity flags equal to 110 (indicating “on moon”

orientation, standard nadir observation and “nominal” instrument mode), calibration

flags equal to 0 (indicating an in-bounds interpolated measurement), geometry flags

equal to 12 (indicating tracking data was used to generate geometry information),

miscellaneous flags equal to 0 (indicating no miscellaneous observations) and emission

angles less than 10◦ (angle between the vector from the surface FOV centre to Diviner

and the “normal” vector to the Moon’s surface). This step removes 23.4% of the

point measurements available. Secondly, for simplicity, in this study we only use

data from channel 7 which records radiance in the 25-50 micron band, is the most

sensitive to temperature values in the range 69-178 K and has a high signal-to-noise

ratio over the majority of surface temperatures [Williams et al., 2017, Vasavada

et al., 2012, Feng et al., 2020]. Finally, we sort the data into 0.5◦ × 0.5◦ latitude and

longitude bins, which allows temperature values at each point in space to be easily

extracted in our subsequent workflows. This pre-processing step takes considerable

computational resources; 400 CPU cores over approximately 2 days are used to

process over 425 billion point measurements contained in 35 TB of uncompressed

Diviner RDR data. Example pre-processed data are shown in Figure 3.1.

3.3.2 Overview of VAE workflow

Our basic idea is to use a VAE to learn the underlying factors of variation in the

Diviner surface temperature measurements. The input to the VAE is the observed

surface temperature variations over the lunar day at each point on the surface and

we learn a latent representation which is able to reconstruct this input. In doing so

we learn a model of the thermophysical data, without the use of an a prior physics

model. We choose a VAE framework (as specified in Equation A.3-A.6) because
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Figure 3.2: VAE workflow. We train a VAE to compress the observed surface temperature
variations over the lunar day into a sparse set of latent values. The input to the VAE is
the 1D profile of the surface temperature variation over the lunar day extracted at a single
point on the lunar surface. A convolutional encoder computes the mean and standard
deviation of the VAE’s approximate latent posterior distribution, given these observations.
During training a sample from this posterior distribution is fed into a convolutional decoder,
which outputs a reconstruction of the input profile.

it attempts to learn a model which 1) accurately reconstructs the input profiles,

2) disentangles independent factors of variation in the surface temperature and 3)

has a latent representation which varies smoothly over the input space. We stress

that these are very general assertions and therefore this method could be applied

to other similar space science and exploration tasks.

A major benefit of this approach is that it is fully data-driven. In general, methods

which rely on physical models to analyse physical data may be unreliable if one is not

confident on the accuracy of the model (e.g. Hayne et al. [2017]). Furthermore, we

learn salient features directly from the data; other traditional approaches which uses

hand-crafted features (such as averaged or evening temperature maps, e.g. Bandfield

et al. [2011]) to interpret physical data risk discarding important information. We

interpret the VAE by comparing its latent variables to parameters estimated using

inversion with an existing thermophysical model. Once trained the VAE is run

over the entire lunar surface to map its latent variables and these maps are used

to search for thermal anomalies.

Our VAE workflow is shown in more detail in Figure 3.2. The input to the VAE

is the 1D profile of the surface temperature variation over the lunar day extracted at

a single point on the lunar surface. The VAE has multiple “encoder” convolutional
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layers which reduce this profile into its latent representation and multiple “decoder”

convolutional layers which reconstruct it, and is trained using example profiles from

many different locations on the lunar surface.

3.3.3 Training data generation

To train the VAE, millions of example 1D profiles of the surface temperature variation

over the lunar day are extracted from 48 Areas Of Interest (AOI). We curate the

AOIs so that they encapsulate a wide range of surface temperature variation. The

AOIs include impact craters of different ages, large pyroclastic deposits and swirls

(magnetic anomalies), with areas ranging from 1 - 10,000 km2. They are listed

in Table A.1 and described in more detail in Appendix A.2. The locations of all

the AOIs are shown in Figure A.1.

We extract the 1D temperature profiles by locally projecting and binning the

observed Diviner surface temperature measurements at each AOI onto a 200× 200 m

grid and sorting the points in each bin by the local lunar time at which they were

recorded, obtaining a profile at each bin location. An orthographic projection centred

over each AOI with a radius of Rmoon = 1737.4× 103 m is used to define each grid.

To ensure sufficient sampling of each temperature profile, we reject profiles whose

maximum spacing in local lunar time between points is less than 4 hours. We also

reject some profiles from background areas to ensure they do not dominate the

training set. This workflow results in 1,985,693 training profiles extracted over all

AOIs and examples of extracted profiles are shown in Figure 3.1.

Before inputting the profiles into our VAE workflow, we interpolate their temper-

ature measurements onto a regular grid by using Gaussian Process (GP) regression

[Rasmussen and Williams, 2005]. A GP with a Matern-1.5 kernel, maximum length

scale of 6 hours and an assumption of 10 K standard deviation of uncertainty in

each temperature measurement is fit to each profile. We sample every 0.2 hours,

resulting in a 1D input profile with 120 samples. Example GP interpolations are

also shown for the profiles in Figure 3.1.
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3.3.4 VAE architecture and training

A convolutional encoder-decoder design is used for our VAE architecture, shown in

Figure 3.2, which consists of 9 convolutional layers in the encoder and 8 convolutional

layers in the decoder. The encoder takes an input profile of dimensionality 120×1 and

slowly reduces it to 2 output vectors each of dimensionality 1×n which represent the

mean, g, and standard deviation, h, of the approximate latent posterior distribution

in Equation A.5. The number of latent variables, n, is a hyperparameter of the

VAE model which we test. The decoder takes a sample from the latent posterior

distribution and slowly expands it to output a reconstruction of the input profile.

We use 32 hidden channels in the encoder and decoder and batch normalisation

[Ioffe and Szegedy, 2015] after all hidden layers to help training converge. For

n = 4 the total number of trainable parameters in the model is 28,713. A complete

specification of the network is given in Table A.2 and the network architecture is

described in more detail in Appendix A.2. We design the network architecture by

hand to maximise its reconstruction performance.

During training, the mean and standard deviation vectors are used to generate a

single sample (or vector of latent values) from the approximate posterior distribution

which is fed into the decoder so that the expectation term in the loss function

(Equation A.6) can be estimated. During inference, only the mean vector is passed

to the decoder and used to define the latent values. We use a β-value of 0.2 and

normalise the training profiles to have a collective mean of 0 and standard deviation

of 1 before inputting them to the VAE. The network is trained using the Adam

stochastic gradient descent optimisation algorithm [Kingma and Ba, 2015], using

an exponentially decaying learning rate starting at 1x10−3 and a mini-batch size of

200 profiles, reserving 20% of the example dataset for cross validation. We use the

PyTorch framework [Paszke et al., 2019] to define and train the VAE.

3.3.5 Physics modelling and interpretation

A downside of our approach is that the VAE model lacks a clear physical interpretation.

To aid its interpretation, we compare the VAE’s latent representation to a physics-
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based inversion. We modify the thermophysical model proposed by Hayne et al.

[2017] which consists of numerically solving the heat equation over time t and depth

z in a one-dimensional solid medium

ρ(z, t)Cp(z, t)
∂T (z, t)
∂t

= ∂

∂z

(
K(z, t)∂T (z, t)

∂z

)
, (3.1)

where ρ(z, t) is the mass density, Cp(z, t) is the specific heat capacity, T (z, t) is the

temperature and K(z, t) is the thermal conductivity. The boundary conditions and

functions ρ(z, t), Cp(z, t) and K(z, t) must be known in order to solve this differential

equation for the temperature profile. We make a few important alterations to the

model used by Hayne et al. [2017]. First, we assume that the density ρ is constant

and equal to the surface density ρs given by Hayne et al. [2017]. Second, we use

the phonon conductivity Kc as a free fitting parameter, rescaled with respect to the

surface conductivity Ks given by Hayne et al. [2017]. For this purpose, we introduce

the thermal conductivity factor as Kc/Ks. Third, we assume that the solar incidence

angle approximately coincides with the hour angle and absorb the effect of latitude

and slope on solar incidence in an effective Bond albedo, which we use as another free

fitting parameter. Hence, our model treats the lunar regolith as a solid medium with a

constant density, but with a varying effective albedo and thermal conductivity factor.

We run inversion using this model by tuning the thermal conductivity factor,

albedo and onset time of solar radiation to best match each input interpolated profile.

Note the model predicts the temperature as a function of depth and time, T (z, t),

and so the temperature at the surface is used when matching to the input profile.

Bayesian optimisation with an expected improvement acquisition function and a L2

loss function is used as the inversion algorithm [Frazier, 2018]. We then compare

the estimated parameters from the inversion to the latent variables generated by the

VAE. Note, in contrast to this model, the VAE only models the temporal dependence

and not the depth dependence of the surface temperature.
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Figure 3.3: 1D numerical simulations of the lunar surface temperature against local lunar
time. Our baseline model uses thermal properties estimated for the lunar regolith. The
three plots show the sensitivity of the baseline model when varying the onset delay, albedo
and thermal conductivity factor independently.

3.3.6 Generation of global maps

As a final step, we run the trained VAE with n = 4 over the entire lunar surface

and generate maps of its latent variables to search for thermal anomalies. This

allows us to compute global statistics of the learned latent variables and interpret

these new features alongside existing physical maps. The details on how we generate

these maps are provided in Appendix A.3.

3.4 Results

3.4.1 Data pre-processing

In total 425,745,195,120 Diviner point measurements are extracted, of which 326,190,541,311

(77%) remain after the first pre-processing filtering step and 36,483,372,924 remain

after filtering channel 7, requiring 2.9 TB of storage. We plot the number of points

after pre-processing in each latitude-longitude bin in Figure A.4. There is a higher

point density closer to the poles, which is expected because LRO’s orbit means the

Diviner instrument samples the poles more frequently than the equator.

Example data after pre-processing over the Tycho crater are plotted in Figure 3.1.

We observe a wide variation in temperature around this crater. Outside of the

crater, the surface temperature increases to around 350 K at midday and decreases

to 100 K at night. On the Eastern slope of the crater the profiles are shifted in local

time by approximately 2 lunar hours, which is consistent with the slope’s shadow
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Figure 3.4: VAE results and physical interpretation. Top left: Average L1 reconstruction
loss of VAEs with varying latent vector lengths n and the 1D physics inversion, over 1000
profiles from the validation set. Error bars show ±1 standard deviation. Top middle and
right: Example reconstructions for the VAE with n = 4 and the 1D physics inversion, for 3
selected profiles in the validation set. Bottom: plots showing the correlation between the
first 3 VAE latent values when n = 4 and the estimated parameters from physics inversion,
over 1000 profiles from the validation set. Thermal conductivity factor is relative to the
regolith. The larger coloured-coded points correspond to the profiles shown in the top
middle and top right plots.

delaying the incidence time of the Sun’s radiation. On the Northern slope the peak

temperature is lower at 270 K, which is consistent with the slope receiving less

thermal radiation per unit area from the Sun’s elevation at Tycho’s latitude. In the

centre of the crater we observe a profile which has a higher evening temperature

around 150 K. Figure 3.3 (right) plots our physics model simulation when varying

thermal conductivity factor; one explanation is that the material at Tycho’s center

has a higher thermal conductivity than its surroundings, although it should be noted

that its central peak has complex topography and surface roughness which is likely

to influence the measured temperature profiles.

3.4.2 VAE results and physical interpretation

Whilst training the VAE the training and validation reconstruction loss values

converge to similar values, suggesting the VAE generalises well and does not over-

fit to the training dataset. Training takes approximately 1 hr using one NVIDIA
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Figure 3.5: Reconstructed profiles generated from the VAE with n = 4 when sampling
each latent variable independently across its range and fixing the other latent variables to
zero.
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Figure 3.6: Maps of the VAE latent variables over Tycho, using the VAE with n = 4.
Left two columns show maps of the four VAE latent variables, without any transforms
applied. Top right is a repeat of the Diviner evening temperature map shown in Figure 3.1.
Bottom right shows a map of the L1 reconstruction loss of the VAE.

Tesla T4 GPU. Example reconstructed profiles from the validation dataset after

training are plotted in Figure 3.4 (top middle). We find that the VAE is able to
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accurately reconstruct the profiles from the validation dataset. Figure 3.4 (top

left) shows the average reconstruction loss over the validation dataset after training

the VAE when varying the number of latent variables. The reconstruction loss

asymptotes at n = 4, suggesting that only 4 latent variables are needed to accurately

represent the input profiles.

Figure 3.5 shows example profiles generated by the VAE when varying each latent

variable independently and fixing the others to zero, for n = 4. We observe that

latent variable 1 responds to the onset of the profile, latent 2 responds to the peak

temperature, latent 3 responds to the evening temperature “sidelobe” and latent 4

responds to the width of the temperature profile. To aid our interpretation of the VAE

further we compare its latent variables with estimated parameters from the physics

inversion. The VAE and physics inversion are run over the validation dataset and

the latent values are plotted against the estimated physics parameters in Figure 3.4

(bottom). We find that latent variables 1, 2 and 3 have a strong linear correlation

with the onset of solar radiation, effective albedo and the logarithm of the thermal

conductivity factor respectively. This correlation can also be seen in Figure 3.3;

scanning the physics simulation across the physical parameters result in similar

profile variations to those seen when scanning the latent variables in Figure 3.5.

A straight line fit is shown for each correlation plot in Figure 3.4 (bottom).

As thermal inertia is proportional to the square root of thermal conductivity, we

expect that applying the transform Î = emz3/2 to the latent 3 values will obtain a

quantity which is linearly correlated with the thermal inertia at constant density and

temperature, under the assumptions of our physics model. Here m is the gradient of

the latent 3 and log thermal conductivity factor correlation and is estimated to be 0.93.

Maps of the latent variables and the VAE L1 reconstruction loss over Tycho are

plotted in Figure 3.6. The VAE takes approximately 0.001 s to compute latent values

for each profile when running on a single CPU, whilst each physics inversion takes of

the order of 60 s to run using the same CPU. This significant efficiency improvement

(factor of 60,000 or 4 orders of magnitude) allows the VAE to be run over large areas.
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Figure 3.7: Global maps of the VAE latent variables 1 and 2. Top map shows latent
variable 1 and bottom shows latent variable 2.

3.4.3 Global maps

The global maps produced by our mapping workflow are shown in Figures 3.7 and

3.8. We find that our observations of the latent variables are consistent on a global

scale; the latent 1 map consistently shows higher values on the Eastern sides of

craters and lower values on their Western sides, indicating that latent 1 responds

to the onset delay of solar radiation as function of slope (East-West) aspect. The

latent 2 map shows higher values at the equator and lower values closer to the poles,

suggesting that it represents a combination of effective incidence angle and surface

albedo. The latent 3 map mostly shows a background value with some craters and

recent impact basins being either anomalously bright (e.g. Tycho crater) or showing

a brightness level slightly above the background (e.g. Mare Orientale), and could



3. Physically-interpretable unsupervised learning of lunar thermodynamics 71

0 45 90 135 180 225 270 315 360
Longitude (degrees)

70

50

30

10

-10

-30

-50

-70

La
tit

ud
e 

(d
eg

re
es

)

0 45 90 135 180 225 270 315 360
Longitude (degrees)

70

50

30

10

-10

-30

-50

-70

La
tit

ud
e 

(d
eg

re
es

)

Figure 3.8: Global maps of the VAE latent variables 3 and 4. Top map shows latent
variable 3 with the thermal inertia transform (Î = e0.93z3/2) applied and bottom shows
latent variable 4.

plausibly indicate changes in thermal conductivity. The latent 4 map is generally

darker within smaller and narrower craters, particularly towards the poles. Besides

their dominant trends, both the latent 1 and 2 maps show minor, local variations

in the equatorial regions, for example around the main maria (centred at 315◦ lon./

10◦ lat. or 45◦ lon./ 0◦ lat.), that could represent the influence of terrain roughness

on latent 1 and varying albedo on latent 2. We define an anomalously high value

of the latent 3 variable to be one that is greater than 2 standard deviations from

its global mean and find that approximately 4% of the surface area of the Moon

(within -70◦ to 70◦ latitude) contains these values.

The global map of the VAE L1 reconstruction loss is shown in Figure 3.9. The



72 3.5. Discussion

0 45 90 135 180 225 270 315 360
Longitude (degrees)

90

70

50

30

10

-10

-30

-50

-70

-90

La
tit

ud
e 

(d
eg

re
es

)

0

2

4

6

8

10

Re
co

ns
tru

ct
io

n 
lo

ss
 (K

)

Figure 3.9: Global map of the VAE L1 reconstruction loss. Dashed lines show the -70◦
to 70◦ latitude cutoff used when generating the latent maps shown in Figures 3.7 and 3.8.

loss is low (typically less than 10 K) in the range -70◦ to 70◦ latitude, whilst closer

to the poles it increases dramatically. In general, the loss slightly increases along

topographic gradients such as the rims of craters and in the more heavily-cratered

highland regions. Locally, the loss increases at East-West facing slopes of some

impact features such as the Chaucer or Rydberg craters. A regional exemption is the

north-western and central portion of Mare Smythii (85◦ lon./ 0◦ lat.) which show

higher than average loss values. Some observations in the loss map are discussed

in more detail in Appendix A.3.

Approximately 80% of the surface area of the Moon is covered by our extraction

workflow, the missing data being where the extracted profiles do not meet our

minimum temporal sampling criteria, which is mostly around the equator where the

density of point measurements is lowest due to LRO’s near-polar orbit.

3.5 Discussion

To analyse the latent representation of the VAE further, we compare its latent 3

values to the H-parameter values estimated by Hayne et al. [2017] at 4 different

crater locations in Figure 3.10. The H-parameter has a one-to-one mapping with



3. Physically-interpretable unsupervised learning of lunar thermodynamics 73

-100 -50 0 50 100
x (km)

-100

-50

0

50

100

y 
(k

m
)

Tycho crater (-43.3  lat, 348.7  lon)

-100 -50 0 50 100
x (km)

0.00

0.02

0.04

0.06

0.08

0.10

H-
pa

ra
m

et
er

 (m
)

0.0

0.5

1.0

1.5

2.0

La
te

nt
 v

al
ue

 3
 (a

rb
)

-100 -50 0 50 100
x (km)

-100

-50

0

50

100

y 
(k

m
)

La Condamine-S crater (57.3  lat, 334.8  lon)

-100 -50 0 50 100
x (km)

-150 -100 -50 0 50 100 150
x (km)

-150

-100

-50

0

50

100

150

y 
(k

m
)

Chaplygin-B crater (-4.1  lat, 151.7  lon)

-150 -100 -50 0 50 100 150
x (km)

-100 -50 0 50 100
x (km)

-100

-50

0

50

100

y 
(k

m
)

Moore-F crater (37.2  lat, 185.1  lon)

-100 -50 0 50 100
x (km)

Figure 3.10: Comparison of the H-parameter map generated by Hayne et al. [2017] to
our latent 3 variable map at 4 example crater locations. For each crater, left shows the
H-parameter map and right shows the latent 3 variable map. The latent 3 variable map has
the thermal inertia transform applied. Top left: high thermal inertia at the Tycho crater,
Bottom left: Cold spot around Chaplygin-B crater unrecognised by latent 3, Top right:
latent 3 slightly less affected by noise, Bottom right: H-parameter and latent 3 exhibit
North/South and East/West coherent noise respectively.
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Figure 3.11: Example anomaly in our VAE reconstruction loss map, located within the
Rydberg crater (263.6◦ lon./ -46.5◦ lat.). Left shows an optical image of the crater (LRO
WAC Global Morphologic basemap [Speyerer et al., 2011]), middle shows a map of the
L1 reconstruction loss of the VAE and right shows an example interpolated profile and
its resulting VAE reconstruction extracted at the star location in the loss map. The loss
anomaly is most likely caused by geometric errors, here (predominantly) the East-West
facing slope of Rydberg’s central peak.

thermal inertia at a constant temperature and is estimated using a thermophysical

model where it governs the assumed density variation with depth.

There are multiple similarities and differences between the latent 3 map and the

H-parameter map at each crater. At Tycho, the maps are largely similar within
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the crater, suggesting a strong thermal inertia anomaly. At Chaplygin-B, there is

a “cold spot” in the H-parameter map and no apparent anomaly in the latent 3

map. Bandfield et al. [2014] define cold spots as extensive regions of low thermal

inertia, highly insulating surface material that usually surround small, recent impact

events. This appears to be a limitation of the VAE, which struggles to differentiate

between the subtler colder temperatures which produce these types of anomalies.

At both Tycho and Chaplygin-B there is an acquisition footprint in the latent 3

map (vertically striped lines), which is likely a result of the differences in the point

density of each LRO orbit affecting the GP interpolation and VAE reconstruction

of each temperature profile. At La Condamine-S the latent 3 map is in strong

agreement with the H-parameter map, and arguably has a lower noise content;

this may be because the higher density of point measurements at higher latitudes

makes the VAE inference more stable.

At Moore-F, we notice that both the H-parameter map and latent 3 map show

coherent noise outside of the crater. Whilst the H-parameter map appears to

erroneously correlate to the North-South slope, the latent 3 map correlates to the

East-West slope. Looking carefully at the sensitivity of our latent variables in

Figure 3.5 and comparing them to the physical model sensitivity in Figure 3.3, we

notice that the VAE latent representation does not manage to fully disentangle

the effect of solar onset with thermal conductivity factor and albedo, which could

explain this observation. This may be a result of the fundamental assumptions of

the VAE model (for example the Gaussian constraints on the posterior and prior

latent distributions), or hint at some other physical process(es) affecting the latent

representation, and further research is required to understand this effect.

As shown in Figure 3.7 the latent 1 variable is sensitive to the onset of solar

radiation and thus depends on the aspect of the terrain, where a West-facing slope

would heat up earlier in the day, whilst an East-facing slope would heat up later but

also cool down later (resulting in a shifted thermal profile). The thermal behaviour

of North and South-facing slopes is represented by the latent 2 variable, which is

sensitive to the peak temperature or effective albedo of the lunar surface. Closer to
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the equator, its behaviour is governed by the albedo of the surface, whereas closer

to the poles it is increasingly controlled by topography as the angle between the

incoming solar illumination and the surface increases. Interestingly, both the latent

1 and 2 map feature local variations close to the equator which indicates different

physical properties of the surface in these regions (such as surface roughness), and is

particularly evident when comparing equatorial mare and highland regions. Such

local variations are less abundant in the latent 3 map, highlighting how it is largely

decoupled from geometric artefacts caused by illumination and topography.

The latent 4 map shown in Figure 3.8 is generally darkest inside small and narrow

craters and brighter for flatter regions. One possible explanation is that it is sensitive

to cumulative illumination, i.e., to the relief or a large-baseline surface roughness, as

a narrow crater would be illuminated for a shorter period of time than a flat mare

region. Another explanation is that it is sensitive to a dependence of solar incidence

angle on albedo, as modelled by Vasavada et al. [2012]. As observed in the latent 1

and 2 maps, the latent 4 map also exhibits minor local variations; in particular it has

generally lower values close to the equator. This appears counter-intuitive, as the

equatorial region would receive more direct sunlight on average; this variable seems

to be sensitive to and is not fully decoupled from the effective albedo, to some extent.

The loss map generated by the VAE shown in Figure 3.9 indicates the input

profiles which the VAE has struggled to reconstruct. These profiles are likely to be

outside of the VAE’s training distribution and the representative set of temperature

variations observed on the lunar surface, and therefore this map is a useful resource

because it can be used to search for extreme thermal anomalies. We show an

example of a high loss anomaly within the Rydberg crater in Figure 3.11, along

with a temperature profile extracted from within this anomaly. We find that the

profile has a very gradual heating in the morning which the VAE is unable to model.

There are multiple explanations for this profile; it could likely be a result of complex

topology/geometry being integrated over Diviner’s FOV and our 200× 200 m bin

size, or from extreme underlying thermal parameters. We observe another regional

loss anomaly in Mare Smythii, on the lunar nearside. The reason for the slightly
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above-average loss values in this region is unknown, but could represent anomalous

thermophysical behaviour. Much more analysis could be done with this loss map.

There are many possible ways to extend this work. Firstly, it could be powerful to

more tightly combine traditional physical models and the VAE together, to combine

their relative strengths. For example, one could manipulate the latent representation

of an input profile before reconstructing it to remove unwanted factors of variation,

such as effective albedo, and then use an existing thermophysical model to invert

for underlying thermal parameters. This may enable a simpler physical model to

be used and combine the strengths of both approaches. Traditional thermophysical

models (such as Bandfield et al. [2011] and Hayne et al. [2017]) either require terrain

modelling to remove the effect of slopes and isolate thermophysical effects, or restrict

themselves to low slope angles [Feng et al., 2020]. Our model is able to remove the

effect of slopes very efficiently without the need for terrain modelling. Going the other

way and using existing derived Diviner products, such as soil temperature, instead

of the raw temperature measurements could help the VAE disentangle different

thermophysical effects. Physical constraints could also be encoded directly into the

VAE, for example by changing the assumed prior distributions of the latent variables

in Equation A.4 to those expected of thermophysical parameters on the lunar surface,

or by adding physics constraints directly into the VAE’s loss function.

Another direction would be to incorporate the rest of the wavelength channels

from the Diviner instrument into the VAE workflow. The VAE framework is readily

extendable in this regard and it may be able to disentangle cross-channel effects

such as anisothermality to estimate rock abundance (channels 6-8) [Williams et al.,

2016, 2017, Bandfield et al., 2011] or to recognise the Christiansen feature (channels

3-5) that is indicative of bulk silicate [Greenhagen et al., 2010]. We discarded the

standard deviation vector of the approximate latent posterior distribution produced

by the VAE when carrying out inference, but this could also be used to obtain

uncertainty estimates of the underlying thermal parameters. The ability of the VAE

to carry out fast inference may mean it is useful for real-time inference, for example

in detecting transient temperature anomalies from fresh impacts.
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It would also be useful to investigate how different preprocessing of the raw

Diviner data affects the model learned by the VAE. In particular, we found that

the selection of the 1D training profiles had a significant effect on the performance

of the model. The VAE was only able to disentangle the thermophysical factors

when the training profiles had a large variation, and thus we hand-selected 48 AOIs

to extract training profiles from to ensure this. However, an automated approach

which randomly selects profiles across the lunar surface, whilst still ensuring diversity

in the training set, could be less biased.

Finally, as our method is physics-agnostic it could be applied to other similar

lunar science and exploration datasets. For example, other useful applications may

be to use the VAE to model differences in optical illumination of the lunar surface

over the lunar day or to localise regions with over-night temperature flattening that

might indicate multi-layer sub-surfaces, such as cryptomare.

3.6 Summary

We have shown that ML can learn about the underlying physical processes in real

data. Starting from some only very general assumptions about the physical system,

our VAE was able to disentangle multiple different thermophysical processes on

the lunar surface, even though these processes had complex characteristics and the

dataset contained real-world noise. Furthermore, the VAE provided a much faster

approach for analysing the thermal characteristics of the lunar surface compared to

traditional thermophysical modelling. However, the complexity of the dataset and

the “black-box” nature of the VAE’s neural networks meant that it was challenging

to interpret the model learned by the VAE, and it was not able to fully disentangle

some of the physical processes. Future work is required to understand how best

to improve the disentangling ability of the VAE and to build physical constraints

directly into the ML workflow.



78



4
Combining deep learning with a physical

model for denoising lunar imagery

4.1 Introduction

In the previous chapter we assessed how well PIML is able to discover underlying

physical principles from real data. In this chapter we consider a related scalability

question which is, can PIML algorithms carry out inversion using real data? In

particular, we evaluate the ability of a PIML algorithm for denoising extremely

low-light images of permanently shadowed regions (PSRs) on the Moon taken by

the Narrow Angle Camera (NAC) on board the Lunar Reconnaissance Orbiter

(LRO) satellite.

The NAC is another instrument on board the LRO and its main purpose is to

deliver high resolution optical images of the lunar surface. These images have many

important applications across lunar science and exploration, with one being the study

of PSRs. These regions are among the coldest places in the solar system and are

likely to host water, making them key scientific targets for future missions.

However, NAC images of these regions contain significant amounts of noise, which

makes them extremely challenging to interpret. This is fundamentally due to the very

low numbers of photons that are reflected from these regions, and also in part because

the instrument was not originally designed to operate in such low-light conditions.
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Removing this noise would provide a significant benefit to the lunar community, as

it would allow us to peer into these regions with high resolution for the first time.

Alongside its benefit to lunar science, this problem is an excellent candidate

for evaluating how well PIML methods for inversion scale to real-world problems.

The underlying inversion problem is to estimate the mean photon count arriving

at the camera given a noisy image. Compared to carrying out inversion on a toy

version of this problem (for example, learning to remove synthetic photon noise from

images), this problem is significantly harder because of the real and complex nature

of the multiple noise sources contained in the images.

Many different noise sources are present. One is photon (shot) noise, which is

due to the inherent randomness of the photons arriving at the camera. Another

is CCD-related dark noise, which depends on multiple environmental factors and

has a complex character. Other noise sources include nonlinearities in the camera’s

response and compression noise when the image is downlinked to Earth. When

combined together, modelling and removing this noise is a challenging task.

To denoise these images, we propose a purpose-built PIML algorithm that

combines both traditional and learned processing steps. The workflow is physics-

informed in the sense that each element of the algorithm targets different types of noise

in the image (i.e., it is physically-motivated) and traditional denoising elements are

included (i.e., it is a hybrid approach). First, a deep neural network is used to estimate

and remove the dark noise contained in the image, given a set of environmental

meta-data (such as CCD temperature and orbit number) available at the time of

image capture. Next, the existing flatfield and nonlinearity corrections taken from the

standard calibration routine of the camera are applied. Finally, another deep neural

network is used to estimate and remove all other noise sources contained in the image,

such as photon noise and image compression noise. Furthermore, to train the networks

we generate training data by developing a hybrid noise model of the camera which

combines both synthetic noise and real noise samples from dark calibration frames.

We find that our PIML algorithm is able to significantly enhance images of

shadowed regions on the lunar surface. For the first time, surface features such as
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boulders and craters within PSRs down to 3-5 m in size can be seen. The approach

is compared to the existing calibration routine of the camera and a naive end-to-end

ML baseline and it significantly outperforms both across all metrics tested. These

images offer a step change for lunar exploration and science and are likely to have a

significant impact, for example by aiding the identification of surface water-ice and

reducing uncertainty in rover and human traverse planning into PSRs.

Whilst effective, limitations are encountered when using our PIML approach.

Firstly, because of the complexity of the noise contained in the images, significant

effort is required to ensure our physical noise model of the camera generates realistic

training data. This is important to ensure our algorithm generalises well to real

images. Secondly, because of the lack of interpretability of the neural networks and

the ill-posedness of the inverse problem, it is difficult to verify the outputs of our

algorithm. Both of these limitations are discussed further.

4.2 Background

4.2.1 Peering into permanently shadowed regions

PSRs are craters and other topographic depressions near the north and south poles

of the Moon that have not received any direct illumination for millions of years and

as a consequence are extremely dark and cold places (25 K to 70 K) [Arnold, 1979,

Fisher et al., 2017]. These enigmatic environments are believed to have trapped and

accumulated water and other volatiles in the form of ice from processes such as solar

winds, cometary impacts and volcanic outgassing during the evolution of our Solar

System. For this reason, PSRs are of key interest to lunar science and exploration,

as they could both provide clues about the Moon’s past and host water which is

essential for sustaining our human presence [NASA, 2020, ESA, 2019]. Multiple

missions are planned to study PSRs in the near future; for example NASA’s Volatiles

Investigating Polar Exploration Rover (VIPER) rover aims to drive into a PSR to

search for water in 2023 [Colaprete et al., 2021].

However, studying the interiors of PSRs is very challenging. Fundamentally, this is

because their darkness makes them very difficult to image. Whilst no direct sunlight
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enters PSRs some photons can arrive into them after being reflected from their

nearby sunlit surroundings, which is known as secondary illumination. Therefore,

images of PSRs can be captured, but in this extremely low-light setting these

images are dominated by noise. Furthermore, the amount of secondary illumination

depends heavily on the surrounding topology, and therefore the signal-to-noise ratio

(SNR) of these images can vary.

The current state-of-the-art images of the lunar surface are captured by the NAC

onboard the LRO [Chin et al., 2007, Robinson et al., 2010]. This is a panchromatic

optical camera which is acquiring images with a nominal ∼ 0.5−2 m spatial resolution.

The camera launched in 2009 and over its lifetime it has captured over 2 million

images of the lunar surface, enough to cover the surface multiple times over. Whilst

its images have high spatial resolution, its short exposure times and the lack of

photons means that CCD-related and photon noise dominates these images over

shadowed regions, making any meaningful interpretation of the small-scale features

in PSRs challenging. Currently, the only way to capture images of some PSRs

with reasonable SNR is to significantly increase the exposure time of the camera,

at the expense of significantly reducing spatial resolution [Cisneros et al., 2017].

Figure 4.1 (column 1) shows example raw (normal, short exposure) NAC images

captured over 3 PSRs at the lunar south pole.

In this chapter we present a PIML approach for denoising these images, allowing

us to peer into lunar PSRs with high resolution for the first time. We name our

approach Hyper-Effective Noise Removal U-Net Software, or HORUS1.

4.2.2 Related work

Whilst the NAC is a scientific camera operating in a remote environment, many

of its noise sources (e.g. camera-related noise and photon noise) are the same as

those found in other low-light imaging applications. Low-light environments occur in

many different important applications, such as night-time photography, astronomy
1The name HORUS represents our interest in complementing the existing LRO NAC image

processing pipeline, named Integrated Software for Imagers and Spectrometers (ISIS) [Gaddis et al.,
1997]. Isis also happens to be the mother of Horus in Egyptian mythology.
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Figure 4.1: Examples of HORUS applied to 3 real PSR images, compared to the baseline
approaches. Grayscale colorbars show the estimated mean photon count S in DN for each
HORUS plot. Raw/ISIS image credits to LROC/GSFC/ASU.

and microscopy [Chen et al., 2018b, Chromey, 2016, Zhang et al., 2019b], and the

images captured usually have very poor quality.

Direct approaches for removing noise include increasing the exposure time or

by using burst photography and aligning and combining the images during post-

processing. However, these approaches have significant downsides; for example longer

exposure times can cause blurring and burst photography can still be sensitive to

dynamic scenes [Hasinoff et al., 2016, Karadeniz et al., 2020]. Instead, techniques

from the field of image denoising can be applied, for which there exists a rich literature

[Buades et al., 2005, Goyal et al., 2020, Fan et al., 2019].

For denoising low-light images, simple traditional methods include histogram

equalisation and gamma correction [Cheng and Shi, 2004], whilst more sophisticated

methods include using wavelet transforms [Łoza et al., 2013], retinex-based methods

[Park et al., 2017, Xu et al., 2020a, Guo et al., 2017] and principle component analysis

[Salmon et al., 2014]. More recently, deep learning based methods have become

hugely popular [Xu et al., 2020b, Wei et al., 2020, Maharjan et al., 2019, Zhang

et al., 2019b, Chen et al., 2018b, Ren et al., 2019, Remez et al., 2017]. In these

approaches, deep neural networks are used to learn an implicit representation of signal

and noise. For example, Chen et al. [2018b] proposed an end-to-end network with

a U-Net [Ronneberger et al., 2015] architecture to convert short-exposure images

to their corresponding long-exposure images, whilst Xu et al. [2020b] proposed
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a frequency-based enhancement scheme. Such approaches have shown significant

improvements over popular traditional methods.

Whilst promising, a major disadvantage of using deep learning methods for image

denoising is that they often require large amounts of labelled training data to prevent

overfitting, which can be expensive to collect, or unavailable [Abdelhamed et al., 2018,

Chen et al., 2018b, Zhang et al., 2019b]. An alternative approach is to synthetically

generate noisy images, although many works use simple additive Gaussian noise

models or similar, leading to poor performance on real images [Plötz and Roth, 2017].

A potential improvement is to incorporate both synthetic and real images into the

training set [Guo et al., 2019]. For low-light images, Wei et al. [2020] focused on

improving the realism of their synthetic data by incorporating a comprehensive set of

noise sources based on a physical noise model of CMOS sensors and showed that this

performed as well as a deep neural network trained on real clean-noisy image pairs.

Specifically for low-light PSR LRO NAC images, Sargeant et al. [2020] attempted

to remove noise using a Canny edge detector and a Hough transform with local

interpolation. Their method worked sufficiently well for images with relatively high

photon counts but failed for low photon counts, i.e., the vast majority of high-

latitude PSRs. The current calibration routine of the camera also attempts to

remove noise in the images, but is not specifically designed for images of PSRs

[Robinson et al., 2010, Humm et al., 2016].

In this work we extend existing learning-based methods in several respects. Firstly,

in order to avoid overfitting and improve generalisation performance, we combine a

realistic physical noise model of the camera with real noise samples from dark frames

to generate realistic training data. We also use 3D ray tracing to select training image

scenes which best match the illumination conditions expected in PSRs. Secondly,

instead of using the noisy image as the only input to the learned model as is typically

done [Chen et al., 2018b, Wei et al., 2020, Xu et al., 2020b], we condition our model

on the camera’s environmental metadata available at the time of image capture,

allowing us to account for the effect of external factors such as camera temperature

on the noise. Finally, whilst many recent works focus on images from CMOS sensors
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[Chen et al., 2018b, Wei et al., 2020, Xu et al., 2020b, Maharjan et al., 2019, Szeliski,

2010], we formulate a physical noise model for a CCD sensor.

4.2.3 Instrument overview

The NAC consists of two nominally identical cameras (“left” and “right”) which

capture publicly-available2 12-bit panchromatic optical images [Robinson et al., 2010,

Humm et al., 2016]. Each camera consists of a 700 mm focal length telescope, which

images onto a Kodak KLI-5001G 5064-pixel CCD line array, providing a 10 µrad

instantaneous field of view. The array is oriented perpendicular to the direction of

flight of the satellite and 2D images are captured by taking multiple line scans as

the spacecraft moves. Because of this motion, the in-track spatial resolution of the

images depends on the exposure time as well as the spacecraft altitude and typically

both the in-track and cross-track resolution are in the range 0.5 – 2.0 m. Each

camera has two operating modes, “regular” and “summed”, where the summed mode

typically uses twice the exposure time and sums adjacent pixels during image capture.

This is frequently used to maximise the signal received over low-lit regions of the

Moon (such as PSRs), at the expense of halving the spatial resolution. For every

image the NAC also records over 50 fields of environmental metadata at the time of

capture, which for example includes the camera’s temperature and orbit number,

and the values of 60 physically masked pixels located on the edges of the CCD.

4.3 Methods

4.3.1 Physical noise model

In this extremely low-light setting these images are dominated by noise. As part

of HORUS, we propose a physical model of this noise. The model is informed

by the model developed by Humm et al. [2016], who carried out comprehensive

characterisation of the instrument before and during its deployment, as well as
2lroc.sese.asu.edu/data

http://lroc.sese.asu.edu/data
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Figure 4.2: HORUS denoising approach and physical noise model. (a) HORUS denoising
workflow. The input to the workflow is the raw, noisy low-lit image I. First a model
of the deterministic elements of the dark noise, namely the dark bias Nb and the mean
dark current T , is subtracted from the image, which is estimated using a convolutional
decoder from the environmental and masked pixel data available at the time of image
capture. Next, the inverse nonlinearity and flatfield corrections are applied. Lastly, residual
noise sources including the photon noise Np, stochastic dark current noise Nd, read noise
Nr, and companding noise Nc are estimated and subtracted using a network with a U-
Net architecture. (b) Physical noise model. We assume that the raw image I contains
companding noise, read noise, dark current and bias noise, photon noise and a nonlinearity
and flatfield response. The quantity we wish to recover is the mean photon signal, S. S
image credit to LROC/GSFC/ASU.

standard CCD theory [Chromey, 2016], and is given by

I = N(F ∗ (S +Np)) +Nb + (T +Nd) +Nr +Nc , (4.1)

where I is the raw image detector count in Data Numbers (DN) recorded by the

camera, N is the nonlinearity response, F is the flatfield response, S is the mean

photon signal (which is the desirable quantity of interest), Np is photon noise, Nb

is the dark bias, T + Nd is the dark current noise, Nr is read out noise and Nc is

companding noise. A depiction of our noise model is shown in Figure 4.2 (b). In

the following we describe each noise source in greater detail.

The photon noise Np is due to the inherent randomness of photons arriving

at the CCD, and obeys

(S +Np) ∼ P(S) , (4.2)

where P denotes a Poisson distribution. The strength of this noise depends on the

mean rate of photons hitting the CCD, and it represents a fundamental limita-

tion for any sensor.
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Figure 4.3: NAC characteristics and training image selection. (a) Nonlinearity response.
Separate responses are used for the left and right cameras. (b) Flatfield response.
Separate flatfields are used for each camera and operating mode. (c) The six compression
schemes commandable for compressing NAC images from 12-bit values to 8-bit values.
(d) Distribution of solar incidence angles in the training set for HORUS compared to the
distribution of secondary incidence angle of scattered rays using 3D ray tracing over 4
PSRs. (e) Render of the secondary illumination radiance from ray tracing of the Shackleton
crater PSR at the lunar south pole (white indicates increased secondary illumination).

The dark bias Nb is a deterministic noise source which is due to an artificial

voltage offset applied to the CCD to ensure that the Analogue-to-Digital Converter

(ADC) always receives a positive signal, and varies pixel-to-pixel, manifesting itself

as vertical stripes in the image. Different offsets are commanded depending on

the temperature of the NAC, and we also consider the possibility that the bias

changes over the camera’s lifetime as it degrades.

The dark current noise is generated by thermally-activated charge carriers in

the CCD which accumulate over the exposure duration and obeys

(T +Nd) ∼ P(T ) , (4.3)

where T is the mean number of thermally-activated charge carriers which depends on

the CCD temperature. This noise source varies pixel-to-pixel and with each image
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line and introduces horizontal and vertical stripes in the image.

The read out noise Nr is stochastic system noise introduced during the conversion

of charge carriers into an analogue voltage signal and is estimated by Humm et al.

[2016] to have a standard deviation around 1.15 DN for both cameras.

A perfect camera is expected to have a linear response between the recorded DN

value and the mean photon signal S. However during laboratory characterisation

Humm et al. [2016] showed that the response of the NAC becomes nonlinear for

DN counts below 600 DN. They proposed an empirical nonlinearity correction to

correct for this effect, given by

N−1(x) = (x+ d)− 1
ab(x+d) + c

, (4.4)

where x is the recorded pixel DN value and N−1(x) is the estimated true DN value.

Here a, b, c and d are free parameters which Humm et al. [2016] estimated through

experimental calibration. In this work we use the average parameter values reported

by Humm et al. [2016] for each camera, using the same values across all pixels. For

computing the forward function N(x) we are not aware of an analytical inverse of

Equation 4.4 and instead use numerical interpolation. The nonlinearity correction

curves used are shown in Figure 4.3 (a).

The flatfield correction is used to correct for pixel-to-pixel variations in the

sensitivity of the camera, which may be due to the optics or the detector, such as

vignetting or particulates on the detector. The forward response is modelled by

multiplying the flatfield F , which is a vector of gain values, point-wise with each

pixel. Humm et al. [2016] experimentally measured separate flatfields for each camera

and each operating mode and we use the same, shown in Figure 4.3 (b).

Finally, the NAC images are compressed (companded) from 12-bits to 8-bits using

a lossy compression scheme before downlink to Earth [Robinson et al., 2010]. This

introduces companding noise and represents a fundamental limit on DN resolution.

Six different compression schemes can be commanded; for PSR images scheme 3

in Figure 4.3 (c) is frequently used, which more accurately reconstructs lower DN
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values, leading to a maximum absolute reconstruction error after decompression

of 2 DN for counts below 424 DN.

Compared to the noise model proposed by Humm et al. [2016], our noise model

explicitly considers photon noise, stochastic dark current noise, read noise and

companding noise.

4.3.2 Training data generation
4.3.2.1 Hybrid noise generation

To train HORUS we generate a large dataset of clean-noisy image pairs. Noisy

images are generated by combining our physical noise model (Equation 4.1) with

noise sampled from real dark calibration frames. An example of a real dark calibration

frame is shown in Figure 4.4 (d). These are captured by the NAC whenever the LRO

passes over the non-illuminated side of the Moon and nominally receive no sunlight.

We therefore assume that they sample the following terms in our physical noise model3,

D ' Nb + (T +Nd) +Nr . (4.5)

Over 70,000 dark calibration frames have been captured, which cover the entire

lifetime of the instrument over a wide range of camera states and environmental

conditions; the histogram of orbit numbers and CCD temperatures at the time of

image capture over the entire set are shown in Figure 4.4. We assume that these frames

are a representative and sufficient sample of the dark noise distribution of the camera.

Given an input clean image representing the mean photon signal S̃, we generate

its corresponding noisy image Ĩ using the following equation,

Ĩ = N(F ∗ (S̃ +Np)) +D +Nc , (4.6)

where D is a randomly selected real dark calibration frame, Np is synthetic, randomly

generated Poisson noise and Nc is the noise generated by compressing and decom-

pressing the noisy image through the NAC companding scheme 3. By using a hybrid

noise model (i.e. a model which combines real and synthetic noise components),
3Dark frames are compressed using scheme 1 in Figure 4.3 (c), which is a lossless one-to-one

mapping and so Nc is not included.
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Equation 4.6 does not entirely rely on the assumptions of our physical noise model and

we ensure that the distribution of noise in our training data is as close as possible to the

real noise distribution. To be explicit, the synthetically generated components of our

training images Ĩ in Equation 4.6 are N(·), F , Np, and Nc, whilst D is derived from

real dark noise frames and S̃ is derived from real sunlit images (as explained below).

4.3.3 Image pre-processing and selection based on 3D ray
tracing

Clean images S̃ are generated by extracting millions of randomly selected 256× 256

image patches cropped from NAC images of the lunar surface in normal sunlit

conditions. We define a sunlit image as any image with a median DN > 200 and

our assumption is that in this regime the noise sources in Equation 4.1 become

negligible, such that we can use sunlit images as a proxy for S. An example sunlit

image is shown in Figure 4.2 (b).

An important difference between sunlit images and the test-time images of PSRs

are the illumination conditions; whilst sunlit images are illuminated by direct sunlight,

PSRs are only illuminated by secondary (back-scattered) light. In order to match

the illumination conditions of the training data to the test-time data as best we

can, we select sunlit images with similar solar incidence angles to the secondary

illumination incidence angles expected over PSRs. 3D ray tracing is performed over 4

example PSRs using 30 m/pixel spatial resolution LRO Lunar Orbiter Laser Altimeter

elevation data [Riris et al., 2017] and a Lambertian bidirectional reflection function.

The solar incidence angle is available as metadata for each sunlit image, and we match

the distribution of solar incidence angles in our training images to the distribution

of secondary illumination angles from ray tracing, shown in Figure 4.3 (d).

Before using the sunlit images as training data we re-scale their DN values to

those expected for PSR images. Each image patch is divided by its median DN value

and multiplied by a random number drawn from a uniform distribution over the

range 0-60 DN, which is what we expect for typical PSRs. Images are sampled from
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the entire lunar surface with no preference on their location and in total over 1.5

million image patches S̃ are extracted for each camera in each operating mode.

4.3.4 Denoising workflow

The workflow HORUS uses to denoise images is shown in Figure 4.2 (a). The input

is the noisy low-lit image, I, after decompression. First a convolutional decoder

called DestripeNet is used to predict the dark bias and mean dark current, given

a set of environmental metadata and the masked pixel values at the time of image

capture, which is subtracted from the input image. Next, the inverse nonlinearity

and flatfield corrections are applied. Lastly, a network with a U-Net [Ronneberger

et al., 2015] architecture called PhotonNet is used to estimate the residual noise

sources in the image, which are subtracted from the image.

The input to DestripeNet is a vector of 8 selected environment metadata fields

available at the time of image capture (listed in Figure 4.2 (a)), concatenated with the

masked pixel values. Our assumption is that this vector is sufficient to predict the dark

bias and mean dark current for an image. DestripeNet is trained using the real dark

calibration images as labels and a L2 loss function. Under a L2 loss the network learns

to predict the mean of its output variable conditioned on its inputs [Smyth, 1993],

such that, under the assumptions of Equation 4.5, it estimates the quantity (Nb +T ).

Given the DestripeNet prediction (N̂b + T̂ ), the input to PhotonNet is

J = N−1(I − (N̂b + T̂ ))/F . (4.7)

We train PhotonNet using the synthetic image pairs (Ĩ , S̃) described in Sections 4.3.2.1

and 4.3.3. Before inputting the noisy training images Ĩ into the network, Equation 4.7

is applied using their DestripeNet prediction, and we use J̃ − S̃ as training labels.

Thus, PhotonNet learns to estimate the (transformed) residual noise sources in

the image, namely the photon noise, stochastic dark current noise, read noise,

companding noise, and any residual dark bias and mean dark current noise which

DestripeNet failed to predict.
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DestripeNet is trained to predict each image line separately and is comprised

of 13 1D transposed convolutional layers with a filter length and stride of 2 and

ReLU activation functions. The number of hidden channels starts constant at

512 and then halves every layer from 512 to 16 in the last layer. Each metadata

field is independently normalised before input. PhotonNet operates on 2D image

patches and uses a standard U-Net architecture [Ronneberger et al., 2015] with 4

downsampling steps and 1 convolutional layer per scale with LeakyReLU activation

functions with a negative slope of 0.1. The number of hidden channels doubles after

every downsampling step from 32 to 512. DestripeNet is trained before PhotonNet

and its predictions used for training PhotonNet are pre-computed. Both networks

are trained using the Adam stochastic gradient descent algorithm [Kingma and Ba,

2015] with a L2 loss function, using a batch size of 400 image lines for DestripeNet

and 10 image patches for PhotonNet. Learning rates of 1× 10−5 and 1× 10−4 are

used for DestripeNet and PhotonNet respectively. We divide the synthetic image

dataset (Ĩ , S̃) into a training, validation and test set (72:18:10). Finally, to account

for possible differences in the two cameras and their two operating modes, separate

networks are trained for each possible configuration.

4.3.5 Baselines

We compare our approach to a number of baselines;

Current NAC calibration routine (ISIS). We use the Integrated Software for

Imagers and Spectrometers (ISIS) [Gaddis et al., 1997], which is the current calibration

routine for NAC images. The calibration removes an estimate of the dark bias and

mean dark current noise by fitting a cyclic trend to the masked pixel values, and

also applies the nonlinearity and flatfield corrections [Humm et al., 2016].

DestripeNet only. For this case, we only subtract the DestripeNet prediction

from the image and then apply the nonlinearity and flatfield correction, i.e. Pho-

tonNet is not used.

Fast Fourier Transform (FFT) filtering. We develop a hand-crafted FFT

denoising algorithm. The 2D image is transformed into the frequency domain and its
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ISIS DestripeNet FFT

Mode Camera L1 / PSNR / SSIM

Normal Left 5.68 / 31.12 / 0.61 5.58 / 31.33 / 0.62 4.93 / 33.38 / 0.80
Right 5.09 / 32.23 / 0.67 4.99 / 32.44 / 0.68 4.61 / 34.20 / 0.83

Summed Left 5.45 / 31.51 / 0.65 5.44 / 31.59 / 0.65 4.50 / 34.04 / 0.83
Right 4.96 / 32.48 / 0.70 4.92 / 32.59 / 0.70 4.21 / 34.82 / 0.85

U-Net HORUS

Mode Camera L1 / PSNR / SSIM

Normal Left 1.64 / 42.50 / 0.96 1.30 / 44.63 / 0.97
Right 1.43 / 44.08 / 0.96 1.23 / 45.35 / 0.97

Summed Left 1.69 / 42.34 / 0.95 1.52 / 43.33 / 0.96
Right 1.60 / 42.93 / 0.96 1.43 / 44.02 / 0.96

Table 4.1: Synthetic test set performance of HORUS, compared to the baseline approaches.
All metrics compare the ground truth image S̃ to the estimated denoised image and the
average performance over all images is reported. Higher is better, apart from L1 error.

zero-frequency components are replaced with the mean of their nearest neighbours

to remove horizontal and vertical dark noise stripes in the image. A mild low-pass

filter using a 2D Gaussian kernel with a standard deviation of 0.25 m−1 and the

nonlinearity and flatfield corrections are also applied.

End-to-end U-Net. Instead of two separate networks, we train a single U-Net

to directly estimate S̃ given Ĩ as input, without using any metadata. This end-

to-end strategy is typical in many existing works [Chen et al., 2018b, Maharjan

et al., 2019, Wei et al., 2020]. The U-Net has the same architecture and training

scheme as PhotonNet.

All relevant baselines are trained on and/or have their hyperparameters selected us-

ing the same training data as HORUS, and all are tested on the same data as HORUS.

4.4 Results

4.4.1 Results on synthetic images

Table 4.1 shows the quantitative performance of HORUS compared to the baselines

across the synthetic test set of images. We find that HORUS gives the strongest
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Figure 4.4: Example dark noise predictions generated by DestripeNet. (a) Histogram of
orbit numbers over the dark calibration frames. The linked line plot shows the predicted
dark level using DestripeNet for the first 70 pixels of the right camera in summed mode
when varying the orbit number and fixing the other metadata inputs to those of a randomly
selected dark frame. Colour-coded dots in the histogram show the value of the orbit number
for each line. (b) Similar set of plots for the CCD temperature. (c) Histograms of the
difference between the DestripeNet and ISIS dark frame predictions and the ground truth
dark calibration frame over the test set of summed mode images. (d) Example portion
of a real dark calibration frame. (e) Corresponding DestripeNet dark level prediction. (f)
Difference between (d) and (e).

performance across all metrics for this dataset, and significantly outperforms the

ISIS, DestripeNet-only and FFT baselines.

Example HORUS denoising of a synthetic test image with varying mean photon

counts are shown in Figure 4.5. We also plot the mean absolute percentage error

between the ground truth image S̃ and the denoised image, binned by median DN

value of the ground truth image, for HORUS and the baselines over the test set of

summed mode images. We find that the performance of all the methods degrades

with lowering photon counts, however HORUS gives the lowest error across all DN
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Figure 4.5: Synthetic test set performance of HORUS with varying signal strengths. (a)
Unscaled ground truth image S used below. (b) Mean absolute percentage error between
the ground truth image and the denoised image, binned by median DN value of the ground
truth image, for HORUS and the baselines over the synthetic test set of summed mode
images. Filled regions show ±1 standard deviation. The image grid shows the ground
truth image from (a) scaled to different median photon counts with noise added according
to our physical model (top row), HORUS denoising of this image (middle row) and the
difference between HORUS and the ground truth image (bottom row). Colorbar shows
DN counts. Raw image credits to LROC/GSFC/ASU.

values. The example denoised images suggest that HORUS can denoise synthetic

images with median photon counts as low as 3-6 DN. The difference plots suggest

that the minimum feature size HORUS can reliably resolve correlates strongly with

the photon count, and for median photon counts of ∼12 DN this is ∼5 m. Further
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qualitative examples of HORUS denoising on synthetic images with varying photon

counts are shown in Figure B.1.

4.4.2 DestripeNet results

The histogram of the error between the DestripeNet prediction and the real dark

calibration frame over the calibration frame test set is shown in Figure 4.4 (c). We

find that DestripeNet is typically able to reconstruct the dark frames to within

1 DN. We plot scans of its prediction over the orbit number and CCD temperature

whilst keeping the other metadata inputs fixed. We find that these predictions are

physically interpretable: increasing the CCD temperature increases the dark DN

level, which is expected, and the variance of the prediction increases with orbit

number, possibly indicating a degradation of the instrument over time.

4.4.3 Results on real images

Qualitative examples of HORUS and the baselines applied to 3 real images of different

PSRs are shown in Figure 4.1. We find that HORUS gives the most convincing

results on these images; compared to the ISIS, DestripeNet-only and FFT baselines

it removes much more of the high frequency stochastic noise in the images, and

compared to the U-Net it removes more of the residual dark noise stripes in the image

and introduces less low-frequency noise. Further qualitative examples of HORUS

denoising on real images with varying latitude are shown in Figure B.2.

4.5 Discussion

4.5.1 Validation of real images

The quantitative and qualitative results above suggest that HORUS is able to

significantly enhance noisy images of shadowed regions on the lunar surface and

strongly outperform the existing calibration routine of the camera and other baselines.

However, whilst we thoroughly assess the performance of HORUS on synthetic

images above, it remains important to validate the performance of HORUS on real

images. This is because, even though we make every effort to match our training
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Figure 4.6: Qualitative verification of HORUS using map-projected sunlit (left) and
shadowed image pairs in (a) Wapowski crater and (b) Kocher crater; HORUS-denoised
frames (center) are compared with their raw input frames (right). Some features are resolved
in both the HORUS and raw frames (blue marks), but HORUS resolves a significantly
larger number of features. With decreasing photon counts (example (b)), HORUS struggles
to resolve smaller features (here less than ∼10 m across, red marks), resulting in a smoother
image. Differences in shadowing are caused by different sunlit/secondary illumination
incidence angles. Raw image credits to LROC/GSFC/ASU.

Figure 4.7: In-PSR qualitative verification of 3 overlapping map-projected HORUS frames
with varying levels of signal (decreasing clockwise from top left to bottom left). Some
features are present in all frames (blue), some in 2 (yellow), and some only in 1 (red).

data to the real distribution of PSR images, the real images may vary, and thus

the generalisation ability of HORUS should be assessed. However, a key challenge

in this setting is that there exist no real ground truth pairs of clean and noisy
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images of PSRs to verify HORUS’s performance. Instead, we use two alternative

approaches which are described below.

Ground truth validation using temporary shadowed regions. One way to

verify HORUS denoising on real images is to use temporary shadowed regions (TSRs).

These are regions which transition between being sunlit and shadowed over the course

of a lunar day, and thus we can use sunlit images of TSRs as ground truth when

verifying HORUS denoising of their shadowed images. We compare raw sunlit images

and HORUS denoised shadowed images of two TSRs in Figure 4.6. We find that for

images with sufficient photon counts (e.g. Wapowski crater in Figure 4.6) HORUS

is able to resolve the vast majority of topographic features, e.g., impact craters as

small as ∼4 m across. For images with lower photon counts (e.g. Kocher crater in

Figure 4.6) HORUS is able to resolve most large-scale topographic features, although

higher frequency details are sometimes lost. Importantly, we do not observe any

hallucinations (false positives) or other artefacts in the real HORUS images which

could suggest poor generalisation of HORUS. In sharp contrast, the raw input image

is affected by intense noise, making any meaningful observations difficult.

Validation using overlapping images. Another way to verify HORUS perfor-

mance is to compare HORUS denoising across overlapping image frames. Here

we do not have definitive ground truth as all images are shadowed, but we can

analyse whether topographic features appear consistent throughout all HORUS

frames. We compare three overlapping HORUS images taken over a PSR at the

lunar south pole in Figure 4.7. As illustrated in Figure 4.7, we can trace topographic

features through all three frames. However, the size of resolvable features increases

with decreasing photon counts: The smallest feature we can identify in the highest

photon count frame (top left) is ∼7 m across, while the smallest feature in the

lowest photon count frame (bottom left) is ∼14 m across. This is consistent with

the synthetic observations in Figure 4.5.
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Both of the validation approaches above suggest that HORUS is able to reliably

generalise to real images of PSRs. Furthermore, both approaches can be applied

whenever a new PSR is processed using HORUS, as most PSRs are surrounded by

TSRs and have multiple overlapping frames available.

4.5.2 Future work

There is much future research which could follow from this work. Firstly, HORUS

allows us to see features such as boulders and craters within PSRs down to 3-5 m

in size for the first time, and therefore enables many new and exciting applications

in lunar science. For example, HORUS could be used to study the geomorphology

and traversability of PSRs, as well as their potential for hosting volatiles such as

water-ice. This would have significant impact in both lunar science and exploration.

Furthermore, there exist over 200,000 LRO NAC images over the lunar poles, and

applying HORUS to these could enable large-scale spatial, temporal and seasonal

variations of PSRs to be studied.

Secondly, our confidence in HORUS denoising could be further improved by

quantitatively assessing its performance on downstream tasks such as crater counting

and elevation modelling. Being able to show improvement on these tasks would be

a powerful indicator of its performance. Furthermore, given the ill-posed nature

of the underlying inversion problem, adding uncertainty estimation to the outputs

of HORUS (for example through the use of GANs or Bayesian neural networks)

could help us assess our confidence in its denoising.

Finally, many further refinements of the HORUS algorithm are possible. For

example, transfer learning could be used to fine-tune HORUS on a specific task, such

as imaging transition zones between PSRs and sunlit regions (which are particularly

relevant for future exploration missions), by carefully selecting its training images

and scenes. Whilst we use standard convolutional architectures, more complex

architectures may improve performance. It would also be interesting to study how

transferable HORUS is to other CCD cameras, for example those carrying out

low-light imaging of other celestial bodies, or even those used on Earth.
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4.6 Summary

We have shown that PIML can carry out inversion using real data. HORUS was

able to significantly enhance shadowed images of the lunar surface and reveal small-

scale surface features within them for the first time, even though these images were

dominated by complex real-world noise. This algorithm will likely have significant

impact in the lunar science and exploration community by allowing us to visualise

PSRs in unprecedented detail. However, the complexity of the dataset and its

real-world noise meant that it was challenging to generate realistic training data

and ensure HORUS generalised well to real images, and to validate its denoised

images. Future work is needed to assess the uncertainty in HORUS’ outputs and

its applicability to other low-light denoising environments.
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Physics-informed neural networks for wave

simulation

5.1 Introduction

The previous two chapters focused on the scalability of PIML approaches for

estimating underlying physical principles and quantities from real data. In this

chapter we instead focus on the forward problem and consider the question, can

PIML algorithms simulate complex physical phenomena? More specifically, we

propose and assess the scalability of various approaches for simulating increasingly

complex seismic wave phenomena.

Simulating seismic waves is essential for many real-world applications, from

modelling earthquakes to carrying out seismic exploration. Yet, in many cases

it is notoriously difficult. Depending on the problem, many complex phenomena

can occur, including reflected, transmitted and grazing waves at interfaces in the

medium, wavefront compression, expansion and healing through different velocity

regions, multiple types of waves interfering simultaneously and a multi-scale range of

amplitudes and frequencies [Igel, 2017]. Often, sophisticated numerical solvers with

elaborate implementations are required to incorporate these phenomena. Furthermore

they are usually very computationally expensive, requiring supercomputers to run.

101
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Given its complexity, simulating seismic waves is an excellent task for investigating

how well PIML-based simulation techniques scale to more complex physical phenom-

ena. One good place to start is the modelling of a point source in a homogeneous

medium, which has a simple analytical solution. Then, seismic waves in more

Earth-realistic, strongly heterogeneous media could be modelled where more complex

phenomena can occur, which is significantly harder to model.

In this chapter we present, evaluate and discuss three different deep learning

and PIML approaches for simulating seismic waves in increasingly complex media.

The first approach uses a deep neural network with a physics-informed WaveNet

architecture [van den Oord et al., 2016] to simulate the seismic waves generated by

a point source propagating in simple 2D horizontally layered acoustic media. The

second approach uses a deep neural network with a conditional encoder-decoder

architecture to simulate the same problem, but for more realistic media which

contain geological faults and for a variable source location. The final approach

uses a fully-connected neural network with a physics-informed loss function to

simulate the entire seismic wavefield in both simple and strongly heterogeneous

Earth-realistic 2D acoustic media.

We find that all the approaches tested are able to accurately simulate seismic

waves within their respective media. Furthermore, once trained all of the networks are

orders of magnitude faster than finite difference modelling. This suggests that they

can provide useful alternatives to traditional numerical solvers when simulating

real-world problems.

However, significant challenges are identified when scaling our methods to more

complex and realistic tasks. Firstly, for the first two approaches, significantly longer

training times, more training data and more free parameters in the neural networks

are required in order to accurately simulate the seismic response as the complexity

of the Earth model increases. Secondly, the accuracy of these approaches declines

significantly when simulating Earth models outside of their training distribution,

i.e. they do not provide a general simulation approach. Thirdly, whilst the third

approach is able to model high amplitude phenomena such as direct arrivals, it
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struggles to model lower amplitude phenomena such as secondary reflections. We

discuss each of these challenges further.

This chapter is divided into five remaining parts. In Section 5.2 we provide

relevant background on seismic simulation and machine learning in geophysics. Next,

in Sections 5.3, 5.4 and 5.5 we present and evaluate each of the three approaches

for simulating seismic waves described above. Finally in Section 5.6 we discuss

the implications of all our approaches and the challenges encountered when scaling

them to more complex and realistic tasks.

5.2 Background

5.2.1 Real-world seismic simulation

Seismic simulations are vital for many different geophysical applications. In seismic

hazards analysis they are used to quantify the ground motion of potential earthquakes

[Boore, 2003, Cui et al., 2010], in oil and gas prospecting they allow hydrocarbon

reservoirs to be characterised and modelled [Chopra and Marfurt, 2007, Lumley,

2001], in global geophysics they allow us to obtain snapshots of the Earth’s interior

dynamics [Hosseini et al., 2019, Bozdağ et al., 2016] and in planetary science they

play a central role in understanding the seismicity of Mars and other planets [Van

Driel et al., 2019, Stähler et al., 2018].

Most real-world applications require the simulation of seismic waves in realistic,

fully heterogeneous 3D Earth models where many complex physical phenomena can

occur. In this setting, the most popular approaches are finite difference (FD) and

spectral element methods (SEM) [Igel, 2017, Moczo et al., 2007, Komatitsch and

Tromp, 2002a,b]. These approaches are able to capture a large range of physics,

including the effects of undulating solid-fluid interfaces [Leng et al., 2019], intrinsic

attenuation [van Driel and Nissen-Meyer, 2014a] and anisotropy [van Driel and Nissen-

Meyer, 2014b]. Such methods are usually considered “exact” (i.e. they are capable of

modelling the full range of physics) so long as their discretisation errors are kept small.

However, ensuring this becomes extremely computationally demanding as the

complexity of the simulation increases. In particular, the number of discrete
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elements required increases significantly as the required simulation frequency increases

(typically ∝ ω4 for 3D simulation). The Earth’s interior has a multi-scale nature

and thus requires high frequency simulations; for realistic applications billions of

elements may be required which leads to high computational costs. For example, in

global seismology one may be interested in modelling waves up to 1 Hz in frequency

to resolve small-scale heterogeneities in the mantle and a single simulation of this

type with conventional techniques can cost around 40 million CPU hours [Leng et al.,

2019]. When carrying out seismic tomography after a seismic survey, seismic waves

up to tens of Hertz in frequency may need to be modelled hundreds of thousands

of times for each explosion in the survey, and such requirements can easily fill the

largest supercomputers on Earth [Tromp et al., 2005].

Reducing the computational costs of 3D methods is therefore a major area of

research and many approaches have been developed. One strategy is to employ

hardware accelerators such as GPUs and multi-node parallelisation [Rietmann

et al., 2012, Bohlen, 2002]. Another is to use algorithmic optimisations such

as improved time schemes [Rietmann et al., 2015, Ma et al., 2014] and irregular

meshing [Peter et al., 2011, Pelties et al., 2012]. However, whilst both strategies

can offer modest speedups they typically do not drastically change the scaling of

computational cost with frequency. Larger computational savings can be achieved by

introducing fundamental approximations into the simulation, for example that the

Earth is spherically symmetric [Friederich and Dalkolmo, 1995, Kawai et al., 2006],

axisymmetric [Toyokuni and Takenaka, 2006, Nissen-Meyer et al., 2014], or has lateral

smoothness [Leng et al., 2019]. With increasing frequency such methods can become

several orders of magnitude faster than full 3D methods. For simple 2D and 1D Earth

models, pseudo-analytical techniques such as ray tracing and amplitude-versus-offset

modelling can be very efficient and effective [Aki and Richards, 1980, Vinje et al., 1993].

Thus, there appears to be a clear compromise between the level of approximation of

the physical system and the computational cost of the simulation algorithm.

Machine learning may help to alleviate this issue, by offering different approaches

for simulation. For example, we note that for many real-world applications we are
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only interested in understanding the seismic response recorded at the surface of an

Earth model (for example in seismic imaging or earthquake modelling), yet fully

numerical methods still need to solve for the wavefield through the entire Earth model

in order to obtain this response. In the first two approaches presented below we

instead use machine learning to learn a direct mapping from the initial conditions of

the simulation to the surface response without needing to compute the full wavefield,

which leads to potentially large efficiency savings. At a higher level, machine learning

opens up the possibility to learn from previous simulations, which may allow more

powerful computational shortcuts to be taken when carrying out new simulations.

5.2.2 Related work

The use of machine learning and neural networks in geophysics is in general not

new [Van Der Baan and Jutten, 2000]. For example, Murat and Rudman [1992]

used neural networks to carry out automated first break picking, Dowla et al. [1990]

used a neural network to discriminate between earthquakes and nuclear explosions

and Poulton et al. [1992] used them for electromagnetic inversion of a conductive

target. In seismic inversion, Röth and Tarantola [1994] used a neural network to

estimate the velocity of 1D, layered, constant thickness velocity profiles from seismic

amplitudes and Nath et al. [1999] used neural networks for cross-well travel-time

tomography. However, these early approaches only used shallow network designs with

small numbers of free parameters which limits the expressivity of neural networks

and the complexity of problems they can learn about [Goodfellow et al., 2016].

Driven by more recent advances in machine learning, a resurgence is occurring

[Bergen et al., 2019, Kong et al., 2019]. Early examples include Devilee et al.

[1999], who used deep probabilistic neural networks to estimate crustal thicknesses

from surface wave velocities and Valentine and Trampert [2012] who used a deep

autoencoder to compress seismic waveforms. More recent examples include Perol

et al. [2018] who presented an earthquake identification method using convolutional

networks which is orders of magnitude faster than traditional techniques, Araya-Polo

et al. [2018], Wu and Lin [2018], Yang and Ma [2019] who proposed various concepts
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and deep learning techniques for carrying out seismic inversion and Sun and Demanet

[2018] who showed deep learning could extrapolate low frequencies in recorded seismic

data to improve the convergence of full waveform inversion (FWI) algorithms.

For seismic simulation, Zhu et al. [2017] presented a multi-scale convolutional

network for predicting the evolution of the full seismic wavefield in heterogeneous

media. Their method was able to approximate wavefield kinematics over multiple time

steps, although it suffered from the accumulation of error over time and did not offer a

reduction in computational time. Siahkoohi et al. [2019] showed that FD simulation

could be accelerated by using a hybrid approach which combined convolutional

neural networks with low fidelity FD time steps. Krischer and Fichtner [2017] used a

generative adversarial network to simulate seismograms from radially symmetric and

smooth Earth models. Yang et al. [2021b] showed that Fourier neural operators could

provide accurate surrogate models for carrying out seismic simulation and inversion.

Recent work has also investigated the use of physics-informed neural networks

(PINNs) for simulating seismic waves. Smith et al. [2021] presented a PINN to

predict the travel times of waves in 3D heterogeneous media by solving the Eikonal

equation. Karimpouli and Tahmasebi [2020] showed PINNs could solve the 1D

time-dependent wave equation in a constant velocity medium and simultaneously

estimate the velocity of the medium. Rasht-Behesht et al. [2021] took a similar

approach, but extending to 2D heterogeneous acoustic media, showing that PINNs

could invert for ellipsoidal and checkerboard velocity models given the seismic

response from sources placed within these models. Xu et al. [2019a] similarly used

PINNs to carry out 2D seismic inversion, whilst Shukla et al. [2020] used them for

ultrasound inversion. Rao et al. [2021] presented a PINN for solving the elastic

wave equation in 2D homogeneous media, whilst Song et al. [2021] used a PINN to

simulate seismic waves in 2D and 3D aniostropic acoustic media using a scattered

wavefield formulation in the frequency domain.

In contrast to the works above, in this work we present three distinct PIML

approaches for carrying out seismic simulation, and discuss the advantages and

disadvantages between them. Furthermore, whilst the works above mostly focus on
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solving simplified toy problems, we place focus on assessing how well our approaches

scale to more complex, real-world simulation tasks. For the PINN tested specifically,

we present novel ways to train the network using curriculum learning and condition

the PINN on the source location.

5.2.3 Acoustic wave equation

In this work we focus on simulating seismic waves in fully heterogeneous media.

For example, one could consider simulating the seismic waves generated from a

point source (e.g. an earthquake or explosion) within an Earth model. Only the

compressional (acoustic) waves generated are considered and we only consider 2D

media. The extension of our approaches to 3D simulation, as well as the inclusion of

more complex wave physics (such as elastic waves), is discussed in Section 5.6.

In this case the system can be described by the acoustic wave equation, given by

ρ∇ ·
(

1
ρ
∇u

)
− 1
c2
∂2u

∂t2
= −ρ∂

2f

∂t2
, (5.1)

where u(x, t) describes the pressure of the seismic waves generated, f(x, t) is a source

term which describes the strength and duration of the source, c(x) =
√
κ/ρ is the

velocity of the medium, ρ(x) is the density of the medium, κ(x) is the adiabatic

compression modulus, u, f, c, ρ, κ, t ∈ R1 and x ∈ Rd where d is the number of

spatial dimensions (d = 2 in this case) [Long et al., 2013]. In general both the

density and velocity of the medium can vary spatially. When the density of the

medium is constant and the source term is negligible Equation 5.1 reduces to the

canonical form of the wave equation, given by

∇2u− 1
c2
∂2u

∂t2
= 0 . (5.2)

5.3 Fast seismic simulation in 2D horizontally lay-
ered acoustic media using WaveNet

5.3.1 Overview

In this section we present and evaluate a deep neural network with a physics-informed

WaveNet architecture [van den Oord et al., 2016] for simulating seismic waves in
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Figure 5.1: Ground truth FD simulation example. Left, top: A 20 Hz Ricker seismic
source is emitted close to the surface and propagates through a 2D horizontally layered
acoustic Earth model. The black circle shows the source location. 11 receivers are placed
at the same depth as the source with a horizontal spacing of 50 m (red triangles). The
full wavefield is overlain for a single snapshot in time. Note seismic reflections occur at
each velocity interface. Left, bottom: The Earth velocity model. The Earth model has
a constant density of 2200 kgm−2. Right: The resulting ground truth pressure response
recorded by each of the receivers, using FD modelling. A t2.5 gain is applied to the receiver
responses for display.

simple 2D horizontally layered acoustic Earth models. The goal of this section is

to assess whether deep learning and PIML can be used to simulate seismic waves

for a simplified task, before attempting to design approaches which scale to more

realistic and complex tasks in Sections 5.4 and 5.5.

More specifically, we train the network to simulate the seismic response recorded

at multiple receiver locations on the surface of an Earth model from a point source

emitted at the surface, given the Earth’s velocity model as an input. The network is

trained using many example simulations from FD simulation. An example simulation

we wish to learn is shown in Figure 5.1.

As mentioned above, many real-world seismic applications are concerned with

sparse surface observations similar to this setup. A key difference of this approach

compared to FD and SEM simulation is that, once trained, the network computes the
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Figure 5.2: Our WaveNet simulation workflow. Given a 1D Earth velocity profile as
input (left), our WaveNet deep neural network (middle) outputs a simulation of the
pressure responses at the 11 receiver locations in Fig 5.1. The raw input 1D velocity
profile sampled in depth is converted into its normal incidence reflectivity series sampled
in time before being input into the network. The network is composed of 9 time-dilated
causally-connected convolutional layers with a filter width of 2 and dilation rates which
increase exponentially with layer depth. Each hidden layer of the network has same
length as the input reflectivity series, 256 channels and a ReLU activation function. A
final causally-connected convolutional layer with a filter width of 101 samples, 11 output
channels and an identity activation is used to generate the output simulation.

seismic response at the surface in a single inference step without needing to iteratively

model the seismic wavefield through time, which could offer a significant speed-up.

We will now discuss our simulation workflow and training methodology in

more detail below.

5.3.2 Simulation workflow

Our simulation workflow is shown in Figure 5.2. The input to the workflow is a

horizontally layered velocity profile and its output is a prediction of the pressure

response recorded at each receiver location. The workflow consists of two distinct

steps. First, a pre-processing step is carried out, where we convert each input velocity

model sampled in depth into its corresponding normal incidence reflectivity series

sampled in time (Figure 5.2, left). Second, a simulation step is carried out, where

the reflectivity series is passed to the WaveNet network to simulate the pressure

response recorded by each receiver sampled in time (Figure 5.2, right).
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5.3.2.1 Reflectivity series

The reflectivity series is typically used in exploration seismology [Russell, 1988]

and contains the values of the ratio of the amplitude of the reflected wave to the

incident wave that occurs at each interface in a velocity model. For acoustic waves

at normal incidence, these values are given by

R = ρ2v2 − ρ1v1

ρ2v2 + ρ1v1
, (5.3)

where ρ1,v1 and ρ2,v2 are the densities and P-wave velocities across the interface. In

our workflow we represent the reflectivity series as a time series, where the time of

each reflectivity value is defined as the time at which the primary reflection of the

source from the corresponding velocity interface arrives at the zero-offset (normal

incidence) receiver in Figure 5.1. These arrival times are computed by performing

a standard 1D depth-to-time conversion of the input velocity model.

5.3.2.2 WaveNet

The WaveNet network was originally proposed by van den Oord et al. [2016] for

text-to-speech synthesis and it is essentially a fully convolutional deep neural network

with a few alterations made to better honour time series prediction tasks which are

causal and occur over multiple time scales. Each convolutional layer is made causal;

that is, the receptive field of each neuron only contains samples from the input whose

sample times are before or the same as the neuron’s sample time (see Figure 5.2,

middle). Furthermore the width of each causal connection increases exponentially

with the depth of each layer. This allows the field of view of the neurons to increase

exponentially with layer depth, without needing a large number of layers.

5.3.2.3 Physics-informed architecture

We chose to convert the velocity model to its reflectivity series and use the causal

WaveNet architecture to physically constrain our workflow. For horizontally layered

velocity models and receivers horizontally offset from the source, the receiver pressure

recordings are causally correlated to the normal incidence reflectively series of the
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zero-offset receiver. Intuitively, a seismic reflection recorded after a short time has

only travelled through a shallow part of the velocity model and the pressure responses

are at most dependent on the past samples in this reflectivity series. We build this

causality assumption into our workflow as a hard constraint by pre-processing the

input velocity model into its corresponding reflectivity series and using the causal

WaveNet architecture to simulate the receiver response.

5.3.2.4 Implementation details

The input to our simulation workflow is the 1D profile of a 2D horizontally layered

velocity model, with a depth of 640 m and a step size of 5 m. We use Equation 5.3 and

a standard 1D depth-to-time conversion to convert the velocity model into its normal

incidence reflectivity series. The output reflectivity series has a length of 1 s and a

sample rate of 2 ms. An example output reflectivity series is shown in Figure 5.2 (left).

The reflectivity series is passed to the WaveNet network, which contains 9

causally-connected convolutional layers (Figure 5.2, middle). Each convolutional

layer has the same length as the input reflectivity series, 256 hidden channels, a

receptive field width of 2 samples and a Rectified Linear Unit (ReLU) activation

function [Nair and Hinton, 2010]. Similar to the original WaveNet design, we use

exponentially increasing dilations at each layer to ensure that the first sample in

the input reflectivity series is in the receptive field of the last sample of the output

simulation. We add a final causally-connected convolutional layer with 11 output

channels, a filter width of 101 samples and an identity activation to generate the

output simulation, where each output channel corresponds to a receiver prediction.

This results in the network having 1,333,515 free parameters in total.

5.3.3 Training data generation

To train the network, we generate 50,000 synthetic ground truth example simulations

using the SEISMIC_CPML code, which performs 2nd-order acoustic FD modelling

[Komatitsch and Martin, 2007]. Each example simulation uses a randomly sampled

2D horizontally layered velocity model with a width and depth of 640 m and a
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Figure 5.3: Distribution of layer velocity and layer thickness over all examples in the
training set.

sample rate of 5 m in both directions. (Figure 5.1, bottom left). For all simulations

we use a constant density model of 2200 kgm−2.

In each simulation the layer velocities and layer thickness are randomly sampled

from log-normal distributions. We also add a small velocity gradient randomly

sampled from a normal distribution to each model such that the velocity values

tend to increase with depth, to be more Earth-realistic. The distributions over layer

velocities and layer thicknesses for the entire training set are shown in Figure 5.3.

We use a 20 Hz Ricker source emitted close to the surface and record the pressure

response at 11 receiver locations placed symmetrically around the source, horizontally

offset every 50 m (Figure 5.1, top left). We use a convolutional perfectly matched

layer boundary condition such that waves which reach the edge of the model are

absorbed with negligible reflection. We run each simulation for 1 s and use a 0.5 ms

sample rate to maintain accurate FD fidelity. We downsample the resulting receiver

pressure responses to 2 ms before using them for training.

We run 50,000 simulations and extract a training example from each simulation,

where each training example consists of a 1D layered velocity profile and the

recorded pressure response at each of the 11 receivers. We withhold 10,000 of

these examples as a validation set to measure the generalisation performance of

the network during training.

5.3.4 Training process

The network is trained using the Adam stochastic gradient descent algorithm [Kingma

and Ba, 2015]. This algorithm computes the gradient of a loss function with respect
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to the free parameters of the network over a randomly selected subset, or batch, of

the training examples. This gradient is used to iteratively update the parameter

values, with a step size controlled by a learning rate parameter. We propose a L2

loss function with time-varying gain function for this task, given by

L = 1
N
‖G(Ŷ − Y )‖2

2 , (5.4)

where Ŷ is the simulated receiver pressure response from the network, Y is the

ground truth receiver pressure response from FD modelling and N is the number of

training examples in each batch. The gain function G has the form G = tg where t

is the sample time and g is a hyperparameter which determines the strength of the

gain. We add this to empirically account for the attenuation of the wavefield caused

by spherical spreading, by increasing the weight of samples at later times. In this

Section we use a fixed value of g = 2.5. We use a learning rate of 1x10−5, a batch

size of 20 training examples and run training over 500,000 gradient descent steps.

5.3.5 Comparison to 2D ray tracing

We compare the WaveNet simulation to an efficient, quasi-analytical 2D ray-tracing

algorithm which assumes horizontally layered media. We modify the 2D horizontally

layered ray-tracing bisection algorithm from the CREWES seismic modelling library

[Margrave and Lamoureux, 2018] to include Zoeppritz modelling of the reflection

and transmission coefficients at each velocity interface [Aki and Richards, 1980]

and 2D spherical spreading attenuation [Gutenberg, 1936, Newman, 1973] during

ray tracing. The output of the algorithm is a primary reflectivity series for each

receiver, which we convolve with the source signature used in FD modelling to

obtain an estimate of the receiver responses.

5.3.6 Results

Whilst training the WaveNet the losses over the training and validation datasets

converge to similar values, suggesting the network is generalising well to examples

in the validation dataset. To assess the performance of the trained network, we
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Figure 5.4: WaveNet simulations for 4 randomly selected examples in the test set. Red
shows the input velocity model, its corresponding reflectivity series and the ground truth
pressure response from FD simulation at the 11 receiver locations. Green shows the
WaveNet simulation given the input reflectivity series for each example. A t2.5 gain is
applied to the receiver responses for display.

generate a random test set of 1000 unseen examples. The simulations for 4 randomly

selected examples from this test set are compared to the ground truth FD modelling

simulation in Figure 5.4. We also compare the WaveNet simulation to 2D ray tracing

in Figure 5.5. For nearly all time samples the network is able to simulate the receiver

pressure responses. The WaveNet is able to predict the Normal Moveout (NMO) of

the primary layer reflections with receiver offset, the direct arrivals at the start of

each receiver recording and the spherical spreading loss of the wavefield over time,

though the network struggles to accurately simulate the multiple reverberations

at the end of the receiver recordings.
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Figure 5.5: Comparison of WaveNet simulation to 2D ray tracing. We compare the
WaveNet simulation to 2D ray tracing for 2 of the examples in Fig 5.4. Red shows the
input velocity model, its corresponding reflectivity series and the ground truth pressure
responses from FD simulation. Green shows the WaveNet simulation (left) and 2D ray
tracing simulation (right). A t2.5 gain is applied to the receiver responses for display.

We plot the histogram of the average absolute amplitude difference between

the ground truth FD simulation and the simulation from the WaveNet and 2D ray

tracing over the test set in Figure 5.6 (bottom right) and observe that the WaveNet

simulation has a lower average amplitude difference than 2D ray tracing. Small

differences in phase and amplitude at larger offsets are the main source of discrepancy

between the 2D ray tracing and FD simulation, which can be seen in Figure 5.5,

and are likely due to errors both in the ray tracing approximation and in using

discretisation in the FD simulation. The WaveNet predictions are consistent and
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Figure 5.6: Comparison of different network architectures on simulation accuracy. Top
left shows the WaveNet simulated pressure response for a randomly selected example in
the test set (green) compared to ground truth FD simulation (red). Top right and bottom
left show the simulated response when using two convolutional network designs with and
without exponential dilations. Bottom right shows the histogram of the average absolute
amplitude difference between the ground truth FD simulation and the simulations from
the WaveNet, the dilated convolutional network and 2D ray tracing over the test set of
1000 examples. A t2.5 gain is applied to the receiver responses for display.

stable across the test set, and their closer amplitude match to the FD simulation

is perhaps to be expected because the network is trained to directly match the

FD simulation, rather than the 2D ray tracing.

We compare the sensitivity of the network’s accuracy to two different convolutional

network designs in Figure 5.6. Their main differences to the WaveNet design is that

both networks use standard rather than causal convolutional layers and the second

network uses exponential dilations whilst the first does not. Both networks have 9
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Figure 5.7: Generalisation ability of the WaveNet. The WaveNet simulations (green)
for 4 velocity models with a much smaller average layer thicknesses than the training
distribution are compared to ground truth FD simulation. Red shows the input velocity
model, its corresponding reflectivity series and the ground truth pressure responses from
FD simulation.

convolutional layers, each with 256 hidden channels, filter sizes of 3, ReLU activations

for all hidden layers and an identity activation function for the output layer, with

1,387,531 free parameters in total. We observe that the convolutional network without

dilations does not converge during training, whilst the dilated convolutional network

has a higher average absolute amplitude difference over the test set from the ground

truth FD simulation than the WaveNet network (Figure 5.6 (bottom right)).

The generalisation ability of the WaveNet outside of its training distribution is

tested in Figure 5.7. We generate four velocity models with a much smaller average

layer thickness than the training set and compare the WaveNet simulation to the
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Method Average CPU time (s) Average GPU time (s) Training time (days)
2D FD simulation 73± 1 (1x) - -
2D ray tracing 2.2± 0.1 (33x) - -

WaveNet (forward) 3.79± 0.03 (19x) 0.133± 0.001 (549x) 0.5
Conditional encoder-decoder 3.3± 0.1 (22x) 0.180± 0.003 (406x) 4

Table 5.1: Speed comparison of simulation methods. The time shown is the average
time taken to generate 100 simulations on either a single core of a 2.2 GHz Intel Core i7
processor or a NVIDIA Tesla K80 GPU. The speed up factor compared to FD simulation
is shown in brackets.

ground truth FD simulation. We find that the WaveNet is able to make an accurate

prediction of the seismic response, but it struggles to simulate the multiple reflections

and sometimes the interference between the direct arrival and primary reflections.

We compare the average time taken to generate 100 simulations to FD simulation

and 2D ray tracing in Table 5.1. We find that on a single CPU core the WaveNet is

19 times faster than FD simulation, and using a GPU and the TensorFlow library

[Abadi et al., 2016] it is 549 times faster. This speedup is likely to be higher than

if the GPU was used for accelerating existing numerical methods [Rietmann et al.,

2012]. In this case, the specialised 2D ray tracing algorithm offers a similar speed

up to the WaveNet network. The network takes approximately 12 hours to train

on one NVIDIA Tesla K80 GPU, although this training step is only required once

and subsequent simulation steps are fast.

5.4 Fast seismic simulation in 2D faulted acoustic
media using a conditional encoder-decoder

5.4.1 Overview

The WaveNet architecture we implemented above is limited in that it is only able to

simulate seismic waves in simple horizontally layered Earth models. In this section

we present and evaluate a second network which is significantly more general; it

simulates seismic waves in 2D faulted acoustic media with arbitrary layers, fault

properties and an arbitrary location of the seismic source on the surface of the media.

Similar to Section 5.3, the task is to simulate the seismic response recorded at

multiple receiver locations on the surface of the Earth model from a point source
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Figure 5.8: Ground truth FD simulation example, with a 2D faulted media. Left, top:
The black circle shows the source location. 32 receivers are placed at the same depth as
the source with a horizontal spacing of 15 m (red triangles). The full wavefield pressure is
overlain for a single snapshot in time. Left, bottom: The Earth velocity model. Right: The
resulting ground truth pressure response recorded by each receiver, using FD modelling. A
t2.5 gain is applied to the receiver responses for display.

emitted at the surface, given the Earth’s velocity model as an input. In this case

the source location can vary along the surface and is given as an additional input.

The network is trained using many example simulations from FD simulation. An

example simulation we wish to learn is shown in Figure 5.8.

This is a much more challenging task to learn for multiple reasons. Firstly, the

velocity model varies along both dimensions and the resulting seismic wavefield has

more complex kinematics than the wavefields in horizontally layered media. Secondly,

we add the source location as an input and attempt to generalise across this initial

condition too. Thirdly, we input the velocity model directly into the network without

conversion to a reflectivity series beforehand; the network must learn to carry out

its own depth to time conversion to simulate the receiver responses. We chose this

approach rather than pre-processing the velocity model into a reflectively series

beforehand because we note that for non-horizontally layered media the pressure

responses are in general not causally correlated to the normal incidence reflectivity
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Figure 5.9: Our conditional encoder-decoder simulation workflow. Given a 2D velocity
model and source location as input, a conditional encoder-decoder network outputs a
simulation of the pressure responses at the receiver locations in Figure 5.8. The network is
composed of 24 convolutional layers and concatenates the input source location with its
latent vector.

series and our previous causality assumption does not hold.

We will now discuss our simulation workflow and training methodology in

more detail below.

5.4.2 Simulation workflow

Our simulation workflow is shown in Figure 5.9. Instead of pre-processing the

input velocity model to its associated reflectivity series, we input the velocity model

directly into the network. The network is conditioned on the source position, which

is allowed to vary along the surface of the Earth model. The output of the network

is a simulation of the pressure responses recorded at 32 fixed receiver locations

in the model shown in Figure 5.8.

5.4.2.1 Conditional encoder-decoder design

We use a conditional encoder-decoder network design, shown in Fig 5.9. This

network compresses the velocity model into a set of latent features by slowly

removing the spatial dimensions of the velocity model, before decompressing the

latent features by adding a time dimension to infer the receiver responses. The idea

is that this design helps the network learn the depth-to-time conversion required

between the velocity model and the receiver responses. In addition, the input
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source location is concatenated onto the latent vector in order to condition the

network on this initial condition.

The network is composed of 10 convolutional layers which reduce the spatial

dimensions of the input velocity model until it has a 1x1 shape with 1024 hidden

channels. The input source surface position is concatenated onto this latent vector

and 14 convolutional layers are used to expand the size of the latent vector until its

output shape is the same as the target receiver gather. All hidden layers use ReLU

activation functions and the final output layer uses an identity activation function.

The resulting network has 18,382,296 free parameters. The full parameterisation

of the network is shown in Table C.1.

5.4.3 Training process

We use the same training data generation process described by Section 5.3.3. When

generating velocity models, we add a fault to the model. We randomly sample

the length, normal or reverse direction, slip distance and orientation of the fault.

Example velocity models drawn from this process are shown in Figure 5.10. We

generate 100,000 example velocity models and for each model chose three random

source locations along the top of the model. This generates a total of 300,000

synthetic ground truth example simulations to use for training the network. We

withhold 60,000 of these examples to use as a validation set during training.

We train using the same training process and loss function described in Sec-

tion 5.3.4, except that we employ a L1 norm instead of a L2 norm in the loss

function (Equation 5.4). We use a learning rate of 1x10−4, a batch size of 100

examples and run training over 3,000,000 gradient descent steps. We use batch

normalisation [Ioffe and Szegedy, 2015] after each convolutional layer to help regularise

the network during training.

5.4.4 Results

During training the losses over the training and validation datasets converge to similar

values and we test the performance of the trained network using a test set of 1000
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Figure 5.10: Conditional encoder-decoder simulations for 8 randomly selected examples
in the test set. White circles show the input source location. The left simulation plots show
the network predictions, the middle simulation plots show the ground truth FD simulations
and the right simulation plots show the difference. A t2.5 gain is applied for display.

unseen examples. The output simulations for 8 randomly selected velocity models and

source positions from this set are shown in Figure 5.10. We observe that the network

is able to simulate the kinematics of the primary reflections and in most cases is

able to capture their relative amplitudes. We also plot the network simulation when

varying the source location over 2 velocity models from the test set in Figure 5.11

and find that the network is able to generalise well over different source locations.

We test the accuracy of the simulation when using different network designs and

training hyperparameters, shown in Figure 5.13. We compare example simulations

from the test set when using our baseline conditional encoder-decoder network, when

halving the number of hidden channels for all layers, when using a L2 loss function
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Figure 5.11: Conditional encoder-decoder simulation accuracy when varying the source
location. The network simulation is shown for 6 different source locations whilst keeping
the velocity model fixed. The source positions are regularly spaced across the surface of
the velocity model (white circles). Example simulations for 2 different velocity models in
the test set are shown, where each row corresponds to a different velocity model. The pairs
of simulation plots in each row from left to right correspond to the network prediction
(left in the pair) and the ground truth FD simulation (right in the pair), when varying the
source location from left to right in the velocity model. A t2.5 gain is applied for display.

during training, when using gain exponents of g = 0 and g = 5 in the loss function

and when removing 2 layers from the encoder and 8 layers from the decoder. We plot

the histogram of the average absolute amplitude difference between the ground truth

FD simulation and the network simulation over the test set for all of the cases above,

and observe that in all cases the simulations are less accurate than our baseline

approach. Without the gain in the loss function, the network only learns to simulate

the direct arrival and the first few reflections in the receiver responses. With a gain

exponent of g = 5, the network simulation is unstable and it fails to simulate the

first 0.2 seconds of the receiver responses. When using the network with less layers

the simulations have edge artefacts, whilst the network with half the number of

hidden channels is closest to the baseline accuracy. In testing we find that training a

network with the same number of layers but without using a bottleneck design to

reduce the velocity model to a 1x1x1024 latent vector does not converge.

We compare the accuracy of the conditional encoder-decoder to the WaveNet

network in Figure C.1. We plot the simulation from both networks for an example

model in the horizontally layered velocity model test set and the histogram of the

average absolute amplitude difference between the ground truth FD simulation
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Figure 5.12: Generalisation ability of the conditional encoder-decoder. The conditional
encoder-decoder simulations for 5 velocity models taken from different regions of the
Marmousi P-wave velocity model are shown (examples (d)-(h)). For each example, left
shows the input velocity model and source location, the middle simulations plots show
the network prediction (left) and the ground truth FD simulation (right) and right shows
the nearest neighbour in the training set to the input velocity model. Simulations from
3 of the test velocity models in Figure 5.10 are also shown with their nearest neighbours
(examples (a)-(c)). A t2.5 gain is applied for display.

and the WaveNet and conditional encoder-decoder simulations over this set. Both

networks are able to accurately simulate the receiver responses and the WaveNet

simulation is slightly more accurate than the conditional encoder-decoder, though

of course the latter is more general.

We test the generalisation ability of the conditional encoder-decoder outside of

its training distribution by inputting randomly selected 640× 640 m boxes from the

publicly available 2D Marmousi P-wave velocity model [Martin et al., 2006] into the

network. These velocity models contain much more complex faulting at multiple

scales, higher dips and more layer variability than our training dataset. The resulting
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Figure 5.13: Comparison of different conditional encoder-decoder network designs and
training hyperparameters on simulation accuracy. Top left shows a randomly selected
velocity model and source location from the test set and its corresponding ground truth
FD simulation. Bottom compares simulations and their difference to the ground truth
when using our proposed conditional encoder-decoder (baseline), when halving the number
of hidden channels for all layers (thin), when using a L2 loss function during training
(L2 loss), when using gain exponents of g = 0 and g = 5 in the loss function and when
removing 2 layers from the encoder and 8 layers from the decoder (shallow). Top right
shows the histogram of the average absolute amplitude difference between the ground truth
FD simulation and the simulation from the different cases over the test set. The histogram
of the baseline network over the Marmousi test dataset is also shown. A t2.5 gain is applied
for display.

network simulations are shown in Figure 5.12. We calculate the nearest neighbour

to the input velocity model in the set of training velocity models, defined as the

training model with the lowest L1 difference summed over all velocity values from

the input velocity model, and show this alongside each example.

We find that the network is not able to accurately simulate the full seismic response

from velocity models which have large dips and/or complex faulting (examples (e),

(f) and (h)) that are absent in the training set. This observation is similar to most

studies which analyse the generalisability of deep neural networks outside their

training set (e.g. Zhang and Lin [2018] and Earp and Curtis [2020]). However,

encouragingly, the network is able to mimic the response from velocity models with

small dips ((d) and (g)), even though the nearest training-set neighbour contains

a fault whereas the Marmousi layers are continuous.
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We compare the average time taken to generate 100 simulations using the

conditional encoder-decoder network to FD simulation in Table 5.1. We find that

on a single CPU core the network is 22 times faster than FD simulation and when

using a GPU and the PyTorch library [Paszke et al., 2019] it is 406 times faster.

This is comparable to the speed up obtained with the WaveNet. It is likely that 2D

ray tracing will not offer the same speed up as observed in Section 5.3.6, because

computing ray paths through these models is likely to be more demanding. The

network takes approximately 4 days to train on one NVIDIA Titan V GPU. This is

8 times longer than training the WaveNet network, although we made little effort to

optimise its training time. We find that when using only 50,000 training examples

the validation loss increases and the network overfits to the training dataset.

5.5 Full wavefield simulation using physics-informed
neural networks

5.5.1 Overview

Whilst the conditional encoder-decoder presented above provides a more general

simulation approach than the WaveNet network from Section 5.3, both approaches

are still unable to simulate seismic waves in realistic, arbitrary, fully heterogeneous

media. In this section we take a different approach, and assess whether a PINN

[Raissi et al., 2019, Lagaris et al., 1998] is able to simulate seismic waves in both

simple and fully heterogeneous Earth-realistic 2D acoustic media.

More specifically, the task is to simulate the seismic response from a point source

emitted from within an Earth model, given the source location and the Earth’s velocity

model as input. There are multiple differences between the simulation task considered

here and the previous two approaches. Firstly, rather than learning the partial solution

at a set of fixed receiver locations, we train the PINN to simulate the full wavefield

solution through the entire Earth model. Secondly, we simulate the seismic response

from a point source located within the Earth model, rather than on the surface.

The input to the PINN is a space and time coordinate concatenated with the

source location and its output is the estimated wavefield solution at that coordinate.
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The wave equation and input velocity model are used directly in the loss function

when training the network. Similar to the conditional encoder-decoder presented

above, we add the source location as an additional input to the network and attempt

to generalise across this initial condition.

There are multiple advantages of using a PINN for this task compared to the

previous two approaches. Firstly, by using the wave equation directly in the loss

function we require much less training data from FD simulation compared to the

approaches above. In particular, only boundary training data from the first few

timesteps of FD simulation are required and the network is able to generalise to

much later timesteps in an unsupervised fashion. Secondly, the full wavefield solution

is learned rather than the response at a set of fixed receiver locations, allowing a

more flexible range of applications. Finally, the PINN allows us to simulate seismic

waves in fully heterogeneous, Earth-realistic media. However, whilst the PINN

presented here can generalise across different source locations without needing to

be retrained, a limitation is that it must be retrained for each new velocity model

and we discuss this further in Section 5.6.

We will now discuss our simulation workflow and training methodology in

more detail below.

5.5.2 Simulation workflow

Our simulation workflow is shown in Figure 5.14. Given a fixed velocity model and a

variable source location, a PINN is used to simulate the full wavefield resulting from

a point source emitted from within the Earth model. In contrast to the previous

two approaches which provide the wavefield solution at a discrete set of points, the

PINN defines a continuous functional approximation of the solution. More precisely,

the input to the PINN is an arbitrary point in space and time, (x, t), concatenated

with the source location, s, and its output, NN (x, t, s; θ), is an approximation of

the wavefield pressure at this point, NN (x, t, s; θ) ≈ u(x, t, s), where θ denote the

trainable parameters of the network. As above we focus on 2D acoustic simulation, i.e.

the underlying dynamics are governed by Equation 5.1 with x, s ∈ R2 and t, u ∈ R1.
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Figure 5.14: Physics-informed neural network used to solve the wave equation. The input
to the network is a single point in time and space (x, t) and its output is an approximation
of the wavefield solution at this location. We extend the original PINN approach proposed
by Raissi et al. [2019] by further conditioning the network on the initial source location
s. We use a fully connected network architecture with 10 layers, 1024 hidden channels,
softplus activation functions before all hidden layers and a linear activation function for
the final layer.

5.5.3 Training process

The PINN is trained by using a combination of data from FD simulation and the

wave equation as a direct constraint in its loss function. Specifically, we use the

following loss function to train the PINN

L(θ) = 1
Nb

Nb∑
i=1
‖uFD(xi, ti, si)− NN (xi, ti, si; θ)‖2

+ λ

Np

Np∑
j=1
‖
[
∇2 − 1

c(xj)2
∂2

∂t2

]
NN (xj, tj, sj; θ)‖ , (5.5)

where c(x) is the fixed velocity model, uFD(xi, ti, si) are a set of example solution

points from finite difference modelling and λ ∈ R+ is a hyperparameter added to

control the relative strength of the two loss terms. We denote the first term the

“boundary loss” and the second the “physics loss”.

There are a number of important points to note about this loss function. Firstly,

the boundary loss allows us to define the initial conditions of the simulation. We do

this by asserting that the PINN solution matches the solution from FD simulation for

a small number of initial timesteps. Given the fixed velocity model and many different

example source locations, a FD simulation is run using a Ricker point source for each
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example source location over a small number of initial time steps. This results in a

set of (discretised) example wavefield solution points uFD(xi, ti, si) which the PINN is

trained to match in the boundary loss. We use multiple timesteps from FD simulation

because the wave equation is a second order differential equation and we therefore

need to define both the initial wavefield u(x, t = 0, s) and its temporal gradient

ut(x, t = 0, s) for the solution learned by the PINN to be unique. For simplicity,

we only use timesteps from FD simulations after the source term in Equation 5.1 is

negligible and redefine t = 0 to be time at which the source term is negligible.

Secondly, the physics loss attempts to ensure that the solution learned by the

PINN at later times obeys the underlying acoustic wave equation (Equation 5.1). For

simplicity, we use a constant density model, and as we are only considering simulation

after the source term is negligible above Equation 5.2 can be used in the loss function.

The fixed velocity model is included within this loss term as an implicit parameter.

When evaluating the physics loss random batches of points and source lo-

cations from the entire domain are selected at each training step, defined as

xj ∈ [0, X1,max] × [0, X2,max], tj ∈ [0, Tmax], sj ∈ [S1,min, S1,max] × [S2,min, S2,max].

When evaluating the boundary loss, random batches of example wavefield solution

points are selected at each training step where xi ∈ [0, X1,max] × [0, X2,max], ti ∈

[0, T1], si ∈ [S1,min, S1,max]× [S2,min, S2,max]. Importantly, the physics loss is evaluated

at times much later than the example wavefield solution points (i.e. T1 � Tmax),

such that the PINN learns the solution beyond the boundary training data. After

training we use later time steps from FD simulation to benchmark the performance of

the PINN at later times. In testing we find that a L1 norm on the physics loss shows

better convergence than a L2 norm for this task (discussed further in Section 5.5.5.3).

Finally, curriculum learning is used to help the network converge to a solution.

More specifically, we start by training the network to reconstruct the boundary data

only by using the boundary loss, and then “switch on” the physics loss halfway

through training. This allows the network to learn the initial wavefield before

learning to solve the wave equation through time. Furthermore a linearly growing

time horizon with training step is used when randomly sampling points in the physics
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Figure 5.15: Velocity models used to test our approach. We use a PINN to solve the
wave equation in a variety of different media, starting from a simple homogeneous velocity
model (left), to a layered velocity model (middle) and finally a region of the Earth-realistic
Marmousi model [Martin et al., 2006] (right). The velocity model is an implicit parameter
in the training scheme and the network must be retrained to solve the wave equation for
each case. White points show the locations of the sources used to train the network in each
case. For the Marmousi model we train the network to generalise over different source
locations and red points show the source locations used to test the network.

loss, analogous to the way a numerical solver iteratively solves the wave equation

through time. Both schemes are intended to allow the network to learn incrementally

rather than all at once and in testing they are found to improve convergence.

5.5.4 Overview of experiments

We use three different case studies to test our approach. The case studies use

increasingly complex velocity models, shown in Figure 5.15, to test the limits of our

approach. First, a PINN is trained to simulate the seismic response from a fixed

point source located in the center of a homogeneous velocity model. Second, a PINN

is trained for the same task, except that a horizontally layered velocity model is

used. Finally, a PINN is trained to simulate the seismic response from a point source

with a varying location within a region of the Earth-realistic Marmousi P-wave

velocity model [Martin et al., 2006]. For the first two case studies we do not attempt

to generalise across the source location (i.e. a single source location is used when

generating FD training data and sampling points in the loss function), whilst for the

last case study we do attempt to generalise across this initial condition. 2D Gaussian

smoothing with a standard deviation of 2 grid points is applied to each velocity model

before it is used to alleviate discontinuity issues (discussed further in Section 5.5.5).
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5.5.4.1 Implementation details

For all tests a fully connected neural network is used with 10 layers, 1024 hidden

channels per layer, softplus activation functions after all hidden layers and a linear

activation function for the final layer. We choose a softplus activation over ReLU

such that the network has continuous second order derivatives, which is required

by the underlying wave equation. We write our own code to analytically compute

the gradients of the PINN with respect to its inputs required when evaluating the

physics loss, although the autodifferentiation features of our deep learning framework

(PyTorch [Paszke et al., 2019]) could equivalently be used.

The network is trained using the Adam stochastic gradient descent algorithm with

a learning rate of 1x10−5 [Kingma and Ba, 2015]. For each update step a random

batch of discretised points are sampled from the example wavefield solution points

to compute the boundary loss and a random batch of continuous points and source

locations over the full input space up to the current time horizon are sampled to

compute the physics loss. A batch size of Nb = Np = 500 samples is used for both.

5.5.4.2 Boundary data generation

We use the SEISMIC_CPML FD modelling code [Komatitsch and Martin, 2007] to

generate the initial wavefield training data for each case study. All simulations use a

300×300 grid with a spacing of 5 m in each direction (i.e. X1,max = X2,max = 1500 m),

a 0.002 s time interval, a constant density model of 2200 kgm−2 and a 20 Hz

Ricker source time function.

For the first two velocity models a single simulation with one source location

is used. The point source is placed in the centre of the velocity model and the

first 10 time steps (i.e. T1 = 0.02 s or 0.14 source cycles) after the source term

becomes negligible are taken as training data. For the Marmousi velocity model 100

simulations are used each with a random source location drawn from a 2D Gaussian

distribution located towards the bottom of the model (shown in Figure 5.15), and

20 time steps (i.e. T1 = 0.04 s or 0.28 source cycles) after the source term becomes
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negligible are taken. For all cases the points used for computing the physics loss

are sampled up to a maximum time of Tmax = 0.4 s.

5.5.5 Results
5.5.5.1 Homogeneous velocity model, single source

Our first case study tests the ability of the PINN in the simplest possible case: a

homogeneous velocity model. In this media the initial wavefield propagates outwards

with a fixed velocity and its amplitude reduces due to spherical divergence. We train

the network and find that both the boundary loss and physics loss converge, and

predictions of the wavefield after training are shown in Figure 5.16. The network

agrees with the FD solution very accurately, capturing both its kinematics and its

amplitude attenuation. We also train the same network with only the boundary

loss, and show its wavefield predictions in Figure 5.16. In contrast to this network,

the physics-informed network is able to accurately predict the wavefield at times

much later than the initial wavefield, showing much better generalisation capability

outside of the boundary training data. This is because the PINN’s physics loss is

sampled at much later timesteps than the labelled FD data the uninformed network

is trained on. Despite its poor accuracy at later timesteps, the uniformed network

is still able to capture the notion of the wavefront propagating outwards outside of

the training data. This case study confirms the validity of the approach and gives

us confidence to move onto the more complex case studies below.

5.5.5.2 Layered velocity model, single source

Our second case study uses the horizontally layered velocity model, which induces

much more complex wavefield dynamics; reflected and transmitted waves form at

each velocity interface and the wavefield is compressed and expanded when travelling

through different regions of the velocity model. The boundary and physics loss

converge and the predictions of the PINN after training are shown in Figure 5.17.

The network is able to accurately capture the full range of dynamics: in particular

it is able to simulate transmitted and reflected waves which are not present in the
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Figure 5.16: Comparison of the PINN wavefield prediction to ground truth FD simulation,
using a homogeneous velocity model. The PINN (“NN + physics loss”) is also compared
to the same network trained using only the boundary loss (“NN”). Top three rows show
the FD, PINN and uninformed network wavefield solutions through time. Middle two rows
show the difference of the two network predictions to FD simulation. Bottom two rows
show the residual of the underlying wave equation (from physics loss in Equation 5.5) for
both networks, which is close to zero for an accurate solution to the wave equation. Plots
bordered in black indicate wavefield times which are outside of the boundary training data.
The boundary training data only covers the time range 0.00-0.02 s and the PINN is able
to generalise to much later times (beyond 0.20 s, 10× the range of the boundary data).
Colour bar ranges are the same between each type of plot, for fair comparison. The colour
bar is shown in Figure 5.19.

initial wavefield, in contrast to the same network just trained using the boundary

loss. This suggests that it is able to capture the specific physics phenomena occurring
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Figure 5.17: Comparison of the PINN wavefield prediction to ground truth FD simulation,
using a layered velocity model. The same layout as Figure 5.16 is used; top three rows
show the FD, PINN and uninformed network wavefield solutions through time; middle two
rows show the difference of the two network predictions to FD simulation; bottom two
rows show the residual of the underlying wave equation (from physics loss in Equation 5.5)
for both networks, which is close to zero for an accurate solution to the wave equation;
plots bordered in black indicate wavefield times which are outside of the boundary training
data. In this case the plots are overlain on the velocity model, shown in grey. Similar
to Figure 5.16 the boundary training data only covers the time range 0.00-0.02 s and
the PINN is able to generalise to much later times (beyond 0.20 s, 10× the range of the
boundary data).

at the interfaces of the media. It is also able to accurately capture the compression,

expansion and spherical spreading attenuation of the wavefield.

For this case we plot the boundary and physics loss during training in Figure 5.18.



5. Physics-informed neural networks for wave simulation 135

0 200,000 400,000 600,000 800,000 1,000,000
Training step

10 6

10 5

10 4

10 3

10 2

10 1
L2

 lo
ss

 (a
rb

) Physics loss added

Boundary loss
NN
NN + physics loss

500,000 600,000 700,000 800,000 900,000 1,000,000
Training step

10 6

10 5

10 4

10 3

10 2

10 1

L1
 p

hy
sic

s l
os

s (
ar

b)

Physics loss
NN + physics loss

Figure 5.18: Training loss for the layered velocity model against training step. Left
shows the boundary loss and right shows the physics loss in Equation 5.5. The physics
loss is added halfway through training and includes an expanding time horizon to help
the network converge. The PINN (“NN + physics loss”) is compared to a network trained
only using the boundary loss (“NN”).
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Figure 5.19: Second order derivatives of the PINN trained using the layered velocity
model. The derivatives are shown at a single snapshot in time and the plots are overlain on
the velocity model. From left to right: network wavefield prediction, Λ = NN (x, t = 0.10),
its second order time, second order x and second order y derivatives. Sharp changes occur
in the second order y derivative at velocity interfaces. Arbitrary scale used for colour bar.

The boundary loss slightly increases when the physics loss is added and then remains

stable. The physics loss is relatively constant throughout training, even as later times

are added in the expanding time horizon, suggesting on average it is kept at the

same low level as the initial wavefield. However, looking in more detail at Figure 5.17

we observe that the loss is higher along the interfaces in the velocity model. This

is perhaps due to the discontinuities in the velocity model which translate into

discontinuities in the second order gradients of the wavefield along the y-direction,

which the network may struggle to represent. We plot the second order gradients

of the network in Figure 5.19 and find that the network has learnt sharp, although

not fully discontinuous, contrasts at the interfaces.
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Figure 5.20: Comparison of the PINN wavefield prediction to ground truth FD simulation,
using the Marmousi velocity model. Each pair of rows shows the PINN prediction and FD
simulation for a randomly selected source location in the test set. The plots are overlain
on the velocity model, shown in grey. For this case the boundary training data only covers
the time range 0.00-0.04 s and the PINN is able to generalise to much later times (beyond
0.32 s, 8× the range of the boundary data).

5.5.5.3 Marmousi model, multiple sources

Our final case study uses the Marmousi velocity model. This is a complex, Earth-

realistic model which includes faults, velocity inversions and a large range of dips

(angles of interfaces). For this case study we further increase the complexity of

the problem by conditioning the network on the source location, using the source

locations shown in Figure 5.15 to train the network. To test the network we generate

a separate test set of 20 input source locations (also shown in Figure 5.15) which

are not used during training. We find that the boundary and physics loss converge,
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albeit at a slower rate than for the homogeneous and layered velocity models, and

the predictions of the PINN for three of the source locations in this test set are

compared to FD simulation in Figure 5.20.

In this case the network is able to accurately simulate the kinematics of the initial

wavefront throughout the media to times much later than the initial wavefield. The

network is also able to generalise across the source position, accurately modelling the

initial wavefield and subsequent dynamics without needing to be retrained. However,

the network struggles to learn the secondary reflected waves of the initial wavefront as

it propagates through the model. The reason for this is unclear, and one explanation

could be that because of their small relative amplitudes these reflections do not make

a large enough contribution to the loss function in Equation 5.5 to be modelled

accurately. In testing we found that a L1 norm on the physics loss improved the

accuracy of the network compared to a L2 loss, perhaps by increasing the contribution

of lower wavefield amplitudes, and it is possible that further amplitude balancing

is required. Another explanation is that there are also inaccuracies in the FD

simulation. We discuss this issue in more detail in Section 5.6.

For this case study the PINN takes approximately 1 day to train using a single

NVIDIA Titan V GPU, although we make little effort to optimise its training time.

The majority of this time is spent computing the second order derivatives of the

network, which are approximately 10× as slow to calculate as the forward pass of the

network. After training, the network is very efficient when computing the wavefield

for arbitrary source positions at arbitrary points in time and space (of the order of

0.001 s), whilst 2D FD modelling of the full media is much slower for each source

simulation (of the order of 1 s, or 1000× slower).

5.6 Discussion

In this chapter we have presented and evaluated three different approaches for

simulating seismic waves in increasingly complex media. Our WaveNet is able to

simulate the seismic response recorded at multiple receiver locations on the surface
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of an Earth model from a point source emitted at the surface, given any horizontally-

layered velocity model as input. Our conditional encoder-decoder is able to carry out

the same task, but for any faulted media and any source location on the surface of

the media as input. Finally, our PINN is able to simulate the full seismic wavefield

from a point source emitted from within simple and fully heterogeneous media,

given a fixed velocity model and any source location as input. These approaches

show that deep learning and PIML can be used to carry out seismic simulation in

increasingly complex media. Furthermore, once trained, these surrogate models are

orders of magnitude more efficient than FD simulation.

These results are encouraging and suggest that deep learning and PIML can

be valuable for seismic simulation. However, this work also highlights a number

of challenges for scaling our approaches to more complex and realistic simulation

tasks which are discussed below.

5.6.1 Extension to (visco)elastic simulation

An important ability for realistic geophysical applications is to be able to simulate

seismic waves in media with more complex rheologies, such as elastic, viscoelastic and

anisotropic media. Such models more realistically describe seismic wave propagation

in the Earth and result in more complex phenomena such as compressional and shear

wave propagation, attenuation, dispersion and shear wave splitting [Yilmaz, 2001].

From an algorithmic point of view, it is simple to extend our WaveNet and

conditional encoder-decoder networks to simulate such media. For example, for

elastic wave simulation, shear wave velocity and density models could be added as

additional input channels and the number of output channels could be increased so

that multi-component particle velocity vectors are output. The same training scheme

could be used, with training data generated using elastic FD simulation instead of

acoustic simulation and a loss function which compares vector fields instead of scalar

fields. Similarly, our PINN could be extended by changing its loss function to use

more complex forms of the wave equation and increasing the dimensionality of its



5. Physics-informed neural networks for wave simulation 139

output so that it models vector fields rather than scalar fields. However, further

research is required to understand if these extensions are feasible.

One challenge for the WaveNet and conditional encoder-decoder networks is

likely to be the increased cost of generating training data. The cost of traditional

numerical simulation using more complex forms of the wave equation (e.g. elastic

simulation) far exceeds the cost of acoustic simulation by orders of magnitude.

However, once trained, we postulate that our approaches will be able to carry out

these simulations with similar run times as our current approaches, because the

algorithmic changes proposed above are minor. While this is speculative at this

point, it is intriguing to investigate, because the current difference in computational

cost using traditional approaches has prevented the geophysical community from

fully realising the benefits of these simulations.

5.6.2 Extension to 3D simulation

Another essential extension is to move from 2D to 3D simulation. Most real-world

applications require 3D simulation to accurately model the Earth. Similar to above,

this is at least algorithmically simple to achieve for our approaches. For the WaveNet

and conditional encoder-decoder networks, 3D simulation could be achieved by adding

an extra dimension to their input, hidden and output layers. For the PINN, one

would just need to increase the size of its input layer by one. For all approaches, once

trained, we would expect a similar order of magnitude acceleration of simulation

time compared to traditional numerical modelling, because the networks would still

estimate the seismic response at a given location without needing to iteratively

model the full seismic wavefield through time.

However, multiple challenges are likely to arise in this setting. Firstly, for the

WaveNet and conditional encoder-decoder networks, increasing their dimensionality

would significantly increase the size and number of free parameters in the network

and therefore likely make their optimisation harder. Finding a more efficient

representation, such as meshes or oct-trees [Ahmed et al., 2018] to reduce the

dimensionality of the problem may be critical in this aspect.
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Secondly, and similar to above, a major challenge is likely to be the increased

computational cost of generating training data, which for instance is significantly

higher in 3D. For the WaveNet and conditional encoder-decoder networks, whilst we

only use the subset of the wavefield at each receiver location to train our networks,

finding a way to use the entire wavefield from FD simulation to train these network

may help reduce the number of training simulations required. The cost of generating

training data may be less important for our PINN, as only the first few timesteps

from FD simulation are required. However, the PINN does not escape this challenge

entirely; it is likely that many more training points when evaluating its physics loss

are needed to ensure that the PINN fully samples its 3D input domain, which is

likely to increase training times significantly.

Although large, we note that generating training data and training our networks

is an amortised cost because the networks only needs to be trained once. Thus high

training costs could become permissible in geophysical applications such as seismic

inversion where thousands of similar simulations are required.

A related extension is to assess whether our WaveNet and conditional encoder-

decoder networks are able to simulate the seismic response at vertically-spaced receiver

locations at different depths rather than horizontally-spaced receiver locations at

the surface. Such a model may be useful for simulating e.g. the seismic activity

around a hydrocarbon well. Only the training data of these models needs to be

changed and we expect them to perform similarly, as vertical seismic responses

typically have a similar character (in terms of number of events, frequency and

amplitude range) to surface responses.

5.6.3 Generalisation to more varied and complex Earth mod-
els

Perhaps the largest challenge is overcoming the lack of generalisation of our ap-

proaches. More specifically, whilst our WaveNet and conditional encoder-decoder

networks are effective at simulating seismic waves in media similar to their training

distribution, when tested using media outside of this distribution their performance
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degrades significantly. Furthermore, to simulate more complex velocity models, the

conditional encoder-decoder requires more free parameters, more time to train and

more training examples than the WaveNet network. Similarly, our PINN requires

longer training times when simulating seismic waves in the Earth-realistic Marmousi

media compared to when simulating seismic waves in homogeneous media.

The poor generalisation of deep neural networks outside of their training distri-

bution is a well known and common challenge in general [Goodfellow et al., 2016].

A naive approach would be to increase the size and variety of the training data

to improve the generality of our networks, however this would quickly become

computationally intractable when trying to sample all possible Earth models and

initial conditions. This trade-off between computational intractability and network

generalisation appears analogous to the trade-off between computational effort and the

level of approximation using traditional simulation noted in Section 5.2. We note that

for many practical applications it may be acceptable to use a training distribution

with a limited range; for example, in many seismic inversion applications such

tomography, FWI, and seismic hazard assessment, thousands of forward simulations

of similar Earth models are carried out. We find that the nearest neighbour test

is a useful way to understand if an input velocity model is close to the training

distribution and therefore if the network’s output simulation is likely to be accurate.

Probabilistic approaches, such as Bayesian deep learning [Gal, 2016], could be

investigated for their ability to provide more quantitative uncertainty estimates

on the network’s output simulation.

To overcome this challenge it is likely that stronger physical priors are required

to regularise our workflows better. Using causality in the WaveNet generates more

accurate simulations than when using a standard convolutional network; this suggests

that adding this constraint helps the network simulate the seismic response, although

it is an open question how best to represent causality when simulating more arbitrary

Earth models. We also find that a bottleneck design helps the conditional encoder-

decoder to converge; our hypothesis is that this encourages a depth-to-time conversion

by slowly reducing the spatial dimensions of the velocity model before expanding
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them into time. More advanced network designs, for example using attention-like

mechanisms [Vaswani et al., 2017] to help the network focus on relevant parts of

the velocity model, rather than using convolutional layers with full fields of view, or

using Long Short-Term Memory (LSTM) cells to help the network model multiple

reverberations could be tested. For the PINN, using the neural network as part

of a solution ansatz where the initial and boundary conditions of the solution

are already defined may make it easier to train [Lagaris et al., 1998] and recent

work on learning operator mappings with PINNs may help them learn families

of solutions [Wang et al., 2021d].

Finally, another important challenge is to investigate whether the simulation

costs of our approaches scale more favourably with increasing frequency, ω, compared

to traditional numerical methods which typically scale with ω4; in this study we

only consider simulation at a fixed frequency range and it would be intriguing

to study this further.

5.6.4 PINN-specific challenges

A few challenges specifically relating to our PINN are identified. Firstly, the PINN

struggles to accurately model the reflected and transmitted waves at the interfaces

in the media, where there are discrete changes in the second order derivatives of

the wavefield. We note that modelling these discontinuities is also a challenge for

numerical methods, where oversampling is typically required to ensure the solution

remains accurate [Igel, 2017]. We somewhat avoid the problem by smoothing the

velocity model before use, although errors are still observed along the interfaces.

The PINN prediction when using the layered velocity model without smoothing is

shown in Figure C.3; the accuracy of this solution is significantly worse than in

Figure 5.17. Another likely related issue is that the Marmousi case study struggles

to model reflected waves with low relative amplitudes. Future work could investigate

these observations, for example by forcing the network to be discontinuous at

interfaces (e.g. by using separate networks for each velocity section), by changing

the activation function [Sitzmann et al., 2020], by using specific physics constraints



5. Physics-informed neural networks for wave simulation 143

that arise at interfaces in the loss function (such as wavefield continuity [Aki and

Richards, 1980]), or by using a more intelligent sampling scheme, such as adaptive

co-location [Anitescu et al., 2019], instead of random sampling to sample interfaces

more often in the loss function.

Another extension of this work is to condition the PINN on more initial conditions,

such as the velocity model, as well as the source location. This would allow it to

become more general and potentially be useful for a wider range of applications. How-

ever, combining a discretised velocity model (similar to those input to our WaveNet

and conditional encoder-decoder networks) with the functional representation of the

wavefield solution provided by the PINN is likely to be challenging. One approach

may be to use an “encoder” network to reduce the velocity model into a set of salient

features before feeding it to the fully connected network to help the network converge,

although more research is required to assess this approach, and in particular how

it scales to more complex velocity models over larger input domains.

5.7 Summary

We have shown that PIML can simulate complex seismic phenomena, although

given the potentially large training costs and the challenges of generality, it may

be that the PIML techniques tested are most advantageous to practical simulation

tasks where many similar simulations are required, such as seismic inversion or

statistical seismic hazard analysis, and least useful for problems where a very small

number of simulations per model family are used. In seismology, however, many

current and future challenges fall into the former category, which renders these initial

results promising. Further research is required to understand how best to scale these

approaches to more complex forms of the wave equation and 3D simulation, as well

as how to design approaches which generalise to unseen Earth models outside of their

training distribution. Finally we note that we only tested three particular approaches

and many others could be designed which could prove more effective.
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Scalable physics-informed neural networks

6.1 Introduction

Up until now we have used domain-specific case studies to investigate the scalability

of various PIML techniques, where each technique was selected for and highly tuned

to the problem at hand. In this chapter we instead study the scalability of a general-

purpose PIML technique. In particular, we consider whether PIML algorithms can

carry out large-scale simulations, and investigate the scalability of physics-informed

neural networks (PINNs) [Raissi et al., 2019, Lagaris et al., 1998] when solving

differential equations with large domains.

PINNs are a general-purpose approach for solving problems relating to differential

equations and have recently become popular across many different domains [Cuomo

et al., 2022]. As discussed in Chapter 2, PINNs have several advantages compared

to traditional numerical methods, for example they provide mesh-free solutions to

differential equations and they are able to carry out forward and inverse modelling

within the same optimisation problem.

Whilst popular, much of the current research on PINNs only considers problems

confined to small domains with simple, low frequency solutions. This is useful

for proving the concept of the work, as such problems are often well-studied and

are easy to implement, but less research has focused on how well PINNs scale
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to problems with larger domains and more complex, higher frequency and multi-

scale solutions. Being able to solve such problems is crucial for many real-world

applications. Importantly, when solving differential equations, traditional numerical

methods often become computationally intractable as higher frequencies (or similarly,

longer distance/ time scales) are introduced into the solution. Thus, it is important

to assess how well PINNs scale in this setting.

In this chapter we investigate how well PINNs scale to problems with larger

domains. First, we consider a motivating problem where we use a PINN to solve

a simple differential equation and assess how its performance changes as higher

frequencies are introduced into the solution. Next, we propose an extension to

PINNs designed to help them scale to large-scale problems, called finite basis physics-

informed neural networks (FBPINNs). FBPINNs are a general framework for solving

problems relating to differential equations and extend PINNs by combining them

with domain decomposition, individual subdomain normalisation and flexible training

schedules. The performance of FBPINNs and PINNs is compared across a range

of small and larger, multi-scale simulation tasks.

Across all the problems studied the PINNs tested perform well for problems

with small domains and low frequency solutions, but they struggle when solving

problems with larger domains and higher frequency solutions. More specifically,

as the problem size increases they take significantly longer to converge, require

many more free parameters in their neural networks and have worse accuracy.

Multiple related factors contribute to this issue, including the increasing complexity

of the underlying PINN optimisation problem as the problem size grows and the

spectral bias of neural networks.

In contrast to the PINNs tested, the proposed FBPINNs are able to alleviate some

of these scaling challenges. They are able to accurately and efficiently solve both the

smaller and larger scale problems studied, including those with multi-scale solutions,

and thus potentially allow a way to scale PINNs to large, real-world problems.

Whilst the FBPINNs outperform the PINNs in this setting, we find some

remaining challenges when scaling FBPINNs to large domains. In particular, the
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accuracy of the FBPINN solution can depend on the choice of domain decomposition,

and it is likely that the performance of FBPINNs decreases for high-dimensional

problems. Furthermore, despite their improved efficiency compared to PINNs the

computational costs of FBPINNs remain high compared to traditional numerical

methods. These challenges are discussed further. Overall, our work shows that it

is highly non-trivial to scale PINNs to large domains.

Finally, in addition to this work we have released an open-source library which

allows users to solve general differential equations over large domains with any number

of dimensions using FBPINNs, available here: https://github.com/benmoseley/

FBPINNs.

6.2 Background

6.2.1 On scaling PINNs to real-world problems

As described in Chapter 2, PINNs have recently emerged as a popular and powerful

technique for solving problems related to differential equations [Lagaris et al., 1998,

Raissi et al., 2019, Karniadakis et al., 2021]. Since their conception, PINNs have been

utilised in a wide range of applications and many extensions have been proposed.

Whilst popular and effective, PINNs suffer from some significant limitations

which limit their application on real-world problems. One is that, in comparison

to classical approaches, the theoretical convergence properties of PINNs are poorly

understood. This can make it challenging to know how accurate a PINN solution is.

The PINN loss function can be highly non-convex and result in a stiff optimisation

problem, yet it is unclear which classes of problems this affects [Wang et al., 2021c,

2022]. Existing work has made initial steps towards understanding the theoretical

properties of PINNs [Wang et al., 2022, Shin et al., 2020, Mishra and Molinaro,

2022] but this sub-field is still in its early stages.

Another limitation is the poor computational efficiency of PINNs. A standard

PINN must be retrained for each solution, which is expensive and typically means

traditional numerical methods strongly outperform PINNs, at least for forward

modelling tasks. Works which condition PINNs on their initial conditions so that they

https://github.com/benmoseley/FBPINNs
https://github.com/benmoseley/FBPINNs
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learn a family of solutions (i.e. surrogate models, rather than single solutions), such

as physics-informed DeepONets [Lu et al., 2021, Wang et al., 2021b] and discretised

versions of PINNs which use finite difference filters to construct differential equation

residuals in their loss function [Zhu et al., 2019, Geneva and Zabaras, 2020, Gao

et al., 2021] are promising and could potentially help alleviate this issue.

Finally, and of central importance in this work, is the challenge of scaling PINNs

to larger problem domains. As the complexity of the solution increases, the size

of the neural network (or number of free parameters) inevitably needs to increase

such that the network is expressive enough to represent the solution. This in turn

results in a harder PINN optimisation problem, both in terms of the number of

free parameters and the increased number of training points required to sufficiently

sample the solution over the larger domain.

Related to this challenge is the spectral bias of neural networks. This is the

well-studied observation that neural networks tend to learn higher frequencies much

more slowly than lower frequencies [Xu et al., 2019b, Rahaman et al., 2019, Basri

et al., 2019, Cao et al., 2019], with various convergence rates being proved. Because

a problem’s input variables are typically normalised over the domain before being

input to a PINN, low frequency features in the solution effectively become high

frequency features as the domain size increases, which can severely hinder the

convergence of PINNs [Wang et al., 2021e].

6.2.2 Related work

The limitations described above have meant that the vast majority of PINN applica-

tions to date have only solved problems in small domains with a limited frequency

range. Recent works have started to investigate these issues. Wang et al. [2021e]

showed that spectral bias affects PINNs, and proposed the use of Fourier input

features to help alleviate this issue, which transform the input variables over multiple

scales using trigonometric functions as a pre-processing step. Liu et al. [2020]

proposed multi-scale deep neural networks, which used radial scaling of the input

variables in the frequency domain to achieve uniform convergence across multiple
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scales when solving problems with a PINN loss. However, for both these methods, the

scale of their input features must be chosen to match the frequency range of interest.

For reducing the complexity of the PINN optimisation problem, an increasingly

popular approach is to use domain decomposition [Heinlein et al., 2021], taking

inspiration from existing classical methods such as finite element modelling. Instead of

solving one large PINN optimisation problem, the idea is to use a “divide and conquer”

approach and train many smaller problems in parallel. This can reduce training times

and could potentially reduce the difficulty of the global optimisation problem too.

For example, Jagtap and Karniadakis [2020] proposed extended physics-informed

neural networks (XPINNs), which divide the problem domain into many subdomains,

and use separate neural networks in each subdomain to learn the solution. A key

consideration in any domain decomposition approach is to ensure that individual

subdomain solutions are communicated and match across the subdomain interfaces,

and Jagtap and Karniadakis [2020] rely upon additional interfaces terms in their

PINN loss function to do so. In follow up work Shukla et al. [2021] showed their

approach can be parallelised to multiple GPUs, decreasing training times. However,

a key downside of their approach is that it contains discontinuities in the PINN

solution across subdomain interfaces, as the interface conditions are only weakly

constrained in the loss function.

Similar domain decomposition strategies were proposed by Dwivedi et al. [2021]

and Dong and Li [2021], but who instead used extreme learning machines (ELMs)

[Huang et al., 2006] as the neural networks in each subdomain, which can be rapidly

trained. However, whilst Dong and Li [2021] claimed computational efficiency

comparable to finite element modelling, ELMs restrict the capacity of neural

networks as only the weights in the last layer can be updated. In other related

approaches, Li et al. [2020c] replaced subdomain solvers of the classical Schwarz

domain decomposition approach with PINNs, resulting in a similar strategy to Jagtap

and Karniadakis [2020]. Stiller et al. [2020] proposed GatedPINNs, which use an

auxiliary neural network to learn the domain decomposition itself, and Kharazmi



150 6.2. Background

et al. [2021] use domain decomposition to train variational PINNs, although only

when defining the space of test functions.

In this work, we propose a new domain decomposition approach for solving

large, multi-scale problems relating to differential equations called finite basis

physics-informed neural networks (FBPINNs). In contrast to the existing domain

decomposition approaches, we ensure that interface continuity is strictly enforced

across the subdomain boundaries by mathematical construction of our PINN solution

ansatz, which removes the need for additional interface terms in our PINN loss

function. This is achieved by using overlapping subdomains, multiplying each

subdomain network with a smooth window function and defining the solution ansatz

to be a summation over all subdomain networks. Furthermore, we explicitly consider

the effects of spectral bias by using separate input variable normalisation within

each subdomain, which restricts the effective solution frequency each subdomain

network sees. We further propose flexible training schedules which can aid the

convergence of FBPINNs and propose a parallel training algorithm which allows

FBPINNs to be scaled computationally.

6.2.3 PINN definition and example

The mathematical definition of a PINN was described in Section 2.3.2.4 and we

use the same definition and nomenclature in this chapter. To aid understanding,

in this section we give a concrete example of a PINN and describe more of the

considerations required when training PINNs.

As a concrete example, one could consider using a PINN, NN (x, t; θ), to solve

the nonhomogeneous time-dependent wave equation with Dirichlet and Neumann

boundary conditions at t = 0, given by[
∇2 − 1

c2
∂2

∂t2

]
u(x, t) = f(x, t) ,

u(x, 0) = g1(x) ,
∂u

∂t
(x, 0) = g2(x) ,

(6.1)
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where c is the wave speed (note, we have separated the time dimension from the

spatial dimensions of the input vector for readability). In this case the PINN loss

function (given by Equation 2.3) becomes

L(θ) = 1
Np

Np∑
i

||
[
∇2 − 1

c2
∂2

∂t2

]
NN (xi, ti; θ)− f(xi, ti) ||2

+ 1
Nb1

Nb1∑
j

||NN (x1j, 0; θ)− g1(x1j) ||2 + 1
Nb2

Nb2∑
j

|| ∂
∂t

NN (x2j, 0; θ)− g2(x2j) ||2 .

(6.2)

There are a number of important points to note regarding the training of PINNs.

The first is that a sufficient number of training points {xi} and {xkj} should be

selected such that the network is able to learn a consistent solution across the entire

domain. Secondly, when evaluating the loss function the gradients of the neural

network with respect to its inputs are required; these are typically analytically

available and easily obtainable in modern deep learning packages through the use

of autodifferentiation [Paszke et al., 2019]. Thirdly, whilst the known values of

the solution (and/or its derivatives) are required to evaluate the boundary loss,

evaluating the physics loss only requires samples of the input vector, i.e. from a ML

perspective this term can be viewed as an unsupervised regulariser. Thus, PINNs

require very little training data in this sense.

Finally, it is important to note that the PINN represents a continuous functional

approximation of the solution, and not just a discrete representation on a mesh.

6.2.4 Weakly vs strongly constrained PINNs

In this section we describe an alternative strategy for asserting boundary conditions

when training PINNs. We will use this strategy for all the problems studied in this

chapter, although we note that the proposed FBPINN framework is not limited to

this approach and can use the standard approach too.

A downside of the standard PINN approach described by Equation 2.3 is that

the boundary conditions are only weakly enforced in the loss function, meaning

that the learned solution may be inconsistent. Furthermore recent work has shown

theoretically and empirically that the PINN optimisation problem can be stiff to solve,
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to the point where it may not converge at all, due to the two terms in the loss function

competing with each other [Wang et al., 2021c,e, Sun et al., 2020]. An alternative

approach, as originally proposed by Lagaris et al. [1998], is to strictly enforce the

boundary conditions by using the neural network as part of a solution ansatz. For

example, for the wave equation problem described by Equation 6.1, instead of

defining a neural network to directly approximate the solution NN (x, t; θ) ≈ u(x, t),

one could instead use the ansatz

û(x, t; θ) = g1(x) + t g2(x) + t2 NN (x, t; θ) , (6.3)

to define the approximate solution in the PINN optimisation problem. It is straight-

forward to verify that this ansatz automatically satisfies the boundary conditions

in Equation 6.1. Because the boundary conditions are automatically satisfied, only

the physics loss, Lp(θ), needs to be included in Equation 2.3, which turns the

optimisation problem from a constrained one into a simpler unconstrained one. This

formulation has since been extended to irregular domains [Lagaris et al., 2000, Berg

and Nyström, 2018], and general schemes for constructing suitable ansatze have

been proposed [Leake and Mortari, 2020].

6.3 A motivating example

In this section we investigate a motivating problem where we use a PINN to solve

a simple differential equation and assess how its performance changes as higher

frequencies are introduced into the solution. This problem will serve to motivate

the FBPINN framework introduced in Section 6.4. Specifically, we consider the

following problem

du

dx
= cos(ωx) ,

u(0) = 0 ,
(6.4)

where x, u, ω ∈ R1, which has the exact solution

u(x) = 1
ω

sin(ωx) . (6.5)
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Figure 6.1: A motivating problem: using PINNs to solve du
dx = cos(ωx). When ω = 1 (i.e.

ω is low), a PINN with 2 hidden layers and 16 hidden units is able to rapidly converge to
the solution; (a) shows the PINN solution compared to the exact solution and (e) shows the
L1 error between the PINN solution and the exact solution against training step. When
ω = 15 (i.e. ω is high), the same PINN struggles to converge, as shown in (b). Whilst
increasing the size (number of free parameters) of the PINN improves its accuracy, as
shown in (c) and (d), it converges much more slowly and with much lower accuracy than
the low frequency case, as shown in (e).

We will use the PINN solution ansatz

û(x; θ) = tanh(ωx)NN (x; θ) , (6.6)

to solve this problem. We choose to use the tanh function in the ansatz because away

from the boundary condition its value tends to ±1, such that the neural network

does not need to learn to dramatically compensate for this function away from the

boundary. We also approximately match the width of the tanh function to the

wavelength of the exact solution, again such that the compensation the network

needs to learn in the vicinity of the boundary is of similar frequency to the solution.

In our subsequent experiments we find both of these strategies help PINNs converge

over large domains and different solution frequencies.



154 6.3. A motivating example

The PINN is trained using the unconstrained loss function

L(θ) = Lp(θ) = 1
Np

Np∑
i

|| d
dx
û(xi; θ)− cos(ωxi) ||2 , (6.7)

as derived using Equation 2.5.

6.3.1 Low frequency case (ω = 1)

First, the above PINN is trained for the ω = 1 case. We use a fully connected

network with 2 hidden layers, 16 hidden units per layer and tanh activation functions,

using 200 training points ({xi}) regularly spaced over the domain x ∈ [−2π, 2π].

The input variable x is normalised to [−1, 1] over the domain before being input to

the network, and the output of the network is unnormalised by multiplying it by
1
ω
before being used in the ansatz defined by Equation 6.6. The PINN is trained

using gradient descent with the Adam optimiser [Kingma and Ba, 2015] and a

learning rate of 0.001. All code is implemented using the PyTorch library, using

its autodifferentiation features [Paszke et al., 2019].

Figure 6.1 (a) and (e) shows the PINN solution after training and its L1 error

compared to the exact solution (evaluated using 1000 regularly spaced points in the

domain) as a function of training step. We find that the PINN is able to quickly

and accurately converge to the exact solution.

6.3.2 High frequency case (ω = 15)

Next, the same experiment is run, but with two changes; we increase the frequency

of the solution to ω = 15 and the number of regularly spaced training points to

200 × 15 = 3000. Figure 6.1 (b) and (e) shows the resulting PINN solution and

L1 convergence curve (using 5000 test points). We find for this case the PINN is

unable to accurately learn the solution, only being able to capture the first few

cycles of the solution away from the boundary condition. We further retrain the

PINN using larger network sizes of 4 layers and 64 hidden units, and 5 layers and

128 hidden units, shown in Figure 6.1 (c) and (d), and find that only the PINN

with 5 layers and 128 hidden units is able to fully model all of the cycles, although
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its final relative L1 error is much worse than the ω = 1 case and its convergence

curve is much slower and more unstable. We note that the ω = 1 PINN with 2

layers and 16 hidden units uses 321 free parameters whilst the ω = 15 PINN with

5 layers and 128 hidden units uses 66,433 free parameters.

6.3.3 Remarks

Whilst the PINN performs well for low frequencies, it struggles to scale to higher

frequencies; the higher frequency PINN requires many more free parameters, converges

much more slowly and has worse accuracy. Multiple significant and related factors

contribute to this issue. One is that as the complexity of the solution increases,

the network requires more free parameters to accurately represent it, making the

optimisation problem harder. Another is that as the frequency increases, more

training sample points are required to sufficiently sample the domain, again making

the optimisation problem harder. Third is the spectral bias of neural networks,

which is the observation that neural networks tend to learn higher frequencies

much more slowly than low frequencies, a property which has been rigorously

studied. Compounding these factors is the fact that, as the size of the network,

number of training points, and convergence time grows, the computational resources

required increases significantly.

It is important to note that for this problem, scaling to higher frequencies is

equivalent to scaling to larger domain sizes. Because we have normalised the input

variable to [−1, 1] within the domain before inputting it to the network, keeping ω = 1

but expanding the domain size by 15 times and re-normalising presents the same

optimisation problem to the neural network as changing ω to 15. Indeed, increasing

the domain size and scaling to higher frequencies are related problems, and the above

case study highlights a general observation of PINNs: as the domain size increases, the

PINN optimisation typically becomes much harder and takes much longer to converge.

Another important note is that classical methods also typically scale poorly to

large domain sizes/ higher frequencies. For example, when solving the problem above

the number of mesh points required by standard finite difference modelling would
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Figure 6.2: FBPINN workflow. FBPINNs use domain decomposition and separate
subdomain normalisation to address the issues related to scaling PINNs to large domains.
First, the problem domain is divided into overlapping subdomains; an example 2D
hyperrectangular subdivision is shown in (a). Next, separate neural networks are placed
within each subdomain. Each network is locally confined to its subdomain by multiplying
it with a differentiable window function, such that within the center of the subdomain,
the network learns the full solution to the differential equation, whilst in the overlapping
regions, the solution is defined as the sum over all overlapping networks. For each network,
the input variables x = (x1, x2, ...) are normalised between [-1,1] over the subdomain, and
the output of the network is unnormalised using a common unnormalisation. Finally, an
optional constraining operator C can be applied which appropriately constrains the ansatz
such that it automatically satisfies the boundary conditions. FBPINNs are trained using a
very similar loss function to standard PINNs which does not require the use of additional
interface terms.

scale ∝ ωd. However, FD modelling would not suffer from the additional PINN-

related problems described above of many more free parameters in the optimisation

problem and slower convergence due to spectral bias.

In the next section we will present FBPINNs, which, as we shall see in Section 6.5,

are able to solve the case study above much more accurately and efficiently than

the PINNs studied.

6.4 Finite basis physics-informed neural networks
(FBPINNs)

6.4.1 Workflow overview

FBPINNs are a general domain decomposition approach for solving large, multi-

scale problems relating to differential equations. The main goal of FBPINNs is to

address the scaling issues of PINNs described above, which is achieved by using a
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combination of domain decomposition, subdomain normalisation and flexible training

schedules. In this subsection we give an overview of FBPINNs before giving a

detailed mathematical description in Section 6.4.2.

The FBPINN workflow is shown in Figure 6.2. In FBPINNs, the problem domain

is divided into overlapping subdomains. A neural network is placed within each

subdomain such that within the center of the subdomain, the network learns the

full solution, whilst in the overlapping regions, the solution is defined as the sum

over all overlapping networks. Before being summed each network is multiplied by a

smooth, differentiable window function which locally confines it to its subdomain.

In addition to this the input variables of each network are separately normalised

over each subdomain, and we can define flexible training schedules which allow us to

restrict which subdomain networks are updated at each gradient descent training

step (described in more detail in Section 6.4.3).

By dividing the domain into many subdomains the single, large PINN optimisation

problem is turned into many smaller subdomain optimisation problems. By using

separate subdomain normalisation (as well as a domain decomposition appropriate

for the complexity of the solution) we ensure that the effective solution frequency each

subdomain optimisation problem sees is low. The use of flexible training schedules

allows us to focus on solving smaller parts of the domain sequentially instead of all

of them at once. Our hypothesis is that all three of these strategies alleviate the

scaling issues described above, leading to an easier global optimisation problem.

With any domain decomposition technique it is important to ensure that the indi-

vidual neural network solutions are communicated and match across the subdomain

interfaces. In FBPINNs, during training the neural networks share their solutions

in the overlap regions between subdomains, and by mathematically constructing

our global solution as the sum of these solutions we automatically ensure the

solution is continuous across subdomains. This approach allows FBPINNs to use

a similar loss function to PINNs, without requiring the use of additional interface

loss terms, in contrast to other domain decomposition approaches (e.g. Jagtap

and Karniadakis [2020]).
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Finally, FBPINNs can be trained in a highly parallel fashion, decreasing their

training times, and we present an algorithm for doing so in Section 6.4.4. FBPINNs

are inspired by classical finite element methods (FEMs), where the solution of

the differential equation is expressed as the sum of a finite set of basis functions

with compact support, although we note that FBPINNs use the strong form of the

governing equation as opposed to the weak form in FEMs.

6.4.2 Mathematical description

We will now give a detailed mathematical description of FBPINNs. In FBPINNs,

the problem domain Ω ⊂ Rd is subdivided into n overlapping subdomains, Ωi ⊂ Ω.

FBPINNs can use any type of subdivision, regular or irregular, with any overlap

width, as long as the subdomains overlap. An example subdivision, a regular

hyperrectangular division, is shown in Figure 6.2 (a). For simplicity, we use this

type of division for the rest of this work.

Given a subdomain definition, the following FBPINN solution ansatz is used to

define the approximate solution to the problem defined by Equation 2.2

û(x; θ) = C
[

NN (x; θ)
]
, (6.8)

where

NN (x; θ) =
n∑
i

wi(x) · unnorm ◦NNi ◦ normi(x) , (6.9)

NN i(x; θi) is a separate neural network placed in each subdomain Ωi, wi(x) is a

smooth, differentiable window function that locally confines each network to its

subdomain, C is a constraining operator which adds appropriate “hard” constraints

to the ansatz such that it satisfies the boundary conditions (following the same

procedure described in Section 6.2.4), normi denotes separate normalisation of the

input vector x in each subdomain, unnorm denotes a common unnormalisation

applied to each neural network output, and θ = {θi}.

The purpose of the window function is to locally confine each neural network

solution, NN i, to its subdomain. Any differentiable function can be used, as long

as it is (negligibly close to) zero outside of the subdomain and greater than zero
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within it. For the hyperrectangular subdomains studied in this paper, we use

the following window function;

wi(x) =
d∏
j

φ((xj − aji )/σ
j
i )φ((bji − xj)/σ

j
i ) , (6.10)

where j denotes each dimension of the input vector, aji and b
j
i denote the midpoint

of the left and right overlapping regions in each dimension (where aji < bji , i.e.

the black lines in Figure 6.2 (a)), φ(x) = 1
1+e−x is the sigmoid function, and σji

is a set of parameters defined such that the window function is (negligibly close

to) zero outside of the overlap region. The individual normalisation normi in

each subdomain is applied by normalising the input vector between [−1, 1] in each

dimension over the subdomain before it is input to the network, whilst the common

output unnormalisation unnorm is chosen such that each neural network output

stays within the range [−1, 1], and depends on the solution itself. Any neural

network can be used to define NN i(x; θi); in this paper for simplicity we only

consider fully connected neural networks.

Given the ansatz defined by Equation 6.8, FBPINNs are trained using the

unconstrained loss function

L(θ) = Lp(θ) = 1
Np

Np∑
i

|| D[û(xi; θ);λ]− f(xi) ||2 , (6.11)

using a set of training points {xi} sampled over the full domain Ω. This loss

function is the same form as used when training the strongly-constrained PINNs

described in Section 6.2.4, and doesn’t require the use of additional interface terms by

construction of our ansatz. Alternatively, the constraining operator C in the FBPINN

ansatz can be removed and the corresponding “weak” loss function (cf Equation 2.3)

used to train FBPINNs, in a similar fashion to PINNs. Note that whilst using

subdomain normalisation means that each subdomain network effectively has its own

relative coordinate system, the subdomain networks are trained using gradients with

respect to the same global input coordinates by simply backpropagating through

this normalisation step when evaluating the physics loss.
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Figure 6.3: Flexible training schedules for FBPINNs. We can design flexible training
schedules which can help to improve the convergence of FBPINNs. These schedules define
which subdomain networks are updated during each training step. Within these schedules
we define “active” models, which are the networks which are currently being updated,
“fixed” models, which are networks which have already been trained and have their free
parameters fixed, and “inactive” models which are as-of-yet untrained networks. The plots
above show one particular training schedule designed to learn the solution “outwards” from
the boundary condition, which in this case is assumed to be along the left edge of the
domain. Note during each training step only training points from the active subdomains
are required, shown by the coloured regions in the plot.

6.4.3 Flexible training schedules

Alongside the issues with scaling PINNs to large domains described in Section 6.3,

another issue is the difficulty of ensuring that the PINN solution learnt far away

from the boundary is consistent with the boundary conditions. More precisely, it is

conceivable that, early-on in training, the PINN could fixate on a particular solution

which is inconsistent with the boundary condition at a location in the domain far away

from the boundary, because the network has not yet learnt the consistent solution

closer to the boundary to constrain it. With two different particular solutions being

learned, the optimisation problem could end up in a local minima, resulting in a

harder optimisation problem. Indeed, we find evidence for this effect in our numerical

experiments (in particular, Sections 6.5.2.4 and 6.5.5). Thus, for some problems it

may make sense to sequentially learn the solution “outwards” from the boundary, in a

similar fashion to, for example, time-marching schemes employed in classical methods.

FBPINNs allow for such functionality, which is easy to implement because of

their domain decomposition. At any point during training, we can restrict which

subdomain networks are updated, and can therefore design flexible training schedules

to suit a particular boundary problem. An example training schedule is shown in
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# 1) Get NN output and gradients in each subdomain
# Can use separate thread for each subdomain
for im in active_or_fixed_neighbour_models:

x[im] = sample_subdomain_points(im)
x_norm = (x[im] - x_mu[im]) / x_sd[im]
u[im] = NN[im](x_norm)
u[im] = u[im]*u_mu + u_sd
u[im] = windows[im] * u[im]
g[im] = problem.get_gradients(u[im], x[im])

# 2) Sum NN outputs in overlapping regions
# Requires communication between threads
for im in active_models:

for iseg in overlapping_regions[im]:
for im2 in overlapping_models[iseg]:

if im2 != im:
u[im][iseg] += u[im2][iseg].detach()
g[im][iseg] += g[im2][iseg].detach()

# 3) Apply hard boundary conditions, compute loss,
# backpropagate and update free parameters
# Can use separate thread for each subdomain
for im in active_models:

u[im], g[im] = problem.boundary(u[im], g[im])
loss = problem.physics_loss(x[im], u[im], g[im])
loss.backward()
optimizers[im].step()

(a) PyTorch psuedocode for a single FBPINN
training step.

(b) Visual schematic of a FBPINN train-
ing step inside each subdomain.

Figure 6.4: Parallel algorithm for training FBPINNs. FBPINNs are trained using gradient
descent, and the psuedocode for each training step is shown in (a). The effect of each
training step on each subdomain is shown in (b). The algorithm can be implemented using
entirely independent threads for each subdomain, except during step 2) where they must
share their subdomain network outputs within overlapping regions with the threads of
their neighbouring subdomains.

Figure 6.3. Within a training schedule we define “active” models, which are the

networks which are currently being updated, “fixed” models, which are networks

which have already been trained and have their free parameters fixed, and “inactive”

models which are as-of-yet untrained networks. During each training step, only active

models and their fixed neighbours contribute to the summation in the FBPINN

ansatz, and only training points within the active subdomains are sampled.

6.4.4 Parallel implementation

The FBPINN optimisation problem defined by Equation 6.11 is solved by using

gradient descent, similar to PINNs. This can be naively implemented within a single,

global optimisation loop, but in practice, we can train FBPINNs in a highly parallel
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and more data-efficient way by taking advantage of the domain decomposition.

In this section we describe a parallel implementation of FBPINNs, for which its

pseudocode is shown in Figure 6.4.

There are two key considerations when parallelising FBPINNs. First is that,

outside of each neural network’s subdomain its output is always zero after the

window function has been applied, which means that training points outside of the

subdomain will provide zero gradients when updating its free parameters. Thus, only

training points within each subdomain are required to train each network, which

allows training to be much more data-efficient. Second is that multiple parts of each

training step can be implemented in parallel; a separate thread for each network can

be used when calculating their outputs and gradients with respect to the input vector,

and once the network outputs in overlapping regions have been summed, a separate

thread for each network can be used to backpropagate the loss function and update

their free parameters. This allows the training time to be dramatically reduced.

We now describe the parallel training algorithm in detail. We use a standard

gradient descent training algorithm, consisting of a number of identical gradient

descent steps implemented inside a for loop. The pseudocode for each training

step is shown in Figure 6.4 (a), and a schematic of how each training step affects

each subdomain is shown in Figure 6.4 (b). Each training step consists of three

distinct steps. First, for each subdomain, training points are sampled throughout

the subdomain, normalised and input into the subdomain network. The output of

the network is unnormalised, multiplied by the window function, and its appropriate

gradients (depending on the specific problem) with respect to the input variables

are computed using autodifferentiation. Second, for training points which intersect

the overlapping regions between subdomains, the network outputs and gradients are

shared across subdomains and summed. Third, for each subdomain, the constraining

operator is applied to the summed solution and its gradients, the loss function is

computed using these quantities, and the free parameters of the network are updated

using backpropagation. We note that because each network has an independent set

of free parameters, the computational graph can be discarded (or “detached”) for
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all outputs shared in its overlapping regions except for those from the current

network when backpropagating, allowing the backpropagation operation to be

implemented in parallel. Another note is that we must ensure that the same

training data points are used in the overlapping regions for each network such

that their solutions can be summed.

6.5 Results

6.5.1 Overview of experiments

In this section we carry out a number of experiments to test the accuracy and efficiency

of FBPINNs. We are interested in how FBPINNs scale to larger problem sizes, and

our experiments range from smaller to larger problems, both in terms of their domain

size and dimensionality. Problems with multi-scale solutions are included.

First, in Section 6.5.2, FBPINNs are tested on the motivating 1D example

problem presented in Section 6.3 (that of learning the solution to du
dx

= cosωx).

Harder versions of this problem are introduced, including one with a multi-scale

solution and another using second order derivatives in the underlying differential

equation. In summary we find that FBPINNs are able to accurately and efficiently

learn the solutions to these problems when ω is high, significantly outperforming

PINNs. In Section 6.5.3, we extend the motivating 1D problem to 2D, learning

the solution to the equation ∂u
∂x1

+ ∂u
∂x2

= cos(ωx1) + cos(ωx2) when ω is high.

Again, the FBPINN significantly outperforms the PINN tested. In Section 6.5.4,

we test FBPINNs on a standard PINN benchmark problem, which is the (1+1)D

viscous time-dependent Burgers equation. In this case the FBPINN matches the

accuracy of the PINN tested, whilst being significantly more data-efficient. Finally

in Section 6.5.5 we learn the solution to the (2+1)D time-dependent wave equation

for a high-frequency point source propagating through a medium with a non-uniform

wave speed, which is the most challenging problem studied here. Whilst the PINN

tested exhibits unstable convergence, the FBPINN using a time-marching training

schedule is able to robustly converge to the solution.
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Some of the FBPINN settings and hyperparameters are fixed across all exper-

iments. Specifically, the same optimiser (Adam [Kingma and Ba, 2015]), learning

rate (0.001), network type (fully connected), network activation function (tanh),

type of subdomain division (hyperrectangular), and window function (as defined in

Equation 6.10) are used across all experiments. The relevant corresponding aspects

are also fixed and the same across all of the PINN benchmarks used. Other settings

and hyperparameters, such as the number of training steps, number of training

points, number of hidden layers, number of hidden units, number of subdomains,

overlapping width of each subdomain, output unnormalisation and training schedule

vary depending on the problem, and for some cases studies we show ablations of

them. For clearer comparison, we always use the same training point sampling

scheme and density for both PINNs and FBPINNs, the same unnormalisation of their

network outputs and the same constraining operator when forming their ansatze.

The PINN input variable is always normalised between [−1, 1] in each dimension

across the problem domain before being input to the network. The PINNs are

implemented within the same coding framework as the FBPINNs, which uses the

PyTorch library [Paszke et al., 2019]. All 1D problems are trained using a single

CPU core, whilst all other problems are trained using a single NVIDIA Titan V

GPU. For this work we only use a single thread when training FBPINNs, although

this thread does exactly implement the parallel training algorithm described in

Section 6.4.4. Evaluating the multi-threaded performance of our parallel algorithm

will be the subject of future work.

6.5.2 1D sinusoidal experiments

First, we test FBPINNs using the motivating 1D problem described in Section 6.3

(Equation 6.4). The following FBPINN ansatz is used

û(x; θ) = tanh(ωx)NN (x; θ) , (6.12)

which uses the same constraining operator as the PINN ansatz defined in Equation 6.6.
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Figure 6.5: Performance of FBPINNs on the motivating problem du
dx = cos(ωx) when ω =

1. For this case, we find the FBPINN described in Section 6.5.2.1 has similar performance
to the ω = 1 PINN in Section 6.3.1 (shown in Figure 6.1 (a)). The individual FBPINN
subdomain solutions after training are shown in (a). The full FBPINN solution compared
to the exact solution is shown in (b). The FBPINN subdomain definition, overlapping
regions in the domain (thick pink lines), and window function for each subdomain are
shown in (c). The L1 error between the FBPINN solution and the exact solution against
training step is shown in (d) and (e). Also shown in (d) and (e) are the convergence curves
for a FBPINN trained with a smaller subdomain overlap width and the ω = 1 PINN from
Section 6.3.1.

6.5.2.1 Low frequency case (ω = 1)

For the low frequency case, the domain x ∈ [−2π, 2π] is divided into n = 5 overlapping

subdomains shown in Figure 6.5 (c). Each subdomain is defined such that all of

their overlapping regions have a width of 1.3 and their associated window functions

(as defined in Equation 6.10) are also shown in Figure 6.5 (c). Each subdomain

network has 2 hidden layers and 16 hidden units per layer. Similar to the PINN in

Section 6.3.1, the output of each subdomain network is unnormalised by multiplying

it by 1
ω
before summation, and the FBPINN is trained using 50,000 training steps

and 200 training points regularly spaced over the domain. An “all-active” training

schedule is used, where all of the subdomain networks are active every training

step. The FBPINN has 1,605 free parameters in total.

Figure 6.5 (a) shows the individual network solutions after training and (b) shows

the full FBPINN solution. For ease of interpretation, each individual network plot

in (a) shows the output of each subdomain network just before summation but
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Figure 6.6: Performance of FBPINNs on the motivating problem du
dx = cos(ωx) when

ω = 15. The FBPINN described in Section 6.5.2.2 is compared to the best-performing
ω = 15 PINN in Section 6.3.2 (namely the PINN with 5 layers and 128 hidden units, shown
in Figure 6.1 (d)). For this case, we find the FBPINN significantly outperforms the PINN,
converging to the solution with much higher accuracy and much less training steps. This
plot has the same layout as Figure 6.5.

with the constraining operator (tanh(ωx)·) applied. Figure 6.5 (d) compares the L1

convergence curve of the FBPINN to the L1 convergence curve of the low-frequency

PINN (with 2 layers and 16 hidden units) studied in Section 6.3.1. Figure 6.5 (e)

shows the same curve against the cumulative number of training floating point

operations (FLOPs) required during forward inference of the subdomain networks,

which is a measure of data-efficiency1. For this case study, we find that the FBPINN is

able to solve the problem as accurately and with a similar data-efficiency to the PINN.

For this case study we also test the sensitivity of the FBPINN to different

subdomain overlap widths. Figure 6.5 (d) and (e) show the convergence curve for

the same FBPINN but with its subdomains defined such that all overlapping regions

have a width of 0.2. In this case the FBPINN has similar performance.

6.5.2.2 High frequency case (ω = 15)

Next we test the performance of the FBPINN when ω = 15 which is a much harder

problem, as discussed in Section 6.3. For this case we divide the domain into n = 30
1Note, this measure only counts FLOPs spent during the forward inference of the networks, and

does not count FLOPs spent during gradient computation, backpropagation or any other part of
the training algorithm. See D.1 for the exact formula used.
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equally spaced subdomains with overlapping widths of 0.3, as shown in Figure 6.6 (c).

The subdomain network size is kept the same as the case above at 2 layers and 16

hidden units per layer, and the same “all-active” training schedule is used. The

FBPINN has 9,630 free parameters in total. Similar to the high-frequency PINNs

tested in Section 6.3.2, the number of regularly spaced training points is increased to

200× 15 = 3000. We compare the FBPINN to the best performing high-frequency

PINN from Section 6.3.2, namely the PINN with 5 layers and 128 hidden units.

Figure 6.6 shows the same plots as Figure 6.5 for this case. We find that, in stark

contrast to the PINN, the FBPINN is able to converge to the solution with very

high accuracy in very few training steps. Furthermore training the FBPINN requires

multiple orders of magnitude less forward inference FLOPs than the PINN. This is

because it uses much smaller network sizes in each of its subdomains, dramatically

reducing the amount of computation required.

6.5.2.3 Multi-scale case

We extend the difficulty of this problem by including multi-scale frequency compo-

nents in its solution. Specifically, we consider the modified problem

du

dx
= ω1 cos(ω1x) + ω2 cos(ω2x) ,

u(0) = 0 ,
(6.13)

which has the exact solution

u(x) = sin(ω1x) + sin(ω2x) . (6.14)

Here we chose ω1 = 1 and ω2 = 15, i.e. the solution contains both a high and

low frequency component.

The same FBPINN and PINN from Section 6.5.2.2 are retrained for this problem,

except that their loss functions are modified to use the differential equation above,

unnormalisation is applied to both by multiplying their network outputs by 2, and

ω2 is used in their ansatz constraining operator (tanh(ω2x)·). For this case we

also train PINNs with smaller network sizes, namely 2 layers and 16 hidden units,

and 4 layers and 64 hidden units.
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Figure 6.7: Performance of FBPINNs on the multi-scale problem du
dx = ω1 cos(ω1x) +

ω2 cos(ω2x) where ω1 = 1 and ω2 = 15. The FBPINN described in Section 6.5.2.3 is
compared to three different PINNs which have 2 layers and 16 hidden units, 4 layers and
64 hidden units, and 5 layers and 128 hidden units. Similar to Figure 6.6, the FBPINN
significantly outperforms the PINNs tested. The individual FBPINN subdomain solutions
after training are shown in (a). The full FBPINN solution is shown in (b). The three
PINN solutions are shown in (c)-(e). The L1 errors of the FBPINN and PINN solutions
compared to the exact solution are shown in (f) and (g).

The FBPINN individual network solutions, the FBPINN full solution and the

three PINN solutions are shown in Figure 6.7 (a), (b), (c), (d) and (e) respectively,

and their L1 convergence curves are compared in (f) and (g). Similar results are

observed to Section 6.5.2.2: in stark contrast to the PINNs, the FBPINN is able to

converge to the solution with a much higher accuracy in a much smaller number of

training steps. Whilst the PINNs with 4 and 5 layers are able to model all of the

cycles in the solution, their accuracy is nearly two orders of magnitude worse than

the FBPINN, and their convergence curve is much more unstable.

6.5.2.4 Second order derivative case

We also extend the difficulty of this problem by changing the underlying equation

from a first order differential equation to a second order equation. Namely, we
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Figure 6.8: Performance of FBPINNs on the problem d2u
dx2 = sin(ωx) with ω = 15. Two

FBPINNs with different training schedules are tested for this problem. The first has an
“all-active” training schedule, where all models are active all of the time, and its resulting
solution and second order derivative are shown in (c) and (d). The second uses a “learning
outwards” training schedule which slowly expands the active model outwards from the
boundary condition at x = 0 as training progresses (as depicted in (g) and (h)), and its
solution and second order derivative are shown in (e) and (f). Both FBPINNs use the
subdomain definition shown in Figure 6.6 (c), and are compared to a PINN with 5 layers
and 128 hidden units, shown in (a) and (b).

consider the related problem

d2u

dx2 = sin(ωx) ,

u(0) = 0 ,
du

dx
(0) = − 1

ω
,

(6.15)

which has the exact solution

u(x) = − 1
ω2 sin(ωx) . (6.16)
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We use the FBPINN ansatz

û(x; θ) = − 1
ω2 tanh(ωx) + tanh2(ωx)NN (x; θ) , (6.17)

such that the boundary conditions are satisfied, and the same construction for the

PINN ansatz. Alike Section 6.5.2.2 we consider the high frequency case ω = 15.

The same FBPINN and PINN from Section 6.5.2.2 are retrained for this problem,

except for the changes to the problem definition above, and that the outputs of the

FBPINN and PINN networks are unnormalised by multiplying them by 1
ω2 . We

also train both networks for twice as long (100,000 steps).

The resulting FBPINN and PINN solutions are shown in Figure 6.8 (c) and

(a), along with their second order derivatives in (d) and (b). We find that both

methods struggle to accurately model the solution, although the FBPINN is able

to capture all of its cycles. Whilst both models learn the solution accurately in

the vicinity of the boundary condition, they learn it poorly outside of it. One

explanation is that both models are suffering from integration errors; a small error

in the second order derivative (which is being penalised in the loss function) can

lead to large errors in the solution. Indeed, both models learn much more accurate

second order derivatives, as seen in Figure 6.8. Another explanation is that away

from the boundary the FBPINN and PINN are fixating on a different (and incorrect)

particular solution of the underlying equation. In particular, away from the boundary

the FBPINN solution appears to be superimposed with a linear function of the

input variable, which is a feasible solution under this differential equation (but is

not consistent with the boundary conditions).

To improve the FBPINN solution further, we retrain the FBPINN using a training

schedule that allows the solution to be “learned outwards” from the boundary

condition. The schedule starts with only the two models in the center of the domain

being active, and then slowly expands the active model outwards in the positive

and negative directions, fixing the previously active models behind them, as shown

in Figure 6.8 (g) and (h). In this case 500,000 training steps are used (equating

to 33,333 training steps per active model). The resulting solution and its second
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Figure 6.9: Performance of FBPINNs on the problem ∂u
∂x1

+ ∂u
∂x2

= cos(ωx1) + cos(ωx2)
with ω = 15. The FBPINN described in Section 6.5.3 is compared to a PINN with 5
layers and 128 hidden units. Similar to the 1D sinusoidal problems above, we find that the
FBPINN significantly outperforms the PINN tested. The FBPINN subdomain definition is
shown in (g). The exact solution is shown in (c). The FBPINN solution and its difference
to the exact solution are shown in (b) and (f), and a similar set of plots for the PINN are
shown in (a) and (e). The L1 errors of the FBPINN and PINN solutions compared to the
exact solution are shown in (d) and (h).

order derivative are shown in Figure 6.8 (e) and (f). We find that this FBPINN

performs best, accurately modelling the solution many cycles away from the boundary

condition, although small errors remain at the edges of the domain.

6.5.3 2D sinusoidal experiments

In this section we study the extension of the motivating problem above from 1D

to 2D. Specifically, we consider the problem

∂u

∂x1
+ ∂u

∂x2
= cos(ωx1) + cos(ωx2) ,

u(0, x2) = 1
ω

sin(ωx2) ,
(6.18)

where x = (x1, x2) ∈ R2, u ∈ R1, with a problem domain x1 ∈ [−2π, 2π], x2 ∈

[−2π, 2π]. This problem has the exact solution

u(x1, x2) = 1
ω

sin(ωx1) + 1
ω

sin(ωx2) . (6.19)

We use the FBPINN ansatz

û(x1, x2; θ) = 1
ω

sin(ωx2) + tanh(ωx1)NN (x1, x2; θ) , (6.20)
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such that the boundary conditions are satisfied, using the same constraining operator

for the PINN ansatz. Similar to Section 6.5.2.2 we consider the high frequency case

ω = 15. Note that the solution along the second dimension x2 is already provided in

the ansatz, and so the FBPINN and PINN only need to learn to correct the ansatz

along the first dimension (although x2 is still input to the networks and so they

could still learn an incorrect solution along the second dimension).

For the FBPINN we divide the 2D domain into n = 15 × 15 = 225 equally

spaced subdomains with overlapping widths of 0.6, as shown in Figure 6.9 (g). Each

subdomain network has 2 layers and 16 hidden layers, and we use the “all-active”

training schedule defined above. For the PINN a network with 5 layers and 128 hidden

units is chosen. The FBPINN has 75,825 free parameters whilst the PINN has 66,561

free parameters. The FBPINN and PINN are both unnormalised by multiplying their

network outputs by 1
ω
, and both are trained using 900×900 = 810,000 training points

regularly spaced throughout the domain and 50,000 training steps. 1000 × 1000

regularly sampled test points throughout the domain are used when computing

their L1 error compared to the exact solution.

Figure 6.9 (c) shows the exact solution, (b) and (a) show the FBPINN and

PINN solutions, and (f) and (e) show their difference to the exact solution. The

FBPINN and PINN convergence curves are compared in Figure 6.9 (d) and (h).

Similar observations to Section 6.5.2.2 can be made, namely; the FBPINN is able to

converge to the solution with much higher accuracy and much less training steps

than the PINN; whilst the PINN is able to model all of the cycles of the solution,

its accuracy is over one order of magnitude worse than the FBPINN; because a

much smaller subdomain network size is used in the FBPINN, training the FBPINN

requires multiple orders of magnitude less forward inference FLOPs than the PINN.
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Figure 6.10: Performance of FBPINNs on the (1+1)D viscous time-dependent Burgers
equation. The exact solution is shown in (d). Two FBPINNs with different subdomain
definitions are tested. The first uses a subdomain definition where the subdomain interfaces
coincide with the discontinuity in the exact solution, shown in (i). The second uses a
definition where the interfaces avoid the discontinuity, shown in (j). Both FBPINNs are
compared to a PINN with 4 layers and 64 hidden units. The coinciding FBPINN solution
and its difference to the exact solution are shown in (b) and (f). Similar sets of plots for
the avoiding FBPINN and PINN are shown in (c) and (g), and (a) and (e) respectively.
The L1 errors of the FBPINN and PINN solutions compared to the exact solution are
shown in (h) and (k). We find that the coinciding FBPINN has slightly worse accuracy
than the PINN, whilst the avoiding FBPINN has slightly better accuracy.

6.5.4 (1+1)D Burgers equation

In this section the FBPINN is tested using a standard PINN benchmark problem,

which is the (1+1)D viscous time-dependent Burgers equation, given by

∂u

∂t
+ u

∂u

∂x
= ν

∂2u

∂x2 ,

u(x, 0) = − sin(πx) ,

u(−1, t) = 0 ,

u(+1, t) = 0 ,

(6.21)

where x, t, u, ν ∈ R1, with a problem domain x ∈ [−1, 1], t ∈ [0, 1]. Interestingly, for

small values of the viscosity parameter, ν, the solution develops a discontinuity at

x = 0 as time increases. We use ν = 0.01/π such that this is the case. The exact

solution is analytically available by use of the Hopf-Cole transform (see Basdevant

et al. [1986] for details, which are omitted here for brevity).
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To solve the problem, we use the FBPINN ansatz

û(x, t; θ) = − sin(πx) + tanh(x+ 1) tanh(x− 1) tanh(t)NN (x, t; θ) , (6.22)

such that the boundary conditions are satisfied, using the same constraining operator

for the PINN ansatz.

For the FBPINN we divide the 2D domain into n = 4 × 2 = 8 equally spaced

subdomains with overlapping widths of 0.4, as shown in Figure 6.10 (i). We

purposefully coincide the subdomain interfaces with the discontinuity in the solution

at x = 0, to test how the domain decomposition affects the solution accuracy across

the discontinuity. Each subdomain network has 2 layers and 16 hidden layers, and

we use the “all-active” training schedule. For the PINN a network with 4 layers

and 64 hidden units is used, as in testing we found smaller networks performed

worse. The FBPINN has 2,696 free parameters whilst the PINN has 12,737 free

parameters. The FBPINN and PINN are both unnormalised by multiplying their

network outputs by 1, and both are trained using 200 × 200 = 40,000 training

points regularly spaced throughout the domain and 50,000 training steps. 400× 400

regularly sampled test points throughout the domain are used when computing

their L1 error compared to the exact solution.

Figure 6.10 (d), (b) and (a) show the exact, FBPINN and PINN solutions

respectively, and (f) and (e) show the difference of the FBPINN and PINN solutions

to the exact solution. Figure 6.10 (h) and (k) show the L1 convergence curves of the

FBPINN and PINN. We observe that the FBPINN solution is slightly less accurate

across the discontinuity than the PINN, although its overall convergence is more

stable. Whilst the FBPINN is able to model the discontinuity, it appears that the

window function and summation of networks does make it harder for the FBPINN to

model the solution in this region. To avoid this issue, we retrain the FBPINN using 6

overlapping subdomains with interfaces which do not coincide with the discontinuity,

as shown in Figure 6.10 (j). The resulting solution, difference and convergence curves

are shown in (c), (g), (h) and (k), and we find that this FBPINN is able to more

accurately model the discontinuity with a slightly higher overall accuracy than the
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Figure 6.11: Setup and convergence curves for the (2+1)D time-dependent wave equation
problem. The FBPINN subdomain definition is shown in (a), (b), and (c), where the plots
show orthogonal cross sections through the middle of the domain. The spatially-varying
wave speed is shown in (d). The L1 errors of the FBPINN and PINN solutions compared
to the solution from finite difference modelling are shown in (e) and (f).

PINN. Furthermore, as observed above, because a much smaller subdomain network

size is used in the FBPINNs, training both FBPINNs requires multiple orders of

magnitude less forward inference FLOPs than the PINN.

6.5.5 (2+1)D wave equation

Finally, we test the FBPINN using the (2+1)D time-dependent wave equation,

modelling the dynamics of an initially stationary point source propagating through a

medium with a non-uniform wave speed. Specifically, we solve the following problem[
∇2 − 1

c(x)2
∂2

∂t2

]
u(x, t) = 0 ,

u(x, 0) = e−
1
2 (||x−µ||/σ)2

,

∂u

∂t
(x, 0) = 0 ,

(6.23)

where x, µ ∈ R2, t, u, σ ∈ R1, c(x) ∈ R1 is the spatially-varying wave speed, and µ

and σ control the starting location and central frequency of a Gaussian point source.

The wave speed c(x) is defined as a simple mixture of 2D Gaussian distributions

and is shown in Figure 6.11 (d). For this case we use the problem domain x1 ∈
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Figure 6.12: Performance of FBPINNs on the (2+1)D time-dependent wave equation
problem. The FBPINN described in Section 6.5.5 is compared to a PINN with 5 layers and
128 hidden units. We find that the FBPINN and PINN have similar accuracy, although
the FBPINN converges more robustly to the solution (see Figure 6.13). The solution at 4
time-steps spanning the domain from finite difference modelling is shown in (a)-(d). The
PINN solution at these time-steps is shown in (e)-(h), and the FBPINN solution at these
time-steps is shown in (m)-(p). The difference of the PINN solution to the solution from
finite difference modelling is shown in (i)-(l), and similar difference plots for the FBPINN
are shown in (q)-(t).

[−10, 10], x2 ∈ [−10, 10], t ∈ [0, 10] and set µ = (0, 0) and σ = 0.3. Modelling the wave

equation can be challenging in general because its solutions are typically broadband,

oscillatory and dispersive in nature, and can include reflections, refractions, wavefront

compression and expansion through different velocity regions and a large range of

amplitudes [Igel, 2017]. For this case, the solution (or “wavefield”) expands outwards

from the point source, compressing and expanding as it moves through regions
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Figure 6.13: FBPINN and PINN solutions during training for the (2+1)D time-dependent
wave equation problem. The solution from finite difference modelling is shown in (a)-(d)
(repeated from Figure 6.12). The FBPINN solution at training step 50,000 and 100,000 as
well as the PINN solution at training step 20,000 are plotted in (e)-(h), (l)-(o) and (s)-(v)
respectively using the same 4 time-steps. Whilst the FBPINN robustly learns the solution
outwards from t = 0 as its time-marching training schedule progresses, even after 20,000
training steps the PINN solution is still close to zero everywhere apart from the boundary
condition. Orthogonal cross sections of the active, fixed and inactive FBPINN subdomains
through the center of the domain during the time-marching training schedule are shown
for each FBPINN training step in (i)-(k) and (p)-(r).

with different wave speeds. We compare our results to the solution from finite

difference (FD) modelling (see D.2 for our detailed implementation), which is shown
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in Figure 6.12 (a)-(d) for 4 time-steps spanning the domain.

To solve the problem, we use the FBPINN ansatz

û(x, t; θ) = φ(5(2− t/t1)) e− 1
2 (||x−µ||/σ)2 + tanh2(t/t1)NN (x, t; θ) , (6.24)

where φ(·) is the sigmoid function and t1 = σ/c(µ). This ansatz is designed such

that at t = 0 the sigmoid function is (negligibly close to) 1, allowing the ansatz

to match the boundary conditions. At times t � 2 t1, the sigmoid function is

(negligibly close to) 0, removing the point source term from the ansatz. This is

done so that the FBPINN does not need to learn to correct for this part of the

ansatz once the point source has expanded away from its starting location. The

same constraining operator is used for the PINN ansatz.

For the FBPINN we divide the 3D domain into n = 3× 3× 4 = 36 subdomains

with overlapping widths of 6 in the spatial dimensions and 2 in the time dimension,

as shown in Figure 6.11 (a)-(c). Each subdomain network has 4 layers and 64

hidden layers. For this problem we use a “time-marching” training schedule, where

initially only subdomains in the first time-step are active, before slowly expanding

the active time-step outwards and fixing the earlier time-step models. For the PINN

a network with 5 layers and 128 hidden units is chosen. The FBPINN has 460,836

free parameters whilst the PINN has 66,689 free parameters. The FBPINN and

PINN are both unnormalised by multiplying their network outputs by 1, and both are

trained using 58× 58× 58 = 195,112 training points randomly sampled throughout

the domain. The PINN is trained for 75,000 training steps, whilst the FBPINN is

trained for 150,000 steps (equating to 37,500 training steps per active model). For

this case we chose random sampling over regular sampling because the training point

density is relatively low compared to the frequency of the solution and in testing

this allowed for better convergence of both the FBPINN and PINN. 100× 100× 10

regularly sampled test points throughout the domain are used when computing their

L1 error compared to the finite difference solution.

Figure 6.12 (e)-(h) and (m)-(p) show the resulting PINN and FBPINN solutions

respectively over 4 time-steps spanning the problem domain. Figure 6.12 (i)-(l)
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and (q)-(t) show their difference compared to the finite difference solution, and

Figure 6.11 (e) and (f) show their L1 convergence curves. We find that the FBPINN

and PINN solutions have a similar accuracy, although the FBPINN takes roughly

half as many forward inference FLOPs to train as the PINN, because its subdomain

network size is smaller. We also test a FBPINN using a smaller subdomain network

size (2 layers and 16 hidden units, the same as all previous examples) but this

does not converge, as shown in the convergence plots in Figure 6.11 (e) and (f).

Whilst the PINN appears suitable for this problem, we plot the PINN and FBPINN

solutions midway through training in Figure 6.13. We find that whilst the FBPINN

robustly learns the solution outwards from t = 0 as its time-marching training

schedule progresses, even after 20,000 training steps the PINN solution is still close

to zero everywhere apart from the boundary condition. This can also been seen in

the convergence curve for the PINN in Figure 6.11 (e), where its L1 error actually

increases until approximately training step 40,000. One explanation for this is that

the PINN is fixating on a different (incorrect) particular solution away from the

boundary early-on in training, namely the easier particular solution u(x, t) = 0,

causing the optimisation to become stuck in a local minima.

6.6 Discussion

The numerical tests above confirm that FBPINNs provide a promising approach for

scaling PINNs to large domains. They are able to accurately solve all of the smaller

and larger scale problems studied, whilst in many cases the standard PINN struggles.

For the problems studied with smaller domains, such as the Burgers equation and

the low-frequency sinusoidal problem, the FBPINN generally matches the PINN in

performance. For the problems with larger domains, such as the wave equation and

high-frequency sinusodial case studies, the FBPINN outperforms the PINN. The

largest differences are seen in the high-frequency sinusoidal problems, where across all

tests the FBPINN converges with much higher accuracy and much less training steps

than the PINN. For the wave equation problem, the FBPINN more robustly converges

to the solution. These findings demonstrate that the combined use of domain
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decomposition, separate subdomain normalisation and flexible training schedules

helps to alleviate some of the major issues related to scaling PINNs to large domains.

FBPINNs also appear to be more data-efficient than standard PINNs. Across all

experiments we find that FBPINNs are able to converge using smaller network sizes

in their subdomains than the network size required by PINNs. The total number

of forward inference FLOPs required during training of FBPINNs only depends on

the subdomain network size, and not the number of subdomains (see D.1 for proof),

and thus the FBPINNs studied here require much less computation than the PINNs

to train them. This is likely because of their “divide and conquer” strategy; each

subdomain appears to present an easier optimisation problem which only requires a

small number of free parameters to solve. Indeed, FBPINNs with more subdomains

and smaller network sizes than those tested could be even more data-efficient, and

in the future we plan to study in detail how reducing the subdomain size further

affects their accuracy, and whether there is an optimal subdomain and network size

to use (e.g. similar to h-p refinement in FEM). Similarly, it would be interesting to

understand whether their is an optimal overlap width between subdomains. The

optimal configurations of all of these hyperparameters could be found by scanning

over them when training FBPINNs, or even by treating them as learnable parameters

during training. For the simple low frequency sinusoidal case study we find the

overlap width has little effect on accuracy (Figure 6.5), although it may have more

of an effect on more complex solutions.

It is important to note that each problem studied requires different configurations

of the FBPINN to converge well. For example, for the high-frequency 1D first

order sinusoidal problem a FBPINN with an “all-active” training schedule performs

well, whilst for the second order variant a FBPINN with a “learning outwards”

training schedule is required to learn an accurate solution. In general, the training

schedule should be selected for the physics problem at hand. For example, “learning

outwards” from a single point in the domain is not appropriate for a problem which

has boundary conditions at multiple locations, as the training schedule may not

sufficiently communicate the outer boundary conditions to inner subdomain networks
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which are fixed at earlier training times. More generic training schedules appropriate

for any type of boundary condition could be investigated, for example iteratively

switching between learning inwards and outwards in the domain.

Another configuration which the accuracy of the FBPINN is sensitive to is

the location of the subdomain interfaces in the domain. Specifically, we find that

the FBPINN performs slightly worse for the Burgers equation problem when its

subdomain interfaces coincide with the discontinuity in the solution. This may be

because the overlapping networks are struggling to communicate their individual

solutions over such a high frequency change in the solution. It would be interesting

to investigate this further, for example by adding more physics loss training points

over the interface, or by using mathematical construction in the FBPINN ansatz to

strongly impose discontinuities if their character is known a priori.

Whilst we have focused on the issues related to scaling PINNs to large domains,

another important consideration is the scaling of PINNs to higher dimensions.

Similar to classical methods, a major challenge is likely to be the exponentially

increasing number of (training) points required to sample the domain as the number of

dimensions increases. It is important to note that domain decomposition may still help

to reduce the complexity of the ensuing optimisation problem, and indeed FBPINNs

are effective across all of the 1D, 2D and 3D problems studied. However, FBPINNs

still require the same number of training points as standard PINNs and so issues such

as the increased computational workload required are likely to remain. Specific to

FBPINNs, the number of overlapping models summed in each overlapping region using

the hyperrectangular subdivision grows exponentially with the number of dimensions,

which could negatively affect the underlying FBPINN optimisation problem. We

plan to investigate the scaling of FBPINNs to higher dimensions in future work.

A future direction is to study the performance of the multi-threaded version of

FBPINNs in detail. For the single-threaded implementation of our parallel training

algorithm used here, the FBPINNs are typically 2 to 10 times slower to train than

their corresponding PINNs, despite the FBPINNs being more data-efficient. This is

because the single thread updates each subdomain network sequentially, and also
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because each subdomain has a small network size and number of training points,

meaning that the parallelism of the GPU is not fully utilised. The multi-threaded

version (as described in Section 6.4.4) should reduce these training times by a factor

proportional to the number of subdomains and yield a significant performance increase.

A potential bottleneck is that each subdomain thread must wait for its neighbouring

subdomain threads to run before summing the solution in its overlapping regions;

this step could be made fully asynchronous by e.g. caching the “latest available”

outputs from the neighbouring subdomains instead of necessarily waiting for their

outputs at the current training step.

Another important direction is to test FBPINNs using irregular domains and

subdomains. This is an essential step in many state-of-the-art classical approaches

and FBPINNs are readily extendable in this regard. The same FBPINN framework

can be used, and only the subdomain window functions and the functions which

sample points from each subdomain and define the neighbours and overlapping

regions of each subdomain in the parallel training algorithm (Figure 6.4 (a)) need

to be changed. Going further, one could draw inspiration from classical methods

where adaptive grids are used to solve multi-scale problems; it may be useful to

adaptively change the subdomain definition and/or subdomain network in FBPINNs

to dynamically fit to the solution. It is also important to note that in comparison to

classical methods, where mesh refinement can be highly non-trivial, this could be

relatively simple to implement using the mesh-free environment of FBPINNs.

Many other directions for applying and improving FBPINNs are possible. For

example, FBPINNs could be used to solve inverse problems in the same way as

PINNs and it would be interesting to compare their performance. There are many

other types of differential equations which could be tested. Whilst we use simple fully

connected subdomain networks here, other architectures and activation functions

could be investigated. Another promising direction would be to use transfer learning

within our flexible training schedules, for example by using neighbouring fixed models

to initialise the free parameters of newly active models, which may improve accuracy

and reduce training times further. Specifically for the wave equation, it would be
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interesting to train a FBPINN on the problems studied in Chapter 5 and compare

its performance to the models studied there. The same FBPINN from Section 6.5.5

could be used, except with a different input velocity model. In particular, it would

be interesting to investigate how accurately the FBPINN models seismic reflections

across discrete velocity interfaces, which our PINN struggled to model.

A major goal in the field of SciML is to provide ML tools which are practically

useful for real-world problems and can extend or complement existing classical

methods. For PINNs, one of the key remaining challenges is computational efficiency;

training a PINN typically takes much more computational resources than using

finite difference methods or FEM. Specifically for our wave equation problem in

Section 6.5.5, training the PINN / single-threaded FBPINN takes of the order of

10 hours on a single GPU, whilst FD modelling takes of the order of 1 minute on

a single CPU. We noted above that the data-efficiency of FBPINNs increases as

the size of its subdomain network decreases, and therefore with a small enough

network size and a multi-threaded implementation FBPINNs may be able to match

the efficiency of finite difference methods or FEM. It could also be powerful to

combine efforts to learn families of solutions, such as the DeepONets mentioned

above, with FBPINNs, allowing multiple large-scale solutions to be learnt without

needing to retrain FBPINNs. Ultimately, this may lead to approaches that are

faster and more accurate than classical methods, opening up many new potential

applications. We also believe that standard benchmarks should be established to

allow PINNs and their wide variety of derivatives to be more robustly compared,

which will help the field achieve this goal.

6.7 Summary

We have shown that PIML can carry out larger-scale simulations over higher

frequencies, although substantial changes to the PINNs used were required in order

to do so. In particular, we showed that as the domain size increased, the performance

of the PINNs tested significantly degraded due to issues such as the increased

complexity of their underlying optimisation problem and the spectral bias of neural
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networks. Our proposed framework, FBPINNs, needed to use a combination of

domain decomposition, individual subdomain normalisation and flexible training

schedules to alleviate these issues. Future work is needed to improve the efficiency of

FBPINNs so that they become competitive with traditional simulation approaches,

and to understand optimal domain decomposition and training strategies.



7
Conclusions

This thesis provides multiple insights into our central research question (namely: how

well do PIML techniques scale to real-world problems?). In this chapter we discuss

these insights (Section 7.1) and recommend future research directions (Section 7.2).

7.1 Discussion

Perhaps the most important observation from this work is that significant challenges

arose across all the PIML concepts and techniques tested when attempting to scale

them from simple to real-world problems. For example, our deep neural networks

with physics-informed architectures for simulating seismic waves struggled to scale

to more complex and arbitrary Earth models. Whilst they performed well on simple

Earth models, their performance decreased when tested on more complex and general

Earth models. The PINNs we studied struggled to solve differential equations with

larger domains and more complex solutions. Whilst they were able to reliably solve

problems with low frequency solutions, they took significantly longer to converge

as higher frequencies were introduced. Whilst our VAE for discovering underlying

factors of variation in the lunar surface temperature and our PIML approach for

denoising lunar surface images both performed well with real data and noise, their

underlying models became increasingly difficult to interpret and validate.

185



186 7.1. Discussion

In the following sections we discuss the underlying scaling challenges of these

PIML approaches, the changes required to alleviate them, and their comparison to

the challenges typically encountered when scaling traditional approaches.

7.1.1 Underlying scaling challenges

There were major underlying challenges relating to the scaling issues described

above. For example, a key difficulty when scaling our deep neural networks for

simulating seismic waves to more complex and arbitrary Earth models was the

limited generalisation ability of the neural networks. Even though we used physics-

informed architectures, the networks we defined were only able to accurately simulate

Earth models within their training distribution. As the required generality and

complexity of the simulations increased, significantly larger neural networks and

more training data were needed. Another difficulty was in appropriately asserting

physical constraints in our workflow as the problem complexity increased. Whilst we

were able to take advantage of causality when simulating seismic waves in horizontally

layered media by using a WaveNet architecture, this architecture was not appropriate

when simulating the dynamics in more complex faulted media and it was unclear

how best to incorporate this constraint.

A major challenge when scaling the PINNs tested to solve differential equations

with more complex solutions was the increasing difficulty of their underlying op-

timisation problem. As the complexity of the solution increased, the number of

free parameters and training points required by the PINN increased, leading to a

significantly harder and more computationally demanding problem. In addition,

the spectral bias of neural networks made the optimisation problem harder. These

factors meant that problems with larger domains and higher frequency solutions

struggled to converge.

A key challenge when using our VAE for discovering underlying factors of variation

in the lunar surface temperature and our PIML approach for denoising lunar surface

images was the “black-box” nature of their neural networks. Whilst these techniques

were able to cope with real data and noise, their neural networks had a distributed
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representation. This made it increasingly difficult to interpret their outputs when

dealing with more complex underlying processes and real-world noise.

Finally, when using our PIML approach for denoising lunar surface images, a key

challenge was the generation of realistic training data. This was important to ensure

that our algorithm generalised well to real images. However, the real noise contained

in the images had a complex character and was composed of many different noise

sources. This made it challenging to model when generating training data.

7.1.2 Changes required to scale

Significant changes to our PIML algorithms were required to alleviate some of these

scaling challenges. For example, when simulating seismic waves, we needed to

significantly change the neural network architecture as the complexity of the Earth

model increased. Whilst a WaveNet architecture was effective for simulating seismic

waves in horizontally layered media an encoder-decoder architecture was required

for simulating seismic waves in more complex faulted media.

When using PINNs to solve differential equations, large alterations were required

to allow them to solve problems with large domains. Specifically, we needed to use

domain decomposition and flexible training schedules in order to alleviate the issues

related to spectral bias and the increasing numbers of free parameters required by

the PINN, allowing the proposed FBPINNs to solve problems with large domains

much more efficiently than standard PINNs.

When using our PIML algorithm to denoise lunar images, we needed to develop

a sophisticated physical noise model of the camera when generating training data

to ensure the algorithm generalised well to real images. This model combined

both synthetic noise models and noise sampled from real dark frames captured

by the camera.

Furthermore, significant software engineering effort was required to make these

changes. For example, whilst FBPINNs were more efficient than PINNs, a sophisti-

cated domain decomposition code and a multi-threaded implementation was required

to realise this efficiency gain. Similarly, whilst our PIML algorithm for denoising
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lunar images was able to significantly enhance real images, robust, multi-threaded

code was required to download, clean, arrange, and transform the terabytes of real

images used to generate its realistic training dataset.

7.1.3 Comparison to scaling traditional methods

The fact we encountered these scaling challenges is perhaps not surprising given the

difficulties encountered when scaling traditional methods to real-world problems.

What is interesting, however, is that the scaling challenges of our PIML approaches

were of a different nature to those for traditional methods. In particular, they all

related to fundamental issues relating to neural networks; their limited generalisation

ability, the difficulty of optimising large neural networks and their lack of inter-

pretability. Even though we saw in Chapter 2 that incorporating scientific principles

into ML tends to reduce these flaws, it appears that scaling has the reverse effect;

i.e. scaling exacerbates them. In addition, it is important to point out the issues

encountered heavily depended on the specific problem and PIML technique used.

Thus, it is essential to understand the relative benefits and disadvantages of neural

networks when replacing traditional methods with PIML workflows.

However, because of their differences to traditional methods, the PIML approaches

tested did alleviate some of the scaling issues encountered by traditional methods.

For example, our deep neural networks for simulating seismic waves were orders

of magnitude faster than FD simulation once trained, significantly reducing the

computational resources required. The PINNs we studied presented provided a mesh-

free and conceptually simple approach for solving differential equations, potentially

removing the need for elaborate discretisation schemes frequently used in traditional

methods. Our PIML approach for denoising lunar surface images significantly

outperformed the traditional approaches tested and offered a way to learn about

the complex real-world noise processes contained within these images.

Therefore, PIML concepts and techniques can be used to alleviate traditional

scaling issues where PIML-specific scaling issues are permissible. For example, when

carrying out seismic inversion of Earth models given a recorded seismic response, our
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deep neural networks for simulating seismic waves could be used as fast surrogate

forward models as long as the true Earth model is known to be close to their

training distribution. Similarly, our denoised images of the lunar surface can be

used for downstream applications as long as the uncertainty stemming from their

lack of interpretability can be tolerated.

7.1.4 Other observations

Another positive observation from this thesis, consistent with the observations in

Chapter 2, is that the performance of our ML workflows always improved when

physical principles were incorporated into them. For example, when simulating

seismic waves, our deep neural network with a physics-informed WaveNet architecture

performed more accurately than the standard convolutional neural network tested.

Furthermore our PINN was able to simulate the entire seismic wavefield at timesteps

outside of its training data much more accurately than the same network trained

without a physics-informed loss function. When denoising lunar surface images, our

physics-informed pipeline performed more accurately on real images than a naive

end-to-end neural network trained with the same training data. When discovering

the underlying factors of variation in the lunar surface temperature, carrying out

thermophysical inversion alongside our VAE helped us to interpret the model learned

by the VAE, and increased our confidence in the existing thermophysical model.

These observations support the central thesis of the field of SciML, which is that

incorporating scientific principles into ML leads to more powerful models.

The addition of physical constraints also reduced the amount of labelled training

data required; Table E.1 compares the size of the datasets used to train the

models presented in this thesis. The weakly constrained models (such as the

conditional encoder-decoder for simulating seismic waves) typically required millions

of training examples, whilst the strongest constrained models (such as FBPINNs)

required much less.

Furthermore, physical constraints could be successfully applied across many

different parts of the ML pipeline. For example, we used physical constraints in the
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generation of realistic training data when denoising lunar images, inside the neural

network architecture when simulating seismic waves, and within the loss function

when studying PINNs. The most appropriate place to include physical constraints

appeared to be very dependent on the problem in hand. Furthermore, PIML was

successfully applied to many different types of scientific problems; the discovery of

underlying processes, inverse problems and simulation tasks.

Finally, we note that this thesis had significant real-world impact beyond the

field of PIML. During the course of the thesis, we have improved understanding

of the Moon’s thermophysical environment, peered into the Moon’s permanently

shadowed regions with unprecedented detail for the first time, provided new ways to

accelerate seismic simulations and open-sourced a general tool for solving differential

equations. Thus, despite the limitations described above, our work shows the strong

potential of PIML for aiding scientific research.

7.2 Future work

It is clear that it is highly non-trivial to scale current PIML concepts to real-world

problems. Whilst the PIML algorithms studied were promising in that they were

able to address some of the scaling issues related to traditional methods, other

PIML-specific issues arose when testing them on real-world problems and alleviating

them required significant changes to the algorithm. In this section we recommend

future research directions given these findings.

As PIML concepts improve and mature, more focus should be placed on assessing

whether they can scale to real-world problems. Carrying out proof-of-principle studies

on simplified, toy problems is useful, but even if a PIML technique improves on a

traditional method, given our findings it is likely that a PIML-specific scaling issue

will arise when it is tested on a real-world problem. These issues must be addressed

if PIML concepts and techniques are to be widely applicable for real-world problems.

Once identified, more research is required to investigate how to alleviate these

PIML-specific scaling issues. For the PIML techniques tested, their scaling issues

mostly related to the limitations of neural networks. Of these, perhaps the largest
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challenge was the limited generalisation ability of neural networks. More specifically,

the accuracy of all our methods reduced when their neural networks were given

inputs outside of their training distributions. This was true even when the workflow

was physics-informed. Thus, one could argue that these networks do not truly “learn”

about underlying physical processes. Indeed, the hallmark of a good physics theory

is that it is able to make novel predictions outside of its experimental data.

Perhaps what is needed is a shift in representation; instead of learning vector

functions, one should learn operator mappings, algebraic expressions, symbolic objects

and relations or even entire algorithms which generalise outside of their training

data better [Veličković and Blundell, 2021]. A different solution may be to use more

computational power; a recent trend in ML is to train highly expressive foundational

models with billions of parameters, and then use transfer learning to apply them

to specific tasks [Ramesh et al., 2022, Chowdhery et al., 2022]. Some current work

suggests similar large-scale models can be used effectively in the sciences [Jumper

et al., 2021, Pathak et al., 2022].

A clear trend in the field of SciML is that incorporating physical principles into

ML leads to more powerful models. Given the scaling issues observed above, we

believe another trend may emerge; where PIML approaches become more integrated

with traditional algorithms, not only incorporating physical principles but also

traditional implementation ideas, i.e. a shift towards the hybrid approaches presented

in Chapter 2. One could think of this as asserting stronger priors on our PIML

model, and only learning parts of a traditional algorithm where necessary. For

example, when scaling PINNs to solve differential equations with larger domains we

used domain decomposition with many neural networks instead of a single neural

network. This idea was inspired by traditional finite element approaches and led

to an improved performance. Other recent work is tending to do the same (e.g.

Lienen and Günnemann [2022]).

It is unclear where this path will converge. For some problems, we may end up

where we started, realising that traditional algorithms provide the best approach for

solving real-world problems. But, given the differing nature and observed benefits of



192 7.2. Future work

ML described above, we believe a combined approach is likely to benefit. Eventually,

this could provide more powerful real-world algorithms that tightly combine ML

and traditional methods.

The field of SciML is blossoming, and many more research questions were out

of the scope of this thesis. These remain key questions for the future, for example,

will the best SciML approaches offer general techniques which can be applied across

different domains, or will they be highly domain-specific? What is the best balance

between hard-coded physical principles and learned components when designing

SciML algorithms? Can SciML provide new perspectives and ideas for the field of ML?

A truly interdisciplinary effort is required to answer these questions. Thus, SciML

remains an exciting and rapidly growing field, with many discoveries yet to come.
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A
Physically-interpretable unsupervised

learning of lunar thermodynamics

A.1 VAE definition

The goal of a VAE is to (implicitly) learn a distribution p(x), x ∈ X, with X a

vector space, which is as similar as possible to an unknown target distribution p∗(x),

given a set of samples from this distribution D = {x1, ..., xn}. VAEs make the

assumption that x depends on some set of underlying latent variables z ∈ Z, which

are distributed according to some known distribution p(z), and model the likelihood

p(x | z) and an approximation of the posterior distribution p(z | x).

To help them learn, VAEs use variational Bayes inference [Gelman et al., 2013]. In

this approach, instead of computing the posterior p(z | x), which is often intractable,

one searches for a more tractable distribution q(z | x) which approximates the

posterior. This is most commonly found by minimising the Kullback-Leibler (KL)

divergence between q(z | x) and p(z | x), which can be written as

DKL(q(z | x) ‖ p(z | x)) = Eq(z|x)

[
log q(z | x)

p(z | x)

]
= −Eq(z|x) [log p(x | z)] +DKL(q(z | x) ‖ p(z)) + log p(x) .

(A.1)

As p(x) is fixed with respect to q(z | x) maximising the quantityEq(z|x) [log p(x | z)]−

DKL(q(z | x) ‖ p(z)) is equivalent to minimising the KL divergence between q(z | x)

195
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and p(z | x). Furthermore, as the KL divergence is always positive this quantity is a

lower bound on log p(x) and is therefore known as the variational or evidence

lower bound (ELBO).

VAEs assume parameterised models of the likelihood and the approximate

posterior, given by p(x | z, θ) and q(z | x, θ), where θ represent model parameters.

By rewriting Equation A.1, one can write an expression bounding the log-likelihood

of the training data,

log p(D | θ) ≥
n∑
i=1
Eq(zi|xi,θ) [log p(xi | zi, θ)]−DKL(q(zi | xi, θ) ‖ p(zi)) , (A.2)

assuming the training samples are independently and identically distributed. There-

fore we can use the maximum likelihood method to simultaneously learn θ and

ensure q(z | x, θ) approximates p(z | x), given the training data. To be able to

compute the ELBO, VAEs typically further assume that

p(x | z, θ) = N (x; f(z; θf ), σ2I) (A.3)

p(z) = N (z; 0, I) (A.4)

q(z | x, θ) = N (z; g(x; θg), diag(h(x; θh)2)) , (A.5)

where f , g and h are all deep neural networks parameterised by θ = {θf , θg, θh}, σ

is a hyperparameter and N denotes a normal distribution. From a deep learning

standpoint, the networks g(x; θg) and h(x; θh) can be seen as a non-linear encoder

which maps an observation x to possible values of z whilst f(z; θf) can be seen

as a non-linear decoder which maps a latent vector z back to possible values of x.

We note that in this definition (Equation A.4) the latent variables z are assumed

to be independent from one another; in general it is also possible to parameterise

p(z) along with p(x | z, θ) and q(z | x, θ). Under the definitions above, the task

of maximum likelihood estimation becomes

θ̂f , θ̂g, θ̂h = arg min
θf ,θg ,θh

{
n∑
i=1
Eq(zi|xi,θg ,θh)

[
‖xi − f(zi; θf )‖2

2σ2

]
+DKL(q(zi | xi, θg, θh) ‖ p(zi))

}
.

(A.6)

The KL term in Equation A.6 can easily be computed analytically as it involves

two normal distributions. When calculating the expectation over q(z | x, θ), which is
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Figure A.1: Locations of the AOIs used for training the VAE, overlain on the latent
variable 3 map repeated from Figure 3.8.

usually carried out via sampling, a “reparameterisation trick” is used. One notes

that sampling z ∼ q(z | x, θ) is equivalent to sampling ε ∼ N (ε; 0, I) and computing

z = h(x; θh)ε+ g(x; θg), which allows gradient descent methods to be used to find θ̂.

The expectation term in Equation A.6 can be interpreted as a reconstruction loss

between the VAE and the training data, whilst the KL term can be interpreted as a

regulariser which tries to ensure that the predicted latent variables z are normally

distributed. This has the effect of keeping input samples which are similar in X

close together in the latent space Z. This regularisation is very useful when one

wants to learn “meaningful” representations which vary smoothly over the input

space. Typically, one chooses the dimensionality of Z to be much lower than the

dimensionality of X, forcing the VAE to learn a salient representation of the input

data. Whilst we present a “vanilla” VAE here, many variations have been proposed.

One variation is the β-VAE [Higgins et al., 2017]. In this approach the KL term in

Equation A.6 is weighted by a hyperparameter β ∈ R+ which allows more control on

the balance between the regularisation and reconstruction terms during training.

A.2 VAE training

Table A.1 lists the AOIs used for training the VAE. The anomalies are classified

as 1) thermal anomalies, 2) microwave anomalies, 3) magnetic anomalies, or 4)



198 A.2. VAE training

Index Name Lat Lon Class
1 Marius-A crater 12.58 313.96 1 25 Unnamed crater 34.21 228.28 1
2 Hell-Q crater -33.00 355.53 1 26 Cantor crater 37.98 118.70 2
3 King crater 4.91 120.47 1 27 Unnamed crater 32.66 143.68 1,2
4 Tycho crater -43.29 348.67 1,2 28 Moore-F crater 37.23 185.05 1
5 Aristarchus crater 23.70 312.52 1,2 29 Egede-A crater 51.55 10.50 1
6 Copernicus crater 9.60 339.93 1,2 30 Chandler crater 42.46 167.70 1
7 Giordano Bruno crater 35.95 102.88 1,2 31 Furnerius-A crater -33.51 58.92 1
8 Jackson crater 21.98 196.69 1 32 Rayet-Y crater 47.19 113.05 1
9 Unnamed region 6.72 351.97 1 33 Dugan-J crater 61.45 107.88 1
10 Aristarchus plateau 26.14 308.99 1 34 La Condamine-S crater 57.35 334.78 1
11 Ohm crater 18.30 246.29 1 35 Plato-M crater 53.08 344.54 1
12 Zucchius crater -61.39 309.32 1 36 Byrgius-A crater -24.57 296.05 1
13 Thales crater 61.70 50.28 1 37 Dawes crater 17.21 26.36 1
14 Tsiolkovsky crater -20.38 129.03 1 38 Unnamed crater 60.31 341.33 1
15 Chaplygin-B crater -4.08 151.67 1 39 Unnamed crater 32.40 89.84 1
16 Unnamed crater -5.40 90.76 1 40 Hommel-B crater -55.34 37.79 1
17 Rydberg basin -46.45 263.59 3 41 Unnamed crater -0.25 309.53 1
18 Reiner Gamma swirl 7.39 300.97 3 42 Compton crater 55.82 104.44 1
19 Atlas crater 46.78 44.50 1 43 Crookes crater -10.38 194.98 1
20 Unnamed crater 18.68 121.31 1 44 Pierazzo crater 3.34 259.69 1
21 Unnamed crater -17.69 144.40 1 45 Das crater -26.50 222.94 1
22 Unnamed crater -29.74 120.11 1 46 Fechner-T crater -58.74 122.80 1
23 Unnamed crater -18.93 69.14 1 47 Fitzgerald crater 26.62 187.96 4
24 Unnamed crater 5.82 233.99 1 48 Maksutov crater -40.87 191.31 4

Table A.1: AOIs used for training the VAE. See the appendix text for a description of
the assigned classes for each AOI.

Layer Operation in chan out chan filter size stride pad
1e Wrap1D 1 1 - - 1 1d ConvT1D n 32 2 2 0
2e Pad1D 1 1 - - 3 2d ConvT1D 32 32 2 2 0
3e Conv1D 1 32 3 1 1 3d ConvT1D 32 32 2 2 0
4e Conv1D 32 32 2 2 0 4d ConvT1D 32 32 2 2 0
5e Conv1D 32 32 2 2 0 5d ConvT1D 32 32 2 2 0
6e Conv1D 32 32 2 2 0 6d ConvT1D 32 32 2 2 0
7e Conv1D 32 32 2 2 0 7d ConvT1D 32 32 2 2 0
8e Conv1D 32 32 2 2 0 8d Conv1D 32 1 1 1 0
9e Conv1D 32 32 2 2 0 9d Crop1D 1 1 - - -4
10e Conv1D 32 32 2 2 0
11e Conv1D 32 n 1 1 0
11e Conv1D 32 n 1 1 0

Table A.2: VAE network parameters. Each entry shows the parameterisation of each layer
in the network. The padding column shows the padding or cropping on each side of the
first dimension of each layer’s input tensor. The profile input to the network has dimension
120× 1 and is padded by 1 at its start and end by wrapping its end values to ensure no
edge effects are present at the first and last samples in the first convolutional layer. It is
also zero padded by 3 on each side to expand its dimension to 128× 1 before being reduced
by the encoder. The last two layers of the encoder are two separate convolutional filters
which output the mean and standard deviation vectors of the VAE’s approximate latent
posterior distribution each with dimension 1× n, where n is the number of latent variables.
The output of the decoder is a tensor of shape 128 × 1 which is cropped to 120 × 1 to
match the input profile dimensions.

background. The selection of these training sites is based on surface temperature

measurements and their variations in the thermal range [Hayne et al., 2017] and

in the microwave range [Zheng et al., 2014], surface roughness and rock abundance
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[Bandfield et al., 2011], as well as on magnetic measurements [Tsunakawa et al.,

2010]. Thermal and microwave anomalies can either be “hot” or “cold” relative to

their surroundings and general environment. Magnetic anomalies show an increased

total force in comparison to their immediate surroundings and the general surface of

the Moon. The background class contains locations that do not feature any thermal,

microwave, or magnetic anomaly. Figure A.1 shows the locations of the AOIs overlain

on the latent variable 3 map generated using the VAE.

Table A.2 details the architecture of the VAE. The first convolutional layer of the

encoder expands the number of channels (the second dimension) of the input profile

from 1 to 32. The 7 subsequent convolutional layers gradually reduce the number of

samples (the first dimension) of the input profile to 1, keeping the number of channels

constant. The final layer of the encoder consists of two separate convolutional filters

which output the mean and standard deviation vectors. The decoder takes a vector of

latent values of dimensionality 1×n and outputs a reconstruction of the input profile.

It consists of 7 transposed convolutional layers with 32 channels which gradually

increase the number of samples in the latent vector. A final convolutional layer is used

to reduce the number of channels from 32 to 1, outputting the reconstructed profile.

A.3 Global maps

In this section we describe how the global maps of the VAE latent values are generated.

The first step in our mapping workflow is to run VAE inference and obtain latent

values over the Moon’s entire sphere. To do this we tessellate the sphere into many

latitude-longitude boxes of approximately equal areas. For each box we bin the

observed Diviner surface temperature measurements onto a 200× 200 m grid, using

an orthographic projection centred at the centre of each box, obtaining a profile

at each bin location. Each profile is interpolated using GP interpolation, rejecting

profiles whose maximum spacing in local lunar time between points is less than 4

hours. The VAE is run on each interpolated profile, obtaining a set of latent values

at each bin location, and the central coordinate of each bin is unprojected to obtain

a set of latent value latitude-longitude points for each box.
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Figure A.2: Tessellation of the Moon’s sphere used for generating global maps. We
tessellate the sphere into approximately equal area latitude-longitude boxes, keeping the
latitude length constant and rounding the longitudinal length in each latitude strip so that
an integer number of boxes fit into each strip. 379,448 boxes of approximately 10× 10 km
shape on the Moon’s surface are used for the first VAE inference step and 10,322 boxes
of approximately 61× 61 km shape are used for the second interpolation step. The first
quadrant of boxes for the second step is plotted.

The second step is to project and interpolate the latent value latitude-longitude

points onto a global map. We use the standard plate-carrée map projection

(equirectangular) and linearly interpolate the points onto a 100× 100 m grid. Similar

to the first step, we do this by tessellating the sphere into many latitude-longitude

boxes of approximately equal area. For each box we project the latent value latitude-

longitude points onto the global map and use linear interpolation with Delaunay

triangulation to interpolate the points onto the global grid. Interpolated points are

set to null values where their Delaunay triangle has a maximum distance between

its vertices on the surface of the Moon’s sphere greater than 2000 m, to ensure that

the map does not include over-interpolated points.

It is important to note that geometrical error in our workflow is introduced in the

first step when binning temperature measurements onto the 200×200 m grid, because

the bins in the orthographic projection are not exactly equally sized when unprojected

onto the surface of the sphere. However, we choose small enough box sizes when
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Figure A.3: Example input surface temperature profiles (blue points), GP interpolations
(blue lines) and VAE reconstructions (orange lines) with varying latitude. Each row shows
four randomly selected example profiles close to the coordinates shown in the row’s title.
As shown in Figure 3.9, we find that the VAE reconstruction loss is higher closer to the
poles. This is expected as the temperature variation at the poles is more complex as a
result of the high latitude and the topography present [Williams et al., 2019]. The poles
are also more densely sampled than the equator, as can be seen in Figure A.4.
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Figure A.4: Population of the 0.5 × 0.5 degree latitude and longitude bins after pre-
processing the Diviner data. Over 36 billion point measurements of the lunar surface are
extracted from the Diviner instrument spanning 9 years of acquisition. The band of lower
coverage at 80N and 80S are caused by systematic Diviner calibration operations.

tessellating the sphere so that this effect is negligible; 379,448 boxes of approximately

10× 10 km shape on the Moon’s surface are used for the first step and 10,322 boxes

of approximately 61× 61 km shape are used for the second step. For both steps we

ensure the borders of the boxes are sufficiently overlapping during the processing

of each box to ensure that no edge effects are present. Part of the tessellation

used for the second step is plotted in Figure A.2. Both steps require considerable

computational resource; although tessellation allows the data to be processed in

parallel using 100 CPU cores. Our final output products are 4 latent maps and 1

quality control map which shows the L1 reconstruction loss of the VAE. The maps

are cropped between -70◦ and 70◦ latitude to avoid excessive deformation and areas of

high VAE reconstruction loss observed at the poles (see Figure A.3 for more detail).

A.4 Diviner data pre-processing

Figure A.4 shows the population of the 0.5 × 0.5 degree latitude and longitude

bins after pre-processing. We observe a higher point density closer to the poles,

which is expected because LRO’s orbit means the Diviner instrument samples the

poles more frequently than the equator.



B
Combining deep learning with a physical

model for denoising lunar imagery

B.1 Examples of HORUS denoising on synthetic
images

Figure B.1 shows randomly selected examples of HORUS applied to our synthetic test

set of images; please see the main text for a detailed description of how these images

are generated. For each example, from left to right; the clean image S̃ generated

by rescaling a normal sunlit NAC image to low photon counts; the noisy image Ĩ

after noise from our physical noise model is added; the HORUS denoised image Ŝ;

the difference between the clean image and the HORUS denoised image. For each

example, the top colorbar is for the clean and HORUS denoised images and shows

the mean photon signal, bottom colorbar is for the difference image. The examples

are presented in order of decreasing noise. S̃ image credits to LROC/GSFC/ASU.

B.2 Examples of HORUS denoising on real im-
ages

Figure B.2 shows more examples of HORUS applied to real NAC images of temporarily-

and permanently- shadowed regions on the lunar surface. For each example, left

203
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Figure B.1: Examples of HORUS denoising on synthetic images.

shows the input raw NAC Experiment Data Record (EDR) image, middle shows

the raw image after the current calibration routine of the camera (ISIS) is applied

and right shows the raw image after HORUS is applied. The colorbar is for the

HORUS plot and shows the mean photon signal in DN estimated by HORUS. The

examples are presented in order of decreasing latitude. Raw/ISIS image credits

to LROC/GSFC/ASU.
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Figure B.2: Examples of HORUS denoising on real images.
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C
Physics-informed neural networks for wave

simulation

C.1 WaveNet and conditional encoder-decoder com-
parison and architecture details

Figure C.1 compares the performance of the WaveNet and conditional encoder-

decoder networks over the horizontally layered velocity model test set. Table C.1

details the architecture of the conditional encoder-decoder.

C.2 PINN ablation studies

Figure C.3 shows two ablation studies carried out on the PINN used to simulate

the full seismic wavefield, namely assessing its performance without prior smoothing

of the velocity model and without curriculum learning.
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Figure C.1: Comparison of the WaveNet and conditional encoder-decoder simulation
accuracy. The left plot shows a velocity model, reflectivity series and ground truth FD
simulation for a randomly selected example in the horizontally layered velocity model test
set in red. Green shows the WaveNet simulation. The middle plot shows the conditional
encoder-decoder simulation for the same velocity model. The right plot shows the histogram
of the average absolute amplitude difference between the ground truth FD simulation and
the WaveNet and conditional encoder-decoder simulations over this test set. A t2.5 gain is
applied for display.

Layer Type in, out channels kernel size stride padding
1 Conv2d (1,8) (3,3) (1,1) (1,1) 14 Conv2d (512,512) (3,3) (1,1) (1,1)
2 Conv2d (8,16) (2,2) (2,2) 0 15 Conv2d (512,512) (3,3) (1,1) (1,1)
3 Conv2d (16,16) (3,3) (1,1) (1,1) 16 ConvT2d (512,256) (2,4) (2,4) 0
4 Conv2d (16,32) (2,2) (2,2) 0 17 Conv2d (256,256) (3,3) (1,1) (1,1)
5 Conv2d (32,32) (3,3) (1,1) (1,1) 18 Conv2d (256,256) (3,3) (1,1) (1,1)
6 Conv2d (32,64) (2,2) (2,2) 0 19 ConvT2d (256,64) (2,4) (2,4) 0
7 Conv2d (64,128) (2,2) (2,2) 0 20 Conv2d (64,64) (3,3) (1,1) (1,1)
8 Conv2d (128,256) (2,2) (2,2) 0 21 Conv2d (64,64) (3,3) (1,1) (1,1)
9 Conv2d (256,512) (2,2) (2,2) 0 22 ConvT2d (64,8) (2,4) (2,4) 0
10 Conv2d (512,1024) (2,2) (2,2) 0 23 Conv2d (8,8) (3,3) (1,1) (1,1)
11 Concat (1024,1025) 24 Conv2d (8,8) (3,3) (1,1) (1,1)
12 ConvT2d (1025,1025) (2,2) (2,2) 0 25 Conv2d (8,1) (1,1) (1,1) 0
13 ConvT2d (1025,512) (2,4) (2,4) 0

Table C.1: Conditional encoder-decoder layer parameters. Each entry shows the
parameterisation of each convolutional layer. The padding column shows the padding on
each side of the input tensor for each spatial dimension.
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Figure C.2: Layered velocity model without smoothing, used in Figure C.3.
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Figure C.3: Comparison of the PINN wavefield prediction to ground truth FD simulation
for two additional PINN training setups. In the first test the layered velocity model is
used without smoothing (“Unsmooothed velocity”), shown in Figure C.2. In the second
test curriculum learning is not used; that is, the physics loss is used from the start of
training and an expanding time horizon is not used (i.e. tj values for computing the physics
loss in Equation 5.5 are sampled from their full input range [0, Tmax] from the start of
training). Top four rows show the results from the first test and bottom four rows show the
results from the second test. For each test, top two rows show the FD and PINN wavefield
solutions through time. Third row shows the difference of the network prediction to FD
simulation. Fourth row shows the residual of the underlying wave equation (from physics
loss in Equation 5.5), which is close to zero for an accurate solution to the wave equation.
Plots bordered in black indicate wavefield times which are outside of the boundary training
data. Plots are overlain on the velocity model, shown in grey. Larger errors can be seen in
both cases compared to the PINN in Figure 5.17.
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D
Scalable physics-informed neural networks

D.1 Forward inference FLOPs calculation

To compare the computational resources required to train PINNs and FBPINNs,

we use a measure which we call the forward inference FLOPs. This is a count of

the cumulative number of FLOPs spent during forward inference of their neural

network(s) during training (i.e., when computing the function NN (x; θ) for PINNs

or NN (x; θ) for FBPINNs), and therefore gives a measure of data-efficiency.

For a fully connected neural network with tanh activations and a linear output

layer, as used here, we assume the number of flops F spent during forward inference

of the network is

F = N((2d+ 6)h+ (l − 1)(2h+ 6)h+ (2h+ 1)du) , (D.1)

where N is the number of training points input to the network (or the batch

size), d is the dimensionality of the input vector, du is the dimensionality of the

output vector, h is the number of hidden units and l is the number of hidden

layers. To see this, we note that the computation of each network layer consists

of a matrix-matrix multiply, addition of the bias vector, and application of the

activation function. For the first layer of the network, the matrix-matrix multiply

requires 2Ndh operations, the bias addition requires Nh operations and we assume
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212 D.2. Finite difference modelling for (2+1)D wave equation

the tanh operation requires 5Nh operations. Similar calculations follow for the

remaining layers and hence Equation D.1 follows.

For PINNs, we use Equation D.1 directly to estimate the forward inference FLOPs.

For FBPINNs, the forward inference FLOPs are calculated using

F =
n∑
i

Fi , (D.2)

where the sum is over all subdomain networks used in the current training step.

We note that this measure only counts FLOPs spent during the forward inference

of the networks, and does not count the additional FLOPs spent during gradient

computation, backpropagation or any other part of the training algorithm.

D.1.1 Scaling of FBPINNs with network size / number of
subdomains

A notable aspect of FBPINNs is that the total number of forward inference FLOPs

required during training only depends on the subdomain network size, and not on the

number of subdomains. We note that only training points within each subdomain

are needed to train each subdomain network. We also note that, for a fixed domain

and fixed training point density, as the number of subdomains increases the average

number of training points falling over each subdomain decreases at the same rate.

Therefore, using Equation D.2 and assuming the same network size per subdomain,

it can be shown that the total number of forward FLOPs stays constant. However,

this also assumes that the proportion of the domain covered by overlapping regions

stays constant; the forward inference FLOPs will increase if this increases, as in

these regions the outputs of all overlapping networks need to be computed.

D.2 Finite difference modelling for (2+1)D wave
equation

When studying the (2+1)D wave equation (Section 6.5.5) we use finite difference mod-

elling as the ground truth solution. The SEISMIC_CPML library [Komatitsch and

Martin, 2007] is used (specifically, the seismic_CPML_2D_pressure_second_order
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code) which performs staggered-grid second order finite difference modelling of the

time-dependent 2D acoustic wave equation using a convolutional perfectly matched

layer (PML) boundary condition at the edges of the domain. For ease of use, we

re-implemented the original Fortran code in Python. The simulation is initialised

by sampling the spatially varying wave speed, initial wavefield and initial wavefield

derivative as defined in Section 6.5.5 on a regular 694× 694× 1891 grid (x1× x2× t).

A high density of grid points (∼ 5× spatial Nyquist frequency) is used so that

the simulation is high-fidelity. An additional 10 grid points are used to define the

PML boundary, which are cropped from the final solution before comparing it to

the solution from the PINN and FBPINN.



214



E
Conclusions

E.1 Training dataset sizes

Table E.1 compares the size of the datasets used to train the models presented in this

thesis.
Ref Model # Examples Shape Total # measurements
3.3 VAE 1,985,693 (120,) 238,283,160
4.3 DestripeNet (summed mode, left camera) 9,111 (1024, 2532) 23,622,709,248
4.3 PhotonNet (summed mode, left camera) 1,600,824 (256, 256) 104,911,601,664
5.3 WaveNet 40,000 (500, 11) 220,000,000
5.4 Conditional encoder-decoder 240,000 (500, 32) 3,840,000,000
5.5 PINN (Marmousi model) 100 (300, 300, 20) 180,000,000
6.4 FBPINN 0 () 0

Table E.1: Size of the datasets used to train the models presented in this thesis. For each
model, we show the total number of labelled training examples, the shape of each example
and the corresponding total number of measurements (the product of these two quantities).
Note that whilst FBPINNs do not require any labelled training data, many random input
coordinates in the domain are required during training.
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