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Abstract

We consider Hidden Markov Models that emit sequences of observations which
are drawn from continuous distributions. For example, such a model may emit a
sequence of numbers, each of which is drawn from a uniform distribution, but the
support of the uniform distribution depends on the state of the Hidden Markov
Model. Such models generalise the more common version where each observation is
drawn from a finite alphabet. We consider a distance measure on Hidden Markov
Models called the total variation distance. When this distance is 0 we say the models
are equivalent. When this distance is maximal we say the models are distinguishable.
We prove that for two Hidden Markov Models with continuous observations one can
decide in polynomial time whether they are equivalent and also whether they are
distinguishable. We also consider the Sequential Probability Ratio Test applied to
Hidden Markov Models with finite observations. Given two distinguishable Hidden
Markov Models and a sequence of observations generated by one of them, the
Sequential Probability Ratio Test attempts to decide which model produced the
sequence. We show relationships between the execution time of such an algorithm
and Lyapunov exponents of random matrix products. Further, we give complexity
results about the execution time taken by the Sequential Probability Ratio Test.
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Introduction

Two computer programs run simultaneously. We see terminal outputs of the
programs and obtain a glimpse into the underlying logic. Is it possible to tell the
programs apart? Can we always tell them apart? If we are shown just one of
the terminal outputs, how quickly can we decide which program the terminal
output belongs to?

In the real world, randomness in the inputs to programs, randomness in the
computer circuitry and in the case of concurrent processes, randomness in the
ordering of operations may lead to probabilistic execution of the programs. By
carefully modelling the input randomness, we can model the execution randomness
too. So, the questions in the first paragraph can be generalised to questions about
the probability distributions of the visible trace of the two programs.

A Hidden Markov Model (HMM) aims to model such a program. The model
is a state-based transition model and so captures the discreteness of a program
as it evolves over time. A program typically has many states and we see only
partial information on its execution. A Hidden Markov model is similar in that
it emits a signal each time the state changes.

The trace of a program need not be discrete. Consider a program where every
command takes a different amount of time to execute. Moreover, suppose we know
the start and end time of each command. Then, the visible trace of the program can
be modelled as a positive real number. With the execution time of each command we

can infer which command is being executed. Knowledge about the internal workings
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of a program is a potential security vulnerability. Is it possible to tell two programs
apart based on just the timing of particular commands? Can we always tell them

apart? How quickly can an attacker infer which of two such programs are running?

1.1 Hidden Markov Models

A (discrete-time, finite-state) Hidden Markov Model (often called labelled Markov
chain) has a finite set @) of states and for each state a probability distribution
over its possible successor states. For any two states ¢,q’, whenever the state
changes from ¢ to ¢/, the HMM samples and then emits a random observation
according to a probability distribution D(q, ¢'). For example, consider the following

diagram visualising a HMM:
(a)

et i) S @050

(a)
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In state ¢, the successor state is q; or ¢, with probability % each. Upon transitioning
from ¢, to itself, observation a is drawn with probability % and observation b is drawn
with probability %; upon transitioning from ¢; to ¢s, observation a is drawn surely.!

In this way, a HMM, together with an initial distribution on states, generates
a random infinite sequence of observations. In the example above, if the initial
distribution is the Dirac distribution on ¢, the probability that the observation

sequence starts with a is = - i + % and the probability that the sequence starts
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In the example above the observations are drawn from a finite set of observations
Y = {a,b}. Indeed, in the literature HMMs most commonly have a finite set
of observations. In this thesis we lift this restriction and consider continuous-
observation HMMs, by which we mean HMMs as described above, but with an
infinite observation set 3. For example, instead of the distributions on {a,b}

in the picture above (written there as (fa + 2b), (a), (b), respectively), we may

have distributions on the real numbers. An example is the following diagram,

1One may allow for observations also on the states and not only on the transitions. But such
state observations can be equivalently emitted upon leaving the state. Hence we can assume
without loss of generality that all observations are emitted on the transitions.
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where Ula,b) denotes the uniform distribution on [a,b) and Ezp(\) denotes the

exponential distribution with parameter A.

U[-1,0)

1Em(2) 2 Bp(1)

Uo,2)

N =

Continuous-observation HMMs also generate a random infinite sequence of observa-
tions. For example, starting with initial state ¢;, the model transitions to ¢; and g
both with probability % If it takes the transition to ¢;, the observation is drawn
from an exponential distribution with rate 2. If it takes the transition to g¢s, the
observation is drawn from a uniform distribution on the half-open interval [—1,0).
This process continues to generate the random infinite sequence. For example, such

a sequence could be 1.2, 7, —%,2, 1,... and so on.

1.2 Equivalence and Distinguishability

HMMs, both with finite and infinite observation sets, are widely employed in fields
such as speech recognition (see [1] for a tutorial), gesture recognition [2], signal
processing [3], and climate modeling [4]. HMMs are heavily used in computational
biology [5], more specifically in DNA modeling [6] and biological sequence analysis [7],
including protein structure prediction [8] and gene finding [9]. In computer-aided
verification, HMMs are the most fundamental model for probabilistic systems;
model-checking tools such as Prism [10] and Storm [11] are based on analyzing
HMMs efficiently.

One of the most fundamental questions about HMMs is whether two HMMs with
initial state distributions are (trace) equivalent, i.e., generate the same distribution
on infinite observation sequences. Consider the two HMMs below. At states ¢
and ¢z the probability of producing a or b is the same as in state ¢;. Thus the
probability of any given sequence of observations is the same whether one starts
the HMM from ¢; or ¢o. In the example below, (the Dirac distributions on) states

¢1 and ¢y are equivalent since each state has the same distribution on observations.
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For finite observation alphabets this problem is very well studied and can be
solved in polynomial time using algorithms that are based on linear algebra [12-15].
Checking trace equivalence is used in the verification of obliviousness and anonymity,
properties that are hard to formalize in temporal logics, see, e.g., [16-18].

We consider trace equivalence in the context of continuous-observation HMMs.
Unlike with finite-observation HMMSs, it is possible for a continuous pdf to be
simulated by the combination of multiple other continuous pdfs. Consider the

HMMs below where Ula,b) denotes the uniform distribution on the interval [a, b).

100, 3)
0 LU[2,3)
() 200,2) LU[2,3)
2U10,2)

From both states ¢o and ¢3 the combination of choosing a uniform random number
in [0, 2) with probability % and a uniform random number in [2,3) with probability
5 is the same as choosing a uniform random number in [0,3). Thus the Dirac
distributions on the states ¢; and ¢» are equivalent.

Although the generalisation to continuous observations (such as passed time,
consumed energy, sensor readings) is natural, there has been little work on the
algorithmics of such HMMs. One exception is continuous-time Markov chains
(CTMCs) [19, 20] which are similar to HMMs described above, but with two kinds
of observations: on the one hand they emit observations representing the current
state of the CTMC, but on the other hand they also emit the tZme spent in each
state. Typically, each state-to-state transition is labelled with a parameter A; for
each transition its time of “firing” is drawn from an exponential distribution with
parameter A; the transition with the smallest firing time “wins” and causes the

corresponding change of state. CTMCs have attractive properties: they are in a

sense memoryless, and for many analyses, including model checking, an equivalent
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discrete-time model can be calculated using an efficient and numerically stable
process called uniformization [21].

In [22] a stochastic model more general than ours was introduced, allowing not
only for uncountable sets of observations (called labels there), but also for infinite
sets of states and actions. The paper [22] focuses on bisimulation; trace equivalence
is not considered. It emphasizes nondeterminism, a feature we do not consider here.

Equivalence is a strong notion, and a natural question about nonequivalent
distributions in a given HMM is how different they are. For initial distributions
71, To on the states of the HMM, let us write P, P, for the induced probability
measure on infinite observation sequences; i.e., P, (E), for a measurable event
E C 3%, is the probability that the random infinite word w € ¥* produced starting

from m; is in E. Then, the total variation distance between P, ,P,, is defined as
d(my,m) = sup {|Pn (E) — P, (E)| | measurable E C ¥¥}.

This supremum is a maximum,; i.e., there always exists a “maximizing event” £ C 3¢
with d(my,m) = Py (F) — Pr,(E). In these terms, initial distributions 7, s are
equivalent if and only if d(7y,m) = 0. The total variation distance was studied
in more detail in [23]. There it was shown that for finite observation HMMs, the
problem whether d(m,m5) = 1 holds can also be decided in polynomial time. Call
distributions 7y, mo distinguishable if d(my, my) = 1. Distinguishability was used for
runtime monitoring [24] and diagnosability [25, 26] of stochastic systems. In the

example below, (the Dirac distributions on) states ¢; and ¢ are distinguishable.

2
50
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3

Two initial distributions 7, w5 that are distinguishable (i.e., d(m, ) = 1) can
nevertheless be “hard” to distinguish. If we replace the transition probabilities
%,% in the HMM by % — &, % + ¢, respectively, states ¢, g2 remain distinguishable
for every € > 0, although, intuitively, the smaller € > 0 the more observations are

needed to define an event E such that P, (E) — P, (F) is close to 1.
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As a concrete example, consider below the HMMs for ¢ = % and € = i on

the left and right respectively. It takes more observations to distinguish ¢; and

g2 than it does to distinguish r; and rs.

2 3
30 i
j0 C(a) Ol ("D fa
1 1
3b b

1.3 Likelihood Ratios

For initial distributions 7y, w9, a word w € X% and n € N consider the likelihood ratio

P, (w, %)

Ly(w) = P, (0,57

where w,, denotes the length-n prefix of w. In the left HMM in the example above,
we have Py, (aba¥¥) = § - 2 -2 and Py, (abaX¥) = 2 - § - 5. Thus, for any word
w starting with aba we have L, (w) = 2. We consider the likelihood ratio L,, as
a random variable for every n € N. It turns out more natural to focus on the
log-likelihood ratio In L,,. One can show that the limit lim,, ., In L, € [—00, ]
exists P, -almost surely and P,,-almost surely (see, e.g., [23, Proposition 6]). In
fact, if my, my are distinguishable, then lim,,_,. In L,, = oo holds P, -almost surely
and lim,,_, In L,, = —o0 holds P,,-almost surely. This suggests the “average slope”,
lim,, oo % InL,, of In L, as a measure of how distinguishable two distinguishable
distributions mq, m are.

In Figure 1.1, we compare the log-likelihood ratios of both pairs of initial
distributions in the previous pair of HMMs. The log-likelihood started from the

Dirac distributions on r; and ry has a steeper slope than the log-likelihood started

from the Dirac distributions on ¢; and g¢s.

The log-likelihood ratio plays a central role in the sequential probability ratio test
(SPRT) [27], which is optimal [28] among sequential hypothesis tests (such tests
attempt to decide between two hypotheses without fixing the sample size in advance).

In terms of a HMM and two initial distributions 7, 7wy, the SPRT attempts to
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Figure 1.1: The two images show two log-likelihood plots. The left plot is the log-
likelihood started from the Dirac distributions on ¢; and ¢» with observations produced
by q2. The right plot shows the same, but for 1 and ro. Both plots show 20 sample runs
with 400 observations.

decide, given longer and longer prefixes of an observation sequence w € ¥, which of
7y, T is more likely to emit w. The SPRT works as follows: fix a lower and an upper
threshold (which determine type-1 and type-II errors); given increasing prefixes
of w keep track of In L, (w), and when the upper threshold is crossed output m
and stop, and when the lower threshold is crossed output 7y and stop. Again, it is
natural to assume that the average slope of increase or decrease of In L,, determines
how long the SPRT needs to cross one of the thresholds.

For example, suppose we choose lower and upper thresholds —40 and 40
respectively. We see that all sample runs in both plots in Figure 1.1 cross the
lower threshold before the upper threshold. Therefore, the SPRT terminates for
all sample runs and ouputs ¢» and ss respectively for each plot. In the left plot,
the SPRT terminates after approximately 110 observations in the best case and
after approximately 330 observations in the worst case. In the right plot, the best
case is approximately 50 observations and the the worst case is approximately
100 observations. Thus, on average it takes at least twice as long for the SPRT
to terminate for the left plot. Indeed, the slope of the right plot is more than
twice as steep as the slope of the left plot.

If the average slope lim,, %ln L, exists and equals a number ¢ with positive
probability, we call ¢ a likelihood exponent. The term is motivated by a close
relationship to Lyapunov exponents, which characterise the growth rate of certain

random matrix products. In Figure 1.2 we show the average slopes of the plots in
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Figure 1.1. In this case, there is exactly one likelihood exponent for each. As we
explain in Section 7.1, since both HMMs are deterministic, the likelihood exponents
can be computed as —%1112 and —%ln?) respectively. In general there can be
more than one likelihood exponent: see Section 7.2. Moreover, these likelihood
exponents can be hard to compute, although there are approximation algorithms

using convex optimisation [29, 30].

0.6 T T T T 1

o
~

o
N

o

average log-likelihood slope
average log-likelihood slope

. . . . . . . . 4
0 200 400 600 800 1000 0 200 400 600 800 1000
number of observations number of observations

Figure 1.2: The two images show the average slopes of the respective log-likelihood
plots in Figure 1.1 for a given number of observations. Both plots show 20 sample runs
with 1000 observations.

1.4 Symbolic Computation

In the case of finite-observation HMMs, it is straightforward to specify the probability
distributions on each transition. When the set of observations is infinite, symbolic
representations of the pdfs are required because we need to reason about the pdfs
computationally. For example we saw earlier that a continuous pdf can be simulated
by multiple other continuous pdfs. This happens if there is a linear dependence
between the pdfs. Our equivalence algorithm must be able to determine any linear
dependence between the pdfs using the symbolic representations. Similarly our
distinguishability algorithm must be able to determine whether the supports of any
two pdfs overlap. We encode the probability density functions on their transitions
using profiles. Each profile is a finite string consisting of the parameters of the

pdf which we assume to be rational. For example, the uniform distribution Ula, b)
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is encoded with its end points a,b € Q. The exponential distribution Fxp()) is

encoded with just its rate parameter .

1.5 Research Questions

This thesis focusses on the comparison of two HMMs and is grouped into com-

parison questions.

e Q1: How can we encode continuous-observation HMMs in such a way that

one can efficiently check trace equivalence?

e Q2: How can we encode continuous-observation HMMs in such a way that

one can efficiently check whether two HMMs are distinguishable?

e Q3: How many observations are required to distinguish two HMMs?

1.6 Structure of this Document

We have ordered this document broadly by the comparison questions above. It
follows a natural sequence. We begin by looking at the similarity of HMMs through
the lens of probabilistic equivalence. After that, we introduce the total variation
distance as a way to measure the difference of two HMMs. We then show that even
if two HMMs are maximally probabilistically different, i.e. distinguishable, they

can take different numbers of observations to distinguish via the SPRT.

o In Chapter 3 we show an equivalence algorithm for continuous-observation
HMMs. Towards the first research question, we introduce linearly decomposable
profile languages to encode continuous-observation HMMs and show that if
a HMM is encoded with a linearly decomposable profile language one can

decide whether two initial distributions are equivalent in polynomial time.

o In Chapter 4 we show that the algorithm for deciding whether two initial
distributions are distinguishable in finite-observation HMMs has a continuous-
observation analogue. Towards the second research question, we introduce
joint-graph decomposable profile languages and show that if a HMM is encoded

with a joint-graph decomposable and linearly decomposable profile language
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then one can decide in polynomial time whether two initial distributions are

distinguishable.

o In Chapter 5 we define a profile language with which a large class of standard
probability density functions can be encoded. We show this profile language
is linearly decomposable and joint-graph decomposable. We also show that
the set of observations does not need to be one-dimensional. We define a
profile language for encoding Dirichlet distributions and show that this profile

language is also linearly decomposable and joint-graph decomposable.

o In Chapter 6 we show that even if two initial distributions are distinguishable,
their likelihood ratio may exhibit different convergence rates. In particular,
for finite-observation HMMs we exhibit a tight connection between the SPRT
and likelihood exponents; i.e., the time taken by the SPRT depends on the
likelihood exponents of the HMM. The content in this chapter addresses the

third research question.

e In Chapter 7 we show that for finite-observation deterministic HMMs one
can compute likelihood exponents in polynomial time. Further, for finite-
observation HMMs we show that in general the likelihood exponents can be
efficiently expressed in terms of Lyapunov exponents. Moreover, We show
that the likelihood exponent exists almost surely and prove a quadratic bound

on the number of likelihood exponents.

1.7 Contributions

The majority of Chapter 3 and some elements of Chapter 5 relating to linearly
decomposable profile languages were published in FSTTCS 2020. See [31]. The
contents of Chapter 6 and Chapter 7 where published in CONCUR 2022. See [32].
The remaining material in Chapter 4 and Chapter 5 builds on Chapter 3.



Definitions

2.1 Notations

We write N for the set of positive integers, Ny for the set of non-negative integers,
Q for the set of rationals and Q. for the set of positive rationals. For d € N and a
finite set () we use the notation |@| for the number of elements in Q, [d] = {1,...,d}
and [Q] = {1,...,|Q|}. Vectors u € RY are viewed as row vectors. The norm ||| is
assumed to be the I; norm: ||p| = X ,cq [1q]- We often identify vectors p € [0, 1]9
such that ||u|| = 1 with the corresponding probability distribution on Q.

We write 0,1 for the vectors all of whose entries are 0, 1, respectively. Super-
script T denotes transpose; e.g., T is a column vector of ones. For q € Q, we
denote by e, € {0,1}? the vector with (e,), = 1 and (e,), = 0 for ¢’ # q.

A matrix M € RN is stochastic if M is non-negative and Zj-vzl M, =1
for all i € [N]. For a domain ¥ and subset £ C ¥ the characteristic function
lg: X — {0,1} is defined as 1g(z) = 1 if € E and 1g(z) = 0 otherwise.

Throughout this thesis, we use > to denote a set of observations. We assume
Y is a topological space and (X,9,)) is a measure space where all the open
subsets of ¥ are contained within ¢ and have non-zero measure. Indeed R and
the usual Lebesgue measure space on R satisfy these assumptions. For a finite
alphabet ¥ and n € N we denote by X" X*, X1, 3¢ the sets of length-n words,
finite words, non-empty finite words, infinite words, respectively. For w € »¢

we write w, for the length-n prefix of w.

11



12 2.2. Paths, Runs and Cylinder Sets

A matrix valued function ¥ : ¥ — [0,00)V*" can be integrated element-
wise. We write [ W dA for the matrix with entries ([ VdA), ; = [ ¥;; dA, where
U, X —[0,00) is defined by ¥, ;(z) = (\I/(a:))” for all z € 3. For a row vector
p € [0,00)¢ we write supp (1) := {q € Q | 1y > 0}. For a matrix A € [0, 00)@*¢
we write supp (4) = {(¢,r) € @ x Q | A;» > 0}. For a function f : ¥ — R
we write supp (f) = {z € ¥ | f(x) # 0}.

Consider a function f: > — R™. Let 3 C ¥ be the set of all points at which
f is continuous. We refer to ¥ as the set of continuity. If A(X) = A(Z) we say

that f is almost-surely continuous.

Definition 2.1.1. A Hidden Markov Model (HMM) is a triple (Q, >, ¥) where @
is a finite set of states, X is a set of observations, and the observation density matrix
U Y — [0,00)I@IQl gpecifies the transitions such that [ ¥ d)\ is a stochastic
matrix. We say a HMM is a continuous-observation HMM if ¥ is almost-surely

continuous.

Example 2.1.1. The second HMM from the introduction is the triple ({¢1, 2}, R, ¥)
with

2e

\If(:l?) _ (; ( 2x) X[O,OO)<=T) % X[ 10)( )( )) ' 0

ex 1-
373 Xo2)(2) 5 exp(=) - Xpo,00) (@

Fix a HMM H = (Q, %, ¥) for the rest of the section. We extend ¥ to the
mapping ¥ : ¥* — [0, 1]9*% with U(a;---a,) = ¥(ay) - ... ¥(a,) and ¥(e) = I,

where ¢ is the empty word and I the () x @ identity matrix.

2.2 Paths, Runs and Cylinder Sets

We call a finite sequence v = qoa1qy + - anq, € Q(XQ)* a path and an infinite
sequence ¢pa1q1a2q2 - -+ € Q(XQ)¥ a run. We say that A C Q(XQ)" is a cylinder
set if A={q} x A1 x{q1} x -+ x A, x {qn} where A; € 4 fori=1,...,n and
g € Q for i =0,...,n. We sometimes abbreviate cylinder sets as goA1q1 - - - Angp.

To H and an initial probability distribution 7 € [0, 1]9 we associate the probability
space (Q(2Q)¥, 9“1, P,) where 4“7 is the o-algebra generated by the cylinder
sets and P, is the unique probability measure with P, (qyA1q; - - - A,q,(2Q)) =

Tqo fAl- oo dA X - X fAn o1 dA.
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We refer to Ay x -+ - x A, where A; € ¢ for all i € [n] as an observation cylinder
set. We define the measure space (3", 9™ \") where ¥4™ is the smallest o-algebra
containing the observation cylinder sets of length n. If Y is the set of continuity for
U : ¥ — [0,00)9%IQ then the extension W : X" — [0, 00)I?*I?l is almost-surely
continuous with respect to A" with set of continuity ¥,

We define ¢“ as the smallest o-algebra containing the observation cylinder
sets. As the states are often irrelevant, for £ € 4“ and E1 := {qoa1q1a2q2 - - |
ajay--- € B} € 9“1 we also view E as an event and may write P.(F) to mean
P.(E1). In particular, for an observation cylinder set A; x --- x A, we have
Pr(Ap X - x AX¥) = |7 [, WdA x [, WdA|. By Ex we denote the expectation

with respect to P;. If 7 is the Dirac distribution on state ¢, then we write E,.

2.3 Markov Chains

A Markov chain is a pair (Q,T) where Q is a finite set of states and T € [0, 1]9%? is
a stochastic matrix. A Markov chain (@), T') is naturally associated with its directed
graph (Q,{(¢,7) | T, > 0}), and so we may use graph concepts, such as strongly
connected components (SCCs), in the context of a Markov chain. Trivial SCCs are
considered SCCs. For a directed graph G = (V| E) and U, U’ C V we say U —¢ U’
if there is * € U and y € U’ such that y is reachable from x in G.

A Markov chain (@Q,T) and an initial distribution ¢ € [0,1]? are associated
with a probability measure P, on measurable subsets of ()“; the construction of the
probability space is similar to HMMs, without the observation alphabet X.

The embedded Markov chain of a HMM (@, 3, V) is the Markov chain (@, s, WdA).
We say that a HMM is strongly connected if the graph of its embedded Markov

chain is strongly connected.

Example 2.3.1. The embedded Markov chain of the HMM from Example 2.1.1 is
1

({ql,fn},( >)-

The embedded graph of a HMM is the embedded graph of its embedded

W]
LWINN |

Markov chain.
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2.4 Finite-Observation HMMs

Many of the definitions stated for continuous-observation HMMs have finite ana-
logues. Let X be a finite set of observations and let A be the counting measure.
We say a HMM (Q, 3, M) is a finite-observation HMM if ¥ is a finite set and
Js Md\ = Y ,csx M(a) is stochastic. The embedded Markov chain of a finite-
observation HMM (@, X, M) is the Markov chain (Q, > ,exs M (a)). When ¥ is finite,
we assume for computational purposes that the numbers in M are rational and
expressed as fractions of integers encoded in binary. Computation complexity is
assessed in the Turing model and so testing for equality of members takes linear

time. In the case of a finite-observation HMM we may refer to the cylinder set

{ao} x {ar} x {1} x -+ x {an} x {gn} as simply goa1q1 - - - @ngn.



Equivalence

In this chapter we explore equivalence in continuous-observation HMMs. We show
in Section 3.1 that certain aspects of the linear-algebra based approach for checking
equivalence of finite-observation HMMSs carry over to the continuous case naturally.
In particular, equivalence reduces to orthogonality in a certain vector space of
state-indexed real vectors: see proposition 3.1.1.

However, we show in section 3.2 that in the continuous case there can be
additional linear dependencies between the observation density functions (which
is impossible in the finite case, where the different observations can be assumed
linearly independent). This renders a simple-minded reduction to the finite case
incorrect. Therefore, an equivalence checking algorithm needs to consider the
vector space from the previous paragraph.

For the required computations on the observation density functions we introduce
in section 3.3 linearly decomposable profile languages, which are languages (i.e., sets of
finite words) whose elements encode density functions on which basis computations
can be performed efficiently. In section 3.3 we provide an example of such a
language, encoding (linear combinations of) Gaussian, exponential, and piecewise
polynomial density functions.

In section 3.5 we finally show that HMMs whose observation densities are given
in terms of linearly decomposable profile languages can be checked for equivalence

in polynomial time, by a reduction to the finite-observation case. We also indicate,

15
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in example 3.6.1, how our result can be used to check for susceptibility of certain

timing attacks.

Definition 3.0.1. For two distributions m; and m and a HMM C = (Q, X, ¥), we
say that m; and my are equivalent, written m =¢ o, if P, (A) = P,,(A) holds for

all measurable subsets A C X%,

One could define equivalence of two pairs (Cy,m) and (Cy,m) where C; =
(Q;, 2, V;) are HMMs and m; are initial distributions for i = 1,2. We do not need
that though, as we can define, in a natural way, a single HMM over the disjoint
union of @)1 and )y and consider instead equivalence of m; and 7y (where m, m9
are appropriately padded with zeros).

Given an observation density matrix V, a functional decomposition consists of
functions fi : ¥ — [0, 00) and matrices P, € RI9XIQ for k € [d] such that ¥(z) =
S fu(@) Py forall z € ¥ and [y, fr d\ = 1 for all k € [d]. We sometimes abbreviate

this decomposition as ¥ = >°¢_, fi P, and this notion has a central role in our thesis.

Example 3.0.1. The observation density matrix ¥ from example 2.1.1 has a
functional decomposition
0

0> + X[-1,0)(2) <8 ) +
1 0

5)([0,2)(55) (1 8) + exp(—x)X[gpo) (a:) (8 0) ) n

2
3 3

Ol
O

B(a) = 2exp(—20)xpu0 (@) (

Lemma 3.0.2. Let (Q,%, V) be a HMM. If ¥ has functional decomposition ¥ =
ZZZI fr Py then Zzzl P, is stochastic.

Proof. By definition of a HMM, [, ¥ d\ is stochastic, and we have

d d d
[war= [ Y Py =Y P [ fidr =) P 0
% Ek:l k=1 by k=1

When ¥ is finite, it follows that [, WdA = Y ,cx; U(a). Hence Y ,cx V(a) is

stochastic.



3. Equivalence 17

Encoding For computational purposes we assume that rational numbers are
represented as ratios of integers in binary. The initial distribution of a HMM
with state set @ is given as a vector 7 € QI?l. We also need to encode continuous
functions, in particular, density functions such as Gaussian, exponential or piecewise-
polynomial functions. A profile is a finite word (i.e., string) that describes a function.
Its letters may be symbols or rational numbers that encode a function type and
its parameters. For example, the profile (N, u, o) may denote a Gaussian (also
called normal) distribution with mean p € Q and standard deviation o € Q,. A
profile may also consist of a description of a rational linear combination of such
building blocks. For any profile v we write [y] : ¥ — [0,00) for the function it
encodes. For example, a profile v = (N, u,0) with p € Q, o € Q, may encode the

—@2_7’;)2. Without restricting

function [y] : R — [0, 00) given as [v](x) = ﬁ exp
ourselves to any particular encoding, we assume that I' is a profile language, i.e.,
a finitely presented but usually infinite set of valid profiles. For any I'y C I' we
write [I'o] = {[7] | v € To}

We use profiles to encode HMMs C = (Q, %, V): we say that C is over I if
the observation density matrix W is given as a matrix of pairs (p;;,7vi;) € Q4 x T’
such that ¥, ; = p; ;[7vi;] and [5[vi;] dX = 1 hold for all ¢,j € [Q]. In this way

the p; ; form the transition probabilities between states and the «; ; encode the

probability densities of the observations upon each transition.

Example 3.0.3. For a suitable profile language I', the HMM from example 2.1.1

may be over I', with the observation density matrix given as

<<,<Exp,2>> (3, (U, 10))) .
(3. (U.0,2) (G (Ewp1) )

The observation density matrix W of a HMM (Q, X, V) with finite 3 can be
given as a list of matrices W(a) € QL?MQ‘ for all @ € ¥ such that > .5 ¥(a)

W=

is a stochastic matrix.

3.1 Equivalence as Orthogonality

For finite-observation HMMs it is well known [12-15] that two initial distributions
given as vectors 71, m € RI€l are equivalent if and only if 7, — my is orthogonal

(written as L) to a certain vector space.
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Proposition 3.1.1. Consider a finite-observation HMM (Q, >, V). For any my, s €
RIQI we have

m=m < m—m Lspan{¥(w)T |we X}

In the finite-observation case, proposition 3.1.1 leads to an efficient algorithm
for deciding equivalence. We will sometimes refer to span{¥(w)I' | w € %*}

as the state distribution span.
Proposition 3.1.2. Let (Q, %, V) be a finite-observation HMM. One can compute
a basis B for span{¥(w)1' | w € $*} in polynomial time.

We provide a sketch proof. More detail can be found in [12, 14].
Sketch Proof. This can be done using a fixed-point algorithm that computes a
sequence of (bases of) increasing subspaces of V := span{¥(w)1' | w € £*}: start
with B = {T'}, and as long as |B| < |Q| or there is a € ¥ and v € B such that

U(a)v & span B, add ¥(a)v to B. Since dimV < |Q], this algorithm terminates
after at most |Q)| iterations, and returns B such that span B = V. ]

It is then easy to check whether m — m L V. It follows:

Proposition 3.1.3. Given a HMM (Q, %, V) with finite 3 and initial distributions

71, m € Q9 it is decidable in polynomial time whether ™ = .

Example 3.1.4. In general Proposition 3.1.2 does not hold in the continuous-

observation case. Consider the HMM:

U0, 1)

Ulo, 1]

Here, U[0,1) and UJ0, 1] are uniform distributions on [0, 1) and [0, 1] respectively.
Assume that 3 = [0, 1] and has measure space (X,9, ALep). We have

0 1

(1 O) re€0,1)
(0 0) o
10
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and so span{¥(w)T' | w € ¥} = span{(1,1)7,(0,1)T} = R2. It follows that
m — s L span{¥(w)I' | w € ©*} if and only if m = 7.

On the other hand consider m; = e, and 7y = e,4,. Let By X -+ X E, € 9" be a
cylinder set. For each ¢ € [n] we define E! = E;\ {1}. We have A (Ey X -+ X E,,) =
Aren(E] X -+ x E!'). Hence for i = 1, 2:

Py, (Ey X -+ x B,5%) = eqi/ AT

FEi1x-XFEy

—e, / W1
Efx--xE],

0 1\
= , 1 d\"
B! x--xEl, Cas (1 0)

=\"(Ey X ---xX E).

It follows that P, (Ey X -+ X E,X¢) =P, (Ey X -+ x E,X¥) and s0 €4, = €, but

eql # el]2'

The observation 1 € ¥ occurs at a discontinuity of ¥ and only gets produced on
a Aep-null set. However, it still gets represented in span{¥(w)I' | w € £*}. By
excluding the discontinuities of ¥ from 3, we show that a version of Proposition 3.1.2
holds for continuous-observation HMMs.

As discussed in the preliminaries, ¥ is almost-surely continuous with set of
continuity ¥ C X such that A(X) = A(X) and W is continuous on 3. We prove
the following in Section 3.4.

Proposition 3.1.5. Consider a continuous-observation HMM (Q, %, V). For any

., € RI9 we have
_ =T o,
T =Ty < 7r1—7T2J_span{\If(w)1 ’wEZ }

The algorithm used in Proposition 3.1.2 is not an effective algorithm when 3 is in-

finite.

3.2 Labelling Reductions

Our goal is to reduce in polynomial time the equivalence problem in continuous-

observation HMMSs to the equivalence problem in finite-observation HMMs. Since
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the latter is decidable in polynomial time by proposition 3.1.3, a polynomial time
algorithm for deciding equivalence in continuous-observation HMMs follows.
Towards this objective, consider a reduction where each continuous density
function is given a label and these labels form the observation alphabet of a finite-
observation HMM. For example consider the HMM on the left in the diagram below.
This disconnected HMM emits letters from two distinct normal distributions with
profiles (NV,0,1) and (N, 1,2). Assigning each distribution letters a, b respectively
yields the HMM given on the right. Since in the right HMM states ¢; and ¢y are

equivalent so too are the same labelled states in the continuous HMM.

0 SV,0,1)
SNV.01) + 5V, 1,2) () gat g ()

SN0 [ ]V L2) sal)sb

(N, 1,2) 3b

More rigorously, if C = (Q, %X, V) is a HMM over I' = {f,...,0x} and ¥ is
encoded as a matrix of coefficient-profile pairs (p; j,7:;) € Q4 X I' then we call the
labelling reduction the HMM (Q, 3, M) where 3, = {ai,...,ax} is an alphabet
of fresh observations and

9 Pij Vij = Bk

Mi ilag) =

i(ax) {0 otherwise.

Since ¥ has functional decomposition ¥ = K [3,]M (ay), it follows by Lemma 3.0.2
that YK | M (ay) is stochastic and the labelling reduction is a well defined HMM

which can be computed in polynomial time. As discussed in the previous example,

equivalence in the labelling reduction implies equivalence in the original HMM:

Proposition 3.2.1. Let C = (Q, %, V) be a HMM with labelling reduction L =
(Q, S, M) Then for any initial distributions m and o

T =L Ty —> T =¢ T2.
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For the proof of Proposition 3.2.1 we use the following lemma which will

be re-used in section 3.5.

Lemma 3.2.2. Let C; = (Q, X1, ¥y) and Co = (Q, 3q, ¥s) be two HMMs with the
same state space Q. Suppose that span{V;(z) | z € X1} C span{Ws(z) | x € Lo}.
Then, span{¥;(w) | w € X7} C span{Vq(w) | w € X35} and for any two initial
distributions m and 7o,

T =g, Ty —> T =¢; T2.

Proof. Let w=x1---xy € ¥f. Then Vy(z,) = S XinVa(y;n) for n € [N] and

Uy (w) = <Z i 1Yo (Yir > ( Z i N2 (Yiy, N)>

211 ZNl

- Z Z Ai 1 A N2 (Ui 1) - Wa(yiy,n) € span{Ws(w) | w € X3}

i1=1 in=1

Thus, span{¥;(w) | w € X%} C span{¥y(w) | w € X4}. Therefore, by Proposi-
tion 3.1.5,

T =c, T2 == m —m L span{Usy(w)T' |w € T3}
— 1 —m L span{¥;(w)I' |w e =¥}

< T =¢, T2. ]

Proof of proposition 3.2.1. ¥ has a functional decomposition ¥ = Zszl[[Bk]]M(ak).
Thus, span{¥(z) | € B} C span{M (az) | a, € %} and the statement follows by
lemma 3.2.2. O

Example 3.2.3. Consider the HMMs in the diagram below and recall that for
aset AC X, xa: 2 — {0,1} is the standard indicator function. The HMM on
the left is a continuous-observation HMM where D and D’ are distributions on
[0, 1] with probability density functions 2z 1y(«) and 2(1 — ) xo,1)(x) respectively,
and Ula,b) is the uniform distribution on [a,b). The HMM on the right is the
corresponding labelling reduction.

Since U[0,1) = 3D + 3D, (the Dirac distributions on) states ¢; and ¢4 are
equivalent but as the distributions U|0,1), D, D" are distinct, they get assigned
different labels a, b, ¢, respectively in the labelling reduction. The states ¢; and ¢4
are therefore not equivalent in the right HMM.
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1U[1 2) 1d
)
G T \o

3.3 Linearly Decomposable Profile Languages

Example 3.2.3 shows that the linear combination of two continuous distributions
can “imitate” a single distribution. Therefore we consider the transition densities
as part of a vector space of functions. In the usual way £1(%,\) is the quotient
vector space where functions that differ only on a A-null set are identified. For
frg: X —>Rwesay f=)gif {x €3] f(z) # g(x)} is a A-null set. In particular,

when ¥ C R and A is the Lebesgue measure Ap.;, we have Xap) =x.., X(a4-

Definition 3.3.1. Let I' be a profile language with [I'] C £,(3,)). We say
that T is linearly decomposable if there is a procedure that takes a finite subset
{7,---,7} =To C T and produces profiles 51, ..., S, € [y and a set of rational
coefficients b;; € Q for i € [n],j € [m] such that {[f1],...,[Bn]} is a basis for
span{[v], ..., [v.]} (hence m < n), and

[[’}/1]] = i bi,j [[6]]] for all 7 € [n] (32)

Further, this procedure takes polynomial time in the total length of the encoding of

[o.
The following theorem is the main result of this chapter:

Theorem 3.3.1. Given a HMM C = (Q, %, V) over a linearly decomposable profile
language, and initial distributions m, 7, € Q9 4t is decidable in polynomial time

(in the size of the encoding) whether m = .

Like in the finite case, to prove theorem 3.3.1 we use the following continuous
analogue of Proposition 3.1.2 for computing the state distribution span. This

result is also used later in Chapter 4.
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Proposition 3.3.2. Let C = (Q, %, V) be a continuous-observation HMM over a
linearly decomposable profile language. Suppose U has set of continuity 3. We may
compute a basis B for span{¥(z) | z € X} in polynomial time (in the size of the
encoding of C).

We prove proposition 3.3.2 in section 3.5.

Proof of Theorem 3.3.1. By Proposition 3.3.2 we may compute a basis B3 for span{V(x) |
T € Z} in polynomial time. We have

T =c¢ Ty <= w1 — Te L span {\P(w)TT ‘ w e E*} by Proposition 3.1.5
< (7T1—7T2)'b Vb € B. (33)

The condition (3.3) can be checked in polynomial time. O

To make the notion of linearly decomposable profile languages more concrete,

we give a concrete example in the following subsection.

Example: Gaussian, Exponential, and Piecewise Polynomial Functions

We describe a profile language, I" gz, that can specify linear combinations Gaussian,
exponential, and piecewise polynomial density functions.

Let I = {(a,b) C R | a,b € QU {—00,00} : a < b} and let v be a profile.
We define a new profile Z(v, a,b) obtained by restricting the support of [y] to
an interval (a,b) € L

We call a function of the form x + x*y;(x) where k € Ny and I € T is an
interval an interval-domain monomial. To avoid clutter, we often denote interval-
domain monomials only by z*y;. Any piecewise polynomial is a linear combination
of interval-domain monomials.

Suppose 7 encodes the monomial function z — x* for k € Ny. Then, Z(v, a, b) en-
codes the interval-domain monomial & — x*x(, ) (2) where a,b € QU{—oc, 00} and
a < b

Let M be a set of profiles encoding monomials x* in terms of k¥ € N;. We
then set M' = {Z(v,a,b) | v € M, (a,b) € I} which is a set of profiles that can
encode any interval-domain monomial function.

Gaussian and exponential density functions can be fully described using their

parameters, which we assume to be rational. We write G' and E for corresponding
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sets of profiles, respectively. Finally, we fix a profile language I'gryy D GU EU M’
obtained by closing G U E'U M’ under linear combinations. That is, for any
Y1,y € Ugepm and Aq, ..., \p € Q, there exists a profile v € I'ggy such that
[v] = M)+ - -+ Aelve]. This closure can be achieved using a specific constructor,
say S, for linear combinations, so that v = S(A1, 71, ..., Ak, k). We have:

Lo ={SO,m, -, M) | € GUEUM', X, €Q, i€ [k]}.

Example 3.3.3. The continuous-observation HMM (@, R, ¥) from Example 3.2.3
is over I'ggp: the observation density matrix W can be encoded as a matrix of

coefficient-profile pairs

0 (3m) (3:72) 0
0 (1,73) 0 0
0 (Ly) 0 0
0 (L) 0 0

with 71,792,793, 71 € U'gem and [n1] = 22Xy and [ye] = 2(1 — z)xp1) and [y3] =
X[1,2) and [v4] = X[0,1)- ]

Let H be a set of disjoint half open intervals. Suppose that mq,...,m; are
distinct interval-domain monomials such that supp(m;) € H for all ¢ € [I]. In
addition, let ¢g1,..., 95 and ey, ..., ex be distinct Gaussian and exponential density

functions, respectively. We show later in Chapter 5 that the set

{ml,...,mI,gl,...,gJ,el,...,eK}

is linearly independent. Therefore, by the construction of I' gy, we can compute
the profiles and coefficients in (3.2) from the coefficients in the description of ¥ as

a matrix of profile-coefficient pairs. We also prove the following in Chapter 5.
Proposition 3.3.4. The profile language T ggyr is linearly decomposable.
Thus we obtain the following corollary of theorem 3.3.1:

Corollary 3.3.5. Given a HMM (Q,%, V) over I'ggy, and initial distributions

1, € QI it is decidable in polynomial time whether T = .
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3.4 The Set of Continuity

Recall that an observation density matrix ¥ : ¥ — [0, 00)I?1XIQl is almost-surely
continuous and so has set of continuity .. This section is dedicated to the proof

of Proposition 3.1.5. We restate it here.

Proposition 3.1.5. Consider a continuous-observation HMM (Q, %, V). For any

T, Ty € RI€l we have
7T o %
T =Ty < 7T1—7T2J_span{\lf(w)1 ’wEE }
We use the following intermediate lemma.

Lemma 3.4.1. Let (Q,%,¥) be a HMM and let m, 7y be initial distributions.
Fiz n € N. Then, (m — Wg)\I/(w)TT = 0 for all w € X" if and only if (m —
™) [z VAN T =0 for all E € 9™,

Proof. For the forward implication, suppose E € 4™ then £\ (E N E) is a A-null
set. Thus,
(71'1—71'2)/ \I/d)\nTT:(’YTl—TFQ) A \I/d)\nITZO
E

ENS
For the converse implication, suppose there is v € %" such that (m; — WQ)\I/(U)TT >
0. Since V¥ is continuous when restricted to XOJ”, there is ¢ > 0 and an open
ball B(v,e) such that (m; — m)¥(w)I' > 0 for all w € B(v,e). It follows that
(1 = 72) [p(ee) ¥ dA"T" > 0. A symmetrical argument can be applied in the case

(m1 — m) W ()T < 0. 0
We may now prove Proposition 3.1.5.

Proof of Proposition 3.1.5. We have:

T = Ty < ]P)ﬂl(E) = ]P)WQ(E) VE € 4%
— (wl—WQ)/\I/dA”TT:O VE €4, neN
E

=T

— (m —m)¥(w)I =0 Vw e X", neN

e (m —m) L span{¥(w)I' |w e x*},

where the third equivalence follows from Lemma 3.4.1 and is a result of ¥ being

continuous on X.. O
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3.5 Independent Functional Decompositions

This section is dedicated to the proof of Proposition 3.3.2. Suppose that ¥ has
a functional decomposition 3¢_, fi.P such that the set {fi,..., fs} is linearly
independent. Then, Y¢_, fiP is called an independent functional decomposition.
The efficient computation of an independent functional decomposition is the key

ingredient for the proof of theorem 3.3.1. We start with the following lemma.

Lemma 3.5.1. Suppose ¥ : ¥ — [0,00)9XI€l has an independent functional
decomposition ¥ = 3¢_, fuP.. Then, span{¥(z) | z € ¥} = span{P; | k € [d]}.

For the proof of this lemma we need a result concerning alternant matrices.

Consider functions fi,...,f, : ¥ — R and let zq,...,x, € X. Then,

filzy)  fa(zr) - fulz)
fi(@a)  falwa) - fu(ze)

M =
is called the alternant matrix for fi,..., f, and input points xy,...,x,. The

following is proven in Appendix A.l.

Lemma 3.5.2. Suppose fi,..., fn € L1(X, ). Then, the f; are linearly dependent

if and only if all alternant matrices for the f; are singular.

Proof of Lemma 8.5.1. Since ¥(z) = X¢_, fu(x) Py, we have span{¥(z) | z € X} C
span{ Py | k € [d]}. For the reverse inclusion, since the f; are linearly independent,
by Lemma 3.5.2 there exists an alternant matrix M with full rank for fi,..., fy with
input points zy,...,r4. Hence, for each of the standard basis vectors e;, € {0,1}¢,
k € [d], there exists vy = (Vi g, ..., vax) € R? such that vy M = ej,. Writing §;; for

the Kronecker delta function it follows that
d d d d d d
Dovin¥(zi) = D vk fi(@)P = Y P viefi(w) = Y Pidji = B,
i—1 =1 =1 =1 =1 j=1

which implies that span{V(z) | € ¥} D span{ Py | k € [d]}. O

The proof of the following proposition re-uses lemma 3.2.2 from section 3.2.
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Proposition 3.5.3. Suppose that HMM C = (Q, >, V) has independent functional
decomposition U = S¢_, fi P, and each P, is non-negative for all k € [d]. Define
a set Y ={ay,...,aq} of fresh observations and the observation density matriz M
with M (ay) = Py for all k € [d]. Then F = (Q,%, M) is a finite-observation HMM

and for any initial distributions my, mo
T =¢ Ty < T =F M.

Proof. 1t follows by Lemma 3.0.2 that Zﬁzl P, is stochastic. Thus F' defines a
HMM. By Lemma 3.5.1, span{¥(2)T" | z € £} = span{M(a)T' | a € } which

combined with Lemma 3.2.2 gives the result. [

Example 3.5.4. We use the HMM C discussed in Examples 3.2.3 and 3.3.3 to illus-
trate the construction of Proposition 3.5.3. The basis {2$X[0,1)7 2(1— x)x[m), X[LQ)}

leads to the independent functional decomposition

0200 0010 0000
0000 0000 0100
V=22x01 g o0 0 ol T20=2X0m g 0 o0 ol X2 0 1 0 0
0300 0300 0000

Therefore, Proposition 3.5.3 implies that two initial distributions 7, m» € RI%! are

equivalent in C if and only if they are equivalent in the following HMM:

Here, states ¢; and g4 are equivalent. Hence, they are also equivalent in C. O

If an observation density matrix has an entry with pdf 2e™® — 2e~2* (which is
encodable in I gy due to its linear combination closure property), the independent
functional decomposition generated by the algorithm described in the proof of Propo-
sition 3.3.4 has matrices which are not all non-negative. Therefore, Proposition 3.5.3
cannot be applied directly. However, given an independent functional decomposition

U =YY | fi.P. and noting that >¢_, P, is stochastic by Lemma 3.0.2, the following
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proposition shows that there is a small § > 0 such that P — 6P, is non-negative

for all £ € [d]. Furthermore, span{P; | k € [d|} = span{P — 0P, | k € [d]}.

These two facts lead us to construct a finite-observation HMM using the scaled
1

transition matrices =5 (P — 0F).

Proposition 3.5.5. Let C = (Q, %, V) be a HMM with independent functional
decomposition ¥ = ZZ:1 fePyx. Let P = Zzzl P, and

f = min {1 min{(P);; | (P)i; > 0} }
2’ )

Define an alphabet ¥ = {ai,...,aq4} of fresh observations and the HMM F =
(Q.2, M) with M(ay) = 715(P — 0P,). Then

span{M(ak)TT | ke ld} = Spaun{\IJ(;E)TT |z € X}
and for any initial distributions mi, mo,
T =¢ My <= T =F To.
Proof. First we show that F is a well-defined HMM. Matrix 3°¢_, M (ay,) is stochastic

as

d 1 dP —0%i_, P
> Mar) = ——5 > (P—6P) = d_g—l =P, (34
k=1 k=1

and by Lemma 3.0.2, P is stochastic. In addition we must show that M (ay) is

non-negative for each k € [d]. Since § < L it is enough to show that P — 6P,

2
is non-negative for each k£ € [d]. Suppose that (P);; = 0. Then, [V, ;d\ =
(P);; = 0, which implies that ¥, ; = 0 since ¥ is piecewise continuous. Thus,
S fe(Pu)ij = W, ; = 0. Since {fi}¢_, is linearly independent, it follows that
(Py)i; =0 for all k € [d] and so (P — 0Fy);; = 0. Now suppose that (P);; > 0. By
the definition of 6, it follows that (6Fy);; < (P);;. Thus, F is a well defined HMM.

Observe that span{P — 0P, | k € [d|]} C span{P; | k € [d]}. The opposite

inclusion follows from the fact that, by Equation (3.4), we have

Pespan{P —0P, |k=1,...,d}.
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Thus, by Lemma 3.5.1,

span{M(a) | a € ¥} = span{P — 0P, | k € [d]}
= span{ P | k € [d|}
= span{¥(z) | z € £} .

The second point in the proposition follows immediately by Lemma 3.2.2. O
We may now prove the following:

Proposition 3.3.2. Let C = (Q, %, V) be a continuous-observation HMM over a
linearly decomposable profile language. Suppose ¥ has set of continuity Y. We may
compute a basis B for span{¥(z) | € X} in polynomial time (in the size of the
encoding of C).

Proof. Suppose the HMM C is over the linearly decomposable profile language I'.
Let T'g = {71,...,7.} be the set of profiles appearing in the description of ¥. From
the description of ¥ as a matrix of coefficient-profile pairs, we can easily compute
matrices P/,..., P, € QI9IQl such that ¥ = " ,[w]P!. Since I is linearly
decomposable, one can compute in polynomial time a subset {31, ..., 54} C I'g such
that [{51,...,Ba}] is linearly independent and also a set of coefficients b; ; such
that [;] =x ¢, bix[Bs] for all i € [n]. Hence:

n d

n d n
U = P = Y 1BlbinP, = D 18] D binP
= =1 =1

i=1 k=1
Setting P, = X1, by P/ for all k € [d], we have U =, S¢_, [Be] Pe-

Let £y = {z € & | ¥(z) = X0, [8](x)P:}. We define €' = (Q, %, N 3, 1)
where U’ is the restriction of ¥ to Xy N 3. We have C' is a valid HMM because ¥’

is stochastic:

/ Wdr= [ Wwdr= / WdA  since A(Z\ (S, N5)) = 0.
by by

ANY N

Further, U (z) = >¢_,[8:](z) Py for all 2 € £, N'Y and so the restriction of
>4 18] P to a0 Y is an independent functional decomposition of ¥, Therefore,
from Pi,...,P; we may compute F = (Q,%, M) from Proposition 3.5.5 and



30 3.5. Independent Functional Decompositions

span{M(a)I' | a € &} = span{¥(w)I' | z € £, N X}. By Lemma 3.2.2 we

have

spaun{]\/[(u)TT |ue X} = S.pan{\IJ(w)TT lw e (N8}

C span{¥(w)I' |w e *}. (3.5)

It remains to show the final set inclusion in (3.5) is an equality. Fix p € RI?l,
We show 1 L span{¥(w)T' |w € (Sx N 2)*} implies 1 L span{¥(w)I' |w € 3*}.

Suppose p\If(w)TT > 0 for some w € ¥*. If w is the empty word ¢ then
g€ (SxNY)* and so p L span{¥(w)T' | w € (S, N2)*}. In the case w has length
n € N then there is § > 0 and open ball B(w,§) such that ¥ (w')I' > 0 for all
w' € B(w,8) N We have B(w, ) is an open set and so has A-positive measure
by the assumption in the preliminaries. It follows that there is some w' € (3 N )*
such that pW(w’ )TT > 0. We use a symmetrical argument in the case ,LL\I/(w)TT < 0.

With F computed, using Proposition 3.1.2 we may compute in polynomial time
a basis B for span{M(u)T' | u € £*}. The basis B is therefore also a basis for
span{\If(w)TT | we X*} O

Example 3.5.6. We illustrate aspects of the proof of Proposition 3.3.2 using the
HMM:

%(%X[l,S))
%(%X[og)) @ @’ %(%(X[o,u +X[3,4]))

%(%X[u))

Let U’ be the restriction of ¥ to 3 =[0,1) U (1,2) U (2,3) U (3,4). Noting that

%(X[O,l) + X[3.4)) = %X[o,2) — %X[l,?;) + %X[2,4) and the set {%X[og), %X[1,3), %X[2,4)} is

linearly independent we obtain the independent functional decomposition:

— 4 X[0,2 1 aAX(1,3 1 X244 1 1 .

According to Proposition 3.5.5, P = ( and

>. Further we compute 6 = %

[SIEYSIES
[NIEANIES



3. Equivalence 31

d—@zgand

or /1l 1 1 /1 11

va=2(11)-3(: )] - (¥ 1)
5- 2 2 2 2 5 10
or /1l 1 1/0 1L 11

wo=2[(1 )20 4)]-(i 4
5L\z 3/ 2\0 —3 5 i
or /1l 1 1 11

M(c) = = (% %)—(? O)] =<§ )
oL\3 3 2\3 3 0 10

The HMM from Proposition 3.5.5 is shown below.
(a4 b+ 2c)
Ya+ 20+ 2e) () (23D 3(ta+ b+ Lo)
(a4 2b+ ic)

We can compute a basis for span{M (u)T' | u € £*} = span{¥(w)T' | w € ¥*}
using the algorithm from Proposition 3.1.2 as follows.

Starting with B = {I'}, we first check whether M(a)T' € span{I'}. Since
M(a)TT = (3. 5)" € span{TT} we do not add (2, 3)T to B. We then check

107 10
whether M (b)T" € span{T'}. Since M(b)T' = (3,207 ¢ span{1'} we set B =
i, (35, 55) "} Since |B| = |Q| = 2 the algorithm terminates.

For any two initial distributions 7,7 may check whether m; = m, using
Theorem 3.3.1. (In this example m; = 75 holds only if 71 = my.) ]

3.6 Timing Attacks

Example 3.6.1. We also discuss an example, inspired from [33], where HMM non-
equivalence means susceptibility to timing attacks, and HMM equivalence means
immunity to such attacks. Consider a system that emits two kinds of observations,
both visible to an attacker: a function to be executed (we arbitrarily assume a
choice between two functions a and b, and impute a probability distribution between
them) and the time it takes to execute that function. An attacker therefore sees a
sequence (1t1laty ..., where ¢; € {a,b} and t; € [0,00). In [33] the times t1,ts, ...
are all identical and depend only on the secret key held by the system, but we
assume in the following that the ¢; are drawn from a probability distribution that

depends on the function (a or b) and the key. We assume that with key i the
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execution times have uniform distributions U[m¢ — %, m + %) and U[m? — %, mp + %)

The situation can then be modelled with the HMM below.!

1 2
30 30
U[m?_%am?—i_%) U[mi)_%’mi)_’—%)

A timing leak occurs if the attacker can glean the key from the execution times.

For example, the attacker can distinguish between keys k; and ks if and only if

states s; and s, are not equivalent. One can check, using the algorithm we have

developed in this section, that s; and s, are equivalent if and only if m{ = m$ and
b

mb = mj. Moreover, it follows from section 3.3 that if instead of U[m§{ — 5, m{ + 3)

and U[m§ — 1, m3 + 1) we had two distributions with density functions from [’ g
with the same mean and the same variance, states s, so would still be non-equivalent
whenever the two distributions are not identical.

One may try to guard against this timing leak by “padding” the execution time, so
that the sum of the execution time and an added time is constant (and independent
of the key). After the execution of the function, an idling loop would be executed
until the worst-case (among all keys) execution time of the functions has been
reached or exceeded. Let us call this worst-case execution time w € (0,00). This
idling loop would take time v > 0 in each iteration, so the total idling time is always
an integer multiple of u. It is argued in [33] that this guard is in general ineffective
in that the attacker can still glean the execution time modulo u. Therefore, it is
suggested in [33] to add, in addition, a time that is uniformly distributed on [0, u).

This remedy also works in our case with random execution times. Indeed, one
can show that for any independent random variables X, Y, where Y is distributed
with U[0, u], we have that (X +Y) mod u is distributed with U0, w). Therefore,
by adding an independent U[0,u) random time to the padding described above,
the times observable by the attacker now have a Ulw + u,w + 2u) distribution,

independent of the key.

'In this case the observation set ¥ = [0,00) U {a, b} is a disjoint union of topological spaces
and there is a natural measure space induced from the Lebesgue measure space on [0, 00) and a
discrete measure on {a,b}.
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3 30
Ulw + u, w + 2u) Ulw + u, w + 2u)

All states s; are now equivalent, so the key does not leak.

38
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Distinguishability

Definition 4.0.1. Suppose H = (Q, %, V) is a HMM and ¥ is part of the measure
space (X,9,\). The total variation distance (TV-distance) between two initial
distributions m; and m, is given as

dH(Wla 7T2) - ES;;JPM (E) - Pﬁz(E)l

Observe that m; = 79 if and only if dy (71, m9) = 0. We sometimes write d(my, 7o) if

the choice of HMM is clear. We say m and my are distinguishable if dy (i, m5) = 1.

In this chapter we explore distinguishability in continuous-observation HMMs.
In Section 4.1, we give details on the algorithm introduced in [23] for the following

decision problem.

Theorem 4.0.1. Given a finite-observation HMM C = (Q,%X, M) and initial
distributions 7, T € (Q N [0,1])? it is decidable in polynomial time (in the size of

the encoding) whether d(my,m) = 1.

In Section 4.2 we outline the continuous-observation case. In the finite-observation
case the distinguishability decision problem is given as a linear program which is
constructed from a basis of the state distribution span (see Proposition 3.1.1)
and the joint-reachability set. This reachability set also has an analogue in

the continuous-observation case. We introduce joint graph decomposable profile

35
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languages which specify sufficient conditions for the joint-reachability set to be
efficiently computable: see Section 4.3.

In Section 4.4 we introduce finite partition approzimations which are finite-
observation HMMs that approximate a continuous-observation HMM. For a continuous-
observation HMM we show that there exists a finite partition approximation such
that any two initial distributions are distinguishable in the continuous-observation
HMM if and only if they are distinguishable in the finite partition approximation.
While this finite partition approximation is not necessarily computable, it has the
same joint-reachability set as the continuous-observation HMM and also the same
state distribution span. Thus to construct an analogous linear program from the
finite-observation case, we need only compute the joint-reachability set and a basis
for the state distribution span. In Proposition 3.3.2, we showed that a basis for
the state distribution span can be computed in polynomial time when the profile
language is linearly decomposable. Hence, if a HMM is encoded by a linearly
decomposable and joint graph decomposable profile language, we may decide in

polynomial time whether any two initial distributions are distinguishable.

4.1 Distinguishability in the Finite-Observation
Case

Let (Q,%, M) be a finite-observation HMM and let 7, w2 be initial distributions.

We define the joint-reachability set:

R™™ ={(q1,q2) € Q X Q| 3w € X" : (q1,q2) € supp (m M (w)) x supp (ma M (w))} .

The joint-reachability set is the joint set of states that are reachable at the

same time by m and .

Example 4.1.1. The diagram below shows a finite-observation HMM F = (Q, X, M).

fc 330+ 30

s(za+ ;b)
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Recall that e, and e, are Dirac distributions on ¢; and ¢, respectively. We have

that

supp (eq, M (a)) x supp (e, M (a)) = {(g2, q1)},

supp (eq, M (b)) x supp (eq, M (b)) = 0,

supp (eq, M (c)) x supp (eq, M(c)) = {(q1. ¢2) }, (1)
supp (eg, M (a)) x supp (eq, M (a)) = {(q1,42)},

supp (eq, M (b)) x supp (eq, M (b)) = 0,

supp (eg, M (c)) x supp (eq, M(c)) = {(q2, 1) }-

It follows by the first and fifth equalities that supp (e,, M (ac)) x supp (eg, M (ac)) =
{(¢2,q1)}. Further, for any w € ¥* we have supp (e, M (w)) X supp (eg, M (w))

contains at most one pair of states: either (¢i,¢2) or (go,¢1). Thus, Rncfe =

{(q1, @), (@2, 01) }-

We can rephrase the equations in (4.1) as transitions between pairs of states.

We define the joint graph:

Definition 4.1.1. Let F = (Q, %, M) be a finite-observation HMM. The joint
graph is Grr = (Q x Q, E) where

E = {((qlvrl)a (q27r2)) | Ja € X M(a)qth > 0 and M(a’)ﬁﬂ“z > 0}

Example 4.1.2. Continuing with the HMM F from Example 4.1.1, the diagram
below shows the joint graph G r.

ST

We see that the first equation in (4.1) implies that there is an edge from (q1, g2)
to (g2,q1). Additionally we have supp (e, M (b)) = @ and so supp (e, M(b))
supp (eg, M (b)) = Q x Q. Indeed, we see in the graph that from (g, ¢2) there is an

edge to every vertex in Gr r.
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There is a link between R™™ and the reachable states from supp (71) x supp (7m2)
in Gz 7. Recall from the preliminaries that for U,V C Q x Q we write U —¢q, . V
if there exists v € U and v € V such that v is reachable from u in Grr. We

have the following which is Lemma 20 from [23].

Lemma 4.1.3. Let F = (Q, %X, M) be a finite-observation HMM and let 71,9 be

initial distributions. We have

R = {(r1,m2) € Q x Q | supp (m) x supp (m2) = {(r1,72)}}
As a consequence R™™ can be computed in polynomial time using graph reachability.

Example 4.1.4. We again continue with F from Example 4.1.1 where we computed
Rfaf2 Using the graph calculated in Example 4.1.2 we have that the set of
reachable vertices from (q1,¢2) is {(q1,42), (¢2,¢1)} which indeed coincides with
Rz,

On the other hand, every vertex in ) x @ is reachable from (g, ¢;) and so

Reata = Q) x Q.

We now state the main result used in deciding whether two initial distributions

are distinguishable. This result is Theorem 21 from [23].

Theorem 4.1.5. Let (Q, %, M) be a finite-observation HMM and let 71, o be initial

distributions. For each r1 € () we define the projection
R;?’WQ = {7"2 S Q | (T’l,TQ) S Rﬁl’ﬂ?}.

Then d(my,m9) < 1 holds if and only if there is r1 € Q and subdistributions py, fio
such that

fin = pig and ry € supp (1) and supp (p2) € RIF™. (4.2)

We may check the condition p; = s using the basis computed in the following

algorithm from Section 3.1.

Proposition 3.1.2. Let (Q, %, V) be a finite-observation HMM. One can compute

a basis B for span{¥(w)I' | w € $*} in polynomial time.
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Example 4.1.6. Taking F from Example 4.1.1 we have

. w0 (0) w3 9).

We have M(a)T" = (L, 1T and M(®)T" = (0,1)7. The set {(1, 17T, (0,1)T} is

274 ) 274

ONI=
= O

M(a) = (

= O
= O
= O

linearly independent and so span{M(w)I' | w € ©*} = R2. It follows that for two
subdistributions i1, 12 we have yi; — pto L span{M(w)I' | w € ©*} if and only if
H1 = 2.

Consider Ry = {g,}. There is no pair of subdistributions 1, yo satisfying

(4.2) since p1 = pp implies that

q1 € supp (p1) and supp () € Rem2 = {go}

. .. .. . . . €qq ,€
contradict each other. A similar contradiction arises when considering Rg'" * =

2
{q:}. It follows by Theorem 4.1.5 that d(e,,,e,,) = 1.

With the basis B from Proposition 3.1.2, the condition py = po is equivalent
to Vb € B (u1 — po) - b = 0. We can decide in polynomial time whether
there exists u1, 2 € Q9 such that ¢ € supp (i) and supp (i) C RTv™ and
Vb € B (ug — p2) - b = 0 using linear programming. The following algorithm
is inspired by Algorithm 1 from [23].

Algorithm 1 An algorithm for deciding distance 1 in the finite-observation case

compute R™7™ by graph reachability (Lemma 4.1.3)
compute B C Q9 from Proposition 3.1.2
for r € @ do

if 3 pu1, po € Q9 s.t. vy € supp (1) and supp (pu2) C R7V™ and

Vbe B (u1 — pe)-b=0 then
return "d(m, m) < 1'

end if
end for
return "d(m,m) = 1"

Theorem 4.0.1 follows immediately from Algorithm 1. However, in [23] the
algorithm is slightly different. They compute a basis B’ for

V := span { (M(()w) _]\;(w)> T |we E*} .
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They then check the condition (u1 pe) - b = 0 holds for all ¥ € B'. Here,
(u1 p2) € [0,1)%90 is the row vector obtained by gluing s, up together. Note
that (g1 p2) - b is a scalar.

The condition (p; pe)-b" = 0 holds for all ¥’ € B’ is equivalent to (u; —pg)-b =0
for all b € B (See Lemma A.2.1 in the appendix). We use the latter condition
because later in this chapter, when we generalise to continuous-observation HMMs
we will reuse results presented in Chapter 3 in terms of span{M(w)I' | w € T*}.

We now compare the finite-observation case with the continuous-observation case.

4.2 Distinguishability in the Continuous-Observation
Case

In the following we present an algorithm to decide whether two initial distributions
are distinguishable when the HMM has continuous observations. In particular there
is an analogue of Theorem 4.1.5 which leads to an analogue of Algorithm 1. First

we define the continuous joint-reachability set.

Definition 4.2.1. Let C = (Q, %2, ¥) be a HMM and let 71, w5 be initial distribu-

tions.

R™™ = {(Q1;Q2) €EQRxQ|3IneNy:

/\”(w € X" | (q1,q2) € supp (m¥(w)) x supp (ﬂg@(ﬂ)))) > 0}.

Here, A" is the measure on ¥" as defined in the preliminaries. We write \° for

the measure on X0 = {e} where \°({e}) = 1. Tt follows that
supp (1) x supp (m) € R™™2, (4.3)

Example 4.2.1. Consider a continuous variation of Example 4.1.1 shown below.

U0, 1]

1U[2,3] UL, 3]

U[0,2]

N =

N[
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In the HMM above Ula, b] is a uniform distribution on the closed interval [a, b] and
A = Arep: the Lebesgue measure on R. We compute Rea1 ez

By (4.3) we have supp (1) x supp (m2) = (q1,q2) € R™™. Also, (g2, q1) €
supp (eq, U(z)) x supp (e, ¥(z)) for all z € [0,1) and AL([0,1)) = 1 > 0 which
implies (g2, q1) € R™™.

Further we have that

{(g2, 1)} r€[0,1)
{(g2:q1), (@2, 2)} 2 =1
supp (eq, U(x)) x supp (eg, ¥ (x)) =<0 ze(1,2)
{(a,0), (1. 2)} =2
{(a1,92)} z € (2,3
and
{(q1,92)} z € 0,1)
{(e2,0), (2. 2)} x=1
supp (eq, W (7)) x supp (g, ¥(x)) = 1 0 € (1,2)
{(g,q01): (@2, 1)} = =2
{(q2: 1)} r € (2,3].

and so any set of words which leads to states (g1, q1) or (¢2, q2) is Apep-null. Therefore

Rmom — {(q1, @), (@2, 1) }-

There is an analogue of the joint graph for continuous observation HMMs.
Let C = (Q, %, V) be a continuous-observation HMM. Recall that for a function
f:8 = [0,00), supp (f) = {x € X | f(z) # 0}. We write Gee = (Q x Q, E) where

E={((q1,1),(g2,72)) € (@ x Q) x (@ x Q) | A(supp (Vg ,0,) Nsupp (¥, ,)) > 0}

Example 4.2.2. We continue with the HMM C from Example 4.2.1 and look at

some examples of edges in G’QC. We have
A(supp (W, ) Nsupp (Wg,,,)) = A([0,2] N [1,3]) = A([0, 1)) = 1
and so there is an edge from (g9, g2) to (q1,¢g2). We have
A(supp (Wg, 9, N supp W, 4,)) = A([2,3] N[0, 2]) = A({0}) = 0

and so there is no edge from (g1, ¢2) to (q1,¢1). Continuing in this fashion we can

show that éc,c = Gz, 7 where F is the finite-observation HMM from Example 4.1.1.
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Towards an analogue of Lemma 4.1.3 we would like to compute the joint graph
of a HMM with continuous observations. Recall that a continuous-observation
HMM is over a specific profile language and is encoded by list of coefficient-profile
pairs. Each profile specifies the observation distribution of a particular transition in
the HMM. Computing the edge set of the joint graph requires deciding whether any
two profiles encode functions with a shared non-null region of support. We specify
the computability of this decision problem as a property of the profile language.
We call such a profile language joint graph decomposable.

Definition 4.2.2. Let I' be a profile language with [I'] C £;(3, A). We say that
I' is joint graph decomposable if there is a procedure that takes a pair of profiles
a, 8 € T and decides whether A(supp ([a]) N supp ([5])) > 0 and this procedure

takes polynomial time in the combined length of the encodings of a and f.

Example 4.2.3. Let I" be a profile language encoding functions in the set

{f:R—=10,00) | da,b € QU {—00,00} : supp (f) = (a,b) up to a Ae-null set}.
(4.4)
For any v € T" we have supp [y] = (a,b) for some a,b € Q U {—00,00}. Assume
a and b are included in v as part of the encoding. Then, let v;,7, € ' such that
supp ([vi]) = (a;, b;) for i = 1,2. Then we have A(supp ([1]) N supp ([12])) > 0
if and only if both a; < by and ay < b;. The latter is decidable in constant time.
The set of functions (4.4) includes most standard probability density functions. We
show later in Chapter 5 that a large class of standard probability density functions

is encodable by a joint graph decomposable profile language.

Recall the profile language I'ggy from Section 3.3. We prove the following

later in Section 5.3.
Proposition 4.2.4. The profile language T gryr is joint graph decomposable.

Additionally, the next result shows that joint graph decomposability is a sufficient

condition for being able to compute the joint graph.

Proposition 4.2.5. Let C = (Q, %, V) be a HMM over a joint graph decomposable

language then GC,C can be computed in polynomial time.
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Proof. Suppose the HMM C is over the joint graph decomposable profile language I'.
From the description of ¥ as a matrix of coefficient-profile pairs, we have ¥, ; =
pijlvij] for all 4,5 € [Q] where p;; € QT and v;; € T

To compute Gc,& we need only compute its set of edges. For each 11,9, j1, jo €

[Q] the decision problem

Alsupp ([7ir.i]) vsupp ([751.5.1)) > 0

is decidable in polynomial time because I' is joint graph decomposable. It follows

that the construction of CNT'C,C takes polynomial time. O

As a consequence of the above result we have an analogue of Lemma 4.1.3 and

subsequently an analogue of Theorem 4.1.5.

Lemma 4.2.6. Let C = (Q, %, V) be a continuous-observation HMM over a joint

graph decomposable profile language. Let 71, mo be initial distributions. We have
R = {(7’1,7“2) €EQ X ’ supp (m1) X supp (m2) —¢, {(7’1,7"2)}}-
As a consequence R™™ can be computed in polynomial time using graph reachability.

Theorem 4.2.7. Let (Q, %, V) be a continuous-observation HMM and let 7y, o be

initial distributions. For each r1 € Q) we define the projection
]N%;?’WQ = {7’2 S Q ’ (7“1,7’2) S Rﬂ-l’ﬂ?}.

Then d(my,m2) < 1 holds if and only if there are vy € Q and subdistributions piy, o
such that

p1 = pe and ry € supp (p1) and supp () C Rfll’m. (4.5)

In a similar vein to the finite-observation case, we can replace the equivalence

condition in (4.5) with orthogonality to a particular basis.

Corollary 4.2.8. Let (Q, >, V) be a continuous-observation HMM and let 71, mo be
initial distributions. Suppose W has set of continuity 3. Then, d(m,m) < 1 holds
if and only if there are ry € Q and subdistributions py, ps such that

VbeB (i1 — o) - b=0 andri € supp (1) and supp (uz) C R7V™

where B is a basis for span{\I/(w)TT | w e %+
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Proof. By Proposition 3.1.5 two subdistributions us, 1o are equivalent if and only if
(1 — pi2) L span{¥(w)T" | w € £*} which holds if and only if (111 — p2) - b= 0 for
allb € B. O

Recall from Chapter 3 that the basis B from the previous corollary can be

computed in polynomial time:

Proposition 3.3.2. Let C = (Q, X%, V) be a continuous-observation HMM over a
linearly decomposable profile language. Suppose U has set of continuity 3. We may
compute a basis B for span{¥(z) | € X} in polynomial time (in the size of the
encoding of C).

We have now assembled the ingredients of a polynomial time algorithm to decide

whether two initial distributions are distinguishable in a continuous-observation
HMM.

Algorithm 2 An algorithm for deciding distance 1 in the continuous-observation
case

compute R™™ by graph reachability (Lemma 4.2.6)
compute B C Q9! from Proposition 3.3.2
for r, € Q do

if 3 1, o € Q9 st 7y € supp pq and supp po C RZI;”Q and

VbeB (1 — ptz) -b=0 then
return “d(m,m) < 17

end if
end for
return “d(my, m) =17

Theorem 4.2.9. Given a HMM C = (Q, X, V) over a linearly decomposable and
joint graph decomposable profile language and initial distributions m,m € (Q N
[0,1))¥ it is decidable in polynomial time (in the size of the encoding) whether
d(my,m) = 1.

Proof. The basis B from Proposition 3.3.2 can be computed in polynomial time.
By Lemma 4.2.6 the continuous joint-reachability set R™™ can be computed in
polynomial time. By Corollary 4.2.8 it suffices to check

g, po st. Yo e B (g — piz) - b=0 and

r1 € supp (p1) and

supp (u2) C RJV™.
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which is decidable in polynomial time by linear programming. O

By Proposition 4.2.4 we have:

Corollary 4.2.10. Given a HMM H = (Q, %, V) over I'gey, and initial distribu-

tions m,m € QI it is decidable in polynomial time whether dy (w1, 7)) = 1.

The next sections are dedicated to the missing proofs of the results in this section.

4.3 The Joint-Reachability Set

We first restate the following definition.

Definition 4.2.1. Let C = (Q, X, ¥) be a HMM and let 7, w2 be initial distribu-

tions.
R™Te = {(Q1>Q2> €QxQ|IneNy:
N (w0 € 57 | (g1,02) € supp (m1 ¥ (w) x supp (ma¥(w))) > 0}.

Then, taking an alternative approach to the proof of Lemma 4.1.3 found in

[23] we prove the following.

Lemma 4.2.6. Let C = (Q, %, V) be a continuous-observation HMM over a joint

graph decomposable profile language. Let 71, my be initial distributions. We have

R = {(r1,m2) € Q x Q | supp(m) x supp (m2) =g . {(r1,m2)}}-
As a consequence R™™ can be computed in polynomial time using graph reachability.

Proof. Let n € Nand qp,...,q, € Q and rq,...,r, € Q then
A”({al cean € 5" | U(ar) g - V(A1) g, 1., > 0 and
U(ay)rgm - W(ar)r, o m > 0) >0
= A”({al cean, € 5" | U(ay)g .4 > 0and
V(a)r, v, >0 Vie [n]}) >0

— [[Ma eS| U(a)y .y > 0and U(a), ,,, >0) >0 (4.6)

=1

> [[A(supp ¥y, 4 Nsupp ¥V, ,,.) >0

i=1

<= Asupp ¥y, , 4 Nsupp¥,, ,,.) >0 Vie[n]

<> (qo,70) -+ (gn,7n) is a path in é’c,c-
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Define

577 = {(r1,72) € @ x Q| supp () X supp (72) —rie 1,2} ).

Let (q,7) € R™™ then there exists n € Ny such that
)\"(w € X" | (q1,92) € supp (m¥(w)) x supp (Wz\lf(w))) > 0.

In the case n = 0, we have (q,r) € supp (1) X supp (m) which is clearly reachable
from itself. Hence, (q,r) € S™™2.
In the case n € N then there is qq,...,q, € @Q and 7q,...,7, € @ such that

qo € Supp i, 79 € SUPP T2, ¢n = ¢, T, = T and
N ({ar- - an € 5" [ W(ai)g,_,q > 0 and W(ay), 0 >0 Vi€ [n]}) > 0.

By (4.6) it follows that there is a path (qg, 7o), .-, (¢n, Tn) in the graph GQC. Thus,
(q,r) € S™m,

Now assume (g, ) € S™7. There is a path (qo,70), .-, (¢, ) € @ X @ such
that (go,70) € supp (m1) X supp (m2) and (g,,r,) = (¢,7). In the case n = 0 then
(q,7) € supp (1) x supp () € R™™. In the case n € N, by (4.6), we have

0< )\"({al ety € 5" | U(ar) g - Y(a1)g, 1., > 0and

(ar)rg,r -+ V(a1)ry e > 0)
<A ({w € 2" | (m¥(w))g, > 0 and (ma¥(w)),, > 0})

Hence (¢q,r) € R™™. It follows that R™7™ = §m.72, O

4.4 Finite Partition Approximations

This section is dedicated to the proof of Theorem 4.2.7. We begin by defining
V-approximations:

Let C = (@, %, ¥) be a HMM and suppose ¥ has set of continuity 3. Let V be
a finite partition of 3. Let V' = {Vi,...,Vgx} :={V € V| [, Wd\ # 0}.

Define a set ¥ = {ay,...,ax} of fresh observations and an observation den-
sity matrix M with M(ay) = [, Wd\. We define the V-approximation of C as
F = (Q% M)
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Lemma 4.4.1. Let C be a HMM and let F be a V-approximation of C. We have

that F is a valid finite-observation HMM and for any initial distributions m,my
dC(Wb 7T2) > d]:(’/rl? 7T2).

Before proving the above lemma, we illustrate V-approximations with an exam-

ple.

Example 4.4.2. Take the HMM from Example 4.2.1. We have ¥ = R and y =
(—00,0)U(0,1)U(1,2)U(2,3)U(3,00). Take ¥ = {(—00,0),(0,1),(1,2),(2,3),(3,00)}.
We have V' = {(0,1),(1,2),(2,3)}. Let ¥ = {a,b,c}. We define the observation

density matrix:

OV A= O = O
= O =D ON=
N~ ~—

N——

The V-approximation F = (@, s, M) is the same as the HMM from Example 4.1.1.
We show the HMM from Example 4.2.1 and its V-approximation below.

sU[0,1] 1a
12,3 () ()O3 e Ga) ) D 3Gb+ 50
1U10,2) 5(3a+ 3b)

Proof of Lemma 4.4.1. Since ¥(z) > 0 for all x € ¥ it follows that for each V € V
the integral [, Wd\ is non-negative. Further, since V is a partition, >y ¢y [, YdA =
Js; WdA and hence YK | M (ay,) is stochastic. Thus, F defines a HMM.

The o-algebra Gy, = o{Vi,...,Vk} is a subset of G. Let Gj; be the induced
o-algebra on infinite words X¢, then Gy C G*. It follows that

dr(my, ™) = sup |Pr, (E) = Pry(E)| < sup [Pr, (E) = Pr,(E)| = dy(m, m2). O

IISEN Eegw

Under certain conditions on a V-approximation, the inequality in Lemma 4.4.1

is an equality:
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Proposition 4.4.3. Let C = (Q, %, V) be a continuous observation HMM. Assume
U has set of continuity 3. Let V be a finite partition offl such that:

1. span { Sy UdA |V e V} — span{¥(z) | = € X},
2. For each V €V the image supp (V(V')) contains exactly one element.

Let F = (Q, 5, M) be the V-approximation of C then for any initial distributions
m, Ty we have

dr(m,m) =1 <= dy(m,m) =1.

Towards a proof of Proposition 4.4.3 we state the following lemma which

is Proposition 17 from [23].

Lemma 4.4.4. Let F = (Q,%X, M) be a finite-observation HMM and let my, o
be initial distributions. Then d(my,me) < 1 if and only if there are w € ¥* and

subdistributions py, pe with py < mM(w) and ps < oM (w) and py =F pe and
[pall = =]l > 0.

The intuition for Proposition 4.4.3 is that the first point implies that m =7 m
if and only if m =¢ my. Together with the first point, the second point of
Proposition 4.4.3 implies that if dz(m1,m) < 1 then the word w in the statement
of Lemma 4.4.4 has a corresponding cylinder set E such that there are subdistri-
butions 71, iz where fi7 < m fz WdAl and py < o [ WdA¥l and 77 =¢ 7 and
|zz]| = ||m2]] > 0. We show that this condition implies d¢(m, m2) < 1. Finally, by

Lemma 4.4.1, we have dz(m,m) = 1 implies de(m,m) = 1.

Example 4.4.5. We show that the partition ¥V and HMM C from Example 4.4.2
satisfies the properties in Proposition 4.4.3. We have

(0 é) z e (0,1)

O) z € (1,2)

=

ST,
=

1S
=
Il
 ~
(@)

7~
O o=
= O

) x € (2,3).
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Thus,

span{¥(z) | z € £} = span { (

~
7N
Ol
= O
~—
—

= span {M(a), M(b

span{/ \Ifd)\|V€V}
v

which shows that V satisfies the first condition in Proposition 4.4.3. For the second

condition we have the following cases:

{(q1, %), (@2, 1)} 2 €(0,1)
supp (¥ (2)) = ¢ {(g2, 01), (¢2,2)} = € (1,2)
{(q1, @), (@2, 02)} z€(2,3).

Hence, V satisfies both conditions in Proposition 4.4.3.

In Example 4.4.2 we showed that C was equal to the HMM from Example 4.1.1.
In Example 4.1.6 we showed that for the HMM from Example 4.1.1 the initial
distributions e,, and e,4, are distinguishable. By Proposition 4.4.3 it follows that
the same initial distributions are distinguishable in the HMM C.

Proof of Proposition 4.4.3. By Lemma 4.4.1, we have dz(my, m9) < d¢(m1, 7). Hence
dg(my, ) = 1 implies that de(m, m) = 1.

Now assume dx(m,m) < 1. By the third point of Lemma 4.4.4 there is a
word w = ay - - - a,, € ¥* and subdistributions 1, po such that py < m M (w) and
p2 < oM (w) and i =5 iz and ||| = |-

Fix i € [n]. By the definition of M there is V; € V such that M(a;) = [y, WdA.
Since py < mM(w) we have that M (a;) # 0 and hence A(V;) > 0. Define £ : ¥ —
[0,00) as {(x) = min{W(x),, | ¢, € Q,V(x)y, > 0}. Write xe>s : X — {0,1} for

the function
1 &) >0
Xe2s(@) = {0 E(x) < 6.

We have that x¢>s¥ converges monotonically to ¥ as 6 — 0. Therefore, by the
monotone convergence theorem lims o [y; Uxe>sdA = [y, WdA. It follows that there
exists 0; > 0 such that A({z € V; | {(z) > &;}) > 0.

By property 2 of V stated in the proposition, we have for all x € V;

supp (¥(@)) = supp (| WdA) = supp (M (a;) (4.7)
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since {supp (¥(z)) | z € V;} contains at most one element.

We now relax the dependence on i. Let 6, = min{d; | i € [n]}. For each i € [n]
we define E; := {x € V; | {(x) > Omin} where it follows that A(E;) > 0. For each
word u € £ := FEy X --- X E, and j = 1,2 we have supp (7;¥(u)) = supp (7; M (u))
by (4.7). Further, p,,,0™u; < m;¥(u) where py,, is the minimum non-zero entry of
m and mo.

By Hahn’s decomposition theorem there exists a set of infinite words W € ¥¢

such that de(my, m) = Pr (W) — Py (W). Let

X={wex|JueF :uw € W} and
Y={wexX|JueFE:uw €W}
Suppose w’' ¢ X. Then, for all u € E we have uw’ ¢ W and therefore uw’ € W¢.
Hence, w' € Y and so X UY = X“ by symmetry.

By property 1 of V stated in the proposition we have span{¥(z) | z € ¥} =
span{M(a) | a € f]} Since 1 =F jo we have pu; =¢ pp by Lemma 3.2.2. Thus,

1-— dc(’ﬂ'l,ﬂ'Q) = 1 — Prr1<W) + PW2<W)
=P, (WC) + ]Pw(W)
Z Pﬂ1 (EY) + ]P)Wz (EX>

> pmmé" Pm (Y> + ]P),u2 (X)

> Prind” { Py (V) + ]P’M(X)> since f1; =¢ jio

4.4.1 Proof of Theorem 4.2.7

For the proof of Theorem 4.2.7 we use the following corollary to Lemma 3.4.1.

Corollary 4.4.6. Let C = (Q, %, V) and assume ¥ has measure space (3,9, ).
We have that

span{¥(z) |z € ¥} = span{/ Vd\ | E € %}
B
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Proof. By Lemma 3.4.1 with n = 1, we have for any initial distributions m; and 7
that (m — m2)W(w)T| =0 for all z € 3 if and only if (7 — m) gV dA"T" =0 for
all E € 4. Hence
m—m Lspan{¥(z) [z €2} <= (m —m)¥(w)I =0 Vzex
— @1—mX/@de€ﬂ)VEe%
E
<:)7T1—7T2J_span{/\lld)\|E€§¢}. O
B

We now restate and prove the main result of this section.

Theorem 4.2.7. Let (Q, %, V) be a continuous-observation HMM and let my, o be

initial distributions. For each r1 € Q) we define the projection
R;?’WQ = {7“2 S Q | (7"1,7“2) S RW1,7T2}‘

Then d(my,m2) < 1 holds if and only if there are r1 € Q and subdistributions piy, o
such that

p1 = pe and ry € supp (p1) and supp (pe) C Rfll’m. (4.5)

Proof. There is a finite set £ C ¢ such that
span{/E\Ild)\\EES}:span{/E\Dd}\]EE%}. (4.8)
For each subset A C () x ) we define a subset Sy, C X as
Sa={z € X|supp (¥(z)) = A}.

Let Vaupp = {54 | A C Q x @, A(S4) > 0} and let V be the set of atomic elements
of the finite o-algebra o{Vaypp, U £}. We show that V satisfies the properties in
Proposition 4.4.3.

Let E € £ then there are Vi,--- .V, € V such that £ =V, U---UV,,. Therefore,

mu:/ Td) = T\
~/E Vid---uVv, Z Vi

i=17Vi

and so
Span{/\PdA|E€5}Qspan{/\lld)\H/GV}
E v
Qspan{/ \DdA\EG%} (4.9)
E

— span{¥(z) | # € 3} by Corollary 4.4.6.
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By property (4.8) we actually have equality in (4.9).
Let V € V then since Vypp € 0{V} there is a V' € Vyypp such that V. C V.
Since

supp ¥ (V') = supp ¥ (V")

it follows that the image supp W(V') contains exactly one element.

Therefore, by Proposition 4.4.3 we have d¢ (7, m2) < 1 if and only if dz(my, m2) <
1 where F is the V-approximation of C. Suppose F has joint-reachability set R™™2.
Recall that for each r; € Q) we have

Rﬂl = {7’2 S Q | (T‘l,TQ) Rﬂ—lﬂm}.

By Theorem 4.1.5 we have dz(m,m) < 1 if and only if there is r; € @ and
subdistributions 1, o such that

i =5 pz and 7 € supp (p1) and supp (p2) € R7V™. (4.10)

Since (4.9) holds, by Lemma 3.2.2, we have for any two subdistributions p, 1o
that 1 =¢ po if and only if gy =7 ps. For all V € V we have {supp (V(x)) | x € V'}
contains at most one element and so supp ([, Vd\) = supp (¥(z)) for all x € V. It
follows that G r = @c,c-

By Lemma 4.1.3 and Lemma 4.2.6 we have

R = {(r1,12) € Q x Q | supp (m1) x supp (m2) —r > {(r1,72)}}

{
{ T1,7T2) € Q X Q ‘ supp (1) X supp (m2) G {(7“1=7“2)}}
R

Therefore, the condition (4.10) is equivalent to

H1 =c o and 1 € supp (pq) and supp (ug) C Rm 2 0



Profile Languages

In Chapter 3 and Chapter 4 we described sufficient conditions on the encoding of
an observation density matrix for decidability of equivalence and distinguishability.

Specifically the following

1. In Theorem 3.3.1 we showed that if a HMM is over a linearly decomposable
profile language then we may decide in polynomial time whether two initial

distributions are equivalent.

2. In Theorem 4.2.9 we showed that if a HMM is over a linearly decomposable and
joint graph decomposable profile language then we may decide in polynomial

time whether two initial distributions are distinguishable.

In this chapter, we give sufficient conditions for a profile language to be linearly
decomposable and joint graph decomposable. We aim for generality in these
conditions and show that the profile language I' gy introduced in Section 3.3
and moreover a much larger profile language (which contains I'¢gy) also has
these properties. The techniques presented here may be generally applicable to
even larger profile languages.

In Section 5.2, we introduce the Span-Z operator on profile languages and show
that if a profile language is linearly decomposable then applying the Span-Z operator

preserves this property. We also show that if a profile language encodes a set of

53
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analytic functions that is linearly independent, then the Span-Z operator produces
a profile language that is joint graph decomposable.

In Section 5.3 we describe one general method for showing that probability
density functions are linearly independent and thus any profile language that
encodes them is linearly decomposable.

Finally, in Section 5.4 we show that the set of observations ¥ need not be one-
dimensional. We consider a profile language I'¥, which encodes Dirichlet distributions

and show that I'}, is linearly decomposable and joint graph decomposable.

5.1 Profile Languages from Analytic Functions

Recall the following:

Definition 3.3.1. Let I" be a profile language with [I] C £;(X,)). We say
that T is linearly decomposable if there is a procedure that takes a finite subset
{7,---,7} =To C T and produces profiles 51, ..., 5, € [y and a set of rational
coefficients b;; € Q for i € [n],7 € [m] such that {[f1],...,[Bn]} is a basis for
span{[v1], ..., [v.]} (hence m < n), and

[[’}/1]] = f: bi,j [[6]]] for all 7 € [n] (32)

j=1
Further, this procedure takes polynomial time in the total length of the encoding of

T

Definition 4.2.2. Let I' be a profile language with [I'] C £;(3, A). We say that
I is joint graph decomposable if there is a procedure that takes a pair of profiles
a, € I' and decides whether A(supp ([a]) Nsupp ([5])) > 0 and this procedure

takes polynomial time in the combined length of the encodings of o and f.

We will establish sufficient conditions for a profile language to be linearly
decomposable and joint graph decomposable. In particular these conditions will
be satisfied by a profile language encoding a large class of standard probability
distribution functions.

Let I ={(a,b) CR | a,b € QU {—00,00} : a < b} and let v be a profile. We
define a new profile Z(+y, a, b) obtained by restricting the support of [v] to an interval
(a,b) € I. More concretely, the profile Z(vy, a,b) encodes the function [v]x (4. Let
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' be a profile language, then Span-Z(I') is the profile language obtained by closing

I' under interval-restriction and then rational linear combinations. That is,

Span-Z(T") = {S(A\1, Z(71,a1,61)), -, Ay Z(Yny @y b)) | A, - A € Q\ {0},
’yl,...,’yneF,
(al,b1>,. PN ((ln7bn) < ]I}

Example 5.1.1. Suppose v encodes the monomial function z +— z* for k € Nj.
Then, Z(v, a, b) encodes the function z — z¥x (44 (z) where a,b € Q and a < b. We
have that S(1,Z(7, a, b)) also encodes x — "X (4 (z).

Let T',, be the set of profiles encoding monomial functions. Hence, [I',,] = {z —

2% | k € Ng}. We have that

[Span-Z(T',)] ={x~>( 3 Ma'xen(o) | ite AC @\ 0]) () <1},

It follows that S(1,Z(v, a, b)) € Span-Z(I',,) and thus any interval-domain monomial
can be encoded by an element of Span-Z(T',,).

Let v; € I',, encode the monomial z — 2° for i € Ny. Then for n € Ny we have
S(AO7I(70a —0Q, OO>7 ceey AWMI(’Y’NJ —0oQ, OO))

encodes the polynomial z +— Y% A\;z*. It follows that any polynomial with rational

coefficients can be encoded by an element of Span-Z(I',,).

Definition 5.1.1. For any open set D C R, we say a function f : D — R is analytic

on D if for any z¢p € D one can write

[e.9]

Z .I — l’(] (51)

where the coefficients ag, ay, ... are real numbers and the series (5.1) is convergent
to f(x) for x in a neighbourhood of zg.

Suppose there is an analytic function f: R — [0, 00) such that f(z) = f(z) for
all z € D. We call f an analytic continuation of f to R. The following is proven in

Appendix A.3.

Lemma 5.1.2. Let D C R and let f : D — R be analytic on D. If an analytic

continuation of f to R exists, then it is unique.
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Example 5.1.3. Let 5 € R and let ay = %m%, a1 = —xg9 and ay = —%. Further,

define g : R — R where g(z) = —122. Then,

1
51:(2) — zo(x — o) — 5(:1: —x0)? = —§x2
Therefore, g is analytic on R.

Define h : R — R where h(z) = _f . Then let b, ff/(;? for all n € Ny

where we write 0! = 0. It follows by the power series representation of the exponential

function that

(o) ex
by (z — x0)" (x—x
nz:% (z — o) ,_27r Z 0)"
— e’ eﬂf*IO
\ 2T
1

Thus, h is analytic on R.
We have (h o g)(x) is the pdf of a gaussian distribution which is analytic on R
since the composition of two analytic functions on R is also analytic (see Proposition

1.3.3 on page 17 of [34])

Table 5.1 gives a summary of some standard probability distributions. Each

Table 5.1: Some standard probability distribution functions

Profile
Distribution Name pdf (in terms of z) Domain | Parameters
Language
) T(w+1)2) v41)/2

Student’s t N LR 22y~ +1)/ R veQy I,

Chi-squared mxk/%l exp(—z/2) | (0,00) ke N\ {1} Iy

Exponential Aexp(—Ax) (0,00) Ae Q4 r.
Maxwell-Boltzmann \/5(11333 exp(—z?/(2a?)) (0, 00) a€cQp | S

Gaussian U\}% exp(— (x2;’§)2) R weQoeQy Iy,

distribution has an associated pdf. In the pdf of the Chi-squared distribution T is

the gamma function where T'(n) = [5° 2" 'e~*dx. Bach distribution has parameters
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that control the precise expression of the pdf. For example, the mean p and standard
deviation ¢ are the parameters of the Gaussian distribution.

We introduce a profile language for the analytic continuation of each pdf in
Table 5.1 so that each profile encodes a function with the same domain. For example
. = {A.(\) | A € Q4} where we define A, as the constructor for exponential
functions and [A.(\)] : R — [0, 00) such that [A.(A)](x) = Aexp(—Az). The pdf
of an exponential distribution with rate A has domain (0, c0) and so is not directly
encodable with T'.. However, we may encode the pdf with the profile Z(A.()), 0, o).
Therefore, every exponential distribution pdf can be encoded by Span-Z(T'.).

Later in this chapter we prove the following.

Proposition 5.1.4. Let I' be a linearly decomposable profile language encoding

analytic functions on R. Then Span-Z(I") is linearly decomposable.

Let T" be a (not necessarily finite) profile language. We say [I'] is linearly
independent if for every finite subset I'g C I' we have that the set of functions [I'g]
is linearly independent in the vector space £1(3, A). Using this definition there is

an analogue to Proposition 5.1.4 for joint graph decomposable profile languages.

Proposition 5.1.5. Let I' be a profile language encoding analytic functions on R.
Additionally, assume [I'] is linearly independent. Then, Span-Z(I") is joint graph

decomposable.

Recall '), from Example 5.1.1 is the profile language encoding the set of monomial
functions. We may extend the argument of Example 5.3.1 to a larger set of profiles

with the following lemma.

Lemma 5.1.6. The set of functions [I', UT, UL, UL UL, UL,] is linearly

independent.
The following theorem is the main result of this section.

Theorem 5.1.7. Let I' be a profile language encoding analytic functions on R and
assume [I'] is linearly independent. Then Span-Z(I") is linearly decomposable and

joint graph decomposable.
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Proof. We have Span-Z(I') is joint graph decomposable by Proposition 5.1.5.
Since [I'] is linearly independent, for any finite subset I'y C I" we have [['o] is
linearly independent. Thus I' is trivially linearly decomposable. Therefore by
Proposition 5.1.4 we have Span-Z(I') is linearly decomposable. O]

This immediately implies the following.

Corollary 5.1.8. The profile language Span-Z(I',, UT, UT,, UL UT,,, ULy) is

linearly decomposable and joint graph decomposable.

Recall the profile language I" ggys introduced in Section 3.3. Using Corollary 5.1.8,

we prove the following at the end of Section 5.3.

Proposition 5.1.9. I'ggy is linearly decomposable and joint graph decomposable.

5.2 Decomposability of Span-Z

In this section we prove Proposition 5.1.4 and Proposition 5.1.5. We use the
Identity Theorem to establish that linear dependence on an open interval implies
linear dependence on R in Lemma 5.2.3.

Let S C R. Wesay x € S is an accumulation point of S if there exists a sequence

(), such that z,, € S and z,, # x for all n € N and lim,,_,, z,, = x.

Theorem 5.2.1. [Identity Theorem/ Let f : R — R be analytic on R. If f(z) =0
for allx € S CR, where S has an accumulation point, then f(x) =0 for all x € R.

Specifically, we use the following a corollary to the Identity Theorem proven

in Appendix A.3.

Corollary 5.2.2. Let f : R — R be analytic on R. If f(x) =0 for allz € S C R,
where Apep(S) > 0, then f(x) =0 for all x € R.

Lemma 5.2.3. Suppose fi, ..., fn: R —[0,00) are analytic on R and {f1,..., fn}
is linearly independent. Then for any set A C R such that Apep(A) > 0, we have
that {xafi,...,xafn} is linearly independent.
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Proof. Suppose there is a linear dependence
n
> Bixafi=0
i=1

Then since Y 5; f; is analytic and Y1 ; §; fi(x) = 0 for all x € A, by the Identity
Theorem (Theorem 5.2.1) we have Y7 ; §; f;(z) = 0 for all z € R. Since {f1,..., fu}
is linearly independent it follows that g; =--- = (3, = 0. O

Proposition 5.1.4. Let I' be a linearly decomposable profile language encoding

analytic functions on R. Then Span-Z(I") is linearly decomposable.

Proof. Consider a finite set of profiles I'y C Span-Z(I"). For each v € 'y we have

Y= S<>\171(717alvbl)a s 7)\N7I(7N7GN7 bN)) (52)

for some N € N, vy,...,yv € T, A, ..., Ay € Q\ {0} and (ay,by), ..., (an,by) € L.

Collect together in Iy C I all the intervals that appear in the description of at
least one profile in I'y. By sorting the start and end points of intervals in I, we may
compute a new finite set I C I such that the intervals in I are disjoint and every
interval in [; is the union of intervals in I up to a Aj.,-null set.

Collect together into I'y all the profiles in I' that appear in the description of
at least one profile in I'y. Since I'y C I' is finite and I' is linearly decomposable we
may compute I'y C I'; such that [I'5] is linearly independent.

Let I's = {Z(v,a,b) | v € T'y, (a,b) € I}. We show that [I's] is linearly indepen-
dent. Suppose there is a linear dependence 3, per >over, CabyX(ab) () [V](2) = 0
for all z € R. Fix (a/,b") € I. For all z € (a/,V') we have

0= Z Z Ca,b,'yX(a,b)(ZU) [h/]] (QE) = Z Ca’,b’,'yX(a’,b’)(x) [[ﬂ](x)

(a,b)el v€l2 vel2

By Lemma 5.2.3 the set of functions {x(w»)[7] | 7 € I'2} is linearly independent
and so ¢y o = 0 for all ¥ € I';. We can repeat this argument for all intervals in I
to show that [I'3] is linearly independent.

We may compute the coordinates of all functions in [I'1] in terms of the set of
functions [I'y] since I" is linearly decomposable. Hence, we may compute coordinates
for [Z(~,a,b)] where v € T'y and (a,b) € Iy in terms of the set of functions [I's].

Each profile in I'y has the form given in (5.2) and therefore since [I's] is linearly
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independent, we may compute (unique) coordinates of all functions in [I'¢] in terms
of the set of functions [I's].

With these final set of coordinates at hand, we compute a subset B C I'y such
that [B] is a basis of span [I'g] as follows. Starting with the B = (), go through I'y
one by one; whenever a profile v € Ty is such that [BU {7}] is linearly independent
then add ~ to B. The check for linear independence can be performed in terms of
the computed coordinates of [['g] in the basis [I's]. For the final set B we have that
[B] is a basis of span[I'g]. The coefficients that express [I'o] as a linear combination
of [B] can be computed similarly. The computation described in this proof takes

time polynomial in the size of the input encoding. ]

Lemma 5.2.4. Let fi,..., f, : R = R be analytic on R, let A\y,..., N\, € Q\ {0}
and let (ay,b1), ..., (an, b,) € 1. Assume that {f1,..., fn} is linearly independent
then,

n

supp (Z)\kka(ak,bk)> = | (ax, bi)
k=1

k=1
Proof. Clearly supp (X5—1 AefeX(appe)) € Upi(ar,be). Suppose there is C' C
Up—1(ax, by) such that Az, (C) > 0 and Y71 A fe(2)X(appp)(2) = 0 for all z € C.
Without loss of generality assume there is 1 < ng < n such that Azep((ag, b)) NC) > 0
for all k& € [ng]. Then, >7°, A fr(x) = 0 for all x € C NN, (ag, br). Since
{f1,..., fn} is linearly independent it follows that \; = --- = \,, = 0 which
contradicts the definition of \{,..., \,. O

Proposition 5.1.5. Let ' be a profile language encoding analytic functions on R.
Additionally, assume [I'] is linearly independent. Then, Span-Z(I') is joint graph

decomposable.
Proof. Let 1,72 € Span-Z(I'). We have for each i = 1,2
Vi = S(Az‘,l,I(%,b (ai,ly 51,2)), . 7)\i,Ni,I(’Yi,Ni7 (ai,Nﬂ szZ)))

fOI' some N,L c N, 71',1; e ,’)/i’NZ. (- F, )\1’17 ceey )\ini € @\{O} and (CLi’l, bi,l); ceey (CLLNN bi,Ni) €
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I. By Lemma 5.2.4 we have supp ([v;]) = Upi;(aix, big) for i = 1,2. Therefore

Ny No
supp ([11]) Nsupp ([12]) = U (a1k, bix) N Y (a2, bay)
k=1 =1
N N
= U Ulaik, big) N (azy, bay)
k=1 1=1
N N

= (max{ay k, ag, }, min{by , by })
k=11=1

where we use the notation (max{ay y, as;}, min{b , by, }) = 0 if max{ay,as;} >
min{b; j, by, }. Thus we can decide whether Azq,(supp ([1]) Nsupp ([72])) > 0 by
checking whether there exists k& € [N;] and [ € [N3] such that max{a;,as;} <

min{by x, by, }. This procedure takes polynomial time. O

5.3 Asymptotic Ordering

In this section we define asymptotic ordering which we use to establish linear
independence of functions with domain R. In particular we prove Lemma 5.1.6.
The techniques presented in this section are generally applicable and can be used to
prove similar results for even larger profile languages. However, there may be other
techniques. For example, another general technique to show a set of functions is
linearly independent is to examine their Wronskian matrix [35]. We end this section
by proving Proposition 5.1.9 and thus tying up the loose ends from Chapter 3 and
Chapter 4: Corollary 3.3.5 and Corollary 4.2.10 respectively.

Definition 5.3.1. Let g,h : R — R and write g < h if for all ¢ > 0 there exists
M € N such that |g(z)| < ¢|h(z)| for all z > M. The relation < is transitive. The
notation f < h is equivalent to f = o(h) where o refers to little-o notation[36]. A
profile language I' is asymptotically ordered if for every v1,7v, € I' such that

M{zeR|Pul@ # Pal@ ) >0

either [v1] < [2] or [12] < [n]-

Example 5.3.1. Let A, Ay € Qp with Ay > Xy and let fi, fo : R — R with
fi(z) = Niexp(—=X;z) for i = 1,2. It follows that fi(x)/fa(z) <1 for all x > 0 and
fi(z)/ fa(z) = ’A\—;exp(—(h — X2)x) — 0 as x — oo. Therefore {z € R | fi(z) <
fo(z)} =R and f; < fo. It follows that T, is asymptotically ordered.
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Lemma 5.3.2. Suppose T' is an asymptotically ordered profile language then [T'] is

linearly independent.

Proof. Let {71,...,7} € I'. Since I' is asymptotically ordered without loss of
generality we may assume [y1] < -+ < [7,]. Suppose there is a linear dependence

such that

n

> Bilvl(z) =0

i=1
for all z € R. Then since [y1] < -+ < [v.], by transitivity we have that [v;] < [vx]
for all i € [n — 1]. Therefore, for all ¢ € [n — 1] there exists M; € N such that
I[v:](x)] < e[vn)(z) for all z > M;. Let M = max{M;, ..., M, 1}. For any x > M
we have 0 < |[vn-1](2)| < [y.](z) hence [v,](z) > 0 and also,

1
|Bnl = mwn[[%]]@”

1 n—1
= m| ; Bilvil ()]

1 -1

< o1 (S el @)

~<(%1a1).

<

By letting ¢ — 0 we have that 3, = 0. We may repeat this argument for decreasing
n to establish that f; = -+ = B, = 0. Therefore, [{71,...,7.}] is linearly
independent. O

Using the previous lemma we may now prove the following.

Lemma 5.1.6. The set of functions [I', UT, UT, UT. UL, UT,] is linearly

independent.
Lemma 5.1.6 is immediate from Lemma 5.3.2 and the next result.

Lemma 5.3.3. The profile language I',, UT, UT,, UL  UT,,, UT', is asymptotically

ordered.
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Proof. Let v1,7v2 € I, U U, UL UL, ULy and A({z € R ‘ [7](z) # [2](z)}) >
0.

We consider first the following cases:

—_

- V1,72 € T,

no

M,72 € I,

w

71572 € FX;

=~

- 7,72 €1,

ot

Y1,72 € D,

&

Y1, V2 S Fg~

In each of these cases, A({z € R ‘ [71](x) # [v2](x)}) > 0 is enough to establish
that +; and 7, differ on at least one of their parameters. We show that either
lim, oo [11](2)/[2](x) = 0 or lim,—o[V2](z)/[11](x) = 0 which implies either
[l < Tl or [v2] < [l

Case 1. Suppose [v](z) = 2% for i = 1,2 with k; < ky. We have 2% /zk2 =

1=k 5 0 as r — co.

Case 2. Suppose [v;](z) = %(1 + £ ) (vitD/2 for 4 = 1,2. We have

(1+ L?)—(ui+1)/2
dim — oy =1

for i = 1,2. Assume v; > 1, then

lim [y1](x)/[re](x) = hm T (”1+1)/x—(V2+1) — lim 22 — 0.

T—00 T—00

Case 3. Suppose [vi](z) = mxkiﬂ_l exp —x/2 for i = 1,2. We have
1 ki/2—1 qgry _
T—00 rki/2—1 exp —I/Q )
for i = 1,2. Assume k; < ko then
k1/2—1
lim [v:](z)/[2](z) = lim ——— = lim z*1~%)/2 =,

T—00 x—o0 pka/2-1 T—00
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Case 4. Suppose [v;](x) = A\;exp =Nz for i = 1,2 where Ay > X\o. We have

T—r 00

i [n]()/ral(e) = Jim S exp—( = Ao =0,

Case 5. Suppose [vi](z) = /2522 exp —2?/(2a2) for i = 1,2. We have

a3
T ay

\/ga%xQ exp —x%/(2a?)
lim L

=0 5.4
z=00  g2exp —x2/(2a?) (5-4)

for i = 1,2. Assume a; < ay then

2 2
) . exp—x7/(2a . 1, _ _
lim [n](@)/[he] () = lim oxp _x2§52a§; = lim exp 5(@2 2 —a;H)a*=0.

Case 6. Suppose [vi](z) = —L exp—(z;;‘;)Q for ¢ = 1,2. We have

s CXP — 52
lim ZY27 20 =1 (5.5)
T—00 exp (LE;:;)

as r — oo for ¢ = 1,2. Further, we have

(w—p1)?

A A (x—p2)*  (z—pu)?
@) — P\ TT9p2 T T g2
exXp —W 2 1

= exp (( ! L )LL’Q— (’ug—lu;)x—i-(’u%—lu%)) (56)

TC% a T‘% o5 0] 202 207
We consider the coefficients of the polynomial in (5.6). If 01 < o9 then % — % <0
and so [11] < [2]. If o1 = 09 but uy < py then g‘—g - g—% > 0 and so [y1] < [12]-
These cases are enough to show that either [y1] < [12] or [v2] < [11] if o1 # o2 or

i # Ho.

Next, we consider some more cases:
7. 1€, and v € Ty,
8. m €l'yand v, €T,
9. nelyand y €T,
10. v € I'c and vy € T,
11. v1 € I'yyp and 2 € Ty,

In each case we show that [y.](x)/[11](x) — 0 as x — oo and hence [y2] < [11]-
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Case 7. Suppose [y](z) = 2 and [y](z) = %(1 + %)_(”HW where
v € Q4 and k € Ny. Then by (5.3),
: : aji(VJrl) . —v—1-k
Jim [1](2)/[m](2) = lim —7— = lim = =0.

Case 8. Suppose [v1](z) = %(1—&—%)_(”“)“ and [o](z) = mxk/z_l exp —x/2
where v € Q; and k£ € N. Then by (5.3) and (5.3),
k/2—1 —x/2
lim [y2](z)/[n](xz) = lim ’ exp —/ = lim 2" exp —2/2 = 0.

T—00 T—00 _rL»—(V+1) T—00

k/2—1

Case 9. Suppose [n](z) = x exp —x/2 and [y2](z) = Aexp —\x

1
2k/2T(k/2)
where k € N\ {1} and A € Q. In the case A =1 and k = 2,

i) = gy o0 /2 = g exp /2= ul().

Therefore, A({z € R ‘ [v1](z) # [rel(x)}) > 0 implies either XA # 1 or k # 2. By
(5.3),

lim o] (2)/ [l () = lim — AP~

In the case A < 3 then [v](z)/[n](z) = oo as © — oo. In the case A > 1

then [vo](z)/[n](z) = 0 as # — oo. In the case A = § and k € {0,1} we

1

have [v2](z)/[71](z) — oo as # — oo. In the case A = 5 and k£ > 2 we have

[v2](x)/[v](z) — 0 as # — oo. These cases are enough to establish that either
[7] < [yl or [r2] < [l

Case 10. Suppose [v1](z) = Aexp—Az and [y](z) = /252 exp —2?/(2a?)
where \;a € Q,. Then by (5.4),
. o xexp —x2/(2a> o1 x?
Jim ]/ (o) = Jim ZSR IR gy S (- 24 ae) ~ .

Case 11.  Suppose [11](z) = /2 52% exp —2?/(2a?) and [12] (z) = m}% exp — &=’
where a,0 € Q4 and p € Q. Then by (5.5) and (5.4),

(z—p)* 2 2
. o exp—ighe . L Gl
Jim [1](2)/[m](2) = lim — exp —a2/(2a%) e 12 ( )
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: 2? _ (z—p)?
Since T

{0, 00} and thus either [1] < [12] or [v2] < [n]-

is a polynomial with degree 2 or less we have lim,_, o [12](z)/[11](z) €

Cases 1-11 together with the transitivity property of < imply that I',, UT; U
IyuUrl.ul'y,, Ul is asymptotically ordered. O

Proposition 5.1.9. ['ggys is linearly decomposable and joint graph decomposable.

Proof of Proposition 5.1.9. Let v be a profile in I"ggy. Then,

I 7 K
V] = Zﬁmi + ZSjgj + Ztkek
i1 i=1 k=1

where I, J, K € N, r;,s;,t, € Qfori € [I], j € [J] and k € [K] respectively. Further,
m;, g;, €k, are distinct pdfs of interval-domain monomial, gaussian and exponential
distributions for i € [I], j € [J] and k € [K] respectively. Let m;(z) = 2™ X(q,,)(2),

gj(z) = — 1% exp—(w;fg)Q and e,(r) = AX(0,00)(7) exp(=Azz) for all z € R and

i € [I], 7 € [J] and k € [K] respectively. Let o; € T, encode [a;](x) = z™ for

i € [I]. Let ; € I'y encode [p;](z) = Uj}/g exp_(xg:?j)2 for j € [J]. Let v, € T,
encode [vi](x) = Mg exp(—Ngx) for k € [K]. We have [Z(ay, a;, b;)] = my, [55] = g4
and [Z(vk,0,00)] = ex up to a Apep-null set for @ € [I], j € [J] and k € [K]
respectively. Let

v =8(r1,Z(ca,a1,b1),...,r1,Z(ar,ar,br), (5.7)
Slaﬂla s 7SJ75J7

t1,Z(71,0,00), ..., tx, Z(vk,0,00))

and then [v] = [y] up to a Ape-null set. The algorithm that produces 4/ from ~
takes polynomial time in the size of the encoding of ~.

We now show I' gy, is linearly decomposable. Consider the finite subset 'y C
Leey. In polynomial time we may compute an equivalent finite subset I €
Span-Z(I',, U’ UT', UT' UL, UT,) using the construction (5.7). Since Span-Z(I',,U
ryur,ulr.url,, Jrly) is linearly decomposable we may perform the linear
decomposition algorithm on I'j, and then map the profiles obtained in the result
back to the corresponding profiles in T'y.

Finally we show I' gy is joint graph decomposable. Let vy, v € I'ggy and let
~1, V4 be obtained by the construction (5.7). We have

Azeb(supp ([71]) Nsupp ([12])) = Azes(supp ([v1]) Nsupp ([15]))
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and so I'ggy is joint graph decomposable because Span-Z (I, UI',UT', UL UL, UT',)
is joint graph decomposable. O

5.4 Dirichlet Distributions

In this section we define a profile language I'%, for each integer k& > 2 which can
encode Dirichlet distributions. Up to this point we have only considered sets of
observations with ¥ C R but in this section we consider observations from the
k — 1 simplex, A*. We will show that I'}, is linearly decomposable and joint
graph decomposable which demonstrates that our results about equivalence and
distinguishability can apply when the set of observations is multi-dimensional. In
particular we show that [['%] is a linearly independent set of functions. Towards this
goal we parametrise the set of observations, writing #(d) € A* where d € (0, 00).
We use a lexicographic ordering on the parameters of the Dirichlet distributions
inspired by Case 6 in the proof of Lemma 5.3.3. By ordering the elements of
an assumed linear dependence between distinct Dirichlet pdfs according to the
lexicographic ordering on the parameters, we show that each element of the linear
dependence has a different growth rate as d — oo. This contradicts the assumption

that such a linear dependence exists.

Example 5.4.1. Let k € N with k > 2. The k — 1 simplex is A* := {(zy,...,73) €
[0,1]* | =¥, 2; = 1} and a Dirichlet distribution of order k¥ with parameters
ay - - € Q4 has probability density function f: AF — (0, 00) where

1 k )
flzy,. ... xp) = 1_[3:;3‘r )

B(Oélv"' 7ak) i=1

The pdf f is with respect to the Lebesgue measure A’;gbl on [0,1]*~t. Here, B :

R* — R is the multivariate beta function:
5:1 F(ai)
r ( i=1 ai)

where T is the gamma function defined in Section 5.1.

B(ag,...,ax) =

For fixed k& > 2, we define a constructor Dy(aq, ..., ay) for encoding a Dirichlet

distribution with parameters aq, ..., a,. We define the profile language

% ={Dp(o,...,0n) | aq,..., 00 € Q).
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Let n € N for each j € [n] let a{,...,ai € Q. such that for each j,j" €
[n] there exists i € [k] such that o/ # of. We will show that for profiles

Di(ad,...;ab), ..., Dp(al, ..., a%) € Tk the set

{[Dw(at,...,aD)], ..., [Drlal,...,.a)]}

is linearly independent.

We define a lexicographic order on Dy(af,...,at),..., Di(al, ... a}). For
j.j" € [n] we say that Dy(ad, ... al) <wex Dp(ad, ... ol ) if
(oz{ < a{/) \ \k/ <(Ozf < a{/> A Z/_\1 (aZ = afj)) .
i=2 r=1
Without loss of generality assume Dy(ad, ..., a}) <jex -+ <iex Dp(af, ..., a%). Let
1<j<j <ksothat Dy(cd,...,0d) <iex Dp(ad,...,al) and there is ig € [K]

such that a{o < ozf(; and if ig > 1 then o = oz{l for all ¢+ < 75. We have that

k k
i ktl=i g _ oJ') = 1 ktl=i0d _ od') = —
lim ;d (07 — o) = lim :ZO A" o] —af ) = o0 (5.8)
since a{o — a{; < 0.
Assume there are coefficients sq,...,s, € R\ {0} such that

n

ZsjﬂDk(oz{, . ,ai)]] =0.!

J=1

It follows that

n—1

(s;[Dk(cd, -, I/ [Pk - ap)]) = —sn-

1

<.
I

For d € (0,00) let t(d) = YF e and consider the parametrised row vector
Z(d) = (e¥,... e et /t(d) € AF. For 1 < j < n we have

E el =) 4

lim [Di(od, ..., a))(#(d))/[Di(od. ..., ap)](#(d)) = ;grgog AT 1(d)

k .
= lim Z:H1 exp (dk“_l(oﬁ — ozf‘))

k
= lim exp <Z d" el — a?))

d—o0 i1

=0 by (5.8).

IPreviously we required this linear dependence holds almost everywhere. Here, this condition
is not necessary since Dirichlet pdfs are continuous.
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Hence, s, = 0, a contradiction. We conclude that [I'%] is linearly independent. It
follows that I'% is linearly decomposable since we may define a trivial procedure
that takes a subset {7i,...,7v,} C I'% and returns profiles 3; := ; for all i € [n]
and coeflicients b; ; := d; ; where 9, ; is the Kronecker delta function.

Also, I'%, is joint graph decomposable since we may define a trivial procedure that
takes two profiles 1,72 € T'% and always returns true. This is because [y1](Z) > 0

and [v2](#) > 0 for all Z € (0,1)*~' N A* and A (AF) = A2H((0, 1)F1).
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The Sequential Probability Ratio Test

In previous chapters we introduced the total variation distance as a metric for
capturing probabilistic similarity of a HMM started from two different initial distri-
butions. We defined what it means for two initial distributions to be distinguishable.
We show in this chapter that for distinguishable initial distributions one can use
the sequential probability ratio test (SPRT) [27] to decide which initial distribution
a particular run belongs to. The execution time of this algorithm is itself a random
variable that depends on the run. Moreover, the distribution of the execution time
depends on the specific HMM and also the initial distributions. Even though two
initial distributions are distinguishable, they may be distinguishable to different
degrees as observed by the execution time of the SPRT.

The word 'ratio" in the SPRT refers to the [likelihood ratio of two initial
distributions. The likelihood ratio converges to 0 at a particular rate. We show
in Chapter 7 that there are quadratically many such rates (in the number of
states): each of which realised with a certain probability. We call these rates
likelihood exponents.

For distinguishable initial distributions we show that the likelihood exponent
and the execution time of the SPRT are, broadly speaking, inversely proportional.
Regarding the execution time of the SPRT, we examine its expectation in Section 6.1
and then its distribution in Section 6.3. We give computational results for the
distribution of the likelihood exponents in Section 6.4. In Section 6.5 we show how

the distribution of the likelihood exponent correspond to the hitting probabilities

71
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of different bottom SCCs in a Markov chain we refer to as the Numerator Support
Markov Chain. In Section 6.6 we give proofs of the various ways that the likelihood
exponents and execution time of the SPRT are linked.

In both this chapter and also chapter 7 our results only apply to finite-observation
chains since as far as we are aware, these results are novel even in this case.
From now on, we assume that a HMM has finite-observations and hence will
be given the label F.

Let F = (Q,%, M) be a HMM and let m; and my be initial distributions. For

— lmM(wn)||

n € N, the likelihood ratio L, is a random variable on ¥ given by L, (w) = ESTomIk

Based on results from [23] we have the following lemma.
Lemma 6.0.1. Let my, my be initial distributions.
1. lim,, o L, ezists Pr,-almost surely and lies in [0, 00).
2. lim, oo L, =0 P, -almost surely if and only if 71 and m are distinguishable.

Proof. The first part is [23, Proposition 6]. Towards the second part, the following
equalities hold.

1 —d(m,m) = lim > min{||m M (w)||, ||meM(w)||} by [23, Theorem 7]
weXn

= lim Y min{L,(w), 1}||mM (w)|

n—00
wexn

= lim E, {min{Ln, 1}}
E,| lim min{L,, 1}] as 0 < min{L,(w),1} < 1.

Then, lim,, o min{L,,1} =0 <= lim, o L, = 0. O

Example 6.0.2. We illustrate convergence of the likelihood ratio using an example
from [37] where the authors use HMMs to model sleep cycles. They took mea-
surements of 51 healthy and 51 diseased individuals and using electrodes attached
to the scalp, they read electrical signal data as part of an electroencephalography
(EEG) during sleep. They split the signal into 30 second intervals and mapped each
interval onto the simplex A% = {(x1, 25,23, 24) € [0,1]* | X}, 2; = 1}. For each
individual this results in a time series of points in A3. They modelled this data

using two HMMs, each with 5 states, for healthy and diseased individuals using a
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numerical maximum likelihood estimate. Each state is associated with a probability
density function describing the distribution of observations in A3,

The two embedded Markov chains have the following transition matrices:

0.793 0.099 0.035 0.064 0.009 0.641 0.109 0.031 0.040 0.015
0.078 0.769 0.006 0.144 0.003 0.202 0.699 0.008 0.089 0.003
Ty = |0.018 0.004 0.833 0.134 0.012|,7, = |0.026 0.002 0.823 0.062 0.035] .
0.022 0.094 0.054 0.827 0.002 0.123 0.189 0.114 0.808 0.016
0.011 0.005 0.035 0.005 0.945 0.007 0.001 0.024 0.001 0.931

Their HMMs are state-labelled. For each state i, they fit a Dirichlet pdf f;
describing the distribution of observations in A3 emitted at state . The pdfs of
diseased and healthy individuals were so similar that they used the same pdf for
both HMMs. Thus the two HMMs differ only in the transition probabilities.

Since A? is infinite and in this chapter we assume finite observation alphabets,

we partition the simplex into the sets

Up={z € & fi(z) = Sup fi(x)}

for k =1,...,5. The set U contains the points in A% most likely to be produced
in state k. We assign a letter a, for each Uy, and define a set of observations
Y ={ay,...,as}. Thus, the probability of producing letter a; from state ¢ is given
as O, = [y, fi(r) dr. We estimated the entries of O using a numerical Monte Carlo
technique. We generated 100,000 samples from all 5 Dirichlet distributions in their
paper which yielded the estimate
0.9172 0.0803 0 0.0002 0.0024
0.0719 0.8606 0 0.0665 0.0010
0= 0 0.0007 0.8546 0.1055 0.0392
0.0008 0.0998 0.0663 0.8257 0.0075
0.0109 0.0094 0.1046 0.0334 0.8416
Since we consider transition labelled HMMs, we define transition functions My, M,
with
Mm<ak)i,j - (Tm)l]

)

Ok

for m =1,2. Let @Q = [10]. We construct the HMM F = (Q, X, M) where

M(a) = <M10(a) M:)(@))

for each a € X..



74 6.1. Sequential Probability Ratio Test

Let m; and 7 be the Dirac distributions on states 1 and 6 respectively. These
initial distributions correspond to healthy and diseased individuals started from
sleep state 1.

Using the algorithm from [23] one can show that 7 and 7 are distinguishable.
We sampled runs of F started from m; and ms and plotted the corresponding
sequences of In L,,. We refer to each of these two plots as a log-likelihood plot; see

Figure 6.1.

log-likelihood
log-likelihood

-20

. . . . -120 . . . .
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

number of observations number of observations

Figure 6.1: The two images show two log-likelihood plots of sample runs produced by
w1 and 7o, respectively.

By the second point of Lemma 6.0.1 it follows that In L,, converges P, -a.s. (almost-
surely) to oo and P,,-a.s. to —oo. This is affirmed by Figure 6.1. Both log-likelihood
plots also appear to follow a particular slope. This suggests that we can distinguish
between words produced by m; and 7y by tracking the value of In L,, to see whether
it crosses a lower or upper threshold. This is the intuition behind the Sequential

Probability Ratio Test (SPRT).

6.1 Sequential Probability Ratio Test

Fix a HMM F = (Q, 3, M) for the rest of the thesis. Given initial distributions
71, T and error bounds «, 8 € (0,1), the SPRT runs as follows. It continues to
read observations and computes the value of In L,, until In L,, leaves the interval
[4, B, where A :=1In 125 and B :=1In 1’7“ If In L, < A the test outputs “m” and
if In L,, > B the test outputs “m;”. We may view the SPRT as a random variable
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SPRT, s : £ — {m, ms, 7}, where ? denotes that the SPRT does not terminate,
ie., InL, € [A, B] for all n. We have the following property.

Proposition 6.1.1. Suppose m; and m are distinguishable. Let o == P, (SPRT, 3 =
my) and 5 := P, (SPRT, 3 = m1). Then for error bounds A,B € R with A< 0< B

we haveAzlnﬁ annglnl_T“.

Define the stopping time
Nop = min{fn e N|InL, ¢ [A, B]} € NU{oo}.

We have that N, s is monotone decreasing in the sense that for « < o' and g < '
we have N, 3 > Ny g. When 7 and 7, are distinguishable, N, g is Pr,-a.s. finite
by the second point of Lemma 6.0.1.

Proof of Proposition 6.1.1. Let a = ﬁ and b = 1_7"‘ Write N := N, and let

Wl={weX¥|a< Ly,(w)<bVm<n,L, <a} then

]P’m(LN<a):§:1 P (W)=Y Y mM@T =Y Y L(w)mM(w)T

n=1weWw} n=1 wew}

<a f: > MW =a i P, (Wnl) = aP,, (LN < a).
n=1

n=1weW}

Similarly, we may derive P, (L N > b) < %IP’W1 (LN > b) so that

Pr(Ly<a) Py (Ly<a)
a > =
T Pn(Ly<a) 1-P,(Ly>b)
) < Po (Ly >b) _1-P, (Ly <a)
" Py (Ly > ) P, (Ly > b)
and the result follows. n

In the following we consider the SPRT with respect to the measure P,,. This is
without loss of generality as there is a dual version of the SPRT, say SPRT with
L, = 1/L,, instead of L,, such that SPRTs, = SPRT, g.
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6.2 Expectation of N,

Consider the two-state HMM where p; # ps.
Pia gD M -p)ib p2ia CL)D L —p) b

(The Dirac distributions of) s; and s, are distinguishable. Further, the incre-
ments In L, ;1 — In L, are independent and identically distributed (i.i.d.) and
0>Eg,[InL,yy —Inl,]=pyln Z—; + (1 —p2)In % =: (. Intuitively as ¢ gets more
negative, the HMMs become more different.! Indeed, Wald [27] shows that the
expected stopping time Eg, [N, ] and ¢ are inversely proportional:
5111% +(1-p8)In%5

7 )

This Wald formula cannot hold in general for (multi-state) HMMs. The increments

By, [Na,s] = (6.1)

In L,4+1 — In L, need not be independent and Ey,[In L, 1 — In L,] can be different
for different n. Further, |In L,,41 — In L,| can be unbounded; cf. [24, Example 6].

Nevertheless, in Figure 6.1 we observed that In L,, appears to decrease linearly (on
the 7y plot). Indeed, we show in Theorem 6.2.3 below that the limit lim,, % In L,
exists P.,-almost surely. Intuitively it corresponds to the average slope of the
log-likelihood plot for m. In the two-state case, there is a simple proof of this

using the law of large numbers:

' 1 ‘ 1 n—1
nh—>Holo - InL, = nh_)ngo - ;[ln Lijin—InL)] =E,[InL; —InLy] = ¢ P,-a.s.

The number ¢ is called a likelihood exponent, as defined generally in the fol-

lowing definition.

Definition 6.2.1. For initial distributions m, 7, a number ¢ € [—00,0] is a

likelihood exponent if P, (lim,, %111 L,=/)>0.

By the first point of lemma 6.0.1 we have Py, (lim, o +In L, > 0) = 0, as
P, (lim, o L, < 00) = 1. Hence, we may restrict likelihood exponents to [—oo, 0].
We write Aq, », € [—00,0] for the set of likelihood exponents for 7, mo and define
A = U Arim; i, A depends only on the HMM F. For £ € A we define
the event E, = {lim, ,0c = InL,, = (}.

n fact, £ is the KL-divergence of the distributions fi, fo where f;(a) = p; and f;(b) = 1 — p;
fori=1,2.
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Example 6.2.1. In the case of Example 6.0.2 we have A, », = {¢} where the slope

of the right hand side of Figure 6.1 suggests that ¢ ~ —% = —0.008.

Example 6.2.2. Even for fixed 7, 7 there may be multiple likelihood exponents.

Consider the following HMM with initial Dirac distributions m; = e5, and m = eg,.
1

1
3 1, 3y 2d
4 4
D) (D La L
2 1
30 L

We observe two different likelihood exponents depending on the first letter produced.
If the first letter is @ then In L,,,1 — In L,, are i.i.d. for n > 1 and lim,, %ln L, =
%ln i/% + %ln % = %lng =: { like the two-state example above with p; = % and
Py = % If the first letter is b then L, = % for all n > 1 and lim,,_, %ln L, =0.

Thus, Ay, , = {¢,0} and P, (E,) = P, (Eo) = 3.

2

The following theorem is perhaps the most fundamental contribution of this
chapter. It follows from a stronger theorem, theorem 7.2.4, which we prove

in chapter 7.

Theorem 6.2.3. For any initial distributions my, o the limit lim,, % In L,, exists

P,,-almost surely. Furthermore, we have |A| < |Q|* + 1.

Returning to the SPRT, we investigate how limn_miln L,, influences the
performance of the SPRT for small o and 3. Intuitively we expect a steeper
slope in the likelihood plot (cf. Figure 6.1) to lead to faster termination. In the

two-state case, Wald’s formula (6.1) becomes

51HQ+(1_5)1H% In o
Es,[Na gl = b 7 SN E (as a, B — 0), (6.2)

where we use the notation ~ defined as follows. For functions f, g : (0,00) x
(0,00) — (0, 00) we write “f(z,y) ~ g(x,y) (as x,y — 0)” to denote that for all £ >
0 there is 0 > 0 such that for all z,y € (0,9) we have f(z,y)/g9(z,y) =[1 —¢&,1+¢].

In Theorem 6.2.4 below we generalise Equation (6.2) to arbitrary HMMs. Indeed
a very similar asymptotic identity holds. In the case that A = {¢} and ¢ €
(—00,0) we have E,, [Ny ] ~ 2% as o,  — 0. If [A| > 1 then we condition our

expectation on lim, e = In Ly,.
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Theorem 6.2.4 (Generalised Wald Formula). Let ¢ be a likelihood exponent and
let w1 and o be initial distributions.

1. If € (—00,0) then E, [Naﬁ | Eg} ~ ln;é (as a, B — 0).

2. If £ =0 then there exist a, B > 0 such that E,, {Na,g | Eg} = 0.

3. If{ = —oc0 then so%o E., {Naﬁ | Eg} < 00.

The theorem above, proven in Section 6.6, pertains to the expectation of N, g.
In the next subsection we give additional information about the distribution of

N, g, further strengthening the connection between N, g and likelihood exponents.

6.3 Distribution of N,z

6.3.1 Likelihood Exponent 0

Example 6.3.1. We continue with Example 6.2.2 to illustrate the second case in
Theorem 6.2.4. By picking o = i, 8= i the thresholds for the SPRT are A = ln%
and B = In 3. If the first letter is b, then In L,, = In % for all n > 1, thus never crosses
the SPRT bounds and lim,,_, %ln L, = 0. Hence with probability % the SPRT fails
to terminate and N, 3 = oo. It follows that Pr,(Ey) = 3 and E, [N, s | Eo] =

and, thus, E,, [N, ] = oo.

The second part of Theorem 6.2.4 says that the expectation of N, g conditioned
under Fj is infinite. The following proposition, proven in Section 6.6, strengthens this
statement. Conditioning under Ej, the probability that N, s is infinite converges
to 1 as o, — 0. Recall that N, is monotone decreasing. It follows that
{Ny g =00} C {Nyp =00} ifa <o and g < .

Proposition 6.3.2. The following two equalities hold up to P,,-null sets:
Ey, = {r}grgoLn > O} = U {Nyp =00}.
a,3>0

Thus, limg g0 Pry(Na g = 00) = Pr, (Ep).

Corollary 6.3.3 (using the second point of Lemma 6.0.1). Initial distributions m;
and s are distinguishable if and only if Pr, (Eo) = 0 if and only if Pr,(Na g < 00) = 1
holds for all o, 5 > 0.
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6.3.2 Likelihood Exponent —oo

Example 6.3.4. Consider now a modification of Example 6.2.2 where state s3 has

the b loop removed.
%CL 1 3b la
70/ =
D)) 1 CEID
2
=)
3

The likelihood exponents are —oo and ¢ := %lng so that A = {—o0,¢}. Also,
P, (E_o) = Py, (E)) = %. Up to P,,-null sets the events E_.,, bX¥ and ba*b%*

2

are equal. The event ba*bX“ represents the chain started from s, producing an
observation which cannot be produced by the chain started from s;, causing the
SPRT to terminate for any «, 8. Therefore conditioned on E_ ., the random variable
N, s — 1 is bounded by a geometric random variable with parameter 1. Hence

2
sup, 5 Ex, [Naﬁ | EOO} <1+2.

We define the stopping time N, = min{n € N | L, = 0}. Note that
sup, g Na,g < No since {L, = 0} C {L, < 125} for all a, 5. By the following

proposition, the reverse inequality also holds.

Proposition 6.3.5. The events E_, and {L, = 0 for some n} are equal. Thus,
sup, g Ne,g = No and limg g0 Pr,(Nop < 00) = Pry(E_).

Proof. The right-to-left inclusion is clear. Towards the converse, let p,,;, > 0 be
the minimum non-zero entry in 7; and all M (a) where a € ¥. Suppose that L, > 0

holds for all n. Then we have for all n > 1:

1 1 ImMw,)| _ 1 1 n+1

“InL, = ~In.———"0 > ZIn|mM(w,)| > ~hpl = I P

R o o R i
> 2Inpopm -

Thus, lim,,_, % In L,, # —oo. We have sup, g Nag < N1 Also,

n{ee (2550} -0
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for all n € N and so sup,, 3 No,s = N1. The final claim follows because

lim P, (Nyp < 00) =P, (ﬂ{Naﬁ < oo})

a,—0 B

m | SUP Nop < 00
a?/B

P
]P)Wz (NJ_ < OO)
P

(3N eN: L, =0).

We have shown that {L,, > 0Vn € N} C E°__. Thus, £_, C {In € N: L, = 0}.
The reverse inclusion is clear and so {N; < oo} = E_., holds which implies the

last point in the proposition. O

Applying this to Example 6.3.4, we obtain sup,, ;5 Er, {Naﬂ ] E,Oo] = 3.

6.3.3 Likelihood Exponent in (—oc0,0)

Conditioned on E, where ¢ € (—00,0), Theorem 6.2.4 states that N, s scales
with 1“7a in expectation. The following result shows that this relationship also

holds P,,-almost surely.
Proposition 6.3.6. Let £ € A and assume ¢ € (—o0,0). We have
1
P, <Na,g ~ % (as a,f —0) ’ Eg) = 1.

In fact, we prove the first part of theorem 6.2.4 using Proposition 6.3.6. If there
Nap o K, the first part of Theorem 6.2.4

—Ilna —

were a bound K € N such that P,,-a.s.

would follow from Proposition 6.3.6 by the dominated convergence theorem. However
this is not the case in general. Instead we show in section 6.6 that the set of random
variables { iv%n"; |0<a,8< %} is uniformly integrable with respect to the measure

P., and then use Vitali’'s convergence theorem.

Example 6.3.7. Recall Example 6.0.2, where A = {¢}. Figure 6.2 demonstrates
the asymptotic relationship in Proposition 6.3.6. Each of the 50 lines correspond to

a sample run and we record the value of N, g for 0 < —Ilna = —1In 8 < 1000. From
the figure we estimate —% as % = 125. This coincides with the estimate given in

Example 6.2.1.
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4
10 x10

Observations taken by the SPRT

0 200 400 600 800 1000
value of -In(a)

Figure 6.2: The number of observations taken by the SPRT for 0 < —Ina=—Inf <
1000.

We conclude from this section that the performance of the SPRT, in terms of its
termination time N, g, is tightly connected to likelihood exponents. This motivates

our study of likelihood exponents in the next section.

6.4 Distribution of Likelihood Exponents

In this section we aim at computing P.,(E,) for a likelihood exponent ¢. We

show the following theorem.
Theorem 6.4.1. Given a HMM and initial distributions my, o,

1. one can compute P, (lim, % In L, = —00) and Pr,(lim,,_, %ln L,=0)in

polynomial space;

2. one can decide whether P, (lim, %ln L,=0)=0 (ie, 0 & Ar,r,) in

polynomial time;

3. deciding whether Pr,(limy, o + In L, = 0) = 1, whether Pr,(lim,, o = In L, =
—o0) = 0, and whether P, (limn_moiln L, = —o0) = 1 are all PSPACE-

complete problems.
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The following example illustrates the construction underlying the PSPACE upper
bound.

Example 6.4.2. Consider another adaption of Example 6.2.2.

1 1
ga ga la §b a

o) 694 - %M.ﬂbgpﬁ
1 la 1

If the first letter produced by sy is b, then L, = % for all n € N. If the first two

N[

letters are ab, then L; = % and L, = 0 for n > 2. If the first two letters are aa,
then s; € supp (es; M (aaw)) for all w € ¥*, and therefore, up to a Py,-null set,
L, > 0 holds for all n € N which implies (using proposition 6.3.5) that there is
{ € (=00, 0] such that lim,, = In L, = £. By Lemma 6.0.1 we will have ¢ € (—o0, 0)
if d(es,, es,) = 1 which we show in the following. Thus, Ay, 5, = {—00,¢,0}.

Let M’ be the restriction of M to the ordered set of states Q' = {ss, s2, 4}
That is, we discard the rows and columns corresponding to the states s; and ss.

Then,

11 )
3 3 3
M@a)=[1 0 0| and M'(b)=[0 0 0
00 3 001
It follows that
_ 2 1\T
M(a)I = (1>
3772
_ L 1\"
MBT = ( 0 )
( ) 3’ 72
- 52 1\'
M'(aa)T" = (,,>
9'3°4
If there is s,7 € R such that s (%, 1, %) +7r (%,0, %) = (g, %, i), then due to the

second coordinate, s = % Then the first coordinate implies r = é but this creates a
contradiction on the third coordinate since % X % + % X % = % It follows that the

T T T
set {(g, 1, %) , (%, 0, %) , (g, %, i) } is linearly independent. Therefore,
span{M(w)I' | w e ¥*} = R

and so by Proposition 3.1.1 for subdistributions py, p2, p1 = pe implies uy = po.
Further, supp (es, M (w)) is disjoint from supp (es, M (w)) for all w € ¥* and so by

Lemma 4.4.4 we have d(es,, es,) = 1.
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The likelihood ratio L, is 0 if and only if supp (71 M (w,,)) = . In order to track
the support of m M (w,,), we consider the left part of the HMM as an NFA with s;

as the initial state and its determinisation as shown in the DFA below.

b (D)o ) )2 () D a
b

N4
b
o o

Almost surely, s, produces a word that drives this DFA into a bottom SCC, which

Q

S

then determines lim, o = In L,: concretely, the bottom SCC {{ss}, {s2, s5}} is
associated with ¢, the bottom SCC {0} with —oo, and the bottom SCC {{s3}}
with 0.

In general, the observations need not be produced uniformly at random but
by a HMM. Therefore, in the following construction refered to as a Numerator
Support Markov Chain, we also keep track of the “current” state of the HMM which
produces the observations. For S C @ and a € ¥, define §(S,a) :={¢ € Q| Iq €
S: M(a),y > 0}. Define the Markov chain D := (29 x @, T) where

Tsanshay = >, M(a)gy-
5(S,a)=5"

Given initial distributions 7y, 15 on () as before, define an initial distribution ¢« on
2¢ x @ by «((supp (m1),q)) := (ma),. Intuitively, the left part S of a state (S, q)
tracks the support of m M (w,), and the right part g tracks the current state of
the HMM that had been initialised at a random state from m,. The following

lemma states the key properties of this construction.
Lemma 6.4.3. Consider the Markov chain D = (29 x Q,T) defined above.

1. Every bottom SCC of D is associated with a single likelihood exponent; i.e.,
for every bottom SCC C C 29 x Q there is £(C) € [~o0,0] such that for any
initial distribution 7, € [0,1]9 and any state ¢u € Q with (supp (71),q2) € C
we have Ag, ., = {((C)}.
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2. Let (S,q) € C for a bottom SCC C. If S =0 then ¢(C) = —oo; otherwise, if
e, and the uniform distribution on S are not distinguishable then ¢(C') = 0;

otherwise ((C') € (—00,0).
3. We have P.,(E,) = P, ({visit bottom SCC C with £(C) = (}).

All parts of the lemma rely on the observation that lim,, ., % In L,, depend only
on the support of 1 and on the support of my. The first part of the lemma follows

from Lévy’s 0-1 law. We use this lemma for the proof of the first part of theorem 6.4.1.

6.4.1 Proof of Theorem 6.4.1

Below we refer to the complexity class NC, the subclass of P comprising those
problems solvable in polylogarithmic time by a parallel random-access machine using
polynomially many processors; see, e.g., [38, Chapter 15]. To prove membership

in PSPACE in a modular way, we use the following pattern:

Lemma 6.4.4. Let Py, P, be two problems, where Py is in NC. Suppose there is
a reduction from Py to P, implemented by a PSPACE transducer, i.e., a Turing
machine whose work tape (but not necessarily its output tape) is PSPACE-bounded.
Then, P, is in PSPACE.

Proof. Note that the output of the transducer is (at most) exponential. Problems
in NC can be decided in polylogarithmic space [39, Theorem 4]. Using standard
techniques for composing space-bounded transducers (see, e.g., [38, Proposition 8.2]),

it follows that P; is in PSPACE. O

Towards a proof of the third point of theorem 6.4.1, we use the mortality
problem, which asks, given a finite set of states (), a finite alphabet ¥, and a
function @ : 3 — {0,1}9*9, whether there exists a word w € ¥* such that ®(w)
is the zero matrix. The mortality problem can be viewed as a special case of the
NFA non-universality problem (given an NFA, does it reject some word?). Like
NFA universality, the mortality problem is PSPACE-complete [40].

Concerning P, (F_) (cf. the third point of theorem 6.4.1), we actually show a
stronger result, namely that any nontrivial approximation of P, (E_.) is PSPACE-

hard. The proof is also based on the mortality problem.
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Proposition 6.4.5. There is a polynomial-time computable function that maps any
instance of the mortality problem to a HMM and initial distributions 71, 7o so that
if the instance is positive then P, (E_) = 1 and if the instance is negative then

P, (F_x) = 0. Thus, any nontrivial approzimation of Pr,(E_.,) is PSPACE-hard.

Proof. Let (Q,%,®) be an instance of the mortality problem. If there is ¢ € @
that indexes a zero row in 3,5, ®(a), remove the row and column indexed by ¢ in
all ®(a). Thus, we can assume without loss of generality that > ,cx. ®(a) has no
zero row. Construct a HMM (Q, X, M) so that ®(a) and M (a) have the same zero
pattern for all a € ¥. Define m; as a uniform distribution on ). Define 7 as a Dirac
distribution on a fresh state that emits letters from ¥ uniformly at random. Thus,
if (@,3,®) is a positive instance of the mortality problem then P, (E_,) = 1, and
if (Q,%,®) is a negative instance then P, (E_) = 0. O

Now we prove the main result of this section.
Proof of Theorem 6.4.1.

1. The Markov chain D from lemma 6.4.3 is exponentially big but can be
constructed by a PSPACE transducer, i.e., a Turing machine whose work tape
(but not necessarily its output tape) is PSPACE-bounded. The DAG (directed
acyclic graph) structure, including the SCCs, of a graph can be computed
in NL, which is included in NC. Using the pattern of lemma 6.4.4, the DAG
structure of the Markov chain D can be computed in polynomial space. Thus,

there is a PSPACE transducer that computes both D and its DAG structure.

For each bottom SCC C, the PSPACE transducer also decides whether
U(C) = —o0 or ((C) € (—00,0) or £(C) = 0, using the second point of
lemma 6.4.3 and the polynomial-time algorithm for distinguishability from [23].
Finally, to compute P,,(F_) and P, (Ejp), by the third point of lemma 6.4.3,
it suffices to set up and solve a linear system of equations for computing
hitting probabilities in a Markov chain. This system can also be computed by
a PSPACE transducer. Linear systems of equations can be solved in NC [41,
Theorem 5]. Using lemma 6.4.4 again, we conclude that one can compute

P, (E_) and P, (Ep) in polynomial space.
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2. Immediate from corollary 6.3.3 and the polynomial-time decidability of
distinguishability (Theorem 4.0.1).

3. The claims concerning P, (E_.,) follow from part 1 and proposition 6.4.5.
Consider the problem whether P.,(Ey) = 1. By part 1, it is in PSPACE.
Towards PSPACE-hardness we reduce again from mortality. Let (Q, X, ®) be
an instance of the mortality problem. Let Q' := Q U {q., ¢} for fresh states
q1,q2, and let X' := X U {$} for a fresh letter §. Obtain &’ from ¢ by adding,
for every g € @', a $-labelled transition to ¢, and an a-labelled loop from g,
to itself for all a € ¥. Construct a HMM (Q’, X', M) so that ®'(a) and M (a)
have the same zero pattern for all a € ¥’ (e.g., use uniform distributions). See

fig. 6.3.

Figure 6.3: Illustration of the reduction from mortality to Pr,(Ep) < 1. In this example,
®(ab) is the zero matrix. Accordingly, we have P, (Ey) < 1, as Lo(abw) = 0 for all
w e XY,

Let 7 € [0,1]9" be the uniform distribution on @ (i.e., (m1),, = (71)g, = 0),

and let my be the Dirac distribution on ¢s.

Suppose (@, X, @) is a positive instance of the mortality problem. Let v € ¥*
such that ®(v) is the zero matrix. Then Ly, (vw) = 0 holds for all w € ¥*. It
follows that P, (E_«) > 0 and so P, (Ep) < 1.
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Conversely, suppose (@, %, ®) is a negative instance of the mortality problem.
The word produced from ¢y contains P -a.s. the letter $, i.e., is of the
form u$v for v € ¥* and v € (X U {$})¥. Since (@, X, P) is a negative
instance, it follows that supp (m M (u$)) = {q.} = supp (e, M (u$)). Thus,
lim,, o L, > 0. Hence, P,,(Ep) = 1. O

6.5 The Numerator Support Markov Chain

This section is dedicated to the proof of lemma 6.4.3 which we restate and prove now.
Lemma 6.4.3. Consider the Markov chain D = (29 x Q,T) defined above.

1. Every bottom SCC of D is associated with a single likelihood exponent; i.e.,
for every bottom SCC C C 29 x Q there is £(C) € [—o0,0] such that for any
initial distribution 7 € [0,1]9 and any state ¢z € Q with (supp (71),q2) € C
we have Mg, ., = {{(C)}.

2. Let (S,q) € C for a bottom SCC C. If S =0 then ¢(C') = —oo; otherwise, if
e, and the uniform distribution on S are not distinguishable then ((C') = 0;

otherwise ((C') € (—00,0).
3. We have P, (E;) = P,({visit bottom SCC C with {(C) = (}).

Proof. 1. Let C C 29 x @ be a bottom SCC of D. Let 7,7’ be distributions
on @ and ¢,q € @ such that (supp (7), q), (supp (7'),¢’) € C. Suppose that
e Ny, ie.,

1 M (w,
P, (hm — IDM = E) = x for some z > 0. (6.3)
noomn g M (wy)|

It suffices to show that Ax ., = {(}, ie.,

By Lévy’s 0-1 law it suffices to show that for all paths ¢'aqq; - - - a,,q,, With
Pe, (q'a1q1 -~ amgm(XQ)”) > 0 there is y > 0 with

/
P.,, < lim 1 I M ()]
a =

P =V daiqr g (2Q “’) > . 6.4
n=oo " |leg M (w,)| ‘ H (2Q) (6.4)
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Let u = ¢'a1qq - - - @@ be a path with Pe, (u(X2Q)*) > 0. Since C is a bottom
SCC of D, we have

IP’eq, (Fk>m :supp (T’ M(ay- - ap---ax)) =supp (1), g = q | u(XQ)¥)) =

Thus, letting v = ¢’a1q1 - * - G - - - axqi, with k& > m, be an arbitrary exten-
sion of u with P, (v(£Q)“) > 0 and supp (7'M (a1 - - - am - -~ a;)) = supp ()
(ZQ)“’) > 0 implies

and gy = ¢, we have P, (lim,HOO 711 In %

P, (hrnn_>C>O TIL In % =/ ’ (2Q) > > 0. Further,

- N H7T M(wn)H v
%(LWM|MMWM|£ @@>

im —In [(7' M (ay - - - ay)) M (w,)||
ZP%QLwnlmw (a1 ar)) M (w,)| O

Ly, WMo sl _

zP%Qg&nl et wn] ped 0

R 0) o

Jim e M (w,)] |

Concerning the event in (6.5), by (6.3) and since supp (7'M (a;---ay)) =

supp (7), we have

P%(- 1mMWMmr~%»Mwmn:Q .

lim

Z.
e leg M (wy) |

Concerning the event in (6.6), it follows from the first point of lemma 6.0.1

that

P%<mlnnm%er~%»Mmmn§® L

e ny leq M (w,) |
Further, since P, , (darqr - - - arqe(2Q)“) > 0, we have q € supp (ey M (ay - - - ay))

and so

lim —In
n=oon [leq M (w) ||

P%<. 1 u@wwmr~%»MwngO>::L

Thus, continuing the inequality chain from above, we conclude that

/

M
IP’€,<1im pp I M o)l _
TS fleg M (w,)|

u@@w)

proving (6.4), as desired.



6. The Sequential Probability Ratio Test 89

2. Let (S,q) € C for a bottom SCC C'. If S = ) then we may define £(C') = —oc.
Otherwise, let g denote the uniform distribution on .S. Suppose that 7g and e,
are not distinguishable. By corollary 6.3.3 it follows that 0 € A, ., . Using
part 1 we obtain ¢(C') = 0. Finally, suppose that 7g and e, are distinguishable.
By corollary 6.3.3 it follows that 0 ¢ Ay, . . Since C' does not contain any
states of the form (0, ¢’), by proposition 6.3.5 we have —oco € A ... Using
part 1 we obtain ¢(C) € (—o0,0).

3. We define a function f that maps paths of F to paths of D as follows. Set

f(@a1g2 - amqm) = (S0, q0)(S1,q1) - - (Sm, @m) Where Sy = supp (m1) and
d(Si—1,a;) = S; for all 1 <4 < m. The Markov chain D is constructed so that

for any path v = (So, qo)(S1,¢1) - - - (S, @m) We have
PL(U(QQ xQ)°) = PWz(f_l(U)(EQ)w)'
Let C' be any bottom SCC, and let £ = ¢(C). Define the event

Vo = {gmq -+ € Q(ZQ)” | Im € N: f(goaiq1 - - @) ends in C}.

So we have P, ({visit C}) = P.,(Ve), and it suffices to show that P, (E, |
Vo) = 1. Let u = qoa1q; - - - am@m be a path with P, (u(XQ)¥) > 0 such that
f(u) ends in C, say in (S, ¢q) € C, with ¢ = ¢,. Thus, supp (mM(a; ---a,,)) =
S and ¢ € supp (mM(ay - - - ay,)). It suffices to show that P, (E, | u(XQ)%) =
1. We have:

P, (B | u(2Q)%)

1 [[m M (wn) |
=P, (lim —In ———
’ ("%O n|[me M (w,)|

=/

=
=
=
S
3
=
g
3

1 )

P, | lim —1In
q (n%oo n H(WQM(al o o am)
)

> P, (hm L (M (o - am)) M(wn)l] ¢ and (6.7)
nsen [leq M (wn)]|

lim 1 In I(m2M (s - - - ) M () | - O) (6.8)
n=oon leq M (wn)||

Concerning the event in (6.7), by part 2 and since supp (m M(a; - - a,)) = S,

we have

lim —
n=oon [[eq M (w) ||

5 ( LM (@) M (w,)| d) L
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Concerning the event in (6.8), it follows from the first point of lemma 6.0.1

that

1 MG )M )
wo (e e <o) = 1

Further, since g € supp (moM (ay - - - ap,)), we have

P, (hm 1 MM (0 - a) M (w,)| ZO) .
= leqd (wn)]

Thus, the events in (6.7) and (6.8) occur PP, -a.s. We conclude that Pr,(E |
u(XQ)¥) =1, as desired. O

6.6 A Generalised Wald Formula

This section is dedicated to the proof of Theorem 6.2.4. We begin by restat-
ing the following.

Proposition 6.3.2. The following two equalities hold up to P,,-null sets:

Ey = {JLH&OLH>O} = |J {Nap=o0}.

a,3>0

Thus, limg g_0 Pr,(Na g = 00) = Pr, (Ep).

Towards the proof of Proposition 6.3.2 we use the following which is Theorem

5 from [24].

Lemma 6.6.1. Let (Q,%, M) be a HMM and let m; and 7o be initial distributions.
If 1 and my are distinguishable then there is ¢ > 0 such that
2

C
P, <L2IQIn < 1> —Pr, <L2|Qn > 1)) >1—2exp ( - En)'

Proof of Proposition 6.3.2. Towards the first equality, if lim, ., L, > 0 then
lim, o = In L, = 0 and so we only need to show that Ey C {lim, e L, > 0}.
Assume, 0 € A. By lemma 6.4.3 there are a set of bottom SCCs Z in D such
that for some Z € Z we have ((Z) = {0}. Let 7 € [0,1]¢ and r € Q such that
(supp (m),r) € Z. Suppose that m and 4, are distinguishable then by Lemma 6.6.1

we have Pgr(in > 1) < 2exp ( — %n) and ]P’Tr(in < 1) < 2exp ( — %n) for all
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n € N where L, is the likelihood ratio started from initial distributions 7 and 6.

Fix —% < a <0 and define the event W,, = {1 > f)n > e"}. Then,

1. - 1 -
Ps, (lim —InL, > oz) < Py, (lim inf { InL, > oz})
n n

n—oo n,
1 .
< lim inf Py, ( InL, > oz)
n n
< lim inf Py, (L, > ")

= liminf |Ps, (1 > L, > ") + P, (L, > 1)]

- 2
<liminf | > 5, M(w)T" + 2exp ( — Cn)}
" “weWn, 18
< liminf [e™™* ) M (w)T"
" B wEWn

< liminf |e Py (L, < 1)}

n

) 2
< limninf _26_”0‘ exp ( — 1871)]

=0.

In particular, P, (lim,, % InL, = 0) = 0 which contradicts 0 € A. Hence 7 and
0, are not distinguishable and so Ps -almost surely, we have lim,, . L, >0. By

conditioning on the events
{w=air - ayr, € (2Q)" | supp (m M (w)) = supp (7),r, =1}

it follows that Pr,(Ey) = Pr, ({limy,—e0 Ly, > 0}).

We now show the second equality. If lim, ,, L, > 0 then for «,( small
enough, L, never crosses the SPRT bounds. Hence, we have {lim,, ,o, L, > 0} C
Uas{Na,g = 0o}. For the converse inclusion, suppose that N, g = oo for some a, 3.

This would contradict lim,,_,~ L,, = 0 since then NV, g would be P,,-almost surely

finite. O]

We now state and prove Proposition 6.3.6 which serves as an intermediate

step towards Theorem 6.2.4.

Proposition 6.3.6. Let { € A and assume { € (—00,0). We have

1
P, <Na,5 ~ % (as o, — 0) ‘ Eg) = 1
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Proof. Fix n € N and w € E,. Since { > —oo we may assume L,(w) > 0 and so
m1 M (w,) contains at least one positive entry. Let p,,;, > 0 be the minimum non-

zero entry in 7y, 7y and all M(a) where a € ¥. Then, 7 M (w,) > pit’. We have

mn *

—(n+1)

oM (w,) < 1 and so L,(w) > pitl. A similar argument shows L, (w) < p,

We now relax the dependence on n. Since ¢ € (—o0,0) we have that In L, (w) —

—o00. Further, we have the following

LNa,ﬂ( ) 1 /8 or LNa,ﬂ (w) Z 1 —
= M < g or M > ’
— — o

1 1 a 1 1B
ﬂ(w) =~ In Mmin n <,ﬂ.imn 1— B) or ’B(w) " In Mmin 1 <7T2mm 1— 01)

1 1 o 1 8
N, > | i )
- a,B ('LU) “~In Mmin n |fI11D < min 1 — B ,/Tmm 1— Oé)]

Hence, N, g(w) — 00 as a, f — 0.

Let Uag = {u € E¢ [ InLy, yu)(u) < Ing25} It follows that if w € Ey\ Uag

then L, (w) crosses the upper threshold before the lower threshold. Therefore,
w € Nage(,1] e \ Ua,p implies that L,(w) is unbounded in n. We have L,(w) — 0
since £ € (—00,0) and thus lim, g0 Xv, ,(w) = 1. Further,

In25 —In Ly, ;(w) (w)

0 < XU, Nop(w) since
In Ly, yw-1(w) —=In Ly, ;) (w) . «
< XUa,.s B N, 200) B since In LNQ,B(w)—l(w) > In =3

—0 asa, — 0.

Finally,
Y In« lim Ina
11m -
@,8=0 Na,,@(w) a [3—)0 XUap Naﬁ (w)
In &
o Mip
a,ggo XUss Na,g(w)
In Ly (w) (’LU)
o ,IBIEU XU Na,ﬁ(w>

InL w
= lim & Nap(w) 1) )(w)
=0 Nog(w)
=/. O
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Towards a proof of the first point of Theorem 6.2.4, we would like to show

In
Na,ﬂ(w)

that the conditional almost sure convergence of as «, f — oo also happens

in expectation. We restate the Theorem here:

Theorem 6.2.4 (Generalised Wald Formula). Let ¢ be a likelihood exponent and

let w1 and w9 be initial distributions.

]
1. If £ € (~00,0) then Er,[Nos | Ei] ~ % (as a, 3 — 0).

2. If £ =0 then there exist a, B > 0 such that E,, {Naﬁ | Eg] = 00.
3. If { = —oo then sup E,, [Naﬂ \ Eg} < 00.
a7/3

Let @ be a set of random variables on measure space (X“, %4 P,,) such that

E.,[¢] < oo for all ¢ € &. We say that & is uniformly integrable if

A SR B (020 =0

We use the Lebesgue-Vitali theorem, a proof of which can found on page 268 of [42].
Theorem 6.6.2 (Lebesgue-Vitali Theorem). Suppose ¢ is a random variable and

(hn)22, is a sequence of random variables on measure space (3¢, 9%, P.,) such that

Er,[én] < 00 for all n € N. The following assertions are equivalent:

1. The sequence (¢,)32, converges to ¢ in P.,-measure and is uniformly inte-

grable;

2. We have E,,[¢] < oo and lim,, o B, [|d, — &|] = 0.

By the Lebesgue-Vitali Theorem, we need to show that {ivl“‘ni |0 < a,p <

%} is uniformly integrable. For this, we use another technical result which is

Lemma 9 from [24].

Lemma 6.6.3. There is a number ¢ > 0, computable in polynomial time, such that

c? c?
P, <L2Q|n > exp (—36n> > < 4exp ( — 36n>
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Proof of Theorem 6.2.4. Let Py be the P, measure conditioned on E,. By Propo-
sition 6.3.6, we have lim, g, % exists Py-almost surely. Hence, the convergence
is also in P;-measure. Therefore, by the Lebesgue-Vitali Theorem (Theorem 6.6.2),
it is sufficient to show that the set of random variables {% | o, 8 € (0,5)} is

uniformly integrable conditioned on Fy. In fact, because

N, 1 N
lim sup sz £ > IP)7T2 (EZ) hm sup 7E7r2 ﬁXNa@ SK | Eyl,

N,
K—oo a,p —Ina —(llr;iZK K—oo a,B —In

Ina =

it is sufficient to check the uniform integrability condition without conditioning on
E,.

Fix K € N and «,f € (0, %] Since the random variable No gX N . takes

—la

values in Ny we may write its expectation as a sum of probabilities:

No g
B, {—ln XX ﬁ.i”{]
1
- Eﬂ' Na o
lna [ ’BXNI,;iZK]

Z]P’7r2 08X Nag . > 1)

lna “ha
1 oo
= |-KIna|P,,(Nosg > |-Klna])+ Y Pn(Nag>n)|. (6.9)
—lna n=[—Klna|
We tackle each summand of the expression (6.9) individually. Let m, = {%J

then we have

|—K In«o]

P (Nap > [~K Ina)) < KPr, (Nos > 2Qlma)

o
< KP,, <L2|Q|ma > 1_B>

because N, 3 > 2|Q|m, implies that the likelihood ratio has not crossed the lower

—Klna
41Q|

a small enough. Taking ¢ from Lemma 6.6.3 we have for large K:

threshold after 2|Q)|m,, observations. We have m, >

for K large enough and

c? AKIn a) 2K «Q

_ < S T ) <aal < < )
exp( 36ma) < exp ( T[] a a< 5
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This implies

o) ?
KPTI’Q <L2Q|ma > 1_5) < K]P)ﬂ'Q <L2Q|ma > eXP(_%ma)>

2
< 4K exp (—%ma>

> | KIn2
< 4K exp <_36 { 20 J) . (6.10)

Thus limg . sup, g 4K exp (—%ma) = limg_ o 4K exp (—gz V;gﬂ) = 0.

The second part of the summand (6.9) proceeds similarly. Since Pr,(N, s > n)
is monotonically decreasing as n increases, for all integer m > m, and 2|Q|m <
n < 2|Q|(m + 1) we have P,,(Nys > n) < P, (Nop > 2|Q|m). Hence, with the
same c from Lemma 6.6.3:

1 = 200 &
> BNy ) < 22 S B (N > 20QIm)

n=|—-Klna] m=mq

9 )
’Q‘ Z PW2<L2|Q\m Z Oé)

—lna 5

2 > c?
ﬂ Z IEDﬂ.Q <L2|Q|m Z exp (—%ma>>

—lna 5

—Ina

IN

IN

IN

00 2
8|Q| Z exp <_§6ma> by Lemma 6.6.3

—lna

_ 8|Q) y exp—%ma
—lna  1—expc?/36

c? Kln2
81QI , P 5 (1+562)

~ —In2 1 —expc?/36
— 0 as K — o0. (6.11)

By combining (6.10) and (6.11) it follows from (6.9) that

. Na,B
lim sup Eg, [—lnaxj_vi{ﬁzf(} = 0. (6.12)

K200 a,8¢(0,4]
Since (6.12) holds we may apply the reverse triangle inequality to yield the first
point in the theorem. Towards the second point, we have P, (Ey) > 0. From
Proposition 6.3.2 we have that Pr,(Ey) = Pr,(Ua. g0 {NVa,s = 00}). Therefore there
is o, f > 0 such that P, ({N, s = 00}) > 0 and so E,, [Na’g | Eg} = 00.
Finally, we have by Proposition 6.3.5 that

sup Er, [Nas | Bt < Eny[NL | E]
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since by lemma 6.4.3, L,, = 0 if and only if we visit a bottom SCC C' in the Markov
Chain D such that (0, q) € C for some ¢ € Q. The conditional expected time of
visiting a state in a Markov chain is finite. This follows directly from the main

result of [43]. O



Likelihood Exponents

In Section 6.4 we showed that computing the distribution over the possible values
of lim,, o0 % In L,, tends to be computationally difficult. In this chapter we focus
on the problem of computing A. We show that any member of A can be expressed
as the difference of two Lyapunov exponents. In general, computing a likelihood
exponent is at least as hard as computing a Lyapunov exponent. Approximating or
even computing Lyapunov exponents is hard, but there are practical approximation
algorithms using convex optimisation [29, 30].

In Section 7.1 we study deterministic HMMs and show that this subclass
leads to tractable problems. In Section 7.2 we introduce Lyapunov systems. We
use Lyapunov systems to represent Lyapunov exponents and show that from a
HMM one can easily compute a set of Lyapunov systems such that every possible
likelihood exponent is the difference of two exponents represented by these systems.
Here, we also show that the likelihood exponent exists almost surely and takes

at most |Q]* + 1 values.

7.1 Deterministic HMMs

A HMM (Q, X, M) is deterministic if, for all a € X, all rows of M (a) contain at most
one non-zero entry. Thus, for all ¢ € @ and w € £*, we have |supp(e,M(w))| < 1.
A useful observation is that the numerator support Markov chain D = (29xQ, T),

which was defined in Section 6.4 and can be exponential in general, has only

97
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quadratic size in the deterministic case if we restrict it to the part that is reachable

from initial Dirac distributions.

Example 7.1.1. Consider the deterministic HMM (Q, 3, M) in Figure 7.1(a). Let

(a): 1b | (b): 3

1 y
2 2
2p

W=

3

win

(c): (d): 1:In2

:1In2

(SN
—
=

N =

Wi

Figure 7.1: Cross-product constructions for a deterministic HMM.

T = e, and my = e,, (the latter is indicated by an arrow pointing to g2). Then the
relevant (i.e., reachable from ({q1}, ¢2)) part of D is shown in Figure 7.1(b). Let us
add back the observations that gave rise to the transitions in D, and for simplicity
drop the set brackets in the left component of states. We obtain the HMM in

Figure 7.1(c). With this HMM we may keep track of the exact likelihood ratio. For

_ lleg M(aba)|| _

example, suppose that the word aba is emitted, so that L3 = Teas M aba)] =

5 and
supp(eq, M (aba)) = {2} and supp(eg, M (aba)) = {q:}. Suppose the next letter is b

(which is the case with probability %) Then L, arises from L3 by multiplying with

Mgy ,q41 (0)
Mgy ,q5(b)

have In Ly = In L3 4+ In 2. This motivates the Markov chain shown in Figure 7.1(d),

= 2, and the supports are switched again. In terms of log-likelihoods, we

where the transitions outgoing from a state (r1,79) are labelled by the log-likelihood

ratio of their corresponding probabilities in the HMM.

The Markov chain has stationary distribution (%, %) By the strong ergodic

theorem for Markov chains, we obtain (the irrational number)
limy oo 40 Ly = 3(3mnd+dm2) 45 (Jn2+2 ) = Sm2+2int =12,

In general there may again be several likelihood exponents, including —oo and 0.

For the rest of the section, let F = (@, 2, M) be a deterministic HMM. Motivated by
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Example 7.1.1, definea HMM A = ((QxQ)Us 3, M), where s is a fresh state, and

S o= {ln‘M(a)q“ﬂ1 € [—00, 00)

a € Z? q1,71,q2,72 € Qa M(CL) 2,72 7£ O} U {_OO}
M (a)g, !

A~

M(&)(q17q2),(7’117'2) = Z {M(a)%,m
M(_OO)(QL‘D)vSL = Z {M(a)qu

M(—o0) = 1.

S1,51L

M(a)tn 1 } A
— for a # —oo
M(a)g,.r,

a < EJ ] € Q : ZHGQ M<a)¢1177‘1 - O}

a€eX:a=In

Note that the embedded Markov chain of A is similar to the Markov chain D
from Lemma 6.4.3: states ({¢1}, ¢2) in D are called (1, g2) in A, the states (0, ¢) in D
are subsumed by the state s, of A, and the states (S, ¢q) in D with |S| > 1 are not

represented in A. The observations in 3 C [—00, 00) track the log-likelihood ratio.

Example 7.1.2. Consider the HMM F on the left, with initial distributions m = e,
and my = e,4,. The part of A reachable from (g1, ¢2) is shown on the right:

30 1. Voo
2

Here we have Ay, -, = {—00,0} with Pr,(E_s) = Pr,(Eo) = 3.

Denote by A the embedded Markov chain of A. Let C' C Q x @ be a non-
{s,} bottom SCC of A. Let p € [0,1]¢ denote the stationary distribution of
the restriction of A on C. Define the vector v € RY of average observations by
Virirs) = 2aes ||€(7”1,7”2)M(&)H - a. By the strong ergodic theorem for Markov
chains, the average observation in C equals uv' =: £(C'). Extend this definition

by ¢({s.}) := —oco. Then we have the following lemma.

Lemma 7.1.3. Let m = e, and m = ey, be initial distributions. For the Markov

chain A define v == e (g, 4. We have
P, (E;) = P,({visit bottom SCC C with ((C) = (}).

The proof is essentially the same as in the third point of Lemma 6.4.3 which

gives us the following result.

Theorem 7.1.4. Given a deterministic HMM (Q, 3, M) with initial Dirac distri-

butions my, T, one can compute in polynomial time
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1. Ay, as a set of expressions of the form Y, x;Iny; where z;,y; € Q, and
2. Pr.,(Ey) for each such £ € Ay, r,.

Proof. In a Markov chain, one can compute the stationary distribution and hitting
probabilities in polynomial time by solving a linear system of equations. Thus, the
numbers ¢(C') defined before Lemma 7.1.3 can be computed in polynomial time.
Both parts of the theorem follow then from Lemma 7.1.3. A slight complication is
that for part 2, for an ¢ = Y, x;Iny; € Ay, ,, in order to compute P, (E,) we have
to sum the hitting probabilities for all C' with ¢ = ¢(C'). To select those C' we have
to compare numbers of the form >, x; Iny; where z;,y; € Q. This is equivalent to
checking multiplicative relations among rationals. The test takes polynomial time

as shown in [44]. O

7.2 Representing Likelihood Exponents

In the following we show that one can efficiently represent likelihood exponents in
terms of Lyapunov exponents. The definition of Lyapunov exponents is based

on the following definition.

Definition 7.2.1. A matriz system is a triple M = (Q, X, M) where @ is a finite
set of states, X is a finite set of observations, and M : ¥ — Rgé @ gpecifies the
transitions. (Note that a HMM is a matrix system.) A Lyapunov system is a
pair § = (M, p) where M = (Q,%, M) is a matrix system and p € (0,1]* is a
probability distribution with full support, such that the directed graph (@, E') with
E={(q,7) | Xaex My(a) > 0} is strongly connected.

We can identify the probability distribution p from this definition with the
single-state HMM ({s},X, M,) where M,(a)ss = p(a) for all @ € ¥. In this
way, p produces a random infinite word from ¥“. We will write PP, for the

associated probability measure.

Example 7.2.1. Let M = (Q,%, M) be a matrix system where Q = {qi, ¢},

5 = {a,b} and
) o

= O

O N
N——
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Further, let p = (1,1). Then, (M, p) is a Lyapunov system. We can represent a
Lyapunov system similarly to the way we represent a HMM. We use the double

ringed state for the single-state HMM identified with p.

b

2
Qs OWEO=IRIs O=F
1p

4

The following lemma is Theorem 1 from [45].

Lemma 7.2.2 ([45]). Let ((Q,%X,M),p) be a Lyapunov system. Then there is
A € R such that, for all w € [0,00)9, P,-a.s., either 1M (w,) =0 for somen € N

or the limit lim,,_,o = In |7 M (w,)|| ezists and equals X.

For a Lyapunov system S we call A(S) = A from the lemma the Lyapunov
ezponent defined by S. In the case that Pr,-a.s. for all 7 € [0,1]% there is n € N
such that M(w,) = 0, we say A\(S) = —o0.

Example 7.2.3. We continue with Example 7.2.1. Let w € ¥* and n € N. Like
with Markov chain (d) from Example 7.1.1 we construct a Markov chain to keep

track of the difference In||e,, M (wy,)|| — In||eq M (w,—1)|| which we label on each

transition.
1.1 1
5 .ln2
1.7,1 1.1 1
5'1115 §-ln*
1.1 1
5 .ln4

The Markov chain has stationary distribution ( %, %) By the strong ergodic theorem
for Markov chains we have for i = 1, 2:

_ 1 1 1 1 1 3
T}Lr{}olng||eqiM(wn)|| = iln (2) + iln <4> = —§1n2.

While we cannot in general compute Lyapunov exponents this way, we can
represent them as the difference of two Lyapunov exponents corresponding to
easily computable Lyapunov systems. In Section 7.2.4 we prove the following

theorem, which implies Theorem 6.2.3.
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Theorem 7.2.4. Given a HMM F = (Q, %, M) we can compute in polynomial
time 2K < 2|Q|* Lyapunov systems Si,8%,S;,S3,...,Sk,S% such that for any

initial distributions my, mo the limit lim,,_ o %ln L, exists Pr,-a.s. and lies in
A C {00} U{A(S]) = A(SD), - AM(Sk) — M(SE)}-
In particular, F has at most |Q|* + 1 likelihood exponents.

The proof of Theorem 7.2.4 proceeds by several generalisations of Lemma 7.2.2.

1. In Section 7.2.1 we relax the assumption that @) is strongly connected by
introducing reducible Lyapunov systems. A characterisation of the possible

Lyapunov exponents in this case is proven in Lemma 7.2.9.

2. In Section 7.2.2 we relax the assumption that the observations are produced
independently by the distribution p and assume the letters are produced by a
strongly connected HMM by introducing generalized Lyapunov systems. A
characterisation of the possible Lyapunov exponents in this case is stated in

the first point of Lemma 7.2.12. In Section 7.2.3 we prove Lemma 7.2.12.

3. In Section 7.2.4, we relax all assumptions. In Lemma 7.2.16 we show that
a Likelihood exponent can be written as the difference of two Lyapunov
exponents. These Lyapunov exponents correspond to particular generalized
Lyapunov systems which can be transformed into Lyapunov systems by
Lemma 7.2.12. By constructing a suitable reducible Lyapunov system we can
characterise the possible values of the Likelihood exponent by Lemma 7.2.9.

Theorem 7.2.4 follows quickly from Lemma 7.2.16.

7.2.1 Reducible Lyapunov Systems

A reducible Lyapunov system is a Lyapupov system ((Q, %, M), p) except that the
embedded graph G = (Q, E) with £ = {(¢,7) | 3a € ¥ : M,,(a) > 0} is not
necessarily strongly connected. In this section we introduce new notation. For row
vectors 7 € [0,00)@! and my € [0, 1]92 we write m; X 75 € [0, 00|91 @2 for the vector
(m1 X 72)(i) := (m1)i(m2);. In addition, for a function of the form ® : ¥ — RO*€
and P C @ we write ®|p : ¥ — R”*¥ for the function with ®|p(a)(q,r) = ®(a)(q,r)
for all « € ¥ and ¢,r € P; i.e., ®p(a) denotes the principal submatrix obtained

from ®(a) by restricting it to the rows and columns indexed by P.
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Example 7.2.5. We present the following reducible Lyapunov system. Let @) =
{Qan1aq2} X {r17T2}7 A= {aaﬁa’%é} and p= (iv i7 iv i) Then ((Qa Av M)7p) is a

reducible Lyapunov system where the transitions in M are shown below.

Since there is no path in the embedded graph from (¢, 72) to (go,71), the embedded
graph is not strongly connected and so ((Q,A, M), p) is not a Lyapunov system.

We use the following classical result from [46].

Theorem 7.2.6 (Fiirstenberg—Kesten theorem). Let ((Q, 3, M), 1) be a reducible

Lyapunov system. Then, there exists A € [—00,00) such that P,-a.s. we have

1 _
lim — In |[TM (w,)] = . (7.1)

n—oo n,

Example 7.2.7. We simulate the value of X In ||[TM (w,)| as n — oo in Figure 7.2.

We see that the value of A from Theorem 7.2.6 is approximately \ ~ —1.
The following lemma is Theorem 1.1 from [47].

Lemma 7.2.8. Let X be a finite set of observations and p € [0,1]* be a distribution
on the set of observations. Let ((Q1,%, My),p) and ((Q2,%, Ms), p) be reducible
Lyapunov systems. By Theorem 7.2.6 there exists A\, Ay € [—00,00) such that for
1= 1,2 we have

1 _
lim ~ In|[TM;(w,)|| = A

n—oo n,

Further, let My : ¥ — [0,1]91%92 specify transition from Q. to Qo and define
M : % — [0, 1](@U@2)x(Q1UQ2) plock-wise as

i = (57 550
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onent Approximation

Xp

Lyapunov E:

Figure 7.2: Approximating the Lyapunov exponent of Figure 7.2 with 30 samples and
n < 200.

It follows ((Q1 U Q2, X, M),p) is a reducible Lyapunov system and
B SR
lim gln ITM (w,,)|| = max{A;, A2}

Recall that for sets U,V C Q) we write U —¢ V if there isu € U and v € V such
that v is reachable from u in G. The following is a generalisation of Lemma 7.2.8

when the induced graph has more than two strongly connected components.

Lemma 7.2.9. Let ((Q,%, M), p) be a reducible Lyapunov system and suppose
(Q, E) has SCCs C4,...,Ck. Let 0 be the zero matriz and let

Z = {C € {Cl,. .. ,CK} ’ Ju e ¥* s.t. M|C<U> = 0}

For each k € [K], G :== ((Ck, X, Mc, ), p) is a Lyapunov system. We have that

P,-almost surely,

Tim i In [TV ()] = max ({A(G) | G ¢ 2} U (o)) (7.2)

where 1 is the row wvector all of whose entries are 1. Further, for any initial

distribution 7 € [0, 1]9, we have that P,-almost surely,

T o e ()| € {AG) | sunp () = Ch, Cuf ZhU =00} (1)
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Example 7.2.10. We show the matrix system from Example 7.2.5 with any
transitions between SCCs of the embedded graph displayed with dashed lines.

The SCCs of the induced graph are {(qo,72)},{(q0,71)},{(q1,71), (g2,72)} and
{(q1,72), (q2,71)}. We have that

M{(go,r2)} ()

Y

Mg(go,r1)3 (@)

0
0 and
M|{(Q1,T1)a(Q2,7‘2)}(ﬁ) 0

On the other hand, [[TM(q, 1), (ga.r2)3 (@) > 0 for all u € A*. Therefore we compute

the set Z from Lemma 7.2.9 as Z = {{(qo0,72)},{(q0,71)}, {(q1,72),(q2,71)}}. By
(7.2) we have that P,-almost surely,

.1 — o1 _
lim, = 1o [T ()] = Jim, — 1 [TV g0 gy ()]

n—oo n,

We show the Lyapunov system (({(q1,71), (¢2:72)}s A M{(g1,1),(go,r2)}) £) Delow.

1 1
1.1 15 ¢
§Oé, §5
=/
3730 @‘@’ 0 O
4% 4 l,y Llg
4 1

Let 8" = ((Q', %', M), p) be the Lyapunov system from Example 7.2.1 where ¥ =
{alab/} and p = (%7 %) We have M/<b,) = M{(Q17T1)7(Q2,T2)}(O‘) = M{(m,m%(@wz)}(ﬁ)
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and M'(a’) = Mg, r).(q2m2)3 (V) = Mi(q1.r0),(g2,r0)3 (9). Therefore, P,-almost surely,

N - o1
nllj%O n In HlM(wn) H = nhjgo n In H1M|{(‘117r1),(112,7’2)}(w”) H
ZAS)

:—§IH2
2

~ —1.

This coincides with our estimate from Example 7.2.7.
With the embedded graph G from Lemma 7.2.9, we have that (go,72) —¢
{(q¢1,71), (g2,72)}. Hence, P,-almost surely,

1 3
lim —In |[e(gy,ro) M (wy)]| € {—5111 2, —o0}.

n—oo n,

The word 3383 € A® is a mortal word for M started from state (qg,72) and so the

Lyapunov exponent —oo is realised with positive probability.

Proof of Lemma 7.2.9. We first prove (7.2). By Theorem 7.2.6 for ¢ € [N] there

exists \; € [—00,00) such that P -a.s.,
lim ! In || 1M =A
e n H ICi(wn>H i

In the case \; = —oo then by Lemma 7.2.2 we have that P -a.s. there is a word
u € ¥* such that TM|¢,(u) = 0 hence C; € Z.

In the case \; € R then by Lemma 7.2.2 \; = \(G;). Also {w € ¥¥ | In € N :
1M, (w,) = 0} is P,-null set and therefore empty because p has full support and
therefore all finite words have positive probability of being produced. It follows
that C; ¢ Z.

We proceed by induction. In the case K = 1, the cases described previously
immediately imply that (7.2) holds. Now we assume the lemma holds for some
K =m € N. We prove this implies the theorem holds for K = m + 1.

Let ((@, %, M), p) be a reducible Lyapunov system such that (@), E) has strongly
connected components C1, . .., Cpyq. We have that ((C1U- - -UCy,, X, Mic,u.uc,, ) P)

is a reducible Lyapunov system so by the induction hypothesis, IP,-a.s. we have

Tim i& I [TM 0. 00, (wn)]| = max ({A(gi) i€ m],Ci ¢ Z}U {—oo}>.
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In the case that A,+1 € R we have A(G,y1) = Amy1 and Cpyq € Z. Therefore,
A1 €{NGi) | i€ m+1),C; ¢ Z}.

In the case A1 = —00, then Cp, 41 € Z and clearly {\(G;) | i € [m],C; ¢ Z} =
{NG) | i€ [m+1],C; ¢ Z}. So by Lemma 7.2.8 we have

Tim 711 In [TM (w,)]| = max {Amﬂ, max ({A(gi) i€ m],Ci ¢ Z}U {—oo}>}

— max ({/\(gi) lie[m+1),Ci ¢ Z}U {—oo}>.

We now prove (7.3). Like in Section 6.4, for S C @ and a € ¥, define §'(S,a) =
{¢€Q|3qeS:M(a),, >0} Then we define the Markov chain D’ := (29,7")

where

T = Y. pla)

5 (8,a)=5"
Let D be the set of bottom SCCs that are reachable in D’ from the initial state
supp (7). We fix D € D. We may order the C - - - Ck such that for some k € [K]

SDZZ{QES|S€D}QCZ’7£®

for all @ € [k]. It is clear that Sp C C1U---UC,. We show the reverse inclusion. Let
i € [k] then there is gy € C; N Sp. For any ¢ € C; there is a word a1q; - + - am@Gm €
(2Q)* such that ¢, = ¢ and M,, , ,.(a;) > 0 for all ¢ € [m]. It follows that ¢’ € Sp
and therefore Sp =C, U---U (.

We have that P,-a.s. limy, o0 = In [|[TMs,, (w,)|| exists and equals
Ap 1= max ({M(G) | € [k],C: ¢ Z}U{~o0})
by (7.2). In particular there is ¢ € Sp such that
o1 1
Q= Pp<nh_>rgo - In||e,M(wy,)|| = )\D) = IP’p<nh_>r£10 gln llegMs, (wn)|| = )\D> > 0.

For all Sy € D there is a sequence a15; - - - a,5, € (XD)* such that ¢ € S,, and
S; = 6(Si_1,a;) for all i = 1,...,n. We have that Sg, := [I"; p(a;) > 0. Write
B =min{fg, | So € D}. Let 7" € [0,1]9 be such that supp (7') € D. Then for any
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u € X* we have
1
Py(lim —In |7 M (w,)|| = Ap | u¥®)
n oo n
.1 w
=, (Jim, o [ M ()| = Ap | )
1 ,
> BB, lim,In [« M(uw, )| = Ap)

o1
> 3, Jim, e M(wn) | = Ap)
= fBa > 0.

Hence by Lévy’s 0-1 law we have
1
1=, ( Jim = Infl'M ()] = Ap)
1
=P, Jim = Il M(wn)| € {A(G:) | supp () —a i, Ci ¢ 2} U {—o0}
where the last equality follows because D € D is reachable from supp (7) in D’
which implies that for any C; C Sp we have supp (7) —¢ C;.
We now relax the dependence on D. For any D € D, let Fp ={w € ¥ | 3In €
N : supp (7)M(w,)) € D}. Then,

IP’p< U FD) ~ 1.

DeD

Write © = {\(G;) | supp (1) =¢ C;, C; ¢ Z} U {—o0} then P,-a.s. we have

1 1
B,(lim —In 70 (w,)]| € ©) = 3 Py({lim ~InflwM(w,)] € O} | Fo)B,(Fp)

DeD

=Y P,(Fp) =1

DeD

7.2.2 Generalised Lyapunov Systems

In this section we define generalized Lyapunov systems.

First, let My = (Q1,%, M;) and My = (Q2, 3, Ms) be matrix systems with
finite @)1, @2, > and transitions M; : ¥ — RggXQi for i = 1,2. Like with HMMs, we
define the joint graph. Let G, m, = (@1 X @2, E) such that there is an edge from
(q1,q2) to (ry,re) if there is a € ¥ with M;(a)y, », > 0 and Msy(a)g, ., > 0.

A generalized Lyapunov system is a triple S = (M, F, C) where M = (Q1, 3, M;)
is a matrix system and F = (@2, 2, Ms) is a strongly connected HMM and C' C
Q1 x Q2 is a bottom SCC of G r.
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Example 7.2.11. Recall the HMM F = (Q, X, M) from Chapter 4 in Example 4.1.1.
We have ¥ = {a, b, c}. Consider the diagram below where on the left we give an
example matrix system M = (Q1,3, M;) and on the right we give the HMM F.
The HMM F “produces” the letters and so similarly to how we draw Lyapunov

system diagrams, we give the states of F a double ring.

la
e (2D 3Ge+30)
L(a+ 10)

We also show the joint graph Gz below which has a single bottom SCC C' =

{(q1,72), (q2,71) }-

o

Therefore, (M, F, () is a generalised Lyapunov system.

.@gz -

We show in the following subsection that given a generalized Lyapunov system,

one can efficiently compute an “equivalent” Lyapunov system:

Lemma 7.2.12. Let S = ((Q1, %, My),(Q2, %, M), C) be a generalized Lyapunov

system.

1. There is A € R, henceforth called \(S), such that, for all my € [0,00)%
and all probability distributions m € [0,1]%2 with supp(r,) X supp(my) C C,
we have Pr,-a.s. that either mM;(w,) = 0 for some n € N or the limit

limy, o0 = In || My (w,) || exists and equals A(S).

2. One can compute in polynomial time a Lyapunov system S’ such that A\(S) =

AS).
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7.2.3 Independent Production of Observations

From a HMM F = (Q, %, M), define M'(a,r)y, := M(a),, for all a € ¥ and
q,7 € Q. Then, (Q,% x Q, M') is a HMM which is similar to F but emits the next
state, in addition to an observation from . The following is the key technical

lemma that along with Lemma 7.2.9 implies both points in Lemma 7.2.12.

Lemma 7.2.13. Let F = (Q, %, M) be a HMM and define M’ as in the main text
such that F' = (Q,XQ, M") is a HMM. One can compute in polynomial time a finite
set A, a probability distribution p € (0,1]% and for each ro € Q (a representation
of) a mapping k., : A — (2Q) with the following property.

Extend k., to (3Q)T inductively. For each ¢ € A andw € AY we let k,,(c W) =

(a171) Ky (W) where ayry = Ky (). Then, for each word w € (3Q)" we have

Py(k,, ({whA%) =P, (w(3Q)*) (7.4)

where P, refers to the measure on words produced by F' with initial distribution

Erp-

Proof. Let T : [XQ] — 3@ be a bijection which we view as an arbitrary ordering on

YQ and write 7(k) = arqx. For each r € Q we define a function %, : [0,1) — XQ

K-1 K
Rr(x) = axqg when Z M(ak)rq, <z < Z M (ak)r.q,.
k=1 k=1
where for notational purposes, >%_, M (ak)pqe = 0. For each r € @), since

ZLszlzl M(ag)yq, = 1 it follows that %, is well defined on the interval [0,1). Let A
be the set of atomic elements of the finite o-algebra o{% '({aq}) | r,q € Q,a € L}.
The set A is a finite partition of [0,1) and consists of intervals [a, ) where
a,f€10,1]NQ.

One can compute in polynomial time the endpoints of all intervals [a, §) € A.
For any a € A and r € @) the image %,(a) contains exactly one element. Therefore,
for each r €  we may define a function &, : A — X@Q such that k,([a, 5)) = R, (x)
for all x € [a, 3). We define the probability distribution p on A by pja5 = 8 — «
for all [a, B) € A. The distribution p is computable in polynomial time.
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Let ro € Q. We may extend the mapping ,, to a word ¢ w € A" inductively
by letting k,,(c W) = (ay7m1)ky, (W) where (a;7m1) = Ky (c). We now prove (7.4) by
induction on the length of the word. Let a;r; € X(Q then by the definition of «,,,

Pary (@171 (5Q)) = M@, = p(s7 ({arr}) ) = Byl ({arri DA?),

Now assume Equation (7.4) holds for all words of length n — 1 € N. Then for a
word a;rw € (2Q)"

Pe,, (a1m1w(EQ)”) = M(a1)rgr Pe,, (w(EQ)”)

= B, () Qe A B, (i ({wha)
(! (arrs P (fwp) %
_P, (m;ol({alrlw})w)

by the independence of P,. This completes the induction. O

Example 7.2.14. We demonstrate the construction of A from the proof of Lemma 7.2.13
using the example HMM below.

In the diagram below we give a representation of the functions &g, , Ry,, Kg, and also
the resulting set A. The first three horizontal stacks of rectangles each represent
a partition of the interval [0, 1) into the values taken by %, for i = 1,2,3. The

bottom horizontal stack of rectangles represent the intervals in A.

qu | aqy | bql | bQQ |
Fgol | aqs | bq, | bqs |
Fgs| | aqs | bz | bg |

0 0.2 0.4 l 0.6 0.7 0.8 1
Al | | | T 1 |
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We have A = {[0,0.2),[0.2,0.4),[0.4,0.6),[0.6,0.7),[0.7,0.8),[0.8,1)} and &g, is
defined piecewise by

aqy x =1[0,0.2)
Ky (x) =3Sbgr x € {[0.2,04),[0.4,0.6)} (7.5)
bgs € {]0.6,0.7),]0.7,0.8),[0.8, 1)}

Proof of Lemma 7.2.12. By Lemma 7.2.13, since (Q2, Y, Ms) is a HMM, we may
compute in polynomial time a finite set A, a distribution p € [0,1]* and for each
r € Q2 a mapping k, : A — X2 with the property stated in Lemma 7.2.13. Then,
we define M : A — [0,1]91%@2 such that for all (go,70), (¢,7) € Q1 X Qo

- M(a)y,, when k. (a)=ar
M(a)(QO7T0),(q7T) = { o ’

0 otherwise.

We extend M to the mapping M : A* — [0, 1](@xQ)x(@1xQ2) Yy N(Gy ---@,) =
M(@) - M(@,).

Let rg € Qa, @1 -+ - @y, € A* and Kk, (ay - - a@,) = ayry - - - apry,. By the definition
of the extension of k,,, it follows that A" k.. _,(@;) = a;r;. For all qo,...q, € Q1

we have

M, (al)qo,cﬂ - My (an)qnq,qn = M<61)(q077"0)7(‘h,7'1) T M(an)(Qn—ly"’n—l)7(Qnarn)
= > M@)o M@n) g i) o)

and therefore by the definition of M,

[(1 X ey )M (@ - - - @)

- Z Z (ﬂ-l)QOM(El)(QOfO):((Ilfl) T M(an)(qnﬂfnq),(qn,fn)

go€supp (71) (q1,71),-..(qn,Tn)€C

= Z Z Z <7Tl)qoM(al)(qoio%(qlil) T M<an)(Qn71fn71)u(QHin)

go€supp (1) q1,---gn€Q1 71,...Fn EQ2

= Z Z (ﬂ—l)qOM(al>(QO7TO)7(qI7r1) e M(an>(QH—1yrn—l)7(Qn7rn)

qo€supp (1) q1,---qn€Q1

= Z Z (71) g0 M1 (1) go,01 * + - Mi1(an)g, 1.gn

qo€supp (1) q1,---qn€Q1
= ||mMi(ar---an)||.
(7.6)

Suppose there is an edge in the joint graph G, s a),Q.,5,Mm) between two states

(qos70), (g,7) € C then there is a € ¥ such that M;(a),., > 0 and Ms(a),,, > 0.
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Hence, P., (a(XQ)“) > 0 and so by Lemma 7.2.13 there exists @ € ;' ({ar}). Tt
follows that M (@)(g.ro).(qr) > 0. Therefore, since C is a bottom SCC of the joint
graph G(Q, .011).(@s.5.0), We have that the graph of the matrix system (C, A, M|c)
is strongly connected and therefore ((C, A, M ic), p) is a Lyapunov system. Moreover,
for any m; € [0,1]9! and m, € [0,1]% such that supp(m;) x supp(m;) € C we have
that ||(m x m2) M (@, - -+ @,)|| = ||(m1 X 7m2)jc Mo (@ - - - @y,)|| where (7 X m3),c is the

truncation of the vector m; x w9 to C'. Further, we have for all r € R and n € N
Pr,({w € £° | ||m M (w,)|| = «}).
= Y (m)nPe, ({w e X | [|mMi(w,)|| = z})

roE€supp (m2)

= Z (72)rg Z Pem (a171 -+ aprn (2Q))
ro€supp (m2) a171anTn €(XQ2)" s.t. ||m1 Mi(a1-an)||=2

= Z (7T2)ro Z Pp("{;ol (a1r1 T anrn)(A)w)
ro€supp (m2) airianTn€(3Q2)" s.t. ||miMi(ar-an)||=2

by Lemma 7.2.13

= Y (m)nP({w € AY | Ky (Wn) = a7y - - nrn, [mMi(ag - an)| = x})

roESUpp (7T2)

= D (m)nP({we A | [|(m x ey ) M(w,)|| = x}) by (7.6)

ro€supp (m2)

= Y (m)P({w e A% | ||(m X ) e Mic(W,)|| = }).
ro€supp (m2)

(7.7)
Combining the above equalities with Lemma 7.2.2 we have that there exists a
A € [—00, 0] which does not depend on 7y or 7 such that

1= Z <7T2)T0

roESUPP T2

= ¥k ({vear

roESUPP T2

1 ~
lim —In |[(7 X ey, )jcMc(Wy)|| € {—oo,A}}) by Lemma 7.2.2

n—oo n,

1
_ Pm<{w e x| lim ~ In m M(w,)| € {—oo,)\}}) by (7.7).

7.2.4 Right-Bottom SCCs

Let F = (Q,%, M) be a HMM. Let R C @ x @ be a (not necessarily bottom) SCC
of the joint graph Gz r such that Qr = {2 € Q | 3q1 € Q : (¢1,¢2) € R} is a
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bottom SCC of the embedded graph of F. We call such R a right-bottom SCC.
Clearly there are at most |Q]* right-bottom SCCs. Towards Theorem 7.2.4 we
want to define, for each right-bottom SCC R, two generalized Lyapunov systems
Sk, St Intuitively, Sy and S% correspond to the numerator and the denominator
of the likelihood ratio, respectively.

Recall the observation density matrix M’ defined in Section 7.2.3. Since Qr is a
bottom SCC of the embedded graph of F, the HMM Fr := (Qr, 2 X Qg, M\/QR>
is strongly connected. This HMM Fx will be used both in S} and in S%. Next,
define M : (X x Q) — [0,1)(@*@*(@xQ) 1y

M(a,72)(g1,q0),(r1r2) = M(a)g,, forallae ¥ and qi,q0,71,72 € Q.

Now define S} := (M!, Fg,C'), where M' := (R, X x Qgr,Mg) and C' :=
{((q1,92),92) | (¢1,92) € R}. Finally, denoting by R’ C Qg X Qr the SCC of the
joint graph Gz r that contains the “diagonal” vertices (¢,q) € Qr X Qr, define
Sk = (M? Fg,C?), where M? := (R, X x Qg, M) and C? := {((q1,¢), ¢2) |
(¢1,¢2) € R'}.

Example 7.2.15. Recall the matrix system M = (@1, ¥, M) from Example 7.2.11.
Since M, is stochastic, M is also a HMM. Let 7 = M then the graph Gr r is
shown below. To help dissect the diagram, observe that we have taken the graph
from Example 7.2.11 and appended the states (qo, q0), (¢1,40) and (g2, qo). We once

again use dashed lines to represent edges between SCCs.
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The right-bottom SCCs of Gz r are {(q1,q1), (¢2,¢2)} and {(¢1,¢2), (¢2,q1)}. For
any of these right-bottom SCCs, Qr = {q1, g2} and Fp is shown below.

1
5
2
e () () 530+ 30)
5(3a+30)

Note that Fg is equivalent to the HMM from Example 4.1.1.
For R = {(q1,4), (g2, q1)} we have ct = {((a1,92), @), (@2, q1), 1)} and the

generalized Lyapunov system S is shown below.

e am e W
DD i+
ia% ( aqy + 1bQ1

We have R = {(q1,q1), (¢2,¢2)} and C* = {((q1,@1), q1) (42, 42), ¢2)} and so the

generalized Lyapunov system S is shown below.

20 5042 1Cq2, 5bo
; Lega + Lba2)
iafha ibﬂh 2(2aq1 + 2591)

For R = {(q1,q1), (g2, q2)} we have R’ = R and so S = S%.
We are ready to state the following key technical lemma:

Lemma 7.2.16. Given a HMM (Q,X, M), let R C 29%9 be the set of its right-
bottom SCCs, and, for R € R, let Sk, 8% be the generalized Lyapunov systems
defined above. Then, for any initial distributions my,ms, the limit lim,,_ %ln L,

exists Pr,-a.s. and lies in
{00} U{A(SE) — MSE) | R € R, supp(m1) x supp(ms) —c,, R}.

Thus, My .ry € {—00} U{A(SE) — A(SE) | R € R, supp(m) x supp(ms) —a,, R}
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Example 7.2.17. Consider the HMM F from Example 7.2.15 with initial distri-
butions m = e, and m = {e,, }. Both right-bottom SCCs {(q1,¢1), (g2, ¢2)} and
{(¢1,42), (g2, 1)} are reachable from (qo,¢2) in G r. We have S{l(q17q1)7(q%q2)} =

2
S{(q1,q1),(q2,q2)} and hence

JL%;IH L € { =00 A (Sl (@) = A (Stiaras)aany) 0} -

1

Using Lemma 7.2.12 we compute A = {«, 5,7,d}, p = (4,4,4,4

) and for S{ (q1,92),(q2,91)}

and S? (q1.a0).( y the matrix systems M; and M, respectively, shown left and right.

S(a2,q1)
1
1 0 1 10,18
.25 .;2 j..45 ﬂ.’Z .; zj..zl%
1
1« 1047 15

These matrix systems are the restrictions of M from Example 7.2.5 to {(q1, ¢1), (¢2, ¢2) }
and {(q1,¢2), (42, q1) } respectively. Clearly A(({(q1,¢2), (42, 1)}, A, My), p) = —o0

since any word with a (8 or «y is mortal for M;. Therefore, lim,, ., % InL, € {—0,0}.

Proof of Lemma 7.2.16. Let F = (Q, %, M) and observe that
P, <r0a1r1a27"2 € Q(XEQ)Y | Ik € N s.t. 1 is in a bottom SCC of ]—“) = 1.

Consider a word ayriagrs - -+ € (XQ)¥ such that P, (Qairy -+ - aprm(XQ)¥) > 0 for
all m € N and further, there exists a k& € N such that r, € P where P C @Q is
a bottom SCC of F. We write u = ayry---agry and w = ap 17 1AkioTkio - €
(XQ)~. Let pu; = mM(u) X e,, for i = 1,2. Recall the definition of M. We have
that for any n > k that ||mM(ay - - agn)|| = ||miM (ay - - ax) M (i1 - - - Ggn) || =
|4 M (wy,)]| for @ = 1,2. We fix v and consider words w produced by F with initial

distribution e,,. We have that Perk -almost surely if the limits exist,

1 1
T L) = T [ M (o o) | = I M (o o) |
1
= Jim )|~ I 3 ()
1 — _
= limn | In [ 8 (w,)| = In 23 (w,)

since lim,,_,o Hin =1.
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By Lemma 7.2.13 there is a finite set A, distribution p € (0,1]® and mapping
Fir, © AT = (2Q)* such that P,({#,,' (w,})AY) = P, (w,(XQ)*) for all n € N. Let

S C Q@ x Q. It follows that for each n € N and A € [0, 1]5*% we have
P, ({w € (2Q)* | Mis(wy) = A}) =P,({w € A | M)s(ky, (Wn)) = A}).  (7.8)

Let C be the set of SCCs of Gz . We define o : C — P(Q) such that o(R) =

{geQ|3Ipe@st. (p,q) € R}. Recall that r,, € P and P is a bottom SCC. Thus,

for alli = 1,2, n € N and (p,q) € supp (u; M (w,,)) we have ¢ € P. Therefore, for
all Re C

supp (i;) g B = o(R) = P. (7.9)

Consider the composition M o k,, : AT — [0, 1]@*@)*(@*@) For any R € o (P)

we have that trivially

(M ok )jp = Mg © K. (7.10)

Further, (R, A, M|g o k,,), p) is a Lyapunov system and recall that
Sk = ((R,XP, M), (P,SP, Mp),Cf)

is a generalized Lyapunov system where C} = {((q1,42),¢2) | (¢1,¢2) € R}. Let
V={¢€ Q| (q,m) € R} and v € [0,1]V. Since supp(v x ¢,,) x {ri} € Ck by
Lemma 7.2.12 the limit lim, o + In|[(v X €, ) M|g(w,)]|| exists P, -almost surely
and equals either A\(SL) or —oo. Then, by (7.8) with S = R we have for all

x € [—00,0] that

Po,, ({0 € (5Q)° | Jim I (v x e, ¥ ia(un)| = })

=P,({w e A”| lim 1 In|(vxe,,) “MIR o /ﬁrk)(wn)] | =x}). (7.11)

n—oo n,
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Recall the definition of £. The following series of equalities hold:

1 _
lim —In || M(w,)|| P, -a.s.

n—oo n,

1 _
= lim ~In ||| (M 0 k5, ) (@,)][| Pp-as. by (7.8) where § = Q x Q

n—oo n,

& MR A, (3T 0 e i), ) | R € C/L,50pD (1) 6. R} U{—00} Byras
by Lemma 7.2.9

— {M(R.A T r o). ) | R € 07H(P)/Lo5upp (1) .0 R} U{=00)
by (7.9) and (7.10)

= (NS | Re o™ (P)/L.supp (1) =y, R} U{=00} by (710).

— {\Sh) | R € o7/(P)/L.5upp (1) a0 7} U =00},
(7.12)
We now focus on the case ¢ = 2. Since P is an SCC, there is a unique right-
bottom SCC P’ that contains the states {(p,p) | p € P}. Let U’ be another
right-bottom SCC in the set ¢7'(P)/L. Since U’ is an SCC and not in £ we
have that || 3 ep(es X €)M(wy)| > 0 for all n € N. Therefore P, -a.s. by
Lemma 7.2.12,

1 —
MSH) = lim —In| > (es x &) M (w,)|

n—00
n (s,r)eU’

1 _
< lim —In|U’ s X e ) My (wy
< Jlim = In U] max (ea x en) Mipr(wn)|

1 _
= lim — In ||(es X e,) M (w,
(Joax lim - n|(es x er) My (wn) |

= A\(S}) because each limit is either A\(S{,) or — oo.

It follows that there is some (s,7) € U’ such that P, (lim, 0 = In||(esx e, ) M (w,)|| =
AMSE)) >0 Let U={qeQ|IpeQst. (¢p) €U'}. Then s € U, r € P and
(r,r) € P'. Hence, with P, -probability greater than 0 we have
0> lim -1 JesMulw)l
nveen ey Mip(wn)]|

M
= lim lln | (es x er)flU (wn)l
n—00 N H(eT X GT)M‘P’(wn)H

by Lemma 6.0.1

— Tim 10 (e, x €)M (wa)l| = In [[(ey x )T pr ()]

n—oo n,

= MSpr) = M(Sp)
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which implies that A\(Sp) > A(S}). We have that (ry,r) € supp (u2) and so
P., -almost surely we have [|(e,, X e, )Mp/(wy,)|| >0 for all n € N. By (7.9), it

follows that P, -a.s. we have

1 _
MSp) = lim —In||(ey X €)M p(wy,)]| by Lemma 7.2.12

n—oo n,

1 S
< lim —1In ||pa M (w,)||

n—oo n,
< max {A(s,g) | R o (P), supp (i2) —c, R} by (7.12)
< A(Sp).
Then, recalling the definition of S% we have P,,-almost surely,

. InLpyn(uw) 1 — _
Jim “han Jim {ln [ M (wy)[| — In ||M2M(wn)||]

e (A8 = ASh) | R € o (P),supp (1) —va.» R} U {=oc}
= (NS = A(SB) | R € 0 (P), supp (1) —ar» o} U { =00}
since S = Sp when o(R) = P.

We may now relax the dependence on u and P. We have that supp (m) X
supp (m2) =z (supp (miM(ay - - - ag))) x {ry} for any arry - - - apry, € (XQ)" where
P, (Qairy - - aprg(XQ)“) > 0. Therefore for all R € R

(supp (m M(ay - - ax))) X {ri} =az, B = supp (m) X supp (m2) = » R.
Finally we have up to a P,,-null set

{arriagry -+ € (£Q)¥ | 3k € N s.t. 1 is in a bottom SCC of F}

C § lim In L (uw)

- { lim
€ {—oc} U{A(SE) — A(S2) | R € R, supp (1) x supp (w2 =5, R}}
and the lemma follows. O

With Lemma 7.2.16 at hand, the proof of Theorem 7.2.4 is easy:

Proof of Theorem 7.2.4. As argued before, the set R of right-bottom SCCs of the
given HMM has at most |Q[* elements. These right-bottom SCCs R and the
associated generalized Lyapunov systems Sk, S% can be computed in polynomial
time. By Lemma 7.2.16 we have A = Uy, », Ar,.m C {—00} U{A(SE) —A(SE) | R €
R}. By the second point of Lemma 7.2.12, for each R € R one can compute in

polynomial time an equivalent Lyapunov system. O]
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Conclusions

8.1 Summary

We have shown that equivalence of continuous-observation HMMs is decidable in
polynomial time, by reduction to the finite-observation case. The crucial insight
is that, rather than integrating the density functions, one needs to consider them
as elements of a vector space and computationally establish linear (in)dependence
of functions. Therefore, our polynomial-time reduction performs symbolic com-
putations on continuous density functions. As a suitable framework for these
computations we have introduced the notion of linearly decomposable profile
languages, and we have established I' gy as such a profile language.

We then built on this topic by showing that distinguishability of continuous-
observation HMMs is decidable in polynomial time under a slightly modified
framework for the computation. We require that a HMM is encoded with a
linearly decomposable and joint-graph decomposable profile language. A HMM
is encoded with a joint-graph decomposable profile language if, for every pair of
transitions, we can decide whether both transitions can happen simulataneously with
non-zero probability. This condition is considerably easier to deal with than linear
decomposability: most standard probability distribution functions have predefined
supports which don’t depend on their parameters. Once again, our polynomial-time

algorithm is a symbolic computation using density functions.
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Next, we demonstrated general techniques for establishing whether a profile lan-
guage has the right properties for the equivalence and distinguishability algorithms.
Specifically, we defined a “large” profile language Span-Z (I, UI'; UT', UT' UL, UT)
and showed that it is linearly decomposable and joint-graph decomposable. We also
defined a profile language to encode Dirichlet distribution pdfs and showed that
this profile language is linearly decomposable and joint-graph decomposable. This
example is interesting because Dirichlet random variables are multi-dimensional.

We have shown that two initial distributions may be distinguished using the
sequential probability ratio test. The execution time of the SPRT is tightly connected
with likelihood exponents. These numbers are related to Lyapunov exponents and
can be viewed as a distance measure between HMMs. We have shown that the
number of likelihood exponents is quadratic in the number of states. The associated
computational problems tend to be complex (PSPACE-hard), but become tractable
for deterministic HMMs. In our work we did not make any ergodicity assumptions on

the HMMs, unlike in earlier works from mathematics and engineering such as [48-51].

8.2 Open Questions

It remains to show results for the SPRT and Likelihood exponents in the case
of continuous-observation HMMs. We could try and show the following hold for

continuous-observation HMMs:

1. Lemma 6.0.1 and Proposition 6.1.1 and so the SPRT terminates almost-surely,

2. The Wald formula Theorem 6.2.4 and its almost-sure variants Proposition 6.3.6,

Proposition 6.3.2 and Proposition 6.3.5,
3. Theorem 7.2.4, thus there are at most |Q|* + 1 likelihood exponents.

In order to prove these, we would need continuous-observation variants of

some results from the literature.

1. Proposition 6 from [23] shows that the likelihood ratio converges almost-surely

when the two initial distributions are distinguishable.

2. Theorem 5 and Lemma 9 from [24] provide the backbone for the Wald formula

generalisation.
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3. Proposition 1 from [45] shows that a Lyapunov system defines a single
Lyapunov exponent. This result is crucial for the upper bound on likelihood

exponents.

In addition, we might try to generalise the computational parts of Chapter 6
and Chapter 7. Towards an analogue of Theorem 6.4.1 we could define a Numerator
Support Markov Chain for continuous-observation HMMs. For S C @) and =z €
Y, define §(S,z) = {¢ € Q | 3¢ € S : ¥(x),y > 0}. Define the Markov
chain D := (29 x Q,T) where

Lisa)(sq) = /6(3 )=’ U(x)qq -

Like with Lemma 6.4.3, we could try and show that the probability of a particular
likelihood exponent is equal to the hitting probability of the union of certain bottom
SCCs of D. To compute D, we need to compute [5g,)_g ¥(2)qq for each S, 5" C Q.

Recall the set of profiles Span-Z(I',,,) from Example 5.1.1. If ¥, , is an interval-
bounded monomial function for each ¢, ¢ € @ then the transition probabilities of
D can be computed using standard integration rules for polynomials.

However, assume W, 4 (2) = Agg Ay €XP(—Ag,¢T)X(a, b, ) fOr all € (0, 00)
where A\, o, Ay¢ € Q1 and (a4, by ) € 1 for all ¢,¢" € Q. Then, for 5,5 C Q we
have that {z € R | §(S,2z) = S’} is a union of disjoint open intervals in I. Collect all
the end points of these intervals into a set {cy,...,cx}. Then, for k € [K], q,¢ € Q
we may compute By g € Q such that [5g,)_g V(2)gq = S Yo Bigae™ e
Thus, D is symbolically computable as a linear combination of rational powers
of the number e.

In some cases, we can compute the Markov chain D. In other cases, we can
only compute it symbolically. Therefore, we might define two profile languages

with different versions of Theorem 6.4.1 for each.
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Missing Proofs

A.1 Proof of Lemma 3.5.2

Lemma 3.5.2. Suppose fi,..., fn € L1(X,X). Then, the f; are linearly dependent

if and only if all alternant matrices for the f; are singular.

Proof. Suppose that the fi,..., f, are linearly dependent. Then, there exist
ALy ..., A, € R that are not all 0 such that Y1 | \;fi(z) = 0 for all z € ¥. The
same dependence holds for the columns of any alternant matrix for the f;. This
proves the forward implication.

Write My, . s, (21,...,2,) for the alternant matrix generated by the functions
fi,..., fn and input points zy,...,z, and let Gy, 5 : X" — R be given by
Ghfol@r, .o yxn) =det My, g (21,0, 2p).

For the converse implication, it suffices to show that G, ; = 0 on X" implies

that {f1,..., fn} is linearly dependent. We proceed by induction on the number n of
functions. Suppose n = 1 with single function f. If for all x € ¥, 0 = G¢(z) = f(x)
then clearly f = 0 and {0} is a linearly dependent set in any vector space.

Now suppose that for n > 1 and arbitrary functions ¢;,...,9, : ¥ — R,
g, = 0 implies that g1, ..., g, are linearly dependent. Let fi,..., foy1 : X — R

-----

and z1,...,2n41. A Laplace expansion of Gy, f...(%1,...,2,41) along the first
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row of My, ¢ . (21,...,%p41) gives

Gfl ,,,,, fnt1 (5(31, o 7$n+1) - fl(x1>Gf2 ~~~~~ fnt1 (x2> o axn-l-l)
4+

+ (—1)nfn+1($€1)Gf1 ..... fa (1527 e ,$n+1>~

Suppose Gy, f...(®1,...,2Zn41) = O holds for all 2y, ..., z,,. We distinguish between
two cases.
o Either there exist x,,..., 2,11 € X such that the cofactors

sz ,,,,, fn+1<x27 R 7$n+1)7 Gfl,fs ~~~~~ fn+1(x27 s ’anrl)’ s 7Gf1 ,,,,, fn(x% s aanrl)
are not all 0. This establishes a linear dependence in f1,..., foi1.

 Orall cofactors are 0 for all zo, ..., x,41. Then, in particular, Gy, .., (T2, ..., Tpy1) =

0 for all z5, ..., x,41. By the induction hypothesis it follows that the functions

fay .., fne1 are linearly dependent. Hence, so are fi,..., fni1-

In either case it follows that fi,..., f,+1 are linearly dependent. n

A.2 Equivalent Conditions in the Distinguisha-
bility Algorithm

We have the following lemma used in the distinguishability algorithm for finite-
observation HMMs.

Lemma A.2.1. Let (Q,%, M) be a finite-observation HMM and let B' be a basis

for
V = span { (Méw) —]\/([)(w)> 17w e E*} .

Let B be a basis for {M(w)17 | w € $*} and let py, s € Q9 be row vectors. Then
(g1 p2) - =0 for allb € B’ if and only if 1y — o -b =0 for all b € B. Here,

(1 p2) € (0,129 is the row vector obtained by gluing uiy, po together. Note that

(1 po) - b is a scalar.
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Proof. We have

(,ul,ug)-blz() Vb/GB/

M(w) 0 T _ *
<:>(,u1u2)< 0 —M(w))ﬂ =0 Ywex
= uM(w) — ueM(w) =0 VYw € ¥*
<~ (g — ) M(w) =0 VYweX*
<= (1 — pp) L span{M(w)1” | w € ¥*}

> (g —p2)-b=0 VbeB.

A.3 Proofs Concerning Analytic Functions
Recall the identity theorem and related corollary:

Theorem 5.2.1. [Identity Theorem/ Let f : R — R be analytic on R. If f(x) =0

for all z € S C R, where S has an accumulation point, then f(x) =0 for all xz € R.

Corollary 5.2.2. Let f : R — R be analytic on R. If f(x) =0 for allz € S C R,
where Apep(S) > 0, then f(z) =0 for all z € R.

We prove Corollary 5.2.2 using the following lemma
Lemma A.3.1. Suppose S C R has Apep(S) > 0 then S has an accumulation point.

Proof. We prove the contrapositive. Suppose S has no accumulation points. Then
for all x € S there is €, > 0 such that B(x,e,) NS = {z}. Since Q is dense in
R there is a rational ¢, € B(z,e,) Hence x = ¢,. It follows that S contains only

rationals and hence is countable. Therefore, Are,(S) = 0. O

We may now also prove the following from the main body.

Lemma 5.1.2. Let D C R and let f : D — R be analytic on D. If an analytic

continuation of f to R exists, then it is unique.
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Proof. Suppose f1, fo : R — R are analytic continuations of f to R. Then, fi(x) —
fa(z) = 0 for all z € D. D is an open set and so A(D) > 0. Therefore, by
Corollary 5.2.2 we have fi(z) = fa(x) for all z € R. O

The following two lemmas are used in Lemma A.3.4 to establish that some

common pdfs are analytic on R.

Lemma A.3.2. Define f: R — R where f(x) = XN b,a™ for some by, ..., by €
R. Then, f is analytic on R.

Proof. Let 79 € R. For € R we have f(z + x0) = X0 bo(x + 20)" = X2 a,z”
where aqg,...,ay depend on xy and by,...,by and are obtained by expanding
each bracket and collecting coefficients with the same power of z. Thus, f(z) =

SN s an(x — 20)" and so f is analytic on R. O

Lemma A.3.3. Let A, B € R and define f : R — R where f(x) = AeB%. Then, f

is analytic on R.
Proof. Let xg € R. For z € R we have

[e.e]
f(@+ x0) = AePTTP™0 = AeProeht = AePr0 -~ B"gc—T
s )

It follows that f(z) = Y00, 405" (1 — z)" and so f is analytic by setting

n!

Bzg gn
_ Ae 'B ) 0
n:

Qn

Lemma A.3.4. Letv € Q., ke N\ {1}, A€ Q,,a€Q,, pn €Q and o € Q..
The functions fi, fy, fe; fmps fg : R — R are analytic on R where

v 5132 —(v
L ) = (4 )

2. fy(x) = mxkﬂ_l exp(—/2)
3. fe(x) = Nexp(—Az)
b T = 2R expl—a(202))

z—u)2
5 fy=—1 exp(— 2 4h).
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Proof of Lemma A.3.4. f; is a polynomial so is analytic by Lemma A.3.2. f, is
analytic on R by Lemma A.3.3. Consider f,g : R — R where f(z) = z*/?7!
and g(x) = exp(—x/2). Then, f and g are analytic on R by Lemma A.3.2 and
Lemma A.3.3 respectively. The product of two analytic functions is analytic by
Proposition 1.1.4 from [34] and so f, is analytic on R. A similar argument shows

that f,,; is analytic on R. We showed f, is analytic in Example 5.1.3. O
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