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Abstract

We consider Hidden Markov Models that emit sequences of observations which
are drawn from continuous distributions. For example, such a model may emit a
sequence of numbers, each of which is drawn from a uniform distribution, but the
support of the uniform distribution depends on the state of the Hidden Markov
Model. Such models generalise the more common version where each observation is
drawn from a finite alphabet. We consider a distance measure on Hidden Markov
Models called the total variation distance. When this distance is 0 we say the models
are equivalent. When this distance is maximal we say the models are distinguishable.
We prove that for two Hidden Markov Models with continuous observations one can
decide in polynomial time whether they are equivalent and also whether they are
distinguishable. We also consider the Sequential Probability Ratio Test applied to
Hidden Markov Models with finite observations. Given two distinguishable Hidden
Markov Models and a sequence of observations generated by one of them, the
Sequential Probability Ratio Test attempts to decide which model produced the
sequence. We show relationships between the execution time of such an algorithm
and Lyapunov exponents of random matrix products. Further, we give complexity
results about the execution time taken by the Sequential Probability Ratio Test.
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1
Introduction

Two computer programs run simultaneously. We see terminal outputs of the
programs and obtain a glimpse into the underlying logic. Is it possible to tell the
programs apart? Can we always tell them apart? If we are shown just one of
the terminal outputs, how quickly can we decide which program the terminal
output belongs to?

In the real world, randomness in the inputs to programs, randomness in the
computer circuitry and in the case of concurrent processes, randomness in the
ordering of operations may lead to probabilistic execution of the programs. By
carefully modelling the input randomness, we can model the execution randomness
too. So, the questions in the first paragraph can be generalised to questions about
the probability distributions of the visible trace of the two programs.

A Hidden Markov Model (HMM) aims to model such a program. The model
is a state-based transition model and so captures the discreteness of a program
as it evolves over time. A program typically has many states and we see only
partial information on its execution. A Hidden Markov model is similar in that
it emits a signal each time the state changes.

The trace of a program need not be discrete. Consider a program where every
command takes a different amount of time to execute. Moreover, suppose we know
the start and end time of each command. Then, the visible trace of the program can
be modelled as a positive real number. With the execution time of each command we
can infer which command is being executed. Knowledge about the internal workings

1



2 1.1. Hidden Markov Models

of a program is a potential security vulnerability. Is it possible to tell two programs
apart based on just the timing of particular commands? Can we always tell them
apart? How quickly can an attacker infer which of two such programs are running?

1.1 Hidden Markov Models

A (discrete-time, finite-state) Hidden Markov Model (often called labelled Markov
chain) has a finite set Q of states and for each state a probability distribution
over its possible successor states. For any two states q, q′, whenever the state
changes from q to q′, the HMM samples and then emits a random observation
according to a probability distribution D(q, q′). For example, consider the following
diagram visualising a HMM:

q1 q21
2(1

4a+ 3
4b)

1
2(a)

2
3(b)

1
3(a)

In state q1, the successor state is q1 or q2, with probability 1
2 each. Upon transitioning

from q1 to itself, observation a is drawn with probability 1
4 and observation b is drawn

with probability 3
4 ; upon transitioning from q1 to q2, observation a is drawn surely.1

In this way, a HMM, together with an initial distribution on states, generates
a random infinite sequence of observations. In the example above, if the initial
distribution is the Dirac distribution on q1, the probability that the observation
sequence starts with a is 1

2 ·
1
4 + 1

2 and the probability that the sequence starts
with ab is 1

2 ·
1
4 ·

1
2 ·

3
4 + 1

2 ·
2
3 .

In the example above the observations are drawn from a finite set of observations
Σ = {a, b}. Indeed, in the literature HMMs most commonly have a finite set
of observations. In this thesis we lift this restriction and consider continuous-
observation HMMs, by which we mean HMMs as described above, but with an
infinite observation set Σ. For example, instead of the distributions on {a, b}
in the picture above (written there as (1

4a + 3
4b), (a), (b), respectively), we may

have distributions on the real numbers. An example is the following diagram,
1One may allow for observations also on the states and not only on the transitions. But such

state observations can be equivalently emitted upon leaving the state. Hence we can assume
without loss of generality that all observations are emitted on the transitions.
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where U [a, b) denotes the uniform distribution on [a, b) and Exp(λ) denotes the

exponential distribution with parameter λ.

q1 q21
2Exp(2)

1
2U [−1, 0)

2
3Exp(1)

1
3U [0, 2)

Continuous-observation HMMs also generate a random infinite sequence of observa-

tions. For example, starting with initial state q1, the model transitions to q1 and q2

both with probability 1
2 . If it takes the transition to q1, the observation is drawn

from an exponential distribution with rate 2. If it takes the transition to q2, the

observation is drawn from a uniform distribution on the half-open interval [−1, 0).

This process continues to generate the random infinite sequence. For example, such

a sequence could be 1.2, π,−1
2 , 2, 1, . . . and so on.

1.2 Equivalence and Distinguishability

HMMs, both with finite and infinite observation sets, are widely employed in fields

such as speech recognition (see [1] for a tutorial), gesture recognition [2], signal

processing [3], and climate modeling [4]. HMMs are heavily used in computational

biology [5], more specifically in DNA modeling [6] and biological sequence analysis [7],

including protein structure prediction [8] and gene finding [9]. In computer-aided

verification, HMMs are the most fundamental model for probabilistic systems;

model-checking tools such as Prism [10] and Storm [11] are based on analyzing

HMMs efficiently.

One of the most fundamental questions about HMMs is whether two HMMs with

initial state distributions are (trace) equivalent, i.e., generate the same distribution

on infinite observation sequences. Consider the two HMMs below. At states q2

and q3 the probability of producing a or b is the same as in state q1. Thus the

probability of any given sequence of observations is the same whether one starts

the HMM from q1 or q2. In the example below, (the Dirac distributions on) states

q1 and q2 are equivalent since each state has the same distribution on observations.
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q1 q2 q3

2
3a+ 1

3b

2
3a

1
3b

1
3b

2
3a

For finite observation alphabets this problem is very well studied and can be
solved in polynomial time using algorithms that are based on linear algebra [12–15].
Checking trace equivalence is used in the verification of obliviousness and anonymity,
properties that are hard to formalize in temporal logics, see, e.g., [16–18].

We consider trace equivalence in the context of continuous-observation HMMs.
Unlike with finite-observation HMMs, it is possible for a continuous pdf to be
simulated by the combination of multiple other continuous pdfs. Consider the
HMMs below where U [a, b) denotes the uniform distribution on the interval [a, b).

q1 q2 q3

1U [0, 3)

2
3U [0, 2)

1
3U [2, 3)

1
3U [2, 3)2

3U [0, 2)

From both states q2 and q3 the combination of choosing a uniform random number
in [0, 2) with probability 2

3 and a uniform random number in [2, 3) with probability
1
3 is the same as choosing a uniform random number in [0, 3). Thus the Dirac
distributions on the states q1 and q2 are equivalent.

Although the generalisation to continuous observations (such as passed time,
consumed energy, sensor readings) is natural, there has been little work on the
algorithmics of such HMMs. One exception is continuous-time Markov chains
(CTMCs) [19, 20] which are similar to HMMs described above, but with two kinds
of observations: on the one hand they emit observations representing the current
state of the CTMC, but on the other hand they also emit the time spent in each
state. Typically, each state-to-state transition is labelled with a parameter λ; for
each transition its time of “firing” is drawn from an exponential distribution with
parameter λ; the transition with the smallest firing time “wins” and causes the
corresponding change of state. CTMCs have attractive properties: they are in a
sense memoryless, and for many analyses, including model checking, an equivalent
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discrete-time model can be calculated using an efficient and numerically stable
process called uniformization [21].

In [22] a stochastic model more general than ours was introduced, allowing not
only for uncountable sets of observations (called labels there), but also for infinite
sets of states and actions. The paper [22] focuses on bisimulation; trace equivalence
is not considered. It emphasizes nondeterminism, a feature we do not consider here.

Equivalence is a strong notion, and a natural question about nonequivalent
distributions in a given HMM is how different they are. For initial distributions
π1, π2 on the states of the HMM, let us write Pπ1 ,Pπ2 for the induced probability
measure on infinite observation sequences; i.e., Pπi(E), for a measurable event
E ⊆ Σω, is the probability that the random infinite word w ∈ Σω produced starting
from πi is in E. Then, the total variation distance between Pπ1 ,Pπ2 is defined as

d(π1, π2) := sup {|Pπ1(E)− Pπ2(E)| | measurable E ⊆ Σω} .

This supremum is a maximum; i.e., there always exists a “maximizing event” E ⊆ Σω

with d(π1, π2) = Pπ1(E) − Pπ2(E). In these terms, initial distributions π1, π2 are
equivalent if and only if d(π1, π2) = 0. The total variation distance was studied
in more detail in [23]. There it was shown that for finite observation HMMs, the
problem whether d(π1, π2) = 1 holds can also be decided in polynomial time. Call
distributions π1, π2 distinguishable if d(π1, π2) = 1. Distinguishability was used for
runtime monitoring [24] and diagnosability [25, 26] of stochastic systems. In the
example below, (the Dirac distributions on) states q1 and q2 are distinguishable.

q1 q21
3a

2
3b

2
3a

1
3b

Two initial distributions π1, π2 that are distinguishable (i.e., d(π1, π2) = 1) can
nevertheless be “hard” to distinguish. If we replace the transition probabilities
1
3 ,

2
3 in the HMM by 1

2 − ε,
1
2 + ε, respectively, states q1, q2 remain distinguishable

for every ε > 0, although, intuitively, the smaller ε > 0 the more observations are
needed to define an event E such that Pπ1(E) − Pπ2(E) is close to 1.
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As a concrete example, consider below the HMMs for ε = 1
6 and ε = 1

4 on
the left and right respectively. It takes more observations to distinguish q1 and
q2 than it does to distinguish r1 and r2.

q1 q21
3a

2
3b

2
3a

1
3b

r1 r21
4a

3
4b

3
4a

1
4b

1.3 Likelihood Ratios

For initial distributions π1, π2, a word w ∈ Σω and n ∈ N consider the likelihood ratio

Ln(w) := Pπ1(wnΣω)
Pπ2(wnΣω) ,

where wn denotes the length-n prefix of w. In the left HMM in the example above,
we have Pq1(abaΣω) = 1

3 ·
2
3 ·

2
3 and Pq2(abaΣω) = 2

3 ·
1
3 ·

1
3 . Thus, for any word

w starting with aba we have Ln(w) = 2. We consider the likelihood ratio Ln as
a random variable for every n ∈ N. It turns out more natural to focus on the
log-likelihood ratio lnLn. One can show that the limit limn→∞ lnLn ∈ [−∞,∞]
exists Pπ1-almost surely and Pπ2-almost surely (see, e.g., [23, Proposition 6]). In
fact, if π1, π2 are distinguishable, then limn→∞ lnLn =∞ holds Pπ1-almost surely
and limn→∞ lnLn = −∞ holds Pπ2-almost surely. This suggests the “average slope”,
limn→∞

1
n

lnLn, of lnLn as a measure of how distinguishable two distinguishable
distributions π1, π2 are.

In Figure 1.1, we compare the log-likelihood ratios of both pairs of initial
distributions in the previous pair of HMMs. The log-likelihood started from the
Dirac distributions on r1 and r2 has a steeper slope than the log-likelihood started
from the Dirac distributions on q1 and q2.

The log-likelihood ratio plays a central role in the sequential probability ratio test
(SPRT) [27], which is optimal [28] among sequential hypothesis tests (such tests
attempt to decide between two hypotheses without fixing the sample size in advance).
In terms of a HMM and two initial distributions π1, π2, the SPRT attempts to
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Figure 1.1: The two images show two log-likelihood plots. The left plot is the log-
likelihood started from the Dirac distributions on q1 and q2 with observations produced
by q2. The right plot shows the same, but for r1 and r2. Both plots show 20 sample runs
with 400 observations.

decide, given longer and longer prefixes of an observation sequence w ∈ Σω, which of
π1, π2 is more likely to emit w. The SPRT works as follows: fix a lower and an upper
threshold (which determine type-I and type-II errors); given increasing prefixes
of w keep track of lnLn(w), and when the upper threshold is crossed output π1

and stop, and when the lower threshold is crossed output π2 and stop. Again, it is
natural to assume that the average slope of increase or decrease of lnLn determines
how long the SPRT needs to cross one of the thresholds.

For example, suppose we choose lower and upper thresholds −40 and 40
respectively. We see that all sample runs in both plots in Figure 1.1 cross the
lower threshold before the upper threshold. Therefore, the SPRT terminates for
all sample runs and ouputs q2 and s2 respectively for each plot. In the left plot,
the SPRT terminates after approximately 110 observations in the best case and
after approximately 330 observations in the worst case. In the right plot, the best
case is approximately 50 observations and the the worst case is approximately
100 observations. Thus, on average it takes at least twice as long for the SPRT
to terminate for the left plot. Indeed, the slope of the right plot is more than
twice as steep as the slope of the left plot.

If the average slope limn→∞
1
n

lnLn exists and equals a number ` with positive
probability, we call ` a likelihood exponent. The term is motivated by a close
relationship to Lyapunov exponents, which characterise the growth rate of certain
random matrix products. In Figure 1.2 we show the average slopes of the plots in
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Figure 1.1. In this case, there is exactly one likelihood exponent for each. As we
explain in Section 7.1, since both HMMs are deterministic, the likelihood exponents
can be computed as −1

3 ln 2 and −1
2 ln 3 respectively. In general there can be

more than one likelihood exponent: see Section 7.2. Moreover, these likelihood
exponents can be hard to compute, although there are approximation algorithms
using convex optimisation [29, 30].
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Figure 1.2: The two images show the average slopes of the respective log-likelihood
plots in Figure 1.1 for a given number of observations. Both plots show 20 sample runs
with 1000 observations.

1.4 Symbolic Computation

In the case of finite-observation HMMs, it is straightforward to specify the probability
distributions on each transition. When the set of observations is infinite, symbolic
representations of the pdfs are required because we need to reason about the pdfs
computationally. For example we saw earlier that a continuous pdf can be simulated
by multiple other continuous pdfs. This happens if there is a linear dependence
between the pdfs. Our equivalence algorithm must be able to determine any linear
dependence between the pdfs using the symbolic representations. Similarly our
distinguishability algorithm must be able to determine whether the supports of any
two pdfs overlap. We encode the probability density functions on their transitions
using profiles. Each profile is a finite string consisting of the parameters of the
pdf which we assume to be rational. For example, the uniform distribution U [a, b)
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is encoded with its end points a, b ∈ Q. The exponential distribution Exp(λ) is
encoded with just its rate parameter λ.

1.5 Research Questions

This thesis focusses on the comparison of two HMMs and is grouped into com-
parison questions.

• Q1: How can we encode continuous-observation HMMs in such a way that
one can efficiently check trace equivalence?

• Q2: How can we encode continuous-observation HMMs in such a way that
one can efficiently check whether two HMMs are distinguishable?

• Q3: How many observations are required to distinguish two HMMs?

1.6 Structure of this Document

We have ordered this document broadly by the comparison questions above. It
follows a natural sequence. We begin by looking at the similarity of HMMs through
the lens of probabilistic equivalence. After that, we introduce the total variation
distance as a way to measure the difference of two HMMs. We then show that even
if two HMMs are maximally probabilistically different, i.e. distinguishable, they
can take different numbers of observations to distinguish via the SPRT.

• In Chapter 3 we show an equivalence algorithm for continuous-observation
HMMs. Towards the first research question, we introduce linearly decomposable
profile languages to encode continuous-observation HMMs and show that if
a HMM is encoded with a linearly decomposable profile language one can
decide whether two initial distributions are equivalent in polynomial time.

• In Chapter 4 we show that the algorithm for deciding whether two initial
distributions are distinguishable in finite-observation HMMs has a continuous-
observation analogue. Towards the second research question, we introduce
joint-graph decomposable profile languages and show that if a HMM is encoded
with a joint-graph decomposable and linearly decomposable profile language
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then one can decide in polynomial time whether two initial distributions are
distinguishable.

• In Chapter 5 we define a profile language with which a large class of standard
probability density functions can be encoded. We show this profile language
is linearly decomposable and joint-graph decomposable. We also show that
the set of observations does not need to be one-dimensional. We define a
profile language for encoding Dirichlet distributions and show that this profile
language is also linearly decomposable and joint-graph decomposable.

• In Chapter 6 we show that even if two initial distributions are distinguishable,
their likelihood ratio may exhibit different convergence rates. In particular,
for finite-observation HMMs we exhibit a tight connection between the SPRT
and likelihood exponents; i.e., the time taken by the SPRT depends on the
likelihood exponents of the HMM. The content in this chapter addresses the
third research question.

• In Chapter 7 we show that for finite-observation deterministic HMMs one
can compute likelihood exponents in polynomial time. Further, for finite-
observation HMMs we show that in general the likelihood exponents can be
efficiently expressed in terms of Lyapunov exponents. Moreover, We show
that the likelihood exponent exists almost surely and prove a quadratic bound
on the number of likelihood exponents.

1.7 Contributions

The majority of Chapter 3 and some elements of Chapter 5 relating to linearly
decomposable profile languages were published in FSTTCS 2020. See [31]. The
contents of Chapter 6 and Chapter 7 where published in CONCUR 2022. See [32].
The remaining material in Chapter 4 and Chapter 5 builds on Chapter 3.



2
Definitions

2.1 Notations

We write N for the set of positive integers, N0 for the set of non-negative integers,
Q for the set of rationals and Q+ for the set of positive rationals. For d ∈ N and a
finite set Q we use the notation |Q| for the number of elements in Q, [d] = {1, . . . , d}
and [Q] = {1, . . . , |Q|}. Vectors µ ∈ RN are viewed as row vectors. The norm ‖µ‖ is
assumed to be the l1 norm: ‖µ‖ = ∑

q∈Q |µq|. We often identify vectors µ ∈ [0, 1]Q

such that ‖µ‖ = 1 with the corresponding probability distribution on Q.
We write 0, 1 for the vectors all of whose entries are 0, 1, respectively. Super-

script > denotes transpose; e.g., 1> is a column vector of ones. For q ∈ Q, we
denote by eq ∈ {0, 1}Q the vector with (eq)q = 1 and (eq)q′ = 0 for q′ 6= q.

A matrix M ∈ RN×N is stochastic if M is non-negative and ∑N
j=1Mi,j = 1

for all i ∈ [N ]. For a domain Σ and subset E ⊆ Σ the characteristic function
1E : Σ → {0, 1} is defined as 1E(x) = 1 if x ∈ E and 1E(x) = 0 otherwise.

Throughout this thesis, we use Σ to denote a set of observations. We assume
Σ is a topological space and (Σ,G , λ) is a measure space where all the open
subsets of Σ are contained within G and have non-zero measure. Indeed R and
the usual Lebesgue measure space on R satisfy these assumptions. For a finite
alphabet Σ and n ∈ N we denote by Σn,Σ∗,Σ+,Σω the sets of length-n words,
finite words, non-empty finite words, infinite words, respectively. For w ∈ Σω

we write wn for the length-n prefix of w.

11



12 2.2. Paths, Runs and Cylinder Sets

A matrix valued function Ψ : Σ → [0,∞)N×N can be integrated element-
wise. We write

∫
E Ψ dλ for the matrix with entries (

∫
E Ψ dλ)i,j =

∫
E Ψi,j dλ, where

Ψi,j : Σ→ [0,∞) is defined by Ψi,j(x) =
(
Ψ(x)

)
i,j

for all x ∈ Σ. For a row vector
µ ∈ [0,∞)Q we write supp (µ) := {q ∈ Q | µq > 0}. For a matrix A ∈ [0,∞)Q×Q

we write supp (A) = {(q, r) ∈ Q × Q | Aq,r > 0}. For a function f : Σ → R

we write supp (f) = {x ∈ Σ | f(x) 6= 0}.
Consider a function f : Σ→ Rm. Let Σ̊ ⊆ Σ be the set of all points at which

f is continuous. We refer to Σ as the set of continuity. If λ(Σ̊) = λ(Σ) we say
that f is almost-surely continuous.

Definition 2.1.1. A Hidden Markov Model (HMM) is a triple (Q,Σ,Ψ) where Q
is a finite set of states, Σ is a set of observations, and the observation density matrix
Ψ : Σ → [0,∞)|Q|×|Q| specifies the transitions such that

∫
Σ Ψ dλ is a stochastic

matrix. We say a HMM is a continuous-observation HMM if Ψ is almost-surely
continuous.

Example 2.1.1. The second HMM from the introduction is the triple ({q1, q2},R,Ψ)
with

Ψ(x) =
(

1
2 · 2 exp(−2x) · χ[0,∞)(x) 1

2 · 1 · χ[−1,0)(x)
1
3 ·

1
2 · χ[0,2)(x) 2

3 · exp(−x) · χ[0,∞)(x)

)
.

Fix a HMM H = (Q,Σ,Ψ) for the rest of the section. We extend Ψ to the
mapping Ψ : Σ∗ → [0, 1]Q×Q with Ψ(a1 · · · an) = Ψ(a1) · . . . ·Ψ(an) and Ψ(ε) = I,
where ε is the empty word and I the Q × Q identity matrix.

2.2 Paths, Runs and Cylinder Sets

We call a finite sequence v = q0a1q1 · · · anqn ∈ Q(ΣQ)∗ a path and an infinite
sequence q0a1q1a2q2 · · · ∈ Q(ΣQ)ω a run. We say that A ⊆ Q(ΣQ)n is a cylinder
set if A = {q0} × A1 × {q1} × · · · × An × {qn} where Ai ∈ G for i = 1, . . . , n and
qi ∈ Q for i = 0, . . . , n. We sometimes abbreviate cylinder sets as q0A1q1 · · ·Anqn.

ToH and an initial probability distribution π ∈ [0, 1]Q we associate the probability
space (Q(ΣQ)ω,G ω↑,Pπ) where G ω↑ is the σ-algebra generated by the cylinder
sets and Pπ is the unique probability measure with Pπ(q0A1q1 · · ·Anqn(ΣQ)ω) =
πq0

∫
Ai

Ψq0,q1dλ × · · · ×
∫
An

Ψqn−1,qndλ.
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We refer to A1× · · ·×An where Ai ∈ G for all i ∈ [n] as an observation cylinder

set. We define the measure space (Σn,G n, λn) where G n is the smallest σ-algebra

containing the observation cylinder sets of length n. If Σ̊ is the set of continuity for

Ψ : Σ → [0,∞)|Q|×|Q|, then the extension Ψ : Σn → [0,∞)|Q|×|Q| is almost-surely

continuous with respect to λn with set of continuity Σ̊n.

We define G ω as the smallest σ-algebra containing the observation cylinder

sets. As the states are often irrelevant, for E ∈ G ω and E↑ := {q0a1q1a2q2 · · · |

a1a2 · · · ∈ E} ∈ G ω↑ we also view E as an event and may write Pπ(E) to mean

Pπ(E↑). In particular, for an observation cylinder set A1 × · · · × An we have

Pπ(A1 × · · · × AnΣω) = ‖π
∫
A1

Ψdλ×
∫
An

Ψdλ‖. By Eπ we denote the expectation

with respect to Pπ. If π is the Dirac distribution on state q, then we write Eq.

2.3 Markov Chains

A Markov chain is a pair (Q, T ) where Q is a finite set of states and T ∈ [0, 1]Q×Q is

a stochastic matrix. A Markov chain (Q, T ) is naturally associated with its directed

graph (Q, {(q, r) | Tq,r > 0}), and so we may use graph concepts, such as strongly

connected components (SCCs), in the context of a Markov chain. Trivial SCCs are

considered SCCs. For a directed graph G = (V,E) and U,U ′ ⊆ V we say U →G U
′

if there is x ∈ U and y ∈ U ′ such that y is reachable from x in G.

A Markov chain (Q, T ) and an initial distribution ι ∈ [0, 1]Q are associated

with a probability measure Pι on measurable subsets of Qω; the construction of the

probability space is similar to HMMs, without the observation alphabet Σ.

The embedded Markov chain of a HMM (Q,Σ,Ψ) is the Markov chain (Q,
∫

Σ Ψdλ).

We say that a HMM is strongly connected if the graph of its embedded Markov

chain is strongly connected.

Example 2.3.1. The embedded Markov chain of the HMM from Example 2.1.1 is

({q1, q2},
(

1
2

1
2

1
3

2
3

)
).

The embedded graph of a HMM is the embedded graph of its embedded

Markov chain.



14 2.4. Finite-Observation HMMs

2.4 Finite-Observation HMMs

Many of the definitions stated for continuous-observation HMMs have finite ana-
logues. Let Σ be a finite set of observations and let λ be the counting measure.
We say a HMM (Q,Σ,M) is a finite-observation HMM if Σ is a finite set and∫

ΣMdλ = ∑
a∈Σ M(a) is stochastic. The embedded Markov chain of a finite-

observation HMM (Q,Σ,M) is the Markov chain (Q,∑a∈Σ M(a)). When Σ is finite,
we assume for computational purposes that the numbers in M are rational and
expressed as fractions of integers encoded in binary. Computation complexity is
assessed in the Turing model and so testing for equality of members takes linear
time. In the case of a finite-observation HMM we may refer to the cylinder set
{q0} × {a1} × {q1} × · · · × {an} × {qn} as simply q0a1q1 · · · anqn.



3
Equivalence

In this chapter we explore equivalence in continuous-observation HMMs. We show
in Section 3.1 that certain aspects of the linear-algebra based approach for checking
equivalence of finite-observation HMMs carry over to the continuous case naturally.
In particular, equivalence reduces to orthogonality in a certain vector space of
state-indexed real vectors: see proposition 3.1.1.

However, we show in section 3.2 that in the continuous case there can be
additional linear dependencies between the observation density functions (which
is impossible in the finite case, where the different observations can be assumed
linearly independent). This renders a simple-minded reduction to the finite case
incorrect. Therefore, an equivalence checking algorithm needs to consider the
vector space from the previous paragraph.

For the required computations on the observation density functions we introduce
in section 3.3 linearly decomposable profile languages, which are languages (i.e., sets of
finite words) whose elements encode density functions on which basis computations
can be performed efficiently. In section 3.3 we provide an example of such a
language, encoding (linear combinations of) Gaussian, exponential, and piecewise
polynomial density functions.

In section 3.5 we finally show that HMMs whose observation densities are given
in terms of linearly decomposable profile languages can be checked for equivalence
in polynomial time, by a reduction to the finite-observation case. We also indicate,

15
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in example 3.6.1, how our result can be used to check for susceptibility of certain

timing attacks.

Definition 3.0.1. For two distributions π1 and π2 and a HMM C = (Q,Σ,Ψ), we

say that π1 and π2 are equivalent, written π1 ≡C π2, if Pπ1(A) = Pπ2(A) holds for

all measurable subsets A ⊆ Σω.

One could define equivalence of two pairs (C1, π1) and (C2, π2) where Ci =

(Qi,Σ,Ψi) are HMMs and πi are initial distributions for i = 1, 2. We do not need

that though, as we can define, in a natural way, a single HMM over the disjoint

union of Q1 and Q2 and consider instead equivalence of π1 and π2 (where π1, π2

are appropriately padded with zeros).

Given an observation density matrix Ψ, a functional decomposition consists of

functions fk : Σ→ [0,∞) and matrices Pk ∈ R|Q|×|Q| for k ∈ [d] such that Ψ(x) =∑d
k=1 fk(x)Pk for all x ∈ Σ and

∫
Σ fk dλ = 1 for all k ∈ [d]. We sometimes abbreviate

this decomposition as Ψ = ∑d
k=1 fkPk and this notion has a central role in our thesis.

Example 3.0.1. The observation density matrix Ψ from example 2.1.1 has a

functional decomposition

Ψ(x) = 2 exp(−2x)χ[0,∞)(x)
(

1
2 0
0 0

)
+ χ[−1,0)(x)

(
0 1

2
0 0

)
+

1
2χ[0,2)(x)

(
0 0
1
3 0

)
+ exp(−x)χ[0,∞)(x)

(
0 0
0 2

3

)
.

Lemma 3.0.2. Let (Q,Σ,Ψ) be a HMM. If Ψ has functional decomposition Ψ =∑d
k=1 fkPk then ∑d

k=1 Pk is stochastic.

Proof. By definition of a HMM,
∫
Σ Ψ dλ is stochastic, and we have

∫
Σ

Ψ dλ =
∫

Σ

d∑
k=1

fkPk dλ =
d∑

k=1
Pk

∫
Σ
fk dλ =

d∑
k=1

Pk.

When Σ is finite, it follows that
∫

Σ Ψ dλ = ∑
a∈Σ Ψ(a). Hence ∑a∈Σ Ψ(a) is

stochastic.
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Encoding For computational purposes we assume that rational numbers are
represented as ratios of integers in binary. The initial distribution of a HMM
with state set Q is given as a vector π ∈ Q|Q|. We also need to encode continuous
functions, in particular, density functions such as Gaussian, exponential or piecewise-
polynomial functions. A profile is a finite word (i.e., string) that describes a function.
Its letters may be symbols or rational numbers that encode a function type and
its parameters. For example, the profile (N , µ, σ) may denote a Gaussian (also
called normal) distribution with mean µ ∈ Q and standard deviation σ ∈ Q+. A
profile may also consist of a description of a rational linear combination of such
building blocks. For any profile γ we write [[γ]] : Σ → [0,∞) for the function it
encodes. For example, a profile γ = (N , µ, σ) with µ ∈ Q, σ ∈ Q+ may encode the
function [[γ]] : R→ [0,∞) given as [[γ]](x) = 1

σ
√

2π exp− (x−µ)2

2σ2 . Without restricting
ourselves to any particular encoding, we assume that Γ is a profile language, i.e.,
a finitely presented but usually infinite set of valid profiles. For any Γ0 ⊆ Γ we
write [[Γ0]] = {[[γ]] | γ ∈ Γ0}.

We use profiles to encode HMMs C = (Q,Σ,Ψ): we say that C is over Γ if
the observation density matrix Ψ is given as a matrix of pairs (pi,j, γi,j) ∈ Q+ × Γ
such that Ψi,j = pi,j[[γi,j]] and

∫
Σ[[γi,j]] dλ = 1 hold for all i, j ∈ [Q]. In this way

the pi,j form the transition probabilities between states and the γi,j encode the
probability densities of the observations upon each transition.

Example 3.0.3. For a suitable profile language Γ, the HMM from example 2.1.1
may be over Γ, with the observation density matrix given as(

(1
2 , (Exp, 2)) (1

2 , (U,−1, 0))
(1

3 , (U, 0, 2)) (2
3 , (Exp, 1))

)
.

The observation density matrix Ψ of a HMM (Q,Σ,Ψ) with finite Σ can be
given as a list of matrices Ψ(a) ∈ Q|Q|×|Q|+ for all a ∈ Σ such that ∑a∈Σ Ψ(a)
is a stochastic matrix.

3.1 Equivalence as Orthogonality

For finite-observation HMMs it is well known [12–15] that two initial distributions
given as vectors π1, π2 ∈ R|Q| are equivalent if and only if π1 − π2 is orthogonal
(written as ⊥) to a certain vector space.
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Proposition 3.1.1. Consider a finite-observation HMM (Q,Σ,Ψ). For any π1, π2 ∈
R|Q| we have

π1 ≡ π2 ⇐⇒ π1 − π2 ⊥ span{Ψ(w)1> | w ∈ Σ∗}.

In the finite-observation case, proposition 3.1.1 leads to an efficient algorithm
for deciding equivalence. We will sometimes refer to span{Ψ(w)1> | w ∈ Σ∗}
as the state distribution span.

Proposition 3.1.2. Let (Q,Σ,Ψ) be a finite-observation HMM. One can compute
a basis B for span{Ψ(w)1> | w ∈ Σ∗} in polynomial time.

We provide a sketch proof. More detail can be found in [12, 14].

Sketch Proof. This can be done using a fixed-point algorithm that computes a
sequence of (bases of) increasing subspaces of V := span{Ψ(w)1> | w ∈ Σ∗}: start
with B = {1>}, and as long as |B| < |Q| or there is a ∈ Σ and v ∈ B such that
Ψ(a)v 6∈ spanB, add Ψ(a)v to B. Since dimV ≤ |Q|, this algorithm terminates
after at most |Q| iterations, and returns B such that spanB = V .

It is then easy to check whether π1 − π2 ⊥ V. It follows:

Proposition 3.1.3. Given a HMM (Q,Σ,Ψ) with finite Σ and initial distributions
π1, π2 ∈ Q|Q|, it is decidable in polynomial time whether π1 ≡ π2.

Example 3.1.4. In general Proposition 3.1.2 does not hold in the continuous-
observation case. Consider the HMM:

q1 q2

U [0, 1)

U [0, 1]

Here, U [0, 1) and U [0, 1] are uniform distributions on [0, 1) and [0, 1] respectively.
Assume that Σ = [0, 1] and has measure space (Σ,G , λLeb). We have

Ψ(x) =



0 1
1 0

 x ∈ [0, 1)

0 0
1 0

 x = 1

(3.1)
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and so span{Ψ(w)1> | w ∈ Σ∗} = span{(1, 1)>, (0, 1)>} = R2. It follows that
π1 − π2 ⊥ span{Ψ(w)1> | w ∈ Σ∗} if and only if π1 = π2.

On the other hand consider π1 = eq1 and π2 = eq2 . Let E1× · · · ×En ∈ G n be a
cylinder set. For each i ∈ [n] we define E ′i = Ei\{1}. We have λLeb(E1×· · ·×En) =
λLeb(E ′1 × · · · × E ′n). Hence for i = 1, 2:

Peqi (E1 × · · · × EnΣω) = eqi

∫
E1×···×En

Ψdλn1>

= eqi

∫
E′1×···×E′n

Ψdλn1>

=
∫
E′1×···×E′n

eqi

(
0 1
1 0

)
1>dλn

= λn(E ′1 × · · · × E ′n).

It follows that Peq1
(E1× · · · ×EnΣω) = Peq2

(E1× · · · ×EnΣω) and so eq1 ≡ eq2 , but
eq1 6= eq2 .

The observation 1 ∈ Σ occurs at a discontinuity of Ψ and only gets produced on
a λLeb-null set. However, it still gets represented in span{Ψ(w)1> | w ∈ Σ∗}. By
excluding the discontinuities of Ψ from Σ, we show that a version of Proposition 3.1.2
holds for continuous-observation HMMs.

As discussed in the preliminaries, Ψ is almost-surely continuous with set of
continuity Σ̊ ⊆ Σ such that λ(Σ̊) = λ(Σ) and Ψ is continuous on Σ̊. We prove
the following in Section 3.4.

Proposition 3.1.5. Consider a continuous-observation HMM (Q,Σ,Ψ). For any
π1, π2 ∈ R|Q| we have

π1 ≡ π2 ⇐⇒ π1 − π2 ⊥ span
{

Ψ(w)1>
∣∣∣ w ∈ Σ̊∗

}
.

The algorithm used in Proposition 3.1.2 is not an effective algorithm when Σ is in-
finite.

3.2 Labelling Reductions

Our goal is to reduce in polynomial time the equivalence problem in continuous-
observation HMMs to the equivalence problem in finite-observation HMMs. Since
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the latter is decidable in polynomial time by proposition 3.1.3, a polynomial time
algorithm for deciding equivalence in continuous-observation HMMs follows.

Towards this objective, consider a reduction where each continuous density
function is given a label and these labels form the observation alphabet of a finite-
observation HMM. For example consider the HMM on the left in the diagram below.
This disconnected HMM emits letters from two distinct normal distributions with
profiles (N , 0, 1) and (N , 1, 2). Assigning each distribution letters a, b respectively
yields the HMM given on the right. Since in the right HMM states q1 and q2 are
equivalent so too are the same labelled states in the continuous HMM.

q1

q2

q3

2
3(N , 0, 1) + 1

3(N , 1, 2)

2
3(N , 0, 1) 1

3(N , 1, 2)

1
3(N , 1, 2)

2
3(N , 0, 1)

q1

q2

q3

2
3a+ 1

3b

2
3a

1
3b

1
3b

2
3a

More rigorously, if C = (Q,Σ,Ψ) is a HMM over Γ = {β1, . . . , βK} and Ψ is
encoded as a matrix of coefficient-profile pairs (pi,j, γi,j) ∈ Q+ × Γ then we call the
labelling reduction the HMM (Q, Σ̂, M̂) where Σ̂ = {a1, . . . , aK} is an alphabet
of fresh observations and

M̂i,j(ak) =
pi,j γi,j = βk

0 otherwise.

Since Ψ has functional decomposition Ψ = ∑K
k=1[[βk]]M̂(ak), it follows by Lemma 3.0.2

that ∑K
k=1 M̂(ak) is stochastic and the labelling reduction is a well defined HMM

which can be computed in polynomial time. As discussed in the previous example,
equivalence in the labelling reduction implies equivalence in the original HMM:

Proposition 3.2.1. Let C = (Q,Σ,Ψ) be a HMM with labelling reduction L =
(Q, Σ̂, M̂). Then for any initial distributions π1 and π2

π1 ≡L π2 =⇒ π1 ≡C π2.
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For the proof of Proposition 3.2.1 we use the following lemma which will
be re-used in section 3.5.

Lemma 3.2.2. Let C1 = (Q,Σ1,Ψ1) and C2 = (Q,Σ2,Ψ2) be two HMMs with the
same state space Q. Suppose that span{Ψ1(x) | x ∈ Σ1} ⊆ span{Ψ2(x) | x ∈ Σ2}.
Then, span{Ψ1(w) | w ∈ Σ∗1} ⊆ span{Ψ2(w) | w ∈ Σ∗2} and for any two initial
distributions π1 and π2,

π1 ≡C2 π2 =⇒ π1 ≡C1 π2.

Proof. Let w = x1 · · ·xN ∈ Σ∗1. Then Ψ1(xn) = ∑In
i=1 λi,nΨ2(yi,n) for n ∈ [N ] and

Ψ1(w) =
( I1∑
i1=1

λi1,1Ψ2(yi1,1)
)
. . .
( IN∑
iN=1

λiN ,NΨ2(yiN ,N)
)

=
I1∑
i1=1
· · ·

IN∑
iN=1

λi1,1 . . . λiN ,NΨ2(yi1,1) . . .Ψ2(yiN ,N) ∈ span{Ψ2(w) | w ∈ Σ∗2}.

Thus, span{Ψ1(w) | w ∈ Σ∗1} ⊆ span{Ψ2(w) | w ∈ Σ∗2}. Therefore, by Proposi-
tion 3.1.5,

π1 ≡C2 π2 ⇐⇒ π1 − π2 ⊥ span{Ψ2(w)1> | w ∈ Σ∗2}

=⇒ π1 − π2 ⊥ span{Ψ1(w)1> | w ∈ Σ∗1}

⇐⇒ π1 ≡C1 π2.

Proof of proposition 3.2.1. Ψ has a functional decomposition Ψ = ∑K
k=1[[βk]]M̂(ak).

Thus, span{Ψ(x) | x ∈ Σ̊} ⊆ span{M̂(ak) | ak ∈ Σ̂} and the statement follows by
lemma 3.2.2.

Example 3.2.3. Consider the HMMs in the diagram below and recall that for
a set A ⊆ Σ, χA : Σ → {0, 1} is the standard indicator function. The HMM on
the left is a continuous-observation HMM where D and D′ are distributions on
[0, 1] with probability density functions 2xχ[0,1)(x) and 2(1−x)χ[0,1)(x) respectively,
and U [a, b) is the uniform distribution on [a, b). The HMM on the right is the
corresponding labelling reduction.

Since U [0, 1) = 1
2D + 1

2D
′, (the Dirac distributions on) states q1 and q4 are

equivalent but as the distributions U [0, 1), D,D′ are distinct, they get assigned
different labels a, b, c, respectively in the labelling reduction. The states q1 and q4

are therefore not equivalent in the right HMM.
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q1

q2

q3

q4

1U [1, 2)

1U [0, 1)

1U [1, 2)

1
2D

1
2D
′ q1

q2

q3

q4

1d

1a

1d

1
2b

1
2c

3.3 Linearly Decomposable Profile Languages

Example 3.2.3 shows that the linear combination of two continuous distributions
can “imitate” a single distribution. Therefore we consider the transition densities
as part of a vector space of functions. In the usual way L1(Σ, λ) is the quotient
vector space where functions that differ only on a λ-null set are identified. For
f, g : Σ→ R we say f =λ g if {x ∈ Σ | f(x) 6= g(x)} is a λ-null set. In particular,
when Σ ⊆ R and λ is the Lebesgue measure λLeb, we have χ[a,b) =λLeb χ(a,b].

Definition 3.3.1. Let Γ be a profile language with [[Γ]] ⊆ L1(Σ, λ). We say
that Γ is linearly decomposable if there is a procedure that takes a finite subset
{γ1, . . . , γn} = Γ0 ⊆ Γ and produces profiles β1, . . . , βm ∈ Γ0 and a set of rational
coefficients bi,j ∈ Q for i ∈ [n], j ∈ [m] such that {[[β1]], . . . , [[βm]]} is a basis for
span{[[γ1]], . . . , [[γn]]} (hence m ≤ n), and

[[γi]] =λ

m∑
j=1

bi,j[[βj]] for all i ∈ [n]. (3.2)

Further, this procedure takes polynomial time in the total length of the encoding of
Γ0.

The following theorem is the main result of this chapter:

Theorem 3.3.1. Given a HMM C = (Q,Σ,Ψ) over a linearly decomposable profile
language, and initial distributions π1, π2 ∈ Q|Q|, it is decidable in polynomial time
(in the size of the encoding) whether π1 ≡ π2.

Like in the finite case, to prove theorem 3.3.1 we use the following continuous
analogue of Proposition 3.1.2 for computing the state distribution span. This
result is also used later in Chapter 4.
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Proposition 3.3.2. Let C = (Q,Σ,Ψ) be a continuous-observation HMM over a
linearly decomposable profile language. Suppose Ψ has set of continuity Σ̊. We may
compute a basis B for span{Ψ(x) | x ∈ Σ̊} in polynomial time (in the size of the
encoding of C).

We prove proposition 3.3.2 in section 3.5.

Proof of Theorem 3.3.1. By Proposition 3.3.2 we may compute a basis B for span{Ψ(x) |
x ∈ Σ̊} in polynomial time. We have

π1 ≡C π2 ⇐⇒ π1 − π2 ⊥ span
{

Ψ(w)1>
∣∣∣ w ∈ Σ̊∗

}
by Proposition 3.1.5

⇐⇒ (π1 − π2) · b ∀b ∈ B. (3.3)

The condition (3.3) can be checked in polynomial time.

To make the notion of linearly decomposable profile languages more concrete,
we give a concrete example in the following subsection.

Example: Gaussian, Exponential, and Piecewise Polynomial Functions

We describe a profile language, ΓGEM , that can specify linear combinations Gaussian,
exponential, and piecewise polynomial density functions.

Let I = {(a, b) ⊆ R | a, b ∈ Q ∪ {−∞,∞} : a < b} and let γ be a profile.
We define a new profile I(γ, a, b) obtained by restricting the support of [[γ]] to
an interval (a, b) ∈ I.

We call a function of the form x 7→ xkχI(x) where k ∈ N0 and I ∈ I is an
interval an interval-domain monomial. To avoid clutter, we often denote interval-
domain monomials only by xkχI . Any piecewise polynomial is a linear combination
of interval-domain monomials.

Suppose γ encodes the monomial function x 7→ xk for k ∈ N0. Then, I(γ, a, b) en-
codes the interval-domain monomial x 7→ xkχ(a,b)(x) where a, b ∈ Q∪{−∞,∞} and
a < b.

Let M be a set of profiles encoding monomials xk in terms of k ∈ N0. We
then set M ′ = {I(γ, a, b) | γ ∈ M, (a, b) ∈ I} which is a set of profiles that can
encode any interval-domain monomial function.

Gaussian and exponential density functions can be fully described using their
parameters, which we assume to be rational. We write G and E for corresponding



24 3.3. Linearly Decomposable Profile Languages

sets of profiles, respectively. Finally, we fix a profile language ΓGEM ⊃ G ∪ E ∪M ′

obtained by closing G ∪ E ∪ M ′ under linear combinations. That is, for any

γ1, . . . , γk ∈ ΓGEM and λ1, . . . , λk ∈ Q, there exists a profile γ ∈ ΓGEM such that

[[γ]] = λ1[[γ1]]+ · · ·+λk[[γk]]. This closure can be achieved using a specific constructor,

say S, for linear combinations, so that γ = S(λ1, γ1, . . . , λk, γk). We have:

ΓGEM = {S(λ1, γ1, . . . , λk, γk) | γi ∈ G ∪ E ∪M ′, λi ∈ Q, i ∈ [k]} .

Example 3.3.3. The continuous-observation HMM (Q,R,Ψ) from Example 3.2.3

is over ΓGEM : the observation density matrix Ψ can be encoded as a matrix of

coefficient-profile pairs 
0 (1

2 , γ1) (1
2 , γ2) 0

0 (1, γ3) 0 0
0 (1, γ3) 0 0
0 (1, γ4) 0 0


with γ1, γ2, γ3, γ4 ∈ ΓGEM and [[γ1]] = 2xχ[0,1) and [[γ2]] = 2(1− x)χ[0,1) and [[γ3]] =

χ[1,2) and [[γ4]] = χ[0,1).

Let H be a set of disjoint half open intervals. Suppose that m1, . . . ,mI are

distinct interval-domain monomials such that supp(mi) ∈ H for all i ∈ [I]. In

addition, let g1, . . . , gJ and e1, . . . , eK be distinct Gaussian and exponential density

functions, respectively. We show later in Chapter 5 that the set

{m1, . . . ,mI , g1, . . . , gJ , e1, . . . , eK}

is linearly independent. Therefore, by the construction of ΓGEM , we can compute

the profiles and coefficients in (3.2) from the coefficients in the description of Ψ as

a matrix of profile-coefficient pairs. We also prove the following in Chapter 5.

Proposition 3.3.4. The profile language ΓGEM is linearly decomposable.

Thus we obtain the following corollary of theorem 3.3.1:

Corollary 3.3.5. Given a HMM (Q,Σ,Ψ) over ΓGEM , and initial distributions

π1, π2 ∈ Q|Q|, it is decidable in polynomial time whether π1 ≡ π2.
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3.4 The Set of Continuity

Recall that an observation density matrix Σ : Σ → [0,∞)|Q|×|Q| is almost-surely
continuous and so has set of continuity Σ̊. This section is dedicated to the proof
of Proposition 3.1.5. We restate it here.

Proposition 3.1.5. Consider a continuous-observation HMM (Q,Σ,Ψ). For any
π1, π2 ∈ R|Q| we have

π1 ≡ π2 ⇐⇒ π1 − π2 ⊥ span
{

Ψ(w)1>
∣∣∣ w ∈ Σ̊∗

}
.

We use the following intermediate lemma.

Lemma 3.4.1. Let (Q,Σ,Ψ) be a HMM and let π1, π2 be initial distributions.
Fix n ∈ N. Then, (π1 − π2)Ψ(w)1> = 0 for all w ∈ Σ̊n if and only if (π1 −
π2)

∫
E Ψ dλn1> = 0 for all E ∈ G n.

Proof. For the forward implication, suppose E ∈ G n then E \ (E ∩ Σ̊) is a λ-null
set. Thus,

(π1 − π2)
∫
E

Ψ dλn1> = (π1 − π2)
∫
E∩Σ̊

Ψ dλn1> = 0.

For the converse implication, suppose there is v ∈ Σ̊n such that (π1 − π2)Ψ(v)1> >
0. Since Ψ is continuous when restricted to Σ̊n, there is ε > 0 and an open
ball B(v, ε) such that (π1 − π2)Ψ(w)1> > 0 for all w ∈ B(v, ε). It follows that
(π1 − π2)

∫
B(v,ε) Ψ dλn1> > 0. A symmetrical argument can be applied in the case

(π1 − π2)Ψ(v)1> < 0.

We may now prove Proposition 3.1.5.

Proof of Proposition 3.1.5. We have:

π1 ≡ π2 ⇐⇒ Pπ1(E) = Pπ2(E) ∀E ∈ G ∗

⇐⇒ (π1 − π2)
∫
E

Ψ dλn1> = 0 ∀E ∈ G n, n ∈ N

⇐⇒ (π1 − π2)Ψ(w)1> = 0 ∀w ∈ Σ̊n, n ∈ N

⇐⇒ (π1 − π2) ⊥ span{Ψ(w)1> | w ∈ Σ̊∗} ,

where the third equivalence follows from Lemma 3.4.1 and is a result of Ψ being
continuous on Σ̊.
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3.5 Independent Functional Decompositions

This section is dedicated to the proof of Proposition 3.3.2. Suppose that Ψ has
a functional decomposition ∑d

k=1 fkPk such that the set {f1, . . . , fd} is linearly
independent. Then, ∑d

k=1 fkPk is called an independent functional decomposition.
The efficient computation of an independent functional decomposition is the key
ingredient for the proof of theorem 3.3.1. We start with the following lemma.

Lemma 3.5.1. Suppose Ψ : Σ → [0,∞)|Q|×|Q| has an independent functional
decomposition Ψ = ∑d

k=1 fkPk. Then, span{Ψ(x) | x ∈ Σ} = span{Pk | k ∈ [d]}.

For the proof of this lemma we need a result concerning alternant matrices.
Consider functions f1, . . . , fn : Σ → R and let x1, . . . , xn ∈ Σ. Then,

M =


f1(x1) f2(x1) · · · fn(x1)
f1(x2) f2(x2) · · · fn(x2)

... ... . . . ...
f1(xn) f2(xn) . . . fn(xn)


is called the alternant matrix for f1, . . . , fn and input points x1, . . . , xn. The
following is proven in Appendix A.1.

Lemma 3.5.2. Suppose f1, . . . , fn ∈ L1(Σ, λ). Then, the fi are linearly dependent
if and only if all alternant matrices for the fi are singular.

Proof of Lemma 3.5.1. Since Ψ(x) = ∑d
k=1 fk(x)Pk, we have span{Ψ(x) | x ∈ Σ} ⊆

span{Pk | k ∈ [d]}. For the reverse inclusion, since the fi are linearly independent,
by Lemma 3.5.2 there exists an alternant matrixM with full rank for f1, . . . , fd with
input points x1, . . . , xd. Hence, for each of the standard basis vectors ek ∈ {0, 1}d,
k ∈ [d], there exists vk = (v1,k, . . . , vd,k) ∈ Rd such that vkM = ek. Writing δj,k for
the Kronecker delta function it follows that

d∑
i=1

vi,kΨ(xi) =
d∑
i=1

vi,k
d∑
j=1

fj(xi)Pj =
d∑
j=1

Pj
d∑
i=1

vi,kfj(xi) =
d∑
j=1

Pjδj,k = Pk ,

which implies that span{Ψ(x) | x ∈ Σ} ⊇ span{Pk | k ∈ [d]}.

The proof of the following proposition re-uses lemma 3.2.2 from section 3.2.
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Proposition 3.5.3. Suppose that HMM C = (Q,Σ,Ψ) has independent functional
decomposition Ψ = ∑d

k=1 fkPk and each Pk is non-negative for all k ∈ [d]. Define
a set Σ = {a1, . . . , ad} of fresh observations and the observation density matrix M
with M(ak) = Pk for all k ∈ [d]. Then F = (Q,Σ,M) is a finite-observation HMM
and for any initial distributions π1, π2

π1 ≡C π2 ⇐⇒ π1 ≡F π2.

Proof. It follows by Lemma 3.0.2 that ∑d
k=1 Pk is stochastic. Thus F defines a

HMM. By Lemma 3.5.1, span{Ψ(x)1> | x ∈ Σ} = span{M(a)1> | a ∈ Σ} which
combined with Lemma 3.2.2 gives the result.

Example 3.5.4. We use the HMM C discussed in Examples 3.2.3 and 3.3.3 to illus-
trate the construction of Proposition 3.5.3. The basis {2xχ[0,1), 2(1− x)χ[0,1), χ[1,2)}
leads to the independent functional decomposition

Ψ = 2xχ[0,1)


0 1

2 0 0
0 0 0 0
0 0 0 0
0 1

2 0 0

+2(1−x)χ[0,1)


0 0 1

2 0
0 0 0 0
0 0 0 0
0 1

2 0 0

+χ[1,2)


0 0 0 0
0 1 0 0
0 1 0 0
0 0 0 0

 .

Therefore, Proposition 3.5.3 implies that two initial distributions π1, π2 ∈ R|Q| are
equivalent in C if and only if they are equivalent in the following HMM:

q1

q2

q3

q4

1c

1(1
2a+ 1

2b)

1c

1
2a

1
2b

Here, states q1 and q4 are equivalent. Hence, they are also equivalent in C.

If an observation density matrix has an entry with pdf 2e−x − 2e−2x (which is
encodable in ΓGEM due to its linear combination closure property), the independent
functional decomposition generated by the algorithm described in the proof of Propo-
sition 3.3.4 has matrices which are not all non-negative. Therefore, Proposition 3.5.3
cannot be applied directly. However, given an independent functional decomposition
Ψ = ∑d

k=1 fkPk and noting that ∑d
k=1 Pk is stochastic by Lemma 3.0.2, the following
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proposition shows that there is a small θ > 0 such that P − θPk is non-negative

for all k ∈ [d]. Furthermore, span{Pk | k ∈ [d]} = span{P − θPk | k ∈ [d]}.

These two facts lead us to construct a finite-observation HMM using the scaled

transition matrices 1
d−θ (P − θPk).

Proposition 3.5.5. Let C = (Q,Σ,Ψ) be a HMM with independent functional

decomposition Ψ = ∑d
k=1 fkPk. Let P = ∑d

k=1 Pk and

θ = min

1
2 ,

min{(P )i,j | (P )i,j > 0}
max{

(
Pk
)
i,j
| i, j ∈ [Q], k ∈ [d]}

 .

Define an alphabet Σ̃ = {a1, . . . , ad} of fresh observations and the HMM F =

(Q, Σ̃,M) with M(ak) = 1
d−θ (P − θPk). Then

span{M(ak)1> | k ∈ [d]} = span{Ψ(x)1> | x ∈ Σ}

and for any initial distributions π1, π2,

π1 ≡C π2 ⇐⇒ π1 ≡F π2.

Proof. First we show that F is a well-defined HMM. Matrix∑d
k=1M(ak) is stochastic

as
d∑

k=1
M(ak) = 1

d− θ

d∑
k=1

(P − θPk) = dP − θ∑d
k=1 Pk

d− θ
= P , (3.4)

and by Lemma 3.0.2, P is stochastic. In addition we must show that M(ak) is

non-negative for each k ∈ [d]. Since θ ≤ 1
2 , it is enough to show that P − θPk

is non-negative for each k ∈ [d]. Suppose that (P )i,j = 0. Then,
∫

Σ Ψi,j dλ =

(P )i,j = 0, which implies that Ψi,j = 0 since Ψ is piecewise continuous. Thus,∑d
k=1 fk(Pk)i,j = Ψi,j = 0. Since {fk}dk=1 is linearly independent, it follows that

(Pk)i,j = 0 for all k ∈ [d] and so (P − θPk)i,j = 0. Now suppose that (P )i,j > 0. By

the definition of θ, it follows that (θPk)i,j ≤ (P )i,j . Thus, F is a well defined HMM.

Observe that span {P − θPk | k ∈ [d]} ⊆ span{Pk | k ∈ [d]}. The opposite

inclusion follows from the fact that, by Equation (3.4), we have

P ∈ span {P − θPk | k = 1, . . . , d} .
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Thus, by Lemma 3.5.1,

span{M(a) | a ∈ Σ̃} = span{P − θPk | k ∈ [d]}

= span{Pk | k ∈ [d]}

= span{Ψ(x) | x ∈ Σ} .

The second point in the proposition follows immediately by Lemma 3.2.2.

We may now prove the following:

Proposition 3.3.2. Let C = (Q,Σ,Ψ) be a continuous-observation HMM over a
linearly decomposable profile language. Suppose Ψ has set of continuity Σ̊. We may
compute a basis B for span{Ψ(x) | x ∈ Σ̊} in polynomial time (in the size of the
encoding of C).

Proof. Suppose the HMM C is over the linearly decomposable profile language Γ.
Let Γ0 = {γ1, . . . , γn} be the set of profiles appearing in the description of Ψ. From
the description of Ψ as a matrix of coefficient-profile pairs, we can easily compute
matrices P ′1, . . . , P ′n ∈ Q|Q|×|Q| such that Ψ = ∑n

i=1[[γi]]P ′i . Since Γ is linearly
decomposable, one can compute in polynomial time a subset {β1, . . . , βd} ⊆ Γ0 such
that [[{β1, . . . , βd}]] is linearly independent and also a set of coefficients bi,k such
that [[γi]] =λ

∑d
k=1 bi,k[[βk]] for all i ∈ [n]. Hence:

Ψ =
n∑
i=1

[[γi]]P ′i =λ

n∑
i=1

d∑
k=1

[[βk]]bi,kP ′i =
d∑

k=1
[[βk]]

n∑
i=1

bi,kP
′
i

Setting Pk = ∑n
i=1 bi,kP

′
i for all k ∈ [d], we have Ψ =λ

∑d
k=1[[βk]]Pk.

Let Σλ = {x ∈ Σ | Ψ(x) = ∑d
k=1[[βk]](x)Pk}. We define C ′ = (Q,Σλ ∩ Σ̊,Ψ′)

where Ψ′ is the restriction of Ψ to Σλ ∩ Σ̊. We have C ′ is a valid HMM because Ψ′

is stochastic:
∫

Σλ∩Σ̊
Ψ′dλ =

∫
Σλ∩Σ̊

Ψdλ =
∫

Σ
Ψdλ since λ(Σ \ (Σλ ∩ Σ̊)) = 0.

Further, Ψ′(x) = ∑d
k=1[[βk]](x)Pk for all x ∈ Σλ ∩ Σ̊ and so the restriction of∑d

k=1[[βk]]Pk to Σλ ∩ Σ̊ is an independent functional decomposition of Ψ′. Therefore,
from P1, . . . , Pd we may compute F = (Q, Σ̃,M) from Proposition 3.5.5 and
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span{M(a)1> | a ∈ Σ̃} = span{Ψ(w)1> | x ∈ Σλ ∩ Σ̊}. By Lemma 3.2.2 we

have

span{M(u)1> | u ∈ Σ̃∗} = span{Ψ(w)1> | w ∈ (Σλ ∩ Σ̊)∗}

⊆ span{Ψ(w)1> | w ∈ Σ̊∗}. (3.5)

It remains to show the final set inclusion in (3.5) is an equality. Fix µ ∈ R|Q|.

We show µ ⊥ span{Ψ(w)1> | w ∈ (Σλ ∩ Σ̊)∗} implies µ ⊥ span{Ψ(w)1> | w ∈ Σ̊∗}.

Suppose µΨ(w)1> > 0 for some w ∈ Σ̊∗. If w is the empty word ε then

ε ∈ (Σλ ∩ Σ̊)∗ and so µ 6⊥ span{Ψ(w)1> | w ∈ (Σλ ∩ Σ̊)∗}. In the case w has length

n ∈ N then there is δ > 0 and open ball B(w, δ) such that µΨ(w′)1> > 0 for all

w′ ∈ B(w, δ) ∩ Σ̊|w|. We have B(w, δ) is an open set and so has λ-positive measure

by the assumption in the preliminaries. It follows that there is some w′ ∈ (Σλ ∩ Σ̊)∗

such that µΨ(w′)1> > 0. We use a symmetrical argument in the case µΨ(w)1> < 0.

With F computed, using Proposition 3.1.2 we may compute in polynomial time

a basis B for span{M(u)1> | u ∈ Σ̃∗}. The basis B is therefore also a basis for

span{Ψ(w)1> | w ∈ Σ̊∗}.

Example 3.5.6. We illustrate aspects of the proof of Proposition 3.3.2 using the

HMM:

q1 q21
2(1

2χ[0,2))

1
2(1

2χ[1,3))

1
2(1

2χ[2,4))

1
2(1

2(χ[0,1] + χ[3,4]))

Let Ψ′ be the restriction of Ψ to Σ̊ = [0, 1) ∪ (1, 2) ∪ (2, 3) ∪ (3, 4). Noting that
1
2(χ[0,1) + χ[3,4)) =λLeb

1
2χ[0,2)− 1

2χ[1,3) + 1
2χ[2,4) and the set {1

2χ[0,2),
1
2χ[1,3),

1
2χ[2,4)} is

linearly independent we obtain the independent functional decomposition:

Ψ′ = 1
2χ[0,2)

(
1
2 0
0 1

2

)
+ 1

2χ(1,3)

(
0 1

2
0 −1

2

)
+ 1

2χ(2,4)

(
0 0
1
2

1
2

)
.

According to Proposition 3.5.5, P =
(

1
2

1
2

1
2

1
2

)
. Further we compute θ = 1

2 and
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d− θ = 5
2 and

M(a) = 2
5

[ (1
2

1
2

1
2

1
2

)
− 1

2

(
1
2 0
0 1

2

) ]
=
(

1
10

1
5

1
5

1
10

)

M(b) = 2
5

[ (1
2

1
2

1
2

1
2

)
− 1

2

(
0 1

2
0 −1

2

) ]
=
(

1
5

1
10

1
5

3
10

)

M(c) = 2
5

[ (1
2

1
2

1
2

1
2

)
− 1

2

(
0 0
1
2

1
2

) ]
=
(

1
5

1
5

1
10

1
10

)
.

The HMM from Proposition 3.5.5 is shown below.

q1 q21
2(1

5a+ 2
5b+ 2

5c)

1
2(2

5a+ 1
5b+ 2

5c)

1
2(2

5a+ 2
5b+ 1

5c)

1
2(1

5a+ 3
5b+ 1

5c)

We can compute a basis for span{M(u)1> | u ∈ Σ̃∗} = span{Ψ(w)1> | w ∈ Σ̊∗}
using the algorithm from Proposition 3.1.2 as follows.

Starting with B = {1>}, we first check whether M(a)1> ∈ span{1>}. Since
M(a)1> = ( 3

10 ,
3
10)> ∈ span{1>} we do not add ( 3

10 ,
3
10)> to B. We then check

whether M(b)1> ∈ span{1>}. Since M(b)1> = ( 3
10 ,

5
10)> /∈ span{1>} we set B =

{1>, ( 3
10 ,

5
10)>}. Since |B| = |Q| = 2 the algorithm terminates.

For any two initial distributions π1, π2 may check whether π1 ≡ π2 using
Theorem 3.3.1. (In this example π1 ≡ π2 holds only if π1 = π2.)

3.6 Timing Attacks

Example 3.6.1. We also discuss an example, inspired from [33], where HMM non-
equivalence means susceptibility to timing attacks, and HMM equivalence means
immunity to such attacks. Consider a system that emits two kinds of observations,
both visible to an attacker: a function to be executed (we arbitrarily assume a
choice between two functions a and b, and impute a probability distribution between
them) and the time it takes to execute that function. An attacker therefore sees a
sequence `1t1`2t2 . . ., where `i ∈ {a, b} and ti ∈ [0,∞). In [33] the times t1, t2, . . .
are all identical and depend only on the secret key held by the system, but we
assume in the following that the ti are drawn from a probability distribution that
depends on the function (a or b) and the key. We assume that with key i the
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execution times have uniform distributions U [ma
i − 1

2 ,m
a
i + 1

2) and U [mb
i− 1

2 ,m
b
i + 1

2).

The situation can then be modelled with the HMM below.1

sitai tbi

U [ma
i − 1

2 ,m
a
i + 1

2)

1
3a

U [mb
i − 1

2 ,m
b
i + 1

2)

2
3b

A timing leak occurs if the attacker can glean the key from the execution times.

For example, the attacker can distinguish between keys k1 and k2 if and only if

states s1 and s2 are not equivalent. One can check, using the algorithm we have

developed in this section, that s1 and s2 are equivalent if and only if ma
1 = ma

2 and

mb
1 = mb

2. Moreover, it follows from section 3.3 that if instead of U [ma
1 − 1

2 ,m
a
1 + 1

2)

and U [ma
2− 1

2 ,m
a
2 + 1

2) we had two distributions with density functions from [[ΓGEM ]]

with the same mean and the same variance, states s1, s2 would still be non-equivalent

whenever the two distributions are not identical.

One may try to guard against this timing leak by “padding” the execution time, so

that the sum of the execution time and an added time is constant (and independent

of the key). After the execution of the function, an idling loop would be executed

until the worst-case (among all keys) execution time of the functions has been

reached or exceeded. Let us call this worst-case execution time w ∈ (0,∞). This

idling loop would take time u > 0 in each iteration, so the total idling time is always

an integer multiple of u. It is argued in [33] that this guard is in general ineffective

in that the attacker can still glean the execution time modulo u. Therefore, it is

suggested in [33] to add, in addition, a time that is uniformly distributed on [0, u).

This remedy also works in our case with random execution times. Indeed, one

can show that for any independent random variables X, Y , where Y is distributed

with U [0, u], we have that (X + Y ) mod u is distributed with U [0, u). Therefore,

by adding an independent U [0, u) random time to the padding described above,

the times observable by the attacker now have a U [w + u,w + 2u) distribution,

independent of the key.
1In this case the observation set Σ = [0,∞) ∪ {a, b} is a disjoint union of topological spaces

and there is a natural measure space induced from the Lebesgue measure space on [0,∞) and a
discrete measure on {a, b}.
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sitai tbi

U [w + u,w + 2u)

1
3a

U [w + u,w + 2u)

2
3b

All states si are now equivalent, so the key does not leak.
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4
Distinguishability

Definition 4.0.1. Suppose H = (Q,Σ,Ψ) is a HMM and Σ is part of the measure
space (Σ,G , λ). The total variation distance (TV-distance) between two initial
distributions π1 and π2 is given as

dH(π1, π2) = sup
E∈Gω

|Pπ1(E)− Pπ2(E)|.

Observe that π1 ≡H π2 if and only if dH(π1, π2) = 0. We sometimes write d(π1, π2) if
the choice of HMM is clear. We say π1 and π2 are distinguishable if dH(π1, π2) = 1.

In this chapter we explore distinguishability in continuous-observation HMMs.
In Section 4.1, we give details on the algorithm introduced in [23] for the following
decision problem.

Theorem 4.0.1. Given a finite-observation HMM C = (Q,Σ,M) and initial
distributions π1, π2 ∈ (Q ∩ [0, 1])Q it is decidable in polynomial time (in the size of
the encoding) whether d(π1, π2) = 1.

In Section 4.2 we outline the continuous-observation case. In the finite-observation
case the distinguishability decision problem is given as a linear program which is
constructed from a basis of the state distribution span (see Proposition 3.1.1)
and the joint-reachability set. This reachability set also has an analogue in
the continuous-observation case. We introduce joint graph decomposable profile

35
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languages which specify sufficient conditions for the joint-reachability set to be

efficiently computable: see Section 4.3.

In Section 4.4 we introduce finite partition approximations which are finite-

observation HMMs that approximate a continuous-observation HMM. For a continuous-

observation HMM we show that there exists a finite partition approximation such

that any two initial distributions are distinguishable in the continuous-observation

HMM if and only if they are distinguishable in the finite partition approximation.

While this finite partition approximation is not necessarily computable, it has the

same joint-reachability set as the continuous-observation HMM and also the same

state distribution span. Thus to construct an analogous linear program from the

finite-observation case, we need only compute the joint-reachability set and a basis

for the state distribution span. In Proposition 3.3.2, we showed that a basis for

the state distribution span can be computed in polynomial time when the profile

language is linearly decomposable. Hence, if a HMM is encoded by a linearly

decomposable and joint graph decomposable profile language, we may decide in

polynomial time whether any two initial distributions are distinguishable.

4.1 Distinguishability in the Finite-Observation
Case

Let (Q,Σ,M) be a finite-observation HMM and let π1, π2 be initial distributions.

We define the joint-reachability set:

Rπ1,π2 = {(q1, q2) ∈ Q×Q | ∃w ∈ Σ∗ : (q1, q2) ∈ supp (π1M(w))× supp (π2M(w))} .

The joint-reachability set is the joint set of states that are reachable at the

same time by π1 and π2.

Example 4.1.1. The diagram below shows a finite-observation HMM F = (Q,Σ,M).

q1 q21
2c

1
2a

1
2(1

2a+ 1
2b)

1
2(1

2b+ 1
2c)
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Recall that eq1 and eq2 are Dirac distributions on q1 and q2 respectively. We have
that

supp (eq1M(a))× supp (eq2M(a)) = {(q2, q1)},

supp (eq1M(b))× supp (eq2M(b)) = ∅,

supp (eq1M(c))× supp (eq2M(c)) = {(q1, q2)},

supp (eq2M(a))× supp (eq1M(a)) = {(q1, q2)},

supp (eq2M(b))× supp (eq1M(b)) = ∅,

supp (eq2M(c))× supp (eq1M(c)) = {(q2, q1)}.

(4.1)

It follows by the first and fifth equalities that supp (eq1M(ac))× supp (eq2M(ac)) =
{(q2, q1)}. Further, for any w ∈ Σ∗ we have supp (eq1M(w)) × supp (eq2M(w))
contains at most one pair of states: either (q1, q2) or (q2, q1). Thus, Req1 ,eq2 =
{(q1, q2), (q2, q1)}.

We can rephrase the equations in (4.1) as transitions between pairs of states.
We define the joint graph:

Definition 4.1.1. Let F = (Q,Σ,M) be a finite-observation HMM. The joint
graph is GF ,F = (Q×Q,E) where

E = {((q1, r1), (q2, r2)) | ∃ a ∈ Σ : M(a)q1,q2 > 0 and M(a)r1,r2 > 0}.

Example 4.1.2. Continuing with the HMM F from Example 4.1.1, the diagram
below shows the joint graph GF ,F .

q1, q1 q1, q2

q2, q2

q2, q1

We see that the first equation in (4.1) implies that there is an edge from (q1, q2)
to (q2, q1). Additionally we have supp (eq2M(b)) = Q and so supp (eq2M(b)) ×
supp (eq2M(b)) = Q×Q. Indeed, we see in the graph that from (q2, q2) there is an
edge to every vertex in GF ,F .
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There is a link between Rπ1,π2 and the reachable states from supp (π1)×supp (π2)
in GF ,F . Recall from the preliminaries that for U, V ⊆ Q×Q we write U →GF,F V

if there exists u ∈ U and v ∈ V such that v is reachable from u in GF ,F . We
have the following which is Lemma 20 from [23].

Lemma 4.1.3. Let F = (Q,Σ,M) be a finite-observation HMM and let π1, π2 be
initial distributions. We have

Rπ1,π2 =
{

(r1, r2) ∈ Q×Q
∣∣∣ supp (π1)× supp (π2)→GF,F {(r1, r2)}

}
.

As a consequence Rπ1,π2 can be computed in polynomial time using graph reachability.

Example 4.1.4. We again continue with F from Example 4.1.1 where we computed
Req1 ,eq2 . Using the graph calculated in Example 4.1.2 we have that the set of
reachable vertices from (q1, q2) is {(q1, q2), (q2, q1)} which indeed coincides with
Req1 ,eq2 .

On the other hand, every vertex in Q × Q is reachable from (q1, q1) and so
Req1 ,eq1 = Q×Q.

We now state the main result used in deciding whether two initial distributions
are distinguishable. This result is Theorem 21 from [23].

Theorem 4.1.5. Let (Q,Σ,M) be a finite-observation HMM and let π1, π2 be initial
distributions. For each r1 ∈ Q we define the projection

Rπ1,π2
r1 := {r2 ∈ Q | (r1, r2) ∈ Rπ1,π2}.

Then d(π1, π2) < 1 holds if and only if there is r1 ∈ Q and subdistributions µ1, µ2

such that

µ1 ≡ µ2 and r1 ∈ supp (µ1) and supp (µ2) ⊆ Rπ1,π2
r1 . (4.2)

We may check the condition µ1 ≡ µ2 using the basis computed in the following
algorithm from Section 3.1.

Proposition 3.1.2. Let (Q,Σ,Ψ) be a finite-observation HMM. One can compute
a basis B for span{Ψ(w)1> | w ∈ Σ∗} in polynomial time.
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Example 4.1.6. Taking F from Example 4.1.1 we have

M(a) =
(

0 1
2

1
4 0

)
, M(b) =

(
0 0
1
4

1
4

)
and M(c) =

(
1
2 0
0 1

4

)
.

We have M(a)1> = (1
2 ,

1
4)> and M(b)1> = (0, 1

2)>. The set {(1
2 ,

1
4)>, (0, 1

2)>} is
linearly independent and so span{M(w)1> | w ∈ Σ∗} = R2. It follows that for two
subdistributions µ1, µ2 we have µ1 − µ2 ⊥ span{M(w)1> | w ∈ Σ∗} if and only if
µ1 = µ2.

Consider Req1 ,eq2
q1 = {q2}. There is no pair of subdistributions µ1, µ2 satisfying

(4.2) since µ1 = µ2 implies that

q1 ∈ supp (µ1) and supp (µ2) ⊆ Req1 ,eq2
q1 = {q2}

contradict each other. A similar contradiction arises when considering Req1 ,eq2
q2 =

{q1}. It follows by Theorem 4.1.5 that d(eq1 , eq2) = 1.

With the basis B from Proposition 3.1.2, the condition µ1 ≡ µ2 is equivalent
to ∀b ∈ B (µ1 − µ2) · b = 0. We can decide in polynomial time whether
there exists µ1, µ2 ∈ Q|Q| such that q ∈ supp (µ1) and supp (µ2) ⊆ Rπ1,π2

r1 and
∀b ∈ B (µ1 − µ2) · b = 0 using linear programming. The following algorithm
is inspired by Algorithm 1 from [23].

Algorithm 1 An algorithm for deciding distance 1 in the finite-observation case
compute Rπ1,π2 by graph reachability (Lemma 4.1.3)
compute B ⊆ Q|Q| from Proposition 3.1.2
for r1 ∈ Q do

if ∃ µ1, µ2 ∈ Q|Q| s.t. r1 ∈ supp (µ1) and supp (µ2) ⊆ Rπ1,π2
r1 and

∀b ∈ B (µ1 − µ2) · b = 0 then
return "d(π1, π2) < 1"

end if
end for
return "d(π1, π2) = 1"

Theorem 4.0.1 follows immediately from Algorithm 1. However, in [23] the
algorithm is slightly different. They compute a basis B′ for

V := span
{(

M(w) 0
0 −M(w)

)
1>

∣∣∣∣∣ w ∈ Σ∗
}
.
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They then check the condition (µ1 µ2) · b′ = 0 holds for all b′ ∈ B′. Here,

(µ1 µ2) ∈ [0, 1]2|Q| is the row vector obtained by gluing µ1, µ2 together. Note

that (µ1 µ2) · b is a scalar.

The condition (µ1 µ2) · b′ = 0 holds for all b′ ∈ B′ is equivalent to (µ1−µ2) · b = 0

for all b ∈ B (See Lemma A.2.1 in the appendix). We use the latter condition

because later in this chapter, when we generalise to continuous-observation HMMs

we will reuse results presented in Chapter 3 in terms of span{M(w)1> | w ∈ Σ∗}.

We now compare the finite-observation case with the continuous-observation case.

4.2 Distinguishability in the Continuous-Observation
Case

In the following we present an algorithm to decide whether two initial distributions

are distinguishable when the HMM has continuous observations. In particular there

is an analogue of Theorem 4.1.5 which leads to an analogue of Algorithm 1. First

we define the continuous joint-reachability set.

Definition 4.2.1. Let C = (Q,Σ,Ψ) be a HMM and let π1, π2 be initial distribu-

tions.

R̃π1,π2 =
{

(q1, q2) ∈ Q×Q | ∃n ∈ N0 :

λn
(
w ∈ Σn | (q1, q2) ∈ supp (π1Ψ(w))× supp (π2Ψ(w))

)
> 0

}
.

Here, λn is the measure on Σn as defined in the preliminaries. We write λ0 for

the measure on Σ0 = {ε} where λ0({ε}) = 1. It follows that

supp (π1)× supp (π2) ⊆ R̃π1,π2 . (4.3)

Example 4.2.1. Consider a continuous variation of Example 4.1.1 shown below.

q1 q21
2U [2, 3]

1
2U [0, 1]

1
2U [0, 2]

1
2U [1, 3]
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In the HMM above U [a, b] is a uniform distribution on the closed interval [a, b] and
λ = λLeb: the Lebesgue measure on R. We compute R̃eq1 ,eq2 .

By (4.3) we have supp (π1) × supp (π2) = (q1, q2) ⊆ R̃π1,π2 . Also, (q2, q1) ∈
supp (eq1Ψ(x)) × supp (eq2Ψ(x)) for all x ∈ [0, 1) and λLeb([0, 1)) = 1 > 0 which
implies (q2, q1) ⊆ R̃π1,π2 .

Further we have that

supp (eq1Ψ(x))× supp (eq2Ψ(x)) =



{(q2, q1)} x ∈ [0, 1)
{(q2, q1), (q2, q2)} x = 1
∅ x ∈ (1, 2)
{(q1, q1), (q1, q2)} x = 2
{(q1, q2)} x ∈ (2, 3]

and

supp (eq2Ψ(x))× supp (eq1Ψ(x)) =



{(q1, q2)} x ∈ [0, 1)
{(q2, q1), (q2, q2)} x = 1
∅ x ∈ (1, 2)
{(q1, q1), (q2, q1)} x = 2
{(q2, q1)} x ∈ (2, 3].

and so any set of words which leads to states (q1, q1) or (q2, q2) is λLeb-null. Therefore
R̃π1,π2 = {(q1, q2), (q2, q1)}.

There is an analogue of the joint graph for continuous observation HMMs.
Let C = (Q,Σ,Ψ) be a continuous-observation HMM. Recall that for a function
f : Σ→ [0,∞), supp (f) = {x ∈ Σ | f(x) 6= 0}. We write G̃C,C = (Q×Q, Ẽ) where

Ẽ = {((q1, r1), (q2, r2)) ∈ (Q×Q)× (Q×Q) | λ(supp (Ψq1,q2)∩ supp (Ψr1,r2)) > 0}.

Example 4.2.2. We continue with the HMM C from Example 4.2.1 and look at
some examples of edges in G̃C,C. We have

λ(supp (Ψq2,q1) ∩ supp (Ψq2,q2)) = λ([0, 2] ∩ [1, 3]) = λ([0, 1]) = 1

and so there is an edge from (q2, q2) to (q1, q2). We have

λ(supp (Ψq1,q1 ∩ suppΨq2,q1)) = λ([2, 3] ∩ [0, 2]) = λ({0}) = 0

and so there is no edge from (q1, q2) to (q1, q1). Continuing in this fashion we can
show that G̃C,C = GF ,F where F is the finite-observation HMM from Example 4.1.1.
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Towards an analogue of Lemma 4.1.3 we would like to compute the joint graph
of a HMM with continuous observations. Recall that a continuous-observation
HMM is over a specific profile language and is encoded by list of coefficient-profile
pairs. Each profile specifies the observation distribution of a particular transition in
the HMM. Computing the edge set of the joint graph requires deciding whether any
two profiles encode functions with a shared non-null region of support. We specify
the computability of this decision problem as a property of the profile language.
We call such a profile language joint graph decomposable.

Definition 4.2.2. Let Γ be a profile language with [[Γ]] ⊆ L1(Σ, λ). We say that
Γ is joint graph decomposable if there is a procedure that takes a pair of profiles
α, β ∈ Γ and decides whether λ(supp ([[α]]) ∩ supp ([[β]])) > 0 and this procedure
takes polynomial time in the combined length of the encodings of α and β.

Example 4.2.3. Let Γ be a profile language encoding functions in the set

{f : R→ [0,∞) | ∃ a, b ∈ Q ∪ {−∞,∞} : supp (f) = (a, b) up to a λLeb-null set}.
(4.4)

For any γ ∈ Γ we have supp [[γ]] = (a, b) for some a, b ∈ Q ∪ {−∞,∞}. Assume
a and b are included in γ as part of the encoding. Then, let γ1, γ2 ∈ Γ such that
supp ([[γi]]) = (ai, bi) for i = 1, 2. Then we have λ(supp ([[γ1]]) ∩ supp ([[γ2]])) > 0
if and only if both a1 < b2 and a2 < b1. The latter is decidable in constant time.
The set of functions (4.4) includes most standard probability density functions. We
show later in Chapter 5 that a large class of standard probability density functions
is encodable by a joint graph decomposable profile language.

Recall the profile language ΓGEM from Section 3.3. We prove the following
later in Section 5.3.

Proposition 4.2.4. The profile language ΓGEM is joint graph decomposable.

Additionally, the next result shows that joint graph decomposability is a sufficient
condition for being able to compute the joint graph.

Proposition 4.2.5. Let C = (Q,Σ,Ψ) be a HMM over a joint graph decomposable
language then G̃C,C can be computed in polynomial time.
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Proof. Suppose the HMM C is over the joint graph decomposable profile language Γ.
From the description of Ψ as a matrix of coefficient-profile pairs, we have Ψi,j =
pi,j[[γi,j]] for all i, j ∈ [Q] where pi,j ∈ Q+ and γi,j ∈ Γ.

To compute G̃C,C, we need only compute its set of edges. For each i1, i2, j1, j2 ∈
[Q] the decision problem

λ(supp ([[γi1,i2 ]]) ∩ supp ([[γj1,j2 ]])) > 0

is decidable in polynomial time because Γ is joint graph decomposable. It follows
that the construction of G̃C,C takes polynomial time.

As a consequence of the above result we have an analogue of Lemma 4.1.3 and
subsequently an analogue of Theorem 4.1.5.

Lemma 4.2.6. Let C = (Q,Σ,Ψ) be a continuous-observation HMM over a joint
graph decomposable profile language. Let π1, π2 be initial distributions. We have

R̃π1,π2 =
{

(r1, r2) ∈ Q×Q
∣∣∣ supp (π1)× supp (π2)→G̃C,C

{(r1, r2)}
}
.

As a consequence R̃π1,π2 can be computed in polynomial time using graph reachability.

Theorem 4.2.7. Let (Q,Σ,Ψ) be a continuous-observation HMM and let π1, π2 be
initial distributions. For each r1 ∈ Q we define the projection

R̃π1,π2
r1 := {r2 ∈ Q | (r1, r2) ∈ R̃π1,π2}.

Then d(π1, π2) < 1 holds if and only if there are r1 ∈ Q and subdistributions µ1, µ2

such that
µ1 ≡ µ2 and r1 ∈ supp (µ1) and supp (µ2) ⊆ R̃π1,π2

r1 . (4.5)

In a similar vein to the finite-observation case, we can replace the equivalence
condition in (4.5) with orthogonality to a particular basis.

Corollary 4.2.8. Let (Q,Σ,Ψ) be a continuous-observation HMM and let π1, π2 be
initial distributions. Suppose Ψ has set of continuity Σ̊. Then, d(π1, π2) < 1 holds
if and only if there are r1 ∈ Q and subdistributions µ1, µ2 such that

∀ b ∈ B̃ (µ1 − µ2) · b = 0 and r1 ∈ supp (µ1) and supp (µ2) ⊆ R̃π1,π2
r1

where B̃ is a basis for span{Ψ(w)1> | w ∈ Σ̊∗}.
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Proof. By Proposition 3.1.5 two subdistributions µ2, µ2 are equivalent if and only if
(µ1 − µ2) ⊥ span{Ψ(w)1> | w ∈ Σ̊∗} which holds if and only if (µ1 − µ2) · b = 0 for
all b ∈ B̃.

Recall from Chapter 3 that the basis B̃ from the previous corollary can be
computed in polynomial time:

Proposition 3.3.2. Let C = (Q,Σ,Ψ) be a continuous-observation HMM over a
linearly decomposable profile language. Suppose Ψ has set of continuity Σ̊. We may
compute a basis B for span{Ψ(x) | x ∈ Σ̊} in polynomial time (in the size of the
encoding of C).

We have now assembled the ingredients of a polynomial time algorithm to decide
whether two initial distributions are distinguishable in a continuous-observation
HMM.

Algorithm 2 An algorithm for deciding distance 1 in the continuous-observation
case
compute R̃π1,π2 by graph reachability (Lemma 4.2.6)
compute B̃ ⊆ Q|Q| from Proposition 3.3.2
for r1 ∈ Q do

if ∃ µ1, µ2 ∈ Q|Q| s.t. r1 ∈ suppµ1 and suppµ2 ⊆ R̃π1,π2
r1 and

∀b ∈ B̃ (µ1 − µ2) · b = 0 then
return “d(π1, π2) < 1”

end if
end for
return “d(π1, π2) = 1”

Theorem 4.2.9. Given a HMM C = (Q,Σ,Ψ) over a linearly decomposable and
joint graph decomposable profile language and initial distributions π1, π2 ∈ (Q ∩
[0, 1])Q it is decidable in polynomial time (in the size of the encoding) whether
d(π1, π2) = 1.

Proof. The basis B̃ from Proposition 3.3.2 can be computed in polynomial time.
By Lemma 4.2.6 the continuous joint-reachability set R̃π1,π2 can be computed in
polynomial time. By Corollary 4.2.8 it suffices to check

∃µ1, µ2 s.t. ∀ b ∈ B̃ (µ1 − µ2) · b = 0 and

r1 ∈ supp (µ1) and

supp (µ2) ⊆ R̃π1,π2
r1 .
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which is decidable in polynomial time by linear programming.

By Proposition 4.2.4 we have:

Corollary 4.2.10. Given a HMM H = (Q,Σ,Ψ) over ΓGEM , and initial distribu-
tions π1, π2 ∈ Q|Q|, it is decidable in polynomial time whether dH(π1, π2) = 1.

The next sections are dedicated to the missing proofs of the results in this section.

4.3 The Joint-Reachability Set

We first restate the following definition.

Definition 4.2.1. Let C = (Q,Σ,Ψ) be a HMM and let π1, π2 be initial distribu-
tions.

R̃π1,π2 =
{

(q1, q2) ∈ Q×Q | ∃n ∈ N0 :

λn
(
w ∈ Σn | (q1, q2) ∈ supp (π1Ψ(w))× supp (π2Ψ(w))

)
> 0

}
.

Then, taking an alternative approach to the proof of Lemma 4.1.3 found in
[23] we prove the following.

Lemma 4.2.6. Let C = (Q,Σ,Ψ) be a continuous-observation HMM over a joint
graph decomposable profile language. Let π1, π2 be initial distributions. We have

R̃π1,π2 =
{

(r1, r2) ∈ Q×Q
∣∣∣ supp (π1)× supp (π2)→G̃C,C

{(r1, r2)}
}
.

As a consequence R̃π1,π2 can be computed in polynomial time using graph reachability.

Proof. Let n ∈ N and q0, . . . , qn ∈ Q and r0, . . . , rn ∈ Q then

λn
(
{a1 · · · an ∈ Σn | Ψ(a1)q0,q1 · · ·Ψ(a1)qn−1,qn > 0 and

Ψ(a1)r0,r1 · · ·Ψ(a1)rn−1,rn > 0
)
> 0

⇐⇒ λn
(
{a1 · · · an ∈ Σn | Ψ(ai)qi−1,qi > 0 and

Ψ(ai)rj−1,rj > 0 ∀i ∈ [n]}
)
> 0

⇐⇒
n∏
i=1

λ(a ∈ Σ | Ψ(a)qi−1,qi > 0 and Ψ(a)ri−1,ri > 0) > 0

⇐⇒
n∏
i=1

λ(suppΨqi−1,qi ∩ suppΨri−1,ri) > 0

⇐⇒ λ(suppΨqi−1,qi ∩ suppΨri−1,ri) > 0 ∀ i ∈ [n]

⇐⇒ (q0, r0) · · · (qn, rn) is a path in G̃C,C.

(4.6)
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Define

Sπ1,π2 =
{

(r1, r2) ∈ Q×Q
∣∣∣ supp (π1)× supp (π2)→G̃C,C

{(r1, r2)}
}
.

Let (q, r) ∈ R̃π1,π2 then there exists n ∈ N0 such that

λn
(
w ∈ Σn | (q1, q2) ∈ supp (π1Ψ(w))× supp (π2Ψ(w))

)
> 0.

In the case n = 0, we have (q, r) ∈ supp (π1)× supp (π2) which is clearly reachable
from itself. Hence, (q, r) ∈ Sπ1,π2 .

In the case n ∈ N then there is q0, . . . , qn ∈ Q and r0, . . . , rn ∈ Q such that
q0 ∈ supp π1, r0 ∈ supp π2, qn = q, rn = r and

λn
(
{a1 · · · an ∈ Σn | Ψ(ai)qi−1,qi > 0 and Ψ(ai)rj−1,rj > 0 ∀i ∈ [n]}

)
> 0.

By (4.6) it follows that there is a path (q0, r0), . . . , (qn, rn) in the graph G̃C,C. Thus,
(q, r) ∈ Sπ1,π2 .

Now assume (q, r) ∈ Sπ1,π2 . There is a path (q0, r0), . . . , (qn, rn) ∈ Q×Q such
that (q0, r0) ∈ supp (π1) × supp (π2) and (qn, rn) = (q, r). In the case n = 0 then
(q, r) ∈ supp (π1)× supp (π2) ⊆ R̃π1,π2 . In the case n ∈ N, by (4.6), we have

0 < λn
(
{a1 · · · an ∈ Σn | Ψ(a1)q0,q1 · · ·Ψ(a1)qn−1,qn > 0 and

Ψ(a1)r0,r1 · · ·Ψ(a1)rn−1,rn > 0
)

≤ λn
(
{w ∈ Σn | (π1Ψ(w))qn > 0 and (π2Ψ(w))rn > 0}

)
Hence (q, r) ∈ R̃π1,π2 . It follows that R̃π1,π2 = Sπ1,π2 .

4.4 Finite Partition Approximations

This section is dedicated to the proof of Theorem 4.2.7. We begin by defining
V-approximations:

Let C = (Q,Σ,Ψ) be a HMM and suppose Ψ has set of continuity Σ̊. Let V be
a finite partition of Σ̊. Let V ′ = {V1, . . . , VK} := {V ∈ V |

∫
V Ψdλ 6= 0}.

Define a set Σ̃ = {a1, . . . , aK} of fresh observations and an observation den-
sity matrix M with M(ak) =

∫
Vk

Ψdλ. We define the V-approximation of C as
F = (Q, Σ̃,M).
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Lemma 4.4.1. Let C be a HMM and let F be a V-approximation of C. We have
that F is a valid finite-observation HMM and for any initial distributions π1, π2

dC(π1, π2) ≥ dF(π1, π2).

Before proving the above lemma, we illustrate V-approximations with an exam-
ple.

Example 4.4.2. Take the HMM from Example 4.2.1. We have Σ = R and Σ̊ =
(−∞, 0)∪ (0, 1)∪ (1, 2)∪ (2, 3)∪ (3,∞). Take V = {(−∞, 0), (0, 1), (1, 2), (2, 3), (3,∞)}.
We have V ′ = {(0, 1), (1, 2), (2, 3)}. Let Σ̃ = {a, b, c}. We define the observation
density matrix:

M(a) =
∫ 1

0
ΨdλLeb =

(
0 1

2
1
4 0

)

M(b) =
∫ 2

1
ΨdλLeb =

(
0 0
1
4

1
4

)

M(c) =
∫ 3

2
ΨdλLeb =

(
1
2 0
0 1

4

)

The V-approximation F = (Q, Σ̃,M) is the same as the HMM from Example 4.1.1.
We show the HMM from Example 4.2.1 and its V-approximation below.

q1 q21
2U [2, 3]

1
2U [0, 1]

1
2U [0, 2]

1
2U [1, 3] q1 q21

2c

1
2a

1
2(1

2a+ 1
2b)

1
2(1

2b+ 1
2c)

Proof of Lemma 4.4.1. Since Ψ(x) ≥ 0 for all x ∈ Σ it follows that for each V ∈ V
the integral

∫
V Ψdλ is non-negative. Further, since V is a partition, ∑V ∈V

∫
V Ψdλ =∫

Σ Ψdλ and hence ∑K
k=1M(ak) is stochastic. Thus, F defines a HMM.

The σ-algebra GV = σ{V1, . . . , VK} is a subset of G. Let G∗V be the induced
σ-algebra on infinite words Σ̃ω, then G∗V ⊆ G∗. It follows that

dF(π1, π2) = sup
E∈G ∗V

|Pπ1(E)− Pπ2(E)| ≤ sup
E∈Gω

|Pπ1(E)− Pπ2(E)| = dH(π1, π2).

Under certain conditions on a V-approximation, the inequality in Lemma 4.4.1
is an equality:
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Proposition 4.4.3. Let C = (Q,Σ,Ψ) be a continuous observation HMM. Assume
Ψ has set of continuity Σ̊. Let V be a finite partition of Σ̊ such that:

1. span
{ ∫

V Ψdλ | V ∈ V
}

= span{Ψ(x) | x ∈ Σ̊},

2. For each V ∈ V the image supp (Ψ(V )) contains exactly one element.

Let F = (Q, Σ̃,M) be the V-approximation of C then for any initial distributions
π1, π2 we have

dF(π1, π2) = 1 ⇐⇒ dH(π1, π2) = 1.

Towards a proof of Proposition 4.4.3 we state the following lemma which
is Proposition 17 from [23].

Lemma 4.4.4. Let F = (Q,Σ,M) be a finite-observation HMM and let π1, π2

be initial distributions. Then d(π1, π2) < 1 if and only if there are w ∈ Σ∗ and
subdistributions µ1, µ2 with µ1 ≤ π1M(w) and µ2 ≤ π2M(w) and µ1 ≡F µ2 and
‖µ1‖ = ‖µ2‖ > 0.

The intuition for Proposition 4.4.3 is that the first point implies that π1 ≡F π2

if and only if π1 ≡C π2. Together with the first point, the second point of
Proposition 4.4.3 implies that if dF(π1, π2) < 1 then the word w in the statement
of Lemma 4.4.4 has a corresponding cylinder set E such that there are subdistri-
butions µ1, µ2 where µ1 ≤ π1

∫
E Ψdλ|w| and µ2 ≤ π2

∫
E Ψdλ|w| and µ1 ≡C µ2 and

‖µ1‖ = ‖µ2‖ > 0. We show that this condition implies dC(π1, π2) < 1. Finally, by
Lemma 4.4.1, we have dF(π1, π2) = 1 implies dC(π1, π2) = 1.

Example 4.4.5. We show that the partition V and HMM C from Example 4.4.2
satisfies the properties in Proposition 4.4.3. We have

Ψ(x) =



0 1
2

1
4 0

 x ∈ (0, 1)

0 0
1
4

1
4

 x ∈ (1, 2)

1
2 0
0 1

4

 x ∈ (2, 3).
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Thus,

span{Ψ(x) | x ∈ Σ̊} = span
{(

0 1
2

1
4 0

)
,

(
0 0
1
4

1
4

)
,

(
1
2 0
0 1

4

)}

= span
{
M(a),M(b),M(c)}

= span
{ ∫

V
Ψdλ | V ∈ V

}
which shows that V satisfies the first condition in Proposition 4.4.3. For the second
condition we have the following cases:

supp (Ψ(x)) =


{(q1, q2), (q2, q1)} x ∈ (0, 1)
{(q2, q1), (q2, q2)} x ∈ (1, 2)
{(q1, q1), (q2, q2)} x ∈ (2, 3).

Hence, V satisfies both conditions in Proposition 4.4.3.
In Example 4.4.2 we showed that C was equal to the HMM from Example 4.1.1.

In Example 4.1.6 we showed that for the HMM from Example 4.1.1 the initial
distributions eq1 and eq2 are distinguishable. By Proposition 4.4.3 it follows that
the same initial distributions are distinguishable in the HMM C.

Proof of Proposition 4.4.3. By Lemma 4.4.1, we have dF(π1, π2) ≤ dC(π1, π2). Hence
dF(π1, π2) = 1 implies that dC(π1, π2) = 1.

Now assume dF(π1, π2) < 1. By the third point of Lemma 4.4.4 there is a
word w = a1 · · · an ∈ Σ̃∗ and subdistributions µ1, µ2 such that µ1 ≤ π1M(w) and
µ2 ≤ π2M(w) and µ1 ≡F µ2 and ‖µ1‖ = ‖µ2‖.

Fix i ∈ [n]. By the definition of M there is Vi ∈ V such that M(ai) =
∫
Vi

Ψdλ.
Since µ1 ≤ π1M(w) we have that M(ai) 6= 0 and hence λ(Vi) > 0. Define ξ : Σ→
[0,∞) as ξ(x) = min{Ψ(x)q,r | q, r ∈ Q,Ψ(x)q,r > 0}. Write χξ≥δ : Σ→ {0, 1} for
the function

χξ≥δ(x) =
1 ξ(x) ≥ δ

0 ξ(x) < δ.

We have that χξ≥δΨ converges monotonically to Ψ as δ → 0. Therefore, by the
monotone convergence theorem limδ→0

∫
Vi

Ψχξ≥δdλ =
∫
Vi

Ψdλ. It follows that there
exists δi > 0 such that λ({x ∈ Vi | ξ(x) ≥ δi}) > 0.

By property 2 of V stated in the proposition, we have for all x ∈ Vi

supp (Ψ(x)) = supp
(∫

Vi
Ψdλ

)
= supp (M(ai)) (4.7)
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since {supp (Ψ(x)) | x ∈ Vi} contains at most one element.
We now relax the dependence on i. Let δmin = min{δi | i ∈ [n]}. For each i ∈ [n]

we define Ei := {x ∈ Vi | ξ(x) ≥ δmin} where it follows that λ(Ei) > 0. For each
word u ∈ E := E1 × · · · × En and j = 1, 2 we have supp (πjΨ(u)) = supp (πjM(u))
by (4.7). Further, pminδ

nµj ≤ πjΨ(u) where pmin is the minimum non-zero entry of
π1 and π2.

By Hahn’s decomposition theorem there exists a set of infinite words W ∈ Σω

such that dC(π1, π2) = Pπ1(W )− Pπ2(W ). Let

X = {w′ ∈ Σω | ∃u ∈ E : uw′ ∈ W} and

Y = {w′ ∈ Σω | ∃u ∈ E : uw′ ∈ W c}.

Suppose w′ /∈ X. Then, for all u ∈ E we have uw′ /∈ W and therefore uw′ ∈ W c.
Hence, w′ ∈ Y and so X ∪ Y = Σω by symmetry.

By property 1 of V stated in the proposition we have span{Ψ(x) | x ∈ Σ̊} =
span{M(a) | a ∈ Σ̃}. Since µ1 ≡F µ2 we have µ1 ≡C µ2 by Lemma 3.2.2. Thus,

1− dC(π1, π2) = 1− Pπ1(W ) + Pπ2(W )

= Pπ1(W c) + Pπ2(W )

≥ Pπ1(EY ) + Pπ2(EX)

≥ pminδ
n
(
Pµ1(Y ) + Pµ2(X)

)
≥ pminδ

n
(
Pµ1(Y ) + Pµ1(X)

)
since µ1 ≡C µ2

≥ pminδ
n
(
Pµ1(Y ∪X)

)
= pminδ

n
(
Pµ1(Σω)

)
> 0.

4.4.1 Proof of Theorem 4.2.7

For the proof of Theorem 4.2.7 we use the following corollary to Lemma 3.4.1.

Corollary 4.4.6. Let C = (Q,Σ,Ψ) and assume Σ has measure space (Σ,G , λ).
We have that

span{Ψ(x) | x ∈ Σ̊} = span
{ ∫

E
Ψdλ | E ∈ G

}
.
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Proof. By Lemma 3.4.1 with n = 1, we have for any initial distributions π1 and π2

that (π1 − π2)Ψ(w)1> = 0 for all x ∈ Σ̊ if and only if (π1 − π2)
∫
E Ψ dλn1> = 0 for

all E ∈ G . Hence

π1 − π2 ⊥ span{Ψ(x) | x ∈ Σ̊} ⇐⇒ (π1 − π2)Ψ(w)1> = 0 ∀x ∈ Σ̊

⇐⇒ (π1 − π2)
∫
E

Ψ dλn1> = 0 ∀E ∈ G

⇐⇒ π1 − π2 ⊥ span
{ ∫

E
Ψdλ | E ∈ G

}
.

We now restate and prove the main result of this section.

Theorem 4.2.7. Let (Q,Σ,Ψ) be a continuous-observation HMM and let π1, π2 be
initial distributions. For each r1 ∈ Q we define the projection

R̃π1,π2
r1 := {r2 ∈ Q | (r1, r2) ∈ R̃π1,π2}.

Then d(π1, π2) < 1 holds if and only if there are r1 ∈ Q and subdistributions µ1, µ2

such that
µ1 ≡ µ2 and r1 ∈ supp (µ1) and supp (µ2) ⊆ R̃π1,π2

r1 . (4.5)

Proof. There is a finite set E ⊆ G such that

span
{ ∫

E
Ψdλ | E ∈ E

}
= span

{ ∫
E

Ψdλ | E ∈ G
}
. (4.8)

For each subset A ⊆ Q×Q we define a subset SA ⊆ Σ as

SA = {x ∈ Σ | supp (Ψ(x)) = A}.

Let Vsupp = {SA | A ⊆ Q×Q, λ(SA) > 0} and let V be the set of atomic elements
of the finite σ-algebra σ{Vsupp ∪ E}. We show that V satisfies the properties in
Proposition 4.4.3.

Let E ∈ E then there are V1, · · · , Vn ∈ V such that E = V1∪ · · · ∪Vn. Therefore,∫
E

Ψdλ =
∫
V1∪···∪Vn

Ψdλ =
n∑
i=1

∫
Vi

Ψdλ

and so

span
{ ∫

E
Ψdλ | E ∈ E

}
⊆ span

{ ∫
V

Ψdλ | V ∈ V
}

⊆ span
{ ∫

E
Ψdλ | E ∈ G

}
= span{Ψ(x) | x ∈ Σ̊} by Corollary 4.4.6.

(4.9)
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By property (4.8) we actually have equality in (4.9).
Let V ∈ V then since Vsupp ⊆ σ{V} there is a V ′ ∈ Vsupp such that V ⊆ V ′.

Since
suppΨ(V ) = suppΨ(V ′)

it follows that the image suppΨ(V ) contains exactly one element.
Therefore, by Proposition 4.4.3 we have dC(π1, π2) < 1 if and only if dF(π1, π2) <

1 where F is the V-approximation of C. Suppose F has joint-reachability set Rπ1,π2 .
Recall that for each r1 ∈ Q we have

Rπ1,π2
r1 := {r2 ∈ Q | (r1, r2) ∈ Rπ1,π2}.

By Theorem 4.1.5 we have dF(π1, π2) < 1 if and only if there is r1 ∈ Q and
subdistributions µ1, µ2 such that

µ1 ≡F µ2 and r1 ∈ supp (µ1) and supp (µ2) ⊆ Rπ1,π2
r1 . (4.10)

Since (4.9) holds, by Lemma 3.2.2, we have for any two subdistributions µ1, µ2

that µ1 ≡C µ2 if and only if µ1 ≡F µ2. For all V ∈ V we have {supp (Ψ(x)) | x ∈ V }
contains at most one element and so supp (

∫
V Ψdλ) = supp (Ψ(x)) for all x ∈ V . It

follows that GF ,F = G̃C,C.
By Lemma 4.1.3 and Lemma 4.2.6 we have

Rπ1,π2 =
{

(r1, r2) ∈ Q×Q
∣∣∣ supp (π1)× supp (π2)→GF,F {(r1, r2)}

}
=
{

(r1, r2) ∈ Q×Q
∣∣∣ supp (π1)× supp (π2)→G̃C,C

{(r1, r2)}
}

= R̃π1,π2 .

Therefore, the condition (4.10) is equivalent to

µ1 ≡C µ2 and r1 ∈ supp (µ1) and supp (µ2) ⊆ R̃π1,π2
r1 .



5
Profile Languages

In Chapter 3 and Chapter 4 we described sufficient conditions on the encoding of
an observation density matrix for decidability of equivalence and distinguishability.
Specifically the following

1. In Theorem 3.3.1 we showed that if a HMM is over a linearly decomposable
profile language then we may decide in polynomial time whether two initial
distributions are equivalent.

2. In Theorem 4.2.9 we showed that if a HMM is over a linearly decomposable and
joint graph decomposable profile language then we may decide in polynomial
time whether two initial distributions are distinguishable.

In this chapter, we give sufficient conditions for a profile language to be linearly
decomposable and joint graph decomposable. We aim for generality in these
conditions and show that the profile language ΓGEM introduced in Section 3.3
and moreover a much larger profile language (which contains ΓGEM ) also has
these properties. The techniques presented here may be generally applicable to
even larger profile languages.

In Section 5.2, we introduce the Span-I operator on profile languages and show
that if a profile language is linearly decomposable then applying the Span-I operator
preserves this property. We also show that if a profile language encodes a set of

53
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analytic functions that is linearly independent, then the Span-I operator produces
a profile language that is joint graph decomposable.

In Section 5.3 we describe one general method for showing that probability
density functions are linearly independent and thus any profile language that
encodes them is linearly decomposable.

Finally, in Section 5.4 we show that the set of observations Σ need not be one-
dimensional. We consider a profile language ΓkD which encodes Dirichlet distributions
and show that ΓkD is linearly decomposable and joint graph decomposable.

5.1 Profile Languages from Analytic Functions

Recall the following:

Definition 3.3.1. Let Γ be a profile language with [[Γ]] ⊆ L1(Σ, λ). We say
that Γ is linearly decomposable if there is a procedure that takes a finite subset
{γ1, . . . , γn} = Γ0 ⊆ Γ and produces profiles β1, . . . , βm ∈ Γ0 and a set of rational
coefficients bi,j ∈ Q for i ∈ [n], j ∈ [m] such that {[[β1]], . . . , [[βm]]} is a basis for
span{[[γ1]], . . . , [[γn]]} (hence m ≤ n), and

[[γi]] =λ

m∑
j=1

bi,j[[βj]] for all i ∈ [n]. (3.2)

Further, this procedure takes polynomial time in the total length of the encoding of
Γ0.

Definition 4.2.2. Let Γ be a profile language with [[Γ]] ⊆ L1(Σ, λ). We say that
Γ is joint graph decomposable if there is a procedure that takes a pair of profiles
α, β ∈ Γ and decides whether λ(supp ([[α]]) ∩ supp ([[β]])) > 0 and this procedure
takes polynomial time in the combined length of the encodings of α and β.

We will establish sufficient conditions for a profile language to be linearly
decomposable and joint graph decomposable. In particular these conditions will
be satisfied by a profile language encoding a large class of standard probability
distribution functions.

Let I = {(a, b) ⊆ R | a, b ∈ Q ∪ {−∞,∞} : a < b} and let γ be a profile. We
define a new profile I(γ, a, b) obtained by restricting the support of [[γ]] to an interval
(a, b) ∈ I. More concretely, the profile I(γ, a, b) encodes the function [[γ]]χ(a,b). Let
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Γ be a profile language, then Span-I(Γ) is the profile language obtained by closing
Γ under interval-restriction and then rational linear combinations. That is,

Span-I(Γ) = {S(λ1, I(γ1, a1, b1)), . . . , λn, I(γn, an, bn)) |λ1, . . . , λn ∈ Q \ {0},

γ1, . . . , γn ∈ Γ,

(a1, b1), . . . , (an, bn) ∈ I}.

Example 5.1.1. Suppose γ encodes the monomial function x 7→ xk for k ∈ N0.
Then, I(γ, a, b) encodes the function x 7→ xkχ(a,b)(x) where a, b ∈ Q and a < b. We
have that S(1, I(γ, a, b)) also encodes x 7→ xkχ(a,b)(x).

Let Γm be the set of profiles encoding monomial functions. Hence, [[Γm]] = {x 7→
xk | k ∈ N0}. We have that

[[Span-I(Γm)]] =
{
x 7→

∑
(λ,i,(a,b))∈A

λxiχ(a,b)(x) | finite A ⊆ (Q \ {0})× (N0)× I
}
.

It follows that S(1, I(γ, a, b)) ∈ Span-I(Γm) and thus any interval-domain monomial
can be encoded by an element of Span-I(Γm).

Let γi ∈ Γm encode the monomial x 7→ xi for i ∈ N0. Then for n ∈ N0 we have

S(λ0, I(γ0,−∞,∞), . . . , λn, I(γn,−∞,∞))

encodes the polynomial x 7→ ∑n
i=0 λix

i. It follows that any polynomial with rational
coefficients can be encoded by an element of Span-I(Γm).

Definition 5.1.1. For any open set D ⊆ R, we say a function f : D → R is analytic
on D if for any x0 ∈ D one can write

f(x) =
∞∑
n=0

an(x− x0)n (5.1)

where the coefficients a0, a1, . . . are real numbers and the series (5.1) is convergent
to f(x) for x in a neighbourhood of x0.

Suppose there is an analytic function f : R→ [0,∞) such that f(x) = f(x) for
all x ∈ D. We call f an analytic continuation of f to R. The following is proven in
Appendix A.3.

Lemma 5.1.2. Let D ⊆ R and let f : D → R be analytic on D. If an analytic
continuation of f to R exists, then it is unique.
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Example 5.1.3. Let x0 ∈ R and let a0 = 1
2x

2
0, a1 = −x0 and a2 = −1

2 . Further,
define g : R→ R where g(x) = −1

2x
2. Then,

1
2x

2
0 − x0(x− x0)− 1

2(x− x0)2 = −1
2x

2

Therefore, g is analytic on R.
Define h : R → R where h(x) = − 1√

2πe
x. Then let bn = ex0

n!
√

2π for all n ∈ N0

where we write 0! = 0. It follows by the power series representation of the exponential
function that

∞∑
n=0

bn(x− x0)n = ex0

√
2π

∞∑
n=0

1
n! (x− x0)n

= ex0

√
2π
ex−x0

= 1√
2π
ex.

Thus, h is analytic on R.
We have (h ◦ g)(x) is the pdf of a gaussian distribution which is analytic on R

since the composition of two analytic functions on R is also analytic (see Proposition
1.3.3 on page 17 of [34])

Table 5.1 gives a summary of some standard probability distributions. Each

Table 5.1: Some standard probability distribution functions

Distribution Name pdf (in terms of x) Domain Parameters
Profile

Language

Student’s t Γ̃((ν+1)2)√
νπΓ̃(ν/2)(1 + x2

ν )−(ν+1)/2 R ν ∈ Q+ Γt

Chi-squared 1
2k/2Γ̃(k/2)x

k/2−1 exp(−x/2) (0,∞) k ∈ N \ {1} Γχ

Exponential λ exp(−λx) (0,∞) λ ∈ Q+ Γe

Maxwell-Boltzmann
√

2
π

1
a3x

2 exp(−x2/(2a2)) (0,∞) a ∈ Q+ Γmb

Gaussian 1
σ
√

2π exp(− (x−µ)2

2σ2 ) R µ ∈ Q, σ ∈ Q+ Γg

distribution has an associated pdf. In the pdf of the Chi-squared distribution Γ̃ is
the gamma function where Γ̃(n) =

∫∞
0 xn−1e−xdx. Each distribution has parameters
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that control the precise expression of the pdf. For example, the mean µ and standard
deviation σ are the parameters of the Gaussian distribution.

We introduce a profile language for the analytic continuation of each pdf in
Table 5.1 so that each profile encodes a function with the same domain. For example
Γe = {Ae(λ) | λ ∈ Q+} where we define Ae as the constructor for exponential
functions and [[Ae(λ)]] : R→ [0,∞) such that [[Ae(λ)]](x) = λ exp(−λx). The pdf
of an exponential distribution with rate λ has domain (0,∞) and so is not directly
encodable with Γe. However, we may encode the pdf with the profile I(Ae(λ), 0,∞).
Therefore, every exponential distribution pdf can be encoded by Span-I(Γe).

Later in this chapter we prove the following.

Proposition 5.1.4. Let Γ be a linearly decomposable profile language encoding
analytic functions on R. Then Span-I(Γ) is linearly decomposable.

Let Γ be a (not necessarily finite) profile language. We say [[Γ]] is linearly
independent if for every finite subset Γ0 ⊆ Γ we have that the set of functions [[Γ0]]
is linearly independent in the vector space L1(Σ, λ). Using this definition there is
an analogue to Proposition 5.1.4 for joint graph decomposable profile languages.

Proposition 5.1.5. Let Γ be a profile language encoding analytic functions on R.
Additionally, assume [[Γ]] is linearly independent. Then, Span-I(Γ) is joint graph
decomposable.

Recall Γm from Example 5.1.1 is the profile language encoding the set of monomial
functions. We may extend the argument of Example 5.3.1 to a larger set of profiles
with the following lemma.

Lemma 5.1.6. The set of functions [[Γm ∪ Γt ∪ Γχ ∪ Γe ∪ Γmb ∪ Γg]] is linearly
independent.

The following theorem is the main result of this section.

Theorem 5.1.7. Let Γ be a profile language encoding analytic functions on R and
assume [[Γ]] is linearly independent. Then Span-I(Γ) is linearly decomposable and
joint graph decomposable.
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Proof. We have Span-I(Γ) is joint graph decomposable by Proposition 5.1.5.

Since [[Γ]] is linearly independent, for any finite subset Γ0 ⊆ Γ we have [[Γ0]] is

linearly independent. Thus Γ is trivially linearly decomposable. Therefore by

Proposition 5.1.4 we have Span-I(Γ) is linearly decomposable.

This immediately implies the following.

Corollary 5.1.8. The profile language Span-I(Γm ∪ Γt ∪ Γχ ∪ Γe ∪ Γmb ∪ Γg) is

linearly decomposable and joint graph decomposable.

Recall the profile language ΓGEM introduced in Section 3.3. Using Corollary 5.1.8,

we prove the following at the end of Section 5.3.

Proposition 5.1.9. ΓGEM is linearly decomposable and joint graph decomposable.

5.2 Decomposability of Span-I

In this section we prove Proposition 5.1.4 and Proposition 5.1.5. We use the

Identity Theorem to establish that linear dependence on an open interval implies

linear dependence on R in Lemma 5.2.3.

Let S ⊆ R. We say x ∈ S is an accumulation point of S if there exists a sequence

(xn)∞n=1 such that xn ∈ S and xn 6= x for all n ∈ N and limn→∞ xn = x.

Theorem 5.2.1. [Identity Theorem] Let f : R→ R be analytic on R. If f(x) = 0

for all x ∈ S ⊆ R, where S has an accumulation point, then f(x) = 0 for all x ∈ R.

Specifically, we use the following a corollary to the Identity Theorem proven

in Appendix A.3.

Corollary 5.2.2. Let f : R→ R be analytic on R. If f(x) = 0 for all x ∈ S ⊆ R,

where λLeb(S) > 0, then f(x) = 0 for all x ∈ R.

Lemma 5.2.3. Suppose f1, . . . , fn : R→ [0,∞) are analytic on R and {f1, . . . , fn}

is linearly independent. Then for any set A ⊆ R such that λLeb(A) > 0, we have

that {χAf1, . . . , χAfn} is linearly independent.
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Proof. Suppose there is a linear dependence
n∑
i=1

βiχAfi = 0

Then since ∑n
i=1 βifi is analytic and ∑n

i=1 βifi(x) = 0 for all x ∈ A, by the Identity
Theorem (Theorem 5.2.1) we have ∑n

i=1 βifi(x) = 0 for all x ∈ R. Since {f1, . . . , fn}
is linearly independent it follows that β1 = · · · = βn = 0.

Proposition 5.1.4. Let Γ be a linearly decomposable profile language encoding
analytic functions on R. Then Span-I(Γ) is linearly decomposable.

Proof. Consider a finite set of profiles Γ0 ⊆ Span-I(Γ). For each γ ∈ Γ0 we have

γ = S(λ1, I(γ1, a1, b1), . . . , λN , I(γN , aN , bN)) (5.2)

for some N ∈ N, γ1, . . . , γN ∈ Γ, λ1, . . . , λN ∈ Q \ {0} and (a1, b1), . . . , (aN , bN ) ∈ I.
Collect together in I0 ⊆ I all the intervals that appear in the description of at

least one profile in Γ0. By sorting the start and end points of intervals in I0 we may
compute a new finite set I ⊆ I such that the intervals in I are disjoint and every
interval in I0 is the union of intervals in I up to a λLeb-null set.

Collect together into Γ1 all the profiles in Γ that appear in the description of
at least one profile in Γ0. Since Γ1 ⊆ Γ is finite and Γ is linearly decomposable we
may compute Γ2 ⊆ Γ1 such that [[Γ2]] is linearly independent.

Let Γ3 = {I(γ, a, b) | γ ∈ Γ2, (a, b) ∈ I}. We show that [[Γ3]] is linearly indepen-
dent. Suppose there is a linear dependence ∑(a,b)∈I

∑
γ∈Γ2 ca,b,γχ(a,b)(x)[[γ]](x) = 0

for all x ∈ R. Fix (a′, b′) ∈ I. For all x ∈ (a′, b′) we have

0 =
∑

(a,b)∈I

∑
γ∈Γ2

ca,b,γχ(a,b)(x)[[γ]](x) =
∑
γ∈Γ2

ca′,b′,γχ(a′,b′)(x)[[γ]](x).

By Lemma 5.2.3 the set of functions {χ(a′,b′)[[γ]] | γ ∈ Γ2} is linearly independent
and so cγ,a′,b′ = 0 for all γ ∈ Γ2. We can repeat this argument for all intervals in I
to show that [[Γ3]] is linearly independent.

We may compute the coordinates of all functions in [[Γ1]] in terms of the set of
functions [[Γ2]] since Γ is linearly decomposable. Hence, we may compute coordinates
for [[I(γ, a, b)]] where γ ∈ Γ1 and (a, b) ∈ I0 in terms of the set of functions [[Γ3]].
Each profile in Γ0 has the form given in (5.2) and therefore since [[Γ3]] is linearly
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independent, we may compute (unique) coordinates of all functions in [[Γ0]] in terms

of the set of functions [[Γ3]].

With these final set of coordinates at hand, we compute a subset B ⊆ Γ0 such

that [[B]] is a basis of span [[Γ0]] as follows. Starting with the B = ∅, go through Γ0

one by one; whenever a profile γ ∈ Γ0 is such that [[B ∪ {γ}]] is linearly independent

then add γ to B. The check for linear independence can be performed in terms of

the computed coordinates of [[Γ0]] in the basis [[Γ3]]. For the final set B we have that

[[B]] is a basis of span[[Γ0]]. The coefficients that express [[Γ0]] as a linear combination

of [[B]] can be computed similarly. The computation described in this proof takes

time polynomial in the size of the input encoding.

Lemma 5.2.4. Let f1, . . . , fn : R → R be analytic on R, let λ1, . . . , λn ∈ Q \ {0}

and let (a1, b1), . . . , (an, bn) ∈ I. Assume that {f1, . . . , fn} is linearly independent

then,

supp
( n∑
k=1

λkfkχ(ak,bk)

)
=

n⋃
k=1

(ak, bk)

Proof. Clearly supp (∑n
k=1 λkfkχ(ak,bk)) ⊆

⋃n
k=1(ak, bk). Suppose there is C ⊆⋃n

k=1(ak, bk) such that λLeb(C) > 0 and ∑n
k=1 λkfk(x)χ(ak,bk)(x) = 0 for all x ∈ C.

Without loss of generality assume there is 1 ≤ n0 ≤ n such that λLeb((ak, bk)∩C) > 0

for all k ∈ [n0]. Then, ∑n0
k=1 λkfk(x) = 0 for all x ∈ C ∩ ⋂n0

k=1(ak, bk). Since

{f1, . . . , fn} is linearly independent it follows that λ1 = · · · = λn0 = 0 which

contradicts the definition of λ1, . . . , λn.

Proposition 5.1.5. Let Γ be a profile language encoding analytic functions on R.

Additionally, assume [[Γ]] is linearly independent. Then, Span-I(Γ) is joint graph

decomposable.

Proof. Let γ1, γ2 ∈ Span-I(Γ). We have for each i = 1, 2

γi = S(λi,1, I(γi,1, (ai,1, bi,2)), . . . , λi,Ni , I(γi,Ni , (ai,Ni , bi,Ni)))

for someNi ∈ N, γi,1, . . . , γi,Ni ∈ Γ, λi,1, . . . , λi,Ni ∈ Q\{0} and (ai,1, bi,1), . . . , (ai,Ni , bi,Ni) ∈
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I. By Lemma 5.2.4 we have supp ([[γi]]) = ⋃Ni
k=1(ai,k, bi,k) for i = 1, 2. Therefore

supp ([[γ1]]) ∩ supp ([[γ2]]) =
N1⋃
k=1

(a1,k, b1,k) ∩
N2⋃
l=1

(a2,l, b2,l)

=
N1⋃
k=1

N2⋃
l=1

(a1,k, b1,k) ∩ (a2,l, b2,l)

=
N1⋃
k=1

N2⋃
l=1

(max{a1,k, a2,l},min{b1,k, b2,l})

where we use the notation (max{a1,k, a2,l},min{b1,k, b2,l}) = ∅ if max{a1,k, a2,l} ≥
min{b1,k, b2,l}. Thus we can decide whether λLeb(supp ([[γ1]]) ∩ supp ([[γ2]])) > 0 by
checking whether there exists k ∈ [N1] and l ∈ [N2] such that max{a1,k, a2,l} <
min{b1,k, b2,l}. This procedure takes polynomial time.

5.3 Asymptotic Ordering

In this section we define asymptotic ordering which we use to establish linear
independence of functions with domain R. In particular we prove Lemma 5.1.6.
The techniques presented in this section are generally applicable and can be used to
prove similar results for even larger profile languages. However, there may be other
techniques. For example, another general technique to show a set of functions is
linearly independent is to examine their Wronskian matrix [35]. We end this section
by proving Proposition 5.1.9 and thus tying up the loose ends from Chapter 3 and
Chapter 4: Corollary 3.3.5 and Corollary 4.2.10 respectively.

Definition 5.3.1. Let g, h : R → R and write g ≺ h if for all ε > 0 there exists
M ∈ N such that |g(x)| < ε|h(x)| for all x ≥M . The relation ≺ is transitive. The
notation f ≺ h is equivalent to f = o(h) where o refers to little-o notation[36]. A
profile language Γ is asymptotically ordered if for every γ1, γ2 ∈ Γ such that

λ
({
x ∈ R

∣∣∣ [[γ1]](x) 6= [[γ2]](x)
})

> 0

either [[γ1]] ≺ [[γ2]] or [[γ2]] ≺ [[γ1]].

Example 5.3.1. Let λ1, λ2 ∈ Q+ with λ1 > λ2 and let f1, f2 : R → R with
fi(x) = λi exp(−λix) for i = 1, 2. It follows that f1(x)/f2(x) < 1 for all x > 0 and
f1(x)/f2(x) = λ1

λ2
exp(−(λ1 − λ2)x) → 0 as x → ∞. Therefore {x ∈ R | f1(x) <

f2(x)} = R and f1 ≺ f2. It follows that Γe is asymptotically ordered.
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Lemma 5.3.2. Suppose Γ is an asymptotically ordered profile language then [[Γ]] is
linearly independent.

Proof. Let {γ1, . . . , γn} ⊆ Γ. Since Γ is asymptotically ordered without loss of
generality we may assume [[γ1]] ≺ · · · ≺ [[γn]]. Suppose there is a linear dependence
such that

n∑
i=1

βi[[γi]](x) = 0

for all x ∈ R. Then since [[γ1]] ≺ · · · ≺ [[γn]], by transitivity we have that [[γi]] ≺ [[γn]]
for all i ∈ [n − 1]. Therefore, for all i ∈ [n − 1] there exists Mi ∈ N such that
|[[γi]](x)| < ε[[γn]](x) for all x ≥Mi. Let M = max{M1, . . . ,Mn−1}. For any x ≥M

we have 0 ≤ |[[γn−1]](x)| < ε[[γn]](x) hence [[γn]](x) > 0 and also,

|βn| =
1

[[γn]](x) |βn[[γn]](x)|

= 1
[[γn]](x) |

n−1∑
i=1

βi[[γi]](x)|

≤ 1
[[γn]](x)

n−1∑
i=1
|βi||[[γi]](x)|

<
1

[[γn]](x)

( n−1∑
i=1
|βi|ε[[γn]](x)

)

= ε
( n−1∑
i=1
|βi|

)
.

By letting ε→ 0 we have that βn = 0. We may repeat this argument for decreasing
n to establish that β1 = · · · = βn = 0. Therefore, [[{γ1, . . . , γn}]] is linearly
independent.

Using the previous lemma we may now prove the following.

Lemma 5.1.6. The set of functions [[Γm ∪ Γt ∪ Γχ ∪ Γe ∪ Γmb ∪ Γg]] is linearly
independent.

Lemma 5.1.6 is immediate from Lemma 5.3.2 and the next result.

Lemma 5.3.3. The profile language Γm ∪ Γt ∪ Γχ ∪ Γe ∪ Γmb ∪ Γg is asymptotically
ordered.
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Proof. Let γ1, γ2 ∈ Γm∪Γt∪Γχ∪Γe∪Γmb∪Γg and λ({x ∈ R
∣∣∣ [[γ1]](x) 6= [[γ2]](x)}) >

0.
We consider first the following cases:

1. γ1, γ2 ∈ Γm,

2. γ1, γ2 ∈ Γt,

3. γ1, γ2 ∈ Γχ,

4. γ1, γ2 ∈ Γe,

5. γ1, γ2 ∈ Γmb,

6. γ1, γ2 ∈ Γg.

In each of these cases, λ({x ∈ R
∣∣∣ [[γ1]](x) 6= [[γ2]](x)}) > 0 is enough to establish

that γ1 and γ2 differ on at least one of their parameters. We show that either
limx→∞[[γ1]](x)/[[γ2]](x) = 0 or limx→∞[[γ2]](x)/[[γ1]](x) = 0 which implies either
[[γ1]] ≺ [[γ2]] or [[γ2]] ≺ [[γ1]].

Case 1. Suppose [[γi]](x) = xki for i = 1, 2 with k1 < k2. We have xk1/xk2 =
xk1−k2 → 0 as x→∞.

Case 2. Suppose [[γi]](x) = Γ̃((νi+1)/2)√
νiπΓ̃(νi/2)(1 + x2

νi
)−(νi+1)/2 for i = 1, 2. We have

lim
x→∞

(1 + x2

νi
)−(νi+1)/2

x−(νi+1) = 1

for i = 1, 2. Assume ν1 > ν2 then

lim
x→∞

[[γ1]](x)/[[γ2]](x) = lim
x→∞

x−(ν1+1)/x−(ν2+1) = lim
x→∞

xν2−ν1 = 0.

Case 3. Suppose [[γi]](x) = 1
2ki/2Γ̃(ki/2)x

ki/2−1 exp−x/2 for i = 1, 2. We have

lim
x→∞

1
2ki/2Γ̃(ki/2)x

ki/2−1 exp−x/2
xki/2−1 exp−x/2 = 0 (5.3)

for i = 1, 2. Assume k1 < k2 then

lim
x→∞

[[γ1]](x)/[[γ2]](x) = lim
x→∞

xk1/2−1

xk2/2−1 = lim
x→∞

x(k1−k2)/2 = 0.
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Case 4. Suppose [[γi]](x) = λi exp−λix for i = 1, 2 where λ1 > λ2. We have

lim
x→∞

[[γ1]](x)/[[γ2]](x) = lim
x→∞

λ1

λ2
exp−(λ1 − λ2)x = 0.

Case 5. Suppose [[γi]](x) =
√

2
π

1
a3
i
x2 exp−x2/(2a2

i ) for i = 1, 2. We have

lim
x→∞

√
2
π

1
a3
i
x2 exp−x2/(2a2

i )
x2 exp−x2/(2a2

i )
= 0 (5.4)

for i = 1, 2. Assume a1 < a2 then

lim
x→∞

[[γ1]](x)/[[γ2]](x) = lim
x→∞

exp−x2/(2a2
1)

exp−x2/(2a2
2) = lim

x→∞
exp 1

2(a−2
2 − a−2

1 )x2 = 0.

Case 6. Suppose [[γi]](x) = 1
σi
√

2π exp− (x−µi)2

2σ2
i

for i = 1, 2. We have

lim
x→∞

1
σi
√

2π exp− (x−µi)2

2σ2
i

exp− (x−µi)2

2σ2
i

= 1 (5.5)

as x→∞ for i = 1, 2. Further, we have

exp− (x−µ1)2

2σ2
1

exp− (x−µ2)2

2σ2
2

= exp
((x− µ2)2

2σ2
2
− (x− µ1)2

2σ2
1

)

= exp
(( 1

2σ2
2
− 1

2σ2
1

)
x2 −

(µ2

σ2
2
− µ1

σ2
1

)
x+

( µ2
2

2σ2
2
− µ2

1
2σ2

1

))
. (5.6)

We consider the coefficients of the polynomial in (5.6). If σ1 < σ2 then 1
2σ2

2
− 1

2σ2
1
< 0

and so [[γ1]] ≺ [[γ2]]. If σ1 = σ2 but µ1 < µ2 then µ2
σ2

2
− µ1

σ2
1
> 0 and so [[γ1]] ≺ [[γ2]].

These cases are enough to show that either [[γ1]] ≺ [[γ2]] or [[γ2]] ≺ [[γ1]] if σ1 6= σ2 or
µ1 6= µ2.

Next, we consider some more cases:

7. γ1 ∈ Γm and γ2 ∈ Γt,

8. γ1 ∈ Γt and γ2 ∈ Γχ,

9. γ1 ∈ Γχ and γ2 ∈ Γe,

10. γ1 ∈ Γe and γ2 ∈ Γmb,

11. γ1 ∈ Γmb and γ2 ∈ Γg.

In each case we show that [[γ2]](x)/[[γ1]](x)→ 0 as x→∞ and hence [[γ2]] ≺ [[γ1]].
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Case 7. Suppose [[γ1]](x) = xk and [[γ2]](x) = Γ̃((ν+1)/2)√
νπΓ̃(ν/2) (1 + x2

ν
)−(ν+1)/2 where

ν ∈ Q+ and k ∈ N0. Then by (5.3),

lim
x→∞

[[γ2]](x)/[[γ1]](x) = lim
x→∞

x−(ν+1)

xk
= lim

x→∞
x−ν−1−k = 0.

Case 8. Suppose [[γ1]](x) = Γ̃((ν+1)/2)√
νπΓ̃(ν/2) (1+x2

ν
)−(ν+1)/2 and [[γ2]](x) = 1

2k/2Γ̃(k/2)x
k/2−1 exp−x/2

where ν ∈ Q+ and k ∈ N. Then by (5.3) and (5.3),

lim
x→∞

[[γ2]](x)/[[γ1]](x) = lim
x→∞

xk/2−1 exp−x/2
x−(ν+1) = lim

x→∞
xk/2+ν exp−x/2 = 0.

Case 9. Suppose [[γ1]](x) = 1
2k/2Γ̃(k/2)x

k/2−1 exp−x/2 and [[γ2]](x) = λ exp−λx
where k ∈ N \ {1} and λ ∈ Q+. In the case λ = 1

2 and k = 2,

[[γ1]](x) = 1
2Γ̃(1)

exp−x/2 = 1
2 exp−x/2 = [[γ2]](x).

Therefore, λ({x ∈ R
∣∣∣ [[γ1]](x) 6= [[γ2]](x)}) > 0 implies either λ 6= 1

2 or k 6= 2. By
(5.3),

lim
x→∞

[[γ2]](x)/[[γ1]](x) = lim
x→∞

λ exp−λx
xk/2−1 exp−x/2 = lim

x→∞
λx−(k/2−1) exp−(λ− 1

2)x.

In the case λ < 1
2 then [[γ2]](x)/[[γ1]](x) → ∞ as x → ∞. In the case λ > 1

2

then [[γ2]](x)/[[γ1]](x) → 0 as x → ∞. In the case λ = 1
2 and k ∈ {0, 1} we

have [[γ2]](x)/[[γ1]](x) → ∞ as x → ∞. In the case λ = 1
2 and k > 2 we have

[[γ2]](x)/[[γ1]](x) → 0 as x → ∞. These cases are enough to establish that either
[[γ1]] ≺ [[γ2]] or [[γ2]] ≺ [[γ1]].

Case 10. Suppose [[γ1]](x) = λ exp−λx and [[γ2]](x) =
√

2
π

1
a3x

2 exp−x2/(2a2)
where λ, a ∈ Q+. Then by (5.4),

lim
x→∞

[[γ2]](x)/[[γ1]](x) = lim
x→∞

x2 exp−x2/(2a2)
λ exp−λx = lim

x→∞

1
λ

exp
(
− x2

2a2 + λx
)

= 0.

Case 11. Suppose [[γ1]](x) =
√

2
π

1
a3x

2 exp−x2/(2a2) and [[γ2]](x) = 1
σ
√

2π exp− (x−µ)2

2σ2

where a, σ ∈ Q+ and µ ∈ Q. Then by (5.5) and (5.4),

lim
x→∞

[[γ2]](x)/[[γ1]](x) = lim
x→∞

exp− (x−µ)2

2σ2

x2 exp−x2/(2a2) = lim
x→∞

1
x2 exp

(
x2

2a2 −
(x− µ)2

2σ2

)
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Since x2

2a2− (x−µ)2

2σ2 is a polynomial with degree 2 or less we have limx→∞[[γ2]](x)/[[γ1]](x) ∈
{0,∞} and thus either [[γ1]] ≺ [[γ2]] or [[γ2]] ≺ [[γ1]].

Cases 1-11 together with the transitivity property of ≺ imply that Γm ∪ Γt ∪
Γχ ∪ Γe ∪ Γmb ∪ Γg is asymptotically ordered.

Proposition 5.1.9. ΓGEM is linearly decomposable and joint graph decomposable.

Proof of Proposition 5.1.9. Let γ be a profile in ΓGEM . Then,

[[γ]] =
I∑
i=1

rimi +
J∑
j=1

sjgj +
K∑
k=1

tkek

where I, J,K ∈ N, ri, sj, tk ∈ Q for i ∈ [I], j ∈ [J ] and k ∈ [K] respectively. Further,
mi, gj, ek are distinct pdfs of interval-domain monomial, gaussian and exponential
distributions for i ∈ [I], j ∈ [J ] and k ∈ [K] respectively. Let mi(x) = xniχ[ai,bi)(x),
gj(x) = 1

σj
√

2π exp− (x−µj)2

2σ2
j

and ek(x) = λkχ(0,∞)(x) exp(−λkx) for all x ∈ R and
i ∈ [I], j ∈ [J ] and k ∈ [K] respectively. Let αi ∈ Γm encode [[αi]](x) = xni for
i ∈ [I]. Let βj ∈ Γg encode [[βj]](x) = 1

σj
√

2π exp− (x−µj)2

2σ2
j

for j ∈ [J ]. Let γk ∈ Γe
encode [[γk]](x) = λk exp(−λkx) for k ∈ [K]. We have [[I(αi, ai, bi)]] = mi, [[βj]] = gj

and [[I(γk, 0,∞)]] = ek up to a λLeb-null set for i ∈ [I], j ∈ [J ] and k ∈ [K]
respectively. Let

γ′ = S(r1, I(α1, a1, b1), . . . , rI , I(αI , aI , bI), (5.7)

s1, β1, . . . , sJ , βJ ,

t1, I(γ1, 0,∞), . . . , tK , I(γK , 0,∞))

and then [[γ]] = [[γ′]] up to a λLeb-null set. The algorithm that produces γ′ from γ

takes polynomial time in the size of the encoding of γ.
We now show ΓGEM is linearly decomposable. Consider the finite subset Γ0 ⊆

ΓGEM . In polynomial time we may compute an equivalent finite subset Γ′0 ∈
Span-I(Γm∪Γt∪Γχ∪Γe∪Γmb∪Γg) using the construction (5.7). Since Span-I(Γm∪
Γt ∪ Γχ ∪ Γe ∪ Γmb ∪ Γg) is linearly decomposable we may perform the linear
decomposition algorithm on Γ′0 and then map the profiles obtained in the result
back to the corresponding profiles in Γ0.

Finally we show ΓGEM is joint graph decomposable. Let γ1, γ2 ∈ ΓGEM and let
γ′1, γ

′
2 be obtained by the construction (5.7). We have

λLeb(supp ([[γ1]]) ∩ supp ([[γ2]])) = λLeb(supp ([[γ′1]]) ∩ supp ([[γ′2]]))
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and so ΓGEM is joint graph decomposable because Span-I(Γm∪Γt∪Γχ∪Γe∪Γmb∪Γg)
is joint graph decomposable.

5.4 Dirichlet Distributions

In this section we define a profile language ΓkD for each integer k ≥ 2 which can
encode Dirichlet distributions. Up to this point we have only considered sets of
observations with Σ ⊆ R but in this section we consider observations from the
k − 1 simplex, ∆k. We will show that ΓkD is linearly decomposable and joint
graph decomposable which demonstrates that our results about equivalence and
distinguishability can apply when the set of observations is multi-dimensional. In
particular we show that [[ΓkD]] is a linearly independent set of functions. Towards this
goal we parametrise the set of observations, writing ~x(d) ∈ ∆k where d ∈ (0,∞).
We use a lexicographic ordering on the parameters of the Dirichlet distributions
inspired by Case 6 in the proof of Lemma 5.3.3. By ordering the elements of
an assumed linear dependence between distinct Dirichlet pdfs according to the
lexicographic ordering on the parameters, we show that each element of the linear
dependence has a different growth rate as d→∞. This contradicts the assumption
that such a linear dependence exists.

Example 5.4.1. Let k ∈ N with k ≥ 2. The k−1 simplex is ∆k := {(x1, . . . , xk) ∈
[0, 1]k | ∑k

i=1 xi = 1} and a Dirichlet distribution of order k with parameters
α1 · · ·αk ∈ Q+ has probability density function f : ∆k → (0,∞) where

f(x1, . . . , xk) = 1
B(α1, · · · , αk)

k∏
i=1

xαi−1
i .

The pdf f is with respect to the Lebesgue measure λk−1
Leb on [0, 1]k−1. Here, B :

Rk → R is the multivariate beta function:

B(α1, . . . , αk) =
∏k
i=1 Γ̃(αi)

Γ̃
(∑k

i=1 αi
)

where Γ̃ is the gamma function defined in Section 5.1.
For fixed k ≥ 2, we define a constructor Dk(α1, . . . , αk) for encoding a Dirichlet

distribution with parameters α1, . . . , αk. We define the profile language

ΓkD = {Dk(α1, . . . , αk) | α1, . . . , αk ∈ Q+} .
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Let n ∈ N for each j ∈ [n] let αj1, . . . , αjk ∈ Q+ such that for each j, j′ ∈
[n] there exists i ∈ [k] such that αji 6= αj

′

i . We will show that for profiles
Dk(α1

1, . . . , α
1
k), . . . , Dk(αn1 , . . . , αnk) ∈ ΓkD the set

{[[Dk(α1
1, . . . , α

1
k)]], . . . , [[Dk(αn1 , . . . , αnk)]]}

is linearly independent.
We define a lexicographic order on Dk(α1

1, . . . , α
1
k), . . . , Dk(αn1 , . . . , αnk). For

j, j′ ∈ [n] we say that Dk(αj1, . . . , αjk) <lex Dk(αj
′

1 , . . . , α
j′

k ) if

(
αj1 < αj

′

1

)
∨

k∨
i=2

((
αji < αj

′

i

)
∧

i−1∧
r=1

(
αjr = αj

′

r

))
.

Without loss of generality assume Dk(α1
1, . . . , α

1
k) <lex · · · <lex Dk(αn1 , . . . , αnk). Let

1 ≤ j < j′ ≤ k so that Dk(αj1, . . . , αjk) <lex Dk(αj
′

1 , . . . , α
j′

k ) and there is i0 ∈ [k]
such that αji0 < αj

′

i0 and if i0 > 1 then αji = αj
′

i for all i < i0. We have that

lim
d→∞

k∑
i=1

dk+1−i(αji − α
j′

i ) = lim
d→∞

k∑
i=i0

dk+1−i(αji − α
j′

i ) = −∞ (5.8)

since αji0 − α
j′

i0 < 0.
Assume there are coefficients s1, . . . , sn ∈ R \ {0} such that

n∑
j=1

sj[[Dk(αj1, . . . , αjk)]] = 0.1

It follows that
n−1∑
j=1

(
sj[[Dk(αj1, . . . , αjk)]]/[[Dk(αn1 , . . . , αnk)]]

)
= −sn.

For d ∈ (0,∞) let t(d) = ∑k
i=1 e

di and consider the parametrised row vector
~x(d) := (edk , . . . , ed2

, ed
1)/t(d) ∈ ∆k. For 1 ≤ j < n we have

lim
d→∞

[[Dk(αj1, . . . , αjk)]](~x(d))/[[Dk(α1
1, . . . , α

1
k)]](~x(d)) = lim

d→∞

k∏
i=1

ed
k+1−i(αji−1)

ed
k+1−i(αni −1)

t(d)
t(d)

= lim
d→∞

k∏
i=1

exp
(
dk+1−i(αji − αni )

)

= lim
d→∞

exp
(

k∑
i=1

dk+1−i(αji − αn1 )
)

= 0 by (5.8).
1Previously we required this linear dependence holds almost everywhere. Here, this condition

is not necessary since Dirichlet pdfs are continuous.
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Hence, sn = 0, a contradiction. We conclude that [[ΓkD]] is linearly independent. It
follows that ΓkD is linearly decomposable since we may define a trivial procedure
that takes a subset {γ1, . . . , γn} ⊂ ΓkD and returns profiles βi := γi for all i ∈ [n]
and coefficients bi,j := δi,j where δi,j is the Kronecker delta function.

Also, ΓkD is joint graph decomposable since we may define a trivial procedure that
takes two profiles γ1, γ2 ∈ ΓkD and always returns true. This is because [[γ1]](~x) > 0
and [[γ2]](~x) > 0 for all ~x ∈ (0, 1)k−1 ∩∆k and λk−1

Leb (∆k) = λk−1
Leb ((0, 1)k−1).
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6
The Sequential Probability Ratio Test

In previous chapters we introduced the total variation distance as a metric for
capturing probabilistic similarity of a HMM started from two different initial distri-
butions. We defined what it means for two initial distributions to be distinguishable.
We show in this chapter that for distinguishable initial distributions one can use
the sequential probability ratio test (SPRT) [27] to decide which initial distribution
a particular run belongs to. The execution time of this algorithm is itself a random
variable that depends on the run. Moreover, the distribution of the execution time
depends on the specific HMM and also the initial distributions. Even though two
initial distributions are distinguishable, they may be distinguishable to different
degrees as observed by the execution time of the SPRT.

The word "ratio" in the SPRT refers to the likelihood ratio of two initial
distributions. The likelihood ratio converges to 0 at a particular rate. We show
in Chapter 7 that there are quadratically many such rates (in the number of
states): each of which realised with a certain probability. We call these rates
likelihood exponents.

For distinguishable initial distributions we show that the likelihood exponent
and the execution time of the SPRT are, broadly speaking, inversely proportional.
Regarding the execution time of the SPRT, we examine its expectation in Section 6.1
and then its distribution in Section 6.3. We give computational results for the
distribution of the likelihood exponents in Section 6.4. In Section 6.5 we show how
the distribution of the likelihood exponent correspond to the hitting probabilities
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of different bottom SCCs in a Markov chain we refer to as the Numerator Support
Markov Chain. In Section 6.6 we give proofs of the various ways that the likelihood
exponents and execution time of the SPRT are linked.

In both this chapter and also chapter 7 our results only apply to finite-observation
chains since as far as we are aware, these results are novel even in this case.
From now on, we assume that a HMM has finite-observations and hence will
be given the label F .

Let F = (Q,Σ,M) be a HMM and let π1 and π2 be initial distributions. For
n ∈ N, the likelihood ratio Ln is a random variable on Σω given by Ln(w) = ‖π1M(wn)‖

‖π2M(wn)‖ .
Based on results from [23] we have the following lemma.

Lemma 6.0.1. Let π1, π2 be initial distributions.

1. limn→∞ Ln exists Pπ2-almost surely and lies in [0,∞).

2. limn→∞ Ln = 0 Pπ2-almost surely if and only if π1 and π2 are distinguishable.

Proof. The first part is [23, Proposition 6]. Towards the second part, the following
equalities hold.

1− d(π1, π2) = lim
n→∞

∑
w∈Σn

min{‖π1M(w)‖, ‖π2M(w)‖} by [23, Theorem 7]

= lim
n→∞

∑
w∈Σn

min{Ln(w), 1}‖π2M(w)‖

= lim
n→∞

Eπ2

[
min{Ln, 1}

]
= Eπ2

[
lim
n→∞

min{Ln, 1}
]

as 0 ≤ min{Ln(w), 1} ≤ 1.

Then, limn→∞min{Ln, 1} = 0 ⇐⇒ limn→∞ Ln = 0.

Example 6.0.2. We illustrate convergence of the likelihood ratio using an example
from [37] where the authors use HMMs to model sleep cycles. They took mea-
surements of 51 healthy and 51 diseased individuals and using electrodes attached
to the scalp, they read electrical signal data as part of an electroencephalography
(EEG) during sleep. They split the signal into 30 second intervals and mapped each
interval onto the simplex ∆3 = {(x1, x2, x3, x4) ∈ [0, 1]4 | ∑4

i=1 xi = 1}. For each
individual this results in a time series of points in ∆3. They modelled this data
using two HMMs, each with 5 states, for healthy and diseased individuals using a
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numerical maximum likelihood estimate. Each state is associated with a probability
density function describing the distribution of observations in ∆3.

The two embedded Markov chains have the following transition matrices:

T1 =


0.793 0.099 0.035 0.064 0.009
0.078 0.769 0.006 0.144 0.003
0.018 0.004 0.833 0.134 0.012
0.022 0.094 0.054 0.827 0.002
0.011 0.005 0.035 0.005 0.945

 , T2 =


0.641 0.109 0.031 0.040 0.015
0.202 0.699 0.008 0.089 0.003
0.026 0.002 0.823 0.062 0.035
0.123 0.189 0.114 0.808 0.016
0.007 0.001 0.024 0.001 0.931

 .

Their HMMs are state-labelled. For each state i, they fit a Dirichlet pdf fi
describing the distribution of observations in ∆3 emitted at state i. The pdfs of
diseased and healthy individuals were so similar that they used the same pdf for
both HMMs. Thus the two HMMs differ only in the transition probabilities.

Since ∆3 is infinite and in this chapter we assume finite observation alphabets,
we partition the simplex into the sets

Uk = {x ∈ ∆3 | fk(x) ≥ sup
i
fi(x)}

for k = 1, . . . , 5. The set Uk contains the points in ∆3 most likely to be produced
in state k. We assign a letter ak for each Uk, and define a set of observations
Σ = {a1, . . . , a5}. Thus, the probability of producing letter ak from state i is given
as Oi,k =

∫
Uk
fi(x) dx. We estimated the entries of O using a numerical Monte Carlo

technique. We generated 100,000 samples from all 5 Dirichlet distributions in their
paper which yielded the estimate

O =


0.9172 0.0803 0 0.0002 0.0024
0.0719 0.8606 0 0.0665 0.0010

0 0.0007 0.8546 0.1055 0.0392
0.0008 0.0998 0.0663 0.8257 0.0075
0.0109 0.0094 0.1046 0.0334 0.8416

 .

Since we consider transition labelled HMMs, we define transition functions M1,M2

with
Mm(ak)i,j =

(
Tm
)
i,j
Oi,k

for m = 1, 2. Let Q = [10]. We construct the HMM F = (Q,Σ,M) where

M(a) =
(
M1(a) 0

0 M2(a)

)

for each a ∈ Σ.
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Let π1 and π2 be the Dirac distributions on states 1 and 6 respectively. These
initial distributions correspond to healthy and diseased individuals started from
sleep state 1.

Using the algorithm from [23] one can show that π1 and π2 are distinguishable.
We sampled runs of F started from π1 and π2 and plotted the corresponding
sequences of lnLn. We refer to each of these two plots as a log-likelihood plot; see
Figure 6.1.

Figure 6.1: The two images show two log-likelihood plots of sample runs produced by
π1 and π2, respectively.

By the second point of Lemma 6.0.1 it follows that lnLn converges Pπ1-a.s. (almost-
surely) to∞ and Pπ2-a.s. to −∞. This is affirmed by Figure 6.1. Both log-likelihood
plots also appear to follow a particular slope. This suggests that we can distinguish
between words produced by π1 and π2 by tracking the value of lnLn to see whether
it crosses a lower or upper threshold. This is the intuition behind the Sequential
Probability Ratio Test (SPRT).

6.1 Sequential Probability Ratio Test

Fix a HMM F = (Q,Σ,M) for the rest of the thesis. Given initial distributions
π1, π2 and error bounds α, β ∈ (0, 1), the SPRT runs as follows. It continues to
read observations and computes the value of lnLn until lnLn leaves the interval
[A,B], where A := ln α

1−β and B := ln 1−α
β

. If lnLn ≤ A the test outputs “π2” and
if lnLn ≥ B the test outputs “π1”. We may view the SPRT as a random variable
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SPRTα,β : Σω → {π1, π2, ?}, where ? denotes that the SPRT does not terminate,
i.e., lnLn ∈ [A,B] for all n. We have the following property.

Proposition 6.1.1. Suppose π1 and π2 are distinguishable. Let α := Pπ1(SPRTα,β =
π2) and β := Pπ2(SPRTα,β = π1). Then for error bounds A,B ∈ R with A < 0 < B

we have A ≥ ln α
1−β and B ≤ ln 1−α

β
.

Define the stopping time

Nα,β := min{n ∈ N | lnLn 6∈ [A,B]} ∈ N ∪ {∞} .

We have that Nα,β is monotone decreasing in the sense that for α ≤ α′ and β ≤ β′

we have Nα,β ≥ Nα′,β′ . When π1 and π2 are distinguishable, Nα,β is Pπ2-a.s. finite
by the second point of Lemma 6.0.1.

Proof of Proposition 6.1.1. Let a = α
1−β and b = 1−α

β
. Write N := Nα,β and let

W 1
n = {w ∈ Σω | a ≤ Lm(w) ≤ b ∀m < n,Ln < a} then

Pπ1

(
LN < a

)
=
∞∑
n=1

Pπ1

(
W 1
n

)
=
∞∑
n=1

∑
w∈W 1

n

π1M(w)1> =
∞∑
n=1

∑
w∈W 1

n

Ln(w)π2M(w)1>

≤ a
∞∑
n=1

∑
w∈W 1

n

π2M(w)1> = a
∞∑
n=1

Pπ2

(
W 1
n

)
= aPπ2

(
LN < a

)
.

Similarly, we may derive Pπ2

(
LN > b

)
≤ 1

b
Pπ1

(
LN > b

)
so that

a ≥
Pπ1

(
LN < a

)
Pπ2

(
LN < a

) =
Pπ1

(
LN < a

)
1− Pπ2

(
LN > b

)
b ≤

Pπ1

(
LN > b

)
Pπ2

(
LN > b

) =
1− Pπ1

(
LN < a

)
Pπ2

(
LN > b

)

and the result follows.

In the following we consider the SPRT with respect to the measure Pπ2 . This is
without loss of generality as there is a dual version of the SPRT, say SPRT with
Ln = 1/Ln instead of Ln, such that SPRTβ,α = SPRTα,β.
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6.2 Expectation of Nα,β

Consider the two-state HMM where p1 6= p2.

s1 s2p1 : a (1− p1) : b p2 : a (1− p2) : b

(The Dirac distributions of) s1 and s2 are distinguishable. Further, the incre-
ments lnLn+1 − lnLn are independent and identically distributed (i.i.d.) and
0 > Es2 [lnLn+1 − lnLn] = p2 ln p1

p2
+ (1− p2) ln 1−p1

1−p2
=: `. Intuitively as ` gets more

negative, the HMMs become more different.1 Indeed, Wald [27] shows that the
expected stopping time Es2 [Nα,β] and ` are inversely proportional:

Es2 [Nα,β] =
β ln 1−α

β
+ (1− β) ln α

1−β

`
. (6.1)

This Wald formula cannot hold in general for (multi-state) HMMs. The increments
lnLn+1 − lnLn need not be independent and Es2 [lnLn+1 − lnLn] can be different
for different n. Further, | lnLn+1 − lnLn| can be unbounded; cf. [24, Example 6].

Nevertheless, in Figure 6.1 we observed that lnLn appears to decrease linearly (on
the π2 plot). Indeed, we show in Theorem 6.2.3 below that the limit limn→∞

1
n

lnLn
exists Pπ2-almost surely. Intuitively it corresponds to the average slope of the
log-likelihood plot for π2. In the two-state case, there is a simple proof of this
using the law of large numbers:

lim
n→∞

1
n

lnLn = lim
n→∞

1
n

n−1∑
i=0

[lnLi+1 − lnLi] = Eπ2 [lnL1 − lnL0] = ` Pπ2-a.s.

The number ` is called a likelihood exponent, as defined generally in the fol-
lowing definition.

Definition 6.2.1. For initial distributions π1, π2, a number ` ∈ [−∞, 0] is a
likelihood exponent if Pπ2(limn→∞

1
n

lnLn = `) > 0.

By the first point of lemma 6.0.1 we have Pπ2(limn→∞
1
n

lnLn > 0) = 0, as
Pπ2(limn→∞ Ln <∞) = 1. Hence, we may restrict likelihood exponents to [−∞, 0].
We write Λπ1,π2 ⊆ [−∞, 0] for the set of likelihood exponents for π1, π2 and define
Λ := ⋃

π1,π2 Λπ1,π2 ; i.e., Λ depends only on the HMM F . For ` ∈ Λ we define
the event E` = {limn→∞

1
n

lnLn = `}.
1In fact, ` is the KL-divergence of the distributions f1, f2 where fi(a) = pi and fi(b) = 1− pi

for i = 1, 2.
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Example 6.2.1. In the case of Example 6.0.2 we have Λπ1,π2 = {`} where the slope
of the right hand side of Figure 6.1 suggests that ` ≈ − 80

10000 = −0.008.

Example 6.2.2. Even for fixed π1, π2 there may be multiple likelihood exponents.
Consider the following HMM with initial Dirac distributions π1 = es1 and π2 = es4 .

s1s2 s3 s4

1
4a

3
4b

2
3b

1
3a

1
2b

1
2a

1
2a

1
2b

We observe two different likelihood exponents depending on the first letter produced.
If the first letter is a then lnLn+1 − lnLn are i.i.d. for n ≥ 1 and limn→∞

1
n

lnLn =
1
2 ln 1/3

1/2 + 1
2 ln 2/3

1/2 = 1
2 ln 8

9 =: ` like the two-state example above with p1 = 1
3 and

p2 = 1
2 . If the first letter is b then Ln = 3

2 for all n ≥ 1 and limn→∞
1
n

lnLn = 0.
Thus, Λπ1,π2 = {`, 0} and Pπ2(E`) = Pπ2(E0) = 1

2 .

The following theorem is perhaps the most fundamental contribution of this
chapter. It follows from a stronger theorem, theorem 7.2.4, which we prove
in chapter 7.

Theorem 6.2.3. For any initial distributions π1, π2 the limit limn→∞
1
n

lnLn exists
Pπ2-almost surely. Furthermore, we have |Λ| ≤ |Q|2 + 1.

Returning to the SPRT, we investigate how limn→∞
1
n

lnLn influences the
performance of the SPRT for small α and β. Intuitively we expect a steeper
slope in the likelihood plot (cf. Figure 6.1) to lead to faster termination. In the
two-state case, Wald’s formula (6.1) becomes

Es2 [Nα,β] =
β ln 1−α

β
+ (1− β) ln α

1−β

`
∼ lnα

`
(as α, β → 0), (6.2)

where we use the notation ∼ defined as follows. For functions f, g : (0,∞) ×
(0,∞)→ (0,∞) we write “f(x, y) ∼ g(x, y) (as x, y → 0)” to denote that for all ε >
0 there is δ > 0 such that for all x, y ∈ (0, δ) we have f(x, y)/g(x, y) = [1− ε, 1 + ε].

In Theorem 6.2.4 below we generalise Equation (6.2) to arbitrary HMMs. Indeed
a very similar asymptotic identity holds. In the case that Λ = {`} and ` ∈
(−∞, 0) we have Es2 [Nα,β] ∼ lnα

`
as α, β → 0. If |Λ| > 1 then we condition our

expectation on limn→∞
1
n

lnLn.
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Theorem 6.2.4 (Generalised Wald Formula). Let ` be a likelihood exponent and
let π1 and π2 be initial distributions.

1. If ` ∈ (−∞, 0) then Eπ2

[
Nα,β | E`

]
∼ lnα

`
(as α, β → 0).

2. If ` = 0 then there exist α, β > 0 such that Eπ2

[
Nα,β | E`

]
=∞.

3. If ` = −∞ then sup
α,β

Eπ2

[
Nα,β | E`

]
<∞.

The theorem above, proven in Section 6.6, pertains to the expectation of Nα,β.
In the next subsection we give additional information about the distribution of
Nα,β, further strengthening the connection between Nα,β and likelihood exponents.

6.3 Distribution of Nα,β

6.3.1 Likelihood Exponent 0

Example 6.3.1. We continue with Example 6.2.2 to illustrate the second case in
Theorem 6.2.4. By picking α = 1

4 , β = 1
4 the thresholds for the SPRT are A = ln 1

3

and B = ln 3. If the first letter is b, then lnLn = ln 3
2 for all n > 1, thus never crosses

the SPRT bounds and limn→∞
1
n

lnLn = 0. Hence with probability 1
2 the SPRT fails

to terminate and Nα,β =∞. It follows that Pπ2(E0) = 1
2 and Eπ2 [Nα,β | E0] =∞

and, thus, Eπ2 [Nα,β] =∞.

The second part of Theorem 6.2.4 says that the expectation of Nα,β conditioned
under E0 is infinite. The following proposition, proven in Section 6.6, strengthens this
statement. Conditioning under E0, the probability that Nα,β is infinite converges
to 1 as α, β → 0. Recall that Nα,β is monotone decreasing. It follows that
{Nα′,β′ = ∞} ⊆ {Nα,β = ∞} if α ≤ α′ and β ≤ β′.

Proposition 6.3.2. The following two equalities hold up to Pπ2-null sets:

E0 =
{

lim
n→∞

Ln > 0
}

=
⋃

α,β>0
{Nα,β =∞} .

Thus, limα,β→0 Pπ2(Nα,β =∞) = Pπ2(E0).

Corollary 6.3.3 (using the second point of Lemma 6.0.1). Initial distributions π1

and π2 are distinguishable if and only if Pπ2(E0) = 0 if and only if Pπ2(Nα,β <∞) = 1
holds for all α, β > 0.
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6.3.2 Likelihood Exponent −∞

Example 6.3.4. Consider now a modification of Example 6.2.2 where state s3 has

the b loop removed.

s1s2 s3 s4

1
4a

3
4b

2
3b

1
3a 1a

1
2a

1
2b

The likelihood exponents are −∞ and ` := 1
2 ln 8

9 so that Λ = {−∞, `}. Also,

Ps4(E−∞) = Ps4(E`) = 1
2 . Up to Ps4-null sets the events E−∞, bΣω and ba∗bΣω

are equal. The event ba∗bΣω represents the chain started from s4 producing an

observation which cannot be produced by the chain started from s1, causing the

SPRT to terminate for any α, β. Therefore conditioned on E−∞, the random variable

Nα,β − 1 is bounded by a geometric random variable with parameter 1
2 . Hence

supα,β Eπ2

[
Nα,β | E−∞

]
≤ 1 + 2.

We define the stopping time N⊥ = min{n ∈ N | Ln = 0}. Note that

supα,β Nα,β ≤ N⊥ since {Ln = 0} ⊆ {Ln ≤ α
1−β} for all α, β. By the following

proposition, the reverse inequality also holds.

Proposition 6.3.5. The events E−∞ and {Ln = 0 for some n} are equal. Thus,

supα,β Nα,β = N⊥ and limα,β→0 Pπ2(Nα,β <∞) = Pπ2(E−∞).

Proof. The right-to-left inclusion is clear. Towards the converse, let pmin > 0 be

the minimum non-zero entry in π1 and all M(a) where a ∈ Σ. Suppose that Ln > 0

holds for all n. Then we have for all n ≥ 1:

1
n

lnLn = 1
n

ln ‖π1M(wn)‖
‖π2M(wn)‖ ≥

1
n

ln ‖π1M(wn)‖ ≥ 1
n

ln pn+1
min = n+ 1

n
ln pmin

≥ 2 ln pmin .

Thus, limn→∞
1
n

lnLn 6= −∞. We have supα,β Nα,β ≤ N⊥. Also,

⋂
α,β

{
Ln 6∈

(
α

1− β ,
1− α
β

)}
= {Ln = 0}
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for all n ∈ N and so supα,β Nα,β = N⊥. The final claim follows because

lim
α,β→0

Pπ2(Nα,β <∞) = Pπ2

⋂
α,β

{Nα,β <∞}


= Pπ2

(
sup
α,β

Nα,β <∞
)

= Pπ2 (N⊥ <∞)

= Pπ2 (∃n ∈ N : Ln = 0) .

We have shown that {Ln > 0 ∀n ∈ N} ⊆ Ec
−∞. Thus, E−∞ ⊆ {∃n ∈ N : Ln = 0}.

The reverse inclusion is clear and so {N⊥ < ∞} = E−∞ holds which implies the
last point in the proposition.

Applying this to Example 6.3.4, we obtain supα,β Eπ2

[
Nα,β | E−∞

]
= 3.

6.3.3 Likelihood Exponent in (−∞, 0)

Conditioned on E` where ` ∈ (−∞, 0), Theorem 6.2.4 states that Nα,β scales
with lnα

`
in expectation. The following result shows that this relationship also

holds Pπ2-almost surely.

Proposition 6.3.6. Let ` ∈ Λ and assume ` ∈ (−∞, 0). We have

Pπ2

(
Nα,β ∼

lnα
`

(as α, β → 0)
∣∣∣∣ E`) = 1.

In fact, we prove the first part of theorem 6.2.4 using Proposition 6.3.6. If there
were a bound K ∈ N such that Pπ2-a.s.

Nα,β
− lnα ≤ K, the first part of Theorem 6.2.4

would follow from Proposition 6.3.6 by the dominated convergence theorem. However
this is not the case in general. Instead we show in section 6.6 that the set of random
variables { Nα,β− lnα | 0 < α, β ≤ 1

2} is uniformly integrable with respect to the measure
Pπ2 and then use Vitali’s convergence theorem.

Example 6.3.7. Recall Example 6.0.2, where Λ = {`}. Figure 6.2 demonstrates
the asymptotic relationship in Proposition 6.3.6. Each of the 50 lines correspond to
a sample run and we record the value of Nα,β for 0 ≤ − lnα = − ln β ≤ 1000. From
the figure we estimate −1

`
as 105

800 = 125. This coincides with the estimate given in
Example 6.2.1.
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Figure 6.2: The number of observations taken by the SPRT for 0 ≤ − lnα = − ln β ≤
1000.

We conclude from this section that the performance of the SPRT, in terms of its
termination time Nα,β, is tightly connected to likelihood exponents. This motivates
our study of likelihood exponents in the next section.

6.4 Distribution of Likelihood Exponents

In this section we aim at computing Pπ2(E`) for a likelihood exponent `. We
show the following theorem.

Theorem 6.4.1. Given a HMM and initial distributions π1, π2,

1. one can compute Pπ2(limn→∞
1
n

lnLn = −∞) and Pπ2(limn→∞
1
n

lnLn = 0) in
polynomial space;

2. one can decide whether Pπ2(limn→∞
1
n

lnLn = 0) = 0 (i.e., 0 6∈ Λπ1,π2) in
polynomial time;

3. deciding whether Pπ2(limn→∞
1
n

lnLn = 0) = 1, whether Pπ2(limn→∞
1
n

lnLn =
−∞) = 0, and whether Pπ2(limn→∞

1
n

lnLn = −∞) = 1 are all PSPACE-
complete problems.
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The following example illustrates the construction underlying the PSPACE upper
bound.

Example 6.4.2. Consider another adaption of Example 6.2.2.

s1s2 s3 s4s5

1
4a

3
4b

1
2b

1
2a

1
2a

1
2b

1
3b

1
3a

1a

1
3a

If the first letter produced by s4 is b, then Ln = 3
2 for all n ∈ N. If the first two

letters are ab, then L1 = 1
2 and Ln = 0 for n ≥ 2. If the first two letters are aa,

then s5 ∈ supp (es1M(aaw)) for all w ∈ Σ∗, and therefore, up to a Ps4-null set,
Ln > 0 holds for all n ∈ N which implies (using proposition 6.3.5) that there is
` ∈ (−∞, 0] such that limn→∞

1
n

lnLn = `. By Lemma 6.0.1 we will have ` ∈ (−∞, 0)
if d(es5 , es4) = 1 which we show in the following. Thus, Λs1,s4 = {−∞, `, 0}.

Let M ′ be the restriction of M to the ordered set of states Q′ = {s5, s2, s4}.
That is, we discard the rows and columns corresponding to the states s1 and s3.
Then,

M ′(a) =


1
3

1
3 0

1 0 0
0 0 1

2

 and M ′(b) =


1
3 0 0
0 0 0
0 0 1

2

 .
It follows that

M ′(a)1> =
(2

3 , 1,
1
2

)>
M ′(b)1> =

(1
3 , 0,

1
2

)>
M ′(aa)1> =

(5
9 ,

2
3 ,

1
4

)>
.

If there is s, r ∈ R such that s
(

2
3 , 1,

1
2

)
+ r

(
1
3 , 0,

1
2

)
=
(

5
9 ,

2
3 ,

1
4

)
, then due to the

second coordinate, s = 2
3 . Then the first coordinate implies r = 1

3 but this creates a
contradiction on the third coordinate since 2

3 ×
1
2 + 1

3 ×
1
2 = 1

2 . It follows that the
set

{(
2
3 , 1,

1
2

)>
,
(

1
3 , 0,

1
2

)>
,
(

5
9 ,

2
3 ,

1
4

)>}
is linearly independent. Therefore,

span{M(w)1> | w ∈ Σ∗} = R3

and so by Proposition 3.1.1 for subdistributions µ1, µ2, µ1 ≡ µ2 implies µ1 = µ2.
Further, supp (es5M(w)) is disjoint from supp (es4M(w)) for all w ∈ Σ∗ and so by
Lemma 4.4.4 we have d(es5 , es4) = 1.



6. The Sequential Probability Ratio Test 83

The likelihood ratio Ln is 0 if and only if supp (π1M(wn)) = ∅. In order to track

the support of π1M(wn), we consider the left part of the HMM as an NFA with s1

as the initial state and its determinisation as shown in the DFA below.

{s1}{s2} {s3}{s5}

{s2, s5} ∅ a, b

a b

b

ab
a

b
ab

a

Almost surely, s4 produces a word that drives this DFA into a bottom SCC, which

then determines limn→∞
1
n

lnLn: concretely, the bottom SCC {{s5}, {s2, s5}} is

associated with `, the bottom SCC {∅} with −∞, and the bottom SCC {{s3}}

with 0.

In general, the observations need not be produced uniformly at random but

by a HMM. Therefore, in the following construction refered to as a Numerator

Support Markov Chain, we also keep track of the “current” state of the HMM which

produces the observations. For S ⊆ Q and a ∈ Σ, define δ(S, a) := {q′ ∈ Q | ∃ q ∈

S : M(a)q,q′ > 0}. Define the Markov chain D := (2Q × Q, T ) where

T(S,q),(S′,q′) :=
∑

δ(S,a)=S′
M(a)q,q′ .

Given initial distributions π1, π2 on Q as before, define an initial distribution ι on

2Q × Q by ι((supp (π1), q)) := (π2)q. Intuitively, the left part S of a state (S, q)

tracks the support of π1M(wn), and the right part q tracks the current state of

the HMM that had been initialised at a random state from π2. The following

lemma states the key properties of this construction.

Lemma 6.4.3. Consider the Markov chain D = (2Q ×Q, T ) defined above.

1. Every bottom SCC of D is associated with a single likelihood exponent; i.e.,

for every bottom SCC C ⊆ 2Q ×Q there is `(C) ∈ [−∞, 0] such that for any

initial distribution π1 ∈ [0, 1]Q and any state q2 ∈ Q with (supp (π1), q2) ∈ C

we have Λπ1,eq2
= {`(C)}.
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2. Let (S, q) ∈ C for a bottom SCC C. If S = ∅ then `(C) = −∞; otherwise, if
eq and the uniform distribution on S are not distinguishable then `(C) = 0;
otherwise `(C) ∈ (−∞, 0).

3. We have Pπ2(E`) = Pι({visit bottom SCC C with `(C) = `}).

All parts of the lemma rely on the observation that limn→∞
1
n

lnLn depend only
on the support of π1 and on the support of π2. The first part of the lemma follows
from Lévy’s 0-1 law. We use this lemma for the proof of the first part of theorem 6.4.1.

6.4.1 Proof of Theorem 6.4.1

Below we refer to the complexity class NC, the subclass of P comprising those
problems solvable in polylogarithmic time by a parallel random-access machine using
polynomially many processors; see, e.g., [38, Chapter 15]. To prove membership
in PSPACE in a modular way, we use the following pattern:

Lemma 6.4.4. Let P1, P2 be two problems, where P2 is in NC. Suppose there is
a reduction from P1 to P2 implemented by a PSPACE transducer, i.e., a Turing
machine whose work tape (but not necessarily its output tape) is PSPACE-bounded.
Then, P1 is in PSPACE.

Proof. Note that the output of the transducer is (at most) exponential. Problems
in NC can be decided in polylogarithmic space [39, Theorem 4]. Using standard
techniques for composing space-bounded transducers (see, e.g., [38, Proposition 8.2]),
it follows that P1 is in PSPACE.

Towards a proof of the third point of theorem 6.4.1, we use the mortality
problem, which asks, given a finite set of states Q, a finite alphabet Σ, and a
function Φ : Σ → {0, 1}Q×Q, whether there exists a word w ∈ Σ∗ such that Φ(w)
is the zero matrix. The mortality problem can be viewed as a special case of the
NFA non-universality problem (given an NFA, does it reject some word?). Like
NFA universality, the mortality problem is PSPACE-complete [40].

Concerning Pπ2(E−∞) (cf. the third point of theorem 6.4.1), we actually show a
stronger result, namely that any nontrivial approximation of Pπ2(E−∞) is PSPACE-
hard. The proof is also based on the mortality problem.
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Proposition 6.4.5. There is a polynomial-time computable function that maps any
instance of the mortality problem to a HMM and initial distributions π1, π2 so that
if the instance is positive then Pπ2(E−∞) = 1 and if the instance is negative then
Pπ2(E−∞) = 0. Thus, any nontrivial approximation of Pπ2(E−∞) is PSPACE-hard.

Proof. Let (Q,Σ,Φ) be an instance of the mortality problem. If there is q ∈ Q
that indexes a zero row in ∑a∈Σ Φ(a), remove the row and column indexed by q in
all Φ(a). Thus, we can assume without loss of generality that ∑a∈Σ Φ(a) has no
zero row. Construct a HMM (Q,Σ,M) so that Φ(a) and M(a) have the same zero
pattern for all a ∈ Σ. Define π1 as a uniform distribution on Q. Define π2 as a Dirac
distribution on a fresh state that emits letters from Σ uniformly at random. Thus,
if (Q,Σ,Φ) is a positive instance of the mortality problem then Pπ2(E−∞) = 1, and
if (Q,Σ,Φ) is a negative instance then Pπ2(E−∞) = 0.

Now we prove the main result of this section.

Proof of Theorem 6.4.1.

1. The Markov chain D from lemma 6.4.3 is exponentially big but can be
constructed by a PSPACE transducer, i.e., a Turing machine whose work tape
(but not necessarily its output tape) is PSPACE-bounded. The DAG (directed
acyclic graph) structure, including the SCCs, of a graph can be computed
in NL, which is included in NC. Using the pattern of lemma 6.4.4, the DAG
structure of the Markov chain D can be computed in polynomial space. Thus,
there is a PSPACE transducer that computes both D and its DAG structure.

For each bottom SCC C, the PSPACE transducer also decides whether
`(C) = −∞ or `(C) ∈ (−∞, 0) or `(C) = 0, using the second point of
lemma 6.4.3 and the polynomial-time algorithm for distinguishability from [23].
Finally, to compute Pπ2(E−∞) and Pπ2(E0), by the third point of lemma 6.4.3,
it suffices to set up and solve a linear system of equations for computing
hitting probabilities in a Markov chain. This system can also be computed by
a PSPACE transducer. Linear systems of equations can be solved in NC [41,
Theorem 5]. Using lemma 6.4.4 again, we conclude that one can compute
Pπ2(E−∞) and Pπ2(E0) in polynomial space.
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2. Immediate from corollary 6.3.3 and the polynomial-time decidability of

distinguishability (Theorem 4.0.1).

3. The claims concerning Pπ2(E−∞) follow from part 1 and proposition 6.4.5.

Consider the problem whether Pπ2(E0) = 1. By part 1, it is in PSPACE.

Towards PSPACE-hardness we reduce again from mortality. Let (Q,Σ,Φ) be

an instance of the mortality problem. Let Q′ := Q ∪ {q⊥, q2} for fresh states

q⊥, q2, and let Σ′ := Σ ∪ {$} for a fresh letter $. Obtain Φ′ from Φ by adding,

for every q ∈ Q′, a $-labelled transition to q⊥, and an a-labelled loop from q2

to itself for all a ∈ Σ. Construct a HMM (Q′,Σ′,M) so that Φ′(a) and M(a)

have the same zero pattern for all a ∈ Σ′ (e.g., use uniform distributions). See

fig. 6.3.

q0 q1b
a, b

a

q0 q1 q2

q⊥

1
4b

1
4a

1
4b

1
2a

1
4$ 1

2$

1
3a

1
3b1

3$

1$

Figure 6.3: Illustration of the reduction from mortality to Pπ2(E0) < 1. In this example,
Φ(ab) is the zero matrix. Accordingly, we have Pπ2(E0) < 1, as L2(abw) = 0 for all
w ∈ Σω.

Let π1 ∈ [0, 1]Q′ be the uniform distribution on Q (i.e., (π1)q⊥ = (π1)q2 = 0),

and let π2 be the Dirac distribution on q2.

Suppose (Q,Σ,Φ) is a positive instance of the mortality problem. Let v ∈ Σ∗

such that Φ(v) is the zero matrix. Then L|v|(vw) = 0 holds for all w ∈ Σω. It

follows that Pπ2(E−∞) > 0 and so Pπ2(E0) < 1.
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Conversely, suppose (Q,Σ,Φ) is a negative instance of the mortality problem.
The word produced from q2 contains Peq2

-a.s. the letter $, i.e., is of the
form u$v for u ∈ Σ∗ and v ∈ (Σ ∪ {$})ω. Since (Q,Σ,Φ) is a negative
instance, it follows that supp (π1M(u$)) = {q⊥} = supp (eq2M(u$)). Thus,
limn→∞ Ln > 0. Hence, Pπ2(E0) = 1.

6.5 The Numerator Support Markov Chain

This section is dedicated to the proof of lemma 6.4.3 which we restate and prove now.

Lemma 6.4.3. Consider the Markov chain D = (2Q ×Q, T ) defined above.

1. Every bottom SCC of D is associated with a single likelihood exponent; i.e.,
for every bottom SCC C ⊆ 2Q ×Q there is `(C) ∈ [−∞, 0] such that for any
initial distribution π1 ∈ [0, 1]Q and any state q2 ∈ Q with (supp (π1), q2) ∈ C
we have Λπ1,eq2

= {`(C)}.

2. Let (S, q) ∈ C for a bottom SCC C. If S = ∅ then `(C) = −∞; otherwise, if
eq and the uniform distribution on S are not distinguishable then `(C) = 0;
otherwise `(C) ∈ (−∞, 0).

3. We have Pπ2(E`) = Pι({visit bottom SCC C with `(C) = `}).

Proof. 1. Let C ⊆ 2Q × Q be a bottom SCC of D. Let π, π′ be distributions
on Q and q, q′ ∈ Q such that (supp (π), q), (supp (π′), q′) ∈ C. Suppose that
` ∈ Λπ,eq ; i.e.,

Peq

(
lim
n→∞

1
n

ln ‖πM(wn)‖
‖eqM(wn)‖ = `

)
= x for some x > 0. (6.3)

It suffices to show that Λπ′,eq′
= {`}, i.e.,

Peq′
(

lim
n→∞

1
n

ln ‖π
′M(wn)‖

‖eq′M(wn)‖ = `

)
= 1.

By Lévy’s 0-1 law it suffices to show that for all paths q′a1q1 · · · amqm with
Peq′ (q

′a1q1 · · · amqm(ΣQ)ω) > 0 there is y > 0 with

Peq′
(

lim
n→∞

1
n

ln ‖π
′M(wn)‖

‖eq′M(wn)‖ = `

∣∣∣∣∣ q′a1q1 · · · amqm(ΣQ)ω
)
≥ y. (6.4)
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Let u = q′a1q1 · · · amqm be a path with Peq′ (u(ΣQ)ω) > 0. Since C is a bottom

SCC of D, we have

Peq′ (∃ k ≥ m : supp (π′M(a1 · · · am · · · ak)) = supp (π), qk = q | u(ΣQ)ω)) = 1 .

Thus, letting v = q′a1q1 · · · amqm · · · akqk, with k ≥ m, be an arbitrary exten-

sion of u with Peq′ (v(ΣQ)ω) > 0 and supp (π′M(a1 · · · am · · · ak)) = supp (π)

and qk = q, we have Peq′
(

limn→∞
1
n

ln ‖π′M(wn)‖
‖eq′M(wn)‖ = `

∣∣∣∣ v(ΣQ)ω
)
> 0 implies

Peq′
(

limn→∞
1
n

ln ‖π′M(wn)‖
‖eq′M(wn)‖ = `

∣∣∣∣ u(ΣQ)ω
)
> 0. Further,

Peq′
(

lim
n→∞

1
n

ln ‖π
′M(wn)‖

‖eq′M(wn)‖ = `

∣∣∣∣∣ v(ΣQ)ω
)

≥ Peq

(
lim
n→∞

1
n

ln ‖(π
′M(a1 · · · ak))M(wn)‖

‖(eq′M(a1 · · · ak))M(wn)‖ = `

)

≥ Peq

(
lim
n→∞

1
n

ln ‖(π
′M(a1 · · · ak))M(wn)‖
‖eqM(wn)‖ = ` and (6.5)

lim
n→∞

1
n

ln ‖(eq
′M(a1 · · · ak))M(wn)‖
‖eqM(wn)‖ = 0

)
(6.6)

Concerning the event in (6.5), by (6.3) and since supp (π′M(a1 · · · ak)) =

supp (π), we have

Peq

(
lim
n→∞

1
n

ln ‖(π
′M(a1 · · · ak))M(wn)‖
‖eqM(wn)‖ = `

)
≥ x .

Concerning the event in (6.6), it follows from the first point of lemma 6.0.1

that

Peq

(
lim
n→∞

1
n

ln ‖(eq
′M(a1 · · · ak))M(wn)‖
‖eqM(wn)‖ ≤ 0

)
= 1 .

Further, since Peq′ (q
′a1q1 · · · akqk(ΣQ)ω) > 0, we have q ∈ supp (eq′M(a1 · · · ak))

and so

Peq

(
lim
n→∞

1
n

ln ‖(eq
′M(a1 · · · ak))M(wn)‖
‖eqM(wn)‖ ≥ 0

)
= 1 .

Thus, continuing the inequality chain from above, we conclude that

Peq′
(

lim
n→∞

1
n

ln ‖π
′M(wn)‖

‖eq′M(wn)‖ = `

∣∣∣∣∣ u(ΣQ)ω
)
≥ x ,

proving (6.4), as desired.
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2. Let (S, q) ∈ C for a bottom SCC C. If S = ∅ then we may define `(C) = −∞.
Otherwise, let πS denote the uniform distribution on S. Suppose that πS and eq
are not distinguishable. By corollary 6.3.3 it follows that 0 ∈ ΛπS ,eq . Using
part 1 we obtain `(C) = 0. Finally, suppose that πS and eq are distinguishable.
By corollary 6.3.3 it follows that 0 6∈ ΛπS ,eq . Since C does not contain any
states of the form (∅, q′), by proposition 6.3.5 we have −∞ 6∈ ΛπS ,eq . Using
part 1 we obtain `(C) ∈ (−∞, 0).

3. We define a function f that maps paths of F to paths of D as follows. Set
f(q0a1q2 · · · amqm) := (S0, q0)(S1, q1) · · · (Sm, qm) where S0 = supp (π1) and
δ(Si−1, ai) = Si for all 1 ≤ i ≤ m. The Markov chain D is constructed so that
for any path v = (S0, q0)(S1, q1) · · · (Sm, qm) we have

Pι(v(2Q ×Q)ω) = Pπ2(f−1(v)(ΣQ)ω) .

Let C be any bottom SCC, and let ` = `(C). Define the event

VC := {q0a1q1 · · · ∈ Q(ΣQ)ω | ∃m ∈ N : f(q0a1q1 · · · amqm) ends in C} .

So we have Pι({visit C}) = Pπ2(VC), and it suffices to show that Pπ2(E` |
VC) = 1. Let u = q0a1q1 · · · amqm be a path with Pπ2(u(ΣQ)ω) > 0 such that
f(u) ends in C, say in (S, q) ∈ C, with q = qm. Thus, supp (π1M(a1 · · · am)) =
S and q ∈ supp (π2M(a1 · · · am)). It suffices to show that Pπ2(E` | u(ΣQ)ω) =
1. We have:

Pπ2(E` | u(ΣQ)ω)

= Pπ2

(
lim
n→∞

1
n

ln ‖π1M(wn)‖
‖π2M(wn)‖ = `

∣∣∣∣∣ u(ΣQ)ω
)

= Peq

(
lim
n→∞

1
n

ln ‖(π1M(a1 · · · am))M(wn)‖
‖(π2M(a1 · · · am))M(wn)‖ = `

)

≥ Peq

(
lim
n→∞

1
n

ln ‖(π1M(a1 · · · am))M(wn)‖
‖eqM(wn)‖ = ` and (6.7)

lim
n→∞

1
n

ln ‖(π2M(a1 · · · am))M(wn)‖
‖eqM(wn)‖ = 0

)
(6.8)

Concerning the event in (6.7), by part 2 and since supp (π1M(a1 · · · am)) = S,
we have

Peq

(
lim
n→∞

1
n

ln ‖(π1M(a1 · · · am))M(wn)‖
‖eqM(wn)‖ = `

)
= 1 .
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Concerning the event in (6.8), it follows from the first point of lemma 6.0.1
that

Peq

(
lim
n→∞

1
n

ln ‖(π2M(a1 · · · am))M(wn)‖
‖eqM(wn)‖ ≤ 0

)
= 1 .

Further, since q ∈ supp (π2M(a1 · · · am)), we have

Peq

(
lim
n→∞

1
n

ln ‖(π2M(a1 · · · am))M(wn)‖
‖eqM(wn)‖ ≥ 0

)
= 1 .

Thus, the events in (6.7) and (6.8) occur Peq -a.s. We conclude that Pπ2(E` |
u(ΣQ)ω) = 1, as desired.

6.6 A Generalised Wald Formula

This section is dedicated to the proof of Theorem 6.2.4. We begin by restat-
ing the following.

Proposition 6.3.2. The following two equalities hold up to Pπ2-null sets:

E0 =
{

lim
n→∞

Ln > 0
}

=
⋃

α,β>0
{Nα,β =∞} .

Thus, limα,β→0 Pπ2(Nα,β =∞) = Pπ2(E0).

Towards the proof of Proposition 6.3.2 we use the following which is Theorem
5 from [24].

Lemma 6.6.1. Let (Q,Σ,M) be a HMM and let π1 and π2 be initial distributions.
If π1 and π2 are distinguishable then there is c > 0 such that

Pπ2

(
L2|Q|n ≤ 1

)
− Pπ1

(
L2|Q|n ≥ 1)

)
≥ 1− 2 exp

(
− c2

18n
)
.

Proof of Proposition 6.3.2. Towards the first equality, if limn→∞ Ln > 0 then
limn→∞

1
n

lnLn = 0 and so we only need to show that E0 ⊆ {limn→∞ Ln > 0}.
Assume, 0 ∈ Λ. By lemma 6.4.3 there are a set of bottom SCCs Z in D such
that for some Z ∈ Z we have `(Z) = {0}. Let π ∈ [0, 1]Q and r ∈ Q such that
(supp (π), r) ∈ Z. Suppose that π and δr are distinguishable then by Lemma 6.6.1
we have Pδr(L̃n ≥ 1) ≤ 2 exp

(
− c2

18n
)
and Pπ(L̃n ≤ 1) ≤ 2 exp

(
− c2

18n
)
for all
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n ∈ N where L̃n is the likelihood ratio started from initial distributions π and δr.
Fix − c2

18 < α ≤ 0 and define the event Wn = {1 > L̃n ≥ enα}. Then,

Pδr
(

lim
n→∞

1
n

ln L̃n > α
)
≤ Pδr

(
lim inf

n

{ 1
n

ln L̃n ≥ α
})

≤ lim inf
n

Pδr
( 1
n

ln L̃n ≥ α
)

≤ lim inf
n

Pδr(L̃n ≥ enα)

= lim inf
n

[
Pδr(1 > L̃n ≥ enα) + Pπ2(L̃n ≥ 1)

]
≤ lim inf

n

[ ∑
w∈Wn

δrM(w)1> + 2 exp
(
− c2

18n
)]

≤ lim inf
n

[
e−nα

∑
w∈Wn

πM(w)1>
]

≤ lim inf
n

[
e−nαPπ(L̃n < 1)

]
≤ lim inf

n

[
2e−nα exp

(
− c2

18n
)]

= 0.

In particular, Pπ2(limn→∞
1
n

ln L̃n = 0) = 0 which contradicts 0 ∈ Λ. Hence π and
δr are not distinguishable and so Pδr-almost surely, we have limn→∞ L̃n > 0. By
conditioning on the events

{w = a1r1 · · · anrn ∈ (ΣQ)∗ | supp (π1M(w)) = supp (π), rn = r}

it follows that Pπ2(E0) = Pπ2({limn→∞ Ln > 0}).
We now show the second equality. If limn→∞ Ln > 0 then for α, β small

enough, Ln never crosses the SPRT bounds. Hence, we have {limn→∞ Ln > 0} ⊆⋃
α,β{Nα,β =∞}. For the converse inclusion, suppose that Nα,β =∞ for some α, β.

This would contradict limn→∞ Ln = 0 since then Nα,β would be Pπ2-almost surely
finite.

We now state and prove Proposition 6.3.6 which serves as an intermediate
step towards Theorem 6.2.4.

Proposition 6.3.6. Let ` ∈ Λ and assume ` ∈ (−∞, 0). We have

Pπ2

(
Nα,β ∼

lnα
`

(as α, β → 0)
∣∣∣∣ E`) = 1.
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Proof. Fix n ∈ N and w ∈ E`. Since ` > −∞ we may assume Ln(w) > 0 and so
π1M(wn) contains at least one positive entry. Let pmin > 0 be the minimum non-
zero entry in π1, π2 and all M(a) where a ∈ Σ. Then, π1M(wn) ≥ pn+1

min . We have
π2M(wn) ≤ 1 and so Ln(w) ≥ pn+1

min . A similar argument shows Ln(w) ≤ p
−(n+1)
min .

We now relax the dependence on n. Since ` ∈ (−∞, 0) we have that lnLn(w)→
−∞. Further, we have the following

LNα,β(w) ≤ α

1− β or LNα,β(w) ≥ β

1− α

=⇒ πmin
1 M

Nα,β(w)
min ≤ α

1− β or πmin
2 M

−Nα,β(w)
min ≥ β

1− α

=⇒ Nα,β(w) ≥ 1
lnMmin

ln
(

1
πmin

1

α

1− β

)
or Nα,β(w) ≥ 1

lnMmin
ln
(

1
πmin

2

β

1− α

)

=⇒ Nα,β(w) ≥ 1
lnMmin

ln
[
min

(
1

πmin
1

α

1− β ,
1

πmin
2

β

1− α

)]
.

Hence, Nα,β(w)→∞ as α, β → 0.

Let Uα,β = {u ∈ E` | lnLNα,β(u)(u) ≤ ln α
1−β}. It follows that if w ∈ E` \ Uα,β

then Ln(w) crosses the upper threshold before the lower threshold. Therefore,
w ∈ ⋂α,β∈(0,1]E` \ Uα,β implies that Ln(w) is unbounded in n. We have Ln(w)→ 0
since ` ∈ (−∞, 0) and thus limα,β→0 χUα,β(w) = 1. Further,

0 ≤ χUα,β
ln α

1−β − lnLNα,β(w)(w)
Nα,β(w) since

≤ χUα,β
lnLNα,β(w)−1(w)− lnLNα,β(w)(w)

Nα,β(w) since lnLNα,β(w)−1(w) ≥ ln α

1− β
→ 0 as α, β → 0.

Finally,

lim
α,β→0

lnα
Nα,β(w) = lim

α,β→0
χUα,β

lnα
Nα,β(w)

= lim
α,β→0

χUα,β
ln α

1−β

Nα,β(w)

= lim
α,β→0

χUα,β
lnLNα,β(w)(w)
Nα,β(w)

= lim
α,β→0

lnLNα,β(w)(w)
Nα,β(w)

= `.
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Towards a proof of the first point of Theorem 6.2.4, we would like to show

that the conditional almost sure convergence of lnα
Nα,β(w) as α, β →∞ also happens

in expectation. We restate the Theorem here:

Theorem 6.2.4 (Generalised Wald Formula). Let ` be a likelihood exponent and

let π1 and π2 be initial distributions.

1. If ` ∈ (−∞, 0) then Eπ2

[
Nα,β | E`

]
∼ lnα

`
(as α, β → 0).

2. If ` = 0 then there exist α, β > 0 such that Eπ2

[
Nα,β | E`

]
=∞.

3. If ` = −∞ then sup
α,β

Eπ2

[
Nα,β | E`

]
<∞.

Let Φ be a set of random variables on measure space (Σω,G ω,Pπ2) such that

Eπ2 [φ] < ∞ for all φ ∈ Φ. We say that Φ is uniformly integrable if

lim
K→∞

sup
φ∈Φ

Eπ2 [φχφ≥K ] = 0.

We use the Lebesgue-Vitali theorem, a proof of which can found on page 268 of [42].

Theorem 6.6.2 (Lebesgue-Vitali Theorem). Suppose φ is a random variable and

(φn)∞n=1 is a sequence of random variables on measure space (Σω,G ω,Pπ2) such that

Eπ2 [φn] <∞ for all n ∈ N. The following assertions are equivalent:

1. The sequence (φn)∞n=1 converges to φ in Pπ2-measure and is uniformly inte-

grable;

2. We have Eπ2 [φ] <∞ and limn→∞ Eπ2 [|φn − φ|] = 0.

By the Lebesgue-Vitali Theorem, we need to show that { Nα,β− lnα | 0 < α, β ≤
1
2} is uniformly integrable. For this, we use another technical result which is

Lemma 9 from [24].

Lemma 6.6.3. There is a number c > 0, computable in polynomial time, such that

Pπ2

(
L2|Q|n ≥ exp

(
− c

2

36n
))
≤ 4 exp

(
− c2

36n
)
.
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Proof of Theorem 6.2.4. Let P` be the Pπ2 measure conditioned on E`. By Propo-

sition 6.3.6, we have limα,β→0
Nα,β
lnα exists P`-almost surely. Hence, the convergence

is also in P`-measure. Therefore, by the Lebesgue-Vitali Theorem (Theorem 6.6.2),

it is sufficient to show that the set of random variables {Nα,βlnα | α, β ∈ (0, 1
2)} is

uniformly integrable conditioned on E`. In fact, because

lim
K→∞

sup
α,β

Eπ2

[
Nα,β

− lnαχ Nα,β
− lnα≥K

]
≥ Pπ2(E`) lim

K→∞
sup
α,β

1
− lnαEπ2

[
Nα,β

− lnαχ Nα,β
− lnα≥K

| E`
]
,

it is sufficient to check the uniform integrability condition without conditioning on

E`.

Fix K ∈ N and α, β ∈ (0, 1
2 ]. Since the random variable Nα,βχ Nα,β

− lnα≥K
takes

values in N0 we may write its expectation as a sum of probabilities:

Eπ2

[
Nα,β

− lnαχ Nα,β
− lnα≥K

]
= 1
− lnαEπ2

[
Nα,βχ Nα,β

− lnα≥K

]
= 1
− lnα

∞∑
n=0

Pπ2(Nα,βχ Nα,β
− lnα≥K

> n)

= 1
− lnα

b−K lnαcPπ2(Nα,β > b−K lnαc) +
∞∑

n=b−K lnαc
Pπ2(Nα,β > n)

 . (6.9)

We tackle each summand of the expression (6.9) individually. Let mα =
⌊
−K lnα

2|Q|

⌋
then we have

b−K lnαc
− lnα Pπ2(Nα,β > b−K lnαc) ≤ KPπ2(Nα,β > 2|Q|mα)

≤ KPπ2

(
L2|Q|mα ≥

α

1− β

)

because Nα,β > 2|Q|mα implies that the likelihood ratio has not crossed the lower

threshold after 2|Q|mα observations. We have mα ≥ −K lnα
4|Q| for K large enough and

α small enough. Taking c from Lemma 6.6.3 we have for large K:

exp(− c
2

36mα) ≤ exp
(
c2K lnα
144|Q|

)
≤ α

c2K
144|Q| ≤ α ≤ α

1− β .
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This implies

KPπ2

(
L2|Q|mα ≥

α

1− β

)
≤ KPπ2

(
L2|Q|mα ≥ exp(− c

2

36mα)
)

≤ 4K exp
(
− c

2

36mα

)

≤ 4K exp
(
− c

2

36

⌊
K ln 2
2|Q|

⌋)
. (6.10)

Thus limK→∞ supα,β 4K exp
(
− c2

36mα

)
= limK→∞ 4K exp

(
− c2

36

⌊
K ln 2
2|Q|

⌋)
= 0.

The second part of the summand (6.9) proceeds similarly. Since Pπ2(Nα,β > n)
is monotonically decreasing as n increases, for all integer m ≥ mα and 2|Q|m ≤
n ≤ 2|Q|(m + 1) we have Pπ2(Nα,β > n) ≤ Pπ2(Nα,β > 2|Q|m). Hence, with the
same c from Lemma 6.6.3:

1
− lnα

∞∑
n=b−K lnαc

Pπ2(Nα,β > n) ≤ 2|Q|
− lnα

∞∑
m=mα

Pπ2(Nα,β > 2|Q|m)

≤ 2|Q|
− lnα

∞∑
m=mα

Pπ2(L2|Q|m ≥ α)

≤ 2|Q|
− lnα

∞∑
m=mα

Pπ2

(
L2|Q|m ≥ exp

(
− c

2

36mα

))

≤ 8|Q|
− lnα

∞∑
m=mα

exp
(
− c

2

36mα

)
by Lemma 6.6.3

= 8|Q|
− lnα ×

exp− c2

36mα

1− exp c2/36

≤ 8|Q|
− ln 2 ×

exp− c2

36

(
1 + K ln 2

2|Q|

)
1− exp c2/36

→ 0 as K →∞. (6.11)

By combining (6.10) and (6.11) it follows from (6.9) that

lim
K→∞

sup
α,β∈(0, 1

2 ]
Eπ2

[
Nα,β

− lnαχ Nα,β
− lnα≥K

]
= 0. (6.12)

Since (6.12) holds we may apply the reverse triangle inequality to yield the first
point in the theorem. Towards the second point, we have Pπ2(E0) > 0. From
Proposition 6.3.2 we have that Pπ2(E0) = Pπ2(⋃α,β>0 {Nα,β =∞}). Therefore there
is α, β > 0 such that Pπ2({Nα,β =∞}) > 0 and so Eπ2

[
Nα,β | E`

]
=∞.

Finally, we have by Proposition 6.3.5 that

sup
α,β

Eπ2

[
Nα,β | E`

]
≤ Eπ2

[
N⊥ | E`

]
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since by lemma 6.4.3, Ln = 0 if and only if we visit a bottom SCC C in the Markov
Chain D such that (∅, q) ∈ C for some q ∈ Q. The conditional expected time of
visiting a state in a Markov chain is finite. This follows directly from the main
result of [43].



7
Likelihood Exponents

In Section 6.4 we showed that computing the distribution over the possible values
of limn→∞

1
n

lnLn tends to be computationally difficult. In this chapter we focus
on the problem of computing Λ. We show that any member of Λ can be expressed
as the difference of two Lyapunov exponents. In general, computing a likelihood
exponent is at least as hard as computing a Lyapunov exponent. Approximating or
even computing Lyapunov exponents is hard, but there are practical approximation
algorithms using convex optimisation [29, 30].

In Section 7.1 we study deterministic HMMs and show that this subclass
leads to tractable problems. In Section 7.2 we introduce Lyapunov systems. We
use Lyapunov systems to represent Lyapunov exponents and show that from a
HMM one can easily compute a set of Lyapunov systems such that every possible
likelihood exponent is the difference of two exponents represented by these systems.
Here, we also show that the likelihood exponent exists almost surely and takes
at most |Q|2 + 1 values.

7.1 Deterministic HMMs

A HMM (Q,Σ,M) is deterministic if, for all a ∈ Σ, all rows ofM(a) contain at most
one non-zero entry. Thus, for all q ∈ Q and w ∈ Σ∗, we have |supp(eqM(w))| ≤ 1.

A useful observation is that the numerator support Markov chainD = (2Q×Q, T ),
which was defined in Section 6.4 and can be exponential in general, has only

97
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quadratic size in the deterministic case if we restrict it to the part that is reachable
from initial Dirac distributions.

Example 7.1.1. Consider the deterministic HMM (Q,Σ,M) in Figure 7.1(a). Let

(a):

q1 q22
3a

1
3b

2
3b

1
3a

(b):

{q2}, q1 {q1}, q2
2
3

1
3

2
3

1
3

(c):

q2, q1 q1, q22
3a

1
3b

2
3b

1
3a

(d):

q2, q1 q1, q22
3 : ln 1

2

1
3 : ln 2

2
3 : ln 1

2

1
3 : ln 2

Figure 7.1: Cross-product constructions for a deterministic HMM.

π1 = eq1 and π2 = eq2 (the latter is indicated by an arrow pointing to q2). Then the
relevant (i.e., reachable from ({q1}, q2)) part of D is shown in Figure 7.1(b). Let us
add back the observations that gave rise to the transitions in D, and for simplicity
drop the set brackets in the left component of states. We obtain the HMM in
Figure 7.1(c). With this HMM we may keep track of the exact likelihood ratio. For
example, suppose that the word aba is emitted, so that L3 = ‖eq1M(aba)‖

‖eq2M(aba)‖ = 1
2 and

supp(eq1M(aba)) = {q2} and supp(eq2M(aba)) = {q1}. Suppose the next letter is b
(which is the case with probability 1

3). Then L4 arises from L3 by multiplying with
Mq2,q1 (b)
Mq1,q2 (b) = 2, and the supports are switched again. In terms of log-likelihoods, we
have lnL4 = lnL3 + ln 2. This motivates the Markov chain shown in Figure 7.1(d),
where the transitions outgoing from a state (r1, r2) are labelled by the log-likelihood
ratio of their corresponding probabilities in the HMM.

The Markov chain has stationary distribution (2
3 ,

1
3). By the strong ergodic

theorem for Markov chains, we obtain (the irrational number)

limn→∞
1
n

lnLn = 2
3

(
2
3 ln 1

2 + 1
3 ln 2

)
+ 1

3

(
1
3 ln 2+ 2

3 ln 1
2

)
= 1

3 ln 2+ 2
3 ln 1

2 = −1
3 ln 2 .

In general there may again be several likelihood exponents, including −∞ and 0.
For the rest of the section, let F = (Q,Σ,M) be a deterministic HMM. Motivated by
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Example 7.1.1, define a HMMA = ((Q×Q)∪s⊥, Σ̂, M̂), where s⊥ is a fresh state, and

Σ̂ :=
{

ln M(a)q1,r1

M(a)q2,r2

∈ [−∞,∞)
∣∣∣∣∣ a ∈ Σ, q1, r1, q2, r2 ∈ Q, M(a)q2,r2 6= 0

}
∪ {−∞}

M̂(â)(q1,q2),(r1,r2) :=
∑{

M(a)q2,r2

∣∣∣∣∣ a ∈ Σ : â = ln M(a)q1,r1

M(a)q2,r2

}
for â 6= −∞

M̂(−∞)(q1,q2),s⊥ :=
∑{

M(a)q2,r2

∣∣∣ a ∈ Σ, r2 ∈ Q : ∑r1∈QM(a)q1,r1 = 0
}

M̂(−∞)s⊥,s⊥ := 1 .

Note that the embedded Markov chain of A is similar to the Markov chain D
from Lemma 6.4.3: states ({q1}, q2) in D are called (q1, q2) in A, the states (∅, q) in D
are subsumed by the state s⊥ of A, and the states (S, q) in D with |S| > 1 are not
represented in A. The observations in Σ̂ ⊆ [−∞,∞) track the log-likelihood ratio.

Example 7.1.2. Consider the HMM F on the left, with initial distributions π1 = eq1

and π2 = eq2 . The part of A reachable from (q1, q2) is shown on the right:

q1 q2
1a

1
2a

1
2b

s⊥ q1, q2 q2, q21 : −∞
1
2 : −∞ 1

2 : ln 2
1 : 0

Here we have Λπ1,π2 = {−∞, 0} with Pπ2(E−∞) = Pπ2(E0) = 1
2 .

Denote by Ā the embedded Markov chain of A. Let C ⊆ Q × Q be a non-
{s⊥} bottom SCC of Ā. Let µ ∈ [0, 1]C denote the stationary distribution of
the restriction of Ā on C. Define the vector ν ∈ RC of average observations by
ν(r1,r2) := ∑

â∈Σ̂ ‖e(r1,r2)M̂(â)‖ · â. By the strong ergodic theorem for Markov
chains, the average observation in C equals µν> =: `(C). Extend this definition
by `({s⊥}) := −∞. Then we have the following lemma.

Lemma 7.1.3. Let π1 = eq1 and π2 = eq2 be initial distributions. For the Markov
chain Ā define ι := e(q1,q2). We have

Pπ2(E`) = Pι({visit bottom SCC C with `(C) = `}).

The proof is essentially the same as in the third point of Lemma 6.4.3 which
gives us the following result.

Theorem 7.1.4. Given a deterministic HMM (Q,Σ,M) with initial Dirac distri-
butions π1, π2, one can compute in polynomial time
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1. Λπ1,π2 as a set of expressions of the form ∑
i xi ln yi where xi, yi ∈ Q, and

2. Prπ2(E`) for each such ` ∈ Λπ1,π2.

Proof. In a Markov chain, one can compute the stationary distribution and hitting
probabilities in polynomial time by solving a linear system of equations. Thus, the
numbers `(C) defined before Lemma 7.1.3 can be computed in polynomial time.
Both parts of the theorem follow then from Lemma 7.1.3. A slight complication is
that for part 2, for an ` = ∑

i xi ln yi ∈ Λπ1,π2 , in order to compute Pπ2(E`) we have
to sum the hitting probabilities for all C with ` = `(C). To select those C we have
to compare numbers of the form ∑

i xi ln yi where xi, yi ∈ Q. This is equivalent to
checking multiplicative relations among rationals. The test takes polynomial time
as shown in [44].

7.2 Representing Likelihood Exponents

In the following we show that one can efficiently represent likelihood exponents in
terms of Lyapunov exponents. The definition of Lyapunov exponents is based
on the following definition.

Definition 7.2.1. A matrix system is a tripleM = (Q,Σ,M) where Q is a finite
set of states, Σ is a finite set of observations, and M : Σ → RQ×Q

≥0 specifies the
transitions. (Note that a HMM is a matrix system.) A Lyapunov system is a
pair S = (M, ρ) where M = (Q,Σ,M) is a matrix system and ρ ∈ (0, 1]Σ is a
probability distribution with full support, such that the directed graph (Q,E) with
E = {(q, r) | ∑a∈Σ Mq,r(a) > 0} is strongly connected.

We can identify the probability distribution ρ from this definition with the
single-state HMM ({s},Σ,Mρ) where Mρ(a)s,s = ρ(a) for all a ∈ Σ. In this
way, ρ produces a random infinite word from Σω. We will write Pρ for the
associated probability measure.

Example 7.2.1. Let M = (Q,Σ,M) be a matrix system where Q = {q1, q2},
Σ = {a, b} and

M(a) =
(

1
2 0
0 1

4

)
, M(b) =

(
0 1

2
1
4 0

)
.
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Further, let ρ = (1
2 ,

1
2). Then, (M, ρ) is a Lyapunov system. We can represent a

Lyapunov system similarly to the way we represent a HMM. We use the double
ringed state for the single-state HMM identified with ρ.

q1 q21
2a

1
2b

1
4b

1
4a s1

2a
1
2b

The following lemma is Theorem 1 from [45].

Lemma 7.2.2 ([45]). Let ((Q,Σ,M), ρ) be a Lyapunov system. Then there is
λ ∈ R such that, for all π ∈ [0,∞)Q, Pρ-a.s., either πM(wn) = 0 for some n ∈ N

or the limit limn→∞
1
n

ln ‖πM(wn)‖ exists and equals λ.

For a Lyapunov system S we call λ(S) = λ from the lemma the Lyapunov
exponent defined by S. In the case that Pπ2-a.s. for all π ∈ [0, 1]Q there is n ∈ N

such that M(wn) = 0, we say λ(S) = −∞.

Example 7.2.3. We continue with Example 7.2.1. Let w ∈ Σω and n ∈ N. Like
with Markov chain (d) from Example 7.1.1 we construct a Markov chain to keep
track of the difference ln ‖eq1M(wn)‖ − ln ‖eq1M(wn−1)‖ which we label on each
transition.

q1 q21
2 : ln 1

2

1
2 : ln 1

2

1
2 : ln 1

4

1
2 : ln 1

4

The Markov chain has stationary distribution (1
2 ,

1
2). By the strong ergodic theorem

for Markov chains we have for i = 1, 2:

lim
n→∞

ln 1
n
‖eqiM(wn)‖ = 1

2 ln
(1

2

)
+ 1

2 ln
(1

4

)
= −3

2 ln 2.

While we cannot in general compute Lyapunov exponents this way, we can
represent them as the difference of two Lyapunov exponents corresponding to
easily computable Lyapunov systems. In Section 7.2.4 we prove the following
theorem, which implies Theorem 6.2.3.
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Theorem 7.2.4. Given a HMM F = (Q,Σ,M) we can compute in polynomial
time 2K ≤ 2|Q|2 Lyapunov systems S1

1 ,S2
1 ,S1

2 ,S2
2 , . . . ,S1

K ,S2
K such that for any

initial distributions π1, π2 the limit limn→∞
1
n

lnLn exists Pπ2-a.s. and lies in

Λ ⊆ {−∞} ∪ {λ(S1
1 )− λ(S2

1 ), . . . , λ(S1
K)− λ(S2

K)} .

In particular, F has at most |Q|2 + 1 likelihood exponents.

The proof of Theorem 7.2.4 proceeds by several generalisations of Lemma 7.2.2.

1. In Section 7.2.1 we relax the assumption that Q is strongly connected by
introducing reducible Lyapunov systems. A characterisation of the possible
Lyapunov exponents in this case is proven in Lemma 7.2.9.

2. In Section 7.2.2 we relax the assumption that the observations are produced
independently by the distribution ρ and assume the letters are produced by a
strongly connected HMM by introducing generalized Lyapunov systems. A
characterisation of the possible Lyapunov exponents in this case is stated in
the first point of Lemma 7.2.12. In Section 7.2.3 we prove Lemma 7.2.12.

3. In Section 7.2.4, we relax all assumptions. In Lemma 7.2.16 we show that
a Likelihood exponent can be written as the difference of two Lyapunov
exponents. These Lyapunov exponents correspond to particular generalized
Lyapunov systems which can be transformed into Lyapunov systems by
Lemma 7.2.12. By constructing a suitable reducible Lyapunov system we can
characterise the possible values of the Likelihood exponent by Lemma 7.2.9.
Theorem 7.2.4 follows quickly from Lemma 7.2.16.

7.2.1 Reducible Lyapunov Systems

A reducible Lyapunov system is a Lyapupov system ((Q,Σ,M), ρ) except that the
embedded graph G = (Q,E) with E = {(q, r) | ∃ a ∈ Σ : Mq,r(a) > 0} is not
necessarily strongly connected. In this section we introduce new notation. For row
vectors π1 ∈ [0,∞)Q1 and π2 ∈ [0, 1]Q2 we write π1×π2 ∈ [0,∞]Q1×Q2 for the vector
(π1 × π2)(i,j) := (π1)i(π2)j. In addition, for a function of the form Φ : Σ → RQ×Q

and P ⊆ Q we write Φ|P : Σ→ RP×P for the function with Φ|P (a)(q, r) = Φ(a)(q, r)
for all a ∈ Σ and q, r ∈ P ; i.e., Φ|P (a) denotes the principal submatrix obtained
from Φ(a) by restricting it to the rows and columns indexed by P .
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Example 7.2.5. We present the following reducible Lyapunov system. Let Q =
{q0, q1, q2} × {r1, r2}, ∆ = {α, β, γ, δ} and ρ = (1

4 ,
1
4 ,

1
4 ,

1
4). Then ((Q,∆,M), ρ) is a

reducible Lyapunov system where the transitions in M are shown below.

q0, r1 q0, r2

q1, r1

q2, r2

q1, r2

q2, r1

1
3α,

1
3β

1
6γ,

1
6δ

1
3α

1
6δ

1
2β 1

2γ

1
2γ,

1
2δ1

2α,
1
2β

1
4α,

1
4β

1
4γ,

1
4δ1

4β

1
4γ

1
4δ

1
4α

1
2α

1
2δ s

1
4α

1
4β

1
4γ

1
4δ

Since there is no path in the embedded graph from (q1, r2) to (q0, r1), the embedded
graph is not strongly connected and so ((Q,∆,M), ρ) is not a Lyapunov system.

We use the following classical result from [46].

Theorem 7.2.6 (Fürstenberg–Kesten theorem). Let ((Q,Σ,M), µ) be a reducible
Lyapunov system. Then, there exists λ ∈ [−∞,∞) such that Pρ-a.s. we have

lim
n→∞

1
n

ln ‖1M(wn)‖ = λ. (7.1)

Example 7.2.7. We simulate the value of 1
n

ln ‖1M(wn)‖ as n→∞ in Figure 7.2.
We see that the value of λ from Theorem 7.2.6 is approximately λ ≈ −1.

The following lemma is Theorem 1.1 from [47].

Lemma 7.2.8. Let Σ be a finite set of observations and ρ ∈ [0, 1]Σ be a distribution
on the set of observations. Let ((Q1,Σ,M1), ρ) and ((Q2,Σ,M2), ρ) be reducible
Lyapunov systems. By Theorem 7.2.6 there exists λ1, λ2 ∈ [−∞,∞) such that for
i = 1, 2 we have

lim
n→∞

1
n

ln ‖1Mi(wn)‖ = λi.

Further, let M12 : Σ → [0, 1]Q1×Q2 specify transition from Q1 to Q2 and define
M̂ : Σ→ [0, 1](Q1∪Q2)×(Q1∪Q2) block-wise as

M̂(a) =
(
M1(a) M12(a)

0 M2(a)

)
.
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Figure 7.2: Approximating the Lyapunov exponent of Figure 7.2 with 30 samples and
n ≤ 200.

It follows ((Q1 ∪Q2,Σ, M̂), ρ) is a reducible Lyapunov system and

lim
n→∞

1
n

ln ‖1M̂(wn)‖ = max{λ1, λ2}.

Recall that for sets U, V ⊆ Q we write U →G V if there is u ∈ U and v ∈ V such
that v is reachable from u in G. The following is a generalisation of Lemma 7.2.8
when the induced graph has more than two strongly connected components.

Lemma 7.2.9. Let ((Q,Σ,M), ρ) be a reducible Lyapunov system and suppose
(Q,E) has SCCs C1, . . . , CK. Let 0 be the zero matrix and let

Z = {C ∈ {C1, . . . , CK} | ∃u ∈ Σ∗ s.t. M|C(u) = 0}.

For each k ∈ [K], Gk := ((Ck,Σ,M|Ck), ρ) is a Lyapunov system. We have that
Pρ-almost surely,

lim
n→∞

1
n

ln ‖1M(wn)‖ = max
({
λ(Gk) | Ck /∈ Z

}
∪ {−∞}

)
(7.2)

where 1 is the row vector all of whose entries are 1. Further, for any initial
distribution π ∈ [0, 1]Q, we have that Pρ-almost surely,

lim
n→∞

1
n

ln ‖πM(wn)‖ ∈
{
λ(Gk) | supp (π)→G Ck, Ck /∈ Z

}
∪ {−∞}. (7.3)
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Example 7.2.10. We show the matrix system from Example 7.2.5 with any
transitions between SCCs of the embedded graph displayed with dashed lines.

q0, r1 q0, r2

q1, r1

q2, r2

q1, r2

q2, r1

1
3α,

1
3β

1
6γ,

1
6δ

1
3α

1
6δ

1
2β 1

2γ

1
2γ,

1
2δ1

2α,
1
2β

1
4α,

1
4β

1
4γ,

1
4δ1

4β

1
4γ

1
4δ

1
4α

1
2α

1
2δ

The SCCs of the induced graph are {(q0, r2)}, {(q0, r1)}, {(q1, r1), (q2, r2)} and
{(q1, r2), (q2, r1)}. We have that

M|{(q0,r2)}(α) = 0,

M|{(q0,r1)}(α) = 0 and

M|{(q1,r1),(q2,r2)}(β) = 0.

On the other hand, ‖1M|{(q1,r1),(q2,r2)}(u)‖ > 0 for all u ∈ ∆∗. Therefore we compute
the set Z from Lemma 7.2.9 as Z = {{(q0, r2)}, {(q0, r1)}, {(q1, r2), (q2, r1)}}. By
(7.2) we have that Pρ-almost surely,

lim
n→∞

1
n

ln ‖1M(wn)‖ = lim
n→∞

1
n

ln ‖1M|{(q1,r1),(q2,r2)}(wn)‖.

We show the Lyapunov system (({(q1, r1), (q2, r2)},∆,M{(q1,r1),(q2,r2)}), ρ) below.

q1, r1 q2, r21
2γ,

1
2δ

1
2α,

1
2β

1
4α,

1
4β

1
4γ,

1
4δ s

1
4α

1
4β

1
4γ

1
4δ

Let S ′ = ((Q′,Σ′,M ′), ρ) be the Lyapunov system from Example 7.2.1 where Σ =
{a′, b′} and ρ = (1

2 ,
1
2). We have M ′(b′) = M{(q1,r1),(q2,r2)}(α) = M{(q1,r1),(q2,r2)}(β)
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and M ′(a′) = M{(q1,r1),(q2,r2)}(γ) = M{(q1,r1),(q2,r2)}(δ). Therefore, Pρ-almost surely,

lim
n→∞

1
n

ln ‖1M(wn)‖ = lim
n→∞

1
n

ln ‖1M|{(q1,r1),(q2,r2)}(wn)‖

= λ(S ′)

= −3
2 ln 2

≈ −1.

This coincides with our estimate from Example 7.2.7.
With the embedded graph G from Lemma 7.2.9, we have that (q0, r2) →G

{(q1, r1), (q2, r2)}. Hence, Pρ-almost surely,

lim
n→∞

1
n

ln ‖e(q0,r2)M(wn)‖ ∈ {−3
2 ln 2,−∞}.

The word βββ ∈ ∆3 is a mortal word for M started from state (q0, r2) and so the
Lyapunov exponent −∞ is realised with positive probability.

Proof of Lemma 7.2.9. We first prove (7.2). By Theorem 7.2.6 for i ∈ [N ] there
exists λi ∈ [−∞,∞) such that Pρ-a.s.,

lim
n→∞

1
n

ln ‖1M|Ci(wn)‖ = λi.

In the case λi = −∞ then by Lemma 7.2.2 we have that Pρ-a.s. there is a word
u ∈ Σ∗ such that 1M|Ci(u) = 0 hence Ci ∈ Z.

In the case λi ∈ R then by Lemma 7.2.2 λi = λ(Gi). Also {w ∈ Σω | ∃n ∈ N :
1M|Ci(wn) = 0} is Pρ-null set and therefore empty because ρ has full support and
therefore all finite words have positive probability of being produced. It follows
that Ci /∈ Z.

We proceed by induction. In the case K = 1, the cases described previously
immediately imply that (7.2) holds. Now we assume the lemma holds for some
K = m ∈ N. We prove this implies the theorem holds for K = m+ 1.

Let ((Q,Σ,M), ρ) be a reducible Lyapunov system such that (Q,E) has strongly
connected components C1, . . . , Cm+1. We have that ((C1∪· · ·∪Cm,Σ,M|C1∪···∪Cm), ρ)
is a reducible Lyapunov system so by the induction hypothesis, Pρ-a.s. we have

lim
n→∞

1
n

ln ‖1M|C1∪···∪Cm(wn)‖ = max
(
{λ(Gi) | i ∈ [m], Ci /∈ Z} ∪ {−∞}

)
.
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In the case that λm+1 ∈ R we have λ(Gm+1) = λm+1 and Cm+1 /∈ Z. Therefore,

λm+1 ∈ {λ(Gi) | i ∈ [m+ 1], Ci /∈ Z}.

In the case λm+1 = −∞, then Cm+1 ∈ Z and clearly {λ(Gi) | i ∈ [m], Ci /∈ Z} =

{λ(Gi) | i ∈ [m+ 1], Ci /∈ Z}. So by Lemma 7.2.8 we have

lim
n→∞

1
n

ln ‖1M(wn)‖ = max
{
λm+1,max

(
{λ(Gi) | i ∈ [m], Ci /∈ Z} ∪ {−∞}

)}
= max

(
{λ(Gi) | i ∈ [m+ 1], Ci /∈ Z} ∪ {−∞}

)
.

We now prove (7.3). Like in Section 6.4, for S ⊆ Q and a ∈ Σ, define δ′(S, a) =

{q′ ∈ Q | ∃ q ∈ S : M(a)q,q′ > 0}. Then we define the Markov chain D′ := (2Q, T ′)

where

T ′S,S′ :=
∑

δ′(S,a)=S′
ρ(a).

Let D be the set of bottom SCCs that are reachable in D′ from the initial state

supp (π). We fix D ∈ D. We may order the C1 · · ·CK such that for some k ∈ [K]

SD := {q ∈ S | S ∈ D} ∩ Ci 6= ∅

for all i ∈ [k]. It is clear that SD ⊆ C1∪· · ·∪Ck. We show the reverse inclusion. Let

i ∈ [k] then there is q0 ∈ Ci ∩ SD. For any q′ ∈ Ci there is a word a1q1 · · · amqm ∈

(ΣQ)∗ such that qm = q′ and Mqi−1,qi(ai) > 0 for all i ∈ [m]. It follows that q′ ∈ SD
and therefore SD = C1 ∪ · · · ∪ Ck.

We have that Pρ-a.s. limn→∞
1
n

ln ‖1M|SD(wn)‖ exists and equals

λD := max
(
{λ(Gi) | i ∈ [k], Ci /∈ Z} ∪ {−∞}

)

by (7.2). In particular there is q ∈ SD such that

α := Pρ
(

lim
n→∞

1
n

ln ‖eqM(wn)‖ = λD

)
= Pρ

(
lim
n→∞

1
n

ln ‖eqM|SD(wn)‖ = λD

)
> 0.

For all S0 ∈ D there is a sequence a1S1 · · · anSn ∈ (ΣD)∗ such that q ∈ Sn and

Si = δ(Si−1, ai) for all i = 1, . . . , n. We have that βS0 := ∏n
i=1 ρ(ai) > 0. Write

β = min{βS0 | S0 ∈ D}. Let π′ ∈ [0, 1]Q be such that supp (π′) ∈ D. Then for any
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u ∈ Σ∗ we have

Pρ( lim
n→∞

1
n

ln ‖π′M(wn)‖ = λD | uΣω)

= Pρ( lim
n→∞

1
n

ln ‖π′M(wn)‖ = λD | uΣω)

≥ βPρ( lim
n→∞

1
n

ln ‖π′M(uwn)‖ = λD)

≥ βPρ( lim
n→∞

1
n

ln ‖eqM(wn)‖ = λD)

= βα > 0.

Hence by Lévy’s 0-1 law we have

1 = Pρ
(

lim
n→∞

1
n

ln ‖π′M(wn)‖ = λD

)
= Pρ

(
lim
n→∞

1
n

ln ‖π′M(wn)‖ ∈ {λ(Gi) | supp (π)→G Ci, Ci /∈ Z} ∪ {−∞}
)

where the last equality follows because D ∈ D is reachable from supp (π) in D′

which implies that for any Ci ⊆ SD we have supp (π)→G Ci.
We now relax the dependence on D. For any D ∈ D, let FD = {w ∈ Σω | ∃n ∈

N : supp (π)M(wn)) ∈ D}. Then,

Pρ
( ⋃
D∈D

FD

)
= 1.

Write Θ = {λ(Gi) | supp (π)→G Ci, Ci /∈ Z} ∪ {−∞} then Pρ-a.s. we have

Pρ( lim
n→∞

1
n

ln ‖πM(wn)‖ ∈ Θ) =
∑
D∈D

Pρ({ lim
n→∞

1
n

ln ‖πM(wn)‖ ∈ Θ} | FD)Pρ(FD)

=
∑
D∈D

Pρ(FD) = 1.

7.2.2 Generalised Lyapunov Systems

In this section we define generalized Lyapunov systems.
First, let M1 = (Q1,Σ,M1) and M2 = (Q2,Σ,M2) be matrix systems with

finite Q1, Q2,Σ and transitions Mi : Σ→ RQi×Qi
≥0 for i = 1, 2. Like with HMMs, we

define the joint graph. Let GM1,M2 = (Q1 ×Q2, E) such that there is an edge from
(q1, q2) to (r1, r2) if there is a ∈ Σ with M1(a)q1,r1 > 0 and M2(a)q2,r2 > 0.

A generalized Lyapunov system is a triple S = (M,F , C) whereM = (Q1,Σ,M1)
is a matrix system and F = (Q2,Σ,M2) is a strongly connected HMM and C ⊆
Q1 × Q2 is a bottom SCC of GM,F .
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Example 7.2.11. Recall the HMM F = (Q,Σ,M) from Chapter 4 in Example 4.1.1.
We have Σ = {a, b, c}. Consider the diagram below where on the left we give an
example matrix systemM = (Q1,Σ,M1) and on the right we give the HMM F .
The HMM F “produces” the letters and so similarly to how we draw Lyapunov
system diagrams, we give the states of F a double ring.

q0

q1 q2

1
2b

1
3a

1
6c

1
2c

1
2a

1
4a,

1
4b

1
4c,

1
4b r1 r21

2c

1
2a

1
2(1

2a+ 1
2b)

1
2(1

2c+ 1
2b)

We also show the joint graph GM,F below which has a single bottom SCC C =
{(q1, r2), (q2, r1)}.

q0, r1 q0, r2

q1, r1

q2, r2

q1, r2

q2, r1

Therefore, (M,F , C) is a generalised Lyapunov system.

We show in the following subsection that given a generalized Lyapunov system,
one can efficiently compute an “equivalent” Lyapunov system:

Lemma 7.2.12. Let S = ((Q1,Σ,M1), (Q2,Σ,M2), C) be a generalized Lyapunov
system.

1. There is λ ∈ R, henceforth called λ(S), such that, for all π1 ∈ [0,∞)Q1

and all probability distributions π2 ∈ [0, 1]Q2 with supp(π1) × supp(π2) ⊆ C,
we have Pπ2-a.s. that either π1M1(wn) = 0 for some n ∈ N or the limit
limn→∞

1
n

ln ‖π1M1(wn)‖ exists and equals λ(S).

2. One can compute in polynomial time a Lyapunov system S ′ such that λ(S) =
λ(S ′).
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7.2.3 Independent Production of Observations

From a HMM F = (Q,Σ,M), define M ′(a, r)q,r := M(a)q,r for all a ∈ Σ and

q, r ∈ Q. Then, (Q,Σ×Q,M ′) is a HMM which is similar to F but emits the next

state, in addition to an observation from Σ. The following is the key technical

lemma that along with Lemma 7.2.9 implies both points in Lemma 7.2.12.

Lemma 7.2.13. Let F = (Q,Σ,M) be a HMM and define M ′ as in the main text

such that F ′ = (Q,ΣQ,M ′) is a HMM. One can compute in polynomial time a finite

set ∆, a probability distribution ρ ∈ (0, 1]∆ and for each r0 ∈ Q (a representation

of) a mapping κr0 : ∆→ (ΣQ) with the following property.

Extend κr0 to (ΣQ)+ inductively. For each c ∈ ∆ and w ∈ ∆+ we let κr0(c w) =

(a1r1)κr1(w) where a1r1 = κr0(c). Then, for each word w ∈ (ΣQ)+ we have

Pρ(κ−1
r0 ({w})∆ω) = Per0

(w(ΣQ)ω) (7.4)

where Per0
refers to the measure on words produced by F ′ with initial distribution

er0.

Proof. Let τ : [ΣQ]→ ΣQ be a bijection which we view as an arbitrary ordering on

ΣQ and write τ(k) = akqk. For each r ∈ Q we define a function κr : [0, 1)→ ΣQ

κr(x) = aKqK when
K−1∑
k=1

M(ak)r,qk ≤ x <
K∑
k=1

M(ak)r,qk ,

where for notational purposes, ∑0
k=1M(ak)p,qk = 0. For each r ∈ Q, since∑|Q×Σ|

k=1 M(ak)r,qk = 1 it follows that κr is well defined on the interval [0, 1). Let ∆

be the set of atomic elements of the finite σ-algebra σ{κ−1
r ({aq}) | r, q ∈ Q, a ∈ Σ}.

The set ∆ is a finite partition of [0, 1) and consists of intervals [α, β) where

α, β ∈ [0, 1] ∩Q.

One can compute in polynomial time the endpoints of all intervals [α, β) ∈ ∆.

For any a ∈ ∆ and r ∈ Q the image κr(a) contains exactly one element. Therefore,

for each r ∈ Q we may define a function κr : ∆→ ΣQ such that κr([α, β)) = κr(x)

for all x ∈ [α, β). We define the probability distribution ρ on ∆ by ρ[α,β) = β − α

for all [α, β) ∈ ∆. The distribution ρ is computable in polynomial time.
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Let r0 ∈ Q. We may extend the mapping κr0 to a word c w ∈ ∆+ inductively
by letting κr0(c w) = (a1r1)κr1(w) where (a1r1) = κr0(c). We now prove (7.4) by
induction on the length of the word. Let a1r1 ∈ ΣQ then by the definition of κr0 ,

Per0
(a1r1(ΣQ)ω) = M(a1)r0,r1 = ρ

(
κ−1
r0 ({a1r1})

)
= Pρ(κ−1

r0 ({a1r1})∆ω).

Now assume Equation (7.4) holds for all words of length n − 1 ∈ N. Then for a
word a1r1w ∈ (ΣQ)n

Per0
(a1r1w(ΣQ)ω) = M(a1)r0,r1Per1

(w(ΣQ)ω)

= Pρ
(
κ−1
r0 ({a1r1})∆ω

)
Pρ
(
κ−1
r1 ({w})∆ω

)
= Pρ

(
κ−1
r0 ({a1r1})κ−1

r1 ({w})∆ω
)

= Pρ
(
κ−1
r0 ({a1r1w})∆ω

)

by the independence of Pρ. This completes the induction.

Example 7.2.14. We demonstrate the construction of ∆ from the proof of Lemma 7.2.13
using the example HMM below.

q1 q2 q3

0.2a

0.4b

0.4b
0.4a

0.3b

0.3b 0.6a

0.2b
0.2b

In the diagram below we give a representation of the functions κq1 , κq2 , κq3 and also
the resulting set ∆. The first three horizontal stacks of rectangles each represent
a partition of the interval [0, 1) into the values taken by κqi for i = 1, 2, 3. The
bottom horizontal stack of rectangles represent the intervals in ∆.

0 0.2 0.4 0.6 0.7 0.8 1
∆

aq3 bq3 bq2κq3

aq2 bq1 bq3κq2

aq1 bq1 bq2κq1
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We have ∆ = {[0, 0.2), [0.2, 0.4), [0.4, 0.6), [0.6, 0.7), [0.7, 0.8), [0.8, 1)} and κq1 is
defined piecewise by

κq1(x) =


aq1 x = [0, 0.2)
bq1 x ∈ {[0.2, 0.4), [0.4, 0.6)}
bq2 x ∈ {[0.6, 0.7), [0.7, 0.8), [0.8, 1)}.

(7.5)

Proof of Lemma 7.2.12. By Lemma 7.2.13, since (Q2,Σ,M2) is a HMM, we may
compute in polynomial time a finite set ∆, a distribution ρ ∈ [0, 1]∆ and for each
r ∈ Q2 a mapping κr : ∆→ ΣQ2 with the property stated in Lemma 7.2.13. Then,
we define M̃ : ∆→ [0, 1]Q1×Q2 such that for all (q0, r0), (q, r) ∈ Q1 ×Q2:

M̃(a)(q0,r0),(q,r) =
M1(a)q0,q when κr0(a) = ar

0 otherwise.

We extend M̃ to the mapping M̃ : ∆∗ → [0, 1](Q1×Q2)×(Q1×Q2) by M̃(a1 · · · an) =
M̃(a1) · · · M̃(an).

Let r0 ∈ Q2, a1 · · · an ∈ ∆∗ and κr0(a1 · · · an) = a1r1 · · · anrn. By the definition
of the extension of κr0 , it follows that ∧ni=1κri−1(ai) = airi. For all q0, . . . qn ∈ Q1

we have

M1(a1)q0,q1 · · ·M1(an)qn−1,qn = M̃(a1)(q0,r0),(q1,r1) · · · M̃(an)(qn−1,rn−1),(qn,rn)

=
∑

r̃1,...,r̃n∈Q2

M̃(a1)(q0,r̃0),(q1,r̃1) · · · M̃(an)(qn−1,r̃n−1),(qn,r̃n)

and therefore by the definition of M̃ ,

‖(π1 × er0)M̃(a1 · · · an)‖

=
∑

q0∈supp (π1)

∑
(q1,r̃1),...(qn,r̃n)∈C

(π1)q0M̃(a1)(q0,r̃0),(q1,r̃1) · · · M̃(an)(qn−1,r̃n−1),(qn,r̃n)

=
∑

q0∈supp (π1)

∑
q1,...qn∈Q1

∑
r̃1,...r̃n∈Q2

(π1)q0M̃(a1)(q0,r̃0),(q1,r̃1) · · · M̃(an)(qn−1,r̃n−1),(qn,r̃n)

=
∑

q0∈supp (π1)

∑
q1,...qn∈Q1

(π1)q0M̃(a1)(q0,r0),(q1,r1) · · · M̃(an)(qn−1,rn−1),(qn,rn)

=
∑

q0∈supp (π1)

∑
q1,...qn∈Q1

(π1)q0M1(a1)q0,q1 · · ·M1(an)qn−1,qn

= ‖π1M1(a1 · · · an)‖.
(7.6)

Suppose there is an edge in the joint graph G(Q1,Σ,M1),(Q2,Σ,M2) between two states
(q0, r0), (q, r) ∈ C then there is a ∈ Σ such that M1(a)q0,q > 0 and M2(a)r0,r > 0.
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Hence, Per0
(a(ΣQ)ω) > 0 and so by Lemma 7.2.13 there exists a ∈ κ−1

r0 ({ar}). It
follows that M̃(a)(q0,r0),(q,r) > 0. Therefore, since C is a bottom SCC of the joint
graph G(Q1,Σ,M1),(Q2,Σ,M2), we have that the graph of the matrix system (C,∆, M̃|C)
is strongly connected and therefore ((C,∆, M̃|C), ρ) is a Lyapunov system. Moreover,
for any π1 ∈ [0, 1]Q1 and π2 ∈ [0, 1]Q2 such that supp(π1)× supp(π2) ⊆ C we have
that ‖(π1× π2)M̃(a1 · · · an)‖ = ‖(π1× π2)|CM̃|C(a1 · · · an)‖ where (π1× π2)|C is the
truncation of the vector π1 × π2 to C. Further, we have for all x ∈ R and n ∈ N

Pπ2({w ∈ Σω | ‖π1M(wn)‖ = x}).

=
∑

r0∈supp (π2)
(π2)r0Per0

({w ∈ Σω | ‖π1M1(wn)‖ = x})

=
∑

r0∈supp (π2)
(π2)r0

∑
a1r1···anrn∈(ΣQ2)n s.t. ‖π1M1(a1···an)‖=x

Per0
(a1r1 · · · anrn(ΣQ)ω)

=
∑

r0∈supp (π2)
(π2)r0

∑
a1r1···anrn∈(ΣQ2)n s.t. ‖π1M1(a1···an)‖=x

Pρ(κ−1
r0 (a1r1 · · · anrn)(∆)ω)

by Lemma 7.2.13

=
∑

r0∈supp (π2)
(π2)r0Pρ({w ∈ ∆ω | κr0(wn) = a1r1 · · · anrn, ‖π1M1(a1 · · · an)‖ = x})

=
∑

r0∈supp (π2)
(π2)r0Pρ({w ∈ ∆ω | ‖(π1 × er0)M̃(wn)‖ = x}) by (7.6)

=
∑

r0∈supp (π2)
(π2)r0Pρ({w ∈ ∆ω | ‖(π1 × er0)|CM̃|C(wn)‖ = x}).

(7.7)
Combining the above equalities with Lemma 7.2.2 we have that there exists a
λ ∈ [−∞, 0] which does not depend on π1 or π2 such that

1 =
∑

r0∈suppπ2

(π2)r0

=
∑

r0∈suppπ2

(π2)r0Pρ
({
w ∈ ∆ω |

lim
n→∞

1
n

ln ‖(π1 × er0)|CM̃|C(wn)‖ ∈ {−∞, λ}
})

by Lemma 7.2.2

= Pπ2

({
w ∈ Σω | lim

n→∞

1
n

ln ‖π1M(wn)‖ ∈ {−∞, λ}
})

by (7.7).

7.2.4 Right-Bottom SCCs

Let F = (Q,Σ,M) be a HMM. Let R ⊆ Q×Q be a (not necessarily bottom) SCC
of the joint graph GF ,F such that QR := {q2 ∈ Q | ∃ q1 ∈ Q : (q1, q2) ∈ R} is a
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bottom SCC of the embedded graph of F . We call such R a right-bottom SCC.
Clearly there are at most |Q|2 right-bottom SCCs. Towards Theorem 7.2.4 we
want to define, for each right-bottom SCC R, two generalized Lyapunov systems
S1
R,S2

R. Intuitively, S1
R and S2

R correspond to the numerator and the denominator
of the likelihood ratio, respectively.

Recall the observation density matrix M ′ defined in Section 7.2.3. Since QR is a
bottom SCC of the embedded graph of F , the HMM FR := (QR,Σ × QR,M

′
|QR)

is strongly connected. This HMM FR will be used both in S1
R and in S2

R. Next,
define M : (Σ × Q) → [0, 1](Q×Q)×(Q×Q) by

M(a, r2)(q1,q2),(r1,r2) := M(a)q1,r1 for all a ∈ Σ and q1, q2, r1, r2 ∈ Q .

Now define S1
R := (M1,FR, C1), where M1 := (R,Σ × QR,M |R) and C1 :=

{((q1, q2), q2) | (q1, q2) ∈ R}. Finally, denoting by R′ ⊆ QR × QR the SCC of the
joint graph GF ,F that contains the “diagonal” vertices (q, q) ∈ QR × QR, define
S2
R := (M2,FR, C2), where M2 := (R′,Σ × QR,M |R′) and C2 := {((q1, q2), q2) |

(q1, q2) ∈ R′}.

Example 7.2.15. Recall the matrix systemM = (Q1,Σ,M1) from Example 7.2.11.
Since M1 is stochastic, M is also a HMM. Let F = M then the graph GF ,F is
shown below. To help dissect the diagram, observe that we have taken the graph
from Example 7.2.11 and appended the states (q0, q0), (q1, q0) and (q2, q0). We once
again use dashed lines to represent edges between SCCs.

q0, q0

q0, q1 q0, q2

q1, q0

q1, q1q1, q2 q2, q0

q2, q1 q2, q2
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The right-bottom SCCs of GF ,F are {(q1, q1), (q2, q2)} and {(q1, q2), (q2, q1)}. For
any of these right-bottom SCCs, QR = {q1, q2} and FR is shown below.

q1 q21
2c

1
2a

1
2(1

2a+ 1
2b)

1
2(1

2b+ 1
2c)

Note that FR is equivalent to the HMM from Example 4.1.1.
For R = {(q1, q2), (q2, q1)} we have C1 = {((q1, q2), q2), (q2, q1), q1)} and the

generalized Lyapunov system S1
R is shown below.

q1, q2 q2, q1

1
2cq1

1
2aq2

1
4aq1

1
4cq2

q1 q2

1
2cq1

1
2aq2

1
2(1

2aq1 + 1
2bq1)

1
2(1

2cq2 + 1
2bq2)

We have R′ = {(q1, q1), (q2, q2)} and C2 = {((q1, q1), q1), (q2, q2), q2)} and so the
generalized Lyapunov system S2

R is shown below.

q1, q1 q2, q2

1
2cq1

1
2aq2

1
4aq1,

1
4bq1

1
4cq2,

1
4bq2

q1 q2

1
2cq1

1
2aq2

1
2(1

2aq1 + 1
2bq1)

1
2(1

2cq2 + 1
2bq2)

For R = {(q1, q1), (q2, q2)} we have R′ = R and so S1
R = S2

R.

We are ready to state the following key technical lemma:

Lemma 7.2.16. Given a HMM (Q,Σ,M), let R ⊆ 2Q×Q be the set of its right-
bottom SCCs, and, for R ∈ R, let S1

R,S2
R be the generalized Lyapunov systems

defined above. Then, for any initial distributions π1, π2, the limit limn→∞
1
n

lnLn
exists Pπ2-a.s. and lies in

{−∞} ∪ {λ(S1
R)− λ(S2

R) | R ∈ R, supp(π1)× supp(π2) −→GF,F R} .

Thus, Λπ1,π2 ⊆ {−∞} ∪ {λ(S1
R)− λ(S2

R) | R ∈ R, supp(π1)× supp(π2) −→GF,F R}.
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Example 7.2.17. Consider the HMM F from Example 7.2.15 with initial distri-
butions π1 = eq0 and π2 = {eq2}. Both right-bottom SCCs {(q1, q1), (q2, q2)} and
{(q1, q2), (q2, q1)} are reachable from (q0, q2) in GF ,F . We have S1

{(q1,q1),(q2,q2)} =
S2
{(q1,q1),(q2,q2)} and hence

lim
n→∞

1
n

lnLn ∈
{
−∞, λ

(
S1
{(q1,q2),(q2,q1)}

)
− λ

(
S2
{(q1,q2),(q2,q1)}

)
, 0
}
.

Using Lemma 7.2.12 we compute ∆ = {α, β, γ, δ}, ρ = (1
4 ,

1
4 ,

1
4 ,

1
4) and for S1

{(q1,q2),(q2,q1)}

and S2
{(q1,q2),(q2,q1)} the matrix systems M1 and M2 respectively, shown left and right.

q1, q2 q2, q1

1
2δ

1
2α

1
4α

1
4δ

q1, q1 q2, q2

1
2γ,

1
2δ

1
2α,

1
2β

1
4α,

1
4β

1
4γ,

1
4δ

These matrix systems are the restrictions ofM from Example 7.2.5 to {(q1, q1), (q2, q2)}
and {(q1, q2), (q2, q1)} respectively. Clearly λ(({(q1, q2), (q2, q1)},∆,M1), ρ) = −∞
since any word with a β or γ is mortal forM1. Therefore, limn→∞

1
n

lnLn ∈ {−∞, 0}.

Proof of Lemma 7.2.16. Let F = (Q,Σ,M) and observe that

Pπ2

(
r0a1r1a2r2 · · · ∈ Q(ΣQ)ω | ∃k ∈ N s.t. rk is in a bottom SCC of F

)
= 1.

Consider a word a1r1a2r2 · · · ∈ (ΣQ)ω such that Pπ2(Qa1r1 · · · amrm(ΣQ)ω) > 0 for
all m ∈ N and further, there exists a k ∈ N such that rk ∈ P where P ⊆ Q is
a bottom SCC of F . We write u = a1r1 · · · akrk and w = ak+1rk+1ak+2rk+2 · · · ∈
(ΣQ)ω. Let µi = πiM(u) × erk for i = 1, 2. Recall the definition of M . We have
that for any n > k that ‖πiM(a1 · · · ak+n)‖ = ‖πiM(a1 · · · ak)M(ak+1 · · · ak+n)‖ =
‖µiM(wn)‖ for i = 1, 2. We fix u and consider words w produced by F with initial
distribution erk . We have that Perk -almost surely if the limits exist,

lim
n→∞

1
k + n

lnLk+n(uw) = lim
n→∞

1
k + n

[
ln ‖π1M(a1 · · · ak+n)‖ − ln ‖π2M(a1 · · · ak+n)‖

]
= lim

n→∞

1
k + n

[
ln ‖µ1M(wn)‖ − ln ‖µ2M(wn)‖

]
= lim

n→∞

1
n

[
ln ‖µ1M(wn)‖ − ln ‖µ2M(wn)‖

]

since limn→∞
n

k+n = 1.



7. Likelihood Exponents 117

By Lemma 7.2.13 there is a finite set ∆, distribution ρ ∈ (0, 1]∆ and mapping

κrk : ∆+ → (ΣQ)+ such that Pρ({κ−1
rk

(wn})∆ω) = Perk (wn(ΣQ)ω) for all n ∈ N. Let

S ⊆ Q×Q. It follows that for each n ∈ N and A ∈ [0, 1]S×S we have

Perk ({w ∈ (ΣQ)ω |M |S(wn) = A}) = Pρ({w ∈ ∆ω |M |S(κrk(wn)) = A}). (7.8)

Let C be the set of SCCs of GF ,F . We define σ : C → P(Q) such that σ(R) =

{q ∈ Q | ∃p ∈ Q s.t. (p, q) ∈ R}. Recall that rk ∈ P and P is a bottom SCC. Thus,

for all i = 1, 2, n ∈ N and (p, q) ∈ supp (µiM(wn)) we have q ∈ P . Therefore, for

all R ∈ C

supp (µi)→GF,F R =⇒ σ(R) = P. (7.9)

Consider the composition M ◦ κrk : ∆+ → [0, 1](Q×Q)×(Q×Q). For any R ∈ σ−1(P )

we have that trivially

(M ◦ κrk)|R = M |R ◦ κrk . (7.10)

Further, ((R,∆,M |R ◦ κrk), ρ) is a Lyapunov system and recall that

S1
R = ((R,ΣP,M |R), (P,ΣP,M ′

|P ), C1
R)

is a generalized Lyapunov system where C1
R = {((q1, q2), q2) | (q1, q2) ∈ R}. Let

V = {q ∈ Q | (q, rk) ∈ R} and υ ∈ [0, 1]V . Since supp(υ × erk) × {rk} ∈ C1
R by

Lemma 7.2.12 the limit limn→∞
1
n

ln ‖(υ × erk)M |R(wn)‖ exists Perk -almost surely

and equals either λ(S1
R) or −∞. Then, by (7.8) with S = R we have for all

x ∈ [−∞, 0] that

Perk ({w ∈ (ΣQ)ω | lim
n→∞

1
n

ln ‖(υ × erk)M |R(wn)‖ = x})

= Pρ({w ∈ ∆ω | lim
n→∞

1
n

ln ‖(υ × erk)
[
(M |R ◦ κrk)(wn)

]
‖ = x}). (7.11)
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Recall the definition of L. The following series of equalities hold:

lim
n→∞

1
n

ln ‖µiM(wn)‖ Perk -a.s.

= lim
n→∞

1
n

ln ‖µi
[
(M ◦ κrk)(wn)

]
‖ Pρ-a.s. by (7.8) where S = Q×Q

∈
{
λ((R,∆, (M ◦ κrk)|R), ρ) | R ∈ C/L, supp (µi)→GF,F R

}
∪ {−∞}Pρ-a.s.

by Lemma 7.2.9

=
{
λ((R,∆,M |R ◦ κrk), ρ) | R ∈ σ−1(P )/L, supp (µi)→GF,F R

}
∪ {−∞}

by (7.9) and (7.10)

=
{
λ(S1

R) | R ∈ σ−1(P )/L, supp (µi)→GF,F R
}
∪ {−∞} by (7.11).

=
{
λ(S1

R) | R ∈ σ−1(P )/L, supp (µi)→GF,F R
}
∪ {−∞}.

(7.12)
We now focus on the case i = 2. Since P is an SCC, there is a unique right-

bottom SCC P ′ that contains the states {(p, p) | p ∈ P}. Let U ′ be another
right-bottom SCC in the set σ−1(P )/L. Since U ′ is an SCC and not in L we
have that ‖∑(s,r)∈U ′(es × er)M |U ′(wn)‖ > 0 for all n ∈ N. Therefore Per-a.s. by
Lemma 7.2.12,

λ(S1
U ′) = lim

n→∞

1
n

ln ‖
∑

(s,r)∈U ′
(es × er)M |U ′(wn)‖

≤ lim
n→∞

1
n

ln |U ′| max
(s,r)∈U ′

‖(es × er)M |U ′(wn)‖

= max
(s,r)∈U ′

lim
n→∞

1
n

ln ‖(es × er)M |U ′(wn)‖

= λ(S1
U ′) because each limit is either λ(S1

U ′) or −∞.

It follows that there is some (s, r) ∈ U ′ such that Per(limn→∞
1
n

ln ‖(es×er)M |U ′(wn)‖ =
λ(S1

U ′)) > 0. Let U = {q ∈ Q | ∃p ∈ Q s.t. (q, p) ∈ U ′}. Then s ∈ U , r ∈ P and
(r, r) ∈ P ′. Hence, with Per -probability greater than 0 we have

0 ≥ lim
n→∞

1
n

ln ‖esM|U(wn)‖
‖erM|P (wn)‖ by Lemma 6.0.1

= lim
n→∞

1
n

ln ‖(es × er)M |U ′(wn)‖
‖(er × er)M |P ′(wn)‖

= lim
n→∞

1
n

[
ln ‖(es × er)M |U ′(wn)‖ − ln ‖(er × er)M |P ′(wn)‖

]
= λ(S1

U ′)− λ(S1
P ′)
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which implies that λ(S1
P ′) ≥ λ(S1

U ′). We have that (rk, rk) ∈ supp (µ2) and so
Perk -almost surely we have ‖(erk × erk)MP ′(wn)‖ > 0 for all n ∈ N. By (7.9), it
follows that Perk -a.s. we have

λ(S1
P ′) = lim

n→∞

1
n

ln ‖(erk × erk)M |P ′(wn)‖ by Lemma 7.2.12

≤ lim
n→∞

1
n

ln ‖µ2M(wn)‖

≤ max
{
λ(S1

R) | R ∈ σ−1(P ), supp (µ2)→GF,F R
}
by (7.12)

≤ λ(S1
P ′).

Then, recalling the definition of S2
R we have Pπ2-almost surely,

lim
n→∞

lnLk+n(uw)
k + n

= lim
n→∞

1
n

[
ln ‖µ1M(wn)‖ − ln ‖µ2M(wn)‖

]
∈
{
λ(S1

R)− λ(S1
P ′) | R ∈ σ−1(P ), supp (µ1)→GF,F R

}
∪ {−∞}

=
{
λ(S1

R)− λ(S2
R) | R ∈ σ−1(P ), supp (µ1)→GF,F R

}
∪ {−∞}

since S2
R = S1

P ′ when σ(R) = P .
We may now relax the dependence on u and P . We have that supp (π1) ×

supp (π2)→GF,F (supp (π1M(a1 · · · ak)))×{rk} for any a1r1 · · · akrk ∈ (ΣQ)+ where
Pπ2(Qa1r1 · · · akrk(ΣQ)ω) > 0. Therefore for all R ∈ R

(supp (π1M(a1 · · · ak)))× {rk} →GF,F R =⇒ supp (π1)× supp (π2)→GF,F R.

Finally we have up to a Pπ2-null set

{a1r1a2r2 · · · ∈ (ΣQ)ω | ∃k ∈ N s.t. rk is in a bottom SCC of F}

⊆
{

lim
n→∞

1
k + n

lnLk+n(uw)

∈ {−∞} ∪
{
λ(S1

R)− λ(S2
R) | R ∈ R, supp (π1)× supp (π2 →GF,F R

}}
and the lemma follows.

With Lemma 7.2.16 at hand, the proof of Theorem 7.2.4 is easy:

Proof of Theorem 7.2.4. As argued before, the set R of right-bottom SCCs of the
given HMM has at most |Q|2 elements. These right-bottom SCCs R and the
associated generalized Lyapunov systems S1

R,S2
R can be computed in polynomial

time. By Lemma 7.2.16 we have Λ = ⋃
π1,π2 Λπ1,π2 ⊆ {−∞}∪ {λ(S1

R)− λ(S2
R) | R ∈

R}. By the second point of Lemma 7.2.12, for each R ∈ R one can compute in
polynomial time an equivalent Lyapunov system.
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8
Conclusions

8.1 Summary

We have shown that equivalence of continuous-observation HMMs is decidable in

polynomial time, by reduction to the finite-observation case. The crucial insight

is that, rather than integrating the density functions, one needs to consider them

as elements of a vector space and computationally establish linear (in)dependence

of functions. Therefore, our polynomial-time reduction performs symbolic com-

putations on continuous density functions. As a suitable framework for these

computations we have introduced the notion of linearly decomposable profile

languages, and we have established ΓGEM as such a profile language.

We then built on this topic by showing that distinguishability of continuous-

observation HMMs is decidable in polynomial time under a slightly modified

framework for the computation. We require that a HMM is encoded with a

linearly decomposable and joint-graph decomposable profile language. A HMM

is encoded with a joint-graph decomposable profile language if, for every pair of

transitions, we can decide whether both transitions can happen simulataneously with

non-zero probability. This condition is considerably easier to deal with than linear

decomposability: most standard probability distribution functions have predefined

supports which don’t depend on their parameters. Once again, our polynomial-time

algorithm is a symbolic computation using density functions.
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Next, we demonstrated general techniques for establishing whether a profile lan-
guage has the right properties for the equivalence and distinguishability algorithms.
Specifically, we defined a “large” profile language Span-I(Γm∪Γt∪Γχ∪Γe∪Γmb∪Γg)
and showed that it is linearly decomposable and joint-graph decomposable. We also
defined a profile language to encode Dirichlet distribution pdfs and showed that
this profile language is linearly decomposable and joint-graph decomposable. This
example is interesting because Dirichlet random variables are multi-dimensional.

We have shown that two initial distributions may be distinguished using the
sequential probability ratio test. The execution time of the SPRT is tightly connected
with likelihood exponents. These numbers are related to Lyapunov exponents and
can be viewed as a distance measure between HMMs. We have shown that the
number of likelihood exponents is quadratic in the number of states. The associated
computational problems tend to be complex (PSPACE-hard), but become tractable
for deterministic HMMs. In our work we did not make any ergodicity assumptions on
the HMMs, unlike in earlier works from mathematics and engineering such as [48–51].

8.2 Open Questions

It remains to show results for the SPRT and Likelihood exponents in the case
of continuous-observation HMMs. We could try and show the following hold for
continuous-observation HMMs:

1. Lemma 6.0.1 and Proposition 6.1.1 and so the SPRT terminates almost-surely,

2. The Wald formula Theorem 6.2.4 and its almost-sure variants Proposition 6.3.6,
Proposition 6.3.2 and Proposition 6.3.5,

3. Theorem 7.2.4, thus there are at most |Q|2 + 1 likelihood exponents.

In order to prove these, we would need continuous-observation variants of
some results from the literature.

1. Proposition 6 from [23] shows that the likelihood ratio converges almost-surely
when the two initial distributions are distinguishable.

2. Theorem 5 and Lemma 9 from [24] provide the backbone for the Wald formula
generalisation.
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3. Proposition 1 from [45] shows that a Lyapunov system defines a single
Lyapunov exponent. This result is crucial for the upper bound on likelihood
exponents.

In addition, we might try to generalise the computational parts of Chapter 6
and Chapter 7. Towards an analogue of Theorem 6.4.1 we could define a Numerator
Support Markov Chain for continuous-observation HMMs. For S ⊆ Q and x ∈
Σ, define δ(S, x) := {q′ ∈ Q | ∃ q ∈ S : Ψ(x)q,q′ > 0}. Define the Markov
chain D := (2Q × Q, T ) where

T(S,q),(S′,q′) :=
∫
δ(S,x)=S′

Ψ(x)q,q′ .

Like with Lemma 6.4.3, we could try and show that the probability of a particular
likelihood exponent is equal to the hitting probability of the union of certain bottom
SCCs of D. To compute D, we need to compute

∫
δ(S,x)=S′ Ψ(x)q,q′ for each S, S ′ ⊆ Q.

Recall the set of profiles Span-I(Γm) from Example 5.1.1. If Ψq,q′ is an interval-
bounded monomial function for each q, q′ ∈ Q then the transition probabilities of
D can be computed using standard integration rules for polynomials.

However, assume Ψq,q′(x) = Aq,q′λq,q′ exp(−λq,q′x)χ(aq,q′ ,bq,q′ ) for all x ∈ (0,∞)
where λq,q′ , Aq,q′ ∈ Q+ and (aq,q′ , bq,q′) ∈ I for all q, q′ ∈ Q. Then, for S, S ′ ⊆ Q we
have that {x ∈ R | δ(S, x) = S ′} is a union of disjoint open intervals in I. Collect all
the end points of these intervals into a set {c1, . . . , cK}. Then, for k ∈ [K], q, q′ ∈ Q
we may compute Bk,q,q′ ∈ Q such that

∫
δ(S,x)=S′ Ψ(x)q,q′ = ∑K

i=1
∑
q,q′∈QBi,q,q′e

ckλq,q′ .
Thus, D is symbolically computable as a linear combination of rational powers
of the number e.

In some cases, we can compute the Markov chain D. In other cases, we can
only compute it symbolically. Therefore, we might define two profile languages
with different versions of Theorem 6.4.1 for each.
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A
Missing Proofs

A.1 Proof of Lemma 3.5.2

Lemma 3.5.2. Suppose f1, . . . , fn ∈ L1(Σ, λ). Then, the fi are linearly dependent

if and only if all alternant matrices for the fi are singular.

Proof. Suppose that the f1, . . . , fn are linearly dependent. Then, there exist

λ1, . . . , λn ∈ R that are not all 0 such that ∑n
i=1 λifi(x) = 0 for all x ∈ Σ. The

same dependence holds for the columns of any alternant matrix for the fi. This

proves the forward implication.

Write Mf1,...,fn(x1, . . . , xn) for the alternant matrix generated by the functions

f1, . . . , fn and input points x1, . . . , xn and let Gf1,...,fn : Σn → R be given by

Gf1,...,fn(x1, . . . , xn) = detMf1,...,fn(x1, . . . , xn).

For the converse implication, it suffices to show that Gf1,...,fn = 0 on Σn implies

that {f1, . . . , fn} is linearly dependent. We proceed by induction on the number n of

functions. Suppose n = 1 with single function f . If for all x ∈ Σ, 0 = Gf (x) = f(x)

then clearly f = 0 and {0} is a linearly dependent set in any vector space.

Now suppose that for n ≥ 1 and arbitrary functions g1, . . . , gn : Σ → R,

Gg1,...,gn = 0 implies that g1, . . . , gn are linearly dependent. Let f1, . . . , fn+1 : Σ→ R

and x1, . . . , xn+1. A Laplace expansion of Gf1,...,fn+1(x1, . . . , xn+1) along the first
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row of Mf1,...,fn+1(x1, . . . , xn+1) gives

Gf1,...,fn+1(x1, . . . , xn+1) = f1(x1)Gf2,...,fn+1(x2, . . . , xn+1)

+ · · ·

+ (−1)nfn+1(x1)Gf1,...,fn(x2, . . . , xn+1).

SupposeGf1,...,fn+1(x1, . . . , xn+1) = 0 holds for all x1, . . . , xn. We distinguish between

two cases.

• Either there exist x2, . . . , xn+1 ∈ Σ such that the cofactors

Gf2,...,fn+1(x2, . . . , xn+1), Gf1,f3,...,fn+1(x2, . . . , xn+1), . . . , Gf1,...,fn(x2, . . . , xn+1)

are not all 0. This establishes a linear dependence in f1, . . . , fn+1.

• Or all cofactors are 0 for all x2, . . . , xn+1. Then, in particular, Gf2,...,fn+1(x2, . . . , xn+1) =

0 for all x2, . . . , xn+1. By the induction hypothesis it follows that the functions

f2, . . . , fn+1 are linearly dependent. Hence, so are f1, . . . , fn+1.

In either case it follows that f1, . . . , fn+1 are linearly dependent.

A.2 Equivalent Conditions in the Distinguisha-
bility Algorithm

We have the following lemma used in the distinguishability algorithm for finite-

observation HMMs.

Lemma A.2.1. Let (Q,Σ,M) be a finite-observation HMM and let B′ be a basis

for

V := span
{(

M(w) 0
0 −M(w)

)
1
T

∣∣∣∣∣ w ∈ Σ∗
}
.

Let B be a basis for {M(w)1T | w ∈ Σ∗} and let µ1, µ2 ∈ Q|Q| be row vectors. Then

(µ1 µ2) · b′ = 0 for all b′ ∈ B′ if and only if µ1 − µ2 · b = 0 for all b ∈ B. Here,

(µ1 µ2) ∈ [0, 1]2|Q| is the row vector obtained by gluing µ1, µ2 together. Note that

(µ1 µ2) · b is a scalar.
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Proof. We have

(µ1 µ2) · b′ = 0 ∀ b′ ∈ B′

⇐⇒ (µ1 µ2)
(
M(w) 0

0 −M(w)

)
1
T = 0 ∀w ∈ Σ∗

⇐⇒ µ1M(w)− µ2M(w) = 0 ∀w ∈ Σ∗

⇐⇒ (µ1 − µ2)M(w) = 0 ∀w ∈ Σ∗

⇐⇒ (µ1 − µ2) ⊥ span{M(w)1T | w ∈ Σ∗}

⇐⇒ (µ1 − µ2) · b = 0 ∀ b ∈ B.

A.3 Proofs Concerning Analytic Functions

Recall the identity theorem and related corollary:

Theorem 5.2.1. [Identity Theorem] Let f : R→ R be analytic on R. If f(x) = 0
for all x ∈ S ⊆ R, where S has an accumulation point, then f(x) = 0 for all x ∈ R.

Corollary 5.2.2. Let f : R→ R be analytic on R. If f(x) = 0 for all x ∈ S ⊆ R,
where λLeb(S) > 0, then f(x) = 0 for all x ∈ R.

We prove Corollary 5.2.2 using the following lemma

Lemma A.3.1. Suppose S ⊆ R has λLeb(S) > 0 then S has an accumulation point.

Proof. We prove the contrapositive. Suppose S has no accumulation points. Then
for all x ∈ S there is εx > 0 such that B(x, εx) ∩ S = {x}. Since Q is dense in
R there is a rational qx ∈ B(x, εx) Hence x = qx. It follows that S contains only
rationals and hence is countable. Therefore, λLeb(S) = 0.

We may now also prove the following from the main body.

Lemma 5.1.2. Let D ⊆ R and let f : D → R be analytic on D. If an analytic
continuation of f to R exists, then it is unique.
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Proof. Suppose f1, f2 : R→ R are analytic continuations of f to R. Then, f1(x)−
f2(x) = 0 for all x ∈ D. D is an open set and so λ(D) > 0. Therefore, by
Corollary 5.2.2 we have f1(x) = f2(x) for all x ∈ R.

The following two lemmas are used in Lemma A.3.4 to establish that some
common pdfs are analytic on R.

Lemma A.3.2. Define f : R→ R where f(x) = ∑N
n=0 bnx

n for some b0, . . . , bN ∈

R. Then, f is analytic on R.

Proof. Let x0 ∈ R. For x ∈ R we have f(x+ x0) = ∑N
n=0 bn(x+ x0)n = ∑N

n=0 anx
n

where a0, . . . , aN depend on x0 and b0, . . . , bN and are obtained by expanding
each bracket and collecting coefficients with the same power of x. Thus, f(x) =∑N
n=0 an(x− x0)n and so f is analytic on R.

Lemma A.3.3. Let A,B ∈ R and define f : R→ R where f(x) = AeBx. Then, f
is analytic on R.

Proof. Let x0 ∈ R. For x ∈ R we have

f(x+ x0) = AeBx+Bx0 = AeBx0eBx = AeBx0
∞∑
n=0

Bnx
n

n! .

It follows that f(x) = ∑∞
n=0

AeBx0Bn

n! (x − x0)n and so f is analytic by setting
an = AeBx0Bn

n! .

Lemma A.3.4. Let ν ∈ Q+, k ∈ N \ {1}, λ ∈ Q+, a ∈ Q+, µ ∈ Q and σ ∈ Q+.
The functions ft, fχ, fe, fmb, fg : R→ R are analytic on R where

1. ft(x) = Γ̃((ν+1)2)√
νπΓ̃(ν/2)(1 + x2

ν
)−(ν+1)/2

2. fχ(x) = 1
2k/2Γ̃(k/2)x

k/2−1 exp(−x/2)

3. fe(x) = λ exp(−λx)

4. fmb =
√

2
π

1
a3x

2 exp(−x2/(2a2))

5. fg = 1
σ
√

2π exp(− (x−µ)2

2σ2 ).
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Proof of Lemma A.3.4. ft is a polynomial so is analytic by Lemma A.3.2. fe is
analytic on R by Lemma A.3.3. Consider f, g : R → R where f(x) = xk/2−1

and g(x) = exp(−x/2). Then, f and g are analytic on R by Lemma A.3.2 and
Lemma A.3.3 respectively. The product of two analytic functions is analytic by
Proposition 1.1.4 from [34] and so fχ is analytic on R. A similar argument shows
that fmb is analytic on R. We showed fg is analytic in Example 5.1.3.
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