OCCAM & T

OXFORD CENTRE FOR COLLABORATIVE APPLIED MATHEMATICS

Report Number 09/38

Optimal L2 estimates for semidiscrete Galerkin methods for
parabolic integro-differential equations with nonsmooth data

by

Deepjyoti Goswami, Amiya K. Pani and Sangita Yadav

Oxford Centre for Collaborative Applied Mathematics
Mathematical Institute

24 - 29 St Giles’

Oxford

UNIVERSITY OF OX1 3LB

OXFORD England







Optimal L? estimates for semidiscrete Galerkin methods for
parabolic integro-differential equations with nonsmooth data

Deepjyoti Goswami* Amiya K. Panifand Sangita Yadav?
Department of Mathematics,Industrial Mathematics Group,
Indian Institute of Techonolgy Bombay,

Powai, Mumbai-400076 ( India)

Abstract

In this article, we discuss an alternate approach to a priori error estimates for the
semidiscrete Galerkin approximation to a time dependent parabolic integro-differential
equation with nonsmooth initial data. It is based on energy arguments and on a repeated
use of time integration, but without using parabolic type duality technique. Optimal L?-

error estimate is derived for the semidiscrete approximation, when the initial data is in
2.
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1 Introduction

In this paper, we discuss an alternate approach to a priori L?-error estimate for a semidis-
crete finite element Galerkin approximation to the following parabolic integro-differential
equation:

¢
u + A(t)u = / B(t,s)u(s)ds in QxJ,
0

(1.1) u=0 on 0 x J,
u(+,0) = ug in Q.

with uy € L?(2), where Q C RY, d = 2,3 is a bounded convex polygon or polyhedron,
J =(0,T], T < co. Here, u = u(x,t) is a real-valued function in Q x J and u; = %.
Further, A(t) is a second-order selfadjoint, uniformly positive definite elliptic operator of
the form

d
Aty =-Y ai(aij(x,t);m) +ag(, 1)1,

ij=1_""7

*deep@math.iitb.ac.in
takp@math.iitb.ac.in
fsangita@math.iitb.ac.in



and B(t, s) is a general second-order elliptic differential operator

B(t,s) = Zd: 8(3: (blj(:n t 8)8(11) +Za$ ( (x;t s)ai )+b0(m t,s)1,

7]— ]

Equations of the type described above arise naturally in nonlocal flows in porous media
(cf. Cushman and Glinn [3] and Dagan [4]) and heat conduction through materials with
memory (cf. Renardy et al. [14]).

We use usual notations for the L?, H& and H? spaces and their norms and semi-norms.
Let A(t;-,-) and B(t,s ;-, ) be bilinear forms on H¢ x H} corresponding to operators A(t)
and B(t, s), respectively, i.e.

: ¢ 0y
Atto.v) = | (32 astenti g + olention) d
and

B(t, s; ¢(s) /(Zb” B, 5%+Z_:b )

1,j=1

(i, 8)60)) da.

The weak formulation for (1.1) may be stated as: find u : J — H} such that

(ut, ) + At u, ¢) = /tB(tS;u(S)@)d& Vo € Hy, teJ
0
(1.2) u(0) =

Now, we define a semidiscrete Galerkin approximation of w. Let h with 0 < h < 1
be the discretizing parameter of a regular triangulation of 2. Let us denote, as Sy, the
corresponding finite dimensional subspace of H{ such that for all v € H} N H?, k € {1,2},

(1.3) S flo = dulls < poh™lle, 5 € {0,1},

where pg is independent of h.
The semi-discrete Galerkin approximation to a solution u of (1.1) is to find uy, € S}, satisfying

t
(14) (uht7¢h) + A(t;uh7¢h) = /0 B(t,S;Uh(S),¢h)d8, v¢h S Sh7 t>0

with up,(0) = Pypug, where Pyug is an L? projection of ug onto Sj,.

Below, we present our main result on L? error estimate of e = u — uy,, when the initial data
2
ug € L (Q)

Theorem 1.1 Let u and uy, be the solution of the equations (1.2) and (1.4), respectively,
with w(0) = ug and up(0) = Pyug. Then, there exists a positive constant C independent of
h such that

[u = unll < CH* ugl.



Earlier, Yanik and Fairweather [17] have derived optimal error estimates for smooth
solutions for a nonlinear problem with first order partial differential operator B. Canon
and Lin [1, 2], Lin et al. [6] and Lin and Zhang [7], Pani et al. [13] have proved a priori
error estimates for parabolic integro-differential equations for smooth initial data using Ritz-
Volterra projection as against elliptic projection which is normaly used for optimal error
estimates of parabolic type equations. Thomée and Zhang [15] have obtained optimal L2-
error estimates for smooth and nonsmooth initial data using semi-group theoretic approach
combined with an use of inverse of the associate elliptic operator, when A is independent
of time. Subsequently, based on energy argument and parabolic type duality, Pani and
Sinha [11] have proved optimal L?-estimate for semi-discrete Galerkin approximation to a
more general time dependent parabolic integro-differential equation with nonsmooth initial
data. Pani and Peterson [9], Pani and Sinha [12] have discussed the effect of quadrature
for non-smooth initial data using a combination of integration in time and a use of the
inverse of the associated elliptic operator. For completely discerete scheme which is based
on backward Euler method, optimal error estimates are derived in [16] and [10].

In this paper, an alternate approach to prove Theorem 1.1 is discussed for a semidiscerete
Galerkin formulation (1.4), when ug € L? using energy arguement, but without resorting to
a use of parabolic type duality. Essentially, the proof technique is based on a combination
of energy arguement and a repeated use of time integration instead of a use of the inverse of
the associated discrete elliptic operator. Compared to Thomée and Zhang [15] and Pani and
Sinha [11], the argument presented in this paper is mainly based on the energy technique
which follows the standard pattern of error analysis related to parabolic integro-differential
equations with smooth data.

Throughout this article, we denote by C, a generic positive constant which may vary
from context to context. Further, we also use the following notation:

a(t) = / o(s)ds.

The plan of the paper is as follows. While Section 1 is introductory in nature, Section 2
deals with some a priori estimates and regularity results for the exact solution. In Section
3, Ritz Volterra projection is introduced and related estimates are carried out. Section 4
focuses on optimal L2-error estimates, when nonsmooth initial data ug € L?(Q).

2 A prior: estimates

In this section, we derive some a priori bounds which are needed in our subsequent error
analysis.

For our future use, we assume that the principal part of A(t) is uniformly elliptic and
the coefficient ap > 0. Further, we assumae that all the coefficients of A(t) and B(t,s)
are smooth and their derivatives are also uniformly bounded in their domain of definition.

Based on the assumptions on the coefficients, it is straightforward to show that the bilinear
form A is coercive, i.e., there is positive constant p; independent of ¢, such that

(2.1) Alt; 9, 9) > pillollf, ¢ € Hy.



Also, the domain being convex polygonal or polyhedral, there is a positive constant po,
independent of ¢, such that

(2.2) I6ll2 < pallAt)oll, ¢ € HyNH>.

Finally, there are positive constants p3 and p4, independent of ¢, such that

(2:3) At e, 9) < psllllvlh,  ¢.9 € H.
4 B(t,s;6(5),9)| < pallé(s)l1ll¢ll,  ¢(s), ¢ € Hy.
We define the bilinear form A(t;-,-) : H} x H} — IR by
d

( Z 8aij(:z:,t) agb 872[) n ﬁao(x,t)
875 81‘1 ij 875

Altsonw) = [

Q

o) dv, 6,0 ¢ H.

ij=1

As the coefficients and their derivatives are bounded uniformly in time, we conclude that,
there exists a positive constant ps, independent of t, such that

(2.5) At 0, 9)] < psllollallvlly,  o,v € Hy.

We present below a priori estimates and regularity results for the solution of (1.1), when
ug € L%(Q). For a proof, we refer to [11].

Lemma 2.1 Let u be a solution of parabolic integro-differential equation (1.1) and ug €
L?(2). Then, the following estimates hod for t € J:

t
(2.6) tllu(®)l +/0 sllus(s)[|7ds < Clluoll?,
t
(2.7) 2 ue (t)? +/0 s%||us(s)lIFds < Clluol®,
(2.8) la(t)]l2 < Clluoll,
(2.9) tlu()ll2 < Clluoll-

Next, we discuss the estimate for ||us||1 and ||u]|2, again when ug € L?(€2).

Lemma 2.2 Let u be a solution of parabolic integro-differential equation (1.1) and ug €
L3(2). Then, the following estimate holds for k € {1,2} and t € J:

(2.10) el < Ct=AHEDfug .
Proof. Differentiate (1.1) with respect to time and obtain
t
(2.11) up + A(t)ur + Ac(t)u = B(t, t)u(t) + / By(t, s)u(s)ds.
0

Multiply (2.11) with ¢3A(t)us, integrate over © and rewrite the resulting equation as
(2.12)  (ug, PADw) +  (A)ug, LA ) = —(Ag(t)u, At uy)
t
+(B(t, t)u(t), 3 At)uy) +/ (By(t, s)u(s), t3A(t)uy)ds.
0
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Observe that

d d
ﬁ(ut,t?’fl(t)ut) = %tsA(t ut,ut)

= 3t2A(t; U, ut) -+ tsAt(t; Ug, ut) + QtSA(t; Utt, ut).

(2.13)

Using integration by parts, we can rewrite the last term of (2.12) as
t
(2.14) / (Bu(t, s)us), B A(tyur)ds = £(By(t, £)a(t), A(t)uy)
0

g3 /0 (Bus(t, s)i(s), A(t)ur)ds.

On substituting (2.13)-(2.14) in (2.12), we arrive at

1d

3 1
5 (PAt )} + PIAGuI? = SR ) + 58 A, w)

3 (A ()u, Alt)ug) + £3(B(t, H)u(t), Alt)up)

+3(By(t, t)a(t), A(t)ug) + t3/0 (Bys(t, s)a(s), A(t)ug)ds.

Integrate the above equation with respect to time from 0 to t, use (2.1), (2.2), smoothness
of coefficients of A(¢) and B(¢,s) and Young’s inequality to arrive at

t t
ﬂwﬁ+ésﬂ%@ﬁ§045%M$w%wwﬂ@%

t
+C'/ 53Hﬁ(s)||§ds
0

t
(2.15) t3||ut||?+/0 8°||us(s)II3 < Cluol.

We obtain after applying Lemma 2.1

Now multiply (2.11) by t>uy and integrate over € to get

3| uge||? + At ug, tPug) + Ag(t;u, 3ug) = B(t, tu(t), ug)

/Bttsu tutt)d

Note that
d
(2.16) ﬁ{tSA(t; g, ug) } = 3t2A(t; wg, wg) 4 15 A (E; ug, ug) + 265 A(t; ug, ugt),
and
t ¢
(2.17) / But, s u(s), Bug)ds = BBt 1, i(t), ugy) — 13 / Bua(t, 1 4(s), ) ds.
0 0

Hence, we arrive at

1d 3 1
(218) t3HuttH2 + ig tS.A(t; U, ut)} = §t2./4(t; U, ut) + itSAt(t; Ut, ut) — t3At(t; u, utt)

t
BB, ) + BBt £ a(t), ) — £ / Bua(t, 5: i(s), use)ds
0

5



Use Cauchy-Schwarz inequality alongwith Young’s inequality and then integrate with re-
spect to time from 0 to t to obtain

P o) + [ s < 0 [ {2+ 1)) + a3} ds
Lemma 2.1 yields with the help of (2.1)
¢
(2.19) £ I3 +/ 8 [[uss (s)|Pds < C|luol|*.
0
Now differentiate (2.11) with respect to time to obtain
t
(220) Uttt + A(t)utt + 2.At(t)ut — Attu = B(t, t)ut + 2B(t, t)u + / Btt(t, S)U(S) ds.
0

Now multiply t*uy in the above equation and integrate over 2 and rewrite it as

1d

2dt{t4HuttH }+t4A(t utt,utt) = QtSH’U,ttHz — 2t At(t ut,utt) -1 .Att(t u utt)

+t48(t,t; u,utt)—i— 2t4l5’t(t,t;ut,utt)+t4/ Btt(t,s;u(s),utt)ds
0
< 20w |2 + ellunllf + C () (llwall3 + lullF + /0 Aus) | ds ).

Use (2.1) and then choose ¢ = p;1/2. Finally integrate and use (2.19) with Lemma 2.1 to
conclude

t
(2.21) £ uee | +/ s {luss(s)l[Fds < Cfluol|*.
0

Rewrite (2.11) as

t
Ay = uy — A(t)u — B(t, t)u — /0 By(t, s)u(s)ds

§>

= wy — A(t)u — B(t, t)u — By(t, t)i(t) +/0 By(t, s)a(s)ds.

Using elliptic regularity (2.2), we arrive at

t
(2.22) luell < C HUttH2+HUH§+HﬁH§+/O Hﬁ(S)!!%dS}-

Multiply by #*, use (2.21) and Lemma 2.1 to obtain
(2.23) luellz < Ct™2|uoll,

and this completes the rest of the proof. O



3 Ritz-Volterra projection

In this section, we discuss Ritz-Volterra projection and the related error estimates which
will prove useful for the proof of our main theorem.

Following Lin et al. [6] (see [1, 2]), define Ritz-Volterra projection Wy : (0,7] — Sp
satisfying

B Al W00 = | Bt 53 (u — Wau)(s), dn)ds,  Vn € Sh.

We refere to Cannon and Lin [2] and Lin et al. [6] to see that Ritz-Volterra projection is
well defined. We also use the Ritz-projection Ry, = Rp,(t) : H} — S}, defined by

(3.2) A(t;u — Rpu, ¢p) =0, Vo € Sp, u € Hy.

With § = v — Rju, we discuss below some estimates for 6. For a proof, we refer to [8].

Lemma 3.1 For 0 as defined above and u € H& N H? with ug € L?, there is a positive
constant C independent of h such that for k € {1,2},and j € {0,1}

19115
16115

Ch*lullx < CREIE42 o,

<
< ORI {|lully + luellr} < CRETE= AR |y

Next, we present an estimate of 6.

Lemma 3.2 For 0 as defined above and u € H& N H? with ug € L?, there exists a positive
constant C' such that for k € {1,2} and j € {0,1}, the following estimate holds:

16]l; < Ch*llu].

Proof. We recall that for ¢, € Sy,
A(t; 0, 6n) = 0,

We integrate with respect to time to obtain
¢
(33) At0,0) = [ Asi0(), 6n)ds = 0.
0

Now we use the coercive property of A and (3.3) to find that
pllOlf < A(t:6,0) = A(t;0,4 — x) + A(t,0,x — Rutt), X € Sh,

t
— A(ha—) + / Ay(s36(s), x — Ryit),
0

IN

t A~
ClOl1a — xl + /0 Ay(s:0(s), (x — @) + 0),

~ t ~ t ~ ~
C(ldl + [ 1l ds)la =+ ([ 18] ds) ol
0 0

IN

7



Using Young’s inequality, we arrive at

t
1617 < Cllﬂ—xllerC/o 16(s)|17ds
From (1.3) and (2.8), we obtain
t
16[]7 < CthUoHQJrC/O 16(s)|[7ds
Use Gronwall’s lemma to conclude that
(3.4) 101 < Chljuoll.

For the L? estimate, we use Aubin-Nitche duality argument. Thus, we consider the following
auxiliary problem. Find ¢ € H{ () such that
At)p = 6, on Q.

From the elliptic regularity result, we note that

(3:5) lell: < Cllé].
Now,
101 = At ¢,0),
= A(t; 0 — x, ) + A(t; x, ) for some y € Sy,
= A(t:0,0—x) / As( from (3.3),

A A t A
= At0,6— )+ /0 Au(s:0(s), x — ¢) ds + /O Au(s:0(s), $)ds.

IN

A t A t ~
c(lél+ [ 16 ds)lo—xd + ([ 1l ds)iell
0 0
Use approximation property (1.3) of Sj, and then (3.4) and (3.5) to obtain

t
161l < Ch2Juoll + /0 16(s)llds.

A use of Gronwall’s lemma completes the rest of the proof. O

In the rest of this section, we will prove the estimates of n = u — Wpu. Using Ritz
projection, we set n = 0 — p, where 8 = u — Rpu and p = Wru — Rpu. Hence, we now
rewrite (3.1) using (3.2) as

t t
(36) Al p.on) = /0 B(t, s pls), én)ds — /0 B(t,:0(s), dn)ds, oy € Sp.

Moreover, using integration by parts in time as we again rewrite (3.6) in the following form:
t
(3.7) Alt;p,on) = B(tt;p(t), ¢n) — / By(t, s; p(s), ¢n)ds
0

t
— Bt t6(8), n) + /0 Bu(t,5:6(s), on)ds,  Veby € Sh.

Now, we reperesent



Lemma 3.3 Forn as defined above and u(t) € Hi N H? with uy € L?, there exists a positive
constant C independent of h such that for k € {1,2}, j € {0, 1}, the following estimates
hold:

CRF= TR g,
Ch 7 |ug).

(3.8) 11l
(3.9) 171l

Proof. Set ¢, = p in (3.7) to obtain

t t
(3.10) A(t;p,p)—B(t,t;ﬁ,p)—/ Bs(t,S;ﬁ(S),p)ds—B(t,t;H,p)+/ Bs(t,s;0(s), p)ds.
0 0

A use of coercivity of A with Cauchy-Schwarz inequality yields

t t
(3.11) ol < C(Iolh+ [ N hds + 101+ [ Gs) ).

For finding ||p||1, we integrate (3.7) and obtain
t t t prs

Altipoon) = [ Adsiits)onds = [ Blssipls)onds — [ [ Bo(s.mip(r). on)ards
0 0 0J0

— /Ot B(s, 5;0(s), ¢n)ds + /Ot/os B (s,7;0(7), ¢p)drds.

Choose ¢p, = p, apply Cauch-Schwarz inequality and coercivity of A to obtain

(3.12) ol < o [ 10G)has + [ lotsls).

Now an application of Lemma 3.2 yields

t
(3.13) HMlsCW1Mw+CAHMﬂmw

Apply Gronwall’s Lemma to arrive at

(3.14) Al < CR*Hugl .

Using Lemma 3.2 and triangle inequality, we obtain

(3.15) Al < 100 + 1Al < CP*luo]-

Now substitute estimate of ||p||; from (3.14) in (3.11) and use Lemma 3.2 to arrive at
(3.16) lolls < CR*Hluol.

Again use triangle inequality and Lemma 3.2 to obtain

(3.17) Inlls < 1101+ llpll < CRE1742fug].

Now consider the following auxiliary problem:

(3.18) ADC = 7 inQ
(3.19) ¢ = 0 onoQ,



where ( satisfies the regularity result
(3.20) IKll2 < Cliall-

Now

1Al = Alt;¢,)
(3.21) = A(t;¢—x,n) + A(t; x,n)  for some x € Sp.

On integration (3.1) and using the fact that %q@(t) = ¢(t), we obtain
t t
(322) A(t;ﬁv¢h) - / AS(S;ﬁ(S),¢h>dS = / B<373;ﬁ(3>7¢h)ds
0 0

t s
- /0 A B’r(svT;ﬁ(T>7¢h)deS

We obtain on substituting (3.22) with ¢, = x in (3.21)

71>

t t
A ¢ — o) + /0 Au(s:7(s), X)ds + /0 B(s, 5;(s), x) ds

t s
- / / BT(S7T;ﬁ<T)7X>deS
0 JO

= A G~ [ Adss.C s — [ B, sale).¢ s
+ //B s, 7;0(7), ¢ — X)des—l—/( (s), A%L(s)C)ds

+ /0(() (5,5) ds—// ), B(s,7)¢) drds

829 < c(lah+ [ 1a6lhds)ic -+ o [ Taeas)icla

Here, A}, B*(t,t), and BX(t,s) are formal adjoint of A;, B(t,t), and Bs(t, s), respectively.
Using the approximation property (1.3) for Sp,, we obtain from (3.17) and (3.15)

t
(3.24) Il < ChQ\IUoI|+/O 17(s)]| ds.

Use Gronwall’s lemma to obtain the desired estimate for [|7]|.

For finding the estimate of ||n||, we again consider the auxiliary problem (3.18)-(3.19) by
replacing the right hand side function 7 by n. Then, we proceed similarly as in the estimate
of ||7]] and obtain

t t
(325 lnl < Ch(lllh + lalls + /0 ()l ds) +C (Il + + /0 I(s)l] ds).

A wuse of (3.9)with (3.17) yields the desired estimate of ||n|| and this completes the rest of
the proof. 0

Below, we discuss the estimate of ||7]|.

10



Lemma 3.4 For n as defined by (3.1) and ug € L, let both u(t) and u(t) be in H} N H?,
for t € J. Then there is a positive constantC independent of h such that

lnell - < CR*t2uol.

Proof. To find the estimate of |||, first we obtain an estimate for ||p;||;. Now differentiate
(3.6) with respect to time to arrive at

t
(3.26) A(t; pe, on) + At p, dn) = B(t,t;p,¢h)+/0 By(t, s; p(s), ¢n) ds

t
— B(t,t:0,n) - /O Bi(t, 5;6(s), én) ds.

Using integration by parts in time, we rewrite (3.26) as
t
A(t; pe, ¢n) + At p,0n) = Bt 5 p,6n) + Bi(t, £ p, don) — / Bys(t, s;0(s), ¢n) ds
0

t
(3.27) — B(t,t;0,¢n) — By(t, t;0(s), op) + /0 Bis(t, 5:0(s), ¢n) ds.

Choose ¢p, = p; in (3.27) to obtain
t
At pepr) = —Auts pope) + B(L, E p, pi) + Be(t, 59, pe) — / Bys(t, s p(s), pr) ds
0

t
- B(t,t;H,pt)—Bt(t,t;9,pt)+/ Bys(t, s;0(s), pt) ds.
0

Using (2.1), smoothness of coefficients of A(t) and B(t, s), we obtain

29l < (ol + -+ 100 + 10+ [ oG+ 106)11)ds).
Use of (2.1), Lemma 3.1, Lemma 3.2 and (3.14) help us to arrive at

(3.29) lpells < Cht='2jug].

Hence use of triangle inequality and Lemma 3.1 yield

(3.30) Inells < 116l + llpells < Cht™?|luol.

For L?-estimate, we again consider the following auxiliary problem:

(3.31) Ao = n, in Q,
(3.32) p =0 on 09,

with ¢ satisfying the regularity result
(3.33) 1ol < Clinell-

Now,

Inel® = Alt; ¢, me)
= A(t;me, ¢ — x) + Altsm, x) for x € Sy,

t
= A(t;m,aﬁ—x)—At(t;n,x)JrB(t,t’n,xH/O By(t, s;m(s), x) ds.

11



Note that we have differentiated (3.1) with respect to time and then substituted the value
of A(t;n:, x). Note that

12 = Altym, é —x) + At m, ¢ — X) — A, ) — B(t, t,m,0 — X)
t t

(tvtan7¢)_/ Bt(tvsan(s)7¢_X)dS+/ Bt(ta5§7](3)>¢)d5
0 0

= Altsn, 0 — x) + Ai(tsme, 0 — x) — At me, 0) — Bt t,m, 0 — X)

t
- B(tvtan7¢)_Bt(tat;ﬁ(8)>¢_X)+/oBts(tas;ﬁ(8)7¢_X)d5

llm

|
oy

t
b Biltsift)0) ~ [ Bultsi(s).0)ds.
0
Using the smoothness of coefficients of A(t) and B(t, s), we obtain
, t
(3.31) Il < €l + ks + il + [ 1l ds) 6 = xl

t
+ C(lnll+ 1l + /0 () 1 ds )16

Using approximation property (1.3), Lemma 3.3 and (3.30), it follows that
(3.35) el < Ch*t2|luol|-

This completes the rest of the proof. O

4 Semidiscrete Error Estimates for Non-smooth Data

In this section, we discuss the proof of our main theorem that is Theorem 1.1.

Observe that e = u — uy, satisfies the following equation
t
(41) (615, ¢h) + A(t’ €, ¢h) = / B(t, 53 6(5)7 ¢h)d57 v ¢h € Sha t>0.
0

Using Ritz-Volterra projection Wyu of u, we rewrite
(4.2) e=u—up=(u—Whu)— (up, — Whu) =:n—&.

Using (3.1), the equation (4.1) can be written as

t
(43) (gta ¢h) + A(t’ gv ¢h) = (77t, Qbh) + /0 B(t’ S5 5(8)7 QZSh)dS, v ¢h € Sh~

With uy,(0) = Pyug, we now integrate (4.3) once and twice to obtain

~ t o t £
(4.4) (& ) + At €, 6n) — /0 As(s:€(5), @n)ds = (1, n) + /0 B(s, 5:&(s), on)ds
_ /t /5 BT(S’T;E(T),(ﬁh)deS, v ¢h € Sh7
0 JO

12



~
/\

45 (Eon) + A o) —2/A ), bn ds+//ATT LE(7), én) dr ds

= (i, én) /Bssé ) 5—2//5 7 E(r), én) drds
+ ///BTT 760, én) dr'dr ds, Y én € S,

respectively. Below, we prove a series of Lemmas involving estimates of &.

Lemma 4.1 Leté satisfy (4.5). Then, there exists a positive constant C' independent of h
such that

(4.6) 162 + / 1E(s)2ds < Cth Juoll®
and

~ t
(4.7) |mﬁ+A|a@erzcmﬂwP.

Proof. Choose ¢, = £(t) in (4.5) to obtain

(48) 211 v Amé b = /A (s:6(s) 5@—//Q% £(r), E)dr ds

2dt
@8+ [ Boséerdis—2 [ [ Birrée).éaris

+///&T 1 E(),€) dr'dr ds,

and hence, using Cauchy-Schwarz inequality alongwith Yong’s inequality, we integrate the
resulting inequality to arrive at

112 + /\é W2ds < c/ li(s) ||2ds+c/ (né 2+ /ué ||1d7) s

Use Lemma 3.3 and then apply Gronwall’s lemma to conclude the estimate (4.6).

~

To estimate (4.7), set ¢p = £(t) in (4.5) to obtain

/A 0 éds—//ATng £) dr ds

+ (7€) - /O( (), ds+2//BTT§ ),€) dr ds

n /Ot/OS/OTBTT,(T,T ('), &) ar' dr ds.

)

AIIE? + A(t:€,€)

Since



we rewrite (4.9) as

67+ GAwED = JAED + 0.6 —2AwdH + 2 ([ Aiéo)das)
(410) + Bt t:6,6) C‘;</ Bls, 5:£(s), )ds>+/0 Ass(5:€(5), €)ds

- /B (5,5 &(s )ds—j(/ [ (Arersér).6) = 28.r,7:600). ) Yaras)

+ dt(///BTT 7 é(r )Edrd7d5> //BST 71 €(7), E)drds

Integrate (4.10) with respect to time, use coecivity property (2.1) with smoothness of coeffi-
cients of A(t) and B(t, s). Then, an application of Cauchy-Schwarz inequality with Young’s
inequality yields

i ~ N N
/0 1) [2ds + JE@IE < © / 1i2ds + ¢ / 1€(s) 3ds.

Using (4.6) and Lemma 3.3, we obtain

~ t
(4.11) €113 + / 1€s)[2ds < Cthluol?,

and this completes the rest of the proof. ]

Lemma 4.2 Leté’ be such that it satisfies the equation (4.4). Then, there exists a positive
constant C independent of h such that

t
(4.12) 1IN + /0 SIé@Eds < Cth*fuoll®
and

t
(4.13) 2IEN2 + /0 2|ePds < Cthug?.

Proof. Choose ¢, = t£(t) in (4.4) to obtain

LIENRY + tAE ) = ||f||2+t/A £(5),€) ds + 1(1,€) +t/Bssé<>é>ds

— /0 /0 Br (s, 73 €(r), €) dr ds,

and an application of integration by parts with respect to time t yields

2dt

~ ~
/\ ~ /\

o 1 .
SR} +HRAGED = JIER + A& —t [ Aulsrdlo). ) ds+ )

(4.14) +tB(t, t; 5 ) —2t/ Bs(s, s; {g ,€)ds

+ [ t | Bt rsétn) dyaras.

14



Now integrate (4.14) with respect to time to obtain
X t o t t .
I+ [ sAléeénds = 5 [P + [ si(siée). 60 ds
t R ¢ A
/ / sA--(T; f )des—i—/ s(m, §)ds—i—/ sB(s, s;£(s),&(s)) ds

- 2//38 (r, 7 é(r ds+///sBTT 7€), €(s)) dr’ dr ds.

Therefore, using coercive property (2.1), Cauchy-Schwarz inequality and Young’s inequality,
it follows that

tl\fll2+/0 slé(s)lfds < C/O @I + sln(s)I? + £ 1) ds

Now, use Lemma 3.3 and (4.7) to arrive at (4.12).
Next to estimate (4.13), set ¢p, = t2£(t) in (4.4) to obtain

A t ~ t ~
NE|1? + PAR%E ) — 2 / As(s3€(s),€) ds = t*(n, &) + / B(s, s;&(s),t7¢) ds
0 0

Note that 2
2 LEE v LEE 2 . £
and hence,
A t2 .. ¢ é
BIER + 5 HPACHY = PABED + SAED +¢ [ Alsé).Ods + 0.0

+t2/BSS§ ds—tQ//B 57'5 &) drds.

Integrate the above equation with respect to time, from 0 to t and then rewrite the resulting
equation as

t o ¢ ) ) §2 A .
@19)f PlelPds + 5PAGED = [ (5463800600 + FALs 0. E6)
+ 52(0(s),(5)) — $2As(5:€(5), €(5)) — 5?B(s,5:€(5), () ds
2 t S, 3 S 3 S, S, 3 S 3 S
| (Asié9). €0 + Bls.sé(0). ) a

~

+

=2 [ [T (Aré) € + Bl miéin), €60) drs

—tz//BSTf (t))dr ds
+ // $2By (s, 7:£(7),€(s)) dr ds
+ ///SB (1,75 £(7"),€(s)) dr’ dr ds

= h+DLb+1I3+ 14+ 15+ 1.

15



To estimate I; on the right hand side of (4.15), we obtain

t t
ni< g [ Pl + [ Seras+o [ 166
0 0
For I, use integration by parts to rewrite it as
t A ~ ~ ~
L - t2/0 (Au(s: €09, €0)) + B, 5:£(5), (1)) s
= (At E0,E0) + Bt 1 E0),£0))
t N ~
— | (Ass(s:€(s).€ Ba(s,51(s),£(t) ) ds,
[ (Al €06).60) + Bl 5260, €00) s

and hence,
1) < 220805 + o (IR + /Hs IR ds).

For I, we again use integration by parts in time to obtain

I4:t2//l3’ (s,7:E(7), £(t))drds
= tQ/BS s,s;f ds—tQ/ / BTTSTf ))des
0

and hence, estimate it as
1 < 2R+ 0 [ 1é)1zas
Similarly, we can rewrite I3, I5 and Ig respectively as:
I = / / £(5)) + B(r, m:€(7),4(5)) ) drds
::2/ (&@@Uf(»+wssﬂ)ﬂ)0%
- y//“ Are(7:(r), () + B (7, 7:€(r), &(5)) ) dr ds,

I = // (5,7 £(7), £(5)) dr ds
:/0 B (s, :£(s) ds—// Byo(s,m:6(7),E(s)) dr ds,
and

I = ///SB (1,75 E(7),(5)) dr dr ds
_ 2/0 /0 sB, (r, 71 E(7), £(s)) deS—Q/Ot/Os/OTSBT/T/(T,T/;é(T/),é(S))dT/des.

16



Thus, we obtain

|13|+|I5r+|16|<0/ slé(s ||1ds+c/ 1€(s)12 ds.

Substituting the estimates of I; to I in (4.15), a use of coercive property (2.1) yields

@i16) [ RlePas+ 28R < [ (SO + LIl + 1E6)IE) ds

+ CIEMI.
From (4.6), (4.7) and (4.12), we easily obtain estimate (4.13) and this completes the rest of
the proof. 0

Proof of the Theorem 1.1.
Choose ¢p, = t3¢(t) in (4.3) and find that

3 3 3 2 2 3 3 !
33 P + AP = (GRIEE + P ) + ¢ [ Bltsie().€)ds

Integrate with respect to time to arrive at
t t
@1n) PR+ 2 [ S, ds = [ (BRI R + 25 ns).€09)) s
0
+ 2// B(s,7;&(7),&(s))drds = I1 + Is.

Now, we can write I; term as

t t
L <c / S||E(s)]? ds + C / Mie(s)]? ds.
0 0

From Lemma 3.4, we obtain
Inel* < Ch*t*uoll?,

and hence,
t

(4.18) / Mine(s)[2ds < CH'tuol>
0

On substituting (4.18) and (4.13) in the estimate of |I;|, we obtain
I < Ch't|uol.

For I, with the help of integration by parts, we rewrite it as

I = // B(s, 7 £(7), £(s)) dr ds
_ 2/0 B(s, 5:£(5), 8—2// (5,7 €(7), £(5)) dr ds

_ 2/0t338(s,s;é( ), E(s ))ds—2/ Bu(s, 5 (5),£(s)) ds
|

0

@10) 2 [ [ Bl miér) e aras,
0o JO
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and hence, using (4.6) and (4.12), we obtain

IN

t t . -
Bl < o [ Slefas+C [ (IR +IEIR) ds

VAN

t
< /0 ()| ds + Chtuo 2

Substituting the estimates of I; and I5 in (4.17) and using the coecivity property (2.1),
we arrive at

¢
(4.20) t3||§!!2+/0 sSles)T < Cthluol?,
and hence,

(4.21) €l < CR* ™ uol.

Now, from Lemma 3.3 with £k = 2 and j = 0 and (4.21), we conclude that
lell < Ch*tHluoll,

and this completes the proof of the theorem. O

Remarks:1.For completely discrete scheme based on backward Euler method, we obtain
from Lemma 3.10 of Pani and Sinha [10] that at each time level ¢,

_ 1
(4.22) U™ — un(ty)]| < thn1(1+log E)HUOH,

where U™ denotes the backward Euler approximation at t,,. Note that at each time level
t =t,, we find from Theorem 1.1

(4.23) lu(tn) = un(ta)l < CRt; luoll.

Combining (4.22) and (4.23), we, therefore, arrive at the following final completely discerete
error estimate:

lu(t,) — U7 < Ct;l(hQ+k(1+log%>)\|w)||.

2. We can even obtain superconvergence result for ¢ in H'-norm. Now setting ¢, = t*£; in
(4.3), we obtain

t
(4.24) &P+ tHAR € &) = tH (e &) +/0 B(t, s;&(s), t4&;)ds.
Observe that

DA€, = 4P A:£,€) + 2 Al £, 6) + 1A €.,

and
LB, 5:6(5), ©)) = 4°B(1,5:6(5), )+ 1'B(t,5:6,6) + 1Bult, (), €).

18



Therefore,

Ld

SPABEO) = H0,6) +2AGEE + A

d t
+ = (/0 t1B(t, s;:£(s), €) ds> —t1B(t, t;€,€)

t1€e)* +

_ /0 (48t 536(5),€) — £By(t,5:€(5).6)) .

Integrate the above equation with respect to time and then use smoothness of coefficients
of A(t) and B(t,s) with Cauchy-Schwarz and Young’s inequalities to obtain

t t t
(4.25) HLA(1EE) + /0 SMe2ds < 2 /0 M2 ds + ¢ /0 S(L+ )[|E(s)|2 ds
+ Slels.

Using coercive property (2.1), we easily find that

t t t
(426) e+ /0 SeJds < © /0 Miel2ds + ¢ /0 ||€|2ds.

We conclude, using Lemma 3.4 and (4.20), that

t
)2 + /0 SEPds < Chuoll

and hence,

(4.27) el < CR*E3 lug.

3. Assuming that the triangulation is quasiuniform and d = 2, we obtain, from the subspace-
Sobolev inequality, that

IxXllse < Cllogh|Vx|li, ¥ x € Sh,
where || - ||c denotes the L*-norm. Now, from (4.27), we arrive at
(4.28) Iélloe < OB log h'27%/2Jug|.

Also, we know from [5] that for v € W2 N H? N H},
Inlloo = lu = Whulloe < Ch?|log b2t~ |ug | oc.
With above two estimates we conclude that

(429)  Jelloo < nlloo + €lloe < CH210g Y2 (172 Jug | + ¢ o]l ).

Thus, it is possible to discuss maximum norm estimate, provided the triangulation is quasi-
uniform and d = 2.
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