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Abstract 

The presence of residual stresses in engineering components may significantly affect damage 

evolution and progression towards failure. Correct evaluation of residual stress is of crucial importance 

for assessing mechanical components, predicting response and ensuring reliability. For example, when 

failure occurs due to cyclic loading, the underlying damage begins at the nano-, and then micro-scale. 

It is clear that improving engineering reliability at the micro-scale requires the ability to evaluate residual 

stress and mechanical properties at the appropriate scale.  

The key objective of the thesis is to advance the understanding and practice of residual stress 

evaluation at the micro-scale, and to examine the implications and applications that follow. Significant 

effort was devoted to the evaluation of two aspects of the relatively novel FIB-DIC micro-ring-core 

experimental technique: assessing the effects of Ga-ion damage and the quantification of uncertainty in 

stress evaluation due to unknown crystal orientation.  

FIB-DIC micro-ring-core milling was then used alongside with synchrotron XRD to study residual 

stress effects on fatigue crack growth propagation rate following the occurrence of overload or 

underload. The effects of the two principal mechanisms of crack retardation following an overload, 

residual stress and crack closure, were separated by testing samples at different loading ratios.  Whilst, 

the acceleration after an underload was studied using validated non-linear FEM analyses. 

Conceptual focus was placed on the macro-micro-nano residual stress decomposition into Type I, 

II & III according to scale and, detailed examination was conducted experimentally and numerically. In 

the context of shot-peening surface treatment, residual stresses were modelled using a novel eigenstrain-

based modelling procedure for arbitrarily shaped components. Furthermore, a fine scale characterisation 

was performed of the recast layer produced by EDM, with particular attention paid to the residual stress.   

The investigations presented in this thesis open new perspectives for the assessment of material 

reliability. Improved failure prediction models will be elaborated based on the insights obtained in the 

present study.  
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1. Introduction 

1.1. General background 

The design of structures, vehicles and machines must achieve cost-effectiveness in combination 

with the required level of performance, while at the same time guaranteeing the safety and durability of 

operation. Generally, the necessary condition for safe and reliable design of mechanical components 

and assemblies is expressed in terms of stress criteria that must not exceed the material and structural 

strength. The stress state within the material or a solid body is not completely determined by the external 

loads present. In fact, as a consequence of the manufacturing and processing history, residual stresses 

arise may exert significant influence on the evolution of damage and progression towards failure. 

Residual stresses are those stresses that are “locked-in” within the object, and persist even in the absence 

of active loading. These stresses are self-equilibrating, in the sense that regions of tensile and 

compressive stresses exist within solid bodies with traction-free boundary conditions, or in any case 

under zero force and moment resultants. Residual stresses may develop as a consequence of inelastic 

internal processes, but in the final state may be thought of as an elastic response to incompatible local 

strains within the component, for example, due to non-uniform plastic deformation. As a consequence 

of the presence of these incompatible inelastic strains, the surrounding material region must deform 

elastically to preserve continuity, thereby creating residual stresses that in turn must satisfy equilibrium. 

For example, the residual stress distribution through the thickness of a plate that undergoes plastic 

deformation by bending can exist without an external load. The tensile stresses balance the compressive 

stresses in a way that both force and momentum sums are nullified.  

All manufacturing processes may create residual stresses and, depending upon the problem length-

scale, these may be accounted for in the design process. Further, stresses can also develop during the 

service life of a manufactured component. When in service, residual stresses may combine with the 

stresses caused by external loading and contribute to failure. When the residual stress is of compressive 

nature, it is generally well-known to confer benefits for fatigue life. The presence of compressive 

residual stress combined with alternating cyclic stresses has the effect of reducing the mean stress. As 

became known from the pioneering studies conducted by Goodman [1] more than a century ago, the 
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diminution of the mean stress value leads to the enhancement of fatigue life. However, controlling 

residual stress during manufacturing is extremely difficult, and in many cases it is impossible to achieve 

the most desired distribution, or remove them altogether. Welding process is an example where tensile 

residual stresses frequently arise within the finished component, with the consequent detrimental 

consequences for the component performance. These types of stresses can be called uncontrolled 

residual stress. On the other hand, a number of well-established techniques are available for the 

introduction of compressive residual stresses by localised plastic deformation (e.g. shot peening, hole 

expansion, deep rolling), and these can be called controlled residual stresses.  

  

Figure 1. Images from the Viareggio train derailment (Italy). a) Capsized carriages and detached 

wheel sets [2]. b) Detail of the axle failure due to fatigue [3] 

The Viareggio accident was the derailment of a freight train and subsequent fire which occurred on 

29 June 2009 in a railway station at Viareggio, Lucca, a city in central Italy's Tuscany region. An 

illustration is provided in Figure 1(a). Twenty-six people were injured, and as of 22nd December 2009, 

32 people were confirmed as having died [4]. As it is possible to see from Figure 1(b), mechanical 

failure occurred at the fillet of one of the train axles. The presence of striations at the fractured surface 

provided an overwhelming proof that failure was of fatigue origin. The fatigue failure mechanism 

involves the first stage during which the material accumulates damage locally due to the cyclic loads 

acting until a crack nucleates, usually from the component surface. The second stage of component 

damage is associated with the subsequent propagation of the nucleated crack until it reaches a critical 

length and size, at which point the third stage occurs when the component collapses in a rapid manner. 

As well as other mechanical components subject to cyclic loadings, train axles are commonly 

a) b) 
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mechanically treated at the surface by deep rolling [5] with the purpose of introduce a compressive 

residual stress state at locations where stress concentrations are expected. It is then clear that the 

Viareggio disaster was trigged by either a deficiency in the design process or lack of adequate scheduled 

inspections. In any case, it is clear that the application of more profound knowledge of the interplay 

between the stress state (including residual stress), material processing and material properties (such as 

fatigue crack propagation and fracture toughness) could have prevented the loss of many lives. 

The current state-of-art mechanical design rules only account for the residual stress evaluated at 

the macroscopic scale, i.e. stresses obtained by averaging over gauge volumes some millimetres in size. 

Such length-scales are representative of the entire volume where material damage occurs, as assumed 

in many successful approaches to fatigue durability prediction [6-14]. Nevertheless, particularly for 

high- and very-high-cycle fatigue (HCF and VHCF), material damage accumulation that leads to crack 

nucleation begin to occur at the grain level. In such cases, the adoption of a macro-scale approach to the 

evaluation of residual stress is not sufficient for reliable assessment of material life. The evaluation of 

residual stress at smaller scales is required to improve dramatically the quality of predictions where 

classical approaches lack in accuracy. Considerations may be made on the basis of approaches to design 

against fatigue that are similar to the existing large scale/continuum methodologies, yet modifications 

must be introduced to consider characteristic lengths ranging down to a few micrometres. In recent 

decades, the advent of miniaturised micro-mechanical systems (MEMS & NEMS) [15-18] has 

motivated researchers and designers to explore material strength characteristics at the micron- and even 

nano-scales. It is evident that when reliable (micro) structural integrity is sought, the characterisation 

of material microstructures and intrinsic stresses at the appropriate length scale is of vital importance.                                                                                                                                                                                                                                                     

For the purpose of distinguishing residual stresses across the scales, classification approaches are 

conventionally used. This classification distinguishes residual stress according to the length scale at 

which they are averaged. Type I, II and III stress types refer respectively to the residual stresses at the 

macroscopic scale, stress variations present from grain to grain (intergranular), and fine scale gradients 

that can be found within a single grain (intragranular). 

As far as the experimental evaluation of residual stress is concerned, a number of well-established 

techniques are nowadays available, particularly when dealing with type I stresses. One class of 
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techniques is based on the use of X-rays. This method has been used with increasing success to extract 

strain measures from the atomic arrangements perceived at the appropriate scales [19]. The great 

advantage of these X-ray based methods is their non-invasive nature, meaning that strains can be 

measured with good accuracy and without inducing damage into the probed material. Recent 

developments have been enabling the probing of strain at ever smaller scales. Such down-scaling of 

residual stress measurement resolution can be achieved by using micro-focused X-ray beams, but 

usually requires special preparation techniques for thin samples (~100nm).  

Another family of residual stress measurement techniques relies on the material strain relief 

phenomena. The introduction of a cut in a material that contains residual stress gives rise to deformation 

in the vicinity as a consequence of stress redistribution that results in strain modification. Several sub-

categories of this family of techniques exist. In contrast with X-ray scattering techniques, these methods 

are invasive. However, they lead to absolute residual stress estimates, whereas X-ray stress evaluation  

requires the knowledge of the unstrained reference material condition. With the recent advent of 

microscopic manipulation tools, the stress relief based techniques have been developed down to the 

(sub)micron-scale. One such approach is the FIB-DIC micro-ring-core method that has opened up a new 

range of possibilities for residual stress evaluation at high spatial resolution [20, 21], enabling probing 

residual stresses at all scales, including Type (I, II & III). 

With the advent of the numerical methods for thermo-mechanical deformation modelling, it is 

possible to simulate numerous manufacturing processes and treatments. The applications of these 

methods is widely reported in literature as case studies, including welding [22, 23], shot peening [24-

26], cold rolling [27-30], cold hole expansion [31-33] etc. Numerical modelling can also be a very useful 

tool for the parametric study of the process parameters [34-36]. Although this approach provides 

accurate simulation of the interactions occurring between the workpiece and the tool, and is thus very 

useful for understanding the residual stress origins, the computational effort and the amount of history-

dependent and temperature-dependent material property information remains a major challenge.  

As mentioned earlier, residual stresses must be self-equilibrating. It is thereby of great importance 

that agreement is sought between experimental measurements and the model to underpin their validity. 

A computationally lean and inexpensive approach to experimental data interpretation and sample state 



16 

 

modelling is offered by the eigenstrain method [37, 38]. Eigenstrain-based methods have been 

successfully implemented both analytically and numerically for the modelling of various surface 

treatment and manufacturing processes that involve plastic deformation [39-42]. The fundamental of 

the method is the prescription of an inelastic strain (eigenstrain) distribution within the object that is 

characteristic of the plastic deformation induced by the process itself. As a consequence of such 

perturbation of the body equilibrium due to the eigenstrain, the stress balance can be re-established only 

upon the generation of a residual elastic strain field. The corresponding field of internal forces associated 

with this eigenstrain distribution is in fact the residual stress. In the current study, eigenstrain 

methodology is used extensively to model residual stress states across the scales.  

1.2. Aim and scope of the current research 

The current state-of-the-art in residual stress research presents several gaps that require further 

investigation. There is a number of aspects that require better understanding and further development, 

ranging from improvements in experimental techniques to the application of those technique to relevant 

case-studies. In recent years, scientific research in the field of mechanics of materials has been focused 

on the study of fundamental mechanisms at the micro- and nano- scales. These studies require high 

resolution equipment for manipulation, machining, imaging and characterisation. 

Amongst the experimental techniques used for measurements of residual stress at the micro-scale, 

the sole one known to the author that is capable of providing the quantification of specific components 

of the absolute residual stress tensor at the micro- to nano-scales is the FIB-DIC micro-ring-core method. 

This technique has the potential to resolve residual stresses at the spatial resolution better than 1µm in 

all classes of materials, independently of whether they are crystalline or amorphous. Moreover, the FIB-

DIC method is likely to become one of the most cost-effective ways of assessing Type I, II and III 

residual stresses in materials. However, as it was recognised at the beginning of the present doctorate 

project that several aspects required further study in order to make the methodology reliable and 

applicable to a wider range of materials. These aspects were related to the effect of FIB milling on the 

stress state of the target material and the formulation of good practice approaches for dealing with 

microstructured polycrystalline materials. These key improvements of the FIB-DIC technique formed a 

significant part of research presented in this thesis, along with the demonstrations of the application of 
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the FIB-DIC ring-core technique to a number of practical situations that require experimental insight 

into the residual stress state variation at the micron scale.  

As highlighted in the introduction, residual stress may exert significant influence on the onset and 

progress towards failure in mechanical components, particularly under cyclic loading. Fatigue, for 

example, is the single largest cause of failure in metals, estimated to be responsible for approximately 

90% of all metallic component failure events; whilst polymers and ceramics are also susceptible to this 

type of failure [43]. The lack of fundamental quantitative insight into the mechanisms of failure 

evolution is the cause of this high percentage of failures due to fatigue. Another theme of the present 

work concerns the attempt to shed some light onto this problem, particularly for the case of cracks 

propagating in metallic materials or components. It is common knowledge that fatigue crack propagation 

rate (FCGR) is influenced by a large number of factors, although only few of them make a prominent 

contribution [43, 44]. Fatigue crack growth rate is known to be strongly dependent on the occurrence of 

crack closure, e.g. due to crack tip plasticity, and on the sign and severity of residual stress field in the 

vicinity of the crack tip. The role of these two mechanisms in crack propagation and how they are  

affected by the loading history remained unclear to a large extent, and was deemed worth investigating 

here. Improved understanding of the contributions to FCGR will lead to the formulation of more precise 

models for the prediction of safe lifetime of critical components. In this study, several experimental 

techniques were employed with the purpose of studying these mechanisms, namely, FIB-DIC ring-core 

milling, synchrotron X-ray powder Diffraction, EBSD, etc. 

When dealing with polycrystalline materials, the evaluation of residual stress at the (sub) micron-

scale turns out to be particularly challenging. The challenge arises from the fact that material grains 

typically show discrepancies in the intrinsic mechanical response, due mainly to the elastic and plastic 

anisotropy, and grains interaction effects. In turns out, in particular, that plastic strains introduced by 

the manufacturing and thermo-mechanical processing produce non-uniform oscillatory micro-scale 

residual stress fields. With the aim of refining the accuracy and completeness of experimental 

assessment of these stresses, systematic investigations were conducted of selected representative 

problems for this class of materials. For instance, the analysis of residual stress generated by shot 

peening, Electrical Discharge Machining (EDM) cutting and material bending was conducted and 
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critically discussed in the context of a multi-scale approach to the problem, using continuum macroscale 

FEM and grain level Crystal-Plasticity FEM (CP-FEM) analyses. 

Another field that deserves further attention concerns the modelling of residual stress. The use of 

eigenstrain theory has experienced fast growth in recent years, particularly in the context of its 

application for numerical simulations using FEM [45-47]. Nevertheless, significant limitations remain, 

especially when the objects of study possess complex geometries that cannot be readily described as 

equipotential surfaces defined by continuous functions. This shortcoming in the classical modelling 

methods provided the basis for developing a new modelling methodology. Accordingly, the aim of the 

final chapter of the present thesis was the consideration of particular cases in eigenstrain modelling 

where adequate methods could not be found in the literature. In this case eigenstrain modelling was used 

to simulate the residual stress states in a sample that could be approximately defined by extruded two-

dimensional geometry, namely, an additively manufactured and shot peened compressor blade of a civil 

aeroengine.   

1.3. Thesis Overview 

Structurally, apart from the introductory (Chapter 1, Chapter 2) and summarising (Chapter 6), the 

thesis contains three main sections identified as Chapter 3, Chapter 4 and Chapter 5, that are respectively 

devoted to the developments of the FIB-DIC micro-ring-core method, the study of crack propagation 

under complex fatigue loading (in the presence of single overload/underload), and the study of residual 

stresses in polycrystalline materials, including the eigenstrain modelling aspect.  

The first study of the FIB-DIC method focuses on the uncertainty quantification analysis in residual 

stress evaluation in polycrystalline materials. As described in the first part of Chapter 3, the effect of the 

local grain level elastic anisotropy is accounted for the first time, and the uncertainty in this parameter 

is assessed with the purpose of quantifying the attending errors in the residual stress evaluation. 

Furthermore, statistical analysis is presented aimed at evaluating the probability density function of 

residuals stress values where the underlined crystal orientation is unknown, and estimating the 

uncertainty error that arises from this effect. In the second part of Chapter 3, particular attention was 

paid to the study of the inelastic strain (eigenstrain) induced by Gallium ion implantation during FIB 

milling process within the shallow near-surface region where material amorphisation is also known to 
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take place. From simple qualitative reasoning it is clear that when the depth of affected material becomes 

comparable with the FIB-DIC gauge volume, this FIB damage effect on the residual stress evaluation 

may be no longer negligible. Experimental tests, accompanied by Molecular Dynamics (MD) 

simulations were performed with the purpose of quantifying the eigenstrain magnitude and its extent 

within the affected region. Final aim of the FIB-induced effect study was the definition of a critical 

lower bound micro-ring-core dimension (diameter) above which this effect can be neglected. 

Chapter 4 is focused on the application of the FIB-DIC method, alongside with other experimental 

techniques to shed light on the problems in mechanics for which the role of residual stress at the micro-

scale is particularly significant. Attention is focused on answering one of the long-standing questions in 

fatigue fracture mechanics: to what extent the residual stress and plasticity-induced crack closure affect 

the crack propagation in presence of Overload and/or Underload applied following crack propagation 

under constant amplitude loading. Results obtained by combining several experimental techniques (i.e. 

synchrotron-based XRD, FIB-DIC, DIC, FEM, mechanical testing) are presented alongside validated 

non-linear FEM models. In particular, the first part of this Chapter is devoted to the study of Overload 

effect and the discrimination of the two principal contributing mechanisms (i.e. residual stress and 

plasticity-induced crack closure) to crack retardation. The second part focuses on the study of the 

Underload effect in terms of the acceleration of fatigue crack growth rate. The influence of the loading 

history prior to the occurrence of the Underload was revealed.  

Finally, Chapter 5 explores a number of applications where the newly developed FIB-DIC 

techniques and other well-established methods were employed to obtain insights into deformation 

behaviour, especially in polycrystalline materials. The first part deals with the residual stress field 

arising from shot peening applied to samples having different notches severities (radii). Eigenstrain-

based predictions of the residual stress fields are also presented. A second case-study concerns the 

characterisation of the brittle, so-called white-layer (WL) that develops during cutting of metallic 

samples by means of EDM (electrical discharge machining). Detailed microstructural and residual stress 

analyses of the WL are shown and discussed along with the implications of these findings. The third 

part reports the newly developed methodology for prescribing eigenstrain distributions in samples of 

arbitrary shape. A practical example of the application of this method is considered. A study of residual 
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stress arising as a consequence of additive manufacturing and shot peening of an aeroengine compressor 

blade is presented, illustrating the strength and accuracy of this method. Finally, the FIB-DIC method 

and numerical simulation are used to study the stress state arising in a polycrystalline sample subjected 

to inelastic bending. The discrimination of residual stress across the scales is presented, in accordance 

with the definition residual stress into Type I, II and III. The statistical distribution of stress at the grain 

level is described by collecting the experimental measurements and performing comparison with 

macroscopic (continuum FEM) and microscopic (CP-FEM) predictions. 

The concluding Chapter overviews the key points of my doctoral study, and discusses the 

implications that they have for the research and applied problems. Finally, ideas for possible further 

study are given. 
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2. Scientific Background 

2.1. Residual Stress 

2.1.1. The Origins of Residual Stress 

Residual stress is usually generated when engineering materials are subjected to manufacturing 

operations that involve thermal and mechanical processing. The processes may also be classified into 

solidification (e.g. casting), shaping (forging, rolling, stamping, extrusion), thermal (heat treatment, hot 

isostatic pressing), material removal (machining) or joining (e.g. welding, soldering, diffusion bonding). 

An important class of processes concerns additive manufacturing which may combine many of the 

features of other processes. For example, powder bed selective laser melting, apart from melting itself, 

also involves solidification, thermal treatment, and micro-scale joining processes.  

The mechanisms that give rise to residual stress formation can be described with reference to Figure 

2. For illustration, consider the initial condition of a coating (shown in green) to have the same length 

as the substrate (shown in blue), 𝐿0. Let us now assume that, at some point, the coating undergoes 

elongation due to plastic deformation inducing a change in its “natural” length from 𝐿0 to 𝐿1. Now, in 

order to join the two elements, i.e. attach the coating to the substrate, the coating must shrink elastically. 

In order to balance the internal forces and moments, the substrate must also be elongated elastically. In 

simple terms, compressive residual stresses will arise in the coating and at the same time tensile residual 

stress will develop in the substrate. Furthermore, the entire assembly must undergo bending to ensure 

that moment balance is also satisfied. This simple example illustrates the way in which plastic strains 

give rise to accompanying elastic strain fields that satisfy equilibrium and compatibility requirements 

simultaneously.  

Whenever a more complex realistic processing operation is considered, residual stress can be 

thought to originate in a similar manner, whereby an inelastic deformation (often referred to as 

eigenstrain) gives rise to accommodating elastic strains that restore continuity (compatibility) and 

maintain the equilibrium of forces (and moments) via the presence of residual stresses.  
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Figure 2 Schematic illustration of residual stress formation 

Let us consider a material that is subjected to heat treatment and does not show any change in 

crystal structure during the process. The cooling step of any heat treatment develops a gradient of 

temperature within the material due to the different cooling rates occurring at the surface and in the 

inner regions of the material. Since elevated temperatures generally reduce the yield stress of materials, 

non-uniform cooling is accompanied by plastic flow and permanent shape changes in the hotter interior 

regions. On the other hand, the cooler outer region tends to contract ahead of the core which experiences 

compression, whilst the outer regions find themselves in tension. It is important to note that plastic flow 

is typically controlled to the greatest extent by the deviatoric part of the stress tensor, meaning that the 

evolution of plastic strains is dependent on the sample shape and the direction of local thermal gradients. 

After cooling is completed, material surface that has seen less plastic flow typically remains in 

compression, with the core sustaining tension.  

However, not all materials will have compressive residual stress at the outer regions following this 

process. If phase transformation occurs during cooling process, the resulting residual stress may be 

highly dependent on the extent of transformation strain, e.g. volume expansion/contraction, or shear. An 

example is given by steels that undergo the phase transformation from austenite to martensite during 

quenching. Indeed, the volume expansion due to the formation of martensite at the material surface may 

result in the surface being subject to tensile residual stress after cooling to room temperature. The nature 

of residual stress after heat treatment may be further modified by means of annealing at moderate 

temperatures. 

Other manufacturing processes also considerably affect the final material residual stress state. An 

example is a material forming operation such as cold rolling. Due to the friction at the interface between 

the work piece surface and the rollers, the surface tend to undergo greater amount of deformation than 
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the inner material.  Therefore, compressive residual stress may be introduced at the surface, and tensile 

stress in the inner regions in order to achieve the balance of internal forces in the sheet metal after 

processing.  

Amongst other manufacturing processes that generate residual stress it is worth dwelling on 

welding as an important example. During welding, only a localised region within the material undergoes 

melting. The molten material tends to reduce in volume during solidification, but at the same time the 

surrounding solid material provides a constraint for this volume change, giving rise to tensile residual 

stresses within or near the weld. Alongside with the detrimental effect of tensile residual stress in the 

vicinity of the weld, the final product may contain internal defects and microstructural changes, and 

have overall distortion that may compromise the mechanical and geometric tolerances and thus the 

functionality of the assembly. Once again, thermo-mechanical post-weld heat treatments are used to 

overcome partially these issues.  

In general, compressive residual stresses are preferable at the surface of mechanical components, 

since they prevent crack formation and propagation, and may increase hardness and reduce wear rate. 

Numerous techniques have been developed to introduce compressive residual stresses in final products. 

One of the most used and well-established technique is shot-peening. In this process, high speed shot 

particles fired at the sample surface cause local plastic deformation within a shallow surface layer. 

Similarly to the illustration in Figure 2, the material lying at greater depths does not undergo plastic 

deformation, and provides constraint for the surface layers undergoing in plane expansion. This gives 

rise to high compressive residual stresses at the surface. In accordance with the force/moment balance 

requirement, tensile residual stress develop in the core. If the thickness of the product is large enough 

compared to the depth of plastic deformation, then the tensile residual stresses are distributed through 

large enough thickness to result in low stress magnitude.  

Examples of all manner of residual stress arising in production are shown in Figure 3. The left 

column illustrates typical residual stresses generated at the macro-scale, while the right column shows 

a few examples of residual stress arising at the grain-scale. Detailed classification of residual stress 

will be presented in the next section. 
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Figure 3 Examples of some typical ways in which residual stresses are created in engineering 

materials. Reproduced with permission from [48] . 

 It is important to highlight that in some cases residual stresses may change their magnitude and 

sometimes even their sign when engineering component is in service, e.g. during fatigue. For example, 

in low cycle bending fatigue residual stress may change sign each half cycle [49]. Moreover, residual 

stress may change sign even in shot-peened components loaded in fatigue with positive R-ratios (i.e. 

tension-tension). As a general rule, attention must be paid to cyclic processes which induce inelastic 

deformation, because these tend to modify the distribution of eigenstrains that serve as the origins of 

residual stress.  

2.1.2. Classification 

Residual stress is a quantity of great complexity, not only due to its inherent tensorial nature, but 

also because of the dependence on the scale of consideration. The very definition of stress as a 

component of internal force per cross-sectional area introduces the concept of scale: the choice of the 

linear dimension to which this definition refers immediately defines the inherent resolution of 

subsequent consideration. Notably, this also contains an element of non-locality: the operation involved 

in the definition of stress amounts to averaging over a chosen cross-sectional area, implying that 

oscillations on the finer scale are deliberately ignored. Instead, the value obtained is assumed to be 

distributed uniformly over the entire domain. Note that a similar argument applies to the definition of 

strain that is linked to an initial reference length that defines the scale of consideration.  
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The natural limit to these definitions arises from the atomic structure of matter: once the 

characteristic dimension of the analysis becomes comparable with the interatomic distance (be it in 

crystalline or amorphous solid), the underlying ‘graininess’ of matter commands that bonding forces are 

taken into consideration in place of ‘smeared’ continuum description. An interesting set of challenges 

then arises in determining the extent to which continuum theories are capable of capturing correctly the 

mechanical interactions that play out at those shortest length scales. Seeking answers to these questions 

has been a persistent theme in nano-scale materials science and technology, and both bottom-up and 

top-down approaches have been pursued. Notable work in this field has been linked to the interpretation 

of Molecular Dynamics (MD) simulation results in terms of continuum stresses and strains [50, 51]. 

As long as the scale of consideration remains above the scale of several interatomic distances, i.e. 

a few nanometres, the possibility of interrogating internal forces and deformation using classical 

continuum definitions of stress and strain remains valid and relevant [52]. It has been shown in various 

studies that tiny volumes of material as small as 3-4 atoms along the edge obey the classical laws of 

continuum mechanics, provided a correction is made for the surface energy effects that become 

significant at these scales [53]. 

In the context of residual stresses this means that consideration can be conducted across the scales, 

from nanometric to microscopic to macro-scale. In relation to the underlying microstructure of 

polycrystalline solids this subject has been the focus of interest of several authors since the 1960’s, with 

notable contributions made by Macherauch [54], Pintschovius [55], Niku-Lari [56] et al. It was probably 

Macherauch who introduced the classification of residual stresses according to scale into Type I, II and 

III. Referring to the conceptual illustration of this classification in Figure 3 (from [56]), we note that the 

separation of stresses into these three types is additive, namely: 

 𝜎𝑅𝑆 = 𝜎𝑅𝑆,𝐼 + 𝜎𝑅𝑆,𝐼𝐼 + 𝜎𝑅𝑆,𝐼𝐼𝐼 (1) 

This classification is of great importance both from the viewpoint of historical developments in 

residual stress analysis and evaluation methodology, and in terms of adopting correct approach and 

interpretation based in current research. Figure 4 illustrates that each subsequent stress term refers to the 

deviation from the previous at the finer scale: Type II stresses refer to the extent to which the grain 

average value of residual stress differs from the macroscopic trend of Type I long range stresses, while 
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Type III is the intragranular deviation of nanoscale stress from the grain average level. Type III stresses 

are of particular conceptual importance, since they may be directly associated with material defects, 

such as vacancies, voids, precipitates, inclusions, slip bands, dislocation pile-ups, etc. Although such 

straightforward association is not possible for Type II and Type I stresses, it is clear that these stresses 

arise due to aggregation of nano-scale defects that cause micro-scale mismatch in the thermal and 

mechanical properties between different distinct phases present within the material (Type II) or to 

macro-scale inhomogeneity associated with inelastic deformation history, e.g. bending, forging, 

machining, etc.  

The present model is closely related to another well-known model widely accepted by the scientific 

community, the so-called Mughrabi composite model [9, 10]. Its basic idea is that the presence of 

dislocation distributions within a crystal makes it display some aspects of dual-phase (or multi-phase, 

in general) material behaviour that contains “hard” regions and “soft” regions. This model can be 

thought of as the combination of material unit cells, or representative volume elements (RVE’s) 

containing walls of high dislocation density (hard region) around the cell core region of low dislocation 

density (soft region). As well as the description discussed above, the Mughrabi composite model also 

introduces built-in long-range internal stresses. Considering the material configuration after loading, the 

model predicts high and low magnitudes of residual stress, respectively in the hard and soft regions. It 

is then evident that the smallest scale considered in the model determines the RS types referred to in 

terms of the grain level (e.g. intra- vs inter-). 

All of these processes and sources of residual stress can be conveniently generalised based on the 

previously mentioned scale-independent concept of eigenstrain that refers to any inelastic process, 

including phase transformation, plastic deformation, etc. The development of eigenstrain theory [47, 

57-59] led to the formulation of direct and inverse problems that allow, respectively, the calculation of 

residual stress from the underlying intrinsic eigenstrain distribution, or the determination of unknown 

eigenstrain distribution based on residual stress known at a number of probe points. 
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Figure 4 Illustration of the multi-scale nature of residual stresses in polycrystals [56]. 

Accurate and reliable residual stress (RS) evaluation is a critical pre-requisite step for 

understanding and predicting engineering component behaviour and failure. Quantification of the 

magnitude and orientation and fine scale variation of locked-in internal forces has great utility for a wide 

range of applications, from the impact of ion radiation on thin films to the interaction between residual 

and applied stresses in the failure mode of high-pressure components.  

Type II and III stresses are usually neglected when dealing with the study of the structural integrity 

of mechanical components having characteristic dimensions of the order of tens of millimetres. 

Nevertheless, it is evident that mechanical failure originates at the grain level, where intra-granular stress 

plays a crucial role. Particularly when cyclic loading is applied, regions within grains that contain tensile 

RS are more prone to damage accumulation in the form of slip or twinning, subsequent formation of 

defects and micro-voids that lead to crack nucleation and propagation. A relevant example can be the dwell 

fatigue failure which is a well-known failure mechanism experienced in aero-engine discs. This type of failure 

manner is thought to be highly influenced by the presence of very localised residual stress arising by the interaction 

between hard and soft grains during cycling [60], giving rise eventually to facet formations followed by crack 

nucleation. 

 For these reasons, the knowledge and understanding of Type III RS has the potential to improve 

dramatically the accuracy of mechanical failure prediction. From the practical point of view, precise 
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point-wise RS simulation within material microstructure remains rather prohibitive due to the large 

computational effort required. On the other hand, a statistical approach to the problem may provide an 

improvement in terms of accounting for the influence of RS distribution on the onset and development 

of failure processes.  

Whilst the evaluation methods of Type I residual stress have advanced to the stage when industry 

level standards have been available for a few decades, until recently intergranular (Type II) and 

intragranular residual stresses (Type III) continued to be discussed and described mostly at the 

conceptual level. This is due to the insurmountable difficulties of their practical evaluation at the 

appropriate scale and resolution. Experimental stress evaluation techniques are inextricably linked to a 

certain length scale, the so-called gauge volume, within which the interaction between the probe and the 

solid material in question is played out. 

2.1.3. Measurement techniques 

In terms of the experimental techniques available for RS evaluation, attention must be paid to the 

effective gauge volume and nature of measurement. It is important to make a further classification of 

RS analysis techniques into three principal approaches: 

I. Non-destructive. Physical analysis methods allow RS evaluation via the quantification of small 

variations in structural or physical parameters e.g. the evaluation of interplanar atomic lattice spacing 

by diffraction, or changes in molecular bond stiffness by spectroscopy. The wide range of experimental 

methods includes high resolution optical techniques, Raman spectroscopy analysis of diamond-like 

coatings [61, 62] and a multitude of X-ray diffraction techniques for the analysis of intergranular stresses 

[63-66] .High resolution Electron Back Scatter Diffraction (HR-EBSD) has also made significant 

advances, and provides a powerful means of determining the lattice strains at resolutions ranging from 

sub-micron scale in back-scattered geometry to a few nm in transmission. In the last decade ever 

increasing levels of EBSD sensitivity have been achieved through the improvement of interpretation 

procedures [67]. Accurate intragranular lattice mis-orientation and quantitative RS analysis is now 

possible to quantify small changes in diffraction patterns (HR-EBSD) [68, 69]. An example of recent 

relevant work is the analysis of intragranular stress/strain distribution around an inclusion [70]. Non-

destructive methods rely on the quantification of the relative changes in the measured parameters, and 
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require comparison with a reference. The accuracy of these techniques is therefore limited by the 

precision to which reliable reference values can be determined. However, this approach cannot be  

applied to amorphous materials or heavily deformed crystals, due to the degradation of Kikuchi 

scattering patterns.  

II. Destructive. The introduction of traction-free surfaces by sample sectioning induces stress 

redistribution and strain relief in the surrounding material. In this respect the approach is most closely 

related directly to the conventional definition of stress. The quantification of strain or displacement 

caused by the relief of tractions at the sectioned surface can be used in combination with numerical 

modelling to back-calculate the residual stresses originally present in the material. Experimental 

techniques that rely upon this approach include the slitting and contour method, with typical resolution 

in the range of fractions of a millimetre being achievable [71, 72].  

III.Semi-destructive. The introduction of localised stress relief through hole-drilling or core milling 

can be used to quantify the magnitude of stress at a particular location within a sample [73, 74], whilst 

introducing minimal disturbance to its overall state. Similarly to the destructive techniques, the 

quantification of the strain change induced at the surface enables back-calculation of the residual stresses 

originally present. Traditional semi-destructive techniques are capable of resolving stress at the 

resolution of ~1 mm laterally, and at a depth resolution of ~0.03 mm. The idea of obtaining a minimally 

destructive probe of local RS using a ring-core geometry is not new: it goes back to the pioneering work 

of Wolf in the early 1970’s [75]. The need for probing RS at smaller scales pushed researchers to develop 

procedures that involve finer tools for material removal [21, 76]. The nano-scale Focused Ion Beam 

(FIB) [77] ring-core milling, in combination with Digital Image Correlation (DIC) has been developed 

to quantify RS in a precisely defined micro-scale gauge volume. Comparison with Finite Element (FE) 

simulation is used to relate the strain relief to the pre-existing RS state. FIB-DIC, as the method has 

become to be known in short, provides a conceptually appealing mechanistic approach to RS evaluation 

on the scale from a few microns to sub-micron, and thus lends itself naturally to the application for the 

study of inter- and intra-granular residual stresses (Type II and Type III). 
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2.2. Experimental techniques for residual stress measurement 

2.2.1.    FIB-DIC ring-core 

Amongst the various techniques adapted to the measurement of residual stress at the micron scale, 

the Focused Ion Beam – Digital Image Correlation (FIB-DIC) ring-core method is particularly versatile 

and adaptable [78-85]. This method may be considered as a semi-destructive technique that is analogous 

to the macro-scale ring-core method, and it is based on the measurement of material relief after cutting 

[75]. The difference stems from the fact that FIB is adopted as the milling tool for the material removal, 

and SEM is used for imaging the resulting surface, rather than employment of strain gauges. In the 

course of the milling process a circular trench is machined around the central “island”, or micro-pillar. 

The variation of surface strain in the course of this procedure is monitored using high resolution imaging 

by means of a SEM (Figure 5). 

 

Figure 5 SEM images of the ring-core (a) prior and (b) after milling. [84] 

DIC software is used to determine the displacement field, and to compute the strain increment. The 

apparent strain relief evolution as a function of milling depth is plotted, the profile is fitted with a “master 

curve” function [21] derived from FEM modelling. This procedure allows robust estimation of the 

residual strain present at the same location prior to milling. The analysis of the strain components, in at 

least three different in-plane directions, provides enough information for the reconstruction of the 

complete in-plane strain state [21] (Figure 6). 
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Figure 6 (a) SEM image showing DIC marker placement on the core centre (red). (b) Strain relief 

curves obtained as function of the milling depth in the 0, 45 and 90 degrees orientations. [21] 

If the object of study contains gradients of residual stress within a shallow layer of size comparable 

with that of the ring-core, other approaches need to be utilised for the evaluation of the depth stress 

evolution. The most used and widely accepted technique for residual stress depth profiling relies on the 

use of an integral method firstly developed by Schajer [86-90]. Although this calculation method was 

developed specifically for the macro-scale version of the ring-core method, recently it was applied also 

in the FIB-DIC micro-ring-core version successfully [78]. 

Other, alternative geometries have been proposed by several researchers for the analysis of residual 

stress by monitoring the strain relief. Especially when higher depth sensitivity is needed and only one 

component of residual stress is required, the so-called double slot [91] (Figure 7(a)) and the single slit 

[92] (Figure 7(b)) geometries can be used. Similarly to the ring-core geometry, the relief strain that 

manifests at the material surface is interpreted through numerical modelling. 
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Figure 7 Uni-axial residual stress relief (a) Double slit [91] and (b) single slit [92] geometries.  

Furthermore, these geometries are sometimes used for the evaluation of two stress components of 

even the full in-plane tensor. In the first instance, the double slot milling process can be performed 

multiple times for different orientations (Figure 8(a)). This configuration enables the assessment of one 

component of strain relief during the first double slot machining and the perpendicular component by 

relieving the residual stress in along the corresponding direction.  

In contrast to the ring-core method that analyses the strain relief occurring in the core defined by 

the surrounding trench, the conventional hole drilling geometry analyses the strain field in the outer 

region close to the central hole (Figure 8(b)) [92].  

  

 

Figure 8 (a) Four slot [93] and (b) hole drilling [94] geometries examples 

The principal limitation of these micro-scale approaches is given by the fact that they rely on the 

strain relief induced in relatively large surface regions (typically 5 times the ring core dimension) [82]. 

(a) 
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The residual stress field in this region is altered by the milling itself. This may limit their applicabilit y 

for high-resolution spatially resolved analysis. 

Two options arise for attaining this objective, namely, sequential milling or parallel milling of 

features on the sample surface [83]. A schematic of these two approaches is shown in Figure 9; 

sequential milling involves the incremental determination of residual stress in islands placed at regular 

intervals (left of Figure 9), whereas parallel milling requires simultaneous milling of multiple features 

in a contiguous array (right of Figure 9). 

 

Figure 9 Schematic representation of the sequential (left) and parallel (right) approaches. [83] 

2.2.2.    X-ray Powder Diffraction 

Diffraction techniques are widely employed for the study of engineering component formed by 

crystalline material. This technique is characterised by high versatility and precision, and non-

destructive nature. Back in 1912, Max von Laue was the first to show that when X-rays interact with 

crystalline materials, they undergo diffraction, i.e. scatter in a highly structured way. A concise and 

convenient mathematical description of the relationship the between incident beam wavelength, 

interplanar lattice spacing and the scattering angle was proposed by Braggs in the form of the famous 

law. The development of appropriate instruments to make use of these relationships followed, from 

laboratory diffractometers to large particle accelerators, such as synchrotrons and neutron spallation 

sources. 

There are several advantages that make X-ray diffraction favourable over other techniques in the 

context of residual stress evaluation: 
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 Residual stress can be evaluated in an entirely non-invasive manner making possible 

the assessment over the entire product life. 

 The probed volume of material (gauge volume) can be defined flexibly due to the 

possibility of selecting beam spot size and energy. 

 When high flux is available (Synchrotron based X-ray Diffraction), short time data 

acquisition can be performed enabling the measurement of in situ and time-dependent processes, 

e.g. phase transformation, heat treatments etc. 

Although XRD stress analysis can be performed by means of lab-based X-ray sources, 3rd 

generation synchrotron facilities offer extremely high brilliance that in turn provides increased 

penetration depths and better insight into the bulk characteristics of the sample. Synchrotron radiation 

is based on the acceleration and injection of a small packet of charged particles (usually electrons) into 

a polygonal path. The accelerated beam travels close to the speed of light and is being continuously bent 

through magnets that contain the beam within the closed trajectory. The beam deflection process 

generates photonic radiation that covers a broad spectrum of wavelengths including X-rays. Otherwise, 

insertion of devices known as wigglers or undulators into the beam path can produce a sinusoidally 

varying magnetic field which generates constructive interference at the desired frequency. 

High resolution analysis is facilitated by further refining the incident beam followed by accurate 

focusing. Optical methods have been developed to reduce the beam spot on the sample, e.g. Fresnel 

zone plate (FZP) or compound refractive lenses (CRL) that focus the incident radiation. However, one 

of the most versatile approaches is the use of Kirkpatrick-Baez (KB) mirrors which reflect and focus a 

broad range of energies present in the incident radiation in the vertical and horizontal planes down to 

(sub) micron size. 

In the application to polycrystalline materials, the mode of X-ray analysis commonly employed is 

called X-ray Powder Diffraction (XRPD). XRPD is typically performed using a monochromatic beam, 

which is defined as having a single characteristic wavelength with small bandwidth. A monochromator 

is typically used to select the desired wavelength from the broad spectrum of incoming radiation 

produced by the synchrotron. The choice of wavelength is highly dependent upon the capabilities of the 

beamline and the X-ray absorption characteristics of the sample under investigation. This particular 



35 

 

XRD technique is widely employed not only for the analysis of residual stress, but is also used for phase 

identification and texture analysis. An example of diffraction pattern is shown in Figure 10. This pattern 

is characterised by the presence of peaks that are associated with certain families of atomic planes. The 

analysis of peak shift or shape modification is able to provide quantitative or qualitative information 

regarding the internal lattice strain modification (peak shift), permanent deformation (peak broadening) 

and density of atoms in the structure (peak intensity). The characteristic peak modifications are 

illustrated in Figure 10. 

 

Figure 10 Characteristics of the diffraction peaks 

For a given lattice plane, Bragg’s law provides a way to relate the d-spacing with the half scattering 

angle (2𝜃): 

 𝑛 𝜆 = 2𝑑ℎ𝑘𝑙 sin 𝜃 (2) 

Here 𝑛 is an integer (1,2,3,…), 𝜆 is the radiation wavelength, 𝑑ℎ𝑘𝑙 is the interplanar distance 

between planes of Miller indices (ℎ𝑘𝑙), and 𝜃 is the angle that the incident beam makes with the lattice 

planes (also known as Bragg’s angle). Using this elegant law allows to retrieve the beam angle of 

incidence at which atomic planes produce the most intense reflection of the electromagnetic radiation. 

As far as the residual stress analysis is concerned, the fundamental principle used for stress/strain 

analysis relies on the quantitative evaluation of the distance between lattice planes, d-spacing. The lattice 

plane spacing can be easily retrieved using the Bragg’s law (2) once the diffraction pattern is acquired 

(peak centre position in terms of Bragg’s angle 𝜃) using radiation of known wavelength 𝜆. Therefore, 

for a given lattice plane ℎ𝑘𝑙, the lattice strain along the direction ℎ can be determined using  
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𝜀𝑖

ℎ𝑘𝑙 =
𝑑𝑖

ℎ𝑘𝑙 − 𝑑𝑖
ℎ𝑘𝑙

𝑑𝑖
ℎ𝑘𝑙  (3) 

For successful collection of powder diffraction data, thousands of crystallites need to be 

simultaneously irradiated within the gauge volume. This implies that the grain size of the polycrystalline 

substrate must be significantly smaller than the focal spot size of the incident beam. 

Assuming that the sample is untextured i.e. has no preferred crystallographic orientation, the 

irradiated crystallites are randomly orientated and therefore the Bragg condition can be equally well 

achieved for any given azimuthal angle (𝜔). The resulting diffraction is observed in the form Debye-

Scherrer cones with half opening angles (2𝜃1
ℎ𝑘𝑙,  2𝜃2

ℎ𝑘𝑙,…) corresponding to differing lattice spacings 

(𝑑1
ℎ𝑘𝑙, 𝑑2

ℎ𝑘𝑙,…) as shown in Figure 11. 

 

Figure 11 Schematic representation of the diffraction cones (Debye-Scherrer)[95] 

XRPD can be performed using transmission mode, reflection mode or either a grazing incidence 

arrangements. In grazing incidence diffraction, the sample is arranged such that the incident beam is 

offset by ≈3−5° from the surface of the sample. This approach is highly effective in the analysis of thin 

films and coatings as it probes the near-surface characteristics of the sample, however, due to the 

geometric elongation of the focal spot, it only provides insight into the in-plane characteristics in a single 

orientation. In contrast with this arrangement, transmission mode XRPD considers the incident radiation 

aligned with the sample plane normal, permitting the collection of a through-sample average. Typically, 

a 2D detector is placed downstream from the sample in order to record the diffraction patterns 

corresponding to a particular cross section of the Debye-Scherrer cones. This geometry furnishes insight 

into the in-plane structural variation, and can be used to provide information about crystallographic 
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preferred orientation through the variation in diffracted intensity as a function of azimuthal angle 

(texture analysis). 

As will be illustrated in this study, the processing of 2D diffraction data is typically performed 

using software such as FIT2D [96]. This software is mostly used for sample-to-detector distance 

calibration and allows precise determination of the equivalent 1D diffraction patterns, such as shown in 

Figure 10. 

Peak centre determination can be based on single peak fitting in order to obtain estimates for the 

height, peak width and peak centre parameters. Diffraction peaks are typically best described by a 

convolution between the Gaussian and Lorentzian distributions but, a simple and effective 

approximation to this is the Gaussian distribution: 

 
𝑓(𝜃, 𝜔) = 𝐴𝑒

−
(𝜃−𝐵)2

2𝐶2  (4) 

where A is the peak height, B is the peak centre and C is the peak half-width parameter. Confidence 

intervals of each fitting can be retrieved by least squares analysis for each parameter, which is critical 

to the strain error estimation. 

2.2.3.    X-ray reflectivity 

X-ray reflectivity (XRR) technique is particularly suitable for the study of very thin layers (from 

few to tens nm).This technique relies on the analysis of the intensity of specular X-ray reflection as a 

function of the varying incident angle [94, 97]. The typical setup adopted in this type of experiment is 

shown by the scheme in Figure 12. 

 

Figure 12 Typical setup of an XRR experiment [98] 
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Refractive index for a given X-ray energy has value smaller than unity and it can be written as: 

 𝑛 = 1 − 𝛿 − 𝑖𝛽 (5) 

where 𝛿 and 𝛽 denote, respectively, the real part related to the phase velocity, and 𝛽 the imaginary 

part related to absorption and also called the extinction coefficient. The 𝛽 parameter is related to the 

linear absorption coefficient 𝜇 as follows: 

 
𝛽 =

𝜇𝜆

4𝜋
 (6) 

where 𝜆 the X-ray wavelength. 

Coefficient 𝛿 depends on the X-ray wavelength and the layer density. A useful formula relates this 

parameter with the critical angle above which the incident X-ray beam penetrate the sample due to 

refraction: 

 Θ𝑐  = √2𝛿 (7) 

Once the incidence angle Θ passes the critical value, the presence of electron density variation with 

depth below the sample surface in the form of a single or multiple layers leads to interference that 

manifests itself in the oscillatory dependence of reflected beam intensity on the incidence angle. This 

oscillation is a function of 𝑑, the thickness of distinct layer(s), and the depth variation of the refractive 

index. In the case of a single distinct layer film the oscillation of the reflected intensity I can be described 

as follows: 

 
𝐼 ∝ cos(

4𝜋𝑑

√sin2(Θ − 2𝛿)
) (8) 

Further multipliers need to be incorporated in the above expression to account for the decay with 

the incident and scattering angles, but the above equation captures the modulation trend. By fitting an 

equation incorporating the oscillatory dependence described by (8) to experimental data, the layer 

thickness can be determined. In cases when multi-layer systems are being studied, the use of non-linear 

least-squares fitting is necessary. 

2.2.4.    EBSD 

EBSD is an extensively used technique for the microstructural and crystallographic 

characterisation. It can be employed to study any crystalline or polycrystalline material provided the 
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analysed surface is relatively flat and not affected by large plastic deformation.  Typically it is used to 

explore microstructures, revealing texture, defects, grain morphology and deformation. It can be 

combined with complementary techniques, such Energy Dispersive Spectroscopy (EDS) within the 

SEM for phase discrimination at high spatial resolution (~0.2μm). Such high resolution allows 

discrimination of small misorientations that may occur in a single grain which are related to the plastic 

strains present in single grains (and hence Type III residual stresses). Misorientation can be also used 

for the production of qualitative strain maps. 

Back in 1928, Nishikawa and Kikuchi were the first scientists to discover the fundamental 

diffraction phenomenon on which EBSD is based. They witnessed for the first time the diffraction 

patterns produced by illuminating a crystalline sample surface with a 50keV electron beam at grazing 

angle of 6°. These patterns are nowadays known as Kikuchi patterns (Figure 13(a)).  

Modern EBSD experiments are commonly conducted within a SEM chamber. The relatively large 

range of electron beam energies offered by SEM makes this system extremely versatile. The SEM 

chamber is equipped with an EBSD detector containing usually a phosphor screen, compact lens and 

low light CCD camera, as schematically illustrated in Figure 13(b). Commercially available EBSD 

systems typically come with one of two or more different CCD cameras: for fast measurements the CCD 

chip has a native resolution of 640×480 pixels; for slower, and more sensitive measurements, the CCD 

chip resolution can go up to 1600×1200 pixels. For texture and orientation measurements, the diffraction 

patterns are binned in order to reduce their size and reduce computational times. Modern EBSD systems 

can index patterns at up to 1800 patterns / second. This enables very rapid and rich microstructural maps 

to be generated. High-resolution detectors possess higher sensitivity that allows the analysis of the 

diffraction pattern in more detail. Recently, it has become possible to exploit the information contained 

in high-resolution patterns thanks to the development of the so-called HR-EBSD technique [67-69]. By 

analysing the small angular changes (~0.006°) in the Kikuchi patterns, this technique provides 

measurements of residual elastic strain and lattice rotation with very high precision, enabling the 

measurement of strain with a precision of 1x10-4.   
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Figure 13 (a) EBSD pattern example and (b) Geometric setup[99] 

2.3. Fatigue Crack Propagation 

Developments of cracks in a body may occur due to the presence of either a monotonic or cyclic 

external loading. In the most common scenario of crack growth, a small flaw that is initially present 

develops into a crack and subsequently grows until it reaches a critical value at which the component 

may fail by brittle fracture.  

There are the types of loading that a crack can experience, as Figure 14 illustrates. Mode I loading, 

where the principal load is applied normal to the crack plane and tends to open the crack. Mode II 

corresponds to in-plane shear loading. The last is Mode III that refers to out-of-plane shear. A cracked 

body can be loaded in any one of these modes, or a combination of two or three modes. 

 

Figure 14 The modes of loading that a crack can be subjected to[100] 



41 

 

2.3.1.     Stress Intensity Factor 

The analysis of crack growth in engineering components is usually conducted considering the 

concept of Stress Intensity Factor (SIF), 𝐾. This approach is part of the discipline called Linear Elastic 

Fracture Mechanics (LEFM) and assumes that the material is homogenous and linearly elastic.  

SIF is a quantity that describes quantitatively the severity of the stress fields ahead of the crack tip. 

For example, if the crack is subjected to Mode I loading, the in-plane components of stress can be 

described mathematically by equations (9) (with reference to Figure 15): 
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(9) 

The set of equations (9) only reports the leading terms of an expansion series; higher order terms 

are usually neglected. As it is possible to note from (9), all expressions contain a leading term that is 

proportional to 1/√𝑟. As 𝑟 → 0, the leading term approaches infinity and gives rise to a singularity. 

Obviously, in the real case the stress field at the crack tip is not singular: if the stress combination 

exceeds the yielding condition, material plastic deformation occurs, and less steep gradient of stress is 

experienced. The region that undergoes to plastic deformation is usually called plastic zone. 

Nevertheless, LEFM is still widely used for crack growth prediction because it relies on the assumption 

that the conditions within the plastic zone are fully determined by the surrounding elastic field, that is, 

the K-field. 
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Figure 15 Definition of the coordinate axis ahead of the crack tip [100] 

Depending on the geometry of the body, SIF can be evaluated at any instant of the crack 

propagation stage upon knowledge of the actual applied load as: 

 𝐾 = 𝐹 𝑆 √𝜋 𝑎 (10) 

Where 𝐹 is a dimensionless function of geometry, 𝑆 is the nominal load and 𝑎 is the crack length. 

This calculation methodology can be also used when stress field induced by external loads or 

residual deformations follows a specific profile. In this case, the weight functions approach is usually 

employed, and it describes the SIF as: 

 
𝐾(𝑎) = ∫ 𝜎𝑧(𝑥) 

𝑎

0
𝑚(𝑥, 𝑎) 𝑑𝑥 (11) 

Here, 𝑎 is the crack length, 𝜎𝑧(𝑥) is the stress distribution along the crack bisector and 𝑚(𝑥, 𝑎) is 

the weight function.  

2.3.2.     J-integral 

Amongst the few parameters available for fracture characterisation, J-integral has become 

particularly popular. According to Rice [101], this parameter can be applied to non–linear materials by 

idealising the elastic-plastic deformation as non-linear elastic. This means that the stress may follow a 

non-linear relationship with the strain but the process is assumed to be fully reversible. In contrast with 

the SIF approach, the use of J-integral extends fracture characterisation well beyond the limits of validity 

of LEFM. In the same work, Rice showed how that the non-linear energy release rate 𝐽 could be written 
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as a path-independent line integral. Further studies [102, 103] also demonstrated that 𝐽 uniquely 

characterises the stress and strains at the crack tip in non-linear materials.  

However, in the particular case of linear elastic materials, the relationship between SIF and J-

integral is: 

 
𝐽 =

𝐾𝐼
2

𝐸𝐼  (12) 

Here 𝐾𝐼 is the Mode I SIF and 𝐸𝐼 represents the elastic properties of the material depending on 

whether the problem is plane stress or plane strain, as shown below:  

 𝐸𝐼 = 𝐸                      Plane Stress 

𝐸𝐼 =
𝐸

(1−𝜈2)
               Plane Strain 

(13) 

 

Considering an arbitrary counter clockwise path Γ around the tip of a crack as illustrate in Figure 

16 Arbitrary contour around the tip of a crack [100] Figure 16, the J-integral is given by: 

 
𝐽 = ∫ (𝑤 𝑑𝑦 −  𝑇𝑖

𝑑𝑢𝑖

𝑑𝑥
𝑑𝑠)

Γ
 (14) 

Where 𝑤 is the strain energy density, 𝑇𝑖  is the component of the traction vector, 𝑢𝑖 is the 

displacement vector component and 𝑑𝑠 is the length increment along the contour Γ. 

 

Figure 16 Arbitrary contour around the tip of a crack [100] 

In the case of fatigue crack propagation, Downing and Begley [104] first proposed the use of the 

cyclic J-integral as a parameter which correlates with the crack growth rate, da/dN.  

The material ahead of a growing fatigue crack experiences cyclic elastic-plastic loading. Therefore, 

the material deformation can be characterized by the stress range Δs ij and the strain range Δeij in a given 
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cycle. Considering a loading branch of the stress-strain curve, where the stresses and strains have initial 

values sij and eij, and increase to sij and eij. It is possible to define a J -like integral as follows: 

 
Δ𝐽 = ∫ (𝜓(Δ𝜀𝑖𝑗) 𝑑𝑦 −  Δ𝑇𝑖

𝑑Δ𝑢𝑖

𝑑𝑥
𝑑𝑠)

Γ
 (15) 

Note that 𝜓  represents the stress work per unit volume performed during loading, rather than 

the stress work in a complete cycle. 

The use of the cyclic J integral, as a crack driving force parameter, increases the accuracy in 

describing the stress state ahead of the crack tip for materials in which sample sizes are too small and 

for which the assumptions of Linear Elastic Fracture Mechanics (LEFM) do not hold. 

 
2.3.3.     Fatigue Crack Growth Behaviour 

The crack growth behaviour can be described by the relationship between the Fatigue Crack 

Growth Rate (FCGR), usually expressed as 𝑑𝑎/𝑑𝑛, and a crack driving force, 𝐷. Depending on the 

specific case, in the present thesis two expressions for crack driving forces were considered, namely, 

SIF and J-integral. A more generic relationship may take into account also the loading ratio 𝑅. The 

overall relationship can be written as 

 𝑑𝑎

𝑑𝑛
= 𝑓(𝐷) (16) 

If SIF and R are thought to determine the crack driving force, this formulation can be written as: 

 𝑑𝑎

𝑑𝑛
= 𝑓(Δ𝐾, 𝑅) 

(17) 

In the early 60’s, Paris discovered an empirical formulation that is able to describe the FCGR 

correctly at intermediate values of Δ𝐾 [105]. This fairly well-accepted formulation is now known as 

Paris’ law: 

 𝑑𝑎

𝑑𝑛
= 𝐶(Δ𝐾)𝑚 (18) 

where 𝐶 and 𝑚 are material constants. 

Similarly, Dowling and Begley [104] applied the J-integral formulation to fatigue crack growth 

under large-scale yielding condition where LEFM fails in predicting the FCGR. The same power-law 

expression could be formulated: 
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 𝑑𝑎

𝑑𝑛
= 𝐶(Δ𝐽)𝑚 

(19) 

(It is worth noting that in cyclic loading fatigue problem, the fundamental quantities that relates to 

the stress acting at the crack tip must be expressed in terms of range, e.g. Δ𝐾 for the SIF approach, and 

Δ𝐽 for the J-integral approach).  

  

Figure 17 (a) Fatigue crack growth rate over a wide range of SIF for a ductile steel [106, 107]. 

(b) Effect of R-ratio on Crack Growth Rate [107, 108]. 

In Figure 17, examples of experimental FCGR plots are shown. In particular, Figure 17(a) shows 

the region of Δ𝐾 where the Paris’ law is valid, i.e. after the crack propagation early stage and before the 

imminent ductile static failure. The same type of diagram can be constructed also by means of the cyclic 

J-integral Δ𝐽 and the same region can be identified. Figure 17(b) shows also the effect of R-ratio on the 

FCGR. As it is possible to see, higher values of 𝑅 shift the Paris’ curve towards smaller SIF ranges. It 

is important to note also that the slope 𝑚 of these curves is almost the same independently from the 

magnitude of R.   

In literature, many formulations can be found that attempt to account for the loading ratio and 

fatigue history. However, it is very important to pay attention to situations where the loading history is 

characterised by variable amplitude loading. Indeed, non-linear mechanisms (e.g. plasticity induced 

(a) 

(b) 
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crack closure and residual stress ahead of the crack tip) are highly dependent on the loading history and 

may lead to unexpected FGCR behaviour. One of the purposes of the present thesis was to try to shed 

some light onto the effect of these non-linear mechanisms on FCGR 

2.3.4.     Factors that Influence Fatigue Crack Growth Rate 

In recent decades a great deal of effort has been devoted by the research community to 

understanding fatigue crack growth behavior in mechanical components subjected to arbitrary amplitude 

loading variable amplitude loading) [109-111]. No agreement has emerged so far regarding the best 

approach to crack growth prediction under this loading mode [112], due to the difficulties in 

understanding the exact role of plasticity-induced crack closure [113], residual stress generated ahead 

the crack tip [114] and other mechanisms [115-118] that control crack propagation. 

Recently, a multi-parameter characterisation of the elastic stress field around a crack contained 

within a plastic enclave was proposed by James et. ali [119], aimed at capturing the relevant factors that 

influence the fatigue crack propagation. This approach claims that a realistic elastic stress distributions 

representing crack wake contact and the compatibility-induced shear stresses acting at the elastic–plastic 

boundary can be modelled; essentially treating the crack as a plastic inclusion in an elastic body. The 

model lies on definition of a modified stress intensity factor perpendicular to the crack plane, called KF, 

which drives crack growth in an analogous fashion to KI. The shielding effect of the plastic enclave is 

accounted for via two new stress intensity factors, an interfacial shear stress intensity factor, KS, and a 

retarding stress intensity factor, KR. 

A single anomalous load encountered during constant amplitude fatigue test can be thought of as 

the simplest case of variable amplitude loading. Material response under variable amplitude fatigue can 

therefore be initially explored through the analysis of a single Overload (OL), single Underload (UL) or 

their combination (e.g. OL-UL). 

In recent years, publications devoted to this topic largely concerned cases of OL [120, 121]. The 

Fatigue Crack Growth Rate (FCGR) retardation effect due overload has been known for almost fifty 

years. The causes of such retardation have been imputed to various phenomena that take place during 

the occurrence of the overload, such as residual stress generation, plastic deformation and the 
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consequent plasticity-induced crack closure, and work hardening. However, no clear consensus has been 

reached regarding the relative significance of these mechanisms [122-126]. 

Crack closure is a mechanism active in the wake of the crack that is caused by the plastic 

deformation-induced modification of the crack flank geometry [127]. Crack closure effect may be 

operative during crack propagation even in the absence of overload, but becomes particularly significant 

once an overload has been applied. As the crack tip moves forward past the overload-affected region, 

during the unloading part of the cycle crack flanks come into contact prior to the cyclic load reaching 

its minimum value. This results in a lower effective range of crack opening displacement and crack tip 

stress intensity factor.  It is important to note that in the case of overload, closure causes crack retardation 

only when crack face contact occurs in the wake of the growing crack. As the crack tip moves 

sufficiently far away, the closure effect becomes negligible. Conversely, if crack arrest is observed 

immediately after the overload, no crack closure can be present until re-nucleation or propagation takes 

place. This effect has been subject of numerous studies in the past, and its contribution to crack 

retardation is widely accepted. 

The region of heavy plastic deformation ahead of the crack tip gives rise to a region of compressive 

residual stress. The occurrence of an overload amplifies this compressive residual stress significantly. 

It is well known that the presence of compressive residual stress ahead of the crack tip impedes 

propagation due to the local reduction of the mean stress during fatigue cycling. In the last decade the 

proliferation of new experimental microscopic techniques (X-ray diffraction, DIC  and the FIB ring-

core method) [128-130] enabled direct spatially resolved evaluation of residual stress, and better 

understanding of its evolution during the relevant phases of propagation in the presence of an overload.  

Crack closure and compressive residual stress are not the only mechanisms thought to be involved 

in crack retardation. Indeed, other causes may appear and play their role depending on the loading 

condition and material behaviour. In the last decades, many authors have directed effort at the 

understanding of the conditions when these additional effects may arise. 

Crack tip blunting is another retardation mechanism [131]: extensive plastic flow at the crack tip 

may modify the geometry leading to the consequent crack blunting. The resulting crack tip displays 

behaviour similar to a rounded notch where finite stress concentration is observed, instead of stress 
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intensification observed at a crack tip. Under such circumstances the fatigue crack growth rate (FCGR) 

is reduced in comparison with the steady-state conditions. The extreme version of this scenario 

corresponds to the situation when the crack is blunted to such an extent that a new nucleation site appears 

at a different location from the previous tip. Crack branching or kinking that takes place in this case is 

another mechanism that contributes to crack retardation [116, 132]. Change in the crack growth direction 

and/or the creation of small secondary cracks lead to the redistribution of stresses around the crack tip 

which, in turn, reduces the crack driving force and causes retardation.  

Another view of the crack propagation process is to assume that the material ahead of the crack tip 

through which crack advances experiences cyclic loading, damage and localised failure, giving rise to a 

connected crack. Depending on the material properties and deformation history, strain hardening may 

play its role in controlling the crack growth rate. Material hardening generally reduces the ductility of 

the material with a consequent reduction in the resistance to crack propagation [133]. The general 

consequence of this effect is to accelerate the fatigue crack growth rate (FCGR). However, in terms of 

the overall significance for FCGR this may be considered of limited, secondary importance. Unlike 

plasticity-induced crack closure and the residual stress that exert direct strong influence on FCGR, 

secondary effects of the kind enumerated above may only become prominent for specific and particular 

combinations of material properties, microstructure and overload ratio. 

On the other hand, when an UL is applied, observations show either crack growth acceleration, or 

no detectable disturbance in the FCGR [134-136]. This crack acceleration effect was noted in pipelines 

subjected to varying internal pressure [137]. It has been noted [135] that crack acceleration is likely to 

be manifested in cases where the baseline fatigue loading is positive, i.e. positive loading ratio R. 

Furthermore, higher crack acceleration occurs at higher baseline loading ratio [138]. In addition, the 

extent of such acceleration, if present, is dependent on the material cyclic hardening behaviour and the 

magnitude of UL with respect to the steady-state cyclic load.  

Using reasoning similar to that used for the analysis of OL, it is possible to anticipate that the main 

causes of the UL effect may be two contributions: Residual stress ahead of the crack tip and plasticity-

induced crack closure. 
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2.4. Eigenstrain modelling 

Eigenstrain theory is based on the description of the inelastic strain distribution that gives rise to 

residual stress. Permanent (‘frozen-in’) strain that is termed eigenstrain describes shear, shrinkage or 

dilatation induced by an arbitrary inelastic process that may be associated with phase transformation, 

temperature change, plastic deformation, etc.  

The total strain within a solid can always be decomposed additively into the irreversible and 

reversible parts. The former part is the permanent inelastic strain (eigenstrain 𝜀∗), whilst the latter part 

corresponds to the elastic strain, 𝜀𝑒𝑙: 

 𝜀𝑡𝑜𝑡̿̿ ̿̿ ̿ =  𝜀 ∗̿ + 𝜀𝑒𝑙̿̿̿̿  (20) 

In most cases, the presence of an eigenstrain distribution within a body means that an elastic strain 

field is required to maintain strain compatibility. It is important to note that this elastic strain field is 

subject to further mathematical requirements: the generalised Hooke’s law that imposes the linear 

relationship between the elastic strain and stress within the body means that the elastic strain must be 

statically admissible, i.e. correspond to an equilibrated stress field. If no external tractions are applied 

to the body, then the aforementioned tensor fields are referred to as residual elastic strain (r.e.s.) and 

residual stress, respectively. 

 The eigenstrain method has already been adopted widely for modelling residual stress at various 

scales and fields of application. An important field of eigenstrain analysis concerns inclusions in elastic 

solids for which a whole range of fundamental solutions are available [139-141], notably for Eshelby 

ellipsoidal inclusions, cuboidal inclusions, etc. Eigenstrain-based analytical solutions have also been 

presented for residual stress distributions within a plate subjected to shot peening [41, 142] and a hollow 

tube subjected to autofrettage [42]. 

In cases where the geometry of the problem cannot be described using an analytical formulation, 

numerical methods can be utilised. Since real mechanical components are usually geometrically 

complex, the Finite Element Method (FEM) is widely employed. Within the framework of FEM it is 

convenient to introduce arbitrary eigenstrain fields into the model using pseudo-thermal strain expressed 

in terms of a temperature change ∆𝑇 and a tensor of thermal expansion coefficients 𝛼. Then: 
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 𝜀 ∗̿ = 𝛼 ∆𝑇 (21) 

The thermal expansion coefficient tensor 𝛼 contains six independent components and allows the 

description of all possible eigenstrain states. The prescription of the thermal expansion coefficient tensor 

at the totality of the Integration Points (IP) of the FEM model, in combination with the application of a 

uniform temperature change, furnishes an entirely flexible description of the eigenstrain field with the 

help of a user subroutine to define 𝛼. Once the known eigenstrain distribution is prescribed, the one step 

solution of the thermo-elastic problem follows which returns the residual elastic strain distribution, and 

with it the associated residual stress distribution that is self-equilibrated by construction. 

The evaluation of the elastic strain field when the imposed eigenstrain is known is called the direct 

problem. An example of a direct problem is the Eshelby treatment of an ellipsoidal inclusion [143], 

whereby uniform eigenstrain distribution is imposed within an ellipsoidal domain (inclusion), and the 

inner and outer elastic strain and stress fields are determined.  

It is worth mentioning that the inelastic deformation (eigenstrain), produced by a mechanical 

treatment, if known because evaluated through a simple case, this can be transferred to more complex 

geometries. This was firstly introduced by Korsunsky [57] and named Principle of Transferability of 

Eigenstrain.  

On the other hand, if the elastic strain is known and the eigenstrain the generated it is sought, this  

is called inverse problem. This is the case where experimental evidence provides information regarding 

the elastic strain field and thus the reconstruction of the eigenstrain that induced that elastic strain change 

is evaluated. In the past years, this procedure has been widely performed to several relevant engineering 

case such as:  shot peening [144], including in the context of Crystal Plasticity [45], friction stir welding 

[145], phase transformation [146], etc.  

The eigenstrain method turns out to be a very efficient way to simulate residual stress fields and 

check consistency of experimental results. And so, extensively implemented in the present thesis. 
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3. FIB-DIC Developments 

3.1. Uncertainty quantification FIB–DIC ring-core method due to elastic 

anisotropy effects  

3.1.1. Introduction and background 

Experimental techniques capable of attaining micron resolution provide a measure of displacements 

or strains, followed by stress calculation using the generalised Hooke’s law. Whilst the uncertainty of 

strain or displacement measurement can be quantified using experimental error analysis methods, the 

stress calculation introduces further uncertainties that require quantification. In a single grain within an 

aggregate, the local crystal structure may have a dramatic effect on the stress state due to the orientation 

of the grain itself and of its neighbouring grains with the respect of external loading. A complex 

relationship exists between global and local stress-strain states that reflects the accommodation taking 

place during elastoplastic deformation of a polycrystal, leading to simultaneous attainment of stress 

equilibrium and strain compatibility [143, 147]. The models in the literature that simulate the local stress 

evolution [148, 149] share a common need for direct experimental validation, emphasising the 

requirement for correct stress evaluation at the intra-granular level. Engineering reliability and durability 

analysis for design e.g. against creep or high cycle fatigue conventionally uses criteria based on stresses, 

rather than strains. For isotropic materials the stress calculation can be readily performed using the 

combination of only two elastic parameters: Young’s Modulus E and Poisson’s Ratio 𝜈. The aim of this 

section is to present and to evaluate the extension of the residual stress calculation in the FIB-DIC ring-

core method for the case when the material is anisotropic, and possesses cubic symmetry. The results 

show that the uncertainty of residual stress evaluation at the inter- and/or intragranular level depends on 

the material’s degree of anisotropy, and that for materials with high anisotropy factor the knowledge of 

grain orientation is mandatory. 

The computational background to the analysis of relief strains in the FIB-DIC micro-ring-core 

experiments, such as illustrated in Figure 18(a), has been presented in a series of papers [78, 82, 150]. 

The central idea of the method that has been validated through extensive numerical modelling is that the 

surface of the micro-pillar undergoes the change from initial residual elastic strain to the final strain-
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free state that arises after sufficiently deep milling (to the depth of the order of the pillar diameter, or 

greater [76]. Therefore, simple inversion of the sign of the perceived strain relief during milling provides 

a means of determining the pre-existing residual strain. The FIB-DIC ring-core method [83] allows 

simultaneous evaluation of three components of surface in-plane relief strains (Δ𝜀11, Δ𝜀22,Δ𝜀12) (and 

hence the residual elastic strains) in the laboratory (global) Cartesian system (Figure 18(b)), The three 

out-of-plane strain components (𝜀33, 𝜀13, 𝜀23) are not measured in this configuration. However, it can be 

assumed that the traction-free surface condition prevails, so that the three out-of-plane stress 

components vanish in the initial state (𝜎33 = 𝜎13 = 𝜎23 = 0). This additional boundary condition allows 

the out-of-plane residual strain to be also found. 

a).     b).  

Figure 18 Cartesian Coordinate System definition at the ring core. The axes 1 and 2 denotes the 

in-plane coordinates and the axis 3 the out-of-plane coordinate. (a) Illustration of the evolution of the 

micro-scale ring-core geometry during Focused Ion Beam (FIB) milling. The diameter of the central 

pillar is 5µm. (b) Coordinate systems defined as global (G) (associated with laboratory axes) and 

local (L) (associated with sample crystal axes) for a single crystal micro-pillar. 

Assuming the grain orientation at the milling location and the elastic properties of the material 

(stiffness matrix) to be known, a compact analytical procedure can be elaborated for the calculation of 

the full local stress tensor. To aid the algebraic manipulations, to ensure their correctness and to enable 

direct use of the resulting expressions for numerical calculation, the procedure is implemented using 
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Mathematica package. Arbitrary materials with cubic symmetry can be considered, with varying degrees 

of elastic anisotropy. For cubic materials this property of the material can be characterised by a single 

parameter known as the Zener anisotropy factor [151]. For illustration, Ni-base superalloy is taken as 

an example of a highly anisotropic crystal, in which the ratio of Young’s moduli in the stiffest and most 

compliant directions is of the order of 2.5. Single crystal silicon is taken as a moderate case for which 

this ratio is ~1.6. Finally, Al and its alloys are considered as materials that have properties close to 

isotropic material, with the ratio of stiffnesses ~1.2.  

Once the procedure is established and validated, sensitivity analysis is performed to assess the 

extent to which errors in stress evaluation arise from the ignorance of the underlying crystal orientation, 

if the assumption of isotropic equivalent stiffness for bulk polycrystal is used. Different strain states are 

considered, and calculations are carried out for n=8000 instances of randomly distributed grain 

orientations described by the three Euler angles; this number is thought to be sufficiently high to 

accurately describe the statistical distribution. Since the selection of Euler angles encompasses the 

complete range of possibilities, and describes a uniform distribution in the orientation space, this gives 

unbiased statistical evaluation. The results serve as the basis for uncertainty quantification of stress 

evaluation using this approach.  

The practical implementation and application of the method is illustrated using a set of 

experimental data for residual stresses in a cross-section of an aeroengine turbine blade made from a 

Ni-base superalloy, a material with a high Zener anisotropy factor. A comparison of the stresses 

computed is presented assuming correct anisotropic elastic properties against the results obtained 

assuming that the material is isotropic, and assess the findings. 

3.1.2. Tensor and 6-vector matrix representation 

Let us first define a Cartesian coordinate system that will be referred to as local, or crystal system 

of axes, associated with the cubic unit cell of the material. Also, a global, or laboratory system of axes 

are defined. In absence of grain rotation, the local system is coincident with the global. In this global 

system, the 𝑥3  axis is associated with the normal to the sample surface and the 𝑥1  and 𝑥2  axes are 

associated with suitable mutually orthogonal directions parallel to the sample surface, e.g. the fast and 

slow scan directions within the SEM system. The graphical representation of these definitions is shown 
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in Figure 18 in which the coordinate systems are distinguished by the subscript L for the local system, 

and G for global system. In the derivation below all quantities referring to a specific system have 

appropriate subscripts. 

According to the Bunge notation [152], the general rotation between two arbitrary orientations of 

a crystal can be defined by means of the three Euler angles (𝜑1, Φ, 𝜑2). Figure 18(a) illustrates this 

definition in which the rotation applied to a cubic crystal, initially aligned with the global axes, in order 

to bring it into alignment with the actual orientation of the local, or crystal axes. Firstly, rotation by the 

angle 𝜑1  is applied around axis 𝑥1 , then the rotation by the angle Φ is applied around the new rotated 

axis 𝑥̃3 , and finally the third rotation by the angle 𝜑2 is applied around the new axis 𝑥1
′. The resulting 

coordinate system is referred to as local, and is associated with the crystal axes denoted 𝑥1
′ , 𝑥2

′ , 𝑥3
′. 

The matrix that describes the transformation of a vector from a given coordinate system to another 

one rotated by an angle 𝛼3 around the 𝑥3  axis is given by 

 
𝒗′̅ = 𝑹(𝛼3) ̿̿ ̿̿ ̿̿ ̿̿ ̿𝒗̅,      𝑹(𝛼3) ̿̿ ̿̿ ̿̿ ̿̿ ̿ = (

Cos[𝛼3] Sin[𝛼3] 0
−Sin[𝛼3] Cos[𝛼3] 0

0 0 1

) (22) 

Rotation matrices for other angles and axes are obtained by permutation of rows and columns. For 

example, for the first Euler angle 𝜑1 the matrix has the form: 

 

𝑹(𝜑1  ) ̿̿ ̿̿ ̿̿ ̿̿ ̿ = (
1 0 0
0 Cos[𝜑1] Sin[𝜑1]
0 −Sin[𝜑1] Cos[𝜑1 ]

) (23) 

The matrix 𝑹̿ that describe the sequence of rotations with respect to different axes is given by the 

product of rotation matrices for different axes and angles is given by the product of matrices: 

 𝑹̿ = 𝑹(𝜑1 , Φ, 𝜑2 ) ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿ = 𝑹(𝜑2 ) ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ . 𝑹(Φ ) ̿̿ ̿̿ ̿̿ ̿̿ . 𝑹(𝜑1 ) ̿̿ ̿̿ ̿̿ ̿̿ ̿ (24) 

In the Bunge notation this rotation matrix 𝑹 ̿from the global to the local coordinate system is 

expressed explicitly as follows: 

𝑹 ̿ = (

Cos[𝜑1]Cos[𝜑2] − Cos[Φ]Sin[𝜑1]Sin[𝜑2] Cos[𝜑2]Sin[𝜑1] + Cos[𝜑1]Cos[Φ]Sin[𝜑2] Sin[𝜑2]Sin[Φ]

−Cos[𝜑2]Cos[Φ]Sin[𝜑1]− Cos[𝜑1]Sin[𝜑2] Cos[𝜑1]Cos[𝑝]Cos[Φ]− Sin[𝜑1]Sin[𝜑2] Cos[𝜑2]Sin[Φ]
Sin[𝜑1]Sin[Φ] −Cos[𝜑1]Sin[Φ] Cos[Φ]

) (25) 

Tensor transformation between the global and local coordinate axes systems (indicated by the 

subscripts G and L respectively) is accomplished by pre- and post-multiplication by the rotation matrix 

and its transpose. For example, for the stress tensor the transformation is expressed as: 



55 

 

 𝝈𝑳̿̿ ̿ = 𝑹 ̿  𝝈𝑮̿̿̿̿   𝑹𝑻̿̿ ̿̿  (26) 

Exactly the same transformation applies to the strain tensor defined in the consistent tensorial form, 

𝜀𝑖𝑗 =
1

2
(

𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
): 

 𝜺𝑳̿̿ ̿ = 𝑹 ̿  𝜺𝑮̿̿ ̿  𝑹𝑻̿̿ ̿̿  (27) 

Since the reverse rotation matrix is described by  𝑹−𝟏̿̿ ̿̿ ̿̿ =  𝑹𝑻̿̿ ̿̿ , the backward rotation is expressed 

as: 

 𝜺𝑮̿̿ ̿ =  𝑹𝑻̿̿ ̿̿   𝜺𝑳̿̿ ̿  𝑹 ̿ (28) 

The relationship between strains and stresses in linear elasticity is expressed in the form of the 

generalised Hooke’s law. The elastic properties are described by the stiffness tensor 𝑪̃, or its reciprocal 

compliance tensor 𝑺̃, where the tilde sign denotes the fourth order tensor: 

 𝝈𝑳̿̿ ̿ = 𝑪̃: 𝜺𝑳̿̿ ̿,             𝜺𝑳̿̿ ̿ = 𝑺̃:𝝈𝑳̿̿ ̿ (29) 

In practice these relationships are reported in the literature for different materials in reference to 

the Cartesian crystal axes associated with the lattice unit cell. However, not only is the fourth order 

tensor notation somewhat unwieldy, it also does not take into account explicitly the general symmetry 

properties of stiffness and compliance coefficients. For this reason elasticity relations are usually 

reported in the form of matrices using the 6-vector Voigt notation for stresses and strains [153]:  

 𝜺̅ = (𝜀11, 𝜀22, 𝜀22, 2𝜀23, 2𝜀13, 2𝜀12),       𝝈̅ = (𝜎11, 𝜎22, 𝜎33, 𝜎23, 𝜎13 , 𝜎12). (30) 

Using this basis, and adopting the notation 𝛾𝑖𝑗 = 2𝜀𝑖𝑗 for shear strains (𝑖 ≠ 𝑗 ), the relationship 

between strain and stress for a general anisotropic material with respect to the local coordinate system 

is written using the 6×6 compliance matrix as follows: 
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(31) 

or in short: 
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 𝜺̅𝑳 = 𝑺̿𝝈̅𝑳 (32) 

Note the single overbar indicating the vector notation for stresses and strains, and the double 

overbar indicating the fact that compliance is described by the square matrix. The inverse form of this 

relationship may also be written using the stiffness matrix: 

 𝝈̅𝑳 =  𝑪̿ 𝜺̅𝑳,        𝑪̿ = 𝑺̿−𝟏   (33) 

The compact nature of the 6-vector notation brings with it significant advantages, but also leads to 

some complications. Firstly, the stiffness and compliance matrices under coordinate system rotation no 

longer obey the simple rules derived from simple 3-vector rotation. Furthermore, the introduction of the 

coefficient 2 for shear strains destroys the similarity of description for stress and strain 6-vectors, so that 

the rotation rules for these two fundamental quantities are no longer the same. As a consequence, the 

transformation rules for the stiffness and compliance matrices are complex, counter-intuitive, and are 

likely to contain errors if derived by hand and transcribed to and from a printed page. This may be the 

reason why, to the best of the authors’ knowledge, these transformation rules have not been widely 

reported in the literature.  

Modern capabilities of data storage and transmission and the combination of symbolic and numeric 

manipulation suggest that the most rational means for these algorithms to be derived and made available 

to the reader is in the form of computer code. To this end we present the implementation of these 

procedures in a Mathematica® notebook that is made available to the reader as Supplementary Material 

alongside the present article. 

The algorithm implemented in the code is as follows: 

1. Tensor rotation matrix 𝑹 ̿  is computed symbolically using eq. (24) in terms of the trigonometric 

functions of the Euler angles. 

2. Component-wise definitions are introduced for the stress tensor 𝝈̿ and the strain tensor 𝜺̿. 

3. In preparation for the use of Voigt 6-vector notation, definitions of the stress vector 𝝈̅ and the 

strain vector 𝜺̅ are introduced in terms of the same components, including the factor 2 for shear 

strains. 

4. The ‘forward’ stress tensor transformation from the global to the local coordinate axes is 

computed symbolically using eq. (45). 
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5. Using the command for determining the coefficients of vector components in a given 

expression, six coefficients of six distinct components of the original stress tensor are determined 

for the six distinct stress components of the transformed tensor.  

6. The results are assembled into a ‘6-stress forward rotation matrix’ 𝑹𝝈  ̿̿ ̿̿  that accomplishes the 

following linear operation: 

 𝝈𝑳̅̅ ̅ = 𝑹𝝈  ̿̿ ̿̿   𝝈𝑮̅̅̅̅  (34) 

7. The above six steps are repeated in order to obtain the symbolic expression for the ‘6-strain 

forward rotation matrix’ that accomplishes the following linear operation: 

 𝜺𝑳̅̅ ̅ = 𝑹𝜺  ̿̿ ̿̿   𝜺𝑮̅̅ ̅ (35) 

8. It is noted, and verified, that in a similar way the ‘6-stress inverse rotation matrix’ 𝑹𝝈
−𝟏̿̿ ̿̿  ̿and the 

‘6-strain inverse rotation matrix’ 𝑹𝜺
−𝟏̿̿ ̿̿  ̿can be derived, and that they are given by the matrix inverses 

of their ‘forward’ counterparts: 

 𝝈𝑮̅̅̅̅ = 𝑹𝝈
−𝟏̿̿ ̿̿ ̿ 𝝈𝑳̅̅ ̅,         𝜺𝑮̅̅ ̅ =  𝑹𝜺

−𝟏̿̿ ̿̿ ̿  𝜺𝑳̅̅ ̅. (36) 

9. The transformation rules for the stiffness and compliance 6×6 matrices are derived in the 

following form: 

 𝝈𝑮̅̅̅̅ = 𝑹𝝈
−𝟏̿̿ ̿̿ ̿𝝈𝑳̅̅ ̅ = 𝑹𝝈

−𝟏̿̿ ̿̿ ̿ 𝑪̿ 𝜺𝑳̅̅ ̅ = 𝑹𝝈
−𝟏̿̿ ̿̿ ̿ 𝑪̿ 𝑹𝜺

̿̿̿̿  𝜺𝑮̅̅ ̅ (37) 

 and therefore: 

 𝑪𝑮
̿̿̿̿ = 𝑹𝝈

−𝟏̿̿ ̿̿ ̿ 𝑪̿ 𝑹𝜺
̿̿̿̿  (38) 

 Here subscript G denotes that the stiffness matrix is now referred to the global axes. 

10. Similar reasoning leads to the expression for the compliance matrix referred to the global axes: 

 𝑺𝑮
̿̿̿̿ = 𝑹𝜺

−𝟏̿̿ ̿̿ ̿ 𝑺̿ 𝑹𝝈
̿̿̿̿    (39) 

The resulting formulae run to many lines which will not be transcribed here. Instead, the reader is 

referred to Supplementary Materials for a chance to test the derived transformation rules, and verify 

their validity.   

3.1.3. Application of transformation for stress determination in  FIB-DIC data 

In the previous section the expressions were derived in symbolic form for the stiffness and 

compliance tensors in the global coordinate system after rotation of a material volume with cubic elastic 
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symmetry by an arbitrary set of Euler angles. Since these expressions are obtained within a symbolic 

and numerical computational framework, a further step can be made towards statistical analysis of stress 

interpretation in situations that involve anisotropic elasticity calculations. 

In the case of FIB-DIC ring-core method, the gauge volume at the milling location lies at the free 

surface. We therefore make the assumption that, in the residually stressed state prior to milling, the 

deformed state corresponds to plane stress. It may be noted further that numerical experiments 

demonstrate that greatest contribution to the overall strain change during ring-core milling (~70%) is 

made by the residual stress at depths less than one third of the core diameter [154]. Therefore, the out-

of plane stress components are ignored in the analysis of materials stress state:  

 𝜎33 = 𝜏13 = 𝜏23 = 0 (40) 

The in-plane strain components present in the residually stressed state at the measurement location 

are found from the experimentally measured relief strains during FIB-DIC ring-core procedure. 

Therefore, the overall strain-stress relationship written in the global axes as: 
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(41) 

is reduced to: 

 
(

𝜀11

𝜀22

𝛾12

)

𝐺

= (
𝑆11 𝑆12 𝑆16

𝑆12 𝑆22 𝑆26

𝑆16 𝑆26 𝑆66

)

𝐺

(
𝜎11

𝜎22

𝜏12

)

𝐺

 (42) 

For compactness this relationship can be written as: 

 𝜺𝑮
∗̅̅̅̅ ̅ = 𝑺𝑮

∗̿̿ ̿̿ ̿  𝝈𝑮
∗̅̅ ̅̅ ̅ (43) 

Here 𝜀𝐺
∗̅̅ ̅̅  is the reduced 3-vector of in-plane strain components extracted from the FIB-DIC ring-

core measurements, 𝑆𝐺
∗̿̿ ̿̿  is the reduced 3×3 compliance matrix, and 𝜎𝐺

∗̅̅ ̅̅  ̅ is the 3-vector of stress 

containing only the in-plane components. The inversion of (43) allows the unknown 3-vector 𝜎𝐺
∗̅̅ ̅̅  ̅to be 

found as: 

 
𝝈𝑮

∗̅̅ ̅̅ ̅ = 𝑺𝑮
∗̿̿ ̿̿ ̿

−𝟏
  𝜺𝑮

∗̅̅̅̅  ̅
(44) 
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The stress 6-vector 𝝈̅ in the global system is now completely known. Therefore, its back-

substitution in eq.(41) allows the determination of the unmeasured out-of-plane strain components  

𝜀33, 𝛾23, 𝛾13. 

3.1.4. Uncertainty quantification of stress determination from ring-core data 

Procedure and examples 

The residual stress evaluated using FIB-DIC and the subsequently adopted mathematical procedure 

described above can now be applied to the analysis of single crystals with anisotropic elastic properties. 

A statistical analysis of the results of residual stress determination can be conducted. In the present study 

we consider a set of n = 8000 cubic crystals of randomly and evenly distributed orientation. Since the 

output given of FIB-DIC ring-core method is the set of three in-plane strains, in this analysis we consider 

three representative cases: (a) uniaxial strain state; (b) equi-biaxial strain state where the two normal 

components of strain are non-zero and equal, while the shear strain is zero, and (c) a strain state for 

which one normal strain is twice the magnitude of the other, whilst the shear strain is zero. 

For materials with cubic structure the generalised Hooke’s law takes the form: 
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 (45) 

The influence of the degree of anisotropy on stress determination from FIB-DIC ring-core 

measurements of relief strain can now be probed for any cubic material for which the stiffness 

coefficients are known in the above matrix. In order to illustrate the effect of anisotropy on the apparent 

computed residual stress, three materials were chosen. The first choice is Ni-base superalloy which is 

known to display significantly high anisotropy. The second is single crystal silicon which has moderate 

degree of anisotropy. Finally, an example of cubic material that is almost isotropic is aluminium and its 

alloys. In accordance with eq.(45), the stiffness matrix of each crystal can be described using only three 

independent coefficients 𝐶11, 𝐶12 and 𝐶44. The stiffness coefficients can be found in the literature [155] 
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for Ni-base superalloy IN718 that was also the material studied in [156]. The elastic stiffness coefficients 

for Si and Al were also taken from the literature [157].   

Since three parameters needed to describe the most general case of elasticity of cubic symmetry 

materials, there is one additional stiffness coefficient that arises compared to the isotropic case.  The 

degree of elastic anisotropy for cubic structure materials is described quantitatively by the Zener 

anisotropy factor: 

 
𝐴 =

2𝐶44 

(𝐶11 − 𝐶12)
=  

2(𝑆11 − 𝑆12) 

𝑆44
 (46) 

The anisotropy factor assumes the value of unity for isotropic material (e.g. W). The deviation from 

this value represents the degree to which the crystal stiffness in a particular direction varies with 

orientation. 

We wish to compare the stress values obtained taking into account the effect of anisotropy and the 

stress value that would arise on the basis of the assumption of materials isotropy. The use of highly local 

FIB-DIC micro-ring-core probes makes this consideration directly relevant in the context of 

polycrystalline alloys which in the absence of texture (preferred crystal orientation) can be thought of 

as macroscopically isotropic agglomerates [158]. The equivalent isotropic elastic properties of the 

polycrystalline IN718 were taken from sources [155, 159] in the literature, along with those for 

polycrystalline Si and Al [160]. 

The table below reports the stiffness coefficients and anisotropy factor values for single crystals in 

the local coordinates associated with the lattice unit cell, together with Young’s modulus and Poisson’s 

ratio for untextured polycrystals. 

Material 

 

𝐶11  

 [MPa] 

𝐶12  

 [MPa] 

𝐶44   

[MPa] 

A 

 

Epoly  [MPa] νpoly  

 

IN718 234600 145400 126200 2.83 206000 0.29 

Si 166000 64000 80000 1.57 160000 0.22 

Al 108000 61000 29000 1.23 71000 0.33 

Table 1 Elastic stiffness coefficients of selected materials with cubic elastic symmetry  
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Results 

The calculations of the stress from given input strains were carried out following the procedure 

described above for a collection of 8000 uniformly distributed random crystal orientations. For the 

purpose of representation, the numerical results were normalized with respect to one particular stress 

component, namely, 𝜎11, that was computed based on the isotropic material assumption. The results are 

reported in the histogram graphs shown in Figure 19.  

 

Figure 19 Probability Distribution Functions (PDF) of the evaluated stresses σ11 and σ22 in 

case of anisotropic material for IN718, Si and Al materials. a) Uniaxial strain state. b) Equibiaxial 

strain state c) Non-equibiaxial strain state 

The table below reports the statistical measures of the results obtained in terms of mean value, 

median and the 95% confidence interval. 
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Mat. CASE (
𝜎11 ,𝑎𝑛𝑖𝑠

𝜎11,𝑖𝑠𝑜

)
𝑚

 (
𝜎22 ,𝑎𝑛𝑖𝑠

𝜎11 ,𝑖𝑠𝑜

)
𝑚

 (
𝜎11 ,𝑎𝑛𝑖𝑠

𝜎11,𝑖𝑠𝑜

)
𝑚

 (
𝜎22 ,𝑎𝑛𝑖𝑠

𝜎11 ,𝑖𝑠𝑜

)
𝑚

 (
𝜎11 ,𝑎𝑛𝑖𝑠

𝜎11,𝑖𝑠𝑜

)
𝑆𝑡.𝐷𝑒𝑣.

 (
𝜎22 ,𝑎𝑛𝑖𝑠

𝜎11 ,𝑖𝑠𝑜

)
𝑆𝑡.𝐷𝑒𝑣.

 𝛽𝜎11,𝑎𝑛
 𝛽𝜎22,𝑎𝑛

 

Ni 

a 1.048 0.312 1.052 0.332 0.212 0.143 ±0.40 ±0.90 

b 1.055 1.075 1.036 1.073 0.197 0.210 ±0.36 ±0.38 

c 1.052 0.742 1.038 0.751 0.195 0.166 ±0.36 ±0.44 

Si 

a 1.021 0.085 1.032 0.237 0.085 0.056 ±0.16 ±0.49 

b 1.023 1.027 1.019 1.027 0.076 0.079 ±0.15 ±0.15 

c 1.022 0.666 1.023 0.669 0.076 0.060 ±0.15 ±0.18 

Al 

a 1.021 0.351 1.024 0.356 0.044 0.029 ±0.08 ±0.16 

b 1.032 1.033 1.033 1.034 0.044 0.044 ±0.08 ±0.08 

c 1.027 0.740 1.028 0.743 0.043 0.035 ±0.08 ±0.08 

Table 2 Statistical results. The value of β indicates the 95% confidence interval 

Discussion 

The histograms show very significant spread of actual stress values around the value obtained using 

the simplifying assumption of material isotropy. The mean normalized stress component 𝜎11 

corresponds to unity. Furthermore, the mean value of the 𝜎22 component in all cases corresponds to the 

isotropic polycrystal’s Poisson’s ratio. 

As expected, the material with the highest anisotropy factor (IN 718) displays the broadest 

distribution of stress values. In fact, the uniaxial strain example shows the values of 𝜎11 computed using 

the correct anisotropic relations a spread in the range that deviates by approximately ±0.40 from the 

mean isotropic value. In the case of silicon and aluminium the range half-width drops to around 0.16 

and 0.08, respectively. It is worth noting that under the uniaxial strain state, the component of in-plane 

stress 𝜎22 that is perpendicular to the applied strain direction may assume a negative value. This behavior 

is only observed in materials with a high anisotropy factor.  

The equibiaxial strain state analysis confirms further that the spread of values is consistent with the 

anisotropy factor, i.e. the materials that display higher degree of anisotropy also show greater spread.  

Regarding the third example of strain state, the observation that can be made is that in this case the 

stress component showing the highest magnitude does not always correspond to the component of strain 

with the highest magnitude. Therefore, particular care must be taken in interpreting the principal stress 

and orientation at a given location within the sample, if the underlying grain orientation is not known. 
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In general, the case that gives the widest range of stress value distribution is the uniaxial one, 

providing a basis for the ‘worst case scenario’ conservative estimation. 

3.1.5. Experimental illustration 

Experimental procedure 

In this section an illustration of the relevance of the developed procedure is provided using a case 

study. A polished section of a component made from the Ni-base superalloy IN718 was carefully 

polished to avoid the introduction of additional residual stresses. The section was first ground using the 

320 grit grinding paper. This was followed by grinding with papers of increasing grit size up to 4000 

grit to improve the surface finish, and to remove the consequence of the previous step. Polishing of the 

surfaces was then performed using 0.1 µm diamond suspension. In total, ten FIB-DIC ring-core markers 

were milled on the surface along a straight line. The spacing was not uniform and ranged from 0.05mm 

for the points in the central zone, and 0.10mm for the points at the ends. The milling configuration is 

illustrated in Figure 20, superimposed over the EBSD map that indicates grain orientation. The EBSD 

map was acquired following the milling procedure in order to determine the underlying crystal 

orientation at each milling location, with three triplets of Euler angles obtained at each position. 

The milling procedure was performed using the ring-core procedure with a 5μm inner diameter and 

the trench width of 1μm. The FIB parameters used for the milling were: ion beam energy of 30 keV and 

ion beam current of 0.17nA. The milling process was subdivided into 50 incremental steps. At each step 

a high magnification SEM image was acquired at 5keV electron beam energy and 260nA electron 

current.  

The two directions indicated in Figure 20 were assumed to be principal, and DIC analysis was 

performed for the strain components along these directions. As last step for the determination of relief 

strains, the DIC strain-depth curve was fitted with the master curve as described in [150]. 

 

Figure 20 EBSD Inverse Pole Figure map and milling point locations 
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 Results 

The spatially resolved profile of residual stress under isotropic material behaviour assumption was 

reconstructed, and is plotted in Figure 21. The preceding uncertainty analysis allowed the error to be 

induced that arises by ignoring the anisotropy, and using isotropic assumptions. This is represented in 

the graph using the upper and lower dotted profiles that delimit the 95% confidence interval. The direct 

comparison of results obtained taking into account the correct anisotropic elastic behaviour of the 

material is also reported in the Figure 21. The expected prevalent compressive residual stress state was 

found in the material, in both x and y directions, as is apparent from Figure 21. 

 

Figure 21 Residual stress profiles and comparison between hypothesis of Isotropic and 

Anisotropic material. The region within the two dotted lines represents the confidence interval in 

which the stress value may lie considering anisotropy at 95% confidence interval. . a) Component of 

residual stress in x direction 𝜎res,xx. b) Component of residual stress in y direction 𝜎res,yy. 

Discussion 

The consideration of the trends in the spatial variation of stresses computed using the isotropic and 

anisotropic assumptions reveals close similarity between the two approaches. The magnitude of the 

stresses, however, displays large deviations. The stress component in the x direction shows the greatest 

deviation from the isotropic calculation at the milling point n. 9. At this position the value given by the 
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anisotropic elasticity calculation differs from the isotropic computation by about 33%. For the 

orthogonal direction of stress (the y component), the largest difference is observed at point no.4, where 

the offset is close to 25%.  

Comparing the experimental results shown here with the examples from the previous section, the 

case closest to the experimental situations discussed here is the one illustrated in Figure 19(c). In this 

example the strain state is non-equibiaxial, and the uncertainty due to ignoring the underlying anisotropy 

effect is ±38% for this material (IN718). The plot shows the limits of the 95% confidence interval 

indicating the upper and lower bounding stress values. Once the orientation is known, as in the presented 

example, the stress can be calculated more precisely, and the result is shown in Figure 21. The result 

lies within the expected range of variation predicted on the basis of isotropy assumption and uncertainty 

quantification. It is worth noting that the experimental results, corrected by accounting the actual local 

elastic properties, lie predominantly in the region beneath the mean value (isotropic). This effect can be 

promptly explained by observing that the majority of the experimental points lie in grains showing 

approximatively the same orientation, as shown in Figure 20. Therefore, it was expected that the account 

of anisotropy would have produced consistent shift in terms of lower or higher values with the respect 

of the mean. 

3.1.6. Conclusion 

The analysis of statistical variation and uncertainty of stress evaluation using FIB-DIC ring-core 

analysis in combination with anisotropic elasticity calculations has been presented. The widest range of 

stress values obtains in the instance when the state of strain is close to uniaxial.  

As expected, the material with the highest anisotropy factor (IN 718) gives the broader distribution 

of possible stress. In the uniaxial strain state example it was found that the 𝜎11stress component could 

take values in a range centred around the isotropic calculation, but may deviate from this value by as 

much as ±40%. In the case of silicon and aluminium the largest deviation drops to around ±16% and 

±8%, respectively. 

An experimental illustration was provided that showed the application of the procedure to the 

situation when EBSD technique provides the knowledge of grain orientation at the measurement 
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location. The results obtained are consistent with the expectations based on the statistical analysis of 

uncertainty. 
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3.2. The effect of eigenstrain induced by ion beam damage on the 

apparent strain relief in FIB-DIC residual stress evaluation 

3.2.1. Introduction 

Focused Ion beam (FIB) has become an established technique for the sample preparation at the 

micron- and nano-scale [161]. The main areas of application are materials science (energy, structural 

and functional materials), biology, coatings technology, micro-electronics, as well as many other fields. 

FIB allows both surface imaging and modification, i.e. the removal and/or deposition of material. 

Material removal is typically accomplished by bombarding the target surface with Ga+ ions that cause 

the spallation of secondary ions from the sample surface. 

However, the ion beam–sample interaction can lead not only to the removal of material, but also to 

the alteration of the defect state and/or the stress state within the target material. Alteration of residual 

stress state within the target material is thought to be mainly the consequence of defect, dislocation and 

void evolution [162]. As discussed in [163], the damage accumulation process can be subdivided into 

three regimes. The first, which corresponds to a low ion fluence, is associated with a small implantat ion 

region and generates small and isolated defects. In this regime, a linear relationship has been observed 

between the strain generated and the volume defect density. The onset of loss of crystallinity is 

encountered at the second regime. At this stage the density of defects increases, and larger defects arise 

from combination. In the third regime amorphisation is predominant, and since the introduction of 

eigenstrain in the crystal/amorphous structure occurs, the measurement of strain is thought to be affected 

significantly in the second and third regimes. 

The interaction between the Ga ion beam and the target material can be studied by means of 

simulation, e.g. using SRIM code [164] or molecular dynamics (MD) [165]. MD has been extensively 

used to investigate a vast range of materials processes. The simulation of Ga ion bombarding Si surface 

[166] and [167] provided quantitative predictions of the distribution of implanted Ga ions within the Si 

host material, and the accompanying atomic displacements of Si atoms. A recent study has shown that 

the consequences of Ga ion implantation during FIB milling can be reduced by means of Focused 

Electron Beam Induced Etching [168]. 
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Samples that have the geometry showing a high ratio of FIB-milled surface to the overall volume 

are likely to be more strongly affected. For example, it is known that the preparation of samples for 

transmission electron microscopy (TEM) using FIB may introduce artefacts on the surface that degrades 

the quality of the acquired image [169] and [170]. In micromechanics, the use of micro- and nano-pillar 

as samples for local compression testing has become widely used [171] and [172]. These specimens 

have the shape of short cylinders with dimensions that can vary from a few hundreds to thousands of 

nanometres in diameter. Therefore, in a number of situations the material deformation effects that 

accompany FIB milling cannot be neglected. Studies on copper [173] using TEM and Auger Electron 

Spectroscopy (AES) have shown that during FIB milling a thin amorphous layer (∼ 50 nm) is formed 

in which both dislocation activity and solution hardening are inhibited. Beneath the amorphous layer, 

produced in this way, dislocation pile-up is generated, suggesting that even in the absence of additional 

loading some stress evolution and inelastic deformation take place. Increasing dislocation density causes 

changes in the mechanical properties, typically by way of either solid solution or precipitation 

strengthening. As a consequence, the stress required to cause plastic deformation of the pillar is 

increased in comparison with what would be measured for a similarly shaped “pristine” pillar. However, 

dislocation dynamics simulations [174] of the affected layers and their deformation suggest that, for 

pillar sizes in excess of 1μm, the local hardening effect of the overall pillar deformation response is 

negligible. The thickness of the implanted layer and the depth affected by material property modification 

are functions of the ion beam incidence angle. The effect of FIB milling was studied on samples 

containing high residual stress induced by nanoindentation [175]: the morphology of indentation cracks 

was found to change depending on the location of milling. These observations provide supporting 

evidence for internal stress change due to FIB milling. 

A pillar-like geometry is also the result of a classical FIB-DIC ring-core measurements. For this 

reason, it is important to take into account the above considerations concerning the effect of FIB-induced 

damage on the apparent stress state of the feature. Previous studies of the effect of FIB milling on 

material state took into account exclusively the surface effects, as well as dislocation generation and 

consequent material hardening. For the purpose of measuring the intrinsic elastic strain present within 

the sample prior to its evaluation using the FIB-DIC approach, the knowledge of additional stresses and 
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apparent strains induced by FIB milling is required. Ga ion damage leading to amorphisation and crystal 

distortion is certain to cause strain modification. Furthermore, when the technique resolution is pushed 

towards smaller scale, when the pillar diameter reaches the order of magnitude of the FIB-affected zone, 

the effect on the apparent residual stress may become dominant, having substantial impact on the 

reliability of the measured value. 

In first analysis performed in this study we employed the synchrotron X-ray Reflectivity technique 

to study the amorphous layer generated in a single crystal Silicon material due to Ga-ion beam exposure 

at small grazing angle. The thickness and the density of the amorphous layer were extracted by the 

analysis of the reflectivity curve. 

Experimental quantification of the residual stress induced by FIB milling was then conducted by 

analysing the cantilever deflection (curvature) due to the presence of an external non-symmetric layer 

containing eigenstrain induced by FIB. The experiment was carried out on a commercial silicon AFM 

cantilever and the beam deflection observed using Scanning Electron Microscopy (SEM). The 

application of eigenstrain and beam bending theories allowed analytical evaluation of the intrinsic strain 

profile (eigenstrain) generated by FIB damage. The solution was validated by comparison with the one 

obtained by Finite Element Method (FEM) simulation. 

An alternative way for the abstraction of the eigenstrain induced by FIB irradiation was provided 

by the analysis of the stress field simulated by means of Molecular Dynamics numerical modelling. 

With this end we adopted a hybrid approach MD/FEM. Eventually, the eigenstrain profile obtained 

served as input for the simulation of the tested Si cantilever with the purpose of validating its correctness.  

The validated eigenstrain profile was then used for the FEM simulation of some putative residual 

strain profiles that are likely to be induced by FIB milling. Multiple conditions, in terms of the depth of 

the FIB-affected layer, were considered in order to provide parametric evaluation of the influence of 

FIB damage effect on the perceived residual stress. The approach presented here allowed defining 

material-specific geometric parameters (e.g. the minimum pillar diameter) to ensure that the FIB-

induced effects remain negligible so that FIB-DIC method is used accurately for residual stress 

evaluation; for Si material. Obviously, the calculation framework presented can be generalised for any 
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kind of crystalline material enabling accurate assessment of FIB induced effect when FIB-DIC is 

employed. 

3.2.2. X-ray reflectivity FIB affected layer characterisation 

In this study, synchrotron X-ray Reflectivity (XRR) was employed to interrogate the amorphous 

layer that arises following the exposure of Silicon single crystal sample to Ga+ ion irradiation. X-ray 

reflectivity (XRR) technique is particularly suitable for the study of very thin layers (from few to tens 

nm).This technique relies on the analysis of the intensity of specular X-ray reflection as a function of 

the varying incident angle [176, 177]. The typical setup adopted in this type of experiment is shown by 

the scheme in Figure 22. 

 

Figure 22 Schematic diagram of XRR setup 

FIB milling was performed at the grazing angle of 10˚. This low angle is chosen to reflect the 

conditions experienced by the sample material during surface polishing milling [13]. A single crystal 

Silicon sample was exposed to the FIB at the energy of 30keV until the thickness of material removed 

reached 0.2μm.  

The XRR experiment was conducted on the BM28 - XMaS beamline at the European Synchrotron 

Radiation Facility (ESRF, Grenoble, France). A good X-ray beam energy compromise in terms of good 

intensity and good resolution of the pattern periodicity was found at 12.4keV. The beam size was set to 

0.5mm in width (parallel to sample surface) and 0.2mm in height (in the direction close to the sample 

normal). 
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The sample was mounted on a diffractometer to allow precise alignment of the centre of rotation 

and to allow fine angular movements. For the detailed data collection of the reflection, an Avalanche 

Photodiode Detector (APD) KF16 with 5 mm×5 mm sensitive area was mounted on the diffractometer 

arm. 

GenX software package was used to perform the fitting of experimental curves using a non-linear 

least-squares algorithm. In order to achieve adequate agreement between the fit and experimental data, 

the amorphous layer was thought to be composed from two layers distinct in terms of density (and hence 

refractive index). Whilst assuming a single layer did not lead to satisfactory agreement, using two layers 

provided sufficient flexibility to obtain a good match to the observed profile. The thickness of each sub-

layer was considered to be a fitting parameter sought by the software as part of the refinement. 

Moreover, it was found that an additional surface layer had to be introduced to achieve the match that 

represented the SiOx phase arising from the exposure of Si amorphous layer to air.  

Minimising the error between the fitted curve and the experimental data led to the results illustrated 

in Figure 23(a). The fit is shown by the continuous bold curve, and the experimental data by open 

markers. In order to show the details of the fitting, a close-up of the plot in Figure 23(a) is reported in 

Figure 23(b) 

 

Figure 23 XRR profiles. a) Experimental intensity profiles for Ga-ion treated samples (open 

symbols), and fitting using GenX (continuous line). b) Magnified plot at low momentum transfer Q.  

The relevant parameters that produced the best fit are summarised in Table 3. For the sake of 

convenience, material density is expressed as % change from the pristine Si condition.  
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Layer Thickness [nm] Density change ∆𝜌 Roughness [nm] 

SiOx 2.8 - 0.6 

1st Si amorphous 19.5 -10.0% 2.3 

2nd Si amorphous 3.7 1.7% 0.4 

Table 3 The abstracted layer properties. 

The overall thickness of the amorphous layer was found to be ~23 nm. This value corresponds to 

the sum of thicknesses of the two layers. To test the correctness of this conclusion, more complex 

analysis was carried out assuming a three-layer structure; however, the results came out very similar, 

and a similar overall thickness of ~23nm provided the best fit. Since the oscillation period is captured 

correctly by the fit, the error in the total thickness determination is likely to be small. The principal 

conclusion we draw is that the total thickness of the affected layer is consistent with the literature reports 

of the results obtained using TEM [178]. Furthermore, there is agreement between this depth of 

amorphisation and the predictions of molecular dynamics simulations reported previously [179]. 

Further observations concern the two-layer structure model. As seen in the previously reported 

experimental evidence [178] from through-thickness TEM imaging, no sharp interfaces are present 

within the affected layer. This is a further indication that the interfaces are not atomically flat, but rather 

correspond to diffuse transitions. In fact, the 2nd modelled Si layer can be thought as the diffuse interface 

itself between amorphised material and the unaffected material lying beyond this depth. Further insight 

into this “fuzzy interface” transition region can be obtained by noting that the interface roughness 

between the 1st and the 2nd layer is comparable to the thickness of the 2nd layer itself. The resulting 

density variation obtained from the analysis suggests that the layer modified by the ion beam interaction 

is itself inhomogeneous, characterised by significant changes with depth within the ~23nm range from 

the surface. Figure 24 illustrates the reconstructed density change ∆𝜌 with respect to the density of the 

parent (pristine) material.  
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Figure 24 Relative density change within the layer affected by the ion beam.  

Changes in the density detailed above are associated with (although not only) the inelastic 

deformation that can be thought of as linked with the transformation strain, or eigenstrain. In response 

to the introduction of this inelastic misfit, residual elastic strains arise in the sample in order to maintain 

overall compatibility, but also to ensure stress equilibrium [180].  

In view of the predictions of various simulation tools that identify the possibilities of lattice 

damage, crystal fragmentation and amorphisation, it can be surmised that that process of ion interaction 

with the sample surface can be viewed in three stages. In Stage I the highly energetic Ga ions penetrate 

the surface of the Si crystal, travel at speeds when the probability of interaction with the lattice is 

relatively low, resulting in the presence of the very superficial layer of ~4-5nm thickness in which the 

density shows little change from the bulk value. Since oxidation is likely to affect similar thickness of 

material, it is difficult to distinguish between these two processes. In Stage II, having lost some energy, 

Ga ions slow down further and cause some damage at depths ~5-20nm. In this layer a decrease in density 

is observed (by up to 10%), corresponding to material swelling that accompanies the increase in the 

lattice defect population. Finally, in Stage III, at depths of ~20-25nm, Ga ions come to stop, and a mild 

increase in density is observed in our experiments.  

3.2.3. Experimental evaluation of Eigenstrain induced by FIB 

In order to estimate the amount of residual strain in the affected layer, we devised an experiment 

that makes use of flexible beam geometry and the measurement of curvature and deflection. The 
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presence of a non-uniform residual stress profile, across the beam section, induces beam bending that 

ensures that the equilibrium of force and moment and the compatibility of total strain are satisfied 

simultaneously within the framework of Kirchhoff plane section kinematics. The measured radius of 

curvature can be correlated with the eigenstrain induced by the FIB ion damage within the beam cross 

section. The curvature measurement method has been successfully applied in the past for the 

quantification of residual stress profiles in thin coatings and films [181] and [182]. 

Atomic Force Microscope (AFM) cantilevers are slender, flexible and nearly residual stress-free 

micro-mechanical components. These properties of AFM cantilevers have been used previously for the 

determination of residual stresses generated by nickel film deposition by electroplating [183]. Our 

experiment is based on the observation of the cantilever deflection due to the eigenstrain introduced by 

FIB milling in a thin layer of material after Ga ion damage during material removal. 

The angle of incidence of the ion beam on the target surface plays an important role in determining 

the nature of the damage cascade within the material, along with the severity and depth of the induced 

eigenstrain field. In most residual stress evaluation techniques that rely on material removal by FIB 

milling normal to the sample surface, such as the micro-ring-core FIB-DIC, the blind hole micro-drilling 

and the FIB slitting methods, a small incidence angle (of the order of few degrees) is formed between 

the ion beam and the affected surface of the remaining material wall, e.g. a micro-pillar. Although this 

minimises the amount of FIB implantation, some ions are deflected and implanted deep within the 

material. Since the purpose of this study is to provide a conservative limit on the FIB-induced eigenstrain 

effect, in the present experimental assessment we consider the case of normal incidence at the angle of 

90°, that can be assumed to correspond to the worst case scenario. The eigenstrain effect quantification 

that is obtained as a result can be considered conservative. 

Experimental procedure 

The cantilever used for the present experiment was a silicon AFM probe provided by Asylum 

Research® of type AC240TS. The main reason for choosing this sample was the absence of any coating 

layers on any side, the fact that no other sources of residual stress are present within the sample, and the 

only effect considered is that of ion beam damage and the attendant amorphisation. The micro-beam 

length and the dimensions of its trapezoidal cross section are depicted in Figure 25. In order to improve 
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the accuracy of graphical evaluation of the beam curvature, a relatively large extent of the cantilever top 

surface (150μm) was exposed to Ga ion bombardment. 

 

Figure 25 Schematic representation of the cantilever geometry and its dimensions. Units in 

micrometres 

The experimental procedure consisted of the acquisition of a high resolution lateral (edge-on) image 

of the undeformed beam using Scanning Electron Microscope (SEM). This was followed by tilting the 

cantilever to align its normal with the axis of the ion beam column that is inclined at 55° to the SEM 

column. A thin layer was then milled at the upper surface of the cantilever using FIB energy of 30 keV 

and ion beam current of 0.17nA, as depicted in Figure 25. The cantilever was then again tilted so that it 

was viewed laterally (edge-on) by the SEM, and the thickness of the material layer removed was 

measured as 0.8μm. High resolution SEM imaging was also used to determine the cantilever deflection 

which serves as input in the analytical eigenstrain calculation (Figure 26). Supplementary images were 

taken for the purpose of observing the surface roughness after milling procedure and obtaining reliable 

measurement of the thickness of material removed. 
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Figure 26 SEM images of the cantilever lateral view. a) Prior milling. b) After milling.  

Eigenstrain profile determination 

The characterisation of the residual elastic strain induced by the presence of a thin damaged and 

amorphised layer can be performed by coupling the eigenstrain theory with the bending theory within 

an analytical formulation. This procedure has been presented and discussed in some detail by Korsunsky 

[184] and [41]. 

Determining the eigenstrain distribution requires an assumption to be made regarding its profile 

and depth-wise extent. Some recent work has shown interesting characteristics of the amorphous 

damage layer generated in silicon after FIB milling using Ga ion milling [185]. The residual stress 

profile generated by ion beam damage shows a peak close to the surface followed by a steep gradient. 

Simulation also predicts a possible change in the sign of residual strain, and its decay to zero value with 

increasing depth. The results indicate that the sign of permanent strain due to ion damage may change 

between positive and negative depending on the depth below the surface, ion energy, and angle of 

incidence. We note, however, from previous analyses of eigenstrain-induced residual stresses, that the 

strain caused remotely by ion implantation is sensitive only to the integral properties of the profile, as 

discussed below. This allows us to proceed by reasoning that to the first approximation the eigenstrain 

profile can be represented by a half-Gaussian peak function. The depth extent of the damaged and 

amorphised layer after ion bombarding at 30keV of energy used in the present experiment reported in 

the literature corresponds to W=20nm. We use this parameter to set the Gaussian profile width for the 
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eigenstrain profile. Considering the cantilever occupying the region 0<x<h, we describe the eigenstrain 

distribution below the surface x=h in the form 

equation: 

 
𝜀𝑒𝑖𝑔

∗ (𝑥) = 𝜀𝑚𝑎𝑥
∗  𝑒

−
(𝑥−ℎ)2

2𝑊2  (47) 

The calculation procedure involves the determination of the linearly varying total axial strain within 

the beam that is given by the sum of the elastic and inelastic strain (eigenstrain): 

 
                                     𝜀𝑡𝑜𝑡(𝑥) = 𝜀𝑒𝑖𝑔

∗ (𝑥) + 𝜀𝑒𝑙(𝑥) = 𝑎 +
𝑏𝑥

ℎ
 (48) 

The linear variation of the total strain conforms to the strain compatibility requirement for beam 

bending, whilst the presence of two parameters a and b allows the force and moment balance equations 

to be satisfied. Simple geometric analysis of the strain variation within the beam shows that the 

relationship between the b parameter and the beam curvature is given by: 

 1

𝜌
=

d𝜀

d𝑥
=

𝑏

ℎ
 (49) 

The beam curvature was measured by direct image superposition and comparison of the SEM 

images taken at the two significant geometrical configuration assumed; before the Ga ion exposure and 

after. 

Since the width parameter W in the Gaussian depth profile (Eq.(47)) is set, the task is reduced to 

the determination of the maximum eigenstrain value εmax . The solution of the problem, including the 

value of the beam curvature b/h, depends linearly on εmax. The detailed calculation is shown in the 

Appendix. 

A further validation of the eigenstrain model was conducted using FEM. A reduced three-

dimensional model of the beam, taking into account its symmetry, was built and solved after imposing 

the eigenstrain profile found from the beam bending analysis. The contour plots of the three relevant 

strain components are shown in Figure 27. 
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Figure 27 Contour plots of strain within the beam cross-section: a) total strain, b) elastic strain, 

and c) eigenstrain. 

The strain profiles are plotted as a function of depth into the beam cross-section are shown in Figure 

28. As it is possible to observe, the steep gradient of eigenstrain in the shallow region of the beam is 

reflected in the distribution of elastic strain. Whilst, the total strain distribution follows a linear profile , 

as expected according with the beam theory. 
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Good match is seen between the analytical solution and the results of the FE model both in terms 

of cross-sectional strain distributions and the induced beam curvature.  

 

Figure 28 Total strain, elastic strain and eigenstrain within the beam cross-section obtained from 

a) the analytical solution, and b) the FEM simulation. 

As reported in the Appendix, the maximum magnitude of eigenstrain was determined to be 

εmax=−(4.1±1.4)×10−4. The uncertainty was determined from the parabolic fit to the shape difference 

between the initial and final cantilever profile. 

Silicon material, after ion exposure, usually experiences dilatation which can be represented as an 

introduction of positive eigenstrain [186]. Nevertheless, the experiment presented in this section 

highlighted a negative eigenstrain value. The shrinkage occurred at the material can be explained by the 

temperature at which the ion implantation occurs. In fact, previous works reported such phenomena as 

function of material temperature [186] and [187]. Other explanation may be sought into the effect of 

nano-cavities shrinkage in Silicon materials as reported in [188]. Therefore, the intense presence such 

features may affect the overall material response of the irradiated layer. 



80 

 

The εmax value defines the scale of the entire profile of eigenstrain induced in the target material 

(Si) under the selected process parameters. Since eigenstrain is an intrinsic parameter of the process (Ga 

exposure), the knowledge of the εmax parameter can be applied to other situations and geometries when 

Si ion beam milling is involved. This result is applied to the consideration of FIB-DIC pillars below, 

but may be used for other types of micro-structured mechanical components (e.g. MEMS). 

3.2.4. Eigenstrain abstraction form MD simulation 

This section deals with the adaptation of the output from atomistic scale modelling and 

experimentation to the description of the consequences of Ga+ ion beam milling accompanied by ion 

implantation and damage. 

In the context of nanoscale analysis of strains and stresses, linking atomistic data to equivalent 

continuum descriptors presents a considerable challenge, since in this context the very classical concepts 

of strain and stress come into question. Whilst strains are conventionally defined in terms of dimensional 

and shape changes with respect to a reference configuration, frequently at nanoscale the reference state 

is not specified, nor possible to define it due to the indistinguishability between identical atoms. A 

particular challenge arises when the original configuration is not a perfect crystal, but rather an 

amorphous or highly defected structure. 

Extraction of stress values from molecular dynamics (MD) result is based on the Virial Theorem 

[189]. The state-of-the-art is described in a recent review [190]. 

In the present study the effect of Ga+ ion beam milling on the damage and residual stress state in 

single crystal silicon substrate was evaluated using LAMMPS molecular dynamics code [191]. 

The model setup illustrated in Figure 29 involved a material volume containing up to ~500,000 

silicon atoms with the dimensions of 22×8×22nm3 and 20×7×69nm3 for the ion energies of 5keV and 

30keV, respectively. (001) and (111) surfaces were irradiated by up to 400 Ga+ ions at the grazing angle 

of 10° from the surface plane. In-plane periodic boundary conditions were imposed. Si-Si interactions 

were described by the modified semi-empirical Stillinger-Weber potential [192] merged with the 

Ziegler-Biersack-Littmark (ZBL) potential [164] for short interatomic distances. Ga-Si interactions 

were described by the ZBL potential. Collision cascade simulations were performed within the NVE 

thermodynamic ensemble using a variable time step for a maximum of 15ps. A thermostat wall at 300K 
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was used to dissipate the incident ion kinetic energy [193]. Atoms leaving the simulation box were 

removed from the system (considered sputtered). Atomic stress tensor was obtained by averaging of 

Virial stress over 10ps, with Voronoi volume evaluated for each atom (see [191] for further detail). 

Residual stress depth profiles illustrated in Figure 30(a) and (b) for 10° grazing angle incident Ga+ ion 

beams of energy of 5keV and 30keV, respectively, show variation from superficial tension to sub-

surface compression. Incident ion beam energy affects both the depth of modification and the magnitude 

of induced residual stress. 

 

Figure 29 The illustration of (a) MD model setup, simulation geometry and (b) output.  

 

Figure 30 Residual stress profiles as a function of depth below the surface for the ion energy for 

(a) 5keV and (b) 30keV, respectively [191]. 

It is noteworthy that the residual stress shape and resembles the density variation profile evaluated 

by XRR. Furthermore, the thickness of the affected layer is comparable with that seen in the XRR 

experiment.  

Eigenstrain as a means of bridging the scales relies on abstracting inelastic permanent strain from 

finer scale and applying it as a perturbation at the coarser scale. The task of determining the underlying 

eigenstrain from residual stress information (e.g. from MD) represents an inverse problem [70]. The 
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material volume dimensions and boundary conditions were replicated in a Finite Element model. The 

variation of elastic properties from pristine crystalline Si to those of the amorphised layer were described 

by a smooth function, with Young's moduli values taken from the literature [194] and [160] to be 

Ecryst,111=188GPa and Eamorph.=80GPa, respectively. 

Since the study aims to validate several conceptual connections, notably between MD results and 

the abstraction of eigenstrain profile, and between the eigenstrain-based FE simulation of the 

deformation of a particular flexible member (AFM cantilever) and the observation of its curvature after 

ion beam milling in FIB-SEM. Consequently, the previously described geometry of a thin flexible 

silicon cantilever free from pre-existing residual stress subjected to 30keV Ga+ ion milling at normal 

incidence was adopted. Since experimental FIB milling on the Si cantilever was conducted at normal 

incidence, MD simulations we also performed for this beam-sample interaction geometry, with other 

conditions similar to those described above. The results of the eigenstrain-based FE simulation 

illustrated in Figure 31(b) illustrate that the elastic strain profile calculated from the FEM compares 

satisfactorily with the outcome of MD simulation, as shown in Figure 31(a). 

 

Figure 31 (a) Abstraction of strain and eigenstrain from the residual stress results of MD 

simulation. (b) The result of the incorporation of eigenstrain in the continuum FEM simulation.  

The radius of curvature of the cantilever predicted by the FE simulation using the eigenstrain profile 

abstracted from MD simulation is 36.8mm. In comparison, the experimentally observed curvature radius 

was 40.8mm. The difference of ~10% between these results is likely to be associated with the fine details 

of ion flux on the sample, but the disagreement may be reduced further by careful calibration. 
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The approach described in the present study provides a basis for further parametric evaluation of 

focused ion beam damage eigenstrain effect as a function of fluence, incidence angle, and energy. 

 

3.2.5. Correlation between density change and eigenstrain 

In order to shed some light onto the correlation between eigenstrain and density change within the 

affected layer, we abstracted the eigenstrain distribution from the residual elastic strain distribution 

provided by MD simulations seen in the previous section (3.2.4). As shown in this section, FEM 

modelling framework allows prescribing an eigenstrain profile based on the residual elastic strain 

obtained by MD simulation data, and matching the residual stress predictions. The curves for the residual 

elastic strain from MD, eigenstrain, and eigenstrain-based residual elastic strain prediction are shown in 

Figure 32(a). In Figure 32(b), the two trends (density change and eigenstrain) are compared with the 

purpose of establish a correlation. 

  

Figure 32. (a) Simulated and fitted residual elastic strain compared with the obtained inverse 

eigenstrain profile. Note that xx and yy are the in-plane components of the target surface 

It is evident that the trend in the evaluated XR R density profile is correlated with the eigenstrain 

distribution provided by the MD simulation. This observation suggests that a relationship may be 

established between eigenstrain and the density change, as follows:  

 

∑ 𝜀𝑖
∗

3

𝑖=1

 ∝  ∆𝜌 (50) 

However, it is important to note that this correlation cannot be simply one-to-one, as some aspects 

of material damage and deformation may be accommodated through other mechanisms that are not 
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correlated with eigenstrain, e.g. (nano)voiding, fissuring, decohesion, etc. The swelling (density 

decrease) or densification (density increase) caused by FIB-induced damage is likely to be anisotropic, 

causing differential deformation in the in-plane and out-of-plane directions. Furthermore, volumetric 

change is not translated into stress-inducing eigenstrain in its entirety: some elements of inelastic 

deformation are known as ‘impotent’, in the sense that they do not lead to residual stress generation 

(consider the fact that eigenstrain distribution that is uniform or linear everywhere within a body does 

not produce any residual stress). Also, the conversion of structural modification induced by radiation 

into eigenstrain is related to the changes in the material modulus.  

3.2.6. Ring-core modelling and effect on the apparent surface strain 

Finite element simulations 

The linear elastic ring-core milling simulation was performed for a continuum solid material. The 

material was considered to be homogeneous and isotropic. It worth noting that miniaturised components 

such micro-pillars may present lack of homogeneity due the presence of small voids or defects. 

Nevertheless, at this stage we do not consider the affection of in-homogeneities in our model. 

The elastic properties of the sample were taken to correspond to those of silicon. However, it is 

clear from the details of the analysis below that the elastic properties cancel out during the strain-based 

calculation, and are not involved in the results. Thus, systematic use of strain quantities forms a great 

advantage of the present procedure, since it obviates the need to consult the material constitutive law 

which is necessary when stress quantities need to be computed. The material was considered to be stress-

free prior to FIB milling, and the effect of the surface eigenstrain induced by ion damage was determined 

in terms of the surface strain change. 

FIB milling causes Ga ion amorphisation in the near-surface regions of the central micro-pillar. In 

this study we consider ion damage that leads to shrinking strain produced within the host material, it is 

assumed that FIB milling generates a compressive surface layer of eigenstrain that varies with the depth 

from the surface. For the purposes of current analysis, both the hoop and longitudinal (pillar extension 

direction) components of eigenstrain were applied within the model. In order of formulate the problem 

analytically, the permanent inelastic strain induced by FIB milling (eigenstrain) is assumed to follow 
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the same half-Gaussian peak profile, obtained from the experiment seen above, as a function of the 

radial position (Eq.(51)). This profile is chosen to reflect the concentration profile following ion damage 

in materials that is characterised by a finite mean stopping length of the implanted ions that is associated 

with the width of the Gaussian peak profile. 

The eigenstrain function applied in the model has the form: 

 𝜀𝜗𝜗
∗ (𝑟) = 𝜀𝑧𝑧

∗ (𝑟) = 𝜀𝑚𝑎𝑥
∗  𝑒

−
(𝑅−𝑟)2

2𝑊2  
(51) 

Here εmax denotes the magnitude of the maximum compressive eigenstrain introduced at the surface, 

and W represents the width of the Gaussian curve. These two parameters are depending upon the milled 

material properties and the FIB process parameters and are obtainable using the experimental procedure 

presented in the present section. 

The diameter and radius of the pillar (D=2R) and the radial coordinate r are shown in Figure 33(a). 

A schematic representation of the FIB milling process and the position of application of the eigenstrain 

profile are depicted in Figure 33(b). 

 

 
 

Figure 33 FIB affected area representation and modelling. a) Coordinate system representation. 

b) SEM image taken during FIB milling. c) FIB milling process schematization: Highlighted in red the 

regions where the ion implantation appears. The half Gaussian profile  represents the eigenstrain 

imposed at the geometry 
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Axisymmetric modelling of the ring-core milling process was accomplished using the FEM suite 

ABAQUS© v.12. The model was subdivided into regions, allowing the material removal by FIB milling 

to be modelled by modifying the properties of selected material domains by setting their properties to 

that of “air”. The mesh was refined in the regions where high stress gradients were expected, 

Parametric analysis 

The parametric analysis was conducted by varying the width of the Gaussian curve with respect to 

the other principal length scale of the problem, the pillar radius. The dimensionless parameter that 

describes this ratio is w=W/R. Parametric characterisation was achieved by running multiple simulations 

for milling depths h/D between zero and unity, and considering the apparent strain change at the pillar 

surface as input for residual stress interpretation using the FIB-DIC procedure. The dimensionless 

parameter that was introduced in order to reflect the strain change induced by FIB damage was the strain 

calculated at the pillar top surface. Due to the linearity of the eigenstrain FEM problem, the elastic strain 

at pillar surface scales proportionally to the maximum eigenstrain value imposed, εmax. It is important to 

note that during milling the residual elastic strain that arises at the pillar surface varies as a function of 

radial position, and also depends on the geometric relationships between pillar radius R, the milling 

depth h, and the eigenstrain distribution width parameter, W. However, for the purposes of numerical 

presentation of the results it is convenient to select a single dimensionless parameter to represent the 

milling-induced straining of the pillar surface. 

One suitable dimensionless expression has the form ∣err(0)/εmax∣, where err(0) denotes the residual 

elastic strain arising at the centre of the pillar surface, and εmax has been defined earlier in Eq.(47). 

Once the effect of FIB milling is calibrated, by means of the numerical model described below, the 

error introduced into the FIB-DIC residual stress evaluation can be quantified. Then, this defines the 

threshold in terms of the minimum pillar dimensions for which sample residual stress effects still 

dominate over the FIB-induced strain effects, sufficiently to obtain reliable residual stress measurement. 

In FIB-DIC measurement, the DIC measurement is performed on the top stub surface calculating 

an average strain value over a certain area that is smaller than the entire one (Figure 33(b)). For this 

reason we propose also an alternative dimensionless expression to represent the consequence of the Ga 

damage. From the numerical results, the average value along the radial direction can be evaluated and 
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hence we obtain a value which can be compared with the one from DIC analysis. In this case we 

considered the mean value of err(r) evaluated between r=0 and r=0.9R; we called it <err>. This means 

that the average was done over a reduced surface of the stub like DIC analysis as shown in Figure 33(b). 

Once again the mean value was turned into a dimensionless quantity dividing by the maximum 

eigenstrain value imposed, εmax. The quantity then assumed the form of <err>/εmax. 

This secondary representation allows the direct quantification of the amount of strain that affects 

the FIB-DIC measure. Once a threshold of acceptability of this effect is set, in terms of <err>, the 

minimum pillar dimension can be deduced. 

To a good approximation, the parametric outcomes can be summarised using polynomial or power 

fitting functions, as reported in the figures. 

Results 

 

Figure 34 Example of radial residual elastic strain due to FIB ring-core milling imposing an 

eigenstrain profile withW/R=0.1 as extension, depth ratio a) h/D=0.5 and b)h/D=1 

The plot of the radial strain as a function of the radial position is shown in Figure 35 for the top 

surface, providing the visualisation of strain change in the affected area. In this analysis we do not take 

into account the perceived strain changing during the whole milling process. Thus, the elastic strain field 

we consider is referred to the last milling step, then at the depth h/D=1. This strain change function has 

been normalised, both in ordinate and abscissa, with the maximum value assumed. Seven different W/R 
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ratios were analysed and plot; starting for a very narrow Gaussian shape W/R=2.5×10−3 to the wider one 

W/R=0.1. 

 

Figure 35 Normalised elastic strain along the radial direction for various W/R ratios at depth of 

milling h/D=1. 

Using the results of FEM analysis it was possible to evaluate the elastic strain at the centre of the 

micro-pillar, and the average value across the reduced area spanning 90% of the entire radius of the 

pillar. On this basis, a function was obtained that shows the ion damage effects on the FIB-DIC ring-

core measurement (Figure 36(a) and (b)). In order to identify the minimum pillar radius, an example 

determination of the threshold pillar radius R* is shown. 

  

Figure 36 FIB induced effect on the stub top surface. Examples of minimum pillar diameter 

determination. a) Considering the value of the elastic hoop strain at the centre of the stub surface as 

most relevant quantity. b) Considering the average over the 90% of the reduced radius as most 

relevant quantity. 
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To perform reliable residual stress measurement using the FIB-DIC micro-ring-core technique, the 

error due to Ga ion damage during FIB milling must be controlled. This information provides a guide 

to the experimentalist during setup of the experiment. For example, from the point of view of the FIB-

DIC procedure, the probe current and voltage are process parameters that influence the outcomes in 

terms of the induced ion damage. Although it is clear that reducing ion beam voltage and current lead 

to the reduction of ion damage effects, this also leads to slower material removal rates, making the 

experimental measurements more time consuming. Therefore, in practice an optimal compromise 

between these objectives needs to be found. The present results provide a firm quantitative basis for 

optimising the experimental conditions. 

The half Gaussian function shape, imposed by means of eigenstrain, is reflected in both the hoop 

and radial stress components that assume similar general trends (Figure 35). As expected, the 

predominant FIB damage induced effect is present in the vicinity of the surface exposed to Ga Ions. If 

the FIB damage is localised primarily within the micro-pillar skin, a negligible effect is perceivable at 

the centre zone of the top surface of the micro-pillar. For values of W/R higher than ~0.005, the 

consequence of the induced effect becomes relevant, and then the entire micro-pillar is subjected to 

additional elastic residual strain. 

The function shown in Figure 36(a) and (b) confirms the expected trend, in that smaller pillar 

diameters correspond to high values of the perceived strain at the top surface of the pillar. In order to 

make this effect negligible on the global FIB-DIC measure, it is necessary define a threshold of 

acceptability. This threshold defines the conditions when the micro ring-core method can be applied for 

the determination of residual stress ignoring the influence of FIB ion damage. 

Figure 36(b) displays the variation of the average strain determined by DIC in the region of interest 

defined by the 90% radial extent of the micro-pillar surface. This perceived strain value is related 

directly to the experimental implementation of the FIB-DIC micro-ring-core procedure, and thus 

provides the most relevant and direct basis for setting the threshold for the FIB-induced straining effect. 

Once the FIB milling parameters are defined, then so are the parameters W and εmax. This determines 

the intersection of the strain-induced curve with the chosen threshold, and thus provides the basis for 

determining the minimum acceptable pillar radius, R* (Figure 36). 
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It is worth noting that the imposition of the same magnitude of threshold, for the two different 

approaches, leads to different pillar dimension evaluation. In fact, in Figure 36 it is possible to observe 

the greater value of the ratio W/R* in the case when the induced radial strain at the pillar centre is 

considered (Figure 36(a)) compared to use of the strain averaged over the reduced area (Figure 36(b)). 

This means that the latter defines a greater minimum pillar size, and hence is more conservative.  

Application to silicon material 

Once the eigenstrain induced by Focused Ion Beam was quantified through the experimental 

procedure presented in this section, parametric analysis can be used to assess the impact on the residual 

strain measurement using FIC-DIC. This analysis is fully valid only if identical FIB process parameters 

were used both in the eigenstrain determination experiment, and in the FIB-DIC measurement. 

The parameter that defines the maximum magnitude of eigenstrain was evaluated to be 

εmax=−4.1∙10−4. Hence, the analysis of the apparent strain on the stub surface is reported now as a 

function of the pillar radius alone (Figure 37). 

 
 

Figure 37 Minimum micro-pillar radius determination. a) Based on the apparent strain at the 

centre. b) Based on the average strain within the area of 90% radial extension upon at the micro -

pillar top surface. 

The choice of an appropriate threshold is crucial in this analysis. The fundamental idea is that the 

effect of ion damage must be negligible in terms of the magnitude of the apparent residual strain that is 

causes. Since this last one cannot be known a priori, we decided to compare this effect with the error 

due to DIC analysis. The in-house Digital Image Correlation software built for the purpose of residual 
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strain evaluation can deliver the accuracy of strain relief determination the order 10−4 or better. 

Accordingly, we choose a threshold equal to half of the DIC accuracy, namely, 0.5×10−4. 

Assuming the depth of material affected by ion beam induced amorphisation to be known, the 

choice of admissible value of induced strain (threshold) and the knowledge of the maximum amplitude 

of induced eigenstrain allowed the determination of the lower limit for the micro-pillar radius. As shows 

in Figure 37, this evaluation led to the conclusion that the FIB damage effect becomes significant when 

micro-pillar radii become less than 1μm. Particularly, if only the centre of the top micro-pillar surface 

is considered to be representative of the entire strain field, the lower bound for the admissible micro-

pillar radius turns out to be even smaller, namely ~0.5μm. 

3.2.7. Conclusion 

Precise evaluation of the consequence of FIB milling is important in the context of the ongoing 

quest for feature miniaturisation. The success of nanoscale sample preparation by ion beam machining 

is determined not only by the ability to create the desired geometric features, but also by the degree to 

which the material properties are preserved within the small volumes of interest. When the sought 

properties and structure are modified either partially or completely, the results obtained can be subject 

to aberration, or may become completely misleading, as for example as a consequence of ion beam-

induced amorphisation of single crystals. 

Residual stress is an important property of material state that is often difficult to determine at the 

micron scale, e.g. due to significant amount of plastic deformation [195] and [196]. One of the 

challenges to progressive miniaturisation of FIB-DIC ring-core measurement is the FIB-induced Ga ion 

damage that affects the strain measured at the surface. 

Following, we carried out novel experiments in which the effect of ion beam damage was quantified 

(in terms of the maximum eigenstrain induced). Once the maximum magnitude of eigenstrain was found, 

and its depth extent and the residual stress evaluation error threshold were set, parametric analysis 

presented here was used as a tool for FIB-DIC experiment design: lower bounds on the micro-pillar 

diameters were set. One important aspect of the present model is its flexibility that allows it to be re-run 

for arbitrary depth of Ga ion damage depending on the substrate material, ion energy and flux, angle of 

incidence, etc., leading to different dependence of eigenstrain on the depth from the surface. The 
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reported experimental procedure for the quantification of eigenstrain is an efficient way of characterising 

the residual stress field arising from the interaction between the ion beam and the target material.  

The characterisation of the amorphous layer arising after Ga-ion exposure at low grazing angle was 

performed using XRR technique. The experimental evidence collected and interpreted in this work are 

of considerable relevance to the task of advancing the understanding of the characteristics of the 

damaged layer produced by Ga-ion irradiation. The superficial layer of modified density in Si subjected 

to normal incidence Ga-ion beam milling was studied using XRR and found to be ~23nm in thickness, 

in good agreement with previous measurements and observations reported in the literature. The layer of 

modified properties could be further sub-divided into two layers, separated by diffuse interfaces, with 

different densities. An evident proportional correlation between the density change and the eigenstrain 

distribution (simulated through MD) was found. This results indicates that the arising of eigenstrain 

cannot be imputed mainly to the volume transformation occurring in the amorphous layer. Rather, other 

material processes are of more relevant importance (e.g. nano voiding, defect population and elastic 

properties modifications). 

Moreover, MD simulations at normal incident angle of the Ga-ion beam allowed the validation of 

these by comparison with the experimental evidence produced by Silicon cantilever bending. 

Satisfactory agreement was found in terms of curvature radius.  

The present work also contains specific results for the lower bound pillar sizes in the case where 

the target material is silicon. To ensure aberration-free residual stress evaluation, the pillar radius should 

not be smaller than 1μm. A less conservative way of determining this value, considering only the value 

of strain induced at the centre of the pillar, leads to a minimum radius of ~0.5μm. 

Although the experimental characterisation of the eigenstrain magnitude cannot be performed to a 

wider class of materials, given the limitations in obtaining stress-free cantilevers, the proposed 

assessment procedure may still be applied to other crystalline materials. In fact, the validated MD model 

may be employed for the simulation of eigenstrain in different materials and therefore allowing the 

evaluation of eigenstrain distribution and magnitude necessary for the simulation of the minimum pillar 

radius.  
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4. Residual Stress and Plasticity-Induced Crack Closure 

Contributions in Fatigue Crack Growth Rate Modification at the 

Occurrence of an Overload/Underload 

4.1. Study of Overload Effect on Fatigue Crack Propagation Using 

EBSD, FIB-DIC and FEM Methods 

4.1.1. Introduction 

The first part of this section dedicated to the study of Overload/Underload focuses on the specific 

case of an aluminium alloy. A Compact Tension Specimen that was the subject of the present study was 

first cycled at a constant load amplitude and load ratio R=0.1 to induce crack nucleation and propagation. 

OL was then applied at a certain crack length.  After this, the original constant amplitude cyclic loading 

was continued until the fatigue FCGR prior to the OL was recovered. The evolution of the crack at the 

surface of the specimen was monitored by microscopic imaging using in-situ loading in a SEM.  The 

crack surfaces were also examined afterwards using the same SEM. The crack path, morphology, 

microstructure and residual stress around a crack propagated beyond an OL was examined. EBSD was 

used to map the region of interest around the crack to help in understanding the microstructural 

mechanisms involved in the crack retardation induced by the OL. By analysing the intragranular 

misorientation it was possible to obtain an indication of the plastic strain distribution in the vicinity of 

the crack flanks and near the tip. Experimental quantification of residual stress was performed at chosen 

salient locations using the FIB-DIC ring-core method. Experimental residual stress results were assessed 

and interpreted by means of comparison with FEM of near crack-tip plastic strain at the OL location 

and at the final crack tip. This comparison allowed the understanding of which characteristics of crack 

propagation can be captured using a fundamental model. Especially at this small scale where 

microstructural features may play their relevant role and therefore a more complex model would be 

required.  
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4.1.2. Material Description and Fatigue Test 

The sample used to carry out this experiment was made from aluminium alloy AA6082 (BS specification 

HE30). A 35mm miniature Compact Tension (CT) sample was machined from a 3mm thick rolled plate. 

Figure 38(a) depicts the geometric shape, the characteristic dimensions and the direction of the applied 

load. In this experiment, a relatively sharp fillet radius was created at the notch tip (R<0.1mm) to 

facilitate pre-cracking. Fatigue testing was conducted using a servo-hydraulic machine, for the crack 

nucleation and first propagation segment, and in a compact in situ tensile testing stage was used in an 

SEM for the overload application and further propagation. The loading history is schematically 

described in Figure 38(b). 

 

Figure 38 a) Sample geometry (all dimensions are given in mm). b) The loading history.  

For the first step, from the point A to B’ (Figure 38(b)) the applied force range was ΔF=1.125kN, 

the maximum cyclic load Fmax=1.25kN and the minimum Fmin=0.125kN. After 17000 cycles the crack 

had propagated to a total length, a, of 7mm. Cyclic loading was then interrupted and several SEM images 

were taken along the entire crack extension. At this stage (Point OL in Figure 38(b)), the specimen was 

subjected to a single 50% overload of magnitude FOL=1.875kN (1.5·Fmax). The same constant amplitude 

test used previously was then conducted for a further 1000 cycles. At the end of the fatigue test the crack 

had grown a further 0.4mm in length (point D’ in Figure 38(b)). The crack was imaged at various 

locations, with particular attention to the extent of crack associated with its growth past the point of 

 

 

 

 

a) 
b) 
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overload application. This procedure allowed comparison to be made with the previous crack 

morphology prior to overload application. 

The Stress Intensity Factor (SIF) can be evaluated for any crack length using the formula [197]: 
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Here a is the crack length from the point of load application, W is the total ligament width, and b 

denotes the specimen thickness. These dimensions are illustrated in Figure 38.At the first application of 

cyclic loading before crack propagation, the SIF range applied to the sample was ΔKA=11.87 MPa √m. 

As the crack extended, the SIF increased and reached the value of ΔKB=19.45 MPa √m at point B. The 

overload applied at that crack depth corresponded to the magnitude of SIF equal to KOL=32.42 MPa √m. 

According to Irwin’s formulation [198] for the plastic zone determination, such plastic zone turned out 

to be of 0.94mm.  The test was continued and ultimately arrested at point D where the final SIF range 

was ΔKD=20.23 MPa √m.  

Crack growth behaviour 

The fatigue crack growth rate (FCGR) is summarised in the Paris diagram shown in Figure 39.  

 

Figure 39 Fatigue Crack Growth curve 

As expected, right after the overload application the crack propagation was retarded; da/dn drops 

immediately by an order of magnitude, and only gradually returns to the steady state behaviour. 

Assuming that at the last point of measurement of crack length, the crack had reached the unaltered 

material zone, the FCGR curve can be described analytically according to Paris’ Law (18) with the 

coefficients C and m reported in Figure 39. 
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4.1.3. SEM and EBSD analysis  

SEM imaging analysis 

The application of an overload causes retardation of crack propagation that constitutes a 

considerable improvement in fatigue resistance of the mechanical component examined. In the present 

study we are focusing exclusively on the study of the mechanisms that operate during and following the 

OL, without considering the effective retardation of the crack propagation in terms of the number of 

cycles.  

SEM imaging of the crack flanks prior (B in Figure 38(b)) and after the application of the overload 

(D’ in Figure 38(b)) has allowed the visualization of the crack shape and its evolution. The crack 

propagated through the material in the direction perpendicular to the predominant cyclic tensile stress. 

The crack image taken at point B in the propagation history is shown in Figure 40(a). To collect this 

image, the sample was loaded to Fmax=1.25kN and the surface imaged in the unpolished state. At this 

stage the crack flanks appear rough. Significant out-of-plane plastic deformation at crack flanks is not 

apparent. In contrast, the image of the crack taken at point D’ in its propagation history (Figure 40(b)) 

shows the crack flanks being in contact over the entire length of crack between points B and D’. In the 

region of contact, some evidence of local out-of-plane plastic deformation can be found. Such 

deformation is the consequence of intense local compression that induced material flow and extrusion 

in the direction of least constraint (out-of-plane). These considerations suggest that crack propagation 

beyond the OL was accompanied by crack closure.  

 

Figure 40 SEM images of the crack obtained from an unpolished surface a) before the overload 

application, at Fmax=1.25kN (B), and b) after the application of the overload, at Fmin=0.125kN (D’). 
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Focusing now on the crack tip at the time of overload application, the following observations and 

comments can be made. In Figure 41 the crack tip is shown at several points during the overload cycle 

(before OL at maximum force, and after OL at minimum force). The crack tip at B’ is illustrated in 

Figure 41(a). The OL ultimately led to additional crack extension of around 10µm, as seen from the 

comparison with Figure 41(b). Following the OL, the crack propagation in this direction was halted, and 

fracture continued to grow in a direction different from the previous growth direction at the tip. 

Moreover, crack growth in Mode I appears to have been arrested. There is also evidence of significant 

crack tip blunting. The crack remained stationary until a new nucleation direction was established 

(Figure 41(d)). It is worth noting that this new propagation direction lies at approximately 90˚ to the 

original crack growth direction, and possesses significant Mode II character. The same crack deviation 

right after OL was experienced by several authors [199-201]. The crack therefore prefers to propagate 

around the plastic zone instead of advancing along its original path direction.  

 

Figure 41 SEM images of the crack tip obtained from the unpolished surface at various instants 

in the crack growth history: a) before OL at Fmin=0.125kN (B’), b) at OL, at FOL=1.875kN (OL), c) 

after OL, at Fmin=0.125kN (C’), and d) after OL at Fmin=0.125kN (D’). 

  

  
 

a) b) 

c) d) 
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EBSD analysis 

EBSD technique was adopted for the purpose of mapping the grain morphology and orientation 

around the crack. Crystal lattice orientation varies both between and within grains (intragranular 

misorientation). The latter in particular is closely associated with plastic deformation and strain 

gradients induced by dislocation glide. Note that whilst statistically stored dislocations (SSD) 

accommodate uniform plastic strain causing significant lattice distortion by little rotation, geometrically 

necessary dislocations (GND) that accommodate steep changes in plastic strain (such as observed at 

crack tips) lead to large lattice rotation and hence misorientation [63, 202]. Therefore, capturing 

misorientation variation is of interest for the purpose of characterising intragranular deformation 

gradients, e.g. from features such as slip bands or dislocation pile-ups in the vicinity of grain boundaries. 

EBSD analysis requires a well-polished sample surface. To obtain extremely smooth, good quality 

surface the sample was reduced in size to contain only the region of interest and ground with abrasive 

cloths up to 1200 grade. Then, smooth cloth polishing with 3µm and 1µm diamond suspension was 

adopted. The final polishing step used 0.1 µm colloidal silica, with subsequent addition of hydrogen 

peroxide to reduce potential deposits.  

The sample was mapped using an electron beam at 25kV energy and 18.5nA current. Two main 

acquisition steps were performed. The first was an overview of the crack that comprises the location 

that the crack passed before the application of the overload; the pixel size in this last case was 3.2µm. 

The second mapping stage focused on imaging the region of overload application and subsequent 

propagation with the pixel size of 0.76µm.The grain shape and boundaries can be visualized in detail by 

means of EBSD analysis. Since considerable amount of material was removed during surface 

preparation, the crack morphology appears slightly different in Figure 42 and Figure 44 from that 

previously seen in Figure 40 and Figure 41. 

The EBSD map in Figure 42 shows that morphologically the grains have a somewhat elongated 

shape in the rolling direction, and the grain size varies between 20-250µm. In Figure 43 the pole figure 

is reported for the three main phases used for Kikuchi pattern indexing, accounting for over 95% of the 

indexed points. These three phases were: Al (51.4%), Al0.3 Cu7.01 Fe1.7 Mg0.2 (15.9%) and Al Mn3 

(27.7%). The pole figures reveal the preferred orientation of the crystals that is close to the <001> 
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direction being aligned with the rolling direction defined in Figure 38. This orientation preference was 

confirmed for all three phases. The analysis of the crack propagation manner within the microstructure 

has highlighted a predominant transgranular mode (i.e. cutting grains). Quantitatively, transgranular 

propagation occurs for   ̃60% of the grain involved in the crack propagation and, in the remaining   ̃40%, 

the propagation is intergranular mode. 

Except for few grains on left side of Figure 42 where the propagation manner is unclear, the crack 

propagated mainly in a transgranular mode.  

The coarse mapping of the cracked surface, overlaid on the band contrast map, (Figure 42) shows 

the crystal orientation of the grains surrounding the crack. As expected, orientation indexation presented 

a challenge at the crack line and in other regions where large plastic deformation occurred. The position 

of the large deformation caused by the overload is represented by the yellow circle shown in the Figure 

42. At this position it was not possible to obtain grain orientation form Kikuchi pattern analysis, due to 

the large plastic strain causing severe distortion of the crystal lattice leading to the degradation in the 

pattern quality. 

 

Figure 42 A superposition map of grain orientation (colour derived from the inverse pole figure 

for the Rolling Direction shown in the inset) on the grey scale Kikuchi band contrast map for the 

crack over the length of 1.75mm on the polished surface of sample cross-section. The location of OL 

application is indicated by the yellow circle. 
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Figure 43 Inverse Pole Figures (with respect to the rolling direction) obtained for the three 

principal phases within the material. The colour bar is given in terms of the multiple of uniform 

density (m.u.d.) a) Al. b) Al Mn3 C. c) Al0.3 Cu7.01 Fe1.7 Mg0.2 

A more detailed analysis of the grain orientation is shown in Figure 44(a). The purpose of this map 

is the collection of the EBSD information focusing more closely on the region of crack propagation after 

the overload. The high-resolution mapping mode (pixel size 0.76 µm) allowed the visualization not only 

of the grain orientation, but also the relative changes in orientation within a single grain, i.e. 

intragranular lattice misorientation [203]. Regarding the crack closure effect after the overload, the 

EBSD map provides the following insight. At the crack flanks the local orientation is highly affected by 

their contact. These changes in the local orientation are due to the plastic deformation in the direction 

perpendicular to the crack surface. This provides additional supporting evidence of the crack closure 

effect present during the propagation phase derived from EBSD analysis. 

The misorientation observed within grains provides indirect information about the strain 

distribution within the material. The interpretation of misorientation using the grain-based approach 

[204] allowed the graphic representation of the regions affected by high strain. The result is shown in 

Figure 44(b) that shows the map acquired at zero load and is related to residual plastic strain. The map 

is qualitative, so that no colour bar is provided, but the conventional “reduced rainbow” colour scheme 

is used, with blue corresponding to low and red to high values. The regions of high residual plastic strain 

are located in the vicinity of the crack line, as expected. The residual strain that arises along the crack 

flank is associated with the process zone at the crack tip during propagation. Another potential cause 
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may be the plastic deformation due to crack surface contact as described previously. The region 

associated with the OL is indicated by the letter “A” in Figure 44. No evident alteration was experienced 

in this area. Especially at the very vicinity of the crack flank, where the lattice distortion is particularly 

high and, as a consequence, indexation of the backscattered pattern was not possible, and the orientation 

map could not be acquired for the totality of the scanned pixels. However, the lack of indexing is itself 

an indication of the plastic deformation occurred. For this reason, we can consider the region near the 

OL location one of the most stressed regions.  

 In any case, according to the plastic region extension evaluated through Irwin’s formulation 

(0.94mm), the entire region mapped by EBSD lies in the plastic zone. This may justify the graphical 

absence of the expected high plastic deformation surrounding the OL site. Furthermore, since such 

technique is mainly able to capture plastic deformation change within grains [205], we cannot rely on 

the comparison between the plastically deformed regions at different grains.  

The presence of the region of high residual plastic strain expected at the crack tip is confirmed 

(indicated by the letter “B” in Figure 44). 

 

Figure 44 a) Orientation map obtained from the polished surface of sample cross-section around 

the crack grown beyond the overload application. The overload site is indicated by the letters OL, and 

the final crack tip by the letter D’’. b) Contour map of deformation intensity, as derived from EBSD 

misorientation evaluation. 
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4.1.4. Residual stress measurement and numerical interpretation 

FIB-DIC ring-core measurements  

Analysis conducted using EBSD mapping highlights the regions where significant plastic 

deformation occurred. For instance, at the OL site, the lack of indexation of the Kikuchi patterns 

indicated that localised large plastic deformation occurred. Nevertheless, since the entire map lies on 

the OL plastic zone, no evident differences in plastic deformation can be observed along the crack path 

except some very localised areas. In order to provide quantitative information about residual stresses, 

FIB-DIC ring-core measurements were conducted at carefully selected locations. It is worth noting that 

all measurements conducted corresponded to the last stage of crack propagation, i.e. point D’’ indicated 

in Figure 38(b). The locations of interest (sites) where we focused our effort are reported below and 

graphically represented in Figure 45 

I) Several locations along the crack path  at 15-30 μm from either the crack flank 

(dotted in Figure 45) 

II) A line of measurements aligned perpendicular to the crack line 20 μm behind 

the OL site 

III) A line of measurements aligned perpendicular to the crack line at the OL site 

IV) A line of measurements perpendicular to the crack at the final crack tip 

V) A line of measurements along the crack continuation ahead of the crack tip 

 

Figure 45 FIB-DIC milling positions across the crack path. The dashed white lines indicate the 

spatially resolved line measurements while the white dots denote the single point measurements.  

Since the FIB-DIC method relies on the DIC analysis for the quantification of strain relief, the pillar 

top surface needs to show reasonable contrast so that the displacements can be evaluated accurately. 
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Since the polished surface does not possess such inherent contrast, the sample surface was coated with 

an extremely thin ( ̴5nm) soft layer of sputtered Au-Pd. Such coating layer provided a randomly 

distributed texture onto the surface ideal for DIC analysis, and at the same time does not introduce any 

additional stress to modify the pre-existing conditions. 

At each measuring point, the incremental procedure of material removal was followed that 

produced a sequence of n=50 images. An illustration of the milling process as the material is being 

removed and the images acquired is depicted in the Figure 46:  

 These images were analysed using DIC software [30] and a data refinement procedure was adopted 

for the detection and rejection of outliers. As a result, strain relief curves were obtained for two 

orthogonal directions associated with the crack growth direction that were labelled x and y as defined in 

Figure 46. 

 

Figure 46 a) Illustration of the progress of the milling procedure (measurements in μm) b) Strain 

relief curve fitting example. D is the pillar diameter and h is the trench depth.  

The experimentally determined strain evolution can be described by the parametric function 

developed on the basis of Finite Element Analysis (FEA). At the end of the fitting procedure, the residual 

strain and its standard deviation were evaluated at 95% confidence. 

As the last step, the residual stress was evaluated using Hooke’s law under the assumption of plane 

stress state: 

 
𝜎𝑥𝑥 =

𝐸

(1 − 𝜈2)
[𝜀𝑥𝑥 + 𝜈 𝜀𝑦𝑦  ] (53) 

 
 

 

a) 

b) 
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𝜎𝑦𝑦 =

𝐸

(1 − 𝜈2)
[𝜀𝑦𝑦 + 𝜈 𝜀𝑥𝑥 ] (54) 

The evaluation of residual stress at this small scale introduces a further source of error due the 

material elastic anisotropy within the single grain. Since the examined material shows large structured 

grains, there is a high probability that the milling point lies within a single grain and therefore, the elastic 

anisotropy may affect the evaluated value of stress. As reported in the previous chapter (Chapter 3.1), a 

statistical approach to quantifying this if the local grain orientation is unknown. Accordingly, the error 

at 95% of confidence for aluminium alloy amounts to 8%. This was taken into account alongside other 

sources of error (i.e. DIC peak tracking and relief strain fitting procedure), and the overall uncertainty 

reported as error bands in the resulting plots. 

Residual stress modelling  

Since the purpose of the simulation was to make comparison with experimental measurements 

using FIB-DIC ring-core milling at sample surface, a two-dimensional plane stress modelling was 

employed. The software used for FEM simulation was Abaqus©. In the simulation described below the 

material was assumed to follow the isotropic hardening rule having hardening exponent n=0.05 and 

strength coefficient K=540MPa. Taking advantage of the specimen symmetry, half model was generated 

and meshed as shown in Figure 47. Mesh refinement was introduced at the locations corresponding to 

the locations of FIB-DIC line measurements. In order to achieve accurate simulation results, a 

convergence analysis was performed; the optimal mesh element size at the region of interest turned out 

to be of 2μm. The displacement boundary condition due to symmetry was applied at the nodes where 

no material separation was present. Crack advance was simulated by progressive removal of boundary 

conditions requiring the nodes to remain bonded. Crack flank interpenetration at locations where 

plasticity crack closure took place during the unloading phase was avoided using a fictitious contact 

surface opposing the crack flank. The inequality describing the contact condition was unilateral so that 

the crack was free to open. As described in a previous publication [206], this technique has been shown 

to be successful at simulating residual stress evolution at the crack tip. The model was progressively run 

at three different stages of crack propagation in order to attempt capturing the stress field evolution. The 
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first stage considered a crack length of 35 μm shorter than the one at the OL, the second at the OL and 

the third at the last at the stage indicated as D’’ in Figure 38(b).  

 

Figure 47 Discretised 2D model, mesh refinement details at regions of interest 

Results and discussion 

In this section, residual stress predictions provided by FE modelling are compared with the 

evaluation by means of FIB-DIC ring-core milling. Within the model, residual stress quantification was 

performed for the situation when the crack has propagated past the locations on the crack flanks depicted 

by the dots in Figure 46. We begin the discussion with the analysis of experimental results for stresses 

along the crack that are shown in Figure 48. It shows the variation of the measured residual stress values 

along the crack line (markers and error bars). Continuous curves through the markers are given as a 

guide to the eye. The overload location corresponds to x = 0. It is apparent from the plot that behind the 

overload (x < 0), a slight compressive residual stress layer is present. Both stress components manifest 

a similar magnitude that lies in the range between -150MPa and -50MPa.  

Leaving aside the overload location that will be examined in detail later, we note another region of 

moderate compressive residual stress found along the crack flanks at locations corresponding to crack 

growth past the overload. Particularly, at 0.48mm forward from the overload site, a more compressive 

value of residual stress was measured in the crack opening direction (yy component). It is worth noting 

that this location corresponds to the region of high plastic deformation highlighted by EBSD mapping 

and indicated by the square in Figure 44(b). 
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Figure 48 Residual stress obtained by FIB-DIC along the crack flanks extension (Site I). 

The sites II, III, IV and V were numerically modelled; some contour images are reported below in 

Figure 49. 

We report direct comparison between numerical and experimental results for selected lines 

indicated in Figure 47. Line plots of stress components xx and yy are given in Figure 50. 
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Figure 49. Stress yy component contour plots. a) At the overload (OL). b) At B’’ and c) At D’’. 

The solid line indicates the formed crack. d) Magnified region of interest from Figure 45. 

Focusing our attention on the region close to the overload location (Figure 50(a),(b),(c),(d)), the 

compressive residual stress field induced by this single anomalous load application is evident. 

Compressive stress values that reach -450MPa were measured. At Site II (Figure 50(a-b)) the xx stress 

component is well matched in magnitude. The trend of the yy stress component shows good agreement. 

However, the same quality of agreement was not found for the model predictions and measurements 

near the overload location (Site III). Although the trend is correct, not all measurement points are 

matched well.  
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Figure 50 Residual stress comparison. FIB-DIC vs. FE simulation at the propagation stage D’’. 

a) 𝜎xx Site II, b)  𝜎xx Site II, c)  𝜎yy Site III, d)  𝜎xx Site III, e)  𝜎yy Site IV, f)  𝜎xx Site IV, g)  𝜎yy Site V, h) 

 𝜎xx Site 

  

  

  

  
 



109 

 

Further measurements were performed at the final crack tip Sites IV and V. In Figure 50(e-f), 

correct trend is seen between model values and FIB-DIC ring-core measurement points, but the 

magnitude varies. Finally, for the line extended beyond the crack tip reported in Figure 50(g-h), good 

match was observed for both xx and yy components of stress, in that similar trends and satisfactory 

magnitude agreement were achieved. Particularly, the residual stress shown in Figure 50(h) can be 

compared to the outcomes of [207]. In fact, in this work the authors attempted the measurement of 

residual stress at the crack tip, by means of indentation technique. At the near crack tip, the residual 

stress trend turned out to be very close to that reported in the present section. Likewise the FIB-DIC 

method, indentation provides information about the residual stress state at the free surface. Since also 

the gauge volume is in the same order of magnitude, qualitatively, the two results can be compared. 

Other techniques have been successfully adopted for stress measurement at the crack tip [128-130, 208], 

but in those cases, an average value was evaluated along the entire sample thickness using Synchrotron-

based Powder Diffraction (SPD). Even though the gauge volume was considerably different from the 

one used in the present section, the compressive residual stress region that we experienced was also 

found by measurement using SPD. 

At this point it is worth noting that a range of various simplifications were adopted in the numerical 

model. For example, the discretisation of crack propagation steps may need refining in order to 

accurately reproduce the amount of residual stress left at the crack wake as the crack itself propagates. 

Also, although elastic anisotropy of single crystal aluminium is relatively low and can be considered 

negligible, plastic anisotropy induced by crystal slip may cause large variation in the effective yield 

stress according to the Schmid factor for slip. Furthermore, whilst in the overload region deformation is 

dominated by the single load application and unloading, elsewhere along the crack flanks the material 

experiences cyclic deformation that corresponds to a different hardening behaviour. Accurate 

description of the Bauschinger effect is likely to improve the accuracy of modelling. These 

considerations provide a means of understanding the discrepancy, and also give justification for further, 

more detailed analysis using crystal plasticity modelling. 

Furthermore, the model used in the present analysis does not take into account the real crack path 

meandering that is significant at the fine scale. Small crack path deviation from the idealised straight 
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line changes local stress conditions and in turn changes the resultant residual stress field. For instance, 

the map depicted in Figure 44(b) shows a localised area (indicated by the square in red) where intense 

plastic deformation is present. This corresponds to a steep change in the crack propagation direction.  

It is important to note that experimental residual stress measurements were performed at the micron 

scale. As a consequence, intragranular stress values were obtained in most cases. In contrast, FEM 

simulation did not take into account the microstructure and stress variation within and between grains. 

Also, an additional simplification is made assuming that the problem is two-dimensional while in reality 

the three-dimensionality effect might have its contribution. Finally, it is also well known that the 

difference in deformation response between phases and their interaction has profound effect on the local 

residual stress evolution [208-210]. 

It is important to consider that all present outcomes are based on experiments performed using a 

single sample. Therefore, a variability of the results may be observed if exactly the same experiments 

are reproduced using a similar sample. This is due the quasi-random distribution of the material grain 

size, shape and orientation which may have a remarkable impact on local crack path shape and crack 

propagation rate.  

4.1.5. Conclusion 

The mechanisms involved in crack growth retardation after overload have been the subject of 

intense study for many decades. The principal aspects of the problem usually brought into consideration 

are plastic deformation, residual stress, and material property modification (hardening and damage). 

Identifying and separating the influence of each effect on the overall propagation rate is important for 

constructing reliable predictive models for the resulting deviation from steady state crack growth rate 

prescribed by the Paris law. In this study we focused our attention on two aspects of the problem, 

namely, plastic deformation (and in particular its consequence in terms of lattice distortion, that can be 

assessed using Electron BackScatter Diffraction), and residual stress that can be evaluated at the 

appropriate length scale using Focused Ion Beam and Digital Image Correlation (FIB-DIC) analysis. 

Plastic strain evaluation by EBSD revealed that areas of high deformation (lattice distortion) were found 

both along the crack flanks and at the overload site. Residual stress state around the crack is complex 

and arises due to the combination of the steady state plastically deformed layer developed along at the 
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crack flank during fatigue crack propagation over many cycles, and also due to the much larger single 

overload plastic zone and the associated change in the crack flank profile that leads to crack closure. 

High misorientation and plastic deformation (and hence residual stress) were in evidence in the area of 

overload (OL).  

Of particular interest is the clear evidence that the overload caused complete arrest of the major 

crack and led to the nucleation of a new, deflected crack. By all appearances, this important phenomenon 

occurred immediately during and following the overload. If this scenario is to be accepted, then the 

apparent crack retardation occurs due to the combined influence of the crack driving force reduction due 

to deflection, and the effect of residual compressive stress caused by the formation of the large plastic 

zone ahead of the crack tip. 

In order to substantiate further the arguments given above, FIB-DIC micro-ring-core method was 

employed to quantify the magnitude of micron-scale residual stresses found at locations of interest 

around the crack. The results were critically compared with the predictions of FE simulations for a 

homogenous, isotropic, simple hardening material model. The purpose of this comparison was to 

identify which aspects of the complex crack growth process could be captured correctly based on this 

fundamental model, and which require more refined simulation. The results open the avenues towards 

better understanding of the stress field generated by the overload and crack propagation. It can be noted 

that in general the expected trends were seen in almost the entire set of measurements, although for 

some locations the agreement was not found in terms of stress magnitudes. This mismatch may be 

imputed to several aspects not captured correctly in the numerical model, such as the influence of local 

cyclic hardening on the stress-strain curve, crack profile change due to local crack kinking, and local 

material anisotropy and inhomogeneity that were not included in the simulation. A more detailed model 

ought to be constructed that would take into account these aspects to describe faithfully the residual 

stress field.  
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4.2. Residual Stress and Crack Closure in Fatigue Crack Growth 

Retardation Due to Overload 

4.2.1. Introduction 

Crack closure and residual stress can be considered as the primary causes of FCGR retardation 

phenomenon. The purpose of the present section is to seek to separate the influence of these two 

mechanisms. This is first done experimentally, by creating test conditions when the former mechanism 

(crack closure) is switched off, and only the latter (residual stress) is operative at the crack tip. Secondly, 

based on the test results and theoretical consideration, the analysis of FCGR around the overload 

phenomenon is carried out in order to elaborate a quantitative description for the contribution made by 

each mechanism to the retardation effect. 

In order to isolate the contribution of residual stress in crack retardation, a comparative study was 

carried out of fatigue crack growth rate change following an overload between a high loading ratio 

(R=0.7) and the commonly used low loading ratio (R=0.1) regimes. Therefore these two loading 

configuration were used in the present experiments. 

The experimental tests were conducted using Compact Tension (CT) specimens of AZ31b 

magnesium alloy that had been subjected to severe plastic deformation by Constrained Groove Pressing 

(CGP) to obtain fine-grained microstructure with the typical grain size of the order of 1-2µm. The crack 

length and the appearance of possible secondary crack branches were monitored via optical imaging 

using a long-range telescope and digital camera, with the effective pixel size of the order ~0.5µm. 

In the high loading ratio fatigue crack growth experiment the effect of plasticity-induced crack 

closure is inhibited [211], or may be entirely nullified. To confirm that this is the case, in situ digital 

image correlation (DIC) evaluation of crack opening was performed, and direct evidence of the lack of 

crack closure was obtained. Further corroborating evidence was sought by analysing the fracture surface 

using Scanning Electron Microscopy (SEM) as well as regarding the loading case (R=0.1). On the other 

hand, the crack retardation effect observed at R=0.1 is due to the combination of residual stress and 

crack closure and here again this is confirmed by DIC and fractography.  

Furthermore, the quantification of the strain distribution ahead of the crack tip during the overload 

application was conducted by means of Synchrotron X-ray Powder Diffraction (SXRPD) for the loading 
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ratio of R=0.7. Experimental measurements were then used to validate further an elasto-plastic 3D FEM 

model used also for the study of the crack acceleration induced by an Underload (Chapter 4.4). The 

numerical model was used to perform the evaluation of the strain state arising as a consequence of OL 

for the case of R=0.1. Using this model, the juxtaposition between the two considered load ratios was 

then assessed. 

Comparing the FCGR obtained in the two loading ratio cases (R=0.7 and R=0.1), it was possible 

to carry out careful analysis of the difference in the crack retardation effect as the crack extends. Firstly, 

a modification of Walker’s model [212] allowed the attribution of the unique equivalent SIF range to 

describe FCGR behaviour for any positive loading ratio. This approach opened the way to presenting 

the experimental outcomes in a form that is independent of the loading ratio.  The deviation from the 

steady state value of the equivalent SIF range after the overload application is considered as a measure 

of the magnitude and extent of the crack growth retardation effect. Using the effective SIF range 

reduction ratio β, the sole influence of residual stress is considered at R=0.1, and the effect of closure 

could also be isolated by considering the difference between the R=0.1 and R=0.7 results.  

4.2.2. Material Description and Fatigue Test 

The material sought for conducting the various experiments reported in this chapter required to 

have specific combination of properties. Above all, good ductility was sought to give a large plastic 

region at the crack tip and in which residual stress is accommodated. Secondly, since SXRPD technique 

was to be used for residual stress evaluation, fine-grained material was required to give good 

compromise between high spatial resolution and good grain averaging and sampling statistics. For the 

reasons listed we chose to focus our attention on the magnesium alloy AZ31b treated using a severe 

plastic deformation processing route that lead to grain refinement and strengthening in combination with 

good ductility. The resulting grain size varied in the range from 1μm to 5μm, yield stress of the order 

σy=262MPa and maximum elongation of 10%. 

Fatigue tests were performed on CT specimens machined from a 2mm-thick plate with the in-plane 

dimensions depicted in Figure 51(a).  

Cyclic load was applied to the sample by means of a servo-hydraulic testing machine at frequencies 

of 7÷10hz. Static loading for in situ strain mapping using SXRPD was applied using a 5kN Deben® 
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machine. Crack tip opening displacement measurement was used as a means of cross-validation between 

the two loading arrangements, to ensure that the loading conditions ahead of the crack tip were consistent 

between the two experimental configurations.  

 

Figure 51 (a) Sample geometry (dimensions in mm), and loading history for (b) sample with 

R=0.1, and (c) R=0.7. 

Two fatigue experiments at constant loading ratios of R=0.1 and R=0.7 were conducted, and a 

single peak overload (OL) was applied in both. The loading histories for both experiments are reported 

in Figure 51(b) and 1c. Both experiments show the same magnitude of maximum force (Fmax=866.7N) 

and the overload force (FOL=1300N) that was 50% in excess of the maximum cyclic load, meaning that 

the overload ratio was ROL=1.5. To achieve the required loading ratios, the lower cyclic load imposed 

was Fmin=606.7N for R=0.7, and was FI
min=86.7N for R=0.1. The single anomalous overload peak was 

applied at the crack length of a=9.05mm for the R=0.1 sample, and at a=9.03mm for the R=0.7 sample, 

respectively. Further fatigue crack growth experiment was conducted beyond the overload until the 

prevailing trend in the FCGR was re-established. 

4.2.3. Crack propagation result 

Experimental Result 

Crack growth rate retardation was observed in both samples. The diagram of crack length versus 

the number of cycles is plotted in Figure 52. The change in the trend towards slower growth rates is 

 

 

 
 

a) 

b) 

c) 
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apparent in the propagation past the OL. The fitting lines in Figure 52 indicate the local discontinuities 

in the FCGR and the apparent shift in the steady-state growth trend.  

It worth noting that the experiment at R=0.7 manifests a complete arrest of crack propagation, 

unlike the R=0.1 case. Re-nucleation occurred after 2500 further cycles past the OL. This behaviour is 

evident in Figure 52(b): right after the OL the crack length plot becomes horizontal, and only departs 

once the crack re-nucleates, eventually approaching the steady state crack growth trend.  

Stress Intensity Factor (SIF) values for FCGR curve construction were evaluated using the equation 

for a compact tension specimen provided by Murakami (52): 

Figure 53 presents crack propagation data in the form of crack growth rate as a function of crack 

length (Figure 53). The OL-induced retardation is apparent from the drop of the growth rate da/dn at 

OL, followed by the gradual return to the steady-state rate. Assuming that the crack growth rate gets 

fully restored once the crack reaches the unaltered material zone, the FCGR curve can be described 

analytically in accordance with Paris’ Law:  

 𝑑𝑎

𝑑𝑛
= 𝐶 ∆𝐾𝑚 (55) 

 

Figure 52 Crack propagation during fatigue tests at a) R=0.1, b) R=0.7 and c) R=0.7 crack 

arrest detail. 

 

 

 

 
 

a) 
b) 

c) 
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Figure 53 Fatigue Crack Growth Rate diagrams. a) R=0.1 b) R=0.7 

The coefficients C and m are listed in Table 4. 

Loading Ratio R C [m/(cycle MPa √m)]  m 

0.1 1.91×10-10 3.21 

0.7 1.76×10-9 2.71 

Table 4 Paris’ law parameters 

Walker’s model  

The idea of mean stress effect correction that was introduced by Walker [212], after previously 

been widely adopted in the context of stress-life curves [213-215], has been successfully applied in the 

context of fracture mechanics [216, 217].  

Walker introduced an equivalent parameter ∆𝐾𝑒𝑞 to describe the FCGR for any combination of 

maximum SIF Kmax and minimum SIF Kmin that can be expressed in terms of the load ratio R≥0. The 

equivalent SIF range ∆𝐾𝑒𝑞 is defined as follows: 

 ∆𝐾𝑒𝑞 = 𝐾𝑚𝑎𝑥 (1 − 𝑅)𝛾 (56) 

Here 𝛾 is a measure of material-specific FCGR sensitivity to the mean stress that ranges between 

0 and 1. Noting that ∆𝐾 = 𝐾𝑚𝑎𝑥 /(1 − 𝑅), we adopt a way more convenient for the present purpose to 

express equation (56) directly in terms of the SIF range: 

 ∆𝐾𝑒𝑞 = ∆𝐾(1 − 𝑅)𝛾−1 (57) 

Considering the expression for fatigue crack growth rate given by the Paris law as the particular 

case of R=0, we write: 

  
 

a) b) 
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(

𝑑𝑎

𝑑𝑁
)

𝑅=0
= 𝐶0 ∆𝐾𝑚𝑤 (58) 

Where C0 and mw are the material constants, and subscript w refers to the use of the Walker 

parameter. Based on the above, expression for the general case is obtained by substituting equation (58) 

into (62), replacing ∆𝐾 with ∆𝐾𝑒𝑞: 

 𝑑𝑎

𝑑𝑁
= 𝐶0 [∆𝐾(1 − 𝑅)𝛾−1]𝑚𝑤 

(59) 

This formulation provides a description of the FCGR at any positive load ratio R≥0 in terms of 

three constants: 𝛾, 𝐶0,𝑚𝑤. Those constants can be obtained by means of a linear regression using the 

logarithmic form of (60), as follows: 

 
log(

d𝑎

d𝑁
) = log(𝐶0) + 𝑚𝑤  log(∆𝐾) + 𝑚𝑤(𝛾 − 1) log(1 − 𝑅) (60) 

The fitting procedure was applied to the set of experimental data presented here in the crack 

propagation regime unaffected by the OL, as represented by the dashed line in Figure 53 The material 

parameters were found to be: 𝛾 = 0.649, 𝐶0 = 3.34 × 10−10 𝑚

𝑐𝑦𝑐𝑙𝑒 𝑀𝑃𝑎 √𝑚
, 𝑚𝑤 = 2.95. 

4.2.4. Crack closure evaluation 

DIC analysis 

The presence of plasticity-induced crack closure during the fatigue test was verified using DIC. 

This method has been successfully adopted in the past [128, 218] and shown to be an efficient way to 

evaluate the relative displacement of crack flanks during cyclic loading. The tracking points can be 

positioned along the crack wake so that the closure effect is evaluated as function of position from the 

crack tip. The necessary requirements for the correct elaboration of peak tracking using DIC is the 

adequate image resolution and the presence of small features that ensure brightness variation within the 

image and allow peak tracking. The image acquisition system consisted of a Questar long range 

telescope attached to a camera having with 640x240 pixel resolution, and an effective pixel size of 1μm 

for the actual setup used.  

The presence of crack closure was verified before and after the application of the OL. For both the 

loading conditions (R=0.1 and R=0.7), a sequence of images was acquired once the crack had 
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propagated past the overload position for further 0.55mm. The tracking points were positioned at several 

locations behind the crack tip toward the notch position namely, 25μm, 100μm, 200μm and 400μm. 

The acquisition was run at the reduced loading frequency of 0.2 Hz and the frame rate of 4 frames 

per second, to avoid image blurring. Thus, each cycle was described by ~20 images. The software used 

for DIC measurement was that developed by Eberl et al. [219].  

The evaluated relative displacements plots, considering zero as the closed crack condition, as 

function of the applied external load are reported in Figure 54 below. 

 

Figure 54 Crack flank relative displacement as function of the applied external load. The n.5 

plots of each graph represent the trend at different distances from the crack tip towards the sample 

notch. Before (a) and after (b) the OL at R=0.1. Before (c) and after (d) the OL at R=0.7. 

The DIC analysis allows unequivocal identification of the conditions for crack closure to be present 

during crack growth past an OL.  

Figure 54(a) shows how, despite the absence of anomalous loads, the crack closure is present. In 

fact, all the measurements display a reaching of the crack flanks contact just slightly before the external 

load reaches its minimum value. It is worth noting that, as expected, this effect becomes milder at further 

  

  
 

a) b) 

d) c) 
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distances from the crack tip. Let us now consider the instant after the introduction of the OL, the first 

more evident observation can be drawn by looking at the load at which the crack closes. Indeed, the 

application of the OL reduced the range of load variation where the crack remains open compared to the 

sample without OL. Again, at further positions from the crack tip, the closure effect shows an almost 

imperceptible reduction of its effectiveness.  

 The observed closure phenomenon represents a significant reduction of the total SIF range 

experienced by the crack tip by up to one fourth of the total range of its variation. Similarly, subsequent 

loading from the minimum load does not immediately manifest itself in the crack opening, but rather 

only appears when the load reaches about the same load level.  

Regarding the sample loaded at R=0.7, no evidence of crack closure is detected. Figure 54© and 

Figure 54(d) show that both before and after the OL, the displacements follow a nearly straight curve 

without any anomalies associated with the crack closure. Absence of crack closure was experienced 

even in the very vicinity of the crack tip (~25um). 

In summary, DIC analysis reveals the presence of crack closure induced by the OL only under the 

loading ratio condition of R=0.1. In contrast, adopting R=0.7, i.e. high value of Fmin inhibits possible 

crack flank contact.  

Let us analyse the effect that crack closure had on the reduction in effective stress intensity factor 

range for the experiment at R=0.1. Considering the displacement plots shown in Figure 54, the reduction 

in the SIF acting at the crack tip once the crack closure is active can be evaluated. Assuming a linear 

relation between load and the crack tip SIF, the following assessment can be made: 

 
𝛼 =

𝐹𝑜𝑝

𝐹𝑚𝑎𝑥
=

𝐾𝑜𝑝

𝐾𝑚𝑎𝑥
 (61) 

Here α is the ratio between the maximum load and the load required for opening the crack (subscript 

op). 

The effective SIF range acting at the crack tip can therefore be evaluated as follows: 

 ∆𝐾𝑒𝑓𝑓 = ∆𝐾 (1 − 𝛼) (62) 

The effective stress intensity factor taking into account the crack closure effect is defined as: 

 ∆𝐾𝑒𝑓𝑓 = 𝐾𝑚𝑎𝑥 − 𝐾𝑜𝑝 (63) 
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The record of the loading history during the images acquisition allowed the determination of the 

loading level at which the crack starts opening. Averaged values of opening load were assessed over the 

crack lengths measured (i.e. up to 0.4mm). The solution of the (61) provided αafter=0.35 and αprior=0.18 

respectively prior and after the OL introduction. The physical meaning of α is the reduction of the stress 

intensity factor range when the crack closure was operating. Eventually, using the equation (62) it is 

possible to evaluate the value of the effective range of stress intensity factor at the crack length analysed 

by DIC. This value can be computed for both, prior and after the OL application. These turned out to be 

respectively∆𝐾𝑒𝑓𝑓,𝑏𝑒𝑓=12.5 MPa √m and ∆𝐾𝑒𝑓𝑓,𝑎𝑓𝑡=9.9 MPa √m. 

Fractography 

Further insights into the crack propagation mechanism can be obtained through fracture surface 

analysis using SEM imaging at variable magnification to allow the exploration of the morphology of 

asperities left by material rupture at several length scales.  

The two samples considered in this study were examined with particular attention focused at the 

overload site. Figure 55(a) and Figure 55(b) provide overview images of the crack surface at the zone 

of interest. The dashed lines in figures indicate the crack front at the instant of overload application. The 

crack front profile clearly does not follow a straight line due to the difference in constraint between the 

bulk and the free surface. Although no analytical solution is available for describing this phenomenon 

quantitatively, it is well known to be highly dependent on the Poisson’s ratio [218]. This three-

dimensional effect induces a variation of SIF at the crack front as a function of position across the 

sample’s thickness. 
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Figure 55 Crack surface SEM fractography. a) Overview image of the overload site (R=0.1). b) 

Overview at the OL site (R=0.7). c) Crack Closure detail (R=0.1). d) Surface detail (R=0.1). e) 

Overload site detail (R=0.1) 

Comparing the two images, an observation can be made that the enhanced plastic deformation is 

present in the sample (R=0.1) at the vicinity of the free surfaces along the through thickness z direction 

(highlighted in red). This is associated with the change in the stress state (principal stresses in particular), 

as studied numerically and reported in the literature [220]. In contrast, the same observation cannot be 

made readily for the sample fatigued at R=0.7, since no evident plastic deformation “lip” is evident. 

Furthermore, higher magnification imaging at these deformed areas (site c) reveals another interesting 

aspect shown in Figure 55(c). The surface roughness at site “c” is visibly different compared to site d. 

A possible explanation for this observation is that crack closure was operative within the highlighted 

near-surface region during crack propagation past the overload. This is in agreement with previously 

  

              
 

a) 
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reported studies [220] that suggest high values of crack opening stress intensity factors to be found for 

locations lying nearby the free surface. The hypothesis that we put forward (and that allows additional 

corroboration) is that crack closure modifies the apparent roughness of the fracture as consequence of 

repeated contact between crack flanks during cycling. It has been argued in the literature that the region 

of material that undergoes contact due to crack closure should not depend upon sample thickness [221], 

unless the thickness is comparable with the closure zone size. Note that the fact that no apparent crack 

closure occurred during the loading ratio R=0.7 test is corroborated by Figure 55(b) that does not show 

any altered zone at all. 

Finally, the change of crack surface morphology due to the overload proper is shown in Figure 

55(e). The higher topology of the central “ridge” in the image corresponds to the large plastic 

deformation that causes closure and leads to the consequent change in the FCGR observed in the 

experiment. 

4.2.5. Residual stress measurement using SXRPD 

Experimental measurements using SXRPD 

Synchrotron X-ray Powder Diffraction (SXRPD) is a powerful tool for spatially resolved strain 

studies in polycrystalline materials. Since high energy, high flux X-ray beams are required for mapping 

the lattice parameter variation in the bulk of load-bearing components, synchrotron-based instruments 

are often used. During the past decade successful use of this technique has been reported for crack tip 

stress/strain evaluation [128-130, 211, 222, 223]. 

The experiment reported here was aimed at spatially resolved residual strain evaluation along the 

crack extension line within the sample, at four different stages of crack propagation, with respect to the 

load application history. In terms of the crack retardation due to overload, in the sample tested at R=0.7 

(analysed by SXRPD) this effect is expected to be caused uniquely by the compressive residual stress, 

whereas in the R=0.1 sample, a combination of crack closure and residual stress retardation is present. 

The purpose of the synchrotron-based experiment was therefore to measure the evolution of the near-

tip strain (stress) state using SXRPD technique.  

Experiment was conducted on the I15 beamline at Diamond Light Source (DLS, Harwell, UK). X-

ray energy was set to 76.6keV, with the beam size defined by collimating slits as 45x45μm. In situ 
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sample loading was provided by a 5kN Deben© portable stage that was mounted on a diffractometer 

able to accomplish movements along the x’,y’ and z’ axes, as indicated in Figure 56. The test was 

performed in transmission mode, and it was assumed that out-of-plane stresses are negligible (plane 

stress approximation). A series of complete Debye-Sherrer rings was acquired using a PerkinElmer flat 

panel 1621-EN detector (2048x2048 pixels, pixel size 0.2x0.2mm2) placed on the axis of the incoming 

beam, as shown in Figure 56. The sample-detector distance was adjusted to obtain an optimum 

combination of coverage and positional precision for the rings of interest. 

 

Figure 56 X-ray Synchrotron Powder Diffraction setup in transmission mode 

Referring to Figure 51(c) which shows the loading history, spatially resolved strain line profiling 

was performed at the instants denoted as B, OL, C and D. The line scan step adopted was equal to the 

X-ray beam spot size (45μm), and each line scan covered approximately 2mm in length ahead of the 

crack tip. 

For the purposes of strain analysis, the (101) Debye-Scherrer ring was subjected to radial binning 

performed to extract the equivalent 1D X-ray diffraction profile for scattering in the direction parallel 

to the load application. The lattice spacing variation Δd was then evaluated throughout the scan, for use 

in the differential form of Bragg’s law to determine strain, as follows: 

 
𝜀𝑦𝑦 =

Δ𝑑

𝑑0
 (64) 
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As it is well known, determination of strain using the above formula requires the knowledge of 

strain-free lattice parameter d0. Defining this parameter often presents a practical challenge, since 

finding an appropriate unstrained location within or outside the sample is not always possible. An 

approximate assessment, considering a stress-free region of the sample, was made. Afterwards, further 

refinement was performed by comparison and subsequent matching with the solution given by 

elastoplastic FEM analysis.  

The procedure for precise determination of d0 was carried out using the set of measurements 

acquired at step B (Figure 51(c)), and once d0 was found by matching with the FEM solution, the 

remaining line scans were interpreted accordingly. In reference to the coordinate system shown in Figure 

51(a), yy strain component profiles, from the experimental measurements, at the various stages of crack 

growth are reported in Figure 57 using markers and dashed curves, together with the FEM solutions 

shown as continuous lines. 

 

Figure 57 Strain profiles (yy component) along the crack bisector at various crack propagation 

stages. 

Satisfactory agreement is found between the FEM solution given using nominal load, and SXRPD 

measurements.  

These results confirmed the magnification of compressive residual strain due to the Ol application. 

In fact, the strain profile referring to the propagation stage “C” in Figure 57 shown a lower magnitude 

of strain compared to the propagation stage “B” that identifies the instant prior the OL.Plastic 

deformation occurring at the crack tip when the OL is operative is far greater than that induced by the 
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cyclic loading, when the latter reaches its maximum magnitude. Therefore, as a consequence, the release 

of the OL  implies higher magnitude of compressive residual strain. The effect that compressive residual 

strain has on the cyclic strain at the crack tip is a shift of towards lower magnitudes as experienced by 

our measurements.  

The strain measurement at the propagation stage “D” is at the same magnitude levels of the strain 

found prior the OL. This proves that, when the crack past the OL site of 1mm, the compressive strain 

state returns back to the unaffected conditions, as the OL never occurred.  

We note that negative strain values found in the crack wake are consistent with the strain profiles 

reported by Croft [223] who also used a similar experimental technique.  

FEM strain state evaluation after the overload  

After further validation of the elastoplastic model proposed in (Chapter 4.4), the strain field ahead 

of the crack tip arising after the application of an OL could be simulated to high accuracy and with good 

confidence. With the purpose of understanding whether the baseline fatigue crack propagation affected 

the resulting strain state, we simulated both cases that we studied experimentally up to the stage when 

the crack reaches the propagation stage that corresponds to the cyclic load application right after the OL 

occurrence. To compare the strain fields between the two cases, the reference load was imposed in the 

model that corresponded to the minimum load reached in the R=0.7 test (i.e. Fmin=606.7N). Strain 

profiles were extracted at the same crack length and load conditions corresponding to the instants shown 

in the Figure 51(b-c) labeled ad C and S’, for R=0.7 and R=0.1, respectively. 

 

Figure 58 Strain field plot along the crack propagation direction at the propagation stage and 

load indicated as S and S’ in Figure 51(b) and Figure 51(c). 



126 

 

It is evident that the introduction of an OL ‘overwrites’ the effect of previous cyclic material 

deformation: at the same load level the two strain profiles are practically indistinguishable. In view of 

this result, it is clear that the change in strain states that arise for the two baseline cyclic conditions 

immediately after the OL are indentical. This leads to an important conclusion that in both loading 

conditions the residual strain and stress and their influence on crack retardation are practically identical. 

4.2.6. Residual stress and crack closure contribution 

The studies of the overload effect under constant ΔK fatigue at several loading ratios RK=Kmin/Kmax 

have been previously carried out by Ishihara [224] and Borrego [225]. Whilst the former reported an 

enhancement of fatigue life at higher RK, the latter observed the opposite trend. We believe that the 

controversy partly stems from the lack of understanding of the roles of plasticity-induced crack closure 

and residual stress effects, respectively.  

It is reported in the literature [226] that crack closure plays an important role in affecting the growth 

rate if controlled loading ratio R is lower than 0.7. Our experiment confirms this, since no traces of crack 

closure were detected in the sample cyclically loaded at R=0.7 either by DIC or SEM fractography. The 

same study [226] also reported that the FCGR variation with R could be captured by the effective stress 

intensity factor range that is strictly related to the crack opening and closure levels. It is also worth 

noting that the FCGR slope in the Paris’ regime does not appear to change for different loading ratios. 

Our test results (Table 4) agree with this observation. In the near-threshold regime of crack propagation, 

a more prominent effect is observed, as reported in [227], as the loading ratio varies.   

Given that the crack propagation under varying loading ratio R is mainly influenced by the change 

in closure level, we focused our attention on the behaviour of FCGR at the occurrence of overload for 

different R.  

Effective equivalent stress intensity factor range 

Despite several minor modifications proposed in the decades since its introduction, the concept of 

effective stress intensity factor introduced by Elber [127] remains the most widely and generally 

accepted means of quantification for the principal crack driving force [228-230].  

In the Paris regime of propagation, the fatigue crack growth rate dependence on the effective stress 

intensity factor range follows a power law relationship (55). Under the assumption that the steady-state 
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FCGR described by (55) and shown in Figure 53 is representative of the behaviour unaffected by the 

overload, we can calculate the SIF range that would give the same fatigue crack propagation rate da/dn 

that was observed experimentally. This can be accomplished by using the equivalent SIF range ∆𝐾𝑒𝑞 

according to Walker’s formulation, which in this specific case also becomes the equivalent effective 

SIF, ∆𝐾𝑒𝑞,𝑒𝑓𝑓 . By rewriting equation (59) as  

 𝑑𝑎

𝑑𝑁
= 𝐶0 ∆𝐾𝑒𝑞,𝑒𝑓𝑓

𝑚𝑤 (65) 

the totality of the experimental results can be directly superimposed onto the Paris master curve in 

a form independent of the load ratio R, for the purposes of comparison. Next, ∆𝐾𝑒𝑞,𝑒𝑓𝑓 can be readily 

calculated by inversion of (65), i.e.: 

 

∆𝐾𝑒𝑞,𝑒𝑓𝑓 =  √
1

𝐶0

𝑑𝑎

𝑑𝑛
 

𝑚𝑤

 (66) 

Once the new parameter ∆𝐾𝑒𝑞,𝑒𝑓𝑓 is computed using (66) for each instant of crack propagation, all 

the experimental points fall onto the prediction of Walker 

The normalised SIF range reduction ratio (“knock-down” multiplier) due to the overload and its 

consequences can be evaluated through the normalised ratio 𝛽 expressed in terms of the effective 

∆𝐾𝑒𝑞,𝑒𝑓𝑓 computed above, and the equivalent SIF range ∆𝐾𝑒𝑞 corresponding to each experimental point 

evaluated by means of (57). 

 
 𝛽 =

∆𝐾𝑒𝑞 − ∆𝐾𝑒𝑞,𝑒𝑓𝑓

∆𝐾𝑒𝑞,𝑒𝑓𝑓
 (67) 

This ratio represents the reduction in the equivalent stress intensity factor range from the unaltered 

one following the overload occurrence. With the purpose of comparing the outcomes from the tests at 

R=0.1 and R=0.7, the variation of reduction ratio 𝛽 was considered, and found to be fitted well with a 

log-normal function given by: 

 
  𝛽 =

∅ 

𝜎 𝑎′ √2 𝜋

exp (−
(log𝑎′ − 𝜇) 2

2 𝜎2
) 

(68) 
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Here 𝑎′ is the local crack extension length defined from the OL site, and ∅, 𝜇 and 𝜎 are the fitting 

parameters which define respectively its amplitude, skewness and width. Fitting was performed for the 

two data sets to obtain the parameter values for 𝛽𝑅=0.1 and 𝛽𝑅=0.7. 

Since the goal of the present work is the attempt to distinguish the contribution of residual stress 

and crack closure in crack growth retardation, parameter 𝛽 can be used as a measure of the durability of 

contribution to OL retardation from each mechanism. For the case of R=0.7, the only active mechanism 

is residual stress, while at R=0.1 a combination of residual stress with crack closure is present. It is 

worth mentioning that crack arrest was observed in the case of R=0.7. At this stage, before the crack 

started propagating again, the value of 𝛽𝑅=0.7 became infinite, and therefore is no longer comparable 

with the𝛽𝑅=0.1.   

FE simulation of the strain state generated by the application of the OL revealed that is was not 

significantly affected by the conditions of cyclic propagation that occurred earlier. Based on this 

important observation we assume from this point onwards that the residual stress influence on the crack 

growth retardation is the same for the two load ratio conditions examined.  

In order to deconvolve the contribution of crack closure mechanism from its combination with 

residual stress at R=0.1, the curve for 𝛽𝑅=0.7 was subtracted from that for 𝛽𝑅=0.1 according to equation 

(69). In adopting this additive description of the two effect we are aware of the fact that the interaction 

between crack closure and residual stress may be complex, and may require more intricate approach to 

capture it correctly. However, it appears to offer the most suitable first approximation. 

The additive decomposition that was applied only within the range of states when both cracks at 

R=0.1 and R=0.7 were propagating, i.e. da/dn ≠0, led to the expression: 

 𝛽𝑐𝑙𝑜𝑠𝑢𝑟𝑒 = 𝛽𝑅=0.1 − 𝛽𝑅=0.7 (69) 

Figure 59 below presents the experimental data points, curve fits and the closure contribution 

evaluated using equation (69). 
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Figure 59 SIF reduction ratio 𝛽 for a) R=0.1 (𝛽R=0.1) and b) R=0.7 (𝛽R=0.7) 

The dashed vertical line denotes the plastic zone boundary according to the following relation from 

linear elastic fracture mechanics: 

 𝑟𝑝 = 𝛾 (
𝐾𝑚𝑎𝑥

𝜎𝑦

)

2

 (70) 

 where coefficient 𝛾 is a parameter dependent on the sample thickness and on the stress-

strain response of the material. Under the assumption of elastic-perfectly plastic material behaviour, this 

coefficient can be readily computed using the equation given below [231]. It has been noted [232] that 

the adoption of this formulation finds satisfactory agreement with three-dimensional numerical 

simulation, which leads to: 

 
𝛾 = 0.35 −  

0.29

1 +  [1.08 
𝐾𝑚𝑎𝑥

2

𝑡 𝜎𝑦
2 ]

2.15 
(71) 

Using the value of 𝛼 according to (71) in equation (70), the plastic zone radius was found to be 

~2.8mm. 

4.2.7. Discussion 

The introduction of the stress intensity factor reduction ratio 𝛽 has allowed the quantification of 

the retardation effect in terms of the effective equivalent SIF range variation past the OL. For 

comparison, the evaluation of this parameter was conducted for both load ratio conditions (R=0.1, 

R=0.7). The experimental data was then fitted with the log-normal function, with the purpose of 
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subsequently subtracting the results from each other and attempting the discrimination of the two 

contributions. As a consequence of this analysis, the contribution from crack closure could be assessed, 

as shown by the dashed curve in Figure 59. The maximum contribution to retardation from the crack 

closure mechanism is found to occur at the distance of half the plastic zone size (i.e. 𝑎′ ≅ 𝑟𝑝/2). It is 

also worth noting that although the magnitude of the crack closure effect is comparable in magnitude 

with the residual stress one, the crack closure effect persists to greater crack lengths compared to the 

shorter acting residual stress effect that fades in magnitude within approximately half the size of the 

plastic zone, when the crack closure effect reaches its maximum.   

Some conclusions can be drawn regarding the persistence length of each of the two crack 

retardation mechanisms. The sample tested at R=0.1 showed a persistent retardation effect even at crack 

extensions well in excess of the plastic zone size. This is likely to be related to the size of the plastic 

zone created by the overload that exceeds significantly the reversed plastic zone size [122]. In contrast, 

the sample cyclically loaded at R=0.7 manifested FCGR retardation limited only to a fraction of the 

plastic zone size. As confirmed by DIC analysis and fractography, plasticity-induced crack closure was 

not operative for this sample, and thus the crack retardation effect only caused by residual stress has a 

much shorter persistence length compared to the clack closure mechanisms. 

For the load ratio R=0.1, following the OL, the crack tip experienced an effective equivalent SIF 

range reduction by up to 37% followed by its gradual restoration to the steady state condition. For the 

sample tested at R=0.7, after crack re-nucleation, an immediate drop of around 27% in the effective SIF 

range was seen, which subsequently quickly returned to the steady state value at distances less than 

1.3mm from the OL location, corresponding to about half of the OL plastic zone extent.  

It is also worth noting that right after the application of the OL (instant “C” in Figure 51), 

experimental strain measurement indicated a drop in magnitude compared to the unaltered condition 

“B”. This decay of strain magnitude is imputed to the effect of compressive residual stress induced by 

the high plastic deformation occurred at the crack tip which, in turns, changed the mean strain level 

during the cycling load toward lower values. This confirms the hypothesis that residual stress in this test 

case (R=0.7) is indeed the main reason for the effective SIF reduction. The change in strain magnitude 

was then compared with the one experienced at load ratio R=0.1 by means of elasto-plastic FEM 
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simulations. It turned out that the cyclic load occurring prior the OL does not have a significant effect 

on the strain field alteration ahead the crack tip. Therefore, the residual strain field involved in the crack 

retardation can be considered equivalent for both the load cases. 

DIC analysis of crack opening displacements revealed the level of crack closure before and after 

the occurrence of the OL. It was experienced that the crack closure was already operative prior the OL 

application but at lower level compared to the one seen after the OL. It is important to highlight that 

before the OL application, the crack closure level was gradually reducing at higher distances from the 

crack tip. Indeed, at 0.4mm the closure was barely detectable. It is worth mentioning that the plastic 

radius at this instant (prior OL) was of around 1mm. Quantification of these values could be made by 

looking at the effective SIF range that was subject to a drop of around 35%, at 0.55mm from the OL site 

in the case of R=0.1. This value overshoots the influence of the sole crack closure effect, 𝛽𝑐𝑙𝑜𝑠𝑢𝑟𝑒. This 

still reasonable divergence was expected and can be explained by the fact that the DIC analysis solely 

is able to assess the closure at the sample free surface. This implies that the closure level assessed with 

DIC may commit errors since it neglects the gradient of closure level that occurs as the position ranging 

from the plane-stress to the plane-strain states. 

In other words, the retardation contributions due to crack closure and residual stress for two 

different load cases were each independently verified using alternative independent techniques 

(XRD/FEM and DIC), showing satisfactory agreement. 

Considerations reported above lead to the conclusion that the residual stress ahead the crack tip is 

operating solely within a region confined to about half the size of the plastic zone generated by the 

overload. In contrast, crack closure is an effect that persists longer following OL. For low load ratios, 

plasticity-induced crack closure affects FCGR immediately once the crack moves past the overload site.  

4.2.8. Conclusion 

The role of plasticity-induced crack closure and residual stress/strain on crack retardation after 

occurrence of overload has been studied. Several techniques adopted for the investigation of this 

phenomena turned out to be complementary in helping understand the two mechanisms operating.  

In order to separate the two contributions, fatigue samples were loaded at high load ratio (R=0.7) 

at which crack closure was inhibited. This allowed the investigation of residual stress as the main cause 



132 

 

of crack retardation. The comparison with the sample tested at R=0.1 permitted the analysis of fatigue 

crack growth rate effect in combination with crack closure.  

Crack closure was additionally characterised for both samples using DIC and fractography tools. 

Both techniques confirmed that crack closure operated solely in the sample at R=0.1. Also, fractography 

analysis highlighted the regions where crack flank contact occurred.  

The residual strain induced by overload in the sample loaded at R=0.7 was studied using 

synchrotron X-ray powder diffraction SXRPD. The conclusion was drawn from the strain maps that 

immediately following the overload, the crack tip experienced a reduction of the strain value magnitude, 

due to induced compressive residual strain. Further measurement at 1mm past the overload showed that 

the mean stress intensity factor was completely restored. 

A new parameter𝛽, the SIF reduction ratio, was introduced. It describes the relative reduction of 

the equivalent SIF range, and allows appreciating the effect of residual strain only, and also in 

combination with crack closure. It was found that residual stress alone slows down the crack growth 

within a distance from OL site equal to approximately half of the plastic zone size due to the overload. 

This reduction of the SIF range is in good agreement with the results of SXRPD. On the other hand, the 

addition of the crack closure effect in the R=0.1 sample meant that the persistence length of the OL was 

similar to the plastic zone size.  

The separation of the two effects was sought by means of fitting functions, and allowed clear 

identification of the crack closure persistence length. It is now possible to conclude that, despite 

inaccuracies that may arise from data scatter and fitting, it is possible to conclude that the crack closure 

contribution becomes active immediately upon the crack advances past the OL location, and reaches its 

maximum effectiveness at the same time as the residual stress effect vanishing, around half the plastic 

zone size. The SIF range reduction ratios evaluated by DIC and SXRPD techniques were in good 

agreement with the values assessed using the normalised effective SIF (𝛽). 

The present study considered an Mg alloy as an example of this reduction factor assessment but, 

obviously, it can be applied to other ductile material. A variation in extension and magnitude of the two 

contribution is expected for other material depending primarily upon the intrinsic ductility 
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characteristics; that governs the plastic deformation and therefore the plasticity induced crack closure 

and residual stress. 

The separation of contributions from closure and residual stress are of great significance in the 

context of crack growth prediction in variable amplitude fatigue. Existing models [232] are unable to 

capture this effect, since they simply assume that the modified plastic zone induced by OL corresponds 

to the extent of crack retardation. However, as demonstrated in the present study, crack closure effect 

may have the prevailing role in longer term crack retardation. Furthermore, it has been shown that its 

occurrence is directly linked with the load ratio of prior fatigue crack growth, rather than with the OL 

plastic zone size. Further studies ought to address the challenge of introducing a mathematical 

description of these contributions into analytical and numerical models of OL crack retardation. 
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4.3. Modelling of Fatigue Crack Growth Rate Retardation 

4.3.1. Introduction 

The subject of this work is the attempt of modelling the retardation occurring at the application of 

an Overload (OL) based on techniques from literature, at two different loading ratios (R=0.1 and R=0.7). 

In addition, constant amplitude crack propagation tests were performed at the two loading rations in 

order to assess the material mean stress sensitivity.  

In the first instance, the constant amplitude loading results were modelled using a Walker model 

[212]. In this way, the FCGR for both the loading ratios could be represented as function of a unique 

equivalent Stress Intensity Factor (eSIF) which accounts the material sensitivity to the mean stress. 

Wheeler model [233], was then introduced for the modelling of the FCGR response at the OL 

occurrence. Recently, some modified versions of the Wheeler model were proposed in order to capture 

also the gradual reduction in FCGR after the OL until it reaches its minimum (delay part) [232], and 

[234]. The modified Wheeler model proposed by Yuen was implemented for the two loading ratios; this 

could be done incorporating the eSIF calculated through Walker.  

4.3.2. Material Description and Fatigue Tests 

The material and samples geometry are the same used previously in Chapter 4.2. A sample denoted 

as DA1 was cyclically loaded at constant amplitude (without OL). The load range was between the 

maximum load of Fmin=0.87kN and minimum load of Fmax=0.087kN, i.e. the load ratio R=0.1. Additional 

experiments were conducted on two samples designated DA2 and DA3 with a different load ratio R=0.7, 

but maintaining the maximum load unchanged, with the maximum and minimum loads of 0.87kN and 

0.69kN, respectively. 

For both load ratios of R=0.1 and R=0.7, a single anomalous OL was applied when the crack had 

reached the length of 9mm. The magnitude of the OL was such that the ratio between the OL and the 

maximum cyclic load was ROL=1.5, therefore FOL=1.3kN. For R=0.1 and R=0.7 the samples subjected 

to OL were designated respectively DA OL1 and DA OL2.  

An additional sample (Parent material) was tested under the same loading conditions as sample 

DA1 with the purpose of obtaining the baseline fatigue crack propagation rate data for the same material 

before CGP processing. 
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4.3.3. Fatigue Test results 

The analysis of the experimental data (i.e. number of cycles and crack length) allowed the 

construction of FCGR curves vs. driving force for crack growth. The calculation of the SIF for the micro-

CT sample was conducted by using the convenient formulation proposed by Murakami [197]. Figure 60 

shows all experimental points obtained in this fatigue testing campaign. 

 

Figure 60 FCGR results for the two loading conditions (R=0.1 and R=0.7) 

The first observation that can be drawn from these experimental outcomes is in regards to the 

fatigue performance of the processed material compared to the un-processed material at R=0.1. The 

plastically deformed material showed the same fatigue resistance as the parent material: the 

experimental points overlap, and no noticeable systematic differences are apparent. This observation 

provides the evidence that severe plastic deformation treatment applied to Mg alloy sheet material did 

not alter its fracture toughness and fatigue strength. This is a very important observation, since the most 

commonly noted result of SPD treatments is the improvement of tensile strength that often is 

accompanied by a reduction in the fatigue and fracture properties. 

The fitting of the experimental data with the Paris equation (18) within the Paris law regime of 

propagation provides further information regarding the propagation behavior. The fitted coefficients are 

reported in Table 5. 

Loading Ratio R C [m/(cycle MPa √m)] m 

0.1 2.34×10-10 3.07 

0.7 2.85×10-9 2.41 

Table 5. Paris coefficients for the two load ratios. 
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4.3.4. The Walker model and its integration with the Wheeler model 

Walker model calculation 

Considering solely the set of experimental data presented here in the crack propagation regime 

unaffected by the OL, linear regression can be applied, leading to the graphical representation of the 

outcomes in Figure 61. 

 

Figure 61. Three-dimensional representation of the fitting function to the experimental data  

It is clear from Figure 61 that the fitting plane captures the trends for both sets of data. This is also 

confirmed by the low value of residuals. The outcomes of the outlined fitting procedure are hence the 

Walker parameters: 𝛾 = 0.666, 𝐶0 = 5.25 × 10−10𝑚/(𝑐𝑦𝑐𝑙𝑒 𝑀𝑃𝑎 √𝑚), 𝑚𝑤 = 2.75. 

The value of γ denotes the relatively high sensitivity that the material has to the mean stress. 

The modified Wheeler model 

With some simplifications adopted, the fatigue crack growth retardation due to an overload can be 

predicted using the Wheeler model. Wheeler assumes that the retardation occurs immediately after the 

anomalous load application and the extension in which the retardation persist coincides with the plastic 

zone generated by the overload.  

Such retardation is predicted thanks to the introduction of the retardation coefficient ∅𝑅in the Paris’ 

law formulation as follows: 

 𝑑𝑎

𝑑𝑁
= ∅𝑅 (

𝑑𝑎

𝑑𝑁
)

𝐶𝐴𝐿
 (72) 
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where: ∅𝑅 = {
[

𝑟𝑝,𝑖

𝑎𝑂𝐿 + 𝑟𝑝,𝑂𝐿 − 𝑎𝑖

]

𝑚𝑤ℎ

1

 

if :      𝑎𝑖 + 𝑟𝑝,𝑖 < 𝑎𝑂𝐿 + 𝑟𝑝,𝑂𝐿 

if :     𝑎𝑖 + 𝑟𝑝,𝑖 > 𝑎𝑂𝐿 + 𝑟𝑝,𝑂𝐿 
(73) 

The retardation coefficient ∅𝑅 is a function of the overload effective plastic radius 𝑟𝑝,𝑂𝐿, the current 

cyclic plastic radius 𝑟𝑝,𝑖 (i.e. generated at each cycle by the baseline load after OL), the current crack 

length 𝑎𝑖 and the crack length at which the OL is applied 𝑎𝑂𝐿. The magnitude of retardation is controlled 

by the shaping exponent 𝑚𝑤ℎ and is obtained by matching to the experimental data.  

Nevertheless, Walker model is not able to predict the retardation delay, i.e. the potential presence 

of initial short crack acceleration and overloads interaction. As mentioned earlier, some studies have 

attempted to include these effects in a Wheeler-based model. Concerning the purpose of the present 

work, we decided to introduce the delay correction to the original Wheeler model. In this way, the 

gradual FCGR deceleration occurring past the OL could be modelled. This task could be accomplished 

introducing the delay parameter ∅𝐷 as described by Yuen [232]. Therefore, the formulation of the FCGR 

becomes: 

 𝑑𝑎

𝑑𝑁
= ∅𝑅 ∅𝐷 (

𝑑𝑎

𝑑𝑁
)

𝐶𝐴𝐿
 (74) 

Similarly to the retardation coefficient, the delay coefficient can be expressed as: 

𝑤ℎ𝑒𝑟𝑒: ∅𝐷 = {[
𝑎𝑂𝐿 + 𝑟𝑑,𝑂𝐿 − 𝑎𝑖

𝑟𝑑,𝑖

]

𝑚𝑚𝑜𝑑

1

 

 

if :      𝑎𝑖 + 𝑟𝑑,𝑖 < 𝑎𝑂𝐿 + 𝑟𝑑,𝑂𝐿 

if :     𝑎𝑂𝐿 + 𝑟𝑑,𝑂𝐿 > 𝑎𝑖 + 𝑟𝑑,𝑖  

(75) 

Here 𝑟𝑑,𝑂𝐿 is the size of the OL effective delay, 𝑟𝑑,𝑖 is the size of the current effective delay zone 

and 𝑚𝑚𝑜𝑑 is the shaping exponent for the modified model. 

Several equations have been proposed in the past aimed at estimating the plastic radius that should 

be coincident with the effective plastic radius. The extension of the plastic zone is known to be function 

of the Stress Intensity factor K and the yield strength of the material 𝜎𝑦 and is usually defined as: 

 
𝑟𝑝 = 𝛼 (

𝐾𝑚𝑎𝑥

𝜎𝑦

)

2

 (76) 

Here 𝛼 is the plastic zone coefficient that is mainly dependent on the sample thickness, maximum 

SIF and mechanical properties. From one of the most popular and simple formulation proposed by Irwin 
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[198]to the more recent expressions based on Finite Element modelling [231], many attempts have been 

made in order to evaluate this coefficient. Nevertheless, in practical use it is observed that the extent of 

the plastic zone does not correspond to the real retardation length (effective plastic zone). Therefore the 

best fitting with the experimental data provides the most reliable value [232]. In this work, we followed 

the fitting procedure firstly introduced by Yuen where the plastic zone coefficient is calculated by: 

 
𝑎𝑟 = 𝑟𝑝,𝑂𝐿 − 𝑟𝑝,𝑟 = 𝛼𝑟 [(

𝐾𝑂𝐿

𝜎𝑦

)

2

− (
𝐾𝑟

𝜎𝑦

)

2

] (77) 

Thus, the total retardation crack length 𝑎𝑟 is thought of as the difference between the effective 

plastic zone induced by the OL and the plastic zone induced by the last cycle immediately before the 

crack outgrows the affected region. 

Similarly to the plastic zone which corresponds to the retardation extension, Yuen [232] proposed 

the definition of the delay zone 𝑟𝑑. This coefficient in turn can be evaluated in the same way as shown 

in (78): 

 
𝑎𝑑 = 𝑟𝑑,𝑂𝐿 − 𝑟𝑑,𝑑 = 𝛼𝑑 [(

𝐾𝑂𝐿

𝜎𝑦

)

2

− (
𝐾𝑑

𝜎𝑦

)

2

] (78) 

Here 𝑟𝑑,𝑑 and 𝐾𝑑 are respectively the delay radius and the stress intensity factor when the crack 

propagates to the length of 𝑎𝑂𝐿 + 𝑎𝑑. 

The Walker-Wheeler models integration 

So far, the model we described is able to predict fatigue crack retardation at low loading ratio R. 

Since we want to extend this model further to high values of R, we propose to assemble the two models 

described above. This can be readily implemented considering the Wheeler model that uses the eSIF 

evaluated according to Walker. In this way any combination of load ratio and overload retardation can 

be modelled by replacing the FCGR evaluated by Walker (59) into the Wheeler retardation model (74). 

The final formulation becomes: 

 𝑑𝑎

𝑑𝑁
= ∅𝑅∅𝐷[𝐶0 [∆𝐾𝑒𝑞]

𝑚𝑤
] = ∅𝑅∅𝐷[𝐶0 [∆𝐾(1 − 𝑅)𝛾−1]𝑚𝑤] (79) 
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4.3.5. Discussion and Conclusions 

The proposed calculation framework for the modelling of the overload effect on the FCGR 

retardation was applied to the experimental data.  

It is noted that regarding for the load ratio R=0.7, the crack arrested its propagation right after the 

OL, and no delay part was detected. Therefore, since the proposed model is not able to account for the 

arrest effect, for this specific case we did not attempt the modelling of the delay part of propagation after 

OL.  On the other hand, in the case of R=0.1, the delay was observed and the full modelling procedure 

was implemented.  

The matching process aimed at the evaluation of the model’s coefficients produced the values 

showed in Table 6. 

R 𝒎𝒘𝒉 𝒎𝒎𝒐𝒅 𝜶𝒓 𝜶𝒅 

0.1 1.25 1.95 0.742 0.199 

0.7 0.40 - 0.218 - 

Table 6. Wheeler model coefficients. 

The results of the Walker-Wheeler model application are graphically represented on the Paris 

diagram of equivalent SIF evaluated using Walker ∆𝐾𝑒𝑞 against the FCGR 
𝑑𝑎

𝑑𝑁
, as shown in Figure 62. 

Modelled and experimental FCGR (a) Loading Ratio R=0.1 (b) Loading Ratio R=0.7. Overall, the 

application of the model provided satisfactory matching with the experimental data. Figure 62 illustrates 

that good agreement is achieved with a very low level of scatter and deviation.  

We note that the values of the shaping exponent and the plastic zone coefficients differ in the two 

loading conditions. It is important to make this observation because the Wheeler model is built on the 

correlation between the plastic radius and the extent of the OL effect. This means that theoretically the 

two loading cases should show the same values, since the OL load level is the same. However, at the 

high loading ratio R the effective plastic radius produced by the OL (𝑟𝑝,𝑂𝐿) resulted to be less than one 

third smaller of the one at R=0.1. This leads us to think that different crack propagation and retardation 

mechanisms were operating in the two experiments.  The two predominant causes of crack retardation 

are thought to be the plasticity induced crack closure and the presence of compressive residual stress 



140 

 

ahead of the crack tip. In the particular case of very high loading ratio it has been remarked that the 

crack closure effect may not be present [225]. In has been experienced that at R=0.7 the crack closure 

is completely absent, as shown in the previous Chapter 4. The absence of crack closure after OL at 

R=0.7 provides an explanation of the difference between the two sets of results. Indeed, the model does 

not account for the two mechanisms separately, and the reduction of retardation due to high R cannot 

be considered in the model.  

 

Figure 62. Modelled and experimental FCGR (a) Loading Ratio R=0.1 (b) Loading Ratio R=0.7 

Once the Walker-Wheeler model coefficients have been calibrated, the newly formulated model 

can be used for the prediction of the OL effect on crack retardation at different load ratios and different 

OL levels. It is important to note that the coefficients evaluate for the Wheeler model need to be 

interpolated for obtaining a more reliable prediction at load ratios R that differ from the two analysed in 

this chapter (i.e. R=0.1 and R=0.7). Obviously, further experimental points may help improve the 

statistical coverage and thus the reliability of the model, especially at loading conditions largely different 

from the two treated here. 

4.3.6. Conclusions 

The fatigue crack growth response of Magnesium alloy AZ31b subjected to CGP severe plastic 

deformation was analysed in the present work. The FCGR comparison between the parent material and 

the CGP-processed material, both tested at the load ratio R=0.1 revealed no substantial differences. This 

indicates that no significant alteration occurred in the fatigue resistance with the application of the 

thermo-mechanical treatment. The fitting of experimental data with the Paris coefficients showed nearly 

the same FCGR curve slope for the two loading ratios. 
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Fatigue tests conducted with the introduction of an OL revealed the retardation behaviour of the 

material. In both fatigue baseline situations crack propagation showed retardation, and in the case of 

R=0.7 the crack was even arrested for 2000 cycles.  

The fatigue crack growth behaviour was modelled using the combination of the Walker model that 

accounts for material sensitivity to mean stress, and a modified Wheeler model for the crack retardation 

prediction of crack delay after the occurrence of OL. This model can be used for the prediction of FCGR 

at different load and overload ratios upon the interpolation of the fitted coefficients. 

Physical meaning and the values of the model parameters can be sought into the roles of crack 

closure and residual stress state ahead of the crack tip induced by the loading history. It is for this reason 

that the effort put in the Chapter 4 needs to be reflected into an improved model that strengthen the 

accuracy and robustness. Future studies may be addressed into this direction, along with the capability 

of predicting crack arrest. 
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4.4. Mechanism of Fatigue Crack Acceleration Following the Occurrence 

of an Underload 

4.4.1. Introduction 

In order to obtain a better understanding of the causes of crack acceleration due to UL and to assess 

their contribution, in this study we use the combination of modern mechanical microscopy techniques, 

namely, Synchrotron X-ray Powder Diffraction (SXRPD) for residual and ‘live’ strain mapping, Digital 

Image Correlation (DIC) for ‘live’ deformation monitoring and three-dimensional Finite Element 

Method (FEM) for numerical modelling strain evolution during relevant instants of the crack 

propagation. 

Our proposed strategy consists of the analysis of the strain field evolution in the course of an UL 

application. We also wish to address and resolve the disagreement that exists between published reports 

regarding the dependence of the FCGR acceleration as a function of the amplitude of the baseline fatigue 

load. To this end, we analyse the strain field variation following the application of UL using non–linear 

FEM analysis. Furthermore, the crack closure effect was visualised directly by means of DIC analysis 

of the relative displacement of crack faces, allowing explicit evidence to be extracted and presented 

[235, 236]. DIC was used to record the crack flanks relative displacement using a sequence of images 

of the crack tip and its near wake acquired during fatigue test. The correlation between these images and 

the instantaneous applied load provides a means of direct evaluation of the crack opening load, and the 

calculation of the reduction in the effective Stress Intensity Factor. 

Fatigue tests were carried out using mini-Compact Tension (CT) samples extracted from a rolled 

plate of Mg alloy AZ31b A samples was first subjected to cyclic constant amplitude loading at the load 

ratio R=0.1. After crack was nucleated and propagated, a single UL was applied to the sample. Two 

additional samples were tested at constant amplitude until failure occurred in order to provide a baseline 

for comparing the behaviour of the UL sample behaviour. In the case of strain field assessment around 

the crack tip, a sample was firstly fatigued at constant load amplitude and before the UL application, a 

single OL was applied to the sample. The strain mappings were performed using synchrotron diffraction 

(SXRPD) prior, during and after the UL application. SXRPD has been used in previous studies for the 

characterization of the stress field [83, 237-239], in particular around the crack tip during crack 
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propagation and at the occurrence of an overload [128, 129, 222, 223, 239]. This method allows high 

spatial resolution observation of the elastic strain state surrounding the crack tip, the identification of 

the plastic zone, and monitoring its evolution during subsequent crack propagation. The high energy 

and flux provided by synchrotron X-ray beam ensure that the experimental data collection was carried 

out in transmission mode. Therefore, the subsequent strain analysis is performed on the bulk of the 

sample, allowing fast data collection and the construction of two-dimensional strain maps of the area of 

interest at the crack tip. We focus our attention particularly on the visualisation of the strain component 

parallel to the loading direction. 

The purpose of carrying out FEM analysis in the first instance was to comparing numerical 

predictions with experimental observation and then validate the simulation approach. The validated 

model was firstly used to perform parametric analysis varying the baseline fatigue load in terms of 

loading ratio keeping constant the loading range. Secondly, the effect of the underload magnitude was 

also explored through an additional parametrical analysis. As output of these simulations, the computed 

J-integral was considered to be representative of the material propensity to crack propagation. Therefore, 

in the loading cycle following the underload, the J-integral range and its mean value were computed; 

these values formed the basis for discussion and observation of the results. 

4.4.2. Material description fatigue test and results 

The material of choice for the experiment outlined in the previous section must fulfil a number of 

requirements in order for meaningful results to be obtained. Firstly, sufficient amount of ductility is 

required, since it enhances the effect of retardation/acceleration due to OL/UL through the creation of 

large plastic zone. This must be balanced against stiffness to ensure sufficiently high magnitude of yield 

strain which in turns, produces high values of elastic strain at the crack tip that are more easily 

measurable keeping errors low. Secondly, high resolution SXRPD requires the material to be suitably 

fine-grained to ensure good polycrystal averaging over multiple grains of many possible orientations 

within the gauge volume to give rise to smooth powder diffraction patterns that lend themselves 

naturally to interpretation. Magnesium alloy AZ31b subjected to severe plastic deformation by 

Constrained Groove Pressing (CGP), under controlled temperature conditions in order to promote re-

crystallisation, possesses a refined grain size in the micron range, and displays an increase in tensile 
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strength with respect to the base heat treatment, without compromising toughness [240, 241]. The 

resulting favorable combination of properties is characterised by the yield stress is of σy≈260MPa, 10% 

of total elongation and the grain size distributed in the range from <1μm to 5μm maximum. Previous 

work has been carried out and reported concerning fatigue crack growth behaviour of this alloy under 

variable loading history, the overload (OL) effect in particular [242], confirming the feasibility of the 

experiment proposed presently.  

A 2mm-thick miniature Compact Tension (CT) specimen (35mm) was used for fatigue testing. The 

same sample geometry was successfully adopted in the previous Chapter 4.1. Cyclic loading was applied 

using a servo-hydraulic fatigue rig capable of applying cyclic loading up to 20kN. The baseline constant 

amplitude fatigue loading was performed at the frequency of 7Hz. Simultaneously, the crack progression 

length was monitored and recorded using an optical microscope system providing images having pixel 

size of around 1μm, allowing precise determination of the crack length and evaluation of fatigue crack 

growth rate (FCGR), and video recording of the crack opening and closure for subsequent DIC 

interpretation. The fatigue test setup is depicted in Figure 63(a). 

 

Figure 63 (a) Test setup arrangement, (c) fatigue loading history sample s.3 (c) and fatigue 

loading history sample s.4. 

Four samples were employed in the experiment. Two samples denoted s.1 and s.2 were cyclically 

loaded at constant amplitude until complete sample fracture occurred. The cyclic loading ranged from 

the minimum load of Fmin=80N to the maximum load Fmax=800N, with the load ratio R equal to 0.1. The 

 

 

 
 

(a) 

(b) 

(c) 
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sample (s.3) was cyclically loaded until it had reached the crack length of 4.5mm when an UL was 

applied having magnitude of FUL,1=-1200N. Further constant amplitude fatigue loading allowed the 

assessment of crack propagation rate as the crack advanced. During the whole fatigue test, images of 

the crack flanks were taken with the purpose of performing DIC analysis. The load history is summarised 

in Figure 63(b). A fourth sample (s.4) was tested at the same fatigue baseline as the two baseline 

samples, but subjected to a single overload (OL) of FOL=1200N followed by an Underload (UL) FUL,2=-

960Nwhen the crack length reached 4.5mm, as illustrated in Figure 63(c). Such particular loading 

history was chosen in order to validate the numerical model in an extreme situation where both 

anomalities (OL/UL) are present. The OL/UL application was in situ during the SXRPD experiment, a 

miniature tensile loading stage provided by Deben© was used. The strain field around the crack tip was 

mapped at various loading levels. A single UL of magnitude was applied. The UL ratio defined as the 

FUL divided by the maximum value of the baseline cyclic loading Fmax was equal to RUL=-1.2.  

Crack propagation results 

The monitoring of the crack length as a function of the number of cycles during the fatigue test 

allowed the evaluation of crack growth rate variation with the applied stress intensity factor range. As 

seen in Figure 64(a), in the case of the sample subjected to UL, a brief acceleration of the crack 

propagation rate was observed. The UL induced an instantaneous increase in the propagation rate. Using 

the SIF formulation found in [197], the fatigue crack growth rate (FCGR) and related Paris’ curve were 

constructed (Figure 64(b)). The plots in Figure 64 incorporate the data from the totality of the tested 

samples. Fatigue crack growth rate (FCGR) acceleration is apparent. The FCGR plot in Figure 64(b) 

provides the basis for quantitative evaluation of the duration of acceleration effect, as it becomes 

apparent when the effect of UL vanishes and the steady-state condition is re-established. Quantitative 

analysis reveals that the FCGR alteration persists over 0.57mm crack advance following the UL 

application. A close-up plot of the FCGR is shown in Figure 64(c) where the sample subjected to UL 

and OL/UL were plot exclusively; this helps visualising the difference between the two. 
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Figure 64 Fatigue crack propagation results. (a) Crack length vs. n of cycles (b) Fatigue Crack 

Growth Rate (FCGR) vs. SIF range and (c) enlargement of the FCGR vs. SIF range at the occurrence 

of the Underloads for samples s.3 and s.4. 

The two samples tested under steady-state constant cyclic amplitude conditions (s.1 and s.2) were 

used to extract the power law fit to the FCGR vs ΔK dependence, leading to the Paris’ law expression 

(18) for this material:  

In which the coefficients C and m were found to be equal to 2×10-7 [mm/(cycle MPa √m)] and 3.21, 

respectively. The line corresponding to the above equation is shown dashed in Figure 64(b). 

4.4.3. Strain field evaluation 

SXRPD experimental setup 

In order to map the distribution of strain at the crack tip, three sets of measurements were performed 

at various loading conditions. Sample s.3 used in the SXRPD experiment was mounted upright in the 

Deben® miniature tension-compression stage capable of applying load up to ±5kN. A small segment of 

the loading history reported in Figure 63(b) around the UL application were reproduced in situ, with the 

three conditions of measurement identified as A (before underload), UL (during underload), and B (one 

cycle following the underload). 

 
 

 

 

(a) 
(b) 

(c) 
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The strain maps at the crack tip were constructed using SXRPD strain analysis. The experiment 

was performed at Test Beamline B16 at the UK synchrotron facility, Diamond Light Source (DLS) 

located at Harwell Oxford (UK). Given the sample thickness of 2mm, the high flux, high energy beam 

provided by Synchrotron X-ray was used to perform the test in transmission mode. In this modality of 

mechanical microscopy, the diffraction patterns obtained provided averaged information about the 

lattice parameter variation through the entire sample thickness. The X-ray energy used was 20keV and 

the beam size 45µm×45µm.  

The sample arrangement is shown in Figure 65. The sample was placed in the upright configuration 

with respect to the tensile stage, so that contemporaneous load application and beam mapping was 

possible. The tensile stage was placed on a beamline translation stage in order to allow the movement 

required for the scanning along the x and y laboratory coordinate axes defined according to Figure 65, 

(z axis associated with the incident X-ray beam, x axis horizontal and y axis vertical in the plane 

perpendicular to the incident beam). 2D diffraction patterns consisting of sharp and smooth Debye-

Scherrer rings were acquired by means of a Photonic Science X-ray Image Star 9000 detector.  

 

Figure 65  Experimental setup indicating the coordinate system, principal experimental devices 

adopted and sample orientation. 
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SXRPD strain mapping  

In order to determine the strain field map around the crack tip from the acquired diffraction patterns, 

azimuthal integration (binning) of Debye-Scherrer rings was performed for the grain family 

corresponding to the reflection with the Miller index (20.0) of the hcp structure of magnesium alloy 

AZ31b. The strain component aligned with the loading direction was sought by integrating the sector of 

the ring within the range ±30˚. The adoption of such sector of integration leads to a maximum relative 

error of ~8.5% in strain determination in terms of the maximum difference between principal strains. In 

the present case, the analysed strain component is considered be one of the in-plane principal strains. 

Following binning to obtain the equivalent 1D X-ray diffraction profile as function of the diffraction 

angle 2Θ, the variation of lattice spacing Δd was evaluated throughout the scan, and used as input in the 

differential form of Bragg’s law that allows the strain to be determined (64). 

As is well known, the determination of strain using the above formula requires the knowledge of 

the strain-free lattice parameter d0 that denotes the distance between crystal planes in the unstrained 

condition. Such parameter is not always easy to be determined, since a priori knowledge of the location 

where the value of strain approaches zero or a known value is problematic, the use of powdered sample 

is fraught with difficulties of preserving identical scattering conditions and sample-to-detector distance, 

and solute chemistry variations due to heat treatment history may cause the variation of lattice parameter 

compared to the literature values for the material studied. The strategy adopted in order to overcome 

this issue was to rely on the use of FEM as a modelling in order to obtain most reliable matching of 

simulation to observation, whilst considering d0 as a fitting parameter to minimise the disagreement. 

More specifically, the predicted strain field was considered in a region lying sufficiently far away from 

the crack tip not to be affected by local plasticity, yet sustaining measurable elastic strain. Further 

matching with the numerical model allowed the refining of d0 that turned to be 0.244nm. Therefore, this 

value was used to determine the magnitude of experimentally measured strain field at any point on the 

maps. 

A Matlab routine was used for the analysis of 1D diffraction patterns. For each experimental 

position the (20.0) reflection was fitted with a Gaussian peak curve, and the relative change in the lattice 

spacing corresponding to the peak centre was calculated. Strain maps were constructed in Matlab. The 
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d0 was then varied seeking the best match of these results with the numerical prediction along the crack 

bisector. 

FEM analysis 

Since the experimental strain field mapping is the average value along the sample thickness, the 

modelling of crack growth cannot be performed under the simplification of plane-stress or plane-strain. 

To better reproduce the real case, a three-dimensional FEM analysis was performed with the purpose of 

capturing the strain field variation through the thickness of the sample. Given the importance of 

accurately represent the material hardening behaviour within the FEM software, a combined hardening 

rule was implemented. Such rule provides the description of the kinematic hardening rule by means of 

the Chaboche model [243] and the cyclic softening/hardening behaviour by superposition of an isotropic 

hardening rule as described in [244]. This model decomposes the backstress into several components 

where each of the components, individually evolved according to an Armstrong and Frederick hardening 

law [245]. The idea of decomposing the backstress has become a main interest since. Furthermore, in 

order to improve the uniaxial and multiaxial ratcheting simulation, modifications have been made to the 

Chaboche afterwards. 

This model required an accurate calibration that was accomplished using a supplementary model 

where cyclic behaviour was simulated and, by matching the result with the experiment, the model’s 

coefficients were found. The kinematic part was calibrated using two backstresses. Values of the 

combined kinematic/isotropic model found are summarised in the Table 7. 

𝑪𝟏  [MPa] 𝜸𝟏 𝑪𝟐  [MPa] 𝜸𝟐 𝑸∞ [MPa] 𝒃 

90000 9000 600 3 50 2 

Table 7 Combined hardening rule coefficients 

Regarding the kinematic part, the coefficients C indicate the slope of the hardening rule and γ is 

the rate at which the kinematic component approaches its asymptote. As far as the isotropic rule is 

concerned, the parameter Q∞ is the asymptotic value of strain hardeinig/softening and  

b is the rate at which the isotropic component approaches its asymptote.   

A quarter of the CT sample was modelled taking advantage of the symmetries in order to minimise 

the computational effort. The 8-node linear brick elements were used for the discretisation of the model. 
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The mesh convergence allowed the finding of a good compromise between the computational speed and 

result quality. The half thickness of the sample was subdivided in n.6 elements, the elements present at 

the vicinity of the crack wake were made 0.1mm x 0.02mm and, at the OL/UL application site, the mesh 

elements were 0.02mmx0.02mm as depicted in Figure 66. In total, the model was constituted of 27‘000 

elements. 

The strain evolution, as the crack propagated through the sample, was simulated by considering 

several propagation steps from the nucleation until the final stage. The crack propagation was subdivided 

in n.12 steps. The first 10 steps after crack nucleation were equispaced of 0.4mm and the last two steps 

were respectively 0.3 and 0.2mm. Although the real propagation da/dN was considerably smaller than 

the numerically modelled propagation step, such discretisation was thought to be sufficiently small to 

capture the plastic deformation induced by the whole propagation process; this was confirmed by a 

convergence of result analysis. At each propagation step, the cyclic load was applied to simulate the 

material cyclic response. In order to capture the crack flanks contact and thus the induced plasticity 

crack closure, an hard contact was modelled at the surface where the contact could happen as shown in 

Figure 66. The modelled contact was of the type `̀ Hard`̀  with the method `̀ Augmented Lagrange `̀ .  

 

Figure 66 Model discretisation. Detail of the mesh refinement along the crack propagation path  
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SXRPD results and FEM model validation 

After matching the numerical outcomes with the experimental ones by refining of the material d0, 

the obtained maps can be plotted. Figure 67  shows contour plots for the three instants of loading (A, 

UL, B) considered. Note that the crack tip is not always located at the centre of the Figure as a 

consequence of the choice of experimental setup. The crack tip location is indicated by the wedge-

shaped black lines on the left of each map and, after rough estimation, it was precisely localised by 

matching with numerical model  

 

Figure 67 Strain contour map 𝜀yy  obtained by SXRD. a) before (instant A)  b) during (instant 

UL), and c) after (instant B) UL application. 

In the first map shown in Figure 67(a), the region of interest in the strain field surrounding the crack 

tip has been captured. The strain field at the application of the UL is revealed in fine detail in Figure 

67(b). 

Compressive strain ahead the tip was detected in all the loading steps. As expected, at the 

occurrence of the UL, high magnitude of compressive strain was generated, and a steep gradient of strain 

ahead of the crack tip was observed. 

It is worth noting that ahead of the crack tip in the cases before and after the UL in Figure 67(a) 

and Figure 67(c), a small jump can be observed along the crack bisector, producing a sort of banding 

effect in the maps (Circled by dashed line in Figure 66(c)). This suggests that a pre-existent background 
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residual strain may persist in the material arising from the previous severe plastic deformation during 

material forming. 

The comparison of the strain fields obtained is reported in Figure 68 as line plots along the crack 

bisector. The experimental results are shown along with the error bands at 95% of confidence arising 

from the error of peak position obtained from the Gaussian fitting of the diffraction peaks, propagated 

to calculate the strain uncertainty. 

The comparison between the experimental and numerical results shows satisfactory overall match 

in terms of the trend in strain variation. Even in terms of strain magnitudes, the numerical predictions 

appear to match the experimental profiles. Unfortunately, the strain field ahead the crack tip for the 

loading condition A(Figure 63(b)) shown in Figure 68(a), cannot be verified since lack of experimental 

points.  

On the basis of the results presented in this section we draw the conclusion that satisfactory 

validation has been obtained of the numerical approach selected, and that it can be adopted for further 

analysis of UL effects on FCGR. 
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Figure 68 Experimental vs. FEM results of the elastic strain in the direction of the external load 

𝜀yy. The origin of the x axis indicates the crack tip position. Comparison along the crack bisector (a) 

before UL (instant A) (b) during UL (instant UL), and (c) after UL (instant B). 

FEM parametric analysis 

To advance the understanding of how the crack growth is affected by the cyclic loading and the 

magnitude of the UL, several parametric analyses were performed. In the elastoplastic regime, one of 

the effective parameter that can be used as representative of the crack driving force is the J-integral 

[246-248]. This parameter is known to be efficient in accounting also the effect of crack closure [249], 

therefore we used such J-integral, in particular its range within each cycle, for the assessment of the 
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crack driving force change as the UL magnitude and baseline loading vary. The range of J-integral was 

then evaluated at the cycle that follows the UL application in each simulation. The computation of the 

J-integral value was performed at the distance of 0.5 mm from the free surface of the sample in order to 

obtain a good compromise between the plane-stress condition (free surface) and the quasi-plane-strain 

condition (mid-thickness). The path of integration was chosen wide enough with the purpose of avoiding 

artefacts that may arise from the crack tip plastic zone.  

The first parametric analysis was focussed on the evaluation of the UL magnitude effect on the 

variation in J integral range ∆𝐽. The cyclic fatigue loading was kept constant and it was the same as 

shown in Figure 63(b). Along with the range, the mean value was also monitored since it may play an 

important role on fatigue damage. Therefore, the mean value of J–integral in the cyclic loading and the 

ratio defined as the minimum value divided by the maximum value (RJ=Jmin/Jmax) were assessed. With 

this end, n.7 analysis were performed. The Figure 69 shows the variation of both the mean value 𝐽𝑚𝑒𝑎𝑛 

and the range ∆𝐽.  

 

Figure 69 Parametric analysis results for the variation of the magnitude of UL. Plots show the variation 

of (a) the mean value Jmean and the range ∆𝐽 of the J-integral, and (b) of the J-integral ratio RJ. 

Regarding the effect of the baseline fatigue loading, we studied several cases where the loading 

range applied to the sample was kept constant equal to the above shown analysis ΔF=720N and the 

variable was set to be the external loading ratio R. The results are shown below in Figure 70. 

  

 

(a) (b) 
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Figure 70 Parametric analysis results varying the baseline loading ratio. (a) Mean value Jmean 

and range ∆𝐽 of the J-integral plot and (b) J-integral ratio RJ plot. 

Crack closure analysis 

As previously discussed in reference to previous publications, crack acceleration may occur mainly 

due to the combination of tensile residual stress with the change in the crack closure level. Here we 

analyse how the crack closure mechanism deviates from the steady-state trend after an UL occurs.  

The fatigue test setup used in the present study allowed capturing a sequence of detailed images of 

the crack tip and wake during cyclic test at low frequency (0.1Hz). As successfully previously conducted 

by other researcher [218, 221, 250-252] a DIC analysis is able to capture the crack flanks relative 

displacements. Using a Matlab-based DIC software [253], this relative crack flank displacement, also 

known as the Crack Opening Displacement (COD), was monitored at the distance of 0.25mm behind 

the crack tip towards its wake. Such analysis was performed once the crack had reached different 

lengths: 7.73mm, 8.18mm, 8.56mm, 9.09mm, 9.65mm, 10.35mm (before UL), 10.35mm (at UL),  and 

10.52mm, 10.84mm, 11.01mm (after UL).  

An example the COD behaviour in the presence of crack closure is reported in Figure 71(a), where  

the COD is plotted together with the applied load, so that the direct comparison is possible. The COD 

follows the sinusoidal profile of the applied load very well whilst the magnitude of applied load remains 

high. However, in the course of unloading, the COD reduces to its minimum value of zero before the 

load reaches the cyclic minimum, as the flanks come into contact that does not allow any further relative 

movement. The most important bit of information that can be extracted from this type of graph is the 

crack opening load denoted Fop below,  i.e. the value of load at which the crack flanks first come into 

contact during unloading part of the cycle, or separate under increasing load. For example, for the case 

  

 

(a) (b) 
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shown in Figure 71(a) crack closure occurs at around 200N of applied external force. In the majority of 

the cases, the opening load is correspondent to the closure load (an example is given in Figure 71(a)). 

The opening load can be used for the calculation of the opening stress intensity factor, and hence 

the effective stress intensity factor. For the purpose of exploring the variation in crack closure level as 

the crack moves past the UL region, we report the normalised opening load as a function of the crack 

length in Figure 71(b). 

 

Figure 71 Crack closure analysis. (a) Example of simultaneous crack opening displacement and 

applied load plots example at crack length a=2.577mm. (b) and normalised opening load plot during 

crack propagation. 

The opening load was normalised with respect to the maximum load (800N). The error arising from 

the calculation of the opening load was estimated, and is reported using error bands at 95% confidence. 

As Figure 71(b) shows, at small crack lengths the crack closure ratio was around 0.13. As the crack 

propagates this value increases gradually until it reaches the value of 0.16 immediately prior to the UL 

application. After UL occurs, a clear drop in the crack closure ratio is observed, down to the value of 

0.10, or 37.5% lower. The prompt return of the FCGR to the steady-state condition is here confirmed 

by the fact that after ~0.5mm of further crack propagation the crack closure ratio returns to the value 

~0.15.  

The opening load could be used directly for the calculation of the actual FCGR, by computing the 

effective SIF at the crack tip as: 

 ∆𝐾𝑒𝑓𝑓 = 𝐾𝑚𝑎𝑥 − 𝐾𝑜𝑝 (80) 

 
 

 

(a) 
(b) 
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Here 𝐾𝑜𝑝 is the SIF at the opening load Fop, and 𝐾𝑚𝑎𝑥 is the SIF when the load reaches its maximum 

value during cycling. The effective SIF ∆𝐾𝑒𝑓𝑓, according to the DIC closure analysis, was reconstructed 

and plotted against the FCGR (Figure 72). 

 

Figure 72 Effective Stress Intensity factor plot relative to the analysed sample s.3. 

The reduction of Kop leads to an enhancement of the effective SIF and subsequent crack 

acceleration. In fact, in Figure 72 it is possible to note that the alteration given by the UL (acceleration) 

that was clearly visible in the plot in Figure 64(c) it is now attenuated by correcting the closure effect. 

Further implications of these findings are discussed in the following section. 

4.4.4. Discussion 

Fatigue test involving the application of a single peak compressive underload (UL) were used to 

explore the crack acceleration effect that persists over a certain range of subsequent crack extension 

(sample s.3). Alongside this test, a more complex loading history was applied to an additional CT sample 

for the in-situ measurement of the strain evolution (sample s.4). 

In both the experimental tests, where OL and/or UL were involved, crack acceleration was 

experienced. The results summarised in Figure 64, specifically in the close-up in Figure 64(c), have 

highlighted two slightly type of accelerations. In the case of sample s.3 (no OL), even though the UL 

magnitude was greater that the case of sample s.4, the effect of retardation in terms of FCGR was of 

smaller magnitude. On the other hand, if we consider the extension of such retardation, then we can 

certainly say that for the sample s.3 it persist for longer crack propagation length. This effect may be 

due to the interaction of OL/UL that produced a great acceleration at the first stages of propagation and 
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a quick restoration to the steady-state regime. In fact, in some cases the sole occurrence of an OL may 

create a short acceleration preceding a more persisting retardation region.  

Supporting experimental measurements of the strain fields were mainly aimed at the validation of 

a three-dimensional FE model. Such  FE model allowed the identification of the  role of strain field 

change ahead of the crack tip and the modification of the crack closure effect that were identified as the 

crucial determining mechanisms that caused the observed phenomena.  

Crack acceleration is believed to be associated with the tensile residual elastic strain (and stress) 

present immediately ahead of the crack tip, or with the reduction in the level of residual compression 

induced by the prior steady-state crack propagation stage. We attempted to capture this tensile strain 

region experimentally using SXRPD. No direct evidence of local tensile strain could be detected ahead 

the crack tip after the occurrence of UL but, a prominent change in the strain level was observed. Indeed, 

by comparing the Figure 68(a) and Figure 68(c), it is evident that the compressive strain peak ahead the 

crack tip was attenuated with the introduction of the UL. 

However, the experimental result obtained was also used as the basis for developing and validating 

a numerical simulation based on FEM calculation that allowed parametric analysis to be conducted.  

Two different parametric FE analyses were performed with the goal of evaluate the effect of the 

baseline cyclic loading, in terms of loading ratio R, and the magnitude of UL applied.  

The analysis at constant baseline fatigue loading was performed at R=0.1 at the same amplitude as 

shown in Figure 63(b). As it is possible to see in Figure 69(a), as the absolute magnitude of the UL 

increases, the range of J integral ∆𝐽 decreases. For an UL, that varies from 80 to -2500N, the ∆𝐽 varies 

of around 10%. Exactly the opposite trend can be observed for the mean value of J integral Jmean; in fact, 

as the UL absolute magnitude increase, the Jmean increases too. In the case of Jmean, the variation in the 

same range of UL change is of 24%. Another way of visualising this is by plotting the local J integral 

ratio defined as 𝑅𝐽 =
𝐽𝑚𝑖𝑛

𝐽𝑚𝑎𝑥
  as shown in Figure 69(b). This led us to believe that, in the case of R=0.1, 

the crack acceleration is due to the drop of the mean value of J integral which is predominant to the 

increase of ∆𝐽.  

The second parametric analysis was conducted keeping constant both the magnitude of the UL 

(FUL=-1200N) and the load range ΔF=720N, varying the load ratio R. In this instance both the Jmean and 
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the ∆𝐽 increase monotonically as the load ratio R grows, as shown in Figure 70(a). Particularly, at high 

loading ratios (e.g. >0.5) the ∆𝐽 is amplified of around one order of magnitude. Of course, this analysis 

does not attempt to capture how the ∆𝐽 evolves during the further propagation but, surely right after the 

UL application for the first cycles the material is stressed more than the unaltered condition and thus 

more prone to promote crack propagation. The plot of the 𝑅𝐽 against the external loading ratio for this 

analysis, shown in Figure 70(b) reveals also another important aspect. As we can see, the local RJ is 

reduced with respect of R when this last one is positive. This would let us to think that, at R>0 the crack 

should be less prone to propagate when the UL is involved but, it is important to bear in mind that at the 

same time the range of J integral grows much faster as the R increases. Therefore, the conclusion is that 

the chance in loading ratio is reflected in greater part in the change of J integral range. Furthermore, 

high load ratios of the fatigue baseline enhance the effect of UL. 

A graphical representation of the effect of the loading ratio R is shown in the Figure 73. These 

FEM contour images superimposed to the 6x deformation amplification, provide some insights about 

the causes of such magnification of the ∆J when high loading ratio of the baseline is involved. In the 

Figure 73(a) and (b), we can see the crack status at the minimum load applied, before the UL, for two 

loading radio cases (i.e. R=0.7 and R=0.1). The following two Figure 73(c) and (d) show the strain and 

deformation status during the application of the UL (same magnitude) respectively for R=0.7 and R=0. 

It is clear that, whereas the loading ratio is high, the UL produces much larger deformation at the crack 

tip compared with the one at R=0.1. In fact, for R=0.1 the majority of the deformation occurs at the 

notch root. This effect is due to the level of crack closure and blunting induced by the baseline. Indeed, 

the high Fmax during cycling produced great level of blunting and closure that then allows this `̀ pincer`` 

effect at the crack tip when UL occurs. For low loading ratios, when the crack closes under the effect of 

the UL, the stresses are distributed along the crack flanks and not concentrated at the tip.  

In is worth mentioning that, if the crack faces go in contact, the compressive forces that arise may 

flatten the asperities present and, as consequence, the magnitude of the roughness-induced crack closure 

is reduced. 
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Figure 73 Contour plots of the elastic strain component parallel to the load applied 𝜀𝑦𝑦 at the 

relevant load conditions, plotted over the deformed geometry after the application of magnification 

factor (6x). (a) Before the application of the UL at the minimum load Fmin in the case of load ratio 

R=0.7. (b) Before the application of the UL at the minimum load Fmin in the case of load ratio R=0.1. 

(c) During the application of the UL right after the cyclic loading at R=0.7. (d) During the application 

of the UL right after the cyclic loading at R=0.7 

In summary, the enhancement of the tensile strain with the increasing baseline load leads to the 

conclusion that crack acceleration after UL is crucially dependent not on the UL magnitude, as might 

be surmised, but rather on the magnitude of the predominant cyclic maximum load prior to the UL 

application. Thus, our conclusion is in agreement with [254], but is based on the advanced and detailed 

insight into the processes occurring at the micro-mechanical level at the tip of a growing fatigue crack. 

Along with the strain field change at the crack tip, the plasticity induced crack closure is another 

mechanism thought to be involved in crack acceleration. To examine this hypothesis, the investigation 

of crack closure was conducted by means of DIC analysis. In this way, the crack closure/opening load 

ratio was evaluated at several crack propagation stages before and after the UL. It turned out that right 

after the UL occurrence the crack closure/opening load was reduced, Figure 71(b). The correction of the 

SIF range by means of the effective SIF range ∆𝐾𝑒𝑓𝑓it is demonstrated that crack closure plays a crucial 

role in crack acceleration following UL application. Also, the extent of the deviation in crack 

closure/opening load corresponds correctly to the length of crack propagation over which acceleration 

is observed.  
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4.4.5. Conclusion 

The work presented in this chapter provides experimental and numerical evidence of the 

mechanisms involved in the propagation of a fatigue crack propagation past an occurrence of 

compressive underload (UL). The strain field at the crack tip was mapped by synchrotron X-ray 

diffraction, which was used for validating a numerical model of deformation. Experimental 

measurement did reveal a limited reduction of the compressive strain experienced in the plastic region 

ahead the crack tip. FEM parametric analysis revealed that lower values of the baseline fatigue loading 

ratio reduced the strain field alteration after UL and, if they were low enough, made the effect of UL 

negligible. The underlying mechanism behind this effect was explained considering the crack tip 

blunting and crack closure induced by the fatigue baseline. Keeping the load range constant, it is possible 

to observe and enhancement of the crack closure and blunting effects when the loading ratio increases, 

which in turns, has a massive impact on the effectiveness of the UL. It is worth highlighting that at low 

loading ratios, the UL produces great deformation along the entire crack faces and therefore the 

asperities are smoothed with a consequent reduction of the roughness induced crack closure effect. 

Regarding the repercussion of the UL magnitude on the driving force, this is surely less prominent that 

the baseline loading ratio. In fact, great variation in UL magnitude produces small change in the mean 

value of the cyclic J integral that is thought to be the predominant parameter in this case.  

Crack closure was monitored throughout crack propagation. The opening load displayed a sudden 

drop of 37.5% after UL application, and a gradual return to the steady-state value. The restoration of the 

unaltered crack closure state occurs at around 0.5mm from the UL position, which is in agreement with 

the crack propagation length over which acceleration is observed. The drop in the opening load can be 

seen as an enhancement of the effective SIF range, and therefore provides a clear explanation for the 

acceleration effect observed.  

In conclusion, the mechanisms that contribute to crack acceleration are mainly: crack tip blunting, 

crack closure and change in residual stress state at the crack tip. The increase of strain magnitude was 

not as obvious as the reduction in the opening load due to crack closure. This leads us to believe that the 

contribution given by crack closure is greater than the one given by the crack tip plastic strain effect.   
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5. Residual Stress evaluation and modelling in polycrystalline 

materials 

5.1. Residual Stress in shot peened notched samples 

5.1.1. Introduction 

In the present section, the FIB-DIC ring-core method was adopted for the evaluation of residual 

stress induced by SP in samples made from aluminium alloy Al-7075-T651 and having three different 

V-notch root radii. The measurements for each specimen were performed along the notch bisector and 

along a line perpendicular to it running at a certain distance from the notch root. Taking full advantage 

of the DIC analysis it was possible to evaluate the residual strain in two orthogonal directions. The 

measurements are interpreted, and the results discussed in comparison with a small and efficient 

mathematical model based on the eigenstrain approach. 

5.1.2. Sample description and FIB-DIC measurements 

Sample Description and Measurement Locations 

The samples used in the study were machined from a 4mm-thick rolled aluminium alloy plate 

(Al7075-T651). They had different notches of varying severity machined in them in order to obtain three 

notched samples. All notches were V-shaped and differed from each other only in the fillet radius at the 

notch tip. The geometry and the main dimensions of the samples are depicted in Figure 74. Table 8 

shows the geometric characteristics related to Figure 74(a), and the corresponding values of the Stress 

Concentration Factor Kt.  

Sample n. Fillet radius ρ  [mm] Kt 

1 2 1.52 

2 0.5 2.37 

3 0.15 3.76 

Table 8. Samples’ geometrical specifications 
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The central part of both lateral and frontal surfaces of the specimens were shot-peened to an Almen 

intensity of 4.5 N using a 90 impingement angle with ceramic (ZrO2 and SiO2) beads of 60–120 lm 

diameter that provided complete coverage of the notch roots and the top surface (Figure 74(a)); details 

about the shot peening process are given in [92]. 

The top surface examined by FIB-SEM microscopy were first ground using abrasive cloths up to 

1200 grit, followed by smooth cloth polishing with 1µm diamond particle suspension in aqueous 

solution and then, as the final step, using colloidal silica solution. The grinding and polishing procedure 

has resulted in the removal of the material layer at the top surface that was affected by the shot peening 

treatment. 

The milling micro-pillar markers (measurement sites) were placed as shown in Figure 74(b). In the 

very vicinity of the notch tip, a very high gradient of stress may be found. Consequently, the two closest 

milling points were spaced 12.5µm apart from each other, with the first marker the same distance from 

the surface. The remaining measurement points were spaced 50µm apart. Due to the requirement of final 

alignment between FIB and SEM beams prior to milling, the arrangement described above may not 

always have been respected. However, the actual distances were used and the data points corrected 

accordingly. The transversal line of markers ran perpendicular to the notch bisector (Figure 74(b)) at an 

actual distance of 75µm from the notch root in all samples in the set. 

a) 

 

b) 

Figure 74. Schematic representation of the milling locations. a) Sample overview (circled the 

milling location). b) Milling positions at the notch tip. 

ρ 

Top 
Surface 
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FIB Milling Procedure 

In order to perform DIC analysis, the surface must show good contrast derived from the features 

already present, e.g. roughness, precipitates etc., or be “decorated” to create such contrast to enable 

time-depending tracking of surface displacement. Since the surface of polished samples used in the 

present study did not present these characteristics, in-chamber electron beam deposition of a Pt pattern 

was used. The Gas Injection System (GIS) was used to deliver a local flow of a Pt-containing volatile 

organic compound, and electron beam was used to precipitate Pt onto the surface to create a so-called 

“sunflower” pattern of dots (Figure 75(b)).  

Micro-pillars of ring-core geometry of nominal diameters of D1=7.5µm and D=5µm (Figure 75(d)) 

were milled at each measurement point (Figure 75(a)). The milling procedure was subdivided into n=50 

steps, and SEM images of the micro-pillar top surface were acquired at each step. A micrograph of the 

monitored region of sample surface carrying the sunflower pattern is shown in Figure 75(c). Once the 

procedure was complete, the relative distances between the centres of the milling positions were 

measured by means of SEM at lower magnification. 
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Figure 75. Milling positions and ring core characteristics. a) SEM image overview in 

correspondence of the notch (ρ =0.15mm) after FIB-DIC measurements. b) Sunflower pattern created 

with Pt deposition. c) Surface analysed with DIC during milling process. d) Ring core geometry 

dimensions. 

DIC Analysis and Fitting Procedure 

The images collected at each milling step were analysed by means of Digital Image Correlation 

(DIC). For the purpose of tracking the displacement occurring during the milling procedure, a reference 

grid was created on the sunflower pattern. Large scale rigid body displacements due to the SEM image 

drift were corrected for. The raw DIC tracking data were post-processed to remove outliers and to filter 

out the noise. The procedure was produced the curve for the strain relief as a function of the milling step 

for two orthogonal directions x and y previously defined at the sample surface (Figure 74(b)). Figure 76 

shows the experimental result, in terms of the strain relief at each milling step, for a given direction (x 

or y) obtained as the average across the entire tracking grid. This strain evolution culminates in the 
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achievement of complete relief to zero strain, with the overall increment providing the information 

necessary for the evaluation of the residual strain present in the material prior to milling. 

The experimentally determined strain evolution can be described by a parametric function (81) 

developed on the basis of Finite Element Analysis (FEA) which contains two fitting parameters: the 

complete elastic strain relief ∆𝜀∞, and the normalized milling depth 𝑧.  

In the present study we propose a new definition of the normalized milling depth (82). Comparing 

this new definition with the previously established approach [20], we point out the difference in terms 

of additional free fitting parameters 𝛿 and 𝜅 being introduced in the evaluation of the normalised milling 

depth z:  

 
𝜀∗ = 1.12 ∆𝜀∞ (

𝑧

1 + 𝑧
) [1 +

2

(1 + 𝑧2)
] (81) 

 

𝑧 =
(

ℎ
𝐷

+ 𝛿)

𝑘
 

(82) 

The physical meaning of parameter 𝛿 is the offset adjustment of the reference surface depth from 

which fitting begins. This helps accommodate the effect of surface roughness on the strain relief vs. 

depth curve. The parameter 𝜅 accounts for the possible imprecision in the calculation of milling depth 

that can be adjusted to obtain the best agreement with the theoretically predicted curve.  

The fitting procedure was implemented in Matlab©. The algorithm adopted was based on the 

minimisation of the absolute residuals (LAR - Least Absolute Residuals). At the end, the standard 

deviation of the residual strain was evaluated at 95% of confidence. An example result of fitting the new 

function (81) to the experimental data is shown in Figure 76, together with small cartoons indicating the 

stage of the milling process. 
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Figure 76. Strain Relief profile, fitting curve and cartoons of the images utilised for the DIC 

analysis. The figure shows the curve for strain component εxx at the position 0.0375mm from the notch 

tip (Sample ρ =0.5mm) 

5.1.3. Eigenstrain modelling 

For the purpose of this work we proposed a simple numerical model of the residual stress generation 

within the sample due to a distribution of eigenstrain induced by the plastic deformation during shot 

peening. Using the plane stress approximation, we modelled an annular domain in which the inner radius 

was set to be equal to that of the notch root of the samples examined. Accordingly, three different 

geometries were analysed. The imposed eigenstrain profile was chosen to be a function given by a 

product of an exponentially decaying function and a linear function of the form: 

 𝜀∗(𝑦) = 𝐴(𝐵 − 𝑦) 𝑒−𝐶 𝑦  (83) 
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where y denotes the distance from the surface. The profile given by this function is illustrated in 

Figure 77 and is seen to correspond to the eigenstrain profile, as function of the depth normalized by the 

relative fillet radius, typically encountered after shot peening [144]. The normalised depth is the abscissa 

of the plot shown in Figure 74. 

For the purpose of the present brief discussion, only the hoop residual stress is compared with the 

experimental data. The magnitude and the shape of the eigenstrain profile was chosen to obtain broad 

general agreement with the set of measurements for three samples. Then statistical analysis was 

conducted to evaluate the confidence interval in the context of experimental observation. The results are 

presented in the following section. 

 

Figure 77. Eigenstrain profile applied in the model. 

5.1.4. Results and Discussion 

The fitting procedure returns the value ∆𝜀∞, the experimentally evaluated residual strain. Since the 

interrogated volumes of material lie very close to the sample surface, the residual stress profiles were 

calculated under the assumption of plane stress. For the material analysed in this study Young’s Modulus 

of E = 73 GPa and Poisson’s Ratio of 𝜈 = 0.33 were used. 

The results obtained from the FIB-DIC analysis are shown in Figure 78. The graphs reported 

include error bars that indicate the standard deviation derived from the fitting procedure. The error 

contribution from DIC analysis would result in error bars associated with each of the points in Figure 



169 

 

74. However, these were not taken into account in this study, as their contribution was judged unlikely 

to cause a significant difference for the results. 

The presence of the expected localised compressive residual stress 𝜎𝑥𝑥 in the vicinity the notch tip 

is confirmed by the experimental results (Figure 78(a)). The near-surface compressive layer was present 

in all of the samples examined in the present study. The residual stress trend typical for shot peened 

components that is well known for flat samples is confirmed: a high gradient of compressive stress from 

the surface extends over ~100µm into the sample bulk. Typically in shot peened components the 

compressive residual stress reaches a maximum at a certain distance from the notch tip [255-257]. In 

the present study this peak was not observed directly due to the spatial resolution chosen. 

Samples with the larger notch root radius show higher compressive residual stress magnitude. The 

difference between the ρ = 2mm sample and the ρ = 0.5mm sample was limited in terms of stress 

profiles. The ρ = 0.15mm one shows a somewhat lower compressive stress magnitude compared to the 

other samples, suggesting a reduced efficiency of shot peening treatment. 

 

 

a) 

b) 
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Figure 78. Residual Stress profiles. a) 𝜎xx along the notch bisector. b) 𝜎yy along the notch 

bisector. c) 𝜎xx  along the path transversal to the notch bisector at 0.75mm from the notch tip. d) 𝜎yy   

along the path transversal to the notch bisector at 0.75mm from the notch tip. 

Figure 78(b) shows the results for the orthogonal component of stress 𝜎𝑦𝑦. In this case the near-

surface region has low residual stress values, and the maximum compression is reached at depths of 

around 0.10÷0.15mm. The residual stress 𝜎𝑦𝑦 is seen to have undergone relief at the vicinity of the free 

surface (notch root) as expected due to the traction-free boundary condition. A persistent largely uniform 

compressive stress 𝜎𝑦𝑦 is found at distances larger than ~0.15mm from the notch root. This background 

stress is likely to be associated with a compressive residual stress state present prior to shot peening due 

to some manufacturing process (e.g. rolling, or quenching prescribed by the T651 thermo-mechanical 

treatment of the alloy). 

Regarding the stress variation along the path transversal to the notch bisector, the 𝜎𝑥𝑥 component 

(Figure 78(c)) shows more fluctuations in the samples with smaller fillet radius, although overall the 

variation is small, and no evident peaks can be identified. The same behaviour is observed for the other 

c) 

d) 
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component of stress (𝜎𝑦𝑦) along the same transversal path, except for a single outlier point (circled in 

Figure 78(d)) that suggests an anomalously high value of stress. Conventional approach to the analysis 

of experimental data is to dismiss this point, associating the anomalous value with the errors in the 

experimental procedure and interpretation, e.g. reduced SEM image quality in y direction (slow scan) 

compared to the x direction (fast scan), and the possibility of presence of a microstructural feature such 

as a grain boundary. 

The comparison of the eigenstrain modelling results with experimental observations shows 

adequate agreement for the general trend of the residual stress profile and magnitude (Figure 79). The 

data are represented as function of the longitudinal direction normalised by the fillet radius of the 

relevant sample. The statistical analysis of the data dispersion based on the model used allowed the 

assessment of the confidence interval indicated by the shaded band. This confidence band for each 

sample defines the limits in which the experimental data are likely to lie with the probability of 95%. 

The presence of compressive residual stress at the notch root is confirmed (𝜎𝑥𝑥), as is its gradual decay 

with depth, followed by low level tensile stress in the bulk. Figure 79 reveals that the model agrees with 

the experimental data particularly well for sample 2, for which the confidence band is narrower than for 

other samples.  
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Figure 79. Residual Stress (𝜎xx) result along the notch bisector and comparison with eigenstrain 

modelling result. The band in orange colour represent the confidence band at 97% of probability 

based on the mathematical model. The blue dotted line represents the model’s prediction. a) Sample 

n.1 (ρ1=2mm). b) Sample n.2 (ρ2=0.5mm). c) Sample n.3 (ρ3=0.15mm). 

5.1.5. Conclusions 

The experimental evaluation of residual stresses carried out in the present study allowed the 

analysis of the residual stress profile along the bisector line for three shot-peened samples with different 

notch root radii. Stress evaluation was also conducted along an additional line extended perpendicularly 

to the bisector and running at 0.75mm from the notch root. The polishing of the front surface, with 

consequent material removal, has eliminated the layer of material previously treated with shot peening. 

This conclusion emerges from the observation that no significant compressive residual stress 𝜎𝑥𝑥 are 

present at distances greater than ~0.06mm from the notch tip.  The highest value of compressive residual 

stress 𝜎𝑥𝑥 near the notch was found in the sample with the biggest notch radius (ρ =2mm), whilst the 

lowest value was obtained for the smaller notch root radius sample. Regarding the other stress 

component 𝜎𝑦𝑦, the compressive state extends along the entire bisector extension. The effect of the shot 

peening is unlikely to extend up to such depths and we consider that it may be associated to a pre-

[MPa] [MPa] 

[MPa] 

a) b) 

c) 
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existent compressive residual stress state prior the shot peening treatment due to some manufacturing 

process. 

Given the fact that identical eigenstrain profiles were used in all cases, this effect is likely to be 

associated purely with the sample geometry, and the geometry-dependent mechanism of residual stress 

generation due to eigenstrain imposition. 

The high spatial resolution given by the use of the FIB-DIC micro-ring core method allowed the 

residual stress evaluation in very narrowly defined regions of interest. The stress profiles evaluated by 

this method show good consistency between measurement points and lead to relatively narrow scatter 

band. 

The comparison between the results presented in this work and the eigenstrain interpretation 

revealed general good agreement in terms of trend and magnitude. Particularly in the case of the sample 

having smallest notch root radius ρ =0.15mm, the model agreed with the experimental observations with 

95% confidence. 

Further more detailed analysis of residual stress generation can be carried out using either FEM or 

analytical modelling. This would provide a firm basis for reliable fatigue durability prediction of 

engineering components treated with this type of shot peening process. Further measurements, using 

different techniques, are required for the cross-validation of the results presented. 
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5.2. Intragranular Residual Stresses 

5.2.1. Introduction 

The present work is aimed at evaluating and quantifying the scatter of intra- and inter-granular RS 

(Type II and III) within a polycrystalline material, in the specific case where the macroscopic RS (Type 

I) is well known. In order to perform the study, a miniature bent beam with a well-known macroscopic 

RS distribution was prepared. The sample was machined from an aluminium alloy plate and plastically 

deformed through the application of bending in the four-point configuration. In this way, the middle 

section of the beam was subjected to uniform bending moment associated with the same magnitude of 

plastic deformation (eigenstrain), that upon unloading generated Type I macroscopic residual stress that 

was uniform along the beam length, and varied only as a function of one coordinate transverse to the 

beam extent. Based on the macroscopic stress-strain curve evaluation, a numerical FE model was set up 

to assess the RS field arising after deformation. In order to establish the connection with micro-scale RS 

in the simulation, the deformation field obtained from macro-scale analysis served then as input 

(boundary conditions) for a Crystal Plasticity FEM model (CP-FEM). The combination of models at 

different length scales enabled the simulation of stress across the scales, from the continuum large scale 

down to the crystal level. As the outcome of this multi-scale modelling, the RS simulation predictions 

across the scales (Type I, II & III) can be compared with experimental results.  

To this end, EBSD and the FIB-DIC micro-ring-core method were employed for the evaluation of 

local crystal orientation/grain discrimination and RS evaluation, respectively. The knowledge of grain 

orientation allowed extracting information regarding the Schmid factor of each probed grain with respect 

to the principal loading direction (along the beam extent), with the view to elucidating the correlation 

of this parameter with the local RS magnitude. 

Several series of RS measurements were performed. In a region where constant magnitude of Type 

I residual stress was expected, the deviation of the measured values from the mean are directly 

representative of the Type II + Type III residual stress sum. In addition, multiple measurements within 

a single grain provided an assessment of Type III residual stress alone. 

The profile of residual stress variation across the beam represented the sum of all three types of 

residual stress. In this case, the Type II + Type III sum could also be extracted by comparison with the 
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macro-scale profile provided by the simulation that was validated by matching the mean profile to the 

observation. The comparison between the simulated and experimental Type II+III RS fields was 

conducted using a statistical approach.  

In the following sections, after presenting the details of this investigation and its results, we evaluate 

the dispersion of experimental data using 95% confidence interval and discuss the implications of the 

findings for structural integrity assessment.   

5.2.2. Sample and Test Setup Description 

Four-point bending experiment was performed on a miniature beam carefully machined from a 

plate of Aluminium alloy AA6082. The choice of material was made on the basis of grain size 

consideration (10-150µm) to enable multiple RS measurements within a grain. 

 The load applied during bending was precisely monitored to allow accurate calculation of the 

bending moment and the assessment of the attendant plastic deformation (eigenstrain) that generates the 

residual stress upon load release. In addition, the beam curvature was also monitored as an additional 

measure of consistency between FE numerical model and the sample macro-scale deformation response. 

A schematic representation of the test is reported in Figure 80a along with the principal beam 

dimensions. 

Microtest deformation stage by Deben Research (UK) is capable to applying forces up to 5kN. The 

test was performed under displacement control, and applied force and crosshead displacement were 

monitored (Figure 80(b)). Minor instabilities of deformation were observed at higher loads during the 

test (Figure 80(b)) that were associated with rearrangements within the contact regions between loading 

pins and sample. These occurred away from at the centre of the beam, and did not affect the deformation 

within the region of interest.  
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Figure 80. Bending test. a) Four-point bending experiment schematic illustration. Dimensions in 

millimetres. b) Force-extension curve recorded during four-point bending load application and 

removal. 

5.2.3. FEM simulation 

Large scale simulation 

The RS field arising due to inelastic bending was numerically evaluated using a three-dimensional 

non-linear deformation model. The simulation was subdivided into two steps (loading and unloading) 

in order to capture the residual stress. A refined mesh was used in the region of interest (central part of 

the beam) to ensure accuracy and reliability of the results. Computational time was optimised by using 

problem symmetry. Isotropic hardening was used, with the parameters calibrated by matching the 

macroscopic stress-strain curve.  

The match between the beam curvature predicted by the simulation and the actual sample was 

verified by the graphical superposition of the real scale result onto the beam optical image at the 

maximum load (Figure 81). The beam curvature upon load release was also matched correctly. The 

deformed shape and contour plot are shown in the inset below the loaded sample image in Figure 81. 

. 
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Figure 81. Beam curvature and superposition with FEM simulation at the maximum load applied. 

The contour plots show the 𝜎zz RS component. The contour plot at the bottom is superimposed on the 

the unloaded beam contour. The red rectangle indicates the region for EBSD mapping.  

Crystal Plasticity simulation 

The modelling of crystallographic plastic deformation was performed on the basis of the FE 

numerical simulation code that has been reported previously [258, 259]. A Representative Volume 

Element (RVE) in the form of a unit volume cube was discretised into a 3D (8x8x8) mapped mesh 

composed of C3D20 elements [260]. In the first instance, a Voronoi tessellation was performed to create 

a population of 600 grains with random crystal orientations.  

The second simulation was performed with the aim of incorporating a more realistic material 

crystal orientation into the analysis. To this end, texture data obtained using EBSD was fed into the CP-

FEM code. Correct implementation of the characteristic crystal orientation enhances the model fidelity 

considerably, and improves the accuracy of residual stress simulation. The RVE was populated with 

grains of different sizes to capture the large grain size variability found by EBSD analysis. Local crystal 

orientations were assigned in accordance with the ODF obtained experimentally, ensuring that the 

overall crystal texture of the sample is reproduced in the RVE.  

In the present approach, grain boundaries were not modelled explicitly, in order to keep the 

computational effort practical. This approach was preferred over the simulation of the actual local 
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morphology of the grains because the present study aims at the statistical description of the origins of 

residual stresses, and at validating the model that can be potentially used for prediction of residual stress 

where the underlying crystal morphology is unknown. In passing, it is worth noting that a number of 

studies are found in literature, where the actual grain morphology and orientation is accounted for in 

some detail [261, 262]. 

Alongside aleatoric uncertainty introduced by neglecting the factors described above, another 

class of error source may play its relevant role, the epistemic uncertainty due to numerical errors [263]. 

Epistemic uncertainty cannot be described by a probability distribution and it originates from the 

presence of inaccuracy in the model itself, e.g. internal parameters in the model, round-off errors,  and 

uncertainty in errors due to numerical algorithms.    

Slip system hardening was described as follows: 

 ℎ𝛼 = [𝑞 + (1 − 𝑞)𝛿𝛼]ℎ (84) 

Where 𝛼 identifies the active slip system, ℎ is the self-hardening rate and 𝑞 describes a latent 

hardening parameter, with values in the range 1< 𝑞 < 1.4. 

The elastic and plastic parameters of the material studied were taken from literature: anisotropic 

stiffness coefficients  𝐶11 = 108𝐺𝑃𝑎, 𝐶12 = 61𝐺𝑃𝑎 and 𝐶22 = 29𝐺𝑃𝑎 [157], and the Critical Resolved 

Shear Stress (CRSS) 𝜏𝑐 = 142.9𝑀𝑃𝑎 [264]. The hardening parameters were calibrated in the course of 

simulation to obtain agreement with macro-scale model behaviour.  

Periodic and symmetry conditions were imposed to the RVE as boundary conditions. In order to 

emulate the material loading history, a macro-scale FEM model was employed. At the appropriate 

relevant instant in the loading history, the strain imposed by the macro-scale model were transferred to 

the micro-scale model by imposing the equivalent displacements to the RVE. Iterative refinement of the 

hardening parameters was performed to match the average RVE stress value to the local stress value 

from macro-scale FEM simulation. In what follows, and for the purpose of comparison with the 

experiments, the RVE was chosen to lie in the outer-most region of the beam that undergoes 

compression during bend loading, as indicated in Figure 82 which shows the stress distribution at two 

stages of loading for both macro- and micro-scale models.  
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Figure 82. Illustration of stress contours from multi-scale FEM coupled simulation. a) Loaded 

configuration at the maximum load. b) Unloaded configuration.  

The comparison of the statistical distributions of stress values within the RVE with that obtained 

from experimental measurements is reported in Chapter 5.2.5. 

5.2.4. EBSD and FIB-DIC micro-ring-core analyses 

Sample surface preparation was conducted using 400, 800 and 1200 grit grinding paper, followed 

by fine polishing in a water-based solution containing a suspension of 9µm, 3µm and 1µm diamond 

particles, followed by 0.1µm colloidal silica finishing as the last step. The underlying sample 

microstructure was analysed in terms of grain shape and orientation using EBSD.  

In order to obtain representative statistical distribution of the underlying crystal orientation, texture 

analysis was conducted by collecting a large 2D EBSD map across the entire sample width of 0.5mm, 

as shown in Figure 81(a). This area was considered sufficiently large to obtain a statistically 

representative and robust description of crystallographic texture. EBSD results and pole figures are 

illustrated in Figure 83. A useful representation of material texture in the context of theoretical and 

numerical analysis (CP-FEM) is the use of the Orientation Distribution Function (ODF), depicted in 

Figure 83(c). 
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Figure 83. EBSD texture analysis. a) Orientation map IPF-X. b) Inverse Pole Figures. The colour bar 

is given in terms of the multiple of uniform density (m.u.d.). c) Orientation Distribution Function 

(ODF) contour plot. 

 

A second region selected for EBSD mapping, indicated in Figure 81(a) by the horizontally 

elongated red rectangle, was selected for the purpose of FIB-DIC micro-ring-core measurements.  

FIB-DIC micro-ring-core measurement procedure consists of using Focused Ion Beam (FIB) for 

progressive milling of an annular trench-like feature. As milling advances, sequential images of the 

material surface are acquired with the purpose of tracking the evolution of the elastic displacements 

taking place using DIC. Post processing of the obtained in-plane displacements field allows the 

evaluation of the relief strain profile that is fitted with a master-function derived by numerical simulation 

of the process. The outcome of fitting is the determination of the residual elastic strain that was present 

in the material prior the milling-induced relaxation. An additional calculation enables the assessment of 

residuals stress by linear combination of the in-plane residual elastic stress components through Hooke’s 

law. 

In order to facilitate DIC displacement tracking, a thin layer of Pt was deposited on the sample 

surface, exhibiting random features on the order of tens of nanometres in size after brief exposure to the 

focused ion beam for ‘etching’. FIB energy was set to 30keV for milling. The ring-core milling process 

was conducted in 40 steps, with n=10 SEM images collected at each milling with low dwell time. This 
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procedure is known to minimise the effect of SEM imaging artefacts on strain assessment. The inner 

diameter of the ring-core was chosen to be 5μm, meaning that the measurement approach adopted 

provided average values of RS within a gauge volume having this lateral extent and the depth up to 

approximatively one third of the inner ring-core diameter [154]. 

The first series of RS measurement was performed at different locations at a distance of ~ 40μm 

from the beam side surface along the y axis. Due to the uniformity of bending moment within the central 

region of the beam, continuum analysis predicts that Type I RS field is uniform within this area. For 

each measurement not only of the RS magnitude was evaluated, but also the associated error bar 

corresponding to 95% confidence range that was found using error propagation through the multiple 

steps of the analysis process (DIC tracking, strain fitting, and allowance being made for material elastic 

anisotropy [21, 265]).  

The plot in Figure 84 presented the results of RS evaluation within specific grains that are indicated 

on the corresponding EBSD map that reveals the grain morphology and orientation (by colour), and also 

shows the FIB-DIC marker locations.  
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Figure 84. Results of experimental of RS component 𝜎zz in the first region of interest. (a) Plot of 

the longitudinal RS component 𝜎zz for the grains identified in (b) EBSD grain orientation map. Note 

that the two graphs refer to the same z-coordinate system origin and scale. Also, the colours of the 

points in plot (a) match with those of the belonging grains in (b).   

The positions of individual measurement identified by the black circles are numbered in the map 

in Figure 84(b). To help the identification of the grain to which each measurement belongs, the plot in 

Figure 84(a) reports the RS values using markers of the same colour as the associated grain in the EBSD 

map.  

Figure 84 reveals that RS variation can be observed within individual grains (Type III, 

intragranular) and from grain to grain (Type II, intergranular) against the backdrop of the uniform Type 

I macrostress. The adjacent grains numbered I and II show significant difference in the mean RS 

magnitude, with the mean RS magnitude in grain II around 50MPa greater than that in grain I. The mean 
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RS in grain III appears to lie between the values in grains I and II, but the spread for the three point 

measurements within grain III is much greater than for the four point measurements within grain I. This 

is clearly related to the greater magnitude of Type III intragranular RS in grain III.  Finally, it is observed 

that the cluster of points for the measured RS values at this location is centred around the Type I 

macroscopic RS value predicted by the continuum simulation, as illustrate in Figure 85 for the values 

close to zero of the y-axis. 

To investigate the RS variation further, the second series of FIB-DIC measurements were carried 

out at different positions along the y-axis across the beam cross-section, in accordance with the 

coordinate system shown in Figure 82. Figure 85 allows two observations to be made: 

(a) The overall shape of RS profile across a plastically bent beam is captured 

correctly. In particular, it can be noted that the sign of RS (tensile vs compressive) has been 

captured correctly. It is also interesting to note that the quality of agreement is particularly 

high within the elastic core of the beam, whilst in the near-surface regions that experienced 

large plastic bending strain the deviation observed is larger. 

(b) Deviation from the macroscopic RS value is observed that is statistically 

meaningful, in that the predicted value lies outside the error bar that indicates 95% 

confidence interval.  

 

Figure 85. Experimentally determined RS variation across the beam (markers with error bars) 

plotted together with continuum FE prediction for macroscopic RS profile (solid curve).  
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When RS measurement data is considered, it may be tempting to associate to the observed scatter 

with errors associated with deficiencies of experimental setup or interpretation. The present results show 

that this may be a dangerous simplification: the deviation of measured values from expectation is likely 

to be caused by fine scale inhomogeneities of deformation (eigenstrain) giving rise to Type II and III 

residual stresses. The details of grain morphology such as size, shape, the nature of grain boundary, the 

relative (mis)orientation between neighbours and the attendant elastic-plastic anisotropy are well known 

to have an impact of deformation mechanisms that is manifested not only at the microstructural level, 

but also at larger scale [266, 267].  

The ease of plastic flow varies depending on the crystal lattice orientation with respect to the 

loading direction, giving rise to intergranular eigenstrain and the associated Type II RS as a 

consequence. Schmid factor is a well-known measure of the propensity of a single crystal of given 

orientation to undergo plastic slip under uniaxial loading. However, since the relevance of Schmid factor 

for polycrystals remains the subject of controversy, we present a brief discussion of this matter in the 

following sections.  

Similarly, the development and evolution of inelastic deformation features such as slip bands within 

individual grains that are known to be affected by the grain shape lead to intragranular eigenstrains that 

give rise to Type III residual stresses. 

Finally, it is important to note that Type II and III micro-scale residual stresses are no less physical 

than Type I macroscopic RS. Hence, procedures need to be developed to take correct account of these 

stresses in design against structural failure. To help answer these questions, in the following sections we 

present statistical analysis of RS distributions, and examine the correlation between Schmid factor and 

RS at the grain level.  

5.2.5. Statistical analysis of Residual Stress 

In accordance with eq. (85) we perform a point-wise calculation of Type II+III RS as follows: 

 𝜎𝑖
𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼 = 𝜎𝑖 − 𝜎𝑖

𝑅𝑆,𝐼
 (85) 

Here 𝜎𝑖
𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼

 denote the deviation of RS from the macroscopic average value that corresponds to 

Type II and III combination, and is calculated as the difference between 𝜎𝑖 , the total RS measured at 
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point i, and 𝜎𝑖
𝑅𝑆,𝐼

 that denotes the macroscopic Type I RS extracted from the simulation result for the 

same position where 𝜎𝑖 measurement was performed. 

The data for Type II+III RS was processed and represented in the form of a histogram shown in 

Figure 86. It was found that, to the first approximation justified by the quality and amount of the data 

available, the distribution of 𝜎𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼
RS values conforms well to a Gaussian distribution that is shown 

in Figure 86 by the dash-dot curve. Further accumulation of detailed data may reveal intricacies of 

statistical distributions.  

 At this stage it is worth mentioning that our finding is consistent with reports for ‘live’ stress by 

other authors [268, 269] who drew their conclusions from HR-EBSD analysis of micro-scale stress 

within a specimen subjected to external uniaxial load.  

For the purposes of Uncertainty Quantification (UQ) incorporation in design on the basis of 

continuum simulation it may be required to incorporate the presence of Type II+III RS in the overall 

assessment of statistical deviation from the macroscopic RS prediction. Previously, UQ has been 

reported for experimental RS evaluation using FIB-DIC procedures [21, 265]. This procedural error can 

be amalgamated with the uncertainty that arises from the deviation between the actual RS values and 

macroscopic description, i.e. 𝜎𝑖
𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼

.  

The standard deviation of experimental data for the totality of measurement points is found as: 

 

𝑆′′
𝜎𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼 = √

1

𝑛1 − 1
∑(𝑆𝜎𝑖

)
2

𝑛1

𝑖=1

 (86) 

where 𝑆𝜎𝑖
 is the standard deviation for each experimental FIB-DIC point, and 𝑛1 is the number of 

experimental points.  

The dispersion of the actual residual stress values from macroscopic predictions can be assessed by 

calculating the standard deviation as follows: 

 

𝑆′𝜎𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼 = √
1

𝑛1 − 1
∑(𝜎𝑖

𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼 )
2

𝑛1

𝑖=1

 (87) 

where 𝑛1 is the number of measurements. 
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The overall standard deviation can be evaluated by combining the above as follows: 

 𝑆𝜎𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼 = 𝑆′′𝜎𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼 + 𝑆′𝜎𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼 (88) 

Thus obtained, 𝑆𝜎 was used to define the confidence band that describes the variability of RS values 

around the continuum macroscopic predictions. At each position i across the beam, the confidence limits 

were defined as follows: 

 [𝜎𝑖
𝑅𝑆,𝐼 − 𝑧∗𝑆𝜎𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼; 𝜎𝑖

𝑅𝑆,𝐼 + 𝑧∗𝑆𝜎𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼] (89) 

where 𝑧∗ is the  critical value related to the required confidence level. To attain the confidence level 

of 95% the value of 𝑧∗ needs to be set to 1.96.  

On the basis of the above calculations, 𝑆𝜎 value of 53 MPa was found. The statistical distribution 

of the RS II+III stresses can be visualised graphically for both the numerical simulation results (CP-

FEM) and experimental evaluation (FIB-DIC), as illustrated in Figure 86(a) and (b), respectively. RS 

II+III stress values from CP-FEM simulation were obtained by collecting the stress values at integration 

points and subtracting the mean RVE value, according to eq. (85).  

The information regarding Type III RS was extracted solely from the CP-FEM simulation, as 

follows: RS Type II+III values at the integration point j belonging to grain k  were calculated using (85), 

and the mean value for the specific grain (Type II) was subtracted: 

 𝜎𝑗𝑘,𝐶𝑃−𝐹𝐸𝑀
𝑅𝑆,𝐼𝐼𝐼 = 𝜎𝑗𝑘,𝐶𝑃−𝐹𝐸𝑀

𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼 −
1

𝑁
∑ 𝜎𝑗𝑘,𝐶𝑃−𝐹𝐸𝑀

𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼

𝑁

𝑗

 (90) 

where N is the number of integration points within grain k . 

Type III RS standard deviation for the entire RVE could be evaluated as: 

 

𝑆𝜎𝐶𝑃−𝐹𝐸𝑀
𝑅𝑆,𝐼𝐼𝐼 = √

1

𝑛1 − 1
∑(𝜎𝑗𝑘,𝐶𝑃−𝐹𝐸𝑀

𝑅𝑆,𝐼𝐼𝐼 )
2

𝑛1

𝑖=1

 (91) 
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This calculation allowed the quantification of Type III RS standard deviation that turned out to be 

66MPa and 56MPa, respectively for the untextured and textured polycrystalline materials. 

 

Figure 86. Probability density functions derived for the distributions of residual stress values 

obtained from a) CP-FEM simulation for an untextured polycrystalline material, b) CP-FEM 

simulation for the textured rolled Al plate and c) FIB-DIC experimental evaluation. 

For the purpose of comparison, the values of standard deviations are in the bar chart in Figure 87.  

 

Figure 87. Residual Stress Standard Deviations comparison 
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                       RS Type [MPa] 

Technique 

II+III III 

FIB-DIC 41 - 

FIB-DIC (incl. measurement error) 53 - 

CP-FEM (untextured material) 75 66 

CP-FEM (textured material) 70 56 

Table 9. Type II+III and Type III Standard Deviation values 

It is apparent from the plots presented in Figure 87 that a wider distribution (by ~40%) was obtained 

by the CP-FEM simulation compared to the experimental measurements (RS Type II+III), concerning 

the untextured polycrystalline material. When the measurement error propagation is accounted, the 

difference in the Gaussian widths reduces to ~29%, but persists. On the other hand, if the actual texture 

of the polycrystalline material is considered, RS Type II+III shows a smaller difference compared to the 

experimental result (~24%). A reduction of the RS standard deviation was experienced also regarding 

the sole Type III RS; considering the material texture, the gaussian width reduced of ~15%. 

 The discrepancy between CP-FEM model prediction and experiment measurements highlights the 

fact that matching the macro-scale (Type I) RS is insufficient for obtaining a statistically representative 

Type II+III description to underlie subsequent in-service modelling. However, the experimental findings 

show a relatively large uncertainty due to the nature of the experimental technique itself. It is therefore 

worth noting that the confidence interval is very close to the values attained through the numerical 

simulation, therefore acceptable matching was found overall. This hints that in order to obtain a better 

representation of RS Type II+III distributions, the accounting of grain boundaries and defects, etc might 

play their role. Furthermore, since rolling was employed to produce the alloy plate studied here, we 

surmise that the material inherited not only the grain structure, but also the pre-existing RS state from 

prior processing history.  

It suggests that in order to obtain statistically representative RS Type II+III distributions, it is 

important to account for the effects of crystallographic and morphological texture, the presence of grain 

boundaries and defects, etc. Since rolling was employed to produce the alloy plate studied here, we 
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surmise that the material inherited not only the grain structure, but also the pre-existing RS state from 

prior processing history.  

Type III RS evaluated through the numerical simulation highlighted a narrower distribution 

compared to the sum Type II+III as expected. Nonetheless, this distribution width was larger than 

obtained in the experiments.  

Using the confidence band defined according to (89), the plot in Figure 88 was constructed that 

reports the macroscopic RS prediction (solid curve) and the correspondent confidence band indicated 

by the two dashed curves. Furthermore, all experimental points are also included with their respective 

error bars. The Gaussian distribution function shown by the inset illustrates how Type II+III RS cause 

a spread around the mean Type I RS value at any position across the beam. 

 

Figure 88. Experimental RS measurement and Finite Element Analysis prediction. The Upper and 

Lower limits define the band at 95% of confidence. An example of normal distribution is shown by the 

blue continuous line. 

It is evident that all experimental points lie within the band that corresponds to 95% confidence 

level, supporting the validity of the proposed approach. It is worth noting the relative magnitudes of 

Type II+III residual stresses, on the one hand, and of Type I stresses, on the other. The half width of the 

band magnitude (54MPa) is comparable with Type I RS magnitudes, so that the presence of the finer 

scale RS may mean that the actual stress at any given location may differ in sign from the prediction.  
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This representation of RS point values by statistical distributions is potentially great significance 

for structural integrity and reliability design of mechanical systems, in that it can underpin design based 

on the appropriate confidence level selected for specific applications. Considering for instance a 

hypothetical problem of design against crack nucleation, whereas high structural integrity reliability is 

sought, the employed RS should be that that consider a worse-case scenario (i.e. upper limit with a 

certain confidence). In the same way, whereas high performance is required, a less conservative 

approach can be chosen being, again, aware of the probabilistic occurrence of an adverse event.  

5.2.6. Influence of the Crystal Orientation on Residual Stress Development 

It is well known that the crystal plasticity activity is highly dependent on the local orientation of 

the material, besides the external load applied. In fact, in all the crystalline structures there is always a 

specific slipping plane that is more prone to resolve shear stress. Such slip plane can be described upon 

knowledge of the so-called Schmid factor with regards to the loading direction. According to the 

Schmid’s law, the amount of shear stress that can be resolved is: 

 𝜏 = 𝜎 ∙  𝑚 (8) 

where 𝜎 identifies the external load and 𝑚 is the Schmid factor. The latter is defined as: 

𝑚 = cos(𝜙) cos(𝜆) (9) 

where 𝜙 is the angle between the loading direction and the slip plane normal, and 𝜆 is the angle 

between the slip plane normal and the slip direction. For crystals with fcc lattice there are 12 equivalent 

slip systems of the  (111) < 11̅0 > type available. Since the onset of slip occurs on the system with the 

highest resolved shear stress, calculation of m must be performed for each system, and the greatest value 

selected.  

Since full crystal orientation is available for each grain from the EBSD map acquired, Schmid 

factor with respect to the loading direction can be calculated for each measurement point. The details of 

sample orientation are reported in the Appendix. 

The purpose of abstracting the Schmid factors was the understanding of the nature of measured RS 

deviation from the macroscopic stress. According to the Schmid’s law, grains exhibiting high values of 

Schmid factor are more prone to undergo to plastic deformation and, in turns, will generate higher values 

of residual stress. The plot in Figure 89 shows the direct comparison of the ∆𝜎𝑖 quantities with the 
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corresponding Schmid factor values. The dotted lines are polynomial fits that serve as guide to facilitate 

the visualisation of the trends behaviour. 

 

Figure 89. Measured RS deviation from the macroscopic prediction (lower curve and square 

markers) and the corresponding Schmid factor values (upper curve and diamond markers).  

The comparison of the two curves in Figure 89 suggests the existence of a correlation between the 

two quantities, the orientation dependent Schmid factor of a given grain, on the one hand, and Type 

II+III RS, ∆𝜎, on the other. Indeed, the lower values of Schmid factor in the middle region appear to 

match well the lower values of the absolute magnitude |𝜎𝑖
𝑅𝑆,𝐼𝐼+𝐼𝐼𝐼| of Type II+III RS. This compares 

favourably with reported unsuccessful attempts to find correlation between Schmid factor and total RS 

value, 𝜎𝑅𝑆 = 𝜎𝑅𝑆,𝐼 + 𝜎𝑅𝑆,𝐼𝐼 + 𝜎𝑅𝑆,𝐼𝐼𝐼. Rational analysis of the correlation suggests that best correlation 

is likely to be found when only Type II RS component is used, 𝜎𝑅𝑆,𝐼𝐼. Nevertheless, it is worth noting 

that the deformation response of grain is strongly affected by the neighbouring grain, setting a limit to 

the validity of Schmid factor as a universal correlating parameter. Nevertheless, it is worth noting that 

the deformation response of grain is strongly affected by the neighbouring grains, setting a limit to the 

validity of Schmid factor as a universal correlating parameter. In turns, locally the stress state is no 

longer uniaxial but rather multiaxial, leading to an inaccurate quantification of slip activity using this 

approach. This is also repeatedly highlighted in [55] where a “true” Schmid factor is evaluated in order 

to account the actual stress state acting in the considered grain. 
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5.2.7. Conclusion 

Type I, II and III RS measurements conducted by FIB-DIC at the grain-level show a significant 

degree of scatter. Consideration of the results revealed that to a great extent this scatter can be interpreted 

as a statistical distribution of Type II and III residual stresses. Statistical description of Type II+III RS 

dispersion around the macroscopic Type I value was proposed. 

The principal outcomes of the present study of intra- and inter-granular Type II+III RS were: 

1. Overall, the mean values of the measured residual stresses follow closely the macroscopic 

continuum Type I RS variation predicted by the numerical model calibrated against the 

macroscopic stress-strain curve of the material and incorporating appropriate description of 

hardening. 

2. A series of measurements was conducted at a location where the nominal macroscopic Type I 

residual stress was constant. The results revealed significant scatter in both inter-granular Type 

II RS, and intra-granular Type III RS. It was confirmed that the range of spread of Type II+III 

RS values can be as large as the Type I residual stress value itself. 

3. The Type II+III RS statistical distribution of the measured stress from the nominal macroscopic 

value by the continuum model was found to conform well to Gaussian statistics. Based on the 

data collected, the breadth of this distribution was found to be of the order of ~41MPa.  

4. Error propagation that incorporates FIB-DIC measurement inaccuracies was used to assess the 

95% confidence interval that corresponds to Gaussian statistics with the breadth of ~53MPa. 

This is consistent with the result reported above, and incorporates the contribution from the 

measurement error. As highlighted in [270],   the overall stress state might significantly depend 

on the 3D morphology of the grains below the free surface, over a thickness of at least twice the 

average grain size. This can be considered as a supplementary error source. Moreover, a further 

cause of error may be of epistemic type. As highlighted in section Error! Reference source 

not found., epistemic uncertainty are not due to physical causes but rather to numerical 

inaccuracy [263]. All the listed causes concur in the generation of the mismatch experienced 

between numerical and experimental results. 
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5. The statistical distributions of RS obtained by experiment and numerical modelling found 29% 

of disagreement if a randomly distributed crystal structure is simulated, whilst whereas a 

realistic crystal texture of the material is accounted this disagreement drops to 24%. The 

mismatch is thought mainly due to the pre-existing RS state from prior processing history, 

beside minor simplifications adopted in the CP-FEM model (e.g. no grain boundary) 

6. Type III RS evaluated by CP-FEM simulation showed a standard deviation of the distribution 

of 66 MPa and 56 MPa, respectively for the untextured and textured CP-FEM simulations. 

7. Analysis of the local Schmid factor showed a limited correlation with the Type II+III RS scatter. 

The origin of Type II+III RS deviation from Type I macroscopic prediction is thought to be due 

to the multiaxial stress state induced by the microstructure and nearest neighbour grain 

interaction. 

8. The results obtained have significant implications for design, in that they reveal the magnitude 

of grain level RS variation and provide an improved basis for rational design that incorporates 

statistical information and allows reliable uncertainty quantification. 
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5.3. Depth-resolved analysis of the composition, grain orientation and 

residual stress due to wire EDM primary and finishing cut 

5.3.1. Introduction 

Electrical Discharge Machining (EDM) is a wide-spread manufacturing technique able to produce 

high quality finish cut surfaces. Provided the workpiece is made from a conductive material, material 

removal is effected using erosion caused by electric sparks. These recurrent sparks are generated by the 

discharge occurring between two electrodes, one being the workpiece and the other the tool, that are 

separated by a dielectric liquid. In the specific case of wire-EDM, the tool is a wire that is continuously 

wound through as the machining advances, to avoid its failure and to supply fresh material to sustain a 

repeatable process.  

From the thermal point of view, electrical discharge acts as a source of heat flux into a limited 

volume that undergoes to melting and/or evaporation. The material that re-solidifies within the machined 

region is referred to as the White Layer (WL) for its bright appearance under the optical microscope. 

Beneath this re-cast layer, the portion of material next to the WL does not undergo melting, but 

experiences solely rapid heating and subsequent quick cooling (i.e. quenching) [271]. By analogy with 

welding, this is called the Heat Affected Zone (HAZ). The re-cast layer has been the subject of numerous 

studies due to its potential detrimental effect on structural integrity. Indeed, it is common knowledge 

that the presence of the WL reduces the mechanical component life when it is subject to cyclic loading 

[272], accelerating fatigue failure. This type of component breakdown is facilitated where concentration 

of stress is present alongside with the presence of weakening features, such as cracks, pre-existing tensile 

stress state and loss of ductility within the WL. It has been widely verified that the WL possesses higher 

hardness and lower ductility compared to the parent material [273]. Such enhancement in material 

brittleness is thought to be associated with the phase change taking place during material re-

solidification [274]. 

Review of the literature reveals that a number of mechanisms associated with the WL were 

identified as responsible for promoting early fatigue failure [275, 276]. The presence of cracks or 

features that may help the crack initiation and propagation ought to be considered in combination with 

the high magnitude thermal stresses induced in the material by the electrical discharge [277]. In the case 
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where thermally induced stress exceeds the material ultimate tensile strength, so-called thermal cracks 

are produced [278]. In the course of material solidification within the very shallow layer in the presence 

of high temperature gradient, the generation of residual stress is inevitable [279]. As mentioned earlier, 

in the great majority of cases reported in the literature, the residual stress within the altered material is 

of tensile nature for several types of metallic materials [279-282]. Numerous models have been proposed 

with the purpose of understanding and predicting the thermal history evolution during discharging [283, 

284] and, in some studies, thermal analysis was used in combination with structural modelling to predict 

the stress distribution [283-286]. Although the spatial and temporal scale of recent Molecular Dynamics 

(MD) simulations is insufficient to capture the complete process history, the results indicate that the 

fundamental mechanism of stress generation within the affected material [287] can explain the potential 

generation of thermal cracks. It is noteworthy that material phase change also produces inelastic 

deformation and thus is likely to act as another source of residual stress.  

Nevertheless, due to the unavailability of techniques for residual stress measurement within the 

WL, experimental results for residual stress distributions have been reported at the spatial resolution 

that exceeds the thickness of the WL itself. Furthermore, the different phase and roughness of the WL 

impeded the adoption for the interrogation of this thin layer using advanced techniques such as 

synchrotron X-ray diffraction.  The advent of the microscopic version of the ring-core method, the so-

called micro ring-core FIB-DIC [78, 84], made it possible to probe micromechanical systems at the 

(sub) micron-scale, independently from the material crystalline/amorphous structure, phase, and 

deformation state. 

The present study focuses on the characterisation of the WL generated by single and double pass 

EDM cutting of two samples of Al alloy AA5052. The first sample denoted “A” was subjected only to 

a regular cut (also known as Main Cut, MC). The second sample denoted “B” was subjected to MC, 

followed by the second pass at a different, lower power setting (Trim Cut, TC). TC is known to reduce 

the surface roughness and WL thickness, and may also reduce the WL porosity [288]. It is therefore of 

considerable interest to characterise the WLs both structurally, and in terms of the residual stress. Initial 

studies of the morphology and chemical composition were conducted by means of SEM and Energy 

Dispersive Spectroscopy (EDS) techniques, respectively. In order to reveal the white layer structure 
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using EDS and Electron BackScattered Diffraction (EBSD), a FIB cross-section was prepared. 

Orientation maps obtained by EBSD provided important information concerning the crystal orientation 

and phases in proximity of the WL. Finally, FIB-DIC was employed for the residual stress evaluation 

within the WL for both the single pass (A) and double pass (B) samples.  

The results are discussed in the context of seeking better understanding of the interaction between 

the residual stresses generated by thermal effects, and those arising from material phase change.  

5.3.2. Sample description and FIB sectioning preparation 

An aluminium alloy AA5052 was the material used for this experimental investigation. Two 

samples were machined from a 4mm thick plate as illustrated schematically in Figure 90. Sample A was 

produced by performing a single cut pass using MC, while Sample B after the first MC pass was 

subjected to the second pass under TC conditions. Brass wire used for performing the EDM cut had the 

diameter was 0.25mm and its continuous replacement was ensured by the constant feed and spool 

rotation that resulted in the wire speed of 135mm/s. Process parameters of both MC and TC conditions 

are reported in Table 10. 

 

Figure 90 Sample cut schematisation 

In Al alloys SEM microprobe analysis, high quality and high resolution of EBSD mapping can only 

be achieved by accurate surface preparation. Conventional sample surface preparation techniques such 

as grinding are not always sufficient for this kind of material due to the possibility of surface deformation 
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and chemical modification. To overcome this issue, fine surface polishing was performed using FIB 

with the ion beam energy of 30keV and beam current of 0.17nA at the edge of sample A, as illustrated 

schematically scheme in Figure 91(a). This resulted in the creation of a 50x50μm polished region shown 

in Figure 91(b), It is evident that rough material surface) was entirely removed, presenting a cross-

sectional view of the material affected by EDM cut at the top of the image. 

Pass Voltage [V] Current [A] Dielectric flush 

pressure [bar] 

Main Cut (MC) 24 17 4 

Trim Cut (TC) 63 4 0.1 

Table 10 EDM process parameters used for main cut (MC) and trim cut (TC).  

 

Figure 91 FIB cross-section polishing: a) Schematic illustration of the location of region of 

interest, and b) SEM image of the ion-polished surface. 

5.3.3. Surface morphology 

Thanks to the high depth of field provided by the SEM, surface finish of the studied samples could 

be investigated. As shown in Figure 92, EDM cutting (MC) resulted in the characteristic surface 

morphology consisting of molten and solidified regions with smooth surface, interspersed with the 

regions of rougher appearance that is suggestive of atomisation and tearing. It is also apparent that the 

EDM machined surface undergoes a noticeable change after trim cut (TC) is conducted. The surface of 

Sample A following sole MC treatment displays larger scale features than those arising after TC. The 

overall surface roughness appears to be considerably reduced after TC, and Sample B is seen to show a 

smaller spacing between asperities. 

 

  

 

b) a) 
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Figure 92. SEM images of the EDM section surfaces: a) Sample A: MC. b) Sample B: MC and TC 

Close-up images of Sample A show further interesting characteristics that are worth highlighting. 

From Figure 93 it is apparent that the surface is characterised by the presence of porosity, with features 

of maximum diameter of ~2-3µm, and down to a ~100nm and smaller. Further imaging at different 

magnifications reveals that these features can either have a rounded shape of near-spherical pores, as 

indicated by the circle in Figure 93(a), or of elongated voids with sharp edges, as indicated by the ellipse 

in Figure 93(b).  

It is well-known that the presence of superficial flaws, defects and discontinuities is likely to exert 

strong influence on the structural integrity of components and assemblies. Sharp notch-like features 

serve as the locations of stress concentration and may give rise to crack nucleation under external 

monotonic and/or cyclic loading. An interesting generic question that arises in this context concerns the 

possibility of existence of a critical flaw size below which the presence of a defect does not exert any 

considerable influence on structural integrity. It is also worth noting that no evidence of thermally 

induced cracking (thermal tearing) has been found.  
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Figure 93 SEM magnified images of EDM cut surface of Sample A: a) Rounded pore features, 

and b) sharp-edged voids 

The FIB polished cross-section reveals the presence of a non-uniform and discontinuous white 

layer (WL). Figure 94(a) obtained using backscattered electron (BSE) detector shows clearly the 

presence of WL detached from sample surface. Such WL shape may be linked to a change in 

composition at the interface between the two solidified layers that arises during the solidification process 

itself. This interfacial layer can be seen as a darker band that separates the particle from the substrate, 

and possesses a different elemental and phase composition compared to WL and base material that 

becomes apparent due to BSE imaging possessing subsurface contrast. On the other hand, when WL is 

embedded in the base material, as shown in Figure 94(b), it becomes difficult to distinguish due to the 

contrast change. As guide to the eye, a dashed line is superimposed on the image, showing that WL 

extends to around 2.5μm beneath the top surface.  
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Figure 94 Close-up BSE images of the cross-section prepared by FIB milling: a) detached WL, 

and b) Embedded WL shown in more detail. 

5.3.4. EDS analysis 

Material melting and re-solidification at the processed surface occurs over a very limited period of 

time due to the high thermal conductivity of the parent metal and convective cooling by the flow of 

dielectric (deionised water) over the sample surface that assist heat dissipation. Similarly, material 

melting, dispersion and re-deposition occurs also at the surface of brass wire, leading to a degree of Cu 

and Zn re-deposition on the Al alloy sample surface. EDS mapping of the EDM machined surface shown 

in Figure 95(a) detect the presence of ‘foreign’ particles that had been detached from the wire and re-

deposited on the EDM cut surface of the sample. Small Cu particles with the size of a few microns are  

clearly visible, as well as the slightly larger parts of Zn. Whilst these particles were deposited when the 

re-solidification of the sample surface had already been concluded, it is also possible to discern another 

fraction of brass contaminants that became mixed with the Al alloy when both were in the liquid state. 

The consequences of this effect can be seen in the EDS map shown in Figure 95(b), in which high 

concentration of Cu and Zn is visible that is associated with the WL. This suggests that Al parent 

material became enriched with Cu and Zn, raising the possibility of phase transformation occurring 

within the WL. Phase transformation arising as a consequence of EDM cutting has been reported in the 

past for martensitic [289]. 
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It is also worth showing EDS concentration maps for Carbon (Figure 95(c)) which clearly show 

the enrichment of in C within WL. Carbon enrichment may a cause of material embrittlement typically 

reported for WL alongside Hydrogen embrittlement [290]. 

 

Figure 95 EDS maps of single pass EDM machining (MC): a) Top surface. b) Cu and Zn 

concentration within the cross-section. c) Carbon concentration at the cross-section 

5.3.5. EBSD crystal orientation analysis 

EDSB is usually employed when the material microstructure orientation is sought. An early EBSD 

study of crystal orientation within the EDM affected layer was conducted by Fu et al. [291] for Nitol 

shape memory alloy. This study showed material recrystallization occurring within the white layer, and 

revealed its non-uniform structure. The same authors in a later publication [292] show that the 

application of a trim cut reduces considerably the non-uniformity of the newly generated grain structure. 

In the present section we report the interrogation of the underlying crystal structure that was 

performed within the FIB-polished section. Electron beam energy used for mapping was 25keV, and the 

spot size of 0.2μm was used. The map shown in Figure 96(a) collected from the polished cross-section 

is displayed using the colour legend shown by the basic crystallographic triangle with respect to 

direction Y. EBSD map reveals the relatively large grain size (in excess of 20µm) within the substrate. 

The presence of grain misorientation is barely visible in the vicinity of the EDM-machined surface, 

particularly at the grain boundary.  EBSD fails to capture the underlying crystal structure in the majority 

of the WL area due to Kikuchi patterns having poor quality or not being visible. The absence of Kikuchi 

patterns is often taken as an indication of lack of or low material crystallinity, i.e. a heavily deformed / 

defected, or predominantly amorphous structure. Previous studies affirmed the presence of regions 

   

 

a) b) c) 
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within the WL where the material loses crystallinity [293]. Another possible explanation of the poor 

indexation due to low quality of diffraction pattern can be excessive plastic deformation having occurred 

within WL. 

To make further progress, it was decided to map a small portion of the entire FIB-machined section 

at high resolution and using measures to remove background and improve pattern quality by image 

averaging. To shed some light on the WL phase composition, high precision ESBD analysis was focused 

on phase discrimination rather than local grain orientation. The resulting map is shown in Figure 96(b), 

in which phases containing high concentration of Cu and Zn are shown in green, whilst the remaining 

parent metal fcc structure is shown in red. In the vicinity of the EDM-machined surface a thin layer 

contains Cu and/or Zn-rich phases, confirming that phase transformation occurred within the WL. 

 

Figure 96 EBSD analysis results: a) EBSD map at the FIB-machined cross-section shown using 

the colour legend defined by the basic crystallographic triangle with respect to direction Y shown on 

the left, and b) Phase map close-up within the white layer, with regions coloured in green 

corresponding to phases rich in Cu and/or Zn 

5.3.6. White layer residual stress profiling 

In the current study FIB-DIC micro-ring-core method was employed for residual stress profiling 

within the WL and the underlying heat-affected zone (HAZ). The method is sensitive to the residual 

stress in the shallow layer of material close to the surface of the sample. The depth sensitivity of FIB-
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DIC ring-core method has been extensively discussed previously. It has been shown that the thickness 

of such layer is linearly dependent on the ring-core diameter D, and that the highest influence on the 

overall strain relief perceived at the surface of the central micro-pillar is exerted by the material layer 

lying at the depth ~0.3D. It is has also been shown that the resolution of residual stress in the layers 

lying within the depth range between the material surface (0D) and ~0.05D is strongly affected by the 

trench width, surface roughness, ion damage, and thus cannot be reconstructed with confidence. 

Furthermore, it turned out that the depth range that provides most useful information about the residual 

stress underneath the material surface lies at the depths ~0.1D-0.3D. In other words, the absolute depth 

at which residual stress can be reconstructed well depends on the ring-core diameter. This means that 

smaller ring-core diameters provide more accurate residual stress measurements for the shallower depths 

(with the limitations already noted previously), while the use of larger ring-cores is more effective in 

probing the residual stress at larger depths. A combination of multiple ring-core diameters allows the 

reconstruction of the depth profile ranging from shallow to large depths with high fidelity, allowing the 

error to be reduced considerably compared to a single ring-core measurement. 

In this work, three  different ring-core diameters were used, namely, 5μm, 10μm and 15μm. An 

example of the ring-core milling performed at the EDM-machined surface of Sample A in shown in 

Figure 97(a) along with the characteristic dimensions. The adoption of these three diameters allows 

resolving the residual stress profile to depths up to 5μm. The aim of the present study was to obtain 

information about residual stresses at very shallow depths (up to ~3µm) within WL, and at medium (~3-

10µm) depths within the HAZ zone. However, instead of repeating the previously reported approach 

that involves milling ring-cores of greater dimensions that can be rather time consuming, a different 

strategy was adopted. The approach consisted of pre-machining of a 2525μm trench with the depth of 

5μm using higher beam current in order to establish a new ‘surface’, thus allowing the data acquisition 

process to be speeded up. Subsequently, a 15μm diameter ring-core was milled in this trench so that an 

additional 5μm thick layer could be probed starting from this depth. Concerning this specific ring-core 

configuration, the residual stress depth profile reconstruction was performed using the same influence 

functions that were used for the previous measurements. This calculation could be performed by 
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assuming that the material removal during the trench milling did not alter the residual stress present in 

the material right beneath the bottom of the trench.  

The 15µm ring-core feature within the trench is shown in the SEM image in Figure 97(b). The new 

surface of material created by the FIB milling of the trench was appreciably smooth and did not show 

sufficient contrast for reliable DIC analysis. This issue was overcome by using Gas Injection System 

(GIS) to perform EB-CVD deposition of a Pt “sunflower” pattern visible as white dots in Figure 97(b). 

 

Figure 97 FIB-DIC ring core procedures: a) FEM image of D=15μm ring core in Sample A, and 

b) FIB image of D=15μm ring core in Sample B following trenching.  

As the FIB-DIC milling process advanced, images of the material surface within the ring-core 

(pillar top surface) were acquired sequentially by SEM. The evolution of the average strain within the 

central region extending over 80% of the core diameter (strain relief) was assessed by means of Matlab-

based DIC software [219] for directions x and y indicated in Figure 97(a). Examples of the evaluated 

relief strain as the function of normalised milling depth h/D are shown in Figure 98. Specifically, the 

strain components in the x-direction (SEM fast scan) for both samples are reported in the plot in Figure 

98(a), and along y-direction (SEM slow scan) in Figure 98(b). 
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Figure 98 FIB-DIC relief curves: a) xx component of strain, and b) yy component of strain.  

Relief strains were interpreted individually in order to abstract the information about the residual 

strain present in the material. Once the residual strains profiles were known for both samples and both 

orthogonal components (xx and yy), the residual stress profiles were assessed using Hooke’s law 

formulation for plane stress: 

 
𝜎𝑥𝑥 =

𝐸

(1 − 𝜈2)
(𝜀𝑥𝑥 + 𝜈𝜀𝑦𝑦) 

 

(92) 

 
𝜎𝑦𝑦 =

𝐸

(1 − 𝜈2)
(𝜀𝑦𝑦 + 𝜈𝜀𝑥𝑥 ) 

 

(93) 

Young’s Modulus 𝐸 and Poisson’s ratio 𝜈 used for this material were 71 GPa and 0.3, respectively. 

Furthermore, DIC error propagation was preformed [21] and the error due to uncertainty of the local 

elastic orientation was accounted for.  

In Figure 99, residual stress profiles are reported accompanied by the error bars that correspond to 

95% confidence level. In addition, we report also the hydrostatic residual stress profile 𝜎𝐻. The residual 

stress variation for the range depth between ~0.5mm and 5μm is obtained from the data for the three 

ring-core diameters milled directly into the EDM-machined surface. At deeper positions, the residual 

stress information is obtained solely from the 15μm diameter ring-core milled within the 2525 trench 

obtained by FIB milling (Figure 97(a)). The lack of information relative to the residual stress at depth 

ranging between 5-6μm for the sample A is due to the trench for the 15μm ring-core having been milled 

to excessive depth during preparation.  

  

 

a) 
b) 
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Figure 99 Residual Stress depth profiles for: a) Single pass (MC) and b) Double pass (MC+TC) 

EDM-machined surfaces 

5.3.7. Discussion and Conclusions  

The near surface structure and residual stress produced by EDM machining of Al alloy surfaces 

using the main cut (MC) and trim cut (TC) setting were investigated. The surface white layer (WL) and 

the underlying heat-affected zone (HAZ) were examined using modern techniques capable of exploring 

material characteristics down to the sub-micron scale. SEM imaging of the modified surface allowed 

the observation of the characteristic features created by EDM machining, such as the elemental 

composition variation and that (sub)micron sized pores that are of great importance from the viewpoint 

of structural integrity and component reliability. Thermal cracks are often reported to be present at EDM 

surfaces according to the literature [278], thought to be the consequence of the combination of material 

shrinkage and tensile residual stress arising during re-solidification. However, no trace of thermal 

tearing cracks was detected in the present study for either cutting setting (MC or TC). The absence of 

this type of cracks provides an indication of the nature of intrinsic residual stress: the absence of tearing 

crack formation in the material softened by the local elevated temperature suggests that only 

compressive or moderate tensile residual stress were be present in the WL. FIB sectioning was used for 

the observation of WL cross section. The combination of different modes of SEM imaging and micro-

analysis revealed that WL thickness following main cut (MC) processing was in the range of ~2-5 μm. 

As far as the analysis of the chemical composition is concerned, additional conclusions can be 

drawn by considering the phase transformation in the near-surface layer. The presence of Cu and Zn-

  

 

a) b) 



207 

 

enriched layers was found within the WL. The contaminant species were released by the EDM wire 

during the discharge machining and deposited onto the target material surface. It is well-known that 

phase transformation may be associated with material volume changes, giving rise to eigenstrain, the 

source of inelastic deformation and residual stress [57, 146, 294]. Such inelastic deformation 

(eigenstrain) must be made compatible by the elastic strains, which in turn give rise to residual stresses 

that must obey equilibrium conditions. It may be expected that one part of residual stress in the WL and 

HAZ arises from the phase transformation.  

Further clues about the phase transformation taking place within the WL were extracted from 

EBSD analysis. For the majority of the WL cross-section areas no EBSD diffraction pattern was found, 

suggesting that the re-cast layer formed during EDM machining had low crystallinity or was amorphous. 

Nevertheless, for some locations EBSD patterns were interpretable and revealed the presence of phases 

rich in Zn and Cu. The lack of crystallinity was also noted by other authors via TEM lamella analysis 

that revealed the presence of amorphous regions in EDM-machined tool steel [293].  

While XRD analysis techniques cannot overcome the issue of low crystallinity and phase 

transformation for the quantification of residual stress depth profile, FIB-DIC provides reliable 

assessment independently on the material structure. The use of multiple ring core diameters, in addition 

to trench milling for probing the material at higher depths below the surface, allowed the reconstruction 

of the residual stress profile through the WL and partially into the HAZ. The two samples manufactured 

be single main cut (MC) and by both main and trim cut (TC) were studied. A compressive residual stress 

state layer was found at the shallowest regions of both the samples. The compressive residual stress, in 

the case of sample A, persists for depth up to 5μm and its magnitude ranges between 100-250MPa for 

both the stress components (longitudinal and transverse with respect to the EDM wire). Similar 

compressive residual stress was detected in the TC sample. However, in the sample subjected to trim 

cut (TC), the compressive residual stress vanishes rapidly as the depth approaches to 1μm. The layer 

containing compressive residual stress for both samples is consistent with the thickness of the WL. It is 

therefore clear that for the examined material, and under these cutting conditions, it is the WL that gives 

rise to compressive residual stress. It is of fundamental importance to note that the residual stress 

measurements performed in the past by other authors relied on the use of XRD technique. This technique 



208 

 

evaluates the residual stress by measuring the lattice spacing variation of a certain family of crystal 

planes, so that the formation of a new phase in the WL prevents proper comparison of lattice strain 

variation with the parent material. Therefore, XRD is not able to assess accurately the residual stress 

profile variation from WL to HAZ. We conclude that the results for residual stress profiles reported in 

the literature are in most cases relevant solely to the HAZ. On the other hand, the FIB-DIC ring-core 

method is independently of the crystal structure, and provides a reliable measurement, provided the 

change in the overall material elastic properties due to phase transformation can be ignored. The cause 

of compressive residual stress is thought to be associated with the phase transformation in the WL. Phase 

transformation is often associated with material volumetric strain. The containment and 

compatibilisation of this misfit strain through elasto-plastic deformation of the surrounding material 

gives rise to compressive residual elastic strain (r.e.s.) that gives rise to self-equilibrated residual 

stresses. However, we stop short of concluding that WL always experiences compressive residual stress, 

since the volumetric strain effects of the phase transformation must be material-specific. This is in line 

with some reports in the literature of WL containing thermal cracks that are likely associated with tensile 

residual stress present in it. 

As far as the deeper material layers were concerned, tensile residual stresses were found in the heat 

underlying affected zone (HAZ). This finding is in agreement with the evidence from the majority of 

the literature reports. The residual stress within the HAZ region was only probed within the few microns 

below the WL-HAZ interface. Nevertheless, high values of tensile stress were observed, with 

magnitudes that were slightly higher in absolute magnitude than those found in the WL. 

5.3.8. Conclusions 

White layer (WL) and the underlying heat affected zone (HAZ) created by EDM machining of an 

Al alloy using main and trim cuts (MC and TC) were studied. Advanced tools were employed for the 

analysis of the WL structure characterisation and the quantification of the intrinsic stress. SEM images 

highlighted the presence of pores of irregular shape that may show either sharp or rounded edges, 

particularly at the WL surface of the sample subjected to solely to the main cut (MC). 

EDS analysis showed the presence of high concentration of Cu and Zn within the WL which is 

thought to arise as a consequence of the elemental diffusion and sputtering of the Cu-Zn-containing tool 
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wire. This elemental enrichment gave rise to the formation of new phases within the WL as confirmed 

by the EBSD analysis. Also, loss of crystallinity was observed in some regions of the WL, where it is 

likely that material amorphisation took place. 

The residual stress analysis clearly showed the presence of a compressive stress state lying within 

shallowest layer of the EDM-machined surface. The presence of compressive residual stress was 

consistent with the thickness of the WL for both samples. It is worth noting that in the case of trim cut 

sample (TC), the compressive layer was considerably thinner than that of the sample subjected to sole 

main cut. This type of residual stress is thought to be mainly the consequence of expansive volumetric 

strain occurring when phase transformation takes place. Upon transition into the HAZ, the residual stress 

state becomes tensile, as is well documented by other authors. It is therefore evident that the origin of 

residual stress needs to be sought in two different mechanisms manifest during EDM cutting, namely, 

phase transformation (in the WL) and material quenching and plastic deformation (in the HAZ). The 

balance between these two processes is specific to the particular material and cutting process conditions.  

Future studies will be addressed firstly at the analytical modelling of the thermo-mechanical 

processes involved during the machining process. Compressive residual stress state is beneficial in 

resisting fatigue failure. On the other hand, the presence of notch-like features along with material 

embrittlement are widely seen in literature as unfavourable. Therefore, process optimisation may 

proceed by studying EDM-machined surfaces and cross-sections through them in the way illustrated in 

the present report in order to optimise implications for structural integrity. 
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5.4. Eigenstrain Reconstruction of Residual Stress in an Additively 

Manufactured and Shot Peened Nickel Superalloy Compressor blade  

5.4.1. Introduction 

In the past, eigenstrain modelling has been successfully used for the reconstruction of arbitrary 

residual stress fields in both two- or three-dimensional numerical models [58, 295]. The eigenstrain 

distribution that induces a typical residual stress profile found after shot peening can be described by a 

continuous function that depends on the argument given by the distance from component surface that 

has been subjected to the treatment [296]. This assumption is based on the view that shot peening under 

given treatment conditions leads to the introduction of a well-defined eigenstrain distribution that, in the 

absence of particularly sharp tips, corners or notches, does not depend on the sample geometry [297]. 

When complex component geometries need to be analysed, the boundary shape description may not be 

possible by global analytical function(s). In such cases, the introduction of eigenstrain into the numerical 

model must be accomplished by combining the local functional description with the global numerical 

assignment of values to elements. The present study is devoted to the implementation of this approach 

for a particular case of aerofoil cross-sectional shape of compressor blade. The required prescription of 

in-plane eigenstrain tensor as a function of distance from the free surface was performed using a pre-

processing routine written in Matlab for the evaluation of distances from boundary outline contour 

(shortest radius) at each Integration Point (IP) of the FE model. In addition, the angles formed by the 

shortest radius with global Cartesian axes are used to ensure the correct prescription of the local 

eigenstrain components, namely, compressive inelastic strain in the direction of surface normal, and 

expansion eigenstrains of opposite sign and 50% magnitude in the perpendicular plane. 

In the present chapter we report the evaluation of residual strains within the cross-section of an 

additively manufactured compressor blade that was subsequently treated by shot peening (SP). Residual 

strain measurement was conducted by means of two experimental techniques, namely, FIB-DIC micro- 

ring-core [20, 76, 84] and synchrotron X-ray powder diffraction (SXRPD) [298-301] in transmission 

mode. These techniques perform residual strain evaluation based on two different principles and in 

different gauge volumes. As well as other variants of the FIB-based milling technique [91, 92, 302-305], 

the FIB-DIC micro-ring-core technique relies on the principle of the strain relief after the introduction 
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of a cut that creates new traction-free surfaces, whereas as far as SXRPD is concerned, strain is evaluated 

by monitoring the lattice parameter change for crystalline material. FIB-DIC micro-ring-core method is 

able to measure local residual strain at or near free surface of material regardless of whether it has 

crystalline or amorphous structure. In contrast, SXRPD technique is applicable to polycrystalline 

materials and, due to high penetrating ability of hard X-rays, produces a gauge volume that spans the 

entire sample depth, while micron scale lateral resolution can be readily achieved. These distinctions 

between the two techniques are carefully traced through the discussion, and are used in combination for 

the purpose of cross-validation. 

For the purposes of analysis, the Leading Edge (LE), Trailing Edge (TE) and Middle position (M) 

on the blade were analysed using the techniques described above along several lines. Once the 

reconstruction of eigenstrain distribution was achieved, it was employed to visualise residual stress and 

strain fields everywhere within the blade and in specific regions of interest. 

5.4.2. An approach to eigenstrain analysis for arbitrary 2D geometry 

The distribution of residual stress/strain generated by a surface treatment process can be reproduced 

by the eigenstrain approach. The introduction of an eigenstrain distribution within the model by means 

of a continuous function can capture the intrinsic strain distribution generated by the underlying process 

operation by applying eigenstrain to simulate the inelastic deformation arising as a consequence of a 

treatment such as surface processing. 

Generally, a two-dimensional (2D) solid mechanics problem can be considered in the plane-stress 

or plane-strain approximation. The choice of the most appropriate approximation is determined by the 

constraint experienced by the material in the out-of-plane direction. Depending on the nature of the 

problem, the eigenstrain distribution in a 2D domain can be specified. In particular it is interesting to 

consider a situation when eigenstrain components are also confined to the plane of consideration, so that 

the problem arising can be referred to as the plane eigenstrain problem. 

Schematic diagram in the Figure 100 shows how at each arbitrary point P lying within the model, 

the x- axis orientation of a Local Cartesian coordinate System (LCS) can be identified as the direction 

of vector that connects to the nearest contour point C, 𝑃𝐶̅̅ ̅̅ . Consequently, the angle 𝛼 denotes the rotation 

angle of the LCS with respect to the Global Cartesian coordinate System (GCS). According to this 
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schematisation, the components of eigenstrain in the LCS (𝜀
𝑥𝐼
∗  and 𝜀

𝑦𝐼
∗ ) can be prescribed by using 𝜀

𝑥
∗  

and 𝜀
𝑦
∗  in the GCS upon the knowledge of the rotation angle 𝛼. 

 

Figure 100 . Schematic diagram illustrating the relationship between contour geometry and the 

LCS at the point P defined in terms of the distance 𝑑 to the nearest contour point C, and angle 𝛼 made 

by the vector 𝑃𝐶̅̅ ̅̅  with the global coordinate direction x 

Prescribing eigenstrain distribution using a continuous function requires the computation of the 

minimum distance for arbitrary point P from the nearest point on the sample contour, C. In order to 

impose correct eigenstrain components along the directions normal and parallel to the boundary contour, 

the angle 𝛼  must be found that is formed by the surface normal at point C and the abscissa axis of the 

GCS.  

The practical implementation of such algorithm within the Abaqus environment represents a 

challenge, given the difficulty of defining the boundary contour from element node data. An alternative 

approach is to evaluate the required value of distance and angle prior to the FE computation using a 

Matlab-based routine. The procedure involves the use of a binary mask representing the sample 

geometry, with the values set to 1 within the sample, and 0 outside. For each pixel within the mask that 

has the value of unity, the distance to the nearest null value pixel can be evaluated readily. The output 

from this pre-processing step is incorporated into the Abaqus model by extracting integration point (IP) 

coordinates and computing the distances and angles by interpolation of the values from Matlab image 

analysis. Abaqus subroutines are then used to set the distance and angle data for each IP as internal 

variables, and to compute the correct eigenstrain components accordingly.  
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The detailed list of the steps needed for the implementation of the above procedure, along with 

comprehensive description, is reported in the Appendix. With the aim of checking the correctness of the 

imposed eigenstrain, in particular the right component discrimination, the principal directions can be 

visualised during the post-processing. Figure 101(b) below illustrates a quiver plot of principal 

directions. In this specific case, two principal components of eigenstrain imposed were perpendicular 

and parallel to the model edges (blue line). The vectors indicate the principal directions are seen to be 

consistent with the contour orientation, particularly as the boundary is approached. It is possible to 

observe in Figure 101(b) that the red arrows (directions of maximum principal stress/strain) are actually 

locally perpendicular to the contour, whilst the other direction (indicated by the black arrows) is locally  

tangent to the contour.  

 

Figure 101 (a). Compressor blade image and cross section location. (b) Example of principal 

direction assignment within the cross-section represented by a quiver plot. 

5.4.3. Residual stress reconstruction in ALM shot peened blade 

Additive Layer Manufacturing 

Additive Layer Manufacturing (ALM) is an emerging technique for the production of complex 

three-dimensional mechanical components. If the material involved is metal or alloy, the fundamental 

idea of this technique is the melting of a stationary bed or a jet of compound powder, usually by means 

of rastering a high energy focused laser beam or, in some cases, using conventional weld arc. Therefore, 

the final product is built up by adding one cross-sectional layer of material at a time [306]. This process 

is usually interfaced with 3D CAD models, so that near-net-shaped components can be formed by 

reproducing the sequence of cross section contours that compose the model. The introduction of this  
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technique has allowed the designers to optimise their objects, particularly to improve the performance 

and reduce weight. The application of ALM is not limited only to the macroscopic scale, but also applied 

to micro-scale and nano-structures [307]. The technique delivers outstanding performance in the 

welding of dissimilar materials, reducing various unwanted side effects that arise with the use of other 

methods [308]. 

In recent years ALM has begun to be increasingly utilised in aerospace applications, particularly 

when high temperature performance is sought [309]. Compressor blades are a prominent example of a 

mechanically loaded component that is simultaneously subjected to high temperature. Gas turbine 

engines contain numerous blades that are exposed to cyclic loading and whose failure leads to the loss 

of efficiency or even destruction of the entire system. Thus, periodic monitoring and replacement of 

turbine blades is necessary. In some cases the repair of damaged parts using ALM (instead of 

replacement) is a feasible solution that is also significantly less costly [310, 311].  

Despite its supreme versatility, ALM may give rise to some undesired effects in the component 

manufacturing. The most obvious is porosity: since the technique does not involve the application 

confining pressure during solidification from melt, gradients in material density may arise. The 

combination of this effect with the high gradients in temperature may lead to the generation of defects 

[312]. Furthermore, the rapid changes in the local temperature and thus steep temperature gradients 

within the component may give rise to thermal stresses. If this stresses exceed the material strength, 

voiding or cracking may appear [313]. Finally, during cooling from the processing temperature, uneven 

material shrinkage may give rise to residual stress and distortion [314]. 

Methods for experimental residual strain measurement 

Residual stress measurement can be accomplished using several techniques, but only a few of them 

are able to provide resolution down to the finest scale of e.g. microns. In the present study two 

experimental techniques were employed for residual stress evaluation, FIB-DIC micro-ring-core milling 

and synchrotron XRD.  

Compressor blade description and sample preparation 

Additive manufacturing techniques were used to create an IN718 compressor aerofoil as shown in 

Figure 101(a). Particularly, the technique adopted was the Laser Metal Deposition (LMD) using a laser 



215 

 

and blown powder. Shot peening was applied along the entire contour of the component in order to 

induce compressive stresses close to the surface regions. Based on the results of prior vibrational testing, 

a cross section of the aerofoil was selected as the region of interest for this study. This fatigue test 

enabled to pinpoint the critical region of this component (i.e. crack nucleation location). This was at 

17mm from the blade root, as indicated in Figure 101(a).  

In order to implement the semi-destructive FIB-DIC micro ring-core and SXRPD analysis 

techniques for the residual strain measurement, free surfaces at the region of interest and a near-constant 

stress distribution along the blade extension were sought. For this reason, sectioning of the aerofoil was 

performed in the circumferential direction parallel to the outer edge of the aerofoil using a diamond 

cutting wheel. As result, a 2mm thick cross-section across the entire blade was extracted. 

Surface material removal of the layers of material affected by cutting was performed using Grade 

320 grinding paper. Following this, increasingly fine grit sizes (up to Grade 4000) were used to improve 

the surface finish. Polishing of the surfaces was then performed using 0.1 µm diamond suspension. In 

order to minimise induced surface stress and increase the surface contrast of the sample, etching was 

then performed on the surface using a weak acetic acid solution. In fact, controlled chemical etching 

enabled the removal of the shallowest layer impaired by sample preparation. 

Three milling regions on the cross section were selected for FIB-DIC and SXRPD residual strain 

analysis. A montage cross section showing regions of stress analysis and approximate mapping positions 

is reported in Figure 102. 

 

Figure 102 Blade cross-section and measurement locations 

FIB-DIC measurement 

Residual stress distributions were obtained by repeatedly performing the strain analysis procedure 

with set increments ranging from 100 to 50 microns between between each FIB-DIC measurement. 

Following this testing procedure, the final FIB milling parameters were chosen to be 30keV and 0.17nA. 
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The optimal SEM parameters were found to be 5keV and 260nA. The incremental FIB milling of the 

surface was performed in synergy with the SEM image acquisition. A SEM image was collected, at the 

resolution of 2001x2001 pixels, after each milling process and 50 images were recorded for each 

measurement. Figure 103  shows an example of images taken at different stages as the ring core milling 

advanced. 

 

Figure 103 Micrographs showing typical ring core milling process. a) Images of preliminary 

surface showing the contrast required for DIC arising from the etching process. b) Intermediate 

milling stage showing the ring-core milling shape. c) Marker appearance as the final milling depth 

(note the presence of instrumental tilt correction) 

The introduction of DIC at this stage allowed the reconstruction of the strain relief at the stub top 

surface. For the sake of convenience the average strains were measured in the two perpendicular 

directions (x and y in Figure 103). These directions were accurately chosen to match the sample contour 

directions that were thought to be coincident with the principal strain/stress direction. At each milling 

point therefore, a pair of relief curves were obtained. The interpretation process of the relief curves 

leading to the abstraction of residual strains present within the material prior to milling was conducted 

by master curve fitting. The uncertainties arising from this process were assessed and reported with the 

final residual strain values as error bars, as will be shown in the subsequent sections. 

SXRPD measurements  

SXRPD analysis was performed at beamline I15 at Diamond Light Source, Harwell. A 

monochromatic beam with the photon energy of 76 keV was focused down to less than 70 × 70 µm2 in 

size by two 1.2m long Kirkpatrick-Baez mirrors, and then cleaned up by a collimator of 70 µm diameter 
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positioned close to the sample. The sample was placed into a specially manufactured mount and an 

optical system was used to align the beam with the FIB-DIC marker locations at micron-scale precision. 

A raster scan was then used to collect diffraction patterns in steps of 50 µm from the edge of the sample. 

A PerkinElmer flat panel 1621-EN detector (2048x2048 pixels, pixel size 0.2x0.2mm2) was used to 

record the resulting diffraction patterns. 

A general observation can be made regarding the diffraction patterns collected. As seen from Figure 

104, the relatively large grain size present within the sample induced pattern “graininess”. In particular, 

the larger grain sizes at the two extremes of the blade (TE and LE) produced poor powder diffraction 

pattern quality compared to the pattern obtained at the middle position (M). Due to these limitations it 

was only possible to obtain SXRPD patterns that lend themselves to reliable interpretation only from 

the middle position of the blade, and also for the yy component of strain at the blade Trailing Edge (TE). 

 

Figure 104 Debye-Scherrer rings at various cross section locations: a) Middle position in the 

blade “MP”. b) Trailing Edge blade “TE”. c) Leading Edge blade “LE”.  

For the reasons given above, 60° azimuthal integration was used to improve the grain sampling 

statistics of the resulting 1D spectra. A critical examination of the Debye–Scherrer rings revealed that 

sample graininess had least impact on the ϒ phase <200> peak. Lattice parameter quantification was 

performed using this peak for the scattering vectors parallel and perpendicular to the sample contour. 

Furthermore, in order to improve the sampling statistics, integration of the patterns for the relevant strain 

direction was performed for both diametrically opposing segments spanning 60° angular range. Final 

interpretation was performed using least squares minimisation to reduce noise further and minimise the 

error due to small error in the ring centre determination. 

   

 

a) b) c) 
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For a given Miller index hkl, the conversion between the XRPD lattice parameter variation (𝑑ℎ𝑘𝑙) 

and the estimate of lattice strain (𝜀ℎ𝑘𝑙) is given by (3): 

In this study, the direct comparison between the absolute residual strain values obtained by FIB-

DIC, at the middle position of the blade (MP), and relative values obtained by XRPD was used. Small 

changes in 𝑑ℎ𝑘𝑙
0  correspond to the change in the vertical offset in the stress profiles. This simple 

relationship allows us to use FIB-DIC data to support the refinement of the unstrained lattice parameter 

of face-centred cubic γ phase of IN718, which was determined to be 𝑎𝛾
0=3.59756 Å. 

Residual strain reconstruction and comparison with experiments 

Due to the nature of the studied sample, the residual stress problem can be treated in the plane stress 

approximation, with the out-of-plane components (longitudinal direction of the blade indicated by the z 

axis in Figure 101(b)) of stress being assumed null. This is also true for the case of FIB-DIC 

measurements. Preliminary numerical simulations showed that the imposition of non-null eigenstrain 

distribution of any shape along the direction perpendicular to the local contour line did not give rise to 

noticeable residual elastic strain and residual stress. This can be understood by considering the fact that 

material expansion along these directions is not constrained, so that the material deforms freely and no 

permanent misfit arises due to the eigenstrain introduction.  

Consequently, the present problem was reduced to the sole analysis of the eigenstrain component 

in the tangent direction to the model contour.  

Eigenstrain distribution was imposed in a point-wise fashion at each IP of the FE mesh. For the 

purposes of algorithmic implementation, eigenstrain was defined by means of a continuous function of 

the shortest distance of each IP from the component contour.  

 Additive Layer Manufacturing process intrinsically introduces a residual stress field within the 

mechanical part, on which the additional eigenstrain generated by Shot Peening (SP) is superimposed. 

The outcome of SP can be described by a tensile tangential eigenstrain profile which has non-zero value 

at the surface, increases in magnitude with depth, and vanishes at the depth up to a few hundred microns. 

The residual stress profiles generated by SP can be described using a shifted cosine function 

superimposed on a linear background, as introduced in the paper by Watanabe et al. [315]. A further 

extended analysis of the residual state in a shot-peened plate was presented in the paper by Korsunsky 
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[41], which demonstrates that the residual stress profile arises from the superposition of linear bending 

on the inverted eigenstrain profile. In other words, in the Watanabe et al. formulation the shifted cosine 

term (truncated at the depth where it reaches zero value) that corresponds to the eigenstrain introduced 

by shot peening.  

 It is clear that this choice of eigenstrain representation is made on the basis of matching 

experimental observation, and is not unique. As an alternative, in the present study we consider the 

eigenstrain profile to be represented by a shifted Gaussian function. In practice, the difference in the 

profile representation between shifted Gaussian and shifted cosine is minimal, as illustrated in Figure 

105(a). However, the choice of Gaussian function obviates the need for truncation, and also paves the 

way for the representation of more complex distributions by linear combination of multiple Gaussian 

peaks, as illustrated below. 

 The effect of severe plastic deformation that occurs in the region affected by SP tends to dominate 

over any pre-existing residual stress state inherited from prior processing. In fact, the SP effect 

overcomes and removes the residual elastic strain caused by the ALM process. Therefore, in the vicinity 

of the component contour it is correct to impose solely the SP residual elastic strain (eigenstrain) profile. 

On the other hand, within the bulk of the component away from the contour the consequences of the 

ALM process are expected to be present, and needs to be captured by the introduction of an appropriate 

eigenstrain profile. Generally, residual stresses in AM-built components are thought to be highly 

dependent on the manufacturing path and therefore on the specific geometry of the mechanical 

component, as well as other parameters (beam spot size, power density, scan speed, etc.) This is a topic 

of strong interest in the scientific community since no fundamental understanding in this mechanism is 

yet available. 

  In our experiments the residual elastic strain was evaluated with greatest accuracy at the Middle 

position of the blade, compared to the other positions. Therefore, this region was chosen for calibrating 

the eigenstrain distribution. Given the predominance of SP eigenstrain in the near contour region, we 

first use error minimisation to calibrate the parameters of the Gaussian profile that describes the 

eigenstrain in the form:  
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𝜀𝑆𝑃

∗ = 𝐴𝑆𝑃 𝑒
−

(𝑑−𝑏𝑆𝑃)2

2𝑐𝑆𝑃
2

 
(94) 

In the expression in Eq.94, 𝐴𝑆𝑃 is the Gaussian amplitude, 𝑏𝑆𝑃 is the coordinate shift, and 𝑐𝑆𝑃 is the 

Gaussian width. Argument 𝑑 is the distance of the IP from the model contour. FEM calibration were 

performed by varying the three parameters and minimising the deviation from the experimental data. 

Once satisfactory agreement was found, the background eigenstrain that represents the ALM process in 

the inner region of the blade was sought in the same way. Again, a Gaussian function was adopted (95) 

for the FEM optimisation process. Subscript BG indicates the reference to the background profile:  

 
𝜀𝐵𝐺

∗ = 𝐴𝐵𝐺 𝑒
−

(𝑑−𝑏𝐵𝐺)2

2𝑐𝐵𝐺
2

 
(95) 

Table 11 summarises the coefficients found by performing FEM calibration that were adopted for 

residual elastic strain prediction. 

Contribution A b c 

Shot Peening (SP) 0.0065 0.80 0.24 

ALM background (BG) 0.0075 0.12 0.25 

Table 11 Eigenstrain distribution parameters 

The complete eigenstrain profile was constructed by summing the two contributions: 

 𝜀∗ = 𝜀𝑆𝑃
∗ + 𝜀𝐵𝐺

∗  (96) 

 The plot in Figure 105(b) illustrates the two contributions (SP and background), shown in solid 

and dashed lines. In addition, the total eigenstrain imposed to the model is shown by the thick black 

line. 

 

Figure 105 Eigenstrain distribution. (a) Shape function comparison. (b) Contributions and 

superimposition 
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The blade geometry was modelled by contouring the SEM blade image acquired within a 2D 

modelling software. Following the steps described in the Appendix, the eigenstrain distribution was 

implemented in the FEM model, and the solution obtained for the three regions analysed. Consistent 

eigenstrain profile of Figure 105(b) was imposed in the subsequent analysis of other regions of the blade, 

in order to obtain validation of the correctness of the calibration approach adopted in the present study. 

The results provided by FEM post-processing can be visualised using coloured contour maps and 

by plotting 2D strain profiles of each component along selected paths. The residual elastic strain 

variation was compared with experimental measurement lines. 

The experimental results at middle position of the blade (MP) were collected across the entire blade 

thickness using SXRPD and across a reduced length close to one edge using FIB-DIC. These and 

possessed good accuracy in both cases. Figure 106 shows experimentally measured residual strain 

components along with the residual elastic strain reconstructed by eigenstrain. Contour maps in the 

following Figures show the maximum principal residual elastic strain. 

 

Figure 106 Residual strain distribution across the blade cross section (position MP) and 

comparison with eigenstrain reconstruction. (a) Max principal elastic strain contour plot. (b) 𝜀xx (c)𝜀yy 
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Figure 107 Residual strain distribution along the blade cross section (position LE1) and 

comparison with eigenstrain reconstruction. (a) Max principal elastic strain contour plot. (b)  𝜀xx, 

(c) 𝜀yy 

 

Figure 108 Residual strain distribution along the blade cross section (position LE2) and 

comparison experiment vs. eigenstrain reconstruction. (a) Max principal elastic strain contour plot. 

(b)𝜀xx comparison. (c) 𝜀yy comparison. 
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Figure 109 Residual strain distribution along the blade cross section (position TE) and 

comparison experiment vs. eigenstrain reconstruction. (a) Max principal elastic strain contour plot. 

(b)𝜀xx comparison. (c) 𝜀yy comparison. 

At the blade Leading Edge (LE), the residual strain was measured along two perpendicular lines. 

The first line originated at the tip of the blade in the LE position and ran along the bisector of the LE 

tip contour line. The results are shown in Figure 107. For this location no reliable SXRPD 

measurements can be reported due to the excessive graininess of diffraction patterns.  

The second measurement line at the blade Leading Edge (LE) ran across the blade thickness at the 

location where it equals 1mm. The results are shown in Figure 108. Once again, no SXRPD 

measurements are reported for the same reason stated above. 

The final set of measurements was collected at the blade Trailing Edge (TE). At this location the 

residual strain distribution was spatially resolved along a line perpendicular to the blade tip as shown in 

Figure 109(a). The same figure also shows the residual strain plots. Here the SXRPD are reported solely 

for yy strain component, for which the values could be seen as useful even in the presence of large errors 

indicated by the error bars.  
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However, in order to quantitatively describe the dispersion of experimental data about the FEM 

strain field, the root-mean-square deviation was evaluated for each set of measurements. The calculated 

values are reported in Table 12. 

Strain 

component 

TE LE1 LE2 MP 

RMSD εxx 1.05e-04 7.59e-04 7.82e-04 6.89e-04 

RMSD εyy 7.07e-04 8.23e-04 9.24e-04 9.34e-04 

Table 12 Root-mean-square deviations at different locations and for the two relevant strain 

components 

5.4.4. Discussion 

A procedure for efficient description of eigenstrain distribution due to surface treatment in two-

dimensional models has been successfully developed and presented. The correctness of the 

implementation was verified by visualising principal strain directions over the model geometry.  

The problem being studied concerned shot peening (SP) process applied to compressor blade. 

Residual stresses arising in this situation represent the superposition and perhaps interaction between 

the two manufacturing processes (ALM and SP). The assessment of the residual strain profile was 

conducted experimentally by means of FIB-DIC and SXRPD. The eigenstrain profile induced by SP 

over the pre-existing ALM background was assessed, and the predicted residual elastic strain 

distribution compared to experimental measurements. Acceptable overall agreement was found, 

particularly in view of the large uncertainty associated with the ALM outcomes. Specifically, at the 

blade Middle position the xx component of strain (𝜀𝑥𝑥) showed good agreement between experimental 

and numerical solutions (Figure 106(b)). Less accurate agreement between reconstruction and 

measurements was found for the perpendicular component of strain, 𝜀𝑦𝑦. In fact, this reconstructed 

quantity failed to match the magnitude in the central part of blade thickness, although the overall trend 

match is satisfactory (Figure 106(c)). It is worth noting that the mismatch was primarily observed at the 

central region of the profile, where the background residual stress was imposed. This disagreement may 

be imputed to the complex residual stress distribution produced by the manufacturing process that 

evidently may slightly diverge from the nominal eigenstrain distribution imposed as background.  
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Regarding the other two regions of the blade, it is worth reminding that the FEM simulation are the 

outcome of the calibration against experiments conducted at the MP. Therefore, a limited discrepancy 

from the experimental outcomes was expected. At the blade Leading Edge, the measurements were 

affected by large errors, as is evident in Figure 107(b-c). Nevertheless, the majority of experimental 

points are seen to lie close to the predicted eigenstrain curve. Nevertheless, the trend highlighted by the 

measurements was not captured satisfactorily. This divergence is thought to be due changes in the 

operation of both ALM and SP processes at blade tips. It is reasonable to anticipate that at the tip the 

effectiveness of SP may deviate significantly from parallel surface regions. Similarly, the conditions of 

material deposition by ALM are likely to be modified by the proximity of the sample boundary. 

Furthermore, local deviation between FEM prediction and FIB-DIC measurements can be caused by the 

presence of very small and localised pockets of porosity in the form of micron-scale clusters of 

solidification nano-pores. In fact, it is well known that one of the most prominent disadvantages of this 

manufacturing technique is the generation of undesired porosity [316]. On the other hand, good 

agreement was found along the line across the blade thickness at this location (Figure 108(b-c)).  

Finally, the analysis at the blade Trailing Edge (TE) did not reveal high magnitudes of residual 

strain (Figure 109). This was confirmed by the eigenstrain reconstruction that predicted this residual 

elastic strain state. Low residual strain magnitudes are the results of large plastic deformation occurring 

almost throughout the entire blade thickness. Therefore, only a very limited amount of residual elastic 

strain arising to, may arise to restore the equilibrium disturbed by eigenstrain introduction.  

One remark needs to be made regarding the effectiveness of SP process. It has been revealed in the 

present work that in the presence of tight contour radii, the effectiveness of SP process may be reduced. 

This implies that the induced residual strain may diverge from the expectation based on the ideal case 

where the local curvature radius is thought to be large. Same findings were earlier experienced by 

DeWald and Hill [58]. 

Further efforts can be addressed at implementing the presented method for the simulation of three-

dimensional geometries. Full reconstruction of the residual stress contained in a three-dimensional 

object requires further measurements in order to capture evolution of the out-of-plane component of 

residual stress arising as background (arising from AL manufacturing). However, it is worth noting that 
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shot peening is thought to introduce isotropic deformations along all the directions perpendicular to the 

local shot trajectory. Therefore, in principle the 3D residual stress field given by the sole shot peening 

could be simulated by imposing the same eigenstrain distribution along this third direction. 

5.4.5. Conclusions 

The proposed eigenstrain method for the in-plane strain reconstruction was successfully applied to 

a real case study of ALM and SP compressor blade section. The computed strain maps showed good 

agreement with the experimental outcomes. The application of the eigenstrain distribution to the entire 

geometry allowed the prediction of the strain field not only at positions where experimental evidence 

was available, but everywhere within the cross section. Furthermore, numerical simulation confirmed 

the consistency of the experiments in terms of stress equilibrium, strengthening the confidence in their 

validity. For these reasons, the proposed method can be considered as complementary to the 

experimental evaluation of residual elastic strains. Once the intrinsic inelastic deformation (i.e. 

eigenstrain) of a specific process is known (e.g., SP), the great advantage of the approach lies in the 

applicability of this description to 2D geometries of arbitrary shape. Therefore, the simulation of residual 

elastic strain arising from SP can be performed for any 2D model. One remark needs to be made 

regarding the effectiveness of SP process. It has been revealed in the present work that in the presence 

of tight contour radii, the effectiveness of SP process may be reduced. This implies that the induced 

residual strain may diverge from the expectation based on the ideal case where the local curvature radius 

is thought to be large. 
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6. Conclusions 

In this Chapter I draw conclusions from the developments and results presented in this thesis regarding 

the three major areas of study reported in this work, namely: 

1) FIB-DIC technique development  

2) The influence of residual stress and plasticity-induced crack closure on fatigue crack growth 

rate (FCGR)  

3) Residual stress evaluation and modelling in polycrystalline materials.  

Here I pay particular attention to the limitations encountered, and offer my thoughts about the likely 

future developments to improve the insights that could be derived from the methodology presented. 

6.1. FIB-DIC technique development 

Results reported in this thesis concern the development of two aspects of the FIB-DIC technique 

for residual stress evaluation: quantitative evaluation of uncertainty due to the unknown underlying local 

crystal orientation and assessment of FIB milling induced eigenstrain and its implications in residual 

stress measurements. I consider these as having fundamental importance in terms of the applicability of 

the technique beyond the range of specific case-studies covered by this thesis. In fact, the work 

conducted was aimed also at highlighting classes of problems in which the technique could find 

applications both in scientific and industrial contexts, providing improved accuracy, resolution and 

statistical robustness compared to other approaches to date.  

One aspect of the technique that appears to be worth exploring further concerns the identification 

of error sources and the quantification of errors and their effect on the final values. In the first instance, 

the effort was directed at the quantification of residual stress uncertainty due to the underlying local 

crystal orientation being unknown. Depending upon the degree of material elastic anisotropy, the errors 

arising due to the target material having poly-crystalline nature can affect the evaluation considerably. 

For instance, it was shown that for Ni-base superalloys the unknown crystal orientation may lead to 

errors up to 40% in the evaluated stress magnitude (at 95% of confidence). It is worth highlighting that 

even dealing with materials with low anisotropy factors, the error that arise may be not negligible, e.g. 

for Al alloys it amounts to ~8%.  
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Another potential source of error associated with this technique concerns the effect of the FIB 

milling itself on the deformation state of the gauge volume studied. Extensive experimental and 

numerical analyses were performed in order to shed some light onto the mechanism of material 

amorphisation and consequent development of residual stress within the layer of material affected by 

ion beam damage. By means of the X-ray reflectivity technique it was shown that the exposure of single 

crystal Si to Ga-ion beam at 10° grazing angle produced a ~23nm-thick amorphous layer with a diffuse 

interlayer and a density gradient as a function of the depth. The second aspect analysed concerned the 

quantification of inelastic strain caused by FIB milling. By exposing a stress-free Si micro-cantilever 

(AFM probe) to the Ga-ion beam at normal incidence (worst case scenario), it was observed that 

inelastic deformation took place in the affected material, giving rise to residual stress and the attendant 

bending. By quantifying the cantilever deflection and employing eigenstrain theory, it was then possible 

to evaluate the residual stress magnitude assuming half-Gaussian distribution of eigenstrain, which 

turned out to be of negative sign. Beside the experimental evidence, MD simulations were employed 

with the purpose of assessing the residual stress distribution. The eigenstrain profile abstracted from the 

MD simulations allowed then the simulation of the deflection due to a thin layer of eigenstrain within 

the AFM cantilever. The beam curvature comparison of the experimental vs. the MD simulation 

outcomes found good agreement, with the difference in the radius of curvature lying within ~10%.  

Further FEM simulations of the entire FIB-DIC milling process within stress-free Si samples 

permitted the evaluation of the minimum ring-core radius allowable in order to keep the effect of FIB-

induced eigenstrain negligible. It was found that these effects are insignificant provided the diameter of 

the central ‘island’ feature is not smaller than 1µm. The results of this study of the effect of Ga-ion 

irradiation is likely to be of interest not only for the specific case of FIB-DIC ring-core milling, but also 

in numerous applications where FIB is employed for the preparation of miniaturised samples.  

6.2 Residual Stress and Plasticity induced crack closure effects in fatigue crack growth 

With the help of FIB-DIC ring-core milling and other techniques such as synchrotron X-ray 

diffraction, advances were made in the fundamental understanding of fatigue crack propagation 

mechanisms. In combination with fatigue testing, the extensive amount of experimental data acquired 
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at synchrotron facilities and using FIB-DIC was of paramount importance in validating non-linear FE 

modelling, and in allowing the simulation of load anomalies (overload & underload) that may occur 

during what is otherwise constant amplitude fatigue crack propagation. Further experimental evidence 

was collected by means of optical systems, such optical observation and DIC quantification of crack 

closure. This approach helped identify plasticity-induced crack closure. Furthermore, EBSD was used 

for the analysis of microstructure effects on crack path, and qualitative plastic deformation maps were 

obtained.  

Concerning the problem of fatigue crack retardation due to the application of a single overload, it 

was confirmed that the presence of compressive residual stress and the alteration of crack face shape 

and closure in the wake of the crack play a great role in modifying the crack growth rate. Other minor 

effects were observed, such crack branching and crack deflection.  EBSD analysis of fatigue crack 

propagation in an Al alloy sample revealed interesting features of the crack path that highlight the 

influence of grain morphology and residual compressive stress region size. Specifically, along with the 

crack branching effect, crack deflection was seen to arise immediately past the overload site, confirming 

that the crack tends to propagate along a path that is distant from the regions of high compressive stress. 

Additional detailed analysis of crack propagation past an overload allowed the separation of individua l 

contributions of residual stress and crack closure to crack retardation. In turned out that crack closure 

effect manifested a longer lasting effect throughout the entire period of propagation where the overload 

consequence was still active. Moreover, it was worth noting that the effect of residual stress in crack 

retardation vanished when the crack had overtaken around half of the overload induced plastic region 

ahead of the crack tip, whilst the persistent crack retardation beyond the region of compressive residual 

stress was only due to contact taking place in the wake of the crack (crack closure).  

In contrast with the retardation due to overload, the crack acceleration caused by an underload is 

mainly dependent on the loading history sequence. As shown in the experimental and numerical analyses 

conducted, the magnitude of the constant amplitude cycling prior to the underload largely governs the 

severity of the crack acceleration and its extent. Parametrical numerical simulations revealed the nature 

of deformation along the crack flanks and ahead of the tip during the underload occurrence, showing 

that this is highly dependent on the magnitude of the previous loading cycles. By considering the cyclic 
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J-integral as the crack driving force at the crack tip, it was shown how the crack propagation speed is 

affected. Optical observation and DIC analysis of crack closure revealed a substantial increase in the 

effective stress intensity factor (SIF) during following the underload, suggesting that this is the 

predominant acceleration mechanism in this case. A mild change in the residual stress level after the 

underload was also noted, but was not as significant as the crack closure. 

6.3. Residual Stress evaluation in polycrystalline materials 

A number of case studies were analysed in this section of the thesis. The evaluation of residual 

stress in this class of materials was performed principally by employing the tools developed in the first 

section, and also adopting new strategies for the residual stress numerical simulation. 

The first study concerned the residual stress evaluation of Al alloy notched samples subjected to 

shot peening surface treatment. The key finding of this study concerned the effectiveness of the shot 

peening process at the roots of narrow notches. It was discovered that identical shot peening processes 

applied to three notches of different severity led to different compressive residual stress magnitudes in 

the vicinity of the free surface. It was revealed that as the fillet radius diminishes, the plastic deformation 

created beneath the surface by the shot peening process is reduced. 

A similar effect was found in the analysis of residual stress in an aeroengine turbine airfoil 

manufactured by ALM and treated by shot peening. In this case, by combining experimental 

measurements (i.e. FIB-DIC & SXRPD) with the novel eigenstrain based model, it was possible to 

discern the reduction of shot peening efficacy at blade tips with small local radii of curvature. The newly 

developed eigenstrain procedure facilitated the simulation of residual stress fields induced by shot 

peening in two-dimensional geometries of arbitrary shape. This approach relied on the principle of 

transferability of eigenstrain, according to which the consequence of treatment (shot peening) can be 

expressed as a depth-dependent eigenstrain that only dependent on the process conditions (shot size and 

weight, speed, coverage)[297]. The main strength of this approach is the possibility of applying one-

dimensional eigenstrain distribution as a function of the distance from the treated surface, enabling 

residual stress simulation for intricate geometries. 

Further studies were addressed at the statistical analysis of residual stress across the scales. To this 

end, the definition of Type I, II & III residual stress associated with their corresponding length scale 
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was revisited and re-examined. An extensive FIB-DIC residual stress measurement campaign was 

carried out on a 4-point-bent miniature beam, in combination with multi-scale FEM simulations of the 

bending process which allowed the discernment of different stress types. Macro-scale simulation of 

residual stress (Type I) found excellent agreement with measurements. Regarding the statistical 

distribution of residual stress, a CP-FEM analysis was used for the comparison with the experimental 

findings. A close match could not be found, with different on ~24% in terms of standard deviation 

persisting. This was ascribed to the combination of crystallographic texture and prior deformation 

history of the material. Despite the disagreement, the study presented a calculation procedure used for 

the prediction of the statistical distribution of residual stress in plastically deformed materials. This is 

of great relevance for structural integrity assessment, especially for mechanical components subject to 

fatigue loading where the effect of the residual stress at the grain level plays a central role. 

The final problem examined concerned the characterisation of a re-cast layer generated upon EDM 

cutting of an Al alloy. Thanks to the improved capabilities of the FIB-DIC technique, for the first time 

it was possible to obtain high resolution information about the residual stress distribution through the 

depth of the affected layer. Material amorphisation observed in the shallowest regions (~3 microns), 

was associated with compressive residual stress state. Tensile residual stress was experienced in deeper 

layers lying beneath the interface between the while layer and the HAZ. For the first time it was possible 

to achieve nanometre depth resolution to capture adequately a steep near-surface stress gradient. It is 

important to note that previous literature results reported do not report any compressive residual stress 

at the EDM-machined surfaces, mainly due to the lack of spatial resolution. 

6.4.  Future work 

In my opinion, future investigations in this field should be aimed at applying the methods developed in 

the thesis to a wider range of case-studies, and using the insights obtained to improve the current state-

of-art in fatigue prediction models. In particular, further studies ought to be addressed at the following 

specific areas: 

1. As thoroughly analysed in the thesis, current state-of-art models for the prediction of fatigue crack 

propagation under variable amplitude loading rely on semi-empirical approaches. Therefore, these 
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can only be employed after calibration of a number of parameters, which in most cases are not 

reliable due to the lack of clear physical meaning of the coefficients. To establish a new model which 

would be both more accurate and able to cover a wider range of load variability and materials, the 

separation of mechanisms affecting crack propagation is of fundamental importance. Progress made 

in this work will provide input for the development of improved models, with significant implications 

for the cost-effectiveness and safety of engineering components and assemblies. 

2. Following the development of the procedure for eigenstrain prescription in 2D arbitrarily shaped 

models, further progress can be made to extend the method to 3D models. This would allow the 

complete reconstruction of residual stress in any geometry, regardless of its complexity. Moreover, 

a user-friendly implementation of the eigenstrain method has the potential to be employed in the 

industrial context, rather than solely for research applications. 

3. The analysis of the statistical distribution of residual stresses in polycrystalline materials requires 

further efforts focused on the implementation of this with the fatigue prediction framework. 

Extension to a more complete description of the multi-scale residual stress state will lead to more 

accurate prediction of failure in engineering components, especially for high- and very high-cycle 

fatigue problems.   
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7. Appendix 

7.1. Appendix 1 

The total strain is the result of two contributions: eigenstrain generated by the material 

amorphisation, and the elastic strain generated within the material to accommodate the presence of 

eigenstrain, and maintain strain compatibility within the cantilever. This total strain present in beam 

cross section can be represented as a linear function of its thickness according to Kirchhoff's hypothesis 

of plane normals: 

 
𝜀𝑡𝑜𝑡(𝑥) = 𝜀𝑒𝑖𝑔

∗ (𝑥) + 𝜀𝑒𝑙(𝑥) = 𝑎 +
𝑏𝑥

ℎ
 (97) 

The function describing the eigenstrain profile is assumed to have the form: 

 
𝜀𝑒𝑖𝑔

∗ (𝑥) = 𝜀𝑚𝑎𝑥
∗  𝑒

−
(𝑥−ℎ)2

2𝑊2  (98) 

Therefore, the elastic strain can be expressed as: 

 𝜀𝑒𝑙 = 𝜀𝑡𝑜𝑡 − 𝜀𝑒𝑖𝑔
∗ = 𝑎 +

𝑏𝑥

ℎ
− 𝜀𝑚𝑎𝑥

∗  𝑒
−

(𝑥−ℎ)2

2𝑊2  (99) 

The conditions of Force and Moment equilibria across the beam lead to the following equations: 

 𝑭 = ∫ (𝜀𝑡𝑜𝑡 − 𝜀𝑒𝑖𝑔
∗ ) 𝑑𝐴 = ∫ ∫ [𝑎 +

𝑏𝑥

ℎ
− 𝜀𝑚𝑎𝑥

∗  𝑒
−

(𝑥−ℎ)2

2𝑊2 ] 𝑑𝑦 𝑑𝑥 = 0

𝑓(𝑥)

0

ℎ

0𝑨

 (100) 

 

𝑴 = ∫ (𝜀𝑡𝑜𝑡 − 𝜀𝑒𝑖𝑔
∗ ) 𝑥 𝑑𝐴

𝑨

= ∫ ∫ [𝑎 +
𝑏𝑥

ℎ
− 𝜀𝑚𝑎𝑥

∗  𝑒
−

(𝑥−ℎ)2

2𝑊2 ] 𝑥 𝑑𝑦 𝑑𝑥 = 0

𝑓(𝑥)

0

ℎ

0

 

(101) 

These expressions involve integration over the domain occupied by the beam cross-section. The 

geometrical properties of this cross-section are known, as shown in Figure 110 and Table 13 
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α [mm] β [mm] h [mm] 

0.021 0.0354 0.0020 

Table 13 Cantilever cross section dimensions. 

 

Figure 110 Cantilever cross-section representation. 

The upper limit of integration in y is defined by the oblique “bevel” edge. This can be represented 

by the equation: 

 
𝑓(𝑥) =

𝑥(𝛼 − 𝛽)

2ℎ
+

𝛽

2
 (102) 

Coefficient b of the total strain equation is directly related to the beam curvature through the 

following relation: 

 
𝑘 =

𝑏

ℎ
 (103) 

The curvature is the inverse of the beam bending radius ρ. This was found to be equal to 

(40.78±21.21) mm. Hence, b can be determined as: 

 𝑏 = ℎ 𝑘 =
ℎ

𝜌
=

0.002

40.78
= 4.9 × 10−5 (104) 

The coefficient that defines the width of the Gaussian function is also known from the literature, as 

noted before. Therefore, the system of Eqs.(100) and (101) can be solved numerically for the coefficients 

http://www.sciencedirect.com/science/article/pii/S0264127515308789?np=y&npKey=afef1bf1d29aa5b7f4b3e30fe6972b3468d5912f4a1fbecd8d910ada6678fa2e#gr10
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a and εmax to obtain, respectively, the values of −1.5×10−5and −4.1×10−4, determined with the relative 

accuracy of ~35%. 

7.2. Appendix 2 

Laboratory (EBSD) coordinate system is shown in Figure 111 together with sample geometry. The 

loading direction corresponds to the z-axis direction (also denoted RD in the EBSD system). Schmidt 

factor is evaluated for loading in the z-direction for all slip systems of the  (111) < 11̅0 > type. 

 

Figure 111. Sample orientation with respect to the EBSD coordinate system. 

7.3. Appendix 3 

The relevant steps involved in the model building process are listed below in a sequential order, 

that is also schematically represented in Figure 112 below. 

i.  2D modelling 

 The geometry shape is obtained by pre-existing model, e.g. CAD,  or by contouring a real 

mechanical component shape (e.g. importing SEM image) 

 A model containing the geometric contour is exported for Abaqus meshing, and a second model 

is exported as a binary mask by filling the solid part of the model with value 1, and outside with 

0. 

ii.  Abaqus mesh generation 
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 The geometry is imported and meshed by refining the elements where high strain gradient is 

expected. 

iii.  Abaqus IPs extraction 

 A dummy solution is run with the purpose of extracting the IPs coordinates of the meshed 

model. 

iv.  Matlab distances and angles computation 

 An image format version of the model (e.g. TIFF, JPEG) is imported into Matlab and treated as 

matrix. 

 At each position of the matrix (equivalent pixel), two new matrices are generated where the 

distances from all the surrounding pixels are computed in terms of the x and y differences. 

 The element-wise multiplication by the binary mask representing the model geometry allows 

the values at positions outside the sample to be set to 0. 

 A new matrix containing the distances is populated by seeking the minimum value of distance 

(both x and y components), and calculating the resulting vector distance. 

 A matrix containing the angles is populated by calculating the angles made by the distance 

vector with the x axis at each pixel position.  

v. Interpolation  

 Matrices containing IPs coordinates are imported in Matlab 

 The interpolation between the grid generated by the imported mesh (IPs) and the image pixels 

positions is performed. As outcome, at each IP, the distances and angles are evaluated.  

 The arrays containing IPs number, distances and angles are exported 

vi.  Eigenstrain implementation 

 The UEXTERNALDB subroutine is used for the importation of the computed values in an 

Abaqus script. 

 The UEXPAN subroutine is then used for the assignment of the thermal expansion coefficient 

at each IP. This subroutine at each loop computes the eigenstrain assignment by recalling the 

value of the distance and angle assigned to the datum IP. 

vii.  Solution 
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 The Finite Element computation is run and the solution can be visualised in the post-processing 

environment of Abaqus. 

 

 

Figure 112 Eigenstrain modelling workflow 
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