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Abstract

Biochemical systems have been influenced, altered, and engineered to produce
a myriad of complex behaviours that have far reaching consequences in the
realization of computational models and in applications such as pharmaceuti-
cals and cell networks. However, unlike producing desired behaviours in digital
systems, the mechanics behind biochemical systems are complex and poorly
understood. In particular, gaps in our understanding of the behaviour of cell
mechanics or synthetic molecular systems have hindered the production of bio-

chemical circuits that model or enact certain behaviours.

This thesis addresses these issues by accepting the inherent uncertainty and
unknowns within biochemical systems, and exploring ways to produce desired
behaviours despite these difficulties. This is done through the use of determin-
istic and stochastic interpretations of Chemical Reaction Networks (CRNs) to
describe these biochemical systems. The first part of this thesis considers pa-
rameter synthesis of CRNs. A novel sketching language for CRNs that allows
for both discrete and continuous parameter declarations is proposed. Often it
is not only the correctness of synthesized programs that is important, but also
their optimality with respect to a given cost function. Based on a cost function
given by the structure of a CRN, there is an attempt to reduce the cost in order
to produce a CRN optimal for the given cost function. Synthesis of complex
CRN behaviour without structural constraints is seen as intractable, and there-
fore Syntax-Guided Synthesis (SyGuS) is employed to constrain the search space
and allow us to synthesize behaviour of non-linear Ordinary Differential Equa-
tions (ODEs). Algorithms and case studies aimed at finding an optimal CRN
are provided. Satisfiability Modulo Theory (SMT-ODE) solvers are employed
to solve parametric ODEs constructed from a combination of the Linear Noise
Approximation dynamics and sketching language choice variables. In our tool,
named CRNSketch, a generalization of the CRN synthesis problem to include
non mass-action kinetics as well as arbitrary continuous functions as inputs to a
CRN, is successfully demonstrated. Biologically motivated case studies are pro-

vided highlighting the need for the tool, as well as our parameter and structural



synthesis methods in general. An evaluation is provided on the limitations and

tractability of our parameter synthesis approach.

The second part of this thesis addresses the problem of control of CRNs, because
of the inherent unknowns in biochemical systems. Using a reference CRN which
exhibits a desired continuous behaviour, the principles of Proportional-Integral-
Derivative (PID) control are employed, in an attempt to control the behaviour of
any arbitrary CRN. That is, given an input signal, represented by the concentra-
tion level of a species, a series of CRNs are constructed that in turn attempt to
control the output concentration of an arbitrary CRN, such that the plant CRN
exhibits the behaviour of the reference signal. A novel CRN implementation of
a derivative component is provided, and proofs and simulation of its operation
are given. This novel derivative component is used as a building block for a PID
controller, enabling us to compare this with an existing PI controller, and show
how negative feedback with a PID controller can be implemented in CRNs. The
effectiveness of this architecture on a microRNA regulated gene expression ex-
ample is demonstrated, where the time evolution of a protein is controlled by
acting on the expression of mRNA and microRNA using a CRN reference signal

provided by our synthesis method.
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CHAPTER 1

Introduction

Biochemical systems have been influenced, altered, and engineered to produce a myriad
of complex behaviours that have far reaching consequences in the realization of computa-
tional models, and in applications such as pharmaceuticals [1, 2] and cell networks [3, 4, 5].
However, unlike producing desired behaviour in digital systems, the mechanics behind bio-
chemical system processes are complex and poorly understood. Recent advances in experi-
mentation allow for the observation and, indeed, the manipulation of biochemical systems
either in vivo or in vitro, where in vitro [6, 7] refers to systems constructed usually by in-
dividual molecular design and in vivo [8, 9] refers to cell processes altered via internal or
external influence.

Biochemical systems can be captured within the formalism of Chemical Reaction Net-
works (CRNs), a language widely used to describe molecular interactions. A CRN is given
by a set of chemical reactions (e.g. A + B — (), where molecules interact according to
reaction laws. Reactions fire in parallel and according to a probability distribution. While
several semantics are used to capture inherent noise within a CRN, the CRN formalism itself
does not capture unknown or partial information within a system. Few methods address the
problem of trying to parameterize unknown information within a CRN and, of the methods
that exist, none are scalable [10]. Just as a computer program is written to fulfil a task or
specification, a CRN can be modelled to produce a desired outcome. Unfortunately, unlike
constructing computer programs for the completion of a task, it is nearly impossible to con-
struct a CRN with a desired output in mind. One solution for addressing this problem is
to automate the task of constructing a CRN to match a formal specification, referred to as

synthesis. With synthesis, the CRN is constructed or adapted to produce a desired outcome.
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Alternatively, another solution is to externally influence a pre-existing CRN to enact a cer-

tain behaviour, referred to as control. Both of these avenues are explored within this thesis.

Aims of the Thesis The aim of this thesis is to explore the modelling and synthesis of
CRNs in order to implement certain continuous behaviours, whilst also taking into account
the inherent uncertainties of the biochemical systems that underlie these CRNs. Previous
attempts at synthesizing biochemical systems have either been intractable or lacked ex-
pressivity. Similarly, efforts aimed at the control of CRNs to track desired behaviours have
lacked sufficient accuracy and stability. The aim of this thesis is to address these problems,
providing tractable methods in order to explore synthesis and control of the behaviour of
such systems. With these methods, there exists a desire to create small and implementable
CRNs that output common desirable continuous behaviours, and to examine systems with
sufficient unknown structural information in order to control these. The aim is to provide
a general framework for synthesis and control of CRNs that could theoretically be imple-
mented in vivo or in vitro. The outcomes of this research are important in both systems
biology, the field of analysis and modelling of complex biological systems, and synthetic
biology, the construction and redesign of biological components that do not already occur

in the natural world.

Approach This thesis focuses on modelling and synthesizing behaviours of Chemical Re-
action Networks. CRNs have been used to model many distributed systems, which feature
in different scenarios of computer science, engineering and biology [4, 11]. Focus will be
given to deterministic CRN models as Ordinary Differential Equations (ODEs), which are
governed by the laws of mass action kinetics and sometimes also work with the stochas-
tic representation as a Continuous-Time Markov Chain (CTMC), which is derived from the
Chemical Master Equation (CME). CRNs have the advantage of being compact, and are
suitable to be used to model biochemical systems, or as a programming language for bio-
chemical devices [12, 7]. This thesis uses CRNs, like any other formal language, to model
a range of biochemical systems that exhibit desirable [13], or otherwise commonly found
behaviours within natural systems, demonstrating the diverse range and applications of
CRNS.

Although in previous works [14, 15] CRN designs that satisfy discrete Petri-net specifi-
cations are provided, this thesis primarily focuses on CRNs whose outputs satisfy specifica-
tions that model continuous behaviours. The need for modelling of continuous behaviours

such as these is made apparent in [16], where a continuous sigmoidal response function
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is required for building a complex nucleic acid neural network. CRNs that produce Gaus-
sian (bellshape), sigmoidal and Poisson outputs, which have applications in more complex
systems such as neural networks, are examined. In addition to studying behaviours irre-
spective of input conditions, CRN responses to input behaviours are explored, including the
synthesis of switches, and the control of gene expression networks.

Using partially defined CRN models, the problem of parameter synthesis is studied for
deterministic and stochastic CRNs. Parameter synthesis has applications in synthetic and
systems biology, for example, in the design automation for molecular devices [17], or the
construction of predictive molecular models [18]. The field of automated synthesis is con-
cerned with finding satisfying constraints in order for a problem formulation to satisfy a
specification. In this case, the specification is a fragment of Metric Temporal Logic (MTL),
which is a time constrained temporal logic including the standard temporal operators i.e.
until. Parameter synthesis using MTL is demonstrated in several works both in a biological
context [19] and in wider non-linear ODE systems (see literature review in [20]). Previ-
ously, automated synthesis of CRNs was generally limited to the estimation or parameter
synthesis of rate parameters [21, 22], which neglect the network structure, and suffer from
scalability issues [10]. Scalability issues are circumvented by using the Linear Noise Ap-
proximation (LNA) for approximating the stochastic interpretation of a CRN, rather than
the classically used CME which involves constructing and evolving a large CTMC. The LNA,
and the use of ODE-based semantics in general, allows us to encode the synthesis problem
as a Satisfiability Modulo Theories (SMT)-ODE problem. SMT-ODE problems extend SMT
problems, which are decision problems for first-order logic, to include reasoning over sets
of parametric ODE:s.

This thesis reasons over the discrete structure of models, as well as continuous parame-
ters. Considered is a subset of parameter synthesis that also examines structural synthesis
called Syntax-Guided Synthesis (SyGuS). The field of SyGuS [23] is based on the idea of
providing both a specification, and a syntactic template that describes a high-level structure
of the program and constrains the space of allowed programs. Applications range from
bit-streaming programming [24] and concurrent data structures [25], to computational
biology [26]. Synthesis of complex CRN behaviour without such structure is seen as in-
tractable [10], and therefore SyGuS is employed to constrain the search space and allow us
to synthesize behaviour of non-linear ODE:s.

Often it is not only the correctness of synthesized programs that is important, but also
their optimality with respect to a given cost [27]. Based on a cost function given by the
structure of a CRN, a cost function is reduced in order to produce a CRN optimal for the

given cost function. In contrast to previous parameter estimation work [19], a sketching
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language for CRNs is proposed that allows for discrete and continuous parameter con-
straints. This sketching language can adequately and concisely capture the syntactic con-
straints, while at the same time allowing under-specification of the network.

The use of SMT-ODE solvers are employed to solve parametric ODEs constructed from a
combination of the LNA dynamics and sketching language choices. In our tool CRNSketch,
the generalization of the problem to include non mass-action kinetics as well as ODE-inputs
to a CRN network is successfully demonstrated. However, with more challenging behaviours
and more complex CRNs, the limit to which our method is scalable has been reached. There-
fore an alternative approach is explored, where a system with unknown variables is forced
to track a reference signal which can be seen as analogous to a continuous specification.

The theory of control engineering is borrowed and applied it to CRNs. Using a ref-
erence CRN which exhibits a desired behaviour, the principles of negative feedback are
employed, specifically Proportional-Integral-Derivative (PID) control, to attempt to control
any arbitrary CRN. That is, given an input signal (represented by the concentration level
of species), a series of CRNs are constructed that in turn attempt to control the output
concentration of an arbitrary CRN, such that the plant CRN exhibits the behaviour of the
input. Previous attempts at formalizing negative feedback control in CRNs consist only of a
chemical Proportional-Integral controller. This thesis provides a novel CRN implementation
of a derivative component and provide proofs and simulation of its operation.

A derivative CRN is provided such that, given an input signal the output is the concen-
tration of two species whose difference gives the derivative of the input signal. This novel
derivative component is used as a building block for a PID controller, enabling us to compare
this with an existing PI controller, and show how negative feedback with a PID controller
can be implemented in CRNs. The effectiveness of this architecture is demonstrated on
a microRNA regulated gene expression example [28, 29], where the time evolution of a

protein is controlled by acting on the expression of mRNA and microRNA.

Contributions

In summary, the following contributions are made:

* The first sketching language for CRNs that supports partial specifications of the topol-
ogy of the network and structural dependencies among species and reactions is pro-

posed.

* Using the LNA as a continuous approximation of stochastic dynamics, a novel optimal
synthesis problem is formulated that can be solved as a parametric SMT-ODE problem

over the reals. Due to this approximation, the approach offers superior scalability with
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respect to the number of parameters and size of the overall system. Importantly, our
method supports not only the synthesis of rate parameters but also the discrete CRN
structure. Several synthesis algorithms are designed and discussed, which ensures the

optimality of the solution, and motivate the choices of the SMT solver.

* A tool is demonstrated that successfully captures and generalizes the above, with
both a GUI and an API, for bio-chemical engineers and computer scientists. The
tool extends the above framework to include customized kinetics, enabling wider
bio-chemical applications. The tool also supports input ODEs, allowing for analy-
sis of an outcome of a CRN based upon an input equation, something previously not
supported even in simulation tools like Visual-GEC. Novel CRNs are presented based
upon MTL specifications for several in-depth case study examples. These examples
include non-linear functions, enzyme-reaction systems and switches that respond to

input behaviour.

* Methods for controlling the behaviour of arbitrary CRNs are presented, in order to
track an input behaviour. The first derivative action for a PID controller is given and
comparisons with an equivalent PI controller are shown. The application of such a

controller on gene expression models is demonstrated.

Structure

Chapter 2 reviews related works which discuss CRNs, their semantics and application in
biochemical systems. It covers parameter synthesis, SyGusS, control theory, and application
both in biochemical systems and other areas. Chapter 3 reviews the technical background,
where the theory underpinning the contributions of this thesis is discussed. Chapter 4 in-
troduces both the syntax and different semantics of CRNs. Chapter 5, 6, and 7 are the main
contribution chapters of the thesis. Chapter 5 discusses optimal syntax-guided synthesis of
CRNs, including CRN sketches and encoding of CRNs as a synthesis problem. Chapter 6
outlines our implementation of this theory in our tool CRNSketch, expanding on the work
in Chapter 5 and demonstrating the working of the theory on several models. Chapter 7
discusses our work on control of CRNs, and more specifically introduces a derivative action
for a PID controller. Chapter 8 concludes and reflects on contributions to the fields of Chem-
ical Reaction Networks, SyGuS problems, and control of bio-chemical networks. Possible

extensions and future works building upon our results are discussed.
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Publications

The work presented in this thesis has been previously published in jointly authored papers.
In particular, the thesis focuses on [13, 30, 31], in their entirety and [14, 15] partially. In
[13], Optimal SyGuS for CRNs are studied. I jointly contributed the sketching language
and the cost function for optimality. I was almost entirely responsible for the synthesis al-
gorithms and contributed to the formulation as an SMT-ODE problem. I was responsible
for the three case studies and the results sections. The results demonstrate the novel syn-
thesis of certain continuous behaviours that were not possible previously. I presented the
paper at Computer-Aided Verification 2017. In [31], I contributed the back end to the tool
CRNSketch, which embodies the work of [13] and builds in new functionality to accommo-

date ODE input to CRNs and n-th order symbolic derivatives of CRN behaviour.

I led the project [30], contributed to the overall design of the PID controller, and con-
tributed the results section in its entirety. Whilst only the diagrammatic language for CRNs
is taken from [14, 15], these works, published during my DPhil, discuss the design and
verification of CRNs which implement the behaviour of asynchronous circuits. These works
expanded upon my Master’s thesis, aiming to verify CRN circuits against a Petri net specifi-

cation.

Tools

Parameter Synthesis of CRNs (CRNSketch) has on an online deployment at https: //
crnsketch.com/. The code is conveniently split into the back-end (https://github.com/
max1s/CRNSynthesis), for which I was the sole developer, and the front-end user inter-
face (https://github.com/jamesscottbrown/crn-designer), which James Scott-Brown
wrote in full. These tools rely heavily on the iSAT [32] and dReach [33] tools for parameter

synthesis of non-linear ODEs.

All the software developed for [13] is available, in addition to the tool, at https:
//github.com/max1s/CRNSketchGenerator. This includes examples of the Optimal Syn-
thesis algorithm discussed extensively in Chapter 5. This code and repository was written

by myself in full.
The code for the PID controller, including multiple reference signals and gene expres-

sion plants, is available at https://github.com/max1s/CRNPIDController, which I con-
tributed in full.
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CHAPTER 2

Literature Review

Contents
2.1 Chemical Reaction Networks . . . . . ... ... ... ... ....... 20
2.2 CRN Applications and Realizations . ................... 24
2.3 Model Checking and Synthesis . . . ... ................. 26
2.4 Control Theory and Feedback in Biological Systems . . . . ... ... . 32
25 SUMMAKY . . . 0 v v vt e e e e e e e e e e e e e e e e e e e e e 33

Reaction kinetics are the cornerstone of much of our understanding of both biological
and chemical systems as we have understood them since the 19" century. They are used
to describe the time evolution of a biochemical process. The equations under which reac-
tion kinetics operate are derived from experimental observation. Early works traditionally
focused on analysis: the study of trying to simulate and model the behaviour of natural
reactions [34, 35]. The Chemical Master Equation, a stochastic interpretation of the evo-
lution of a chemical system, has been used to analyze many stochastic processes, from
intercellular dynamics [36] to gene expression [37]. Mass action kinetics, a determinis-
tic interpretation of the evolution of chemical systems, have been used for the analysis of
biochemical systems, for example for studying oscillations [38] or multiple equilibria sys-
tems [39]. Reaction kinetics are often captured syntactically by a mathematical formalism
known as Chemical Reaction Networks (CRNs). Now, computer scientists are exploring the
use of CRNs as a biological programming language for the construction of biochemical sys-
tems, a goal that has far reaching implications in chemical circuit design, applications of
which include gene expression and in-vitro DNA shape construction [12, 40]. A challenge
of using CRNs is that there is no intuitive way of predicting the semantic behaviour of a

CRN given its syntax, i.e. it is challenging to intuitively invent a CRN to model a certain
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behaviour because of the inherent complexity of the reactions and dependency on rates and
initial conditions. One approach to this problem is to automatically construct a CRN, given
a specified behaviour. This borrows from the field of program synthesis, where a computer
program is automatically constructed from a user defined specification. Another approach
to this problem is to try to control a CRN externally in order to track a behaviour. This
chapter addresses the literature on CRNs (Section 2.1), the semantics that they describe,
and the realization of such systems in the natural world. Also summarized is the literature
with regards to program synthesis, in particular Syntax-Guided Synthesis (SyGuS) and pa-
rameter synthesis techniques (Section 2.6). Lastly, works relating to control theory and its

application in the control of biochemical processes are covered.

2.1 Chemical Reaction Networks

CRNs are traditionally used to capture the behaviour of inorganic and organic chemical
reactions in a well-mixed solution [14, 41, 42]. Recently, a paradigm shift in the scientific
community has seen the use of CRNs extend to that of a high-level programming language
for molecular computing devices [43]. When used as such, the fundamental computational
process differs from conventional digital electronics in that it involves transformation of
input chemicals into output via reaction rules, as opposed to processing discrete signals
(voltage bands) interpreted as Boolean values.

CRNs are closely related to existing computational models, and indeed several other
works have shown complete reductions from one model to another. Such models include
Fractran [44], Vector Addition Systems (VASs) [45], Petri nets [46], and Register Machines
[47]. For many of these systems we can also consider stochastic or non-deterministic model
variants. CRNs, because they can be viewed as a distributed system, have also been ana-
lyzed through a class of models called population protocols [48]. If we say that a molecular
input can be decided true or false and we use a notion of a semi-linear map defined in [49],
then it has been shown that CRNs are able to compute a sub class of first order predicates,
known as semi-linear predicates. This has been extended further to show that CRNs with
a stochastic representation, because they are equivalent to population protocols, can com-
pute a function, if and only if, the graph of the function is a semi-linear set. The relationship
between computational models and CRNs is shown formally in [4] by means of a process
algebra, where a translation between process algebra and CRNs is given considering both
deterministic and stochastic semantics. [4] presents a precise connection between process

algebra models of biochemical systems and more traditional models based on chemistry.
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Looking at it from a design perspective there are two methods for computing with CRNs
[50]. First, the reaction stoichiometry transforms discrete quantities of reactants to prod-
ucts. As an example A — 2B makes two units of B for every unit of A. Second, the reaction
rate laws govern a continuous transformation of reactants to products. In [50], they focus
on stoichiometry alone, effectively ignoring the continuous dynamics of a CRN. This means
that, as a design target, these CRNs are more widely applicable as they ignore domain
specific rate constants.

In non-uniform general CRN computation, a CRN computes a function over a finite do-
main [51]. This is comparable to computation in Boolean circuits, since only finite binary
inputs of a certain length are computed by a given circuit and making the input more ver-
bose or complex requires greater numbers of reactions [52]. By contrast, if the computation
is uniform, a single CRN computes all possible permutations of inputs, equivalent to Turing
Machines which deal with arbitrary sized inputs placed on their (unbounded) input tape
[51].

The time and space requirements for CRNs undertaking computation, compared to a
Turing Machine, are a simple polynomial slowdown in time complexity, but an exponen-
tial increase in space, where space is broadly defined as the increase in number of species
[53, 52]. Questions of reachability of the behaviour of CRN models, are decidable, whereas
the corresponding questions of probabilistic reachability are undecidable [54, 52]. This
results in a conclusion that; when answers must be guaranteed to be correct, the computa-
tional power is limited, but when an arbitrarily small error probability can be tolerated, the

number of functions that can be computed increases.

CRN Semantics

It is known that the computational power of CRNs is affected by the choice of the seman-
tics, whether deterministic or stochastic. In particular, assuming a small probability of error,
(finite) stochastic CRNs have been shown to be Turing universal [52]. The deterministic se-
mantics interprets the reactions as a system of differential equations, which describe the
evolution of the system as a vector of real-valued species concentrations over time [55].
The stochastic semantics, on the other hand, views the state of the system as a vector of
(non-negative) integer molecular counts and state transitions as reactions which have a
non-zero probability of occurring [43]. The stochastic evolution of the system over time
is obtained as a solution of the Chemical Master Equation (CME) [56]. It is well known
that the deterministic semantics is not accurate for small populations. While the stochastic
semantics is exact, it is intractable for large molecular counts and Gillespie simulation is em-

ployed. One scalable alternative is the Linear Noise Approximation, which is a real-valued
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approximation of the CME [57]. The correctness of the behaviour of a circuit described by
a finite CRN can be analyzed by inspecting its stochastic and deterministic evolution over
time. All of the semantics discussed can be viewed as a hierarchy in which deterministic
semantics can be viewed as the simplest continuous abstraction, farthest from the physical
system and stochastic semantics can be seen as the closest representation of the physical
system. The LNA, like the Langevin semantics, can be seen as intermediates between the

two.

Deterministic Semantics Deterministic semantics, in general, approximates the species
concentrations over time as a solution of rate equations [56] assuming a continuous state
space. The most common deterministic scheme for CRNs is mass action kinetics, which
assumes that the rate of a chemical reaction is proportional to the product of the concen-
trations of reacting chemical species. In [58, 59] the relationship between the structure of
a CRN and its deterministic semantics is defined as a set of autonomous ODEs. Mass action
kinetics have been used to study a wide range of biochemical systems from logical circuits
to oscillatory systems [59, 38, 39]. Whilst solving the system of equations that underpins
mass action kinetics is fast, this semantic interpretation is commonly used for high molec-
ular counts. It is widely known that for low molecular counts the deterministic semantics
fails to capture inherent stochastic behaviour. In deterministic semantics, the steady-state
of a system is independent of initial concentration of molecules for each species [59]. In
[60, 61] comparisons are made between the divergent behaviour of the stochastic seman-
tics, where the deterministic semantics fails to observe a behavioural change under low

molecular count.

Stochastic Semantics Under low molecular counts, the importance of stochasticity in
molecular interaction becomes increasingly important, hence the need to consider stochas-
tic semantics of CRNs. CRNs under stochastic semantics, a fixed number of species, with
low error probability, can perform Turing-universal computation [52]. That is, CRNs, under
stochastic semantics, can compute any computable function with probability of error less
than e for any arbitrary e > 0, but for e = 0 universal computation is impossible [53, 52].
The stochastic semantics of a CRN traditionally are given in terms of a CTMC, whose tran-
sient evolution is described by the CME [56]. A derivation of the CME is also given in [62],
where it is shown that the CME is exact for any well-mixed, thermally equilibrated system.
Relationships between deterministic and stochastic semantics of a CRN are discussed in

[63], where they derive the deterministic semantics of a CRN as an approximation of the
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stochastic semantics, where the approximation error approaches zero with infinitely large
molecular count.

Although the stochastic semantics accurately encapsulates a multitude of molecular be-
haviours in solution, the reason it is sometimes disfavoured is due to computational com-
plexity. Solving the CME can require the solution of a large or near infinite number of dif-
ferential equations, so that solving the CME is generally seen as intractable [64]. As for the
CTMC representation of the CME, this is also limited as the size of the matrix is proportional
to the initial molecular count. Methods, including the Chemical Langevin Equation (CLE),
have been derived to address this. The CLE is an approximation technique that allows for
fast checking of the accuracy of the evolution of these equations. As well as the CLE, other
moment closure techniques have been derived to give continuous approximations of the

CME up to a certain moment order [65, 66].

LNA Semantics A stochastic approximation of the CME is possible using the LNA [56],
which assumes Gaussian distributions for variance. The LNA is derived by applying the
Taylor expansion to the CME to the second order, the first order being mass action kinetics
and the second order being the LNA. This is a continuous approximation, the complexity
of which is independent of initial concentration of molecules for each species and hence
scalable and is accurate in sufficiently high concentrations of molecules. The LNA is rep-
resented, like the deterministic semantics, by a system of ODEs which also include time
evolution of variance. LNA was recently adapted to provide stochastic analysis of the evo-
lution of populations of molecular species of CRNs [57].

The LNA has advantages and disadvantages due to the fact that it is characterized by
a Gaussian process [67]. It is fully characterized by the first two moments (mean and co-
variance), and the resulting distribution is symmetric and uni-dimensional, hence it is suffi-
ciently compact. The LNA is not accurate for multi-modal dynamics or very small molecular
populations, which unfortunately are both common features of biochemical systems [68].
Groups have tried to address this issue by modelling a CRN as a hybrid stochastic model
[69], where for low molecular accounts the CME is used and for high molecular counts the
LNA is used. However, this is still intractable for large systems [70]. The LNA has been
used to accurately model cell signalling [57], strand displacement systems [57], genetic

low-pass filters [29] and gene expression networks [71].

Michaelis Menten and Hill Kinetics CRNSs have also been given semantics in many other
settings. For example, the study of the steady-state kinetic behaviour of enzymatic reac-

tions has been codified by the Michaelis-Menten (MM) kinetics for over a century. The
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MM kinetics outlines enzymatic reactions as follows: a substrate binds reversibly with a
free enzyme to form a substrate-enzyme complex which in turn reacts irreversibly to yield
product [72]. It is an accurate deterministic approximation of a complex stochastic pro-
cess. Like MM, Hill kinetics also relate to binding, but in this case between a ligand and
a macromolecule. Hill kinetics have found wide modelling applications and are commonly
used to approximate interaction between proteins in cell pathways [73]. In [18] parameter
estimation techniques are used to model unknown protein interaction in the MAPK/ERK
signalling pathway, which they abstract with positive and negative Hill equations. Both can
be used as the kinetic rate parameters in a CRN, and as such CRNs have modelled both
MM and Hill kinetic systems. The MM and Hill schemes can be represented by 4 mass ac-
tion kinetic bi-molecular reactions and indeed can be seen as an abstraction of mass action
kinetics [74].

2.2 CRN Applications and Realizations

Principles of engineering, applied to biomolecules, have been used to convert light to fuels
[75], boost microbial hosts for immune systems [76] and help sustain life support systems
within spacecraft [77]. Synthetic systems have been designed to break down toxins in waste
[78] and even to find useful recyclable heavy metals also in refuse [79]. Lastly, in the field
of medicine, bacteria has been engineered to colonize and detect tumours [80]. Killing
agents for cells have also been built into genetic circuits with the aim of eradicating cancer
[81].

The computational power of CRNs, for example their use as a programming language for
engineering biochemical systems, has been the subject of much research, notably [43, 55].
In particular, CRNs have the power to simulate Boolean circuits, molecular machines, or
distributed algorithms [82, 52, 83]. Because CRNs have been proven to be very expressive,
it is a natural progression to apply this to the construction of chemical computational de-
vices. Just as electronic devices are composed of logic gates and circuits, similar ideas have

been theorized using CRNSs.

CRN Circuit Design CRNSs have been used to implement their digital analogue from logic
circuits [15], to neural networks [16] and even security protocols [84]. Since the behaviour
of CRNs are asynchronous, a fact evident through their equivalence with Petri net models
[85], the main difficulty with programming them is the need to control the order of reac-
tions. In [43] it is suggested that this “uncontrollability” can be handled by changing rate
constants, an idea followed up in [86], where CRN designs for basic arithmetic are given

based on two rate constants, “fast” and “slow”. We see the construction and composition
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of simple logic gates based upon catalytic reactions in the context of a single rail setting.
In [87], the authors propose CRNs for an inverter, an incrementer, a decrementer, and a
copier; their designs are based on two rate constants, “fast” and “slow”, and are therefore
not rate-independent. A system of actual chemical reactions is found in [88], where a pre-
cise molecular implementation is given for gates complete with a thermodynamic analysis
of how the system would evolve. An implementation of individual dual-rail logic gates that
are rate-independent is given in [50]. Other work shows the practical construction of for’
and ‘while’ loops [89]. Some works even go as far as to show signal processing operations
such as filtering [90]. The problem with these constructions is that they depend on specific
rate categories for reactions. They are also, for the most part, without rewritable memory
which could simplify a lot of their designs and constructions. Our own work [15] presents
the first designs for an asynchronous computational device constructed from CRNs whilst

also providing rate independent logic circuits.

Strand Displacement Systems Realizations of CRNs have been the target behaviour of
DNA Strand Displacement (DSD) systems, resulting in a novel theory of computation for
such devices. [12] shows that any programmable CRN can theoretically be implemented
as a strand displacement device. In [40], Cardelli shows that, by a translation to an inter-
mediary labelled transition graph, the same CTMC can be described with a stochastic CRN
or Strand Algebra, hence proving that any CRN has a corresponding Strand Algebra. [91]
presents a DSD implementation of a stack machine capable of energy efficient Turing uni-
versal computation. In their paper, they describe a reversible DSD mechanism capable of
implementing the CRN A+ B = C'+ D, which can be biased dependent on the concentration
of reactants involved. There have been many DSD schemas which perform some elemen-
tary operation such as transduction, forking or catalysis, each of which has a corresponding
CRN [91, 40, 43, 92].

Signalling Pathways Signalling pathways transfer input chemicals or proteins by specific
gene expression in order to edit the genome, via complex and often misunderstood mech-
anisms. Due to varying time scales for in vitro or in vivo observation it is hard to observe
exact dynamics of signalling proteins [93]. Modelling of pathways ranges from Boolean
Networks [94] to Process Algebras [95], however the classical models are usually given as
an ODE-based system [96]. The MAPK/ERK pathway, which signals to the nucleus of a cell
from a cell surface, is a pathway which models a chain of proteins. It is modelled and exper-

imentally analyzed in [74, 96], where the authors detail receptor activation mechanisms.
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By influencing particular parts of the receptor/adaptor proteins, they implement a chemical

negative feedback.

Biochemical Circuit Design Realizations of CRNs have been simulated by partitioning
of molecules into membrane compartments [97, 43]. This allows unbounded computation
to be performed by molecular systems containing only limited types of enzyme and basic
signal-carrying molecular components. Realizations have also been simulated via polymer
[98, 99] and via cellular automata simulation in self-assembly [100]. Designs for a Muller
C-element, a key component for asynchronous computation though, have been constructed
from genetic logic gates [101] and a genetic toggle switch [102].

A series of papers implemented a variety of gene regulatory networks in vivo [68, 103,
104]. In [105] they seek to design and build biochemical reaction networks that implement
digital logic, and are thus capable of carrying out arbitrary computational functions. They
claim that this allows the fitting of biological cells with digital prosthesis that enable the
cells to perform user-specified computational processes. This is achieved by synthesising
rates of DNA binding proteins as logic signals. Since DNA binding proteins can function as
transcriptional repressors, the effect of one protein on the transcription rate of another can

represent the flow of logical information.

2.3 Model Checking and Synthesis

Model checking is a set of techniques to automatically verify properties of systems specified
usually in temporal logic. These verification methods can be categorized by the kind of
system they consider, i.e. discrete vs continuous time, finite vs infinite state, or linear vs
non-linear dynamics. They can also be categorized by the type of properties they can verify.
The most common analysis performed upon models in order to verify a given property is
reachability - the property that a certain set of states can be reached. Formal verification
methods are commonly embodied in the design process of biochemical models and molec-
ular devices [106, 73, 107], since they help designers to rigorously validate the models and
reason about system correctness and performance.

Temporal logics are generalised powerful specification languages compared to domain
specific languages such as optimization theory and dynamical systems theory [108]. This
is because temporal logics can express quantitative properties of time and system variables
(e.g. a molecular count is less than 35) as well as qualitative properties (e.g. some macro-
molecule eventually degrades). Compare this with optimization theory which deals only

with quantitative properties such as curve fitting, and dynamic systems theory which deals
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only with qualitative properties such as multistability, existence of oscillations, and natu-
rally temporal logics have wider expressive power. Temporal logics then, are effective for
use in systems biology which has amassed a great deal of quantitative information that is
incomplete, uncertain or imprecise. Using temporal logics in systems biology requires a

logical framework, which consists of making the following identifications set out in [109]:

biological model = transition system
biological properties = temporal logic formulae

biological validation = model checking

Many applications of temporal logics are possible in this paradigm: for example, they can
be used for the validation of biological models, as a specification languages of biological
properties identified by experimentation [109], or as a query language of large biological
interaction maps or databases (for example Kohns map of the cell cycle [110]).

Temporal logics are a family of logics that include a notion of time, and allow the truth
values of a logic formula to change as time evolves. Broadly, these can be categorized ac-
cording to whether they treat time as linear or branching, whether time is metric or simply
ordinal, and whether they can handle signals that are real-valued rather than Boolean. A
specification over one such logic, Linear Temporal Logic (LTL), in contrast to a branching
temporal logic reasons over a single future or successor state for each current state. In LTL
time is ordinal - the system simply progresses through states in order - whereas in others
time is metric, making it possible to refer to time differences and durations. Metric Tempo-
ral Logic, extends LTL to add timing constraints. MTL and Metric Interval Temporal Logic
(MITL) share a syntax, however the first is for continuous-time systems such as timed au-
tomata whereas MITL is used for discrete-time models Signal Temporal Logic (STL), like
MTL, is a time bounded logic. STL extends Metric Temporal Logic (MTL) [111] for the ver-
ification of real-valued signals. Often the syntax of MTL and STL is used interchangeably
[112]. STL is a temporal logic for specifying desired properties of real-valued signals [113]
in order to analyse real-time systems, however the computability of real-valued signals is
seen as intractable. STL has been recently extended to STL* [114], where the authors in-
troduce the freezing operator, which enables freezing the value of a signal and then reusing
it for the verification of a formula. The Boolean satisfaction value of an STL formula can be
enriched by a quantitative measure of the robustness of the satisfaction of the formula. In
[112], the authors present several variants of robustness measures that indicate how far a

given trajectory lies, in space and time, from satisfying or violating a property. This has been
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used for local search methods for optimising parameters within models based upon a ‘dis-
tance’ metric from the satisfaction of a property [109]. STL with its quantitative measure,
can be used in order to analyze deterministic or hybrid systems.

The verification of logics under parameteter uncertainty in non-linear hybrid systems
has largely included symbolic methods [115] or focused on restricted classes of models such
as linear hybrid systems [116, 117, 118]. The advantage of symbolic methods for hybrid
systems is that they are exhaustive, that is they give provably correct results. However, gen-
erally, these methods are only scalable to systems of a small size. Works on gene regulatory
networks have included verifying reachability and liveness of LTL properties [119]. They
apply model checking techniques on a discrete abstraction of the continuous dynamics. In
[120] this work is extended to include arbitrary non-linear systems but excludes liveness
properties. However, in [121] methods are proposed for handling liveness in non-linear
ODE systems, although the work is theoretical and does not consider practical implementa-

tion.

2.3.1 Syntax-Guided Synthesis

Seen as the dual of program verification, program synthesis aims to synthesize a pro-
gram implementation that satisfies a given correctness specification. Program synthesis
was viewed originally in the domain of deductive theorem proving: a program is derived
from the constructive proof of a theorem where, given all inputs, there exists one or many
outputs where a desired correctness specification holds [27]. For instance, a deductive ap-
proach to synthesising recursive programs is based on a first-order logic specification [122].
However, after soon realising the intractability and limited application of this formalization,
due to near infinite decisions within a search space, attention was turned to constraining
the search space via constraining the list of all possible programs.

The SKETCH system, a method for introducing partial specifications of an implemen-
tation, was introduced in [123], where there are reportedly three major implementation
advantages. Firstly, the implementation of SKETCH is such that the programmer has greater
descriptive flexibility. That is, a desired solution can be described using syntactic and seman-
tic constraints combined. In the design of specifications, this greater descriptive flexibility
can allow for more intuitive programming. Secondly, due to the syntactic template limit-
ing the search space of potential implementations, the problem of synthesis becomes more
tractable. Thirdly, the syntactic template can be used to constrain the space of implementa-
tions for the purpose of optimization on performance. Rather than worrying about low-level

specifics, this allows the programmer to focus on exploiting broader algorithmic concepts.
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A sketch compiler should be syntactically aware, i.e. it should reject syntactically incor-
rect sketches, thus improving reliability and allowing the implementer to quickly evaluate
implementation ideas [124]. In [125], they direct the focus of this formalism at defining
sketches over the C programming language. Here the program selects options on types, i.e.
integers/floats and statements, i.e. loops/branching, in order to construct a program that
satisfies a specification.

Many further program implementations combine the idea of specification with a pro-
gram template [123, 23, 126]. In [127] we see the synthesis of Excel macros based upon
a selection of around 50 templates. A major offshoot has been the synthesis of loop bodies
and invariants including pre and post conditions. More recently [126], the SKETCH sys-
tem has been used to to create ‘programming by example’ methods for DATALQG, in which
programs are synthesized via a series of input-output examples.

These SKETCH synthesis problems have been categorised and unified into a framework
called Syntax-Guided Synthesis (SyGuS). A SyGuS problem is specified by a context-free
grammar describing the search space of programs, and a logical formula describing the
specification. There is now wide syntactic implementation for the SKETCH format within
solvers [123] and programmers compete annually [128] which has brought to fruition
different solving methods for SKETCH-ing [129]. In [130], they describe an approach to
reactive synthesis based upon an STL specification. They do this by encoding STL specifica-
tions, regarding road safety in autonomous driving, as mixed integer-linear constraints on
the variables of a discrete-time model of the system and environment dynamics, and solve
a series of optimization problems to yield a satisfying vehicle control sequence.

The optimal synthesis problem, involves creating a function or program that respects
two constraints. Firstly, that it is correct with respect to a (logical) specification and sec-
ondly that it is optimal with respect to a given cost function. Current tools that exist for
optimal synthesis are highly specialized, that is, given a large space of candidate programs,
they employ custom search strategies to quickly identify the optimal solution. Perhaps the
most important framework for optimal synthesis is that of metaSketches [27], a general
framework for specifying and solving optimal synthesis problems. metaSketches present
the search strategy as part of the problem definition by specifying a fragmentation of the
search space into an ordered set of classic sketches. The improvements in expressive power
of (optimal) SyGuS when employing metaSketches, is twofold. Firstly, metaSketches are
able to express richer candidate spaces than is possible with either sketches or context-free
grammars alone. In comparison to a classic sketch, a metaSketch is able to capture an infi-

nite space of candidate programs, where a classic sketch is not. Moreover, a metaSketch is
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able to express syntactic constraints on the search space that are context sensitive, where a
context-free grammar cannot.

Secondly, metaSketches are unlike other forms of syntactic templates, in that they de-
scribe both a search space and a search strategy. A programmer specifies the candidate
space as an ordered set of sketches, provides a decomposition of the problem into indepen-
dent parts, and gives an order in which those parts are to be explored. We can think of
metasketches at two polar extremes for usage [27] : at one extreme, if the search space
is all possible programs then the metaSketch is an implementation of a brute force search
strategy. At the other extreme, if the possible solutions contain only one sketch implemen-
tation, the programmer is choosing to address the program with monolithic solver calls.
metaSketch can easily capture search strategies that exist between the two extremes out-
lined. Take adaptive concretization [131] for example, which, given holes in a sketch,
randomly replaces these holes with concrete values. The result is a family of sketches of
roughly equal complexity - where complexity is measured by the number of holes - that
are solved independently. Other algorithms have been provided for solving domain-specific

problems attributable to metaSketch-ing [27, 132].

2.3.2 SMT-based Solving

The solution of a metaSketch or general SyGuS formulation usually requires the use of an
Satisfiability Modulo Theory (SMT) solver. An SMT solver determines the correctness of
a given logical formula built from logical connectives of typed variables and typical oper-
ations such as arithmetic and pointers [23]. SMT solvers, despite solving an intractable
problem, can solve SMT problems with thousands of variables due to community sustained
improvements in the fundamentals such as algorithms and improving data structures. One
such progression of the community is the SMT-LIB (www.smt-1ib.org) which sets out a list
of standards and benchmarks for SMT solvers to adhere to. Becuase of these benchmarks
there is also an annual competition (www.smtcomp.org). The majority of SMT solvers em-
ploy the famous DPLL algorithm used for satisfiability (SAT) solving. SMT-ODE decision
procedures, those used to reason about the satisfiability of ODE systems, still follow stan-
dard DPLL Interval Constraint Problem (DPLL(ICP)) framework, a framework that takes an
ICP as input to the DPLL algorithm.

Following standard convention, SMT-ODE problems are also existentially quantified,
which we discuss in greater detail in a later chapter as a limitation for its application in bio-
chemical systems. The need for SMT-ODE based solving is driven by the need for reasoning
over the combined continuous dynamics and finite automata of hybrid systems. Formal ver-

ification of general hybrid systems requires reasoning about logic formulas over the reals
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that contain ODE constraints. iSAT [32] and dReach [33] are examples of SMT solvers for
non-linear formulas over the reals. The tools can handle various non-linear real functions
such as polynomials, trigonometric functions and exponential functions. Given the undecid-
ability of trigonometric functions in theories over the reals it would seem near impossible
to solve formulas containing ODEs [133]. Much of this difficulty is addressed through the
formalism of §-satisfiability [133], which is employed directly within the dReach tool, and
although not formalized completely, is discussed in detail in the thesis of Eggers [134], cre-
ator of the iSAT tool. An algorithm is §-satisfiable for a set of SMT formulas, if it correctly
decides whether a formula is unsatisfiable or d—satisfiable (where § is positive). This allows
for precision up to an arbitrary ¢ for determining whether a formula is satisfiable.

Nonlinear ODE and hybrid models are common in systems and synthetic biology, al-
though very few methods exist to address the problem of synthesis, partly due to the com-
plexity of such systems. In [135] the authors contribute practical algorithms that handle
these complexities. However, they provide case studies that have limited transferability to
general biological domains. They combine sensitivity analysis with an efficient search over
parameters, assuming the model has affine dynamics. A series of papers attempt to address
the problem with local search over parameters by defining a distance metric for satisfiability
[136]. One difficulty with local search methods is that these distance metrics are arbitrarily
defined from problem to problem, and therefore a ‘nearly satisfied’ solution may be im-
precise. Another biologically motivated example is [137] where a general workflow for
parameter synthesis based on model checking is given. They provide an extended analysis
of a genetic switch controlling the regulation in mammalian cell cycle phase transition and
a synthetic pathway for the biodegradation of a toxic pollutant in E. coli. However, they
admit that the method is not tractable.

Related to parameter synthesis are the concepts of parameter identification and param-
eter estimation. Parameter identification is the problem of finding a parameter set of a
system which satisfies a given property. In [138], the authors circumvent the complexity of
non-linear dynamics in parameter identification by considering a restricted class of hybrid
automata (multi-affine hybrid automata). They consider a gene expression model where
the dynamics are first abstracted and then approximated with various linear hybrid au-
tomata. Parameter estimation is the problem of approximating or fitting parameters based
upon pre-existing experimental data. In [139] they use a variation of the Kalman filter
that is particularly well suited to biological applications to obtain a first guess for unknown
parameters in an Ecoli system. Secondly, they employ an a posteriori identifiability test to

check the reliability of the estimates.
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The tool STORM acts as a catchall, providing an extensive toolbox for probabilistic mod-
elling checking [140]. STORM’s infrastructure contains many known solvers that have been
used for synthetic biology problems (. For instance, solvers are available for sets of linear or
Bellman equations (both using sparse matrices as well as MTBDDs), (mixed-integer) linear

programming (MILP) and satisfiability modulo theories (SMT) solving.

2.4 Control Theory and Feedback in Biological Systems

Control theory is a corpus of work that embodies conceptual and general design strate-
gies with the aim of optimizing the robustness, stability and performance in continuous
systems. Applications range from power networks, space systems and chemical processes
[141]. Negative feedback is when a proportion or function of the output of a system is
fed back into the system order to reduce error or stabilise the output. Instability of the
system can be caused by the input signal (i.e. an external influence) or by other internal
disturbances. The most common example of negative feedback in biological systems is that
of homeostasis. Homeostasis is the process of regulation that occurs within most living sys-
tems, for example temperature or fluid regulation. At a cellular level examples of negative
feedback or homeostasis include the bararoflex [142] in blood pressure regulation or Ery-
thropoiesis [143] - the production of red blood cells. Implementation of negative feedback
systems in synthetic biology fall into two different categories: in-cell feedback control and
In silico [141]. In-cell feedback control is where both the controller and the process (or
plant) are housed in the same compartment, i.e. a cell. This implementation is suitable
for in-cell programming applications such as in medical applications where modified cells
are injected into patients or bioremediation [144], where toxic components within a cell
can be marked for degradation. In silico feedback control [145] separates this notion of
compartments where the cell is the process and is influenced by external chemical or elec-
tronic input. This is most suitable in only slight genetic modifications of a cell, such as cell
reprogramming i.e. changing whether a cell is pluripotent or specialized [146]. A larger
body of work to date exists for in cell feedback.

Synthetic cell feedback control is also present as a strategy in engineering metabolic
pathways. As an example a heterologous pathway [147] can produce harmful interme-
diaries which can be eradicated via degradation control. As another example, feedback
control can balance production and degradation of metabolities [148]. However, more ab-
stracted control systems of quantifiable properties are rare. It is crucial and indeed an active
area of biological research to find existing or synthesized feedback control designs that are

abstractable, optimisable, tunable and for general use in metabolic engineering.
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A type of negative feedback, Proportional-Integral-Derivative (PID) control systems, are
widely used in engineering to control the dynamics of a system due to their ability to achieve
accurate set-point tracking and robustness to disturbances, even with only partial knowl-
edge of the system. PID follows a standard form, where an output of a process is compared
against a desired point, generating an error signal. This error signal is then processed by
a control system, which produces a corrective output to the original process. The theory
behind it is standardized and provides general control strategies for many technological ap-
plications, from aircraft altitude to water tank pressure. Due to PID controller robustness,
such mechanisms have also been applied with success in the construction of synthetic bio-
molecular systems [141, 149]. Moreover, molecular implementation of control systems has
been shown to naturally occur in living organisms [150, 151, 152].

Integral control is perhaps the most commonly implemented control in biochemical sys-
tems due to the fact it can drive the error function to zero [153, 154]. However, integral
control in such systems requires zeroth order kinetics in the controller which is violated due
to dilution of solution caused by cell growth [155]. Because of this, a robust widespread
implementation of integral control is highly desirable. An example of stable naturally occur-
ing integral control occurs in E.coli chemotaxis [8, 9] - the movement of E.coli in response
to a chemical stimulus.

As a consequence of the potential applications, CRN designs that implement control
mechanisms are sought for [9, 141]. CRNs implementing proportional and integral control
have been proposed [154, 9]. However, a CRN implementation of a full PID control is
still missing due to the lack of a CRN implementing the derivative component. In [156] a
biologically inspired implementation of a system that computes the derivative of an input

is provided, however it is presented as non-mass action Hill functions.

2.5 Summary

In this section we summarize the state of the art which influenced the work we present in
Chapters 5,6 and 7 and which help to build the background theory in Chapters 3 and 4.

With applications in everything from design of macro-molecules for waste disposal to
neural networks, CRNs as a formalism are used to describe a wide range of bio-chemical
processes. The need for CRN design has been made clear through the works of [91, 40]
where CRNs have been used as a high-level programming language in order to engineer
biochemical systems.

Program synthesis, the automatic construction of programs from high-level specifica-
tions, has made recent progress through the field of syntax-guided program synthesis [23],

based on the idea of supplementing the specification with a syntactic template that describes
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a high-level structure of the program and constrains the space of allowed programs. Appli-
cations range from bit-streaming programming [24] and concurrent data structures [25],
to computational biology [26] where the authors look at the synthesis of biological models
via mutation experiments. Often not only the correctness of synthesized programs is impor-
tant, but also their optimality with respect to a given cost [27] which in turn can speed up
the synthesis process. The solution of a metaSketch or general SyGuS formulation usually
requires the use of an Satisfiability Modulo Theory (SMT) solver. An SMT solver deter-
mines the correctness of a logical formula over a program built from logical connectives of
typed variables and typical operations such as arithmetic and pointers [23]. iSAT [32] and
dReach [33] are examples of SMT solvers for non-linear formulas over the reals. The tools
take as input various non-linear real functions such as polynomials, trigonometric functions
and exponential functions.

With regards to specific CRN synthesis, the necessity exists because there is still a costly
gap between the design and verification process for CRNs. This is particularly the case
when stochasticity is considered, which is typically the case for molecular computation.
Automated synthesis of CRNs is limited to a few works, none of which reason over the
network structure of a CRN. In [21, 22] the authors consider synthesis of rate parameters
within stochastic encodings of a CRN using CTMCs. Recently, this has been shown to suffer
from scalability issues [10] where the authors attempt to synthesize two rate parameters.
The algorithm terminates after 3 hours.

In control theory, the principles of PI control have been applied with success in the
construction of synthetic bio-molecular systems [141, 149]. Further to this, molecular im-
plementation of control systems has been shown to naturally occur in living organisms
[150, 151, 152]. CRNs implementing proportional and integral control have been pro-
posed [154, 9]. However, a biochemical implementation of a full PID control is still missing

due to the lack of a CRN implementing the derivative component.
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CHAPTER 3

Logic, Synthesis and Control
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The ability to synthesize and control behaviours for Chemical Reaction Networks re-
quires a narrowing of focus in theories. First Metric Temporal Logic (MTL) is introduced
in Section 3.1. Fragments of this logic are later used to describe specifications for the syn-
thesis of CRNs. Section 3.2 outlines the theory behind Syntax-Guided Synthesis (SyGuS) -
a framework that places syntactic constraints upon a synthesis problem in order to reduce
possible search space. This is expanded to look at a notion of optimality over a set of SyGuS
problems with respect to a cost function. This provides background for Chapters 5 and 6
which develop a notion of sketches for CRNs which makes the problem of CRN synthesis
tractable. Using SyGuS we look at methods for solving constraints upon ordinary differen-
tial equation (ODE) based systems in Section 3.3. This provides background for our tool
CRNSketch, which is discussed in detail in Chapter 6. Finally, Section 3.4 outlines the ba-
sics of control theory and the theory behind Proportional-Integral-Derivative (PID) control

which is used extensively in Chapter 7.

3.1 Temporal Logics

Definition 1. Metric Temporal Logic [157] - Syntax Temporal logics are a family of logics

that include a notion of time, and allow the truth values of a logic formula to change as
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time evolves. Broadly, these can be categorized according to whether they treat time as
linear or branching, whether time is metric or simply ordinal, and whether they can handle
signals that are real-valued rather than Boolean. A specification written in Linear Temporal
Logic (LTL) considers only a single possible successor state for each current state, time is
ordinal and signals are Boolean. Metric Temporal Logic (MTL) is an extension of LTL where
time can be included within logical specifications. Note that MTL is considered over Signal
Temporal Logic (STL) due to the analysis of real-valued signals is seen as intractable. Given
a set P of atomic propositions, the formulas ¢ of MTL are built from P using Boolean

connectives and time-constrained versions of the until operator U as follows:

pu=T|pl-dlorng| U e,

where ;€ P and I € (0, 00) is an interval of reals with endpoints in N U {co}. Intuitively,
the meaning of ¢, U ¢5 is that ¢o will hold at some time in the interval 7, and until then
¢1 holds.

Further connectives can be derived, namely L (false) from —T propositions, and the
disjunction v from De Morgan’s law. We can also express the constrained eventually operator
OI¢ = T U; ¢, the constrained always operator Oy¢ = - ¢, and the constrained dual until
operator ¢1 U = —((=p1)Us(42)). By admitting only U; as an extra connective one can
transform any MTL formula into an equivalent negative normal form in which negation
is applied to propositional variables. Note that in some literature a ‘since’ connective is
sometimes used. Because connectives referring to events that happen prior to a time point in
question, known as ‘past’ connectives, are not universally accepted within MTL we exclude

this from the definition.

Definition 2. Metric Temporal Logic [158] - Point-wise Semantics The point-wise se-
mantics of MTL has an inductive definition similar to that of LTL and is used for timed
automata with labels on transitions. In point-wise semantics we reason over timed words
which are pairs of events and times associated with those events. Note, for the continuous
semantics of MTL [157] they reason over the continuous signals directly. A signal is a func-
tion f : R" — 2" that maps a time ¢ € R" to the set f(t) of propositions holding at time ¢.
Given a signal f and r € R, we define the satisfaction relation f,r F ¢ (to be read f satisfies

¢ at position r) by induction over ¢ as follows:
 firEpiffpe f(r),
o firEagiff fir B ¢,
e firEdL Agoiff fir E ¢ and f,r E ¢,
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* f,r E ¢ U ¢ iff there exists t > r such thatt —r € I, f,t F ¢ and f,u F ¢; for all

u, T <u <t.

Example 3.1.1. MTL - an Example Suppose we have a cellular signalling process where
after receiving a protein signal a cell must produce another protein within a certain time
frame. We will call the process of detecting a specific protein detection and the process of

producing a protein production. We formulate the following example:
Oro,10](detection — {[¢,11production), (3.1)

which translates to globally within the time frame [0, 10], detecting the protein implies that
eventually within the time frame [0, 1] the production of another protein will occur. Note

that all operators are time bounded.

3.2 Syntax Guided Synthesis

Definition 3. Syntax-Guided Synthesis (SyGuS) [23] Informally, functional synthesis con-
sists of finding a function f such that a logical formula ¢ capturing the correctness of f is

valid. SyGuS constrains the problem in three ways:

* the logical symbols and their semantic meaning are restricted to some background

theory,

* the specification ¢ is limited to a first order formula in the background theory and all

of its variables must be universally quantified,

* All the possible functions f are restricted by a grammar which describes all syntactic

expressions.

Background Theory As proposed in [23], the syntax for writing specifications is usually
a variant upon a first order logic, but formulas are also evaluated with respect to a spec-
ified background theory T. The theory provides expressiveness for all predicate symbols,
functions and values for each type within the vocabulary. Most theories 7' require the avail-
ability of well-understood decision procedures in order to determine satisfaction modulo
T.

Example 3.2.1. Background Theory An example is the background theory over the reals
(Tr), where variables are either real, integer, or Boolean typed, the vocabulary consists of
real, integer or Boolean constants, real connectives including addition/subtraction (+, —),

comparison (<), and conditionals (if-then-else, referred to as ITE). The background theory
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can be a combination of logical theories, for instance, T’z ;,; 4 would combine the theory of

reals with Linear Integer Arithmetic (another popular Background Theory).

Correctness Specification As proposed in [23], for the function f to be synthesized, we
are given the type of f and a formula ¢ as its correctness specification. The formula ¢
is a combination of predicates from the background theory, symbols from the background

theory, and the function symbol f, in a way that is type-consistent.

Example 3.2.2. Background Theory and Correctness Specification We will use the com-
mon background theory over the reals Tz which has a signature {0,1, +, —, <, ITE} and
the vocabulary consists of reals and integers. We can extend this background theory to in-
clude a custom operator ‘o’ which can be a binary operator unique to our problem domain
(i.e. the binding of a protein). We shall call this new background theory TR,. Consider the
specification ® of a function f of type RXx R - R :

®: f(x,y) = fly,x)o f(z,y) 2 2.

A given function f satisfies the above specification if the quantified formula Vz,y.¢ holds
or equivalently if the formula ¢ is valid. In our problem domain, one such interpretation of
the correctness specification might be that the product of the binding operator applied to a
function f representing a protein should be greater than the constant 2 for all inputs z,y
where x, y could be anything from orientation in 2-D space to concentrations of molecules.

The free variables in the specification are assumed to be universally quantified.

Set of Candidate Expressions As proposed in [23], SyGuS admits structural constraints
on the set of possible functions f. The structural constraints are imposed by restricting f to
the set L of functions defined by a given context-free grammar ;. Each expression in L
has the same type as that of the function f, and uses the symbols in the background theory

T along with the variables corresponding to the formal parameters of f.

Example 3.2.3. Example Candidate Expressions Suppose the background theory is our
custom TR, and the type of function f is again R x R — R. We can restrict the set of
expressions f(x,y) to be expressions of the inputs by syntactically restricting the body of

possible functions to expressions described by the grammar G, below:

exp := x | y | CONSTANT | exp o exp.
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An example of such a expression on the inputs would be f(z o y,1). We can alternatively
alter f(x,y) to include conditional with our custom operator by restricting the body terms

to only be conditional upon the o operator:

Term := x | y | CONSTANT | ITE(Cond, Term, Term),

Cond := Term o Term < Term.

An example of a possible function f would be f(z, ITE(z oy = 2,x,y)). Grammars can be

used to limit the depth or size of the desired expression given the use of constraints.

3.2.1 Summary Formulation

Given the correctness specification ® and the set L of candidates formulations from the
grammar G, we wish to find a candidate expression e € L such that if e is used as an
implementation of the function f, the specification ¢ is valid. Substituting each occurrence
of the function symbol f in ¢ with the expression e is denoted by ¢[ f/e]. Note that e ‘binds’
inputs such that if f has two inputs z and y, then the occurrence f(eq,es) in the formula
¢ must be replaced with the expression e[z /e, y/es] obtained by replacing = and y in e by
the expressions e; and e,, respectively. Now we can define the SyGuS problem precisely:
Given a background theory 7', a typed function symbol f, a formula ¢ over the vocabu-
lary of T' along with f, and a set L of expressions over the vocabulary of 7" and of the same

type as f, find an expression e € L such that the formula ¢[ f/e] is valid modulo 7.

Definition 4. SKETCHing Because it becomes cumbersome to write candidate formulations
e € L in terms of a function f, for example f(x, ITE(x oy = 2,x,y)), we will now redefine
the formulation as a program P € L. The grammar L € G|, can be explained within the
context of a SKETCH, which is a grammar that allows for ‘unknown’ information. Informally,
a candidate expression or program is a sketch if it contains holes for parameters or symbols
that need to be filled.

As outlined in [27], A sketch S € L defines a set of candidate programs S, which is
the set of all possible programs produced by replacing the holes H € P with concrete
expressions. We can define the synthesis problem therefore in terms of fillings holes. Given
a sketch S, the program synthesis task is to find a completion h for the holes H in S such
that Va.¢(z, [S[H := h]](z)) is valid modulo T where [S] is the set of semantics for the
sketch S.

Example 3.2.4. Sketch Example Suppose we take a syntax restricted grammar like we

defined in Example 3.2.3. We can now define a grammar with holes denoted ??. These
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holes can either be variables or connectives:
exp :=x | ?? | CONSTANT | ?? o exp.

An example sketch might therefore be S =77 o 2. We can have operators as holes:
exp := X | y | CONSTANT | exp??exp.

A valid sketch would be z77y.

3.2.2 Optimal Syntax Guided Synthesis

A unique solution to a given synthesis problem is rare, even where there are syntactic con-
straints. Our simple L in Example 3.2.3 has several ‘correct’ instantiations, i.e. f(z, ITE(zo
y = 2,x,y))or fUTE(xoy = 4,z,y),[TE(x oy = 2,x,y)), and in this non-optimal ex-
ample, the synthesizer is free to return any one of them. But for many applications, some
solutions are more desirable than others due to requirements such as memory, execution
time or program size. In this instance, the synthesis is no longer a search task, but an
optimisation one. Following [27], we define the optimal syntax-guided synthesis problem
as additional constraints on SyGuS. The optimal program synthesis problem is the task of
searching a space of candidate programs L for a lowest-cost candidate P that satisfies the
given specification ¢. The search is performed with respect to a cost function k : G, — R,
which assigns a numeric cost to each program P € G;, where G, in this case is the universe
of possible programs that exist within a programming language. It is important to ensure
that the gradient of the cost function ensures that the solution returned is globally optimal

as discussed in [27].

Definition 5. Optimal SyGusS [27] Let G, be a programming language, and 7" a decidable
theory. Given a specification formula ¢(x,[G](x)) in T, a cost function k, and a search
space L € (G, of candidate programs, the optimal SyGusS is to find a program P € L such
that the formula Vz.¢(x, [ P](x)) is valid modulo 7', and k(P) is minimal among all such
programs. Note that when the cost function k is constant, optimal synthesis reduces to
SyGusS.

Example 3.2.5. Cost Function Consider our theory with signature T, = {0,1,+,—, <

,ITE, o} and consider the following grammar:
exp := X |y | CONSTANT | exp o exp.
We define a cost function & : S — R as follows:

k(x) =2, k(y) =3, k( CONSTANT ) = 1, k(exp o exp) =5, k((exp o exp) o exp) = 50.
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Such a cost function would heavily penalise the use of nested o expressions. An example
would be a program P = z o y, which would have a cost of 10 (5 for the use of the o

operator plus 5 for use of the variables).

We now introduce a new abstraction for specifying and solving optimal synthesis prob-
lems called metaSketches. metaSketches generalize sketches as defined in Definition 4.
As set out in [27], a metaSketch generally consists of three components: (1) a space of
candidate programs, represented as a countable, ordered set of finite sketches; (2) a cost
function from programs to numeric cost values, and (3) a gradient function from each cost
value c to a set of sketches that may contain a program with a lower cost than c¢. The
use of holes in a metaSketch, results in fine-grained control over the shape of the candi-
date space and leads to effective search methods for solving optimal synthesis problems. A
metaSketch provides a method for assigning a cost function to programs and a gradient for

searches towards lower-cost regions of a candidate space.
Definition 6. metaSketches [27] A metaSketch is a tuple m = (S, k, g) where:

* The space S € L is a countable set of sketches in L, equipped with a total ordering

relation =.
* The cost function k : G;, — R assigns a cost to each program in the language G7.

* The gradient function g : R — 2% returns an overapproximation of the set of sketches

in S that contain programs with lower cost than a given value ¢ € R where:
g(c) 2 {s € S|3h.k(S[H := h]) < ¢}, (3.2)
where 7 is an assigment for all holes H that exist within a program.

Given a specification ¢, a metaSketch m = (S, k, g) defines an instance of the optimal
program synthesis problem in which the search space G, is the union UgcgS of the search

spaces of each sketch in the set S, and the cost function is given by k.

Example 3.2.6. MetaSketch Example Consider our grammar and cost function in Example
3.2.5. The set of possible sketches S would consist of all possible instantiations of the
grammar with holes (i.e. 77077, 770y, 77 77 2). We can limit the number of possible sketches
by disallowing the o operator in the list of possible holes. The cost of an assignment h
would be interpreted by the synthesizer. The gradient for the cost would be in the direction

of minimising the number of o operators and use of the variable y.
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3.3 SMT-ODE Solving

In syntax-guided synthesis, the synthesis problem typically reduces to a Satisfiability Mod-
ulo Theories (SMT) problem [23], which is expressed in a specified logic with respect to
some background theory. The first-order background theory places restrictions upon the
semantics of the program or sketch, as well as the language for specifying correctness prop-
erties.

Since we focus on continuous rather than discrete intepretations of CRNs, our approach
requires expressing and solving SMT problems over the reals and containing non-linear
ODEs. To this purpose, we resort to the framework of satisfiability modulo ODEs [133, 159,
33], which provides complete decision procedures for this theory by exploiting a relaxed
notion of satisfiability. We stress that this framework allows for a continuous encoding of
the CRNs semantics, thus avoiding introducing discrete approximations of its dynamics.

Below, we give a brief account of the theory and an SMT problem.

Definition 7. Hybrid Automata Although this thesis does not examine an equivalence be-
tween our CRN encodings with hybrid automata, many of the components are necessary for
understanding our SMT-ODE encoding of CRNs. The definition also explains the structure
and terms use within an SMT-ODE program. The link between CRNs and hybrid models
has been discussed extensively in [160]. A hybrid automaton # consists of a set of discrete
states Q@ = (q1,..,q,) (something referred to in the rest of the thesis as modes), a vector
# = (21,..,7,)" of continuous variables representing the physical state of the system and
jumps (or transitions) which is a multi-set J € (Q X Q) U Q. A combined state of H is then a
pair (¢, z) of a mode g € Q and a vector z of real numbers representing the physical states.
Each mode ¢ has an invariant condition, denoted by the predicate invq(i) which defines
the set of all possible values of = in mode ¢. Similarly, a set of initial states is expressed by
using predicates init, (). The continuous dynamics of a hybrid automaton is specified by a
flow condition of the form j—f = flow, () for mode ¢, expressing a system of time invariant
ODEs for the variable Z. A discrete transition between two modes ¢ and ¢' is specified by a
jump condition of the form jumpqu:(g_é, ') which can also be identified with action a € A

given a set of actions A.

Example 3.3.1. Protein Production / Degradation Model

The levels of proteins within cells are determined not only by rates of protein production,
but also by rates of degradation. The degradation rate of proteins within cells varies enor-
mously from seconds to several days and differential rates of protein degradation are an

important aspect of cell regulation [161]. For an example of a hybrid system model, we use

42



a simple protein production/degradation model which are popular models in mathematical
analysis [162].

Consider a problem where we have two types of protein, and we wish to model the
following system: “a protein P is produced greater than its degradation rate until it has
the same number of molecules as a second protein G, given that initially G has a greater
number of molecules than P”.

We wish to encode the problem such that if the value of P < G then the production of
P is greater than the degradation. If the value of P = G then the production is equal to the

degradation. The dynamics of our proteins are given by the following ODEs:

P d
acll—t:((GXpro)—(QxPQXdeg),d—f:O. (3.3)

where the equations ‘fi—f, % represent the change in P, G with respect to time, and pro
and deg are the rates of production/degradation for the first protein P. If we consider our
problem has two modes, the first being when P < G and the second being when P = G

then we can describe the jump condition between the first mode and the second as:
jump,, , .. ((pro,deg, P,G,t) = (pro',deg ., P',G' YA P = Q). (3.4)

where our action « in this case is the condition P = G, and the continuous variables v keep
the same value from one mode to the other. We can also place a further restriction that

P = @ is an invariant within the second mode.

Definition 8. SAT Modulo ODE formula [163] We adopt a definition for this from the
thesis of Eggers [163] (Chapter 1), the creator of the iSAT-ODE tool. A SAT Modulo ODE
(SMT-ODE) formula is a quantifier-free Boolean combination of arithmetic constraints over
a background theory of real, integer, and Boolean variables with bounded domains, ODE
constraints over real variables, and flow invariants. In addition to this we place the follow-

ing constraints upon possible formulations:

* arithmetic constraints over variables z, y, and z are of the form z ~ o(y, 2) or x ~ o(y),
where ~ is a relational operator from {<, <,=,>,>}, and o is a total unary or binary
operator from {+, —, X, +, sin, cos, powy, exp, min, max}, with powy denoting a power
with constant positive integer exponent and exp denoting y°. The other operators

have their standard meanings,

* simple bounds are of the form z ~ ¢ with ~ as a relational operator from the above,

a variable, and ¢ € Q a constant;
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* ODE constraints are given by i; = dz;/dt = f(x1,...,x,) with all occurring variables
x; themselves again being defined by ODE constraints and f being a function com-
posed of {+, —, X, +, powy, exp, In, v/, sin, cos}. Additionally, ODE constraints have to

occur under positive polarity, and

* flow invariant constraints are of the form x(¢) < ¢ or z(¢) = ¢ with x being an ODE-
defined variable and ¢ € Q being a constant. Note that these constraints do NOT

apply to more general constraints which can still be expressed as a fragment of MTL.

A SAT modulo ODE formula is specified by a variable declaration, which introduces the
domain for each variable, and by an initial, transition, and a target predicate over the
declared variables. The actual formula is then obtained by a k-fold instantiation of the
variables and unwinding of the transition predicate in bounded model checking algorithms
introduced in [164]. Flow invariants must only occur within the transition predicate and
only under an even number of negations to avoid explosion of formulas under De Morgan’s
Law. Note that the variable ¢ represents the global time and At denotes the time-step within

a transition.

Definition 9. Satisfiability of SMT-ODE formulae [163] A SAT modulo ODE formula ¢
over variables x (the vector of physical states of the system) is satisfiable if and only if there
exists a point in the domain of # which satisfies ¢. For a valuation (assigned variables) e
to satisfy ¢, there must be a combination of atoms in ¢ that is satisfied by e, such that the
Boolean structure of ¢ is satisfied. An arithmetic atom is satisfied by e if the evaluation of

the left and right-hand-side expressions under e satisfies the constraint’s relational operator.

Definition 10. J-satisfiability [133] Given an SMT formula ¢, and any positive rational

number J, the 6-SMT problem asks for one of the following decisions:

unsat : ¢ is unsatisfiable.

d — sat : The 6 — weakening of ¢ is satisfiable.

Intuitively, a formula is §-satisfiable if it is satisfiable under some J-relaxation, that is, a
variation of its numerical terms bounded by ¢. Clearly, if a formula is satisfiable, then it
is also ¢-satisfiable and § would be zero. It has been noted that this relaxation is a small
price to pay in order to guarantee decidability of an SMT problem. This is because, in
general, real arithmetic with non-linear functions is undecidable [133]. Algorithms for
solving ¢-satisfiable SMT problems are called J-complete decision procedures, and deter-
mine whether a formula is unsatisfiable or d-satisfiable. Importantly, unsatisfiability results

are unsatisfiable for the original problem.
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3.3.1 Tool Use and Behaviour

Throughout Chapters 6 and 7 we use the iSAT' and dReach? tools that supports arithmetic
constraint systems involving non-linear arithmetic and ODEs. The constraints solved are a
combinations of Boolean variables, arithmetic constraints over real, integer, and Boolean
valued variables with bounded domains, and ODE constraints over real variables plus flow
invariants. The precise SMT-ODE formulation is given in Definition 8.

Due to undecidability of the fragment of arithmetic addressed, iSAT(ODE) and dReach
are sound, yet quantifiably incomplete [133]. The unsatisfiability check is based on a com-
bination of interval constraint propagation (ICP) for arithmetic constraints, safe numeric in-
tegration of ODEs, and conflict-driven clause learning (CDCL) for manipulating the Boolean
structure of the formula. This procedure investigates “boxes”, i.e. Cartesian products of in-
tervals, in the solution space until it either finds a proof of unsatisfiability based on a set
of boxes covering the original domain or finds some hull-consistent box [165], called a
candidate solution box, with edges smaller than a user-specified width § > 0. While the
interval-based unsatisfiability proof implies unsatisfiability over the reals, thus rendering
the procedure sound, the report of a candidate solution box only guarantees that a slight
relaxation of the original problem is satisfiable (as we underline in the previous Definition
10). Within this relaxation, all original constraints are first rewritten to equi-satisfiable in-
equational form ¢ ~ 0, with ~€ {>, >}, and then relaxed to the strictly weaker constraint
t ~ —4. In that sense, iSAT and dReach provide reliable verdicts on either unsatisfiability
of the original problem or satisfiability of its aforementioned ¢-relaxation [166], and do in
principle always terminate with one of these two verdicts. Note that this is only when con-
sidering the abstract algorithms using unbounded precision rather than the safe rounding
employed in their floating-point based actual implementations. For more information on

on command-line parameters and tool use please refer to Appendix B.

3.3.2 Encoding Hybrid Automata in iSAT/dReach

In this section we describe how to encode our hybrid automaton, outlined in Example 3.3.1,
as an iSAT/dReach problem. For an additional encoding example in iSAT please refer to
Appendix A. In general, iSAT programs are broken up into the four sections outlined in
Definition 8: DECL denotes the declaration of variables, INIT describes the initial conditions
of the system, TRANS describes the transition of the system and TARGET describes the post
conditions. dReach programs are defined by a series of modes which have sections: invt

i.e. invariant conditions on the mode, flow which describes the flow of the mode, jump

"http://www.avacs.org/tools/isatode/
*http://dreal.github.io/dReach/
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which describe the jumping conditions for a mode. In addition to this there is also a section

init which describes the initial conditions and goal which describes the post conditions.

Variable Declarations For each state variable, we can assign either a Boolean, integer, or
real valued interval with the given variable name. Variable declarations are within the
DECL section of an iSAT program and at the start of a dReach program, within the init
section. We can also declare any constants. In our example we declare a constant Cmax
which represents the maximum number of protein molecules that can exist in the system.
pro and deg refer to the rates of the protein P with G being the other referenced protein.
max time and time refers to ¢t and At within Definition 8. In dReach the declaration of

modes, At and the variable type is implicit.

//1SAT #dReach

define Cmax = 2; #DEFINE Cmax = 2;
float [0, 100] time; [0, 100] time;
float [0, 100] max time; [0, 1] x;

boole mode 1; [0, 2] pro;
boole mode 2; [0, 2] deg;

float [0, 2] pro; [0, Cmax] P;
float [0, 2] deg; [0, Cmax] G;
float [0, Cmax] P;

float [0, Cmax] G;

Flow Declarations ODEs are defined in an intuitive fashion, where the variables’ behaviour
is defined for each mode (be it different or the same). In iSAT they are declared in the
TRANS section. In dReach they are declared within each individual mode. It is important
to note that constants that are reals also have to have a defining ODE behaviour. SF is a
constant produced by our tool CRNSynth We use the flow defined by the ODEs in our protein

production degradation model in Example 3.3.1:

//iSAT #dReach
mode 1 —> (d.P / d.time = {mode 1;
SF«(G+pro — 2«P"2xdeg); d/dt[P] =

mode 1 —>(d.G / d.time =0); SF+(G+pro — 2+P"2xdeg);

mode 1 —>(d.pro / d.time =0);

mode 1 —> (d.deg / d.time =0);

mode 2 —> (d.P / d.time =
SE«(Gxpro — 2«P"2xdeg);

d/dt[deg] = O;
d/dt[pro] = O;
d/dt[G] = 0; };
{mode 2;

)

Initial Conditions Initial conditions are implied to be the starting condition of variables at

t = 0 and in modey. They are defined in the INIT section of iSAT and in the init section
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of dReach. Again the time variable is implicit within dReach. We explicitly state that the

number of molecules of our protein P is less than G:

//iSAT #dReach
time = O0; (P < G);
P < G;

Invariant, Jump and Goal Conditions Given our problem specification, our encoded MTL
specification will look like the following ¢ = ((P < G)i—9 A (P < G) Ujer O (P = G),
where T is the maximum time allowed. We can encode such a specification within two
modes. In the first mode we specify that initially P < G and we place an invariant upon
this mode that P < G. The jump condition will be as defined in Example 3.3.1, where at
some point before the maximum time and the condition P = G is met the program will
jump from the first mode to the second. Then we specify that P = G for the invariant of
the second mode and that the goal is P = GG and time ¢t = T (so P = G for all measured
time, in this case 100 seconds). This is encoded as the modes mode; and modes within iSAT
and dReach. Invariants are explicitly defined in dReach under invt whilst being implicitly
defined in iSAT under implication i.e. mode 1 => (P < (). For any goal conditions dReach

has a goal keyword and in iSAT a similar TARGET keyword exists.

3.3.3 Results

We can run the above encoding of the protein production/degradation model specified in
Example 3.3.1 with either iSAT or dReach, using the command-line interface described in
Section 3.3.1. In Figure 3.1 we can see an example solver output file and the plotting of
the ODEs, given the substitution of the values given by iSAT to accompany it. We have also

included an example solver output in Appendix B for a more verbose example.

3.4 Proportional Integral Derivative Control

3.4.1 Feedback Control

Feedback control systems regulate the behaviour of dynamical systems, otherwise referred
to as controlled systems. This aim, referred to as regulation, is a result of the manipulation
of a system variable known as the actuated variable, which has an overall effect on the
system dynamics. With the aim of achieving a particular behaviour, the actuated variable is
manipulated, which, in turn, is compared against the system output. The aim of a control
system is to have the regulated variable reach and remain at a desired level or set point

which is known as steady-state tracking.

47
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Time solver 1 14.09 / 14.09 sec

(@

Figure 3.1: In (a) the file output of our formulation for a simple protein production/degra-
dation model using the tool iSAT. In (b) we can visualize this output by substituting the
values synthesized into our ODE system and integrating over it with MATLAB. We can ob-
serve that the concentration of P rises and matches the value G which we can verify is
correct according to the MTL specification provided in Section 3.3.2.

The input to the control system is a reading of a measured variable over time defined
as the difference between the steady-state goal and the regulated variable. The measured
variable acts as a signal within the control system, in addition to the set point goal, to
generate a correction signal that is used to guide the controlled system, referred to as the
plant. There are many internal working components of common control systems, referred
to as a strategy. For example, an integral feedback-based strategy calculates the integral
over time of the difference between the set point and the regulated variable which is then

added to the overall control signal.

3.4.2 Proportional-Integral-Derivative (PID) Control

Proportional-Integral-Derivative (PID) control, a specific feedback control, has been univer-
sally accepted in both industry and academia. PID controllers are popular for two main
reasons: firstly their robustness in terms of their use under various environmental condi-
tions and secondly their simplicity, which allows for easy construction and operation. PID
controllers are formed of three components, proportional, integral and derivative, which

can be varied to achieve an optimal response.

Definition 11. PID Control [167] More formally, the definition of the PID controller is:

t

w(t) = ke(t) + ki J e(r)dr + kd%, 3.5)

0
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Figure 3.2: A block diagram of a PID controller in a feedback loop. r(t) is the desired
process value or set point, e(t) is the control signal and y(t) is the measured process value.
The P,I and D blocks have their associated transform on the control signal detailed within
them. We include a generic plant process which is controlled by the variable (¢) which is
a linear combination of the P, I and D components.

where wu is the control signal, e is the control error (e = r — y). The control signal is thus
a sum of three components: the P-component, which is proportional to the error, the I-
component, which is proportional to the integral of the error, and the D-component which
is proportional to the derivative of the error. The controller parameters are proportional

gain K, integral gain K; and derivative gain K. As a function of time:

u(t) = h(e(t) + 7 Jot e(r)dr + 7,20 (3.6)
where T; is called integral time and 7, derivative time. Intuitively, the P-component acts
on the present value of the error, the I-component acts on an average of past errors and
the D-component, using linear extrapolation, acts as a predictor for future errors. A block
diagram for a complete PID control loop is given in Figure 3.2, where we can see how the

control error (e = r — y) is minimized by the combination of the PID blocks.

3.4.3 Proportional Component

The proportional component is solely dependent upon on the the error term, defined as
the difference between the set point and the process variable. The proportional gain K,
determines the ratio between itself and the error signal as the combined control signal. As
an example, a proportional gain of 6 and an error signal of 10 would equal a combined
control signal of value 60. Increasing K, will generally result in an increase in speed of
the control system response. However, increasing K, beyond a certain point will cause the
plant to oscillate. If K, becomes even larger, the oscillations will also increase and the

system will become unstable, never tracking a set-point.
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The proportional controller is most commonly used in first-order plant processes to
stabilize an unstable system. Proportional control is used to reduce the steady-state error of
a system by driving the output of the plant to a proportional value of the reference signal.
The steady-state error is inversely proportional to an increase in K, up to a point. However,
despite this, the use of proportional control alone can never entirely remove the steady state
error. We can see an example of a proportional controller in Figure 3.3, where we observe,
against a constant-valued reference signal, that the proportional controller stabilizes the

output of the plant but fails to stabilize at the correct value.

1
= measured output
: reference

time (s)

Figure 3.3: A proportional controller in a closed loop-system with a measured output and
reference signal (of value 1) plotted. The plant is a simple linear system {& = Ax + Bu,y =
Cz + Du} where w is the control signal and y is the output. We initialize the controller with
K, = 2.675. It can be observed that the proportional controller never quite stabilizes at the
value of the reference signal.

3.4.4 Integral Component

The integral component is the result of the summation of the error over time. Given a small
enough error, the integral component will slowly increase. So long as the error is greater
than zero the integral response will continually increase over time and so will drive the
error to zero.

The Proportional-Integral (PI) controller is used to eliminate the steady state error by
combining the result of the proportional, integral and error terms. The trade-off is that
the integral component has a negative impact on the response time and stability i.e. the
number of oscillations. Therefore, its recommended use is within systems where speed of
the controller is not essential. Oscillations result from the fact that the PI-controller has no
means by which to predict future events and therefore cannot control the speed at which
it rises to a set-point and hence overshoots. In Figure 3.4 we can observe a PI controller

against a constant-valued reference signal.
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—— measured output
— reference

Figure 3.4: A PI controller in a closed loop system with a measured output and reference
signal plotted. The plant is the same as Figure 3.3 and parameters are initialized K, =
2.675, K; = 1.069. We can observe that the PI controller drives the output towards the
value of the reference signal. However, the system takes longer to stabilize.

3.4.5 Derivative Component

If the process variable rises too rapidly, as mentioned previously, the derivative component
controls this rise and hence the derivative is proportional to the process variable’s rate of
change. As T, increases, the reaction speed of the overall controller to the error term will
also increase. The downside to this is that the derivative component is very susceptible to
noise and hence most real-world control systems use a very small 7, as a proportion of the
control signal. If the signal is too noisy this can lead to instability.

The PID controller is seen to have all of the advantages stated in that it has fast response,
zero error, dampened oscillations and higher overall stability. Both dampened oscillations
and a lack of overshoot can be attributed to the D-component within PID. We can observe a
PID controller under the same conditions as the previous two controllers in Figure 3.5. We

can observe that it stabilizes faster than the PI controller in Figure 3.4.

3.4.6 Tuning

Tuning is defined as the optimisation over K, K; and K, terms in order to minimise steady-
state error. One such approach is the Ziegler-Nichols [168] method. This method, based
upon trial and error, first sets all variables to 0. K, is then increased until the output
oscillates. As we mentioned above, when proportional gain increases, the response time of
the control system increases. There is a point where K, is sufficiently fast but also unstable.
The integral term makes the system stable but also increases overshoot which will always
appear if the response is sufficiently fast. The integral term is increased to the point the

steady-state error as t — oo approaches zero. The derivative term K, is then increased in
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Figure 3.5: A PID controller in a closed-loop system with a measured output and reference
signal plotted. We have the same linear plant as in Figure 3.3 and initialize parameters
K, =2.675, K; = 1.069, K, = 0.285. It can be observed that the output of the plant correctly
stabilizes on the reference signal and stabilizes faster than in the case of the PI controller
shown in Figure 3.4 due to derivative component dampening the effect of the overshoot.

order to dampen the overshoot. The derivative term is increased until the point it is likely

the system is not overly susceptible to noise.
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CHAPTER 4

Chemical Reaction Networks
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Chemical Reaction Networks (CRNs) are a formal language used primarily (although
not exclusively) to describe molecular interaction. Like any formal language, it has both
a syntax and many semantic interpretations. The literature review (Chapter 2) discusses
the application of CRNs, which range from therapeutic devices to macromolecular struc-
tures. This chapter explores the syntax of CRNs in Section 4.1, ranging from the standard
definitions to our own diagrammatic notation. Section 4.2 describes common semantic in-
terpretations for CRNs including deterministic interpretations, i.e. Mass Action, Hill kinetics
and Michaelis-Menten (MM) kinetics, and stochastic interpretations, i.e. the Chemical Mas-
ter Equation (CME) and an approximation of this, the Linear Noise Approximation (LNA).
CRN s are used extensively throughout this thesis to model several molecular systems known
from systems biology. We provide working examples throughout which are used in the main
body Chapter 5, Chapter 6, and Chapter 7. The diagrammatic notation for CRNs introduced
in this chapter was developed in [15, 14] and based on [85] and Synthetic Biology Graphi-
cal Notation - Activity Flow (SBGN-AF) [169].

4.1 Syntax

Definition 12. Chemical Reaction Network A Chemical Reaction Network C = (A, R) is
a pair of finite sets, where A is an ordered set of species, |A| denotes its size, and R is an

ordered set of reactions. Species in A interact according to the reactions in R. A reaction
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T € R is a triple 7 = (r,,p,, k), where r,. € N is the reactant complex, p, € N is the
product complex and k, € R, is the coefficient associated with the rate of the reaction.
Complexes . and p, represent the stoichiometry of reactants and products. We denote the
i-th component of complex r; by r. ;; the zero complex is denoted by @. Given a CRN with
species set A = {A, B,C'}, a reaction ([1,1, O]T, (0,0, 2]T, k1) will be denoted by A + B by
2C. The state change associated to 7 is defined by v, = p,—r,. For example, the state change
of the reaction above is [-1, —1, 2]T. A chemical reaction system (CRS) C = (A, R,xq) is a
tuple where (A, R) is a CRN and zg € N Al represents its initial condition. Since a CRS is a

CRN with an initial condition, we sometimes use these terms interchangeably.

Additional Notation and Assumptions A uni-molecular reaction refers to a reaction with
0 or 1 reactants. A bi-molecular reaction refers to a reaction with strictly 2 reactants. A
catalytic reaction refers to reactions of the form A N A+BorA+C 5 A+ B where
the species A in both cases acts as a catalyst. An auto-catalytic reaction is of the form
A+B 524 or A+ B oas B, where A acts as both a catalyst and an additional product
of the reaction. @ represents a null species which can be replaced by any equivalent species
or process.

We assume that the system is well stirred [14], that is, the probability of the next reac-
tion occurring between two molecules is independent of the location of those molecules, at
fixed volume V and temperature. Under these assumptions a configuration or state of the

system x € N i given by the number of molecules of each species. Given a configuration

Z

NJ
Avogadro’s number. Then, for s € A, z, represents the number of molecules of s in the

x, we define z = where N = V - N4 is the volumetric factor, V is the volume and N4

configuration x and % = z, is the concentration of s in the same configuration.

Example 4.1.1. Bell Shape CRN Consider the CRN C = ({4, B, K}, R) where
R = {([1,0,1]",10,0,2]",56) , ([0,1,1]",[0,2,0]",43)}. Then C can be expressed by the

following two bi-molecular auto-catalytic reactions:

A+ KB oK
K+B39B

Diagrammatic Language

Definition 13. Graphical Notation of CRNs A CRN can be represented as a labelled di-
rected bipartite graph according to the usual Petri net representation with species and reac-

tion nodes [85]. A reaction node is labelled with a rate coefficient. There is an edge from
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A >
1

gl A+K 2K
.é ~ B+K —2B
k )

Figure 4.1: An equivalence between the reaction network A + K Lok, K+B X 9B and
an equivalent Petri net diagram. In the Petri net the black boxes represent the reactions and
the associated reaction rates k, j, whereas the transition labels represent the stoichiometry
and the circular nodes represent the species.

a species node to a reaction node if the species is in the reactant complex, with label equal
to its multiplicity; similarly, an edge from a reaction node to a species node indicates the
presence of a species in the product complex. For example, in Figure 4.1 we visualise a Petri
net representation for the reactions A + K ER 2K, K+ B LA 2B where circles represent
species and black boxes represent reactions.

Unfortunately, this type of representation can become verbose and defeats the point of
using a diagrammatic language, which is to simplify and help the reader to visualise a CRN.
To visualise a CRN C' = (A, R), following [85], we represent C' as a place-transition (P/T)
Petri net where source/target functions are defined over arcs and vertices (or synonymously,
transitions and places within a Petri net). Each arc is either a pointed arrow (1) or a
rounded arrow (), with the source represented by the flat edge and the target represented
by the arrow head. A 1 represents a non-catalytic reaction and ? represents a catalytic
reaction. The Petri net equivalences that define these arrows are given in Figure 4.2, which
is a novel contribution to diagrammatic CRN notation. The language itself however, is
similar to SBGN-AF [169], with the ? and O notation denoting ‘influence’ found within
SBGN-AF replaced with t denoting catalysis. Through these equivalences we simplify the

diagrammatic notation making it easier to infer the meaning of a given CRN.

Example 4.1.2. Diagrammatic Language We provide two examples of our diagrammatic
language in order to demonstrate why it is easier to use than simply listing reactions. Our
first example using the diagrammatic notation below demonstrates most types of reaction.
The CRN and its equivalent diagrammatic form is presented in Figure 4.3, where the rates
s,r,t,u,v € R*.

For the second example we reference back to Example 4.1.1. We present our CRN from
Figure 4.1, referencing the previous diagrammatic example in Figure 4.3 to include the use

of auto-catalytic reactions in 4.4. We abstract the rates to j, k € R™.
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Figure 4.2: CRN diagrammatic notation and Petri net equivalences. In (a) we define multi-
ple source/target functions as an equivalent multi-reactant and multi-product reaction. We
note that in order to capture both catalytic and non-catalytic reactions a source can lead
to itself. We abuse notation here in order to simplify the diagram as technically a species
should only be represented once. In (b) we define a catalytic uni-molecular reaction as an
equivalent Petri net. In (c) we define a catalytic bi-molecular reaction as an equivalent Petri
net. This represents the reactions A + B — B + C, meaning that B is the catalytic enabler
for the reaction A — C. This represents the reaction A - A + B. In (d) we define an
autocatalytic reaction of the form A + B — 2B.

Definition 14. Dual-Rail Encoding In some cases a dual-rail encoding of a signal is re-
quired in order to express negative values due to the fact a CRN species is strictly non-
negative. In order to handle this the so-called dual rail encoding [154] is used, by which
a signal is decomposed into a “positive” and “negative” species component whilst preserv-
ing the laws of most CRN semantics that each individual species concentrations cannot be
negative. Specifically, for a signal A, the two distinct component species by A™ and A~ are
denoted, representing the positive and negative signals, respectively. For further reference
and examples this was used extensively in papers [15, 14, 30] and is also used in Chapter
7.
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Figure 4.3: An example CRN demonstrating the various features of our diagrammatic lan-
guage. We can visualise the connectivity of the CRN more intuitively in the diagrammatic
version.

B
A+K =>2K
B+K =>2B

N
A?:/K

Figure 4.4: An example showing the Bellshape CRN of Example 4.1.1 in our diagrammatic
language using auto-catalytic reactions.

4.2 Semantics

As a CRN is a formal language, we can imbue that language with meaning, known as the
semantics. There are many different semantics for CRNs but they broadly fit into two cat-
egories: deterministic and stochastic. The deterministic interpretation takes every reaction
within a CRN and interprets it as a system of differential equations, an example of which
is mass action kinetics. Stochastic semantics considers the state of each species within
a system as a non-negative integer and state transitions as reactions which have a non-
zero probability of occuring. We also discuss a novel semantics, the LNA, given in [57].
All of these semantics can be viewed as a hierarchy in which deterministic semantics can
be viewed as the simplest continuous abstraction, farthest from the physical system and
stochastic semantics can be seen as the closest representation of the physical system. The
LNA, like the Langevin semantics, can be seen as intermediates between the two. Under all
semantics referenced here there is discussion on reachability, correctness and equivalence
[85, 57, 61].

Definition 15. Deterministic Semantics

The deterministic semantics is used primarily under assumptions of high molecular counts
and describe the time evolution of a CRN via a set of ODEs. Deterministic CRNs correspond
to rate equations derived from the deterministic interpretation of mass action kinetics - an

ODE interpretation derived from observations of molecules in solution. Let C = (A, R) be a
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Figure 4.5: In (a) a CRN with reactions A + B S B+Cand B+C 3 C+C, used as
the CRN for demonstrating deterministic, stochastic and LNA examples. In (b) a CRN with

reactions £ + S > ES , ES oA E+ S and ES S E + P which is used as an example

. . . . . off . .
of Michaelis-Menten kinetics. Note that the reaction £S — E + S is expressed with two
separate arrows with the same rate label for compactness of the diagram.

CRN. The deterministic semantics models the concentration of the species in A over time as
a set of autonomous polynomial first order differential equations (ODEs):

Ad(¢)

= = F(e(0), (4.1)

A Tr,i .
where F(®(1)) = Y. 1 yerUrer (®() and ao (9(1)) = k[T ®,(1) ™. @

Ryg — R! describes the concentration of the species over time, therefore ®(t) € R
is the vector of the species concentrations at time ¢. Assuming ¢, = 0, the initial condition
is ®(0) = z(xg), where x is the initial configuration of the system. F(®(t)) is Lipschitz

continuous, so ® exists and is unique [63].

Example 4.2.1. Consider the CRN C = ({4, B, C}, R), where R is given by the reactions in
Figure 4.5a, with initial state xz such that xq(A) = 1, 2o(B) = 0.6 and z((C) = 0.2, for a
system with N = 20.

Then, the deterministic semantics of C is given by the following set of ODEs:

dA
E = —klAB,
aB
— =~k BC,
ac

% = k1AB + koBC.

Under the initial conditions k; = 2.0, ko = 2.0, 2¢(A) = 1.0, 2¢(B) = 0.6 and z,(C) = 0.2 we
can integrate over these ODEs to demonstrate a simulation of the solution seen in Figure
4.6.

58



—_— A

—

—C

0.8+

Malarity [M|

0.6+

044

0.2+

Time (s)

k k
Figure 4.6: Deterministic interpretation of two catalytic reactions: A+ B S B+CB+C3
C + C with initial conditions, k1 = 2.0, kg = 2.0, 29(A) = 1.0, 2o(B) = 0.6 and x,(C) = 0.2,
the ODE representation of which is given in Example 4.2.1.

Definition 16. Stochastic Semantics The stochastic semantics are used in systems with
low molecular count, as noise tends to be greater in these systems since individual reactions
have greater effect on the overall system. The stochastic semantics is represented through
a Continuous Time Markov Chain (CTMC), whose transient evolution can be given via the
Chemical Master Equation (CME) [56].

The propensity rate o, of a reaction 7 is a function of the current configuration of the
system x, the vector molecular counts for each species, such that o, (x)dt is the probability

that a reaction event occurs in the next infinitesimal interval dt. We assume mass action

o) = 1, L= ] (M)>

T .
N|Tr|—1 Tir

kinetics, therefore:

i=
where \; € A, 7; ; is the i-th component of the vector 7 and |r.| = Z!ﬂ ri - [170]. Assum-
ing fixed volume, N, the volumetric factor is a constant factor and therefore, for the sake
of a simpler notation, N is considered embedded inside the coefficient & for any reaction.

Under the assumption above as well as the well stirred assumption and constant tem-
perature, CRNs are well represented by a stochastic process whose transient analysis can be
performed via the Chemical Master Equation (CME) [56], defined below.

Given a CRN C = (A, R) and the volumetric factor N, we define a time-homogeneous
CTMC (X C(t),t € R,() with state space S € N Given xg € S, the initial configuration of
the system, then P(X C(O) = x) = 1. The transition rate from state x; to state x; is defined
as 7(2i, ;) = Y reRle, =z, +v,) Or(Ti)-

X C(t) describes the stochastic evolution of the molecular populations of each species

in C at time ¢. Often, when the CRN is evident from the context we write X (¢) instead of
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Figure 4.7: The stochastic intepretation of the CRN with reactions A + B % B+ C,B+C X
C + C, simulated using a CTMC with probabilities corresponding to the CME. Species A is
in red, B in green and C in blue. Note that the tool we used does not support enlarging of
the axes labels. The horizontal axis shows time and the vertical axis shows concentration.
We can see clearly the discrete jumps for each species over time.

Xc(t). For z € S, we define P(t)(:c) = P(X(t) = z|X(0) = zg), where z, is the initial
configuration. The CME describes the time evolution of X as:

C(PO®) = ¥ (Nawo(a = 0)PD (@ = v) = Noo, ()P}, (42)

TER

The CME can be equivalently defined in terms of the infinitesimal generator matrix @ :
|S] % [S] = Rs as

d 0,y = opt

<PO(2) = QP'(x),

where Q is defined as Q(xz;,z;) = r(x;,z;) for i # j and Q(z;,2;) = — Zﬁ'l,\j#r(a:i,xj).

Note that |S| can be countably infinite. This representation admits computing an approxi-

mation of the CME using, for example, the sliding window method [171].

Example 4.2.2. Stochastic Semantics Example We provide an example using the stochas-
tic semantics seen in Figure 4.7 simulated on a CTMC using the tool Visual GEC. We use
the same CRN, as the deterministic semantics example i.e. a CRN with species A, B, C' and
reactions A + B by B+C,B+C i C + C, where ky = 2,ky = 2. However we change
the initial conditions to xo(A) = 10, zo(B) = 6 and xo(C) = 2 due to the fact that the
stochastic interpretation operates under discrete molecular counts and therefore there are

only discrete jumps in molecular count.

Definition 17. Linear Noise Approximation Semantics

The stochastic semantics of a CRN (or CRS) is generally given in terms of a CTMC
described above. However, this semantics is generally not scalable for most of the practical
applications because of exponential blow-up in state space [172]. As a consequence, often
a continuous-state process is used [85], describing the deterministic evolution of the mean

concentration values of species. However, this does not take into account the noise intrinsic
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in molecular interactions. Because of this we introduce a third semantics which tries to
capture the intrinsic noise within chemical solutions whilst still remaining scalable [173].
The LNA is able to capture the stochastic behaviour of a CRN, characterised in terms of
a Gaussian process Y. Being a Gaussian process, Y is much easier to analyse, since, for
any t € Ry, Y (t) is fully determined by its expectation and covariances. These can be
computed by solving a set of ODEs, and thus, without requiring state space exploration. As a
consequence, the LNA semantics of CRNs we consider, though stochastic, is fully determined
by the solution of a set of ODEs.

The LNA approximates the CTMC as a continuous-state Gaussian process that describe
the time evolution of expectation and variance of the species. Given a CRN C = (A, R) with

initial condition z, € N and in a system of size NV, we define the stochastic process
Y=N-®+VN-Z,

where @ is the deterministic process described in Definition 15, and Z is a zero-mean Gaus-
sian process because we assume the initial condition is a fixed value, and Z has an as-
sociated covariance C[Z(t)] described by the solution of the following ODEs with initial
condition C[Z(0)] = 0:

% = F(®(t),C[Z(1)]) =

Tr(®())CLZ()] + CLZ(D)]TF(B(1) + W((1)), (4.3)

where Jr(®(t)) is the Jacobian of F/(®(t)), J;(@(t)) its transpose version, and W (®(t)) =
Y oer v,k [Tsea(®s) ™7 (t). Y is a Gaussian process with expectation E[Y (t)] =
N®(t) and covariance matrix C[Y (¢)] = NC[Z(t)]. As a consequence, for any ¢ € R, the
distribution of Y (¢) is fully determined by its expectation and covariance. These are com-
puted by solving the ODEs in Equation 4.1 in Definition 15 and the equation for variance
above, and thus avoiding the state space exploration. We denote by [C]|y = (E[Y],C[Y])
the solution of these equations for CRS C in a system of size N, henceforth called the LNA
model.

Expected value and covariance matrix of Y (¢) are completely characterized by ®(¢) and
C[Z(t)] as

E[Y(t)] = No(t): C[Y(t)] = N2C[Z(t)]N? = NC[Z(1)]. (4.4)

By using the LNA we can consider stochastic properties of CRNs whilst maintaining a scal-
ability which is comparable to the deterministic model [57]. In fact, the number of ODEs
required for the LNA representation, is quadratic in the number of species and independent

of the molecular counts.
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Example 4.2.3. LNA Example We use the same example as the deterministic semantics, i.e.
a CRN with species A, B, C and reactions A + B i B+C,B+C i C' + C. We demonstrate
the variance and covariance matrix produced by the LNA equations in Definition 17 in
list form in order to remove the repeated symmetric parts of the matrix. We also omit
the rate equations for A, B, C as they are expressed in Example 4.2.1. In the following the
variables var A, etc. represent the variance of the species A, and the covariance, e.g. covC' B

represents the covariance of C' and B.

B
%=BXCOUBAX/{?l+BXCOUCBX]€2—BX]€2XUCLTC,
A
COZ? = —Ax covCB x ky — B X covCA X ky + B X covCA X ky +
B X k1 X varA + covBA X (AX k1 + C X ky),
covBA
T=—A><k:1XUarB—BXCovBAXkl—BXCO’UCAX/Q—CXCOUBAX@,
A
Mz; = —-2XAXcovBAX ki —2X B Xk XvarA,
B
vcz; = —-2X B XcovCB X kg —2X C X kg XvarB,
varC

7 =2X BXcovCAX k1 +2XBXkyXvarC +2XcovCB X (AX ki +C Xky).

We can simulate the mean and variance for each of these species. Given the same initial
conditions as seen in the deterministic example zy(A) = 1.0, xo(B) = 0.6 and z((C) = 0.2
and k; = 2,k = 2, we can visualise the LNA in Figure 4.8, in which we can see the
variance through the shaded regions and the mean as thick lines. The mean was previously

represented in our deterministic rate equations simulated in Figure 4.6.

Definition 18. Hill and Michaelis-Menten Approximations

So far we have considered rate equations with a rate given by a single number, e.g. A +
B 2 B+C has arate of 2. However, we can also represent the rate as a function dependent
upon the concentration of variables. We consider two such functions which can be seen as
approximations of larger mass action systems. The first are the Hill equations, which refer
to two closely related equations that reflect the binding of ligands to macromolecules, as a

function of the ligand concentration. They are as follows:

. _ X . . . . .
L - hill(X, Kyr,m) = —KICN[{{]”’ if positive Hill reaction 45)
hill (X, Kyp,n) = nK—M", if negative Hill reaction
Ky +[X]

where [ X ] is the concentration of a species X, K, is a domain specific constant and n is the

Hill coefficient that is usually decided dependent upon how expressive the approximation
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Figure 4.8: Similarly to the deterministic example in Figure 4.6, we demonstrate a reaction

network A + B 2 B+C,B+C EA C + C but this time under the LNA semantics. Note
that the shaded regions represent the variance (o) denoted symbolically by the equations
in Example 4.2.3. The mean is given by the thick lines. We can see that, because the LNA is
a Gaussian process, the variance regions are symmetric.

of the system needs to be. The other kinetics that are commonly used are the Michaelis-
Menten kinetics, one of the best known models for enzyme kinetics. The rate equation is as

follows:

L = Vinax[S]
T Ky +[ST

The Michaelis constant K, is the concentration [ S] at which the reaction rate is at half-

(4.6)

maximum and V,,,.[S] refers to the maximum concentration of species S in the system.

Example 4.2.4. Michaelis-Menten Example We provide an example of the Michaelis-
Menten kinetics, in which an enzyme (F) and a substrate (S) is bound reversibly to a
complex (F£S) in which sometimes a protein (P) is produced. This is dependent upon three
rates: ‘on’ which describes the enzyme-to-substrate binding rate, ‘off’ which describes the
enzyme-to-substrate unbinding rate, and ‘cat’ which describes the protein production rate.
The example is described by the CRN provided in Figure 4.5b or the equivalent Michaelis-

Menten approximation:

E+S M%(S) E+P
where M M (S) = cat * max(FE) * S/((off + cat)/on) + S (note max(F) is the largest con-
centration of the species F). Note that S is the only variable in this function as everything
else reduces to a constant. With initial conditions {F : 1,5 : 10, ES : 0, P : 0} we get the
plot in Figure 4.9.
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Figure 4.9: An example of the Michaelis Menten kinetics on a CRN E + S M) E+P

where MM(S) = cat * max(FE) * S/((off + cat)/on) + S and initial conditions are {E :
1,5 :10,ES : 0, P : 0}. We observe a production of the protein P.

Simulating Semantics

Our own tool CRNSketch provided the symbolic equations for the examples given in this
Chapter which we include a screenshot of in Figure 4.10. We use the tool Kaemika’ by Prof.
Luca Cardelli, which provides formatting tools for simulation plots. Kaemika has an easy
to use language, expanding upon Microsoft’s Visual GEC tool. Visual GEC provides a pro-
gramming language, LBS, for designing and simulating any given CRN. Of the plots in this
Chapter, the deterministic, the LNA and the Michaelis-Menten simulations were provided
using Kaemika. However, for the simulation of the CME we used Visual GEC, as this feature

is not available in Kaemika at the present time.

!Currently a Beta version is available at https://sameapk.com/kaemika/.
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[ ) [ ] Run
Run exampleforintro - 2R
'S /usr/bin/python /Users/maxtby/Dropbox/CRNsketch/examples/pulse-reponses/exampleforintro.py
{covCB: BxSFxcovBAxk_1 + BxSFxcovCBxk_2 — BxSFxk_2kvarC — CkSFxcovCBxk_2 + SFxvarBx(Axk_1 + Cxk_2), varB:
—2xB*SFxcovCBkk_2 — 2xCxSFxk_2xvarB, covCA: —A*SFxcovCBxk_1 — BxSFxcovCAxk_1 + B*SFxcovCAxk_2 + BxSFxk_lxvarA
— + SFxcoVBA%(Axk_1 + Ckk_2), covBA: —AxSFxk_lxvarB — B*SFxcovBAkxk_1 — BxSFxcovCAxk_2 — CxSFkcovBAxk_2, A:
—A*B*SFkk_1, C: SFk(A%Bxk_1 + BkCxk_2), varA: —2xAxSFxcovBAxk_1 — 2kBxSFxk_1kvarA, varC: 2#B*SFkcovCAxk_1 +

=]
m’ o 2xB*SFxk_2%varC + 2+SFxcovCBx(Axk_1 + Cxk_2), B: —-BxCkSFxk_2}
=
o 5 Process finished with exit code 0
i
[
X
2

Figure 4.10: A demonstration of the output of the LNA ODEs produced by our tool
CRNSketch based upon the CRN in Example 4.2.3. The variable ‘SF’ is a constant that

can be ignored.
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In this chapter we examine the theory for Optimal Syntax-Guided Synthesis of stochastic
CRNs aimed at applications in synthetic and systems biology, for example, design automa-
tion for molecular devices, or the construction of predictive molecular models. Given a
syntactic template (a SKETCH, see Definition 4 in Chapter 3) our goal is to define structural
constraints on CRN components and topology, a formal specification of the required be-
haviour, and a cost function defined over the CRN syntax, in order to simultaneously meet
constraints, satisfy the specification and minimise a cost function.

Section 5.1 proposes a sketching language for CRNs that can adequately and concisely
capture the syntactic constraints, while at the same time allowing under-specification of the
network. Section 5.2 discusses a specification language for our synthesis procedure. Sec-
tion 5.3 fits this sketching language to the metasketch framework outlined in Definition 6
in Chapter 3 that exploits the concept where a set of sketches is ordered according to a cost
function. To ensure computational feasibility of the synthesis process, instead of relying on
the discrete-state Continuous Time Markov Chain (CTMC) semantics, which is not scalable,

the synthesis process employs the use of the Linear Noise Approximation (LNA) seen in
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Definition 4.2.3 in Chapter 4. Therefore, Section 5.4 provides a symbolic parametric repre-
sentation of the LNA and discusses how it fits within our synthesis framework. In Section
5.5 we provide novel refinement-based algorithms for the optimal synthesis of CRNs, which
are employed extensively in Chapter 6. The results presented in this chapter were published
in [13].

5.1 Sketching Language for Chemical Reaction Networks

CRN sketches are defined in a similar fashion to CRNs defined in Chapter 4 which we will
refer to as concrete CRNs. The main difference is that species, stoichiometric constants and
reaction rates are specified as unknown variables. The use of variables considerably in-
creases the expressiveness of the language, allowing the modeller to specify additional con-
straints over them. Constraints facilitate the representation of key background knowledge
of the underlying network, e.g. that a reaction is faster than another, or that it consumes
more molecules than it produces.

Another important feature is that reactants and products of a reaction are lifted to
choices of species (and corresponding stoichiometry). In this way, the modeller can ex-
plicitly incorporate in the reaction a set of admissible alternatives, letting the synthesiser
resolve the choice.

Further, a sketch distinguishes between optional and mandatory reactions and optional
and mandatory species. These are used to express that some elements of the network
might be present and that, on the other hand, other elements must be present. Our sketch-
ing language is well suited for synthesis of biological networks: it allows expressing key
domain knowledge about the network, and, at the same time, it allows for network under-
specification (holes, choices and variables). This is crucial for biological systems, where,
due to inherent stochasticity or noisy measurements, the knowledge of the molecular inter-

actions is often partial.

Definition 19. Sketching language for CRNs
A CRN sketch is a tuple S = (A, R, Var, Dec, Ini, Con), where:

* A=A, UA, is a finite set of species, where A,, and A, are sets of mandatory and

optional species, respectively.

* Var = Var, U Var, U Var,. is a finite set of variable names, where Var,, Var, and Var,.

are sets of species, coefficient and rate variables, respectively.
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* Dec is a finite set of variable declarations. Declarations bind variable names to their
respective domains of evaluation and are of the form x : D, where x € Var and D is

the domain of x. Three types of declaration are supported:

— Species, where x € Vary and D <€ A is a finite non-empty set of species.

— Stoichiometric coefficients, where = € Var, and D € N is a finite non-empty set

of non-negative integers.

— Rate parameters, where € Var, and D € R, is a bounded set of non-negative

reals.

* Ini is the set of initial states, that is, a predicate on variables {\y} ea describing the

initial number of molecules for each species.

* Con is a finite set of additional constraints, specified as quantifier-free formulas over
Var.

* R = R,, UR, is a finite set of reactions, where R,, and R, are sets of manda-
tory and optional reactions, respectively. As for a concrete CRN, each 7 € R is a
triple 7 = (r,,p,, k.), where in this case k, € Var, is a rate variable; the reaction
complex r. and the product complex p, are sets of reactants and products, respec-
tively. A reactant R € r, (product P € p,) is a finite choice of species and co-
efficients, specified as a (non-empty) set R = {c;\;};=1,. |r|, Where ¢; € Var, and
Ai € Vary. We denote with f, the uninterpreted choice function for the reactants
of 7, that is, a function f, : r, — Var, X Var, such that f, (R) € R for each
R € r.. The choice function for products, f, , is defined equivalently. As an ex-
ample, reaction 7 = ({{c1 A1, caXo}, {c3A3}}, {{ca)s, c5A5}}, k) is preferably written as
{c1\1, a9} + c3)3 LA {c4My, c5A5}, using the shortcut c3\3 to indicate the single-
option choice {c3)3}. A possible concrete choice function for the reactants of 7 is the
function f_TT = {{c1A1, ca\a} B 1A, {c3A3} — c3\3} that chooses option ¢ \; as first

reactant.

The following example illustrates the proposed sketching language and the optimal so-

lution obtained using our synthesis algorithm introduced in Section 5.5.1.

Example 5.1.1. Consider a sketch with mandatory species A,, = {A, B}, optional species
A, = {C} and variable declaration Dec = {A\{, A\a : A, A3 2 A, UA,, k2 [1,10], ¢q,...,c3¢
[0,1]}, where cq,...c3 € Var, are stoichiometric variables; \q,...)\3 € Var, are species

variables and k € Var, is a rate variable. Declarations indicate that: \; and )\, range over
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mandatory species; A3 can be any species; k ranges from 1 to 10; and ¢y, .. ., c3 can be either
0 or 1. The following
71 = {eah) + feada) & {eshs),

represents a reaction with rate k involving as reactants ¢; molecules of \; and ¢, molecules
of Ay, and producing c3 molecules of \;3. Note that mandatory species must occur in any
concrete instantiation of the sketch. Therefore, possible instantiations are: A + B L @or
A2 B, but not A 2, ¢ since the latter does not include the mandatory species B. Valid
instantiations of a CRN sketch will be formally characterised in Definition 20.

To express that the total number of molecules consumed by 7 is larger than those

produced, we can include the additional constraint:
Con = {Cl +co > 63}

, which would now rule out reaction A 29, B as a solution of the sketch. If we knew that
reaction 7; cannot produce species A, we could either add the constraint A3 # A in Con,
or, more efficiently, restrict the range of A3 through the declaration )3 : {B,C}. Further,
consider the reaction:

k
Ty = {11, c2Xa} = {c3As}.

Although almost identical to 7y, 7 describes instead a unimolecular reaction, where the

reactant is given by the choice between ¢ A1 and ¢ \s.

Holes Unknown information about the network also can be expressed using holes, i.e.
portions of the model left “unfilled” and resolved by the synthesiser. Holes, denoted with
7, are implicitly encoded through sketch variables. To correctly interpret holes, we assume
default domains, D, € R bounded and D, ¢ N finite, for rate and coefficient variables,
respectively. We also support the implicit declaration of variables. Starting from a general
CRN sketch S = {A,R,Var, Dec,Ini, Con}, we show how these additional terms can be
expressed in an extended sketch S' = {A,R,Var',Dec',InL Con}. We further assume a

. . 1. . T . . N +
maximum stoichiometric constant ¢ € N and a maximum reaction rate constant r € R".

* Implicit species variable declaration: for D € A,
{...,eD,..}Y={...,eN,.. .},
where \' ¢ Var,, Var), = Var, U {)\'}, and Dec' = Dec u {\': D}.
* Implicit coefficient variable declaration: for D ¢ N finite,
{...,D\..Y={ ...\,

where ¢ ¢ Var,, Var, = Var, U {c'}, and Dec' = Dec u {¢' : D}.
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* Implicit rate variable declaration: for D ¢ R, bounded,

D _ k
Tr = Pr =77 2 Pry

where k ¢ Var,, Var, = Var, U {k}, and Dec' = Dec U {k : D}.

* Species, coefficient and rate holes:

{...;c?,...}={...,cA,...},
(.2 y={...,[0,c )...},and
? 0,71
Tr 2Pr =71 Dr

* Reactant and product holes:

k N} k
?+r. > p.={cA}+r, > p,and

r k N
TT_)?+pTErT_){C)\}+pT7

where ¢’ ¢ Var,, \' ¢ Var,, Var, = Var,u{c'}, Vary = Vary U{\'}, and Dec' = Decu{c' :
[0,¢" ], : A}

The following examples introduce the notion of implicit variable declaration and holes

which are resolved by the synthesiser:

Example 5.1.2. Consider the CRN sketch of Example 5.1.1. Then,
[34]
{c1A1,[0,2]A2} + {c2{A, B}} — {c3A3},

corresponds to reaction

{erh, o} + {eN} 5 {eshs),
where ¢, \', k' are fresh variables declared as ¢ : [0,2], X' : {4, B}, k' : [3,4].

Example 5.1.3. Consider the CRN sketch of Example 5.1.1. Let ¢ =2andr' = 10. Then
reaction

{c1A1, 2A}+7 1’ {e3?},

corresponds to reaction
n\n

{ehn, Ao} + {5 e,

I n

where ¢, ", X', \", k' are fresh variables declared as ¢, ¢" : [O,cT], AN A ={AB,C},

K :[0,r"].
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In addition, to simplify notation, reactants and products containing a single option {cA}
as cA shall be rewritten. Similarly, inline declarations of variables ranging over domains

with a single element, can be replaced by the same element. For instance, reaction:

feon} + {HAR 225 (0HC) eshs),

can be rewritten as
10
M +A— {20, 03)\3}.

We now characterise when a concrete network is a valid instantiation of a sketch.

Definition 20. Sketch Instantiation A CRS, see Chapter 4 Definition 12, C = (A¢, Re, xg)
is a valid instantiation of a sketch S = (A, R, Var, Dec, Ini, Con) if: Ini(z() holds; there exists

an interpretation / of the variables in Var and choice functions, such that:

1. all additional constraints are satisfied: I F /\ ¢, &5

2. for each 7 € R,, there is 7 € Ry that redlises 7, i.e., 7 is obtained from 7 by replac-
ing variables and choice functions with their interpretation. When 7' realises sketch
reaction 7, its reactants r is a set of the form {cgAr}ge,., i.€. containing a concrete
reactant for each choice R. Then, this is readily encoded in the reactant vector form

[A]

ry € N as per CRN definition 4.2.3). Similar reasoning applies for products p,,

and

3. for each 7' € R there is 7 € R such that 7' realises 7;
and the following conditions hold:

4. foreach 7' = (r, pyt, k) € Re: k> 0and r + po > 0 and,
5. A, SAcand A¢ € A,,, UA, and,

6. for each species A € A¢ there is r € R¢ such that A appears in r as reactant or

product.

Such an interpretation is called consistent for S. For sketch S and consistent interpretation
I, we denote with I(S) the instantiation of S through I. We denote with L(S) the set of

valid instantiations of S.

Condition 4. states that there are no void reactions, i.e. having null rate (k. = 0), or having
no reactants and products (r.+ + p = 0). Further, condition 6. ensures that the concrete

network contains only species occurring in some reactions.
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Example 5.1.4. Bell shape generator We define a sketch S for the bell-shape CRN of
Example 4.1.1, inspired by the solution presented in [174]. For a given species K, our
goal is to synthesize a CRN such that the evolution of K, namely the expected number of
molecules of K, has a bell-shaped profile during a given time interval, i.e. during an initial
interval the population K increases, then reaches the maximum, and finally decreases,

eventually dropping to 0. The sketch for the bellshape generator is defined as follows:

A = {K} A, ={A, B}, Ry, = {11, 72},

R, = {m3},Dec = {c1,...,c4 : [0,2],

k1,ko, ks : [0,0.1], A1, Aa : {A, B}},

Con = {A\; # A9, 1 < ¢o,c3 > ¢4},

Ini = {Ky=1A Ay €[0,100] A By € [0,100]}
=M+ K LR co K

7y = {0, 1Ay + 3K 570 + ¢, K

=0 2 (0, [1,2]K)

M — 7

Figure 5.1: Graphical representation of the CRN sketch of Example 5.1.4. This graphical
representation of sketches is used extensively within our tool CRNSketch. Boxes represent
reactions (grey: mandatory, white: optional), while circles represent species (blue: concrete
species, green: species variables). Arrows connect species and reactions, their direction in-
dicates whether a species is consumed or produced, and are labelled with the corresponding
stoichiometry. Reactants or products expressed as a choice are denoted with the & symbol,
which is connected to the possible options by outgoing arrows.

This sketch reflects our prior knowledge about the control mechanism of the produc-

tion/degradation of K. It captures that the solution has to have a reaction generating K
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(71) and a reaction where K is consumed (7). We also know that 7; requires a species, rep-
resented by variable )\, that is consumed by 77, and thus 7; will be blocked after the initial
population of the species is consumed. An additional species, Ao, different from \;, may be
required. However, the sketch does not specify its role exactly: reaction 75 consumes either
none or one molecule of Ay and produces an unknown number of A\, molecules, as indicated
by the hole 7. There is also an optional reaction, 73, that does not have any reactants and
produces either 1 molecule of A\, or between 1 and 2 molecules of K. The sketch further
defines the mandatory and optional sets of species, the domains of the variables, and the
initial populations of species. We assume the default domain D, = [0, 2], meaning that the
hole 7 can take values from 0 to 2. Note that many sketch variables are implicitly declared,
e.g. term [1, 2]K corresponds to ¢' X' with fresh variables ¢' : [1,2] and X' : {K}. The sketch
is summarised in a graphical representation seen in Figure 5.1 in order to provide clarity

on the structure.

Variant We further specify a variant of sketch S, S', where we integrate additional do-
main knowledge about the relative speed of reactions. Specifically, we want to synthesise
networks where 7, is ten times faster than 7; and 7; is ten times faster than 73. To do so, we

update the constraints of S' as follows:
Con' = ConU {ky = 10 - k1, ky = 10 - k3}.
Example 5.1.5. A CRS C; = {{A, K},{r], 7}, 2} where

]70=(K0:1/\A0:100)
n=A+K 252K

! 0.1
7'2=K_)®

is a valid instantiation of S, where reactions 7; and 7, realise respectively reaction sketches
7, and 75, but not of S', since reaction rates do not satisfy the additional constraints. On
the other hand, a CRS Cs = {{A, B, K}, {71, 79, 73}, zo} where

$0=(K0=1/\A0=100/\B0=1)

n=a+ k2% oK

I

m=B+K2hoB

0.001
g — K

I
73

is a valid instantiation of both S and S', where 7'{, 7-5 and 7-9', realise respectively 71, 7 and

73. The corresponding consistent interpretation is I = {\; = A,¢; = 1,k; — 0.01,¢cp +
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2,¢) > Ly Beg o Lky = 0.1, H = 2,¢ = 0,k = 0.001, f, > {{,[1,2]K} —
[1,2]K}, ch = 1}, where ¢} is the i-th implicit stoichiometric variable and H is the only hole.

The interpretation of f, . indicates that the choice {)z,[1,2]K} is resolved as [1, 2] K.

5.2 Specification Language

We are interested in verifying whether the behaviour or time evolution of a CRN satisfies
constraints expressed as a logic. For this purpose, our specification language supports con-
straints on the expected number and variance of molecules, and, importantly, about rates
of change in their behaviour over time. This allows us, for instance, to synthesise a network
where a given species shows a bell-shape profile (as in Example 5.1.4), or has variance
greater than its expectation (considered in Chapter 7 Section 6.3.1). As a preamble for the
specification language, the logical framework over which properties and CRN sketches are

interpreted and evaluated, is introduced.

Specification for CRNs

Within the synthesis problem, instantiations of a parametric CRN are compared against
a specification. This specification is a broad restriction of the well established logic Metric
Temporal Logic (MTL) which is defined in Chapter 3 Definition 1. The class of properties our
method supports are formulas describing a dynamical profile composed as a finite sequence
of phases. Each phase i is characterised by an arithmetic predicate pre-post;, describing the
system state at its start and end points (including arithmetic relations between these two),
as well as by flow invariants (formula inv;) pertaining to the trajectory observed during the

phase. Formally, a specification ¢ comprising M = 1 phases is defined by

M
@ = /\ inv; A pre-post,. (5.1)
i=1

Note that entry as well as target conditions of phases can be expressed within pre-post;.

CRS correctness. For a CRS C (recall from Chapter 4 Definition 12), Volume N, and
property o, we are interested in checking whether C is correct with respect to ¢, written
[CIlv E ¢ (where [[C]] is the semantics), i.e., whether C at Volume N exhibits the dynamic
behavior required by . Since [[C]]y is a set of ODEs, this corresponds to checking whether
© A ey is satisfiable, where ¢pcy,, is an SMT formula encoding the set of ODEs given by
[CTl~y and their higher-order derivatives, by means of the corresponding ODE constraints,
and ¢ is the usual bounded model checking unrolling of the step relation /\f\fl(phase =

i = inv; A pre-post;) A phase' = phase + 1, encoding the phase sequencing and the pertinent
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phase constraints, together with the BMC target phase = M enforcing all phases to be
traversed. For more information on BMC encodings of ODEs see Chapter 2 of the thesis
of Eggers [134]. As this satisfiability problem is undecidable in general, we relax it to
checking whether ¢ A ¢pcy, is d-satisfiable in the sense of admitting a candidate solution

box of width 4. In that case, we write [[C]]x 0 ©.

Example 5.2.1 (Specification for the bell-shape generator). This example demonstrates
that we can reason over complex temporal specifications including, for instance, a relevant
fragment of bounded MTL, defined in Chapter 3 Definition 1. The required bell-shaped
profile for Example 5.1.4 can be formalized using a 2-phase specification, composed of

phase 1 : (invy, pre-post; ) and phase 2 : (invy, pre-post, ), as follows:

inv, = EV[K]20, pre-post; = EV[K] =0 A E[K] > 30,
inve = EV[K] <0, pre-post, = E[K] <1 A T' =1,

where FE[ K] is the expected value of species K and E(l)[K ] its first derivative. T is the
global time. Primed notation (E[K ], E(l)[K 1", T") indicates the variable value at the end
of the respective phase. Constraints inv; and inv, require, respectively, that E[ K] is not
decreasing in the first phase, and not increasing in the second (and last) phase. pre-post;
states that, at the end of phase 1, E[ K] is a local optimum (E(l)[K ]' = 0), and has an
expected number of molecules greater than 30. pre-post, states that, at the final phase, the

expected number of molecules of K is at most 1 and that the final time is 1.

5.3 Cost Functions and MetaSketching

Previously we defined the Optimal SyGuS problem in Chapter 3 Definition 5 which is used
to cost and evaluate different instantiations of the same sketch. We would like to examine
the Optimal SyGuS problem for CRNs and to this end we first need to introduce the class of
cost functions considered. A cost function G for a sketch S has signature G : L(S) — N and
maps valid instantiations of S to a natural cost. A variety of interesting cost functions fit this
description, and, depending on the particular application, the modeller can choose the most
appropriate one. A special case is, for instance, the overall number of species and reactions,
a measure of CRN complexity used in e.g. CRN comparison and reduction [175, 176]. It is
important to note that the cost function is restricted to the natural numbers and not to the
reals. This is necessary for completeness of the optimal synthesis algorithms defined later
in the chapter. Importantly, cost functions are defined over the structure of the concrete

instantiation, rather than its dynamics. As we shall see, this considerably simplifies the
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optimisation task, since it leads to a finite set of admissible costs. In the rest of this chapter
and indeed the next, we consider the following cost function, which captures the structural

complexity of the CRN and the cost of physically implementing it using DNA [12, 7].

Definition 21. Cost function For a sketch S = (A, R, Var, Dec, Ini, Con), we consider the
cost function Gs : L(S) — N that, for any CRS instantiation C = (A, R) € L(S), is defined

as:

Gs(C)=3-(IANA)+ ) ) 615, +5-ps,
TERc SEA

, where rg ;- and pg - is the stoichiometry of species S as reactants and products of 7. The
coefficients in this cost function are derived from the number of bases needed to implement

them in a 2-domain strand displacement system [7].

This cost function penalizes the presence of optional species (A,) and the number of re-
actants and products in each reaction. It does not explicitly include a penalty for optional
reactions, but this is accounted for through an increased total number of reactants and
products. We stress that different cost functions can be used, possibly conditioned also on

the values of reaction rates.

Definition 22. Optimal synthesis of CRNs Given a sketch .S, cost function G, property
¢ and precision ¢, the problem of optimal synthesis is to find CRS C* € L(S), if it exists,
such that [[C* ]|y E ¢ and for each CRS C € L(S) such that Gs(C) < Gs(C*) it holds that

[CIIy ¥ .

An important characteristic of the sketching language and the cost function is that,
because the cost function only includes discrete parameters, for each sketch S the set
{Gs(C) | C € L(8)} is finite. This follows from the fact that S restricts the maximal
number of species and reactions as well as the maximal number of reactants and products
for each reaction. Therefore, we can define for each sketch S the minimal cost s and the

maximal cost vg.

Example 5.3.1. Through substitution it can be verified that the cost of the CRS C of Chapter
4 Example 4.1.1, is a valid instantiation of the bell-shape generator sketch S in Example
5.14,is Gs(C) =3-2+6-4+5-5 =55, and that minimal and maximal costs of sketch S
are, respectively, us =3-1+6-2+5-2=25andvs=3-2+6-5+5-7="T1.

We define now a meta-sketch abstraction for our sketching language that allows us to

formulate an efficient optimal synthesis algorithm.
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Definition 23 (Metasketch for CRNs). Given a sketch S and a cost function Gg, we de-
fine the metasketch Mg as Mg = {S(i) | pus < i < vs}, where S(i) is a sketch whose
instantiations have cost smaller than 4, i.e. L(S(i)) = {C € L(S) | Gs(C) < i}.

A metasketch Mg establishes a hierarchy over the sketch S in the form of an ordered set
of sketches S(i). The ordering reflects the size of the search space for each S(i), as well
as the cost of implementations in a 2-domain DNA strand displacement system [7], of the
CRNs described by S(i). In contrast to the meta-sketch abstraction defined in Chapter 3
Definition 6, the ordering is given by the cost function and thus it can be directly used to

guide the search towards the optimal solution.

5.4 Symbolic Encoding

Given a sketch of CRN S = (A, R, Var, Dec, Ini, Con), we show that the semantics of L(S),
set of possible instantiation of S, can be described symbolically by a set of ODEs, plus
additional constraints. These equations depend on the sketch variables and on the choice
functions of each reaction, and describe the time evolution of expected value and variance

of the species.

Encoding of ODE functions. For S € A, we define the indicator function
1, ifx=S
7500 - {

0, otherwise
products of 7, respectively. For instance, for 7 : ¢y LR {c179,caxa} + coxy, we have that
pr = {P1, P2} and v, = {Ry}, where P; = {ci1x2,cox2}, P» = {cow1} and Ry = {cyx1}. For
S € A and 7 € R, we define the following constants

. We recall that given 7 € R, r, and p, are the reactants and

TS = Z c-Is(N), (5.2)
Rer,
(eN)=fr . (R)
psr= e Is(N), (5.3)
Pep;
(e A)=fp, (P)
Vs r+ =PSr —TSr (5.4)

that are equivalent to the corresponding coefficients for concrete CRNs, but conditioned on

the values of the species variables.

Example 5.4.1. Consider the following sketch composed by the only reaction 7 : {¢1 A1, ca Ao} +
CQ)\Q —)k 03/\3, where )\1 : {A,B},)\Q . {B},)\g . {A,B} Call R1 = {Cl)\1,62>\2} and let
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(cehs Aen) = fr, (R1) be the reactant picked from R; by the choice function f, . Then, we

have

Tar = Ceh * La(Aen) + c2 - Ta(A2)
B = Ceh  Lp(Ach)
Par=c3-Ta(A3)

P+ = c3+Ip(A3).

In this way we can substitute the indicator function for all rg, pg;, such that expectation
and covariances are defined as in the concrete case in Chapter 4 Definition 17. The practical
implementations of this are discussed in the next chapter. We restrict to the set of possible

valid instantiations of the symbolic encoding by imposing the following constraints.

Consistency Constraints. With the following, we restrict the possible interpretations of
sketch variables in order to have consistent interpretations, i.e. those yielding only valid

instantiations of a sketch (see Definition 20). Such constraints are given by the formula:

consist = Ini(zg) A /\ o A /\ —void(7) A /\ used(.S). (5.5)

¢€Con TERm SeA,,

The formula states that initial state and additional constraints have to be met, that all
mandatory reactions must not be void and that all mandatory species must appear in some
(non-void) reactions. From condition 2. of Definition 20, recall that a reaction is void when

it has a null rate or has empty reactants and products:

void(7) = (k; =0) v ) (rsr +psy) =0, (5.6)
SeA

where rg, and pg, are as per Equations 5.2 and 5.3. For S € A, predicate used(S) is
defined by:

used(S) = \/ (=void(7) A (rgr +psr) > 0). (5.7)
TER

Importantly, through the above encoding, valid instantiations can be obtained as an
evaluation from an SMT solver. The following proposition guarantees the correctness of the

symbolic encoding with respect to the semantics given for concrete CRNs in Definition 17.

Sketch Correctness. Given an interpretation I consistent for S, call ®; and C[Z];, the
concrete functions obtained from ® and C[Z] by substituting variables and functions with
their assignments in /. The symbolic encoding ensures that the LNA model [ /(S)]]y of CRS
I(S) (i.e. the instantiation of S through I, see Definition 20) is equivalent to (®;, C[Z];).
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With reference to our synthesis problem, this implies that the synthesis of a CRS C* that
satisfies a correctness specification ¢ from a sketch S corresponds to finding a consistent
interpretation for S that satisfies . Similarly to the case for concrete CRSs, this corresponds
to checking if ¢ A consist A o571, is d-satisfiable for some precision §, where ¢ is the BMC
encoding of ¢ (see Section 5.2) and ¢ s, is the SMT encoding of the symbolic ODEs given
by [S]]x and the corresponding derivatives.

Cost Constraints. For a sketch S and cost i € N, the following predicate encodes the cost
function of Definition 21 in order to restrict S into S(z), i.e. the sketch whose instantiations

have cost smaller than i:

Cong(i) = |3+ Y Z(used(S))+ Y Z(-void(r))- > (6-rs,+5-pss)|<i,

SeA, TER SeA

where 7 is the indicator function, and used and void are predicates defined above.

5.5 Synthesis with §-decidability over reals

In this section, we present two algorithms for the optimal synthesis of CRNs. The algorithm
exploit the meta-sketch abstraction providing a cost-based ordering over the set of sketches.
The algorithms builds on §-complete decision procedure for solving SMT with ODEs. We
first present a baseline algorithm that performs expensive monolithic calls of the decision
procedure and then its improvement using iterative refinement of the real-valued variables
and precision. Our experiments demonstrate that this improvement leads to a significant

acceleration of the synthesis process.

5.5.1 Synthesis algorithm

In Algorithm 1, we present a scheme for solving the optimal synthesis problem for CRNs.
It builds on the meta-sketch abstraction described in Definition 6, which enables effec-
tive pruning of the search space through cost constraints, and the SMT-based encoding of
Section 5.4, which allows for the automated derivation of meta-sketch instantiations (i.e.
CRNs) that satisfy the specification and the cost constraints.

This scheme repeatedly invokes the SMT solver (d-solver) on the sketch encoding, and
at each call the cost constraints are updated towards the optimal cost. We consider three
approaches: 1) top-down: starting from the maximal cost vg, it solves meta-sketches with
decreasing cost until no solution exists (UNSAT); 2) bottom-up: from the minimal cost

lis, it increases the cost until a solution is found (SAT); 3) binary search: it bounds the
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Algorithm 1 Generalised synthesis scheme

Require: Meta-sketch Mg, property ¢, precision ¢ and initial precision d;,;;
Ensure: C” is a solution of Definition 22 if 3 C' € L(M%) : C E°® ¢, otherwise C* = null
10 i gy it pgsieg(it,i'); C* <« null

2: repeat

3 SAT, « §-solver(S(i), v, 0;nit); SAT, « false

4 if SAT, then

5: (M, SAT,) « b-solver(S(i), ¢, d)

6 if SAT, then C* = getSoln(S(i), M)

7 else 0inir = (Oinir — 9)/2

8 end if

9:  (it,i") « f(i,i,i', SATy, Gs(C*)); i« g(it,i)

10: until it <

11: return C*

upper estimate on the optimal solution using a SAT witness and the lower estimate with an
UNSAT witness.

We further improve the algorithm by exploiting the fact that UNSAT witnesses can also
be obtained at a lower precision §;,,;; (0;,; > ¢), which consistently improves performance.
Indeed, UNSAT outcomes are precise and thus valid for any precision. Note that the top-
down strategy does not benefit from this speed-up since it only generates SAT witnesses.

At every iteration, variable ¢ maintains the current cost. The solver is firstly called using
the rough precision 9;,;; (line 3). If the solver returns SAT (potential false positive), we
refine our query using the required precision ¢ (line 5). If this query is in turn satisfiable,
then the solver also returns a candidate solution box A, where all discrete variables are
instantiated to a single value and an interval smaller than ¢ is assigned to each real-valued
variable. Function getSoln computes the actual sketch instantiation C* as the centre point
of M that d-satisfies ¢. The cost of C* provides the upper bound on the optimal solution.
If either query returns UNSAT, the current cost i provides the lower bound on the optimal
solution. The second query being UNSAT implies that the rough precision d;,;; produced a
false positive, and thus it is refined for the next iteration (line 7).

The actual search strategy used in Algorithm 1 is given by the functions f controlling
how the upper (") and lower (i) bounds on the cost are updated and by g determining
the next cost to explore. Note that such bounds ensure the termination of the algorithm
(line 9). In the bottom-up approach, f “terminates” the search (i.e. causes it > z’T) if SAT,
is true (i.e. when the first SAT witness is obtained), otherwise f sets (Z'J', Z'T) — (i+1, iT)
and g sets i « i*. In the top-down case, f terminates the search if SAT; is false (i.e. at
the first UNSAT witness), otherwise it sets (z‘L, z‘T) - (z’L, Gs(C*)=1) and i « i", where
Gs(C™) is the cost of CRN C*. Binary search is obtained with f that updates (z’J‘,z‘T) to
(z’l,GS(C*) — 1) if SAT, = true, to (i + 1,@'T) otherwise, and with ¢ that updates i to
LG —iT))2).
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5.5.2 Refinement algorithm

The key idea of the §-lterSolver is illustrated in Algorithm 2. It also starts with the entire
domain of the sketch S, and can be seen as a variant of the first algorithm. However, it
distinguishes the domain of discrete variables D and the domain of real-valued variables
D". Instead of starting with the required precision ¢ the iterative algorithm starts with
a much lower precision §' (i.e. &' > &) obtained using the function getFirstDelta. The
algorithm iteratively refines the domain of the real-valued variables D" and increases the
precision ' in a depth-first-search fashion until a solution with the required precision &
is found or until the unsatisfiability is proved over the entire domain. This is similar to
Counter-Example Guided Synthesis (CEGIS) [177, 178] in which counter-examples, in this
case UNSAT solutions, restrict and guide the search.

In every step (each iteration of the main loop) the algorithm examines the domain pP
and a sub-domain of D™ using the precision &'. If 5-solver returns (M7, M true) (ie.
SAT) and §' < § the algorithm terminates and returns CRN C' * obtained from M” and M.
Otherwise, a refinement step is performed. Sub-domain D" \ M ® and the precision §' is
pushed in the stack D to store a backtracking point in the search. In the next iteration of the
loop the new domain M B of the real-valued variables is explored using the precision §' /2
(the update is done at line 7).

If §-solver proves unsatisfiability of the sketch over Df (line 8), the current branch of
the search is pruned and the algorithm backtracks to the previous refinement, i.e. it pops
from the stack D the domain representing the complement of the sub-domain M B from the
previous refinement and the corresponding §'.

The refinement-based algorithm can be extended in the following way. If the dJ-solver
returns SAT, but §' > § the algorithm can try to prove the precise satisfiability over the
domains M” and M* by negating the property ¢. If it succeeds (i.e. the d-solver returns
UNSAT), it is guaranteed that C* (obtained from M D and M R) satisfies ¢. However, from
experimental observation it has been concluded that this extension slows down the synthe-
sis, since the precise satisfiability has not been proved in a single case and the extra calls
to the d-solver bring significant overhead and so we leave this as an extension in case the

reader wishes to apply these algorithms to a different solver.

Proposition 1. Correctness and termination Both the base-line algorithm (Algorithm 1,
and the refinement-based algorithm (Algorithm 1 + Algorithm 2) terminate and solve the

optimal synthesis problem as stated in Definition 22.

Proof. For the base-line algorithm using the monolithic calls to the §-solver), the proposition

directly follows from the correctness and completeness of the underlying §-solver and from
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Algorithm 2 §-IterSolver — refinement-based algorithm

Require: Sketch S, property ¢, and precision §
Ensure: returns (C,true) such that C =0 pif3C e L(S) : C =0 ¢, otherwise returns
(-, false
1: (DD,D ) « Dom(8); D « @; § « getFirstDelta(d);
2: while true do
(MD7MR,SAT) « 0-solver(S, DD7DR,g0,5')
if SAT = true then
if 5' < ¢ then return (getSoln(S, MP, MR),true)
D.push(D™\ M*, ")
D« M% 5" <52
else
if D.isEmpty() = true then return (—, false)
10: (D", §') « D.pop
11: end if
12: end while

0N A®

the definition of the cost-based ordering of the sketches S(i). Costs are discrete, ordered
and finite given the bounds in line 9 Algorithm 1.

The termination of the d-lterSolver follows from the fact that only a finite number of
push operations are done and during each iteration of the main loop either a push or pop
operation is performed, or the return is called. Each branch of the search becomes successful
after a finite number of refinements (§' becomes smaller then §) or is pruned, since the
unsatisfiability for the corresponding sub-domain is proved.

Assuming the correctness of the d-solver, if d-lterSolver returns (C*, true), the CRN C*
o0-satisfies the property p. Otherwise, the §-lterSolver pruned all branches and backtracked
to the initial node representing the entire domain of the real-valued variables. In this
situation, the unsatisfiability for the whole sketch is proved and the é-IterSolver correctly
returns (—, false).

O

Example 5.5.1. Synthesis of the Bellshape Encoding Given our sketch encoding of the
bellshape profile defined in Example 5.1.4 and the cost function defined in Definition 21, we
can make monolithic calls to our SMT-ODE solver of choice (see Section 3.3.1 in Chapter 3)
using the above algorithms. Figure 5.2(a) demonstrates the optimal CRN computed by both
algorithms by minimising the cost over possible sketches and additionally (b) represents
the bell-shape profile produced by substituting the values produced by the solver into our

symbolic encoding and integrating over them as per Chapter 3 Example 3.3.2.
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5.6 Conclusion

This chapter presents each component that makes up a metasketch abstraction for CRNs.
Introduced is a novel method for SMT-based optimal synthesis of CRNs with a deterministic
and stochastic interpretation from MTL specifications combined with sketches. By means of
the LNA, defined is the semantics of a sketch in terms of a set of parametric ODEs that are
quadratic in the number of species, which allows us to reason over stochastic aspects not
possible with the deterministic ODE-based semantics. Correctness is explored, specifically,
what it means for a CRN to satisfy a given specification. Lastly presented, are synthesis algo-
rithms given our SMT encoding. Presented is a biologically relevent running example [174]
of a bellshape profile generator. The next chapter explores the practical implementation of

this theory.
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Figure 5.2: In (a) we see the graphical representation of the concrete CRN instantiation in
the graphical notation defined in Chapter 4 Definition 12. In (b), we observe the integration

over the solution for our ODE synthesis procedures producing the bellshape profile (species
K) synthesized by our algorithm.
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CHAPTER O

CRN Synthesis
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The previous chapter introduced a framework for CRN synthesis with a sketching lan-
guage, and encoded the optimal syntax-guided synthesis problem as an SMT-ODE prob-
lem. This chapter presents our experimental results and demonstrates the use of our tool
CRNSketch, which generalizes the SMT-ODE problem outlined in the previous chapter. The
structure of the tool will be described, and the general flow of data outlined. New features
of the tool will also be introduced, specifically input-ODEs and custom kinetics. The optimal
synthesis algorithms presented in the last chapter will be evaluated, and their shortcomings
discussed along with the cost of synthesizing accurate and precise parameters. In Section
6.1 a general overview of the tool is given and its features summarized. A comparison
with the original implementation in [13] is provided. In Section 6.2 our optimal synthesis
algorithms are evaluated, and limitations of the optimal synthesis method are considered.
Finally, Section 6.3 evaluates the performance of our method upon systems that have been
motivated by real-world applications. An example generated file is included in Appendix
A, and a solver output file included in Appendix B. The work is based upon a later version
of the tool presented initially in [31], which was a collaboration with James Scott-Brown,
and expands upon the experimental work outlined in [13]. My contribution is the work
presented; the backend and experimentation in its entirety. The GUI and front-end is James
Scott-Brown’s contribution. The SMT-ODE solvers used by the tool are referenced and ex-

plained in Chapter 3 Section 3.3.1.

85



6.1 Implementation

In our initial work all case studies were individually constructed - including the ODE en-
codings, which is an error prone process. Subsequent advancements in automation of the
CRN synthesis problem culminated in the tool CRNSketch, which overcame this problem

and also added some new features which are discussed in detail in this section.

6.1.1 Tool Overview

The CRNSketch tool was designed to be usable not only by computer scientists, but also
by biochemists and other biologists. It is composed of two modules, providing an interface
designed for the needs of each community. The first is a Python library (CRNSynthesisl)
which, given a parametric CRN sketch from Chapter 5 Definition 19, allows programmatic
generation of a set of ODEs encoding the dynamics of the expectation and variance in
concentration for each species based on the LNA semantics, and the generation of a SAT-
ODE problem from a CRN sketch and MTL specification, which we will refer to as the
backend. The second is a graphical user interface (GUI) that supports the design and novel
representations for both CRN sketches and temporal logic speciﬁcationsz. The GUI enables
broader appeal at the cost of some flexibility with regards to specifications. In this section
an in-depth overview of the backend contribution is presented, followed by summaries of
the tool features for the frontend. The backend of CRNSketch is presented as object-oriented
Python 2.7. A Docker container is provided for the backend via GitHub which, as a launcher
for platform independent software, will automatically install any third-party dependencies
and also install the SMT-ODE solvers used.

The core of the backend of CRNSketch is divided into several files symbolicEncoding.py,
solverParser.py and solverCaller.py. Although some static functions are grouped
within these files, the tool itself is object-oriented, with all files mentioned containing mul-
tiple objects, allowing for the use of this code outside of the scope of the tool. The flow of
the tool is captured in Figure 6.1. The user provides an input CRN, a specification, and any
additional solver constraints or information. This is converted into an equivalent CRN ob-
ject and a specification object. These are then passed to the file symbolicEncoding.py, which
in turn converts the CRN into an equivalent ODE representation. This ODE representation
is then passed into the file solverParser.py which produces iSAT and dReach files. This is
then used in the file solverCaller.py which utilizes our synthesis algorithm. These files

are discussed in greater detail as follows.

"https://github.com/max1s/CRNSynthesis/
2https ://github.com/jamesscottbrown/crn-designer/
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Graphical Solver Results Optimal

Representation or UNSAT Synthesis?
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Figure 6.1: An overview of the flow of the CRNSketch tool. The user inputs a CRN (either
diagrammatic or via the Python interface), a specification, and any other constraints upon
the solver. The input goes through various transformations, through its symbolic ODE rep-
resentation to an iSAT or dReach file. The solver is called multiple times according to the
optimal synthesis algorithm, and both a plot and results file are given as output.

The file symbolicEncoding.py takes a CRN as input and converts it into a symbolic ODE
representation. The file provides several classes and methods for calculating the cost of
a CRN given a cost function and additionally provides methods for calculating a symbolic
representation of the derivative of a species within a CRN, if the specification requires.
The function flow() takes the CRN object and unpacks it, assigning unique tokens to all of
the variables, before calculating the appropriate symbolic deterministic encoding. In the
case of the deterministic, Michaelis-Menten, and positive and negative Hill equations, the
conversion from the CRN object to these equations is explicitly defined. However, there is
also support for custom kinetics which treats the rate parameter as a user-defined function,
given as a string before it is interpreted symbolically. The function LNAflow() takes these
ODEs and calculates the LNA based upon this. The LNA can be produced from any set of
deterministic rate equations produced by the previous function, although we cannot say
whether this is meaningful beyond its use in mass-action, Hill and Michaelis-Menten kinet-
ics. Once this is complete, all necessary derivatives are calculated through the derivative()
function, which takes the flow as input. As a result, the file returns a flow dictionary which

has species, their covariances, and their derivatives coupled with the appropriate ODE.

The file solverParser.py takes the flow dictionary produced by the symbolic encoding
and, through a series of syntactic rules, transforms this flow into an equivalent iSAT or

dReach problem encoding. The file is divided into four classes representing the different
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sections discussed in Chapter 3 Section 3.3.2: Declaration, which deals with the declaration
of variables and their associated type, as well as the parameter range, Initial which deals
with initial conditions upon species and conditions from the specification, Transition which
deals with translating the flow dictionary into the equivalent representation for each of the
solvers and Post which deals with any goals or post conditions on the program. The Transi-
tion class is instantiated multiple times dependent on the number of modes with each jump
condition, specified in the specification, linking to the next object. Within each of these four

classes are two functions which deal with the different syntactic construction for each solver.

solverCaller.py is used to call either the iSAT or dReach solver, employ the algorithms
demonstrated in Chapter 5 Section 5.5.1, and to display results to the user. All functions in
this file are duplicated with each being slightly different dependent on whether the solver
in question is iSAT or dReach. The function callSolver() takes the name of the solver file
produced by solverParser.py, solver parameters such as the §-value which is specified by
the user, and executes the calling of the solver on the command-line. The function opti-
malSynthesisWithSpecifiedCost() takes a maximum and minimum cost, employs either the
top-down, bottom-up or binary search strategies outlined in Chapter 5 Section 5.5.1. With
each iteration, the variable COST is edited within the iSAT or dReach file to reflect the
cost of the optimal synthesis. The function getCRNValues() takes the results files from the
solver and either interprets it as an UNSAT result, or uses regular expressions to extract the
values for the parameters and create a dictionary of parameter-value pairs. The function
simulate_solutions() takes the dictionary of parameter values for each parameter variable,
takes the average value, substitutes the parameters into the initial symbolic ODEs, and in-
tegrates over them in order to produce an ODE plot. It can be specified within this function
whether to simulate variance and plot times for mode switches as shaded regions or not.
The CRN object is a collection or, more accurately, the top of a hierarchy of objects
that is outlined in Figure 6.2. Each component of a reaction has a separate class that has
minimum and maximum parameter values. In the case of stoichiometry this is constrained
to integers, whereas for lambda species this is constrained to a subset of species present
within the reaction network. Stoichiometry is combined with species to produce a Term
object that is used as reactants and products in the Reaction class. Reactions can either
be mandatory or optional as defined in Chapter 5 Definition 19. The transformation of
the specification into an object happens in solverparser, and is an object that contains

pre-conditions, invariants, and post conditions for various modes.
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Figure 6.2: The object hierarchy of the CRN object in which each individual component
of the CRN sketch is instantiated with a minimum and maximum parameter value, before
being combined as input to the next level. Each object has a unique ID and symbolic repre-
sentation. Included in addition to the input CRN, is the other user input, the specification,
which is transformed into a specification Object.

6.1.2 ODE Encoding Outline

In this section, an outline of the flow algorithm responsible for the encoding of ODEs in
Algorithm 3 is given. Firstly, all of the propensities for all reactions are collected and placed
into a vector called propensities (« in Chapter 4 Definition 15). The net reaction change is
then calculated and placed into the vector stoichiometry change (see net change in CRNs
Chapter 4 Definition 12). The transpose of stoichiometry change is then multiplied by
propensities to give the deterministic semantics representation of the ODE (dSpeciesdt),
which is in turn zipped into a dictionary a along with a corresponding species e.g. {A :
—k1AB}. If the LNA is required, the Jacobian of the deterministic ODEs — the symbolic
covariance matrix of the vector of species and G as given in Chapter 4 Definition 17 — is
calculated. The naming convention for the covariance matrix is varA for the variance of a
species A, and covAB for the covariance of a species A and B. This is added as the covariance
to the dictionary a. The derivatives are subsequently calculated for each species where the
derivative is needed in the specification. These are calculated by applying the chain rule
symbolically to the ODEs. The derivatives are then appended to the dictionary a before a is

returned.
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Algorithm 3 Overview of Flow Algorithm for ODE Encoding of a CRN Sketch

1: procedure CALCULATEFLOW (crn,isLNA, derivatives)

2 propensities « [reaction.get_propensity() for reaction in crn.reactions]
3 stoichiometry_change « parametricNetReactionChange ()

4 dSpeciesdt « stoichiometryichangeT * propensities

5: a < newDictionary(crn.species, dSpeciesdt)

6 if isLNA then

7 J « dSpeciesdt.jacobian(crn.species)

8 C « generateCovarianceMatrix(crn.species)

9 G « generateG(stoichiometry_change,propensities)

10: dCovdt « J% C+CxJ" +G

11: for i in range(C.cols * C.rows) do

12: a[C[i]] « dCovdt[i]

13: end for

14: end if

15: derivative_ expressions < compute_derivatives(derivatives, a)
16: a.append({derivatives, derivative_expressions})

17: Return a

18: end procedure

Representing CRNs

Within Python Within the CRNSketch tool, we can define a CRN declaratively, using the
objects outlined in Figure 6.2. An example of this is given in Figure 6.3. Species are
declared with a name and an optional initial value. We can also define lambda choices
between species and, in general, all features of our sketching language from Chapter 5,
Definition 19. Reactions have reactants, products and a parameterized rate. The CRN is

returned with sets of mandatory and optional reactions, and input species.

form_crn():
A = Species( initial_value )
B = Species( initial_value )

laml = LambdaChoice([A, B] )

rl = Reaction([], [(A, 2)], RateConstant(
r2 = Reaction([(A, 1)1, [], RateConstant(

~—~ ~—
~—~ ~—

CRNSketch([r1, r21, [1, [I)

Figure 6.3: Demonstration of an example user input in our Python package for the Poisson
example outlined in Section 6.3.1. We define two species A and B. 1am1 represents a lambda
choice between A and B. Two reactions are given, where A is a product in the first reaction
and a reactant in the second. We also define two rate constants k; and k- in each respective
reaction.
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Visually Within the CRNSketch tool a CRN sketch is represented visually (see Figure 6.4a)
as a directed bi-partite graph in which nodes represent both reactions (with a circular bor-
der) and species (with no border). Edges link reactants to reactions, and reactions to prod-
ucts, and are labelled by the corresponding stoichiometric coefficient (which may be ex-
pressed as either integers or variables).

A reaction may be marked as optional: the circular border of an optional reaction, and
any incident edges, are drawn with dashed lines. If a species’ stoichiometric coefficient is
a variable, then the corresponding edge is labelled with the variable’s name rather than an
integer value. A sketch can also express joint constraints over a (species, stoichiometry)
pair. These pairs are represented by a dummy node labelled ‘or’ with a separate link from
(to) each alternative reactant (product) labelled with the corresponding stoichiometry. A
species can be designated as an ‘input’, in which case its expected concentration is given
as a function of time by a sum of user-selected (bell-shaped, linear, or sigmoidal) terms,
rather than by mass-action kinetics. Such a species can appear as a reactant, in which case
it influences the rate of the corresponding reaction, but is effectively not consumed. The
user can automatically switch between two alternative representations: in one, each species
is represented by exactly one node, and in the other, species are duplicated as necessary to
allow each reaction to be represented by an isolated subgraph. Figure 6.4a demonstrates a
GUI representation of a subset of the bellshape sketch discussed in Chapter 5 Section 5.1.4.
Within this example we demonstrate how reactions, optional reactions, species and choices

are represented graphically within the CRNSketch tool.

Representing Specifications

Within Python Within the tool, specifications are stored within the specification Object.
Specifications are declared as a set of modes each with a pre-condition, an invariant, and a
post-condition as per Chapter 5 Section 5.2 (modes are also defined for Hybrid Automata in
Chapter 3 Definition 7). Within each of these sections we use a subset of MTL logic which
is defined in Chapter 3 Definition 1. This subset is syntactically similar but we have to
express the ‘until’ operator through a series of ‘and’ constraints due the SMT-solver syntax.
More formally we can define the grammar that represents specifications as the following

recursive grammar:

(specification) ;2= (mode)
| (mode) Until (mode)
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lam1

@ b)

Figure 6.4: (a) provides a bellshape CRN sketch using the tool GUI. Each reaction is rep-
resented by a circle with a reaction rate inside. Each species connects through a reaction.
The dotted line represents an optional reaction, the question marks represent a choice vari-
able and we have included laml and lam2 to represent a species choice where lami is a
choice between A or B and lam2 is a choice between B or K. The reactions represented

are A\ + A i B,2A % K and Ao M A4k, (b) provides an example specification using
timerails for a bellshape profile. The coloured regions represent the mode switches. The
upper plot represents the desired concentration of the species K over time (with K on the
y-axis and time on the x-axis). At first the value of K is below a threshold, before rising
above a threshold and then returning lower again. The lower plot represents the desired
behaviour for the derivative of the species K over time (d/K/dt on the y-axis and time on
the x-axis). At first the derivative must be positive and then after some time negative.

(mode) = (term)
| (term) or (term)

| (term) and (term)

(term) = (quantity) < (number)
| (quantity) = (number)
(quantity) = (variable)

| derivative of (variable)

where variable is either the expected concentration of a species, or the variance in con-
centration of a species. An example from within our tool is the bellshape specification
outlined in Chapter 5 Example 5.2.1, which in our tool would be represented by the follow-

ing:
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specification_bellshape = [('K < 0.1', 'dK_dt >= 0',
"(and (K > 0.4) (dK_dt =0) )'), ('','dK_dt <= 0', 'K < 0.2")]

where there are two modes each with a pre-condition, an invariant, and a post condition.
Here for example, the pre-condition on mode 1 states that a species K < 0.1, the invariant
states that the derivative of K must be greater than or equal to zero, and the post condition
(which would be the jump condition between modes) states that the value of K > 0.4 and

the derivative is zero.

Visual In the GUI, a diagrammatic representation is employed that is a restriction of the
TimeRails system [31] to the fragment of logic that CRNSketch supports.

A specification is represented by a series of subplots with a common time axis. Each
subplot represents a different term: the expectation or variance of the concentration of a
particular species, or a (first or second-) time-derivative of an expectation or variance.

Within a subplot, a user can draw a rectangle, indicating that the value of the corre-
sponding term should lie in the corresponding range. Importantly, the precise time range
during which the condition must hold is not directly specified, but it is possible to link rect-
angles in order to express requirements about their ordering. The start time of a mode can
be linked to another mode, indicating that the constraint represented by the second should
apply from the time at which the first constraint ceases to hold. In a subplot this is indicated
by horizontal alignment of the two rectangles, which are linked by a vertical line. Two rect-
angles in different subplots can also be linked, so that the corresponding conditions start
and end at the same time. This is indicated by vertical lines joining both the start and end
edges of the rectangles in a subplot.

It is also possible to add line segments (equivalent to zero-width rectangles), indicating
that a condition need only hold momentarily, at the transition between two rectangles.
In the SAT-ODE problem these rectangles correspond to modes linked by discrete state-
transitions. Each mode has the same dynamics, but different constraints on the state. An
example of this is visible in Figure 6.4b where a TimeRails specification of the bellshape
encoding was created.

The graphical representation has limitations, for instance it does not support the ‘or’
operator within a specification as multiple TimeRails plots cannot be created for the same
species. The Python interface however, is more flexible, and allows a term to be a more com-
plicated inequality involving algebraic expressions including one or more quantity. The tool
allows for reasoning both over the deterministic expectation of a species but also reasoning

over variance (as in Example 6.3.1).
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6.1.3 Cost Function

The user is able to employ our previously defined cost function related to the complexity of
implementation of the CRN in DNA (see Chapter 5 Definition 21). However, the user can
opt for a custom cost function to guide the optimal synthesis algorithm. This cost function is
simplified due to the fact the provided cost function includes references to the total number
of reactions and species which have to be calculated by the tool. Currently the cost function
is entered in the GUI through a ‘constraints box’. In the Python code the user can include
this in one of the function calls. In our optimal synthesis algorithm, at each call to the
solver, the variable COST is replaced by a cost function. An example of a user defined cost

function would be:
custom_cost = 3 x A + 2 x ri

where A is a species and r1 refers to the first reaction. This cost function would penalize
the number of uses of the species A, and the use of reaction r1 (which would make sense if
rl is optional). Figure 6.5 demonstrates the lines in which the COST variable is replaced by
the insertion of the function get cost, which by default is the cost function that penalizes
CRN complexity.

s self.crn.get_cost()

get_cost(self):

Figure 6.5: In the first 3 lines, the cost constraint is outlined in the dReach encoding in
which a string %s is replaced by the output of the function get cost. The documentation
summary for get cost is shown in grey, and by default, implements the cost function
outlined in Chapter 5, Definition 21.

Handling Inputs

A user is able to designate a species as ‘input species’, whose concentration follows a pre-
determined trajectory over time, rather than being determined by the kinetics of reactions.
In the GUI this trajectory can be a sum of linear, sigmoidal (Hill) and bellshaped (Gaussian)
terms. In the Python package these ODEs can take any closed form. An example of an input

species in the Python package would be:
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rate = sympify("-1%10720*%(1/(t))~10")

inputl = InputSpecies("Inputl",rate, initial_value=0)

where the rate is the ODE (as a function of time t), Inputl is the input species, and
an optional initial value of O is provided. The function sympify takes a string and
transforms it to its symbolic Python representation. Using the GUI, the user can manipulate
Gaussian, linear and sigmoidal terms graphically to produce complex input functions as is
demonstrated in Figure 6.6, which demonstrate the sum of two sigmoidal inputs created

and manipulated by the user.

6.1.4 Encoding of the derivative

A difference in performance between the synthesis of the bellshape sketch presented in
Chapter 5 Example 5.1.4 (see [13]) and the synthesis presented in the tool is the method by
which the derivative was computed. The original paper relied on domain specific knowledge
of the starting trajectory of the species K. With this knowledge two ODEs are defined K
and Kd, where Kd was a perturbation of K such that initially K" was 0.1 and Kd was
0.12. The derivative was then calculated via a check K — K d for the mode jump, essentially

performing a Euler approximation of the derivative. The ODEs were then defined as:

(d.K/ d.time = SF*x(c7*choicel*k3*SF + kilx(Ax(1- lamil) +
Bxlam1)*(c2 - (1-clc))*(clc + Kx(1-clc)) - k2% ((1-c3c)*K"2 + c3c*K)*(cbc +
(1-cbc)*(A*(1- lam2) + B*lam2))*(c3c - c4 + 2x(1-c3c))));

(d.Kd / d.time = SF*(c7*choicel*k3*SF + ki1x(Ad*(1- laml) +

100 °
80
60 -
40+

20

InputOne

20

404

604

80

-100

Figure 6.6: Demonstration of the possibility for a user to create custom input functions for
CRNs. The user specifies and can edit a series of Gaussian or sigmoidal input functions
which are summed to give an output function (seen in the dotted output line). In this case,
two sigmoidal inputs are summed which produces a bellshape-like output profile.
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No. of Choice Parameters | Perturbation Method | General Derivative Method
2 3m43s 4m1l2s

4 4mlls 6m1l2s

6 6m1l4s 11m28s

8 10m54s 17m13s

Table 6.1: A table comparing methods for computing the derivative using the Perturbation
Method, where the derivative of our bellshape model is computed using a perturbation
of the trajectory of K, is compared with the General Derivative Method, where a symbolic
differentiation of K is calculated as a result of the chain rule. No. of Choice Parameters refers
to the number of open discrete parameters within the bellshape sketch, with the continuous
rate parameters kq, ko and k3 already open. From a quick observation we can see that the
generalized derivative method is slower.

Bd*laml)*(c2 - (1-clc))*(clc + Kd*(1-cic)) - k2*((1-c3c)*Kd"2 + c3c*xKd)*(cbc
+ (1-cbc)*(Ad*(1- lam2) + Bd*xlam2))*(c3c - c4 + 2*x(1-c3c))));

where Ad,Bd and Kd are the perturbations of A,B,K, and lami,lam2,clc,...,c5c were the
choice encodings.
In the tool the derivative was calculated symbolically as a result of the chain rule. For

example the derivative of K in the bellshape model is as follows:

(dK./ d.time = -SF*(BxKxk_2 + k_1%(c1_0 + cl_1*(AxlamAl + BxlamB1) +
cl_2%(AxlamAl + BxlamB1) "2)*(K"2%c2_2 + K*c2_1 + c2_0)*(c2_1 + 2%c2_2 -
c3_1 - 2%c3_2) - k_3xtc_1_1x(c7_1 + 2%c7_2)));

While this meant the derivatives could be generalized, and have n-th order derivatives,
it also meant our synthesis method was slower. Table 6.1 presents timings on a single
synthesis of our bellshape sketch in which, starting with a model with parametric rate
parameters only, choice parameters (c1,laml etc) are added. Comparatively, the derivative
encoding presented in the tool is generally slower due to an increase in the complexity of
the ODEs involved. It is important to note however, that this allows for reasoning over the
derivatives without prior knowledge on initial conditions needed in the Euler approximation
method.

It is important to note that the derivative ODEs are only computed if the user specifies

the use of a derivative in the specification, which our tool is able to recognize.

6.1.5 Interpreting Results from the Solver

The iSAT and dReach tools produce results files that contain a list of the parameterized

variables with boxes of width < § at the start and end of the synthesis and at mode jumps.
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To see an example of a results file, please refer to Appendix B. An example of the result for

the derivative of K in our bellshape example is as follows:

dK_dt (float):
@0: [0.14999999,0.15000001] (width: 1.94289029e-16)
@1: [0,0.00100001) (width: 0.001)
@2: [2.49962499,2.50875196) (width: 0.00912695313)

The initial values are taken and the average of the box (the upper value — the lower
value /2) is then substituted as the initial value into the symbolic ODEs. Originally, the
value was taken and substituted into the CRN directly using the tool VisualGEC which
plotted the simulation of the CRN. However, in the CRNSketch tool values were instead
substituted into the symbolic ODEs directly and used the supplied Python ODE solver in
order to plot these. The latter tool also provides the user with the functionality to plot the

time of the mode changes.

6.2 Optimal Synthesis Algorithm Evaluation

All experimental data used in the production of the summary tables presented in this section
are available at the repository referenced at the beginning of the chapter. However, let us
move on to evaluating the Optimal Synthesis algorithms described in Chapter 5 Section
5.5.1 on the bellshape sketch provided in Chapter 5 Example 5.1.4. Given this sketch and

specification we evaluate our bellshape encoding based upon the cost function:
6x(cl + cc + c3 + 2x(1-c3)) + 5*(c2 + c6 + c4 ) <= $COST$

where the variable COST is replaced by the given cost in the current iteration of the algo-
rithm within the file SolverCaller.py, and the cost function is the instantiation of the default
cost function provided in Chapter 5 Example 3.2.5. Firstly, visualizations of an individual
synthesis of the sketch in Figure 6.7 are given. In (a) the result of the optimal synthesis
with an individual cost of 25 (i.e. the choices made by the synthesizer must be less than
25 when evaluated by the cost function) is visible. In (b) a result of the optimal synthesis
without a cost function can be seen, that contains a CRN with the inclusion of the optional
reaction - the third reaction - which would be heavily penalized with the cost function.
Following on from this initial experiment examining individual synthesis, the scalability
of the solver with respect to precision ¢ can be evaluated. This is done by increasing the size
of the discrete search space, achieved by increasing the size of the choice variables of species

and coefficient variables of the sketch. That is, starting with a concrete instantiation, the
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Figure 6.7: Two bellshape profiles synthesized by our tool CRNSketch. (a) shows the output
of our tool’s synthesis of the bellshape with a maximum cost of 25. The coloured regions
represent the mode switches. The first bellshape has initial rates k; = 56, ky = 43, initial

k k
conditions A = 0.5, B = 0.001, K = 0.001 and reactions {A + K - 2K,K + B = 2B}.
Note the mode switch occurs when the derivative of K is 0. The second bellshape (b) has
initial rates k; = 52, ko = 92.6, k3 = 2.0, initial conditions A = 0.1, B = 0.07, K = 0.04 and

reactions {4 + K = 2K, A+ K =5 2A, @ = K} and was synthesized with no cost function

associated. Observe that, with the inclusion of the reaction @ — K, which would be heavily
penalised by the cost function due to the instantiation of an additional optional reaction,
produces an alternative profile.

parameter choices are slowly opened up. Ccost constraints are excluded, since these reduce
the size of the search space by removing possible discrete instantiations of the sketch. The
runtimes, provided in Figure 6.8, correspond to a single call to iSAT with different § values,
leading to SAT outcomes in all cases. The time-out was set at 4 hours. On the basis of these
results, users of the tool are recommended to not use a precision greater than § = 10 3
when using the tool for models with large parameter space. Note that the size of the
continuous state space, given by the domains of rate variables, does not impose such a
large performance degradation, as shown in Table 6.9. Furthermore in several application
domains discussed [57, 29, 179], the precision of rates and molecular counts do not exceed
0 = 10" 3 and therefore this is sufficient for the application domain specified in the literature
review.

Let us next discuss, given calls to the solver and the evaluation of solver times, how
the generalized synthesis algorithm, Algorithm 1 and the variation Algorithm 2, are used
for optimal synthesis. To summarize, the first algorithm explores search strategies at a set
precision with a variable cost function and the second is a variation on this. The variant

algorithm also has a variable cost function, but at a given cost, attempts to perform a depth
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Figure 6.8: Performance evaluation of the iSAT solver with the bellshape generator model.
Three studies with different precisions ¢ against increasing discrete search space size are
given. Our time-out time was at 4 hours. The x-axis is logarithmic and the search space size
is calculated by taking the cartesian product of open parameters. e.g. [0,2] * [0,4] = 8.

first search by first searching a larger parameter space at lower precision before then look-
ing at smaller subsets of that space at higher precision. If at higher precision the result
is UNSAT then the negation of that space is added to the list of parameter regions to ex-
plore. Table 6.2 compares the runtimes for both of these algorithms against the strategies
discussed in Chapter 5 Section 5.5.1. The bottom-up strategy, which attempts to find the
minimal cost by starting with UNSAT cases, starts with a cost of 22, the minimum cost of any
configuration of discrete parameters. The top-down strategy starts with a cost of 37, which
covers all possible sketches regardless of specification. The binary search starts with a min-
imum of 22 and a maximum of 37. The second column demonstrates the number of solver
calls with UNSAT/SAT outcomes. The third and fourth column compare the runtimes for the
main synthesis algorithm and its variant. All calls to the solver were made at a precision of
§ = 107>, Importantly, the average runtime for a single call to iSAT is significantly improved
when cost constraints are used, since these reduce the discrete search space (between 216s
and 802s with cost constraints, 1267s without). Moreover, results clearly indicate that UN-
SAT cases are considerably faster to solve, because inconsistent cost constraints typically
lead to trivial UNSAT instances. This favours the bottom-up approach over the top-down.
In this example, the bottom-up approach also outperforms binary search, though the oppo-
site is expected to be true for synthesis problems with wider spectra of costs. As expected,
a speed-up can be observed when using a lower precision for UNSAT witnesses, except for

with the top-down approach. It can be observed therefore, that the cumulative timings of
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Search Strategy | UNSAT/SAT calls | Total Time Algorithm 1 (s) | Total Time Algorithm 2 (s)
bottom-up 7/1 2671 1732
top-down 1/6 4863 5612
binary-search 2/4 3440 3121

Table 6.2: A table comparing the different search strategies outlined in Chapter 5 Section
5.5.1 against the synthesis algorithm outlined in Chapter 5 Algorithm 1 and its variant
Algorithm 2.

Algorithm 2 on average do not produce substantially better results than Algorithm 1.

6.3 Tool Evaluation

6.3.1 Poisson Process

So far we have concentrated on the deterministic semantics of a CRN. However, we will
now look to show that we are able to synthesize CRNs that, according to a specification
that reasons over variance, demonstrates that our approach is able to synthesize a CRN
that behaves as a stochastic process. This is shown with a super Poisson process which is
identified as a process which has variance greater than its expectation. The behaviour on

the interval [0, 1] is formalized using a 1-mode specification:

invt: varA >= A;

post: time = 1;

where varA is the variable that encodes variance as per Chapter 4 Definition 17. The fol-
lowing sketch is considered, where both reactions are mandatory, reflecting the knowledge

that A is both produced and degraded.

A= {AvB}vAO = {B}a)‘lv)\Q : Aa
R = {11, 72}, Ao = By = 0,
klka : [07 100]761702763 : [072]

k k.
T 101A+62A1; TQ:A—’ 203)\2;

Using precision § = 102, we obtained the optimal solution {ﬁ 2A, A ﬁ} (cost 16) in
4s. Notably, the synthesis without cost constraints took 19s. Moreover, the ability to reason
over the variance allows the solver to discard solution {— A, A —} (implementation of a
Poisson process [180]), which would have led to a variance equal to expectation. The Table
(left) in Table 6.9 demonstrates the scalability of our approach with respect to the size of the

continuous parameter space. Note that, in comparison to the increase in continuous space,
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Figure 6.9: In (a), consider the impact of increasing the size of the continuous rate param-
eter space for CRN sketches. Using our Poisson process continuous rate parameters and
record the resulting time are synthesized. In (b), the expectation and variance of the Pois-
son process over time is plotted. The mean for the Poisson process is depicted by the thick
line and the variance indicated by the shaded region produced by our tool. The variance is
larger than the expectation throughout the time evolution of the CRN plot. Note that the
variance of LNA will always be non-negative, and the fact that here it is displayed to the

contrary is an artifact of the tool. The CRN is represented is {ﬁ 24, A ﬁ}.

the time for completion of the synthesis call remains fast. Observe in Table 6.9 (right) the
synthesized process with the mean and variance plotted by our tool. Observe also that the

process has variance that is larger than the expectation over time.

6.3.2 Phosphorelay Network

Up until this point, we have looked only at problems where both discrete and continuous
parameters are considered. However, given the promising result for the synthesis of rate
parameters shown in Figure 6.9 let us then examine systems with large open parameter
spaces by now considering synthesis of rates. A rate synthesis problem (i.e. all discrete
parameters are instantiated) is presented for a three-layer phosphorelay network [181].
In this network, each layer L: (i = 1,2,3) can be found in phosphorylated form, i.e. are
attached to a phosphorelated group which we denote Lip. Additionally, there is a ligand B,
acting as an input for the network. The authors of [181] were interested in finding rates
such that the time dynamics of L3p shows ultra-sensitivity which, in terms of continuous
behaviour, is a sigmoid shape of the time evolution of L3p, i.e. the second derivative of
L3p is equal to zero at some point. They obtained the resulting phosphorelay by manually
varying the parameters until the right profile was discovered. This section will demonstrate

that, in our approach, these parameters can automatically be synthesized, thus reducing

101



synthesize_with_dreal(crn):
derivatives = [{ }

{ H

specification_dreal = [( )

( )]

Figure 6.10: Specification for our phosphorelay network in which a species L3p is specified
to produce a sigmoidal response where the second derivative of L3p is 0 at some point. First,
the derivatives of L3p that are required for the specification are defined before specifying
that the first and second derivative of L3p must be greater than 0, that the second derivative
must be 0 in transition to the the second mode, and that the second derivative must be less
than 0 throughout the second mode.

the time required for the task. Consider then the following sketch:

k

L1+B -5 B+ Llp

k
L2+ Llp = L1+ L2p

k-
L2p+ L3 = L2+ L3p

kg 1

L3p—L3; @—B
ki, ... ky:(0,100]
Lio = 330, Lipg = Bo =0

where k1, ko, k3 and k4 are the parameters we wish to synthesize. As there are no discrete
parameters to synthesize, a diagrammatic version of this is provided in Figure 6.11(a).

We formalize the required behaviour using a 2 mode specification. In particular, we
consider a time interval [0, 1] during which L3p never decreases (E(l)[L?)p] > (), requiring
also that an inflection point in the second derivative occurs in the transition between the
two phases. This specification is demonstrated in Figure 6.10.

In Figure 6.11(b) the CRN with synthesized rates at precision § = 10~* can be observed.
Observe also the sigmoid profile obtained (LThreeP), illustrated in light green. Further
consideration is given to a more complex variant of the problem, where the specification is
extended to require that the variance of L3p at its inflection point (the point where the vari-
ance is known to reach its maximum [181]) is limited by a threshold. This extension led to
an encoding with 37 symbolic ODEs, compared to the 9 ODEs (7 species plus two ODEs for
the derivatives of L3p) needed for the previous specification. Figure 6.12(a) demonstrates
the runtimes of the synthesis process for both variants of the model and different precision
. The results demonstrate that neither increasing the number of ODEs nor improving the
precision leads to exponential slowdown of the synthesis process, thus indicating our ap-

proach is scalable. See also Figure 6.12(b), which demonstrates the results of LNA synthesis
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of the phosphorelay network and shows the variant of the model producing a variance for

L3p at a reduced threshold.

] 0.35+ = LOne
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Llp s
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Figure 6.11: Observe in (a) the diagrammatic notation for the phosphorelay network with
the parameterized rates given as kq,ko,ks3,ks and ks. In (b), observe the synthesis of the
deterministic version of the phosphorelay network. L3P is given in light green and has an
inflection point.

6.3.3 Toggle Switch Example

So far deterministic and LNA semantics have been considered. The tool supports several
widely-used choices of deterministic kinetic laws (Mass Action, Hill and Michaelis-Menten),
and allows different reactions in the same CRN Sketch to use different forms of kinetic
laws. This is useful in the case that the user wishes to approximate reactions of the network
with the enzyme kinetics, but then give exact network specification for other parts. In this
example we consider the Hill kinetics as outlined in Chapter 4 Definition 18.

As an example, we synthesize a bistable system that can switched from an ‘off’ state to
an ‘on’ state. The creation of such a toggle switch was one of the early breakthroughs in
synthetic biology [68] and bistability is an important property of many natural biological
systems, including the \-phage decision circuit, the MAPK cascade, and cell cycle regulation.

This desired behaviour can be described with a specification that requires the concen-
tration of a species designated as the output to initially be low, but to rise above a threshold
within a certain time of an input being supplied, and to remain above this threshold for a
certain time after the input is removed.

Consider then a genetic toggle switch consisting of two repressor-promoter pairs (lacl
and clts), and treat clts protein as the output. Switching on is achieved by addition of an
inducer that prevents lacl from acting as a repressor. This system is a CRN consisting of four

reactions: production of lacl and cits protein (following Hill kinetics), and degradation of
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Figure 6.12: In (a) the runtimes for different precisions are provided, as well as those for
the two variants of the phosphorelay we consider: one without a threshold on the variance
and one with a variance threshold. In (b), oobserve the synthesized outcome with the LNA,
with the variance of L3p given by the light green shading. Note that the clear inflection
point still exists for L3p, shown by the green line.

lacI and clts protein (following mass action kinetics). The complete dynamics for the toggle

switch given by Hill activation and degredation functions is demonstrated in Figure 6.13.

X9

input t g = = 4
i rese J (1 + ko lacl k; input + ky)?

9 ls -
hr hr = ;)
lacl o ® it (1+ao)”
dr\ s/jr ky, ko, drl,dr2 € [0,2]

1
s dInput _ a5 g o T1TBH(05+)P)x(-0.5+1))
dt -

Figure 6.13: The toggle switch example demonstrating use of Michaelis-Menten Kinetics
where the values o, as, k1, ko, drq and dr, are to be synthesized. The rates g and hr are the
Hill rate parameters whilst dr; and dr, obey mass-action laws. The rate s acts as a reset for
the toggle switch, but is not used in this example. C'Its is considered the output.

Parameter bounds were defined via the in silico data given for this experiment [182].
Given a Gaussian input, we synthesize parameters such that the switch turns on and remains
on (seen in the output species clts) even after the input concentration has fallen to near
zero (Figure 6.14a). For comparison, a case where no input is supplied has been provided
in Figure 6.14b. Here clts remains below the threshold. The total synthesis time was 28

minutes for 5 open parameters at a precision of 6 = 0.01.

6.3.4 Synthesis of Qualitative Responses to Inputs

So far, for large systems, only cases with at most 11 open continuous parameters have been

considered - as in the case of our phosphorelay under LNA semantics example. However, in
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Figure 6.14: Synthesizing a bistable circuit. In (a) we see an example output where a
condition for bistability is specified: cIts must rise above a threshold, in this case Th >
10 and remain there until ¢ = 100. Observe that there is an initial spike but that the
concentration does in fact remain above the threshold for the total duration. In (b), the

input is changed to 0. Here we see that clts is no longer repressed by lacI and rises
naturally.

a final example to follow, an attempt is made to synthesize a system with 24 rate parameters.
A large number of open parameters allows flexibility in the output that is synthesized. In
this example, an attempt is made to synthesize CRNs which produce an output profile with
a particular qualitative shape in response to a bellshaped input.

A family of systems consisting of three proteins is considered, each of which can exist
in an inactive (P;) or active (Pi*) form [183]. Conversion between the active and inactive
forms can occur spontaneously, or be catalysed by particular active proteins. Additionally,
the concentration of input species affects the rate of activation of the first protein. The
complex reaction kinetics modelled in the original paper can be broken down into simpler
mass-action kinetics which are represented by the 24 reactions between six species.

This given CRN is captured with the following reaction network that includes six para-
metric species (Py, Py, Ps, P, Py and P; ) € [0, 2] with parametric rates k; ...ky € [0,1]
belonging to 24 reactions. An additional input reaction /— P, is included, as being pro-
duced from the input I by a reaction with rate k;,,;. The equation for the input species is
given by a user-defined bellshape input with equation ¢~ (231 2 derived from the gen-
eral equation for Gaussian input. Given this input equation, rates, and species the CRN is

defined as follows:
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The network topology determines which proteins are able to catalyse the activation and
inactivation of which other proteins, and hence which dynamics are possible for the system.

As part of a validation that our network and synthesis of parameters matches that of
[183], observe demonstrated in Figure 6.15 a quantitative comparison of the user-specified
synthesis of a Gaussian output compared to one given in [183]. The specification for our
model is given as a TimeRails specification in Figure 6.15a and equates to the MTL speci-

fication:

P P P
t=0: ddf* >=0,P3%x <02;t<1: dd% =0,P3x >0.3;t = 1:% <0,P3%x <0.2.

The authors of [183] not only identified circuits that displays a response that was bell-
shaped, but also responses that were oscillatory, derivative, sigmoidal and linear. We are
able to directly synthesize a CRN belonging to any specific one of these classes at far lower
computational cost, whilst also jointly searching over parameter values. Another advantage
over [13], is that we are able to automatically correctly classify each output as it is satisfi-
able for a given specification, whereas the original outputs had to be classified by hand. We
have been able to synthesize all of the outcomes given in the original work, as demonstrated
in Figure 6.16. Observe that in each case we are able to synthesize the corresponding be-
haviour. Finally, with each of these synthesized profiles, a comparison of scalability is given
in Table 6.3. Each result was synthesized at a precision 0 = 107>, These experiments found
that, as the complexity of the specification increased in the number of modes, so too did
the time it took to synthesize a solution. It can be observed that, with 16 fixed rates and
8 open rate parameters chosen at random from the rates kq, ..., ko4, the time for synthesis
becomes quickly intractable. Note that a cost function was not employed here as different

qualitative outputs were desired.
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Figure 6.15: Synthesizing one of the specified outcomes for the 24 reaction network ex-
ample. We capture the complete process of reproducing and synthesizing a bellshape be-
haviour, comparable to the result in (b) which is taken from [183]. A qualitatively similar
result is captured by the specification in (a), namely that the output (c) in purple must start
below a value of 0.2 at ¢t = 0 and rise above a value of 0.4 before diminishing below 0.2
before ¢t = 10. In (a) the top graphic represents the user-defined input specification, the sec-
ond panel represents the specification for P3* (mainly it starts at a low value, grows and
finally diminishes again) and the bottom panel represents the derivative of P3+%, the deriva-
tive increases and then decreases. A graphical demonstration of the 24 reaction network is
shown in the GUI in (d).

Conclusion

Scalability of the Synthesis Method Despite performance gains on notable previous work,
the CRNSketch tool still suffers from scalability issues. Both the increase in the number of
modes (complexity of the specification) and the size of the parameter space have substantial

impact on its performance. However, interestingly, discrete parameters were seen to have
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Figure 6.16: Four other outcomes from the complete synthesis of the 24-Reaction Network.
In (a), observe the result of the negative inflection bellshape, with input species Input;
in pink and output P3% in purple. This demonstrates the complete dynamics of the ODE
system represented by all of the species in the network. In (b), the visible system is reduced
to just input and output for clarity, and we try to synthesize the derivative of the input.
Given in (c), is an example output where a condition for bistability is specified: P3* must
rise above a threshold T'h > 0.9, and we correctly synthesize switch behaviour. In (d), we
demonstrate the synthesis of a constant output based upon a bellshape input. The network
and specifications can be found in the examples folder of the tool for further exploration.
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a much smaller impact on performance, allowing users to keep stoichometric constraints
relatively open. As outlined in Section 6.3.4, despite the success of our synthesis method
when synthesizing up to 8 open parameters — covering the majority of specifications — we
were unable to synthesize 24 open parameters. There are, therefore, still clear limitations
to the synthesis capabilities of this method. The number of modes drastically decreases
performance, as the flow of a system is forced to satisfy a more complex specification.

In generalizing our framework into a tool a drop in performance was observed, due to
the fact an exact symbolic representation of the derivative had to be used, as seen in Table
6.1. A related problem is that, in general, it is impossible to know at what time the system
will achieve a steady-state and therefore an arbitrary time horizon is usually given. This
poses the problem that large time horizons take a long time to compute. Users are warned
of the long runtimes of SMT-solvers on non-linear parametric ODEs on the tools website.

Using the iSAT-ODE and dReach tools Both the tool iSAT-0DE and dReach are still
in active development. In general the solvers are being improved constantly and dReach
received a major performance upgrade during the duration of the PhD. As iSAT and dReach
continue to improve, improvements in their stability and performance can be transferred to
CRNSketch.

Multiple Candidate Solutions One of the disadvantages of using SMT-ODE solvers is
that they only produce candidate solution boxes of width §. This implies that there is only

one solution provided to the user. When replicating results, if there are multiple candidate

Open [0, 1] Parameters | No. of Modes | Time (m)
2

15
180

4

24
220
12

45
Shrs+
15
230
Shrs+

Constant

Switch

Inverted-BellShape

Derivative

(o] NN NS ITEY oo ) RN ITEY oo ) IS Y o' ) NG Y
U U DD DR W W WNDNDN

Table 6.3: A table outlining the time for synthesis of experimental results from the 24-
reaction network example. Open parameters refers to continuous rate parameters in the
interval [0, 1] excluding any discrete choices over the topology of the network. The number
of modes refers to the complexity of the specification in that an increase in the number of
the modes means a more complex specification (and behaviour). The examples are listed
here in order of complexity of specification. The time for synthesis is given in minutes.
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solutions, different solutions can be given by the solver, seemingly at random dependent
upon solver techniques and parameters used. A feature that would therefore be useful to
experimenters, would be the ability to have parameter regions for solutions. This would
give the user a notion of robustness of the candidate solution, which would in turn improve
the likelihood of a successful experiment. It would also provide the option for multiple
candidate solutions which may give insights into the accuracy of the specification.
Conclusion Parameter synthesis of CRNs is an active area of research and therefore our
presented tool, CRNSketch, would be of interest to academics in the field. We developed
a tool based upon a novel method for SMT-based optimal synthesis of stochastic CRNs
from well-defined temporal specifications and sketches, the theory that is defined in the
previous chapter. It provides the user with a method for synthesizing challenging systems
and reasoning over partially known networks. Our tool provides a scalable method for
parametric design automation for provably-correct molecular devices. Several biologically
relevant and well-motivated case studies have been provided which back up this claim. For
future work we wish to improve this framework and apply local search methods in order to

speed up the synthesis process.
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Control theory is a catch-all term that embodies design strategies aimed at improving
the stability, robustness, and performance of physical systems in a number of applications
from power networks, space systems, and chemical processes [141]. Negative feedback
occurs when some function of an output of a system, process or mechanism is fed back in
a manner that tends to reduce error or fluctuations in the output. A common real world
example in the body is homeostasis. Perhaps the most common type of negative feedback
control is that of Proportional-Integral-Derivative (PID) control. PID control has widespread
application from altitude monitoring in planes, to temperature control in spacecraft. Whilst
another controller, the Proportional-Integral (PI) controller, has been implemented within
CRNs [154], there is yet to be a full CRN implementation of a PID controller. We provide a
background for PID control in Chapter 3 Section 3.4.

Originally, the work on control came from addressing problems of tractability within
the parameter synthesis method. While the reason for transitioning away from parameter
synthesis to control might not at first appear obvious, there are several notable analogues
between the two methods. The reference signal can be viewed as an alternative to express-
ing a continuous profile (as opposed to a specification), and the control of a plant can be
viewed as a way of forcing the system to track a reference signal; similar to parameter

synthesis of rates to match a specification. The difference however, comes from the type
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of system or plant in question. Parameter synthesis addresses the domain of open systems,
where rates and species can be modified. Control addresses closed systems, in which the
system can only be modified or influenced externally i.e. rates and species are pre-defined.

This chapter presents and expands upon our work presented in [30]. First a derivative
component as a CRN is defined which is needed for PID control. Section 7.1 explains the
derivative CRN, showing examples and proving correctness. More than just a CRN for PID
control, this is the first CRN under mass-action kinetics that outputs the derivative of an
input concentration. It is then explored how this derivative component can be used in a
wider PID context in Section 7.2. Defined are both a proportional and integral component
and also proof of their correctness are given. Finally, in Section 7.3, the PID controller
is evaluated by comparing and contrasting it to a PI controller on biologically motivated
examples in gene expression. A discussion is provided on how the PID controller may
address some of the shortcomings in our synthesis method when we wish to drive a system,
with unknown or incomplete information, to a desired output behaviour. The full CRN PID

controller is listed in Appendix C.

7.1 Derivative CRN

Before discussing a full controller, this section discusses building a CRN that computes
the derivative of a function, i.e. given a function as input, a CRN outputs a derivative of
that function. The derivative block computes a multiple of the derivative of the input signal
where the multiple is a constant factor. The derivative component is used in control systems
to predict the future error given its current trend, and thus to help dampen oscillations
introduced by P and I components. For more information see Background Section 3.4. In
[156] a biologically inspired implementation of a system that computes the derivative of an
input is provided, however it is presented as non-mass action Hill functions.

Building a derivative module by chemical reactions is challenging because on-the-fly
differentiation can only be done by comparing a signal at two time points, thus inherently
requiring an approximation dependent on the time difference. The original idea for the
derivative component involved trying to create a system where an output could track the
input with a delay. Different rates were tested to find ones that successfully created a system
where the output approximated the derivative of the input. This was then extended to dual
rail. This results in the circuit below in Definition 24, which handles dual-rail input and
output. Throughout this chapter we use the deterministic semantics defined in Chapter
4 Definition 15. For shorthand, a species A is denoted by x4(t), or x4 when the time
dependence is clear from the context, the concentration of A at time ¢. It is important to

recall the definition from Chapter 4 Definition 14, that describes how a species A can be
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encoded as a dual-rail equivalent A” and A~. This allows us to represent negative values

since species concentrations are strictly positive.

Definition 24. Derivative Component We define a CRN derivative component as follows.
For input species E, E~, auxiliary species A, A™, output species D", D™, and rate param-
eters ¢, s,v € Ry and the multiplier » € R, the derivative block is a CRN composed by

the following reactions (note we define this diagrammatically in Figure 7.1a):

EF*SE + 4" ETSE +4

E*'SE"+ D" ETSE +D

A )

AT B AT+ D A~ B4 +D"

D' 5o D 3o D'+D 3o

The inputs E* and E~ are sampled at two time points, E*, A" and E~, A~ respectively,
and a multiple of their difference is provided via D*, D™. The two reactions E* 5 E* + A"
and AT 5 @ cause z A+ to track rzg+ with a (slight) delay dependent on v. Intuitively,
this yields rzg+ — x4~ = Oyrzg+. The two symmetric reactions similarly cause x 4- to track
rx -, which ensures that rzg- — 24- ~ dyrzg-. The three reactions E* ZEt+DT, A8
A"+ D%, and D™ 5 2 cause xp+ to track rvx g+ + vr4- with delay dependent on s. The
three symmetric reactions similarly cause xp- to track rvzg- + vx 4+. Thus zp+ —xp- tracks
v(repr +x4-)—v(reg- +wa+) = v(reps —x 2+ ) —v(reg- —x4-) with delay dependent on s.

This and the above discussion allow us then to conclude that zp+ — zp- = r0;(zg+ — zg-).

Testing the Derivative Component

We wish to test that our derivative component does indeed compute the derivative of an
input species. For an example CRN, on which our derivative component will be tested,
we therefore introduce a sine component. For species A", A~, and output species R*, R,

parameter ¢ € R, the sine component is a CRN composed by the following reactions:

AT L R 4 At AL R + 4
RV LR + A R SR +4"
AT+ A Lo RP+RrR %o

There is a cyclical catalysis between the species A", R*, A™, R”, so, provided the rate
q is constant throughout all reactions, the CRN creates a cyclical time evolution. This is
demonstrated in Figure 7.2 in which we simulate our sine component over time. The output

is given by the difference in species R* — R™, hence the negative value representation.

113



1
" y M50 s S
Et — A" =>0 [Dt=—>0 2 05
VS, E
¢1>> %) s 0
v v Vs s 8
EE—®A —>0 D=>g 05
~ rvs .
-1
-1.5 ‘
2 4 6 8 10
time (s)
(a) (b)

Figure 7.1: We test our derivative component by tracking the derivative of a sine wave.
The derivative component in our diagrammatic CRN notation is seen in (a). In (b), the
output of the derivative component is compared against the sine wave in Figure 7.2b. At
slower rates the derivative component is slow to track the derivative so we place two of
these components in conjunction.

Using the sine reference as the input, it is demonstrated that the derivative component
correctly outputs a cosine wave form as seen in Figure 7.1. We take the dual-rail output
of the sine component and apply its output as a reference to the input of the derivative
component. Note that two derivative components are used in order to correctly compute
the cosine. This is because the rates of the derivative component are not near infinite
and therefore cannot perfectly compute the derivative. Through initial testing then we
have shown that the derivative component appears to operate correctly, however, for our

purposes we wish to also provide more formal proof of its correctness.

Definition 25. Tikhonov’s Theorem applied to CRNs We wish to show that all of our CRNs
within the PID controller, including the derivative component, correctly compute a function
not just for steady-state values where ¢ — oo but for all time ¢. We can leverage Tikhonov’s
theorem to show this. In applied mathematics, Tikhonov’s theorem on dynamical systems
is a result on stability of solutions of systems of differential equations. It has wide ranging
use in chemical kinetic proofs [184]. We show the asymptotic correctness for all of the
CRNs in this chapter by applying Tikhonov’s theorem [184, Section 8.2] to the ODE system
underlying the CRN. Essentially, this amounts to conducting a rigorous quasi steady-state
approximation [185] where ODE variables are partitioned into fast and slow ones. With the
intuition being that fast variables attain their equilibria almost instantaneously compared to

slow variables, the approximation suggests to drop the ODE:s of fast variables and to replace
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Figure 7.2: We introduce a CRN that acts as a non-stationary reference signal within our
PID framework. In (a), we see the diagrammatic notation for this CRN. In (b), the output
is seen as the difference of the two dual-rail output species R* — R".

the fast variables by their equilibrium values (which, in general, depend on the values of
slow variables). When applying Tikhonov’s theorem, it is convenient to call the ODEs of fast
and slow variables as the fast and slow ODE system, respectively. In our proofs, the main
objective is to identify the slow and fast ODE systems and to show that the requirements of
Tikhonov’s theorem are satisfied.

Assume we have a set of slow variables y and a set of fast variables z, we have two
separate parts of an ODE system G(y,z) and H(y,z) representing the quasi-equilibrium,

and a reaction rate r. We further require that:

* Any drifts of y and z are smooth. For CRNs this is trivially true since the ODE repre-

sentation of CRNs are continuous variables.

* A unique solution y'(t),z" of the initial value problem exists. All of our CRNs un-
der deterministic semantics are represented by ODEs, which are polynomial and also
Lipschitz continuous, and therefore have a unique solution in the fast variables when

T — 00,

* A unique solution y(¢),z(t) of the reduced initial value problem exists. The reduced
problem is defined by:

d
= = G(y.2), y(0) = o, 7.1)

This states that we have a reduced system where we only consider the fast variables
and that this must be differentiable. Since the ODEs within this chapter are polyno-

mial, they are infinitely differentiable.
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* Equation 0 = H(y, z) is solved by z = ¢(y) where ¢ is continuous, and it is an isolated
root. This states that there is a unique steady state solution for H, which is assumed

to be true for a polynomial.

* z = ¢(y) is an asymptotically stable solution of dz/dt = H(y,z) uniformly in y(¢),
considered as a fixed parameter. We assume the solution is stable — this is a common
assumption in CRNs that is reaffirmed with the simulations of the derivative compo-

nent.

* z(0) is contained in an interior subset of the domain of attraction of z = ¢(y) fory =
y(0).

Tikhonov’s theorem states the following. Under the above conditions, for all ¢t < co
lim y' (t) = y(t), lim z (t) =2z(t),0<t < o0, (7.2)

which, given its reference to the derivative, is incredibly useful for a proof of correctness.
We go on to demonstrate how this theorem can be leveraged to prove our components
operate correctly. As our proof of correctness relies on a reference to the full system, we

expand upon the above later and now provide a stricter formalism for PID control of CRNSs.

7.2 PID Control of CRNs

We introduce the remaining implementations of the proportional and integral components
in the context of a PID controller. We describe them as blocks where the input species
are E*, which indicate the dual-rail error signal between the species representing the set-
point and the plant output. The output of the PID controller is denoted by U* (we have
followed the notation defined in Chapter 3 Definition 11). The proportional and integral
components have already been introduced for linear control systems [154]. Here we prove
their correctness in the presence of non-linearity, as CRNs tend to produce non-linearities.
We provide additional information on how we might leverage Tikhonov’s theorem, defined
in Definition 25, in order to prove correctness of the derivative block.

Figure 7.3, as in a classic feedback loop, illustrates the signals synthesized by the PID
controller acting on the CRN plant, whose output is measured and sent back as input of the
PID controller after comparison with the reference signal. The output of the plant is always
given by a species Y. The objective of the controller is to have Y follow the reference signal.
Within CRN plants, any of the species (alternatively, state variables) must be non-negative,
hence our use of the dual-rail notation whereby a signal can be negative as the difference

of two non-negative signals [186]. A CRN component for the subtraction of two signals
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Figure 7.3: We present our feedback loop which broadly follows the notation defined in
Chapter 3 Section 11. (a) takes a dual-rail reference signal R (such as our previously de-
fined sine component) and, along with the feedback Y, produces an error £ (computed
Y' — R). Signal E is obtained by the subtraction block (in magenta). Thick arrows imply
dual-rail whereas the thin arrow Y implies single rail. F is fed to the controller, the chem-
ical composition of which is described in (b),(c),(d). The proportional and integral blocks
(b),(c) are taken from [154]. The proportional block adjusts the input x4 as rx 4 for some
multiplier » > 0. The integral block takes an input x4 and produces r J'S x4 (7)dr for some
multiplier » = 0. The derivative block (d) takes an input z 4 and produces the output rd;x 4,
where r > 0 is a multiplier (as per our definition of Tikhonov’s theorem). The PID blocks
are summed by the addition block (in green), yielding a control signal U which guides the
plant by the CRN encoding presented in Section 7.2. As a result, the plant produces a signal
Y which is converted to a dual-rail signal Yy’ by the dual-rail converter block (in blue). The
presence of a multiplier in each block allows the weights of each block to be adjusted. We
define in Chapter 3 Section 3.4 how these weights can be adjusted.

was first presented, for linear systems, in [154], but we repeat its definition in Figure 7.3 in
magenta.

Formal Definition of PID controller We now wish to consider the construction of the
whole PID controller as the sum of its individual components. To this end, we let (Ay, Ry)
denote the mass-action CRN representing the plant and construct a CRN encoding of a PID
feedback controller as indicated in Figure 7.3. Given that output and control signals are
vectors, the blocks of Figure 7.3 are multidimensional components. In particular, assuming

that n > 1 denotes the dimension of the output and control vector, the CRN encoding of the
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PID feedback law is given by interconnected:
* subtraction blocks (Af , RZS V1<i<n,
¢ addition blocks (A?,RZA )i<i<n»
. P P
* proportional blocks (A; ,R; )1<i<n»
« integral blocks (A}, R} )1<i<ns
« derivative blocks (A”, R )1<icn,
. C »C
* dual-rail converter blocks (A;", R; )1<i<n-

With this, the overall CRN is given by:
(AZaRZ) U (AFaRF)a (7.3)

where the feedback controller CRN is defined by:

(AFvRF)= U(A'LX7RZX)7 X={51A>PalvD70}'

n
1=1 XeX

Now that we have formally constructed the PID controller, we address the correctness
of each individual block type. While the rates discussed within the controller are arbitrary,

exact initial molecular counts and rates used in the experiments are discussed in Appendix
C.

7.2.1 Proportional, Addition, Subtraction and Dual Rail Converter Blocks

The following PI components of our PID are given in [154], but we list the definitions for
completeness. This section expands on Klavin’s result for PI controllers by showing com-

pleteness as the original proofs were just applied to linear systems.

We begin by presenting the proportional block which computes an output signal that is
proportional to the input signal. This component is used in control systems to react pro-
portionally to the current error with respect to the reference signal, but can never solely
converge upon a reference signal. Proportional blocks produce linear combinations of their
inputs. They are used for combining signals from the integral and differentiator within
our PID. A single-input block takes an input signal A(¢) and produces an output signal
B(t) = kA(t), where k € R is the gain. A summation block takes input signals {A4;(t)}i-;
and produces an output B(t) = ) I | A;(t). The following CRN implements both of these

functions for the dual-rail representation of signals.
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Definition 26. Proportional Block [154]
For input species E*, E~, output species P*, P~, parameters s, ¢ € R, and the multi-

plier » € R, the proportional block is a CRN composed by the following reactions:

EtSE T+ P E-SE +P
rr+r 3o rt3g
P 3y

Theorem 1. On any bounded time interval, the solution of the ODE system induced by
the CRN (7.3) converges, as s — oo in all proportional blocks, to a solution satisfying

rp+ =rzpr and zp- = rop- forall 1 <i <n.
Proof (Sketch). Note that:

8tfl;'pi+ = ’I”SSCE;r - SSUpiJr - qxp,,;xplf,

8t$pi— =TrsTp; — STp; — qTprTp-.

This motivates the interpretation of all zp+ and zp- as fast variables in the sense of the
quasi-equilibrium decomposition mentioned in our description of Tikhonov’s theorem in
Definition 25. For further information, see [184, Section 8.2]. To see that the requirements
of the theorem are satisfied, we note that the fast ODE system (i.e. the set consisting of fast
variables) admits, for any fixed vector of slow variables (i.e. all variables that are not fast),
exactly one possible equilibrium point. Moreover, it is an asymptotically stable equilibrium
of the fast ODE system. We finish the proof by noting that smooth exogenous reference
signals can be captured because Tikhonov’s theorem applies to non-autonomous smooth
ODE systems. O

Remark 1. Theorem 1 extends the result of [154] to nonlinear control systems. The same

holds true for the other blocks of this section.

. - q . .
Remark 2. The proof of Theorem 1 reveals that reaction P* + P~ = @ is not strictly needed
to ensure correctness. However, if we assume ¢ — oo the values of P™ and P~ would also

tend to oo, so it makes sense to keep the values under a certain threshold.

The correctness of the subtraction and converter blocks introduced next and depicted in
Figure 7.3 is shown similarly to Theorem 1 (i.e. they all leverage Tikhonov’s Theorem).

More specifically, the addition block is given by:
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Definition 27. Addition block [154] For input species P*, I and P~, 1", output species
B, B”, and parameters s, ¢ € R, the addition block is a CRN composed by the following

reactions
Pt 3 ptypt I"31r+B*
P 5P +B I" 31 +B
B*'+B % g Bt 5 g B 3o

The subtraction block, instead, is defined as follows.

Definition 28. Subtraction block [154] For input species Y'*, R* and Y'~, R'", output
species E*, E~, and parameters s, ¢ € R the subtraction block is a CRN composed by the

following reactions:

y* 3yt 4+ BT R 3R +EF
Y- 3Yy"+E R" 3 RY+E
Et+E Lo Et 3 g E 3g

Note that the input R~ produces an output £ and an input R* produces an output £

which is different from the addition block presented above.
Finally, the converter block is described by the following:

Definition 29. Dual rail converter block For input species Y, output species Y'* V'~
and parameters s, q € R the single to dual-rail converter block is a CRN composed by the

following reactions:
Yy Sy +v" Y* 3o Y ey" i o

7.2.2 Integral Block

The integral component computes a multiple of the integral of the input signal. This action
is widely used in control systems due to its ability to collect past information about the error
to be corrected. A CRN implementation of the integral component has been proposed in

[154] and is reported in Definition 30.

Definition 30. Integral block [154] For input species E*, E~, output species I, 1, some
constant ¢ € R, and multiplier » € R, the integral block is given by the following CRN:

+ +

EYLE 4T ELE +I I'+1 4 ¢
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Proposition 2. The proof for the integral can be observed easily by taking the ODEs of the
input and output species and following the proof of [154]. The integral blocks introduced

in Definition 30 are correct. More formally, for all 1 < i < n, it holds that

t t
() — (1) = rj rpe (r)dr - rj v (7)dr.
0 0
Proof. This is straightforward via differentiation as we pick appropriate values at ¢t = 0. [

7.2.3 Derivative Block

With reference to Tikhonov’s Theorem defined in Definition 25, the following theorem
shows that the above CRN is such that, under certain scaling of the rates, (zp+ — zp-)

produces a correct approximation of the derivative of r(zg+ — zg-).

Theorem 2. The derivative blocks are asymptotically correct. In particular (the conditions

unique to the derivative), the following holds:

1. The solution of (7.3) converges, on any bounded time interval, to an ODE system that

satisfies pr —xp- = 0w ar — Oz 47, forall 1 <4 < n, if s — oo in all derivative blocks.

2. The solution of (7.3) converges, on any bounded time interval, to an ODE system that
satisfies v 4+ = rzgr and w4~ = rog; forall 1 <4 < n, if v > oo in all derivative
blocks.

Proof (Sketch). To see point 1), we first note that Definition 24 yields:

Oixpt = SUrTRt + VST A; — STpF — TDHIp;,
Oixp: = SUrTp; +VSTAF — STp; — qTpFIp;,
OpT A+ = VTTRF — VT AY,

O A- = VrTEs — VT 4.
Since this implies
Oi(zpr —xp;) = s(vregr —vrar) — s(vrep: —vras) — s(xpr — xp:),
this motivates us to add to the ODE system of (7.3) the additional ODE

Orzi = s (vrzpr —vwar) —s (vrep: —vrs;) —sz;,

=8t:vA;_r :atIA;

and to replace each instance of (zpr — xp;) in the ODE system with z;. Recall that we

need multiple derivative blocks to compute the derivative as we cannot set the rates to
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00. By processing the other derivative blocks in a similar fashion, we introduce new ODE

variables z = (z1,..., z,). To see that the requirements of Tikhonov’s theorem are satisfied,
we note that the fast ODE system (i.e. the set of fast variables containing z, Dy ,..., D,
and D;,...,D,) admits, for any fixed vector of slow variables, exactly one equilibrium

point. Additionally, it is an asymptotically stable equilibrium of the fast ODE system. To
see point 2), instead, we apply Tikhonov’s theorem in the case where, in every derivative
block, z4+,..., 24 and x5, ..., 7 a; are treated as fast variables (while all other variables

are considered to be slow) and v — oo in all derivative blocks. O

7.3 PID control of Gene Expression

We wish to evaluate our PID controller on some biologically motivated examples. Gene
expression is the process by which information from a gene is used in the synthesis of
a functional gene product. These products are often proteins, but in non-protein coding
genes such as transfer RNA (tRNA) or small nuclear RNA (snRNA) genes, the product is
a functional RNA. This section we applies the feedback control architecture to a gene ex-
pression model. In particular, a microRNA regulated gene expression model from [29] is
considered, for which synthetic implementations have already been proposed in [187]. The
model is composed by the following reactions, where for simplicity we fixed unitary kinetic

parameters (i.e. for all of the rates k = 1):

@ 5 mRNA mBRNA 5 @
mRNA 4 mRNA + Pro Pro 4 %)
mRNA + microRNA 4 %) microRNA 4 %)

%) 4 microRNA.

That is, we have mRNA which catalyses the production of the protein Pro. This production
is dampened by an annihilation reaction with the microRNA.

The objective of our control is to have the protein Pro track a given reference signal
(i.e. Pro is the output species of the Gene Expression CRN). Given U™ and U~ the control
signals synthesized by the controller, we assume that these can act on the plant by regulating
the expression rate of mRNA and microRNA, respectively. This assumption is justified by
the fact that these mechanisms can be implemented synthetically [187]. We consider the

following reactions to model such actuation:

U ' U + mRNA U™ =' U™ + microRNA. (7.4)
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Figure 7.4: We consider the gene expression model given in Section 7.3 and compare the
time evolution of the species Pro with different reference signals for PID and PI feedback
control with the actuation models described in Equations (7.4), (7.5), and (7.6) - shown
in the left, middle, and right column of the plots, respectively. It is important to note
that the tuned parameters K, = 0.8, K; = 0.3, K; = 0.2 are kept consistent throughout
experimentation. We consider both a constant and a sine wave reference signal - shown
in top and bottom rows of the plots, respectively. It is possible to observe that while Pro
already tracks the reference signals for PI control correctly, in the case of a PID controller,
the output has reduced oscillations around the reference signals. This is emphasized in the
insets seen on the sine reference row where we examine the first 50 seconds of the time
evolution.

In this model, a high concentration of U™ increases the production rate of mRNA and so

of Pro, whereas a high concentration of U decreases the amount of mRNA by producing

microRNA with a higher rate.
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In the actuation model considered above, we have that the control signals act on two
different species. This is not a requirement of our architecture. Another possible actuation

is that U annihilates mRNA directly. This can be modelled with the following reactions:
Ut ' U+ mRNA U™ + mRNA -' 2. (7.5)

Finally, another possibility is that U™ and U~ act directly on the target species Pro. In this

case, the actuation is:

+ 1 .+ - 1
U - U +Pro U + Pro- @. (7.6)
Actuation 1 Actuation 2
)
U ——® mrwa U ——® mrwa
> U 1
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Figure 7.5: We consider the gene expression model given in Section 7.3 and compare the
time evolution of the species Pro with a bellshape reference signal (taken from our synthe-
sized CRN in Chapter 4 Example 4.1.1) for PID and PI feedback control with the actuation
models described in Equations (7.4), (7.5). The bellshape reference signal is encoded as
a dual-rail output via the CRN depicted. This shows that we can control plants to enact
desired behaviours, such as those we have synthesized in previous chapters.

In Figure 7.4 we consider the different actuation mechanisms described above and com-
pare the performance of PI and PID controllers for two different reference signals: a con-
stant signal and an oscillatory signal. In Figure 7.5, we apply the same principles but this
time with the bellshape reference signal (see Example 4.1.1 and Example 5.1.4). The mo-
tivation behind this reference signal is to show that we can control the plant in order to
produce certain continuous profiles like the ones synthesized in previous chapters. If we
want our plant to track a specific profile, we need to know the CRN (or ODE) for the spe-
cific profile to begin with. For common behaviours, this may be known, but for complex
reference signals it may not. This motivates a combination of our synthesis methods to

synthesize a reference signal in order to control a larger unknown system.
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For all the plots in the figure, we consider the same parameters for PI and PID con-
trollers. Whilst for the full parameter range, we can refer to Appendix C we define K, K,

and K, from Chapter 3 Section 3.4 as follows:

rate Psum = 0.8;
rate Isum = 0.3;
rate Dsum = 0.2;

rate PIDsum = 1.4;

where PIDsum is the sum of the other components. The rates were tuned manually using
the tuning methods described in the background chapter, however, one could improve the
performance of the PID controller by using a tuning tool such as the one provided in Matlab.

It is easy to observe that in both the case of Figure 7.5 and Figure 7.4, whereas a
negative feedback with PI control can already track both signals correctly, in the case of
a PID controller, the time evolution of the concentration of Pro has reduced oscillations
around the reference signals. In all cases the time for the convergence of the plant to the
reference signal has decreased due to the action of the derivative block. This is due to the
action of the derivative block which we know as the parameter values for Psum, Isum and
Dsum are kept constant. In fact, while it is well known that the derivative component in a
PID does not necessarily reach zero error at steady state, it can help to reduce the transient
error between the output and the reference signals and to dampen oscillations around the
set points.

Our work on CRN controllers was born out of discussions about addressing scalability is-
sues with our synthesis methods. This chapter only produced work on deterministic systems
and it is unclear whether the controller would operate under stochastic semantics, or even
if solely the plant was a stochastic process. This problem could be addressed by considering
the LNA semantics of a system as per Definition 17. Using the LNA we could observe the
variance of the system over time and more accurately describe its time evolution under low
molecular counts. We have already analyzed large CRN systems, that is CRNs that have

many components, under the LNA semantics in our previous work [15].

7.4 Conclusion

This chapter considers feedback control with PID controllers and proposes a CRN imple-
mentation for this control architecture. This relies on a novel CRN, which computes the
derivative of an input molecular signal that we have proved the correctness of. We applied

our framework to control the protein expression in a microRNA regulated gene expression
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model and showed improved performance compared to a PI feedback control. We applied
this with several reference signals, including the bellshape model referenced as a running
example throughout this thesis (Chapter 4 Example 4.1.1), highlighting the fusion of the
two approaches. An interesting future work, which has not been considered in this chapter,
is to study the effect that the proposed control system has on noise [188]. We discuss this

in more detail in the next chapter.
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CHAPTER 8

Conclusions

This chapter concludes by first reflecting on the results and achievements of this thesis

before discussing possible future works.

8.1 Conclusions

This thesis presents two approaches to the problem of inducing certain behaviours in Chem-
ical Reaction Networks (CRNs), via parameter synthesis and control engineering methods.
In order to synthesize CRNs, we have retrospectively developed a framework that captures
unknown or partial information within CRNs, known as a sketching language, based on the
metasketches framework for computer programming languages. This sketching language
can adequately and concisely capture syntactic constraints, while at the same time allowing
under-specification of the network.

We use this framework to synthesize both discrete structures of a network and rate pa-
rameters, based upon the Linear Noise Approximation (LNA) semantics, an approximation
on the stochastic dynamics of a CRN. Based on a cost function that reflects the structure of
a given CRN, we aim to produce a CRN optimal for that given cost function. We employ
SMT-ODE solvers to solve parametric ODEs - a combination of the LNA dynamics and our
choice encodings. We successfully demonstrate the generalization of the problem to include
non mass-action based semantics, as well as ODE inputs to a CRN network. We construct
several examples to systematically demonstrate this.

We present the first derivative CRN component implementation which, given any contin-

uous input, produces the derivative of that input as output. By relying on this component,
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we develop a CRN implementation of a feedback control loop with a Proportional-Integral-
Derivative (PID) controller and apply the resulting control architecture to regulate the pro-
tein expression in a microRNA regulated gene expression model. Proofs for the workings of
these components are also provided.

We provide an evaluation of this work that discusses possible shortcomings, and there-
fore presented possible directions for how to widen this field of research as well as new path-
ways of research to explore. Parameter synthesis has applications in synthetic and systems
biology, for example, design automation for molecular devices [17], or the construction of
predictive molecular models [18]. In general, as CRN implementations in molecular devices
such as DNA become more complicated the need for greater automation methods becomes
yet more apparent. Molecular implementation of control systems has been shown to natu-
rally occur in living organisms [150, 151, 152]. As a consequence, in view of the potential
applications, CRN designs that implement control mechanisms are sought after [9, 141].
With this in mind, this thesis has sought to contribute methods for parameter synthesis and
control engineering that has applications within real world systems and, with the sketching

language and methods proposed, can be extended to wider frameworks of synthesis.

8.2 Future Developments

This section discusses future developments in this field of research, either from building on

previous chapters or originating from co-authors.

8.2.1 Local Search

Given a nonlinear parametric dynamical system and an MTL specification for that system,
it has been shown that a trajectory can violate or satisfy a specification using a local search
[189]. By implementing a similar method we could provide a local search for the user which
can yield a concrete CRN, though without guarantee on accuracy. In situations where a user
requires a fast result, such as obtaining an approximate estimate of a solution, this could
be advantageous. We could combine our previous work with current state of the art in
gradient descent. In [190] a robustness metric with a biologically motivated case study
paved the way for near satisfaction of a specification. This near satisfaction relies on a local
search algorithm guided by a gradient descent metric. In [109] a method is proposed for
guiding an approach based upon Covariance Matrix Adaptation Evolution Search (CMA-ES),
via a metric for property robustness of an LTL formula over parametric non-linear ODE:s.
The CMA-ES is a common method for providing ODE traces. The advantage of such a local
search is that the degree of satisfaction is quantifiable, and therefore optimizable. The

CMA-ES has a Python implementation: https://github.com/CMA-ES/pycma.
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8.2.2 Falsifying Parameter Regions

An interesting problem that arises from trying to improve search techniques for large search
spaces is the falsification of parameter regions. Given a reaction sketch, can we show
that certain discrete concrete instantiations never satisfy a specification regardless of their
continuous parameters? The problem of testing for the falsification of a property by systems
has been investigated by many others (see related research section in [191]). Most of the
research focused on parameter estimation [190, 192]. Recently, however, the problem of
temporal falsification for hybrid systems has received attention [193, 191]. Unfortunately,
the publicly available tool support in this space is limited to S-Taliro and BREACH. BREACH
does not support temporal logic falsification for arbitrary models. Usage of the S-Taliro tool

must be provided through a Simulink model.

8.2.3 Specifications for Oscillation

Chapter 6 successfully synthesized behaviours for a bellshape, sigmoidal, switch and Pois-
son responses based upon a MTL-fragment specification. To specify the desired temporal
behaviour of the network, we support constraints about the expected number and variance
of molecules, and, crucially, their derivatives over time. Metric Temporal Logic (MTL) spec-
ifications can capture complex state and timing requirements. However, MTL has its limita-
tions. An extension would be to complement this evolution toward a fusion of time-domain
and frequency-domain analysis by proposing a unified logical formalism for expressing hy-
brid (time-frequency) properties of signals. We would achieve this by employing a fragment
of STL that includes frequency operators [130]. STL and equivalents has been used to syn-

thesize interesting harmonic oscillators, most notably in music technology [194].

8.2.4 Control of Stochastic Systems

In Chapter 7, our controller was tested under deterministic semantics. While simulations on
a CTMC via the CME is tractable, it requires many simulations in order to provide sufficient
accuracy. This is especially true for stiff systems, i.e. those with reactions with rates of dif-
ferent order [195]. It would be possible to test the controller via the LNA semantics which
would mitigate these issues as the mean and variance is given by a set of differential equa-
tions quadratic in the number of species. Observing whether or not there is a large variance
around the mean over time may show that under low molecular counts our controller is

infeasible. This could be overcome by simplifying the derivative component.
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APPENDIX A

Appendix A - Bellshape Generation File

In this part of the Appendix we present an SMT-ODE encoding of our bellshape metasketch
outlined in Chapter 5 Section 5.1.4. The file is generated using our tool CRNSketch and is
written for the iSAT-0DE solver.

DECL

define MAX_TIME = 1;

define SF = 100;

-- declare time variables
float [0, MAX_TIME] time;

float [0, MAX_TIME] delta_time;

-- declare cost variables
define MAX_COST = 1000;
define NO_COST_LIMIT = O0;

-— Define State Variables
float [0, 2] A;
float [0, 2] B;
float [0, 2] K;

—- Define Derivative Variables
float [-4, 4] dK_dt;

—-- Lambda Variables
float [0, 1] lamAi;
float [0, 1] lamB1;
float [0, 1] lamA2;
float [0, 1] lamB2;

-— Choice Variables
float [0, 1] c7_1;
float [0, 1] c7_2;

float [0, 1] c2_0;

float [0, 1] c2_1;
float [0, 1] c2_2;
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float [0, 1] c3_0;
float [0, 1] c3_1;
float [0, 1] c3_2;

float [0, 1] c1_0;
float [0, 1] c1_1;
float [0, 1] c1_2;

—-- Joint choice Variables
float[0, 1] tc_1_0;
float[0, 1] tc_1_1;

-- Rate constants
float [0, 1] k_2;
float [0, 1] k_1;
float [0, 1] k_3;

—--Define modes
boole mode_1;

boole mode_2;

INIT
time = 0;

—-- cost condition

(((6*c1_1*lamAl + 6xcl_1*lamBl + 12%cl_2*lamAl + 12%cl1_2*lamB1l + 6*c2_1 + 12%c2_2

+ 5xc3_1 + 10%c3_2 + B*xc7_1xtc_1_1 + 10%c7_2%tc_1_1 + 5xlamA2*tc_1_0 +

5%lamB2*tc_1_0 + 31) <= MAX_COST) or (NO_COST_LIMIT = 1));
-—- cannot be in two modes at the same time. We start in mode_1.

mode_1 = 1;
mode_1 + mode_2 = 1;

-- Integer encoding of lambda variables

((lamA1 = 1) and (lamB1 = 0)) or ((lamAl = 0) and (lamBl = 1));
((lamA2 = 1) and (lamB2 = 0)) or ((lamA2 = 0) and (lamB2 = 1));
-- Integer encoding of choice variables

((c7_1 =1) and (c7_2 = 0)) or ((c7_1 =0) and (c7_2 = 1)) ;

((c2_0 = 1) and (c2_1 = 0) and (c2_2 = 0)) or ((c2_0 = 0) and (c2_1
or ((c2_0 =0) and (c2_1 = 0) and (c2_2 = 1)) ;

((c3_0 = 1) and (c3_1 = 0) and (c3_2 = 0)) or ((c3_0 =0) and (c3_1

or ((c3_0 = 0) and (c3_1 = 0) and (c3_2 = 1)) ;

((c1_0 =1) and (c1_1 =0) and (c1_2 =0)) or ((c1_0 =0) and (ci_1

or ((c1.0 =0) and (c1_1 =0) and (c1_2 = 1)) ;
-- Integer encoding of optional reaction variables

-- Integer encoding of joint choice variables
((tc_1_0 = 1) and (tc_1_1 = 0)) or ((tc_1_0 = 0) and (tc_1_1 = 1));

-- Limits on initial conditiomns

(A = 0.5)

and (A >= 0) and (A <= 2);
(B = 0.001)

and (B >=0) and (B <= 2);
(XK = 0.001)

142

1) and (c2_2

1) and (c3_2

1) and (c1_2

0))

0))

0))



and (K >= 0) and (K <= 2);

TRANS

-- time constraint
time' = time + delta_time;

-- invariant conditions during modes
mode_1 -> (dK_dt >= 0);
mode_1' -> (dK_dt >= 0);
mode_2 -> (dK_dt <= 0);
mode_2' -> (dK_dt <= 0);

-- jump conditions between modes
(mode_1 and mode_2') -> ((dK_dt = 0) and (K > 0.4));

-- No state change without time consumption.

(delta_time = 0) -> ((c7_1' = c7_1) and (c7_2' = c7_2));
(delta_time = 0) —> ((c2_0' = ¢c2_0) and (c2_1' = c2_1) and (c2_2'
(delta_time = 0) -> ((c3_0' = ¢3_0) and (c3_1' = c3_1) and (c3_2'
(delta_time = 0) -> ((c1_0' = c1_0) and (ci_1' = ci1_1) and (c1_2'
(delta_time = 0) —> ((c1_0' = c1_0) and (c1_1' = c1_1) and (c1_2'

c2_2));
c3_2));

=cl1_2));
= cl1_2));

(delta_time = 0) -> ((k_2' = k_2) and (k_1' = k_1) and (k_3' = k_3));

(delta_time = 0) -> ((lamAl' = lamAl) and (lamB1l' = lamB1) and
(lamA2' = lamA2) and (lamB2' = lamB2));

-- Rate constants are fixed
(d.k_2/d.time = 0);

(k_2 = k_2");
(d.k_1/d.time = 0);
(k_1 =k_1');
(d.k_3/d.time = 0);
(k_3 = k_3");

-- Lambda variables are fixed
(d.lamA1/d.time = 0);

(d.1amB1/d.time = 0);

(lamA1 = lamA1') and (lamB1l = lamB1');
(d.1lamA2/d.time = 0);
(d.1amB2/d.time = 0);
(lamA2 = lamA2') and (lamB2

lamB2');

-— Choice variables are fixed
(d.c7_1/d.time = 0);
(d.c7_2/d.time = 0);
(c7_1 = ¢c7_1') and (c7_2
(d.c2_0/d.time = 0);
(d.c2_1/d.time = 0);
(d.c2_2/d.time = 0);

c7_2');

(c2_0 = ¢c2_0') and (c2_1 = c2_1') and (c2_2 = c2_2');
(d.c3_0/d.time = 0);
(d.c3_1/d.time = 0);
(d.c3_2/d.time = 0);
(c3_0 = c3_0') and (c3_1 = c3_1') and (c3_2 = c3_2"');

(d.c1_0/d.time = 0);
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(d.c1_1/d.time = 0);
(d.c1_2/d.time = 0);
(c1_0 = ¢c1_0') and (c1_1 = c1_1') and (c1_2 = c1_2");

—- Joint choice variables are fixed
(d.tc_1_0/d.time = 0);

(d.tc_1_1/d.time = 0);

(tc_1_0 = tc_1_0') and (tc_1_1 = tc_1_1');

-- Flows

(mode_1 or mode_2) -> (d.K/d.time =

SFx(-BxKxk_2 + k_1%(c1_0 + c1_1x%x(AxlamAl + BxlamB1) + c1_2*(A*xlamAl + BxlamB1) ~2)*
(K"2*c2_2 + K*c2_1 +

c2_0)*(-c2_1 - 2%c2_2 + c3_1 + 2%c3_2) + k_3*(c7_1%tc_1_1 + 2xc7_2%tc_1_1)));
(mode_1 or mode_2) -> (d.A/d.time =

SF*(k_1*(-c1_1*lamAl - 2*ci1_2*lamA1)*(c1_0 + cl1_1*(A*lamAl + B*lamB1) +
cl1_2%(AxlamAl + BxlamB1) "2)*(K"2%c2_2 + Kxc2_1 + c2_0) + k_3*lamA2*tc_1_0));
(mode_1 or mode_2) -> (dK_dt =

-SF*(BxK*k_2 + k_1%(c1_0 + ci1_1*x(A*lamAl + B*lamB1) + c1_2*(A*lamAl + B*lamB1) "2)*(K~2%c2_2 +
Kxc2_1 + c2_0)*(c2_1 + 2*%c2_2 - c3_1 - 2%c3_2) - k_3*tc_1_1*x(c7_1 + 2%c7_2)));
(mode_1 or mode_2) -> (d.B/d.time =

SF* (B*K*k_2 + k_1*(-c1_1*lamBl - 2*c1_2*lamB1)#*(c1_0 + cl1_1*(A*lamAl + B*lamB1) +
c1_2%(AxlamAl + BxlamB1) "2)*(K"2%c2_2 + K*xc2_1 + c2_0) + k_3*lamB2*tc_1_0));

TARGET
mode_2 and (time <= 1) ;

144



APPENDIX B

Appendix B - Example Solver Use and Output

Solver Use

Both iSAT and dReach are command line tools that come with a range of options on solving.
While we will not explain all meta-parameters in this appendix, we will mention the most
important ones. An example use of the iSAT file from the command line would be:

\$ ./isat-ode-r2806-static-x86_64-generic-noSSE-stripped.txt --i hill.hys
--ode-opts=--continue-after-not-reaching-horizon --prabs=0.001
--msw=0.02 --max-depth 2

where --prabs is the §-precision of the candidate solution, --msw is the minimum splitting
width used to control precision over time, i.e. when the solver checks to see if the ODEs
satisfy the solution, and the .hys file is our encoding of a problem. --continue-after
-not-reaching-horizon is used to force the solver to continue even if the bracketing
method [165] fails (it will then switch to another enclosure method). --max-depth refers
to the number of unwindings of the bounded model checking algorithm within iSAT.

An example use of the dReach file from the command line would be:

\$ dreach -k 2 hillkinetics.drh --verbose
—--precision 0.001 --visualize

where k refers to the number of unwindings of the bounded model checking algorithm, the
.drh file is our encoding, --verbose refers to the amount of feedback we recieve on the
status of the solver, -—precision is the §-precision and --visualize attempts to plot the
results (although this often failed). dReach also produces certificates of correctness for both
d-sat and unsatisfiable solutions (a proof of unsatisfiability).

Solver Output

We present an example solver output for our phosphorelay model detailed in Chapter 6.4.
The encoding is using the LNA semantics. This output comes from the synthesis of rate
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parameters using the iSAT-ODE tool outlined in Chapter 3. Each variable is listed with its
type and its value at each mode change. As per the specification given for a phosphorelay
profile outlined in Chapter 6, the second derivative of L3p denoted L3ptt is 0 at the mode
switch.

CANDIDATE SOLUTION:

mode_1 (boolean):
@: [1,1] (point interwval)
@1: [1,1] (point interval)
@2: [0,0] (point interwval)

mode_2 (boolean):
@: [0,0] (point interval)
@1: [0,0] (point interval)
@2: [1,1] (point interval)

L3p (float):
@: [0,0] (point interval)
@1: [0.93779296,0.94667969] (width: 0.00888671875)
©@2: [0.32216796,0.33105469] (width: 0.00888671875)

delta_time (float):
©@0: [0.2734375,0.28027344] (width: 0.0068359375)
@1: [0.13769531,0.14453125] (width: 0.0068359375)

CL1L2p (float):
@0: [0,0] (point interval)
@1: [0.703125,0.7109375] (width: 0.0078125)
@2: [0.87109375,0.87695313] (width: 0.005859375)

CL3pB (float):
@: [0,0] (point interwval)
@1: [0.3984375,0.40625] (width: 0.0078125)
@2: [0.2265625,0.234375] (width: 0.0078125)

CL2pL3p (float):
@: [0,0] (point interval)
@1: [0.33007812,0.3359375] (width: 0.005859375)
@2: [0.8828125,0.88867188] (width: 0.005859375)

CL2B (float):
@: [0,0] (point interval)
@1: [0.8203125,0.82617188] (width: 0.005859375)
©2: [0.01757812,0.0234375] (width: 0.005859375)

CL3L1p (float):

@: [0,0] (point interval)
@1: [0.15625,0.1640625] (width: 0.0078125)
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@2: [0.61816406,0.62695313] (width: 0.0087890625)

CL1pL3p (float):
@0: [0,0] (point interval)
@1: [0.4609375,0.46875] (width: 0.0078125)
@2: [0.7265625,0.734375] (width: 0.0078125)

CL3B (float):
@: [0,0] (point interwval)
@1: [0.3359375,0.34375] (width: 0.0078125)
©@2: [0.3046875,0.3125] (width: 0.0078125)

CL2L3p (float):
@: [0,0] (point interval)
@1: [0.2890625,0.296875] (width: 0.0078125)
@2: [0.69140625,0.70117188] (width: 0.009765625)

CL1L3p (float):
@0: [0,0] (point interval)
@1: [0.8671875,0.875] (width: 0.0078125)
©@2: [0.71191406,0.72070313] (width: 0.0087890625)

CL2pB (float):
@: [0,0] (point interwval)
@1: [0.46875,0.4765625] (width: 0.0078125)
@2: [0.46289062,0.47265625] (width: 0.009765625)

CL3p (float):
@: [0,0] (point interval)
@1: [0.765625,0.7734375] (width: 0.0078125)
@2: [0.90917968,0.91748047] (width: 0.00830078125)

L3 (float):
©@0: [0.32999999,0.33000001] (width: 5.55111512e-17)
@1: [0.4453125,0.453125] (width: 0.0078125)
©2: [0.19726562,0.20703126] (width: 0.009765625)

L2 (float):
@0: [0.32999999,0.33000001] (width: 5.55111512e-17)
@1: [0.48437499,0.4921875] (width: 0.0078125)
©2: [0.38671874,0.39648438] (width: 0.009765625)

L1 (float):
@0: [0.32999999,0.33000001] (width: 5.55111512e-17)
@1: [0.52343749,0.52929688] (width: 0.005859375)
©2: [0.10742187,0.11328125] (width: 0.005859375)

CL1p (float):
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@: [0,0] (point interval)
@1: [0.3125,0.3203125] (width: 0.0078125)
@2: [0.80566406,0.81445313] (width: 0.0087890625)

CL2p (float):
@: [0,0] (point interval)
@1: [0.8359375,0.84277344] (width: 0.0068359375)
©2: [0.19824218,0.20507813] (width: 0.0068359375)

L2p (float):
@: [0,0] (point interwval)
@1: [0.15625,0.1640625] (width: 0.0078125)
@2: [0.6875,0.6953125] (width: 0.0078125)

CL1B (float):
@: [0,0] (point interval)
@1: [0.0703125,0.078125] (width: 0.0078125)
@2: [0.42578125,0.43554688] (width: 0.009765625)

L3pt (float):
@: [0,0] (point interval)
@1: [0.171875,0.1796875] (width: 0.0078125)
©@2: [0.8671875,0.875] (width: 0.0078125)

time (float):
@0: [0,0] (point interval)
@1: [0.2734375,0.28027344] (width: 0.0068359375)
©2: [0.41210937,0.41796875] (width: 0.005859375)

CL3L2p (float):
@: [0,0] (point interwval)
@1: [0.890625,0.8984375] (width: 0.0078125)
@2: [0.82226562,0.82910157] (width: 0.0068359375)

CL1pL2p (float):
@: [0,0] (point interval)
@1: [0.1640625,0.171875] (width: 0.0078125)
@2: [0.92382812,0.93359375] (width: 0.009765625)

k2 (float):
@0: [0.46249999,0.46875] (width: 0.00625)
@1: [0.46249999,0.46875] (width: 0.00625)
@2: [0.46249999,0.46875] (width: 0.00625)

k3 (float):
@0: [0.51874999,0.525] (width: 0.00625)
@1: [0.51874999,0.525] (width: 0.00625)
©2: [0.51874999,0.525] (width: 0.00625)
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k1 (float):
©0: [0.41874999,0.425] (width: 0.00625)
@1: [0.41874999,0.425] (width: 0.00625)
©2: [0.41874999,0.425] (width: 0.00625)

CL2L3 (float):
@0: [0,0] (point interval)
@1: [0.875,0.8828125] (width: 0.0078125)
©2: [0.55566406,0.56445313] (width: 0.0087890625)

CL1pB (float):
@: [0,0] (point interwval)
@1: [0.71875,0.7265625] (width: 0.0078125)
©@2: [0.9375,0.9453125] (width: 0.0078125)

CL3L3p (float):
@: [0,0] (point interval)
@1: [0.796875,0.8046875] (width: 0.0078125)
@2: [0.24707031,0.25585938] (width: 0.0087890625)

k4 (float):
@0: [0.159375,0.16875001] (width: 0.009375)
@1: [0.159375,0.16875001] (width: 0.009375)
@2: [0.159375,0.16875001] (width: 0.009375)

CLiL1p (float):
@: [0,0] (point interval)
@1: [0.90722656,0.9140625] (width: 0.0068359375)
@2: [0.34472656,0.3515625] (width: 0.0068359375)

CL2L2p (float):
@: [0,0] (point interwval)
@1: [0.859375,0.8671875] (width: 0.0078125)
©@2: [0.43701171,0.4453125] (width: 0.00830078125)

CL1L3 (float):
@: [0,0] (point interval)
@1: [0.828125,0.8359375] (width: 0.0078125)
@2: [0.1328125,0.140625] (width: 0.0078125)

Lip (float):
@: [0,0] (point interval)
@1: [0.67773437,0.68359375] (width: 0.005859375)
©@2: [0.47070312,0.4765625] (width: 0.005859375)

CL1L2 (float):
@0: [0,0] (point interval)
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@1: [0.95507812,0.9609375] (width: 0.005859375)
©@2: [0.39599609,0.40332032] (width: 0.00732421875)

CL2 (float):
@: [0,0] (point interval)
@1: [0.3359375,0.34375] (width: 0.0078125)
@2: [0.8046875,0.8125] (width: 0.0078125)

CL3 (float):
@: [0,0] (point interval)
@1: [0.4140625,0.421875] (width: 0.0078125)
@2: [0.359375,0.3671875] (width: 0.0078125)

B (float):
@: [0,0] (point interval)
@1: [0.1484375,0.15625] (width: 0.0078125)
@2: [0.484375,0.4921875] (width: 0.0078125)

L3ptt (float):
@: [0,0] (point interwval)
@1: [0,0] (point interval)
©@2: [0.4296875,0.4375] (width: 0.0078125)

CL1 (float):
@: [0,0] (point interval)
@1: [0.953125,0.95947266] (width: 0.00634765625)
©@2: [0.17480468,0.18115235] (width: 0.00634765625)

CB (float):
@0: [0,0] (point interval)
@1: [0.359375,0.36621094] (width: 0.0068359375)
©@2: [0.22167968,0.22851563] (width: 0.0068359375)

CL2L1p (float):
@: [0,0] (point interwval)
@1: [0.1875,0.19335938] (width: 0.005859375)
@2: [0.36816406,0.37695313] (width: 0.0087890625)

Statistics.

Number of variables : 1197
Boolean variables : 460
Integer variables : 513
Real variables 1 224

Number of complex bounds : 348

Number of problem clauses : 2280

Number of decisions (current / total) : 565 / 565

Variables preferred for splitting : (none)
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Number of point splits
Number of assignments

Number of IQ additioms
Maximum decision level
Maximum number of deductions per DL
Number of conflicts
Average size of learnt clauses
Maximum backjump distance
Number of restarts
Number of conflict clauses
implied by conflict clauses

Time solver
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APPENDIX C

Appendix C - CRN PID Controller

We present our full Chemical Reaction Network PID feedback loop with gene expression
plant and two reference signals introduced in Section 7.3. We include the three actuation
mechanisms given with the plant. For each block we also give the initial conditions used
to produce the simulations seen in Figure 7.4. Please note that rates denoted with multiple
letters are the products of those individual letters, i.e. a rate rs is the product of two rates
rXs

PID Controller

First we report the reactions and parameters of the CRN PID controller of which the proof
of correctness and details of operation are outlined in Chapter 7. For all figures we used the
same parameters

Proportional Block:

EtS E T+ P E-SE +P
P +pP Ly P" 3
P 3y

Initial Conditions: (rates) s,rs,q = 1 (species) PP =0

Integral Block:

vt EE 4T EAE T "'+ %o

Initial Conditions: (rates) k,q = 1, (species) I I =0
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Derivative Block:

E*SE 44" ETSE +4

E" S E*+D" E-SE +D

A" S o A S g

AY B AT+ D A3 A4 +D"

D" 5o D" 3o D"+D 5o

Initial Conditions: (rates) v, s, vs = 1, rv,q,rvs = 10, (species) A*,A",D", D™ =0

C.0.1 Summation and Subtraction Blocks

We provide the CRNs for the two summation blocks which are highlighted in the green
block in Figure 7.3. The first adds the output of the P and I blocks together. The second
the PI and D blocks together which produces the output species of the controller U (given
as PID in the CRNs below). The rates for the summation blocks were tuned using a trial
and error approach where the rates were adjusted to reduce error and reduce time to a
steady-state. It is important to note that no set of parameters are best in all situations. The
rates are within bounds for implementation as a DNA Strand Displacement device [196].

Addition Block P + I:
Pt 3 pt4+Bt "3+t
P 5P +B I" 31 +B
B"+B 49 B"3 ¢
B 3g

Initial Conditions for P + I summation block: (rates) s = 0.8,q = 0.3, (species) B" B =

Addition Block PI + D:

PI* 3 prt+ piD* D3 D"+ PID?
PI" 5 PI” + PID” D™ 5D +PID”
PID"+PID” % o PIiD* 5 o
PID” 5 @

Initial Paramterisation for PI + D summation block: (rates) s = 1.1, = 0.1 (species)
PID*,PID” =0
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Subtraction Block:
The subtraction block is used to compute the error of the output of the plant Y with the

reference signal:

vyt 3yt 4+ Y R 3R +E

Y3y +E R" 3SR+ E
Et+E %o E' 3 g

E 3

Initial Conditions for difference block summation block: (rates) s,q =1

C.0.2 Reference Signals

Next we introduce the intitial conditions and reactions for both the constant and sine wave
reference signals. These act as a reference which we are trying to control our plant to track.

Constant:

The constant signal can be given simply by stating a non-decaying species with a molec-
ular count equal to the constant signal however it can also be given by the following CRN
which is stated in Figure 7.4.

k
2 > R* R*" L o

Initial Conditions: (rates) k£ = 10, = 1 (species) R"=0,R =0

Sine wave: The sine wave has a slow reaction rate to allow for the PID controller to
properly track the signal.

AT E AT+ Rt A" B A+ R
RTE R 44 R AR +4"
At+ a5 g rRr+r 5o

Initial Conditions: (rates) k£ = 0.01 (species) At =10,A"=0,R"=0,R =0

Plant and Actuators

We introduce the gene expression plant used within our model. We also include the three
actuations methods from the controller U™, U~ seen in Figure 7.4 used to interface with the
plant.
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Actuator 1:
Ut LUt +mRNA U™ 5 U + microrRN A

Initial Conditions: (rates) k = 1 (species) mRNA = 0,microRNA = 0,U T = 0.5,
U~ = 0.5 where the initial values of U", U~ are arbitrarily set.

Actuator 2:

Ut LUt s mRNA U +mRNAS U™
Initial Conditions: (rates) k = 1 (species) mRNA =0,U" = 0.5, U~0.5
Actuator 3:

+ k + - |
U —-U + Pro U +Pro-U

Initial Conditions: (rates) k& = 1 (species) Pro=1,U T =05,U705
Plant:

K mRNA mRNA L @
mRNA" ﬁ mRNA + Pro Pro i @
mRNA + microRN A i @

Initial Conditions: (rates) k = 1, (species) mRN A, microRNA =0, Pro=1

C.0.3 Single to Dual Rail Block

We introduce the block which takes the output of the plant Y and transforms into into a
dual rail signal, see blue block Figure 7.3.

1+

y Sy +y"™ Y* 3o YHiy" 4o

Initial Conditions: (rates) s,q = 1, (species) Y .Y~ =0
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