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ABSTRACT
Network meta-analysis of randomized controlled trials is traditionally conducted on a single outcome measured at one time point.
However, many trials also feature a secondary outcome and both outcomes may have been reported at multiple time points. Exist-
ing network meta-analysis methods for synthesizing continuous outcome data from such trials focus on either the longitudinal
data aspect or the multiple outcomes aspect, but not on both simultaneously. In this paper, we present two Bayesian network
meta-analysis models that account for the correlation of outcome measurements over time using Gaussian random walks with
drift. The first model is suitable for a single continuous outcome measured at multiple time points, while the second model extends
the first model to allow incorporation of a second outcome through cointegration of random walks. A simulation study to evaluate
several statistical properties of these models is conducted. The results indicate that both proposed models produce unbiased esti-
mates of relative treatment effect and drift parameters, as well as reasonable coverage. Furthermore, in some scenarios, using the
cointegration model yields small gains in precision over using the single outcome model. Based on various performance measures,
both proposed models also outperform an existing random walk network meta-analysis model previously used by investigators
to synthesize osteoarthritis trials data. The proposed models are illustrated with an application to trials evaluating treatments for
knee and hip osteoarthritis. Both models are useful additions to existing tools available to investigators undertaking a network
meta-analysis of continuous outcome data at multiple time points.

1 | Introduction

Randomized controlled trials (RCTs) are seen as the gold
standard in generating evidence for comparative effectiveness
research, although a single RCT seldom provides sufficient evi-
dence to answer research questions concerning multiple treat-
ments of interest in a target population, such as in the context
of clinical guideline development. In many cases, a collection
of RCTs involving more than two treatments, identified ideally
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through a systematic review, does not compare the same treat-
ments across all trials. Instead, each RCT in the collection com-
pares only a smaller subset of all treatments of interest, and thus
provides only a piece of the evidence. The totality of evidence
from the collection of RCTs can be represented as a network of
treatment nodes, with edges between nodes denoting that one or
more trials involve direct comparisons of the two treatments con-
nected by each edge. To synthesize quantitatively the many pieces
of evidence in this network, the investigator undertaking the
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systematic review can make use of network meta-analysis (NMA)
methods which employ statistical models to combine all available
data in a coherent and internally consistent manner.

In the last two decades, numerous sophisticated methods have
been developed that greatly expanded the toolkit of the investi-
gator interested in conducting a NMA. One area of NMA that
has seen significant development is Bayesian methods for syn-
thesizing data measured at multiple time points from RCTs. Tra-
ditionally, meta-analyses of longitudinal data from RCTs either
focused on a single convenient time point or involved a sepa-
rate meta-analysis at each time point of interest. However, nei-
ther of these approaches account for the correlation of treat-
ment effects between time points. Thus, NMA methods that allow
data from multiple time points to be synthesized simultaneously,
while accounting for the correlation across time points, have gar-
nered the attention of methodologists. Lu et al. proposed a series
of Bayesian hierarchical models for conducting NMA of trials
with an outcome measured at more than one follow-up time and
with different trials reporting the outcome at possibly different
times [1]. These Bayesian models are specified using a piecewise
constant hazard model in the context of pooling log hazard ratios
comparing healing rates of treatments for a disease and include a
random walk model on the log hazard ratios, but they can only be
applied in cases where the event of interest can only occur once
during the follow-up. Dakin et al. presented several fixed and ran-
dom effects Bayesian models for conducting NMA of repeated
measurements of a continuous outcome with assumptions of
constant or time interval-specific relative effects and constant
or unconstrained baseline effects [2]. However, many of these
models do not provide insights into how the outcome changes
over the course of treatment nor how these temporal trends com-
pare across different treatments. Jansen et al. proposed NMA
models using fractional polynomials to model the dependence
of treatment effects on time [3]. Although fractional polynomi-
als are flexible parametric functions to describe the development
of outcomes over time, this flexibility also carries with it certain
implications in practice. For instance, for only a second-degree
fractional polynomial with two powers 𝑝1 and 𝑝2, and restricting
potential values of 𝑝1 and 𝑝2 to the set {−2,−1,−0.5, 0, 0.5, 1, 2, 3},
there are at least 36 different fractional polynomial NMA mod-
els (not accounting for other factors such as fixed versus random
effects models) that would need to be fitted to identify the most
parsimonious model through comparisons of the deviance infor-
mation criterion [4]. More recently, da Costa et al. introduced a
Bayesian random walk NMA model in the context of synthesiz-
ing continuous outcome data from osteoarthritis (OA) RCTs [5].
This NMA model makes use of Gaussian random walks to han-
dle correlations between mean standardized effects across time
points, though the random walks are implicitly assumed to have
zero drift in this model. Still more recently, Pedder et al. pro-
posed a Bayesian model-based NMA framework for modelling a
continuous summary outcome at multiple follow-up times using
nonlinear multi-parameter time-course functions [6]. A limita-
tion of this method is that, for models with multiple parameters,
a sufficiently rich dataset is required to make all non-nuisance
parameters identifiable. Otherwise, additional biologically plau-
sible simplifying assumptions need to be made to constrain these
parameters.

Another area of NMA that has seen significant development,
though not as extensively as NMA methods for longitudinal data,
is Bayesian methods for synthesizing data on multiple outcomes.
Traditionally, meta-analyses of RCTs with multiple outcomes
involved a separate meta-analysis for each outcome. However,
in many RCTs, different outcomes are often correlated with each
other, and the traditional approach of a separate meta-analysis for
each outcome would ignore such correlation between outcomes.
Furthermore, under the traditional approach, several RCTs may
need to be excluded from the evidence base if an outcome of
interest is not reported for these trials. This can lead to biased esti-
mates of relative treatment effects. To remedy these issues, meth-
ods have been developed that enable the borrowing of strength
from other correlated outcomes. Efthimiou et al. proposed two
bivariate Bayesian models for conducting NMA of two correlated
binary, continuous, or time-to-event outcomes [7]. One model
involves simplifying both the within- and between-study covari-
ance matrices to reduce the number of parameters and ease com-
putational burden, while the other model involves extending a
bivariate meta-analysis model by Riley et al. that uses a single
correlation coefficient, an amalgam of within- and between-study
correlations, to account for the overall correlation [8]. In a more
general manner, Achana et al. developed a multivariate hierar-
chical NMA model for multiple outcomes, involving both within-
and between-study models to account for correlations between
treatment effects on different outcomes [9]. Achana et al. also
proposed an extension to this multivariate model by making
an assumption of constant relative potency of treatments across
outcomes [9], thus allowing borrowing of strength across treat-
ments and outcomes. However, with this extension, there are
limitations on the number of data points on outcomes allowed
to be missing. A more recent multivariate NMA model pro-
posed by Waddingham et al. exploits relationships between out-
comes by using structural links in the form of proportional
mappings between mean treatment effect parameters [10]. This
approach, however, is not suitable for scenarios in which the rel-
ative effect may be zero for some outcomes but nonzero for other
outcomes.

In this paper, we present two Bayesian NMA models for contin-
uous outcome data measured at multiple time points. The two
models were developed with the aim of synthesizing data from
OA RCTs. OA is a common cause of disability and is character-
ized by progressive deterioration of articular cartilage and reac-
tive bone changes [11]. Clinically, OA is associated with regional
pain, dysfunction, and stiffness of the affected joint [11]. In OA
trials, pain intensity and physical function are two outcomes that
are often measured at multiple time points using various differ-
ent algofunctional scales across different trials. To account for
the use of different algofunctional scales, we model standardized
effects on pain and physical disability reduction as the two out-
comes of interest in this paper. The NMA models we present,
however, are not limited to modelling only standardized effects.
The first of our two models uses a Gaussian random walk to
model mean standardized effects over multiple time points for
each treatment in a trial. We additionally introduce drift terms to
the Gaussian random walks to account for potential time trends
in mean standardized effects. The second model is an extension
of the first and allows the inclusion of a second outcome in the
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model. Though not strictly a bivariate NMA model in the tradi-
tional sense, the second model we present still enables borrow-
ing of strength across outcomes while maintaining the ability
to account for the correlation of outcome measurements across
time points. To our knowledge, this is the first Bayesian NMA
model for continuous outcome data to account for both the lon-
gitudinal data and the multiple outcomes aspects in a single
model.

For the remainder of this paper, we first briefly describe an
example dataset containing OA trials data. Then, we present
details on the two novel Bayesian NMA models using Gaus-
sian random walks with drift. The presentation of our models
is followed by a simulation study which aims to evaluate vari-
ous statistical properties of these models and demonstrate that
these models yield inferences with good frequentist properties.
The details of the simulation study, including the data-generating
mechanism and performance measures used, are then described.
These are followed by the results of the simulation study, which
include comparisons of the proposed models with the random
walk NMA model of da Costa et al. [5]. The results for the
motivating example are then presented, followed by a discussion
of key considerations concerning the use of our proposed
NMA models.

2 | Motivating Example

The example datasets come from a previous network meta-
analysis of RCTs evaluating non-steroidal anti-inflammatory
drugs (NSAIDs), paracetamol, and placebo as treatments for knee
and hip OA [5]. A systematic search of the Cochrane Central Reg-
ister of Controlled Trials and other databases for eligible trials
was conducted by the authors yielding 76 large randomized tri-
als with at least 100 patients per arm. The prespecified primary
outcome for the NMA was pain and the secondary outcome was
physical function. Data on the pain outcome were extracted at
the following time points whenever available: 1 week (±2 days), 2
weeks (±2 days), 4 weeks (±1 week), 6 weeks (±1 week), 3 months
(±1 month), 6 months (±1 month), and 12 months (±1 month).
Data on the function outcome were extracted at only a subset
of these time points. If data on more than one pain scale were
reported for a trial, the authors extracted data for the pain scale
that was highest on the following list: (1) global pain score; (2)
pain on walking; (3) Western Ontario and McMaster Universi-
ties (WOMAC) osteoarthritis index pain subscore; (4) composite
pain scores other than WOMAC; (5) pain on activities other than
walking; (6) WOMAC global score; (7) Lequesne osteoarthritis
index global score; (8) other algofunctional composite scores; (9)
patient’s global assessment; (10) physician’s global assessment.
Similarly, if data on more than one physical function scale were
reported for a trial, the authors extracted data for the physical
function scale that was highest on the following list: (1) global
function score; (2) walking disability; (3) WOMAC osteoarthritis
index function subscore; (4) composite physical function scores
other than WOMAC; (5) physical function on activities other than
walking; (6) WOMAC global score; (7) Lequesne osteoarthritis
index global score; (8) other algofunctional composite scores; (9)
patient’s global assessment; (10) physician’s global assessment.
Due to the variety of algofunctional scales used for each outcome
in different trials, the authors computed standardized effects by

dividing effect measures in each trial by the median pooled stan-
dard deviation across all time points in the trial. The resulting
datasets are included in a Supporting Information data file with
this paper. We applied the two novel models developed in this
paper to the function outcome and used the pain outcome only
in an auxiliary manner to aid estimation of parameters for the
function outcome. We also applied the random walk NMA model
of da Costa et al. using time point one as the reference time
point (whereas da Costa et al. used time point four as reference
in the original publication) and compared the results with those
obtained from fitting our proposed models. Since some of the
RCTs included in the original NMA did not report function out-
come measurements at any of the relevant time points, the actual
number of trials included in the example NMA was reduced to 70
RCTs. These RCTs form the network of 22 treatments shown in
Figure 1. Placebo was chosen as treatment 1, the reference treat-
ment, as it had been trialled against the greatest number of other
treatments.

3 | Methods

In this section, we first present a Bayesian Gaussian random walk
with drift NMA model for a single continuous outcome inspired
by the random walk NMA model used by da Costa et al. [5] to
conduct a NMA of OA trials comparing NSAIDs, paracetamol,
and placebo. The idea of imposing a random walk structure on
some measure of treatment effect in the context of conducting
a NMA, however, was first presented by Lu et al. [1]. The ran-
dom walk NMA models discussed in these papers essentially
allow information on treatment effects from other time points
to be propagated through time to inform estimation of pooled
effects associated with a selected reference time point. Although
these models are useful because they enable the borrowing of
information across time points, they are not designed to allow
estimation of pooled effects at any time point other than the
reference time point. This motivates the development of model
1 in this paper, which uses Gaussian random walks with drift
to capture information about average time trends in treatment
effects, thus allowing pooled effects to be estimated at multi-
ple time points. Since physical function is another outcome that
is often featured in OA RCTs in addition to pain, we follow
up the presentation of model 1 with model 2, an extension of
model 1 that allows two outcomes to be incorporated into a sin-
gle model by considering these outcomes as two random walks
exhibiting cointegration. Then, we describe the simulation study
in detail, including the data-generating mechanism for simulat-
ing the RCT data and the settings of various parameters in dif-
ferent simulation scenarios. We conclude the methods section
by defining the performance measures used in the simulation
study.

3.1 | Model 1: Gaussian Random Walk With
Drift Network Meta-Analysis Model

Model 1 is specified for a single outcome assuming that the
observed standardized effect of treatment 𝑘 in trial 𝑖 at time point
𝑡, 𝑦𝑖𝑘𝑡, follows a Gaussian distribution centred at the mean stan-
dardized effect of treatment 𝑘 in trial 𝑖 at time point 𝑡, 𝜃𝑖𝑘𝑡, with
variance 𝜎2

𝑖𝑘𝑡
:
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FIGURE 1 | Network diagram showing treatment comparisons in the example network meta-analysis. The number of trials featuring each treat-
ment comparison is shown on each edge; the width of each edge also scales with the number of trials. Treatment labels are: 1 = placebo, 2 = paracetamol
< 2000 mg, 3 = paracetamol 3000 mg, 4 = paracetamol 3900–4000 mg, 5 = rofecoxib 12.5 mg, 6 = rofecoxib 25 mg, 7 = rofecoxib 50 mg, 8 = lumiracoxib
100 mg, 9 = lumiracoxib 200 mg, 10 = lumiracoxib 400 mg, 11 = etoricoxib 30 mg, 12 = etoricoxib 60 mg, 13 = diclofenac 70 mg, 14 = diclofenac 100 mg,
15 = diclofenac 150 mg, 16 = celecoxib 100 mg, 17 = celecoxib 200 mg, 18 = celecoxib 400 mg, 19 = naproxen 750 mg, 20 = naproxen 1000 mg, 21 =
ibuprofen 1200 mg, 22 = ibuprofen 2400 mg.
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⎞⎟⎟⎟⎟⎟⎠
𝑚𝑖𝑘𝑡 =

{
𝜇𝑖𝑏 + 𝛽𝑖𝑏 𝑡 if 𝑘 = 𝑏

𝜇𝑖𝑏 + 𝛿𝑖𝑏𝑘 + 𝛽𝑖𝑘 𝑡 if 𝑘 ≠ 𝑏

𝛿𝑖𝑏𝑘 ∼ 
(
𝑑𝐴𝑘 − 𝑑𝐴𝑏, 𝜎

2
RE
)
, 𝑑𝐴𝐴 = 0

𝛽𝑖𝑘 ∼ 
(
𝐵𝑘, 𝜎

2
drift

)
where there are a total of 𝑇 time points at which outcome mea-
surements are taken, 𝑚𝑖𝑘𝑡 is the mean of the random walk for
treatment 𝑘 in trial 𝑖 at time point 𝑡, 𝜎2

time is the variance of
each random walk step, 𝜇𝑖𝑏 is the baseline effect of the control
arm in trial 𝑖, 𝛿𝑖𝑏𝑘 is the trial-specific relative effect of treatment

𝑘 relative to the treatment in the control arm in trial 𝑖, 𝑑𝐴𝑘 is
the relative treatment effect of treatment 𝑘 versus the reference
treatment 𝐴 (often taken to be placebo), 𝜎2

RE is the between-trial
variance of relative effects, 𝛽𝑖𝑘 is the trial-specific drift for treat-
ment 𝑘 in trial 𝑖, 𝐵𝑘 is the pooled drift associated with treat-
ment 𝑘, and 𝜎2

drift is the between-trial variance of drifts. The
key assumption of exchangeability [12] in NMA is encapsulated
in the random effects distributions of relative treatment effects
𝛿𝑖𝑏𝑘 ∼ 

(
𝑑𝐴𝑘 − 𝑑𝐴𝑏, 𝜎

2
RE
)
. Note, in particular, that consistency is

captured through writing the mean of each random effects dis-
tribution as the difference between two basic parameters [13],
which consist of contrasts between a given treatment and the ref-
erence treatment. We take 𝑑𝐴𝐴 to be zero, since the relative effect
of a treatment versus itself is zero. Also apparent in the random
effects distributions is the homogeneous between-trial variance
assumption, as 𝜎2

RE has no subscripts indicating any particular
treatment contrast and is thus independent of the treatment con-
trast under consideration. This assumption allows multi-arm tri-
als to be incorporated into the model by specifying a marginal
distribution for arm 2 and a conditional distribution for arm 𝑗 > 2
given arms 2, . . . , 𝑗 − 1 [14]:
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𝛿𝑖𝑏𝑘2
∼  (𝑑𝐴𝑘2

− 𝑑𝐴𝑏, 𝜎
2
RE) for 𝑗 = 2

𝛿𝑖𝑏𝑘𝑗

|||||||||
⎛⎜⎜⎜⎝
𝛿𝑖𝑏𝑘2

⋮

𝛿𝑖𝑏𝑘𝑗−1

⎞⎟⎟⎟⎠ ∼ 

(
(𝑑𝐴𝑘𝑗 − 𝑑𝐴𝑏) +

1
𝑗 − 1

𝑗−1∑
𝓁=1

(𝛿𝑖𝑏𝑘𝓁 − (𝑑𝐴𝑘𝓁 − 𝑑𝐴𝑏)),

𝑗

2(𝑗 − 1)
𝜎2

RE

)
for 𝑗 > 2.

Since {𝜃𝑖𝑘𝑡} is assumed to follow a Gaussian random walk with
drift, we have by definition

𝜃𝑖𝑘𝑡 = 𝜃𝑖𝑘(𝑡−1) + 𝛽𝑖𝑘 + 𝑧𝑖𝑘𝑡,

where 𝑧𝑖𝑘𝑡 ∼  (0, 𝜎2
time), 𝑡 = 1, 2, . . . . Iterating this equation, we

obtain

𝜃𝑖𝑘𝑡 = 𝜃𝑖𝑘(𝑡−1) + 𝛽𝑖𝑘 + 𝑧𝑖𝑘𝑡

= 𝜃𝑖𝑘(𝑡−2) + 2𝛽𝑖𝑘 + 𝑧𝑖𝑘(𝑡−1) + 𝑧𝑖𝑘𝑡

= . . .

= 𝜃𝑖𝑘0 + 𝛽𝑖𝑘 𝑡 +
𝑡∑

𝑗=1
𝑧𝑖𝑘𝑗 (1)

where 𝜃𝑖𝑘0 is assumed to be some known initial value of the
random walk. Taking conditional expectations of both sides of
Equation (1) given 𝜃𝑖𝑘0 and 𝛽𝑖𝑘, we obtain the mean function

𝐸(𝜃𝑖𝑘𝑡|𝜃𝑖𝑘0, 𝛽𝑖𝑘) = 𝜃𝑖𝑘0 + 𝛽𝑖𝑘 𝑡 +
𝑡∑

𝑗=1
𝐸(𝑧𝑖𝑘𝑗 )

= 𝜃𝑖𝑘0 + 𝛽𝑖𝑘 𝑡. (2)

The definition of 𝑚𝑖𝑘𝑡 in model 1 then follows from this result by
setting 𝜃𝑖𝑘0 = 𝜇𝑖𝑏 if 𝑘 = 𝑏 and 𝜃𝑖𝑘0 = 𝜇𝑖𝑏 + 𝛿𝑖𝑏𝑘 if 𝑘 ≠ 𝑏. Similar to
a meta-regression model, the drift parameters are introduced as
interaction terms, each of which represents the additional treat-
ment effect per unit change in time point for a given treatment.
Unlike a typical meta-regression model, however, we also have a
drift term acting in the control arm of each trial. This is a nec-
essary specification because given the initial value and drift, the
mean function of a random walk with drift must take the form of
Equation (2). A type of exchangeability assumption is also made
on the 𝛽𝑖𝑘, as encapsulated by 𝛽𝑖𝑘 ∼ 

(
𝐵𝑘, 𝜎

2
drift

)
. That is, the

trial-specific drift for treatment 𝑘 is independently drawn from
a Gaussian distribution centred at 𝐵𝑘, the pooled drift parameter
associated with treatment 𝑘. The covariance matrix of the mul-
tivariate Gaussian distribution in model 1 also follows from our
choice to use a Gaussian random walk with drift to model the
mean standardized effects over time. This can be seen by com-
puting the conditional covariance between 𝜃𝑖𝑘𝑠 and 𝜃𝑖𝑘𝑡 given 𝜃𝑖𝑘0
and 𝛽𝑖𝑘 for 𝑠 ≤ 𝑡:

𝐶𝑜𝑣(𝜃𝑖𝑘𝑠, 𝜃𝑖𝑘𝑡
||| 𝜃𝑖𝑘0, 𝛽𝑖𝑘) = 𝐶𝑜𝑣

(
𝜃𝑖𝑘0 + 𝛽𝑖𝑘 𝑠 +

𝑠∑
𝑗=1

𝑧𝑖𝑘𝑗 , 𝜃𝑖𝑘0

+ 𝛽𝑖𝑘 𝑡 +
𝑡∑

𝓁=1
𝑧𝑖𝑘𝓁

||| 𝜃𝑖𝑘0, 𝛽𝑖𝑘

)

= 𝐶𝑜𝑣

(
𝑠∑

𝑗=1
𝑧𝑖𝑘𝑗 ,

𝑡∑
𝓁=1

𝑧𝑖𝑘𝓁

)

=
𝑠∑

𝑗=1

𝑡∑
𝓁=1

𝐶𝑜𝑣
(
𝑧𝑖𝑘𝑗 , 𝑧𝑖𝑘𝓁

)
=

𝑠∑
𝑗=1

Var(𝑧𝑖𝑘𝑗 )

= 𝑠𝜎2
time (3)

where the second-to-last line follows since 𝐶𝑜𝑣(𝑧𝑖𝑘𝑗 , 𝑧𝑖𝑘𝓁) = 0 for
𝑗 ≠ 𝓁 due to statistical independence. Hence, in the covariance
matrix in model 1, we have the upside-down L-shape bands
that not only reflect the property of increasing variance with
increasing time characteristic of a Gaussian random walk, but
also the property shown in Equation (3) for the covariance more
generally.

In model 1, when estimating relative treatment effects at different
time points, it is the relative drifts (i.e., the differences between
two 𝐵 parameters) that are needed, not just an individual drift
parameter. To obtain the relative treatment effect at each time
point beyond time zero, we take the pooled effect at time point
zero and add to it a relative drift multiplied by time term. Sup-
pose 𝐷𝑝𝑞𝑡 represents the pooled effect of treatment 𝑞 relative to
treatment 𝑝 at time point 𝑡, then we have

𝐷𝑝𝑞𝑡 = 𝑑𝑝𝑞 + (𝐵𝑞 − 𝐵𝑝)𝑡. (4)

To understand this, imagine each of the trials included in the
NMA actually features all treatments in the network, but with
many of the reported treatment effects missing at random. Then,
it is reasonable to consider as the pooled effect of treatment 𝑞 ver-
sus 𝑝 at time 𝑡 the expected difference at time 𝑡 between the means
of the random walks representing the treatment effects in the arm
with treatment 𝑞 and in the arm with treatment 𝑝 over the popu-
lation of all trials. That is, to obtain the pooled effect of treatment
𝑞 versus 𝑝 at time point 𝑡, we compute

𝐷𝑝𝑞𝑡 = 𝐸
[
𝑚𝑖𝑞𝑡 − 𝑚𝑖𝑝𝑡

]
= 𝐸

[
(𝜇𝑖𝑏 + 𝛿𝑖𝑏𝑞 + 𝛽𝑖𝑞𝑡) − (𝜇𝑖𝑏 + 𝛿𝑖𝑏𝑝 + 𝛽𝑖𝑝𝑡)

]
= 𝐸

[
(𝛿𝑖𝑏𝑞 − 𝛿𝑖𝑏𝑝) + (𝛽𝑖𝑞 − 𝛽𝑖𝑝)𝑡

]
= (𝑑𝐴𝑞 − 𝑑𝐴𝑏) − (𝑑𝐴𝑝 − 𝑑𝐴𝑏) + (𝐵𝑞 − 𝐵𝑝)𝑡

= (𝑑𝐴𝑞 − 𝑑𝐴𝑝) + (𝐵𝑞 − 𝐵𝑝)𝑡

= 𝑑𝑝𝑞 + (𝐵𝑞 − 𝐵𝑝)𝑡.

Model fitting is conducted in a Bayesian framework using any
software program that supports Markov chain Monte Carlo
(MCMC) simulations, such as JAGS [15] or OpenBUGS [16].
Being a Bayesian model, prior distributions are required to be
specified for all unknown parameters in model 1. We take the
approach of specifying weakly informative prior distributions,
which correspond to a  (0, 1) prior for the relative treatment
effects, 𝑑𝐴𝑘, the pooled drifts, 𝐵𝑘, and the trial-specific baseline
effects,𝜇𝑖𝑏; and a𝑈𝑛𝑖𝑓 (0, 2) prior for the unknown standard devi-
ation parameters including 𝜎time, 𝜎RE, and 𝜎drift. A value of 2 for
the upper bound of the uniform prior distribution is sufficiently
vague, as we are dealing with standardized effect sizes.
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3.2 | Model 2: Cointegrated Gaussian Random
Walks With Drift Network Meta-Analysis Model

Model 2 is an extension of model 1 and accommodates two out-
comes measured at multiple time points and assumed to be coin-
tegrated Gaussian random walks. Conceptually, cointegration of
two time series occurs when they tend to move together and never
stray arbitrarily far from each other. Mathematically, two time
series, 𝑥𝑡 and 𝑦𝑡, are said to be cointegrated of order (𝑞, 𝑝) if 𝑥𝑡

and 𝑦𝑡 are both integrated of order 𝑞 and there exists some 𝜆 such
that the linear combination

𝑧𝑡 =
(

1 −𝜆
)(𝑦𝑡

𝑥𝑡

)
= 𝑦𝑡 − 𝜆𝑥𝑡

is integrated of order 𝑞 − 𝑝 [17]. A time series is said to be inte-
grated of order 𝑞, denoted 𝐼(𝑞), if the number of times it is
required to be differenced to achieve covariance stationarity is
𝑞. The vector (1 − 𝜆)′ is referred to as a cointegrating vector.
In this paper, we treat specifically the case in which two ran-
dom walks are cointegrated of order (1, 1); that is, each random
walk is 𝐼(1) and taking a linear combination with the cointe-
grating vector results in a stationary, 𝐼(0), time series. For this
reason, the two random walks representing the mean standard-
ized effects over time for the two outcomes are referred to sim-
ply as cointegrated random walks, without additional reference
to order.

Similar to existing multivariate meta-analysis models, we aim to
use the relationship between the two outcomes to obtain param-
eter estimates with improved precision [18]. Unlike many mul-
tivariate meta-analysis models, however, we avoid difficulties
often associated with multivariate modelling, such as requir-
ing rarely-reported within-trial correlation estimates or involv-
ing sophisticated reparameterization techniques to enable esti-
mation of the between-trial covariance matrix [9, 19]. Although
our proposed model makes use of data from two outcomes (i.e.,
pain and physical function), the roles of the two outcomes are not
interchangeable and one of the two outcomes must be chosen as
the main outcome, while the other is relegated to the role of aux-
iliary outcome. The distinction between the main outcome and
auxiliary outcome is that model 2 only allows the pooled effects
to be estimated for the main outcome, while the auxiliary out-
come is only used to improve the precision of the estimates for
the main outcome.

Assuming the observed standardized effects for treatment 𝑘 in
trial 𝑖 at time point 𝑡 for the main outcome, 𝑦𝑖𝑘𝑡, and for the auxil-
iary outcome, 𝑥𝑖𝑘𝑡, follow Gaussian distributions centred at the
mean standardized effects for the main outcome, 𝜃𝑖𝑘𝑡, and for
the auxiliary outcome, 𝜂𝑖𝑘𝑡, with respective variances 𝜎2

𝑖𝑘𝑡
and 𝜏2

𝑖𝑘𝑡
,

model 2 is specified as follows:

𝑦𝑖𝑘𝑡 ∼  (𝜃𝑖𝑘𝑡, 𝜎2
𝑖𝑘𝑡)

𝑥𝑖𝑘𝑡 ∼  (𝜂𝑖𝑘𝑡, 𝜏2
𝑖𝑘𝑡)

⎛⎜⎜⎜⎝
𝜃𝑖𝑘1

⋮

𝜃𝑖𝑘𝑇

⎞⎟⎟⎟⎠ ∼ 

⎛⎜⎜⎜⎜⎜⎝
⎛⎜⎜⎜⎝
𝑚𝑖𝑘1

⋮

𝑚𝑖𝑘𝑇

⎞⎟⎟⎟⎠,
⎛⎜⎜⎜⎜⎜⎝

𝜎2
time · · · 𝜎2

time

⋮ 2𝜎2
time · · · 2𝜎2

time

⋮ ⋱ ⋮

𝜎2
time 2𝜎2

time · · · 𝑇𝜎2
time

⎞⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎠

𝜂𝑖𝑘𝑡 ∼ 
(
𝜈𝑖𝑘𝜃𝑖𝑘𝑡 + 𝜅𝑖𝑘, 𝜎

2
aux

)
𝑚𝑖𝑘𝑡 =

{
𝜇𝑖𝑏 + 𝛽𝑖𝑏 𝑡 if 𝑘 = 𝑏

𝜇𝑖𝑏 + 𝛿𝑖𝑏𝑘 + 𝛽𝑖𝑘 𝑡 if 𝑘 ≠ 𝑏

𝛿𝑖𝑏𝑘 ∼ 
(
𝑑𝐴𝑘 − 𝑑𝐴𝑏, 𝜎

2
RE
)
, 𝑑𝐴𝐴 = 0

𝛽𝑖𝑘 ∼ 
(
𝐵𝑘, 𝜎

2
drift

)
𝜈𝑖𝑘 ∼ 

(
𝑐𝑘, 𝜎

2
coint

)
where we have introduced additional variables 𝜂𝑖𝑘𝑡, the mean
standardized effect for the auxiliary outcome for treatment 𝑘 in
trial 𝑖 at time point 𝑡; 𝜈𝑖𝑘, the key parameter in the trial-specific
cointegrating vector for treatment 𝑘 in trial 𝑖; 𝜅𝑖𝑘, the level of
the stationary time series resulting from the linear combination
with the cointegrating vector for treatment 𝑘 in trial 𝑖; 𝜎2

aux, the
variance of Gaussian white noise, assumed to be common across
all arms in all trials; 𝑐𝑘, the mean cointegrating vector param-
eter associated with treatment 𝑘; and 𝜎2

coint, the between-trial
variance of the key parameters in the cointegrating vectors. In
addition to the assumptions we make in model 1, we also make
another exchangeability assumption on the 𝜈𝑖𝑘 being indepen-
dently drawn from a Gaussian distribution centred at 𝑐𝑘. In model
2, the key component that captures the cointegration of {𝜃𝑖𝑘𝑡} and
{𝜂𝑖𝑘𝑡} is

𝜂𝑖𝑘𝑡 ∼ 
(
𝜈𝑖𝑘𝜃𝑖𝑘𝑡 + 𝜅𝑖𝑘, 𝜎

2
aux

)
.

Another way to write this is as follows

𝜂𝑖𝑘𝑡 = 𝜈𝑖𝑘𝜃𝑖𝑘𝑡 + 𝜅𝑖𝑘 + 𝜖𝑖𝑘𝑡, 𝜖𝑖𝑘𝑡 ∼ 
(
0, 𝜎2

aux
)

𝜂𝑖𝑘𝑡 − 𝜈𝑖𝑘𝜃𝑖𝑘𝑡 = 𝜅𝑖𝑘 + 𝜖𝑖𝑘𝑡

= 𝑧𝑖𝑘𝑡, where 𝑧𝑖𝑘𝑡 ∼ 
(
𝜅𝑖𝑘, 𝜎

2
aux

)
. (5)

The form in Equation (5) shows {𝜃𝑖𝑘𝑡} and {𝜂𝑖𝑘𝑡} are indeed coin-
tegrated random walks, since {𝑧𝑖𝑘𝑡}, being a collection of inde-
pendently and identically distributed random variables indexed
by time, is clearly a stationary time series. Rewritten in this way,
we also see why these additional variables hold the interpreta-
tions that they do.

Despite conferring some of the same benefits as multivariate
meta-analysis models, model 2 is technically not a multivariate
NMA model. This means that to estimate pooled effects for both
outcomes, it is necessary to fit model 2 twice; once with the first
outcome as the main outcome and the second outcome as the
auxiliary outcome, and once with the second outcome as the
main outcome and the first outcome as the auxiliary outcome.
Model fitting is again conducted in a Bayesian framework using
any software package that supports MCMC simulations. As with
other Bayesian methods, prior distributions have to be specified
for all unknown parameters in the model. We have again opted
to use weakly informative prior distributions, which correspond
to a  (0, 1) prior distribution for the relative treatment effects,
𝑑𝐴𝑘, the pooled drifts, 𝐵𝑘, the trial-specific baseline effects, 𝜇𝑖𝑏,
and the trial-specific stationary time series levels, 𝜅𝑖𝑘; a  (1, 1)
prior distribution for the mean cointegrating vector parameters,
𝑐𝑘; and a 𝑈𝑛𝑖𝑓 (0, 2) prior distribution for the unknown standard
deviation parameters including 𝜎time, 𝜎aux, 𝜎RE, 𝜎drift, and 𝜎coint.
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3.3 | Simulation Study

Although the models presented in this paper are Bayesian mod-
els, it is nevertheless desirable for Bayesian models to yield infer-
ences with good frequentist properties [20]. We took such a cal-
ibrated Bayes approach here and conducted a simulation study
to evaluate frequentist properties of our models. To this end, we
devised four simulation scenarios corresponding to a two-by-two
factorial design in which the number of included trials in the
NMA is either 30 or 50, and the degree of heterogeneity in
the relative effects, drifts, and several other parameters is either
moderate or high. For each scenario, we generated 100 datasets
according to the data-generating mechanism outlined below in
Algorithm 1. Then, we fitted model 1 and model 2 to each of
the simulated datasets and aggregated the results over all 100
replications. We additionally fitted a third model as a reference
model against which to compare the two proposed models. This
reference model is the random walk NMA model of da Costa
et al. [5], hereafter also referred to as model 0. The random
walk NMA model of da Costa et al. was chosen as the reference
model because it also uses random walks, albeit without drift, to
enable borrowing of information across time points, unlike tra-
ditional univariate or bivariate NMA models that can only use
data from a single time point. The choice of 100 replications was
mainly due to limits in available computational resources. For
each replication of each scenario, we used a large number of
MCMC samples from three chains (100 000 samples per chain
for model 0 after 50 000 burn-in; 200 000 samples per chain for
model 1 after 100 000 burn-in; 300 000 samples per chain for
model 2 after 150 000 burn-in) to obtain posterior summaries for
numerous parameters of interest in each model. The MCMC sim-
ulations were implemented using JAGS [15] through the rjags
package in R. Convergence was checked by examining the trace
plots and R-hat values [21]. In some scenarios, we encountered
a few replications with non-convergence of some parameters of
interest, which could occur when running a simulation study
with complex models resulting in difficult posterior geometry.
Because there were few such replications (at most 3 out of 100),
we opted to replace these with additional replications for which
all parameters of interest have converged. Due to the computa-
tional demands of running this simulation study, we took advan-
tage of our access to the Niagara supercomputer [22].

3.3.1 | Data-Generating Mechanism

The data-generating mechanism we used to simulate the datasets
for our simulation study follow model 2. First, we specified the
values for key parameters, such as relative treatment effects and
drifts, and for other important variables, such as number of tri-
als, number of arms, and number of time points. Then, we fol-
lowed the probabilistic model specified in model 2 to produce
the observed standardized effects. For all scenarios, we simulated
data from 30 or 50 trials (𝑛𝑡𝑟𝑖𝑎𝑙 ∈ {30, 50}), each with between
two to four arms (𝑛𝑎𝑟𝑚𝑠 = 4) with each arm featuring one of six
different treatments (𝑛𝑡𝑟𝑡 = 6) and with outcomes measured at
least at one of seven time points (𝑛𝑡𝑖𝑚𝑒 = 7). Algorithm 1 out-
lines the steps in pseudocode for generating the RCT data accord-
ing to model 2. In Algorithm 1, the number of time points for
the auxiliary outcome in a given trial, 𝑎𝑛𝑜𝑢𝑡, is sampled from

{1, . . . , 7} with some desired probability distribution. The ele-
ments of the vector of time points with auxiliary outcome mea-
surements, 𝑎𝑡𝑖𝑚𝑒𝑝𝑡, are also sampled from {1, . . . , 7} without
replacement with some desired vector of probabilities that could
be based on empirical knowledge (e.g., from a previous NMA) of
the likelihood of sampling each time point. The number of arms
in a trial, 𝑛𝑎𝑟𝑚, is sampled from {2, 3, 4} with sampling proba-
bilities {0.6, 0.2, 0.2} to reflect the higher likelihood of obtaining
data from two-arm trials. The 𝑛𝑎𝑟𝑚 elements of the treatment vec-
tor, 𝑡𝑟𝑡, are sampled without replacement from {1, . . . , 6} with
sampling probabilities {0.5, 0.1, . . . , 0.1} to reflect the higher like-
lihood of a trial featuring placebo in the control arm. Line 26 and
31 of Algorithm 1 contain a variable 𝐺 which is sampled from a
gamma distribution with a shape parameter of 20 and rate param-
eter of 15. The random variable 𝐺 acts as a multiplier on the
base standard error of observed standardized effects to give the
actual standard error, and the right-skewed gamma distribution
is chosen to reflect the presence of fewer small trials (with high
standard errors) than large trials in the collection of RCTs.

The four scenarios for the simulation study are distinguished by
two different settings for the number of trials and for the degree
of heterogeneity in various parameters. Scenarios are used in this
simulation study, since doing a full factorial design would not be
feasible in this case with the numerous parameters involved as
seen in Table 1. For all four scenarios, we take the following list
of vectors to be common across all scenarios

𝑑 =
(

0 −0.25 −0.37 −0.55 −0.73 −1.22
)′

𝐵 =
(
− 0.018 −0.027 −0.035 −0.042 −0.053 −0.058

)′

𝑏𝑠𝑙 =
(
− 0.2 −0.5 −0.3 −0.6 −0.4 −0.8

)′

𝑠𝑖𝑔.𝑚 =
(

0.011 0.013 0.014 0.017 0.020 0.024
)′

𝑠𝑖𝑔.𝑎 =
(

0.012 0.015 0.016 0.018 0.023 0.026
)′

𝑐𝑟 =
(

1.32 1.26 1.17 1.22 1.13 1.06
)′

𝑙𝑣 =
(
− 0.02 0.01 −0.03 −0.02 0.03 0.04

)′

with each vector containing six elements corresponding to the six
different treatments. The vector 𝑑 is the vector of pooled effects
versus treatment 1 at time point zero, and a range of values have
been chosen representing standardized effects that are below, at,
or above the minimal clinically important difference (MCID) of
−0.37 based on the median MCID found in previous studies with
OA patients [23]. 𝐵 is the vector of pooled drift parameters, 𝑏𝑠𝑙
is the vector of baseline treatment effects, 𝑠𝑖𝑔.𝑚 is the vector of
base standard errors of observed standardized effects for the main
outcome, 𝑠𝑖𝑔.𝑎 is the vector of base standard errors of observed
standardized effects for the auxiliary outcome, 𝑐𝑟 is the vector
of means of the distributions of cointegrating vector parameters,
and 𝑙𝑣 is the vector of means of the distributions of levels of
the stationary time series resulting from taking linear combina-
tions with cointegrating vectors. In Table 1, although the values
of the heterogeneity parameters appear small, their sizes are cho-
sen in relation to the underlying parameters they describe. For
instance, since 𝑑 is a vector of standardized effect sizes, a value
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TABLE 1 | Four scenarios for the simulation study representing different degrees of heterogeneity in key parameters (moderate or high) with dif-
ferent numbers of trials included in the network meta-analysis (30 or 50).

Scenario
Degree of

heterogeneity
Number
of trials 𝒔𝒅.𝑹𝑬 𝒔𝒅.𝒕𝒊𝒎𝒆 𝒔𝒅.𝒅𝒓𝒊𝒇𝒕 𝒔𝒅.𝒃𝒔𝒍 𝒔𝒅.𝒄𝒓 𝒔𝒅.𝒍𝒗 𝒔𝒅.𝒂𝒖𝒙

1 Moderate 30 0.04 0.01 0.015 0.03 0.02 0.002 0.01
2 High 30 0.20 0.04 0.060 0.12 0.10 0.010 0.04
3 Moderate 50 0.04 0.01 0.015 0.03 0.02 0.002 0.01
4 High 50 0.20 0.04 0.060 0.12 0.10 0.010 0.04

of 0.04 for 𝑠𝑑.𝑅𝐸 would represent a moderate degree of hetero-
geneity, whereas a value of 0.20 would represent a high degree of
heterogeneity.

3.3.2 | Performance Measures

For the parameters of interest, a Bayesian analysis produces pos-
terior distributions, each of which we can summarize with the
posterior median and the quantile-based 95% credible interval
(CrI). We view this as a procedure for constructing the point
and interval estimates of the parameters of interest, and aim to
evaluate the frequentist properties of these estimates through
the simulation study. For all parameters of interest, we com-
puted seven measures of performance including bias, model stan-
dard error (SE), empirical SE, relative percent error in model
SE, mean squared error (MSE), mean CrI width, and coverage,
along with their Monte Carlo SE [24]. For both model 1 and
model 2, we computed these performance measures for time
point one values of the relative treatment effects versus treat-
ment 1. The reason for choosing time point one instead of the
default time point zero is to allow comparisons with an exist-
ing NMA model which does not accommodate estimation of
pooled effects at time point zero. For model 0, a single refer-
ence time point must be chosen from among the numerous time
points at which outcome measurements exist. As time point one
is such a time point, the pooled effects under model 0 can be
estimated at this reference time point. Thus, we also computed
estimates of these seven performance measures for model 0 in ref-
erence to time point one values of the pooled effects to facilitate
comparisons with the results obtained using the two proposed
models.

For a given parameter of interest with true value 𝜃, suppose that
𝜃̂𝑖 represents the estimate from the 𝑖th replication given by the
posterior median. Bias is estimated by computing

bias = 1
𝑛sim

𝑛sim∑
𝑖=1

𝜃̂𝑖 − 𝜃 .

Bias is computed to determine whether the models produce esti-
mates that target the parameters of interest on average. Model
SE refers to the root-mean of the posterior variances over the 100
replications and is computed to reflect the precision of the model.
Model SE is computed as

model SE =

√√√√ 1
𝑛sim

𝑛sim∑
𝑖=1

V̂ar(𝜃̂𝑖) .

Empirical SE refers to the long-run standard deviation of param-
eter estimates over the 100 replications and is computed to reflect
the precision of the estimator of a parameter of interest. Empirical
SE is computed as

empirical SE =

√√√√ 1
𝑛sim − 1

𝑛sim∑
𝑖=1

(𝜃̂𝑖 − 𝜃)2 .

The reason for computing both model SE and empirical SE is
that we wish to determine whether the model SE systematically
misses the empirical SE, which is targeted by the model SE. The
way this is quantified is through the relative percent error in
model SE, estimated using the formula

relative percent error in model SE = 100

(
̂modelSE
̂empiricalSE

− 1

)
.

MSE takes the true value of 𝜃 into account and combines bias and
empirical SE into one performance measure. MSE is estimated by
computing

MSE = 1
𝑛sim

𝑛sim∑
𝑖=1

(𝜃̂𝑖 − 𝜃)2 .

Mean CrI width refers to the average difference between the
97.5% and 2.5% quantiles of the posterior distribution over the 100
replications and is computed to determine whether there are dif-
ferences in the mean CrI widths produced by the various models.
Mean CrI width is estimated using the formula

mean CrI width = 1
𝑛sim

𝑛sim∑
𝑖=1

(𝜃̂0.975,𝑖 − 𝜃̂0.025,𝑖) .

Finally, coverage is defined as the probability that a CrI contains
the true parameter value. This frequentist probability is com-
puted to check agreement with the nominal value of 95%. Cov-
erage is estimated by computing

coverage = 1
𝑛sim

𝑛sim∑
𝑖=1

1(𝜃̂0.025,𝑖 ≤ 𝜃 ≤ 𝜃̂0.975,𝑖) .

4 | Results

4.1 | Results for Simulation Study

4.1.1 | Bias

For model 1 and 2, bias estimates for the relative treatment effect
parameters (the 𝐷 parameters for time point one) across all four
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ALGORITHM 1 | Data-generating mechanism to simulate RCT data based on the cointegrated Gaussian random walks with drift NMA model.

Require: predefined vectors 𝑑[𝑛𝑡𝑟𝑡], 𝐵[𝑛𝑡𝑟𝑡], 𝑏𝑠𝑙[𝑛𝑡𝑟𝑡], 𝑠𝑖𝑔.𝑚[𝑛𝑡𝑟𝑡], 𝑠𝑖𝑔.𝑎[𝑛𝑡𝑟𝑡], 𝑐𝑟[𝑛𝑡𝑟𝑡], 𝑙𝑣[𝑛𝑡𝑟𝑡] and prede-
fined values 𝑛𝑡𝑟𝑖𝑎𝑙, 𝑛𝑎𝑟𝑚𝑠, 𝑛𝑡𝑖𝑚𝑒, 𝑠𝑑.𝑅𝐸, 𝑠𝑑.𝑡𝑖𝑚𝑒, 𝑠𝑑.𝑑𝑟𝑖𝑓 𝑡, 𝑠𝑑.𝑏𝑠𝑙, 𝑠𝑑.𝑐𝑟, 𝑠𝑑.𝑙𝑣, 𝑠𝑑.𝑎𝑢𝑥

1: instantiate the following arrays for storing simulated RCT data: 𝑦[𝑛𝑡𝑟𝑖𝑎𝑙, 𝑛𝑎𝑟𝑚𝑠, 𝑛𝑡𝑖𝑚𝑒],
𝑥[𝑛𝑡𝑟𝑖𝑎𝑙, 𝑛𝑎𝑟𝑚𝑠, 𝑛𝑡𝑖𝑚𝑒], 𝑆𝐸.𝑦[𝑛𝑡𝑟𝑖𝑎𝑙, 𝑛𝑎𝑟𝑚𝑠, 𝑛𝑡𝑖𝑚𝑒], 𝑆𝐸.𝑥[𝑛𝑡𝑟𝑖𝑎𝑙, 𝑛𝑎𝑟𝑚𝑠, 𝑛𝑡𝑖𝑚𝑒], and 𝑡𝑟𝑒𝑎𝑡[𝑛𝑡𝑟𝑖𝑎𝑙, 𝑛𝑎𝑟𝑚𝑠]

2: for 𝑖 = 1,… , 𝑛𝑡𝑟𝑖𝑎𝑙 do
3: 𝑎𝑛𝑜𝑢𝑡 ← sample one of {1,… , 𝑛𝑡𝑖𝑚𝑒} with desired probability for number of time points for

auxiliary outcome
4: 𝑎𝑡𝑖𝑚𝑒𝑝𝑡 ← sample 𝑎𝑛𝑜𝑢𝑡 elements of {1,… , 𝑛𝑡𝑖𝑚𝑒} without replacement with desired probability

vector
5: 𝑛𝑎𝑟𝑚 ← sample one of {2,… , 𝑛𝑎𝑟𝑚𝑠} with probability {0.6, 1−0.6

𝑛𝑎𝑟𝑚𝑠−2
,… , 1−0.6

𝑛𝑎𝑟𝑚𝑠−2
}

6: 𝑡𝑟𝑡 ← sample 𝑛𝑎𝑟𝑚 elements of {1,… , 𝑛𝑡𝑟𝑡} without replacement with probability vector
{0.5, 1−0.5

𝑛𝑡𝑟𝑡−1
,… , 1−0.5

𝑛𝑡𝑟𝑡−1
}

7: 𝜇 ← sample one value from  (𝑏𝑠𝑙[𝑡𝑟𝑡[1]], 𝑠𝑑.𝑏𝑠𝑙)
8: 𝑉 ← sample vector of 𝑛𝑡𝑖𝑚𝑒 values from 𝑈𝑛𝑖𝑓 (0, 1)
9: for 𝑘 = 1,… , 𝑛𝑎𝑟𝑚 do
10: instantiate empty vectors 𝑚𝑖𝑘[𝑛𝑡𝑖𝑚𝑒], 𝜃𝑖𝑘[𝑛𝑡𝑖𝑚𝑒], 𝜂𝑖𝑘[𝑛𝑡𝑖𝑚𝑒]
11: 𝛿 ← sample one value from  (𝑑[𝑡𝑟𝑡[𝑘]] − 𝑑[𝑡𝑟𝑡[1]], 𝑠𝑑.𝑅𝐸)
12: 𝛽 ← sample one value from  (𝐵[𝑡𝑟𝑡[𝑘]], 𝑠𝑑.𝑑𝑟𝑖𝑓 𝑡)
13: 𝜈 ← sample one value from  (𝑐𝑟[𝑡𝑟𝑡[𝑘]], 𝑠𝑑.𝑐𝑟)
14: 𝜅 ← sample one value from  (𝑙𝑣[𝑡𝑟𝑡[𝑘]], 𝑠𝑑.𝑙𝑣)
15: for 𝑡 = 1,… , 𝑛𝑡𝑖𝑚𝑒 do
16: if 𝑘 == 1 then
17: 𝑚𝑖𝑘[𝑡] ← 𝜇 + 𝛽𝑡

18: else
19: 𝑚𝑖𝑘[𝑡] ← 𝜇 + 𝛿 + 𝛽𝑡

20: end if
21: end for

22: 𝜃𝑖𝑘 ← sample one vector from 

⎛⎜⎜⎜⎝𝑚𝑖𝑘,

⎛⎜⎜⎜⎝
𝑠𝑑.𝑡𝑖𝑚𝑒2 · · · 𝑠𝑑.𝑡𝑖𝑚𝑒2

⋮
2 × 𝑠𝑑.𝑡𝑖𝑚𝑒2 · · · 2 × 𝑠𝑑.𝑡𝑖𝑚𝑒2

⋮ ⋱ ⋮
𝑠𝑑.𝑡𝑖𝑚𝑒2 2 × 𝑠𝑑.𝑡𝑖𝑚𝑒2 · · · 𝑛𝑡𝑖𝑚𝑒 × 𝑠𝑑.𝑡𝑖𝑚𝑒2

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠

23: for 𝑡 = 1,… , 𝑛𝑡𝑖𝑚𝑒 do
24: 𝜂𝑖𝑘[𝑡] ← sample one value from  (𝜈𝜃𝑖𝑘[𝑡] + 𝜅, 𝑠𝑑.𝑎𝑢𝑥)
25: if 𝑡 ∈ 𝑎𝑡𝑖𝑚𝑒𝑝𝑡 and 𝑉 [𝑡]>0.1 then
26: 𝐺 ← sample one value from 𝐺𝑎𝑚𝑚𝑎(20, 15)
27: 𝑦[𝑖, 𝑘, 𝑡] ← sample one value from 

(
𝜃𝑖𝑘[𝑡], 𝐺 × 𝑠𝑖𝑔.𝑚[𝑡𝑟𝑡[𝑘]]

)
28: 𝑆𝐸.𝑦[𝑖, 𝑘, 𝑡] ← 𝐺 × 𝑠𝑖𝑔.𝑚[𝑡𝑟𝑡[𝑘]]
29: end if
30: if 𝑡 ∈ 𝑎𝑡𝑖𝑚𝑒𝑝𝑡 then
31: 𝐺 ← sample one value from 𝐺𝑎𝑚𝑚𝑎(20, 15)
32: 𝑥[𝑖, 𝑘, 𝑡] ← sample one value from 

(
𝜂𝑖𝑘[𝑡], 𝐺 × 𝑠𝑖𝑔.𝑎[𝑡𝑟𝑡[𝑘]]

)
33: 𝑆𝐸.𝑥[𝑖, 𝑘, 𝑡] ← 𝐺 × 𝑠𝑖𝑔.𝑎[𝑡𝑟𝑡[𝑘]]
34: end if
35: end for
36: 𝑡𝑟𝑒𝑎𝑡[𝑖, 𝑘] ← 𝑡𝑟𝑡[𝑘]
37: end for
38: end for

scenarios are close to zero, as seen in Table 2 and Figure 2.
Although for many parameters, the bias estimates in high hetero-
geneity scenarios are larger than the bias estimates in moderate
heterogeneity scenarios, the bias estimates in high heterogeneity
scenarios still remain at least an order of magnitude smaller than
the corresponding true parameter values. Also, bias estimates
are not consistently in one direction across all scenarios. Thus,
bias estimates from both model 1 and 2 can be considered small
and negligible for the relative treatment effect parameters in all
scenarios. In comparison, for model 0 under low heterogeneity

scenarios, bias estimates appear to get progressively greater in
magnitude with increasing treatment number. This is not com-
pletely unexpected, since the true drift parameter increases in
magnitude with increasing treatment number and since model
0 implicitly assumes there is no drift in the random walks. Thus,
despite borrowing information across time points when estimat-
ing relative treatment effects, model 0 still tends to yield relatively
more biased estimates of relative treatment effects in the presence
of nonzero drifts in the data-generating mechanism. Neverthe-
less, it should be noted that even for model 0, the relatively larger
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TABLE 2 | Bias estimates for relative treatment effects, drifts, and related between-trial heterogeneity parameters in all scenarios.

Scenario 1 (30; moderate) Scenario 2 (30; high)

Parameter Model 0 Model 1 Model 2 Model 0 Model 1 Model 2

𝐷2 −0.006 (0.003) −0.002 (0.002) −0.001 (0.002) 0.01 (0.01) 0.01 (0.01) 0.02 (0.01)
𝐷3 −0.012 (0.002) −0.001 (0.002) −0.001 (0.002) −0.02 (0.01) −0.009 (0.009) −0.004 (0.008)
𝐷4 −0.014 (0.002) 0.003 (0.002) 0.003 (0.002) −0.01 (0.01) 0.013 (0.009) 0.012 (0.009)
𝐷5 −0.025 (0.003) 0.001 (0.002) 0.002 (0.002) −0.02 (0.01) 0.01 (0.01) 0.013 (0.009)
𝐷6 −0.036 (0.003) −0.001 (0.002) 0.000 (0.002) −0.032 (0.009) 0.003 (0.008) 0.004 (0.008)
𝐵1 0.0001 (0.0004) 0.0003 (0.0003) 0.000 (0.001) 0.000 (0.001)
𝐵2 0.0012 (0.0006) 0.0010 (0.0006) 0.000 (0.003) 0.001 (0.002)
𝐵3 0.0000 (0.0007) 0.0001 (0.0007) 0.003 (0.002) 0.003 (0.002)
𝐵4 −0.0012 (0.0006) −0.0012 (0.0006) −0.001 (0.002) 0.001 (0.002)
𝐵5 0.0003 (0.0008) 0.0004 (0.0008) 0.000 (0.002) 0.000 (0.002)
𝐵6 0.0001 (0.0007) 0.0000 (0.0006) 0.000 (0.003) −0.001 (0.002)
𝜎RE 0.004 (0.001) 0.001 (0.001) 0.001 (0.001) 0.065 (0.004) 0.018 (0.004) 0.017 (0.004)
𝜎drift −0.0003 (0.0002) −0.0002 (0.0002) 0.0011 (0.0008) 0.0010 (0.0007)

Scenario 3 (50; moderate) Scenario 4 (50; high)

Parameter Model 0 Model 1 Model 2 Model 0 Model 1 Model 2

𝐷2 −0.004 (0.002) 0.002 (0.002) 0.002 (0.002) −0.016 (0.008) −0.006 (0.007) −0.007 (0.007)
𝐷3 −0.012 (0.002) −0.001 (0.001) −0.001 (0.001) 0.003 (0.007) 0.013 (0.006) 0.016 (0.007)
𝐷4 −0.016 (0.002) 0.000 (0.002) 0.001 (0.002) −0.016 (0.008) 0.006 (0.007) 0.004 (0.007)
𝐷5 −0.027 (0.002) 0.000 (0.002) 0.000 (0.001) −0.034 (0.007) −0.002 (0.006) −0.001 (0.006)
𝐷6 −0.034 (0.002) 0.002 (0.002) 0.002 (0.002) −0.034 (0.008) −0.001 (0.007) −0.001 (0.007)
𝐵1 −0.0003 (0.0003) −0.0003 (0.0003) 0.001 (0.001) 0.001 (0.001)
𝐵2 −0.0003 (0.0005) −0.0004 (0.0005) −0.002 (0.002) −0.002 (0.002)
𝐵3 −0.0006 (0.0005) −0.0004 (0.0005) −0.002 (0.002) −0.002 (0.002)
𝐵4 −0.0002 (0.0005) −0.0003 (0.0005) −0.004 (0.002) −0.004 (0.002)
𝐵5 −0.0010 (0.0005) −0.0009 (0.0005) 0.000 (0.002) 0.000 (0.002)
𝐵6 0.0000 (0.0006) −0.0003 (0.0005) 0.000 (0.002) 0.000 (0.002)
𝜎RE 0.0064 (0.0009) 0.0020 (0.0009) 0.0018 (0.0009) 0.059 (0.003) 0.017 (0.003) 0.018 (0.003)
𝜎drift 0.0002 (0.0002) 0.0001 (0.0001) 0.0006 (0.0005) 0.0006 (0.0004)

Note: Monte Carlo standard errors in parentheses. Scenarios labelled with: (number of trials; degree of heterogeneity).

bias estimates are still an order of magnitude smaller than the
corresponding true parameter values.

In high heterogeneity scenarios, model 0 does not appear to per-
form as poorly, in terms of bias of relative treatment effect param-
eter estimates, when compared with model 1 and 2. In this case,
since the high heterogeneity setting also applies to the standard
deviation of each random walk step, it is possible for a random
walk with no drift to cover the greater distance traversed by a ran-
dom walk with drift purely by chance, so long as the drift is not
too large relative to the standard deviation of the random walk
steps. However, as there are treatments with relatively large val-
ues of drifts in the simulated data, model 1 and 2 are still more
consistent in producing estimates of relative treatment effects
with low bias even in high heterogeneity scenarios when com-
pared to model 0.

For model 1 and 2, bias estimates for the drift parameters across
all four scenarios are close to zero, as seen in Table 2. Although for
many drift parameters, the bias estimates in high heterogeneity
scenarios are larger than the bias estimates in moderate hetero-
geneity scenarios, the bias estimates still remain at least an order
of magnitude smaller than the corresponding true parameter val-
ues. Additionally, bias estimates are not consistently in one direc-
tion across all scenarios. Thus, bias can again be considered low
and negligible for all the pooled drift parameters in all scenarios.

For the heterogeneity parameter 𝜎RE, the bias estimates are pos-
itive in all scenarios, suggesting that there is a tendency for all
models to overestimate the random effects standard deviation to
some degree. However, the bias estimates from model 1 and 2
are at least an order of magnitude smaller than the true value of
𝜎RE in all scenarios, while the same observation cannot be made
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FIGURE 2 | Bias in relative treatment effect parameter estimates from model 0, model 1, and model 2 in all scenarios. Bias shown with error bars
extending one Monte Carlo SE above and below estimate.

about model 0. Model 0 likely overestimates the random effects
standard deviation to a greater extent to compensate for assum-
ing zero drift in the random walks when, in fact, the true drift
parameters are nonzero. For the heterogeneity parameter 𝜎drift,
both model 1 and 2 produce bias estimates that are at least an
order of magnitude smaller than the true value of 𝜎drift in all sce-
narios. Thus, bias estimates for both heterogeneity parameters of
interest can be considered low when using model 1 and 2.

4.1.2 | Model Standard Error, Empirical Standard
Error, and Relative Percent Error in Model Standard
Error

Although Tables 3 and 4 display estimates of model SE and empir-
ical SE from all three models in all scenarios, it may not be easy
to check the degree of agreement between model SE and empir-
ical SE at a glance. Thus, Table S1 (Supporting Information) is
also provided and displays the relative percent error in model
SE, with a positive value indicating that model SE overestimates
the empirical SE and a negative value indicating that model SE
underestimates the empirical SE. While the magnitude of several
estimates of relative percent error in model SE may appear high
(e.g., model 1 and 2 estimates for 𝐷6 under scenario 2), these

estimates are not systematically biased in a particular direction
across all scenarios, nor are they systematically greater in mag-
nitude than the relative percent error in model SE estimates for
other parameters across all scenarios. Thus, we need not be par-
ticularly concerned about the apparent disagreement between
model SE and empirical SE for a few parameters under isolated
scenarios, especially since only 100 replications are used in this
simulation study.

For both model SE and empirical SE, the effect of increasing the
degree of heterogeneity from moderate to high while keeping the
number of trials the same is to increase the model SE and empiri-
cal SE as expected. That is, the model SE estimates and empirical
SE estimates in scenario 2 are much greater than the correspond-
ing estimates in scenario 1 for all models, and similarly for sce-
nario 4 versus scenario 3. For both model SE and empirical SE,
the effect of increasing the number of trials from 30 to 50 while
keeping the degree of heterogeneity the same is to decrease the
model SE and empirical SE also as expected.

For the relative treatment effect parameters, the model SE esti-
mates appear to be noticeably reduced in all scenarios when com-
paring model 1 and 2 to model 0, as seen in Figure 3. In Figure 4,
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TABLE 3 | Model standard error estimates for relative treatment effects, drifts, and related between-trial heterogeneity parameters in all scenarios.

Scenario 1 (30; moderate) Scenario 2 (30; high)

Parameter Model 0 Model 1 Model 2 Model 0 Model 1 Model 2

𝐷2 0.0255 (0.0007) 0.0220 (0.0005) 0.0211 (0.0005) 0.104 (0.002) 0.092 (0.003) 0.090 (0.002)
𝐷3 0.0254 (0.0007) 0.0217 (0.0005) 0.0209 (0.0005) 0.104 (0.002) 0.091 (0.002) 0.089 (0.002)
𝐷4 0.0256 (0.0007) 0.0220 (0.0005) 0.0212 (0.0005) 0.104 (0.002) 0.091 (0.002) 0.090 (0.002)
𝐷5 0.0264 (0.0006) 0.0230 (0.0005) 0.0221 (0.0004) 0.108 (0.003) 0.094 (0.002) 0.092 (0.002)
𝐷6 0.0262 (0.0005) 0.0230 (0.0005) 0.0220 (0.0004) 0.102 (0.002) 0.089 (0.002) 0.088 (0.002)
𝐵1 0.00349 (0.00004) 0.00336 (0.00003) 0.0135 (0.0002) 0.0133 (0.0001)
𝐵2 0.0067 (0.0002) 0.0065 (0.0001) 0.0253 (0.0008) 0.0247 (0.0007)
𝐵3 0.0067 (0.0001) 0.0065 (0.0001) 0.0249 (0.0005) 0.0243 (0.0004)
𝐵4 0.0068 (0.0001) 0.0066 (0.0001) 0.0250 (0.0006) 0.0247 (0.0006)
𝐵5 0.0073 (0.0002) 0.0070 (0.0002) 0.026 (0.001) 0.026 (0.001)
𝐵6 0.0073 (0.0001) 0.0070 (0.0001) 0.0246 (0.0005) 0.0241 (0.0005)
𝜎RE 0.0125 (0.0002) 0.0123 (0.0002) 0.0108 (0.0001) 0.0427 (0.0006) 0.0370 (0.0005) 0.0358 (0.0004)
𝜎drift 0.00205 (0.00003) 0.00183 (0.00002) 0.00687 (0.00007) 0.00672 (0.00007)

Scenario 3 (50; moderate) Scenario 4 (50; high)

Parameter Model 0 Model 1 Model 2 Model 0 Model 1 Model 2

𝐷2 0.0190 (0.0003) 0.0160 (0.0003) 0.0154 (0.0003) 0.077 (0.001) 0.068 (0.001) 0.0674 (0.0009)
𝐷3 0.0190 (0.0003) 0.0160 (0.0003) 0.0154 (0.0002) 0.077 (0.001) 0.068 (0.001) 0.068 (0.001)
𝐷4 0.0199 (0.0004) 0.0167 (0.0003) 0.0160 (0.0003) 0.077 (0.001) 0.068 (0.001) 0.067 (0.001)
𝐷5 0.0202 (0.0003) 0.0172 (0.0003) 0.0167 (0.0003) 0.076 (0.001) 0.0673 (0.0009) 0.0669 (0.0009)
𝐷6 0.0205 (0.0003) 0.0178 (0.0003) 0.0170 (0.0003) 0.077 (0.001) 0.068 (0.001) 0.068 (0.001)
𝐵1 0.00272 (0.00002) 0.00262 (0.00002) 0.01016 (0.00008) 0.01004 (0.00007)
𝐵2 0.00504 (0.00007) 0.00486 (0.00007) 0.0187 (0.0002) 0.0185 (0.0002)
𝐵3 0.00505 (0.00008) 0.00488 (0.00007) 0.0188 (0.0003) 0.0186 (0.0003)
𝐵4 0.0053 (0.0001) 0.00506 (0.00009) 0.0188 (0.0003) 0.0185 (0.0003)
𝐵5 0.00553 (0.00007) 0.00535 (0.00007) 0.0186 (0.0002) 0.0183 (0.0002)
𝐵6 0.00575 (0.00009) 0.00550 (0.00009) 0.0190 (0.0003) 0.0187 (0.0003)
𝜎RE 0.0089 (0.0001) 0.0091 (0.0001) 0.0078 (0.0001) 0.0305 (0.0003) 0.0267 (0.0002) 0.0261 (0.0002)
𝜎drift 0.00149 (0.00001) 0.00136 (0.00001) 0.00506 (0.00003) 0.00498 (0.00003)

Note: Monte Carlo standard errors in parentheses. Scenarios labelled with: (number of trials; degree of heterogeneity).

the reductions in empirical SE estimates from using model 1 or 2
over model 0 are generally present, but relatively less pronounced
than the model SE reductions given the Monte Carlo standard
errors around these estimates. Comparing model 2 to model 1,
the model SE estimates appear to be reduced in moderate hetero-
geneity scenarios; while in high heterogeneity scenarios, model
SE reductions appear to be small even when present. For empiri-
cal SE, the reductions in estimates from using model 2 over model
1 are seen in some parameters albeit less pronounced than the
model SE reductions. As seen in Figure S1 (Supporting Infor-
mation), the estimates of relative percent error in model SE for
the relative treatment effect parameters are comparable between
model 1 and model 2 in all scenarios, while differing from model
0 estimates in a few cases.

For the drift parameters, small reductions in model SE estimates
from using model 2 over model 1 are generally observed in all

scenarios. Empirical SE estimates remain comparable between
model 1 and model 2, and are only slightly reduced by using
model 2 over model 1 in some cases. The estimates of relative
percent error in model SE for the drift parameters remain com-
parable between model 1 and model 2 in all scenarios.

For 𝜎RE, reductions in model SE from using model 2 over model
0 are present in all scenarios, while reductions in model SE from
using model 1 over model 0 are only seen in high heterogene-
ity scenarios. Similar observations can be made about empirical
SE estimates, with empirical SE reductions generally being less
pronounced than model SE reductions given the Monte Carlo
standard errors. The estimates of relative percent error in model
SE for 𝜎RE are negative in all scenarios, suggesting that there is
a tendency for model SE to underestimate empirical SE regard-
less of the model used. Comparing model 2 to model 1, model
SE estimates for 𝜎RE are reduced by using model 2 over model
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TABLE 4 | Empirical standard error estimates for relative treatment effects, drifts, and related between-trial heterogeneity parameters in all
scenarios.

Scenario 1 (30; moderate) Scenario 2 (30; high)

Parameter Model 0 Model 1 Model 2 Model 0 Model 1 Model 2

𝐷2 0.026 (0.002) 0.023 (0.002) 0.021 (0.002) 0.115 (0.008) 0.098 (0.007) 0.096 (0.007)
𝐷3 0.023 (0.002) 0.021 (0.001) 0.020 (0.001) 0.098 (0.007) 0.086 (0.006) 0.085 (0.006)
𝐷4 0.025 (0.002) 0.022 (0.002) 0.022 (0.002) 0.107 (0.008) 0.093 (0.007) 0.092 (0.007)
𝐷5 0.029 (0.002) 0.023 (0.002) 0.022 (0.002) 0.108 (0.008) 0.095 (0.007) 0.091 (0.006)
𝐷6 0.026 (0.002) 0.022 (0.002) 0.020 (0.001) 0.095 (0.007) 0.076 (0.005) 0.076 (0.005)
𝐵1 0.0035 (0.0002) 0.0035 (0.0002) 0.014 (0.001) 0.014 (0.001)
𝐵2 0.0060 (0.0004) 0.0059 (0.0004) 0.025 (0.002) 0.025 (0.002)
𝐵3 0.0071 (0.0005) 0.0067 (0.0005) 0.022 (0.002) 0.023 (0.002)
𝐵4 0.0065 (0.0005) 0.0062 (0.0004) 0.024 (0.002) 0.024 (0.002)
𝐵5 0.0082 (0.0006) 0.0075 (0.0005) 0.025 (0.002) 0.024 (0.002)
𝐵6 0.0069 (0.0005) 0.0064 (0.0005) 0.026 (0.002) 0.025 (0.002)
𝜎RE 0.0127 (0.0009) 0.0132 (0.0009) 0.0111 (0.0008) 0.044 (0.003) 0.041 (0.003) 0.039 (0.003)
𝜎drift 0.0022 (0.0002) 0.0018 (0.0001) 0.0078 (0.0006) 0.0074 (0.0005)

Scenario 3 (50; moderate) Scenario 4 (50; high)

Parameter Model 0 Model 1 Model 2 Model 0 Model 1 Model 2

𝐷2 0.019 (0.001) 0.017 (0.001) 0.017 (0.001) 0.077 (0.005) 0.068 (0.005) 0.067 (0.005)
𝐷3 0.015 (0.001) 0.015 (0.001) 0.014 (0.001) 0.071 (0.005) 0.065 (0.005) 0.065 (0.005)
𝐷4 0.019 (0.001) 0.016 (0.001) 0.015 (0.001) 0.084 (0.006) 0.075 (0.005) 0.072 (0.005)
𝐷5 0.017 (0.001) 0.015 (0.001) 0.015 (0.001) 0.070 (0.005) 0.062 (0.004) 0.061 (0.004)
𝐷6 0.020 (0.001) 0.017 (0.001) 0.016 (0.001) 0.077 (0.005) 0.072 (0.005) 0.071 (0.005)
𝐵1 0.0027 (0.0002) 0.0027 (0.0002) 0.0106 (0.0008) 0.0104 (0.0007)
𝐵2 0.0052 (0.0004) 0.0052 (0.0004) 0.021 (0.002) 0.020 (0.001)
𝐵3 0.0051 (0.0004) 0.0049 (0.0003) 0.019 (0.001) 0.019 (0.001)
𝐵4 0.0050 (0.0004) 0.0049 (0.0003) 0.019 (0.001) 0.019 (0.001)
𝐵5 0.0052 (0.0004) 0.0051 (0.0004) 0.018 (0.001) 0.019 (0.001)
𝐵6 0.0057 (0.0004) 0.0054 (0.0004) 0.018 (0.001) 0.018 (0.001)
𝜎RE 0.0090 (0.0006) 0.0095 (0.0007) 0.0089 (0.0006) 0.032 (0.002) 0.028 (0.002) 0.029 (0.002)
𝜎drift 0.0016 (0.0001) 0.0015 (0.0001) 0.0046 (0.0003) 0.0044 (0.0003)

Note: Monte Carlo standard errors in parentheses. Scenarios labelled with: (number of trials; degree of heterogeneity).

1 in all scenarios. Empirical SE reductions from using model 2
over model 1 are also present and relatively more conspicuous
in moderate heterogeneity scenarios than in high heterogeneity
scenarios. Both model SE and empirical SE estimates are slightly
reduced for 𝜎drift in all scenarios by using model 2 over model 1.

4.1.3 | Mean Squared Error

Table S2 (Supporting Information) summarizes the MSE esti-
mates for all parameters of interest using model 0, model 1, and
model 2 under all four scenarios. Keeping the number of trials the
same, it appears that increasing the degree of heterogeneity has
the effect of increasing the MSE as expected. Keeping the degree
of heterogeneity the same, it appears that increasing the num-
ber of trials included in the NMA also has the expected effect of
decreasing the MSE.

Comparing model 1 and 2 to model 0, the MSE estimates are
reduced in both moderate heterogeneity and high heterogene-
ity scenarios for the relative treatment effect parameters, as seen
in Figure S2 (Supporting Information). For treatments with large
values of drifts in moderate heterogeneity scenarios, MSE reduc-
tions in using model 1 or 2 over model 0 are particularly sig-
nificant. This can mostly be attributed to model 0 estimates of
relative treatment effects being relatively more biased than the
estimates produced by model 1 and 2 for treatments with large
values of drifts in moderate heterogeneity scenarios, as discussed
in the bias subsection. In high heterogeneity scenarios, the MSE
reductions from using model 1 or 2 over model 0 are due partly
to reductions in bias and partly to reductions in empirical SE.
For 𝜎RE, the most significant reductions in MSE estimates result
from using model 1 or 2 over model 0 in high heterogeneity sce-
narios. In moderate heterogeneity scenarios, MSE estimates are
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FIGURE 3 | Model SE for relative treatment effect parameters from model 0, model 1, and model 2 in all scenarios. Model SE shown with error bars
extending one Monte Carlo SE above and below estimate.

only slightly reduced by using model 1 or 2 over model 0. Com-
paring model 1 and 2, MSE estimates either remain comparable,
or are reduced slightly by using model 2 over model 1 in some
cases. For instance, small reductions in MSE estimates are seen in
several relative treatment effect and drift parameters under mod-
erate heterogeneity scenarios.

4.1.4 | Mean Credible Interval Width

Table S3 (Supporting Information) summarizes the estimates of
mean credible interval width for all parameters of interest using
model 0, model 1, and model 2 under all four scenarios. Keep-
ing the number of trials the same, it appears that increasing the
degree of heterogeneity has the effect of increasing the mean CrI
width as expected. Keeping the degree of heterogeneity the same,
it appears that increasing the number of trials included in the
NMA has the effect of decreasing the mean CrI width also as
expected.

In all scenarios, both model 1 and 2 appear to produce CrI widths
that are, on average, narrower than the CrI widths produced by
model 0 for the relative treatment effect parameters, as shown

in Figure S3 (Supporting Information). Model 2 generally per-
forms slightly better than model 1 in terms of mean CrI width for
all parameters of interest, with differences in estimates of mean
CrI widths between the two models being more pronounced in
moderate heterogeneity scenarios than in high heterogeneity sce-
narios given the Monte Carlo standard errors. Overall, model 2
appears to perform no worse than model 1, and model 2 has the
potential to produce narrower CrI widths especially in moderate
heterogeneity scenarios.

4.1.5 | Coverage

Table 5 summarizes the coverage estimates from using model 0,
model 1, and model 2 in all four scenarios for all parameters of
interest. In moderate heterogeneity scenarios, it is not unexpected
that the coverage estimates from model 0 are significantly lower
than the nominal value of 95% for treatments 5 and 6, since these
two treatments feature large values of drifts that lead to biased rel-
ative treatment effect estimates. In high heterogeneity scenarios,
it is not unexpected that the coverage estimates from model 0 are
significantly lower than the nominal value of 95% for 𝜎RE, since
model 0 tends to overestimate 𝜎RE to a great extent to compensate
for assuming zero drift in the random walks.

14 of 22 Statistics in Medicine, 2026



FIGURE 4 | Empirical SE for relative treatment effect parameters from model 0, model 1, and model 2 in all scenarios. Empirical SE shown with
error bars extending one Monte Carlo SE above and below estimate.

Focusing on model 1 and 2, one way to check whether the results
are in reasonable agreement with the nominal value of 95% given
our choice of 𝑛sim = 100 is to determine a reasonable range for
the proportion of credible intervals containing the true parameter
value based on the binomial distribution Bin(100, 0.95). We can
compute the 2.5th and 97.5th percentiles of the Bin(100, 0.95) dis-
tribution (for instance using the qbinom function in R). This cor-
responds to the range (0.90, 0.99), in which the majority (≈ 94%)
of the coverage estimates for model 1 and 2 in Table 5 fall. This
suggests that the coverage estimates for both proposed models
across all scenarios are generally reasonable. For the one coverage
estimate among the relative treatment effect parameters that falls
below this range, the undercoverage can be explained by recog-
nizing that the model SE underestimates the empirical SE in this
case. When model SE underestimates the empirical SE, the CrI
widths may run too narrow, leading to undercoverage. For 𝜎RE,
some coverage estimates from using model 1 and 2 fall just below
the lower end of the range (0.90, 0.99). Due to the slightly greater
bias that exists in high heterogeneity scenarios (compared to the
bias in moderate heterogeneity scenarios), slight undercoverage
is expected for 𝜎RE when using model 1 and 2 in high heterogene-
ity scenarios. Comparing model 1 and 2 coverage estimates, there
is little evidence to state that one model outperforms the other in

terms of coverage. Figure 5 shows the comparisons of coverage
estimates between model 0, model 1, and model 2 for the relative
treatment effect parameters in all scenarios.

4.2 | Results for Motivating Example

The results from applying our proposed models to the motivating
dataset are presented in Table 6, along with the results obtained
from applying an existing random walk NMA model [5] to the
same dataset for comparison. As the random walk NMA model of
da Costa et al. is restricted to estimating relative treatment effects
at the reference time point, which is selected from the set of time
points at which outcome measurements exist, Table 6 displays the
pooled effects at time point one for the random walk NMA model
of da Costa et al. By contrast, for the two proposed models, the
relative treatment effects are estimated at time point zero. This
small discrepancy in time point is not expected to have a large
impact, however, as the random walk NMA model of da Costa
et al. implicitly assumes zero drift in the random walks and thus
the pooled effects are not expected to be significantly different
with a slightly different choice in reference time point.
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TABLE 5 | Coverage estimates for relative treatment effects, drifts, and related between-trial heterogeneity parameters in all scenarios.

Scenario 1 (30; moderate) Scenario 2 (30; high)

Parameter Model 0 Model 1 Model 2 Model 0 Model 1 Model 2

𝐷2 0.91 (0.03) 0.91 (0.03) 0.95 (0.02) 0.93 (0.03) 0.92 (0.03) 0.91 (0.03)
𝐷3 0.90 (0.03) 0.94 (0.02) 0.92 (0.03) 0.95 (0.02) 0.94 (0.02) 0.95 (0.02)
𝐷4 0.90 (0.03) 0.93 (0.03) 0.93 (0.03) 0.93 (0.03) 0.95 (0.02) 0.92 (0.03)
𝐷5 0.81 (0.04) 0.92 (0.03) 0.92 (0.03) 0.94 (0.02) 0.97 (0.02) 0.97 (0.02)
𝐷6 0.65 (0.05) 0.94 (0.02) 0.95 (0.02) 0.95 (0.02) 0.99 (0.01) 0.99 (0.01)
𝐵1 0.95 (0.02) 0.93 (0.03) 0.94 (0.02) 0.94 (0.02)
𝐵2 0.95 (0.02) 0.96 (0.02) 0.96 (0.02) 0.95 (0.02)
𝐵3 0.96 (0.02) 0.97 (0.02) 0.98 (0.01) 0.98 (0.01)
𝐵4 0.95 (0.02) 0.95 (0.02) 0.94 (0.02) 0.93 (0.03)
𝐵5 0.91 (0.03) 0.94 (0.02) 0.98 (0.01) 0.97 (0.02)
𝐵6 0.96 (0.02) 0.97 (0.02) 0.92 (0.03) 0.92 (0.03)
𝜎RE 0.92 (0.03) 0.93 (0.03) 0.97 (0.02) 0.52 (0.05) 0.87 (0.03) 0.89 (0.03)
𝜎drift 0.92 (0.03) 0.98 (0.01) 0.91 (0.03) 0.93 (0.03)

Scenario 3 (50; moderate) Scenario 4 (50; high)

Parameter Model 0 Model 1 Model 2 Model 0 Model 1 Model 2

𝐷2 0.94 (0.02) 0.92 (0.03) 0.90 (0.03) 0.94 (0.02) 0.94 (0.02) 0.92 (0.03)
𝐷3 0.95 (0.02) 0.98 (0.01) 0.97 (0.02) 0.98 (0.01) 0.93 (0.03) 0.93 (0.03)
𝐷4 0.90 (0.03) 0.98 (0.01) 0.96 (0.02) 0.93 (0.03) 0.88 (0.03) 0.91 (0.03)
𝐷5 0.73 (0.04) 0.99 (0.01) 0.97 (0.02) 0.95 (0.02) 0.97 (0.02) 0.97 (0.02)
𝐷6 0.59 (0.05) 0.97 (0.02) 0.95 (0.02) 0.92 (0.03) 0.92 (0.03) 0.94 (0.02)
𝐵1 0.95 (0.02) 0.94 (0.02) 0.93 (0.03) 0.92 (0.03)
𝐵2 0.93 (0.03) 0.92 (0.03) 0.90 (0.03) 0.93 (0.03)
𝐵3 0.95 (0.02) 0.96 (0.02) 0.96 (0.02) 0.97 (0.02)
𝐵4 0.97 (0.02) 0.95 (0.02) 0.92 (0.03) 0.94 (0.02)
𝐵5 0.96 (0.02) 0.97 (0.02) 0.97 (0.02) 0.93 (0.03)
𝐵6 0.96 (0.02) 0.94 (0.02) 0.95 (0.02) 0.96 (0.02)
𝜎RE 0.83 (0.04) 0.93 (0.03) 0.88 (0.03) 0.37 (0.05) 0.85 (0.04) 0.84 (0.04)
𝜎drift 0.93 (0.03) 0.90 (0.03) 0.96 (0.02) 0.96 (0.02)

Note: Monte Carlo standard errors in parentheses. Scenarios labelled with: (number of trials; degree of heterogeneity).

Although the possibility exists for the proposed models to esti-
mate the relative treatment effects at other time points using
Equation (4), we have elected not to do so for this particular
dataset, since the function outcome is only available at a single
time point for numerous treatments in the network. This results
in convergence issues for the drift parameters corresponding to
these treatments when fitting the two proposed models. The way
around this is to set the pooled drift parameters to the value
of the pooled drift of placebo for all treatments with function
(main outcome) measurements at only a single time point when
applying the Gaussian random walk with drift NMA model. This
ensures that the model does not produce unreasonable estimates
of the treatment effects relative to placebo due to any assumed
differences in drifts. For the cointegrated Gaussian random walks
with drift NMA model, it is only necessary to set the pooled drift

parameters to the value of the pooled drift of placebo for treat-
ments for which both function and pain outcomes are only avail-
able at a single time point in each trial. When pain (auxiliary out-
come) measurements are available at more than one time point
in some trial for a treatment, even if function measurements are
only available at a single time point, the cointegrated Gaussian
random walks with drift NMA model is still able to estimate the
pooled drift associated with the treatment under consideration.
For both proposed models, since estimates of pooled effects at
other time points depend on estimates of pooled drifts, and some
of the pooled drift parameters are not estimable given the (lack of)
available data, we do not recommend estimating pooled effects at
time points other than the default time point zero when work-
ing with a dataset in which outcome measurements exist at only
a single time point in each trial for multiple treatments in the
network.
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FIGURE 5 | Coverage for relative treatment effect parameters from model 0, model 1, and model 2 in all scenarios. Coverage shown with error
bars extending one Monte Carlo SE above and below estimate. Shaded area indicates range between the 2.5th and 97.5th percentiles of a Bin(100, 0.95)
distribution.

The treatment effects relative to placebo are shown in a forest
plot in Figure 6 for the three NMA models. All three models yield
broadly similar estimates of relative treatment effects, as seen in
the overlapping credible intervals. However, due to the incorpo-
ration of drift terms in both proposed models and the borrowing
of strength across outcomes in the cointegration model, we can
obtain relative treatment effect estimates that potentially lead to
clinically different conclusions in some cases. For instance, both
of the proposed models yield pooled effects for celecoxib 100 mg
versus placebo with credible intervals that cover the MCID of
−0.37, whereas the random walk NMA model of da Costa et al.
produces an interval estimate for the same effect that does not
cover the MCID. On the other hand, for relative treatment effect
estimates produced by the random walk NMA model of da Costa
et al. with credible intervals that fall entirely above the MCID (i.e.,
for rofecoxib 25 mg, diclofenac 150 mg, and naproxen 1000 mg),
the two proposed models also yield relative treatment effects with
credible intervals that fall entirely above the MCID. Thus, clini-
cally effective treatments with high probability to reach MCID
according to the random walk NMA model of da Costa et al.
remain clinically effective treatments with high probability to
reach MCID using our proposed models.

With respect to credible interval widths, there are numerous
examples of relative treatment effects with reductions in credi-
ble interval widths from using the cointegration model, such as
for lumiracoxib 100 mg and diclofenac 150 mg versus placebo.
Credible interval width reduction is more likely to occur when
the auxiliary outcome has measurements at more time points
across multiple trials than the main outcome does. There are also
a few examples in which using the cointegration model leads to
increased uncertainty in the relative treatment effect estimates,
for instance for ibuprofen 1200 mg versus placebo. In this case,
only two trials feature ibuprofen 1200 mg. Both trials are two-arm
trials comparing ibuprofen 1200 mg to paracetamol 3000 mg and
both trials feature function outcome measurements at only a sin-
gle time point. There is also only one other treatment that parac-
etamol 3000 mg is compared to in the network and that treatment
is placebo. This comparison only occurs in a single two-arm trial
with both function and pain outcome measurements at just a sin-
gle time point. Thus, where there is a lack of data on the main and
auxiliary outcomes for certain treatments in the network, using
the cointegration model to borrow information across outcomes
could instead lead to increased uncertainty around the pooled
effect estimates for the treatments in question. This, however, is
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TABLE 6 | Relative treatment effects (versus placebo) on physical function estimated using the random walk network meta-analysis model of da
Costa et al., the Gaussian random walk with drift network meta-analysis model, and the cointegrated Gaussian random walks with drift network
meta-analysis model.

Treatment

Random walk
NMA model

of da Costa et al.

Gaussian random
walk with drift

NMA model
Cointegrated Gaussian random

walks with drift NMA model

Paracetamol < 2000 mg 0.036 (−0.387, 0.458) 0.005 (−0.257, 0.270) 0.003 (−0.365, 0.359)
Paracetamol 3000 mg −0.231 (−0.739, 0.285) −0.270 (−0.605, 0.088) −0.209 (−1.152, 1.039)
Paracetamol 3900-4000 mg −0.141 (−0.224, −0.056) −0.111 (−0.227, 0.007) −0.148 (−0.254, −0.039)
Rofecoxib 12.5 mg −0.323 (−0.408, −0.239) −0.341 (−0.447, −0.241) −0.349 (−0.445, −0.250)
Rofecoxib 25 mg −0.483 (−0.562, −0.403) −0.538 (−0.637, −0.434) −0.514 (−0.604, −0.427)
Rofecoxib 50 mg −0.281 (−0.727, 0.156) −0.253 (−0.517, 0.009) −0.265 (−0.663, 0.124)
Lumiracoxib 100 mg −0.371 (−0.492, −0.250) −0.371 (−0.533, −0.219) −0.398 (−0.506, −0.268)
Lumiracoxib 200 mg −0.386 (−0.482, −0.294) −0.365 (−0.467, −0.263) −0.400 (−0.497, −0.307)
Lumiracoxib 400 mg −0.443 (−0.572, −0.316) −0.410 (−0.549, −0.275) −0.425 (−0.549, −0.297)
Etoricoxib 30 mg −0.433 (−0.556, −0.315) −0.433 (−0.580, −0.295) −0.468 (−0.589, −0.335)
Etoricoxib 60 mg −0.482 (−0.662, −0.295) −0.471 (−0.696, −0.257) −0.502 (−0.680, −0.292)
Diclofenac 70 mg −0.233 (−0.702, 0.219) −0.226 (−0.531, 0.077) −0.198 (−0.580, 0.207)
Diclofenac 100 mg −0.419 (−0.754, −0.113) −0.395 (−0.599, −0.195) −0.854 (−1.382, −0.568)
Diclofenac 150 mg −0.526 (−0.659, −0.386) −0.587 (−0.730, −0.448) −0.601 (−0.716, −0.474)
Celecoxib 100 mg −0.196 (−0.346, −0.045) −0.379 (−0.518, −0.246) −0.282 (−0.405, −0.171)
Celecoxib 200 mg −0.348 (−0.404, −0.292) −0.377 (−0.455, −0.303) −0.394 (−0.457, −0.336)
Celecoxib 400 mg −0.316 (−0.448, −0.183) −0.468 (−0.635, −0.299) −0.463 (−0.601, −0.330)
Naproxen 750 mg −0.024 (−0.285, 0.240) 0.015 (−0.473, 0.495) −0.009 (−0.397, 0.425)
Naproxen 1000 mg −0.456 (−0.534, −0.374) −0.571 (−0.672, −0.469) −0.577 (−0.655, −0.493)
Ibuprofen 1200 mg −0.537 (−1.114, 0.043) −0.512 (−0.910, −0.105) −0.748 (−1.754, 0.330)
Ibuprofen 2400 mg −0.384 (−0.502, −0.265) −0.420 (−0.572, −0.269) −0.448 (−0.583, −0.310)

Note: Pooled effects shown are standardized effects with 95% credible intervals.

more an issue of data scarcity than it is a problem with the coin-
tegrated Gaussian random walks with drift NMA model itself.

5 | Discussion

In this paper, two novel Bayesian models for conducting NMA
with one or two continuous outcomes measured at multiple time
points have been presented. In the case of a single outcome, the
Gaussian random walk with drift NMA model makes use of a
Gaussian random walk with drift to model the mean standard-
ized effects over time for each treatment in a RCT. In contrast
to the random walk NMA model used by da Costa et al. [5] to
synthesize pain or function data from OA trials, the Gaussian ran-
dom walk with drift NMA model presented in this paper does not
make the limiting implicit assumption that the drift is zero in the
random walks. By including these drift terms in the model, not
only can we account for potential time trends in treatment effects
when estimating the relative treatment effects at the reference
time point (𝑡 = 0), but also we can estimate relative treatment
effects at other time points by using the estimates of drifts pro-
duced by the model in combination with the estimates of relative
treatment effects at the reference time point. In fact, we are able
to make predictions of relative treatment effects at precisely the

same time points as the discrete time points we have chosen for
the Gaussian random walk with drift in the model.

Since a Gaussian random walk with drift is a discrete time pro-
cess, some care is required to select the appropriate time points
after the start of administration of treatment at which to extract
outcome data so that a Gaussian random walk with drift under
this particular choice of time points would make for a reasonable
approximation to the behaviour of treatment effects over time.
For example, in the case of OA trials, the seven time points that
could be chosen to correspond to the discrete time points of the
Gaussian random walks with drift are 1 week, 2 weeks, 4 weeks, 6
weeks, 3 months, 6 months, and 12 months after the start of treat-
ment [5]. The time points are chosen to be much more closely
spaced initially and to increase in spacing with each additional
time point. This is to reflect the rapid decline in pain (or rapid
decline in physical disability) in the first few weeks after starting
treatment, followed by a plateauing of pain (or physical function)
scores so that it would take dramatically longer, in terms of calen-
dar time, to achieve a similar magnitude of improvement as those
observed in the first few weeks. Similar curvilinear patterns in
time-course of response are seen in other application areas, such
as in depression [25] or diabetes [26], and are often discussed and
modelled in pharmacokinetics and pharmacodynamics [27]. For
other fields, choice of time points would need to be determined by
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FIGURE 6 | Forest plot of relative treatment effects estimated using the random walk NMA model of da Costa et al. (model 0), the Gaussian random
walk with drift NMA model (model 1), and the cointegrated Gaussian random walks with drift NMA model (model 2). Area between vertical dashed
lines indicates relative treatment effects below the minimal clinically important difference.

the investigator based on the outcome measured and the expected
behaviour of treatment effects over time. Unlike other NMA mod-
els for longitudinal data that focus on using flexible continuous
functions to model the evolution of outcome over time, such as
the fractional polynomial NMA model by Jansen et al. [3], the
Gaussian random walk with drift NMA model opts for a different
approach that focuses on using Gaussian random walks with drift
to model the treatment effects over time, assuming a suitable set
of discrete time points has already been identified.

If the RCTs forming the evidence base feature two outcomes that
are measured over time and that can be reasonably assumed
to be cointegrated random walks, then the cointegrated Gaus-
sian random walks with drift NMA model can be used to syn-
thesize the data. Cointegration of two random walks with drift

arises when two random walks share a common stochastic trend,
which results in two random walks that move in tandem. For
OA trials, pain and physical function outcomes exhibit such
a tendency to move together. This tendency can be explained
by noting that patients who experience greater pain in their
joints can be expected to experience more functional restrictions
involving those joints whether due to biomechanical limitations
or to patients’ voluntary or involuntary restriction of activity
[28]; while patients with impairments in physical function can
be expected to experience more joint stiffness that can exacer-
bate pain in the affected joints [29]. By making use of the con-
cept of cointegration of two random walks with drift, we are
able to integrate data on a second outcome to aid estimation
of parameters of interest for the first outcome without need-
ing to resort to more complex multivariate NMA models. This
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allows us to avoid potential obstacles that can sometimes ham-
per a multivariate NMA modelling approach, such as needing
individual participant data to estimate within-study correlations
between outcomes [9, 30], or requiring particular matrix decom-
position and reparameterization techniques to allow flexibility in
specifying a prior distribution for the between-study covariance
matrix [9, 19].

For both NMA models presented in this paper, the exchangeabil-
ity assumptions made for the relative treatment effects, 𝛿𝑖𝑏𝑘, and
for the drift terms, 𝛽𝑖𝑘, are not the same. For the relative treat-
ment effects, the exchangeability assumption is the usual one
seen in the contrast-based approach wherein the trial-specific rel-
ative effects come from a common random effects distribution
that applies to all trials, regardless of whether a given treatment
contrast actually appears in a trial [31]. For the drift terms, how-
ever, the exchangeability assumption is not a contrast-based one
but rather an arm-based one. That is, the trial-specific drifts are
assumed to come from a common distribution centred around a
mean drift that is particular to a treatment, rather than a treat-
ment contrast. The choice to make an arm-based exchangeabil-
ity assumption for the drifts instead of a contrast-based one as
we do for the relative treatment effects is driven by the need for
the drift term to be present in specifying the mean of the Gaus-
sian random walk with drift, 𝑚𝑖𝑘𝑡, even in the baseline case when
𝑘 = 𝑏. Although a partial contrast-based approach is still possible
in this case, it requires treating the drift for the treatment cor-
responding to an arbitrary choice of the control arm in a trial
differently than the drifts for other treatments in the trial. Thus, to
maintain a consistent modelling of the drift terms, we have cho-
sen to use an arm-based approach in this case. While it is true
that the arm-based approach requires a stronger exchangeability
assumption than the contrast-based approach, and such aban-
doning of the principle of concurrent control could potentially
produce biased estimates, little harm is likely to be done in prac-
tice [32]. Others have presented their NMA methods using both
contrast-based and arm-based parameterizations and have advo-
cated for the use of arm-based approaches due to ease of param-
eter interpretation, as well as for situations when absolute mea-
sures of effect are of interest [33]. In our case, it is not unreason-
able to assume that the time trends of an outcome under a partic-
ular treatment, represented by the drift terms, are exchangeable
across trials. Because the relative treatment effects still follow
contrast-based modelling, and relative drifts are used to obtain
the relative treatment effect estimates at other time points, a
stronger exchangeability assumption made for the drifts should
not be an issue in practice.

Regarding the comparison of performance between the Gaussian
random walk with drift NMA model and the cointegrated Gaus-
sian random walks with drift NMA model, this simulation study
has shown that both models produce unbiased estimates of rela-
tive treatment effects and drifts, with empirical estimates of bias
for both proposed models being similarly close to zero and negli-
gible in each scenario. In terms of model SE, the cointegration
model has better performance than the single outcome model
in scenarios with moderate heterogeneity. A similar observation
applies to the empirical SE as well, although the improvements
are less pronounced than those observed for model SE given
the Monte Carlo standard errors. In high heterogeneity scenar-
ios, the cointegration model does not appear to offer significant

improvements over the single outcome model in either model
SE or empirical SE, though small reductions in model SE and
empirical SE can still occur for some parameters. With respect to
relative percent error in model SE, both models have comparable
performance in all scenarios. With respect to MSE, the cointe-
gration model slightly outperforms the single outcome model in
the sense that MSE estimates either remain comparable or are
reduced slightly by using the cointegration model. In terms of
mean CrI width, the cointegration model outperforms the sin-
gle outcome model, with the improvements again being more
pronounced in moderate heterogeneity scenarios. Finally, with
respect to coverage, both models yield coverage estimates that
mostly fall within a reasonable range. Overall, we have shown
that the cointegrated Gaussian random walks with drift NMA
model performs on par with, if not slightly better than, the Gaus-
sian random walk with drift NMA model. We have also shown
that both proposed models outperform, on the basis of various
performance measures, the random walk NMA model of da Costa
et al. when the data-generating mechanism incorporates coin-
tegrated Gaussian random walks with drift. More research is
needed, however, to understand to what extent the performance
of these models might be diminished if the true data-generating
mechanism is not approximated well by the cointegrated Gaus-
sian random walks with drift model.

In simulating the OA trials data, we have used an algorithm
that produces measurements for the main outcome at fewer time
points than measurements for the auxiliary outcome. Specifically,
at each time point with an auxiliary outcome measurement in
each trial, the probability of the corresponding main outcome
measurement being missing is set to 10%. This is done for the
purpose of demonstrating the advantage of using the cointegrated
Gaussian random walks with drift NMA model when a second
outcome is available and measured at potentially a few more time
points than the first outcome. This type of scenario occurs in OA
trials if we consider physical function as the main outcome and
pain as the auxiliary outcome, since many OA trials report physi-
cal function outcome measurements at a subset of the time points
at which pain outcome measurements are reported. In the alter-
native case in which the main outcome is measured at potentially
more time points than (or the same set of time points as) the
auxiliary outcome, improvements in interval estimates using the
cointegration model over the single outcome model are expected
to be minimal. Riley et al. discussed the low impact that borrow-
ing of strength across outcomes is likely to have in situations with
low percentage of missing outcomes in the context of fitting mul-
tivariate meta-analysis models [34], and we feel that a similar
limitation applies in the context of fitting the cointegrated Gaus-
sian random walks with drift NMA model. At the same time, we
do not anticipate the cointegration model to perform worse than
the single outcome model even if the auxiliary outcome has not
been measured at more time points than the main outcome, pro-
vided that sufficient data from multiple time points are available
on either outcome to inform the estimation of relative treatment
effects and drifts.

A limitation of the Gaussian random walk with drift NMA model
is that, to estimate the pooled drift associated with each treat-
ment, it is necessary for at least one trial featuring each treatment
to report the main outcome at more than one time point. If there
exists a treatment such that each trial that features this treatment
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only reports the main outcome at one time point, then the MCMC
chains would fail to converge and the model would not be able to
estimate the pooled drift. A similar limitation applies to the coin-
tegrated Gaussian random walks with drift NMA model, with the
condition being that it is necessary for at least one trial featuring
each treatment to report either the main or the auxiliary out-
come at more than one time point in order to estimate the pooled
drifts. One possible approach for dealing with this limitation is
to include an additional eligibility criterion when screening trials
for inclusion in a systematic review. For example, in the case of
OA trials, this eligibility criterion could require a trial to have at
least one of pain or function outcome be reported at two or more
time points of interest, if the investigator plans to use the coin-
tegrated Gaussian random walks with drift NMA model for the
analysis.

Another limitation of the cointegrated Gaussian random walks
with drift NMA model is that, to obtain estimates for all parame-
ters of interest, it is not sufficient to fit the model only once, unlike
a multivariate NMA model. Instead, as is the case for univari-
ate NMA models, the cointegration model must be fitted twice to
obtain the relative treatment effect estimates for both outcomes,
each of which would serve as the main outcome and the other
as the auxiliary outcome in each run of the cointegration model.
In our experience, fitting the cointegration model requires more
computational time than fitting the single outcome model. How-
ever, we consider this a small price to pay in exchange for poten-
tially narrower interval estimates, even if the performance is only
marginally improved. Jackson et al. also discussed the potential
for borrowing of strength to yield little to no gain in precision
for the pooled effect estimates in the context of fitting multivari-
ate meta-analysis models [18]. We believe the cointegrated Gaus-
sian random walks with drift NMA model serves as a compro-
mise between univariate and multivariate NMA models: it allows
the investigator to avoid some of the difficulties associated with
applying multivariate NMA models while still yielding potential
gains in precision that multivariate NMA models can offer over
univariate NMA models.
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