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Abstract

Using a decomposition of a Lurie system in terms of symmetric and skew-symmetric matrices, this paper presents reformu-
lations of the classical conjectures of Aizerman and Kalman which give valid conditions for absolutely stability. Under this
decomposition, it is shown that a restatement of the Aizerman conjecture implies stability while the re-stated Kalman conjec-
ture implies contraction.
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1 Introduction

The classical conjectures of Aizerman [1] and Kalman
[10] propose Routh-Hurwitz type stability criteria for
a class of nonlinear systems known as Lurie systems
[11]. These conjectures have been shown to be false by
counter-example [5, 2, 8], but in this paper, restatements
of these conjectures are given such that they represent
valid stability tests. The key result underpinning the re-
statements is the decomposition of the square matrices
of the “closed-form” Lurie system into symmetric and
skew-symmetric components. It is noted that the pre-
sented results are applicable to generic SISO Lurie sys-
tems and do not rely upon the system admitting a sym-
metric realisation.

2 Notation

The set of real matrices of dimension n×m are denoted
by Rn×m, the set of symmetric matrices of dimension n
as Sn, the set of skew-symmetric matrices of dimension
n as An. The square matrix of dimension n×n contain-
ing 0s is denoted 0n×n. We adopt the notation of con-
traction theory from [6].M is used to define a manifold
of dimension n. TxM denotes the tangent vector spaces
at x ∈M with δx ∈ TxM a vector in the tangent space
at x. The tangent bundle TM is the disjoint union of
these tangent vector spaces overM.
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3 Lurie Systems

The class of nonlinear systems considered by the Aizer-
man and Kalman conjectures are of the Lurie type.

Definition 1 (Lurie System) The Lurie system is de-
fined by the vector field

{
ẋ = Ax+Bφ(y)

y = Cx
(1)

with A ∈ Rn×n, B ∈ Rn×1, C ∈ R1×n and x ∈ M. We
restrict our attention to the case of φ(y) : Y ⊆ R → R
being a single nonlinear term that is assumed to be a C2

function, Lipschitz on Y satisfying φ(0) = 0, globally
sector bounded

φ(y)

y
∈ ∆ := [µ, µ] ∀y ∈ Y ⊆ R (2a)

and slope restricted

dφ(y)

dy
∈ Π := [π, π] ∀y ∈ Y ⊆ R. (2b)

The following (false) conjectures of Aizerman [1] and
Kalman [10] were proposed for verifying the stability of
the Lurie system (1) in terms of Routh-Hurwitz type
criteria. The form of the conjectures used here is in terms
of the state-space matrices of the Lurie system.
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[Aizerman Conjecture] If the matrix inequalities

A+ kBC < 0 ∀k ∈ ∆ (3)

hold, then the nonlinear Lurie system is stable.

[Kalman Conjecture] Similarly, if the matrix inequal-
ities

A+ kBC < 0 ∀k ∈ Π (4)

hold, then the Lurie system (1) is stable.

The Aizerman criterion was posed as a question in [1]
while the Kalman conjecture was formulated as a crite-
rion in [10]. Counter-examples have been found that dis-
prove both conjectures in general [3], with a comprehen-
sive discussion of these conjectures given in [12]. For first
and second order continuous time systems, the Aizerman
conjecture is known to be true [14], but counter-examples
exist for third order systems [5]. Similarly, third order
counter-examples have been found for the Kalman con-
jecture [2] and a second order counter example was found
for the discrete time case in [8]. The Aizerman conjec-
ture was shown to be true when the linear system is de-
scribed by a “strictly negative imaginary” transfer func-
tion [4] or when it has a positive impulse response [7].
Even though the conjectures were shown to be false in
general, valid techniques have been developed to verify
stability of Lurie type systems, with this problem known
as the absolute stability problem [11].

4 Symmetrical Decompositions of Lurie Sys-
tems

This section introduces the symmetrical decomposition
of the Lurie system matrices that is used in the re-
statements of the Aizerman and Kalman conjectures.
The essential result is that the closed-form vector field
of the Lurie system can be decomposed into symmetri-
cal and skew-symmetrical components. The proof of this
result relies on the following basic property of square
matrices.

Lemma 1 Each square matrix M ∈ Rn×n can be
uniquely decomposed into the sum of a symmetri-
cal matrix Ms = 1

2 (M + MT ) ∈ Sn×n and a skew-

symmetrical matrix Ma = 1
2 (M − MT ) ∈ An×n such

that M = Ms +Ma.

Proof. The result is well known from linear algebra. See
[9] for instance. �

Define the closed-form Lurie system as

ẋ = Ax+
φ(y)

y
BCx (5)

where both A and BC are square matrices in Rn×n.

This form is obtained by noting that Bφ(y) = B φ(y)
y y =

φ(y)
y BCx for the SISO case considered. Lemma 1 can

then be used to uniquely decompose this vector field into
symmetric and skew-symmetric components

ẋ = Asx+Aax+
φ(y)

y
(BC)sx+

φ(y)

y
(BC)ax (6)

where {As, (BC)s} ∈ Sn×n and {Aa, (BC)a} ∈ An×n
with the subscripts s and a respectively denoting the
symmetric and skew-symmetric components of the
square matrices.

For the re-statement of the stability conjectures, the fol-
lowing pair of matrices characterising the closed loop
Lurie system dynamics of (5) are defined.

Definition 2 (Σ, Σs, Σa) Define the matrix pairs
Σ = {A,BC}, Σs = {As, (BC)s}, Σa = {Aa, (BC)a}.

5 Stability and the Aizerman Conjecture

A re-statement of the Aizerman conjecture is now pre-
sented that provides a valid test for stability.

Theorem 1 If the matrix Hurwitz condition of the Aiz-
erman conjecture

A+ kBC < 0 ∀k ∈ ∆ (7)

holds when the matrix pair Σ = {A, BC} are replaced by
Σs = {As, (BC)s}, then the origin is an asymptotically
equilibrium point of the Lurie system.

Proof. The result is based upon the candidate Lyapunov
function VA(x) = xTx being the energy of the states of
the Lurie system. The time domain derivative of VA(x)

along the trajectories of (1) is V̇A(x) = xT ẋ+ẋTxwhere

V̇A = xT

(
A+

φ(y)

y
BC +

(
A+

φ(y)

y
BC

)T)
x (8a)

= xT

(
As +Aa +

φ(y)

y
(BC)s +

φ(y)

y
(BC)a (8b)

+

(
As +Aa +

φ(y)

y
(BC)s +

φ(y)

y
(BC)a

)T )
x

(8c)

= 2xT
(
As +

φ(y)

y
(BC)s

)
x (8d)

since Ms +MT
s = 2Ms and Ma +MT

a = 0n×n for Ms ∈
Sn×n and Ma ∈ An×n. Then, if (3) holds for the matrix

pair Σs, V̇A < 0 ∀φ(y)/y ∈ ∆ and the level sets of VA(x)
are positively invariant. �
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6 Contraction and the Kalman Conjecture

This section extends the asymptotic stability results of
Section 5 by considering the convergence of the trajecto-
ries of the Lurie system towards each other with the con-
ditions of the Kalman conjecture linked to contraction
theory [13]. A result of contraction theory says that if the
symmetric part of the Jacobian of the systems dynamics
is Hurwitz on some region, then the system trajectories
are contracting and converge towards each other. This
definition was applied in [16] to Lurie systems.

The main concepts of contraction theory as given in [6]
are now described.

Definition 3 (Contraction Metric [6]) A contrac-
tion metric is defined as the positive definite function
F (x, δx) :M× TxM→ R≥0 mapping the tangent bun-
dle to the line of non-negative real numbers for every
(x, δx) ∈ TM.

Definition 4 (Forward Invariant Set [6]) The flow
of the Lurie system from the initial condition x0 ∈ M
at time t0 is denoted ψt0(·, x0). If ψt0(t, x0) ∈ C for each
t ≥ t0 ≥ 0, then the set C ⊆ M is called forward invari-
ant and connected. It is assumed that every two points
in C can be connected by a smooth curve γ : I × C with
I , {s ∈ R | 0 ≤ s ≤ 1} that satisfies γ(0) = x1, and
γ(1) = x2.

Definition 5 (Findler distance [6]) Consider the
contraction metric of Definition 3 defined on the man-
ifold M. For any two points (x1, x2) ∈ C ⊆ M, let
Γ(x1, x2) be the collection of piecewise C1 curves γ. The
distance d :M×M → R≥0 induced by the contraction
metric F satisfies

d(x1, x2) , inf
Γ(x1,x2)

∫
I

F (γ(s), γ̇(s))ds (9)

Semi-algebraic conditions exist for checking incremental
stability of systems such as the Lurie system.

Theorem 2 ([6] ) Consider a system that evolves
along a smooth manifold M and assume there ex-
ists a connected forward invariant set C ⊆ M. Let
F (x, δx) be a candidate contraction metric that satisfies

Ḟ (x, δx) < −α(F (x, δx)) for each t ∈ R, x ∈ C ⊆ M
and δx ∈ TxM for some α : R≥0 → R≥0. Then the
system is said to be incrementally stable satisfying
d(ψt0(t, x1), ψt0(t, x2)) < 0. If the system is incre-
mentally stable, then it is said to be contracting via the
metric F (x, δx) on a contracting region C ⊆ M.

This notion of a contracting system is linked to the
Kalman conjecture by the following theorem.

Theorem 3 If the matrix Hurwitz conditions of the
Kalman conjecture

A+ kBC < 0 ∀k ∈ Π (10)

are satisfied when the matrix pair Σ = {A, BC} are
replaced by Σs = {As, (BC)s}, then the Lurie system
is a contracting system.

Proof. Define C as the set of x for which dφ(y)/dy ∈ [π, π]
and consider the contraction metric F (x, δx) = δxT δx.

It follows that Ḟ (x, δx) = δxT ˙δx + ˙δx
T
δx where δx is

defined by the dynamics of the variational system

{
˙δx = Aδx+Bδφ(y)

δy = Cδx
(11)

which, by linearising the Lurie system, has closed-form

˙δx =

(
A+

dφ(y)

dy
BC

)
δx. (12)

As the variational system (12) is defined by the same ma-
trices as the Lurie system (5), it can also be decomposed
into symmetrical and skew-symmetrical parts, and in an
analogous manner to the proof of Theorem 1, the condi-
tion Ḟ (x, δx) < 0 can be expressed as

Ḟ (x, δx) = 2δxT
(
As +

dφ(y)

dy
(BC)s

)
δx < 0. (13)

If then the Hurwitz condition (4) of the Kalman conjec-

ture holds for the matrix pair Σs, then Ḟ < 0 ∀x ∈ C,
with the conditions of Theorem 2 then being satisfied.

�

Remark 1 Note that the set of slopes from (2b) con-
tains the set of sectors from (2a) with Π ⊇ ∆. As such
the Hurwitz condition of the Aizerman conjecture is less
restrictive than that of the Kalman conjecture. ?

7 Numerical Examples

7.1 Sufficient Stability Test

Consider the linear system from [15]

G(s) =
s2 − 0.2s− 0.1

s3 + 2s2 + s+ 1
. (14)
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This system has a balanced realisation

A =


0.0394 −0.8268 0.2528

−0.8268 −0.2358 0.4811

0.2528 0.4811 −1.7249

 , B =


−0.3022

0.6585

−0.8110

 ,
C =

[
−0.3022 0.6585 −0.8110

]
which is symmetric. The maximum value of k for which
the matrix Hurwitz conditions of Theorem 1 hold is
k = 1.1. This is within the stability range [15] and as
such the theorem can provide a sufficient condition for
stability. However, this maximum value for k is even
more conservative than the circle criterion [15].

7.2 The Counter-Example of Barabanov

A counter example to the Kalman conjecture was de-
veloped in [2] where a system that satisfied the Kalman
conjecture was shown to have a non-trivial periodic so-
lution. This system was of the form

ẋ1

ẋ2

ẋ3

ẋ4

 =


0 1 0 0

0 0 0 −1

1 0 0 −2

1 0 1 −1


︸ ︷︷ ︸

AB


x1

x2

x3

x4

+


0

0

−1

−1

φ(y), (16a)

y =
[
0 0 0 1

] [
x1, x2, x3, x4

]T
. (16b)

The eigenvalues of the matrix 1
2 (AB + AB) are

{−1.7247, 0, 0, 0.7247} and hence, due to the positive
eigenvalue, the restated stability (contraction) conjec-
tures cannot verify stability for slope restricted nonlin-

earities in dφ(y)
dy ∈ [0, π]. This system is therefore not a

counter-example of Theorem 3.

8 Conclusion

This paper has presented restatements of the conjec-
tures of Aizerman and Kalman such that they provide
valid stability conditions for Lurie systems. These condi-
tions exploit a decomposition of the system matrices into
symmetrical and skew-symmetrical components. More
specifically, the restated Aizerman conjecture is shown to
imply convergence of the trajectories of the Lurie system
towards the origin while the Kalman conjecture implies
contraction. We conclude by commenting that compared
to the many results on absolute stability that can be
found in the literature, the results presented here seem
trivial. However, the results of this paper imply that the
conjectures of Aizerman and Kalman would have been
correct if they had been framed in terms of a state-space
realisation that considered the symmetry of the system.
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