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ONE-DIMENSIONAL WAVE DISPERSION IN LAYERED MEDIA*

H. OCKENDON't, J. R. OCKENDON f, C. L. FARMER %, AND D. J. ALLWRIGHT?

Abstract. Homogenisation theory reveals that long one-dimensional waves propagating in a
medium with spatially periodic wave speed can behave like dispersive waves in an appropriately ho-
mogenised medium. However the precise time and length scales over which this dispersive behaviour
is a good approximation are not clear. This paper describes what happens in a specific case when the
sound speed and initial conditions allow the problem to be reduced to a finite system of difference
equations which can be solved exactly. The long-time asymptotics are compared with the predictions
of homogenisation theory and new light is shed on the dispersion phenomenon.
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1. Introduction. This paper considers an initial/boundary value problem for
one-dimensional wave propagation in which the wave speed varies periodically on a
scale much shorter than the propagation distance. Although there is a large literature
on such problems, the precise situation that stimulated our research was one in which
the wave speed and initial/boundary conditions were sufficiently simple piecewise-
constant functions for the problem to be reduced to a finite-dimensional system of
difference equations. The importance of such models is that the solution can be
found numerically to within rounding errors and hence can be used as a yardstick for
assessing the predictions of homogenisation theory, and in particular the long-time
effects of wave dispersion.

Systematic homogenisation theory for this type of wave propagation has been
pioneered by Santosa and Symes [12], with more recent work done by Abdulle, Grote
and Stohrer [1], Yong and Kevorkian [14] and Dohnal, Lamacz and Schweizer [4]. Tt
can be applied to many linear wave equations with spatially periodic coefficients but
we will only consider the special (dimensionless) case

9?u  0%u
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where ¢ is periodic, X = z/e with ¢ < 1 and the initial/boundary conditions are
independent of e. We do however remark that wave propagation in inhomogeneous
media is more commonly modelled by rewriting (1.1) as

d v 0%
1.2 ~ (22 ) =22
(12) oz <C 8:10) a2’
and, in one dimension, the two formulations are related by v = du/0x.
As will be recalled in section 2, the principal prediction of homogenisation theory
for (1.1) is that, for x,t = O(1), averaged wave propagation is at a homogenised

speed ¢y which is less than the average speed of a wavefront satisfying dz/dt = c.
Moreover the theory predicts that, for x,t = O(e~2), averaged waves propagating at
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2 One-dimensional wave dispersion in Layered Media

the homogenised wave speed are dispersive and can be modelled by introducing a
fourth-order spatial derivative into (1.1) or (1.2).

The analysis of our model piecewise-constant problem, described in section 3,
sheds new light on the predictions of homogenisation theory. We rely heavily on nu-
merical evaluations of the exact solutions of the model, both in its p.d.e. formulation
and its finite-dimensional formulation. Relevant numerical studies have already been
carried out by Burridge et al.[3] and by Santosa and Symes[12]. The work of Foga-
rty and Leveque [6] is of special relevance as they have derived exact ‘characteristic
difference’ relations for hyperbolic conservation laws in which the data is piecewise
constant. Also we will see that the analysis of an underpinning wave-reflection prob-
lem can be done simply in terms of wave momentum.

Finally, in section 4, we consider two explicit representations of the solutions
of both the p.d.e. problem and its finite-dimensional equivalent which reveal the
dispersive phenomena that can occur for large times.

2. Multiple scales. We begin by considering (1.1) in ¢t > 0, —0o0 < & < 00, with
appropriate Cauchy data at ¢ = 0. Homogenisation theory can be described in several
different frameworks, for example using superpositions of Bloch waves [12], but, for
the moment it is simplest to use the multiple scales ansatz'

(2.1) U~ Zekuk(x,X,t),
0
. 0 . 10 0 . . .
with — being replaced by ———= + —. This idea of embedding the problem in a
ox edX = Ox

fictitious two-dimensional space forms the basis of the method of multiple scales [7]
and it has been combined with successive rescalings of time to consider one- and two-
dimensional wave propagation in [5] and [11] respectively. However for the problem we
consider in the next section, more refined rescalings are necessary to produce uniformly

valid asymptotic expansions that compare well with exact numerical predictions.
S 82U0 d2 8211,0 + 8211,1
ince an
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bounded for all X then they must be independent of X. However
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and we can only avoid secularity in us if
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are both zero, we see that if ug and u; are to be

(2.3) gl 2%
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where
1 T
2.4 =
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and the bar denotes the spatial average over a period of the function c.
The short wavelength variable X first appears in ug, and integrating (2.2) and
avoiding secular terms gives

6’11,2 (92UQ

(25) g = 2 ) -1 G

LIf ¢ were to depend on fast-time scale T' = t/¢, then u;, would also depend on 7.
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where

X c2
(2.6) Il(X)=/ (6(5)2 —1)dn
and
@) = o () - ) 5,
where

(2.8) L(X) = / : (Il(n) - fl)dn.

The lower limits of the integrals are defined by the boundary conditions and are
irrelevant as X — oo. Similarly, with a little more work, (2.3) can be shown to be
the homogenisation of (1.2).

We immediately note that, in a problem in which the Cauchy data is zero in
x > 0, the wavefront will approximately propagate along the leading characteristic
x = cpt, where

1 N

2.9 — (=
(29) — =)
and c) is the average speed of the characteristics of (1.1) and is always greater than
cr, the homogenised wave speed?. Hence (2.3) does not describe the precursor wave

field in the region of the (x,t) plane in which ¢y < % < cp- Moreover, it is also

invalid in the region near x = cyt for larger times as we now show.
We first change to variables £ =« — ¢yt and ¢ in (1.1) to obtain

0%u 0? 9 0%u

u
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(2.10) 5 CH8t8§ + (¢ — ¢ >6§2

If we now write u = u(§, X,t) in a multiscale expansion, we merely retrieve (2.3)
but, if we put t = 7/€2, as we would for the derivation of the nonlinear Schrédinger

equation [9] and replace (% by (% + %8% and % by e2£ + C?HaiX’ we obtain
0%u 0%u N 0%u scy 0*u 8 0%u
B10 gx2 2 gex ¢ (_ - 1)3_52 T2 e T E o

Then expanding u ~ Uy + €U; + ... shows that Uy and U; are both independent of X
but now

(92U2 C%I 82UO
(2.12) T (c_2 - 1) 5er =0
Hence,
Uy - 0%U,
(2.13) W_(II(X)_Il)a—ggv

2 As mentioned by Beryland and Burridge [2], this phenomenon was noticed in 1971 by O’Doherty
and Anstey [10].
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and
—\ 0%Uy
(2.14) Uy = <12(X) - 12) e
A similar calculation at O(e?) reveals that
82U3 = 83U0 CQH 82U1
and hence that
oUs _\ 93U, _\ 02U,
Then the vital O(e?) terms give
(2 17) 62U4 _ (92U3 i _ (92U2 _ 2C_H62U0
' 0X?2 0X0¢ 2 €2 2 90T
64UO 2CH 62U0 = 63U1
= A(X) 9t 2 ogor 2(11(X) _11)8—53’

2
where A(X) = (C—H +3)(I2(X) — I5). Finally we see that the secularity condition for

. c2
U4 1S

]184U0 2 0%Uy

(2.18) 5T = o DB

which is the asymptotic limit of the dispersive Boussinesq wave equation that appears
after (39) in Santosa and Symes [12] where € — 0 with &, 7 of O(1). We remark that
the amplitude of the rapid oscillations in u is always of O(e?) compared to the lowest-
order homogenised response.

We now consider what the above theory says about the long-time solution in a
specific example.

3. A finite-dimensional example. One obvious situation where (1.1) can be
solved analytically is when c is piecewise constant and the initial and boundary con-
ditions are also constant. In order to focus on the effects of dispersion, we consider a
case where waves would be unidirectional if the medium was homogeneous, namely

0%u 0%u

(3.1)

2 _— =
“X)oxT = o7
where T = t/e, with

(3.2) u(X,O):S—;(X,O)ZO,X>O and »(0,7)=1,T > 0.

We take ¢ to have period 2 for convenience and suppose

0<X <1
Tl X <2

(3.3) c= {

D=
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thus ¢y = v0.4 ~ 0.63 while the average characteristic speed cjs is % This data is
chosen to enable us to solve the problem exactly but unfortunately there is no initial
wavelength against which to compare the lengthscale of ¢(X). However, long waves
will emerge as T — oo and, by identifying e ! as a long timescale, we will be able to
use homogenisation theory. The fact that cy; — ¢y =~ 0.04 suggests that we will have
to go to times where 7' = O(10?) in order to observe dispersive effects.

Our initial/boundary value problem has a discontinuity at X = T = 0 which
will propagate along the characteristics of the equations and will be reflected at each
interface X = m, giving rise to the regular pattern shown in Figure 1. There will be
non-zero discontinuities across all the characteristics in this figure except for every
third reflection in the quadrilaterals adjacent to the zero initial state, but these lines
are included to preserve the pattern of the ‘grid’. Away from these characteristics the
solution will be piecewise constant and the grid has a repeat® in 4m < X < 4m + 4,
2n < T < 2n + 2 for integers m > 0, n > 0 which contains 6 cells as shown in
Figure 2. We can therefore set up 6 difference equations for the constants a, 1, bm n,
<o« fm.n, which are the values of u(X,T) in each cell. In order to obtain the relations
between these quantities we need to consider the typical reflection problem shown in
Figure 3, where incoming discontinuities along characteristics with velocities ¢; (in
X <0) and —¢o (in X > 0) are incident simultaneously on the discontinuity of ¢ at
X =0, and we need to determine the constant value v of u in the region C' = C7; U5
in terms of the constant values o, 8 and ¢ in A = Ay U Ay, B and D. Since the
solution is discontinuous, it does not obey (3.1) classically, but we can find v either
by considering a limit of rapidly varying smooth solutions, or by the method of weak
solutions, or by using the integrated form of (3.1),

d ®1 0u oul’
3.4 — =-=dX | = | ==
(34) dT (/a 20T ) {&X}a’
which any weak solution of (3.1) must satisfy. If we take a < 0 < b, then the right-hand
side is zero for times 7' with |T'| < min(|al,b)/ max(c1, c2), so the momentum in the

ou

int 1(a,b)i tant. Evaluati = o=
interval (a,b) is constant. Evalua 1ng/a 257
from the two incoming discontinuities and is (8 — «)/c1 + (0 — ) /c2, whereas when
T > 0 it takes the value (v — 3)/c1 + (7 — 8)/ca. Thus these two quantities are equal
and we obtain

(3.5) (v +7)(e1 + c2) = 2(Beg + dcq).

dX for T' < 0 generates contributions

This formula can also by obtained by the methods of [8] using the solution of an
equivalent Riemann problem for the first-order form of the wave equation.

Now we can apply this formula directly at the points A,B,C,D,E.F in Figure 2
(noting that it applies equally well where ¢; = ¢o at the points C and F) to obtain
the equations

2
Am,nt+1 = gfm—l,n-i-l + gbm,n-i-l — Qm,n
2 4
bmn = 5 Um,n _mn_bmn
1l = g lmn T 3Cm, :

3Such repetition occurs whenever the piecewise-constant sound speeds are rationally related,
which is equivalent to the wave propagation taking place in a Goupillaud medium. Other repetitions
are possible but this one is most convenient for our calculations.
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A
T

>
>

X

Fic. 1. Discontinuities propagating along characteristics, showing a typical element marked
(see Figure 2) by the dotted rectangle.

(36) Cm,n+1 = bm,n-{-l + dm,n-{-l — Cm,n
4 2
dm,nJrl = gcm,n + gem,n - dm,n
2 4
Cmn+l = gdm,nJrl + gfm,nJrl — Cm,n

fm,nJrl = €m,n + Am+1,n — fm,n-
The boundary conditions mean that

ap, =1 for n>0,

mo=0 for m>1,

and by,.0 = ¢m,0 = dm,0 = €m0 = fm,0 = 0 for m > 0. Note that these equations
apply for all m > 1 and n > 0 although the values of a, , etc. will all be zero ahead
of the positive characteristic through (0, 0).

We will give some analysis of (3.6) in section 4, but first it is very helpful to
consider their numerical evaluation which is readily obtained to within rounding errors
only. The solution for a,, ,, is shown in Figures 4 and 6 at times 7" = 500 and 5000 with
Figure 4 corresponding to (z,t) = O(1) and e = 1/500. These figures show the main
wave propagating with the homogenised wave speed /0.4 and with a small precursor
wave which is highlighted on a logarithmic scale in Figure 5. Figure 6 corresponds to
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am,n+1 Cm,n+1 €m,n+1

4m, 2n+2  — — - bm,n+1— — —dm.n+1- _
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|
|
4am, 2n — — bmn — dmpn . —

c=1/2 c=1 c=12"1

Fic. 2. Element showing the notation for the analytical solution. The region outlined by the
dotted line corresponds to the the typical element in Figure 1.
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Fic. 3. Typical situation showing discontinuities along characteristics, where ¢ = c1 in X <0,
c=-co in X >0.

x,t = O(e~?2), where, because A < 0, the rescaled homogenised dispersive equation
(2.18) can be reduced to

U, 92U, 1004/10
9P _ _, _ UUvIY

gt~ " “ocar ? 3

(3.7)

with, by matching to a step function in £ as 7 ] 0,

(3.8) Uo<s,0)—{ 0 i
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With 68—[20 =W where W(&,0) = —6(£), we find from Fourier transforms that

where 7/ = 7/0 and

T2

I
(3.10) Ai(z) / ittt /3) gt

— 00

We will see in section 4 that the cube root of 7/ that appears in the argument of the
Airy function in (3.9) is related to the fact that this solution is valid when T' = O(e3).
Hence

(3.11) Uy = Ai(n)dn,

(37./)1/3

which is shown as the dashed curve in the lower graph in Figure 4. Although Uy is
self-similar in (¢, 7), the full solution w(X,T) is not self-similar. Also, we note that
the lower graph in Figure 4 reveals an increasing discrepancy, especially in phase,
between the numerical results and (3.11) as we move away from the front. This is
because (3.11) is only applicable for z-variations of O(1), and we will present an
analytical representation that is more accurate in the tail of the Airy integral in
Figure 10.

Precisely the same numerical evidence would have emerged had we proceeded
by carrying out a “characteristic difference” calculation as described in [6] and with
further detail in the book [8]. As a code validation method, the difference equations
(3.6) were compared with a finite volume Godunov method as described in [8]. The
finite volume method provides an exact solution when used with a unit Courant
number and a Goupillaud medium such as (3.3), and was found to agree with equations
(3.6) to within rounding error.

The structure of the small precursor waves in all these figures is revealed by plot-
ting log u, as in Figure 5 and for later times in Figure 7. This reveals an homogenised
exponential decay which will shortly be shown to be an exponent having an argument
proportional to —(X — cHT)3/ 2. The other clear feature of Figures 4 and 6 that
is not revealed by homogenisation theory, is the appearance of small discrete wave
packets behind the primary wave and we will now try to understand these waves by
considering analytic representations of the solutions of (3.1) and (3.6).

4. Integral Representations. We begin by considering (3.1) for general ¢(X).

4.1. Transform Solution of (3.1). Since u = 0 in ¢ < 0, we define the one-
sided Fourier transform of u to be

(4.1) a(X,w) = / w(X,T)e™TdT,
0
so that
1 = —iwT
(4.2) u=— [ a(X,w)e dw,

27TF
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u(X,500)

0 50 100 150 200 250 300 350

u(X,500)

1 1 1 1 1 1 1
270 280 290 300 310 320 330 340
X

Fic. 4. w(X,T) at T = 500, with (in the lower figure) a blow-up near the front travelling at cg
and (dashed) the asymptotic form given by (3.11).

where Im w is assumed to be sufficiently large on the inversion contour for the integrals
to converge; we will see later that it will be sufficient for Im w to be positive. Then
(3.1) implies that

d*a w?

and we can employ Floquet theory. This shows that @ is a linear combination of

functions Fj;(X,w)e’ @)X 5 = 1,2 where F; have the same periodicity as ¢(X),
which we take to be 2 henceforth. Also k; are the roots of

% (2))e** +1=0,

(4.4) e — (u1(2) +
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5 4

log(u(X,500))

_20 I I I I I I
200 220 240 260 280 300 320 340
x-values

F1c. 5. The logarithm of the exact solution of the wave equation using (3.6) for 500 time steps.

where @; and g are solutions of (4.3) satisfying

_ duq _ dius
4.5 0)=1, ——(0)=0; 0)=0, —=(0)=1
( ) ul( ) ) dX( ) ) u2( ) ) dX( )
respectively. Moreover Fjet®iX = a,tiy + (1 where ( gg ) are the eigenvectors of
J
( 1_1,1(2) — 82ikj 17,2(2) )
we) e -0k )

The precise formulae for F}; are unwieldy and are recorded in the Appendix.
If w is real, then either
(i) e?*i(“) are both real, with product unity and w is said to lie in a stopband, or
(ii) e%i (@) are complex conjugates and w is said to lie in a passband.
Also k;(w) has branch points wherever the discriminant of (4.4) vanishes.
Although (4.3) can only be solved explicitly for a few functions ¢(X), the oscilla-
tory behaviour of @ as |w| — oo can often be revealed by the WKB expansion

(4.6) @ ~ const(c(X)) "2 exp (j([;;’)) ,

where

1 X d
(@7) L / &
aX)  Jo c§)
Such expansions are only valid when ¢(X) is continuous, in which case the passbands

become thinner and thinner as |w| — co. However in our example (3.3), this procedure
is invalid and the pass and stopband structure is periodic in w.

4.2. Transform Solution of (3.1, 3.2, 3.3). In this special case, we find that,
when £ is real, k(w) has period m and satisfies

(4.8) 2 cos 2k(w) = 9 cos® w — 7 cosw.
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u(X,5000)

0.2

0 I I I I I I ]
0 500 1000 1500 2000 2500 3000 3500
X

u(X,5000)

ol 1 1 1 1 1 1
3060 3080 3100 3120 3140 3160 3180 3200
X

Fic. 6. w(X,T) at T = 5000, with (in the lower figure) a blow-up near the front travelling at
cy and (dashed) the asymptotic form given by (8.11).

This gives that

(4.9) ki = v+ +/x2 — 1,

where xy = % cos® w—% cosw, which implies that k;(w) has branch points when y = £1,
i.e. when
1 2
4.10 =—, -
(4.10) cosw =z, 3

and for < |cosw(k)| < 2, k is purely imaginary *. The multivalued function Re k(w)
is plotted for real w in Figure 8. We note that

4Although x = £1 when w = nm, these points do not require any special consideration in the

asymptotic analysis since w — nm ~ £,/ %(Qk — mm), where m and n are either both odd or both
even.
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50

|
@
=}
T
I

log(u(X,5000))
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T
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3100 3150 3200 3250 3300 3350
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F1G. 7. Ezact solution logu(X,T) of the wave equation using (3.6) for 5000 time steps.

6m-
5 -
47 -
3
27t -
T -
I I I I I
n
—a T

i n—f T+ 2n—f 21 ©
[ w2 b 3n/2 2n-a

2k

Fic. 8. Plot of 2k(w) for real w with cosa = % and cos B = % The dashed lines represent
Re(2k) when k is complez.

(i) as |w| = oo with Im w > 0, the group velocity ‘é—z is asymptotically equal to the

average characteristic speed cjs; and
(ii) the only singularities of k(w) are at the ends of the pass and stopbands
w=cos™ ! %, cos™! %,w —cos™! %, 7w —cos™ ! %, etc.
From our requirement that Im w > 0 on I', the branch cuts of k(w) must all lie in
Im w <0.

We now have to choose the branch of k;(w) so that u neither grows as X — oo
nor contains incoming waves as X,T — oo with X < ¢pT. This means that the
branch of the square root in (4.9) must be chosen so that # is positive in every
passband, k; being an odd function of w in these bands, and Im(k;) is positive in
every stopband. This can only be achieved if we choose the branch cuts and I" as in
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1

Re w

Amw

F1G. 9. The contour I' showing the branch cuts.

0.8 b

u(X,5000)

0.2 4

0 1 1 1 1 1 1 1
3080 3085 3090 3095 3100 3105 3110 3115 3120
X

Fic. 10. Comparison of (4.14) with the numerical solution at T = 5000.

Figure 9, and then the appropriate branch of k; is the heavy curve in Figure 8.

When we take F; to be the corresponding 2-periodic function of X such that,
without loss of generality, F;(0,w) = 1, the boundary condition «(0,T") = 1 implies
that 4(0,w) = £ and

i ds

(4.11) u e WTHIRDIX p(X ) —,

:% .

where the suffix j has now been dropped. As mentioned above, when we solve (4.3),
(4.5) explicitly for @; and @2, we are led to the cumbersome representation (A.1 —
A4).

For the homogeneous case ¢ = const, the branch cuts would be absent and we
could close I' in the lower half plane to find the solution, which would just come from
the residue at w = 0. The presence of the branch cuts means that the best we can do
analytically is to consider (4.11) asymptotically as X,T — oo.

The contributions from the stopbands away from the branch points will be expo-
nentially small as X — +o00 and the contributions from the passbands away from the
branch points will be algebraically small for large X, T". Thus, remembering that since
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F has period 2, the phase of any term in the Fourier representation of the integrand in
(4.11) will be kX —wT +nnX where n is an integer, the leading-order wave perceived
by an observer moving with speed V' will come from values of w such that the phase
is stationary. i.e.,

(4.12) %(Vk(w)) =1

Writing the inverse of the group velocity as

1 dk
the local waveform for most values of V' will be proportional to a sum over integer n
of terms of the form

F(X,wv)

(4.14)
wy

x exp [ —iwyT +i(VT + ) (k(wy) 4+ nm)| x

X / exp [i¢(w — wy )k (wy) + %VTk”(wv)(w — wy)?]dw,
where X — VT = (, and the main contribution to the integral comes from w — wy =
O(¢/T) as T — oo with 1 < ¢ < T. Remembering that k'(wy) = 1 and writing

2
4.1 — — -
(4.15) w—wy =1,/ LB

we see that each term is a harmonic wave modulated by

<2

(1+4)/m .
(4.16) — Zm]v

T 0L
which is of O(T~'/2) as T — co. As expected from our discussion at the end of
Section (3), (4.14), with the integral given by (4.16), provides a good approximation
to the numerical prediction in Figure 6 as evinced by Figure 10 which shows solution
(4.14) with a value of wy corresponding to z = 3100.

However this asymptotic behaviour no longer occurs where k”(wy ) vanishes,
which happens in the centre of each passband and in particular at w = 0 (see Fig-
ure 8). For w # 0, when we repeat the manipulations described above and we find
that v is a plane wave modulated by

(4.17) /00 exp [ZCLV&)V) + ék”/(wv)(w —wy)*VT|dw

as T'— oo. With
21/3

4.18 — =N

( ) w—wy n(k///(wV)VT)l/S’

where the real cube root is chosen to avoid exponential growth as ( — oo, this becomes

5 1/3 oo P 21/3¢p
(4.19) <W’(w)> /expz[(§+(V4Tk,,,(w>)1/3)}dn,

— 00
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21/3<
(V4Tk’”(wv))1/3
function modulation accurately describes the secondary wave packets.

This analysis no longer applies near w = 0, where the saddle-point contribution
combines with the contribution from the pole. This means that the integral in (4.19)
is multiplied by % and the contour T' lying above the pole is as shown locally in
Figure 9.

More precisely we have, with VE'(0) = 1, 2k(w) ~ v/10w + % +..asw— 0. So

the integral being 27TAi( ) As shown in Figures 4 and 6, this Airy

this gives V = \/g = ¢y, the homogenised wave speed. Then the major contribution

to the integral comes from

(4.20) /FGXP {ZU_; * (%)US%H %’

which is now proportional to the integral of the Airy function

(4.21) Ai{(gg_;) 1/3(\/§X B T>]

as in Figure 4. Note that expression (4.21) is identical with (3.9) after the crucial
substitution T' = e 37. This result also reveals the interesting fact that (4.21) is not
only valid near the primary wave where

(X —egT) /T3 = 0(1)

but also that its exponentially small precursor is of

o[- 3ar(f3x-7)])

in the region between the primary wave and the leading wavefront X = cp,7T’; this is
in accordance with the predictions in Figures 5 and 7.

4.3. Superposition of Power-Law Solutions of (3.6). Equations (3.6) have
solutions in which a,, , is proportional to A" u" as long as A satisfies the quadratic
equation

Mp+1)  —2pA 0 0 0 —3u
-2 (1+p) ( -3 | 0 0 0
0 — 14+p — 0 0 B
0 0 —in (I+p)  —3p
- 0 0 0 -1 (1+up)
This gives
(4.22) M —28(WA+1=0

where 135 is a sextic polynomial in p and we denote the roots by Aj2(n) = S +
V82 — 1. When we identify 2n with T" and 4m with X, we can see that this equation
is analogous to (4.4), with A = e?*. Also, when y is real, the real roots of (4.22) are
as shown in Figure 11.
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Fic. 11. Solutions X of (4.22) for real p.

Im u

N
N

Fic. 12. Singularities of Ai(p) ()\1(;1))m. There are branch points which lie at Re p =
—1/9,—7/9 on the unit circle and a pole at p = 1.

Superposition now gives that

(4.23) Gmn = | Ag () (M ()™ " dp + ; Az () (Ao ()" " dps,

where C; are suitably chosen contours in the complex-y plane. When m = 0, we
require that

(4.24) 1= / Ar(p)p"dp +/ Ay(p)pdp - for n>0
Cl C42
and, when n = 0,

(4.25) 0= | Ax () (M ()" dpe + ; Ag(p) (Ao () "dpp for m > 1.
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This derivation could be made more systematic using operational calculus as
described in [13]; this would involve writing the transform

(4.26) a(p,q) = Z A e P

m,n=0

in (3.6), where A = eP, u = e9. Using the operational calculus result that if

0
C_L(p) = Z ame” ™,
m=0

then
1 27i
= — a pmd
w=5m | e,

which is the formal analytic continuation of the theory of Fourier series, we find that

1
= =155 §  alloA,Jog A" drds
’ 472

the inversion contours are |[A| = 1+ 0, |¢| = 14 0, which ensures that Re p,q > 0,
and hence convergence of the series for a.

When the appropriate summations are made in (3.6), we find that a has poles on
the unit circle in the A-plane only at A = Ay (1) and A2 (), leading to the representation
in (4.23). Hence we can take Cy and Cs to be |u] = 1 + 0 and moreover, since the
integrands are holomorphic in |u| > 1 we can let both contours become large circles.

6': as |p| — oo, then®, for large m, n, the first
integral in (4.23) will be zero for n < 3m and hence represents a wave travelling to
the right with speed cp;. Similarly the second integral represents a wave travelling to
the left with speed cjs and so we must take As(p) = 0. Finally to satisfy (4.24) and

(4.25) we take

4 1
Noting that A\ ~ L and Ag ~ 5
813

1

Al(M)Zm-

Since (4.22) tells us that A; has a triple pole at 1 = 0 and 4 branch points on the
unit circle as in Figure 12, we can take C] to be any closed curve containing all these
singularities, with the branch cuts all lying inside || = 1 (which is possible since they
are in conjugate pairs). Having ensured that a,, , = 0 when n < 3m, we now note for
n > 3m the presence of the exponential exp(mlog A (1) + nlogp) in (4.23) implies
that there is a saddle point whenever

m - A(p)

n PN ()
This means that a saddle point approaches the pole at © = 1 as

X
T v 0.4), leading to the asymptotic behaviour encountered in (4.11). This in turn

5Remember that X = 4m, T = 2n as in Figure 2.
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means that our representation
(4.27) = [ A3 (2) (O (40) " g
|u|=const>1

predicts that secondary wave packets will emerge from the saddle-point contributions
to the integral, each of which can be identified with the contribution to (4.11) from a
segment of length 27 in the inversion contour T' (Figure 9).

5. Discussion and Conclusion. For the model (3.1), (3.3), both the exact
analytical representation of the solution (4.11) and the numerical solution, which is
exact to within rounding errors, predict large time dispersive behaviour typified by
Figures 4 — 7. The results reveal that the homogenised equation (2.18) predicts the
waveforms more and more accurately as time increases. Indeed, not only does the
dominant leading wave travel at speed cy and disperse according to the solution of
(2.18) that is the integral of an Airy function, but the exponentially small precursor
to this wave which lies in cgT < X < cpT is accurately described by the asymptotic
expansion of this integral. However, a trail of secondary dispersive wave packets
follow this leading wave each of which is described by an Airy function that decays
algebraically in time. Everywhere, variations on the X,T scales are small corrections
to the homogenised wave profile.

It would be interesting to know if such trains of wave packets occur for more
general ¢(X), particularly smooth functions for which WKB expansions (4.6) could
be used, and for more general initial/boundary conditions. If a similar scenario does
evolve, the results of section 4 suggest that the packets travel at the group velocity

dw
& where w”(k) = 0 and that a primary wave occurs when both w and w” van-
ish. Of greatest interest for the future is the use of systematic multiscaling for wave

propagation in higher dimensions following from the interesting results of [11].

Appendix. For reference we record that, in the notation of (4.4) (4.5),

coswX 0<X <1
(A1) =4 (coswcos2w + & sinwsin2w) cos 2w X +

(coswsin 2w — %sinwcos?w) sin2wX 1< X <2

sinwX <X <1

(A.2) wip =1 (sinwcos2w — £ cosw sin 2w) cos 2w X+

(sinwsin 2w + 3 cosw cos 2w) sin2wX 1< X <2

so that @;(2) = 3cos®w — 2cosw, @)(2) = wsinw(l — 6cos?w), u2(2) = (2sinw —
3sin® w)/w and @5(2) = 6cos® w — 5 cosw. When F;(0,w) = 1, this means that

(A.3) Fj(X,w)e™X =ay + B
where

(€2 — 3 cos® w + 2 cosw)w

(A.4) Bi =

2sinw — 3sin® w
and ™™ satisfies (4.4).
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