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Abstract

This thesis is devoted to the study of higher representation theory as
introduced in [Roud]. As this theory is in its early days, it is essential to
seek out modules that can rightfully be named building blocks and allow
one to express as much of the structure of arbitrary modules as possible
in their terms. We contribute towards this undertaking in the case of
additive higher representation theory. Inspiration is drawn from Soergel

bimodules which categorify the Hecke algebra.

We introduce functorially cyclic modules as well as (strongly) universal cell
modules. Examples include the minimal categorifications of [Roud]. Prop-
erties of such modules are discussed and universal properties in terms of
representable 2-functors are established. This leads to constructions and
classifications in terms of split Frobenius objects, using a new variant of
the Barr-Beck theorem for additive categories. Furthermore, we encounter
a new class of modules so called coinvariant modules which arise from au-
tomorphism group actions. We also construct canonical cofiltrations and
demonstrate why the Jordan-Hoélder theory of [Roud] does not readily
generalise. Throughout, we comment on the succession [MaMil]-[MaMi5]

that tackles the same questions, however arrives at different conclusions.

As applications, we first show that the 2-category of singular Soergel bi-
modules of [Wi2] arises naturally within the additive higher representation
theory of Soergel bimodules. Second, we establish (weak) equivalences be-
tween certain associated universal cell modules together with a categori-
fication of cell module homomorphisms of the Hecke algebra. Third, we
show that singular Soergel bimodules constructed with a faithful represen-
tation categorify the Schur algebroid, generalising the main result of [Li].
Fourth given a group and a subgroup, we recover the additive monoidal
category of representations of the subgroup from the corresponding cate-

gory for the group without invoking Tannakian formalism.
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Chapter 1

Introduction

Background

Higher representations are ubiquitous in modern representation theory. Already
in 1995, [Ber] started analysing general actions of monoidal categories. 13 years
later, [Roud| detailed the category theoretic framework for such actions. More pre-
cisely given 2-categories @ and B, |[Roud]| defines the 2-category Bom (A, B) of 2-
representations of 4 in W. Objects are 2-functors @ — B, 1-arrows are morphisms of
2-functors, and 2-arrows are morphisms of morphisms of 2-functors. In most exam-
ples relevant to representation theory, B takes the form of ddd (resp. Add ™, Liny,,
@b or Tri), which is the 2-category of additive (resp. idempotent closed additive,
k-linear, Abelian or triangulated) categories with additive (resp. additive, k-linear,

Abelian or triangulated) functors and transformations as 1- and 2-arrows.

The formal definition of higher representation theory was targeted towards the
study of the 2-Kac-Moody algebras @, associated to any Kac-Moody algebra g, see
[Roud] as well as |[ChRo, [La, KhLa]. The 2-Kac-Moody algebra @, categorifies
Lusztig’s idempotented version of the quantized enveloping algebra U,(g), see [KhLal,
We]. At the same time quiver Hecke algebras came into being, see [Roud, [KhLal.
It was shown that they categorify one-half of U,(g), see [Rou5, [VaVa], in the same
time generalising the work of [Ar] on cyclotomic Hecke algebras. Another stepping
stone was the proof of Broué’s Abelian defect group conjecture for symmetric groups,
see [ChRo]. Furthermore, Rouquier announced the construction of tensor products
for dg-representations of @, which shall ultimately give rise to 4-dimensional TQFT’s
as envisaged by [CrFr]. For a more comprehensive summary, see [Br]. The Jordan-

Hélder theorem for @, in [Roud] motivated us to undertake this work.



Our focus is on additive higher representation theory of a general additive 2-
category @. More precisely, we analyse building blocks of this 2-category. Such
@-modules should be small, should satisfy good universal properties and should al-
low one to describe as much of the structure of arbitrary @-modules as possible in
their terms. This is the central quest that drives this thesis and ultimately leads
us to introduce strongly universal cell modules. Closely related research was under-
taken in [MaMil]-[MaMi5|] yet under finiteness and duality assumptions which we do
not impose. They arrive at a different and complimentary conclusion, namely cell
modules that do not admit non-trivial quotients, which are called simple transitive

2-representation.

Let us clarify the term additive higher representation theory. First, we assume
that 4 is idempotent closed. This makes the exposition cleaner however most results
can be expressed with additional notational burden in the general case. We denote
by @ — Mod the 1-2-full sub-2-category of Bom (@, ddd) whose objects are additive
2-functors. The 0-, 1- and 2-arrows of @ — Mod are referred to as @-modules, @-
functors, and @-transformations respectively. The 1-2-full sub-2-category of @ — Mod
with @-functors that map objects to idempotent closed additive categories is denoted
@ —Mod'¥™. Note that in most relevant examples for B, we have forgetful 1-2-faithful
2-functors M — @dd, which induce 1-2-faithful 2-functors om (@, W) — 4 — Mod,
which further justifies our decision to focus on @ — Mod. For the remainder of this

introduction, we assume that 9@ is strict.

Since we will base our constructions on principal representations and their quo-
tients, we recall their definition here. This terminology originated in [MaMil] within
Hom (4, Ab), however in essence these modules are introduced in [Roud]. Crucially,
the minimal categorifications L(\) € @; — Mod of the finite dimensional, simple rep-
resentations L()\) of g are examples. For an object a € 4, P, := 4(a,—) € 4 — Mod
defines the principal representation of weight a. Part of the datum of any R € @—Mod
is an additive category R(a) and further structure that allows one to extend the as-
signment ®,(R) := R(a) to a 2-functor &, : d—Mod — Add, called the a-weight space
2-functor. The 2-Yoneda Lemma implies that P, represents ®,. Given any
M € R(a), we have a left ideal Ann(M) <P, given by all 2-arrows that act trivially
on M. On the other hand, to any left ideal Z <P, on can associate a sub-2-functor CI%
of ®,, by specifying ®Z(R) to be the full additive subcategory of R(a) whose objects
M satisfy Ann(M) C Z. Moreover, there exists a canonical quotient P, — PZ in
@ — Mod with associated ideal Z < P,. One then proves that P represents ®Z.



Main results

A split Frobenius object © in @, = Q(a,a) is a triple O = (©,A, 1), where © € 4,
A €3,(0,00) and pu € 4,(00,0) such that the Frobenius relations hold and such
that A splits p. In formulas, we require (Ou) o (A®) = Ao p = (uO) o (BA) and
oA = 0, where © denotes the identity 2-arrow on © as usual. To our knowledge

the following theorem is a new result, which we call the additive Barr-Beck theorem.

Theorem 1 (Theorem . Let M € @Add"™ and let © be a split Frobenius
object in Add(M, M). Then, there exists gM € Add'*™, additive functors oM 2,
M ﬁ oM and transformations id am = 19@19@ L, id m with Boa =id p and
O = (19@19@,19@@19@,19@519@). On the other hand, given D € Add, additive functors
D% ML D and transformations idp L PG i> idp with 3 o o/ = idp, then
O := (GF,Go'F,GA'F) is a split Frobenius object in Add(M, M) and we have an

equivalence oM = D™ of additive categories.

In fact, we will provide an explicit construction of 4 M that can be regarded as
projective ©-modules in M. The construction is similar in spirit to the Eilenberg-
Moore category associated to a monad, however it does not consider all possible
actions of a monad on objects, but instead only direct summands of free objects.

Note that an analogous theorem within @ — Mod also holds.

Next, assume that Z<IP, and let O bea split Frobenius object in 4, that stabilizes
7. Then, © induces a split Frobenius object in the category of endofunctors of ®Z(R)
for all R € @ — Mod. Since ®Z restricts to a 2-functor @ — Mod ™ — @dd*™,
Theorem 1 yields additive categories o ®Z(R) := ¢ (®Z(R)) and we will prove that
this assignment extends to a 2-functor ¢®Z : @ — Mod*™ — @dd"**™. Furthermore,
we show that there exist morphisms of 2-functors and morphisms of morphisms of

2-functors that recover © in Endg(PT) as in Theorem 1.

Theorem 2 (Theorem . The 2-functor éCI)f 15 represented by an explicitly de-
fined A-module o PX. In other words, we have equivalences of idempotent closed addi-
tive categories Homg(gPZL, R) = ¢®L(R) which are 2-functorial in R € @ — Mod' ™.

The proof of Theorem 2 relies on keeping track of all the 2-categorical structure
and two generalisations of Theorem 1: The first applies to split Frobenius objects on
2-functors with codomain @dd ™ and the second applies to split Frobenius objects
on additive higher representations. For simplicity, we will carry out the explicit

construction of gPZ only in the case of an additive monoidal category, rather than
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an additive 2-category @. Note that 4PZ is equivalent to a not necessarily full,

idempotent closed sub-@-module of PZ.

Let us give some flavour how Theorem 2 relates to the classical case. Denote by
A := [4] the split Grothendieck ring of @, and denote by A" := A®zQ, see [Ma] for a
detailed discussion of (pre-)categorifications. Given an idempotent ¢’ € A’, we have
a projective module A’¢’ and canonical isomorphisms Hom 4/ (A’e’; M) = ¢’ M’ for all
M’ € A — Mod. This is very similar to Theorem 2. However, when working with A
subtleties arise. We can find e € A with ¢/ = e®% for some n € Ny and e? = ne. The
element e may still be virtual, i.e. the difference of two elements that come from @.
In this case, @ cannot tell us much about A’e’ a priori . Not even if e is categorifiable
by a split Frobenius object, i.e. if there exists M € @ — Mod with [M] = M, and a
split Frobenius object © on M with [0] = e, is an isomorphism Hom  (Ae, M) = eM
guaranteed in general. Only if O satisfies certain intricate ©-descent properties, one
can deduce this isomorphism from Theorem 2. We will study this point in the Soergel

bimodule application.

While the constructions presented thus far are ad hoc, the main body of this thesis
provides a derivation from first principles. Starting with classical notions of cyclicity,
we discuss the analogue of 1-cyclicity in @ — Mod. Each 1-cyclic module comes with
generators. If every non-trivial object of an @-module is a generator, we call it a cell
module. Next, we introduce 2-cyclic modules which are 1-cyclic and have 2-arrows
that are controlled by 4. Functorially cyclic modules are a further specialisation that
have a readily testable definition. This leads naturally to the definition of weak equiv-
alences. The definition of a functorially cyclic module C requires existence of a € @,
7 4 P,, structure very similar to the one present in Theorem 1, and an additional
indecomposablility requirement. For example, P, is functorially cyclic if the unit
object I, € 4, is strongly indecomposable, i.e. the only non-trivial idempotent of
I, is its identity 2-arrow. In the same way as in Theorem 1, we associate to C a
split Frobenius object © in Endg(PF). Theorem summarizes several bijections
between split Frobenius objects and certain higher representations, one of which im-
plies Cidem =~ PL. We will also see that non-trivial @-functors between cell modules
only exist if the annihilators of the respective cell modules have the same maximal
thick subideal. This observation will make it natural to define universal cell modules,
which are @-modules that allow for non-trivial @-functors to any other cell module
that has the same maximal thick ideal in its annihilator. A strongly universal cell

module satisfies in addition that its endomorphism category consists of a single left



cell, and is therefore unique up to weak equivalence. From our perspective, strongly

universal cell modules are an appropriate substitute for simple modules.

For every additive 2-category @, let W (@) denote the set of isomorphism classes of
indecomposable 1-arrows, and denote by B, a representative for z € W(@). Following
[KaLu], W (@) carries a left order <; and a 2-sided order <p, where for example
x <p, y if there exists z € W(Q) and a split injection of B, into B,B,. An equivalence
class of <y, (resp. <) is called a left (resp. 2-sided) cell. For each 2-cell ¢ C W(Q),
we will associated a canonical mazimal c-cosubquotient 2-functor Q., which is an
endo-2-functor of @ — Mod that comes as close as possible to being a cosubquotient
of a canonical cofiltration of @ — Mod. If Q. is a projector, we say that 4 has c-
cell modules. Equivalently, @ has c-cell modules if there exists z, z € ¢ with a split
injection from B, to B, B, and where z lies in a minimal left cell with respect to <;,
in ¢. We say that a cell module C € @ — Mod belongs to ¢ if C = Q.(C). Equivalently,
a cell module C € @ — Mod belongs to c if the ideal Jy, , I generated by all B, for
z € W(@) with x #pr ¢ is the maximal thick ideal in the annihilator of C. Further,
we call @ weakly regular if for all 2-sided cells ¢ and all left cells ¢ C ¢ there exists

only finitely many left cells ¢ C ¢ that are comparable in the left order with c.

Theorem 3 (Theorem. Let @ be a weakly reqular additive 2-category and let ¢
be a 2-sided cell of @. Then, there exists an idempotent closed, strongly universal cell
module that belongs to ¢ if and only if there exist a € A and a right indecomposable,
split Frobenius object © in A/F 4, nela,a) whose underlying object lies in a left cell

manimal with respect to <, and such that (;)P;Z 18 a cell module, where L = 3;_4“%(&, —).

Let us sketch the proof: Let C be a strongly universal cell module that belongs to c.
It is not hard to associated a € @ and a right indecomposable split Frobenius object )
in @/Fy, qc(a,a) to C, where the underlying object of © is a sum of indecomposable
objects that are associated to the lowest 2-sided cell of @/,  .(a,a). Here, we
used that right indecomposable split Frobenius objects in @/, . .(a,a) correspond
to indecomposable split Frobenius objects in Endg(PF), since Endg(Pr) = dL(PL) =
A/F 4, rc(a,a) by the 2-Yoneda lemma. Essentially from Theorem 1, we obtain an @-
functor C — (;)PGI , which becomes an equivalence after taking the idempotent closure
of C. The subtlety is that we cannot guarantee that Ci4°™ remains a cell module (nor
that it has the other two properties of a strongly universal cell module). However
if C = (™ we have C & 4P’ and can deduce the additional properties of @, as

well. On the other hand, given © as in Theorem 3, we will use simple properties



of annihilators to show that gPZ, is a universal cell module. Using Theorem 2, we
have Endg( oPr) = oPL(oPE) = (Q/BI;ELRQ(CL,@))@, where the right hand side is
an additive monoidal category explicitly defined in Section This equivalence

allows us to deduce that gPZ is strongly universal.

Further findings

There are another four constructions provided in this thesis that deserve attention.
Each of them is interesting in their own right. At the same time, they complement

and support the development of our main results.

First, base change over the centre, see Section [4.1] This is the observation that an
ad hoc construction of [Roud|, which extends a module by a multiplicity category, is
actually a very generic and powerful tool to produce new higher representations. More
precisely given R € @—Mod and a category D that is linear over the centre Zg(R) of
R, we construct an d-module R®zyr)D whose objects are given by Ob(R(a))xOb(D)
for all a € 4.

Second, induction and coinduction 2-functors, see Section[4.4] For every 2-functor
7 : A — @', there exists a natural restriction 2-functor Res, : @ —Mod — @—Mod. We
will discuss explicit constructions of left adjoint 2-functors Ind, and of a right adjoint
2-functor Coind,, provided that 7 is a quotient functor. Also, we construct Coind,
explicitly in general. It remains an open task to construct Ind, and to identify the
appropriate notion of adjoint 2-functors that applies in the latter two cases. Amongst
other uses, these 2-functors will allow us to define cofiltrations for @ — Mod and to

define isotypic @-modules associated to 2-sided cells.

Third, coinvariant modules, see Section 4.6 A group action of group G on an @-
module R is a monoidal functor G — Homg (R, R), where we regard G as a monoidal
category in an obvious way. Given a group action, we construct explicitly a mod-
ule Rg € 4 — Mod together with a faithful @-functor ¢ : R — Rg and various
@-transformations and show that R satisfies a universal property relative to R. On
the level of split Grothendieck groups, we recover the standard notion of coinvari-
ant modules by proving [Rg| = [R],. Applied to a universal cell modules, we ob-
tain under certain conditions another universal cell module which has an interesting
Grothendieck group. Note that Rq is typically not idempotent closed. Curiously, we

will see that the coinvariant module R is weakly equivalent to R.



Fourth, tensor products on functorially cyclic modules, see Section [£.8] Given an
additive monoidal category B, we will define symmetrically central, split Frobenius
objects in B, which can be viewed as (co)commutative split Frobenius objects in
the Drinfeld centre of B. In this case, we show that the associated functorially
cyclic module embeds naturally into its endomorphism category, thereby inheriting a

monoidal structure. This construction is the basis of Theorem 7 presented below.

Applications

Given a Cozxeter system (W,S), the graded additive monoidal category Soe® =
Soe* (W, S) of Soergel bimodules is a purely algebraic analogue of certain categories of
perverse sheaves that appear in geometric representation theory. The category Soe®
originated in [Soel| and it was shown in [Soe2] that W x Z = W (Soe®) and that the
split Grothendieck ring [Soe®] is isomorphic the Hecke algebra H = H (W, S). In char-
acteristic zero, Soergel’s Conjecture states that we have [B,] = H, for all z € W, i.e.
that the basis of ‘H induced from the indecomposable objects of Soe® coincides with
the Kazhdan-Lusztig basis. This conjecture was shown to hold for various Coxeter
systems mostly by drawing on deep geometric theorems, see [Soell [Hal, [Soebl [Fil.
After a third of a century, and yet faster than many expected, the final break-
through on Soergel’s conjecture came in [EIWi2]. Furthermore following initial steps
in |Li3|, [EIKh, [KI, [EI2], explicit generators and relations for Soe® were obtained in
[EIWi1] modulo one inexplicit relation for each parabolic subgroup of type Hjz. Be-
yond research intrinsic to Soe®, one of the most important properties of Soe® is that
it encodes homomorphism spaces between projective objects of the BGG-category
O, see [Soell, Soe2, [St]. Furthermore using the Rouquier complexes introduced in
[Roul], Soe® found crucial applications to braid groups and knot theory, see for ex-
ample [Khil, KhRo, Rou6, LiWil.

The first application of our theory is concerned with the graded additive 2-category
Soe® of singular Soergel bimodules which appeared in disguise in [St] for Weyl groups
and was introduced for all Coxeter systems (W, S) in [Wi2]. Note that [MaStVa]
provides a different generalisation of Soe® in type A. The objects of oe® are given
by all finitary subsets of S, i.e. subsets that generate a finite subgroup. In [Wil]
it is shown that $oe® categorifies the Schur algebroid, which is an idempotent com-
pleted generalisation to arbitrary Coxeter groups of the ¢-Schur algebra associated to
symmetric groups. More precisely, Williamson introduces graded additive categories
$oc*(J,I) = 'Soe*’ that come with a faithful embedding into Soe®. Further, he

7



defines the Schur algebroid to have objects finitary subsets of S and specifies mor-
phisms as certain subsets /H’ of H for all finitary I, J C S. The composition rule is
defined by a certain rescaling of the multiplication rule of H. Then, it is shown that
[1Soe*’] = "H” in a way compatible with the composition rules. Important for our
work is that [Wi2] points out that it is more natural define the Schur algebroid using
Homy (H!,H') = "H’, where H! = "H! are the H-modules that are induced from
so called trivial representations of H(W;, I). Analogously, we denote Soe®’ = 9Soe*’.

We will show that this approach can be followed categorically:

Theorem 4 (Theorem|5.3.1)). Let I, J C S be finitary. Then, Soe®*’ is a free functori-
ally cyclic Soe*-module and we have an equivalence 'Soe® =2 Homgees (Soe®!, Soe®)
of additive categories. Further, there exist split Frobenius objects @wé and éwo’ mn

Soe®, such that Soe®’ = Soe®y | inSoe®—Mod and such that ISoe®’ = o, Soety
as additive categories. ’ ’ ’

In fact, we construct éwé explicitly, by equipping Bwé shifted upwards by the
Bruhat length of w] with a structure of a split Frobenius object. Thus, Theorem
4 provides a new, explicit construction of singular Soergel bimodules from Soergel
bimodules. This might allow one to deduce generators and relations for singular
Soergel bimodules from [EIWil]. Moreover, we construct an enlargement Frob(Soe®)
of ®oe®, and show that it is equivalent as a 2-category to the 2-category of non-trivial,
idempotent closed, free functorially cyclic Soe®-modules. Conjecturally, Frob(Soe®)
has (at least) one object per Duflo involution of W, while $oe® has one object per
parabolic longest element. Recall that for finite Weyl groups, Duflo involutions go
back to [Jo|, while the definition for general Coxeter groups is based on intricate
degree properties of Kazhdan-Lusztig polynomials. We will not recall this original
definition, we will however give a definition in terms of Soergel bimodules in the main
body of the thesis. Also, note that parabolic longest elements are Duflo involutions.
Another noteworthy point is that subject to the existence of an induction 2-functor
Ind, : Soe} — Mod — Soe®* — Mod associated to the faithful embedding ¢ : Soe} =
Soe*(Wy, I) — Soe® which is discussed in [Rou6l, Section 3.3|, our theory implies that
Soe*! = Ind,((Soe$)’) in Soe® — Mod. Since for finite W, Soe*® is a categorification
of the so called trivial module of H, this would make the analogy to the classical
case complete. This should also be compared to [Ell], where an ad hoc approach to

induced trivial representations is discussed.

The second application concerns certain cyclic and cell modules of Soe®. Let
¢ C W be a 2-sided cell, and denote by H the quotient of H by the ideal generated
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from those Kazhdan-Lusztig basis elements that are associated to 2-sided cells that
are not greater or equal to ¢ with respect to <p;r. Let d € ¢ be a Duflo involution.
Note that every left cell contains a unique Duflo involution. We denote by ¢(d) C
c the left cell of W that contains d and by Ccq) = HH, the associated left cell
representation of #H, which is generated by the image in H of the Kazhdan-Lusztig
basis element H,;. We now categorify this situation. Denote by Z <Soe® the maximal
thick ideal that does not contain the indecomposable objects associated to ¢, and
denote by Soe® = Soe® /T the associated (monoidal) quotient. Further, denote by By
the indecomposable Soergel bimodule associated to d shifted upwards by the value
of Lusztig’s a-function evaluated at d. Then, there exists a triple O, = (Ed, Ay, 1tq)
in W, where both g and Ay are of degree zero and for which g 0o Ay = z'dgd.
We make several conjectures about these triples in Section [5.2] and show that these
conjectures hold for parabolic longest elements. In particular, we conjecture that
O, is a split Frobenius object. Thus, we obtain a strongly universal cell module
Cqg = @dW =5 dPI. Note that Soe® has only a single principal representation
P = Soe®. Another conjecture of Section implies that [Cq] = Ceq).

Theorem 5 (Theorem & Corollary . Let dy, dy € ¢ be Duflo involutions,
and assume that the conjectures of Section hold for dy and dy. Then, C4, and Cg,
are weakly equivalent, we have an equivalence Homsees (Cay, Cay) = @dlw%, and
the associated split Grothendieck groups are isomorphic to Hy HH,, . Furthermore
if ¢ 1s strongly reqular and contains a parabolic longest element, then we have an

equivalence Cqy = Cy, in Soe® — Mod.

This theorem is closely related to results of [MaMil] on equivalences of 2-cell
representations in the regular case and of [MaMi3] on endomorphism categories of 2-
cell representations. We conjecture that one can recover their categorification C, gy of
Ce(a) as a quotient of a base change over the centre of Cq. Theorem also implies
that there exists a split surjection Homy (C(ay), Ce(an)) — Z[v, v [c(dr) ™" N e(ds)].
For Weyl groups, we deduce in Corollary that this surjection is an isomorphism

using the classical result [Lu2, Proposition 12.15].

The third application generalises the main result of [Li] from Soe® to oe®. Denote
by ®oe’ the category of singular Soergel bimodules constructed using the geometric
representation V' of a Coxeter group. It follows from [Soe6] that V' C V, where
V' is the reflection faithful representation that is normally used to construct Soergel
bimodules. Note that V = V' if W is finite. Now, denote by R := O(V) the regular
functions on V and denote Z := RV /{r € V*|r(v) =0 Vv € V'}.

9



Theorem 6 (Theorem [5.7.6). We have a quotient 2-functor $oe® — $oe . Fur-
ther, this quotient 2-functor induces a 2-equivalence $oe® ® pw Z = Soc', as well as

an isomorphism [&oe®] = [%.} of the associated graded split Grothendieck rings.
Therefore, ®oe categorifies the Schur algebroid.

The fourth application concerns additive monoidal categories of representations
of groups. Given a group G, we denote by G its additive monoidal category of
representations in k£ — Mod for some fix unital commutative ring k. Provided that
|G| is invertible in k, we will show that all functorially cyclic G-modules are weakly
equivalent. Further for all subgroups H < G, we will construct a symmetrically
central, split Frobenius object Oy in G. We denote the associated functorially cyclic
G-module by Cp. By the fourth further finding discussed above, Cy embeds into

Endy(Cu) and thereby inherits a monoidal structure.

Theorem 7 (Theorem & Theorem 6.3.11)). Let G be a group and let H < G
be a subgroup. Then, we have an equivalence Cy = H of additive monoidal cate-
gories. Furthermore given a normal subgroup N <G, we have a monoidal equivalence
éindG(]\A/') = ®De/n N, where Dic/n N carries the monoidal structure inherited from
N and the group multiplication of G/N.

Outline of the thesis

Chapter [2 discusses the classical analogue of additive higher representation theory. To
our knowledge this classical structure has not been studied in the way presented here,
and is thus of interest in its own right. Section [2.1]introduces rings and modules with
positive structure coefficients. Section shows that the category of modules with
positive structure coefficients is not Abelian and in fact not even additive. Section
relates cyclic and cell modules to the left order and left cells respectively, as well
as quotients of the base ring to 2-sided cells. Section [2.4] introduces annihilators and
discusses immediate connections with 2-sided cells. Section 2.5 introduces universal
cell modules, defines when cell modules belong to a 2-sided cell, and introduce regu-
larity notions. In the weakly regular case, necessary and sufficient conditions for the
existence of cell modules that belong to 2-sided cells are given, as well as an explicit
construction of a universal cell module. Furthermore in the weakly regular case with
finitely many 2-sided cells, it is shown that the set of cell modules modulo linkage by

morphisms is in bijection with the set of 2-sided cells. Section [2.6] introduces Coxeter
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groups, the Hecke algebra and the Schur algebroid, comments on W-graphs and fore-
shadows challenges faced in this thesis by discussing the cell modules of the Hecke

algebra of type B,.

Chapter [3| discusses the basics of higher representation theory. Section [3.1] follows
[Roud] and recalls the definitions of 2-categories, 2-functors, morphism of 2-functors,
morphisms of morphisms of 2-functors, as well as the definition of a 2-category of
higher representations of a 2-category. The graded case is also covered and monoidal
categories are mentioned. Section discusses centres of objects of 2-categories.
Section defines (graded) additive higher representations and discusses (graded)
decategorification using the split Grothendieck construction. Further, kernels, coker-
nels, (thick) annihilators and (thick) ideals are introduced and related to the corre-
sponding classical concepts. Finally, universal properties, the 2-Yoneda lemma, and
(quotients of) principal representations are covered, which yields Theorem 2 for the

identity split Frobenius object.

Chapter 4] is the technical centre piece of this work. Section discusses centres
and base change of @-modules. Section introduces 1-cyclicity which is based on
objects, 2-cyclicity which also takes morphisms into account, and functorially cyclic
modules which are 2-cyclic, but posses a more readily testable definition. Section [4.3
introduces (indecomposable) split Frobenius objects and discusses the additive Barr-
Beck theorem, first for additive categories (Theorem 1), then for 2-functors with
codomain @dd*™, and finally for universal properties of idempotent closed additive
higher representations. More general than Theorem 2, it is shown that representabil-
ity of a universal properties is preserved under the additive Barr-Beck construction.
Furthermore, the split Frobenius 2-category Frob(B) is introduced, as well as certain
preorders for split Frobenius objects. Section [4.4] is a technical intermezzo about
restriction 2-functors and their adjoints. Section 4.5| revisits functorially cyclic mod-
ules. Using the additive Barr-Beck theorem, bijections between equivalence classes
of certain modules (including functorially cyclic modules) and isomorphism classes of
split Frobenius objects, a universal property of functorially cyclic modules, as well
as an equivalence between the 2-category of free functorially cyclic modules and the
split Frobenius 2-category are established. Further, #rob(B) is identified with the
2-category of free functorially cyclic B-modules and the preorders on split Frobe-
nius are related to representation theory. Finally, (strongly) universal cell modules
are introduced and Theorem 3 is established. Section .6 discusses coinvariant the-

ory. Section [4.7] studies the compatibility of additive Barr-Beck construction with
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monoidal quotient functors, which is needed for Theorem 6. Section 4.8 shows that
certain functorially cyclic modules can be equipped with a natural monoidal struc-
ture, which is needed for Theorem 7. Section addresses Jordan-Holder theory.
Cofiltrations of the 2-categories of additive higher representations associated to re-
finements of the ordering of the set of 2-sided cells, modules isotypic with respect to
a 2-sided cell, as well as isotypic covers are introduced, and various challenges that

make it hard to establish results are discussed.

Chapter [5]is devoted to the higher representation theory of Soergel bimodules. Sec-
tion [5.1| recalls definitions and the relevant literature. Section makes conjectures
about existence and properties of split Frobenius objects in Soe® associated to Duflo
involutions, and presents examples mainly associated to parabolic longest elements.
Section [5.3| establishes Theorem 4 showing that singular Soergel bimodules categorify
the Schur algebroid in the representation theoretic sense. Furthermore, related centers
are calculated. Section discusses (universal) cell modules and their Grothendieck
combinatorics by showing Theorem 5. Section [5.5| applies the coinvariant theory of
Section |4.6| to certain cell modules of Soergel bimodules for several Coxeter systems.
Section [5.6| observes that certain endomorphisms of the unit object of Soe are closely
tied to the structure of Soe — Mod. Finally, Section generalises the main result

of |Li] to singular Soergel bimodules.

Chapter [0] discusses the higher representation theory of the additive monoidal cate-
gory of representations of a group over a ring. Section|6.1|introduces notation. Section
discuses functorially cyclic modules and shows that there is only a single weak
equivalence class of functorially cyclic modules provided an assumption that is satis-
fied for example if the order of the group is invertible in the base field. Independent
of Section [6.2] and without invoking Tannakian formalism, Section [6.3| reconstructs
the corresponding category of representations for all subgroups. Section does not
require us to work over a field, nor does it require any finiteness assumptions. Section
6.4] applies the additive Barr-Beck theorem to module categories that arise in the

context of defect groups.

Finally, Chapter [7] puts forward two questions that we believe deserve the attention
of future research, and provides pointers to other questions that are posed in earlier

chapters.
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Chapter 2

The Classical Case

In this chapter, we discuss the classical analogue of additive higher representation
theory. To our knowledge this classical structure has not been studied in the way
presented here. Thus, this chapter is of interest in its own right and also allows
us to distinguish truly 2-categorical properties from classical observations. Section
introduces rings and modules with positive structure coefficients, which are the
classical counterparts of additive higher representations. Section shows that the
category of modules with positive structure coefficients is neither additive nor that
a canonical morphism, which is required to be an isomorphism in an Abelian cate-
gory, is invertible in general. Section relates cyclic and cell modules to the left
order and left cells respectively. 2-sided cells and their relation to quotients are also
discussed. Section introduces annihilators associated to modules with positive
structure coefficients and discusses immediate connections with 2-sided cells. Section
introduces universal cell modules, defines when cell modules belong to a 2-sided
cell, and covers regularity notions. In the weakly regular case, necessary and sufficient
conditions for the existence of cell modules that belong to 2-sided cells are given, as
well as an explicit construction of a universal cell module. Furthermore in the weakly
regular case with finitely many 2-sided cells, it is shown that the set of cell modules
modulo linkage by morphisms is in bijection with the set of 2-sided cells. Section
introduces Coxeter groups, the Hecke algebra and the Schur algebroid, comments
on W-graphs and foreshadows challenges faced in this thesis by discussing the cell
modules of the Hecke algebra of type Bs.
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2.1 Rings and modules with positive structure co-
efficients

In this section, we introduce rings and modules with positive structure coefficients,
which are the classical analogues of @ and @ — Mod. We follow [EtKh [Os1], however
we take the freedom to make slight adjustments. Further, we change the notation to
better align with the standard notation used for the Hecke algebra, see Section [2.6]

Definition 2.1.1. Let k be a commutative ring with unit, and let O C k be a
submonoid that is closed under multiplication, that contains the unit of k, that has
no nonzero zero divisors, and that carries a preorder <. For all ni,no, € Oy, assume
that 0 < 1 < nq, that ny < ny + no, and that nqy + ny < 1 implies that ny = 0 or

ny = 0. Then, we call the pair (k,O) a ring with positivity structure.

Example 2.1.2. For us, the most relevant examples of rings with positivity structure
are (Z,Ny) and (Z[v,v~'], No[v, v™!]), where the order of Ny is the standard order and
the order of Ny[v,v~!] is induced from the order of Ny by evaluating v +— 1.

Definition 2.1.3. Let (k,Oy) be a ring with positivity structure.

1. An Oy-basis of a k-algebra A is a k-basis {by,}wew C A with a distinguished
subset U C W, such that by, bu, = D, cyp Py ws wsbuws Where N,y wy € Oy,
such that {b, }uev consists of orthogonal idempotents, and such that for alla € A
there exists a finite set U, C U witha =) byt = cry, by and 0 = bya =
ab, for allu e U\ U,.

uEUa

2. A (k,O)-ring A is a k-algebra A together with a fived Og-basis of A.

3. A (k,Oy)-module over a (k, Og)-ring A is a k-free A-module that has a fized basis
{mg}eex for some set X such that byme, = D, HwayesMay With fly 2, 2, €
Ok, and such that for all m € M there exists a finite set U,, C U with m =
> uer,, bum and 0 = b,m for allu € U\ U,.

4. A morphism f : M; — My of (k,Oy)-modules My and My over A with bases
{m,}eex and {m2}yey is a map f : X — Ok[Y] such that the k-linear map
f: My — M, defined by f(ml) = > ey foymi for all x € X, where f(zx) =

Zer fzyy, s an A-module homomorphism.
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5. An isomorphism is a morphism f : My — My of (k, Ox)-modules over A that
1s invertible. A morphism f is an isomorphism if and only if f factors over'Y
and the induced map X — Y is a bijection. We say My and My are isomorphic
and write My = M.

6. The direct sum of (k, Ox)-modules My and My over A is given by the A-module
M, @ My together with the basis given by the union of the bases of My and M.

7. An indecomposable (k, Oy)-module over A is a (k,Ox)-module that is not iso-

morphic to the direct sum of two nonzero (k, O)-modules.

8. A sub-(k, Or)-module of a (k, Or)-module M over A with basis {m}.cx is an
sub-A-module of M with basis {my}yey for some Y C X.

9. A cyclic (k,Og)-module is a (k, Ok)-module with basis {my}.cx such that pro-
vided X # 0 there exists xog € X such that M is the only sub-(k,Oy)-module

that contains my,.

10. A cell (k,O)-module M is a cyclic (k,O)-module that is non-trivial and gen-

erated by every basis element.

Notation 2.1.4. Let M be a (k, Oy)-module, and let my, my € M be elements of
the O-linear span of the basis elements of M. We write m; < msy provided that
this relation holds for each coefficient in the basis expansions. Whenever we write
my < mq for my, mg € M, we take it as implicitly understood that m; and ms lie in

the O-linear span of the basis elements of M.

Notation 2.1.5. Let A be a (k,Og)-ring. Following definition [2.1.3, we denote by
A — Mod®9% the category of (k, Oy )-modules over A.

Remark 2.1.6. We would have preferred to call the rings and modules under dis-
cussion based rings and based modules. However, this terminology has already been
claimed in [Lud] and has been used in [Osl]. The definition of based rings requires
the existence of a unit, a duality and a trace form which is compatible with the unit

and the duality. Neither of these three ingredients exist in (some of) our applications.

The main example of interest is the Hecke algebra H together with the Kazhdan-
Lusztig basis, see Section . As a little preview, we describe a special case (the
Hecke algebra of type A;) explicitly:
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Example 2.1.7. Let us define a (Z[v,v"!],Ny[v,v7!])-ring H = H(A;) with basis
{by }wew where W = {e, s}. Let bsb, = (v + v~1)bs and assume that b, is a unit. All
(Z]v, v '], Ny[v, v~ !])-modules M over H are thus completely determined by a diagram
with vertices corresponding tthe basis of M and arrows labelled by the coefficients for
the action of b,. We omit the label if it is equal to 1 and draw no arrow if the label is
0. Similarly, we can describe morphisms by arrows of the form ~~. For example the

morphism -b; : H — H given by right multiplication with b;, is encoded as follows:

vt (2D

Example 2.1.8. We give another example of a morphism in H —Mod v 1 Nolvv™')

The domain of this morphism is H itself and the codomain is H equipped with the
basis {b., by} where by := by — vb.. Note that this morphism induces the identity
morphism on the Abelian group that underlies 4. However this morphism is not
invertible in H — Mod @ ' MNole™")  The reader familiar with Hecke algebras will
note that this morphism is given by the change of bases from the Kazhdan-Lusztig to
the standard bases, which will be introduced in Section [2.6] Let us also note that the
analogous base change map is a morphism in H — Mod @ INole2 ™) for a1 Hecke
algebras H. This follows from the Positivity Conjecture and the multiplication
formula (2.1 stated in Section [2.6.2]

For (k,O) = (Z,Ny), the majority of our Definition resembles definitions
in [Osl]], particularly [OsIl Definition 1], which in turn follow [EtKhl Definition 1.1].

We would like to comment on the differences:

Remark 2.1.9. In [EtKh] (resp. [Osl]) Z,-algebras and Z,-representations are
discussed in a C-linear (resp. Z-linear) setting. Part (1.) is a relaxation of [EtKh,
Definition 1.1] where the unit is required to be part of the basis. A similar relaxation
was made in [Osl] Definition 2.a], however only the case of a finite set U is discussed.

If U is finite, Y . _;; by is a unit, while there exists no unit for infinite U. Part (3.) does

uelU
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not require from a module to be unital in general, however for finite U this is the case.
This is in line with [EtKh] and [Osl], which consider unital modules only. Part (5.)
is called an equivalence in both [EtKh]| and [Osl] rather than an isomorphism. Part
(9.) is a new addendum that will be discussed in Section 2.3} Part (10.) is equivalent
to the requirement that M has two distinct submodules, namely 0 and M. This is
in line with the standard definition of irreducible objects and has been used in [Osl]
Definition 1 vii] (though without the non-triviality assumption). For consistency with
say [MaSt] and much of the literature on categorical modules, we prefer the name cell

module.

Remark 2.1.10. Let M be a (k, Og)-module with basis {m, }.cx over a (k, Oy)-ring
A with basis {b, }wew and distinguished subset U C W. For all u € U, we denote
X, = {z € X|bym; = m,}. Since {b, }.ev are orthogonal idempotents that resemble
aunit a A, we have X = [ [, ., Xw. Thus, we obtain a decomposition M = @, ., M.,
where the basis of M, is given by X, for all u € U. For this argument, Definition
becomes important, since it implies that for all x € X there exists a unique

u € U with b,m, = m,.

For completeness, we state the following proposition. Its proof extends easily to

the (Z[v,v™'],No[v,v™!]) case. We will show a comparable result in Corollary

Proposition 2.1.11 ([Gal], [Osl, Proposition 1]). Let A be a (Z,Ny)-ring of finite
rank over Z. Then, the set of isomorphism classes of cell modules in A — Mod #No)

s finite.

It is important to note another difference between the category of based modules

over based rings studied in |Osl] and the module category studied here:

Remark 2.1.12. After defining Z,-algebras and Z, -representations, [Osl] proceeds
to study based rings and based modules over based rings. Based modules admit
a scalar product, and it follows that indecomposable modules are cell modules, see
[Os1], Lemma 1]. On the other contrary for many (k, Oy)-rings A, A € A — Mod®*%)
is an indecomposable module which is not a cell module. Example [2.1.7] provides a

(Z]v, v, Ny[v, v~!])-ring with this property.

Remark 2.1.13. Multisemigroups, see [KuMal, encode all combinatorial information
about the left-, right-, and 2-sided cells of a (Z, Ng)-ring. More precisely, such multi-
semigroups encode whether the structure coefficients of the (Z, Ny)-ring are positive

or zero. In [MaMi2l Remark 8], it is noted that one could retain more information
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by using multimultisemigroups. We expect that multimultisemigroups would encode

the same information as the (Z, Ny)-rings introduced here.

2.2 Structure of the category of representations

In this section, we show that a canonical morphism that is required to be an iso-

k,Ok)

morphism in any Abelian category is not invertible in A — Mod! In fact, we

start by observing that A — Mod*“%) is not even additive. For convenience, we fix a
(k, O)-ring A with basis {by }wew -

Remark 2.2.1. Recall that A — Mod®9%) has direct sums. It is also fairly obvious
that A — Mod®*%) has a zero object and that it is an Og-linear category. Thus in
order for A — Mod®%*) to be additive, it would be required that Z C O. This
contradicts Definition of rings with positivity structure.

Proposition 2.2.2. Let f : My — M, be a morphism in A — Mod®O%) . Then,
f admits a kernel kerf and a cokernel cokerf. Further, the canonical morphism

coker(ker f — M;) — ker(My — coker f) fails to be an isomorphism in general.
Proof. Aside of examples, the remainder of this section is dedicated to this proof. [

For convenience, let us fix M, N € A — Mod®") with bases {m,}sex, {ny}yey
respectively. We will denote the structure coefficients of M (resp. N) using the
symbol i (resp. v). Further, let us fix a morphism f: M — N in A — Mod*9%).

Lemma 2.2.3. Specifying X' := {rx € X|fo, =0 Vy € Y} and ), ,, o, = w2
for all w € W and for all x1, x5 € X' defines a k-free A-module that satisfies the

universal property required from ker(f).

Proof. First, we show that fi, ,, ., =0 for all w € W, 2’ € X" and v € X \ X’. This
implies that the definition of the structure coefficients p’ given in the statement define
a (k,Og)-module X’ over A and that the obvious embedding X' «— X < O[X] is
a morphism in 4 — Mod®%). Let w € W, 2/ € X/, and z € X \ X’. We have
S ex ey e fogly = F(Coex tww:m:) = f(bume) = buf(ma) = 0. Thus,
ZzeX Mt 2 f2y = 0 for all y € Y and by assumption on Oy, we have fiy 4 . f.y = 0
for all z € X,y € Y. Since x € X \ X’ there exist yo € Y with f,,, # 0, hence
fw 2t = 0 follows from fiy 4 o f2., = 0 and the properties of Oy, see Definition .
Second, let M; be another (k, Oy)-module over A with basis X; and let g : M; — M
be a morphism with 0 = f o g. We have to show that g,, , # 0 implies z € X’
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for all 2y € X1, v € X. We have 0 = f(g(ms,)) = > ,cx yey fryGe,2ny and thus
0 = fiy9us . for all y € Y. Since (k, Oy) is a ring with positivity structure, g,, » 7 0
implies that 0 = f,, for all y € Y, and thus z € X". O

Lemma 2.2.4. Specifying Y' :={y € Y|fo,, = 0 Vo € X} and v, ,, ‘= Vg p

for all w € W and for all y1, y2 € Y’ defines a k-free A-module that satisfies the

universal property required from coker(f).

Proof. We show that Y \ Y’ defines a sub-(k, Ox)-module over A of N. This im-
plies that the quotient (k, Oy)-module of N by this sub-(k, Of)-module has a basis
parametrised by Y’ and that the structure coefficients of this quotient (k, O)-module
are indeed given by 1/ as defined above. The second step of the proof goes along
the lines of the second step of the proof of Lemma [2.2.4 up to relabelling. For com-
pleteness, let us mention that the morphism N — coker(f) is given by the map
Y — Og[Y’] which sends y — y if y € Y’ and y — 0 otherwise. Let w € W and
Yo € Y\ Y'. We need to show that bymny, = D cy Vuyoymy is contained in the k-span
of Y\ 'Y’. Thus for all y € Y’, we need to show that v,,,,, = 0. Since yo € Y\ Y7,

there exists xy € X such that f,,,, # 0. Writing out the equation b, f(m.,) =

f(bwmﬂco)a we obtain thwey fx07y1 Vw,yr,y2Tlys = erx,yzey Mw@owfx,yznyz' In partic-
ular, 3° oy frounVwyiy = Dwex Hwoxfey = 0, where we used that f,, = 0 for all
x € X. By the properties of Oy, see Definition Jo0,90Vw,oy = 0 holds as well.
Further, f;,,, 7 0 follows and thus v, , = 0. O

Remark 2.2.5. The basis of im(f) := coker(ker(f) — M) is indexed by X \ X" and
the basis of coim(f) := ker(IN — coker(f)) is indexed by Y\ Y’. Thus, there is a priori
no reason for the canonical morphism im(f) — coim(f) to be an isomorphism. The
following two examples show that this canonical morphism is indeed not guaranteed

to be an isomorphism.

Example 2.2.6. The morphism ‘b, : H — H of Example has trivial kernel.
Thus, im(-bs) = H. The associated morphisms im — coim — H — coker are encoded

as follows:
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Example 2.2.7. Example provides a family of morphism that have trivial
kernels and cokernels, that induce the identity morphism on the underlying Abelian

groups, and that nevertheless fail to be invertible.

2.3 Cells and cyclicity

In this section, we relate cyclic and cell modules with positive structure coefficients
to the left order and left cells respectively, which are defined in analogy with [KalLul.
We also discuss 2-sided cells and their relation to quotients of a ring with positive

structure coefficients. For convenience, we fix a (k, O)-ring A with basis {by, fwew -

Definition 2.3.1. Let M be a (k,Oy)-module over A with basis {my}rex. The left
order <y of X is defined as x <p y for all x, y € X if and only if m, is contained in
all sub-(k, Oy)-modules of M that contain m,. The 2-sided order <pr of W is defined
asx <pry forallx, y € W if and only if m, is contained in all sub-(k, O)-bimodules
of A that contain m,. The equivalence relation induced by the order <, (resp. <pr)

is denoted by ~p (resp. ~pgr), and the associated equivalence classes are called the

left cells (resp. 2-sided cells) of A.

Remark 2.3.2. Let w, w' € W. Then, we have w <y w’ if and only if there exists
wy € W such that b, < by, b,r. This holds due to the properties of Oy, see Definition
2.1.3] Similarly, we have w <;r w’ if and only if there exists wy,w, € W such that
b < by byby,.

Notation 2.3.3. Let z € W. We denote by c(z) := {y € Wy ~ z} the left cell
(resp. by c(z) :={y € W|y ~rr z} the 2-sided cell) of W associated to x.

Definition 2.3.4. Let x € W. We call cp(z) == {y € c(z)ly > © orx > y} the

left companion set of x in W.

Remark 2.3.5. For all z € W, we have ¢(z) C ¢p(z) C ¢(x). For the Hecke algebra
associated to any Coxeter system (W, 5), it is a well known fact that c¢(z) = cp(z).
On the other extreme, consider the one-variable Heisenberg algebra H, that is the
unital Z-algebra generated by two indeterminate symbols p and ¢ that satisfy the
relation pg = gp+1. We can regard H as a (Z,Ny)-algebra with basis {¢"p" } (nm)ew
where W := Ny x Ny. It is easy to see that H has a single 2-sided cell and that the
left cells are given by Ny x {m} for all m € Ny. Therefore, we have cp(z) = ¢(x) =W
for all x € W. It would be interesting to study the categorification of the infinitely

many variable version of H, see [Kh2], in the context of this thesis.
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Definition 2.3.6. Let M € A — Mod®%) with basis labelled by X and let Y C X
be a subset. If Y ={z€ W|dyeY :z>2pytnN{zec W|dyeY : 2z < y}, we say
that Y has no <;-gaps. If Y ={z € X|Iy € Y : © <p y}, we call Y an ideal of X.
Further if X =W and Y ={x € X|Jy € Y : 2 <y y}, we call Y a two-sided ideal.

Notation 2.3.7. Let Y C X. We denote by I[(Y) :={z € X|Fy € Y : <, y} the

minimal ideal of X that contains Y.
Remark 2.3.8. A subset Y C X has no <;-gaps if and only if I(Y) \ Y is an ideal.

Remark 2.3.9. The ideals of X are in 1:1 correspondence with sub-(k, Oy)-modules
of M and thus we will refer to an ideal Y C X also as an ideal of M. Similarly, the
two-sided ideals of W are also referred to as two-sided ideals of A and correspond to

quotient (k, Oy)-rings of A.
We have the following characterisations of cyclic modules and cell modules:

Proposition 2.3.10. Let M € A — Mod*%) with basis labelled by X. Then, M is
cyclic if and only if X = 0, if and only if X has a mazimal <p-equivalence class.
Further, M is a cell module if and only if X consists of a single equivalence class
for <y, if and only if the set of ideals of M is given by {0, X}, if and only if every

non-trivial morphism A — M has trivial cokernel.

Proof. The statement follows directly from the definitions and the description of
cokernels in Lemma 2.2.4] O

Remark 2.3.11. In Section , we will provide concrete examples of cyclic (k, Oy)-
modules M which have a generator m, that cannot distinguish morphisms with do-
main M. It is a non-trivial property of a generator to distinguish all such morphisms,
compare Theorem and Remark On the other hand, we do not know an

example of a cyclic or cell module that does not have a generator with this property.

Notation 2.3.12. Let X € W. If X is an ideal in W, we denote by M (X) the
submodule of A with basis {b, }wex. If more generally X has no <j-gaps, we denote
by M(X) the cokernel of the embedding M (I(X)\ X) C M(1(X)).

Notation 2.3.13. Let X C W. Then, {}!,p X} :={z € W|z ?ip2z Vo € X} isa
two-sided ideal of A and we denote by A/ (#.r X) the associated quotient (k, O)-
ring of A.
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Remark 2.3.14. Let X C W. Then, the basis of M(X) is labelled by X. Further-
more, M(X) is a sub-(k, O)-quotient of A/ (#*.r X) regarded as a (k, Oy)-module
over A. Note that M(X) can also be viewed as the restriction to A — Mod*O%) of a
module in A/ ($rr X) — Mod®¥). Provided X is contained in a 2-sided cell ¢ and
I(X)Ne¢= X, we have a chain of sub-(k, Oy)-modules M(X) C M(c) C A/ (#rr X)
in A — Mod*0%),

Remark 2.3.15. Remark|[2.3.14equally applies to A/ (< r X) instead of A/ (*1r X).

2.4 Annihilators

In this section, we introduce annihilators associated to modules with positive structure
coefficients and discuss immediate connections with 2-sided cells. For convenience,
we fix a (k, Og)-ring A with basis {by, bwew .

Remark 2.4.1. Let M € A — Mod, where we regard A as a k-algebra. In the
literature, the set {a € Alaom = 0 Vm € M} is called the annihilator of M. In
general, this set is not generated by a subset of the basis elements of A. For example,
the 2-dimensional modules in Section [2.6.3| are acted upon in the same, non-trivial

way by two different basis elements. Thus, we have to amend this standard definition.

Definition 2.4.2. Let M € A — Mod®°%) . We define the annihilator of M in A to
be the set Anna(M) := {w € Wl|b,m =0 Vm € M}.

Proposition 2.4.3. Let M € A —Mod®%%) . Then, Anny(M) is a two-sided ideal.

Proof. Let w € Anny(M) and let w' € W such that w’ <;r w. Then there exists
wy,we € W such that b,y < by, byby,. Since b, acts by zero on M, so does b, byby,
and thus b, as well. ]

Corollary 2.4.4. Let M € A — Mod®9%  and let ¢ be a 2-side cell of A such that
cNAnna(M)=0. Then, {>rrc} ={y € Wly >rrc} C W\ Anns(M).

Proposition 2.4.5. Let Y C W be a two-sided ideal. Then, Anna(A/Y) =Y.

Proof. For x € Anns(A/Y), we have b, = b,1 = 0in A/Y. Thus, Annu(A/Y) C Y.
On the other hand given z € Y and y € W, b,b, is a O-linear combination of
basis elements b, with z <;p = and thus z € Y. Thus, bzb_y = 0in A/Y and
x € Anny(A/Y) follows. O
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Lemma 2.4.6. Let f : M — N be a morphism in A — Mod®%)_ If coker(f) = 0,
then Anna(M) C Anng(N). If ker(f) =0, then Anny(M) D Anny(N).

Proof. Let f : M — N be a morphism in A — Mod®). Firstly, assume that
coker(f) = 0. Then, for all basis elements n € N there exists a basis element
m € M such that n < f(m). Now given x € Anns(M), we have b,n < b, f(m) =
f(bym) = f(0) = 0 and thus x € Anns(N). Secondly, assume that ker(f) = 0.
Let x € Anny(N) and let m € M be a basis element. Assume, there exists a basis
element m’ € M such that m’ < b,m. Then f(m’) < f(b,m) = b,f(m) = 0, which
contradicts ker(f) = 0. Thus, bym =0 and € Anny(M). O

Next, we deduce that agreement of annihilators is a necessary condition for the
existence of non-trivial morphisms between cell modules. If this were a sufficient

condition, we could call this a linkage principle. Under mild assumptions, we will
actually be able to establish sufficiency in Corollary [2.5.8]

Corollary 2.4.7. Let C' — C" be a non-trivial morphism between cell modules in
A —Mod®O%) " Then, Anns(C) = Anny(C).

Proof. Cell modules have no non-trivial proper submodules. Thus, the kernel and

the cokernel of any non-trivial morphism between cell modules has to be trivial. [

Further, Lemma [2.4.6| also implies that subquotients of a module have larger
annihilators than the module. Since M (cp(x)) C A/(#rr c(x)) and since M (c(z)) is
a subquotient of M (cp(x)) for all z € W, we obtain the following corollary.

Corollary 2.4.8. For all z € W, Anny (M (c(x))) D Anna(M(ep(x))) D {FLr 2z}
In fact, we can determine the annihilator of certain cell modules:

Proposition 2.4.9. Let C € A — Mod* ) be q cell module and let ¢ be a 2-sided
cell of A. Assume that {<pr ¢} C Annxs(C) and that ¢ N Anna(C) = 0. Then,
Anny(C) = {#Lr ¢}. Furthermore, c is unique with this property.

Proof. Let C € A — Mod®°) be a cell module, let ¢ be a 2-sided cell of A and
denote Z := {#1r ¢}. Taking the assumption ¢ N Ann,y(C) = 0 together with the
fact that Anny(C) is a two-sided ideal, we obtain Anny(C) C Z and have to show
equality. Assume there exists z € Z \ Anns(C). Then, there exists a basis element
m, of C such that b,m, # 0. By Definition of a ring with positivity structure,
the module axioms of C', and since ¢ N Anny(C) = (), there exists w € ¢ such that

bwb.m, # 0. Again by the assumptions on a positivity structure, there exists u € W

23



such that b, < b,b, and b,m, # 0. Thus, u satisfies three properties, namely u <y, z,
u <gp w and u ¢ Anns(C). The latter two properties together with the assumption
{<1r ¢} C Anny(C) imply that u € ¢. Now, the first property implies that z >, ¢
which contradicts z € Z. Thus, Annu(C') C Z holds. Given another 2-sided cell ¢
with the same properties as ¢, we deduce that Z = {#,r ¢'}. Taking the complement,

it follows that ¢ <;r ¢ <pr c and thus ¢ = ¢. O

Corollary 2.4.10. Let C € A — Mod®%%) be q cell module and assume that A has
finitely many 2-sided cells. Then, there exists a unique 2-sided cell ¢ of A such that

Anny(C) = {#cr c}-

Proof. By Remark [2.1.10, W \ Anny(C) # (). Since there exist only finitely many
2-sided cells by assumption, we can find a 2-sided cell with the properties required in

Proposition [2.4.9] and the corollary follows. m
Proposition also implies a criterion for equality in Corollary

Corollary 2.4.11. Let ¢ be a 2-sided cell of A and let x,y, z € c. Further assume
that b, < byb, and x ~y, z. Then, Anna(M(c(x))) = Anng (M (cp(x))) = {#Lr ¢}

2.5 Universal cell modules

In this section, we introduce universal cell modules, define when cell modules belong
to a 2-sided cell, and introduce regularity notions. Then, Theorem [2.5.6| provides
necessary and sufficient conditions for the existence of cell modules that belong to 2-
sided cells in the weakly regular case. Under these assumptions, Corollary gives
a simple explicit construction of a universal cell module. Furthermore in the weakly
regular case with finitely many 2-sided cells, Corollary establishes a linkage
principle, which implies that the set of cell modules modulo linkage by morphisms is

in bijection with the set of 2-sided cells.

Corollary makes the following definition natural:

Definition 2.5.1. Let A be a (k, Oy)-ring and let C € A—Mod*°%) be a cell module.
Then, we call C' a universal cell module if there exists a non-trivial morphism C' — C’
in A—Mod®O) for all cell modules C" € A—Mod®O%) with Ann,(C) = Anny(C").

Proposition [2.4.9) motivates the following definition:
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Definition 2.5.2. Let A be a (k,Og)-ring and let ¢ be a 2-sided cell of A. We say
that A has c-cell modules, if there exists a cell module C € A — Mod™°) such that
Anny(C) = {#Lr c}. In this situation, we also say that C belongs to c.

Remark 2.5.3. We focus on cell modules that belong to 2-sided cells. Essentially
by the argument of Corollary [2.4.10] this class comprises all cell modules typically
studied in the literature, see [MaMib, Section 7.2] for a related discussion. In [Roud]
the main object of study are integrable representations, see [Roud, Definition 5.1].
Any cyclic integrable representation of a 2-Kac-Moody algebra can be regarded as the
restriction of a representation of a quotient 2-category of this 2-Kac-Moody algebra
that has finitely many 2-sided cells. Similarly, the finitary 2-categories of [MaMil]
have finitely many 2-sided cells by definition.

Example 2.5.4. Consider Z[X] as a (Z,Ny)-algebra with basis {X"},cn,. Each 2-
sided cell consists of a single basis element. For all n € Ny, we have a cell module
Z[X]/(X —n). The annihilator of Z[X]/(X) is given by N and this cell module thus
belongs to the maximal 2-sided cell. On the other hand for n # 0, the annihilator
of Z|X]/(X — n) is trivial and the module does therefore not belong to any 2-sided
cell. Also, note that attempting the same definition for n < 0 would not result in a

module with positive structure coefficients.
We now recall the regularity notions of [MaMil], and add a weaker variant.
Definition 2.5.5. Let A be a (k,Oy)-ring and let ¢ be a 2-sided cell of A.
e We call ¢ weakly regular if cp(z) consists of finitely many left cells for all x € c.
e We call ¢ regular if cp(x) = c(x) for all x € ¢,

e We call ¢ strongly regular if ¢ is reqular and if |cNe|] = 1 for all left cells ¢ and

right cells ¢ that are contained in c.

e We call A (weakly /strongly) regular, if all 2-sided cells of A are (weakly/strongly)

reqular.
The following theorem is the main result of this section:

Theorem 2.5.6. Let A be a (k,Oy)-ring and let ¢ be a 2-sided cell of A. Assume

that ¢ 1s weakly reqular. Then, the following are equivalent:

1. There exist a cell module of A that belongs to c.
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2. There exist a universal cell module of A that belongs to c.

3. For all z € ¢ there exist x, y € cp(z) such that b, < byb, and such that c(z) is

minimal with respect to <p, in c.

4. There exist x,y € c such that b, < byb, and such that c¢(x) is minimal with

respect to <p, in c.
In fact, the proof of Theorem implies the following:

Corollary 2.5.7. Let A be a (k,Oy)-ring, let ¢ be a weakly reqular 2-sided cell of A
that has cell modules, and let ¢ C ¢ be a left cell that is minimal with respect to <p,

inside c. Then, M (c) is a universal cell module.

Proof of Theorem[2.5.6, Let A be a (k,O)-ring and let ¢ be a weakly regular 2-
sided cell of A. The implications (3) = (4) and (2) = (1) are obvious. Thus, it
remains to show the three implications (1) = (3), (4) = (1) and (4) = (2). To
show the first implication, let us assume (1), i.e. that A has c-cell modules. Let
C € A — Mod®° be a cell module that belongs to ¢, and let z € ¢. Since ¢ is
weakly regular, we can choose T € ¢p(z) such that ¢(Z) is the minimal left cell in
cp(z) with respect to <;. Since Annas(C) N ¢ = @ by assumption, there exists a
basis element m of C such that bzm # 0. Consider the morphism A — C' given
by acting on m. Since Anns(C) = {# g}, we obtain a factorisation A/(#.r) — C
which induces a non-trivial morphism M (c(Z)) — C. By Corollary 2.4.7, we have
Anny (M (c(Z))) = {#Lr ¢}. Therefore there exists x € ¢ such that b,b, # 0. Thus,
we have 2/ € ¢ such that by < b,b,. Since 2’/ ~p x, there exists w € W such
that b, < b,b,, and we deduce b, < b,b,b,. By the assumptions on the positivity
structure, there exists y € W such that b, < b,,b, and b, < b,b,. The former property
implies that y <, z and the latter implies that y ¢ Ann,(C). Since z € ¢, we obtain
y € ¢ and more precisely y € ¢p(z). Thus, we have established (3). To show the
second and third implication, let us assume (4), i.e. that that there exist z, y € ¢
such that b, < b,b,, and such that ¢(z) is minimal with respect to <; in ¢. By
Corollary it follows that M (c(z)) is a cell module that belongs to ¢, i.e. (1).
Now, the proof of the implication (1) = (3) shows that for every cell module C' that
belongs to ¢, there exists a non-trivial morphism M (c(z)) — C. Thus, M(c(x)) is a

universal cell modules and we have established the last outstanding implication. [J

Combining Theorem [2.5.6] with Corollaries 2.4.10] and [2.4.7, we can deduce the

linkage principle that we had announced. This should be compared with Proposition

2.1.11| due to [Gal.
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Corollary 2.5.8. Let A be a weakly reqular (k, Oy)-ring that has finitely many 2-sided

cells. Then, there exists finitely many linkage classes of cell modules.

Let us give a simple example for linkage of cell modules which is inspired by
[MaMi5, Section 3.4]. In particular, it provides an example of a cell module that does
not come from a left cell. An example of a cell module that is not a universal cell
module can be found in the type A, example in Section .

Example 2.5.9. Let A = Z[X]/ (X? — 2X) be the the (Z, Ny) ring with basis {1, X }.
Clearly, A is strongly regular and 1 and X are generalised idempotents. Specialisation
yields two cell modules C) := A|x—o and Cx := A|x—o that belong to the 2-sided
cells {1} and {X} respectively. Interestingly, there exists another cell module Cy,
associated to {X}. The underlying Abelian group of Cy, is given by Z x Z and

11 : : .
1 1) It is easy to write down a morphism from A
to Cx (resp. Cy,) as well as a morphism in the other direction. In both cases one

the action of X is given by

composition is equal to Xid4. The other compositions are equal to 2id¢, and id¢,, +95
respectively, where S((z1, 22)) := (22, z1) for all (21, 25) € C,. For a categorification
of A and the modules discussed here, see Example 4.5.7]

Before we can state another corollary, we need to introduce the following termi-

nology:
Definition 2.5.10. Let A be a (k,Og)-ring and let ¢ be a 2-sided cell of A. We say

that ¢ has generalised idempotents, if there exists © € ¢ such that b, < b,b,.

Remark 2.5.11. Note that we do not require that b,b, is equal to a Op-multiple of
b,. Similarly, this will not be required from split Frobenius objects, see Section [4.3.1]

Corollary 2.5.12. Let A be a (k,Oy)-ring and let ¢ be a strongly reqular 2-sided
cell of A. Then, A has an universal cell module that belongs to c, if and only if A
has c-cell modules, if and only if each left cell of A inside ¢ contains a generalised

1dempotent.

Proof. By Theorem [2.5.6] the first two properties are both equivalent to the existence
of elements z, y in each companion set in ¢ such that b, < b,b,. Since we assume
that A is regular, each companion set is a left cell. Further b, < b,b, implies that
y is contained in the right cell associated to x. Since we assume that A is strongly

regular, we deduce that xr = y. O

Remark 2.5.13. The notion of generalised idempotents is new. In the special case
of strongly regular (Z,Np)-rings categorifiable by finitary 2-categories, existence of

generalised idempotents follows from [MaMill, Proposition 34].
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2.6 Hecke algebras

This section, we introduce the Hecke algebra, which is a (Z[v,v™!], No[v,v™!])-ring.
Section recalls basics about Coxeter groups, the Hecke algebra and the Schur
algebroid. Section recalls the W-graphs of [KalLu| and observes that not all
W-graphs fit into the positive structure coefficient framework discussed here. Section
discuses the cell modules of the Hecke algebra of type B, which foreshadows

most of the challenges that we are faced with in this thesis.

2.6.1 Basic definitions

In this section, we recall basics about Coxeter groups, which can be found for example
in [Hum|. Then, we introduce the Hecke algebra and the Schur algebroid. Here, we
use the notation of [Soe3], since it is most convenient when relating the Hecke algebra

to Soergel bimodules later on.

Definition 2.6.1. A Coxeter system (W,S) is a group W, called a Coxeter group,
together with a subset S C W, such that W = {s € S|s* =1, (st)™* =1} for a
symmetric function m : S x S — NI {oo} that satisfies msy = 1 if and only if s = t.

Definition 2.6.2. Let (W, S) be a Cozeter system, and let I C S. The standard
parabolic subgroup associated to I is defined as Wy := (s € I) < W. The set I is
called finitary provided that |W;| < oo.

Remark 2.6.3. Given a Coxeter system (I, S) and a subset I C S, it is a non-trivial
fact that (W, I) is a Coxeter system.

Definition 2.6.4. Let (W,S) be a Cozeter system and let w € W. An expression
w = S1..8, where s; € S for alli € {1,...,n}, is called a reduced expression if k € Ny
15 as small as possible. The length k of a reduced expressions of w € W is called the

length of w and is denoted by l(w).

Remark 2.6.5. By the definition of Coxeter systems, reduced expressions exist for

every element of the Coxeter group. It is a non-trivial fact that two reduced expression

can be obtained from each other via the braid relations st... = ts...
—— ~—
ms,t—elements ms,¢—elements

which hold for all s, t € S.

Definition 2.6.6. Let (W, S) be a Coxeter system and let x,w € W. We write x < w,
if there exists a reduced expression of w such that x is equal to a subexpression. The

thus defined order < of (W,S) is called the Bruhat order.
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Remark 2.6.7. Given a Coxeter system (W,S) and I C S, the Bruhat order of
(Wr, I) agrees with the order on W} induced from the Bruhat order of (W, S). Further

if I is finitary, there exists a unique longest element of W; with respect to both the

Bruhat order and the length function of Definition [2.6.4]

Definition 2.6.8. Let (W, S) be a Coxeter system and let I C S be finitary. Then,
we denote by wf the longest element of Wi and refer to w} as a parabolic longest

element. If W is finite, we denote by wy := wy, which is called the longest element.

Definition 2.6.9. Let (W, S) be a Coxeter system and let w € W. The left descent
set of w is defined as L(w) := {s € S|l(sw) < l(w)}. Analogously, the right descent
set of w is defined as R(w) := {s € S|l(ws) < l(w)}.

We finally come to the definition of the Hecke algebra.

Definition 2.6.10. Let (W,S) be a Coxeter system. We denote by H(W,S) the
Zlv,v~Y-algebra with generators {H,}ses, such that for all s,t € S we have braid

relations
HsHt-'- = HtHS"' (I’nd
—— ———
ms, ¢ —elements ms,t—elements

(Hy +v)(Hs — v ') = 0.
The algebra H(W, S) is called the Iwahori-Hecke algebra with equal parameters of the
Coxeter system (W, S), and will be referred to as the Hecke algebra.

Notation 2.6.11. Whenever statements are independent of the specific Coxeter sys-
tem (W, S) or a Coxeter system (W,S) is fixed, we abbreviate H = H(W,S). Fur-
thermore for I C S, we identify H(Wr,I) with the Z[v, v~ ']-subalgebra H; of H
generated by {H}ser.

Remark 2.6.12. The Hecke algebra H arises naturally in various representation
theoretic contexts. Also, note that H it is deformation of the integral group algebra
of W. More precisely, we have Z[W] = H(W,S)|y=1.

Remark 2.6.13. The Hecke algebra has the following important bases:

e The standard basis {Hy}wew is defined by H, := Hg,...H; where w =

Uw)?

51..81(w) is a reduced expression. It is well defined due to Remark

e The famous Kazhdan-Lusztig basis { H,, }wew, see Theorem [2.6.14] below.
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e Soergel’s basis is defined in terms of a categorification Soe® of H, see Theorem
5.1.13 which states that the split Grothendieck ring of Soe® is isomorphic to
the Hecke algebra. Via this isomorphism, Soergel’s basis is induced from the
indecomposable objects of Soe®. Conjecturally, this basis depends only on the
characteristic of the field used to define Soe®. According to Soergel’s Conjecture
[5.1.14] Soergel’s basis in characteristic zero agrees with the Kazhdan-Lusztig
basis. Over R this has recently been established in [EIWi2]. In characteristic p,

the induced basis of the Hecke algebra is called the p-canonical basis.

For all s € S, we have H;! = H,+ (v—v~')H,. Thus, all elements of the standard
basis are invertible. This allows us to define the Z[v, v~!]-anti-linear bar-involution of
H by setting H,, = H;ll and T := v~ L.

Theorem 2.6.14 ([Kalul). There exists a unique Zv,v'|-basis {H,,}, ey Of the
Hecke algebra H(W,S), called the Kazhdan-Lusztig basis, such that for all w € W

1. H, is self dual, i.e. H, = H,, and

2. H,=Hy,+ > _, haowHy with hy,, € vZ[v].

r<<w

Remark 2.6.15. The Kazhdan-Lusztig basis becomes the Kazhdan-Lusztig basis
{C!,} originally defined in [KaLu| when replacing v by —q¢7 and H, by T, = ¢"'@T,.
In this way, the polynomials h,,, are identified with the so called Kazhdan-Lusztig

polynomials.

Example 2.6.16. An element w € W is called smooth, if H, =3 _, i)=&
All parabolic longest elements are smooth. Furthermore, every element in a dihedral

group is smooth.

For completeness, we would like to mention the Positivity Conjecture. As ex-
plained in [Soe6], it follows from Soergel’s Conjecture [5.1.14] which identifies the

polynomials h, ,, with certain graded dimensions, and is thus a theorem.

Theorem 2.6.17 (Positivity Conjecture, [Soe6], [EIWi2]). For all xz, w € W such
that x < w, we have hy,, € vNg[v] and hy., = 1.

Next, we introduce the Schur algebroid following [Wi2]. For finitary I C S, it is
well known that H H,; = (v+v ") H,; = H, H, for all s € I. Thus for finitary
I C S, we can introduce the notation H! := {H € H|HH, = (v +v ')H Vs € I}
and 'H .= {H € H|H,H = (v+v ')H Vs € I'}. While we will not use the following

fact, it provides some intuition for this notation:
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Remark 2.6.18. For finitary I C S, we have H! = Indzl tr = H ®4, tr where tr is
the trivial Hr-module. More precisely, tr is given by Z[v,v™!] on which H; acts by
v for all s € S. Thus, H, acts by v+ v~'. This module is called trivial since under

the isomorphism Z[W] = #|,—; the specialisation tr|,—; corresponds to the trivial
module of Z[W].

Definition 2.6.19. Let (W, S) be a Cozeter system. The Schur algebroid of (W, S)
is the Zlv,v—'-linear category with objects finitary subsets I C S, with morphisms
between objects I and J given by Homy(H!, H”7), and with the obvious composition

law induced from the composition of functions.

In [Wil], the Schur algebroid was defined in a more ad hocmanned. However in
the introduction of the published version [Wi2] (aside from working with right rather
than left modules), it was pointed out that Deﬁnitionis an equivalent and more
natural way to define this algebroid. For the readers convenience, let us discuss this

alternative definition and explain the algebroid isomorphism between the two version:

Remark 2.6.20. For all finitary I, J C S, denote ‘H”’ := IH NH’. Further, define
an operation *; : IH7 x /HE — IHE for all finitary I, J, K C S by dividing
the multiplication of H by the Poincaré polynomial w(I) € Z[v,v™'] of W;. This
polynomial is given by «([) := Zwewl p2@)=wo) and is uniquely determined by the
equation H,H i = w([)H,;. Thus for I = J or J = K, H,4 acts as an identity.
Therefore, we have defined an algebroid with objects finitary subsets of S. Now for
all finitary I, J C S, the operation *; induces a morphism ‘M7 — Homgy (H!, H”).
In fact, this morphism is an isomorphism and defines an algebroid isomorphism to

the Schur algebroid of Definition [2.6.19

2.6.2 W-graphs and H — Mod v INolv:w™])

In this section, we recall the definition of W-graphs which are a combinatorial ana-
logue of certain H-modules. The definition was originally formulated in [KaLu| in
terms of the standard basis of H, whereas we give an equivalent definition formulated
in terms of the Kazhdan-Lusztig basis. We will also observe that not all W-graphs
give rise to an object of H — Mod @ 1 Noleo™ ) 1y thig thesis, W-graphs do not
play a role. However, W-graphs play an important role in the literature on Hecke

algebras, and thus we highlight commonalities and differences.

Example 2.6.21. The codomain of the morphism discussed in Example 2.1.8]is an
object of H — Mod @™ BNolv:v™ D) that cannot be afforded by a W-graph.
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The basic idea behind W-graphs is that H is generated as a Z[v, v~!]-algebra by
{H_}ses, and thus one can encode any H-module which is free over Z[v,v™!] in terms
of the structure coefficients associated to these generators. As a further motivation,
recall the following multiplication formula, which determines the structure of H as a
‘H-module, see [Will, Formula (2.1.3)] which in turn is based on the proof of [Soe3),
Behauptung 2.3]:

HH _{ (v+v HH, if s € L(w)
s ZxEW;SEL(m) ,LL(J], w)ﬂm if s ¢ L(U})

Here, u : WxW — Z is the symmetric function, which is 0 on pairs (x, w) that are not

(2.1)

compatible in the Bruhat order, and is given by the coefficient of v in the Kazhdan-
Lusztig polynomial h, ,, for all pairs (z,w) € W x W with < w in the Bruhat order.
The analogous formula for right multiplication holds as well and thus one might expect
that H together with the Kazhdan-Lusztig basis is a (Z[v,v '], No[v, v"!])-ring. To
prove this directly is a highly non-trivial task. However, the following proposition is
known to hold due to Theorem [5.1.13| and Soergel’s Conjecture |5.1.14}

Proposition 2.6.22. The Hecke algebra H together with the Kazhdan-Lusztig basis
is a (Z[v,v™],Ng[v,v])-ring. The regular representation H and all its subquotients
lie in H — Mod@lvw™ ol

By formula (2.1), the regular representation of H and its subquotients can be
encoded in a (left) W-graph, a terminology that we define now:

Definition 2.6.23. A W-graph is an triple (X, I, ), where X is the set of vertices,
I:X — P(S) is a labelling of the vertices and p: X x X \ {(x,z)|r € X} > Z is a
labelling of the edges. This data is subject to the requirement that for all s € S and
reX

g ::{ (v+ov Hz ?fsel(x)

= Zx’eX:seI(ax’) p(@',x)x’ if s ¢ I(z)
defines the structure of a H-module on the free Z[v,v=']-module with basis X. We
say that the W-graph (X, I, ) has positive coefficients if and only if the action of all

Kazhdan-Lusztig basis elements has coefficients in No[v, v™1].

Remark 2.6.24. The edge labelling function p is not required to be symmetric, while

it happens to be symmetric in the case of the regular representation of H.

The following definition will typically be applied to a field k& on which Z[v,v™!]
acts by evaluating v at 1 € k.
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Definition 2.6.25. A W-graph affords a W-representation over a Z[v,v~']-algebra
k, if the k[W]-module associated to the W -representation is isomorphic to the base
change to the group algebra k[W] = H ®zjy,-1) k of the H-module associated to the
W -graph.

Remark 2.6.26. In [Gy| it is proven that all irreducible representation of finite
Coxeter groups over a splitting field can be afforded by a W-graph over the ring
of integers of this splitting field. Hence for a Weyl group W, W-graphs over Z
are sufficient to afford all irreducible representations of QW] = H ®z,,-1) Q. For
affine Weyl groups this statement no longer holds, see |Gy}, [Lub|. Furthermore, there
exist irreducible representations that are afforded by W-graphs, which do not have
positive coefficients. In particular, such W-graphs do not give rise to objects of
H — Mod@lee ™ INolew™ ) Nore concretely, we will see in Section m that there
exist W-graphs in type Bs that have a positive p-function, but do not have positive

structure coefficients.

Definition 2.6.27. A morphism of W-graphs f : (X, Ix,ux) — (Y, Iy, py) over Z
is a map f: X — Zv,v Y {Y) sending x —> > yey fuyys such that for allx € X and
yey

s€lx(z) = f(x)€Zv,v!] <I§1(3)>

s ¢ Ix(x) = Doeri(e foapx(@',x) = { OzyleY\{y} Pt ) ij ; gg;

We say that f is a morphism with positive coefficients if and only if both (X, Ix, jix)
and (Y, Iy, piy) have coefficients in No[v,v™!] and f,, € No[v,v™!] for all z € X and
yey.

This definition amounts to saying that f induces a homomorphism between the
associated H-modules. This is the case if and only if f(H,.z) = H,.f(z) for all s € §

and x € X, which is exactly the condition stated above.

The following proposition provides some insight in the structure of W-graphs. It

can be deduced from the more precise lemma stated afterwards:

Proposition 2.6.28. Let (W, S) be a connected Cozeter system. Let (X, I, 1) be a
W -graph with positive coefficients, and assume that the associated H-module is a cell

module. Then, we have either

S={JI()

zeX

or X ={z} and I(x) = 0.
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Lemma 2.6.29. Let (X,1,pu) be a W-graph with positive coefficients, © € X and
s € I(x). Let further t € S be such that ms; > 3. Then, either t € I(x) or there
erists ©' € X such thatt € I(z'), s ¢ I(z') and p(x,2") # 0 # p(2’,x). In the latter

case, H ,..x = 0 if and only if «’ is the only such element and p(x,x" )u(z',x) = 1.

Proof. Assumet ¢ I(x). We have H. H H, = H
1

+H . Since H_,, acts with positive

sts

coefficients on = and H, acts by v + v~ on z, H, cannot act trivially. Furthermore
due to the above equation, there exists 2’ in the image of H, such that x occurs
with non-trivial coefficient in H,.xz. Thus, s ¢ I(z') and p(z,2’) # 0 as well. The

remaining claim follows from positivity of the coefficients. O]

2.6.3 W-graphs and cell modules in type B,

In this section, we provide examples that served as testing ground throughout the
process of writing this thesis. We will refer to these examples on multiple occasions,
most notably in Section |5.5] where we will categorify the structure presented in this

section.

The Weyl group of type By has the presentation W = (s1, 59|57 = s2 = (s159)* = 1).
We abbreviate in the following s; = 1 and s, = 2. The associated Bruhat graph and
the W-graph of the regular representation H = H (W) can be visualised as follows:

1 / 6 \ 2
¢1><1¢2

—

1 212

o~ 7

2121=1212

[\

1

Note that in that the p function of this W-graph takes the values 0 and 1 only, and
can thus be visualized using an arrow x — 2’ if u(z,2’) = 1 and p(z’,z) = 0 or by

a line x — 2/ if p(x,2") = p(2’,z) = 1. For the readers convenience, we have also
highlighted the Duflo involutions (see Definition [5.2.1)) using the symbol D.

From the above W-graph, one can infer that the Weyl group B, has four left
cells, namely {e}, {1212}, {1,21,121} and {2, 12,212}, see Definition Also,
it is not hard to see that there are three 2-sided cells, namely {e}, {1212} and
{1,2,12,21,121,212}.
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There are 5 non-isomorphic irreducible W-representations over Q which are af-

forded by the following W -graphs:

BN ORNOIN®

: 2 : : 2 :
The two rank 2 W-graphs afford isomorphic W-representations over Q (and more
generally over any ring k with 2 € £*). As Q[W]-modules, the cell module of the left
cell {1,21,121} becomes isomorphic to a direct sum of the two dimensional repre-
sentation and the one dimensional representation associated to the second W-graph
displayed above. Even though the p function of all these W-graphs has values only
in Ny, the second and third W-graph do not have positive coefficients by the fol-
lowing argument: Since H, acts by zero on the second W-graph, we have that
0 = (H,H,H,). = Hyy. + H,. and thus H,,, acts by —(v + v~!). On the other
hand, it is not hard to see that the remaining four W-graphs displayed above lie in

H — Mod?v TNolv™ D - Fyrthermore, the two cell modules with bases {1,21,121}
and {2,12,212} lie in this category as well.

Next, we describe all morphisms between the 6 W-graphs with positive structure
coefficients discussed above. The only non-trivial morphism are given by Ny[v, v~

linear combinations of suitable compositions of the morphisms 7y, t9, 75 and ¢ given

by

and identity morphisms. Note that the composition ¢; o w9 0 15 0 w1 (resp. 1y 07 ©
11 o Ty) agrees with the sum of s; (resp. s3) and the respective identity morphism.
Provided that 2 is invertible, we can divide both these compositions by 2 and obtain

idempotents. These idempotents project onto the 2-dimensional modules. Note that
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the complementary 1-dimensional summand are associated to an idempotent, say
%(id — $1), which is a morphism that has negative coefficients and thus is only a

morphism of T¥-representations over QQ, but is not a morphism in H ®z, -1 Q —
Mod (@),

Remark 2.6.30. The four morphisms 7y, 15, m9 and ¢; are build by one of the following
principles: Either two basis elements are mapped to the same target or one basis
element is mapped to two basis elements. The former is the case for m; and 7o, the
latter applies to ¢; and 5. In Section [5.5] we will understand this process in categorical
term as in the former case adding an isomorphism (compare Lemma or in the

latter case taking the idempotent closure.

36



Chapter 3

Higher Representation Theory I -
Basics

In this chapter, we discuss the basics of higher representation theory. Section
follows |[Roud] and recalls the definitions of 2-categories, 2-functors, morphism of
2-functors, morphisms of morphisms of 2-functors, as well as the definition of a 2-
category of higher representations of a 2-category. The graded case is also covered
and monoidal categories are mentioned. Section discusses centres of objects of 2-
categories. Section defines (graded) additive higher representations and discusses
(graded) decategorification using the split Grothendieck construction. Further, ker-
nels, cokernels, (thick) annihilators and (thick) ideals are introduced and related to
the classical case. Finally, universal properties, the 2-Yoneda lemma, and (quotients

of) principal representations are covered.

3.1 2-categories

In this section, we recall the definitions of 2-categories, 2-functors, morphism of 2-
functors and morphisms of morphisms of 2-functors. We follow closely the notation
in [Roud], reserving 4, M@,... to denote 2-categories. We also recall the definition of
the 2-category of higher representations #om (@, B) of @ in B, as well as their additive
and graded analogues. Finally, we comment on the close relation between 2-categories
and monoidal categories, which we typically denote by B. Once and for all, we fix a
sufficiently large universe so that all categorical structures considered in this thesis

are (essentially) small and we will not mention this technical requirement again.

We denote by Cat the category of categories and functors. A direct way to climb

the categorical ladder is to consider categories enriched in Cat (in order to make sense
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of this statement, one has to equip Cat with the structure of a monoidal category using
direct products), see [Ke| for the notion of enriched categories. Categories enriched
in Cat are the same as strict 2-categories. An example of a strict 2-category is €at,

the 2-category of categories, functors and natural transformations.

We will need a more general version of 2-categories, which are often referred to as

weak 2-categories or bicategories:
Definition 3.1.1. A 2-category @ consists of

e a sel of objects 4

o categories A(ay,az) for ar,as € 4y

o functors A(ay, az) X A(az, az) — A(ay,as3), (b1, be) — boby for ay,as, a3 € Ay
e an identity object I, € A, := A(a,a) for a € 4y

o isomorphisms cany, p,p, : (b3be)by = b3(bab1) in A(ay,as) natural in b; €

A(a;, aiy1) for ay,..,aq € A

e isomorphisms can : bl,, = b and can} : I,,b = b in A(ay,as) natural in

b € A(ay,az) for ay,as € Ay

such that the pentagon axiom and the unit axiom are satisfied, that is the diagrams

Canp, bq by b1

((b4b3)b2)b1 (b4(b3b2))b1

Cany, ba,bg,by %,lﬂb}bl

(b4b3)(baby) ba((bsb2)br)

Canby,bg,baby bs canpg by,bq

b (b3(b2b1))

canb2,1a,b1

(b214)b1 ba(1ab1)

T l
nbz\ /ﬂanb )

baby

commute.

We call 4 a strict 2-category if the above isomorphisms are identity morphisms.
The functors in the definition are called horizontal composition (functors) and are
also known as juxtaposition. The composition within the categories @(ay, as) is called
vertical composition. We denote the former composition without a symbol and the

latter using o.
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Notation 3.1.2. For objects a of @, we will abuse notation and write a € 4 instead
of a € 4y. However, whenever we refer to the entire set @y we will keep the index.
The objects (resp. morphisms) of the categories @(ay, as) are called I-arrows (resp.
2-arrows). We write b : a; — ag for a l-arrow between aj,a; € @ and we write

¢ : by = by for a 2-arrow between l-arrows by, by : a1 — ao. Further, we abbreviate

Ay —az (b1, b2) = (A(ay, az)) (by, ba).

Remark 3.1.3. Given suitably composable 2-arrows «, 3, v and ¢, the axioms of a
2-category imply that (d o y)(8 o «a) = (08) o (ya). This fact is commonly referred
to as the interchange law. In particular, the following diagram is well defined and

motivates the terms horizontal and vertical composition:

NN

Definition 3.1.4. Given a 2-category A, we define the reverse 2-category @ by set-

ting A5 = @y and A" (a,d’) :== A(d’, a), and by reversing the horizontal composition
of 4, i.e. A (ay, ag) XA (ag, az) — A (a1, as) is given on objects by (by, ba) — baby.

The rest of the structure is inherited from 4.

Definition 3.1.5. A (graded) additive category is a category, whose morphism spaces
are (graded) Abelian groups, composition is (graded) bilinear and finite direct sums ex-
ist. In addition, we require that a graded additive category A® has an auto-equivalence
[1] : A — A and natural isomorphisms A™(ay,as) = A" (a;[1],a2) =2 A" (ay, as[1])
for alln € 7Z.

A (graded) additive functor is a functor between (graded) additive categories, which
is given on morphisms spaces by homomorphism of (graded) Abelian groups. In the
graded case it has to commute up to isotransformation with the auto-equivalences [1]

and this isotransformation has to be compatible with the natural isomorphisms above.

A (graded) additive category C is idempotent closed if for all idempotents e € C(C, C)
(of degree zero), that is €* = e, there exists C' € Ob(C) and (degree zero) morphisms

L

C' - C 55 O such thate = tom and ider = wot.

Remark 3.1.6. By graded we always mean Z-graded, whereas in [Roud] graded
merely means existence of an auto-equivalence. Using the latter terminology, there is
an equivalence between graded additive categories and categories that are enriched in
graded Abelian groups and have finite direct sums. [Roud] provides the argument for

the Z-graded case. The Z/nZ-graded case is similar. From this perspective, it would
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be more consistent to call our graded categories bi-graded categories with compatible

gradings.

Let us recall the standard notion of indecomposability and introduced a somewhat

more refined version that will frequently be used in this thesis:

Definition 3.1.7. An object in an additive category is called indecomposable if it
18 non-trivial and does not allow for a direct sum decomposition into two non-trivial
objects. We call an object strongly indecomposable if it is indecomposable in the

idempotent closure or equivalently if it has exactly two distinct idempotents.

Notation 3.1.8. We denote by Add the category of additive categories and addi-
tive functors. Similarly, Add™ denotes the 1-2-full subcategory of Add with ob-
jects idempotent closed additive categories. Similarly, Add® and Add®%™ denote the
graded counterparts. ddd denotes the strict 2-category of additive categories, addi-
tive functors and natural transformations. Note that we do not impose additional
requirements on the natural transformations. Similarly, @dd ™ denotes the 1-2-full
sub-2-category of ddd with objects idempotent closed additive categories. Again,
Add® and Add"*°™ denote the graded counterparts.

Definition 3.1.9. A (graded) additive 2-category is a 2-category @ where the cat-
egories A(ay, az) are (graded) additive categories and the composition functors are
(graded) additive functors. A (graded) additive 2-category is idempotent closed if all

(graded) additive categories A(ay,as) are idempotent closed.

Example 3.1.10. The 2-category Add (resp. Add®) is a (graded) additive 2-category.
The 2-category @dd' ™ (resp. @dd**™) is an idempotent closed (graded) additive 2-

category.

Definition 3.1.11. A 2-functor R : @ — B between 2-categories is the data of

a map R : 3y — By

functors R : A(ay,az) — B(R(a1), R(az)) for all ay,ay € 4

o invertible 2-arrows cany , = R(by)R(b1) = R(boby) in B which are natural in
bl S g(al, CLQ) and b2 € g(ag, Clg)

e invertible 2-arrows canl : Ipq) = R(I,) in B for alla € A
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such that the following diagrams commute:

R R
canyy R(b1) canyyp, b,

(R(bs)R(b2)) R(b1) ==Z== R(bsbs) R(b1) R((bsba)b1)
CanR(b3>,R<b2>,R<b1>ﬂ ﬂR(canbs,bQ,bl)
R(bs) (R(b2) R(D1)) o) e R(b3) R(b2b1) —_— R(bs(baby))

R(b) canZ canf, R(b)

R(b)Ig(a) R(b)R(1,) I R(b) === R(1)R(D)
canR(b)ﬂ “canfja caan(b)ﬂ ﬂcani/ b
R(b) <= R(b1.) B(b) s R(Lu)

We call a 2-functor strict, if all 2-arrows canf and canfl ,, are identity 2-arrows.
Note that the requirement for can;! , to be an identity 2-arrow was missing in [Roud].

Strict 2-functors are called strict pseudo-functors in |Gr].

Definition 3.1.12. A (graded) additive 2-functor R : @ — B between (graded)
additive 2-categories A and B is a 2-functor, where the functors R : A(ay,as) —
B(R(ar), R(az)) are (graded) additive functors. In the graded case, we require the

associated invertible 2-arrows to be of degree zero.

Notation 3.1.13. We denote by 2 — Cat the category of 2-categories and 2-functors.
Similarly, we denote by 2 — Add (resp. 2 — Add®) the additive category of (graded)

additive 2-categories and additive 2-functors.

Remark 3.1.14. The 2-category 2 — Add® is not a graded additive category, but

only comes with a non-trivial auto-equivalence which stabilises the objects.

Definition 3.1.15. Let R,R' : @ — B be 2-functors. A morphism of 2-functors
o: R — R is the data of

e l-arrows o(a): R(a) — R'(a) in B foraed
e invertible 2-arrows cang : R'(b)o(a1) = o(az)R(b) in B natural in b € A(ay, az)
such that the following diagrams commute:

CANR! (by), R/ (b1),0(a1) R/(b2) canf

(R’ by R’(b1 o(a1) R’(bz)(R’(bl)a(al)) R’(bz)(o(aQ)R(bl))
“canb2 by, o(a1) ALl 4) o(ag), R<b1>ﬂ

R/ (bab)o(ar) (B (b2)0(a2)) Rb1)
“canb2b1 cang, R(bl)“

b2b1 U(a3) (R(bg)R(bl)) (O’(a3)R(b2)) R(bl)

o(a3) canf%b1 Cally(ag),R(b3),R(b1)
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1 -1
can

(canR(a) )

(o (a) —=2= o (a) o(a) (e
canfl g(a)“ ﬂa(a) cang
R'(Lo)o(a) o(a)R(l,)

cang,
These are called quasi-natural transformations with invertible 2-arrows in [Gr].

Definition 3.1.16. A (graded) morphism of (graded) additive 2-functors is a mor-
phism of the underlying 2-functors. In the graded case, we require the invertible

2-arrows to be of degree zero.

Remark 3.1.17. In general, we cannot extend the category 2 — Cat to a 2-category
by defining the 2-arrows to be morphisms of 2-functors. The reason is that the
composition of morphisms of 2-functors is typically associative and unital only up to
an invertible morphism of morphisms as defined below. The correct notion to deal
with this detail are 3-categories, however we have no need to go there. The reader
might want to note that 2-functors @ — B and morphism between such 2-functors do

form a category, provided that B is strict.

Definition 3.1.18. Let R, R’ : @ — B be 2-functors and o, & : R — R’ be morphisms
of 2-functors. A morphism of morphisms of 2-functors v : ¢ — & is the data of 2-
arrows y(a) : o(a) = &(a) in B for all a € A such that the following diagrams
commute:

(B)o() == R(B)3(a)
canb

canb
02) R(b) = 5 (a2) R(

Morphisms of morphisms of 2-functors are called modifications in [Gr].

Definition 3.1.19. A (graded) morphism of (graded) morphisms of (graded) additive

2-functors is simply a morphism of the underlying morphisms of 2-functors.

Definition 3.1.20. Let @ and B be 2-categories. We denote by Bom (A, B) the 2-
category of 2-functors A — MW, morphisms between these 2-functors and morphisms
between these morphisms. Provided that @ and B are (graded) additive 2-categories,
we abuse notation and denote by Bom (A, W) the 2-category of (graded) additive 2-
functors, (graded) morphism of (graded) additive 2-functors and (graded) morphisms
of (graded) morphisms of (graded) additive 2-functors.
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If @ is a strict 2-category, then Bom (A, M) is strict as well. It is worth reiterating
that for additive 2-categories @ and B the 2-category Pom (4, B) is only a 1-2-full
sub-2-category of Bom(For(@), For(B)) where For : 2 — Add — 2 — Cat is the functor
that forgets the additive structure. The analogous statement in the graded case yields

only a 2-full sub-2-category.

We have intentionally omitted the usage of the symbol 3. The reason is that
we will frequently deal with monoidal categories, as defined for example in [Ka]. To
make the distinction to 2-categories easier, we reserve the calligraphic letter B for
(additive) monoidal categories. For the horizontal composition and the unit object

of B, we will use the standard notation ® and I.

Example 3.1.21. Let 4 be a 2-category, and let a € @. Then, @, is a monoidal
category. Similarly, the analogous restriction of any 2-functors yields a monoidal
functor. Conversely, given a monoidal category (resp. a monoidal functor) one obtains

an obvious one object 2-category (resp. a 2-functor between one object 2-categories).

Remark 3.1.22. Noteworthy, monoidal transformations do not correspond to mor-
phisms of 2-functors in general. Invertible monoidal transformations correspond to
morphisms of 2-functors between one object 2-categories, however there exist mor-
phisms of 2-functors between one object 2-categories that are not invertible monoidal
transformations. This distinction is explained in detail in [Lei2, Example 1.5.11] and

in the exposition leading up to it.

Remark 3.1.23. We will make use of monoidal structures frequently in this thesis,
predominantly in the context of additive higher representations of additive monoidal
categories, see Remark|3.3.4] and sometimes when discussing equivalences of monoidal

categories. Thus, all monoidal transformations considered will be invertible.

3.2 The centre of an object in a 2-category

In this section, we discuss the centre construction. Usually, centres are introduced
as the endotransformations of identity functors. We will provide a more general
definition that applies to objects in 2-categories. We will employ this construction in

order to construct new higher representations by base change, see Section [4.1]

The centre of a monoid (or ring) A is given by Z(A) := {a € Alab = ba Vb € A}.

If we consider A as a category with one object, we can describe Z(A) as the set
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of natural transformations of the identity functor. This is a categorical description

within €at. More generally, we make the following definition:

Definition 3.2.1. Let @ € 2 — Cat and let a € 4. The centre Zg(a) of a is defined
as Zq(a) ==, (1,, 1,).

Remark 3.2.2. By the Eckmann-Hilton argument Zg(a) is commutative monoid. If

the category 4, is additive, then Zq(a) is a ring.
Definition 3.2.3. Let C € Cat. The centre Z(C) of C is defined as Z(C) := Z¢,,(C).

The following observation is well known, see [Mi, Section 11], and in some sense
inverse to Remark [3.2.2

Proposition 3.2.4. Let C € Add. Then, C is a category enriched in Z(C) — Mod.
The following definition is in the spirit of [Mi, Section 11]:

Definition 3.2.5. Let R be a commutative ring. A R-linear category is an additive
category M with a ring homomorphism R — Z(M). Given commutative rings Ry

and Ry, a Ri-Ro-linear category is a Ry ®z Rs-linear category.

Remark 3.2.6. Equivalently, one can define an R-linear category as a category that
is enriched in R — Mod and that has finite biproducts, see [Ke] for the definition of
enriched categories. Since will not discuss enriched categories, we prefer the definition
given above. Also, note that the terminology R;-Rs-linear category is in line with the

standard naming convention for bimodules.

Proposition 3.2.7. Let @ € 2 — Add and let aj,ay € A. Then, Z (A(ai,aq)) is a
Zq(a1)-Zq(az)-algebra. Thus, A(ay,as) is a Zq(ar)-Zq(as)-linear category.

Proof. Note that the identity objects I,, and I,, induce identity functors on @(ay, az).
Similarly, the structure of @ induces ring homomorphisms between the respective
endomorphisms rings, i.e. Zg(a;) = Z(4(a1,az)) for i € {1,2}. Note that Zg(as)
is commutative and thus agrees with its opposite ring. It remains to show that any
element in the images of these ring homomorphisms commute with each other, which

follows easily from the interchange law. O]
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3.3 Additive higher representations

In this section, we define the 2-category of (graded) additive higher representations of
a (graded) additive 2-category. For the reader’s convenience, we provide the special
case of additive higher representations of an additive monoidal category, in which
the definition simplifies greatly. Section discusses decategorification using the
split Grothendieck construction in the graded and non-graded case. Section [3.3.2)
shows that the 2-category of higher representations admits kernels and cokernels,
and shows that cokernels can differ from what might be expected classically. Section
introduces (thick) annihilators and (thick) ideals, makes standard observations,
and discusses the connection to the classical case. Section [3.3.4] discusses universal
properties of higher representations, the 2-Yoneda lemma, and (quotients of)) principal

representations as examples.

For the remainder of this section, let @ (resp. @°) be an additive (resp. graded
additive) 2-category. Following [Roud], the 2-category of higher representations of 4
in some 2-category B is defined as @ — Mod(B) := Hom (4, B), see Definition |3.1.20]
For the purpose of this work, we are only interested in (graded) additive higher

representations:

Definition 3.3.1. We denote by 4 — Mod := Bom(a,add) the strict 2-category of
additive higher representations of @. Further @—Mod' %™ := Bom/(Q, Add™) denotes
the 2-category of idempotent closed additive higher representations of @. Similarly,
@* — Mod := Bom(@°, Add") (resp. A — Mod'®™ := Bom(A°, Add"'™)) denotes the
(idempotent closed) graded additive 2-category of (idempotent closed) graded additive

higher representations of 4°.

We regard @—Mod'*™ (resp. @° —Mod'*™) as a 1-2-full sub-2-category of d—Mod
(resp. @* —Mod) via the inclusion 2-functor @dd' ™ — Add (resp. Add**™ — Add").

Notation 3.3.2. We call R € 4@ — Mod an @-module. For R, R € @ — Mod, we
abbreviate Homg(R, R') := @ — Mod(R, R') and call its objects @-functors and its
morphisms @-transformations. For two @-functors o, ¢’ : R — R/, we denote by

Homp_ g (o,0') = Hom% _w(0,0") the Abelian group of @-transformations o = o’.

Let us give a first example of higher representations, that has a fairly nice universal
property, a notion to be defined in Definition [3.3.51}
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Definition 3.3.3. For all a € 4, the principal representations are defined as 77? =
A(a, —) € A—Mod(B) = Bom(@,B). The action functor Aa1, as) — B(PA(ay), P (as))
is induced from the functor A(a,a1) X A(ay, az) — A(a, ay) which is part of the datum
of 4.

When clear from the context, we abuse notation and write P, = 73? .

For an additive monoidal category B, the definition of B — Mod can be expressed
in a simpler fashion. We present this simplified version below, and introduce some

notational abuses at the same time which will be used throughout.

Remark 3.3.4. A B-module is a pair M = (M, p), where M is an additive category
and p : B — @dd(M, M) is an additive monoidal functor. We will refer to p as the

structure functor. At times, we avoid making p explicit, and write B. = p(B) for
B e B and b. = p(b) for b € B(By, By).

A B-functor is a pair F = (F,{canpp}tpes) : M — N, where ' : M — N is an
additive functor and cang g : (B.)F = F(B.) is an isotransformation for all B € B,
such that {cangp}pep is natural in B and is compatible the structure maps of the

structure functors.

A B-transformation 7 : F' = G is a transformation 7 : F' = G of the underlying
additive functors, such that cang go((B.)T) = ((B.)7) o canp g for all B € B.

Example 3.3.5. For the principal representation B = (B, p), we have p(B)(B2) =
By B; for all By, By € B, where we consider B; as an object in the acting monoidal

category and By as an object of the principal representation.

3.3.1 Decategorification

In this section, we discuss the passage to the classical case using the split Grothendieck
constructions for the acting (graded) additive 2-category, the (graded) additive higher
representations, as well as for their morphisms. This process is commonly referred to

as decategorification. Since this is fairly standard, we omit all proofs.

Let 4 be an additive 2-category. Recall that we always assume that 4 is essentially
small. Thus, there exists a set (d) of l-arrows in @ such that every l-arrow in @ is
isomorphic to a unique element of (4). This necessary technical assumption will be
suppressed in the remainder of this thesis. For a l-arrow b : a; — as in @, we denote

(b) the corresponding element in (@).
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Notation 3.3.6. We denote by W (@) the set of indecomposable 1-arrows of @ up to
isomorphism. We often fix a choice of an embedding W (@) — (@) and denote the
indecomposable 1-arrow associated to z € W(@) by B,.

Definition [2.3.1] can now be generalised. For simplicity, we provide this generali-

sation for the base ring only.

Definition 3.3.7. The left order < of W(Q) is defined as x <p y for allz, y € W(Q)
if and only if there exists a I-arrow b in @ and a split injection from B, to bB,. The
2-sided order <;r of W(Q) is defined as x <pgry for allz, y € W(Q) if and only there
exist 1-arrows by, by in @ such that there exists a split injection from B, to by Bybs.
The equivalence relation induced from <y, (resp. <pr) is denoted by ~p, (resp. ~rr),

and the associated equivalence classes are called the left cells (resp. 2-sided cells) of

q in W(4Q).

Remark 3.3.8. Note that we do not require that @ is idempotent closed. Thus for
a given z € W(@), B, might not be strongly indecomposable. Therefore, we decided
not to define x <, y by requiring that there exists a l-arrow b in 4 such that B, is a

direct summand of 0B,

Definition/Proposition 3.3.9. The split Grothendieck group (@] of @ is the quo-
tient of the free Abelian group Z (@) by the relation (by) + (bs) = (by & by) for all
1-arrows by, by : a1 — ay. We denote by [b] the image of (b) in [@]. The Abelian group
(4] becomes a ring, the split Grothendieck ring, by setting
boby] if ax =
[ba][b1] = { E2 1 if ax = as

otherwise

for all 1-arrows by : a; — as and by : az — a4 in 4.
Remark 3.3.10. We have an obvious ring homomorphism Z[W (@)] — [4].

Similarly, let R € @—Mod and let (R) be the set of representatives of isomorphism
classes of objects in R(a) for all a € Q.

Definition/Proposition 3.3.11. The split Grothendieck group [R] of R € 4 —Mod
is the quotient of the free Abelian group Z (R) by the relation (ri) + (re) = (ry & ro)
for all a € @ and all objects 1,72 € R(a). We denote by [r] the image of (r) in
[R]. The Abelian group [R] becomes an [A]-module, the split Grothendieck module,
by setting

0 otherwise

B.1r] = { RO)(r)] if o1 = a
for all 1-arrows b : a; — ag in @ and all objects r € R(as).
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Example 3.3.12. For an additive 2-category @, [@] considered as a left [@]-module

is isomorphic to [,.q Pa), see Definition and Remark [3.3.58

Next, we discuss the analogue notions for a graded additive 2-category @°*. We
have a set (4°) of representatives of degree zero isomorphism classes of 1-arrows in @,
that is every l-arrow in @ is isomorphic via two degree zero 2-morphisms to a unique
element in (4°). For a l-arrow b : a; — ap in @, we denote (b) the corresponding

element in (@°).

Definition/Proposition 3.3.13. The graded split Grothendieck group [A°] of @° is
the quotient of the Zlv,v=']-linear free Abelian group Z[v, v~ (@%) by the relations
(b1) + (ba) = (by @ b) and (b1[1]) = v (by) for all 1-arrows by, by : a1 — ay. We denote
by [b] the image of (b) € (A°) in [@°]. The Zlv,v]-linear Abelian group [@°] becomes
a Z[v,v1]-algebra, the graded split Grothendieck ring, by setting

[62] [bl] — { [bzbl] if ag = ag

0 otherwise
for all 1-arrows by : a; — ay and by : az — ay in 4°.
Remark 3.3.14. We have an obvious ring homomorphism Z[v, v~ !][W(@°*)] — [@°].

Similarly, let R®* € @* — Mod and let (R*) be the set of representatives of degree

zero isomorphism classes of objects in R*(a) for all a € 4.

Definition/Proposition 3.3.15. The split Grothendieck group [R®] of R® € @° —
Mod is the quotient of Z[v,v™!]-linear free Abelian group Z (R) by the relation (ri) +
(ro) = (r1 ®mra) and (ri[l]) = v {r1) for all a € A and r1, ro € R(a). We denote
by [r] the image of (r) in [R®]. The Z[v,v~']-linear Abelian group [R®] becomes an
[@°]-module, the split Grothendieck module, by setting

[b].[r] := { ER.(I’)(T)] if ap = a3

otherwise
for all 1-arrows b : ay — ag in @° and all objects r € R*(a3).

In order to to provide the link to the classical case of Section 2.1, we need the

following definition:

Definition 3.3.16. A (graded) additive category has the (graded) Krull-Schmidt
property, if every object has an up to (degree zero) isomorphism unique decompo-

sition into indecomposable objects. In the graded case for all objects a, we require
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in addition that there exists no degree zero isomorphism between a and aln| for all
neZ\ {0}.

A (graded) additive 2-category A has the (graded) Krull-Schmidt property if A(aq, as)
has the (graded) Krull-Schmidt property for all ay, ay € @, if the unit object I, is in-
decomposable for all a € A. An A-module R has the (graded) Krull-Schmidt property
if R(a) has the (graded) Krull-Schmidt property for all a € Q.

Remark 3.3.17. The (graded) Krull-Schmidt property implies that the ring homo-
morphism of Remark [3.3.10f (resp. Remark [3.3.14]) is an isomorphism.

Remark 3.3.18. Krull-Schmidt categories are categories whose objects can be de-
composed into finite direct sums of indecomposable objects that have local endo-
morphism rings. The properties of Krull-Schmidt categories imply the Krull-Remak-
Schmidt theorem and in particular the uniqueness of decompositions into indecom-
posable objects up to a permuting isomorphism, see [Kil Theorem 4.2]. Motivated
by the example of Soergel bimodules in which indecomposable objects do not have
local endomorphism rings (the endomorphism ring of the unit object for example is
a polynomial ring), we do not discuss Krull-Schmidt categories. Note however that

Soergel bimodules satisfy the Krull-Schmidt property.

Notation 3.3.19. Given a (graded) additive 2-category @ that satisfies the Krull-
Schmidt property, we denote by @—Mod g g the 1-2-full sub-2-category of @—Mod with
objects 2-representations R : @ — @Add (resp. R : @ — @dd®) that have the (graded)
Krull-Schmidt property. The analogous 1-2-full sub-2-category of @ — Mod'4™ is
denoted by @ — Modida,

We fix a choice of isomorphism classes of indecomposable objects and assume that
the unit objects I, for all a € @ are included in this choice. In the graded case, we
speak of isomorphism classes of indecomposable objects up to shifts. The following

statement is now obvious:

Proposition 3.3.20. Let @ be an additive 2-category that satisfies the Krull-Schmidt
property. Then, [A] is a (Z,Ny)-ring with basis given by the isomorphism classes
of indecomposable objects. Provided that @y is finite, the unit is given by Y alla].
Given R € @—Modgg, then [R] € [@] —Mod“™)  Given R, R' € A—Modgs and an
A-functor F : R — R, then we have a morphism [F] : [R] — [R'] in [@] — Mod %Mo),
Analogously, let @° be a graded additive 2-category that satisfies the Krull-Schmidt
property. Then, [@°] is a (Z[v,v],Ng[v,v])-ring with a basis given by the iso-

morphism classes of indecomposable objects up to shift. If A5 is finite, the unit is
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given by Y as[l.]. Furthermore, F* € @* — Modgs(R®, R*) yields a morphism
[F*]  [R*] = [R*] in [@°] — Mod ™ L Nolv™D)

3.3.2 Structure of the 2-category of higher representations

In this section, we show that the 2-category of higher representations admits kernels
and cokernels in the same fashion as in the classical case. For non-idempotent closed
higher representations, we will show that cokernels can differ from what might be

expected classically. For simplicity, we work with an additive monoidal category B.
We begin by recalling a definition given in [Roud]:

Definition 3.3.21. Let b: a — d’ be a 1-arrow in an additive 2-category 4. A kernel
of b is an object kerb € @ together with a 1-arrow kerb — a such that for all a’ € @
the induced functor A(a”, kerb) — A(a”,a) is fully faithful with essential image given
by those 1-arrows V' : a” — a for which b’ = 0. Similarly, a cokernel of b is an kernel

of b considered as a 1-arrow @' — a in ™.

Remark 3.3.22. As stated in [Roud] if kernels and cokernels exist, they are unique

up to equivalence unique up to unique isomorphism.

Definition 3.3.23. Let F': My — My be a 1-arrow in a 2-category that has kernels
and cokernels. The image of F' is defined as im F' := coker(ker ' — M;). The
coimage of F' is defined as coim F' := ker(Ms — coker F').

Remark 3.3.24. We have a canonical 1-arrow im F' — coim F'. To see this apply
first the properties of the cokernel and then the properties of the kernel.

Proposition 3.3.25. The additive 2-category B— Mod admits kernels and cokernels.
Given a B-functor F', the canonical B-functor im F' — coim F' is not an equivalence

mn general.

Lemma 3.3.26. Let F € Homg(M,N). Then, ker F' exists and the underlying
additive category is given by the full subcategory of M with objects all M € M such
that F(M) = 0. Similarly, coker F' exist and the underlying additive category is given
by the additive quotient of N by the family F(m) indexed by all morphisms m of M.

Proof. Since F is a B-functor, the set of objects M in M with F' (M) = 0 is stable
under the B-action. Thus, ker F' as defined in the statement indeed defines a sub-

B-module of M. Similarly, the set of morphisms in N of the form F(m) for some
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morphisms m of M is also stable under the B-action. Thus, the structure functor
of N descents along the quotient functor N — coker F', equipping coker F' with the
structure of a B-module such that the quotient functors is a B-functor. Now, it
is obvious that the properties of kernels and cokernels are satisfied. In fact, the
functors that are required to be an equivalence in Definition are isomorphisms

of categories. O

Given a @-functor ¢ : R — R in @ — Modgg, it follows from the universal

properties that we have morphisms [ker o] — ker[o] and coker[o] — [coker o].

Proposition 3.3.27. We have an isomorphisms [ker o] — ker[c| and provided that

R’ is idempotent closed coker[o] — [coker o] is an isomorphism, as well.

Proof. The statement for kernels follows directly from the explicit description of ker-
nels for both higher representations and the classical analogue. For cokernels, one has
to note that an object becomes zero in an additive quotient if and only if its identity
morphism factors through one of the morphisms by which the quotient is taken. In
our case, an object that becomes zero in the quotient is a summand of an object of

the form o(a)(r) for all @ € 4 and r € R(a). O

In general, neither coker[o] — [coker o] nor im(o) — coim(o) is an isomorphism.
To give a concrete example, we use Soergel bimodules of type A, see Section [5.1
for background on Soergel bimodules. Note that this example applies only in the

non-graded setting (as well as the Z/27Z-graded setting).

Example 3.3.28. Let M € Soe —Mod denote either Soe ®g R/ (1 — 2a;) or Soe ®g
R[a;']. We have obvious Soe-functors ¢ : Soe — M as well as K : M — Midem,
It is easy to see that [Soe] = [M] and thus that [¢] = id. On the other hand
[K] is the morphism provided in example [2.1.8| (after specialising v? to 1). Thus
ker[K] = coker[K] = 0. Further let F' := — ® B, : Soe — Soe. Clearly, [F] is the
morphism given in Example [2.2.6] which also implies that the canonical Soe-functor
im F' — coim F' is not an equivalence. We have [1F] = [¢] o [F] = [F]. Therefore,
coim[tF] is a proper submodule of [Soe| and coker[¢F] is non-trivial, see Example
2.2.6) However, coker(:F) = coker(KtF) = 0 and thus [coim(¢cF)] = [Soe] # im[.F]
as well as 0 = [coker(¢F)] # coker[tF].
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3.3.3 Annihilators and ideals

In this section, we introduce annihilators and ideals for additive higher represen-
tations, and make standard observations. Further for thick annihilators and thick

ideals, we discuss the connection to the classical case.

Definition 3.3.29. Let @ be an additive 2-category. An ideal LD consist of a family
of Abelian subgroups F(by,b3) < Ao, sa,(b1,b2) indexed by 1-arrows by, by € A(ay, as)
where ay,as € A varies. Furthermore, J shall be closed under horizontal and vertical
composition with arbitrary 2-arrows in A. An ideal J QA is called thick, if it is

generated by identity 2-arrows.

Remark 3.3.30. One might call an ideal a two-sided ideal, though we will not use
this terminology. An ideal is thick if and only if every 2-arrow contained in the ideal
factors over an identity 2-arrow that is also contained in this ideal. In formulas, J
is thick if and only if for all ¢ € J(by,by) there exists a l-arrow by and 2-arrows
¢1 2 by = b3, o 1 by = by such that idy, € F(bs,b3) and ¢ = 2 0 ¢;. Note as well that
if by < by and idy, € F(bs,bs), than idy, € F(by, by).

The following definition is natural and will be used at various occasions:

Definition 3.3.31. We call a functor between categories a quotient functor if it is
full and essentially surjective. We call a 2-functor F : @ — B a quotient functor,
if Fis locally a quotient functor, and we call B a quotient of A. Further, we call
an A-functor o : R — R’ a quotient @-functor if o(a) : R(a) — R'(a) is a quotient
functor for all a € A, and we call R' an d-quotient of R.

We have the following standard observation:

Proposition 3.3.32. Given an ideal I <A, one can form the quotient 2-category
A/F and we have a quotient 2-functor g : @ — A/F. On the other hand given an
additive 2-functor F': A — B, the family J(F') of all 2-arrows of A that are send to
zero under F is an ideal J(F) A and F' factors over ng(py. Further if F' is a quotient
2-functor, then the factorisation over mypy is an equivalence. Furthermore given an
ideal I 1A, we have J(rg) = F.

Definition 3.3.33. The annihilator of a 2-representation R : @ — 4dd is defined as
Anng(R) :=F(R) < 4.
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Remark 3.3.34. Note that any 2-representation R : @ — @dd of a 2-category 4
factors over the quotient 2-functor 7 : @ — @/ @nng(R). Thus, one can say that
R arises as the restriction of a 2-representation of @/@nnq(R). We will make this
precise in Section [4.4] which will enable us to write that R = Res,(Ind,(R)). Further
for all R € @ — Mod, we will be able to deduce that R” := Res,(Ind,(R')) is an
d-quotient of R, that R” = Res,(Ind,(R")) and that J(m) is a subideal of @nn(R").
The cofiltration of @ — Mod that will be introduced in Section can be regarded

as a further refinement to these observations.

We have the following generalisation of Lemma [2.4.6| Note that unlike in the
classical case where we required a trivial kernel, we have to be more precise now and

require a faithfulness condition:

Lemma 3.3.35. Let 0 : R — R’ be an @-functor. If coker(c) = 0, then @nng(R) C
Anng (R'). If o is locally faithful, then Anng(R) O Anng(R').

Proof. For each ¢ € @y, sa,(b1,b2), the canonical 2-arrow R'(c)o(a;) = o(as)R(c)
is an isotransformation. Thus if ¢ € @nng(R), then R(c) = 0 and thus R'(c)o(a),
i.e. R'(c) = 0 on all objects in the image of ¢ on thus also on the idempotent
closure. Hence, coker(os) = 0 implies @nng(R) C @nng(R’). On the other hand if
c € Aung(R'), R'(c) = 0 and thus o(az)R(c) =0, i.e. R(c) is made up of morphisms
that are send to zero under o(ay). Hence if ¢ is locally faithful, it follows that R(c)

is made up of morphisms that are zero, i.e. R(c) = 0, and this implies @nng(R) D
Anng(R'). O

Remark 3.3.36. In [MaMil], coideals are introduced as the subset of 1-arrows in @
which are closed under the left and right action of @ as well as under idempotents.

These subsets correspond to our thick annihilators.

Definition 3.3.37. An ideal Z in a 2-representation R, denoted T < R, consists of
a family of subobjects I(a)(r1,72) of R(a)(r1,72) for all a € A and ri,r2 € R(a).
Furthermore, L shall be closed under composition and application of the functors
R(b) : R(a) — R(a) for all 1-arrows b:a — o' in @. An ideal T Q R is called thick,

if it is generated by identity 2-arrows.

Let us now give an example in Vectc — Mod, which induces an identity morphism
on the level of the split Grothendieck groups, and yet provides insights on the non-

triviality of the categorical structures we have just defined:
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Example 3.3.38. Consider two categories, constructed as additive closures from

C-linear quivers as follows:
Lingc ( ‘] ——> 9 ) and Linc ( ‘3 ” ) .

The objects in both categories can be described as pairs (n,m) € Ny x Ny and can
be thought of as C" @ C™. The morphism spaces from (n,m) to (k,[) are of complex
dimension n * k +n %[ + m % [ in the first and n * k + m % [ in the second case.
Both categories become Vectc-modules in an obvious way using the tensor product
®c of Vectc. The second module thus constructed is equivalent as Vectc-module to
the direct sum of the principal Vectc-module Vectc, see Definition [3.3.3] with itself.
Let F be the Vectce-functor from the first to the second Vectc-module determined by
F(-1) = -3 and F(-3) = +4. Clearly, F' has to send all morphisms -; — -5 to zero. We
have ker F' = 0 and coker F' = 0, and thus im F' # coim F'. The ideal Z(F’) contained
in the first category, see Proposition |3.3.39] consists of all morphisms -; — -5, the
zero morphisms of -; and -5, the zero morphism -5 to -1, as well as all direct sums of
these morphisms. On the other hand, the annihilators of both modules, see Definition
3.3.33 (as well as the annihilators of object to be defined in Definition are

trivial. We will reformulate this example in an equivalent fashion in Example [4.1.8]

Proposition 3.3.39. Let Z<R be an ideal. Then, there exists an @-quotient R/ZT of
R and a quotient A-functor mr : R — R/Z. On the other hand let o : R — R’ be an
A-functor. Then, the family of morphisms in R(a) that are send to zero under o(b)
for all a, ' € 4 and all 1-arrows b : a — a’ in A forms an ideal which we denote by
I(0) < R and o factors over wr(y). Further, let o' : R — R" be another A-functor.
Then, we have Z(c) C Z(o' o). If o is a quotient A-functor, then the factorisation of

wz is an equivalence in @ — Mod. Furthermore given T < R, we have I(nz) =T.
Proof. This is standard. O

Remark 3.3.40. Given o € Homg(R, R'), ker(o) is the maximal full sub-@-module
of R whose morphism are contained in Z(o). Note that the minimal ideal in R that
contains all morphisms of ker(o) is thick and can be described as Z (R — im(0)).

Moreover in @ — Mod, we have the following commutative diagram:

ker (o )¢ R - R’ coker (o)

R e

im(¢0) — R/Z(0)—— coim(o)

Here < (resp. —) indicates that the @-functor is locally faithful (resp. locally full).
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Remark 3.3.41. Cokernels of locally full 4-functors in Hom (@, D) were already ex-

plained in [Roud], under the assumption that the 2-category B has cokernels.

Remark 3.3.42. In [MaMi2] given a 2-functor F' : @ — B, the associated ideal in
J(F) <4 is denoted by Ker(F'). We propose the notation J(F'), since kernels do not
exist within the category of 2-categories, in the same way as they do not exist in the
category of unital rings. In [MaMi2] given a 2-representation R : @ — 4dd, Ker(R)
is used to denote @nng(R). We propose the notation @nng(R) (instead of J(R)) to
highlight that R € 4 — Mod.

Remark 3.3.43. Given an ideal <9, one can consider @ and /7 as @-modules and
there is a quotient @-functor 7 : @ — 4/F. Morally, this should lead to a bijection
Anng(A/F) = Z(w). However only if @ has a single object, this is the case. We will
make a precise statement in Remark [3.3.58]

Finally, we introduce annihilators of objects within 2-representations. The reader
will note that the annihilator of a higher representation agrees (in an appropriate

sense) with the intersection of all annihilators of its objects.

Definition 3.3.44. Let a € A, R € @ — Mod and r € R(a). The annihilator of r,
denoted by Ann,(r) < P,, consists of all ¢ € Ay_yqr (b1, be) where by, by and a’ vary
such that 0 = R(c), € R(a’") (R(b1)(c), R(b2)(c))).

Remark 3.3.45. Definition is taken from [MaMi2]. More conceptually, one
can use the equivalence Homgq(P,, R) = R(a) to obtain an evaluation @-functor
ev, : P, — R determined by I, — r. Then, Ann,(r) = Z(ev,) <P,. Also, note that
the maximal thick subideal of Ann,(r) can be described as Z (P, — im(ev,)), and
that the indecomposable objects of ker(ev,) are in one to one correspondence with
the annihilator of r as defined in [MaMii].

3.3.4 Representability and uniqueness

In this section, we discuss representable 2-functors. Applied to 2-functors with domain
@ — Mod, this is the appropriate generalisation of a universal property. We make the
standard observation, based on the 2-Yoneda lemma, that higher representations
that satisfy a univgersal property are unique up to equivalence. Constructions of
such universal properties and their representing objects forms an integral part of
this thesis. As examples, we discuss (sub-2-functors of) weight space 2-functors, and

(quotients of) principal representations.
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For the remainder of this section, we fix an additive 2-categories 4 and a 2-
category @ such that the 2-functor d(a, —) : 4 — B is well defined for all a € 4. For
our purposes it is enough to think of the cases B = Add, Add"**™, Add* or Add"*™.

Definition 3.3.46. A 2-functor R : @ — B is called representable, if there exists
a € A and an equivalence of 2-functors A(a, —) = R in Bom (4, D).

Example 3.3.47. For all a € 4, the principal representations P, : 4 — 4dd is

representable by definition.
Objects that represent a given 2-functor are essentially unique:

Proposition 3.3.48. Let aq, as € @. Then, there exists an equivalence a; = ao in @

if and only if there exists an equivalence A(ay, —) = A(aqz, —) in Hom (4, V).

Proof. The first implication holds due to the interchange law. In order to show
the converse implication, let us denote R; := 4(a;, —). By assumption, we have
morphisms of 2-functors o1 : Ry — Ry and o9 : Ry — R;, and morphisms of
morphisms v, : idp, = 0901 and Yy : idg, = 0109. Setting b; := o;(a;)(1,,),
we define l-arrows as by a; and ag b2, as in . We have an isotransforma-
tion yi(a1) : idg, 4y — 02(a1)o1(ar) of endofunctors of A(ay,a;) and thus iso-
morphisms vi(a1)s,, : lo, — 02(a1)(b1). Further, oo(ar)(b1) = o2(ar)(bils,) =
biog(as)(1,,) = bibe, where the isomorphism comes from evaluating the invertible
2-arrow oy(ay)Ry(by) = Ry(by)os(as) associated to the morphisms of 2-functors o

at I,,. It follows that I,, — biby and I,, — bob; is shown analogously. O

Representability of functors is a useful concept due to the Yoneda lemma, which
has a vast rage of applications. It states that for any functor F' : C — Set, where
Set denotes the category of sets, we have a bijection €ate_,se:(C(c, —), F) = F(c).
In particular, an isotransformation C(c;,—) = C(cq, —) is the same as an isomor-
phism ¢y — ¢; in C. In the 2-categorical setting, we have to replace isomorphisms
by equivalences and choose a good replacement for Set. For the remainder of this
section, we assume that the categories om(4,B)(R, R’) are objects in B for all 2-
functors R, R' : @ — B. For notational clarity, we write Bomgq_, = Bom(d,B). The
following statement is called the 2-Yoneda lemma, see [Roudl Section 2.2.4] for the
first statement in Lemma [3.3.49 in the B = €at case.

Lemma 3.3.49. Let a € @. Then, we have Homq_p (A(a,—),R) = R(a) in R.

Further, we have Bomq .z (A(a, —),4(a,—)) = A" (a,a) as monoidal categories.
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Proof. We provide a sketch only. First, define a 1-arrow Bomq_ .z (4(a, —), R) — R(a)
in @ as follows: A morphism of 2-functors o : A(a, —) — R is send to o(a)(1,) € R(a)
and a morphism of morphisms v : ¢ — & is send to y(a);,. Second, the l-arrow
R(a) — Bomq_p (A(a,—), R) in B is defined as follows: An object r € R(a) is send
to the morphism of 2-functors 4(a, —) — R which for all a’ € @ sends b € 4(a,d’) to
R(b)(r) and for all by, by € A(a,a’) sends a 2-arrow ¢ : by = by to R(c),. The natural
isomorphisms necessary to complete the definition of the 2-functor 4(a, —) — R are
induced by the natural isomorphisms that are part of the datum of the 2-functor R.
We leave it to the reader to check that the respective compositions of these 1-arrows
are isomorphic to the respective unit 1-arrows, which establishes the first statement.
For the second statement, we take two morphisms of 2-functors oy, oy : A(a,—) —
Q(a,—). The composition of their images o1 (a)(I,) and oq(a)(l,) is o1(a)(1,)oa(a) (1)
by the definition of the reversed category. This agrees up to isomorphism with the im-
age (0901)(a)(I,) of their composition oy0y. Since (0201)(a)(1,) = o9(a)(o1(a)(1,)) =
oo(a)((o1(a)(1a)).1.) = (o1(a)(1,))oa(a)(l,), where we used both the left unit in
Q(a,a) as well as the structure map of the 2-functor oy, it is straightforward to

turn the equivalence into a monoidal equivalence. O

Remark 3.3.50. The 2-Yoneda lemma (for B = €at) has a long history. See [Leil]
for a an independent treatment of this statement and the most important references.
The crucial application to the Yoneda embedding for bicategories, as well as the
corollary that every 2-category is biequivalent to a strict 2-category can also be found
there. It is worth noting that according to their own introduction, [Mo| provides the

first complete proof of this statement in 1997.

Definition 3.3.51. Let a € 4. We call the obvious 2-functor ®, : A — Mod(B) — B
that is given by ®,(R) = R(a) for all B-modules the a-weight space 2-functor.

Provided our assumptions on @ and B, one deduces the following statement. This
statement has already been used implicitly in [Roudl Section 5.1.3] for B = €at and
has been stated explicitly for (k-linear) principal representations of a strict 2-category
4 in [MaMi2, Lemma 9].

Proposition 3.3.52. Let a € A. Then, P, represents ®,.

Proof. By the 2-Yoneda lemma applied to the pair (d—Mod(RB), B), we have an equiv-
alence Bomg_yoqm)m (Homg(Pa, =), Pa) = @o(Pu) = Pula) = A(a,a) in B. Thus,
I, € A(a, a) gives rise to a morphism of 2-functor Homgq(P,, —) — @,. Evaluated at
R € @ — Mod(RB), this morphism agrees with the functor Homgq(P,, R) — R(a) =
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®,(R) of the 2-Yoneda lemma, which is an equivalence. Thus, Homg(P,, —) — P,
is locally an equivalence, and it is not hard to check that these equivalences actually

define an equivalence of 2-functors. O

We will now see that 4 is fully encoded in its category of higher representations.
For this purpose, denote by Prin(@) the 1-2-full subcategory of @ — Mod that has
all principal representations as objects. In the same way as in the 2-Yoneda Lemma
[3.3.49] the reversed category comes into play:

Corollary 3.3.53. The assignment a — P, extends to an equivalence "7 = Prin(9).

In particular, B* = Hompg(B, B) as monoidal categories.

Proof. We leave it to the reader to assert that the equivalences provided in Proposition
3.3.52) actually defines 2-functors and morphisms of 2-functors that together yield this
equivalence. Let us however provide an explanation for the appearance of the reversed

2-category @" through the following up to isotransforamtions commutative diagram:

grev(al, CLQ) X grev((lg, CL3)

greV(al , a3)

A(as,a1) X Aas, as) QA(as,a)

- -

’Homg (Ptll ) Pa2) X Homg (Paw Pas) - Homg (7)@1 ) Pag)

]

Remark 3.3.54. We will prove an enhanced version of the second statement of

Corollary [3.3.53| in Theorem [4.5.10]
Remark 3.3.55. Proposition|3.3.48|clearly follows from Corollary|3.3.53] We decided

to present the statements in this order, since we expect that most readers are more

familiar with Proposition than with Corollary |3.3.53|

Now let a € 4, and let Z <P, be an ideal of the principal representation P, of
@. We denote by P% := P, /T the corresponding @-quotient. There exists an obvious
2-functor ®Z : @ — Mod — @dd that sends an @-module R to the full subcategory of
R(a) with objects M that satisfy Z C Ann,(M). Clearly, this 2-functor comes with a
locally fully faithful morphism ®Z — &, of 2-functors. Since, P, — PZ is a quotient
@-functor, it induces a fully faithful functor Homg(P%, R) — Homg(P., R). The
equivalence Homg(P,, R) = ®,(R) now clearly induces equivalences Homg(PZ, R) =
®Z(R) which are natural in R. We have obtained the following result, a special case
of which has been used in [Roudl Section 5.1.3]:
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Proposition 3.3.56. Let a € @ and let T AP,. Then, ®L is represented by PZ.

Example 3.3.57. 1. Let @, be a 2-Kac-Moody algebra and A € @;. In [Roud],
the A-weight space 2-functor @ — Mod(&Lin,) — €at that sends R — R(\) is
discussed. It agrees with the composition of ®, with the forgetful 2-functor
Liny, — €at. Further, it is stated that a 2-representation denoted Hom(\, —) €

A, —Mod(Ziny) represents this composition. In our notation, Hom(X, —) = P,.

2. In [MaMil], the corresponding 2-Yoneda lemma for Abelian higher representa-
tions is proven for the Abelian principal representations P,. In [MaMi2|, an
abelianization 2-functor is constructed and it is shown that P, — P,. They
also provide an adjoint (though do not state that it is one), which one may use
to deduce the universal property of P, from P,. Working out the details should

also lead to a connection between PZ and the modules P! defined in [MaMil].

Having introduced principal representations and their @-quotients, we can make

Remark [3.3.43| precise:

Remark 3.3.58. Let J <@ be an ideal. For all a € 4, we obtain an ideal Z, <P,
by setting Z,(a’) := J(a,a’) for all ’ € 4, and we denote the associated quotient @-
functor by 7, : P, — PZe. Denoting @ := @,.qma, we have Z(7)(a') = B ,cq F(a, )
for all «’ € 4. Now, one may abuse notation in two different ways by writing 4 =
D.caP. and 4/F = P,.q P in @ — Mod. Since Reswg;(P?/g) = (P2, these
notational abuses lead to the statement @/J = Res,(4/F) in @ — Mod. In this
sense, we have mg = 7 as @-functors. However, one has to be careful with such
identifications: The ideal Z(7) in the @-module @ contains the morphisms of the ideal
Anng(A/F) = J(rg) = F in the 2-category @ in multiple form, as the above formula
shows. Ounly if 4 has precisely one object, Z(7) and @nng(@/F) are identical.

Remark 3.3.59. Representability is usually formulated for B = €at, which is suf-
ficient to prove uniqueness up to equivalence of any representing object. For the
relation to ideals however, we used the existence of zero 2-arrows. Further, it will be
crucial later on to consider 2-functors for example with B = Add ™. This was the

motivation for framing this section with flexible 1.
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Chapter 4

Higher Representation Theory II -
New Developments

This chapter is the technical centre piece of this work. All statements apply to arbi-
trary additive 2-categories 4. For simplicity, we often focus on an additive monoidal
category B instead of 4. Section discusses centres and base change of @-modules.
Section [4.2 introduces three generalisations of the classical notion of cyclicity: First, a
direct generalisation called 1-cyclicity, second 2-cyclicity which takes morphisms into
account and implies desirable properties for the functor categories with 2-cyclic do-
main, and third functorially cyclic modules which are 2-cyclic modules and posses
a more readily testable definition. Section introduces (indecomposable) split
Frobenius objects and discusses the additive Barr-Beck theorem, first for additive
categories, then for 2-functors with codomain @dd'*™ and finally for universal prop-
erties of additive higher representations. It is shown that representability of universal
properties is preserved under the additive Barr-Beck construction. Furthermore, the
split Frobenius 2-category is introduce as well as preorders for split Frobenius ob-
jects. Section is a technical intermezzo about restriction 2-functors and their
adjoints, which is kept as brief as possible with our applications in mind. Section
revisits functorially cyclic modules. Using the additive Barr-Beck theorem, bi-
jections between equivalence classes of certain modules (including functorially cyclic
modules) and isomorphism classes of split Frobenius objects, a universal property of
functorially cyclic modules, as well as an equivalence between the 2-category of free
functorially cyclic modules and the split Frobenius 2-category are established. Fur-
ther, the preorders on split Frobenius are related to representation theory. Finally,
(strongly) universal cell modules are introduced and for weakly regular additive 2-
categories it is shown that existence of strongly universal cell modules is equivalent

to the existence of split Frobenius objects that satisfy certain technical conditions.
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Section discusses coinvariant theory. Section studies the compatibility of ad-
ditive Barr-Beck construction with monoidal quotient functors, and shows that the
induced functors remain full and, provided a technical condition, also essential sur-
jective. Section shows that functorially cyclic modules can be equipped with a
natural monoidal structure, provided that the associated split Frobenius object is
symmetrically central. Finally, Section provides an abstract framework in which
Jordan-Holder theory can be addressed. First, cofiltrations of the 2-categories of ad-
ditive higher representations associated to refinements of the ordering of the set of
2-sided cells, as well as modules isotypic with respect to a 2-sided cell are introduced.
Second, a framework for Jordan-Holder theory in terms of isotypic covers is lined out

and various challenges that make it hard to establish results are discussed.

4.1 Centres and base change

In this section, we discus centres and base change of @-modules. The latter notion
had already been used in [Roud|, however the role of centres had not been made
transparent. For notational simplicity, we mostly work in B — Mod, with obvious
generalisations to @ — Mod. Recall from Remark that the centres we discussed

in Section [3.2] are commutative.

Definition 4.1.1. Let M € B— Mod. We define the centre of M as a B-module by
ZB(M) = ZB—Mod(M)-

Remark 4.1.2. The centre Zz(M) of a B-module M can be viewed as a subring
of the centre Z(M) of the underlying additive category M. This subring is given

by all those transformations compatible with the B-action. In formulas, we have
ZB<M) = {(ZM)MEM S Z(M)‘BZM =zpu VB € B}

Example 4.1.3. One can verify explicitly that Zz(B) = B(I,I). Provided certain
cyclicity assumptions, we will show the more general Corollary 4.2.21| that provides a
method to calculate the centre of higher representations in terms of a subring of the

endomorphisms of a cyclic generator. A less general but more explicit version follows

in Corollary [4.5.28

Let M be a Z-linear category, that is M has finite biproducts and we have
a ring homomorphism Z — Z(M). Let A be a Z-algebra. We can form a new
category M ®z A with the same objects as M and morphism spaces defined by
(M®zA)(My, My) := M(M;y, My)®zA. More generally, given a Z-linear category A,
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we can form a category M ® ;A with objects pairs (M, A) where M € M and A € A.
The morphisms spaces of M ®; A are defined as M ®z A((M, A1), (M, Ay)) :=
M(My, My)®7A(Aq, Ag). If M and A are additive, we abuse notation and denote by
M ®z A the additive closure of the category defined above. Now, let M € B — Mod
and A be a Zg(M)-linear category. Since the underlying additive category M is
Z(M)-linear, and thus Zz(M)-linear as well, we can form the additive category
M ®@z,m) A. In fact, we have the following statements:

Proposition 4.1.4. Let M € B—Mod and let A be a Zg(M)-linear category. Then,
M ®@z,0m) A € B— Mod.

The following proposition may serve as a motivation to compute Zz(M) and
Homp(M,N). We will be able to do so provided M is 2-cyclic.

Proposition 4.1.5. Let M, N € B — Mod. Then, evaluation defines a B-functor
M @z, (m) Homp(M,N) = N.

Remark 4.1.6. Note that Homg(M,N) is a Zz(M)-linear category, and therefore
that the domain of the evaluation B-functor is well defined. The remaining details of
the proof pose no significant challenges. Since neither Proposition [4.1.4 nor Proposi-
tion will be used in any proofs this thesis, we do not prove these propositions

here.

Remark 4.1.7. Proposition is used to state the Jordan-Holder theorem of
[Roud] for a 2-Kac Moody algebra @;. In particular, [Roud, Lemma 5.4] uses the
application of this proposition to the minimal categorifications £(A) € @; — Mod.
The tensor product was taken over a quotient of (@g)x_x(Ix,Ix) which is indeed
Zq,(L£(N)) but also agrees with Z(L£(A)). The new observation here is that Z5(M) is
the maximal subring Z’ < Z(M) that allows one to construct a canonical B-action

on the additive category M ®z A for all Z'-linear categories A.

Example 4.1.8. The C-linear quivers of Example yield C-algebras A and A'.
The algebra A (resp. A’) has complex dimension 3 (resp. 2) and has a basis given by
the idempotents -1, -5 and the arrow -; — -5 (resp. a basis given by the idempotents
-3 and -4). Furthermore, we have a C-algebra morphism A — A’ which is defined
analogously to the Vectc-functor F' of Example Since Z := Zyeq.(Vectc) = C,
we obtain Vectc-modules Vectec ® zA and Vectec ® zA’, whose idempotent closures
are equivalent to the modules of Example [3.3.38 Further, the Z-algebra morphism
A — A" induces a Vecte-functor Vecte ® zA — Vecte ® z A’ which up to idempotent

closure and equivalence corresponds to F'.
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There is another centre that is heavily studied in the literature. Clearly this center

is not a commutative ring, but rather a monoidal category.

Definition 4.1.9. The Drinfeld centre of an additive 2-category @ can be defined as
ZDR(g) = ;50mgﬁg(idg, ng)

It is well known that ZPR(Q@) is an additive braided monoidal category, see for
example [Ka] for the standard definition describing objects and morphisms explicitly.
The unit object is given by the 2-functor i¢dg and the necessary additional structure

comes from the left and right unit transformations.
Remark 4.1.10. Let R € @ — Mod. Then, we have Endg(R) € ZP%(@) — Mod.

We will not discuss the Drinfeld centre in this thesis, we will however use the
endomorphism ring of its identity object. This endomorphism ring will for example

play a role when we discuss central quotients in Section [4.4]

Definition 4.1.11. We denote by Z¥(Q) the ring of endomorphisms of the identity
morphism of the identity 2-functor of A. In formulas, Z%(@) = ZP*(A)(idq, idg).

Proposition 4.1.12. Let R, R’ € @ — Mod. Then, we have a canonical ring homo-
morphism Z®(A) — Zq(R), that is further compatible with the analogous morphism
Z9(@) — Zq(R') in the sense that the Zq(R)-Zq(R')-linear category Homg(R, R)
can be regarded as a Zq(R) Rze@) Za(R')-linear category. Furthermore, we have an
injection Z%(A) — Zq(P,cq Pa)-

Proof. An element z € Z%(@) is nothing but a family index by a € @ of 2-arrows
2o + I, = I, in 4(a,a) that satisfies certain compatibility properties. Similarly, an
element w € Zg(R) is given by a family of morphisms (w,), : b — b indexed by
a € and b € R(a). Defining (w,)s as the composition b = idgq)(b) = R(1,)(b) Blzq)
R(I,)(b) = b, yields indeed an element w € Zg(R). We leave it to the reader to
check the details, as well as that the thus defined map Z¥(@) — Z5(R) is a ring
homomorphism. The reader may want to note that the arguments presented here are
a special case of some of the arguments needed to prove Remark [{.1.10] Further, the
abstract nonsense in Proposition implies that Homgq (R, R') is a Zgq(R)-Z4(R')-
linear category. We leave it as an exercise to check that the actions of Z®(4@) on the
morphism spaces of Homgq (R, R') induced via Zg(R) and Zg(R’) agree. Establishing
this implies that Homg (R, ') is a Zq(R)® z¢ g, Zq([)-linear category. Furthermore
for R = @, .q Pw, the image of 2 = (24),cq is given by the transformation which is
given for all a € @ and b € @, .q Pw(a) by the composition b = bl, D2y b1, b,
Choosing b = I, € A(a,a) C¥ @, cqa Pa(a) implies injectivity. O

63



4.2 Cyclicity

In this section, we study generalisations of the classical notion of cyclicity. Section
introduces a direct generalisation called 1-cyclic modules and provides furhter
justifications for this notion. Section extends the discussion of 1-cyclic modules
to an acting 2-category and discusses the refined structure that arises in this case.
Section introduces 2-cyclic modules, which are 1-cyclic and whose morphisms
are controlled by the acting 2-category in particular way. A fairly explicit description
of the functor categories with domain given by a 2-cyclic modules is provided. Section
[4.2.4) introduces functorially cyclic modules and shows that they form a subclass of
2-cyclic modules. Section discusses the non-uniqueness of the structure functors

and transformations of a functorially cyclic module.

4.2.1 1-cyclicity

In this section, we introduce 1-cyclic modules which are the direct counterpart of the

classical notion of cyclicity. We also provide several justifications for this notion.

The discussion of the classical counterpart and especially Proposition [2.3.10| sug-
gest the following definition. Recall the notion of strong indecomposability introduced
in Definition

Definition 4.2.1. Let C € B — Mod. Then, C is called 1-cyclic if C s trivial or if

there exists an strongly indecomposable B-functor B — C with trivial cokernel.

Remark 4.2.2. Classical notions of cyclicity can be unified as follows: An object
is cyclic if and only if there exists an epimorphism from a free object of rank 1.
For example for modules over a ring A this free object of rank one would be the
A-module A, and for (Hausdorff topological) groups it would be Z (equipped with
the discrete topology). This motivates an alternative definition of 1-cyclicity, namely
that C € B—Mod is 1-cyclic if and only if there exists a B-functor B — M which is an
“epimorphism”, that is it induces a “monomorphism” Homg(C, M) — Homg(B, M)
for all M € B — Mod. Unfortunately, there is no good notion of “monomorphisms”

between additive categories.

Nevertheless, there is a criterion for 1-cyclicity formulated in terms of the cate-

gories of B-functors and B-transformations as the following proposition shows.

Proposition 4.2.3. Let C € B — Mod be non-trivial. The following are equivalent:
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1. C 1s 1-cyclic.

2. There exists a strongly indecomposable B-functor B — C such that for all M €
B — Mod the induced functor Homp(C, M) — Homp(B, M) is faithful.

3. There exists a strongly indecomposable object C' € C such that for all M €
B — Mod and for all F,G € Homg(C, M) the morphism Home_pm(F,G) —
M(F(C),G(C)) which sends a — ac¢ is injective.

4. There exists a cyclic generator, i.e. a strongly indecomposable object C' € C such
that for all C" € C there exists B € B with C' C® B.C.

Proof. Recall that Homg(B, M) = M for all M € B — Mod by Proposition [3.3.52]
Thus, a B-functor F' : B — M is strongly indecomposable if and only if one and
all objects M € M with M = F(I) are strongly indecomposable. This implies
that the strong indecomposability statements in (1)-(4) are all equivalent. We can
thus show that (1) = (4) = (3) = (2) = (1) without having to mention strong
indecomposability again.

(1) = (4): Let m : B — C be a B-functor with coker(r) = 0. Define C' := 7 (I).
Recall that coker(m) can be constructed as the additive quotient of C by all objects
of the form 7(B) for B € B. Since coker(m) = 0, all objects of C have to be a direct
summand of 7(B) for some B € B. Using the right unit axiom of B and the fact that
7 is a B-functor, 7(B) = w(B.I) = B.C and the claim follows.

(4) = (3): Let C' € C such that for all C" € C there exists B € B with C" C® B.C.
Choose M € B — Mod and F,G € Homp(C, M) arbitrarily. It is enough to show
that any o € Home_m(F,G) is uniquely determined by «¢. By definition of B-
transformations, « is a family of morphisms a¢ for C' € C with additional properties.
It is enough to show that a¢ is determined by a¢ for a fixed C' € C. Since « is a

B-transformation, this follows from the commutative diagram

Ber F(C) L P(Be.C) Y Py

lBC/.aC o lQBC,AC jacl
can,

Ber.G(C) G(Bor.C)—E" ()

(3) = (2): Let C € C be an object such that evaluating B-transformations between
B-functors with domain C is a faithful map. By the equivalence Homp(B,C) = C, we
have a B-functor 7 : B — C with 7(I) = C. Let M € B—Mod be arbitrary. We need
to show that Homp(C, M) — Homp(B, M) is faithful. For F, G € Homz(C, M),
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we thus have to show that Home_,p(F, G) — Homp_m(Fm,G7) is injective. Us-
ing again the equivalence Hompg(B, M) = M, we obtain the first of the following
equivalences Homp_ym(Fm,Gr) = M(Fr(I),Gr(l)) = M(F(C),G(C)), where the
latter follows from 7(I) = C. We leave it to the reader to check that the thus con-
structed map coincides with the injective map a — a¢ of property (3). (2) = (1):
Let 7 : B — C be a B-functor such that Homp(C, M) < Homp(B, M) is faithful for
all M € B — Mod. Denote by can : C — coker(w) the canonical quotient B-functor
for which can = 0, see Lemma [3.3.26] Using M = coker(r), we obtain a sequence
Homy(coker(r), coker(n)) —= Homp(C, coker(n)) — Homp(B, coker(r)) where the
second arrow is faithful and the composition is zero. By this sequence, we have
ideoker(r) = idean + ideanr = 0. Since, the second arrow in the sequence is faithful,

idean = 0 follows and thus can = 0. Since can is a quotient functor coker(w) =0. O
Following Proposition [2.3.10, we ought to make the following definition as well:

Definition 4.2.4. Let C € B—Mod. We call C a cell module if there exists strongly
indecomposable B-functor B — C and if coker(m) = 0 holds for all nonzero B-functors
m:B—C.

Remark 4.2.5. It is interesting to note that the classical counterpart [C] in [B] —
Mod®No) of a cell module C € B — Mod, might not be a cell module. This can occur
for cell modules that are not idempotent closed. Example [3.3.28| provides two such
modules M € B—Mod that arise from B (which is not a cell module) through manip-
ulation of morphisms. These manipulations do not change the Grothendieck group
of the modules and thus the classical counterparts are not cell modules. However
in type A; (and similarly for appropriate generalisations in other types), the thus

constructed modules are cell modules.

Example 4.2.6. If the unit object of B is strongly indecomposable, it follows that
the principal representation B € B — Mod is 1-cyclic. In this case, B may or may not
be a cell module. Soergel bimodules provide an example in which this is not the case,
whereas G € G — Mod as introduced in Section is a cell module provided certain

assumptions on the ground field are satisfied.

The following examples gives a first motivation why we required the cyclic gen-
erator to be strongly indecomposable. We will elaborate further upon the indecom-

posability requirement in Example |4.2.29 as well as upon strong indecomposability

in Example
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Example 4.2.7. Let C € B — Mod be a 1-cyclic (resp. cell) module and let A be
a unital Z3(C). Then, C ®z,() A may no longer be l-cyclic (resp. no longer be a
cell module). For example, this is the case if A that has two (or more) orthogonal
idempotents, since any cyclic generator of C will no longer be strongly indecomposable
in C ®zg,(cy A

Remark 4.2.8. In [MaMil], a different notion of cyclicity was proposed. Therein,
an Abelian higher representation M € B — Mod(@b'™) is cyclic if and only if there
exists M € M such that for all M’ € M there exists B € B such that M’ = B.M and
such that B(B, B') — M(B.M, B'.M) is surjective. Note that B denotes the Abelian
envelope of B which may be characterised by its universal property that it represents
the forgetful functor @ —Mod (@6'*™) — @p'*™. In other words, an Abelian B-module
is cyclic in the terminology of [MaMil] if and only if it is a B-quotient of B. While
this is a reasonable assumption in the Abelian (which leads to the important results
in [MaMil]-[MaMi5]), it is quite a strong assumption from our additive viewpoint.
Our 1-cyclic modules certainly do not satisfy such an assumptions. This will become
clearer through property (2) in Definition [4.2.17] where we will introduce a subclass

of 1-cyclic modules.

Let us make another comment related to the lack of a good notion of “monomor-
phisms” between additive categories and whether there is a better requirement than

faithfulness:

Remark 4.2.9. The reader may wonder whether there is a better requirement that
could be imposed on the functor Homg(C, M) — Hompg(B, M). Here, better may
refer to a definition that is easier to test or to a definition that implies new useful
properties. A first idea that might come to mind are faithful functors that are injec-
tive on objects. A second idea would be faithful functors that reflect isomorphisms.
Neither idea is useful as discussed next. See Remark [£.2.2(] for another idea.

The first idea has the clear drawback that it leads to a notion of cyclicity that is
not stable under equivalences. The second idea takes care of this issue. By Remark
[2.3.11] the second idea can however at best hold for certain choices of strongly inde-
composable B-functors B — C. Even if we are able to make such a good choice, we
can prove this requirement only if Homg(C, M) satisfies the Krull-Schmidt property
(and also use a stronger notion of cyclicity introduced in Section . Furthermore,
the Krull-Schmidt property of the functor category Homg(C, M) neither obvious in

examples nor do we expect it to hold in general.

67



4.2.2 Refinement for the action of a 2-category

For future reference, we extend our definition of 1-cyclicity to @—Mod for an arbitrary
additive 2-category 4. Similar to the classical Remark [2.1.10, one can refine the
definition according to objects of @. Proofs are given only where new concepts are

involved as compared to the B — Mod case.

To motivate the following definition, note that the only 2-functor @ — Mod — @dd
that may reasonably be call the forgetful functor sends R ~— [],.q R(a). This functor

is represented by €,.q Pa, the direct sum over all principal representations.

Definition 4.2.10. Let R € 4 — Mod. We say R is 1-cyclic if R is trivial or if there
exists a strongly indecomposable A-functor @,.q Pa — R with trivial cokernel. For
all a € A, we say that R is a-cyclic if there exists a strongly indecomposable A-functor

P, — R with trivial cokernel.

The following characterisation is the obvious generalization of Proposition [4.2.3]
in the B — Mod case:

Proposition 4.2.11. Let R € @ — Mod be non-trivial. The following are equivalent:
1. R s 1-cyclic.

2. There exits a € A and a strongly indecomposable A-functor P, — R such that
for all R" € @ — Mod the induced functor Homg(R, R') — Homg(P,, R') is
faithful.

3. There exists a € @ and a strongly indecomposable object b € R(a) such that for
all R € @ — Mod and 0,6 € Homg(R, R') the morphism Homp_,p(0,5) —
R'(a)(F(b), G(b)) which sends v — ~y(a), is injective.

4. There exists a € A and a cyclic generator b € R(a), i.e. a strongly indecompos-
able object b such that for all o' € A and b’ € R(a’) there exists b € A(a,a’) with
v C® R(b)b.

5. There exists a € A such that R is a-cyclic.

The objects of 4 carry a partial order which was of course trivial in the case of a

monoidal category (i.e. 1-object 2-category) B:

Definition 4.2.12. Let a,a’ € . We write a < d' if and only if there exists by €
A(a,a’) and by € A(d',a) such that I, C¥ byby. An equivalence class of the partial

order < is called a cell in 4.
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Example 4.2.13. Let 4; be a 2-Kac-Moody algebra. The objects of @ are given
by the set of weights X of the underlying Kac-Moody algebra g. It follows from
@,,-theory that A < X if and only if the X-weight space of £()) is nonzero, where
{5\} = WANXT. Thus, the maximal <-equivalence classes are given by the pairwise

distinct orbits of 0 and all fundamental weights w; for i = 1, .., rkz(X).
Proposition 4.2.14. We have a < d' if and only if P, is a’'-cyclic.

Proof. By definition, a < a’ if and only if there exists b; € @(a,a’) and by € A(d’, a)
such that I, C® byb;. This is equivalent to the statement that for all a” € @ and
b € P,(a”) we have ' =2 b o I, C% I/(beby) = (b'bg)by. This is precisely property (4)
of Proposition with @’ being the object that was required to exist. Property
(5) relates this to a’-cyclicity. O

Corollary 4.2.15. Let a < a’ and R € 4 — Mod be a-cyclic. Then, R is a’-cyclic.

Proof. This follows for example using the second criterion in Proposition [4.2.11] and

the fact that the composition of two injective maps is injective. O]

Remark 4.2.16. In particular, if {a;}icq1,..n) are representatives of the maximal
equivalence classes, then for every cyclic module R there exists i € {1,...,n} such

that R is a;-cyclic. We haven’t studied under which conditions ¢ is unique.

4.2.3 2-cyclicity

In this section, we introduce 2-cyclic B-modules. In addition to the requirements
of 1-cyclicity, the morphisms of 2-cyclic modules are controlled by the action of B
in particular way. This somewhat surprising requirement will be justified by Theo-
rem that controls B-transformations of B-functors with 2-cyclic domain. For
simplicity, we do not discuss 2-cyclicity in @ — Mod.

Definition 4.2.17. Let C € B — Mod. We say C is 2-cyclic if C s trivial or if C

satisfies the following properties:

1. There exists a cyclic generator, that is a strongly indecomposable object C € C
such that for all C" € C there ezists Bor € B, vcr € C(C', Ber.C') and wer €
C(BC/.C, C,) with TTcr © Llgr = Zdol.
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2. For all c € C(C',C") there exists b. € B(Bcr, Ber) such that

1ol !
C' —— Bc.C ——=C" commutes.
c be.idc c

Tl'cll

o
C//L)BCH' e

3. For all B € B and C' € C there exists cang ¢ € B(B ® Bev, Bp.cr) such that

B.CY Ple B.(Bc.C) b B.C"  commutes,
ip.c! Nlcan TWB'C,
\ canpg o/ dde canB’C/.idc
BB.C/- (B &® BC/).C BB.C/-C

where can : B.(Bc.C) — (B ® Ber).C' comes from the monoidal structure
functor of C.

Let us comment on the properties required from a non-trivial 2-cyclic module C:

Remark 4.2.18. 1. This property corresponds to property (4) of Proposition
4.2.3l Thus, a 2-cyclic module is 1-cyclic.

2. This property states that C is very close to being a quotient of B. Note however
that not every morphism of C lies in the image of the action of B. In examples,
this does apply to the idempotent ecr := 1o o e associated to certain C' € C.
This allows for a wider range of Grothendieck combinatorics across all 2-cyclic
modules as a definition made in analogy to the one discussed in Remark

would.

3. We do not require that cang s is an isomorphism. However if cang ¢/ is an
isomorphism, the idempotents B.ecr and eg s are conjugate. In almost all

examples considered in this thesis canp ¢ is an isomorphism, compare however

Remark [4.2.31]

Apart of (strong) indecomposability, the following theorem uses precisely the re-

quirements we made in the definition of 2-cyclic modules and will allow us to calculate
centres in B — Mod in Corollary

Theorem 4.2.19. Let C € B — Mod be 2-cyclic with cyclic generator C' € C, let
M € B—Mod and let F,G € Homg(C, M). Then, the canonical morphism

Home_m(F,G) = M(F(C),G(C))
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of Z5(C) @ze ) Z8(M)-modules which sends o = (aer)crec +— o splits. An explicit

splitting is given in the proof.

Proof. Since C is 2-cyclic, it is 1-cyclic and thus Homepm(F, G) — M(F(C),G(C))
is an injection by property (3) of Proposition[1.2.3] We repeat the proof here in order
to motivate the construction of the splitting. Fix a pair (i¢r, m¢r) for each C" € C as
in property (1) of Definition [£.2.17] Contemplating the commutative diagram

F(ig ~
F(C)S bor) F(Ber .C) = B.F(C)
\ A/)
Qg F(C) *Bor.C Beor.ac
. Glcn |7 -
G(C") G(Bor.C) < By G(C)

\ tG/(WC/)
G(C")

for any a € Hom(F,G), we observe that a¢ determines ac: for all ¢’ € C, which
implies injectivity. Note that so far the proof is independent of the choice of the pairs

(icr, o), however going forward the particular compatibilities required in Definition

will become important.
The above diagram suggests a definition for a splitting: For every & € M(F(C), G(C)),
we define a B-transformation oo = (a¢r)cree by specifying aer for every C” € C as the

icr ~ a G(mer
composition F(C’)M F(Ber.C) <gom— Ber F(C) Ba Bgr.G(C) G(Boi.C) (—C») cen LIt

C;n
remains to check that this splitting is well defined, i.e. that a € Homem(F,G).
First, we need to check that it is indeed a transformation. Second, we need to check
compatibility with the B-action.

For the first task, we fix for every ¢ € C(C’,C") a morphism b. € B(B¢, Ber) as in
property (2) of Definition 4.2.17, The diagram

F(C) L F(Ber.C) < Ber F(C) 295 Ber G(C) —2- G(Ber.C) T2 ()
F(c) LF(bc.idc) lbc.F(z‘dc) lbc.G(z‘dc) lG(bc.z‘dc) G(c)
F(ic//) BC” Q G(TI’C//)

F(C")—% F(Ber.C) <g Ben F(C) = Ben.G(O)

can

can~ G(Ber.C) —=G(C")
commutes for all ¢ € C(C’,C"). The first and last square commutes by property (2)
and functoriality of F and G. The second and fourth square commute since F,G
are B-functors and the square in the middle commutes due to functoriality of the
B-action.

For the second task, we fix for every pair (B,C’) € B x C a morphism canpg ¢ €
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B(B ® B¢, Bp.¢r) using property (3) of Definition 4.2.17, Now, we can deduce that

« is a B-transformation from the following commutative diagram:

~

B.F(C") — F(B.C")
B.F(igr) F(B.igr) Fig.cr)
B.F(Bey.C) - F(B.By.C) FTE—— F(Bg or.C)
~ BC% o
B.Bt.F = By . F
cr-F(C) cang, o1 dr ) B.c'-F(C)
B.Bgi.& By o1&
B.B. = By .
cr-G(C) cang, or -ida(c) B.c-G(O)
~ B.canx) N
B.G(B¢y.C) o G(B.By.C) Cleann o o) G(Bg 1-C)
B.G(TI’C/) %\ G(ﬂ—BAC’)
Tt
B.G(C") can G(B.C")

The two triangles in the left half of the diagram and the central square commute
since I' and GG are B-functors, i.e. compatible with the associativity constraint of B,
and since F' and G are compatible with the structure functor B — End(M) of M.
The two triangles in the right half of the diagram commute due to property (3) of
Definition and functoriality of F' and G. The remaining squares commute due

to further properties required in the definition of B-functors.

That the thus constructed splitting is a Z3(C) ® ze(5) Z25(M )-module homomorphism,

can be checked easily and we leave this to the reader. O]

Remark 4.2.20. Similar to Proposition [£.2.3] it may be possible to characterise 2-
cyclic modules in terms of a B-functor B — C such that for all M € B — Mod the
induced functor Homg(C, M) — Hompg(B, M) satisfies certain properties. Certainly,
these functors would need to be faithful and would also need to have some property

related to splitness. We have not attempted to work this out.

Recall that Z5(C) denotes the centre of C € B—Mod, see Definition[d.1.1] Putting
F = G = ide, we obtain the following corollary. Note that the splitting in the

statement is not a splitting of rings.

Corollary 4.2.21. We have a split injection Z5(C) — C(C,C'). A splitting is given

by the assignment ¢ — a(c) = (a(c)cr)crec where alc)cr := e o (Ber.c) o Lo
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Remark 4.2.22. In the next section, we introduce a special class of 2-cyclic modules
and show in Section that they represent certain 2-functors. We encourage the
reader to check that Theorem implies Theorem for this special class. The
reader should also note that provides additional information, since it controls
B-functors that have this special class as the domain in addition to B-transformations

between such B-functors.

4.2.4 Functorially cyclic modules

In this section, we introduce functorially cyclic modules and show that they form a
subclass of 2-cyclic modules. One clear benefit of this definition is that it can be

verified easily in many examples.

Definition 4.2.23. Let C € B — Mod. We call C functorially cyclic if there exist
a quotient B-functor © : B — B, B-functors C B -5 cuwith F being strongly
indecomposable or trivial, and B-transformations ide = FG N tde such that (8o
a =ide. A functorially cyclic module is called semi-free if B is a quotient of B by a

thick ideal. A functorially cyclic module is called free if m = idp.

Notation 4.2.24. To simplify the notation, we call a functorially cyclic module

C € B—Mod interchangeably (F, G)-cyclic, (F, G, «, 5)-cyclic, (F,G, (B, m))-cyclic or
(F,G,a, 3, (B,n))-cyclic depending on the level of detail that is required.

Remark 4.2.25. Functorially cyclic modules in @ — Mod are defined analogously,
where we have to use @,.q P, as the domain of the quotient @-functor 7. Note
that since the structure functor F' is assumed to be strongly indecomposable, so is
F, which thus has to factor over P, for a unique a € 4. Furthermore the proof of
Proposition implies that we can change a (and the other structure maps) so
that @ is minimal with respect to the order < of Definition [£.2.12]

Example 4.2.26. Let Z <P, € @ — Mod. A sufficient condition for Pf to be
functorially cyclic is that the image of I, € P,(a) = @(a,a) in P*(a) = A(a,a)/Z(a)

under the canonical quotient @-functor is strongly indecomposable or trivial.

Remark 4.2.27. It is a challenging task to classify all functorially cyclic @-modules.
How challenging it is depends heavily on the complexity of @ and what type of clas-
sification one is aiming for. One challenge is posed by the non-uniqueness of the
quintuple (F, G, a, 8, (B, 7)) which we will discuss in Section . For Soergel bi-

modules of type A;, we classified all B-quotients B in terms of generators of the
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associated ideal while keeping track of the conditions that the generators of the dif-
ferent morphism spaces impose on each other. To obtain such a detailed description
for Soergel bimodules of arbitrary type seems rather difficult. In Section (1.5 we
provide several results towards this goal. To achieve this goal, we will first have to
introduce the notion of split Frobenius objects in Section [.3] and study them in great
detail.

The following example of a B-module that we certainly would not want to call
cyclic highlights the importance of the indecomposability requirement on F' in Defini-
tion4.2.23| as well as the analogous requirements in other cyclicity notions introduced

earlier.

Example 4.2.28. We have B-functors B x B - B 2, Bx B, given by (By, Bs) —
By @® By and B — (B, B). The composition A® sends (B, By) to (B @ By, B1 ® Bs).

As B-functors, idgyp is a direct summand of A@® due to the diagram

(i1,2) (m1,m2)

(B1,B2) —— (B1®B2,B1®B>) (B1,B2)
l(bhbz) j(bl@bLbl@bQ) l(bl,lm)
i ! (Z17Z2) i ! I ! (Trl 77r2) ! !

(31732) (316932’316932) - (BhBQ)

that commutes for all (by,b2) € Bx B ((By, Bz), (B}, B})) and where we denoted by i,
the canonical inclusion B-functor into (resp. by 7; the canonical projection B-functor
from) the j-th factor for j € {1,2}. However, A = t; @ 15 where ¢; (resp. (o) is the
B-functor given by B+ (B,0) (resp. B — (0, B)), i.e. A is not indecomposable.

Let us refine this example a little further to also highlight the importance of strong

indecomposability:

Example 4.2.29. Consider the diagonal subcategory D of B x B, i.e. the full sub-
category with objects given by {(B,B)|B € B}. As before, we have B-functors
D% B2 D and idp C® A®. What is different is that A is now indecompos-
able, however A is not strongly indecomposable. Thus, D is not functorially cyclic
either. We would like to highlight the importance of this requirement even further by

pointing out that this example extends to n-fold products.

Proposition 4.2.30. Functorially cyclic modules are 2-cyclic.

Proof. Let C be (F,G,a, B3, (B, m))-cyclic. We have a diagram
—F . o
HomB(c,M)%_Gf Homp(B, M)——">Homp(B, M)
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The functor —F is faithful, since —ide = idyomyzc,m) 15 a direct summand of the
composition (—G)(—F) = —(FG). The functor — is fully faithful since 7 is full and
essentially surjective. As a composition of faithful functors, —7F' is faithful as well.
Furthermore, as F' is strongly indecomposable, the same holds for F'r. Thus, C is

1-cyclic by property (2) of Proposition m The same proposition also shows that

property (1) of Definition is satisfied.

Let us give another proof of property (1) of Definition which will guide us
towards establishing properties (2) and (3) of the same Definition and thus proving
this proposition. Define C' := Fr(I) and for all C" € C set B := G(C"), where we
identified Ob(B) = Ob(B) w.l.o.g in the latter definition. First note that C is strongly
indecomposable, since C(C,C) = Homp_,c(Fm, F'r) by the 2-Yoneda Lemma
together with our assumption that F' is strongly indecomposable. Next for all C" € C,
define a morphism i¢ : C' — Ber.C' as the composition

—1

G(C").F(I) = Ber.C,

(can

;T(G(C’) ® 1) = F(G(C").I)

c' 2L pG (O/l)w(—ﬁ(mc@>‘1

& )
G(C),I

where u}; : B ® I — B denotes the right unit transformation of the monoidal
category B evaluated at B, and cangﬁ : F(B.B) = B.F(B) denotes the canonical
morphism associated with the B-functor F' and any B € B and B € B. We define
T = Bczoccmg(c,% IOF(W(ug(C))) analogously. Obviously, mcrower = Boroac = ider
holds. Thus, F(I) is a cyclic generator of C and we have established property (1) a

second time.

Property (2) required in Definition can now be derived as follows: For all
morphism ¢ in C, we choose a preimage b. under 7 of G(c). The diagrams required
in property (2) commute since v and 7o are constructed using the transformations

« and  and natural isomorphisms.

Property (3) of Definition |4.2.17| can now be verified as follows. Define the morphism
canp v 1= Cang’c, : B® Bo = B® G(C') — G(B.C") = Bg.cr. Now, contemplate
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the commutative diagram

B.gr

B.ags B~F(ug(c/>) B.can

B.C' ————————— B.F(G(C")) =<——————— B.F(G(C")®I]) <———— B.(G(C").F(R))

p.c’ can can can
4 l F(Bal ) l
F(G(B.C")) =<— F(BQG(C")) =— F(BR(G(C"®I))
‘B.c F(ug g o) Flupgaen) ]F(G(B,G(C’),R)) can
F(can®idy) T~
F(G(B.C")®I) F((B&G(C)®I)
can.idp(R)
G(B.C").F(R) (B&G(C")).F(R)

to deduce that the left hand side of the diagram in property (3) of Definition 4.2.17
commutes. The right hand side of the same diagram commutes by an analogous
argument, where one uses the above diagram with all arrows that involve « (resp. ¢)

reversed and « (resp. ¢) replaced by /3 (resp. ). O

Remark 4.2.31. Note that canp ¢ as defined in the previous proof is an isomorphism
which we had not required in Definition [£.2.17] Motivated by this observation, one
may define a larger class of lax-functorially cyclic modules by requiring G' to be a
lax-B-functor, ¢.e. a B-functor for which the associated 2-arrows Cangyc, are not
necessarily invertible. Clearly, such lax-functorially cyclic modules are 2-cyclic. In
the only example of a lax-functorially cyclic module with truly lax B-functor G that
we are aware of, one can replace G by a different B-functor, see Remark [6.3.8] Thus,
we do not provide any details. We would like to note however that one can extend
most results of the following sections including Section to this lax setting using

an appropriate notion of lax-Frobenius objects.
Let us restate Theorem 4.2.19|in the functorially cyclic setting.

Corollary 4.2.32. Let C € B—Mod be (F, G, «a, 3, (B, 7))-cyclic. Denote C := Fr(I)
and Ber:= G(C") € B for all C" € C. Given Hy, Hy € Homp(C, M), we have a split
mgjection
HOmCﬁM(Hl, H2> — /\/l(Hl(C'), HQ(C))
which sends a — ac. A splitting m — a(m) = (a(m)e)crec can be defined
-1

by setting a(m)or = Ha(Ber) o HoF (u%C,J) o cangilo(Bc/.m) o (cangjj> o
H,F ((uTBC,J)—1> o Hi(aer) for all ' € C.
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Remark 4.2.33. Let C € B — Mod be (F,G)-cyclic, let Hy, Hy € Homp(C, M)
and assume that FH, & FH,. Then, we have H; C¥ GFH, & GFH, D% H,,
however this does not imply H; = H, in general. Compare Remark for some
intuition on this point. If Homg(C, M) satisfies the Krull-Schmidt property and
GF = ide & ... ®ide, one can conclude that H; = H,.

4.2.5 Choices for functorially cyclic modules

In this section, we discuss the non-uniqueness of the quintuple (F, G, o, 3, (B, 7)) that

exist for every functorially cyclic B-module.

Remark 4.2.34. In order to show that the trivial module is functorially cyclic mod-
ule, we can choose an arbitrary B-quotient B of B. The remaining structure maps are
then unique. For the remainder of the section treat the case of non-trivial functorially

cyclic modules.

Remark 4.2.35. For all 1- or 2-cyclic modules C € B — Mod with cyclic generator
C, € C, the following statement can be deduced directly from the definitions: Let
B € B and let (5 € C be a strongly indecomposable object such that C; C® B.Cs.

Then, Cs is a cyclic generator of C, as well.

The analogous statement for functorially cyclic modules requires some additional

assumptions:

Proposition 4.2.36. Let C € B — Mod be (F,G, (B, m))-cyclic and let C € C be an
strongly indecomposable object such that F(I) C% B.C' for some B € B. Assume that
®B : B — B induces a functor @B : B — B and that eve : B — C induces a functor
evg : B — C. Then C is (evg,®B o G, (B, w))-cyclic.

Proof. Without loss of generality, let us identify Ob(B) = Ob(B). Then F om =
evpy C% evpeo = evign).c = (€V¢ 0 ®B) o7 as B-functors. Since 7 is a quotient
B-functor this implies that I C® &vg o ® B as B-functors. This allows us to conclude
that ide C® F oG C® &g o (®B o G) as B-functors. It remains to show that
eve is indecomposable. Since 7 is a quotient B-functor this is equivalent to evg =
evgoom being strongly indecomposable, which in turn is equivalent to C' being strongly

indecomposable. The claim follows. O

The properties of a particular choice of the pair (F, G) and the associated generator

can differ. The following situation arises in examples, see Section [5.5| and the related
Remark 2.3.11]
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Remark 4.2.37. Let C be a B-module that is (Fi, G)-cyclic and (Fy, G)-cyclic.
Assume F1Gy = ide @ide and FoGo = ide @ S for some S € Endp(C). Assume further
S is not isomorphic to ide and that SS =2 ide. Since Fyide = F,S while Fiide and

F1S are not isomorphic, F; can distinguish between ide and S, whereas F3 cannot.
There may also exist many choices of o and f3:

Remark 4.2.38. The composition F'G might contain several copies of the identity
functor as direct summands. In this case, there are many choices for a and 3. Section
provides a concrete example. Note that this example is a true example only after
forgetting the grading, however can be adopted to a true example by shifting the F
and G.

The following proposition shows that B may be replaced by a canonical quotient.
See Remark 4.5.40[ for a more concrete example.

Proposition 4.2.39. Let C be (F,G, (B, n))-cyclic. Denote by F the canonical B-
morphismim F — C, by G the composition C B imF and by m the composition
B =B —imF. Then, C is (G, F, (im F, 7))-cyclic. In particular, B can always be
replaced by im F'.

Proof. Since both 7 and the canonical morphism can : B — im F are full and es-
sentially surjective, so is 7. Further, ide C® FG = FcanG = FG. Since can is a
quotient B-functor, it follows that F' is strongly indecomposable if and only if F is

strongly indecomposable. O]

4.3 Split Frobenius objects and the additive Barr-
Beck theorem

In this section, we introduce split Frobenius objects and discuss the related additive
Barr-Beck theorem in various levels of complexity. Section introduces (right)
indecomposable split Frobenius objects and provides several examples, including how
to associate one such object to a non-trivial functorially cyclic module. Section [4.3.2]
studies split Frobenius objects on additive categories, establishes the additive Barr-
Beck theorem, and comments on the related literature. Section [4.3.3] generalises to
a compatible family of Frobenius objects on idempotent closed additive categories
or in other words to a split Frobenius object on a 2-functor with codomain Add ™,

Section [4.3.4] specialises to additive universal properties of idempotent closed additive
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higher representations, and shows that representability is preserved after applying the
Frobenius construction. Section [4.3.5] assigns to an additive monoidal category its so
called split Frobenius 2-category. Section introduces the Frobenius preorder and

strong equivalences of Frobenius objects.

4.3.1 Split Frobenius objects

In this section, we introduce (split) Frobenius objects, as well as several notions of
indecomposability, which will become important later on. Further in Proposition
[4.3.20, we associate an indecomposable, split Frobenius object to any non-trivial
functorially cyclic module. Comments on related notions in the literature follow at

the end of the section.

Definition 4.3.1. Let D be a monoidal category, let B be a 2-category and let d € R.
A Frobenius object in D is a triple © = (©,A, 1), where © € D, A € D(©,00) and
u € D(©O,0) such that (Ou) o cano(AO) = Aoy = (uO) o can™! o(OA), where
can : (00)0 — O(0O) comes from the associator of D. We say that a Frobenius
object is split if po A = ©. Further, we define a (split) Frobenius object on d to be
a (split) Frobenius object in the monoidal category B(d, d).

Definition 4.3.2. Let ©; and ©, be Frobenius objects either in a monoidal category
or on an object of a 2-category. We say that ©, and O, are isomorphic, if there exists

an isomorphism T : ©1 — Oq such that AgoT = (77) 0 Ay and 7o g = pg o (77).

Example 4.3.3. The unit object I of any additive monoidal category can be equipped
with the structure a split Frobenius object by defining p as the left (or equivalently
right) unit transformation evaluated at I and by defining A := p~ .

Let us give a non-example:

Example 4.3.4. Given a triple (0, A, u) with g o A = ©, the Frobenius relations
are far from trivial. To give a simple example in which they do not hold, consider the
tensor algebra T'(V') of a k-vector space V', where k is a commutative ring with 2 € k*.
Then, we have linear maps A : T (V) - T'(V) @, T(V) given by v » v ®@ 1 + 1 ® v
and f1: T(V) @ T(V) = T(V) given by v ® u — juv.

The following will be revisited several times to highlight subtleties about split

Frobenius objects:
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Example 4.3.5. Let k be a field, and let By denote the additive monoidal category
Vect, equipped with @ as the tensor product. Fix V € B,. For n, m € N, denote by
Lp : V= V& the inclusion into the n-th factor, by ¢, : V- — V%" the projection onto
the n-th factor, by tym = tm © m, and by 7, := Ty, © t,. Then, V) = (V, 11, m1),
Vy 1= (V, 19, m) and V52 = (V& V1 ®ia4,m1 P maa) are split Frobenius objects.
It will become clear later that ‘752 arises from an action of the symmetric group Ss.
Further, note that ky and ky are the only split Frobenius structures with which we

can equip k.

Remark 4.3.6. One might be tempted to define a category of (split) Frobenius
objects whose invertible morphisms correspond to Definition [4.3.2] For our purposes
it is however more appropriate to regard (split) Frobenius objects as objects of a
2-category, see Remark [£.3.22] and we will recover Definition naturally in this
setting, see Remark [£.3.46l Note however that the non-isomorphic split Frobenius
objects k1 and ks of Example are not equivalent, though one of them is equivalent
to ky,.

The following property will be useful throughout.

Lemma 4.3.7. Let © = (©,A, 1) be a split Frobenius object. Then, u is associative

and A is coassociative.

Proof. Let O be a split Frobenius object (either in a monoidal category or on an ob-

ject of a 2-category). W.l.o.g, we assume that the monoidal category is strict. We have

o (uO) =poAopuo(ud) (6 is split)
=0 (Ou)o (AO) o (uO) (Frobenius relation)
= o (Ou)o ((Aowu)d) (Remark [3.1.3)
= po (Ou)o (((uO) o (BA))O) (Frobenius relation)
= o (Ou)o (u80) o (OAO) (Remark

= o (up) o (OAO) (Remark

and repeating analogous steps in the opposite order we arrive at po (u©) = po (Op).
The same argument shows (AG) o A = (OA) o A. O

Notation 4.3.8. Let © = (©,A, 1) be a (split) Frobenius object in D; and let
F : D; — D5 be a monoidal functor. We denote the induced (split) Frobenius object
(F(@), cang g oF (A), F(p) o (cang@)_1> in Dy by F(O).

The following example is presented for strict B, however the obvious generalisation

to the non-strict case is equally valid.
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Example 4.3.9. Let ©; = (0, Ay, j1;) and Oy = (04, Ay, i2) be Frobenius objects
in B. Then, 0,— = (01—, Ay—, p1—) and 6, = (—©9, —As, —ps) are Frobenius
objects on B. The notation ©,— shall suggest the use of the monoidal left mul-
tiplication functor B — End(B) given on objects by B +— B— := (B' — BDB’).
Similarly, —©, uses the right multiplication functor B'¥ — End(B). Since the ob-
jects underlying objects of ©,— and —6, commute, we obtain a new Frobenius object
671\/@2 = (01 — O9, Ay — Ay, 11 — p12). Note that the composition of the underlying
object of 61\/@2 with itself is given by ©:0; — ©50,.

Definition 4.3.10. Let M € @dd and let © = (0, A, 1) be a Frobenius object on M.
A morphism f € M(©OM,;,0OM,) satisfies O-descent if f = p, © (Of) o Ay

Notation 4.3.11. Whenever we speak of a morphism that satisfies é)—decent, we
understand implicitly that the morphism is a morphism between objects in the image
of the underlying object of ©. If we want to emphasise that a morphism is a morphism
between objects in the image of the underlying object of 0, we say that the morphism

is eligible for O-descent.

Definition 4.3.12. Let (M, p) € B— Mod and let © be a Frobenius object in B. A
morphism in M satisfies O-descent if it satisfies p(@)-descent.

For the sake of readability, we state the following definition for strict B and leave

it to the reader to fill in the obvious associativity isomorphisms in the non-strict case.

Definition 4.3.13. Let B be an additive monoidal category and let © be a Frobenius
object in B. A morphism in B satisfies O-descent (resp. right @—descent) if it satisfies
(©—)-decent (resp. (—O)-decent). A morphism in B satisfies ©1-Oy-descent, if it
satisfies ©,-descent and right O,-descent. A morphism in B satisfies two-sided 6-
descent, if it satisfies ©-O-descent.

Remark 4.3.14. Following Example , 0,-O,-descent can equivalently be defined

as @v@g—descent.

Definition 4.3.15. Let B be a monoidal category and let © be a Frobenius object
in B. We say B satisfies ©-descent, if all idempotents of B which are eligible for
O-descent satisfy O-descent. For B to satisfy right ©-descent, ©,-O,-descent or two-
sided ©-descent is defined analogously.

Definition 4.3.16. A Frobenius object (©,A, ) is called (right) indecomposable,
if © # 0 and if e = idg for all non-trivial idempotents e of © that satisfy (right)
O-descent.
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Remark 4.3.17. Let D be an additive monoidal category that satisfies the Krull-
Schmidt property, and let 6 = (©,A, 1) be a split Frobenius object in D. Then,
©] < [0][©]. If O is indecomposable, then [O] is a generalised idempotent, see
Definition , whilst it is not sufficient that © is (right) indecomposable.

Example 4.3.18. Let us continue with Example 4.3.5, For all 0 # V € Bs, it is
easy to see that Vi is indecomposable, but only right indecomposable if dimy (V') = 1.
Similarly, Vy is right indecomposable, but only indecomposable if dimy (V') = 1. More

interestingly, /%52 is both indecomposable and right indecomposable. Let us show
€11 €12
€21 €22
underlying object k & k. Then I%SQ—descent implies that e;; = 1. Since £ = EFFE, the

top left entry of this matrix equation implies ej2e9; = 0. W.l.o.g assume that e;5 = 0.

that 1%52 is indecomposable. Assume that E = ( ) is an idempotent of the

Thus, the bottom right entry implies that ey is an idempotent and thus eso = 1. Now

the bottom left entry yields ey; = 2e5; and thus ey; = 0. The claim is established.

Remark 4.3.19. If © is a right indecomposable Frobenius object in B, then it is an
indecomposable Frobenius object in B™" and Y(@) is an indecomposable Frobenius
object on B, where Y : BV — Homp(B, B) denotes the monoidal functor provided
in Corollary Also, note that in order to be compliant with Definition

in the case of non-strict monoidal categories, we should have used an idempotent e

of FI (resp. IF) where I is the appropriate unit object.

By Remark [4.2.25| the following proposition applies to all functorially cyclic mod-
ules. We will introduce certain equivalence relations later on that will allow us to
show in Theorem that the following assignment induces a bijection.

Proposition 4.3.20. Let C € @ — Mod be (F,G,a, 3, (P, n))-cyclic, where a € @
and T <P, is an ideal. Then, © = (GF,GaF,GBF) is a split Frobenius object on

PL. If C is non-trivial, then O is indecomposable.

Proof. The triple © is a split Frobenius object, since (GSFGF) o (GFGaF) =
GpaF = (GaF) o (GBF) = (GFGPF) o (GaFGF) and since (GBF) o (GaF) =
G(foa)F = GF. Next, let us assume that C is non-trivial. Let e be a non-trivial
idempotent of GF that satisfies ©-descent. Define € := (8F) o (Fe) o (aF). Then,
Ge = po(GFe)o A = e due to O-descent. In particular, € is non-trivial. Further,
€ is an idempotent since €o¢ = (foa)(€oe) = (BF) o (FGe) o (FGe) o (aF) =
(BF) o (Fe)o (Fe)o (aF) = (BF)o(Fe)o (aF) = ¢ where we made multiple use of
the interchange law discussed in Remark [3.1.3] Since F is strongly indecomposable
by the definition of functorial cyclicity, it follows that ¢ = idp and thus e = idgp. O
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Remark 4.3.21. By Proposition[3.3.56] we have Endg(PT) = ®Z(PZ) where the right
hand side is given by the full subcategory of P%(a) whose objects have the property
that their identity morphism is annihilated by Z. If Z is stable under the right action
of A(a, a), we thus have Endg(PT) = PZ(a) = @ (a, a)/Z(a), see Corollary [3.3.53) for
the need to use the reversed category. In this case (and assuming that Z is a proper

ideal), we can interpret the indecomposable split Frobenius object associated to C in
Proposition [4.3.20| as a right indecomposable split Frobenius object in A(a,a)/Z(a).

There is the following alternative to Definition [1.3.1}

Remark 4.3.22. One may define a universal Frobenius object 2-category Fr as the
2-category with a single object whose endomorphism category is the strict monoidal
category generated by one object ©, and by morphisms A : © — 00 and ¢ : 660 — ©
that satisfy the relations (Ou)o(A©) = Aop = (u©)o(OA). Similarly, Fr° is defined
imposing the additional relation o A = ©. Then, the objects of Bom(Fr,€) are
in 1:1 correspondence to Frobenius objects on objects of € and similarly the objects
of Bom (Fr*P, €) are in 1:1 correspondence with split Frobenius objects on objects in
€. It will become apparent that this is conceptually the correct way to study (split)
Frobenius objects. We have chosen to give the more concrete Definition and to
follow up with Definition [£.3.43] since it allows us to simplify the exposition, see also

Remark [4.3.47]

Remark 4.3.23. A priori it is unclear whether there exist split Frobenius objects in a
given monoidal category beyond Example m (and the trivial split Frobenius object
in the additive case). We do not have a general recipe that allows us to construct
or identify them. However, we will provide a classification up to a certain weak
equivalence relation in Section [4.5.3| using Lusztig’s 2-sided cells. With regards to this
classification, one should note that even if a 2-sided cell contains an (indecomposable)
object that carries the structure of a split Frobenius object, there may exist objects
in this 2-sided cell that cannot be equipped with the structure of a split Frobenius
object (see Section for an example in type Bs), or there may exist objects that can

carry different non-isomorphic structures as Frobenius objects (see Example [5.3.9)).

Remark 4.3.24. The terminology Frobenius object is chosen in analogy to Frobe-
nius algebras. These are very important objects in many branches of mathematics,
notably topological quantum field theory. In this context pu and A represent a classi-
cal multiplication and comultiplication. Only after completing this thesis, we noticed

that a similar notion of special Frobenius algebras has been used in [F'S]. The obvious
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difference between our and their definition is that we do not require unit and counit
morphisms. Further, associativity of u and coassociativity of A is a requirement in
there definition, while we deduce it from splitness. More subtle is the difference with
respect to the requirement for a Frobenius algebra to be special. The example that
motivated us to make our definition, see Example [5.2.9] cannot be equipped with a
unit morphism. However, we can change the multiplication p to a multiplication
that allows for a unit. In fact, we obtain in this way a Frobenius algebra. Yet the
theory develop in [F'S] is not applicable since 1o A = 0, i.e. the Frobenius algebra is

not a special Frobenius algebra.

Remark 4.3.25. Frobenius algebras also have a link to (co)monads and the Barr-
Beck theorem. We will get back to this point in Remark [4.3.28|

4.3.2 Split Frobenius objects on additive categories

In this section, we study split Frobenius objects on additive categories and establish
the additive Barr-Beck Theorem Remark comments on the similarity to
the well-known Barr-Beck theorem and results in the literature that are comparable

to ours.

Theorem 4.3.26. Let © be a split Frobenius object on M € Add™. Then, there
exists oM € Add'*™, additive functors oM 19_@) M h oM and transformations
id == 9g9° N id i with Boa =id y and © = (999, 99ats,9°BYg). On
the other hand, given D € Add, additive functors D ML D and transforma-
tions idp Ny TN idp with B oo/ = idp, setting © := (GF,Gd'F,GB'F) defines
a split Frobenius object on M and we have an equivalence oM = D™ of additive

categories.

Proof. First, note that F, G, o/ and 3’ extend to D™ and that © defined using
these extensions agrees with © as defined in the statement. In Proposition , we
calculate that © as associated above to D, F, G, o and (' is indeed a split Frobenius
object on M. Further, we show that D™ represents the 2-functor oY which we
will associate to © in Definition The 2-Yoneda Lemma thus implies
equivalences between any idempotent closed additive category that admits F', G, o
and (' with the properties in the statement. In particular, the equivalence gM =
Didem follows provided we can show existence of oM. This is achieved through the
explicit construction in Definition which can by Remark be interpreted

as the category of projective ©-modules. O]
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Remark 4.3.27. One enhance the above theorem as follows: Let D; and Dy be
additive categories together with the structure as above such that the associated split
Frobenius objects O, and O, are isomorphic. Then, we have an equivalence of additive
categories Didem = Didem Ty prove this, one may write down an explicit isomorphism

between g T and g, T. We will prove a more general statement in Proposition (4.3.48
after generalising Theorem in Theorem [1.3.42]

Theorem [4.3.26] should be viewed as a additive alternative to the Barr-Beck theo-
rem, see Remark 4.3.28. The split Frobenius object ) plays the role of the (co)monad
and we will see in Remark hat the category g M can be understood as projec-
tive ©-modules in M. Also, note that we do not require any technical assumptions

on morphisms nor do we use units or counits.

Remark 4.3.28. Monads and comonads are important notions in category theory.
Any adjoint pair (L, R), where L : C — D is left adjoint to R, yields a monad 7" on C
and a comonad on D. Using the monad one can construct the Kleisli category Cr and
the category CT of T-algebras or how we prefer to call it T-modules. There are com-
parison functors Cr — D — CT. If L is essentially surjective, then Cr is equivalent to
D, see ML, VI.5 Exercise 1]. On the other hand, the Barr-Beck theorem, see [MLI,
VI.7 and exercise 7], identifies the precise conditions on morphisms and coequalisers
and their behaviour under R that are equivalent to the statement that D — CT is an
equivalence. By reversing arrows, analogues statements hold for C and comodules in
D over the comonad.

The Barr-Beck theorem has been applied in Abelian (and triangulated) higher rep-
resentation theory, see [Rou2, Theorem 8.3]. In a similar spirit yet without referring
to Barr-Beck, [Osll Section 3.3] shows that semisimple indecomposable objects of
B — Mod(@b) where B is a semisimple rigid monoidal category are equivalent to cer-
tain categories of modules for an algebra (i.e. a monad) in B associated to the Abelian
B-module. Even earlier for a strict Abelian tensor category B for which the tensor
product is bilinear over the endomorphism ring of the identity object, [F'S] studied
modules in B over special Frobenius algebras in B, see Remark [£.3.24] and it was
shown in [ES, Proposition 5.1] that such module categories are Abelian. The papers
[Rou2, [Osll, [F'S] have in common that the module categories studied are Abelian (or
triangulated), which distinguishes them from our additive setting, and that (co)units

are used, which are not required to exist here.

For the remainder of the section, we fix an idempotent closed additive category
M € Add**™. Next, we define the 2-functor o7
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Definition 4.3.29. Let © be a split Frobenius object on M. We denote by oY
the endo-2-functor of @dd that is defined on any N € Add, H € Add(N1,Nz) and
B € Addy,—n,(Hi, Ha) by setting

( Obj: (F,i,7) where F € Add(M,N), )
L € Add(F, FO) and 7 € Add(FO, F) :
(1©)or=(FA)oui, mo (mO) =mo (Fu),
moir=F rom=(Fu)o(1O)=(m0)o (FA)

Mor : g Y(N)((F1, t1,m1), (Fa, L2, m)) =
{a € Add(Fy, F>)|(a®) o1y = 130, my0 (a®) = aom} |

[ ] éT(N) =

\

| Obj: gY(H)(F,t,m)):=(HF H, Hr)
* oT(H) '—{ Mor - SX(H) ) — Ha }

e ,Y(B) = <(éT(5))(F7L,7T)> = (BF)(ELJT)E@T(M)

(Fu,m)e @T(N1)

and by specifying all required isotransformations to be identity transformations.

Proof. Tt is an easy exercise to check that oY (N') defines an additive category using
the composition inherited from Add(M,N'). Similarly, one checks that &Y (H) de-
fines an additive functor Y (N;) = oY (N2) using the interchange law, see Remark
3.1.3l That Y(N)(B) defines a transformation Y (H;) = Y (H,) follows again
from the interchange law, as does compatibility with composition and identity trans-
formations. Since @dd is a strict 2-category, we obtain o Y (K) o T(H) = gY(KH) for
K € @dd(N3, N3) and oY (idy) = id_y(v). Thus, all required isotransformations can

be defined using identity transformations and all compatibilities required in Definition
3.1.11] are satisfied trivially. O

Next, we state the for our purposes most important properties of 1. Subse-
quently, we will show that these properties determine oY up to equivalence (after

restricting the domain to idempotent closed categories).

Proposition 4.3.30. There exist morphisms of 2-functors o T — Add(M, —) = T
whose composition has the identity transformation as a summand. More precisely,
these morphisms of 2-functors can be defined as follows: For all N € Qdd, the
functor o Y(N) — Add(M,N) sends (F,t,m) — F and o — o, and the functor
Add(M,N) = gT(N) sends F +— (FO,FA,Fu) and oo — a©.

Proof. The functor gYT(N) — @dd(M,N) as specified in the statement is well
defined since Y (N) inherits its composition rule from Add(M,N). To see that
Add(M,N) — T (N) as specified in the statement is well defined, we compute
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(FA)®) o (FA) = F((AB) o A) LemE3T F((®A)oA) = ((FO)A) o (FA). Sim-
ilarly, we obtain (Fu) o (Fu)©) = (Fu) o (FO)u). Further, (Fu) o (FA) =
F(uoA) =F0, (FA)o (Fu) = F(Aopu) = F((Ou) o (AB)) = ((FO)u) o (FA)O))
and analogously (FA) o (Fu) = F(Aou) = (Fu)®) o (FO)A)). Therefore, we
have (FO,FA,Fp) € gY(N). Similarly for all & € Addpyn(Fy, F2), we have
a® € gTWN) ((F10, FiA, Fip), (F20, FbA, Fou)), since ((a©)0) o (F1A) = aA =
(F3A) o (a©) and similarly (Fou) o ((0©)0) = (a©) o (Fip). The thus well defined
collection of functors o Y(N) — Add(M,N) — gYT(N) can now be turned into 2-
functors o T — Add(M, —) — T by specifying all required isotransformations to be

identity transformations, making all compatibility requirements hold trivially.

It remains to define two morphisms of morphisms of 2-functors between the iden-
tity morphism on g7 to the composition of the above defined morphisms and to
note that their composition is the identity morphism on the identity morphism of
oY. The first of these morphisms is defined on an object (F,i,m) € gY(N) by
the morphism ¢ : (F,¢,m) = (FO,FA,Fp) in g T(N). Note that ¢ is well defined
since (1©) or = (FA)ot and tom = (Fu) o (10), which hold by the definition
of ¢T. Further, this collection of morphisms defines a transformation holds since
toa = (a®) o, which is required from any morphism « in ¢Y(N'). The second of
these morphisms is defined on an object (FO, FA, Fp) € oY (N) by the morphism
m: (FO,FA,Fu) — (F,t,m). Note that 7 is well defined, by the same arguments
as for ¢ using the complimentary requirements in the definition of 4T. The only
property of the 2-functor 47 that we have not used yet, is that m o+ = [ for all
(F,i,m) € gY(N). This final ingredient implies that the composition of the two
morphisms of morphisms of 2-functors, which we have just defined, is the identity

morphism on the identity morphism of 47. O

Theorem 4.3.31. The 2-functor oY restricts to a 2-functor Add*™ — Add™ and

this restriction is representable.

Proof. We split the proof in three steps. First, Lemma shows that 4T pre-
serves idempotent closed additive categories. Second, Proposition shows that a
category g M € @dd represents g1, given that it comes together with certain additive
functors and transformations which give rise to the Frobenius object o. Third, Propo-
sition provides an explicit construction of M together with all the additive
functors, transformations and relations that were required in Proposition [£.3.33] [
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Lemma 4.3.32. The following diagram commutes:

add ot add

J A T‘ idem

gddidem © " 'QAaa gddidem

Proof. Let N' € @dd“™. We need to show that 4T(N) is idempotent closed. Let
(Fyi,m) € ¢Y(N) and let e be an idempotent of (F,¢,7), that is a transformation
e : F = F such that e = ¢, (e©)o1 = 1toe and mo (e©) = eon. Since N is
idempotent closed, there exists an additive functor F, : M — N and transformations
F = N F, such that «o f = e and o o = idp,. Define ¢, := (80) o 10 o and
Te := fomo(a®). We leave it to the reader to check that (F, te, m.) € o T(N). Now,
the morphism « : (F., e, ) = (F,t,7) in ¢ T(N) is well defined since (a©) ot =
(a®)o(O)oa = ((wof)O)oa = aand o (aO) = aofomo(aO) = aom,. Similarly,
the morphism 3 : (F,¢,m) — (Fp, te, ) is well defined. Thus, we have constructed a

summand of (F) ¢, m) with associated idempotent e = a0 5. O]

Proposition 4.3.33. Let oM € Add ™ let M 22 oM h M be additive func-
tors and let id pm = fﬁéﬁ@ N id m be transformations such that o o = id .
Then, © := (©,A, ) = (19@199,19@&19@,19@519@) is a split Frobenius object on M.

Furthermore, we have an equivalence of 2-functors Gddidem(@/\/l,—) = 5T gygem-

Thus, © determines oM is uniquely up to equivalence.

Proof. For convenience, we abuse notation and write 47 instead of @T|g gidem- First,
O is a Frobenius object, since (Op) o (AG) = (@19@619@) o (19@@19@@) = (19@(1319@) =
(ﬁéaﬁé) o (19@519@) — Aoy and analogously A oy = (u0) o (OA). Furthermore, ©
is split since o A =vJg(B o a)¥© = 19(;)19@ = 0.

Next, we define a morphisms of 2-functors ¢, : @dd™ (oM, =) — &Y. We define
morphisms ¢ := a¥® and 7 := $9°, and claim that (9°,,7) € 6T(gM). Note that
(10) 0 1 = (a990) o (a®) = aad® = (V9U5a0°) o (a®) = (YOA) o . Similarly,
7o (10) = 7o (¥9u) holds and 7 o 1 = ¥© holds obviously. Further, we have
vom = (a®) o (B0°) = af® = (1995B9°) o (a¥®Ve®) = (¥°u) o (11°) and
similarly 1 o m = Bad® = (10) o (Y9A). Thus, (9°,1,7) € §T(5M) holds and we

can define ; as the image of (19@, t,7) under the equivalence

o T(eM) = Homg, juen_gq (@dd™ (oM, —), 7)),

ddidem

which is specified by the 2-Yoneda Lemma [3.3.49
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Next, we define a morphisms of 2-functors ¢, : g1 — gddidem(@/\/l, —). To that
end, we need to define a functor 5 T(N) — @dd“™( M, N) for each N € Add ™.
We declare this functor to send any object (F,t,m) € T (N) to (F odg,er) where
ep = (FigB) o (1Wg). Further, any morphism « : (Fi, 1, m) = (Fh, L2, ™) in g T(N)
shall be send to ep, o (adg) 0 ep, : (F1Vg,er) — (F2Ug,ep). To show that this
functor is well defined, we need to show that er is an idempotent and that the
assignment for morphisms is compatible with composition. The latter follows from
the former since ep, o (adg) = () © ep,, which in turn can be deduced easily from
(a©®)ot; = 0. To show the former, we calculate that ep = (10g3)0(1OUg)o(tg) =
(mdgB) o (FAVg) o (1) = (mlg) o (FUga) o (FigB) o (1¥g) = (mlg) o (F¥ga) o ep
and note that by the same argument (70g) o (Fga) o ep = (mdg) o (Fga) holds.
Hence, ep = (mg) o (FYge) and moreover ep = (mdg) o (Flga) o ep = ep o ep,
showing that er is an idempotent. To complete the definition of s, note that the
natural isomorphisms @dd' ™ (g M, H) o py(N1) —— pa(Na) o g Y(H) for all H €
Add ™ (N7, N3), which are required in Definition , can be chosen as identity

morphism. All necessary compatibilities thus hold trivially.

It remains to show that (1 0 s and ¢, 0 1 are isomorphic to the respective identity
morphism of 2-functors. By the 2-Yoneda Lemma w2007 (as well as the identity
morphism on the 2-functor gddidem(é/\/l, —)) is determined up to isomorphism by its
evaluation at id a, which is given by (¢2 0 ¢1)(id M) = ¥2 ((196,0419@,519@)) =
(9904, (99058) 0 (a99¥g)) = (¥°90g, a0 B) = id_rr. The last isomorphism holds
due to the assumption that 5o« =1id n. Hence @i 0 o1 = idgddidem(é/\/h_).
Last, we establish the equivalence ¢, 0 py = id_y. For all (F,¢,7) € 6T (N), we have
(1 092) (F,0,m)) = 01 (Fig, er)) = ((FIg)0®, (Fig)av®, (Fig)30°), exv®) =
((FO,FA, Fu), o), where ept® = (Fﬁéﬁﬁé) o (Lﬁéﬁé) = (Fu)o(1®) =rom
holds by the definition of gY. For all morphisms a : (Fi,t1,m) — (F2,t2,m) in
éT(./\/:), we have (¢ oA<p2)(oz) = @i(em o (alg) o ep) = (em, o (ady) © eFl)ﬁé =
(er,9°) o (a®) o (e 9°) = 13 0 M 0 (a®) 0 11 o m. Now, recall from Proposition
that the composition g ¥ — @dd(M, —) = o7 specified there has the identity
functor as a summand. The explicit formulas in the proof yield an idempotent on the
composition T — Add(M, —) = ¢T and a comparison with the calculation above

shows that the summand associated to this idempotent is precisely ¢ o 3. O

Remark 4.3.34. One may deduce from arguments in the previous proof together
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with Proposition 4.3.30| that there is a diagram

/ éT |gddidem \
Add™(M, ) —— ——  QAdd"™(M, -)
_19@ —’19@

gddidem<é./\/l7 _)
where the vertical arrow represents the equivalence of Proposition 4.3.33|

We complete the proof of Theorem @4.3.31] by defining a category gM and by
showing in Proposition that 5 M admits all the structure that is required for

Proposition [4.3.33| to apply.

Definition 4.3.35. Let © = (O, A, 11) be a Frobenius object on M € Add*™. We
define gM € Add*™ as the idempotent closure of (;;.7\//1 € 4dd, which in turn is
defined as the additive category with objects Ob((;:/\//l) := Ob(M) and morphisms

—_—

oMMy, My) = {f e M©M,,00) | (OF) 2 Ban = Aag o f and }

MM2O(@f) = folLLMl

for all My, My € Ob(gM).

It is an easy exercise to check that g M is well defined. The Frobenius relation of
O is not necessary for this purpose nor will it be needed to establish the first part of
Proposition[4.3.38] We allow ourselves this notational convenience, since we will study
o/M only for Frobenius objects 6. In fact, O will be split in all our applications. The
following remark shows that in order to interpret oM as the category of projective

©-modules, © has to be associative and coassociative.

Remark 4.3.36. Analogous to (co)modules for (co)monads, one can define a ©-
module to be a triple (M, 4, p) where M € M, 6 € M(M,©M) is the comodule
map and p € M(OM, M) is the module map, which satisfy the comodule axiom
(AM) o b = (©0) o4, the module axiom po (uM) = po (Op) and the compatibility
axiom 8 o p = (Op) o (AM) = (uM) o (65). Since © does not have a (co)unit, we
have no choice but to consider non-unital modules. Further if © is associative and
coassociative, we have a free ©-module OM := (OM, AM, uM) for all M € M. With
the natural definition of morphisms of ©-modules, it follows that (;)f./\\//l is equivalent to

the category of free ©-modules M. Therefore, one may refer to oM as the category
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of projective ©-modules. Now assume that © is split. Then, 0 o p is an idempotent
of (M,d,p). While not necessarily true in general, this idempotent is the identity
morphism in case of a free ©-modules and one can deduce from Lemma that

this is also true in the case of projective ©-modules.

The following lemma will simplify proofs going forward (including the proof of
Proposition , since it allows us to check one instead of two conditions. We will
restate this lemma in Lemma for the idempotent closure g M using the tools
to be developed in Proposition [4.3.38

Lemma 4.3.37. Let © = (©,A, 1) be a split Frobenius object on M. Then, we have
(;;TW(MD M) = {f € M(OM,,OM,)|f satisfies O-descent}.

Proof. Let us fix f € M(OM;,0OM,). First, we assume that f € (;)/Jv\/l(Ml,MQ).
Then, we have pp, o (Of) o Ay, = fopa, 0 Ay, = f, where we used that O is split.

Conversely, we assume that f = pp, o (©f) o Apy. Then, we calculate

(©f) o Apy, = (O {par, 0 (Of) 0 Apsy }) 0 Apgy

= (Oup) 0 (OO f) 0 (BAN,) 0 Apyy (Remark
= (Opan) © (00 f) o (A, ©) 0 Ay, (Lemma [4.3.7)
= (Opunr) o (A, ©) 0 (Bf) 0 Ay, (Remark
= Ay, 0 i, © (©f) 0 Ay (Frobenius relation)
— Ay, o f.

An analogous argument shows f oy, = piag, © (©f). Thus, f € (;;.7\//1(M1, M,). O

Proposition 4.3.38. Let © = (©,A, 1) be a Frobenius object on M € Add ™,
Then, there exist additive functors M 19—@> oM h M such that © = 19(;)19@. Further
if © is split, there exist transformations idm = 19@19@ 2 id p with B oo = id m
and we recover © = (19@19@, 19@@19@,19@519@).

Proof. Let 9© : M — oM be the additive functor defined by 9OM = M for all
M € M and by ﬂéf :=0f and f € M(My, Ms). Since A and p are transformations,
9o f is well defined. Further © is additive, 9 is additive, as well.

Next, we define g : g M — M. Since M is idempotent closed, it suffices to define
the restriction of ¥4 to éf./\\J/L where we set Ug(M) := O(M) for all M € éf/\\J/l and
Ug(f) = fforall fe C;:]\//I(Ml, Ms,). Doubtless, this assignment defines an additive
functor. Clearly, 19@19é = O holds.

To define o and £, it is sufficient to define their restrictions to (;;7\/1. We set ayy = Ay
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and By = uy for all M € Ob(é:]\//l). Note that indeed ay; € C;:J\//I(M, ©M), since
an 2 pon 0 Aens o Ay FEET gy o (OAW) 0 Ay = ponr 0 (Bany) o Ay
Similarly, £y € @/./\\//l(@M, M) follows. That o and [ are indeed transformations
follows from the definition of the morphism spaces in éf/\\//l. Now, po A = © implies
that foa = M. Since, 9® is the identity on objects and ¥4 the identity on objects,
we have (19@0419@)]\4 = Ygye,, = oy and thus 19@0419@ = A. By an analogous

argument, g 5196 = u holds as well, and we have recovered the Frobenius object. [

Remark 4.3.39. The notation 9© is chosen to indicate that ¥© acts on morphism,

which in the spirit of this thesis are the higher structure, whereas 94 acts on objects.

It should be obvious that g is faithful. In fact, the following concise generalisation
of Lemma [4.3.37| describes the image explicitly:

Lemma 4.3.40. Let © = (©,A, 1) be a split Frobenius object on M € Add ™.

Then, we have an isomorphism
oM (M, M) Yo, {f € M(05My, 05 My)|f satisfies ©-descent}.

Remark 4.3.41. The functor ¥g induces an equivalence with an idempotent closed
subcategory of M if and only if all idempotents in M, which are eligible ©-descent,
satisfy O-descent.

4.3.3 Split Frobenius objects on 2-functors

In this section, we generalise the constructions and universal properties of Section
to a compatible family of Frobenius objects on idempotent closed additive cat-

egories.

Theorem 4.3.42. Let & : € — Add"™ be a 2-functor and let © = (©,A,p) be a
split Frobenius object on ®. Then, there exists a 2-functor o® : € — Add™ that
sends ¢ +— é(C)CI)(c) and that is uniquely determined up to an equivalence of 2-functors

by the following properties:

6 9
e There exist morphisms of 2-functors ® A o® = &.
o There exist morphisms of morphisms of 2-functors id_ e = 19@196 N id o

with foa = id_q.

o O = (059°,95009°, 9 30°).
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Proof. We split the proof in several parts which show more detailed results. Assuming
that there is a well defined assignment ® — g® with the properties as stated above,
Proposition shows (to the extend that is needed later on) that this assignment
is 2-functorial with respect to morphisms of 2-functors and morphisms of morphisms
of 2-functors that are compatible with the Frobenius objects. This allows us to
deduce equivalences between different realisations of 4® under certain assumptions
in Corollary Thus, it remains to provide an explicit construction of 4® which
is carried out in Proposition 4.3.52] O]

Definition 4.3.43. Let € be a strict 2-category and fori € {1,2} let ©; = (©;, A, ;)
be Frobenius objects on ¢; € €. We say that a 1-arrow F : ¢y — ¢o in € is compatible
with the Frobenius objects via canp, if there exists a 2-arrow canp : FO; = O, F in
€ such that (AyF)ocanp = (Oy canp)o(canp O1)o(FAy) and such that canp o(Fpy) =
(uaF) o (Og cang) o (cang ©1). Furthermore given another 1-arrow G : ¢y — ¢o in €
that is compatible with the Frobenius object via cang, we say that a 2-arrow T : F' = G

in € is compatible with the Frobenius objects, if (©7) o canp = cang o(760;).

Notation 4.3.44. Let ¢; LN Co K, c3 be 1-arrows between objects and let a Frobe-
nius object on each object be given. Assume that F' (resp. K) is compatible with the
Frobenius objects on its domain and codomain via cang (resp. cang). Then, KF' :

¢; — c3 is compatible with the Frobenius objects via cangp := (cang F') o (K canp).

Remark 4.3.45. Let © be a Frobenius object on ¢ € €. Then, I. is compatible with
© via ©. Furthermore, o € €.(I.,1.) is compatible with the Frobenius object via ©
if and only if © = Oa.

Remark 4.3.46. Let @1 and @2 be Frobenius objects on ¢ € € and recall Definition
m Then, ©; and ©, are isomorphic if and only if the unit object I. € €(c,c) is
compatible with the Frobenius objects @1 and 62.

Remark 4.3.47. Recall the 2-category Bom(Fr,€) which we had introduced in Re-
mark [£.3.22] The structure described in Definition corresponds precisely to the
l-arrows and 2-arrows between strict 2-functors in Hom(Fr,€). For the applications
in this thesis, Definition is sufficient and its concrete form simplifies the expo-
sition, since we do not need to mention the additional (trivial) structure as well as

the (trivial) strictness properties that this additional structure satisfies.
Proposition 4.3.48. Let € be a 2-category. For i € {1,2}, let ®; and o, Pi be 2-

. 6, LY
functors from € to Add™, let ®, ARN o, P % &, be morphisms of 2-functors,
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let id@i@ = ﬁéiﬁéi N id@i‘bi be morphisms of morphisms of 2-functors such that
Bioa; = id, o, and let O, = (01, A, 11i) = (V5,99 0g,0:0% 0 5097 be the
associated split Frobenius object on ®;. For all morphisms of 2-functors F' : &1 — P,
which are compatible with the Frobenius objects via cang, one can assign a morphism
of 2-functors F: 6,21 — 6,92 that fits into the diagram

9

B o B

lF - jﬁ/ lF
9©2 ﬁ@2

o, 6, % o,

Further, for all morphism of morphisms of 2-functors T : F' = G which are compatible
with the Frobenius objects, one can assign a morphism of morphisms of 2-functors
F.F—>Gina functorial way. Furthermore, the assignment F +— F is compatible
with composition of morphisms of 2-functors and identity morphisms of 2-functors up

to 1somorphism and respects associativity.

Proof. For i € {1,..,4} let ¥, o, Pi, ... be given. First, recall the argument in Propo-
sition which shows that ©; = (©;, Ay, ;) is a split Frobenius object.
Next, let F' : &; — P, be a morphism of 2-functors which is compatible with the
Frobenius objects via canp : FO; = O, F. Now, we define a morphism of 2-functors
F 60,P1 = o,P2 as follows. Set F':= 992 F 19@1 and consider the endomorphism ep
of F defined by ep := (ﬁgﬁ)o(ﬁ@ canp ﬁél)o(ﬁal). Indeed, e is an idempotent since
epoep = (BoF)o (19@2199262F) o (19@219@219®2 canp Jg )

o (19©2 canp 19@119@119@1) o (F’alﬁélﬁél) o (Foy) (Remark

= (ﬁzﬁ) ) {19@2 ((uoF') o (©g canp) o (cang ©1) o (FAy)) 19@1}
o (Foy) (Remark

= ep.
In the first equation, we used the interchange law to pull the term By of the second
e along the left side all the way to the first term, and simultaneously the term Fay
of the first er along the right to the very end. In the last equation, we used that
F is compatible with the Frobenius object, see Definition [4.3.43] which implies that
(12 F) o (O cang) o (canp ©1) o (FA;) = cang o(Fpy) o (FA;) = cang. Since F is a
morphism of 2-functors with target @dd'*™, we can now define F to be the morphism
of 2-functors F := (F, er) o, P1 = o,Po.
Next, we show that Fdg = 196215’ = (02Fg,,Ug,er). We need to define two mor-
phisms of morphisms of 2-functors f; : Fﬁél — @gFﬁél and fs : ®2F19@1 — Fﬁél
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and show that fyo fi = Fig and fiofy = ¥ er. Weset fi := (canp g )o(Fig ai)

and fy 1= (Fdg B1) o (canjz! Vg, ). Now, fyo fi = Fdg is obvious and we compute

fro f2 = (canpdg,) o (Fuidg,) o (cany' ©17, ) 0 (B2F g o) (Remark
= (u2Fg,) 0 (B2 canp Jg ) o (canp ©19g )
o (FO10g, 1) o (cany' ¥, ) (Definition
= (u2Fg,) 0 (O canp g ) o (O2F g 1) (Remark
=g, €r- (Remark [3.1.3])
Next, let us define €}, := (F/3;) o (9°2 cany' Ug, ) o (a2 F). We have
fio fo=(02FVg 1) o (canp ©1g ) o (FA g ) 0 (canj! Vg,) (Remark
= (canp ¥g,) o (FO10g, A1) o (cany' ©179g))
o (O cany' Ug,) o (AsFVg,) (Definition [4.3.43))
= (02F g, 1) 0 (Ozcany' ¥g ) o (AaFy) (Remark

=g, cF (Remark
and thus Jg, ep = Jg,ep. An application of (B2F) o (992—) o (auF) yields ep = efp.
Next, we show that 992F = Fy©1 = (992FO,, ep9©'). As for the argument given
above, we need morphisms of morphisms of 2-functors g¢; : Y2 F — 902 F O, and
go ﬁéQF@l — ¥9:F such that g2 091 = 992 F and g1 0 gy = epﬁél. By a
calculation analogous to the one given above, g; = (19@2 canz') o (04219@217 ) and
go = (521962F) o (19é2 cany) satisfy these properties.
Next, let G : &1 — P, be another morphism of 2-functors which is compatible with
the Frobenius objects via cang : GO; = ©,G and let 7 : F = G be a mor-
phism of morphisms of 2-functors that is compatible with the Frobenius objects. We

want to construct a morphism of morphism of 2-functors 7 : F — G in a func-

torial way. Clearly, 7 := 19@2719@1 . F — @G is a functorial assignment. Now, we
set T ;= egoToep : F = G. Note that, idp = ep = idz. In order to show

that the assignment 7 — 7 is compatible with composition, it suffices to show that
T =egoT =Toep. Since er and eq are idempotents, the first equation follows from
the latter. The latter holds since

Foep=(5G)o (196219@2%) o (19@2 cang Ug ) o (Fay) (Remark
= (6,G) o {19@2((@27') ocanp)lg } o (Fay) (Remark
= (,Q) o {19@2((22111(; o(701))0g, } © (Fay) (Definition
= (B:0) 0 (992 cang Vg, ) © (7919, ) © (Fa) (Remark
=egoT. (Remark
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Next, we show that idélq>1 = z'd,;. Recall from Remark 4.3.45) that idg, is com-

patible with the Frobenius object O, via ©. Furthermore, we have the equations
ida, = (96,0°, (B196,0%") 0 (Y6, 019°1) 0 (Yo, 9% 1) ) "B (19, 091, 01 0 3y).

Since a; : idglq)l — 19@119@1 and [ : 19@11991 — idéldn satisfy B oy = idélq,l, we

obtain the isomorphism idél¢1 = z'?i;.

Next, let K : $5 — P3 be another morphism of 2-functors that is compatible with the
Frobenius objects via cang : KO, = 0,K. We have to show that KF =~ KF. For
that purpose, we will define morphisms of morphisms of 2-functors h; : KF = KF
and hy : KF = KF. We will then show that exp o hy = hy = hy o (exer) and
(exer) o hg = hyg = hy o exp, and thus obtain an induced morphism of morphisms
between K F and K F. Furthermore, we show that hyohy = exp and hoohy = egep,
and therefore that KF = KF.

Now, we define h; := (ﬂ;;ﬁﬁl) o (993 cany cany' Ug,) o (KayF) and set hy =
(K BoF) o (993 can, canp g ) o (043[/(77041) By the interchange law of Remark [3.1.3]
we have h; = (ﬁgﬁ)ow% cang Fdg,)o (KeF) (KFﬁl) o (V93 K cany! ﬁél)o(eKF)
and hy = (Kep) o (999 cang! Fig ) o (3K F) = () F) 0 (99K canp U, ) o (K Fay).
Using that ¢/, = ep = epoep and the analogously shown equation ¢}, = e = exoey,
we obtain that hy o (exer) = hy o (Kep) o (eKF) = h;o (eKF) = hy and similarly

(exer) o hy = hy. Once we show that hy o hy = exp and hy o hy = egep, it follows

that hy = hy o (exer) = hy o hg 0 hy = ek o hy and analogously that hy = hy 0 exp.
We compute
hiohy = {(KFB) o (92K cangdg ) o (exF)}

o {(e)F)o (19@3Kcanp Ug,) © (KFap)}

= {(BKF) o (9% can Fig,) o (Kelp)}
o {(19@3K canp Ug ) o (ﬁal)}
= {(BKF) o (0% cang Fig )} o {09 K {(0g,er) 0 f1}}

= {(BKF) 0 (9% cany Filg, )} o (09K {fi 0 foo fi}}
= {(BKF) o (0% cang Filg, )} o {09 K f1}
( )o( )

={ B3 K F) o (99 can Fig )} o {(1963KcanF19®1) o (ﬁal)}
= EKF.
To show hy o hy = exep, we use the notations g& = (99 cang') o (a3993K) and
K .= (85999 K) o (997 cany), which are analogous to the morphisms ¢; and g in-

troduced above. We have g& o gK = 993K and ¢g& o & = ex992. Thus, we obtain
haohy = (KB F)o{(gf 0 g5 ) (frofo)to(KaoF) = (KBoF)o(exi®Wg, er)o(KasF) =
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ex(fro0ag)er = exer.

Last, let L : &35 — P, be another morphism that is compatible with the Frobenius
objects. We show that the composition LKF =~ LKF = Zﬁ agrees with the compo-
sition LKF =~ LKF = fl\(f We denote hg p := h; and hl_(}F := hy. Recall that we
have hyp = (g5 Fg )o(Kep) = (99K ff)o(ex F) and hily = (Kep)o(gf Fig,) =
(ex F)o (993K fF). Also, recall the relations of the form (Vo,er)o fl = fI. Using the
obvious notation, we have to show that id—— = hr xr o (Lhgr) o (hleﬁ) o hij p-
We compute hy g o (LhK,F) (hL,KF) o hZKF

= (9kKFig,) o (Lexr) o (eLhicr) o (hrer) o (epiF) o (091 LK fF)

YKFYg ) o (Lhyp) o (hp 'y F) o (991LK fF)

KF%I) o (LYK ff) o (LexF) o (LexF) o (g Kg F) o (991 LK fF)
Fig ) o (LgKFig ) o (LKer) o (gF K fT)

KFg )o(LgkFg )o (g LKff) A

LKF (1964 cany KFg ) o (094 LusK Fg ) o (L1993 cang Fidg ) o (g7 K ff)

= (92
= (92
= (92
— (gt
= (BLEF
(5
— (MLKF) o (4% cany K P, ) o (g cane F, ) o (K 1)

(B4LKF o (994 cany, KFg ) o (99*Leang Fig ) o (V9*LK cangp i, ) o (LKFoy)
= €LKF
= ;w7
and are finally done. O

ATUs,

) ~ ~

) (9 @4,u4LKF19 o (19@4@4canLKF19©1)o(19@4 cany cang Fg )o(g7 K f)
)

)

Remark 4.3.49. More compatibili}ies than stated in Proposition [4.3.48| are satisfied.
For example, the composition F £ ﬁﬁélﬁél = 19@2F79é1 = 196219(;)21% agrees
with ay F'. Moreover, one may arrange and extend the constructions given into a 2-
functor Bom (jFrSp, Bom (A — Mod, gddidem)> — Hom (4 — Mod, gddidem). Some of
the steps required to establish this statement can be found in the proof of Proposition

4.3.52 however additional steps are necessary which have no counterpart in this proof.

Corollary 4.3.50. Fori € {1,2}, let ; : € — Add*™ be a 2-functor and let ©; be
a split Frobenius objects on ®;. Assume that there exists an equivalence of ®1 and P,
that is given by morphisms of 2-functors and morphisms of morphisms of 2-functors

that are compatible with the Frobenius objects. Then, g ®1 and ¢, P2 are equivalent.

Proof. By assumption, we have morphisms of 2-functors F': &; — &y and G : &3 —
®, that are compatible with the Frobenius objects. Furthermore, we have isomor-
phisms of morphisms of 2-functors F'G = idg, and GF = idg, that are compatible
with the Frobenius objects. We conclude idélq>1 = ide, = GF =~ GF and analogously
’idé2q>2 > F@. m
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Corollary 4.3.51. Let ® : € — Add'*™ be a 2-functor and let O, and O, be isomor-

phic split Frobenius objects on ®. Then, o ® and o, P are equivalent.

Proof. By Remark an isomorphism of Frobenius objects on a 2-functor is the
same as the identity 2-morphism of this 2-functor being compatible with the Frobenius
objects. Since the identity morphism on the identity morphism of & are trivially
compatible with the Frobenius objects as well, we can apply Corollary [4.3.50] O

Having shown that a 2-functors g4® is uniquely determined up to equivalence by
the properties stated in Proposition 4.3.48] we will now generalise Proposition |4.3.38
and show existence of g®. This is the last step of the proof of Theorem [4.3.42

Proposition 4.3.52. Let ® : € — Add"™ be a 2-functor and let © = (©,A, )

be a split Frobenius object on ®. Then, there exists a 2-functor 4@ : € — Add ™,

morphisms of 2-functors ® 19—e> o® h ® and morphisms of morphisms of 2-functors
id e == 990, N id, o such that Boa = id,e and © = (VgV°, Jga0°, Vs00°).

Furthermore, one can construct @ explicitly such that g®(c) = g, ®(c) forallc € €.

Proof. Let ® : € — @dd*™ be a 2-functor and let © = (0, A, 1) be a split Frobenius
object on ®. In particular for all ¢ € €, ©(c) := (O(c), A(c), uu(c)) is a split Frobenius
object on ®(c) € Add™. Thus, we can apply Proposition and obtain cat-
egories g, P(c) € Add™, additive functors ®(c) e 60 2(c) ﬂéiﬁ ®(c) such that
19@(6)19@(0) = O(c), and transformations o0 2(c) =< 1?@(6)19@(0) Le, o(c)2(c) such that
Beoae= gyP(c), 196(0)04019@(0) = A(c) and 19@(6)60199(0) = u(c).

Next, we define the 2-functor g® : € — gddidem, and establish the properties re-
quired in Definition . For ¢ € €, we define g®(c) := g, P(c). For a 1-
arrow b 1 ¢ — ¢ in €, we set ®(b) = ﬁé(cl)q)(b)ﬁé(c). Further, we denote by
ep = (ﬁc/ﬁ@(cl)q)(b)ﬁé(c)) o (9°¢) can,, Vo) © (199(6')@)(1))19@(0)046) an endotransfor-
mation of ®(b), where can, : ®(b)O(c) = O(c/)®(b) is the natural isomorphism
associated to b and the endomorphism © of ®. In fact e, is an idempotent, which
follows as for ep in the proof of Proposition [4.3.48] The important ingredient being
that (u(d)®(b)) o (O() cany) o (can, O(c)) = cany, o(P(b)i(c)), which holds because p
is a morphism of morphisms 2-functors with target in the strict(!) 2-category @dd ™.
Now, we can define o ®(b) := (®(b), e;). Further, for a 2-arrow + : b = b in € we set
d(y) == 19é(‘3/)(1)(7)19@(c) and ®(7y) := eyod(y)oe,. Clearly, o0 2(idy) = e, = id o).
To show compatibility with composition, it suffices to show ®(vy) o e, = e o P(7).

This is proven analogously to the equation eg o7 = 7 o ep in the proof of Proposition
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4.3.48, the main ingredient being here that (©(c')®(v)) o can, = cany o (®(7)O(c)),

which in turn holds since the family {can }ycg(c ) i3 natural in b.

Furthermore, we have to provide several natural isomorphisms and prove certain
compatibilities. We start by defining hy,p, : g®(b2) g®(b1) = ¢®(b2b1) for all 1-
arrows by € €(cq, ¢2) and by € €(ca,¢c3). Denote by cang, 5, @ P(b2)P(by) — P(b2by)
the natural isomorphisms that are part of the datum ®. Now, we can introduce
Bbs oy i= (Bey 09 cany, p, Vo (ey)Ber) © (990 cany, can, ' Yo(e,)) © (D (by)ae, ®(by)). A
priori , we have defined a 2-arrow hy, p, @ P(by)P(b1) = P(beby), and thus have to
show that hp, p, © (€py5,) = Rbypy = €bopy © Ppyp,.- We claim that hb_;bl = Ry, =
((by) 8., P(by)) o (9O(s) can, ' cany, Yo(c,)) © (e, 09 can; b Vo), ). Similar to
arguments made before, we need to show that hy, , oepp, = by, = (€p,ep,) 0Ny, in
order to see that hy,, : g®(b2b1) = P(b2) gP(b1). Moreover, we need that hy,, o
By b, = €bpy and hy, o 0 hy, = ep,ep,, to conclude hy,! i, = th This can be shown
by analogous arguments to those used to establish KF~KFin Proposition
However, we have to take into account that no analogue of cany, ;, was present there.
The proof carries over nevertheless, since instead of (cang F') o (K canp) = cangp
we now have (©(cs) cany, p,) o (cany, ®(b1)) o ((b) cany, ) o (can,.', ©(c1)) = cany,p,
since © is an endomorphism of ®.
Furthermore, we need to show that hy, ;, is natural in by and by. Let v : by = b} and
: by = b, be 2-arrows in €. Indeed, we can calculate

hb/ b0 (6®(72) 6®(M)) = gy 0 {(ex, © D(72)) (ery 0 D(m))}

= hyyp, 0 (eyer;) © (P(11)D(72))

= ey © hug g © (P(11) (7))

= Ep,p; © Ci)(%%) o hp, by

= 6P(7172) © Iy b
where we used that hy 4 o (D(11)P(72)) = (P(7172)) © hiy s, » Which in turn holds since
Ny b, 1s defined using morphisms that are natural.
Further, o ®((bsb2)b1) = ¢®(can, by b,) 0P byb, © (&P (03) Py b, )0 (g, 6 P(01)) 0Ny, 1
holds by a calculation analogous to one provided in the proof of Proposition [4.3.38|
Furthermore, we have to provide the natural isomorphisms .. : z'déq)(c) = 6P (I.) for
all ¢ € €. We denote by can, : ide) = ®(I.) the natural isomorphisms associated
to ®. Set u. := (19@('3) can, Yg,) © & which is @ priori a morphism id s ) = d(1,).
However, e;, o u, = (Bc(i([c)) (199(0 cany, Ug) © o (990©) Canc@(c)ﬁé(c)) (etre) =
(B.9(1.)) o (99©9O(c) can, Vo) © (aeae) = uc, where we used that the natural iso-

morphisms can., which come with &, are compatible with the natural isomorphisms
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cany,, which come with the endomorphisms © of ®. Thus, u, : idé¢(c) = o®(I.). We
claim that the inverse of u,. is given by (. o (19@(6) can;! 79@(@))7 which is a morphism
o®(l.) = id o) by the same arguments as above. The other composition being

obvious, we compute
Ue 0 Be 0 (99 can! Jo ()

= (BeB(c)) 0 (9°90(c) can. Vg ) 0 (99 can; ! O(c)g ) © (B(c)arc)

= (B.D(c)) o @é cany, Ug,) © (99 can. O(c) Vg,

o (99 can ' O(c )19(1)((;)) o (®(c)ae)

=€r..
It remains to show that the two squares in Definition |3.1.11| commute. For this pur-
pose let b : ¢ — ¢ be a l-arrow in € and write can(b) : bl, = b for the right unit
in €. Recall that can;, o(can.©(c)) = O(c) can, by Definition [3.1.15] for © and that
®(can(b)) o cany 1, o(P(b) can.) = ®(b) by the left square in Definition [3.1.11| for ®.
Now, the left square in Definition [3.1.11] for 4® commutes since
oP(can(b)) o hy 1, o (oP(b)u,)
®(can(b)) o ey, 0 he.1, © (eptie)
b (can(b)) o . o (D(b)u.)
d(can(b)) o (f. 9O cany,r, Vg, Be) © (9°) can, canj' Vo)

o (‘P( Ja (1)) o (P(b)u,)
= (66/19 ) can; ! Aé(c)ﬁC) o (9°) can,, canl_c1 Vo) © (2(b)ac® (1)) o (D(b)uc)
= (Be®(b)B.) 0 (9°°) can, O(c) can; ! Jg ) o (P(b)a (1))
° (2(0)0° cam.Fog) o (2()ac)

= (Bo®(b)Be) © (V7' cany ©(c)Vg ) © (P(D) ™ g ) 0 (P(b)are)

= eb
= 5P(b).
Commutativity of the other square follows analogously and the definition of the 2-

functor 4@ is finally complete.

Next, we define the morphisms & 19—@> 6P h ®. We start with Jg and give the
definition of ¥© thereafter without repeating the proof of the properties required by
Definition . We set g (c) := g, which is a functor g®(c) = ¢, P(c) = P(c).
Further for all 1-arrows b : ¢ — ¢ in €, we need to specify a natural isomorphism
ty - P(0)Vg, = Jg o) 6P(b). We set &, := (canyJg ) © (B(b)Jg( ). A priori
ty: ©(b)Vg () = V() P(b), however
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(19(1)@/)61)) oty = (Mc’@(b)ﬁé(c)) o (é(C/) carly 79@(0)) o (cany, @(C)ﬁé(c)) © (¢(b)19é(c)acac)
= (can, 19(;)(6)) o (,uc/ﬁé(c)) o (@(b)ﬁé(c)acac)
- tb-
That ¢, is natural in b holds since can, and ®(b) are natural in b. We claim that
th = (2(b)VgBe) © (can;* Vo) 18 the inverse of #,. Analogously as for #, one
shows that ¢, : Vo) 6P(b) = P(b)Jg,. Since t;loty = ido)o,,,, clearly holds,
we only have to compute t, o ;' = (cany Vo) © (2(D)pcdg ) © (can; ! Voo tte) =
(1 ®(D)Vg(,) © (O(c) cany Vg ) © (O() (D) g tc) = Vg(yes = V(i o). 1t Te-
mains to check the two compatibilities which are required in Definition [3.1.15 First,
we need to show tp,6, 0 (cany, b, Vo)) = (Vg (ep)ibabr) © (thy eP(01)) 0 ((b2)1s,) for all
l-arrows by € €(cy,c2) and by € €(cy, c3). Second for all ¢ € €, we need to show that
tr, o (canc g ) = Yg(yue. The second compatibility is easier: t;, o (can.dg,)) =
(cany, Jg ) © (can. O(c)dg,) © (Vo) = (O(c) canc Vg ) © (Vg cte) = Vg oytie- To
establish the first compatibility, we compute
(Do rain) © (b 0@(1)) © (©(52)t1,)
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= (Vo ey ftta,br) © (toy€n,) 0 (P(b2)t,)
= (Do(eg) i) © (tr, B (b1)) © (D (b2)ty,)
= (V&) bz ) © (5, B (b1)) © (D(bs) 1)
{13 canp, b, Vg ., Ber) © (O(c3) cany, canb’l1 Vo (er)) © (O(c3)P(b2) Ae2) (b))
o (cany, O(c2)P(b1)dg ,)) © (P(b2) A(c2) P (b1)Vg(,)) © (P(b2)te,)
= (O(c3) cany, by Voo Ber) © (1(ca)@(b2) cany ' Vg,
o (O(c3) cany, O(c2)P(b1)Vg.,)) © (cany, O(c2)O(ca )‘P(bl)%(cl))
o (®(b2)O(c2)Alc2)P(b1)dg ., )) © (P(b2) Ac2) P(b1)Tgy,)) © (R(b2)t,)
= (O(c3) cany, p, Vo) Ber) © (O(c3) @ (o) cany! Jg,) © (Canbz (c2)@(b1)dg.,))
0 (D (b2)p(c2)O(c2) P (b1)Vg(e,)) © (P(b2) Alc2)O(c2) P(b1)Tg,))
o (®(b2) A(c2)®(b1)Vgc,)) © (P(b2)te,)
= (O(c3) cany, 4, 196(61)561) o (cany, Canb_l1 19@(01)) o ((b(bQ)A(CQ)@(bl)ﬁé(cl))
© (D(b2) cany, Vg,y) © (P(b2) (b)) ke )
= (O(c3) cany, by Vg (.,)Per) © (canp, ©(b1)O(c1)Vg.,)) © (P(b2) cany, O(c1)dg,,))
0 (D(b2)®(b1)A(c1)Vgc,)) © (P(b2) P(b1) Vg, y0re:)
= (canp,p, Vo)) © (canp, b, @(b1)O(c1)O(c1)Vg,)) 0 (P(b2) (b1)Alc1)dg,))
© (<I>(b2)<1>(b1)19@(61)a01)
= (cany,p, Yg(.,)) © (canp, b, O(c1)Vg .,)) © (P(b2)P(b1)Vg () ter)

- tbzbl o (Canb27b1 19@(61))

—~ o~ o~ o~

As previously announced, we now state the definition of 9© without checking the
details. We set ¥9(c) = 9°© : &(c) — o0 2(c) = o®(c ) for all ¢ € € and de-
fine ky := (B9 D(b)) o (990 cany) = P (b)) = YO P(b) for all l-arrows
b€ €(c,d). As above, we have k; o e, = ky.

Next, we show that 19@19@ = O. By construction, we have (19@19@)(0) = 19@(6)19@(‘3) =
O(c) and it remains to check that the natural isomorphisms that come with J49°
and © agree. Indeed for all 1-arrows b € €(c, ) in €, we have (Jg k) © (tbﬁé(c)) =
(1() (b)) © (O(c) cany ) o (cany, O(c)) o (P(b)A(¢)) = cany o((b)p(c)) o (P(b)A(c)) =
can,.

It remains to define the morphisms of morphisms of 2-functors 4@ = 19@19@ N 6P,

and to show that S o a = id e and that 6 = (19@19@,1990419@, 19@519@). We define «
by setting a(c) = a. : g, P(c) = 19@(0)19@(6) = (19@19@)(0). Since « has domain
an identity morphisms of a 2-functor, the requirement of Definition [3.1.18] for all 1-
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arrows b € €(c, ) specialises to (9°)t,) o (kUg(e) © (eP(b)ac) = acg®(b), where
(9°t) o (k:bl‘% ) is the canonical map associated to the composition 19@19@. Now,
(99, o o (kplg ) © (evre)
— (09 o (kyi ) © (P(b)a)
— (99 cany D) 0 (B(b)ar) o (BoB(B)) o (99€) cany D) o ((b)ar)
(19@ cany Vg ) © (B 9o 1D (b)O(c)Vg () © (199 can, O(c)dg )
o (91 (b)A(C) @) © (B(b)ac)

= (Bcfﬁé(cl)@(c/)@(b)%(c ) o (V9N B(B)Vg,) © (99 camy dg)) 0 (D(b)are)

= (aw®(®)) o (BB (D)) o (99 can, Do) © (D(b)ac)

= ac/é(b)) oep

= Q' Cp

= acxidé@(b)
Analogously, we define (3 : 19@19@ = &P by setting B(c) := .. The requirements in
Definition are checked in the same way as for a. We have o a =id, ¢, since
Beoag = id@(c>q>(c) holdsﬁby construction in Proposition for all c € €. Sifnilarly
(Va®)(c) = 19(;)(6)04619@(‘3) = A, = A(c) holds for all ¢ € €, and thus Jga)® = A.
Analogously, 96U° = u holds. Thus, we have recovered the Frobenius object and
the proof is finally complete. O]

4.3.4 Split Frobenius objects on additive higher representa-
tions

In this section, we specialise the theory developed in Section to the case € =
A — Mod'™ where @ is an additive 2-category. The goal of this section is to proof

the following theorem:

Theorem 4.3.53. Let @ : @ — Mod' ™ — @dd°™ be a representable 2-functor and
let © be a split Frobenius object on ®. Then, o® is representable.

Proof. We split the proof in several parts: In Proposition [4.3.57 we show under which
assumptions a higher representation Mg € @ — Mod'¥°™ represents 6®. Thereafter,
we construct such a representation explicitly in Proposition [4.3.58. This last step is

where we take a short cut and only perform the construction in B — Mod. O]

Remark 4.3.54. We do not claim that 6, b, = 6, ®, implies 1 = $,. A counterex-
ample can be constructed from Proposition provided existence of certain split

Frobenius objects.
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Already in Notation [4.3.8] we explained how one can transport Frobenius objects
along monoidal functors. In the following, we need a version of this statement that
applies to 2-functors. In order to establish Theorem we moreover have to
ensure that we can transport this structure in a compatible manner. Lemma [4.3.56
will allow us to achieve this and indeed applies in out situation due to the following

well known fact:

Remark 4.3.55. Let (F,G,n,€) be a quadruple, where F' : ¢; — ¢ and G : ¢o —
c; are l-arrows and 1 : I, = GF and ¢ : FG = I, are invertible 2-arrows.
Setting € := ¢ o (F™'G) o (FG(¢')™!), we obtain adjoint equivalences (F, G, 7, ¢€) and

(F,G, e, n7). Furthermore, if (F,G,n,¢) was an adjoint equivalence then ¢ = e.

Lemma 4.3.56. Let € be a strict 2-category, let ¢1, co € €, let (F,G,n,€) be an
equivalence between ¢y and co, and let (©, A, p) be a Frobenius object on cy. Then,
setting © = GOF, A := (GOe™'OF) o (GAF) and i :== (GuF) o (GOeOF) defines a
Frobenius object (é, &, i) oncy. Further, F (resp. G ) is compatible with the Frobenius
objects via canp = €OF (resp. cang := GOe™ ). Furthermore, n is compatible with
(0, A, 1) via canpg = (cang G)o(F cang), and provided that (F, G, n, €) is an adjoint

equivalence, ¢ is compatible with (6, A, i) via cangp = (cang F) o (G canp).

Proof. We start be checking the Frobenius property. We calculate

Aofi= (GO 'OF) o (GOUF) o (GAOF) o (GOOF)
= (GOFGuF) o (GO 'OOF) 0 (GOOOF) o (GAFGOF)
= (OGUF) o (GOFGOOF) o (GO 'OFGOF) o (GAFO)
= (O 0 (A©)

and can show analogously that A o r = (20) o (BA) holds.

Next, F'is compatible with the Frobenius objects via cang, see Definition since
cang o(Fj1) = (eOF) o (FGuF) o (FGOeOF)

= (uF) o (eBeOF)
= (uF) o (BeOF) o (eOFGOF)
= ( (

(tF) o (6 cany) o (cany ©)
and similarly
(AF) ocany = (¢OOF) o (FGAF)

= (0eOF) o (€O 'OF) o (FGAF)
= (OeOF) 0 ((OFGOF) o (FGOe'OF) o (FGAF)
— (O canp) o (canp ) o (FA)
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holds.

Analogously, we can show that GG is compatible with the Frobenius objects via cang,
i.e. the equations (AG)ocang = (O cang) o (cang ©) o (GA) as well as cang o(Gp) =
(nG) o (é cang) o (cang ©).

Next, we show that € is compatible with (0, A, 1) via canpg. We have (O¢)ocanpg =
(©¢€)o(canp G)o(F cang) = (O¢) o (eOFG)o(FGe™ ') = (€0) o (FGOe) o (FGOe ™) =
€0.

Finally, we show that 7 is compatible with ((:), E, i) assuming that (F, G, €,n) is an
adjoint equivalence. We thus assume that (Ge) o (nG) = G and (eF') o (Fn) = F.
In fact, we only need e 'F = Fn which is equivalent to the latter equation. We
have cangr o(n©) = (cang F) o (G cang) o (n©) = (GO 'F) o (GeOF) o (nGOF) =
GOe~'F = GOFn = On. 0

The next two propositions are the main steps in the proof of Theorem

Proposition 4.3.57. Let ® : @ — Mod'™ — Add'°™ be a 2-functor, let M be
an idempotent closed @-module and let (F,G,n,€) be an adjoint equivalence between
Homg(M, —) and ®. Further, let 0, = (©1, Ay, 1) be a split Frobenius object on
®. Furthermore, let Mg, € A — Mod™ ™ [et M LA Ma, ﬁg M be A-functors and
let z'dMé3 =5 19@319@3 L, idMéS be A-transformations with B3 o az = Mg,. Now,
denote by g ® : A — Mod! ™ — Add' ™ the 2-functor associated to ©1 according
to Proposition . Further, denote by O, = (©2, Ao, 11o) the split Frobenius object
on Homg(M, —) constructed from O, and (F,G,n,¢€) according to Lemma .
Furthermore, denote O3 := (O3, As, ug) == (19@319é3,19@3a319é3, 19@36319@3).

If ©, and —O; are isomorphic, then Mg, represents o ® and the diagram

Homg(M, —) —E— & — = Homg(M, —)

19@3 19(1)1 9

Homg(Meg,, —) 6, Homg(Me,; —)

l 993 96, l_ﬁ%
Homg(M, —) F .o ¢ Homg (M, —)

O3

commutes up to isomorphisms.

Proof. As in Proposition 4.3.33, we see that O, is a split Frobenius object on M.
Since @ — Mod is a strict 2-category —@3 = (—O3,—A3, —pu3) is a strict Frobenius
object on Homg(M, —). Since O, and —O; are isomorphic, Remark 4.3.46| implies
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that the identity morphism of the 2-functor Homg(M, —) is compatible with the
Frobenius objects O, and —O. Thus, Proposition implies HOmg(Még, —) =
o, (Homg(M, —)). Furthermore, the assumptions of Corollary by construction
of ©,. Hence, we have an equivalence g ® = o (Homg(M, —)). Thus, Mg, rep-
resents o ®. Existence of the morphisms Homg(Mg, —) = o, @ — Homg(Mg, —)
follows from Proposition [£.3.48] Compatibility with horizontal composition shown
in the same proposition provides the isomorphisms up to which the above diagram

commutes. OJ

Proposition 4.3.58. Let M € B—Mod*™ and let © = (0, A, 1) be a split Frobenius

. €] 9
object on M. There exist Mg € B — Mod'¥™ ' B-functors M AN Mg —= M and
B-transformations Mg = 19@19@ N Mg such that Boa = idm,. Furthermore,
this structure recovers the Frobenius object, that is 6= (19@19@, 19(;)(119@, 19@519@).

Proof. Recall that Proposition already provides us with an idempotent closed
additive category oM, additive functors ¥¢ and ¥© and transformation a and £ with
properties as claimed in the proposition. Note that in the statement we used the
notation My instead of g M. Since we will construct a left B-action on this category,
we consider this notation more appropriate.

It remains to equip gM with a B-action, as well as ¥ and ¥© with the structure
of B-functors. Then, we have to show that a and g are B-transformations, as well
as that the B-structure of the Frobenius object is recovered. For the latter, we only
have to check that © = 19@19@ as B-functors, since B-transformation do not carry any
additional structure as compared to the underlying additive transformations.

Recall that oM is the idempotent closure of (;)’.\/\//l where Ob(@;.\/\//l) = Ob(M) and
oM (My, My) = {m € M(OM;, ©OM,)|(Om)oA, = Apyom, mojins, = firr,0(Om)}.
It is sufficient to define a B-action ¢ on (;;.7/\/1, as it will extend to 4 M by the universal
property of the idempotent closure.

Let us define the structure-functor ¢ : B — @dd( (;:/v\/l, (;/v\/t) For B € B, we define a
functor ¢(B) : (;/\//l — (;/v\/l. For M € Ob(é’]\//l) = Ob(M), we set (B)(M) := B.M
where the right hand side uses the B-action on M. Further for m € (;;.7\//1(M1, M),
we define ¢(B)(m) € M(O(B.M,), O(B.M,)) by commutativity of the diagram

©(B.M;) == B.OM, .
lww)(m) jB.m
O(B.M,) = B.OM,
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That ¢(B)(m) € C;:}\//I(B.Ml7 B.Ms) follows from the commutative diagram

Ap .y

\
O(B.M;) —> B.OM, ~2 B.O2 M, —~~ O(B.OM,) —> 62(B.M)

lw(B)( ) LBm jB@(m) l (B-m) lG(d)(B)(m))

O(B.M,) —~ B.OM, -2 B.O2M, —= O(B.O M) —== ©(B.My)
//

AB. .My

and fipg, 0 O(¢(B)(m)) = ¥(B)(m) o fipr,, which is shown analogously.

Since B. is a functor, so is ¢(B). Since © and B. are additive, so is ¥(B).

Given b € B(By, By), we have to define a transformation ¢(b) : ¥(By) = ¢(B2).
For M € (;;/\\//l, we set (b)) = O(b.idy) = Vg(b.idy) € (;)f./v\/l(Bl.M, By.M). Since
(B)(m) is defined using isomorphisms that are natural in B, it we can conclude
that ¢(Bg)(m) o O(b.idys, ) = O(b.idyy,) o (B1)(m) for all morphisms b € B(By, Bs)
and m € é/—./\\//l(Ml,Mg). Hence, ¢(b) is a transformation. Furthermore by additive
functoriality of the action on M and of O, ¢ is indeed an additive functor.

Next, we show that 1 is monoidal, which requires two steps. First, we define an
isotransformation (B ) (By) = 1(By @ By) for all By, By € B. At all M € (;;7\//1,
we define this isotransformation to be given by the image under ¥° of the natural
isomorphisms Bj.(By.M) — (By ® Bs).M coming from the action of B on M. That

this defines indeed a transformation follows from the commutative diagram

P(B1)(¥(B2)(m))

\;

O(By.(Ba.M)) ———————— B,.0(B3.M) (B2.6(My)) ——————— ©(B1.(B2.M>))

l B;.(B2.m) ]

2.
BQ @(Ml ﬁ' Bj. BQ @(MQ

L (Bl(X)Bg) j
(B1®B2).©(M;)) ———— (B1®B2).O(M:

/ (B1®Bz)(m) \

O©((B1®Bz2).Mi)) O((B1®Bz2).M2))

The compositions 1(B1)(Bs)y(Bs) == 1(B1® B2)(Bs) = ¢((B1® Bs) @ B;) and
Y(B)Y(Ba)Y(Bs) == ¢(B1)1(Ba® Bs) == 1(B1®(By® By)) == ((B1® By)® By)
agree, since we can apply © to the corresponding requirement on the action of B on
M and use ¢(B)(©(m)) = O(B.m).

Second, we need an isotransformation (/) = g/v\/l: For all M € éf.;\J/l, we ap-
ply J¢ to the natural isomorphism [.M — M that come from the action of B
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on M. By the requirements on @, this isomorphism agrees with the composition
OU.M) = [.O0(M) = ©(M). From naturality of the second isomorphism isomor-
phism it follows that we have indeed defined a transformation ¢ (I) = éf/\\//l. The
composition (1) (B) = (I ® B) = (B) agrees with the transformation
induced from ¢(I) = @//\\//l, by an application of © to the corresponding require-
ment for the action of B on M. The analogous requirement for the composition

Y(B)Y(I) = ¢(B ® I) = ¢(B) holds by the same argument.
Next, we equip Vg : oM — M with the structure of a B-functor. For all objects

B € B, we need to specify a natural isotransformation canyg, p : (B.)dg == Vg (B).
For all M € gM, we define (canqgé,B)M = cang,p since (B.)Vg(M) = B.O(M)
and Jg(B)(M) = ¥¢(B.M) = ©(B.M). Indeed this defines a transformation
cany, p since cane p is one such. Naturality in B holds as well, since the morphisms
(D60 (6)as = Do(t(B)ar) = J(O(b.A)) = O(b.M) and (b)) = b.O(M) are
intertwined by cang p, and cang g, for all b € B(Bj, B2). The requirements that the
compositions (B;.)(Bs.)dg = ((B1 ® Bs).)0¢g = Vg¥(B1 ® Bs) = 9a(B1)Y(Bs) =
(B1.)0g¥(B2) = (B1.)(Ba.)0¢g and Vg = (1)dg = Ug(1.) = Vg agree with the re-
spective identity morphisms are satisfied, since they are exactly the same as for ©.
Similarly, we equip ¥© with the structure of a B-functor. For all B € B, we need to
specify a natural isotransformation cange p w(B)ﬁé = 19@(3.). For all M € M,
we define <canﬂé’B>M = idep.an since P(BYWO(M) = ¢(B)(M) = B.M and
ﬁé(B.M) = B.M. Note that ide.a) = O(idp.) is indeed a morphism in (;;T\/l.
The functors 1(B3)9° and ¥©(B.) also act in the same way on morphisms in B. Thus,
cange p is a transformation as it is defined via identity morphism. The same argu-
ment shows naturality in B. The compatibility requirements that ﬁéw(31)¢(Bg) =
UOP(B1 ® B) = ((B1 ® By).)0° 2 (By.)(By.)0° 2 (By.)0%%(By) 2 994 (B1)y(By)
and 9° = (1 .)ﬁé = ﬁéw([ ) = 9O agree with the respective identity morphisms also
holds almost trivially.

Next, we show © = 19@196 as B-functors. As we know this equality already for the
underlying functors, we only need to check cang g = (U canﬂé’B) o(cany, p 19@). This
holds by the definitions of cany, 5 and can 96 g, Since they involve identity morphism

and cang g respectively.

The last step is to show that o and [ are B-transformation. For all B € B and all
M € g M, we have ¥(B)(an) = Y(B)(Awm) = (cane,g)en © (B.Au) o (cane p)yf
= O((cang g);;) © (cange g)ar © (B.Ay) o (cane 5);; = O((cane 5)y/) © Ap.ur

= O((cane )y ) © aypym), where we used that © is a B-functor and that A is a
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B-transformation. Since cang ,, B = idy(p), the above equations show that o is a B-
©
transformation. The analogous argument (using that p is a B-transformation) shows

that £ is a B-transformation. O
The following lemma will become important later on:

Lemma 4.3.59. Let © and 9° be as in Proposition . Then, O is indecompos-

able if and only if 9O s strongly indecomposable.

Proof. First, let O be indecomposable and let e be an idempotent B-transformation
of ¥©. Then, Jge is an idempotent of 19@19@ = O. Furthermore, Jge satisfies 6-
descent, since o (@dge)o A = (19@619@) o (Oge)o (19(;30419@) =Vg(Bfoa)e =Vge. By
indecomposability of O, the B-transformation Yge has to be trivial or the identity.
Since e = (B o a)e = (B9°) o (19@19@6) o (a¥®), we deduce that e has to be trivial or
the identity, as well. Thus, 9O is strongly indecomposable.

Second, let 9° be strongly indecomposable. Then, O is indecomposable by the same
argument which we used in the proof of Proposition [4.3.20] Note that strong inde-
composability of 9O implies that it is non-trivial, and thus that © is non-trivial as
well. ]

4.3.5 The split Frobenius 2-category

In this section, we assign to an additive monoidal category B its split Frobenius 2-
category Frob(B). For simplicity, we assume that B is strict. In Section 4.5.2] we

will use this 2-category to describe free functorially cyclic modules.

Before we can introduce Frob(B) in Definition [4.3.63] we need a preliminary
definition which resembles Definition [4.3.35] and explain some additional structure.

Definition 4.3.60. Let ©, = (01, Ay, 1) and 0, = (O2, Ao, o) be Frobenius ob-
jJects in a strict additive monoidal category B. We define g Bg, € Add "™ as the
idempotent closure Ofé/ll\gé/Q € Add, where Ob (%) := Ob(B) and

0,Beo,(B1, Ba) := {f € B(0,B,0,,0,B,0,) ‘f satisfies él-ég-descent} )

for all By, By € Ob (;g@:)

It is easy to see that g Bg, is well defined. Note that for convenience, we have

used ©1-O,-descent in this definition rather than showing a statement analogous to

Lemma [4.3.37} To define Frob(B), we need the following additional structure:
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Definition 4.3.61. Let é)l, 0, and ég be split Frobenius objects in an strict additive
monoidal category B. Then, we define the additive functor ®g, by the following

assignment:

®é2 : ézBél X 638@2 - éSBél
((Bh 61)7 (327 62)) — (32@231, (6231@1) o (@33261))
(f1, f2) = (f2B701) 0 (0385 f1)

where fi € ¢, Bg, ((Bi, 1), (B}, €})) and f> € o,Bs, (B3, €;), (B3, €3)).

The additive functor ®g, is well defined by the following lemma, which in partic-
ular implies that (e2B101) o (©3Bs¢;) is an idempotent:

Lemma 4.3.62. Let é)l, O, and O3 be split Frobenius objects in an strict additive
monoidal category B. Then, we have (foB?0;)0(03B1f1) = (03B3f1) o (f2Bi©;) for
all fi € ¢,Bs, ((Bi,e1), (Bi,e1)) and fo € ¢,Bg, (B3, e3), (B3, €3)).

Proof. This statement requires a simple calculation:
(f2B101) 0 (03B, f1)
= (f2B101) 0 (93B3 112 B70,) 0 (03B A, B30,) 0 (03B f1) (05 is split)
O3B3 115 B301) o (foB101) 0 (03B5 f1) 0 (03B;A2B{©;)  (Lemma [4.3.40)
O3B3112B30,) 0 (0383 f1) o (f2B161) 0 (03B3A,B{6,) (Remark
3B f1) o (faB161)

In the last equality, we have used the arguments of the previous three equalities in

(
= (
= (
=(©

reverse order in a single step. O]

Furthermore for every split Frobenius object O in B, we associate the idempotent
eg = Ao p. It is easy to see that ey satisfies two-sided ©-decent, and thus we have
Iy = (I,eq) € 5Bg, where I denotes the unit object of B.

Now, we are prepared to state central definition of this section:

Definition 4.3.63. Let B be a strict additive monoidal category. Then, we define
Frob(B) as the additive 2-category with the following datum:

o Frob(B)y = {é right indecomposable split Frobenius objects in B}
o Frob(B)(01,0) = g Bg, for all ©1,0, € Frob(B)o

o Frob(B)(01,0) x Frob(B)(Os,03) — Frob(B)(O1,03) is given by ®g, for all
él, ég, ég € ;lf’l“Ob(B)()
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o Iy € Frob(B)g is the identity object for each © € Frob(B),
e The associator is given by identity morphisms

o Forall©y,0, € Frob(B)y, the right (resp. left) unit on (B, e) € Frob(B)(O1,O,)
is defined using epy € Frob(B)g, _e,((B,e)ly ,(B,e)) and its inverse e
(resp. pze € Frob(B)g e, (ls,(B,¢e), (B, e)) and its inverse Age)

Proof. It remains to show that the unit transformations and their inverses are well-
defined and invertible and further that the axioms of a monoidal category are satisfied.

We leave this as an exercise. O

Remark 4.3.64. Even though we had assumed that B is strict, Frob(B) will be
strict only if Frob(B) has no further objects apart from (1,idy, id;).

Remark 4.3.65. The definition of a 2-category Frob(@) for an additive 2-categories
4 is straight forward. Section proposes to study this and more in the future.

Remark 4.3.66. In analogy to Remark we can interpret g Bg as a category
of projective ©1-O5-bimodules. Furthermore, instead of considering ©; and ©, as
split Frobenius objects in B, we can consider the Frobenius object 61\/@2 on B as
constructed in Example[£.3.9] for which we have to consider B as an additive category
only. Note that (51\/@2 is also split in this situation. Using this notation, we have

6,Be, = Bé?e/g where we used Deﬁn/it\iin 4.3.350 Remark 4.3.68 below provides tools

that can also be used to construct ©,0,.
The following remark will be useful for Section |4.8|

Remark 4.3.67. Using Remark [4.3.19] we obtain an indecomposable split Frobenius
object on B € B—Mod by transporting O, along the equivalence B*¥ — Hompg(B, B)
induced from taking tensor products on the right. By abuse of notation, we denote
this indecomposable split Frobenius object on B also by ©,. Similarly by taking
tensor products on the left, we obtain an indecomposable split Frobenius object 6,
on B. Proposition , thus yields a category By, together with B-functor dg,
and 9. Using the same argument as in Proposition , O, descents to a split

Frobenius object O, on Bg,. This action is no longer given by B-functors, however

Proposition [4.3.38 applies and we obtain an additive category 5 (Béz) together with
1

additive functors 5 ¥ and é%?, where we have put the indices on the other side to
1
align notation below. Repeating all the arguments involved, one can apply the same

constructions first for the left action (resulting in a right B-module g B) and then
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for the right action (resulting in an additive category B-module (@18) 5 ). All these
2

constructions fit together into the following diagrams

- 9 A P
B—"" - By —~ . (Bg) B2 By, ~ (Bo,)
2 6, \"7O2 2 0, \762/>
9119‘ \917992 lN @119’ \élﬁég TN
19(32 ~ 19é2 \N
6 B—>(@15)~2—>@ Be, 6 B‘_(@18)§2‘—618@2

which commute up to isomorphisms. The two equivalences in each diagram will be
explained in the following Remark which provides an abstract argument that
also implies commutativity of the diagrams above. Note that Lemma [4.5.12] will
make the equivalenceg explicit. Going forward, we will abuse notation and denote

o ~ ~
the composition Bg, -3 8, (B(1)2) — o,Be, by ©19 and do the same for the other
three analogous compositions involving isomorphisms. In fact, these functors can be

written down explicitly in the same fashion as the original functors élﬁ, etc.

Remark 4.3.68. The applications in Remark |4.3.67|of Proposition |4.3.58 and Propo-
sition [4.3.38} also yield additional transformations. These transformations allow us to
equip Jg, 5 9919992 and 6,V 195 992919, One can calculate explicitly that both in-
1 2
duced split Frobenius are isomorphic to the split Frobenius object associated to g Bg,
with underlying object @2196 ©1992, The universal properties of split Frobenius struc-
1

ture thus implies equivalences of additive categories (@16) 6, = 6,86, = o, (892) as
well as isotransformations between the structure functors.

Remark 4.3.69. The composition g Bg = Homgs(Bg,, Bg,) = Bg,, where ev is

given by evaluation at Jg I, agrees with g ¥ : g Bg, — Bg, up to isomorphism.

4.3.6 Preorders on split Frobenius objects

In this section, we introduce the Frobenius preorder and strong equivalences of Frobe-
nius objects. We will establish a connection between these notions and higher repre-
sentation theory in Theorem [4.5.14!

Definition 4.3.70. Let ©, = (01, Ay, 1) and O, = (B9, Ao, i9) be Frobenius objects
i a strict additive monoidal category B. The Frobenius preorder < is defined by
@1 < @2 if and only if ©1 <pr ©s. We say that @1 and é)g are weakly equivalent

and write ©1 ~ 92, iof they are equivalent with respect to <.

Showing that < indeed defines a preorder is a simple exercise.

112



Remark 4.3.71. Let @1 and é)Q be Frobenius objects in B with @1 < é)Q. Then,
one can construct a Frobenius object O, ® 6, with underlying object ©1 @ ©5. We
will not use @1 &> @2 and thus we do not provide the details. However, let us note
that if ©; and O, are right indecomposable split Frobenius objects, we will construct
associated free functorially cyclic modules Bg and Bg,, see Corollary , and a
generalisation of Example 4.2.28 applied to Bg, @ Bg, can be used to obtain ©; @ 0,

(which is no longer right indecomposable). The point we want to make here is that
0, <6, ®6, ~ 6,

Definition 4.3.72. Let ©, = (01, A1, 1) and 0, = (O2, Ao, o) be split Frobe-
nius objects in a strict additive monoidal category B. We say that O, and O, are
strongly equivalent and write 0, ~ @2, if there exist objects (A,ea) € g Bg, and
(B,er) € ¢,Bg,, and morphisms 11 € g Bg (I,AO:B), m € g Bg (A28, 1),
g € ¢,Be,(I,B61A) and my € ¢ Bg,(BO1A, 1), such that m o1 = Ay o py,
t1om = (eaBO1) o (O14ep), m 01y = Ago g and 1y 0 T = (egAB3) 0 (O2Bey).

Remark 4.3.73. One can show that strong equivalence defines a preorder.

Remark 4.3.74. If @1 and é2 are strongly equivalent, the morphisms ¢; o A; and
i1 o m imply that ©; C® ©,40,B0,. Thus, ©; <;r O, and therefore 0, < 6,
holds. Analogously, 0, < 0, follows. Thus, modules that are strongly equivalent are

also weakly equivalent.

Remark 4.3.75. The natural definition of equivalence of Frobenius objects, which
is induced from their interpretation as objects of the 2-category Bom(Fr,€), see
Remark [4.3.22] where € is the one object 2-category associated to B, does not agree
with the definition of strong or weak equivalence given above. For 0, and O, to
be equivalent in this sense, objects A, B € B are required such that A©; = BO,,
BA®; =2 ©; and ABO,; = O,.

We will provide concrete examples of strong equivalences in Example |5.3.8| which
are non-trivial. For now, we establish the following useful compatibility between the

different notions:
Proposition 4.3.76. Isomorphic split Frobenius objects are strongly equivalent.

Proof. Let 0, = (©1,Aq, 1) and O, = (O3, Ag, 112) be split Frobenius objects, and let
T : ©1 — O3 be an isomorphism of @1 and @2. Define A := B := [ as the unit objects
of B. Further, set e4 := (©17)oeg 0(O©177") and ep := (O27 ') oeg_o(O27). Clearly,
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e and ep are idempotents and, since 7 is a isomorphism of Frobenius objects, they
satisfy the necessary Frobenius descent properties. Next, we define the morphisms
11 = (01701) 0 (A101), 71 := (1101) 0 (0177101), 13 1= (O27710,) 0 (A30;) and
Ty 1= (Ogpuz) 0 (O270,). Again since 7 is a morphism of Frobenius objects, these
morphisms satisfy the necessary Frobenius descent properties. Finally, we calculate
m ot = (1101) o (A101) = Ay o uy, where we used the Frobenius relation of 0.,
tiom = (0,701) 0 (A101) o (11601) 0 (6,77'6))

=(017607) 0 (6@1@1) 0 (01A1) 0 (O1p1) 0 (617716))
= (01701) 0 (€6,01) © (01A1) 0 (177") © (O1/12) © (©177'0))
= (01761) 0 (eg,01) 0 (1771771 0 (01A,) 0 (O1145) 0 (0,0,7)

= (eaBO1) o (O1Aep),
where we used that él is split as well as Remark . Similarly, my 0 15 = Ag 0 o
and 1y 0 g = (egAB,y) 0 (O3Bey) follow and the proof is complete. O

Remark 4.3.77. In contrast to weak equivalence, strong equivalence between split
Frobenius objects is not determined by the underlying object. In Remark [5.3.9] we
will see that there exists indecomposable objects that can carry different structures
as (right indecomposable) split Frobenius objects which are not strongly equivalent.
Further, we will see in Example that strongly equivalent indecomposable split

Frobenius objects can have very different underlying objects.

4.4 Restriction along quotients and its adjoints

In this technical section, we discuss the restriction 2-functor between two 2-categories
of additive higher representations associated to any additive monoidal functor between
the acting additive monoidal categories. We will focus our attention on the quotient
2-functor case relevant for this thesis. For simplicity, we actually only discus monoidal
quotient functors. In this case, we construct a left adjoint 2-functor called induction
and a right adjoint 2-functor called coinduction. Further, we define central quotient
functors and give a different construction of the induction 2-functor using base change

that is available in this case.

We start by introducing a 2-functor Res, : Bo — Mod — B; — Mod associated
to a given additive monoidal functor ¢ : By — Bsy. Since B — Mod = Bom(B,Add),
it is fairly obvious that right composition with ¢ on each categorical level defines

the 2-functor Resy. Let us nevertheless provide some details: Recall that any M €
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By — Mod is actually given by a pair (M, pr) where M is an additive category
and pap : By — Add(M, M) is an additive monoidal functor. Thus, Res,(M) :=
(M, pRess (M) = (M, ppgo @) € B —Mod. Now, let F': My — Mj be a B,-functor.
Recall that this is given by an additive functor F' : M; — M, together with additive
isotransformations cangp : F o pa, (B) = pam,(B) o F for all B € By. Clearly, F
is also an additive functor between the underlying additive categories of Res,(M;)
and Resy(My). Setting canges,(r),p = canggp) for all B € By, which of course still
satisfies the necessary relations, turns F' into a B;-functor which we denote Res,(F).
Similarly for all By-transformations « : F' = G, we set Resy () := o which satisfies
all the necessary relations since o does. All required compatibility isomorphisms that
turn Res, into a 2-functor can be chosen as (being induced from) identity morphisms.

Thus, we have fully specified a strict 2-functor Res,.

Definition 4.4.1. We call Res, : B,—Mod — B; —Mod restriction along ¢. Provided
that there exists a 2-functor Indy : By —Mod — By—Mod (resp. Coindy : B; —Mod —
By — Mod) that is left (resp. right) 2-adjoint of Resy, it is called induction (resp.

restriction) along ¢.

Remark 4.4.2. Definition is not a precise definition and in fact it is not suf-
ficient to apply the standard notion of an adjoint pair in a 2-category. This is not
surprising in light of Remark [3.1.17, where we noted that there exists no appro-
priate 2-category of 2-categories, but rather a 3-category. Already in [Gil Chapter
1.7], various appropriate generalisations are discussed and we believe that the context
discussed here fits in this framework. However, since we do not need this level of
sophistication, we limit ourselves to discussing the properties essential for us. We

leave it to future research to develop the appropriate notion in this context.

Whenever it is unambiguous along which ¢ we restrict, induce or coinduce, we

will omit stating it explicitly.

Remark 4.4.3. Below, we will provide a general definition for Coindg and observe
that the zig-zag equation does only hold up to an invertible morphism of morphisms
of 2-functors. On the other hand if ¢ = 7 is a monoidal quotient functor, we will
provide constructions of Ind,; and Coind, together with unit and counit morphisms
of 2-functors that satisfy the same zig-zag relations as in the case of the standard

notion of adjoints in 2-categories.

In the remainder of the section, we discuss the 2-adjoints of Resy. As in the

classical setting, coinduction can be described in terms of homomorphisms:
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Definition/Proposition 4.4.4. Coind, := Homp, (B2, —) defines a strict 2-functor
which 1s right 2-adjoint to Resy.

Proof. Since we will not use Coind,, in the remained of the work, we will only outline
the main steps. One should note that in the last step of this outline, we will see that
the standard notion of adjoints is not sufficient in this case.

First, note that we have By = (Bs,p) € By — Mod. Thus (Bs, pp) € By — Mod.
Second, while p was given by taking tensor products on the left, we can also take
tensor products on the right and obtain By € (B3)™" —Mod. Since the two actions are
compatible, it follows that By € By x (Bs)"* —Mod. For all M € B;—Mod, we can thus
regard Hompg, (Ba, M) as a By-module. Third, one constructs the 2-functor Coindy
by using (strict) functoriality of Hompg,(—, —) in the second argument. Fourth, one
has to provide the unit and counit 2-arrows and show the zig-zag relations. As
in the classical case, the counit transformation Resy Coind, = idg, —moa is given by
evaluating at the unit object of By. The unit transformation idg, moq = Coindy Resy
is given on any M € By —Mod by a By-functor M — Hompg, (Bs2, Resy(M)) which in
turn maps any M € M to the Bi-functor given by B — B.M. Now, one can compute
the induced transformation Res; = Resy Coindg Resy = Resy (resp. Coind, =
Coind, Resy Coind, = Coind,). In the simplistic definition of an adjunction these
composition should be given by the identity transformations. The functor obtained
by evaluating the transformation at M € By —Mod (resp. N € N’ € B; —Mod), sends
an object M € Resg(M) (resp. F € Homp, (Ba, N)) to Is.M (resp. (B — F(B.ly)),
where I denotes the unit object in By. Neither composition yields the identity
transformation, however in both cases the resulting transformation is isomorphic to
the identity transformation via a morphism of morphisms of 2-functors that is straight

forward to construct. O

From now on, we assume that ¢ = 7 : By — B5 is a monoidal quotient functor. To
simplify matters further, we assume that ¢ induces the identity map on objects rather
than merely being essentially surjective. The general case of essential surjectivity can
be handled by choosing per object in By an isomorphic object in the image of 7

together with a fixed isomorphism.

Definition/Proposition 4.4.5. For M = (M, p) € B; — Mod, denote by M. the
full subcategory of M with objects Ob(M,.) := {M € Ob(M)|a.idy =0 Va € F(m)},
denote by iy : M, — M the inclusion functor and denote by P the unique monoidal
functor with imp,, = p. Thus, (M, p ) € Bi — Mod is a sub-Bi-module of M.

Further, denote by pa the unique additive monoidal By-structure functor on M,
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such that mp = p . We define Coind-(M) := (M,,p) € B, — Mod. For all B;-
functors F : My — Ma, we define Coind,(F) : Coind,(M;) — Coind, (M) as the

unique Bo-functor such that the following diagram of additive categories commutes:

M, M,
J Coind J
1 - - —d—(€)> Mo

For all By -transformations o : F' = G, we define Coind,(«) by setting Coind,(a)y :=
ay for all M € My. The thus defined strict 2-functor Coind,; : By —Mod — By —Mod

1s called coinduction along 7.

Proof. By definition, the ideal J < B; consists of all morphisms in B; that vanish un-
der 7. By definition M, is a full additive subcategory of M. Since idg.(a.idys) and
idp.(a.idyr) agree up to canonical isomorphisms (which come from the structure of M
as a Bi-module), we have indeed defined a sub-B;-module (M., p|rp ) € By — Mod.
Furthermore, any element of Z acts trivially on this sub-B;-module. The existence of
p follows.

Since any Bi-functor F' : M; — My commutes up to canonical isomorphisms with
the B; action, the image of M, _lies indeed in M, _. Since the latter is a full subcat-
egory of My, all necessary morphisms to turn this factorisation into a By functor are
available and we obtain the unique functor Coind,(F') as claimed.

Finally given a B;-transformation « : F; = F; where F}, Fy, : M; — M, are Bi-
functors, we define Coind,(«) by setting Coind,(«)y := aypy for all M € M.

All required compatibility isomorphisms that turn Coind, into a 2-functor can be
chosen as (being induced from) identity morphisms. Thus, we have defined fully
specified the strict 2-functor Coind,. O]

Remark 4.4.6. For ¢ = 7 there is an equivalence of 2-functors Coindg = Coind,. In
particular, we have equivalences Homg, (B2, M) = Coind, (M) in B —Mod which are
natural in M € By —Mod. Arbitrary additive monoidal functors ¢ induce B;-functors
B1 — Res,(Bs). This leads to the following diagram of functors and equivalences of

additive categories.

’Homgl (Bl, M) = M ~_

~
~
-
—om =<
-
g

Hompg, (Res,(By), M) —— Homg, (Bs, Coindy(M)) ;>boind¢(/\/l)

Thus up to equivalence, we had no choice when defining Coind,. In the case of ¢ =,

the arrow — o 7 is faithful, which is the basis of our definition of Coind,.
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Proposition 4.4.7. Coind, is right adjoint to Res,.

Proof. By construction, we have Coind, Res, = idp,_moq and this gives us unit Bs-
transformation 7 : idp,—mMoa = Coind, Res,. Clearly, we have nCoind, = tdcoind,
and Res;n = tdges,. The counit B;-transformation € : Res, Coind, = idcB,—Mod
evaluated at M € B;—Mod is given by the inclusion of the sub-B;-module (M., p|r )
into M. If M = Res,(N) for N € By — Mod, we have M, = M and thus € Res, =
1dRes, . Similarly, Coind; € = idcoing, since Coind, essentially picks a submodule on
which then the action factors over Bsy. In the case of M this submodule is M. To
conclude, we note that we have shown the zig-zag relations (e Res,) o (Res; 1) = Res,
and (Coind; €) o (n Coind, ) = Coind, hold. O

Definition/Proposition 4.4.8. For all M = (M, p) € By, we denote by M" the
additive quotient of M by all morphisms of the form p(b)(idy;) where b varies over
all morphism in By with w(b) = 0 and M wvaries over Ob(M). Further, denote by
p(B) the unique additive monoidal Bs-structure functor on M" such that pr = p.
We define Ind (M) := (Mﬂ,ﬁ) € B, — Mod. For all By-functors F : My — Mo,
we define Ind.(F) : Ind.(M;) — Ind(Mys) as the unique By-functor such that the

following diagram of additive categories commutes:

For all By-transformations « : F = G, we define Ind,(«) : Ind,(F) — Ind.(G) by
setting Ind, () pr := mo(anpy) for all M € Ms. We call the thus defined strict additive
2-functor Ind,; : By — Mod — By — Mod induction along 7.

Proof. Since the set of morphisms of the form p(b)(id,) is stable under the B; action,
we obtain a quotient Bi-module. Since all morphisms in Ker(7) vanish by definition
on this quotient Bi-module, existence and uniqueness of p with pm = p follows. For all
B;-functors F' : My — M and morphisms of the form pay, (b)(idar), F(pa, (0)(idar))
agrees up to canonical isomorphisms with paq, (b)(idpary). Thus, we obtain a unique
Bi-functor between the quotient modules which can be regarded as a Bs-functor.
Thus, we have obtained Ind,(F'). Checking that Ind,(«) is well defined is straight
forward. All required compatibility isomorphisms that turn Ind, into a 2-functor can
be chosen as (being induced from) identity morphisms. Thus, we have defined fully
specified the strict 2-functor Ind,. n
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Proposition 4.4.9. We have idp,_\oq = Ind, Res;.

Proof. The statement is obvious. The only reason that we cannot write idp, nod =
Ind,; Res, is because by the above definition we have to take a (trivial) quotient by

all zero morphisms. ]
We denote the associated isomorphism of 2-functors by € : Ind, Res,; = tdg,_mod-

Proposition 4.4.10. The 2-functor Ind,; is left adjoint to Res;,.

Proof. It remains to provide a transformation 7 : idg, —moa = Res, Ind, and to check
the zig-zag equation. In fact, we have already constructed the necessary morphisms.
For each M € B; — Mod, we set ny : M — M’ the previously constructed quotient
functor. In fact together with the trivial structure maps it becomes a B;-functor
nm : M — Res; Ind(M). It is easy to see that this defines a transformation of
2-functors 7 : idp,_moa = Res, Ind,;.

By the discussion preceding this proposition, the induced transformation n Res, is
also essentially given by the identity transformation. To be more precise, we have
the first zig-zag relation (Res;€) o (nRes;) = idgres,. The second zig-zag relation,
i.e. (eInd;) o (Ind;n) = idmqg, holds as well, since this time Ind, 7 is essentially the

identity transformation. O]

For the remained of this section, we will deal with a further specialisation, namely
the case of a central quotient functor 7. In this case, we can provide a somewhat
cleaner description of Ind, which will be useful for applications, see Section[5.7] Recall
Definition 4111l

Definition 4.4.11. An additive monoidal quotient functor m : By — By is called
central if there exists a quotient ring Z of Z = Z%(B) such that By = B, @ Z.

Remark 4.4.12. A monoidal quotient functor 7 : By — By is central if and only
every morphism in Z(7) can be written as a sum of morphisms each of which is a

composition of an arbitrary morphisms and a morphism apg for some B € B; and
some o € Z9(B).

For the rest of the section, we fix a central quotient functor 7 : B — B. Denoting
Z = Z%(B), we can assume without loss of generality that there exists a quotient
ring Z of Z, such that B = B ®, Z and that 7 is the canonical monoidal quotient
functor B — B ®, Z. In particular we have Ob(B) = Ob(B), which puts us in the

same situation as when constructing Ind,. For all M € B — Mod, we have a natural
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ring homomorphism Z — Z, := Z5(M) into the centre of M as a B-module. Denote
by Z ap the quotient of Zu by the image of the kernel of Z — Z under Z — Zu,.

Clearly, we have a commutative diagram

e

o

7 —— 7\
Now, recall from Section the construction of the B-module M ®,, Zu, de-
note its underlying additive category by M and denote its structure functor by
PMos, 7w B — @dd(M, M). Note that M is isomorphic to M~ as defined in
Definition/Proposition m This isomorphism is induced by the standard isomor-
phisms M ®gr R/I = M/I that hold for all right R-modules M and all left ideals
I < R. The remaining necessary arguments are exactly the same as in the proof of
Definition/Proposition where we constructed Ind,. Since Ind, is left adjoint to
Res;,, see Proposition [4.4.10 and it is clear that the newly constructed 2-functor is

isomorphic to Ind,, we obtain the following corollary:

Corollary 4.4.13. The obvious 2-functor B — Mod — B ®, Z — Mod, that is given
on objects by M+ M ®z,, Z m, is left adjoint to Res,.

4.5 Functorially cyclic modules revisited

In this section, we revisit functorially cyclic modules. Section [4.5.1] analyses the im-
plications of the additive Barr-Beck theorem. Bijections between equivalence classes
of certain modules (including functorially cyclic modules) and isomorphism classes
of split Frobenius objects are established and the universal property of functorially
cyclic modules is established. Section [4.5.2] makes connection between right indecom-
posable split Frobenius objects in a monoidal category and free functorially cyclic
modules more explicit. Further, the equivalence between the 2-category of free func-
torially cyclic modules and the split Frobenius 2-category of Section Section
discusses the representation theoretic meaning of the preorders on split Frobe-
nius objects of Section [£.3.6] and shows that free functorially cyclic modules are
determined up to weak equivalence by equivalence classes of split Frobenius objects
under the Frobenius preorder. Furthermore, equivalence classes of free functorially
cyclic modules correspond to strong equivalence classes of Frobenius objects. Section
discusses semi-free functorially cyclic modules which are restrictions of free func-

torially cyclic modules along quotient functors, studies relationships that arise when
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comparing different quotients, and calculates certain centres. Section |4.5.5|introduces
(strongly) universal cell modules and proves for weakly regular additive 2-categories
that existence of strongly universal cell modules is equivalent to the existence of split

Frobenius objects that satisfy certain technical conditions.

4.5.1 Functorially cyclic modules and split Frobenius objects

In this section, we start to analyse the implications of the additive Barr-Beck theorem
for additive higher representation theory. Theorem [4.5.4] provides several bijections
between equivalence classes of certain modules and isomorphism classes of split Frobe-
nius objects. Furthermore, we deduce Theorem which states that the universal
property associated to a split Frobenius object satisfied by the associated functorially

cyclic module.

Recall from Proposition that any functorially cyclic @-module gives rise
to an indecomposable split Frobenius object in the endomorphism category of an
@-quotient of a principal representation. In this section, we reverse this process by
showing how to construct idempotent closed functorially cyclic modules from inde-

composable split Frobenius objects on @-quotients of principal representations.

Definition 4.5.1. Let R, R’ be @-modules. We say that R weakly dominates R’ if
there exist A-functors R’ 9 R -5 R such that idp C% FG. Further, we say that

R dominates R' if there exists F' and G as above where F' is indecomposable.

Definition 4.5.2. Let R, Ry and Ry be @-modules, let R; Gy gy R; forie {1,2}
be A-functors such that idg, C® F;G; and let Ry AN R, EEEN Ry be A-functors. We
say (K, L) is a dominated equivalence, if (K, L) is an equivalence and if we have
iso-A-transformations KFy = I, and G, = G5 K such that the following diagrams

commute

G1F1$G2KF1£GQFQ GlFlﬁGQKFlﬁGQFZ

ﬂGlalpl GzazFQﬂ leﬁlFl Gzﬁz&ﬂ

CLFIG1F, =—=> Go KF1Go KF) ==> Go2GaFs  C1FIG1F, =—=> GoKF1GoKF, =—=> GoF2sG2Fy

Remark 4.5.3. For simplicity, we have stated Definition in a non-symmetric
fashion. We leave it to the reader to check that the Definition also implies the
existence of iso-@-transformations FhL = L and G1L = G5 together with the
analogous diagrams as above and additional compatibilities between the new and the

old transformations.
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With these definitions, we can state the following theorem:

Theorem 4.5.4. Let R € @ — Mod, let a € 4, let Z, ' <A P, be ideals and assume
that I’ is stable under the right A(a, a)-action. Then, we have the following bijections

idempotent closed -modules split Frobenius objects
weakly dominated by R — on R
up to dominated equivalence up to isomorphism
idempotent closed @-modules indecomposable, split
dominated by R 5 ¢ Frobenius objects on R
up to dominated equivalence up to isomorphism

(idempotent closed, functorially ) indecomposable,
cyclic A-modules ~ split Frobenius objects
dominated by P* on PX

up to dominated equivalence | up to isomorphism

(idempotent closed, functorially ) [ right indecomposable, )
cyclic A-modules ~ split Frobenius objects
dominated by P¥ — in Aa,a)/T'(a)

up to dominated equivalence | [ up to isomorphism

Proof. Most of the work has already been done, so let us however summarize the
ingredients. The maps from the left to the right are given by the following prin-
ciple: Given l-arrows R’ Y R 5 R and 2-arrows idp = FG N idgp with
B oa = idg, then (GF,GaF,GSF) is a split Frobenius object on R, see Propo-
sition £.3.20f On the other hand, the map from the right to the left is given by
the construction of Proposition (which was presented only within B — Mod,
but readily generalises to @ — Mod). Lemma stated that dominance on the
left corresponds to indecomposability on the right. For the last arrow above, we
have to transport the indecomposable split Frobenius object along the equivalence
Endg(PT) =2 @ (a,a)/I'(a) which was discussed in Remark [4.3.21] Thus, we obtain
a right indecomposable split Frobenius object in A(a,a)/Z’.

It remains to show that we have constructed bijections after taking equivalence classes
by dominated equivalence and by isomorphism respectively.

First, assume that (K, L) is a dominated equivalence as in Definition [4.5.2] Denote
by 7r (resp. T¢) the iso-@-transformation KFy, = F, (resp. G = GoK). We
claim that 7 := (Ga7r) o (1¢F}1) defines an isomorphism of the associated Frobenius

objects (GlFl, GlOélFl, GIBIFI) and (G2F27 GQO(QFQ, G2/82F2>. This claim hOldS, since

(77) o (Gran F1) = (GoTrGaTr) o (TaFi76 F1) © (Gron Fy) (Remark [3.1.3)
= (Go7rT) 0 (GoKay Fy) o (16 FY) (Definition

= (G2a2F2) oT
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and analogously 7 o (G151 F1) = (G2 Fs) o (77).

Second, assume conversely that we are given @-modules R, R; and R», and @-functors
R; G, p Iy R; for i € {1,2} such that idg, C¥ F;G;, and assume that there exists
an isomorphism 7 : (G1Fi,GiaqF1, G151 F1) — (GoFs, GoaoFy, GofoFy). In other
words, the @-functor idg is compatible with the Frobenius objects via 7 and so is the
identity @-transformation of idz. Thus, we can apply Proposition to these two
identity arrows (using the stated functoriality properties) and obtain an equivalence
(K, L) between Ry and Rs. Of course, this requires an application of the 2-Yoneda
Lemma/(3.3.49, Furthermore, Remark states that the thus obtained equivalence

is actually a dominated equivalence. O

Remark 4.5.5. This classification of functorially cyclic modules is somewhat unsat-
isfactory. The reason is that the notion of dominated equivalence depends on the
choice of the structure functors, compare the discussion in Section [4.2.5] Note also
the related Example [5.3.8] which discusses an explicit module that can be equipped
with two different sets of structure functors which do not allow for a dominated equiv-

alence. We address this issue for free functorially cyclic modules in Section [£.5.3]

Let us align the notation of Theorem further with the notation used in the
introduction. Let a € 4, let Z <P, be an ideal and let O be a split Frobenius object
on the @-quotient PZ = P, /T of the principal representation P,. By Proposition
[3.3.56], this is the same as an object in @(a, a) that stabilises Z (when multiplied on
the right!) together with structure maps A € @(a,aa) and p € @(aa,a) (that also
stabilise Z) such that the relations required from a split Frobenius object are satisfied
in PZ(a). Note that PZ(a) is in general not a monoidal category, however its full
subcategory with objects that come from P,(a) and that stabilise Z when multiplied
on the right is monoidal, and thus we can speak of the Frobenius relation. Since PZ
represents the 2-functor ®7 : @ — Mod*™ — Add'*™, this induces a Frobenius object
© on ®X. We obtain a 2-functor 5@~ : @ — Mod' ™ — @dd"*™ from Theorem .
Subject to an explicit construction of the @-module gPZ, which can be obtained
through a straightforward generalisation of Proposition [4.3.58] Theorem [4.3.53 now

implies Theorem 2 from the introduction:
Theorem 4.5.6. The 2-functor g®% : @ —Mod ™™ — Add"*™ is represented by o PZ.

The following example categorifies Example and is inspired by [MaMi5l Sec-
tion 3.4], and continues Examples [4.3.5/ and [4.3.18]
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Example 4.5.7. Let A := k — Mod, and let By be the smallest k-linear additive

subcategory of @dd(A, A) with objects [ := (ZCéA ic(l)A) and F' = (igj iij)
Note that By is very similar to the 2-category defined in [MaMi5l Section 3.4] by a
generator F' and the relation F'F' = F' & F. Note however that our definition implies
that By is symmetric monoidal and furthermore that F' is a split Frobenius object.
In an obvious way, we have A @ A € B, — Mod. Denote by By the essential full
image of By in @dd(A® A, A® A), and denote by 7 : By — B, the inclusion functor.
Note that 7 is a quotient-By-functor. Evaluation at (k,0) defines a By-functor By —

A @ A, which is clearly indecomposable. Further, mapping both (V;0) and (0,V) to
<— eV =@V

oV — V) defines a By-functor A & A — By. The composition A & A —

0 dy
idy 0 . Note

that the idempotents associated to this decomposition do not lie in B,. Thus, A® A

By —+ A® A is isomorphic to id @ S as a Bs-functor, where S :=

is functorially cyclic. The underlying object of the associated right indecomposable
split Frobenius in B, is isomorphic to F.

Aside of By and B,/ F', By has another functorially cyclic module, namely the sub-Bs-
module of By generated by F'. Let us denote this sub-Bs-module by Cr. Evaluation at
F gives an indecomposable By-functor By — Cr, and we have an inclusion Bs-functor
Cr — By. Since FFF = F @ F, the composition Cr — By — Cp is isomorphic to
tde, @ tde,. Thus, Cp is functorially cyclic. The object underlying the associated
split Frobenius object is again given by F'.

Since A @ A and Cr are clearly not equivalent, the two constructed split Frobenius
objects cannot be equivalent. Considering the top left matrix entry only gives rise to
ky and ko of Example and we have thus shown that they are not equivalent as
claimed in Remark [4.3.6

Further, we can equip A with a By action by letting F' act as id4 & id4. Note
that A is equivalent to Cp. One can show that the direct sum (resp. the diagonal
map) defines a Ba-functor A & A — A (resp. A — A @ A), which can be used to
show that A and A & A are weakly equivalent. We will discuss an abstract reason
for this in Example [£.6.7] It is important to note that the diagonal functor A4 —
A& A is not decomposable as a Bo-functor. Thus, we can equip A & A with another
structure as a functorially cyclic module using the composition B, — Cr — AP A as
the indecomposable structure By-functor. The object underlying the associated split
Frobenius object is given by F'F', and by considering the top left matrix entry only
one obtains kg, of Example . At the same time, we have shown that kg, has to
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be equivalent to either ky or /2;2, whichever arises from the structure of A ® A as a

functorially cyclic module discussed above.

4.5.2 Free functorially cyclic modules

In this section, we make connection between right indecomposable split Frobenius
objects in B and free functorially cyclic modules more explicit, see Corollary [£.5.9]
This is largely based on Theorem [£.3.53] however this time we keep track of the
additional indecomposability assumptions. Second, we show in Theorem that
the 1-2-full sub-2-category of B — Mod with objects free functorially cyclic modules
is equivalent to Frob(B).

In order to state Corollary [£.5.9) we associate certain objects to a right inde-
composable split Frobenius object O in B. First, we construct a split Frobenius
object (0,8, M) on the forgetful 2-functor For : B — Mod'%™ — @dd'™. We define
0 by setting 6 (M, p)) := p(©) for all M = (M, p) € B — Mod ™™ and specifying
cang p : FO — OF for all F = (F,{canpp}pep) € B — Mod™ ((My, p1), (My, p2))
as can;}@. Now, 0 is a well defined endomorphism of For due to the properties of
the morphism of 2-functors (F, {cangp}pep). Further, we define § : 00 — 0 by set-
ting 0 ((Mp)) = (can’é@)_1 o p(A) where cany 5 : p(B2)p(B1) = p(B1Bs) is the
canonical transformation that comes with the monoidal functor p for all By, By € B.
Now, ¢ is well defined due to naturality of {cangp}pep and the properties of the
morphism of 2-functors F'. Similarly, we define M : 60 — 6 using p instead of A. It
is straight forward to check that (6,6, M) is a split Frobenius object on For. Second,
Theorem yields a 2-functor (g5 ) For : B — Mod'4*™ — @dd"°™. To lighten the

notational burden, we will abuse notation by using the notation g(—) := (g,5,r) For.

Remark 4.5.8. More conceptually, one obtains (0,d, M) from 6 by applying Re-

mark [4.3.55( and Lemma [4.3.56 to the equivalences ﬁomlgiMO gidem @ didcm(For, For) =
BDom, |1 ddem qggitem (Homp(B, —), Homp(B, —)) = Homp(B, B) = B, all of which
are consequences of the 2-Yoneda Lemma [3.3.49|

Corollary 4.5.9. Let O be a right indecomposable split Frobenius object in B. Then,
the associated 2-functor g(—) : B — Mod 4™ — @dd'™ js represented by an explicitly
defined B-module By € B — Mod'°™ which comes together with B-functors B 19—@>
Bg L;) B and B-transformations idp, = ﬁéﬁ@ N idp, such that Boa = idg,.
Further, we have —© = (ﬁéﬁé,ﬁ@aﬁé,ﬁ@ﬁﬁé). If © is right indecomposable, then
Bg is a free functorially cyclic module. Furthermore, let M € B — Mod ™ be a free
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functorially cyclic module with associated right indecomposable split Frobenius object

© in B and assume that ©' is 1somorphic to o. Then, we have Bg = M.

Proof. Using Remark , we obtain an indecomposable split Frobenius object —©
on B € B — Mod by transporting the right indecomposable split Frobenius object )
along the equivalence B™Y — Hompg(B, B) induced from taking tensor products on
the right. Proposition provides us a B-module B_g and all B-functors, B-
transformation and their relations as claimed. By abuse of notation, we denote this
module by By = B_g and proceed similarly for associated B-functors. Note that 9o
is strongly indecomposable since 0 is indecomposable, see Lemma . Thus,
Bg is a free functorially cyclic module that comes with all the structure as claimed
in the statement.

Next, let M € B — Mod be a free functorially cyclic module and let ©” be its the
associated indecomposable split Frobenius object on B, see Proposition [4.3.20L We
obtain its associated indecomposable split Frobenius object © in B by evaluating o
at the unit object. Since B*¥ — Hompg(B, ) is quasi-inverse to evaluation at the
unit object and since ©' is isomorphic to © by assumption, ©” is isomorphic to —©
as well. The claim that M = By follows now from Proposition 4.3.57 O

We can now generalise Corollary [3.3.53}

Theorem 4.5.10. The assignment © — Bg extends to a 2-functor Frob(B)™ —
B — Mod that is a locally an equivalence and that has an essential image given by all

non-trivial free functorially cyclic modules.

Proof. In Lemma , we specify an equivalence g By, = ¢ (ng). By Corollary
, we also have g (Béz) = Homgpg (8@1,892). We now can define the 2-functor
Frob(B)™ — B — Mod using the thus available functors ¢ B, — Homg (Bg, , B, )-
Note that by convention F ® G = G o F' for B-functors which results in the need
for taking the reverse category one one side of the equivalence. Since for both 2-
categories the associator is trivial, we ought to specify the corresponding 2-arrows
using identity morphisms as well. We leave it to check that the unit transformations
of #rob(B) define the necessary 2-arrows for the compatibility with unit objects. It
should be obvious to the reader that we have made Definition [4.3.63| exactly so that
this definition of the 2-functor Frob(B)*¥ — B — Mod is well defined. Since we have
build this 2-functor from equivalences, it is clearly a local equivalence. By Corollary
[4.5.9) the image of this 2-functor on objects is contained in the set of all functorially

cyclic modules (here we use that the objects of Frob(B) are right indecomposable
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Frobenius objects). Together with Proposition 4.3.20, Corollary also shows that
every non-trivial free functorially cyclic modules lies in the essential image of the
2-functor. An essential step in checking all the details is provided in Lemma

below that sufficiently unravels all the constructions involved. O]

Lemma 4.5.11. The assignment (B,e) — ((B,idge,),e) defines an equivalence of

additive categories g By, = g, (B(;)Q).

Proof. We leave it to the reader to specify the functor on morphisms and to check
that it indeed an additive functor. The assignment ((B,e;),es) — (B, e2) specifies a

quasi-inverse. 0

Lemma 4.5.12. Let © = (©,A, 1) be a split Frobenius object in B and let N €
B — Mod. The functor that establish the equivalence gN = Homp(Bg, N) maps
(M, f) € /N to the B-functor given on objects by (B,e) — (BOM, (eM) o (Bf)).

Proof. This is a further concretion of the toolbox we developed previously. Chasing
through the proofs (in particular Proposition with F' : For — Homg(B, —)
the morphism of 2-functors given by the 2-Yoneda Lemma , leads us to £ for
which Fj is given by the composition g — N ELN Homp(B, M) = Homp(Bg, M)
which maps (M, f) — (OM, f) — (B +— B.(OM, f)) — ((B,e) — (BO,e).(OM, f)).
To obtain the desired functor, we still have to apply an idempotent er to F W, see
Proposition . Evaluated at (M, f) € gN, the idempotent ep is the idempotent
of (BO,e).(0M, f) given by (er)m,p = (BOuM) o (BAOM), where we used that
(BOO,eO).(OM, f) = (BO,e).(0OM,0f). Now using 1o A = idg, it is easy to see
that the summand of (BO,e).(OM, f) = (BOOM,ef) associated to the idempotent
(er) (s, is isomorphic to (BOM, (eM)o(Bf)), thus establishing the proposition. [J

4.5.3 Equivalences and weak equivalences

In this section, we discuss the representation theoretic meaning of the preorders on
split Frobenius objects introduced in Section Theorem states that free
functorially cyclic modules are determined up to weak equivalence by equivalence
classes of split Frobenius objects under the Frobenius preorder. Furthermore, this
theorem also states that strong equivalence between Frobenius objects corresponds

to an equivalence between the associated functorially cyclic modules.

Before we turn to Theorem |4.5.14} let us highlight that even strongly equivalent
split Frobenius objects can have rather different underlying objects. A simple way to

obtain examples is as follows:
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Example 4.5.13. Let Bg be a free (F,G,a, f)-cyclic B-module with associated
Frobenius object © = (GF,GaF,GPF) on B, and let G' € Homp(Bg,B) be ar-
bitrary. Clearly, there exist B-transformations idp, 2R (GG N idp,, with
B oa =idg,. It follows easily that ©" := (G & G")F, (G & G")'F, (G ® G')B'F) is
a split Frobenius object on B. Proposition implies that Q' is indecomposable.
Further, Proposition implies that © ~ ©. Furthermore for all B-functors

B 5 B %, B where F is strongly indecomposable and all B-transformations
idg, 2 FG idp, with Boda = idp,,, we have O ~ (éﬁ, GaF, éﬁﬁ)

Theorem 4.5.14. Let O, = (01, A1, 1) and O, = (B2, Ao, 1) be right indecompos-
able split Frobenius objects in B. Then, we have 0, < 6, if and only if Bg, weakly

dominates Bg . Furthermore, 0, ~ 6, if and only if By and Bg, are equivalent.

Proof. The theorem follows by transferring Definition 4.3.70] of < and Definition
of ~ along the equivalence g Bg, = Homp(Bg, ,Bg,) using the methods
developed in Section [4.3.5] We start by proving that ©; ~ ©, if and only if
By, = Bg,. The pair (A4,e4), see Definition corresponds to a B-functor
F : By, — Bg, and the pair (B, ep) corresponds to a B-functor G : By — Bg .
The compositions GF and F'G correspond to the pairs (A©,B, (e4BO3) o (01 Aeg))
and (BO1A, (egA©;) o (O3Bey)) respectively. The B-functors idg,, and idg, cor-
respond to the pairs (I, A; o ) and (I, Ag o pg), where [ is the identity object of
B. The identity B-transformations on these four B-functors correspond to the re-
spective second entry of the four pairs. Furthermore, the morphisms ¢q, 7, to and
o corresponds to B-transformations idgél = GF, GF = ’idgél, id3é2 = FG and
G = idgéz. Since composition of B-transformations corresponds to composition of
morphisms, the last two bullet points in the theorem are equivalent to idgél = GF

and id3é2 =~ F'G. The characterisation of ~ follows.

Turning to the first part of the theorem, assume that 6, < 6,. Using the same
notation as above, we have idlgél C® GF and thus existence of ¢; and m; with
m oty = Ay o . Since Ay o py is the idempotent that factors over ©;, we have
shown that ©; C® ©,40,B0,, i.e. ©; <;r O,. Conversely, let us assume that
©1 <pr ©s. Thus, there exist objects A, B € B and morphisms j € B(0;, A0, B),
7 € B(AO,B,0;) such that 70 j = idg,. Now, define 1 := (01j01) 0 (01A1)0Aj 0y
and 7 := Ajopuy 0 (O1p1) 0 (©17601). Since O, is split, it follows that m ot = py 0 Ay.
Using the Frobenius relations of ©; as well as (co)associativity of y (and A), one ob-
tains that 7 and ¢ satisfy two-sided ©;-descent and thus define morphisms in g Bg .
The relation ©; < ©, follows. O

128



Remark 4.5.15. It remains an open task to classify strong equivalence classes. As a
first step, one can strengthen the above theorem towards this direction using the result
of Proposition Note however that the orders <; and <p are not sufficient for
the purpose of determining strong equivalence classes, see Remark for a concrete

example.

Remark 4.5.16. Given a right indecomposable split Frobenius object (©, A, u) in B
and an object B € B with B <;gr © <;r B, in general there does not exists a split
Frobenius object with underlying object B. See Section for a Soergel bimodule
example of type By in which B is (strongly) indecomposable.

Remark 4.5.17. The classification of free functorially cyclic modules presented in
this section extends naturally to semi-free functorially cyclic modules (and even for
larger classes). For this purpose, one has to extend the preorders on split Frobenius
objects in B to corresponding preorders on split Frobenius objects in monoidal quo-
tients of B (or to split Frobenius objects on B-quotients of B). However, the reader
making such generalisations should keep in mind that Frobenius objects on different

B-quotients can be associated to the same module.

4.5.4 Semi-free functorially cyclic modules

In this section, we discuss functorially cyclic modules that arise as restrictions of free
functorially cyclic modules. The techniques developed in Section are used both
in the definition of semi-free functorially cyclic modules, as well as in the study of
the relationship between such modules (and their associated Frobenius objects) that
arise from different quotients. Further, we obtain a clean description of the centre of

semi-free functorially cyclic modules.

For notational convenience, we make the following definition.

Definition 4.5.18. Let B be an additive monoidal category. A cyclic object for B is
a pair 6= (@7 ), where m : B — B is a strict additive monoidal quotient functor, B
15 idempotent closed and Oisa right indecomposable split Frobenius object in B. We

say that O isa cyclic object for B that lives in B.

By Corollary 4.5.9] we know how to associate a free functorially cyclic module
B@ € B — Mod to a right indecomposable split Frobenius object in an additive
monoidal category B. This is the basis of the following definition:
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Definition 4.5.19. Let © = (0, 7) be a cyclic object for B that lives in B. We call
Cq := Res, (Eé) the functorially cyclic module associated to the cyclic object .

~Y

Proof. Since 7 is a monoidal quotient functor, we have an equivalence Ind,(B) = B
in B—Mod. In Proposition [4.4.10, we discussed that B — Res, Ind,(B) is a quotient

B-functor. Thus, we have quotient B-functor B — Res,(B). Applying the 2-functor
Res, to the B-functors and B-transformations that come with the free functorially
cyclic module B@ yields the required structure that turns Res, (Eé) into a functorially
cyclic B-module. It is important to note that Ind, splits Res,. Therefore, Res, is

locally faithful and strong indecomposability is thus preserved under Res;. O
Remark 4.5.20. By Definition 4.2.23] Cg is semi-free if J(r) < B is thick.
In preparation for Section 4.5.5 we also make the following definition:

Definition 4.5.21. A cell object for B is a cyclic object ((:),7? : B — B) for B such

that the associated functorially cyclic module Cg is a cell module.

Remark 4.5.22. If a cyclic object actually lives in a lowest left cell of B with respect
to <pg, then it is a cell object. In general, the object underlying the Frobenius object
of a cell object can be a direct sum of indecomposable objects that are associated to
different left cells.

Proposition 4.5.23. Let © = (é,ﬂ') be a cyclic object for B. Then, Cg represents
the 2-functor &(Coindy).

Proof. Definition/Proposition and Corollary say it all. O

Remark 4.5.24. Let (6,7 : B — B) be a cyclic object for B. Denote by (O, A, 1)
the indecomposable split Frobenius object on B € B — Mod obtained from O via
transport along the equivalence B 22 Homz(B, B), see Lemma for the con-
struction. Since Res; is a strict 2-functor, we obtain an indecomposable split Frobe-
nius object (Res;(0), Res;(A), Res, (1)) on Res,(B) € B—Mod. This is precisely the
split Frobenius object that we typically would associated to Cg following Proposition

4.5. 201
Let us discuss the relation between Frobenius objects on different quotients:

Proposition 4.5.25. Let © = (©,7 : B — B) be a cyclic object for B, and let
v B — B be a monoidal quotient functor. Assume that w((:)) = (w(é),wﬁ) is a
cyclic object for B. Then, we have equivalences Cw(é» = Res, (C(w(éxw)) i B — Mod

~Y

and Indy,(Cg) = C(w(é),z‘dg) in B — Mod. Furthermore, we have a canonical quotient

B-functor Cg — Cw(é>-
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Proof. The first claim follows directly from the fact that Res,. = Res; Res,,. By stan-
dard adjunction arguments, this fact also implies an equivalence Ind, = Indy Ind, of
2-functors. Recall also that Indy Resy = idg ;4. Thus, Indy,(Cg) = Indw(C(éﬂ.dg).
By Definition/Proposition and Corollary , the latter module represents
the 2-functor g Res, : B — Mod*™ — @dd““™. Note however that Res, does
not change the underlying additive category, it only makes © act on this underly-

~

ing additive category by m(©). Thus, gResy = ,)(—) as 2-functors. The lat-

ter is clearly represented by (El)w(é) = C(w(é),idg)’ see Corollary [4.5.9, By the 2-
Yoneda Lemma [3.3.49, Indy,.(Cg) = C(w(é),idg) follows. Furthermore, the B-functor

Ce — Resyr Indy, (Cg) coming from the adjunction is full and essentially surjective,

see Definition/Proposition m The last claim thus follows using the already proven
equivalence and Resy (C( W(©),i dg)> = Cyo)- O

For future reference, we state the following proposition. Note that it holds subject
to existence of Ind, only. Aside this detail, it provides backing for the statement made
in the introduction that right singular Soergel bimodules are induced from the trivial
representation. Also note that we do not assume indecomposability of the Frobenius

object nor that its image under ¢ is non-trivial. In the latter case, Ind,(Bg) = 0.

Proposition 4.5.26. Let ¢ : B — By be an additive strict monoidal functor between
idempotent closed categories and let 6 = (©,A, 1) be a split Frobenius object in B.
Then, we have an equivalence Indy, (Bg) = (B1) e in Bi — Mod.

Proof. The only ingredient that we have not yet mentioned is that Resy preserves
idempotent closed modules. The statement follows by adjunction and uniqueness of

representing objects of 2-functors. m

Homomorphism categories between functorially cyclic modules associated to cyclic

objects are very explicit:

Proposition 4.5.27. Let 0, = (él,m) and Oy = (@2,772 : B — B) be cyclic objects

for B. Assume that ms factors over my, i.e. there ewists w such that wo = mwmwy. Then,

we have an equivalence Homp(Cg,,Cq,) = 6, Be, of additive categories.

Proof. This follows as above together with Lemma {4.5.11| (or the Remark [4.3.68)) in
the final step. O

Corollary 4.5.28. Let © = (é,ﬂ' : B — B) be a cyclic object for B. Then,

Zp(Cq) = {b € B(©,0) ‘b satisfies two-sided é—descent} .

131



Proof. Let (©, A, i) denote the underlying split Frobenius object of ©. By Definition
, Zp (Cg) is given by the transformations of the identity B-functor in Endp(Ce ).
By Proposition , Endp(Cg) =2 5Bg. Thus, it remains to calculate the endomor-
phisms of the identity object Iy = (I, A o p) of Bg. By definition, we have

- - f=poAof=fouoA
oBs (lo:1g) = { [ € B(06,00)| = (Op)o(fO)0 (0A)
— (18) 0 (B) 0 (46)
The assignments f +— po foA and b+ pobo A are easily shown to be mutually

inverse isomorphism that establish the claim. O

Remark 4.5.29. The identity functor of a functorially cyclic module that is restricted
from a free module is strongly indecomposable. This follows from Corollary [4.5.28]
since any non-trivial idempotent of the identity functor of a functorially cyclic module
corresponds to an idempotent of © that satisfies two-sided ©-decent, and we know

that © is right indecomposable (which is a stronger property).

4.5.5 Universal cell modules

In this section, we introduce universal cell modules and strongly universal cell mod-
ules in the context of additive higher representation theory. In Propositions
and we will show that the functorially cyclic cell module Cg associated to a cell
object © as introduced in Section is strongly universal provided a further com-
binatorial condition. Then for weakly regular additive 2-categories, Theorem
shows that existence of such a cell object is equivalent to the existence of strongly
universal cell modules. Further, Proposition shows some independence of func-
torially cyclic cell modules from the quotient they live on, which we already observed
classically. Furthermore, Proposition 7?7 establishes that a weak equivalence which is

a retract is an equivalence.

Let us start by generalising Definitions [2.5.1| and [2.5.2]

Definition 4.5.30. Let @ be an additive 2-category and let C € 4 — Mod be a cell
module. Then, we call C a universal cell module if Homg(C,C') # 0 for all cell
modules C' € @—Mod for which the maximal thick subideals of @nng(C) and Anng(C’)
agree. Further, we call a universal cell module C strongly universal cell if Endg(C)

has a single left cell.
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Definition 4.5.31. Let @ be an additive 2-category and let ¢ C W (@) be a 2-sided
cell. We say that 4 has c-cell modules, if there exists a cell module C € @ — Mod
such that the mazimal thick subideal of Anns(C) is generated by {By}oy, e In this

situation, we also say that C belongs to c.

Remark 4.5.32. From the classical perspective, it may be surprising that maximal
thick subideals appear in both Definitions [4.5.30| and 4.5.30L A first justification for
this will be given in Proposition [4.5.35, Furthermore, we will discuss other ways to
state Definition in Section [£.9.1) which may be regarded as more canonical.

Let us restate Theorem 3 of the introduction:

Theorem 4.5.33. Let A be a weakly reqular additive 2-category and let ¢ be a 2-sided
cell of 4. Then, there exists an idempotent closed, strongly universal cell module
that belongs to ¢ if and only if there exist a € A and a right indecomposable, split
Frobenius object © in A/F 4, nela, a) whose underlying object lies in a left cell minimal

with respect to <;, and such that yPF is a cell module, where T := Fy,.(a,—).

For notational simplicity, we present the proof only for an additive monoidal
category B instead of a 2-category @. Let us restate the theorem in this situation

using the terminology not available in the introduction.

Theorem 4.5.34. Let B be a weakly reqular additive 2-category and let ¢ be a 2-sided
cell of B. Then, there exists an idempotent closed, strongly universal cell module that
belongs to c if and only if there exist a cell object © that lives in B/gzmg whose

underlying object lies in a left cell minimal with respect to <y,.

Proof. Let C be an idempotent closed strongly universal cell module that belongs to c.
Since B is weakly regular by assumption, there exists a minimal left cell ¢ C ¢. Let us
denote by C. the full submodule of B/Jy, , that contains the indecomposable objects
associated to c¢. Note that C, is 1-cyclic only and thus does not satisfy a good univer-
sal property. Since Anng(C) does not contain the indecomposable objects associated
to ¢ by assumption, there exists z € ¢ and C' € C such that B,.C' # 0. Evaluation at
C yields a B-functor B — C which factors over the quotient B-functor B — B/Jy, ..
Thus, we have constructed a non-trivial B-functor C. — C. Since C is universal, we
also have a non-trivial B-functor C — C,.. Since C. is a cell module, B, is a summand
of an object in the image of C — C,., and it follows that the composition C — C. — C
is non-trivial. Since C is strongly universal, we can find there exists a B-functor C — C

such that the composition C — C — C. — C contains the identity-B-functor of C as a
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summand. Note further that the B-functor B/Jy, . — C is strongly indecomposable,
since C' is strongly indecomposable, where we used that C is indecomposable. Thus, C
is functorially cyclic. By the fourth bijection in Theorem [4.5.4] C is thus equivalent to
Cg, where O is the associated right indecomposable split Frobenius object in B/ g S
Since C is cyclic, © is thus a cell object that lives in B/Jy, . It remains to check
the properties of the object underlying o. Again by Theorem , this underlying
object is given by the evaluation of B — B/BIhR —C—=C—C.— B/Jy,, at the
unit object I € B. By construction, this object lies in C. and thus is a direct sum of

indecomposable objects associated to c.

On the other hand, let © be a cell object that lives in B/Jy, ., i.e. a right indecom-
posable, split Frobenius object in B/Jy, .. such that Cg is a cell module. We will
show in Proposition |4.5.41] that Cg is universal. Finally, Proposition [4.5.42] states

that Cg is indeed strongly universal and the proof is complete. O]
The following proposition justifies the way we generalised Definition [2.5.1}

Proposition 4.5.35. Let F' : C — C’ be a non-trivial B-functor between cell modules.
Then, @unp(C) C Anng(C’) and the mazimal thick subideals of the annihilators agree.

Proof. Since C’ is a cell module, coker(F) = 0 and thus @nng(C) C @nng(C’) by
Lemma [3.3.35] On the other hand for all B € B such that idg € @nng(C’), we have
0= B.F(C) = F(B.C) for all C € C. Thus for all C € C, B.C lies in ker(F).
However, C is a cell module and thus ker(F) = 0, where we used F' # 0. Thus
B.C=0forall C €C,i.ce idg € Anng(C). O

Remark 4.5.36. Therefore, a universal cell module has the minimal annihilator
amongst all cell modules that it is linked to by non-trivial morphisms. We do not
expect that the annihilator of a universal cell module is thick in general nor that

thickness of the annihilator of a cell module implies universality.

Recall that classically universal cell modules arise as submodules of different quo-
tients of the base ring, see Remark [2.3.15] Even though there is an additional layer
of 2-arrows that suggest that we ought to use the largest quotient, an analogous

statements holds 2-categorically:

Proposition 4.5.37. Let ¢ be a 2-sided cell of B, let I 1Ty, .. be a subideal that
contains {idp, }o<,pe, let © be a cell object for B that lives in B/F, and denote by
T B/ — B/Jy, e the canonical monoidal quotient functor. Then, we have an

equivalence Cg = Cﬁ(@).
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Proof. To reduce the notational burden, we introduce the abbreviation & := Jy, ..
Proposition [4.5.25 implies that we have an equivalence Ind. ((B/F)g) = (B/%), o)
in B/% — Mod. Now we apply Resﬂg&, use Resﬂjk = Resmj Res, and the adjunc-
tion morphism idg/g_noqa — Resy Ind, of Proposition [4.4.10} to obtain a B-functor
Resﬁg (B/F)g) — Resrq ((B/i&)ﬂ(é)) Further by the construction of Ind, in Def-
inition/Proposition [4.4.8, the (B/J)-functor (B/F)g — Res, (Ind.((B/F)g)) is full
and essentially surjective. Thus the same holds for the above constructed B-functor.
Furthermore, we also know which morphisms are send to zero under this quotient: All
morphisms that factor over a morphism obtained from a morphism of Resﬁg (B/3)e)
by acting on it with a morphism in . On the other hand, the composition of Bx-
functors (B/%), ) = B/% — (B/#), ) contains the identity functor as a summand
and thus Resq <(B/3&)W(é)> — Resg (B/#) is faithful. Hence, Lemma [3.3.35) im-
plies Anng (Resws& <(B/3&)W(@)>> D Qung (ReSW%(B/%D RemB3 2 Further since
% is a thick ideal and because we have constructed a non-trivial morphism between
the two cell modules, Proposition 4.5.35|implies that # C @nnp <Resﬂg[ (B /3!)@)>, as
well. Hence, all the morphisms by which the quotient is taken are already zero, 7.e. the
quotient B-functor induces an equivalence Resﬂg (B/F)g) = Resrq ((B / 3&)#(@)). O

Remark 4.5.38. A posteriori, one can construct any universal cell module C that
arises from a cell object using a split Frobenius object in B/@nng(C). However, a
priori we have no access to @nng(C) and a posteriori, we do not know whether the
ideals & C @nnp(C) agree.

Remark 4.5.39. Regardless of the equivalence above, we do in general not expect
that the quotient B-functor B/J — B/& induces an equivalence on either the full
subcategories associated to ¢ or any of the full sub-cell modules associated to left

cells in c.

Remark 4.5.40. Proposition can be viewed as a more concrete version of
the effect discussed in Proposition [£.2.39] Let us denote the B-functor B/F — Cg
implicitly present in Proposition by F. Then, im F' is certainly a B-quotient
of B/&. It is not clear to us whether there is relation between im F' and B/ @nng(C)
that holds in full generality.

Proposition 4.5.41. Let © = (é),w : B — B) be a cell object and let ¢ be a 2-sided
cell of B. Assume that J<, . C J(7) C Fy, .. and that the object underlying O allows
for a split injection of an indecomposable object associated to a minimal left cell in c

with respect to <p. Then, Cg is a universal cell module that belongs to c.
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Proof. By Proposition we can assume w.l.o.g that B = B/%, where we again
abbreviate & := J4, ... Furthermore, we have seen in the proof of Proposition
that # C Anng(Cg). By assumption there exists an indecomposable object B, with
x € ¢ (that is contained in a minimal left cell). Since annihilators are ideals, it follows
that & is the maximal thick subideal of Anng(Cg) and thus that Cg belongs to c. To
show that Cg is universal, let C € B—Mod be an arbitrary cell module that belongs to
¢. Using Homp(B,C) = C, for every C' € C we have a B-functor B — C that sends B
B.C'. Since % C dnng(C), each such functor factors over ResW%(B /&). Furthermore
since # C 9nng(C) is the maximal thick subideal, for each indecomposable object
B € B/% there exists C' € C such that B.C' # 0. Recall from the proof of Proposition
4.5.37) that we have a non-trivial B-functor Co — Res (B/#). Now we can pick
any object in the image of this B-functor and will find by the above discussion a
B-functor Res. (B/#) — C that does not annihilate this object. It follows that the
composition Cg — Res (B/#) — C is also non-trivial and the proof is complete. [

Proposition 4.5.42. Let O be a cell object for B and let Cg be the associated func-
torially cyclic cell module. Then, Endg(Cq) consists of a single left cell.

Proof. Let O = (@, 7) be a cell object of B, where 7 : B — B is a monoidal quotient
functor and © = (©,A, i) is a right indecomposable split Frobenius object in B,

and let Cg = Res;(Bg) be the associated functorially cyclic cell module. We have

Pro 410 _ _ Pro @29 _ Thm 510
Endg(Cy) =  Homg(Indr(Res:(Bg)),Bg) = Endg(Bg) = oBeg- It

remains to show that gBg consists of a single left cell. Recall that (I, A o u) is the
unit object of (;)E@, and note that it is indecomposable by Remark [4.5.290 It is thus
sufficient to show that (I, A o u) <p (B,e) for all (B,e) € By, since the opposite
always holds in a monoidal category. Recall the functors C;)B@ é—l’; Eé i’; @Eé which
(replacing B by B) we introduced in Remark [4.3.67, We have g ((B,e)) = (OB, e).
Note that due to the Frobenius relations, A and p satisfy right (resp. 2-side) ©-
descent and thus any morphism between objects of Eé (resp. éBé) constructed from

A, p and identity morphisms will be a morphism in the respective categories. In
particular, (©,A o u) € By, f1 i= (OA)o Ao p € ¢Bg ((0,0(A0p)), (I, Ao u))
and fo == Ao po (Ou) € gBg ((I,Aopu),(0,0(A0op))). Since By is a cell B-
module, there exists M € B such that (©,A o u) C® M.(©B,e) = (MOB, Me).
Applying €9, we obtain (©,0(A o)) C® (MOB,©Me). Further using po A = ido,
we obtain fi o fo = Ao p = idyacp), i-e. (I,Aop) C? (0,0(A opu). Finally, by
Definition [£.3.63] we have (M, idome) @ (B, e) = (MOB,©Me). Hence, (I, Aop) C®
(M, idepe) ® (B, e) and the proof is complete. O
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Remark 4.5.43. The same argument is not sufficient to show that that él_gé consists
of a single right cell, since, similar to the fact that right indecomposablility of O does
not imply that gB is a functorially cyclic right-B-module, it is not guaranteed that
6B is cyclic.

Remark 4.5.44. A particularly nice situation arises, if the indecomposable objects
are stable under composition. This situation and more generally any group action
on a module is the topic of the subsequent Section [4.6] It would be interesting to
study whether there exists a unified framework between this and the split Frobenius
construction. Remark points into a similar direction. A definite result with

regards to this topic is Corollary [4.6.19|

Proposition 4.5.45. Let C NV Y B-functors between cell modules such that
GF = ide and FG = ide: ® R. Then, C and C' are equivalent.

Proof. We have ide = idcide = GFGF = G(ide: @ R)F =2 GF & GRF = ide ® GRF,
and thus GRF = 0. Since F and G are non-trivial B-functors between cell modules,
they cannot annihilate any object. Thus, R has to annihilate all objects in the image
of F'. Since R is additive it also annihilates all direct summands of objects in the
image of F', and thus R = 0. m

One might wonder whether it would be interesting to study couniversal cell mod-
ules, 7.e. cell modules that admit non-trivial morphisms with domain any cell module
that is associated to the same 2-sided cell. We do not believe that this would lead to
a good notion, since there are exists a large class of examples for which this notion

would be empty. Let us give an example:

Example 4.5.46. Let 4 be such that Z%(@) has two or more maximal ideals. Pre-
cisely one of the maximal ideals will act trivially on any module that has no non-trivial
quotients. Between two such modules, for which the ideals that act trivially differ,

there cannot exist any non-trivial @-functor.
Nevertheless, it is very fruitful to study modules on this other end of the spectrum:

Remark 4.5.47. [MaMil]-[MaMi5] argues that the best substitute for the classical
notion of irreducibility are so called simple transitive 2-representations. By definition
these are idempotent closed cell modules that have no non-trivial quotient. Clearly,
any module that has no non-trivial quotients is a cell module. In [MaMil], certain

Abelian cell 2-representations are constructed which reconstruct various categories
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of interest that arise in the context of category O by abstract means, see [MaStl,
KhMaSt]. Amongst them is the principal block of the parabolic category O, as noted
in [MaStl Remark 14]. This achievement lies at the heart of all the definitions found
in [MaMil]-[MaMi5]. In [MaMi2], the corresponding additive cell 2-representations
are introduced and in [MaMi5| it is shown that these additive cell 2-representations

have no non-trivial quotients. We will discuss the connection to universal cell modules

in Remark [4.9.25]

4.6 Coinvariant theory

In this section, we discuss coinvariant theory. Given an additive higher representation
that admits a group action, we construct a universal property, see Definition [4.6.2]
and construct an explicit coinvariant module, see Definition [4.6.4] that satisfies this
universal property, see Theorem [4.6.14] We provide simple Examples [4.6.6| and [4.6.17]

of a trivial and of a non-trivial group action, which show that coinvariant modules are

typically not idempotent closed, and postpone more involved examples to Section [5.5|
Provided the module satisfies the Krull-Schmidt property, we will show in Proposition
that on the level of split Grothendieck group, this construction indeed coincides
with the classical notion of coinvariant modules. Curiously, the coinvariant module
is weakly equivalent to the module we started from, see Proposition [4.6.18 Finally
in Corollary [£.6.19] we observe that functorially cyclic may have a functorially cyclic
coinvariant module and calculate the associated right indecomposable split Frobenius

object.

We start by describing an analogue statement in classical invariant theory. In-
tentionally, we use a non-standard formulation since the subsequent generalisation to
higher representation theory is formulated in this way: Given a group G, a represen-
tation M of G and a set N, one might want to understand the set of all maps
f : M — N which are invariant under the G-action, i.e. f o (g.) = f for all
g € G. In this situation, the set of coinvariants Mg := {G.m|m € M}, where
G.m := {g.m|g € G}, solves this question: The invariant maps are exactly the maps
M — N that factor over the canonical quotient map ng : M — Mg. Another way
of saying this is that My represents the functor ¢g : Set — Set which is defined
by ¢c(X) = {f € Set(M,X)|fo(g.) = f Vg € G} for all X € Set on objects
and in the obvious way on morphisms. Clearly, precomposition with 75 induces an

isomorphism Set(Mg, —) = ¢¢. Thus, ¢¢ is the universal property of Mg and the
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Yoneda lemma states that Mg is unique with this property up to unique isomorphism.

To extend the above discussion to higher representation theory, we need to define
group actions. For this purpose, recall that any associative unital monoid can be
considered as a monoidal category, where the only non-empty homomorphism spaces
are endomorphisms spaces, each containing a single (identity) morphism. Now, we

can make the following definition:

Definition 4.6.1. Let G be a finite group and let M € B — Mod. A group action S
of G on M is a monoidal functor S = (S,{Gg, g, }(g1,92)ccxc> Ge) : G = Endp(M).

For the remainder of this section, we fix M € B — Mod with a group action S of
a finite group G. For all g € G, we write S, := S(g). We can think about S, as a
symmetry of the M. Note that since S is a monoidal functor between strict monoidal
categories, the requirements on the iso-B-transformations Gy, 4, @ Sg,59, = Sgigo
and G, : idy = Se simplify to G, g95 © (591 Ggags) = Ggrgngs © (Ggi.g05¢5) and
Geg © (GeSy,) = Sy = Gy e 0 (54,Ge).

Definition 4.6.2. The 2-functor ®g : B — Mod — @dd is defined on any N €
B —Mod, H € Homg(N1,N2) and 8 € Homy, sn,(Hy, Hs), by setting

([ Obj :  (F,{vy}eec) for all )

F € Homg(M,N),v, € Hompmn(FS,, F) s.t.

o Oo(N) = ZZQZO ggg;ic}z) = Vg © (FGy,g,) and 7

Mor : ©c(N)((F1,{vy }gec), (Fo. {V }gec)) =
{a € Hompn(Fr, Fa)|leov, =v7 o (aS,) Vg € G} )

\

((Obj = a(H)((F, {vgteec)) = (HF {HVy}gec)
f07“ all (F, {I/g}geg) & (I)G(N1>

Mor : oq(H)(a) := Ha for all

\ ac (I)G<N1)((F17{V;}96G)7(F2;{Vs}geG))

o Oo(H) = and

o da(P) = (CDG(B>(F’{V9}5€G))(F,{Vg}gec)efbc(/\ﬁ) = (BF)(Fv{Vg}geG)Eq)G(Nl)'

Proposition 4.6.3. Equipped with trivial structure maps, ®g : B — Mod — @dd is a

strict 2-functor.

Proof. We restrict ourselves to listing the tasks and leave it to the reader to execute
the details: First, one has to prove that ®¢(N) is a category, that ®¢(H) is a functor,
and that @ () is a transformation. Second, one needs to prove that &g defines a
functor Homp(N1,N2) = Fun(®g(N7), Pe(N2)), which follows from the interchange
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law for composition and juxtaposition. Third, the structure maps have to be natural
isomorphisms ®g(HoH,) — ®g(H,)®g(H;) and can be clearly chosen to be the
identity. Fourth, strictness says that structure map idg,n) = Pe(idy) shall be the
identity transformation, which is clearly possible. Last, the compatibility conditions
for the structure maps with ®4 are trivially satisfied because B— Mod and 2 —Cat are

both strict 2-categories and the structure maps are given by identity morphisms. [

We will show in Theorem that @4 is representable by a B-module denoted
M. We start by constructing the underlying additive category:

Definition 4.6.4. Let M be an additive category and let G be a group that acts on
M. We define the category Mg as the category with objects Ob(Mg) := Ob(M)
and morphisms Ma(My, Ma) = @, M(Mi, Sy(Ms)) for all My, My € Ob(Mg).
Given f! = (fl) € Mq(My, My) and f? = (f2) gec € M (Msy, M3) the composi-
tion in Mg is deﬁned by (f*0 f1)g = D rec(Gra—tg)ny 0 Sk(f7-1,) 0 fii The identity
morphism of M € Mg is given by (8g.e(Ge)mr)

geG-

Proof. First note that the morphism spaces of My are defined using a direct sum.

Thus, the composition is well defined. To prove associativity let f2 = ( fg?’) €

geCG
M (Ms, My). Note that we can shift the summation by group elements. For example
for g,m € G, we have (f* o f?):= 37, co(Gmrk—1m—19) 0, © Sk (fir1, 1) © g For
all g € GG, we are now able to compute
(fSO(fQOfl))g
= Z (le,kl_lg)M4 © Skl (f]fflg) o (Gkg,kglkl)Ms © Sk2 (f]i*lkl) © flig
k1,k2
= Z(le,kflg)m © (Gk2,k;1k15kl—lg)M4 © Skz(Skglkl(f$;1g> © f;f;lkl) © fli2
k1,ka
= Z ko kg g M © Sk (G, W g) 05 1k;1<fk g) f]?;lk-l)oflig
k1,ka
- Z(Gk27kglg)M4 © SkQ((f3 © f2)kglg) © f]ig
ko
= ((fPo f*) o fh),

In the third equation we used G, go05 © (Sg1Gongs) = Garga.gs © (Ggy.9254,) and in the
fourth composition rule the shifted by m = k; ' as explained prior to the computation.
Further, ((5g,e(Ge)M)geG

<(5g,e(Ge)M2)g€G ° f1> = (Gye)n, © Sy((Ge)mr,) © fg1 = f; and furthermore due to
<f1 ( ( )Ml)geG> = (G&g)MzoSe(f;)o(Ge)Ml = (GE,Q)M2O(G )Sq(M2 Ofl fl

is an identity morphism on M € M. This holds due to
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The last equation in both computations holds since G ;0 (G.Sy) = Sy = G0 (S,Ge)
by definition of a G-action. n

Example 4.6.5. For all groups GG and all M € B—Mod, we can defined a trivial group
action by setting S, := id. Classically, the coinvariant module does agrees with the
original module, i.e. [M]s = [M]. The categorical coinvariant module M behaves
in the same way, i.e. [Mg] = [M]g, as we will show in Proposition assuming
the Krull-Schmidt property for M. If G = Z/nZ for some n € Ny, the coinvariant
module is equivalent to a base change. In formulas, we have Mg =2 M ®z Z,, where

Z = 2Zg(M) and Z, := Z[z]/ (2" = 1).

Example 4.6.6. Let M € B — Mod, let G = Z/27Z act trivially on M and let

2 € Z = Zg(M) be invertible. Then, ME®™ is equivalent to M & M, since £ and

1_7“”3 are orthogonal idempotents in Z,.

Example 4.6.7. Recall from Example the k-linear monoidal category By and
its higher representations A and A & A and the endo-Bs-transformations I and S of
A @ A. Now, the symmetric group Sy = {e, s} acts on A @ A through S, := I and
Ss = S. It is not too hard to see that (A® A)g, = A. In the following proposition,
we will discuss a canonical functor A® A — (A® A)g, (and show later that this
functor can be equipped with the structure of a B,-functor). It is not hard to see that
under the identification (A @ A)g = A, this functor corresponds to the By-functor
A® A — A already discussed in Example We will provide an abstract reason
that show that A and A & A are weakly equivalent in Proposition

Proposition 4.6.8. The category Mg is an additive category and we have an additive

functor v : M — Mg which is faithful and essentially surjective.

Proof. First of all, it is rather obvious that M is a category enriched in Abelian
groups. The zero object of M is clearly an initial object of Mg. Since all S, for
g € G are additive functors, this initial object is terminal as well. That M has finite
direct sums, follows once we construct (g and show that it is essentially surjective
functor and enriched in Abelian groups.

On objects, we define ¢ to be the identity map. On morphisms f € M(M;, Ms), we
set taf = (0g,e(Ge)ns, © f)geG. Clearly, v is essentially surjective and it is faithful,
since G, is an iso-(B-)transformation. Also, G, is a transformation between additive
functors, thus ¢¢ is enriched in Abelian groups. Now, we define (finite) direct sums in
M by transporting the corresponding structure from M via tg. Clearly, this makes

L into an additive functor. O
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Remark 4.6.9. The motivation at the beginning of the chapter suggests that we
should denote the functor v by 7. However, we decided to use the notation tg to

emphasise that (s is faithful, rather than highlighting that it is essentially surjective.
Lemma 4.6.10. Let M € M and g € G. Then, M = S,(M) in M.

Proof. One calculates that ((G;_ll e Ge> 5h7g_1> € M¢(M,Sy(M)) and shows
’ M heG

similarly that (idadgn),eq € Ma(Sy(M), M). These morphisms are inverse to each

other, one composition being straight forward, the other requiring both axioms of the

monoidal functor S. OJ

Corollary 4.6.11. The homomorphism of Abelian groups [vg] : [M] — [M¢] factors
over the homomorphism [M] — G\ [M].

We will improve this statement in Proposition [4.6.16, where we show that [.g] is
an isomorphism provided that M satisfies the Krull-Schmidt property. For now, let
us however proceed working towards Theorem |4.6.14)

Proposition 4.6.12. There exist an operation of B on Mg such that g becomes a
B-functor.

Proof. First, we define an additive monoidal functor p : B — End(Mg). Let B € B.
Since Ob(Mg) = Ob(M), we can define p(B) on objects by setting p(B)(M) := B.M
for all M € M¢. Now let f = (f,)sec € Ma(Mi, Ms), and define p(B)(f) by setting
(p(B)(f))g := (canp.s,) s, © (B.(fy)) for all g € G, where canpg, : (B.)S; = Sy(B.)
is the natural transformation which is part of the datum of the B-functor S;. Since
idyr = S. 1s a transformation of B-functors and since the structure as a B-functor
is trivial, it follows that (p(B)(ida)), = (idam),. In addition, p(B) is defined us-
ing additive functors, hence sends zero morphisms to zero morphisms which im-
plies that p(B)(idy) = idy. Let f' € Mg(My, M) and let f2 € Mg(Ms, Ms).
The last step in showing that p(B) is an additive functor, we have to show that
p(B)(f2) 0 p(B)(f") = p(B)(f? o f'). For all g € G, we have
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(p(B)(f*) 0 p(B)(f1)), = D (Crarg).ass © Se((p(B)(f*)r-14) © (p(B)(f )i

keG

= (Gra1g)B.ass © Se((canpys, , Jasy © (B-(fi-1,)))

ked
o (canp,s, ) © (B.(f1))

= (Grr1g)Bass 0 Si((canp s, )ury) © (canps,)s, , ug
keG

o (B.Sk(fE1,)) o (B.(fp))
= (Gra-1g)B.ass © (canp,s,s, ., )asy © (B-Sk(fi1y))

g

keG
o (B.(fi))
=Y (cangs,)as © (BA(Gra-1g)as) © (B-Sk(fir,))
keG
o (B.fy)
=Y (cang,s,)as, © (B-((Grs-19)ss © Sk(Fii1) © fi))
keG
= (canp,s, ) s © (B. <Z(Gk7k—1g)M3 o Sk(fi1,) 0 f,g))
keG
= (canp,s, ) © (B-((f* o f1),))
— (B ),

where we used that cang g, is a natural transformation, that cang g = (G cang ) o
(canp ¢ F) for all B-functors F' and G, and that B. is a functor.

Next for all b € B(Bj, Bs), we define a transformation p(b) : p(B1) = p(B2). For all
M € Mg, we define p(b)r by setting (p(b)ar), := g, ((canp,,s.)u © (b.((Ge)um))) =
dge ((Ge)yma © (biidyy)) for all g € G. To show that p(b) is indeed a transforma-
tion, we have to show that for all f € Mg(M;, My) we have p(b)as, o p(B1)(f) =
p(B2)(f) o p(b)ar,. For all g € G, we have
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(p(®)ar © p(BU())y = D _(Cra-19)B2ta © Skl(p(0)ar)i-19) © (p(B1)(f))

keG

= (Gra-19)Bovty © Si(biidng, 0 i-14) © (p(B1) ()

= (Gye)o.aar © Sy(((Ge)oasy) © (biidas,)) © (p(Br)(f))g

= (Gge © (SyGe))Bynsy © Sy(beidng,) o (canp, s, ), © (Bi-fg)
= Sy(b.idag,) © (canp, s, ) a, © (Bi.fy)

= (canp, s, ), © (b.idg, (1)) © (B1.fg)

= (canp,,s, ), © (b.fy)

= (Geyg) Byt © (Ge) By, © (canB, 5, ) ar, © (Ba.fy)) o (b.idyy,)
= (Geyg)poas © Se((p(B2)(f))g) © (Ge)Bonay © (bidar,)

= (Gra-19) B2t © Sk((p(Ba)(f))i-14) © (p(D)ar, )i

keG
= (p(B2)(f) © p(b)n1y), -
Second, we show that p is a functor. Since p(idg)y = (G.)p.ar which is the identity
morphism of p(B(M) in Mg, we have p(idg) = id,p). Last for all by € B(B1, Bs)
and by € B(Bsy, B3), we show that p(bs) o p(by) = p(bg 0 by). For all M € Mg and
g € G, we have

(p(ba)ar © p(b1)ar)y = D (Grr1g)Byar © Se((p(b2)ar)k19) © (p(b1)ar )i
keG

= 0p-19.60k,e(Gere) Byt © Se((Ge) By © (ba-idpr))
o (Ge)py.ar © (by.idyy)

= 0.5e(bo.idpr) 0 (Ge)yr © (br.idar)

= 0g.c(Ge) Byt © (ba.idps) o (by.idyy)

= 0g.c(Ge) Byt © (b2 0 by).idyy)

= (p(bg 0 b)), -
Third, we show that p is a monoidal functor and thus show that Mg € B — Mod.
Since M € B — Mod, for all By,By € B we a have natural isotransformation
VB, B, : B1. o By. = (B; ® By). in Endg(M). We define a natural isotransfor-
mation ¢p, g, : p(B1)p(B2) = p(B; ® By) by defining (¢p, p,)n for all M € Mg
through setting ((¢B17B2)M)g = 0ge ((Ge)(31®32).M o (thBQ)M) for all g € G. For all

f € Mg(My, My), we have (¢, B,)a, 0 p(B1)(p(B2)(f)) = p(B1@Ba)(f)o(¢5,,8,) a1
since for all g € G

((981.8,) 11, © p(B1)(p(B2)(f))),
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(Grp-1g)(Br@Bs) 2 © Sk(((0B,,8,) 113 )k-14) © (p(B1)(p(B2)(f)))x

keG

= (Gge)(BroBa).as © Sg((Ge)(Bi6By). My © (VB,,B,)1s2) © (P(B1)(p(B2)(f)))g
= Sg((VB1,82) 1) © ((canp, s, ) p(2) (M) © (B1-((p(B2)(f))g))
= Sy((¥B1,8:) 1) © (canp, Sg)BQ Mz © (Bi.((cang, s, )m, © (B2.(fy)))
= Sy((¥y,B,)012) © (canp, s, ) By.as, © (Bi.(canp, s, )ar,) © (B1-(Ba-(fy)))
(Ba-(fy)))
CANB, ©B,,5,) Me © ((B1 ® B2).(fg)) © (¥y,8,) 0,
Geg)(B19B2). My © (Ge)s,((BieBy). M) © (CANB 0By 5, ) 1y
o (B1® B2).(fg)) © (¥B1,8) w1,
= (Geg)(Br@B2). M © Se((Canp, g p,,s,) M, © ((B1 @ Ba).(fy)))
© (Ge)(31®32).M1 © (lZ)Bl,BQ)MI
= (Geg)(Bi@By). My © Se((p(B1 @ B2)(f))g) © (Ge)(Br@By).any © (¥B,y.B,) 0y
= (Gra-1g)(BroB2).at © Sk((p(Br @ Ba)(f))i-19) © (65,.5,) 0, )

keG

= (p(B1 @ B2)(f) © (¢B1,8:)011),,
holds, where we have used that S, is a B-functor and in particular the relation

cang, o,,5, ©(V8,,8,5) = (Sg¥,.8,) o (canp, 5,(B2.)) o ((B1.) canp, s,). Thus, ¢, p,
is a natural transformation. For all M € My and g € G, we set ((gbgiBQ)M)g =

= (canp,gB,,s,) M, © (¥B,,B,) s, (M) © (B1

=
=

Oe.g (Se((¥By,8,)31) © (Ge)(BroBy).ar), which defines an inverse for ¢p, p,. Hence, we
have shown that ¢p, p, is a natural isotransformation. Note the following useful re-
lation (¢3! p,)0)g = 0g.e ((Ge)By.(Boar) © (Uy,5,) 5 ). Furthermore, we need to show
that ¢ defined through ¢p, B, for all 31,32 € B is a natural transformation. The
technicality being very similar, we only provide it for naturality in the second argu-
ment of ¢. For all b € B(Bsy, B;), we have ¢p, p, 0 (p(B1)p(b)) = (p(idp, b)) o g, B,,
since for all M € Mg and g € G we have

(98,85 © (p(B1)p(b)))m)g
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= ((¢B1.8; )01 © (p(B1)p(b)) 1)
= (Gra19)Bro8s)21 © S((5,.85))k-14) © (p(B1)p(b)) 1)

kec
= (Gge)m 0 Sy((Ge)(BroBs).m © (VBy,B5)ar) © ((p(B1)p(b))nr)g
Se((Wy,8;)m) © (p(B1)(p(b)ar))g
So((¥By,Bs)m) © (canpy,s,) B © (Bi.((p(0)ar),))
= Sg((¥py,B5)m) © (canp, s, ) Bs.n © (Bi-(dge(canp, s, )ar 0 (0.((Ge)m))))
= Og.e (Se((¥By,Bs) ) © (canp, s, ) pyr © (Br.(canp,,s.)m) © (Bi.(b.(Ge)u)))
)ar © (¥8,.85) 5.y © (B1-(b.(Ge) )

Jm o ((idp, ®0).((Ge)um)) © (Vpy,By) M)

o

g€ (

= 0g,e ( Canp, o Bs.S.

dg.e ((canp, gp,,s.

= (plidp, ® b)ar)g © (V5.8 M

(Geg)(BroBs).m © (Ge)(BiwBs).a © (p(idp, @0)ar)g 0 (UBy,By) M

= (Ge,g)(B1®Bg).M o Se((plidp, ® b)(31®32).M)g) © (Ge)(31®32).M © (¢Bl,B2)M
) 1

= (Gra19)Bro8s)a1 © Si((plidp, @ b)(B,68).00)k19) © (¢85, a1 )k
keG

= ((p(idp, ® b)(BioBs).M © (PB1,82)M)g

= (((plidp, ® b)) © Op,,B,)M)g-
Next, we provide the unit transformation for M. Let us denote the unit transfor-
mation of M by u : idy = I. where I € B is the unit object. We define the unit
transformation @ : idp, = p(I) of Mg by setting (ur)y := 6g.e ((Ge)r.as 0 upr) for
all g € G and M € Mg. For all f € Mg(M;y, M,), we have

(s, © g = Y (Grk1g) 101, © S((Tag)i1g) © fi

keG
= (Gge)ram © Sg((Ge)r.as, © ung,) © fy

= SQ(UM2> © fg

= (canys,)m, © Us,(my) © (1.(fy))

= (canrs, )ar, © (1.(fy)) o unry
= (Geg)ran, © (Ge)s,(1.0m) © (canr s, )a, © (1.(f,)) © un,
= (Gey)

)
r.:, © Se((canr s, )ar, © (1.(fy))) 0 (Ge)r.an © unr,
= (Geg)ram © Se((p(1)(f))g) © (Ge)r.any © uny

=D (Grarg)ran © Sk((P(1)(f))k-1g) © (Tar, )i

keG

= ((p(D)(f)) o )

for all ¢ € G, where we used that S, is a B-functor and in particular S,u =
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cangr),s, o(uSy). Thus, u is indeed a natural transformation. Note that w is in-
vertible with inverse defined by (@a)y = 84 ((Ge)ar 0 uy/). Thus, @ is a natural
isotransformation. We leave it to the reader to check that ¢ is compatible with the
associator in B (and the trivial associator of Endg(My)), as well as with the left

(and right) unit transformation of B and M (and the trivial unit transformation in

Endg(Mg)).

Fourth, we show that g is a B-functor. With all the preparation, this is now rather
straight forward. We restrict ourselves to providing the morphisms that define the
canonical isotransformation cang,,. Note that for B € B, M € Mg, we have
p(B.)(tg(M)) = tg(B.M) and thus we can use the identity morphism on this object
and the canonical map. Thus, we set ((cang,,)m)g = ey ((Ge)p.ur) for all g € G.
Clearly, cang,, is a natural isotransformation. Furthermore, cang,, is obviously
natural in B as well. Again, we leave it to the reader to check that the cang,, for
B € B satisfy the necessary compatibility with the monoidal structure of B, p and
the action on M, as well as with the compatibility with the u and . O

The B-functor (o allows for the following additional structure which will be es-

sential in establishing representability of ®:

Proposition 4. 6 13. There exist iso-B-transformations u 16S; = e satisfying
v o (V5 S,,) = 0 (1gGyy 40) and V¥ = 16G L.

92 9192

Proof. Let us define v5' for all g € G by setting ((Vf)M)h i= Oy (ids, () for all
M e M and h € G. For all f € M(M,, M), we have

(ta(f) o (W) )n = Y (Gra=1n)ass © Sk(0es-1n (Ge)asy © £)) © Ok (idsyany)))

keG
= Oeg-1h ((Gag-1n)an © Sy((Ge)m, © f) 0 ids,(any))

= Ogn ((Gg,e>M2 0 Sy((Ge)ar) © Sy(f) o ing(Mﬂ)

= 0g.n (Sg(f))

=09 ((Gen)aty © Se(ids, (1)) © (Ge)s,(az) © Sg(f))

= Z(Gk,lrlh)Mz 0 Sk(Ok-1hg (ids,(a1))) © (Oe ((Ge)s,(am) © Sg(f)))
ked

= ()t © 1 (Sy ()
for all h € G and thus Lg(f) W) = (V5 ) m, 0 1a(Sg(f)). Thus, v§ is a transfor-
)

©)
Yy
mation. By Lemma - (VgG u 1s invertible, and thus VG
e
g1

is an isotransformation.

The relation v o (5 S,,) = o (tgGy, 4,) holds, since we have

92
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((VgGg © VﬁSg2>M)h = Z(Gk,kflh)M ° Sk(((Vg(i)M)kflh) ° ((Vg)ng(M))k
keG

=D (Grp-1n)ar © Sk(Ok-1nga(ids,,a1) © (Fhg (ids,, (5, )
keG

= 6h79192 ((GQI:QZ)M o Sg1 (ingg (M)) © ingl (SQQ(M))))

= 5h79192<G91,92)M
= Og1g2,h ((Ge,h)M © ((Ge)Sgng(M) © (G91792)M)
= Z(Gk,kflh)M © Sk (5glgz,k*1h (ingm(M)))

keG
© (6k7€((G'3)59192(M) © (Ggl,gz)M))
= > (Gra1) s © Sk((V5 y)a)i=1) © (16 (G g0)a0)

keG
= ((Vggz © (LGG91,92)M)h
for all M € M and h € G. Further, the relation v¥ = 1oG. ! also holds, since
(G = (UGN m)) = One (Ge)ar 0 (GZ1)w) = One (ids.an) = ((VE)ur) -
O

Theorem 4.6.14. The B-module Mg represents the 2-functor ®¢.

Proof. First, we have to provide morphisms of 2-functors o' : Homg(Mg, —) — P¢
and 0% : &5 — Homg(Mg, —). That is for all N/ € B — Mod we have to provide
additive functors o}, : Homg(Mg, N') = ®¢(N) and 03/ : Pa(N) — Hompg(Mg, N)
together with certain isotransformations (like o), o Homp(Mg, F) = ®¢(F) o o},
for all F € Hompg(N7,N2)) satisfying axioms. Next we will provide these additive
functors in such a way that the above mentioned isotransformations can be chosen as

identity transformations. Thus, the required axioms are satisfied automatically.

Let N € B— Mod. We set o}(F) := (Fig, {Fv$}geq) for all F € Homp(Me, N)
and o(&) := dug for all morphism in Homp(Mg, N). Proposition together
with the interchange law (Remark implies that o}, is well defined. Thus, we
have fully defined o*.

Defining o requires more work: We define o3 ((F, {1} }4eq)) for all (F,{v[},eq) €
P (N) to be the B-functor that sends M € Mg to F(M) (where we used Ob(Mg) =
Ob(M)) and (fg)gec € Ma(My, M) to 32 o (Va)ar, © F(f,). For convenience, we
abbreviate this assignment by . We have F(idy;) = deG(Vj)M 0 F(0e,g ((Ge)m)) =
WE) o F((Ge)m) = (vE o (FG.)),, = (idr)y, = idpany = idpyy for all M € Mg,
where we used that v!" = FGZ! which holds by definition of ®¢(N). Also,
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F(ffoff)y=F ((Z(Gk,klg)Ms © Sk(flg_lg) © fli)geG)

:ZZ Gkk 1g) SOSk<fI§*1g)Of’§)
keG geG

= Z (Vi) © F((Grg)ass) © F(Sk(f7)) o F(f3)

= > ) 0 (W) © F(Se(f)) © F(f)

— <Z(y§“)M3 o F(fj)) o <Z(u§)M2 o F(f;i))

— P o P

for all f* = (f;)gec € Ma(My, M) and f* = (ng)geG € Ma(Ma, M), where we used
that G is a group, that F' is a functor and that vy, o (FGy,) = v o (vf'S,) which
holds by definition of ®¢(N). Thus, F is indeed a functor and it is additive since
F is additive and since composition is bilinear. Next, we have to equipped F with
the structure of a B-functor. Since F' is a B-functor, we have an isotransformation
canpp : (B.)F = F(B.) for all B € B. For all B € B, we define cang ; : (B.)F =
Fp(B) by setting (cang z)u = (canpg )y for all M € Mg. This is possible since
Ob(Mg) = Ob(M), B.(F(M)) = B.(F(M)) and F(p(B)M) = F(B.M) = F(B.M).

For all B € B, cang j» is indeed a transformation since

(cang p)ar, 0 (B-(F(f))) = (canp,p)as, © (B-(Y_ (v ), © F(f,)))

= ;(CanB,F>Mg o (g(];(’j)ng)MQ) o B.(F(f,))

—:ZG )B.a, © (canp ps, )ar) © B-(F(fy))

— 120@5 )B.y © F((canp.s,)ar,) © (canp p)s,(m)) © B.(F(f,))
- g; )., © F((canp.s,)ar,) © F(B.(fy)) o (canp,p)ar)

= F(((canp,s,)ar, © (B-(fg)))gec) © (canp ¢)u,

= F(p(B)(f)) o (cang ),
for all f = (fy)gec € Ma(My, Ms), where we have used that v} is a B-transformation
and in particular that cangjo((B.)vY) = (vf(B.)) o canp rs,, as well as the defini-
tion of compositions of B-functors. Since cang ; is build from isomorphisms, it is an

isotransformation. Further, canp j is natural in B: For all b € B(B, By), we have
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(cang, 7 o(b. F)) = (canp, r)um o (b.(F(idp)))
= F(bZdM) e} (canBl,F)M
= (¢ ) Bots © F((Ge) gy © (bidar)) © cang, r)m

= Z(’{f)BQ.M 0 F(dg.e ((Ge)Bya © (bidar))) © (canp, r)um

for all M € Mg, where we used that v = FG_' by definition of ®¢(N'). The last
step in equipping F' with the structure of a B-functor is to show that the isotransfor-
mations cang z are compatible with the monoidal structure of B, p and the action on
N. These hold trivially, since we have defined the monoidal structure of p using the
isotransformations that define M, they are mapped by Fand F respectively to the
same isotransformations in A.

Finally, we return to the definition of o3, For v € ®¢(N)((F1, {v; }geq), (Fo, {V7}gea)),
we define 03-() : F1 = F to be the B-transformation with (03-())as := s for all
M € Mg, where we used that Ob(Mg) = Ob(M). For notational convenience, we
abbreviate & := o3/(«). We have

F2<f) © dMl = Z(VS)Mz © F2(fg> O Gy

geG

- Z(Vg)]\b O A5y (Ms) © Fi(fy)

geG

:ZaMQ 2OF1(fg)

geG

= ayy, O <Z(V91)M2 o Fl(fg))

geG
= G, © Fl(f)
for all f = (f,) € M(My, M), where we used that « is a transformation and that

ao v, = v} o (aSy) by definition of ®g(N). Thus, & is indeed a transformation.

Further, & is a B-transformation, since
(canp z, o((B.)a)),, = (cang j,)ar o (B.(Gr))
= (canp g, ) m o (B.(an))
= (ap.pm) o (cang g, ) m
) (B)(M) © (canp j, )

= (a
( ocanB’F2)M
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for all B € B and M € Mg, where we used that « is a B-transformation.
Next, we have to show that 0% is an additive functor. Note that id(F,{uf}gec) =idp.
Thus, U%\/‘(id(p}{l,g}gec ) = id, 2 (FAvF }oea) follows. Further for all composable mor-

phisms a; and ay in g(N), we have

(o3 (a0 ozl)) = (g oay),y,
= (az)y 0 (o) y
= (o3(a2) 5 © (% (),

= (‘7/\/<042> © UN(Oél))M
for all M € M. The definition of o2 is complete.

We now claim that o' 0 0? = idyomg(me,—) and 0?0 o' = idg,,, which would complete
the proof. We will restrict ourselves to showing that these equations hold at any
N € B — Mod. We leave it to the reader to check isotransformation induced on the
compositions actually agree with the identity transformations as claimed.

We fix N € B — Mod and let (F,{v,},cc) € ®c(N). Denoting as before F :=
o ((F {vg}gec)), we have op(F) = (Fig, {Fv}4eq). For all M € M, we have

(Fig)(M) = F(1g(M)) = F(M) = F(M) by definition of o};. Further, we have
(Fua)(f)

dj<
S
S
>

((G )ar © f))gec)
= Z OF 5he((Ge>M2 Of))

( ) F((Ge)m,) 0 F(f))

= F(f)
for all f € M(M, 2) Also, we have

(canp g, )u = ((Fcanp,) o (cang p 1))

F((canp ) ) o (cang p)
(( ¢((Ge)p.m))gec) © (canp r)u

(Vh)B.M o F(5h,e((Ge)B.M))) o (CanB,F)M

he
= (ve)pm o F((Ge)p.r)) o (canp r)

= (canp r)m
for all B € B and all M € M. We conclude F = Fui; as B-functors. For
all @ € Pa(N) ((Fr,{vi}eec), (Fa,{v2}sec)). we denote as before & := oj(a).
For all M € M, we have (03,(&))y = (&)m = apy. Thus, we have shown that

UN e} O'N qu)G N)-
Next, let F' € Homg(Mg, N). Then, (F, {vi Y gea) = o (F) = (Fbg,{FVgG}geg).
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Denote F' = o} ((F,{v!}ec))- For all M € Mg, we have F(M) = F(M) = F(M).
Further for all f = (f;),ec € Ma(M;, Ms), we have
F(f) = _(v)an o F(f,)

geG

=3 F((v§)m, 0 clfy))

I
<
m
QM Q

((Z(Gh,h—lk M © Sh(On-11,g(ids,(115))) © (One((Ge)s,(at) © fg))) )

ge heG

I
QM

ge

F )
F (((Sk g((Ge k) My © (G6>59(M2) © fg))keG)
F( )

(5k g(fg )keG)

R
Q

(((fi)ree)
= F(f).
Also for all B € B and all M € Mg, we have

(cang p)y = (canp r)u
= (

cang g, )M
= ((F canp,,) o (cang g tc))u

= F((89e((Ge).wr))gec) © (cang p)us

= (CanB,F>M=
where we used that (d,.((Ge¢)p.m))gec is the identity morphism on B.M in M.
Thus, F = F as B-functors. Finally for all « € B — Modm—n (F1, F), we have
(R 0 op(@))m = (o3 (awe))m = () = augy = oy for all M € M. Thus, we
have shown that o3, o o}, = idg, ). The proof is complete. O

For the remainder of the section, we study further properties of M. We start
with a criterion which ensures that indecomposable objects of M stay indecomposable
in M. Then, we will give a simple example that shows that this statement does not

hold in this generality for strong indecomposability.

Lemma 4.6.15. Let M € B — Mod and assume that M has the Krull-Schmidt

property. Then, tq sends indecomposable objects to indecomposable objects.

Proof. Let M € M be indecomposable and assume that we are given a decomposition
tg(M) = 16(N) @ te(L) in Mg, where we have used that i is surjective on objects
by assumptions. W.l.o.g, we can assume that N is non-trivial, and thus we have to
show that L = 0. Further using the Krull-Schmidt property of M and the fact that
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L 1s additive, we can assume that N is indecomposable in M. Abusing notation, we
denote G := P Sy € Ends(M). Clearly, G satisfies the necessary properties and
we obtain a B-functor G : Mg — M such that G otz = G. Since 1g(N) & tg(L) =
(N @ L), we deduce that B, SyN C¥ D, (M) in M. Note that since M is
indecomposable in M, so is Sy (M) for all g € G. Using once more the Krull-Schmidt
property, it follows that there exists g € G such that N = S (M) in M. By Lemma
4.6.10] it follows that 1g(N) = t(M). Applying G, we obtain that G(N) = G(M).
On the other hand, we obtain G(M) = G(N) @ G(L) in the same way. A final
application of the Krull-Schmidt property implies G(L) = 0. Since idy C% G, it
follows that L = 0 in M and thus t(L) = 0 in M. O

Proposition 4.6.16. Let M € B — Mod and assume that M satisfies the Krull-
Schmidt property. Then, Mg satisfies the Krull-Schmidt property and the canonical
homomorphism G \ [M]| — [M¢] is an isomorphism.

Proof. Let 1g(M) € Mg, and assume that (g(M) = @, tc(M;) = D, ta(N))
are two decompositions in indecomposable objects in Mq. By the same arguments
as above, all M; and N; have to be indecomposable objects in M. Applying G to
the two decompositions of M and using the Krull-Schmidt property of M, we obtain
|I||G| = |J||G| and thus |I| = |.J|. Also with analogous arguments as above, it follows
that for all 7 € I there exists j(i) € J and g; € G such that M; = S, N, = in M.
In particular, there exists iy € I and j, € J such that G(M;,) = G(Nj,) in M.
Applying G to the two decomposition of M, we obtain G(M;,) & Dicr i) G(M;) =
G(M) = G(Nj,) ® Djcn (joy G(;) in M. The Krull-Schmidt property implies that
Dicr iy G(M:) Dje oy G(N;). By an induction on |I| (which is a finite number,
since M has the Krull-Schmidt property), we thus obtain a bijection ¢ : [ — J
with the property that G(M;) = G(Ngu)) in M for all ¢ € I. More concretely, for
all i € I there exists g; € G such that M; = Sy, (Ng(;)). By Lemma [4.6.10, we thus
obtain tq(M;) = 1a(Ng@)) in Mq. Thus, M satisfies the Krull-Schmidt property.

To deduce that G\ [M] — [Mg] is an isomorphisms, it suffices to observe that for
indecomposable objects tg(M), tac(N) € Mg with [tg(M)] = [ta(N)] in [M¢] there
exists a g € G such that M = S (N) in M. Since Mg satisfies the Krull-Schmidt
property, a standard argument implies that tg(M) = 1g(N) in Mg and the same
arguments as above imply M = S;(N) in M for some g € G. ]

Next, we show through an example that indecomposable objects (and even strongly
indecomposable objects) in M might no longer be strongly indecomposable in Mg

in general. This also implies that M is not idempotent closed in general:
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Example 4.6.17. Assume that 2 € B([, ) is invertible, that G = Sy = {e, s}
and that S? = Id. Further assume that there exists ¢ € M(M,S,(M)) such that
Ss(¢) o ¢ = idy. Then, e; = %(idM,gb) and ey = %(idM,—@ are non-trivial
idempotents of 1q(M) € Mg for which ejes = ey0e; = 0 and id,(v) = €1+ ez holds.

Even though we have increased the size of morphism spaces by roughly a factor

|G|, we have the following result:
Proposition 4.6.18. The B-modules Mg and M are weakly equivalent.

Proof. Since idy = S, C¥ G = Gbg, half the work is done. Let us denote the associ-
ated inclusion and projection B-transformations by 7 and ~. It remains to show that
idp, C® 1gG. By Theorem , we can show equivalently that (iq, {l/gG}geg> c®
(1cGa, {LgéugG}geg) in ¢ (Mg). By definition of G, we have (1oGig, {LgéVgG}geg) =
(taG, {taPBrec Grglgea)- 1t is easy to calculate that ¢7 and vy (for which (vy)o(¢e7) =
v(y7) = tidpg = 1) are morphisms in ¢(Mc). It follows that (1, {v5}geq) is a direct

summand of (1¢G, {tc Brec Ghglgec). The proof is complete. ]

We end this section with an application to functorially cyclic modules. It is ob-
vious that weak dominance is a transitive notion by simply composing the structure
functors. Dominance however is not necessarily preserved, since strong indecompos-
ability is not preserved under composition. Further, the above constructed B-functor
Lc 1s not strongly indecomposable in general, see Example [£.6.6] Nevertheless, there
exists example in which both statement are valid, and thus we describe the associated

structure in this case.

Corollary 4.6.19. Let C € B — Mod be (F, K, a, 3)-cyclic, and let G be a finite
group that acts on C. Denote by C =% Ce Y. C and ide =5 Lgé B:G 1de the above
constructed B-functors and B-transformations for which fgoag = ide holds. Provided

that 1o F' is strongly indecomposable, Cq is functorially cyclic. More precisely, Cq is
<LgF, KG, (K@LGaéLgF) o (Kéa(;L(;F), (K@BngF) o (K@LgﬁéLgF)> -cyclic.

Remark 4.6.20. The assumptions of Corollary imply that (g is strongly in-
decomposable. Further, the underlying object of the associated indecomposable split
Frobenius object on the implicit B-quotient of B is given by KGF = K GieF. This
object is closely related to the indecomposable split Frobenius object associated to C,
since its underlying object is K F' which is clearly a summand of KGF'. Furthermore,
the reader should note that Cg is not the functorially cyclic module that we usually

would associate to the right indecomposable split Frobenius object of the statement
of Corollary [4.6.19 Instead this is Cide™.
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Remark 4.6.21. Let C be the functorially cyclic module of Corollary [£.6.19] Then,
we have an associated universal property g® : B— Mod' 4™ — Add"*™. One can show
that the G action on C induces a G action on g®. Similarly to the construction of
M one can then construct a universal property 4®¢g. In the same way as 4@ can
be calculated using C as Homp(C, —), we can calculate o ®¢ using C;. However, the
2-functor @ is truly the universal property of C%*™ and in the same way o® is

represented by Ci4o™.

Remark 4.6.22. A reason for the lack of a genuine universal property for the coin-
variant module is provided in [MaMi5, Proposition 21]. In a natural setting, it is
shown there that it impossible to categorify the 2-dimensional simple representation
which we had discussed in Section [2.6.3] using an idempotent closed module. Note
that being idempotent closed is part of the notion of a finitary module. While one
can construct a categorification in an ad hoc fashion by selecting certain submodules,
Cq provides a conceptual way to construct a categorification which has the properties

discussed in this section. See Section for more details on this example.

4.7 Compatibility with quotients

In this section, we study our construction based on split Frobenius objects when
applied along monoidal quotient functors. We show that the induced functors remain

full. Assuming Frobenius descent, we also proof that they remain essential surjective.

Remark 4.7.1. This section is technical and will be applied in Section[5.7/only. Com-
pared to |4.5.25] it reaches a similar conclusion, but provides more broadly applicable

criteria.

Definition 4.7.2. Let O, = (@C,Ac,,uc),@p = (O©p, Ap, up) be Frobenius objects
on C,D € Cat respectively and let F' : C — D be a functor that is compatible with
the Frobenius objects via canp : FOr, = OpF. We say F lifts idempotents with
descent, if and only if for all C € C and for all idempotents e € D(OpFC,OpFC)
that satisfies Op-descent, there exists an idempotent é € C(BcC,0cC) that satisfies
Oc-descent and for which (canp), 0 F(€)o (can}l)c = e holds.

~

Proposition 4.7.3. Let M, M € Add%™, let © = (©,A, 1), © = (6,A, 1) be
split Frobenius objects on M, M respectively and let m : M — M be an additive
quotient functor that is compatible with the Frobenius objects. Then, the induced
functor ™ : gM — @M is full and Z(7) = Z(md¢). Provided that  lifts idempotents

with descent, T is a quotient functor.

155



Proof. First, note that oM and éﬂ exists due to Proposition |4.3.58, together with
certain functors and transformations used below. Note that this proposition is stated
for B — Mod, but holds of course as well for additive categories (simply consider the

trivial additive monoidal category as B which acts on any additive category).

Second, let us discuss the existence of 7. Instead of constructing 7 explicitly and
check that it satisfies all the necessary properties, we use the previously developed
theory. We plug all the given structure into the first argument of @dd*™(—, —). In
this way, we obtain 2-functors with Frobenius objects acting on them and maps
between 2-functors that are compatible with the Frobenius objects, see Proposi-
tion . This proposition (together with Proposition also tells us that
by applying gddidem(—, —), we have reached the setup of Proposition and
that all the assumptions are satisfied, Thus giving us a morphism of 2-functors
gddidem(ém, —) — Add“"™(gM,—). Appealing to the 2-Yoneda Lemma [3.3.49)
we get the desired functor 7 : g M — M. Going through all the above mentioned

references, we obtain the following diagram (which could also have been constructed

explicitly):
M- Mo M
Pk b
ML MM

~

We denote by ¢ : g = ﬁé% and 1 : 90 = 997 the isotransformations up
to which the above squares commute. By assumption, we have an isotransformation
can, : T© == O which expresses the compatibility of m with the Frobenius objects.
The relation between can, and the two transformations above is given by can, =
(J5¥) o (qbq?é) holds. Furthermore, we have transformations « : idy = 19@19@ and
8900, = idy with Boa = idy and © = (950°, 9ga9®, 95 49°). The analogous
structure is of course present for the morphisms involving bars, as well. Finally, the
compatibility conditions (z?@b)o(zﬂz%)o(%a) = ar and (%5)0(1/1_119@)0(19§¢_1) = B7
are satisfied.

Third, we show that with 7 being full, so is 7. Take any objects My, M, € Ob( g M)
and any morphism f € éﬂ(%(Ml), 7(Ms)). Since 7 is full, there exists a morphism
g in M such that 7(g) = qb}é Oﬁé(f) o dar,- Now, define g := S, 09°(g) oapy,. Note
that g is a morphism in gM, since ¥© is a functor and o and 3 are transformation

of endofunctors of 4 M. We conclude that 7 is full by computing
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#(g) = 7(Bar,) 0 F(0°(3)) o F(aar,)

(Basz) © ¥y (apy) © 9 (x (@) o Vg (M) © T(anr,)

(Bara) 005 ) © 92 (B31) 0 92 (95(£)) © 9 (6as,) © o ary © Flauar,)
B%(MQ) © ﬁé(ﬁg(f» O O&(My)

#(My) © O (M) © f

— f

Fourth, we describe Z(7). Since id_x; C% 19@019@, it follows that ﬁé is faithful. Thus
©

I(m) = Z(J57). Using the isotransformation ¢, we obtain Z(Jg7) = Z(mdg) and

thus Z(7) = Z(mdg).

Il
al

Il
AN

Il
=

Last, we show that 7 is essentially surjective provided that 7 lifts idempotents with
descent. Let M € éﬂ. Since 7 is essentially surjective, there exists N € M and
an isomorphism h : J5(M) — @(N) in éﬂ. With all categories involved being
idempotent closed, we have M = (19601%(]\4), e) = (ﬁéow(]\f), ¢') = (Fo9O(N),e").
Here, e := @ 0 3, is an idempotent since Ois split, and €' := 196(11) oeo (ﬂé)_l(h)
and €” := ¥y o€’ 09hy are idempotents because they are conjugate to an idempotent.
Since 7 is full there exists a morphisms e"” € éM(ﬁéN, YO N) with 7(e”) = €" and
thus (709 (N),e") = (o9 (N), 7(e")). If we could show that there is a choice of ¢
which is an idempotent, then we would have shown that M 2 (7 o 9°(N),7(e")) =
i ((19@(]\/ ), e )), i.e. essential surjectivity of 7. Using the construction employed to
prove that 7 is full, we can set ¢” := By, © ﬁé(é) © (ays, Where € is any preimage
under 7 of gb;éN )
e € gM(ON,ON) that satisfies O-descent and (can; ')y o w(é) o (can, )y = Us(€).
This holds since J4(€’) satisfies @—deseen‘c, which is true for all morphisms in the

o 1‘%(6” ) © @46, By assumption, there exists another idempotent

image of Jg. Hence, we can calculate that 7(é) = (can,)y o J5(€') o (can; Yy =

;éN o (1961/1;,1) 0 dg(e') o (VgUn) o dyoy = ;f;N odg(e") oo, We can thus choose
¢ = é. Note that Ug(e”) = ¥g(Byon) © Ve (9°(€)) 0 Vg (ayon) = v 0 O(€) 0o Ay = €
is an idempotent, where the last equation holds due to the assumption that the lift é
satisfies ©-descent. Now we only need to remember that g is faithful, to conclude

that € is indeed an idempotent. H

Remark 4.7.4. The property Z(7) = Z(ng) means that the morphism that 7 sends

to zero are exactly those that are send to zero under 7.

Proposition generalises to B — Mod by the same argument, since the state-

ment is in this case simply a statement about the underlying additive categories.
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Moreover, we have the following result:

Corollary 4.7.5. Let m : M — M be a quotient B-functor between idempotent closed
categories and let © be a split Frobenius object in B. Then, we have an additive
quotient functor m: M — M which is compatible with the split Frobenius objects on
M and M induced by S through the respective B-actions. Further provided that m
lifts idempotents that satisfy ©-descent, the induced additive functor oM — @M 1S

a quotient functor.

Proof. Given any Frobenius object in B and a B-functor M; — M, we obtain
induced Frobenius objects on the underlying additive categories M; and My by ap-
plying the respective structure functors to the Frobenius object. That the underlying
additive functor of F' is compatible with these Frobenius object follows using the
structure of F' as a B-functor. Thus, Proposition [4.7.3] applies. m

4.8 Induced tensor products on functorially cyclic
modules

In this section, we show in Theorem that certain functorially cyclic modules
can be equipped with a natural monoidal structure. This result assumes that the
associated right indecomposable split Frobenius object is symmetrically central, which

we define now.

Definition 4.8.1. Let B be a strict additive monoidal category. A Frobenius object
(©,A, 1) in B is central, if for all B € B there exists a natural isomorphisms sp :
BO — OB in B such that (AB)osg = (Osg)o(sp®)o(BA), (uB)o(Osp)o(s50) =
spo(Bpu) and sap = (saB)o(Asg) hold for all A, B € B. A central Frobenius object is
symmetric (also referred to as a symmetrically central Frobenius object) if soo A = A

and Lo Sg = .

Remark 4.8.2. A central Frobenius object can equivalently be described as a Frobe-
nius object in the Drinfeld centre ZP*(B).

The above definition and all proofs are stated for a strict additive monoidal cat-
egory B only. However, the generalisation to the non-strict case is straightforward,
and thus we allow ourselves to state Theorem for general additive monoidal
categories. Recall the additive functors 99 and oV introduced in Remark .
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Theorem 4.8.3. Let B be an additive monoidal category and let O be a symmetrically
central Frobenius object in B. Then, there exists an idempotent e of ©Y such that the

composition
)

B~ oBo —>—Bg .

is isomorphic to the identity functor, thereby equipping Bg with the structure of a
monoidal category. Further, the natural functor 9o . B — B carries the structure of
a monoidal functor and the module Resye(Bg) agrees with the free functorially cyclic
module associated to ©. Furthermore, the functor ByY — Endp(Bg) induced from

tensoring on the right agrees up to the equivalence Endg(Bg) = ¢Bg with (619, e).

Proof. Recall from Remark4.3.67|that we have additive functors Bg ﬂ oBe ©—0> Bg

and recall as well that €9 oV has the identity functor as a summand. Assuming that

O is a symmetrically central, split Frobenius object, we will show in Proposition
4.8.9 that ©0 carries an idempotent e. Then, Proposition establishes that
(g? 9y, oVe) is isomorphic to the identity functor. Note that without the symmet-
rical centrality assumption it is not true in general that gv ©Y contains the identity
functor as a summand. Furthermore in Proposition [£.8.13] we will show that the
natural monoidal structure on gBg introduced in Section is compatible with
(619, e). This induces an explicit monoidal structure on Bg, which is uniquely de-
termined by the property that (él‘}, e) is a monoidal functor with trivial structure
maps. Proposition will establish that the additive functor underlying the B-
functor B 19—®> Bg can also be equipped with the structure of a monoidal functor.
Thus, Res e (Bg) agrees with Bg € B — Mod, which is the functorially cyclic modules
associated to ©. Now, the monoidal functor BgY — Add(Bg, Bg) induced by taking
tensor products on the right extends to a monoidal functor BgY — Homg(Bg, Bg),
see Proposition . Once composed with the equivalence Homg(Bg, Bg) = ¢Be,
this functor becomes isomorphic to (éﬁ, e), see Proposition . O

9 A
Remark 4.8.4. Note that it is not possible to equip By —> B with a monoidal
structure. However, we provide a push-pull formula in Corollary 4.8.22]

For the rest of the section, we fix a symmetrically central, split Frobenius object
O = (©,A, 1) in a strict additive monoidal category B, and denote the natural
isomorphisms that make © central by sz for all B € B.

Notation 4.8.5. For all B € B, denote by ip := sggo(BA) : BO — ©B0O, similarly
g = (Bp)o sl}g :©BO — BO and e :=igompg.
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Lemma 4.8.6. For all B € B, ip = (sp©) o (BA) and 7 = (Bu) o (s5'0), ep is an
idempotent and we have sg' o Aoposg = Aopu. Furthermore for all f € Bg(Bi, Ba),
we have (Of)oep, =ep, o (Of).

Proof. Since © is symmetrically central, iz = spo o (BA) = (s50) o (Bse) o (BA) =
(spO) o (BA) and the same argument establishes the expression given for mg. The
second statement holds since 75 0 i = (Bp) o sgg © spe © (BA) = (Bu) o (BA) =
B(p o A) = Blidg) = idpe and eg = ip o mg. The third statement is a direct
consequence of the definition of symmetric Frobenius objects. The fourth statement,

follows from the more refined statement in the next lemma. O

Lemma 4.8.7. For all morphisms f € Bg(Bi, By), we have (©f)oip, =ip,o f and
fomp =mp,0 (Gf)

Proof. The second statement being analogous to the first, we only show the first
statement: (Of)oip, = (Of)ospeo(B1A) = sp,eo(fO)o(B1A) = sp,eo(B2A)of =
i, © f. The second equality holds by naturality of sge. The third equality holds
by the definition of Bg in Corollary , which is ultimately based on Definition
4335 O

Lemma 4.8.8. For all B € B, we have three equations ip = (Osz') o (AB) o sp,
g =sg o (uB)o (Osp) and eg = (Osz') o (AB) o (uB) o (Osp).

Proof. We provide the computation for the third equation.

= (s30) o (BA) o (Bp) o (s5'0)
= (Bs3') 0 (Osp) 0 (s5O) o (BA) o (Bu) o (s5'0) o0 (Os5') o (Osp)
= (@SEI) o(AB)ospo SE;I o(uB)o (Osp) (@ central)

= (0s5') o (AB) o (uB) o (Osp)
The reader will notice that the other two equations are shown implicitly in this cal-

culation, as well. O

Proposition 4.8.9. For all (B, f) € By, e,y) :=ep o (0f) = (Of) o ep defines an
idempotent of oy ((B, f)). Further, this defines an idempotent e of oy : Bg — oBg-

Proof. First for all (B, f) € Bg, we have to show that e s is an idempotent of
%9 ((B, f)) = (B,Of) in 6B Since Of is an endomorphism of (B, idepe) in gBg
(say by construction of éﬁ), it is sufficient to show the following two claims: First, ep

is an endomorphism of (B, idepe) in ¢Bg, and second eg o (Of) = (Of) o ep holds.
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The latter claim was shown Lemmam (this lemma also implies that 6%37 = €emh)-
To establish the former claim, we have to show that ep = (uBO) o (Oeg) o (ABO)
and eg = (OBpu) o (ep®) o (OBA), according to the definition of §Bg at the start of
Section [4.3.5] The first equation is a mirror image of the second, after replacing eg
by its representation found in Lemma [4.8.8 The second equation follows from the
interchange law, from the Frobenius relations of © and from © being split:
(©B) o (ep®) o (OBA) = (OBpu) o (s500) o (BABO) o (Bu®) o (s5'00) o (O BA)

= (530) o (BOu) o (BAB) o (Bu®) o (BOA) o (s5'0)

— (s50) 0 (BA) o (B) o (BA) o (By) o (s5'0)

— (550) o (BA) o (Bu) o (s5'0)

= €.

Next, we need to check e defines a natural endotransformation of ¥°. Thus for all
g € Bg ((Bi1, f1), (Ba, f2)), we need to establish that e(g,.f,) o 19@(9) = ﬂé(g) 0 €(By,f1)-
This follows directly from Lemma [4.8.6] since fi € Bg (B1, B1), g € Bg (B1, Bs) and
fo € Bg (B2, Bs). O

Proposition 4.8.10. There exists an isotransformation (@19@19, ove) X idg, .

Proof. We need to define natural transformations ids, R (g 9y, ove) = idg,
and show that they are mutually inverse. In the rest of the proof we will use that
the composition gv 0y is given by left multiplication with © and that gve becomes

equal to e once evaluated on an object of Bg.

For all (B, f) € Bg, we employ Lemma [1.8.7 and set i ) := ip o f = (©f) oip as
well as m(p ) := fomp = mp o (©f). Both definitions yield morphisms in Bg since f
(resp. ©f) is an endomorphism of B € By (resp. ©B € Bg), provided that ip and 7
are morphisms in Bg. By Lemma [£.3.40] this holds if iz = (©Bpu)o (ip©)o (BA) and
g = (Bp)o(rp®)o(OBA). These equations are easily computed and we provide the
details for the first one: (©Bpu)o (ig®)o(BA) = (0Bu)o(sp®0)o(BAO)o(BA) =

(s50)o(BOu)o(BAO)o(BA) © o (s50)o(BA)o(Bu)o(BA) ©.zp! (spO)o(BA) = ip.

In order to show that ¢ and 7 are indeed natural transformations, we need to probe

whether €(Bz,f2) © (@g) O UBy,f1) = UBayf2) ©F and T(Bz,f2) © €(Ba,f2) © (@g) = g O T(By,f1)
hold for all g € Bg ((B1, f1), (B2, f2)). This is indeed the case, due to the Lemmas

14.8.7 and |4.8.6} the latter (and its proof) implying both that ep, f,) 0 (B, f) = i(Bs,f2)

and (B, f,) © €(By,f2) = T(Ba,f2)-

It remains to show that ¢ and 7 are mutually inverse. Clearly, m o4 = id;q, as
C]
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(Bf)OZBf fO’YTBOZBOf f f f ZdBf forall(B f)EB(;) Similarlyfor

all (B, f) € By, mp,p) 0is,y) = (0f) 0cepo(0f) =epo(0f)o(0f) =epo(Of) =
(6990, g¥c) (f) holds and thus i o7 = id_ 05 .- O

Remark 4.8.11. Typically, (éﬁ oV, egV) = id, g, does not hold, see for example
Theorem [6.3.11, The functor (él‘} oV, e o) can however be regarded as a projection
onto a monoidal sub-category. This follows from Proposition below.

Lemma 4.8.12. Let By, By € B. Then, (ep, B2©) o (OByep,) = (©Biep,) © €p,08,-

Proof. This requires nothing, but a lengthy calculation. We have

(931632) O €B,0B;
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= (©Byep,) o (sB,08,0) 0 (B1OByA) o (B1©Bay)
© (81_31682@)

= (©Bjep,) o (s5,0By0) o (B1sep,©) o (B1©BA)
0 (B1©Bsyp) o (B15ep,0®) ' o (sp3,0B8,0) !

= (sp,ep,) © (Bieop,) o (s5 ©B,0)

= (sp,ep,) © (B1Osgp,) o (B1AOB,) o (B1u©B;)
o (B1Osen,) o (s5 ©B:0)

= (sp,ep,) © (B1©Osy)) o (B1Osg' By) o (B1AOB,)
o (B1u©By) o (sgfs@BQ)

= (55,0s5,) 0 (B1OAB,) o (B;OuBs) o (B1Osg' Bs)
o (BIAOB,) o (Bipu©Bs) o (sp.sen,)

= (55,0s5,) 0 (B1OABy) o (B1OuBs) o (BiAOB,)

(Lemma 4.8.6)

(© central)

(Lemma [4.8.6)

(Lemma 4.8.8)

(6 central)

(Lemma [4.8.8)

o (Biu©B,) o (sp.sen,) (6 symmetr. central)

= (55,0s5,) 0 (B1OAB,) o (BiABs) o (B uBo)
o (Biu©Bs) o (s, 508,)

= (331@5’]}21) o (B1ABODBs;) o (B1ABy) o (B1juBs)
o (B1OuBy) o (5515932)

= (33165521) o (B1ABODBs) o (B1ABy) o (ByuBs)
o (B1OuBsy) o (B1OsgBs) o (3511(9532)

= (55,0s5,) 0 (B1AOB,) o (BiABs) o (B 1Bo)

~

(6 Frobenius)

(Lemma [4.3.7)

(6 central)

o (B1©uBs) o (s5 Osp,) (© symmetr. central)

= (s3,0s5)) 0 (B1AOB,) o (BiuOBy) o (BiOAB)
o (B1OuB,) o (s5 Osp,)

= (55,0B,0) 0 (BiAB30) o (B1uB20) o (55 Os5!)
0 (OB1ABy) o (©B1uBs) o (©B,0sg,)

(6 Frobenius)

(Remark [3.1.3)

= (e, B20©) o (OByep,). (Lemma [4.8.6] +[4.8.8)

and the lemma is established.

]

In the following statement, we forget that Bg is a B-module, and remember only

that it is an additive category.

Proposition 4.8.13. The additive category Bg carries a unique structure as a monoidal

category, such that (619,6) equipped with trivial structure maps is a monoidal func-
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tor. More concretely, setting (B1, fi) ® (Ba, fa) := (B1©Ba, (fif2) o (Bieg,)) for all
(Bi, f1), (Ba, fa) € Bg and specifying (I,id;e) to be the unit object is part of a well

defined monoidal structure of Bg .

Proof. First, we have to show that the unit object of 4 Bg lies in the image of ( 619, e).
Second, we have to show that the tensor product of any two objects in the image is
isomorphic to an object in the image. Once these two statements are established, it
remains to check that all necessary structure maps are available and that they satisfy
the correct relations. This however holds automatically, since it follows from Propo-
sition that (©9, e) is fully faithful.

We start by claiming that (/,id;e) € Bg is mapped to the unit object provided in
Definition 4.3.63, We compute (éﬁ,e> (I,id;e) = (I,(Oidre) o er) = (I,er) and es-
tablish the claim by providing another representation of the idempotent e; and thus
the link to Deﬁnition: er = sreo(IA)o(Ip)os;d = sjeo(IA)olg olgo(I1)osry
=510 0 (Ig'®) 0 Ao o (lgO) o sy = (Olg') 0seg o Ao posg!o(le®), where the

first equation holds by definition, the second inserts the left unit morphisms and its

inverse (which are in fact the identity map in a strict monoidal category B), the third
uses the interchange law, the fourth uses that sp is natural in the argument B and

the fifth uses that © is symmetrically central.

The second statement follows from the following claim: Given (B, f1), (Bo, f2) € Bg,
we have <®19,e) (B, f1) ® <é19,e> (Ba, f2) = (éﬁ,e) (BiOBs, (fuf2) o (Bien,)).
Once we have established this claim, the proof is complete inclusive the unique-
ness statement. This is because (éﬁ,e) is not only faithful, but reflects identities,
i.e. (90,¢)(By, f1) = (99, ¢)(By, fo) implies (By, fi) = (B, f2). We leave the details
to the reader, but mention that it is straight forward to show in this situation that
By = Bs, and that showing f; = f5 requires a small computation using symmetrical

centrality of o.

Two steps are required to establish this claim. We abbreviate f := (f1f2) o (Bieg,).
First, we need to show that f € By ((B1©Bs,idp,6B,), (B1©Bs, idp,op,)). We al-
ready know that f, and ep, are morphisms in Bg. Due to the interchange law, left
multiplication with morphisms in B does not change this (or less concretely since
Bgs € B — Mod), and a composition does of course not lead outside the category
either. Second, we need to compute the claim. We have
(®0.¢) (B fi) @ (P0e) (Bay fo)

= (By,(Of1)cep,) ® (Bs, (©f) oep,)

= (B1©Bs,{((0f1) cep,) BaO} 0 {OB; ((Of2) oep,)}) (Definition
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and (éﬁ, e) (B1©By, f) = (B1©Bs, (©f) o ep,oB,). Thus, both objects agree, since
{((®fi) oep,) B:O} 0 {OB1 ((Of2) 0 ep,)}

= (0/1f2) o (e5,B20) o (O Bie,)
= (0©f1f2) 0 (©Bieg,) © ep08, (Lemma [4.8.12)
= (0f) oepon,.

This shows the claim and completes the proof. O

Next, we begin to analyse the compatibility of the two structures of Bg, namely

the structure as a B-module Bg = (Bg, p) and the structure as a monoidal category

By = (Bg, ®):

Proposition 4.8.14. The following diagram commutes up to an isotransformation:

B x By £ By

ﬁéxidl ®
Bg x Bg
Proof. As in the diagram above, we denote ® the newly constructed tensor product
on Bg and by a dot the action of B on Bg. Let B € B and (M, f) € Bg. We have
to show that B.(M, f) = 99(B) @ (M, f). By definition, B.(M, f) = (BM, Bf) and
99(B) @ (M, f) = (B,idge) ® (M, f) = (BOM, (idge f) o (Bear)). An isomorphism
between these two objects are given by Bi,; with inverse Bmy,. That these two maps
are indeed morphisms in Bg and that they induce transformations natural in B and

M will be shown in the next proof. ]

Corollary 4.8.15. Let By, By € B and (M, f) € Bg. Then, we have a commutative

diagram

Bi.(B2.(M.f)) B1.(99(B2)®(M, )
99 (B1)@(Ba.(M,f)) —— 9°(B1)@(9° (B2)®(M,f))

Proof. This holds since the map B.(M, f) — 19@(3) ® (M, f) is natural in (M, f).
0

Remark 4.8.16. We will equip ¥© with the structure of a monoidal functor in Propo-
sition [1.8.17] Then on can show that Bg € B — Mod is equal to Resye (Bg), where
Rese is the restriction 2-functor which we introduced in Section . Note that this
is a stronger statement than Proposition Most of the details needed to prove
this statement can be found in the proof of Proposition where we establish a

similar result that is tailored to our needs.
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Proposition 4.8.17. The natural B-functor 9 : B — Bg can be equipped with the

structure of a monoidal functor.

Proof. We need to provide isomorphisms ¢p, p, : 09(B)9°(By) — 1°(BBy) for all
By, By € B which are natural in both arguments, as well as a natural isomorphism
19(;)(] ) — 1, B,- Further, we need to probe compatibility of these morphisms with the
associators, as well as left and right units of the two monoidal categories B and Bg.
We start with the second isomorphism and define it to be the identity morphism. This
is possible, since ¥9(I) = (I,ide) which is exactly the unit object of Bg. Without
doubt, this map is natural. Next for all By, By € B, we define ¢p, p, := Bimp,. We
need to check that ¢p, p, is indeed an isomorphisms between the correct objects and
that it is natural in B; and Bs. We have 19@(31)19@(32) = (By,idp,0)(Bs,idp,e) =
(B1©Bsy, Bieg,) and ﬁé(BlBg) = (B1By,idp, B,6), hence it remains to show ¢p, g, =
(B1Bapt)o (¢, 5,0)0(B1OB,A) and ¢, p,0(Biep,) = ¢, .5, to establish that ¢p, 5,
is a morphisms between the correct objects. The latter holds by Lemma [4.8.6 To

show the former, we compute

OB,,B, = (B1Bap) o (Bys5.0) (Lemma [4.8.6)
= (BiBopt) © (Bisp,0) o (Bi©Bay) o (B1©BsA) (© is split)
= (B1Bypt) o (B1B2Op) o (B1s500) o (BiOB,A)
= (B Bapt) o (B1Bap©) o (B1s5.00) o (BiOB,A) (© is associative)
= (B1Bapt) o (¢, 5,0) 0 (B1OBA). (Lemma [4.8.6)

Next, we show that ¢p, 5, is natural in By and By: For all f; € B(Bj, B}) and
fa € B(By, B3), we have <19é(f1)19é(f2)>0¢3%,35 = (f19f29)0(311513;@)O(B%BgA) =
(Bispz0) o (BiB3A) o (f1f20) = dp2ps 0¥ (f1f2). It remains to show that the above
defined structure maps are compatible with the unit maps and the associators of B and
Bg. Compatibility with unit maps is trivial as it involves only identity morphisms.
Compatibility with the associator is more involved. Recall that we assume that B is
strict and thus that the associator trivial. It follows that Bg is strict as well. Thus,
we need to establish that ¢p, p, g, © (ngBl,BQﬁé(Bg)) = OB, ByBs © (ﬁé(Bl)qu%BS). By
Proposition the left hand side is equal to
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(BlBQﬂ'Bg) o (Bl7T3283@) o (Bl@BZGBg)
= (BlBQBg,,U,) o} (B1B2S§;®) @) (BlBQ/JJBg@) e} (Blsgi@Bg@)
o (Bl@BQ@SB;) O (Bl®B2AB3) @) (Bl@BQMBg>

o (BiOBOsp,) (Lemma I8 +[383)

= (B1ByBspi) o (ByBasp0) o (B1B2Osp) ) o (B Bopi© Bs)
o (BlBg@ABg) o (BlBQGMBg) ©) (318;321@333)
= (BlBQSE;) o (BlBgﬂBg) 9) (BlBQ/JJ@Bg) o) (BlBg@ABg)

o (B1ByOuBs) o (B1sp.Osp,). (6 symmetr. central)

Similarly, the right hand side is equal to

(B17B,B,) © (B1OB27p,) © (Biep,05;)
= (BlBng,u) o (315152133@) o) (Bl@Bng,u) e} (Bl@Bgs]}:@)

o) (Bl@séiGBg) o) (BlABQG)Bg) o) (BLUBQ@BS)

o (Bi®smon,) (Lemma [5G +[383)

= (B1ByBspu) o (ByByspl0) o (Bysy, B3O) o (BiOBy Bsy)
o (B1OBssy;.0) o (Bi1OBysgp, ) o (B1Osy;.©Bs)
o (B1AB3OBs) o (B1uBy©B3) o (B1©sp,0©B3)
o (B1©Bysep,)

= (B1ByBspi) o (ByBasp0) o (B By©Bspu) o (B B2Os;.0)
o (Blsgis(;}gg) o (B1ep,0Bs) o (B10Byses,)

= (B1B2Bsp) o (B1Basy.©) o (B1 B2©Bspu) o (B ByOsyl0)
o (B1By00Osg!) o (Bysplsg' Bs) o (Biep,©Bs)
o (B1©ByseB,)

= (B1ByBspi) o (B1Basp0) o (B1B2Osp) ) o (B1B,OuBs)
o (BlsgisélBg) o (B1ep,0B;) o (B1OBsseg,)

= (B1Basp)) o (B1BouBs) o (ByBo©OuBs) o (Bysgsg' Bs)
o (Byep,©Bs) o (B1©Bsses,)

= (B1Bssp,) o (B1BapBs) o (By ByOuBs) o (B ByOsg' Bs)
o (B1ByAOB;) o (B Bopi©®B3) o (Bysp.sess,)

= (B1Basp,) o (BiBapBs) o (B1ByOuBs) o (B1ByOsg' By)
o (B1ByAOB3) o (B Byi©B3) o (B B2Osg Bs)

) (318556533).
Equality of the left and the right hand side now follows, because
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o (10) o (OA) o (Ou) =po (Op)o (BA)o (On)
Opu
Ou

f1o (On)
o (On)
fro (On)
fro(uO)o
fro (uo)
fro (On)
fro(Op)o

o

(n©)
Op) o (AB) o (uO) o (Ose)
055') o (A6) 0 (16) o (s6).

associative, symmetrically central and split. [

o}

Op) o
where we used repeatedly that O i

(
(
u®) o (A u®) o (Ose)
(
(

Remark 4.8.18. The isotransformation ¢ defined in the proof of Proposition [4.8.17]

can be obtained by composing the isotransformations in the following adjacent dia-

grams:
idx9© 9© xid
B x B B x B@ Bé) X Bé
. \ l@)
B 20 B,

The left part of the diagram commutes up to isotransformation since By € B — Mod,

the right part commutes by Proposition [4.8.14]

Lemma 4.8.19. Let By, By € B and (M, f) € Bg. We have a commutative diagram

(BrB2).(MLf) B (B0, p) — BRI g 58 (Be(.p)
le E8T14 le E3T14
(08 (Br@B2) (M, 1) —2EETL (96 (B,)00® (B2)) (M. f) == v® (B1)(99(B2) 0(M.))

Proof. Recall that by definition B.(M, f) = (BM, Bf) for all B € Band (M, f) € Bg.
Together with the assumption of B being strict, this explains the horizontal identity
arrow in the top left. The other identity arrow is due to the fact that the monoidal
structure on By is strict as well.

Using the notation in the proofs of Propositions [.8.14] and [£.8.17], the composition
along the top right corner is given by (Biig, ® id(ar,s)) o (B1Bai(a,f)) and the compo-

sition along the bottom left corner is given by (Bliﬁ@(BQ)@)(M f)) o (B1Byi(,y)- First,
note that we can prove equality of the two expressions without B; on the left. Second,

we can also remove the idempotent f, since
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(ig, @id,p)) © (Baiqu )
= (sB,0MO) o (BAf) o (Bysye) o (BaMA)
o (Ba2f)
= (8,0 MO) o (BoAM®O) o (Baysye) o (BafO)
o (BoMA) o (Baf)
= (sp,oMO) o (ByAMO) o (Byspye) o (BeMA)

o (Byf) o (Baf) (Proposition
= ($5,OMO) o (ByseMO) o (BbAMO) o (Basye)
o (ByMA) o (Bsyf) (6 central)

and

(iﬁé(Bg)Qa(M,f)) (Bai,p))

= (spyomo) © (BeOMA) o (B2Of) o (Basye)
o (BeMA) o (Bsf)
= (s3,©OMO) o (Bysene) o (BeOMA) o (Bysye)
o (ByfO) o (BMA) o (Byf) (© central)
= (sB,OMO) o (Basgne) 0 (BoOMA) o (Basye)
o (BoMA) o (Byf) o (Byf). (Proposition

Note that we can now also remove By since sp, is invertible. To complete the proof,
we compare the remaining expressions

(seMO) o (AMO) o (spe) 0 (MA)

= (soeM©) o (Ospe) © (sM@@) o (MOA) o (MA) (6 central)
= (somo) © (smee) © (MOsg!) o (MOA) o (MA) (6 central)
= (semo) © (spo0) © (M@A) o (MA) (6 symmetr. central)
= (semeo) © (spee) o (MABO) o (MA) (Lemma
= (seme) © (OMA) o (sye) o (MA),

where we used that © is symmetrically central. O]

Proposition 4.8.20. The functor Bg* — Add(Bg, Bg) induced by taking tensor prod-
ucts on the right factors over the forgetful functor Homp(Bg, Bg) — Add(Bg, Bg)

Proof. Let N € Bg and denote the associated additive functor by F'. In other words
for M € Bg, we have F(M) = M ® N, where ® denotes the tensor product of Bg.
For all B € B, we need to provide an isomorphism B.F(M) = F(B.M) which is

Pro8T14
natural in B. The composition B.F(M)=B.(M® N) = 9°(B)® (M ® N) =
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(W9(B)® M) @ N Pro’@ (B.M)® N = F(B.M) clearly satisfies this requirement,
where the second isomorphism is provided by the associator of the monoidal category
Bg. The remaining requirements are summarised in Remark . First, since B
and By are strict monoidal categories, we only need to show that the morphism
I. .M ®N) — (I.M)® N is the identity morphism. This is obvious. Second, the
requirement involving the associator follows directly from the corresponding axiom

for the associator of B. O

e € ~
Proposition 4.8.21. The composition Bg (209 oBo — Homp(Bg, Bg) is the same

as the functor induced by right multiplication via the tensor product of B .

Proof. The composition B (22¢) oBo Rem L8 6 (Bg) Lem @& Homg(Bg, Bg) ap-
plied to (B, f) € Bg is given by (B, f) — (B, (©f) cep) — ((B,idge), (Of) o ep) —
((C, g) = (CO(B,idpe), (9idp,idze)) © (C(Of oep)))). Since Bg is defined as an
idempotent closure, the summand of an object (B, e;) associated to an idempotent e,
is given by (B, e; o ez). Since CO(B,idpe) = (COB,idcope) and id(piye) = idpe
holds in Bg, the above described image of (B, f) is equal to the functor given on ob-
jects by ((C,g) — (COB,idcope © (9f) o (Cep))). To complete the proof, we have
to show that this functor agree with the functor given by multiplication on right by

(B, f), which is given on objects by ((C,g) — (C,g) ® (B, f)). By Proposition[4.8.13]
we have (C,g) ® (B, f) = (COB, (gf) o (Cep)) and the proof is complete. O

We end the section with the push-pull formula, which is usually stated in the form
009 (B) @ M) = B® (M) for all M € B and B € B:

Corollary 4.8.22. The following diagram commutes up to isotransformation

’L'd><’l9(;)

B x Bg B x B

lﬂé xid l@)
9 A

Bg X By ——> By —>— B

Proof. Adding an arrow from the top left to the bottom middle, we recognise the
triangle on the left from Proposition 4.8.14] The remaining square on the right

commutes up to isotransformation as well, since ¥ is a B-functor. n
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Remark 4.8.23. Similarly to Corollary 4.8.22 the following diagram commutes up

to an (explicitly definable) isotransformation

19@ Xid

B(;)XB

lidxﬁ@ l®
19A

Bg X By ——> By —2—~B

Remark 4.8.24. It would be interesting to try to simplify and possibly generalise
this section using induction and restriction functors, and in particular Proposition
4.5.25] These techniques had not been available at the time of writing this section.

4.9 Towards a Jordan-Holder theory

In this section, we provide an abstract framework in which Jordan-Hoélder theory
can be addressed. In Section [4.9.1] we introduce certain cofiltrations associated to a
chosen refinement of the ordering of the set of 2-sided cells. This results in cosubquo-
tients that effectively break up higher representations into smaller pieces associated
to 2-sided cells. We also study how cyclic modules behave under these cofiltrations
and introduce isotypic modules with respect to 2-sided cells. In Section [4.9.2] we then
introduce isotypic covers. Using these covers, we formulate what one would expect
from a Jordan-Hélder theory, and explain various problems that we have faced when

trying to establish results.

4.9.1 Cofiltrations

In this section, we construct cofiltrations and cosubquotients. The associated cosub-
quotient 2-functors come close to being projections, and we will give an criterion for
this. The set of 2-sided cells being partially order, this is not a canonical construc-
tion. However, we will also discuss a maximal and a small version which are indeed

canonical. We also define isotypic additive higher representations.

Let 4 be an additive 2-category with countably many 2-sided cells. Recall Notation
and Definition Now, choose N C Z and an enumeration {c; };en of the
2-sided cells of @ such that W (@) = J,cy ¢ is a disjoint union. We assume that
for all 7, k € N and j € Z with i < j < k, we have j € N. Further, we assume
that ¢, <gr¢; = i < jforalli, j € N. For all i € N, denote by J; I9 the ideal
i<i ¢j» and denote by ; : 4 — 4/F; the
associated quotient 2-functor. Note that Definition implies that m;(B,) # 0

generated by all l-arrows B, where = € J
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for all x € ¢;. Using Section we define F; := Res,, Ind,, for all « € N, define
Fi = 1idg_yjoq for i € Z with i < inf(N) and define F; := 0 for i € Z with i > sup(XV).
For all R € @ — Mod and i, j € Z such that ¢ < j, Proposition implies that
we have a canonical quotient @-functor F;(R) — F;(R). Thus, we have constructed
a cofiltration 2-functor F : @ — Mod — @ — Mod(@dd*") where @dd*" denotes the
additive 2-category of Z-cofiltered additive categories. Further for all i € Z, we define
an endo-2-functor Q; of @ — Mod by setting Q; := ker(F; — Fiy1). We call Q; a
c,~cosubquotient 2-functor. Note that Q; # 0 implies i € N.

Clearly, this construction depends on the chosen refinement of the order <,g. Let
us fix a 2-sided cell ¢ of 4, and let us consider the extreme cases which can result from
the above construction. Denote by J, ., 3[%“37 J-,, and J4, . the ideals of q gen-
erated by all B, where z € W(4) is contained in J, s Uosppe s U

/
'<1re€ ¢’ and

¢'SLRC
Ug’%LRg c respectively. Then, we have the following canonical commutative system of

full 2-functors

Now, we define II, := Res;, Ind. , II¢ := ReszcIndye, 7. := Res; Ind,, and T¢ :=
Res;c Ind c.

Definition 4.9.1. Let ¢ be a 2-sided cell of A. We call Q. := Ker(Il, — TII¢) the
maximal c-cosubquotient 2-functor of @—Mod. Further, we call Q¢ := Ker(T. — T¢)
the small c-cosubquotient 2-functor of @ — Mod.

Remark 4.9.2. Using Proposition [£.4.9) and transitivity of the induction and re-
striction 2-functors, we obtain comparison morphisms Q. — Q; — Q< all 7 € N.
Further given 2-sided cells ¢, ¢ of @ and R € @ — Mod such that Q¢ (R) # 0 implies
c #£rr ¢, we have Q.(R) = Res,, Coind,, (R). This justifies calling Q, maximal. We
do not call Q¢ minimal, since it is possible in examples to take quotients by further
morphisms without annihilating additional objects. Compare Remark where

we discussed certain smallest quotients introduced in [MaMi5].

Remark 4.9.3. Let ¢ be a 2-sided cell of @. Then, the sets of indecomposable objects
up to isomorphism of Q.(D,.q P.) and Q&P ,cq P.) are in bijection with c.
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We now generalise the notion of M-isotypic modules of [Rou5|. Note that we do

not use Q¢ as we aim to retain as much structure as possible.

Definition 4.9.4. Let R € @ — Mod and let ¢ be a 2-sided cell of A. Then, we call
R c-isotypic if ¢ is the unique 2-sided cell with R = Q.(R).

Proposition 4.9.5. We have a locally full comparison morphism Q. — Q¢ which is

not necessarily locally essentially surjective.

Proof. For all R € @ — Mod, we have the following commutative diagram

Qc(R)" I (R) ne(R) ,
|
=
\

Q2(R)C Te(R) T<(R)

obtained from the adjunctions and the universal property of kernels. The vertical
arrow on the left defines the comparison functor of the statement. By a standard
diagram chasing argument, the comparison functor is locally full. In order to see that
it is not locally essentially surjective in general, let us assume that there exist 2-sided
cells ¢ and ¢ of @ which are not <jg-comparable. Further, assume that both 2-sided
cells have cell modules. Let a € 4, let € ¢ and let y € ¢, such that B,, B, € 4,.
Consider the full sub-@-module R of P, with objects isomorphic to b.(B, & B,) for
all b € A(a,d’). Clearly, I,.(B, ® B,) is a non-trivial object of both II.(R) and 7.(R).
Further, we claim that [,.(B, & B,) is zero in T¢(R), while being nonzero in IT¢(R).
Thus, the above diagram shows that 1,.(B,® B,) is an object of Q¢(R), whereas it not
an object of Q.(R). Therefore, the comparison functor is not essentially surjective. To
complete the proof, let us show the claim. Since we assumed that ¢’ has cell modules,
there exists z € ¢’ and a split embedding of B, in B,B,. Thus, B, also embeds into
B..(B, ® By). Note that z #r ¢ by assumption. By definition of 7%, it follows that
B, .(B;® B,) becomes zero in T¢(R). Therefore, the idempotent corresponding to the
second summand of 1,.(B, & B,) becomes zero in T¢(R). The same argument applies
to the idempotent associated to the first summand. Consequently, I,.(B, & B,) is
zero in T¢(R). On the other hand, the identity morphisms of the objects that become
zero in I1¢(R) factor over objects of the form B,.(B, & B,) where z <pp ¢. Thus, the
idempotent of I,.(B, @ B,) associated to B, will not factor over the zero-object of

T<(R). 0

Remark 4.9.6. Let F' be an @-functor. If F is locally full (resp. locally faithful and
locally essentially surjective) than Q.(F') is locally full (resp. locally faithful).
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Definition 4.9.7. Let R € @—Mod and let ¢ be a 2-sided cell. We say that0 # N € R
has a c-source if there exists x € ¢ and M € R such that N C® B,M. In this situation,
we call M a c—source. We say that R has c-sources provided that every object of R

has a c-source.

Definition 4.9.8. Let My, My € R € @— Mod and assume that My is a c—source of

My and vice versa. Then, we call My and M,y equivalent c-sources.

Remark 4.9.9. Let M;, M, € R € @ — Mod be equivalent c-sources. Then, there
exist x, y, z € ¢ and a split embedding of B, into B,B,.

Proposition 4.9.10. Let C € @ — Mod be a cell module, ¢ be a 2-sided cell of
4, and assume that Q.(C) # 0. Then, B,C = 0 for all v <pr ¢ and C € C,
C=9.(C)= Q4C), and C has c—sources.

Proof. The claim that C = Q¢(C) follows from C having c-sources. The remaining

claims are straightforward. O]

The next proposition applies for example to any cell module that has finitely many

isomorphism classes of indecomposable objects.

Proposition 4.9.11. Let ¢ and ¢ be 2-sided cells of A, and let C € @ — Mod be a
non-trivial cell module such that Q.(C) = Qu.(C). Further, assume that @ has finitely

many 2-sided cells or that C has equivalent c-sources. Then, ¢ = .

Proof. The case, of finitely many 2-sided cells follows from the same arguments in in
the classical case, see Corollary [2.4.10] Let us thus assume that C has equivalent ¢-
sources. Let C' € C be a c-source that is equivalent to another c-source. In particular,
we have = € ¢ such that C' C® B,C. Since Q. (C) # 0, there exists y € ¢ and N € C
such that ¢ c® B,N. Thus, C c® B,C Cc¥ B,B,N. However, B,B, decompose
into a direct sum of B, with z <; gz and z <pry. If all such z < g x (or z <pr y),
then B,N = 0 and thus B, = 0, a contradiction. Thus, ¢ = ¢. O

If R € @—Mod is not a cell module, Q.(R) = Q. (R) does no longer imply ¢ = ¢

Example 4.9.12. Let B be the additive monoidal category with one generator X
that satisfies the relation XX = 0. Then, we have two 2-sided cells {[]} and {[X]}
and Qy(B) = B/X = X.B = Qqx)y(B).

The following definition provides an alternative to Definition [4.5.31}
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Definition 4.9.13. Let ¢ be a 2-sided cells of @. We say @ has c-cell modules if O,
is a projector, i.e. if Q.Q. = Q.. We say A has cell modules, if it has c-cell modules
for all 2-sided cells ¢ of 4.

Proposition 4.9.14. Let C € A — Mod be a cell module and let ¢ be a 2-sided cell
of 4. Then, C belongs to ¢ as in Definition if an only if C belongs to c as in

Definition [{.9.13

Proof. Let C be a cell module that belongs to ¢ as in Definition [4.9.13] Then, Proposi-
tion [4.9.11)implies that { B,|z <rr ¢} C Anng(C). By construction of Q., {B,|z € ¢}
cannot be contained in Anng(C). The assumptions of Proposition are satisfied
(which generalises directly to the categorical case), and it follows that the latter def-

inition implies the former.

The other hand, assume that C belongs to ¢ as in Definition [4.5.31] Then, it is easy
to see that I1¢(C) = 0, while II1¢(C) = C. Thus Q.(C) =C. O

We also have a statement analogous to Theorem [2.5.6, Let us give a part of the

argument in the categorical situation:

Proposition 4.9.15. Let ¢ be a 2-sided cell of A. Assume that for all x € W(Q)
there exists y € W(@Q) such that y ~pr x and such that the exists a split embedding
of B, into ByB,. Then, @ has c-cell modules.

Proof. Let ¢ be a 2-sided cell of @ We have to show that Q. is a projector. It is easy
to see that this holds provided that Q.(R) has c-sources for all R € @ — Mod. Now
given any N € Q.(R) there exists z € cand L € R such that N C% B, L by definition
of Q.(R). By assumption, we find y € ¢ such that B, C¥ B,B,. Combining these
two statements, we obtain N C® B,L C® B,B,L. Thus, B,L is a ¢-source for N. [

Remark 4.9.16. The papers [Roud, Roud] construct filtrations of @;-modules (or
actually of subquotients thereof) under certain finiteness assumptions. This con-
struction is inductive and uses @g-functors from L£(X). More generally, instead of
using the universal cell modules for this purpose, one could use the free versions
6Pa provided that the cell object O has a lift in @. More conceptual, one can then
construct filtrations of @ — Mod using Coind in the similar fashion as we did above
using Ind. Note however, this would not involve taking quotients of 4, but @-functors
between the 4P, and thus requires an additional choice of a split Frobenius object

per 2-sided cell.
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Remark 4.9.17. Filtrations are also discussed in [MaMibl, Section 4.3]. The starting
point is a maximal filtration of an idempotent closed module, i.e. an ascending chain
of full idempotent closed submodules which cannot be refined. Then, the smallest
quotients of the subquotients of this filtration are considered. By [MaMi5l, Lemma
4], these smallest quotients exist due to the finiteness assumptions imposed. By
construction, these subquotients have no non-trivial ideals, and are thus so called
simple transitive modules. Note that taking smallest quotients practically ignores the
initial filtration chosen. It appears unlikely, even under the finiteness assumptions of
[MaMi5|, that one can construct a canonical endo-2-functor of @ — Mod that sends
all @-modules to the direct sum of its smallest subquotients. This would require a
better understanding of extension between simple transitive modules, as was obtained
in [Roud, Lemma 4.21] for 2-Kac-Moody algebras. If such a 2-functor would exists,
precomposing it with @, Q. would yield a direct sum decomposition. Also note that
for all 2-sided cell ¢, the gomparison morphism Q, — QF is locally a quotient functor

on the modules considered in [MaMi5].

4.9.2 Covers and limitations

In this final section of the abstract part of this thesis, we introduce isotypic covers.
One might hope that all isotypic modules are controlled in some sense by an isotypic
cover. We will comment on why this cannot be true in the strong sense one might
hope for in general, state difficulties that arise even in cases where one would expect
this to be true and hint at a notion of generalised isotypic covers that might help
to remedy these shortcomings in the future. We also comment on Jordan-Hoélder

theorems in the literature.

Definition 4.9.18. Let ¢ be a 2-sided cell of 4, let C € A — Mod be a universal
cell module associated to c, and let R be a c-isotypic @-module. Then, we call the

evaluation A-functor C ®Zg(c) Homg(C, R) = R a c-isotypic cover.

By Proposition[4.1.5] the evaluation @-functors used in this definition exist. Naively,
one might hope that all c-isotypic covers are equivalence for certain classes of acting
additive 2-categories @, at least for certain locally full sub-2-categories of @ — Mod.
Such a statement would be called Jordan-Hélder theorem. Indeed this was achieved
for 2-Kac-Moody algebras in [Roud], see Remark . A weaker, yet more broadly
applicable statement was obtained in [MaMif], see Remark [£.9.25] Next, we discuss

situations in which c-isotypic covers fail to be faithful, full or essentially surjective.
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Remark 4.9.19. If 4 is not strongly regular, cell @-modules can have non-trivial
endomorphism categories. Section [5.5| gives several such examples. In these exam-
ples, there exist several cell modules associated to the same 2-sided cell ¢ that have
non-isomorphic different Grothendieck combinatorics. Thus for any fixed cell module
associated to ¢, the c-isotypic covers will not be essentially surjective, not even when
only applied to cell modules associated to ¢. Furthermore, the construction of coin-
variant modules in Section [4.6| shows that isotypic covers will not be full in this case.
To see this, note that one can calculate Homg(M, M) using Theorem for all
2-cyclic B-modules M that are acted upon by a group G.

Remark 4.9.20. It might be possible to generalise the base change over the centre
construction of Section [4.1] to allow for a base change over a monoidal category. For
a 2-sided cell ¢, a cell @-module C associated to ¢ and R € 4 — Mod that is c-isotypic,
this would give meaning to the expression C Dendg () Homq(C, R), and should also
allow for an evaluation @-functor which we would call a generalised c-isotypic cover.
If all objects of Endg(C) are given by direct sums of the identity @-functor of C, this
construction would need to satisfy C Réndg(©) Homq(C,R) =C® 24(0) Homgq(C, R).
Further, one might expect that Rg = R ®gndg(R) Homg (R, R¢) for all R € @ — Mod
that carry a group action of a group G, see Section [4.6| Furthermore, we hope
that such generalised underlinec-isotypic covers have better properties than c-isotypic
covers, and that they might even be equivalences for large classes of acting 2-categories

and their modules.

Remark 4.9.21. Another obstacle is the non-trivial relationship between Zq(C;)
and Zg(Cy) for weakly equivalent (cell) @-modules C; and Cy. There exists a Z%(@)-
module homomorphisms between theses centres, however this morphisms is not a
ring homomorphisms in general, see Remark which puts this statement into a
concrete context. Given a Zg(C)-algebra A, there is no obvious way to construct
a Zq(Cy)-algebra Ay such that there exists a relationship (say a weak equivalence)

between C; ®zg(cl) Ay and Gy ®Zg(02) Ay

Remark 4.9.22. Even in the strongly regular case there may be obstacles. Say for a
given 2-sided cell ¢, there exists up to equivalence only a single universal cell modules.
This does not imply that the Grothendieck groups of all cell modules associated to ¢
have the same combinatorics. See Remark for an example. Note however that

this example does admit a cover by construction.
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We end this section, by providing the argument of [Roud|. For simplicity, we state
it only for principal representations. Below, we comment why this is enough in the
case of 2-Kac-Moody algebras @; — Mod.

Proposition 4.9.23. Let M € @—Mod, let F, G € Homg(P,, M), let 6= (©,A, n)
be a split Frobenius object on a € 4, and assume that @ has a duality. Then, the eval-
uation A-functor P, ®2q (Pa) Hom%aﬁM(F, G) — M is locally fully faithful if and only
if the evaluation functor P,(a)(I,,b) Bzq(Pa) ”Hom%aﬁM(F, G) = M(a)(F(1,),G(D))

is an isomorphism for all b € A(a,a).

Proof. The @-functor Py @z, (p,) Hom® _ (F,G) — M is locally fully faithful if
and only if for all ' € @ and by, by € P,(a’) it induces an isomorphism between the
morphism spaces P,(a’) (b1, b) Rzq(Pa) Hom%a_)M(F, G) — M(d)(F(by),G(ba)).
Now, denoting the duality on @ by D, we have D(b;) € 4(a’, a) and by functoriality of
the action, P,(a)(L,, D(by)bs) R zq(Pa) ”Hom%a_Wl(F, G) — M(a)(F(1,), G(D(b1)bs))
is equivalent to the above isomorphism, where we used that I, is the unit object in
@,. The claim follows. O

Remark 4.9.24. Propositionwas applied in [Roud, Lemma 5.4] to the minimal
categorifications £(\) € @, where @, is a 2-Kac Moody algebra. What makes the
situation easier, is that all objects in £(A)(A) are direct sums of the (image of) the
unit object I, € A(\,\), and thus it is sufficient to consider the case b = I, only.
Since I, acts by definition (up to isomorphism) as the identity functor on M(\) for
all M € d; — Mod, and since Zq (L£(A)) = Endgy(Ly), fully faithfulness of the c-
isotypic cover becomes straight forward. Compare this with Theorem which
shows what remains true in the more general case. Note also that [Roud, Theorem
5.23] already hints at an isotypic case and that A-isotypic modules are discussed in
more detail in [Roud, Section 4.3.4]. In fact, our more broadly applicable notion of
c-isotypic modules, for ¢ the 2-sided cell that contains A, coincides for 2-Kac-Moody

algebras with the notion of A-isotypic modules.

Remark 4.9.25. The paper [MaMib| proves a weak Jordan-Hélder theorem. The
statement applies to modules with so called weak Jordan-Holder series. This means
one starts with a module that has a filtration that is determined on the level of
Grothendieck groups, and that is as fine as possible. To a weak Jordan-Hélder series,

a weak composition subquotients are constructed by taking the minimal quotients of

the subquotients of the weak Jordan-Holder series as discussed in Remark [4.9.17]
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The weak Jordan-Holder theorem then states that each weak composition subquo-
tient is equivalent to a cell 2-representation as introduced in [MaMi2], and that the
multiplicity of the cell 2-representation amongst the weak composition subquotients
is independent of the filtration chosen. Thus, [MaMi5] are able to assign a cell module
to each left cell, which is quite remarkable. Note that the cell associated to differ-
ent left cell can be equivalent if the left cells lie in the same 2-sided cell. We now
explain the relationship between our strongly universal cell modules and the cell 2-
representations of [MaMi2]. Assume that @ has a finitary quotient 7 : @ — @ that has
the same 2-sided and left cells as @, and let ¢ be a left cell. Denote by @c (resp. @c) the
minimal thick sub-module of @ (resp. g) that contains the indecomposable objects
belonging to ¢. Note that Ind,(@c) = @c. Following [MaMi5], there exists a maximal
ideal 7, < @c that does not contain the indecomposable objects associated to ¢. The
quotient C, := @¢/Z, is the 2-cell representation associated to ¢. Importantly, it has
no non-trivial ideals. Now, assume that there exists a universal cell module C associ-
ated to the 2-sided cell that contains ¢. Thus, we have an @-functor C — Res,;(C,).
Even though C. has no non-trivial ideals, there is a priori no reason for this @-functor
to be full or essentially surjective. Now, assume that the Duflo involution d € ¢ can
be equipped with the structure of a split Frobenius object O, in 4. Similar to the
discussion in Section [5.2] one can deduce from [MaMill Proposition 34] existence of
the structure maps of ©, in @ which lift to @ by the above assumptions, while it can
again only be conjectured that the Frobenius relation holds. Provided that @ satisfies
right O4-descent, Ce, Will be a thick sub-category of 4 that contains the indecompos-
able object associated to d. The same holds for Ind,(Cg ). It follows that we have
an essentially surjective @-functor Cg, — Res;(C.). In the regular case and due to
the duality that is part of the finitary notion, C, satisfies ©4-descent. It remains an
open task to determine whether the ideal associated to this quotient is generated by
elements in Z; := Zq(Cq_ ). We conjecture that this is the case and moreover we

conjecture that we have an equivalence Cy ®z, Hom (C@d, Res,(C.)) — Res,(C.).
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Chapter 5

Applications to Soergel Bimodules

This chapter is devoted to the higher representation theory of Soergel bimodules.
Section [5.1] recalls the definition of Soergel bimodules Soe® as well as the refined ver-
sion of singular Soergel bimodules. We also discuss the relevant literature, including
the categorification theorem of the Hecke algebra and of the Schur algebroid, and
Soergel’s conjecture. Section makes conjectures about existence and properties of
split Frobenius objects in Soe® associated to Duflo involutions, and presents examples
associated to parabolic longest elements. Section provides a new perspective on
singular Soergel bimodules and shows that they categorify the Schur algebroid in the
representation theoretic sense. Furthermore, related centers are calculated. Section
studies universal the cell modules assuming the conjectures made in Section
and establishes several statements about their Grothendieck combinatorics. Section
5.5| applies the coinvariant theory developed in Section to universal cell modules
of Soergel bimodules for several Coxeter systems. Section uses Conjecture [5.2.15
to show that morphisms of Soe have a strong impact on the structure of Soe — Mod.

Finally, Section generalises the main result of [Li] to singular Soergel bimodules.

5.1 Singular Soergel bimodules

In this section, we discuss singular Soergel bimodules and the most relevant related

literature, including the categorification theorems and Soergel’s conjecture.

For the remainder of this section, we fix a Coxeter system (W, S). We denote by

T = yew wSw™" the set of reflections.

Definition 5.1.1. Let k be an infinite field of characteristic # 2. A reflection faithful

representation of (W, S) over k is a faithful, finite dimensional k-linear representation
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V' of W with the property that codimg(V*) = 1 if and only if t € T for allt € W,
where V' .= {v € V|v = tv}.

Remark 5.1.2. It was shown in [Soe6] that reflection faithful representations exists
over R. The need for a reflection faithful representations as compared to a faithful
representation is of a technical nature, and could at the time not be circumvented
in certain proofs. However, [Li] showed that the category of Soergel bimodules con-
structed with a faithful representation retains the same properties. In Section 5.7}, we

will generalise this result to singular Soergel bimodules.

From now on fix a reflection faithful representation of (W, .S) over an infinite field
k of characteristic # 2 and denote by R := O(V) = k[V*] the ring of regular func-
tions on V. We consider R as a graded ring with linear functions concentrated in
degree 2. This unusual grading stems from a connection between Soergel bimodules
and equivariant hypercohomology of certain perverse sheaves. Also, it is necessary to

categorify the root of ¢ that is omnipresent in the literature on Hecke algebras.

The action of W on V induces an action of W on R, given by (w.r)(v) := r(w™'.v)
for all w € W, r € Rand v € V. Given I C S, we denote by R! := R"" < R the
subring of Wj-invariant functions. We will make the following assumption about
R, which is essential for the theory of Soergel bimodules, and is also key in our

application:
Assumption: For all finitary I ¢ J C S, R is a graded free R’-module.  (5.1)

Remark 5.1.3 ([Wi2, Remark 4.1.2, Lemma 4.1.3]). If k is of characteristic 0, then
the above assumptions holds. If W is a finite Weyl group, then W acts on the weight
lattice of the corresponding root system and one obtains a representation V' over
any field k£ by extension of scalars. In this case, the above assumption is true if the

characteristic of k is not a torsion prime for W.

We denote by Rf — R’ — Mod® the graded additive category of graded R’-R’-
bimodules, see Definition for the category theoretic background.

Definition 5.1.4. Assume that s satisfied and let I, J C S be finitary. We
define the category of (I,.J)-singular Soergel bimodules, denoted 'Soe®’, to be the
smallest full subcategory of R — R7 — Mod® which is closed under direct sums, sum-

mands and shifts and which contains all objects of the form
RII ®RJ1 RI2 ®RJ2 cee ®RJn,1 Rln
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where [ =1, CJy DI, C Jy D ...C J,_1 DI, =J are finitary subsets of S.

Remark 5.1.5. Note that k acts on '‘Soe’ from the left via R! in the same way
as from the right via R’. More generally, this statement also holds for R®, i.e.
all functions that are invariant under W. Thus, we can regard objects of ‘Soe’
as R @pw (R7)°P-modules and 'Soe” as a R @ gw (R’)%-linear category. In the

following, we will suppress the superscript op, since R is commutative.

Notation 5.1.6. We denote Soe® := °Soe®?, Soe* := %Soe*’ and view Soe® as
an idempotent closed, monoidal graded additive category. The monoidal structure
is given by the tensor product ®z of R — R — Mod®. Similarly, we denote by
Soe, Soe!, 1Soe’ the corresponding categories where we forget about both the shift

and the grading of the homomorphism spaces.

Remark 5.1.7. Let M € Soe®. Then, we have an isomorphism M = M|n] for all
n € Z. Note that this isomorphism is of degree zero if and only if n = 0. Hence, we

cannot distinguish M and M|n] is Soe, while we can distinguish them in Soe®.

Remark 5.1.8. As presented above, Soe® appeared first in [Soe6]. The quotient
Soe® @pw R /(RY)* remains a graded monoidal category. Originally Soergel bi-
modules appeared in this form, see [Soel]. This quotient is the prime example of a

finitary 2-category, see [MaMil].

Remark 5.1.9. We have an additive functor Soe® x 'Soe’ — 'Soe” defined by
(Bl, BQ) — By By := By QR By for all ﬁnitary I, J, K cCS.

Definition 5.1.10. Assume that is satisfied. The additive 2-category $oe of

singular Soergel bimodules is defined as follows:
o Soey :={I C S|I is finitary}
o Soe(I,J) = 'Soe! for all I,J € Hoey

o ®ps: Hoe(l,J)x Soe(J,K) — Soe(l,K) foralll,J K € Hoe
(Bi, Ba) = By By

o RI € ®oe(1,1) is the unit object for all I € $oey

e The associator and unit transformations are the obvious ones
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Using the same structure as in Definition , one can equip Soe! with the
structure of a Soe-module. Thus, we have Soe! € Soe —Mod. Alternatively, one may
employ the theory developed in Section , and define Soe! := Res,(PF*) as the
restriction of a principal representation of oe. Here, we have identified Soe with a
2-category with a single object and denoted by ¢ : Soe — $oe the inclusion 2-functor
that sends the 0-cell to () and is given by the monoidal identity functor on 1- and

2-arrows.

Remark 5.1.11. Given finitary subsets I C K C S and J C L C S, there exists

I J

K L

functors 'Soe’ ——=%Soe” | where I Ind{ (resp. I Res]) is defined on objects by
I Ind]
K L

LInd]l (M) = Rl @zpx M @pr R’ (resp. L Res] (M) := px|M|pe) and analogously
on morphisms. Up to isomorphism, these functors are part of the datum $oe. Under
slightly stronger assumptions than (5.1]), which are the topic of [EISnWil, one can

show that there exists a biadjunction between £-Ind7 and % Res].

Soergel’s category has the graded Krull-Schmidt property, see [Soel], and we have

the following classification of indecomposable objects:

Theorem 5.1.12 ([Soell,[Wi2]). For all finitary I, J C S, there exists a canonical

) . . . I o]
W\ W/W, x Z BEN indecomposable bzmodules m .Soe
up to degree zero isomorphism
(W, n) — ! Bj[n]
Further for all finitary I ¢ K C S and J C L C S, taking the longest element in
the fibre of the quotient map Wiy \ W/W; — Wy \ W/W corresponds under this

bijection to an application of %Indi. Furthermore, the indecomposable objects of

bijection

ISoe® remain indecomposable in 'Soe’ and are thus up to isomorphism in bijection

with W] \ W/WJ

If clear from the context, we abbreviate ! B = By and write B, if [ = J = ().
For any reduced expressions si...5;,,) = w, the indecomposable object B,, occurs as
the unique summand of R ®ps1 R @pgs» ... @ grwy R[I(w)], which is not isomorphic to
a shift of B, for all y < w. In general, it is a hard and unsolved task to determine
the idempotents explicitly. Contributions in this direction have been achieved by
[Li2]. Which summands occur up to isomorphism, can however be determined by a

Hecke algebra computation using the following two theorems. Recall the notation

1947 which was introduced in Remark [2.6.201
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Theorem 5.1.13 ([Soell,[Wi2]). For all finitary I, J C S, there is an explicitly
defined map ch = ' ch’ : Ob (1806.J) — IHI. It factors over the split Grothendieck
group and induce an isomorphism of Z[v,v=']-modules ['Soe®’] = TH’, where v acts

by the degree shift [1] on the left. Furthermore, we have commutative diagrams

-Qg— —[1] I Ind{
ISoe®” x 7Soe*™ L= 1Spe*™ ISoe*” ——=1Soe*’ KSoe*t E—=1Spe*’ |
jchxch lch lch lch lch lch
IHJ % JHK —*— IfHJ IHJ v- IfHJ KHLC—>IHJ

and ch(B;) = Hs; + v where By := R ®@ps R[1] € Soe®.

Soergel’s Conjecture relates indecomposable objects to the famous Kazhdan-Lusztig
basis. It was long expected to hold for V' taken over any field of characteristic zero,

and a proof over R has recently been given in [EIWi2].

Theorem 5.1.14 (Soergel’s Conjecture, [EIWi2]). Let k =R and W be an arbitrary
Cozxeter System. Then for all w € W, we have ch(B,,) = H

w*

Whenever we assume in the following that Soergel’s conjecture holds for a field k,
we mean that ch(B,) = H,, and do not necessarily require that the characteristic of

k is zero.

Remark 5.1.15. Before [EIWi2], there was already plenty of evidence for Soergel’s
Conjecture [5.1.14l  All proofs relied either on the geometry of flag varieties or on
the comparably simple structure of the underlying Coxeter group. In [Soe5| and
previously in [Soel] in a non-equivariant setting, the conjecture is shown for finite
Weyl groups over C. [Ha| has used the same geometric techniques to establish the
conjecture for affine Weyl groups. For a finite Weyl group of an algebraic group
and characteristic larger than the Coxeter number, the conjecture is equivalent to
Lusztig’s conjectures on multiplicities of simple modules in from a Borel subgroup
induced modules, see [Soed]. Thus, it holds for sufficiently large characteristic by
[AnJaSo]. Furthermore, [Fi] proves the conjecture for universal Coxeter groups using
an alternative construction of Soergel bimodules via moment graphs. Also, for dihe-
dral groups the indecomposable objects are constructed explicitly in [Soe6] and the

conjecture is verified in this way.

Remark 5.1.16. By Theorem [5.1.13] Soe® categorifies the Hecke algebra equipped
with the Kazhdan-Lusztig basis, whereas Soe categorifies the group algebra Z[W]

equipped with the induced Kazhdan-Lusztig basis. These statements are based on
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Remark and Theorem [5.1.12] and in particular the fact that indecomposable
Soergel bimodules remain indecomposable once we forget the grading. Summarizing,

we have a commutative diagram of (Z, Ny)-ring homomorphisms

[Soe®] —— [Soe]

H

where H — Z[W] is the specialisation homomorphism that sends v — 1 and H,, — w.
Thus, if one wants to study higher representation theory of the Hecke algebra, one
thus has keep track of the grading, which is why we provided all the details about
the graded case in chapter

Remark 5.1.17. By arguments related to [EIWill, Remark 3.21], the canonical Soe-
functor Soe — (Soe @x Q)™
Example , where @ is the field of fractions (or another appropriate localisation)
of R. For reasons explained there, this only works for Soe, i.e. without the grading,
and thus really categorifies Example after evaluating v (or with care v?) at 1.

Further, the canonical monoidal functor Soe — (Soegea(goe)QW)idem categorifies the

almost categorifies the base change homomorphism of

same map considered as (Z, Ny)-ring homomorphism. Similarly for finite W, the Soe-
functor Soe® — (8065 ® Zg,0(SoeS) QW)ldem categorifies the analogous base change for
the regular Z[W]-representation H°|,—; = Z[W].

5.2 Conjectures on Duflo involutions and split Frobe-
nius objects

In this section, we discuss split Frobenius objects in Soe®, present examples associ-
ated to parabolic longest elements, and put forward conjectures about the existence
of a larger class associated to arbitrary Duflo involutions. Furthermore, we make con-
jectures about compatibilities between morphisms of Soe® and the conjectural split
Frobenius objects. For ease of notation, we pretend that Soe® is a strict monoidal

category.

First, we need some notation which is based on Lusztig’s J-ring, see [Lu6] for a
comprehensive summary. The J-ring may be defined as the free Z-algebra with basis
{t2}zew and structure coefficients {7Vs.y - }a.yzew, i-e. wehave tyt, =" 1 Vay.st- for

all z,y € W. The definition of the structure coefficients involves Lusztig’s a-function,
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which can be defined as a(z) := min {i € Ng|h,,.v" € No[v] Vz,y € W} € No[[ {0}
for all z € W. This definition agrees with Lusztig’s, since the Kazhdan-Lusztig basis
is self-dual and thus h,, . = h,, .. Now, the structure coefficients can be defined as

Youz = hx,yﬁzva(zmzo for all z,y,z € W.

In order to define Duflo involutions, we need another of Lusztig’s functions, which
is usually denoted by A : W — Nj. Usually, the map A is defined in terms of
Kazhdan-Lusztig polynomials. Alternatively whenever Soergel’s Conjecture [5.1.14
holds, A(z) can be defined as the smallest non-trivial degree of Homg,es (B,, B,) for
all z € W.

Definition 5.2.1. An element d € W is called a Duflo involution if A(d) = a(d).
We denote the set of Duflo involutions by D := {z € W|A(z) = a(2)}.

We are going to use the following facts stated in [Lu6l Conjectures 14.2]. Note
that these are shown to hold in [Lu6, Section 15] under positivity assumptions, which
in turn hold due to Soergel’s Conjecture For all x € W there exists a unique
d € c¢(x) N D. Further for all d € D, we have d> = d which justifies the name Duflo

involution. Furthermore, we have v,-1 .4 =1 for all € ¢(d).

Next, we construct two triples ©, and O, for all Duflo involutions d € D. For this
purpose, we assume that the underlying structure is chosen such that the statement
of Soergel’s Conjecture holds. For the time being, fix d € D. Let us denote
by By := Bg[—a(d)] the indecomposable Soergel bimodule associated to d shifted
upwards by the associated a-function value. Since D consists of involutions, we have
Ya.dqa = 1 and thus, Byla(d)] C® By ® By or equivalently B, Cc® By ® By. We denote
by Ay : éd — Bd ® Ed and pig Bd ® éd — Bd the associated inclusion and projection
morphism, and abbreviate @d = (Bd, Ay, itq). Note that Ay and py have degree zero
and that pugo Ay = idp, holds. Further, denote by 7y : Soe® — Wd the strict
monoidal quotient functor, where Soe*! .= Soe* /(Bz|x #rr d). Furthermore, denote
04 := 14(04) = (ma(By), ma(A), m4(s1)). Due to the Krull-Schmidt property of Soe®,
the quotient Wd also has the Krull-Schmidt property and its split Grothendieck
ring [Wd] is isomorphic to H = H/{x € W|x #Lgr d}.

Now, we put forward four conjectures that involve the triples O, and ©, where
d € D. The first two conjectures ensure existence of free functorially cyclic and

universal cell modules for Soe® respectively.

Conjecture 5.2.2. Let d € D. Then, ©4 = (04, 74) is a cell object for Soe®.
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Conjecture 5.2.3. Let d € D. Then, O, is a cyclic object for Soe®.

The second two conjectures ensure that the split Grothendieck groups of certain

objects of Soe®* — Mod behave as expected.

Conjecture 5.2.4. Let dy, dy € D such that dy ~pr dy. Then, Soe'd2 satisfies right

Oy, -descent and O 4,-0O4,-descent.
Conjecture 5.2.5. Let dy, dy € D. Then, Soe® satisfies satisfies édl —édQ—descent.

Remark 5.2.6. We leave it to future research to tackle these conjectures, but would
like to point out that the description of Soe® by generators and relations given in
[EIWil] (see references therein for earlier versions in special cases), provides an ex-
cellent starting point. It would be especially exciting, if it were possible to establish
these conjectures up to positive scalars in the diagrammatic Z-form of Soe®. This
would then also yield and answer to the following question and thus have implications

to modular representation theory.

Question 5.2.7. Let p be a prime. Do similar relations hold for the p-canonical basis
elements associated to Duflo involutions? Clearly, this would yield analogous triples
in Soe® defined over a field of characteristic p. Is it plausible to make the analogous

conjectures in this case?

Remark 5.2.8. For d € D, it holds that Oy (resp. ©,) is right indecomposable
since By (resp. mq(By)) is indecomposable. Thus, Conjecture is equivalent to
the equation Ay o pg = (Bajta) © (AgBg) = (11aBa) © (BsA4), and Conjecture is
equivalent to equality of these three expressions after applying m;. Hence, Conjecture
[5.2.3) implies Conjecture [5.2.2] Similarly, Conjecture [5.2.5] implies Conjecture [5.2.4
due to the following two reasons. First, for all B € B and for all idempotents e of
Ta(O4)mq(B) there exists an idempotent € in the endomorphism ring of ©4B such
that m4(¢) = e. Second, right ©4,-descent is the same as ©.-04,-descent, since O, is

based on the unit object and the unit transformations of Soe®.
Conjecture [5.2.3|is known to hold in the following two examples:

Example 5.2.9. Let [ C S be finitary. Then it is well known and not hard to show
that the parabolic longest element w{ is a Duflo involution. For finite Weyl groups and
over the complex numbers, it was shown in [Soe2] that éwé = R®pr R, where we also
used that a(wl) = I(wl) as stated for example in [Lu6]. For arbitrary Coxeter systems,
Bw{) = R®p1 R follows from [Wi2l Theorem 3|, [Wi2, Theorem 7.4.1] and the fact that
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R! € 1Soe*! is indecomposable. Furthermore, the basic assumption (5.1)) provides us
with an R!-linear splitting Tyl of the inclusion map byl - R — R. If [W;| is invertible
in k, the SplittingAwwé is gAiven byAr — ﬁ erWI x.r. In general, the R-bimodule
morphism A,; 1 Byt — By ®g By, given by « @pry — (2 Qg 1) ®r (1 Qpr y),
thus has a splitting ., given by (z ®pr y) ®r (2 @pr w) = am,1(y2) g w. Now,
(ttg @R Byg) o cano(By @ Ayr) = Ayr o s = (B ©r Ay o can™ o(p,r @ B,y)
can be checked easily and m,; o i, = idg  hold by construction. Thus, we have
“o

constructed Oy = (Byr, Ay, fiy,1) for d = wl explicitly.

Example 5.2.10. We have checked Conjecture by explicit calculation in the
diagrammatic calculus for the Duflo involution d = s9515352 in type As. Note that
d ~pr s153 and that a(sys3) = (s183) =2 # 4 = [(d). Since a is constant on 2-sided
cells and since a(wl) = I(w}) for all finitary I C S, d cannot be a parabolic longest

element.
Conjecture also holds for parabolic longest elements:

Example 5.2.11. For any M € Soe®, it is known that éw{)M BwOJ decomposes into
a direct sum of shifts of indecomposable objects B, with z <p wé and =z <j, w()] )
In particular L(x) D L(wl) = I and R(x) D J. By [Wi2, Theorem 3], there exists
B € 1Soe*’ such that B, = R®pi B;®ps R. In other words, there exist M € 1Soe*’
such that BwéM Bw({ ~ R®u M ®ps R. By [Wi2, Theorem 3] and [Wi2, Theorem
7.4.1], the functor R ®pr — @ps R : R ®pr 'Soe® ®ps R — Soe® preserves the the
graded ranks of the homomorphism spaces involved and is thus fully faithful. Hence,
all idempotents e of Bw(z) M ng are up to an isomorphism given by e = 1 Q@ pr € ®ps 1
where € is an idempotent of M. With this preparation it is easy to compute that

e = (A M) o (Byie)o (M) = (MA) o (eByy) o (M)

In order to construct a universal cell modules for each 2-sided cell, it is enough
that Conjecture holds for a single Duflo involution per 2-sided cell. Due to
Example [5.2.9] it is thus interesting to know which 2-sided cells in a given Coxeter
systems contain a parabolic longest element. For brevity, let us call a 2-sided cell

that contains a parabolic longest element a parabolic 2-sided cell:

Remark 5.2.12. Since we have a(wl) = [(w]) for all finitary I C S, the survey
statement [Sh, Remark 8.13(a)] implies the following: All 2-sided cells are parabolic
for Weyl groups of type A, En, §3, 6’2, Cy and 52, as well as the dihedral groups. In
type A,, (resp. Avn) this follows form the (generalised) Robinson-Schensted correspon-
dence. Further for all affine Weyl groups, the lowest 2-sided cell is a parabolic 2-sided
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cell. Furthermore for n > 5, [Be] shows that the hyperbolic n-gon (universal) Coxeter
groups P, have three 2-sided cells, which are therefore parabolic. For n € {1,2,3},
the associated group P, also consists of parabolic 2-sided cells, since it is given by an
n-fold product of the Weyl group of type A, and the same holds for P, which is equal
to the product of the infinite dihedral group with itself. Further by Remark [5.2.13]
type By and C} consists of parabolic 2-sided cells, while type Bs and C5 both have 10
left cells of size 15 which lie in a 2-sided cell which is not parabolic. Further, type F}
has 9 left cells of size 9 and 4 left cells of size 6 with this property. Similarly, type Hj
has 3 left cells of size 6 with this property. The remaining candidates amongst finite
Coxeter groups and affine Weyl groups that might consist of parabolic 2-sided cell
are of type §4 and 54. Note that this is an exhaustive list of potential candidates,
since all other types contain a sub-Weyl that have a non-parabolic 2-sided cell. For
example, type Fg, E7 and FEg contain type Dy, and type Hy contains Hs. Remark
below provides more details about the failure in type Dy.

Remark 5.2.13. To establish the claims made in the previous Remark, we used
[CHEVIE], the fact that the element-wise inverse of a left cell is a right cell, the fact
that for finite Coxeter groups left and right cells intersect if and only if they lie in the
same 2-sided cell. The latter holds by the same argument as in [LuXil, §3], as stated
in [Gel Theorem 4.1].
RequirePackage( "chevie" );
W := CoxeterGroup( "H", 3 );
generators := List( W.generators, i -> CoxeterWord( W, i )[1] );
parabolicGenerators := Combinations( generators );
parabolicLongestElements := List( parabolicGenerators,

i -> LongestCoxeterWord( ReflectionSubgroup( W, i ) ) );
leftCellsAndMu := LeftCells( W );
leftCells := List( leftCellsAndMu, i -> i[ 1] );
Size( Set( leftCells ) );
containsParabolicLongestElement := function ( lc )

local cple;

cple:=false;

for k in parabolicLongestElements do

cple := cple or (k in lc);
od;
return cple;

end;;
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leftCellsWithParabolicLongestElement := Filtered( leftCells, containsParabolicLongestElement );
rightCellsWithParabolicLongestElement :=[];
for plc in leftCellsWithParabolicLongestElement do
Append( rightCellsWithParabolicLongestElement,
[ List( plc, j -> CoxeterWord( W, PermCoxeterWord( W, Reversed( j ) ) ) ) 1 );
od;
leftCellsWithParabolicCounter := [];
for 1 in leftCells do
1WithPCounter:=[ 1, 0 ];
for pr in rightCellsWithParabolicLongestElement do
if Size( IntersectionSet( Set( pr ), 1 ) ) > O then
1WithPCounter[ 2 ] := 1WithPCounter[ 2 ] + 1;
fi;
od;
Append( leftCellsWithParabolicCounter, [ 1lWithPCounter ] );
od;
leftCellsNoParabInTwoCell:=Filtered( leftCellsWithParabolicCounter, i -> i[ 2 ] =0 );
NumberOfleftCellsNoParabInTwoCell := Size( Set( leftCellsNoParabInTwoCell ) );

SizesOfleftCellsNoParabInTwoCell := List( leftCellsNoParabInTwoCell, i -> Size( Set( i[ 11 ) ) );

While one can can test the above conjectures on any Duflo involution that is not

a parabolic longest element, the following case would be particularly interesting.

Remark 5.2.14. The Weyl group W (D,) = ({s;}1|(sis2)> = 1 = (s;)? Vi) contains
a parabolic longest element in all but the 2-sided cell with a-function value 7. This
follows from [DJ], which is surveyed in [Sh, Theorem 8.12]. This theorem describes the
twelve 2-sided cells of the affine Weyl group W (Dy) = ({s; Y4 |(si52)® = 1 = (s5)? Vi)
explicitly. In particular, it is stated that there exists a 2-sided cell with a-value 7.
Furthermore, [Shi Remark 8.13(a)| states that the element s;5359515352545251 has a-
value 7. We have verified using [CHEVIE] that s159518352548281838254 is the Duflo
involution which is left equivalent to the above element and thus also has a-value
7. Clearly, both expressions do not contain the affine reflection sy and can thus be
considered as an element of the finite Weyl group of type D4, where the a-value
remains 7. The non-trivial parabolic subgroups of D4 are of type A;, A; x Aj,
Ap X Ay X Ay, Ay, Az and Dy. Thus, parabolic longest elements have a-values 1, 2,

3, 3, 6 and 12, where we used once more that a(w!) = I(wl) for all finitary subsets
Ics.
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We proceed with a further conjecture, which impacts only Section [5.6] Soergel’s
Conjecture paired with the homomorphism formula [Wi2, Theorem 7.4.1] im-
plies that Homgees(Bz, By) = m.(H,H,-1)R as left R-modules, where denote by
7. + H — Z[v,v7!] denotes map that picks the coefficient of H, of any element
H € H when expressed in the standard basis. It follows that the graded rank of both
Homgees (Bg, B.) and Homges (Be, By) is given by m.(H,;) = heq, t-e. a Kazhdan-
Lusztig polynomial. Thus, there exist non-trivial morphisms of minimal degree a(d),
say fea: R — Bd and fg. : Bd — R. Further since h,, . = Kym we also have a
highest degree summand By[—a(d)] C® By ®g By. Denote the projection morphism
(after shifting by 2a(d)) by fig.

Conjecture 5.2.15. For all d € D there is a choice of f4e and f.q such that with
g = faeo fea(l) € R, we have g = Jiq 0 (Bd ®r adBd)-

The conjecture holds for d = w{ where I C § is finitary, see Example and

we have checked it as well in type Az for d = s9515355.

Remark 5.2.16. For crystallographic Coxeter systems that are bounded in a suitable
sense (thus for finite and affine Weyl groups as well as universal Coxeter systems),
[Lu3] showed that the coefficient in p. 4 is actually 1 and thus that the morphisms

fea and fq. are unique up to scalar.
We end this section, putting forward another question yet to be explored:

Question 5.2.17. Recall the well known (left and right) duality D in the sense of
[Kd, XIV.2] on Soe® for which D(B,) = B,-1 holds for all x € W. In terms of
say [EIWil] this duality is given by a rotation of 180°, see [KI| for an exposition
that covers (twisted) singular Soergel bimodules and effectively provides a 2-functor
D : ®0e™"°? — Soe that is the identity on objects. Since all d € D are involutions, By
s a self-adjoint object and there are associated degree zero morphisms B, — By ® By
and By ® By — B, for which the snake relation holds. Now, it would be interesting to

know whether these two morphisms agree (up to a scalar) with Ago feq and fqeo pig.

5.3 Singular Soergel bimodules revisited

In this section, we provide a new perspective on singular Soergel bimodules. We
will show that they can be defined as the precise categorical analogue of the Schur

algebroid, and thus establish Theorem 4 of the introduction. We also calculate the
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centre of right singular Soergel bimodules considered as a Soe®*-module, as well as the

endomorphism ring Z%(Soe®) of the identity functor of Soe®.

For finitary I C S, recall the split Frobenius object éw{) from Example|5.2.9

Theorem 5.3.1. Let I, J C S be finitary. Then, Soe® is a free functorially cyclic
Soe*-module and we have an equivalence 'Soe® = Homs,es (Soe*’, Soe*”) of additive

categories. Further, we have an equivalence Soe®’ =2 Soe® g L, Soe®* — Mod and an
w,

0
equivalence of additive categories 'Soe®” =2 o , Soe*y . The analogous statements
UJO w

hold in the context of Soe — Mod. ’

Proof. Before we begin, let us note that all the Soe®-functors and Soe®-transformations
that will be considered in the proof are of degree zero. Of course, these functors also
yield Soe-functors and Soe-transformations with the same properties. Therefore, the

same conclusions hold in Soe — Mod.

Let I C S be finitary. Recall that Soe® and Soe®’ are idempotent closed by defini-
tion. In Section , we mentioned the functors 9! := gRes? : Soe® — Soe*! and
9 = §Ind} : Soe*’ — Soe®. The functor ¥; (resp. the shifted functor ¥[I(w])])
agrees with the the translation out of the wall functor — - /9? (resp. onto the wall
functor —- %97) of [Wi2, Definition 6.1.3]. Since these functors only involve operations
on the right, one can easily equip ¥; and ¥ with the structure of Soe®-functors. For
all M € Soe®, we have V9" (M) = M|pr @pr R = M @p (R®@pr R) = M @ ©,,1.
These isomorphisms define an iso-Soe®-transformation 9,9/ = —0,,r. Further us-
ing the morphism b introduced in Example , we obtain Soe’-transformations

—®pIt,I

idgyper & — Qpt R =" — Qp1 Rlpr & (— Qpr R) ®r R|pr = 9197, We denote
the composition by a;. Similarly, one constructs a left inverse 3; of a; by using T
which was also defined in Example [5.2.9] It is now easy to check that the above
constructed iso-Soe®-transformation induces an isomorphism between the Frobenius
objects (9197, Va9t 9;8;97) and éwé- Thus, we have shown that Corollary |4.5.9
applies, and this proof is complete. n

Remark 5.3.2. More explicitly, one can deduce from our constructions that there

L ) 6
exist idempotent Soe-transformations e; on ¥ “09; and e; on 19[19@ e such that
o

(07691, e1) and (979, e5) establish the equivalence Soe! = Soeg, .
wq wo

Remark 5.3.3. Right multiplication defines a functor ‘Soe” — Homsye(Soe!, Soe”)
for all finitary I, J C S, which yields a 2-functor $o0e’®” — Soe — Mod. Up to an
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isotransformation, this functor is part of the second equivalence of Theorem [5.3.1] In
fact, it is not too hard to show directly that this functor is fully faithful. Therefore, the
contribution made here is to prove essential surjectivity. Note that even in type Aq,
we were not able to establish this result without factually using the same arguments

that enter the proof presented above.

Since right singular Soergel bimodules are free functorially cyclic Soe-modules,

Theorem yields the following statement:
Corollary 5.3.4. We have a 1-2-full 2-functor $oe — Frob(Soe).

Remark 5.3.5. Theorem implies that this 2-functor is essentially surjective
up to weak equivalence if and only if all 2-sided cell of the underlying Coxeter group
contain a parabolic longest element. Note that even in type A, we do not know
whether the 2-functor ®oe — Frob(Soe) is an equivalence, since it is not clear whether
all right indecomposable split Frobenius objects of Soe of type A are equivalent to
@wé for some finitary I C S.

Next, we calculate the centres introduced in Definitions|3.2.1|and 4.1.1| for singular

Soergel bimodules, and relate them to one another:

Corollary 5.3.6. Let [ C S be finitary. Then, Zgoe(SoeI) ~ RI. Further, if S is

finitary and J C S, then the following diagram commutes:

Zp(Soel) —— Z(Homs,e(Soel ,Soe’)) <—— Z;5(Soe’) .
~ Z(1Soe”) ~
RI _ RI®RWRJ - RJ
Proof. The following statement is well known: For all unital rings A and all full

subcategories M of A —Mod (or A —mod) that contain all (finitely generated) free
A-modules, we have Z(M) = Z(A). This statement follows from the diagram

im
AT P A M

eM

that commutes for all m € M € M and z = (z2p)mem € Z(M), where m denotes

the morphism that sends 1 € A in the component associated to m’ € M to m/.
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By [Wi2, Definition 7.1.1], we have R! ®@pw R’ € Soe’ ¢ R @zw R’ — mod,
and thus Rf @zw R/ = Z(! Soe‘]). The isomorphism R! & Zg,.(Soe’) follows now
from Corollary using the explicit maps provided in 5.2l Commutativity of the

diagram can be calculated explicitly. O]

Another centre is of interest. Note that we do not make any finiteness assumptions.
Proposition 5.3.7. We have Z9(Soe) = RV

Proof. Since monoidal transformations of monoidal identity functors are determined
by their value at the unit object, the elements of Z%(Soe) can be identified with
all o € Soe(Be, B,) such that Ba = aB in Soe(B, B) for all B € Soe. Note that
we pretend here for notational convenience that Soe is strict. For any s € S and
B = B,, this equation implies that o € Rf*}. Taken together this implies o € R®. By
the explicit definition of Soergel bimodules as summands of sums of Bott-Samelson
bimodules, we know on the other hand that the equation holds for all « € R® = RW.

We leave it as an exercise to check that all &« € RY define an element Z%(Soe). [

We end this section with non-trivial examples of strong equivalences between split
Frobenius objects, i.e. examples which cannot be explained by an isomorphisms.
Above, we have used the Soe-functors ¥/ and ¥; to recover Soe! from the associated
split Frobenius objects. However, we could have chosen other Soe-functors which

correspond to the split Frobenius objects discussed in the following example:

Example 5.3.8. For simplicity, we consider Soe!*} in type A, only. Also, we will
pretend that Soe is strict and further replace some expressions that involve tensor
products over R by simplified equivalent expressions. So far, we had considered

éw{s} = é)s = (Bs, Ag, p15). Now define another right indecomposable split Frobenius
objoect @ts = (Ets, Ay, 11s) as follows: We define Ets ‘= ROpny RQpsy R, we specify
s and Ay uniquely by
fies (@ @ gy b @pisy ) @r (d @poy € @par f))
= —a Qpy bOs(cde) @pisy f
and
A (T @pier Y Oty 2)
= (2 Qptr Y Qpisr 1) Or (1 @puy o Qpisy 2)

+ (2 Qpiy Y Qpisy 1) Qg ( Qpiy 1 Qpray 2).
We leave it to the reader to check the Frobenius property and note that splitness

holds since Jy(ay) = —%. Clearly, O, and ©,, are not isomorphic, however we
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claim that there exists a strong equivalence O, ~ Oy, see Definition 4.3.72l Let
A:=B:= B, =R € Soe, and let ey, eg, t1, m, o and my be defined by
ea (T @pis) Y Qpiny 2 Qpls) W)

= —2 ®pey Os5(y2) o @pn 1 ®pesy W — T Qpisy 1 ®pewy Os(y2) o @pisy w,
ep (T @pity Y Dpts) 2 Qpisy W)
=T Qpit Y Opisy 05(s2) @pisy W,
1 (T Qpisy Y Qptsy 2)
=X Qpist ¥ Qrry 1 Qpis) Y Qpisy 2+ 2 Qpisy 1 Qpny 4 Qpisy Y Opisy 2,
T (T @pisy Y Qpity 2 Qpisy W Qpisy V)
= —2 Qpsy Os(y2)0s(asw) @ piey v,
L2 (T Dty Y @pisr 2 gt W Qpisy V)
=T Qp11 Y Qpis) 1 Qpist 2 Qpiy W Qpisy v
and
To (T Qpity Y Qpisy 2 Qpist W Qpiy U @ plsy U)
= —& Qpin Y Qpist 0s(00s2)0s(WV) @ piey o pisy v

— X ®R{t} Yy ®R{s} 85(0452)85(101))04,5 ®R{t} 1 ®R{s} V.
We leave it to the reader to check that the maps provided satisfy all relations and
properties required in Definition [4.3.72]

Remark 5.3.9. The object By, can be equipped with two different split Frobenius
structures. We had discussed éts in Example and shown that Soeg = S oelst,
In fact, there exists another structure éts, such that Soeg, = Soett). Interestingly,
one can show that Soe does not satisfy ©,,-descent, whereas it does satisfy ©,,-

descent. The opposite is true for the respective right descent properties.

Remark 5.3.10. There exists another non-isomorphic, right indecomposable split
Frobenius object (:)S@Sts that is associated to Soel*}!. It has the underlying object
R ®pisy R®puy R®piy R[2] = B, ® B’sts[Q]. Similarly to the above arguments, one
can show explicitly that é)s ~ és@sts. Furthermore, one can show that és and (:)S@Sts

become isomorphic after passing to the quotient of Soe by By

Taking Conjecture [5.2.5| into account, the preceding remarks raises the following

question:

Question 5.3.11. Let O be a split Frobenius object in Soe with indecomposable un-

derlying object B. Provided that Soe satisfies two-sided O-descent, does there eist
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d € D such that B = By[—a(d)]? Further, does this isomorphism induce an isomor-

phism between © and ©,?

5.4 Universal cell modules

In this section, we study universal the cell modules of Soergel bimodules associated
to Duflo involutions assuming the conjectures made in Section [5.2. Theorem [5.4.1
determines the Grothendieck group of morphism categories between the universal
cell modules. Corollary provides equivalences between cell modules in regular
2-sided cells that contain parabolic longest elements. Further, Corollary derives

a homorphism formula for the classical counterparts in case of Weyl groups.

Given a Duflo involution d € D, we denote by Cq := (g, the universal cell module
associated to d by virtue of Conjecture [5.2.3l To not overload the notation, we
suppress denoting the gradings explicitly, however the statements made below do
require the grading. The analogous statements in the non-graded case hold as well,
where we have to replace H by the group algebra Z[W], compare Remark [5.1.16]
Recall the notation 7" := H/{x € W|zx Frrd} forallde W.

Theorem 5.4.1. Let dy, ds € D, assume Conjectures|5.2.2 and|5.2.4) for dy and ds,

and assume that Homsee(Cq,,Cq,) is non-trivial. Then, we have dy ~pg da, the mor-

phism evp, : Homy (H.H, ,H.H,,) — H.H,, surjects onto its coimage H, H.H,
where H = ﬁdl = ﬂdQ, and this surjection splits. Further, the natural composition
[Homsoe (Cay, Cay )] = Homysoe ([Cayl, [Cap]) = Homyy (H.H g, H.Hy,) — Hy H.Hy, is

an isomorphism.

Proof. Let d € D. Then, Conjecture for d ensures existence of the universal
cell modules Cy. Further, the statement about right descent in Conjecture for d
implies that C; is an idempotent closed subcategory of Soe" containing m4(04). Since
C4 is 1-cyclic, we thus obtain [C4] = ﬁd.ﬂd, where ﬁd.ﬂd = coim (~ﬂd H S ﬁd).
Now let dy, dy € D, assume Conjectures[5.2.2]and [5.2.4] for d; and d,, and assume that
Homsee(Cay,Cay) # 0. By Proposition , we have d; ~pr dy and thus can write
H = H" = H" Denote by Hy H.H,, = coim (H,, — Hy, : H — H). Clearly
H, H.H, — H.H, and the evaluation evy, + Homy (H.H, , H.H,) — H.H,,
factors over this inclusion. Let us denote this factorisation by evy,. Further, denote
Soe = Soe™ = SoedQ, and recall that [@ =~ 7. Conjecture [5.2.4 implies that
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cH S ocg,, s an idempotent closed subcategory of Soe with objects all direct sums of

Ta,(Ba, BBy,) for all B € Soe. The claim follows from the commutative diagram

— — €Vdy _
Homyy (H.H, H.H,,) H, .
M

~

Homy ([C/d\l ] ) [Cdg})

[_] ~ -

[HomSoe (Cdl 7cd2 )]

(9, 1-10°%] ﬁﬁ% - %] ﬂ@dlﬂ%}

[Hom&,e (%,%)]

= T
~ eVH, —

Homy ([Soe),[Soe)) Homy (F,H) H

1%
—
@]
QL
K
%‘
Q
(3]
@]
Qu
(V)
P

in which we used < to denote inclusions and — (resp. i) for isomorphisms
induced from isomorphisms (resp. from equivalences). Note that the notation CcH ﬁ@dg
was introduced in Remark , which we apply here to the quotient Soe of Soe
and Frobenius objects that live there rather than to Soe itself. O

Remark 5.4.2. Assuming the stronger Conjectures [5.2.3] and [5.2.5| (or intermediate

variants), for any quotient m of Soe that factors 7y, we can replace Cy4, by C(ﬂ'(éd ).m)
1 b

and obtain the same statement. Note that for 7 = idsee, C(W(@ ) categorifies the

dl)vﬂ'
cyclic representation H.H, which in turn for d = w{ is equal to H’. Further, Cy4, can

be replaced by the full sub-Soe-module of Soe that contains EdQ.

Remark 5.4.3. The proof of Theorem [5.4.1| required intricate Frobenius descent
properties. Recalling Remark [5.3.9] we note that the class in the Grothendieck group
of the underlying object of an arbitrary right indecomposable split Frobenius object
might not generate the correct submodules. This has two implications. First, the
above categorification result does not generalise to Frob(Soe). Second, the good
properties of the evaluation map evy, established above for d € D, do in general not
hold for the corresponding evaluation maps for arbitrary members of the Kazhdan-

Lusztig basis.

By Remark |5.2.12] the following corollary applies to all 2-sided cells of finite and
affine Weyl groups of type A or of rank < 3, as well as to the n-gon Coxeter groups
P, which are hyperbolic for n > 5.

Corollary 5.4.4. Let ¢ be a strongly reqular 2-sided cell of Soe that contains a
parabolic longest element, let dy, dy € c D, and assume that Conjectures [5.2.5 and

hold for dy and dy. Then, we have Cq, = Cy,.

197



Proof. Let ¢ be a strongly regular 2-sided cell, let I C S be finitary such that wf € ¢,
and let d € DN¢. From the J-ring combinatoric (a matrix algebra in type A), we
obtain z € W such that {w!} = L(z™') N R(x) and {d} = L(z) N R(z~*). We thus
have H,H,+ = piH,; and H, +H, = p,H, for some p, p» € No[v,v7 in H = "
By [Wi2l Section 2.3], we know that 7(I) := > . v2@)=15) divides py. In the

+l(wf) = 1. Since the same

same time, the J-ring combinatoric implies that pjv

property holds for 7(I), it follows that p; = 7(I). Clearly,v T5(1)1ere exist idempotents

e; and ey such that B, = (B’deéwé,el) and B,-1 & (BwéBx_1Bd, e3) in Soe. Thus,

we have defined objects in g  Soeg, and g, Soeg , whose tensor product has to be
“o “o

isomorphic to the unit object of g Soeg .. The statement follows from Theorem

- 0
4.5.10| applied to B = Soe and Proposition [4.5.45| n

Remark 5.4.5. Let ¢ be a 2-sided cell. It would be interesting to study the rela-
tionship between Zg,.(Cy) and Zs,.(Cy,) for Duflo involutions dy, dy € DNe. In
the situation of Corollary [5.4.4] these rings are of course isomorphic. Interestingly
for finitary I, J C S with w} ~rr wy, the weak equivalence of Soe! and Soe” in-
duces a R"-module homomorphism R! — R’ between their respective centres as
Soe-modules, which in turn appears to induce the isomorphism of the centers of the
cell modules. On the other hand, there exists an inner automorphism of W that
induces an isomorphism R! —~+ R, which also appears to induce the isomorphism
of the centers of the cell modules. We have not checked this in detail, but if this
statement holds, it would be interesting to understand the deeper reason behind this

observation.

We end this section, by combining a result of Lusztig for the group algebra C[W]
of a Weyl group W with Theorem to deduce a statement about morphism spaces
for cell modules of the Hecke algebra of W. Note that this statement clarifies how
the behaviour changes beyond the case of strongly regular 2-sided cells, and also does
not require that there exists a parabolic longest element in the 2-sided cell under

consideration.

Corollary 5.4.6. Let W be a Weyl group, let di, do € W be Duflo involutions such
that dy ~pg da, and let ¢; = c(dy) and co = c(ds) be the associated left cells. Assume
that Conjectures|5.2.5 and|5.2.5 hold for dy and dy. Then, we have a Z[v,v]-linear
isomorphism Homy (H.H, , H.H, ) = Zv, v~ (e, N o], where H = " =H".

Proof. Theorem provides a split surjection Homy, (ﬂ.ﬂdl , ﬂ.ﬂdz) —- H, .ﬂ.ﬂdz.
The right hand side can easily be identified with Z[v,v™][c;’ N ¢y). Specialising

198



the splitting using v + 1 € C, we obtain a C-linear embedding Clc;! N ¢y] —
Homgp, (ﬁ.ﬂdl ®Z[U7v_1]C,ﬁ.ﬁd2 ®zwv-1C). By [Lu2, Proposition 12.15] the dimen-
sions agree, 7.e. the embedding is an isomorphism. The canonical specialisation map
Homy(ﬁ.ﬁdl,ﬁ.ﬂ@) Q7 [v,0-1] C — Homcpy (ﬂ'ﬁdl Q7 [v,0-1] C,g.ﬂdg Q7 [v,0-1] C) is
thus surjective. Now assume that there exists f € Homy (H.H dl,ﬂ.ﬂ 4,) Which does
not lie in the image of the splitting. W.l.o.g, we can assume that f(H, ) has coef-
ficients that specialise to zero, since we can otherwise subtract the image of f(H, )
under the splitting from f. We can further assume w.l.o.g that f(H, ) = 0, since
otherwise we can separate the positive and the negative coefficients of f(H, ) add
another two morphisms in the image of the splitting to f. By linearity and positivity
of the structure coefficients of H, f(H,) = 0 for all x <, d; and thus f = 0. This

contradicts our assumption, and the proof is complete. O]

Remark 5.4.7. A priori there is no to us apparent reason that would ensure that
the basis of Homcpy (ﬂ.ﬂdl Qz[v,0-1] C,ﬂ.ﬂ(b ®zwv-1 C), obtained from Lusztig’s

isomorphism in [Lu2, Proposition 12.15], has positive coefficients.

5.5 Coinvariant theory

In this section, we apply the tools developed in Section to Soergel bimodules. We
study examples in the case of dihedral groups, Weyl groups of types B, A/Q and 6’2
and right-angled Coxeter groups P,.

Remark 5.5.1. Let d € D be a Duflo involution. Proposition [4.5.42| states that
Endsee(Cq) consists of a single left cell, which it does not ensure that this endomor-
phism category behaves like groups. Nevertheless, there may exist non-trivial group
actions on C4. On the other hand, Corollary implies that for Weyl groups it
is only interesting to study group actions on C; in case of 2-sided cells that are not

regular.

Remark 5.5.2. The group actions that form the basis of Section [4.6] say on C,g,
require a monoidal functor G — Ends,.(C4). Fortunately, in the examples presented

below it is sufficient to provide a map g — S, such that S .S, = S These iso-

9192°
morphisms can then be normalised using the following fact: Indecomposable Soergel
bimodules can be constructed as direct summands of Bott-Samelson bimodules which
have a distinguished element 1®...®1. Thus, choosing an isomorphism that preserves

these distinguished elements results in a monoidal functor as required.
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Remark 5.5.3. For arbitrary d € D, the indecomposable objects of Endg,.(C4) do
not behave like a group, as the dihedral groups I(m) for m > 5 show. It is plausible
that the symmetry group of the associated W-graph gives rise to a group action on
cell modules. The periodic W-graphs of [Lu5] might also lead to symmetries. It would

be interesting to study these examples in the future.

Type B; and dihedral groups

Recall the discussion of the classical case in Section 2.6.3] We have W = W(B,) =
(s,t|s? =12 = (st)!). The cyclic and the cell Soe-module associated to the Du-
flo involution s are given by Cq = Soel* and ¢, = Cs, = Soel®t | (Baw). The
Grothendieck group of Cy has a basis parametrised by the left cell {s,ts,sts}. Fur-
ther, 5nd$oe(806{8}) ~ {s}Spel*t which has indecomposable objects Bs, Bys and

sts

[

Bz Similarly, the indecomposable Soe-functors, ide, and S say, in Endsee(Cs) =
5}Soel*} / (Bz) correspond to By and Ba. In this quotient, we have By B = Bs.
In particular, Bg; cannot be equipped with the structure of a split Frobenius object.
On the Grothendieck group [Cs], these Soe-functor induce exactly the two endomor-
phism provided in Section[2.6.3] It follows, that S\S = id¢, as Soe-functors. Thus, we
have an action Z/2Z — Ends,.(C;) and we obtain the coinvariant module (C;)z/2z.
Furthermore, Homsoe(Cs,C;) = 1Soel™ / (B) which consist of direct sums of a
unique indecomposable Soe-functor, call it F'. Hence, F' = F'S holds and Theorem
4.6.14| yields a Soe-functor (C,)z/2z — C;. Further, we have the canonical Soe-functor
Cs — (Cs)z/2z of Proposition . Thus, we have completely categorified the sit-
uation described in Section Also note similar patterns exists for all dihedral
groups Iy(m) for m > 4 even. Already the case m = 5 is quite intriguing, since the
idempotent closure of the coinvariant module should admit S3 (or Z3) as a symmetry
group giving rise to a further rank 2 cell module. On the other hand, the case of
odd m is trivial in terms of symmetries. However, the case m = 4 provides a simple

example in which Ends,e(Cs) is not group like.

Simply laced and connected

We provide some preparatory facts for the upcoming examples. Assume that the
Coxeter system (W, S) is connected and simply laced, i.e. for all s, ¢ € S we have
a sequence Si, ..., S, € S such that s = s, t = s, and s;8;415; = S;115;8;+1 for all
i € {l,..,n —1}. Let us assume that this sequence is chosen so that n is minimal.

Then, s;s; = s;s; for [i—j| > 1 and s;s,415; for alli € {1,..,n—1} are parabolic longest
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elements with a-value 2 and 3 respectively. There exists a WW-graph that has the same
shape as the Coxeter graph associated to (W, S). Furthermore, all C,, are equivalent,
since Bys— € 1Soel*+1} induces a Soe-functor C,, — C

SiSi+1

by Bs—=%. To see this, recall that Bss—B5

Si+153° SiSi+1778i+15i

s, With inverse induced
= Bs; @ Bssigs; which corresponds
to the identity Soe-functor of Cj,, since the second summand lies in a lower 2-sided
cell and is thus equal to the zero object in the quotient under consideration. Note
that the combinatorics of [C,] is in type A encoded in a W-graph that resembles the

Coxeter graph, in general this is not the case.

Type A,

We have W = W (Ay) := (s, 51, 52| s2 = (si87)* =1 for {i,5} € {0,1,2}), which is
called the affine Weyl group of type Ay, Tt is simply laced and connected. We will
discuss cell modules associated to cells with a-function value 1. Classically we have

the following W-graph combinatorics, [KaLul [Lu5|] for more on periodic W-graphs:

(52) (s0) (1) (2) (s0)
0 N =

The upper W-graph describes the Grothendieck group of C,, (as well as of the equiva-
lent modules Cy, and Cs,). The lower graph can be described as a coinvariant module
for the symmetry group Z generated by a translation by three nodes. We know that
Endsee(Cs,) can be described as a quotient of {s0}Spel*o} . The generating translation
is given by Biys,spse € " S0el*0} with inverse By,q,s,s,- Now the coinvariant module
(Csy)z and the associated Soe-functor Cs, — (Cs,)z categorifies the above picture.
Also note that even though the morphism spaces in C5, — (Cs, )z are given by infinite
direct sums, each graded piece will still be finite dimensional which can be deduced
from the homomorphism formula [Wi2, Theorem 7.4.1]. This statement also applies

to the type C, which we discuss next.
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Type 52
We have W = W (Cy) := (s, 51, 2|2 = 52 = 52 = (s951)* = (s152)* = 1), which is the
affine Weyl group of type C,. There exists the following morphisms of W-graphs:

(s )—(so——(s1 ) —(so (o1 ——(so ——(1)

The upper W-graph extends periodically to the left and right and corresponds to the
Grothendieck group of Cy,. Its symmetry group is of type A;. The symmetry group
is generated say by rg, which reflects the graph at [Bsss] (the first node form the left
with label sg), and 71, which reflects at [Bsss;] (the first node form the left with label
s9). The middle graph describes the Grothendieck combinatorics of the coinvariant
module associated to the subgroup generated by rorg, which translates the graph four
vertices to the right. The bottom graph is the coinvariant module associated to the

entire symmetry group. Furthermore, we have the following WW-graph morphisms:

(s y—(so (o1 (o2 (o1 — (50 ——(1)

The composition of the two morphisms shown in the figure above corresponds to the

Soe-functor C,, — Cy, induced from Bgg € 11Soel*). Tt is clearly invariant under
10, and thus factors over the coinvariant module (Cy, ) {e.ro} Whose Grothendieck group
corresponds to the central W-graph just above. A more common depiction of the left
cells in term of alcoves is given in the figure with title 7y = 1 and 7, = 1 in [Gul,

where the left cells associated to sg, s; and sy are shown in green.
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Right-angled Coxeter groups

For n > 5, P, = (s1,53, ..., sals? = (s;s7r7)® = 1 for all i € Z/nZ) is the group of
isometries of the hyperbolic plane generated by reflections about the sides of a right-
angled hyperbolic n-gon. The paper [Be| studies right-angled Coxeter groups and
the groups P, in particular. It is shown that P, has three 2-sided cells and also
describes the left cells of P, explicitly. Further, it is stated that the left cells that
contain a generator s; are “equivalent” by cyclic permutations of the labels of the WW-
graph. For the associated H-modules that means that they arise from one another
by twisting them with an automorphism of H. It should be noted that they are
not isomorphic. However, they are weakly equivalent! The W-graph of [Cq,] is a
binomial tree and can be found in [Bel Figure 3]. We leave the intriguing exercise to
the reader to draw the folding and unfolding operations in analogy to the preceding
examples, which correspond to the Soe-functors between universal cell modules and

factorisations thereof over coinvariant modules.

5.6 Control from 2-morphisms

In this section, we use Conjecture [5.2.15|to show in Proposition that morphisms
of Soe have a strong impact on the structure of Soe — Mod. Example [5.6.1], makes a

particular morphism explicit that is associated to a parabolic longest elements.

Recall the elements ay € R associated to any d € D in Conjecture [5.2.15 By
construction is has degree 2a(d). By abuse of notation, we can consider ay as an
endomorphisms «y € Soe(B,, B.) with a4(1) = ay4. The following example is based
on facts that can be found in [Wi2l Section 3.1]:

Example 5.6.1. Let I C S be finitary and abbreviate a; := a1 Recall that R is
graded free as an R! module. Further, the Demazure operator 9; := @U(z) induces a
non-degenerate pairing on R over R!. Choose a R!-basis {b, },cw, of R. For example,

1 is the set of reflections

we may choose b. = [[,cyy,np u Where T := |, oy wSw™
in W, and where «; for all ¢ € T is the root in h* associated with the reflection .
Then for all z € W, we may define b, := 0,(b.), where 9, is the Demazure operator
discussed in [Wi2, Section 3.1]. Since d; is non-degenerate, there exists a dual R!-
basis {0} }zew, of R. Thus, we have 0;(b.b;) = 0., for all z, y € W;. Now, the
morphism R — R ®pr R[l(wl)] of minimal degree (which is unique up to scalar) is
given by r — mr > wew, be ® b, and the morphism R ®pr R[l(wj)] — R of minimal

degree (which is also unique up to scalar) is given by z ® y — xy. Thus, we have
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ar = IWIII > wcw, buby, which is independent of the choice of basis made above. Note
that we introduced the factor |W;| to ensure consistency of the two meanings of a.

Finally, we have 0r(a;yr) = ﬁ > wew, T-r. Thus, Conjecture |5.2.15 follows from the

explicit definition of [l D) Example .
Proposition 5.6.2. Let d € D be a Duflo involution, assume that Conjecture

holds for d, and let m : Soe — Soe be an additive monoidal quotient functor. Then,
m(Bg) = 0 if and only if m(ay) = 0.

Proof. The implication 7(B;) =0 = m(ay) = 0 is obvious. On the contrary, assume

7(ag) = 0. Then, 7(j1q) = 0 by Conjecture[5.2.15{and thus 7(By) = m(ug)om(Ag) = 0.
The result follows. O

Corollary 5.6.3. Let d € D be a Duflo involution, assume that Conjecture
holds for d, and let M = (M, p) € Soe —Mod. Then, we have Res,, Ind,,(M) = M
if and only if p(aq) = 0.

5.7 Reduction to non reflection faithful represen-
tations

In this section, we prove a generalisation of the main result of [Li]. More precisely,
we show in Theorem that Libedinsky’s monoidal quotient functor Soe® — Soe-
between Soergel bimodules and Soergel bimodules constructed with a faithful, but
not reflection faithful representation extends to a quotient 2-functor between the
respective 2-categories of singular Soergel bimodules. For notational convenience, we

suppress denoting the gradings explicitly in this section.

For the rest of the section, we fix a Coxeter system (W, S), a reflection faithful
W-representation V' and a subrepresentation V’ of V. We denote by R := O(V) the
ring of regular functions on V', and by R* := {r € R|s.r = r} the ring of s-invariants

for any s € S. The following definition is due to Libedinsky:

Definition 5.7.1. The pair (V, V') is called a bonne paire if and only if each s € S
acts through reflections on both V' and V', and given any sequence {s;}?_, in S the
homomorphism space Hompg_r(R ®@ps1 R Qpss .... Qrsn R, R) is graded free as a left
R-module with graded rank given by the coefficient of the standard basis element H, €
H =H(W,S) when expressing the element v"H, -...-H, € H in the standard basis.

S
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The existence of bonne paires in the situation of interest had already been estab-

lished in [Soe6]. We summarize some statements of this paper in the next proposition.

Proposition 5.7.2. Over R, there exists a reflection faithful representation V' of
(W, S) such that the geometric representation V' is a subrepresentation of V' and
(V,V') is a bonne paire. Furthermore, the minimal codimension of V' in V' agrees

with the number of indecomposable, infinite summands of (W, S).

Denote by Soe the monoidal category of Soergel bimodules constructed with V'
(thus disregarding the part of the definition of Soergel bimodules which requires a
reflection faithful representation) and by Soe the usual category of Soergel bimodules
constructed using V. We denote R := O(V) and R’ := O(V’). Note that the inclusion
V' — V induces an epimorphism R — R’. Further, the functor Soe — R'®¢c R'—Mod
defined by B — R' ®r B ®p R’ factors over Soe, and we denote the induced functor
by % : Soe — Soe.

Theorem 5.7.3 ([Li]). Let M, N € Soe. The following statements hold:
o ¥(M @z N) 2 ¥(M) ®p ¥(N) in Soe.

R ®@p Soe(M,N) = Soe(¥(M),¥(N)) in R’ — Mod.

M is indecomposable if and only if ¥(M) is indecomposable.

¥ is essentially surjective.
o ¥ induces an isomorphism of graded split Grothendieck groups [Soe] — [80 .

Libedinsky also states (without providing the details) that ¥ is a monoidal functor.
In fact, it is not too hard to write down the isomorphism ¥(M @z N) = ¥(M ) Qg £(N)
explicitly, as well as the associator and unit isomorphisms of Soe and Soe. Once this
is done, a trivial computation establishes that ¥ carries indeed a monoidal structure.

It follows that, Soe also categorifies the Hecke algebra.

Let us reformulate Theorem m Following [Li], denote the quotient ring homo-
morphism R — R’ by ). The two-sided ideal of elements of R that vanish under )
is given by I(Q) = R - V'* where V'* := {r € V*|r(v) =0 Yo € V'}. Since W acts
trivially on V', we have V'+ C R". Thus, R" /(V'* - RY) @pw R — R/I(Q) as R-
right modules. Hence, R" /(V'* - RY)®@zw M — R/1(Q)@r M = R ®r M for any
left R-module M. Denote Z := Z®(Soe). By Proposition , we have Z = RV,
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and we denote by Z the quotient ring of Z by the image of V- R" . Clearly, we have
a canonical monoidal quotient functor Soe = Soe @, Z. By the above discussion, we
also have (Soe ®z Z) (M, N) = Soe(M,N) ®7 Z = R' ®r Soe(M, N), which in turn
is equivalent to Soe(M, N) by Theorem m

Corollary 5.7.4. The monoidal functor ¥ factors over the canonical monoidal quo-

tient functor Soe — Soe @z Z and induces a monoidal equivalence Soe ®5 Z = Soe.
Combining this with Corollary [£.4.13] we obtain the following:
Corollary 5.7.5. We have an equivalence Indg(Soe) = Soe in Soe — Mod.

Now, one can define singular Soergel bimodules $oe for Soe in the same way as
Soe for Soe. We now generalise Theorem and show that Soe also categorifies
the Schur algebroid:

Theorem 5.7.6. The 2-functor Indg : Soe — Mod — Soe — Mod induces quotient
functors on homomorphism categories of right singular Soergel bimodules. Ezxpressed
in terms of $oe and oe where I, J, K C S are finitary, we have additive quotient

functors '’ : 1Soe’ — ISoc” such that the diagram

ISoe” x ISoe’ i ISoek

I_Jy J K
lﬂ'XW l/Iﬂ—K

—J — K —®pi— =K
ISoe” x 7Soe —— s 1Soe

commutes up to an isotransformation. Furthermore each m’ preserves and reflects

indecomposable objects and induces an isomorphism on the graded split Grothendieck
groups. In particular, Theorem holds for Soe.

Proof. Recall from Section the properties and explicit constructions of Indg.
In Section we showed that Soe’ is the functorially cyclic module associated
to the split Frobenius object O; = éwé = (BI,AI,M)- The same arguments
show that Soe is associated to @I .= (B, Ay, 1)), where By := R ®@p1 R, A -
B - Bi®p Brisgiven by 1@y = 2®1®1®y and u) : By ®x By — B;
is given by 2 @ y ® 2 ® w — 0j(yz)r ® w with 9;(r) := Ile\ > wew, T for any
r € R. Note that ¥(B;) = R ®r Bf®r R = R Qpr R = R ®y; R’ = By,
where the first isomorphism is standard and the second follows, since the epimor-
phism R — R’ induces and epimorphism R! — R. Evaluating the composition
B, s #(B;) "2 ¥(B, @p By) 5 ¥(Br) @ £(Br) = Bl @p B shows that it
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agrees with A’ and the same holds for the analogous composition involving (1)
and 1. Thus, £(6;) and @1 are compatible and Indg(Soe’) = Soe follows. Now,
recall from Section [5.3|that Soe’ = Homs,e(Soe’, Soe’). The same arguments show
1Soe” = ’Homﬁ(ﬂl, %J). Combining what we have shown thus far with the com-
patibility diagrams provided by the 2-functor Ind,, we obtain the diagram claimed
in the statement. In order to show that ‘w7 is a quotient functor in the case where
both I and J are not the empty set, we have to work harder and invoke Section [4.§]
It follows directly that {77 is full, however it remains to check certain assumptions in
order to deduce that ‘77 is essentially surjective. Using the formulation of Corollary
4.7.5], it remains to check that the quotient functor 7/ lifts idempotents with descent.

T .
The relevant Frobenius objects for this descent requirement are ©® on Soe’ and 6 I

on Soe’. By Conjecture and its proof in Example for the relevant case,
Soe satisfies right ©,-descent, and by Theorem m the same holds for Soe and
right @J—descent. As already shown above this implies that 77 is a quotient functor.
Furthermore, it also implies that the embeddings Soe’ — Soe and Soe” < Soe’
result in idempotent closed submodules. Thus, [77] is an isomorphism on the level of
split Grothendieck groups. By the same argument 7 lifts idempotents with descent
for the left action of ©; and @1. Now, every idempotent in Soe” that could satisfy
@-descent is mapped to an idempotent in Soe where we know that it must satisfy
@I—descent and thus has a lift in Soe that satisfies éf—descent. By the homomor-
phism formula [Wi2, Theorem 7.4.1], this idempotent is of degree zero. Further [Wi2,
Theorem 7.4.1] also implies that the functor — ®gs R : Soe! < Soe induces a fully
faithful embedding Soe’ ® rs R < Soe, and we can deduce that the lifted idempotent

actually comes from an idempotent in Soe’. Since we have a commutative diagram

Soe’—— Soe

iﬂ"] iﬂ'

Soe’ = Soe
that comes from 2-functoriality of Ind, where the horizontal arrow on the bottom is
faithful, the idempotent is map to the corresponding idempotent in Soe’ in a way
compatible with the action of Soe. Thus 7/ lifts idempotents with descent and it
follows that 77/ is essentially surjective. Furthermore using the same arguments, one

_ N ~ 1

obtains that Soe’ (resp. SoeJ) satisfies O (resp. © -descent). Therefore, 'Soe”’

(resp. ! %J) is an idempotent closed subcategory of Soe’ (resp. %J). It follows

that [I i ] induces an isomorphism on the Grothendieck group. O
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The explicit construction of Indyg implies the following:

Corollary 5.7.7. For all finitary I,J C S, we have the following equivalences of
additive categories 'Soe’ = 1Soe” @ps RV /(RV)* = RW /(RV)* @1 1Soe” .
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Chapter 6

Applications to Group Theory

In this chapter, we discuss the higher representation theory of the additive monoidal
category of representations of a group over a ring. Section sets up the necessary
notation. Section discuses functorially cyclic modules and shows that there is only
a single weak equivalence class of functorially cyclic modules provided an assumption
that is satisfied for example if the order of the group is invertible in the base field.
Independent of Section and without invoking Tannakian formalism, Section
reconstructs the corresponding category of representations for all subgroups. Section
does not require us to work over a field, nor does it require any finiteness assump-
tions. Section applies the additive Barr-Beck theorem to module categories that

arise in the context of defect groups.

6.1 Basic notation
In this section, we fix the notation on which the remainder of Chapter [0]is based.

First, we fix a unital commutative ring k. Further, groups will typically be denoted

by G, subgroups by H < G and normal subgroups by N <G.

Notation 6.1.1. Let G be a group. We denote by G = Gy, the additive monoidal
category of representations of G in k-modules. An object of G is a k-module together
with a group homomorphism from G into the k-module automorphisms of this k-
module. A morphisms in G between two objects is a k-module homomorphisms
between the underlying k-modules that intertwines the group homomorphisms. The
tensor product of G will be denoted by ®. For V, W € G, the underlying k-module
of V. @ W is given by the usual tensor product of modules over commutative rings
V @ W and is equipped with the diagonal G-action, i.e. g(v ®; w) = (gv) ®k (gw)
forall g € G, v € V and w € W. The unit object of G is given by the trivial
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representation k. The remaining structure of the monoidal category G is induced

from the monoidal structure of &k — Mod.

Remark 6.1.2. We will consider G an additive monoidal category and nothing more.
The definition given above suggests that as part of the structure we also have a
forgetful functor to the category of k-modules (a so called fibre functor). We would
like to point out that we will not use this structure. The explicit description of the
category is however provided, so that we are able to establish the existence of certain

morphisms and make calculations.

Remark 6.1.3. While the statements of in Section [6.2) require certain assumption
on G , Section is completely independent of the cardinality of the groups involved.

Also, both sections generalise to a groupoid G in which case Gisa 2-category.

6.2 Functorially cyclic representations

In this section we discuses functorially cyclic modules for G, where G is a group.
Under the assumption that G has a single equivalence class for ~z, Theorem m
shows that there exists only a single weak equivalence class of functorially cyclic

modules.

Example 6.2.1. Let G be a finite group, let k be a field, and assume that |G| as
well as the k-dimensions of all irreducible objects of G are invertible in k. Then for
any V € G, we can pick a a non-trivial vector in V and consider the (irreducible)
subrepresentation U that is generated by this element. Since |G| is invertible, we can
choose an invariant scalar product on V and deduce that U is a direct summand of
V. Now, there exists a natural G-morphism k& — U ®% U* (obtained from the identity
morphism on U via the duality adjunction), as well as the G-morphism U @ U* — k
given by evaluation. The composition of these morphisms is equal to dimy(U). Hence,

kE C® V ®% U*, and thus ~pp has a single equivalence class.

Theorem 6.2.2. Let G be a group and assume that G has a single equivalence class
under ~rr. Then, all functorially cyclic modules of G are free and weakly equivalent

to the principle representation G e G — Mod.

Proof. Due to the assumption on ~r, Lemma implies that there exists no
non-trivial é—quotient of the principle representation of G. Thus, any functorially
cyclic module is free. Corollary states that free functorially cyclic modules are
completely determined by their associated split Frobenius object in G. Theorem
4.5.14| completes the proof. O
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Lemma 6.2.3. Let 7 : G — M be a G-functor and let V € G with =(V) = 0. If
there exists W € G and morphisms k — W @9V — k with invertible composition,
then m = 0.

Proof. Let V, W € G be as in the statement. Then, 7(W Q¢ V) = W.r(V) = 0,
since 7 is a G-functor and since the action of G on M is given by additive functors.
Thus by functoriality of 7, the identity morphism of 7w (k) factors through a zero
object. Thus, we have 7(k) = 0. By the same argument for any U € G, we have
m(U) =2 7(U ®% k) = U.m(k) = 0 which completes the proof. O

6.3 Subgroups

In this section we show that the additive monoidal category of representations of a
subgroup of a group can be constructed directly from the additive monoidal category
of representations of this group, see Theorem Intuition for this equivalence
can be obtained from Corollary which provides a homomorphism formula for
representation of the group that are restricted to the subgroup. Further in Theorem
6.3.11, we determine the endomorphism category of the category of representations
of a normal subgroup when considered as a higher representation of the category
of representations of the group. Comments on related research, namely Tannakian
formalism and iso-categorical groups, are provided in Remarks [6.3.15] and [6.3.16]

Notation 6.3.1. Let G be a group and let H < G be a subgroup. We denote by
Oy = k[G/H] € G the permutation module on the G-set G/H. Note that Oy has
a basis index by G/H, i.e. as k-modules we have k[G/H| = @/ k- Denote by
Ag:0p = 05 %0y and puy : Oy ®¢ Oy — O the morphisms in G determined
by Au(g) = §®, g for all g € G and by px(g, 4 9,) == G if g5’ € H and
1 (G, ®k Gy) := 0 otherwise for all g1, go € G. Clearly, uy o Ay = ide, and it is
an easy exercise to check that the Frobenius relation holds as well. Thus, we have

constructed a split Frobenius object éH = (Og, Ay, py) in G.

Remark 6.3.2. Typically, Oy is not indecomposable. However, we will see below

that Oy is a right indecomposable Frobenius object.

Remark 6.3.3. Provided that H has finite index in G, ©f is finite dimensional.
Under this assumption, all statements made in this section about G also apply to

k[G] — mod, i.e. G-representations that are finitely generated over k.
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Proposition 6.3.4. Let G be a group and let H < G be a subgroup. Then, Oy is a

symmetrically central Frobenius object.

Proof. For all V € G, we have a morphism sy : V ®@% Oy — Oy ®° V in G that is
determined by v®;g — g®gv for all g € G and v € V. All requirements of Definition
are now easily verified. O

The following observation motivated this section as well as Section [4.8

Remark 6.3.5. For all V, W € H, we have the following natural G-morphisms
Ind% (VeAW) c® Ind% (Ve Res§ (Ind% (W))) — Ind% (V)®@%Ind% (W). The com-
position from the left to the right is given by g®xa) (v@rw) = (9@km V) Ok (9Qk[H W)
and the map from the right to the left is given by (g1 @) v) @k (g2 O w) —
91 @k (V Qk g1 g2w) = g2 @wia (93 10 @k w) if g7 'go € H and by 0 otherwise.
The associated idempotent of Ind% (V) ®% Ind% (1) that factors over the direct sum-
mand Indg(V @™ W) stabilises (g1 Qpia) v) Qk (g2 Qppmy w) if 9792 € H and anni-
hilates it otherwise. Furthermore, it follows that V ® W occurs as a summand of
Res (Ind% (V) @% Ind%(W)). Thus it is plausible that the tensor product of H can

be recovered from the tensor product of G.

We will now show that the additive monoidal category H is fully encoded in O .
The general theory behind the following theorem was discussed in Section and
applies due to Proposition m The general versions of the functors (éH v, e) and

6,V used in the theorem below are also specified there.

Theorem 6.3.6. Let G be a group, let H < G be a subgroup. Then, His a free
functorially cyclic é—module, Oy is right indecomposable and we have a dominated
equivalence H ~ GéH in G — Mod. Moreover, we have natural additive inclusion

(®m9,e) . oy?

and projection functors C;’@H% 6,Go,

ééH that identify é@H
with a monoidal subcategory of éHGéH‘ Thus, GéH carries a monoidal structure.
Furthermore, the additive functors underlying the equivalence H =~ ééH in G — Mod

can be equipped with the structure of a monoidal equivalence.

Proof. First, we provide the structure of H as a free functorially cyclic G-module.
Second, we will show that associated right indecomposable split Frobenius object in
G is isomorphic to O . By the third bijection in Theorem it follows that there
exists a dominated equivalence H =~ é@H in G — Mod. Further by Proposition [6.3.4}
Theorem applies and we obtain the monoidal structure of Gé. Third and last,

write out the additive functor which is part of equivalence @@H ~ H explicitly and
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observe that it is compatible with the monoidal structures.

We now go through the four remaining steps. Since H < @, restricting the action of
G on any object of GtoH yields an object in H. Clearly, this defines a monoidal
functor Res% : G — H with identity transformations as structure maps. Since we
can regard H as the principal H -representation, we obtain a G-module ResResg (]:I ),
where we used the restriction 2-functor that was introduced in Section 4.4} By abuse
of notation, we write H = Resgese (f[ ) and have already done so in the statement of
the theorem. Let us denote the structure functor of this G-module by p. Further, we
have an additive functor Ind§, : H — G that is given by k[G] Qi U for all U € H,
where GG acts by multiplication on the left of the first tensor factor. Now, consider

the diagram:

P
Gx H HxH H
lidé xInd§ Ind§ l
. . N ~ G ~ .
ida Xid g G % G ® G idgy
lz‘dé xRes$ Res$ l
A A Resg Xid 7 A A ®H A
Gx H S HxH H

p

The top rectangle commutes up to the isotransformation -, which we provide for
reference purposes as the separate Lemma below. We obtain the isotransforma-
tions V @ Ind% (=) — Ind$(Res$ (V) @ —) that are required to turn Ind$ into a
G-functor by evaluating the first factor of v~! at all V' € G. These transformations
are clearly natural in V. We have to work a little harder to show that these transfor-
mations are compatible with the structure functors of the G-modules G and H. As

for the compatibility with the tensor products, consider the diagram

Ind% (ResG (V1@ V2)@HU) ———— (V1®%V2)®%Ind§ (U) ———————— V1®% (Va®%Ind% (U))

|

Ind% ((Res§ (V1)@ Res§ (V2))@H U) —— IndG (Res§ (V1)@ (ResG (V2)@H U)) —— V1®@CInd§ (Res§ (V2)@7 U)

for all V4, Vy € G and U € H. Given the explicit nature of Lemma m it is easily
verified that this diagram commutes. As for the requirement related to the unit object,
we leave this simpler check to the reader. Thus, we have defined the G-functor Indg.
Similar, yet much easier arguments show that there exists a G-functor with underly-

ing additive functor given by Resg, amongst others because the bottom rectangle in
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the previous diagram commutes on the nose. Further into the right- (resp. left-) most
regions of the previous diagram, we can fit G-transformations n:idy = Res% Indfl
and C : Res% Ind$ = id i (resp. idg x nand idg x (), which we discuss next. It will
be obvious that ( on = idy, and thus it will follow that H is a free functorially cyclic
G-module. Let U € H. We define nu : U = k[G) Qg U by setting ny(u) := e @y u
for all w € U, where e denotes the unit element of G. Clearly, ny is a morphism in
H. Further, we define ¢y : k[G] ®Quia) U — U by setting (p(g @ v) = guif g € H
and (y(g @ u) := 0 otherwise for all w € U and g € G. It is again obvious that (y
is a morphism in H. It is also clear that both constructions are natural in U , since
morphisms in H are k[H]-linear. Thus, we have constructed transformations n and
¢. Tt remains to show that 7 and ¢ are G-transformations. Since the argument for
71 is analogous and slightly easier, we only discuss (. For all V' € GandU e H , We
have to show that (gese vygry = (Res% (V) @ () o (cany )y, where cany,' denotes
the transformation associated to V and the G-functor Res% Ind$. Since the structure
maps of Res$, are trivial, cany,' evaluated at U is given by Resfl(’y(vw), where we
used the notation of Lemma|6.3.7} For all g € G, v € V and u € U, the left hand side
sends g @) (v @ u) to gv @ u) = gv @ gu if g € H and to 0 otherwise. The right
hand side sends the same element to (Res$ (V) @7 () (gv ®y (g @k u)) = gv @y, gu
if g € H and 0 otherwise. We have completed the first step.

Second, we compare the Frobenius objects. Since H is functorially cyclic, O :=
(Ind% Res%,, Ind$ n Res$;, Ind$, ¢ Res$) is an indecomposable split Frobenius object
in G. As usual, evaluation at the unit object k € G yields a right indecomposable
split Frobenius object with underlying object Indfl Resg(k) = k[G] @k k. We have
to be careful to identify the structure maps correctly. For this purpose, we have to
write out where Ind$ Res% Ind%; Res% gets send to (the finial object in the following
chain), and keep track of the isomorphisms involve:
Ind% Res§; Ind Res§; (k) = Indyj Res§; (Indfj Res% (k) @ k)

>~ Ind% (Resg Ind% Res% (k) @ Resg(k’))

>~ Ind% Res% (k) @ Ind% Res% (k) (Lemma
For gy, g2 € G, this chain acts on elements as follows:

91 Qi) (92 @ 1) = 91 Q) (92 rmy 1) @i 1)

= 91 Qwi ((92 @k 1) O 1)

= (9192 @ 1) Ok (91 Dppe 1)
Evaluating the first structure map Indg n Resg of © at k € G and composing it with

this isomorphism, yields the diagonal map which we denote by A. Pre-composing the
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evaluation at k € G of the second structure map Ind% ¢ Res$ of © with this isomor-
phism, finally results in the associated right indecomposable split Frobenius object
(E[Gl @k ky A, (91 @k 1) @k (92 Qg 1) = g2 Quja 15g;1g17H) in G. Now, denote by
7 the morphism k|G| @y k — k[G/H] in G, which is determined by g @y 1 — 7
for all g € G. In fact, 7 is an isomorphism, since gh Qg 1 = g Qi bl = g Qa1
for all ¢ € G and h € H, where we used that k& = Res% (k) is the trivial H-module.
Recalling Notation [6.3.1] it is now obvious that 7 is also an isomorphism between the

right indecomposable Frobenius object constructed above and On.

Third and last, we show that the equivalence H =~ ééH in G —Mod induces an equiv-

alence of monoidal categories. Recall that in order to obtain the B-functor that gives
N , o IndS s gOn -

the equivalence H — G, we need to apply an idempotent e to H ] g Ge,, -

This idempotent is given by the vertical arrow on the left in the commutative diagram

99 Ind§ > 999 997 Ind§y —— 9°9(—O ) Ind§ —> ¥© Ind% Res; Ind$ |
le Lﬁé Ind¢, ¢’
90 Ind§, <2 999,091 Ind§, —— 9°(—O ) Ind% —= ¥© Ind$, Res§ Ind$

where ay and By denote the inclusion and projection G-transformations associ-
ated the the free functorially cyclic module GéH’ and ¢ = (o« is the idempo-
tent G-transformation associated the the free functorially cyclic module H. Cal-
culating this composition explicitly, we obtain that H = ééH sends U € H to
(Ind%(U), err) where ey ((g1 @ u) @k G2) = (91 @rim) 1) @k T20gr.55 for all g1, g2 € G
and v € U. By Proposition , (Ind% (1), er,) ® (Ind$(Us), eps,) is given by
(Indg(Ul) 2% Oy @F IndS (Uy), (ep, @ eus) o(idlndg(UQ)€U2)> for all Uy, Uy € H,
where ey, (91 @k (G2 Qr[at) ®rg3) = J1 Pk (G2 @k ®) @1 g3051,g5 for all g1, go, g3 € G and
u € Uy. This idempotent maps (91®k[H]U1)®k£E®k (g3®k[H]uQ)®kgﬁ — (g1®k[1ﬂu1)®k
T2 @k (93 QulH) U2) Pk G205755075,5:073,97 for all g1, g2, g3 € G, uy € Uy and uy € Uy. It is
now easy to write down explicit isomorphisms using diagonal maps paired with Kro-
necker symbols from (Indfl(Ul) ®% Oy ®F Ind%(U,), (ey, @ ep,) © (idlndg(U2)€U2)>
to (Ind% (U1) ®% Indf(Us), e, ®x e, ) and further to (Indf(Uy @ Us), ey, gy, ) for
all Uy, Uy € H. Tt is easily verifiable that these isomorphisms actually satisfy the
requirements imposed on morphisms in B, and that they are natural in both argu-
ments. The unit object k of H is send to (Ind$(k),ey). It is easily verified that this
object is naturally isomorphic to (O, Ay o), which in turn is naturally isomorphic

to (k,idre, ) by means of Ay and pgy. It is now fairly obvious that this structure
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equips the full faithful functor H = G@H with the structure of a monoidal functor.

This completes the proof. n

In the above proof, we made heavy use of the push-pull formula which we now
recall. Note that we had already shown in Corollary |4.8.22| that this formula holds for
@@H. The reader may want to check that the concrete version below and the abstract

version in Corollary |4.8.22] correspond to each other via the equivalence provided in

Theorem [6.3.6]

Lemma 6.3.7. ForallV € G and U € ﬁ, we assign an 1somorphism in G denoted by
Yoy : IndG(Res (V) @7 U) = V@FIndG(U) which is determined by vv.uy(9 @uia
(v @ u)) == gv @ (9 Sk w) for all g € G, v € V and u € U. This assignment

defines an isotransformation v : Ind% (Res$ (—) @ —) = — % Ind%(—) of additive
functors GxH-=G.

Proof. Let V € Gand U € H. Itis an easy exercise to check that vy, as introduced
in the statement of this lemma is well defined. The (similarly well defined) inverse is
determined by 7(_‘/17[])(1; QR (9 Rk ) = 9 Rk (97 v Qg u) for all g € G, v e V and
u € U. Furthermore for f; € G(V,V2) and f, € H(U,Us,), we have
(Yva,02) © (Ind5 (Res (f1) @ f2))) (9 @kpa) (v @ w))

= Y(va,02) (9 um) (f1(v) @ f2(w)))

= 9f1(v) ®x (g Rumy fo(u)))

= f1(gv) @k (9 Q) fo(u)))

= (f1 ®° Ind§(f))(gv @k (9 i w)))

= (f1 ®° Ind§(f2)) o Yy (9 @k (v @k w)).
Thus, the isomorphisms indeed define a transformation as claimed. O]

Remark 6.3.8. Instead of Indg, we could have attempted to use the coinduction
functor Coind$ := Homyy(k[G], —). However, it is not possible to equip Coind%
with the structure of a G-functor. Nevertheless, it is possible to equip Coind$, with the
structure of a lax-G-functor. This relates to Remark where we had explained
that there is a larger class of 2-cyclic modules, which comprises functorially cyclic
modules, and which may be called lax-functorially cyclic modules. The pair Coindfl
and Res% together with appropriate lax-G-transformations shows that H is one such

lax-functorially cyclic module.

Using the equivalence H = G, we can derive a new homomorphism formula for

G-representations restricted to H. For this purpose, we equip [[, I Homy (V7, V)
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with the following G-action: For all f = (f7)yeq i € [1q/n Homy(V4, V2), we define

9-F = ((9-Ng)5eqm DY setting (9.)z(v) = gfiz7(g7'v) for all g, ¢’ € G and
v € V;. Taking G-invariants yields the following formula:

. G
Corollary 6.3.9. Let Vi, Vo € G. Then, Hompy (V1,V3) = (HG/H Homk(Vl,Vg)> )

Proof. Let Vi, V5 € G. Using our more detailed notation, we have Homy (V3,V3) =
H(Res$ (V1), Res% (V3)). Recall that we calculated a fully faithful functor H — ééH
explicitly in the proof of Theorem m For V € G, it is easy to see that Res$ (V)
is send to an object isomorphic to (V ®@% Oy, idy ®% ey), where ey = Ay o iy is
the idempotent associated to ©y. Further this object is isomorphic to (V,idygce, )
Thus, the statement follows from identifying é@H (1, idv,ece,,), (Va,idygee, ) with
the right hand side in the statement. We will calculate such homomorphism spaces
quite explicitly in the proof of Theorem [6.3.11] For now, it is sufficient to observe
that right O -descent forces all morphisms [ to stabilise the right factor of every
element V ®; g for all v € V}; and g € G/H. Thus for all g € G/H, there exists a
k-linear map f5 : V4 — Va such that f(v ®; g) = f7 ® g. Keeping track of the G-
action, yields the result: Since fzg7(91v) ®% G102 = (910 @k §1G2) = f(91(v @k G2)) =
G0 F 00 T) = 61(f(0) @ B) = 91f5(v) Ok GG and thus fz(v) = g7 Frrsr(g10)
for all g1, g2 € G and v € Vi, we obtain (g.f)z(v) = gfm(gflv) = fz(v) for all
9,9 € Gand v € Vi and thus g.f = f for all f € [[;/; Homg(V1,V2) that lie in
the image of the assignment. We leave it to the reader to check that this assignment

surjects onto the G-invariant morphism in Homy(V1, V2). O
Let us explain the isomorphism of Corollary in two examples:

Example 6.3.10. Let V;, Vo € G. For H = {e}, the action of G on G/H is free
and transitive. Thus, all elements of (][], Homy(V4,V2))¢ are uniquely determined
by their value on any factor Homy(V3,V3) and all morphisms in Homyg(V;, Va) ex-
tend to an of ([], Hom(Vi,V2))¢. For H = G, we have (Ie/m Homy (V4, V)¢ =
(Homy (V7, V5))9, and the subset of G-invariants of (ITg s Homy(V1, V3))¢ is is exactly
the same as the definition of Homg(V1, V3) as a subset of Homy(V7, V5).

In the case of a normal subgroup N < G, we can improve upon Theorem [6.3.6|
Let us denote by P /NN the monoidal category whose tensor product is defined
using the tensor product of N twisted by the group multiplication of G/N. By this
we mean that objects are given by Ob <@G/NN> = {(V,9)|V € N,g € G/N},
Deyw N ((V1,90): (V. 92)) = 05, zN(Vi, V) and (V1,5,) @ (Va,33) = (Vi @™ V3, 31)
for all (V1,91), (V2,9:) € @an N.
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Theorem 6.3.11. Let k be a field, let G be a group and let N <G be a normal
subgroup. Then, we have an equivalence @G/NN Endys(N ) of additive monoidal

categories.

o’

Proof. Let G be a group and let N < G. By Theorem [6.3.6, we have N = ée
and by Theorem [4.5.10] we have a monoidal equivalence Sndé(ééN) =

On G@N
Thus, it suffice to show that we have an equivalence of additive monoidal categories

D N G@N = éwééw' For readability, we will omit the associator of, as well as
the brackets in G. The proof consists of five steps: First, we provide an explicit de-
scription of all morphisms in éNééN ((V,idoyvey), (U, ideyve,)) for all V, U € G.
Second, we define an idempotent {.e of (V,ide,ve,) € @NG’@N for all g € G/N and
V € G. Third, we show that this defines a family indexed by G/N of orthogonal
idempotents e € Z (éwééw)’ where we consider éNééN € 4dd or in other words
the transformations %e are not monoidal transformations. Thus, we obtain a direct
sum decomposition éNGéN = ®§€G/N 9e (éNé@N>' Fourth, we show that the exists
a natural isomorphisms (V;, {ie) ® (Va, $2¢) = (V3 @% Va, 9%, e). In particular, we

Vi®C1a
can deduce that taking tensor product on the left with (k, {'e) induces an equiva-

~

lence %2e (é G > — N9%2¢ <é @@ ) Fifth and last, we show that the component
N N N N

associated to ®e is equivalent to G@N, whereby the proof will be complete. In the

remainder of this proof, we will use the Einstein summation convention.

In the the first step, let n := |G/N| and let us fix an enumeration {g}?, of G/N.
Also, let us encode the left (resp. right) action of G on G/N through this enumera-
tion, i.e. we denote by g7 and ig the unique natural number such that gg, = g4
and Gig = Gig. Let V,U € G, and fix k-bases {v,,} and {u,} of the respec-

tive underlying k-vector spaces. For all f € @NGGN (Viideyvey), (U ideyuey)),

knl

we define coefficients {f, i

Yijkim in k, which are uniquely determined the equa-
tions g; ®p Uy, R g5 = ijgk Rk Uy, R g for all valid i, m, 7. It is easy to verify
that these coefficients satisfy the following two equations and that any family of
elements in k that does satisfy these two equations defines in turn a morphism in
éwééN (Videyvey), (U,ideyvey)). First, we have fﬂg; = f;;;‘;]]dl 105, for all valid
1, J, k, I, m, n, since f satisfies two sided Ony-descent. Second, we have fﬁ;‘; =

vagr fglknz;l (g~ 1™, for all valid i, 7, k, I, m, n, since f is k[G]-linear, where we de-

noted by y g the action of g on V' and expressed this linear map in terms of the basis
of V', and analogously for U. Further for all f € éNééN ((Vyideyvey), (U,ideyvey))
and gE€ éNééN ((Uv Z.d@NUGN% (VVa Z'dGNI/V@N))v we have (g © f)fnz,l] = gllj’nfl’ © fz'lf;;L’r,Lj/"l/

for all valid 4, j, k, [, m, n.
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In the second step for all g € G/N and V € G, we define an 1dempotent e of
(Vyidoyvey) € éNéé by setting Vef;lnjl '= 01,i0j10m.m 0igj. Note that the second
index of the last Kronecker symbol is well defined since ig is independent of the
representative g € G of g chosen. Further, note that it is this Kronecker symbol
that ensures that the second equation above is satisfied. Furthermore, note that the
composition rule easily implies the thus defined morphisms are idempotents. Finally,
note that deG/N Ye = idoyve,, since (id@NV@N)iﬁ;l = 0; x0;10m m for all valid
i, 7, k, I, m, m’.

In the third step for all g € Gi/N, we define orthogonal idempotents e € Z( ¢ ééN)
by setting (%€) ., = yeo f for all (V,f) € g Gg, . This definition is well de-
fined, since the above presented composition rule easily implies that {,eo f = fo {e
for all f € o Gg. ((V, id@NV@N) (U,idoyvey))- In particular for all V € G and
g € G/N, the idempotent {,e commutes with all endomorphisms (and importantly
idempotents) of (V,ido,ve,). Therefore the following notation is well defined: For
all f € o, A@N ((V, f1), (U, f2)) and g € G/N, we denote 9f := fo Je = Yeo f. We
have obtained for all g € G/N, the morphism (%), = f for all (V. f) € ¢ GéN’
which is an idempotent, and thus shown that the idempotent transformation Je is
well defined. Further, it also follows from the composition rule that these idempo-
tents are orthogonal, i.e. that 9eo e = e iy 5 for all g7, g2 € G/N. Furthermore,

it follows from the second step that > - s/ 9e = id@N Co,, and therefore we obtain

the decomposition @NG’@N = @geG N de (éNééN> of additive categories.

In the fourth step for all (V4, f1), (Vs, fo) € O GéN’ we provide natural isomorphisms
(Vi, 1 f) @ (Va, 92fy) =2 (V) @Y Vy, 192 f15) in On Gé , where fi5 is defined by set-
ting (fia)y i = (FL)S 02 (o) f 2 6igygo g for all valid i, 5, k, 1, (n,m), (n,m').
Note that we have used the indices n, n’ (resp. m, m’) for the the basis of V; (resp.
V) and that the basis of V; ®“ Vj is therefore parametrised by pairs (n,m), (n’,m’).
By Proposition 4.8.13] we have (Vq, 91 f1) ® (Va, 92f5) = (V1 ®% 0N ®F Vs, flg) for

all (Vi, f1), (Va, f2) € éwééw where fi5 := (9 f; @y idy,g00, ) © (idoysov; @k 7 fa).

Using the basis {g; ® kv ®k 7, Rk V2, Rk Gk Hi (n,jm),k of On RV R%ON @V, % Oy,
/7( 7] m )7kl
we obtain (f12>A = (fy)1 ()i m oK Jig1.i Ojgo. e for all valid indices. Now,

. ,M,] J,m, k
i,(n,j,m),k -
the isomorphism (Vi ®“ V5, ide yecviacnacey) — (ViQFONQTV, §e®@yidy,gco,)

in éNééN given on the basis by g; @ v} @4 v2, @1 Gr — 7 @k, v @4, Tigt Ok V2 Q. G
intertwines f1o and 992 f. Thus, 9192 f is indeed a well defined morphism. We leave it

to the reader to check that the thus provide family of isomorphisms is natural.
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It now follows that taking tensor product on the left with (k, fe) induces an equiv-

A

alence %e (9 G ) = 7igze <é Gé > Now, recall the definition of the ten-
N N N N
sor product on 69?60 /NN defined directly before stating this theorem. Applying
same construction to g @é rather than to N, yields an additive monoidal category
N N
@geG/N e (éNGézv)’ which is equivalent to ¢ Gg by the arguments just given.

~

In the fifth and last step, it remains to show that the component e (é) Ge ) asso-
N N

ciated to e is equivalent to é@N. This follows directly from the isotransformation

(g¥ 619, ole) = idg, of Proposition 4.8.10 since the idempotent e g on the compo-

sition in the other order ©¥ oV agrees exactly with “e. This completes the proof. [

Remark 6.3.12. One can think of Theorem [6.3.11] in the following way: Any endo-
N-functor of G is given by right multiplication with some representation V' € N. The
representations V' can be embedded in |G/N|-ways into k[G/H] @~ V = ResInd(V).

These different embedding give rise to different structures of — @z V as a G-functor.
Let us comment on two tasks that remain open:

Remark 6.3.13. It would be interesting to study whether for all right indecompos-
able split Frobenius objects O in G’, there exists a subgroup H < G such that Oy is
isomorphic to © or weaker that there exists a strong equivalence Oy ~ 6. We have
not looked into this.

Remark 6.3.14. The symmetry of G has only been used to show that O is sym-
metrically central. It should be possible to construct the symmetry of H from the
symmetry of G either directly or in the more abstract setting of Section

We conclude this section by providing some context for this section from the

literature.

Remark 6.3.15. Recall that for finite groups (and more generally in the case of affine
group schemes over a fixed base filed), the group can be recovered from its monoidal
category of representations by virtue of Tannakian formalism, see [DeMi|. To obtain
this result, either the fibre functor to vector spaces (the group algebra is isomorphic
to monoidal autotransformations of the fibre functor) or the additional structure
as symmetric monoidal category is required. In this section, we mainly consider the
structure as an additive monoidal category and had no need to reconstruct the group.
However, we used the groups involved and the symmetry of G in order to construct
Oy and show its properties in Proposition [6.3.4]
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Remark 6.3.16. Another aspect to keep in mind when putting this section into con-
text, is the work [EtGe]. Therein, two finite groups are defined to be iso-categorical if
their respective monoidal categories of complex finite dimensional representations are
equivalent as monoidal categories. For example, simple groups or groups of order ei-
ther 2k+1 or 2x(2k+1) for k € Ny are isomorphic if an only if they are iso-categorical.
More precisely [EtGe] shows that given two non-isomorphic iso-categorical groups,
both groups have an Abelian normal subgroup of order 22™ for some m € N such that
the second group cohomology of the quotient of the group by this Abelian normal sub-
group with coefficients in this Abelian normal subgroup is non-trivial. Furthermore,
iso-categorical groups can be constructed from one another by twisting the multipli-

cation by some non-trivial element of the above mentioned cohomology group.

6.4 Defect groups

In this section, we merely note that the additive Barr-Beck theorem can be applied
in the context of defect groups. This gives a new construction of certain additive cat-

egories involved. We hope that by noting this here, we will stipulate future research.

Theorem 6.4.1. Let k be a field of positive characteristic, let G be a finite group, let
B = k[G]b be a block of k|G| and let D < G be a defect group of B. Then, there exists
a split Frobenius object in k[D] — mod such that the associated additive category is
equivalent to k[G]b — mod. In other words, all information about the module category

of the block is contained in the module category of the defect group.

Proof. There are various places from which one can extract the necessary ingredient,
see for example [Lin, Theorem 2.1]. A reference that makes it straightforward to apply
our theory is [Rou3l Proposition 4.7]. Its proof contains the following statement: A
defect group D of B is a (smallest) subgroup such that the identity functor of B—mod
is a direct summand of Indg ) Resg. Now, Theorem applies. O

Remark 6.4.2. This theorem uses the additive Barr-Beck theorem only. There is
however an obvious generalisation of this theorem for k[D] — mod and k[G]b — mod

considered as objects in k[G] — mod.

221



Chapter 7

Future Directions

In this chapter, we discuss two questions that we believe deserve the attention of
future research. Let us also remind the reader of the conjectures in Section [5.2| that if
true would strongly increase the relevance of this work, of the open questions related
to Jordan-Holder theory in Section and particularly the envisaged base change
over endomorphism categories in Remark [£.9.20]

7.1 Passage between monoidal and 2-categories

One can merge a given additive 2-category @ into a single monoidal category B by
formally adding a unit object. If @ has is infinitely many objects, this results in an
infinite rank endomorphism ring of the unit object. However, it should be possible to
determine a finiteness conditions on B-modules such that the associated 2-category
B — Mod is equivalent to @ — Mod = B — Mod™.

More intriguingly, let @ be a 2-category with an object 0 € @ maximal with re-
spect to <pp, see Definition [1.2.12 Now define B := @(0,0). Clearly, we have an
inclusion 2-functor ¢ : B — @. It would be important to have a good understanding
of Res,. Any answer is likely to involve the construction of Ind, and should also take
Coind, into account. Further, the embedding B — #Frob™" (B) might factors over
the inclusion B — @ and one would like to understand the precise relation between
Frob(B)™ and A (as well as Frob(d)""). This question is plausible since we assumed
that 0 € 4 is a maximal object. A starting point would be to study the properties of
the functor @ (a, a’) — Homg(4(0,a),4(0,a’)) given by right multiplication.

More generally, it would be interesting to extend Frob to an endo-2-functor of

2 — Add and to study the relation between this 2-functor and its square.
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7.2 Twisted singular Soergel bimodules

In this section, we briefly discuss twisted singular Soergel bimodules SOGé. Twisted
singular Soergel bimodules were introduced in [KI| an extension of singular Soergel
bimodules. The objective of this section is to introduce interesting categories that
arise when putting twisted singular Soergel bimodules into the context of higher rep-

resentation theory and thereby to stipulate future research.

According to the geometric Satake correspondence [Lull, [Gi, MiVi] and results
known to experts, the subcategory of SSoe® of unshifted singular Soergel bimodules
for the affine Weyl group W, where S denotes the generators of the finite Weyl group,
forms a monoidal category after shifting the tensor product. Furthermore, considering
only degree zero morphisms one obtains a monoidal category that is equivalent to the
category of finite dimensional representations of the associated semi-simple adjoint
algebraic group. Since the geometric Satake correspondence also holds for the simply
connected cover (and any intermediate quotients), there should exist an enlargement
of 8Soe” that is similarly related to representation theory. This task was put forward
in [Wil]. In [KI], we conjectured that Soe?, provides the answer and established
this result for PGLy. Later, [Do] independently constructed “Soe?, (for affine Weyl

groups) and established the connection to geometry.

Let us provide some more details on twisted singular Soergel bimodules. Follow-
ing [KI|, denote by G a subgroup of the automorphisms of W that stabilize S, i.e.
G < Aut(W, S). In fact, we will see below that one should allow larger class of groups
G which act on R by ring homomorphisms such that g(R”’) = R9) for all finnitary
I, J C S. One can use this action to obtain equivalences 9, : ISoe? — 9(NSped).
One now defines twisted singular Soergel bimodules analogously to [Wi2, Definition
7.1.1] as an idempotent closed additive subcategory of R! 27" R’ — Mod, allowing
additionally for twist on the left and right side that come from the group action. In
the case that none of the elements of G\ {e} act in the same way as a non-trivial inner
automorphisms of W, it is shown in [KI] that ‘Soel, = @gea SoedD . This equiva-
lence is an additive monoidal equivalence, where the tensor product on the right is

defined using the functors ¥, for ¢ € G. In the general case, we have an essentially
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surjective, faithful monoidal functor @jec SoedD) — 1Soel,.

In this thesis, we have typically considered right singular Soergel bimodules as
modules for the original Soergel biodules. This can be regarded as a global to lo-
cal step. Now, we discuss the local to global direction. Let I C S be finitary and
assume that the complement S\ [ is finitary as well. We are interested in a par-
ticular endomorphism category in Soe’ — Mod: Endig,,: (@;Eé SOGQ(S\I)> where
G := G/Stabg(S \ I) avoids double counting. Clearly, we have an faithful monoidal
functor ( Soeé)rev — Endigy,t (@geé Soed5\ )> . We propose to study the properties
of this comparison functor and to determine when it is full or essentially surjective.

To promote interest into this question, let us present three special cases.

The first case is I = () and thus has rather simple and in the context of this
thesis very well understood right hand side. One the left hand side SSoeg has non-
isomorphic objects provided that G contains non-trivial inner automorphisms of W.
This does occur for type A,. In this case the functor is not full. This example shows
that we have to exclude certain group actions. However, one has to be cautions when

drawing conclusions for the other cases.

The second case is I = S. Here, the right hand side is given by Endsg,.s (9Soe).
Clearly, there is a faithful embedding from Soe into this category. This observation
was inspired by [Os2] and prompts us to ask whether there is an equivalence with
Soe. Note that from a classical viewpoint this is a very surprising question, since
[5S0e®] = [°Soe] cannot see this feature. Thus, we are dealing with a truly categori-
cal question within higher representation theory. In type Ay, one quickly sees that the
comparison functor is fully faithful, but does not attain the second indecomposable
object. Now, Sy acts non-trivially on R giving rise to a twist by —1. In this way

Soeg, actually agrees with Endsg,.s (*Soe).

Third, denote sy the affine reflection in an affine Weyl group and let S denote
the reflections generating the finite Weyl group. Then, Endi.q) g, .0} <®;S€%} Soeg(S)>
contains |G| copies of our candidate for the Satake correspondence. Clearly, one
wonders whether the comparison functor is essentially surjective. One might also

draw further inspiration from a comparison with the multiple copies that arose in

Theorem [6.3.17].
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