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Abstract

This thesis is devoted to the study of higher representation theory as

introduced in [Rou4]. As this theory is in its early days, it is essential to

seek out modules that can rightfully be named building blocks and allow

one to express as much of the structure of arbitrary modules as possible

in their terms. We contribute towards this undertaking in the case of

additive higher representation theory. Inspiration is drawn from Soergel

bimodules which categorify the Hecke algebra.

We introduce functorially cyclic modules as well as (strongly) universal cell

modules. Examples include the minimal categorifications of [Rou4]. Prop-

erties of such modules are discussed and universal properties in terms of

representable 2-functors are established. This leads to constructions and

classifications in terms of split Frobenius objects, using a new variant of

the Barr-Beck theorem for additive categories. Furthermore, we encounter

a new class of modules so called coinvariant modules which arise from au-

tomorphism group actions. We also construct canonical cofiltrations and

demonstrate why the Jordan-Hölder theory of [Rou4] does not readily

generalise. Throughout, we comment on the succession [MaMi1]-[MaMi5]

that tackles the same questions, however arrives at different conclusions.

As applications, we first show that the 2-category of singular Soergel bi-

modules of [Wi2] arises naturally within the additive higher representation

theory of Soergel bimodules. Second, we establish (weak) equivalences be-

tween certain associated universal cell modules together with a categori-

fication of cell module homomorphisms of the Hecke algebra. Third, we

show that singular Soergel bimodules constructed with a faithful represen-

tation categorify the Schur algebroid, generalising the main result of [Li].

Fourth given a group and a subgroup, we recover the additive monoidal

category of representations of the subgroup from the corresponding cate-

gory for the group without invoking Tannakian formalism.
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Chapter 1

Introduction

Background

Higher representations are ubiquitous in modern representation theory. Already

in 1995, [Ber] started analysing general actions of monoidal categories. 13 years

later, [Rou4] detailed the category theoretic framework for such actions. More pre-

cisely given 2-categories A and D, [Rou4] defines the 2-category Hom(A,D) of 2-

representations of A in D. Objects are 2-functors A→ D, 1-arrows are morphisms of

2-functors, and 2-arrows are morphisms of morphisms of 2-functors. In most exam-

ples relevant to representation theory, D takes the form of Add (resp. Addidem, Link,

Ab or Tri), which is the 2-category of additive (resp. idempotent closed additive,

k-linear, Abelian or triangulated) categories with additive (resp. additive, k-linear,

Abelian or triangulated) functors and transformations as 1- and 2-arrows.

The formal definition of higher representation theory was targeted towards the

study of the 2-Kac-Moody algebras Ag associated to any Kac-Moody algebra g, see

[Rou4] as well as [ChRo, La, KhLa]. The 2-Kac-Moody algebra Ag categorifies

Lusztig’s idempotented version of the quantized enveloping algebra Uq(g), see [KhLa,

We]. At the same time quiver Hecke algebras came into being, see [Rou4, KhLa].

It was shown that they categorify one-half of Uq(g), see [Rou5, VaVa], in the same

time generalising the work of [Ar] on cyclotomic Hecke algebras. Another stepping

stone was the proof of Broué’s Abelian defect group conjecture for symmetric groups,

see [ChRo]. Furthermore, Rouquier announced the construction of tensor products

for dg-representations of Ag which shall ultimately give rise to 4-dimensional TQFT’s

as envisaged by [CrFr]. For a more comprehensive summary, see [Br]. The Jordan-

Hölder theorem for Ag in [Rou4] motivated us to undertake this work.

1



Our focus is on additive higher representation theory of a general additive 2-

category A. More precisely, we analyse building blocks of this 2-category. Such

A-modules should be small, should satisfy good universal properties and should al-

low one to describe as much of the structure of arbitrary A-modules as possible in

their terms. This is the central quest that drives this thesis and ultimately leads

us to introduce strongly universal cell modules. Closely related research was under-

taken in [MaMi1]-[MaMi5] yet under finiteness and duality assumptions which we do

not impose. They arrive at a different and complimentary conclusion, namely cell

modules that do not admit non-trivial quotients, which are called simple transitive

2-representation.

Let us clarify the term additive higher representation theory. First, we assume

that A is idempotent closed. This makes the exposition cleaner however most results

can be expressed with additional notational burden in the general case. We denote

by A − Mod the 1-2-full sub-2-category of Hom(A,Add) whose objects are additive

2-functors. The 0-, 1- and 2-arrows of A − Mod are referred to as A-modules, A-

functors, and A-transformations respectively. The 1-2-full sub-2-category of A−Mod

with A-functors that map objects to idempotent closed additive categories is denoted

A−Modidem. Note that in most relevant examples for D, we have forgetful 1-2-faithful

2-functors D → Add, which induce 1-2-faithful 2-functors Hom(A,D) → A − Mod,

which further justifies our decision to focus on A −Mod. For the remainder of this

introduction, we assume that A is strict.

Since we will base our constructions on principal representations and their quo-

tients, we recall their definition here. This terminology originated in [MaMi1] within

Hom(A,Ab), however in essence these modules are introduced in [Rou4]. Crucially,

the minimal categorifications L(λ) ∈ Ag −Mod of the finite dimensional, simple rep-

resentations L(λ) of g are examples. For an object a ∈ A, Pa := A(a,−) ∈ A−Mod

defines the principal representation of weight a. Part of the datum of any R ∈ A−Mod

is an additive category R(a) and further structure that allows one to extend the as-

signment Φa(R) := R(a) to a 2-functor Φa : A−Mod→ Add, called the a-weight space

2-functor. The 2-Yoneda Lemma 3.3.49 implies that Pa represents Φa. Given any

M ∈ R(a), we have a left ideal Ann(M)E Pa given by all 2-arrows that act trivially

on M . On the other hand, to any left ideal IEPa on can associate a sub-2-functor ΦIa

of Φa, by specifying ΦIa(R) to be the full additive subcategory of R(a) whose objects

M satisfy Ann(M) ⊂ I. Moreover, there exists a canonical quotient Pa � PIa in

A−Mod with associated ideal I E Pa. One then proves that PIa represents ΦIa .
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Main results

A split Frobenius object Θ̂ in Aa = A(a, a) is a triple Θ̂ = (Θ,∆, µ), where Θ ∈ Aa,
∆ ∈ Aa(Θ,ΘΘ) and µ ∈ Aa(ΘΘ,Θ) such that the Frobenius relations hold and such

that ∆ splits µ. In formulas, we require (Θµ) ◦ (∆Θ) = ∆ ◦ µ = (µΘ) ◦ (Θ∆) and

µ ◦∆ = Θ, where Θ denotes the identity 2-arrow on Θ as usual. To our knowledge

the following theorem is a new result, which we call the additive Barr-Beck theorem.

Theorem 1 (Theorem 4.3.26). Let M ∈ Addidem and let Θ̂ be a split Frobenius

object in Add(M,M). Then, there exists Θ̂M ∈ Add
idem, additive functors Θ̂M

ϑΘ̂

−→
M

ϑΘ̂−→ Θ̂M and transformations id
Θ̂M

α
=⇒ ϑΘ̂ϑ

Θ̂ β
=⇒ id

Θ̂M with β ◦ α = id
Θ̂M and

Θ̂ = (ϑΘ̂ϑΘ̂, ϑ
Θ̂αϑΘ̂, ϑ

Θ̂βϑΘ̂). On the other hand, given D ∈ Add, additive functors

D G−→ M F−→ D and transformations idD
α′

=⇒ FG
β′

=⇒ idD with β′ ◦ α′ = idD, then

Θ̂ := (GF,Gα′F,Gβ′F ) is a split Frobenius object in Add(M,M) and we have an

equivalence Θ̂M∼= Didem of additive categories.

In fact, we will provide an explicit construction of Θ̂M that can be regarded as

projective Θ̂-modules in M. The construction is similar in spirit to the Eilenberg-

Moore category associated to a monad, however it does not consider all possible

actions of a monad on objects, but instead only direct summands of free objects.

Note that an analogous theorem within A−Mod also holds.

Next, assume that IEPa and let Θ̂ be a split Frobenius object in Aa that stabilizes

I. Then, Θ̂ induces a split Frobenius object in the category of endofunctors of ΦIa(R)

for all R ∈ A − Mod. Since ΦIa restricts to a 2-functor A − Modidem → Addidem,

Theorem 1 yields additive categories Θ̂ΦIa(R) := Θ̂

(
ΦIa(R)

)
and we will prove that

this assignment extends to a 2-functor Θ̂ΦIa : A −Modidem → Addidem. Furthermore,

we show that there exist morphisms of 2-functors and morphisms of morphisms of

2-functors that recover Θ̂ in EndA(PIa ) as in Theorem 1.

Theorem 2 (Theorem 4.5.6). The 2-functor Θ̂ΦIa is represented by an explicitly de-

fined A-module Θ̂PIa . In other words, we have equivalences of idempotent closed addi-

tive categories HomA(Θ̂PIa , R) ∼= Θ̂ΦIa(R) which are 2-functorial in R ∈ A−Modidem.

The proof of Theorem 2 relies on keeping track of all the 2-categorical structure

and two generalisations of Theorem 1: The first applies to split Frobenius objects on

2-functors with codomain Addidem and the second applies to split Frobenius objects

on additive higher representations. For simplicity, we will carry out the explicit

construction of Θ̂PIa only in the case of an additive monoidal category, rather than
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an additive 2-category A. Note that Θ̂PIa is equivalent to a not necessarily full,

idempotent closed sub-A-module of PIa .

Let us give some flavour how Theorem 2 relates to the classical case. Denote by

A := [A] the split Grothendieck ring of A, and denote by A′ := A⊗ZQ, see [Ma] for a

detailed discussion of (pre-)categorifications. Given an idempotent e′ ∈ A′, we have

a projective module A′e′ and canonical isomorphisms HomA′(A
′e′,M ′) ∼= e′M ′ for all

M ′ ∈ A′ −Mod. This is very similar to Theorem 2. However, when working with A

subtleties arise. We can find e ∈ A with e′ = e⊗ 1
n

for some n ∈ N>1 and e2 = ne. The

element e may still be virtual, i.e. the difference of two elements that come from A.

In this case, A cannot tell us much about A′e′ a priori . Not even if e is categorifiable

by a split Frobenius object, i.e. if there exists M ∈ A−Mod with [M] = M , and a

split Frobenius object Θ̂ onM with [Θ] = e, is an isomorphism HomA(Ae,M) ∼= eM

guaranteed in general. Only if Θ̂ satisfies certain intricate Θ̂-descent properties, one

can deduce this isomorphism from Theorem 2. We will study this point in the Soergel

bimodule application.

While the constructions presented thus far are ad hoc, the main body of this thesis

provides a derivation from first principles. Starting with classical notions of cyclicity,

we discuss the analogue of 1-cyclicity in A−Mod. Each 1-cyclic module comes with

generators. If every non-trivial object of an A-module is a generator, we call it a cell

module. Next, we introduce 2-cyclic modules which are 1-cyclic and have 2-arrows

that are controlled by A. Functorially cyclic modules are a further specialisation that

have a readily testable definition. This leads naturally to the definition of weak equiv-

alences. The definition of a functorially cyclic module C requires existence of a ∈ A,

I E Pa, structure very similar to the one present in Theorem 1, and an additional

indecomposablility requirement. For example, Pa is functorially cyclic if the unit

object Ia ∈ Aa is strongly indecomposable, i.e. the only non-trivial idempotent of

Ia is its identity 2-arrow. In the same way as in Theorem 1, we associate to C a

split Frobenius object Θ̂ in EndA(PIa ). Theorem 4.5.4 summarizes several bijections

between split Frobenius objects and certain higher representations, one of which im-

plies Cidem ∼= Θ̂PIa . We will also see that non-trivial A-functors between cell modules

only exist if the annihilators of the respective cell modules have the same maximal

thick subideal. This observation will make it natural to define universal cell modules,

which are A-modules that allow for non-trivial A-functors to any other cell module

that has the same maximal thick ideal in its annihilator. A strongly universal cell

module satisfies in addition that its endomorphism category consists of a single left
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cell, and is therefore unique up to weak equivalence. From our perspective, strongly

universal cell modules are an appropriate substitute for simple modules.

For every additive 2-category A, let W (A) denote the set of isomorphism classes of

indecomposable 1-arrows, and denote by Bx a representative for x ∈ W (A). Following

[KaLu], W (A) carries a left order ≤L and a 2-sided order ≤LR, where for example

x ≤L y if there exists z ∈ W (A) and a split injection of Bx into BzBy. An equivalence

class of ≤L (resp. ≤LR) is called a left (resp. 2-sided) cell. For each 2-cell c ⊂ W (A),

we will associated a canonical maximal c-cosubquotient 2-functor Qc, which is an

endo-2-functor of A −Mod that comes as close as possible to being a cosubquotient

of a canonical cofiltration of A − Mod. If Qc is a projector, we say that A has c-

cell modules. Equivalently, A has c-cell modules if there exists x, z ∈ c with a split

injection from Bx to BzBx and where x lies in a minimal left cell with respect to ≤L
in c. We say that a cell module C ∈ A−Mod belongs to c if C = Qc(C). Equivalently,

a cell module C ∈ A−Mod belongs to c if the ideal I�LR E A generated by all Bx for

x ∈ W (A) with x �LR c is the maximal thick ideal in the annihilator of C. Further,

we call A weakly regular if for all 2-sided cells c and all left cells c ⊂ c there exists

only finitely many left cells c′ ⊂ c that are comparable in the left order with c.

Theorem 3 (Theorem 4.5.34). Let A be a weakly regular additive 2-category and let c

be a 2-sided cell of A. Then, there exists an idempotent closed, strongly universal cell

module that belongs to c if and only if there exist a ∈ A and a right indecomposable,

split Frobenius object Θ̂ in A/I�LRc(a, a) whose underlying object lies in a left cell

minimal with respect to ≤L and such that Θ̂PIa is a cell module, where I := I�LR(a,−).

Let us sketch the proof: Let C be a strongly universal cell module that belongs to c.

It is not hard to associated a ∈ A and a right indecomposable split Frobenius object Θ̂

in A/I�LRc(a, a) to C, where the underlying object of Θ̂ is a sum of indecomposable

objects that are associated to the lowest 2-sided cell of A/I�LRc(a, a). Here, we

used that right indecomposable split Frobenius objects in A/I�LRc(a, a) correspond

to indecomposable split Frobenius objects in EndA(PIa ), since EndA(PIa ) ∼= ΦIa(PIa ) =

A/I�LRc(a, a) by the 2-Yoneda lemma. Essentially from Theorem 1, we obtain an A-

functor C → Θ̂PIa , which becomes an equivalence after taking the idempotent closure

of C. The subtlety is that we cannot guarantee that Cidem remains a cell module (nor

that it has the other two properties of a strongly universal cell module). However

if C = Cidem, we have C ∼= Θ̂PIa and can deduce the additional properties of Θ̂, as

well. On the other hand, given Θ̂ as in Theorem 3, we will use simple properties
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of annihilators to show that Θ̂PIa , is a universal cell module. Using Theorem 2, we

have EndA( Θ̂PIa ) ∼= Θ̂ΦIa( Θ̂PIa ) ∼= Θ̂

(
A/I�LRc(a, a)

)
Θ̂

, where the right hand side is

an additive monoidal category explicitly defined in Section 4.3.5. This equivalence

allows us to deduce that Θ̂PIa is strongly universal.

Further findings

There are another four constructions provided in this thesis that deserve attention.

Each of them is interesting in their own right. At the same time, they complement

and support the development of our main results.

First, base change over the centre, see Section 4.1. This is the observation that an

ad hoc construction of [Rou4], which extends a module by a multiplicity category, is

actually a very generic and powerful tool to produce new higher representations. More

precisely given R ∈ A−Mod and a category D that is linear over the centre ZA(R) of

R, we construct an A-moduleR⊗Z
A

(R)D whose objects are given by Ob(R(a))×Ob(D)

for all a ∈ A.

Second, induction and coinduction 2-functors, see Section 4.4. For every 2-functor

π : A→ A
′, there exists a natural restriction 2-functor Resπ : A′−Mod→ A−Mod. We

will discuss explicit constructions of left adjoint 2-functors Indπ and of a right adjoint

2-functor Coindπ, provided that π is a quotient functor. Also, we construct Coindπ

explicitly in general. It remains an open task to construct Indπ and to identify the

appropriate notion of adjoint 2-functors that applies in the latter two cases. Amongst

other uses, these 2-functors will allow us to define cofiltrations for A −Mod and to

define isotypic A-modules associated to 2-sided cells.

Third, coinvariant modules, see Section 4.6. A group action of group G on an A-

module R is a monoidal functor G→ HomA(R,R), where we regard G as a monoidal

category in an obvious way. Given a group action, we construct explicitly a mod-

ule RG ∈ A − Mod together with a faithful A-functor ιG : R → RG and various

A-transformations and show that RG satisfies a universal property relative to R. On

the level of split Grothendieck groups, we recover the standard notion of coinvari-

ant modules by proving [RG] ∼= [R]G. Applied to a universal cell modules, we ob-

tain under certain conditions another universal cell module which has an interesting

Grothendieck group. Note that RG is typically not idempotent closed. Curiously, we

will see that the coinvariant module RG is weakly equivalent to R.
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Fourth, tensor products on functorially cyclic modules, see Section 4.8. Given an

additive monoidal category B, we will define symmetrically central, split Frobenius

objects in B, which can be viewed as (co)commutative split Frobenius objects in

the Drinfeld centre of B. In this case, we show that the associated functorially

cyclic module embeds naturally into its endomorphism category, thereby inheriting a

monoidal structure. This construction is the basis of Theorem 7 presented below.

Applications

Given a Coxeter system (W,S), the graded additive monoidal category Soe• =

Soe•(W,S) of Soergel bimodules is a purely algebraic analogue of certain categories of

perverse sheaves that appear in geometric representation theory. The category Soe•

originated in [Soe1] and it was shown in [Soe2] that W × Z ∼= W (Soe•) and that the

split Grothendieck ring [Soe•] is isomorphic the Hecke algebra H = H(W,S). In char-

acteristic zero, Soergel’s Conjecture states that we have [Bx] = Hx for all x ∈ W , i.e.

that the basis of H induced from the indecomposable objects of Soe• coincides with

the Kazhdan-Lusztig basis. This conjecture was shown to hold for various Coxeter

systems mostly by drawing on deep geometric theorems, see [Soe1, Hä, Soe5, Fi].

After a third of a century, and yet faster than many expected, the final break-

through on Soergel’s conjecture came in [ElWi2]. Furthermore following initial steps

in [Li3, ElKh, Kl, El2], explicit generators and relations for Soe• were obtained in

[ElWi1] modulo one inexplicit relation for each parabolic subgroup of type H3. Be-

yond research intrinsic to Soe•, one of the most important properties of Soe• is that

it encodes homomorphism spaces between projective objects of the BGG-category

O, see [Soe1, Soe2, St]. Furthermore using the Rouquier complexes introduced in

[Rou1], Soe• found crucial applications to braid groups and knot theory, see for ex-

ample [Kh1, KhRo, Rou6, LiWi].

The first application of our theory is concerned with the graded additive 2-category

Soe• of singular Soergel bimodules which appeared in disguise in [St] for Weyl groups

and was introduced for all Coxeter systems (W,S) in [Wi2]. Note that [MaStVa]

provides a different generalisation of Soe• in type A. The objects of Soe• are given

by all finitary subsets of S, i.e. subsets that generate a finite subgroup. In [Wi1]

it is shown that Soe• categorifies the Schur algebroid, which is an idempotent com-

pleted generalisation to arbitrary Coxeter groups of the q-Schur algebra associated to

symmetric groups. More precisely, Williamson introduces graded additive categories

Soe•(J, I) = ISoe•J that come with a faithful embedding into Soe•. Further, he
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defines the Schur algebroid to have objects finitary subsets of S and specifies mor-

phisms as certain subsets IHJ of H for all finitary I, J ⊂ S. The composition rule is

defined by a certain rescaling of the multiplication rule of H. Then, it is shown that

[ ISoe•J ] ∼= IHJ in a way compatible with the composition rules. Important for our

work is that [Wi2] points out that it is more natural define the Schur algebroid using

HomH(HI ,HJ) ∼= IHJ , where HI = ∅HI are the H-modules that are induced from

so called trivial representations of H(WI , I). Analogously, we denote Soe•I = ∅Soe•I .
We will show that this approach can be followed categorically:

Theorem 4 (Theorem 5.3.1). Let I, J ⊂ S be finitary. Then, Soe•I is a free functori-

ally cyclic Soe•-module and we have an equivalence ISoe•J ∼= HomSoe•(Soe•I ,Soe•J)

of additive categories. Further, there exist split Frobenius objects Θ̂wI0
and Θ̂wJ0

in

Soe•, such that Soe•I ∼= Soe• Θ̂
wI0

in Soe•−Mod and such that ISoe•J ∼= Θ̂
wI0

Soe• Θ̂
wJ0

as additive categories.

In fact, we construct Θ̂wI0
explicitly, by equipping BwI0

shifted upwards by the

Bruhat length of wI0 with a structure of a split Frobenius object. Thus, Theorem

4 provides a new, explicit construction of singular Soergel bimodules from Soergel

bimodules. This might allow one to deduce generators and relations for singular

Soergel bimodules from [ElWi1]. Moreover, we construct an enlargement Frob(Soe•)
of Soe•, and show that it is equivalent as a 2-category to the 2-category of non-trivial,

idempotent closed, free functorially cyclic Soe•-modules. Conjecturally, Frob(Soe•)
has (at least) one object per Duflo involution of W , while Soe• has one object per

parabolic longest element. Recall that for finite Weyl groups, Duflo involutions go

back to [Jo], while the definition for general Coxeter groups is based on intricate

degree properties of Kazhdan-Lusztig polynomials. We will not recall this original

definition, we will however give a definition in terms of Soergel bimodules in the main

body of the thesis. Also, note that parabolic longest elements are Duflo involutions.

Another noteworthy point is that subject to the existence of an induction 2-functor

Indι : Soe•I −Mod → Soe• −Mod associated to the faithful embedding ι : Soe•I =

Soe•(WI , I)→ Soe• which is discussed in [Rou6, Section 3.3], our theory implies that

Soe•I ∼= Indι((Soe•I)I) in Soe• −Mod. Since for finite W , Soe•S is a categorification

of the so called trivial module of H, this would make the analogy to the classical

case complete. This should also be compared to [El1], where an ad hoc approach to

induced trivial representations is discussed.

The second application concerns certain cyclic and cell modules of Soe•. Let

c ⊂ W be a 2-sided cell, and denote by H the quotient of H by the ideal generated
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from those Kazhdan-Lusztig basis elements that are associated to 2-sided cells that

are not greater or equal to c with respect to ≤LR. Let d ∈ c be a Duflo involution.

Note that every left cell contains a unique Duflo involution. We denote by c(d) ⊂
c the left cell of W that contains d and by Cc(d) := HHd the associated left cell

representation of H, which is generated by the image in H of the Kazhdan-Lusztig

basis element Hd. We now categorify this situation. Denote by IESoe• the maximal

thick ideal that does not contain the indecomposable objects associated to c, and

denote by Soe• = Soe•/I the associated (monoidal) quotient. Further, denote by B̂d

the indecomposable Soergel bimodule associated to d shifted upwards by the value

of Lusztig’s a-function evaluated at d. Then, there exists a triple Θd = (B̂d,∆d, µd)

in Soe•, where both µd and ∆d are of degree zero and for which µd ◦ ∆d = idB̂d .

We make several conjectures about these triples in Section 5.2 and show that these

conjectures hold for parabolic longest elements. In particular, we conjecture that

Θd is a split Frobenius object. Thus, we obtain a strongly universal cell module

Cd := Θd
Soe• = Θd

PI . Note that Soe• has only a single principal representation

P = Soe•. Another conjecture of Section 5.2 implies that [Cd] ∼= Cc(d).

Theorem 5 (Theorem 5.4.1 & Corollary 5.4.4). Let d1, d2 ∈ c be Duflo involutions,

and assume that the conjectures of Section 5.2 hold for d1 and d2. Then, Cd1 and Cd2

are weakly equivalent, we have an equivalence HomSoe•(Cd1 , Cd2) ∼= Θd1
Soe•Θd2 , and

the associated split Grothendieck groups are isomorphic to Hd1
HHd2

. Furthermore

if c is strongly regular and contains a parabolic longest element, then we have an

equivalence Cd1
∼= Cd2 in Soe• −Mod.

This theorem is closely related to results of [MaMi1] on equivalences of 2-cell

representations in the regular case and of [MaMi3] on endomorphism categories of 2-

cell representations. We conjecture that one can recover their categorification Cc(d) of

Cc(d) as a quotient of a base change over the centre of Cd. Theorem 5.4.1 also implies

that there exists a split surjection HomH(Cc(d1), Cc(d2)) � Z[v, v−1][c(d1)−1 ∩ c(d2)].

For Weyl groups, we deduce in Corollary 5.4.6 that this surjection is an isomorphism

using the classical result [Lu2, Proposition 12.15].

The third application generalises the main result of [Li] from Soe• to Soe•. Denote

by Soe
•

the category of singular Soergel bimodules constructed using the geometric

representation V ′ of a Coxeter group. It follows from [Soe6] that V ′ ⊂ V , where

V is the reflection faithful representation that is normally used to construct Soergel

bimodules. Note that V = V ′ if W is finite. Now, denote by R := O(V ) the regular

functions on V and denote Z := RW/ {r ∈ V ∗|r(v) = 0 ∀v ∈ V ′}.
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Theorem 6 (Theorem 5.7.6). We have a quotient 2-functor Soe• → Soe
•
. Fur-

ther, this quotient 2-functor induces a 2-equivalence Soe• ⊗RW Z ∼= Soe
•
, as well as

an isomorphism [Soe•] ∼=
[
Soe

•
]

of the associated graded split Grothendieck rings.

Therefore, Soe
•

categorifies the Schur algebroid.

The fourth application concerns additive monoidal categories of representations

of groups. Given a group G, we denote by Ĝ its additive monoidal category of

representations in k −Mod for some fix unital commutative ring k. Provided that

|G| is invertible in k, we will show that all functorially cyclic Ĝ-modules are weakly

equivalent. Further for all subgroups H ≤ G, we will construct a symmetrically

central, split Frobenius object Θ̂H in Ĝ. We denote the associated functorially cyclic

Ĝ-module by CH . By the fourth further finding discussed above, CH embeds into

EndĜ(CH) and thereby inherits a monoidal structure.

Theorem 7 (Theorem 6.3.6 & Theorem 6.3.11). Let G be a group and let H ≤ G

be a subgroup. Then, we have an equivalence CH ∼= Ĥ of additive monoidal cate-

gories. Furthermore given a normal subgroup N EG, we have a monoidal equivalence

EndĜ(N̂) ∼=
⊕
|G/N | N̂ , where

⊕
|G/N | N̂ carries the monoidal structure inherited from

N̂ and the group multiplication of G/N .

Outline of the thesis

Chapter 2 discusses the classical analogue of additive higher representation theory. To

our knowledge this classical structure has not been studied in the way presented here,

and is thus of interest in its own right. Section 2.1 introduces rings and modules with

positive structure coefficients. Section 2.2 shows that the category of modules with

positive structure coefficients is not Abelian and in fact not even additive. Section

2.3 relates cyclic and cell modules to the left order and left cells respectively, as well

as quotients of the base ring to 2-sided cells. Section 2.4 introduces annihilators and

discusses immediate connections with 2-sided cells. Section 2.5 introduces universal

cell modules, defines when cell modules belong to a 2-sided cell, and introduce regu-

larity notions. In the weakly regular case, necessary and sufficient conditions for the

existence of cell modules that belong to 2-sided cells are given, as well as an explicit

construction of a universal cell module. Furthermore in the weakly regular case with

finitely many 2-sided cells, it is shown that the set of cell modules modulo linkage by

morphisms is in bijection with the set of 2-sided cells. Section 2.6 introduces Coxeter
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groups, the Hecke algebra and the Schur algebroid, comments on W -graphs and fore-

shadows challenges faced in this thesis by discussing the cell modules of the Hecke

algebra of type B2.

Chapter 3 discusses the basics of higher representation theory. Section 3.1 follows

[Rou4] and recalls the definitions of 2-categories, 2-functors, morphism of 2-functors,

morphisms of morphisms of 2-functors, as well as the definition of a 2-category of

higher representations of a 2-category. The graded case is also covered and monoidal

categories are mentioned. Section 3.2 discusses centres of objects of 2-categories.

Section 3.3 defines (graded) additive higher representations and discusses (graded)

decategorification using the split Grothendieck construction. Further, kernels, coker-

nels, (thick) annihilators and (thick) ideals are introduced and related to the corre-

sponding classical concepts. Finally, universal properties, the 2-Yoneda lemma, and

(quotients of) principal representations are covered, which yields Theorem 2 for the

identity split Frobenius object.

Chapter 4 is the technical centre piece of this work. Section 4.1 discusses centres

and base change of A-modules. Section 4.2 introduces 1-cyclicity which is based on

objects, 2-cyclicity which also takes morphisms into account, and functorially cyclic

modules which are 2-cyclic, but posses a more readily testable definition. Section 4.3

introduces (indecomposable) split Frobenius objects and discusses the additive Barr-

Beck theorem, first for additive categories (Theorem 1), then for 2-functors with

codomain Addidem, and finally for universal properties of idempotent closed additive

higher representations. More general than Theorem 2, it is shown that representabil-

ity of a universal properties is preserved under the additive Barr-Beck construction.

Furthermore, the split Frobenius 2-category Frob(B) is introduced, as well as certain

preorders for split Frobenius objects. Section 4.4 is a technical intermezzo about

restriction 2-functors and their adjoints. Section 4.5 revisits functorially cyclic mod-

ules. Using the additive Barr-Beck theorem, bijections between equivalence classes

of certain modules (including functorially cyclic modules) and isomorphism classes of

split Frobenius objects, a universal property of functorially cyclic modules, as well

as an equivalence between the 2-category of free functorially cyclic modules and the

split Frobenius 2-category are established. Further, Frob(B) is identified with the

2-category of free functorially cyclic B-modules and the preorders on split Frobe-

nius are related to representation theory. Finally, (strongly) universal cell modules

are introduced and Theorem 3 is established. Section 4.6 discusses coinvariant the-

ory. Section 4.7 studies the compatibility of additive Barr-Beck construction with
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monoidal quotient functors, which is needed for Theorem 6. Section 4.8 shows that

certain functorially cyclic modules can be equipped with a natural monoidal struc-

ture, which is needed for Theorem 7. Section 4.9 addresses Jordan-Hölder theory.

Cofiltrations of the 2-categories of additive higher representations associated to re-

finements of the ordering of the set of 2-sided cells, modules isotypic with respect to

a 2-sided cell, as well as isotypic covers are introduced, and various challenges that

make it hard to establish results are discussed.

Chapter 5 is devoted to the higher representation theory of Soergel bimodules. Sec-

tion 5.1 recalls definitions and the relevant literature. Section 5.2 makes conjectures

about existence and properties of split Frobenius objects in Soe• associated to Duflo

involutions, and presents examples mainly associated to parabolic longest elements.

Section 5.3 establishes Theorem 4 showing that singular Soergel bimodules categorify

the Schur algebroid in the representation theoretic sense. Furthermore, related centers

are calculated. Section 5.4 discusses (universal) cell modules and their Grothendieck

combinatorics by showing Theorem 5. Section 5.5 applies the coinvariant theory of

Section 4.6 to certain cell modules of Soergel bimodules for several Coxeter systems.

Section 5.6 observes that certain endomorphisms of the unit object of Soe are closely

tied to the structure of Soe −Mod. Finally, Section 5.7 generalises the main result

of [Li] to singular Soergel bimodules.

Chapter 6 discusses the higher representation theory of the additive monoidal cate-

gory of representations of a group over a ring. Section 6.1 introduces notation. Section

6.2 discuses functorially cyclic modules and shows that there is only a single weak

equivalence class of functorially cyclic modules provided an assumption that is satis-

fied for example if the order of the group is invertible in the base field. Independent

of Section 6.2 and without invoking Tannakian formalism, Section 6.3 reconstructs

the corresponding category of representations for all subgroups. Section 6.3 does not

require us to work over a field, nor does it require any finiteness assumptions. Section

6.4 applies the additive Barr-Beck theorem to module categories that arise in the

context of defect groups.

Finally, Chapter 7 puts forward two questions that we believe deserve the attention

of future research, and provides pointers to other questions that are posed in earlier

chapters.
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Chapter 2

The Classical Case

In this chapter, we discuss the classical analogue of additive higher representation

theory. To our knowledge this classical structure has not been studied in the way

presented here. Thus, this chapter is of interest in its own right and also allows

us to distinguish truly 2-categorical properties from classical observations. Section

2.1 introduces rings and modules with positive structure coefficients, which are the

classical counterparts of additive higher representations. Section 2.2 shows that the

category of modules with positive structure coefficients is neither additive nor that

a canonical morphism, which is required to be an isomorphism in an Abelian cate-

gory, is invertible in general. Section 2.3 relates cyclic and cell modules to the left

order and left cells respectively. 2-sided cells and their relation to quotients are also

discussed. Section 2.4 introduces annihilators associated to modules with positive

structure coefficients and discusses immediate connections with 2-sided cells. Section

2.5 introduces universal cell modules, defines when cell modules belong to a 2-sided

cell, and covers regularity notions. In the weakly regular case, necessary and sufficient

conditions for the existence of cell modules that belong to 2-sided cells are given, as

well as an explicit construction of a universal cell module. Furthermore in the weakly

regular case with finitely many 2-sided cells, it is shown that the set of cell modules

modulo linkage by morphisms is in bijection with the set of 2-sided cells. Section

2.6 introduces Coxeter groups, the Hecke algebra and the Schur algebroid, comments

on W -graphs and foreshadows challenges faced in this thesis by discussing the cell

modules of the Hecke algebra of type B2.
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2.1 Rings and modules with positive structure co-

efficients

In this section, we introduce rings and modules with positive structure coefficients,

which are the classical analogues of A and A−Mod. We follow [EtKh, Os1], however

we take the freedom to make slight adjustments. Further, we change the notation to

better align with the standard notation used for the Hecke algebra, see Section 2.6.

Definition 2.1.1. Let k be a commutative ring with unit, and let Ok ⊂ k be a

submonoid that is closed under multiplication, that contains the unit of k, that has

no nonzero zero divisors, and that carries a preorder ≤. For all n1, n2 ∈ Ok, assume

that 0 < 1 ≤ n1, that n1 ≤ n1 + n2, and that n1 + n2 ≤ 1 implies that n1 = 0 or

n2 = 0. Then, we call the pair (k,Ok) a ring with positivity structure.

Example 2.1.2. For us, the most relevant examples of rings with positivity structure

are (Z,N0) and (Z[v, v−1],N0[v, v−1]), where the order of N0 is the standard order and

the order of N0[v, v−1] is induced from the order of N0 by evaluating v 7→ 1.

Definition 2.1.3. Let (k,Ok) be a ring with positivity structure.

1. An Ok-basis of a k-algebra A is a k-basis {bw}w∈W ⊂ A with a distinguished

subset U ⊂ W , such that bw1bw2 =
∑

w3∈W hw1,w2,w3bw3 where hw1,w2,w3 ∈ Ok,

such that {bu}u∈U consists of orthogonal idempotents, and such that for all a ∈ A
there exists a finite set Ua ⊂ U with a =

∑
u∈Ua bua =

∑
u∈Ua abu and 0 = bua =

abu for all u ∈ U \ Ua.

2. A (k,Ok)-ring A is a k-algebra A together with a fixed Ok-basis of A.

3. A (k,Ok)-module over a (k,Ok)-ring A is a k-free A-module that has a fixed basis

{mx}x∈X for some set X such that bwmx1 =
∑

x2∈X µw,x1,x2mx2 with µw,x1,x2 ∈
Ok, and such that for all m ∈ M there exists a finite set Um ⊂ U with m =∑

u∈Um bum and 0 = bum for all u ∈ U \ Um.

4. A morphism f : M1 → M2 of (k,Ok)-modules M1 and M2 over A with bases

{m1
x}x∈X and {m2

y}y∈Y is a map f : X → Ok[Y ] such that the k-linear map

f̃ : M1 → M2 defined by f̃(m1
x) :=

∑
y∈Y fx,ym

2
y for all x ∈ X, where f(x) =∑

y∈Y fx,yy, is an A-module homomorphism.
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5. An isomorphism is a morphism f : M1 → M2 of (k,Ok)-modules over A that

is invertible. A morphism f is an isomorphism if and only if f factors over Y

and the induced map X → Y is a bijection. We say M1 and M2 are isomorphic

and write M1
∼= M2.

6. The direct sum of (k,Ok)-modules M1 and M2 over A is given by the A-module

M1⊕M2 together with the basis given by the union of the bases of M1 and M2.

7. An indecomposable (k,Ok)-module over A is a (k,Ok)-module that is not iso-

morphic to the direct sum of two nonzero (k,Ok)-modules.

8. A sub-(k,Ok)-module of a (k,Ok)-module M over A with basis {mx}x∈X is an

sub-A-module of M with basis {my}y∈Y for some Y ⊂ X.

9. A cyclic (k,Ok)-module is a (k,Ok)-module with basis {mx}x∈X such that pro-

vided X 6= ∅ there exists x0 ∈ X such that M is the only sub-(k,Ok)-module

that contains mx0.

10. A cell (k,Ok)-module M is a cyclic (k,Ok)-module that is non-trivial and gen-

erated by every basis element.

Notation 2.1.4. Let M be a (k,Ok)-module, and let m1, m2 ∈ M be elements of

the Ok-linear span of the basis elements of M . We write m1 ≤ m2 provided that

this relation holds for each coefficient in the basis expansions. Whenever we write

m1 ≤ m2 for m1, m2 ∈M , we take it as implicitly understood that m1 and m2 lie in

the Ok-linear span of the basis elements of M .

Notation 2.1.5. Let A be a (k,Ok)-ring. Following definition 2.1.3, we denote by

A−Mod(k,Ok) the category of (k,Ok)-modules over A.

Remark 2.1.6. We would have preferred to call the rings and modules under dis-

cussion based rings and based modules. However, this terminology has already been

claimed in [Lu4] and has been used in [Os1]. The definition of based rings requires

the existence of a unit, a duality and a trace form which is compatible with the unit

and the duality. Neither of these three ingredients exist in (some of) our applications.

The main example of interest is the Hecke algebra H together with the Kazhdan-

Lusztig basis, see Section 2.6. As a little preview, we describe a special case (the

Hecke algebra of type A1) explicitly:
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Example 2.1.7. Let us define a (Z[v, v−1],N0[v, v−1])-ring H = H(A1) with basis

{bw}w∈W where W = {e, s}. Let bsbs = (v + v−1)bs and assume that be is a unit. All

(Z[v, v−1],N0[v, v−1])-modulesM overH are thus completely determined by a diagram

with vertices corresponding tthe basis of M and arrows labelled by the coefficients for

the action of bs. We omit the label if it is equal to 1 and draw no arrow if the label is

0. Similarly, we can describe morphisms by arrows of the form  . For example the

morphism ·bs : H → H given by right multiplication with bs, is encoded as follows:

e

�� ""

e

��
sv+v−1
77

v+v−1
// s v+v−1
gg

Example 2.1.8. We give another example of a morphism in H−Mod(Z[v,v−1],N0[v,v−1]):

e

��

// e
OO

��

vgg

sv+v−1
77

//

v

<<

s′ v−1
ii

The domain of this morphism is H itself and the codomain is H equipped with the

basis {be, bs′} where bs′ := bs − vbe. Note that this morphism induces the identity

morphism on the Abelian group that underlies H. However this morphism is not

invertible in H −Mod(Z[v,v−1],N0[v,v−1]). The reader familiar with Hecke algebras will

note that this morphism is given by the change of bases from the Kazhdan-Lusztig to

the standard bases, which will be introduced in Section 2.6. Let us also note that the

analogous base change map is a morphism in H −Mod(Z[v,v−1],N0[v,v−1]) for all Hecke

algebras H. This follows from the Positivity Conjecture 2.6.17 and the multiplication

formula (2.1) stated in Section 2.6.2.

For (k,Ok) = (Z,N0), the majority of our Definition 2.1.3 resembles definitions

in [Os1], particularly [Os1, Definition 1], which in turn follow [EtKh, Definition 1.1].

We would like to comment on the differences:

Remark 2.1.9. In [EtKh] (resp. [Os1]) Z+-algebras and Z+-representations are

discussed in a C-linear (resp. Z-linear) setting. Part (1.) is a relaxation of [EtKh,

Definition 1.1] where the unit is required to be part of the basis. A similar relaxation

was made in [Os1, Definition 2.a], however only the case of a finite set U is discussed.

If U is finite,
∑

u∈U bu is a unit, while there exists no unit for infinite U . Part (3.) does
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not require from a module to be unital in general, however for finite U this is the case.

This is in line with [EtKh] and [Os1], which consider unital modules only. Part (5.)

is called an equivalence in both [EtKh] and [Os1] rather than an isomorphism. Part

(9.) is a new addendum that will be discussed in Section 2.3. Part (10.) is equivalent

to the requirement that M has two distinct submodules, namely 0 and M . This is

in line with the standard definition of irreducible objects and has been used in [Os1,

Definition 1 vii] (though without the non-triviality assumption). For consistency with

say [MaSt] and much of the literature on categorical modules, we prefer the name cell

module.

Remark 2.1.10. Let M be a (k,Ok)-module with basis {mx}x∈X over a (k,Ok)-ring

A with basis {bw}w∈W and distinguished subset U ⊂ W . For all u ∈ U , we denote

Xu := {x ∈ X|bumx = mx}. Since {bu}u∈U are orthogonal idempotents that resemble

a unit a A, we have X =
∐

w∈U Xw. Thus, we obtain a decomposition M =
⊕

u∈U Mu,

where the basis of Mu is given by Xu for all u ∈ U . For this argument, Definition

2.1.1 becomes important, since it implies that for all x ∈ X there exists a unique

u ∈ U with bumx = mx.

For completeness, we state the following proposition. Its proof extends easily to

the (Z[v, v−1],N0[v, v−1]) case. We will show a comparable result in Corollary 2.5.8.

Proposition 2.1.11 ([Ga], [Os1, Proposition 1]). Let A be a (Z,N0)-ring of finite

rank over Z. Then, the set of isomorphism classes of cell modules in A −Mod(Z,N0)

is finite.

It is important to note another difference between the category of based modules

over based rings studied in [Os1] and the module category studied here:

Remark 2.1.12. After defining Z+-algebras and Z+-representations, [Os1] proceeds

to study based rings and based modules over based rings. Based modules admit

a scalar product, and it follows that indecomposable modules are cell modules, see

[Os1, Lemma 1]. On the other contrary for many (k,Ok)-rings A, A ∈ A−Mod(k,Ok)

is an indecomposable module which is not a cell module. Example 2.1.7 provides a

(Z[v, v−1],N0[v, v−1])-ring with this property.

Remark 2.1.13. Multisemigroups, see [KuMa], encode all combinatorial information

about the left-, right-, and 2-sided cells of a (Z,N0)-ring. More precisely, such multi-

semigroups encode whether the structure coefficients of the (Z,N0)-ring are positive

or zero. In [MaMi2, Remark 8], it is noted that one could retain more information

17



by using multimultisemigroups. We expect that multimultisemigroups would encode

the same information as the (Z,N0)-rings introduced here.

2.2 Structure of the category of representations

In this section, we show that a canonical morphism that is required to be an iso-

morphism in any Abelian category is not invertible in A − Mod(k,Ok). In fact, we

start by observing that A−Mod(k,Ok) is not even additive. For convenience, we fix a

(k,Ok)-ring A with basis {bw}w∈W .

Remark 2.2.1. Recall that A −Mod(k,Ok) has direct sums. It is also fairly obvious

that A −Mod(k,Ok) has a zero object and that it is an Ok-linear category. Thus in

order for A − Mod(k,Ok) to be additive, it would be required that Z ⊂ Ok. This

contradicts Definition 2.1.1 of rings with positivity structure.

Proposition 2.2.2. Let f : M1 → M2 be a morphism in A − Mod(k,Ok). Then,

f admits a kernel kerf and a cokernel cokerf . Further, the canonical morphism

coker(ker f →M1) −→ ker(M2 → coker f) fails to be an isomorphism in general.

Proof. Aside of examples, the remainder of this section is dedicated to this proof.

For convenience, let us fix M, N ∈ A −Mod(k,Ok) with bases {mx}x∈X , {ny}y∈Y
respectively. We will denote the structure coefficients of M (resp. N) using the

symbol µ (resp. ν). Further, let us fix a morphism f : M → N in A−Mod(k,Ok).

Lemma 2.2.3. Specifying X ′ := {x ∈ X|fx,y = 0 ∀y ∈ Y } and µ′w,x1,x2
:= µw,x1,x2

for all w ∈ W and for all x1, x2 ∈ X ′ defines a k-free A-module that satisfies the

universal property required from ker(f).

Proof. First, we show that µw,x1,x2 = 0 for all w ∈ W, x′ ∈ X ′ and x ∈ X \X ′. This

implies that the definition of the structure coefficients µ′ given in the statement define

a (k,Ok)-module X ′ over A and that the obvious embedding X ′ ↪→ X ↪→ Ok[X] is

a morphism in A − Mod(k,Ok). Let w ∈ W, x′ ∈ X ′, and x ∈ X \ X ′. We have∑
z∈X, y∈Y µw,x′,zfz,yny = f̃(

∑
z∈X µw,x′,zmz) = f̃(bwmx′) = bwf̃(mx′) = 0. Thus,∑

z∈X µw,x′,zfz,y = 0 for all y ∈ Y and by assumption on Ok, we have µw,x′,zfz,y = 0

for all z ∈ X, y ∈ Y . Since x ∈ X \ X ′ there exist y0 ∈ Y with fx,y0 6= 0, hence

µw,x′,x = 0 follows from µw,x′,xfx,y0 = 0 and the properties of Ok, see Definition 2.1.1.

Second, let M1 be another (k,Ok)-module over A with basis X1 and let g : M1 →M

be a morphism with 0 = f ◦ g. We have to show that gx1,x 6= 0 implies x ∈ X ′
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for all x1 ∈ X1, x ∈ X. We have 0 = f(g(mx1)) =
∑

x∈X, y∈Y fx,ygx1,xny and thus

0 = fx,ygx1,x for all y ∈ Y . Since (k,Ok) is a ring with positivity structure, gx1,x 6= 0

implies that 0 = fx,y for all y ∈ Y , and thus x ∈ X ′.

Lemma 2.2.4. Specifying Y ′ := {y ∈ Y |fx,y = 0 ∀x ∈ X} and ν ′w,y1,y2
:= νw,y1,y2

for all w ∈ W and for all y1, y2 ∈ Y ′ defines a k-free A-module that satisfies the

universal property required from coker(f).

Proof. We show that Y \ Y ′ defines a sub-(k,Ok)-module over A of N . This im-

plies that the quotient (k,Ok)-module of N by this sub-(k,Ok)-module has a basis

parametrised by Y ′ and that the structure coefficients of this quotient (k,Ok)-module

are indeed given by ν ′ as defined above. The second step of the proof goes along

the lines of the second step of the proof of Lemma 2.2.4 up to relabelling. For com-

pleteness, let us mention that the morphism N → coker(f) is given by the map

Y → Ok[Y
′] which sends y 7→ y if y ∈ Y ′ and y 7→ 0 otherwise. Let w ∈ W and

y0 ∈ Y \ Y ′. We need to show that bwny0 =
∑

y∈Y νw,y0,yny is contained in the k-span

of Y \ Y ′. Thus for all y ∈ Y ′, we need to show that νw,y0,y = 0. Since y0 ∈ Y \ Y ′,
there exists x0 ∈ X such that fx0,y0 6= 0. Writing out the equation bwf̃(mx0) =

f̃(bwmx0), we obtain
∑

y1,y2∈Y fx0,y1νw,y1,y2ny2 =
∑

x∈X,y2∈Y µw,x0,xfx,y2ny2 . In partic-

ular,
∑

y1∈Y fx0,y1νw,y1,y =
∑

x∈X µw,x0,xfx,y = 0, where we used that fx,y = 0 for all

x ∈ X. By the properties of Ok, see Definition 2.1.1, fx0,y0νw,y0,y = 0 holds as well.

Further, fx0,y0 6= 0 follows and thus νw,y0,y = 0.

Remark 2.2.5. The basis of im(f) := coker(ker(f)→ M) is indexed by X \X ′ and

the basis of coim(f) := ker(N → coker(f)) is indexed by Y \Y ′. Thus, there is a priori

no reason for the canonical morphism im(f) → coim(f) to be an isomorphism. The

following two examples show that this canonical morphism is indeed not guaranteed

to be an isomorphism.

Example 2.2.6. The morphism ·bs : H → H of Example 2.1.7 has trivial kernel.

Thus, im(·bs) = H. The associated morphisms im→ coim→ H→ coker are encoded

as follows:

e

�� ""

e

��

// e

sv+v−1
77

v+v−1
// s

v+v−1

WW
// s v+v−1
gg
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Example 2.2.7. Example 2.1.8 provides a family of morphism that have trivial

kernels and cokernels, that induce the identity morphism on the underlying Abelian

groups, and that nevertheless fail to be invertible.

2.3 Cells and cyclicity

In this section, we relate cyclic and cell modules with positive structure coefficients

to the left order and left cells respectively, which are defined in analogy with [KaLu].

We also discuss 2-sided cells and their relation to quotients of a ring with positive

structure coefficients. For convenience, we fix a (k,Ok)-ring A with basis {bw}w∈W .

Definition 2.3.1. Let M be a (k,Ok)-module over A with basis {mx}x∈X . The left

order ≤L of X is defined as x ≤L y for all x, y ∈ X if and only if mx is contained in

all sub-(k,Ok)-modules of M that contain my. The 2-sided order ≤LR of W is defined

as x ≤LR y for all x, y ∈ W if and only if mx is contained in all sub-(k,Ok)-bimodules

of A that contain my. The equivalence relation induced by the order ≤L (resp. ≤LR)

is denoted by ∼L (resp. ∼LR), and the associated equivalence classes are called the

left cells (resp. 2-sided cells) of A.

Remark 2.3.2. Let w, w′ ∈ W . Then, we have w ≤L w′ if and only if there exists

w1 ∈ W such that bw ≤ bw1bw′ . This holds due to the properties of Ok, see Definition

2.1.3. Similarly, we have w ≤LR w′ if and only if there exists w1, w2 ∈ W such that

bw ≤ bw1bw′bw2 .

Notation 2.3.3. Let x ∈ W . We denote by c(x) := {y ∈ W |y ∼L x} the left cell

(resp. by c(x) := {y ∈ W |y ∼LR x} the 2-sided cell) of W associated to x.

Definition 2.3.4. Let x ∈ W . We call cp(x) := {y ∈ c(x)|y ≥L x or x ≥L y} the

left companion set of x in W .

Remark 2.3.5. For all x ∈ W , we have c(x) ⊂ cp(x) ⊂ c(x). For the Hecke algebra

associated to any Coxeter system (W,S), it is a well known fact that c(x) = cp(x).

On the other extreme, consider the one-variable Heisenberg algebra H, that is the

unital Z-algebra generated by two indeterminate symbols p and q that satisfy the

relation pq = qp+ 1. We can regard H as a (Z,N0)-algebra with basis {qnpm}(n,m)∈W

where W := N0 × N0. It is easy to see that H has a single 2-sided cell and that the

left cells are given by N0×{m} for all m ∈ N0. Therefore, we have cp(x) = c(x) = W

for all x ∈ W . It would be interesting to study the categorification of the infinitely

many variable version of H, see [Kh2], in the context of this thesis.
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Definition 2.3.6. Let M ∈ A −Mod(k,Ok) with basis labelled by X and let Y ⊂ X

be a subset. If Y = {z ∈ W |∃y ∈ Y : z ≥L y} ∩ {z ∈ W |∃y ∈ Y : z ≤L y}, we say

that Y has no ≤L-gaps. If Y = {x ∈ X|∃y ∈ Y : x ≤L y}, we call Y an ideal of X.

Further if X = W and Y = {x ∈ X|∃y ∈ Y : x ≤LR y}, we call Y a two-sided ideal.

Notation 2.3.7. Let Y ⊂ X. We denote by I(Y ) := {x ∈ X|∃y ∈ Y : x ≤L y} the

minimal ideal of X that contains Y .

Remark 2.3.8. A subset Y ⊂ X has no ≤L-gaps if and only if I(Y ) \ Y is an ideal.

Remark 2.3.9. The ideals of X are in 1:1 correspondence with sub-(k,Ok)-modules

of M and thus we will refer to an ideal Y ⊂ X also as an ideal of M . Similarly, the

two-sided ideals of W are also referred to as two-sided ideals of A and correspond to

quotient (k,Ok)-rings of A.

We have the following characterisations of cyclic modules and cell modules:

Proposition 2.3.10. Let M ∈ A −Mod(k,Ok) with basis labelled by X. Then, M is

cyclic if and only if X = ∅, if and only if X has a maximal ≤L-equivalence class.

Further, M is a cell module if and only if X consists of a single equivalence class

for ≤L, if and only if the set of ideals of M is given by {∅, X}, if and only if every

non-trivial morphism A→M has trivial cokernel.

Proof. The statement follows directly from the definitions and the description of

cokernels in Lemma 2.2.4.

Remark 2.3.11. In Section 2.6.3, we will provide concrete examples of cyclic (k,Ok)-

modules M which have a generator mx that cannot distinguish morphisms with do-

main M . It is a non-trivial property of a generator to distinguish all such morphisms,

compare Theorem 5.4.1 and Remark 5.4.3. On the other hand, we do not know an

example of a cyclic or cell module that does not have a generator with this property.

Notation 2.3.12. Let X ⊂ W . If X is an ideal in W , we denote by M(X) the

submodule of A with basis {bw}w∈X . If more generally X has no ≤L-gaps, we denote

by M(X) the cokernel of the embedding M(I(X) \X) ⊂M(I(X)).

Notation 2.3.13. Let X ⊂ W . Then, {�LR X} := {z ∈ W |z �LR x ∀x ∈ X} is a

two-sided ideal of A and we denote by A/ 〈�LR X〉 the associated quotient (k,Ok)-

ring of A.
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Remark 2.3.14. Let X ⊂ W . Then, the basis of M(X) is labelled by X. Further-

more, M(X) is a sub-(k,Ok)-quotient of A/ 〈�LR X〉 regarded as a (k,Ok)-module

over A. Note that M(X) can also be viewed as the restriction to A−Mod(k,Ok) of a

module in A/ 〈�LR X〉 −Mod(k,Ok). Provided X is contained in a 2-sided cell c and

I(X)∩ c = X, we have a chain of sub-(k,Ok)-modules M(X) ⊂M(c) ⊂ A/ 〈�LR X〉
in A−Mod(k,Ok).

Remark 2.3.15. Remark 2.3.14 equally applies toA/ 〈<LR X〉 instead ofA/ 〈�LR X〉.

2.4 Annihilators

In this section, we introduce annihilators associated to modules with positive structure

coefficients and discuss immediate connections with 2-sided cells. For convenience,

we fix a (k,Ok)-ring A with basis {bw}w∈W .

Remark 2.4.1. Let M ∈ A − Mod, where we regard A as a k-algebra. In the

literature, the set {a ∈ A|a.m = 0 ∀m ∈ M} is called the annihilator of M . In

general, this set is not generated by a subset of the basis elements of A. For example,

the 2-dimensional modules in Section 2.6.3 are acted upon in the same, non-trivial

way by two different basis elements. Thus, we have to amend this standard definition.

Definition 2.4.2. Let M ∈ A−Mod(k,Ok). We define the annihilator of M in A to

be the set AnnA(M) := {w ∈ W |bwm = 0 ∀m ∈M}.

Proposition 2.4.3. Let M ∈ A−Mod(k,Ok). Then, AnnA(M) is a two-sided ideal.

Proof. Let w ∈ AnnA(M) and let w′ ∈ W such that w′ ≤LR w. Then there exists

w1, w2 ∈ W such that bw′ ≤ bw1bwbw2 . Since bw acts by zero on M , so does bw1bwbw2

and thus bw′ as well.

Corollary 2.4.4. Let M ∈ A −Mod(k,Ok), and let c be a 2-side cell of A such that

c ∩ AnnA(M) = ∅. Then, {≥LR c} := {y ∈ W |y ≥LR c} ⊂ W \ AnnA(M).

Proposition 2.4.5. Let Y ⊂ W be a two-sided ideal. Then, AnnA(A/Y ) = Y .

Proof. For x ∈ AnnA(A/Y ), we have bx = bx1 = 0 in A/Y . Thus, AnnA(A/Y ) ⊂ Y .

On the other hand given x ∈ Y and y ∈ W , bxby is a Ok-linear combination of

basis elements bz with z ≤LR x and thus z ∈ Y . Thus, bxby = 0 in A/Y and

x ∈ AnnA(A/Y ) follows.
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Lemma 2.4.6. Let f : M → N be a morphism in A −Mod(k,Ok). If coker(f) = 0,

then AnnA(M) ⊂ AnnA(N). If ker(f) = 0, then AnnA(M) ⊃ AnnA(N).

Proof. Let f : M → N be a morphism in A − Mod(k,Ok). Firstly, assume that

coker(f) = 0. Then, for all basis elements n ∈ N there exists a basis element

m ∈ M such that n ≤ f(m). Now given x ∈ AnnA(M), we have bxn ≤ bxf(m) =

f(bxm) = f(0) = 0 and thus x ∈ AnnA(N). Secondly, assume that ker(f) = 0.

Let x ∈ AnnA(N) and let m ∈ M be a basis element. Assume, there exists a basis

element m′ ∈ M such that m′ ≤ bxm. Then f(m′) ≤ f(bxm) = bxf(m) = 0, which

contradicts ker(f) = 0. Thus, bxm = 0 and x ∈ AnnA(M).

Next, we deduce that agreement of annihilators is a necessary condition for the

existence of non-trivial morphisms between cell modules. If this were a sufficient

condition, we could call this a linkage principle. Under mild assumptions, we will

actually be able to establish sufficiency in Corollary 2.5.8.

Corollary 2.4.7. Let C → C ′ be a non-trivial morphism between cell modules in

A−Mod(k,Ok). Then, AnnA(C) = AnnA(C ′).

Proof. Cell modules have no non-trivial proper submodules. Thus, the kernel and

the cokernel of any non-trivial morphism between cell modules has to be trivial.

Further, Lemma 2.4.6 also implies that subquotients of a module have larger

annihilators than the module. Since M(cp(x)) ⊂ A/〈�LR c(x)〉 and since M(c(x)) is

a subquotient of M(cp(x)) for all x ∈ W , we obtain the following corollary.

Corollary 2.4.8. For all x ∈ W , AnnA(M(c(x))) ⊃ AnnA(M(cp(x))) ⊃ {�LR x}.

In fact, we can determine the annihilator of certain cell modules:

Proposition 2.4.9. Let C ∈ A −Mod(k,Ok) be a cell module and let c be a 2-sided

cell of A. Assume that {<LR c} ⊂ AnnA(C) and that c ∩ AnnA(C) = ∅. Then,

AnnA(C) = {�LR c}. Furthermore, c is unique with this property.

Proof. Let C ∈ A − Mod(k,Ok) be a cell module, let c be a 2-sided cell of A and

denote Z := {�LR c}. Taking the assumption c ∩ AnnA(C) = ∅ together with the

fact that AnnA(C) is a two-sided ideal, we obtain AnnA(C) ⊂ Z and have to show

equality. Assume there exists z ∈ Z \ AnnA(C). Then, there exists a basis element

mx of C such that bzmx 6= 0. By Definition 2.1.1 of a ring with positivity structure,

the module axioms of C, and since c ∩ AnnA(C) = ∅, there exists w ∈ c such that

bwbzmx 6= 0. Again by the assumptions on a positivity structure, there exists u ∈ W
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such that bu ≤ bwbz and bumx 6= 0. Thus, u satisfies three properties, namely u ≤L z,

u ≤R w and u /∈ AnnA(C). The latter two properties together with the assumption

{<LR c} ⊂ AnnA(C) imply that u ∈ c. Now, the first property implies that z ≥LR c
which contradicts z ∈ Z. Thus, AnnA(C) ⊂ Z holds. Given another 2-sided cell c′

with the same properties as c, we deduce that Z = {�LR c
′}. Taking the complement,

it follows that c ≤LR c′ ≤LR c and thus c = c′.

Corollary 2.4.10. Let C ∈ A −Mod(k,Ok) be a cell module and assume that A has

finitely many 2-sided cells. Then, there exists a unique 2-sided cell c of A such that

AnnA(C) = {�LR c}.

Proof. By Remark 2.1.10, W \ AnnA(C) 6= ∅. Since there exist only finitely many

2-sided cells by assumption, we can find a 2-sided cell with the properties required in

Proposition 2.4.9, and the corollary follows.

Proposition 2.4.9 also implies a criterion for equality in Corollary 2.4.8.

Corollary 2.4.11. Let c be a 2-sided cell of A and let x, y, z ∈ c. Further assume

that bz ≤ bybx and x ∼L z. Then, AnnA(M(c(x))) = AnnA(M(cp(x))) = {�LR c}.

2.5 Universal cell modules

In this section, we introduce universal cell modules, define when cell modules belong

to a 2-sided cell, and introduce regularity notions. Then, Theorem 2.5.6 provides

necessary and sufficient conditions for the existence of cell modules that belong to 2-

sided cells in the weakly regular case. Under these assumptions, Corollary 2.5.7 gives

a simple explicit construction of a universal cell module. Furthermore in the weakly

regular case with finitely many 2-sided cells, Corollary 2.5.8 establishes a linkage

principle, which implies that the set of cell modules modulo linkage by morphisms is

in bijection with the set of 2-sided cells.

Corollary 2.4.7 makes the following definition natural:

Definition 2.5.1. Let A be a (k,Ok)-ring and let C ∈ A−Mod(k,Ok) be a cell module.

Then, we call C a universal cell module if there exists a non-trivial morphism C → C ′

in A−Mod(k,Ok) for all cell modules C ′ ∈ A−Mod(k,Ok) with AnnA(C) = AnnA(C ′).

Proposition 2.4.9 motivates the following definition:
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Definition 2.5.2. Let A be a (k,Ok)-ring and let c be a 2-sided cell of A. We say

that A has c-cell modules, if there exists a cell module C ∈ A −Mod(k,Ok) such that

AnnA(C) = {�LR c}. In this situation, we also say that C belongs to c.

Remark 2.5.3. We focus on cell modules that belong to 2-sided cells. Essentially

by the argument of Corollary 2.4.10, this class comprises all cell modules typically

studied in the literature, see [MaMi5, Section 7.2] for a related discussion. In [Rou4]

the main object of study are integrable representations, see [Rou4, Definition 5.1].

Any cyclic integrable representation of a 2-Kac-Moody algebra can be regarded as the

restriction of a representation of a quotient 2-category of this 2-Kac-Moody algebra

that has finitely many 2-sided cells. Similarly, the finitary 2-categories of [MaMi1]

have finitely many 2-sided cells by definition.

Example 2.5.4. Consider Z[X] as a (Z,N0)-algebra with basis {Xn}n∈N0 . Each 2-

sided cell consists of a single basis element. For all n ∈ N0, we have a cell module

Z[X]/〈X − n〉. The annihilator of Z[X]/〈X〉 is given by N and this cell module thus

belongs to the maximal 2-sided cell. On the other hand for n 6= 0, the annihilator

of Z[X]/〈X − n〉 is trivial and the module does therefore not belong to any 2-sided

cell. Also, note that attempting the same definition for n < 0 would not result in a

module with positive structure coefficients.

We now recall the regularity notions of [MaMi1], and add a weaker variant.

Definition 2.5.5. Let A be a (k,Ok)-ring and let c be a 2-sided cell of A.

• We call c weakly regular if cp(x) consists of finitely many left cells for all x ∈ c.

• We call c regular if cp(x) = c(x) for all x ∈ c,

• We call c strongly regular if c is regular and if |c∩ c̃| = 1 for all left cells c and

right cells c̃ that are contained in c.

• We call A (weakly/strongly) regular, if all 2-sided cells of A are (weakly/strongly)

regular.

The following theorem is the main result of this section:

Theorem 2.5.6. Let A be a (k,Ok)-ring and let c be a 2-sided cell of A. Assume

that c is weakly regular. Then, the following are equivalent:

1. There exist a cell module of A that belongs to c.
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2. There exist a universal cell module of A that belongs to c.

3. For all z ∈ c there exist x, y ∈ cp(z) such that bx ≤ bybx and such that c(x) is

minimal with respect to ≤L in c.

4. There exist x, y ∈ c such that bx ≤ bybx and such that c(x) is minimal with

respect to ≤L in c.

In fact, the proof of Theorem 2.5.6 implies the following:

Corollary 2.5.7. Let A be a (k,Ok)-ring, let c be a weakly regular 2-sided cell of A

that has cell modules, and let c ⊂ c be a left cell that is minimal with respect to ≤L
inside c. Then, M(c) is a universal cell module.

Proof of Theorem 2.5.6. Let A be a (k,Ok)-ring and let c be a weakly regular 2-

sided cell of A. The implications (3) ⇒ (4) and (2) ⇒ (1) are obvious. Thus, it

remains to show the three implications (1) ⇒ (3), (4) ⇒ (1) and (4) ⇒ (2). To

show the first implication, let us assume (1), i.e. that A has c-cell modules. Let

C ∈ A − Mod(k,Ok) be a cell module that belongs to c, and let z ∈ c. Since c is

weakly regular, we can choose x̃ ∈ cp(z) such that c(x̃) is the minimal left cell in

cp(z) with respect to ≤L. Since AnnA(C) ∩ c = ∅ by assumption, there exists a

basis element m of C such that bx̃m 6= 0. Consider the morphism A → C given

by acting on m. Since AnnA(C) = {�LR}, we obtain a factorisation A/〈�LR〉 → C

which induces a non-trivial morphism M(c(x̃)) → C. By Corollary 2.4.7, we have

AnnA(M(c(x̃))) = {�LR c}. Therefore there exists x ∈ c such that bzbx 6= 0. Thus,

we have x′ ∈ c such that bx′ ≤ bzbx. Since x′ ∼L x, there exists w ∈ W such

that bx ≤ bwbx′ , and we deduce bx ≤ bwbzbx. By the assumptions on the positivity

structure, there exists y ∈ W such that by ≤ bwbz and bx ≤ bybx. The former property

implies that y ≤L z and the latter implies that y /∈ AnnA(C). Since z ∈ c, we obtain

y ∈ c and more precisely y ∈ cp(z). Thus, we have established (3). To show the

second and third implication, let us assume (4), i.e. that that there exist x, y ∈ c

such that bx ≤ bybx, and such that c(x) is minimal with respect to ≤L in c. By

Corollary 2.4.11, it follows that M(c(x)) is a cell module that belongs to c, i.e. (1).

Now, the proof of the implication (1)⇒ (3) shows that for every cell module C that

belongs to c, there exists a non-trivial morphism M(c(x)) → C. Thus, M(c(x)) is a

universal cell modules and we have established the last outstanding implication.

Combining Theorem 2.5.6 with Corollaries 2.4.10 and 2.4.7, we can deduce the

linkage principle that we had announced. This should be compared with Proposition

2.1.11 due to [Ga].
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Corollary 2.5.8. Let A be a weakly regular (k,Ok)-ring that has finitely many 2-sided

cells. Then, there exists finitely many linkage classes of cell modules.

Let us give a simple example for linkage of cell modules which is inspired by

[MaMi5, Section 3.4]. In particular, it provides an example of a cell module that does

not come from a left cell. An example of a cell module that is not a universal cell

module can be found in the type Ã2 example in Section 5.5.

Example 2.5.9. Let A = Z[X]/ 〈X2 − 2X〉 be the the (Z,N0) ring with basis {1, X}.
Clearly, A is strongly regular and 1 and X are generalised idempotents. Specialisation

yields two cell modules C1 := A|X=0 and CX := A|X=2 that belong to the 2-sided

cells {1} and {X} respectively. Interestingly, there exists another cell module Ctw

associated to {X}. The underlying Abelian group of Ctw is given by Z × Z and

the action of X is given by

(
1 1
1 1

)
. It is easy to write down a morphism from A

to CX (resp. Ctw) as well as a morphism in the other direction. In both cases one

composition is equal toXidA. The other compositions are equal to 2idCX and idCtw+S

respectively, where S((z1, z2)) := (z2, z1) for all (z1, z2) ∈ Ctw. For a categorification

of A and the modules discussed here, see Example 4.5.7.

Before we can state another corollary, we need to introduce the following termi-

nology:

Definition 2.5.10. Let A be a (k,Ok)-ring and let c be a 2-sided cell of A. We say

that c has generalised idempotents, if there exists x ∈ c such that bx ≤ bxbx.

Remark 2.5.11. Note that we do not require that bxbx is equal to a Ok-multiple of

bx. Similarly, this will not be required from split Frobenius objects, see Section 4.3.1.

Corollary 2.5.12. Let A be a (k,Ok)-ring and let c be a strongly regular 2-sided

cell of A. Then, A has an universal cell module that belongs to c, if and only if A

has c-cell modules, if and only if each left cell of A inside c contains a generalised

idempotent.

Proof. By Theorem 2.5.6, the first two properties are both equivalent to the existence

of elements x, y in each companion set in c such that bx ≤ bybx. Since we assume

that A is regular, each companion set is a left cell. Further bx ≤ bybx implies that

y is contained in the right cell associated to x. Since we assume that A is strongly

regular, we deduce that x = y.

Remark 2.5.13. The notion of generalised idempotents is new. In the special case

of strongly regular (Z,N0)-rings categorifiable by finitary 2-categories, existence of

generalised idempotents follows from [MaMi1, Proposition 34].
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2.6 Hecke algebras

This section, we introduce the Hecke algebra, which is a (Z[v, v−1],N0[v, v−1])-ring.

Section 2.6.1 recalls basics about Coxeter groups, the Hecke algebra and the Schur

algebroid. Section 2.6.2 recalls the W -graphs of [KaLu] and observes that not all

W -graphs fit into the positive structure coefficient framework discussed here. Section

2.6.3 discuses the cell modules of the Hecke algebra of type B2, which foreshadows

most of the challenges that we are faced with in this thesis.

2.6.1 Basic definitions

In this section, we recall basics about Coxeter groups, which can be found for example

in [Hum]. Then, we introduce the Hecke algebra and the Schur algebroid. Here, we

use the notation of [Soe3], since it is most convenient when relating the Hecke algebra

to Soergel bimodules later on.

Definition 2.6.1. A Coxeter system (W,S) is a group W , called a Coxeter group,

together with a subset S ⊂ W , such that W = {s ∈ S|s2 = 1, (st)ms,t = 1} for a

symmetric function m : S ×S → Nq{∞} that satisfies ms,t = 1 if and only if s = t.

Definition 2.6.2. Let (W,S) be a Coxeter system, and let I ⊂ S. The standard

parabolic subgroup associated to I is defined as WI := 〈s ∈ I〉 ≤ W . The set I is

called finitary provided that |WI | <∞.

Remark 2.6.3. Given a Coxeter system (W,S) and a subset I ⊂ S, it is a non-trivial

fact that (WI , I) is a Coxeter system.

Definition 2.6.4. Let (W,S) be a Coxeter system and let w ∈ W . An expression

w = s1..sk, where si ∈ S for all i ∈ {1, ..., n}, is called a reduced expression if k ∈ N0

is as small as possible. The length k of a reduced expressions of w ∈ W is called the

length of w and is denoted by l(w).

Remark 2.6.5. By the definition of Coxeter systems, reduced expressions exist for

every element of the Coxeter group. It is a non-trivial fact that two reduced expression

can be obtained from each other via the braid relations s t ...︸ ︷︷ ︸
ms,t−elements

= t s ...︸ ︷︷ ︸
ms,t−elements

which hold for all s, t ∈ S.

Definition 2.6.6. Let (W,S) be a Coxeter system and let x,w ∈ W . We write x ≤ w,

if there exists a reduced expression of w such that x is equal to a subexpression. The

thus defined order ≤ of (W,S) is called the Bruhat order.
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Remark 2.6.7. Given a Coxeter system (W,S) and I ⊂ S, the Bruhat order of

(WI , I) agrees with the order on WI induced from the Bruhat order of (W,S). Further

if I is finitary, there exists a unique longest element of WI with respect to both the

Bruhat order and the length function of Definition 2.6.4.

Definition 2.6.8. Let (W,S) be a Coxeter system and let I ⊂ S be finitary. Then,

we denote by wI0 the longest element of WI and refer to wI0 as a parabolic longest

element. If W is finite, we denote by w0 := wS0 , which is called the longest element.

Definition 2.6.9. Let (W,S) be a Coxeter system and let w ∈ W . The left descent

set of w is defined as L(w) := {s ∈ S|l(sw) < l(w)}. Analogously, the right descent

set of w is defined as R(w) := {s ∈ S|l(ws) < l(w)}.

We finally come to the definition of the Hecke algebra.

Definition 2.6.10. Let (W,S) be a Coxeter system. We denote by H(W,S) the

Z[v, v−1]-algebra with generators {Hs}s∈S, such that for all s, t ∈ S we have braid

relations
HsHt ...︸ ︷︷ ︸

ms,t−elements

= HtHs ...︸ ︷︷ ︸
ms,t−elements

and

(Hs + v)(Hs − v−1) = 0.

The algebra H(W,S) is called the Iwahori-Hecke algebra with equal parameters of the

Coxeter system (W,S), and will be referred to as the Hecke algebra.

Notation 2.6.11. Whenever statements are independent of the specific Coxeter sys-

tem (W,S) or a Coxeter system (W,S) is fixed, we abbreviate H = H(W,S). Fur-

thermore for I ⊂ S, we identify H(WI , I) with the Z[v, v−1]-subalgebra HI of H
generated by {Hs}s∈I .

Remark 2.6.12. The Hecke algebra H arises naturally in various representation

theoretic contexts. Also, note that H it is deformation of the integral group algebra

of W . More precisely, we have Z[W ] ∼= H(W,S)|v=1.

Remark 2.6.13. The Hecke algebra has the following important bases:

• The standard basis {Hw}w∈w is defined by Hw := Hs1 ...Hsl(w)
, where w =

s1..sl(w) is a reduced expression. It is well defined due to Remark 2.6.5.

• The famous Kazhdan-Lusztig basis {Hw}w∈w, see Theorem 2.6.14 below.
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• Soergel’s basis is defined in terms of a categorification Soe• of H, see Theorem

5.1.13, which states that the split Grothendieck ring of Soe• is isomorphic to

the Hecke algebra. Via this isomorphism, Soergel’s basis is induced from the

indecomposable objects of Soe•. Conjecturally, this basis depends only on the

characteristic of the field used to define Soe•. According to Soergel’s Conjecture

5.1.14, Soergel’s basis in characteristic zero agrees with the Kazhdan-Lusztig

basis. Over R this has recently been established in [ElWi2]. In characteristic p,

the induced basis of the Hecke algebra is called the p-canonical basis.

For all s ∈ S, we have H−1
s = Hs+(v−v−1)He. Thus, all elements of the standard

basis are invertible. This allows us to define the Z[v, v−1]-anti-linear bar-involution of

H by setting Hw := H−1
w−1 and v := v−1.

Theorem 2.6.14 ([KaLu]). There exists a unique Z[v, v−1]-basis {Hw}w∈W of the

Hecke algebra H(W,S), called the Kazhdan-Lusztig basis, such that for all w ∈ W

1. Hw is self dual, i.e. Hw = Hw, and

2. Hw = Hw +
∑

x<w hx,wHx with hx,w ∈ vZ[v].

Remark 2.6.15. The Kazhdan-Lusztig basis becomes the Kazhdan-Lusztig basis

{C ′w} originally defined in [KaLu] when replacing v by −q 1
2 and Hx by T̃x = q−l(x)Tx.

In this way, the polynomials hx,w are identified with the so called Kazhdan-Lusztig

polynomials.

Example 2.6.16. An element w ∈ W is called smooth, if Hw =
∑

x≤w v
l(w)−l(x)Hw.

All parabolic longest elements are smooth. Furthermore, every element in a dihedral

group is smooth.

For completeness, we would like to mention the Positivity Conjecture. As ex-

plained in [Soe6], it follows from Soergel’s Conjecture 5.1.14 which identifies the

polynomials hx,w with certain graded dimensions, and is thus a theorem.

Theorem 2.6.17 (Positivity Conjecture, [Soe6], [ElWi2]). For all x, w ∈ W such

that x < w, we have hx,w ∈ vN0[v] and hw,w = 1.

Next, we introduce the Schur algebroid following [Wi2]. For finitary I ⊂ S, it is

well known that HsHwI0
= (v + v−1)HwI0

= HwI0
Hs for all s ∈ I. Thus for finitary

I ⊂ S, we can introduce the notation HI := {H ∈ H|HHs = (v + v−1)H ∀s ∈ I}
and IH := {H ∈ H|HsH = (v + v−1)H ∀s ∈ I}. While we will not use the following

fact, it provides some intuition for this notation:
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Remark 2.6.18. For finitary I ⊂ S, we have HI ∼= IndHHI tr = H⊗HI tr where tr is

the trivial HI-module. More precisely, tr is given by Z[v, v−1] on which Hs acts by

v−1 for all s ∈ S. Thus, Hs acts by v+ v−1. This module is called trivial since under

the isomorphism Z[W ] ∼= H|v=1 the specialisation tr|v=1 corresponds to the trivial

module of Z[W ].

Definition 2.6.19. Let (W,S) be a Coxeter system. The Schur algebroid of (W,S)

is the Z[v, v−1]-linear category with objects finitary subsets I ⊂ S, with morphisms

between objects I and J given by HomH(HI ,HJ), and with the obvious composition

law induced from the composition of functions.

In [Wi1], the Schur algebroid was defined in a more ad hocmanned. However in

the introduction of the published version [Wi2] (aside from working with right rather

than left modules), it was pointed out that Definition 2.6.19 is an equivalent and more

natural way to define this algebroid. For the readers convenience, let us discuss this

alternative definition and explain the algebroid isomorphism between the two version:

Remark 2.6.20. For all finitary I, J ⊂ S, denote IHJ := IH∩HJ . Further, define

an operation ∗J : IHJ × JHK → IHK for all finitary I, J, K ⊂ S by dividing

the multiplication of H by the Poincaré polynomial π(I) ∈ Z[v, v−1] of WI . This

polynomial is given by π(I) :=
∑

w∈WI
v2l(w)−l(wI0), and is uniquely determined by the

equation HwI0
HwI0

= π(I)HwI0
. Thus for I = J or J = K, HwJ0

acts as an identity.

Therefore, we have defined an algebroid with objects finitary subsets of S. Now for

all finitary I, J ⊂ S, the operation ∗I induces a morphism IHJ → HomH(HI ,HJ).

In fact, this morphism is an isomorphism and defines an algebroid isomorphism to

the Schur algebroid of Definition 2.6.19.

2.6.2 W -graphs and H−Mod(Z[v,v−1],N0[v,v
−1])

In this section, we recall the definition of W -graphs which are a combinatorial ana-

logue of certain H-modules. The definition was originally formulated in [KaLu] in

terms of the standard basis of H, whereas we give an equivalent definition formulated

in terms of the Kazhdan-Lusztig basis. We will also observe that not all W -graphs

give rise to an object of H − Mod(Z[v,v−1],N0[v,v−1]). In this thesis, W -graphs do not

play a role. However, W -graphs play an important role in the literature on Hecke

algebras, and thus we highlight commonalities and differences.

Example 2.6.21. The codomain of the morphism discussed in Example 2.1.8 is an

object of H−Mod(Z[v,v−1],N0[v,v−1]) that cannot be afforded by a W -graph.
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The basic idea behind W -graphs is that H is generated as a Z[v, v−1]-algebra by

{Hs}s∈S, and thus one can encode any H-module which is free over Z[v, v−1] in terms

of the structure coefficients associated to these generators. As a further motivation,

recall the following multiplication formula, which determines the structure of H as a

H-module, see [Wi1, Formula (2.1.3)] which in turn is based on the proof of [Soe3,

Behauptung 2.3]:

HsHw =

{
(v + v−1)Hw if s ∈ L(w)∑

x∈W ;s∈L(x) µ(x,w)Hx if s /∈ L(w)
(2.1)

Here, µ : W×W → Z is the symmetric function, which is 0 on pairs (x,w) that are not

compatible in the Bruhat order, and is given by the coefficient of v in the Kazhdan-

Lusztig polynomial hx,w for all pairs (x,w) ∈ W ×W with x ≤ w in the Bruhat order.

The analogous formula for right multiplication holds as well and thus one might expect

that H together with the Kazhdan-Lusztig basis is a (Z[v, v−1],N0[v, v−1])-ring. To

prove this directly is a highly non-trivial task. However, the following proposition is

known to hold due to Theorem 5.1.13 and Soergel’s Conjecture 5.1.14.

Proposition 2.6.22. The Hecke algebra H together with the Kazhdan-Lusztig basis

is a (Z[v, v−1],N0[v, v−1])-ring. The regular representation H and all its subquotients

lie in H−Mod(Z[v,v−1],N0[v,v−1]).

By formula (2.1), the regular representation of H and its subquotients can be

encoded in a (left) W -graph, a terminology that we define now:

Definition 2.6.23. A W -graph is an triple (X, I, µ), where X is the set of vertices,

I : X → P(S) is a labelling of the vertices and µ : X ×X \ {(x, x)|x ∈ X} → Z is a

labelling of the edges. This data is subject to the requirement that for all s ∈ S and

x ∈ X
Hs.x :=

{
(v + v−1)x if s ∈ I(x)∑

x′∈X:s∈I(x′) µ(x′, x)x′ if s /∈ I(x)

defines the structure of a H-module on the free Z[v, v−1]-module with basis X. We

say that the W -graph (X, I, µ) has positive coefficients if and only if the action of all

Kazhdan-Lusztig basis elements has coefficients in N0[v, v−1].

Remark 2.6.24. The edge labelling function µ is not required to be symmetric, while

it happens to be symmetric in the case of the regular representation of H.

The following definition will typically be applied to a field k on which Z[v, v−1]

acts by evaluating v at 1 ∈ k.
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Definition 2.6.25. A W -graph affords a W -representation over a Z[v, v−1]-algebra

k, if the k[W ]-module associated to the W -representation is isomorphic to the base

change to the group algebra k[W ] = H ⊗Z[v,v−1] k of the H-module associated to the

W -graph.

Remark 2.6.26. In [Gy] it is proven that all irreducible representation of finite

Coxeter groups over a splitting field can be afforded by a W -graph over the ring

of integers of this splitting field. Hence for a Weyl group W , W -graphs over Z
are sufficient to afford all irreducible representations of Q[W ] ∼= H ⊗Z[v,v−1] Q. For

affine Weyl groups this statement no longer holds, see [Gy, Lu5]. Furthermore, there

exist irreducible representations that are afforded by W -graphs, which do not have

positive coefficients. In particular, such W -graphs do not give rise to objects of

H − Mod(Z[v,v−1],N0[v,v−1]). More concretely, we will see in Section 2.6.3 that there

exist W -graphs in type B2 that have a positive µ-function, but do not have positive

structure coefficients.

Definition 2.6.27. A morphism of W -graphs f : (X, IX , µX) → (Y, IY , µY ) over Z
is a map f : X → Z[v, v−1] 〈Y 〉 sending x 7→

∑
y∈Y fx,yy, such that for all x ∈ X and

y ∈ Y

s ∈ IX(x) ⇒ f(x) ∈ Z[v, v−1]
〈
I−1
Y (s)

〉
s /∈ IX(x) ⇒

∑
x′∈I−1

X (s) fx′,yµX(x′, x) =

{ ∑
y′∈Y \{y} fx,y′µY (y, y′) if s ∈ IY (y)

0 if s /∈ IY (y)
.

We say that f is a morphism with positive coefficients if and only if both (X, IX , µX)

and (Y, IY , µY ) have coefficients in N0[v, v−1] and fx,y ∈ N0[v, v−1] for all x ∈ X and

y ∈ Y .

This definition amounts to saying that f induces a homomorphism between the

associated H-modules. This is the case if and only if f(Hs.x) = Hs.f(x) for all s ∈ S
and x ∈ X, which is exactly the condition stated above.

The following proposition provides some insight in the structure of W -graphs. It

can be deduced from the more precise lemma stated afterwards:

Proposition 2.6.28. Let (W,S) be a connected Coxeter system. Let (X, I, µ) be a

W -graph with positive coefficients, and assume that the associated H-module is a cell

module. Then, we have either

S =
⋃
x∈X

I(x)

or X = {x} and I(x) = ∅.
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Lemma 2.6.29. Let (X, I, µ) be a W -graph with positive coefficients, x ∈ X and

s ∈ I(x). Let further t ∈ S be such that ms,t ≥ 3. Then, either t ∈ I(x) or there

exists x′ ∈ X such that t ∈ I(x′), s /∈ I(x′) and µ(x, x′) 6= 0 6= µ(x′, x). In the latter

case, Hsts.x = 0 if and only if x′ is the only such element and µ(x, x′)µ(x′, x) = 1.

Proof. Assume t /∈ I(x). We have HsH tHs = Hsts+Hs. Since Hsts acts with positive

coefficients on x and Hs acts by v + v−1 on x, H t cannot act trivially. Furthermore

due to the above equation, there exists x′ in the image of H t such that x occurs

with non-trivial coefficient in Hs.x. Thus, s /∈ I(x′) and µ(x, x′) 6= 0 as well. The

remaining claim follows from positivity of the coefficients.

2.6.3 W -graphs and cell modules in type B2

In this section, we provide examples that served as testing ground throughout the

process of writing this thesis. We will refer to these examples on multiple occasions,

most notably in Section 5.5 where we will categorify the structure presented in this

section.

The Weyl group of typeB2 has the presentationW = 〈s1, s2|s2
1 = s2

2 = (s1s2)4 = 1〉.
We abbreviate in the following s1 = 1 and s2 = 2. The associated Bruhat graph and

the W -graph of the regular representation H = H(W ) can be visualised as follows:
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Note that in that the µ function of this W -graph takes the values 0 and 1 only, and

can thus be visualized using an arrow x → x′ if µ(x, x′) = 1 and µ(x′, x) = 0 or by

a line x − x′ if µ(x, x′) = µ(x′, x) = 1. For the readers convenience, we have also

highlighted the Duflo involutions (see Definition 5.2.1) using the symbol D.

From the above W -graph, one can infer that the Weyl group B2 has four left

cells, namely {e}, {1212}, {1, 21, 121} and {2, 12, 212}, see Definition 2.3.1. Also,

it is not hard to see that there are three 2-sided cells, namely {e}, {1212} and

{1, 2, 12, 21, 121, 212}.
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There are 5 non-isomorphic irreducible W -representations over Q which are af-

forded by the following W -graphs:

1 2 1,2

1
oo 2

// 2 2
oo 2

// 1

The two rank 2 W -graphs afford isomorphic W -representations over Q (and more

generally over any ring k with 2 ∈ k∗). As Q[W ]-modules, the cell module of the left

cell {1, 21, 121} becomes isomorphic to a direct sum of the two dimensional repre-

sentation and the one dimensional representation associated to the second W -graph

displayed above. Even though the µ function of all these W -graphs has values only

in N0, the second and third W -graph do not have positive coefficients by the fol-

lowing argument: Since H2 acts by zero on the second W -graph, we have that

0 = (H1H2H1). = H121. + H1. and thus H121 acts by −(v + v−1). On the other

hand, it is not hard to see that the remaining four W -graphs displayed above lie in

H −ModZ[v,v−1],N0[v,v−1]). Furthermore, the two cell modules with bases {1, 21, 121}
and {2, 12, 212} lie in this category as well.

Next, we describe all morphisms between the 6 W -graphs with positive structure

coefficients discussed above. The only non-trivial morphism are given by N0[v, v−1]-

linear combinations of suitable compositions of the morphisms π1, ι2, π2 and ι1 given

by
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as well as the morphisms s1 and s2

1
D

$$

1
D

2
D

$$

2
D

2 // 2 1 // 1

1

::

1 2

::

2

and identity morphisms. Note that the composition ι1 ◦ π2 ◦ ι2 ◦ π1 (resp. ι2 ◦ π1 ◦
ι1 ◦ π2) agrees with the sum of s1 (resp. s2) and the respective identity morphism.

Provided that 2 is invertible, we can divide both these compositions by 2 and obtain

idempotents. These idempotents project onto the 2-dimensional modules. Note that
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the complementary 1-dimensional summand are associated to an idempotent, say
1
2
(id − s1), which is a morphism that has negative coefficients and thus is only a

morphism of W -representations over Q, but is not a morphism in H ⊗Z[v,v−1] Q −
Mod(Q,N0).

Remark 2.6.30. The four morphisms π1, ι2, π2 and ι1 are build by one of the following

principles: Either two basis elements are mapped to the same target or one basis

element is mapped to two basis elements. The former is the case for π1 and π2, the

latter applies to ι1 and ι2. In Section 5.5, we will understand this process in categorical

term as in the former case adding an isomorphism (compare Lemma 4.6.10) or in the

latter case taking the idempotent closure.
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Chapter 3

Higher Representation Theory I -
Basics

In this chapter, we discuss the basics of higher representation theory. Section 3.1

follows [Rou4] and recalls the definitions of 2-categories, 2-functors, morphism of

2-functors, morphisms of morphisms of 2-functors, as well as the definition of a 2-

category of higher representations of a 2-category. The graded case is also covered

and monoidal categories are mentioned. Section 3.2 discusses centres of objects of 2-

categories. Section 3.3 defines (graded) additive higher representations and discusses

(graded) decategorification using the split Grothendieck construction. Further, ker-

nels, cokernels, (thick) annihilators and (thick) ideals are introduced and related to

the classical case. Finally, universal properties, the 2-Yoneda lemma, and (quotients

of) principal representations are covered.

3.1 2-categories

In this section, we recall the definitions of 2-categories, 2-functors, morphism of 2-

functors and morphisms of morphisms of 2-functors. We follow closely the notation

in [Rou4], reserving A, D,... to denote 2-categories. We also recall the definition of

the 2-category of higher representations Hom(A,D) of A in D, as well as their additive

and graded analogues. Finally, we comment on the close relation between 2-categories

and monoidal categories, which we typically denote by B. Once and for all, we fix a

sufficiently large universe so that all categorical structures considered in this thesis

are (essentially) small and we will not mention this technical requirement again.

We denote by Cat the category of categories and functors. A direct way to climb

the categorical ladder is to consider categories enriched in Cat (in order to make sense
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of this statement, one has to equip Cat with the structure of a monoidal category using

direct products), see [Ke] for the notion of enriched categories. Categories enriched

in Cat are the same as strict 2-categories. An example of a strict 2-category is Cat,

the 2-category of categories, functors and natural transformations.

We will need a more general version of 2-categories, which are often referred to as

weak 2-categories or bicategories:

Definition 3.1.1. A 2-category A consists of

• a set of objects A0

• categories A(a1, a2) for a1, a2 ∈ A0

• functors A(a1, a2)× A(a2, a3)→ A(a1, a3), (b1, b2) 7→ b2b1 for a1, a2, a3 ∈ A0

• an identity object Ia ∈ Aa := A(a, a) for a ∈ A0

• isomorphisms canb3,b2,b1 : (b3b2)b1
∼

=⇒ b3(b2b1) in A(a1, a4) natural in bi ∈
A(ai, ai+1) for a1, .., a4 ∈ A0

• isomorphisms canrb : bIa1

∼
=⇒ b and canlb : Ia2b

∼
=⇒ b in A(a1, a2) natural in

b ∈ A(a1, a2) for a1, a2 ∈ A0

such that the pentagon axiom and the unit axiom are satisfied, that is the diagrams

(
(b4b3)b2

)
b1

canb4,b3,b2 b1 +3
canb4b3,b2,b1

s{

(
b4(b3b2)

)
b1

canb4,b3b2,b1

#+
(b4b3)(b2b1)

canb4,b3,b2b1 '/

b4

(
(b3b2)b1

)
b4 canb3,b2,b1ow

b4

(
b3(b2b1)

)
(b2Ia)b1

canb2,Ia,b1 +3

canrb2
b1  (

b2(Iab1)

b2 canlb1v~
b2b1

commute.

We call A a strict 2-category if the above isomorphisms are identity morphisms.

The functors in the definition are called horizontal composition (functors) and are

also known as juxtaposition. The composition within the categories A(a1, a2) is called

vertical composition. We denote the former composition without a symbol and the

latter using ◦.
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Notation 3.1.2. For objects a of A, we will abuse notation and write a ∈ A instead

of a ∈ A0. However, whenever we refer to the entire set A0 we will keep the index.

The objects (resp. morphisms) of the categories A(a1, a2) are called 1-arrows (resp.

2-arrows). We write b : a1 → a2 for a 1-arrow between a1, a2 ∈ A and we write

c : b1 ⇒ b2 for a 2-arrow between 1-arrows b1, b2 : a1 → a2. Further, we abbreviate

Aa1→a2(b1, b2) := (A(a1, a2)) (b1, b2).

Remark 3.1.3. Given suitably composable 2-arrows α, β, γ and δ, the axioms of a

2-category imply that (δ ◦ γ)(β ◦ α) = (δβ) ◦ (γα). This fact is commonly referred

to as the interchange law. In particular, the following diagram is well defined and

motivates the terms horizontal and vertical composition:

• •oo
YY
�� γ
��
δ
��

• •oo
YY
�� α
��
β
��

Definition 3.1.4. Given a 2-category A, we define the reverse 2-category Arev by set-

ting Arev
0 := A0 and Arev(a, a′) := A(a′, a), and by reversing the horizontal composition

of A, i.e. Arev(a1, a2)×Arev(a2, a3)→ A
rev(a1, a3) is given on objects by (b1, b2) 7→ b2b1.

The rest of the structure is inherited from A.

Definition 3.1.5. A (graded) additive category is a category, whose morphism spaces

are (graded) Abelian groups, composition is (graded) bilinear and finite direct sums ex-

ist. In addition, we require that a graded additive category A• has an auto-equivalence

[1] : A → A and natural isomorphisms An(a1, a2) ∼= An+1(a1[1], a2) ∼= An−1(a1, a2[1])

for all n ∈ Z.

A (graded) additive functor is a functor between (graded) additive categories, which

is given on morphisms spaces by homomorphism of (graded) Abelian groups. In the

graded case it has to commute up to isotransformation with the auto-equivalences [1]

and this isotransformation has to be compatible with the natural isomorphisms above.

A (graded) additive category C is idempotent closed if for all idempotents e ∈ C(C,C)

(of degree zero), that is e2 = e, there exists C ′ ∈ Ob(C) and (degree zero) morphisms

C ′
ι−→ C

π−→ C ′ such that e = ι ◦ π and idC′ = π ◦ ι.

Remark 3.1.6. By graded we always mean Z-graded, whereas in [Rou4] graded

merely means existence of an auto-equivalence. Using the latter terminology, there is

an equivalence between graded additive categories and categories that are enriched in

graded Abelian groups and have finite direct sums. [Rou4] provides the argument for

the Z-graded case. The Z/nZ-graded case is similar. From this perspective, it would
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be more consistent to call our graded categories bi-graded categories with compatible

gradings.

Let us recall the standard notion of indecomposability and introduced a somewhat

more refined version that will frequently be used in this thesis:

Definition 3.1.7. An object in an additive category is called indecomposable if it

is non-trivial and does not allow for a direct sum decomposition into two non-trivial

objects. We call an object strongly indecomposable if it is indecomposable in the

idempotent closure or equivalently if it has exactly two distinct idempotents.

Notation 3.1.8. We denote by Add the category of additive categories and addi-

tive functors. Similarly, Addidem denotes the 1-2-full subcategory of Add with ob-

jects idempotent closed additive categories. Similarly, Add• and Add•idem denote the

graded counterparts. Add denotes the strict 2-category of additive categories, addi-

tive functors and natural transformations. Note that we do not impose additional

requirements on the natural transformations. Similarly, Addidem denotes the 1-2-full

sub-2-category of Add with objects idempotent closed additive categories. Again,

Add• and Add•idem denote the graded counterparts.

Definition 3.1.9. A (graded) additive 2-category is a 2-category A where the cat-

egories A(a1, a2) are (graded) additive categories and the composition functors are

(graded) additive functors. A (graded) additive 2-category is idempotent closed if all

(graded) additive categories A(a1, a2) are idempotent closed.

Example 3.1.10. The 2-category Add (resp. Add•) is a (graded) additive 2-category.

The 2-category Addidem (resp. Add•idem) is an idempotent closed (graded) additive 2-

category.

Definition 3.1.11. A 2-functor R : A→ D between 2-categories is the data of

• a map R : A0 → D0

• functors R : A(a1, a2)→ D(R(a1), R(a2)) for all a1, a2 ∈ A

• invertible 2-arrows canRb2,b1 : R(b2)R(b1)
∼

=⇒ R(b2b1) in D which are natural in

b1 ∈ A(a1, a2) and b2 ∈ A(a2, a3)

• invertible 2-arrows canRa : IR(a)
∼

=⇒ R(Ia) in D for all a ∈ A
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such that the following diagrams commute:(
R(b3)R(b2)

)
R(b1)

canRb3,b2
R(b1)

+3

canR(b3),R(b2),R(b1)

��

R(b3b2)R(b1)
canRb3b2,b1 +3 R

(
(b3b2)b1

)
R(canb3,b2,b1 )

��
R(b3)

(
R(b2)R(b1)

)
R(b3) canRb2,b1

+3 R(b3)R(b2b1)
canRb3,b2b1

+3 R
(
b3(b2b1)

)
R(b)IR(a)

R(b) canRa +3

canr
R(b)

��

R(b)R(Ia)

canRb,Ia
��

R(b) R(bIa)
R(canrb)

ks

IR(a′)R(b)
canR

a′ R(b)
+3

canl
R(b)

��

R(Ia′)R(b)

canRIa′ ,b
��

R(b) R(Ia′b)
R(canlb)

ks

We call a 2-functor strict, if all 2-arrows canRa and canRb1,b2 are identity 2-arrows.

Note that the requirement for canRb1,b2 to be an identity 2-arrow was missing in [Rou4].

Strict 2-functors are called strict pseudo-functors in [Gr].

Definition 3.1.12. A (graded) additive 2-functor R : A → D between (graded)

additive 2-categories A and D is a 2-functor, where the functors R : A(a1, a2) →
D(R(a1), R(a2)) are (graded) additive functors. In the graded case, we require the

associated invertible 2-arrows to be of degree zero.

Notation 3.1.13. We denote by 2−Cat the category of 2-categories and 2-functors.

Similarly, we denote by 2 − Add (resp. 2 − Add•) the additive category of (graded)

additive 2-categories and additive 2-functors.

Remark 3.1.14. The 2-category 2 − Add• is not a graded additive category, but

only comes with a non-trivial auto-equivalence which stabilises the objects.

Definition 3.1.15. Let R,R′ : A → D be 2-functors. A morphism of 2-functors

σ : R→ R′ is the data of

• 1-arrows σ(a) : R(a)→ R′(a) in D for a ∈ A

• invertible 2-arrows canσb : R′(b)σ(a1)
∼

=⇒ σ(a2)R(b) in D natural in b ∈ A(a1, a2)

such that the following diagrams commute:(
R′(b2)R′(b1)

)
σ(a1)

canRb2,b1
σ(a1)

��

canR′(b2),R′(b1),σ(a1) +3 R′(b2)
(
R′(b1)σ(a1)

) R′(b2) canσb1 +3 R′(b2)
(
σ(a2)R(b1)

)
can−1

R′(b2),σ(a2),R(b1)
��

R′(b2b1)σ(a1)

canσb2b1

��

(
R′(b2)σ(a2)

)
R(b1)

canσb2
R(b1)

��
σ(a3)R(b2b1) σ(a3)

(
R(b2)R(b1)

)
σ(a3) canRb2,b1

ks
(
σ(a3)R(b2)

)
R(b1)canσ(a3),R(b2),R(b1)

ks

41



IR′(a)σ(a)
canl

R′(a) +3

canR
′

a σ(a)
��

σ(a)
(canr

R(a))
−1

+3 σ(a)IR(a)

σ(a) canRa
��

R′(Ia)σ(a)
canσIa

+3 σ(a)R(Ia)

These are called quasi-natural transformations with invertible 2-arrows in [Gr].

Definition 3.1.16. A (graded) morphism of (graded) additive 2-functors is a mor-

phism of the underlying 2-functors. In the graded case, we require the invertible

2-arrows to be of degree zero.

Remark 3.1.17. In general, we cannot extend the category 2− Cat to a 2-category

by defining the 2-arrows to be morphisms of 2-functors. The reason is that the

composition of morphisms of 2-functors is typically associative and unital only up to

an invertible morphism of morphisms as defined below. The correct notion to deal

with this detail are 3-categories, however we have no need to go there. The reader

might want to note that 2-functors A→ D and morphism between such 2-functors do

form a category, provided that D is strict.

Definition 3.1.18. Let R, R′ : A→ D be 2-functors and σ, σ̃ : R→ R′ be morphisms

of 2-functors. A morphism of morphisms of 2-functors γ : σ → σ̃ is the data of 2-

arrows γ(a) : σ(a) ⇒ σ̃(a) in D for all a ∈ A such that the following diagrams

commute:

R′(b)σ(a1)
R′(b)γ(a1) +3

canσb
��

R′(b)σ̃(a1)

canσ̃b
��

σ(a2)R(b)
γ(a2)R′(b)

+3 σ̃(a2)R(b)

Morphisms of morphisms of 2-functors are called modifications in [Gr].

Definition 3.1.19. A (graded) morphism of (graded) morphisms of (graded) additive

2-functors is simply a morphism of the underlying morphisms of 2-functors.

Definition 3.1.20. Let A and D be 2-categories. We denote by Hom(A,D) the 2-

category of 2-functors A → D, morphisms between these 2-functors and morphisms

between these morphisms. Provided that A and D are (graded) additive 2-categories,

we abuse notation and denote by Hom(A,D) the 2-category of (graded) additive 2-

functors, (graded) morphism of (graded) additive 2-functors and (graded) morphisms

of (graded) morphisms of (graded) additive 2-functors.
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If D is a strict 2-category, then Hom(A,D) is strict as well. It is worth reiterating

that for additive 2-categories A and D the 2-category Hom(A,D) is only a 1-2-full

sub-2-category of Hom(For(A),For(D)) where For : 2−Add→ 2− Cat is the functor

that forgets the additive structure. The analogous statement in the graded case yields

only a 2-full sub-2-category.

We have intentionally omitted the usage of the symbol B. The reason is that

we will frequently deal with monoidal categories, as defined for example in [Ka]. To

make the distinction to 2-categories easier, we reserve the calligraphic letter B for

(additive) monoidal categories. For the horizontal composition and the unit object

of B, we will use the standard notation ⊗ and I.

Example 3.1.21. Let A be a 2-category, and let a ∈ A. Then, Aa is a monoidal

category. Similarly, the analogous restriction of any 2-functors yields a monoidal

functor. Conversely, given a monoidal category (resp. a monoidal functor) one obtains

an obvious one object 2-category (resp. a 2-functor between one object 2-categories).

Remark 3.1.22. Noteworthy, monoidal transformations do not correspond to mor-

phisms of 2-functors in general. Invertible monoidal transformations correspond to

morphisms of 2-functors between one object 2-categories, however there exist mor-

phisms of 2-functors between one object 2-categories that are not invertible monoidal

transformations. This distinction is explained in detail in [Lei2, Example 1.5.11] and

in the exposition leading up to it.

Remark 3.1.23. We will make use of monoidal structures frequently in this thesis,

predominantly in the context of additive higher representations of additive monoidal

categories, see Remark 3.3.4, and sometimes when discussing equivalences of monoidal

categories. Thus, all monoidal transformations considered will be invertible.

3.2 The centre of an object in a 2-category

In this section, we discuss the centre construction. Usually, centres are introduced

as the endotransformations of identity functors. We will provide a more general

definition that applies to objects in 2-categories. We will employ this construction in

order to construct new higher representations by base change, see Section 4.1.

The centre of a monoid (or ring) A is given by Z(A) := {a ∈ A|ab = ba ∀b ∈ A}.
If we consider A as a category with one object, we can describe Z(A) as the set
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of natural transformations of the identity functor. This is a categorical description

within Cat. More generally, we make the following definition:

Definition 3.2.1. Let A ∈ 2 − Cat and let a ∈ A. The centre ZA(a) of a is defined

as ZA(a) := Aa(Ia, Ia).

Remark 3.2.2. By the Eckmann-Hilton argument ZA(a) is commutative monoid. If

the category Aa is additive, then ZA(a) is a ring.

Definition 3.2.3. Let C ∈ Cat. The centre Z(C) of C is defined as Z(C) := ZCat(C).

The following observation is well known, see [Mi, Section 11], and in some sense

inverse to Remark 3.2.2:

Proposition 3.2.4. Let C ∈ Add. Then, C is a category enriched in Z(C)−Mod.

The following definition is in the spirit of [Mi, Section 11]:

Definition 3.2.5. Let R be a commutative ring. A R-linear category is an additive

category M with a ring homomorphism R → Z(M). Given commutative rings R1

and R2, a R1-R2-linear category is a R1 ⊗Z R2-linear category.

Remark 3.2.6. Equivalently, one can define an R-linear category as a category that

is enriched in R −Mod and that has finite biproducts, see [Ke] for the definition of

enriched categories. Since will not discuss enriched categories, we prefer the definition

given above. Also, note that the terminology R1-R2-linear category is in line with the

standard naming convention for bimodules.

Proposition 3.2.7. Let A ∈ 2 − Add and let a1, a2 ∈ A. Then, Z (A(a1, a2)) is a

ZA(a1)-ZA(a2)-algebra. Thus, A(a1, a2) is a ZA(a1)-ZA(a2)-linear category.

Proof. Note that the identity objects Ia1 and Ia2 induce identity functors on A(a1, a2).

Similarly, the structure of A induces ring homomorphisms between the respective

endomorphisms rings, i.e. ZA(ai) → Z(A(a1, a2)) for i ∈ {1, 2}. Note that ZA(a2)

is commutative and thus agrees with its opposite ring. It remains to show that any

element in the images of these ring homomorphisms commute with each other, which

follows easily from the interchange law.
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3.3 Additive higher representations

In this section, we define the 2-category of (graded) additive higher representations of

a (graded) additive 2-category. For the reader’s convenience, we provide the special

case of additive higher representations of an additive monoidal category, in which

the definition simplifies greatly. Section 3.3.1 discusses decategorification using the

split Grothendieck construction in the graded and non-graded case. Section 3.3.2

shows that the 2-category of higher representations admits kernels and cokernels,

and shows that cokernels can differ from what might be expected classically. Section

3.3.3 introduces (thick) annihilators and (thick) ideals, makes standard observations,

and discusses the connection to the classical case. Section 3.3.4 discusses universal

properties of higher representations, the 2-Yoneda lemma, and (quotients of) principal

representations as examples.

For the remainder of this section, let A (resp. A•) be an additive (resp. graded

additive) 2-category. Following [Rou4], the 2-category of higher representations of A

in some 2-category D is defined as A −Mod(D) := Hom(A,D), see Definition 3.1.20.

For the purpose of this work, we are only interested in (graded) additive higher

representations:

Definition 3.3.1. We denote by A −Mod := Hom(A,Add) the strict 2-category of

additive higher representations of A. Further A−Modidem := Hom(A,Addidem) denotes

the 2-category of idempotent closed additive higher representations of A. Similarly,

A
• −Mod := Hom(A•,Add•) (resp. A• −Modidem := Hom(A•,Add•idem)) denotes the

(idempotent closed) graded additive 2-category of (idempotent closed) graded additive

higher representations of A•.

We regard A−Modidem (resp. A•−Modidem) as a 1-2-full sub-2-category of A−Mod

(resp. A•−Mod) via the inclusion 2-functor Addidem → Add (resp. Add•idem → Add•).

Notation 3.3.2. We call R ∈ A − Mod an A-module. For R, R′ ∈ A − Mod, we

abbreviate HomA(R,R′) := A −Mod(R,R′) and call its objects A-functors and its

morphisms A-transformations. For two A-functors σ, σ′ : R → R′, we denote by

HomR→R′(σ, σ
′) = HomA

R→R′(σ, σ
′) the Abelian group of A-transformations σ ⇒ σ′.

Let us give a first example of higher representations, that has a fairly nice universal

property, a notion to be defined in Definition 3.3.51:
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Definition 3.3.3. For all a ∈ A, the principal representations are defined as PAa :=

A(a,−) ∈ A−Mod(D) = Hom(A,D). The action functor A(a1, a2)→ D(PAa (a1),PAa (a2))

is induced from the functor A(a, a1)×A(a1, a2)→ A(a, a2) which is part of the datum

of A.

When clear from the context, we abuse notation and write Pa = PAa .

For an additive monoidal category B, the definition of B −Mod can be expressed

in a simpler fashion. We present this simplified version below, and introduce some

notational abuses at the same time which will be used throughout.

Remark 3.3.4. A B-module is a pairM = (M, ρ), whereM is an additive category

and ρ : B → Add(M,M) is an additive monoidal functor. We will refer to ρ as the

structure functor. At times, we avoid making ρ explicit, and write B. = ρ(B) for

B ∈ B and b. = ρ(b) for b ∈ B(B1, B2).

A B-functor is a pair F = (F, {canF,B}B∈B) : M → N , where F : M → N is an

additive functor and canF,B : (B.)F
∼

=⇒ F (B.) is an isotransformation for all B ∈ B,

such that {canF,B}B∈B is natural in B and is compatible the structure maps of the

structure functors.

A B-transformation τ : F ⇒ G is a transformation τ : F ⇒ G of the underlying

additive functors, such that canG,B ◦((B.)τ) = ((B.)τ) ◦ canF,B for all B ∈ B.

Example 3.3.5. For the principal representation B = (B, ρ), we have ρ(B1)(B2) =

B1B2 for all B1, B2 ∈ B, where we consider B1 as an object in the acting monoidal

category and B2 as an object of the principal representation.

3.3.1 Decategorification

In this section, we discuss the passage to the classical case using the split Grothendieck

constructions for the acting (graded) additive 2-category, the (graded) additive higher

representations, as well as for their morphisms. This process is commonly referred to

as decategorification. Since this is fairly standard, we omit all proofs.

Let A be an additive 2-category. Recall that we always assume that A is essentially

small. Thus, there exists a set 〈A〉 of 1-arrows in A such that every 1-arrow in A is

isomorphic to a unique element of 〈A〉. This necessary technical assumption will be

suppressed in the remainder of this thesis. For a 1-arrow b : a1 → a2 in A, we denote

〈b〉 the corresponding element in 〈A〉.
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Notation 3.3.6. We denote by W (A) the set of indecomposable 1-arrows of A up to

isomorphism. We often fix a choice of an embedding W (A) ↪→ 〈A〉 and denote the

indecomposable 1-arrow associated to x ∈ W (A) by Bx.

Definition 2.3.1 can now be generalised. For simplicity, we provide this generali-

sation for the base ring only.

Definition 3.3.7. The left order ≤L of W (A) is defined as x ≤L y for all x, y ∈ W (A)

if and only if there exists a 1-arrow b in A and a split injection from Bx to bBy. The

2-sided order ≤LR of W (A) is defined as x ≤LR y for all x, y ∈ W (A) if and only there

exist 1-arrows b1, b2 in A such that there exists a split injection from Bx to b1Byb2.

The equivalence relation induced from ≤L (resp. ≤LR) is denoted by ∼L (resp. ∼LR),

and the associated equivalence classes are called the left cells (resp. 2-sided cells) of

A in W (A).

Remark 3.3.8. Note that we do not require that A is idempotent closed. Thus for

a given x ∈ W (A), Bx might not be strongly indecomposable. Therefore, we decided

not to define x ≤L y by requiring that there exists a 1-arrow b in A such that Bx is a

direct summand of bBy.

Definition/Proposition 3.3.9. The split Grothendieck group [A] of A is the quo-

tient of the free Abelian group Z 〈A〉 by the relation 〈b1〉 + 〈b2〉 = 〈b1 ⊕ b2〉 for all

1-arrows b1, b2 : a1 → a2. We denote by [b] the image of 〈b〉 in [A]. The Abelian group

[A] becomes a ring, the split Grothendieck ring, by setting

[b2][b1] :=

{
[b2b1] if a2 = a3

0 otherwise

for all 1-arrows b1 : a1 → a2 and b2 : a3 → a4 in A.

Remark 3.3.10. We have an obvious ring homomorphism Z[W (A)]→ [A].

Similarly, let R ∈ A−Mod and let 〈R〉 be the set of representatives of isomorphism

classes of objects in R(a) for all a ∈ A.

Definition/Proposition 3.3.11. The split Grothendieck group [R] of R ∈ A−Mod

is the quotient of the free Abelian group Z 〈R〉 by the relation 〈r1〉 + 〈r2〉 = 〈r1 ⊕ r2〉
for all a ∈ A and all objects r1, r2 ∈ R(a). We denote by [r] the image of 〈r〉 in

[R]. The Abelian group [R] becomes an [A]-module, the split Grothendieck module,

by setting

[b].[r] :=

{
[R(b)(r)] if a1 = a3

0 otherwise

for all 1-arrows b : a1 → a2 in A and all objects r ∈ R(a3).
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Example 3.3.12. For an additive 2-category A, [A] considered as a left [A]-module

is isomorphic to [
⊕

a∈APa], see Definition 3.3.3 and Remark 3.3.58.

Next, we discuss the analogue notions for a graded additive 2-category A
•. We

have a set 〈A•〉 of representatives of degree zero isomorphism classes of 1-arrows in A,

that is every 1-arrow in A is isomorphic via two degree zero 2-morphisms to a unique

element in 〈A•〉. For a 1-arrow b : a1 → a2 in A, we denote 〈b〉 the corresponding

element in 〈A•〉.

Definition/Proposition 3.3.13. The graded split Grothendieck group [A•] of A• is

the quotient of the Z[v, v−1]-linear free Abelian group Z[v, v−1] 〈A•〉 by the relations

〈b1〉+ 〈b2〉 = 〈b1 ⊕ b2〉 and 〈b1[1]〉 = v 〈b1〉 for all 1-arrows b1, b2 : a1 → a2. We denote

by [b] the image of 〈b〉 ∈ 〈A•〉 in [A•]. The Z[v, v−1]-linear Abelian group [A•] becomes

a Z[v, v−1]-algebra, the graded split Grothendieck ring, by setting

[b2][b1] :=

{
[b2b1] if a2 = a3

0 otherwise

for all 1-arrows b1 : a1 → a2 and b2 : a3 → a4 in A
•.

Remark 3.3.14. We have an obvious ring homomorphism Z[v, v−1][W (A•)]→ [A•].

Similarly, let R• ∈ A• −Mod and let 〈R•〉 be the set of representatives of degree

zero isomorphism classes of objects in R•(a) for all a ∈ A.

Definition/Proposition 3.3.15. The split Grothendieck group [R•] of R• ∈ A• −
Mod is the quotient of Z[v, v−1]-linear free Abelian group Z 〈R〉 by the relation 〈r1〉+
〈r2〉 = 〈r1 ⊕ r2〉 and 〈r1[1]〉 = v 〈r1〉 for all a ∈ A and r1, r2 ∈ R(a). We denote

by [r] the image of 〈r〉 in [R•]. The Z[v, v−1]-linear Abelian group [R•] becomes an

[A•]-module, the split Grothendieck module, by setting

[b].[r] :=

{
[R•(b)(r)] if a1 = a3

0 otherwise

for all 1-arrows b : a1 → a2 in A
• and all objects r ∈ R•(a3).

In order to to provide the link to the classical case of Section 2.1, we need the

following definition:

Definition 3.3.16. A (graded) additive category has the (graded) Krull-Schmidt

property, if every object has an up to (degree zero) isomorphism unique decompo-

sition into indecomposable objects. In the graded case for all objects a, we require
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in addition that there exists no degree zero isomorphism between a and a[n] for all

n ∈ Z \ {0}.

A (graded) additive 2-category A has the (graded) Krull-Schmidt property if A(a1, a2)

has the (graded) Krull-Schmidt property for all a1, a2 ∈ A, if the unit object Ia is in-

decomposable for all a ∈ A. An A-module R has the (graded) Krull-Schmidt property

if R(a) has the (graded) Krull-Schmidt property for all a ∈ A.

Remark 3.3.17. The (graded) Krull-Schmidt property implies that the ring homo-

morphism of Remark 3.3.10 (resp. Remark 3.3.14) is an isomorphism.

Remark 3.3.18. Krull-Schmidt categories are categories whose objects can be de-

composed into finite direct sums of indecomposable objects that have local endo-

morphism rings. The properties of Krull-Schmidt categories imply the Krull-Remak-

Schmidt theorem and in particular the uniqueness of decompositions into indecom-

posable objects up to a permuting isomorphism, see [Kr, Theorem 4.2]. Motivated

by the example of Soergel bimodules in which indecomposable objects do not have

local endomorphism rings (the endomorphism ring of the unit object for example is

a polynomial ring), we do not discuss Krull-Schmidt categories. Note however that

Soergel bimodules satisfy the Krull-Schmidt property.

Notation 3.3.19. Given a (graded) additive 2-category A that satisfies the Krull-

Schmidt property, we denote by A−ModKS the 1-2-full sub-2-category of A−Mod with

objects 2-representations R : A → Add (resp. R : A → Add•) that have the (graded)

Krull-Schmidt property. The analogous 1-2-full sub-2-category of A − Modidem is

denoted by A−Modidem
KS .

We fix a choice of isomorphism classes of indecomposable objects and assume that

the unit objects Ia for all a ∈ A are included in this choice. In the graded case, we

speak of isomorphism classes of indecomposable objects up to shifts. The following

statement is now obvious:

Proposition 3.3.20. Let A be an additive 2-category that satisfies the Krull-Schmidt

property. Then, [A] is a (Z,N0)-ring with basis given by the isomorphism classes

of indecomposable objects. Provided that A0 is finite, the unit is given by
∑

a∈A[Ia].

Given R ∈ A−ModKS, then [R] ∈ [A]−Mod(Z,N0). Given R, R′ ∈ A−ModKS and an

A-functor F : R→ R′, then we have a morphism [F ] : [R]→ [R′] in [A]−Mod(Z,N0).

Analogously, let A• be a graded additive 2-category that satisfies the Krull-Schmidt

property. Then, [A•] is a (Z[v, v−1],N0[v, v−1])-ring with a basis given by the iso-

morphism classes of indecomposable objects up to shift. If A•0 is finite, the unit is
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given by
∑

a∈A• [Ia]. Furthermore, F • ∈ A
• − ModKS(R•, R•′) yields a morphism

[F •] : [R•]→ [R•′] in [A•]−Mod(Z[v,v−1],N0[v,v−1]).

3.3.2 Structure of the 2-category of higher representations

In this section, we show that the 2-category of higher representations admits kernels

and cokernels in the same fashion as in the classical case. For non-idempotent closed

higher representations, we will show that cokernels can differ from what might be

expected classically. For simplicity, we work with an additive monoidal category B.

We begin by recalling a definition given in [Rou4]:

Definition 3.3.21. Let b : a→ a′ be a 1-arrow in an additive 2-category A. A kernel

of b is an object ker b ∈ A together with a 1-arrow ker b → a such that for all a′′ ∈ A
the induced functor A(a′′, ker b)→ A(a′′, a) is fully faithful with essential image given

by those 1-arrows b′ : a′′ → a for which bb′ = 0. Similarly, a cokernel of b is an kernel

of b considered as a 1-arrow a′ → a in A
rev.

Remark 3.3.22. As stated in [Rou4] if kernels and cokernels exist, they are unique

up to equivalence unique up to unique isomorphism.

Definition 3.3.23. Let F : M1 → M2 be a 1-arrow in a 2-category that has kernels

and cokernels. The image of F is defined as imF := coker(kerF → M1). The

coimage of F is defined as coimF := ker(M2 → cokerF ).

Remark 3.3.24. We have a canonical 1-arrow imF → coimF . To see this apply

first the properties of the cokernel and then the properties of the kernel.

Proposition 3.3.25. The additive 2-category B−Mod admits kernels and cokernels.

Given a B-functor F , the canonical B-functor imF → coimF is not an equivalence

in general.

Lemma 3.3.26. Let F ∈ HomB(M,N ). Then, kerF exists and the underlying

additive category is given by the full subcategory of M with objects all M ∈ M such

that F (M) = 0. Similarly, cokerF exist and the underlying additive category is given

by the additive quotient of N by the family F (m) indexed by all morphisms m of M.

Proof. Since F is a B-functor, the set of objects M in M with F (M) = 0 is stable

under the B-action. Thus, kerF as defined in the statement indeed defines a sub-

B-module of M. Similarly, the set of morphisms in N of the form F (m) for some
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morphisms m of M is also stable under the B-action. Thus, the structure functor

of N descents along the quotient functor N → cokerF , equipping cokerF with the

structure of a B-module such that the quotient functors is a B-functor. Now, it

is obvious that the properties of kernels and cokernels are satisfied. In fact, the

functors that are required to be an equivalence in Definition 3.3.21 are isomorphisms

of categories.

Given a A-functor σ : R → R′ in A − ModKS, it follows from the universal

properties that we have morphisms [kerσ]→ ker[σ] and coker[σ]→ [cokerσ].

Proposition 3.3.27. We have an isomorphisms [kerσ]
∼−→ ker[σ] and provided that

R′ is idempotent closed coker[σ]→ [cokerσ] is an isomorphism, as well.

Proof. The statement for kernels follows directly from the explicit description of ker-

nels for both higher representations and the classical analogue. For cokernels, one has

to note that an object becomes zero in an additive quotient if and only if its identity

morphism factors through one of the morphisms by which the quotient is taken. In

our case, an object that becomes zero in the quotient is a summand of an object of

the form σ(a)(r) for all a ∈ A and r ∈ R(a).

In general, neither coker[σ] → [cokerσ] nor im(σ) → coim(σ) is an isomorphism.

To give a concrete example, we use Soergel bimodules of type A1, see Section 5.1

for background on Soergel bimodules. Note that this example applies only in the

non-graded setting (as well as the Z/2Z-graded setting).

Example 3.3.28. LetM∈ Soe−Mod denote either Soe⊗RR/ 〈1− 2αs〉 or Soe⊗R
R[α−1

s ]. We have obvious Soe-functors ι : Soe → M as well as K : M → Midem.

It is easy to see that [Soe] = [M] and thus that [ι] = id. On the other hand

[K] is the morphism provided in example 2.1.8 (after specialising v2 to 1). Thus

ker[K] = coker[K] = 0. Further let F := − ⊗ Bs : Soe → Soe. Clearly, [F ] is the

morphism given in Example 2.2.6, which also implies that the canonical Soe-functor

imF → coimF is not an equivalence. We have [ιF ] = [ι] ◦ [F ] = [F ]. Therefore,

coim[ιF ] is a proper submodule of [Soe] and coker[ιF ] is non-trivial, see Example

2.2.6. However, coker(ιF ) = coker(KιF ) = 0 and thus [coim(ιF )] = [Soe] 6= im[ιF ]

as well as 0 = [coker(ιF )] 6= coker[ιF ].
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3.3.3 Annihilators and ideals

In this section, we introduce annihilators and ideals for additive higher represen-

tations, and make standard observations. Further for thick annihilators and thick

ideals, we discuss the connection to the classical case.

Definition 3.3.29. Let A be an additive 2-category. An ideal IEA consist of a family

of Abelian subgroups I(b1, b2) ≤ Aa1→a2(b1, b2) indexed by 1-arrows b1, b2 ∈ A(a1, a2)

where a1, a2 ∈ A varies. Furthermore, I shall be closed under horizontal and vertical

composition with arbitrary 2-arrows in A. An ideal I E A is called thick, if it is

generated by identity 2-arrows.

Remark 3.3.30. One might call an ideal a two-sided ideal, though we will not use

this terminology. An ideal is thick if and only if every 2-arrow contained in the ideal

factors over an identity 2-arrow that is also contained in this ideal. In formulas, I

is thick if and only if for all c ∈ I(b1, b2) there exists a 1-arrow b3 and 2-arrows

c1 : b1 ⇒ b3, c2 : b3 ⇒ b2 such that idb3 ∈ I(b3, b3) and c = c2 ◦ c1. Note as well that

if b4 ≤ b3 and idb3 ∈ I(b3, b3), than idb4 ∈ I(b4, b4).

The following definition is natural and will be used at various occasions:

Definition 3.3.31. We call a functor between categories a quotient functor if it is

full and essentially surjective. We call a 2-functor F : A → D a quotient functor,

if F is locally a quotient functor, and we call D a quotient of A. Further, we call

an A-functor σ : R → R′ a quotient A-functor if σ(a) : R(a) → R′(a) is a quotient

functor for all a ∈ A, and we call R′ an A-quotient of R.

We have the following standard observation:

Proposition 3.3.32. Given an ideal I E A, one can form the quotient 2-category

A/I and we have a quotient 2-functor πI : A → A/I. On the other hand given an

additive 2-functor F : A → D, the family I(F ) of all 2-arrows of A that are send to

zero under F is an ideal I(F )EA and F factors over πI(F ). Further if F is a quotient

2-functor, then the factorisation over πI(F ) is an equivalence. Furthermore given an

ideal IE A, we have I(πI) = I.

Definition 3.3.33. The annihilator of a 2-representation R : A→ Add is defined as

AnnA(R) := I(R)E A.
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Remark 3.3.34. Note that any 2-representation R : A → Add of a 2-category A

factors over the quotient 2-functor π : A → A/AnnA(R). Thus, one can say that

R arises as the restriction of a 2-representation of A/AnnA(R). We will make this

precise in Section 4.4 which will enable us to write that R = Resπ(Indπ(R)). Further

for all R′ ∈ A − Mod, we will be able to deduce that R′′ := Resπ(Indπ(R′)) is an

A-quotient of R′, that R′′ = Resπ(Indπ(R′′)) and that I(π) is a subideal of Ann(R′′).

The cofiltration of A−Mod that will be introduced in Section 4.9.1 can be regarded

as a further refinement to these observations.

We have the following generalisation of Lemma 2.4.6. Note that unlike in the

classical case where we required a trivial kernel, we have to be more precise now and

require a faithfulness condition:

Lemma 3.3.35. Let σ : R → R′ be an A-functor. If coker(σ) = 0, then AnnA(R) ⊂
AnnA(R′). If σ is locally faithful, then AnnA(R) ⊃ AnnA(R′).

Proof. For each c ∈ Aa1→a2(b1, b2), the canonical 2-arrow R′(c)σ(a1)
∼

=⇒ σ(a2)R(c)

is an isotransformation. Thus if c ∈ AnnA(R), then R(c) = 0 and thus R′(c)σ(a1),

i.e. R′(c) = 0 on all objects in the image of σ on thus also on the idempotent

closure. Hence, coker(σ) = 0 implies AnnA(R) ⊂ AnnA(R′). On the other hand if

c ∈ AnnA(R′), R′(c) = 0 and thus σ(a2)R(c) = 0, i.e. R(c) is made up of morphisms

that are send to zero under σ(a2). Hence if σ is locally faithful, it follows that R(c)

is made up of morphisms that are zero, i.e. R(c) = 0, and this implies AnnA(R) ⊃
AnnA(R′).

Remark 3.3.36. In [MaMi1], coideals are introduced as the subset of 1-arrows in A

which are closed under the left and right action of A as well as under idempotents.

These subsets correspond to our thick annihilators.

Definition 3.3.37. An ideal I in a 2-representation R, denoted I E R, consists of

a family of subobjects I(a)(r1, r2) of R(a)(r1, r2) for all a ∈ A and r1, r2 ∈ R(a).

Furthermore, I shall be closed under composition and application of the functors

R(b) : R(a)→ R(a′) for all 1-arrows b : a→ a′ in A. An ideal I E R is called thick,

if it is generated by identity 2-arrows.

Let us now give an example in VectC−Mod, which induces an identity morphism

on the level of the split Grothendieck groups, and yet provides insights on the non-

triviality of the categorical structures we have just defined:
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Example 3.3.38. Consider two categories, constructed as additive closures from

C-linear quivers as follows:

LinC
(
·1 // ·2

)
and LinC

(
·3 ·4

)
.

The objects in both categories can be described as pairs (n,m) ∈ N0 × N0 and can

be thought of as Cn⊕Cm. The morphism spaces from (n,m) to (k, l) are of complex

dimension n ∗ k + n ∗ l + m ∗ l in the first and n ∗ k + m ∗ l in the second case.

Both categories become VectC-modules in an obvious way using the tensor product

⊗C of VectC. The second module thus constructed is equivalent as VectC-module to

the direct sum of the principal VectC-module VectC, see Definition 3.3.3, with itself.

Let F be the VectC-functor from the first to the second VectC-module determined by

F (·1) = ·3 and F (·2) = ·4. Clearly, F has to send all morphisms ·1 → ·2 to zero. We

have kerF = 0 and cokerF = 0, and thus imF 6= coimF . The ideal I(F ) contained

in the first category, see Proposition 3.3.39, consists of all morphisms ·1 → ·2, the

zero morphisms of ·1 and ·2, the zero morphism ·2 to ·1, as well as all direct sums of

these morphisms. On the other hand, the annihilators of both modules, see Definition

3.3.33, (as well as the annihilators of object to be defined in Definition 3.3.44) are

trivial. We will reformulate this example in an equivalent fashion in Example 4.1.8.

Proposition 3.3.39. Let IER be an ideal. Then, there exists an A-quotient R/I of

R and a quotient A-functor πI : R → R/I. On the other hand let σ : R → R′ be an

A-functor. Then, the family of morphisms in R(a) that are send to zero under σ(b)

for all a, a′ ∈ A and all 1-arrows b : a → a′ in A forms an ideal which we denote by

I(σ) E R and σ factors over πI(σ). Further, let σ′ : R′ → R′′ be another A-functor.

Then, we have I(σ) ⊂ I(σ′ σ). If σ is a quotient A-functor, then the factorisation of

πI is an equivalence in A−Mod. Furthermore given I ER, we have I(πI) = I.

Proof. This is standard.

Remark 3.3.40. Given σ ∈ HomA(R,R′), ker(σ) is the maximal full sub-A-module

of R whose morphism are contained in I(σ). Note that the minimal ideal in R that

contains all morphisms of ker(σ) is thick and can be described as I (R→ im(σ)).

Moreover in A−Mod, we have the following commutative diagram:

ker(σ) �
� //

0 $$

R

����
πI(σ)

$$ $$

σ // R′ // // coker(σ)

im(σ) // // R/I(σ) �
� //

+ �

99

coim(σ)
?�

OO

0

88

Here ↪→ (resp. �) indicates that the A-functor is locally faithful (resp. locally full).
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Remark 3.3.41. Cokernels of locally full A-functors in Hom(A,D) were already ex-

plained in [Rou4], under the assumption that the 2-category D has cokernels.

Remark 3.3.42. In [MaMi2] given a 2-functor F : A → D, the associated ideal in

I(F )E A is denoted by Ker(F ). We propose the notation I(F ), since kernels do not

exist within the category of 2-categories, in the same way as they do not exist in the

category of unital rings. In [MaMi2] given a 2-representation R : A → Add, Ker(R)

is used to denote AnnA(R). We propose the notation AnnA(R) (instead of I(R)) to

highlight that R ∈ A−Mod.

Remark 3.3.43. Given an ideal IEA, one can consider A and A/I as A-modules and

there is a quotient A-functor π : A → A/I. Morally, this should lead to a bijection

AnnA(A/I) ∼= I(π). However only if A has a single object, this is the case. We will

make a precise statement in Remark 3.3.58.

Finally, we introduce annihilators of objects within 2-representations. The reader

will note that the annihilator of a higher representation agrees (in an appropriate

sense) with the intersection of all annihilators of its objects.

Definition 3.3.44. Let a ∈ A, R ∈ A −Mod and r ∈ R(a). The annihilator of r,

denoted by Anna(r) E Pa, consists of all c ∈ Aa→a′(b1, b2) where b1, b2 and a′ vary

such that 0 = R(c)r ∈ R(a′) (R(b1)(c), R(b2)(c))).

Remark 3.3.45. Definition 3.3.44 is taken from [MaMi2]. More conceptually, one

can use the equivalence HomA(Pa, R) ∼= R(a) to obtain an evaluation A-functor

evr : Pa → R determined by Ia 7→ r. Then, Anna(r) = I(evr)E Pa. Also, note that

the maximal thick subideal of Anna(r) can be described as I (Pa → im(evr)), and

that the indecomposable objects of ker(evr) are in one to one correspondence with

the annihilator of r as defined in [MaMi1].

3.3.4 Representability and uniqueness

In this section, we discuss representable 2-functors. Applied to 2-functors with domain

A−Mod, this is the appropriate generalisation of a universal property. We make the

standard observation, based on the 2-Yoneda lemma, that higher representations

that satisfy a univgersal property are unique up to equivalence. Constructions of

such universal properties and their representing objects forms an integral part of

this thesis. As examples, we discuss (sub-2-functors of) weight space 2-functors, and

(quotients of) principal representations.
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For the remainder of this section, we fix an additive 2-categories A and a 2-

category D such that the 2-functor A(a,−) : A→ D is well defined for all a ∈ A. For

our purposes it is enough to think of the cases D = Add, Addidem, Add• or Add•idem.

Definition 3.3.46. A 2-functor R : A → D is called representable, if there exists

a ∈ A and an equivalence of 2-functors A(a,−) ∼= R in Hom(A,D).

Example 3.3.47. For all a ∈ A, the principal representations Pa : A → Add is

representable by definition.

Objects that represent a given 2-functor are essentially unique:

Proposition 3.3.48. Let a1, a2 ∈ A. Then, there exists an equivalence a1
∼= a2 in A

if and only if there exists an equivalence A(a1,−) ∼= A(a2,−) in Hom(A,D).

Proof. The first implication holds due to the interchange law. In order to show

the converse implication, let us denote Ri := A(ai,−). By assumption, we have

morphisms of 2-functors σ1 : R1 → R2 and σ2 : R2 → R1, and morphisms of

morphisms γ1 : idR1

∼
=⇒ σ2σ1 and γ2 : idR2

∼
=⇒ σ1σ2. Setting bi := σi(ai)(Iai),

we define 1-arrows a2
b1−→ a1 and a1

b2−→ a2 in A. We have an isotransforma-

tion γ1(a1) : idA(a1,a1)
∼−→ σ2(a1)σ1(a1) of endofunctors of A(a1, a1) and thus iso-

morphisms γ1(a1)Ia1
: Ia1

∼−→ σ2(a1)(b1). Further, σ2(a1)(b1) ∼= σ2(a1)(b1Ia2) ∼=
b1σ2(a2)(Ia2) = b1b2, where the isomorphism comes from evaluating the invertible

2-arrow σ2(a1)R2(b1)
∼

=⇒ R1(b1)σ2(a2) associated to the morphisms of 2-functors σ2

at Ia2 . It follows that Ia1

∼−→ b1b2 and Ia2

∼−→ b2b1 is shown analogously.

Representability of functors is a useful concept due to the Yoneda lemma, which

has a vast rage of applications. It states that for any functor F : C → Set, where

Set denotes the category of sets, we have a bijection CatC→Set(C(c,−), F ) ∼= F (c).

In particular, an isotransformation C(c1,−)
∼

=⇒ C(c2,−) is the same as an isomor-

phism c2
∼−→ c1 in C. In the 2-categorical setting, we have to replace isomorphisms

by equivalences and choose a good replacement for Set. For the remainder of this

section, we assume that the categories Hom(A,D)(R,R′) are objects in D for all 2-

functors R, R′ : A→ D. For notational clarity, we write HomA→D = Hom(A,D). The

following statement is called the 2-Yoneda lemma, see [Rou4, Section 2.2.4] for the

first statement in Lemma 3.3.49 in the D = Cat case.

Lemma 3.3.49. Let a ∈ A. Then, we have HomA→D (A(a,−), R) ∼= R(a) in D.

Further, we have HomA→D (A(a,−),A(a,−)) ∼= A
rev(a, a) as monoidal categories.
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Proof. We provide a sketch only. First, define a 1-arrow HomA→D (A(a,−), R)→ R(a)

in D as follows: A morphism of 2-functors σ : A(a,−)→ R is send to σ(a)(Ia) ∈ R(a)

and a morphism of morphisms γ : σ → σ̃ is send to γ(a)Ia . Second, the 1-arrow

R(a) → HomA→D (A(a,−), R) in D is defined as follows: An object r ∈ R(a) is send

to the morphism of 2-functors A(a,−)→ R which for all a′ ∈ A sends b ∈ A(a, a′) to

R(b)(r) and for all b1, b2 ∈ A(a, a′) sends a 2-arrow c : b1 ⇒ b2 to R(c)r. The natural

isomorphisms necessary to complete the definition of the 2-functor A(a,−) → R are

induced by the natural isomorphisms that are part of the datum of the 2-functor R.

We leave it to the reader to check that the respective compositions of these 1-arrows

are isomorphic to the respective unit 1-arrows, which establishes the first statement.

For the second statement, we take two morphisms of 2-functors σ1, σ2 : A(a,−) →
A(a,−). The composition of their images σ1(a)(Ia) and σ2(a)(Ia) is σ1(a)(Ia)σ2(a)(Ia)

by the definition of the reversed category. This agrees up to isomorphism with the im-

age (σ2σ1)(a)(Ia) of their composition σ2σ1. Since (σ2σ1)(a)(Ia) = σ2(a)(σ1(a)(Ia)) ∼=
σ2(a)((σ1(a)(Ia)).Ia) ∼= (σ1(a)(Ia))σ2(a)(Ia), where we used both the left unit in

A(a, a) as well as the structure map of the 2-functor σ2, it is straightforward to

turn the equivalence into a monoidal equivalence.

Remark 3.3.50. The 2-Yoneda lemma (for D = Cat) has a long history. See [Lei1]

for a an independent treatment of this statement and the most important references.

The crucial application to the Yoneda embedding for bicategories, as well as the

corollary that every 2-category is biequivalent to a strict 2-category can also be found

there. It is worth noting that according to their own introduction, [Mo] provides the

first complete proof of this statement in 1997.

Definition 3.3.51. Let a ∈ A. We call the obvious 2-functor Φa : A−Mod(D)→ D

that is given by Φa(R) = R(a) for all D-modules the a-weight space 2-functor.

Provided our assumptions on A and D, one deduces the following statement. This

statement has already been used implicitly in [Rou4, Section 5.1.3] for D = Cat and

has been stated explicitly for (k-linear) principal representations of a strict 2-category

A in [MaMi2, Lemma 9].

Proposition 3.3.52. Let a ∈ A. Then, Pa represents Φa.

Proof. By the 2-Yoneda lemma applied to the pair (A−Mod(D),D), we have an equiv-

alence HomA−Mod(D)→D (HomA(Pa,−),Φa) ∼= Φa(Pa) = Pa(a) = A(a, a) in D. Thus,

Ia ∈ A(a, a) gives rise to a morphism of 2-functor HomA(Pa,−)→ Φa. Evaluated at

R ∈ A −Mod(D), this morphism agrees with the functor HomA(Pa, R) → R(a) =
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Φa(R) of the 2-Yoneda lemma, which is an equivalence. Thus, HomA(Pa,−) → Φa

is locally an equivalence, and it is not hard to check that these equivalences actually

define an equivalence of 2-functors.

We will now see that A is fully encoded in its category of higher representations.

For this purpose, denote by Prin(A) the 1-2-full subcategory of A − Mod that has

all principal representations as objects. In the same way as in the 2-Yoneda Lemma

3.3.49, the reversed category comes into play:

Corollary 3.3.53. The assignment a 7→ Pa extends to an equivalence Arev ∼= Prin(A).

In particular, Brev ∼= HomB(B,B) as monoidal categories.

Proof. We leave it to the reader to assert that the equivalences provided in Proposition

3.3.52 actually defines 2-functors and morphisms of 2-functors that together yield this

equivalence. Let us however provide an explanation for the appearance of the reversed

2-category Arev through the following up to isotransforamtions commutative diagram:

A
rev(a1, a2)× Arev(a2, a3) // A

rev(a1, a3)

A(a2, a1)× A(a3, a2) //

∼
��

A(a3, a1)

∼
��

HomA(Pa1 ,Pa2)×HomA(Pa2 ,Pa3) //HomA(Pa1 ,Pa3)

Remark 3.3.54. We will prove an enhanced version of the second statement of

Corollary 3.3.53 in Theorem 4.5.10.

Remark 3.3.55. Proposition 3.3.48 clearly follows from Corollary 3.3.53. We decided

to present the statements in this order, since we expect that most readers are more

familiar with Proposition 3.3.48 than with Corollary 3.3.53.

Now let a ∈ A, and let I E Pa be an ideal of the principal representation Pa of

A. We denote by PIa := Pa/I the corresponding A-quotient. There exists an obvious

2-functor ΦIa : A−Mod→ Add that sends an A-module R to the full subcategory of

R(a) with objects M that satisfy I ⊂ Anna(M). Clearly, this 2-functor comes with a

locally fully faithful morphism ΦIa → Φa of 2-functors. Since, Pa → PIa is a quotient

A-functor, it induces a fully faithful functor HomA(PIa , R) → HomA(Pa, R). The

equivalence HomA(Pa, R) ∼= Φa(R) now clearly induces equivalences HomA(PIa , R) ∼=
ΦIa(R) which are natural in R. We have obtained the following result, a special case

of which has been used in [Rou4, Section 5.1.3]:
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Proposition 3.3.56. Let a ∈ A and let I E Pa. Then, ΦIa is represented by PIa .

Example 3.3.57. 1. Let Ag be a 2-Kac-Moody algebra and λ ∈ Ag. In [Rou4],

the λ-weight space 2-functor A −Mod(Link) → Cat that sends R 7→ R(λ) is

discussed. It agrees with the composition of Φλ with the forgetful 2-functor

Link → Cat. Further, it is stated that a 2-representation denoted Hom(λ,−) ∈
Ag−Mod(Link) represents this composition. In our notation, Hom(λ,−) = Pλ.

2. In [MaMi1], the corresponding 2-Yoneda lemma for Abelian higher representa-

tions is proven for the Abelian principal representations Pa. In [MaMi2], an

abelianization 2-functor is constructed and it is shown that Pa 7→ Pa. They

also provide an adjoint (though do not state that it is one), which one may use

to deduce the universal property of Pa from Pa. Working out the details should

also lead to a connection between PIa and the modules PI
a defined in [MaMi1].

Having introduced principal representations and their A-quotients, we can make

Remark 3.3.43 precise:

Remark 3.3.58. Let I E A be an ideal. For all a ∈ A, we obtain an ideal Ia E Pa
by setting Ia(a′) := I(a, a′) for all a′ ∈ A, and we denote the associated quotient A-

functor by πa : Pa → PIaa . Denoting π̂ := ⊕a∈Aπa, we have I(π̂)(a′) =
⊕

a∈A I(a, a′)

for all a′ ∈ A. Now, one may abuse notation in two different ways by writing A =⊕
a∈APa and A/I =

⊕
a∈APIaa in A − Mod. Since Res

πI
(PA/Ia ) = (PAa )Ia , these

notational abuses lead to the statement A/I = Resπ(A/I) in A − Mod. In this

sense, we have πI = π̂ as A-functors. However, one has to be careful with such

identifications: The ideal I(π̂) in the A-module A contains the morphisms of the ideal

AnnA(A/I) = I(πI) = I in the 2-category A in multiple form, as the above formula

shows. Only if A has precisely one object, I(π̂) and AnnA(A/I) are identical.

Remark 3.3.59. Representability is usually formulated for D = Cat, which is suf-

ficient to prove uniqueness up to equivalence of any representing object. For the

relation to ideals however, we used the existence of zero 2-arrows. Further, it will be

crucial later on to consider 2-functors for example with D = Addidem. This was the

motivation for framing this section with flexible D.
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Chapter 4

Higher Representation Theory II -
New Developments

This chapter is the technical centre piece of this work. All statements apply to arbi-

trary additive 2-categories A. For simplicity, we often focus on an additive monoidal

category B instead of A. Section 4.1 discusses centres and base change of A-modules.

Section 4.2 introduces three generalisations of the classical notion of cyclicity: First, a

direct generalisation called 1-cyclicity, second 2-cyclicity which takes morphisms into

account and implies desirable properties for the functor categories with 2-cyclic do-

main, and third functorially cyclic modules which are 2-cyclic modules and posses

a more readily testable definition. Section 4.3 introduces (indecomposable) split

Frobenius objects and discusses the additive Barr-Beck theorem, first for additive

categories, then for 2-functors with codomain Addidem and finally for universal prop-

erties of additive higher representations. It is shown that representability of universal

properties is preserved under the additive Barr-Beck construction. Furthermore, the

split Frobenius 2-category is introduce as well as preorders for split Frobenius ob-

jects. Section 4.4 is a technical intermezzo about restriction 2-functors and their

adjoints, which is kept as brief as possible with our applications in mind. Section

4.5 revisits functorially cyclic modules. Using the additive Barr-Beck theorem, bi-

jections between equivalence classes of certain modules (including functorially cyclic

modules) and isomorphism classes of split Frobenius objects, a universal property of

functorially cyclic modules, as well as an equivalence between the 2-category of free

functorially cyclic modules and the split Frobenius 2-category are established. Fur-

ther, the preorders on split Frobenius are related to representation theory. Finally,

(strongly) universal cell modules are introduced and for weakly regular additive 2-

categories it is shown that existence of strongly universal cell modules is equivalent

to the existence of split Frobenius objects that satisfy certain technical conditions.
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Section 4.6 discusses coinvariant theory. Section 4.7 studies the compatibility of ad-

ditive Barr-Beck construction with monoidal quotient functors, and shows that the

induced functors remain full and, provided a technical condition, also essential sur-

jective. Section 4.8 shows that functorially cyclic modules can be equipped with a

natural monoidal structure, provided that the associated split Frobenius object is

symmetrically central. Finally, Section 4.9 provides an abstract framework in which

Jordan-Hölder theory can be addressed. First, cofiltrations of the 2-categories of ad-

ditive higher representations associated to refinements of the ordering of the set of

2-sided cells, as well as modules isotypic with respect to a 2-sided cell are introduced.

Second, a framework for Jordan-Hölder theory in terms of isotypic covers is lined out

and various challenges that make it hard to establish results are discussed.

4.1 Centres and base change

In this section, we discus centres and base change of A-modules. The latter notion

had already been used in [Rou4], however the role of centres had not been made

transparent. For notational simplicity, we mostly work in B − Mod, with obvious

generalisations to A−Mod. Recall from Remark 3.2.2 that the centres we discussed

in Section 3.2 are commutative.

Definition 4.1.1. Let M∈ B−Mod. We define the centre ofM as a B-module by

ZB(M) := ZB−Mod(M).

Remark 4.1.2. The centre ZB(M) of a B-module M can be viewed as a subring

of the centre Z(M) of the underlying additive category M. This subring is given

by all those transformations compatible with the B-action. In formulas, we have

ZB(M) = {(zM)M∈M ∈ Z(M)|B.zM = zB.M ∀B ∈ B}.

Example 4.1.3. One can verify explicitly that ZB(B) ∼= B(I, I). Provided certain

cyclicity assumptions, we will show the more general Corollary 4.2.21 that provides a

method to calculate the centre of higher representations in terms of a subring of the

endomorphisms of a cyclic generator. A less general but more explicit version follows

in Corollary 4.5.28.

Let M be a Z-linear category, that is M has finite biproducts and we have

a ring homomorphism Z → Z(M). Let A be a Z-algebra. We can form a new

category M ⊗Z A with the same objects as M and morphism spaces defined by

(M⊗ZA)(M1,M2) :=M(M1,M2)⊗ZA. More generally, given a Z-linear category A,
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we can form a categoryM⊗ZA with objects pairs (M,A) where M ∈M and A ∈ A.

The morphisms spaces of M⊗Z A are defined as M⊗Z A((M1, A1), (M2, A2)) :=

M(M1,M2)⊗ZA(A1, A2). IfM and A are additive, we abuse notation and denote by

M⊗Z A the additive closure of the category defined above. Now, letM∈ B−Mod

and A be a ZB(M)-linear category. Since the underlying additive category M is

Z(M)-linear, and thus ZB(M)-linear as well, we can form the additive category

M⊗ZB(M) A. In fact, we have the following statements:

Proposition 4.1.4. LetM∈ B−Mod and let A be a ZB(M)-linear category. Then,

M⊗ZB(M) A ∈ B −Mod.

The following proposition may serve as a motivation to compute ZB(M) and

HomB(M,N ). We will be able to do so provided M is 2-cyclic.

Proposition 4.1.5. Let M, N ∈ B − Mod. Then, evaluation defines a B-functor

M⊗ZB(M) HomB(M,N )→ N .

Remark 4.1.6. Note that HomB(M,N ) is a ZB(M)-linear category, and therefore

that the domain of the evaluation B-functor is well defined. The remaining details of

the proof pose no significant challenges. Since neither Proposition 4.1.4 nor Proposi-

tion 4.1.5 will be used in any proofs this thesis, we do not prove these propositions

here.

Remark 4.1.7. Proposition 4.1.5 is used to state the Jordan-Hölder theorem of

[Rou4] for a 2-Kac Moody algebra Ag. In particular, [Rou4, Lemma 5.4] uses the

application of this proposition to the minimal categorifications L(λ) ∈ Ag − Mod.

The tensor product was taken over a quotient of (Ag)λ→λ(Iλ, Iλ) which is indeed

ZAg
(L(λ)) but also agrees with Z(L(λ)). The new observation here is that ZB(M) is

the maximal subring Z ′ ≤ Z(M) that allows one to construct a canonical B-action

on the additive category M⊗Z′ A for all Z ′-linear categories A.

Example 4.1.8. The C-linear quivers of Example 3.3.38 yield C-algebras A and A′.

The algebra A (resp. A′) has complex dimension 3 (resp. 2) and has a basis given by

the idempotents ·1, ·2 and the arrow ·1 → ·2 (resp. a basis given by the idempotents

·3 and ·4). Furthermore, we have a C-algebra morphism A → A′ which is defined

analogously to the VectC-functor F of Example 3.3.38. Since Z := ZVectC(VectC) = C,

we obtain VectC-modules VectC⊗ZA and VectC⊗ZA′, whose idempotent closures

are equivalent to the modules of Example 3.3.38. Further, the Z-algebra morphism

A → A′ induces a VectC-functor VectC⊗ZA → VectC⊗ZA′ which up to idempotent

closure and equivalence corresponds to F .
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There is another centre that is heavily studied in the literature. Clearly this center

is not a commutative ring, but rather a monoidal category.

Definition 4.1.9. The Drinfeld centre of an additive 2-category A can be defined as

ZDR(A) = HomA→A(idA, idA).

It is well known that ZDR(A) is an additive braided monoidal category, see for

example [Ka] for the standard definition describing objects and morphisms explicitly.

The unit object is given by the 2-functor idA and the necessary additional structure

comes from the left and right unit transformations.

Remark 4.1.10. Let R ∈ A−Mod. Then, we have EndA(R) ∈ ZDR(A)−Mod.

We will not discuss the Drinfeld centre in this thesis, we will however use the

endomorphism ring of its identity object. This endomorphism ring will for example

play a role when we discuss central quotients in Section 4.4.

Definition 4.1.11. We denote by Z⊗(A) the ring of endomorphisms of the identity

morphism of the identity 2-functor of A. In formulas, Z⊗(A) = ZDr(A)(idA, idA).

Proposition 4.1.12. Let R, R′ ∈ A−Mod. Then, we have a canonical ring homo-

morphism Z⊗(A) → ZA(R), that is further compatible with the analogous morphism

Z⊗(A) → ZA(R′) in the sense that the ZA(R)-ZA(R′)-linear category HomA(R,R′)

can be regarded as a ZA(R)⊗Z⊗(A) ZA(R′)-linear category. Furthermore, we have an

injection Z⊗(A) ↪→ ZA(
⊕

a∈APa).

Proof. An element z ∈ Z⊗(A) is nothing but a family index by a ∈ A of 2-arrows

za : Ia ⇒ Ia in A(a, a) that satisfies certain compatibility properties. Similarly, an

element ω ∈ ZA(R) is given by a family of morphisms (ωa)b : b → b indexed by

a ∈ A and b ∈ R(a). Defining (ωa)b as the composition b = idR(a)(b) ∼= R(Ia)(b)
R(za)−→

R(Ia)(b) ∼= b, yields indeed an element ω ∈ ZA(R). We leave it to the reader to

check the details, as well as that the thus defined map Z⊗(A) → ZA(R) is a ring

homomorphism. The reader may want to note that the arguments presented here are

a special case of some of the arguments needed to prove Remark 4.1.10. Further, the

abstract nonsense in Proposition 3.2.7 implies that HomA(R,R′) is a ZA(R)-ZA(R′)-

linear category. We leave it as an exercise to check that the actions of Z⊗(A) on the

morphism spaces of HomA(R,R′) induced via ZA(R) and ZA(R′) agree. Establishing

this implies thatHomA(R,R′) is a ZA(R)⊗Z⊗(A)ZA(R′)-linear category. Furthermore

for R =
⊕

a′∈APa′ , the image of z = (za)a∈A is given by the transformation which is

given for all a ∈ A and b ∈
⊕

a′∈APa′(a) by the composition b ∼= bIa
bza−→ bIa ∼= b.

Choosing b = Ia ∈ A(a, a) ⊂⊕
⊕

a′∈APa′(a) implies injectivity.
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4.2 Cyclicity

In this section, we study generalisations of the classical notion of cyclicity. Section

4.2.1 introduces a direct generalisation called 1-cyclic modules and provides furhter

justifications for this notion. Section 4.2.2 extends the discussion of 1-cyclic modules

to an acting 2-category and discusses the refined structure that arises in this case.

Section 4.2.3 introduces 2-cyclic modules, which are 1-cyclic and whose morphisms

are controlled by the acting 2-category in particular way. A fairly explicit description

of the functor categories with domain given by a 2-cyclic modules is provided. Section

4.2.4 introduces functorially cyclic modules and shows that they form a subclass of

2-cyclic modules. Section 4.2.5 discusses the non-uniqueness of the structure functors

and transformations of a functorially cyclic module.

4.2.1 1-cyclicity

In this section, we introduce 1-cyclic modules which are the direct counterpart of the

classical notion of cyclicity. We also provide several justifications for this notion.

The discussion of the classical counterpart and especially Proposition 2.3.10 sug-

gest the following definition. Recall the notion of strong indecomposability introduced

in Definition 3.1.7.

Definition 4.2.1. Let C ∈ B −Mod. Then, C is called 1-cyclic if C is trivial or if

there exists an strongly indecomposable B-functor B → C with trivial cokernel.

Remark 4.2.2. Classical notions of cyclicity can be unified as follows: An object

is cyclic if and only if there exists an epimorphism from a free object of rank 1.

For example for modules over a ring A this free object of rank one would be the

A-module A, and for (Hausdorff topological) groups it would be Z (equipped with

the discrete topology). This motivates an alternative definition of 1-cyclicity, namely

that C ∈ B−Mod is 1-cyclic if and only if there exists a B-functor B →M which is an

“epimorphism”, that is it induces a “monomorphism” HomB(C,M)→ HomB(B,M)

for all M ∈ B −Mod. Unfortunately, there is no good notion of “monomorphisms”

between additive categories.

Nevertheless, there is a criterion for 1-cyclicity formulated in terms of the cate-

gories of B-functors and B-transformations as the following proposition shows.

Proposition 4.2.3. Let C ∈ B −Mod be non-trivial. The following are equivalent:
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1. C is 1-cyclic.

2. There exists a strongly indecomposable B-functor B → C such that for all M∈
B −Mod the induced functor HomB(C,M)→ HomB(B,M) is faithful.

3. There exists a strongly indecomposable object C ∈ C such that for all M ∈
B − Mod and for all F,G ∈ HomB(C,M) the morphism HomC→M(F,G) →
M(F (C), G(C)) which sends α 7→ αC is injective.

4. There exists a cyclic generator, i.e. a strongly indecomposable object C ∈ C such

that for all C ′ ∈ C there exists B ∈ B with C ′ ⊂⊕ B.C.

Proof. Recall that HomB(B,M) ∼= M for all M ∈ B −Mod by Proposition 3.3.52.

Thus, a B-functor F : B → M is strongly indecomposable if and only if one and

all objects M ∈ M with M ∼= F (I) are strongly indecomposable. This implies

that the strong indecomposability statements in (1)-(4) are all equivalent. We can

thus show that (1) ⇒ (4) ⇒ (3) ⇒ (2) ⇒ (1) without having to mention strong

indecomposability again.

(1) ⇒ (4): Let π : B → C be a B-functor with coker(π) = 0. Define C := π(I).

Recall that coker(π) can be constructed as the additive quotient of C by all objects

of the form π(B) for B ∈ B. Since coker(π) = 0, all objects of C have to be a direct

summand of π(B) for some B ∈ B. Using the right unit axiom of B and the fact that

π is a B-functor, π(B) ∼= π(B.I) ∼= B.C and the claim follows.

(4) ⇒ (3): Let C ∈ C such that for all C ′ ∈ C there exists B ∈ B with C ′ ⊂⊕ B.C.

Choose M ∈ B − Mod and F,G ∈ HomB(C,M) arbitrarily. It is enough to show

that any α ∈ HomC→M(F,G) is uniquely determined by αC . By definition of B-

transformations, α is a family of morphisms αC′ for C ′ ∈ C with additional properties.

It is enough to show that αC′ is determined by αC for a fixed C ′ ∈ C. Since α is a

B-transformation, this follows from the commutative diagram

BC′ .F (C)
canF

B′
C
,C

//

BC′ .αC
��

F (BC′ .C)

αBC′ .C

��

F (C ′)? _
F (ι)oo

αC′

��
BC′ .G(C)

canG
B′
C
,C

// G(BC′ .C)
G(π) // // G(C ′)

.

(3) ⇒ (2): Let C ∈ C be an object such that evaluating B-transformations between

B-functors with domain C is a faithful map. By the equivalence HomB(B, C) ∼= C, we

have a B-functor π : B → C with π(I) ∼= C. LetM∈ B−Mod be arbitrary. We need

to show that HomB(C,M)
−π−→ HomB(B,M) is faithful. For F, G ∈ HomB(C,M),
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we thus have to show that HomC→M(F,G) → HomB→M(Fπ,Gπ) is injective. Us-

ing again the equivalence HomB(B,M) ∼= M, we obtain the first of the following

equivalences HomB→M(Fπ,Gπ) ∼= M(Fπ(I), Gπ(I)) ∼= M(F (C), G(C)), where the

latter follows from π(I) ∼= C. We leave it to the reader to check that the thus con-

structed map coincides with the injective map α 7→ αC of property (3). (2) ⇒ (1):

Let π : B → C be a B-functor such that HomB(C,M)
−π
↪→ HomB(B,M) is faithful for

all M ∈ B −Mod. Denote by can : C � coker(π) the canonical quotient B-functor

for which canπ = 0, see Lemma 3.3.26. Using M = coker(π), we obtain a sequence

HomB(coker(π), coker(π))
− can−→ HomB(C, coker(π))

−π
↪→ HomB(B, coker(π)) where the

second arrow is faithful and the composition is zero. By this sequence, we have

idcoker(π) 7→ idcan 7→ idcanπ = 0. Since, the second arrow in the sequence is faithful,

idcan = 0 follows and thus can = 0. Since can is a quotient functor coker(π) = 0.

Following Proposition 2.3.10, we ought to make the following definition as well:

Definition 4.2.4. Let C ∈ B −Mod. We call C a cell module if there exists strongly

indecomposable B-functor B → C and if coker(π) = 0 holds for all nonzero B-functors

π : B → C.

Remark 4.2.5. It is interesting to note that the classical counterpart [C] in [B] −
Mod(Z,N0) of a cell module C ∈ B −Mod, might not be a cell module. This can occur

for cell modules that are not idempotent closed. Example 3.3.28 provides two such

modulesM∈ B−Mod that arise from B (which is not a cell module) through manip-

ulation of morphisms. These manipulations do not change the Grothendieck group

of the modules and thus the classical counterparts are not cell modules. However

in type A1 (and similarly for appropriate generalisations in other types), the thus

constructed modules are cell modules.

Example 4.2.6. If the unit object of B is strongly indecomposable, it follows that

the principal representation B ∈ B−Mod is 1-cyclic. In this case, B may or may not

be a cell module. Soergel bimodules provide an example in which this is not the case,

whereas Ĝ ∈ Ĝ−Mod as introduced in Section 6.2 is a cell module provided certain

assumptions on the ground field are satisfied.

The following examples gives a first motivation why we required the cyclic gen-

erator to be strongly indecomposable. We will elaborate further upon the indecom-

posability requirement in Example 4.2.29, as well as upon strong indecomposability

in Example 4.2.28.
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Example 4.2.7. Let C ∈ B −Mod be a 1-cyclic (resp. cell) module and let A be

a unital ZB(C). Then, C ⊗ZB(C) A may no longer be 1-cyclic (resp. no longer be a

cell module). For example, this is the case if A that has two (or more) orthogonal

idempotents, since any cyclic generator of C will no longer be strongly indecomposable

in C ⊗ZB(C) A.

Remark 4.2.8. In [MaMi1], a different notion of cyclicity was proposed. Therein,

an Abelian higher representation M ∈ B −Mod(Abidem) is cyclic if and only if there

exists M ∈M such that for all M ′ ∈M there exists B ∈ B such that M ′ ∼= B.M and

such that B̂(B,B′)→M(B.M,B′.M) is surjective. Note that B̂ denotes the Abelian

envelope of B which may be characterised by its universal property that it represents

the forgetful functor A−Mod(Abidem)→ Abidem. In other words, an Abelian B-module

is cyclic in the terminology of [MaMi1] if and only if it is a B-quotient of B̂. While

this is a reasonable assumption in the Abelian (which leads to the important results

in [MaMi1]-[MaMi5]), it is quite a strong assumption from our additive viewpoint.

Our 1-cyclic modules certainly do not satisfy such an assumptions. This will become

clearer through property (2) in Definition 4.2.17, where we will introduce a subclass

of 1-cyclic modules.

Let us make another comment related to the lack of a good notion of “monomor-

phisms” between additive categories and whether there is a better requirement than

faithfulness:

Remark 4.2.9. The reader may wonder whether there is a better requirement that

could be imposed on the functor HomB(C,M) → HomB(B,M). Here, better may

refer to a definition that is easier to test or to a definition that implies new useful

properties. A first idea that might come to mind are faithful functors that are injec-

tive on objects. A second idea would be faithful functors that reflect isomorphisms.

Neither idea is useful as discussed next. See Remark 4.2.20 for another idea.

The first idea has the clear drawback that it leads to a notion of cyclicity that is

not stable under equivalences. The second idea takes care of this issue. By Remark

2.3.11, the second idea can however at best hold for certain choices of strongly inde-

composable B-functors B → C. Even if we are able to make such a good choice, we

can prove this requirement only if HomB(C,M) satisfies the Krull-Schmidt property

(and also use a stronger notion of cyclicity introduced in Section 4.2.4). Furthermore,

the Krull-Schmidt property of the functor category HomB(C,M) neither obvious in

examples nor do we expect it to hold in general.
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4.2.2 Refinement for the action of a 2-category

For future reference, we extend our definition of 1-cyclicity to A−Mod for an arbitrary

additive 2-category A. Similar to the classical Remark 2.1.10, one can refine the

definition according to objects of A. Proofs are given only where new concepts are

involved as compared to the B −Mod case.

To motivate the following definition, note that the only 2-functor A−Mod→ Add

that may reasonably be call the forgetful functor sends R 7→
∏

a∈AR(a). This functor

is represented by
⊕

a∈APa, the direct sum over all principal representations.

Definition 4.2.10. Let R ∈ A−Mod. We say R is 1-cyclic if R is trivial or if there

exists a strongly indecomposable A-functor
⊕

a∈APa → R with trivial cokernel. For

all a ∈ A, we say that R is a-cyclic if there exists a strongly indecomposable A-functor

Pa → R with trivial cokernel.

The following characterisation is the obvious generalization of Proposition 4.2.3

in the B −Mod case:

Proposition 4.2.11. Let R ∈ A−Mod be non-trivial. The following are equivalent:

1. R is 1-cyclic.

2. There exits a ∈ A and a strongly indecomposable A-functor Pa → R such that

for all R′ ∈ A − Mod the induced functor HomA(R,R′) → HomA(Pa, R′) is

faithful.

3. There exists a ∈ A and a strongly indecomposable object b ∈ R(a) such that for

all R′ ∈ A − Mod and σ, σ̃ ∈ HomA(R,R′) the morphism HomR→R′(σ, σ̃) →
R′(a)(F (b), G(b)) which sends γ 7→ γ(a)b is injective.

4. There exists a ∈ A and a cyclic generator b ∈ R(a), i.e. a strongly indecompos-

able object b such that for all a′ ∈ A and b′ ∈ R(a′) there exists b ∈ A(a, a′) with

b′ ⊂⊕ R(b)b.

5. There exists a ∈ A such that R is a-cyclic.

The objects of A carry a partial order which was of course trivial in the case of a

monoidal category (i.e. 1-object 2-category) B:

Definition 4.2.12. Let a, a′ ∈ A. We write a ≤ a′ if and only if there exists b1 ∈
A(a, a′) and b2 ∈ A(a′, a) such that Ia ⊂⊕ b2b1. An equivalence class of the partial

order ≤ is called a cell in A.
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Example 4.2.13. Let Ag be a 2-Kac-Moody algebra. The objects of Ag are given

by the set of weights X of the underlying Kac-Moody algebra g. It follows from

Asl2-theory that λ ≤ λ′ if and only if the λ′-weight space of L(λ̃) is nonzero, where

{λ̃} = Wλ∩X+. Thus, the maximal ≤-equivalence classes are given by the pairwise

distinct orbits of 0 and all fundamental weights ωi for i = 1, .., rkZ(X).

Proposition 4.2.14. We have a ≤ a′ if and only if Pa is a′-cyclic.

Proof. By definition, a ≤ a′ if and only if there exists b1 ∈ A(a, a′) and b2 ∈ A(a′, a)

such that Ia ⊂⊕ b2b1. This is equivalent to the statement that for all a′′ ∈ A and

b′ ∈ Pa(a′′) we have b′ ∼= b′ ◦ Ia ⊂⊕ b′(b2b1) ∼= (b′b2)b1. This is precisely property (4)

of Proposition 4.2.11 with a′ being the object that was required to exist. Property

(5) relates this to a′-cyclicity.

Corollary 4.2.15. Let a ≤ a′ and R ∈ A−Mod be a-cyclic. Then, R is a′-cyclic.

Proof. This follows for example using the second criterion in Proposition 4.2.11 and

the fact that the composition of two injective maps is injective.

Remark 4.2.16. In particular, if {ai}i∈{1,...,n} are representatives of the maximal

equivalence classes, then for every cyclic module R there exists i ∈ {1, ..., n} such

that R is ai-cyclic. We haven’t studied under which conditions i is unique.

4.2.3 2-cyclicity

In this section, we introduce 2-cyclic B-modules. In addition to the requirements

of 1-cyclicity, the morphisms of 2-cyclic modules are controlled by the action of B
in particular way. This somewhat surprising requirement will be justified by Theo-

rem 4.2.19 that controls B-transformations of B-functors with 2-cyclic domain. For

simplicity, we do not discuss 2-cyclicity in A−Mod.

Definition 4.2.17. Let C ∈ B − Mod. We say C is 2-cyclic if C is trivial or if C
satisfies the following properties:

1. There exists a cyclic generator, that is a strongly indecomposable object C ∈ C
such that for all C ′ ∈ C there exists BC′ ∈ B, ιC′ ∈ C(C ′, BC′ .C) and πC′ ∈
C(BC′ .C, C

′) with πC′ ◦ ιC′ = idC′.
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2. For all c ∈ C(C ′, C ′′) there exists bc ∈ B(BC′ , BC′′) such that

C ′
iC′ //

c
��

BC′ .C
πC′ //

bc.idC
��

C ′

c
��

C ′′
iC′′ // BC′′ .C

πC′′ // C ′′

commutes.

3. For all B ∈ B and C ′ ∈ C there exists canB,C′ ∈ B(B ⊗BC′ , BB.C′) such that

B.C ′

iB.C′

��

B.iC′ // B.(BC′ .C)

∼ can

��

B.πC′ // B.C ′

BB.C′ .C oo
canB,C′ .idC

(B ⊗BC′).C
canB,C′ .idC // BB.C′ .C

πB.C′

OO commutes,

where can : B.(BC′ .C)
∼−→ (B ⊗ BC′).C comes from the monoidal structure

functor of C.

Let us comment on the properties required from a non-trivial 2-cyclic module C:

Remark 4.2.18. 1. This property corresponds to property (4) of Proposition

4.2.3. Thus, a 2-cyclic module is 1-cyclic.

2. This property states that C is very close to being a quotient of B. Note however

that not every morphism of C lies in the image of the action of B. In examples,

this does apply to the idempotent eC′ := ιC′ ◦ πC′ associated to certain C ′ ∈ C.
This allows for a wider range of Grothendieck combinatorics across all 2-cyclic

modules as a definition made in analogy to the one discussed in Remark 4.2.8

would.

3. We do not require that canB,C′ is an isomorphism. However if canB,C′ is an

isomorphism, the idempotents B.eC′ and eB.C′ are conjugate. In almost all

examples considered in this thesis canB,C′ is an isomorphism, compare however

Remark 4.2.31.

Apart of (strong) indecomposability, the following theorem uses precisely the re-

quirements we made in the definition of 2-cyclic modules and will allow us to calculate

centres in B −Mod in Corollary 4.2.21.

Theorem 4.2.19. Let C ∈ B − Mod be 2-cyclic with cyclic generator C ∈ C, let

M∈ B −Mod and let F,G ∈ HomB(C,M). Then, the canonical morphism

HomC→M(F,G)→M(F (C), G(C))
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of ZB(C)⊗Z⊗(B) ZB(M)-modules which sends α = (αC′)C′∈C 7→ αC splits. An explicit

splitting is given in the proof.

Proof. Since C is 2-cyclic, it is 1-cyclic and thus HomC→M(F,G)→M(F (C), G(C))

is an injection by property (3) of Proposition 4.2.3. We repeat the proof here in order

to motivate the construction of the splitting. Fix a pair (iC′ , πC′) for each C ′ ∈ C as

in property (1) of Definition 4.2.17. Contemplating the commutative diagram

F (C′)

αC′

��

� � F (iC′ ) // F (BC′ .C) oo
∼

can

α
BC′ .C

��

F (πC′ )xxxx

B.F (C)

BC′ .αC

��

F (C′)

αC′

��

G(C′)
� � G(iC′ ) // G(BC′ .C) oo

∼
can

G(πC′ )xxxx

BC′ .G(C)

G(C′)

for any α ∈ Hom(F,G), we observe that αC determines αC′ for all C ′ ∈ C, which

implies injectivity. Note that so far the proof is independent of the choice of the pairs

(iC′ , πC′), however going forward the particular compatibilities required in Definition

4.2.17 will become important.

The above diagram suggests a definition for a splitting: For every α̃ ∈M(F (C), G(C)),

we define a B-transformation α = (αC′)C′∈C by specifying αC′ for every C ′ ∈ C as the

composition F (C′)
� �F (iC′ )// F (BC′ .C) oo

∼
can BC′ .F (C)

B.α̃ // BC′ .G(C)
∼

can
// G(BC′ .C)

G(πC′ )// // G(C′) . It

remains to check that this splitting is well defined, i.e. that α ∈ HomC→M(F,G).

First, we need to check that it is indeed a transformation. Second, we need to check

compatibility with the B-action.

For the first task, we fix for every c ∈ C(C ′, C ′′) a morphism bc ∈ B(BC′ , BC′′) as in

property (2) of Definition 4.2.17. The diagram

F (C ′) �
�F (iC′ ) //

F (c)

��

F (BC′ .C) oo ∼can

F (bc.idC)

��

BC′ .F (C)
BC′ .α̃ //

bc.F (idC)

��

BC′ .G(C) ∼
can
//

bc.G(idC)

��

G(BC′ .C)
G(πC′ )// //

G(bc.idC)

��

G(C ′)

G(c)

��
F (C ′′) �

�F (iC′′ )// F (BC′′ .C) oo ∼can BC′′ .F (C)
BC′′ .α̃// BC′′ .G(C) ∼

can
// G(BC′′ .C)

G(πC′′ )// // G(C ′′)

commutes for all c ∈ C(C ′, C ′′). The first and last square commutes by property (2)

and functoriality of F and G. The second and fourth square commute since F,G

are B-functors and the square in the middle commutes due to functoriality of the

B-action.

For the second task, we fix for every pair (B,C ′) ∈ B × C a morphism canB,C′ ∈
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B(B ⊗ BC′ , BB.C′) using property (3) of Definition 4.2.17. Now, we can deduce that

α is a B-transformation from the following commutative diagram:

B.F (C′)� _

B.F (iC′ )

��

∼
can

// F (B.C′)� _

F (iB.C′ )

��
F (B.iC′ )

tt
B.F (BC′ .C)OO
∼ B. can

∼
can

// F (B.BC′ .C)
∼

F (canB,C′ .idC)
// F (BB.C′ .C)OO
∼ can

B.BC′ .F (C)

B.BC′ .α̃

��

∼
canB,C′ .idF (C)

//

∼
can

44

BB.C′ .F (C)

BB.C′ .α̃

��
B.BC′ .G(C)

∼ B. can

��

∼
canB,C′ .idG(C)

//

∼
can

**

BB.C′ .G(C)

∼ can

��
B.G(BC′ .C)

B.G(πC′ )
����

∼
can

// G(B.BC′ .C)
∼

G(canB,C′ .idC)
// G(BB.C′ .C)

G(πB.C′ )
����

B.G(C′)
∼

can
// G(B.C′)
**G(B.πC′ )

.

The two triangles in the left half of the diagram and the central square commute

since F and G are B-functors, i.e. compatible with the associativity constraint of B,

and since F and G are compatible with the structure functor B → End(M) of M.

The two triangles in the right half of the diagram commute due to property (3) of

Definition 4.2.17 and functoriality of F and G. The remaining squares commute due

to further properties required in the definition of B-functors.

That the thus constructed splitting is a ZB(C)⊗Z⊗(B)ZB(M)-module homomorphism,

can be checked easily and we leave this to the reader.

Remark 4.2.20. Similar to Proposition 4.2.3, it may be possible to characterise 2-

cyclic modules in terms of a B-functor B → C such that for all M ∈ B −Mod the

induced functor HomB(C,M)→ HomB(B,M) satisfies certain properties. Certainly,

these functors would need to be faithful and would also need to have some property

related to splitness. We have not attempted to work this out.

Recall that ZB(C) denotes the centre of C ∈ B−Mod, see Definition 4.1.1. Putting

F = G = idC, we obtain the following corollary. Note that the splitting in the

statement is not a splitting of rings.

Corollary 4.2.21. We have a split injection ZB(C) ↪→ C(C,C). A splitting is given

by the assignment c 7→ α(c) = (α(c)C′)C′∈C where α(c)C′ := πC′ ◦ (BC′ .c) ◦ ιC′.
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Remark 4.2.22. In the next section, we introduce a special class of 2-cyclic modules

and show in Section 4.3.4 that they represent certain 2-functors. We encourage the

reader to check that Theorem 4.3.53 implies Theorem 4.2.19 for this special class. The

reader should also note that 4.3.53 provides additional information, since it controls

B-functors that have this special class as the domain in addition to B-transformations

between such B-functors.

4.2.4 Functorially cyclic modules

In this section, we introduce functorially cyclic modules and show that they form a

subclass of 2-cyclic modules. One clear benefit of this definition is that it can be

verified easily in many examples.

Definition 4.2.23. Let C ∈ B − Mod. We call C functorially cyclic if there exist

a quotient B-functor π : B −→ B, B-functors C G−→ B F−→ C with F being strongly

indecomposable or trivial, and B-transformations idC
α

=⇒ FG
β

=⇒ idC such that β ◦
α = idC. A functorially cyclic module is called semi-free if B is a quotient of B by a

thick ideal. A functorially cyclic module is called free if π = idB.

Notation 4.2.24. To simplify the notation, we call a functorially cyclic module

C ∈ B−Mod interchangeably (F,G)-cyclic, (F,G, α, β)-cyclic, (F,G, (B, π))-cyclic or

(F,G, α, β, (B, π))-cyclic depending on the level of detail that is required.

Remark 4.2.25. Functorially cyclic modules in A − Mod are defined analogously,

where we have to use
⊕

a∈APa as the domain of the quotient A-functor π. Note

that since the structure functor F is assumed to be strongly indecomposable, so is

Fπ, which thus has to factor over Pa for a unique a ∈ A. Furthermore the proof of

Proposition 4.2.14 implies that we can change a (and the other structure maps) so

that a is minimal with respect to the order ≤ of Definition 4.2.12.

Example 4.2.26. Let I E Pa ∈ A − Mod. A sufficient condition for PIa to be

functorially cyclic is that the image of Ia ∈ Pa(a) = A(a, a) in PIa (a) = A(a, a)/I(a)

under the canonical quotient A-functor is strongly indecomposable or trivial.

Remark 4.2.27. It is a challenging task to classify all functorially cyclic A-modules.

How challenging it is depends heavily on the complexity of A and what type of clas-

sification one is aiming for. One challenge is posed by the non-uniqueness of the

quintuple (F,G, α, β, (B, π)) which we will discuss in Section 4.2.5. For Soergel bi-

modules of type A1, we classified all B-quotients B in terms of generators of the
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associated ideal while keeping track of the conditions that the generators of the dif-

ferent morphism spaces impose on each other. To obtain such a detailed description

for Soergel bimodules of arbitrary type seems rather difficult. In Section 4.5, we

provide several results towards this goal. To achieve this goal, we will first have to

introduce the notion of split Frobenius objects in Section 4.3 and study them in great

detail.

The following example of a B-module that we certainly would not want to call

cyclic highlights the importance of the indecomposability requirement on F in Defini-

tion 4.2.23, as well as the analogous requirements in other cyclicity notions introduced

earlier.

Example 4.2.28. We have B-functors B×B ⊕−→ B ∆−→ B×B, given by (B1, B2) 7→
B1⊕B2 and B 7→ (B,B). The composition ∆⊕ sends (B1, B2) to (B1⊕B2, B1⊕B2).

As B-functors, idB×B is a direct summand of ∆⊕ due to the diagram

(B1,B2)
(i1,i2) //

(b1,b2)

��

(B1⊕B2,B1⊕B2)
(π1,π2) //

(b1⊕b2,b1⊕b2)

��

(B1,B2)

(b1,b2)

��
(B′1,B

′
2)

(i1,i2) // (B′1⊕B′2,B′1⊕B′2)
(π1,π2) // (B′1,B′2)

that commutes for all (b1, b2) ∈ B×B ((B1, B2), (B′1, B
′
2)) and where we denoted by ij

the canonical inclusion B-functor into (resp. by πj the canonical projection B-functor

from) the j-th factor for j ∈ {1, 2}. However, ∆ = ι1 ⊕ ι2 where ι1 (resp. ι2) is the

B-functor given by B 7→ (B, 0) (resp. B 7→ (0, B)), i.e. ∆ is not indecomposable.

Let us refine this example a little further to also highlight the importance of strong

indecomposability:

Example 4.2.29. Consider the diagonal subcategory D of B × B, i.e. the full sub-

category with objects given by {(B,B)|B ∈ B}. As before, we have B-functors

D ⊕−→ B ∆−→ D and idD ⊂⊕ ∆⊕. What is different is that ∆ is now indecompos-

able, however ∆ is not strongly indecomposable. Thus, D is not functorially cyclic

either. We would like to highlight the importance of this requirement even further by

pointing out that this example extends to n-fold products.

Proposition 4.2.30. Functorially cyclic modules are 2-cyclic.

Proof. Let C be (F,G, α, β, (B, π))-cyclic. We have a diagram

HomB(C,M) HomB(B,M)//−F� �

−G
oo HomB(B,M)//−π� �
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The functor −F is faithful, since −idC = idHomB(C,M) is a direct summand of the

composition (−G)(−F ) = −(FG). The functor −π is fully faithful since π is full and

essentially surjective. As a composition of faithful functors, −πF is faithful as well.

Furthermore, as F is strongly indecomposable, the same holds for Fπ. Thus, C is

1-cyclic by property (2) of Proposition 4.2.3. The same proposition also shows that

property (1) of Definition 4.2.17 is satisfied.

Let us give another proof of property (1) of Definition 4.2.17 which will guide us

towards establishing properties (2) and (3) of the same Definition and thus proving

this proposition. Define C := Fπ(I) and for all C ′ ∈ C set BC′ := G(C ′), where we

identified Ob(B) = Ob(B) w.l.o.g in the latter definition. First note that C is strongly

indecomposable, since C(C,C) ∼= HomB→C(Fπ, Fπ) by the 2-Yoneda Lemma 3.3.49

together with our assumption that F is strongly indecomposable. Next for all C ′ ∈ C,
define a morphism iC′ : C ′ → BC′ .C as the composition

C ′
αC′ // FG(C ′)

F(π(ur
G(C)

)−1)
// F (G(C ′)⊗ I) = F (G(C ′).I)

(canF
G(C′),I)−1

// G(C ′).F (I) = BC′ .C ,

where urB : B ⊗ I
∼−→ B denotes the right unit transformation of the monoidal

category B evaluated at B, and canF
B,B

: F (B.B)
∼−→ B.F (B) denotes the canonical

morphism associated with the B-functor F and any B ∈ B and B ∈ B. We define

πC′ := βC′◦canFG(C′),I ◦F (π(urG(C))) analogously. Obviously, πC′◦ιC′ = βC′◦αC′ = idC′

holds. Thus, F (I) is a cyclic generator of C and we have established property (1) a

second time.

Property (2) required in Definition 4.2.17 can now be derived as follows: For all

morphism c in C, we choose a preimage bc under π of G(c). The diagrams required

in property (2) commute since ιC′ and πC′ are constructed using the transformations

α and β and natural isomorphisms.

Property (3) of Definition 4.2.17 can now be verified as follows. Define the morphism

canB,C′ := canGB,C′ : B ⊗ BC′ = B ⊗ G(C ′)
∼−→ G(B.C ′) = BB.C′ . Now, contemplate
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the commutative diagram

B.C′
B.αC′ //

B.ιC′

++

ιB.C′

$$

αB.C′

��

B.F (G(C′))

can

uu
can

��

B.F (G(C′)⊗I)
B.F (ur

G(C′))oo

can

��

B.(G(C′).F (R))
B.can

oo

can

��

F (G(B.C′)) F (B⊗G(C′))
F (can)oo F (B⊗(G(C′)⊗I))

F (B.ur
G(C′))oo

F (G(B.C′)⊗I)

F (ur
G(B.C′))

OO

F ((B⊗G(C′))⊗I)

F (a(B,G(C′),R))

OO
F (ur

B⊗G(C′))

jj

F (can⊗idI)oo

G(B.C′).F (R)

can

OO

(B⊗G(C′)).F (R)
can.idF (R)oo

can
jj

to deduce that the left hand side of the diagram in property (3) of Definition 4.2.17

commutes. The right hand side of the same diagram commutes by an analogous

argument, where one uses the above diagram with all arrows that involve α (resp. ι)

reversed and α (resp. ι) replaced by β (resp. π).

Remark 4.2.31. Note that canB,C′ as defined in the previous proof is an isomorphism

which we had not required in Definition 4.2.17. Motivated by this observation, one

may define a larger class of lax-functorially cyclic modules by requiring G to be a

lax-B-functor, i.e. a B-functor for which the associated 2-arrows canGB,C′ are not

necessarily invertible. Clearly, such lax-functorially cyclic modules are 2-cyclic. In

the only example of a lax-functorially cyclic module with truly lax B-functor G that

we are aware of, one can replace G by a different B-functor, see Remark 6.3.8. Thus,

we do not provide any details. We would like to note however that one can extend

most results of the following sections including Section 4.3.4 to this lax setting using

an appropriate notion of lax-Frobenius objects.

Let us restate Theorem 4.2.19 in the functorially cyclic setting.

Corollary 4.2.32. Let C ∈ B−Mod be (F,G, α, β, (B, π))-cyclic. Denote C := Fπ(I)

and BC′ := G(C ′) ∈ B for all C ′ ∈ C. Given H1, H2 ∈ HomB(C,M), we have a split

injection

HomC→M(H1, H2) ↪→M(H1(C), H2(C)).

which sends α 7→ αC. A splitting m 7→ α(m) = (α(m)C′)C′∈C can be defined

by setting α(m)C′ = H2(βC′) ◦ H2F
(
urBC′ ,I

)
◦ canH2F

BC′ ,I
◦ (BC′ .m) ◦

(
canH1F

BC′ ,I

)−1

◦

H1F
(

(urBC′ ,I)
−1
)
◦H1(αC′) for all C ′ ∈ C.
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Remark 4.2.33. Let C ∈ B − Mod be (F,G)-cyclic, let H1, H2 ∈ HomB(C,M)

and assume that FH1
∼= FH2. Then, we have H1 ⊂⊕ GFH1

∼= GFH2 ⊃⊕ H2,

however this does not imply H1
∼= H2 in general. Compare Remark 4.2.37 for some

intuition on this point. If HomB(C,M) satisfies the Krull-Schmidt property and

GF ∼= idC ⊕ ...⊕ idC, one can conclude that H1
∼= H2.

4.2.5 Choices for functorially cyclic modules

In this section, we discuss the non-uniqueness of the quintuple (F,G, α, β, (B, π)) that

exist for every functorially cyclic B-module.

Remark 4.2.34. In order to show that the trivial module is functorially cyclic mod-

ule, we can choose an arbitrary B-quotient B of B. The remaining structure maps are

then unique. For the remainder of the section treat the case of non-trivial functorially

cyclic modules.

Remark 4.2.35. For all 1- or 2-cyclic modules C ∈ B −Mod with cyclic generator

C1 ∈ C, the following statement can be deduced directly from the definitions: Let

B ∈ B and let C2 ∈ C be a strongly indecomposable object such that C1 ⊂⊕ B.C2.

Then, C2 is a cyclic generator of C, as well.

The analogous statement for functorially cyclic modules requires some additional

assumptions:

Proposition 4.2.36. Let C ∈ B −Mod be (F,G, (B, π))-cyclic and let C ∈ C be an

strongly indecomposable object such that F (I) ⊂⊕ B.C for some B ∈ B. Assume that

⊗B : B → B induces a functor ⊗B : B → B and that evC : B → C induces a functor

evC : B → C. Then C is (evC ,⊗B ◦G, (B, π))-cyclic.

Proof. Without loss of generality, let us identify Ob(B) = Ob(B). Then F ◦ π ∼=
evF (I) ⊂⊕ evB.C ∼= ev(I⊗B).C = (evC ◦ ⊗B) ◦ π as B-functors. Since π is a quotient

B-functor this implies that F ⊂⊕ evC ◦⊗B as B-functors. This allows us to conclude

that idC ⊂⊕ F ◦ G ⊂⊕ evC ◦ (⊗B ◦ G) as B-functors. It remains to show that

evC is indecomposable. Since π is a quotient B-functor this is equivalent to evC =

evC ◦π being strongly indecomposable, which in turn is equivalent to C being strongly

indecomposable. The claim follows.

The properties of a particular choice of the pair (F,G) and the associated generator

can differ. The following situation arises in examples, see Section 5.5 and the related

Remark 2.3.11.
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Remark 4.2.37. Let C be a B-module that is (F1, G1)-cyclic and (F2, G2)-cyclic.

Assume F1G1
∼= idC⊕ idC and F2G2

∼= idC⊕S for some S ∈ EndB(C). Assume further

S is not isomorphic to idC and that SS ∼= idC. Since F2idC ∼= F2S while F1idC and

F1S are not isomorphic, F1 can distinguish between idC and S, whereas F2 cannot.

There may also exist many choices of α and β:

Remark 4.2.38. The composition FG might contain several copies of the identity

functor as direct summands. In this case, there are many choices for α and β. Section

5.3 provides a concrete example. Note that this example is a true example only after

forgetting the grading, however can be adopted to a true example by shifting the F

and G.

The following proposition shows that B may be replaced by a canonical quotient.

See Remark 4.5.40 for a more concrete example.

Proposition 4.2.39. Let C be (F,G, (B, π))-cyclic. Denote by F̃ the canonical B-

morphism imF → C, by G̃ the composition C G−→ B → imF and by π̃ the composition

B π−→ B → imF . Then, C is (G̃, F̃ , (imF, π̃))-cyclic. In particular, B can always be

replaced by imF .

Proof. Since both π and the canonical morphism can : B → imF are full and es-

sentially surjective, so is π̃. Further, idC ⊂⊕ FG ∼= F̃ canG = F̃ G̃. Since can is a

quotient B-functor, it follows that F is strongly indecomposable if and only if F̃ is

strongly indecomposable.

4.3 Split Frobenius objects and the additive Barr-

Beck theorem

In this section, we introduce split Frobenius objects and discuss the related additive

Barr-Beck theorem in various levels of complexity. Section 4.3.1 introduces (right)

indecomposable split Frobenius objects and provides several examples, including how

to associate one such object to a non-trivial functorially cyclic module. Section 4.3.2

studies split Frobenius objects on additive categories, establishes the additive Barr-

Beck theorem, and comments on the related literature. Section 4.3.3 generalises to

a compatible family of Frobenius objects on idempotent closed additive categories

or in other words to a split Frobenius object on a 2-functor with codomain Addidem.

Section 4.3.4 specialises to additive universal properties of idempotent closed additive
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higher representations, and shows that representability is preserved after applying the

Frobenius construction. Section 4.3.5 assigns to an additive monoidal category its so

called split Frobenius 2-category. Section 4.3.6 introduces the Frobenius preorder and

strong equivalences of Frobenius objects.

4.3.1 Split Frobenius objects

In this section, we introduce (split) Frobenius objects, as well as several notions of

indecomposability, which will become important later on. Further in Proposition

4.3.20, we associate an indecomposable, split Frobenius object to any non-trivial

functorially cyclic module. Comments on related notions in the literature follow at

the end of the section.

Definition 4.3.1. Let D be a monoidal category, let D be a 2-category and let d ∈ D.

A Frobenius object in D is a triple Θ̂ = (Θ,∆, µ), where Θ ∈ D, ∆ ∈ D(Θ,ΘΘ) and

µ ∈ D(ΘΘ,Θ) such that (Θµ) ◦ can ◦(∆Θ) = ∆ ◦ µ = (µΘ) ◦ can−1 ◦(Θ∆), where

can : (ΘΘ)Θ
∼−→ Θ(ΘΘ) comes from the associator of D. We say that a Frobenius

object is split if µ ◦∆ = Θ. Further, we define a (split) Frobenius object on d to be

a (split) Frobenius object in the monoidal category D(d, d).

Definition 4.3.2. Let Θ̂1 and Θ̂2 be Frobenius objects either in a monoidal category

or on an object of a 2-category. We say that Θ̂1 and Θ̂2 are isomorphic, if there exists

an isomorphism τ : Θ1 → Θ2 such that ∆2 ◦ τ = (ττ) ◦∆1 and τ ◦ µ1 = µ2 ◦ (ττ).

Example 4.3.3. The unit object I of any additive monoidal category can be equipped

with the structure a split Frobenius object by defining µ as the left (or equivalently

right) unit transformation evaluated at I and by defining ∆ := µ−1.

Let us give a non-example:

Example 4.3.4. Given a triple (Θ,∆, µ) with µ ◦ ∆ = Θ, the Frobenius relations

are far from trivial. To give a simple example in which they do not hold, consider the

tensor algebra T (V ) of a k-vector space V , where k is a commutative ring with 2 ∈ k∗.
Then, we have linear maps ∆ : T (V ) → T (V ) ⊗k T (V ) given by v 7→ v ⊗ 1 + 1 ⊗ v
and µ : T (V )⊗k T (V )→ T (V ) given by v ⊗ u 7→ 1

2
uv.

The following will be revisited several times to highlight subtleties about split

Frobenius objects:
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Example 4.3.5. Let k be a field, and let B2 denote the additive monoidal category

Vectk equipped with ⊕ as the tensor product. Fix V ∈ B2. For n, m ∈ N, denote by

ιn : V → V ⊕n the inclusion into the n-th factor, by ιn : V → V ⊕n the projection onto

the n-th factor, by ιn,m := ιm ◦ πn and by πn,m := πm ◦ ιn. Then, V̂1 := (V, ι1, π1),

V̂2 := (V, ι2, π2) and V̂S2 = (V ⊕ V, ι1,1 ⊕ ι2,4, π1,1 ⊕ π4,2) are split Frobenius objects.

It will become clear later that V̂S2 arises from an action of the symmetric group S2.

Further, note that k̂1 and k̂2 are the only split Frobenius structures with which we

can equip k.

Remark 4.3.6. One might be tempted to define a category of (split) Frobenius

objects whose invertible morphisms correspond to Definition 4.3.2. For our purposes

it is however more appropriate to regard (split) Frobenius objects as objects of a

2-category, see Remark 4.3.22, and we will recover Definition 4.3.2 naturally in this

setting, see Remark 4.3.46. Note however that the non-isomorphic split Frobenius

objects k̂1 and k̂2 of Example 4.3.5 are not equivalent, though one of them is equivalent

to k̂Σ2 .

The following property will be useful throughout.

Lemma 4.3.7. Let Θ̂ = (Θ,∆, µ) be a split Frobenius object. Then, µ is associative

and ∆ is coassociative.

Proof. Let Θ̂ be a split Frobenius object (either in a monoidal category or on an ob-

ject of a 2-category). W.l.o.g, we assume that the monoidal category is strict. We have

µ ◦ (µΘ) = µ ◦∆ ◦ µ ◦ (µΘ) (Θ̂ is split)

= µ ◦ (Θµ) ◦ (∆Θ) ◦ (µΘ) (Frobenius relation)

= µ ◦ (Θµ) ◦ ((∆ ◦ µ)Θ) (Remark 3.1.3)

= µ ◦ (Θµ) ◦ (((µΘ) ◦ (Θ∆))Θ) (Frobenius relation)

= µ ◦ (Θµ) ◦ (µΘΘ) ◦ (Θ∆Θ) (Remark 3.1.3)

= µ ◦ (µµ) ◦ (Θ∆Θ) (Remark 3.1.3)

and repeating analogous steps in the opposite order we arrive at µ ◦ (µΘ) = µ ◦ (Θµ).

The same argument shows (∆Θ) ◦∆ = (Θ∆) ◦∆.

Notation 4.3.8. Let Θ̂ = (Θ,∆, µ) be a (split) Frobenius object in D1 and let

F : D1 → D2 be a monoidal functor. We denote the induced (split) Frobenius object(
F (Θ), canFΘ,Θ ◦F (∆), F (µ) ◦

(
canFΘ,Θ

)−1
)

in D2 by F (Θ̂).

The following example is presented for strict B, however the obvious generalisation

to the non-strict case is equally valid.
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Example 4.3.9. Let Θ̂1 = (Θ1,∆1, µ1) and Θ̂2 = (Θ2,∆2, µ2) be Frobenius objects

in B. Then, Θ̂1− = (Θ1−,∆1−, µ1−) and −Θ̂2 = (−Θ2,−∆2,−µ2) are Frobenius

objects on B. The notation Θ̂1− shall suggest the use of the monoidal left mul-

tiplication functor B → End(B) given on objects by B 7→ B− := (B′ 7→ BB′).

Similarly, −Θ̂2 uses the right multiplication functor Brev → End(B). Since the ob-

jects underlying objects of Θ̂1− and −Θ̂2 commute, we obtain a new Frobenius object

Θ̃1Θ2 := (Θ1 −Θ2,∆1 −∆2, µ1 − µ2). Note that the composition of the underlying

object of Θ̃1Θ2 with itself is given by Θ1Θ1 −Θ2Θ2.

Definition 4.3.10. LetM∈ Add and let Θ̂ = (Θ,∆, µ) be a Frobenius object onM.

A morphism f ∈M(ΘM1,ΘM2) satisfies Θ̂-descent if f = µM2 ◦ (Θf) ◦∆M1.

Notation 4.3.11. Whenever we speak of a morphism that satisfies Θ̂-decent, we

understand implicitly that the morphism is a morphism between objects in the image

of the underlying object of Θ̂. If we want to emphasise that a morphism is a morphism

between objects in the image of the underlying object of Θ̂, we say that the morphism

is eligible for Θ̂-descent.

Definition 4.3.12. Let (M, ρ) ∈ B −Mod and let Θ̂ be a Frobenius object in B. A

morphism in M satisfies Θ̂-descent if it satisfies ρ(Θ̂)-descent.

For the sake of readability, we state the following definition for strict B and leave

it to the reader to fill in the obvious associativity isomorphisms in the non-strict case.

Definition 4.3.13. Let B be an additive monoidal category and let Θ̂ be a Frobenius

object in B. A morphism in B satisfies Θ̂-descent (resp. right Θ̂-descent) if it satisfies

(Θ̂−)-decent (resp. (−Θ̂)-decent). A morphism in B satisfies Θ̂1-Θ̂2-descent, if it

satisfies Θ̂1-descent and right Θ̂2-descent. A morphism in B satisfies two-sided Θ̂-

descent, if it satisfies Θ̂-Θ̂-descent.

Remark 4.3.14. Following Example 4.3.9, Θ̂1-Θ̂2-descent can equivalently be defined

as Θ̃1Θ2-descent.

Definition 4.3.15. Let B be a monoidal category and let Θ̂ be a Frobenius object

in B. We say B satisfies Θ̂-descent, if all idempotents of B which are eligible for

Θ̂-descent satisfy Θ̂-descent. For B to satisfy right Θ̂-descent, Θ̂1-Θ̂2-descent or two-

sided Θ̂-descent is defined analogously.

Definition 4.3.16. A Frobenius object (Θ,∆, µ) is called (right) indecomposable,

if Θ 6= 0 and if e = idΘ for all non-trivial idempotents e of Θ that satisfy (right)

Θ̂-descent.
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Remark 4.3.17. Let D be an additive monoidal category that satisfies the Krull-

Schmidt property, and let Θ̂ = (Θ,∆, µ) be a split Frobenius object in D. Then,

[Θ] ≤ [Θ][Θ]. If Θ is indecomposable, then [Θ] is a generalised idempotent, see

Definition 2.5.10, whilst it is not sufficient that Θ̂ is (right) indecomposable.

Example 4.3.18. Let us continue with Example 4.3.5. For all 0 6= V ∈ B2, it is

easy to see that V̂1 is indecomposable, but only right indecomposable if dimk(V ) = 1.

Similarly, V̂2 is right indecomposable, but only indecomposable if dimk(V ) = 1. More

interestingly, k̂S2 is both indecomposable and right indecomposable. Let us show

that k̂S2 is indecomposable. Assume that E =

(
e11 e12

e21 e22

)
is an idempotent of the

underlying object k ⊕ k. Then k̂S2-descent implies that e11 = 1. Since E = EE, the

top left entry of this matrix equation implies e12e21 = 0. W.l.o.g assume that e12 = 0.

Thus, the bottom right entry implies that e22 is an idempotent and thus e22 = 1. Now

the bottom left entry yields e21 = 2e21 and thus e21 = 0. The claim is established.

Remark 4.3.19. If Θ̂ is a right indecomposable Frobenius object in B, then it is an

indecomposable Frobenius object in Brev and Y (Θ̂) is an indecomposable Frobenius

object on B, where Y : Brev ∼−→ HomB(B,B) denotes the monoidal functor provided

in Corollary 3.3.53. Also, note that in order to be compliant with Definition 4.3.10

in the case of non-strict monoidal categories, we should have used an idempotent e

of FI (resp. IF ) where I is the appropriate unit object.

By Remark 4.2.25 the following proposition applies to all functorially cyclic mod-

ules. We will introduce certain equivalence relations later on that will allow us to

show in Theorem 4.5.4, that the following assignment induces a bijection.

Proposition 4.3.20. Let C ∈ A −Mod be (F,G, α, β, (PIa , π))-cyclic, where a ∈ A
and I E Pa is an ideal. Then, Θ̂ := (GF,GαF,GβF ) is a split Frobenius object on

PIa . If C is non-trivial, then Θ̂ is indecomposable.

Proof. The triple Θ̂ is a split Frobenius object, since (GβFGF ) ◦ (GFGαF ) =

GβαF = (GαF ) ◦ (GβF ) = (GFGβF ) ◦ (GαFGF ) and since (GβF ) ◦ (GαF ) =

G(β ◦ α)F = GF . Next, let us assume that C is non-trivial. Let e be a non-trivial

idempotent of GF that satisfies Θ̂-descent. Define ẽ := (βF ) ◦ (Fe) ◦ (αF ). Then,

Gẽ = µ ◦ (GFe) ◦ ∆ = e due to Θ̂-descent. In particular, ẽ is non-trivial. Further,

ẽ is an idempotent since ẽ ◦ ẽ = (β ◦ α)(ẽ ◦ ẽ) = (βF ) ◦ (FGẽ) ◦ (FGẽ) ◦ (αF ) =

(βF ) ◦ (Fe) ◦ (Fe) ◦ (αF ) = (βF ) ◦ (Fe) ◦ (αF ) = ẽ where we made multiple use of

the interchange law discussed in Remark 3.1.3. Since F is strongly indecomposable

by the definition of functorial cyclicity, it follows that ẽ = idF and thus e = idGF .
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Remark 4.3.21. By Proposition 3.3.56, we have EndA(PIa ) ∼= ΦIa(PIa ) where the right

hand side is given by the full subcategory of PIa (a) whose objects have the property

that their identity morphism is annihilated by I. If I is stable under the right action

of A(a, a), we thus have EndA(PIa ) ∼= PIa (a) = A
rev(a, a)/I(a), see Corollary 3.3.53 for

the need to use the reversed category. In this case (and assuming that I is a proper

ideal), we can interpret the indecomposable split Frobenius object associated to C in

Proposition 4.3.20 as a right indecomposable split Frobenius object in A(a, a)/I(a).

There is the following alternative to Definition 4.3.1:

Remark 4.3.22. One may define a universal Frobenius object 2-category Fr as the

2-category with a single object whose endomorphism category is the strict monoidal

category generated by one object Θ, and by morphisms ∆ : Θ→ ΘΘ and µ : ΘΘ→ Θ

that satisfy the relations (Θµ)◦(∆Θ) = ∆◦µ = (µΘ)◦(Θ∆). Similarly, Frsp is defined

imposing the additional relation µ ◦ ∆ = Θ. Then, the objects of Hom(Fr,C) are

in 1:1 correspondence to Frobenius objects on objects of C and similarly the objects

of Hom(Frsp,C) are in 1:1 correspondence with split Frobenius objects on objects in

C. It will become apparent that this is conceptually the correct way to study (split)

Frobenius objects. We have chosen to give the more concrete Definition 4.3.1 and to

follow up with Definition 4.3.43 since it allows us to simplify the exposition, see also

Remark 4.3.47.

Remark 4.3.23. A priori it is unclear whether there exist split Frobenius objects in a

given monoidal category beyond Example 4.3.3 (and the trivial split Frobenius object

in the additive case). We do not have a general recipe that allows us to construct

or identify them. However, we will provide a classification up to a certain weak

equivalence relation in Section 4.5.3 using Lusztig’s 2-sided cells. With regards to this

classification, one should note that even if a 2-sided cell contains an (indecomposable)

object that carries the structure of a split Frobenius object, there may exist objects

in this 2-sided cell that cannot be equipped with the structure of a split Frobenius

object (see Section 5.5 for an example in type B2), or there may exist objects that can

carry different non-isomorphic structures as Frobenius objects (see Example 5.3.9).

Remark 4.3.24. The terminology Frobenius object is chosen in analogy to Frobe-

nius algebras. These are very important objects in many branches of mathematics,

notably topological quantum field theory. In this context µ and ∆ represent a classi-

cal multiplication and comultiplication. Only after completing this thesis, we noticed

that a similar notion of special Frobenius algebras has been used in [FS]. The obvious
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difference between our and their definition is that we do not require unit and counit

morphisms. Further, associativity of µ and coassociativity of ∆ is a requirement in

there definition, while we deduce it from splitness. More subtle is the difference with

respect to the requirement for a Frobenius algebra to be special. The example that

motivated us to make our definition, see Example 5.2.9, cannot be equipped with a

unit morphism. However, we can change the multiplication µ to a multiplication µ̃

that allows for a unit. In fact, we obtain in this way a Frobenius algebra. Yet the

theory develop in [FS] is not applicable since µ̃ ◦∆ = 0, i.e. the Frobenius algebra is

not a special Frobenius algebra.

Remark 4.3.25. Frobenius algebras also have a link to (co)monads and the Barr-

Beck theorem. We will get back to this point in Remark 4.3.28.

4.3.2 Split Frobenius objects on additive categories

In this section, we study split Frobenius objects on additive categories and establish

the additive Barr-Beck Theorem 4.3.26. Remark 4.3.28 comments on the similarity to

the well-known Barr-Beck theorem and results in the literature that are comparable

to ours.

Theorem 4.3.26. Let Θ̂ be a split Frobenius object on M ∈ Addidem. Then, there

exists Θ̂M ∈ Addidem, additive functors Θ̂M
ϑΘ̂

−→ M
ϑΘ̂−→ Θ̂M and transformations

id
Θ̂M

α
=⇒ ϑΘ̂ϑ

Θ̂ β
=⇒ id

Θ̂M with β ◦ α = id
Θ̂M and Θ̂ = (ϑΘ̂ϑΘ̂, ϑ

Θ̂αϑΘ̂, ϑ
Θ̂βϑΘ̂). On

the other hand, given D ∈ Add, additive functors D G−→ M F−→ D and transforma-

tions idD
α′

=⇒ FG
β′

=⇒ idD with β′ ◦ α′ = idD, setting Θ̂ := (GF,Gα′F,Gβ′F ) defines

a split Frobenius object on M and we have an equivalence Θ̂M ∼= Didem of additive

categories.

Proof. First, note that F , G, α′ and β′ extend to Didem and that Θ̂ defined using

these extensions agrees with Θ̂ as defined in the statement. In Proposition 4.3.33, we

calculate that Θ̂ as associated above to D, F , G, α′ and β′ is indeed a split Frobenius

object on M. Further, we show that Didem represents the 2-functor Θ̂Υ which we

will associate to Θ̂ in Definition 4.3.29. The 2-Yoneda Lemma 3.3.49 thus implies

equivalences between any idempotent closed additive category that admits F , G, α′

and β′ with the properties in the statement. In particular, the equivalence Θ̂M ∼=
Didem follows provided we can show existence of Θ̂M. This is achieved through the

explicit construction in Definition 4.3.35 which can by Remark 4.3.36 be interpreted

as the category of projective Θ̂-modules.
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Remark 4.3.27. One enhance the above theorem as follows: Let D1 and D2 be

additive categories together with the structure as above such that the associated split

Frobenius objects Θ̂1 and Θ̂2 are isomorphic. Then, we have an equivalence of additive

categories Didem
1
∼= Didem

2 . To prove this, one may write down an explicit isomorphism

between Θ̂1
Υ and Θ̂2

Υ. We will prove a more general statement in Proposition 4.3.48

after generalising Theorem 4.3.26 in Theorem 4.3.42.

Theorem 4.3.26 should be viewed as a additive alternative to the Barr-Beck theo-

rem, see Remark 4.3.28. The split Frobenius object Θ̂ plays the role of the (co)monad

and we will see in Remark 4.3.36that the category Θ̂M can be understood as projec-

tive Θ̂-modules in M. Also, note that we do not require any technical assumptions

on morphisms nor do we use units or counits.

Remark 4.3.28. Monads and comonads are important notions in category theory.

Any adjoint pair (L,R), where L : C → D is left adjoint to R, yields a monad T on C
and a comonad on D. Using the monad one can construct the Kleisli category CT and

the category CT of T -algebras or how we prefer to call it T -modules. There are com-

parison functors CT → D → CT . If L is essentially surjective, then CT is equivalent to

D, see [ML, VI.5 Exercise 1]. On the other hand, the Barr-Beck theorem, see [ML,

VI.7 and exercise 7], identifies the precise conditions on morphisms and coequalisers

and their behaviour under R that are equivalent to the statement that D → CT is an

equivalence. By reversing arrows, analogues statements hold for C and comodules in

D over the comonad.

The Barr-Beck theorem has been applied in Abelian (and triangulated) higher rep-

resentation theory, see [Rou2, Theorem 8.3]. In a similar spirit yet without referring

to Barr-Beck, [Os1, Section 3.3] shows that semisimple indecomposable objects of

B −Mod(Ab) where B is a semisimple rigid monoidal category are equivalent to cer-

tain categories of modules for an algebra (i.e. a monad) in B associated to the Abelian

B-module. Even earlier for a strict Abelian tensor category B for which the tensor

product is bilinear over the endomorphism ring of the identity object, [FS] studied

modules in B over special Frobenius algebras in B, see Remark 4.3.24, and it was

shown in [FS, Proposition 5.1] that such module categories are Abelian. The papers

[Rou2, Os1, FS] have in common that the module categories studied are Abelian (or

triangulated), which distinguishes them from our additive setting, and that (co)units

are used, which are not required to exist here.

For the remainder of the section, we fix an idempotent closed additive category

M∈ Addidem. Next, we define the 2-functor Θ̂Υ.
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Definition 4.3.29. Let Θ̂ be a split Frobenius object on M. We denote by Θ̂Υ

the endo-2-functor of Add that is defined on any N ∈ Add, H ∈ Add(N1,N2) and

β ∈ AddN1→N2(H1, H2) by setting

• Θ̂Υ(N ) :=



Obj : (F, ι, π) where F ∈ Add(M,N ),
ι ∈ Add(F, FΘ) and π ∈ Add(FΘ, F ) :
(ιΘ) ◦ ι = (F∆) ◦ ι, π ◦ (πΘ) = π ◦ (Fµ),
π ◦ ι = F, ι ◦ π = (Fµ) ◦ (ιΘ) = (πΘ) ◦ (F∆)

Mor : Θ̂Υ(N )((F1, ι1, π1), (F2, ι2, π2)) :=
{α ∈ Add(F1, F2)|(αΘ) ◦ ι1 = ι2 ◦ α, π2 ◦ (αΘ) = α ◦ π1}


• ΘΥ(H) :=

{
Obj : Θ̂Υ(H)((F, ι, π)) := (HF,Hι,Hπ)
Mor : Θ̂Υ(H)(α) := Hα

}
• Θ̂Υ(β) :=

(
(Θ̂Υ(β))(F,ι,π)

)
(F,ι,π)∈ Θ̂Υ(N1)

:= (βF )(F,ι,π)∈ Θ̂Υ(N1)

and by specifying all required isotransformations to be identity transformations.

Proof. It is an easy exercise to check that Θ̂Υ(N ) defines an additive category using

the composition inherited from Add(M,N ). Similarly, one checks that Θ̂Υ(H) de-

fines an additive functor Θ̂Υ(N1) → Θ̂Υ(N2) using the interchange law, see Remark

3.1.3. That Θ̂Υ(N )(β) defines a transformation Θ̂Υ(H1) ⇒ Θ̂Υ(H2) follows again

from the interchange law, as does compatibility with composition and identity trans-

formations. Since Add is a strict 2-category, we obtain Θ̂Υ(K) Θ̂Υ(H) = Θ̂Υ(KH) for

K ∈ Add(N2,N3) and Θ̂Υ(idN ) = id
Θ̂Υ(N ). Thus, all required isotransformations can

be defined using identity transformations and all compatibilities required in Definition

3.1.11 are satisfied trivially.

Next, we state the for our purposes most important properties of Θ̂Υ. Subse-

quently, we will show that these properties determine Θ̂Υ up to equivalence (after

restricting the domain to idempotent closed categories).

Proposition 4.3.30. There exist morphisms of 2-functors Θ̂Υ→ Add(M,−)→ Θ̂Υ

whose composition has the identity transformation as a summand. More precisely,

these morphisms of 2-functors can be defined as follows: For all N ∈ Add, the

functor Θ̂Υ(N ) → Add(M,N ) sends (F, ι, π) 7→ F and α 7→ α, and the functor

Add(M,N )→ Θ̂Υ(N ) sends F 7→ (FΘ, F∆, Fµ) and α 7→ αΘ.

Proof. The functor Θ̂Υ(N ) → Add(M,N ) as specified in the statement is well

defined since Θ̂Υ(N ) inherits its composition rule from Add(M,N ). To see that

Add(M,N ) → Θ̂Υ(N ) as specified in the statement is well defined, we compute
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((F∆)Θ) ◦ (F∆) = F ((∆Θ) ◦∆)
Lem 4.3.7

= F ((Θ∆) ◦∆) = ((FΘ)∆) ◦ (F∆). Sim-

ilarly, we obtain (Fµ) ◦ ((Fµ)Θ) = (Fµ) ◦ ((FΘ)µ). Further, (Fµ) ◦ (F∆) =

F (µ ◦∆) = FΘ, (F∆) ◦ (Fµ) = F (∆ ◦ µ) = F ((Θµ) ◦ (∆Θ)) = ((FΘ)µ) ◦ (F∆)Θ))

and analogously (F∆) ◦ (Fµ) = F (∆ ◦ µ) = ((Fµ)Θ) ◦ (FΘ)∆)). Therefore, we

have (FΘ, F∆, Fµ) ∈ Θ̂Υ(N ). Similarly for all α ∈ AddM→N (F1, F2), we have

αΘ ∈ Θ̂Υ(N ) ((F1Θ, F1∆, F1µ), (F2Θ, F2∆, F2µ)), since ((αΘ)Θ) ◦ (F1∆) = α∆ =

(F2∆) ◦ (αΘ) and similarly (F2µ) ◦ ((αΘ)Θ) = (αΘ) ◦ (F1µ). The thus well defined

collection of functors Θ̂Υ(N ) → Add(M,N ) → Θ̂Υ(N ) can now be turned into 2-

functors Θ̂Υ→ Add(M,−)→ Θ̂Υ by specifying all required isotransformations to be

identity transformations, making all compatibility requirements hold trivially.

It remains to define two morphisms of morphisms of 2-functors between the iden-

tity morphism on Θ̂Υ to the composition of the above defined morphisms and to

note that their composition is the identity morphism on the identity morphism of

Θ̂Υ. The first of these morphisms is defined on an object (F, ι, π) ∈ Θ̂Υ(N ) by

the morphism ι : (F, ι, π) → (FΘ, F∆, Fµ) in Θ̂Υ(N ). Note that ι is well defined

since (ιΘ) ◦ ι = (F∆) ◦ ι and ι ◦ π = (Fµ) ◦ (ιΘ), which hold by the definition

of Θ̂Υ. Further, this collection of morphisms defines a transformation holds since

ι ◦ α = (αΘ) ◦ ι, which is required from any morphism α in Θ̂Υ(N ). The second of

these morphisms is defined on an object (FΘ, F∆, Fµ) ∈ Θ̂Υ(N ) by the morphism

π : (FΘ, F∆, Fµ) → (F, ι, π). Note that π is well defined, by the same arguments

as for ι using the complimentary requirements in the definition of Θ̂Υ. The only

property of the 2-functor Θ̂Υ that we have not used yet, is that π ◦ ι = F for all

(F, ι, π) ∈ Θ̂Υ(N ). This final ingredient implies that the composition of the two

morphisms of morphisms of 2-functors, which we have just defined, is the identity

morphism on the identity morphism of Θ̂Υ.

Theorem 4.3.31. The 2-functor Θ̂Υ restricts to a 2-functor Addidem → Addidem and

this restriction is representable.

Proof. We split the proof in three steps. First, Lemma 4.3.32 shows that Θ̂Υ pre-

serves idempotent closed additive categories. Second, Proposition 4.3.33 shows that a

category Θ̂M∈ Add represents Θ̂Υ, given that it comes together with certain additive

functors and transformations which give rise to the Frobenius object Θ̂. Third, Propo-

sition 4.3.38 provides an explicit construction of Θ̂M together with all the additive

functors, transformations and relations that were required in Proposition 4.3.33.
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Lemma 4.3.32. The following diagram commutes:

Add
Θ̂Υ

// Add

Addidem
?�

OO

Θ̂Υ|
Add

idem

// Addidem
?�

OO

Proof. Let N ∈ Addidem. We need to show that Θ̂Υ(N ) is idempotent closed. Let

(F, ι, π) ∈ Θ̂Υ(N ) and let e be an idempotent of (F, ι, π), that is a transformation

e : F ⇒ F such that e2 = e, (eΘ) ◦ ι = ι ◦ e and π ◦ (eΘ) = e ◦ π. Since N is

idempotent closed, there exists an additive functor Fe :M→N and transformations

Fe
α

=⇒ F
β

=⇒ Fe such that α ◦ β = e and β ◦ α = idFe . Define ιe := (βΘ) ◦ ι ◦ α and

πe := β ◦π ◦ (αΘ). We leave it to the reader to check that (Fe, ιe, πe) ∈ ΘΥ(N ). Now,

the morphism α : (Fe, ιe, πe) → (F, ι, π) in ΘΥ(N ) is well defined since (αΘ) ◦ ιe =

(αΘ)◦(βΘ)◦α = ((α◦β)Θ)◦α = α and π◦(αΘ) = α◦β◦π◦(αΘ) = α◦πe. Similarly,

the morphism β : (F, ι, π)→ (Fe, ιe, πe) is well defined. Thus, we have constructed a

summand of (F, ι, π) with associated idempotent e = α ◦ β.

Proposition 4.3.33. Let Θ̂M ∈ Addidem, let M ϑΘ̂

−→ Θ̂M
ϑΘ̂−→ M be additive func-

tors and let id
Θ̂M

α
=⇒ ϑΘ̂ϑΘ̂

β
=⇒ id

Θ̂M be transformations such that β ◦ α = id
Θ̂M.

Then, Θ̂ := (Θ,∆, µ) := (ϑΘ̂ϑ
Θ̂, ϑΘ̂αϑ

Θ̂, ϑΘ̂βϑ
Θ̂) is a split Frobenius object on M.

Furthermore, we have an equivalence of 2-functors Addidem(Θ̂M,−) ∼= Θ̂Υ|
Add

idem.

Thus, Θ̂ determines Θ̂M is uniquely up to equivalence.

Proof. For convenience, we abuse notation and write Θ̂Υ instead of Θ̂Υ|
Add

idem . First,

Θ̂ is a Frobenius object, since (Θµ) ◦ (∆Θ) = (ΘϑΘ̂βϑ
Θ̂) ◦ (ϑΘ̂αϑ

Θ̂Θ) = (ϑΘ̂αβϑ
Θ̂) =

(ϑΘ̂αϑ
Θ̂) ◦ (ϑΘ̂βϑ

Θ̂) = ∆ ◦ µ and analogously ∆ ◦ µ = (µΘ) ◦ (Θ∆). Furthermore, Θ̂

is split since µ ◦∆ = ϑΘ̂(β ◦ α)ϑΘ̂ = ϑΘ̂ϑ
Θ̂ = Θ.

Next, we define a morphisms of 2-functors ϕ1 : Addidem( Θ̂M,−) → Θ̂Υ. We define

morphisms ι := αϑΘ̂ and π := βϑΘ̂, and claim that (ϑΘ̂, ι, π) ∈ Θ̂Υ( Θ̂M). Note that

(ιΘ) ◦ ι = (αϑΘ̂Θ) ◦ (αϑΘ̂) = ααϑΘ̂ = (ϑΘ̂ϑΘ̂αϑ
Θ̂) ◦ (αϑΘ̂) = (ϑΘ̂∆) ◦ ι. Similarly,

π ◦ (πΘ) = π ◦ (ϑΘ̂µ) holds and π ◦ ι = ϑΘ̂ holds obviously. Further, we have

ι ◦ π = (αϑΘ̂) ◦ (βϑΘ̂) = αβϑΘ̂ = (ϑΘ̂ϑΘ̂βϑ
Θ̂) ◦ (αϑΘ̂ϑΘ̂ϑ

Θ̂) = (ϑΘ̂µ) ◦ (ιϑΘ̂) and

similarly ι ◦ π = βαϑΘ̂ = (πΘ) ◦ (ϑΘ̂∆). Thus, (ϑΘ̂, ι, π) ∈ Θ̂Υ( Θ̂M) holds and we

can define ϕ1 as the image of (ϑΘ̂, ι, π) under the equivalence

Θ̂Υ(Θ̂M) ∼= HomAdd
idem→Addidem(Addidem( Θ̂M,−), Θ̂Υ),

which is specified by the 2-Yoneda Lemma 3.3.49.
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Next, we define a morphisms of 2-functors ϕ2 : Θ̂Υ → Addidem(Θ̂M,−). To that

end, we need to define a functor Θ̂Υ(N ) → Addidem( Θ̂M,N ) for each N ∈ Addidem.

We declare this functor to send any object (F, ι, π) ∈ Θ̂Υ(N ) to (F ◦ ϑΘ̂, eF ) where

eF := (FϑΘ̂β) ◦ (ιϑΘ̂). Further, any morphism α : (F1, ι1, π1)→ (F2, ι2, π2) in Θ̂Υ(N )

shall be send to eF2 ◦ (αϑΘ̂) ◦ eF1 : (F1ϑΘ̂, eF1) → (F2ϑΘ̂, eF2). To show that this

functor is well defined, we need to show that eF is an idempotent and that the

assignment for morphisms is compatible with composition. The latter follows from

the former since eF2 ◦ (αϑΘ̂) = (αϑΘ̂) ◦ eF1 , which in turn can be deduced easily from

(αΘ)◦ι1 = ι2◦α. To show the former, we calculate that eF = (πϑΘ̂β)◦(ιΘϑΘ̂)◦(ιϑΘ̂) =

(πϑΘ̂β) ◦ (F∆ϑΘ̂) ◦ (ιϑΘ̂) = (πϑΘ̂) ◦ (FϑΘ̂α) ◦ (FϑΘ̂β) ◦ (ιϑΘ̂) = (πϑΘ̂) ◦ (FϑΘ̂α) ◦ eF
and note that by the same argument (πϑΘ̂) ◦ (FϑΘ̂α) ◦ eF = (πϑΘ̂) ◦ (FϑΘ̂α) holds.

Hence, eF = (πϑΘ̂) ◦ (FϑΘ̂α) and moreover eF = (πϑΘ̂) ◦ (FϑΘ̂α) ◦ eF = eF ◦ eF ,

showing that eF is an idempotent. To complete the definition of ϕ2, note that the

natural isomorphisms Addidem(Θ̂M, H) ◦ ϕ2(N1)
∼−→ ϕ2(N2) ◦ Θ̂Υ(H) for all H ∈

Addidem(N1,N2), which are required in Definition 3.1.11, can be chosen as identity

morphism. All necessary compatibilities thus hold trivially.

It remains to show that ϕ1 ◦ ϕ2 and ϕ2 ◦ ϕ1 are isomorphic to the respective identity

morphism of 2-functors. By the 2-Yoneda Lemma 3.3.49, ϕ2◦ϕ1 (as well as the identity

morphism on the 2-functor Addidem(Θ̂M,−)) is determined up to isomorphism by its

evaluation at id
Θ̂M, which is given by (ϕ2 ◦ ϕ1)(id

Θ̂M) = ϕ2

(
(ϑΘ̂, αϑΘ̂, βϑΘ̂)

)
=

(ϑΘ̂ϑΘ̂, (ϑ
Θ̂ϑΘ̂β) ◦ (αϑΘ̂ϑΘ̂)) = (ϑΘ̂ϑΘ̂, α ◦ β) ∼= id

Θ̂M. The last isomorphism holds

due to the assumption that β ◦ α = id
Θ̂M. Hence ϕ2 ◦ ϕ1

∼= id
Add

idem
(Θ̂M,−)

.

Last, we establish the equivalence ϕ1 ◦ϕ2
∼= id

Θ̂Υ. For all (F, ι, π) ∈ Θ̂Υ(N ), we have

(ϕ1 ◦ ϕ2) ((F, ι, π)) = ϕ1 ((FϑΘ̂, eF )) =
(

((FϑΘ̂)ϑΘ̂, (FϑΘ̂)αϑΘ̂, (FϑΘ̂)βϑΘ̂), eFϑ
Θ̂
)

=

((FΘ, F∆, Fµ), ι ◦ π), where eFϑ
Θ̂ = (FϑΘ̂βϑ

Θ̂) ◦ (ιϑΘ̂ϑ
Θ̂) = (Fµ) ◦ (ιΘ) = ι ◦ π

holds by the definition of Θ̂Υ. For all morphisms α : (F1, ι1, π1) → (F2, ι2, π2) in

Θ̂Υ(N ), we have (ϕ1 ◦ ϕ2)(α) = ϕ1(eF2 ◦ (αϑΘ̂) ◦ eF1) = (eF2 ◦ (αϑΘ̂) ◦ eF1)ϑΘ̂ =

(eF2ϑ
Θ̂) ◦ (αΘ) ◦ (eF1ϑ

Θ̂) = ι2 ◦ π2 ◦ (αΘ) ◦ ι1 ◦ π1. Now, recall from Proposition

4.3.30 that the composition Θ̂Υ→ Add(M,−)→ Θ̂Υ specified there has the identity

functor as a summand. The explicit formulas in the proof yield an idempotent on the

composition Θ̂Υ → Add(M,−) → Θ̂Υ and a comparison with the calculation above

shows that the summand associated to this idempotent is precisely ϕ1 ◦ ϕ2.

Remark 4.3.34. One may deduce from arguments in the previous proof together
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with Proposition 4.3.30 that there is a diagram

Θ̂Υ|
Add

idem

))

Addidem(M,−)

55

−ϑΘ̂

))

∼ +3 ∼ +3 Addidem(M,−)

Addidem(Θ̂M,−)

−ϑΘ̂

55

��

OO
.

where the vertical arrow represents the equivalence of Proposition 4.3.33.

We complete the proof of Theorem 4.3.31 by defining a category Θ̂M and by

showing in Proposition 4.3.38 that Θ̂M admits all the structure that is required for

Proposition 4.3.33 to apply.

Definition 4.3.35. Let Θ̂ = (Θ,∆, µ) be a Frobenius object on M ∈ Addidem. We

define Θ̂M ∈ Addidem as the idempotent closure of ˜̂ΘM ∈ Add, which in turn is

defined as the additive category with objects Ob(˜̂ΘM) := Ob(M) and morphisms

˜̂
ΘM(M1,M2) :=

{
f ∈M(ΘM1,ΘM2)

∣∣∣∣ (Θf) ◦∆M1 = ∆M2 ◦ f and
µM2 ◦ (Θf) = f ◦ µM1

}
.

for all M1, M2 ∈ Ob(˜̂ΘM).

It is an easy exercise to check that Θ̂M is well defined. The Frobenius relation of

Θ̂ is not necessary for this purpose nor will it be needed to establish the first part of

Proposition 4.3.38. We allow ourselves this notational convenience, since we will study

Θ̂M only for Frobenius objects Θ̂. In fact, Θ̂ will be split in all our applications. The

following remark shows that in order to interpret Θ̂M as the category of projective

Θ̂-modules, Θ̂ has to be associative and coassociative.

Remark 4.3.36. Analogous to (co)modules for (co)monads, one can define a Θ̂-

module to be a triple (M, δ, ρ) where M ∈ M, δ ∈ M(M,ΘM) is the comodule

map and ρ ∈ M(ΘM,M) is the module map, which satisfy the comodule axiom

(∆M) ◦ δ = (Θδ) ◦ δ, the module axiom ρ ◦ (µM) = ρ ◦ (Θρ) and the compatibility

axiom δ ◦ ρ = (Θρ) ◦ (∆M) = (µM) ◦ (Θδ). Since Θ̂ does not have a (co)unit, we

have no choice but to consider non-unital modules. Further if Θ̂ is associative and

coassociative, we have a free Θ̂-module Θ̂M := (ΘM,∆M,µM) for all M ∈M. With

the natural definition of morphisms of Θ̂-modules, it follows that ˜̂ΘM is equivalent to

the category of free Θ̂-modules M. Therefore, one may refer to Θ̂M as the category

90



of projective Θ̂-modules. Now assume that Θ̂ is split. Then, δ ◦ ρ is an idempotent

of (M, δ, ρ). While not necessarily true in general, this idempotent is the identity

morphism in case of a free Θ̂-modules and one can deduce from Lemma 4.3.37 that

this is also true in the case of projective Θ̂-modules.

The following lemma will simplify proofs going forward (including the proof of

Proposition 4.3.38), since it allows us to check one instead of two conditions. We will

restate this lemma in Lemma 4.3.40 for the idempotent closure Θ̂M using the tools

to be developed in Proposition 4.3.38.

Lemma 4.3.37. Let Θ̂ = (Θ,∆, µ) be a split Frobenius object on M. Then, we have

˜̂
ΘM(M1,M2) = {f ∈M(ΘM1,ΘM2)|f satisfies Θ̂-descent}.

Proof. Let us fix f ∈ M(ΘM1,ΘM2). First, we assume that f ∈ ˜̂
ΘM(M1,M2).

Then, we have µM2 ◦ (Θf) ◦∆M1 = f ◦µM1 ◦∆M1 = f , where we used that Θ̂ is split.

Conversely, we assume that f = µM2 ◦ (Θf) ◦∆M1 . Then, we calculate

(Θf) ◦∆M1 = (Θ {µM2 ◦ (Θf) ◦∆M1}) ◦∆M1

= (ΘµM2) ◦ (ΘΘf) ◦ (Θ∆M1) ◦∆M1 (Remark 3.1.3)

= (ΘµM2) ◦ (ΘΘf) ◦ (∆M1Θ) ◦∆M1 (Lemma 4.3.7)

= (ΘµM2) ◦ (∆M2Θ) ◦ (Θf) ◦∆M1 (Remark 3.1.3)

= ∆M2 ◦ µM2 ◦ (Θf) ◦∆M1 (Frobenius relation)

= ∆M2 ◦ f.
An analogous argument shows f ◦ µM1 = µM2 ◦ (Θf). Thus, f ∈ ˜̂ΘM(M1,M2).

Proposition 4.3.38. Let Θ̂ = (Θ,∆, µ) be a Frobenius object on M ∈ Addidem.

Then, there exist additive functorsM ϑΘ̂

−→ Θ̂M
ϑΘ̂−→M such that Θ = ϑΘ̂ϑ

Θ̂. Further

if Θ̂ is split, there exist transformations id
Θ̂M

α⇒ ϑΘ̂ϑΘ̂

β⇒ id
Θ̂M with β ◦ α = id

Θ̂M

and we recover Θ̂ = (ϑΘ̂ϑ
Θ̂, ϑΘ̂αϑ

Θ̂, ϑΘ̂βϑ
Θ̂).

Proof. Let ϑΘ̂ : M → Θ̂M be the additive functor defined by ϑΘ̂M := M for all

M ∈M and by ϑΘ̂f := Θf and f ∈M(M1,M2). Since ∆ and µ are transformations,

ϑΘ̂f is well defined. Further Θ is additive, ϑΘ̂ is additive, as well.

Next, we define ϑΘ̂ : Θ̂M→M. Since M is idempotent closed, it suffices to define

the restriction of ϑΘ̂ to ˜̂
ΘM, where we set ϑΘ̂(M) := Θ(M) for all M ∈ ˜̂

ΘM and

ϑΘ̂(f) := f for all f ∈ ˜̂ΘM(M1,M2). Doubtless, this assignment defines an additive

functor. Clearly, ϑΘ̂ϑ
Θ̂ = Θ holds.

To define α and β, it is sufficient to define their restrictions to ˜̂ΘM. We set αM := ∆M
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and βM := µM for all M ∈ Ob(˜̂ΘM). Note that indeed αM ∈ ˜̂ΘM(M,ΘM), since

αM
Θ̂ spl
= µΘM ◦ ∆ΘM ◦ ∆M

Lem 4.3.7
= µΘM ◦ (Θ∆M) ◦ ∆M

Θ̂ spl
= µΘM ◦ (ΘαM) ◦ ∆M .

Similarly, βM ∈ ˜̂
ΘM(ΘM,M) follows. That α and β are indeed transformations

follows from the definition of the morphism spaces in ˜̂
ΘM. Now, µ ◦∆ = Θ implies

that β ◦α = Θ̂M. Since, ϑΘ̂ is the identity on objects and ϑΘ̂ the identity on objects,

we have (ϑΘ̂αϑ
Θ̂)M = ϑΘ̂αϑΘ̂M = αM and thus ϑΘ̂αϑ

Θ̂ = ∆. By an analogous

argument, ϑΘ̂βϑ
Θ̂ = µ holds as well, and we have recovered the Frobenius object.

Remark 4.3.39. The notation ϑΘ̂ is chosen to indicate that ϑΘ̂ acts on morphism,

which in the spirit of this thesis are the higher structure, whereas ϑΘ̂ acts on objects.

It should be obvious that ϑΘ̂ is faithful. In fact, the following concise generalisation

of Lemma 4.3.37 describes the image explicitly:

Lemma 4.3.40. Let Θ̂ = (Θ,∆, µ) be a split Frobenius object on M ∈ Addidem.

Then, we have an isomorphism

Θ̂M(M1,M2)
ϑΘ̂−→ {f ∈M(ϑΘ̂M1, ϑΘ̂M2)|f satisfies Θ̂-descent}.

Remark 4.3.41. The functor ϑΘ̂ induces an equivalence with an idempotent closed

subcategory of M if and only if all idempotents in M, which are eligible Θ̂-descent,

satisfy Θ̂-descent.

4.3.3 Split Frobenius objects on 2-functors

In this section, we generalise the constructions and universal properties of Section

4.3.2 to a compatible family of Frobenius objects on idempotent closed additive cat-

egories.

Theorem 4.3.42. Let Φ : C → Addidem be a 2-functor and let Θ̂ = (Θ,∆, µ) be a

split Frobenius object on Φ. Then, there exists a 2-functor Θ̂Φ : C → Addidem that

sends c 7→ Θ̂(c)Φ(c) and that is uniquely determined up to an equivalence of 2-functors

by the following properties:

• There exist morphisms of 2-functors Φ
ϑΘ̂

−→ Θ̂Φ
ϑΘ̂−→ Φ.

• There exist morphisms of morphisms of 2-functors id
Θ̂Φ

α
=⇒ ϑΘ̂ϑΘ̂

β
=⇒ id

Θ̂Φ

with β ◦ α = id
Θ̂Φ.

• Θ̂ = (ϑΘ̂ϑ
Θ̂, ϑΘ̂αϑ

Θ̂, ϑΘ̂βϑ
Θ̂).
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Proof. We split the proof in several parts which show more detailed results. Assuming

that there is a well defined assignment Φ 7→ Θ̂Φ with the properties as stated above,

Proposition 4.3.48 shows (to the extend that is needed later on) that this assignment

is 2-functorial with respect to morphisms of 2-functors and morphisms of morphisms

of 2-functors that are compatible with the Frobenius objects. This allows us to

deduce equivalences between different realisations of Θ̂Φ under certain assumptions

in Corollary 4.3.50. Thus, it remains to provide an explicit construction of Θ̂Φ which

is carried out in Proposition 4.3.52.

Definition 4.3.43. Let C be a strict 2-category and for i ∈ {1, 2} let Θ̂i = (Θi,∆i, µi)

be Frobenius objects on ci ∈ C. We say that a 1-arrow F : c1 → c2 in C is compatible

with the Frobenius objects via canF , if there exists a 2-arrow canF : FΘ1
∼

=⇒ Θ2F in

C such that (∆2F )◦canF = (Θ2 canF )◦(canF Θ1)◦(F∆1) and such that canF ◦(Fµ1) =

(µ2F ) ◦ (Θ2 canF ) ◦ (canF Θ1). Furthermore given another 1-arrow G : c1 → c2 in C

that is compatible with the Frobenius object via canG, we say that a 2-arrow τ : F ⇒ G

in C is compatible with the Frobenius objects, if (Θ2τ) ◦ canF = canG ◦(τΘ1).

Notation 4.3.44. Let c1
F−→ c2

K−→ c3 be 1-arrows between objects and let a Frobe-

nius object on each object be given. Assume that F (resp. K) is compatible with the

Frobenius objects on its domain and codomain via canF (resp. canK). Then, KF :

c1 → c3 is compatible with the Frobenius objects via canKF := (canK F ) ◦ (K canF ).

Remark 4.3.45. Let Θ̂ be a Frobenius object on c ∈ C. Then, Ic is compatible with

Θ̂ via Θ. Furthermore, α ∈ Cc(Ic, Ic) is compatible with the Frobenius object via Θ

if and only if αΘ = Θα.

Remark 4.3.46. Let Θ̂1 and Θ̂2 be Frobenius objects on c ∈ C and recall Definition

4.3.2. Then, Θ̂1 and Θ̂2 are isomorphic if and only if the unit object Ic ∈ C(c, c) is

compatible with the Frobenius objects Θ̂1 and Θ̂2.

Remark 4.3.47. Recall the 2-category Hom(Fr,C) which we had introduced in Re-

mark 4.3.22. The structure described in Definition 4.3.43 corresponds precisely to the

1-arrows and 2-arrows between strict 2-functors in Hom(Fr,C). For the applications

in this thesis, Definition 4.3.43 is sufficient and its concrete form simplifies the expo-

sition, since we do not need to mention the additional (trivial) structure as well as

the (trivial) strictness properties that this additional structure satisfies.

Proposition 4.3.48. Let C be a 2-category. For i ∈ {1, 2}, let Φi and Θ̂i
Φi be 2-

functors from C to Addidem, let Φi
ϑΘ̂i−→ Θ̂i

Φi

ϑΘ̂i−→ Φi be morphisms of 2-functors,
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let id
Θ̂i

Φi
αi=⇒ ϑΘ̂iϑΘ̂i

βi
=⇒ id

Θ̂i
Φi be morphisms of morphisms of 2-functors such that

βi ◦ αi = id
Θ̂i

Φi, and let Θ̂i := (Θi,∆i, µi) := (ϑΘ̂i
ϑΘ̂i , ϑΘ̂i

αiϑ
Θ̂i , ϑΘ̂i

βiϑ
Θ̂i) be the

associated split Frobenius object on Φi. For all morphisms of 2-functors F : Φ1 → Φ2

which are compatible with the Frobenius objects via canF , one can assign a morphism

of 2-functors F̃ : Θ̂1
Φ1 → Θ̂2

Φ2 that fits into the diagram

Φ1

F

��

ϑΘ̂1 //
Θ̂1

Φ1

F̃
��

ϑΘ̂1 // Φ1

F

��
Φ2

ϑΘ̂2 //

∼
6>

Θ̂2
Φ2

ϑΘ̂2 //

∼
6>

Φ2

.

Further, for all morphism of morphisms of 2-functors τ : F ⇒ G which are compatible

with the Frobenius objects, one can assign a morphism of morphisms of 2-functors

τ̃ : F̃ → G̃ in a functorial way. Furthermore, the assignment F 7→ F̃ is compatible

with composition of morphisms of 2-functors and identity morphisms of 2-functors up

to isomorphism and respects associativity.

Proof. For i ∈ {1, .., 4} let Φi, Θ̂i
Φi, ... be given. First, recall the argument in Propo-

sition 4.3.33 which shows that Θ̂i = (Θi,∆i, µi) is a split Frobenius object.

Next, let F : Φ1 → Φ2 be a morphism of 2-functors which is compatible with the

Frobenius objects via canF : FΘ1
∼

=⇒ Θ2F . Now, we define a morphism of 2-functors

F̃ : Θ̂1
Φ1 → Θ̂2

Φ2 as follows. Set F̂ := ϑΘ̂2FϑΘ̂1
and consider the endomorphism eF

of F̂ defined by eF := (β2F̂ )◦(ϑΘ̂2 canF ϑΘ̂1
)◦(F̂α1). Indeed, eF is an idempotent since

eF ◦ eF = (β2F̂ ) ◦ (ϑΘ̂2ϑΘ̂2
β2F̂ ) ◦ (ϑΘ̂2ϑΘ̂2

ϑΘ̂2 canF ϑΘ̂1
)

◦ (ϑΘ̂2 canF ϑΘ̂1
ϑΘ̂1ϑΘ̂1

) ◦ (F̂α1ϑ
Θ̂1ϑΘ̂1

) ◦ (F̂α1) (Remark 3.1.3)

= (β2F̂ ) ◦
{
ϑΘ̂2 ((µ2F ) ◦ (Θ2 canF ) ◦ (canF Θ1) ◦ (F∆1))ϑΘ̂1

}
◦ (F̂α1) (Remark 3.1.3)

= eF .

In the first equation, we used the interchange law to pull the term β2F̂ of the second

eF along the left side all the way to the first term, and simultaneously the term F̂α1

of the first eF along the right to the very end. In the last equation, we used that

F is compatible with the Frobenius object, see Definition 4.3.43, which implies that

(µ2F ) ◦ (Θ2 canF ) ◦ (canF Θ1) ◦ (F∆1) = canF ◦(Fµ1) ◦ (F∆1) = canF . Since F̂ is a

morphism of 2-functors with target Addidem, we can now define F̃ to be the morphism

of 2-functors F̃ := (F̂ , eF ) : Θ̂1
Φ1 → Θ̂2

Φ2.

Next, we show that FϑΘ̂1

∼= ϑΘ̂2
F̃ = (Θ2FϑΘ̂1

, ϑΘ̂2
eF ). We need to define two mor-

phisms of morphisms of 2-functors f1 : FϑΘ̂1
→ Θ2FϑΘ̂1

and f2 : Θ2FϑΘ̂1
→ FϑΘ̂1
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and show that f2◦f1 = FϑΘ̂1
and f1◦f2 = ϑΘ̂2

eF . We set f1 := (canF ϑΘ̂1
)◦(FϑΘ̂1

α1)

and f2 := (FϑΘ̂1
β1) ◦ (can−1

F ϑΘ̂1
). Now, f2 ◦ f1 = FϑΘ̂1

is obvious and we compute

f1 ◦ f2 = (canF ϑΘ̂1
) ◦ (Fµ1ϑΘ̂1

) ◦ (can−1
F Θ1ϑΘ̂1

) ◦ (Θ2FϑΘ̂1
α1) (Remark 3.1.3)

= (µ2FϑΘ̂1
) ◦ (Θ2 canF ϑΘ̂1

) ◦ (canF Θ1ϑΘ̂1
)

◦ (FΘ1ϑΘ̂1
α1) ◦ (can−1

F ϑΘ̂1
) (Definition 4.3.43)

= (µ2FϑΘ̂1
) ◦ (Θ2 canF ϑΘ̂1

) ◦ (Θ2FϑΘ̂1
α1) (Remark 3.1.3)

= ϑΘ̂2
eF . (Remark 3.1.3)

Next, let us define e′F := (F̂ β1) ◦ (ϑΘ̂2 can−1
F ϑΘ̂1

) ◦ (α2F̂ ). We have

f1 ◦ f2 = (Θ2FϑΘ̂1
β1) ◦ (canF Θ1ϑΘ̂1

) ◦ (F∆1ϑΘ̂1
) ◦ (can−1

F ϑΘ̂1
) (Remark 3.1.3)

= (canF ϑΘ̂1
) ◦ (FΘ1ϑΘ̂1

β1) ◦ (can−1
F Θ1ϑΘ̂1

)

◦ (Θ2 can−1
F ϑΘ̂1

) ◦ (∆2FϑΘ̂1
) (Definition 4.3.43)

= (Θ2FϑΘ̂1
β1) ◦ (Θ2 can−1

F ϑΘ̂1
) ◦ (∆2FϑΘ̂1

) (Remark 3.1.3)

= ϑΘ̂2
e′F (Remark 3.1.3)

and thus ϑΘ̂2
eF = ϑΘ̂2

e′F . An application of (β2F̂ ) ◦ (ϑΘ̂2−) ◦ (α2F̂ ) yields eF = e′F .

Next, we show that ϑΘ̂2F ∼= F̃ ϑΘ̂1 = (ϑΘ̂2FΘ1, eFϑ
Θ̂1). As for the argument given

above, we need morphisms of morphisms of 2-functors g1 : ϑΘ̂2F → ϑΘ̂2FΘ1 and

g2 : ϑΘ̂2FΘ1 → ϑΘ̂2F such that g2 ◦ g1 = ϑΘ̂2F and g1 ◦ g2 = eFϑ
Θ̂1 . By a

calculation analogous to the one given above, g1 := (ϑΘ̂2 can−1
F ) ◦ (α2ϑ

Θ̂2F ) and

g2 := (β2ϑ
Θ̂2F ) ◦ (ϑΘ̂2 canF ) satisfy these properties.

Next, let G : Φ1 → Φ2 be another morphism of 2-functors which is compatible with

the Frobenius objects via canG : GΘ1
∼

=⇒ Θ2G and let τ : F ⇒ G be a mor-

phism of morphisms of 2-functors that is compatible with the Frobenius objects. We

want to construct a morphism of morphism of 2-functors τ̃ : F̃ → G̃ in a func-

torial way. Clearly, τ̂ := ϑΘ̂2τϑΘ̂1
: F̂ → Ĝ is a functorial assignment. Now, we

set τ̃ := eG ◦ τ̂ ◦ eF : F̃ ⇒ G̃. Note that, ĩdF = eF = idF̃ . In order to show

that the assignment τ 7→ τ̃ is compatible with composition, it suffices to show that

τ̃ = eG ◦ τ̂ = τ̂ ◦ eF . Since eF and eG are idempotents, the first equation follows from

the latter. The latter holds since

τ̂ ◦ eF = (β2Ĝ) ◦ (ϑΘ̂2ϑΘ̂2
τ̂) ◦ (ϑΘ̂2 canF ϑΘ̂1

) ◦ (F̂α1) (Remark 3.1.3)

= (β2Ĝ) ◦ {ϑΘ̂2((Θ2τ) ◦ canF )ϑΘ̂1
} ◦ (F̂α1) (Remark 3.1.3)

= (β2Ĝ) ◦ {ϑΘ̂2(canG ◦(τΘ1))ϑΘ̂1
} ◦ (F̂α1) (Definition 4.3.43)

= (β2Ĝ) ◦ (ϑΘ̂2 canG ϑΘ̂1
) ◦ (τ̂ϑΘ̂1ϑΘ̂1

) ◦ (F̂α1) (Remark 3.1.3)

= eG ◦ τ̂ . (Remark 3.1.3)
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Next, we show that id
Θ̂1

Φ1
∼= ĩdΦ1 . Recall from Remark 4.3.45 that idΦ1 is com-

patible with the Frobenius object Θ̂1 via Θ. Furthermore, we have the equations

ĩdΦ1 =
(
ϑΘ̂1

ϑΘ̂1 , (β1ϑΘ̂1
ϑΘ̂1) ◦ (ϑΘ̂1

Θ1ϑ
Θ̂1) ◦ (ϑΘ̂1

ϑΘ̂1α1)
)

Rem 3.1.3
=

(
ϑΘ̂1

ϑΘ̂1 , α1 ◦ β1

)
.

Since α1 : id
Θ1

Φ1 → ϑΘ̂1
ϑΘ̂1 and β1 : ϑΘ̂1

ϑΘ̂1 → id
Θ̂1

Φ1 satisfy β1 ◦ α1 = id
Θ̂1

Φ1 , we

obtain the isomorphism id
Θ̂1

Φ1
∼= ĩdΦ1 .

Next, let K : Φ2 → Φ3 be another morphism of 2-functors that is compatible with the

Frobenius objects via canK : KΘ2
∼

=⇒ Θ2K. We have to show that K̃F ∼= K̃F̃ . For

that purpose, we will define morphisms of morphisms of 2-functors h1 : K̂F̂ ⇒ K̂F

and h2 : K̂F ⇒ K̂F̂ . We will then show that eKF ◦ h1 = h1 = h1 ◦ (eKeF ) and

(eKeF ) ◦ h2 = h2 = h2 ◦ eKF , and thus obtain an induced morphism of morphisms

between K̃F and K̃F̃ . Furthermore, we show that h1 ◦h2 = eKF and h2 ◦h1 = eKeF ,

and therefore that K̃F ∼= K̃F̃ .

Now, we define h1 := (β3K̂Fβ1) ◦ (ϑΘ̂3 canK can−1
F ϑΘ̂1

) ◦ (K̂α2F̂ ) and set h2 :=

(K̂β2F̂ )◦ (ϑΘ̂3 can−1
K canF ϑΘ̂1

)◦ (α3K̂Fα1) . By the interchange law of Remark 3.1.3,

we have h1 = (β3K̂F )◦(ϑΘ3 canK FϑΘ1)◦(K̂e′F ) = (K̂Fβ1)◦(ϑΘ̂3K can−1
F ϑΘ̂1

)◦(eKF̂ )

and h2 = (K̂eF ) ◦ (ϑΘ̂3 can−1
K FϑΘ̂1

) ◦ (α3K̂F ) = (e′KF̂ ) ◦ (ϑΘ̂3K canF ϑΘ̂1
) ◦ (K̂Fα1).

Using that e′F = eF = eF ◦eF and the analogously shown equation e′K = eK = eK ◦eK ,

we obtain that h1 ◦ (eKeF ) = h1 ◦ (K̂eF ) ◦ (eKF̂ ) = h1 ◦ (eKF̂ ) = h1 and similarly

(eKeF ) ◦ h2 = h2. Once we show that h1 ◦ h2 = eKF and h2 ◦ h1 = eKeF , it follows

that h1 = h1 ◦ (eKeF ) = h1 ◦ h2 ◦ h1 = eKF ◦ h1 and analogously that h2 = h2 ◦ eKF .

We compute

h1 ◦ h2 = {(K̂Fβ1) ◦ (ϑΘ̂3K can−1
F ϑΘ̂1

) ◦ (eKF̂ )}

◦ {(e′KF̂ ) ◦ (ϑΘ̂3K canF ϑΘ̂1
) ◦ (K̂Fα1)}

= {(β3K̂F ) ◦ (ϑΘ̂3 canK FϑΘ̂1
) ◦ (K̂e′F )}

◦ {(ϑΘ̂3K canF ϑΘ̂1
) ◦ (K̂Fα1)}

= {(β3K̂F ) ◦ (ϑΘ̂3 canK FϑΘ̂1
)} ◦ {ϑΘ̂3K

{
(ϑΘ̂2

eF ) ◦ f1

}
}

= {(β3K̂F ) ◦ (ϑΘ̂3 canK FϑΘ̂1
)} ◦ {ϑΘ̂3K {f1 ◦ f2 ◦ f1}}

= {(β3K̂F ) ◦ (ϑΘ̂3 canK FϑΘ̂1
)} ◦ {ϑΘ̂3Kf1}

= {(β3K̂F ) ◦ (ϑΘ̂3 canK FϑΘ̂1
)} ◦ {(ϑΘ̂3K canF ϑΘ̂1

) ◦ (K̂Fα1)}

= eKF .

To show h2 ◦ h1 = eKeF , we use the notations gK1 := (ϑΘ̂3 can−1
K ) ◦ (α3ϑ

Θ̂3K) and

gK2 := (β3ϑ
Θ̂3K) ◦ (ϑΘ̂3 canK), which are analogous to the morphisms g1 and g2 in-

troduced above. We have gK2 ◦ gK1 = ϑΘ3K and gK1 ◦ gK2 = eKϑ
Θ̂2 . Thus, we obtain

h2◦h1 = (K̂β2F̂ )◦{(gK1 ◦gK2 )(f1◦f2)}◦(K̂α2F̂ ) = (K̂β2F̂ )◦(eKϑΘ̂2ϑΘ̂2
eF )◦(K̂α2F̂ ) =
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eK(β2 ◦ α2)eF = eKeF .

Last, let L : Φ3 → Φ4 be another morphism that is compatible with the Frobenius

objects. We show that the composition L̃K̃F̃ ∼= L̃KF̃ ∼= L̃KF agrees with the compo-

sition L̃K̃F̃ ∼= L̃K̃F ∼= L̃KF . We denote hK,F := h1 and h−1
K,F := h2. Recall that we

have hK,F = (gK2 FϑΘ̂1
)◦(K̂eF ) = (ϑΘ̂3KfF2 )◦(eKF̂ ) and h−1

K,F = (K̂eF )◦(gK1 FϑΘ̂1
) =

(eKF̂ )◦(ϑΘ̂3KfF1 ). Also, recall the relations of the form (ϑΘ̂2
ef )◦fF1 = fF1 . Using the

obvious notation, we have to show that id
L̃KF

= hL,KF ◦ (L̃hK,F ) ◦ (h−1
L,KF̃ ) ◦ h−1

LK,F .

We compute hL,KF ◦ (L̃hK,F ) ◦ (h−1
L,KF̃ ) ◦ h−1

LK,F

= (gL2KFϑΘ̂1
) ◦ (L̂eKF ) ◦ (eLhK,F ) ◦ (h−1

L,KeF ) ◦ (eLKF̂ ) ◦ (ϑΘ̂4LKfF1 )

= (gL2KFϑΘ̂1
) ◦ (L̂hK,F ) ◦ (h−1

L,KF̂ ) ◦ (ϑΘ̂4LKfF1 )

= (gL2KFϑΘ̂1
) ◦ (L̂ϑΘ̂3KfF2 ) ◦ (L̂eKF̂ ) ◦ (L̂eKF̂ ) ◦ (gL1KϑΘ̂2

F̂ ) ◦ (ϑΘ̂4LKfF1 )

= (gL2KFϑΘ̂1
) ◦ (L̂gK2 FϑΘ̂1

) ◦ (L̂K̂eF ) ◦ (gL1Kf
F
1 )

= (gL2KFϑΘ̂1
) ◦ (L̂gK2 FϑΘ̂1

) ◦ (gL1Kf
F
1 )

= (β4L̂KF ) ◦ (ϑΘ̂4 canLKFϑΘ̂1
) ◦ (ϑΘ̂4Lµ3KFϑΘ̂1

) ◦ (L̂ϑΘ̂3 canK FϑΘ̂1
) ◦ (gL1Kf

F
1 )

= (β4L̂KF )◦(ϑΘ̂4µ4LKFϑΘ̂1
)◦(ϑΘ̂4Θ4 canLKFϑΘ̂1

)◦(ϑΘ̂4 canL canK FϑΘ̂1
)◦(gL1KfF1 )

= (β4L̂KF ) ◦ (ϑΘ̂4 canLKFϑΘ̂1
) ◦ (gL2 canK FϑΘ̂1

) ◦ (gL1Kf
F
1 )

= (β4L̂KF ) ◦ (ϑΘ̂4 canLKFϑΘ̂1
) ◦ (ϑΘ̂4L canK FϑΘ̂1

) ◦ (ϑΘ̂4LK canF ϑΘ̂1
) ◦ ( ˆLKFα1)

= eLKF

= id
L̃KF

and are finally done.

Remark 4.3.49. More compatibilities than stated in Proposition 4.3.48 are satisfied.

For example, the composition F̃
F̃α1=⇒ F̃ ϑΘ̂1ϑΘ̂1

∼
=⇒ ϑΘ̂2FϑΘ̂1

∼
=⇒ ϑΘ̂2ϑΘ̂2

F̃ agrees

with α1F̃ . Moreover, one may arrange and extend the constructions given into a 2-

functor Hom
(
Frsp,Hom(A−Mod,Addidem)

)
−→ Hom(A −Mod,Addidem). Some of

the steps required to establish this statement can be found in the proof of Proposition

4.3.52, however additional steps are necessary which have no counterpart in this proof.

Corollary 4.3.50. For i ∈ {1, 2}, let Φi : C → Addidem be a 2-functor and let Θ̂i be

a split Frobenius objects on Φi. Assume that there exists an equivalence of Φ1 and Φ2

that is given by morphisms of 2-functors and morphisms of morphisms of 2-functors

that are compatible with the Frobenius objects. Then, Θ̂1
Φ1 and Θ̂2

Φ2 are equivalent.

Proof. By assumption, we have morphisms of 2-functors F : Φ1 → Φ2 and G : Φ2 →
Φ1 that are compatible with the Frobenius objects. Furthermore, we have isomor-

phisms of morphisms of 2-functors FG ∼= idΦ2 and GF ∼= idΦ1 that are compatible

with the Frobenius objects. We conclude id
Θ̂1

Φ1
∼= ĩdΦ1

∼= G̃F ∼= G̃F̃ and analogously

id
Θ̂2

Φ2
∼= F̃ G̃.
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Corollary 4.3.51. Let Φ : C→ Addidem be a 2-functor and let Θ̂1 and Θ̂2 be isomor-

phic split Frobenius objects on Φ. Then, Θ̂1
Φ and Θ̂2

Φ are equivalent.

Proof. By Remark 4.3.46, an isomorphism of Frobenius objects on a 2-functor is the

same as the identity 2-morphism of this 2-functor being compatible with the Frobenius

objects. Since the identity morphism on the identity morphism of Φ are trivially

compatible with the Frobenius objects as well, we can apply Corollary 4.3.50.

Having shown that a 2-functors Θ̂Φ is uniquely determined up to equivalence by

the properties stated in Proposition 4.3.48, we will now generalise Proposition 4.3.38

and show existence of Θ̂Φ. This is the last step of the proof of Theorem 4.3.42.

Proposition 4.3.52. Let Φ : C → Addidem be a 2-functor and let Θ̂ = (Θ,∆, µ)

be a split Frobenius object on Φ. Then, there exists a 2-functor Θ̂Φ : C → Addidem,

morphisms of 2-functors Φ
ϑΘ̂

−→ Θ̂Φ
ϑΘ̂−→ Φ and morphisms of morphisms of 2-functors

id
Θ̂Φ

α
=⇒ ϑΘ̂ϑΘ̂

β
=⇒ id

Θ̂Φ such that β ◦ α = id
Θ̂Φ and Θ̂ = (ϑΘ̂ϑ

Θ̂, ϑΘ̂αϑ
Θ̂, ϑΘ̂βϑ

Θ̂).

Furthermore, one can construct Θ̂Φ explicitly such that Θ̂Φ(c) = Θ̂(c)Φ(c) for all c ∈ C.

Proof. Let Φ : C→ Addidem be a 2-functor and let Θ̂ = (Θ,∆, µ) be a split Frobenius

object on Φ. In particular for all c ∈ C, Θ̂(c) := (Θ(c),∆(c), µ(c)) is a split Frobenius

object on Φ(c) ∈ Addidem. Thus, we can apply Proposition 4.3.38 and obtain cat-

egories Θ̂(c)Φ(c) ∈ Addidem, additive functors Φ(c)
ϑΘ̂(c)

−→ Θ̂(c)Φ(c)
ϑΘ̂(c)−→ Φ(c) such that

ϑΘ̂(c)ϑ
Θ̂(c) = Θ(c), and transformations Θ̂(c)Φ(c)

αc=⇒ ϑΘ̂(c)ϑ
Θ̂(c) βc

=⇒ Θ̂(c)Φ(c) such that

βc ◦ αc = Θ̂(c)Φ(c), ϑΘ̂(c)αcϑ
Θ̂(c) = ∆(c) and ϑΘ̂(c)βcϑ

Θ̂(c) = µ(c).

Next, we define the 2-functor Θ̂Φ : C → Addidem, and establish the properties re-

quired in Definition 3.1.11. For c ∈ C, we define Θ̂Φ(c) := Θ̂(c)Φ(c). For a 1-

arrow b : c → c′ in C, we set Φ̂(b) := ϑΘ̂(c′)Φ(b)ϑΘ̂(c). Further, we denote by

eb := (βc′ϑ
Θ̂(c′)Φ(b)ϑΘ̂(c)) ◦ (ϑΘ̂(c′) canb ϑΘ̂(c)) ◦ (ϑΘ̂(c′)Φ(b)ϑΘ̂(c)αc) an endotransfor-

mation of Φ̂(b), where canb : Φ(b)Θ(c)
∼

=⇒ Θ(c′)Φ(b) is the natural isomorphism

associated to b and the endomorphism Θ of Φ. In fact eb is an idempotent, which

follows as for eF in the proof of Proposition 4.3.48. The important ingredient being

that (µ(c′)Φ(b))◦ (Θ(c′) canb)◦ (canb Θ(c)) = canb ◦(Φ(b)µ(c)), which holds because µ

is a morphism of morphisms 2-functors with target in the strict(!) 2-category Addidem.

Now, we can define Θ̂Φ(b) := (Φ̂(b), eb). Further, for a 2-arrow γ : b⇒ b′ in C we set

Φ̂(γ) := ϑΘ̂(c′)Φ(γ)ϑΘ̂(c) and Θ̂Φ(γ) := eb′◦Φ̂(γ)◦eb. Clearly, Θ̂(c)Φ(idb) = eb = id
Θ̂Φ(b).

To show compatibility with composition, it suffices to show Φ̂(γ) ◦ eb = eb′ ◦ Φ̂(γ).

This is proven analogously to the equation eG ◦ τ̂ = τ̂ ◦ eF in the proof of Proposition
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4.3.48, the main ingredient being here that (Θ(c′)Φ(γ)) ◦ canb = canb′ ◦ (Φ(γ)Θ(c)),

which in turn holds since the family {canb}b∈C(c,c′) is natural in b.

Furthermore, we have to provide several natural isomorphisms and prove certain

compatibilities. We start by defining hb2,b1 : Θ̂Φ(b2) Θ̂Φ(b1)
∼

=⇒ Θ̂Φ(b2b1) for all 1-

arrows b1 ∈ C(c1, c2) and b2 ∈ C(c2, c3). Denote by canb2,b1 : Φ(b2)Φ(b1) → Φ(b2b1)

the natural isomorphisms that are part of the datum Φ. Now, we can introduce

hb2,b1 := (βc3ϑ
Θ(c3) canb2,b1 ϑΘ(c1)βc1) ◦ (ϑΘ(c3) canb2 can−1

b1
ϑΘ(c1)) ◦ (Φ̂(b2)αc2Φ̂(b1)). A

priori , we have defined a 2-arrow hb2,b1 : Φ̂(b2)Φ̂(b1) ⇒ Φ̂(b2b1), and thus have to

show that hb2,b1 ◦ (eb2eb1) = hb2,b1 = eb2b1 ◦ hb2,b1 . We claim that h−1
b2,b1

= h′b2,b1 :=

(Φ̂(b2)βc2Φ̂(b1)) ◦ (ϑΘ(c3) can−1
b2

canb1 ϑΘ(c1)) ◦ (αc3ϑ
Θ(c3) can−1

b2,b1
ϑΘ(c1)αc1). Similar to

arguments made before, we need to show that h′b2,b1 ◦eb2b1 = h′b2,b1 = (eb2eb1)◦h′b2,b1 in

order to see that h′b2,b1 : Θ̂Φ(b2b1) ⇒ Θ̂Φ(b2) Θ̂Φ(b1). Moreover, we need that hb2,b1 ◦
h′b2,b1 = eb2b1 and h′b2,b1 ◦ hb2,b1 = eb2eb1 , to conclude h−1

b2,b1
= h′b2,b1 . This can be shown

by analogous arguments to those used to establish K̃F ∼= K̃F̃ in Proposition 4.3.38.

However, we have to take into account that no analogue of canb2,b1 was present there.

The proof carries over nevertheless, since instead of (canK F ) ◦ (K canF ) = canKF

we now have (Θ(c3) canb1,b2) ◦ (canb2 Φ(b1)) ◦ (Φ(b2) canb1) ◦ (can−1
b2,b1

Θ(c1)) = canb1b2

since Θ is an endomorphism of Φ.

Furthermore, we need to show that hb2,b1 is natural in b1 and b2. Let γ1 : b1 ⇒ b′1 and

γ2 : b2 ⇒ b′2 be 2-arrows in C. Indeed, we can calculate

hb′2,b′1 ◦ ( Θ̂Φ(γ2) Θ̂Φ(γ1)) = hb′2,b′1 ◦ {(eb′2 ◦ Φ̂(γ2))(eb′1 ◦ Φ̂(γ1))}

= hb′2,b′1 ◦ (eb′2eb′1) ◦ (Φ̂(γ1)Φ̂(γ2))

= eb′2b′1 ◦ hb′2,b′1 ◦ (Φ̂(γ1)Φ̂(γ2))

= eb′2b′1 ◦ Φ̂(γ1γ2) ◦ hb2,b1
= Θ̂Φ(γ1γ2) ◦ hb2,b1 ,

where we used that hb′2,b′1 ◦ (Φ̂(γ1)Φ̂(γ2)) = (Φ̂(γ1γ2))◦hb2,b1 , which in turn holds since

hb2,b1 is defined using morphisms that are natural.

Further, Θ̂Φ((b3b2)b1) = Θ̂Φ(canb3,b2,b1)◦hb3,b2b1◦( Θ̂Φ(b3)hb2,b1)◦(h−1
b3,b2 Θ̂Φ(b1))◦h−1

b3b2,b1

holds by a calculation analogous to one provided in the proof of Proposition 4.3.38.

Furthermore, we have to provide the natural isomorphisms uc : id
Θ̂Φ(c)

∼
=⇒ Θ̂Φ(Ic) for

all c ∈ C. We denote by canc : idΦ(c)
∼

=⇒ Φ(Ic) the natural isomorphisms associated

to Φ. Set uc := (ϑΘ̂(c) canc ϑΘ̂(c)) ◦ αc which is a priori a morphism id
Θ̂Φ(c)

∼
=⇒ Φ̂(Ic).

However, eIc ◦ uc = (βcΦ̂(Ic)) ◦ (ϑΘ̂(c) canIc ϑΘ̂(c)) ◦ (ϑΘ̂(c) canc Θ(c)ϑΘ̂(c)) ◦ (αcαc) =

(βcΦ̂(Ic)) ◦ (ϑΘ̂(c)Θ(c) canc ϑΘ̂(c)) ◦ (αcαc) = uc, where we used that the natural iso-

morphisms canc, which come with Φ, are compatible with the natural isomorphisms
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canIc , which come with the endomorphisms Θ of Φ. Thus, uc : id
Θ̂Φ(c) ⇒ Θ̂Φ(Ic). We

claim that the inverse of uc is given by βc ◦ (ϑΘ̂(c) can−1
c ϑΘ̂(c)), which is a morphism

Θ̂Φ(Ic) ⇒ id
Θ̂Φ(c) by the same arguments as above. The other composition being

obvious, we compute

uc ◦ βc ◦ (ϑΘ̂(c) can−1
c ϑΘ̂(c))

= (βcΦ̂(c)) ◦ (ϑΘ̂(c)Θ(c) canc ϑΘ̂(c)) ◦ (ϑΘ̂(c) can−1
c Θ(c)ϑΘ̂(c)) ◦ (Φ̂(c)αc)

= (βcΦ̂(c)) ◦ (ϑΘ̂(c) canIc ϑΘ̂(c)) ◦ (ϑΘ̂(c) canc Θ(c)ϑΘ̂(c))

◦ (ϑΘ̂(c) can−1
c Θ(c)ϑΘ̂(c)) ◦ (Φ̂(c)αc)

= eIc .

It remains to show that the two squares in Definition 3.1.11 commute. For this pur-

pose let b : c → c′ be a 1-arrow in C and write can(b) : bIc
∼

=⇒ b for the right unit

in C. Recall that canIc ◦(canc Θ(c)) = Θ(c) canc by Definition 3.1.15 for Θ and that

Φ(can(b)) ◦ canb,Ic ◦(Φ(b) canc) = Φ(b) by the left square in Definition 3.1.11 for Φ.

Now, the left square in Definition 3.1.11 for Θ̂Φ commutes since

Θ̂Φ(can(b)) ◦ hb,Ic ◦ ( Θ̂Φ(b)uc)

= Φ̂(can(b)) ◦ ebIc ◦ hb,Ic ◦ (ebuc)

= Φ̂(can(b)) ◦ hb,Ic ◦ (Φ̂(b)uc)

= Φ̂(can(b)) ◦ (βc′ϑ
Θ̂(c′) canb,Ic ϑΘ̂(c)βc) ◦ (ϑΘ̂(c′) canb can−1

Ic
ϑΘ̂(c))

◦ (Φ̂(b)αcΦ̂(Ic)) ◦ (Φ̂(b)uc)

= (βc′ϑ
Θ̂(c′) can−1

c ϑΘ̂(c)βc) ◦ (ϑΘ̂(c′) canb can−1
Ic
ϑΘ̂(c)) ◦ (Φ̂(b)αcΦ̂(Ic)) ◦ (Φ̂(b)uc)

= (βc′Φ̂(b)βc) ◦ (ϑΘ̂(c′) canb Θ(c) can−1
c ϑΘ̂(c)) ◦ (Φ̂(b)αcΦ̂(Ic))

◦ (Φ̂(b)ϑΘ̂(c) canc ϑΘ̂(c)) ◦ (Φ̂(b)αc)

= (βc′Φ̂(b)βc) ◦ (ϑΘ̂(c′) canb Θ(c)ϑΘ̂(c)) ◦ (Φ̂(b)αcϑ
Θ̂(c)ϑΘ̂(c)) ◦ (Φ̂(b)αc)

= eb

= Θ̂Φ(b).

Commutativity of the other square follows analogously and the definition of the 2-

functor Θ̂Φ is finally complete.

Next, we define the morphisms Φ
ϑΘ̂

−→ Θ̂Φ
ϑΘ̂−→ Φ. We start with ϑΘ̂ and give the

definition of ϑΘ̂ thereafter without repeating the proof of the properties required by

Definition 3.1.15. We set ϑΘ̂(c) := ϑΘ̂(c) which is a functor Θ̂Φ(c) = Θ̂(c)Φ(c)→ Φ(c).

Further for all 1-arrows b : c → c′ in C, we need to specify a natural isomorphism

tb : Φ(b)ϑΘ̂(c)

∼
=⇒ ϑΘ̂(c′) Θ̂Φ(b). We set tb := (canb ϑΘ̂(c)) ◦ (Φ(b)ϑΘ̂(c)αc). A priori

tb : Φ(b)ϑΘ̂(c) ⇒ ϑΘ̂(c′)Φ̂(b), however
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(ϑΘ̂(c′)eb) ◦ tb = (µc′Φ(b)ϑΘ̂(c)) ◦ (Θ̂(c′) canb ϑΘ̂(c)) ◦ (canb Θ(c)ϑΘ̂(c)) ◦ (Φ(b)ϑΘ̂(c)αcαc)

= (canb ϑΘ̂(c)) ◦ (µc′ϑΘ̂(c)) ◦ (Φ(b)ϑΘ̂(c)αcαc)

= tb.

That tb is natural in b holds since canb and Φ(b) are natural in b. We claim that

t−1
b := (Φ(b)ϑΘ̂(c)βc) ◦ (can−1

b ϑΘ̂(c)) is the inverse of tb. Analogously as for tb, one

shows that t−1
b : ϑΘ̂(c′) Θ̂Φ(b) ⇒ Φ(b)ϑΘ̂(c). Since t−1

b ◦ tb = idΦ(b)ϑΘ̂(c)
clearly holds,

we only have to compute tb ◦ t−1
b = (canb ϑΘ̂(c)) ◦ (Φ(b)µcϑΘ̂(c)) ◦ (can−1

b ϑΘ̂(c)αc) =

(µc′Φ(b)ϑΘ̂(c)) ◦ (Θ(c′) canb ϑΘ̂(c)) ◦ (Θ(c′)Φ(b)ϑΘ̂(c)αc) = ϑΘ̂(c′)eb = ϑΘ̂(c′)idΘ̂Φ(b). It re-

mains to check the two compatibilities which are required in Definition 3.1.15. First,

we need to show tb2b1 ◦ (canb2,b1 ϑΘ̂(c1)) = (ϑΘ̂(c3)hb2,b1) ◦ (tb2 Θ̂Φ(b1)) ◦ (Φ(b2)tb1) for all

1-arrows b1 ∈ C(c1, c2) and b2 ∈ C(c2, c3). Second for all c ∈ C, we need to show that

tIc ◦ (canc ϑΘ̂(c)) = ϑΘ̂(c)uc. The second compatibility is easier: tIc ◦ (canc ϑΘ̂(c)) =

(canIc ϑΘ̂(c)) ◦ (canc Θ(c)ϑΘ̂(c)) ◦ (ϑΘ̂(c)αc) = (Θ(c) canc ϑΘ̂(c)) ◦ (ϑΘ̂(c)αc) = ϑΘ̂(c)uc. To

establish the first compatibility, we compute

(ϑΘ̂(c3)hb2,b1) ◦ (tb2 Θ̂Φ(b1)) ◦ (Φ(b2)tb1)
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= (ϑΘ̂(c3)hb2,b1) ◦ (tb2eb1) ◦ (Φ(b2)tb1)

= (ϑΘ̂(c3)hb2,b1) ◦ (tb2Φ̂(b1)) ◦ (Φ(b2)tb1)

= (ϑΘ̂(c3)hb2,b1) ◦ (tb2Φ̂(b1)) ◦ (Φ(b2)tb1)

= (µ3 canb2,b1 ϑΘ̂(c1)βc1) ◦ (Θ(c3) canb2 can−1
b1
ϑΘ̂(c1)) ◦ (Θ(c3)Φ(b2)∆(c2)Φ(b1)ϑΘ̂(c1))

◦ (canb2 Θ(c2)Φ(b1)ϑΘ̂(c1)) ◦ (Φ(b2)∆(c2)Φ(b1)ϑΘ̂(c1)) ◦ (Φ(b2)tb1)

= (Θ(c3) canb2,b1 ϑΘ̂(c1)βc1) ◦ (µ(c3)Φ(b2) can−1
b1
ϑΘ̂(c1))

◦ (Θ(c3) canb2 Θ(c2)Φ(b1)ϑΘ̂(c1)) ◦ (canb2 Θ(c2)Θ(c2)Φ(b1)ϑΘ̂(c1))

◦ (Φ(b2)Θ(c2)∆(c2)Φ(b1)ϑΘ̂(c1)) ◦ (Φ(b2)∆(c2)Φ(b1)ϑΘ̂(c1)) ◦ (Φ(b2)tb1)

= (Θ(c3) canb2,b1 ϑΘ̂(c1)βc1) ◦ (Θ(c3)Φ(b2) can−1
b1
ϑΘ̂(c1)) ◦ (canb2 Θ(c2)Φ(b1)ϑΘ̂(c1))

◦ (Φ(b2)µ(c2)Θ(c2)Φ(b1)ϑΘ̂(c1)) ◦ (Φ(b2)∆(c2)Θ(c2)Φ(b1)ϑΘ̂(c1))

◦ (Φ(b2)∆(c2)Φ(b1)ϑΘ̂(c1)) ◦ (Φ(b2)tb1)

= (Θ(c3) canb2,b1 ϑΘ̂(c1)βc1) ◦ (canb2 can−1
b1
ϑΘ̂(c1)) ◦ (Φ(b2)∆(c2)Φ(b1)ϑΘ̂(c1))

◦ (Φ(b2) canb1 ϑΘ̂(c1)) ◦ (Φ(b2)Φ(b1)ϑΘ̂(c1)αc1)

= (Θ(c3) canb2,b1 ϑΘ̂(c1)βc1) ◦ (canb2 Φ(b1)Θ(c1)ϑΘ̂(c1)) ◦ (Φ(b2) canb1 Θ(c1)ϑΘ̂(c1))

◦ (Φ(b2)Φ(b1)∆(c1)ϑΘ̂(c1)) ◦ (Φ(b2)Φ(b1)ϑΘ̂(c1)αc1)

= (canb2b1 ϑΘ̂(c1)βc1) ◦ (canb2,b1 Φ(b1)Θ(c1)Θ(c1)ϑΘ̂(c1)) ◦ (Φ(b2)Φ(b1)∆(c1)ϑΘ̂(c1))

◦ (Φ(b2)Φ(b1)ϑΘ̂(c1)αc1)

= (canb2b1 ϑΘ̂(c1)) ◦ (canb2,b1 Θ(c1)ϑΘ̂(c1)) ◦ (Φ(b2)Φ(b1)ϑΘ̂(c1)αc1)

= tb2b1 ◦ (canb2,b1 ϑΘ̂(c1)).

As previously announced, we now state the definition of ϑΘ̂ without checking the

details. We set ϑΘ̂(c) := ϑΘ̂(c) : Φ(c) → Θ̂(c)Φ(c) = Θ̂Φ(c) for all c ∈ C and de-

fine kb := (βc′ϑ
Θ̂(c′)Φ(b)) ◦ (ϑΘ̂(c′) canb) : Θ̂Φ(b)ϑΘ̂(c) ∼

=⇒ ϑΘ̂(c′)Φ(b) for all 1-arrows

b ∈ C(c, c′). As above, we have kb ◦ eb = kb.

Next, we show that ϑΘ̂ϑ
Θ̂ = Θ. By construction, we have (ϑΘ̂ϑ

Θ̂)(c) = ϑΘ̂(c)ϑ
Θ̂(c) =

Θ(c) and it remains to check that the natural isomorphisms that come with ϑΘ̂ϑ
Θ̂

and Θ agree. Indeed for all 1-arrows b ∈ C(c, c′) in C, we have (ϑΘ̂(c′)kb) ◦ (tbϑ
Θ̂(c)) =

(µ(c′)Φ(b)) ◦ (Θ(c′) canb) ◦ (canb Θ(c)) ◦ (Φ(b)∆(c)) = canb ◦(Φ(b)µ(c)) ◦ (Φ(b)∆(c)) =

canb.

It remains to define the morphisms of morphisms of 2-functors Θ̂Φ
α

=⇒ ϑΘ̂ϑΘ̂

β
=⇒ Θ̂Φ,

and to show that β ◦ α = id
Θ̂Φ and that Θ̂ = (ϑΘ̂ϑ

Θ̂, ϑΘ̂αϑ
Θ̂, ϑΘ̂βϑ

Θ̂). We define α

by setting α(c) := αc : Θ̂(c)Φ(c) ⇒ ϑΘ̂(c)ϑΘ̂(c) = (ϑΘ̂ϑΘ̂)(c). Since α has domain

an identity morphisms of a 2-functor, the requirement of Definition 3.1.18 for all 1-
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arrows b ∈ C(c, c′) specialises to (ϑΘ̂(c′)tb) ◦ (kbϑΘ̂(c)) ◦ ( Θ̂Φ(b)αc) = αc Θ̂Φ(b), where

(ϑΘ̂(c′)tb) ◦ (kbϑΘ̂(c)) is the canonical map associated to the composition ϑΘ̂ϑΘ̂. Now,

(ϑΘ̂(c′)tb) ◦ (kbϑΘ̂(c)) ◦ (ebαc)

= (ϑΘ̂(c′)tb) ◦ (kbϑΘ̂(c)) ◦ (Φ̂(b)αc)

= (ϑΘ̂(c′) canb ϑΘ̂(c)) ◦ (Φ̂(b)αc) ◦ (βc′Φ̂(b)) ◦ (ϑΘ̂(c′) canb ϑΘ̂(c)) ◦ (Φ̂(b)αc)

= (ϑΘ̂(c′) canb ϑΘ̂(c)) ◦ (βc′ϑ
Θ̂(c′)Φ(b)Θ(c)ϑΘ̂(c)) ◦ (ϑΘ̂(c′) canb Θ(c)ϑΘ̂(c))

◦ (ϑΘ̂(c′)Φ(b)∆(c)ϑΘ̂(c)) ◦ (Φ̂(b)αc)

= (βc′ϑ
Θ̂(c′)Θ(c′)Φ(b)ϑΘ̂(c)) ◦ (ϑΘ̂(c′)∆(c′)Φ(b)ϑΘ̂(c)) ◦ (ϑΘ̂(c′) canb ϑΘ̂(c)) ◦ (Φ̂(b)αc)

= (αc′Φ̂(b)) ◦ (βc′Φ̂(b)) ◦ (ϑΘ̂(c′) canb ϑΘ̂(c)) ◦ (Φ̂(b)αc)

= (αc′Φ̂(b)) ◦ eb
= αc′eb

= αc′idΘ̂Φ(b).

Analogously, we define β : ϑΘ̂ϑΘ̂ ⇒ Θ̂Φ by setting β(c) := βc. The requirements in

Definition 3.1.18 are checked in the same way as for α. We have β ◦ α = id
Θ̂Φ, since

βc ◦αc = id
Θ̂(c)Φ(c) holds by construction in Proposition 4.3.38 for all c ∈ C. Similarly

(ϑΘ̂αϑ
Θ̂)(c) = ϑΘ̂(c)αcϑ

Θ̂(c) = ∆c = ∆(c) holds for all c ∈ C, and thus ϑΘ̂αϑ
Θ̂ = ∆.

Analogously, ϑΘ̂βϑ
Θ̂ = µ holds. Thus, we have recovered the Frobenius object and

the proof is finally complete.

4.3.4 Split Frobenius objects on additive higher representa-
tions

In this section, we specialise the theory developed in Section 4.3.3 to the case C =

A −Modidem where A is an additive 2-category. The goal of this section is to proof

the following theorem:

Theorem 4.3.53. Let Φ : A −Modidem → Addidem be a representable 2-functor and

let Θ̂ be a split Frobenius object on Φ. Then, Θ̂Φ is representable.

Proof. We split the proof in several parts: In Proposition 4.3.57, we show under which

assumptions a higher representation MΘ̂ ∈ A −Modidem represents Θ̂Φ. Thereafter,

we construct such a representation explicitly in Proposition 4.3.58. This last step is

where we take a short cut and only perform the construction in B −Mod.

Remark 4.3.54. We do not claim that Θ̂1
Φ1
∼= Θ̂2

Φ2 implies Φ1
∼= Φ2. A counterex-

ample can be constructed from Proposition 4.5.37 provided existence of certain split

Frobenius objects.
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Already in Notation 4.3.8, we explained how one can transport Frobenius objects

along monoidal functors. In the following, we need a version of this statement that

applies to 2-functors. In order to establish Theorem 4.3.53, we moreover have to

ensure that we can transport this structure in a compatible manner. Lemma 4.3.56

will allow us to achieve this and indeed applies in out situation due to the following

well known fact:

Remark 4.3.55. Let (F,G, η, ε′) be a quadruple, where F : c1 → c2 and G : c2 →
c1 are 1-arrows and η : Ic1

∼
=⇒ GF and ε′ : FG

∼
=⇒ Ic2 are invertible 2-arrows.

Setting ε := ε′ ◦ (Fη−1G) ◦ (FG(ε′)−1), we obtain adjoint equivalences (F,G, η, ε) and

(F,G, ε−1, η−1). Furthermore, if (F,G, η, ε′) was an adjoint equivalence then ε′ = ε.

Lemma 4.3.56. Let C be a strict 2-category, let c1, c2 ∈ C, let (F,G, η, ε) be an

equivalence between c1 and c2, and let (Θ,∆, µ) be a Frobenius object on c2. Then,

setting Θ̃ := GΘF , ∆̃ := (GΘε−1ΘF )◦ (G∆F ) and µ̃ := (GµF )◦ (GΘεΘF ) defines a

Frobenius object (Θ̃, ∆̃, µ̃) on c1. Further, F (resp. G) is compatible with the Frobenius

objects via canF := εΘF (resp. canG := GΘε−1). Furthermore, η is compatible with

(Θ,∆, µ) via canFG := (canF G)◦(F canG), and provided that (F,G, η, ε) is an adjoint

equivalence, ε is compatible with (Θ̃, ∆̃, µ̃) via canGF = (canG F ) ◦ (G canF ).

Proof. We start be checking the Frobenius property. We calculate

∆̃ ◦ µ̃ = (GΘε−1ΘF ) ◦ (GΘµF ) ◦ (G∆ΘF ) ◦ (GΘεΘF )

= (GΘFGµF ) ◦ (GΘε−1ΘΘF ) ◦ (GΘΘεΘF ) ◦ (G∆FGΘF )

= (Θ̃GµF ) ◦ (GΘFGΘεΘF ) ◦ (GΘε−1ΘFGΘF ) ◦ (G∆F Θ̃)

= (Θ̃µ̃) ◦ (∆̃Θ̃)

and can show analogously that ∆̃ ◦ µ̃ = (µ̃Θ̃) ◦ (Θ̃∆̃) holds.

Next, F is compatible with the Frobenius objects via canF , see Definition 4.3.43, since

canF ◦(Fµ̃) = (εΘF ) ◦ (FGµF ) ◦ (FGΘεΘF )

= (µF ) ◦ (εΘεΘF )

= (µF ) ◦ (ΘεΘF ) ◦ (εΘFGΘF )

= (µF ) ◦ (Θ canF ) ◦ (canF Θ̃)

and similarly

(∆F ) ◦ canF = (εΘΘF ) ◦ (FG∆F )

= (ΘεΘF ) ◦ (εΘε−1ΘF ) ◦ (FG∆F )

= (ΘεΘF ) ◦ (εΘFGΘF ) ◦ (FGΘε−1ΘF ) ◦ (FG∆F )

= (Θ canF ) ◦ (canF Θ̃) ◦ (F ∆̃)

104



holds.

Analogously, we can show that G is compatible with the Frobenius objects via canG,

i.e. the equations (∆̃G)◦ canG = (Θ̃ canG)◦ (canG Θ)◦ (G∆) as well as canG ◦(Gµ) =

(µ̃G) ◦ (Θ̃ canG) ◦ (canG Θ).

Next, we show that ε is compatible with (Θ,∆, µ) via canFG. We have (Θε)◦canFG =

(Θε)◦(canF G)◦(F canG) = (Θε)◦(εΘFG)◦(FGε−1) = (εΘ)◦(FGΘε)◦(FGΘε−1) =

εΘ.

Finally, we show that η is compatible with (Θ̃, ∆̃, µ̃) assuming that (F,G, ε, η) is an

adjoint equivalence. We thus assume that (Gε) ◦ (ηG) = G and (εF ) ◦ (Fη) = F .

In fact, we only need ε−1F = Fη which is equivalent to the latter equation. We

have canGF ◦(ηΘ̃) = (canG F ) ◦ (G canF ) ◦ (ηΘ̃) = (GΘε−1F ) ◦ (GεΘF ) ◦ (ηGΘF ) =

GΘε−1F = GΘFη = Θ̃η.

The next two propositions are the main steps in the proof of Theorem 4.3.53.

Proposition 4.3.57. Let Φ : A − Modidem −→ Addidem be a 2-functor, let M be

an idempotent closed A-module and let (F,G, η, ε) be an adjoint equivalence between

HomA(M,−) and Φ. Further, let Θ̂1 = (Θ1,∆1, µ1) be a split Frobenius object on

Φ. Furthermore, let MΘ̂3
∈ A−Modidem, let M ϑΘ̂3−→MΘ̂3

ϑΘ̂3−→M be A-functors and

let idMΘ̂3

α3=⇒ ϑΘ̂3ϑΘ̂3

β3
=⇒ idMΘ̂3

be A-transformations with β3 ◦ α3 = MΘ̂3
. Now,

denote by Θ̂1
Φ : A −Modidem −→ Addidem the 2-functor associated to Θ̂1 according

to Proposition 4.3.52. Further, denote by Θ̂2 = (Θ2,∆2, µ2) the split Frobenius object

on HomA(M,−) constructed from Θ̂1 and (F,G, η, ε) according to Lemma 4.3.56.

Furthermore, denote Θ̂3 := (Θ3,∆3, µ3) := (ϑΘ̂3
ϑΘ̂3 , ϑΘ̂3

α3ϑ
Θ̂3 , ϑΘ̂3

β3ϑ
Θ̂3).

If Θ̂2 and −Θ̂3 are isomorphic, then MΘ̂3
represents Θ̂1

Φ and the diagram

HomA(M,−) F //

−ϑΘ̂3
��

Φ G //

ϑΘ̂1

��

HomA(M,−)

−ϑΘ̂3
��

HomA(MΘ̂3
,−) //

−ϑΘ̂3

��

Θ̂1
Φ //

ϑΘ̂1

��

HomA(MΘ̂3
,−)

−ϑΘ̂3

��
HomA(M,−) F // Φ G //HomA(M,−)

commutes up to isomorphisms.

Proof. As in Proposition 4.3.33, we see that Θ̂3 is a split Frobenius object on M.

Since A −Mod is a strict 2-category −Θ̂3 = (−Θ3,−∆3,−µ3) is a strict Frobenius

object on HomA(M,−). Since Θ̂2 and −Θ̂3 are isomorphic, Remark 4.3.46 implies

105



that the identity morphism of the 2-functor HomA(M,−) is compatible with the

Frobenius objects Θ̂2 and −Θ̂3. Thus, Proposition 4.3.48 implies HomA(MΘ̂3
,−) ∼=

Θ̂2
(HomA(M,−)). Furthermore, the assumptions of Corollary 4.3.50 by construction

of Θ̂2. Hence, we have an equivalence Θ̂1
Φ ∼= Θ̂2

(HomA(M,−)). Thus, MΘ̂3
rep-

resents Θ̂1
Φ. Existence of the morphisms HomA(MΘ̂,−) → Θ̂1

Φ → HomA(MΘ̂,−)

follows from Proposition 4.3.48. Compatibility with horizontal composition shown

in the same proposition provides the isomorphisms up to which the above diagram

commutes.

Proposition 4.3.58. LetM∈ B−Modidem and let Θ̂ = (Θ,∆, µ) be a split Frobenius

object on M. There exist MΘ̂ ∈ B −Modidem, B-functors M ϑΘ̂

−→ MΘ̂

ϑΘ̂−→ M and

B-transformations MΘ̂

α
=⇒ ϑΘ̂ϑΘ̂

β
=⇒ MΘ̂ such that β ◦ α = idMΘ̂

. Furthermore,

this structure recovers the Frobenius object, that is Θ̂ = (ϑΘ̂ϑ
Θ̂, ϑΘ̂αϑ

Θ̂, ϑΘ̂βϑ
Θ̂).

Proof. Recall that Proposition 4.3.38 already provides us with an idempotent closed

additive category Θ̂M, additive functors ϑΘ̂ and ϑΘ̂ and transformation α and β with

properties as claimed in the proposition. Note that in the statement we used the

notationMΘ̂ instead of Θ̂M. Since we will construct a left B-action on this category,

we consider this notation more appropriate.

It remains to equip Θ̂M with a B-action, as well as ϑΘ̂ and ϑΘ̂ with the structure

of B-functors. Then, we have to show that α and β are B-transformations, as well

as that the B-structure of the Frobenius object is recovered. For the latter, we only

have to check that Θ̂ = ϑΘ̂ϑ
Θ̂ as B-functors, since B-transformation do not carry any

additional structure as compared to the underlying additive transformations.

Recall that Θ̂M is the idempotent closure of ˜̂ΘM where Ob(˜̂ΘM) = Ob(M) and˜̂
ΘM(M1,M2) = {m ∈M(ΘM1,ΘM2)|(Θm)◦∆̂M1 = ∆̂M2◦m, m◦µ̂M1 = µ̂M2◦(Θ̂m)}.

It is sufficient to define a B-action ψ on ˜̂ΘM, as it will extend to Θ̂M by the universal

property of the idempotent closure.

Let us define the structure-functor ψ : B → Add( ˜̂ΘM, ˜̂ΘM). For B ∈ B, we define a

functor ψ(B) : ˜̂ΘM→ ˜̂
ΘM. For M ∈ Ob(˜̂ΘM) = Ob(M), we set ψ(B)(M) := B.M

where the right hand side uses the B-action on M. Further for m ∈ ˜̂ΘM(M1,M2),

we define ψ(B)(m) ∈M(Θ̂(B.M1), Θ̂(B.M2)) by commutativity of the diagram

Θ(B.M1)

ψ(B)(m)

��

∼ // B.ΘM1

B.m

��
Θ(B.M2) ∼ // B.ΘM2

.
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That ψ(B)(m) ∈ ˜̂ΘM(B.M1, B.M2) follows from the commutative diagram

Θ(B.M1)

ψ(B)(m)

��

∼ //

∆B.M1

,,
B.ΘM1

B.m

��

B.∆M1// B.Θ2M1

B.Θ(m)
��

∼ // Θ(B.ΘM1)

Θ(B.m)

��

∼ // Θ2(B.M1)

Θ(ψ(B)(m))
��

Θ(B.M2) ∼ //

∆B.M2

33
B.ΘM2

B.∆M1// B.Θ2M2
∼ // Θ(B.ΘM2) ∼ // Θ2(B.M2)

and µ̂M2 ◦Θ(ψ(B)(m)) = ψ(B)(m) ◦ µ̂M1 , which is shown analogously.

Since B. is a functor, so is ψ(B). Since Θ and B. are additive, so is ψ(B).

Given b ∈ B(B1, B2), we have to define a transformation ψ(b) : ψ(B1) ⇒ ψ(B2).

For M ∈ ˜̂ΘM, we set ψ(b)M := Θ(b.idM) = ϑΘ̂(b.idM) ∈ ˜̂ΘM(B1.M,B2.M). Since

ψ(B)(m) is defined using isomorphisms that are natural in B, it we can conclude

that ψ(B2)(m) ◦ Θ(b.idM1) = Θ(b.idM2) ◦ ψ(B1)(m) for all morphisms b ∈ B(B1, B2)

and m ∈ ˜̂ΘM(M1,M2). Hence, ψ(b) is a transformation. Furthermore by additive

functoriality of the action on M and of Θ, ψ is indeed an additive functor.

Next, we show that ψ is monoidal, which requires two steps. First, we define an

isotransformation ψ(B1)ψ(B2)
∼

=⇒ ψ(B1 ⊗ B2) for all B1, B2 ∈ B. At all M ∈ ˜̂ΘM,

we define this isotransformation to be given by the image under ϑΘ̂ of the natural

isomorphisms B1.(B2.M)
∼−→ (B1⊗B2).M coming from the action of B onM. That

this defines indeed a transformation follows from the commutative diagram

Θ(B1.(B2.M1))
∼ //

∼

��

ψ(B1)(ψ(B2)(m))

**
B1.Θ(B2.M1)

∼
��

B1.(B2.Θ(M2))
∼ // Θ(B1.(B2.M2))

∼

��

B1.(B2.Θ(M1))
B1.(B2.m) //

∼
��

B1.(B2.Θ(M2))

∼
OO

∼
��

(B1⊗B2).Θ(M1))
(B1⊗B2).m // (B1⊗B2).Θ(M2))

∼

**
Θ((B1⊗B2).M1))

∼
44

ψ(B1⊗B2)(m) // Θ((B1⊗B2).M2))

The compositions ψ(B1)ψ(B2)ψ(B3)
∼

=⇒ ψ(B1⊗B2)ψ(B3)
∼

=⇒ ψ((B1⊗B2)⊗B3) and

ψ(B1)ψ(B2)ψ(B3)
∼

=⇒ ψ(B1)ψ(B2⊗B3)
∼

=⇒ ψ(B1⊗(B2⊗B3))
∼

=⇒ ψ((B1⊗B2)⊗B3)

agree, since we can apply Θ to the corresponding requirement on the action of B on

M and use ψ(B)(Θ(m)) = Θ(B.m).

Second, we need an isotransformation ψ(I)
∼

=⇒ ˜̂
ΘM: For all M ∈ ˜̂

ΘM, we ap-

ply ϑΘ̂ to the natural isomorphism I.M
∼−→ M that come from the action of B
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on M. By the requirements on Θ̂, this isomorphism agrees with the composition

Θ(I.M) ∼= I.Θ(M) ∼= Θ(M). From naturality of the second isomorphism isomor-

phism it follows that we have indeed defined a transformation ψ(I) ⇒ ˜̂
ΘM. The

composition ψ(I)ψ(B)
∼

=⇒ ψ(I ⊗ B)
∼

=⇒ ψ(B) agrees with the transformation

induced from ψ(I) ⇒ ˜̂
ΘM, by an application of Θ̂ to the corresponding require-

ment for the action of B on M. The analogous requirement for the composition

ψ(B)ψ(I)
∼

=⇒ ψ(B ⊗ I)
∼

=⇒ ψ(B) holds by the same argument.

Next, we equip ϑΘ̂ : Θ̂M → M with the structure of a B-functor. For all objects

B ∈ B, we need to specify a natural isotransformation canϑΘ̂,B
: (B.)ϑΘ̂

∼
=⇒ ϑΘ̂ψ(B).

For all M ∈ ˜̂
ΘM, we define

(
canϑΘ̂,B

)
M

:= canΘ,B since (B.)ϑΘ̂(M) = B.Θ(M)

and ϑΘ̂ψ(B)(M) = ϑΘ̂(B.M) = Θ(B.M). Indeed this defines a transformation

canϑΘ̂,B
since canΘ,B is one such. Naturality in B holds as well, since the morphisms

(ϑΘ̂ψ(b))M = ϑΘ̂(ψ(b)M) = ϑΘ̂(Θ(b.M)) = Θ(b.M) and ((b.)ϑΘ̂)M = b.Θ(M) are

intertwined by canΘ,B1 and canΘ,B2 for all b ∈ B(B1, B2). The requirements that the

compositions (B1.)(B2.)ϑΘ̂
∼= ((B1 ⊗ B2).)ϑΘ̂

∼= ϑΘ̂ψ(B1 ⊗ B2) ∼= ϑΘ̂ψ(B1)ψ(B2) ∼=
(B1.)ϑΘ̂ψ(B2) ∼= (B1.)(B2.)ϑΘ̂ and ϑΘ̂

∼= ψ(I)ϑΘ̂
∼= ϑΘ̂(I.) ∼= ϑΘ̂ agree with the re-

spective identity morphisms are satisfied, since they are exactly the same as for Θ.

Similarly, we equip ϑΘ̂ with the structure of a B-functor. For all B ∈ B, we need to

specify a natural isotransformation canϑΘ̂,B : ψ(B)ϑΘ̂ ∼
=⇒ ϑΘ̂(B.). For all M ∈ M,

we define
(

canϑΘ̂,B

)
M

:= idΘ(B.M) since ψ(B)ϑΘ̂(M) = ψ(B)(M) = B.M and

ϑΘ̂(B.M) = B.M . Note that idΘ(B.M) = Θ(idB.M) is indeed a morphism in ˜̂
ΘM.

The functors ψ(B)ϑΘ̂ and ϑΘ̂(B.) also act in the same way on morphisms in B. Thus,

canϑΘ̂,B is a transformation as it is defined via identity morphism. The same argu-

ment shows naturality in B. The compatibility requirements that ϑΘ̂ψ(B1)ψ(B2) ∼=
ϑΘ̂ψ(B1 ⊗ B2) ∼= ((B1 ⊗ B2).)ϑΘ̂ ∼= (B1.)(B2.)ϑ

Θ̂ ∼= (B1.)ϑ
Θ̂ψ(B2) ∼= ϑΘ̂ψ(B1)ψ(B2)

and ϑΘ̂ ∼= (I.)ϑΘ̂ ∼= ϑΘ̂ψ(I) ∼= ϑΘ̂ agree with the respective identity morphisms also

holds almost trivially.

Next, we show Θ = ϑΘ̂ϑ
Θ̂ as B-functors. As we know this equality already for the

underlying functors, we only need to check canΘ,B = (ϑΘ̂ canϑΘ̂,B)◦(canϑΘ̂,B
ϑΘ̂). This

holds by the definitions of canϑΘ̂,B
and canϑΘ̂,B, since they involve identity morphism

and canΘ,B respectively.

The last step is to show that α and β are B-transformation. For all B ∈ B and all

M ∈ ˜̂ΘM, we have ψ(B)(αM) = ψ(B)(∆M) = (canΘ,B)Θ(M) ◦ (B.∆M) ◦ (canΘ,B)−1
M

= Θ((canΘ,B)−1
M ) ◦ (canΘΘ,B)M ◦ (B.∆M) ◦ (canΘ,B)−1

M = Θ((canΘ,B)−1
M ) ◦∆B.M

= Θ((canΘ,B)−1
M ) ◦ αψ(B)(M), where we used that Θ is a B-functor and that ∆ is a
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B-transformation. Since canid
Θ̂
M,B = idψ(B), the above equations show that α is a B-

transformation. The analogous argument (using that µ is a B-transformation) shows

that β is a B-transformation.

The following lemma will become important later on:

Lemma 4.3.59. Let Θ̂ and ϑΘ̂ be as in Proposition 4.3.58. Then, Θ̂ is indecompos-

able if and only if ϑΘ̂ is strongly indecomposable.

Proof. First, let Θ̂ be indecomposable and let e be an idempotent B-transformation

of ϑΘ̂. Then, ϑΘ̂e is an idempotent of ϑΘ̂ϑ
Θ̂ = Θ. Furthermore, ϑΘ̂e satisfies Θ̂-

descent, since µ◦ (ΘϑΘ̂e)◦∆ = (ϑΘ̂βϑ
Θ̂)◦ (ΘϑΘ̂e)◦ (ϑΘ̂αϑ

Θ̂) = ϑΘ̂(β ◦α)e = ϑΘ̂e. By

indecomposability of Θ̂, the B-transformation ϑΘ̂e has to be trivial or the identity.

Since e = (β ◦ α)e = (βϑΘ̂) ◦ (ϑΘ̂ϑΘ̂e) ◦ (αϑΘ̂), we deduce that e has to be trivial or

the identity, as well. Thus, ϑΘ̂ is strongly indecomposable.

Second, let ϑΘ̂ be strongly indecomposable. Then, Θ̂ is indecomposable by the same

argument which we used in the proof of Proposition 4.3.20. Note that strong inde-

composability of ϑΘ̂ implies that it is non-trivial, and thus that Θ̂ is non-trivial as

well.

4.3.5 The split Frobenius 2-category

In this section, we assign to an additive monoidal category B its split Frobenius 2-

category Frob(B). For simplicity, we assume that B is strict. In Section 4.5.2, we

will use this 2-category to describe free functorially cyclic modules.

Before we can introduce Frob(B) in Definition 4.3.63, we need a preliminary

definition which resembles Definition 4.3.35, and explain some additional structure.

Definition 4.3.60. Let Θ̂1 = (Θ1,∆1, µ1) and Θ̂2 = (Θ2,∆2, µ2) be Frobenius ob-

jects in a strict additive monoidal category B. We define Θ̂1
BΘ̂2

∈ Addidem as the

idempotent closure of ˜̂Θ1
BΘ̂2
∈ Add, where Ob

(
˜̂
Θ1
BΘ̂2

)
:= Ob(B) and

˜̂
Θ1
BΘ̂2

(B1, B2) :=
{
f ∈ B(Θ1B1Θ2,Θ1B2Θ2)

∣∣∣f satisfies Θ̂1-Θ̂2-descent
}
.

for all B1, B2 ∈ Ob
(
˜̂
Θ1
BΘ̂2

)
.

It is easy to see that Θ̂1
BΘ̂2

is well defined. Note that for convenience, we have

used Θ̂1-Θ̂2-descent in this definition rather than showing a statement analogous to

Lemma 4.3.37. To define Frob(B), we need the following additional structure:
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Definition 4.3.61. Let Θ̂1, Θ̂2 and Θ̂3 be split Frobenius objects in an strict additive

monoidal category B. Then, we define the additive functor ⊗Θ̂2
by the following

assignment:

⊗Θ̂2
: Θ̂2

BΘ̂1
× Θ̂3

BΘ̂2
→ Θ̂3

BΘ̂1

((B1, e1), (B2, e2)) 7→ (B2Θ2B1, (e2B1Θ1) ◦ (Θ3B2e1))
(f1, f2) 7→ (f2B

2
1Θ1) ◦ (Θ3B

1
2f1)

where f1 ∈ Θ̂1
BΘ̂2

((B1
1 , e

1
1), (B2

1 , e
2
1)) and f2 ∈ Θ̂2

BΘ̂3
((B1

2 , e
1
2), (B2

2 , e
2
2)).

The additive functor ⊗Θ̂2
is well defined by the following lemma, which in partic-

ular implies that (e2B1Θ1) ◦ (Θ3B2e1) is an idempotent:

Lemma 4.3.62. Let Θ̂1, Θ̂2 and Θ̂3 be split Frobenius objects in an strict additive

monoidal category B. Then, we have (f2B
2
1Θ1)◦ (Θ3B

1
2f1) = (Θ3B

2
2f1)◦ (f2B

1
1Θ1) for

all f1 ∈ Θ̂2
BΘ̂1

((B1
1 , e

1
1), (B2

1 , e
2
1)) and f2 ∈ Θ̂3

BΘ̂2
((B1

2 , e
1
2), (B2

2 , e
2
2)).

Proof. This statement requires a simple calculation:

(f2B
2
1Θ1) ◦ (Θ3B

1
2f1)

= (f2B
2
1Θ1) ◦ (Θ3B

1
2µ2B

2
1Θ1) ◦ (Θ3B

1
2∆2B

2
1Θ1) ◦ (Θ3B

1
2f1) (Θ̂2 is split)

= (Θ3B
2
2µ2B

2
2Θ1) ◦ (f2B

2
1Θ1) ◦ (Θ3B

1
2f1) ◦ (Θ3B

1
2∆2B

1
1Θ1) (Lemma 4.3.40)

= (Θ3B
2
2µ2B

2
2Θ1) ◦ (Θ3B

2
2f1) ◦ (f2B

1
1Θ1) ◦ (Θ3B

1
2∆2B

1
1Θ1) (Remark 3.1.3)

= (Θ3B
2
2f1) ◦ (f2B

1
1Θ1)

In the last equality, we have used the arguments of the previous three equalities in

reverse order in a single step.

Furthermore for every split Frobenius object Θ̂ in B, we associate the idempotent

eΘ̂ := ∆ ◦ µ. It is easy to see that eΘ̂ satisfies two-sided Θ̂-decent, and thus we have

IΘ̂ := (I, eΘ̂) ∈ Θ̂BΘ̂, where I denotes the unit object of B.

Now, we are prepared to state central definition of this section:

Definition 4.3.63. Let B be a strict additive monoidal category. Then, we define

Frob(B) as the additive 2-category with the following datum:

• Frob(B)0 := {Θ̂ right indecomposable split Frobenius objects in B}

• Frob(B)(Θ̂1, Θ̂2) := Θ̂2
BΘ̂1

for all Θ̂1, Θ̂2 ∈ Frob(B)0

• Frob(B)(Θ̂1, Θ̂2)×Frob(B)(Θ̂2, Θ̂3)→ Frob(B)(Θ̂1, Θ̂3) is given by ⊗Θ̂2
for all

Θ̂1, Θ̂2, Θ̂3 ∈ Frob(B)0

110



• IΘ̂ ∈ Frob(B)Θ̂ is the identity object for each Θ̂ ∈ Frob(B)0

• The associator is given by identity morphisms

• For all Θ̂1, Θ̂2 ∈ Frob(B)0, the right (resp. left) unit on (B, e) ∈ Frob(B)(Θ̂1, Θ̂2)

is defined using eµ1 ∈ Frob(B)Θ̂1→Θ̂2
((B, e)IΘ̂1

, (B, e)) and its inverse e∆1

(resp. µ2e ∈ Frob(B)Θ̂1→Θ̂2
(IΘ̂2

(B, e), (B, e)) and its inverse ∆2e)

Proof. It remains to show that the unit transformations and their inverses are well-

defined and invertible and further that the axioms of a monoidal category are satisfied.

We leave this as an exercise.

Remark 4.3.64. Even though we had assumed that B is strict, Frob(B) will be

strict only if Frob(B) has no further objects apart from (I, idI , idI).

Remark 4.3.65. The definition of a 2-category Frob(A) for an additive 2-categories

A is straight forward. Section 7.1 proposes to study this and more in the future.

Remark 4.3.66. In analogy to Remark 4.3.36, we can interpret Θ̂1
BΘ̂2

as a category

of projective Θ̂1-Θ̂2-bimodules. Furthermore, instead of considering Θ̂1 and Θ̂2 as

split Frobenius objects in B, we can consider the Frobenius object Θ̃1Θ2 on B as

constructed in Example 4.3.9, for which we have to consider B as an additive category

only. Note that Θ̃1Θ2 is also split in this situation. Using this notation, we have

Θ̂1
BΘ̂2

= B
Θ̃1Θ2

where we used Definition 4.3.35. Remark 4.3.68 below provides tools

that can also be used to construct Θ̃1Θ2.

The following remark will be useful for Section 4.8.

Remark 4.3.67. Using Remark 4.3.19, we obtain an indecomposable split Frobenius

object on B ∈ B−Mod by transporting Θ̂2 along the equivalence Brev → HomB(B,B)

induced from taking tensor products on the right. By abuse of notation, we denote

this indecomposable split Frobenius object on B also by Θ̂2. Similarly by taking

tensor products on the left, we obtain an indecomposable split Frobenius object Θ̂1

on B. Proposition 4.3.58, thus yields a category BΘ̂2
together with B-functor ϑΘ̂2

and ϑΘ̂2 . Using the same argument as in Proposition 4.3.48, Θ̂1 descents to a split

Frobenius object
ˆ̃
Θ1 on BΘ̂2

. This action is no longer given by B-functors, however

Proposition 4.3.38 applies and we obtain an additive category ˆ̃
Θ1

(
BΘ̂2

)
together with

additive functors ˆ̃
Θ1
ϑ and

ˆ̃
Θ2ϑ, where we have put the indices on the other side to

align notation below. Repeating all the arguments involved, one can apply the same

constructions first for the left action (resulting in a right B-module Θ̂1
B) and then
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for the right action (resulting in an additive category B-module
(

Θ̂1
B
)

ˆ̃
Θ2

). All these

constructions fit together into the following diagrams

B ϑΘ̂2 //

Θ̂1ϑ

��

Θ̂1ϑΘ̂2

))

BΘ̂2

ˆ̃
Θ1ϑ //

ˆ̃
Θ1

(
BΘ̂2

)
∼
��

Θ̂1
B ϑ

ˆ̃
Θ2 //
(

Θ̂1
B
)

ˆ̃
Θ2

∼ //
Θ̂1
BΘ̂2

B BΘ̂2

ϑΘ̂2oo
ˆ̃
Θ1

(
BΘ̂2

)ˆ̃
Θ1
ϑ

oo

Θ̂1
B

Θ̂1
ϑ

OO

(
Θ̂1
B
)

ˆ̃
Θ2

ϑ ˆ̃
Θ2oo

Θ̂1
BΘ̂2

Θ̂1
ϑΘ̂2

ii

∼oo

∼

OO
,

which commute up to isomorphisms. The two equivalences in each diagram will be

explained in the following Remark 4.3.68, which provides an abstract argument that

also implies commutativity of the diagrams above. Note that Lemma 4.5.12 will

make the equivalences explicit. Going forward, we will abuse notation and denote

the composition BΘ̂2

ˆ̃
Θ1ϑ−→ ˆ̃

Θ1

(
BΘ̂2

) ∼−→ Θ̂1
BΘ̂2

by Θ̂1ϑ and do the same for the other

three analogous compositions involving isomorphisms. In fact, these functors can be

written down explicitly in the same fashion as the original functors Θ̂1ϑ, etc.

Remark 4.3.68. The applications in Remark 4.3.67 of Proposition 4.3.58 and Propo-

sition 4.3.38, also yield additional transformations. These transformations allow us to

equip ϑΘ̂2
ˆ̃
Θ1
ϑ

ˆ̃
Θ1ϑϑΘ̂2 and Θ̂1

ϑϑ ˆ̃
Θ2
ϑ

ˆ̃
Θ2 Θ̂1ϑ. One can calculate explicitly that both in-

duced split Frobenius are isomorphic to the split Frobenius object associated to Θ̂1
BΘ̂2

with underlying object Θ̂2
ϑ ˆ̃

Θ1

ˆ̃
Θ1ϑΘ̂2 . The universal properties of split Frobenius struc-

ture thus implies equivalences of additive categories
(

Θ̂1
B
)

Θ̂2

∼= Θ̂1
BΘ̂2

∼= Θ̂1

(
BΘ̂2

)
as

well as isotransformations between the structure functors.

Remark 4.3.69. The composition Θ̂1
BΘ̂2

∼= HomB(BΘ̂1
,BΘ̂2

)
ev−→ BΘ̂2

, where ev is

given by evaluation at ϑΘ̂1
I, agrees with Θ̂1

ϑ : Θ̂1
BΘ̂2
→ BΘ̂2

up to isomorphism.

4.3.6 Preorders on split Frobenius objects

In this section, we introduce the Frobenius preorder and strong equivalences of Frobe-

nius objects. We will establish a connection between these notions and higher repre-

sentation theory in Theorem 4.5.14.

Definition 4.3.70. Let Θ̂1 = (Θ1,∆1, µ1) and Θ̂2 = (Θ2,∆2, µ2) be Frobenius objects

in a strict additive monoidal category B. The Frobenius preorder ≤ is defined by

Θ̂1 ≤ Θ̂2 if and only if Θ1 ≤LR Θ2. We say that Θ̂1 and Θ̂2 are weakly equivalent

and write Θ̂1 ∼ Θ̂2, if they are equivalent with respect to ≤.

Showing that ≤ indeed defines a preorder is a simple exercise.
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Remark 4.3.71. Let Θ̂1 and Θ̂2 be Frobenius objects in B with Θ̂1 ≤ Θ̂2. Then,

one can construct a Frobenius object Θ̂1 ⊕ Θ̂2 with underlying object Θ1 ⊕ Θ2. We

will not use Θ̂1 ⊕ Θ̂2 and thus we do not provide the details. However, let us note

that if Θ̂1 and Θ̂2 are right indecomposable split Frobenius objects, we will construct

associated free functorially cyclic modules BΘ̂1
and BΘ̂2

, see Corollary 4.5.9, and a

generalisation of Example 4.2.28 applied to BΘ̂1
⊕BΘ̂2

can be used to obtain Θ̂1⊕ Θ̂2

(which is no longer right indecomposable). The point we want to make here is that

Θ̂1 ≤ Θ̂1 ⊕ Θ̂2 ∼ Θ̂2.

Definition 4.3.72. Let Θ̂1 = (Θ1,∆1, µ1) and Θ̂2 = (Θ2,∆2, µ2) be split Frobe-

nius objects in a strict additive monoidal category B. We say that Θ̂1 and Θ̂2 are

strongly equivalent and write Θ̂1 ' Θ̂2, if there exist objects (A, eA) ∈ Θ̂1
BΘ̂2

and

(B, eB) ∈ Θ̂2
BΘ̂1

, and morphisms ι1 ∈ Θ̂1
BΘ̂1

(I, AΘ2B), π1 ∈ Θ̂1
BΘ̂1

(AΘ2B, I),

ι2 ∈ Θ̂2
BΘ̂2

(I, BΘ1A) and π2 ∈ Θ̂2
BΘ̂2

(BΘ1A, I), such that π1 ◦ ι1 = ∆1 ◦ µ1,

ι1 ◦ π1 = (eABΘ1) ◦ (Θ1AeB), π2 ◦ ι2 = ∆2 ◦ µ2 and ι2 ◦ π2 = (eBAΘ2) ◦ (Θ2BeA).

Remark 4.3.73. One can show that strong equivalence defines a preorder.

Remark 4.3.74. If Θ̂1 and Θ̂2 are strongly equivalent, the morphisms ι1 ◦ ∆1 and

µ1 ◦ π1 imply that Θ1 ⊂⊕ Θ1AΘ2BΘ1. Thus, Θ1 ≤LR Θ2 and therefore Θ̂1 ≤ Θ̂2

holds. Analogously, Θ̂2 ≤ Θ̂1 follows. Thus, modules that are strongly equivalent are

also weakly equivalent.

Remark 4.3.75. The natural definition of equivalence of Frobenius objects, which

is induced from their interpretation as objects of the 2-category Hom(Fr,C), see

Remark 4.3.22, where C is the one object 2-category associated to B, does not agree

with the definition of strong or weak equivalence given above. For Θ̂1 and Θ̂2 to

be equivalent in this sense, objects A, B ∈ B are required such that AΘ1
∼= BΘ2,

BAΘ1
∼= Θ1 and ABΘ2

∼= Θ2.

We will provide concrete examples of strong equivalences in Example 5.3.8 which

are non-trivial. For now, we establish the following useful compatibility between the

different notions:

Proposition 4.3.76. Isomorphic split Frobenius objects are strongly equivalent.

Proof. Let Θ̂1 = (Θ1,∆1, µ1) and Θ̂2 = (Θ2,∆2, µ2) be split Frobenius objects, and let

τ : Θ1 → Θ2 be an isomorphism of Θ̂1 and Θ̂2. Define A := B := I as the unit objects

of B. Further, set eA := (Θ1τ)◦eΘ̂1
◦(Θ1τ

−1) and eB := (Θ2τ
−1)◦eΘ̂2

◦(Θ2τ). Clearly,
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eA and eB are idempotents and, since τ is a isomorphism of Frobenius objects, they

satisfy the necessary Frobenius descent properties. Next, we define the morphisms

ι1 := (Θ1τΘ1) ◦ (∆1Θ1), π1 := (µ1Θ1) ◦ (Θ1τ
−1Θ1), ι2 := (Θ2τ

−1Θ2) ◦ (∆2Θ2) and

π2 := (Θ2µ2) ◦ (Θ2τΘ2). Again since τ is a morphism of Frobenius objects, these

morphisms satisfy the necessary Frobenius descent properties. Finally, we calculate

π1 ◦ ι1 = (µ1Θ1) ◦ (∆1Θ1) = ∆1 ◦ µ1, where we used the Frobenius relation of Θ̂1,

ι1 ◦ π1 = (Θ1τΘ1) ◦ (∆1Θ1) ◦ (µ1Θ1) ◦ (Θ1τ
−1Θ1)

= (Θ1τΘ1) ◦ (eΘ̂1
Θ1) ◦ (Θ1∆1) ◦ (Θ1µ1) ◦ (Θ1τ

−1Θ1)

= (Θ1τΘ1) ◦ (eΘ̂1
Θ1) ◦ (Θ1∆1) ◦ (Θ1τ

−1) ◦ (Θ1µ2) ◦ (Θ1τ
−1Θ1)

= (Θ1τΘ1) ◦ (eΘ̂1
Θ1) ◦ (Θ1τ

−1τ−1) ◦ (Θ1∆2) ◦ (Θ1µ2) ◦ (Θ1Θ2τ)

= (eABΘ1) ◦ (Θ1AeB),

where we used that Θ̂1 is split as well as Remark 3.1.3. Similarly, π2 ◦ ι2 = ∆2 ◦ µ2

and ι2 ◦ π2 = (eBAΘ2) ◦ (Θ2BeA) follow and the proof is complete.

Remark 4.3.77. In contrast to weak equivalence, strong equivalence between split

Frobenius objects is not determined by the underlying object. In Remark 5.3.9, we

will see that there exists indecomposable objects that can carry different structures

as (right indecomposable) split Frobenius objects which are not strongly equivalent.

Further, we will see in Example 4.5.13 that strongly equivalent indecomposable split

Frobenius objects can have very different underlying objects.

4.4 Restriction along quotients and its adjoints

In this technical section, we discuss the restriction 2-functor between two 2-categories

of additive higher representations associated to any additive monoidal functor between

the acting additive monoidal categories. We will focus our attention on the quotient

2-functor case relevant for this thesis. For simplicity, we actually only discus monoidal

quotient functors. In this case, we construct a left adjoint 2-functor called induction

and a right adjoint 2-functor called coinduction. Further, we define central quotient

functors and give a different construction of the induction 2-functor using base change

that is available in this case.

We start by introducing a 2-functor Resφ : B2 − Mod → B1 − Mod associated

to a given additive monoidal functor φ : B1 → B2. Since B −Mod = Hom(B,Add),

it is fairly obvious that right composition with φ on each categorical level defines

the 2-functor Resφ. Let us nevertheless provide some details: Recall that any M ∈

114



B2 − Mod is actually given by a pair (M, ρM) where M is an additive category

and ρM : B2 → Add(M,M) is an additive monoidal functor. Thus, Resφ(M) :=

(M, ρResφ(M)) := (M, ρM ◦ φ) ∈ B1−Mod. Now, let F :M1 →M2 be a B2-functor.

Recall that this is given by an additive functor F :M1 →M2 together with additive

isotransformations canF,B : F ◦ ρM1(B)
∼

=⇒ ρM2(B) ◦ F for all B ∈ B2. Clearly, F

is also an additive functor between the underlying additive categories of Resφ(M1)

and Resφ(M2). Setting canResφ(F ),B := canF,φ(B) for all B ∈ B1, which of course still

satisfies the necessary relations, turns F into a B1-functor which we denote Resφ(F ).

Similarly for all B2-transformations α : F ⇒ G, we set Resφ(α) := α which satisfies

all the necessary relations since α does. All required compatibility isomorphisms that

turn Resφ into a 2-functor can be chosen as (being induced from) identity morphisms.

Thus, we have fully specified a strict 2-functor Resφ.

Definition 4.4.1. We call Resφ : B2−Mod→ B1−Mod restriction along φ. Provided

that there exists a 2-functor Indφ : B1−Mod→ B2−Mod (resp. Coindφ : B1−Mod→
B2 − Mod) that is left (resp. right) 2-adjoint of Resφ, it is called induction (resp.

restriction) along φ.

Remark 4.4.2. Definition 4.4.1 is not a precise definition and in fact it is not suf-

ficient to apply the standard notion of an adjoint pair in a 2-category. This is not

surprising in light of Remark 3.1.17, where we noted that there exists no appro-

priate 2-category of 2-categories, but rather a 3-category. Already in [Gr, Chapter

I.7], various appropriate generalisations are discussed and we believe that the context

discussed here fits in this framework. However, since we do not need this level of

sophistication, we limit ourselves to discussing the properties essential for us. We

leave it to future research to develop the appropriate notion in this context.

Whenever it is unambiguous along which φ we restrict, induce or coinduce, we

will omit stating it explicitly.

Remark 4.4.3. Below, we will provide a general definition for Coindφ and observe

that the zig-zag equation does only hold up to an invertible morphism of morphisms

of 2-functors. On the other hand if φ = π is a monoidal quotient functor, we will

provide constructions of Indπ and Coindπ together with unit and counit morphisms

of 2-functors that satisfy the same zig-zag relations as in the case of the standard

notion of adjoints in 2-categories.

In the remainder of the section, we discuss the 2-adjoints of Resφ. As in the

classical setting, coinduction can be described in terms of homomorphisms:
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Definition/Proposition 4.4.4. Coindφ := HomB1(B2,−) defines a strict 2-functor

which is right 2-adjoint to Resφ.

Proof. Since we will not use Coindφ in the remained of the work, we will only outline

the main steps. One should note that in the last step of this outline, we will see that

the standard notion of adjoints is not sufficient in this case.

First, note that we have Bs = (B2, ρ) ∈ B2 − Mod. Thus (B2, ρφ) ∈ B1 − Mod.

Second, while ρ was given by taking tensor products on the left, we can also take

tensor products on the right and obtain B2 ∈ (B2)rev−Mod. Since the two actions are

compatible, it follows that B2 ∈ B1×(B2)rev−Mod. For allM∈ B1−Mod, we can thus

regard HomB1(B2,M) as a B2-module. Third, one constructs the 2-functor Coindφ

by using (strict) functoriality of HomB2(−,−) in the second argument. Fourth, one

has to provide the unit and counit 2-arrows and show the zig-zag relations. As

in the classical case, the counit transformation Resφ Coindφ ⇒ idB1−Mod is given by

evaluating at the unit object of B2. The unit transformation idB2−Mod ⇒ Coindφ Resφ

is given on anyM∈ B2−Mod by a B2-functorM→HomB1 (B2,Resφ(M)) which in

turn maps any M ∈M to the B1-functor given by B 7→ B.M . Now, one can compute

the induced transformation Resφ ⇒ Resφ Coindφ Resφ ⇒ Resφ (resp. Coindφ ⇒
Coindφ Resφ Coindφ ⇒ Coindφ). In the simplistic definition of an adjunction these

composition should be given by the identity transformations. The functor obtained

by evaluating the transformation atM∈ B2−Mod (resp. N ∈ N ∈ B1−Mod), sends

an object M ∈ Resφ(M) (resp. F ∈ HomB1(B2,N )) to I2.M (resp. (B 7→ F (B.I2)),

where I2 denotes the unit object in B2. Neither composition yields the identity

transformation, however in both cases the resulting transformation is isomorphic to

the identity transformation via a morphism of morphisms of 2-functors that is straight

forward to construct.

From now on, we assume that φ = π : B1 � B2 is a monoidal quotient functor. To

simplify matters further, we assume that φ induces the identity map on objects rather

than merely being essentially surjective. The general case of essential surjectivity can

be handled by choosing per object in B2 an isomorphic object in the image of π

together with a fixed isomorphism.

Definition/Proposition 4.4.5. For M = (M, ρ) ∈ B1 −Mod, denote by Mπ the

full subcategory ofM with objects Ob(Mπ) := {M ∈ Ob(M)|α.idM = 0 ∀α ∈ I(π)},
denote by iM :Mπ ↪→M the inclusion functor and denote by ρM the unique monoidal

functor with iMρM = ρ. Thus, (Mπ, ρπ) ∈ B1 − Mod is a sub-B1-module of M.

Further, denote by ρ̌M the unique additive monoidal B2-structure functor on Mπ
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such that πρ̌ = ρM. We define Coindπ(M) := (Mπ, ρ̌) ∈ B2 − Mod. For all B1-

functors F :M1 →M2, we define Coindπ(F ) : Coindπ(M1) → Coindπ(M2) as the

unique B2-functor such that the following diagram of additive categories commutes:

M1
F //M2

M1π

Coindπ(F ) //
?�

OO

M2π

?�

OO

For all B1-transformations α : F ⇒ G, we define Coindπ(α) by setting Coindπ(α)M :=

αM for all M ∈M1. The thus defined strict 2-functor Coindπ : B1−Mod→ B2−Mod

is called coinduction along π.

Proof. By definition, the ideal IEB1 consists of all morphisms in B1 that vanish un-

der π. By definition Mπ is a full additive subcategory of M. Since idB.(α.idM) and

idB.(α.idM) agree up to canonical isomorphisms (which come from the structure ofM
as a B1-module), we have indeed defined a sub-B1-module (Mπ, ρ|Mπ

) ∈ B1 −Mod.

Furthermore, any element of I acts trivially on this sub-B1-module. The existence of

ρ̌ follows.

Since any B1-functor F : M1 → M2 commutes up to canonical isomorphisms with

the B1 action, the image ofM1π
lies indeed inM2π

. Since the latter is a full subcat-

egory ofM2, all necessary morphisms to turn this factorisation into a B2 functor are

available and we obtain the unique functor Coindπ(F ) as claimed.

Finally given a B1-transformation α : F1 ⇒ F2 where F1, F2 : M1 → M2 are B1-

functors, we define Coindπ(α) by setting Coindπ(α)M := αM for all M ∈M1.

All required compatibility isomorphisms that turn Coindπ into a 2-functor can be

chosen as (being induced from) identity morphisms. Thus, we have defined fully

specified the strict 2-functor Coindπ.

Remark 4.4.6. For φ = π there is an equivalence of 2-functors Coindφ ∼= Coindπ. In

particular, we have equivalences HomB1(B2,M) ∼= Coindπ(M) in B2−Mod which are

natural inM∈ B1−Mod. Arbitrary additive monoidal functors φ induce B1-functors

B1 → Resπ(B2). This leads to the following diagram of functors and equivalences of

additive categories.

HomB1(B1,M) ∼ //M

HomB1(Resπ(B2),M) ∼ //

−◦π

OO

HomB2(B2,Coindφ(M)) ∼ // Coindφ(M)

ii

Thus up to equivalence, we had no choice when defining Coindφ. In the case of φ = π,

the arrow − ◦ π is faithful, which is the basis of our definition of Coindπ.
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Proposition 4.4.7. Coindπ is right adjoint to Resπ.

Proof. By construction, we have Coindπ Resπ = idB2−Mod and this gives us unit B2-

transformation η : idB2−Mod ⇒ Coindπ Resπ. Clearly, we have ηCoindπ = idCoindπ

and Resπ η = idResπ . The counit B1-transformation ε : Resπ Coindπ ⇒ idmcB1−Mod

evaluated atM∈ B1−Mod is given by the inclusion of the sub-B1-module (Mπ, ρ|Mπ
)

into M. If M = Resπ(N ) for N ∈ B2 −Mod, we have Mπ =M and thus εResπ =

idResπ . Similarly, Coindπ ε = idCoindπ since Coindπ essentially picks a submodule on

which then the action factors over B2. In the case of M this submodule is Mπ. To

conclude, we note that we have shown the zig-zag relations (εResπ)◦ (Resπ η) = Resπ

and (Coindπ ε) ◦ (ηCoindπ) = Coindπ hold.

Definition/Proposition 4.4.8. For all M = (M, ρ) ∈ B1, we denote by Mπ
the

additive quotient of M by all morphisms of the form ρ(b)(idM) where b varies over

all morphism in B1 with π(b) = 0 and M varies over Ob(M). Further, denote by

ρ̂(B) the unique additive monoidal B2-structure functor on Mπ
such that ρ̂π = ρ.

We define Indπ(M) := (Mπ
, ρ̂) ∈ B2 −Mod. For all B1-functors F : M1 → M2,

we define Indπ(F ) : Indπ(M1) → Indπ(M2) as the unique B2-functor such that the

following diagram of additive categories commutes:

M1
F //

π1����

M2

π2����

M1
π ∃! Indπ(F ) //M2

π

For all B1-transformations α : F ⇒ G, we define Indπ(α) : Indπ(F ) → Indπ(G) by

setting Indπ(α)M := π2(αM) for all M ∈M2. We call the thus defined strict additive

2-functor Indπ : B1 −Mod→ B2 −Mod induction along π.

Proof. Since the set of morphisms of the form ρ(b)(idM) is stable under the B1 action,

we obtain a quotient B1-module. Since all morphisms in Ker(π) vanish by definition

on this quotient B1-module, existence and uniqueness of ρ̂ with ρ̂π = ρ follows. For all

B1-functors F :M1 →M2 and morphisms of the form ρM1(b)(idM), F (ρM1(b)(idM))

agrees up to canonical isomorphisms with ρM2(b)(idF (M)). Thus, we obtain a unique

B1-functor between the quotient modules which can be regarded as a B2-functor.

Thus, we have obtained Indπ(F ). Checking that Indπ(α) is well defined is straight

forward. All required compatibility isomorphisms that turn Indπ into a 2-functor can

be chosen as (being induced from) identity morphisms. Thus, we have defined fully

specified the strict 2-functor Indπ.
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Proposition 4.4.9. We have idB2−Mod
∼= Indπ Resπ.

Proof. The statement is obvious. The only reason that we cannot write idB2−Mod =

Indπ Resπ is because by the above definition we have to take a (trivial) quotient by

all zero morphisms.

We denote the associated isomorphism of 2-functors by ε : Indπ Resπ ⇒ idB2−Mod.

Proposition 4.4.10. The 2-functor Indπ is left adjoint to Resπ.

Proof. It remains to provide a transformation η : idB1−Mod ⇒ Resπ Indπ and to check

the zig-zag equation. In fact, we have already constructed the necessary morphisms.

For eachM∈ B1 −Mod, we set ηM :M→Mπ
the previously constructed quotient

functor. In fact together with the trivial structure maps it becomes a B1-functor

ηM : M → Resπ Indπ(M). It is easy to see that this defines a transformation of

2-functors η : idB1−Mod ⇒ Resπ Indπ.

By the discussion preceding this proposition, the induced transformation ηResπ is

also essentially given by the identity transformation. To be more precise, we have

the first zig-zag relation (Resπ ε) ◦ (ηResπ) = idResπ . The second zig-zag relation,

i.e. (ε Indπ) ◦ (Indπ η) = idIndπ holds as well, since this time Indπ η is essentially the

identity transformation.

For the remained of this section, we will deal with a further specialisation, namely

the case of a central quotient functor π. In this case, we can provide a somewhat

cleaner description of Indπ which will be useful for applications, see Section 5.7. Recall

Definition 4.1.11.

Definition 4.4.11. An additive monoidal quotient functor π : B1 → B2 is called

central if there exists a quotient ring Z of Z := Z⊗(B) such that B2
∼= B1 ⊗Z Z.

Remark 4.4.12. A monoidal quotient functor π : B1 → B2 is central if and only

every morphism in I(π) can be written as a sum of morphisms each of which is a

composition of an arbitrary morphisms and a morphism αB for some B ∈ B1 and

some α ∈ Z⊗(B).

For the rest of the section, we fix a central quotient functor π : B → B. Denoting

Z := Z⊗(B), we can assume without loss of generality that there exists a quotient

ring Z of Z, such that B = B ⊗Z Z and that π is the canonical monoidal quotient

functor B → B ⊗Z Z. In particular we have Ob(B) = Ob(B), which puts us in the

same situation as when constructing Indπ. For all M∈ B −Mod, we have a natural
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ring homomorphism Z → ZM := ZB(M) into the centre ofM as a B-module. Denote

by ZM the quotient of ZM by the image of the kernel of Z � Z under Z → ZM.

Clearly, we have a commutative diagram

Z //

����

ZM

����

Z // ZM

.

Now, recall from Section 4.1 the construction of the B-module M ⊗ZM ZM, de-

note its underlying additive category by M and denote its structure functor by

ρM⊗ZMZM
: B → Add(M,M). Note that M is isomorphic to Mπ

as defined in

Definition/Proposition 4.4.8. This isomorphism is induced by the standard isomor-

phisms M ⊗R R/I ∼= M/I that hold for all right R-modules M and all left ideals

I E R. The remaining necessary arguments are exactly the same as in the proof of

Definition/Proposition 4.4.8 where we constructed Indπ. Since Indπ is left adjoint to

Resπ, see Proposition 4.4.10, and it is clear that the newly constructed 2-functor is

isomorphic to Indπ, we obtain the following corollary:

Corollary 4.4.13. The obvious 2-functor B −Mod→ B ⊗Z Z −Mod, that is given

on objects by M 7→M⊗ZM ZM, is left adjoint to Resπ.

4.5 Functorially cyclic modules revisited

In this section, we revisit functorially cyclic modules. Section 4.5.1 analyses the im-

plications of the additive Barr-Beck theorem. Bijections between equivalence classes

of certain modules (including functorially cyclic modules) and isomorphism classes

of split Frobenius objects are established and the universal property of functorially

cyclic modules is established. Section 4.5.2 makes connection between right indecom-

posable split Frobenius objects in a monoidal category and free functorially cyclic

modules more explicit. Further, the equivalence between the 2-category of free func-

torially cyclic modules and the split Frobenius 2-category of Section 4.3.5. Section

4.5.3 discusses the representation theoretic meaning of the preorders on split Frobe-

nius objects of Section 4.3.6, and shows that free functorially cyclic modules are

determined up to weak equivalence by equivalence classes of split Frobenius objects

under the Frobenius preorder. Furthermore, equivalence classes of free functorially

cyclic modules correspond to strong equivalence classes of Frobenius objects. Section

4.5.4 discusses semi-free functorially cyclic modules which are restrictions of free func-

torially cyclic modules along quotient functors, studies relationships that arise when
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comparing different quotients, and calculates certain centres. Section 4.5.5 introduces

(strongly) universal cell modules and proves for weakly regular additive 2-categories

that existence of strongly universal cell modules is equivalent to the existence of split

Frobenius objects that satisfy certain technical conditions.

4.5.1 Functorially cyclic modules and split Frobenius objects

In this section, we start to analyse the implications of the additive Barr-Beck theorem

for additive higher representation theory. Theorem 4.5.4 provides several bijections

between equivalence classes of certain modules and isomorphism classes of split Frobe-

nius objects. Furthermore, we deduce Theorem 4.5.6 which states that the universal

property associated to a split Frobenius object satisfied by the associated functorially

cyclic module.

Recall from Proposition 4.3.20 that any functorially cyclic A-module gives rise

to an indecomposable split Frobenius object in the endomorphism category of an

A-quotient of a principal representation. In this section, we reverse this process by

showing how to construct idempotent closed functorially cyclic modules from inde-

composable split Frobenius objects on A-quotients of principal representations.

Definition 4.5.1. Let R, R′ be A-modules. We say that R weakly dominates R′ if

there exist A-functors R′
G−→ R

F−→ R′ such that idR′ ⊂⊕ FG. Further, we say that

R dominates R′ if there exists F and G as above where F is indecomposable.

Definition 4.5.2. Let R, R1 and R2 be A-modules, let Ri
Gi−→ R

Fi−→ Ri for i ∈ {1, 2}
be A-functors such that idRi ⊂⊕ FiGi and let R1

K−→ R2
L−→ R1 be A-functors. We

say (K,L) is a dominated equivalence, if (K,L) is an equivalence and if we have

iso-A-transformations KF1
∼

=⇒ F2 and G1
∼

=⇒ G2K such that the following diagrams

commute

G1F1
∼ +3

G1α1F1

��

G2KF1
∼ +3 G2F2

G2α2F2

��
G1F1G1F1

∼ +3 G2KF1G2KF1
∼ +3 G2F2G2F2

G1F1
∼ +3 G2KF1

∼ +3 G2F2

G1F1G1F1
∼ +3

G1β1F1

KS

G2KF1G2KF1
∼ +3 G2F2G2F2

G2β2F2

KS

Remark 4.5.3. For simplicity, we have stated Definition 4.5.2 in a non-symmetric

fashion. We leave it to the reader to check that the Definition also implies the

existence of iso-A-transformations F2L
∼

=⇒ L and G1L
∼

=⇒ G2 together with the

analogous diagrams as above and additional compatibilities between the new and the

old transformations.
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With these definitions, we can state the following theorem:

Theorem 4.5.4. Let R ∈ A −Mod, let a ∈ A, let I, I ′ E Pa be ideals and assume

that I ′ is stable under the right A(a, a)-action. Then, we have the following bijections
idempotent closed A-modules

weakly dominated by R
up to dominated equivalence

 ∼−→


split Frobenius objects

on R
up to isomorphism


idempotent closed A-modules

dominated by R
up to dominated equivalence

 ∼−→


indecomposable, split

Frobenius objects on R
up to isomorphism


idempotent closed, functorially

cyclic A-modules
dominated by PIa

up to dominated equivalence

 ∼−→


indecomposable,

split Frobenius objects
on PIa

up to isomorphism


idempotent closed, functorially

cyclic A-modules
dominated by PI′a

up to dominated equivalence

 ∼−→


right indecomposable,
split Frobenius objects

in A(a, a)/I ′(a)
up to isomorphism


Proof. Most of the work has already been done, so let us however summarize the

ingredients. The maps from the left to the right are given by the following prin-

ciple: Given 1-arrows R′
G−→ R

F−→ R′ and 2-arrows idR′
α

=⇒ FG
β

=⇒ idR′ with

β ◦ α = idR′ , then (GF,GαF,GβF ) is a split Frobenius object on R, see Propo-

sition 4.3.20. On the other hand, the map from the right to the left is given by

the construction of Proposition 4.3.58 (which was presented only within B − Mod,

but readily generalises to A − Mod). Lemma 4.3.59 stated that dominance on the

left corresponds to indecomposability on the right. For the last arrow above, we

have to transport the indecomposable split Frobenius object along the equivalence

EndA(PIa ) ∼= A
rev(a, a)/I ′(a) which was discussed in Remark 4.3.21. Thus, we obtain

a right indecomposable split Frobenius object in A(a, a)/I ′.
It remains to show that we have constructed bijections after taking equivalence classes

by dominated equivalence and by isomorphism respectively.

First, assume that (K,L) is a dominated equivalence as in Definition 4.5.2. Denote

by τF (resp. τG) the iso-A-transformation KF1
∼

=⇒ F2 (resp. G1
∼

=⇒ G2K). We

claim that τ := (G2τF ) ◦ (τGF1) defines an isomorphism of the associated Frobenius

objects (G1F1, G1α1F1, G1β1F1) and (G2F2, G2α2F2, G2β2F2). This claim holds, since

(ττ) ◦ (G1α1F1) = (G2τFG2τF ) ◦ (τGF1τGF1) ◦ (G1α1F1) (Remark 3.1.3)

= (G2τF τ) ◦ (G2Kα1F1) ◦ (τGF1) (Definition 4.5.2)

= (G2α2F2) ◦ τ
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and analogously τ ◦ (G1β1F1) = (G2β2F2) ◦ (ττ).

Second, assume conversely that we are given A-modules R, R1 and R2, and A-functors

Ri
Gi−→ R

Fi−→ Ri for i ∈ {1, 2} such that idRi ⊂⊕ FiGi, and assume that there exists

an isomorphism τ : (G1F1, G1α1F1, G1β1F1) → (G2F2, G2α2F2, G2β2F2). In other

words, the A-functor idR is compatible with the Frobenius objects via τ and so is the

identity A-transformation of idR. Thus, we can apply Proposition 4.3.48 to these two

identity arrows (using the stated functoriality properties) and obtain an equivalence

(K,L) between R1 and R2. Of course, this requires an application of the 2-Yoneda

Lemma 3.3.49. Furthermore, Remark 4.3.49 states that the thus obtained equivalence

is actually a dominated equivalence.

Remark 4.5.5. This classification of functorially cyclic modules is somewhat unsat-

isfactory. The reason is that the notion of dominated equivalence depends on the

choice of the structure functors, compare the discussion in Section 4.2.5. Note also

the related Example 5.3.8, which discusses an explicit module that can be equipped

with two different sets of structure functors which do not allow for a dominated equiv-

alence. We address this issue for free functorially cyclic modules in Section 4.5.3.

Let us align the notation of Theorem 4.5.4 further with the notation used in the

introduction. Let a ∈ A, let I EPa be an ideal and let Θ̂ be a split Frobenius object

on the A-quotient PIa = Pa/I of the principal representation Pa. By Proposition

3.3.56, this is the same as an object in A(a, a) that stabilises I (when multiplied on

the right!) together with structure maps ∆ ∈ A(a, aa) and µ ∈ A(aa, a) (that also

stabilise I) such that the relations required from a split Frobenius object are satisfied

in PIa (a). Note that PIa (a) is in general not a monoidal category, however its full

subcategory with objects that come from Pa(a) and that stabilise I when multiplied

on the right is monoidal, and thus we can speak of the Frobenius relation. Since PIa
represents the 2-functor ΦIa : A−Modidem → Addidem, this induces a Frobenius object

Θ̂ on ΦIa . We obtain a 2-functor Θ̂ΦIa : A−Modidem → Addidem from Theorem 4.3.42.

Subject to an explicit construction of the A-module Θ̂PIa , which can be obtained

through a straightforward generalisation of Proposition 4.3.58, Theorem 4.3.53 now

implies Theorem 2 from the introduction:

Theorem 4.5.6. The 2-functor Θ̂ΦIa : A−Modidem → Addidem is represented by Θ̂PIa .

The following example categorifies Example 2.5.9 and is inspired by [MaMi5, Sec-

tion 3.4], and continues Examples 4.3.5 and 4.3.18.
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Example 4.5.7. Let A := k − Mod, and let B2 be the smallest k-linear additive

subcategory of Add(A,A) with objects I :=

(
idA 0
0 idA

)
and F :=

(
idA idA
idA idA

)
.

Note that B2 is very similar to the 2-category defined in [MaMi5, Section 3.4] by a

generator F and the relation FF ∼= F ⊕ F . Note however that our definition implies

that B2 is symmetric monoidal and furthermore that F is a split Frobenius object.

In an obvious way, we have A ⊕ A ∈ B2 − Mod. Denote by B2 the essential full

image of B2 in Add(A⊕A,A⊕A), and denote by π : B2 → B2 the inclusion functor.

Note that π is a quotient-B2-functor. Evaluation at (k, 0) defines a B2-functor B2 →
A⊕A, which is clearly indecomposable. Further, mapping both (V, 0) and (0, V ) to(
−⊗k V −⊗k V
−⊗k V −⊗k V

)
defines a B2-functor A ⊕ A → B2. The composition A ⊕ A →

B2 → A⊕A is isomorphic to id⊕ S as a B2-functor, where S :=

(
0 idA
idA 0

)
. Note

that the idempotents associated to this decomposition do not lie in B2. Thus, A⊕A
is functorially cyclic. The underlying object of the associated right indecomposable

split Frobenius in B2 is isomorphic to F .

Aside of B2 and B2/F , B2 has another functorially cyclic module, namely the sub-B2-

module of B2 generated by F . Let us denote this sub-B2-module by CF . Evaluation at

F gives an indecomposable B2-functor B2 → CF , and we have an inclusion B2-functor

CF → B2. Since FF ∼= F ⊕ F , the composition CF → B2 → CF is isomorphic to

idCF ⊕ idCF . Thus, CF is functorially cyclic. The object underlying the associated

split Frobenius object is again given by F .

Since A ⊕ A and CF are clearly not equivalent, the two constructed split Frobenius

objects cannot be equivalent. Considering the top left matrix entry only gives rise to

k̂1 and k̂2 of Example 4.3.5 and we have thus shown that they are not equivalent as

claimed in Remark 4.3.6.

Further, we can equip A with a B2 action by letting F act as idA ⊕ idA. Note

that A is equivalent to CF . One can show that the direct sum (resp. the diagonal

map) defines a B2-functor A ⊕ A → A (resp. A → A ⊕ A), which can be used to

show that A and A ⊕ A are weakly equivalent. We will discuss an abstract reason

for this in Example 4.6.7. It is important to note that the diagonal functor A →
A⊕A is not decomposable as a B2-functor. Thus, we can equip A⊕A with another

structure as a functorially cyclic module using the composition B2 → CF → A⊕A as

the indecomposable structure B2-functor. The object underlying the associated split

Frobenius object is given by FF , and by considering the top left matrix entry only

one obtains k̂S2 of Example 4.3.5. At the same time, we have shown that k̂S2 has to

124



be equivalent to either k̂2 or k̂2, whichever arises from the structure of A ⊕ A as a

functorially cyclic module discussed above.

4.5.2 Free functorially cyclic modules

In this section, we make connection between right indecomposable split Frobenius

objects in B and free functorially cyclic modules more explicit, see Corollary 4.5.9.

This is largely based on Theorem 4.3.53, however this time we keep track of the

additional indecomposability assumptions. Second, we show in Theorem 4.5.10 that

the 1-2-full sub-2-category of B −Mod with objects free functorially cyclic modules

is equivalent to Frob(B).

In order to state Corollary 4.5.9, we associate certain objects to a right inde-

composable split Frobenius object Θ̂ in B. First, we construct a split Frobenius

object (θ, δ,M) on the forgetful 2-functor For : B −Modidem → Addidem. We define

θ by setting θ ((M, ρ)) := ρ(Θ) for all M = (M, ρ) ∈ B −Modidem and specifying

canθ,F : Fθ → θF for all F = (F, {canF,B}B∈B) ∈ B −Modidem ((M1, ρ1), (M2, ρ2))

as can−1
F,Θ. Now, θ is a well defined endomorphism of For due to the properties of

the morphism of 2-functors (F, {canF,B}B∈B). Further, we define δ : θθ → θ by set-

ting δ ((Mρ)) :=
(
canρΘ,Θ

)−1 ◦ ρ(∆) where canρB1,B2
: ρ(B2)ρ(B1) ⇒ ρ(B1B2) is the

canonical transformation that comes with the monoidal functor ρ for all B1, B2 ∈ B.

Now, δ is well defined due to naturality of {canF,B}B∈B and the properties of the

morphism of 2-functors F . Similarly, we define M : θθ → θ using µ instead of ∆. It

is straight forward to check that (θ, δ,M) is a split Frobenius object on For. Second,

Theorem 4.3.42 yields a 2-functor (θ,δ,M) For : B−Modidem → Addidem. To lighten the

notational burden, we will abuse notation by using the notation Θ̂(−) := (θ,δ,M) For.

Remark 4.5.8. More conceptually, one obtains (θ, δ,M) from Θ̂ by applying Re-

mark 4.3.55 and Lemma 4.3.56 to the equivalences HomB−Modidem→Addidem(For,For) ∼=
HomB−Modidem→Addidem(HomB(B,−),HomB(B,−)) ∼= HomB(B,B) ∼= Brev, all of which

are consequences of the 2-Yoneda Lemma 3.3.49.

Corollary 4.5.9. Let Θ̂ be a right indecomposable split Frobenius object in B. Then,

the associated 2-functor Θ̂(−) : B−Modidem → Addidem is represented by an explicitly

defined B-module BΘ̂ ∈ B − Modidem which comes together with B-functors B ϑΘ̂

−→
BΘ̂

ϑΘ̂−→ B and B-transformations idBΘ̂

α
=⇒ ϑΘ̂ϑΘ̂

β
=⇒ idBΘ̂

such that β ◦ α = idBΘ̂
.

Further, we have −Θ̂ = (ϑΘ̂ϑ
Θ̂, ϑΘ̂αϑ

Θ̂, ϑΘ̂βϑ
Θ̂). If Θ̂ is right indecomposable, then

BΘ̂ is a free functorially cyclic module. Furthermore, let M∈ B −Modidem be a free
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functorially cyclic module with associated right indecomposable split Frobenius object

Θ̂′ in B and assume that Θ̂′ is isomorphic to Θ̂. Then, we have BΘ̂
∼=M.

Proof. Using Remark 4.3.19, we obtain an indecomposable split Frobenius object −Θ̂

on B ∈ B −Mod by transporting the right indecomposable split Frobenius object Θ̂

along the equivalence Brev → HomB(B,B) induced from taking tensor products on

the right. Proposition 4.3.58 provides us a B-module B−Θ̂ and all B-functors, B-

transformation and their relations as claimed. By abuse of notation, we denote this

module by BΘ̂ = B−Θ̂ and proceed similarly for associated B-functors. Note that ϑΘ̂

is strongly indecomposable since −Θ̂ is indecomposable, see Lemma 4.3.59. Thus,

BΘ̂ is a free functorially cyclic module that comes with all the structure as claimed

in the statement.

Next, let M ∈ B −Mod be a free functorially cyclic module and let Θ̂′′ be its the

associated indecomposable split Frobenius object on B, see Proposition 4.3.20. We

obtain its associated indecomposable split Frobenius object Θ̂′ in B by evaluating Θ̂′′

at the unit object. Since Brev → HomB(B,B) is quasi-inverse to evaluation at the

unit object and since Θ̂′ is isomorphic to Θ̂ by assumption, Θ̂′′ is isomorphic to −Θ̂

as well. The claim that M∼= BΘ̂ follows now from Proposition 4.3.57.

We can now generalise Corollary 3.3.53:

Theorem 4.5.10. The assignment Θ̂ 7→ BΘ̂ extends to a 2-functor Frob(B)rev →
B−Mod that is a locally an equivalence and that has an essential image given by all

non-trivial free functorially cyclic modules.

Proof. In Lemma 4.5.11, we specify an equivalence Θ̂1
BΘ̂2

∼= Θ̂1

(
BΘ̂2

)
. By Corollary

4.5.9, we also have Θ̂1

(
BΘ̂2

) ∼= HomB
(
BΘ̂1

,BΘ̂2

)
. We now can define the 2-functor

Frob(B)rev → B−Mod using the thus available functors Θ̂1
BΘ̂2
→ HomB

(
BΘ̂1

,BΘ̂2

)
.

Note that by convention F ⊗ G = G ◦ F for B-functors which results in the need

for taking the reverse category one one side of the equivalence. Since for both 2-

categories the associator is trivial, we ought to specify the corresponding 2-arrows

using identity morphisms as well. We leave it to check that the unit transformations

of Frob(B) define the necessary 2-arrows for the compatibility with unit objects. It

should be obvious to the reader that we have made Definition 4.3.63 exactly so that

this definition of the 2-functor Frob(B)rev → B−Mod is well defined. Since we have

build this 2-functor from equivalences, it is clearly a local equivalence. By Corollary

4.5.9, the image of this 2-functor on objects is contained in the set of all functorially

cyclic modules (here we use that the objects of Frob(B) are right indecomposable
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Frobenius objects). Together with Proposition 4.3.20, Corollary 4.5.9 also shows that

every non-trivial free functorially cyclic modules lies in the essential image of the

2-functor. An essential step in checking all the details is provided in Lemma 4.5.12

below that sufficiently unravels all the constructions involved.

Lemma 4.5.11. The assignment (B, e) 7→ ((B, idBΘ2), e) defines an equivalence of

additive categories Θ̂1
BΘ̂2

∼= Θ̂1

(
BΘ̂2

)
.

Proof. We leave it to the reader to specify the functor on morphisms and to check

that it indeed an additive functor. The assignment ((B, e1), e2) 7→ (B, e2) specifies a

quasi-inverse.

Lemma 4.5.12. Let Θ̂ = (Θ,∆, µ) be a split Frobenius object in B and let N ∈
B − Mod. The functor that establish the equivalence Θ̂N ∼= HomB(BΘ̂,N ) maps

(M, f) ∈ Θ̂N to the B-functor given on objects by (B, e) 7→ (BΘM, (eM) ◦ (Bf)).

Proof. This is a further concretion of the toolbox we developed previously. Chasing

through the proofs (in particular Proposition 4.3.48 with F : For → HomB(B,−)

the morphism of 2-functors given by the 2-Yoneda Lemma 3.3.49), leads us to F̂ for

which F̂N is given by the composition Θ̂N → N
FN−→ HomB(B,M)→ HomB(BΘ̂,M)

which maps (M, f) 7→ (ΘM, f) 7→ (B 7→ B.(ΘM, f)) 7→ ((B, e) 7→ (BΘ, e).(ΘM, f)).

To obtain the desired functor, we still have to apply an idempotent eF to F̂N , see

Proposition 4.3.48. Evaluated at (M, f) ∈ Θ̂N , the idempotent eF is the idempotent

of (BΘ, e).(ΘM, f) given by (eF )(M,f) = (BΘµM) ◦ (B∆ΘM), where we used that

(BΘΘ, eΘ).(ΘM, f) = (BΘ, e).(ΘΘM,Θf). Now using µ ◦∆ = idΘ, it is easy to see

that the summand of (BΘ, e).(ΘM, f) = (BΘΘM, ef) associated to the idempotent

(eF )(M,f) is isomorphic to (BΘM, (eM)◦(Bf)), thus establishing the proposition.

4.5.3 Equivalences and weak equivalences

In this section, we discuss the representation theoretic meaning of the preorders on

split Frobenius objects introduced in Section 4.3.6. Theorem 4.5.14 states that free

functorially cyclic modules are determined up to weak equivalence by equivalence

classes of split Frobenius objects under the Frobenius preorder. Furthermore, this

theorem also states that strong equivalence between Frobenius objects corresponds

to an equivalence between the associated functorially cyclic modules.

Before we turn to Theorem 4.5.14, let us highlight that even strongly equivalent

split Frobenius objects can have rather different underlying objects. A simple way to

obtain examples is as follows:
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Example 4.5.13. Let BΘ̂ be a free (F,G, α, β)-cyclic B-module with associated

Frobenius object Θ̂ = (GF,GαF,GβF ) on B, and let G′ ∈ HomB(BΘ̂,B) be ar-

bitrary. Clearly, there exist B-transformations idBΘ̂

α′
=⇒ F (G ⊕ G′)

β′
=⇒ idBΘ̂

with

β′ ◦ α′ = idBΘ̂
. It follows easily that Θ̂′ := ((G⊕G′)F, (G⊕G′)α′F, (G⊕G′)β′F ) is

a split Frobenius object on B. Proposition 4.3.20 implies that Θ̂′ is indecomposable.

Further, Proposition 4.3.57 implies that Θ̂′ ' Θ̂. Furthermore for all B-functors

B F̃−→ BΘ̂

G̃−→ B where F̃ is strongly indecomposable and all B-transformations

idBΘ̂

α̃
=⇒ F̃ G̃

β̃
=⇒ idBΘ̂

with β̃ ◦ α̃ = idBΘ̂
, we have Θ̂ ' (G̃F̃ , G̃α̃F̃ , G̃β̃F̃ ).

Theorem 4.5.14. Let Θ̂1 = (Θ1,∆1, µ1) and Θ̂2 = (Θ2,∆2, µ2) be right indecompos-

able split Frobenius objects in B. Then, we have Θ̂1 ≤ Θ̂2 if and only if BΘ̂2
weakly

dominates BΘ̂1
. Furthermore, Θ̂1 ' Θ̂2 if and only if BΘ̂1

and BΘ̂2
are equivalent.

Proof. The theorem follows by transferring Definition 4.3.70 of ≤ and Definition

4.3.72 of ' along the equivalence Θ̂1
BΘ̂2

∼= HomB(BΘ̂1
,BΘ̂2

) using the methods

developed in Section 4.3.5. We start by proving that Θ̂1 ' Θ̂2 if and only if

BΘ̂1

∼= BΘ̂2
. The pair (A, eA), see Definition 4.3.72, corresponds to a B-functor

F : BΘ̂1
→ BΘ̂2

and the pair (B, eB) corresponds to a B-functor G : BΘ̂2
→ BΘ̂1

.

The compositions GF and FG correspond to the pairs (AΘ2B, (eABΘ2) ◦ (Θ1AeB))

and (BΘ1A, (eBAΘ1) ◦ (Θ2BeA)) respectively. The B-functors idBΘ̂1
and idBΘ̂2

cor-

respond to the pairs (I,∆1 ◦ µ1) and (I,∆2 ◦ µ2), where I is the identity object of

B. The identity B-transformations on these four B-functors correspond to the re-

spective second entry of the four pairs. Furthermore, the morphisms ι1, π1, ι2 and

π2 corresponds to B-transformations idBΘ̂1
⇒ GF , GF ⇒ idBΘ̂1

, idBΘ̂2
⇒ FG and

FG⇒ idBΘ̂2
. Since composition of B-transformations corresponds to composition of

morphisms, the last two bullet points in the theorem are equivalent to idBΘ̂1

∼= GF

and idBΘ̂2

∼= FG. The characterisation of ' follows.

Turning to the first part of the theorem, assume that Θ̂1 ≤ Θ̂2. Using the same

notation as above, we have idBΘ̂1
⊂⊕ GF and thus existence of ι1 and π1 with

π1 ◦ ι1 = ∆1 ◦ µ1. Since ∆1 ◦ µ1 is the idempotent that factors over Θ1, we have

shown that Θ1 ⊂⊕ Θ1AΘ2BΘ1, i.e. Θ1 ≤LR Θ2. Conversely, let us assume that

Θ1 ≤LR Θ2. Thus, there exist objects A,B ∈ B and morphisms j ∈ B(Θ1, AΘ2B),

τ ∈ B(AΘ2B,Θ1) such that τ ◦ j = idΘ1 . Now, define ι := (Θ1jΘ1) ◦ (Θ1∆1) ◦∆1 ◦µ1

and π := ∆1 ◦ µ1 ◦ (Θ1µ1) ◦ (Θ1τΘ1). Since Θ̂1 is split, it follows that π ◦ ι = µ1 ◦∆1.

Using the Frobenius relations of Θ̂1 as well as (co)associativity of µ (and ∆), one ob-

tains that π and ι satisfy two-sided Θ̂1-descent and thus define morphisms in Θ̂1
BΘ̂1

.

The relation Θ1 ≤ Θ2 follows.

128



Remark 4.5.15. It remains an open task to classify strong equivalence classes. As a

first step, one can strengthen the above theorem towards this direction using the result

of Proposition 4.5.45. Note however that the orders ≤L and ≤R are not sufficient for

the purpose of determining strong equivalence classes, see Remark 5.3.9 for a concrete

example.

Remark 4.5.16. Given a right indecomposable split Frobenius object (Θ,∆, µ) in B
and an object B ∈ B with B ≤LR Θ ≤LR B, in general there does not exists a split

Frobenius object with underlying object B. See Section 5.5 for a Soergel bimodule

example of type B2 in which B is (strongly) indecomposable.

Remark 4.5.17. The classification of free functorially cyclic modules presented in

this section extends naturally to semi-free functorially cyclic modules (and even for

larger classes). For this purpose, one has to extend the preorders on split Frobenius

objects in B to corresponding preorders on split Frobenius objects in monoidal quo-

tients of B (or to split Frobenius objects on B-quotients of B). However, the reader

making such generalisations should keep in mind that Frobenius objects on different

B-quotients can be associated to the same module.

4.5.4 Semi-free functorially cyclic modules

In this section, we discuss functorially cyclic modules that arise as restrictions of free

functorially cyclic modules. The techniques developed in Section 4.4 are used both

in the definition of semi-free functorially cyclic modules, as well as in the study of

the relationship between such modules (and their associated Frobenius objects) that

arise from different quotients. Further, we obtain a clean description of the centre of

semi-free functorially cyclic modules.

For notational convenience, we make the following definition.

Definition 4.5.18. Let B be an additive monoidal category. A cyclic object for B is

a pair Θ̂ = (Θ̂, π), where π : B → B is a strict additive monoidal quotient functor, B
is idempotent closed and Θ̂ is a right indecomposable split Frobenius object in B. We

say that Θ̂ is a cyclic object for B that lives in B.

By Corollary 4.5.9, we know how to associate a free functorially cyclic module

BΘ̂ ∈ B − Mod to a right indecomposable split Frobenius object in an additive

monoidal category B. This is the basis of the following definition:
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Definition 4.5.19. Let Θ̂ = (Θ̂, π) be a cyclic object for B that lives in B. We call

CΘ̂ := Resπ
(
BΘ̂

)
the functorially cyclic module associated to the cyclic object Θ̂.

Proof. Since π is a monoidal quotient functor, we have an equivalence Indπ(B) ∼= B
in B−Mod. In Proposition 4.4.10, we discussed that B → Resπ Indπ(B) is a quotient

B-functor. Thus, we have quotient B-functor B → Resπ(B). Applying the 2-functor

Resπ to the B-functors and B-transformations that come with the free functorially

cyclic module BΘ̂ yields the required structure that turns Resπ
(
BΘ̂

)
into a functorially

cyclic B-module. It is important to note that Indπ splits Resπ. Therefore, Resπ is

locally faithful and strong indecomposability is thus preserved under Resπ.

Remark 4.5.20. By Definition 4.2.23, CΘ̂ is semi-free if I(π)E B is thick.

In preparation for Section 4.5.5, we also make the following definition:

Definition 4.5.21. A cell object for B is a cyclic object (Θ̂, π : B → B) for B such

that the associated functorially cyclic module CΘ̂ is a cell module.

Remark 4.5.22. If a cyclic object actually lives in a lowest left cell of B with respect

to ≤LR, then it is a cell object. In general, the object underlying the Frobenius object

of a cell object can be a direct sum of indecomposable objects that are associated to

different left cells.

Proposition 4.5.23. Let Θ̂ = (Θ̂, π) be a cyclic object for B. Then, CΘ̂ represents

the 2-functor Θ̂(Coindπ).

Proof. Definition/Proposition 4.4.5 and Corollary 4.5.9 say it all.

Remark 4.5.24. Let (Θ̂, π : B → B) be a cyclic object for B. Denote by (Θ,∆, µ)

the indecomposable split Frobenius object on B ∈ B − Mod obtained from Θ̂ via

transport along the equivalence Brev ∼= HomB(B,B), see Lemma 4.3.56 for the con-

struction. Since Resπ is a strict 2-functor, we obtain an indecomposable split Frobe-

nius object (Resπ(Θ),Resπ(∆),Resπ(µ)) on Resπ(B) ∈ B−Mod. This is precisely the

split Frobenius object that we typically would associated to CΘ̂ following Proposition

4.3.20.

Let us discuss the relation between Frobenius objects on different quotients:

Proposition 4.5.25. Let Θ̂ = (Θ̂, π : B → B) be a cyclic object for B, and let

ψ : B → B̃ be a monoidal quotient functor. Assume that ψ(Θ̂) = (ψ(Θ̂), ψπ) is a

cyclic object for B. Then, we have equivalences Cψ(Θ̂)
∼= Resπ

(
C(ψ(Θ̂),ψ)

)
in B −Mod

and Indψπ(CΘ̂) ∼= C(ψ(Θ̂),idB̃) in B̃ −Mod. Furthermore, we have a canonical quotient

B-functor CΘ̂ → Cψ(Θ̂).
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Proof. The first claim follows directly from the fact that Resψπ = Resπ Resψ. By stan-

dard adjunction arguments, this fact also implies an equivalence Indψπ ∼= Indψ Indπ of

2-functors. Recall also that Indψ Resψ ∼= idB̃−Mod. Thus, Indψπ(CΘ̂) ∼= Indψ(C(Θ̂,idB
).

By Definition/Proposition 4.4.8 and Corollary 4.5.9, the latter module represents

the 2-functor Θ̂ Resψ : B̃ − Modidem → Addidem. Note however that Resψ does

not change the underlying additive category, it only makes Θ̂ act on this underly-

ing additive category by π(Θ̂). Thus, Θ̂ Resψ = ψ(Θ̂)(−) as 2-functors. The lat-

ter is clearly represented by
(
B1

)
ψ(Θ̂)

= C(ψ(Θ̂),idB̃), see Corollary 4.5.9. By the 2-

Yoneda Lemma 3.3.49, Indψπ(CΘ̂) ∼= C(ψ(Θ̂),idB̃) follows. Furthermore, the B-functor

CΘ̂ → Resψπ Indψπ (CΘ̂) coming from the adjunction is full and essentially surjective,

see Definition/Proposition 4.4.8. The last claim thus follows using the already proven

equivalence and Resψπ

(
C(ψ(Θ̂),idB̃)

)
= Cψ(Θ̂).

For future reference, we state the following proposition. Note that it holds subject

to existence of Indφ only. Aside this detail, it provides backing for the statement made

in the introduction that right singular Soergel bimodules are induced from the trivial

representation. Also note that we do not assume indecomposability of the Frobenius

object nor that its image under φ is non-trivial. In the latter case, Indφ(BΘ̂) = 0.

Proposition 4.5.26. Let φ : B → B1 be an additive strict monoidal functor between

idempotent closed categories and let Θ̂ = (Θ,∆, µ) be a split Frobenius object in B.

Then, we have an equivalence Indφ (BΘ̂) ∼= (B1)φ(Θ̂) in B1 −Mod.

Proof. The only ingredient that we have not yet mentioned is that Resφ preserves

idempotent closed modules. The statement follows by adjunction and uniqueness of

representing objects of 2-functors.

Homomorphism categories between functorially cyclic modules associated to cyclic

objects are very explicit:

Proposition 4.5.27. Let Θ̂1 = (Θ̂1, π1) and Θ̂2 = (Θ̂2, π2 : B → B) be cyclic objects

for B. Assume that π2 factors over π1, i.e. there exists π such that π2 = ππ1. Then,

we have an equivalence HomB(CΘ̂1
, CΘ̂2

) ∼= π(Θ̂1)BΘ̂2
of additive categories.

Proof. This follows as above together with Lemma 4.5.11 (or the Remark 4.3.68) in

the final step.

Corollary 4.5.28. Let Θ̂ = (Θ̂, π : B → B) be a cyclic object for B. Then,

ZB(CΘ̂) ∼=
{
b ∈ B(Θ,Θ)

∣∣∣b satisfies two-sided Θ̂-descent
}
.
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Proof. Let (Θ,∆, µ) denote the underlying split Frobenius object of Θ̂. By Definition

4.1.1, ZB (CΘ̂) is given by the transformations of the identity B-functor in EndB(CΘ̂).

By Proposition 4.5.27, EndB(CΘ̂) ∼= Θ̂BΘ̂. Thus, it remains to calculate the endomor-

phisms of the identity object IΘ̂ = (I,∆ ◦ µ) of Θ̂BΘ̂. By definition, we have

Θ̂BΘ̂ (IΘ̂, IΘ̂) =

f ∈ B(ΘΘ,ΘΘ)

∣∣∣∣∣∣
f = µ ◦∆ ◦ f = f ◦ µ ◦∆

= (Θµ) ◦ (fΘ) ◦ (Θ∆)
= (µΘ) ◦ (Θf) ◦ (∆Θ)

 .

The assignments f 7→ µ ◦ f ◦ ∆ and b 7→ µ ◦ b ◦ ∆ are easily shown to be mutually

inverse isomorphism that establish the claim.

Remark 4.5.29. The identity functor of a functorially cyclic module that is restricted

from a free module is strongly indecomposable. This follows from Corollary 4.5.28,

since any non-trivial idempotent of the identity functor of a functorially cyclic module

corresponds to an idempotent of Θ that satisfies two-sided Θ̂-decent, and we know

that Θ̂ is right indecomposable (which is a stronger property).

4.5.5 Universal cell modules

In this section, we introduce universal cell modules and strongly universal cell mod-

ules in the context of additive higher representation theory. In Propositions 4.5.41

and 4.5.42, we will show that the functorially cyclic cell module CΘ̂ associated to a cell

object Θ̂ as introduced in Section 4.5.4 is strongly universal provided a further com-

binatorial condition. Then for weakly regular additive 2-categories, Theorem 4.5.34

shows that existence of such a cell object is equivalent to the existence of strongly

universal cell modules. Further, Proposition 4.5.37 shows some independence of func-

torially cyclic cell modules from the quotient they live on, which we already observed

classically. Furthermore, Proposition ?? establishes that a weak equivalence which is

a retract is an equivalence.

Let us start by generalising Definitions 2.5.1 and 2.5.2.

Definition 4.5.30. Let A be an additive 2-category and let C ∈ A −Mod be a cell

module. Then, we call C a universal cell module if HomA(C, C ′) 6= 0 for all cell

modules C ′ ∈ A−Mod for which the maximal thick subideals of AnnA(C) and AnnA(C ′)
agree. Further, we call a universal cell module C strongly universal cell if EndA(C)
has a single left cell.
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Definition 4.5.31. Let A be an additive 2-category and let c ⊂ W (A) be a 2-sided

cell. We say that A has c-cell modules, if there exists a cell module C ∈ A − Mod

such that the maximal thick subideal of AnnA(C) is generated by {Bx}x�LRc. In this

situation, we also say that C belongs to c.

Remark 4.5.32. From the classical perspective, it may be surprising that maximal

thick subideals appear in both Definitions 4.5.30 and 4.5.30. A first justification for

this will be given in Proposition 4.5.35. Furthermore, we will discuss other ways to

state Definition 4.5.30 in Section 4.9.1, which may be regarded as more canonical.

Let us restate Theorem 3 of the introduction:

Theorem 4.5.33. Let A be a weakly regular additive 2-category and let c be a 2-sided

cell of A. Then, there exists an idempotent closed, strongly universal cell module

that belongs to c if and only if there exist a ∈ A and a right indecomposable, split

Frobenius object Θ̂ in A/I�LRc(a, a) whose underlying object lies in a left cell minimal

with respect to ≤L and such that Θ̂PIa is a cell module, where I := I�LR(a,−).

For notational simplicity, we present the proof only for an additive monoidal

category B instead of a 2-category A. Let us restate the theorem in this situation

using the terminology not available in the introduction.

Theorem 4.5.34. Let B be a weakly regular additive 2-category and let c be a 2-sided

cell of B. Then, there exists an idempotent closed, strongly universal cell module that

belongs to c if and only if there exist a cell object Θ̂ that lives in B/I�LRc whose

underlying object lies in a left cell minimal with respect to ≤L.

Proof. Let C be an idempotent closed strongly universal cell module that belongs to c.

Since B is weakly regular by assumption, there exists a minimal left cell c ⊂ c. Let us

denote by Cc the full submodule of B/I�LR that contains the indecomposable objects

associated to c. Note that Cc is 1-cyclic only and thus does not satisfy a good univer-

sal property. Since AnnB(C) does not contain the indecomposable objects associated

to c by assumption, there exists x ∈ c and C ∈ C such that Bx.C 6= 0. Evaluation at

C yields a B-functor B → C which factors over the quotient B-functor B → B/I�LR .

Thus, we have constructed a non-trivial B-functor Cc → C. Since C is universal, we

also have a non-trivial B-functor C → Cc. Since Cc is a cell module, Bx is a summand

of an object in the image of C → Cc, and it follows that the composition C → Cc → C
is non-trivial. Since C is strongly universal, we can find there exists a B-functor C → C
such that the composition C → C → Cc → C contains the identity-B-functor of C as a
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summand. Note further that the B-functor B/I�LR → C is strongly indecomposable,

since C is strongly indecomposable, where we used that C is indecomposable. Thus, C
is functorially cyclic. By the fourth bijection in Theorem 4.5.4, C is thus equivalent to

CΘ̂, where Θ̂ is the associated right indecomposable split Frobenius object in B/I�LR .

Since C is cyclic, Θ̂ is thus a cell object that lives in B/I�LR . It remains to check

the properties of the object underlying Θ̂. Again by Theorem 4.5.4, this underlying

object is given by the evaluation of B → B/I�LR → C → C → Cc → B/I�LR at the

unit object I ∈ B. By construction, this object lies in Cc and thus is a direct sum of

indecomposable objects associated to c.

On the other hand, let Θ̂ be a cell object that lives in B/I�LR , i.e. a right indecom-

posable, split Frobenius object in B/I�LRc such that CΘ̂ is a cell module. We will

show in Proposition 4.5.41 that CΘ̂ is universal. Finally, Proposition 4.5.42 states

that CΘ̂ is indeed strongly universal and the proof is complete.

The following proposition justifies the way we generalised Definition 2.5.1:

Proposition 4.5.35. Let F : C → C ′ be a non-trivial B-functor between cell modules.

Then, AnnB(C) ⊂ AnnB(C ′) and the maximal thick subideals of the annihilators agree.

Proof. Since C ′ is a cell module, coker(F ) = 0 and thus AnnB(C) ⊂ AnnB(C ′) by

Lemma 3.3.35. On the other hand for all B ∈ B such that idB ∈ AnnB(C ′), we have

0 ∼= B.F (C) ∼= F (B.C) for all C ∈ C. Thus for all C ∈ C, B.C lies in ker(F ).

However, C is a cell module and thus ker(F ) = 0, where we used F 6= 0. Thus

B.C = 0 for all C ∈ C, i.e. idB ∈ AnnB(C).

Remark 4.5.36. Therefore, a universal cell module has the minimal annihilator

amongst all cell modules that it is linked to by non-trivial morphisms. We do not

expect that the annihilator of a universal cell module is thick in general nor that

thickness of the annihilator of a cell module implies universality.

Recall that classically universal cell modules arise as submodules of different quo-

tients of the base ring, see Remark 2.3.15. Even though there is an additional layer

of 2-arrows that suggest that we ought to use the largest quotient, an analogous

statements holds 2-categorically:

Proposition 4.5.37. Let c be a 2-sided cell of B, let I E I�LRc be a subideal that

contains {idBx}x�LRc, let Θ̂ be a cell object for B that lives in B/I, and denote by

π : B/I � B/I�LRc the canonical monoidal quotient functor. Then, we have an

equivalence CΘ̂
∼= Cπ(Θ̂).
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Proof. To reduce the notational burden, we introduce the abbreviation K := I�LRc.

Proposition 4.5.25 implies that we have an equivalence Indπ ((B/I)Θ̂) ∼= (B/K)π(Θ̂)

in B/K − Mod. Now we apply ResπK , use ResπK = ResπI Resπ and the adjunc-

tion morphism idB/I−Mod → Resπ Indπ of Proposition 4.4.10, to obtain a B-functor

ResπI ((B/I)Θ̂) → ResπK

(
(B/K)π(Θ̂)

)
. Further by the construction of Indπ in Def-

inition/Proposition 4.4.8, the (B/I)-functor (B/I)Θ̂ → Resπ (Indπ((B/I)Θ̂)) is full

and essentially surjective. Thus the same holds for the above constructed B-functor.

Furthermore, we also know which morphisms are send to zero under this quotient: All

morphisms that factor over a morphism obtained from a morphism of ResπI ((B/I)Θ̂)

by acting on it with a morphism in K. On the other hand, the composition of BK-

functors (B/K)π(Θ̂) → B/K→ (B/K)π(Θ̂) contains the identity functor as a summand

and thus ResπK

(
(B/K)π(Θ̂)

)
→ ResπK (B/K) is faithful. Hence, Lemma 3.3.35 im-

plies AnnB

(
ResπK

(
(B/K)π(Θ̂)

))
⊃ AnnB

(
ResπK(B/K)

)
Rem 3.3.58

= K. Further since

K is a thick ideal and because we have constructed a non-trivial morphism between

the two cell modules, Proposition 4.5.35 implies that K ⊂ AnnB

(
ResπI ((B/I)Θ̂)

)
, as

well. Hence, all the morphisms by which the quotient is taken are already zero, i.e. the

quotient B-functor induces an equivalence ResπI ((B/I)Θ̂) ∼= ResπK

(
(B/K)π(Θ̂)

)
.

Remark 4.5.38. A posteriori, one can construct any universal cell module C that

arises from a cell object using a split Frobenius object in B/AnnB(C). However, a

priori we have no access to AnnB(C) and a posteriori, we do not know whether the

ideals K ⊂ AnnB(C) agree.

Remark 4.5.39. Regardless of the equivalence above, we do in general not expect

that the quotient B-functor B/I � B/K induces an equivalence on either the full

subcategories associated to c or any of the full sub-cell modules associated to left

cells in c.

Remark 4.5.40. Proposition 4.5.37 can be viewed as a more concrete version of

the effect discussed in Proposition 4.2.39. Let us denote the B-functor B/I → CΘ̂

implicitly present in Proposition 4.5.37 by F . Then, imF is certainly a B-quotient

of B/K. It is not clear to us whether there is relation between imF and B/AnnB(C)
that holds in full generality.

Proposition 4.5.41. Let Θ̂ = (Θ̂, π : B → B) be a cell object and let c be a 2-sided

cell of B. Assume that I�LRc ⊂ I(π) ⊂ I�LRc and that the object underlying Θ̂ allows

for a split injection of an indecomposable object associated to a minimal left cell in c

with respect to ≤L. Then, CΘ̂ is a universal cell module that belongs to c.
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Proof. By Proposition 4.5.37, we can assume w.l.o.g that B = B/K, where we again

abbreviate K := I�LRc. Furthermore, we have seen in the proof of Proposition 4.5.37

that K ⊂ AnnB(CΘ̂). By assumption there exists an indecomposable object Bx with

x ∈ c (that is contained in a minimal left cell). Since annihilators are ideals, it follows

that K is the maximal thick subideal of AnnB(CΘ̂) and thus that CΘ̂ belongs to c. To

show that CΘ̂ is universal, let C ∈ B−Mod be an arbitrary cell module that belongs to

c. UsingHomB(B, C) ∼= C, for every C ∈ C we have a B-functor B → C that sendsB 7→
B.C. Since K ⊂ AnnB(C), each such functor factors over ResπK(B/K). Furthermore

since K ⊂ AnnB(C) is the maximal thick subideal, for each indecomposable object

B ∈ B/K there exists C ∈ C such that B.C 6= 0. Recall from the proof of Proposition

4.5.37 that we have a non-trivial B-functor CΘ̂ → ResπK (B/K). Now we can pick

any object in the image of this B-functor and will find by the above discussion a

B-functor ResπK (B/K)→ C that does not annihilate this object. It follows that the

composition CΘ̂ → ResπK (B/K)→ C is also non-trivial and the proof is complete.

Proposition 4.5.42. Let Θ̂ be a cell object for B and let CΘ̂ be the associated func-

torially cyclic cell module. Then, EndB(CΘ̂) consists of a single left cell.

Proof. Let Θ̂ = (Θ̂, π) be a cell object of B, where π : B � B is a monoidal quotient

functor and Θ̂ = (Θ,∆, µ) is a right indecomposable split Frobenius object in B,

and let CΘ̂ = Resπ(BΘ̂) be the associated functorially cyclic cell module. We have

EndB(CΘ̂)
Pro 4.4.10∼= HomB(Indπ(Resπ(BΘ̂)),BΘ̂)

Pro 4.4.9∼= EndB(BΘ̂)
Thm 4.5.10∼= Θ̂BΘ̂. It

remains to show that Θ̂BΘ̂ consists of a single left cell. Recall that (I,∆ ◦ µ) is the

unit object of Θ̂BΘ̂, and note that it is indecomposable by Remark 4.5.29. It is thus

sufficient to show that (I,∆ ◦ µ) ≤L (B, e) for all (B, e) ∈ Θ̂BΘ̂, since the opposite

always holds in a monoidal category. Recall the functors Θ̂BΘ̂
Θ̂ϑ→ BΘ̂

Θ̂ϑ→ Θ̂BΘ̂ which

(replacing B by B) we introduced in Remark 4.3.67. We have Θ̂ϑ ((B, e)) = (ΘB, e).

Note that due to the Frobenius relations, ∆ and µ satisfy right (resp. 2-side) Θ̂-

descent and thus any morphism between objects of BΘ̂ (resp. Θ̂BΘ̂) constructed from

∆, µ and identity morphisms will be a morphism in the respective categories. In

particular, (Θ,∆ ◦ µ) ∈ BΘ̂, f1 := (Θ∆) ◦ ∆ ◦ µ ∈ Θ̂BΘ̂ ((Θ,Θ(∆ ◦ µ)), (I,∆ ◦ µ))

and f2 := ∆ ◦ µ ◦ (Θµ) ∈ Θ̂BΘ̂ ((I,∆ ◦ µ), (Θ,Θ(∆ ◦ µ))). Since BΘ̂ is a cell B-

module, there exists M ∈ B such that (Θ,∆ ◦ µ) ⊂⊕ M.(ΘB, e) = (MΘB,Me).

Applying Θ̂ϑ, we obtain (Θ,Θ(∆ ◦µ)) ⊂⊕ (MΘB,ΘMe). Further using µ ◦∆ = idΘ,

we obtain f1 ◦ f2 = ∆ ◦ µ = id(I,∆◦µ), i.e. (I,∆ ◦ µ) ⊂⊕ (Θ,Θ(∆ ◦ µ). Finally, by

Definition 4.3.63, we have (M, idΘMΘ)⊗(B, e) = (MΘB,ΘMe). Hence, (I,∆◦µ) ⊂⊕

(M, idΘMΘ)⊗ (B, e) and the proof is complete.
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Remark 4.5.43. The same argument is not sufficient to show that that Θ̂BΘ̂ consists

of a single right cell, since, similar to the fact that right indecomposablility of Θ̂ does

not imply that Θ̂B is a functorially cyclic right-B-module, it is not guaranteed that

Θ̂B is cyclic.

Remark 4.5.44. A particularly nice situation arises, if the indecomposable objects

are stable under composition. This situation and more generally any group action

on a module is the topic of the subsequent Section 4.6. It would be interesting to

study whether there exists a unified framework between this and the split Frobenius

construction. Remark 4.9.20 points into a similar direction. A definite result with

regards to this topic is Corollary 4.6.19.

Proposition 4.5.45. Let C F→ C ′ G→ C be B-functors between cell modules such that

GF ∼= idC and FG ∼= idC′ ⊕R. Then, C and C ′ are equivalent.

Proof. We have idC = idCidC ∼= GFGF ∼= G(idC′ ⊕R)F ∼= GF ⊕GRF ∼= idC ⊕GRF ,

and thus GRF = 0. Since F and G are non-trivial B-functors between cell modules,

they cannot annihilate any object. Thus, R has to annihilate all objects in the image

of F . Since R is additive it also annihilates all direct summands of objects in the

image of F , and thus R = 0.

One might wonder whether it would be interesting to study couniversal cell mod-

ules, i.e. cell modules that admit non-trivial morphisms with domain any cell module

that is associated to the same 2-sided cell. We do not believe that this would lead to

a good notion, since there are exists a large class of examples for which this notion

would be empty. Let us give an example:

Example 4.5.46. Let A be such that Z⊗(A) has two or more maximal ideals. Pre-

cisely one of the maximal ideals will act trivially on any module that has no non-trivial

quotients. Between two such modules, for which the ideals that act trivially differ,

there cannot exist any non-trivial A-functor.

Nevertheless, it is very fruitful to study modules on this other end of the spectrum:

Remark 4.5.47. [MaMi1]-[MaMi5] argues that the best substitute for the classical

notion of irreducibility are so called simple transitive 2-representations. By definition

these are idempotent closed cell modules that have no non-trivial quotient. Clearly,

any module that has no non-trivial quotients is a cell module. In [MaMi1], certain

Abelian cell 2-representations are constructed which reconstruct various categories
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of interest that arise in the context of category O by abstract means, see [MaSt,

KhMaSt]. Amongst them is the principal block of the parabolic category O, as noted

in [MaSt, Remark 14]. This achievement lies at the heart of all the definitions found

in [MaMi1]-[MaMi5]. In [MaMi2], the corresponding additive cell 2-representations

are introduced and in [MaMi5] it is shown that these additive cell 2-representations

have no non-trivial quotients. We will discuss the connection to universal cell modules

in Remark 4.9.25.

4.6 Coinvariant theory

In this section, we discuss coinvariant theory. Given an additive higher representation

that admits a group action, we construct a universal property, see Definition 4.6.2,

and construct an explicit coinvariant module, see Definition 4.6.4, that satisfies this

universal property, see Theorem 4.6.14. We provide simple Examples 4.6.6 and 4.6.17

of a trivial and of a non-trivial group action, which show that coinvariant modules are

typically not idempotent closed, and postpone more involved examples to Section 5.5.

Provided the module satisfies the Krull-Schmidt property, we will show in Proposition

4.6.16 that on the level of split Grothendieck group, this construction indeed coincides

with the classical notion of coinvariant modules. Curiously, the coinvariant module

is weakly equivalent to the module we started from, see Proposition 4.6.18. Finally

in Corollary 4.6.19, we observe that functorially cyclic may have a functorially cyclic

coinvariant module and calculate the associated right indecomposable split Frobenius

object.

We start by describing an analogue statement in classical invariant theory. In-

tentionally, we use a non-standard formulation since the subsequent generalisation to

higher representation theory is formulated in this way: Given a group G, a represen-

tation M of G and a set N , one might want to understand the set of all maps

f : M → N which are invariant under the G-action, i.e. f ◦ (g.) = f for all

g ∈ G. In this situation, the set of coinvariants MG := {G.m|m ∈ M}, where

G.m := {g.m|g ∈ G}, solves this question: The invariant maps are exactly the maps

M → N that factor over the canonical quotient map πG : M → MG. Another way

of saying this is that MG represents the functor φG : Set → Set which is defined

by φG(X) := {f ∈ Set(M,X)|f ◦ (g.) = f ∀g ∈ G} for all X ∈ Set on objects

and in the obvious way on morphisms. Clearly, precomposition with πG induces an

isomorphism Set(MG,−) ∼= φG. Thus, φG is the universal property of MG and the
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Yoneda lemma states that MG is unique with this property up to unique isomorphism.

To extend the above discussion to higher representation theory, we need to define

group actions. For this purpose, recall that any associative unital monoid can be

considered as a monoidal category, where the only non-empty homomorphism spaces

are endomorphisms spaces, each containing a single (identity) morphism. Now, we

can make the following definition:

Definition 4.6.1. Let G be a finite group and let M∈ B −Mod. A group action S

of G on M is a monoidal functor S = (S, {Gg1,g2}(g1,g2)∈G×G, Ge) : G→ EndB(M).

For the remainder of this section, we fix M ∈ B −Mod with a group action S of

a finite group G. For all g ∈ G, we write Sg := S(g). We can think about Sg as a

symmetry of theM. Note that since S is a monoidal functor between strict monoidal

categories, the requirements on the iso-B-transformations Gg1,g2 : Sg1Sg2 ⇒ Sg1g2

and Ge : idM ⇒ Se simplify to Gg1,g2g3 ◦ (Sg1Gg2,g3) = Gg1g2,g3 ◦ (Gg1,g2Sg3) and

Ge,g1 ◦ (GeSg1) = Sg1 = Gg1,e ◦ (Sg1Ge).

Definition 4.6.2. The 2-functor ΦG : B − Mod → Add is defined on any N ∈
B −Mod, H ∈ HomB(N1,N2) and β ∈ HomN1→N2(H1, H2), by setting

• ΦG(N ) :=



Obj : (F, {νg}g∈G) for all
F ∈ HomB(M,N ), νg ∈ HomM→N (FSg, F ) s.t.
νg2 ◦ (νg1Sg2) = νg1g2 ◦ (FGg1,g2) and
νe = FG−1

e

Mor : ΦG(N )((F1, {ν1
g}g∈G), (F2, {ν2

g}g∈G)) :=
{α ∈ HomM,N (F1, F2)|α ◦ ν1

g = ν2
g ◦ (αSg) ∀g ∈ G}


,

• ΦG(H) :=


Obj : ΦG(H)((F, {νg}g∈G)) := (HF, {Hνg}g∈G)

for all (F, {νg}g∈G) ∈ ΦG(N1)
Mor : ΦG(H)(α) := Hα for all

α ∈ ΦG(N1)((F1, {ν1
g}g∈G), (F2, {ν2

g}g∈G))

 and

• ΦG(β) :=
(
ΦG(β)(F,{νg}g∈G)

)
(F,{νg}g∈G)∈ΦG(N1)

:= (βF )(F,{νg}g∈G)∈ΦG(N1).

Proposition 4.6.3. Equipped with trivial structure maps, ΦG : B −Mod→ Add is a

strict 2-functor.

Proof. We restrict ourselves to listing the tasks and leave it to the reader to execute

the details: First, one has to prove that ΦG(N ) is a category, that ΦG(H) is a functor,

and that ΦG(β) is a transformation. Second, one needs to prove that ΦG defines a

functor HomB(N1,N2)→ Fun(ΦG(N1),ΦG(N2)), which follows from the interchange
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law for composition and juxtaposition. Third, the structure maps have to be natural

isomorphisms ΦG(H2H1)
∼−→ ΦG(H2)ΦG(H1) and can be clearly chosen to be the

identity. Fourth, strictness says that structure map idΦG(N ) ⇒ ΦG(idN ) shall be the

identity transformation, which is clearly possible. Last, the compatibility conditions

for the structure maps with ΦG are trivially satisfied because B−Mod and 2−Cat are

both strict 2-categories and the structure maps are given by identity morphisms.

We will show in Theorem 4.6.14 that ΦG is representable by a B-module denoted

MG. We start by constructing the underlying additive category:

Definition 4.6.4. Let M be an additive category and let G be a group that acts on

M. We define the category MG as the category with objects Ob(MG) := Ob(M)

and morphisms MG(M1,M2) :=
⊕

g∈GM(M1, Sg(M2)) for all M1,M2 ∈ Ob(MG).

Given f 1 =
(
f 1
g

)
g∈G ∈ MG(M1,M2) and f 2 =

(
f 2
g

)
g∈G ∈ MG(M2,M3) the composi-

tion in MG is defined by (f 2 ◦ f 1)g :=
∑

k∈G(Gk,k−1g)M3 ◦Sk(f 2
k−1g) ◦ f 1

k . The identity

morphism of M ∈MG is given by (δg,e(Ge)M)g∈G.

Proof. First note that the morphism spaces of MG are defined using a direct sum.

Thus, the composition is well defined. To prove associativity let f 3 =
(
f 3
g

)
g∈G ∈

MG(M3,M4). Note that we can shift the summation by group elements. For example

for g,m ∈ G, we have (f 3 ◦ f 2)g :=
∑

k∈G(Gmk,k−1m−1g)M4 ◦ Smk(f 3
k−1m−1g) ◦ f 2

mk. For

all g ∈ G, we are now able to compute

(f 3 ◦ (f 2 ◦ f 1))g

=
∑
k1,k2

(Gk1,k
−1
1 g)M4 ◦ Sk1(f 3

k−1
1 g

) ◦ (Gk2,k
−1
2 k1

)M3 ◦ Sk2(f 2
k−1

2 k1
) ◦ f 1

k2

=
∑
k1,k2

(Gk1,k
−1
1 g)M4 ◦ (Gk2,k

−1
2 k1

Sk−1
1 g)M4 ◦ Sk2(Sk−1

2 k1
(f 3
k−1

1 g
) ◦ f 2

k−1
2 k1

) ◦ f 1
k2

=
∑
k1,k2

(Gk2,k
−1
2 g)M4 ◦ Sk2((Gk−1

2 k1,k
−1
1 g)M4 ◦ Sk−1

2 k1
(f 3
k−1

1 g
) ◦ f 2

k−1
2 k1

) ◦ f 1
k2

=
∑
k2

(Gk2,k
−1
2 g)M4 ◦ Sk2((f 3 ◦ f 2)k−1

2 g) ◦ f
1
k2

= ((f 3 ◦ f 2) ◦ f 1)g.

In the third equation we used Gg1,g2g3 ◦ (Sg1Gg2,g3) = Gg1g2,g3 ◦ (Gg1,g2Sg3) and in the

fourth composition rule the shifted by m = k−1
2 as explained prior to the computation.

Further, (δg,e(Ge)M)g∈G is an identity morphism on M ∈MG. This holds due to(
(δg,e(Ge)M2)g∈G ◦ f

1
)
g

= (Gg,e)M2 ◦ Sg((Ge)M2) ◦ f 1
g = f 1

g and furthermore due to(
f 1 ◦ (δg,e(Ge)M1)g∈G

)
g

= (Ge,g)M2 ◦Se(f 1
g )◦(Ge)M1 = (Ge,g)M2 ◦(Ge)Sg(M2)◦f 1

g = f 1
g .
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The last equation in both computations holds since Ge,g ◦(GeSg) = Sg = Gg,e◦(SgGe)

by definition of a G-action.

Example 4.6.5. For all groupsG and allM∈ B−Mod, we can defined a trivial group

action by setting Sg := idM. Classically, the coinvariant module does agrees with the

original module, i.e. [M]G = [M]. The categorical coinvariant module MG behaves

in the same way, i.e. [MG] = [M]G, as we will show in Proposition 4.6.16 assuming

the Krull-Schmidt property for M. If G = Z/nZ for some n ∈ N0, the coinvariant

module is equivalent to a base change. In formulas, we have MG
∼=M⊗Z Zn where

Z := ZB(M) and Zn := Z[x]/ 〈xn = 1〉.

Example 4.6.6. Let M ∈ B − Mod, let G = Z/2Z act trivially on M and let

2 ∈ Z = ZB(M) be invertible. Then, Midem
G is equivalent to M⊕M, since 1+x

2
and

1−x
2

are orthogonal idempotents in Z2.

Example 4.6.7. Recall from Example 4.5.7 the k-linear monoidal category B2 and

its higher representations A and A⊕A and the endo-B2-transformations I and S of

A ⊕ A. Now, the symmetric group S2 = {e, s} acts on A ⊕ A through Se := I and

Ss := S. It is not too hard to see that (A⊕A)S2

∼= A. In the following proposition,

we will discuss a canonical functor A ⊕ A → (A⊕A)S2
(and show later that this

functor can be equipped with the structure of a B2-functor). It is not hard to see that

under the identification (A⊕A)S2

∼= A, this functor corresponds to the B2-functor

A⊕A → A already discussed in Example 4.5.7. We will provide an abstract reason

that show that A and A⊕A are weakly equivalent in Proposition 4.6.18.

Proposition 4.6.8. The categoryMG is an additive category and we have an additive

functor ιG :M→MG which is faithful and essentially surjective.

Proof. First of all, it is rather obvious that MG is a category enriched in Abelian

groups. The zero object of M is clearly an initial object of MG. Since all Sg for

g ∈ G are additive functors, this initial object is terminal as well. ThatMG has finite

direct sums, follows once we construct ιG and show that it is essentially surjective

functor and enriched in Abelian groups.

On objects, we define ιG to be the identity map. On morphisms f ∈M(M1,M2), we

set ιGf := (δg,e(Ge)M2 ◦ f)g∈G. Clearly, ιG is essentially surjective and it is faithful,

since Ge is an iso-(B-)transformation. Also, Ge is a transformation between additive

functors, thus ιG is enriched in Abelian groups. Now, we define (finite) direct sums in

MG by transporting the corresponding structure fromM via ιG. Clearly, this makes

ιG into an additive functor.
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Remark 4.6.9. The motivation at the beginning of the chapter suggests that we

should denote the functor ιG by πG. However, we decided to use the notation ιG to

emphasise that ιG is faithful, rather than highlighting that it is essentially surjective.

Lemma 4.6.10. Let M ∈M and g ∈ G. Then, M ∼= Sg(M) in MG.

Proof. One calculates that
((
G−1
g−1,g ◦Ge

)
M
δh,g−1

)
h∈G
∈MG(M,Sg(M)) and shows

similarly that (idMδg,h)h∈G ∈ MG(Sg(M),M). These morphisms are inverse to each

other, one composition being straight forward, the other requiring both axioms of the

monoidal functor S.

Corollary 4.6.11. The homomorphism of Abelian groups [ιG] : [M]→ [MG] factors

over the homomorphism [M]� G \ [M].

We will improve this statement in Proposition 4.6.16, where we show that [ιG] is

an isomorphism provided that M satisfies the Krull-Schmidt property. For now, let

us however proceed working towards Theorem 4.6.14.

Proposition 4.6.12. There exist an operation of B on MG such that ιG becomes a

B-functor.

Proof. First, we define an additive monoidal functor ρ : B → End(MG). Let B ∈ B.

Since Ob(MG) = Ob(M), we can define ρ(B) on objects by setting ρ(B)(M) := B.M

for all M ∈MG. Now let f = (fg)g∈G ∈MG(M1,M2), and define ρ(B)(f) by setting

(ρ(B)(f))g := (canB,Sg)M2 ◦ (B.(fg)) for all g ∈ G, where canB,Sg : (B.)Sg
∼

=⇒ Sg(B.)

is the natural transformation which is part of the datum of the B-functor Sg. Since

idM ⇒ Se is a transformation of B-functors and since the structure as a B-functor

is trivial, it follows that (ρ(B)(idM))e = (idM)e. In addition, ρ(B) is defined us-

ing additive functors, hence sends zero morphisms to zero morphisms which im-

plies that ρ(B)(idM) = idM . Let f 1 ∈ MG(M1,M2) and let f 2 ∈ MG(M2,M3).

The last step in showing that ρ(B) is an additive functor, we have to show that

ρ(B)(f 2) ◦ ρ(B)(f 1) = ρ(B)(f 2 ◦ f 1). For all g ∈ G, we have
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(
ρ(B)(f 2) ◦ ρ(B)(f 1)

)
g

=
∑
k∈G

(Gk,k−1g)B.M3 ◦ Sk((ρ(B)(f 2))k−1g) ◦ (ρ(B)(f 1))k

=
∑
k∈G

(Gk,k−1g)B.M3 ◦ Sk((canB,Sk−1g
)M3 ◦ (B.(f 2

k−1g)))

◦ (canB,Sk)M2 ◦ (B.(f 1
k ))

=
∑
k∈G

(Gk,k−1g)B.M3 ◦ Sk((canB,Sk−1g
)M3) ◦ (canB,Sk)Sk−1gM3

◦ (B.Sk(f
2
k−1g)) ◦ (B.(f 1

k ))

=
∑
k∈G

(Gk,k−1g)B.M3 ◦ (canB,SkSk−1g
)M3 ◦ (B.Sk(f

2
k−1g))

◦ (B.(f 1
k ))

=
∑
k∈G

(canB,Sg)M3 ◦ (B.(Gk,k−1g)M3) ◦ (B.Sk(f
2
k−1g))

◦ (B.f 1
k )

=
∑
k∈G

(canB,Sg)M3 ◦ (B.((Gk,k−1g)M3 ◦ Sk(f 2
k−1g) ◦ f 1

k ))

= (canB,Sg)M3 ◦

(
B.

(∑
k∈G

(Gk,k−1g)M3 ◦ Sk(f 2
k−1g) ◦ f 1

k

))
= (canB,Sg)M3 ◦ (B.((f 2 ◦ f 1)g))

=
(
ρ(B)(f 2 ◦ f 1)

)
g
,

where we used that canB,Sk is a natural transformation, that canB,GF = (G canB,F ) ◦
(canB,G F ) for all B-functors F and G, and that B. is a functor.

Next for all b ∈ B(B1, B2), we define a transformation ρ(b) : ρ(B1) ⇒ ρ(B2). For all

M ∈ MG, we define ρ(b)M by setting (ρ(b)M)g := δg,e ((canB2,Se)M ◦ (b.((Ge)M))) =

δg,e ((Ge)B2.M ◦ (b.idM)) for all g ∈ G. To show that ρ(b) is indeed a transforma-

tion, we have to show that for all f ∈ MG(M1,M2) we have ρ(b)M2 ◦ ρ(B1)(f) =

ρ(B2)(f) ◦ ρ(b)M1 . For all g ∈ G, we have
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(ρ(b)M2 ◦ ρ(B1)(f))g =
∑
k∈G

(Gk,k−1g)B2.M2 ◦ Sk((ρ(b)M2)k−1g) ◦ (ρ(B1)(f))k

=
∑
k∈G

(Gk,k−1g)B2.M2 ◦ Sk(b.idM2δe,k−1g) ◦ (ρ(B1)(f))k

= (Gg,e)B2.M2 ◦ Sg(((Ge)B2.M2) ◦ (b.idM2)) ◦ (ρ(B1)(f))g

= (Gg,e ◦ (SgGe))B2.M2 ◦ Sg(b.idM2) ◦ (canB1,Sg)M2 ◦ (B1.fg)

= Sg(b.idM2) ◦ (canB1,Sg)M2 ◦ (B1.fg)

= (canB2,Sg)M2 ◦ (b.idSg(M2)) ◦ (B1.fg)

= (canB2,Sg)M2 ◦ (b.fg)

= (Ge,g)B2.M2 ◦ (Ge)B2.M2 ◦ (canB2,Sg)M2 ◦ (B2.fg)) ◦ (b.idM1)

= (Ge,g)B2.M2 ◦ Se((ρ(B2)(f))g) ◦ (Ge)B2.M1 ◦ (b.idM1)

=
∑
k∈G

(Gk,k−1g)B2.M2 ◦ Sk((ρ(B2)(f))k−1g) ◦ (ρ(b)M1)k

= (ρ(B2)(f) ◦ ρ(b)M1)g .

Second, we show that ρ is a functor. Since ρ(idB)M = (Ge)B.M which is the identity

morphism of ρ(B(M) in MG, we have ρ(idB) = idρ(B). Last for all b1 ∈ B(B1, B2)

and b2 ∈ B(B2, B3), we show that ρ(b2) ◦ ρ(b1) = ρ(b2 ◦ b1). For all M ∈ MG and

g ∈ G, we have

(ρ(b2)M ◦ ρ(b1)M)g =
∑
k∈G

(Gk,k−1g)B3.M ◦ Sk((ρ(b2)M)k−1g) ◦ (ρ(b1)M)k

= δk−1g,eδk,e(Ge,e)B3.M ◦ Se((Ge)B3.M ◦ (b2.idM))

◦ (Ge)B2.M ◦ (b1.idM)

= δg,eSe(b2.idM) ◦ (Ge)B2.M ◦ (b1.idM)

= δg,e(Ge)B2.M ◦ (b2.idM) ◦ (b1.idM)

= δg,e(Ge)B2.M ◦ ((b2 ◦ b1).idM)

= (ρ(b2 ◦ b1)M)g .

Third, we show that ρ is a monoidal functor and thus show that MG ∈ B −Mod.

Since M ∈ B − Mod, for all B1, B2 ∈ B we a have natural isotransformation

ψB1,B2 : B1. ◦ B2.
∼

=⇒ (B1 ⊗ B2). in EndB(M). We define a natural isotransfor-

mation φB1,B2 : ρ(B1)ρ(B2)
∼

=⇒ ρ(B1 ⊗ B2) by defining (φB1,B2)M for all M ∈ MG

through setting ((φB1,B2)M)g := δg,e
(
(Ge)(B1⊗B2).M ◦ (ψB1,B2)M

)
for all g ∈ G. For all

f ∈MG(M1,M2), we have (φB1,B2)M2 ◦ρ(B1)(ρ(B2)(f)) = ρ(B1⊗B2)(f)◦(φB1,B2)M1 ,

since for all g ∈ G
((φB1,B2)M2 ◦ ρ(B1)(ρ(B2)(f)))g
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=
∑
k∈G

(Gk,k−1g)(B1⊗B2).M2 ◦ Sk(((φB1,B2)M2)k−1g) ◦ (ρ(B1)(ρ(B2)(f)))k

= (Gg,e)(B1⊗B2).M2 ◦ Sg((Ge)(B1⊗B2).M2 ◦ (ψB1,B2)M2) ◦ (ρ(B1)(ρ(B2)(f)))g

= Sg((ψB1,B2)M2) ◦ ((canB1,Sg)ρ(B2)(M2) ◦ (B1.((ρ(B2)(f))g))

= Sg((ψB1,B2)M2) ◦ (canB1,Sg)B2.M2 ◦ (B1.((canB2,Sg)M2 ◦ (B2.(fg)))

= Sg((ψB1,B2)M2) ◦ (canB1,Sg)B2.M2 ◦ (B1.(canB2,Sg)M2) ◦ (B1.(B2.(fg)))

= (canB1⊗B2,Sg)M2 ◦ (ψB1,B2)Sg(M2) ◦ (B1.(B2.(fg)))

= (canB1⊗B2,Sg)M2 ◦ ((B1 ⊗B2).(fg)) ◦ (ψB1,B2)M1

= (Ge,g)(B1⊗B2).M2 ◦ (Ge)Sg((B1⊗B2).M2) ◦ (canB1⊗B2,Sg)M2

◦ ((B1 ⊗B2).(fg)) ◦ (ψB1,B2)M1

= (Ge,g)(B1⊗B2).M2 ◦ Se((canB1⊗B2,Sg)M2 ◦ ((B1 ⊗B2).(fg)))

◦ (Ge)(B1⊗B2).M1 ◦ (ψB1,B2)M1

= (Ge,g)(B1⊗B2).M2 ◦ Se((ρ(B1 ⊗B2)(f))g) ◦ (Ge)(B1⊗B2).M1 ◦ (ψB1,B2)M1

=
∑
k∈G

(Gk,k−1g)(B1⊗B2).M2 ◦ Sk((ρ(B1 ⊗B2)(f))k−1g) ◦ ((φB1,B2)M1)k

= (ρ(B1 ⊗B2)(f) ◦ (φB1,B2)M1)g
holds, where we have used that Sg is a B-functor and in particular the relation

canB1⊗B2,Sg ◦(ψB1,B2Sg) = (SgψB1,B2) ◦ (canB1,Sg(B2.)) ◦ ((B1.) canB2,Sg). Thus, φB1,B2

is a natural transformation. For all M ∈ MG and g ∈ G, we set ((φ−1
B1,B2

)M)g :=

δe,g
(
Se((ψB1,B2)−1

M ) ◦ (Ge)(B1⊗B2).M

)
, which defines an inverse for φB1,B2 . Hence, we

have shown that φB1,B2 is a natural isotransformation. Note the following useful re-

lation ((φ−1
B1,B2

)M)g = δg,e
(
(Ge)B1.(B2.M) ◦ (ψB1,B2)−1

M

)
. Furthermore, we need to show

that φ defined through φB1,B2 for all B1, B2 ∈ B is a natural transformation. The

technicality being very similar, we only provide it for naturality in the second argu-

ment of φ. For all b ∈ B(B2, B3), we have φB1,B3 ◦ (ρ(B1)ρ(b)) = (ρ(idB1⊗ b))◦φB1,B2 ,

since for all M ∈MG and g ∈ G we have

((φB1,B3 ◦ (ρ(B1)ρ(b)))M)g
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= ((φB1,B3)M ◦ (ρ(B1)ρ(b))M)g

=
∑
k∈G

(Gk,k−1g)(B1⊗B3).M ◦ Sk((φB1,B3)M)k−1g) ◦ ((ρ(B1)ρ(b))M)k

= (Gg,e)M ◦ Sg((Ge)(B1⊗B3).M ◦ (ψB1,B3)M) ◦ ((ρ(B1)ρ(b))M)g

= Sg((ψB1,B3)M) ◦ (ρ(B1)(ρ(b)M))g

= Sg((ψB1,B3)M) ◦ (canB1,Sg)B3.M ◦ (B1.((ρ(b)M)g))

= Sg((ψB1,B3)M) ◦ (canB1,Sg)B3.M ◦ (B1.(δg,e(canB3,Se)M ◦ (b.((Ge)M))))

= δg,e (Se((ψB1,B3)M) ◦ (canB1,Se)B3.M ◦ (B1.(canB3,Se)M) ◦ (B1.(b.(Ge)M)))

= δg,e
(
(canB1⊗B3,Se)M ◦ (ψB1,B3)Se(M) ◦ (B1.(b.(Ge)M))

)
= δg,e ((canB1⊗B3,Se)M ◦ ((idB1 ⊗ b).((Ge)M)) ◦ (ψB1,B2)M)

= (ρ(idB1 ⊗ b)M)g ◦ (ψB1,B2)M

= (Ge,g)(B1⊗B3).M ◦ (Ge)(B1⊗B3).M ◦ (ρ(idB1 ⊗ b)M)g ◦ (ψB1,B2)M

= (Ge,g)(B1⊗B3).M ◦ Se((ρ(idB1 ⊗ b)(B1⊗B2).M)g) ◦ (Ge)(B1⊗B2).M ◦ (ψB1,B2)M

=
∑
k∈G

(Gk,k−1g)(B1⊗B3).M ◦ Sk((ρ(idB1 ⊗ b)(B1⊗B2).M)k−1g) ◦ ((φB1,B2)M)k

= ((ρ(idB1 ⊗ b)(B1⊗B2).M ◦ (φB1,B2)M)g

= (((ρ(idB1 ⊗ b)) ◦ φB1,B2)M)g.

Next, we provide the unit transformation for MG. Let us denote the unit transfor-

mation of M by u : idM ⇒ I. where I ∈ B is the unit object. We define the unit

transformation ũ : idMG
⇒ ρ(I) of MG by setting (ũM)g := δg,e ((Ge)I.M ◦ uM) for

all g ∈ G and M ∈MG. For all f ∈MG(M1,M2), we have

(ũM2 ◦ f)g =
∑
k∈G

(Gk,k−1g)I.M2 ◦ Sk((ũM2)k−1g) ◦ fk

= (Gg,e)I.M2 ◦ Sg((Ge)I.M2 ◦ uM2) ◦ fg
= Sg(uM2) ◦ fg
= (canI,Sg)M2 ◦ uSg(M2) ◦ (I.(fg))

= (canI,Sg)M2 ◦ (I.(fg)) ◦ uM1

= (Ge,g)I.M2 ◦ (Ge)Sg(I.M2) ◦ (canI,Sg)M2 ◦ (I.(fg)) ◦ uM1

= (Ge,g)I.M2 ◦ Se((canI,Sg)M2 ◦ (I.(fg))) ◦ (Ge)I.M1 ◦ uM1

= (Ge,g)I.M2 ◦ Se((ρ(I)(f))g) ◦ (Ge)I.M1 ◦ uM1

=
∑
k∈G

(Gk,k−1g)I.M2 ◦ Sk((ρ(I)(f))k−1g) ◦ (ũM1)k

= ((ρ(I)(f)) ◦ ũM1)g
for all g ∈ G, where we used that Sg is a B-functor and in particular Sgu =
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can(I.),Sg ◦(uSg). Thus, ũ is indeed a natural transformation. Note that ũ is in-

vertible with inverse defined by (ũM)g := δg,e
(
(Ge)M ◦ u−1

M

)
. Thus, ũ is a natural

isotransformation. We leave it to the reader to check that φ is compatible with the

associator in B (and the trivial associator of EndB(MG)), as well as with the left

(and right) unit transformation of B andMG (and the trivial unit transformation in

EndB(MG)).

Fourth, we show that ιG is a B-functor. With all the preparation, this is now rather

straight forward. We restrict ourselves to providing the morphisms that define the

canonical isotransformation canB,ιG . Note that for B ∈ B, M ∈ MG, we have

ρ(B.)(ιG(M)) = ιG(B.M) and thus we can use the identity morphism on this object

and the canonical map. Thus, we set ((canB,ιG)M)g := δe,g ((Ge)B.M) for all g ∈ G.

Clearly, canB,ιG is a natural isotransformation. Furthermore, canB,ιG is obviously

natural in B as well. Again, we leave it to the reader to check that the canB,ιG for

B ∈ B satisfy the necessary compatibility with the monoidal structure of B, ρ and

the action on M, as well as with the compatibility with the u and ũ.

The B-functor ιG allows for the following additional structure which will be es-

sential in establishing representability of ΦG:

Proposition 4.6.13. There exist iso-B-transformations νGg : ιGSg
∼

=⇒ ιG satisfying

νGg2
◦ (νGg1

Sg2) = νGg1g2
◦ (ιGGg1,g2) and νGe = ιGG

−1
e .

Proof. Let us define νGg for all g ∈ G by setting
(
(νGg )M

)
h

:= δh,g
(
idSg(M)

)
for all

M ∈M and h ∈ G. For all f ∈M(M1,M2), we have

(ιG(f) ◦ (νGg )M1)h =
∑
k∈G

(Gk,k−1h)M2 ◦ Sk(δe,k−1h ((Ge)M2 ◦ f)) ◦ (δk,g
(
idSg(M1)

)
)

= δe,g−1h

(
(Gg,g−1h)M2 ◦ Sg((Ge)M2 ◦ f) ◦ idSg(M1)

)
= δg,h

(
(Gg,e)M2 ◦ Sg((Ge)M2) ◦ Sg(f) ◦ idSg(M1)

)
= δg,h (Sg(f))

= δh,g
(
(Ge,h)M2 ◦ Se(idSg(M2)) ◦ (Ge)Sg(M2) ◦ Sg(f)

)
=
∑
k∈G

(Gk,k−1h)M2 ◦ Sk(δk−1h,g

(
idSg(M2)

)
) ◦ (δe,k

(
(Ge)Sg(M2) ◦ Sg(f)

)
)

= ((νGg )M2 ◦ ιG(Sg(f)))h

for all h ∈ G and thus ιG(f) ◦ (νGg )M1 = (νGg )M2 ◦ ιG(Sg(f)). Thus, νGg is a transfor-

mation. By Lemma 4.6.10 (νGg )M is invertible, and thus νGg is an isotransformation.

The relation νGg2
◦ (νGg1

Sg2) = νGg1g2
◦ (ιGGg1,g2) holds, since we have
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(
(νGg2
◦ νGg1

Sg2)M
)
h

=
∑
k∈G

(Gk,k−1h)M ◦ Sk(((νGg2
)M)k−1h) ◦ ((νGg1

)Sg2 (M))k

=
∑
k∈G

(Gk,k−1h)M ◦ Sk(δk−1h,g2
(idSg2 (M))) ◦ (δk,g1(idSg1 (Sg2 (M)))))

= δh,g1g2

(
(Gg1,g2)M ◦ Sg1(idSg2 (M)) ◦ idSg1 (Sg2 (M)))

)
= δh,g1g2(Gg1,g2)M

= δg1g2,h

(
(Ge,h)M ◦ ((Ge)Sg1g2 (M) ◦ (Gg1,g2)M

)
=
∑
k∈G

(Gk,k−1h)M ◦ Sk
(
δg1g2,k−1h

(
idSg1g2 (M)

))
◦
(
δk,e((Ge)Sg1g2 (M) ◦ (Gg1,g2)M)

)
=
∑
k∈G

(Gk,k−1h)M ◦ Sk((νGg1g2
)M)k−1h) ◦ (ιG((Gg1,g2)M))k

=
(
(νGg1g2

◦ (ιGGg1,g2)M
)
h

for all M ∈ M and h ∈ G. Further, the relation νGe = ιGG
−1
e also holds, since

((ιGG
−1
e )M)h = (ιG((G−1

e )M))h = δh,e ((Ge)M ◦ (G−1
e )M) = δh,e

(
idSe(M)

)
=
(
(νGe )M

)
h
.

Theorem 4.6.14. The B-module MG represents the 2-functor ΦG.

Proof. First, we have to provide morphisms of 2-functors σ1 : HomB(MG,−) → ΦG

and σ2 : ΦG → HomB(MG,−). That is for all N ∈ B − Mod we have to provide

additive functors σ1
N : HomB(MG,N )→ ΦG(N ) and σ2

N : ΦG(N )→ HomB(MG,N )

together with certain isotransformations (like σ1
N2
◦ HomB(MG, F ) ∼= ΦG(F ) ◦ σ1

N1

for all F ∈ HomB(N1,N2)) satisfying axioms. Next we will provide these additive

functors in such a way that the above mentioned isotransformations can be chosen as

identity transformations. Thus, the required axioms are satisfied automatically.

Let N ∈ B −Mod. We set σ1
N (F̃ ) := (F̃ ιG, {F̃ νGg }g∈G) for all F̃ ∈ HomB(MG,N )

and σ1
N (α̃) := α̃ιG for all morphism in HomB(MG,N ). Proposition 4.6.13 together

with the interchange law (Remark 3.1.3) implies that σ1
N is well defined. Thus, we

have fully defined σ1.

Defining σ2 requires more work: We define σ2
N
(
(F, {νFg }g∈G)

)
for all (F, {νFg }g∈G) ∈

ΦG(N ) to be the B-functor that sends M ∈MG to F (M) (where we used Ob(MG) =

Ob(M)) and (fg)g∈G ∈ MG(M1,M2) to
∑

g∈G(νFg )M2 ◦ F (fg). For convenience, we

abbreviate this assignment by F̌ . We have F̌ (idM) =
∑

g∈G(νFg )M ◦F (δe,g ((Ge)M)) =

(νFe )M ◦ F ((Ge)M) =
(
νFe ◦ (FGe)

)
M

= (idF )M = idF (M) = idF̌ (M) for all M ∈ MG,

where we used that νFe = FG−1
e which holds by definition of ΦG(N ). Also,
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F̌ (f 2 ◦ f 1) = F̌

(
(
∑
k∈G

(Gk,k−1g)M3 ◦ Sk(f 2
k−1g) ◦ f 1

k )g∈G

)
=
∑
k∈G

∑
g∈G

(νFg )M3 ◦ F
(
(Gk,k−1g)M3 ◦ Sk(f 2

k−1g) ◦ f 1
k

)
=
∑
k,g∈G

(νFkg)M3 ◦ F ((Gk,g)M3) ◦ F (Sk(f
2
g )) ◦ F (f 1

k )

=
∑
g,k∈G

(νFg )M3 ◦ (νFk )Sk(M3) ◦ F (Sk(f
2
g )) ◦ F (f 1

k )

=

(∑
g∈G

(νFg )M3 ◦ F (f 2
g )

)
◦

(∑
k∈G

(νFk )M2 ◦ F (f 1
k )

)
= F̌ (f 2) ◦ F̌ (f 1)

for all f 1 = (f 1
g )g∈G ∈MG(M1,M2) and f 2 = (f 2

g )g∈G ∈MG(M2,M3), where we used

that G is a group, that F is a functor and that νFkg ◦ (FGk,g) = νFg ◦ (νFk Sg) which

holds by definition of ΦG(N ). Thus, F̌ is indeed a functor and it is additive since

F is additive and since composition is bilinear. Next, we have to equipped F̌ with

the structure of a B-functor. Since F is a B-functor, we have an isotransformation

canB,F : (B.)F
∼

=⇒ F (B.) for all B ∈ B. For all B ∈ B, we define canB,F̌ : (B.)F̌
∼

=⇒
F̌ ρ(B) by setting (canB,F̌ )M := (canB,F̌ )M for all M ∈ MG. This is possible since

Ob(MG) = Ob(M), B.(F̌ (M)) = B.(F (M)) and F̌ (ρ(B)M) = F̌ (B.M) = F (B.M).

For all B ∈ B, canB,F̌ is indeed a transformation since

(canB,F̌ )M2 ◦ (B.(F̌ (f))) = (canB,F )M2 ◦ (B.(
∑
g∈G

(νFg )M2 ◦ F (fg)))

=
∑
g∈G

(canB,F )M2 ◦ ((B.)νFg )M2) ◦B.(F (fg))

=
∑
g∈G

(νFg )B.M2 ◦ (canB,FSg)M2) ◦B.(F (fg))

=
∑
g∈G

(νFg )B.M2 ◦ F ((canB,Sg)M2) ◦ (canB,F )Sg(M2)) ◦B.(F (fg))

=
∑
g∈G

(νFg )B.M2 ◦ F ((canB,Sg)M2) ◦ F (B.(fg)) ◦ (canB,F )M1)

= F̌ (((canB,Sg)M2 ◦ (B.(fg)))g∈G) ◦ (canB,F )M1

= F̌ (ρ(B)(f)) ◦ (canB,F̌ )M1

for all f = (fg)g∈G ∈MG(M1,M2), where we have used that νFg is a B-transformation

and in particular that canB,f ◦((B.)νFg ) = (νFg (B.)) ◦ canB,FSg , as well as the defini-

tion of compositions of B-functors. Since canB,F̌ is build from isomorphisms, it is an

isotransformation. Further, canB,F̌ is natural in B: For all b ∈ B(B1, B2), we have
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(canB2,F̌
◦(b.F̌ ))M = (canB2,F )M ◦ (b.(F (idM)))

= F (b.idM) ◦ (canB1,F )M

= (νFe )B2.M ◦ F ((Ge)B2.M ◦ (b.idM)) ◦ canB1,F )M

=
∑
g∈G

(νFg )B2.M ◦ F (δg,e ((Ge)B2.M ◦ (b.idM))) ◦ (canB1,F )M

= F̌ (δg,e ((Ge)B2.M ◦ (b.idM))) ◦ canB1,F )M

= F̌ ((ρ(b)M) ◦ (canB1,F )M

= ((F̌ ρ(b)) ◦ canB1,F̌
)M

for all M ∈ MG, where we used that νFe = FG−1
e by definition of ΦG(N ). The last

step in equipping F̌ with the structure of a B-functor is to show that the isotransfor-

mations canB,F̌ are compatible with the monoidal structure of B, ρ and the action on

N . These hold trivially, since we have defined the monoidal structure of ρ using the

isotransformations that define M, they are mapped by F̂ and F respectively to the

same isotransformations in N .

Finally, we return to the definition of σ2
N . For α ∈ ΦG(N )((F1, {ν1

g}g∈G), (F2, {ν2
g}g∈G)),

we define σ2
N (α) : F̌1 ⇒ F̌2 to be the B-transformation with (σ2

N (α))M := αM for all

M ∈ MG, where we used that Ob(MG) = Ob(M). For notational convenience, we

abbreviate α̌ := σ2
N (α). We have

F̌2(f) ◦ α̌M1 =
∑
g∈G

(ν2
g )M2 ◦ F2(fg) ◦ αM1

=
∑
g∈G

(ν2
g )M2 ◦ αSg(M2) ◦ F1(fg)

=
∑
g∈G

αM2 ◦ (ν1
g )M2 ◦ F1(fg)

= αM2 ◦

(∑
g∈G

(ν1
g )M2 ◦ F1(fg)

)
= α̌M2 ◦ F̌1(f)

for all f = (fg) ∈ M(M1,M2), where we used that α is a transformation and that

α ◦ ν1
g = ν2

g ◦ (αSg) by definition of ΦG(N ). Thus, α̌ is indeed a transformation.

Further, α̌ is a B-transformation, since(
canB,F̌2

◦((B.)α̌)
)
M

= (canB,F̌2
)M ◦ (B.(α̌M))

= (canB,F2)M ◦ (B.(αM))

= (αB.M) ◦ (canB,F2)M

= (α̌)ρ(B)(M) ◦ (canB,F̌2
)M

=
(
(α̌ρ(B)) ◦ canB,F̌2

)
M
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for all B ∈ B and M ∈MG, where we used that α is a B-transformation.

Next, we have to show that σ2
N is an additive functor. Note that id(F,{νFg }g∈G) = idF .

Thus, σ2
N (id(F,{νFg }g∈G)) = idσ2

N ((F,{νFg }g∈G)) follows. Further for all composable mor-

phisms α1 and α2 in ΦG(N ), we have(
σ2
N (α2 ◦ α1)

)
M

= (α2 ◦ α1)M

= (α2)M ◦ (α1)M

=
(
σ2
N (α2)

)
M
◦
(
σ2
N (α1)

)
M

=
(
σ2
N (α2) ◦ σ2

N (α1)
)
M

for all M ∈MG. The definition of σ2 is complete.

We now claim that σ1 ◦σ2 = idHomB(MG,−) and σ2 ◦σ1 = idΦG , which would complete

the proof. We will restrict ourselves to showing that these equations hold at any

N ∈ B −Mod. We leave it to the reader to check isotransformation induced on the

compositions actually agree with the identity transformations as claimed.

We fix N ∈ B − Mod and let (F, {νg}g∈G) ∈ ΦG(N ). Denoting as before F̌ :=

σ1
N ((F, {νg}g∈G)), we have σ1

N (F̌ ) := (F̌ ιG, {F̌ νGg }g∈G). For all M ∈ M, we have

(F̌ ιG)(M) = F̌ (ιG(M)) = F̌ (M) = F (M) by definition of σ1
N . Further, we have

(F̌ ιG)(f)

= F̌ ((δg,e((Ge)M2 ◦ f))g∈G)

=
∑
h∈G

(νh)M2 ◦ F (δh,e((Ge)M2 ◦ f))

= (νe)M2 ◦ F ((Ge)M2) ◦ F (f))

= F (f)

for all f ∈M(M1,M2). Also, we have

(canB,F̌ ιG)M = ((F̌ canB,ιG) ◦ (canB,F̌ ιG))M

= F̌ ((canB,ιG)M) ◦ (canB,F̌ )M

= F̌ ((δg,e((Ge)B.M))g∈G) ◦ (canB,F )M

=
∑
h∈G

(νh)B.M ◦ F (δh,e((Ge)B.M))) ◦ (canB,F )M

= (νe)B.M ◦ F ((Ge)B.M)) ◦ (canB,F )M

= (canB,F )M

for all B ∈ B and all M ∈ M. We conclude F = F̌ ιG as B-functors. For

all α ∈ ΦG(N )
(
(F1, {ν1

g}g∈G), (F2, {ν2
g}g∈G)

)
, we denote as before α̌ := σ1

N (α).

For all M ∈ M, we have (σ2
N (α̌))M = (α̌)M = αM . Thus, we have shown that

σ2
N ◦ σ1

N = idΦG(N ).

Next, let F̃ ∈ HomB(MG,N ). Then, (F, {νFg }g∈G) := σ2
N (F̃ ) = (F̃ ιG, {F̃ νGg }g∈G).
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Denote F̌ = σ1
N ((F, {νFg }g∈G)). For all M ∈ MG, we have F̌ (M) = F (M) = F̃ (M).

Further for all f = (fg)g∈G ∈MG(M1,M2), we have

F̌ (f) =
∑
g∈G

(νFg )M2 ◦ F (fg)

=
∑
g∈G

F̃ ((νGg )M2 ◦ ιG(fg))

=
∑
g∈G

F̃

((∑
h∈G

(Gh,h−1k)M2 ◦ Sh(δh−1k,g(idSg(M2))) ◦ (δh,e((Ge)Sg(M2) ◦ fg))

)
k∈G

)
=
∑
g∈G

F̃
((
δk,g((Ge,k)M2 ◦ (Ge)Sg(M2) ◦ fg)

)
k∈G

)
=
∑
g∈G

F̃
(
(δk,g(fg))k∈G

)
= F̃

(
((fk)k∈G

)
= F̃ (f).

Also for all B ∈ B and all M ∈MG, we have

(canB,F̌ )M = (canB,F )M

= (canB,F̃ ιG)M

= ((F̃ canB,ιG) ◦ (canB,F̃ ιG))M

= F̃ ((δg,e((Ge)B.M))g∈G) ◦ (canB,F̃ )M

= (canB,F̃ )M ,

where we used that (δg,e((Ge)B.M))g∈G is the identity morphism on B.M in MG.

Thus, F̃ = F̌ as B-functors. Finally for all α ∈ B − ModMG→N (F1, F2), we have

(σ2
N ◦ σ1

N (α))M = (σ2
N (αιG))M = (αιG)M = αιG(M) = αM for all M ∈ MG. Thus, we

have shown that σ2
N ◦ σ1

N = idΦG(N ). The proof is complete.

For the remainder of the section, we study further properties of MG. We start

with a criterion which ensures that indecomposable objects ofM stay indecomposable

in M. Then, we will give a simple example that shows that this statement does not

hold in this generality for strong indecomposability.

Lemma 4.6.15. Let M ∈ B − Mod and assume that M has the Krull-Schmidt

property. Then, ιG sends indecomposable objects to indecomposable objects.

Proof. Let M ∈M be indecomposable and assume that we are given a decomposition

ιG(M) ∼= ιG(N)⊕ ιG(L) in MG, where we have used that ιG is surjective on objects

by assumptions. W.l.o.g, we can assume that N is non-trivial, and thus we have to

show that L = 0. Further using the Krull-Schmidt property of M and the fact that
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ιG is additive, we can assume that N is indecomposable inM. Abusing notation, we

denote G :=
⊕

g∈G Sg ∈ EndB(M). Clearly, G satisfies the necessary properties and

we obtain a B-functor Ĝ :MG →M such that Ĝ ◦ ιG = G. Since ιG(N)⊕ ιG(L) ∼=
ιG(N ⊕ L), we deduce that

⊕
g∈G SgN ⊂⊕

⊕
g∈G Sg(M) in M. Note that since M is

indecomposable inM, so is Sg(M) for all g ∈ G. Using once more the Krull-Schmidt

property, it follows that there exists g ∈ G such that N ∼= Sg(M) in M. By Lemma

4.6.10, it follows that ιG(N) ∼= ιG(M). Applying Ĝ, we obtain that G(N) ∼= G(M).

On the other hand, we obtain G(M) ∼= G(N) ⊕ G(L) in the same way. A final

application of the Krull-Schmidt property implies G(L) = 0. Since idM ⊂⊕ G, it

follows that L ∼= 0 in M and thus ιG(L) ∼= 0 in MG.

Proposition 4.6.16. Let M ∈ B − Mod and assume that M satisfies the Krull-

Schmidt property. Then, MG satisfies the Krull-Schmidt property and the canonical

homomorphism G \ [M]→ [MG] is an isomorphism.

Proof. Let ιG(M) ∈ MG, and assume that ιG(M) ∼=
⊕

i∈I ιG(Mi) ∼=
⊕

j∈J ιG(Nj)

are two decompositions in indecomposable objects in MG. By the same arguments

as above, all Mi and Nj have to be indecomposable objects in M. Applying Ĝ to

the two decompositions of M and using the Krull-Schmidt property ofM, we obtain

|I||G| = |J ||G| and thus |I| = |J |. Also with analogous arguments as above, it follows

that for all i ∈ I there exists j(i) ∈ J and gi ∈ G such that Mi
∼= SgiNgj(i) in M.

In particular, there exists i0 ∈ I and j0 ∈ J such that G(Mi0) ∼= G(Nj0) in M.

Applying Ĝ to the two decomposition of M , we obtain G(Mi0)⊕
⊕

i∈I\{i0}G(Mi) ∼=
Ĝ(M) ∼= G(Nj0)⊕

⊕
j∈J\{j0}G(Nj) in M. The Krull-Schmidt property implies that⊕

i∈I\{i0}G(Mi)
⊕

j∈J\{j0}G(Nj). By an induction on |I| (which is a finite number,

since M has the Krull-Schmidt property), we thus obtain a bijection φ : I
∼−→ J

with the property that G(Mi) ∼= G(Nφ(i)) in M for all i ∈ I. More concretely, for

all i ∈ I there exists gi ∈ G such that Mi
∼= Sgi(Nφ(i)). By Lemma 4.6.10, we thus

obtain ιG(Mi) ∼= ιG(Nφ(i)) in MG. Thus, MG satisfies the Krull-Schmidt property.

To deduce that G \ [M] → [MG] is an isomorphisms, it suffices to observe that for

indecomposable objects ιG(M), ιG(N) ∈ MG with [ιG(M)] = [ιG(N)] in [MG] there

exists a g ∈ G such that M ∼= Sg(N) in M. Since MG satisfies the Krull-Schmidt

property, a standard argument implies that ιG(M) ∼= ιG(N) in MG and the same

arguments as above imply M ∼= Sg(N) in M for some g ∈ G.

Next, we show through an example that indecomposable objects (and even strongly

indecomposable objects) in M might no longer be strongly indecomposable in MG

in general. This also implies that MG is not idempotent closed in general:
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Example 4.6.17. Assume that 2 ∈ B(I, I) is invertible, that G = S2 = {e, s}
and that S2

s = Id. Further assume that there exists φ ∈ M(M,Ss(M)) such that

Ss(φ) ◦ φ = idM . Then, e1 := 1
2

(idM , φ) and e2 := 1
2

(idM ,−φ) are non-trivial

idempotents of ιG(M) ∈MG for which e1e2 = e2 ◦ e1 = 0 and idιG(M) = e1 + e2 holds.

Even though we have increased the size of morphism spaces by roughly a factor

|G|, we have the following result:

Proposition 4.6.18. The B-modules MG and M are weakly equivalent.

Proof. Since idM ∼= Se ⊂⊕ G = ĜιG, half the work is done. Let us denote the associ-

ated inclusion and projection B-transformations by τ and γ. It remains to show that

idMG
⊂⊕ ιGĜ. By Theorem 4.6.14, we can show equivalently that (ιG, {νGg }g∈G) ⊂⊕

(ιGĜιG, {ιGĜνGg }g∈G) in ΦG(MG). By definition of Ĝ, we have (ιGĜιG, {ιGĜνGg }g∈G) =

(ιGG, {ιG⊕h∈GGh,g}g∈G). It is easy to calculate that ιτ and ιγ (for which (ιγ)◦(ιτ) =

ι(γτ) = ιidM = ι) are morphisms in ΦG(MG). It follows that (ιG, {νGg }g∈G) is a direct

summand of (ιGG, {ιG ⊕h∈G Gh,g}g∈G). The proof is complete.

We end this section with an application to functorially cyclic modules. It is ob-

vious that weak dominance is a transitive notion by simply composing the structure

functors. Dominance however is not necessarily preserved, since strong indecompos-

ability is not preserved under composition. Further, the above constructed B-functor

ιG is not strongly indecomposable in general, see Example 4.6.6. Nevertheless, there

exists example in which both statement are valid, and thus we describe the associated

structure in this case.

Corollary 4.6.19. Let C ∈ B − Mod be (F,K, α, β)-cyclic, and let G be a finite

group that acts on C. Denote by C ιG−→ CG
Ĝ−→ C and idC

αG=⇒ ιGĜ
βG=⇒ idC the above

constructed B-functors and B-transformations for which βG◦αG = idC holds. Provided

that ιGF is strongly indecomposable, CG is functorially cyclic. More precisely, CG is(
ιGF,KĜ, (KĜιGαĜιGF ) ◦ (KĜαGιGF ), (KĜβGιGF ) ◦ (KĜιGβĜιGF )

)
-cyclic.

Remark 4.6.20. The assumptions of Corollary 4.6.19 imply that ιG is strongly in-

decomposable. Further, the underlying object of the associated indecomposable split

Frobenius object on the implicit B-quotient of B is given by KGF = KĜιGF . This

object is closely related to the indecomposable split Frobenius object associated to C,
since its underlying object is KF which is clearly a summand of KGF . Furthermore,

the reader should note that CG is not the functorially cyclic module that we usually

would associate to the right indecomposable split Frobenius object of the statement

of Corollary 4.6.19. Instead this is Cidem
G .
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Remark 4.6.21. Let C be the functorially cyclic module of Corollary 4.6.19. Then,

we have an associated universal property Θ̂Φ : B−Modidem → Addidem. One can show

that the G action on C induces a G action on Θ̂Φ. Similarly to the construction of

MG one can then construct a universal property Θ̂ΦG. In the same way as Θ̂Φ can

be calculated using C as HomB(C,−), we can calculate Θ̂ΦG using CG. However, the

2-functor Θ̂Φ is truly the universal property of Cidem, and in the same way Θ̂ΦG is

represented by Cidem
G .

Remark 4.6.22. A reason for the lack of a genuine universal property for the coin-

variant module is provided in [MaMi5, Proposition 21]. In a natural setting, it is

shown there that it impossible to categorify the 2-dimensional simple representation

which we had discussed in Section 2.6.3 using an idempotent closed module. Note

that being idempotent closed is part of the notion of a finitary module. While one

can construct a categorification in an ad hoc fashion by selecting certain submodules,

CG provides a conceptual way to construct a categorification which has the properties

discussed in this section. See Section 5.5 for more details on this example.

4.7 Compatibility with quotients

In this section, we study our construction based on split Frobenius objects when

applied along monoidal quotient functors. We show that the induced functors remain

full. Assuming Frobenius descent, we also proof that they remain essential surjective.

Remark 4.7.1. This section is technical and will be applied in Section 5.7 only. Com-

pared to 4.5.25, it reaches a similar conclusion, but provides more broadly applicable

criteria.

Definition 4.7.2. Let Θ̂C = (ΘC,∆C, µC) , Θ̂D = (ΘD,∆D, µD) be Frobenius objects

on C,D ∈ Cat respectively and let F : C → D be a functor that is compatible with

the Frobenius objects via canF : FΘC
∼

=⇒ ΘDF . We say F lifts idempotents with

descent, if and only if for all C ∈ C and for all idempotents e ∈ D(ΘDFC,ΘDFC)

that satisfies Θ̂D-descent, there exists an idempotent ê ∈ C(ΘCC,ΘCC) that satisfies

Θ̂C-descent and for which (canF )C ◦ F (ê) ◦
(
can−1

F

)
C

= e holds.

Proposition 4.7.3. Let M,M ∈ Addidem, let Θ̂ = (Θ,∆, µ), Θ̂ = (Θ,∆, µ) be

split Frobenius objects on M, M respectively and let π : M � M be an additive

quotient functor that is compatible with the Frobenius objects. Then, the induced

functor π̃ : Θ̂M� Θ̂
M is full and I(π̃) = I(πϑΘ̂). Provided that π lifts idempotents

with descent, π is a quotient functor.
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Proof. First, note that Θ̂M and
Θ̂
M exists due to Proposition 4.3.58, together with

certain functors and transformations used below. Note that this proposition is stated

for B −Mod, but holds of course as well for additive categories (simply consider the

trivial additive monoidal category as B which acts on any additive category).

Second, let us discuss the existence of π̃. Instead of constructing π̃ explicitly and

check that it satisfies all the necessary properties, we use the previously developed

theory. We plug all the given structure into the first argument of Addidem(−,−). In

this way, we obtain 2-functors with Frobenius objects acting on them and maps

between 2-functors that are compatible with the Frobenius objects, see Proposi-

tion 4.3.57. This proposition (together with Proposition 4.3.33) also tells us that

by applying Addidem(−,−), we have reached the setup of Proposition 4.3.48 and

that all the assumptions are satisfied, Thus giving us a morphism of 2-functors

Addidem(
Θ̂
M,−) → Addidem( Θ̂M,−). Appealing to the 2-Yoneda Lemma 3.3.49,

we get the desired functor π̃ : Θ̂M→ Θ̂
M. Going through all the above mentioned

references, we obtain the following diagram (which could also have been constructed

explicitly):

M ϑΘ̂
//

π
��

Θ̂M
ϑΘ̂ //

π̃
��

M

π
��

M ϑΘ̂
//
Θ̂
M

ϑ
Θ̂ //M

We denote by φ : πϑΘ̂

∼
=⇒ ϑ

Θ̂
π̃ and ψ : π̃ϑΘ̂ ∼

=⇒ ϑΘ̂π the isotransformations up

to which the above squares commute. By assumption, we have an isotransformation

canπ : πΘ
∼

=⇒ Θπ which expresses the compatibility of π with the Frobenius objects.

The relation between canπ and the two transformations above is given by canπ =

(ϑ
Θ̂
ψ) ◦ (φϑΘ̂) holds. Furthermore, we have transformations α : idM ⇒ ϑΘ̂ϑΘ̂ and

β : ϑΘ̂ϑΘ̂ ⇒ idM with β ◦ α = idM and Θ̂ = (ϑΘ̂ϑ
Θ̂, ϑΘ̂αϑ

Θ̂, ϑΘ̂βϑ
Θ̂). The analogous

structure is of course present for the morphisms involving bars, as well. Finally, the

compatibility conditions (ϑΘ̂φ)◦(ψϑΘ̂)◦(π̃α) = απ̃ and (π̃β)◦(ψ−1ϑΘ̂)◦(ϑΘ̂φ−1) = βπ̃

are satisfied.

Third, we show that with π being full, so is π̃. Take any objects M1,M2 ∈ Ob( Θ̂M)

and any morphism f ∈
Θ̂
M(π̃(M1), π̃(M2)). Since π is full, there exists a morphism

g̃ inM such that π(g̃) = φ−1
M2
◦ϑ

Θ̂
(f)◦φM1 . Now, define g := βM2 ◦ϑΘ̂(g̃)◦αM1 . Note

that g is a morphism in Θ̂M, since ϑΘ̂ is a functor and α and β are transformation

of endofunctors of Θ̂M. We conclude that π̃ is full by computing
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π̃(g) = π̃(βM2) ◦ π̃(ϑΘ̂(g̃)) ◦ π̃(αM1)

= π̃(βM2) ◦ ψ−1
ϑΘ̂(M2) ◦ ϑ

Θ̂(π(g̃)) ◦ ψϑΘ̂(M1) ◦ π̃(αM1)

= π̃(βM2) ◦ ψ−1
ϑΘ̂(M2) ◦ ϑ

Θ̂(φ−1
M2

) ◦ ϑΘ̂(ϑ
Θ̂

(f)) ◦ ϑΘ̂(φM2) ◦ ψϑΘ̂(M1) ◦ π̃(αM1)

= βπ̃(M2) ◦ ϑΘ̂(ϑ
Θ̂

(f)) ◦ απ̃(M1)

= βπ̃(M2) ◦ απ̃(M2) ◦ f

= f.

Fourth, we describe I(π̃). Since id
Θ̂
M ⊂⊕ ϑΘ̂ ◦ϑ

Θ̂
, it follows that ϑ

Θ̂
is faithful. Thus

I(π̃) = I(ϑ
Θ̂
π̃). Using the isotransformation φ, we obtain I(ϑ

Θ̂
π̃) = I(πϑΘ̂) and

thus I(π̃) = I(πϑΘ̂).

Last, we show that π̃ is essentially surjective provided that π lifts idempotents with

descent. Let M ∈
Θ̂
M. Since π is essentially surjective, there exists N ∈ M and

an isomorphism h : ϑ
Θ̂

(M)
∼−→ π(N) in

Θ̂
M. With all categories involved being

idempotent closed, we have M ∼= (ϑΘ̂ ◦ϑ
Θ̂

(M), e) ∼= (ϑΘ̂ ◦π(N), e′) ∼= (π̃ ◦ϑΘ̂(N), e′′).

Here, e := αM ◦ βM is an idempotent since Θ̂ is split, and e′ := ϑΘ̂(h) ◦ e ◦ (ϑΘ̂)−1(h)

and e′′ := ψ−1
N ◦e′ ◦ψN are idempotents because they are conjugate to an idempotent.

Since π̃ is full there exists a morphisms e′′′ ∈ Θ̂M(ϑΘ̂N, ϑΘ̂N) with π̃(e′′′) = e′′ and

thus (π̃◦ϑΘ(N), e′′) = (π̃◦ϑΘ(N), π̃(e′′′)). If we could show that there is a choice of e′′′

which is an idempotent, then we would have shown that M ∼= (π̃ ◦ ϑΘ(N), π̃(e′′′)) =

π̃
(
(ϑΘ(N), e′′′)

)
, i.e. essential surjectivity of π̃. Using the construction employed to

prove that π̃ is full, we can set e′′′ := βϑΘ̂N ◦ ϑΘ̂(ẽ) ◦ αϑΘ̂N where ẽ is any preimage

under π of φ−1

ϑΘ̂N
◦ ϑ

Θ̂
(e′′) ◦ φϑΘ̂N . By assumption, there exists another idempotent

ê ∈ Θ̂M(ΘN,ΘN) that satisfies Θ̂-descent and (can−1
π )N ◦ π(ê) ◦ (canπ)N = ϑ

Θ̂
(e′).

This holds since ϑ
Θ̂

(e′) satisfies Θ̂-descent, which is true for all morphisms in the

image of ϑ
Θ̂

. Hence, we can calculate that π(ê) = (canπ)N ◦ ϑΘ̂
(e′) ◦ (can−1

π )N =

φ−1

ϑΘ̂N
◦ (ϑ

Θ̂
ψ−1
N ) ◦ϑ

Θ̂
(e′) ◦ (ϑ

Θ̂
ψN) ◦φϑΘ̂N = φ−1

ϑΘ̂N
◦ϑ

Θ̂
(e′′) ◦φϑΘ̂N . We can thus choose

ẽ = ê. Note that ϑΘ̂(e′′′) = ϑΘ̂(βϑΘ̂N) ◦ ϑΘ̂(ϑΘ̂(ê)) ◦ ϑΘ̂(αϑΘ̂N) = µN ◦ Θ̂(ê) ◦∆N = ê

is an idempotent, where the last equation holds due to the assumption that the lift ê

satisfies Θ̂-descent. Now we only need to remember that ϑΘ̂ is faithful, to conclude

that e′′′ is indeed an idempotent.

Remark 4.7.4. The property I(π̃) = I(πϑΘ̂) means that the morphism that π̃ sends

to zero are exactly those that are send to zero under π.

Proposition 4.7.3 generalises to B −Mod by the same argument, since the state-

ment is in this case simply a statement about the underlying additive categories.
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Moreover, we have the following result:

Corollary 4.7.5. Let π :M→M be a quotient B-functor between idempotent closed

categories and let Θ̂ be a split Frobenius object in B. Then, we have an additive

quotient functor π :M→M which is compatible with the split Frobenius objects on

M and M induced by Θ̂ through the respective B-actions. Further provided that π

lifts idempotents that satisfy Θ̂-descent, the induced additive functor Θ̂M→ Θ̂M is

a quotient functor.

Proof. Given any Frobenius object in B and a B-functor M1 → M2, we obtain

induced Frobenius objects on the underlying additive categories M1 and M2 by ap-

plying the respective structure functors to the Frobenius object. That the underlying

additive functor of F is compatible with these Frobenius object follows using the

structure of F as a B-functor. Thus, Proposition 4.7.3 applies.

4.8 Induced tensor products on functorially cyclic

modules

In this section, we show in Theorem 4.8.3 that certain functorially cyclic modules

can be equipped with a natural monoidal structure. This result assumes that the

associated right indecomposable split Frobenius object is symmetrically central, which

we define now.

Definition 4.8.1. Let B be a strict additive monoidal category. A Frobenius object

(Θ,∆, µ) in B is central, if for all B ∈ B there exists a natural isomorphisms sB :

BΘ
∼−→ ΘB in B such that (∆B)◦sB = (ΘsB)◦(sBΘ)◦(B∆), (µB)◦(ΘsB)◦(sBΘ) =

sB◦(Bµ) and sAB = (sAB)◦(AsB) hold for all A, B ∈ B. A central Frobenius object is

symmetric (also referred to as a symmetrically central Frobenius object) if sΘ◦∆ = ∆

and µ ◦ sΘ = µ.

Remark 4.8.2. A central Frobenius object can equivalently be described as a Frobe-

nius object in the Drinfeld centre ZDr(B).

The above definition and all proofs are stated for a strict additive monoidal cat-

egory B only. However, the generalisation to the non-strict case is straightforward,

and thus we allow ourselves to state Theorem 4.8.3 for general additive monoidal

categories. Recall the additive functors Θ̂ϑ and Θ̂ϑ introduced in Remark 4.3.67.
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Theorem 4.8.3. Let B be an additive monoidal category and let Θ̂ be a symmetrically

central Frobenius object in B. Then, there exists an idempotent e of Θ̂ϑ such that the

composition

BΘ̂
� � ( Θ̂ϑ,e) //

Θ̂BΘ̂
Θ̂ϑ // // BΘ̂ .

is isomorphic to the identity functor, thereby equipping BΘ̂ with the structure of a

monoidal category. Further, the natural functor ϑΘ̂ : B → BΘ̂ carries the structure of

a monoidal functor and the module ResϑΘ̂(BΘ̂) agrees with the free functorially cyclic

module associated to Θ̂. Furthermore, the functor Brev
Θ̂
→ EndB(BΘ̂) induced from

tensoring on the right agrees up to the equivalence EndB(BΘ̂) ∼= Θ̂BΘ̂ with ( Θ̂ϑ, e).

Proof. Recall from Remark 4.3.67 that we have additive functors BΘ̂

Θ̂ϑ−→ Θ̂BΘ̂
Θ̂ϑ−→ BΘ̂

and recall as well that Θ̂ϑ Θ̂ϑ has the identity functor as a summand. Assuming that

Θ̂ is a symmetrically central, split Frobenius object, we will show in Proposition

4.8.9 that Θ̂ϑ carries an idempotent e. Then, Proposition 4.8.10 establishes that

( Θ̂ϑ
Θ̂ϑ, Θ̂ϑe) is isomorphic to the identity functor. Note that without the symmet-

rical centrality assumption it is not true in general that Θ̂ϑ
Θ̂ϑ contains the identity

functor as a summand. Furthermore in Proposition 4.8.13, we will show that the

natural monoidal structure on Θ̂BΘ̂ introduced in Section 4.3.5 is compatible with

( Θ̂ϑ, e). This induces an explicit monoidal structure on BΘ̂, which is uniquely de-

termined by the property that ( Θ̂ϑ, e) is a monoidal functor with trivial structure

maps. Proposition 4.8.17 will establish that the additive functor underlying the B-

functor B ϑΘ̂

−→ BΘ̂ can also be equipped with the structure of a monoidal functor.

Thus, ResϑΘ̂(BΘ̂) agrees with BΘ̂ ∈ B−Mod, which is the functorially cyclic modules

associated to Θ̂. Now, the monoidal functor Brev
Θ̂
→ Add(BΘ̂,BΘ̂) induced by taking

tensor products on the right extends to a monoidal functor Brev
Θ̂
→ HomB(BΘ̂,BΘ̂),

see Proposition 4.8.20. Once composed with the equivalence HomB(BΘ̂,BΘ̂) ∼= Θ̂BΘ̂,

this functor becomes isomorphic to ( Θ̂ϑ, e), see Proposition 4.8.21.

Remark 4.8.4. Note that it is not possible to equip BΘ̂

ϑΘ̂−→ B with a monoidal

structure. However, we provide a push-pull formula in Corollary 4.8.22.

For the rest of the section, we fix a symmetrically central, split Frobenius object

Θ̂ = (Θ,∆, µ) in a strict additive monoidal category B, and denote the natural

isomorphisms that make Θ̂ central by sB for all B ∈ B.

Notation 4.8.5. For all B ∈ B, denote by iB := sBΘ ◦ (B∆) : BΘ→ ΘBΘ, similarly

πB := (Bµ) ◦ s−1
BΘ : ΘBΘ→ BΘ and eB := iB ◦ πB.
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Lemma 4.8.6. For all B ∈ B, iB = (sBΘ) ◦ (B∆) and πB = (Bµ) ◦ (s−1
B Θ), eB is an

idempotent and we have s−1
Θ ◦∆◦µ◦sΘ = ∆◦µ. Furthermore for all f ∈ BΘ̂(B1, B2),

we have (Θf) ◦ eB1 = eB2 ◦ (Θf).

Proof. Since Θ̂ is symmetrically central, iB = sBΘ ◦ (B∆) = (sBΘ) ◦ (BsΘ) ◦ (B∆) =

(sBΘ) ◦ (B∆) and the same argument establishes the expression given for πB. The

second statement holds since πB ◦ iB = (Bµ) ◦ s−1
BΘ ◦ sBΘ ◦ (B∆) = (Bµ) ◦ (B∆) =

B(µ ◦ ∆) = B(idΘ) = idBΘ and eB = iB ◦ πB. The third statement is a direct

consequence of the definition of symmetric Frobenius objects. The fourth statement,

follows from the more refined statement in the next lemma.

Lemma 4.8.7. For all morphisms f ∈ BΘ̂(B1, B2), we have (Θf) ◦ iB1 = iB2 ◦ f and

f ◦ πB1 = πB2 ◦ (Θf).

Proof. The second statement being analogous to the first, we only show the first

statement: (Θf)◦iB1 = (Θf)◦sB1Θ◦(B1∆) = sB2Θ◦(fΘ)◦(B1∆) = sB2Θ◦(B2∆)◦f =

iB2 ◦ f . The second equality holds by naturality of sBΘ. The third equality holds

by the definition of BΘ̂ in Corollary 4.5.9, which is ultimately based on Definition

4.3.35.

Lemma 4.8.8. For all B ∈ B, we have three equations iB = (Θs−1
B ) ◦ (∆B) ◦ sB,

πB = s−1
B ◦ (µB) ◦ (ΘsB) and eB = (Θs−1

B ) ◦ (∆B) ◦ (µB) ◦ (ΘsB).

Proof. We provide the computation for the third equation.

eB = iB ◦ πB
= (sBΘ) ◦ (B∆) ◦ (Bµ) ◦ (s−1

B Θ)

= (Θs−1
B ) ◦ (ΘsB) ◦ (sBΘ) ◦ (B∆) ◦ (Bµ) ◦ (s−1

B Θ) ◦ (Θs−1
B ) ◦ (ΘsB)

= (Θs−1
B ) ◦ (∆B) ◦ sB ◦ s−1

B ◦ (µB) ◦ (ΘsB) (Θ̂ central)

= (Θs−1
B ) ◦ (∆B) ◦ (µB) ◦ (ΘsB)

The reader will notice that the other two equations are shown implicitly in this cal-

culation, as well.

Proposition 4.8.9. For all (B, f) ∈ BΘ̂, e(B,f) := eB ◦ (Θf) = (Θf) ◦ eB defines an

idempotent of Θ̂ϑ ((B, f)). Further, this defines an idempotent e of Θ̂ϑ : BΘ̂ → Θ̂BΘ̂.

Proof. First for all (B, f) ∈ BΘ̂, we have to show that e(B,f) is an idempotent of
Θ̂ϑ ((B, f)) = (B,Θf) in Θ̂BΘ̂. Since Θf is an endomorphism of (B, idΘBΘ) in Θ̂BΘ̂

(say by construction of Θ̂ϑ), it is sufficient to show the following two claims: First, eB

is an endomorphism of (B, idΘBΘ) in Θ̂BΘ̂, and second eB ◦ (Θf) = (Θf) ◦ eB holds.

160



The latter claim was shown Lemma 4.8.6 (this lemma also implies that e2
(B,f) = e(B,f)).

To establish the former claim, we have to show that eB = (µBΘ) ◦ (ΘeB) ◦ (∆BΘ)

and eB = (ΘBµ) ◦ (eBΘ) ◦ (ΘB∆), according to the definition of Θ̂BΘ̂ at the start of

Section 4.3.5. The first equation is a mirror image of the second, after replacing eB

by its representation found in Lemma 4.8.8. The second equation follows from the

interchange law, from the Frobenius relations of Θ̂ and from Θ̂ being split:

(ΘBµ) ◦ (eBΘ) ◦ (ΘB∆) = (ΘBµ) ◦ (sBΘΘ) ◦ (B∆Θ) ◦ (BµΘ) ◦ (s−1
B ΘΘ) ◦ (ΘB∆)

= (sBΘ) ◦ (BΘµ) ◦ (B∆Θ) ◦ (BµΘ) ◦ (BΘ∆) ◦ (s−1
B Θ)

= (sBΘ) ◦ (B∆) ◦ (Bµ) ◦ (B∆) ◦ (Bµ) ◦ (s−1
B Θ)

= (sBΘ) ◦ (B∆) ◦ (Bµ) ◦ (s−1
B Θ)

= eB.

Next, we need to check e defines a natural endotransformation of ϑΘ̂. Thus for all

g ∈ BΘ̂ ((B1, f1), (B2, f2)), we need to establish that e(B2,f2) ◦ ϑΘ̂(g) = ϑΘ̂(g) ◦ e(B1,f1).

This follows directly from Lemma 4.8.6, since f1 ∈ BΘ̂ (B1, B1), g ∈ BΘ̂ (B1, B2) and

f2 ∈ BΘ̂ (B2, B2).

Proposition 4.8.10. There exists an isotransformation ( Θ̂ϑ
Θ̂ϑ, Θ̂ϑe)

∼= idBΘ̂
.

Proof. We need to define natural transformations idBΘ̂

i
=⇒ ( Θ̂ϑ

Θ̂ϑ, Θ̂ϑe)
π

=⇒ idBΘ̂

and show that they are mutually inverse. In the rest of the proof we will use that

the composition Θ̂ϑ
Θ̂ϑ is given by left multiplication with Θ and that Θ̂ϑe becomes

equal to e once evaluated on an object of BΘ̂.

For all (B, f) ∈ BΘ̂, we employ Lemma 4.8.7 and set i(B,f) := iB ◦ f = (Θf) ◦ iB as

well as π(B,f) := f ◦ πB = πB ◦ (Θf). Both definitions yield morphisms in BΘ̂ since f

(resp. Θf) is an endomorphism of B ∈ BΘ̂ (resp. ΘB ∈ BΘ̂), provided that iB and πB

are morphisms in BΘ̂. By Lemma 4.3.40, this holds if iB = (ΘBµ)◦ (iBΘ)◦ (B∆) and

πB = (Bµ)◦(πBΘ)◦(ΘB∆). These equations are easily computed and we provide the

details for the first one: (ΘBµ)◦ (iBΘ)◦ (B∆) = (ΘBµ)◦ (sBΘΘ)◦ (B∆Θ)◦ (B∆) =

(sBΘ)◦(BΘµ)◦(B∆Θ)◦(B∆)
Θ̂ Fro
= (sBΘ)◦(B∆)◦(Bµ)◦(B∆)

Θ̂ spl
= (sBΘ)◦(B∆) = iB.

In order to show that i and π are indeed natural transformations, we need to probe

whether e(B2,f2) ◦ (Θg) ◦ i(B1,f1) = i(B2,f2) ◦ g and π(B2,f2) ◦ e(B2,f2) ◦ (Θg) = g ◦ π(B1,f1)

hold for all g ∈ BΘ̂ ((B1, f1), (B2, f2)). This is indeed the case, due to the Lemmas

4.8.7 and 4.8.6, the latter (and its proof) implying both that e(B2,f2) ◦ i(B2,f2) = i(B2,f2)

and π(B2,f2) ◦ e(B2,f2) = π(B2,f2).

It remains to show that i and π are mutually inverse. Clearly, π ◦ i = ididB
Θ̂

as
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π(B,f) ◦ i(B,f) = f ◦ πB ◦ iB ◦ f = f ◦ f = f = id(B,f) for all (B, f) ∈ BΘ̂. Similarly for

all (B, f) ∈ BΘ̂, π(B,f) ◦ i(B,f) = (Θf) ◦ eB ◦ (Θf) = eB ◦ (Θf) ◦ (Θf) = eB ◦ (Θf) =(
Θ̂ϑ

Θ̂ϑ, Θ̂ϑe
)

(f) holds and thus i ◦ π = id( Θ̂ϑ
Θ̂ϑ, Θ̂ϑe)

.

Remark 4.8.11. Typically, ( Θ̂ϑ Θ̂ϑ, e Θ̂ϑ) ∼= id
Θ̂BΘ̂

does not hold, see for example

Theorem 6.3.11. The functor ( Θ̂ϑ Θ̂ϑ, e Θ̂ϑ) can however be regarded as a projection

onto a monoidal sub-category. This follows from Proposition 4.8.13 below.

Lemma 4.8.12. Let B1, B2 ∈ B. Then, (eB1B2Θ) ◦ (ΘB1eB2) = (ΘB1eB2) ◦ eB1ΘB2.

Proof. This requires nothing, but a lengthy calculation. We have

(ΘB1eB2) ◦ eB1ΘB2
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= (ΘB1eB2) ◦ (sB1ΘB2Θ) ◦ (B1ΘB2∆) ◦ (B1ΘB2µ)

◦ (s−1
B1ΘB2

Θ) (Lemma 4.8.6)

= (ΘB1eB2) ◦ (sB1ΘB2Θ) ◦ (B1sΘB2Θ) ◦ (B1ΘB2∆)

◦ (B1ΘB2µ) ◦ (B1sΘB2Θ)−1 ◦ (sB1ΘB2Θ)−1 (Θ̂ central)

= (sB1eB2) ◦ (B1eΘB2) ◦ (s−1
B1

ΘB2Θ) (Lemma 4.8.6)

= (sB1eB2) ◦ (B1Θs−1
ΘB2

) ◦ (B1∆ΘB2) ◦ (B1µΘB2)

◦ (B1ΘsΘB2) ◦ (s−1
B1

ΘB2Θ) (Lemma 4.8.8)

= (sB1eB2) ◦ (B1ΘΘs−1
B2

) ◦ (B1Θs−1
Θ B2) ◦ (B1∆ΘB2)

◦ (B1µΘB2) ◦ (s−1
B1
sΘB2) (Θ̂ central)

= (sB1Θs−1
B2

) ◦ (B1Θ∆B2) ◦ (B1ΘµB2) ◦ (B1Θs−1
Θ B2)

◦ (B1∆ΘB2) ◦ (B1µΘB2) ◦ (s−1
B1
sΘB2) (Lemma 4.8.8)

= (sB1Θs−1
B2

) ◦ (B1Θ∆B2) ◦ (B1ΘµB2) ◦ (B1∆ΘB2)

◦ (B1µΘB2) ◦ (s−1
B1
sΘB2) (Θ̂ symmetr. central)

= (sB1Θs−1
B2

) ◦ (B1Θ∆B2) ◦ (B1∆B2) ◦ (B1µB2)

◦ (B1µΘB2) ◦ (s−1
B1
sΘB2) (Θ̂ Frobenius)

= (sB1Θs−1
B2

) ◦ (B1∆ΘB2) ◦ (B1∆B2) ◦ (B1µB2)

◦ (B1ΘµB2) ◦ (s−1
B1
sΘB2) (Lemma 4.3.7)

= (sB1Θs−1
B2

) ◦ (B1∆ΘB2) ◦ (B1∆B2) ◦ (B1µB2)

◦ (B1ΘµB2) ◦ (B1ΘsΘB2) ◦ (s−1
B1

ΘsB2) (Θ̂ central)

= (sB1Θs−1
B2

) ◦ (B1∆ΘB2) ◦ (B1∆B2) ◦ (B1µB2)

◦ (B1ΘµB2) ◦ (s−1
B1

ΘsB2) (Θ̂ symmetr. central)

= (sB1Θs−1
B2

) ◦ (B1∆ΘB2) ◦ (B1µΘB2) ◦ (B1Θ∆B2)

◦ (B1ΘµB2) ◦ (s−1
B1

ΘsB2) (Θ̂ Frobenius)

= (sB1ΘB2Θ) ◦ (B1∆B2Θ) ◦ (B1µB2Θ) ◦ (s−1
B1

Θs−1
B2

)

◦ (ΘB1∆B2) ◦ (ΘB1µB2) ◦ (ΘB1ΘsB2) (Remark 3.1.3)

= (eB1B2Θ) ◦ (ΘB1eB2). (Lemma 4.8.6 + 4.8.8)

and the lemma is established.

In the following statement, we forget that BΘ̂ is a B-module, and remember only

that it is an additive category.

Proposition 4.8.13. The additive category BΘ̂ carries a unique structure as a monoidal

category, such that ( Θ̂ϑ, e) equipped with trivial structure maps is a monoidal func-
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tor. More concretely, setting (B1, f1) ⊗ (B2, f2) := (B1ΘB2, (f1f2) ◦ (B1eB2)) for all

(B1, f1), (B2, f2) ∈ BΘ̂ and specifying (I, idIΘ) to be the unit object is part of a well

defined monoidal structure of BΘ̂.

Proof. First, we have to show that the unit object of Θ̂BΘ̂ lies in the image of ( Θ̂ϑ, e).

Second, we have to show that the tensor product of any two objects in the image is

isomorphic to an object in the image. Once these two statements are established, it

remains to check that all necessary structure maps are available and that they satisfy

the correct relations. This however holds automatically, since it follows from Propo-

sition 4.8.10 that ( Θ̂ϑ, e) is fully faithful.

We start by claiming that (I, idIΘ) ∈ BΘ̂ is mapped to the unit object provided in

Definition 4.3.63. We compute
(

Θ̂ϑ, e
)

(I, idIΘ) = (I, (ΘidIΘ) ◦ eI) = (I, eI) and es-

tablish the claim by providing another representation of the idempotent eI and thus

the link to Definition 4.3.63: eI = sIΘ◦(I∆)◦(Iµ)◦s−1
IΘ = sIΘ◦(I∆)◦l−1

Θ ◦lΘ◦(Iµ)◦s−1
IΘ

= sIΘ ◦ (l−1
Θ Θ) ◦ ∆ ◦ µ ◦ (lΘΘ) ◦ s−1

IΘ = (Θl−1
Θ ) ◦ sΘ ◦ ∆ ◦ µ ◦ s−1

Θ ◦ (lΘΘ) , where the

first equation holds by definition, the second inserts the left unit morphisms and its

inverse (which are in fact the identity map in a strict monoidal category B), the third

uses the interchange law, the fourth uses that sB is natural in the argument B and

the fifth uses that Θ̂ is symmetrically central.

The second statement follows from the following claim: Given (B1, f1), (B2, f2) ∈ BΘ̂,

we have
(

Θ̂ϑ, e
)

(B1, f1) ⊗
(

Θ̂ϑ, e
)

(B2, f2) =
(

Θ̂ϑ, e
)

(B1ΘB2, (f1f2) ◦ (B1eB2)).

Once we have established this claim, the proof is complete inclusive the unique-

ness statement. This is because (Θ̂ϑ, e) is not only faithful, but reflects identities,

i.e. (Θ̂ϑ, e)(B1, f1) = (Θ̂ϑ, e)(B2, f2) implies (B1, f1) = (B2, f2). We leave the details

to the reader, but mention that it is straight forward to show in this situation that

B1 = B2, and that showing f1 = f2 requires a small computation using symmetrical

centrality of Θ̂.

Two steps are required to establish this claim. We abbreviate f := (f1f2) ◦ (B1eB2).

First, we need to show that f ∈ BΘ̂ ((B1ΘB2, idB1ΘB2), (B1ΘB2, idB1ΘB2)). We al-

ready know that f2 and eB2 are morphisms in BΘ̂. Due to the interchange law, left

multiplication with morphisms in B does not change this (or less concretely since

BΘ̂ ∈ B − Mod), and a composition does of course not lead outside the category

either. Second, we need to compute the claim. We have(
Θ̂ϑ, e

)
(B1, f1)⊗

(
Θ̂ϑ, e

)
(B2, f2)

= (B1, (Θf1) ◦ eB1)⊗ (B2, (Θf2) ◦ eB2)

= (B1ΘB2, {((Θf1) ◦ eB1)B2Θ} ◦ {ΘB1 ((Θf2) ◦ eB2)}) (Definition 4.3.63)
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and
(

Θ̂ϑ, e
)

(B1ΘB2, f) = (B1ΘB2, (Θf) ◦ eB1ΘB2). Thus, both objects agree, since

{((Θf1) ◦ eB1)B2Θ} ◦ {ΘB1 ((Θf2) ◦ eB2)}
= (Θf1f2) ◦ (eB1B2Θ) ◦ (ΘB1eB2)

= (Θf1f2) ◦ (ΘB1eB2) ◦ eB1ΘB2 (Lemma 4.8.12)

= (Θf) ◦ eB1ΘB2 .

This shows the claim and completes the proof.

Next, we begin to analyse the compatibility of the two structures of BΘ̂, namely

the structure as a B-module BΘ̂ = (BΘ̂, ρ) and the structure as a monoidal category

BΘ̂ = (BΘ̂,⊗):

Proposition 4.8.14. The following diagram commutes up to an isotransformation:

B × BΘ̂

ρ //

ϑΘ̂×id
��

BΘ̂

BΘ̂ × BΘ̂

⊗

66

Proof. As in the diagram above, we denote ⊗ the newly constructed tensor product

on BΘ̂ and by a dot the action of B on BΘ̂. Let B ∈ B and (M, f) ∈ BΘ̂. We have

to show that B.(M, f) ∼= ϑΘ̂(B)⊗ (M, f). By definition, B.(M, f) = (BM,Bf) and

ϑΘ̂(B)⊗ (M, f) = (B, idBΘ)⊗ (M, f) = (BΘM, (idBΘf) ◦ (BeM)). An isomorphism

between these two objects are given by BiM with inverse BπM . That these two maps

are indeed morphisms in BΘ̂ and that they induce transformations natural in B and

M will be shown in the next proof.

Corollary 4.8.15. Let B1, B2 ∈ B and (M, f) ∈ BΘ̂. Then, we have a commutative

diagram

B1.(B2.(M,f))
∼ //

∼
��

B1.(ϑΘ̂(B2)⊗(M,f))

∼
��

ϑΘ̂(B1)⊗(B2.(M,f))
∼ // ϑΘ̂(B1)⊗(ϑΘ̂(B2)⊗(M,f))

.

Proof. This holds since the map B.(M, f)
∼−→ ϑΘ̂(B) ⊗ (M, f) is natural in (M, f).

Remark 4.8.16. We will equip ϑΘ̂ with the structure of a monoidal functor in Propo-

sition 4.8.17. Then on can show that BΘ̂ ∈ B −Mod is equal to ResϑΘ̂ (BΘ̂), where

ResϑΘ̂ is the restriction 2-functor which we introduced in Section 4.4. Note that this

is a stronger statement than Proposition 4.8.14. Most of the details needed to prove

this statement can be found in the proof of Proposition 4.8.20, where we establish a

similar result that is tailored to our needs.
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Proposition 4.8.17. The natural B-functor ϑΘ̂ : B → BΘ̂ can be equipped with the

structure of a monoidal functor.

Proof. We need to provide isomorphisms φB1,B2 : ϑΘ̂(B1)ϑΘ̂(B2)→ ϑΘ̂(B1B2) for all

B1, B2 ∈ B which are natural in both arguments, as well as a natural isomorphism

ϑΘ̂(I) → IBΘ̂
. Further, we need to probe compatibility of these morphisms with the

associators, as well as left and right units of the two monoidal categories B and BΘ̂.

We start with the second isomorphism and define it to be the identity morphism. This

is possible, since ϑΘ̂(I) = (I, idIΘ) which is exactly the unit object of BΘ̂. Without

doubt, this map is natural. Next for all B1, B2 ∈ B, we define φB1,B2 := B1πB2 . We

need to check that φB1,B2 is indeed an isomorphisms between the correct objects and

that it is natural in B1 and B2. We have ϑΘ̂(B1)ϑΘ̂(B2) = (B1, idB1Θ)(B2, idB2Θ) =

(B1ΘB2, B1eB2) and ϑΘ̂(B1B2) = (B1B2, idB1B2Θ), hence it remains to show φB1,B2 =

(B1B2µ)◦(φB1,B2Θ)◦(B1ΘB2∆) and φB1,B2 ◦(B1eB2) = φB1,B2 to establish that φB1,B2

is a morphisms between the correct objects. The latter holds by Lemma 4.8.6. To

show the former, we compute

φB1,B2 = (B1B2µ) ◦ (B1s
−1
B2

Θ) (Lemma 4.8.6)

= (B1B2µ) ◦ (B1s
−1
B2

Θ) ◦ (B1ΘB2µ) ◦ (B1ΘB2∆) (Θ̂ is split)

= (B1B2µ) ◦ (B1B2Θµ) ◦ (B1s
−1
B2

ΘΘ) ◦ (B1ΘB2∆)

= (B1B2µ) ◦ (B1B2µΘ) ◦ (B1s
−1
B2

ΘΘ) ◦ (B1ΘB2∆) (Θ̂ is associative)

= (B1B2µ) ◦ (φB1,B2Θ) ◦ (B1ΘB2∆). (Lemma 4.8.6)

Next, we show that φB1,B2 is natural in B1 and B2: For all f1 ∈ B(B1
1 , B

2
1) and

f2 ∈ B(B1
2 , B

2
2), we have

(
ϑΘ̂(f1)ϑΘ̂(f2)

)
◦φB1

1 ,B
1
2

= (f1Θf2Θ)◦(B1
1sB1

2
Θ)◦(B2

1B
2
2∆) =

(B2
1sB2

2
Θ)◦ (B2

1B
2
2∆)◦ (f1f2Θ) = φB2

1B
2
2
◦ϑΘ̂(f1f2). It remains to show that the above

defined structure maps are compatible with the unit maps and the associators of B and

BΘ̂. Compatibility with unit maps is trivial as it involves only identity morphisms.

Compatibility with the associator is more involved. Recall that we assume that B is

strict and thus that the associator trivial. It follows that BΘ̂ is strict as well. Thus,

we need to establish that φB1B2,B3 ◦ (φB1,B2ϑ
Θ̂(B3)) = φB1,B2B3 ◦ (ϑΘ̂(B1)φB2,B3). By

Proposition 4.8.13, the left hand side is equal to
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(B1B2πB3) ◦ (B1πB2B3Θ) ◦ (B1ΘB2eB3)

= (B1B2B3µ) ◦ (B1B2s
−1
B3

Θ) ◦ (B1B2µB3Θ) ◦ (B1s
−1
B2

ΘB3Θ)

◦ (B1ΘB2Θs−1
B3

) ◦ (B1ΘB2∆B3) ◦ (B1ΘB2µB3)

◦ (B1ΘB2ΘsB3) (Lemma 4.8.6 + 4.8.8)

= (B1B2B3µ) ◦ (B1B2s
−1
B3

Θ) ◦ (B1B2Θs−1
B3

) ◦ (B1B2µΘB3)

◦ (B1B2Θ∆B3) ◦ (B1B2ΘµB3) ◦ (B1s
−1
B2

ΘsB3)

= (B1B2s
−1
B3

) ◦ (B1B2µB3) ◦ (B1B2µΘB3) ◦ (B1B2Θ∆B3)

◦ (B1B2ΘµB3) ◦ (B1s
−1
B2

ΘsB3). (Θ̂ symmetr. central)

Similarly, the right hand side is equal to

(B1πB2B3) ◦ (B1ΘB2πB3) ◦ (B1eB2ΘB3)

= (B1B2B3µ) ◦ (B1s
−1
B2B3

Θ) ◦ (B1ΘB2B3µ) ◦ (B1ΘB2s
−1
B3

Θ)

◦ (B1Θs−1
B2ΘB3

) ◦ (B1∆B2ΘB3) ◦ (B1µB2ΘB3)

◦ (B1ΘsB2ΘB3) (Lemma 4.8.6 + 4.8.8)

= (B1B2B3µ) ◦ (B1B2s
−1
B3

Θ) ◦ (B1s
−1
B2
B3Θ) ◦ (B1ΘB2B3µ)

◦ (B1ΘB2s
−1
B3

Θ) ◦ (B1ΘB2s
−1
ΘB3

) ◦ (B1Θs−1
B2

ΘB3)

◦ (B1∆B2ΘB3) ◦ (B1µB2ΘB3) ◦ (B1ΘsB2ΘB3)

◦ (B1ΘB2sΘB3) (Θ̂ central)

= (B1B2B3µ) ◦ (B1B2s
−1
B3

Θ) ◦ (B1B2ΘB3µ) ◦ (B1B2Θs−1
B3

Θ)

◦ (B1s
−1
B2
s−1

ΘB3
) ◦ (B1eB2ΘB3) ◦ (B1ΘB2sΘB3) (Lemma 4.8.8)

= (B1B2B3µ) ◦ (B1B2s
−1
B3

Θ) ◦ (B1B2ΘB3µ) ◦ (B1B2Θs−1
B3

Θ)

◦ (B1B2ΘΘs−1
B3

) ◦ (B1s
−1
B2
s−1

Θ B3) ◦ (B1eB2ΘB3)

◦ (B1ΘB2sΘB3) (Θ̂ central)

= (B1B2B3µ) ◦ (B1B2s
−1
B3

Θ) ◦ (B1B2Θs−1
B3

) ◦ (B1B2ΘµB3)

◦ (B1s
−1
B2
s−1

Θ B3) ◦ (B1eB2ΘB3) ◦ (B1ΘB2sΘB3) (Θ̂ central)

= (B1B2s
−1
B3

) ◦ (B1B2µB3) ◦ (B1B2ΘµB3) ◦ (B1s
−1
B2
s−1

Θ B3)

◦ (B1eB2ΘB3) ◦ (B1ΘB2sΘB3) (Θ̂ central)

= (B1B2s
−1
B3

) ◦ (B1B2µB3) ◦ (B1B2ΘµB3) ◦ (B1B2Θs−1
Θ B3)

◦ (B1B2∆ΘB3) ◦ (B1B2µΘB3) ◦ (B1s
−1
B2
sΘB3) (Lemma 4.8.6)

= (B1B2s
−1
B3

) ◦ (B1B2µB3) ◦ (B1B2ΘµB3) ◦ (B1B2Θs−1
Θ B3)

◦ (B1B2∆ΘB3) ◦ (B1B2µΘB3) ◦ (B1B2ΘsΘB3)

◦ (B1s
−1
B2

ΘsB3). (Θ̂ central)

Equality of the left and the right hand side now follows, because
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µ ◦ (µΘ) ◦ (Θ∆) ◦ (Θµ) = µ ◦ (Θµ) ◦ (Θ∆) ◦ (Θµ)

= µ ◦ (Θµ)

= µ ◦ (Θµ) ◦ (ΘsΘ)

= µ ◦ (µΘ) ◦ (ΘsΘ)

= µ ◦ (µΘ) ◦ (∆Θ) ◦ (µΘ) ◦ (ΘsΘ)

= µ ◦ (Θµ) ◦ (∆Θ) ◦ (µΘ) ◦ (ΘsΘ)

= µ ◦ (Θµ) ◦ (Θs−1
Θ ) ◦ (∆Θ) ◦ (µΘ) ◦ (ΘsΘ),

where we used repeatedly that Θ̂ is associative, symmetrically central and split.

Remark 4.8.18. The isotransformation φ defined in the proof of Proposition 4.8.17,

can be obtained by composing the isotransformations in the following adjacent dia-

grams:

B × B
⊗
��

id×ϑΘ̂
// B × BΘ̂

ρ

''

ϑΘ̂×id // BΘ̂ × BΘ̂

⊗
��

B ϑΘ̂
// BΘ̂

The left part of the diagram commutes up to isotransformation since BΘ̂ ∈ B−Mod,

the right part commutes by Proposition 4.8.14.

Lemma 4.8.19. Let B1, B2 ∈ B and (M, f) ∈ BΘ̂. We have a commutative diagram

(B1⊗B2).(M,f)

Pro 4.8.14
��

B1.(B2.(M,f))
Pro 4.8.14 // B1.(ϑΘ̂(B2)⊗(M,f))

Pro 4.8.14
��

(ϑΘ̂(B1⊗B2))⊗(M,f)
Pro 4.8.17 // (ϑΘ̂(B1)⊗ϑΘ̂(B2))⊗(M,f) ϑΘ̂(B1)⊗(ϑΘ̂(B2)⊗(M,f))

Proof. Recall that by definition B.(M, f) = (BM,Bf) for all B ∈ B and (M, f) ∈ BΘ̂.

Together with the assumption of B being strict, this explains the horizontal identity

arrow in the top left. The other identity arrow is due to the fact that the monoidal

structure on BΘ̂ is strict as well.

Using the notation in the proofs of Propositions 4.8.14 and 4.8.17, the composition

along the top right corner is given by (B1iB2 ⊗ id(M,f)) ◦ (B1B2i(M,f)) and the compo-

sition along the bottom left corner is given by (B1iϑΘ̂(B2)⊗(M,f)) ◦ (B1B2i(M,f)). First,

note that we can prove equality of the two expressions without B1 on the left. Second,

we can also remove the idempotent f , since
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(iB2 ⊗ id(M,f)) ◦ (B2i(M,f))

= (sB2ΘMΘ) ◦ (B2∆f) ◦ (B2sMΘ) ◦ (B2M∆)

◦ (B2f)

= (sB2ΘMΘ) ◦ (B2∆MΘ) ◦ (B2sMΘ) ◦ (B2fΘ)

◦ (B2M∆) ◦ (B2f)

= (sB2ΘMΘ) ◦ (B2∆MΘ) ◦ (B2sMΘ) ◦ (B2M∆)

◦ (B2f) ◦ (B2f) (Proposition 4.3.38)

= (sB2ΘMΘ) ◦ (B2sΘMΘ) ◦ (B2∆MΘ) ◦ (B2sMΘ)

◦ (B2M∆) ◦ (B2f) (Θ̂ central)

and

(iϑΘ̂(B2)⊗(M,f)) ◦ (B2i(M,f))

= (sB2ΘMΘ) ◦ (B2ΘM∆) ◦ (B2Θf) ◦ (B2sMΘ)

◦ (B2M∆) ◦ (B2f)

= (sB2ΘMΘ) ◦ (B2sΘMΘ) ◦ (B2ΘM∆) ◦ (B2sMΘ)

◦ (B2fΘ) ◦ (B2M∆) ◦ (B2f) (Θ̂ central)

= (sB2ΘMΘ) ◦ (B2sΘMΘ) ◦ (B2ΘM∆) ◦ (B2sMΘ)

◦ (B2M∆) ◦ (B2f) ◦ (B2f). (Proposition 4.3.38)

Note that we can now also remove B2 since sB2 is invertible. To complete the proof,

we compare the remaining expressions

(sΘMΘ) ◦ (∆MΘ) ◦ (sMΘ) ◦ (M∆)

= (sΘMΘ) ◦ (ΘsMΘ) ◦ (sMΘΘ) ◦ (MΘ∆) ◦ (M∆) (Θ̂ central)

= (sΘMΘ) ◦ (sMΘΘ) ◦ (MΘs−1
Θ ) ◦ (MΘ∆) ◦ (M∆) (Θ̂ central)

= (sΘMΘ) ◦ (sMΘΘ) ◦ (MΘ∆) ◦ (M∆) (Θ̂ symmetr. central)

= (sΘMΘ) ◦ (sMΘΘ) ◦ (M∆Θ) ◦ (M∆) (Lemma 4.3.7)

= (sΘMΘ) ◦ (ΘM∆) ◦ (sMΘ) ◦ (M∆),

where we used that Θ̂ is symmetrically central.

Proposition 4.8.20. The functor Brev
Θ̂
→ Add(BΘ̂,BΘ̂) induced by taking tensor prod-

ucts on the right factors over the forgetful functor HomB(BΘ̂,BΘ̂)→ Add(BΘ̂,BΘ̂)

Proof. Let N ∈ BΘ̂ and denote the associated additive functor by F . In other words

for M ∈ BΘ̂, we have F (M) = M ⊗ N , where ⊗ denotes the tensor product of BΘ̂.

For all B ∈ B, we need to provide an isomorphism B.F (M) ∼= F (B.M) which is

natural in B. The composition B.F (M) = B.(M ⊗N)
Pro 4.8.14∼= ϑΘ̂(B)⊗ (M ⊗N) ∼=
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(ϑΘ̂(B)⊗M)⊗N
Pro 4.8.14∼= (B.M)⊗N = F (B.M) clearly satisfies this requirement,

where the second isomorphism is provided by the associator of the monoidal category

BΘ̂. The remaining requirements are summarised in Remark 3.3.4. First, since B
and BΘ̂ are strict monoidal categories, we only need to show that the morphism

I.(M ⊗ N) → (I.M) ⊗ N is the identity morphism. This is obvious. Second, the

requirement involving the associator follows directly from the corresponding axiom

for the associator of B.

Proposition 4.8.21. The composition BΘ̂

( Θ̂ϑ,e)−→ Θ̂BΘ̂

∼−→ HomB(BΘ̂,BΘ̂) is the same

as the functor induced by right multiplication via the tensor product of BΘ̂.

Proof. The composition BΘ̂

( Θ̂ϑ,e)−→ Θ̂BΘ̂

Rem 4.3.67−→ Θ̂ (BΘ̂)
Lem 4.5.12−→ HomB(BΘ̂,BΘ̂) ap-

plied to (B, f) ∈ BΘ̂ is given by (B, f) 7→ (B, (Θf) ◦ eB) 7→ ((B, idBΘ), (Θf) ◦ eB) 7→(
(C, g) 7→

(
CΘ(B, idBΘ), (g id(B,idBΘ)) ◦ (C(Θf ◦ eB))

))
. Since BΘ̂ is defined as an

idempotent closure, the summand of an object (B, e1) associated to an idempotent e2

is given by (B, e1 ◦ e2). Since CΘ(B, idBΘ) = (CΘB, idCΘBΘ) and id(B,idBΘ) = idBΘ

holds in BΘ̂, the above described image of (B, f) is equal to the functor given on ob-

jects by ((C, g) 7→ (CΘB, idCΘBΘ ◦ (gf) ◦ (CeB))). To complete the proof, we have

to show that this functor agree with the functor given by multiplication on right by

(B, f), which is given on objects by ((C, g) 7→ (C, g)⊗ (B, f)). By Proposition 4.8.13,

we have (C, g)⊗ (B, f) = (CΘB, (gf) ◦ (CeB)) and the proof is complete.

We end the section with the push-pull formula, which is usually stated in the form

ϑΘ̂(ϑΘ̂(B)⊗M) ∼= B ⊗ ϑΘ̂(M) for all M ∈ BΘ̂ and B ∈ B:

Corollary 4.8.22. The following diagram commutes up to isotransformation

B × BΘ̂

id×ϑΘ̂ //

ϑΘ̂×id
��

B × B
⊗
��

BΘ̂ × BΘ̂

⊗ // BΘ̂

ϑΘ̂ // B

Proof. Adding an arrow from the top left to the bottom middle, we recognise the

triangle on the left from Proposition 4.8.14. The remaining square on the right

commutes up to isotransformation as well, since ϑΘ̂ is a B-functor.
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Remark 4.8.23. Similarly to Corollary 4.8.22, the following diagram commutes up

to an (explicitly definable) isotransformation

BΘ̂ × B
ϑΘ̂×id //

id×ϑΘ̂

��

B × B
⊗
��

BΘ̂ × BΘ̂

⊗ // BΘ̂

ϑΘ̂ // B

.

Remark 4.8.24. It would be interesting to try to simplify and possibly generalise

this section using induction and restriction functors, and in particular Proposition

4.5.25. These techniques had not been available at the time of writing this section.

4.9 Towards a Jordan-Hölder theory

In this section, we provide an abstract framework in which Jordan-Hölder theory

can be addressed. In Section 4.9.1, we introduce certain cofiltrations associated to a

chosen refinement of the ordering of the set of 2-sided cells. This results in cosubquo-

tients that effectively break up higher representations into smaller pieces associated

to 2-sided cells. We also study how cyclic modules behave under these cofiltrations

and introduce isotypic modules with respect to 2-sided cells. In Section 4.9.2, we then

introduce isotypic covers. Using these covers, we formulate what one would expect

from a Jordan-Hölder theory, and explain various problems that we have faced when

trying to establish results.

4.9.1 Cofiltrations

In this section, we construct cofiltrations and cosubquotients. The associated cosub-

quotient 2-functors come close to being projections, and we will give an criterion for

this. The set of 2-sided cells being partially order, this is not a canonical construc-

tion. However, we will also discuss a maximal and a small version which are indeed

canonical. We also define isotypic additive higher representations.

Let A be an additive 2-category with countably many 2-sided cells. Recall Notation

3.3.6 and Definition 3.3.7. Now, choose N ⊂ Z and an enumeration {ci}i∈N of the

2-sided cells of A such that W (A) =
⋃
i∈N ci is a disjoint union. We assume that

for all i, k ∈ N and j ∈ Z with i < j < k, we have j ∈ N . Further, we assume

that ci <LR cj ⇒ i < j for all i, j ∈ N . For all i ∈ N , denote by Ii E A the ideal

generated by all 1-arrows Bx where x ∈
⋃
j<i cj, and denote by πi : A → A/Ii the

associated quotient 2-functor. Note that Definition 3.3.7 implies that πi(Bx) 6= 0
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for all x ∈ ci. Using Section 4.4, we define Fi := Resπi Indπi for all i ∈ N , define

Fi := idA−Mod for i ∈ Z with i < inf(N) and define Fi := 0 for i ∈ Z with i > sup(N).

For all R ∈ A − Mod and i, j ∈ Z such that i ≤ j, Proposition 4.4.9 implies that

we have a canonical quotient A-functor Fi(R) → Fj(R). Thus, we have constructed

a cofiltration 2-functor F : A −Mod → A −Mod(Addcof) where Addcof denotes the

additive 2-category of Z-cofiltered additive categories. Further for all i ∈ Z, we define

an endo-2-functor Qi of A − Mod by setting Qi := ker(Fi → Fi+1). We call Qi a

ci-cosubquotient 2-functor. Note that Qi 6= 0 implies i ∈ N .

Clearly, this construction depends on the chosen refinement of the order ≤LR. Let

us fix a 2-sided cell c of A, and let us consider the extreme cases which can result from

the above construction. Denote by I�LR , I�LR , I≤LR and I≯LR the ideals of A gen-

erated by all Bx where x ∈ W (A) is contained in
⋃
c′�LRc c

′,
⋃
c′�LRc c

′,
⋃
c′≤LRc c

′ and⋃
c′≯LRc c

′ respectively. Then, we have the following canonical commutative system of

full 2-functors

A

τc

				

πc{{{{
τc

�� ��

πc ## ##
A/I�LRc

// //

yyyy

A/I≤LRc

%% %%
A/I�LRc

// // A/I≯LRc

,

Now, we define Πc := Resπc Indπc , Πc := Resπc Indπc , Tc := Resτc Indτc and T c :=

Resτc Indτc .

Definition 4.9.1. Let c be a 2-sided cell of A. We call Qc := Ker(Πc → Πc) the

maximal c-cosubquotient 2-functor of A−Mod. Further, we call Qc := Ker(Tc → T c)
the small c-cosubquotient 2-functor of A−Mod.

Remark 4.9.2. Using Proposition 4.4.9 and transitivity of the induction and re-

striction 2-functors, we obtain comparison morphisms Qci → Qi → Q
ci all i ∈ N .

Further given 2-sided cells c, c′ of A and R ∈ A−Mod such that Qc′(R) 6= 0 implies

c′ ≮LR c, we have Qc(R) = Resπc Coindπc(R). This justifies calling Qc maximal. We

do not call Qc minimal, since it is possible in examples to take quotients by further

morphisms without annihilating additional objects. Compare Remark 4.9.17, where

we discussed certain smallest quotients introduced in [MaMi5].

Remark 4.9.3. Let c be a 2-sided cell of A. Then, the sets of indecomposable objects

up to isomorphism of Qc(
⊕

a∈APa) and Qc(
⊕

a∈APa) are in bijection with c.
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We now generalise the notion of λ-isotypic modules of [Rou5]. Note that we do

not use Qc, as we aim to retain as much structure as possible.

Definition 4.9.4. Let R ∈ A −Mod and let c be a 2-sided cell of A. Then, we call

R c-isotypic if c is the unique 2-sided cell with R = Qc(R).

Proposition 4.9.5. We have a locally full comparison morphism Qc → Qc which is

not necessarily locally essentially surjective.

Proof. For all R ∈ A−Mod, we have the following commutative diagram

Qc(R)
� � //

∃!
��

Πc(R) // //

����

Πc(R)

����
Qc(R)

� � // Tc(R) // // T c(R)

,

obtained from the adjunctions and the universal property of kernels. The vertical

arrow on the left defines the comparison functor of the statement. By a standard

diagram chasing argument, the comparison functor is locally full. In order to see that

it is not locally essentially surjective in general, let us assume that there exist 2-sided

cells c and c′ of A which are not ≤LR-comparable. Further, assume that both 2-sided

cells have cell modules. Let a ∈ A, let x ∈ c and let y ∈ c′, such that Bx, By ∈ Aa.
Consider the full sub-A-module R of Pa with objects isomorphic to b.(Bx ⊕ By) for

all b ∈ A(a, a′). Clearly, Ia.(Bx⊕By) is a non-trivial object of both Πc(R) and Tc(R).

Further, we claim that Ia.(Bx ⊕ By) is zero in T c(R), while being nonzero in Πc(R).

Thus, the above diagram shows that Ia.(Bx⊕By) is an object of Qc(R), whereas it not

an object ofQc(R). Therefore, the comparison functor is not essentially surjective. To

complete the proof, let us show the claim. Since we assumed that c′ has cell modules,

there exists z ∈ c′ and a split embedding of By in BzBy. Thus, By also embeds into

Bz.(Bx ⊕By). Note that z �LR c by assumption. By definition of T c, it follows that

Bz.(Bx⊕By) becomes zero in T c(R). Therefore, the idempotent corresponding to the

second summand of Ia.(Bx⊕By) becomes zero in T c(R). The same argument applies

to the idempotent associated to the first summand. Consequently, Ia.(Bx ⊕ By) is

zero in T c(R). On the other hand, the identity morphisms of the objects that become

zero in Πc(R) factor over objects of the form Bz.(Bx⊕By) where z ≤LR c. Thus, the

idempotent of Ia.(Bx ⊕ By) associated to By will not factor over the zero-object of

Πc(R).

Remark 4.9.6. Let F be an A-functor. If F is locally full (resp. locally faithful and

locally essentially surjective) than Qc(F ) is locally full (resp. locally faithful).
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Definition 4.9.7. Let R ∈ A−Mod and let c be a 2-sided cell. We say that 0 6= N ∈ R
has a c-source if there exists x ∈ c and M ∈ R such that N ⊂⊕ BxM . In this situation,

we call M a c−source. We say that R has c-sources provided that every object of R

has a c-source.

Definition 4.9.8. Let M1, M2 ∈ R ∈ A−Mod and assume that M1 is a c−source of

M2 and vice versa. Then, we call M1 and M2 equivalent c-sources.

Remark 4.9.9. Let M1, M2 ∈ R ∈ A −Mod be equivalent c-sources. Then, there

exist x, y, z ∈ c and a split embedding of Bx into ByBz.

Proposition 4.9.10. Let C ∈ A − Mod be a cell module, c be a 2-sided cell of

A, and assume that Qc(C) 6= 0. Then, BxC = 0 for all x <LR c and C ∈ C,

C ∼= Qc(C) ∼= Qc(C), and C has c−sources.

Proof. The claim that C = Qc(C) follows from C having c-sources. The remaining

claims are straightforward.

The next proposition applies for example to any cell module that has finitely many

isomorphism classes of indecomposable objects.

Proposition 4.9.11. Let c and c′ be 2-sided cells of A, and let C ∈ A −Mod be a

non-trivial cell module such that Qc(C) ∼= Qc′(C). Further, assume that A has finitely

many 2-sided cells or that C has equivalent c-sources. Then, c = c′.

Proof. The case, of finitely many 2-sided cells follows from the same arguments in in

the classical case, see Corollary 2.4.10. Let us thus assume that C has equivalent c-

sources. Let C ∈ C be a c-source that is equivalent to another c-source. In particular,

we have x ∈ c such that C ⊂⊕ BxC. Since Qc′(C) 6= 0, there exists y ∈ c′ and N ∈ C
such that C ⊂⊕ ByN . Thus, C ⊂⊕ BxC ⊂⊕ BxByN . However, BxBy decompose

into a direct sum of Bz with z ≤LR x and z ≤LR y. If all such z <LR x (or z ≤LR y),

then BzN = 0 and thus Bx = 0, a contradiction. Thus, c = c′.

If R ∈ A−Mod is not a cell module, Qc(R) ∼= Qc′(R) does no longer imply c = c′:

Example 4.9.12. Let B be the additive monoidal category with one generator X

that satisfies the relation XX = 0. Then, we have two 2-sided cells {[I]} and {[X]}
and Q{[I]}(B) = B/X ∼= X.B = Q{[X]}(B).

The following definition provides an alternative to Definition 4.5.31:
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Definition 4.9.13. Let c be a 2-sided cells of A. We say A has c-cell modules if Qc
is a projector, i.e. if QcQc = Qc. We say A has cell modules, if it has c-cell modules

for all 2-sided cells c of A.

Proposition 4.9.14. Let C ∈ A −Mod be a cell module and let c be a 2-sided cell

of A. Then, C belongs to c as in Definition 4.5.31 if an only if C belongs to c as in

Definition 4.9.13.

Proof. Let C be a cell module that belongs to c as in Definition 4.9.13. Then, Proposi-

tion 4.9.11 implies that {Bx|x �LR c} ⊂ AnnB(C). By construction of Qc, {Bx|x ∈ c}
cannot be contained in AnnB(C). The assumptions of Proposition 2.4.9 are satisfied

(which generalises directly to the categorical case), and it follows that the latter def-

inition implies the former.

The other hand, assume that C belongs to c as in Definition 4.5.31. Then, it is easy

to see that Πc(C) = 0, while Πc(C) = C. Thus Qc(C) = C.

We also have a statement analogous to Theorem 2.5.6. Let us give a part of the

argument in the categorical situation:

Proposition 4.9.15. Let c be a 2-sided cell of A. Assume that for all x ∈ W (A)

there exists y ∈ W (A) such that y ∼LR x and such that the exists a split embedding

of Bx into ByBx. Then, A has c-cell modules.

Proof. Let c be a 2-sided cell of A. We have to show that Qc is a projector. It is easy

to see that this holds provided that Qc(R) has c-sources for all R ∈ A −Mod. Now

given any N ∈ Qc(R) there exists x ∈ c and L ∈ R such that N ⊂⊕ BxL by definition

of Qc(R). By assumption, we find y ∈ c such that Bx ⊂⊕ ByBx. Combining these

two statements, we obtain N ⊂⊕ BxL ⊂⊕ ByBxL. Thus, BxL is a c-source for N .

Remark 4.9.16. The papers [Rou4, Rou5] construct filtrations of Ag-modules (or

actually of subquotients thereof) under certain finiteness assumptions. This con-

struction is inductive and uses Ag-functors from L(λ). More generally, instead of

using the universal cell modules for this purpose, one could use the free versions

Θ̂Pa provided that the cell object Θ̂ has a lift in A. More conceptual, one can then

construct filtrations of A −Mod using Coind in the similar fashion as we did above

using Ind. Note however, this would not involve taking quotients of A, but A-functors

between the Θ̂Pa and thus requires an additional choice of a split Frobenius object

per 2-sided cell.
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Remark 4.9.17. Filtrations are also discussed in [MaMi5, Section 4.3]. The starting

point is a maximal filtration of an idempotent closed module, i.e. an ascending chain

of full idempotent closed submodules which cannot be refined. Then, the smallest

quotients of the subquotients of this filtration are considered. By [MaMi5, Lemma

4], these smallest quotients exist due to the finiteness assumptions imposed. By

construction, these subquotients have no non-trivial ideals, and are thus so called

simple transitive modules. Note that taking smallest quotients practically ignores the

initial filtration chosen. It appears unlikely, even under the finiteness assumptions of

[MaMi5], that one can construct a canonical endo-2-functor of A −Mod that sends

all A-modules to the direct sum of its smallest subquotients. This would require a

better understanding of extension between simple transitive modules, as was obtained

in [Rou5, Lemma 4.21] for 2-Kac-Moody algebras. If such a 2-functor would exists,

precomposing it with
⊕

cQc would yield a direct sum decomposition. Also note that

for all 2-sided cell c, the comparison morphism Qc → Qc is locally a quotient functor

on the modules considered in [MaMi5].

4.9.2 Covers and limitations

In this final section of the abstract part of this thesis, we introduce isotypic covers.

One might hope that all isotypic modules are controlled in some sense by an isotypic

cover. We will comment on why this cannot be true in the strong sense one might

hope for in general, state difficulties that arise even in cases where one would expect

this to be true and hint at a notion of generalised isotypic covers that might help

to remedy these shortcomings in the future. We also comment on Jordan-Hölder

theorems in the literature.

Definition 4.9.18. Let c be a 2-sided cell of A, let C ∈ A − Mod be a universal

cell module associated to c, and let R be a c-isotypic A-module. Then, we call the

evaluation A-functor C ⊗Z
A

(C) HomA(C, R)→ R a c-isotypic cover.

By Proposition 4.1.5, the evaluation A-functors used in this definition exist. Naively,

one might hope that all c-isotypic covers are equivalence for certain classes of acting

additive 2-categories A, at least for certain locally full sub-2-categories of A −Mod.

Such a statement would be called Jordan-Hölder theorem. Indeed this was achieved

for 2-Kac-Moody algebras in [Rou4], see Remark 4.9.24. A weaker, yet more broadly

applicable statement was obtained in [MaMi5], see Remark 4.9.25. Next, we discuss

situations in which c-isotypic covers fail to be faithful, full or essentially surjective.
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Remark 4.9.19. If A is not strongly regular, cell A-modules can have non-trivial

endomorphism categories. Section 5.5 gives several such examples. In these exam-

ples, there exist several cell modules associated to the same 2-sided cell c that have

non-isomorphic different Grothendieck combinatorics. Thus for any fixed cell module

associated to c, the c-isotypic covers will not be essentially surjective, not even when

only applied to cell modules associated to c. Furthermore, the construction of coin-

variant modules in Section 4.6 shows that isotypic covers will not be full in this case.

To see this, note that one can calculate HomB(M,MG) using Theorem 4.2.19 for all

2-cyclic B-modules M that are acted upon by a group G.

Remark 4.9.20. It might be possible to generalise the base change over the centre

construction of Section 4.1, to allow for a base change over a monoidal category. For

a 2-sided cell c, a cell A-module C associated to c and R ∈ A−Mod that is c-isotypic,

this would give meaning to the expression C ⊗End
A

(C) HomA(C, R), and should also

allow for an evaluation A-functor which we would call a generalised c-isotypic cover.

If all objects of EndA(C) are given by direct sums of the identity A-functor of C, this

construction would need to satisfy C ⊗End
A

(C) HomA(C, R) ∼= C ⊗Z
A

(C) HomA(C, R).

Further, one might expect that RG
∼= R⊗End

A
(R) HomA(R,RG) for all R ∈ A−Mod

that carry a group action of a group G, see Section 4.6. Furthermore, we hope

that such generalised underlinec-isotypic covers have better properties than c-isotypic

covers, and that they might even be equivalences for large classes of acting 2-categories

and their modules.

Remark 4.9.21. Another obstacle is the non-trivial relationship between ZA(C1)

and ZA(C2) for weakly equivalent (cell) A-modules C1 and C2. There exists a Z⊗(A)-

module homomorphisms between theses centres, however this morphisms is not a

ring homomorphisms in general, see Remark 5.4.5 which puts this statement into a

concrete context. Given a ZA(C1)-algebra A1, there is no obvious way to construct

a ZA(C2)-algebra A2 such that there exists a relationship (say a weak equivalence)

between C1 ⊗Z
A

(C1) A1 and C2 ⊗Z
A

(C2) A2.

Remark 4.9.22. Even in the strongly regular case there may be obstacles. Say for a

given 2-sided cell c, there exists up to equivalence only a single universal cell modules.

This does not imply that the Grothendieck groups of all cell modules associated to c

have the same combinatorics. See Remark 5.1.17 for an example. Note however that

this example does admit a cover by construction.
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We end this section, by providing the argument of [Rou4]. For simplicity, we state

it only for principal representations. Below, we comment why this is enough in the

case of 2-Kac-Moody algebras Ag −Mod.

Proposition 4.9.23. LetM∈ A−Mod, let F, G ∈ HomA(Pa,M), let Θ̂ = (Θ,∆, µ)

be a split Frobenius object on a ∈ A, and assume that A has a duality. Then, the eval-

uation A-functor Pa⊗Z
A

(Pa)HomA
Pa→M(F,G)→M is locally fully faithful if and only

if the evaluation functor Pa(a)(Ia, b)⊗Z
A

(Pa) HomA
Pa→M(F,G)→M(a)(F (Ia), G(b))

is an isomorphism for all b ∈ A(a, a).

Proof. The A-functor Pa ⊗Z
A

(Pa) HomA
Pa→M(F,G) → M is locally fully faithful if

and only if for all a′ ∈ A and b1, b2 ∈ Pa(a′) it induces an isomorphism between the

morphism spaces Pa(a′)(b1, b2) ⊗Z
A

(Pa) HomA
Pa→M(F,G)

∼−→ M(a′)(F (b1), G(b2)).

Now, denoting the duality on A by D, we have D(b1) ∈ A(a′, a) and by functoriality of

the action, Pa(a)(Ia,D(b1)b2)⊗Z
A

(Pa)HomA
Pa→M(F,G)

∼−→M(a)(F (Ia), G(D(b1)b2))

is equivalent to the above isomorphism, where we used that Ia is the unit object in

Aa. The claim follows.

Remark 4.9.24. Proposition 4.9.23 was applied in [Rou4, Lemma 5.4] to the minimal

categorifications L(λ) ∈ Ag where Ag is a 2-Kac Moody algebra. What makes the

situation easier, is that all objects in L(λ)(λ) are direct sums of the (image of) the

unit object Iλ ∈ A(λ, λ), and thus it is sufficient to consider the case b = Iλ only.

Since Iλ acts by definition (up to isomorphism) as the identity functor on M(λ) for

all M ∈ Ag −Mod, and since ZAg
(L(λ)) = EndL(λ)(Iλ), fully faithfulness of the c-

isotypic cover becomes straight forward. Compare this with Theorem 4.2.19 which

shows what remains true in the more general case. Note also that [Rou4, Theorem

5.23] already hints at an isotypic case and that λ-isotypic modules are discussed in

more detail in [Rou5, Section 4.3.4]. In fact, our more broadly applicable notion of

c-isotypic modules, for c the 2-sided cell that contains λ, coincides for 2-Kac-Moody

algebras with the notion of λ-isotypic modules.

Remark 4.9.25. The paper [MaMi5] proves a weak Jordan-Hölder theorem. The

statement applies to modules with so called weak Jordan-Hölder series. This means

one starts with a module that has a filtration that is determined on the level of

Grothendieck groups, and that is as fine as possible. To a weak Jordan-Hölder series,

a weak composition subquotients are constructed by taking the minimal quotients of

the subquotients of the weak Jordan-Hölder series as discussed in Remark 4.9.17.
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The weak Jordan-Hölder theorem then states that each weak composition subquo-

tient is equivalent to a cell 2-representation as introduced in [MaMi2], and that the

multiplicity of the cell 2-representation amongst the weak composition subquotients

is independent of the filtration chosen. Thus, [MaMi5] are able to assign a cell module

to each left cell, which is quite remarkable. Note that the cell associated to differ-

ent left cell can be equivalent if the left cells lie in the same 2-sided cell. We now

explain the relationship between our strongly universal cell modules and the cell 2-

representations of [MaMi2]. Assume that A has a finitary quotient π : A→ A that has

the same 2-sided and left cells as A, and let c be a left cell. Denote by Ac (resp. Ac) the

minimal thick sub-module of A (resp. A) that contains the indecomposable objects

belonging to c. Note that Indπ(Ac) = Ac. Following [MaMi5], there exists a maximal

ideal Ic E Ac that does not contain the indecomposable objects associated to c. The

quotient Cc := Ac/Ic is the 2-cell representation associated to c. Importantly, it has

no non-trivial ideals. Now, assume that there exists a universal cell module C associ-

ated to the 2-sided cell that contains c. Thus, we have an A-functor C → Resπ(Cc).

Even though Cc has no non-trivial ideals, there is a priori no reason for this A-functor

to be full or essentially surjective. Now, assume that the Duflo involution d ∈ c can

be equipped with the structure of a split Frobenius object Θ̂d in A. Similar to the

discussion in Section 5.2, one can deduce from [MaMi1, Proposition 34] existence of

the structure maps of Θ̂d in A which lift to A by the above assumptions, while it can

again only be conjectured that the Frobenius relation holds. Provided that A satisfies

right Θ̂d-descent, CΘ̂d
will be a thick sub-category of A that contains the indecompos-

able object associated to d. The same holds for Indπ(CΘ̂d
). It follows that we have

an essentially surjective A-functor CΘ̂d
→ Resπ(Cc). In the regular case and due to

the duality that is part of the finitary notion, Cc satisfies Θ̂d-descent. It remains an

open task to determine whether the ideal associated to this quotient is generated by

elements in Zd := ZA(CΘ̂d
). We conjecture that this is the case and moreover we

conjecture that we have an equivalence CΘ̂d
⊗Zd Hom

(
CΘ̂d

,Resπ(Cc)
)
→ Resπ(Cc).
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Chapter 5

Applications to Soergel Bimodules

This chapter is devoted to the higher representation theory of Soergel bimodules.

Section 5.1 recalls the definition of Soergel bimodules Soe• as well as the refined ver-

sion of singular Soergel bimodules. We also discuss the relevant literature, including

the categorification theorem of the Hecke algebra and of the Schur algebroid, and

Soergel’s conjecture. Section 5.2 makes conjectures about existence and properties of

split Frobenius objects in Soe• associated to Duflo involutions, and presents examples

associated to parabolic longest elements. Section 5.3 provides a new perspective on

singular Soergel bimodules and shows that they categorify the Schur algebroid in the

representation theoretic sense. Furthermore, related centers are calculated. Section

5.4 studies universal the cell modules assuming the conjectures made in Section 5.2

and establishes several statements about their Grothendieck combinatorics. Section

5.5 applies the coinvariant theory developed in Section 4.6 to universal cell modules

of Soergel bimodules for several Coxeter systems. Section 5.6 uses Conjecture 5.2.15

to show that morphisms of Soe have a strong impact on the structure of Soe−Mod.

Finally, Section 5.7 generalises the main result of [Li] to singular Soergel bimodules.

5.1 Singular Soergel bimodules

In this section, we discuss singular Soergel bimodules and the most relevant related

literature, including the categorification theorems and Soergel’s conjecture.

For the remainder of this section, we fix a Coxeter system (W,S). We denote by

T :=
⋃
w∈W wSw−1 the set of reflections.

Definition 5.1.1. Let k be an infinite field of characteristic 6= 2. A reflection faithful

representation of (W,S) over k is a faithful, finite dimensional k-linear representation
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V of W with the property that codimk(V
t) = 1 if and only if t ∈ T for all t ∈ W ,

where V t := {v ∈ V |v = tv}.

Remark 5.1.2. It was shown in [Soe6] that reflection faithful representations exists

over R. The need for a reflection faithful representations as compared to a faithful

representation is of a technical nature, and could at the time not be circumvented

in certain proofs. However, [Li] showed that the category of Soergel bimodules con-

structed with a faithful representation retains the same properties. In Section 5.7, we

will generalise this result to singular Soergel bimodules.

From now on fix a reflection faithful representation of (W,S) over an infinite field

k of characteristic 6= 2 and denote by R := O(V ) ∼= k[V ∗] the ring of regular func-

tions on V . We consider R as a graded ring with linear functions concentrated in

degree 2. This unusual grading stems from a connection between Soergel bimodules

and equivariant hypercohomology of certain perverse sheaves. Also, it is necessary to

categorify the root of q that is omnipresent in the literature on Hecke algebras.

The action of W on V induces an action of W on R, given by (w.r)(v) := r(w−1.v)

for all w ∈ W, r ∈ R and v ∈ V . Given I ⊂ S, we denote by RI := RWI ≤ R the

subring of WI-invariant functions. We will make the following assumption about

R, which is essential for the theory of Soergel bimodules, and is also key in our

application:

Assumption: For all finitary I ⊂ J ⊂ S, RI is a graded free RJ -module. (5.1)

Remark 5.1.3 ([Wi2, Remark 4.1.2, Lemma 4.1.3]). If k is of characteristic 0, then

the above assumptions holds. If W is a finite Weyl group, then W acts on the weight

lattice of the corresponding root system and one obtains a representation V over

any field k by extension of scalars. In this case, the above assumption is true if the

characteristic of k is not a torsion prime for W .

We denote by RI − RJ − Mod• the graded additive category of graded RI-RJ -

bimodules, see Definition 3.1.5 for the category theoretic background.

Definition 5.1.4. Assume that (5.1) is satisfied and let I, J ⊂ S be finitary. We

define the category of (I, J)-singular Soergel bimodules, denoted ISoe•J , to be the

smallest full subcategory of RI −RJ −Mod• which is closed under direct sums, sum-

mands and shifts and which contains all objects of the form

RI1 ⊗RJ1 R
I2 ⊗RJ2 ...⊗RJn−1 R

In
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where I = I1 ⊂ J1 ⊃ I2 ⊂ J2 ⊃ ... ⊂ Jn−1 ⊃ In = J are finitary subsets of S.

Remark 5.1.5. Note that k acts on ISoeJ from the left via RI in the same way

as from the right via RJ . More generally, this statement also holds for RS, i.e.

all functions that are invariant under W . Thus, we can regard objects of ISoeJ

as RI ⊗RW (RJ)op-modules and ISoeJ as a RI ⊗RW (RJ)op-linear category. In the

following, we will suppress the superscript op, since R is commutative.

Notation 5.1.6. We denote Soe• := ∅Soe•∅, Soe•I := ∅Soe•I and view Soe• as

an idempotent closed, monoidal graded additive category. The monoidal structure

is given by the tensor product ⊗R of R − R − Mod•. Similarly, we denote by

Soe, SoeI , ISoeJ the corresponding categories where we forget about both the shift

and the grading of the homomorphism spaces.

Remark 5.1.7. Let M ∈ Soe•. Then, we have an isomorphism M ∼= M [n] for all

n ∈ Z. Note that this isomorphism is of degree zero if and only if n = 0. Hence, we

cannot distinguish M and M [n] is Soe, while we can distinguish them in Soe•.

Remark 5.1.8. As presented above, Soe• appeared first in [Soe6]. The quotient

Soe• ⊗RW RW/(RW )+ remains a graded monoidal category. Originally Soergel bi-

modules appeared in this form, see [Soe1]. This quotient is the prime example of a

finitary 2-category, see [MaMi1].

Remark 5.1.9. We have an additive functor JSoeK × ISoeJ → ISoeK defined by

(B1, B2) 7→ B2B1 := B2 ⊗RJ B1 for all finitary I, J,K ⊂ S.

Definition 5.1.10. Assume that (5.1) is satisfied. The additive 2-category Soe of

singular Soergel bimodules is defined as follows:

• Soe0 := {I ⊂ S|I is finitary}

• Soe(I, J) := JSoeI for all I, J ∈ Soe0

• ⊗RJ : Soe(I, J)× Soe(J,K) → Soe(I,K) for all I, J,K ∈ Soe0

(B1, B2) 7→ B2B1

• RI ∈ Soe(I, I) is the unit object for all I ∈ Soe0

• The associator and unit transformations are the obvious ones
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Using the same structure as in Definition 5.1.10, one can equip SoeI with the

structure of a Soe-module. Thus, we have SoeI ∈ Soe−Mod. Alternatively, one may

employ the theory developed in Section 4.4, and define SoeI := Resι(PSoeI ) as the

restriction of a principal representation of Soe. Here, we have identified Soe with a

2-category with a single object and denoted by ι : Soe→ Soe the inclusion 2-functor

that sends the 0-cell to ∅ and is given by the monoidal identity functor on 1- and

2-arrows.

Remark 5.1.11. Given finitary subsets I ⊂ K ⊂ S and J ⊂ L ⊂ S, there exists

functors ISoeJ
I
KRes

J
L// KSoeL

I
KInd

J
L

oo , where I
KInd

J
L (resp. I

KRes
J
L) is defined on objects by

I
KInd

J
L(M) := RI ⊗RK M ⊗RL RJ (resp. I

KRes
J
L(M) := RK |M |RL) and analogously

on morphisms. Up to isomorphism, these functors are part of the datum Soe. Under

slightly stronger assumptions than (5.1), which are the topic of [ElSnWi], one can

show that there exists a biadjunction between I
KInd

J
L and I

KRes
J
L.

Soergel’s category has the graded Krull-Schmidt property, see [Soe1], and we have

the following classification of indecomposable objects:

Theorem 5.1.12 ([Soe1],[Wi2]). For all finitary I, J ⊂ S, there exists a canonical

bijection
WI \W/WJ × Z

1:1←→
{
indecomposable bimodules in ISoe•J
up to degree zero isomorphism

}
(w, n) 7→ IBJ

w[n]

Further for all finitary I ⊂ K ⊂ S and J ⊂ L ⊂ S, taking the longest element in

the fibre of the quotient map WI \ W/WJ → WK \ W/WL corresponds under this

bijection to an application of I
K IndJL. Furthermore, the indecomposable objects of

ISoe•J remain indecomposable in ISoeJ and are thus up to isomorphism in bijection

with WI \W/WJ .

If clear from the context, we abbreviate IBJ
w = Bw and write Bw if I = J = ∅.

For any reduced expressions s1...sl(w) = w, the indecomposable object Bw occurs as

the unique summand of R⊗Rs1 R⊗Rs2 ...⊗Rsl(w) R[l(w)], which is not isomorphic to

a shift of By for all y < w. In general, it is a hard and unsolved task to determine

the idempotents explicitly. Contributions in this direction have been achieved by

[Li2]. Which summands occur up to isomorphism, can however be determined by a

Hecke algebra computation using the following two theorems. Recall the notation
IHJ which was introduced in Remark 2.6.20.
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Theorem 5.1.13 ([Soe1],[Wi2]). For all finitary I, J ⊂ S, there is an explicitly

defined map ch = I chJ : Ob
(
ISoe•J

)
→ IHJ . It factors over the split Grothendieck

group and induce an isomorphism of Z[v, v−1]-modules [ISoe•J ] ∼= IHJ , where v acts

by the degree shift [1] on the left. Furthermore, we have commutative diagrams

ISoe•J × JSoe•K −⊗J−//

ch× ch
��

ISoe•K

ch
��

IHJ × JHK −∗J− // IHJ

ISoe•J −[1] //

ch
��

ISoe•J

ch
��

IHJ v· // IHJ

KSoe•L
I
K IndJL//

ch
��

ISoe•J

ch
��

KHL � � // IHJ

,

and ch(Bs) = Hs + v where Bs := R⊗Rs R[1] ∈ Soe•.

Soergel’s Conjecture relates indecomposable objects to the famous Kazhdan-Lusztig

basis. It was long expected to hold for V taken over any field of characteristic zero,

and a proof over R has recently been given in [ElWi2].

Theorem 5.1.14 (Soergel’s Conjecture, [ElWi2]). Let k = R and W be an arbitrary

Coxeter System. Then for all w ∈ W , we have ch(Bw) = Hw.

Whenever we assume in the following that Soergel’s conjecture holds for a field k,

we mean that ch(Bw) = Hw and do not necessarily require that the characteristic of

k is zero.

Remark 5.1.15. Before [ElWi2], there was already plenty of evidence for Soergel’s

Conjecture 5.1.14. All proofs relied either on the geometry of flag varieties or on

the comparably simple structure of the underlying Coxeter group. In [Soe5] and

previously in [Soe1] in a non-equivariant setting, the conjecture is shown for finite

Weyl groups over C. [Hä] has used the same geometric techniques to establish the

conjecture for affine Weyl groups. For a finite Weyl group of an algebraic group

and characteristic larger than the Coxeter number, the conjecture is equivalent to

Lusztig’s conjectures on multiplicities of simple modules in from a Borel subgroup

induced modules, see [Soe4]. Thus, it holds for sufficiently large characteristic by

[AnJaSo]. Furthermore, [Fi] proves the conjecture for universal Coxeter groups using

an alternative construction of Soergel bimodules via moment graphs. Also, for dihe-

dral groups the indecomposable objects are constructed explicitly in [Soe6] and the

conjecture is verified in this way.

Remark 5.1.16. By Theorem 5.1.13, Soe• categorifies the Hecke algebra equipped

with the Kazhdan-Lusztig basis, whereas Soe categorifies the group algebra Z[W ]

equipped with the induced Kazhdan-Lusztig basis. These statements are based on
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Remark 5.1.7 and Theorem 5.1.12, and in particular the fact that indecomposable

Soergel bimodules remain indecomposable once we forget the grading. Summarizing,

we have a commutative diagram of (Z,N0)-ring homomorphisms

[Soe•] //

∼
��

[Soe]
∼
��

H // Z[W ]

whereH → Z[W ] is the specialisation homomorphism that sends v 7→ 1 and Hw 7→ w.

Thus, if one wants to study higher representation theory of the Hecke algebra, one

thus has keep track of the grading, which is why we provided all the details about

the graded case in chapter 3.

Remark 5.1.17. By arguments related to [ElWi1, Remark 3.21], the canonical Soe-
functor Soe→ (Soe⊗R Q)idem almost categorifies the base change homomorphism of

Example 2.1.8, where Q is the field of fractions (or another appropriate localisation)

of R. For reasons explained there, this only works for Soe, i.e. without the grading,

and thus really categorifies Example 2.1.8 after evaluating v (or with care v2) at 1.

Further, the canonical monoidal functor Soe →
(
SoeZ⊗(Soe)Q

W
)idem

categorifies the

same map considered as (Z,N0)-ring homomorphism. Similarly for finite W , the Soe-
functor SoeS →

(
SoeS ⊗ZSoe(SoeS) Q

W
)idem

categorifies the analogous base change for

the regular Z[W ]-representation HS|v=1
∼= Z[W ].

5.2 Conjectures on Duflo involutions and split Frobe-

nius objects

In this section, we discuss split Frobenius objects in Soe•, present examples associ-

ated to parabolic longest elements, and put forward conjectures about the existence

of a larger class associated to arbitrary Duflo involutions. Furthermore, we make con-

jectures about compatibilities between morphisms of Soe• and the conjectural split

Frobenius objects. For ease of notation, we pretend that Soe• is a strict monoidal

category.

First, we need some notation which is based on Lusztig’s J-ring, see [Lu6] for a

comprehensive summary. The J-ring may be defined as the free Z-algebra with basis

{tx}x∈W and structure coefficients {γx,y,z}x,y,z∈W , i.e. we have txty =
∑

z∈W γx,y,ztz for

all x, y ∈ W . The definition of the structure coefficients involves Lusztig’s a-function,
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which can be defined as a(z) := min {i ∈ N0|hx,y,zvi ∈ N0[v] ∀x, y ∈ W} ∈ N0

∐
{∅}

for all z ∈ W . This definition agrees with Lusztig’s, since the Kazhdan-Lusztig basis

is self-dual and thus hx,y,z = hx,y,z. Now, the structure coefficients can be defined as

γx,y,z := hx,y,zv
a(z)|v=0 for all x, y, z ∈ W .

In order to define Duflo involutions, we need another of Lusztig’s functions, which

is usually denoted by ∆ : W → N0. Usually, the map ∆ is defined in terms of

Kazhdan-Lusztig polynomials. Alternatively whenever Soergel’s Conjecture 5.1.14

holds, ∆(z) can be defined as the smallest non-trivial degree of HomSoe•(Bz, Be) for

all z ∈ W .

Definition 5.2.1. An element d ∈ W is called a Duflo involution if ∆(d) = a(d).

We denote the set of Duflo involutions by D := {z ∈ W |∆(z) = a(z)}.

We are going to use the following facts stated in [Lu6, Conjectures 14.2]. Note

that these are shown to hold in [Lu6, Section 15] under positivity assumptions, which

in turn hold due to Soergel’s Conjecture 5.1.14: For all x ∈ W , there exists a unique

d ∈ c(x) ∩ D. Further for all d ∈ D, we have d2 = d which justifies the name Duflo

involution. Furthermore, we have γx−1,x,d = 1 for all x ∈ c(d).

Next, we construct two triples Θ̂d and Θd for all Duflo involutions d ∈ D. For this

purpose, we assume that the underlying structure is chosen such that the statement

of Soergel’s Conjecture 5.1.14 holds. For the time being, fix d ∈ D. Let us denote

by B̂d := Bd[−a(d)] the indecomposable Soergel bimodule associated to d shifted

upwards by the associated a-function value. Since D consists of involutions, we have

γd,d,d = 1 and thus, Bd[a(d)] ⊂⊕ Bd ⊗Bd or equivalently B̂d ⊂⊕ B̂d ⊗ B̂d. We denote

by ∆d : B̂d → B̂d⊗ B̂d and µd : B̂d⊗ B̂d → B̂d the associated inclusion and projection

morphism, and abbreviate Θ̂d := (B̂d,∆d, µd). Note that ∆d and µd have degree zero

and that µd ◦ ∆d = idB̂d holds. Further, denote by πd : Soe• → Soe•d the strict

monoidal quotient functor, where Soe•d := Soe•/〈Bx|x �LR d〉. Furthermore, denote

Θd := πd(Θ̂d) = (πd(B̂d), πd(∆), πd(µ)). Due to the Krull-Schmidt property of Soe•,
the quotient Soe•d also has the Krull-Schmidt property and its split Grothendieck

ring
[
Soe•d

]
is isomorphic to Hd

:= H/{x ∈ W |x �LR d}.

Now, we put forward four conjectures that involve the triples Θ̂d and Θd where

d ∈ D. The first two conjectures ensure existence of free functorially cyclic and

universal cell modules for Soe• respectively.

Conjecture 5.2.2. Let d ∈ D. Then, Θd = (Θd, πd) is a cell object for Soe•.
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Conjecture 5.2.3. Let d ∈ D. Then, Θ̂d is a cyclic object for Soe•.

The second two conjectures ensure that the split Grothendieck groups of certain

objects of Soe• −Mod behave as expected.

Conjecture 5.2.4. Let d1, d2 ∈ D such that d1 ∼LR d2. Then, Soe•d2
satisfies right

Θd2-descent and Θd1-Θd2-descent.

Conjecture 5.2.5. Let d1, d2 ∈ D. Then, Soe• satisfies satisfies Θ̂d1-Θ̂d2-descent.

Remark 5.2.6. We leave it to future research to tackle these conjectures, but would

like to point out that the description of Soe• by generators and relations given in

[ElWi1] (see references therein for earlier versions in special cases), provides an ex-

cellent starting point. It would be especially exciting, if it were possible to establish

these conjectures up to positive scalars in the diagrammatic Z-form of Soe•. This

would then also yield and answer to the following question and thus have implications

to modular representation theory.

Question 5.2.7. Let p be a prime. Do similar relations hold for the p-canonical basis

elements associated to Duflo involutions? Clearly, this would yield analogous triples

in Soe• defined over a field of characteristic p. Is it plausible to make the analogous

conjectures in this case?

Remark 5.2.8. For d ∈ D, it holds that Θ̂d (resp. Θd) is right indecomposable

since B̂d (resp. πd(B̂d)) is indecomposable. Thus, Conjecture 5.2.3 is equivalent to

the equation ∆d ◦ µd = (B̂dµd) ◦ (∆dB̂d) = (µdB̂d) ◦ (B̂d∆d), and Conjecture 5.2.2 is

equivalent to equality of these three expressions after applying πd. Hence, Conjecture

5.2.3 implies Conjecture 5.2.2. Similarly, Conjecture 5.2.5 implies Conjecture 5.2.4

due to the following two reasons. First, for all B ∈ B and for all idempotents e of

πd(Θd)πd(B) there exists an idempotent ẽ in the endomorphism ring of ΘdB such

that πd(ẽ) = e. Second, right Θd2-descent is the same as Θe-Θd2-descent, since Θ̂e is

based on the unit object and the unit transformations of Soe•.

Conjecture 5.2.3 is known to hold in the following two examples:

Example 5.2.9. Let I ⊂ S be finitary. Then it is well known and not hard to show

that the parabolic longest element wI0 is a Duflo involution. For finite Weyl groups and

over the complex numbers, it was shown in [Soe2] that B̂wI0
= R⊗RI R, where we also

used that a(wI0) = l(wI0) as stated for example in [Lu6]. For arbitrary Coxeter systems,

B̂wI0
= R⊗RIR follows from [Wi2, Theorem 3], [Wi2, Theorem 7.4.1] and the fact that
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RI ∈ ISoe•I is indecomposable. Furthermore, the basic assumption (5.1) provides us

with an RI-linear splitting πwI0 of the inclusion map iwI0 : RI ↪→ R. If |WI | is invertible

in k, the splitting πwI0 is given by r 7→ 1
|WI |

∑
x∈WI

x.r. In general, the R-bimodule

morphism ∆wI0
: B̂wI0

→ B̂wI0
⊗R B̂wI0

, given by x ⊗RI y 7→ (x ⊗RI 1) ⊗R (1 ⊗RI y),

thus has a splitting µwI0 , given by (x ⊗RI y) ⊗R (z ⊗RI w) 7→ xπwI0(yz) ⊗RI w. Now,

(µwI0 ⊗R B̂wI0
) ◦ can ◦(B̂wI0

⊗∆wI0
) = ∆wI0

◦ µwI0 = (B̂wI0
⊗R ∆wI0

) ◦ can−1 ◦(µwI0 ⊗ B̂wI0
)

can be checked easily and πwI0 ◦ iwI0 = idB̂
wI0

hold by construction. Thus, we have

constructed Θ̂d = (B̂wI0
,∆wI0

, µwI0) for d = wI0 explicitly.

Example 5.2.10. We have checked Conjecture 5.2.3 by explicit calculation in the

diagrammatic calculus for the Duflo involution d = s2s1s3s2 in type A3. Note that

d ∼LR s1s3 and that a(s1s3) = l(s1s3) = 2 6= 4 = l(d). Since a is constant on 2-sided

cells and since a(wI0) = l(wI0) for all finitary I ⊂ S, d cannot be a parabolic longest

element.

Conjecture 5.2.5 also holds for parabolic longest elements:

Example 5.2.11. For any M ∈ Soe•, it is known that B̂wI0
MB̂wJ0

decomposes into

a direct sum of shifts of indecomposable objects Bx with x ≤R wI0 and x ≤L wJ0 .

In particular L(x) ⊃ L(wI0) = I and R(x) ⊃ J . By [Wi2, Theorem 3], there exists

Bx ∈ ISoe•J such that Bx = R⊗RIBx⊗RJR. In other words, there exist M̃ ∈ ISoe•J

such that B̂wI0
MB̂wJ0

∼= R ⊗RI M̃ ⊗RJ R. By [Wi2, Theorem 3] and [Wi2, Theorem

7.4.1], the functor R ⊗RI − ⊗RJ R : R ⊗RI ISoe•J ⊗RJ R → Soe• preserves the the

graded ranks of the homomorphism spaces involved and is thus fully faithful. Hence,

all idempotents e of B̂wI0
MB̂wJ0

are up to an isomorphism given by e = 1⊗RI ẽ⊗RJ 1

where ẽ is an idempotent of M̃ . With this preparation it is easy to compute that

e = (∆wI0
M) ◦ (BwI0

e) ◦ (µwI0M) = (M∆wJ0
) ◦ (eBwJ0

) ◦ (MµwI0).

In order to construct a universal cell modules for each 2-sided cell, it is enough

that Conjecture 5.2.2 holds for a single Duflo involution per 2-sided cell. Due to

Example 5.2.9, it is thus interesting to know which 2-sided cells in a given Coxeter

systems contain a parabolic longest element. For brevity, let us call a 2-sided cell

that contains a parabolic longest element a parabolic 2-sided cell:

Remark 5.2.12. Since we have a(wI0) = l(wI0) for all finitary I ⊂ S, the survey

statement [Sh, Remark 8.13(a)] implies the following: All 2-sided cells are parabolic

for Weyl groups of type An, Ãn, B̃3, C̃2, C̃3 and G̃2, as well as the dihedral groups. In

type An (resp. Ãn) this follows form the (generalised) Robinson-Schensted correspon-

dence. Further for all affine Weyl groups, the lowest 2-sided cell is a parabolic 2-sided

188



cell. Furthermore for n ≥ 5, [Be] shows that the hyperbolic n-gon (universal) Coxeter

groups Pn have three 2-sided cells, which are therefore parabolic. For n ∈ {1, 2, 3},
the associated group Pn also consists of parabolic 2-sided cells, since it is given by an

n-fold product of the Weyl group of type A1, and the same holds for P4 which is equal

to the product of the infinite dihedral group with itself. Further by Remark 5.2.13,

type B4 and C4 consists of parabolic 2-sided cells, while type B5 and C5 both have 10

left cells of size 15 which lie in a 2-sided cell which is not parabolic. Further, type F4

has 9 left cells of size 9 and 4 left cells of size 6 with this property. Similarly, type H3

has 3 left cells of size 6 with this property. The remaining candidates amongst finite

Coxeter groups and affine Weyl groups that might consist of parabolic 2-sided cell

are of type B̃4 and C̃4. Note that this is an exhaustive list of potential candidates,

since all other types contain a sub-Weyl that have a non-parabolic 2-sided cell. For

example, type E6, E7 and E8 contain type D4, and type H4 contains H3. Remark

5.2.14 below provides more details about the failure in type D4.

Remark 5.2.13. To establish the claims made in the previous Remark, we used

[CHEVIE], the fact that the element-wise inverse of a left cell is a right cell, the fact

that for finite Coxeter groups left and right cells intersect if and only if they lie in the

same 2-sided cell. The latter holds by the same argument as in [LuXi, §3], as stated

in [Ge, Theorem 4.1].

RequirePackage( "chevie" );

W := CoxeterGroup( "H", 3 );

generators := List( W.generators, i -> CoxeterWord( W, i )[1] );

parabolicGenerators := Combinations( generators );

parabolicLongestElements := List( parabolicGenerators,

i -> LongestCoxeterWord( ReflectionSubgroup( W, i ) ) );

leftCellsAndMu := LeftCells( W );

leftCells := List( leftCellsAndMu, i -> i[ 1 ] );

Size( Set( leftCells ) );

containsParabolicLongestElement := function ( lc )

local cple;

cple:=false;

for k in parabolicLongestElements do

cple := cple or (k in lc);

od;

return cple;

end;;
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leftCellsWithParabolicLongestElement := Filtered( leftCells, containsParabolicLongestElement );

rightCellsWithParabolicLongestElement :=[];

for plc in leftCellsWithParabolicLongestElement do

Append( rightCellsWithParabolicLongestElement,

[ List( plc, j -> CoxeterWord( W, PermCoxeterWord( W, Reversed( j ) ) ) ) ] );

od;

leftCellsWithParabolicCounter := [];

for l in leftCells do

lWithPCounter:=[ l, 0 ];

for pr in rightCellsWithParabolicLongestElement do

if Size( IntersectionSet( Set( pr ), l ) ) > 0 then

lWithPCounter[ 2 ] := lWithPCounter[ 2 ] + 1;

fi;

od;

Append( leftCellsWithParabolicCounter, [ lWithPCounter ] );

od;

leftCellsNoParabInTwoCell:=Filtered( leftCellsWithParabolicCounter, i -> i[ 2 ] = 0 );

NumberOfleftCellsNoParabInTwoCell := Size( Set( leftCellsNoParabInTwoCell ) );

SizesOfleftCellsNoParabInTwoCell := List( leftCellsNoParabInTwoCell, i -> Size( Set( i[ 1 ] ) ) );

While one can can test the above conjectures on any Duflo involution that is not

a parabolic longest element, the following case would be particularly interesting.

Remark 5.2.14. The Weyl group W (D4) = 〈{si}4
i=1|(sis2)3 = 1 = (si)

2 ∀i〉 contains

a parabolic longest element in all but the 2-sided cell with a-function value 7. This

follows from [DJ], which is surveyed in [Sh, Theorem 8.12]. This theorem describes the

twelve 2-sided cells of the affine Weyl group W (D̃4) = 〈{si}4
i=0|(sis2)3 = 1 = (si)

2 ∀i〉
explicitly. In particular, it is stated that there exists a 2-sided cell with a-value 7.

Furthermore, [Sh, Remark 8.13(a)] states that the element s1s3s2s1s3s2s4s2s1 has a-

value 7. We have verified using [CHEVIE] that s1s2s1s3s2s4s2s1s3s2s4 is the Duflo

involution which is left equivalent to the above element and thus also has a-value

7. Clearly, both expressions do not contain the affine reflection s0 and can thus be

considered as an element of the finite Weyl group of type D4, where the a-value

remains 7. The non-trivial parabolic subgroups of D4 are of type A1, A1 × A1,

A1 × A1 × A1, A2, A3 and D4. Thus, parabolic longest elements have a-values 1, 2,

3, 3, 6 and 12, where we used once more that a(wI0) = l(wI0) for all finitary subsets

I ⊂ S.
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We proceed with a further conjecture, which impacts only Section 5.6. Soergel’s

Conjecture 5.1.14 paired with the homomorphism formula [Wi2, Theorem 7.4.1] im-

plies that HomSoe•(Bx, By) = πe(HxHy−1)R as left R-modules, where denote by

πe : H → Z[v, v−1] denotes map that picks the coefficient of He of any element

H ∈ H when expressed in the standard basis. It follows that the graded rank of both

HomSoe•(Bd, Be) and HomSoe•(Be, Bd) is given by πe(Hd) = he,d, i.e. a Kazhdan-

Lusztig polynomial. Thus, there exist non-trivial morphisms of minimal degree a(d),

say fe,d : R → B̂d and fd,e : B̂d → R. Further since hx,y,z = hx,y,z, we also have a

highest degree summand Bd[−a(d)] ⊂⊕ Bd ⊗R Bd. Denote the projection morphism

(after shifting by 2a(d)) by µ̃d.

Conjecture 5.2.15. For all d ∈ D there is a choice of fd,e and fe,d such that with

αd := fd,e ◦ fe,d(1) ∈ R, we have µd = µ̃d ◦
(
B̂d ⊗R αdB̂d

)
.

The conjecture holds for d = wI0 where I ⊂ S is finitary, see Example 5.6.1, and

we have checked it as well in type A3 for d = s2s1s3s2.

Remark 5.2.16. For crystallographic Coxeter systems that are bounded in a suitable

sense (thus for finite and affine Weyl groups as well as universal Coxeter systems),

[Lu3] showed that the coefficient in pe,d is actually 1 and thus that the morphisms

fe,d and fd,e are unique up to scalar.

We end this section, putting forward another question yet to be explored:

Question 5.2.17. Recall the well known (left and right) duality D in the sense of

[Ka, XIV.2] on Soe• for which D(Bx) ∼= Bx−1 holds for all x ∈ W . In terms of

say [ElWi1] this duality is given by a rotation of 180◦, see [Kl] for an exposition

that covers (twisted) singular Soergel bimodules and effectively provides a 2-functor

D : Soerev,op → Soe that is the identity on objects. Since all d ∈ D are involutions, Bd

is a self-adjoint object and there are associated degree zero morphisms Be → Bd⊗Bd

and Bd⊗Bd → Be for which the snake relation holds. Now, it would be interesting to

know whether these two morphisms agree (up to a scalar) with ∆d ◦ fe,d and fd,e ◦ µd.

5.3 Singular Soergel bimodules revisited

In this section, we provide a new perspective on singular Soergel bimodules. We

will show that they can be defined as the precise categorical analogue of the Schur

algebroid, and thus establish Theorem 4 of the introduction. We also calculate the
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centre of right singular Soergel bimodules considered as a Soe•-module, as well as the

endomorphism ring Z⊗(Soe•) of the identity functor of Soe•.

For finitary I ⊂ S, recall the split Frobenius object Θ̂wI0
from Example 5.2.9.

Theorem 5.3.1. Let I, J ⊂ S be finitary. Then, Soe•I is a free functorially cyclic

Soe•-module and we have an equivalence ISoe•J ∼= HomSoe•(Soe•I ,Soe•J) of additive

categories. Further, we have an equivalence Soe•I ∼= Soe• Θ̂
wI0

in Soe• −Mod and an

equivalence of additive categories ISoe•J ∼= Θ̂
wI0

Soe• Θ̂
wJ0

. The analogous statements

hold in the context of Soe−Mod.

Proof. Before we begin, let us note that all the Soe•-functors and Soe•-transformations

that will be considered in the proof are of degree zero. Of course, these functors also

yield Soe-functors and Soe-transformations with the same properties. Therefore, the

same conclusions hold in Soe−Mod.

Let I ⊂ S be finitary. Recall that Soe• and Soe•I are idempotent closed by defini-

tion. In Section 5.1, we mentioned the functors ϑI := ∅
∅Res∅I : Soe• → Soe•I and

ϑI := ∅
∅ Ind∅I : Soe•I → Soe•. The functor ϑI (resp. the shifted functor ϑI [l(wI0)])

agrees with the the translation out of the wall functor − · Iϑ∅ (resp. onto the wall

functor −· ∅ϑI) of [Wi2, Definition 6.1.3]. Since these functors only involve operations

on the right, one can easily equip ϑI and ϑI with the structure of Soe•-functors. For

all M ∈ Soe•, we have ϑIϑ
I(M) = M |RI ⊗RI R ∼= M ⊗R (R ⊗RI R) = M ⊗R ΘwI0

.

These isomorphisms define an iso-Soe•-transformation ϑIϑ
I ∼

=⇒ −ΘwI0
. Further us-

ing the morphism iwI0 introduced in Example 5.2.9, we obtain Soe•-transformations

idSoe•I
∼= − ⊗RI RI

−⊗
RI
i
wI0=⇒ − ⊗RI R|RI ∼= (− ⊗RI R) ⊗R R|RI = ϑIϑ

I . We denote

the composition by αI . Similarly, one constructs a left inverse βI of αI by using πwI0
which was also defined in Example 5.2.9. It is now easy to check that the above

constructed iso-Soe•-transformation induces an isomorphism between the Frobenius

objects (ϑIϑI , ϑIαIϑ
I , ϑIβIϑ

I) and Θ̂wI0
. Thus, we have shown that Corollary 4.5.9

applies, and this proof is complete.

Remark 5.3.2. More explicitly, one can deduce from our constructions that there

exist idempotent Soe-transformations e1 on ϑ
Θ̂
wI0ϑI and e2 on ϑIϑΘ̂

wI0

, such that

(ϑ
Θ̂
wI0ϑI , e1) and (ϑIϑΘ̂

wI0

, e2) establish the equivalence SoeI ∼= SoeΘ̂
wI0

.

Remark 5.3.3. Right multiplication defines a functor ISoeJ → HomSoe(SoeI ,SoeJ)

for all finitary I, J ⊂ S, which yields a 2-functor Soerev → Soe −Mod. Up to an
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isotransformation, this functor is part of the second equivalence of Theorem 5.3.1. In

fact, it is not too hard to show directly that this functor is fully faithful. Therefore, the

contribution made here is to prove essential surjectivity. Note that even in type A1,

we were not able to establish this result without factually using the same arguments

that enter the proof presented above.

Since right singular Soergel bimodules are free functorially cyclic Soe-modules,

Theorem 4.5.10 yields the following statement:

Corollary 5.3.4. We have a 1-2-full 2-functor Soe→ Frob(Soe).

Remark 5.3.5. Theorem 4.5.14 implies that this 2-functor is essentially surjective

up to weak equivalence if and only if all 2-sided cell of the underlying Coxeter group

contain a parabolic longest element. Note that even in type A, we do not know

whether the 2-functor Soe→ Frob(Soe) is an equivalence, since it is not clear whether

all right indecomposable split Frobenius objects of Soe of type A are equivalent to

Θ̂wI0
for some finitary I ⊂ S.

Next, we calculate the centres introduced in Definitions 3.2.1 and 4.1.1 for singular

Soergel bimodules, and relate them to one another:

Corollary 5.3.6. Let I ⊂ S be finitary. Then, ZSoe(SoeI) ∼= RI . Further, if S is

finitary and J ⊂ S, then the following diagram commutes:

ZB(SoeI) //
OO

∼

Z(HomSoe(SoeI ,SoeJ ))OO
∼

ZB(SoeJ )oo
OO

∼Z( ISoeJ )OO
∼

RI // RI⊗
RW

RJ RJoo

.

Proof. The following statement is well known: For all unital rings A and all full

subcategories M of A−Mod (or A−mod) that contain all (finitely generated) free

A-modules, we have Z(M) = Z(A). This statement follows from the diagram

A

zA

��

� � im // ⊕
m′∈M A

π // //

z⊕A

��

M

zM

��
A
� � im // ⊕

m′∈M A
π // // M

that commutes for all m ∈ M ∈ M and z = (zM)M∈M ∈ Z(M), where π denotes

the morphism that sends 1 ∈ A in the component associated to m′ ∈ M to m′.
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By [Wi2, Definition 7.1.1], we have RI ⊗RW RJ ∈ ISoeJ ⊂ RI ⊗RW RJ − mod,

and thus RI ⊗RW RJ ∼= Z( ISoeJ). The isomorphism RI ∼= ZSoe(SoeI) follows now

from Corollary 4.5.28 using the explicit maps provided in 5.2. Commutativity of the

diagram can be calculated explicitly.

Another centre is of interest. Note that we do not make any finiteness assumptions.

Proposition 5.3.7. We have Z⊗(Soe) ∼= RW .

Proof. Since monoidal transformations of monoidal identity functors are determined

by their value at the unit object, the elements of Z⊗(Soe) can be identified with

all α ∈ Soe(Be, Be) such that Bα = αB in Soe(B,B) for all B ∈ Soe. Note that

we pretend here for notational convenience that Soe is strict. For any s ∈ S and

B = Bs, this equation implies that α ∈ R{s}. Taken together this implies α ∈ RS. By

the explicit definition of Soergel bimodules as summands of sums of Bott-Samelson

bimodules, we know on the other hand that the equation holds for all α ∈ RS = RW .

We leave it as an exercise to check that all α ∈ RW define an element Z⊗(Soe).

We end this section with non-trivial examples of strong equivalences between split

Frobenius objects, i.e. examples which cannot be explained by an isomorphisms.

Above, we have used the Soe-functors ϑI and ϑI to recover SoeI from the associated

split Frobenius objects. However, we could have chosen other Soe-functors which

correspond to the split Frobenius objects discussed in the following example:

Example 5.3.8. For simplicity, we consider Soe{s} in type A2 only. Also, we will

pretend that Soe is strict and further replace some expressions that involve tensor

products over R by simplified equivalent expressions. So far, we had considered

Θ̂
w
{s}
0

= Θ̂s = (B̂s,∆s, µs). Now define another right indecomposable split Frobenius

object Θ̂ts := (B̂ts,∆ts, µts) as follows: We define B̂ts := R⊗R{t}R⊗R{s}R, we specify

µts and ∆ts uniquely by

µts ((a⊗R{t} b⊗R{s} c)⊗R (d⊗R{t} e⊗R{s} f))

= −a⊗R{t} b∂s(cde)⊗R{s} f

and

∆ts (x⊗R{t} y ⊗R{s} z)

= (x⊗R{t} y ⊗R{s} 1)⊗R (1⊗R{t} αt ⊗R{s} z)

+ (x⊗R{t} y ⊗R{s} 1)⊗R (αt ⊗R{t} 1⊗R{s} z).

We leave it to the reader to check the Frobenius property and note that splitness

holds since ∂s(αt) = −1
2
. Clearly, Θ̂s and Θ̂ts are not isomorphic, however we
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claim that there exists a strong equivalence Θ̂s ' Θ̂ts, see Definition 4.3.72. Let

A := B := Be = R ∈ Soe, and let eA, eB, ι1, π1, ι2 and π2 be defined by

eA (x⊗R{s} y ⊗R{t} z ⊗R{s} w)

= −x⊗R{s} ∂s(yz)αt ⊗R{t} 1⊗R{s} w − x⊗R{s} 1⊗R{t} ∂s(yz)αt ⊗R{s} w,

eB (x⊗R{t} y ⊗R{s} z ⊗R{s} w)

= x⊗R{t} y ⊗R{s} ∂s(αsz)⊗R{s} w,

ι1 (x⊗R{s} y ⊗R{s} z)

= x⊗R{s} αt ⊗R{t} 1⊗R{s} y ⊗R{s} z + x⊗R{s} 1⊗R{t} αt ⊗R{s} y ⊗R{s} z,

π1 (x⊗R{s} y ⊗R{t} z ⊗R{s} w ⊗R{s} v)

= −x⊗R{s} ∂s(yz)∂s(αsw)⊗R{s} v,

ι2 (x⊗R{t} y ⊗R{s} z ⊗R{t} w ⊗R{s} v)

= x⊗R{t} y ⊗R{s} 1⊗R{s} z ⊗R{t} w ⊗R{s} v

and

π2 (x⊗R{t} y ⊗R{s} z ⊗R{s} w ⊗R{t} v ⊗R{s} u)

= −x⊗R{t} y ⊗R{s} ∂s(αsz)∂s(wv)⊗R{t} αt ⊗R{s} v

− x⊗R{t} y ⊗R{s} ∂s(αsz)∂s(wv)αt ⊗R{t} 1⊗R{s} v.
We leave it to the reader to check that the maps provided satisfy all relations and

properties required in Definition 4.3.72.

Remark 5.3.9. The object B̂ts can be equipped with two different split Frobenius

structures. We had discussed Θ̂ts in Example 5.3.8, and shown that SoeΘ̂ts
∼= Soe{s}.

In fact, there exists another structure Θ̃ts, such that SoeΘ̃ts
∼= Soe{t}. Interestingly,

one can show that Soe does not satisfy Θ̃ts-descent, whereas it does satisfy Θ̂ts-

descent. The opposite is true for the respective right descent properties.

Remark 5.3.10. There exists another non-isomorphic, right indecomposable split

Frobenius object Θ̂s⊕sts that is associated to Soe{s}. It has the underlying object

R ⊗R{s} R ⊗R{t} R ⊗R{s} R[2] = B̂s ⊕ B̂sts[2]. Similarly to the above arguments, one

can show explicitly that Θ̂s ' Θ̂s⊕sts. Furthermore, one can show that Θ̂s and Θ̂s⊕sts

become isomorphic after passing to the quotient of Soe by B̂sts.

Taking Conjecture 5.2.5 into account, the preceding remarks raises the following

question:

Question 5.3.11. Let Θ̂ be a split Frobenius object in Soe with indecomposable un-

derlying object B. Provided that Soe satisfies two-sided Θ̂-descent, does there exist
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d ∈ D such that B ∼= Bd[−a(d)]? Further, does this isomorphism induce an isomor-

phism between Θ̂ and Θ̂d?

5.4 Universal cell modules

In this section, we study universal the cell modules of Soergel bimodules associated

to Duflo involutions assuming the conjectures made in Section 5.2. Theorem 5.4.1

determines the Grothendieck group of morphism categories between the universal

cell modules. Corollary 5.4.4 provides equivalences between cell modules in regular

2-sided cells that contain parabolic longest elements. Further, Corollary 5.4.6 derives

a homorphism formula for the classical counterparts in case of Weyl groups.

Given a Duflo involution d ∈ D, we denote by Cd := CΘd
the universal cell module

associated to d by virtue of Conjecture 5.2.3. To not overload the notation, we

suppress denoting the gradings explicitly, however the statements made below do

require the grading. The analogous statements in the non-graded case hold as well,

where we have to replace H by the group algebra Z[W ], compare Remark 5.1.16.

Recall the notation Hd
:= H/{x ∈ W |x �LR d} for all d ∈ W .

Theorem 5.4.1. Let d1, d2 ∈ D, assume Conjectures 5.2.2 and 5.2.4 for d1 and d2,

and assume that HomSoe(Cd1 , Cd1) is non-trivial. Then, we have d1 ∼LR d2, the mor-

phism evHd1
: HomH(H.Hd1

,H.Hd2
)→ H.Hd2

surjects onto its coimage Hd1
.H.Hd2

,

where H := Hd1
= Hd2

, and this surjection splits. Further, the natural composition

[HomSoe(Cd1 , Cd2)] ↪→ Hom[Soe]([Cd1 ], [Cd2 ]) = HomH(H.Hd1
,H.Hd2

)� Hd1
.H.Hd2

is

an isomorphism.

Proof. Let d ∈ D. Then, Conjecture 5.2.2 for d ensures existence of the universal

cell modules Cd. Further, the statement about right descent in Conjecture 5.2.4 for d

implies that Cd is an idempotent closed subcategory of Soed containing πd(Θd). Since

Cd is 1-cyclic, we thus obtain [Cd] ∼= H
d
.Hd, where Hd

.Hd := coim
(
·Hd : Hd → Hd

)
.

Now let d1, d2 ∈ D, assume Conjectures 5.2.2 and 5.2.4 for d1 and d2, and assume that

HomSoe(Cd1 , Cd1) 6= 0. By Proposition 4.5.35, we have d1 ∼LR d2 and thus can write

H := Hd1
= Hd2

. Denote by Hd1
.H.Hd2

:= coim
(
Hd2
−Hd2

: H → H
)
. Clearly

Hd1
.H.Hd2

↪→ H.Hd2
and the evaluation evHd1

: HomH
(
H.Hd1

,H.Hd2

)
→ H.Hd2

factors over this inclusion. Let us denote this factorisation by evd1 . Further, denote

Soe := Soed1
= Soed2

, and recall that
[
Soe

] ∼= H. Conjecture 5.2.4 implies that
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Θd1
SoeΘd2

is an idempotent closed subcategory of Soe with objects all direct sums of

πd2(B̂d2BB̂d1) for all B ∈ Soe. The claim follows from the commutative diagram

HomH([Cd1 ],[Cd2 ])
∼ //

� _

[ϑΘd2
]−[ϑ

Θd1 ]

��

HomH(H.Hd1
,H.Hd2

)
evd1 // Hd1

.H.Hd2� _

��

[HomSoe(Cd1 ,Cd2 )]
∼= //

[−]
hh

� _[
ϑΘd2

−ϑΘd1

]
��

[
Θd1
SoeΘd2

]
∼

88

� _[
Θd1

ϑΘd2

]
��

[HomSoe(Soe,Soe)]
∼= //

[−]

uu

[Soe]
∼

''
HomH([Soe],[Soe])

∼ // HomH(H,H)
evHe // H

,

in which we used ↪→ to denote inclusions and
∼−→ (resp.

∼=−→) for isomorphisms

induced from isomorphisms (resp. from equivalences). Note that the notation Θd1
ϑΘd2

was introduced in Remark 4.3.67, which we apply here to the quotient Soe of Soe
and Frobenius objects that live there rather than to Soe itself.

Remark 5.4.2. Assuming the stronger Conjectures 5.2.3 and 5.2.5 (or intermediate

variants), for any quotient π of Soe that factors πd, we can replace Cd1 by C(π(Θ̂d1 ),π)
and obtain the same statement. Note that for π = idSoe, C(π(Θ̂d1 ),π) categorifies the

cyclic representation H.Hd1
which in turn for d = wI0 is equal to HI . Further, Cd2 can

be replaced by the full sub-Soe-module of Soe that contains B̂d2 .

Remark 5.4.3. The proof of Theorem 5.4.1 required intricate Frobenius descent

properties. Recalling Remark 5.3.9, we note that the class in the Grothendieck group

of the underlying object of an arbitrary right indecomposable split Frobenius object

might not generate the correct submodules. This has two implications. First, the

above categorification result does not generalise to Frob(Soe). Second, the good

properties of the evaluation map evHd
established above for d ∈ D, do in general not

hold for the corresponding evaluation maps for arbitrary members of the Kazhdan-

Lusztig basis.

By Remark 5.2.12, the following corollary applies to all 2-sided cells of finite and

affine Weyl groups of type A or of rank ≤ 3, as well as to the n-gon Coxeter groups

Pn which are hyperbolic for n ≥ 5.

Corollary 5.4.4. Let c be a strongly regular 2-sided cell of Soe that contains a

parabolic longest element, let d1, d2 ∈ c ∩ D, and assume that Conjectures 5.2.3 and

5.2.5 hold for d1 and d2. Then, we have Cd1
∼= Cd2.
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Proof. Let c be a strongly regular 2-sided cell, let I ⊂ S be finitary such that wI0 ∈ c,
and let d ∈ D ∩ c. From the J-ring combinatoric (a matrix algebra in type A), we

obtain x ∈ W such that {wI0} = L(x−1) ∩ R(x) and {d} = L(x) ∩ R(x−1). We thus

have HxHx−1 = p1HwI0
and Hx−1Hx = p2Hd for some p1, p2 ∈ N0[v, v−1] in H = Hd

.

By [Wi2, Section 2.3], we know that π(I) :=
∑

x∈WI
v2l(x)−l(wI0) divides p1. In the

same time, the J-ring combinatoric implies that p1v
±l(wI0)

∣∣∣
v=0

= 1. Since the same

property holds for π(I), it follows that p1 = π(I). Clearly, there exist idempotents

e1 and e2 such that Bx
∼= (B̂dBxB̂wI0

, e1) and Bx−1
∼= (B̂wI0

Bx−1B̂d, e2) in Soe. Thus,

we have defined objects in Θ
wI0

SoeΘd
and Θd

SoeΘ
wI0

whose tensor product has to be

isomorphic to the unit object of Θ
wI0

SoeΘ
wI0

. The statement follows from Theorem

4.5.10 applied to B = Soe and Proposition 4.5.45.

Remark 5.4.5. Let c be a 2-sided cell. It would be interesting to study the rela-

tionship between ZSoe(Cd1) and ZSoe(Cd1) for Duflo involutions d1, d2 ∈ D ∩ c. In

the situation of Corollary 5.4.4, these rings are of course isomorphic. Interestingly

for finitary I, J ⊂ S with wI0 ∼LR wJ0 , the weak equivalence of SoeI and SoeJ in-

duces a RW -module homomorphism RI → RJ between their respective centres as

Soe-modules, which in turn appears to induce the isomorphism of the centers of the

cell modules. On the other hand, there exists an inner automorphism of W that

induces an isomorphism RI ∼−→ RJ , which also appears to induce the isomorphism

of the centers of the cell modules. We have not checked this in detail, but if this

statement holds, it would be interesting to understand the deeper reason behind this

observation.

We end this section, by combining a result of Lusztig for the group algebra C[W ]

of a Weyl group W with Theorem 5.4.1 to deduce a statement about morphism spaces

for cell modules of the Hecke algebra of W . Note that this statement clarifies how

the behaviour changes beyond the case of strongly regular 2-sided cells, and also does

not require that there exists a parabolic longest element in the 2-sided cell under

consideration.

Corollary 5.4.6. Let W be a Weyl group, let d1, d2 ∈ W be Duflo involutions such

that d1 ∼LR d2, and let c1 = c(d1) and c2 = c(d2) be the associated left cells. Assume

that Conjectures 5.2.3 and 5.2.5 hold for d1 and d2. Then, we have a Z[v, v−1]-linear

isomorphism HomH(H.Hd1
,H.Hd2

) ∼= Z[v, v−1][c−1
1 ∩ c2], where H := Hd1

= Hd2
.

Proof. Theorem 5.4.1 provides a split surjection HomH(H.Hd1
,H.Hd2

)� Hd1
.H.Hd2

.

The right hand side can easily be identified with Z[v, v−1][c−1
1 ∩ c2]. Specialising
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the splitting using v 7→ 1 ∈ C, we obtain a C-linear embedding C[c−1
1 ∩ c2] ↪→

HomC[W ](H.Hd1
⊗Z[v,v−1]C,H.Hd2

⊗Z[v,v−1]C). By [Lu2, Proposition 12.15] the dimen-

sions agree, i.e. the embedding is an isomorphism. The canonical specialisation map

HomH(H.Hd1
,H.Hd2

)⊗Z[v,v−1] C� HomC[W ](H.Hd1
⊗Z[v,v−1] C,H.Hd2

⊗Z[v,v−1] C) is

thus surjective. Now assume that there exists f ∈ HomH(H.Hd1
,H.Hd2

) which does

not lie in the image of the splitting. W.l.o.g, we can assume that f(Hd1
) has coef-

ficients that specialise to zero, since we can otherwise subtract the image of f(Hd1
)

under the splitting from f . We can further assume w.l.o.g that f(Hd1
) = 0, since

otherwise we can separate the positive and the negative coefficients of f(Hd1
) add

another two morphisms in the image of the splitting to f . By linearity and positivity

of the structure coefficients of H, f(Hx) = 0 for all x ≤L d1 and thus f = 0. This

contradicts our assumption, and the proof is complete.

Remark 5.4.7. A priori there is no to us apparent reason that would ensure that

the basis of HomC[W ](H.Hd1
⊗Z[v,v−1] C,H.Hd2

⊗Z[v,v−1] C), obtained from Lusztig’s

isomorphism in [Lu2, Proposition 12.15], has positive coefficients.

5.5 Coinvariant theory

In this section, we apply the tools developed in Section 4.6 to Soergel bimodules. We

study examples in the case of dihedral groups, Weyl groups of types B2, Ã2 and C̃2

and right-angled Coxeter groups Pn.

Remark 5.5.1. Let d ∈ D be a Duflo involution. Proposition 4.5.42 states that

EndSoe(Cd) consists of a single left cell, which it does not ensure that this endomor-

phism category behaves like groups. Nevertheless, there may exist non-trivial group

actions on Cd. On the other hand, Corollary 5.4.6 implies that for Weyl groups it

is only interesting to study group actions on Cd in case of 2-sided cells that are not

regular.

Remark 5.5.2. The group actions that form the basis of Section 4.6, say on Cd,
require a monoidal functor G→ EndSoe(Cd). Fortunately, in the examples presented

below it is sufficient to provide a map g 7→ Sg such that Sg1Sg1
∼= Sg1g2 . These iso-

morphisms can then be normalised using the following fact: Indecomposable Soergel

bimodules can be constructed as direct summands of Bott-Samelson bimodules which

have a distinguished element 1⊗...⊗1. Thus, choosing an isomorphism that preserves

these distinguished elements results in a monoidal functor as required.
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Remark 5.5.3. For arbitrary d ∈ D, the indecomposable objects of EndSoe(Cd) do

not behave like a group, as the dihedral groups I2(m) for m ≥ 5 show. It is plausible

that the symmetry group of the associated W -graph gives rise to a group action on

cell modules. The periodic W -graphs of [Lu5] might also lead to symmetries. It would

be interesting to study these examples in the future.

Type B2 and dihedral groups

Recall the discussion of the classical case in Section 2.6.3. We have W = W (B2) =

〈s, t|s2 = t2 = (st)4〉. The cyclic and the cell Soe-module associated to the Du-

flo involution s are given by CΘ̂s
∼= Soe{s} and Cs = CΘs

= Soe{s}/ 〈Bstst〉. The

Grothendieck group of Cs has a basis parametrised by the left cell {s, ts, sts}. Fur-

ther, EndSoe(Soe{s}) ∼= {s}Soe{s} which has indecomposable objects Bs, Bsts and

Bstst. Similarly, the indecomposable Soe-functors, idCs and S say, in EndSoe(Cs) ∼=
{s}Soe{s}/ 〈Bstst〉 correspond to Bs and Bsts. In this quotient, we have BstsBsts

∼= Bs.

In particular, Bsts cannot be equipped with the structure of a split Frobenius object.

On the Grothendieck group [Cs], these Soe-functor induce exactly the two endomor-

phism provided in Section 2.6.3. It follows, that SS ∼= idCs as Soe-functors. Thus, we

have an action Z/2Z → EndSoe(Cs) and we obtain the coinvariant module (Cs)Z/2Z.

Furthermore, HomSoe(Cs, Ct) ∼= {s}Soe{t}/ 〈Bstst〉 which consist of direct sums of a

unique indecomposable Soe-functor, call it F . Hence, F ∼= FS holds and Theorem

4.6.14 yields a Soe-functor (Cs)Z/2Z → Ct. Further, we have the canonical Soe-functor

Cs → (Cs)Z/2Z of Proposition 4.6.12. Thus, we have completely categorified the sit-

uation described in Section 2.6.3. Also note similar patterns exists for all dihedral

groups I2(m) for m ≥ 4 even. Already the case m = 5 is quite intriguing, since the

idempotent closure of the coinvariant module should admit S3 (or Z3) as a symmetry

group giving rise to a further rank 2 cell module. On the other hand, the case of

odd m is trivial in terms of symmetries. However, the case m = 4 provides a simple

example in which EndSoe(Cs) is not group like.

Simply laced and connected

We provide some preparatory facts for the upcoming examples. Assume that the

Coxeter system (W,S) is connected and simply laced, i.e. for all s, t ∈ S we have

a sequence s1, ..., sn ∈ S such that s = s1, t = sn and sisi+1si = si+1sisi+1 for all

i ∈ {1, .., n − 1}. Let us assume that this sequence is chosen so that n is minimal.

Then, sisj = sjsi for |i−j| > 1 and sisi+1si for all i ∈ {1, .., n−1} are parabolic longest
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elements with a-value 2 and 3 respectively. There exists a W -graph that has the same

shape as the Coxeter graph associated to (W,S). Furthermore, all Csi are equivalent,

since Bsisi+1
∈ {si}Soe{si+1} induces a Soe-functor Csi → Csi+1

with inverse induced

by Bsi+1si . To see this, recall that Bsisi+1
Bsi+1si

∼= Bsi ⊕ Bsisi+1si which corresponds

to the identity Soe-functor of Csi , since the second summand lies in a lower 2-sided

cell and is thus equal to the zero object in the quotient under consideration. Note

that the combinatorics of [Csi ] is in type A encoded in a W -graph that resembles the

Coxeter graph, in general this is not the case.

Type Ã2

We have W = W (Ã2) := 〈s0, s1, s2|s2
i = (sisj)

3 = 1 for {i, j} ⊂ {0, 1, 2}〉, which is

called the affine Weyl group of type Ã2. It is simply laced and connected. We will

discuss cell modules associated to cells with a-function value 1. Classically we have

the following W -graph combinatorics, [KaLu, Lu5] for more on periodic W -graphs:

... s2

++

s0

��

s1

��

s2

��

s0

ss

...

s0 s1 s2

The upper W -graph describes the Grothendieck group of Cs0 (as well as of the equiva-

lent modules Cs1 and Cs2). The lower graph can be described as a coinvariant module

for the symmetry group Z generated by a translation by three nodes. We know that

EndSoe(Cs0) can be described as a quotient of {s0}Soe{s0}. The generating translation

is given by Bs0s1s2s0 ∈ {s0}Soe{s0} with inverse Bs0s2s1s0 . Now the coinvariant module

(Cs0)Z and the associated Soe-functor Cs0 → (Cs0)Z categorifies the above picture.

Also note that even though the morphism spaces in Cs0 → (Cs0)Z are given by infinite

direct sums, each graded piece will still be finite dimensional which can be deduced

from the homomorphism formula [Wi2, Theorem 7.4.1]. This statement also applies

to the type C̃2 which we discuss next.
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Type C̃2

We have W = W (C̃2) := 〈s0, s1, s2|s2
0 = s2

1 = s2
2 = (s0s1)4 = (s1s2)4 = 1〉, which is the

affine Weyl group of type C̃2. There exists the following morphisms of W -graphs:

s1

++

s0

��

s1

��

s2

��

s1

��

s0

ss

s1

sss0

��

s1

��

s2

��

s1

ww
s0

2 //
oo

1
s1 s2//

1

2oo

The upper W -graph extends periodically to the left and right and corresponds to the

Grothendieck group of Cs1 . Its symmetry group is of type Ã1. The symmetry group

is generated say by r0, which reflects the graph at [Bs0s1 ] (the first node form the left

with label s0), and r1, which reflects at [Bs0s2 ] (the first node form the left with label

s2). The middle graph describes the Grothendieck combinatorics of the coinvariant

module associated to the subgroup generated by r2r0, which translates the graph four

vertices to the right. The bottom graph is the coinvariant module associated to the

entire symmetry group. Furthermore, we have the following W -graph morphisms:

s1

''

s0

��

s1

��

s2

��

s1

��

s0

��

s1

��
s0

2 //
oo

1

��

��

s1

��

s2

��

s1

��

s0

��

s1

��

s0

s0 s1 s2 s1 s0 s1

The composition of the two morphisms shown in the figure above corresponds to the

Soe-functor Cs1 → Cs0 induced from Bs1s0 ∈ {s1}Soe{s0}. It is clearly invariant under

r0, and thus factors over the coinvariant module (Cs1){e,r0} whose Grothendieck group

corresponds to the central W -graph just above. A more common depiction of the left

cells in term of alcoves is given in the figure with title r1 = 1 and r2 = 1 in [Gu],

where the left cells associated to s0, s1 and s2 are shown in green.
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Right-angled Coxeter groups

For n ≥ 5, Pn =
〈
s1, s2, ..., sn|s2

i
= (sisi+1)2 = 1 for all i ∈ Z/nZ

〉
is the group of

isometries of the hyperbolic plane generated by reflections about the sides of a right-

angled hyperbolic n-gon. The paper [Be] studies right-angled Coxeter groups and

the groups Pn in particular. It is shown that Pn has three 2-sided cells and also

describes the left cells of Pn explicitly. Further, it is stated that the left cells that

contain a generator si are “equivalent” by cyclic permutations of the labels of the W -

graph. For the associated H-modules that means that they arise from one another

by twisting them with an automorphism of H. It should be noted that they are

not isomorphic. However, they are weakly equivalent! The W -graph of [Cs1 ] is a

binomial tree and can be found in [Be, Figure 3]. We leave the intriguing exercise to

the reader to draw the folding and unfolding operations in analogy to the preceding

examples, which correspond to the Soe-functors between universal cell modules and

factorisations thereof over coinvariant modules.

5.6 Control from 2-morphisms

In this section, we use Conjecture 5.2.15 to show in Proposition 5.6.2 that morphisms

of Soe have a strong impact on the structure of Soe−Mod. Example 5.6.1, makes a

particular morphism explicit that is associated to a parabolic longest elements.

Recall the elements αd ∈ R associated to any d ∈ D in Conjecture 5.2.15. By

construction is has degree 2a(d). By abuse of notation, we can consider αd as an

endomorphisms αd ∈ Soe(Be, Be) with αd(1) = αd. The following example is based

on facts that can be found in [Wi2, Section 3.1]:

Example 5.6.1. Let I ⊂ S be finitary and abbreviate αI := αwI0 . Recall that R is

graded free as an RI module. Further, the Demazure operator ∂I := ∂wI0 induces a

non-degenerate pairing on R over RI . Choose a RI-basis {bx}x∈WI
of R. For example,

we may choose be =
∏

t∈WI∩T αt where T :=
⋃
w∈W wSw−1 is the set of reflections

in W , and where αt for all t ∈ T is the root in h∗ associated with the reflection t.

Then for all x ∈ WI , we may define bx := ∂x(be), where ∂x is the Demazure operator

discussed in [Wi2, Section 3.1]. Since ∂I is non-degenerate, there exists a dual RI-

basis {b∗x}x∈WI
of R. Thus, we have ∂I(bxb

∗
y) = δx,y for all x, y ∈ WI . Now, the

morphism R → R ⊗RI R[l(wI0)] of minimal degree (which is unique up to scalar) is

given by r 7→ r
|WI |

∑
x∈WI

bx ⊗ b∗x and the morphism R ⊗RI R[l(wI0)]→ R of minimal

degree (which is also unique up to scalar) is given by x ⊗ y 7→ xy. Thus, we have

203



αI = 1
|WI |

∑
x∈WI

bxb
∗
x, which is independent of the choice of basis made above. Note

that we introduced the factor |WI | to ensure consistency of the two meanings of αs.

Finally, we have ∂I(αIr) = 1
|WI |

∑
x∈WI

x.r. Thus, Conjecture 5.2.15 follows from the

explicit definition of µwI0 in Example 5.2.9.

Proposition 5.6.2. Let d ∈ D be a Duflo involution, assume that Conjecture 5.2.15

holds for d, and let π : Soe � Soe be an additive monoidal quotient functor. Then,

π(Bd) = 0 if and only if π(αd) = 0.

Proof. The implication π(Bd) = 0 ⇒ π(αd) = 0 is obvious. On the contrary, assume

π(αd) = 0. Then, π(µd) = 0 by Conjecture 5.2.15 and thus π(B̂d) = π(µd)◦π(∆d) = 0.

The result follows.

Corollary 5.6.3. Let d ∈ D be a Duflo involution, assume that Conjecture 5.2.15

holds for d, and let M = (M, ρ) ∈ Soe−Mod. Then, we have Resπd Indπd(M) =M
if and only if ρ(αd) = 0.

5.7 Reduction to non reflection faithful represen-

tations

In this section, we prove a generalisation of the main result of [Li]. More precisely,

we show in Theorem 5.7.6 that Libedinsky’s monoidal quotient functor Soe• � Soe•

between Soergel bimodules and Soergel bimodules constructed with a faithful, but

not reflection faithful representation extends to a quotient 2-functor between the

respective 2-categories of singular Soergel bimodules. For notational convenience, we

suppress denoting the gradings explicitly in this section.

For the rest of the section, we fix a Coxeter system (W,S), a reflection faithful

W -representation V and a subrepresentation V ′ of V . We denote by R := O(V ) the

ring of regular functions on V , and by Rs := {r ∈ R|s.r = r} the ring of s-invariants

for any s ∈ S. The following definition is due to Libedinsky:

Definition 5.7.1. The pair (V, V ′) is called a bonne paire if and only if each s ∈ S
acts through reflections on both V and V ′, and given any sequence {si}ni=1 in S the

homomorphism space HomR−R(R⊗Rs1 R⊗Rs2 ....⊗Rsn R,R) is graded free as a left

R-module with graded rank given by the coefficient of the standard basis element He ∈
H = H(W,S) when expressing the element v−nHs1

· ... ·Hsn ∈ H in the standard basis.
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The existence of bonne paires in the situation of interest had already been estab-

lished in [Soe6]. We summarize some statements of this paper in the next proposition.

Proposition 5.7.2. Over R, there exists a reflection faithful representation V of

(W,S) such that the geometric representation V ′ is a subrepresentation of V and

(V, V ′) is a bonne paire. Furthermore, the minimal codimension of V ′ in V agrees

with the number of indecomposable, infinite summands of (W,S).

Denote by Soe the monoidal category of Soergel bimodules constructed with V ′

(thus disregarding the part of the definition of Soergel bimodules which requires a

reflection faithful representation) and by Soe the usual category of Soergel bimodules

constructed using V . We denote R := O(V ) and R′ := O(V ′). Note that the inclusion

V ′ ↪→ V induces an epimorphism R� R′. Further, the functor Soe→ R′⊗CR′−Mod

defined by B 7→ R′ ⊗R B ⊗R R′ factors over Soe, and we denote the induced functor

by X : Soe→ Soe.

Theorem 5.7.3 ([Li]). Let M, N ∈ Soe. The following statements hold:

• X(M ⊗R N) ∼= X(M)⊗R′ X(N) in Soe.

• R′ ⊗R Soe(M,N) ∼= Soe(X(M), X(N)) in R′ −Mod.

• M is indecomposable if and only if X(M) is indecomposable.

• X is essentially surjective.

• X induces an isomorphism of graded split Grothendieck groups [Soe] ∼−→
[
Soe

]
.

Libedinsky also states (without providing the details) that X is a monoidal functor.

In fact, it is not too hard to write down the isomorphism X(M⊗RN) ∼= X(M)⊗R′X(N)

explicitly, as well as the associator and unit isomorphisms of Soe and Soe. Once this

is done, a trivial computation establishes that X carries indeed a monoidal structure.

It follows that, Soe also categorifies the Hecke algebra.

Let us reformulate Theorem 5.7.3. Following [Li], denote the quotient ring homo-

morphism R � R′ by Q. The two-sided ideal of elements of R that vanish under Q

is given by I(Q) = R · V ′⊥ where V ′⊥ := {r ∈ V ∗|r(v) = 0 ∀v ∈ V ′}. Since W acts

trivially on V ′, we have V ′⊥ ⊂ RW . Thus, RW/(V ′⊥ ·RW )⊗RW R
∼−→ R/I(Q) as R-

right modules. Hence, RW/(V ′⊥ ·RW )⊗RW M
∼−→ R/I(Q)⊗RM ∼= R′⊗RM for any

left R-module M . Denote Z := Z⊗(Soe). By Proposition 5.3.7, we have Z ∼= RW ,
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and we denote by Z the quotient ring of Z by the image of V ′⊥ ·RW . Clearly, we have

a canonical monoidal quotient functor Soe� Soe⊗Z Z. By the above discussion, we

also have
(
Soe⊗Z Z

)
(M,N) = Soe(M,N)⊗Z Z ∼= R′ ⊗R Soe(M,N), which in turn

is equivalent to Soe(M,N) by Theorem 5.7.3.

Corollary 5.7.4. The monoidal functor X factors over the canonical monoidal quo-

tient functor Soe� Soe⊗Z Z and induces a monoidal equivalence Soe⊗Z Z ∼= Soe.

Combining this with Corollary 4.4.13, we obtain the following:

Corollary 5.7.5. We have an equivalence IndX(Soe) ∼= Soe in Soe−Mod.

Now, one can define singular Soergel bimodules Soe for Soe in the same way as

Soe for Soe. We now generalise Theorem 5.7.3 and show that Soe also categorifies

the Schur algebroid:

Theorem 5.7.6. The 2-functor IndX : Soe −Mod → Soe −Mod induces quotient

functors on homomorphism categories of right singular Soergel bimodules. Expressed

in terms of Soe and Soe where I, J,K ⊂ S are finitary, we have additive quotient

functors IπJ : ISoeJ � ISoeJ such that the diagram

ISoeJ × JSoeK

IπJ× JπK
��

−⊗
RJ
−
// ISoeK

IπK��
ISoeJ × JSoeK

−⊗
RJ
−
// ISoeK

commutes up to an isotransformation. Furthermore each IπJ preserves and reflects

indecomposable objects and induces an isomorphism on the graded split Grothendieck

groups. In particular, Theorem 5.1.13 holds for Soe.

Proof. Recall from Section 4.4 the properties and explicit constructions of IndX.

In Section 5.3, we showed that SoeI is the functorially cyclic module associated

to the split Frobenius object Θ̂I := Θ̂wI0
= (B̂I ,∆I , µI). The same arguments

show that SoeI is associated to Θ̂I := (BI ,∆
′
I , µ

′
I), where BI := R′ ⊗R′I R′, ∆′I :

BI → BI ⊗R′ BI is given by x ⊗ y 7→ x ⊗ 1 ⊗ 1 ⊗ y and µ′I : BI ⊗R′ BI → BI

is given by x ⊗ y ⊗ z ⊗ w 7→ ∂′I(yz)x ⊗ w with ∂′I(r) := 1
|WI |

∑
x∈WI

x.r for any

r ∈ R′. Note that X(BI) = R′ ⊗R BI ⊗R R′ ∼= R′ ⊗RI R′ ∼= R′ ⊗R′I R′ = BI ,

where the first isomorphism is standard and the second follows, since the epimor-

phism R � R′ induces and epimorphism RI � R′I . Evaluating the composition

B′I
∼−→ X(BI)

X(∆I)−→ X(BI ⊗R BI)
∼−→ X(BI) ⊗R′ X(BI) ∼= B′I ⊗R′ B′I shows that it
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agrees with ∆′I , and the same holds for the analogous composition involving X(µI)

and µ′I . Thus, X(Θ̂I) and Θ̂I are compatible and IndX(SoeI) ∼= Soe
I

follows. Now,

recall from Section 5.3 that ISoeJ ∼= HomSoe(SoeI ,SoeJ). The same arguments show
ISoeJ ∼= HomSoe(Soe

I
,SoeJ). Combining what we have shown thus far with the com-

patibility diagrams provided by the 2-functor Indπ, we obtain the diagram claimed

in the statement. In order to show that IπJ is a quotient functor in the case where

both I and J are not the empty set, we have to work harder and invoke Section 4.8.

It follows directly that IπJ is full, however it remains to check certain assumptions in

order to deduce that IπJ is essentially surjective. Using the formulation of Corollary

4.7.5, it remains to check that the quotient functor πJ lifts idempotents with descent.

The relevant Frobenius objects for this descent requirement are Θ̂
I

on SoeJ and Θ̂I

on SoeI . By Conjecture 5.2.5 and its proof in Example 5.2.11 for the relevant case,

Soe satisfies right Θ̂J -descent, and by Theorem 5.7.3 the same holds for Soe and

right Θ̂
J

-descent. As already shown above this implies that πJ is a quotient functor.

Furthermore, it also implies that the embeddings SoeJ ↪→ Soe and SoeJ ↪→ SoeJ

result in idempotent closed submodules. Thus, [πJ ] is an isomorphism on the level of

split Grothendieck groups. By the same argument π lifts idempotents with descent

for the left action of Θ̂I and Θ̂I . Now, every idempotent in SoeJ that could satisfy

Θ̂-descent is mapped to an idempotent in Soe where we know that it must satisfy

Θ̂I-descent and thus has a lift in Soe that satisfies Θ̂I-descent. By the homomor-

phism formula [Wi2, Theorem 7.4.1], this idempotent is of degree zero. Further [Wi2,

Theorem 7.4.1] also implies that the functor − ⊗RJ R : SoeI ↪→ Soe induces a fully

faithful embedding SoeJ⊗RJ R ↪→ Soe, and we can deduce that the lifted idempotent

actually comes from an idempotent in SoeI . Since we have a commutative diagram

SoeJ � � //

πJ����

Soe
π
����

SoeJ � � // Soe

that comes from 2-functoriality of Indπ where the horizontal arrow on the bottom is

faithful, the idempotent is map to the corresponding idempotent in SoeJ in a way

compatible with the action of Soe. Thus πJ lifts idempotents with descent and it

follows that IπJ is essentially surjective. Furthermore using the same arguments, one

obtains that SoeJ (resp. SoeJ) satisfies Θ̂I (resp. Θ̂
I

-descent). Therefore, ISoeJ

(resp. ISoeJ) is an idempotent closed subcategory of SoeJ (resp. SoeJ). It follows

that
[
IπJ
]

induces an isomorphism on the Grothendieck group.
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The explicit construction of IndX implies the following:

Corollary 5.7.7. For all finitary I, J ⊂ S, we have the following equivalences of

additive categories ISoeJ ∼= ISoeJ ⊗RJ RW/(RW )+ ∼= RW/(RW )+ ⊗RI ISoeJ .
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Chapter 6

Applications to Group Theory

In this chapter, we discuss the higher representation theory of the additive monoidal

category of representations of a group over a ring. Section 6.1 sets up the necessary

notation. Section 6.2 discuses functorially cyclic modules and shows that there is only

a single weak equivalence class of functorially cyclic modules provided an assumption

that is satisfied for example if the order of the group is invertible in the base field.

Independent of Section 6.2 and without invoking Tannakian formalism, Section 6.3

reconstructs the corresponding category of representations for all subgroups. Section

6.3 does not require us to work over a field, nor does it require any finiteness assump-

tions. Section 6.4 applies the additive Barr-Beck theorem to module categories that

arise in the context of defect groups.

6.1 Basic notation

In this section, we fix the notation on which the remainder of Chapter 6 is based.

First, we fix a unital commutative ring k. Further, groups will typically be denoted

by G, subgroups by H ≤ G and normal subgroups by N EG.

Notation 6.1.1. Let G be a group. We denote by Ĝ = Ĝk the additive monoidal

category of representations of G in k-modules. An object of Ĝ is a k-module together

with a group homomorphism from G into the k-module automorphisms of this k-

module. A morphisms in Ĝ between two objects is a k-module homomorphisms

between the underlying k-modules that intertwines the group homomorphisms. The

tensor product of Ĝ will be denoted by ⊗G. For V, W ∈ Ĝ, the underlying k-module

of V ⊗G W is given by the usual tensor product of modules over commutative rings

V ⊗k W and is equipped with the diagonal G-action, i.e. g(v ⊗k w) := (gv)⊗k (gw)

for all g ∈ G, v ∈ V and w ∈ W . The unit object of Ĝ is given by the trivial
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representation k. The remaining structure of the monoidal category Ĝ is induced

from the monoidal structure of k −Mod.

Remark 6.1.2. We will consider Ĝ an additive monoidal category and nothing more.

The definition given above suggests that as part of the structure we also have a

forgetful functor to the category of k-modules (a so called fibre functor). We would

like to point out that we will not use this structure. The explicit description of the

category is however provided, so that we are able to establish the existence of certain

morphisms and make calculations.

Remark 6.1.3. While the statements of in Section 6.2 require certain assumption

on Ĝ, Section 6.3 is completely independent of the cardinality of the groups involved.

Also, both sections generalise to a groupoid G in which case Ĝ is a 2-category.

6.2 Functorially cyclic representations

In this section we discuses functorially cyclic modules for Ĝ, where G is a group.

Under the assumption that Ĝ has a single equivalence class for ∼LR, Theorem 6.2.2

shows that there exists only a single weak equivalence class of functorially cyclic

modules.

Example 6.2.1. Let G be a finite group, let k be a field, and assume that |G| as

well as the k-dimensions of all irreducible objects of Ĝ are invertible in k. Then for

any V ∈ Ĝ, we can pick a a non-trivial vector in V and consider the (irreducible)

subrepresentation U that is generated by this element. Since |G| is invertible, we can

choose an invariant scalar product on V and deduce that U is a direct summand of

V . Now, there exists a natural G-morphism k → U⊗GU∗ (obtained from the identity

morphism on U via the duality adjunction), as well as the G-morphism U ⊗GU∗ → k

given by evaluation. The composition of these morphisms is equal to dimk(U). Hence,

k ⊂⊕ V ⊗G U∗, and thus ∼LR has a single equivalence class.

Theorem 6.2.2. Let G be a group and assume that Ĝ has a single equivalence class

under ∼LR. Then, all functorially cyclic modules of Ĝ are free and weakly equivalent

to the principle representation Ĝ ∈ Ĝ−Mod.

Proof. Due to the assumption on ∼LR, Lemma 6.2.3 implies that there exists no

non-trivial Ĝ-quotient of the principle representation of Ĝ. Thus, any functorially

cyclic module is free. Corollary 4.5.9 states that free functorially cyclic modules are

completely determined by their associated split Frobenius object in Ĝ. Theorem

4.5.14 completes the proof.
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Lemma 6.2.3. Let π : Ĝ → M be a Ĝ-functor and let V ∈ Ĝ with π(V ) = 0. If

there exists W ∈ Ĝ and morphisms k → W ⊗G V → k with invertible composition,

then π = 0.

Proof. Let V, W ∈ Ĝ be as in the statement. Then, π(W ⊗G V ) ∼= W.π(V ) = 0,

since π is a Ĝ-functor and since the action of Ĝ on M is given by additive functors.

Thus by functoriality of π, the identity morphism of π(k) factors through a zero

object. Thus, we have π(k) = 0. By the same argument for any U ∈ Ĝ, we have

π(U) ∼= π(U ⊗G k) ∼= U.π(k) = 0 which completes the proof.

6.3 Subgroups

In this section we show that the additive monoidal category of representations of a

subgroup of a group can be constructed directly from the additive monoidal category

of representations of this group, see Theorem 6.3.6. Intuition for this equivalence

can be obtained from Corollary 6.3.9 which provides a homomorphism formula for

representation of the group that are restricted to the subgroup. Further in Theorem

6.3.11, we determine the endomorphism category of the category of representations

of a normal subgroup when considered as a higher representation of the category

of representations of the group. Comments on related research, namely Tannakian

formalism and iso-categorical groups, are provided in Remarks 6.3.15 and 6.3.16.

Notation 6.3.1. Let G be a group and let H ≤ G be a subgroup. We denote by

ΘH := k[G/H] ∈ Ĝ the permutation module on the G-set G/H. Note that ΘH has

a basis index by G/H, i.e. as k-modules we have k[G/H] ∼=
⊕

g∈G/H k. Denote by

∆H : ΘH → ΘH ⊗G ΘH and µH : ΘH ⊗G ΘH → ΘH the morphisms in Ĝ determined

by ∆H(g) := g ⊗k g for all g ∈ G and by µH(g1 ⊗k g2) := g1 if g−1
2 g1 ∈ H and

µH(g1 ⊗k g2) := 0 otherwise for all g1, g2 ∈ G. Clearly, µH ◦ ∆H = idΘH and it is

an easy exercise to check that the Frobenius relation holds as well. Thus, we have

constructed a split Frobenius object Θ̂H := (ΘH ,∆H , µH) in Ĝ.

Remark 6.3.2. Typically, ΘH is not indecomposable. However, we will see below

that Θ̂H is a right indecomposable Frobenius object.

Remark 6.3.3. Provided that H has finite index in G, ΘH is finite dimensional.

Under this assumption, all statements made in this section about Ĝ also apply to

k[G]−mod, i.e. G-representations that are finitely generated over k.
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Proposition 6.3.4. Let G be a group and let H ≤ G be a subgroup. Then, Θ̂H is a

symmetrically central Frobenius object.

Proof. For all V ∈ Ĝ, we have a morphism sV : V ⊗G ΘH → ΘH ⊗G V in Ĝ that is

determined by v⊗k g 7→ g⊗k v for all g ∈ G and v ∈ V . All requirements of Definition

4.8.1 are now easily verified.

The following observation motivated this section as well as Section 4.8.

Remark 6.3.5. For all V, W ∈ Ĥ, we have the following natural G-morphisms

IndGH(V ⊗HW ) ⊂⊕ IndGH(V ⊗HResGH(IndGH(W )))
∼−→ IndGH(V )⊗GIndGH(W ). The com-

position from the left to the right is given by g⊗k[H](v⊗kw) 7→ (g⊗k[H]v)⊗k(g⊗k[H]w)

and the map from the right to the left is given by (g1 ⊗k[H] v) ⊗k (g2 ⊗k[H] w) 7→
g1 ⊗k[H] (v ⊗k g−1

1 g2w) = g2 ⊗k[H] (g−1
2 g1v ⊗k w) if g−1

1 g2 ∈ H and by 0 otherwise.

The associated idempotent of IndGH(V )⊗G IndGH(W ) that factors over the direct sum-

mand IndGH(V ⊗H W ) stabilises (g1 ⊗k[H] v) ⊗k (g2 ⊗k[H] w) if g−1
1 g2 ∈ H and anni-

hilates it otherwise. Furthermore, it follows that V ⊗H W occurs as a summand of

ResGH(IndGH(V ) ⊗G IndGH(W )). Thus it is plausible that the tensor product of Ĥ can

be recovered from the tensor product of Ĝ.

We will now show that the additive monoidal category Ĥ is fully encoded in Θ̂H .

The general theory behind the following theorem was discussed in Section 4.8, and

applies due to Proposition 6.3.4. The general versions of the functors ( Θ̂Hϑ, e) and

Θ̂H
ϑ used in the theorem below are also specified there.

Theorem 6.3.6. Let G be a group, let H ≤ G be a subgroup. Then, Ĥ is a free

functorially cyclic Ĝ-module, Θ̂H is right indecomposable and we have a dominated

equivalence Ĥ ∼= ĜΘ̂H
in Ĝ − Mod. Moreover, we have natural additive inclusion

and projection functors ĜΘ̂H

� � ( Θ̂Hϑ,e) //
Θ̂H
ĜΘ̂H

Θ̂H
ϑ
// // ĜΘ̂H

that identify ĜΘ̂H

with a monoidal subcategory of Θ̂H
ĜΘ̂H

. Thus, ĜΘ̂H
carries a monoidal structure.

Furthermore, the additive functors underlying the equivalence Ĥ ∼= ĜΘ̂H
in Ĝ−Mod

can be equipped with the structure of a monoidal equivalence.

Proof. First, we provide the structure of Ĥ as a free functorially cyclic Ĝ-module.

Second, we will show that associated right indecomposable split Frobenius object in

Ĝ is isomorphic to Θ̂H . By the third bijection in Theorem 4.5.4, it follows that there

exists a dominated equivalence Ĥ ∼= ĜΘ̂H
in Ĝ−Mod. Further by Proposition 6.3.4,

Theorem 4.8.3 applies and we obtain the monoidal structure of ĜΘ̂. Third and last,

write out the additive functor which is part of equivalence ĜΘ̂H
∼= Ĥ explicitly and
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observe that it is compatible with the monoidal structures.

We now go through the four remaining steps. Since H ≤ G, restricting the action of

G on any object of Ĝ to H yields an object in Ĥ. Clearly, this defines a monoidal

functor ResGH : Ĝ → Ĥ with identity transformations as structure maps. Since we

can regard Ĥ as the principal Ĥ-representation, we obtain a Ĝ-module ResResGH
(Ĥ),

where we used the restriction 2-functor that was introduced in Section 4.4. By abuse

of notation, we write Ĥ = ResResGH
(Ĥ) and have already done so in the statement of

the theorem. Let us denote the structure functor of this Ĝ-module by ρ. Further, we

have an additive functor IndGH : Ĥ → Ĝ that is given by k[G]⊗k[H] U for all U ∈ Ĥ,

where G acts by multiplication on the left of the first tensor factor. Now, consider

the diagram:

Ĝ× Ĥ

idĜ×idĤ

��

idĜ×IndGH
��

ResGH ×idĤ //

ρ

''
Ĥ × Ĥ ⊗H // Ĥ

IndGH
��

idĤ

��

Ĝ× Ĝ ⊗G //

idĜ×ResGH
��

Ĝ

ResGH
��

Ĝ× Ĥ
ResGH ×idĤ //

ρ

77Ĥ × Ĥ ⊗H // Ĥ

The top rectangle commutes up to the isotransformation γ, which we provide for

reference purposes as the separate Lemma 6.3.7 below. We obtain the isotransforma-

tions V ⊗G IndGH(−)
∼−→ IndGH(ResGH(V )⊗H −) that are required to turn IndGH into a

Ĝ-functor by evaluating the first factor of γ−1 at all V ∈ Ĝ. These transformations

are clearly natural in V . We have to work a little harder to show that these transfor-

mations are compatible with the structure functors of the Ĝ-modules Ĝ and Ĥ. As

for the compatibility with the tensor products, consider the diagram

IndGH(ResGH(V1⊗GV2)⊗HU) // (V1⊗GV2)⊗GIndGH(U) // V1⊗G(V2⊗GIndGH(U))

��
IndGH((ResGH(V1)⊗HResGH(V2))⊗HU) // IndGH(ResGH(V1)⊗H(ResGH(V2)⊗HU)) // V1⊗GIndGH(ResGH(V2)⊗HU)

for all V1, V2 ∈ Ĝ and U ∈ Ĥ. Given the explicit nature of Lemma 6.3.7, it is easily

verified that this diagram commutes. As for the requirement related to the unit object,

we leave this simpler check to the reader. Thus, we have defined the Ĝ-functor IndGH .

Similar, yet much easier arguments show that there exists a Ĝ-functor with underly-

ing additive functor given by ResGH , amongst others because the bottom rectangle in
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the previous diagram commutes on the nose. Further into the right- (resp. left-) most

regions of the previous diagram, we can fit Ĝ-transformations η : idĤ ⇒ ResGH IndGH

and ζ : ResGH IndGH ⇒ idĤ (resp. idĜ × η and idĜ × ζ), which we discuss next. It will

be obvious that ζ ◦ η = idĤ , and thus it will follow that Ĥ is a free functorially cyclic

Ĝ-module. Let U ∈ Ĥ. We define ηU : U → k[G]⊗k[H]U by setting ηU(u) := e⊗k[H]u

for all u ∈ U , where e denotes the unit element of G. Clearly, ηU is a morphism in

Ĥ. Further, we define ζU : k[G]⊗k[H] U → U by setting ζU(g ⊗k[H] u) := gu if g ∈ H
and ζU(g⊗k[H] u) := 0 otherwise for all u ∈ U and g ∈ G. It is again obvious that ζU

is a morphism in Ĥ. It is also clear that both constructions are natural in U , since

morphisms in Ĥ are k[H]-linear. Thus, we have constructed transformations η and

ζ. It remains to show that η and ζ are Ĝ-transformations. Since the argument for

η is analogous and slightly easier, we only discuss ζ. For all V ∈ Ĝ and U ∈ Ĥ, we

have to show that ζResGH(V )⊗HU = (ResGH(V ) ⊗H ζU) ◦ (canV )U , where can−1
V denotes

the transformation associated to V and the Ĝ-functor ResGH IndGH . Since the structure

maps of ResGH are trivial, can−1
V evaluated at U is given by ResGH(γ(V,U)), where we

used the notation of Lemma 6.3.7. For all g ∈ G, v ∈ V and u ∈ U , the left hand side

sends g⊗k[H] (v⊗k u) to g(v⊗k u) = gv⊗k gu if g ∈ H and to 0 otherwise. The right

hand side sends the same element to (ResGH(V )⊗H ζU)(gv ⊗k (g ⊗k[H] u)) = gv ⊗k gu
if g ∈ H and 0 otherwise. We have completed the first step.

Second, we compare the Frobenius objects. Since Ĥ is functorially cyclic, Θ̂ :=

(IndGH ResGH , IndGH ηResGH , IndGH ζ ResGH) is an indecomposable split Frobenius object

in Ĝ. As usual, evaluation at the unit object k ∈ Ĝ yields a right indecomposable

split Frobenius object with underlying object IndGH ResGH(k) = k[G]⊗k[H] k. We have

to be careful to identify the structure maps correctly. For this purpose, we have to

write out where IndGH ResGH IndGH ResGH gets send to (the finial object in the following

chain), and keep track of the isomorphisms involve:

IndGH ResGH IndGH ResGH(k) ∼= IndGH ResGH
(
IndGH ResGH(k)⊗G k

)
∼= IndGH

(
ResGH IndGH ResGH(k)⊗H ResGH(k)

)
∼= IndGH ResGH(k)⊗G IndGH ResGH (k) (Lemma 6.3.7)

For g1, g2 ∈ G, this chain acts on elements as follows:

g1 ⊗k[H] (g2 ⊗k[H] 1) 7→ g1 ⊗k[H] ((g2 ⊗k[H] 1)⊗k 1)

7→ g1 ⊗k[H] ((g2 ⊗k[H] 1)⊗k 1)

7→ (g1g2 ⊗k[H] 1)⊗k (g1 ⊗k[H] 1).

Evaluating the first structure map IndGH ηResGH of Θ̂ at k ∈ Ĝ and composing it with

this isomorphism, yields the diagonal map which we denote by ∆. Pre-composing the
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evaluation at k ∈ Ĝ of the second structure map IndGH ζ ResGH of Θ̂ with this isomor-

phism, finally results in the associated right indecomposable split Frobenius object

(k[G]⊗k[H] k,∆, (g1⊗k[H] 1)⊗k (g2⊗k[H] 1) 7→ g2⊗k[H] 1δg−1
2 g1,H

) in Ĝ. Now, denote by

τ the morphism k[G]⊗k[H] k → k[G/H] in Ĝ, which is determined by g ⊗k[H] 1 7→ g

for all g ∈ G. In fact, τ is an isomorphism, since gh⊗k[H] 1 = g ⊗k[H] h1 = g ⊗k[H] 1

for all g ∈ G and h ∈ H, where we used that k = ResGH(k) is the trivial H-module.

Recalling Notation 6.3.1, it is now obvious that τ is also an isomorphism between the

right indecomposable Frobenius object constructed above and Θ̂H .

Third and last, we show that the equivalence Ĥ ∼= ĜΘ̂H
in Ĝ−Mod induces an equiv-

alence of monoidal categories. Recall that in order to obtain the B-functor that gives

the equivalence Ĥ
∼−→ ĜΘ̂H

, we need to apply an idempotent e to Ĥ
IndGH−→ Ĝ

ϑΘ̂H−→ ĜΘ̂H
.

This idempotent is given by the vertical arrow on the left in the commutative diagram

ϑΘ̂ IndGH

e

��

� � αH // ϑΘ̂ϑΘ̂ϑ
Θ̂H IndGH ϑΘ̂(−ΘH) IndGH

∼ // ϑΘ̂ IndGH ResGH IndGH

ϑΘ̂ IndGH e′

��

ϑΘ̂ IndGH ϑΘ̂ϑΘ̂ϑ
Θ̂H IndGH

βHoooo ϑΘ̂(−ΘH) IndGH
∼ // ϑΘ̂ IndGH ResGH IndGH

,

where αH and βH denote the inclusion and projection Ĝ-transformations associ-

ated the the free functorially cyclic module ĜΘ̂H
, and e′ = β ◦ α is the idempo-

tent Ĝ-transformation associated the the free functorially cyclic module Ĥ. Cal-

culating this composition explicitly, we obtain that Ĥ
∼−→ ĜΘ̂H

sends U ∈ Ĥ to

(IndGH(U), eU) where eU((g1⊗k[H] u)⊗k g2) = (g1⊗k[H] u)⊗k g2δg1,g2 for all g1, g2 ∈ G
and u ∈ U . By Proposition 4.8.13, (IndGH(U1), eU1) ⊗ (IndGH(U2), eU2) is given by(

IndGH(U1)⊗G ΘH ⊗G IndGH(U2), (eU1 ⊗k eU2) ◦ (idIndGH(U2)ẽU2)
)

for all U1, U2 ∈ Ĥ,

where ẽU2(g1⊗k(g2⊗k[H]u)⊗kg3) = g1⊗k(g2⊗k[H]u)⊗kg3δg1,g3 for all g1, g2, g3 ∈ G and

u ∈ U2. This idempotent maps (g1⊗k[H]u1)⊗kg2⊗k(g3⊗k[H]u2)⊗kg4 7→ (g1⊗k[H]u1)⊗k
g2⊗k (g3⊗k[H]u2)⊗k g4δg1,g2δg3,g4δg2,g4 for all g1, g2, g3 ∈ G, u1 ∈ U1 and u2 ∈ U2. It is

now easy to write down explicit isomorphisms using diagonal maps paired with Kro-

necker symbols from
(

IndGH(U1)⊗G ΘH ⊗G IndGH(U2), (eU1 ⊗k eU2) ◦ (idIndGH(U2)ẽU2)
)

to
(
IndGH(U1)⊗G IndGH(U2), eU1 ⊗k eU2

)
and further to

(
IndGH(U1 ⊗H U2), eU1⊗HU2

)
for

all U1, U2 ∈ Ĥ. It is easily verifiable that these isomorphisms actually satisfy the

requirements imposed on morphisms in BΘ̂H
, and that they are natural in both argu-

ments. The unit object k of Ĥ is send to (IndGH(k), ek). It is easily verified that this

object is naturally isomorphic to (ΘH ,∆H ◦µH), which in turn is naturally isomorphic

to (k, idkΘH ) by means of ∆H and µH . It is now fairly obvious that this structure
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equips the full faithful functor Ĥ ∼= ĜΘ̂H
with the structure of a monoidal functor.

This completes the proof.

In the above proof, we made heavy use of the push-pull formula which we now

recall. Note that we had already shown in Corollary 4.8.22, that this formula holds for

ĜΘ̂H
. The reader may want to check that the concrete version below and the abstract

version in Corollary 4.8.22 correspond to each other via the equivalence provided in

Theorem 6.3.6.

Lemma 6.3.7. For all V ∈ Ĝ and U ∈ Ĥ, we assign an isomorphism in Ĝ denoted by

γ(V,U) : IndGH(ResGH(V )⊗H U)
∼−→ V ⊗G IndGH(U) which is determined by γ(V,U)(g⊗k[H]

(v ⊗k u)) := gv ⊗k (g ⊗k[H] u) for all g ∈ G, v ∈ V and u ∈ U . This assignment

defines an isotransformation γ : IndGH(ResGH(−)⊗H −)
∼

=⇒ −⊗G IndGH(−) of additive

functors Ĝ× Ĥ → Ĝ.

Proof. Let V ∈ Ĝ and U ∈ Ĥ. It is an easy exercise to check that γ(V,U) as introduced

in the statement of this lemma is well defined. The (similarly well defined) inverse is

determined by γ−1
(V,U)(v ⊗k (g ⊗k[H] u)) = g ⊗k[H] (g−1v ⊗k u) for all g ∈ G, v ∈ V and

u ∈ U . Furthermore for f1 ∈ Ĝ(V, V2) and f2 ∈ Ĥ(U,U2), we have(
γ(V2,U2) ◦ (IndGH(ResGH(f1)⊗H f2))

)
(g ⊗k[H] (v ⊗k u))

= γ(V2,U2)(g ⊗k[H] (f1(v)⊗k f2(u)))

= gf1(v)⊗k (g ⊗k[H] f2(u)))

= f1(gv)⊗k (g ⊗k[H] f2(u)))

= (f1 ⊗G IndGH(f2))(gv ⊗k (g ⊗k[H] u)))

= (f1 ⊗G IndGH(f2)) ◦ γ(V,U)(g ⊗k[H] (v ⊗k u)).

Thus, the isomorphisms indeed define a transformation as claimed.

Remark 6.3.8. Instead of IndGH , we could have attempted to use the coinduction

functor CoindGH := Homk[H](k[G],−). However, it is not possible to equip CoindGH

with the structure of a Ĝ-functor. Nevertheless, it is possible to equip CoindGH with the

structure of a lax-Ĝ-functor. This relates to Remark 4.2.31 where we had explained

that there is a larger class of 2-cyclic modules, which comprises functorially cyclic

modules, and which may be called lax-functorially cyclic modules. The pair CoindGH

and ResGH together with appropriate lax-Ĝ-transformations shows that Ĥ is one such

lax-functorially cyclic module.

Using the equivalence Ĥ ∼= ĜΘ̂, we can derive a new homomorphism formula for

G-representations restricted to H. For this purpose, we equip
∏

G/H Homk(V1, V2)
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with the following G-action: For all f = (fg′)g′∈G/H ∈
∏

G/H Homk(V1, V2), we define

g.f =
(
(g.f)g′

)
g′∈G/H by setting (g.f)g′(v) := gfg−1g′(g

−1v) for all g, g′ ∈ G and

v ∈ V1. Taking G-invariants yields the following formula:

Corollary 6.3.9. Let V1, V2 ∈ Ĝ. Then, HomH(V1, V2) ∼=
(∏

G/H Homk(V1, V2)
)G

.

Proof. Let V1, V2 ∈ Ĝ. Using our more detailed notation, we have HomH(V1, V2) =

Ĥ(ResGH(V1),ResGH(V2)). Recall that we calculated a fully faithful functor Ĥ
∼−→ ĜΘ̂H

explicitly in the proof of Theorem 6.3.6. For V ∈ Ĝ, it is easy to see that ResGH(V )

is send to an object isomorphic to (V ⊗G ΘH , idV ⊗G eH), where eH = ∆H ◦ µH is

the idempotent associated to Θ̂H . Further this object is isomorphic to (V, idV⊗GΘH ).

Thus, the statement follows from identifying ĜΘ̂H
((V1, idV1⊗GΘH ), (V2, idV⊗GΘH )) with

the right hand side in the statement. We will calculate such homomorphism spaces

quite explicitly in the proof of Theorem 6.3.11. For now, it is sufficient to observe

that right Θ̂H-descent forces all morphisms f to stabilise the right factor of every

element V ⊗k g for all v ∈ V1 and g ∈ G/H. Thus for all g ∈ G/H, there exists a

k-linear map fg : V1 → V2 such that f(v ⊗k g) = fg ⊗k g. Keeping track of the G-

action, yields the result: Since fg1g2(g1v)⊗k g1g2 = f(g1v⊗k g1g2) = f(g1(v⊗k g2)) =

g1f(v ⊗k g2) = g1(fg2(v) ⊗k g2) = g1fg2(v) ⊗k g1g2 and thus fg2(v) = g−1
1 fg1g2(g1v)

for all g1, g2 ∈ G and v ∈ V1, we obtain (g.f)g′(v) = gfg−1g′(g
−1v) = fg′(v) for all

g, g′ ∈ G and v ∈ V1 and thus g.f = f for all f ∈
∏

G/H Homk(V1, V2) that lie in

the image of the assignment. We leave it to the reader to check that this assignment

surjects onto the G-invariant morphism in Homk(V1, V2).

Let us explain the isomorphism of Corollary 6.3.9 in two examples:

Example 6.3.10. Let V1, V2 ∈ Ĝ. For H = {e}, the action of G on G/H is free

and transitive. Thus, all elements of (
∏

G Homk(V1, V2))G are uniquely determined

by their value on any factor Homk(V1, V2) and all morphisms in Homk(V1, V2) ex-

tend to an of (
∏

G Homk(V1, V2))G. For H = G, we have (
∏

G/H Homk(V1, V2))G =

(Homk(V1, V2))G, and the subset of G-invariants of (
∏

G/H Homk(V1, V2))G is is exactly

the same as the definition of HomG(V1, V2) as a subset of Homk(V1, V2).

In the case of a normal subgroup N E G, we can improve upon Theorem 6.3.6.

Let us denote by
⊕

G/N N̂ the monoidal category whose tensor product is defined

using the tensor product of N̂ twisted by the group multiplication of G/N . By this

we mean that objects are given by Ob
(⊕

G/N N̂
)

= {(V, g)|V ∈ N̂ , g ∈ G/N},⊕
G/N N̂ ((V1, g1), (V2, g2)) = δg1,g2N̂(V1, V2) and (V1, g1)⊗ (V2, g2) = (V1 ⊗N V2, g1g2)

for all (V1, g1), (V2, g2) ∈
⊕

G/N N̂ .
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Theorem 6.3.11. Let k be a field, let G be a group and let N E G be a normal

subgroup. Then, we have an equivalence
⊕

G/N N̂
∼= EndĜ(N̂) of additive monoidal

categories.

Proof. Let G be a group and let N E G. By Theorem 6.3.6, we have N̂ ∼= ĜΘ̂H
,

and by Theorem 4.5.10 we have a monoidal equivalence EndĜ(ĜΘ̂N
) ∼= Θ̂N

ĜΘ̂N
.

Thus, it suffice to show that we have an equivalence of additive monoidal categories⊕
G/N ĜΘ̂N

∼= Θ̂N
ĜΘ̂N

. For readability, we will omit the associator of, as well as

the brackets in Ĝ. The proof consists of five steps: First, we provide an explicit de-

scription of all morphisms in Θ̂N
ĜΘ̂N

((V, idΘNVΘN ), (U, idΘNUΘN )) for all V, U ∈ Ĝ.

Second, we define an idempotent g
V e of (V, idΘNVΘN ) ∈ Θ̂N

ĜΘ̂N
for all g ∈ G/N and

V ∈ Ĝ. Third, we show that this defines a family indexed by G/N of orthogonal

idempotents ge ∈ Z( Θ̂N
ĜΘ̂N

), where we consider Θ̂N
ĜΘ̂N

∈ Add or in other words

the transformations ge are not monoidal transformations. Thus, we obtain a direct

sum decomposition Θ̂N
ĜΘ̂N

=
⊕

g∈G/N
ge
(

Θ̂N
ĜΘ̂N

)
. Fourth, we show that the exists

a natural isomorphisms (V1,
g1
V1
e)⊗ (V2,

g2
V2
e) ∼= (V1 ⊗G V2,

g1g2

V1⊗GV2
e). In particular, we

can deduce that taking tensor product on the left with (k, g1

k e) induces an equiva-

lence g2e
(

Θ̂N
ĜΘ̂N

)
→ g1g2e

(
Θ̂N
ĜΘ̂N

)
. Fifth and last, we show that the component

associated to ee is equivalent to ĜΘ̂N
, whereby the proof will be complete. In the

remainder of this proof, we will use the Einstein summation convention.

In the the first step, let n := |G/N | and let us fix an enumeration {g1}ni=1 of G/N .

Also, let us encode the left (resp. right) action of G on G/N through this enumera-

tion, i.e. we denote by gi and ig the unique natural number such that ggi = ggi

and gig = gig. Let V, U ∈ Ĝ, and fix k-bases {vm} and {un} of the respec-

tive underlying k-vector spaces. For all f ∈ Θ̂N
ĜΘ̂N

((V, idΘNVΘN ), (U, idΘNUΘN )),

we define coefficients {fk,n,li,m,j}i,j,k,l,m in k, which are uniquely determined the equa-

tions gi ⊗k vm ⊗k gj = fk,n,li,m,jgk ⊗k un ⊗k gl for all valid i, m, j. It is easy to verify

that these coefficients satisfy the following two equations and that any family of

elements in k that does satisfy these two equations defines in turn a morphism in

Θ̂N
ĜΘ̂N

((V, idΘNVΘN ), (U, idΘNUΘN )). First, we have fk,n,li,m,j = f i,n,ji,m,jδi,kδj,l for all valid

i, j, k, l, m, n, since f satisfies two sided Θ̂N -descent. Second, we have fk,n,li,m,j =

V g
n′
n f

gk,n′,gl
gi,m,gj U(g−1)mm′ for all valid i, j, k, l, m, n, since f is k[G]-linear, where we de-

noted by V g the action of g on V and expressed this linear map in terms of the basis

of V , and analogously for U . Further for all f ∈ Θ̂N
ĜΘ̂N

((V, idΘNVΘN ), (U, idΘNUΘN ))

and g ∈ Θ̂N
ĜΘ̂N

((U, idΘNUΘN ), (W, idΘNWΘN )), we have (g ◦ f)k,n,li,m,j = gk,n,lk′,n′,l′ ◦ f
k′,n′,l′

i,m,j

for all valid i, j, k, l, m, n.
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In the second step for all g ∈ G/N and V ∈ Ĝ, we define an idempotent g
V e of

(V, idΘNVΘN ) ∈ Θ̂N
ĜΘ̂N

by setting g
V e

k,m′,l
i,m,j := δk,iδj,lδm,m′δig,j. Note that the second

index of the last Kronecker symbol is well defined since ig is independent of the

representative g ∈ G of g chosen. Further, note that it is this Kronecker symbol

that ensures that the second equation above is satisfied. Furthermore, note that the

composition rule easily implies the thus defined morphisms are idempotents. Finally,

note that
∑

g∈G/N
g
V e = idΘNVΘN , since (idΘNVΘN )k,m

′,l
i,m,j = δi,kδj,lδm,m′ for all valid

i, j, k, l, m, m′.

In the third step for all g ∈ G/N , we define orthogonal idempotents ge ∈ Z( Θ̂N
ĜΘ̂N

)

by setting ( ge)(V,f) := g
V e ◦ f for all (V, f) ∈ Θ̂N

ĜΘ̂N
. This definition is well de-

fined, since the above presented composition rule easily implies that g
Ue ◦ f = f ◦ g

V e

for all f ∈ Θ̂N
ĜΘ̂N

((V, idΘNVΘN ), (U, idΘNUΘN )). In particular for all V ∈ Ĝ and

g ∈ G/N , the idempotent g
V e commutes with all endomorphisms (and importantly

idempotents) of (V, idΘNVΘN ). Therefore the following notation is well defined: For

all f ∈ Θ̂N
ĜΘ̂N

((V, f1), (U, f2)) and g ∈ G/N , we denote gf := f ◦ g
V e = g

Ue ◦ f . We

have obtained for all g ∈ G/N , the morphism ( ge)(V,f) = gf for all (V, f) ∈ Θ̂N
ĜΘ̂N

,

which is an idempotent, and thus shown that the idempotent transformation ge is

well defined. Further, it also follows from the composition rule that these idempo-

tents are orthogonal, i.e. that g1e◦ g2e = g1e δg1,g2 for all g1, g2 ∈ G/N . Furthermore,

it follows from the second step that
∑

g∈G/N
ge = id

Θ̂N
ĜΘ̂N

and therefore we obtain

the decomposition Θ̂N
ĜΘ̂N

=
⊕

g∈G/N
ge
(

Θ̂N
ĜΘ̂N

)
of additive categories.

In the fourth step for all (V1, f1), (V2, f2) ∈ Θ̂N
ĜΘ̂N

, we provide natural isomorphisms

(V1,
g1f1) ⊗ (V2,

g2f2) ∼= (V1 ⊗G V2,
g1g2f12) in Θ̂N

ĜΘ̂N
, where f12 is defined by set-

ting (f12)
k,(n′,m′),l
i,(n,m),j := (f1)k,n

′,kg2

i,n,kg2
(f2)kg2,m′,l

kg2,m,l
δig1g2,j for all valid i, j, k, l, (n,m), (n′,m′).

Note that we have used the indices n, n′ (resp. m, m′) for the the basis of V1 (resp.

V2) and that the basis of V1 ⊗G V2 is therefore parametrised by pairs (n,m), (n′,m′).

By Proposition 4.8.13, we have (V1,
g1f1) ⊗ (V2,

g2f2) =
(
V1 ⊗G ΘN ⊗G V2, f̃12

)
for

all (V1, f1), (V2, f2) ∈ Θ̂N
ĜΘ̂N

, where f̃12 := ( g1f1 ⊗k idV2⊗GΘN ) ◦ (idΘN⊗GV1
⊗k g1f2).

Using the basis {gi⊗k v1
n⊗k gj⊗k v2

m⊗k gk}i,(n,j,m),k of ΘN ⊗G V1⊗G ΘN ⊗G V2⊗G ΘN ,

we obtain
(
f̃12

)i′,(n′,j′,m′),k′
i,(n,j,m),k

= (f1)i
′,n′,j′

i,n,j (f2)j
′,m′,k′

j,m,k δig1,j δjg2,k for all valid indices. Now,

the isomorphism (V1⊗GV2, idΘN⊗GV1⊗GV2⊗GΘN )
∼−→ (V1⊗GΘN⊗GV2,

g1

V1
e⊗k idV2⊗GΘN )

in Θ̂N
ĜΘ̂N

given on the basis by gi ⊗k v1
n ⊗k v2

m ⊗k gk 7→ gi ⊗k v1
n ⊗k gig−1

1
⊗k v2

m ⊗k gk
intertwines f̃12 and g1g2f . Thus, g1g2f is indeed a well defined morphism. We leave it

to the reader to check that the thus provide family of isomorphisms is natural.

219



It now follows that taking tensor product on the left with (k, g1

k e) induces an equiv-

alence g2e
(

Θ̂N
ĜΘ̂N

)
∼−→ g1g2e

(
Θ̂N
ĜΘ̂N

)
. Now, recall the definition of the ten-

sor product on
⊕

g∈G/N N̂ defined directly before stating this theorem. Applying

same construction to Θ̂N
ĜΘ̂N

rather than to N̂ , yields an additive monoidal category⊕
g∈G/N

ee
(

Θ̂N
ĜΘ̂N

)
, which is equivalent to Θ̂N

ĜΘ̂N
by the arguments just given.

In the fifth and last step, it remains to show that the component ee
(

Θ̂N
ĜΘ̂N

)
asso-

ciated to ee is equivalent to ĜΘ̂N
. This follows directly from the isotransformation

( Θ̂ϑ
Θ̂ϑ, Θ̂ϑe)

∼= idBΘ̂
of Proposition 4.8.10, since the idempotent e Θ̂ϑ on the compo-

sition in the other order Θ̂ϑ Θ̂ϑ agrees exactly with ee. This completes the proof.

Remark 6.3.12. One can think of Theorem 6.3.11 in the following way: Any endo-

N̂ -functor of Ĝ is given by right multiplication with some representation V ∈ N̂ . The

representations V can be embedded in |G/N |-ways into k[G/H]⊗N V ∼= Res Ind(V ).

These different embedding give rise to different structures of −⊗H V as a Ĝ-functor.

Let us comment on two tasks that remain open:

Remark 6.3.13. It would be interesting to study whether for all right indecompos-

able split Frobenius objects Θ̂ in Ĝ, there exists a subgroup H ≤ G such that Θ̂H is

isomorphic to Θ̂ or weaker that there exists a strong equivalence Θ̂H ' Θ̂. We have

not looked into this.

Remark 6.3.14. The symmetry of Ĝ has only been used to show that Θ̂H is sym-

metrically central. It should be possible to construct the symmetry of Ĥ from the

symmetry of Ĝ either directly or in the more abstract setting of Section 4.8.

We conclude this section by providing some context for this section from the

literature.

Remark 6.3.15. Recall that for finite groups (and more generally in the case of affine

group schemes over a fixed base filed), the group can be recovered from its monoidal

category of representations by virtue of Tannakian formalism, see [DeMi]. To obtain

this result, either the fibre functor to vector spaces (the group algebra is isomorphic

to monoidal autotransformations of the fibre functor) or the additional structure

as symmetric monoidal category is required. In this section, we mainly consider the

structure as an additive monoidal category and had no need to reconstruct the group.

However, we used the groups involved and the symmetry of Ĝ in order to construct

Θ̂H and show its properties in Proposition 6.3.4.
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Remark 6.3.16. Another aspect to keep in mind when putting this section into con-

text, is the work [EtGe]. Therein, two finite groups are defined to be iso-categorical if

their respective monoidal categories of complex finite dimensional representations are

equivalent as monoidal categories. For example, simple groups or groups of order ei-

ther 2k+1 or 2∗(2k+1) for k ∈ N0 are isomorphic if an only if they are iso-categorical.

More precisely [EtGe] shows that given two non-isomorphic iso-categorical groups,

both groups have an Abelian normal subgroup of order 22m for some m ∈ N such that

the second group cohomology of the quotient of the group by this Abelian normal sub-

group with coefficients in this Abelian normal subgroup is non-trivial. Furthermore,

iso-categorical groups can be constructed from one another by twisting the multipli-

cation by some non-trivial element of the above mentioned cohomology group.

6.4 Defect groups

In this section, we merely note that the additive Barr-Beck theorem can be applied

in the context of defect groups. This gives a new construction of certain additive cat-

egories involved. We hope that by noting this here, we will stipulate future research.

Theorem 6.4.1. Let k be a field of positive characteristic, let G be a finite group, let

B = k[G]b be a block of k[G] and let D ≤ G be a defect group of B. Then, there exists

a split Frobenius object in k[D] − mod such that the associated additive category is

equivalent to k[G]b−mod. In other words, all information about the module category

of the block is contained in the module category of the defect group.

Proof. There are various places from which one can extract the necessary ingredient,

see for example [Lin, Theorem 2.1]. A reference that makes it straightforward to apply

our theory is [Rou3, Proposition 4.7]. Its proof contains the following statement: A

defect group D of B is a (smallest) subgroup such that the identity functor of B−mod

is a direct summand of IndGD ◦ResGD. Now, Theorem 4.3.26 applies.

Remark 6.4.2. This theorem uses the additive Barr-Beck theorem only. There is

however an obvious generalisation of this theorem for k[D] −mod and k[G]b −mod

considered as objects in k[G]−mod.
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Chapter 7

Future Directions

In this chapter, we discuss two questions that we believe deserve the attention of

future research. Let us also remind the reader of the conjectures in Section 5.2 that if

true would strongly increase the relevance of this work, of the open questions related

to Jordan-Hölder theory in Section 4.9.2 and particularly the envisaged base change

over endomorphism categories in Remark 4.9.20.

7.1 Passage between monoidal and 2-categories

One can merge a given additive 2-category A into a single monoidal category B by

formally adding a unit object. If A has is infinitely many objects, this results in an

infinite rank endomorphism ring of the unit object. However, it should be possible to

determine a finiteness conditions on B-modules such that the associated 2-category

B −Modfc is equivalent to A−Mod ∼= B −Modfc.

More intriguingly, let A be a 2-category with an object 0 ∈ A maximal with re-

spect to ≤LR, see Definition 4.2.12. Now define B := A(0, 0). Clearly, we have an

inclusion 2-functor ι : B → A. It would be important to have a good understanding

of Resι. Any answer is likely to involve the construction of Indι and should also take

Coindι into account. Further, the embedding B → Frobrev(B) might factors over

the inclusion B → A and one would like to understand the precise relation between

Frob(B)rev and A (as well as Frob(A)rev). This question is plausible since we assumed

that 0 ∈ A is a maximal object. A starting point would be to study the properties of

the functor Arev(a, a′)→ HomB(A(0, a),A(0, a′)) given by right multiplication.

More generally, it would be interesting to extend Frob to an endo-2-functor of

2− Add and to study the relation between this 2-functor and its square.
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7.2 Twisted singular Soergel bimodules

In this section, we briefly discuss twisted singular Soergel bimodules ISoeJG. Twisted

singular Soergel bimodules were introduced in [Kl] an extension of singular Soergel

bimodules. The objective of this section is to introduce interesting categories that

arise when putting twisted singular Soergel bimodules into the context of higher rep-

resentation theory and thereby to stipulate future research.

According to the geometric Satake correspondence [Lu1, Gi, MiVi] and results

known to experts, the subcategory of SSoeS of unshifted singular Soergel bimodules

for the affine Weyl group W̃ , where S denotes the generators of the finite Weyl group,

forms a monoidal category after shifting the tensor product. Furthermore, considering

only degree zero morphisms one obtains a monoidal category that is equivalent to the

category of finite dimensional representations of the associated semi-simple adjoint

algebraic group. Since the geometric Satake correspondence also holds for the simply

connected cover (and any intermediate quotients), there should exist an enlargement

of SSoeS that is similarly related to representation theory. This task was put forward

in [Wi1]. In [Kl], we conjectured that SSoeSG provides the answer and established

this result for PGL2. Later, [Do] independently constructed SSoeSG (for affine Weyl

groups) and established the connection to geometry.

Let us provide some more details on twisted singular Soergel bimodules. Follow-

ing [Kl], denote by G a subgroup of the automorphisms of W that stabilize S, i.e.

G ≤ Aut(W,S). In fact, we will see below that one should allow larger class of groups

G which act on R by ring homomorphisms such that g(RJ) = Rg(J) for all finnitary

I, J ⊂ S. One can use this action to obtain equivalences ϑg : ISoeJ → g(I)Soeg(J).

One now defines twisted singular Soergel bimodules analogously to [Wi2, Definition

7.1.1] as an idempotent closed additive subcategory of RI ⊗RW RJ −Mod, allowing

additionally for twist on the left and right side that come from the group action. In

the case that none of the elements of G\{e} act in the same way as a non-trivial inner

automorphisms of W , it is shown in [Kl] that ISoeIG ∼=
⊕I

g∈G Soe
g(I). This equiva-

lence is an additive monoidal equivalence, where the tensor product on the right is

defined using the functors ϑg for g ∈ G. In the general case, we have an essentially
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surjective, faithful monoidal functor
⊕I

g∈G Soe
g(I) → ISoeIG.

In this thesis, we have typically considered right singular Soergel bimodules as

modules for the original Soergel biodules. This can be regarded as a global to lo-

cal step. Now, we discuss the local to global direction. Let I ⊂ S be finitary and

assume that the complement S \ I is finitary as well. We are interested in a par-

ticular endomorphism category in ISoeI − Mod: EndISoeI
(⊕I

g∈G Soe
g(S\I)

)
where

G := G/StabG(S \ I) avoids double counting. Clearly, we have an faithful monoidal

functor
(
ISoeIG

)rev → EndISoeI
(⊕I

g∈G Soe
g(S\I)

)
. We propose to study the properties

of this comparison functor and to determine when it is full or essentially surjective.

To promote interest into this question, let us present three special cases.

The first case is I = ∅ and thus has rather simple and in the context of this

thesis very well understood right hand side. One the left hand side SSoeSG has non-

isomorphic objects provided that G contains non-trivial inner automorphisms of W .

This does occur for type An. In this case the functor is not full. This example shows

that we have to exclude certain group actions. However, one has to be cautions when

drawing conclusions for the other cases.

The second case is I = S. Here, the right hand side is given by EndSSoeS
(
SSoe

)
.

Clearly, there is a faithful embedding from Soe into this category. This observation

was inspired by [Os2] and prompts us to ask whether there is an equivalence with

Soe. Note that from a classical viewpoint this is a very surprising question, since

[SSoeS] = [SSoe] cannot see this feature. Thus, we are dealing with a truly categori-

cal question within higher representation theory. In type A1, one quickly sees that the

comparison functor is fully faithful, but does not attain the second indecomposable

object. Now, S2 acts non-trivially on R giving rise to a twist by −1. In this way

SoeS2 actually agrees with EndSSoeS
(
SSoe

)
.

Third, denote s0 the affine reflection in an affine Weyl group and let S denote

the reflections generating the finite Weyl group. Then, End{s0}Soe{s0}
(⊕{s0}

g∈G Soe
g(S)
)

contains |G| copies of our candidate for the Satake correspondence. Clearly, one

wonders whether the comparison functor is essentially surjective. One might also

draw further inspiration from a comparison with the multiple copies that arose in

Theorem 6.3.11.

224



Bibliography

[Ar] S. Ariki, On the decomposition numbers of the Hecke algebra of G(n, 1,m),

J. Math. Kyoto Univ. 36 (1996), 789-808.

[AnJaSo] H. H. Andersen, J. C. Jantzen, W. Soergel, Representations of quantum

groups at a p-th root of unity and of semisimple groups in characteristic p:
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[CHEVIE] M. Geck, G. Hiss, F. Lübeck, G. Malle, G. Pfeiffer, CHEVIE – A system

for computing and processing generic character tables for finite groups of Lie

type, Weyl groups and Hecke algebras, Appl. Algebra Engrg. Comm. Comput.,

7 (1996), pages 175-210.

[Br] J. Brundan, Quiver Hecke Algebras and Categorification, Adv. Rep. Th. Alg.,

EMS Cong. Reports (2013), 103–133, arXiv:1301.5868 [math.RT].

[ChRo] J. Chuang, R. Rouquier, Derived equivalences for symmetric groups and

sl2-categorification, Ann. of Math. 167 (2008), 245–298, arXiv:0407205

[math.RT].

[CrFr] L. Crane, I. Frenkel, Four-dimensional topological quantum field theory, Hopf

categories, and the canonical bases, Topology and Physics. J. Math. Phys. 35

(1994), no. 10, 5136–5154.

[DeMi] P. Deligne, J. Milne, Tannakian Categories, Lect. Notes Math. 900 (1982),

101–228.

225



[Dem] M. Demazure, Invariants symétriques entiers des groupes de Weyl et torsion,

Invent. Math. 21 (1973), 287–301.

[Do] C. Dodd, Equivariant coherent sheaves, Soergel bimodules, and categorifica-

tion of affine Hecke algebras, preprint (2011), arXiv:1108.4028.

[DJ] Du Jie, Cells in the affine Weyl group of type D̃4, J. Algebra 128 (1990),

384-404.

[El1] B. Elias, A diagrammatic category for generalized Bott-Samelson bimodules

and a diagrammatic categorification of induced trivial modules for Hecke al-

gebras, preprint (2010), arXiv:1009.2120v1 [math.RT].

[El2] B. Elias, Soergel Diagrammatics for Dihedral Groups, PhD thesis, Columbia

University (2011).

[ElKh] B. Elias, M. Khovanov, Diagrammatics for Soergel categories, preprint (2009),

arXiv:0902.4700v1 [math.RT].

[ElSnWi] B. Elias, N. Snyder, G. Williamson, On Cubes of Frobenius Extensions,

preprint (2003), arXiv:1308.5994 [math.RT].

[ElWi1] B. Elias, G. Williamson, Soergel Calculus, (2013), arXiv:1309.0865v1

[math.QA].

[ElWi2] B. Elias, G. Williamson, The hodge theory of Soergel bimodules, (2014),

arXiv:1212.0791v2 [math.RT].

[EtGe] P. Etingof, S. Gelaki, Isocategorical Groups, Int. Math. Res. Not. (2001), no.2,

59–76.

[EtKh] P. Etingof, M. Khovanov, Representations of tensor categories and Dynkin

diagrams, IMRN No. 5 (1995), 235-247.

[EtNiOs] P. Etingof, D. Nikshych, V. Ostrik, On fusion categories, Ann. Math. 162

(2005), 581–642.

[Fi] P. Fiebig, The combinatorics of Coxeter categories, Trans. AMS 360 (2008),

4211-4233, arXiv:0512176 [math.RT].

[FS] J. Fuchs, C. Schweigert, Category theory for conformal boundary conditions,

(2001), arXiv:math/0106050v4 [math.CT].

226



[Ga] T. Gannon, Boundary Conformal Field Theory and Fusion Ring Representa-

tions, (2002), arXiv:hep-th/0106105.

[Ge] M. Geck, On the KazhdanLusztig order on cells and families, (2009),

arXiv:0910.4689 [math.RT].

[Gi] V.Ginzburg, Perverse sheaves on a loop group and Langlands duality, preprint

(1995), arXiv:9511007 [alg-geom].

[Gr] J.W. Gray, Formal Category Theory: Adjointness for 2-Categories, Lect.

Notes Math. 391 (1974).

[Gu] J. Guilhot, Partition of affine B2 into cells for all parameters,

http://www.lmpt.univ-tours.fr/ guilhot/Miscellaneous/B2allparameter.pdf

[Gy] A. Gyoja, On the existence of a W -graph for an irreducible representation of

a Coxeter group, J. Algebra 86 (1984), 422-438.
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