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1 Introduction

Supersymmetric indices are powerful tools to study supersymmetric quantum field theories.
Localisation techniques allow us to explicitly compute these indices and provide connections
between supersymmetric quantum field theories and moduli space geometry. In three
dimensions, the Coulomb branch localisation of N/ = 2 topologically twisted theories on
52 x S was first considered in [1], with extensions to other Riemann surfaces in [2-4]. The
study of Higgs branch localisation for 2d A" = (2,2) theories on S? was initiated by [5, 6]
and later extended to S partition functions and superconformal indices on S? x S! in the
works [7, 8].

In this work we study the partial topological twist of 3d ' = 2 theories on a spacetime
with boundary HS? x S*, where HS? is the 2d hemisphere. Our first result is to formulate
supersymmetric boundary conditions on O(H 5% x S') = T? for this spacetime and compute
the Witten index via both Higgs and Coulomb branch localisation. In particular, we
provide a formula for the index with Dirichlet-type boundary conditions for the N' = 2
vector multiplet. This provides a UV derivation of the holomorphic blocks [9], which are
defined to be the partition function of partially topologically twisted theories on S! times
an infinite cigar and typically computed with effective quantum mechanics in the IR.

With these results in hand, we proceed to the main object of interest in this work:
the index for 3d N = 4 gauge theory with a topological twist preserving the Blau and
Thomson [10] supercharge @p. In the IR, this twist coincides with the Rozansky-Witten
twist [11] and is known as either the B or C' twist in various parts of the literature. We
study the index of a particular set of boundary conditions known as exceptional Dirichlet.
These N = (2, 2) preserving boundary conditions, labelled {D,}, were first studied in [12]
and were motivated by analogous boundary conditions for 2d N' = (2,2) theories [13, 14].
Exceptional Dirichlet boundary conditions are defined with respect to a choice of chamber
in the mass parameter space for the Higgs branch flavour symmetry and are in one-to-
one correspondence with massive Higgs branch vacua of the theory. In the IR they are
supported on holomorphic attracting Lagrangian submanifolds associated to such vacua
and, in this way, are designed to mimic the presence of an isolated vacuum « at infinity
for the purposes of BPS computations. They play an important role in 3d mirror sym-
metry [12] and the connections between equivariant elliptic cohomology and N = 4 gauge
theories [15, 16].

The (twisted, flavoured) Witten index of this boundary condition may be computed
with a path integral and counts states in the cohomology of one of the supercharges pre-
served by the topological twist
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The index is graded by fermion number and global symmetries, which may be implemented
by turning on background real masses and holonomies. The fugacities ¢, x and £ here are
exponentials of a supersymmetric complex combination AgF) + imE) of holonomy and
mass parameters for a background vector multiplet that weakly gauges the relevant flavour



symmetry. Here, Ry and R are the generators of the Cartan of SU(2)y x SU(2)¢ R-
symmetry, Fg the Higgs branch flavour symmetries, and F¢ the topological symmetry.
In the work [17], two of the authors studied the closely related half superconformal
index. This may again be computed on the spacetime HS? xS but now with the same rigid
supersymmetry background as for the superconformal index on S? x S and, in particular,
is not topologically twisted. This index was computed for Neumann boundary conditions
for the vector multiplet in [18], and Dirichlet in [17]. In loc. cit., it was demonstrated that

Zgc = €¥I, (1.2)

where 7 is a count of local operators supported on the boundary condition, studied
in [19-21] and ¢ may be interpreted as a supersymmetric Casimir energy [22] encoding
boundary 't Hooft anomalies. As anticipated in [17], Zg¢ with {D,} boundary conditions
and Zp, are identical up to a shift in fugacities ¢ — t¢~ 2. In this work, we provide a
physical argument for this correspondence and verify it explicitly with a localisation com-
putation. The half superconformal indices were found to realise exactly the aforementioned
holomorphic factorisation [9] of various three-manifold partition functions of 3d N = 4 the-
ories and the index we consider in this work naturally factorises the topologically C-twisted
index [23, 24].

Supersymmetric partition functions may be localised using different schemes giving
rise to geometric dualities. The work of Bullimore et al. [25-27] explores the geometric
interpretation of the Higgs branch localisation scheme for theories on ¥ x S! with ¥ a
closed Riemann surface. By introducing an additional @Q-exact action to the Coulomb
branch localising action, the authors localise to vortex configurations on ¥ which are given
by solutions to:

20F,z = T — 2pp, pc =0,  F3=0,

(Vz+i4:)X =0, (D3+1A43)X; =0,

(Vz—iAz)Y =0, (D3 —iA3)Y; =0, (1.3)
o-X; =0, o-Y;=0, ¢:X;=0, ¢zY; =0,

V.0 = Vs = 0.

where (X,Y) are hypermultiplet scalars and (o, ¢) are vector multiplet scalars. In the
C-twist, the moduli space of solutions to the above equations has an algebraic description
as the moduli space of quasimaps ¥ — My to the Higgs branch [28] (in the H or A twist,
one recovers the twisted quasimaps of [29]). The twisted index on ¥ x S computes the
equivariant Euler characteristic of this moduli space. See also related works in 2d [30, 31]
where the relationship between GLSMs and stable map geometry is discussed.

In this work we are concerned with both the Coulomb and Higgs branch localisation
of topologically twisted theories instead on a spacetime with boundary, HS? x S'. The
Coulomb branch localisation proceeds similarly to [1], the BPS locus consists of monopole
configurations compatible with the Dirichlet boundary condition for the gauge field. The
Higgs branch localisation leads to the same BPS locus of vortices as (1.3). In both cases,
the configurations are now subject to exceptional Dirichlet boundary conditions on the



torus boundary. The result of both localisation procedures may be obtained from our
formulae for the index for N/ = 2 theories, which are derived for multiplets in a generic
flux k£ background.

The result of the Coulomb branch localisation first depends on an additional parameter
s = exp(iff(As +i0)|g) which is the (exponentiated) constant value of the gauge field As
and real scalar o at the boundary. The exceptional Dirichlet boundary condition switches
on boundary vevs corresponding to a vacuum configuration « for the chiral multiplets,
and s must consequently be specialised to a value dependent on (z;,t) in order to preserve
supersymmetry. Equivalently, the total effective connection and mass of the chirals which
attain boundary vevs must vanish. This substitution is the analog of the Chern root
evaluation of equivariant K-theory classes for GIT quotients at torus fixed points. We
find that:

Zg'aB. <Q7 t? S = Sa, T, 5) = ZDa (Q7 t7 z, f) = €¢a Z{i—loopz&ortex(w7 57 q, t)a (14)

where Zp_, is the twisted index on the hemisphere, which we also obtain directly from Higgs
branch localisation. In the above, e?* arises from classical Fayet-Iliopoulos action evaluated
on the BPS locus, and effective Chern-Simons contributions arising from integrating out

Zyortex encodes

massive fermions. Zé‘lool’ is a perturbative one-loop determinant, and
contributions from vortices.

We then turn to one of the main conceptual results of this work, which is to explicitly
relate the above partition function to the enumerative geometry of based quasimaps QM
from P! — My [28]. This moduli space splits into components labelled by the degree k
of the G bundle over P!, which we denote QI\/IQ. The central mathematical object is the
vertez function, which is the generating function of the (equivariant) Euler characteristics

of the virtual structure sheaf over the different degree quasimap moduli spaces.

Va = Z kaT(QMlgu @vir.)- (15)
k

We demonstrate that the index Zp, computes V,, up to a prefactor, to which we also
give a geometric interpretation. The exceptional Dirichlet boundary condition is designed
to mimic the presence of an isolated, massive vacuum at infinity, as such it is reasonable to
expect that Zp_ is equal to the partition function on R? x S1, with a vacuum at oo, as it is
computed on a topologically twisted background. Up to perturbative prefactors (which are
familiar from say, the relationship between the Nekrasov partition function on S* [32] and
the Seiberg-Witten prepotential for theories on R* [33], see e.g. [34]), one would expect this
to correspond to a P! partition function with the vacuum « imposed at a pole. The latter
also localises to the same BPS equations as (1.3), but now on P! but with a condition at
the south pole. It is expected therefore that this P! partition function, which we call Z,,
yields the vertex function. We perform an explicit Higgs branch localisation on the twisted
P! index, with a vacuum condition at the south pole, to elucidate this correspondence.

The Higgs branch localisation scheme recovers the (virtual) equivariant localisation
formula for the vertex function. On the other hand the index Zp_, on HS? x S may be



localised to the Coulomb branch. We argue that in this case one recovers a g-Jackson
integral formula for the index of the form

1—t1q

s(a)
Zp, (i, €, t,q) = /0 dqse"z")(s’f)d [ 4

(@+@-u)|. o
where Q1, Q¥ and pc denote certain weight subspaces of TMp determined by the excep-
tional Dirichlet boundary condition D,,.

We show that this localisation formula naturally gives rise to a chamber dependent
perturbative contribution. This normalisation is often added to vertex functions by hand
in order to show that they satisfy appropriate g-difference equations in quantum K the-
ory [35]. The Coulomb branch localisation hence provides a physical meaning to these
perturbative terms. In a similar vein, we briefly clarify the physical interpretation of the
elliptic stable envelopes [36] in relating the vertex functions for symplectic dual varieties.
This is intimately related to the action of mirror symmetry on the exceptional Dirich-
let boundary conditions of a pair of symplectic (mirror) dual varieties, which yields the
enriched Neumann boundary conditions introduced in [12, 15].

Outline. The paper is organised as follows. In section 2 we fix our notation for 3d
topologically twisted supersymmetric gauge theories and then review the relevant aspects
of 3d N' = 4 supersymmetric theories including their Higgs branch geometry. In section 3
we introduce boundary conditions for twisted theories, and define the twisted index on
HS? x S'. We also discuss the relation with the half superconformal index. In section 4 we
describe the Higgs and Coulomb branch localisation schemes, and derive the corresponding
one-loop determinants, which hold also for N' = 2 theories. We compute the index for
N =4 QED with N fundamental hypermultiplets as an illustrative example. In section 5
we elucidate the equivalence between the twisted index and the vertex function, establishing
correspondences between both perturbative and vortex contributions to the index with
objects in the geometry of based quasimap moduli spaces. Finally, we comment on the
physical interpretation of the role of elliptic stable envelopes [36] in the pole subtraction
formula, as the action of mirror symmetry on the indices we consider. We include various
technical appendices required for the localisation computations.

Further directions. This work primarily considers abelian theories, for the sake of sim-
plicity. It would be interesting to explore non-abelian examples. More interestingly, from
a physical perspective the hemisphere geometry S' x HS? appears rather naturally: it
allows the prescription of a boundary condition, it is intuitively the correct perspective for
holomorphic factorisation, and it is related to a count of boundary local operators via the
state-operator correspondence. For example, as already demonstrated in [17], localising
gives the correct perturbative contributions to factorise three-manifold partition functions.
On the other hand, geometrically it is less clear how to develop directly a deformation-
obstruction theory for vortices on a hemisphere with a finite-distance boundary condition.
It would be interesting to explore further the virtual localisation structure implied by the
vortex equations. Finally. it would be interesting to investigate the H-twist in the presence
of boundaries; one should recover a based version of the twisted quasimaps of [29].



Note added. Whilst preparing this manuscript we became aware of overlapping work
by Mykola Dedushenko and Nikita Nekrasov. We thank them for interesting discussions
and for agreeing to coordinate the submission.

2 Background

In this section we introduce our conventions for quasi-topologically twisted 3d N = 2
theories. We first write down the transformations and Lagrangian on a generic product
space ¥ x S', where ¥ may have a non-trivial boundary. We denote the length of the time
circle S* to be 3. We will also, for simplicity, restrict to an abelian gauge group G = U(1)"
throughout this work, although we expect the results to hold more generally.

2.1 N =2 supersymmetry

We now introduce N' = 2 field content and Lagrangian for a topological twist along ¥
with respect to a U(1)g R-symmetry. An over-line on fermions indicates U(1)g charge 1.
Fermions with U(1)g charge 1 are twisted to (0, 1) forms or scalars.

We use V to denote the Levi-Civita connection on X and D = V + iA to denote the
gauge covariant derivative. We use conventions where V, = %(Vl —iVy),Vz = %(V1 +iVs)
and 1,2 are the indices of an oriented orthonormal frame at a point on 3 (z is not a complex
coordinate on X). The coordinate on S is labelled by 2. dz and dz are the dual one-forms
to V, and V3 respectively. In a local orthonormal frame the metric tensor has components

97;2 = 27922 = 1/2

Vector multiplets. A twisted 3d A/ = 2 abelian vector multiplet has fields (A4,, A, A Az,
Az, 0, D), where A, is the 3d gauge field, A, X are gauge-neutral fermionic scalars and Az, A,
are gauge-neutral fermionic (0,1) and (1,0) forms. D and o are gauge-neutral real scalars
with no U(1)g-charge. The supersymmetry transformation laws are:

A5 = _%(65\ — €N, 0N = 2ieF,; — eV3o +eD,
i 6\ = 2ieF,z + éV3o + €D,
0As = —=€)s, - - _
% ) OA, = —2ieF,3 + 2¢V 0, (2.1)
0A, = —56/\Z, 0z = —2ieFs3 + 2eVso,
1 - < . € €_ <
So — 5(6)\ —E\), 0D = eV, — eV s+ §V3)\ + §V3)\.

The vector multiplet Lagrangian is

Loee = LB + 2T (2.2)

vec
with the bosonic and fermionic parts given by

ﬁB

vec

1 - _ _ _
ck = 5(WgA + AV + Az Vs, + A Vshs (2.3)

= 4|Fyz|* + 4F.3Fs3 + V,,0VFo — D?

vec

+2AVA, + 20, VA — 22V, A — 25V, 0).



The vector multiplet Lagrangian can be written as a (Q-exact term
€€Lyec = 00z(AN — A\, — 4o D). (2.4)

We refer the reader to appendix A for more details on these Lagrangians. In particular,
we have performed some integration by parts when compared to the usual twisted action
in e.g. [1], and the boundary terms must be shown to vanish.

We may also introduce a Fayet-Iliopoulos term:

1

£3d —
FL ™ 97 Vol (H S2)

. (T
(-i4§" Rz + (D), (2.5)
where AéT) and (¢ are a flat connection and real mass (FI parameter) for a background
vector multiplet coupling to the topological symmetry. The above action is manifestly
gauge invariant and supersymmetric under the boundary conditions we introduce in the
following. We also include a boundary FI term:
0

—W(A3 +io) (A +i0), (2.6)

2d
L1 =
which we will see is a constant for our choice of boundary condition. Nevertheless, we
shall see it is useful to include, as it naturally complexifies the fugacity for the topological
symmetry in the index we consider in the following.

Chiral multiplets. A chiral multiplet with vanishing U(1)g-charge, once twisted, has
fields (X,,, 1z, 1., F5), where X is a complex scalar charged under the gauge field Ay
but not under U(1)g, 9,1 are fermionic scalars with opposite gauge charges and s, 1),
are fermionic one forms with opposite gauge charges. The auxiliary field Fz is a (0,1)
form with the same gauge charge as X, 1,9z and U(1)g-charge 2. The supersymmetry

transformation laws are:2
X = @y, 61p, = 26(V, —iA)X — €F,,
(5X = 61;, 5"(/]5 = —QG(VE + ZA;)X + EFE, (2 7)
6y = e(Vs+ids —0)X, OF, = —&(V3 —iAs+ o), +26(V, —iA)p —en. X,
6 = €(Vs —iAs +0)X, OF:=e(Vz+ids—o)hs +2e(Vs +id:)0 + eX: X.
Note that
[0, 0¢] = €€(As +io + V3), (2.8)

and that Az 4 ic may be regarded as a complexified gauge transformation parameter.
The chiral multiplet Lagrangian is

Echi = E(Jii + Egm (2'9)

!This term is necessary to include in order to preserve gauge invariance and supersymmetry if one were
to consider Neumann boundary conditions on the gauge field and make the background vector multiplet
for the topological symmetry dynamical.

2Where the vector multiplet fields act in the appropriate representation.



with the bosonic and fermionic parts given by:

LB =(V3—iA3)X (V3 +iA3)X +4(V, —iA)X (Vs +i4:)X
+0?|X|> 4+ D|X|> + 2iF.:| X|? — F5F.,

_ _ _ 2.10
Lhi=—19(Vs+ids+ o) —1.(Vs +ids — o)hs + 20(V + iA. ) (2.10)
— 20,(Vz +i4:)0 + M X1bs — X +PAX — X b,
The chiral multiplet Lagrangian may be written in the @Q-exact form:
€€Leni = 60e(—tp + bz +2X 0 X). (2.11)

For completeness, we note that in the C-twisted 3d N’ = 4 Lagrangian, there is also
a G adjoint NV = 2 chiral multiplet in the N’ = 4 vector multiplet. For the C-twist with
U(1)g = U(1)¢ it has R charge 2, and thus has components: (¢z, ¢-,n,7,1z, 7, F). Again,
the subscripts denote the spins of the fields. The bosonic (0,1) form ¢z has U(1)g charge
2 and the auxiliary field F' has no U(1)g charge. The adjoint Lagrangian is

Logj = AV.0:V:0. + V30.Vads + 1Vsn + n:Vsi. + 2nVzi. — 2V.nz: — FF. (2.12)

It is invariant under the following SUSY transformations:

dpz = ensz, 67, = —€V30s,

6_Z:E_Z7 5 5:_€v 2
¢ n ’ 1 S(b, ) (2.13)
on = —2eV ¢z — €F, OF = —2eVzn, — €Van,
67 = 2eVs¢, + €F, OF = —2eV.ns + eVsn.

Global symmetries. Throughout this work, we introduce additional background vector
multiplets in order to grade by flavour symmetries.® The supersymmetry transformation
is thus modified by replacing A3 — As + AZ(,)B) and 0 — o + m where A;(}B), m are the vev

of the background gauge field and scalar.

2.2 N =4 supersymmetry

In this work we will be concerned primarily with 3d A" = 4 supersymmetric gauge theo-
ries specified by a compact connected gauge group G = U(1)" and a quaternionic linear
representation ) = T*R. Such theories admit a flavour symmetry Gp x G¢ where:

e (G is the topological symmetry acting on monopole operators. It has a maximal
torus T, which is coupled via an FI-term in the UV, which can be enhanced in the
IR to a non-Abelian symmetry G¢. Concretely:

Te = Hom(my (G), U(1)). (2.14)

3 Alternatively, we could also introduce twisted periodicities for fields around S*, see [37] for further
details.



e (G is the Higgs branch flavour symmetry acting on the hypermultiplets, and is

equal to
Gu = Ny G/G, (2.15)

where Nyj(pg) is the normaliser of the unitary representation U(R). We denote the
maximal torus of Gy by Tg.

The R-symmetry is SU(2)y x SU(2)¢ the Cartan subgroup of which we denote by
U(1)g x U(1)c. We choose a convention where fields have integer charge under these sym-
metries. We will often be interested in turning on a fugacity for the diagonal combination
T, = U(1)g — U(1)¢, which breaks the supersymmetry to N' = 2.

Example: SQED[N]. We will consider supersymmetric QED with N flavours as a
running example throughout this work. This theory is specified by a gauge group G = U(1)
and the representation R = CV. We will denote the scalars in the hypermultiplets by
(X,Y). The flavour symmetries are then Go = U(1) and Gy = PSU(N). We introduce
real mass parameters (my,...,my) with Y m; = 0 for Gy, a real FI parameter (, and a
real mass my for T;. In our conventions, the hypermultiplet scalars (X,Y’) have charge +1
under U(1)y, and so +1/2 under 7;.

Topological twist. 3d A = 4 theories admit different choices of topological twist, cor-
responding to a U(1)r R-symmetry of an AN/ = 2 subalgebra, which we use to twist. For
example, choosing U(1)g to be U(1)g or U(1)¢ results in two distinct (fully topologi-
cal) twists, related by 3d mirror symmetry [38]. In this work, we twist with respect to
U(1)¢ along HS?. This breaks the R-symmetry down to SU(2)y x U(1)¢, which our
boundary conditions further break to U(1)g x U(1)¢. The C-twist preserves four super-
charges on a manifold without boundary; our boundary condition breaks half of the twisted
supercharges. We refer to section 6.1 of [3] for further details. We note that the hyper-
multiplet scalars have zero U(1)¢ R-charge, so that the supersymmetry transformations in
section 2.1 hold.

Field content & Lagrangian. The off-shell* field content of a 3d N/ = 4 theory consists
of an N = 4 vector multiplet for G, which may be split as follows

o N =2 vector multiplet (AM,)\,X, Az, A, 0,D).

o N =2 adjoint chiral multiplet (¢z, ¢.,n, 7,0z, 7., F, F).
In addition, the hypermultiplets may be split into:

o N =2 chirals (X, X, X, X X X FX FX).

o N =2 chirals (Y,Y, oY, ¢ Y @Y FY FY).

where the complex scalars (X,Y’) transform in the representation 7*R = R & R* of G.

4The full 3d N = 4 supersymmetry algebra cannot be closed off-shell by adding finitely many auxiliary
fields. We have added auxiliary fields to close a 3d N = 2 subalgebra of the 3d N' = 4 algebra.



The Lagrangian can be schematically written as:
L= Lyec + Eadj + Lx + Ly + Lyukawa- (216)

The Yukawa term Lyykawa descends from the superpotential ¢- i, where uc is the complex
moment map for the G action on the hypermultiplet representation 7* R (we return to this
momentarily). After integrating out the auxiliary fields, the potential term for the matter
multiplets is given by:

(0 +|p:HX - X+Y - V)+ (X - X-Y - V)P + (X - V)X Y). (2.17)

| =

2.2.1 Higgs branch geometry

In this section we provide a minimal summary of the Higgs branch geometry of 3d N' = 4
supersymmetric gauge theories. We denote the real and complex moment maps of the
gauge symmetry G by

pur:T*R — g%, pc:T*R — g¢ . (2.18)

Note that the sum of the last two terms in the scalar potential (2.17) is precisely |ug|? +
\uc|?, and is SU(2) g-invariant as (ugr, Re uc, Im puc) transforms as a triplet under SU(2) .
The Higgs branch Mg is then given by the hyper-Kéahler quotient

M = pz'(0) N pg'(Q)/G, (2.19)

where throughout we assume it is possible to choose ( in a fixed chamber €¢ such that
My is fully resolved. Trading the real moment map condition for a stability condition
(dependent on the choice of €¢) and a complexified gauge group action we may obtain an
algebraic description of the Higgs branch as a symplectic variety®

My = pc'(0)°/Ge. (2.20)

The coordinate ring of this variety is given by C[Mp] = (C[T*R]/{uc))°C, we work with
examples where this ring coincides with the cohomology of the Rozansky-Witten super-
charge Qp (see e.g. [39] for a discussion of this subtlety). My admits symplectic Gy and
T; actions with corresponding flavour symmetry real moment maps pgr and fu .

We work with theories that admit a generic one-parameter subgroup of Ty, specified by
real masses m in tz lying in a fixed chamber €% that gives rise to a finite set of isolated
massive vacua/fixed points on the Higgs branch, where the gauge group is completely
broken. We denote the set of vacua by ML = {a}.

The tangent bundle T M; is given by the cohomology of the complex

0—gc—T"R— gt — 0. (2.21)

5The ‘s’ subscript denotes the stability condition which depends on the chamber €¢ containing (.

SThere are co-dimension 1 loci in the space ty of mass parameters m where the fixed loci in Mg of
the one-parameter subgroup generated by m is no longer isolated. A choice of chamber € is a choice of
connected component in the complement of these loci.

~10 -



The first map is an infinitesimal complex gauge transformation and the second is the differ-
ential of the complex moment map. The complex thus encodes fluctuations of the hyper-
multiplets satisfying the moment map condition modulo gauge transformations. Writing
T = Ty x T; and taking the character of this complex we find:

ChTTMH = ChTT*R — chT,u@ — Cth(c. (2.22)

The terms in the complex transform as weights of G x Ty x T;. Introducing formal
grading parameters (s, z,t) for these symmetries, under our assumptions the vacua a (T
fixed points on Mp) are labelled by r = rk(G) weights p; = (pg,, pH,i, pti). These are
the charges of the hypermultiplet scalars which acquire vevs in the vacuum «. Solving the
equations

§PG gPH P = 1 (2.23)

for each ¢ = 1,...,r gives a unique solution s € g for each vacuum « which we denote by
s = S4.7 We denote the Ty x T} character of the tangent bundle fibre at a fixed point thus
obtained by evaluating (2.22) at sq by ToMp.

Example: SQED[N]. Working equivariantly with respect to G x Ty x T}, which acts
as X; — szit'2X;, Y, — 8_1:E;1t1/2YZ-, the character of the tangent bundle of My (2.22)
for SQED[N] may be expressed as:

TMp =t2s(x1 + ... +ay) + 72 a4+ +ay)) — (1 +1). (2.24)

In the chamber € where { > 0, the massive vacuum « corresponds to non-vanishing vev

| X, |2 = 2¢. We retain this choice of chamber throughout this work. Thus, we solve the
1 1

equation sx,t2 = 1 to find s = ¢t~ 2 which then gives the expression

X x
ToMu =" xi +t2, (2.25)
for the character of the fibre of the tangent bundle at a fixed point.

3 Hemisphere index

In this section, we discuss quasi-topologically twisted theories on HS?x S'. We describe the
boundary conditions of interest; the exceptional Dirichlet (or thimble) boundary conditions
and introduce the central object of our study: the twisted hemisphere index.

3.1 Hemisphere geometry

We work on the background HS? x S, with product metric:

ds® = dO? + sin® 0 d¢? + dx3da®, (3.1)

"We note that, geometrically, this is equivalent to the action of the push-forward to the fixed point o
under the Chern map of the vector bundles in equation (2.22).
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where:
3 €[0,8), 0€(0,7/2], ¢€][0,2n]. (3.2)

We will often conformally map HS? to the unit disc |w| < 1 on the complex plane and pull
back the coordinate w € C to obtain a global coordinate on HS2. On fermions, we impose
Ramond (periodic) boundary conditions around dHS? = S! as usual for twisted theories.

Boundary conditions. We first describe boundary conditions for 3d A/ = 2 theories
preserving the two twisted supercharges. We impose a Dirichlet boundary condition for
the vector multiplet:

As+ioc=const, A; =0, A=0, A—X=0. (3.3)
where
A =ADy), M=A0n), A=A, A,=AD). (3.4)

The two unit vectors 0; and 0,, denote the tangent and outward normal to 0% respectively.
We have also defined the one-form A = X,dz + AzdZ, where dz,dZ are one-forms dual to
V., Vz. This boundary condition trivialises the U(1)" gauge bundle in a neighbourhood of
the boundary torus. We note also:

e The constant boundary value of A3+ ic is arbitrary for a pure gauge theory, but in a
theory with matter it must take certain values in order to preserve flavour symmetries
at the boundary and be compatible with localisation. We return to this momentarily.

o The topological class of the trivialisation is labelled by the winding numbers (with
respect to a fixed trivialisation) around the 9(HS? x S') = T2. Different winding
numbers around the z3-cycle are gauge equivalent configurations. In contrast, the
winding number of the trivialisation around 0HS? = S! leads to physically distinct
configurations labelled by the monopole flux across the hemisphere:

. .
= fhzi/ F:eZ. (3.5)
2w JHs2 ™ JHS?

The index we compute will involve a sum over the monopole sectors k.

k=

o In order to properly define the angular momenta of the fields, one needs to lift SO(2) g
rotations of the disc to the total space of the G-bundle over HS?. We choose a lift
compatible with the Dirichlet boundary condition for the gauge field, preserving the
trivialisation on the boundary torus. E.g. for G = U(1), in the flux k sector, the
fibre of the associated charge +1 line bundle above the origin carries a weight k
representation of SO(2)g.

For the chiral multiplets, the two basic boundary conditions we impose are:

Dirichlet: X=c, =1=0.
Neumann: (Vs +i4:)X = (V, —iA)X =0,
. 1 AN P (3.6)
(Vz + ZA;)dJ + 5)\5X = (VZ — ZAZ)ll) — 5 zX = O,

¢2:¢22F2:Fz207
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where the vector multiplet fields act in the appropriate representation, and ¢ is a constant.
For later reference, we will also be interested in imposing Dirichlet boundary conditions
for the adjoint chiral in the 3d A/ = 4 vector multiplet:

(bi = ¢z =Nz =N, = 0. (3.7)

Note that these are not the analogue of the A-brane boundary conditions in 2d (one
obtains an A-twisted (2,2) theory after reducing along the S!), which would e.g. impose
Dirichlet on Re(X) and Neumann on Im(X), or vice versa, forcing the matter fields to lie
in a real Lagrangian. The boundary conditions on the complex scalar component X is the
same as that of the B-brane type boundary conditions preserving (0, 2) supersymmetry that
are imposed on the rigid supersymmetry background for the half superconformal index [17].
However, the fermionic boundary conditions are different. In fact, on flat space, they are
‘sick” in the sense of appendix B.2 of [16] (see also [40, 41]). That is, there are an infinite
number of fermionic zero modes, which in flat space would lead to a vanishing partition
function. On the twisted S' x HS? background, they correspond to the infinite number
of holomorphic functions on the disk (see subsection 4) and would also naively contribute
0°° to the fermionic path integral. However, we shall see that the definition of the index
requires that the fields obey a twisted periodicity around S!, equivalent to switching on an
Omega background, see e.g. [7]. This lifts the zero modes, weighting them by their angular
momenta. Thus, these boundary conditions are consistent in the twisted background for
the theory on HS? x S1. Note that similar boundary conditions were considered in [42], for
4d theories on D? x T? where D? is the disk and 72 the torus, and in [43] for 3d theories
on H? x S, where H? is the hyperbolic plane. In both situations the naive sickness of the
boundary conditions is also ameliorated by the presence of an effective Omega background.®

There are some subtleties arising from the boundary value of ¢ for the Dirichlet bound-
ary condition:

o If we assign ¢ = 0 for all chiral multiplets with a Dirichlet boundary condition (or if
the theory is a pure gauge theory), there is an additional boundary flavour symmetry
Gy arising from the bulk gauge symmetry. The boundary value of As + ic may be
regarded as a background for this symmetry, and set arbitrarily. We shall see this
phenomenon in the Coulomb branch localisation scheme.

e If ¢ # 0, in order to preserve the supersymmetric boundary condition 1) = ¢ = 0,
from (2.7) we see that in the absence of background fields for flavour symmetries,
one must take A3 = o = 0. If one has turned on background vector fields for
flavour symmetries under which X is charged, then A3 and o must cancel them. For
example, suppose X has charges (1,¢¢) under a G and a flavour symmetry F. If
we have introduced a background holonomy Ag; and mass m, then we must have:
Az = —qug; and 0 = —gym. This ensures a combination of Gy and F' is preserved,
generated by Jy — qyJr, which we take to be a re-definition of F'. In our work, we
will ultimately be interested in turning on a non-zero value of ¢ for the fields which

8We thank Mykola Dedushenko for clarifying these issues to us.
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take on vevs in a Higgs vacua. We shall see the above is compatible with the Higgs
branch localisation scheme.

N = (2,2) boundary conditions. In this work, we will primarily be concerned with
N = (2,2) boundary conditions for N’ = 4 theories. These were first studied systematically
in [12], to which we refer the reader for more details.

e On the 3d NV = 4 vector multiplet, we impose the N' = (2,2) completion of the
Dirichlet boundary condition for the vector multiplet. This consists of the Dirichlet
boundary condition (3.3) for the N/ = 2 vector multiplet, and a Dirichlet boundary
condition for the adjoint A/ = 2 chiral multiplet, which is set to zero at the boundary.

e On the 3d N = 4 hypermultiplets, we impose Neumann-Dirichlet type boundary
conditions. These are specified by a holomorphic Lagrangian splitting (polarisation)
of the representation @ = T*R. Writing R = CV, this is specified by a sign vector
e € {+}" such that, fori =1,..., N:

(X5i7 Yf-':z) = (3-8)

(}/l', —Xl) lf E; = —
The boundary condition imposes Neumann boundary conditions for the ' = 2 chirals
with scalar components X.,, and Dirichlet for those with scalar components Y;,. For
the YZ,, we must also specify their boundary values.

3.2 Exceptional Dirichlet boundary conditions

We now turn to a distinguished class of boundary conditions for A/ = 4 theories known as
exceptional Dirichlet. This set of boundary conditions is naturally associated to Lagrangian
submanifolds of the Higgs branch geometry of subsection 2.2.1 as we now review (we refer
the reader to [12, 15, 17, 44] for further details). The boundary conditions are designed to
mimic the presence of an isolated vacuum « at infinity, at least for quantities amenable to
supersymmetric localisation.

The exceptional Dirichlet boundary condition, denoted D,, is given by a Dirichlet
boundary condition on the vector multiplet, and Neumann-Dirichlet boundary condition on
the hypermultiplets. It is expected that the set of UV boundary conditions described here
flow to thimble boundary conditions in the IR Rozansky-Witten o-model on Mp. Given
a set of mass parameters m in a fixed chamber €x C g}; we obtain a symplectic C};, action
on My with an associated Morse function h = m - g r with critical points at the isolated
vacua {a}. We obtain a set of distinguished Lagrangian subvarieties £, C My from Morse
flow of h or, equivalently, defined by the closures of attracting sets to fixed points

Attry, = {p € Mpy: %1_{1% m(t)-p=a}, (3.9)

and setting £, = Attr,. Accordingly the tangent weights in T, M g split into positive and
negative Ty weights so that

ToMuys = T Myt + Ty Mur (3.10)
with T, L, = TJMH.
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The chamber dependent Neumann-Dirichlet boundary condition on the hypermulti-
plets, specified by T*R, corresponds to a decomposition of weights

T"R=Q +Q°+Q°+Q", (3.11)

where, after the fugacity substitution (2.23), we recover the positive; zero and symplectic
conjugate;’ and negative weights in the tangent bundle respectively. In particular, the
chiral multiplets corresponding to weights in Q~ and Q° are assigned Dirichlet boundary
conditions, and those in QT and Q° Neumann. This determines a polarisation (3.8).
Further, the chirals in QQ~ are set to zero on the boundary, whilst those in QU are set to a
constant non-zero value, for example their values in the vacuum «. In turn, the boundary
value of A3+ io in the vector multiplet must be tuned to cancel any connection and mass
for the flavour symmetries coupled to those chirals in Q.

3.2.1 SQED|[N] example

We return to our illustrative example of supersymmetric QED with N flavours. We have
a=1,...,N vacua. The 2N weights of 7% R may be expressed as a character!'®

Q=T'R=1t"2s(x; +x2+ ... +an) + Y2 aT  + ... +23). (3.12)
Recall the Chern root evaluation (2.23) is given by s = x;lfé. We choose the chamber:
Cyg={mi <mg<...<mp}, (3.13)
so that for each « the corresponding split into T weight spaces is

Q =t"2s(x1+ ...+ Tq1) + tl/zs_l(m;i_l + .z,
Q° = t'%sz,, QY =25 a1, (3.14)
QT =t"%5(xa1 4+ ... +an) + 2 @ L+ ).

After evaluating at a fixed point, we have the corresponding splitting of the tangent bundle

ToMpy =T My + T, My, (3.15)
where
+ Ty T _ Z; T
TiMyg =) 4ty ==, TyMg=>Y —“+ty —. (3.16)
: T : I, : T : T,
1> <o <o 1>

Geometrically, the Lagrangians £, C My = T*PN~1 correspond to the conormal bundles
of the Schubert cells.

We now implement the boundary conditions D, in our hemisphere setup for this
example. The Neumann-Dirichlet boundary condition on the hypermultiplets is specified
by a polarisation vector e = {—... — +...+}, where the first a components are ‘—". For

9Here, symplectic conjugate refers to the pairing of weights (w, twil) via the holomorphic symplectic
form.
10VWe conflate notation for characters and weight spaces throughout this work.
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the A/ = 2 chirals assigned Dirichlet boundary conditions, namely X7, ... Xq, Yat1,... YN,
only X, is assigned a non-zero boundary value c.

For the vector multiplet, we impose the (2,2) Dirichlet boundary condition described
in the previous section. Note that we must choose:

Az + AY + AL /2 =0, o+ me +my/2 =0, (3.17)

in order to preserve supersymmetry since we have set X, = c¢. This boundary condition
then preserves the flavour symmetry T x T X Ti, where as above Ty is redefined by the
generator of Gy (see also section 3.3 of [17]).

3.3 Hemisphere index

For a 3d N = 4 theory, the twisted hemisphere index is given by:

Ry—Rc

Z=Try(-V)Fe PGt — 5 gliele (3.18)

which is a trace over the Hilbert space on HS?, graded by fermion number and global
symmetries. As usual, this can be computed as path integral on the topologically twisted
background outlined above on HS? x S, where the fugacities are implemented via intro-
ducing background holonomies and masses. More precisely:

T = eiﬁ(Af;Hmi)’ t = eiﬂ(A§+imt), £ = eiﬁ(A:(,,T)-s-i()' (3.19)

We set also ¢ = e, and implement the twisted periodicity due to the angular momentum
via imposing in the path integral that fields must obey:

d(z® = B) = ¢ 023 =0). (3.20)

The index preserves both twisted supercharges. We will be interested in the set of indices
for a given theory for each of its exceptional Dirichlet boundary conditions D, which we
denote Zp,,. For an N/ = 2 theory, the index is defined similarly.

We will compute this index using both Coulomb and Higgs branch localisation tech-
niques. In the Coulomb branch localisation, we will first compute the index for ¢ = 0 in
the exceptional Dirichlet boundary condition: i.e. the boundary vevs of N/ = 2 chirals with
Dirichlet boundary conditions are set to 0. In this case, the index will also be graded with
a fugacity

g = B(Astio)lo (3.21)

for the boundary Gy symmetry, where As + ic|s is a shorthand for the boundary values.
Turning on ¢ # 0, recall the sum of all flavour connections coupled to the chiral must
sum to zero in order to preserve supersymmetry (e.g. (3.17) for SQED[N]). In terms of
fugacities, in the index we perform a substitution for s in terms of z; and ¢, which mirrors
the substitution (2.23) in the tangent space character. It also neatly accounts for the
redefinition of symmetries, as described in section 3.1 and in section 3.3 of [17].
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Figure 1. The stretched half supconformal index in the b — oo limit.

3.3.1 Relation with half superconformal index

In the following we will see that the expression we obtain for the twisted hemisphere
index (3.18) is functionally identical to the formula for the half superconformal index on
HS? x St

Zgc = Trq.[scq‘]‘kwth? FC, (3.22)
provided the same boundary conditions are imposed. Zgc is computed as a path integral
with the same rigid supergravity background as the superconformal index [45, 46], and Hgc
denotes the Hilbert space on the hemisphere in this background. Notably, the fermions have
Neveu-Schwarz (anti-periodic) boundary conditions around the spatial boundary 0HS2.
The hemisphere partition function is related by an exponential prefactor (which we will also
derive) to a count of boundary local operators in the cohomology of the same supercharge
as for the usual superconformal index, originally studied in [19-21].

Precisely, the two indices are related via:

Z<q7t7x7§) = ZSC<q7tq_%ax7€)' (323)

This is not a coincidence and has been anticipated in [17, 23]. We now briefly explain why
this is the case with an argument parallel to the 2d case [47]. The rigid supersymmetry
background admits a Q-exact squashing of HS? [48], on which the final answer does not
depend.!! As the squashing parameter b — oo, the HS? geometry approaches that of
an infinite cigar. The R-symmetry connection A in the rigid supergravity background
becomes equal to half the spin connection AF = %w in the region surrounding the tip,
and becomes flat with a non-zero holonomy A% = %dgb in the infinite cylindrical region, as
shown in figure 1.

Near the tip, A® implements the topological twist and at the boundary, the holonomy
is equivalent to converting the boundary conditions for the fermions around 0HS? from
NS (anti-periodic) to R (periodic). The final object is then equivalent to the topologically
twisted partition function on the cigar with periodic boundary conditions and therefore
equal to (3.18). Note that the fugacity shift in (3.23) would naively produce a grading

11 A more careful argument would also show that any boundary terms produced by the squashing are also
Q-exact, however in the interest of brevity we do not show this here.
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g/ tEc/2 iy (3.18), however in the twisted index the spins of the fields are redefined by
their Rc charge, so we replace this with ¢” where J is now the action of the spin generator
in the twisted theory.

4 Localisation

In this section, we compute the topologically twisted index (3.18) with exceptional Dirichlet
boundary conditions D, using localisation. We describe two different choices of localising
action that give rise to Higgs and Coulomb branch localisation schemes. We will see
in section 5 that these schemes have interesting geometric interpretations. We compute
the index explicitly for supersymmetric QED; the extension to general abelian theories is
straightforward. We plan to return to non-abelian theories in future work.

We write the index as a path integral:
Zp, = [ DO exp(~5u1[] - Ssqppm (@] — *510c.[]), (4.1)

where ® denotes the space of fields obeying the twisted periodicities (3.20) along the time
circle, and D, on d(HS? x S!). In the above, Sp; denotes the Fayet-Iliopoulis term and
Ssqep(n) the sum of the vector multiplet and matter Lagrangians for SQED[N]. The choice
of localising action Sto.. = QV is @Q-exact, and thus we may send ¢ — oo, localising the
path integral to the saddle points of QV. The path integral will be given by the one-loop
determinants of operators appearing at quadratic order in the action expanded around the
saddle points, weighted by the classical action at the saddle points.

We will study two localisation schemes corresponding to the two difference choices of
localising action:

Coulomb:  Spoc [®] = Ssqrpn)[P]- (4.2)
HiggSZ SLOC,[(I)] - SSQED[N} [Q)] + Q ((5\ + )\)(X - X — Y Y — 7')) . (43)

Recall that the SQED[N] Lagrangian is Q-exact, and that the term X - X —Y - Y is the
moment map ugr for the G = U(1) action. The Coulomb branch localising action was
previously considered in [1], and the Higgs in [25].

In the remainder of the section we take supersymmetric QED as a running example.
We no longer take vector multiplet fields to act in representations implicitly, but instead
couple explicitly depending on the charges of the matter fields.

4.1 Coulomb branch BPS locus

The Coulomb branch localisation calculation closely follows the results of [1]. We note
first that the bosonic part of the full off-shell SQED[N] Lagrangian is not positive definite,
so as in loc. cit. we use the supersymmetry transformation law to determine that in the
BPS locus

QA =QA =0 implies 2iF,; +D =0. (4.4)
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Further, o0 and As are arbitrary constants, and are set to their boundary values (3.3). For
nonzero o, the potential term ¢(X - X +Y -Y) forces X =Y = 0. As a result, we must
set the boundary value ¢ of the Dirichlet N' = 2 chiral multiplet to zero in this localisation
scheme. The Dirichlet boundary condition on ¢z forces ¢z = 0. The vector multiplet action
imposes Fz3 = 0, and, as in [1], one may also argue that F,z = const.

In summary, the BPS locus of Coulomb branch localisation consists of topologically
distinct sectors:

2k
F12 = —m, A3 +ZO- = ConSt, X == Y == QSZ = 07 (45)

for k € Z. We recall that s = exp(i/3(A3 + i0)) can be arbitrary in Coulomb branch local-
isation, and the final result of the Coulomb branch localisation depends on it. Finally, we
note that this BPS locus is compatible with the exceptional Dirichlet boundary conditions
discussed in section 3.2.1.

4.2 Higgs branch BPS locus

We now study the BPS locus corresponding to the Higgs branch localising action (4.3).
The part of the gauge sector Lagrangian involving F,z and D is

A|F,:)* — D* + (2iF.: + D)(2X - X —2Y - Y — 27). (4.6)
Integrating out the auxiliary field D and completing the square leaves
(20F:+X - X -Y Y —1)% (4.7)

which yields the BPS equation

2iF,:=7—-X-X+Y .Y (4.8)
Further, the matter kinetic terms impose:

(Vs +id:)X =0, (D3 +ids+iAL/2 +iA})X; =0,

. 4.9
(Vz — iAg)Y =0, (D3 — 1Az + ZA%/Q — ZA%)E =0, ( )

where we have turned on background gauge fields and masses. Combined with taking
the minima of the bosonic potential'? (2.17) and the bosonic part of the vector multiplet
Lagrangian (2.3), we arrive at the full BPS locus for the Higgs branch localisation scheme

2iF:=7-X-X+Y.Y, X-Y=0, F3=0,

(Vz+iA:)X =0, (D3 +iAs+iAL/2 +iAL)X; =0,

(Vs —iA5)Y =0, (D3 —iAz +iAL /2 —iAL)Y; = 0, (4.10)
(0 +m;+m/2)X; =0, ¢:X; =0,
(=0 —m; +my/2)Y; =0, 9zY; =0,

V.0 = Vué: = 0.

2The term (X - X —Y - Y)?/4 is cancelled after adding the Higgs branch localising action.
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Note that with an exceptional Dirichlet boundary condition, X, is non-zero on the
boundary torus. In addition, the BPS locus above implies X, is covariantly holomorphic
and so its zeros at constant 23 must be isolated. Therefore, we must have o+mq+m;/2 = 0,
and ¢z = 0 on HS? x S'. When m; and m; are generic (as we assume), o + m; + m;/2 is
nowhere vanishing and thus the BPS locus requires X; = 0 for all i # «. Similarly, all Y;
must vanish and we may therefore rewrite the Higgs branch BPS locus as follows:

2F. 5 :T*XOLX&) F.3 =0,
X, =0 fori#a, Y;=0 foralld,
(V3 +ids +iAg +iAL/2) X, =0,

U:—ma—mt/2, (25520

(4.11)

We may also pick a gauge for the hemisphere vortex so that the spatial part of the
gauge field is SO(2) g-invariant and time independent. The BPS equation F,3 = 0 implies
that Aj is constant and so A3 = —A§ — A%/2 due to the boundary condition, thus X, is
also constant in 3. In this gauge, the BPS equations may then be written as

2iF.; =7 — XoXa,
X;=0 fori#a, V3X,=0, Y,=0 fori=1,...,N, (4.12)
Ay = — A5 — Ay/2, 0= —ma—m/2, ¢:=0,

There exists a unique solution X, to the above equations, subject to the exceptional
Dirichlet boundary conditions of section 3.2.1. We provide a sketch here and direct the
reader to [49] for a more detailed argument.

Uniqueness. Note that X, (2> = 0) cannot have zeroes outside the origin, else the
twisted periodicity X,(X® = 8) = ¢=7/ X, (2> = 0) allows us to rotate X, by q to generate
a dense set of zeros on a circle centred at the origin (we assume that ¢ is generic). The
location of the zeros of X, are constant in 2® as implied by (4.10). In the flux k sector,
Xo o exp(ikf) on the boundary torus in a global trivialisation of the U(1) bundle.!?
Hence X, has a zero of order k at the origin along each time slice. The rest of the proof
2

is completed by showing that h := log|X, (23 = const)|? satisfies a second order elliptic

equation depending only on the zeros of X, at each constant 3 slice.

Existence. The existence of a solution is not guaranteed for arbitrary values of 7 and the
radius of the hemisphere because we have imposed both Dirichlet and Neumann boundary
condition on h; this gives an over-determined elliptic boundary value problem. The path
integral may be localised independently in each flux sector, and since it is quasi-topological
in each we may prove existence under the assumption that we can change both the radius
R(HS?) and 7 independently in each flux sector. To prove existence in the flux k-sector,
we first work on hemisphere with radius 1 and take 7 to be sufficiently large such that the
k-vortex solution exists on the hemisphere. Let hg denote the boundary value of h on this

13Note this is not the trivialisation provided by the exceptional Dirichlet boundary condition.
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hemisphere, the vortex equations (4.11) are then invariant under the transformation

2 h
Xo = —Xa, T 57, R(HS?) — “CR(HS?), (4.13)
and the new solution satisfies |X,| = ¢ on the boundary and therefore satisfies the excep-
tional Dirichlet boundary condition of section 3.2.1.

4.3 Localisation

In this section we present the results of the localisation procedure. The arguments in the
following hold for both Coulomb and Higgs branch localisation since the only conditions
required are that A3z and o are constant and the spatial part of the gauge field is SO(2)g
invariant. These conditions are satisfied by both vortex and monopole backgrounds. As
described previously, the Coulomb branch localisation will depend on an additional fugacity
s = ePAsti9)lo whereas in the Higgs branch localisation, s is specialised according the
values of A3 and o in the vacuum. For supersymmetric QED, this is given explicitly by
STtz =1 (which follows from either (3.17) or the weight description in section 2.2.1).
We begin by deriving one-loop determinants for A/ = 2 multiplets before turning to
N = 4 theories and hence products thereof. We compute the one-loop determinants in the
following sections by eigenvalue-matching, an alternative method of computing one-loop
determinants by rewriting them as equivariant indices is reviewed in appendix C.

4.3.1 N =2 Dirichlet chiral

In this section we compute the one-loop determinant of a charge 1 chiral multiplet in a
flux k£ background with Dirichlet boundary conditions (3.6). We work in the presence of a
background connection AéB) and real mass m.

The quadratic action for chiral multiplet fluctuations relevant for this computation is

D36XD36X +4D,6XD:6X + (o +m)?|6X|? + 20D 1z

_ _ _ (4.14)
—20:VzY — (D3 + o+ m)Y — (D3 — 0 — m)ys,

(B), The other terms in

where we denote the gauge covariant derivative D =V + A +iA
the chiral multiplet action (such as the Yukawa coupling) do not contribute to the one-
loop determinant. The Dirichlet boundary conditions imply that the one-loop fluctuations
satisfy

65X =6X =1 =1 =0, (4.15)

at the boundary and must in addition obey the twisted periodicities (3.20). The one-loop
determinant is then given by

det() + o +m)

. 4.1
det(—4DzDg — D3D3 —+ (O’ —+ m)2) ( 6)

We match the eigenvalues of the 3d twisted Dirac operator with eigenvalues of the 3d
Laplacian. An eigenfunction of the 3d Laplacian has the form

X x Xoq exp((2m'n + je)mg/ﬁ), nez, jer, (4.17)
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where Xo4 is an eigenfunction of the 2d Laplacian with Dirichlet boundary condition
—4D,DzXoq = A2aX2da,  Xaaloms2 =0, (4.18)

and j is the angular momentum of Xoq: Xoq(qw) = ¢?* Xoq(w) with k the magnetic flux.
The eigenvalue of the 3d Laplacian together with the (o + m)? term is then

Aad — ((2min + je) /B +iAs +iALY? + (0 + m)%. (4.19)

We will show that this eigenvalue is cancelled by the determinant of the twisted Dirac
operator on the following two dimensional subspace of fermions:

(0 Xog eXp((?TFin + je)x?’/ﬂ) 0
(d’z) = < ( 0 ) ’ <2DZX2d exp((2min + jE)x3//B)> > (4.20)

The matrix elements of the Dirac operator:

Ds+o0+m —2D, (4.21)
2D D3—0—m
acting on space of fermions (1, 1z) in this basis are:
(2min + je)/B +ids +iA) + o+ m Aod (422)
1 (2min + je)/B +iA3 —I-iAgB) —o—-m)

Its determinant then cancels the 3d Laplacian eigenvalue. We now consider the un-
matched modes.

Since X obeys a Dirichlet boundary condition there are no bosonic unmatched modes
with Aog = 0. However, ¥z has zero modes because the map V3 from 1 to vz is not
surjective. Its cokernel is the space of 5 which satisfies

D iz =0, for all 9. (4.23)
HS2
Integrating by parts and noting that the boundary term vanishes due to the boundary
condition on ¥ = 0, we deduce that 5 is anti-holomorphic. The unmatched modes of 1)z
are then

Vzdz = 2w exp<(2m'n - (l+k+ 1)6):1:3/5), l € Z>o,n €Z, (4.24)

where 9? is a nowhere vanishing covariantly holomorphic (0, 1) form'# valued in the charge
1 (under G) line bundle with angular momentum —k — 1 and the coordinate w is the

1To argue the existence of this state, we first discuss the case when SO(2)g acts trivially on the fibre
above zero. We may then choose an arbitrary holomorphic section fo which is non-zero at the origin. We
define F = fso(2>E 9" fodg which is the pull back of fo by an element g of SO(2)g averaged over SO(2)g.
We observe F(0) = Fy(0) # 0 and is SO(2) g-equivariant. This implies that E is nowhere vanishing since if
it vanishes at some point then it must vanish on a circle and F is non-zero. The general case with arbitrary
k can be reduced to this case by taking a tensor product with the trivial holomorphic bundle with weight
—k under SO(2)g.
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coordinate on HS? defined at the beginning of section 3.1. These modes contribute:
det(Vs + 143 + iAéB) —o—m)
= JI 2rin—(+k+1)e+iB(AF + BAs) — Blo+m)
nEZIEL>o
_ (H 81/2q(1+k)/2m}/2qj/2) (Sfqukw;l;q)oo (4.25)
Jj=0

2
_ exp<—10g<8_1/2q(1+k)/21:f1/2)/2 + lOg<8—1/2q(1+k)/2$;1/2> /log q>

1+l~cx—1

(s7'g"" e @)oo

In the above we have introduced complexified fugacities xy = exp (Z'BA?? — Bm) and s =
exp(ifAs — fo) and made use of the zeta function regularisation:

o] 2
jHO(yqj ) = exp (; log(y) — ;ig&» (4.26)

as in [17, 18, 48]. Note that we have omitted an overall constant in the exponential since
it will later cancel in the 3d A/ = 4 one-loop determinants. The exponential factor from
the regularisation is closely related to boundary ’t Hooft anomalies arising from the chiral
with this boundary condition:, as elucidated in [12]. This is true for all other one-loop
determinants in this work: the prefactor is determined precisely by the boundary anomaly
polynomial. Later in this work we give another interpretation of these prefactors in terms
of Higgs branch geometry.

4.3.2 N =2 Neumann chiral

The computation of the one-loop determinant of a charge 1 Neumann chiral mostly follows
that of a charge one Dirichlet chiral. A difference is that to match eigenvalues one must
choose an orthonormal basis for the 2d bosonic Laplacian; whilst the existence of an or-
thonormal basis for the 2d Dirichlet Laplacian is standard, the Neumann case is perhaps
less well known and so we provide an argument for the existence of such an orthonormal
basis in appendix B.

The matching of eigenvalues is the same as for the Dirichlet case, so we only study
the unmatched modes in the following. The Neumann boundary condition in a vanishing
gaugino background is

D:X =D.X = D) = D,ip = Dztp, = D apz = 0. (4.27)

Only ¥ and X have unmatched modes since the map Dz from 1 to 13 is now surjective
and so ¥z does not have any unmatched modes. @ is manifestly covariantly holomorphic,
as is X since D,DzX = 0 and Dz X = 0|y imply DzX = 0 everywhere. In summary, the
unmatched modes are:

X = X% exp((?m'n + (I — k)e)x?’/B), for 1 € 22°% n e Z, (4.28)
= X%! exp((27rin + (I — k)e)xS/B), for 1 € Z2%n €z, (4.29)

where X0 is a global non-vanishing holomorphic section of the charge one line bundle with
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angular momentum —k. Their contribution to the one-loop determinant is given by

det(Ds + o +m) B 1
det((D3 — o —m)(D3 + 0 +m)) det(D3 —o —m)
= JI @rin+(—k)e+ifAs+iBAY — Bo — pm)~!
nez, 1€l
= ( I sl/zw}mq’“”qm) (szrq % 9)o
j=>0

= exp (log (sl/zx}ﬁq*kﬂ) /2 — logz(sl/za:}/Qq*k/Q)/ log q) (s2r47 % q)

(4.30)

4.3.3 N = 2 Dirichlet vector

We now compute the one loop determinant of an abelian AN/ = 2 Dirichlet vector multiplet.
The quadratic fluctuation of the vector multiplet Lagrangian is

1 _ _ _ _
0F w0 F" +9,80V!00 + AV3A + A Vsds + 20, Va) = 2AV: Az, (4.31)

In order to compute the one-loop determinant, the fluctuation dA4, must be gauge fixed.
The gauge fixed Lagrangian with BRST ghosts is:

%5FW5FW + VH*60V 60 + V6 APV 6 AY — CV,VHC
+ AV3A + A Vs + 20, VA — 20V Az
= —0AIVIV 5Aj — (845 — i60)V,V* (5 A3 + ido) — OV, VHC
+AV3A+ A Vads + 20, VA — 20V, )\, (4.32)
where i, j are spatial indices taking values 1, 2.
We now impose the boundary conditions C' = C' = 0. We note that the contribution

from the ghost cancels the contribution from As + io and so it remains to compute the
contribution from A; and the fermions. The fermion kinetic term may be written as

0 0 V3 2V:\ [ A

) 0 0 -2V, V3 ||As

71 Vs =2V, 0 0 A
2V: Vs 0 0 s

~~
>
>
W
>
>

(4.33)

and the bosonic kinetic term for A; is —V,V# 4+ R, where R denotes the Ricci tensor. The

one-loop determinant of the vector multiplet may be expressed as: '

0 0 Vs 2V;

0 0 -2V, V3
Vs =2V, 0 0
2Vz V3 0 0

1 1 -1
det? (det?(-V, V" + R)) . (4.34)

15C generates gauge transformations so that in order to preserve the boundary condition Az = A; =
const., C' must be constant on the boundary. We eliminate a zero mode of C' by setting it to zero on the
boundary.

16The Pffafian of the fermion differential operator is the square root of its determinant.
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Starting with a 2d eigenmode A?? of the vector Laplacian
~V'V;AM 4 RIAM = ?A%, (4.35)

or equivalently
—4V, VA% = (2424 (4.36)

we may construct a 2d fermionic eigenmode

A —2V,A2d
)\g KJA%d
A PAVEV.EL (4.87)
A kAX
which satisfies
0 0 0 2V:\ [\ 0010\ [\
0 0 -2V, 0 s 0001 [
il v 4.38
0 -2V, 0 0 A T %l1000] | A (4.38)
2V: 0 0 0 s 0100/ \ )\

Due to the symmetry x — —k a bosonic mode is matched with two fermionic modes.
Similarly, starting with a 2d eigenmode A?d we may construct a 3d eigenmode

A; xx AH exp((2m'n +je)x3/ﬁ>, JEZ neL, (4.39)

and similarly for the fermions. One can then check that the bosonic 3d Laplacian cancels
the fermionic Dirac operator.

Now let us turn to the unmatched modes. The 2d bosonic vector Laplacian —V;V*+ R
has a non-trivial kernel because the value of A; can be prescribed arbitrarily on the bound-
ary circle provided it is normal to the boundary. Thus we have a sequence of unmatched
bosonic modes AP?! whose boundary values are given by 7 exp(ipf) where 7 is the outward
unit normal vector, 6 is the angular coordinate on the boundary, and p € Z is the angular
momentum. The unmatched 2d fermionic modes are given by:

A —2v, AP

Az 0

5 2y Ap2a (4.40)
A 0

Combining, we find the one-loop determinant for the vector multiplet is
1 . _1

— = H (2min + pe)” 2

(detD?))Q neZ ,pEl (441)

= exp (log ('7) /2~ 10g(q"?) /108 q) (4:9)% -
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N = 2 adjoint chiral multiplet. The computation of the one-loop determinant of the
adjoint chiral is similar to the one-loop determinant of the vector multiplet. For application
to 3d N = 4 theories, we assume that the adjoint chiral has charge 1 under a symmetry

(t)

T; with background connection A;’ and real mass m;. We introduce a corresponding
complexified fugacity ¢ = exp (iﬁAgt) — ,Bmt>. The matching of eigenmodes is similar to
that of a free Dirichlet chiral. We note first that nz, ¢z do not have unmatched modes. The

unmatched modes of n are
n o n°wP exp(2win + pe), p e Z>o, n € Z, (4.42)

where n° is a global SO(2)g-invariant holomorphic section of the adjoint bundle. The
one-loop determinant receives the following contribution from these zero modes

. . : (t: @)oo
(2min + pe + zﬁA(t) —ifmy) = . (4.43)
negzo 5 ' exp(% log(tl/Q) — logQ(tl/Z)/ log q)

4.4 N =4 free hypermultiplet

In this section we study the index of a free hypermultiplet (X,Y). This theory has a
Gy = U(1), flavour symmetry. We impose Neumann boundary conditions for X and a
Dirichlet boundary condition for Y, which is an exceptional Dirichlet boundary condition
(see section 3.2) for the chamber m > 0, where m is a real mass for Gg. The hypermulti-
plets X and Y have charges (£1,+1) under Gy and T; respectively. The partition function
is then simply the product of the two one-loop determinants

log(t/q) log(x) /2 ) (2124 g)o (4.44)
( .

Z = eX — )
byper P ( log g zt1/2; q) o0

where we have simplified the prefactors from the zeta function regularisation. Note that the
final exponential prefactor encodes the mixed U(1),—U(1)¢ boundary 't Hooft anomaly [21]
present for this choice of boundary condition for (X,Y).

4.5 N =4 supersymmetric QED

We now return to our running example of N' = 4 supersymmetric QED with N hypermul-
tiplets. We study the index of the exceptional Dirichlet boundary condition D,, introduced
in section 3.2.1.

The result of the Coulomb branch localisation computation is

(s lay gtk 12, 0o (szit1/2¢"F; q) oo
Da(5, 6,3, q) = e {’“ Joc
' ,2 uQ)oo ng _137 Lg1/2 gk 7)o 2.1_{( (sz:t12q7F; q) 0o
(4.45)

The index is a sum over flux sectors k, which may be interpreted as either the monopole
flux in the Coulomb branch scheme or, upon specialising the gauge fugacities, the vor-
tex flux in the Higgs branch scheme. The summand arises by combining the one-loop
determinants (4.25), (4.30), (4.41) and (4.43) appropriate for the boundary condition D,.
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In the above, there is also a classical contribution from the bulk and boundary FI
terms. The bulk term (2.5) is proportional to the vortex number k, and contributes £F to
the index. The exponential prefactor arises from the boundary FI term (2.6)

b(s) log&log(s™)  log&log(st)
S) = =

0 10 log q

together with the contribution from the zeta function regularisation of the one-loop deter-

(4.46)

minants so that in total we obtain

1 10g(t1/2q_1/2) log(t1/2q1/2>
Pa(s) = do(s) + 7 log(q/t) + g

log(q"/?t=1/2) log (s 1o tgF+1/2
+ ( ~log(a/t) + ( Jlos{ ) (4.47)

1<a logq
log (ql/Qt—1/2) log(swiq_kH/Q)
+§1 ( —log(q/t) + o8 ¢ .

In the above two equations we have set ¢ = exp(i/3), and will do in the following, in order

to match the superconformal index [17].

1/2

Upon substituting s = s, = x;lt* to set the vev of A3+ io on the boundary to the

value required for Higgs branch localisation, the index may be further organised as!'”

ZDQ (xi7 57 q, t) _ Zglassicalzé-loongortex ) (448)
The classical piece is given by
Zglassical — e¢>a , (449)
with
log £ log (mat1/2> log (ql/Qt_1/2) log (t1/2)
o = +(2a—N-1)
log q log q (4.50)
Z log (ql/Qt*I/z) log(za/x;) log <q1/2t*1/2) log(x;/xq) '
+ + .
i<a log g i>a log g
The one loop contribution is
Zi-]oop _ H (qxax OO H qt xl a )q) (451)
i<a (tZEal' 34 oo i>a xzxa 7Q)
and the vortex contribution is
t
Zvortex _ Z gk qt 1 Nk/2 H xa:(: 7q) (452)
k>0 (q.%‘aﬂj‘ 7Q)

We note that, in accordance with the argument of section 3.3.1, we indeed recover the half
superconformal index computed in section 3.3 of [17] after the appropriate shift of the ¢
fugacity. In the following section we will realise each term in this index in terms of the
geometry of the Higgs branch Mg.

7Tn this expression we re-organise the g-Pochhammer products using standard identities and note that
only the k£ > 0 part of the summation contributes to the index.
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5 Vortices and quasimap geometry

We now elucidate the equivalence between the twisted index on the hemisphere with excep-
tional Dirichlet boundary conditions Zp_ and the vertex function V, of Okounkov et al.
(we refer the reader to [28] for an excellent review of enumerative geometry and quasimaps),
which is an equivariant count of based quasimaps to the Higgs branch. We show that they
are related to the hemisphere path integral up to perturbative contributions, for which we
give a precise geometrical interpretation. We demonstrate the relation explicitly by com-
paring the field theory localisation of the hemisphere twisted index with the localisation
computation of the vertex function, but before doing so we motivate the connection with
a physical argument.

We begin with a seemingly different object; the topologically twisted partition function
on the cigar in the presence of real masses m € €, and a massive vacuum « at co. As
the theory is topologically twisted, the cigar partition function may be regarded as the
partition function on R? x, S! with a massive vacuum « at the asymptotic boundary of
R?, the BPS locus is unaffected. The cigar partition function should therefore equal, up
to perturbative contributions,'® the partition function on P! where we demand that the
field configurations integrated over equal the vacuum « at the south pole. We denote this
partition function Z,. We will argue momentarily that the latter is precisely the vertex
function V.. These equivalences are illustrated in figure 2.

To complete the argument, it remains to show that the cigar partition function is equal
to the twisted index on the hemisphere Zp . We consider slicing the cigar path integral at
some intermediate point in the infinitely long flat region where the twist becomes trivial
and the theory is flat. This procedure is as follows.!? In [15], it has been shown that the
exceptional Dirichlet boundary conditions {D,} generate a complete basis of states |Dy)
on an elliptic curve T2 for a 3d N = 4 theory. Let us work in a convention where we regard
the boundary of HS? x S! as a right boundary. Then, from [15], the dual states (D,| are
similarly generated by left exceptional Dirichlet boundary conditions, defined in precisely
the same way as for the right, but now supported on the repelling holomorphic Lagrangian
for the Morse flow generated by m. Alternatively, they are the same as the right exceptional
Dirichlet boundary conditions for the opposite chamber of mass parameters m € C‘;}Jp. For
brevity, our notation does not distinguish between left and right boundary conditions.

Therefore, slicing the cigar path integral amounts to inserting the identity operator
> 5|Dg) (Dg| = I It is also shown in [15] that the path integral on the half space T x R,
with the left exceptional Dirichlet boundary condition at the origin of RT, and a massive
vacuum « at oo is simply:

<Dﬁ‘a> = 604,8» (5.1)

8That this equivalence holds only up to perturbative (classical and 1-loop) contributions is familiar
from four dimensions, where the Seiberg-Witten partition function is equivalent to the instanton partition
function S* only up to the inclusion of perturbative contributions.

9Note that such cutting and gluing constructions have also been studied extensively in the literature
and have been analysed systematically in [40, 41].
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(HS*[  3,|Ds) (Dg| )

(15°|D.)

Figure 2. The first line shows the compactification of the cigar partition function to the P!
partition function based at a. The second shows the equivalence of the cigar partition function
and the twisted hemisphere partition function with an exceptional Dirichlet boundary condition.
We denote the state generated on T? = 9(HS? x S') by the path integral for the topological
twisted theory by <H S?
= indicates equality after removing the same, c-dependent, perturbative contribution.

, and thus the hemisphere partition function by <H 52‘Da>. The arrows

which follows by demonstrating that all overlaps on 72 x I with the state |D,) agree with
the boundary amplitudes computed on 72 x R* with a vacuum « at oo (such overlaps
transform identically over the space of fugacities in a way fixed by the effective Chern-
Simons levels in a vacuum and boundary 't Hooft anomalies respectively).

Combining these facts, we see that the partition function Zp, computed in the pre-
vious section must agree with the cigar partition function (see figure 2) and thus, up to
perturbative contributions, Z, = V,; the equivariant count of quasimaps based at «. Phys-
ically, the perspective of these objects as twisted hemisphere partition functions is perhaps
more natural, due to the role they play in holomorphic factorisation [9]; their relation to
counts of boundary operators via the state-operator correspondence [12, 17]; and the fact
that they are more directly amenable to localisation. Geometrically however, it is arguably
more natural to move to the perspective of quasimaps and the based P! index, which we
now turn to.

5.1 Localisation on based P!

In this section we compute the topologically twisted index for SQED[N] on P! with the
following condition at the south pole:

X, #0,
X=X, =N =¢Xi =0, i#aq, (5.2)
Y=Y, =y¥ =yt =0,
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These conditions are compatible with Higgs branch localisation. The vortex number is the
degree k of the U(1) gauge bundle with k = — [;¢2 Fi2/(27). We write the U(1) gauge
bundle as O(k) to emphasise its holomorphic structure. We lift the SO(2) g rotations of P!
to the total space of the gauge bundle so that it fixes the fibre above the south pole. The
BPS locus is determined by the same vortex equations as before

QiFZg:T—QluR, Hc I:X-Y:O, FZ3:0,
(Vz+i4:)X =0, (D3+iAs+id}/2+iA5X,; =0,
(V:—iA)Y =0, (D3 —iAs+iAL/2 —iAL)Y; =0,
(o +m; +m/2)X; =0, $zX; =0, (5.3)
(=0 —m; +my/2)Y; =0, ¢zYi =0,
Vo=V, ¢z =0,
Xao # 0 at south pole.

We note that X, is covariantly holomorphic so its zeros at constant =3 are isolated. Hence,
when the real masses are generic and X, # 0, (5.3) implies ¢ = —mqy — my/2 everywhere,
X; =0fori+# a,Y; =0 for all i, and ¢z = 0.

The twisted boundary condition X, (2% = 8) = ¢/ X4 (2% = 0) implies that the only
zero of X, is at the north pole. The solution to these equations at each time slice exists and
is unique (up to gauge transformation) provided 7 is sufficiently large [49]. We choose a
gauge in which the spatial part of the gauge field is SO(2) g invariant and time independent.
The condition F,3 = 0 implies that A3 is constant along each time slice. We further gauge
fix by demanding that As is constant along the time direction. Since X, # 0 at the south
pole and X, (23 = B) = ¢/ X,(2® = 0) then X, (23 = ) = Xo(2® = 0) (recall that
SO(2) g acts trivially on the fibre above the south pole). The last equation in (5.3) implies
Az = —A§ — AL/2 everywhere®® on HS? x S!. In this gauge, the vortex equations can be

written as
2iF,; =7 — XoXa, Asz+AL/2+ A =0,

(Vg + iAg)Xa =0, V33X, =0, (5 4)
Xo # 0 at the south pole, '
o= —my —my/2, ¢z = 0.

We first study the unmatched modes which lie in the kernel/cokernel of Vz. We have

5. 0% € HO(O(W)) vXt e H'(O(k) =0, -
6V, 0" € H(O(—k)) =0, o' € H'(O(=k)), '
hence only 6X;, 1, w;/i have unmatched modes. Let s_g, ..., sg be a basis of holomorphic

sections H°(O(k)), where s, has a zero of order —p at the south pole. Similarly, let
ui,...,ux—1 be a basis of H1(O(—k)) = H(O(k) ® Q19)V, where the dual basis of u, has

20Up to the addition of integer multiples of m /B corresponding to gauge equivalent vortex configurations.
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a zero of order p — 1 at the origin. We may then express the unmatched modes as

Xi:spexp((%rin—i—pe)xg/ﬂ), p=—1,...,—k
X = Sp exp((2m'n +pe)x3/ﬁ), p=-—1,...,—k (5.6)
w?:upexp((27rin+pe)x3/ﬁ>, p=1,....k—1

The p = 0 case for X;, X is removed due to the boundary condition at the south pole.

Now we compute the angular momenta of the unmatched modes. The SO(2) g rotation
of P! acts trivially on the fibre of O(k) above the south pole, therefore sy has zero angular
momentum. We choose a convention such that the angular momentum increases with the
degree of zero at the north pole, and so the angular momentum of s, is p. Next, SO(2)g
acts with weight one on the cotangent fibre above the south pole. So the dual of w, in
H°(O(k) ® QM) has angular momentum —(p — 1) — 1 = —p. the angular momentum of
up is p.

The contribution from X; and ¢ to the one-loop determinant is then

det(Ds — o —m; —my/2)"
=+ J[ (@min+pe+iB(As+ Ay + A5/2) — B(o + m; + my/2)) 7"

L (5.7)
. —1
=+ J[ sinh(pe+iB(AL - A3) = Blmi —ma))
p=—1,...,—k

where we recall that A3 = —A$ — A4/2 and 0 = —m, — m;/2 at the BPS locus. Notice
that when ¢ = o and p = 0 we get sinh(O)_l, this zero will be cancelled by the constant
mode of the gaugino A. A similar cancellation will be seen later in the construction of the
virtual tangent bundle.

The contribution from 1/;? to the one-loop determinant is

det(Ds + o + m; — my/2)

=+ H (2min + pe — if(Az + AL — AL/2) + B(0 4+ mi — my/2))
p=t k1 (5:8)
=4 H sinh(pe +iB(AS — AL+ AL) — B(me — m; + mt)).
=1, k=1

p=1,...

Hence the one-loop determinant of all of the matter chirals in the k-vortex background is

ﬁ ((tha/xiQQ)k—l H?:l(xé/Qwi_l/quﬂ) ) _ (5.9)

1\ (qza/mi gk H;ﬂ;ll (tl/gxé/Qx;l/ij/z)

The adjoint chiral contributes t~/2(1 — t) to the one-loop determinant, this term arises
from the constant mode of the fermionic scalar n. Combining these ingredients, the based
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P! index is then given by:?!:22
Zo(t g 21, €) = 1-— ttN/2 H(m1/2$;1/2) Z(f N/Qth/2)k ﬁ M
a\l, 4, Zq, t1/2 ; o' i = q il (q.’Ea/fL'Z, q)k

$1/2 02 2 (5.10)

vortex
«
e 1 —txg/z;

— &(Pa) Zxortex ’
where P, is the polarisation bundle at the fixed point «.. The vortex contribution matches

the vortex contribution to the hemisphere partition function in equation (4.52), repeated
here

N —
Zvortex _ Z fk(qtfl)Nkﬂ H w . (511)
: k>0 i1 (gzam; 5 q)

We expect that this relation Z, = a(P,)Z " should hold more generally for arbitrary
theories, as the localisation computation proceeds similarly.

5.2 Vortices and quasimaps

The P! degree k¥ BPS moduli space equations with masses switched off read

2iF,; = 7 — 2R, F.3=0,
(Vz+id:)X =0, (D3+iA3)X; =0,
(Vz:—iA;)Y =0, (D3—1iA3)Y; =0,
o-X; =0, oY, =0, ¢:X;=0, ¢:¥;=0
puc =X -Y =0,
Xo # 0 at south pole.

(5.12)

These equations may be reframed (where the real moment map is traded for a stability
condition and 7 — 00) as the complex algebraic data of a line bundle O(k) together with
sections (X1,...,Xn,Y1,...YN) satisfying the complex moment map uc = 0. This is
precisely the data of the moduli space of quasimaps® QM¥ = {f:P! ~» My} as we now
explain. Switching the masses on, we will show that the equivariant Fuler characteristic
of this moduli space essentially coincides with the path integral localisation computation
performed in the previous section. For ease of notation we introduce a rank N topologically

*'The sum at k = 0 involves a Pochhammer symbol of negative degree (qtxa/xi;q)—1 = (1 — txa/z;) "
This (1-loop contribution) comes from the unmatched mode of Y; and Y.

22The a-genus (acting on weights by a(x) = ﬁ and satisfying a(z + y) = a(z)a(y)) rather than

the, perhaps more familiar, plethystic exponential ;ppears because of the symmetrisation factor on the
virtual structure sheaf (5.16). The positive degree condition is related to the choice of stability condition,
and therefore FI parameter sign.

ZIntuitively, at least for quiver gauge theory examples, the Higgs branch My carries tautological bundles
V (associated to gauge symmetry) and W associated to flavour symmetry. A map f:P* — Mg induces
pull-back bundles f*B and f*W on P! and the quasimap picture works instead with this moduli space of

bundles. We refer the reader to [28] for a more thorough review of quasimap geometry.
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trivial bundle W — P! carrying a representation of Tj with Chern character W = x1+. ..+
2. We may then write our section as an element?* f of t/2-O(k)@W @ t'/2-O(—k) @ WY

Our boundary condition choice (5.2) further implies that f(0) lies in a fixed point «
of the Higgs branch MF‘II;H . A quasimap f is in addition called non-singular at p if f(p) lies
in the set of stable points of M7, and under our assumptions f has at most finitely many
singularities so that we recover the moduli space of based quasimaps Ql\/lloi.

5.3 Vertex functions and the index

The moduli space of quasimaps QM’; admits a natural torus action of T' = Ty x C;* induced
by the maximal torus of the Higgs branch flavour symmetry Ty C G and the natural C;
action on P! which acts on sections by z — ¢z. For the theories considered in the present
work, this action has isolated fixed points. In particular, for the SQED[N] example, writing
w for a torus weight of Ty x C, we may write the fixed line bundle as w-O(k) and the only

non-vanishing section at oo is z* so that for a fixed point a = 1,..., N it follows w = ¢ *x;
so that the fixed sections are
V:l‘a'O(k‘), W=x1+...+znN. (5.13)

The moduli space QM(’; admits a perfect deformation-obstruction theory that allows
us to perform localisation computations [50]. We will now proceed to identify the P!
localisation result (5.10) with the so-called vertex function V,: the generating function of
equivariant Euler characteristic of the virtual structure sheaf on QM.

We review the quasimap moduli space localisation computation briefly and refer the
reader to e.g. [28, 50] for more details. The virtual tangent bundle encoding fluctuations
above a fixed point at a point?® is given by

TV"QME = H(T.#ty) — t1/% - PV, (5.14)

where T.#y is a bundle on P! induced by the tangent bundle TMy in equation (2.24),
specifically

Ty =t W oV —t2. vV +1/2. Wwe VW -2y o VY. (5.15)

We import this construction from the geometry literature but we expect that physically the
virtual tangent bundle encodes the bosonic and fermionic fluctuations about the vortex BPS
equations (5.12) on P!, analogously to the unbased case studied by Bullimore et al. [25].
This identification will also be physically justified a posteriori by matching the Higgs and
Coulomb branch localisation calculations of section 4 to the Euler characteristic calculation
to follow.
The symmetrised virtual structure sheaf corresponding to the virtual tangent bun-
dle (5.14) is denoted
Ouir. = Oyir. ® K1 (5.16)

vir.»

24With a slight abuse of notation conflating the quasimap f and the bundle and section data.
Z5Recall here that a point is a collection of bundles on P! and a section f satisfying pc = 0.
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where Kyip = det TVIr 'QMI; is the virtual canonical bundle and O,;,. is the virtual structure
sheaf. The vertex function V, is then defined as the generating function of the (equivariant)
Euler characteristics of the virtual structure sheaf over the quasimap moduli space degrees

Vo =Y & xr(QME, Ouir.) - (5.17)
k

The vertex function may then be computed by localisation [50, 51]

W)Y Y a(HNTAy)) (5.18)

k>0 fe(QM’;)T

Counting these sections we find precisely the vortex contributions to the localisation for-
mula (4.48). In particular we need only note for example

Chrz; HO(O(k)) = zi(1+ g+ ... + ¢~), (5.19)

and note that for £ > 0 only the zeroth cohomology contributes to the virtual tangent
bundle (5.14). In terms of g-Pochhammer symbols we thus have

N

a(H*(TMy)) = (q1/2t—1/2) H ZZ“ e (5.20)

Substituting into (5.18) we see that the normalised vertex function V, thus matches the
based P! result (5.10):
Z4 =V, (5.21)

5.4 Higgs and Coulomb branch localisation

In this section we discuss the geometrical interpretation of the Higgs and Coulomb branch
localisation schemes discussed in section 4. In particular, we argue that the Coulomb
branch localisation scheme gives the Mellin-Barnes type g¢-Jackson integral formulation
of vertex functions as in [52] whereas the Higgs branch scheme more naturally gives the
equivariant Euler character localisation formula of equation (5.18).

In [52] it is argued that one may trade a descendant condition for a relative condition on
the quasimap moduli space and that this explains the existence of certain ¢g-Jackson integral
formulae for vertex functions that are often used in the enumerative geometry literature.
The result is an ‘off-shell” or ‘integrand’ expression for the vertex of the schematic form

= Appm H} . (5.22)

The different vertex functions for each vacuum « are then given by a formal g-Jackson
integral corresponding to evaluation at Chern roots (as in equation (2.23)) shifted by
powers of ¢, schematically

Vo= V|ggt- (5.23)

kEZ
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We provide a physical interpretation of this heuristic formula: it is exactly the Coulomb
branch localisation procedure (4.45). This physical construction has a number of inter-
esting features. Most importantly, the physical localisation construction gives rise to a
normalisation of the vertex (see equation (4.48)) that gives rise to solutions to g-difference
equations®® and exactly factorises more general three-manifold partition functions [17].

Let us now discuss the Coulomb branch localisation formula (4.45) from section 4.
Recall also, from section 3.2, that the weights of the hypermultiplet representation may be
split into positive and negative weight spaces according to a chamber €y choice as

T*"R=QT+Q°+ Q"+ Q. (5.24)

We may now write the SQED[N] localisation formula (4.45) in terms of these weight space
decompositions in a way that generalises naturally to other 3d N/ = 4 gauge theories.
We have?”

1—-t1q

s(a) _
ZDa ($i7 57 ta Q) = /0 dqs 6_¢O(S7E)& l <Q+ + QO - MC)] ) (525)

where, for ease of notation, we conflate the weight space uc and its character. The expo-
nential prefactor is?®

_ log¢&log s

bo(s,§) = o ¢ (5.26)

The integral above is a g-Jackson integral®” that evaluates the integrand at g-shifts of the
Chern root evaluation s,.

We note here that the zeta function regularisations used in the localisation computa-
tions of section 4 may be re-expressed as regularising the & genus of weights as follows. Let
us recall first the relationship between the a-genus and the plethystic exponential

1

_ _ . 1/2

a

where w is a torus weight (we assume w > 0). The zeta regularised expression is then

o)

a <1°_"q> = g(qnw)l/ “PE [11—0q] (5.28)
og(w)? w |
= exp (i logw — ill()gg((q)) )PE l:l_q] )

26See [35] for an excellent exposition of the relationships between g-difference equations and vertex func-
tions.

2"The plethystic exponential (PE) here is defined formally on torus weights by the properties PE[w] =
i, PE[w + '] = PE[w]PE[w] and PE[-w] =1 — w.

28n terms of Higgs branch geometry, ¢o(s,£) is the natural quadratic pairing between Kihler parameters
(resolution parameters of the Higgs branch in H? (M, Z)) and the Chern roots of tautological line bundles
(that generate H?(Mr,Z) by Kirwan surjectivity [53]).

2 Precisely foa dexf(z) =3, ., flag™).
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which simplifies further for NV = 4 weight combinations to

1—¢1 1 log(t71)®  logwlog(t™" 1—¢1
&(qw>:exp<—4log(th)+ o(t”"a)”  logwlog( q)>PE [1 qw].

1—gq 4logq 2logq —q
(5.29)

We may now alternatively write the weight space formulation of the Coulomb branch

localisation formula (5.25) in terms of the plethystic exponential as

s(a) 1—¢1 _
Zp.(2i,6,1,q) = / dys e *SPE [1(1(1 (Q++Q0—M@)1, (5.30)
0 _
where3?
B 1 1 log(t_lq)2 logwlog(t~1q)
B, = oo( O+ 3 —pleg(tTla) + =+ SR (5.31)

weQT+Q—puc

This expression is a general geometric proposal for the formula we expect from a careful
Coulomb branch localisation in general for gauge theories satisfying our assumptions. We
note that this expression also agrees with the anomaly polynomial calculations of [12] and
the geometric prescription elucidated in [44].

We now consider evaluating the ¢-Jackson integral (5.25). It is straightforward to
verify that evaluating the integral (5.25) gives

Zp,(25,&,t,q) = eP> ZLIOPZYTX (3 ¢ g 1), (5.32)
where
1 log(t—1 2 logwlogt
om T el O bt g
weTd Mag gq g4q

and, recalling from the discussion in section 3.2 that evaluating the bundle Q* + Q° — uc
at a fixed point s, gives T,y My, the one-loop contribution (the k¥ = 0 sector) may be
written geometrically as

Zlleop _ pg ll — ey ] 5.34
(e’ - 1—q o H| > ( . )
which agrees with (4.51) for SQED[N].

In contrast, the Higgs branch localisation scheme does not involve a free gauge fu-
gacity and arises after specialising the ‘off-shell’ Coulomb branch localisation formula (the
integrand of (5.25)). The Higgs branch localisation thus more directly yields the equivari-
ant Euler character formula (5.18) together with the same perturbative prefactor as the
Coulomb branch expression above.

30The term —puc needs to be interpreted appropriately, for SQED[N] it gives log(q/t)/4 + (log?(t) —
log?(q))/(410g(q)).
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5.5 Pole subtraction and mirror symmetry

With the geometric interpretation of the hemisphere partition function in hand, we now
give a brief physical argument for the pole subtraction formula of Aganagic and Ok-
ounkov [36, 54].

In [17], the mirror dual boundary condition to exceptional Dirichlet D, was found to
be a Neumann (for the gauge symmetry) type boundary condition, coupled to boundary
C* valued matter. These are called enriched Neumann boundary conditions and denoted
by Nu. Let T be an N' = 4 theory with Higgs branch Mg and Coulomb branch M¢, with
isolated massive vacua with generic mass parameters m and FI parameters ¢ are turned
on. Its mirror T has Higgs and Coulomb branches switched, and we may label the vacua
in the same way. The mass and FI parameters, as well as the chambers €5 and €¢ are
interpreted as the resolution and equivariant parameters/chambers for M.

By mirror symmetry:

ZVDQ (t_IQa q, C,xl) = ZNQ (t,q,ﬂfi,g)- (535)

The partition function on the left is the U(1)¢ twisted partition function for 7, with
an exceptional Dirichlet boundary condition D, for the vacuum « in chamber €c. The
replacement ¢ — ¢t~ !¢ arises due to the exchange of R-symmetries under mirror symmetry,
and shifting between the U(1)y and U(1)¢ twist [17]. By the above arguments, it is
proportional to the vertex function equivariantly counting quasimaps to My, which we
denote \75(5, r,q,t 1q).

On the other hand, stretching the Zy_, partition function into a cigar, and inserting
the identity >° 5 |Dg) (Dg| = I, we have:

Zy. = <HS2‘NQ> = <HSQ‘D5> (Dg|Na) (5.36)
5

where we have used the same notation as at the beginning of section 5. We recognise
(HS?|Dg) as simply Zp,, the twisted hemisphere index with exceptional Dirichlet bound-
ary condition. The overlap (Ds|N,) is given by the path integral on I x T2, where I is
an interval (its length is Q-exact), with boundary conditions Dz and N, on either end.
In [15], these were referred to as boundary amplitudes, and shown to be related to the
elliptic stable envelopes of Aganagic and Okounkov [36]:
(Dg|Na) = w, (5.37)
@(T,B Mp)
where we have used the shorthand that if W is a weight space, @(W) := [],,cw Y¥(w), and
9 is the Jacobi theta function.

Together, we obtain:!

Stab(a)€H ¢ ’/3

Zp (7 i) =
Da( QaQ7§7$) Z @(TBJFMH)

B

ZDﬁ (ta Q7xi>C)' (538)

31Proofs of such mirror symmetry relations for quiver variety examples may be found in the geometry
literature [55, 56].
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As shown in section 5.4, the twisted hemisphere indices zZ b, and Zn, are, up to prefactor,
vertex functions \~/a and V, counting quasimaps into Mg and Mg respectively. We thus
recover precisely the pole subtraction formula of Aganagic and Okounkov. Note in our
choice of chamber, Stab(a)e,, ¢|g is upper triangular in o and 3. See section 5 of [54] for
mathematical details, in particular section 5.5 for the example in the case of self-mirror-
dual SQED[2].
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A Lagrangians and boundary terms

In this section we give more details on the twisted 3d N' = 2 Lagrangians. We also carefully
argue that the boundary terms do not contribute to the path integral. The vector multiplet
Lagrangian is (Q-exact:

€€Lyec = 00z(AX — Az, — 4o D). (A1)

It can be written as
ﬁvec = £§ec + 65;0 (AQ)

where the bosonic and fermionic parts are given by:

LB = (8 A0\ — 0 As0:\, — 406.6:D — 46.5:0D) /(€é€)

= (2iF.s — V30 + D)(2iF,z 4+ V30 + D) 4+ 4(F.3 + iV.0)(Fz3 + iV3z0)
+ 40(—20V(—Fay — iVs0) — %vg(—zmg + Vo — D)) (A.3)
+2(—2iF,; + V30 — D)D
=4|F,;|* + 4F,3Fs3 + V,,0V! 0 — D%
LE = (A \ — A\s0.0e)\, — 46.06:D — 46:06.D) /(<€)
=A(V:A, — %vgj — Vi, — %vgj) +A:(=V A+ V3, + V)
+ 2XM(=V. Az + V3A/2) + 2X(VzA, + V3)/2)
—AV3A + A:Vsh + 20V:A, — 20V, A (A4)
= %(ngA + AV3A + AsVahs + A.VsAs + 2AV:A,

L 20 VoA — 20V, A5 — 2)\5V25\).
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To derive the expression for the bosonic Lagrangian in the last line of (A.3), one
must integrate by parts the term 4iV,0Fs3 + 41V, ,0F33 — 80V ,Vz0. The boundary term
J52i0F,3 — 20V 0 is the Q-variation of — [; 0\, so can be discarded. In passing to the
last line of the fermionic Lagrangian, the boundary terms arising from integration by parts
also cancel since

V() + V(N :% V- (A= 2)A) — iV x (A + VA)
HS? X HS? (A.5)
= (A= XA — i A+ M)A =0,
4 Jors?

where we write A = \,dz + A\sdz. We may also drop derivatives in the z3-direction by
integrating by parts.
The chiral multiplet Lagrangian may be written in the Q-exact form:

€€Lchi = 5656(_1Ew + &zwi + 2XUX)7 (A6)
and split into
Lchi = 'Cgru + ‘Cglia (A7)

where the bosonic and fermionic parts are given by:

LB = (—8c00 + Seip.0:pz + 80z + 2X6.0:0X + 2X06:5:X) /(e€)
= (V3 —id3+0)X(V3+ids — o)X +4(V, —iA,)X(V;: +id5)X
— F5F, + X(2iF,z — D3o + D)X —2X0(V3 +id3 — o)X
= (V3 —iA3)X (V3 +id3) X +4(V, —iA) X (Vs +id5)X
+ 0% X > + D|X|? + 2iF,:| X |* — F:F.,
LB = (=850 + 0:0c0.1b5 + 10,000 + 20. X 60X + 20 X06:X + 2X6.00:X)/(eé€)
= — (Vs +iAg+ o) — .(Vs +ids — o)z + 2(V. +iA. )z
— 20, (Vs + A0 + M. X1hs — P XX + YAX — X\ (A.8)

B Eigenvalue problem for the Neumann boundary condition

In this appendix we argue that the hemisphere Laplacian with a Neumann boundary con-
dition admits an orthonormal basis of eigenfunctions. We consider the 2d hemisphere
Laplacian —4D, D3 acting on functions with a Neumann boundary condition Dzf|s = 0,
where the gauge covariant derivative D; = V; + i4; may include a background U(1)
connection. We will show that —4D,D; is Hermitian with respect to the standard L2
inner product [y ¢ fg on the space of functions satisfying the Neumann boundary condi-
tion Dzf|sg = Dzglg = 0. As a result, eigenfunctions with different eigenvalues are then
orthogonal.

To prove hermiticity of —4D,Ds, it is equivalent to work with the Laplacian —D;D’
since this differs from —4D, D by a real-valued function (a Hermitian operator). By Stokes’
theorem we have

/ GDiD'f — D,D'gf = / (GDnf — Daif), (B.1)
HS? OHS?
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where D; and D,, denote the boundary gauge-covariant tangential and normal derivative
respectively. Using D, f = iD,f and D, g = iD,g, the equation above may be rewritten as:

[ @Duf=Dugh=i[ _aDif+Dar=i[ Diaf=0. (B2
OHS? OHS?2 OHS?

Therefore the Laplacian is Hermitian and the eigenfunctions are orthogonal.
Now we show that the eigenfunctions are complete. Firstly, we choose an orthonormal
basis of (0,1) form eigenfunctions { fi}ieZZO that satisfy the Dirichlet boundary condition

—4D:D, fL = N\ fL, fi=00n dHS? i€ Zs, (B.3)

where fi denotes the component of f? in the local orthonormal frame component V. The
operator —4D:D, has a trivial kernel since any function f that satisfies D, fi = 0 is
identically zero due to the boundary condition Dsfi|s = 0. Hence, the eigenvalues ); are
non-zero for each i.

Let us now consider a function f satisfying Dz f = 0 on the boundary. We may mode
expand D; f as

D:f =) efi, (B.4)
=0

for some complex coefficients {c;}. We will now prove the existence of a function h? on HS?
with Dzh? = fi for each i. Firstly, let X° be a non-vanishing gauge-covariant holomorphic
function (D;X° = 0) on HS? and let us define h* = h*/X% and fi = fi/X°. In terms
of h' and f;, the equation Dzh' = fi becomes Vihi = f; where V3 is now the ordinary
derivative in a local orthonormal frame. Using an isothermal coordinate w on HS? (see
section 3.1), we may further rewrite the equation Vihi = f; as Oph! = ffD where ffb is
the coefficient of the (0,1) form f? in the w coordinate system and 93 is now an ordinary
partial derivative with respect to the coordinate w. This equation may be integrated by

- fi

R () = / _I5(®) (B.5)
c (W — w)

where ffb has been extended smoothly to a compactly supported function on C. We have

thus proved the existence of a function h’ satisfying D:h? = fi. Now, the definition of fi

implies

—4D:D.D:h" = \;Dsh', (B.6)

and so —4D,Dzh' — \;h! is a gauge-covariant holomorphic function. Since the eigenvalue
\; is non-zero, we may redefine h’ by adding a gauge-covariant holomorphic function such
that A’ becomes an eigenfunction of the Laplacian —4D,Dzht = \;h'. Finally, we have that
f — 3, ¢;ht is a gauge-covariant holomorphic function and can therefore be expanded in
an orthonormal basis of gauge-covariant holomorphic functions X°, X%w, X%?, ... lying
in the kernel of —4D,D;. Together with {h’}, these functions form an orthonormal basis
of eigenfunctions of the Laplacian —4D, D3 satisfying the Neumann boundary conditions.
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C One-loop determinant as an equivariant index

In this appendix we explain an alternative way of computing the one-loop determinants by
rewriting them as an equivariant index of Q?, where @ is the localising supercharge. The
first half of this section is a review of the arguments presented in [8].

Let us assume that we have a Q-exact localising action S = QV and we seek to compute
a one loop determinant as a Gaussian path integral

[ Doexp(-625(0)) = [ Doexp(-QsPV(9)). (€1

where 6 denotes quadratic fluctuations around the BPS locus.
As an illustrative example, for fields ¢1, ¢2, ¢3 and localising action V = ¢1¢2¢3 the
quadratic fluctuation is

SV = 56160203 + $16$2003 + 56162563, (C.2)

Keeping first order terms, the action of () on the space of fluctuations d¢; is defined by
Qop; = 0(Q¢;). An example relevant to the context of the present work is

QY = (Vs + 143 —0)X implies Q6 = (Vs +idz —0)0X + (i0A3 —do)X. (C.3)
The action of Q on the elementary fields ¢; is the same as before. For example, on §)V:

Q(6p16¢p2¢3) = (QP1)d P23 + dp1(QP2)P3 + dp15p2(QP3) (C4)

Note that not all of the terms above contribute to 6)S. For example, the term
0010¢2(Q¢s3) does not contribute because Qg3 = 0 at the BPS locus by definition. Now,
d¢1 and d¢o must have opposite Grassmann parity because ¢3 needs to be even in order
to be nonzero. If there is no ¢3 field then, since V' is odd, d¢1 and d¢po must have opposite
Grassmann parity.

By analogy with the above @V can be in general written as

01
SOV = (x1 0xa .. ) [ 11| | 992 (C.5)

where 0y; are the fluctuation of fermionic elementary fields and d¢; are the fluctuation of
bosonic elementary fields. The matrix consists of differential operators depending only on
the background field at the BPS locus. In some cases (and certainly for all the examples
in this paper) we have

- - Doy D X
v = (o oxr) (2 1) (oo ) ()

where X p denotes a collection of bosonic elementary fields and Xz denotes a collection of
fermionic elementary fields. Here, X, X are complex conjugates, and Dog, Do1, D1g, D11
are first order differential operators depending only on the background BPS configuration.
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We can now compute the quadratic fluctuation Q5@ V:

a5t =50 = (555 05%2) (30) (5 0 ) (o) @)
S o Doo D 10 0X
slooss) (00 5) () (55) o0

where we have used the fact that @) only acts on the fluctuations of the fields but not on the
BPS locus. The first line is the bosonic part of the quadratic fluctuation and the second
part is the fermionic part of the fluctuation.

In conclusion the one loop determinant is

dot Doo Do1 10 dot 10
p Dyy D11 ) \0 @Q? 0 Q? det(Q2)CokerD1o
1-loop — = — .
’ det Q% 0\ (Doo Do dot Q%0 det(Q?)kerpy,
01 D19 D11 01

In the first equality we have assumed that 0 Xg and Qd X can be treated as indepen-

(C.9)

dent variables in the path integral. Let us now return to the context of the main body of
this work and compute the one-loop determinant of a Neumann chiral in a monopole back-
ground using this formalism. We assume that the real masses are set to zero for simplicity.
In this case V is given by

(Vs +ids +iAY) — 0)Xep + 2(Vs + iA5) X, + 20 X, (C.10)

where A®) is the background connection. We choose Xp = X, Xp = X, Xp = ¢z and
X5 = 1),. The differential operator is given by

D(]o D01 _ (Vg + iAg + lAgB) + 0') 0 (C 11)
Do Dy (V. +iA,) -1/2 '

where we have assumed that the fluctuation of the gauge multiplet is zero. One can show
that Q? = V3 +1iAs + iAgB) — 0 when acting the on the chiral multiplet fluctuations and
so in conclusion the one-loop chiral multiplet determinant is

det (Vs +iAs + iAgB) - U) CokerVs4iAs (C.12)

det (V3 +idy+iAP - a)

KerVz+iAsz
This reproduces the results in equations (4.25) and (4.30).
Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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