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1 Introduction

Supersymmetric indices are powerful tools to study supersymmetric quantum field theories.
Localisation techniques allow us to explicitly compute these indices and provide connections
between supersymmetric quantum field theories and moduli space geometry. In three
dimensions, the Coulomb branch localisation of N = 2 topologically twisted theories on
S2×S1 was first considered in [1], with extensions to other Riemann surfaces in [2–4]. The
study of Higgs branch localisation for 2d N = (2, 2) theories on S2 was initiated by [5, 6]
and later extended to S3 partition functions and superconformal indices on S2 × S1 in the
works [7, 8].

In this work we study the partial topological twist of 3d N = 2 theories on a spacetime
with boundary HS2 ×S1, where HS2 is the 2d hemisphere. Our first result is to formulate
supersymmetric boundary conditions on ∂(HS2×S1) = T 2 for this spacetime and compute
the Witten index via both Higgs and Coulomb branch localisation. In particular, we
provide a formula for the index with Dirichlet-type boundary conditions for the N = 2
vector multiplet. This provides a UV derivation of the holomorphic blocks [9], which are
defined to be the partition function of partially topologically twisted theories on S1 times
an infinite cigar and typically computed with effective quantum mechanics in the IR.

With these results in hand, we proceed to the main object of interest in this work:
the index for 3d N = 4 gauge theory with a topological twist preserving the Blau and
Thomson [10] supercharge QB. In the IR, this twist coincides with the Rozansky-Witten
twist [11] and is known as either the B or C twist in various parts of the literature. We
study the index of a particular set of boundary conditions known as exceptional Dirichlet.
These N = (2, 2) preserving boundary conditions, labelled {Dα}, were first studied in [12]
and were motivated by analogous boundary conditions for 2d N = (2, 2) theories [13, 14].
Exceptional Dirichlet boundary conditions are defined with respect to a choice of chamber
in the mass parameter space for the Higgs branch flavour symmetry and are in one-to-
one correspondence with massive Higgs branch vacua of the theory. In the IR they are
supported on holomorphic attracting Lagrangian submanifolds associated to such vacua
and, in this way, are designed to mimic the presence of an isolated vacuum α at infinity
for the purposes of BPS computations. They play an important role in 3d mirror sym-
metry [12] and the connections between equivariant elliptic cohomology and N = 4 gauge
theories [15, 16].

The (twisted, flavoured) Witten index of this boundary condition may be computed
with a path integral and counts states in the cohomology of one of the supercharges pre-
served by the topological twist

ZDα = TrHHS2 (−1)F e−βHqJ t
RH−RC

2 xFH ξFC . (1.1)

The index is graded by fermion number and global symmetries, which may be implemented
by turning on background real masses and holonomies. The fugacities t, x and ξ here are
exponentials of a supersymmetric complex combination A

(F )
3 + im(F ) of holonomy and

mass parameters for a background vector multiplet that weakly gauges the relevant flavour
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symmetry. Here, RH and RC are the generators of the Cartan of SU(2)H × SU(2)C R-
symmetry, FH the Higgs branch flavour symmetries, and FC the topological symmetry.

In the work [17], two of the authors studied the closely related half superconformal
index. This may again be computed on the spacetime HS2×S1 but now with the same rigid
supersymmetry background as for the superconformal index on S2 ×S1 and, in particular,
is not topologically twisted. This index was computed for Neumann boundary conditions
for the vector multiplet in [18], and Dirichlet in [17]. In loc. cit., it was demonstrated that

ZSC = eφI, (1.2)

where I is a count of local operators supported on the boundary condition, studied
in [19–21] and φ may be interpreted as a supersymmetric Casimir energy [22] encoding
boundary ’t Hooft anomalies. As anticipated in [17], ZSC with {Dα} boundary conditions
and ZDα are identical up to a shift in fugacities t → tq−

1
2 . In this work, we provide a

physical argument for this correspondence and verify it explicitly with a localisation com-
putation. The half superconformal indices were found to realise exactly the aforementioned
holomorphic factorisation [9] of various three-manifold partition functions of 3d N = 4 the-
ories and the index we consider in this work naturally factorises the topologically C-twisted
index [23, 24].

Supersymmetric partition functions may be localised using different schemes giving
rise to geometric dualities. The work of Bullimore et al. [25–27] explores the geometric
interpretation of the Higgs branch localisation scheme for theories on Σ × S1 with Σ a
closed Riemann surface. By introducing an additional Q-exact action to the Coulomb
branch localising action, the authors localise to vortex configurations on Σ which are given
by solutions to:

2iFzz̄ = τ − 2µR, µC = 0, Fz3 = 0,
(∇z̄ + iAz̄)X = 0, (D3 + iA3)Xi = 0,
(∇z̄ − iAz̄)Y = 0, (D3 − iA3)Yi = 0,

σ ·Xi = 0, σ · Yi = 0, ϕz̄Xi = 0, ϕz̄Yi = 0,
∇µσ = ∇µϕz̄ = 0.

(1.3)

where (X,Y ) are hypermultiplet scalars and (σ, ϕ) are vector multiplet scalars. In the
C-twist, the moduli space of solutions to the above equations has an algebraic description
as the moduli space of quasimaps Σ → MH to the Higgs branch [28] (in the H or A twist,
one recovers the twisted quasimaps of [29]). The twisted index on Σ × S1 computes the
equivariant Euler characteristic of this moduli space. See also related works in 2d [30, 31]
where the relationship between GLSMs and stable map geometry is discussed.

In this work we are concerned with both the Coulomb and Higgs branch localisation
of topologically twisted theories instead on a spacetime with boundary, HS2 × S1. The
Coulomb branch localisation proceeds similarly to [1], the BPS locus consists of monopole
configurations compatible with the Dirichlet boundary condition for the gauge field. The
Higgs branch localisation leads to the same BPS locus of vortices as (1.3). In both cases,
the configurations are now subject to exceptional Dirichlet boundary conditions on the
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torus boundary. The result of both localisation procedures may be obtained from our
formulae for the index for N = 2 theories, which are derived for multiplets in a generic
flux k background.

The result of the Coulomb branch localisation first depends on an additional parameter
s = exp(iβ(A3 + iσ)|∂) which is the (exponentiated) constant value of the gauge field A3
and real scalar σ at the boundary. The exceptional Dirichlet boundary condition switches
on boundary vevs corresponding to a vacuum configuration α for the chiral multiplets,
and s must consequently be specialised to a value dependent on (xi, t) in order to preserve
supersymmetry. Equivalently, the total effective connection and mass of the chirals which
attain boundary vevs must vanish. This substitution is the analog of the Chern root
evaluation of equivariant K-theory classes for GIT quotients at torus fixed points. We
find that:

ZC.B.
Dα

(q, t, s = sα, x, ξ) = ZDα(q, t, x, ξ) = eϕαZ1-loop
α Zvortex

α (x, ξ, q, t), (1.4)

where ZDα is the twisted index on the hemisphere, which we also obtain directly from Higgs
branch localisation. In the above, eϕα arises from classical Fayet-Iliopoulos action evaluated
on the BPS locus, and effective Chern-Simons contributions arising from integrating out
massive fermions. Z1-loop

α is a perturbative one-loop determinant, and Zvortex
α encodes

contributions from vortices.
We then turn to one of the main conceptual results of this work, which is to explicitly

relate the above partition function to the enumerative geometry of based quasimaps QMα

from P1 → MH [28]. This moduli space splits into components labelled by the degree k
of the G bundle over P1, which we denote QMk

α. The central mathematical object is the
vertex function, which is the generating function of the (equivariant) Euler characteristics
of the virtual structure sheaf over the different degree quasimap moduli spaces.

Vα =
∑

k

ξkχT(QMk
α, Ôvir.). (1.5)

We demonstrate that the index ZDα computes Vα up to a prefactor, to which we also
give a geometric interpretation. The exceptional Dirichlet boundary condition is designed
to mimic the presence of an isolated, massive vacuum at infinity, as such it is reasonable to
expect that ZDα is equal to the partition function on R2 ×S1, with a vacuum at ∞, as it is
computed on a topologically twisted background. Up to perturbative prefactors (which are
familiar from say, the relationship between the Nekrasov partition function on S4 [32] and
the Seiberg-Witten prepotential for theories on R4 [33], see e.g. [34]), one would expect this
to correspond to a P1 partition function with the vacuum α imposed at a pole. The latter
also localises to the same BPS equations as (1.3), but now on P1 but with a condition at
the south pole. It is expected therefore that this P1 partition function, which we call Zα,
yields the vertex function. We perform an explicit Higgs branch localisation on the twisted
P1 index, with a vacuum condition at the south pole, to elucidate this correspondence.

The Higgs branch localisation scheme recovers the (virtual) equivariant localisation
formula for the vertex function. On the other hand the index ZDα on HS2 × S1 may be
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localised to the Coulomb branch. We argue that in this case one recovers a q-Jackson
integral formula for the index of the form

ZDα(xi, ξ, t, q) =
∫ s(α)

0
dqs e

−ϕ0(s,ξ)â

[
1 − t−1q

1 − q

(
Q+ + Q̄0 − µC

)]
, (1.6)

where Q+, Q̄0 and µC denote certain weight subspaces of TMH determined by the excep-
tional Dirichlet boundary condition Dα.

We show that this localisation formula naturally gives rise to a chamber dependent
perturbative contribution. This normalisation is often added to vertex functions by hand
in order to show that they satisfy appropriate q-difference equations in quantum K the-
ory [35]. The Coulomb branch localisation hence provides a physical meaning to these
perturbative terms. In a similar vein, we briefly clarify the physical interpretation of the
elliptic stable envelopes [36] in relating the vertex functions for symplectic dual varieties.
This is intimately related to the action of mirror symmetry on the exceptional Dirich-
let boundary conditions of a pair of symplectic (mirror) dual varieties, which yields the
enriched Neumann boundary conditions introduced in [12, 15].

Outline. The paper is organised as follows. In section 2 we fix our notation for 3d
topologically twisted supersymmetric gauge theories and then review the relevant aspects
of 3d N = 4 supersymmetric theories including their Higgs branch geometry. In section 3
we introduce boundary conditions for twisted theories, and define the twisted index on
HS2×S1. We also discuss the relation with the half superconformal index. In section 4 we
describe the Higgs and Coulomb branch localisation schemes, and derive the corresponding
one-loop determinants, which hold also for N = 2 theories. We compute the index for
N = 4 QED with N fundamental hypermultiplets as an illustrative example. In section 5
we elucidate the equivalence between the twisted index and the vertex function, establishing
correspondences between both perturbative and vortex contributions to the index with
objects in the geometry of based quasimap moduli spaces. Finally, we comment on the
physical interpretation of the role of elliptic stable envelopes [36] in the pole subtraction
formula, as the action of mirror symmetry on the indices we consider. We include various
technical appendices required for the localisation computations.

Further directions. This work primarily considers abelian theories, for the sake of sim-
plicity. It would be interesting to explore non-abelian examples. More interestingly, from
a physical perspective the hemisphere geometry S1 × HS2 appears rather naturally: it
allows the prescription of a boundary condition, it is intuitively the correct perspective for
holomorphic factorisation, and it is related to a count of boundary local operators via the
state-operator correspondence. For example, as already demonstrated in [17], localising
gives the correct perturbative contributions to factorise three-manifold partition functions.
On the other hand, geometrically it is less clear how to develop directly a deformation-
obstruction theory for vortices on a hemisphere with a finite-distance boundary condition.
It would be interesting to explore further the virtual localisation structure implied by the
vortex equations. Finally. it would be interesting to investigate the H-twist in the presence
of boundaries; one should recover a based version of the twisted quasimaps of [29].
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Note added. Whilst preparing this manuscript we became aware of overlapping work
by Mykola Dedushenko and Nikita Nekrasov. We thank them for interesting discussions
and for agreeing to coordinate the submission.

2 Background

In this section we introduce our conventions for quasi-topologically twisted 3d N = 2
theories. We first write down the transformations and Lagrangian on a generic product
space Σ×S1, where Σ may have a non-trivial boundary. We denote the length of the time
circle S1 to be β. We will also, for simplicity, restrict to an abelian gauge group G = U(1)r

throughout this work, although we expect the results to hold more generally.

2.1 N = 2 supersymmetry

We now introduce N = 2 field content and Lagrangian for a topological twist along Σ
with respect to a U(1)R R-symmetry. An over-line on fermions indicates U(1)R charge 1.
Fermions with U(1)R charge 1 are twisted to (0, 1) forms or scalars.

We use ∇ to denote the Levi-Civita connection on Σ and D = ∇ + iA to denote the
gauge covariant derivative. We use conventions where ∇z = 1

2(∇1−i∇2),∇z̄ = 1
2(∇1+i∇2)

and 1, 2 are the indices of an oriented orthonormal frame at a point on Σ (z is not a complex
coordinate on Σ). The coordinate on S1 is labelled by x3. dz and dz̄ are the dual one-forms
to ∇z and ∇z̄ respectively. In a local orthonormal frame the metric tensor has components
gzz̄ = 2, gzz̄ = 1/2.

Vector multiplets. A twisted 3d N = 2 abelian vector multiplet has fields (Aµ, λ, λ̄, λz̄,

λ̄z, σ,D), where Aµ is the 3d gauge field, λ, λ̄ are gauge-neutral fermionic scalars and λz̄, λ̄z

are gauge-neutral fermionic (0, 1) and (1, 0) forms. D and σ are gauge-neutral real scalars
with no U(1)R-charge. The supersymmetry transformation laws are:

δA3 = − i

2(ϵλ̄− ϵ̄λ),

δAz̄ = − i

2 ϵ̄λz̄,

δAz = − i

2ϵλ̄z,

δσ = 1
2(ϵλ̄− ϵ̄λ),

δλ = 2iϵFzz̄ − ϵ∇3σ + ϵD,

δλ̄ = 2iϵ̄Fzz̄ + ϵ̄∇3σ + ϵ̄D,

δλ̄z = −2iϵ̄Fz3 + 2ϵ̄∇zσ,

δλz̄ = −2iϵFz̄3 + 2ϵ∇z̄σ,

δD = ϵ∇z̄λ̄z − ϵ̄∇zλz̄ + ϵ̄

2∇3λ+ ϵ

2∇3λ̄.

(2.1)

The vector multiplet Lagrangian is

Lvec = LB
vec + LF

vec, (2.2)

with the bosonic and fermionic parts given by

LB
vec = 4|Fzz̄|2 + 4Fz3Fz̄3 + ∇µσ∇µσ −D2,

LF
vec = 1

2(λ̄∇3λ+ λ∇3λ̄+ λz̄∇3λ̄z + λ̄z∇3λz̄

+ 2λ∇z̄λ̄z + 2λ̄z∇z̄λ− 2λ̄∇zλz̄ − 2λz̄∇zλ̄).

(2.3)
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The vector multiplet Lagrangian can be written as a Q-exact term

ϵϵ̄Lvec = δϵδϵ̄(λλ̄− λz̄λ̄z − 4σD). (2.4)

We refer the reader to appendix A for more details on these Lagrangians. In particular,
we have performed some integration by parts when compared to the usual twisted action
in e.g. [1], and the boundary terms must be shown to vanish.

We may also introduce a Fayet-Iliopoulos term:

L3d
FI = 1

2πVol(HS2)
(
−iA(T )

3 F12 + ζD
)
, (2.5)

where A(T )
3 and ζ are a flat connection and real mass (FI parameter) for a background

vector multiplet coupling to the topological symmetry. The above action is manifestly
gauge invariant and supersymmetric under the boundary conditions we introduce in the
following. We also include a boundary FI term:

L2d
FI = − i

Vol(∂HS2)(A3 + iσ)(A(T )
3 + iζ), (2.6)

which we will see is a constant for our choice of boundary condition.1 Nevertheless, we
shall see it is useful to include, as it naturally complexifies the fugacity for the topological
symmetry in the index we consider in the following.

Chiral multiplets. A chiral multiplet with vanishing U(1)R-charge, once twisted, has
fields (X,ψ, ψ̄, ψz̄, ψ̄z, Fz̄), where X is a complex scalar charged under the gauge field Aµ

but not under U(1)R, ψ, ψ̄ are fermionic scalars with opposite gauge charges and ψz̄, ψ̄z

are fermionic one forms with opposite gauge charges. The auxiliary field Fz̄ is a (0, 1)
form with the same gauge charge as X,ψ, ψz̄ and U(1)R-charge 2. The supersymmetry
transformation laws are:2

δX = ϵ̄ψ,

δX̄ = ϵψ̄,

δψ = ϵ(∇3 + iA3 − σ)X,
δψ̄ = ϵ̄(∇3 − iA3 + σ)X̄,

δψ̄z = 2ϵ̄(∇z − iAz)X̄ − ϵF̄z,

δψz̄ = −2ϵ(∇z̄ + iAz̄)X + ϵ̄Fz̄,

δF̄z = −ϵ̄(∇3 − iA3 + σ)ψ̄z + 2ϵ̄(∇z − iAz)ψ̄ − ϵ̄λ̄zX̄,

δFz̄ = ϵ(∇3 + iA3 − σ)ψz̄ + 2ϵ(∇z̄ + iAz̄)ψ + ϵλz̄X.

(2.7)

Note that
[δϵ̄, δϵ] = ϵϵ̄(A3 + iσ + ∇3), (2.8)

and that A3 + iσ may be regarded as a complexified gauge transformation parameter.
The chiral multiplet Lagrangian is

Lchi = LB
chi + LF

chi, (2.9)
1This term is necessary to include in order to preserve gauge invariance and supersymmetry if one were

to consider Neumann boundary conditions on the gauge field and make the background vector multiplet
for the topological symmetry dynamical.

2Where the vector multiplet fields act in the appropriate representation.
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with the bosonic and fermionic parts given by:

LB
chi =(∇3 − iA3)X̄(∇3 + iA3)X + 4(∇z − iAz)X̄(∇z̄ + iAz̄)X

+ σ2|X|2 +D|X|2 + 2iFzz̄|X|2 − Fz̄F̄z,

LF
chi = − ψ̄(∇3 + iA3 + σ)ψ − ψ̄z(∇3 + iA3 − σ)ψz̄ + 2ψ̄(∇z + iAz)ψz̄

− 2ψ̄z(∇z̄ + iAz̄)ψ + λ̄zX̄ψz̄ − ψ̄zλz̄X + ψ̄λX − X̄λ̄ψ.

(2.10)

The chiral multiplet Lagrangian may be written in the Q-exact form:

ϵϵ̄Lchi = δϵδϵ̄(−ψ̄ψ + ψ̄zψz̄ + 2X̄σX). (2.11)

For completeness, we note that in the C-twisted 3d N = 4 Lagrangian, there is also
a G adjoint N = 2 chiral multiplet in the N = 4 vector multiplet. For the C-twist with
U(1)R = U(1)C it has R charge 2, and thus has components: (ϕz̄, ϕ̄z, η, η̄, ηz̄, η̄z, F ). Again,
the subscripts denote the spins of the fields. The bosonic (0,1) form ϕz̄ has U(1)R charge
2 and the auxiliary field F has no U(1)R charge. The adjoint Lagrangian is

Ladj = 4∇zϕz̄∇z̄ϕ̄z + ∇3ϕ̄z∇3ϕz̄ + η̄∇3η + ηz̄∇3η̄z + 2η∇z̄ η̄z − 2η̄∇zηz̄ − FF̄ . (2.12)

It is invariant under the following SUSY transformations:

δϕz̄ = ϵηz̄,

δϕ̄z = ϵ̄η̄z,

δη = −2ϵ̄∇zϕz̄ − ϵF,

δη̄ = 2ϵ∇z̄ϕ̄z + ϵ̄F̄ ,

δη̄z = −ϵ∇3ϕ̄z,

δηz̄ = −ϵ̄∇3ϕz̄,

δF̄ = −2ϵ∇z̄ η̄z − ϵ∇3η̄,

δF = −2ϵ̄∇zηz̄ + ϵ̄∇3η.

(2.13)

Global symmetries. Throughout this work, we introduce additional background vector
multiplets in order to grade by flavour symmetries.3 The supersymmetry transformation
is thus modified by replacing A3 → A3 + A

(B)
3 and σ → σ +m where A(B)

3 ,m are the vev
of the background gauge field and scalar.

2.2 N = 4 supersymmetry

In this work we will be concerned primarily with 3d N = 4 supersymmetric gauge theo-
ries specified by a compact connected gauge group G = U(1)r and a quaternionic linear
representation Q = T ∗R. Such theories admit a flavour symmetry GH ×GC where:

• GC is the topological symmetry acting on monopole operators. It has a maximal
torus TC , which is coupled via an FI-term in the UV, which can be enhanced in the
IR to a non-Abelian symmetry GC . Concretely:

TC = Hom(π1(G),U(1)). (2.14)
3Alternatively, we could also introduce twisted periodicities for fields around S1, see [37] for further

details.
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• GH is the Higgs branch flavour symmetry acting on the hypermultiplets, and is
equal to

GH = NU(R)G/G, (2.15)

where NU(R) is the normaliser of the unitary representation U(R). We denote the
maximal torus of GH by TH .

The R-symmetry is SU(2)H × SU(2)C the Cartan subgroup of which we denote by
U(1)H ×U(1)C . We choose a convention where fields have integer charge under these sym-
metries. We will often be interested in turning on a fugacity for the diagonal combination
Tt = U(1)H − U(1)C , which breaks the supersymmetry to N = 2.

Example: SQED[N ]. We will consider supersymmetric QED with N flavours as a
running example throughout this work. This theory is specified by a gauge group G = U(1)
and the representation R = CN . We will denote the scalars in the hypermultiplets by
(X,Y ). The flavour symmetries are then GC = U(1) and GH = PSU(N). We introduce
real mass parameters (m1, . . . ,mN ) with ∑mi = 0 for GH , a real FI parameter ζ, and a
real mass mt for Tt. In our conventions, the hypermultiplet scalars (X,Y ) have charge +1
under U(1)H , and so +1/2 under Tt.

Topological twist. 3d N = 4 theories admit different choices of topological twist, cor-
responding to a U(1)R R-symmetry of an N = 2 subalgebra, which we use to twist. For
example, choosing U(1)R to be U(1)H or U(1)C results in two distinct (fully topologi-
cal) twists, related by 3d mirror symmetry [38]. In this work, we twist with respect to
U(1)C along HS2. This breaks the R-symmetry down to SU(2)H × U(1)C , which our
boundary conditions further break to U(1)H × U(1)C . The C-twist preserves four super-
charges on a manifold without boundary; our boundary condition breaks half of the twisted
supercharges. We refer to section 6.1 of [3] for further details. We note that the hyper-
multiplet scalars have zero U(1)C R-charge, so that the supersymmetry transformations in
section 2.1 hold.

Field content & Lagrangian. The off-shell4 field content of a 3d N = 4 theory consists
of an N = 4 vector multiplet for G, which may be split as follows

• N = 2 vector multiplet (Aµ, λ, λ̄, λz̄, λ̄z, σ,D).

• N = 2 adjoint chiral multiplet (ϕz̄, ϕ̄z, η, η̄, ηz̄, η̄z, F, F̄ ).

In addition, the hypermultiplets may be split into:

• N = 2 chirals (X, X̄, ψX , ψ̄X , ψX
z̄ , ψ̄

X
z , F

X
z̄ , F̄X

z ).

• N = 2 chirals (Y, Ȳ , ψY , ψ̄Y , ψY
z̄ , ψ̄

Y
z , F

Y
z̄ , F̄

Y
z ).

where the complex scalars (X,Y ) transform in the representation T ∗R = R⊕R∗ of G.

4The full 3d N = 4 supersymmetry algebra cannot be closed off-shell by adding finitely many auxiliary
fields. We have added auxiliary fields to close a 3d N = 2 subalgebra of the 3d N = 4 algebra.
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The Lagrangian can be schematically written as:

L = Lvec + Ladj + LX + LY + LYukawa. (2.16)

The Yukawa term LYukawa descends from the superpotential ϕ·µC, where µC is the complex
moment map for the G action on the hypermultiplet representation T ∗R (we return to this
momentarily). After integrating out the auxiliary fields, the potential term for the matter
multiplets is given by:

(σ2 + |ϕz̄|2)(X̄ ·X + Ȳ · Y ) + 1
4(X̄ ·X − Ȳ · Y )2 + (X · Y )(X̄ · Ȳ ). (2.17)

2.2.1 Higgs branch geometry

In this section we provide a minimal summary of the Higgs branch geometry of 3d N = 4
supersymmetric gauge theories. We denote the real and complex moment maps of the
gauge symmetry G by

µR:T ∗R→ g∗ , µC:T ∗R→ g∗C . (2.18)

Note that the sum of the last two terms in the scalar potential (2.17) is precisely |µR|2 +
|µC|2, and is SU(2)H -invariant as (µR,ReµC, ImµC) transforms as a triplet under SU(2)H .

The Higgs branch MH is then given by the hyper-Kähler quotient

MH = µ−1
C (0) ∩ µ−1

R (ζ)/G , (2.19)

where throughout we assume it is possible to choose ζ in a fixed chamber CC such that
MH is fully resolved. Trading the real moment map condition for a stability condition
(dependent on the choice of CC) and a complexified gauge group action we may obtain an
algebraic description of the Higgs branch as a symplectic variety5

MH = µ−1
C (0)s/GC . (2.20)

The coordinate ring of this variety is given by C[MH ] = (C[T ∗R]/⟨µC⟩)GC , we work with
examples where this ring coincides with the cohomology of the Rozansky-Witten super-
charge QB (see e.g. [39] for a discussion of this subtlety). MH admits symplectic GH and
Tt actions with corresponding flavour symmetry real moment maps µH,R and µt,R.

We work with theories that admit a generic one-parameter subgroup of TH , specified by
real masses m in tH lying in a fixed chamber CH ,6 that gives rise to a finite set of isolated
massive vacua/fixed points on the Higgs branch, where the gauge group is completely
broken. We denote the set of vacua by MTH

H = {α}.
The tangent bundle TMH is given by the cohomology of the complex

0 → gC → T ∗R→ g⋆
C → 0. (2.21)

5The ‘s’ subscript denotes the stability condition which depends on the chamber CC containing ζ.
6There are co-dimension 1 loci in the space tH of mass parameters m where the fixed loci in MH of

the one-parameter subgroup generated by m is no longer isolated. A choice of chamber CH is a choice of
connected component in the complement of these loci.
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The first map is an infinitesimal complex gauge transformation and the second is the differ-
ential of the complex moment map. The complex thus encodes fluctuations of the hyper-
multiplets satisfying the moment map condition modulo gauge transformations. Writing
T = TH × Tt and taking the character of this complex we find:

chTTMH = chTT
∗R− chTµC − chT gC. (2.22)

The terms in the complex transform as weights of G × TH × Tt. Introducing formal
grading parameters (s, x, t) for these symmetries, under our assumptions the vacua α (TH

fixed points on MH) are labelled by r = rk(G) weights ρi = (ρG,i, ρH,i, ρt,i). These are
the charges of the hypermultiplet scalars which acquire vevs in the vacuum α. Solving the
equations

sρG,ixρH,itρt,i = 1, (2.23)

for each i = 1, . . . , r gives a unique solution s ∈ g for each vacuum α which we denote by
s = sα.7 We denote the TH ×Tt character of the tangent bundle fibre at a fixed point thus
obtained by evaluating (2.22) at sα by TαMH .

Example: SQED[N ]. Working equivariantly with respect to G × TH × Tt, which acts
as Xi → sxit

1/2Xi, Yi → s−1x−1
i t1/2Yi, the character of the tangent bundle of MH (2.22)

for SQED[N ] may be expressed as:

TMH = t1/2s(x1 + . . .+ xN ) + t1/2s−1(x−1
1 + . . .+ x−1

N ) − (1 + t). (2.24)

In the chamber CC where ζ > 0, the massive vacuum α corresponds to non-vanishing vev
|Xα|2 = 2ζ. We retain this choice of chamber throughout this work. Thus, we solve the
equation sxαt

1
2 = 1 to find s = x−1

α t−
1
2 which then gives the expression

TαMH =
∑
i ̸=α

xi

xα
+ t

xα

xi
, (2.25)

for the character of the fibre of the tangent bundle at a fixed point.

3 Hemisphere index

In this section, we discuss quasi-topologically twisted theories on HS2×S1. We describe the
boundary conditions of interest; the exceptional Dirichlet (or thimble) boundary conditions
and introduce the central object of our study: the twisted hemisphere index.

3.1 Hemisphere geometry

We work on the background HS2 × S1, with product metric:

ds2 = dθ2 + sin2 θ dϕ2 + dx3dx3, (3.1)
7We note that, geometrically, this is equivalent to the action of the push-forward to the fixed point α

under the Chern map of the vector bundles in equation (2.22).
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where:
x3 ∈ [0, β], θ ∈ [0, π/2], ϕ ∈ [0, 2π]. (3.2)

We will often conformally map HS2 to the unit disc |w| ≤ 1 on the complex plane and pull
back the coordinate w ∈ C to obtain a global coordinate on HS2. On fermions, we impose
Ramond (periodic) boundary conditions around ∂HS2 = S1 as usual for twisted theories.

Boundary conditions. We first describe boundary conditions for 3d N = 2 theories
preserving the two twisted supercharges. We impose a Dirichlet boundary condition for
the vector multiplet:

A3 + iσ = const, At = 0, λt = 0, λ− λ̄ = 0. (3.3)

where
λt = Λ(∂t), λn = Λ(∂n), At = A(∂t), An = A(∂n). (3.4)

The two unit vectors ∂t and ∂n denote the tangent and outward normal to ∂Σ respectively.
We have also defined the one-form Λ = λ̄zdz + λz̄dz̄, where dz, dz̄ are one-forms dual to
∇z,∇z̄. This boundary condition trivialises the U(1)r gauge bundle in a neighbourhood of
the boundary torus. We note also:

• The constant boundary value of A3 + iσ is arbitrary for a pure gauge theory, but in a
theory with matter it must take certain values in order to preserve flavour symmetries
at the boundary and be compatible with localisation. We return to this momentarily.

• The topological class of the trivialisation is labelled by the winding numbers (with
respect to a fixed trivialisation) around the ∂(HS2 × S1) = T 2. Different winding
numbers around the x3-cycle are gauge equivalent configurations. In contrast, the
winding number of the trivialisation around ∂HS2 = S1 leads to physically distinct
configurations labelled by the monopole flux across the hemisphere:

k = − 1
2π

∫
HS2

F12 = i

π

∫
HS2

Fzz̄ ∈ Zr. (3.5)

The index we compute will involve a sum over the monopole sectors k.

• In order to properly define the angular momenta of the fields, one needs to lift SO(2)E

rotations of the disc to the total space of the G-bundle over HS2. We choose a lift
compatible with the Dirichlet boundary condition for the gauge field, preserving the
trivialisation on the boundary torus. E.g. for G = U(1), in the flux k sector, the
fibre of the associated charge +1 line bundle above the origin carries a weight k
representation of SO(2)E .

For the chiral multiplets, the two basic boundary conditions we impose are:

Dirichlet: X = c, ψ = ψ̄ = 0.
Neumann: (∇z̄ + iAz̄)X = (∇z − iAz)X̄ = 0,

(∇z̄ + iAz̄)ψ + 1
2λz̄X = (∇z − iAz)ψ̄ − 1

2 λ̄zX̄ = 0,

ψz̄ = ψ̄z = Fz̄ = F̄z = 0,

(3.6)
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where the vector multiplet fields act in the appropriate representation, and c is a constant.
For later reference, we will also be interested in imposing Dirichlet boundary conditions
for the adjoint chiral in the 3d N = 4 vector multiplet:

ϕz̄ = ϕ̄z = ηz̄ = η̄z = 0. (3.7)

Note that these are not the analogue of the A-brane boundary conditions in 2d (one
obtains an A-twisted (2, 2) theory after reducing along the S1), which would e.g. impose
Dirichlet on Re(X) and Neumann on Im(X), or vice versa, forcing the matter fields to lie
in a real Lagrangian. The boundary conditions on the complex scalar component X is the
same as that of the B-brane type boundary conditions preserving (0, 2) supersymmetry that
are imposed on the rigid supersymmetry background for the half superconformal index [17].
However, the fermionic boundary conditions are different. In fact, on flat space, they are
‘sick’ in the sense of appendix B.2 of [16] (see also [40, 41]). That is, there are an infinite
number of fermionic zero modes, which in flat space would lead to a vanishing partition
function. On the twisted S1 × HS2 background, they correspond to the infinite number
of holomorphic functions on the disk (see subsection 4) and would also naively contribute
0∞ to the fermionic path integral. However, we shall see that the definition of the index
requires that the fields obey a twisted periodicity around S1, equivalent to switching on an
Omega background, see e.g. [7]. This lifts the zero modes, weighting them by their angular
momenta. Thus, these boundary conditions are consistent in the twisted background for
the theory on HS2×S1. Note that similar boundary conditions were considered in [42], for
4d theories on D2 × T 2 where D2 is the disk and T 2 the torus, and in [43] for 3d theories
on H2 ×S1, where H2 is the hyperbolic plane. In both situations the naive sickness of the
boundary conditions is also ameliorated by the presence of an effective Omega background.8

There are some subtleties arising from the boundary value of c for the Dirichlet bound-
ary condition:

• If we assign c = 0 for all chiral multiplets with a Dirichlet boundary condition (or if
the theory is a pure gauge theory), there is an additional boundary flavour symmetry
G∂ arising from the bulk gauge symmetry. The boundary value of A3 + iσ may be
regarded as a background for this symmetry, and set arbitrarily. We shall see this
phenomenon in the Coulomb branch localisation scheme.

• If c ̸= 0, in order to preserve the supersymmetric boundary condition ψ = ψ̄ = 0,
from (2.7) we see that in the absence of background fields for flavour symmetries,
one must take A3 = σ = 0. If one has turned on background vector fields for
flavour symmetries under which X is charged, then A3 and σ must cancel them. For
example, suppose X has charges (1, qf ) under a G∂ and a flavour symmetry F . If
we have introduced a background holonomy Af

3 and mass m, then we must have:
A3 = −qfA

f
3 and σ = −qfm. This ensures a combination of G∂ and F is preserved,

generated by J∂ − qfJF , which we take to be a re-definition of F . In our work, we
will ultimately be interested in turning on a non-zero value of c for the fields which

8We thank Mykola Dedushenko for clarifying these issues to us.
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take on vevs in a Higgs vacua. We shall see the above is compatible with the Higgs
branch localisation scheme.

N = (2, 2) boundary conditions. In this work, we will primarily be concerned with
N = (2, 2) boundary conditions for N = 4 theories. These were first studied systematically
in [12], to which we refer the reader for more details.

• On the 3d N = 4 vector multiplet, we impose the N = (2, 2) completion of the
Dirichlet boundary condition for the vector multiplet. This consists of the Dirichlet
boundary condition (3.3) for the N = 2 vector multiplet, and a Dirichlet boundary
condition for the adjoint N = 2 chiral multiplet, which is set to zero at the boundary.

• On the 3d N = 4 hypermultiplets, we impose Neumann-Dirichlet type boundary
conditions. These are specified by a holomorphic Lagrangian splitting (polarisation)
of the representation Q = T ∗R. Writing R = CN , this is specified by a sign vector
ε ∈ {±}N such that, for i = 1, . . . , N :

(Xεi , Yεi) =

(Xi, Yi) if εi = +
(Yi,−Xi) if εi = −

. (3.8)

The boundary condition imposes Neumann boundary conditions for the N = 2 chirals
with scalar components Xεi , and Dirichlet for those with scalar components Yεi . For
the Yεi , we must also specify their boundary values.

3.2 Exceptional Dirichlet boundary conditions

We now turn to a distinguished class of boundary conditions for N = 4 theories known as
exceptional Dirichlet. This set of boundary conditions is naturally associated to Lagrangian
submanifolds of the Higgs branch geometry of subsection 2.2.1 as we now review (we refer
the reader to [12, 15, 17, 44] for further details). The boundary conditions are designed to
mimic the presence of an isolated vacuum α at infinity, at least for quantities amenable to
supersymmetric localisation.

The exceptional Dirichlet boundary condition, denoted Dα, is given by a Dirichlet
boundary condition on the vector multiplet, and Neumann-Dirichlet boundary condition on
the hypermultiplets. It is expected that the set of UV boundary conditions described here
flow to thimble boundary conditions in the IR Rozansky-Witten σ-model on MH . Given
a set of mass parameters m in a fixed chamber CH ⊂ g∗H we obtain a symplectic C×

m action
on MH with an associated Morse function h = m ·µH,R with critical points at the isolated
vacua {α}. We obtain a set of distinguished Lagrangian subvarieties Lα ⊂ MH from Morse
flow of h or, equivalently, defined by the closures of attracting sets to fixed points

Attrα = {p ∈ MH : lim
t→0

m(t) · p = α} , (3.9)

and setting Lα = Attrα. Accordingly the tangent weights in TαMH split into positive and
negative TH weights so that

TαMH = T+
α MH + T−

α MH , (3.10)

with TαLα = T+
α MH .
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The chamber dependent Neumann-Dirichlet boundary condition on the hypermulti-
plets, specified by T ∗R, corresponds to a decomposition of weights

T ∗R = Q− +Q0 + Q̄0 +Q+ , (3.11)

where, after the fugacity substitution (2.23), we recover the positive; zero and symplectic
conjugate;9 and negative weights in the tangent bundle respectively. In particular, the
chiral multiplets corresponding to weights in Q− and Q0 are assigned Dirichlet boundary
conditions, and those in Q+ and Q̄0 Neumann. This determines a polarisation (3.8).
Further, the chirals in Q− are set to zero on the boundary, whilst those in Q0 are set to a
constant non-zero value, for example their values in the vacuum α. In turn, the boundary
value of A3 + iσ in the vector multiplet must be tuned to cancel any connection and mass
for the flavour symmetries coupled to those chirals in Q0.

3.2.1 SQED[N ] example

We return to our illustrative example of supersymmetric QED with N flavours. We have
α = 1, . . . , N vacua. The 2N weights of T ∗R may be expressed as a character10

Q = T ∗R = t1/2s(x1 + x2 + . . .+ xN ) + t1/2s−1(x−1
1 + . . .+ x−1

N ). (3.12)

Recall the Chern root evaluation (2.23) is given by s = x−1
α t−

1
2 . We choose the chamber:

CH = {m1 < m2 < . . . < mN}, (3.13)

so that for each α the corresponding split into TH weight spaces is

Q− = t1/2s(x1 + . . .+ xα−1) + t1/2s−1(x−1
α+1 + . . .+ x−1

N ),
Q0 = t1/2sxα, Q̄0 = t1/2s−1x−1

α ,

Q+ = t1/2s(xα+1 + . . .+ xN ) + t1/2s−1(x−1
1 + . . .+ x−1

α−1).
(3.14)

After evaluating at a fixed point, we have the corresponding splitting of the tangent bundle

TαMH = T+
α MH + T−

α MH , (3.15)

where
T+

α MH =
∑
i>α

xi

xα
+ t

∑
i<α

xα

xi
, T−

α MH =
∑
i<α

xi

xα
+ t

∑
i>α

xα

xi
. (3.16)

Geometrically, the Lagrangians Lα ⊂ MH = T ∗PN−1 correspond to the conormal bundles
of the Schubert cells.

We now implement the boundary conditions Dα in our hemisphere setup for this
example. The Neumann-Dirichlet boundary condition on the hypermultiplets is specified
by a polarisation vector ε = {− . . . − + . . .+}, where the first α components are ‘−’. For

9Here, symplectic conjugate refers to the pairing of weights (ω, tω−1) via the holomorphic symplectic
form.

10We conflate notation for characters and weight spaces throughout this work.
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the N = 2 chirals assigned Dirichlet boundary conditions, namely X1, . . . Xα, Yα+1, . . . YN ,
only Xα is assigned a non-zero boundary value c.

For the vector multiplet, we impose the (2, 2) Dirichlet boundary condition described
in the previous section. Note that we must choose:

A3 +Aα
3 +At

3/2 = 0, σ +mα +mt/2 = 0, (3.17)

in order to preserve supersymmetry since we have set Xα = c. This boundary condition
then preserves the flavour symmetry TC × TH × Tt, where as above TH is redefined by the
generator of G∂ (see also section 3.3 of [17]).

3.3 Hemisphere index

For a 3d N = 4 theory, the twisted hemisphere index is given by:

Z = TrH(−1)F e−βHqJ t
RH−RC

2 xFi
i ξ

FC (3.18)

which is a trace over the Hilbert space on HS2, graded by fermion number and global
symmetries. As usual, this can be computed as path integral on the topologically twisted
background outlined above on HS2 × S1, where the fugacities are implemented via intro-
ducing background holonomies and masses. More precisely:

xi = eiβ(Ai
3+imi), t = eiβ(At

3+imt), ξ = eiβ(A(T )
3 +iζ). (3.19)

We set also q = eϵ, and implement the twisted periodicity due to the angular momentum
via imposing in the path integral that fields must obey:

Φ(x3 = β) = q−JΦ(x3 = 0). (3.20)

The index preserves both twisted supercharges. We will be interested in the set of indices
for a given theory for each of its exceptional Dirichlet boundary conditions Dα, which we
denote ZDα . For an N = 2 theory, the index is defined similarly.

We will compute this index using both Coulomb and Higgs branch localisation tech-
niques. In the Coulomb branch localisation, we will first compute the index for c = 0 in
the exceptional Dirichlet boundary condition: i.e. the boundary vevs of N = 2 chirals with
Dirichlet boundary conditions are set to 0. In this case, the index will also be graded with
a fugacity

s = eiβ(A3+iσ)|∂ (3.21)

for the boundary G∂ symmetry, where A3 + iσ|∂ is a shorthand for the boundary values.
Turning on c ̸= 0, recall the sum of all flavour connections coupled to the chiral must
sum to zero in order to preserve supersymmetry (e.g. (3.17) for SQED[N ]). In terms of
fugacities, in the index we perform a substitution for s in terms of xi and t, which mirrors
the substitution (2.23) in the tangent space character. It also neatly accounts for the
redefinition of symmetries, as described in section 3.1 and in section 3.3 of [17].
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S1×q

Dα

AR = 1
2dϕ

AR = 1
2w

Figure 1. The stretched half supconformal index in the b→ ∞ limit.

3.3.1 Relation with half superconformal index

In the following we will see that the expression we obtain for the twisted hemisphere
index (3.18) is functionally identical to the formula for the half superconformal index on
HS2 × S1:

ZSC = TrHSCq
J+ RH +RC

4 t
RH−RC

2 xFi
i ξ

FC , (3.22)

provided the same boundary conditions are imposed. ZSC is computed as a path integral
with the same rigid supergravity background as the superconformal index [45, 46], and HSC
denotes the Hilbert space on the hemisphere in this background. Notably, the fermions have
Neveu-Schwarz (anti-periodic) boundary conditions around the spatial boundary ∂HS2.
The hemisphere partition function is related by an exponential prefactor (which we will also
derive) to a count of boundary local operators in the cohomology of the same supercharge
as for the usual superconformal index, originally studied in [19–21].

Precisely, the two indices are related via:

Z(q, t, x, ξ) = ZSC(q, tq−
1
2 , x, ξ). (3.23)

This is not a coincidence and has been anticipated in [17, 23]. We now briefly explain why
this is the case with an argument parallel to the 2d case [47]. The rigid supersymmetry
background admits a Q-exact squashing of HS2 [48], on which the final answer does not
depend.11 As the squashing parameter b → ∞, the HS2 geometry approaches that of
an infinite cigar. The R-symmetry connection AR in the rigid supergravity background
becomes equal to half the spin connection AR = 1

2w in the region surrounding the tip,
and becomes flat with a non-zero holonomy AR = 1

2dϕ in the infinite cylindrical region, as
shown in figure 1.

Near the tip, AR implements the topological twist and at the boundary, the holonomy
is equivalent to converting the boundary conditions for the fermions around ∂HS2 from
NS (anti-periodic) to R (periodic). The final object is then equivalent to the topologically
twisted partition function on the cigar with periodic boundary conditions and therefore
equal to (3.18). Note that the fugacity shift in (3.23) would naively produce a grading

11A more careful argument would also show that any boundary terms produced by the squashing are also
Q-exact, however in the interest of brevity we do not show this here.
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qJ+RC/2 in (3.18), however in the twisted index the spins of the fields are redefined by
their RC charge, so we replace this with qJ where J is now the action of the spin generator
in the twisted theory.

4 Localisation

In this section, we compute the topologically twisted index (3.18) with exceptional Dirichlet
boundary conditions Dα using localisation. We describe two different choices of localising
action that give rise to Higgs and Coulomb branch localisation schemes. We will see
in section 5 that these schemes have interesting geometric interpretations. We compute
the index explicitly for supersymmetric QED; the extension to general abelian theories is
straightforward. We plan to return to non-abelian theories in future work.

We write the index as a path integral:

ZDα =
∫
DΦ exp

(
−SFI[Φ] − SSQED[N ][Φ] − t2SLoc.[Φ]

)
, (4.1)

where Φ denotes the space of fields obeying the twisted periodicities (3.20) along the time
circle, and Dα on ∂(HS2 × S1). In the above, SFI denotes the Fayet-Iliopoulis term and
SSQED[N ] the sum of the vector multiplet and matter Lagrangians for SQED[N ]. The choice
of localising action SLoc. = QV is Q-exact, and thus we may send t → ∞, localising the
path integral to the saddle points of QV . The path integral will be given by the one-loop
determinants of operators appearing at quadratic order in the action expanded around the
saddle points, weighted by the classical action at the saddle points.

We will study two localisation schemes corresponding to the two difference choices of
localising action:

Coulomb: SLoc.[Φ] = SSQED[N ][Φ]. (4.2)

Higgs: SLoc.[Φ] = SSQED[N ][Φ] +Q
(
(λ̄+ λ)(X̄ ·X − Ȳ · Y − τ)

)
. (4.3)

Recall that the SQED[N ] Lagrangian is Q-exact, and that the term X̄ ·X − Ȳ · Y is the
moment map µR for the G = U(1) action. The Coulomb branch localising action was
previously considered in [1], and the Higgs in [25].

In the remainder of the section we take supersymmetric QED as a running example.
We no longer take vector multiplet fields to act in representations implicitly, but instead
couple explicitly depending on the charges of the matter fields.

4.1 Coulomb branch BPS locus

The Coulomb branch localisation calculation closely follows the results of [1]. We note
first that the bosonic part of the full off-shell SQED[N ] Lagrangian is not positive definite,
so as in loc. cit. we use the supersymmetry transformation law to determine that in the
BPS locus

Qλ = Qλ̄ = 0 implies 2iFzz̄ +D = 0. (4.4)
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Further, σ and A3 are arbitrary constants, and are set to their boundary values (3.3). For
nonzero σ, the potential term σ2(X̄ ·X + Ȳ · Y ) forces X = Y = 0. As a result, we must
set the boundary value c of the Dirichlet N = 2 chiral multiplet to zero in this localisation
scheme. The Dirichlet boundary condition on ϕz̄ forces ϕz̄ = 0. The vector multiplet action
imposes Fz̄3 = 0, and, as in [1], one may also argue that Fzz̄ = const.

In summary, the BPS locus of Coulomb branch localisation consists of topologically
distinct sectors:

F12 = − 2πk
A(HS2) , A3 + iσ = const, X = Y = ϕz̄ = 0, (4.5)

for k ∈ Z. We recall that s = exp(iβ(A3 + iσ)) can be arbitrary in Coulomb branch local-
isation, and the final result of the Coulomb branch localisation depends on it. Finally, we
note that this BPS locus is compatible with the exceptional Dirichlet boundary conditions
discussed in section 3.2.1.

4.2 Higgs branch BPS locus

We now study the BPS locus corresponding to the Higgs branch localising action (4.3).
The part of the gauge sector Lagrangian involving Fzz̄ and D is

4|Fzz̄|2 −D2 + (2iFzz̄ +D)(2X̄ ·X − 2Ȳ · Y − 2τ). (4.6)

Integrating out the auxiliary field D and completing the square leaves

(2iFzz̄ + X̄ ·X − Ȳ · Y − τ)2, (4.7)

which yields the BPS equation

2iFzz̄ = τ − X̄ ·X + Ȳ · Y. (4.8)

Further, the matter kinetic terms impose:

(∇z̄ + iAz̄)X = 0, (D3 + iA3 + iAt
3/2 + iAi

3)Xi = 0,
(∇z̄ − iAz̄)Y = 0, (D3 − iA3 + iAt

3/2 − iAi
3)Yi = 0,

(4.9)

where we have turned on background gauge fields and masses. Combined with taking
the minima of the bosonic potential12 (2.17) and the bosonic part of the vector multiplet
Lagrangian (2.3), we arrive at the full BPS locus for the Higgs branch localisation scheme

2iFzz̄ = τ − X̄ ·X + Ȳ · Y, X · Y = 0, Fz3 = 0,
(∇z̄ + iAz̄)X = 0, (D3 + iA3 + iAt

3/2 + iAi
3)Xi = 0,

(∇z̄ − iAz̄)Y = 0, (D3 − iA3 + iAt
3/2 − iAi

3)Yi = 0,
(σ +mi +mt/2)Xi = 0, ϕz̄Xi = 0,

(−σ −mi +mt/2)Yi = 0, ϕz̄Yi = 0,
∇µσ = ∇µϕz̄ = 0.

(4.10)

12The term (X̄ ·X − Ȳ · Y )2/4 is cancelled after adding the Higgs branch localising action.
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Note that with an exceptional Dirichlet boundary condition, Xα is non-zero on the
boundary torus. In addition, the BPS locus above implies Xα is covariantly holomorphic
and so its zeros at constant x3 must be isolated. Therefore, we must have σ+mα+mt/2 = 0,
and ϕz̄ = 0 on HS2 × S1. When mi and mt are generic (as we assume), σ +mi +mt/2 is
nowhere vanishing and thus the BPS locus requires Xi = 0 for all i ̸= α. Similarly, all Yi

must vanish and we may therefore rewrite the Higgs branch BPS locus as follows:

2iFzz̄ = τ − X̄αXα, Fz3 = 0,
Xi = 0 for i ̸= α, Yi = 0 for all i,

(∇3 + iA3 + iAα
3 + iAt

3/2)Xα = 0,
σ = −mα −mt/2, ϕz̄ = 0.

(4.11)

We may also pick a gauge for the hemisphere vortex so that the spatial part of the
gauge field is SO(2)E-invariant and time independent. The BPS equation Fz3 = 0 implies
that A3 is constant and so A3 = −Aα

3 − At
3/2 due to the boundary condition, thus Xα is

also constant in x3. In this gauge, the BPS equations may then be written as

2iFzz̄ = τ − X̄αXα,

Xi = 0 for i ̸= α, ∇3Xα = 0, Yi = 0 for i = 1, . . . , N,
A3 = −Aα

3 −At
3/2, σ = −mα −mt/2, ϕz̄ = 0,

(4.12)

There exists a unique solution Xα to the above equations, subject to the exceptional
Dirichlet boundary conditions of section 3.2.1. We provide a sketch here and direct the
reader to [49] for a more detailed argument.

Uniqueness. Note that Xα(x3 = 0) cannot have zeroes outside the origin, else the
twisted periodicity Xα(X3 = β) = q−JXα(x3 = 0) allows us to rotate Xα by q to generate
a dense set of zeros on a circle centred at the origin (we assume that q is generic). The
location of the zeros of Xα are constant in x3 as implied by (4.10). In the flux k sector,
Xα ∝ exp(ikθ) on the boundary torus in a global trivialisation of the U(1) bundle.13

Hence Xα has a zero of order k at the origin along each time slice. The rest of the proof
is completed by showing that h := log |Xα(x3 = const)|2 satisfies a second order elliptic
equation depending only on the zeros of Xα at each constant x3 slice.

Existence. The existence of a solution is not guaranteed for arbitrary values of τ and the
radius of the hemisphere because we have imposed both Dirichlet and Neumann boundary
condition on h; this gives an over-determined elliptic boundary value problem. The path
integral may be localised independently in each flux sector, and since it is quasi-topological
in each we may prove existence under the assumption that we can change both the radius
R(HS2) and τ independently in each flux sector. To prove existence in the flux k-sector,
we first work on hemisphere with radius 1 and take τ to be sufficiently large such that the
k-vortex solution exists on the hemisphere. Let h0 denote the boundary value of h on this

13Note this is not the trivialisation provided by the exceptional Dirichlet boundary condition.
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hemisphere, the vortex equations (4.11) are then invariant under the transformation

Xα → c

h0
Xα, τ → c2

h2
0
τ, R(HS2) → h0

c
R(HS2), (4.13)

and the new solution satisfies |Xα| = c on the boundary and therefore satisfies the excep-
tional Dirichlet boundary condition of section 3.2.1.

4.3 Localisation

In this section we present the results of the localisation procedure. The arguments in the
following hold for both Coulomb and Higgs branch localisation since the only conditions
required are that A3 and σ are constant and the spatial part of the gauge field is SO(2)E

invariant. These conditions are satisfied by both vortex and monopole backgrounds. As
described previously, the Coulomb branch localisation will depend on an additional fugacity
s = eiβ(A3+iσ)|∂ whereas in the Higgs branch localisation, s is specialised according the
values of A3 and σ in the vacuum. For supersymmetric QED, this is given explicitly by
sxαt

1
2 = 1 (which follows from either (3.17) or the weight description in section 2.2.1).
We begin by deriving one-loop determinants for N = 2 multiplets before turning to

N = 4 theories and hence products thereof. We compute the one-loop determinants in the
following sections by eigenvalue-matching, an alternative method of computing one-loop
determinants by rewriting them as equivariant indices is reviewed in appendix C.

4.3.1 N = 2 Dirichlet chiral

In this section we compute the one-loop determinant of a charge 1 chiral multiplet in a
flux k background with Dirichlet boundary conditions (3.6). We work in the presence of a
background connection A

(B)
3 and real mass m.

The quadratic action for chiral multiplet fluctuations relevant for this computation is

D3δX̄D3δX + 4DzδX̄Dz̄δX + (σ +m)2|δX|2 + 2ψ̄Dzψz̄

− 2ψ̄z∇z̄ψ − ψ̄(D3 + σ +m)ψ − ψ̄z(D3 − σ −m)ψz̄,
(4.14)

where we denote the gauge covariant derivative D = ∇ + iA + iA(B). The other terms in
the chiral multiplet action (such as the Yukawa coupling) do not contribute to the one-
loop determinant. The Dirichlet boundary conditions imply that the one-loop fluctuations
satisfy

δX = δX̄ = ψ = ψ̄ = 0, (4.15)

at the boundary and must in addition obey the twisted periodicities (3.20). The one-loop
determinant is then given by

det
(
/D + σ +m

)
det(−4DzDz̄ −D3D3 + (σ +m)2) . (4.16)

We match the eigenvalues of the 3d twisted Dirac operator with eigenvalues of the 3d
Laplacian. An eigenfunction of the 3d Laplacian has the form

δX ∝ X2d exp
(
(2πin+ jϵ)x3/β

)
, n ∈ Z, j ∈ Z, (4.17)
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where X2d is an eigenfunction of the 2d Laplacian with Dirichlet boundary condition

−4DzDz̄X2d = λ2dX2d, X2d|∂HS2 = 0, (4.18)

and j is the angular momentum of X2d: X2d(qw) = qj+kX2d(w) with k the magnetic flux.
The eigenvalue of the 3d Laplacian together with the (σ +m)2 term is then

λ2d − ((2πin+ jϵ)/β + iA3 + iA
(B)
3 )2 + (σ +m)2. (4.19)

We will show that this eigenvalue is cancelled by the determinant of the twisted Dirac
operator on the following two dimensional subspace of fermions:(

ψ

ψz̄

)
∈
〈(

X2d exp
(
(2πin+ jϵ)x3/β

)
0

)
,

(
0

2Dz̄X2d exp
(
(2πin+ jϵ)x3/β

))〉 (4.20)

The matrix elements of the Dirac operator:(
D3 + σ +m −2Dz

2Dz̄ D3 − σ −m

)
, (4.21)

acting on space of fermions (ψ,ψz̄) in this basis are:(
(2πin+ jϵ)/β + iA3 + iA

(B)
3 + σ +m λ2d

1 (2πin+ jϵ)/β + iA3 + iA
(B)
3 − σ −m

)
. (4.22)

Its determinant then cancels the 3d Laplacian eigenvalue. We now consider the un-
matched modes.

Since X obeys a Dirichlet boundary condition there are no bosonic unmatched modes
with λ2d = 0. However, ψz̄ has zero modes because the map ∇z̄ from ψ to ψz̄ is not
surjective. Its cokernel is the space of ψz̄ which satisfies∫

HS2
Dzψψz̄ = 0, for all ψ. (4.23)

Integrating by parts and noting that the boundary term vanishes due to the boundary
condition on ψ = 0, we deduce that ψz̄ is anti-holomorphic. The unmatched modes of ψz̄

are then
ψz̄dz̄ = ψ0

z̄ w̄
l exp

(
(2πin− (l + k + 1)ϵ)x3/β

)
, l ∈ Z≥0, n ∈ Z, (4.24)

where ψ0
z̄ is a nowhere vanishing covariantly holomorphic (0, 1) form14 valued in the charge

1 (under G) line bundle with angular momentum −k − 1 and the coordinate w is the
14To argue the existence of this state, we first discuss the case when SO(2)E acts trivially on the fibre

above zero. We may then choose an arbitrary holomorphic section f0 which is non-zero at the origin. We
define F̃ =

∫
SO(2)E

g∗f0dg which is the pull back of f0 by an element g of SO(2)E averaged over SO(2)E .
We observe F̃ (0) = F0(0) ̸= 0 and is SO(2)E-equivariant. This implies that F̃ is nowhere vanishing since if
it vanishes at some point then it must vanish on a circle and F̃ is non-zero. The general case with arbitrary
k can be reduced to this case by taking a tensor product with the trivial holomorphic bundle with weight
−k under SO(2)E .
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coordinate on HS2 defined at the beginning of section 3.1. These modes contribute:

det(∇3 + iA3 + iA
(B)
3 − σ −m)

=
∏

n∈Z,l∈Z≥0

2πin− (l + k + 1)ϵ+ iβ(AB
3 + βA3) − β(σ +m)

=
(∏

j≥0
s1/2q−(1+k)/2x

1/2
f q−j/2

)
(s−1q1+kx−1

f ; q)∞

= exp
(
− log

(
s−1/2q(1+k)/2x

−1/2
f

)
/2 + log

(
s−1/2q(1+k)/2x

−1/2
f

)2
/ log q

)
(s−1q1+kx−1

f ; q)∞

(4.25)

In the above we have introduced complexified fugacities xf = exp
(
iβAB

3 − βm
)

and s =
exp(iβA3 − βσ) and made use of the zeta function regularisation:

∞∏
j=0

(yqj) = exp
(

1
2 log(y) − log(y)2

2 log(q)

)
(4.26)

as in [17, 18, 48]. Note that we have omitted an overall constant in the exponential since
it will later cancel in the 3d N = 4 one-loop determinants. The exponential factor from
the regularisation is closely related to boundary ’t Hooft anomalies arising from the chiral
with this boundary condition:, as elucidated in [12]. This is true for all other one-loop
determinants in this work: the prefactor is determined precisely by the boundary anomaly
polynomial. Later in this work we give another interpretation of these prefactors in terms
of Higgs branch geometry.

4.3.2 N = 2 Neumann chiral
The computation of the one-loop determinant of a charge 1 Neumann chiral mostly follows
that of a charge one Dirichlet chiral. A difference is that to match eigenvalues one must
choose an orthonormal basis for the 2d bosonic Laplacian; whilst the existence of an or-
thonormal basis for the 2d Dirichlet Laplacian is standard, the Neumann case is perhaps
less well known and so we provide an argument for the existence of such an orthonormal
basis in appendix B.

The matching of eigenvalues is the same as for the Dirichlet case, so we only study
the unmatched modes in the following. The Neumann boundary condition in a vanishing
gaugino background is

Dz̄X = DzX̄ = Dz̄ψ = Dzψ̄ = Dz̄ψ̄z = Dzψz̄ = 0. (4.27)

Only ψ and X have unmatched modes since the map Dz̄ from ψ to ψz̄ is now surjective
and so ψz̄ does not have any unmatched modes. ψ is manifestly covariantly holomorphic,
as is X since DzDz̄X = 0 and Dz̄X = 0|∂ imply Dz̄X = 0 everywhere. In summary, the
unmatched modes are:

X = X0wl exp
(
(2πin+ (l − k)ϵ)x3/β

)
, for l ∈ Z≥0, n ∈ Z, (4.28)

ψ = X0wl exp
(
(2πin+ (l − k)ϵ)x3/β

)
, for l ∈ Z≥0, n ∈ Z, (4.29)

where X0 is a global non-vanishing holomorphic section of the charge one line bundle with
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angular momentum −k. Their contribution to the one-loop determinant is given by

det(D3 + σ +m)
det((D3 − σ −m)(D3 + σ +m)) = 1

det(D3 − σ −m)
=

∏
n∈Z, l∈Z≥0

(2πin+ (l − k)ϵ+ iβA3 + iβA
(B)
3 − βσ − βm)−1

=
(∏

j≥0
s1/2x

1/2
f q−k/2qj/2

)
(sxfq

−k; q)−1
∞

= exp
(
log
(
s1/2x

1/2
f q−k/2

)
/2 − log2(s1/2x

1/2
f q−k/2)/ log q

)
(sxfq

−k; q)−1
∞ .

(4.30)

4.3.3 N = 2 Dirichlet vector

We now compute the one loop determinant of an abelian N = 2 Dirichlet vector multiplet.
The quadratic fluctuation of the vector multiplet Lagrangian is

1
2δFµνδF

µν + ∇µδσ∇µδσ + λ̄∇3λ+ λ̄z∇3λz̄ + 2λ̄z∇z̄λ− 2λ̄∇zλz̄. (4.31)

In order to compute the one-loop determinant, the fluctuation δAµ must be gauge fixed.
The gauge fixed Lagrangian with BRST ghosts is:

1
2δFµνδF

µν + ∇µδσ∇µδσ + ∇µδA
µ∇νδA

ν − C̄∇µ∇µC

+ λ̄∇3λ+ λ̄z∇3λz̄ + 2λ̄z∇z̄λ− 2λ̄∇zλz̄

= −δAj∇µ∇µδAj − (δA3 − iδσ)∇µ∇µ(δA3 + iδσ) − C̄∇µ∇µC

+ λ̄∇3λ+ λ̄z∇3λz̄ + 2λ̄z∇z̄λ− 2λ̄∇zλz̄, (4.32)

where i, j are spatial indices taking values 1, 2.
We now impose the boundary conditions C = C̄ = 0.15 We note that the contribution

from the ghost cancels the contribution from A3 + iσ and so it remains to compute the
contribution from Ai and the fermions. The fermion kinetic term may be written as

1
2
(
λ λz̄ λ̄ λ̄z

)


0 0 ∇3 2∇z̄

0 0 −2∇z ∇3
∇3 −2∇z 0 0
2∇z̄ ∇3 0 0



λ

λz̄

λ̄

λ̄z

 , (4.33)

and the bosonic kinetic term for Ai is −∇µ∇µ +R, where R denotes the Ricci tensor. The
one-loop determinant of the vector multiplet may be expressed as:16

det
1
2


0 0 ∇3 2∇z̄

0 0 −2∇z ∇3
∇3 −2∇z 0 0
2∇z̄ ∇3 0 0


(
det

1
2 (−∇µ∇µ +R)

)−1
. (4.34)

15C generates gauge transformations so that in order to preserve the boundary condition A3 = At =
const., C must be constant on the boundary. We eliminate a zero mode of C by setting it to zero on the
boundary.

16The Pffafian of the fermion differential operator is the square root of its determinant.
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Starting with a 2d eigenmode A2d
i of the vector Laplacian

−∇i∇iA
2d
j +Rj

iA
2d
i = κ2A2d

j , (4.35)

or equivalently
−4∇z∇z̄A

2d
z = κ2A2d

z , (4.36)

we may construct a 2d fermionic eigenmode
λ

λz̄

λ̄

λ̄z

 ∝


−2∇zA

2d
z̄

κA2d
z̄

2∇z̄A
2d
z

κA2d
z

 , (4.37)

which satisfies 
0 0 0 2∇z̄

0 0 −2∇z 0
0 −2∇z 0 0

2∇z̄ 0 0 0



λ

λz̄

λ̄

λ̄z

 = κ


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0



λ

λz̄

λ̄

λ̄z

 . (4.38)

Due to the symmetry κ → −κ a bosonic mode is matched with two fermionic modes.
Similarly, starting with a 2d eigenmode A2d

i we may construct a 3d eigenmode

Ai ∝ A2d
i exp

(
(2πin+ jϵ)x3/β

)
, j ∈ Z, n ∈ Z, (4.39)

and similarly for the fermions. One can then check that the bosonic 3d Laplacian cancels
the fermionic Dirac operator.

Now let us turn to the unmatched modes. The 2d bosonic vector Laplacian −∇i∇i +R
has a non-trivial kernel because the value of Ai can be prescribed arbitrarily on the bound-
ary circle provided it is normal to the boundary. Thus we have a sequence of unmatched
bosonic modes Ap,2d whose boundary values are given by n̂ exp(ipθ) where n̂ is the outward
unit normal vector, θ is the angular coordinate on the boundary, and p ∈ Z is the angular
momentum. The unmatched 2d fermionic modes are given by:

λ

λz̄

λ̄

λ̄z

 ∝


−2∇zA

p,2d
z̄

0
2∇z̄A

p,2d
z

0

 . (4.40)

Combining, we find the one-loop determinant for the vector multiplet is

1
(detD3) 1

2
=

∏
n∈Z ,p∈Z

(2πin+ pϵ)−
1
2

= exp
(

log
(
q1/2

)
/2 − log

(
q1/2

)2
/ log q

)
(q; q)−1

∞ .

(4.41)
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N = 2 adjoint chiral multiplet. The computation of the one-loop determinant of the
adjoint chiral is similar to the one-loop determinant of the vector multiplet. For application
to 3d N = 4 theories, we assume that the adjoint chiral has charge 1 under a symmetry
Tt with background connection A

(t)
3 and real mass mt. We introduce a corresponding

complexified fugacity t = exp
(
iβA

(t)
3 − βmt

)
. The matching of eigenmodes is similar to

that of a free Dirichlet chiral. We note first that ηz̄, ϕz̄ do not have unmatched modes. The
unmatched modes of η are

η ∝ η0wp exp(2πin+ pϵ) , p ∈ Z≥0, n ∈ Z, (4.42)

where η0 is a global SO(2)E-invariant holomorphic section of the adjoint bundle. The
one-loop determinant receives the following contribution from these zero modes

∏
n∈Z,p≥0

(2πin+ pϵ+ iβA
(t)
3 − iβmt) = (t; q)∞

exp
(

1
2 log

(
t1/2)− log2(t1/2)/ log q

) . (4.43)

4.4 N = 4 free hypermultiplet

In this section we study the index of a free hypermultiplet (X,Y ). This theory has a
GH = U(1)x flavour symmetry. We impose Neumann boundary conditions for X and a
Dirichlet boundary condition for Y , which is an exceptional Dirichlet boundary condition
(see section 3.2) for the chamber m > 0, where m is a real mass for GH . The hypermulti-
plets X and Y have charges (±1,+1) under GH and Tt respectively. The partition function
is then simply the product of the two one-loop determinants

Zhyper = exp
(
− log(t/q) log(x)/2

log q

)(xt−1/2q; q)∞
(xt1/2; q)∞

, (4.44)

where we have simplified the prefactors from the zeta function regularisation. Note that the
final exponential prefactor encodes the mixed U(1)x−U(1)C boundary ’t Hooft anomaly [21]
present for this choice of boundary condition for (X,Y ).

4.5 N = 4 supersymmetric QED

We now return to our running example of N = 4 supersymmetric QED with N hypermul-
tiplets. We study the index of the exceptional Dirichlet boundary condition Dα introduced
in section 3.2.1.

The result of the Coulomb branch localisation computation is

ZDα(s, ξ, xi, t, q) = eϕα(s) ∑
k∈Z

ξk (t; q)∞
(q; q)∞

∏
i≤α

(s−1x−1
i q1+kt−1/2; q)∞

(s−1x−1
i t1/2qk; q)∞

∏
i>α

(sxit
−1/2q1−k; q)∞

(sxit1/2q−k; q)∞
.

(4.45)
The index is a sum over flux sectors k, which may be interpreted as either the monopole
flux in the Coulomb branch scheme or, upon specialising the gauge fugacities, the vor-
tex flux in the Higgs branch scheme. The summand arises by combining the one-loop
determinants (4.25), (4.30), (4.41) and (4.43) appropriate for the boundary condition Dα.
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In the above, there is also a classical contribution from the bulk and boundary FI
terms. The bulk term (2.5) is proportional to the vortex number k, and contributes ξk to
the index. The exponential prefactor arises from the boundary FI term (2.6)

ϕ0(s) = log ξ log
(
s−1)

iβ
= log ξ log

(
s−1)

log q (4.46)

together with the contribution from the zeta function regularisation of the one-loop deter-
minants so that in total we obtain

ϕα(s) =ϕ0(s) + 1
4 log(q/t) +

log
(
t1/2q−1/2

)
log
(
t1/2q1/2

)
log q

+
∑
i≤α

−1
4 log(q/t) +

log
(
q1/2t−1/2

)
log
(
s−1x−1

i qk+1/2
)

log q


+
∑
i>α

−1
4 log(q/t) +

log
(
q1/2t−1/2

)
log
(
sxiq

−k+1/2
)

log q

 .
(4.47)

In the above two equations we have set q = exp(iβ), and will do in the following, in order
to match the superconformal index [17].

Upon substituting s = sα = x−1
α t−1/2 to set the vev of A3 + iσ on the boundary to the

value required for Higgs branch localisation, the index may be further organised as17

ZDα(xi, ξ, q, t) = ZClassical
α Z1-loop

α ZVortex
α . (4.48)

The classical piece is given by
ZClassical

α = eϕα , (4.49)
with

ϕα =
log ξ log

(
xαt

1/2
)

log q + (2α−N − 1)
log
(
q1/2t−1/2

)
log
(
t1/2

)
log q

+
∑
i<α

log
(
q1/2t−1/2

)
log(xα/xi)

log q +
∑
i>α

log
(
q1/2t−1/2

)
log(xi/xα)

log q .

(4.50)

The one loop contribution is

Z1-loop
α =

∏
i<α

(qxαx
−1
i ; q)∞

(txαx
−1
i ; q)∞

∏
i>α

(qt−1xix
−1
α ; q)∞

(xix
−1
α ; q)∞

, (4.51)

and the vortex contribution is

Zvortex
α =

∑
k≥0

ξk(qt−1)Nk/2
N∏

i=1

(txαx
−1
i ; q)k

(qxαx
−1
i ; q)k

. (4.52)

We note that, in accordance with the argument of section 3.3.1, we indeed recover the half
superconformal index computed in section 3.3 of [17] after the appropriate shift of the t
fugacity. In the following section we will realise each term in this index in terms of the
geometry of the Higgs branch MH .

17In this expression we re-organise the q-Pochhammer products using standard identities and note that
only the k ≥ 0 part of the summation contributes to the index.
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5 Vortices and quasimap geometry

We now elucidate the equivalence between the twisted index on the hemisphere with excep-
tional Dirichlet boundary conditions ZDα and the vertex function Vα of Okounkov et al.
(we refer the reader to [28] for an excellent review of enumerative geometry and quasimaps),
which is an equivariant count of based quasimaps to the Higgs branch. We show that they
are related to the hemisphere path integral up to perturbative contributions, for which we
give a precise geometrical interpretation. We demonstrate the relation explicitly by com-
paring the field theory localisation of the hemisphere twisted index with the localisation
computation of the vertex function, but before doing so we motivate the connection with
a physical argument.

We begin with a seemingly different object; the topologically twisted partition function
on the cigar in the presence of real masses m ∈ CH , and a massive vacuum α at ∞. As
the theory is topologically twisted, the cigar partition function may be regarded as the
partition function on R2 ×q S

1 with a massive vacuum α at the asymptotic boundary of
R2, the BPS locus is unaffected. The cigar partition function should therefore equal, up
to perturbative contributions,18 the partition function on P1 where we demand that the
field configurations integrated over equal the vacuum α at the south pole. We denote this
partition function Zα. We will argue momentarily that the latter is precisely the vertex
function Vα. These equivalences are illustrated in figure 2.

To complete the argument, it remains to show that the cigar partition function is equal
to the twisted index on the hemisphere ZDα . We consider slicing the cigar path integral at
some intermediate point in the infinitely long flat region where the twist becomes trivial
and the theory is flat. This procedure is as follows.19 In [15], it has been shown that the
exceptional Dirichlet boundary conditions {Dα} generate a complete basis of states |Dα⟩
on an elliptic curve T 2 for a 3d N = 4 theory. Let us work in a convention where we regard
the boundary of HS2 × S1 as a right boundary. Then, from [15], the dual states ⟨Dα| are
similarly generated by left exceptional Dirichlet boundary conditions, defined in precisely
the same way as for the right, but now supported on the repelling holomorphic Lagrangian
for the Morse flow generated by m. Alternatively, they are the same as the right exceptional
Dirichlet boundary conditions for the opposite chamber of mass parameters m ∈ Copp

H . For
brevity, our notation does not distinguish between left and right boundary conditions.

Therefore, slicing the cigar path integral amounts to inserting the identity operator∑
β |Dβ⟩ ⟨Dβ | = I. It is also shown in [15] that the path integral on the half space T 2 ×R+,

with the left exceptional Dirichlet boundary condition at the origin of R+, and a massive
vacuum α at ∞ is simply:

⟨Dβ |α⟩ = δαβ , (5.1)

18That this equivalence holds only up to perturbative (classical and 1-loop) contributions is familiar
from four dimensions, where the Seiberg-Witten partition function is equivalent to the instanton partition
function S4 only up to the inclusion of perturbative contributions.

19Note that such cutting and gluing constructions have also been studied extensively in the literature
and have been analysed systematically in [40, 41].
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α

α

S1×q

S1 × q

α

∑
β
|Dβ⟩ ⟨Dβ |

〈
HS2

∣∣ |α⟩

=

〈
HS2

∣∣Dα

〉

S1×q S1×q

⟨Dβ |α⟩ = δαβ

||

Dα

Zα

Figure 2. The first line shows the compactification of the cigar partition function to the P1

partition function based at α. The second shows the equivalence of the cigar partition function
and the twisted hemisphere partition function with an exceptional Dirichlet boundary condition.
We denote the state generated on T 2 = ∂(HS2 × S1) by the path integral for the topological
twisted theory by

〈
HS2

∣∣, and thus the hemisphere partition function by
〈
HS2

∣∣Dα

〉
. The arrows

⇒ indicates equality after removing the same, α-dependent, perturbative contribution.

which follows by demonstrating that all overlaps on T 2 × I with the state |Dα⟩ agree with
the boundary amplitudes computed on T 2 × R+ with a vacuum α at ∞ (such overlaps
transform identically over the space of fugacities in a way fixed by the effective Chern-
Simons levels in a vacuum and boundary ’t Hooft anomalies respectively).

Combining these facts, we see that the partition function ZDα computed in the pre-
vious section must agree with the cigar partition function (see figure 2) and thus, up to
perturbative contributions, Zα = Vα; the equivariant count of quasimaps based at α. Phys-
ically, the perspective of these objects as twisted hemisphere partition functions is perhaps
more natural, due to the role they play in holomorphic factorisation [9]; their relation to
counts of boundary operators via the state-operator correspondence [12, 17]; and the fact
that they are more directly amenable to localisation. Geometrically however, it is arguably
more natural to move to the perspective of quasimaps and the based P1 index, which we
now turn to.

5.1 Localisation on based P1

In this section we compute the topologically twisted index for SQED[N ] on P1 with the
following condition at the south pole:

Xα ̸= 0,
Xi = X̄i = ψXi = ψ̄Xi = 0, i ̸= α,

Yi = Ȳi = ψYi = ψ̄Yi = 0.
(5.2)
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These conditions are compatible with Higgs branch localisation. The vortex number is the
degree k of the U(1) gauge bundle with k = −

∫
HS2 F12/(2π). We write the U(1) gauge

bundle as O(k) to emphasise its holomorphic structure. We lift the SO(2)E rotations of P1

to the total space of the gauge bundle so that it fixes the fibre above the south pole. The
BPS locus is determined by the same vortex equations as before

2iFzz̄ = τ − 2µR, µC := X · Y = 0, Fz3 = 0,
(∇z̄ + iAz̄)X = 0, (D3 + iA3 + iAt

3/2 + iAi
3)Xi = 0,

(∇z̄ − iAz̄)Y = 0, (D3 − iA3 + iAt
3/2 − iAi

3)Yi = 0,
(σ +mi +mt/2)Xi = 0, ϕz̄Xi = 0,

(−σ −mi +mt/2)Yi = 0, ϕz̄Yi = 0,
∇µσ = ∇µϕz̄ = 0,

Xα ̸= 0 at south pole.

(5.3)

We note that Xα is covariantly holomorphic so its zeros at constant x3 are isolated. Hence,
when the real masses are generic and Xα ̸= 0, (5.3) implies σ = −mα −mt/2 everywhere,
Xi = 0 for i ̸= α, Yi = 0 for all i, and ϕz̄ = 0.

The twisted boundary condition Xα(x3 = β) = q−JXα(x3 = 0) implies that the only
zero of Xα is at the north pole. The solution to these equations at each time slice exists and
is unique (up to gauge transformation) provided τ is sufficiently large [49]. We choose a
gauge in which the spatial part of the gauge field is SO(2)E invariant and time independent.
The condition Fz3 = 0 implies that A3 is constant along each time slice. We further gauge
fix by demanding that A3 is constant along the time direction. Since Xα ̸= 0 at the south
pole and Xα(x3 = β) = q−JXα(x3 = 0) then Xα(x3 = β) = Xα(x3 = 0) (recall that
SO(2)E acts trivially on the fibre above the south pole). The last equation in (5.3) implies
A3 = −Aα

3 −At
3/2 everywhere20 on HS2 × S1. In this gauge, the vortex equations can be

written as
2iFzz̄ = τ − X̄αXα, A3 +At

3/2 +Aα
3 = 0,

(∇z̄ + iAz̄)Xα = 0, ∇3Xα = 0,
Xα ̸= 0 at the south pole,
σ = −mα −mt/2, ϕz̄ = 0.

(5.4)

We first study the unmatched modes which lie in the kernel/cokernel of ∇z̄. We have

δXi, ψ
Xi ∈ H0(O(k)), ψXi

z̄ ∈ H1(O(k)) = 0,
δYi, ψ

Yi ∈ H0(O(−k)) = 0, ψYi
z̄ ∈ H1(O(−k)),

(5.5)

hence only δXi, ψ
Xi , ψYi

z̄ have unmatched modes. Let s−k, . . . , s0 be a basis of holomorphic
sections H0(O(k)), where sp has a zero of order −p at the south pole. Similarly, let
u1, . . . , uk−1 be a basis of H1(O(−k)) ∼= H0(O(k) ⊗ Ω1,0)∨, where the dual basis of up has

20Up to the addition of integer multiples of π/β corresponding to gauge equivalent vortex configurations.
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a zero of order p− 1 at the origin. We may then express the unmatched modes as

Xi = sp exp
(
(2πin+ pϵ)x3/β

)
, p = −1, . . . ,−k

ψXi = sp exp
(
(2πin+ pϵ)x3/β

)
, p = −1, . . . ,−k

ψYi
z̄ = up exp

(
(2πin+ pϵ)x3/β

)
, p = 1, . . . , k − 1

(5.6)

The p = 0 case for Xi, ψ
Xi is removed due to the boundary condition at the south pole.

Now we compute the angular momenta of the unmatched modes. The SO(2)E rotation
of P1 acts trivially on the fibre of O(k) above the south pole, therefore s0 has zero angular
momentum. We choose a convention such that the angular momentum increases with the
degree of zero at the north pole, and so the angular momentum of sp is p. Next, SO(2)E

acts with weight one on the cotangent fibre above the south pole. So the dual of up in
H0(O(k) ⊗ Ω1,0) has angular momentum −(p − 1) − 1 = −p. the angular momentum of
up is p.

The contribution from Xi and ψXi to the one-loop determinant is then

det(D3 − σ −mi −mt/2)−1

= ±
∏
n∈Z

p=−1,...,−k

(2πin+ pϵ+ iβ(A3 +Ai
3 +At

3/2) − β(σ +mi +mt/2))−1

= ±
∏

p=−1,...,−k

sinh
(
pϵ+ iβ(Ai

3 −Aα
3 ) − β(mi −mα)

)−1
,

(5.7)

where we recall that A3 = −Aα
3 − At

3/2 and σ = −mα −mt/2 at the BPS locus. Notice
that when i = α and p = 0 we get sinh(0)−1, this zero will be cancelled by the constant
mode of the gaugino λ. A similar cancellation will be seen later in the construction of the
virtual tangent bundle.

The contribution from ψYi
z̄ to the one-loop determinant is

det(D3 + σ +mi −mt/2)
= ±

∏
n∈Z

p=1,...,k−1

(2πin+ pϵ− iβ(A3 +Ai
3 −At

3/2) + β(σ +mi −mt/2))

= ±
∏

p=1,...,k−1
sinh

(
pϵ+ iβ(Aα

3 −Ai
3 +At

3) − β(mα −mi +mt)
)
.

(5.8)

Hence the one-loop determinant of all of the matter chirals in the k-vortex background is

N∏
i=1

(qtxα/xi; q)k−1
(qxα/xi; q)k

∏k
j=1(x1/2

α x
−1/2
i qj/2)∏k−1

j=1(t1/2x
1/2
α x

−1/2
i qj/2)

 . (5.9)

The adjoint chiral contributes t−1/2(1 − t) to the one-loop determinant, this term arises
from the constant mode of the fermionic scalar η. Combining these ingredients, the based
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P1 index is then given by:21,22

Zα(t, q, xi, ξ) = 1 − t

t1/2 t
N/2∏

i

(x1/2
α x

−1/2
i )

∑
k≥0

(ξqN/2t−N/2)k
N∏

i=1

(qtxα/xi; q)k−1
(qxα/xi; q)k

=
∏
i ̸=α

t1/2x
1/2
α x

−1/2
i

1 − txα/xi
Zvortex

α

= â(Pα)Zvortex
α ,

(5.10)

where Pα is the polarisation bundle at the fixed point α. The vortex contribution matches
the vortex contribution to the hemisphere partition function in equation (4.52), repeated
here

Zvortex
α =

∑
k≥0

ξk(qt−1)Nk/2
N∏

i=1

(txαx
−1
i ; q)k

(qxαx
−1
i ; q)k

. (5.11)

We expect that this relation Zα = â(Pα)Zvortex
α should hold more generally for arbitrary

theories, as the localisation computation proceeds similarly.

5.2 Vortices and quasimaps

The P1 degree k BPS moduli space equations with masses switched off read

2iFzz̄ = τ − 2µR, Fz3 = 0,
(∇z̄ + iAz̄)X = 0, (D3 + iA3)Xi = 0,
(∇z̄ − iAz̄)Y = 0, (D3 − iA3)Yi = 0,

σ ·Xi = 0, σ · Yi = 0, ϕz̄Xi = 0, ϕz̄Yi = 0
µC := X · Y = 0,

Xα ̸= 0 at south pole.

(5.12)

These equations may be reframed (where the real moment map is traded for a stability
condition and τ → ∞) as the complex algebraic data of a line bundle O(k) together with
sections (X1, . . . , XN , Y1, . . . YN ) satisfying the complex moment map µC = 0. This is
precisely the data of the moduli space of quasimaps23 QMk = {f :P1 ⇝MH} as we now
explain. Switching the masses on, we will show that the equivariant Euler characteristic
of this moduli space essentially coincides with the path integral localisation computation
performed in the previous section. For ease of notation we introduce a rank N topologically

21The sum at k = 0 involves a Pochhammer symbol of negative degree (qtxα/xi; q)−1 = (1 − txα/xi)−1.
This (1-loop contribution) comes from the unmatched mode of Yi and ψYi .

22The â-genus (acting on weights by â(x) = 1
x1/2−x−1/2 and satisfying â(x+ y) = â(x)â(y)) rather than

the, perhaps more familiar, plethystic exponential appears because of the symmetrisation factor on the
virtual structure sheaf (5.16). The positive degree condition is related to the choice of stability condition,
and therefore FI parameter sign.

23Intuitively, at least for quiver gauge theory examples, the Higgs branch MH carries tautological bundles
V (associated to gauge symmetry) and W associated to flavour symmetry. A map f :P1 → MH induces
pull-back bundles f∗B and f∗W on P1 and the quasimap picture works instead with this moduli space of
bundles. We refer the reader to [28] for a more thorough review of quasimap geometry.
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trivial bundle W → P1 carrying a representation of TH with Chern character W = x1+. . .+
xN . We may then write our section as an element24 f of t1/2 ·O(k)⊗W⊕t1/2 ·O(−k)⊗W∨

Our boundary condition choice (5.2) further implies that f(0) lies in a fixed point α
of the Higgs branch MTH

H . A quasimap f is in addition called non-singular at p if f(p) lies
in the set of stable points of MH , and under our assumptions f has at most finitely many
singularities so that we recover the moduli space of based quasimaps QMk

α.

5.3 Vertex functions and the index

The moduli space of quasimaps QMk
α admits a natural torus action of T = TH×C×

q induced
by the maximal torus of the Higgs branch flavour symmetry TH ⊂ GH and the natural C×

q

action on P1 which acts on sections by z → qz. For the theories considered in the present
work, this action has isolated fixed points. In particular, for the SQED[N ] example, writing
ω for a torus weight of TH ×C×

q , we may write the fixed line bundle as ω ·O(k) and the only
non-vanishing section at ∞ is zk so that for a fixed point α = 1, . . . , N it follows ω = q−kxi

so that the fixed sections are

V = xα · O(k) , W = x1 + . . .+ xN . (5.13)

The moduli space QMk
α admits a perfect deformation-obstruction theory that allows

us to perform localisation computations [50]. We will now proceed to identify the P1

localisation result (5.10) with the so-called vertex function Vα: the generating function of
equivariant Euler characteristic of the virtual structure sheaf on QMk

α.
We review the quasimap moduli space localisation computation briefly and refer the

reader to e.g. [28, 50] for more details. The virtual tangent bundle encoding fluctuations
above a fixed point at a point25 is given by

T vir.QMk
α = H•(TMH) − t1/2 · P∨

α , (5.14)

where TMH is a bundle on P1 induced by the tangent bundle TMH in equation (2.24),
specifically

TMH = t1/2 · W∨ ⊗ V − t1/2 · V ⊗ V∨ + t1/2 · W ⊗ V∨ − t1/2V ⊗ V∨ . (5.15)

We import this construction from the geometry literature but we expect that physically the
virtual tangent bundle encodes the bosonic and fermionic fluctuations about the vortex BPS
equations (5.12) on P1, analogously to the unbased case studied by Bullimore et al. [25].
This identification will also be physically justified a posteriori by matching the Higgs and
Coulomb branch localisation calculations of section 4 to the Euler characteristic calculation
to follow.

The symmetrised virtual structure sheaf corresponding to the virtual tangent bun-
dle (5.14) is denoted

Ôvir. = Ovir. ⊗K1/2
vir., (5.16)

24With a slight abuse of notation conflating the quasimap f and the bundle and section data.
25Recall here that a point is a collection of bundles on P1 and a section f satisfying µC = 0.
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where Kvir. = detT vir.QMk
α is the virtual canonical bundle and Ovir. is the virtual structure

sheaf. The vertex function Vα is then defined as the generating function of the (equivariant)
Euler characteristics of the virtual structure sheaf over the quasimap moduli space degrees

Vα =
∑

k

ξkχT(QMk
α, Ôvir.) . (5.17)

The vertex function may then be computed by localisation [50, 51]

Vα = â(Pα)
∑
k>0

∑
f∈(QMk

α)T

ξkâ (H•(TMH)) . (5.18)

Counting these sections we find precisely the vortex contributions to the localisation for-
mula (4.48). In particular we need only note for example

ChTxiH
0(O(k)) = xi(1 + q + . . .+ qk), (5.19)

and note that for k > 0 only the zeroth cohomology contributes to the virtual tangent
bundle (5.14). In terms of q-Pochhammer symbols we thus have

â (H•(TMH)) =
(
q1/2t−1/2

)Nk
N∏

i=1

(txi/xα; q)k

(qxi/xα; q)k
. (5.20)

Substituting into (5.18) we see that the normalised vertex function Vα thus matches the
based P1 result (5.10):

Zα = Vα. (5.21)

5.4 Higgs and Coulomb branch localisation

In this section we discuss the geometrical interpretation of the Higgs and Coulomb branch
localisation schemes discussed in section 4. In particular, we argue that the Coulomb
branch localisation scheme gives the Mellin-Barnes type q-Jackson integral formulation
of vertex functions as in [52] whereas the Higgs branch scheme more naturally gives the
equivariant Euler character localisation formula of equation (5.18).

In [52] it is argued that one may trade a descendant condition for a relative condition on
the quasimap moduli space and that this explains the existence of certain q-Jackson integral
formulae for vertex functions that are often used in the enumerative geometry literature.
The result is an ‘off-shell’ or ‘integrand’ expression for the vertex of the schematic form

V = eϕ0 â

[
1 − t−1q

1 − q
TMH

]
. (5.22)

The different vertex functions for each vacuum α are then given by a formal q-Jackson
integral corresponding to evaluation at Chern roots (as in equation (2.23)) shifted by
powers of q, schematically

Vα =
∑
k∈Z

V|s=sαqk . (5.23)
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We provide a physical interpretation of this heuristic formula: it is exactly the Coulomb
branch localisation procedure (4.45). This physical construction has a number of inter-
esting features. Most importantly, the physical localisation construction gives rise to a
normalisation of the vertex (see equation (4.48)) that gives rise to solutions to q-difference
equations26 and exactly factorises more general three-manifold partition functions [17].

Let us now discuss the Coulomb branch localisation formula (4.45) from section 4.
Recall also, from section 3.2, that the weights of the hypermultiplet representation may be
split into positive and negative weight spaces according to a chamber CH choice as

T ∗R = Q+ +Q0 + Q̄0 +Q−. (5.24)

We may now write the SQED[N ] localisation formula (4.45) in terms of these weight space
decompositions in a way that generalises naturally to other 3d N = 4 gauge theories.
We have27

ZDα(xi, ξ, t, q) =
∫ s(α)

0
dqs e

−ϕ0(s,ξ)â

[
1 − t−1q

1 − q

(
Q+ + Q̄0 − µC

)]
, (5.25)

where, for ease of notation, we conflate the weight space µC and its character. The expo-
nential prefactor is28

ϕ0(s, ξ) = log ξ log s
log q . (5.26)

The integral above is a q-Jackson integral29 that evaluates the integrand at q-shifts of the
Chern root evaluation sα.

We note here that the zeta function regularisations used in the localisation computa-
tions of section 4 may be re-expressed as regularising the â genus of weights as follows. Let
us recall first the relationship between the â-genus and the plethystic exponential

â(ω) = 1
ω−1/2 − ω1/2 = ω1/2PE[ω] , (5.27)

where ω is a torus weight (we assume ω > 0). The zeta regularised expression is then

â

(
ω

1 − q

)
=

∞∏
n=0

(qnω)1/2PE
[

w

1 − q

]

= exp
(

1
4 logω − 1

4
log(ω)2

log(q)

)
PE

[
w

1 − q

]
,

(5.28)

26See [35] for an excellent exposition of the relationships between q-difference equations and vertex func-
tions.

27The plethystic exponential (PE) here is defined formally on torus weights by the properties PE[ω] =
1

1−ω
, PE[ω + ω′] = PE[ω]PE[ω′] and PE[−ω] = 1 − ω.

28In terms of Higgs branch geometry, ϕ0(s, ξ) is the natural quadratic pairing between Kähler parameters
(resolution parameters of the Higgs branch in H2(MH ,Z)) and the Chern roots of tautological line bundles
(that generate H2(MH ,Z) by Kirwan surjectivity [53]).

29Precisely
∫ a

0 dqxf(x) =
∑

n∈Z f(aqn).
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which simplifies further for N = 4 weight combinations to

â

(
1 − t−1q

1 − q
ω

)
= exp

(
−1

4 log
(
t−1q

)
+ log

(
t−1q

)2
4 log q + logω log

(
t−1q

)
2 log q

)
PE

[
1 − t−1q

1 − q
ω

]
.

(5.29)
We may now alternatively write the weight space formulation of the Coulomb branch
localisation formula (5.25) in terms of the plethystic exponential as

ZDα(xi, ξ, t, q) =
∫ s(α)

0
dqs e

−ϕ(s,ξ)PE
[

1 − t−1q

1 − q

(
Q+ + Q̄0 − µC

)]
, (5.30)

where30

ϕ(s, ξ) = ϕ0(s, ξ) +
∑

ω∈Q++Q̄0−µC

−1
4 log

(
t−1q

)
+ log

(
t−1q

)2
4 log q + logω log

(
t−1q

)
2 log q . (5.31)

This expression is a general geometric proposal for the formula we expect from a careful
Coulomb branch localisation in general for gauge theories satisfying our assumptions. We
note that this expression also agrees with the anomaly polynomial calculations of [12] and
the geometric prescription elucidated in [44].

We now consider evaluating the q-Jackson integral (5.25). It is straightforward to
verify that evaluating the integral (5.25) gives

ZDα(xi, ξ, t, q) = eϕαZ1-loop
α Zvortex

α (x, ξ, q, t) , (5.32)

where

ϕα =
∑

ω∈T +
α MH

−1
2 log

(
t−1q

)
+ log

(
t−1q

)2
2 log q + logω log t

log q , (5.33)

and, recalling from the discussion in section 3.2 that evaluating the bundle Q+ + Q̄0 − µC
at a fixed point sα gives T+

α MH , the one-loop contribution (the k = 0 sector) may be
written geometrically as

Z1-loop
α = PE

[
1 − t−1q

1 − q
T+

α MH

]
, (5.34)

which agrees with (4.51) for SQED[N ].
In contrast, the Higgs branch localisation scheme does not involve a free gauge fu-

gacity and arises after specialising the ‘off-shell’ Coulomb branch localisation formula (the
integrand of (5.25)). The Higgs branch localisation thus more directly yields the equivari-
ant Euler character formula (5.18) together with the same perturbative prefactor as the
Coulomb branch expression above.

30The term −µC needs to be interpreted appropriately, for SQED[N ] it gives log(q/t)/4 + (log2(t) −
log2(q))/(4 log(q)).
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5.5 Pole subtraction and mirror symmetry

With the geometric interpretation of the hemisphere partition function in hand, we now
give a brief physical argument for the pole subtraction formula of Aganagic and Ok-
ounkov [36, 54].

In [17], the mirror dual boundary condition to exceptional Dirichlet Dα was found to
be a Neumann (for the gauge symmetry) type boundary condition, coupled to boundary
C× valued matter. These are called enriched Neumann boundary conditions and denoted
by Nα. Let T be an N = 4 theory with Higgs branch MH and Coulomb branch MC , with
isolated massive vacua with generic mass parameters m and FI parameters ζ are turned
on. Its mirror T̃ has Higgs and Coulomb branches switched, and we may label the vacua
in the same way. The mass and FI parameters, as well as the chambers CH and CC are
interpreted as the resolution and equivariant parameters/chambers for MC .

By mirror symmetry:

Z̃D̃α
(t−1q, q, ζ, xi) = ZNα(t, q, xi, ζ). (5.35)

The partition function on the left is the U(1)C twisted partition function for T̃ , with
an exceptional Dirichlet boundary condition D̃α for the vacuum α in chamber CC . The
replacement t 7→ t−1q arises due to the exchange of R-symmetries under mirror symmetry,
and shifting between the U(1)H and U(1)C twist [17]. By the above arguments, it is
proportional to the vertex function equivariantly counting quasimaps to MH , which we
denote Ṽβ(ξ, x, q, t−1q).

On the other hand, stretching the ZNα partition function into a cigar, and inserting
the identity ∑β |Dβ⟩ ⟨Dβ | = I, we have:

ZNα =
〈
HS2

∣∣∣Nα

〉
=
∑

β

〈
HS2

∣∣∣Dβ

〉
⟨Dβ |Nα⟩ , (5.36)

where we have used the same notation as at the beginning of section 5. We recognise〈
HS2∣∣Dβ

〉
as simply ZDβ

, the twisted hemisphere index with exceptional Dirichlet bound-
ary condition. The overlap ⟨Dβ |Nα⟩ is given by the path integral on I × T 2, where I is
an interval (its length is Q-exact), with boundary conditions Dβ and Nα on either end.
In [15], these were referred to as boundary amplitudes, and shown to be related to the
elliptic stable envelopes of Aganagic and Okounkov [36]:

⟨Dβ |Nα⟩ = Stab(α)CH ,ζ |β
Θ(T+

β MH)
, (5.37)

where we have used the shorthand that if W is a weight space, Θ(W ) := ∏
ω∈W ϑ(ω), and

ϑ is the Jacobi theta function.
Together, we obtain:31

Z̃D̃α
(t−1q, q, ζ, xi) =

∑
β

Stab(α)CH ,ζ |β
Θ(T+

β MH)
ZDβ

(t, q, xi, ζ). (5.38)

31Proofs of such mirror symmetry relations for quiver variety examples may be found in the geometry
literature [55, 56].
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As shown in section 5.4, the twisted hemisphere indices Z̃D̃α
and ZNα are, up to prefactor,

vertex functions Ṽα and Vα counting quasimaps into MC and MH respectively. We thus
recover precisely the pole subtraction formula of Aganagic and Okounkov. Note in our
choice of chamber, Stab(α)CH ,ζ |β is upper triangular in α and β. See section 5 of [54] for
mathematical details, in particular section 5.5 for the example in the case of self-mirror-
dual SQED[2].
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A Lagrangians and boundary terms

In this section we give more details on the twisted 3d N = 2 Lagrangians. We also carefully
argue that the boundary terms do not contribute to the path integral. The vector multiplet
Lagrangian is Q-exact:

ϵϵ̄Lvec = δϵδϵ̄(λλ̄− λz̄λ̄z − 4σD). (A.1)

It can be written as
Lvec = LB

vec + LF
vec, (A.2)

where the bosonic and fermionic parts are given by:

LB
vec = (δϵλδϵ̄λ̄− δϵλz̄δϵ̄λ̄z − 4σδϵδϵ̄D − 4δϵδϵ̄σD)/(ϵϵ̄)

= (2iFzz̄ −∇3σ +D)(2iFzz̄ + ∇3σ +D) + 4(Fz3 + i∇zσ)(Fz̄3 + i∇z̄σ)

+ 4σ(−2i∇z(−Fz̄3 − i∇z̄σ) − 1
2∇3(−2iFzz̄ + ∇3σ −D))

+ 2(−2iFzz̄ + ∇3σ −D)D
= 4|Fzz̄|2 + 4Fz3Fz̄3 + ∇µσ∇µσ −D2,

(A.3)

LF
vec = (λδϵδϵ̄λ̄− λz̄δϵδϵ̄λ̄z − 4δϵσδϵ̄D − 4δϵ̄σδϵD)/(ϵϵ̄)

=λ(∇z̄λ̄z −
1
2∇3λ̄−∇z̄λ̄z −

1
2∇3λ̄) + λz̄(−∇zλ̄+ ∇3λ̄z + ∇zλ̄)

+ 2λ̄(−∇zλz̄ + ∇3λ/2) + 2λ(∇z̄λ̄z + ∇3λ̄/2)
= λ̄∇3λ+ λz̄∇3λ̄z + 2λ∇z̄λ̄z − 2λ̄∇zλz̄

= 1
2
(
λ̄∇3λ+ λ∇3λ̄+ λz̄∇3λ̄z + λ̄z∇3λz̄ + 2λ∇z̄λ̄z

+ 2λ̄z∇z̄λ− 2λ̄∇zλz̄ − 2λz̄∇zλ̄
)
.

(A.4)
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To derive the expression for the bosonic Lagrangian in the last line of (A.3), one
must integrate by parts the term 4i∇zσFz̄3 + 4i∇zσFz̄3 − 8σ∇z∇z̄σ. The boundary term∫

∂ 2iσFn3 − 2σ∇nσ is the Q-variation of −
∫

∂ σλn so can be discarded. In passing to the
last line of the fermionic Lagrangian, the boundary terms arising from integration by parts
also cancel since∫

HS2
∇z̄(λλ̄z) + ∇z(λz̄λ̄) = 1

4

∫
HS2

∇ · ((λ− λ̄)Λ) − i∇× ((λ+ λ̄)Λ)

= 1
4

∫
∂HS2

(λ− λ̄)λn − i(λ+ λ̄)λt = 0,
(A.5)

where we write Λ = λ̄zdz + λz̄dz̄. We may also drop derivatives in the x3-direction by
integrating by parts.

The chiral multiplet Lagrangian may be written in the Q-exact form:

ϵϵ̄Lchi = δϵδϵ̄(−ψ̄ψ + ψ̄zψz̄ + 2X̄σX), (A.6)

and split into
Lchi = LB

chi + LF
chi, (A.7)

where the bosonic and fermionic parts are given by:

LB
chi = (−δϵ̄ψ̄δϵψ + δϵ̄ψ̄zδϵψz̄ + δϵψ̄zδϵ̄ψz̄ + 2X̄δϵδϵ̄σX + 2X̄σδϵδϵ̄X)/(ϵϵ̄)

= (∇3 − iA3 + σ)X̄(∇3 + iA3 − σ)X + 4(∇z − iAz)X̄(∇z̄ + iAz̄)X
− Fz̄F̄z + X̄(2iFzz̄ −D3σ +D)X − 2X̄σ(∇3 + iA3 − σ)X

= (∇3 − iA3)X̄(∇3 + iA3)X + 4(∇z − iAz)X̄(∇z̄ + iAz̄)X
+ σ2|X|2 +D|X|2 + 2iFzz̄|X|2 − Fz̄F̄z,

LF
chi = (−δϵδϵ̄ψ̄ψ + δϵδϵ̄ψ̄zψz̄ + ψ̄zδϵδϵ̄ψz̄ + 2δϵX̄δϵ̄σX + 2δϵX̄σδϵ̄X + 2X̄δϵσδϵ̄X)/(ϵϵ̄)

= − ψ̄(∇3 + iA3 + σ)ψ − ψ̄z(∇3 + iA3 − σ)ψz̄ + 2ψ̄(∇z + iAz)ψz̄

− 2ψ̄z(∇z̄ + iAz̄)ψ + λ̄zX̄ψz̄ − ψ̄zλz̄X + ψ̄λX − X̄λ̄ψ. (A.8)

B Eigenvalue problem for the Neumann boundary condition

In this appendix we argue that the hemisphere Laplacian with a Neumann boundary con-
dition admits an orthonormal basis of eigenfunctions. We consider the 2d hemisphere
Laplacian −4DzDz̄ acting on functions with a Neumann boundary condition Dz̄f |∂ = 0,
where the gauge covariant derivative Di = ∇i + iAi may include a background U(1)
connection. We will show that −4DzDz̄ is Hermitian with respect to the standard L2

inner product
∫

HS2 f̄g on the space of functions satisfying the Neumann boundary condi-
tion Dz̄f |∂ = Dz̄g|∂ = 0. As a result, eigenfunctions with different eigenvalues are then
orthogonal.

To prove hermiticity of −4DzDz̄, it is equivalent to work with the Laplacian −DiD
i

since this differs from −4DzDz̄ by a real-valued function (a Hermitian operator). By Stokes’
theorem we have ∫

HS2
ḡDiD

if −DiD
iḡf =

∫
∂HS2

(ḡDnf −Dnḡf), (B.1)
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where Dt and Dn denote the boundary gauge-covariant tangential and normal derivative
respectively. Using Dnf = iDtf and Dng = iDtg, the equation above may be rewritten as:∫

∂HS2
(ḡDnf −Dnḡf) = i

∫
∂HS2

ḡDtf +Dtḡf = i

∫
∂HS2

Dt(ḡf) = 0. (B.2)

Therefore the Laplacian is Hermitian and the eigenfunctions are orthogonal.
Now we show that the eigenfunctions are complete. Firstly, we choose an orthonormal

basis of (0, 1) form eigenfunctions {f i}i∈Z≥0 that satisfy the Dirichlet boundary condition

−4Dz̄Dzf
i
z̄ = λif

i
z̄, f i

z̄ = 0 on ∂HS2, i ∈ Z≥0, (B.3)

where f i
z̄ denotes the component of f i in the local orthonormal frame component ∇z̄. The

operator −4Dz̄Dz has a trivial kernel since any function f i
z̄ that satisfies Dzf

i
z̄ = 0 is

identically zero due to the boundary condition Dz̄f
i
z̄|∂ = 0. Hence, the eigenvalues λi are

non-zero for each i.
Let us now consider a function f satisfying Dz̄f = 0 on the boundary. We may mode

expand Dz̄f as

Dz̄f =
∞∑

i=0
cif

i
z̄, (B.4)

for some complex coefficients {ci}. We will now prove the existence of a function hi on HS2

with Dz̄h
i = f i

z̄ for each i. Firstly, let X0 be a non-vanishing gauge-covariant holomorphic
function (Dz̄X

0 = 0) on HS2 and let us define h̃i = hi/X0 and f̃ i
z̄ = f i

z̄/X
0. In terms

of h̃i and f̃ i
z̄, the equation Dz̄h

i = f i
z̄ becomes ∇z̄h̃

i = f̃ i
z̄ where ∇z̄ is now the ordinary

derivative in a local orthonormal frame. Using an isothermal coordinate w on HS2 (see
section 3.1), we may further rewrite the equation ∇z̄h̃

i = f̃ i
z̄ as ∂w̄h̃

i = f̃ i
w̄ where f̃ i

w̄ is
the coefficient of the (0, 1) form f i in the w coordinate system and ∂w̄ is now an ordinary
partial derivative with respect to the coordinate w̄. This equation may be integrated by

h̃i(ŵ) =
∫
C

f̃ i
w̄(w)

π(ŵ − w)dw̄dw. (B.5)

where f̃ i
w̄ has been extended smoothly to a compactly supported function on C. We have

thus proved the existence of a function hi satisfying Dz̄h
i = f i

z̄. Now, the definition of f i
z̄

implies
−4Dz̄DzDz̄h

i = λiDz̄h
i, (B.6)

and so −4DzDz̄h
i − λih

i is a gauge-covariant holomorphic function. Since the eigenvalue
λi is non-zero, we may redefine hi by adding a gauge-covariant holomorphic function such
that hi becomes an eigenfunction of the Laplacian −4DzDz̄h

i = λih
i. Finally, we have that

f −
∑

i cih
i is a gauge-covariant holomorphic function and can therefore be expanded in

an orthonormal basis of gauge-covariant holomorphic functions X0, X0w,X0w2, . . . lying
in the kernel of −4DzDz̄. Together with {hi}, these functions form an orthonormal basis
of eigenfunctions of the Laplacian −4DzDz̄ satisfying the Neumann boundary conditions.
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C One-loop determinant as an equivariant index

In this appendix we explain an alternative way of computing the one-loop determinants by
rewriting them as an equivariant index of Q2, where Q is the localising supercharge. The
first half of this section is a review of the arguments presented in [8].

Let us assume that we have a Q-exact localising action S = QV and we seek to compute
a one loop determinant as a Gaussian path integral∫

Dϕ exp
(
−δ(2)S(ϕ)

)
=
∫
Dϕ exp

(
−Qδ(2)V (ϕ)

)
, (C.1)

where δ(2) denotes quadratic fluctuations around the BPS locus.
As an illustrative example, for fields ϕ1, ϕ2, ϕ3 and localising action V = ϕ1ϕ2ϕ3 the

quadratic fluctuation is

δ(2)V = δϕ1δϕ2ϕ3 + ϕ1δϕ2δϕ3 + δϕ1ϕ2δϕ3. (C.2)

Keeping first order terms, the action of Q on the space of fluctuations δϕi is defined by
Qδϕi = δ(Qϕi). An example relevant to the context of the present work is

Qψ = (∇3 + iA3 − σ)X implies Qδψ = (∇3 + iA3 − σ)δX + (iδA3 − δσ)X. (C.3)

The action of Q on the elementary fields ϕi is the same as before. For example, on δ(2)V :

Q(δϕ1δϕ2ϕ3) = (Qδϕ1)δϕ2ϕ3 + δϕ1(Qδϕ2)ϕ3 + δϕ1δϕ2(Qϕ3) (C.4)

Note that not all of the terms above contribute to δ(2)S. For example, the term
δϕ1δϕ2(Qϕ3) does not contribute because Qϕ3 = 0 at the BPS locus by definition. Now,
δϕ1 and δϕ2 must have opposite Grassmann parity because ϕ3 needs to be even in order
to be nonzero. If there is no ϕ3 field then, since V is odd, δϕ1 and δϕ2 must have opposite
Grassmann parity.

By analogy with the above δ(2)V can be in general written as

δ(2)V =
(
δχ1 δχ2 . . .

)
...

...
...

...
...

...
...

...
...



δϕ1
δϕ2

...

 (C.5)

where δχi are the fluctuation of fermionic elementary fields and δϕi are the fluctuation of
bosonic elementary fields. The matrix consists of differential operators depending only on
the background field at the BPS locus. In some cases (and certainly for all the examples
in this paper) we have

δ(2)V =
(
QδX̄B δX̄F

)(D00 D01
D10 D11

)(
δXB

QδXF

)
, (C.6)

where XB denotes a collection of bosonic elementary fields and XF denotes a collection of
fermionic elementary fields. Here, X̄B, X̄F are complex conjugates, and D00, D01, D10, D11
are first order differential operators depending only on the background BPS configuration.
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We can now compute the quadratic fluctuation Qδ(2)V :

Qδ(2) = δ(2)V =
(
δX̄B QδX̄F

)(Q2 0
0 1

)(
D00 D01
D10 D11

)(
δXB

QδXF

)
(C.7)

+
(
QδX̄B δX̄F

)(D00 D01
D10 D11

)(
1 0
0 Q2

)(
QδXB

δXF

)
, (C.8)

where we have used the fact that Q only acts on the fluctuations of the fields but not on the
BPS locus. The first line is the bosonic part of the quadratic fluctuation and the second
part is the fermionic part of the fluctuation.

In conclusion the one loop determinant is

Z1-loop =
det

((
D00 D01
D10 D11

)(
1 0
0 Q2

))

det
((

Q2 0
0 1

)(
D00 D01
D10 D11

)) =
det

(
1 0
0 Q2

)

det
(
Q2 0
0 1

) =
det
(
Q2)

CokerD10

det(Q2)KerD10

. (C.9)

In the first equality we have assumed that δXB and QδXF can be treated as indepen-
dent variables in the path integral. Let us now return to the context of the main body of
this work and compute the one-loop determinant of a Neumann chiral in a monopole back-
ground using this formalism. We assume that the real masses are set to zero for simplicity.
In this case V is given by

(∇3 + iA3 + iA
(B)
3 − σ)Xψ̄ + 2(∇z̄ + iAz̄)Xψ̄z + 2ψ̄σX, (C.10)

where A(B) is the background connection. We choose XB = X, X̄B = X̄,XF = ψz̄ and
X̄F = ψ̄z. The differential operator is given by(

D00 D01
D10 D11

)
=
(

(∇3 + iA3 + iA
(B)
3 + σ) 0

(∇z + iAz) −1/2

)
(C.11)

where we have assumed that the fluctuation of the gauge multiplet is zero. One can show
that Q2 = ∇3 + iA3 + iA

(B)
3 − σ when acting the on the chiral multiplet fluctuations and

so in conclusion the one-loop chiral multiplet determinant is

det
(
∇3 + iA3 + iA

(B)
3 − σ

)
Coker∇z̄+iAz̄

det
(
∇3 + iA3 + iA

(B)
3 − σ

)
Ker∇z̄+iAz̄

. (C.12)

This reproduces the results in equations (4.25) and (4.30).

Open Access. This article is distributed under the terms of the Creative Commons
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