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Abstract

In this paper, we developed the classical Melnikov method in a class of general hybrid ab-

stract piecewise smooth systems subjected to elastic and rigid impact effects under noise and

impulsive excitation. The relevant unperturbed Hamiltonian systems possess the homoclinic

orbit and tristable characteristic. The homoclinic orbit will continuously cross the first two

switching manifolds, jump across the third one subjected to the impulsive excitation, then

jump about the x-axis on the fourth and last one symmetrically due to the rigid impact effect,

but won’t cross the last one in the existence of the corresponding unilateral rigid constraint.

Specifically, the perturbed trajectories will jump across the first switching manifold by the

reset mapping rule about the elastic impact effect. Moreover, our new random Melnikov-type

process and function will be got, the criteria of homoclinic chaos about the systems without

or with noise excitation can also be obtained. Finally, the homoclinic bifurcation and chaos

about a concrete hybrid seven-piecewise feedback control system under saturation and dead

zone constrains are analysed and verified through our extended Melnikov-type method and

numerical simulations.

Keywords: Random non-smooth Melnikov method, Hybrid piecewise smooth system, Ho-

moclinic bifurcation and chaos, Noise and impulsive excitation

1 Introduction

Piecewise smooth systems [1], as a kind of typical non-smooth dynamical systems, are often used to

describe most engineering and natural problems in the real world, such as mechanical systems with

impact and collision [2], controlled systems [3,4], etc [5, 6]. The researches in these parts not only

continuously arouse the research interest of more scholars, but also gradually and systematically

improve our understanding about non-smooth dynamical systems [7, 8]. Among them, the hot

and noteworthy topic is the progressions for chaotic dynamics and global bifurcation in piecewise

smooth systems. For the researches of these such same problems about smooth systems [9, 10],

the classical Melnikov method [11–13] is regarded as an extremely effective tool [14–16], it also

has high dimensional relevant cases [17, 18]. In view of these, further developing the classical
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Melnikov method of smooth systems is natural and indispensable [19, 20]. In recent years, the

relevant concepts and theories of non-smooth Melnikov method have increasingly rich and system-

atic than before. Furthermore, the developed non-smooth Melnikov method has also become the

most powerful and effective tool to investigate the piecewise smooth systems. However, with the

authenticity of the system modelling and the disparities of understanding for global bifurcation

in non-smooth dynamical systems, it is extremely urgent to try to extend the relevant results for

existing Melnikov method to non-smooth systems influenced by more complex factors to solve the

corresponding practical problems.

The phased breakthroughs have been achieved in extending the effective Melnikov analytical

theory from smooth to non-smooth systems. In 2000, Kunze [21] firstly gave the discontinuous

Melnikov theoretical form in the planar systems. Du et al. [22] analysed several pendulum systems

with the actual rigid impact under the help of different non-smooth Melnikov method about differ-

ent sections separately. The results about homoclinic Melnikov method of Battelli and Fečkan [24]

were optimized by Li et al. [23], making the forms of these theoretical results easier to calculate.

Granados et al. [25] considered the two-dimensional piecewise smooth subharmonic orbits and the

corresponding improved Melnikov analytical theory. Then, Li et al. [26, 27] obtained two kind of

piecewise-smooth Melnikov methods about the homoclinic and heteroclinic chaos by combining

mapping rules of impact based on [25]. Moreover, Tian et al. [28–30] studied different heteroclinic

and homoclinic chaos in several impulsive non-smooth systems through calculating correspond-

ing Melnikov functions in different forms. Zhou et al. [31] considered subharmonic chaos and

bifurcation in the vibration isolation systems containing two pairs of oblique springs through the

appropriate non-smooth Melnikov theory. Li et al. [32] proposed a theoretical framework and

carries out numerical verification for suppressing homoclinic chaos of a class of vibro-impact os-

cillators by adding non-harmonic periodic excitations based on the non-smooth Melnikov method.

Peng et al [33] analysed homoclinic bifurcation for a class of conveyor belt systems with dry fric-

tion and impact by deriving the piecewise homoclinic Melnikov function related to the speed of

the conveyor belt, then, they investigated homoclinic bifurcation and chaos in a class of SD os-

cillators under external quasi-periodic excitation with two frequencies by using the non-smooth

Melnikov method [34]. Actually, it’s of inevitability to describe and consider random excita-

tion corresponding to the randomness in reality when studying relevant bifurcation and chaotic

dynamics [35, 36]. Correspondingly, under the influence of random excitation, the mean-square

criteria [37, 38] corresponding to the random Melnikov processes and functions in the statistical

significance are commonly analysed and utilize [39–41]. Lu [42] investigated the persistence for

homoclinic orbits in several second order ordinary differential equations with small white noise by

Melnikov-type theory and invariant manifold analysis. Recently, based on the Melnikov analytical

results in [43], we [44, 45] theoretically derived the different homoclinic and heteroclinic Melnikov

analytical method in piecewise smooth systems containing impulses and noises, then they applied

these extended Melnikov-type methods to a concrete vibro-impact mechanical system in [46].

On the other hand, for the application of methods and specific analysis in actual dynamic

systems, piecewise linear systems included in piecewise smooth systems are also often regarded

to be the very appropriate approximation of most practical non-smooth mechanical systems. For

the smooth and discontinuous (SD) oscillator pioneered in [47], Cao et al. [48] confirmed their

piecewise linear approximation can effectively study the smooth and discontinuous dynamics of

this SD oscillator and even deterministic bistable systems. Han et al. [49] proposed and analysed

bifurcations and chaotic dynamics in the limit case for a coupled SD oscillator rigidly composed of

two SD oscillators. Zhou et al. [50] employed the corresponding Melnikov method and this kind of
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approximation technique to show the global dynamics in the tristable system under the influences

of damping and harmonic excitation. Huang et al. [51] proposed a novel spring-rods-mass system

with smooth and discontinuous dynamics as well as quasi-zero-stiffness property, then studied

chaotic thresholds of this system under the elastic impact by Melnikov method. Zhang et al. [52]

analysed the global dynamics for impacting cantilever beam supported by oblique springs through

the piecewise approximation method and the non-smooth Melnikov method. In addition, it is

common and natural to encounter the multi-piecewise system when modeling the feedback control

system under relay, hysteresis, saturation and dead zone constrains. Significantly, Ji et al. [3]

investigated the chaos for a simple smooth linear system under a five-piecewise feedback control

with saturation and dead zone constrains numerically. On this basis, Li et al. [53] constructed and

analysed a corresponding five-piecewise linear feedback control system about saturation and dead

zone constrains under periodic excitation and viscous damping by the extended Melnikov method.

Our this work plans to theoretically extend the classical Melnikov method in a class of general

hybrid piecewise smooth systems subjected to elastic and rigid impacts under noise and impulsive

excitation. Then, the extended Melnikov-type method can be obtained. Moreover, according to

[3,53], in view of the hybrid piecewise linear system subjected to elastic impact, rigid impact, noise,

impulsive excitation, damping and periodic perturbations, we will give a concrete hybrid seven-

piecewise dimensionless systems under feedback control subjected to dead zone and saturation

constrains. For the verification of the correctness and effectiveness about our extended method, it

will be used to analyse the homoclinic chaotic dynamics in this concrete seven-piecewise system.

Here are some highlights of this work. (i): our general systems include the reset mapping rule

about the elastic impact, four switching manifolds and random noise, while the system analysed

in [28] doesn’t have these three influencing factors. (ii): compared with the system studied in our

previous paper [44], the general systems we investigated in our this work consider the influence

of two additional factors, i.e., unilateral constraints described and induced through rigid impacts,

four switching manifolds. (iii): our Melnikov-type function is not same as the functions in [28,44].

However, the corresponding form in which we obtain the results can be reduced or transformed to

theirs if simplifying or adjusting our system’s some factors. (iv): our given hybrid seven-piecewise

system, i.e., an application example of verifying the correctness and effectiveness, is constructed

on the basis of a hybrid piecewise linear system, while the system constructed and studied in [3,53]

is based on a simple smooth linear system. Therefore, the theoretical part and application in our

this work are the extension of [3, 28,44,53].

This work’s structure is shown below. The new Melnikov theoretical analysis in our investigated

systems is described and given, the relevant Melnikov-type process and function are got in section

2, the conditions of homoclinic chaos in the systems without or with noise excitation are obtained

by calculating. In section 3, in view of a hybrid piecewise linear system under elastic impact, rigid

impact, noise, impulsive excitation, damping and periodic perturbations, a concrete hybrid seven-

piecewise system under feedback control subjected to saturation and dead zone constrains is given.

Then, the new theoretical results obtained, i.e., the new Melnikov-type method we extended, and

relevant numerical simulations are utilized in analysing the given systems. Lastly, section 4 gives

our conclusions.
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2 Theoretical framework of Melnikov mathematical analysis

2.1 Description of the general hybrid piecewise smooth system

We divide R2 into five following zones by four Σi, then, R2 = S1∪Σ1∪S2∪Σ2∪S3∪Σ3∪S4∪Σ4∪S5,

where

S1 =
{
(x, y) ∈ R2 | x < α1

}
, S2 =

{
(x, y) ∈ R2 | α1 < x < α2

}
,

S3 =
{
(x, y) ∈ R2 | α2 < x < α3

}
, S4 =

{
(x, y) ∈ R2 | α3 < x < α4

}
,

S5 =
{
(x, y) ∈ R2 | α4 < x

}
, Σ1 =

{
(x, y) ∈ R2 | x = α1

}
,

Σ2 =
{
(x, y) ∈ R2 | x = α2

}
, Σ3 =

{
(x, y) ∈ R2 | x = α3

}
,

Σ4 =
{
(x, y) ∈ R2 | x = α4

}
.

(2.1)

and αi are constants, Σi = Σ+
i ∪ Σ−

i ∪ {0} , (i = 1, 2, 3, 4).

The following general abstract hybrid piecewise smooth systems subjected to elastic and rigid

impact effects under noise and impulsive excitation will be considered in R2:

ẋ

ẏ

 = JDH(x, y) + εG(x, y, t)

=


JDH1(x, y) + εG1(x, y, t), (x, y) ∈ S1,

JDH2(x, y) + εG2(x, y, t), (x, y) ∈ S2,

JDH3(x, y) + εG3(x, y, t), (x, y) ∈ S3,

JDH4(x, y) + εG4(x, y, t), (x, y) ∈ S4

∆x |x=α1,α2,α3
= 0, ∆y |x=α2

= 0, ∆y |x=α1
̸= 0,

y− |x=α3= γ0(1− εη2)y
+ |x=α3 ,

y+ |x=α4
= −(1− εη1)y

− |x=α4
,

(2.2)

where 0 < ε ≪ 1, (x, y) ∈ R2, four Hamiltonian functions Hi : R2 → R, Gi(x, y, t) = fi(x, y, t) +

gi(x, y)ξ(t), fi : R2×R → R2, gi : R2 → R. JDHi(x, y) =

(
y

hi(x)

)
, fi(x, y, t) =

(
0

fi1(x, y, t)

)
, gi(x, y) =(

0

gi1(x, y)

)
. A normal vector of different Σi can be written as n = (1, 0).

And x± |x=α1,α2,α3 or y± |x=α1,α2,α3 represent different right and left limits at x or y,

∆x |x=α1,α2,α3
= x+ |x=α1,α2,α3

−x− |x=α1,α2,α3
.

Then, the trajectories of system cross the switching manifold Σ2 continuously. The reset mapping

rule about the elastic impact on Σ1 is as follows, i.e., the direction of motion remains unchanged,

η0 :Σ1 × R → Σ1

(α1, y, ε) 7→ (α1, yε) = (α1, η0,ε(y)),
(2.3)

which has y · η0,ε(y) > 0 when y ̸= 0, η0,0(y) = y, η−1
0 represents a inverse map for η0.

For Σ3 and Σ4, we have

y− |x=α3
= γ0(1− εη2)y

+ |x=α3
,

y+ |x=α4
= −(1− εη1)y

− |x=α4
,

(2.4)
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where γ0(1 − εη2) and γ0 are the change for the perturbed system and unperturbed system on

Σ3 subjected to the impulsive excitation. y− |x=α4
and y+ |x=α4

represent the sudden change

in y from y− |x=α4
to y+ |x=α4

when the rigid impact occurs before and after. −(1 − εη1) and

−1 are the change for perturbed and unperturbed system on Σ4 due to the presence of unilateral

constraint expressed through the rigid impact effect, the direction changes and is reverse. γ0, η1

and η2 are three positive parameters (0 < η1, η2 < 1). Letting Πx(x, y) = x.

As to the corresponding representation of ξ(t), the following Gaussian white noise excitation

will be introduced,

Eξ(t) = 0, Eξ(t)ξ(t+ τ) =

∞ (τ = 0),

0 (τ ̸= 0),

Sξ(ω1) is the constant spectral density with ω1. Based on [38, 54], the white noise in the specific

derivation process of subsequent random non-smooth Melnikov processes and functions are ap-

proximated through the sum for many harmonic functions with some different random phases and

frequencies.

According to the detailed explanation in the meanings represented by each part of the above

system (2.2)-(2.3), x = αi (i = 1, 2, 3, 4) make R2 = S1 ∪Σ1 ∪S2 ∪Σ2 ∪S3 ∪Σ3 ∪S4 ∪Σ4 ∪S5, and

the system only corresponds to these four zones Si (i = 1, 2, 3, 4) due to the presence for unilateral

rigid constraint on Σ4. The trajectories cross Σ1 at (x, y), then the reset mapping rule about the

elastic impact (2.3) on Σ1 is used immediately. As to Σ2, the trajectories continuously cross it. For

Σ3, the trajectory is subjected to impulsive excitation which makes the trajectory jump across Σ3.

For Σ4, the trajectories jump about x-axis on Σ4, y instantaneously changes from (α4, y
− |x=α4

)

to (α4, y
+ |x=α4) due to the existence of the rigid impact. And the trajectories won’t cross Σ4 and

enter Σ5 in the presence of the unilateral rigid constraint.

The following assumptions about the orbits and trajectories of system (2.2)-(2.3) shown in Fig.

1 are given,

L1 : For ∀(αj , y) ∈ Σj , [n · JDHj(αj , y)] · [n · JDHj+1(αj , y)] > 0 (j = 1, 2, 3).

L2: System (2.2)-(2.3) with ε = 0 possess an equilibrium point p0 = (x0, y0) ∈ S1, the piecewise

homoclinic orbit γ(t) which is symmetric about the axis of x is

γ(t) =



γ1(t) ∈ S1 =

γ+
1 (t), t ≤ t−1 ,

γ−
1 (t), t ≥ t+7 ,

γ2(t) ∈ S2 =

γ+
2 (t), t+1 ≤ t ≤ t−2 ,

γ−
2 (t), t+6 ≤ t ≤ t−7 ,

γ3(t) ∈ S3 =

γ+
3 (t), t+2 ≤ t ≤ t−3 ,

γ−
3 (t), t+5 ≤ t ≤ t−6 ,

γ4(t) ∈ S4 =

γ+
4 (t), t+3 ≤ t ≤ t−4 ,

γ−
4 (t), t+4 ≤ t ≤ t−5 ,

(2.5)

where t±k (k = 1, · · · , 7) correspond to the time when the above homoclinic orbit reaches and leaves
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Σi (i = 1, 2, 3, 4).

γ+
1 (t−1 ) = [x+

1 (t
−
1 ), y

+
1 (t

−
1 )]

T = (α1, y1)
T ,

γ+
2 (t+1 ) = [x+

2 (t
+
1 ), y

+
2 (t

+
1 )]

T = (α1, y1)
T ,

γ+
2 (t−2 ) = [x+

2 (t
−
2 ), y

+
2 (t

−
2 )]

T = (α2, y2)
T ,

γ+
3 (t+2 ) = [x+

3 (t
+
2 ), y

+
3 (t

+
2 )]

T = (α2, y2)
T ,

γ+
3 (t−3 ) = [x+

3 (t
−
3 ), y

+
3 (t

−
3 )]

T = (α3, y2)
T ,

γ+
3 (t+3 ) = [x+

3 (t
+
3 ), y

+
3 (t

+
3 )]

T = (α3, y3)
T ,

γ+
4 (t−4 ) = [x+

4 (t
−
4 ), y

+
4 (t

−
4 )]

T = (α4, y4)
T ,

(2.6)

and the expressions for γ−
4 (t+4 ), γ−

4 (t−5 ), γ−
3 (t+5 ), γ−

3 (t−6 ), γ−
2 (t+6 ), γ−

2 (t−7 ), γ−
1 (t+7 ) are similar to

(2.6).

Fig. 1. The homoclinic connection in system (2.2)-(2.3) for ε = 0(Blue solid line), the unstable

and stable manifolds of perturbed homoclinic orbit in system (2.2)-(2.3)(Blue dotted line).

2.2 Main results of the Melnikov-type function and method

In this subsection, we will give the derivation process for our new Melnikov-type function and

method about system (2.2)-(2.3). In the following Melnikov-type random process and mathematical

analysis [11, 12], the stable and unstable manifolds about the perturbed systems presented below

and shown in Fig. 1 will be broken and intersect within S4.

The perturbed orbit [43–45] qu(s)(t, t0, ε), (0 < ε ≪ 1) are

qu(t, t0, ε) =


qu,1(t, t0, ε) = γ+

1 (t− t0) + εqu,11 (t, t0) +O(ε2), t ≤ t−1,ε,

qu,2(t, t0, ε) = γ+
2 (t− t0) + εqu,21 (t, t0) +O(ε2), t+1,ε ≤ t ≤ t−2,ε,

qu,3(t, t0, ε) = γ+
3 (t− t0) + εqu,31 (t, t0) +O(ε2), t+2,ε ≤ t ≤ t−3,ε,

qu,4(t, t0, ε) = γ+
4 (t− t0) + εqu,41 (t, t0) +O(ε2), t+3,ε ≤ t ≤ t0

(2.7)
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qs(t, t0, ε) =



qs,5(t, t0, ε) = γ+
4 (t− t0) + εqs,51 (t, t0) +O(ε2), t0 ≤ t ≤ t−4,ε,

qs,4(t, t0, ε) = γ−
4 (t− t0) + εqs,41 (t, t0) +O(ε2), t+4,ε ≤ t ≤ t−5,ε,

qs,3(t, t0, ε) = γ−
3 (t− t0) + εqs,31 (t, t0) +O(ε2), t+5,ε ≤ t ≤ t−6,ε,

qs,2(t, t0, ε) = γ−
2 (t− t0) + εqs,21 (t, t0) +O(ε2), t+6,ε ≤ t ≤ t−7,ε,

qs,1(t, t0, ε) = γ−
1 (t− t0) + εqs,11 (t, t0) +O(ε2), t ≥ t+7,ε,

(2.8)

where t±k,ε (k = 1, · · · , 7) correspond to the point of time when qu(s)(t, t0, ε) leave and reach Σ1,

Σ2, Σ3, Σ4, t
−
k,ε = t+k,ε ,

t±k,ε = t±k + t0 + εt±k,1 +O(ε2), (2.9)

qu(s),i(t, t0, ε) = [xu(s),i(t, t0, ε), yu(s),i(t, t0, ε)]
T , (i = 1, 2, 3, 4),

qs,5(t, t0, ε) = [xs,5(t, t0, ε), ys,5(t, t0, ε)]
T ,

(2.10)

qu,1(t−1,ε, t0, ε) ̸= qu,2(t+1,ε, t0, ε), qs,1(t+7,ε, t0, ε) ̸= qs,2(t−7,ε, t0, ε),

qu,2(t−2,ε, t0, ε) = qu,3(t+2,ε, t0, ε), qs,2(t+6,ε, t0, ε) = qs,3(t−6,ε, t0, ε),

qu,3(t−3,ε, t0, ε) ̸= qu,4(t+4,ε, t0, ε), qs,3(t+5,ε, t0, ε) ̸= qs,4(t−5,ε, t0, ε),

qs,4(t+4,ε, t0, ε) ̸= qs,5(t−4,ε, t0, ε).

(2.11)

And q
u(s),i
1 (t, t0) (i = 1, 2, 3, 4) and qs,41 (t, t0) are governed by

q̇
u(s),i
1 (t, t0) = JD2Hi(γ(t− t0)) · qu(s),i1 (t, t0) +Gi(γ(t− t0), t),

q̇s,51 (t, t0) = JD2H4(γ(t− t0)) · qs,51 (t, t0) +G4(γ(t− t0), t).
(2.12)

Letting

△u(s),i
ε (t, t0) = εJDHi(γ(t− t0)) ∧ q

u(s),i
1 (t, t0),

△s,5
ε (t, t0) = εJDH4(γ(t− t0)) ∧ qs,51 (t, t0).

(2.13)

Differentiating (2.13) with (2.12), we obtain

△̇
u(s),i

ε (t, t0) = εJDHi(γ(t− t0)) ∧Gi(γ(t− t0), t),

△̇
s,5

ε (t, t0) = εJDH4(γ(t− t0)) ∧G4(γ(t− t0), t)
(2.14)

where i = 1, 2, 3, 4, △u,1
ε (−∞, t0) = △s,1

ε (+∞, t0) = 0 due to JDH1(p0) = 0, and q
u(s),i
1 (t, t0) are

bounded.
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Then, measuring the distance between qu(t0, t0, ε) and qs(t0, t0, ε), we have

△ε(t0) =△u,4
ε (t0, t0)−△s,5

ε (t0, t0) +O(ε2)

=[△u,4
ε (t0, t0)−△u,4

ε (t0 + t+3 , t0)] + [△u,4
ε (t0 + t+3 , t0)−△u,3

ε (t0 + t−3 , t0)]

+ [△u,3
ε (t0 + t−3 , t0)−△u,3

ε (t0 + t+2 , t0)] + [△u,3
ε (t0 + t+2 , t0)−△u,3

ε (t0 + t−2 , t0)]

+ [△u,2
ε (t0 + t−2 , t0)−△u,2

ε (t0 + t+1 , t0)] + [△u,2
ε (t0 + t+1 , t0)−△u,1

ε (t0 + t−1 , t0)]

+ [△u,1
ε (t0 + t−1 , t0)−△u,1

ε (−∞, t0)] + [△u,1
ε (−∞, t0)−△s,1

ε (+∞, t0)]

+ [△s,1
ε (+∞, t0)−△s,1

ε (t0 + t+7 , t0)] + [△s,1
ε (t0 + t+7 , t0)−△s,2

ε (t0 + t−7 , t0)]

+ [△s,2
ε (t0 + t−7 , t0)−△s,2

ε (t0 + t+6 , t0)] + [△s,2
ε (t0 + t+6 , t0)−△s,3

ε (t0 + t−6 , t0)]

+ [△s,3
ε (t0 + t−6 , t0)−△s,3

ε (t0 + t+5 , t0)] + [△s,3
ε (t0 + t+5 , t0)−△s,4

ε (t0 + t−5 , t0)]

+ [△s,4
ε (t0 + t−5 , t0)−△s,4

ε (t0 + t+4 , t0)] + [△s,4
ε (t0 + t+4 , t0)−△s,5

ε (t0 + t−4 , t0)]

+ [△s,5
ε (t0 + t−4 , t0)−△s,5

ε (t0, t0)] +O(ε2)

=ε

∫ +∞

−∞
JDH(γ(t− t0)) ∧G(γ(t− t0), t)dt+ I1 + I2 + [△u,2

ε (t0 + t+1 , t0)−△u,1
ε (t0 + t−1 , t0)]

+ [△s,1
ε (t0 + t+7 , t0)−△s,2

ε (t0 + t−7 , t0)] +O(ε2),

(2.15)

where

I1 = [△u,4
ε (t0 + t+3 , t0)−△u,3

ε (t0 + t−3 , t0)] + [△s,3
ε (t0 + t+5 , t0)−△s,4

ε (t0 + t−5 , t0)], (2.16)

I2 = [△s,4
ε (t0 + t+4 , t0)−△s,5

ε (t0 + t−4 , t0)], (2.17)

△u,1
ε (t0 + t−1 , t0) = ε

∫ t−1 +t0

−∞
JDH1(γ(t− t0)) ∧G1(γ(t− t0), t)dt,

−△s,1
ε (t0 + t+7 , t0) = ε

∫ +∞

t+7 +t0

JDH1(γ(t− t0)) ∧G1(γ(t− t0), t)dt.

(2.18)

Firstly, we will calculate △u,2
ε (t0+ t+1 , t0), △s,2

ε (t0+ t−7 , t0). Then, Theorem 2.1 will be given.

Theorem 2.1.

△u,2
ε (t0 + t+1 , t0) = εγ̇+

2 (t+1 )∧
∂η0(γ(t

−
1 ), 0)

∂ε
+

n(γ(t−1 )) ·D∗η0(γ(t
−
1 ), 0)γ̇

+
2 (t+1 )

n(γ(t−1 )) · γ̇
+
1 (t−1 )

×△u,1
ε (t0 + t−1 , t0),

(2.19)

△s,2
ε (t0+t−7 , t0) = εγ̇−

2 (t−7 )∧
∂η−1

0 (γ(t+7 ), 0)

∂ε
+
n(γ(t+7 )) ·D∗η−1

0 (γ(t+7 ), 0)γ̇
−
2 (t−7 )

n(γ(t+7 )) · γ̇
−
1 (t+7 )

×△s,1
ε (t0+t+7 , t0),

(2.20)

where

Dη0(γ(t
−
1 ), 0) =

(
0 0

0
∂η0,0

∂y (Πyγ(t
−
1 ))

)
, Dη−1

0 (γ(t+7 ), 0) =

(
0 0

0
∂η−1

0,0

∂y (Πyγ(t
+
7 ))

)
,

and D∗η0(γ(t
−
1 ), 0), D

∗η−1
0 (γ(t+7 ), 0) represent adjoint corresponding to Dη0(γ(t

−
1 ), 0), Dη−1

0 (γ(t+7 ), 0).

Proof. For t ∈ (t+1,ε, t
−
2,ε), a equation below is written,

qu,2(t, t0, ε) = η0(q
u,1(t−1,ε, t0, ε), ε) +

∫ t

t+1,ε

JDH2(q
u,2(s, t0, ε)) + εG2(q

u,2(s, t0, ε))ds. (2.21)
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Then, we differentiate (2.21) with ε, substitute t+1 + t0 into t and 0 into ε,

qu,21 (t0 + t+1 , t0) =
∂η0(γ(t

−
1 ), 0)

∂ε
+Dη0(γ(t

−
1 ), 0)q

u,1
1 (t0 + t−1 , t0)

+ [Dη0(γ(t
−
1 ), 0)γ̇

+
1 (t−1 )− γ̇+

2 (t+1 )]
dt+1,ε
dε

|ε=0.

(2.22)

With regard to qu,1(t−1,ε, t0, ε) ∈ Σ1, the following equation can be obtained

Πx(q
u,1(t−1,ε, t0, ε)) = α1. (2.23)

Next, we also differentiate (2.23) with ε, let ε = 0, due to t+1,ε = t−1,ε, there is

dt+1,ε
dε

|ε=0 = −n(γ(t−1 )) · q
u,1
1 (t0 + t−1 , t0)

n(γ(t−1 )) · γ̇
+
1 (t−1 )

(2.24)

Thus, we substitute (2.24) and (2.22) into (2.13), the above equation in (2.19) can be derived,

△u,2
ε (t0 + t+1 , t0) =εJDH2(γ(t

+
1 )) ∧ qu,21 (t0 + t+1 , t0)

=εγ̇+
2 (t+1 ) ∧

{
∂η0(γ(t

−
1 ), 0)

∂ε
+
[
Dη0(γ(t

−
1 ), 0)

+
[γ̇+

2 (t+1 )−Dη0(γ(t
−
1 ), 0)γ̇

+
1 (t−1 )]n(γ(t

−
1 ))

n(γ(t−1 )) · γ̇
+
1 (t−1 )

]
qu,11 (t0 + t−1 , t0)

}
=εγ̇+

2 (t+1 ) ∧
∂η0(γ(t

−
1 ), 0)

∂ε
+ ε

n(γ(t−1 )) ·D∗η0(γ(t
−
1 ), 0)γ̇

+
2 (t+1 )

n(γ(t−1 )) · γ̇
+
1 (t−1 )

× γ̇+
1 (t−1 ) ∧ qu,11 (t0 + t−1 , t0)

=εγ̇+
2 (t+1 ) ∧

∂η0(γ(t
−
1 ), 0)

∂ε
+

n(γ(t−1 )) ·D∗η0(γ(t
−
1 ), 0)γ̇

+
2 (t+1 )

n(γ(t−1 )) · γ̇
+
1 (t−1 )

×△u,1
ε (t0 + t−1 , t0).

(2.25)

The proof for (2.20) is the same as (2.19), thus, omitting here.

Secondly, I1 and I2 are calculated.

Let

△u(s),i
1 (t, t0) = JDHi(γ(t− t0)) ∧ qu(s),i(t, t0),

△s,5
1 (t, t0) = JDH4(γ(t− t0)) ∧ qs,5(t, t0).

(2.26)

According to [28,29], we know

I1 + I2 =[△u,4
ε (t0 + t+3 , t0)−△u,3

ε (t0 + t−3 , t0)] + [△s,3
ε (t0 + t+5 , t0)−△s,4

ε (t0 + t−5 , t0)]

+ [△s,4
ε (t0 + t+4 , t0)−△s,5

ε (t0 + t−4 , t0)]

=[△u,4
1 (t0 + t+3 , t0)−△u,3

1 (t0 + t−3 , t0)] + [△s,3
1 (t0 + t+5 , t0)−△s,4

1 (t0 + t−5 , t0)]

+ [△s,4
1 (t0 + t+4 , t0)−△s,5

1 (t0 + t−4 , t0)]

(2.27)

From [29], we know that qu,4(t+3,ε, t0, ε) can become

qu,4(t+3,ε, t0, ε) = qu,4(t+3 + t0, t0, ε) + εt+3,1JDH4(q
u,4(t+3 + t0, t0, ε)), (2.28)

Based on (2.7), (2.8) and (2.28), there are

t+3,1 = −xu,4
4 (t+3 + t0, t0)

y+4 (t
+
3 )

+O(ε), (2.29)
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yu,4(t+3,ε, t0, ε) = y+4 (t
+
3 ) + εt+3,1h4(x

+
4 (t

+
3 )) + εyu,41 (t+3 + t0, t0) +O(ε2), (2.30)

similarly,

t−5,1 = −xs,4
4 (t−5 + t0, t0)

y−4 (t
−
5 )

+O(ε), (2.31)

ys,4(t−5,ε, t0, ε) = y−4 (t
−
5 ) + εt−5,1h4(x

−
4 (t

−
5 )) + εys,41 (t−5 + t0, t0) +O(ε2), (2.32)

t+4,1 = −xs,4
4 (t+4 + t0, t0)

y−4 (t
+
4 )

+O(ε), (2.33)

ys,5(t−4,ε, t0, ε) = y+4 (t
−
4 ) + εt−4,1h4(x

+
4 (t

−
4 )) + εys,51 (t−4 + t0, t0) +O(ε2). (2.34)

Substituting (2.28) into (2.26), we get

I1 + I2 =[y+4 (t
+
3 )y

u,4(t+3,ε, t0, ε)− y+3 (t
−
3 )y

u,3(t−3,ε, t0, ε)]

+ [y−3 (t
+
5 )y

s,3(t+5,ε, t0, ε)− y−4 (t
−
5 )y

s,4(t−5,ε, t0, ε)]

+ [y−4 (t
+
4 )y

s,4(t+4,ε, t0, ε)− y+4 (t
−
4 )y

s,5(t−4,ε, t0, ε)].

(2.35)

And from (2.4), we get

y+4 (t
+
3 ) =

1

γ0
y+3 (t

−
3 ),

yu,4(t+3,ε, t0, ε) =
(1− εη2)

γ0
yu,3(t−3,ε, t0, ε),

y−3 (t
+
5 ) = γ0y

−
4 (t

−
5 ),

ys,3(t+5,ε, t0, ε) = (1− εη2)γ0y
s,4(t−5,ε, t0, ε),

y−4 (t
+
4 ) = −y+4 (t

−
4 ),

ys,4(t+4,ε, t0, ε) = −(1− εη1)y
s,5(t−4,ε, t0, ε).

(2.36)

Thus,

I1 + I2 =[1− (1 + εη2)γ
2
0 ]y

+
4 (t

+
3 )y

u,4(t+3,ε, t0, ε)

+ [(1− εη2)γ
2
0 − 1]y−4 (t

−
5 )y

s,4(t−5,ε, t0, ε)− εη1y
+
4 (t

−
4 )y

s,5(t−4,ε, t0, ε)

=ε[−2η2[y
+
3 (t

−
3 )]

2 + (γ2
0 − 1)[[y−4 (t

−
5 )y

s,4
1 (t−5 + t0, t0)− xs,4

1 (t−5 + t0, t0)h4(x
−
4 (t

−
5 ))]

− [y+4 (t
+
3 )y

u,4
1 (t+3 + t0, t0)− xu,4

1 (t+3 + t0, t0)h4(x
+
4 (t

+
3 ))]]− η1[y

+
4 (t

−
4 )]

2] +O(ε2)

=ε[−2η2[y
+
3 (t

−
3 )]

2 + (γ2
0 − 1)

(∫ t−5 +t0

t+4 +t0

JDH4(γ
−
4 (t− t0)) ∧G4(γ

−
4 (t− t0), t)dt+

∫ t−4 +t0

t+3 +t0

JDH4(γ
+
4 (t− t0)) ∧G4(γ

+
4 (t− t0), t)dt

)
− η1[y

+
4 (t

−
4 )]

2] +O(ε2).

(2.37)

According to [29], there are

[y+3 (t
−
3 )]

2 =2

∫ α1

x0

h1(x)dx+ 2

∫ α2

α1

h2(x)dx+ 2

∫ α3

α2

h3(x)dx

[y+4 (t
−
4 )]

2 =
2

γ2
0

∫ α1

x0

h1(x)dx+
2

γ2
0

∫ α2

α1

h2(x)dx+
2

γ2
0

∫ α3

α2

h3(x)dx+ 2

∫ α4

α3

h4(x)dx.

(2.38)

Then, substituting (2.18), (2.19), (2.20), (2.37), (2.38) into (2.15), we can derive the following

specific random non-smooth Melnikov-type function,

M(t0) = Md(t0) +Mr(t0), (2.39)
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where

Md(t0) =γ̇+
2 (t+1 ) ∧

∂η0(γ(t
−
1 ), 0)

∂ε
− γ̇−

2 (t−7 ) ∧
∂η−1

0 (γ(t+7 ), 0)

∂ε

+
n(γ(t−1 )) ·D∗η0(γ(t

−
1 ), 0)γ̇

+
2 (t+1 )

n(γ(t−1 )) · γ̇
+
1 (t−1 )

×
∫ t−1

−∞
JDH1(γ

+
1 (t)) ∧ f1(γ

+
1 (t), t+ t0)dt

+

∫ t−2

t+1

JDH2(γ
+
2 (t)) ∧ f2(γ

+
2 (t), t+ t0)dt+

∫ t−7

t+6

JDH2(γ
−
2 (t)) ∧ f2(γ

−
2 (t), t+ t0)dt

+

∫ t−3

t+2

JDH3(γ
+
3 (t)) ∧ f3(γ

+
3 (t), t+ t0)dt+

∫ t−6

t+5

JDH3(γ
−
3 (t)) ∧ f3(γ

−
3 (t), t+ t0)dt

+ γ2
0

(∫ t−4

t+3

JDH4(γ
+
4 (t)) ∧ f4(γ

+
4 (t), t+ t0)dt+

∫ t−5

t+4

JDH4(γ
−
4 (t)) ∧ f4(γ

+
4 (t), t+ t0)dt

)

− 4η2

(∫ α1

x0

h1(x)dx+

∫ α2

α1

h2(x)dx+

∫ α3

α2

h3(x)dx

)
− 2η1

(
1

γ2
0

∫ α1

x0

h1(x)dx+
1

γ2
0

∫ α2

α1

h2(x)dx+
1

γ2
0

∫ α3

α2

h3(x)dx+

∫ α4

α3

h4(x)dx

)
+

n(γ(t+7 )) ·D∗η−1
0 (γ(t+7 ), 0)γ̇

−
2 (t−7 )

n(γ(t+7 )) · γ̇
−
1 (t+7 )

×
∫ +∞

t+7

JDH1(γ
−
1 (t)) ∧ f1(γ

−
1 (t), t+ t0)dt,

(2.40)

and

Mr(t0) =
n(γ(t−1 )) ·D∗η0(γ(t

−
1 ), 0)γ̇

+
2 (t+1 )

n(γ(t−1 )) · γ̇
+
1 (t−1 )

×
∫ t−1

−∞
JDH1(γ

+
1 (t)) ∧ g1(γ

+
1 (t))ξ(t+ t0)dt

+

∫ t−2

t+1

JDH2(γ
+
2 (t)) ∧ g2(γ

+
2 (t))ξ(t+ t0)dt+

∫ t−7

t+6

JDH2(γ
−
2 (t)) ∧ g2(γ

−
2 (t))ξ(t+ t0)dtdt

+

∫ t−3

t+2

JDH3(γ
+
3 (t)) ∧ g3(γ

+
3 (t))ξ(t+ t0)dt+

∫ t−6

t+5

JDH3(γ
−
3 (t)) ∧ g3(γ

−
3 (t))ξ(t+ t0)dt

+ γ2
0

(∫ t−4

t+3

JDH4(γ
+
4 (t)) ∧ g4(γ

+
4 (t))ξ(t+ t0)dt+

∫ t−5

t+4

JDH4(γ
−
4 (t)) ∧ g4(γ

−
4 (t))ξ(t+ t0)dt

)

+
n(γ(t+7 )) ·D∗η−1

0 (γ(t+7 ), 0)γ̇
−
2 (t−7 )

n(γ(t+7 )) · γ̇
−
1 (t+7 )

×
∫ +∞

t+7

JDH1(γ
−
1 (t)) ∧ g1(γ

−
1 (t))ξ(t+ t0)dt.

(2.41)

We treat the random part of M(t0) in the statistical sense [43], and Mr(t0) with convolution

form is

Mr(t0) = l(t) ∗ ξ(t), (2.42)
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here

l(t) =



n(γ(t−1 )) ·D∗η0(γ(t
−
1 ), 0)γ̇

+
2 (t+1 )

n(γ(t−1 )) · γ̇
+
1 (t−1 )

×
[
JDH1(γ

+
1 (t)) ∧ g1(γ

+
1 (t))

]
, t ≤ t−1 ,

JDH2(γ
+
2 (t)) ∧ g2(γ

+
2 (t)), t+1 ≤ t ≤ t−2 ,

JDH3(γ
+
3 (t)) ∧ g3(γ

+
3 (t)), t+2 ≤ t ≤ t−3 ,

γ2
0 [JDH4(γ

+
4 (t)) ∧ g4(γ

+
4 (t))], t+3 ≤ t ≤ t−4 ,

γ2
0 [JDH4(γ

−
4 (t)) ∧ g4(γ

−
4 (t))], t+4 ≤ t ≤ t−5 ,

JDH3(γ
−
3 (t)) ∧ g3(γ

−
3 (t)), t+5 ≤ t ≤ t−6 ,

JDH2(γ
−
2 (t)) ∧ g2(γ

−
2 (t)), t+6 ≤ t ≤ t−7 ,

n(γ(t+7 )) ·D∗η−1
0 (γ(t+7 ), 0)γ̇

−
2 (t−7 )

n(γ(t+7 )) · γ̇
−
1 (t+7 )

× [JDH1(γ
−
1 (t)) ∧ g1(γ

−
1 (t))], t ≥ t+7 .

(2.43)

Then, we regard l(t) and ξ(t) as the impulse response and the system’s input, respectively. We

have

H0(ω1) =

∫ +∞

−∞
l(t)e−jω1tdt. (2.44)

And

E [M(t0)] = Md, (2.45)

where the variance of Mr(t0) is

σ2
r =E

[
(Mr(t0))

2
]
− [E [Mr(t0)]]

2

=

∫ +∞

−∞
|H0(ω1)|2Sξ(ω1)dω,

(2.46)

M(t0) varies between Md − σr and Md + σr with standard deviation σr.

In view of [12,39,43,44], the above Melnikov-type mathematical derivation process and (2.39), the

following Theorem 2.2 will be derived.

Theorem 2.2. (i) If Md(t0) = 0, M(t0) has some simple zeros about t0 under the mean sense.

(ii) If Md(t0) ̸= 0, M(t0) has some simple zeros about t0 under the mean square sense when

M2
d (t0) = σ2

r .

Remark 1. If the formula (2.39) possesses the statistical sense simple zero points, the stable and

unstable manifold of system (2.2)-(2.3) will be intersected transversally. Then, from [11, 12], this

class of systems will occur homoclinic bifurcation and exist chaos. Additionally, Md(t0) = 0 is the

homoclinic chaos criteria under Smale horseshoes sense of system (2.2)-(2.3) when noise excitation

doesn’t exist. Then, the extended Melnikov-type method of the homoclinic bifurcation and chaos

is derived.

Remark 2. Next, on the one hand, we will provide the overall elaboration and discussion to the

practical significance of the Melnikov theoretical framework proposed in Section 2. Taking engi-

neering systems with feedback control and chaotic oscillations in mechanical systems as examples,

we will discuss the extension and application of Melnikov method within this theoretical framework

to non-smooth systems in various real-world scenarios.

In many real-world engineering systems, especially in the fields of automatic control and signal

processing, feedback control is crucial. Engineering systems with feedback control may encounter

various non-smooth factors in practical operation, such as amplitude limiting, relay switching, etc.

The key points, steps, and methods used in the theoretical extension and application of the Mel-

nikov process in other real-world non-smooth engineering systems with feedback control are similar
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to those in our this study. The reason is that this study applies the extended random non-smooth

Melnikov result to a concrete hybrid seven-piecewise system under feedback control. However,

some differences are that other real-world non-smooth engineering systems are more complex, sub-

ject to more external environmental influences, and more susceptible to the coupling effects of

various random non-smooth factors. Significantly, real-world engineering systems generally have

high-dimensional characteristics. At this point, it is necessary to comprehensively introduce new di-

mensionality reduction and decoupling methods, as well as new energy-time scale transformations,

based on the high-dimensional, random, and non-smooth characteristics contained in the studied

system. These will result in a new dimensionality reduction form of the system in the energy coor-

dinate. Then, referring to the theoretical framework Section 2 of our this study, we will derive the

corresponding new Melnikov function and summarize the new Melnikov theoretical method. For

the practical significance of the application for this extended new Melnikov theoretical method, it

can analyze the orbital deviation and stability changes of the real-world engineering systems before

and after introducing feedback control from a global perspective, and reveal physical phenomena

such as period doubling, the generation of chaotic attractors, etc. Through the deep understanding

of systems’ behavior within this Melnikov framework, feedback control strategies can be optimized

to help identify key parameter ranges and system sensitivities, and predict possible failure modes

of the engineering systems under feedback control, thereby ensuring safe and stable operation of

the system in engineering applications.

In mechanical systems, especially non-smooth systems involving impact and friction, such as

pendulum impact systems, vibration impact systems, vibrating screens, etc., chaotic oscillations

often occur. This oscillation will affect the actual stability and performance of the system. For the

application research of the Melnikov process in the chaotic oscillation of actual non-smooth me-

chanical systems, the key points, steps, and methods are similar to our elaboration in the relevant

issues of engineering systems with feedback control mentioned above. For its practical application,

the extended Melnikov method can help us gain a deeper understanding of the dynamic behavior

for mechanical systems, reveal the mechanism of chaotic oscillation, and provide important refer-

ence for systems’ optimization design and control. Specifically, this extended Melnikov method can

reveal the vibration characteristics and laws of the system under different parameter conditions,

especially under the influence of noise excitation, external disturbances, and other practical situ-

ations, by analyzing the sudden changes, phase trajectory shifts, and behaviors near non-smooth

critical points that occur during the global transition process of this system. For example, when

structures such as bridges and buildings are affected by earthquakes or wind, complex dynamic

responses may occur. This extended Melnikov theoretical method can identify the conditions that

cause resonance or instability, providing a basis for designing seismic or wind resistant devices and

reducing the risk of system failure due to chaotic oscillations.

Remark 3. On the other hand, the significance and importance of noise excitation, damping,

impulsive excitation and other physical phenomena of the system studied within this framework

will also be elaborated in detail.

In many practical systems, noise excitation is inevitable, especially in scenarios where external

environmental perturbations or internal system oscillations occur. When introducing noise excita-

tion factors, the orbital stability and chaotic behavior of the system will be significantly affected,

and in the extension process of the corresponding Melnikov method, it is also necessary to addi-

tionally combine random response methods to handle the corresponding noise terms. By extending

the Melnikov method to analyze the impact of noise on orbital bifurcations and trajectory offsets,

it is helpful to predict the behavior changes of the system in noisy environments and understand
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the random response behavior of the system, thereby guiding the control and optimization of the

system in practical applications. These also have guiding significance for many other application

scenarios, such as evaluating the impact of signal noise on stability in communication systems, or

analyzing the impact of random perturbations on market volatility in financial markets.

Damping is the mechanism of energy dissipation, which can affect the vibration characteristics

and stability of the system. In practical engineering systems such as mechanical oscillations,

damping can reduce the amplitude of chaotic oscillations or guide the system to restore the stable

state. By introducing damping into the analytical framework of the extended Melnikov method, the

behavior of actual systems can be more accurately described. The resulting extended method helps

to understand the behavioral changes of systems from chaotic oscillation states to stable states,

especially, those controlled by damping, such as shock absorbers, vehicle suspension systems, etc.

The damping term in non-smooth systems not only helps predict energy decay, but also analyzes

its suppression effect on orbital deviation. These can help extend the Melnikov method in a wider

range of systems, and corresponding extensions can better estimate the damping effect of structures

under extreme conditions, thereby improving the anti-interference ability and safety of the system.

Impulsive excitation is a sudden excitation in a system, which is related to the environment in

which the system is located or sudden changes within the system. It can cause sudden changes in

the evolution and dynamic behavior of the system. Impulsive excitation can cause system vibration

and generate impact effects within the system. These will cause resonance phenomenon, gradually

increase the amplitude of the system, and pose a threat to the system structure. Considering the

dynamics and evolution of the system under impulsive excitation in the framework of extending

the Melnikov theoretical method can help us reveal the instantaneous mutation characteristics and

dynamic response of the system, which provides the basis for understanding the robustness of the

system and the design of corresponding control strategies.

Remark 4. If η0(α1, y, ε) = (α1, y), gi = 0 (i = 1, 2, 3, 4), t+1 = t−2 , t
+
6 = t−7 , i.e., Σ2 doesn’t exist,

system (2.2)-(2.3) are able to become the general piecewise smooth system under impulse, the rigid

impact, two switching manifolds and three zones, then our M(t0) in (2.39) will be reduced to the

form obtained in [28].

Remark 5. If t+1 = t−2 , t
+
6 = t−7 , i.e., Σ2 and the unilateral rigid constraint Σ4 don’t exist, system

(2.2)-(2.3) will become the system studied in our previous paper [44]. Then, our M(t0) in (2.39)

will be reduced to the form obtained in [44].

Thus, we have mainly developed the theoretical part of [28,44] from the theoretical perspective.

Next, the above Melnikov-type method we extended will be applied in analysing a concrete hybrid

seven-piecewise feedback control system to verify the correctness and effectiveness of this method.

3 Application example and numerical simulations

3.1 Application to a concrete hybrid seven-piecewise feedback control

system

According to [3, 53], based on the plant whose motion is governed by a single-degree-of-freedom

(SDOF) hybrid piecewise system with elastic impact, rigid impact, noise excitation, impulsive

excitation, damping and periodic perturbations, we consider a concrete hybrid seven-piecewise
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system under feedback control in the following form, as shown in Fig. 2.

ẍ+ 2µẋ+ x+ F (x) = f0 cos(ωt) + δξ(t), x < 1,

ẍ+ 2µẋ− x+ F (x) = f0 cos(ωt) + δξ(t), 1 ≤ x <
3

2
,

ẍ+ 2µẋ+ x− 3

2
+ F (x) = f0 cos(ωt) + δξ(t),

3

2
< x < 2,

η0 : (α1, ẋ, ε) 7→ (α1, η0,ε(ẋ)),

ẋ− |x= 3
2
= γ0(1− εη2)ẋ

+ |x= 3
2
,

ẋ+ |x=2= −(1− εη1)ẋ
− |x=2,

(3.1)

where the actuator is subjected to saturation and dead zone constrains. Dead zone caused by

the insensitivity of the actual actuator to small inputs means that the output is zero. Saturation

caused by the limitation of the actual actuator means that the output reaches saturation value.

The motion for controlled system, i.e., the plant, is switched by the dimensionless displacement

constraint about x. ω and f0 are the frequency and coefficient for periodic excitation, µ denotes

the damping coefficient, δ is the intensity for Gaussian white noise excitation ξ(t). The fourth

equation in (3.1) is the reset mapping rule about the elastic impact of the plant motion. The fifth

and sixth equations in (3.1) represent the change of the plant motion subjected to the impulsive

excitation and the rigid impact described by unilateral constraint. γ0 is the coefficient of sudden

change in speed without energy lost, γ0(1 − εη2) and −(1 − εη1) are the coefficients of sudden

change in speed with energy loss. The piecewise linear function F (x) about x with parameters

β, α1(0 < β < α1 < 1) is the dimensionless output of the actuator subjected to saturation and

dead zone constrains corresponding to the simple feedback control in Fig. 3, i.e.,

F (x) =



0, |x| ≤ β,

− 1

α1 − β
(x− βsign(x)), β < |x| < α1,

−sign(x), x ≤ −α1 and α1 < x < 1,

0, 1 ≤ x.

(3.2)

Let ẋ = y, µ = εµ, f0 = εf, δ = εδ, we denote again (µ, f0, δ) by (µ, f0, δ) (0 < ε ≪ 1). Then,

the piecewise unperturbed Hamiltonian function corresponding to system (3.1) is

H(x, y) =



H1(x, y) =
1
2y

2 + 1
2x

2 − β2

2(1 + β − α1)
, |x| ≤ β,

H2(x, y) =
1
2y

2 + 1
2x

2 − 1

2(α1 − β)
(x− βsign(x))

2 − β2

2(1 + β − α1)
, β < |x| < α1,

H3(x, y) =
1
2y

2 + 1
2x

2 − xsign(x)− α2
1 − α1 − β

2(1 + β − α1)
, x ≤ −α1 and α1 < x < 1,

H4(x, y) =
1
2y

2 − 1
2x

2 − α2
1 − α1 − β

2(1 + β − α1)
, 1 ≤ x <

3

2
,

H5(x, y) =
1
2y

2 + 1
2x

2 − 3

2
x,

3

2
< x < 2.

(3.3)

Moreover, the five-piecewise linear system studied in [53] is regarded to be a simplified case for the

seven-piecewise linear system (3.1) we constructed when the plant changes from a hybrid piecewise

linear system to a simple smooth linear system and

F (x) =


0, |x| ≤ β,

− 1

α1 − β
(x− βsign(x)), β < |x| < α1,

−sign(x), α1 ≤ |x|.

(3.4)
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The piecewise linear system studied in [53] has five equilibria, i.e., (0, 0),

(
± β

1 + β − α1

)
, (±1, 0),

and the piecewise homoclinic and heteroclinic solutions as shown in Fig. 4(a) when β =
3

10
, α1 =

4

5
. With the same parameter values, system (3.1) has the piecewise homoclinic and heteroclinic

solutions as shown in Fig. 4(b). Meanwhile, we only consider the piecewise homoclinic orbit

connecting

(
3

5
, 0

)
to itself.

Fig. 2. Block diagram of a class of SDOF hybrid piecewise systems under feedback control where

the actuator is subjected to saturation and dead zone constrains.

Fig. 3. The piecewise function F (x) corresponding to the output of the actuator subjected to

saturation and dead zone constrains.

In this section, the homoclinic bifurcation and chaotic dynamics of the single-degree-of-freedom

hybrid piecewise feedback control system subjected to saturation and dead zone constrains with

or without noise excitation, i.e., system (3.1), are investigated by our extended Melnikov-type
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(a) (b)

Fig. 4. The piecewise homoclinic and heteroclinic solutions of (a): system studied in [53] for ε = 0

and (b): the hybrid piecewise feedback control system (3.1) we considered for ε = 0.

method. Then, system (3.1)-(3.2) with β =
3

10
, α1 =

4

5
becomes:

ẋ = y,

ẏ = −x+ ε [−2µy + f0 cos(ωt) + δξ(t)] ,
|x| ≤ 3

10
,ẋ = y,

ẏ = x− 3

5
sign(x) + ε [−2µy + f0 cos(ωt) + δξ(t)] ,

3

10
< |x| < 4

5
,ẋ = y,

ẏ = −x+ sign(x) + ε [−2µy + f0 cos(ωt) + δξ(t)] ,
x ≤ −4

5
and

4

5
< x < 1,ẋ = y,

ẏ = x+ ε [−2µy + f0 cos(ωt) + δξ(t)] ,
1 ≤ x <

3

2
,ẋ = y,

ẏ = −x+
3

2
+ ε [−2µy + f0 cos(ωt) + δξ(t)] ,

3

2
< x < 2,

∆x |x= 4
5 ,1

= 0, ∆y |x=1= 0, ∆y |x= 4
5
̸= 0,

y− |x= 3
2
=

√
133

15
(1− εη2)y

+ |x= 3
2
,

y+ |x=2= −(1− εη1)y
− |x=2 .

(3.5)

The above reset mapping rule about x =
4

5
becomes

η0 : (
4

5
, y, ε) 7→ (

4

5
, yε) =


(
4

5
,

y

1 + ερ0y

)
, y > 0,(

4

5
,

y

1− ερ0y

)
, y < 0,

(3.6)

where ρ0 is a positive parameter and

η−1
0 : (

4

5
, y, ε) 7→ (

4

5
, yε) =


(
4

5
,

y

1− ερ0y

)
, y > 0,(

4

5
,

y

1 + ερ0y

)
, y < 0.

(3.7)

17



Furthermore,

H(x, y) =



H1(x, y) =
1
2y

2 + 1
2x

2 − 9

100
, |x| ≤ 3

10
,

H2(x, y) =
1
2y

2 + 1
2x

2 −
[
x− 3

10
sign(x)

]2
− 9

100
,

3

10
< |x| < 4

5
,

H3(x, y) =
1
2y

2 + 1
2x

2 − xsign(x) +
23

50
, x ≤ −4

5
and

4

5
< x < 1,

H4(x, y) =
1
2y

2 − 1
2x

2 +
23

50
, 1 ≤ x <

3

2
,

H5(x, y) =
1
2y

2 + 1
2x

2 − 3

2
x,

3

2
< x < 2.

(3.8)

A saddle point p0 = (x0, y0) =

(
3

5
, 0

)
is one of equilibria of the unperturbed system (3.5)-(3.6).

The above piecewise homoclinic orbit about p0 shown in Fig. 4(b) is written as

γ(t) =



(
3

5
+

1

5
exp(t+ ta),

1

5
exp(t+ ta)

)
, t ≤ t−1 ,(

1 +

√
2

5
cos(t),−

√
2

5
sin(t)

)
, t+1 ≤ t ≤ t−2 ,(√

23

5
sec(−t− tb),−

√
23

5
tan(−t− tb)

)
, t+2 ≤ t ≤ t−3 ,(

3

2
+

3

2
cos(t+ tc),

3

2
sin(t+ tc)

)
, t+3 ≤ t ≤ t−4 ,(

3

2
+

3

2
cos(t− td),−

3

2
sin(t− td)

)
, t+4 ≤ t ≤ t−5 ,(√

23

5
sec(te − t),

√
23

5
tan(te − t)

)
, t+5 ≤ t ≤ t−6 ,(

1 +

√
2

5
cos(tf − t),

√
2

5
sin(tf − t)

)
, t+6 ≤ t ≤ t−7 ,(

3

5
+

1

5
exp(tg − t),−1

5
exp(tg − t)

)
, t ≥ t+7 ,

(3.9)

where ta = 2.356194, tb = 1.857553, tc = 2.551328, td = 3.731858, te = 4.425633, tf =

9.424779, tg = 11.780973, t±1 = −2.356194, t±2 = −1.570796, t±3 = −0.980532, t±4 = 4.962817, t±5 =

5.302654, t±6 = 10.995575, t±7 = 11.780973. According to (3.6)-(3.9),

γ+
1 (t−1 ) = γ+

2 (t+1 ) =

(
1,

1

5

)
= (1, y1) ,

γ−
2 (t−7 ) = γ−

1 (t+7 ) =

(
1,−1

5

)
= (1,−y1) ,

(3.10)

∂η0(γ(t
−
1 ), 0)

∂ε
= (0,−ρ0y

2
1),

∂η−1
0 (γ(t+7 ), 0)

∂ε
= (0,−ρ0(−y1)

2). (3.11)

In view of our new Melnikov-type function in (2.39), we can obtained the following formula by

substituting and calculating,

M(t0) = −2ρ0y
3
1 −2µA+f0

√
B2

1 +B2
2 sin(ωt0+ϕ)− 133

50
η2−

450

133
η1+

∫ +∞

−∞
l(t)ξ(t+ t0)dt (3.12)
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where

A =9.910218, tan(ϕ) =
B2

B1
,

B1 =

∫ 3
2

1

cos

(
ω

[
−arcsec

(
5x√
23

)
− tb

])
− cos

(
ω

[
−arcsec

(
5x√
23

)
+ te

])
dx

+
1

10(ω4 − 1)

[
4ω2 cos(ωt±1 )− 4ω sin(ωt±1 ) + 2

√
2ω(1 + ω2) sin(ωt±2 )− 15ω(1 + ω2) sin(ωt±3 )

+10(1 + ω2)(cos(ωt±4 ) + 2
√
2ω sin(ωt±4 ))− 15ω(1 + ω2) sin(ωt±5 ) + 2

√
2ω(1 + ω2) sin(ωt±6 )

+4 cos(ωt±7 )− 4ω sin(ωt±7 )
]
,

B2 =

∫ 3
2

1

sin

(
ω

[
−arcsec

(
5x√
23

)
− tb

])
− sin

(
ω

[
−arcsec

(
5x√
23

)
+ te

])
dx

+
1

10(ω4 − 1)

[
4ω cos(ωt±1 ) + 4ω2 sin(ωt±1 )− 2

√
2ω(1 + ω2) cos(ωt±2 ) + 15ω(1 + ω2) cos(ωt±3 )

−10(1 + ω2)(2
√
2ω cos(ωt±4 )− sin(ωt±4 )) + 15ω(1 + ω2) cos(ωt±5 )− 2

√
2ω(1 + ω2) cos(ωt±6 )

+4ω cos(ωt±7 ) + 4 sin(ωt±7 )
]
,

and l(t) is

l(t) =



δ

5
exp(t+ ta), t ≤ t−1 ,

−
√
2δ

5
sin(t), t+1 ≤ t ≤ t−2 ,

−
√
23δ

5
tan(−t− tb), t+2 ≤ t ≤ t−3 ,

3γ2
0δ

2
sin(t+ tc), t+3 ≤ t ≤ t−4 ,

−3γ2
0δ

2
sin(t− td), t+4 ≤ t ≤ t−5 ,√

23δ

5
tan(te − t), t+5 ≤ t ≤ t−6 ,√

2δ

5
sin(tf − t), t+6 ≤ t ≤ t−7 ,

−δ

5
exp(tg − t), t ≥ t+7 .

(3.13)

Then, the following two cases without and with noise excitation can be derived by Theorem 2.2

and Remark 1,

Case A: δ = 0

The noise excitation ξ(t) doesn’t exist, M(t0) has simple zeros with t0 if

|2ρ0y31 + 2µA+
450

133
η1 +

133

50
η2| < f0

√
B2

1 +B2
2 . (3.14)

Case B: δ ̸= 0

Based on (2.46), there is

σ2
r =

1

2π

∫ +∞

−∞

[∫ +∞

−∞
l(t) cos(ω1t)dt

]2
dω1. (3.15)

The noise excitation ξ(t) exists, M(t0) has simple zeros under the mean-square sense with t0 if(
2ρ0y

3
1 + 2µA+

450

133
η1 +

133

50
η2

)2

< f2
0 (B

2
1 +B2

2) + σ2
r . (3.16)

19



3.2 Numerical simulations

These analytical results, the correctness for our new method, the homoclinic bifurcation and chaos

in system (3.5)-(3.6) will be tested and verified by the following numerical simulations and the

corresponding explanations.

Letting ε = 0.01, η1 = η2 = 0.1. The chaos and homoclinic bifurcation thresholds in system

(3.5)-(3.6) under ρ0 = 0.5, δ = 0 calculated through (3.14) under µ = 0.05, 0.2, 0.4, 0.8 are

described within Fig 5(a). The thresholds about homoclinic chaos in system (3.5)-(3.6) under

ρ0 = 0.5, δ = 0 calculated through (3.14) with ρ0 = 0.1, 0.4, 0.7, 1 are described within Fig 5(b).

The thresholds about homoclinic chaos for system (3.5)-(3.6) with ρ0 = 0.1, ω = 1.75 calculated

through (3.16) under µ = 0.01, 0.11, 0.21, 0.31 described within Fig 6(a). The thresholds about

homoclinic chaos in system (3.5)-(3.6) under µ = 0.5, f0 = 11.5 calculated through (3.16) about

ρ0 = 0.1, 0.4, 0.7, 1 are described within Fig. 6(b). The surface about the thresholds in system

(3.5)-(3.6) about ρ0 = 0.5, δ = 0 in (ω, µ, f0) space is described within Fig. 7(a). The homoclinic

chaotic surface for system (3.5)-(3.6) about µ = 0.5, ρ0 = 0.1, η1 = 0.1, f0 = 10 in (ω, η2, δ)

space is described within Fig. 7(b). In view of Fig. 5-Fig. 7, the homoclinic bifurcation and chaos

complicated dynamics will occur within the regions above the each critical curve and surface.

As to the homoclinic chaos in system (3.5)-(3.6), the parameters we chose in the following all

numerical simulations guarantee that existing the homoclinic orbit with transversality. We take

µ = 0.6, ε = 0.01, ω = 1.25, η1 = 1, η2 = 0.1, ρ0 = 0.9. For the noise excitation ξ(t) doesn’t exist

with δ = 0, homoclinic chaos states in system (3.5)-(3.6) about f0 = 12.6, 14, 19, 22, 26.5, 34

are within Fig. 8. The phase portrait and the corresponding time serie in system (3.5)-(3.6) under

δ = 0 and f0 = 41 are shown within Fig. 9 to better demonstrate the state of system’s chaos.

For the noise excitation ξ(t) exists, homoclinic chaotic dynamics in system (3.5)-(3.6) under the

corresponding parameter f0 = 14, δ = 0.000001, 0.7, 3.5, 6 are shown within Fig. 11(a)-Fig.

11(d). When δ increases from small to big within the small range, the degree for chaotic state in

system (3.5)-(3.6) will deepen as shown in Fig. 11. However, the chaotic degree will weaken as

shown within Fig. 11(c) to Fig. 11(d) if δ go on increasing within the big range. The representative

phenomena of chaotic dissipation in the system (3.5)-(3.6) has also been weakened. These results

and representative phenomena demonstrate that the transformation of noise excitation intensity

δ can suppress and enhance chaotic degree in system (3.5)-(3.6). From the comparison results

between Fig. 11(a) and Fig. 8(b), it can be seen that even introducing extremely low intensity

in noise δ = 0.000001 will also have the significant effects about chaotic state and phase portraits

in system (3.5)-(3.6) under the same periodic excitation f0 = 14. Subsequently, the 0-1 test

method for chaos [55,56] will be used to further test and show those above results of system (3.5)-

(3.6). If the test value of correlation coefficient Kc is close to 0, i.e., Kc ≈ 0, then the system’s

new trajectories within the newly established coordinates are bounded and the corresponding

dynamical behaviours of system (3.5)-(3.6) are regular. Conversely, if the test value is close to

1, i.e., Kc ≈ 1, then the system’s new trajectories within the newly established coordinates are

unbounded, i.e., Brownian-like, and the corresponding dynamical behaviours of system (3.5)-(3.6)

are chaotic. Afterwards, for the noise excitation ξ(t) doesn’t exist with δ = 0, we will first apply

this kind of test method to system (3.5)-(3.6), the system’s new trajectories and phase portraits

within the newly established coordinates p(n) and q(n) under f0 = 12.6, 14, 19, 22, 26.5, 34 are

in Fig. 10, and Kc = 0.9633, 0.9764, 0.9821, 0.9885 0.9909, 0.9998(Kc → 1). For ξ(t) exists,

i.e., δ = 0.000001, 0.7, 3.5, 6, the new trajectories and phase portraits about system (3.5)-(3.6)

can be seen within Fig. 12, and Kc = 0.9859, 0.9891, 0.9901, 0.9862 (Kc → 1). Accordingly, the

homoclinic bifurcation and chaos in system (3.5)-(3.6) further demonstrated and tested through
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the test value of Kc, Fig. 10 and Fig. 12.

(a) (b)

Fig. 5. The thresholds for homoclinic chaos in system (3.5)-(3.6) for (a): µ, (b): ρ0 within (ω, f0)

plane when δ = 0.

(a) (b)

Fig. 6. The thresholds for homoclinic chaos in system (3.5)-(3.6) for (a): µ within plane (δ, f0),

(b): ρ0 within plane (ω, δ).

(a) (b)

Fig. 7. The surface of homoclinic chaotic criticality in system (3.5)-(3.6) for (a): δ = 0 within

(ω, µ, f0) space, (b): within (ω, η2, δ) space.
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(a) (b) (c)

(d) (e) (f)

Fig. 8. The phase portraits in system (3.5)-(3.6) about (a): f0 = 12.6, (b): f0 = 14, (c): f0 = 19,

(d): f0 = 22, (e): f0 = 26.5, (f): f0 = 34 when δ = 0.

(a) (b)

Fig. 9. The phase portrait and time serie in system (3.5)-(3.6) with δ = 0 and f0 = 41.

4 Conclusions

Our this work has developed the classical Melnikov theory. The Melnikov homoclinic chaotic

theory has been extended to the general hybrid piecewise smooth systems subjected to elastic and

rigid impacts under noise and impulsive excitation, then our corresponding Melnikov-type method

is obtained. The corresponding Hamiltonian system, i.e., ε = 0, contains the quintuple well

characteristic and homoclinic orbits with piecewise characteristics. The four switching manifolds,

i.e., x = α1, α2, α3, α4, make R2 = S1 ∪Σ1 ∪S2 ∪Σ2 ∪S3 ∪Σ3 ∪S4 ∪Σ4 ∪S5, and four subsystems

correspond to S1, S2, S3, S4. The trajectories of the perturbed systems jump across Σ1 by

applying the reset mapping rule about the elastic impact, cross Σ2 continuously, transversally

jump across Σ3 by impulsive excitation and then jump about the x-axis on Σ4 symmetrically

due to the rigid impact. But the trajectories won’t cross Σ4 in the existence of unilateral rigid

constraint. Moreover, the corresponding Melnikov-type process and function are got, the conditions

of homoclinic chaos in system (3.5)-(3.6) without and with the Gaussian white noise excitation are
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(a) (b) (c)

(d) (e) (f)

Fig. 10. The new phase portraits for system (3.5)-(3.6) within the newly established (p, q) about

(a): f0 = 12.6, (b): f0 = 14, (c): f0 = 19, (d): f0 = 22, (e): f0 = 26.5, (f): f0 = 34 when δ = 0.

(a) (b)

(c) (d)

Fig. 11. The phase portraits for system (3.5)-(3.6) under f0 = 14 and (a): δ = 0.000001, (b):

δ = 0.7, (c): δ = 3.5, (d): δ = 6.

obtained.

In addition, the chaotic dynamics and homoclinic bifurcation in a concrete hybrid seven-

piecewise feedback control system are analysed through our developed Melnikov method. All
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(a) (b)

(c) (d)

Fig. 12. The new phase portraits for system (3.5)-(3.6) within the newly established (p, q) under

f0 = 14 and (a): δ = 0.000001, (b): δ = 0.7, (c): δ = 3.5, (d): δ = 6.

analysis results and the correctness of method are demonstrated and tested through time series,

phase portraits and 0-1 test method of chaos. Our these results and representative phenomena

demonstrate that the transformation of noise excitation intensity δ can suppress and enhance

chaotic degree in system (3.5)-(3.6). In the future work, we will further consider developing this

Melnikov method into high-dimensional complicated piecewise systems.
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