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Abstract Scratch assays are in-vitro methods for studying cell migration. In
these experiments, a scratch is made on a cell monolayer and recolonisation
of the scratched region is imaged to quantify cell migration rates. Typically,
scratch assays are modelled by reaction diffusion equations depicting cell mi-
gration by Fickian diffusion and modelling proliferation by a logistic term. In
a recent paper (Jin, W. et al. Bull Math Biol (2017)), the authors observed
experimentally that during the early stage of the recolonisation process, there
is a disturbance phase where proliferation is not logistic, and this is followed
by a growth phase where proliferation appears to be logistic. The authors
did not identify the precise mechanism that causes the disturbance phase but
showed that ignoring it can lead to incorrect parameter estimates. The aim
of this work is to show that a non-linear age-structured population model can
account for the two phases of proliferation in scratch assays. The model con-
sists of an age-structured cell cycle model of a cell population, coupled with an
ordinary differential equation describing the resource concentration dynamics
in the substrate. The model assumes a resource-dependent cell cycle threshold
age, above which cells are able to proliferate. By studying the dynamics of
the full system in terms of the subpopulations of cells that can proliferate and
the ones that can not, we are able to find conditions under which the model
captures the two-phase behaviour. Through numerical simulations we are able
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to show that the interplay between the resource concentration in the substrate
and the cell subpopulations dynamics can regulate the biphasic dynamics.

Keywords Logistic growth model - cell proliferation - scratch assay - von
Foerster-McKendrick type model - age-structured model

1 Introduction

Cell migration and proliferation are central processes in the development and
homoeostasis of many organisms. They also play a key role in pathological
processes such as cancer invasion, chronic inflammatory diseases and vascu-
lar diseases [11,32,35]. To understand the biochemical and physical cues that
regulate cell migration and proliferation, in-vitro assays are used to quantify
the ability of cell populations to migrate and proliferate under controlled sit-
uations [1,9,28]. Scratch assays are typically used to study cell migration [28,
30]. A scratch assay involves: growing a cell monolayer to confluence; creating
a “scratch” in the monolayer; and monitoring the cell dynamics as the scratch
closes [30]. The resulting time-course data are then analysed to estimate the
cell migration rate [34,43]. Other common cell-based assays are proliferation
assays that focus on measuring the cell number or the proportion of cells that
are dividing [39]. The simplest proliferation assay consists of growing a cell
monolayer to low density on a two-dimensional substrate and measuring the
cell number change in time [7,8,39]. See Fig. 1 (a) and (b) for a schematic
representation of the typical time progression of these two in-vitro assays.

Many mathematical models have been developed to describe these in-vitro
assays and to test hypotheses on the mechanisms that govern cell migration
and proliferation [6,20,23,25,28,33,36,41,45,46]. The macroscale dynamics of
scratch assays are often described by reaction-diffusion equations [23,33,41]
in which cell migration is modelled as Fickian diffusion and cell proliferation
is modelled by a logistic source term. For the proliferation assay, where no
scratch is performed, the logistic growth equation is widely used [20,25,28].
Models are calibrated by fitting the experimental time-course data with the
model evolution. A model is consider valid if the residual error is small [24,
40,48]. However, several authors have pointed out that this is not enough for
model validation [3,47].

In [24] the ability of the logistic growth model to describe cell proliferation
in scratch assays was studied. A series of scratch and proliferation assays using
PC-3 prostate cancer cells were performed and the changes in cell density in
two subregions located far from the scratch were quantified. These two subre-
gions were chosen so the changes in cell density were not due to cell migration.
To assess the suitability of the logistic growth model, they analysed the model
fit to experimental data and the per capita growth rate of the experimental
data, o(N) = %%, as a function of the cell density, N. Calibrating solu-
tions of the logistic model to the experimental data showed a good fit for
both assays, however, analysing the per capita growth rate revealed different
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Fig. 1 Schematic representation of how the (a) proliferation and (b) scratch assays evolve
in time. In the plots (c)-(f), we consider the experimental data from the proliferation and
scratch assays performed in [24]. The authors consider three replicates for three initial de-
grees of confluence. In (¢) and (d) the mean and the standard deviation of the cell population
is plotted over the duration of the experiment for each initial degree of confluence. In (e)
and (f) the mean and the standard deviation of the per capita growth rate o(N) = 4¥ L jg
plotted with respect to the mean cell population N. For plots (e) and (f) we consider only
the assays with the highest degree of confluence. We calculate the per capita growth rate in
the same way as in [24]. A biphasic trend can be observed in (f) (for the scratch assay) but
not in (e) (for the proliferation assay).

behaviours between the proliferation and the scratch assays. The authors ob-
served that for proliferation assays, the per capita growth rate could be well
described by a linearly decreasing function of the cell density (see Fig. 1 (e)), a
result consistent with the logistic model. However, for the scratch assay data,
during the first 18 hours of the experiment, the per capita growth rate was
found to increase with cell density, whereas for 8 < ¢ < 48h, the per capita
growth rate was found to decrease approximately linearly with the cell density
(see Fig. 1 (f)).
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Guided by their experimental observations, the authors in [24] proposed
that cell proliferation in scratch assays involves two phases: an initial dis-
turbance phase during which proliferation is not logistic and a growth phase
during which proliferation is approximately logistic. Since this behaviour was
not observed in the proliferation assays, the authors concluded that it was
caused by the scratching procedure. They hypothesised that scratching might
create chemical or mechanical disturbances but did not test their hypothesis.

In this work, we show that a nonlinear age-structured model can account
for the disturbance and growth phases observed in scratch assays. We refer
to a cell’s age as the cell’s temporal position within the cell cycle. The cell
cycle consists of four phases: first gap G1, synthesis stage 5, second gap Gs
and mitosis stage M. G; and G2 consist of growth phases, DNA replication
occurs in S phase and cell division in M phase [15]. The progression in the
cell cycle is regulated by environmental cues and intracellular checkpoints
involving various proteins, in particular cyclins and cyclin dependent kinases
[15,31].

By considering an age-structured model we can investigate how hetero-
geneity in the cell population age distribution affects the total cell population
dynamics. Previous work has shown that heterogeneity in cell age distribu-
tion may still generate logistic growth at the population scale [22]. Other
age-structured models have described how the cell age distribution can affect
the overall cell population dynamics in scratch assays: the speed with which
the cells invade the vacant region [19,44], the efficacy of anti-cancer drugs,
particularly phase-specific drugs [5] and the influence of growth factors [6].
Agent-based models have also been considered to study the effect of hetero-
geneity in cell age distribution on the overall dynamics in in-vitro assays [45,
46].

We consider an age-structured model that was first introduced in [13].
The model considers the interplay between a single cell population and the re-
source concentration available in the substrate. The model assumes a resource-
dependent G1/S transition age, above which, cells are able to proliferate. This
critical age naturally divides the cell population into “immature” and “ma-
ture” cells. By studying the dynamics of the full system in terms of these
subpopulations, we are able to find conditions under which the cell population
evolution is of logistic-type and the per capita growth rate follows a biphasic
behaviour. We validate our predictions via numerical simulations and show
that the resource concentration regulates the disturbance phase.

The remainder of this paper is organised as follows. In Sect. 2, we describe
the nonlinear age-structured model. In Sect. 3, we describe the dynamics of
the full model in terms of the mature and immature subpopulation dynamics.
We then derive conditions under which the per capita growth rate will exhibit
biphasic behaviour and logistic-type proliferation. In Sect. 4, we investigate
numerically these conditions and determine parameter regimes in which the
resource concentration regulates the disturbance phase. We conclude in Sect.
5 with a discussion of the results and conclusions.
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2 An age-structured model with resource-regulated proliferation

To take into account the cell cycle heterogeneity of a cell population, we con-
sider a McKendrick-von Foerster model [26,27]. The model considered in this
work was first used to describe the mean field dynamics of a stochastic multi-
scale model of a cell population with oxygen-regulated proliferation [13]. Here
the model describes the dynamics of an in-vitro cell population assumed ho-
mogeneously distributed in space, like cell cultures in proliferation assays or
cells in far away regions from the wound in scratch assays, as in [24]. We are
interested in the population dynamics with respect to the resources available
in the medium. We denote by n(a, t), the number of cells of age a at time ¢t. We
consider a € [0, 00]. We denote by 7" > 0 the duration of the experimental ob-
servation. The model focuses on the cell population proliferation dependence
on the growth factors, oxygen and nutrients available in the medium. We refer
to these components as a single, generic resource and denote it by c(t).

We assume cells mature with constant speed 1, die with rate p and prolif-
erate at a rate b(a, ¢(t)) which we consider to be age and resource-dependent
rate [38,42]. Combining the above assumptions, it is straightforward to show
that the evolution of the cell density function n(a,t) : [0,00] x [0,T] — R is
therefore given by

c’)n(acz, t) N E)ng: ) _ ~ (i + bla, c(t)))n(a, t). (1)

We suppose further that when a cell divides it produces two daughter cells
of age a = 0. By considering all possible division events, we deduce that

n(0,1) = 2 /O ~ ba, e(t))n(a, t)da. @)

We consider a coarse-grained description of the cell cycle by lumping S, G2
and M into one phase, so we consider a two phase model G1 and S-G2-M.
We assume cells proliferate at a constant rate, 7, L provided they success-
fully enter the S-G2-M phase. Entry to the S-G2-M phase is regulated by the
G1/8S checkpoint which has been shown to depend on the presence of resources
needed for cell growth [17]. Therefore, we assume that the proliferation rate is
given by

b(a, c(t)) =7, ' H(a — agiys(c(t))) (3)

where H is the Heaviside function and a¢q,5(c(t)) denotes the G1/S transition
age, the age at which a cell passes from the G1 to the S phase.

The G1/S transition age, agy/g(c) is given as a function of ¢ to capture
the dependence of the checkpoint on the available resource concentration. The
authors in [13] describe this dependence by a simple scaling which was derived
from analysing an oxygen-dependent cell cycle progression model,

-B
(e - 1) f
aGl/S(C) _ a (Ccr or ¢ > Cer,
00 for ¢ < ¢y
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where a_ and 3 are positive constants. The positive quantity c,,. is the critical
resource concentration that allows cell proliferation. For high resource values,
the transition age becomes smaller, so the cell requires less time to proliferate.
On the other hand, for resource values slightly higher than c¢.,., the transition
age becomes bigger and cells take longer to transition to the G1/S phase and
be able to proliferate. For ¢ < ¢, cells are assumed to enter the quiescent
state.

If we assume that the resource, c(t), is supplied at a constant rate S and
consumed by all cells at a constant rate k; then

de 4

— =8—kN 4
b5 kN (@
where N(t) = [, n(a,t)da denotes the total number of cells at time ¢.

The full model consists of Egs. (1) - (4) and the initial conditions
n(a,0) =vg(a) fora>0 and ¢(0)=c¢y where ¢o>0. (5)

The long-time dynamics of this model was described in [13]. Before begin-
ning our analysis, we summarize below those results from [13] that are relevant
for our work.

e For large times, the solution of the age-structured model approaches a
separable solution, Q(a,t) = A(a)exp(At) i.e. n(a,t) = Q(a,t) for t > 1,
where A satisfies the Fuler-Lotka equation:

1=2 /OOO b(a, coo) exP (—Aa _ /0 [+ by, coo)] dy) da  (6)

in which ¢, > 0 is the steady state value of the resource concentration.
A(a) is referred as the stable age-distribution of the model. The separable
solution is assumed to be in equilibrium when A = 0 and therefore N (t) —
N, and %—)Oast%oo.

e For the separable solution to be in equilibrium, the average waiting time
to division after the G1/S transition, 7,,, must be smaller than the average
cell life span, = *.

T < Tt (7)

e If Eq. (7) is satisfied, after solving Eq. (6) with A = 0, they obtained that:

— The transition age, agi,/s, reaches the steady-state value

. 1 Tp(ﬂ+7'p_1)
a* = —plog (2 ) . (8)

— The steady-state resource concentration is given by

Coo = a&}/s (a¥). (9)

— The steady-state value of the total cell population density is given by:
S

Noo = —. 10

T (10)

The above results will be useful for parametrising our model.
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3 Model analysis

In this section, we derive necessary and sufficient conditions for Egs. (1) - (5)
to exhibit logistic-type behaviour and biphasic behaviour in the per capita
growth rate.

These conditions can be obtained by distinguishing two subpopulations:
cells whose age is greater than the G1/S transition age and which can pro-
liferate, and the cells whose age is below the threshold. We refer to these
subpopulations as, respectively, mature and immature cells. We now analyse
the full system with respect to these subpopulation dynamics.

3.1 Mature and immature subpopulation dynamics

Let us denote by X(¢) and Y (t), respectively, the subpopulations of mature
and immature cells so that

oo

agi/s(t)
X(t):/ n(a,t)da and Y(t)z/ n(a,t)da,  (11)
0 agi/s(t)

where ag1/5(t) := ag1ys(c(t))-
With these definitions, it is possible to obtain the following result:

Theorem 1 Let X andY be defined as in (11) and let n(a,t) and c(t) satisfy
the model Eqs. (1) - (5). Then the dynamics of X and Y are given by the
following system:
_ dagy
X =277y — puX + |G (1) — 1 n(agys(t), t),

dy -1 dagi/s (12)
G =—(p+ )Y + |1 — =52 1)| nlagyys(t),t),

-B
in which acy/s(t) == a_ (ﬂ - 1) and c(t) is formally given by

Cer

co —I-S/Ot exp (k /Ot/ N(s)ds) dt'} exp (—k /Ot N(s)ds) :

Furthermore, if c(t) > cor YVt € [0,T], then the number of cells with G1/S

transition age agy,s(t) at time t, n(agy/s(t),t), is formally given by

c(t) =

n(agi/s(t),t) = volagiys(t) —t)exp (—/0 [ +0b(s —t+agis(t), 0(5))}655)
(13)

fort < agys(t) and
L ag1ys(t)
n(agays(t).t) = 20 (t—ag (b)) exp | - / i+ bs, (s + ¢ — agas()]ds
0

(14)
fort > agy/s(t).
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Proof

Integrating Eq. (1) over the domains [0, ag1/5(t)] and [ag1/s(t), 00, we obtain
the dynamics of X and Y, respectively. The evolution of ¢(t) is given by solving
the differential equation (4) while assuming N () is a known function. Finally,
the formula for the cell concentration with G1/S transition age agq,g(t) at
time ¢, n(ag1/s(t),t), is obtained by solving the age-structured model by the
method of characteristics. The characteristic curves of Eq. (1) are the lines
a =t + p where p is a constant. By solving Eq. (1) along the characteristic
curves and taking into account the boundary condition (2) and initial condition
(5), we obtain that n(a,t) is given by:

n(a,t) = vo(a — t) exp (— fot[ﬂ +b(s—t+ a,c(s))]ds) for t < a, (15)
, n(0,t — a) exp (_ foa [+ 0b(s,c(s+t— a))]ds) for a < t.

By considering a = ag1/s(t) and n(0,t — agi/s(t)) in terms of the mature
subpopulation Y in Eq. (15), we derive the expressions (13) and (14) for

n(agiys(t),t).

Theorem 1 reduces the analysis of the full model to the analysis of the
system (12). Given Eqgs. (13) and (14), we notice that for t < agi/5(t), (12)
consists of a non-homogeneous coupled linear system of differential equations
that depends on the initial age-distribution and for ¢ > a¢q,5(t), the dynamics
of Y is described by a state-dependent delay differential equation,

dy

o= Y 425, a0 (- agys(t) (16)

in which a(t) = [1— gy, 5(0)] exp (= 57O+ b(s, c(s +t — a))]ds).
Having the dynamics of the full model expressed in terms of these sub-
populations, we can now describe the overall proliferation and the per capita
growth rate in terms of the dynamics of these two subpopulations dynamics.
Let us denote by o(N(t)) := dlgt(t) ﬁ, the per capita growth rate. The fol-
lowing theorem gives the evolution of the per capita growth rate and the total
population evolution in terms of the mature and immature cell subpopulations.

Theorem 2 The evolution of N(t) and o(N(t)) fort € [0,T)] is given by:

N

= Y - X (17)
do(N(t) ., d[Y
& 7 @ M ~ (18)

Proof By integrating Eq. (1) in the age domain [0, oc] we obtain Eq. (17). To
derive Eq. (18), we consider the definition of the per capita growth rate and
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Eq. (17) as follows,

do(N(t)) _d || _ d |(5 ' —p)Y —pX
dt dt | N | dt N
_d Y 1 _ad|Y
“w|™ N M T @ | N

from which we obtain Eq. (18).

3.2 Conditions for delayed logistic proliferation

In this section we identify conditions under which the per capita growth rate of
the age-structured model exhibits biphasic dynamics and logistic-type growth.
First, we interpret the experimental behaviour in mathematical terms:

B1 The cell population undergoes a logistic-type behaviour, i.e,
e The population increases in size monotonically,
dN

— T.
dt>0 Yt € 0,7

e The population saturates
N(t) - Noo. as t—T,

where No, > 0.
B2 The per capita growth rate exhibits biphasic behaviour, i.e. there exists
t; > 0 such that the per capita growth rate, o(N(t)), has the following

behaviour:
do {> 0 for ¢ € [0, 4],

dN | <0 for t € [ty,T).

Theorem 3 Necessary and sufficient conditions for the age-structured model
with resource-regulated proliferation, Egs. (1) - (5), to exhibit the behaviour Bl
and B2 are as follows

<7t (19)

(r, = WY (t) > pX(t) vtelo,T], (20)

and there exists t1 > 0 such that

d Y d|Y
T {N] >0 forte[0,t1] and T [N} <0 fort e [t1,T). (21)
Proof Given the relationship in Eq. (17), it is clear that (20) is true if and only
if the derivative of N is positive. To derive (21), we notice from the chain rule
that w = %‘% and given that 4¥ > 0, the sign of 4 (o(N(¢))) is
the same as dczi(]f,v). Finally, the condition (19) needs to be fulfilled so that the
age-structured model has a stable steady-state solution as described in [13].
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Theorem 3 gives necessary and sufficient conditions for the model to exhibit
the behaviour described in B1 and B2. We note that the conditions for the
biphasic behaviour are given by Eq. (21) which can be interpreted biologically
as an initial increase in the fraction of mature cells followed by a stabilization
phase in which the mature cell fraction decreases to its steady-state value.
Since the fraction of mature cells is regulated by the transition age, agi/s,
and this critical age is regulated by the resource concentration, we deduce
that changes in the resource dynamics may influence the biphasic behaviour.

4 Numerical results

In this section, we perform numerical simulations to verify the predictions of
Theorem 3. First, we present the discretization scheme that we use to solve

Eqgs. (1) - (5).

4.1 Discretisation scheme

The model is composed of a hyperbolic partial differential equation with a non-
local boundary condition coupled to an ordinary differential equation. We use
a splitting method to discretise the coupled system. The ordinary differential
equation is discretised by an implicit Euler method. The partial differential
equation is discretised using the Rothe method: first discretised in time via
the implicit Euler method and then in space by linear finite elements [21]. The
method is stabilised by considering the streamline upwind/Petrov Galerkin
formulation [29]. The finite element discretisation is implemented in C++ us-
ing the software DEAL.II [4].

To discretise the age domain [0, co], we notice that the cell age is naturally
bounded. Hence there exists a4, > 0 such that n(a,t) = 0 for a € (amaz, 00),
and so we restrict our attention to a € [0, amqaz]. For the finite element dis-
cretisation to be computationally efficient and not create spurious oscillations
around the discontinuity point of the proliferation rate (given by the Heaviside
function), we discretise the age domain [0, a4 ] differently in two subdomains:
the subdomain [0, a*], where a* is given by Eq. (8), is discretised with a step
size of k = a* /2% ~ 0.00469081, and the domain [a*, aq.] is discretised with
a step size of k = (100 — a*)/21% ~ 0.0442. We consider a smaller step size for
the first domain since for the simulations considered in this work, the evolution
of ag1/5(t) occurs in this subdomain. For the time discretisation, we consider
a time step of h = 0.1.

4.2 Model parametrisation

We consider as a case study, PC-3 prostate cancer cells. In order to parametrise
our model, we use as a guideline the parameters that were estimated in [22]
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from the experimental time-course data of scratch assays. The authors es-
timated a proliferation rate of A = 0.053 & 0.005 [hr]~!. We assume their
estimate corresponds in our model to 7, Lie.

7,1 =0.053 [hr]7". (22)

Estimates of doubling times of PC-3 prostate cancer cells are in the range of
25-33 hours [2,14]. In our model, the doubling time, which we denote as DT,
is given by

DT = aGl/S(t) + Tp7

therefore,
25 < DT < 33. (23)

When the cell population reaches the steady-state age distribution, DT is given

by:
1 +7,!
DT = a* + Tp = —— 10g (7—17(/1427_1))> + Tp. (24)
N

By considering this formula, the estimated value for the proliferation rate 7, .

(Eq. (22)) and the range of values for the doubling time (Eq. (23)), we obtain
a range of values for the death term, p € [0.0233 — 0.0333]. We assume that
p = 0.0283 [hr]~! (the midpoint value).

The carrying capacity was also estimated in [22] they found K = 2.3 x
1073 £ 2 x 1074 [cells]/[um]?. Since the size of the subregion where they esti-
mated K is 1430 x 200 [um]?, the carrying capacity in cell number is

Noo = 657.8 + 57.2 [cells]. (25)
We therefore assume that
Noo = 657.8 [cells]. (26)

The oxygen consumption rate of PC-3 prostate cancer cells was measured
. . 2[nM _ M
in [12] and found to be approximately m =12x10"* [hg? [cill]' Us-
ing this value for the consumption rate, k, and the estimate of the carrying
capacity (Eq. (26)) in the formula of the steady-state value of the total pop-
ulation in our model (Eq. (10)), we determine the value of the resource flux,

§ =26.63 x 10402,

Regarding the parameters that describe the resource dependence of the
G1/S transition age, we consider the parameter values that were derived from
an intracellular model for an oxygen-regulated proliferation rate in [13] the
dimensionless parameter values are § = 0.2 and ¢, = 0.23. For determining
the parameter value of a_, we notice that the admissible range of values for
aci/s(t) is 6 < agiys(t) < 14 given the range values of DT (Eq. (23)) and the
estimate of 7, (Eq. (22)). We consider a_ = 8.25 [hr], so ag1/g(t) is in this
range for all our simulations.
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We consider the following initial age-distribution that is a multiple of the
steady-state age distribution:

{ﬁexp(,ua) ifa<a*

kexp(—pa — 7, (a —a*))if a > a*

vo(a) =

where a* is the steady-state value of the transition age (Eq. (8)) and & is
estimated so the initial number of cells corresponds to the average number of
cells consider as initial condition in [22] for the most confluent initial condi-
tion, N(0) = 223. We set ¢g = ¢ as the steady-state value of the resource
concentration given by Eq. (9). The default parameters are listed in Table 1.

Table 1 Summary of model parameters

Parameter  Description Value Units Reference
7—1[,_1 Proliferation rate 0.053 [hr] ! [24]
I Death rate 0.028 [hr]~? Estimated
k Consumption rate 1.2 x 10~ [hr] 1 [12]
S Resource flux 26.635 x 10~4 [T[Lh]\f]] Estimated
Cer Critical resource value 0.023 [nM] [13]
B8 Scaling constant 0.2 dimensionless [13]
a— Scaling constant 8.25 [hr] Assumed
co Initial resource value 0.034 dimensionless  Estimated
K Scaling constant 12.488 dimensionless  Estimated
Amaz Maximum age 100 [hr] Estimated

4.3 Reference dynamics

Under the default parameter values, the model satisfies the conditions of Theo-
rem 3 and therefore we expect a logistic-type behaviour and a biphasic dynam-
ics. In Fig. 2 (a) and (b) we plot the time evolution of the total cell population
N(t) and of the resource concentration c(t), respectively. As expected, the to-
tal cell population follows a logistic-type behaviour: it grows exponentially and
saturates. The resource concentration has an initial increase until it reaches a
maximum value and then decreases until it reaches its steady-state value. In
Fig. 2 (c) we plot the evolution of the transition age ag1,g and observe its de-
pendence on the resource concentration: it decreases to a minimum value and
then increases towards the steady-state value given by Eq. (8). In Fig. 2 (d) we
plot the per capita growth rate o(N) as a function of the total cell population
N; as expected, we observe biphasic behaviour, with an initial increase in o
with respect to cell density followed by a linear decrease.
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Fig. 2 Evolution of the age-structured model with resource-regulated proliferation, Egs. (1)
and (4). In (a) we plot the total cell population evolution and observe it follows a logistic-
type growth. In (b) we plot the resource evolution that follows a rapid increase and then a
monotonic decrease to the steady-state value. In (c) we plot the evolution of the transition
age agy/s(t) and the inverse dependence of the resource concentration on the transition age
can be observed. In (d) we plot the per capita growth rate against the total cell population
evolution for which two proliferation phases can be observed (a rapid increase, then slower
decrease). Parameter values as per Table 1.

4.4 Sensitivity analysis

In this subsection we perform a sensitivity analysis focusing on those parame-
ters that modulate the resource dynamics in order to understand their role in
determining the biphasic behaviour of the per capita growth rate.

We focus our sensitivity analysis on two parameters that can be experi-
mentally manipulated: the resource flux, S, and the initial concentration of
resource, cg. We first vary the resource flux, S, in the domain [25.63 x 10~* —
28.63 x 107%]. We consider this domain so the cell population steady-state
value, Noo, is within the confidence interval given by Eq. (25). As expected,
from Eq. (10), the steady-state value at which the total cell population sat-
urates, N, increases as the value of S increases (Fig. 3). We observe also

that the maximum value of c(t) increases and the minimim values of agy/5(t)
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Fig. 3 Series of plots showing the dynamics of the coupled age-structured model with
resource-regulated proliferation given by Eqs. (1) and (4), as we vary the resource flux, S.
Increasing the value of S: (a) increases the steady-state value of the total cell population,
Noo, (b) increases the maximum resource concentration and the time it takes to reach the
steady-state value, and (c) reduces the minimum value of the transition age agy/g. (d)
The plots of the per capita growth rate against the total cell population exhibit biphasic
dynamics for the selected values of S. Parameter values as per Table 1.

decreases as S increases, see Fig. 3 (c) and (d). We observe in Fig. 3 (d) that
the biphasic behaviour is present for all values of the resource flux that were
considered.

We now vary the initial resource concentration cy. We focus only on increas-
ing the value of the resource concentration above ¢, since considering values
below c., will make the population decrease and this will be in disagreement
with experimental observations. In Fig. 4 we show that when we increase cg,
from 0.034 to 0.114, the duration of the disturbance phase is shortened. The
model predicts that by increasing ¢, the total cell population evolution does
not change significantly, however the resource evolution changes from biphasic
to monotonic, i.e. the duration of the disturbance phase decreases and even-
tually disappears as ¢ increases (see Fig. 4 (b)). Increasing the value of the
initial resource concentration shifts the observation time of the dynamics and
now it is only possible to observe the resource concentration decline to the
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Fig. 4 Series of plots showing the dynamics of the coupled age-structured model with
resource-regulated proliferation, given by Egs. (1) and (4), as we vary the initial resource
concentration value, cg. Increasing co: (a) does not affect the total cell population, increases
the maximum resource concentration but reduces the time it takes to reach it, and (c)
makes the initial decrease of the transition age ag,g disappear. (d) Increasing the initial
resource concentration, cg, affects the plots of the per capita growth rate against the total cell
population by shortening the duration of the disturbance phase where there is no monotonic
decreasing dependence. Parameter values as per Table 1.

steady-state value. This effect can be similarly observed in Fig. 4 (c) where
the initial decrease of the transition age ag1/g evolution as ¢ increases. We
observe that increasing the initial resource concentration decreases the dura-
tion of the disturbance phase where the dependence of the per capita growth
rate with respect to the total cell population is not linear (see 4 (d)). We no-
tice that during the disturbance phase, the per capita growth rate does not
increase monotonically with respect to the total cell population as we saw pre-
viously for the reference dynamics and when varying the resource flux, S. For
the simulations with ¢y bigger than c,, = 0.034, the per capita growth rate
initially decreases, then increases and finally follows a linear decreasing trend
with respect to the total cell population.

Finally, we perform a sensitivity analysis on the rest of the model param-
eters and consider different initial age-distributions to show that our model
predictions are robust. We observe that uncertainty of the parameters, on the
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range of values that we considered, has little effect on the overall dynamics.
The two proliferation phases are present for all the set of parameters consid-
ered (see Supporting Information section 1). We then consider different inital
age-distributions that fulfill Theorem 3 and show that the biphasic dynamics
is present in all cases considered (see Supporting Information section 2).

5 Discussion and conclusions

In this work we have presented an age-structured model with resource-dependent
proliferation rate that captures for the first time the biphasic behavior in the
per capita growth observed experimentally in [24]. We analysed the full model
in terms of two subpopulations: cells which are able to proliferate or not (ma-
ture and immature cells). We then derived necessary and sufficient conditions
under which the model presents a logistic type behavior and two phases of pro-
liferation: an initial phase, which in [24] was named disturbance phase, in which
proliferation does not follow a logistic growth and a growth phase, where pro-
liferation is approximately logistic. The biphasic behaviour was demonstrated
to be a result of an initial increase of the fraction of mature cells followed by a
decline to their steady-state concentration. We then parametrised the model
using PC-3 prostate cancer cells as a case study. Finally, through numerical
simulations, we showed that varying the resource initial value the plot changes
the dependence of the per capita growth rate against the total cell population.
The model predicts that the duration of the disturbance phase is decreased as
the initial resource concentration is increased.

In view of this model, the experimental observations in [24] can be ex-
plained as follows: the scratch procedure decreases the cell number in the
plate and by replenishing the medium in the same quantity, as customary, the
resource concentration is increased, therefore triggering the biphasic dynamics
in the per capita growth rate. The predictions of the model can be exper-
imentally tested by modifying the resource concentration in the substrate,
examining the plots of per capita growth rate against the total cell population
as was performed in [24] and measuring the resource concentration, as in [6],
at the same time points in which the cell population density is captured. The
model predicts that by increasing the initial resource concentration, the dis-
turbance phase would shorten. Varying the resource concentration has been
shown to affect the overall dynamics of the scratch assay in other situations
[6].

The age-structured model has some limitations. There is a critical con-
straint in the biological realistic parameter regime. The parameters need to
be chosen such that % < 1 for all ¢t € [0,T]. Otherwise, cells could go
from the S-G2-M phase back to the G1 phase without proliferating (See Eq.
(12)). In all our simulations we observed that the derivative of the transition
age is always smaller than one (Results not shown). To avoid restricting the
parameter regime, age-structured models with multiple compartments for the
cell-cycle phases [6,10] can be considered.
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There are different ways that we can extend this work. The model was
parametrised using estimates calculated in [24]. Their estimates were calcu-
lated with respect to the logistic equation and since we are considering a differ-
ent model, the values are expected to differ. The model could be parametrised
using more appropiate methods as has been done for similar models [18,6].
We acknowledge that the age-structured is one of many possible explanations
for the biphasic behaviour observed experimentally in [24]. Mechanical and
chemical disturbances have seen to affect the cell proliferation in other exper-
imental settings [37]. Models that integrate explicitely biochemical pathways
such as the ones in [16,36] can be adapted to analyze if the biphasic behaviour
is a product of signalling events. An inference-based modelling approach could
be performed to test multiple hypothesis and help to design experiments that
discriminate between feasible alternatives.

In summary, this work identifies the interplay between the mature sub-
population and the resource concentration as a plausible explanation for the
biphasic behaviour observed experimentaly in [24]. Experimental validation
and further mathematical modelling will help elucidate the impact of hetero-
geneity in cell age distribution in the overall dynamics.
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