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Abstract

Our aim in this dissertation is to study iterative methods for computing
matrix functions on large, sparse, symmetric matrices and to apply these
routines to a concrete problem that arises in the analysis of undirected

networks: evaluating the importance of edges.

We first focus on the relationship between the Lanczos procedure in nu-
merical linear algebra and scalar polynomial approximation. We show how
connections to classical Gauss quadrature lead to efficient algorithms for
computing matrix function quadratic forms, low-rank directional deriva-
tives of the trace of a matrix function, and low-rank updates of the trace
of a matrix function. We further consider the correspondence between
Lanczos-based methods and polynomial interpolation for the computa-
tion of the action of a matrix function on a vector, low-rank directional
derivatives, and low-rank updates. Our emphasis on connections to scalar
approximation theory allows for a simple, unified presentation of these
methods and their theoretical properties. Perhaps most notably, we are
the first to provide characterization theorems equating the Lanczos ap-
proximants for dynamic problems—Ilow-rank derivatives and low-rank

updates—to Gauss quadrature and bivariate polynomial interpolation.

Second, we consider practical numerical experimentation and applications
to network science. We conduct experiments on large matrices arising
from structured networks to illustrate the low time-complexity of Lanczos-
based methods for network science. As an application, we study the
identification of important edges in a network. We show that matrix
functions can interpolate between local degree-based and global eigenvector-
based measures, and propose an algorithm for ranking all edges of the
network in time nearly-linear in the number of edges of the network
by combining Lanczos-based procedures with randomized algorithms for

diagonal estimation.
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Notation

Symbol Meaning

ABC,--- 7 Matrices

a,bc,--- 2 Scalars

a,b,---,z Vectors

f(B) Matrix function f evaluated at B

f{A,B}(C) Bivariate matrix function f{A, B} evaluated at C
L;(B,X) Frechet derivative of f evaluated at B in direction X
AB)={)\, -+, \,} Eigenvalues of B (typically increasing order)
B=VAVT Spectral decomposition

A Adjacency matrix

L Graph Laplacian

B Generic symmetric matrix

1 Identity matrix

b Starting vector for Lanczos procedure

n Dimension of matrix / nodes in network

m Degree of polynomial or number of Lanczos iterates
Kn(B,b) mth Krylov subspace generated by B and b

Un Orthonormal basis for K,,(B,b); output of Lanczos
T Tridiagonal matrix from the Lanczos procedure

a;, B Lanczos recurrence coefficients

€; 1th standard basis vector

Tr(B) Trace of matrix B

RIS Vector or matrix 2-norm

Il Frobenius norm

Il 5 Max-norm over compact X

da(x) Positive measure supported on real interval [a, 0]
IRIPR Norm induced by da(x)

(%, Y) dar Inner product induced by do(z)

1 Vector of all ones

dij Kronecker delta

P, Space of univariate polynomials of degree at most m
Prxm Space of bivariate polynomials of maximal degree m
lg( x) Lagrange interpolating polynomial

Ve v (z,y) Bivariate Lagrange interpolating polynomial




Symbol Meaning

Ex(f, X) Error in best degree m approximation to f over X
Golf, da] m-point Gauss quadrature remainder

T, Ty " " Orthogonal polynomials

Zer(p) Zeroes of polynomial p




Chapter 1

Introduction

Chapter overview

This chapter provides an overview of the scope and particular aims of this dissertation.
In Section 1.1, we provide a review of the existing literature on matrix function
computation and applications of matrix functions in network science, culminating
in a discussion of the central aims of this dissertation and an outline of the work.
Section 1.2 provides a summary of our technical contributions. We conclude with

some logistical notes about prior work (Section 1.3) and software (Section 1.4).

1.1 Introduction

Given a symmetric matrix B, the corresponding matrix function f(B) has found
numerous applications in scientific computing and data science [Hig08]. Most notable
for this dissertation is that the evaluation of f(B) when B is the adjacency matrix or
Laplacian matrix of a network is of increasing interest for the analysis of networks
[EH10, FSS16, BB20]. In the context of networks, B may be very large, but is often
sparse, having few non-zero entries. Unfortunately, even when B is sparse, f(B) is
typically dense. This means that standard routines for matrix function computation
(see [Hig08, GVL13]) relying on dense matrix methods and explicit formation of the
full matrix f(B) become infeasible, and it is desirable to develop iterative alternatives
that rely primarily on matrix-vector products.

We are interested here in one especially powerful class of matrix function algorithms:
Lanczos-based procedures [Lan50]. Lanczos-based algorithms for symmetric matrices
have become one of the go-to classes of iterative algorithms for large-scale eigenvalue

computation [Saall], solving linear systems [Saa03]|, and more recently, computing



quantities related to matrix functions [Che22]. They are the specialization of incredibly
powerful polynomial Krylov subspace methods to symmetric problems [LS12].

We focus here on matrix function computation. The most well-known Lanczos
methods can approximate matrix-vector products and quadratic forms by implicitly
forming a polynomial approximation f(B)b ~ p(B)b or b? f(B)b ~ b’ p(B)b, where
the bulk of the computation is contained in a small number of matrix-vector products
with B [Hig08, GM09, GVL13, Che22]. This provides access to the matrix function
f(B) without ever forming it explicitly (or even specifying the approximating polyno-
mial), and the matrix B need only be accessed through matrix-vector products of the
form x — Bx, which is critical in many large-scale applications. Moreover, when com-
pared with other a priori polynomial methods, where the approximating polynomial
p is determined before the main computational routine is executed, Lanczos-based
procedures can obtain drastically improved convergence properties. This accelerated
convergence is due to the spectral adaptivity of Lanczos routines, whereby the approxi-
mating polynomial adapts to the spectral structure of the input matrix, sometimes
reducing the number of matrix-vector products required greatly [DTT98, GKL20].
Another important aspect of these procedures is that since they make it possible to
compute the matrix-vector products x — f(B)x and quadratic forms x — x” f(B)x,
they can be combined with recent advances in randomized numerical linear algebra
[MT20] in order to efficiently solve an even broader class of matrix function problems.
A notable example of this is the so-called stochastic Lanczos quadrature procedure for
estimating the trace of a matrix function [UCS17]; but these methods can be used
relatedly for diagonal estimation [BKS07, BN22] or in conjunction with randomized
sketching for low-rank approximation [MT20].

More recently, Lanczos procedures have been successfully extended to allow for
the solution of certain dynamic matrix function problems, such as the computation of
the sensitivity of a matrix function to low-rank perturbations—formally, the Frechet
derivative in a low-rank direction L;(B,bb") [Kre19, KKRS21]—and the computation
of low-rank updates of matrix functions—that is, the computation of the difference
f(B+bb”) — f(B) without forming f(B) or f(B+ bb”) explicitly [BKS18, BCKS21,
CKM22|. Although their development is more recent, these dynamic algorithms may
be of great importance for applications where, although the matrices may change
frequently, the changes are expected to be of low-rank. A notable example of this is in
the representations of dynamic or temporal networks [AS14, ML16]. When a network
undergoes small modifications of its node and edge sets, the corresponding changes

in its companion adjacency and Laplacian matrices may be low-rank, allowing for



adoption of dynamic Lanczos procedures to solve certain network problems; indeed,
these dynamic methods have begun to see applications to updating communicability
measures [BKS18] and the optimization of network structure through modification of
its edge set [Sch23, MT23].

Unfortunately, the existing theoretical analysis of these dynamic procedures is
limited. It is not exactly clear how they are related to their predecessors for the
f(B)b and b? f(B)b problems. Although there are several convergence results for
the dynamic procedures that extend well-known convergence results for these static
problems, there is as of yet no characterization of spectral adaptivity—this is despite
the empirical observation that it does indeed happen. Additionally, it has been shown
that when applied only to the trace of a symmetric matrix, the algorithm for low-rank
updates obtains a doubled convergence rate [CKM22]; this analysis, however, does
not characterize a fundamental difference between approximation of the trace and
approximation of the whole matrix, and as a byproduct of the analysis, the bound
depends on the dimension of the matrix, which is undesirable since these methods
may often be applied to very large matrices.

This brings us to our first main goal and contribution in this dissertation: we
aim to provide a simple theoretical account of these dynamic Lanczos procedures—
low-rank derivatives and updates, and the traces thereof—in continuity with their
more well-known predecessors for the action of a matrix function on a vector and
quadratic forms involving matrix functions. Importantly, Lanczos procedures for
quadratic forms are precisely equivalent to a particular Gauss quadrature rule for a
related scalar integration problem [GM09], and Lanczos procedures for the action on
a vector precisely form an interpolating polynomial [Saa92, Hig08]. We will show in
Chapter 3 that the dynamic procedures in the symmetric case, when applied to the
trace of a matrix function, are also precisely equivalent to Gauss quadrature rules
for related scalar integrals. This characterization explains the doubled convergence
rate observed in [CKM22], improving upon the bound, and showing that the same
accelerated convergence is present in the computation of the sensitivity of the trace
of a matrix function to a low-rank perturbation, which is not discussed in [Krel9] or
[KKRS21]. Beyond this, we show in Chapter 4 that the dynamic Lanczos procedures
for computing the full Frechet derivative in a low-rank direction and the low-rank
update of a matrix function (as presented first in [BKS18, Krel9]) can be tied precisely
to bivariate polynomial interpolants just as the Lanczos procedure for the f(B)b
problem can be tied to a univariate polynomial interpolant. Our theoretical results,

when combined with simple error estimates from scalar polynomial approximation



theory [Che66, Trel9], provide a simple and unified presentation of the convergence
properties of these methods. In Chapter 5, we show how these theoretical results
can be combined with well-known results from scalar polynomial approximation
theory to obtain effective a priori error bounds. This includes a slight modification
of the standard bounds based on intervals to characterize the spectral adaptivity
observed in computing low-rank updates. Notably, this same approach could be used
to characterize the spectral adaptivity of any of the quadrature based results from
Chapter 3.

Our second main contribution is to render the significance of these algorithms
concrete by investigating their suitability for applications in network science. For
this reason, we investigate in Chapter 6 numerically how Lanczos procedures interact
with large-scale matrices stemming from network applications, where sparsity and
spectral inhomogeneity are common. We conduct experiments with both synthetically
generated networks and real large-scale networks with thousands to millions of nodes.
We include a comparison between the actual number of iterates required by the
Lanczos procedure to compute matrix functions accurately compared with the number
of iterates that would be required by an a priori polynomial method on the same
matrix. Finally, in Chapter 7, we propose a framework for assessing edge importances
within networks using matrix functions. We show that the proposed metrics interpolate
between a local degree-based measure and popular global eigenvector-based measures
that were proposed for example in [ROH06, MSN10, TPER"12]. Moreover, we
describe how the algorithms from Chapter 3 and Chapter 4 allow for evaluation of
these measures at each individual edge in nearly linear time, and we also develop an
efficient computational scheme for evaluating the importance of all of the edges at the
same time using techniques of randomized diagonal estimation [BKS07, BN22], albeit
with reduced accuracy.

Our hope is that this dissertation will appeal both to the algorithmist as well as
the network scientist by laying out clearly a number of problems that can be solved
efficiently by Lanczos-based routines, providing simple theoretical characterizations
and error analysis of the approximations, and investigating a concrete example of how
these methods can be assembled to solve a problem arising in practice—edge ranking.
The scope of this dissertation is limited to symmetric matrices, smooth functions
that can be approximated well by polynomials, and applications to the evaluation
of edge importances. But we will include in our final chapter a discussion of further
algorithmic considerations and extensions together with an outline of other network

science applications that may benefit from the algorithms discussed in this work.



1.2

Summary of technical contributions

Although we have established our aims broadly within the narrative of this work, we

also wish to itemize here for reference some of the most notable technical contributions

that we make throughout this dissertation.

1.

Proposition 2.2. We show an equivalence between the matrix function difference
f(Y) — f(X) and bivariate matrix functions as described in [Krel0, Krel9].
Notably, this makes explicit a theoretical connection between the algorithms of
[BKS18] and [Krel9].

Proposition 2.4. We provide a simple modification of the standard error
analysis for polynomial approximation on an interval which can be used to
study approximation on an interval with a small number of outlying points.
Importantly, this provides a non-asymptotic error bound and avoids complicated

potential theoretic analysis based on unions of intervals.

Theorem 3.6 and Theorem 3.9. These results make explicit the connections
between scalar Gauss quadrature and Lanczos-based algorithms for computing
dynamics of the trace of a matrix function under rank-one perturbations. They
extend the famous correspondence studied in [GM09] between matrix function

quadratic forms and scalar quadrature to the dynamic case.

Theorem 4.6 and Theorem 4.9. In direct analogy to the previous point, these
results provide precise characterization of the Lanczos-based approximants to
the whole rank-one update and rank-one derivative matrix in terms of bivariate
polynomial interpolation. This is a generalization of the famous result from
[Saa92] showing that the Lanczos approximant for the f(B)b problem is a

polynomial interpolant, which is also discussed in [Hig08], for example.

Proposition 5.3. This result (and the accompanying example) provides an
explicit a priori bound explaining the spectral adaptivity observed when
computing low-rank updates via the Lanczos procedure. We are not aware of
another theoretical characterization of spectral adaptivity of this procedure,

although it is noted empirically in the original work [BKS18].

Proposition 7.1. We show that the proposed measures of edge centrality in
Chapter 7 interpolate between a local degree-based centrality and a global

eigenvector-based centrality, the latter having been introduced in [ROHO6].



7. Algorithm 11. We describe an algorithm for approximating the spectral sensi-
tivity edge centrality of all of the edges in the network simultaneously using

randomized diagonal estimation.

1.3 Statement of previous work

In a previous MSc thesis [Wes23|, the author worked on Krylov methods for low-rank
updates of matrix functions and considered applications to networks with the same
supervisors [Wes23|. Briefly, the dissertation considered algorithms from [BKS18]
for low-rank updates of matrix functions and provided analysis of the convergence
of these algorithms for the matrix exponential and the matrix pseudoinverse using
error estimates for analytic functions based on the Chebyshev polynomials [Trel9].
We considered an application to network robustness optimization with comparison
to [WPKVM14] and [AB16]. There is some overlap of material in order to keep the
present work self-contained, but our presentation is new and the present dissertation

is much wider in scope.

1.4 Software

All experiments were run in MATLAB R2022b on an Apple M2 MacBook using
only CPU. Source code of MATLAB implementations of the algorithms discussed is
available upon request or at the author’s GitHub westnickp. We provide our own
implementations of most linear algebraic problems; however, scalar approximation is
carried out using the Chebfun package [Trel9]. Network data was obtained in the

form of adjacency matrices from the SuiteSparse collection [KAB*19].



Chapter 2

Preliminaries

Chapter overview

This chapter introduces the technical foundation necessary for the remainder of the
dissertation. We discuss matrix functions (Section 2.1), polynomial methods for matrix
function computation (Section 2.2), some basic scalar polynomial approximation theory
(Section 2.3), and the use of matrix functions in network analysis (Section 2.4). Much
of the material is standard; however, there are a few results that will be of special
importance for this dissertation. In particular, bivariate matrix functions provide a
theoretical framework for understanding matrix function dynamics as described in
Proposition 2.1 and Proposition 2.2, results which will be used extensively in Chapter 4.
Additionally, the modification of uniform approximation in Proposition 2.4 to account
for outliers is significant for the error analysis of algorithms presented in later chapters,
see especially Section 5.3. Finally, the description of edge modification on a network
as representable by low-rank matrix dynamics in Proposition 2.7 will be important
when we consider measuring edge centralities in Chapter 7, and it justifies the use of

dynamic Lanczos procedures in network science more broadly.

2.1 Matrix functions of symmetric matrices

Our goal in this section is to provide a brief crash course on the mathematics of matrix
functions as will be necessary for the remainder of the dissertation; notably, we will
place a major emphasis on connections between generic matrix functions and scalar
polynomials, as this connection is what is exploited by the algorithms discussed in
this dissertation. It is sufficient for the purpose of this dissertation to assume that the
matrix B is symmetric with real entries and the relevant scalar function f is smooth on

an interval containing the eigenvalues of B. This drastically simplifies the presentation



in many cases. A more complete treatment of matrix functions is available in [Hig08],
which includes many of the same results in more general language handling the case
of non-symmetric matrices. We will also discuss a generalization to so-called bivariate
matrix functions as presented in [Krel0]. In the footnotes we provide proofs or discuss
notational convention where the presentation departs significantly from [Hig08, Krel0)].
Although this section primarily reviews material, the emphasis on connections between
matrix function dynamics and bivariate matrix functions is of note. In particular,
Proposition 2.2 is a new result, which clarifies a remark found in the introduction of
[Krel9]. See the remark after the statement of the proposition for further details.
We begin with three complimentary but ultimately equivalent views of matrix
functions. The matriz function f(B) can be defined first via the spectral decomposition

of a symmetric matrix B according to
f(B)=Vf(MVT, with B=VAVT, (2.1)

Here, V is an orthogonal matrix satisfying V7V = I, which we may also write by
expanding its columns V' = [vy,- -+ ,v,] with v'v; = §;;, where §;; is the Kronecker
delta with §;; = 0 if 7 # j and §;; = 1. The matrix A is a diagonal matrix whose
1th diagonal entry A\, = A;; is an eigenvalue of B with corresponding normalized
eigenvector v;, and f(A) is the diagonal matrix formed by evaluating f(A); = f(\),
applying f to the diagonal elements of A. This definition emphasizes that the matrix
function f(B) can be viewed as the application of the scalar function f(x) to the
eigenvalues of B. Two more definitions fall naturally out of ordinary matrix algebra.

For a polynomial p(z) = ¢y + c1x + - - - + ¥, we may define
p(B) =col + B+ -+ + ¢, B, (2.2)

where exponentiation of the scalar x is replaced with exponentiation of the matrix
B. This leads more generally to our second definition for functions with convergent

Taylor expansions, for which we write
f(B)=)_fiB', with f(z) = fir', (2:3)
i=0 i=0

where the f; are the coefficients of the Taylor expansion of f about 0. It is simple to
show that where (2.3) exists, it is equivalent to (2.1).! Finally, for our third definition,
we note that a matrix function may be defined by an interpolating polynomial.

We will discuss polynomial interpolation more in Chapter 4, but recall that any k

1For example, observe B¥ = VA*VT and apply this term by term to the Taylor expansion of f.
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distinct real numbers X = {xq, o, -+ , 21} with associated function values f(X) =
{f(z1), -+, f(x)} can be interpolated uniquely by a polynomial of degree at most
k — 1, called the Lagrange interpolating polynomial, which we will denote lg((x) That
is, I () is at most degree k — 1 with I (z;) = f(x;) for each i = 1,2,--- , k. Then we
may define

F(B) =1 5,(B), (2.4)
where l{( B) (B) is a polynomial depending on f and B, and is therefore well-defined for
example as in (2.2). It is again simple to show equivalence of (2.4) with the preceding
definitions; however, (2.4) resembles the Cayley-Hamilton theorem, thereby emphasiz-
ing the fact that every matrix function is equivalent to a finite degree polynomial of
that matrix, although an important caveat is that the polynomial in question depends
on the matrix itself. We will see later in Chapter 4 that the interpolatory property of
matrix functions is important in characterizing the approximants formed by Lanczos
procedures for matrix functions.

The matrix function f(B) inherits a clean differential calculus whenever f(x) is
smooth on (and near) the eigenvalues of B. The appropriate notion of derivative for
a matrix function f(B) is the Frechet derivative at B, denoted X +— L;(B, X) for a
matrix input X € R™", where L;(B, X) is a linear operator on R™*" satisfying

Ly(B,X) = f(B+X) - f(B) + O(|X]*) (2.5)

for all symmetric X and some matrix norm ||-||. That is, L¢(B,X) agrees with
f(B+X)— f(B) to first-order in the size of X in a neighborhood of B. The existence
and uniqueness of the solution to (2.5) on the space of symmetric matrices is guaranteed
by differentiability of f in a neighborhood of A(B). When X is fixed, if L(B, -) exists,

then

f(B+tX) — f(B)
t Y

so that the Frechet derivative coincides with the directional (or Gateauz) derivative,

Ly(B, X) = lim (2.6)

although it should be noted that (2.5) is a stronger requirement than the existence of
(2.6) for a fixed X. For B = VAV it can be shown [Hig08, Theorem 3.11] that the

Frechet derivative has the following equivalent form:
Li(B,X) =V (FoVIXV)VT, (2.7)

where o indicates the Hadamard product (entry-wise multiplication) and F' is a matrix

given element-wise by



We may view (2.7) as an analogy to (2.1), although it highlights the increased
complexity of the Frechet derivative relative to the underlying matrix function. If f
can be expanded as in (2.3), then we may also write [Hig08, Problem 3.6]

i

Ly(B,X)=>_ f;Y B"'XB™* (2.9)
=1 k=1
which offers a definition for the Frechet derivative analogous to (2.3).

Interestingly, (2.7) hints at a bivariate scalar problem underlying the Frechet
derivative, since the entries of F' are given by a bivariate function. Indeed, one
way to understand the relationship between the Frechet derivative L¢(B,-) and the
matrix function f(B) is through the concept of bivariate matriz functions [Krel0].
We introduce these now.? In [Krel(] it is shown that, given a bivariate scalar function
g(z,y), together with three symmetric n-by-n matrices A, B,C, one can define a
bivariate matriz function evaluated at C, denoted g{A, B}(C), with

g{A,B}C)=U (GoU"CV) VT, (2.10)

where A = UOUT and B = VAVT are respective spectral decompositions and G
is defined by G;; = g(©y;,Aj;), i.e. evaluating g on the tensor-product grid of the
eigenvalues of A and B, the two-dimensional domain A(A) x A(B) = {(A\,p) : A €
A(A), p € A(B)}. Alternatively, if g is a bivariate polynomial of maximal degree n, i.e.

g(z.y) =D g’y (2.11)
i=0 j=0

then we define .

g{A,B}C) =D g;ACH, (2.12)
5=0
in analogy with (2.2). Scalar polynomial interpolation on tensor-product grids is

well-established (see Chapter 4, or [IK66, Chapter 6]), so that if I, )(2,y) is

the bivariate Lagrange interpolating polynomial to g(x,y) on the tensor-product grid
A(A) X A\(B), and we observe that (2.10) depends only on the value of g on A(A) x A\(B),

we may state
9{A, BHC) = I 1y n { A BYHO), (2.13)

2Notably, we will assume that A, B, are all square symmetric matrices, which simplifies the
notation and some of the results from [Krel0] greatly for our purposes. We refer the reader to [Krel0]
for a more detailed treatment of the more general cases.
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which shows the equivalence of (2.10) and (2.12). Of course, if g has an infinite rather
than finite expansion akin to (2.12), then g{A, B}(C) is well-defined so long as the
expansion converges on the tensor-product grid \(A) x A(B).

Let’s summarize what we have said. We introduced g{A, B} as a linear operator on
R"™ " just as f(B) is a linear operator on R"™. Moreover, just as every matrix function
f(B) can be viewed as extending the univariate function f to operate on the eigenvalues
of B, the bivariate matrix function g{A, B} extends a bivariate scalar function g to
operate on the tensor-product grid of the eigenvalues of A and B. Additionally, both
univariate and bivariate matrix functions are equivalent to an appropriately defined
interpolating polynomial according to (2.4) and (2.13), respectively. Bivariate matrix
functions extend the notion of the classical (univariate) matrix function and provide a
unifying framework for various problems in numerical linear algebra, such as Lyapunov
and Sylvester equations (see [Krel0, Krel9] for further discussion). In this work, we
have introduced the notion of a bivariate matrix function because it will allow us to
characterize the algorithms described in Chapter 5 in terms of certain bivariate scalar
interpolation problems. This characterization will be possible because of the following
fact: the Frechet derivative of a matriz function and matriz function differences may
be viewed as bivariate matriz functions. We prove this in the following discussion.

Given a univariate function f, we may introduce the first order divided difference

function ) — f(o)
y)— fz
Afwy =4 y—o V7 2.14)
f'(x) T =y.

The following result, proved more generally in [Krel0], follows immediately under our

assumptions and notation from (2.7) and (2.10).

Proposition 2.1 (The Frechet derivative is a bivariate matrix function). Let f be
differentiable on the eigenvalues of B and Af(x,y) be as in (2.14). Then

L¢(B,X)=Af{B,B}(X) (2.15)
for all X in R™™.

A simple argument allows us to extend this result to apply to generic changes in
matrix functions f(B + X) — f(B).

Proposition 2.2 (Matrix function differences are bivariate matrix functions). For

matrices X,Y , we may write
fY) = (X)) =AY, X}Y - X). (2.16)
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In particular, we may write
f(B+X)—f(B)=Af{B+ X, B}X). (2.17)

Proof. We can assume that f is a polynomial of degree at most 2n — 1 since according
to (2.4) any polynomial p that interpolates f on the union of the spectra of Y and X
has p(Y) = F(¥) and p(X) = f(X).

Then if

2n—1 2n—1

=Y faty f(X) =) X (2.18)
=0 =0

we can write

2n—1 2n—1

=2 fly =2 f) = fX) = DO - XD. (219)

The i = 0 index can be dropped since the constant or constant-times-identity (e.g.

X% =T =YY terms cancel. For scalar polynomials, the difference of two powers

yields
k—1
yr-at =) Yy - a)d, (2.:20)
j=0
which allows for the simplification
f y f 2n—1 i—1 .
Af(z,y) = 1) - 1) Z fi Zy gl (2.21)

Y=

Thus, since this is a bivariate polynomial, we may apply (2.12) to observe

2n—1 i—1

Af{Y, XY — X) ZszY’ =iy — X)X (2.22)

Now we consider f(Y') — f(X). Crucially, the difference of two powers of matrices has

the same form?

—X* = i YFIT(Y — X)X (2.23)

Substituting this result into the right-hand equation of (2.19) yields

2n—1 i—1

f(Y) ZfZZYZ iy - X)X, (2.24)

3This can be proven by a simple induction argument. Such a proof is offered in [BKS18, Proposition
3.1], for example.
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Thus, equating (2.24) and (2.19) yields
fY) = F(X) = Af{Y, X}(Y = X)

as desired.
O]

Remark 2.1. Tt is shown in [BKS18, Lemma 2.2] that the following identity holds:*

f(ﬁ'y?ﬂ)IF“)ﬂ?ﬁﬁml

Thus, an immediate corollary of a suitable generalization of our result to potentially
non-symmetric matrices is that f evaluated on the following 2n x 2n matrix yields
X Y- X|\ _[f(X) AF{Y,X}(Y - X)
2 () R i

Thus, the connection between matrix function differences and the divided difference
function provided in Proposition 2.2 can be used to make explicit that the Krylov
subspace method for bivariate matrix functions proposed in [Krel9] is equivalent
to the Krylov subspace method for low-rank updates in [BKS18]. This resolves the
following comment in the introduction of [Krel9]: “We note in passing that the
algorithm proposed in this paper shares similarities with a recently proposed Krylov
subspace method for performing low-rank updates of matrix functions [BKS18].” That
is, the algorithms are not merely “similar” but are in fact equivalent according to

Proposition 2.2.

Proposition 2.1 and Proposition 2.2 show that matrix function dynamics—differences
and derivatives—may be viewed as bivariate matrix functions. Although it may seem
that we have substituted a more complicated theoretical object (bivariate matrix
functions) for a less complicated object (univariate matrix functions), there are two
important features of these results. First, even though B or f(B) may not have nice
matrix structure, if f can be represented (or approximated) by a low-degree polyno-
mial, then when X is of low-rank it will imply that L;(B, X) and f(B+X)— f(B) are
of low-rank, so that these and related quantities can be drastically easier to compute.
Second, we will see later in Chapter 4 that this characterization allows us to precisely
characterize the approximants formed by Lanczos-based methods for dynamic matrix

function problems.

4The proof is only for Y — X of low-rank in [BKS18], but the appropriate generalization to
arbitrary rank is given in [Wes23].
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We conclude this section with some comments on computation. When B is small
enough that its eigenvalue decomposition can be computed efficiently, then (2.1)
and (2.7) provide reliable mechanisms for computing matrix functions and Frechet

> We summarize the resulting

derivatives (when the input matrix is symmetric).
procedures in Algorithm 1 and Algorithm 2. Typically, eigenvalue computations for
symmetric matrices without further structural assumptions can be executed efficiently
and stably in O(n?) flops [GVL13]. Nevertheless, in many applications, n may be
tens-of-thousands, millions, or even billions, in which case computing an eigenvalue
decomposition is too costly, or even impossible. Since matrix-vector products are at
most O(n?), or faster for structured B such as sparse matrices, it is often favorable
to develop iterative procedures that use a small number of matrix-vector products
to approximate important quantities without forming f(B) explicitly. We discuss

examples of such procedures in the next section.

Algorithm 1 EicFunwm(f, B)
Matrix function evaluation of a symmetric matrix.

1: Input: Scalar function f, symmetric matrix B € R"*"

2: Output: Matrix function f(B)

3: (V,A) < E1a(B) > Symmetric eigenvalue decomposition
4 f(B) « Vf(MNVT > Evaluate f(A); = f(As;) along diagonal
)

. Complexity summary: O(n?) flops, O(n?) memory

Algorithm 2 EiGFRECH(Af, B, X)
Frechet derivative evaluation for a symmetric matrix and a fixed direction.
1: Input: Divided difference function A f, symmetric matrices B, X € R™*"
Output: Frechet derivative L(B, X)
(V.A) «+ E1a(B) > Symmetric eigenvalue decomposition
Form F via Fj; < Af(Ai, Aj))
Li(B,X) <+ V (FoVIXV)VT
Complexity summary: O(n?®) flops, O(n?) memory

5Notably, the Frechet derivative in Algorithm 2 requires the evaluation of the divided difference
function Af(x,y), for which some care must be taken to ensure numerical stability if there are closely
spaced eigenvalues, rather than merely using (2.14) directly. Since this is not a central subject of
this thesis, we use (2.14) unless |z — y| < /€, where ¢ is floating point machine precision, in which
case we apply a low-order quadrature rule to the integral formulation of A f(z,y) given in [Hig08,
Appendix B].
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2.2 Polynomial methods and the Lanczos proce-
dure

When the computation or storage of the full eigenvalue decomposition B = VAVT
is too costly, it becomes desirable to develop alternative computational routines.
Fortunately, in many applications, one does not require the full matrix function f(B),
and it is sometimes the case that B has special structure such that the matrix-vector
products x — Bx are rapidly computed. In this section, we consider approximating the
action of a matrix function on a vector—the computation of f(B)b—and the related
quadratic form b? f(B)b. We discuss here two popular iterative approaches based
on polynomial approximation—a Chebyshev-based approach and a Lanczos-based
approach—both of which can be drastically more efficient than the dense methods
described in the previous section. For further details, we recommend [Che22]. To
conclude this section, we will compare these approaches in order to highlight why we
are interested in studying Lanczos-based procedures in this dissertation, and our goal
in future sections will be to interrogate the peculiar convergence properties of the
Lanczos procedure and to extend the analysis from these well-known problems to the
less well-known but analogous problems of low-rank dynamics.

We begin with a motivating theoretical result. It is easy to show® the following

bound on the matrix 2-norm ||-||2 of a matrix function:

1/ (B)ll2 = max|f ()] (2.25)

where A1, g, - -+, A\, are the eigenvalues of B. Then in particular for any f, g defined
on A\(B), since ||Cblls < ||C]], ||b]l, for any matrix C', we have

I/ (B)b —g(B)blla < [[bll2- [[f(B) — g(B)]l

= |[bllz max| f(A:) = g(\)]. (2.26)

This means that we may approximate f(B)b by solving the scalar problem of approx-
imating f(x) ~ ¢g(z) on an interval containing A(B) for some function g for which
g(B)b is easy to evaluate.

We arrive now at a first method for this section based on forming an explicit
polynomial approximation a priori using the Chebyshev polynomials. Approximating
a scalar function f by polynomials on an interval [a, b] is well-studied, with powerful

approaches available via Chebyshev polynomials (see [Trel9]). For simplicity, we

6This follows from the fact that B = VAVT is Hermitian (and therefore unitarily diagonalizable)
and ||-||, is unitarily invariant. Then || f(B)|| = ||V f(A)VT]| = || f(A)] = max; | f ().
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discuss here the case a = —1,b = 1, but a simple linear transformation handles the
more general case. That is, on [—1,1] it is often possible to form a high accuracy

approximation of the form

fz) = p(z) = Z cibi(x), (2.27)

where the P; are the Chebyshev polynomials and the ¢; are constant coefficients of
this approximation. The Chebyshev polynomials on [—1, 1] satisfy the three-term

recurrence
Prar(z) = 22P,(x) - Py (a), (2.28)

with initial conditions
Py(z)=1, Pi(z)=ux, (2.29)

which translates to a matrix recurrence
Pi11(B)b =2BP;(B)b — P,_1(B)b. (2.30)

Thus, one may consider
f(B)b~p(B)b =Y ¢;P(B)b. (2.31)

If we can approximate (2.31), then this of course immediately entails the approximation
to the quadratic form
b’ f(B)b ~ b p(B)b. (2.32)

Notably, we do not need to form B or the P;(B) explicitly, but can generate the
basis vectors P;(B)b one at a time using one matrix-vector product with B and the
recurrence (2.30); moreover, we can implement this approximation whilst storing
only three of the basis vectors P;(B)b at a time. Importantly, m is determined by
the scalar approximation of f independent of the size of the matrix, and for many
smooth functions with m < n we obtain a highly accurate approximation (see the
discussion in the following section about error estimation). We state in Algorithm 3
the resulting procedure (see also [GKL20]). Assuming that inputs a < b which bound
the eigenvalues of B are known, Algorithm 3 requires O(m) matrix-vector products
with the matrix B and O(n) storage (in addition to the storage of B). For a dense
matrix, this means O(mn?) computational time, and if B is available as a sparse
matrix, this means that the computational time will be O(m - nnz B), where nnz B is

the number of non-zero entries in B. Note that when m < n, and especially when
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matrix-vector products are easy to compute, these storage and computational cost
requirements may be drastically better than the O(n?) dense methods presented in

the previous section.

Algorithm 3 CHEBACTION(B, b, m,a,b)
An a priori Chebyshev approximation for f(B)b.

1: Input: Symmetric B € R"*", initial vector b € R", approximation size m > 2,
real numbers a < b such that A(B) C [a, b]

2. Output: f approximating f(B)b

3: Form scalar approximation f(z) = p(z) = Y. ciPi(x) on [a, b]

4: Form Ty < By(B)b, T1 < P,(B)b

5: Initialize f « coTo+c1T.

6: for 7 =2,3,--- ,m do

7: T; < 2(aB —pI)T;_; — T;—» > «,[ scaling parameters for [a,b] # [—1, 1]
8: f — f + CjTj

9: end for

10: Complexity summary: O(m - nnz B) time and O(n) space

Now we consider a second approach based on the Lanczos procedure [Lan50].
Given a matrix B and the vector b, for some number of iterates m < n, the Lanczos
procedure constructs a rectangular matrix U,, € R™™ and a small companion
symmetric tridiagonal matrix 7;, € R™*™ as follows. We generate the columns of U,,
one-by-one by computing u;; = Bu;, orthogonalizing it against its two predecessors

u; and u;_;, and then normalizing it. This may be written as a three-term recurrence

1 .
U1 = 5 (Bu; —aju; = qu54),  j=0,1,2,-- (2.33)
J
where
aj =ul Bu;, f; = ||Bu; — aju; — Bi_1a;_1 s, (2.34)

with the initial conditions Soug = 0, u; = b/||b||. Although in principle this procedure
breaks down if any 3,11 = 0, it turns out that the approximation formed with m
replaced by j will be exactly correct in that case; for this reason, this is often termed
“lucky breakdown” for the Lanczos procedure, and we will always assume that 341 # 0

as is common in practice.” In matrix form, the recurrence relation is summarized by

BU,, = Up T + BrWir€el . (2.35)

"When $3; = 0, it means that we have found an invariant subspace of dimension j.
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where

oy 4 1
51 €%)] /32
U = [U1, 0, 0], T = By as . (2.36)
‘ ‘ ﬁm—l
ﬁm—l Q|

We summarize the algorithm for generating U,, and T, in Algorithm 4.

Algorithm 4 LaNczos(B, b, m)
The Lanczos procedure.

1: Input: Symmetric B € R™", initial vector b € R", iteration count m.
2: Output: (Uy,, T, B, Umy1) satisfying the Lanczos relationship.

33 ug < 0; u; < b/|blla; Bo+ 0

4: for j=1,2,--- ;m do

5: r; < Bu,
6
7
8
9

Q< ll?rj
Wj T —oju; — [,
8« Iw
: uj =w;/f; > If 5; = 0, exit (“lucky breakdown”)
10: u;;1 < REORTHO(U;11,Uj) > Necessary for numerical stability
11: end for
12: Complexity summary: O(m - nnz B) + O(m?n) time and O(mn) space

Further discussion of the properties of Algorithm 4 is given in Chapter 3 and
Chapter 4; for now, we simply note some important well-known properties (see for
example [Par98, Hig08, GM09, GVL13, Che22]). The extremal eigenvalues of the
symmetric tridiagonal T, are excellent estimates for the extremal eigenvalues of B
[GVL13, Chapter 10], and the well-known Conjugate Gradient method [LS12] for
solving the linear system Bx = b iteratively when B is positive definite (with an

initial guess x & 0) is theoretically equivalent to estimating
B™'b =~ ||b|2U,. T, e;. (2.37)

The columns of the matrix U, form an orthonormal basis for the mth polynomial

Krylov subspace of B applied to b:
Kn(B,b) = span{b, Bb, B?b,--- ,B™ 'b} = {x | x = p(B)b, p € P,,_1}, (2.38)

which contains any vector x that can be expressed as a polynomial of B of degree at
most m — 1 applied to b, i.e. x = p(B)b. That the columns of U, are contained in

K.»(B,b) is obvious, but orthonormality follows from the equivalence of the recurrence
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(2.33) to the performance of full Gram-Schmidt orthonormalization of the basis
[GM09, Chapter 4]. In finite precision arithmetic, the basis U,, can suffer from a
loss of orthogonality when this three-term recurrence is used; however, the method
becomes practically stable if one implements double reorthogonalization, where one
orthogonalizes each new u; against all of its predecessors twice [GLR05, GLREO5].
This means that Lanczos procedures generically require between O(m) and O(m?)
vector-vector orthogonalizations, depending on the level of numerical care that is
taken. Throughout the remainder of the work, our theoretical results apply to methods
based on the Lanczos procedure run in ezxact arithmetic—that is, we assume that
the basis U, is truly orthonormal. If double reorthogonalization is carried out then
these theoretical results can be expected to hold in practice, and we will perform
all experiments in this dissertation with this full reorthogonalization.® The bulk of
memory requirements are from storing U,,, which requires O(mn) space, but low-
memory implementations are possible (although reorthogonalization is not typically
possible with low-memory implementations).

We return now to the problem at hand, computing f(B)b and b” f(B)b. The fact
that the columns of U, span KC,,(B,b) ensures that there exists some x € R™ such
that

1£(B)b— Unixlls = min [[7(B)b = p(B)bl]. (2.39)

Obtaining such an x is not easy in general. However, inspired by the estimate (2.37), we

may consider generalizing from f(z) = z~! to arbitrary f, and consider the analogous
f(B)b ~ |[bll2Un f(T)n)er. (2.40)

The resulting algorithm obtained from this choice is given in Algorithm 5. Further
details on its derivation are provdied in Chapter 4. Notably, the evaluation of f(7),)
can be done via dense methods such as Algorithm 1, which require only O(m?) time,? so
that when m < n we have that Algorithm 5 is dominated by the O(m?n)+O(m-nnz B)

cost of the Lanczos procedure.

8The behavior of Lanczos procedures in finite precision arithmetic is still an open area of research
[Che22]. It should be noted however that the Lanczos procedure without reorthogonalization may
be much more efficient since it does not require the storage of all of U, and does not require the
additional vector-vector orthogonalizations which may become expensive. Incredibly, although the
behavior in finite precision is drastically different from what can be expected in exact arithmetic, the
resulting procedure is well-behaved.

9In fact, faster symmetric tridiagonal eigenvalue decomposition routines exist [Cup80, CR13].

21



Algorithm 5 LANACTION(B, b, m)
Lanczos-based approximation to f(B)b.

1: Input: Symmetric B € R™*", initial vector b € R", iteration count m.
Output: Vector f approximating f(B)b.

Form (U, Tony B, Wins1) < LANCZOS(B, b, m)

f < |bl|Upnf(Tm)e

Complexity summary: O(m - nnz B) + O(m?n) time and O(mn) space

We postpone a careful error analysis for now, but we note that the following bound
is standard (see e.g. [CTU21]):

IF (B)b — |[bll2Unf (Tm)er]l < 2[blla min max|f(z) —p(x)], (2.41)

where S is any set containing the spectra of B and T,,. That is, this approximation is
nearly-optimal with respect to the a priori observation (2.26). In particular, (2.41) is
true for S = [A1, A,] where Aj, \,, are the extremal eigenvalues of B since the field of
values of T, is contained in the field of values of B.

So the Lanczos procedure does at least as well as any a priori approximation
of the kind described early in this section; however, there are two remarkable facts
about this Lanczos-based procedure that we should note: its spectral adaptivity and
its accelerated convergence for quadratic forms. First, we note that (2.41) holds for
any S that contains the eigenvalues of B and 7,,, which means that for matrices
with heterogeneous eigenvalue distributions, for example with a small number of
outlying eigenvalues, Lanczos may significantly outperform a priori methods that
attempt to approximate f on the whole interval [A;, A,]. Second, when we approximate
b’ f(B)b rather than f(B)b, then the convergence rate is effectively doubled. Noting
b”U,, = ||b|| el, one can show that

b f(B)b — [[bll3e; f(Tm)e:| < I\bH%p min max|f(z) — p(z)], (2.42)

€lPom_1 €S

where S is as before. Note that the convergence rate here has doubled. We will offer a
proof and further discussion in Chapter 3, but we merely mention this for now in order
to offer motivation for the chapters to come. Indeed, as a central contribution of this
dissertation, we will show that these properties—spectral adaptivity and accelerated
convergence for quadrature rules—obtain when extending to dynamic matrix function
computations discussed in Chapter 3 and Chapter 4.

We conclude this section with an example to illustrate these points. Suppose

we form a 1000-by-1000 matrix B; with eigenvalues linearly spaced in [—1, 1] and a
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Figure 2.1: Depiction of accelerated convergence for Lanczos-based matrix function
computation.

second matrix By with 99% of its eigenvalues in [—1, —1/3]U[1/3, 1] and the remaining
1% in [—1/3,1/3]. For f(z) = /1.05 — z, we approximate f(Bj)b and f(B)b via
Algorithm 3 and algorithm Algorithm 5. The resulting convergence curves are depicted
in the first two plots of Figure 2.1. Notably, the convergence rates are nearly identical
in the first plot, but in the second plot the Lanczos procedure exhibits the accelerating
convergence that sets it apart. In the third plot, we also compare the approximation
of b? f(B;)b via the two methods, for which the Chebyshev method converges at a

similar rate as before, but the Lanczos procedure obtains a doubled convergence rate.

2.3 Error estimation for polynomials

A key component of the success of the methods introduced in the previous section
and to be studied in later chapters is that polynomials are good at approximating
smooth functions, and that the convergence properties of polynomial approximations
have been studied extensively [Che66, Riv81, Trel9]. In this section, we summarize
some important properties of uniform polynomial approximation.

Figure 2.2 illustrates the phenomenon of interest. In the top row, we plot functions
of decreasing smoothness (from left to right). Along the bottom, we plot the log of
the maximal pointwise error in the function for the best polynomial approximants of
increasing degree (from degree 0 up to degree 150). The error curves on the bottom
exhibit drastically different convergence behaviors depending on the smoothness of
the function. We can explain this phenomenon with some results about uniform
approximation (sometimes called “best,” “Chebyshev,” or “minimax” approximation).

Let us introduce the uniform error norm ||f||x = max,cx |f(z)| for a function f on
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Figure 2.2: Illustration of Theorem 2.3. From left to right on the top we depict
the functions e”sin(z) (entire), (1 + 2?)~! (analytic in a neighborhood of [—1,1]),
e~1/* (infinitely differentiable), || (differentiable), |z| (continuous). The z-axis and
y-axis are [—1,1]. Along the bottom row, we plot the error log E* (f,[—1,1]) for
m=0,1,2,---,150.

a compact set X. We begin with approximation on a real interval [a, b] through the
quantity
EL(f [a,0) = I = phlliaal, (2.43)

which is the maximal point-wise error in the best degree m polynomial approximation
pr, to f defined by
P, = argmin|| f — pu|jap- (2.44)

Pm€EPM
It is standard to show that such a polynomial exists, is unique, and can be computed via
iterative Remez-type algorithms [Che66, Trel9]. Of course, for any continuous function
f, the famous Weierstrass approximation theorem implies that EX (f,[a,b]) — 0 as
m — oo. But the following theorem summarizes a number of important results beyond

Weierstrass about the behavior of E with m finite for different classes of functions f.

Theorem 2.3 (Uniform approximation). The following smoothness assumptions allow

for the following bounds on uniform approrimation:

e Suppose f is Lipschitz continuous on [a,b] with Lipschitz coefficient K. Then

B (f.a,b) < 20 =a)

= dm 1) (2.45)
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o Suppose f isd —1>1 times continuously differentiable, with £V absolutely

continuous and f'9 of total variation V.. Then for m > d,

Ey(f.[a,0]) < (b;a)d<ﬂdOiY_®d) (2.46)

e Suppose [ is analytic on the ellipse in the complex plane with foci at real

numbers a,b and with full major and minor azes summing to p(b— a) for some
p > 1. We denote this ellipse Bl 3 (p). Then

207" f 1By (o)
p—1

En(f,[a,0]) < (2.47)
Proof. The bound in (2.45) is a variant of Jackson’s theorem and the quoted result is
from [Che66, Chapter 4.6]. The bounds in (2.46) and (2.47) are obtained from [Trel9,
Theorem 7.2] and [Trel9, Theorem 8.2].1° The Chebyshev projections [Trel9] obtain
the stated bounds in (2.46) and (2.47), although we have mapped the result from
[—1,1] to [a, b], causing the factor of (b — a)?/2¢ to appear in (2.46), and the slightly

more general definition of a Bernstein ellipse Bja (). [l

This theorem explains the behavior we see in Figure 2.2. Qualitatively, the smoother
the function, the better the convergence rate—quantitatively, our convergence is of
order O(m~?) for functions that are d — 1 times differentiable, and of order O(p=™)
for functions that are complex analytic, where p > 1 is a parameter measuring how
analytic the function is.

One phenomenon that Theorem 2.3 does not capture, however, is what happens
when the domain of approximation is not merely an interval. It is possible to use
potential theoretic tools to determine rates of approximation for more complicated
sets in the complex plane such as unions of intervals [DTT98, Kui06]; however, the
theory is rather involved, the results are in essence asymptotic, and in particular sets
of isolated points within the domain of approximation cannot be accounted for since
these tools deal with sets of non-zero measure. We, however, will be interested in
precisely the non-asymptotic, discrete regime, and in particular in the effect that a
small number of outlying points has on the rate of approximation, as it is common in
matrix applications to have a region in which the eigenvalues are effectively densely

distributed together with a region where the eigenvalues are sparsely distributed. It

10A better constant on the error in (2.46) can be obtained (see Favard’s constants), but (2.46) is
simpler to state, a short proof is offered in [Trel9], and the constant is basically tight.
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turns out that it is possible to offer a slight modification of Theorem 2.3 that can
account for a small number of outliers effectively, which we consider now.
For points X = {x1, 9, -+ , 1}, together with the interval [a, b], we wish also to

study the error
En(f;la, 6] U X) = [If = prullasjux (2.48)

where

Py, = argmin|| f — p||fapux- (2.49)

pEPm

We assume without loss of generality that the points in X are distinct and not
contained in [a, b]. By the same standard theory (see e.g. [Che66]) the solution exists,
is unique, and can be computed via variants of the Remez algorithm. In order to offer
a simple characterization of error, let us introduce the divided difference function Ay f.
For a smooth function f, we wrote the first-order divided difference of f at x and y
with Af(z,y) in (2.14). We generalize this to higher-order quotients (with a slightly
modified notation) here. When z # 1, we define the first-order divided difference

A flz) = M, (2.50)

Tr — T

and when = = 1, Ay f(x) = f'(x1). Higher-order differences can be defined
recursively via
Ax1---z _Az1---z,
Apors iy [ (o) = Dt/ = Do [0k) (251)

T — T

with the same exception at & = x where Ag,, .. 21 f(®) = Aggy o o 3 f'(2). The
ordering of the z; does not mater, and there are many alternative formulations
[dBO5]. A nice short summary of their properties is also given in [Hig08, Appendix
BJ. Our notation here is non-standard, but we wish to emphasize that we may view
x +— Ax f(z) as a univariate function in z when the elements of X are fixed. Then

we can state the following result:

Proposition 2.4 (Uniform approximation on an interval plus outliers). Let m > k.
Then the following bound holds:

k

H(x — ;)

=1

B2 (f, a,b] U X) < Efy (xS, [a,b]) - (2.52)

[a,b]

Proof. Let lf((x) be the polynomial of degree at most k£ — 1 interpolating f at the

points in X. Note further the following characterization of the divided difference
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function (see [dBO05, Section 9]):

f(z) = U (2)

AX xTr) = % .
T [[iei(z — )

Now consider polynomials of the form
k
plx) =t (x) + q(@) [[ (=
i=1
where ¢(x) is a polynomial of degree at most m — k, so that p is of degree at most m.

Clearly f(z;) — p(x;) = 0, so that

1f —ﬁH[a,b]uX =f —ﬁﬂ[a,b]-

Moreover, within [a,b] we may factor out the non-zero monomial [[_,(z — ;) to

obtain

k
f@) = p(z) = f(z) = I (2) - q(x) H(w — ;)
= (Axf(z H T —x;).

Thus, using polynomials of this form, we obtain

EL(f;la,b] U X) = min [|f = pll yux
pEIPm

K
< min [|[(Axf(z) —q(x)) H(ﬂf — ;)
q€P i1 [ab}
k
< min [JAxf(2) — q()|ly - H(x — ;)
4P m i=1 [a,b]

k

H(z — ;)

=1

[a,b]

]

Remark 2.2. Although the proof of Proposition 2.4 is a straightforward modification
of standard results from approximation theory, we have not seen a similar treatment

elsewhere in the literature. We believe the result to be new.
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To be clear, for a fixed k, once m > k Proposition 2.4 shows that the rate of
approximation for a function f by polynomials on an interval-plus outliers [a, b] U X
is governed by the difficulty of approximating Ax f on [a, b] rather than f on a larger
interval containing all of [a,b] U X. The important fact about divided differences for
this characterization is that they inherit the same smoothness properties within [a, 0]
as f. If f has d derivatives on [a, b, then so does Ax f, since the points in X are
outside of [a,b]. And if f is analytic on a closed, convex domain € D X, then so is

Ax f. In fact, it is possible to provide the following bounds on the size of Ax f.

Proposition 2.5. If f is analytic on a connected domain ) in the complex plane with

X C Q, where X = {xy,x9, -+ , x5} consists of k distinct complex points, then Ax f

1s analytic on Q as well. The following estimate holds for closed, convex €):

1F* o
T

xSl < S (2.53)

Now let [c,d] D ([a,b] U X). If f is k > 0 times differentiable on [c,d] then Ax f is
also k times differentiable on |a,b]. Moreover, for each x in [a,b] there exists some &

in [c,d] depending on x such that

) (2.54)

Proof. These results follow from the Genocchi-Hermite formula and the generalized

mean value theorem [Hig08, Appendix B.16]. ]

Note that Proposition 2.5 together with Proposition 2.4 means first that the rate
of approximation of f on [a,b] U X is identical to the rate of approximation to f
on [a,b], as we would expect given asymptotic results from potential theory. But
beyond this, Proposition 2.4 holds for finite m and is easy to study, allowing for some
elementary error estimates that we will see in Chapter 5 can be effective in some

practical situations

2.4 Network analysis via matrix functions

We conclude this chapter by returning to the ultimate application of interest: the
analysis of networks. Informally, a network (or mathematically equivalent, a graph) is
a collection of nodes connected by edges, often used to model pairwise relationships
in the social sciences, transportation studies, and biological or chemical systems

[Est12b, New18]. Networks are also important in data science and machine learning
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contexts since they are a near-ubiquitous model for relational data [F'SS16, Ham20)].
Standard tasks in network science involve the ranking of nodes or edges by importance
or centrality within the network, providing generalized measures of similarity and
dissimilarity or proximity and distance on the network, revealing community structure
wherein certain subsets of the nodes are more strongly connected within the community
than they are outside of the community, or finding low-dimensional representations of
the network’s elements.

Our goal in this section is to describe how matrix functions offer a convenient
theoretical framework for many of these tasks [EH10, BK13]. Below, we introduce
the main matrix representations of networks used in this dissertation and discuss how
matrix functions allow for measurements of network structure.

First, we introduce the adjacency matriz. Suppose the n nodes of a network are
labeled 1,2, --- ,n and that the edges of the network are labeled as ordered pairs, for
example e = (4, j) when node i is connected to j by the kth edge. Then the adjacency
matrix A is a square matrix with A;; = 1 if nodes 7 and j are connected, and A;; =0
otherwise. Notably, A is symmetric with non-negative entries. The number of edges
connected to a node is a standard measure of local importance called the degree of
the node. In this context, the row-sums, which can be computed by the matrix-vector
product A1 where 1 is a vector of all ones, yield the degrees of all nodes. A walk of
length k on the network is a sequence of k edges (i1, 12), (i2,13), - - , (ig, ix+1) such that
each (i;,4;11) is an edge in the network incident to nodes i; and 4;,;. Our first result
is a standard identity in spectral graph theory: powers of the adjacency matrix count

the number of walks between nodes according to the edge structure.

Theorem 2.6 (Adjacency matrix powers count paths). The number of walks of length

k > 1 between nodes i and j is given by (A¥);;.

Proof. This result follows directly from the definition of matrix-matrix multiplication

and induction. O

In light of Theorem 2.6, any matrix function f with a power series representation,
when applied to the adjacency matrix, has a clear interpretation: it may be viewed
as defining a (potentially infinite) weighted sum of the number of walks between two
nodes. That is, if

FIA) =" fuA¥, (2.55)

then f(A);; gives a generalized measure of the number of walks between two nodes,

called the f-communicability between nodes i and j. Two node centrality measures are
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immediate. The matrix-vector product f(A)I, which sums the rows of f(A), can be
viewed as a generalization of node degree, measuring how well each node communicates
with the rest of the graph, so that we call (f(A)L); the total f-communicability of node
i. Relatedly, the diagonal entry f(A);; measures the number of walks that leave and
return to node ¢, which we call the f-centrality of node i. Correspondingly, the sum
of all entries 17 f(A)1 will be called the total f-communicability of the network, and
the sum of diagonal entries—the trace Tr(f(A))—will be called the total f-centrality
of the network. These latter two measures can be used to describe the robustness of a
network according to the abundance of communicating paths. This terminology was
introduced in [EH10].

The matrix function f(A) has an important geometric interpretation too. If f(A)

is a positive semidefinite matrix, then the quantity
Cij = [(A)u + f(A)j; — 2f(A)y, (2.56)

which we call the communicability distance after [Est12a], forms a (squared) Euclidean
distance metric on the network, and f(A) may correspondingly be interpreted as a
positive semidefinite kernel measuring the similarity between nodes on the graph with
f(A);j. One may also consider the related communicability angle between nodes i and
j [EH16] defined by

Vij = f(A)ij ’ (2'57>

f(A)iif(A)j

which results from normalizing the kernel matrix f(A). For further details on network
kernels, see [FSS16].

Two important concrete examples of matrix functions are the matrixz exponential

e and the matriz resolvent (I — aA)~!, which have the Taylor expansions

2 A2
e =T+ A+

ot (I—ad) ' =T+ad+a’A*+---, (2.58)

where o < ||A||2 is required for the second series to converge. Notably, the matrix
exponential gives rise to the Estrada index of a network Tr(e?) [EH10], and the matrix
resolvent gives rise to the famous Katz centralities (I — aA)™ 1 [Kat53].

A second important matrix representation of a network is the graph Laplacian,
denoted L, and defined by L;; = —1 if nodes 7 and j are connected, with the degrees
of the nodes along the diagonal, L;; = (A1),. If D is a diagonal matrix with D;; the
degree of node i, then we may write L = D — A. Notably, the Laplacian is always
singular with 1 in its null-space; however, when a network is connected, this zero

eigenvalue is unique and its null-space is consequently one-dimensional. The smallest
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Quantity Interpretation

f(A) f-centrality of node ¢ (self-communicability)
(f(A)1); Total f-communicability of node i
f(A); f-communicability between nodes i and j

f(A)i + f(A);; —2f(A); Communicability distance between nodes i and j
Yi; = F(A)ij//F(A)if(A);; | Communicability angle between nodes i and j
Tr(f(A)) Total f-centrality of the network

17 f(A)1 Total f-communicability of the network

Table 2.1: Interpreting matrix functions of the adjacency matrix.

non-zero eigenvalues and eigenvectors often encode community structure, rates of
diffusion, and more on the network [FSS16]. The matrix exponential has another
valuable physical interpretation when applied to the Laplacian. Diffusion on the graph
may be modeled by

dx
— =—L 2.59
which has the analytical solution
x(t) = e "Fxq (2.60)

So that e~*X measures amount of heat diffusing from 4 to j in ¢ units of time. In
machine learning communities, this is often referred to as the heat kernel of the graph
[Chu07]. Another popular matrix function is the Moore-Penrose Pseudoinverse, which

in this instance may be written via
n
LT=Y N'viv, (2.61)
=2

where L has eigenvalues 0 = A\; < Ay < A3 < --- < )\, with corresponding normalized
eigenvectors vy, vy, v, - -+, v,. This matrix function gives rise to effective resistances
and effective resistance distances [KR93, FSS16].

We introduce two final matrices that emphasize an edge-level representation of the
network. Suppose that we label the s edges of the network ey, es, - -+ , e, and we say
that the ith edge is incident on nodes j, k if it joins those two nodes, i.e. e¢; = (j, k).
Furthermore, suppose that we assign an arbitrary orientation to each edge so that
e; = (J, k) indicates that e; initiates at node j and terminates at node k. Then we
define X € R**" the signed incidence matriz according to X;; = 1 if edge ¢ initiates

at node j and X;; = —1 if edge ¢ terminates at node k, and X;; = 0 otherwise. We
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relatedly define the unsigned incidence matriz Y with Y;; = | X;;|. We will use x; to
indicate the transpose of the ¢th row of the incidence matrix X, and y; to indicate
the transpose of the ith row of the unsigned incidence matrix Y. Note that x; has
exactly two non-zero entries of value —1 and +1 in the j, k indices if e; = (j, k), and
y; has those same entries filled both by +1. Now we can write the Laplacian L and

the adjacency matrix A as a sum of their edges—namely,

L=X"X=>) xx], (2.62)
=1
and
YTy — XTX 1o . -
A= (f) =3 > (vl —xx). (2.63)

i=1
This perspective emphasizes matricially that a network is the sum of its edges, and
notably it implies that the removal (or addition) of an edge is a rank-1 modification

of the Laplacian or a rank-2 modification of the adjacency matrix.

Proposition 2.7 (Low-rank dynamics of undirected networks). The addition or
deletion of an edge is a symmetric rank-1 modification of the Laplacian and a symmetric

rank-2 modification of the adjacency matriz, as presented in (2.62) and (2.63).

Remark 2.3. Tt also follows immediately that the removal of node 7, where we delete
all edges incident on the node, is a rank d; modification of the Laplacian, were d; is
the degree of node i. It can be shown that the removal of a node of the adjacency
matrix is a rank 2 modification of the adjacency matrix regardless of the degree of the

node.

We will return to networks in the final part of the dissertation, but we hope that
this last comment on low-rank dynamics convinces the reader that networks provide a
relevant application within which low-rank dynamics are natural to consider. We will
see that there are further matricial structures that are natural in real-world networks
in Chapter 6, such as sparsity and spectral inhomogeneity, providing more structure
for the matrix methods introduced in Section 2.2 and further considered in Chapter 3
and Chapter 4.

Further references

See [Hig08] for an introduction to matrix function theory and computation. For

introductions to network science and graph theory, together with discussions of
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connections to matrix functions, we suggest [Est12b, FSS16], as well as [Spil9] for
an overview of spectral graph theory with algorithmic considerations. For iterative
methods for eigenvalue problems and solving linear systems, see [Saa03, Saall, LS12],
for example. Polynomial Krylov methods for matrix function problems are discussed
in [Hig08, GVL13], and further excellent resources with extensions to rational Krylov
methods are the PhD theses [Giil3, Sch16]. Important further references that consider
symmetric problems and the Lanczos procedure in further detail are the book [GMO09]
and Chen’s recent PhD thesis [Che22]. Polynomial approximation theory is discussed
in numerous texts [Tim63, Che66, IK66, Riv81, Trel9].
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Chapter 3

Lanczos quadrature

Chapter overview

In this chapter, we study the connection between Gauss quadrature and the Lanczos
procedure applied to various matrix function problems. More concretely, we review
results from [GMO09] and [Che22], which show that the approximation

b” f(B)b ~ ||b|; el f(T)es

where T}, is computed via the Lanczos procedure applied to B with starting vector b
corresponds precisely to the application of Gauss quadrature to a scalar problem.

Our main technical contributions appear in Section 3.3 and Section 3.4, where we
demonstrate that the same framework can be used to compute the derivative of the
trace of a matrix function in a low-rank direction and to efficiently update the trace
under low-rank perturbations. That is, we propose the approximation

0 ) /
o7 [T (B + b))~ [bl; el f/(T)er

and show that it similarly has an interpretation within the Gauss quadrature framework.

We review the approximation
Te(f(B +bb) = f(B)) = Tr(f (T + bl ere]) = f(T,n))

from [CKM22] and show that it has a similar interpretation through the lens of
Gauss quadrature. This perspective improves on the bound in [CKM22| by removing

dependence on the matrix dimension, which may be very large in practice.
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3.1 Gauss quadrature and orthogonal polynomials

We begin by reviewing scalar Gauss quadrature. Consider computing the scalar

Riemann-Stieltjes integral

b
d =1 i 1
| t@yate) ﬁ&Zf% r) o) (31)
where the z; form a suitable partition of [a,b], f is a continuous function defined on
la, b], and « is a bounded, non-decreasing (though not necessarily continuous) function
on [a,b]. An m-point numerical quadrature rule approximates this integral by some

combination of m nodes x1, s, - , x,, and m corresponding weights wy, - - - , w,, such

that
/f \do(z Zf:cl w (32)

When f is smooth, a tried and true approach is to use the Gauss nodes and weights
associated with da(x), which can be obtained from the orthogonal polynomials
associated with da. Below, we introduce orthogonal polynomials and summarize how
one may obtain the Gauss nodes together with some of their important theoretical
properties. For brevity, we merely state these results, omitting many important
(and beautiful!) details involved in the derivation, to which we refer the reader to
[Sze39, Gau04, GM09]. We will extend the scalar problem to various matrix function
problems in the following sections.

More concretely, the measure da, which we assume has 1 < N < oo points of
increase on the interval [a, b], gives rise to an inner product and induced norm on the

space of continuous functions

b
/f d@»\m@z/ﬂWmm. (3.3)

We will use Supp(da) to indicate the support of da, the domain upon which « is
increasing. In turn, this determines a family of orthogonal polynomials, which we
denote for £k = 0,1,2,--- | N with 7 (x;da), or simply 7, for which each 7 is a

polynomial of degree k and satisfies the orthonormality conditions

(5, 75 ) e = {O i (3.4)
1 i=j.

If @ has an infinite number of points of increase, then the family of orthogonal

polynomials is infinite, and if & has N < oo points of increase, then we consider the
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finite family of polynomials through 7y. Notably, the polynomials {m;}_, can be

generated recursively by a three-term recurrence

1 )
Tiy1(x) = 3 ((r — i) mi(x) + Bimia(z)),  i=0,1,2,-- (3.5)
i1
where we define
Qir1 = (T, Ti)da, Biv1 = |[(x — aip1)mi — Bimiz1||da (3.6)

together with the initial conditions By = 0 and 75! = 4/ f: da(z). Although it may
seem that we have overloaded notation from Section 2.2, we will see in the next
section that the Lanczos procedure introduced previously as Algorithm 4 computes
the recurrence coefficients of a particular family of orthogonal polynomials, so the
reuse of notation is fitting.
We are now ready to state the m point Gauss quadrature rule for (3.2). Suppose
that we assemble the «; and f3; into the symmetric tridiagonal matrix
ar B
= | , (3.7)
Qo1 B
Bm-1  Qm
which is often called the Jacobi matriz associated with the orthogonal polynomials.
Since T}, is symmetric and irreducible, it has m simple, real eigenvalues, which coincide
with the m distinct roots of m,,, which are known to lie within [a,b]. See [GMO09]

for further details. We label the eigenvalues tq,to, - - - ,t,, with associated normalized

o = /abda(x).

i =t, w; = pole] wy)? (3.8)

eigenvectors wy, - -+ , w,,. Define

Then the choice

in the approximation (3.2) yields the m-point Gauss quadrature rule associated with
the measure da.. That is, the nodes of Gauss quadrature are the eigenvalues of T}, and
the weights are the squares of the first entries of the associated eigenvectors (rescaled
by the size of the measure p) [GM09, Theorem 6.2].7 We then write

b
/ fo)da(z) = 3 F(ts)ws + REolf, dal, (3.9)

m
i=1

1Often, this result is derived via interpolatory considerations [Trel9, Chapter 19].
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where Ri,[f, da] is the remainder term. The following theorem summarizes why this

is a successful approximation.

Theorem 3.1 (Gauss quadrature). Let m > 1. If f is a polynomial of degree at most
2m — 1,

molf, da] = 0. (3.10)
If f is 2m times differentiable on [a,b] D Supp(da), there exists some & € [a,b] such

that o)
Golf, do] = Nof(2—m§§) (BB Bu1)?. (3.11)

For any function f defined on |a,b|, the remainder satisfies the inequality

where S = Supp(da) U Zer(m,) C [a,b], and E3,,_,(f,S) is the error in the best

uniform approzimation to f on S (see section Section 2.3). Here, Zer(m,,) is the set

of zeros of the polynomial T,,.

Proof. See [GM09, Chapter 6] for (3.10) and (3.11). The final result (3.12), which
uses error estimates from uniform approximation, is more-or-less well-known (see
e.g. [Gau8l, Section 4.1.3]), and can be proven using the exactness result: for any

p € Ily,,_1, we have

| pardate) = 3 plaius

which immediately implies

Golf, dal :/ flx)da(z) — Zf(xi)wi

b b m m
— [ f@dat) - [ pladat) + 3 plau - 3 flau
a a i=1 =1
b m
= [~ D@)daa) + Yoo~ Fwius
@ i=1
Notably, > w; = po. Thus, taking absolute values and applying the triangle inequality
yields

m

Z(p = [)(@i)w;

=1

b
R, dal| < / (f - p)(@)da(x)| +

s/ (f = p@dala) + D1 = Flaolw

< 2u0 max |(f = p)(2)].

z€Supp(da)UZer(mm)
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This result is true for arbitrary p € Psy,_1. Minimizing over p € P,,,_; yields
(3.12). O

This means that Gauss quadrature integrates polynomials of degree 2m — 1 exactly,
and as a result of this property, approximately integrates functions that can be
represented accurately by polynomials on the set S. Equation (3.11) gives an “exact”
form of the remainder term, although it can be impractical for bounding the error
since the & € [a,b] is unknown, and the bound involves high order derivatives of f.
But we see in (3.12) that the convergence rate for the m-point Gauss quadrature rule
is approximately twice that of the convergence rate of uniform approximation of f by

polynomials, which can be incredibly fast for smooth f, as discussed in Section 2.3.

3.2 Quadratic forms

Now we turn to matrix functions: we wish to compute the quadratic form b? f(B)b.
Our motivation is two results: a connection between matrix function quadratic forms
of the form b’ f(B)b and Riemann-Stieltjes integrals, and a connection between
the Lanczos procedure and orthogonal polynomials. That is, we will review the

approximation

b” f(B)b ~ ||bl[; e] f(T)er, (3.13)

where T, is generated by the Lanczos procedure (Algorithm 4). It turns out that the
convergence properties of (3.13) are determined by the theory of Gauss quadrature
discussed in the previous section. The material in this section is primarily drawn from

[GMO09]. See also [Che22].

Consider the following result:

Proposition 3.2. Let B be a symmetric matrixz with eigenvalues contained in an

interval [a,b], f a function defined on the eigenvalues of B, and b a vector. Then

b
b f(B)b = / (@) da() (3.14)
where da 1s the measure determined by the piecewise constant function
0 T S )\1
O[(I’) = Z-'Zl(e;-TVTb)Q A <z< )‘i+1 (315)
Ibl5 An < T,
with \y < Ay < -+ <\, the eigenvalues of B with corresponding normalized eigenvec-

tors {v;} forming the columns of V.
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Proof. Note that B = VAVT and then f(B) =V f(A)VT by definition. So

b’ f(B)b=b"Vf(A)V'b

_ Zl FO) (T VTb)? (3.16)

- [ e

with « defined as in the statement of the proposition. n

Proposition 3.2 shows that the quadratic form b” f(B)b is exactly equivalent to
a Riemann-Stieltjes integral whose weight function da(x) is a discrete measure with
support given by the eigenvalues of B and weights given by the expansion of b in
the eigenvector basis V. Typically we do not know V since B may be a very large
matrix and the computation (and storage) of all of its eigenvectors is likely too costly;
consider instead the approximation of the integral by Gauss quadrature. This would
require us to obtain the m nodes and weights of the quadrature rule. Fortunately,

these are given precisely by the Lanczos iteration described in Algorithm 4.

Proposition 3.3. The Jacobi matriz described in (3.7) for the measure do given in
(3.15) is equal to the symmetric tridiagonal matriz output by Algorithm 4 applied to

the matrix B and vector b. Moreover, the following equivalence holds:
u; = Wj_l(B)b,

where the u; are the orthonormal vectors output by the Lanczos procedure and the ;

are the orthonormal polynomials associated with the measure do.

Proof sketch. See [GMO09] or [Che22]. The key observation is that according to Propo-
sition 3.2

(f.9)aa =" f(A)g(A)b.

Using this fact, the equivalence of the Lanczos recurrence ((2.33) and (2.34)) to
the orthogonal polynomial recurrence ((3.5) and (3.6)) can be verified directly. The
iterative computation of the orthogonal polynomials is often called the Stieltjes
procedure [Gau04].

O]

That is, the Lanczos procedure applied to a symmetric matrix B and a vector b
outputs the Jacobi matrix associated with the measure described in Proposition 3.2.

Combining the previous two results with our description of Gauss quadrature in

39



Theorem 3.1 explains the success of the Lanczos procedure for computing matrix

function quadratic forms:

Theorem 3.4. Suppose T, is computed via the Lanczos procedure (Algorithm /)
applied to B with starting vector b and « is defined as in (3.15). Then

b" f(B)b = ||bl|;e] f(T)e1 + R, f, da]. (3.17)

As a result, if f is a polynomial of degree 2m — 1,

bTf(B)b = ||bll; i f(Tn)er. (3.18)
If f is 2m-times differentiable on [a,b] D A(B), then there ezists £ € [a, b] with

2 [P (€)

(2m)! (B1B2 - Bm—1)”. (3.19)

b” f(B)b — |[b|j5 ] f(T)e: = ||b]|;

Moreover, the following error bound holds:
[b"f(B)b — |[bll5 e f(Tn)er] < 21[bll3 £3,,_,(f. 5), (3.20)

where S is any set containing the spectrum of B and the spectrum of T,,, i.e. S D
AB)UX(T,,). In particular, the bound holds with S = [a,b].

Proof. Using Proposition 3.2 and (3.9), we have

b’ f(B / fz)da(x Zf(ti)wi+RgQ[fada]

for t; and w; determined by the Jacobi matrix associated with da. Moreover, Proposi-
tion 3.3 shows that 7T, output by the Lanczos procedure is the correct Jacobi matrix

for da. Finally, the result (3.17) is obtained from the observation

> f quf J(eTw:)? = |[bl* el f(Ton)er,
=1

where we have simplified yo = ||b||> and 337, f(t:)(eTw;)? = el f(T,.)ei. The
remainder term (3.19) and the bound (3.20) are restatements of Theorem 3.1 O

Remark 3.1. Combining (3.20) with Theorem 2.3 or Proposition 2.4 provides more
concrete error bounds. A similar result is presented in [UCS17] for analytic functions,
however the final bound depends on the spread of the eigenvalues A, — A\; which
appears to be unnecessary, and the use of the discrete set S in (3.20) explains in part

why the procedure exhibits spectral adaptivity.
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This suggests the following algorithm for computing b’ f(B)b: compute T, using
Algorithm 4, then estimate b” f(B)b ~ ||b||* €T f(T},)e;. We state such a procedure
in Algorithm 6. Importantly, Algorithm 6 accesses B only implicitly through matrix-
vector products in the Lanczos implementation of Algorithm 4. Moreover, the call to
the Lanczos procedure is the costliest component of the algorithm since the symmetric
eigenvalue problem can be reliably solved in O(m?) time (or better if a tridiagonal

eigensolver is available), which has no dependence on n > m.

Algorithm 6 LANCzOSQUAD(f, B,b, m)
Lanczos quadrature approximation for b? f(B)b

1: Input: Scalar function f, Symmetric matrix B € R™*", initial vector b € R",
iteration count m.

Output: t ~ b f(B)b

(Un, Tony B, Um1) < LANCZOS(B, b, m) > Algorithm 4
t < |[b|I* - ef f(Tim)es

Complexity summary: O(m?n) + O(m - nnz B)

3.3 Rank-one derivatives of the trace

Now suppose we wish to compute the derivative of the trace of a matrix function in a
rank-one direction, which is equivalent to the trace of the Frechet derivative, so we
may write the quantity of interest

0 T
5 [Tr(f(B+tbb"))],_

In this section, we introduce the approximation

= Tr(L;(B,bb")). (3.21)

0

Tr(L;(B,bbh)) ~ ||b||* el f/(T},)es. (3.22)

To our knowledge, this has not been considered in the literature previously. The
resulting Algorithm 7 may be viewed as a modification of the more general Algorithm 9
by taking the trace of the output of Algorithm 9. Originally, Algorithm 9 has been
studied in [Krel9] and [KKRS21]; however, no discussion of the computation of the
trace or its improved convergence properties are discussed. Our results connect
the problem to Gauss quadrature and show that there is a concrete difference in
convergence for the trace versus the full matrix according to this connection. In the
next section, we will further use this result to analyze rank-one updates of the trace
of a matrix function.

Our main observation in this section is the following:
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Proposition 3.5. Let f be differentiable on the eigenvalues of B. Then
Tr(Ls(B,bb")) = b’ f/(B)b. (3.23)

Proof. We may assume that f is a polynomial of degree 2n — 1 since f(B) = p(B)
and L;(B,bb") = L,(B,bb") if f(X\;) = p(\;) and f'()\;) = p'(\;) for each eigenvalue
A; of B. We may write

2n—1 2n—1
fla) =Y fa', flle)=) ifa""
=0 =1

Recall from (2.9) that

2n—1 i

7(B,bb") =" fZZB’f—lbbTBi—k,
i=1

so that taking the trace of both sides and applying elementary properties the trace?

we obtain

Tr(L;(B,bb")) (%:1 fzzi:Bk 'bbT B~ ’ﬂ)
2n—1 %
=> leTr (B*"'bbTB*)
;511 7
= fiy Tr(bTB'b)
=2 A
=1

2n—1

=N ifbTB b
>

=1

2n—1
= b7 (Z z’fiBi_1> b

1=1

= b’ f'(B)b.
This completes the proof. O

Remark 3.2. Similar results appear in [Sch23|, though the significance of the connection
for the analysis of computation of the trace (i.e. convergence rate, connections to

quadrature) is not discussed.

2In particular, we use linearity of the trace, the cyclic property of the trace, and that the trace of
a scalar is itself.
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This will allow us to compute the sensitivity of the trace using quadratic forms
from before. We can state an algorithm for computing directional derivatives of the
trace via Gauss quadrature, supposing we have access to the ordinary derivative f’. We
state such an algorithm in Algorithm 7. It is equivalent to LANCZOSQUAD(f’, B, b, m)
computed via Algorithm 6.

Algorithm 7 DyNAMICLANCZOSQUAD(f, B, b, m)
Dynamic Lanczos quadrature approximation
1: Input: Scalar function f, Symmetric matrix B € R™*", initial vector b € R",
iteration count m.
Output: ¢ ~ Tr(L;(B,bb"))
Compute f'.
t < LAaNCczosQuAaD(f’, B,b,m) > Algorithm 6.
Complexity summary: O(m?n) + O(m - nnz B)

The important observation here is that all of the results from Theorem 3.4 apply

here. That is, we may write the following characterization theorem:

Theorem 3.6. For « given as in (3.15),
Te(Ly(B,bb")) = [Ibl2el f (T, )e: + Rl dal. (3.24)
If f is a polynomial of degree at most 2m, then
Tr(L;(B, bb")) = [[bl2%e” f/(Th)er. (3.25)

Moreover, if [ is 2m + 1-times differentiable on an interval [a,b] containing the
spectrum of B, then there exists £ € [a, b] such that
T 2 o ST(E) (Gt (g) 2
Ti(Ly(B,bb")) = |[b|*e] f'(T:n)e: + b Gm 1) T P Bne1)” (3.26)

In general, the remainder satisfies the bound
[ Te(Ls(B,bb")) — [[b]*e] f(Tw)er| < 2Ib[*Es,, (f,S), (3.27)

where S O N(B)UX(T,,), and E3, (f',S) is the error in the best uniform approximation
to f" on S.

This result shows that directional derivatives of the trace of a matrix function
can be computed by the exact same quadrature methods that have become popular
for the quadratic form b” f(B)b. Consequently, the convergence rate of Algorithm 7
is proportional to Es,,(f’,.5), rather than E,,(f’,S) as will be the case for the more
general method Algorithm 9 discussed in the next chapter and in [Krel9, KKRS21].
Moreover, we will see in Chapter 7 that Algorithm 7 has a direct application in network

science for computing measurements of edge importance.
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3.4 Rank-one updates of the trace

The last problem that we introduce in this chapter is the computation of low-rank

updates of the trace. We are interested in the approximation
Te(f(B + bb") — f(B)) = Tr(f(Tn + [[bl*erer) — f(Tn)). (3.28)

This approximation stems from the more general algorithm presented in [BKS18,
BCKS21] for computing the rank-one update f(B + bb’) — f(B); however, it is
observed in the later publication [CKM22] that the trace approximation (3.28) obtains
twice the convergence rate of the more general method. Our goal here is to elucidate
this doubled convergence rate by connecting the approximation (3.28) directly to
the approximation (3.22), and applying Gauss quadrature theory to obtain improved
convergence theory. We will compare our result to the bound in [CKM22] at the end
of this section.

Within our main result, we will use the following property of matrix perturbation
theory [Ste90, Theorem 2.3]:

Theorem 3.7 (Perturbation of eigenvalues). Let A be an isolated eigenvalue of B
with associated left and right eigenvectors x and y. Then for a perturbation matriz E

with | E|| sufficiently small, there exists a unique eigenvalue X of B + E such that

T

. E

A=+ X L o(E|P). (3.29)
Xy

T

Remark 3.3. We also remark that the eigenvectors x,y also have perturbative expan-
sions X, y, although we will not need explicit formulae. Further details are given in
[Wil65], for example.

An

As a consequence, for a symmetric matrix B with distinct eigenvalues, A\q,-- -,
and corresponding normalized eigenvectors vy, -+ ,v,, we can also define B(t) =

B + tbb! with parameter dependent eigenvalues \;(t) and eigenvectors v;(¢) that are
continuously differentiable in ¢, and we may quantify the derivative of the eigenvalues

with respect to the perturbation bb”
X(t) = (vi(t) )2 (3.30)

This characterization holds due to Theorem 3.7 as long as B(t) has distinct eigenvalues.

We also make the following observation about the Lanczos procedure applied to B(t):
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Lemma 3.8. Let T,, be the output of m-steps of the Lanczos procedure applied to B
and b. Define T,,(t) = T, +t ||b||” erel for t € R. Then T, (t) results from m-steps
of the Lanczos procedure applied to the matriz B(t) = B + tbb® and starting vector b.

Proof. Let U, T), be the output of the Lanczos procedure appleid to B, b, and U,,, Th,
the result of Lanczos applied to B(t),b. Note that it is sufficient to show Up = Uy,

since in that case

T, = U B(t)U,, = U BU,, + tUbb U, = T, +t||b|* ese!.

m

We prove U,, = U, inductively. Note that u; = b/||b|| = @;. Now suppose
Up—1 = Up_y with m > 1. Recall that (I — U,,_ U’ _,) is an orthogonal projection
onto the compliment of U,,,_;. Since the three-term recurrence of the Lanczos procedure
is equivalent to the Gram-Schmidt procedure and U,,_; = [~]m,1 we may write
I (I —Uyp_1U}_)Buy,_ _— (I = Upa Ul _)B(t)uy,—
"I = U U ) Buga || || = Ut U Bt ||

But since b™u,,_; = ufu,,_; =0,

([— UmflU:ﬁbfl)B( )um 1= ([ Um 1U* 1)Bum 1 +t([ Um 1U* 1)bb Uy—1
- ([ - Um—lUmfl)Bum—b
which implies u,, = 0,,. O
Now we may state the main result of this section:

Theorem 3.9. Define B(t) = B + tbb? and correspondingly the output of the
Lanczos procedure applied to B(t) and b with T,,(t) = T,, + t||b||*eiel. Suppose f
is differentiable on an interval containing A(B(t)) for all 0 <t < 1. Let doy be the
measure associated with each B(t) as defined in (3.15). Then

1
Te(f(B+bb")~f(B)) = Tr(f(Tm+I\bHQelelT)—f(Tm))Jr/o Golf', dov]dt. (3.31)
Consequently, if f is a polynomial of degree 2m, then
Te(f(B +bb") — f(B)) = Te(f(Tn + |[blPerer) — f(Tn))- (3.32)

If f@m+Y) exists on an interval [a,b] containing A\(B(t)) for each 0 <t < 1, then there
exists £(t) € [a,b] for each t € [0,1] such that

Te(f(B +bb") — f(B)) = Te(f(Tn + |[blPere]) — f(T1n)) (3.33)
" Ib]|” (£1£2+ 1Bm 1 / FEmED (£(4)) d. (3.34)
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Finally, defining the remainder
rm = Te(f(B +bb") — f(B)) = Te(f(Tn + [[bl*ere; ) — (), (3.35)

we obtain the bounds

rm| < 2[[b]I* max B3,,(f', S1) (3.36)
for Sy D A(B(t)) UNTn(t)).

Proof. We prove (3.31). Note that the subsequent remainder characterizations and
error bounds are straightforward modifications of the results in Theorem 3.1 and
Theorem 3.6.

The fundamental theorem of calculus for Frechet spaces allows us to write
1
f(B+bbh) - f(B) —/ L;(B(t),bb")dt. (3.37)
0

Taking the trace of each side, we obtain
1
Tr(f(B +bb) - f(B)) = Tr (/ L(B(t), bbT)dt>
0

— /1 Tr(L(B(t),bb"))dt (3.38)

-/ B F(B(1) b,

0
where in the final line we have applied Proposition 3.5. Applying Gauss quadrature

to the quadratic form within the integral, we see
1 1 m 1
/ b” f'(B(t))bdt = / Ib]|? Z f(s5()) (eFwy(t))2dt + / Raolf', day]dt. (3.39)
0 0 Py 0

Here, s;(t) is the ith eigenvalue of 7, (t) and w;(t) is the corresponding eigenvector.

It remains to show that
1 m
/o 162 S £/(ss(0)) (€7 wi(0))2dt = Tr(F (T + [bl*erel) = F(T)).  (3.40)
=1

Denote by s;(t) the ith eigenvalue of 7, (¢) with an associated normalized eigenvector
w;(t). Importantly, for all ¢, T,,(t) has distinct eigenvalues as it is an irreducible,
symmetric, tridiagonal matrix. Then s;(t) and w;(t) are differentiable according to

Theorem 3.7. Now note

Tr(f (T + [blPere]) = f(T) = 3 f(s:(1)) = £(5:(0))

m (3.41)
:Z/o F'(si(0)si(t)dt.
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But s}(t) is the rate of change of the ith eigenvalue of T,,(t) under the perturbation
t||b||*ere”, and is according to Theorem 3.7 given by si(t) = ||b||* (wi(t)Te;).
Substituting this value for s;(¢) and interchanging the integral with the sum gives the

desired equivalence. O

To be clear, we have just shown that the approximation
Tr(f(B +bb") — f(B)) = Te(f(T + |[blPerer) — f(T:))

is equivalent to integrating the Gauss quadrature approximation from the previous
section exactly. Crucially, this characterization of the approximation (3.28) is different
from that given in [CKM22], where the analysis is exclusively based on exactness
properties of the algorithm. In fact, the bound presented in [CKM22| restated in our
notation is as follows:

Il < 4B, (£, [a,B). (3.42)

where n is the dimension of the matrix (i.e. B is a square n-by-n matrix) and [a, b] is
an interval containing the eigenvalues of B. We may compare (3.42) to either (3.36).
Both bounds depend essentially on the rate of uniform polynomial approximation
of f (or f') on a bounded domain of the real line; however, there are two important
distinctions to be made. First, the bounds presented here do not depend on n, the
dimension of the input matrix, which is significant since these methods are intended
for very large matrices with n in the thousands, millions, or even billions. Second, in
our final bound, we do not relax the domain of approximation to the interval [a, b],
as we may use the discussion surrounding Proposition 2.4 in order to characterize
the effect that outliers have on the approximation. We remark, however, that a
simple modification of the proof in [CKM22] could also make this accommodation
(but without removing dependence on n). We include in Algorithm 8 a variant of our

Lanczos-based quadrature algorithms for computing rank-one updates to the trace.

Algorithm 8 INTLANCZOSQUAD(f, B, b, m)

Integrated dynamic Lanczos quadrature for updating the trace of a matrix function.
1: Input: Scalar function f, Symmetric matrix B € R™*", initial vector b € R",

iteration count m.

Output: ¢ ~ Tr(f(B + bb") — f(B))

(U, Tony Bt Wmt1) < LANCZOS(B, b, m) > Algorithm 4

t < Tr(f(Tw + ||bl*eref) — f(Tin))

Complexity summary: O(m?n) + O(m - nnz B)
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3.5 Example

In this chapter, we described three matrix function approximation problems with
algorithms that are equivalent to Gauss quadrature. Let us conclude with some
numerical examples illustrating that the convergence curves for each is effectively the
same as that of Gauss quadrature for the related scalar problem. The results are
shown in Figure 3.1. Below, we describe the experiment.

We consider the functions f(z) = e ", g(z) = (1 + 25?7, and h(z) = |z> on
the interval [—1,1].> Notably, these are entire, analytic, and twice differentiable,

respectively. We approximate the integrals

I = /_ 11 flo)dw, I = /_ 1 g(z)dz, I = /_ 1 h(z)dz, (3.43)

1 1

together with

1 1 1
]{:/lf'(x)dm, ]éz/ g (x)dz, I:',):/ h'(z)dz, (3.44)

1 1

by Gauss-Legendre quadrature.* We also form two random symmetric matrices
By € R!00x1000 with eigenvalues densely distributed in [—1,1] and a normalized
random vector b. We form a second random matrix By € R000x1000 with eigenvalues
in [—1/2,1/2], and then we perturb By by adding 0.5(v,v — v, vI) where v; and v,
are the eigenvectors associated with the largest and smallest eigenvalues of By, so that
the resulting B, has an eigenvalue distribution that is approximately distributed as
[—1/2,1/2] U{—1,1}. Now we form the matrix function approximations described in
this chapter—(3.13), (3.22), and (3.28)—for each function f, g, and h, and we monitor
the error in the approximations. Notably, quadratic forms exhibit similar convergence
properties to the Iy, I, I3, whereas the dynamic algorithms exhibit behavior similar
to I7, I}, I, Additionally, we can observe that convergence for the matrix problems
associated with By is drastically improved for analytic functions due to the difference
between approximation on [—1,1] vs [-1/2, —1/2]U{—1, 1} and the implicit adaptation

of Lanczos to this difference.

3 Actually, we introduce a small shift € = 0.1 so that the functions are not symmetric (which would
cause odd versus even approximants to be very different). We work with f(z — €) and so on.

4That is, the nodes and weights are given by the Legendre polynomials, the orthogonal polynomials
associated with the ordinary measure da(z) = dx.

48



LANCZOSQUAD

DYNLANQUAD

INTDYNQUAD

Figure 3.1: Error plots for Lanczos quadrature. This figure accompanies the discussion
in Section 3.5. Each y axis is approximation error on a log-scale. Each z axis gives
the number of iterates in the Lanczos procedure or the number of nodes in the Gauss-
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Legendre numerical quadrature approximation.
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Chapter 4

Lanczos interpolation

Chapter overview

If the last chapter was about quadrature, then this chapter is about interpolation.
We continue the study of matrix function approximants obtained from the Lanczos
procedure and their theoretical connections to scalar polynomial approximation. We
will review briefly how one can approximate a scalar function using polynomial
interpolation, emphasizing that the zeros of orthogonal polynomials provide a good

interpolating set. We also review the well-known characterization of
f(B)b & |[blly U f(Tm)er (4.1)

as forming a particular interpolating polynomial [Saa92]. Our primary technical
contributions come in the following sections within which we provide analogous
characterizations for the approximation of the Frechet derivative in a rank-one direction
(proposed in [Krel9, KKRS21])

Ly(B,bb") % [[b|2 Up L (T, erel UL (4.2)
and approximation of rank-one updates of the matrix function (proposed in [BKS18])
via

F(B+bbT) = f(B) % Uy, (f(T + bl erel) — f(T) UL (43)
We show these latter two approximations are precisely equivalent to certain bivariate

matrix functions from interpolating bivariate polynomials of Af.

4.1 Scalar polynomial interpolation

We begin with a review of polynomial interpolation. The key property that we wish
to communicate is that interpolation on the zeros of the orthogonal polynomials is

nearly optimal in a relevant norm.
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Let X = {x1,29, -+ , 2} C [a,b] be a finite collection of distinct real numbers,
and suppose that we have the function data f(z1), f(z2),- -, f(x;). It is a standard
result in polynomial approximation theory (see e.g. [Trel9, Chapter 5]) that there
exists a unique polynomial of degree at most m — 1 interpolating the data. This
polynomial is called the Lagrange interpolating polynomial, which we will denote lﬁ;,

and it is a polynomial uniquely determined by the interpolation conditions

together with the restriction that lfc be of degree at most m — 1.

Although lg( interpolates f at the x;, it is not generally true that, for large m,
Il ~ f on [a, b] pointwise—even when f is a smooth function. Polynomial interpolation
is a delicate affair, and the interpolatory nodes must be chosen carefully. At the same
time, there are certain sets of nodes that are excellent." Here, we make the following
observation: interpolation on the zero sets of orthogonal polynomials is nearly optimal
in the ||-|| 4, morm. Our goal in this section is to formalize this observation, and in the
subsequent sections we will provide analogous results for matrix function problems.

Often, it is convenient to write lf( in an alternate polynomial basis. For i =
1,2,-+- ,m, let l;(x) be the polynomial of degree m — 1 defined by I;(z;) = 1 and
li(z;) = 0 when 7 # j, which exists and is unique by the same reasoning as lf(. The
l;(x) are often called the fundamental polynomials of Lagrange interpolation. Then we

may write
m

Be(a) = i) f (). (4.5)

i=1
More generally, the polynomials {l;(x)}*, are linearly independent and form a basis
for any polynomial of degree m — 1. The following result shows that when the z;
are chosen to be the zeros of 7, it turns out that we have obtained an alternate

orthogonal basis for polynomials of degree m — 1.

Theorem 4.1 (Orthogonality of fundamental Lagrange polynomials). Let X =
Zer(my) = {x1, 29, -+ , 2} be the zeros of the degree m orthogonal polynomial asso-
ciated with the measure da supported on [a,b], and let the l;(x) be the fundamental

polynomials of Lagrange interpolation such that l;(x;) = 6;;. Then
<ll7lj>da:w162]7 Z’j: 1727... 7m’

where the w; are the Gauss quadrature weights associated with the x;.

!For uniform approximation, one can use the Chebyshev nodes for interpolation [Tre19], which is
the foundation of the Chebfun software package.
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Proof. See [Sze39, Theorem 14.2.1]. O

With this result in hand, we consider the interpolating polynomial léer(ﬂm) as an
approximation to f. Recall that we may expand any sufficiently smooth function f

on Supp(da) in terms of its Fourier coefficients:
flz) = Zfi'/'ri(x)> fi = ([ 7i)da-
i=0

Of course, this immediately implies a simple characterization of the norm of f in

terms of the squares of its Fourier coefficients,

[FE
=0

Moreover, the optimal degree m approximation to f in the ||-||,, norm is the projection
of f onto the orthonormal basis {m;}, obtained formally by truncating the series above.

That is, the minimizer is given by

argmin || f — pl|7, = Y _ fimi(x),
1=0

PEPm

and the error associated with it is

[o¢]
. 2 2
min [If = plli, = > f2
1=m-+1
Computation of the projection coefficients f; = (f, m;)4a i not always possible;
however, the following result shows that interpolation on the zeros of 7, is equivalent

to approximating the integrals involved in computing the f; by Gauss quadrature.

Theorem 4.2. Let léer(ﬂm) be the Lagrange interpolating polynomial of f on Zer(m,,).

We may equivalently write

m

o (z) = i ami(z), =Y fla)mlz)w;,

j=1
where the x; and w; are the nodes and weights associated with the mth Gauss quadrature

rule of da.

Proof. Note that we may write both I and 7; in the form of (4.5):

m m

Belw) = (@) fy),  mile) =) Lia)m().

j=1 j=1
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Then using Theorem 4.1, we can compute ¢; directly:

¢ = (U, T = /  (@)m(2)do() (4.6)

a

- / <Z Li(x) f(xj)) (Z lk(a:)m(xk)> do(x) (4.7)

This shows that interpolation on the zeros of 7, is equivalent to approximation of
the projection coefficients of the optimal approximant with Gauss quadrature. An

immediate consequence of this result is that we may decompose the squared error

s

into two components:
107

TR ST
70 =m
or the error in lf( ~ f decomposes into the error in approximation of coefficients (the
first term above, depending on how well ¢; &~ f;) and an intrinsic projection term (the
second term above, representing the size of f contained in the orthogonal complement

of I1,,_1). In our notation, we may observe

U - e = Y (Regl i dal)” (19)

Since ¢; # f; in general, lf( is not the optimal approximation to f in the |||, norm;
however, the above result shows that the error in the approximation—in particular
its deviation from the optimal approximation—is closely tied to the error in Gauss
quadrature.

Although the characterization above is precise, it is not very concrete, as we know
little about the exact behavior of the coefficient error for generic measures. For certain
da, the first term error can be explicitly related to the projection error, and they
will typically be of the same order, so that interpolation is nearly optimal.? But
it is difficult to use the above result to analyze generic da. Nevertheless, we may

observe that due to the exactness of Gauss quadrature, if f is a polynomial of degree

2For example, this argument explains the success of the Chebyshev interpolants in [Trel9]. See
also, for example, [Xial2].
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m — 1, then ¢; = f; for each ¢ = 0,1,--- ,m — 1, and there is no projection error.
We can use this exactness observation together with our earlier estimates on uniform

approximation to obtain a more concrete convergence result:

Proposition 4.3. Let X = Zer(m,,). Suppose f is a polynomial of degree m — 1.
Then

for all x. Otherwise, we may bound
|-, <2vmE; (.9 (4.10)
where S is a set containing Supp(da) U Zer(m,,) and po = f do(z

Proof. Exactness follows from the observations in the preceding paragraph, or from

the uniqueness of Lagrange interpolation. We prove (4.10). For an arbitrary p € II,,_1,

Hf (4.11)

X da: “f_p+p_l§(

Q

< |f = pllao + Hp—léina. (4.12)

Of course,
b
If =l = [ (F@) = p@)fdae) < o __masc1F() = pla)

Moreover, since p — lﬁ; is a polynomial of degree m — 1, and its square is a polynomial
of degree 2m — 2 < 2m — 1, we have by exactness of Gauss quadrature and the

interpolatory nature of I% on these nodes that

Hp —K, = / b(p(x) — I (2))*do(x) = i(p(xi) — fl:)*w;,

for which we may apply similar bound

<po max |[f(z) —p(x).
x€Zer(mm)

Notably, we used the property > . w; = 9. Thus, taking square roots and minimizing

over p € II,,_1, we obtain

|1 <\Fpgg;nl(megg%a)|f<x>— ()I+x€rzr;3(>7§m)|f(ﬂf)—p($)l) (4.13)
< 2V/fig min max|f(z)  p(x)| (4.14)

= 2/l0E} (£, 5). (4.15)

]
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We remark that in most scalar applications, the ||-||,, is not of central interest—
this is one of the reasons approximation theory has so emphasized the max-norm we
described in Section 2.3. It turns out, however, that this is a very natural norm to
consider when we turn to matrix functions, as we see in the next section.

To conclude, we note that the preceding characterization results extend naturally to
bivariate interpolation by considering product grids X xY = {(x;,y;) 1 z; € X, y; € Y}
Here, we will assume that X = {x;}*, = Zer(m,,) and Y = {y;}", = Zer(7,,)
are zero sets of two (potentially identical) families of orthogonal polynomials, with
corresponding Gauss weights {w;} and {w;}, respectively. For a smooth function

f(z,y), we may expand

The Lagrange interpolant on this grid is

m m

By (,9) = D> @) (y) f i, y), (4.16)

i=1 j=1

where I;(z) and I;(y) are fundamental Lagrange interpolating nodes for X and Y,

respectively. Moreover, the bivariate interpolant admits the expansion

3
3

m m

l§(><Y<x7 y) = Cpoq Tp(T)Tq(Y),  Cpg = Z Z f(@i, ;) mp(@i) 7 (y;) witdy,

p q

I
o
Il
o

i=1 j=1

where {m,} and {7,} are the respective orthonormal polynomial families for measures

do and da, and ¢, is obtained by applying iterated Gauss quadrature to the integrals

fw= [ [ Hewm@mm)da@ia)

This formula shows that the bivariate interpolation coefficients are obtained from iter-
ated Gauss quadrature (or Gauss cubature) of the projection coefficients (f, 7)7,) daxda-
As in the univariate case, the error decomposes into a projection term and a term
involving the error in the coefficients, and both vanish when f is a polynomial of degree
at most m — 1 in each variable. We do not prove an analog to Proposition 4.3 since
uniform approximation by bivariate polynomials is beyond the scope of the present
dissertation, and it seems that the proposition may not admit a direct extension to
the bivariate case; however, we do note that in classical settings it is well-known that
the bivariate problem inherits similar convergence properties to the univariate case

[Trel7].
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4.2 The action of a matrix function

Now we turn to matrix functions. In this section, we review the problem of computing

f(B)b via the approximation
f(B)b ~ |[b||Un f(T)er, (4.17)

where U,,, T}, are output by the Lanczos procedure, as we previously introduced in
Algorithm 5. This approach has been studied extensively.® However, we wish to
emphasize the characterization of this approximation via polynomial interpolation,
which we will extend in the following sections to the more recent algorithms developed
for example in [BKS18, Krel9, KKRS21].

For motivation, we observe first that

b
If(B)b = p(B)bll; = bT(f(B) — p(B))*b = / (f(2) = p(x))*da(z) = ||f = pllg, -

That is, if we consider approximating f(B)b & p(B)b, then the standard 2-norm error
in our vector approximation is exactly equivalent to the |||, studied in the previous
section, where da is once again the measure described in (3.15). Beyond this, the
following characterization of (4.17) (restated in our notation here) has been known for

a long time (for example see [Saa92)):

Theorem 4.4. Let U,,,T,, be generated by m iterates of the Lanczos procedure applied

to the matriz B and starting vector b. Then

I|b||2 Umf(Tm)el = ljzcer(ﬂm) (B)b, (418)
where m,, is the degree m orthogonal polynomial obtained from dc.

That is, the Lanczos approximation (4.17) is exactly forming the polynomial
interpolant described in the previous section. There are two important corollaries to

this observation. First, the procedure is ezact when f is a polynomial of degree m — 1.

Corollary 4.4.1. If f is a polynomial of degree (m — 1), then (4.17) is ezact:

Proof. This follows immediately from Theorem 4.4. O

3See the standard references [Hig08, GVL13], or the recent PhD thesis [Che22] which emphasizes
symmetric matrices.
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Remark 4.1. Alternatively, exactness can be established from an inductive argument
on the Krylov subspace KC,,,(B, b). Once exactness is established, Theorem 4.4 follows
from the interpolatory definition of matrix functions (2.4) wherein f(7,,) = lf\c(Tm)(Tm).

The second important corollary to Theorem 4.4 is that we immediately obtain an

error bound:

Corollary 4.4.2. We may bound the error of (4.17) via
1F(B)b = [blly Un f(Twm)exll, < 2|[bll, £5,_; (f,9), (4.19)
where S is any set containing A(B) U X(T,).

Proof. The proof is almost identical to that of Proposition 4.3 due to the equivalence
of the tridiagonal matrix obtained from the Lanczos procedure and the Jacobi matrix

obtained from do as defined in (3.15). That is, we observe

7B~ b, Unf(Teall, = [|£ = ||

and then follow the proof of Proposition 4.3. m

Remark 4.2. This error bound is often quoted in the literature with the choice S = [a, b]
for some a, b lower and upper bounds, respectively, of the eigenvalues of B. We note
here, however, that making explicit the discrete sets involved may allow for sharper
error estimation. We also note that the decomposition of the error into projection

and aliasing terms as in the previous section may be of interest for further study.

4.3 Rank-one directional derivatives

In this section, we consider extending the discussion from the previous section to the

computation of the Frechet derivative in a rank-one direction, i.e. the computation of

L;(B,bb") = %[ f(B + tbb")];—. (4.20)

Notably, as described in section 2.1, we may also view the Frechet derivative as a

bivariate matrix function, i.e.
Ly(B,bb") = Af(B, B"){bb"}. (4.21)

where Af(z,y) is the first-order divided difference of f at x and y. In [Krel9] and

[KKRS21], the following approximation is recommended:
L{(B,bb") =~ ||b||*U,,L{ (T, ere] UL (4.22)
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The resulting algorithm is stated in Algorithm 9. The analysis in [KKRS21] is driven
by the consideration that the Frechet derivative for analytic f can be represented by
a Cauchy-integral formula. In [Krel9], the approximation is given as an example of a
more general framework for Krylov methods for bivariate problems with a tensorized
Krylov projection framework. Although in both cases it is noted that the algorithms
simplify for Hermitian matrices, there are not yet precise characterizations of the
approximation (4.22) in terms of interpolating polynomials. We also remark that the
existing error bounds depend on the field of values of the input matrix B, which in
the Hermitian case is an interval containing the eigenvalues of B, and thus there is
not yet a characterization of the spectral adaptivity of the procedure, even though
spectral adaptivity has been observed numerically.

Our goal in this section is to tie the approximation (4.22) precisely to a bivariate
polynomial approximation problem. Before stating our main result, we observe that

(4.22) has a polynomial exactness property.
Lemma 4.5. If f is a polynomial of degree m, then (4.22) is exact:
Ly(B,bbT) = [b|2Up Ly (T, 1€l ).
Alternatively, if g is a bivariate polynomial of degree at most m — 1, then
9{B, BHbbT) = [b]2Uyg{T, Ty} (ere])UT,
which holds in particular for g(x,y) = Af(z,y).

Proof. This can be viewed as a corollary of Corollary 4.4.1. Recall that according to
(2.9),

m 1—1
7(B,bb!) = Z i) _B’bb'B
=1 7=0
m 1—1
= Z Z [bl| UnThen)(er T, Uy, b))

i—1
= |[b|]* Uy, <Z [ Theel T, '™ J) Ut
i=1  j=0
= |[blJ* Un Ly (Tyn, €161 U

Note that we used the exactness property Corollary 4.4.1 with B’b = ||b|| U,,T%e:
when j < m. For exactness for bivariate polynomials, we use the same proof starting

with (2.12). 0
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That is, approximation (4.22) inherits polynomial exactness from (4.17). Our main

characterization result now follows:

Theorem 4.6. Let U,,, T, be computed by the Lanczos procedure applied to B with
starting vector b. Moreover, let lZer(M)XZer(mn)(I, y) be the bivariate Lagrange inter-
polant to the divided difference function Af(x,y) on the product grid Zer(m,) X Zer(my,).
That is, according to (4.16),

ZZ{(WW)XZer(ﬂ'm)(‘T7 y) = Z Z l’t(l‘)l] (y)Af(xh xj)'
i=1 j=1
Then
1l U L g (T, €161 Uy = lged o vy {B, B} (bDY).
Proof. We can prove this directly:
Ibl* Un L (Ton, 1] ) Uy, = |[B]]” UnA f{Tn, T} (ere] Uy,

HbH U lZer nm)XZer {Tm7Tm}(elel )UT
=157 B B}(bbT).

Zer (mtm ) X Zer(m

The first line used Proposition 2.1, the second line uses (2.13), and the third line

applies the exactness of Lemma 4.5. O

That is, we may view the approximation of the Frechet derivative in a rank-
one direction via the Lanczos procedure as precisely forming a bivariate Lagrange
interpolating polynomial to the divided difference function Af(x,y). Notably, the

Frobenius norm of the Frechet derivative has the following simple form:

1Ly (B,bbT)[7. = 3 S " (VIB)2(VIb)(AF (i, \))?, (4.23)

i=1 j=1

which may be viewed as the iterated Riemann-Stieltjes integral

— /ab /ab Af(x,y)da(z)da(y)

with da defined as in (3.15). Consequently, we observe that the error in the approxi-

mation (in the matrix Frobenius norm) is given precisely by

Zer(mm ) X Zer(

b b
:/ /(Af(l‘,y lZAeJ;(wm)XZer(m,L)( ,y))Zda(x)doz(y)

HLf(B,bbT) 121 o {B. B}(bbT)Hi
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Ideally, this error term would be analyzed directly in order to capture the spectral
adaptivity of the procedure, although we are not aware of readily available non-
asymptotic tools from approximation theory for fairly generic da.

We provide instead the following concrete error estimate, which appears also in
[Krel9)].

Proposition 4.7. Let f be continuously differentiable on an interval [a,b] containing

the eigenvalues of B. Define the remainder term
*m = Ly(B,bb") — |b|> Up L (Ty, €16l UL,
Then
il < 21BI* By (' a, b))

Proof. Let p be a polynomial of degree m. Note that since f is continuously differen-
tiable and Af(x,y) — Ap(x,y) = A(f —p)(z,y), we can apply the mean value theorem

of divided differences to obtain

A(f =p)(z,y) = (f =)&) (4.24)

for some £ € [x,y] C [a,b]. Notably, if p is a polynomial of degree m, then Ap(x,y)
is a bivariate polynomial of degree m — 1 in x and y. The exactness of Theorem 4.6

implies for p any polynomial of degree m,
Ly(B,bb") — ||b||* Up Ly (Ty, e1eUL = 0.

Substituting this into our expression for r,,, and applying the triangle inequality bounds

|7l » by two terms:

Il < || Ly (B, bb") — Ly(B,bb")]| .
+ Ibl* | LT, er€f) = Lp(Ton, ere])]| -

An immediate consequence of Equation (4.23) is that
| £s(B,6bT) — Ly(B, bb")|| . < [bI max AG = p)(z.y)l,
and similarly
[BI*[| 2o (T, erel) = Ly (T, ere)|| . < [IbJ* max [A(f = p)(z,y).

Thus, applying (4.24) and minimizing over polynomials of degree m (whose derivatives

are polynomials of degree m — 1), we obtain the final result

Il < 2IBI* By (' a,0]).
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This provides a means of estimating the error in (4.22) using Theorem 2.3, but
note that it uses the whole spectral interval and does not apply to discrete sets as
many of the results in this dissertation have. This means that we will not be able to
account for the “spectral adaptivity” that we observe in practice. Still, we note that
this bound seems to be effective up to a small constant factor when the eigenvalues
of B are densely distributed in [a, b]. It would be of interest to obtain a result that
accounts for the spectral adaptivity of the procedure.

We provide in Algorithm 9 the resulting algorithm, whose most expensive com-
ponents are the m-steps of the Lanczos procedure together with the evaluation of
a Frechet derivative on a small m-by-m problem. It is important to note that the

output approximation is in low-rank form:
L;(B,bb") ~ U, X, UL

for U, € R™™, X,, € R™™. That is, even though L;(B,bb”) € R™", which
involves n? entries, we may represent our approximation with O(mn) + O(m?) storage.
Moreover, if only an individual entry is required, this can be computed in O(m?)
time since (U, XUL);; = ul' Xu; where we have use uy, to represent the transpose of
the kth row of U, (not the kth column), which is a vector in R™. If only a small
subset of the original matrix is of interest, then it makes sense to output this low-rank
factorization and observe only the entries of interest, such as the diagonal or a small

submatrix. If K = O(n) entries are queried, this would only require O(nm?) time.

Algorithm 9 LANCZOSFRECH(f, B,b, m)
Lanczos approximation of Frechet derivative.
1: Input: Scalar function f, Symmetric matrix B € R"*", initial vector b € R",
iteration count m.
Output: U, F such that (U,,FUL);; ~ (Ls(B,bb"));;
Compute (Uy,, T),) < LANCZOS(B, b, m).
Compute F < ||b||* Lf(T;n, ere])
Complexity summary: O(m?n)+ O(m - nnz B) + O(m?)

4.4 Rank-one updates
Let us now consider computing a rank-one update. In [BKS18]|, the approximation

f(B+bb") = f(B) = Un(f (T + [Ibl*ere]) = f(T))U, (4.25)
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is introduced, which results in Algorithm 10. The motivation in [BKS18] is in terms
of tensor-product Krylov spaces. We provide here a different perspective that unites
this approximation with the approximation of the Frechet derivative by emphasizing
bivariate Lagrange interpolation. Moreover, we provide an error bound that may
account for spectral adaptivity due to outlying eigenvalues.

Before stating our main result, we remark on a connection due to the fundamental
theorem of calculus for Frechet spaces between the approximation of this section (4.25)
and the approximation of the last (4.22) for computing the Frechet derivative. That
is, using notation from Section 3.4 for B(t) = B +tbb” and T,,(t) = T,, +t||b||* €€,

the fundamental theorem of calculus for Frechet differentiable spaces yields
f(B+bb") — f(B) = /01 L;(B(t),bb")dt, (4.26)
and similarly
F(T + bl ere]) — f(Ton) = \Ib\|2/01 L(T(t), ereq )dt. (4.27)

This means that if f is differentiable on A(B(t)) and \(7T,,(t)) for ¢ € [0,1], then any
error bound for (4.22) yields an error bound for (4.25) via

In particular, we may conclude that (4.25) is ezact whenever f is a polynomial of

1
/ Ly (B(t), bbT) — b2 Un L (To(t), erel YU dt
0

F

< max || L;(B(t),bb”) — ||| Up Ly (T (t), ere] ) UL|| .. (4.28)

T telo,1]

degree m.

Lemma 4.8. Let f be a polynomial of degree m. Then equality holds in (4.25), or
f(B+1bb") — f(B) = Un(f (T + [Ibl*erer ) — f(T0n))Up,- (4.29)
Moreover, due to Proposition 2.2, we may state this equivalently with
Af{B, B +bb!}(bb?) = U, Af{T,,, T, + ||b|> ere”} (ee)UZL. (4.30)

Proof. This follows immediately from (4.28) together with the exactness of the approx-
imation of the Frechet derivative Lemma 4.5. It is also possible to provide an inductive
proof [BKS18] based on the projection properties of Krylov subspaces. Finally, we note
that Proposition 2.2 also allows one to use results from [Krel9] for Krylov subspace

methods for bivariate matrix functions. O]
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Our main characterization result is the following.

Theorem 4.9. Let U,,,T,, be computed by the Lanczos procedure applied to B with
starting vector b. Moreover, let Z)A(’;Y be the bivariate Lagrange interpolating polynomial
to the divided difference function f on the product grid X xY where X = \(T,,,) and
Y = X(T,, + |b||* ere?). Then

Unn (f (T + DI ese]) = f(T0)) Uy, = Iy {B. B + bb"} (bb").
Proof. We may prove this directly by using Lemma 4.8. That is,
Un (f(Tn + |bl* €1€) = f(Tn)) Up, = UnAf{Ton, T + |[b]” eref }(ere] U7,
— Ul T T + b ereT }(ereT U
— 13/ {B. B +bb"}(bb"),

On the first line, we used the equivalence from Proposition 2.2; the second line uses

Equation (2.13); the final line applies Lemma 4.8. ]

Note that this means that characterization of the error in the Frobenius norm is
possible through an iterated integral:
2

HAf{B, B+ bbT}(bbT) — 12/ (B, B + bb’}(bb?) HF

- / / (Af(.) — 3Ly (2, ) Pdax)da(y).

At the same time, the exactness of the procedure immediately allows us to bound its

2-norm error using estimates from Section 2.3.

Proposition 4.10. Let v denote the remainder of (4.25), i.e.

rl, = f(B+bb") = f(B) = Un (f(Tn + |[bl* ere]) — £(T.n)) Uk (4.31)

m

Then the two-norm satsifies the following bound:
7L, < 4En(f,9) (4.32)
where S = A\(B) UA(B 4 bb") UX(T},,) UNT,, + ||b]|* ee?).

Proof. We observe that for any polynomial of degree m, by Lemma 4.8, we may
subtract p(B) and correspondingly add U,,p(T;,)UL without affecting the remainder
rf . We can do this also with p(B + bb”) and U,,p(T}, + ||b||” e1e?)UZL. Thus, we

have



for any p a polynomial of degree at most m. Applying the triangle inequality to
Hr,f;_”Hz and choosing p to be the best approximation to f on the set S yields the
desired bound. O

Remark 4.3. Note that this bound is similar to that presented in [BKS18], but it

makes explicit a dependence on the discrete spectrum of B.

We should note that the bound (4.32) does not depend on ||b||. This means that
we can expect it to be pessimistic as ||b|| — 0. Indeed, as discussed at the beginning
of this section, we know that in this region the error in the Frobenius norm behaves
like the error in (4.22), according to (4.28). Nevertheless, ||b|| may also be much larger
than zero, and so it is interesting that the bound holds uniformly. Note also that the
output of the algorithm is in low-rank form, so that the comments from the end of

the preceding section pertaining to Algorithm 9 apply also here.

Algorithm 10 LANCZOSUPDATE(f, B, b, m)
Lanczos approximation of Frechet derivative.
1: Input: Scalar function f, Symmetric matrix B € R™*", initial vector b € R",
iteration count m.
Output: U, F such that (U,,FUL);; = (f(B+ bb") — f(B));
Compute (Uy,, Trn) < LANCZOS(B b, m).
Compute F + f(T + |[b|* eref) — £(Ton)
Complexity summary: O(m?n) + O(m - nnz B) + O(m?)

4.5 Example

To conclude this chapter, we recreate the example from the end of Chapter 3. We
approximate the same functions f, g, and h and their derivatives f’, ¢’, and h'; however,
now we consider forming the Chebyshev interpolants of increasing degree (see [Trel9]
for further details). That is, instead of Gauss-Legendre quadrature, we approximate
f =~ pmn where p,, interpolates f on m + 1 Chebyshev points, and we measure
maxge(—1,1] | f(2) — pm(x)|. We compare this error in approximation on [—1,1] to the
error in the approximations (4.17), (4.22), and (4.25), where the first is the error
in the vector 2-norm and the latter two errors are measured in terms of the matrix
2-norm, and we do this using the same matrices By and By and b chosen randomly as
described in Chapter 3. The results are depicted in Figure 4.1.

Importantly, we note essentially the same behavior in error as was observed in
Section 3.5; however, the convergence rate is now governed by polynomial approxima-

tion of degree m rather than 2m since we are now dealing with approximation on the
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Figure 4.1: Error plots for Lanczos interpolation.

whole interval rather than a numerical integration problem. That is, we see that the
three methods for matrix function approximation considered here really do behave

like scalar polynomial interpolation, as we would expect from the characterization

results of this chapter.
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Chapter 5

Analysis and experiments for
important functions

Chapter overview

Our goal in this chapter is to apply the analysis presented in the last few chapters
to the computation of some matrix functions that are important in practice. That
is, we will use the approximation theory discussed in Section 2.3 together with the
characterization results and error bounds from Chapter 3 and Chapter 4 in order
to provide a concrete analysis of the convergence properties of these Lanczos-based
procedures for various important functions.!

It should be noted that bounds based on polynomial approximation are com-
mon, so similar analysis is available elsewhere; however, we believe that the use of
Proposition 2.4 to characterize spectral adaptivity for Lanczos procedures is new and
simplifies upon potential theoretic arguments (for example in [DTT98, Kui06]) whilst
providing concrete, non-asymptotic bounds. It seems also to be the first attempt to
quantify the spectral adaptivity of Lanczos procedures for matrix function updates
in a rank-one direction. We hope this chapter will be a helpful reference for how
polynomial approximation bounds apply concretely to the problem of matrix function

computation.

!'Notably, all of the bounds considered here are a priori bounds (they require knowledge of the
spectrum of the matrix that is not available in practice); consequently, the point of these experiments
is to illustrate the convergence properties of the algorithms in a controlled setting rather than to
provide a stopping criterion for the use of the algorithm in practice. For this latter need, one requires
a posteriori estimates which estimate the error using the output of the algorithm as it runs. The
best available a posteriori estimates seem to be simply to let d > 1 be a small parameter for which
we compare the approximation at step m to the approximation at step m + d (see [GM09, BKS18]
for more details). These are heuristic, though effective. In future work, it would be interesting to see
if better a posteriori estimates can be developed from the perspective of polynomial approximation.
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5.1 Background

Before beginning, we should discuss existing convergence analysis. The use of poly-
nomial error estimates to quantify the behavior of Lanczos-based (or more generally
Arnoldi-based) matrix function approximations is not new. For example, error bounds
based on the Taylor expansion of the exponential function go back to [Saa92], which
were subsequently tightened in [HLI7]| using more careful arguments based on Faber
polynomials and conformal mapping. Due to the close relationship between the Lanc-
zos procedure and orthogonal polynomials, it is perhaps the most natural framework
for error estimation (at least in the symmetric case). As a result, error bounds based
on minimax polynomial error on the field of values are common.

Improving upon these estimates is difficult. One approach is to replace intervals
by more generic sets and to apply potential theoretic arguments to estimate rates
of convergence [DTT98, Kui06]. Importantly, however, the results are necessarily
asymptotic and do not yield explicit bounds. Another powerful idea is based on the use
of integral formulations of matrix functions. For example, the Cauchy-integral formula
in complex analysis has analogues for matrix functions, their Frechet derivatives, and
low-rank updates (assuming the function f is analytic on a domain enclosing the
eigenvalues of the operator, see e.g. [Hig08, KIKKRS21]). It is also possible to use other
integral frameworks, such as for Markov functions [BKS18]. It turns out that we can
then view Krylov subspace methods as an integral of shifted linear system solves,
and we may obtain error bounds by “integrating the error” of shifted linear system
solves on a well-chosen contour. This is the idea of the techniques used in [HL97] for
analyzing the action of the matrix exponential e®b. Extensions of these ideas are
discussed in [BKS18] for low-rank updates and [KKRS21] for Frechet derivatives. A
related idea has also been applied to the Lanczos procedure recently in [CGMM?22]| for
generic analytic functions very successfully. One can also consider rational functions
[F'S09] or Stieltjes functions [FS16]. We do not pursue these kinds of bounds further
in this dissertation. One issue with these approaches is that they rely heavily on
integral representations and analyticity of the function on the spectrum of the matrix.
Although many important functions are complex analytic in the region we care about,
this is not always the case, and the arguments can become rather involved.

In this chapter, we show how the bounds from Section 2.3 together with the
characterizations provided in Chapter 4 allow for simple a priori error estimates that
can in some cases be modified to incorporate spectral adaptivity due to outlying

points. Since the f(B)b problem has received so much attention in the literature,
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we will focus primarily on the computation of L;(B,bb”) and the rank-one update
f(B+bb®)— f(B). We do not seek to make the bounds as tight as possible, but rather
to show how straightforward bounds based on polynomial approximation can explain
convergence behavior. Notably, similar bounds could also be applied to non-analytic

functions using Theorem 2.3.

5.2 The matrix exponential

We begin with perhaps the most well-known matrix function: the matrix exponential.
We consider here the approximation of the Frechet derivative according to Section 4.3.

That is, let f(z) = e® for and consider the approximation
Ls(B,bb") = ||b||*> U, L(T}n, e1eT)UL.

Notably, e* is entire, so we expect that it obtains superlinear convergence since it
is analytic in every ellipse By, (p) for all p > 1. We specialize Theorem 2.3 to the

exponential in the following way: note that Bj,(p) has a single point of largest real

part at
N b+a (b—a _
Zp) = = 4 n Lo+ 7).
so that
max e =e* ).
2€Byq ) ()
Then Theorem 2.3 yields
27" (p)
E(f, ]a,b]) < ———.
et = o=

Notably, for any fixed m, we can numerically optimize the right-hand side for the
minimizing p > 1, which yields the desired superlinear convergence. This produces

the following error bound:
Proposition 5.1. Let f(x) = e” and let

rm = Ly(B,bb") — ||b||> Uy Ly (T, ere] ) UL,
be the remainder after the approzimation (4.22). Then

4b|* e

|7l < :
F=pnl(p—1)
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Approximating L;(B,bb"), f(z) = €*
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Figure 5.1: Approximating the Frechet derivative without outliers. The error is
measured in the Frobenius norm, and the error bound is from Proposition 5.1.

As a first example, we consider a 2000-by-2000 matrix B with eigenvalues linearly
spaced in [—20,0]. The result is depicted in Figure 5.1. A similar bound is presented
in [KKRS21] based on the Cauchy-integral representation, and it is compared there
to bounds for the matrix exponential based on polynomial approximation.

Notably, however, this does not capture the spectral adaptivity that the procedure
exhibits in practice, as is seen from the following second example. We form four
matrices: Bj has linearly spaced eigenvalues on [—20, 0] as before, B, has linearly
spaced eigenvalues on [—20,0] with ten outliers at {—100,—92,---  —28}, Bj has
linearly spaced eigenvalues on [—20, 0] with one outlier at {10}, and B, has linearly
spaced eigenvalues on [—20,0] with one outlier at {—30}. For a random vector b
of unit norm, we approximate the Frechet derivative L(B;,bb”) via and record
the error in the Frobenius norm. The results are depicted in Figure 5.2. The two
distributions with only one outlier exhibit almost identical convergence rates to that
with eigenvalues densely distributed in [—20, 0]; the fourth, which has 10 outlying
eigenvalues, is correspondingly delayed in its convergence by about 10 iterates, but
settles in to a convergence similar to that of the matrix with eigenvalues on [—20, 0]
and much faster than would be expected for a matrix with eigenvalues in [—100, 0]. To
our knowledge, there is no characterization of this spectral adaptivity for the Frechet
derivative, excepting the observation that it does occur in experiments. We discuss

spectral adaptivity more in the next section when we turn to rank-one updates.
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Approximating L;(B,bbT), f(z) = ¢"
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Figure 5.2: Approximating the Frechet derivative with outliers.

5.3 Fractional powers

In this section, we consider updating fractional powers of a matrix with (4.25). That
is, we have f(z) = 27 for some v > 0. Notably, when 7 = 1, we obtain the ordinary
matrix inverse. Famously, a rank one perturbation of an invertible matrix is also a
rank one perturbation of the inverse of the matrix, according to the Sherman-Morrison
formula [GVL13]. It is not generally true, however, that a rank-one perturbation of a
matrix function is rank one.? We consider as an example in this section the inverse
square root function with 7 = —1/2 and we compare to a bound for Markov functions
offered in [BKS18].

Suppose our matrix has eigenvalues in [a,b] with 0 < a < b. Then the maximum

of 77 on By, (p) occurs at the point of smallest real part:

atb (b—a)

5 1 (p+p7) (5.1)

Z(p) =

Since the function has a branch point at x = 0, this means that p > 1 also has a

corresponding upper bound p < pmq: Which can be obtained by solving the quadratic

equation z*(p) = 0. We may state explicitly

(Va+ V)’

Remark 5.1. This result relates the convergence rate of (4.25) when f(z) = 277 to the
well-known convergence rate for the Conjugate Gradient (CG) algorithm for solving

positive definite linear systems [Saa03, GVL13]. If we substitute x = b/a, which is

2Generically, if r is a rational function (or a polynomial) of degree d, then the perturbation is
rank d [BVL00]. But this does not apply to fractional «, for example.
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the condition number of a positive definite matrix with maximal eigenvalue b and

minimal eigenvalue a, then we obtain the bound

_WVE+]
pmaz_\/E_l

This is due to the shared singularity at 0 for any v # 0 (where v = 1 corresponds to

the solution of a linear system). Thus, the limiting value of p is the same for all v # 0.
For well-conditioned matrices, the algorithm will converge faster than O((pmaz — €)™)
for any small enough e. Of course, this bound for CG is elegant and known to predict
convergence in some cases, but in many cases where the eigenvalues of the matrix

have clustering it can be extremely pessimistic.
Specializing Theorem 2.3, we obtain

2

Enlh W) < ot =y

This leads to the following proposition:

Proposition 5.2. Let f(z) = 277 and B and B + bb” both have all eigenvalues in
an interval [a,b] with 0 < a < b. Then the matriz 2-norm error in Equation (4.25) is

bounded by
8

p™(p—1)z*(p)?
where 1 < p < pmax and 1y, is defined as in (4.31).

[7mlly <

b

Clearly, the bound deteriorates as p — 1 or p — pPiaz, SO We may again numerically
minimize the right-hand side with respect to p for fixed m.
In [BKS18], the following bound (specialized to our notation) was obtained for

rank-one updates of Markov functions, of which the inverse square root is an example:

Iraally < 8LFG* (o)L o7 (5.2)

Once again, 1 < p < paz- Note that this includes an explicit dependence on b, but
it relies on the derivative of f in the bound. Moreover, it predicts the same rate of
convergence as Proposition 5.2. It is notable, however, that a more general form of
the bound applies to the more general algorithm for non-symmetric matrices, whereas
the assumption that the underlying matrix is Hermitian is essential to our analysis.
We illustrate the significance of Proposition 5.2 with the following example.®> We

form four symmetric matrices By, Bs, B3, and By, all with n = 500 eigenvalues in

3This example is inspired by [BKS18, Example 5.10].
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Approximating f(B + bb") — f(B), f(x) = a~'2
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Figure 5.3: Approximating a rank-one update.

[0.01, 10], but with different distributions (we depict the distributions for smaller
n = 30 in the second panel of Figure 5.3). B has eigenvalues throughout the whole
spectrum with clustering near both ends given by the Chebyshev nodes after a linear
transplantation to [0.01, 10]. By has linearly spaced eigenvalues. Bz has eigenvalues
with a reversed logarithmic spacing so that there is clustering near 10. B4 has ordinary
logarithmic spacing so that there is clustering near 0.01. The vector b is a random
normalized vector so that B; + bb” has eigenvalues in [0.01,10.1] with basically the
same spacing. The result of approximating the rank-one update for each matrix, along
with the bound predicted by Proposition 5.2, is depicted in the first panel of Figure 5.3.
We also show the bound Equation (5.2) from [BKS18] for reference.

We may observe that up to a constant the error bound of Proposition 5.2 seems to
capture the behavior of the convergence curve well for the matrix with Chebyshev-
spaced eigenvalues; nevertheless, each of the other eigenvalue distributions exhibits
the spectral adaptivity of the Lanczos procedure that is so powerful and the bounds
become rapidly pessimistic.

We explore this more by refining Proposition 5.2 with the extension of standard
uniform approximation bounds provided in Proposition 2.4. We will focus on the

reverse logarithmic spacing case where clustering occurs at the top of the interval and
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there are a small number of small eigenvalues—this is the case in the example above
where the spectral adaptivity is the most pronounced. That is, we begin by replacing
the interval [a,b] with the semidiscrete set {1, Ag,- -+, A} U [a, b], where we assume
D<A <A< <A <a<b When m > k, then we may bound

I

E.(f, la, ) U{\;}) < B k(A S la, b))

[a,b]

Without any further assumptions on the );, we may apply the simple bound

k

[~

J=1

< C*k

[a,b]

where C'is the length of an interval that contains {);}5_, U[a,b]. The second term in

the product may be bounded by

2an ],
I

We may choose 1 < p < ppq, large enough so that each of the A; are contained within

Em—k:(A{/\j}fa [CL, b]) <

Bia,5(p) without intersecting with the origin, so that Proposition 2.5 applies and we

15, 00

1A s, 0 < o

write

Notably, the dependence on the \; has entirely vanished from the bound now, so that

we may write once m > k that

20 119, 0
Pk (p — 1)k!

En(f,{j} Ula, b)) <

This means that the rate of convergence is unaffected by a few small outliers outside

of [a,b]. Moreover, the constant modifier H f) can be made explicit when f*)

H]B[a,b](ﬂ)
is known—in this case, we obviously have ) (z) = (=1)fy(y—1)--- (y —k+1)z™"F
Finally, we combine these observations with Proposition 4.10 in order to obtain the

following bound.

Proposition 5.3. Let f(x) = 277 and A\(B) C {\;}i_; U [a,0] with each \; < a.
Moreover, assume Apqr(B + bb?) <b. Then if m > k we have

2T etk (p — 1) 2% (p) 1R (4E))!

(5.3)
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Approximating f(B + bb?) — f(B), f(z) = 271/2
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Figure 5.4: Approximating a rank-one update with outliers.

Although the constants in this result grow rapidly with k, we note that for small,
fixed k, the improvement on Proposition 5.2 may be considerable, especially in the
case that ppe: = 1+ € with 0 < € < 1 when one uses [a, b] as the interval containing
all of the eigenvalues of B without considering outliers, or the bulk of the spectrum is
bounded away from the small outliers.

We now revisit the previous example with this result in hand. We focus on the
case when B has reversed logarithmically spaced eigenvalues on [0.01,10]. Note that
for n = 500, this means that A\; = 0.01, Ay = 2.129---, and \; € [3.799--- , 10] for
all remaining j. We plot bound Proposition 5.3 for kK = 0 (which corresponds to the
original bound Proposition 5.2) as well as £k = 1 and k£ = 2, in which the interval
[a,b] = [0.01,10] can be replaced by [2.129,10] and [3.799,10], so that py., may
become much larger. Clearly, the bound suffers drastically from the rapid growth of
the constants with respect to k; nevertheless, in this example k = 1 shows a drastic

improvement once m = 175 since the rate of convergence increases so drastically.
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Chapter 6

Numerical experiments with
networks

Chapter overview

This chapter marks a shift in the tone of the dissertation from analysis to practical
experimentation. We are interested in this chapter and its successor in applying
Lanczos-based procedures to matrix function problems arising in network science.
More specifically, in this chapter, we review some common structural assumptions and
discuss this structure in example datasets (both synthetically generated and drawn
from a popular database). The central point of this chapter is that the number of
matrix-vector products required for accurate computation of matrix function quantities
via Lanczos procedures often remains remarkably small even for networks with a large
spread of eigenvalues due to its spectral adaptivity. As a consequence, the run-time of
Lanczos-based procedures is almost linear in the number of edges in the network. We
compare the practical convergence rate with the expected degree required of a priori

methods. We perform our experiments in MATLAB.

6.1 Matrix structure in network analysis

We begin this chapter with a quick overview of important structural properties
that are common in networks encountered in applications together with the practical
implications for linear algebraic algorithms. We've included a visualization in Figure 6.1
of a few synthetically generated networks, the sparsity pattern of their adjacency
matrices, and histogram plots of the eigenvalue distributions of the adjacency and

Laplacian matrices.
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Low-average degree/Sparsity In many networks, the average node degree remains
small independent of the number of nodes in the graph. These networks are
often called sparse. This immediately implies that the adjacency and Laplacian
matrices defined in Section 2.4 are sparse matrices, and consequently matrix-

vector products can be computed very efficiently.

Low maximum degree/bandedness Beyond sparsity, in some applications it is
reasonable to expect that the maximum degree of nodes in the network remains
small independent of the number of nodes. These networks exhibit spatial
localization, in which it is difficult to move from one region of the network to a
distant region in few steps. An important example is road networks. This spatial
localization translates to banded adjacency and Laplacian matrices. Various
efficient sparse algorithms exist for banded matrices [Saa03]. Notable for the
discussion in this work is the fact that low order polynomials inherit bandedness
as well, and matrix functions that are approximated well by polynomials inherit
nice off-diagonal decay properties [BRO7, BBR13].!

Community structure/spectral outliers Many networks exhibit community struc-
ture wherein the network can be partitioned into families of nodes within which
there is high connectivity but outside of which the network has low connectivity
[F'SS16]. The matrices associated with these networks may be nearly block-
diagonal, and when this feature is strong, it may manifest a small number of
“spectral outliers”—eigenvalues of the adjacency or Laplacian matrices that are
well-separated from the bulk of the eigenvalues [vL0O7]. As discussed previously,
Lanczos-based procedures are very powerful at adapting to spectral structure

such as this.

Scale-free networks/spectral outliers Many networks have have a scale-free struc-
ture in which a few nodes have drastically more edges than the average [BB03,
EG17]. This is especially common within social networks. Most nodes within the
network are of low degree, but there are some very high degree nodes—often, the
degrees of the nodes obey a power-law distribution. Remarkably, the eigenvalues

of the associated matrices often have similar structure wherein the spread of

We feel that it is very important to mention this separately from sparsity of the network. In fact,
in the literature it seems often to be stated that sparse networks can be brought into banded form, or
that polynomials of sparse networks are also sparse; however, there is a strong implicit assumption
here that the network is not merely sparse but also exhibits this spatial localization. If there is just
one high degree node, then the sparsity of low-degree polynomials of the matrix can be destroyed
rapidly.
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Figure 6.1: Example networks.

eigenvalues is large but the number of eigenvalues in the extremal end of the

spectrum are rare.

6.2 Description of data

In this section, we give an overview of the network data that we use for our experiments.
Some of the networks that we generate are synthetically generated; others are taken
from the SuiteSparse matrix collection [KABT19], which has a large number of standard
large-scale test networks. We have provided a summary in table form for these real

datasets in Table 6.1, but we include some more detailed comments below.
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6.2.1 Synthetically generated networks

We briefly overview the models that we use to generate synthetic networks that will

be used for experiments.

2D Square Grid. Fix n =kr. Foreach 1 <17 < k,1 < 7 <r, we construct a node
v(;,j) with neighbors v(;11,;) and v(; j+1y, but we remove (or ignore) the boundary
nodes with ¢ =0,k + 1 or 5 = 0,7 + 1. It has similar spectral properties to road

networks and other networks that are embedded in 2D space.

Erdos-Renyi network. An Erdos-Renyi network is a random network generated by
including each edge independently with a fixed probability p [EKYY13]. Fix n
and select 0 < p < 1 as the probability of edge existence. Then A;j7 = 1 with
probability p or A;; = 0 with probability 1 — p independent of all other edges.
This is perhaps the most famous random network. It exhibits a transition where
it is connected with high probability when np > logn. We will work in the sparse
regime where the network is fully connected, np = klogn for various k£ which
is small but larger than 1. Notably, the network then has O(knlogn) edges.

The eigenvalues of the adjacency matrix obey a semicircle law with support in

[—2+/np(1 — p),2y/np(1 — p)] together with an extreme eigenvalue of order np.
Note that np is also the expected degree of a vertex in the network, so most
eigenvalues are bounded in magnitude by /dgverage-

Stochastic block model. The stochastic block model is popular for modeling com-
munity structure in networks [Abb18]. In this work, we use the following version.
Let the network be partitioned into k& communities of sizes ny, no, - -+ , ng. Parti-
tion the adjacency matrix into a corresponding block form. Define a symmetric
k-by-k matrix P where P,¢ represents the probability that a node from commu-
nity r is connected to a node from community s. Letting P,.. > P, if r # s
represents stronger connectivity within a community. For an entry A;; of the
adjacency matrix, if node 7 is in community r and node j is in community s then
we sample A;; = 1 with probability P,, and A;; = 0 with probability 1 — P,.
Each entry is sampled independently of the others.

Barabasi-Albert. Barabasi-Albert networks [BB03] are generated via preferential
attachment, wherein a new node joining the graph is more likely to connect to
nodes that already have high degree than those that have low degree. This sim-

ulates power-law degree distributions and models phenomena in social networks.
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We grow the network one node at a time. Each new node forms k edges that
attach to an existing node j with probability proportional to d; where d; is the
degree of the node. Our particular implementation lets £ be a random bounded
integer to introduce some degree heterogeneity, and we typically use a small
Erdos-Renyi network as the seed before engaging in the preferential attachment

procedure.

6.2.2 Real-world networks

Here we describe the real networks that we use for our experiments. We have loaded
these networks through SuiteSparse, excepting the Minnesota road network which
is available in MATLAB. For each network, we keep only the largest connected

component. Some summary statistics are available in Table 6.1.

Road networks. Road networks are sparse with low maximal degree and high diam-
eter. We load four road networks: the Minnesota road network from MATLAB
together with the California, Pennsylvania, and Texas road networks from
the SuiteSparse collection. The Minnesota road network has n =~ 2500 nodes,

whereas the others have n &~ 10% nodes.

Social networks. Social networks have low average degree but high maximal degree
and low diameter. We load four social networks from the SuiteSparse collection:

Youtube, Gowalla, Astrophysics Citation, and Condensed Matter Collaboration.

Other. We include a couple of miscellaneous networks. We include the US Power
Grid and Amazon Product networks from the SuiteSparse collection. These

both have community structure and therefore spectral inhomogeneity.

6.3 Experiment 1: Computing sin(A)b and exp(—L)b

Now we consider a first experiment. Our goal here is to illustrate the favorable
scalability of the Lanczos approximation due to its spectral adaptivity, especially
in comparison with explicit polynomial approximations wherein the approximating
polynomial is formed a priori using the extremal eigenvalues of the matrix.

We compare what m leads to accurate computation with the Lanczos procedure
relative to the value of m required to obtain an approximating polynomial of the

same accuracy using Chebfun’s minimax algorithm on an interval that contains the
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Network n nnz(A)  Apin(A)  Amax(A)  Amax(L)

Minnesota 2,640 6,600 —3.15 3.23 6.88
Pennsylvania 1,090,000 3,080,000 —3.93 4.42 10.4
Texas 1,350,000 3,760,000 —3.95 4.91 13.2
California 1,960,000 5,520,000 -3.93 4.64 13.2
Astrophysics 17,900 394,000 —28.3 94.4 505
Condensed Matter 21,400 183,000 —15.8 37.9 280
Gowalla 197,000 1,900,000 —122 171 14,700
YouTube 1,130,000 5,980,000 —177 210 28,800
US Power 4,940 13,200 —4.50 7.48 20.1
Amazon Products 335,000 1,850,000 —23.2 24.0 550

Table 6.1: Network summary. We list the number of nodes n, number of non-zeros
in the adjacency matrix nnz(A) (which is 2 times the number of edges), largest and
smallest eigenvalues of the adjacency matrix, and largest eigenvalue of the Laplacian.
Numbers have been rounded to 3 significant digits for readability.

eigenvalues of the relevant matrices. We compute sin(A)b and exp(—L)b for each
network in our dataset (both synthetic and real), where b is a random vector. We
measure the value of m in the Lanczos procedure required to obtain an accuracy
of 1071, which we label m,e, and we compare this with Mpred, Which is the degree
of the polynomial (optimal in the uniform error norm) that obtains the same error
on the whole interval [Apin(A), Amaz(A)] or [0, Apae(L)]. As a first plot, we show in
Figure 6.2 a loglog plot of the raw values of m obtained versus the number of nodes in
the network and make two observations. First, that the growth rate is very slow in all
cases when viewed as a function of n. We have plotted as a dashed line the reference

function m = 20n'/?

, which seems to capture the behavior of the worst cases and
grossly overestimate the best cases. This is because the functions used sin(z), e™* are
entire functions and thus exhibit superlinear convergence. As a second observation,
the blue crosses representing m,q; tend to be much smaller than their counterpart red
circles mpreq, Which is because many of these networks have spectral outliers, so that
the Lanczos procedure is able to adapt to the spectra of the underlying matrices and
outperform a priori approximation on the whole interval. We illustrate this difference
more clearly in a second figure, Figure 6.3 where we give a loglog plot of the ratio
Mpred/Mact against number of nodes in the network. We also include distinct markers
for each type of network. Note that the plots are on a loglog scale due to the wide

ranging network sizes and values of myuct/mMprea. Importantly, for road networks and
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Figure 6.2: Comparison of Lanczos convergence with a priori expectation. Note that
the axes are on a loglog scale and that the reference line depicted is m = 20n'/°

the grid networks, whose eigenvalues densely fill the field of values of the matrix, there
is little difference between the two approaches, but for networks that have spectral
outliers, the difference can be massive, especially as the network size increases, as is
most notable for the social networks and networks grown with preferential attachment
(which have approximate power-law eigenvalue distributions). Note that the largest
social networks see an improvement on the order of m,e/Mprea = 1/3 when computing

e Ib.

6.4 Experiment 2: Timing

As a second experiment, in order to illustrate the near-linear time complexity of the
Lanczos procedure with respect to edges in the network, we measure the time taken
to apply m = 160 iterates of the Lanczos procedure to each network against the
number of edges in the network. Note that this m is sufficient to compute sin(A)b or
exp(—L)b for every network in the dataset excepting the YouTube network, which
required m = 240. The results are depicted in Figure 6.4, where we plot the time ¢ in
seconds against the number of edges in the network. Note once again that this is a
loglog plot due to the wide range of values; nevertheless, it appears each family of
networks basically follows the reference line y = 10~°xz, where y is the time and z is

the number of edges.
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6.5 Experiment 3: Extra digits

As a final experiment, we consider the computation of the bump function f(x) = e~/ @?
applied to the Laplacian L. Notably, this function is smooth (having infinitely many
derivatives) but is not analytic in any neighborhood of the Laplacian’s spectrum
[0, Anaz(L)]. This means that we may expect convergence faster than O(m=*) for any
k > 1. This is strictly worse than the convergence rate of complex analytic functions,
and m may be rather large regardless of the network. Still, we might ask how much
better the Lanczos procedure performs than an a priori method. One way to measure
this is to compare the the ratio of the error in the Lanczos procedure to the error of
the minimax polynomial. We track this error for increasing values of m. The result is
depicted in Figure 6.5. This plot effectively shows how many extra digits of accuracy
do we get as a function of m by using Lanczos instead of a priori methods. We note
that there is a consistent downward trend for each of the networks tested, and by

m & 160 each example seems to have gained an extra digit or two of accuracy.
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Figure 6.5: Extra digits experiment.
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Chapter 7

Spectral sensitivities

Chapter overview

In this chapter we propose a framework for computing network edge centralities based
on the derivative of the trace of a matrix function of the graph Laplacian, with a
focus on the matrix exponential and the resulting “heat kernel.” We show that the
proposed measure interpolates between a local degree-based edge centrality and a
global eigenvector-based edge centrality. Moreover, we show that the centrality is
efficiently and accurately computed for individual edges via Algorithm 7; perhaps most
notably, however, we propose a procedure based on randomized diagonal estimation

that estimates the measure for all edges at once.

7.1 Spectral sensitivities

A simple yet profound problem in network science is the identification of nodes and
edges that contribute significantly to the structural properties of the network [FSS16,
Newl18, Est12b]. This includes, for example, locating the best spreader nodes in
epidemic processes, bottlenecks or bridges that control information flow, and vulnerable
regions whose removal leads to network fragmentation. As we have mentioned in
Section 2.4, matrix functions have been successful in generalizing measures based
on counting random walks or other dynamical processes. Although emphasis has
traditionally been placed on identifying nodes of interest, it is also important to
characterize edges, such as those whose removal disrupts connectivity or alters the
behavior of dynamics. Many existing measures are either global, summarizing the
overall structure of the network, or local, depending only on a small region of the
network. Ideally, one seeks measures that interpolate between these two extremes,

capturing contributions from both a local neighborhood and the global positioning
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in the network. In the remainder of this section, we will describe two examples of
edge centralities, one purely “local” based on degrees and one purely “global” based
on an extremal eigenvalue of the graph Laplacian. Finally, we will introduce a more
general framework based on the traces of matrix functions that can be viewed as
interpolating between these two. In the subsequent sections, we discuss computation
of these measures.

We begin with a very simple degree-based local measure of edge centrality. Infor-
mally, an edge is important if both of the nodes upon which it is incident are also
important, leading to an edge-degree centrality that simply sums the degrees of the
nodes upon which the edge is incident. Formally, we may assign a centrality Dy to

the kth edge incident on nodes ¢ and j via

On the other hand, an edge may be considered vulnerable if this measure is small,
since removal of the edge would strongly impact the nodes to which it is connected.

For a more global measure, we follow the idea of dynamical importance introduced
in [ROHO06] and further studied as spectral impact in [MSN10]. Since the second
smallest eigenvalue of the graph Laplacian, the algebraic connectivity, is a strong
measure of the connectivity of the network, we may ask how much the removal of an
edge decreases the algebraic connectivity. We may then measure the importance of

the kth edge
d

I=—= [Aao(L — txxy)]
where x;, is the transpose of kth row of the incidence matrix X from Section 2.4. Recall
that if the kth edge is oriented from node i to node j then x(i7) = 1 and x(j) = —1

with other entries zero. Note the negative sign ensures the measure is positive. Using

t=0"’

Theorem 3.7, so long as A is unique with associated eigenvector vy,

d . )
E)Q(L — XX}, ) = —Va XXt va = —(va(i) — va(4))*.

Thus, we obtain finally
I = (va(i) — V2(j))27
where vy is the normalized eigenvector associated with the second smallest eigenvalue
of the graph Laplacian. Often, ), is referred to as the Fiedler eigenvalue and v, is
referred to as the Fiedler eigenvector.
Notably, both of these measures are computable. The degrees of the nodes are

given by A1, which can be computed in time linear in the number of edges. Computing
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extremal eigenvectors of a sparse matrix is often feasible especially if the extremal
eigenvalue is well-separated from the remainder, for example using the Lanczos
procedure or other polynomial filtering techniques [Saa03]. Nevertheless, there is a
weakness for both of these measures. The local measure may be short-sighted, and
the global measure may not capture well the significance of edges that are locally
important. This can be a problem for networks that have multimodal structure, for
example leading to a large number of small eigenvalues.

Now we finish this section by introducing measures based on the trace of a matrix
function. We call these spectral sensitivities. For concreteness, we will use the heat
kernel f(L) = e £, though similar comments apply to any function that is positive
on the positive real axis and rapidly decaying away from x = 0. Recall that the traces
of matrix functions are closely related to measures of network robustness as described
in Section 2.4. Therefore, we may view edges as important if their removal would
drastically reduce the trace of the matrix function. Our proposed measure evaluates

the sensitivity of the trace of the matrix function to perturbation:
d
S = o [Tr(f(L — thxg))L:O-

Notably, due to Proposition 3.5, this quantity is given by the quadratic form
Sk = —XZf’(L)Xk. (71)

This means that we can efficiently evaluate the importance of an edge using Algorithm 7.
If we wished to compute the impact of the full edge removal, we could replace the
derivative with the discrete change in the trace Tr(f(L — x;x%) — f(L)) and compute
the result via Algorithm 8.

One of the attractive features of matrix-function-based measures is that they
interpolate between local and global behavior. In Figure 7.1 we show Dy, I, and S
on a rectangular grid. Notably, Si can be viewed as blending the measures Dy and Ij.
We make this precise by showing now that Sy may be viewed as interpolating between

Dy, and I (up to a linear transformation and some edge-independent constants).

Proposition 7.1. Let f(x) = e and let edge k be incident on nodes i and j Suppose
0<t<1. Then
Sk =2t —t*(Dy +2) + O(t%). (7.2)

Moreover, if t > 1, then
Sp = te= 2 (I + O(e7 "7 2)y), (7.3)

Thus, Sy may be viewed as interpolating between Dy when t =~ 0 and I, when t > 1.
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Proof. First, suppose t is small, so that using the taylor expansion of f'(x) = —te™™*

we have
Sp = —x} (—t(I —tL + O(t*L)))xy, = 2t — t*x} Lx;, + O(%).

Recall that L = D — A, so that x{ Lxy = d; + dj + 2 = Dy + 2. Thus, (7.2) follows.

Next, recall from Equation (2.1) that we may write

= Zn: f/(/\Z)VZVZT
i=1

Moreover, xi vi = 0 since the null-space of the graph Laplacian of a connected network

is one-dimensional and proportional to the vector of all ones. Thus,
Sk:—xk, xk—tZe XkVZ

Notably, (xiv3)? = I, so that factoring out e~ yields (7.3). O

To conclude this section, we remark that the idea of using the derivative of the
trace of a matrix function in the direction of an edge removal in order to rank edges is
not a particularly new idea, but we believe that it will be invaluable to the network
science community to point out the generality of this framework and to connect it to
the computational tools presented within this work. Measuring the sensitivity of a
generic measure of criticality under removal of an edge has been considered in many
contexts [FSS16, Chapter 4]. In fact, the famous effective resistance of an edge [KR93],
which is given in our notation as x! L'x; (where L' indicates the Moore-Penrose
pseudoinverse) may be related to the sensitivity of Tr(log'(L)) to edge perturbation
(where the log' indicates that the function is only applied to the positive eigenvalues
of the matrix). Note that Tr(log(L)) is the logarithm of the product of the non-zero
eigenvalues of L, which measures the number of spanning trees in a network according
to Kirchoff’s famous theorem. Relatedly, the derivative of Tr(L') under edge removal
is related to power dissipation in the network [FSS16, Chapter 4]. A similar idea
has been applied more recently to the Von-Neumann entropy of a network, which
uses Tr(Llog L) [KDDMT24]. It is often suggested (for example see [KDDMT24])
that evaluation of such edge metrics would require repeated eigendecomposition of
large-scale matrices for every edge removal in the network. The proposed solution to
make the metrics computable is often to use a low-order polynomial approximation
such as a low-order Taylor expansion, or to base the approximation on first-order

perturbation of a small number of extremal eigenvectors.
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Figure 7.1: Edge importances on a rectangular grid.

We push back strongly against these assumptions! One does not need to compute
repeated eigendecompositions—in fact, one does not need to compute a single eigen-
decomposition. As we have shown, the change in the trace or its sensitivity to edge
removal can be estimated in O(m - nnz L) time using the methods from Chapter 3
without explicitly forming a polynomial approximation and without knowledge of the
eigenvalues of the matrix.

Of course, this is still slow (though much faster than repeated eigendecomposition)
if one wishes to rank all of the edges in the network. Our next section intends to
remedy this by showing that in fact we can provide a rough estimate of all of the edge

importances simultaneously using randomized diagonal estimation.

7.2 Computation of all sensitivities “all-at-once”

Now, let us show how we can extend this approach to the computation of the importance

of all edges all-at-once. Importantly, the definition of S with
Sp = —xt /(L)%
means that the list of all sensitivities .S is given by
S = — Diag(X f/(L)XT). (7.4)

We could compute these diagonal entries one by one using methods from Chapter 3.
It should be noted that if the graph is small enough, this provides a way for us to
obtain all of the edge centralities after only one matrix function computation of f’(L).
Alternatively, when L is big, we may try to estimate the diagonal. Even though

X f/(L)XT may be an enormous matrix, it can be queried for matrix-vector products
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via application of X7 application of f'(L) implicitly through Algorithm 5, and then
reapplication of X. Each of these applications will be fast for sparse networks assuming
f'" can be approximated by polynomials.

The tool that we need to realize this idea is a randomized diagonal estimator
[BKS07, BN22]. One idea is to sample s random Rademacher vectors ry, - - - , ry, where
each entry of r; is £1 with equal probability. Then an unbiased estimator of the

diagonal of a matrix B may be constructed via

s

1
Diag(B) ~ B ;(rj ® Br;j).

Note that B is only accessed through matrix-vector products. For a careful analysis of
the properties of this estimator, as well as alternative estimators, we refer the reader
to [BN22]. We note only that if s = O(1/€?), then the estimated diagonal entries have
a relative error of ¢ with high probability.! Even though this means that obtaining
high accuracy edge importance via this procedure is may be difficult, there are many
networks for which the structures are so varied that the edge importances may span
several orders of magnitude, so that even ¢ = 0.1 for example may be sufficient for
obtaining approximate rankings of the “most important” edges.

We propose in Algorithm 11 an algorithm for estimating (7.4). It requires s
matrix-vector products with X f/(L)XT. If there are F edges in the network, then
multiplication by X, X7 requires O(F) time, and application of f’(L) to a vector
requires O(m?n) + O(mE) + O(m?®) time when we use Algorithm 5. Since we apply
X f/(L)XT to s vectors, this requires an overall complexity of O(m?ns) + O(smE) +
O(sm?). Note that the accuracy guarantees of s are independent of the size of the
matrix, and as discussed in Chapter 6 m remains remarkably small even for large

networks.

7.3 Examples

We conclude this chapter with some examples. First, we display the measures
Dy, Iy, Sk, and S, in Figure 7.2, where we have used f(x) = e75% as the function in
Equation (7.1). Since this network has only E ~ 3300 edges, it is possible to compute
Sk to machine precision via Algorithm 7 for all of the edges in just a few seconds. We

include also the randomized approximation computed via Algorithm 11 with s = 50.

IThere are better estimators available, but in a desire to keep the dissertation self-contained we
introduce this since it seems to be the simplest procedure.
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Algorithm 11 EDGEIMPORTANCES(f’, L, X, m, s)
Estimating all spectral sensitivities simultaneously
1: Input: Laplacian L, incidence matrix X, derivative f’, Lanczos steps m, number
of Rademacher probes s.
Output: S ~ S = — Diag(X f/(L)X7T).
Sample R € {#+1}#*% with i.i.d. Rademacher entries.
Compute T < X R € R™*¢
Compute W = f'(L)T using m steps of Lanczos for each column
Q <+ XW c RFxs

~ 1
Complexity summary: O(m?ns) + O(smnnz L) + O(sm?)

Notably, there is little visual difference between rankings obtained from Algorithm 11
from their true values.

In Figure 7.3, we include scatter plots of each of Dy, I, Sk and Sy against S for
the Minnesota road network. This shows that S is somewhat correlated with both
Dy, and I for some of the edges, but provides very different results for the majority of
the network. Moreover, we see that S as computed by Algorithm 11 provides a “noisy”
approximation to S,. We follow this up with similar plots on several larger networks
in Figure 7.4. We cannot compute Sy accurately for all edges in a reasonable amount
of time so we only compare Dy and I, to S'k The largest network used was the CA
Road network with n ~ 2 x 10 nodes and E ~ 3 x 10° edges, which ran with m = 60

and s = 50 in about 15 minutes.
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Chapter 8

Conclusion

This dissertation followed a simple trajectory. We began in Chapter 2 with a review
of matrix functions, some iterative methods for computing matrix-function related
quantities, a tour of polynomial approximation theory, and matrix representations of
networks together with some applications of matrix functions for network analysis. In
Chapter 3, we studied more carefully the relationship between scalar Gauss quadrature
and its use in approximating quantities related to the matrix function. Perhaps
most notable was the observation in Section 3.3 that the derivative of the trace of a
matrix function in a rank-one direction can be represented and computed with Gauss
quadrature via the Lanczos procedure, and that the same analysis applies to rank-one
updates of the trace as discussed in Section 3.4. We continued in Chapter 4 by showing
that each of the methods presented in Chapter 3 has a parent procedure that can be
tied precisely to a polynomial interpolation problem. In particular, we showed that
the recently introduced algorithms from [BKS18, Krel9, KKRS21], when applied to
symmetric matrices, have a precise characterization via bivariate interpolation on a
tensor product grid of zeros of orthogonal polynomials. We followed in Chapter 5 and
Chapter 6 with numerical experiments investigating how the algorithms behave when
applied to various matrices; notably, these procedures adapt to the spectral properties
of the input matrix, and in Chapter 6 this manifested in the number of iterates required
by the Lanczos procedure outpacing the number of iterates that would be demanded of
a priori methods that approximate the polynomial using only the extremal eigenvalues
of the matrix. Finally, in Chapter 7, we described how matrix functions provide a
theoretically attractive way to assess the importance of an edge in a network via
spectral sensitivities. Crucially, the computation of the spectral sensitivity of a single
edge can be done using the methods we introduced in Chapter 3 in time nearly linear
in the number of edges of the network. No large-scale eigendecomposition, low-order

polynomial approximation, or assumption about the spectral distribution of the matrix

94



was necessary. Moreover, we discussed how randomized diagonal estimation could be
used to approximate the spectral sensitivities of all of the edges simultaneously with
similar complexity, albeit with low accuracy.

There are many topics that we didn’t cover, both on the algorithmic side and on
the side of applications. We wish to conclude here by outlining some directions of
further reading and further research. First, we observe that bounds based on uniform
approximation theory, although they may explain in part the accelerated convergence
of Lanczos procedures (as we saw in Chapter 5), they are very pessimistic. One
approach to do better is based on integral representations and relating the procedures
to the solution of linear systems [CGMM22]. Nevertheless, this requires assumptions
of smoothness that may not hold. It would be very interesting to provide a more
direct treatment of the adaptivity of Lanczos procedures by studying more carefully
the adaptivity of Gauss quadrature and polynomial interpolation on the zero sets of
polynomials for atomic measures. Classically, the focus has been on certain weight
functions related to famous families of orthogonal polynomials. Since these weight
functions have dense support, there has not previously been a need to study atomic
measures; however, it seems that it should be possible to provide a more precise
characterization of the error in Gauss quadrature and polynomial interpolation when
a measure is supported on an arbitrarily large but discrete measure.

A key assumption that we made throughout this dissertation was that the func-
tion f should be well-approximated by polynomials and that the input matrix B
was symmetric. Many matrices are not symmetric, and many functions cannot be
approximated well by polynomials. It is possible however to extend these approaches
to incorporate rational functions and variants of the Arnoldi procedure can be used
for non-symmetric problems [Giil3, Sch16]; however, the use of rational Krylov meth-
ods requires the solution of linear systems. Recently, tremendous strides have been
made in finding generic but effective preconditioners for Laplacian matrices [KS16].
Another potential avenue for further research would be to investigate how the ability
to solve linear systems with Laplacian matrices can be combined with the theory of
rational Krylov methods to construct even more powerful methods for matrix function
computation on networks.

We only considered one application in Chapter 7, but the ability to compute low-
rank matrix function differences and derivatives should be powerful for numerous areas
of network science. For example, an important problem is the embedding problem,
in which one associates with each node of the network a low-dimensional embedding

in Euclidean space [Ham20]. We discussed in Section 2.4 how matrix functions
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have geometric interpretations on networks, and how they can define generalized
kernels measuring similarity on the network [FSS16]. One of the most powerful
interpretable approaches to embedding is kernel-based PCA, and indeed many data-
driven embedding procedures have recently been shown to be closely related to low-rank
factorizations of matrix functions of the adjacency or Laplacian matrix [QDM™18].
Perhaps the ability to update matrix functions under small perturbations of the network
structure could lead to more efficient methods of updating matrix-function-based
graph embeddings.

Another significant problem is the network robustness optimization problem, in
which one wishes to select edges for removal or addition in order to improve or diminish
some global measure of robustness or connectivity. Eigenvector-based measures have
been very popular as for this problem [TPER"12]. Matrix functions provide a more
general theoretical framework but are often seen as intractable on large networks
(see e.g. [WPKVMI14]). Recently, some work has been done to use polynomial
Krylov methods for this problem in order to optimize measures such as the total
communicability or natural connectivity of a network [AB16, WSMB21, MT23, Sch23].
Nevertheless, there are many possible measures of network robustness, and there are
potentially many avenues in this direction to study.

The future for matrix functions is bright. Along with the network science commu-
nity, they have found numerous applications in the natural and data sciences, and the
numerical community is determined to make them accessible. Our hope for the reader
is that we made clear some of the principles of polynomial approximation theory that
underpin Lanczos-based procedures for computing matrix functions, and that the
resulting algorithms seem especially accessible for applications in network science.

Thank you for reading!
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