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We present a numerical computation, based on neural network techniques, of the physical Yukawa 
couplings in a heterotic string theory compactfication on a smooth Calabi-Yau threefold with non

standard embedding. The model belongs to a large class of heterotic line bundle models that have 
previously been identfied and whose low-energy spectrum precisely matches that of the MSSM 
plus fields uncharged under the Standard Model group. The relevant quantities for the calculation, 
that is, the Ricc-flat Calabi-Yau metric, the Hermitian Yang-Mills bundle metrics and the harmonic 
bundle-valued forms, are all computed by training suitable neural networks. For illustration, we 
consider a one-parameter family in complex structure moduli space. The computation at each 
point along this locus takes about half a day on a single twelve-core CPU. Our results for the 
Yukawa couplings are estimated to be within 10% of the expected analytic result. We find that the 
effect of the matter field normalisation can be significant and can contribute towards generating 
hierarchical couplings. We also demonstrate that a zeroth order, semi-analytic calculation, based 
on the Fubini-Study metric and its counterparts for the bundle metric and the bundle-valued forms, 
leads to roughly correct results, about 25% away from the numerical ones. The method can be 
applied to other heterotic line bundle models and generalised to other constructions, including to 
F-theory models.

1. Introduction

Computing the values of the quark and lepton masses and understanding their hierarchical structure from first principles is a 
long-standing and fundamental open problem in theoretical particle physics. Arguably, string theory currently provides the only 
framework which allows for such a computation. However, the low-energy particle content obtained from string compactfication 
was, for a long time, not sufficiently realistic to warrant detailed computations of couplings. Now that many models with the Standard 
Model spectrum are available, particularly in the context of 𝐸8 ×𝐸8 heterotic string compactfications on Calabi-Yau (CY) threefolds 
with holomorphic, poly-stable vector bundles [1--22], computing Yukawa couplings and the resulting fermion masses and mixing 
angles is the obvious next step.

The physical Yukawa couplings are completely specfied by two moduli-dependent quantities in the low-energy four-dimensional 
𝑁 = 1 supersymmetric Lagrangian: the holomorphic Yukawa couplings, which arise in the superpotential, and the matter field Kähler 
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metric which determines the normalisations of the 𝑁 = 1 chiral supefields. The holomorphic Yukawa couplings, dfined in Eq. (3.1), 
are quasi-topological and do not depend on the Ricc-flat metric of the CY threefold. Consequently, they can often be calculated 
analytically using algebraic or differential geometric tools. This has been carried out for a number of models [23--27]. On the other 
hand, the computation of the matter field Kähler metric, dfined in Eq. (3.2), requires full knowledge of the compactfication geometry, 
including the Ricc-flat CY metric, the Hermitian Yang-Mills (HYM) connection on the holomorphic vector bundle, as well as various 
harmonic bundle-valued forms on the CY threefold. Obtaining these quantities has been the single major hurdle (other than finding 
models with a realistic particle spectrum) in the computation of Yukawa couplings from string theory for nearly four decades, as no 
closed-form expressions are known.

A salient exception to this rule is represented by standard embedding CY compactfications of the 𝐸8 ×𝐸8 heterotic string (and 
singular limits thereof, such as toroidal orbifold compactfications) [28--32]. In this setting, the matter field Kähler metric and the 
holomorphic Yukawa couplings can be explicitly calculated from period integrals via special geometry or by using conformal field 
theory techniques. In fact, the pioneering work on fermion masses from string theory [33--36] was carried out in this context. These 
analytic results for models with standard embedding have recently been successfully reproduced, and extended, using neural networks 
methods [37]. Unfortunately, the class of standard embedding models is very limited in terms of what can be achieved, both at the 
level of the spectrum and couplings.

The methods presented in this paper apply to a wide class of phenomenologically attractive models relying on line bundle sums 
over smooth CY threefolds embedded in products of projective spaces with freely acting discrete symmetries [7--9], and may be 
further extended to compactfications with non-Abelian bundles. The core idea is to use neural networks to approximate the above

mentioned geometrical quantities, which are obtained as solutions of certain partial differential equations. As zeroth order ‘reference’ 
quantities (and for benchmarking) we use analytic expressions for the Fubini-Study Kähler form, the Chern connection and various 
bundle-valued differential forms, dfined on the ambient space and subsequently restricted to the CY manifold, which represent 
the correct cohomology classes. To these reference quantities we add terms exact in cohomology which are represented by neural 
networks and optimised in order to obtain the Ricc-flat CY metric, the HYM bundle metrics and the harmonic forms.1 The optimisation 
process involves sampling points on the CY threefold and minimising a loss function that takes into account how well the associated 
partial differential equations and various patching conditions are satified. Our methods build directly on the tools developed in 
the cymetric package [38,39] for the construction of numerical CY metrics, as well as earlier numerical work on: (a) numerical 
methods for of Ricc-flat CY metrics based on Donaldson’s algorithm [40--42], functional minimisation [43], and machine learning 
techniques [38,39,44--49]; (b) numerical methods for the computation of Hermitian Yang-Mills connections [50--55]; (c) numerical 
harmonic functions and harmonic bundle-valued forms [55--58].

The main goal of this paper is to develop the neural-network approach up to the point where explicit values for the quark and 
lepton masses can be computed for arbitrary values of the moduli fields. In practice, we carry out the computation of perturbative 
up-quark Yukawa couplings in a specific heterotic line bundle model, originally introduced in Refs. [10,11], thus proving that such 
calculations are now feasible. A systematic exploration of the moduli space for this and other models is beyond the scope of the 
present letter, but likely within reach. The aim of this future work is to identify concrete line bundle models and specific loci in 
their moduli space that give rise to the observed flavour structure of the Standard Model. Combining such an analysis with moduli 
stabilisation may lead to a comprehensive explanation of the parameters in the Standard Model.

It is worth pointing out that the present work does not rely on any simplifying assumptions, such as localisation, the only limiting 
factor being numerical accuracy. Localisation techniques have been heavily used in other contexts, including calculations of zero-mode 
wavefunctions on toroidal backgrounds [59,60], for F-theory models [61--69] and for heterotic models [70]. For compactfications 
on no-flat spaces, localisation relies on the observation that sufficiently large fluxes lead to localised matter field wave functions, 
so that approximate calculations can be carried out with a (locally) flat metric. This appears to circumvent the need to know the 
Ricc-flat CY metric explicitly. However, this method comes with a number of problems: it is difficult to assess its accuracy and to 
express the results in terms of standard CY moduli and there is a tension between the large fluxes required for localisation and the 
requirements of three families and anomaly cancellation.

The structure of the paper is as follows. We begin in Section 2 by reviewing the details of the heterotic string model under 
consideration, before moving on to describing the mathematical background and the computational setup in Section 3. In Section 4, 
we present our results for the physical up-quark Yukawa couplings and resulting fermion masses. We conclude in Section 5. Further 
details of the calculation will be presented in a forthcoming longer paper [71].

2. The heterotic string model

The model underlying our computations was originally introduced in Ref. [10,11]. It is based on compactifying the 𝐸8 × 𝐸8
heterotic string on a smooth Γ =ℤ2 ×ℤ2 quotient of a CY hypersurfaces 𝑋 of multi-degree (2,2,2,2) in a product of four ℙ1-spaces. 
These hypersurfaces are, from now on, referred to as tetra-quadric CY threefolds or TQ threefolds, for short. The quotient 𝑋∕Γ has 
four Kähler parameters and 20 complex structure parameters. The ℤ2 ×ℤ2 symmetry descends from the ambient space [72], where 
it is generated by the matrices(

1 0
0 −1

)
, 

(
0 1
1 0

)
, (2.1)

1 This is not to say we are computing the leading order correction in some expansion. The final results are precise, up to numerical error.
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acting simultaneously on the homogeneous coordinates of each ℙ1 .

The standard Kähler forms on the four ℙ1 factors, restricted to 𝑋, provide a basis, (𝐽𝑖), where 𝑖 = 1,2,3,4, for the second coho

mology of 𝑋. The first Chern class of a line bundle →𝑋 can be written as 𝑐1() = 𝑘𝑖𝐽𝑖, where 𝑘𝑖 ∈ ℤ, and such a line bundle is 
also denoted by  =𝑋 (𝐤), with 𝐤 = (𝑘1, 𝑘2, 𝑘3, 𝑘4)𝑇 ∈ℤ4.

The vector bundle 𝑉 →𝑋 is chosen to be a sum of five line bundles, that is 𝑉 =
⨁5

𝑎=1𝑎, with Chern classes 𝑐1(𝑎) = 𝑘𝑖𝑎𝐽𝑖. This 
bundle breaks one of the two 𝐸8 gauge factors to 𝑆𝑈 (5) × 𝑆(𝑈 (1)5). For the model under considerations, the five line bundles are 
specfied by the column vectors of the matrix

1 2 3 4 5

(𝑘𝑖𝑎) =
⎡⎢⎢⎢⎣
−1 −1 0 1 1
0 −3 1 1 1
0 2 −1 −1 0
1 2 0 −1 −2

⎤⎥⎥⎥⎦ .
(2.2)

The additional 𝑈 (1)-symmetries are Green-Schwarz anomalous and their associated gauge bosons are super-heavy. At low energy they 
appear as global symmetries which constrain the allowed couplings. Finally, the 𝑆𝑈 (5)-gauge symmetry is broken to the Standard 
Model gauge group by specifying a discrete Wilson line with structure group Γ =ℤ2 ×ℤ2. The model is free of gauge and gravitational 
anomalies (by a suitable choice of a five-brane or hidden bundle) and whatever remains from the second 𝐸8 gauge group at low energy 
is ‘hidden’, in the sense that all observable fields are uncharged under it. It is also supersymmetric along the locus where all Kähler 
moduli take the same value, that is,

𝑡 ∶= 𝑡1 = 𝑡2 = 𝑡3 = 𝑡4 . (2.3)

The particle content is that of the MSSM, plus a number of singlet fields uncharged under the SM gauge group. These fields are 
decorated with 𝑈 (1) charges and given by

2 𝑄2,2 𝑈2,2 𝐸2 ↔2 𝑄5,𝑈5,𝐸5 ↔ 5
2 𝐷2,5,2 𝐿2,5 ↔4 ⊗5 𝐷2,4,𝐿2,4 ↔ 2 ⊗4

𝐻𝑑
2,5 ↔2 ⊗5 𝐻𝑢

2,5 ↔ ∗
2 ⊗∗

5
3 𝑆2,4 ↔2 ⊗∗

4 12 other singlets

(2.4)

The subscripts label the 𝑈 (1) symmetries under which the particles carry charge 1, while being uncharged under all other 𝑈 (1)
symmetries. The exceptions are 𝐻𝑢

2,5, whose only non-zero charges are −1 under the second and fifth 𝑈 (1) symmetry, and 𝑆2,4 with 
charge +1 under the second symmetry and charge −1 under the fourth.2 The fields are in one-to-one correspondence with certain 
harmonic bundle-valued one-form on specific line bundles, which have been indicated in Eq. (2.4).

The 𝑈 (1) symmetries enforce the vanishing of down-quark and lepton Yukawa matrices at the perturbative level; for a realistic 
model, they would have to be generated non-perturbatively. Writing the left-handed quarks as (𝑄𝑖) = (𝑄1

2,𝑄
2
2,𝑄5), the right-handed 

up-quarks as (𝑈𝑖) = (𝑈1
2 ,𝑈

2
2 ,𝑈5) and the up-Higgs as 𝐻𝑢 =𝐻𝑢

2,5, the holomorphic up-quark Yukawa couplings are of the form

𝑊u = 𝑌 𝑢𝑖𝑗𝐻
𝑢𝑄𝑖𝑈𝑗 , (2.5)

where 𝑖, 𝑗 = 1,2,3 label the three quark families. The 𝑈 (1) symmetries enforce a specific structure of the up-Yukawa matrix given by

𝑌 𝑢 =
⎛⎜⎜⎝
0 0 𝜆1
0 0 𝜆2
𝜆3 𝜆4 0

⎞⎟⎟⎠ . (2.6)

Its entries 𝜆1, .., 𝜆4 are quasi-topological and can be computed using differential geometric techniques, as detailed in Refs. [25--27].3

For completeness, we note that the full perturbative superpotential is

𝑊 =𝑊u + 𝜌𝛼𝑖𝑆𝛼2,4𝐿
𝑖
4,5𝐻

𝑢
2,5, (2.7)

where the index 𝛼 = 1,2,3 labels the three singlets 𝑆2,4 present in the spectrum. These are interpreted as right-handed neutrinos.

The part of the Kähler potential relevant for the calculation of the physical up-Yukawa couplings has the form

𝐾 =𝐾𝑄

𝑖𝑗
𝑄𝑖𝑄̄𝑗 +𝐾𝑢

𝑖𝑗
𝑈𝑖𝑈̄ 𝑗 + 𝑘𝐻𝑢𝐻̄𝑢,

and 𝑈 (1)-invariance dictates the following structure for the Kähler metrics:

2 Note that the up and down Higgs triplets have been projected out by the ℤ2 ×ℤ2 quotient and the inclusion of the Wilson line.
3 Unfortunately, there appears to be a mistake in the calculation carried out in Ref. [25] of the holomorphic Yukawa couplings for this model, due to a missed 

boundary term, an issue which we correct in the present paper.
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𝐾𝑄 = − 1
3

⎛⎜⎜⎝
0
0

0 0 𝑘𝑄

𝑄 ⎞⎟⎟⎠, 𝐾𝑢 = − 1
3

⎛⎜⎜⎝
0
0

0 0 𝑘𝑢

𝑢 ⎞⎟⎟⎠. (2.8)

The factor −1∕3 captures the full Kähler moduli dependence in this model due to Eq. (2.3). This means the complex 2 × 2 matrices 
𝑄, 𝑢 and the real numbers 𝑘, 𝑘𝑄, 𝑘𝑢 in Eq. (2.8) are Kähler moduli independent, but they still depend on complex structure. After 
bringing the resulting kinetic terms into canonical form, one finds the physical up-Yukawa matrix

𝑌 𝑢phys =
⎛⎜⎜⎝
0 0 𝑎1
0 0 𝑎2
𝑏1 𝑏2 0

⎞⎟⎟⎠(
𝑎1
𝑎2

)
= 𝑒−𝜙√

𝑘𝑘𝑢
𝑃𝑄

(
𝜆1
𝜆2

)
,

(
𝑏1
𝑏2

)
= 𝑒−𝜙√

𝑘𝑘𝑄
𝑃𝑢

(
𝜆3
𝜆4

)
,

(2.9)

where 𝜙 is the dilaton, and 𝑃𝑄 and 𝑃𝑢 are 2 × 2 diagonalising matrices satisfying

𝑃𝑄𝑄𝑃
†
𝑄
= 12 , 𝑃𝑢𝑢𝑃 †

𝑢
= 12 . (2.10)

Note that the volume dependence of the physical Yukawa couplings drops out due to the additional factor of 𝑒−𝜙∕
√ which arises 

from the exp(𝐾∕2) prefactor to the Yukawa couplings in the component supergravity Lagrangian.4 Finally, the up-quark masses are

(𝑚1,𝑚2,𝑚3) = |⟨𝐻𝑢⟩|𝑒−𝜙(0,

|||||𝑃𝑄
(
𝜆1
𝜆2

)|||||√
𝑘𝑘𝑢

,

|||||𝑃𝑢
(
𝜆3
𝜆4

)|||||√
𝑘𝑘𝑄

)
. (2.11)

A number of comments are in order at this point. Firstly, in this model, the holomorphic up-quark Yukawa matrix (2.6) on its own 
cannot lead to a non-zero mass for the first generation due to its reduced rank. A non-zero up-quark mass would have to be generated 
non-perturbatively. Secondly, a potential split between the second and third generation up-quark masses can be induced by the 
structure of the holomorphic up-Yukawa matrix as well as by the non-canonical matter field Kähler metric, both of which depend 
on complex structure moduli. The dependence of the physical Yukawa couplings on the Kähler moduli completely drops out in this 
particular model, as a consequence of the volume-independence mentioned earlier, and of working at the special locus Eq. (2.3) in 
Kähler moduli space. Thirdly, in order to make contact with the measured values of the quark masses, one should include the RG 
running from the compactfication scale down to the electroweak scale in the presence of supersymmetry breaking. This is amenable 
to standard methods and will not be discussed further. Finally, loop, 𝛼′, and non-perturbative corrections can affect the physical 
Yukawa couplings. These are suppressed in the large volume and weak coupling regime and, in these limits, will only lead to small 
corrections to non-zero perturbative masses (of course, they may be the leading effect if a perturbative mass vanishes, as in our 
present example). For precise predictions from string theory, all these corrections must ultimately be considered.

3. Metrics and harmonic forms

In geometric heterotic compactfications on smooth CY threefolds 𝑋∕Γ, the holomorphic Yukawa couplings and the matter field 
Kähler metric are given by the following expressions:

𝜆𝐼𝐽𝐾 = 𝛾𝐼𝐽𝐾
𝑐 2

√
2|Γ| ∫
𝑋

𝜈𝐼 ∧ 𝜈𝐽 ∧ 𝜈𝐾 ∧Ω, (3.1)

𝐾𝐼𝐽 =
𝜁𝐼𝐽

2|Γ| ∫
𝑋

𝜈𝐼 ∧⋆𝑉 𝜈𝐽 =
𝜁𝐼𝐽

2|Γ| ∫
𝑋

𝜈𝐼 ∧⋆(𝐻𝐽 𝜈̄𝐽 ) . (3.2)

Here 𝜈𝐼 are harmonic (0,1)-forms which represent the matter fields and take values in line bundles 𝐼 , whilst 𝐻𝐼 are HYM bundle 
metrics on 𝐼 . Concretely, for the model outlined in the previous section, the line bundles 𝐼 are the ones given in Eq. (2.4). 
Furthermore,  is the CY volume and the Hodge star is taken with respect to the Ricc-flat CY metric. The holomorphic (3,0)
form Ω on 𝑋 is normalised such that ∫

𝑋
Ω ∧ Ω̄ = 1. The integrals are performed on the ‘upstairs’ manifold 𝑋 and the result is 

transferred to the smooth ‘downstairs’ quotient 𝑋∕Γ by dividing by the group order, |Γ|. Concretely, for our specific model, we have |Γ| = |ℤ2 ×ℤ2| = 4. In line with the constraints from the low-energy 𝑈 (1) symmetries, holomorphic Yukawa couplings 𝜆𝐼𝐽𝐾 can be 
non-zero only if 𝐼 ⊗𝐽 ⊗𝐾 =𝑋 and entries 𝐾𝐼𝐽 for 𝐼 ≠ 𝐽 must vanish. The numerical pre-factors arise from the dimensional 
reduction, whilst the factor 𝑐 =

√
𝐻𝐼𝐻𝐽𝐻𝐾 originates from transforming between conventions used in the physics and mathematics 

literature [51]. Note that 𝐻𝐼𝐻𝐽𝐻𝐾 is constant for any Yukawa coupling allowed by the 𝑈 (1) symmetries. The factors 𝜁𝐼𝐽 and 𝛾𝐼𝐽𝐾
are group theoretic factors, coming from the branching of the 10D 𝐸8 gauge group. Their derivation will be given in the upcoming 
paper, and for the case of up-quark Yukawa couplings they are given by

4 Note that this is a general feature. The physical Yukawa couplings in heterotic theories are independent of the overall CY volume modulus.
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𝜁𝐼𝐽 =
𝛿𝐼𝐽

2 
, 𝛾𝐼𝐽𝐾 = 1 

8
√
30
. (3.3)

We write 𝛾𝐼𝐽𝐾 as a constant as it takes the same value, up to a sign, for all terms allowed by the symmetries. The signs are such to 
cancel the anti-symmetry of the forms inside (3.1).

As mentioned in the previous section, to compute the Ricc-flat CY metric 𝑔, the HYM bundle metrics 𝐻𝐼 and the harmonic forms 
𝜈𝐼 , we start with certain reference quantities which represent the correct cohomology classes. To these, we add exact terms which 
are determined by training suitable neural networks. We now describe how this is done for each of the three types of quantities in 
turn.

3.1. The Ricc-flat CY metric

3.1.1. Mathematical background

Yau’s theorem, applied to a CY manifold 𝑋, asserts that in any given Kähler class, associated to a reference metric 𝑔(ref ), there 
exists a unique Ricc-flat metric

𝑔𝑎𝑏̄ = 𝑔
(ref)
𝑎𝑏̄

+ 𝜕𝑎𝜕̄𝑏̄𝜙, (3.4)

where 𝜙 is a real function on 𝑋 determined by solving the relevant Monge-Ampère equation. In practice, this can be done by training 
a neural network which represents 𝜙. This approach has been realised in the cymetric package [38,39], where it is referred to as the 
‘𝜙-model’.

Our specific simply-connected CY threefold is dfined as a tetra-quadric (TQ) hypersurface given as the zero locus of a defining 
polynomial 𝑝 of multi-degree (2,2,2,2), in the ambient space  = ℙ1 ×ℙ1 ×ℙ1 ×ℙ1. Homogeneous coordinates on the four ℙ1s are 
denoted by 𝑥𝛼, 𝑦𝛼, 𝑢𝛼, 𝑣𝛼 , where 𝛼 = 0,1. The standard patches on  with 𝑥𝛼, 𝑦𝛽 , 𝑢𝛾 , 𝑣𝛿 ≠ 0 are denoted by 𝑈𝛼𝛽𝛾𝛿 and a˙ine coordinates 
on the patch 𝑈0000 are dfined by 𝑧1 = 𝑥1∕𝑥0, 𝑧2 = 𝑦1∕𝑦0, 𝑧3 = 𝑢1∕𝑢0 and 𝑧4 = 𝑣1∕𝑣0. We also introduce the convenient shorthand 
𝜅𝑖 = 1 + |𝑧𝑖|2.

Computing the holomorphic Yukawa couplings (3.1) requires the holomorphic (3,0)-form Ω. On the standard patch with coordi

nates 𝑧𝑖 dfined above, it can be written explicitly as

Ω∝ Ω̂ =
𝑑𝑧1 ∧ 𝑑𝑧2 ∧ 𝑑𝑧3

𝜕𝑝 
𝜕𝑧4

|||||||𝑋 , (3.5)

with the proportionality constant fixed by ∫
𝑋
Ω∧Ω̄ = 1, up to an arbitrary phase that drops out of physical quantities.

For the reference metric in Eq. (3.4) we choose the Fubini-Study metric restricted to 𝑋:

𝑔
(ref )
𝑎𝑏̄

=
4 ∑
𝑖=1 

𝑡𝑖

2𝜋
𝜕𝑎𝜕̄𝑏̄ ln(𝜅𝑖)

||||||𝑋 , (3.6)

where 𝑡𝑖 ∈ℝ>0 are the four Kähler parameters. In terms of these parameters, the CY volume  reads:

 = 2(𝑡1𝑡2𝑡3 + 𝑡1𝑡2𝑡4 + 𝑡1𝑡3𝑡4 + 𝑡2𝑡3𝑡4) . (3.7)

At the supersymmetric locus (2.3), this expression simplfies to  = 8𝑡3, with the overall Kähler parameter 𝑡.
For most of the calculations below, we will be working with the two-parameter family of TQs dfined by the vanishing of the 

polynomial

𝑝 =
∑
even

𝛼+𝛽+𝛿+𝛾

𝑥2
𝛼
𝑦2
𝛽
𝑢2
𝛾
𝑣2
𝛿
+𝜓0

∑
odd

𝛼+𝛽+𝛿+𝛾

𝑥2
𝛼
𝑦2
𝛽
𝑢2
𝛾
𝑣2
𝛿
+𝜓

∏
𝛼,𝛽,𝛿,𝛾

𝑥𝛼𝑦𝛽𝑢𝛾𝑣𝛿, (3.8)

constructed in analogy with the Dwork pencil of quintic threefolds. For 𝜓0 ≠ 1, this leads to a smooth hypersurface for generic values 
of 𝜓 . This polynomial is of course invariant under the action (2.1) of Γ =ℤ2 ×ℤ2. However, it is also invariant under an additional 
symmetry which enforces equality between the two non-zero up-quark masses, a degeneration rflected in the numerical calculation 
below (see, for instance, Fig. 4). To illustrate that this degeneracy can be lifted, we also consider a more general Γ =ℤ2 ×ℤ2 invariant 
polynomial which breaks the additional symmetry present in Eq. (3.8), namely,
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𝑝̃ =6𝑥21𝑦0𝑦1𝑢0𝑢1𝑣
2
0 + 𝑥

2
0𝑦0𝑦1𝑢0𝑢1𝑣

2
0 − 18𝑥20𝑢0𝑢1𝑣0𝑣1𝑦

2
0

− 2𝑥0𝑥1𝑦21𝑣0𝑣1𝑢
2
0 + 7𝑥21𝑦0𝑦1𝑣0𝑣1𝑢

2
0 − 11𝑥20𝑦

2
0𝑢

2
0𝑣

2
0

− 2𝑥0𝑥1𝑦20𝑣0𝑣1𝑢
2
0 + 7𝑥21𝑦

2
1𝑢

2
1𝑣

2
0 − 12𝑥20𝑦

2
1𝑢

2
1𝑣

2
0

− 6𝑥0𝑥1𝑦0𝑦1𝑢21𝑣
2
0 + 20𝑥21𝑦

2
0𝑢

2
1𝑣

2
0 + 4𝑥20𝑦

2
0𝑢

2
1𝑣

2
0

− 13𝑥0𝑥1𝑦21𝑢0𝑢1𝑣
2
0 − 9𝑥0𝑥1𝑦20𝑢0𝑢1𝑣

2
0 + 𝑥

2
1𝑦

2
0𝑢

2
0𝑣

2
0

− 15𝑥21𝑦
2
1𝑢

2
0𝑣

2
0 − 4𝑥20𝑦

2
1𝑢

2
0𝑣

2
0 − 4𝑥0𝑥1𝑦0𝑦1𝑢20𝑣

2
0

− 13𝑥20𝑦0𝑦1𝑣0𝑣1𝑢
2
0 + (1↔ 0) .

(3.9)

Here, (1↔ 0) is the instruction to copy over all the previous terms with coordinate indices swapped as indicated.

Throughout the entire calculation below, we will set the overall Kähler parameter to 𝑡 = 1. Recall that in the present model the 
physical Yukawa couplings are independent of the Kähler parameters, so this choice does not limit the scope of our calculation.

3.1.2. Computational realisation

An approximate Ricc-flat CY metric is constructed via Eq. (3.4), where the function 𝜙 is represented by a neural network and 
trained on a loss function that includes the Monge-Ampère loss, the transition loss and the Kähler class loss:

ℒ = 𝛼1ℒMA + 𝛼2ℒtr. + 𝛼3ℒKähler

ℒMA[𝜙] = 
|||||
|||||1 − 1 

𝜅

𝐽 (𝜙) ∧ 𝐽 (𝜙) ∧ 𝐽 (𝜙)

Ω̂ ∧ Ω̂

|||||
|||||1

ℒtr.[𝜙] =
∑
𝑠≠𝑡 

||||||𝜙𝑠 − 𝜙𝑡||||||1 .
(3.10)

Here 𝛼1, 𝛼2, 𝛼3 are weights for the three contributions and || ⋅ ||1 is the 𝐿1-norm computed by performing Monte-Carlo integration 
on 𝑋 as detailed in Ref. [39]. Furthermore, 𝐽 (𝜙) is the Kähler form associated to the metric (3.4), Ω̂ is dfined in Eq. (3.5), 𝜙𝑠 is the 
version of 𝜙 computed on the patch 𝑈𝑠, while the normalisation factor 𝜅 and the Kähler class loss ℒKähler are dfined in Ref. [39].

We carry out the computation of the CY metric at the points along the pencil of tetra-quadrics (3.8) dfined by 𝜓0 = 2 and for 
𝜓 ∈ {0,0.5,1,2,4,6}. For each value of 𝜓 , the cymetric package [38,39] is used to create a sample of 300,000 points on 𝑋, distributed 
according to the measure dfined in Ref. [39]. These points are used to train the neural network for 𝜙 as well as the neural networks 
discussed below and to perform Monte-Carlo integration over 𝑋. We split the point sample into training and validation sets at a ratio 
of 9:1.

The neural network is fully connected with GeLU activation [73], four layers and a width of 128. Training is carried out for 100 
epochs, with batch size 64 and learning rate 0.001. The change in loss over the course of a typical training round with 𝜓0 = 2 and 
𝜓 = 1 is illustrated in Fig. 1a and Fig. 1b. We dfine the following measures for the training performance,

𝑀MA[𝜙] =
ℒMA[𝜙] 

ℒMA[𝜙 = 0]
, (3.11)

𝑀tr.[𝜙] =
1 


ℒtr [𝜙] 
std. dev. of 𝜙

, (3.12)

where the integration is performed over the validation set. For a typical run with 𝜓0 = 2 and 𝜓 = 1, we find 𝑀MA(𝜙) = 0.04 and 
𝑀tr.(𝜙) = 0.05. These values indicate that the neural network 𝜙 performs well and leads to a good approximation of the Ricc-flat CY 
metric.

3.2. The HYM bundle metric

3.2.1. Mathematical background

Let  =𝑋 (𝐤) be a line bundle on 𝑋 associated with one of the matter fields in (2.4). To determine the correct field normalisations, 
knowledge of the HYM metric on 𝑋 (𝐤) is required. As reference metric 𝐻 (ref ), we choose the standard bundle metric associated 
with the Chern connection on (𝐤) restricted to 𝑋. This can be written down explicitly as

𝐻 (ref ) =
4 ∏
𝑖=1 

𝜅−𝑘
𝑖

𝑖

||||||𝑋 . (3.13)

The HYM bundle metric 𝐻 on 𝑋 (𝐤) is related to 𝐻 (ref ) by

𝐻 = 𝑒𝛽𝐻 (ref ) , (3.14)

where 𝛽 is a real function on 𝑋. The HYM equation implies that 𝛽 must satisfy the following Poisson equation

Δ𝛽 = 𝜌𝛽 = −𝑔𝑎𝑏̄𝜕𝑎𝜕̄𝑏̄ ln
(
𝐻̄ (ref)) . (3.15)
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Fig. 1. Monge-Ampère and transition losses for the neural network approximating the function 𝜙 dfined in Eq. (3.4). For this example, we have chosen 𝜓0 = 2 and 
𝜓 = 1.

The integrability condition for this equation amounts to the requirement that the slope of the line bundle vanishes, which is guaranteed 
by working at the supersymmetric Kähler locus in Eq. (2.3). From the spectrum (2.4), in order to determine the up-quark Yukawa 
couplings, we need to compute the three Hermitian bundle metrics on 2, 5 and ∗

2 ⊗∗
5 .

3.2.2. Computational realisation

A possible method to solve Eq. (3.15), which has, for instance, been used in Ref. [39], is to construct a function basis, by starting 
with the sections of a given line bundle ′ → 𝑋. Then, Eq. (3.15) can be converted into a linear system by expanding 𝛽 in terms 
of this basis, and by computing the matrix elements of the Laplacian as well as the components of the source 𝜌𝛽 . In our case, the 
simplest line bundle for this purpose is ′ = 𝑋 (1,1,1,1) with 16 sections, leading to 162 = 256 functions. Working with this basis 
requires computing 2562 Laplacian matrix elements. On the other hand, this is equivalent to working with the 𝑙 = 0,1 spherical 
harmonics in each of the ℙ1 ≅ 𝑆2 directions only, which indicates a rather poor approximation. Trying to improve this by starting 
with ′ =𝑋 (2,2,2,2) instead requires the calculation of an unfeasible number of matrix elements. In conclusion, it appears difficult 
to achieve sufficient accuracy with this method.

For this reason, we have opted to determine the HYM bundle metric by training a neural network, in analogy with what has been 
done for the CY metric. In practice, the neural network approximating the function 𝛽 in Eq. (3.14) has two contributions for the loss 
function: the HYM loss based on the failure to satisfy Eq. (3.15), and the transition loss which ensures that 𝛽 transforms as a function. 
Explicitly, the loss function is given by

ℒ = 𝛼1ℒHYM + 𝛼2ℒtr.

ℒHYM[𝛽] = ||||||Δ𝛽 − 𝜌𝛽 ||||||1
ℒtr.[𝛽] =

∑
𝑠≠𝑡 

||||||𝛽𝑠 − 𝛽𝑡||||||1 ,
(3.16)

where 𝛼1, 𝛼2 are weights for the two contributions, and 𝛽𝑠, 𝛽𝑡 are the versions of 𝛽 computed on the patches 𝑈𝑠, 𝑈𝑡, respectively.

The neural network is fully connected with GeLU activation, three layers and a width of 128. Training is carried out for 100 epochs, 
with batch size 64 and learning rate 0.001. Each of the three required bundle metrics is computed for 𝜓0 = 2 and 𝜓 ∈ {0,0.5,1,2,4,6}. 
To discuss training and accuracy, we focus on the case 𝜓 = 1 which turns out to be typical. A typical change in loss over the course 
of training is shown in Fig. 2a and Fig. 2b. Appropriate measures for the success or failure of training the neural networks can be 
dfined by

𝑀HYM[𝛽] =
ℒHYM[𝛽]
∫
𝑋
|𝜌| , (3.17)

𝑀tr.[𝛽] =
1 


ℒtr.[𝛽] 
std. dev. of 𝛽

, (3.18)

where the integration goes over the validation set. 
Typical numerical values for these measures, computed for the three line bundles, range between 0.05 − 0.06 for 𝑀HYM and 

between 0.02 − 0.04 for 𝑀tr.. We expect the product of the three bundle metrics to give the trivial bundle metric. It follows that this 
product must be constant over the CY manifold, and this is indeed true within an error of about 4%.

Nuclear Physics, Section B 1010 (2025) 116778 

7 



A. Constantin, C.S. Fraser-Taliente, T.R. Harvey et al. 

Fig. 2. HYM and transition losses for the neural network approximating the function 𝛽 dfined in Eq. (3.15). This example, typical of the cases we consider, solves for 
the bundle metric on the line bundle 2 . We have selected the values 𝜓0 = 2 and 𝜓 = 1.

3.3. The harmonic forms

3.3.1. Mathematical background

The matter fields in the spectrum (2.4) are associated with harmonic bundle-valued (0,1)-forms. Let  be one of the relevant line 
bundles on 𝑋 with HYM bundle metric 𝐻 = 𝑒𝛽𝐻 (ref). Each matter field is represented by a specific cohomology class in 𝐻1(𝑋,)
and we choose a reference form 𝜈(ref ) to represent this class. The unique harmonic form 𝜈 in the same cohomology class is related to 
𝜈(ref ) by

𝜈 = 𝜈(ref ) + 𝜕̄𝜎 . (3.19)

Here, 𝜎 is a global section of  determined by the Poisson equation

Δ𝜎 = 𝜌𝜎 = −𝑔𝑎𝑏̄𝜕𝑎
(
𝐻𝜈

(ref )
𝑏̄

)
, (3.20)

where Δ is the Laplacian on  relative to the Ricc-flat CY metric 𝑔 and the HYM bundle metric 𝐻 .

For our model, we need to calculate seven harmonic forms, one for each of the matter fields in Table 1. These are precisely the 
forms which survive the Γ = ℤ2 ×ℤ2 projection and the inclusion of the Wilson line. Explicit expressions for these reference forms 
have been given in Refs. [25--27], which, being somewhat lengthy, will not be reproduced here.

3.3.2. Computational realisation

Following the same principles as before, we find the harmonic bundle-valued form 𝜈 from Eq. (3.19), by designing a neural 
network which approximates 𝜎, trained on a loss function with two contributions: the Laplacian loss, which measures the failure to 
satisfy Eq. (3.20), and the transition loss, which ensures that 𝜎 transforms as a section of . In analogy with Eq. (3.16), this loss 
function has the form

ℒ = 𝛼̃1ℒΔ + 𝛼̃2ℒtr.

ℒΔ[𝜎] =
||||||Δ𝜎 − 𝜌𝜎||||||1

ℒtr.[𝜎] =
∑
𝑠≠𝑡 

||||||𝜎𝑠 − 𝑇(𝑠,𝑡)𝜎𝑡||||||1 ,
(3.21)

where 𝛼̃1, 𝛼̃2 are weights, 𝜎𝑠, 𝜎𝑡 are the versions of 𝜎 computed on the patches 𝑈𝑠, 𝑈𝑡, respectively and 𝑇(𝑠,𝑡) denotes the transition 
function between 𝑈𝑡 and 𝑈𝑠.

Enforcing the right transformation for 𝜎 is more complicated than in the previous cases for 𝜙 and 𝛽 due to the presence of the 
transition functions. These functions can become large or small away from the natural overlap region between two patches. As a 
result, for any 𝑖 ∈ {1,… ,4} with a line bundle integer 𝑘𝑖 ≠ 0, the transition loss is evaluated at points on a ‘belt’ region , dfined 
by 1∕2< |𝑧𝑖| < 2, where 𝑧𝑖 is the a˙ine coordinate on the 𝑖th ℙ1 space introduced previously.

The neural network is fully connected with GeLU activation, three layers and a width of 128. Training is carried out for 75 epochs, 
with batch size 64 and learning rate 0.001. Each of the required seven harmonic forms is computed for 𝜓0 = 2 and 𝜓 ∈ {0,0.5,1,2,4,6}. 
To discuss training and accuracy, we focus on the case 𝜓 = 1 which turns out to be typical. The loss over the course of training for 
this case is shown in Fig. 3a and Fig. 3b. Appropriate measures for the trained network’s performance are dfined as

𝑀Δ[𝜎] =
ℒΔ[𝜎]
∫
𝑋
|𝜌| , (3.22)
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Fig. 3. Laplacian and transition losses for the neural network approximating the section 𝜎 dfined in Eq. (3.20). This example, typical of the cases we consider, solves 
for the correction to the up-Higgs one-form. We have selected the values 𝜓0 = 2 and 𝜓 = 1.

Table 1
Typical values of the errors, evaluated on the trained neural networks 
representing 𝜎, for 𝜓0 = 2 and 𝜓 = 1.

𝐻𝑢

2,5 𝑄5 𝑈5 𝑄1
2 𝑄2

2 𝑈 1
2 𝑈 2

2

𝑀Δ(𝜎) 0.06 0.08 0.12 0.15 0.20 0.14 0.12 
𝑀tr.(𝜎) 0.04 0.09 0.13 0.15 0.17 0.21 0.14 

𝑀tr.[𝜎] =
1 


ℒtr.[𝜎] 
std. dev. of 𝜎

, (3.23)

where the integration goes over the validation set. In the evaluation of the transition measure for 𝜎, we only consider the ‘belt’ region 
with volume . Both measures are given in Table 1, for each of the seven matter fields.

We emphasise that, whilst this setup is very general, in the present case we are also able to construct neural networks which 
automatically obey the transition relations. This is done by choosing a set of (non-holomorphic) globally generating sections {𝜎𝑖, 𝑖 =
1,⋯𝑁} of the bundle, that is, sections which at each point on the base space span the entire fibre over that point. For a rank one 
bundle, it is sufficient to choose a set of sections such that at least one is nonzero at each point on the manifold. A general section 𝜎
is then written as

𝜎(𝑥) =
𝑁∑
𝑖=1 

𝑓𝑖(𝑥)𝜎𝑖, (3.24)

where 𝑓𝑖 are functions which are represented by the output of a neural network. Crucially these functions, along with the neural

networks used for 𝜙 and 𝛽, can be made invariant under projective transformations by making use of architectures analogous to those 
introduced in Ref. [47]. As a result, 𝜎(𝑥) automatically transforms as required between the different patches. Further details of these 
architectures will be explained in Ref. [71]. 

4. Yukawa couplings and masses

We now outline the main steps in the numerical calculation. For concreteness, we refer to the details of the model introduced in 
Section 2, but we note that the procedure is general for heterotic line bundle models.

(1) At the reference Kähler locus (𝑡𝑖) = (1,1,1,1), and for the defining polynomial (3.8) with 𝜓0 = 2 and for each 𝜓 ∈ {0,0.5,1,2,4,6}, 
a sample of 300,000 points on the TQ manifold is generated. Then, the Ricc-flat CY metric is computed by machine-learning the 
function 𝜙 in Eq. (3.4), with this point sample as a training/validation set.

(2) For each relevant line bundle , the corresponding HYM bundle metric 𝐻 is computed by machine-learning the function 𝛽 in 
Eq. (3.14), with a newly generated training/validation point set and the loss function (3.16). This needs to be done for three line 
bundles, namely, for 2 associated to 𝑄1

2,𝑄
2
2,𝑈

1
2 ,𝑈

2
2 , for 5, associated to 𝑄5,𝑈5 and for ∗

2 ⊗∗
5 , associated to 𝐻𝑢

2,5.

(3) For each matter field involved, the corresponding bundle-valued harmonic form 𝜈 is computed by starting with the corresponding 
reference bundle-valued form taken from Refs. [25--27], machine-learning 𝜎 in Eq. (3.19), with an additional point sample as 
training/validation set and loss function (3.21). This needs to be done for seven cases: the three left-handed quarks 𝑄𝑖 , the three 
right-handed up-quarks 𝑈𝑖 and the up-Higgs 𝐻𝑢.

(4) Using the aforementioned quantities, Eqs. (3.1) and (3.2) are used to compute the holomorphic Yukawa couplings and matter 
field metrics. This is done by Monte-Carlo integration using the given point sample. These results must be consistent with the 
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Fig. 4. Plot of the (degenerate) top/charm mass in units of 𝑒−𝜙|⟨𝐻𝑢⟩| for the defining polynomial (3.8) with 𝜓0 = 2, as a function of the complex structure modulus 𝜓 . 
The black curve corresponds to the full neural network calculation, whilst the red curve gives the masses computed with the reference metrics and differential forms. 
The blue curve shows the mass for canonical kinetic terms, obtained by setting 𝑄 =𝑢 = 𝕀2 and 𝑘𝑢 = 𝑘𝑄 = 𝑘 = 1 in Eq. (2.8). Comparison of the blue and black curve 
demonstrates the importance of including the field normalisations. Error bars are statistical, and average five independent calculations.

structure of Yukawa couplings and matter field metrics as given in Eqs. (2.6) and (2.8), which provides an important check of 
our calculation. Furthermore, this determines the entries 𝜆𝑖 of the holomorphic Yukawa couplings in Eq. (2.6) and the quantities 
𝑄,𝑢, 𝑘𝑄,𝑘𝑢, 𝑘 in Eq. (2.8).

(5) Finally, inserting these quantities into Eqs. (2.9), (2.10) and (2.11), we determine the physical up Yukawa couplings and up-quark 
masses.

The above calculation is performed in three modes. Initially, we carry out a quick calculation with the analytic reference quantities, 
that is, we set 𝜙 and all 𝛽 and 𝜎 to zero. In this case, no neural networks need to be trained—the above first three steps are trivial�-

but the integrals still need to be carried out numerically. For comparison, we also calculate the masses which arise if one assumes 
canonical kinetic terms,5 that is, by setting 𝑄 =𝑢 = 𝕀2 and 𝑘𝑢 = 𝑘𝑄 = 𝑘 = 1 in Eq. (2.8). Finally, the results are then compared 
with the full calculation carried out by following all of the above five steps. In this case, a total of 11 neural networks are trained to 
obtain the correct quantities 𝜙, 𝛽 and 𝜎.

The final result for the up-quark mass is shown in Fig. 4, with the black curve showing the full calculation, the red curve the 
calculation based on the reference metrics and forms, and the blue curve the calculation with canonical kinetic terms. Due to the 
enhanced symmetry of the one-parameter family (3.8), the two non-zero masses are forced to be identical and, within numerical 
errors, this is cofirmed by our results. This is the reason for why Fig. 4 shows results for only a single mass. Some further remarks 
are in order. First, the physical mass has a significant dependence on complex structure (black curve). Secondly, comparison of the 
blue and black curves shows that taking into account the field normalisation has a significant effect. Finally, the calculation using the 
reference quantities (red curve) leads to a reasonable approximation, significantly better than the one based on assuming a canonical 
Kähler metric (blue curve).

Can the degeneracy between the two non-zero masses be lifted if we move away from the one-parameter family (3.8) of complex 
structures? To show that this is indeed possible, we consider the new defining polynomial in Eq. (3.9). This point in moduli space 
was selected by randomly generating 5 polynomials with the ℤ2 ×ℤ2 symmetry and integer coefficients between 0 and 100 and then 
taking the example with the largest mass ratio. As before, we carry out the calculation in three modes, that is, we perform the full 
calculation leading to up-quark masses (𝑚𝑖), the calculation with reference quantities leading to masses (𝑚(ref)

𝑖
) and the calculation 

with canonical kinetic terms with masses (𝑚(can)
𝑖

). The results are

(𝑚1,𝑚2,𝑚3) ≈ 𝑒−𝜙|⟨𝐻𝑢⟩| (0,0.009,0.016) ,
(𝑚(ref)

1 ,𝑚
(ref)
2 ,𝑚

(ref)
3 ) ≈ 𝑒−𝜙|⟨𝐻𝑢⟩| (0,0.007,0.013) ,

(𝑚(can)
1 ,𝑚

(can)
2 ,𝑚

(can)
3 ) ≈ 𝑒−𝜙|⟨𝐻𝑢⟩| (0,0.004,0.008) . (4.1)

5 Note that with this definition ‘canonical kinetic terms’, the physical Yukawa couplings remain independent of the overall Kähler modulus.
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This, as expected, lifts the degeneracy between the two non-zero masses. The results lend further evidence to the claim that reference 
quantities serve as a better approximation than canonical kinetic terms. However, the larger of the two masses is still too small to 
account for the top mass and the split is not sufficient to explain the top to charm mass ratio. It is reasonable to expect that a more 
systematic exploration of the 20-parameter complex structure moduli space leads to masses which are more phenomenologically 
acceptable. This will be investigated in future work [71].

5. Conclusion

In this paper, we have presented the first calculation of physical Yukawa couplings in a heterotic string model compactfied on a 
CY manifold with non-standard embedding. In particular, we have calculated the physical up-quark Yukawa couplings and resulting 
masses. There are two main parts to our methodology. First, we have introduced analytic ‘reference’ expressions for all relevant 
quantities which are contained in the right cohomology classes. Specifically, we have used the restricted ambient Fubini-Study metric 
as the reference CY metric, the restriction of the standard line bundle metrics on projective spaces as bundle reference metrics and 
certain restricted ambient bundle-valued forms as reference forms to represent the matters fields. In a second step, we have added 
exact terms to these reference quantities. For these we have determined numerical solutions using neural network techniques, in 
order to obtain the Ricc-flat CY metric, the Hermitian Yang-Mills bundle metrics and the harmonic bundle-valued forms.

It turns out, the presence of additional 𝑈 (1) symmetries in our model leads to a rank two up-quark Yukawa matrix. The calculation 
has been carried out for the two-parameter family (3.8) of tetra-quadric CY threefolds, whose additional symmetry forces the two 
non-zero masses to be equal. Our main result is shown in Fig. 4 which displays the value of the (degenerate) non-zero quark mass as a 
function of the complex structure parameter 𝜓 in Eq. (3.8). This is computed in three ways: (1) the full numerical calculation (black 
curve), (2) the semi-analytic calculation using the reference quantities (red curve), and (3) a semi-analytic calculation where the 
kinetic terms have been set to canonical form ‘by hand’ (blue curve). The full numerical calculation for each point in Fig. 4 involves 
training 11 neural networks and takes about half a day on a twelve-core CPU. We estimate that the full numerical result is within 
10% of the actual values.

While the value of the mass and the degeneracy are clearly phenomenologically unacceptable, a number of interesting features 
can be observed in Fig. 4. First, the mass has significant complex structure dependence, even for the limited two-parameter family 
under consideration (black curve). Secondly, the reference calculation (red curve) provides a reasonable approximation, within 25% 
of the full numerical one (black curve), which is certainly better than the one based on canonical kinetic terms (blue curve). This 
observation might have important practical consequences for investigating the phenomenology of fermion masses from string theory. 
For a ‘first-pass’ analysis, it may well be sufficient to calculate with the reference quantities.

As emphasised earlier, the purpose of this paper is to provide proof of concept that a calculation of fermion masses can be carried 
out, by using machine learning techniques. Obtaining a realistic (up-quark) mass spectrum was not expected (and is indeed not 
achieved). Nevertheless, it is instructive to discuss the physical implications of our results for the model at hand. The fact that the 
mass matrix has, at the perturbative level considered here, one vanishing eigenvalue, is not necessarily a problem. Non-perturbative 
effects might well fill in some of the zero entries. Further problems are the degeneracy of the two non-zero masses and the fact, 
evident from Fig. 4, that the value is too small to account for the top quark mass.

To explore this further, we have moved away from the one-parameter family (3.8). Instead, we have carried out the calculation 
for a different point (3.9) in moduli space without any additional symmetry. The results in Eq. (4.1) show that the degeneracy 
between the two non-zero masses is indeed lifted, as expected. While this is encouraging, the actual values in Eq. (4.1) are still not 
phenomenologically viable. Whether realistic top and charm quark masses can be obtained somewhere in the full 20-dimensional 
moduli space remains to be investigated. These and other issues will be further studied in a forthcoming paper [71], which will also 
present a systematic error analysis and more sophisticated network architectures which obviate the need for transition losses.

The present work opens up many directions for future investigation. The methods presented here apply to a wide range of CY 
manifolds, including complete intersections in products of projective spaces and hyper-surfaces in toric four-folds [74]. With suitable 
modfications, they should also be suitable for calculating masses in F-theory [75]. In this paper, we have concentrated on vector 
bundles given as sum of line bundles. This leads to considerable technical simplfications, but also means that our techniques are 
directly applicable to the (104) known line bundle models with the right particle content. Nevertheless, a generalisation to vector 
bundles with a non-Abelian structure group is feasible and desirable. Developing these techniques will open up the possibility for 
calculating fermion masses in large classes of string models and search for phenomenologically viable cases. Perhaps most crucially, 
this effort must ultimately be combined with moduli stabilisation [76--82].
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