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A B S T R A C T

Continual advancements of experimental hardware for electron energy loss

spectroscopy (EELS) - a material characterisation technique grounded in elec-

tron scattering - has opened up the avenue for studying vibrational excitations,

as energy resolutions are now able to reach down to ⇠ 5meV. Although

optical methods such as Infrared and Raman spectroscopy can be used to

study phonon vibrations, EELS paired with scanning transmission electron

microscopy (STEM) has the advantage of superior spatial resolution, making

it an attractive alternative. An electron beam that is off-sample (aloof mode)

reduces the sample beam damage, an attractive technique for better investiga-

tions of sensitive, organic molecular crystals such as pharmaceutical products.

In this thesis, the commonly used theoretical derivations of ultra-low loss

EELS are reviewed. Their shortcomings are identified, and an improved quan-

tum formalism congruous with molecular crystals is presented. This modified

‘dipole’ theory dominates in magnitude over the current quantum treatment

for aloof beam EELS, and is demonstrated to show improved relative inten-

sity predictions for the molecular crystal of b�guanine. It successfully distin-

guishes between two polymorphs of quinacridone, and reasonably quantifies

the relative peak intensities. We also apply our theory to the bulk crystal of

boron subphosphide by evaluating its performance over the other theoretical

methods. These calculations require material properties determined from first

principles using density functional theory, which will be expanded upon in

the thesis.
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By the end of the thesis, the pros and cons of the different theories have been

dissected, and a proof of concept for our quantum ‘dipole’ theory applied

to experimentally acquired spectra for quinacridone lays the foundation for

further improvements, which we will also delineate.
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1
O V E RV I E W A N D T H E S I S O U T L I N E

Vibrational spectroscopy plays a central role in the understanding of materials,

such as their thermal properties, phase transitions, as well as their interactions

with light and sound. Electron energy loss spectroscopy, carried out within

the electron microscope, is a common characterisation technique that has re-

cently gained additional capabilities due to advances that have substantially

improved energy resolutions down to ⇠ 5meV [2, 3], thus facilitating phonon

mode analyses of the ultra-low energy loss regime.

The most common method in the literature for simulating the electron en-

ergy loss spectrum is through solving the classical Poisson equation with the

incoming fast electron as an evanescent source. The response of the material

is characterised by its dielectric tensor and phonon dispersion. This can be

computed from quantum mechanical first principles using density functional

theory (DFT), which we will elaborate on throughout this work. There is also

a quantum mechanical formalism of the interaction of the electron beam with

the specimen, based in Fermi’s golden rule of transition probabilities. How-

ever, this treatment is not compatible with the aloof beam geometry, and is

riddled with ambiguities regarding how charge is distributed in the analytical

derivations.

Part I of this thesis introduces relevant experimental techniques used for

material characterisation, and theoretical preliminaries including optical spec-

troscopic methods that are complementary to electron spectroscopy, inelastic

electron scattering and fundamentals of DFT. In Part II we explore the existing

analytical methods of predicting low loss EELS, discuss their limitations, and

develop a modified version of the current quantum theory that is compatible

with the aloof beam configuration and commensurate with molecular crys-
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overview and thesis outline

tals. Part III contains practical implementations of density functional theory

using the ab Initio code CASTEP. Focus is put on the parameters required to

obtain reliable optimised geometries, and then the phonon and nuclear mag-

netic resonance properties of a range of molecular crystals, from carboxylic

to amino acids. Benchmark tests are performed on these crystals to evaluate

the competency of a newly implemented functional, rSCAN. Part IV brings it

all together by assessing the effectiveness of the theories’ (discussed in Part II)

abilities to predict relative intensities, as well as distinguish between molec-

ular crystal polymorphs. Specifically, we focus on b�guanine and two poly-

morphs of quinacridone where experimental aloof beam spectra exist. We

also provide theoretical reports of differentiating polymorphs of drugs olan-

zapine and pyrazinamide. With some adjustments, our modified theory is

also applied to the bulk crystal of Boron subphosphide. Finally, Part V high-

lights the main conclusions from this work and proposes prospects for future

work.

3



Part I

L I T E R AT U R E R E V I E W



2
E X P E R I M E N TA L S P E C T R O S C O P Y T E C H N I Q U E S

All atoms in matter are continuously vibrating, and they can absorb energy

from incoming particles (such as light, electrons, etc) to vibrate further, in

accordance with their resonant behaviours. These mechanical vibrational en-

ergies, or phonons, are quantised, and can be used to characterise a material

and probe its micro and macroscopic properties. This is extremely important

in many areas. For example in the pharmaceutical industry, it is crucial to

understand the physical properties of a drug in all stages of its development,

and vibrational spectroscopy techniques are commonly used for their identi-

fication and quantification [4].

2.1 molecular crystals

The compounds of interest in such pharmaceutical settings are molecular crys-

tals, which are periodic, ordered solids consisting of molecules on lattice sites.

The intermolecular forces are weak, non-covalent bonds. Pharmaceutical com-

panies are very interested in the engineering of molecular solids. A compre-

hensive understanding of interactions between molecules/ions in a molecular

solid is essential in modifying/customising a drug’s functionality [5]. There

are often various polymorphs for organic and inorganic solid compounds.

This means that the solid can exist in different crystalline forms, with the

same type and number of atoms involved. Different crystal structures may

contain different types of intra and intermolecular bonds. For example, two

polymorphs of the medicine carbamazepine (used to treat epilepsy and neu-

rological pain) are shown in Fig. 2.1 [6]. CIF file information are obtained

from the Cambridge Structural Database (CSD), where the deposition num-

5



2.1 molecular crystals

bers are 1121423 (form II) and 249934 (form IV). Note that the hydrogens are

missing on form II, which is a common problem deposited CIF files due to

problems in experimental characterisation methods such as X-ray diffraction

in detecting light elements (especially hydrogen).

b

a

c

c

a

b

(a)

c

a

b

c

a

b

(b)

Figure 2.1: Two polymorphs (left) form II and (right) form IV of carbamazepine show-
ing the different unit cell packing formations. The latter shows a layering
of the hydrogen-bonded molecules which is not present in the former.
Oxygen, Nitrogen, Carbon and Hydrogen are shown in red, blue, brown
and white respectively.

Polymorphs can possess a variety of differentiable physical properties, rang-

ing from solubility to melting point. Specifically, in pharmaceutics, it is very

important to distinguish between the different crystal conformations. Not

only is this because the polymorph structure is crucial to the purpose and

function of the drug, different polymorphs are separately patented [7]. The

ability of distinguishing different polymorphs without damaging the samples

is very desirable, and is now conceivable with current state of the art elec-

tron microscopes. Thus the need for more developments to the theory and

interpretation of vibrational EELS data is further endorsed by this potential

application.

6



2.1 molecular crystals

Currently, popular methods for investigating molecular crystals in industry

is by using Raman, IR and INS spectroscopy. Raman and IR spectroscopy

experiments are quick and easy to perform, requiring only a beam without

the need for careful sample preparations. A lot of research has been done on

drugs, such as studying the crystalline structure of indomethacin [8], detect-

ing changes in recrystallizations of ibuprofin [9] and distinguishing between

polymorphs of a variety of other pharmaceutical products [10, 11]. Pfizer’s

Viagra is a drug that is often counterfeited. Raman analysis is important in

helping authenticate the product by the unique spectra of its blue dye coat-

ing [12].

IR and Raman spectroscopy can only identify vibrational modes which sat-

isfy the requirements of a change in dipole moment and polarizability respec-

tively. This means that the optical techniques are selective and not all modes

are active. This problem is not present in INS and X-ray spectroscopy. INS

has been successfully demonstrated to capture the lattice dynamics of nano-

porous Metal-Organic Frameworks, which are useful in pharmaceuticals due

to their absorption capabilities [13, 14]. Another issue to consider is that of

beam damage. Since INS and X-ray spectroscopy use impact scattering, it is

important to monitor the sample, or perform experiments to study the degra-

dation/damage of the sample over time [15]. This is especially important

for biological samples which contain a lot of light elements. Electrons are

highly favoured scatterers due to their short wavelength and charge, thus are

easily manipulatable and provide more information compared to that of neu-

trons and light [16]. Sample degradation due to electron beam damage can

be dramatically reduced in the aloof beam mode, which further reinforces the

advantages of electron microscopy experiments compared to that of the INS

and X-ray counterparts.
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Another noteworthy and complementary technique to EELS is terahertz

spectroscopy. This technique uses short pulses of tetrahertz radiation and can

probe the ultra-low loss regimes of the sample. The laser source was costly

and cumbersome, which kept its influence on pharmaceutical studies rela-

tively small compared to Raman and IR spectroscopy. Studies mainly focused

on the detection of dangerous chemicals and illegal drugs [17]. However, ad-

vances in terahertz technology, especially with the development of the quan-

tum cascade laser [18], has renewed interests in vibrational spectroscopy [19].

It has since been used to distinguish between polymorphs of Ranitidine Hy-

drochloride [20], Carbamazepine and several other drugs [21]. Azuri et al [22]

calculated the vibrational spectra for 2,4,6-TNT between 30-100 cm�1, which

corresponds to vibrational energy values of < 12meV.

2.2 techniques overview

This section introduces and highlights common experimental techniques for

vibrational spectroscopy, as well as some hardware advancements that help

uncover information that was previously unattainable.

There are various common methods for probing the vibrational motions

of molecules in a material. For example, in infra-red (IR) spectroscopy, IR

light interacts with molecular vibrational modes that creates a change in the

molecule’s dipole moment. The main mechanism is absorption, and this is

directly correlated to the power loss by the incident electric field. Hence, one

can map out the vibrational spectra of the specimen [23, 24].

In Raman spectroscopy, a strong, monochromatic beam of light in the vis-

ible spectrum is used to illuminate a sample. The atoms can transition into

several different states in the de-excitation process before they lose all the im-

parted energy. If a vibrational mode is Raman active, it must be associated
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2.2 techniques overview

with a change in polarizability. Polarizability is a measure of how the elec-

tron cloud surrounding the relevant atoms is deformed (i.e. induced dipole

moment) in the presence of an external electric field [23].

Inelastic neutron scattering (INS) is useful in probing bulk samples. The

scattering of neutrons allow for much higher momentum transfers compared

to using photons in IR and Raman. The momentum resolution allows for

proper measurements of phonon dispersion curves. However, building neu-

tron sources for INS is very expensive. It also requires large crystals to be

grown and has sub-par spatial resolutions [25].

X-ray spectroscopy involves the electromagnetic interactions between X-

rays and the sample’s electron cloud. Since the electron cloud is not a single

point source, scattering events are not completely in phase and the amplitude

heavily depends on the scattering angle (higher angles correspond to lower

peak intensities). It is also harder to detect light elements. Despite these dis-

advantages compared to INS, X-ray spectroscopy is much cheaper to perform

and also requires much smaller specimen sizes [26].

Finally, the main method focused in this project is electron energy loss spec-

troscopy (EELS). EELS is a technique that can probe a material’s structural and

chemical properties. This was first demonstrated by Hillier and Baker [27] and

has now become a standard method. It is measured using the electron micro-

scope, whereby electrons of several tens of keV are focused onto a thin sample

and then collected on the other side. The electrons inelastically scatter off of

the specimen via several different interaction mechanisms, and result in an

electron energy loss profile. The plethora of information obtained by the mi-

croscope also allows for advanced analyses such as identification/elemental

mapping, chemical bonding, and recently, remarkable details of the material’s

vibrational modes [28].
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The samples used in EELS are typically tens of nanometres in thickness.

If the sample is too thick, there is a higher likelihood of multiple scattering

events. This produces a convoluted signal which is harder to interpret. There

are two common types of electron energy loss experiments with similar abbre-

viations, transmission electron microscopy (TEM) and scanning transmission

electron microscopy (STEM). In TEM, electron beams are focused perpendic-

ular to the sample plane and inelastic scattering signals are collected. STEM

is very similar, except the electron beam is brought to a focal point onto the

specimen, and then rastered across the sample. The transmitted signal is thus

collected as a function of the electron beam position [29].

Electrons can probe all phonon wave-vectors, couple very strongly with

matter, and since they are charged, can be easily focused using lenses [30,

31]. EELS sample sizes are on the order of the mean free path of the beam

electrons (typically tens of nanometers in thickness) [32], which are much

smaller than those required by INS (⇠ 1mm3) [33]. Electron microscopes have

been skilfully engineered to provide higher spatial resolution compared to

the other mentioned methods, and chemical/structural analysis at the atomic

level. This makes EELS a very attractive technique.
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Figure 2.2: Illustration of generic EELS spectra of two samples of different thickness,
t.

Figure 2.2 shows a typical EELS spectrum, covering all types of scattering

regimes. The zero loss peak (ZLP), represents electrons that are transmitted

through the sample without any interactions. This peak is the largest for a

thin sample and there is a width associated with the peak due to elastic scat-

tering from nuclei. Hence, it manifests the energy distribution of the electron

source. The region just above the ZLP on the order of hundreds of meV is the

ultra low-loss region containing vibrational and plasmon excitations, and is

the focus of this thesis. Finally, core-excitations make up the high-loss region

from tens to hundreds of eV. Notice that the thicker specimen in the figure

has more intense signals compared to the ZLP, which corresponds to multiple

plasmon scattering events with peaks present at multiples of the plasmon’s en-

ergy [29]. More detailed explanations of these different scattering phenomena

are outlined in Section 3.2.
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2.3 hardware advancements for eels

Traditionally, images captured by the microscope were blurred due to lens

aberrations. This is an issue of the hardware/optical system in which light is

spread out instead of becoming properly focused. This hurdle was overcome

by the development of aberration correctors, which enabled sub-ångström

spatial resolution. Batson et al. [34] were the first to resolve below 1Å, but

required a lot of post processing. They have however paved the way for lower

operating voltages and ‘smarter’ instrumentation.

Steady hardware improvements have also allowed STEM to perform better

spectroscopically, by becoming cheaper to operate and better resolved com-

pared to the other experimental methods that obtain equivalent information.

One can now more easily image/study closely spaced atoms [35], chemical

bonding [36], and mapping vibrational modes [37] on the atomic level. As in-

strumental improvements have become so advanced, current limiting factors

to spatial resolution arise from fundamental physics such as beam broadening

and delocalisation of the inelastic scattering [38, 39]. This is because electrons

can become inelastically scattered even if they are travelling several nanome-

tres away from the sample, thus imposing a basic limit to how well an image

can be resolved [40].

The microscope’s energy resolution, on the other hand, has also been dra-

matically improved by new spectrometers [41]. In terms of hardware design,

there are two phenomena which limit the performance of a spectrometer.

These are the spectrometer’s energy resolution and spectrum-diffraction mix-

ing. The former concerns the aberrations and dispersion (the separation of

light into its component wavelengths). Electrons that are collected at high

acceptance angles result in focusing effects/problems which deteriorates the

energy resolution. The latter phenomenon occurs where there is mixing/-
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convolution between the spectral and image information in the microscope.

These problems were addressed by Krivanek et al. [2,42], who have devised a

high energy resolution monochromated EELS-STEM system (HERMES) and

recently improved the energy resolution to ⇠ 5meV [43]. Typically, fluctua-

tions in the microscope’s accelerating voltage can greatly destabilise the elec-

tron beam. The HERMES system has multiple components that work together

synergistically such that despite these fluctuations, the monochromator still

produces very stable electron beams. Monochromators are devices whose pri-

mary purpose is to impose limits on the energy distribution of the electron

beam [44], but are also important in reducing the full width half maximum

and tail of the ZLP so that it does not obscure the spectra [45]. Improvements

to the energy resolution have ‘revealed’ the desired vibrational components

in ultra-low loss EELS that were previously hidden. It has also opened up

prospects of better quantitative analyses of ionisation edges, band gaps and

dielectric function measurements [40].

Valence loss studies have been conducted on materials such as polymorphs

of carbon [46] and metal oxides [47]. Nicholls et al [48] were able to take ad-

vantage of the high spatial and energy resolution in the STEM to test their

adapted, general theory of phonon spectroscopy with proper momentum de-

pendence, on inelastic electron scattering experiments involving hexagonal

boron nitride (hBN). They were able to demonstrate the fundamental similar-

ities in the physics involving the scattering of electrons, neutrons and X-rays.

This generalised method can be extended to other materials and it allows one

to scrutinise the individual modes that make up the resulting spectra.

Another active area of research aided by the improvements to energy reso-

lution is in lithium-ion batteries [49]. More specifically, it helps probe the elec-

tronic structures and analysis of elemental compositions at a sub-ångström
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level. Thus, previously unfeasible experiments such as interface-structure and

analyses of light elemental locations are now possible.

2.4 experimental studies using aloof beam eels

Typically, STEM experiments involving scattering due to impact collisions re-

sult in severely degraded samples from the irradiation. This issue is overcome

by performing ‘aloof’ mode experiments where the electron beam is placed

several nanometres away from the specimen. This set up was experimentally

proposed by Cohen et al [50] and has become more prevalent due to the hard-

ware improvements discussed above.

Raza et al investigated silver nanoparticles confined in silver nitride [51].

They were able to distinguish different types of plasmonic modes induced

on the surface depending on the interaction configuration, where the type

of mode excited is crucially affected by the impact parameter. A plasmon

describes a collective oscillation by plasma, which is often viewed as electrons

oscillating about fixed positive nuclei.

Water is omnipresent and central to many fields of science and engineer-

ing. However, when it is for example confined on the nanoscale, fundamental

understanding of its behaviour is still elusive and typical investigations of

structure/bonding are performed with Raman spectroscopy, with a resolu-

tion merely on the µm scale. Jokisaari et al [52] studied the vibrational spec-

tra of water surrounded by layers of boron nitride using aloof EELS. They

demonstrated the ability to study the molecule with better spatial resolution,

its interactions with BN solid surface and identifications of isotopes such as

D2O (heavy water). This again, greatly outperforms the information available

from IR and Raman means. In cellular biology, isotope labelling is a tech-

nique in which atoms in a molecule are replaced by an isotope that is to be
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monitored as it progresses through biochemical pathways. One can detect

the isotopes using mass spectrometry, but this involves destroying the sam-

ple and thus losing spatial resolution. Hachtel et al [53] applied aloof beam

EELS to study the vibrational modes of L-alanine containing carbon isotopes,

and successfully showed a shift in the stretching mode for the carbon-oxygen

double bond.

Rez et al [54] applied aloof beams to study biogenic guanine crystals and

was able to benchmark their findings with IR spectroscopy results. They suc-

cessfully identified covalently bonded hydrogen, and were able to attribute

specific peaks in the EELS spectrum to the structure’s eigen-modes of vibra-

tion. As the electron beam is moved away from the specimen, intensities of

spectral peaks decrease but the signal has been shown to be detectable even

at a distance of 100-nm. This work was analysed by Radkte et al. [55] using a

semi-classical electron energy loss theory. They were able to clearly assign the

theoretically predicted and experimentally visualised energy loss peaks due

to vibrational modes near the ZLP (ranging from 100-500meV).

Govyadinov et al [56] performed a similar type of experiment and theoret-

ical calculation (i.e. same classical electrodynamics approach as Radtke) on

hBN. They mapped the phonon excitations at mid-IR frequency ranges and

also showed that instead of the bulk phonon modes that are predominantly

reported in literature, the main contribution to energy loss in hBN is from

phonon-polariton excitations. Polaritons are quanta of energy resulting from

interactions between light and dipole transitions of a material [57].
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3
T H E O R E T I C A L A N D N U M E R I C A L P R E L I M I N A R I E S

3.1 theory of infrared and raman spectroscopy

Previously we have introduced the prevalent experimental techniques for

studying phonons, the practicalities of the electron microscope and its recent

consequential developments. We now turn our attention to the fundamental

physics that underpin these methods.

3.1.1 Scattering cross sections

Scattering of particles such as neutrons, electrons, and photons allows for the

determination of spatial structure and excitation spectrum. The fundamen-

tal method of a quantum mechanical description of scattering is as follows.

One begins with the relevant Hamiltonian and solve the corresponding time

independent Schrödinger equation for the system. For example, an incoming

wave scattering off a particle will spread out spherically (Fig. 3.1) the scat-

tered wave will take the form y = f (q) eikr

r , where eikr

r denotes the damping

of the scattered wave as r ! •. The scattering amplitude, f , describes how

the system scatters the incoming particle in different directions. In general, f

can also depend on ~q, the phonon wave-vector (if the object is not perfectly

spherically symmetric).
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3.1 theory of infrared and raman spectroscopy

Figure 3.1: Schematic of infinitesimal scattering cross section [58]. s represents the
cross-sectional area in which the incoming particle will scatter off the red
dot. W represents the solid angle in which the particle from ds will arrive
in after scattering.

The differential cross-section is defined as ds
dW , and is directly related to the

scattering amplitude through

ds

dW
= | f (q)|2. (3.1)

The differential cross-section can also be written as the flux of scattered par-

ticles in dW over the flux of incoming particles in ds [40, 58], i.e. it is the

probability that an incoming particle is scattered.

The expression of interest relating to the inelastically scattered particles is

the doubly differential cross-section [59] , as it allows for the direct compari-

son to the experimental measurements,

d2s

dWdE
(3.2)
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3.1 theory of infrared and raman spectroscopy

where the scattered particles are of energies between E and E + dE.

3.1.2 Infrared spectroscopy

IR spectroscopy was previously introduced as one the most common tech-

niques used for characterising a sample based on its spectroscopic signatures.

This method relies on the absorption of radiation in the infrared-region. The

range of transitions this can induce are rotational, translational and vibra-

tional modes of the target material.

In order for the mode to be IR active, the transition matrix element between

the initial and final wavefunctions must be non-zero, i.e. hffinal| µ̂ |finitiali

where µ̂ is the dipole moment operator. Consider the dipole moment of a

molecule, which is simply the result of a separation of charge q multiplied

by the vector joining them, ~r, ~µ = q~r. The total wavefunction is a prod-

uct of the electronic, vibrational, rotational and translational functions, i.e.

ftotal = fEfVfRfT, as these are separable (independent) terms whose ener-

gies sum to the total energy. The electronic and translational components do

not participate and thus one can derive the selection rules using the rotational

and translational modes. It can then be shown that the matrix element is zero

unless the vibrational/rotational mode induces a change in the permanent

dipole moment [60].

Group theory can be used to determine which modes cause a change in the

dipole moment. A more in depth discussion of the origins of the selection

rules using group theory is present in Appendix E. However, the main take-

away is that if the set of wavefunctions f⇤initialffinal for the two vibrational state

levels have the same symmetry transformations as that of the dipole operator,

then the dipole transition matrix integral will not vanish. This is equivalent

to saying that if a specific mode has a directional dependence (i.e. it trans-
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3.1 theory of infrared and raman spectroscopy

forms the same way as the cartesian x, y, or z), then it is IR active. This is

the group-theoretic equivalent of stating that the permanent dipole moment

must change in order for the matrix transition element to be non-zero.

The change in dipole moment can be analysed by a Taylor expansion with

respect to atomic displacements ~t, and hence the IR intensity is

IIR µ | hffinal| µ̂ |finitiali |2 µ
⇣dµ

dt

⌘2
(3.3)

This is an important relationship that will be revisited later in Part II when

we discuss the quantum treatment of EELS, and how it relates to the the-

ory of IR and Raman spectroscopy. Note that we consider only one phonon

excitations since most chemical bond vibrations can be approximated using

the simple harmonic oscillator. Any overtones with changes in vibrational

numbers greater than one are ignored due to higher derivative of the dipole

moment.

3.1.3 Raman spectroscopy

Raman spectroscopy is an inelastic scattering technique. The resulting spec-

trum consists of a strong excitation peak which matches that of the frequency

of the incident light, together with weaker lines shifted from this central fre-

quency on to the left and right at symmetrical positions, called the Stokes and

anti-Stokes lines. These are associated with the molecular rotational and vi-

brational modes and the further the shift in frequency, the higher the energy

of the excited mode. Upon scattering, an incident photon of energy E = hw0

can be absorbed with a simultaneous emission of a photon of the same (elastic

Rayleigh scattering), smaller or larger energy Eemit = h(w0 ± dw) [60]
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If an electric dipole moment can be induced ~µinduced in a molecule from an

external electric field ~E, they are related by the polarisability (tensor) a,

~µinduced = a~E (3.4)

In an isotropic material a will be a purely diagonal matrix of identical terms

along the main diagonal. The polarisability transition matrix element is used

to determine the selection rules,

hffinal| â |finitiali (3.5)

and can be evaluated in the same way as that for IR spectroscopy. This is to say

that the integral vanishes unless f⇤initialffinal contains the symmetry elements

that that the polarisability tensor transforms according to.

3.2 electron scattering and eels

Scattering of electrons off of a material refers to their interactions through

collision, and often results in a transfer of momentum and energy. We can

separate the range of interactions into two regimes - elastic and inelastic.

Elastic scattering refers to the case where electrons are deflected due to in-

teractions with the heavily charged nucleus. Since electrons are less likely

to collide head on with the nucleus, they often scatter at small angles with

a small energy transfer. Inelastic scattering, on the other hand, refers to the

Coulomb interactions with the specimen’s electrons and their excitations to

higher quantum numbers [40]. The type of scattering that occurs in EELS is

(and hence are of interest to us) inelastic [61].
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3.2.1 Plasmons and single-electron excitations

An incoming fast electron can interact with the valence electronic charge den-

sity, losing energies of tens of eV. The aggregate effect is called the plasma

resonance, where rapid oscillations in electronic densities take the form of lon-

gitudinal waves. Much like how photons are the discretisation of light waves,

plasmons of energy E = h̄wp are the discretisation of plasma resonance waves,

where h̄ is the reduced Planck constant and wp is the plasma frequency. It is

essential that the valence electrons interact with each other, which is why plas-

mons are more predominant in metals where the outer shell electrons act like

free particles.

Alongside plasmons, there is a competing energy-loss mechanism for the

low-loss EELS regime where the incoming electron directly transfers energy

to a valence electron. This can cause broadening and shifts to the plasmon

peaks [40] in the low loss region of Fig. 2.2.

3.2.2 Phonon scattering and lattice dynamics

Moving further down the energy scale, one arrives at the vibrational energies

of atoms around their equilibrium positions in a crystal. Incoming fast elec-

trons can interact with such lattice vibrations to produce phonons of energy

kBT, where kB is Boltzmann’s constant and T, temperature. Such energies

are typically below 0.1eV (residing in the meV regions). Phonons make up

the ultra low-loss regions of an EELS spectrum (region 1 of Fig. 2.2) and

until recently, such fine energy resolution was experimentally unattainable.

Phonons provide information on bonding, thermal and dielectric properties

of the specimen [28], and are the main type of inelastic scattering concerned

in this project.
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Now that we’ve reviewed experimental vibrational spectroscopy, we turn

our attention to simulating ultra-low loss EELS spectra from first principles.

We begin with the theoretical description of phonons and lattice dynamics.

Consider the many-body Schrödinger equation for describing a system of in-

teracting electrons and nuclei at positions and masses~ri, m and ~Ri, MI respec-

tively [62], and apply the adiabatic approximation [63], whereby the electronic

and nuclear motion are uncoupled. We focus on the nuclear equation,

 
�Â

I

h̄2

2MI

∂2

∂~R2
I
+ U(~R)

!
f(~R) = ef(~R). (3.6)

where e is the eigenvalue for eigenstate f. U(~R) is the Born-Oppenheimer

potential energy surface and represents the ground state energy of a system

of fixed nuclei and interacting electrons. It is the energy corresponding to the

Hamiltonian including electronic kinetic energy, and all interactions involving

nuclei and electrons.

At the ground state, the system is in equilibrium, which requires zero net

force on all nuclei,

~FI = �
∂E(~R)

∂~RI
= 0. (3.7)

In order to obtain the desired modes of vibrations, harmonic approximation

is employed whereby the energy of the periodic crystal is expanded to second

order [64],

E({Dt}) = E0
+ Â

aka
Â

bbk0b

1
2

 
∂2E

∂ta
ka∂tb

k0b

!
D(ta

ka)D(t
b
k0b) + ... (3.8)

where Dta
ka denotes a displacement of atom k along the a direction in cell

a. The cell refer to the fact that computationally, calculations on a supercell

several times larger than the unit cell that the atoms reside in are required, in
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order to completely capture the periodic nature of the phonon modes [65].

The second derivatives of energy, Cka,k0b(a, b) =

 
∂2E

∂ta
ka∂tb

k0b

!
make up the

interatomic force constant matrix (IFC). The desired phonon modes are the

solutions to the eigenvalue problem in reciprocal space through a fourier

transform,

Â
k0b

Dka,k0b(~q)Um,k0b(~q) = w2
m~qUm,ka(~q) (3.9)

where ~q is the phonon vector corresponding to the eigenfrequency at mode m,

wm~q and the dynamical matrix,

Dka,k0a0(~q) =
1p

mkmk0
Â
b

C̃ka,k0b(0, b)ei~q·~Rb (3.10)

is the mass normalised fourier transform of the IFC matrix. For a primitive

unit cell containing N atoms (labelled k with mass mk), this is a 3N ⇥ 3N

hermitian matrix for each wavevector. Solving the eigenvalue equation yields

3N phonon branches, and the phonon dispersion curve is the relationship be-

tween the frequency of these branches with respect to the wavevectors. When

multiple types of atoms are involved, curves at higher frequencies correspond

to optical modes, where adjacent atoms move in opposition, while lower fre-

quency curves correspond to acoustic modes, where atoms move in unison.

Acoustic vibrations are long in wavelength and thus have much higher pene-

tration depth compared to the optical phonons, which are more localized [66].

Figure 3.2 shows the phonon dispersion of NaCl along the high symmetry

path G! R in reciprocal space. At these high symmetry k-points, the number

of distinct eigen-modes is reduced due to degeneracy and the curves converge

to produce a less convoluted graph, convenient for experimental comparisons.

This convergence of dispersion curves can be easily seen in for example near

the G point of Fig. 3.2.
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An important aspect regarding all theoretical considerations is that ther-

mal effects at non-zero temperature are neglected in the harmonic approxi-

mation [64]. The inclusion of thermal and other anharmonic effects can help

better predict physical properties such as vibrational frequencies, thermal con-

ductivity [67] and band gaps [68], but the harmonic approximation is often

sufficiently adequate to probe the vibrational modes of interest. This also

justifies neglecting terms higher than first order derivatives in the expansion

of intrinsic and induced dipole moments in the derivation of IR, Raman and

ultra-low loss EELS.

3.2.3 Low loss EELS

One can divide the literature study of low loss EELS in terms of classical and

quantum treatment of the electron source and the target. Ritchie [69] was the

first to derive a general energy loss in which everything was considered clas-

sical. Retardation effects were neglected, i.e. the electron-sample interaction

was treated as instantaneous. If the incident electron speed is a substantial

fraction of that of light, retardation effects become prominent [70]. As a result,

the range of interaction increases and energy modes become red-shifted [71].

As for the target specimen, Enchenique et al [72] derived a general quantum

mechanical expression for the energy loss of electrons interacting through di-

rect impact with spherical and planar sample geometries. It was then shown

by Ritchie and Howie [73] that the quantum and classical interpretations of

EELS converge to the same result if one is able to collect all the inelastically

scattered signals. Further effort has been put into both the classical and quan-

tum treatment of interactions between collective effects (plasmons) and optical

phonons with the incident electron beam. These are again theoretical circum-

stances where electrons have direct collisions with the target [70, 74–76], thus
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focus is placed on interactions with the nuclear rather than electronic subsys-

tems.

In the aloof beam mode, long-range dipole interactions dominate [77]. Part II

delves into the details of both the current semi-classical and quantum treat-

ments used in literature. In Chapter 6, we provide a new, analytically derived

method of calculating aloof beam EELS and also review how it fits in with

the concurrent theoretical landscape of the quantum dipole formalism in Sec-

tion 6.6.

3.2.4 LO-TO splitting

There are two different types of optical phonons modes: transverse (TO) and

longitudinal (LO). In the former (latter) mode, the poly-atom motions are

perpendicular (parallel) to the direction of phonon propagation (i.e. ~q vector).

The two modes are degenerate (have the same frequency) as predicted by

symmetry considerations. However, LO-TO splitting occurs near the Brillouin

zone centre, where degeneracy is broken between the LO and TO modes [78].

As the atoms move, dipoles are created due to charge displacement and hence

an induced electric field, ~E. For LO modes, the induced field is parallel to the

propagation vector and hence the two can interact, ~q · ~E 6= 0, to produce a

restoring force and hence shift the LO frequencies upwards [79]. At ~q =~0, the

dielectric response of the material is important in determining the splitting.

This will alter the final electron energy loss and thus, it’s important to take this

phenomenon into account when considering the sensitive, ultra low energy

phonon excitations.
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Figure 3.2: Phonon dispersion curve along a high symmetry path G ! R for cubic
NaCl. The optical modes converge at the G point when LO-TO splitting
is turned off, as depicted by the red dotted line. As depicted pictorially,
the LO-mode energies are upshifted (top band) as they couple with the
perturbing ~q wavevector compared to the TO modes (second band).

More specifically, the LO-TO splitting phenomenon is described by a ’non-

analytic’ contribution to the force constant matrices due to these long-ranged

electrostatic interactions. At the non-analytic G point, there is no single limit

to the value of the force constant matrix which means that in a general po-

lar material, this contribution is dependent on the direction in which one
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approaches the G point. Imagine an anisotropic material undergoing a long

wavelength optical phonon mode. The positive charges and negative charges

move out of phase from each other, creating a macroscopic oscillating electric

field. The strength of this field is heavily dependent on the viewing direction.

3.3 the many-body problem

In attempting to accurately and quantitatively describe the behaviour of any

material at the subatomic level, one will inevitably be faced with the many

body problem [80]. All quantum systems are goverened by the Schrödinger

equation,

H |yi = E |yi (3.11)

with a hamiltonian H energy E. The Hamiltonian can be generally written as

H = � }2

2mj
Â

j
r2

j �
}2

2ml
Â

l
r2

l �
1

4pe0

h1
2 Â

j,l

Zle2

|~rj � ~Rl|
+

1
2 Â

l,l0

ZlZl0e2

|~Rl � ~Rl0 |
+

1
2 Â

j,j0

e2

|~rj �~rj0 |

i
,

(3.12)

where the index j, j0 and l, l0 run over the electrons (with mass mj) and nuclei

(with mass ml) respectively. One commonly adopts the Born Oppenheimer ap-

proximation, which separates the nuclear and electronic wavefunctions, by fix-

ing the nuclear positions as the ionic mass is much larger than that of the elec-

tron. Thus one can ignore the second and fourth term in Eq. (3.12), dropping

the terms only dependent on nuclear coordinates to form the many-electron

hamiltonian. In a system of N electrons, the wavefunction is dependent on the

3N translational degrees of freedom defined by the electrons’ positions. We

would need M3N many numbers to describe the discretised wavefunction on

a grid of M points. For a simple compound such as graphene, with two atoms

per unit cell, if we wanted to use a 3D grid of 103 points, it will need to store
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3.4 hartree-fock approximation

on the order of 1018 numbers, which is an incredible, unfeasible amount of in-

formation. Solving the total interacting hamiltonian is only possible for very

small systems, and approximations must be made to tackle the exponential

scaling problem.

3.4 hartree-fock approximation

An early approach to tackling the many-electron problem is the Hartree-Fock

(HF) method [81, 82]. Here, the Hamiltonian of a system of N interacting

electrons in 3N-dimensions is rewritten as a series of N 3D single-electron

Hamiltonians (with single electron wavefunctions fi) [83]

h
� }2

2me
r2

+ Vn(~r) + VH(~r)
i
fi(~r) +

Z
d~r0VX(~r,~r0)fi(~r) = eifi(~r) (3.13)

where Vn(~r) is the electron-nuclear Coulomb repulsion. The electron is also

subject to two more potential terms. The former Hartree potential, VH(~r),

arises from the mean field approximation, is the averaged potential contribu-

tion due to the rest of the electrons. It is formally the solution to Poisson’s

equation

VH(~r) =
Z

d~r0
n(~r0)
|~r�~r0| (3.14)

where n(~r) = Âi |fi(~r)|2 is the averaged charge density. However, VH is not

enough to fully account for the electron-electron interactions. Thus, the Fock

exchange non-local potential VX(~r,~r0) is needed. The VH potential and elec-

tronic charge density depends on the single-electron wavefunctions, which

is what Eq. (3.13) attempts to solve for. This can be solved through a self-

consistent method, which requires a guesstimate for the initial wavefunction,

solving the corresponding Schrödinger equations and iteratively obtain a new

set of solutions until convergence is achieved. The HF method allows for the
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3.5 density functional theory

total wavefunction of N electrons to be written as a Slater determinant [82,84]

y(~r1, . . . ,~rN) =
1p
N!

�������������

f1(~r1) f2(~r1) . . . fN(~r1)

f1(~r2) f2(~r2) . . .
...

...
... . . . ...

f1(~rN) f2(~rN) . . . fN(~rN)

�������������

(3.15)

which satisfies fermionic anti-symmetry requirements upon exchange. The

only term that is not included so far is the non-classical electron-electron

correlation stemming from the Coulomb interaction that is not captured in

the VH and VX potentials. The insufficiency of electron correlation included

in the Hartree-Fock mean field approach leads to failure to perform well in

areas such as describing complexes of D block elements [85] and thermochem-

istry [86].

3.5 density functional theory

3.5.1 Hartree Fock and Kohn-Sham equations

The HF method using Slater determinants is not enough to capture the de-

sired exact interacting system. This chapter introduces the framework which

rigorously connects the single-particle electron densities to the full many-body

one, density functional theory (DFT).

A powerful theorem that underpins DFT is the seminal theorem by Ho-

henberg and Kohn [87], which states that the ground state energy Eg is a

functional of only the electron charge density, n(~r),

Eg = F[n(~r)]. (3.16)
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3.5 density functional theory

This is only a function of~r, as opposed to the total wavefunction, y(~r1, . . . ,~rN),

a function of the coordinates of all the electrons. The theorem proves the

existence of a universal functional for all quantum systems, but its exact form

is unknown. The most widely used method to construct this functional is

given by the Kohn Sham scheme [88], which expands Eq. (3.16) as

E =

Z
d~rn(~r)Vn(~r)�Â

i

Z
d~rf⇤i (~r)

}2

2me
r2fi(~r)

+
1
2

Z
d~r
Z

d~r0
n(~r)n(~r0)
|~r�~r0| + EXC[n(~r)] (3.17)

The first three terms are the familiar electron nuclear external potential, sin-

gle electron kinetic and Hartree energies discussed earlier, which come from

independent single electron Hamiltonians. Everything else unaccounted for

in the Coulomb interaction is lumped together to form last term, called the

exchange-correlation ((XC)) energy, EXC[n(~r)]. One can impose that the solu-

tions fi form an orthonormal set, as well as the Hohenberg-Kohn variational

principle,
dF[n]

dn

���
n=n0

= 0 (3.18)

which formally establishes that the ground state density n0 minimises the

total energy. This finally leads to the Kohn-Sham equations,

h
� }2

2me
r2

+ Vn(~r) + VH(~r) + VXC(~r)
i
fi(~r) = eif(~r) (3.19)

where VXC(~r) =
dEXC[n(~r)]

dn

���
n(~r)

is the exchange correlation potential. There is

an immense amount of work dedicated to formulating accurate and general

correlation functionals. The simplest approximation of this functional is the

local density approximation (LDA) [87], where the electron’s XC energy de-

pends only on the local density of a homogeneous electron gas. This method
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3.5 density functional theory

works well for systems with slow density variations, but its inadequacies such

as the lack of treatment for self-interaction often causes overbinding.

The large body of work put into constructing XC functionals [89] can be

summarised as Jacob’s Ladder [90], where consecutive rungs depict increas-

ing complexity. Each rung leading further up the ladder builds on top of that

of the lower rungs, but we will restrict ourselves to the first three. The low-

est rung consists of the LDA approximation. The functionals populating the

second rung is governed by the generalised gradient approximation , where

EXC depends on the both the charge density and its gradient, rr(~r). This

leads to notable improvements over LDA, and a very successful GGA is the

Perdew-Burke-Ernzerhof (PBE) functional [91, 92], which will be featured ex-

tensively in Part III and Part IV. The laplacian of the density naturally follows

in the third meta-GGAs rung, but can also contain other local properties such

as the orbital kinetic energy |ry|2 for wavefunction y used in rSCAN [93].

This ladder is depicted in Fig. 3.3

Figure 3.3: Schematic of the first three rungs of Jacobs ladder, where with increas-
ing complexity, more derivatives of the charge density is added to the
exchange correlation energy functional.

The Hartree and XC potentials in the KS Hamiltonian depends on r(~r),

which in turn depends on the wavefunctions fi(~r). Therefore in practice,

this circular dependence means that the KS equations must be solved self-
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3.5 density functional theory

consistently. An initial guesstimate of n(~r) is made such that the relevant

potentials can be computed. This is then used to solve Eq. (3.19) to produce

a new charge density. If the difference between the old and new charge den-

sities does not fall within the tolerance threshold, the procedure is repeated,

otherwise it stops and the ground state is effectively attained.

All-electron wavefunctions have high oscillatory behaviours near the core.

This is because core electrons are highly localised, and thus valence states

must also oscillate quickly in order to fulfil the mutually orthogonal condi-

tion of the eigenstates. This behaviour gives it a high kinetic energy near

the core, and balances out some of the Coulomb repulsion, making valence

electrons less tightly bound. This is difficult to reproduce with a small num-

ber of Fourier components using a plane-wave basis set. However, only the

valence charge density which participates in chemical bonding is desirable.

Thus, it is common to use pseudopotentials, which replaces the oscillatory

core region with a slower varying function and is identical to the all-electron

wavefunction outside of some radius, Rc [94] (see schematic in Fig. 3.4). The

number of Fourier components required to build an accurate pseudopotential

determines its hardness. The earliest forms are called norm-conserving pseu-

dopotentials [94], which has a fitting requirement that the squared amplitude

integrals of the pseudopotential must equal to that of the full wavefunction.

Vanderbilt [95] later suggested for this condition to be relaxed, leading to a

dramatic reduction of cut-off energy needed, leading to the era of ultrasoft

pseudopotentials.
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3.5 density functional theory

Figure 3.4: Schematic of a generic pseudopotential wavefunction compared to the all-
electron wavefunction. The two match for R > Rc.

DFT is essential for calculating material properties we require in later chap-

ters, such as nuclear magnetic resonance (NMR) and vibrational spectroscopy

parameters.

3.5.2 Vibrational spectroscopy

The objective is to construct the dynamical matrix Eq. (3.10) by calculating the

second derivatives of total energy. This can be achieved numerically through

either finite displacement or linear perturbation (density functional perturba-

tion theory (DFPT)). The former uses the central-difference finite difference

method to calculate the IFC matrix,

 
∂2E

∂ta
ka∂tb

k0b

!
⇡ F+

ka � F�ka

2u
(3.20)

where t is the displacement of atom k0 along direction a or b by a small

distance of ±u. This method is general and works for any system, but is

only valid for a G-point perturbation ~q = ~0. This is because in Eq. (3.10), the

IFC matrix requires contributions of interactions from atoms from all other

primitive unit cells. However, the forces between atoms are short-ranged so
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3.5 density functional theory

one can decide a ”cut-off” radius such that interactions outside this range is

effectively zero. Thus a phonon with wavevector not at the G point (i.e. non-

commensurate with the unit cell) cannot be computed with finite difference

unless one creates a supercell large enough to construct a reasonable IFC

matrix. This naturally leads to high computational costs, where sampling a

~q-grid of n1 ⇥ n2 ⇥ n3 requires supercells of exactly that size. A widely used

procedure to reduce this cost by orders of magnitude is the non-diagonal

supercell method [96]. This technique uses less primitive cells (by capitalising

on having non-zero diagonal elements in the supercell construction matrix)

that are mathematically equivalent to the maximum n1 ⇥ n2 ⇥ n3 supercell

are constructed.

The perturbative method, on the other hand, is an analytical method that

solves the Sternheimer equation [97], given by

(ĤKS � em) |f1
mi = �Punoccv1 |f0

mi (3.21)

for the first order Kohn-Sham orbitals |f1
mi at phonon mode m, which is the

linear response to a perturbation such as an electric field or atomic displace-

ments. em is the energy of the unperturbed KS state |f0
mi, Punocc is the pro-

jector onto the unoccupied states and v1 is the first order change in KS poten-

tial [64]. This has to be solved using the self-consistency method because the

first order potential depends on the first order charge density. DFPT, if im-

plemented, is powerful as it can compute the system response at an arbitrary

wave-vector. However, the numerical implementation is more problematic.

Additional terms are required when coupled with the widely used ultra-soft

pseudo-potentials in order to quench issues arising with orbital orthogonality

and norm conservation requirements [62].
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3.5 density functional theory

3.5.3 Dispersion corrections

We are primarily focusing on molecular crystals, which make up the majority

of pharmaceutical products. These are usually organic, hydrogen bonded

with non-negligible van der Waals (vdW) effects [98]. These are long range

interactions and is not considered by many XC functionals (which mainly

consider local effects) [99]. As a workaround, there are common dispersion

corrections terms (pairwise/beyond-pairwise long-range interactions) that are

added to the DFT exchange correlation energy.

Intermolecular bonding will alter electron density distributions and hence

bond lengths restoring forces on displaced atoms. It is particularly challeng-

ing to treat vdW dispersions for molecular crystals and this is compounded

by the fact that crystal polymorphs often occur in very small energy ranges,

making them difficult to order [100]. However, there has been a lot of theoret-

ical and experimental work put into studying vdW forces in specific systems

such as solid benzene, thus greatly improving the confidence of the DFT re-

sults [101, 102].

Due to the challenging nature to reliably describe these effects and the im-

portance of chemical bonding in ultra low-loss EELS, it is important during

simulations to consider the relative weight of the errors that dispersion cor-

rections introduce, and to compare the outcomes of different dispersion cor-

rection schemes for the system in question.
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4
S E M I - C L A S S I C A L T H E O RY

A semi-classical theory is often used in literature [55, 103, 104] to simulate

ultra-low loss EELS spectra in the aloof beam mode. Here, from a macroscopic

viewpoint, the thin sample is assumed to be a linear, continuous medium, and

is treated as a a dielectric slab characterised by the dielectric tensor e(~k, w);

whereby~k is the momentum exchange/scattering vector and w the frequency

corresponding to the energy-loss. It is important to understand how the ap-

proximations used in the derivation affect the outcome and validity. That

being so, we can then appropriately simulate the spectrum for the b-guanine

molecular crystal, for which there are aloof beam ultra-low loss EELS experi-

mental results in literature [54].

The electron beam in high-voltage (S)TEM require a relativistic treatment as

the electrons with energies around 200keV correspond to g ⇠ 2.1 or v
c ⇠ 0.88,

where retardation effects are not insignificant as the electrons are comparable

to the speed of light in the medium. This relativistic treatment requires solv-

ing the full Maxwell’s equations and lead to radiative energy losses such as

Cherenkov radiation and has been considered by Gardian et al. [105]. Because

we are considering the aloof beam, ultra-low energy loss regime, we will use

the non-retarded approximation in the derivation of the energy loss, whereby

the delay in the electron-sample interaction signal is neglected. This is be-

cause not only does will the electron beam not impact the sample (thus no

radiation effects in the local vicinity of the swift electrons), the electron beam

operates at a much lower energy around 30-60 keV [54,106,107]. A quick back

of the envelope calculation for a 60 keV electron beam gives a v
c ⇠ 0.48, and for

an example molecular crystal we’ve calculated in section 11.1, the electronic
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4.1 electron passing through homogeneous media

dielectric tensor e• has the property 1
3Tr(e•) ⇠ 3.24, which gives a speed of

light in the medium at v
c =

1p
e• ⇠ 0.56.

More importantly, a relativistic treatment is needed when the imaginary

part of the dielectric function becomes very close to zero [103, 108–110]. As

one will see in part IV, this is not the case for the molecular crystal dielectric

tensors at the vibrational modes under consideration. We thus consider the

non-retarded, classical dielectric formalism in this chapter, effectively treating

the speed of light as c ! •. As an electron moves through a medium, it

can be treated as an evanescent wave source which induces an electric field.

This induced field then acts to push back and slows down the original elec-

tron. In the following sections we explore the classical dielectric formalism in

obtaining the electron’s energy loss.

4.1 electron passing through homogeneous media

Here, we follow the dielectric formalism by Ritchie [69] where he considers

the interaction between fast electron beam and electrons residing in a metal-

lic medium characterised by the dielectric tensor e(~k, w) where the frequency

w and momentum vector~k are electromagnetic perturbations. The dielectric

tensor describes the macroscopic proportionality relationship between the dis-

placement electric field that results in an insulator from an externally applied

electric field. Several other authors have used the dielectric approach before,

such as Fermi [111] and Kramers [112] when considering how much stopping

power a material has against incoming fast charged particles. However these

methods considered only the frequency dependence of e, neglecting ~k from

the perturbation.

We will first flesh out Ritchie’s derivation of the electron’s energy loss as

it passes through the medium and then adapt the theory in section 4.2 to
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4.1 electron passing through homogeneous media

the case of aloof beam EELS by introducing a new flat surface at an impact

parameter/grazing distance.

The convention used for the Fourier and inverse Fourier transforms in fu-

ture derivations between the (x, t) ! (k, w) domains are (for real space func-

tion f (t) or f (x))

f (t) =
1

2p

Z •

�•
dw f̂ (w) exp iwt ! f̂ (w) =

Z •

�•
dt f (t) exp (�iwt)

f (x) =
1

2p

Z •

�•
dk f̂ (k) exp ikx  ! f̂ (k) =

Z •

�•
dx f (x) exp (�ikx) (4.1)

Consider an electron as a point charge with velocity ~v traveling in a straight

line along the x-axis (and set y = z = 0 without loss of generality). Its charge

density is given by r(~r, t) = �ed(~r�~vt) with position vector~r. It is subject to

Poisson’s equation such that the electric potential y(~r, t) satisfies [69] (Note

that Ritchie uses gaussian units whereas this thesis uses SI units to explain

the difference in factors of 4p)

e0e(~k, w)r2y(~r, t) = ed(~r�~vt) (4.2)

where~k = kxx̂ + kyŷ + kzẑ where x̂, ŷ, ẑ are the coordinate system unit vectors.

Using the property that

F (
d f (t)

dt
)(w) = iwF ( f (t))(w) (4.3)
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4.2 electron grazing homogeneous flat surfaces

where F denotes the fourier transform, we transform equation 4.2 into

F [e0e(~k, w)r2y(~r, t)] =
Z

dt
Z

d~red(~r�~vt) exp(�i(~k ·~r + wt)) (4.4)

�e0k2e(~k, w)y(~k, w) = e
Z

dt
Z

dx
Z

dy
Z

dzd(x� vt)d(y = 0)d(z = 0)

⇥ exp(�i(kxx + wt)) exp(�ikyy) exp(�ikzz) (4.5)

= e
Z

dt
Z

dxd(x� vt) exp(�i(kxx + wt)) (4.6)

= e
Z

dt exp(it(kxv + w)) (4.7)

= �(2p)ed(kxv + w) (4.8)

! y(~k, w) = � 2pe
e0e(~k, w)k2

d(kxv + w), (4.9)

Finally for completeness, we let kxv = ~k · ~v and also explicitly state the fre-

quency and momentum dependence of the dielectric tensor, e(w,~k).

y(~k, w) = �2ped(~k ·~v + w)

e0e(w,~k)k2
(4.10)

4.2 electron grazing homogeneous flat surfaces

Equipped with the electron’s electric potential y(~k, w), we now consider the

aloof beam setup in Fig. 4.1 and derive the electron energy loss spectrum.
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4.2 electron grazing homogeneous flat surfaces

Figure 4.1: Geometry of aloof beam setup where a fast incident electron is grazing
the dielectric medium at an impact parameter of b.

There are several authors who have considered this setup and published

the analytical energy loss in a general manner [104, 109, 113, 114]. Here we

follow a similar setup to that of Batson [113, 114], flesh out all of the details

and arrive at an analytical loss equation pertaining to the geometry of Fig. 4.1.

We have encountered how to obtain the electron’s electric potential in the

previous section. Thus with the coordinates of this setup, ~v =

2

66664

vx

0

0

3

77775
and we

can modify Eq. (4.10) to become 1

y(w,~k) = � 2pe
e0e(w,~k)

1
k2
? +

w2

v2

d(kx +
w
v )

v
(4.11)

where k2
? = k2

y + k2
z is the momentum transfer perpendicular to the electron

motion.

1 using the property d(ax) = d(x)
|a| and kx =

w
v .
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4.2 electron grazing homogeneous flat surfaces

As there is a change in the medium at the surface z = 0 separating the two

dielectrics, we must consider surface excitations in addition to the bulk modes

encapsulated in Eq. (4.11). The potential along the z-direction should have a

decaying form, and we can obtain the form of this decay by considering that

at the surface, one must obey the homogeneous Laplace’s equation r2y =

1
yx

d2yx
dx2 +

1
yy

d2yy
dy2 +

1
yz

d2yz
dz2 = 0 (as we are considering energy losses outside

the volume containing the fast electron charge density source). Assuming

the total wavefunction is separable and of the form y = yx(x)yy(y)yz(z), we

arrive at the three equations 1
yi

d2yi
di2 = j2 for i = x, y, z and constants j = x, s, b

where x2 + s2 + b2 = 0. Intuitively, the potential should decay along the z-

axis as it hits the surface, whilst along the x and y-directions in free space we

have oscillatory behaviours such that x = ikx, s = iky. Consequently, we have

b =

q
k2

x + k2
y for the surface solution of the form

y(z) µ e±bz (4.12)

As the full solution to the potential is a function of the z-coordinate, we

take the fourier transform of the bulk solution (Eq. (4.11)) with respect to kz

in order to pull out this z-dependence. For an electron located at z = b,

y(w, kx, ky, z) =
1

2p

Z •

�•
y(w,~k) exp (ikz(z� b))dkz

= � 1
2p

Z •

�•
dkz

2pe
ve0e

1
k2

z + k2
y +

w2

v2

d(kx +
w

v
) exp(ikz(z� b))

(4.13)

where kx is replaced by �w
v . The fourier transform gives (see Appendix D.1

for derivation)

Z •

�•

eikz|z�b|

k2
x + k2

y + k2
z

dkz =
p exp (�

q
k2

x + k2
y|z� b|)

q
k2

x + k2
y

(4.14)
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4.2 electron grazing homogeneous flat surfaces

Thus we’ve extracted the z-dependence of the electron’s electric potential

of Eq. (4.10) to get

y(w, kx, ky, z) =
e

ve0e
d(kx +

w

v
)

p exp(�
q

k2
x + k2

y)|z� b|
q

k2
x + k2

y

(4.15)

=
2pe
ve

d(kx +
w

v
)

exp(�
q

k2
x + k2

y)|z� b|

2
q

k2
x + k2

y

(4.16)

=
Vk
e

H(z� b) (4.17)

where we’ve defined

Vk =
2ped(kx +

w
v )

ve0
(4.18)

and

H(z� b) =
exp(�

q
k2

x + k2
y)|z� b|

2
q

k2
x + k2

y

=
exp (�b|z� b|)

2b
(4.19)

which matches that by Batson [115], which describes a one-dimensional scat-

tering function.

Finally, the full solution on the fast electron side is a linear combination of

the bulk and surface solutions from Eq. (4.17) and 4.12 is

y(z, w,~k) = A
Vk
e

H(z� b) + B exp (�bz) (4.20)

for constants A and B. We assume that the electron is traveling in vacuum, so

that for the side z > 0, e = e0 = 1, the permittivity of free space.
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4.2 electron grazing homogeneous flat surfaces

On the specimen side, we have to incorporate the dielectric tensor, which

relates the displacement field ~D that is set up in a material due to an external

electric field ~E such that ~D = e~E

e =

2

66664

exx exy exz

eyx eyy eyz

ezx ezy ezz

3

77775
(4.21)

and solve Poisson’s equation (no source) whereby the wavefunction is again

written as the fourier transform (to get z-dependence)

y(~r, t) =
1

(2p)3

Z
+•

�•
dw

Z
dkxdkyy(z, w,~k)ei(~k·~r+wt)

! r · ¯̄er(y(z, w,~k)ei(~kxy·~r+wt)
) = 0 (4.22)

where ~kxy =

2

66664

kx

ky

0

3

77775
and ~r =

2

66664

x

y

0

3

77775
. Also, let err =

2

64
exx exy

eyx eyy

3

75 and erz =

2

64
exz

eyz

3

75.

44



4.2 electron grazing homogeneous flat surfaces

Thus we solve

r · ¯̄e

 
2

66664

0

0
dy
dz

3

77775
ei(~k·~r+wt)

+ iy

2

66664

kx

ky

0

3

77775
ei(~k·~r�wt)

!
(4.23)

= ei(~k·~r+wt)r ·

2

66664

exz
dy
dz

eyz
dy
dz

ezz
dy
dz

3

77775
+ i

2

66664

kx

ky

0

3

77775
· ¯̄e

2

66664

0

0
dy
dz

3

77775
ei(~k·~r+wt)

+ i

2

66664

0

0
dy
dz

3

77775
¯̄e

2

66664

kx

ky

0

3

77775
ei(~k·~r+wt) � y~k · ¯̄e~kei(~k·~r+wt)

= ei(~k·~r+wt)
[ezz

d2y

dz2 + 2ierz~k
dy

dz
�~k · err ·~ky] = 0 (4.24)

The solutions to Eq. (4.24) are of the form f = Cegz for a constant C and

g =
1

2ezz

⇣
2i~k · erz ±

q
�4(~k · erz)2 + 4ezz(~k · err~k)

⌘
. Assuming the dielectric

tensor is diagonal and of the form

e(w) =

2

66664

exx 0 0

0 eyy 0

0 0 ezz

3

77775
(4.25)

such that we are operating in a coordinate system where polarisation is linear

along the direction of the applied field, this simplifies g to

g =
1

ezz

vuuuutezz


kx ky

�
2

64
exx 0

0 eyy

3

75

2

64
kx

ky

3

75

=
1

ezz

q
ezz(k2

xexx + k2
yeyy) (4.26)
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since erz =

2

64
0

0

3

75. The full solution on the z < 0 specimen side should also be

a combination of bulk and surface modes. Thus the solutions to the electric

potential in the xy�plane are

y(z > 0) =
Vk

evacuum
H1(z� b) + B exp(�bz) (4.27)

y(z < 0) = C
Vk

edielectric
H2(z� b) + D exp(gz) (4.28)

with constants B, C and D. evacuum = 1, H1(z � b) and H2(z � b) are of the

form

Hn(z� b) =
1

2cn
exp (�cn(z� b)) (4.29)

where c1 = b on the vacuum side and and c2 = g on the specimen side. The

constants are found by imposing the boundary conditions where y and it’s

derivative e ∂y
∂z are continuous z = 0, and y must be finite at ±•.

The former condition gives

H1(z) =
1

2b
exp(�bz)

H2(z) =
1

2g
exp(�gz) (4.30)

and the latter gives

B = �g

b
edielectricD (4.31)

1 = C
exp(�g|b|)
exp(�b|b|) (4.32)
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Putting together Eq. (4.18), Eq. (4.26), Eq. (4.28),Eq. (4.30),Eq. (4.31) and Eq. (4.32)

we arrive at

D =
1
2

Vk exp(�b|b|) 1
gedielectric

"q
ezz(k2

xexx + k2
yeyy)/b� 1

q
ezz(k2

xexx + k2
yeyy)/b + 1

#
(4.33)

Since g is really the reciprocal vector along the z-direction, it will just bring

out the ezz component of the dielectric tensor such that g · edielectric =
q

ezz(k2
xexx + k2

yeyy).

We retrieved in the square brackets in Eq. (4.33) what Radtke et al. [55] defined

as the polarisability,

a(w, kx, ky) =

q
ezz(k2

xexx + k2
yeyy)/b� 1

q
ezz(k2

xexx + k2
yeyy)/b + 1

(4.34)

The polarisability describes the response of a solid to an applied electric po-

tential [65]. In the presence of such a field, the electron clouds will distort and

as a result of this distortion, a compound which is originally non-polar can

attain a dipole moment. Next, we would like to calculate the energy loss prob-

ability per unit path length of the electron, which is derived from the electric

potential of the induced electric field in the medium and can be written as

Eloss = �
dW
dx

= �eEr=vt = �
e
v
~v · ~Er=vt

= � e
v

d Potential
dt

= � e
v

dyind
dt

(4.35)

where W is the work done by the electron or energy absorbed by the medium.

The probabilistic energy loss (per unit energy) is thus

L(w, b) = � e
v

1
}w

Z •

�•

dyind
dt

dx (4.36)
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The induced potential refers to the decaying solution along the z-direction

(Eq. (4.12)), yind = B exp (�bz) and B is given by Eq. (4.31) and Eq. (4.33).

Putting this together we arrive at

yind(w,~k?, z)

= B exp(�bz)

= �
ped(kx +

w
v ) exp (�bb)a
vb

exp(�bz)

= �
ped(kx +

w
v ) exp (�

q
k2

y +
w2

v2 b)a(w, kx, ky)

v
q

k2
y +

w2

v2

exp(�
r

k2
y +

w2

v2 z) (4.37)

We need to express yind as a function of time and space through an inverse

fourier transform. This is so that we can perform the time derivative and

integrate over the electron path. Finally, without loss of generality let y =

0, we can evaluate the analytical energy loss and use the property of the

polarisability a⇤(w,~k) = a(�w,�~k),

L(w, b) = � e
}wv

1
(2p)3

Z •

�•

Z •

�•

Z •

�•

Z •

�•
dxdwdkxdky

d
dt

h
exp(i(kx · x + wt))yind(z = b, w, kx, ky)

i

= � e
}wv

1
(2p)3

Z •

�•

Z •

�•

Z •

�•

Z •

�•
dxdwdkxdky

d
dt

h
exp(i(kx · x + wt))⇥

⇣
� pe

ve0b
exp(�bb) exp(�bz)a(w, kx, ky)

⇥ d(kx +
w

v
)

⌘���
z=b

i

=
pe

e0v2
e
}w

1
(2p)3

Z •

�•

Z •

�•

Z •

�•

Z •

�•
dxdwdkxdky

iw
1
b

exp(i(kx · x + wt)) exp (�2bb)a(w, kx, ky)d(kx +
w

v
)
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=
pie2
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Im(a(w,

w

v
, ky)) (4.38)

Finally, we arrive at the energy loss probability per unit electron path per

unit angular frequency, which will be comparable to experimental energy loss

spectra. This gives

d2L(w, b)
dxdw

= � 2pe2

(2p)3v2e0}

Z •

�•
Im(a(w,

w

v
, ky))

e�2b
p

(
w
v )

2+k2
y

q
k2

y +
w2

v2

dky

= � e2

(2p)2v2e0}

Z •

�•
Im(a(w,

w

v
, ky))

e�2b
p

((
w
v )

2+k2
y)

q
k2

y +
w2

v2

dky (4.39)

which matches that quoted by Radtke et al. [55], who considered a similar

setup geometry 2.

The derivation of the probabilistic energy loss we have so far explored is

that of a classical dielectric formalism. However, this procedure is is referred

to as the semi-classical theory as we need to employ quantum mechanical

calculations to obtain the non-trivial, material specific dielectric permittivity

2 Several authors in literature quote different combinations of p as part of the global coefficients
and this is noted in Appendix A.
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tensor e and hence the polarisability a. This is delineated in the subsequent

section.

4.2.1 Low-frequency dielectric tensor

The material’s dielectric tensor is the major component in determining the

energy loss spectrum. It is dependent on parameters such as frequency of

the applied field and temperature [116]. We neglect temperature and other

thermodynamic effects, focusing only on the frequency dependence. In order

to simulate the dielectric tensor for different molecular crystals in future sec-

tions, this section discusses in more detail how e can be analytically expressed

in terms of the material specific characteristics.

Contributions to the frequency dependence of e arise from different types

of polarisation mechanisms in the material. These can include the polarisation

contributions from [117, 118]

• bulk mobile space charges; which separate under the applied field to

create an interfacial polarisation.

• Permanent electric dipoles; whereby material with permanent intrinsic

dipoles will rotate upon the introduction of an external field.

• ions; which occur when positive and negative ions in an ionic crystal are

displaced and induces a dipole moment.

• Electrons cloud displacement relative to their respective nuclei.

Fig. 4.2 shows the frequency dependence of a generic dielectric tensor. We will

ignore the temperature dependence of the dielectric constant as simulations

are calculated at 0K. At different frequency ranges, the different mechanisms

mentioned previously dominate based on their characteristic relaxation times.
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As dipoles are heavier than ions, which are in turn heavier than electrons, the

dominant process at very low frequencies come from dipole contributions. As

the applied field frequency increases, it will eventually match the processes of

nuclei and electronic resonances. Simultaneously, as the period of the oscilla-

tory field becomes lower than the relaxation time of the heavier mechanisms,

the real part of the dielectric tensor is reduced. This is because the electric

field energy is not completely imparted into changing the polarisation, and is

instead being fed into the imaginary components (which are associated with

energy dissipation). As frequency continues to increase, dipolar rotations and

ionic motions can no longer follow the rapid oscillations of the electric field,

dropping off successively and only the electron cloud is able to keep up. Even-

tually, permittivity becomes a constant as all of the above mechanisms lose

their response. Notationally, as the applied frequency w ! 0, if enough time

is allowed to pass for the system to reach equilibrium and achieve maximum

polarisation, the resulting dielectric constant is the static dielectric tensor es.

Similarly as w ! •, e• is referred to as the high frequency dielectric tensor.

The general complex dielectric tensor can be written as [117]

e(w) = e• +

Z •

0
g(t) exp (iwt)dt (4.40)

where g(t) describes the decay in the displacement field of the dielectric upon

the removal of the external electric field. An early model of this dynamic

dielectric property is the Debye equations, which give the form of e(w) =

e1(w) + ie2(w) for the case of noninteracting dipoles by assuming that g(t) is

exponential decay function [117].

e1(w) = e• +
es � e•

1 + w2h2 (4.41)

e2(w) =
(es � e•)wh

1 + w2h2 (4.42)
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where h is the relaxation time of the material. For a consistency check, as

w ! •(0), the real part approaches e•(es) and imaginary part approaches

zero, so that the permittivity is real and constant.

Frequency (s�1
)

✏

Re(✏)

Im(✏)

Space charges

Dipoles

Atoms/ions

Electrons

-

-

+

+

�+

��
��

+ -
+

electron cloud

Radio frequency Microwave Optical X-ray

Figure 4.2: Qualitative depiction of the real and imaginary parts of a generic dielec-
tric tensor. The atomic and electronic polarisation resonant effects are
shown at frequency ranges from IR towards UV, whereas the relaxation
effect such as rotational polarisation occur at frequencies below IR. These
processes drop out consecutively as frequency increases.

The dielectric materials we will consider (molecular crystals) are not as

straightforward. These are insulators and we want to investigate their phonon

properties due atomic displacements and hence we are interested in the low

frequency range (and thus low momentum~k !~0 impact range). These inter-

actions are calculated using DFT. For our materials of interest, e(w) is the sum

of the electronic and ionic contributions to polarisation, expressed as [62, 65]

ei,j(w) = e•
i,j +

4p

W0
Â
m

Sm,i,j

w2
m �w2 (4.43)
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where e•
i,j is the electronic contribution along cartesian coordinates i and j.

W0 is the unit cell volume and wm is the frequency of mode m. Sm,i,j is the

mode-oscillator strength defined by

Sm,i,j =
⇣

Â
k,i0

Z⇤k,i,i0uk,m,i0(~k = 0)
⌘⇣

Â
k0,j0

Z⇤k,j,j0uk0,m,j0(~k = 0)
⌘

(4.44)

where uk,m,i0(~k = 0) is the eigendisplacement of atom k at zero momentum

transfer~k = 0 and satisfies the mass normalisation constraint (for atom k with

mass mk)

Â
k,j

mku⇤p,k,juq,k,j = dpq. (4.45)

Z⇤k,i,j is the Born effective charge (BEC), which describes how the polarisation

per unit cell, P changes along some direction i when displacing an atom k by

t along the direction j when no external electric field is present, i.e.

Z⇤k,i,j = W0
∂Pi

∂tk,j

���
~k=~0

(4.46)

⇣
Âk,i0 Z⇤k,i,i0uk,m,i0(~k = 0)

⌘
is often referred to as the mode effective charge

vector. When evaluating the low frequency dielectric tensor, there are two

phenomena arising from the interactions between ionic motions and electric

fields which which are captured in the mode oscillator strength tensor. The

first is simply that the electric field imparts a force on the ions giving rise to

phonon modes. The second phenomenon is the fact that there is an (macro-

scopic) electric field associated with these atomic displacements, and there is

a directional dependency on how~k approaches~0. This is the origin of LO-TO

splitting. At exactly~k =~0 the longitudinal optical (LO) and transverse optical

(TO) phonon modes should be degenerate. However, the macroscopic electric

field set up due to the atomic displacements, this interacts with the LO and

TO modes differently and lifts the degeneracy. This is succinctly summarised
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in the Lyddane-Sachs-Teller relationship [119], which relates the LO and TO

frequencies via
w2

LO
w2

TO
=

estatic
e•

(4.47)

As this effect changes the dynamical matrix, which in turn affects the eigenfre-

quencies and eigenvectors, it is therefore important to include LO-TO splitting

in our numerical simulations of phonon properties later in Part IV.

4.2.2 Summary

So far we have discussed obtaining ultra-low loss EELS for the aloof beam

configuration via the classical dielectric formalism. This theory is described

as semi-classical because a quantum mechanical treatment (DFT) is required

to obtain the material’s dielectric response.

Eq. (4.39) is re-examined numerically in Part IV, where comparisons be-

tween this semi-classical result is carried out against both literature experi-

ments, as well as the analogous fully quantum mechanical models for ultra-

low loss aloof beam EELS in the subsequent chapters.
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5
Q U A N T U M I M PA C T S C AT T E R I N G T H E O RY

There is extensive research in literature on the interaction of fast charged par-

ticles with solids and a quantum description can be used to investigate inter-

actions at energy ranges from phonons to plasmons and core level excitations.

A good review is given by FJG De Abajo [38]. The scattering of particles,

such as electrons and photons, is used to probe the spatial information and

excitation spectra of many-body systems. The former depends on both elas-

tic and inelastic scattering whilst the latter hinges on inelastic scattering. As

delineated in Section 3.1, the quantity of interest in the former case is the dif-

ferential cross section, ds
dW , whilst the latter is the DDCS, d2s

dWdE . The DDCS is

the subject of interest of this chapter as we outline the quantum approach of

the electron-sample interaction for phonon excitations.

The general expression of the DDCS for neutron and X-ray scattering at all

energies was derived by Leon von Hove [120]. This theory has since been

modified by R.J. Nicholls et al. [48] to work for inelastically scattered electrons

in EELS. Their work also shows that fundamentally, the physics of EELS, INS

and X-ray spectroscopy share many commonalities. In the following sections

we go through the formalism to understand its assumptions and shortcom-

ings, in order to later adapt it for aloof beam EELS.

We will follow the same formalism by Sinha [121] to analytically derive the

EELS double differential cross section used by Nicholls et al. [48]. Details of

some ambiguities and shortcomings of the theory will be discussed alongside

the derivation. The main overarching issue as we will see, is how to analyti-

cally divide up the material’s charge distribution. This is later addressed in

the modified dipole theory in section Section 6.1 and Section 6.3.
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factor

5.1 the double differential cross section & dynamic struc-

ture factor

A monochromatic beam of particles with current density along the (without

loss of generality) z-direction (~j0)z illuminates a target with N scatterers. Each

incoming particle from the beam will not interact with the entire target but an

effective area, d2s. Thus the total number of interactions per second resulting

in a scattered beam is Nd2s(~j0)z. This scattered beam per second along the

unit vector r̂ into a solid angle of dW, with energies in the range of E1 and

E1 + dE1 along reciprocal vector ~k1 can be written in terms of the current

density of scattered particles ~j1(~r,~k1, E1) as [~j1(~r,~k1, E1) · r̂]r2dWdE1. Putting

these together, we can write [122]

d2s

dWdE1
=

1
N
[~j1(~r,~k1, E1) · r̂]r2

~j0|z
(5.1)

where the DDCS, d2s
dWdE1

can be understood as the ratio of the flux of the

scattered to incident beam. If a quantum mechanical treatment this scatter-

ing process is used to determine Eq. (5.1), one must consider the Hamilto-

nian of the interaction between the free, fast moving particle and sample,

hni, ki| Hint |n f , k f i where ni, ki(n f , k f ) denote the initial (final) states of the

system and fast electron respectively. This requires the knowledge of the total

wavefunction, which is non-trivial to solve. However, one can derive an an-

alytical expression for the DDCS using appropriate assumptions. Firstly, we

assume that there is no interaction between the particles and system before

and after scattering, so that their joint state is separable, i.e. |ni,~kii = |nii |~kii.

Secondly, we employ the first order Born approximation, which assumes that

the incoming and scattered wave-function is a plane-wave because the scat-

tering potential/interaction Hamiltonian is weak enough to cause negligible
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change in the wavefunction. This allows us to treat the system and scatterer

separately.

5.1.1 Spectral intensities for impact scattering EELS

Equipped with the aforementioned approximations and letting the incident

beam current density j0|z =
N0
V

}k0
m (all variables have their usual meaning),

the DDCS for EELS can be written as

d2s

dWdE1
=

k1
k0

m2V2

N}4(2p)2 Â
n0,n1

Pn0| hn1,~k1| Hint |n0,~k0i |2d(En0 + E0 � En1 � E1)

(5.2)

where Pn0 is the probability that the initial system state is |n0i. As the par-

ticles scattered transition from states |~k0i to |~k1i (with energies E0 and E1

respectively), they induce transitions of the material system from states |n0i

to |n1i with energies En0 and En1 respectively. V is a volume term stemming

from integration and for further comments and a more in depth derivation of

Eq. (5.2) see Appendix B.1.

The perturbing potential or interaction Hamiltonian Hint is the Coulomb in-

teraction between the fast electron and the total charge density of the material,

rtotal, which is often approximated as a sum of point charges

Hint = �
e

4pe0

Z
rtotal(~r0)
|~r�~r0| d3r0

⇡ � e
4pe0

Â
i

Zie
|~r�~ri|

(5.3)

with e the electron’s charge, Zi is the charge of particle i and e0 the vacuum

permittivity. Using this point density approximation as a foundation, Van

Hove’s [120] seminal paper described for a non-relativistic scattering event,
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with interaction potential and momentum transfer of }~k, the DDCS expression

of Eq. (5.2) is equivalently written as (see Appendix B.2 for algebraic details)

d2s

dWdE
= AS(~k, w) (5.4)

The term A =
m2e2

N}4e2
04p2

k1
k0

1
|~k|4

for electron scattering describes the type of

particle-particle interaction (i.e. Coulomb interaction for EELS). S(~k, w) is

the structure factor, an object that is describes how the material responds to

the scattering event and it is not dependent on the scattered particle nor in-

teraction potential. Thus at a specific momentum transfer, the energy loss

during the inelastic scattering event is entirely encapsulated in the structure

factor, making it the object of interest in comparisons to experimental EELS

intensities. Hove also establishes the correspondence between the structure

factor and the space time correlation function. This relationship is expressed

as [121]

S(~k, w) =
1

2p}

Z •

�•
dte�iwthr(~k, 0)r+(~k, t)i (5.5)

which suggests that it is sufficient to compute the (charge) density-density

correlation of the material in order to compute the EELS intensity spectrum.

Using this formalism, Sinha studied the case of inelastic X-ray scattering

for a Bravais lattice of identical atoms, with one atom per unit cell. Here, one

only need consider the charge density of the electron cloud in the construc-

tion of the interaction Hamiltonian, because the nuclei are much heavier than

the electron cloud so they radiate and scatter much less. Furthermore, the

photon energies used in X-ray crystallography (typically 4� 30keV [123]) are

not enough energy or high enough frequency to penetrate to the nucleus, thus

effectively shielded by its electron cloud.

In EELS, the beam of fast electrons can scatter off from both the electron

cloud and the nucleus and thus we must take both into consideration. Thus
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for a general, non-Bravais lattice, we approximate the total charge density as

a sum of nuclear and electronic point charges over all unit cells labelled l

(with positions ~Rl), each containing atoms labeled i with nuclear charge Zi

and positions ~Ri relative to the unit cell origin. The associated electrons of

atom i are labeled j. The fourier transform of this in reciprocal space becomes

r(~k)total =

Z
d~re�i~k·~r

[�e Â
i

Â
l

Â
j(i)

d(~r� ~Ri � ~Rl � ~Rj) + Zie Â
i

Â
l

d(~r� ~Rl � ~Ri)]

(5.6)

= e Â
i

e�i~k·~Ri Â
l
[Â
j(i)
�e�i~q·(~Ri)e�i~k·(~Rl) + Zie�i~k·~Rl ] (5.7)

= e Â
i

e�i~k·~Ri Â
l

e�i~k·~Rl [Zi � fi(~k)] (5.8)

where fi(~q) can be identified as the X-ray atomic form factor for atom i, as it

is equivalent to the fourier transform of the electronic charge density (point

charges i) for atom i in unit cell l,

fi(~k) = e Â
j(i)

Z
d(~r� ~Ri � ~Rl � ~Rj)e�i~k·~rd~r (5.9)

We can add time dependence to the charge density r(~q, t) by adding a time-

dependent displacement term ui(t) to the atomic equilibrium positions, i.e.

~Ri ! ~Ri + ~ui(t). Inserting this time-dependence Eq. (5.8) into the structure

factor (Eq. (5.5)) gives

S(~k, w) =
1

2p}

Z •

�•
dte�iwthr(~k, 0)r+(~k, t)i (5.10)

=
1

2p}

Z •

�•
dte�iwte2 Â

i
e�i~k·~Ri Â

i0
ei~k· ~Ri0 Â

ll0
e�i~k·(~l�~l0)

[Zi � fi(~k)][Zi0 � fi0(~k1)]
⇤he�i~k·~ul,i l(0)ei~k·(~ul0 ,i0 (t))i (5.11)
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The displacement of atoms about their equilibrium position, ~ui is caused by

lattice vibrations. Thus we can introduce phonons by replacing ~ul,i(0) and

~ul0,i0(t) with the phonon displacement operator [124],

~ul,i(t) =
⇣ }

2miN

⌘1/2
Â

s
w�1/2

s [~ed,sasei~q·~le�iwst
+~e⇤d,sa+s e�i~q·~leiwst

] (5.12)

where as and a†
s are the annihilation and creation operators of the phonon

mode s respectively. Mode s is actually the double index q, j (q the wavevec-

tor of the mode. j is the polarisation index spanning j = 1, 2, 3 the three

dimensions that vibrational motion can occur). ws, ~ei,s and mi are the mode

frequency, polarisation vector and atomic mass respectively. The thermal aver-

age of the product of the exponential operators in Eq. (5.11) can be expanded

to (letting operator A = ~k · ~ul,i(0) and B = ~k · ~ul0,i0(t)) using the Campbell-

Baker-Hausdorff series [125]

exp (A) exp (B) = exp (A + B +
1
2
[A, B] +

1
12

[A, [A, B]]� 1
12

[B, [A, B]] + . . . )

(5.13)

where [A, B] is the commutator between the operators. From Eq. (5.12), one

can deduce that the commutator of [A, B] in this case are scalars because

they are commutators of the combinations of a and a† operators. Thus the

commutators [A, [A, B]], [B, [A, B]] and all subsequent terms vanish and thus

only the first three terms in expansion of Eq. (5.13) remain. Since phonon

displacements are generally very small, we perform a Taylor expansion to

first order on the thermal average quantity in Eq. (5.11) to finally arrive at

he�i~k·~ul,i l(0)ei~k·(~ul0 ,i0 (t))i ⇡ e�2Wi(1 + Â
a,b

kakbh~ui,l,a~ui0,l0,b(t)). (5.14)
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5.1 the double differential cross section & dynamic structure

factor

The exponential e�2Wi is the Debye-Waller factor (DWF) [126],

e�2Wi = e�
1
2 h[~k·~ui,l(0)]2ie�

1
2 h[~k·~ul,i(t)]2i. (5.15)

which is a damping term arising from the thermal motion and disorder in

the material. It is the averaged mean squared amplitude of the atomic dis-

placements as shown in Eq. (5.15). The two exponentials are equal as we are

considering the average displacement of the vibrational motion, and hence

the DWF is only temperature dependent and the time dependence can be

ignored.

Inserting Eq. (5.14) and Eq. (5.12) into the structure factor (see full deriva-

tion in Appendix D.2) results in

S(~k, w) µ |Â
i

e�i~k·~Ri(Zi � fi(~k))|2e�2Wi

⇥
 

d(w)Â
~G

d(~k� ~G) +
}

2Nmiwq,j
Â
q,j

|~k ·~ei(~q, j)|2[hnq,jid(w + wq)

⇥Â
~G

d(~k +~q� ~G) + hnq,j + 1id(w�wq)⇥Â
~G

d(~k�~q� ~G)]

!
(5.16)

for reciprocal lattice vectors ~G. The first term corresponds to elastic scattering

as there is no energy change/no particle creation nor annihilation, and simply

depends on the X-ray form factor of the material. The second and third terms

correspond to the one-phonon creation and annihilation process respectively

quantified by the eigenvalues they contain, which are hnq,ji and hnq,j + 1i. We

are only interested in the phonon creation term (i.e. the latter term), which

participates in the energy loss process and hence in EELS detection. Thus we

have considered the the quantum impact scattering formalism, with the ex-

pression for ultra-low loss EELS matching that reported by Nicholls et al. [48].
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5.2 shortcoming of impact scattering theory

The total DDCS for the quantum impact scattering case including global fac-

tors is thus (combining Eq. (5.4) and Eq. (5.16))

d2s

dEdW
=

m2e4

N}4e2
04p2

k1
k0

1
|~k|4

V3

(2p)6 Â
q,j

|Â
i

e�i~k·~Ri(Zi � fi(~k))e�Wi(~k ·~ei( ~q, j))|2

⇥ }
2Nmiwq,j

d(w�wq,j)hnq,j + 1iÂ
~G

d(~k�~q� ~G) (5.17)

In the original Hamiltonian, Zi is just the charge of the bare nucleus. How-

ever, practically this is manually altered to include the effects of static charge

transfer (bonding) and thus nuclear screening. This issue, together with the

numerical implementation and discussion of the DWF and atomic form fac-

tors in Eq. (5.17) is examined in detail in Chapter 10.

5.2 shortcoming of impact scattering theory

The impact scattering derivation is also not directly applicable in the aloof

beam context due to the incongruity between the two setups. There is a

difference in the nature of the charge density experienced by the fast electron

upon direct collision with vs passing by the sample at some impact parameter.

In the former case, it is reasonable to approximate individual charges in the

sample as point charges as we have in the previous section. In the latter

case, the method of simplifying the continuous total charge distribution rtotal

should be reconsidered.

Furthermore, we also highlight the issue of charge partitioning. Recall

that in the electron-sample interaction Hamiltonian Eq. (5.3), the total system

charge density is approximated by the sum of point charges. Once the struc-

ture factor/energy loss spectrum is derived, each atom’s nuclear charge Zi is

manually tweaked to mimic charge transfer by writing it as the bare nuclear

charge Zi,0 plus a change dZ. The choice for the charge transfer dZ can range
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5.2 shortcoming of impact scattering theory

from static partitioning methods such as Mulliken or Hirshfield analysis, to

containing dynamics such as using Born effective charges. However, these

methods are all simply dividing up and assigning the point charges on the

ions, as visualised in Fig. 5.1(a). Ideally, proper considerations of the effects of

molecular bonding and the continuity of charge transfer inside the molecule

are desired (visualised in Fig. 5.1(b)).

(a) (b)

Figure 5.1: Simplified diagram of atoms in a square lattice. (a) Current method of
charge partitioning in quantum impact scattering theory, where each atom
is assigned a point charge value depending on charge partitioning analysis
used (e.g. Mulliken, Hirshfeld, Born). The size of the red circles denote the
magnitude of the assigned charge (b) Ideal method of charge partitioning
to include bonding.

Recall that as mentioned in Section 3.2.3, the quantum approach is equiv-

alent to the classical approach if all the scattered particles are collected at all

angles. However, this is again through analytically dividing/simplifying the

target charge distribution as point charges and summing over the discretised

Coulomb interaction with the fast electron.

This formalism of deriving the generalised energy loss probability func-

tion starting from Fermi’s rule was shown by Ritchie and Howie [73] to be

equivalent to the classical derivation in the case when all collection angles are
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5.2 shortcoming of impact scattering theory

included. However recall that in the electron-sample interacting Hamiltonian,

analytical charge separation is simplified to point charges.

In the following chapter, we aim to address these issues by re-examining

the electron-sample interaction potential in the context of ultra-low loss aloof

beam EELS for molecular crystals.
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6
Q U A N T U M A L O O F B E A M S C AT T E R I N G T H E O RY

Recall that we want an alternative method of dividing up charge when consid-

ering aloof beam EELS. In this section, the electronic term of the total charge

density in the interacting Hamiltonian is revisited.

6.1 multipole expansion of charge distribution

Instead of assuming point charges (as was done in (Eq. (5.3))), we write

Hint =
�e

4pe0

Z
rtotal(~r0)
|~r�~r0|

d3~r0 (6.1)

= �e
h 1

4pe0
Â
i=1

Zie
|~r�~ri|

+
1

4pe0

Z
re(~r0)
|~r�~r0|

d3~r0
i

(6.2)

where we still retain the discrete ionic lattice Coulomb charges. Consider the

case of an aloof beam EELS setup visualised in Fig. 6.1 for a molecular crystal.

In a real experiment, the distance between the fast electron to the sample

(typically on the order of magnitude of ⇠ 10� 100nm [54,107]) is much larger

than the molecular size 1̃nm. Thus with the electron being far away enough, in

lieu of treating individual electron as point charges, we consider performing

the conventional multiple expansion of the charge distribution around each

molecule separately. This is then summed over all the unit cells.
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6.1 multipole expansion of charge distribution

Figure 6.1: Visual representation the aloof beam setup, whereby molecules in a molec-
ular crystal are represented by a charge distribution di. The incoming fast
electron is far away and traveling along trajectory C.

Consider the geometry between one molecule in the molecular crystal and

the fast electron in the aloof setup, shown in Fig. 6.2. As the electron is

sufficiently far away (~r � ~R), the multipole expansion performed on this

generic total charge distribution rtotal gives an electric potential V(~r) of [127]

V(~r) =
1

4pe0

Z
rtotal

|~r� ~R|
dr3

⇡ 1
4pe0

"
qtotal

r
+

µ ·~r
r3 + Â

j

~r · Qij ·~r
r5 + . . .

#
(6.3)
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6.1 multipole expansion of charge distribution

where qtotal,~µ and Qij are the total charge, dipole moment and quadrupole

moment of the charge distribution respectively. These are the multipole mo-

ments and are defined either as integrals of the charge distribution for a con-

tinuous system or a summation for a discretised group of charges qk.

qtotal =

Z
r(~r)d3r or. Â

k
qk

~µ =

Z
~rr(~r)d3r or Â

k
~rkqk

Qi,j =

Z
(3rirj � r2di,j)r(~r)d3r or Â

k
(3ri,krj,k � r2

kdi,j)qk (6.4)

As argued previously, at sufficiently large distances away ~r � ~R, the domi-

nant term in the electrostatic potential is the leading non-vanishing term. The

electric multipole moments have explicit dependence on the choice of the ori-

gin, except for the first non-vanishing moment [128] . For example, if we trans-

late the origin by a vector ~ra, the total charge qmol will stay the same whilst

the higher order multipole terms change, e.g. µ !
R
(~r �~ra)r(~r �~ra)d3r 6=

R
~rr(~r)d3r. In the case where there is no net charge (qmol = 0), a translation

of the origin will not change the first, non-vanishing moments, which is the

dipole moment. In that case,
R
~rar(~r�~ra)d3r = 0.
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6.1 multipole expansion of charge distribution

Figure 6.2: Multipole expansion of charge density around a generic molecule/charge
distribution (centered at the origin, O).

In the molecular crystals of interest, we consider neutral molecules which

means we have a vanishing first multipole moment where the point charges

sum to zero. This can be viewed as bunching the charges at the centre and

thus we assume that these molecules can be represented as point dipoles, with

dipole moments that are origin independent.

Revisiting Fig. 6.1, the interaction Hamiltonian obtained via the multipole

expansion of the charge density cut off at the dipole term gives

Hint =
�e

4pe0

Z
rtotal(~r0)
|~r�~r0|

d3~r0 (6.5)

= �e
h 1

4pe0
Â
i=1

Zie
|~r�~ri|

+
1

4pe0

Z
re(~r0)
|~r�~r0|

d3~r0
i

(6.6)

⇡ � e
4pe0

Â
d

h
Â
i=1⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠:Zie

|~r�~rd|
�Â

j(i)

e
|~r�~rd|

+
~µd · \(~r�~rd)

|~r�~rd|2
i

(6.7)
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6.2 relating transition probability with structure factor

for the sum over all dipoles d and their constituent atoms i, each with electrons

indexed j.

We would now like to compute the double differential cross section us-

ing this modified interaction Hamiltonian. Recall that in Section 5.1.1, the

transition probability obtained via Fermi’s golden rule can be related to the

structure factor in the impact scattering formalism. We will now show this is

also the case using the dipole moment expansion.

6.2 relating transition probability with structure factor

Using Eq. (6.7), the matrix element can be written as

| hn0,~k0| Hint |n1,~k1i |2 =
e2

(4pe0)2 | hn0,~k0|Â
d

~µd · \(~r�~rd)

|~r�~rd|2
|n1,~k1i |2 (6.8)

=
e2

(4pe0V)2 | hn0|
Z

d~r Â
d

e�i(~k0�~k1)·~r~µd · \(~r�~rd)

|~r�~rd|2
|n1i |2 (6.9)

=
e2

(4pe0V)2 | hn0|
Z

d~r Â
d

e�i~k·~rd e�i~k·(~r�~rd)
~µd · \(~r�~rd)

|~r�~rd|2
|n1i |2 (6.10)

=
e2

(4pe0V)2 | hn0|Â
d

e�i~k·~rd

Z
d~Re�i~k·~R~µd · b~R

|~R|2
|n1i |2 (6.11)

=
e2

(e0V)2 | hn0|Â
d

e�i~k·~rd
(i~µd ·~k)

k2 |n1i |2 (6.12)

where in Eq. (6.9) the electron’s state is replaced with plane wave illumination.

~k = ~k0 �~k1 is the change in momentum, V is a volume term that arises

through normalisation of the plane waves. Dipole d has position vector ~rd.

The fourier transform evaluation from Eq. (6.11) to Eq. (6.12) is discussed

in Appendix D.4. In order to establish the relationship between the matrix

element and structure factor, we need to express the dipole’s charge density
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6.2 relating transition probability with structure factor

in fourier space. A point dipole positioned at~r0 has a charge density of [127]

(derivation using Gauss’ law discussed in Appendix D.5)

rd(~r) = �~µ ·rd(~r� ~r0) (6.13)

such that the total dipole charge density summed over all molecules is given

by

r(~r) = �Â
d
~µd ·rd(~r� ~rd) (6.14)

The fourier transform of the total dipole charge density in the crystal is thus

r̂d(~k) =
Z

d~rr̂(~r)e�i~k·~r (6.15)

= �
Z

d~r Â
d
~µd ·rd(~r� ~rd)e�i~k·~r (6.16)

= Â
d

i(~µd ·~k)e�i~k·~rd (6.17)
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6.2 relating transition probability with structure factor

Using Eq. (5.2), Eq. (6.12), Eq. (6.17) and the relationships d(En0 � En1 +

}w) =
1

2p}
R

dte�iwtei(En1�En0 )t/}, Ân1
|n1i hn1| = 1 and e�iEni t/} |nii = e�iHt/} |nii,

we can show that

d2s

dWdE1
=

1
N

N0 Ân0,n1
Pn0

2p
} | hn1, ~k1| Hdipole int |n0,~k0i |2d(En0 � En1 + }w)

V
(2p)3

mk1
}2

N0
V

}k0
m

(6.18)

=
m2V2

N}4(2p)2
k1
k0

Â
n0,n1

Pn0

e2

(e0V)2 | hn0|Â
b

e�i~k·~rl Â
d

e�i~k·~rD
(i~µd ·~k)

k2 |n1i |2d(En0 � En1 + }w)

(6.19)

=
m2e2

N}4e2
0(2p)2

k1
k0

Â
n0,n1

Pn0 | hn0|Â
b

e�i~k·~rl Â
d

e�i~k·~rD
(i~µd ·~k)

k2 |n1i |2d(En0 � En1 + }w)

(6.20)

=
m2e2

(2p)2N}4e2
0

k1
k0

1
2p}

1
k4

Z
dte�iwt Â

n0,n1

Pn0 hn0| eiEn0 t/} Â
b

e�i~k·~rl Â
d

e�i~k·~rD

⇥ (i~µd ·~k) |n1i hn1|Â
b0

ei~k·~b0 Â
d0

ei~k· ~rD0 (�i~µd0 · (�~k))e�iEn0 t/} |n0i (6.21)

=
m2e2

N}4e2
0(2p)2

k1
k0

1
2p}

1
k4

Z
dte�iwt Â

n0

hn0| Pn0 Â
b

e�i~k·~rl Â
d

e�i~k·~rD(i~µd ·~k)

⇥ eiHt/} Â
b0

ei~k·~b0 Â
d0

ei~k· ~rD0 (�i~µd0 · (�~k))e�iHt/} |n0i (6.22)

=
m2e2

N}4e2
0(2p)2

k1
k0

1
2p}

1
k4

Z
dte�iwt Â

n0

hn0| Pn0 r̂d,~keiHt/}r̂d, ~�ke�iHt/} |n0i

(6.23)

=
m2e2

N}4e2
0(2p)2

k1
k0

1
2p}k4

Z
dte�iwt Â

n0

Pn0 hn0| r̂d(~k, 0)r̂d(�~k, t) |n0i (6.24)

=
m2e4

N}4e2
04p2

k1
k0

1
k4 S(w,~k) (6.25)

where S(w,~k) =
1

2p}
R

dte�iwt Ân0
Pn0 hn0| r̂dip(~k, 0)r̂dip(�~k, t) |n0i, and is the

density-density correlation also written as 1
2p}
R

dte�iwthr̂dip(~k, 0)r̂dip(�~k, t)i [122].

Here,~rl(0) is the position vector of the unit cell l,~rD(0) the relative position of

dipole D to the unit cell centre such that ~rd = ~rl +~rD. Thus, the DDCS is
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6.3 dipole contributions to spectral intensities

equivalent to the structure factor expressed using the dipole charge density,

in the same way as that of the impact scattering case using the point charge

density. In a nutshell, we change from the Schrödinger to Heisenberg picture,

followed by identifying that the result resembles that of the dipole charge

density correlation function using the discussions from the previous section.

Notice that in the last line we pulled out a factor of e2 from the charge corre-

lation function. This is such because in the next sections when we decompose

the dipole moment ~µ into a charge times a distance, the unit of elementary

charge is taken out of this value.

6.3 dipole contributions to spectral intensities

We have truncated our analysis of the target’s charge distribution at the dipole

term, which will now be used to explore the effects on the final energy loss

spectrum. The charge distribution is given by Eq. (6.17). We append a time-

dependence to both the dipole moment µ in addition to the position of the

dipole~rd, since the molecular dipole moment changes during the vibrational

excitation. In order to express the molecular dipole moment’s dependency on

the atomic coordinates, the most convenient method is to write it as a Taylor

expansion in normal mode coordinates, Qs [60]

~µd
(t) = ~µd

(0) + Â
s

⇣ ∂~µd

∂Qs

⌘���
0
Qs(t) + higher terms (6.26)

where ~µd(0) is the dipole’s static permanent electric dipole moment. The rate

of change of dipole moment with respect to the normal coordinate can be
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6.3 dipole contributions to spectral intensities

expanded via the chain rule to include atomic displacements ~us,k, for mode s

and atom k belonging to dipole d,

∂~µd

∂Qs
= Â

k

∂~µd

∂~uk,s

∂~ud
k,s

∂Qs
(6.27)

Selection rules based on whether a mode causes a change in the dipole mo-

ment will determine if it contributes to the spectral intensities and is reminis-

cent of IR spectroscopic intensities. This will be investigated in more detail in

Section 11.1 when considering specific molecular crystals. The displacement

vector ~u can be written in relation to the normal modes of the system related

by a fourier transform [129]

Qs(~ks, t) =
1p
N Â

k

p
mk,d exp (�i~ks ·~rd

k)~e
d
k,s(

~ks) · ~ud
k(t)

~ud
k(
~ks, t) =

1p
Nmk,d

Â
~k,s

~ed
k,s(

~ks) exp (i~ks ·~rd
k)Qs(~ks, t) (6.28)

where mk,d and ~ed
k,s are the mass and eigenvector of atom k respectively, and

N the number of unit cells in the crystal. Thus we can write ∂~ud
k,s

∂Qs
as µ ~ed

k,sp
mk

.

In a bulk crystal, ~µd will be the dipole moment of the entire unit cell, and we

can thus replace the ∂~µd

∂~uk,s
term with the born effective charge (BEC). However,

this is not the case in our expansion per molecular dipole, and we now show

that this first order change can instead be related to the mode effective charge

vector (MECV),

Â
k

Z⇤k~ud
s,k

(Âk0 ~us,k0 · ~u⇤s,k0)
1/2 (6.29)

as defined by Gonze et al. [65], where Z⇤k =
d~µ
duk

is the BEC for atom k. We

let the total dipole moment be the sum over dipole moments of all molecules

such that ~µ = Âd ~µd. We also encapsulate time dependence in a function P(t)
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6.3 dipole contributions to spectral intensities

(containing the oscillatory phase behaviour of the vibrations), in which we

multiply with the MECV. Hence, we rewrite Eq. (6.29) as

Â
k

d~µ
d~uk

· ~uk,s

(Âk0 ~us,k0 · ~u⇤s,k0)
1/2 P(t) (6.30)

Expanding via the chain rule to incorporate the normal modes Qs and using

the expressions of Eq. (6.28), Eq. (6.30) becomes

Â
k

d~µ
dQs

dQs
d~uk

· ~uk,s

(Âk0 ~us,k0 · ~u⇤s,k0)
1/2 P(t)

= Â
k

d~µ
dQs

1p
N

e�i~ks~rk
~ek,s · ~uk,s

(Âk0 ~us,k0 · ~u⇤s,k0)
1/2 P(t)

=
d~µ

dQs
Â
k

1
N

e�i~ks~rd
k
~ek,s ·~ek,sei~ks·~rk Qs

(Âk0 ~us,k0 · ~u⇤s,k0)
1/2 P(t)

µ Â
d

d~µd

dQs
QsP(t) (6.31)

where the last line possible owing to the orthonormality conditions of the

vibrational eigenmodes, Âk~ek,s ·~ek,s = 1 and (Âk0 ~us,k0 · ~u⇤s,k0)
1/2 = constant.

Thus, we have related the MECV to the first order time dependent change

in molecular dipole moment. Therefore, instead of replacing Âs

⇣
∂~µd

∂Qs

⌘���
0
Qs(t)

with simply the BEC multiplied by the atomic displacement vectors, the MECV

is used with the additional normalisation constant (Âk0 ~us,k0 · ~u⇤s,k0)
1/2.

The origin of the normalisation can also be understood qualitatively through

the following argument. Consider the change in dipole moment Âs,k
∂µ

∂ts,k
dts,k.

For a fixed normal mode s, the infinitesimal displacement dts,k should not

be replaced simply by the actual eigen-displacement operator, ~uk,s but rather

scaled by the normal mode, |us,k |p
Âk ~u⇤k ·~uk

û. Thus, the contribution of each normal

mode s to the total change in polarisation is scaled relative to each other.
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6.3 dipole contributions to spectral intensities

We can demonstrate the difference between using this method and that by

directly replacing ∂~µd

∂~ud
k,s

with the BEC by considering the geometric exposition

in Fig. 6.3,

Figure 6.3: Illustration of two methods of getting molecular dipole moment contribu-
tions for two dipoles. In summing two dipoles (black arrows) to produce
~µ = 2dx, it is equivalent to either charges |2d| separated by x or |d| sepa-
rated by 2x.

Consider two atoms as part of a molecule under the action of a specific

phonon mode such that the atomic displacements cause a change in dipole

moment, represented as a separation of partial charges d+ and d� charges.

Let the charge separation of distance x. The sum of their dipole moments is

Âi dixi = 2d~x, two vectors each of d~x represented by the black arrows. This is

analogous to adding individual dipole moment contributions for each atom

by summing over the BEC multiplied by eigen-displacements. On the other

hand, the mode effective charge method gives the vectorised change in charge

per normal mode. This is comparable to the case of ±2d separated by x, which

gives the same absolute final change in dipole moment using the formula

(Âi di) multiplied by their separation, but generally the two methods do not

necessarily need to equal in magnitude.
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6.3 dipole contributions to spectral intensities

In general, the sum of the change in charge vector contributed by every

atom in the dipole gives the separation of the positive and negative charge

centres represented by coloured circles in Fig. 6.3 per phonon mode.

This differs from Dwyer et al.’s approach (discussed in Section 6.6) in intro-

ducing the dynamic BECs, in which their derivation does not include a mode

dependence for the Born tensors. This is because in the treatment of bulk

crystals the definition of absolute polarisation is ambiguous so one uses the

polarisation per the unit cell.

Furthermore, if we fix mode s to be for example the pure translational

modes, the eigendisplacement ~uk,s is the same for all atoms (all atoms displace

by the same amount) and thus we have (Âk Z⇤k )~uk,s = 0, i.e. the acoustic sum

rule is still satisfied. Numerically, we absorb the time dependence P(t) into

the time dependent eigen-displacement ~uk,s, which is replaced by the phonon

displacement operator previously defined in Eq. (5.12) when computing the

correlation function (in the same way as the quantum impact scattering the-

ory). We now have all the tools required to evaluate the dipole charge density

correlation (from the structure factor term in Eq. (6.25)) as follows

Â
n0

Pn0 hn0| r̂dip(~k, t = 0)r̂dip(�~k, t) |n0i = hr̂dip(~k, t = 0)r̂dip(�~k, t)i

=

* 

Â
d

e�i~k·~ld i(~µd(t = 0) ·~k)ei~k·~rd(0)

! 

Â
d0

e�i~k·~ld0 i(~µ⇤d0(t) · (�~k))ei~k· ~rd0 (t)

!+

(6.32)

=

*

Â
dd0

e�i~k·(~ld�~ld0 )
 
(~µd(t = 0) ·~k)e�i~k·~rd(0)((~µd0(t)) ·~k)ei~k·~rd0 (t)

!+
(6.33)

=

*

Â
dd0

e�i~k·(~ld�~ld0 )
 

Â
k

Zd⇤
k,s

h
Â

s
(~ek,s ·~k)cs,k(asei~qs·~b + a†

s e�i~qs·~b)
i
e�i~k·~rd(0) (6.34)

⇥Â
k0

Zd0⇤
k0,s0
h
Â
s0
(~es0,k0 ·~k)cs0,k0(as0ei~qs0 ·~b0e�iws0 t + a†

s0e
�i~qs0 ·~b0eiws0 t)

i
e�i~k·~rd0 (t)

!+

(6.35)
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6.3 dipole contributions to spectral intensities

where Zd⇤
k,s =

Zd⇤
k

(Âk ~us,k~u⇤s,k)1/2 . We have also replaced µ(t = 0) and µ(t = t)

only with the first order change in dipole term (i.e. second term in Eq. (6.26))

because the intrinsic, static dipole moment µd(0) (first term of Eq. (6.26)) is

a constant for each molecule, with no atomic displacement dependence and

hence will not contribute any phonon creation nor annihilation operators in

the product. This also means that the material does not need to posses a per-

manent dipole moment to provide an ultra-low electron energy loss spectrum,

as the crux of the energy loss comes from the change in dipole moment.

We now look towards the time dependence of the point dipole’s position,

~rd(t) in e�i~k·~rd(t). The definition of this position is slightly ambiguous as it

can be viewed as either the centre of mass or centre of charge. Molecular

vibrations do not change the centre of mass, but this is not necessarily true

for the centre of charge. Consider two equal and opposite point charges of

m1 > m2 at positions ~r1 = 0 and ~r2 = ~r, such that the centre of charge is

at ~r/2. Due to the mass inequality in the eigenvectors of the two charges

will be opposite and unequal in absolute displacement. Thus at maximum

displacement, the centre of charge will be pulled towards the direction of the

lighter charge (hence oscillating between this and the equilibrium position

~r/2). As the dipole motion is small, we can taylor expand e�i~k·~rd(t) ⇡ 1 �

i~k ·~rd(t) + . . . where ~rd(t) can be expressed again in terms of the dipole’s

constituent atoms’ phonon displacement operators. However, after a lengthy

analysis (Appendix C), one can show that the phonon contributions to the

e�i~k·~rd(t) can be approximated as 1, as any higher order terms are negligible

compared to the phonon contributions to ~µ(t).
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6.3 dipole contributions to spectral intensities

Finally, we find the expression for the DDCS as

d2s

dWdE1
=

*
m2e4

N}4e2
0(2p)2

k1
k0

1
2p}k4

Z
dte�iwt Â

bb0
e�i~k·(~b�~b0) Â

dd0
ei~k·(~ld�~l0d)

⇥Â
k

Zd⇤
k cs,k

h
Â

s
(~es ·~k)(asei~qs·~b + a†

s e�i~qs·~b)
i
e�i~k·~rd(0)

⇥Â
k0

Zd0⇤
k0 cs0,k0

h
Â
s0
(~es0 ·~k)(as0ei~qs0 ·~b0e�iws0 t + a†

s0e
�i~qs0 ·~b0)eiws0 t

i
e�i~k·~rd0 (t)

+

(6.36)

! Keep only 1 phonon creation aa† term

⇡
*

m2e4

N}4e2
0(2p)2

k1
k0

1
2p}k4

Z
dte�iwteiws0 t Â

bb0
e�i~k·(~b�~b0)

⇥Â
dd0

ei~k·(~ld�~ld0 ) Â
k,k0

Â
ss0

cs,kcs0,k0(Zd⇤
k,s~ek,s ·~k)(Zd0⇤

k0,s~es0,k0 ·~k)asa†
s0e

i~qs·(~b�~b0)
+

(6.37)

=
m2e4

N}4e2
0(2p)2

k1
k0

1
2p}k4

L6

(2p)6 Â
~G

d(~k�~qs � ~G)hns + 1i

⇥Â
s

d(w�w~q0,j)Â
dd0

ei~k·(~ld�~l0d)

⇥Â
k,k0

⇣ }
2N
p

mkmk0w~q0,j

⌘
(Zd⇤

k,s~e
d
k,s ·~k)(Zd0⇤

k0,s~e
d0
k0,s ·~k) (6.38)

where we again only consider the one phonon creation process. We have also

used Âbb0 e�i~k·(~b�~b0)ei~qs·(~b�~b0) = (Âb e�i(~k�~qs)·b)(Âb0 ei(~k�~qs)·b0) =
L6

(2p)6 Â~G d(~k�

~qs � ~G) for the summation of the unit cells b, b0.

Thus we have derived the dominant term in the ultra-low loss EELS for an

aloof beam configuration, via a different method of charge splitting compared

to the quantum impact case discussed in Chapter 5. Comparing this result to

the impact scattering derivation of Eq. (5.17), we notice that the Debye-Waller

factor does not get introduced because we introduce the phonon displace-

ment operators from the change in dipole moment rather than the exponen-

tial dipole displacement operator. We also note that the global constants in
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6.4 theoretical raman contributions

both derivations for the impact and aloof beam scattering case are the same,

making it easy to directly compare their absolute intensities. This is investi-

gated in section Part IV. This method leads to a natural way of introducing the

dynamic Born charges instead of using static, constant charges (e.g. Mulliken

charges used by Nicholls et al.) that are multiplied by the eigenvectors.

6.4 theoretical raman contributions

Ultra-low loss EELS is visually very similar to infrared spectroscopy. This is

because the phonon contributions are introduced from changes in the intrinsic

dipole moment, which is what is measured in IR spectroscopy. In Eq. (6.38),

if a mode has no IR activity, the mode effective charge vector summed over

all the atoms per mode vanishes. In the semi-classical case, this is manifested

in the low frequency dielectric tensor (Eq. (4.44)), which contains the mode

effective charge vectors. However, theoretically Raman active modes can also

be excited by EELS by considering the induced dipole moment. In this section,

we take a look at the relative contributions of the Raman modes and show that

in accordance with the perceived comparability between IR and EELS, Raman

active mode intensities are insignificant compared to that of IR active modes.

So far, we have assumed that the dipole moment is given by Eq. (6.26), the

changes in the static dipole moment, µstatic(t). However, the fast electron can

also induce a dipole moment a molecule that is proportional to its polaris-

ability. We can therefore write the total time-dependent dipole moment as

(omitting the dipole index d)

µT = µintrinsic(t) + µinduced(t) (6.39)
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6.4 theoretical raman contributions

where the induced moment is given by

~µinduced(t) = a(t)~E(t) (6.40)

where ~E is the macroscopic electric field and a is the polarisability. We can

taylor expand the polarisability tensor to first order derivatives such that

aij(t) ⇡ (aij)0 + Â
s

⇣ ∂aij

∂Qs

⌘

0
Qs(t). (6.41)

The Raman scattering intensities is related to the square of this first order

change in polarisability, given by [130]

I µ |~eS
∂a

∂Qs
~eL|2 (6.42)

where ~eS and ~eL are the directions of the scattered and incident electric fields

respectively. So what is the magnitude of the induced dipole moment relative

to that of the intrinsic dipole moment (Eq. (6.26)) contributing to the DDCS?

We can perform a back of the envelope calculation for this comparison. The

rate of change of the intrinsic dipole moment for the molecular crystals that

we will consider are on the order of µintrinsic ⇠ |Z⇤~u|e ⇠ 1 ⇥ 1eÅ, where

the order of magnitude for the Born charges Z⇤ and eigen-displacements ~u

are average values taken from our CASTEP calculations in the treatment of

several molecular crystals. This is discussed further in Part IV.

We must be careful in the treatment of µinduced units. This is because

CASTEP outputs of atomic polarizabilities acgs are in CGS (centimetre-gram-

second) units [131] on the order of ⇠ 1Å3, so we will estimate the electric

field strength |~E| for this system as well. In CGS units, Coulomb’s constant

kCoulomb is dimensionless and set to unity. The force (unit given by 1 dyne
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6.4 theoretical raman contributions

⌘ g · cm/s2 = 10�5N ) between two electrons separated by a meter (using

100cm) is

F = 10�4e2
esudyne = 10�9e2

esuN =
1

4pe0

e2

(1m)2 =
µ0
4p

c2e2

(1m)2 ⇡ 10�7c2
SIe

2
CN

(6.43)

where eesu and eC are the electron charge in electrostatic (cgs) units and SI

units respectively. cSI = 2.998⇥ 108 is the speed of light in SI units and thus

we can relate eesu = 10cSIeC ⇡ 4.8⇥ 10�10. For an electron at impact distance

of 30nm = 300Å away from the sample, the electric field magnitude is

|~E|cgs =
kE ⇥ eesu

r2 =
1⇥ 4.8032042⇥ 10�10

3002 . (6.44)

Converting the value of the induced dipole moment back into SI units compa-

rable to that of the intrinsic dipole moment shows that the latter is dominant.

~µinduced = eSI

���
1

eSI
⇥ acgs

���
4.8032042⇥ 10�10

3002

���
esu
⇥ 1

10cSI
Ê
���

⇡ eSI

h
10�5acgsÊcgs

i
⌧ µd

intrinsic ⇠ 1eSI (6.45)

since
h
10�5acgsÊ

i
<< 1 using Eq. (6.44). Notice that in our simplified approx-

imations above, we only treat the time-dependence of the polarisability and

ignored that of the electric field ~E(t). For the purpose of our simplification,

it is excessive to consider the electric field time dependence because the time

scale at which the induced dipoles oscillate due to (causing changes in polar-

isability) is much larger than the time scale at which the electron passes. Thus

we’ve treated the electric field as a constant vector.

As the Raman active mode contributions are negligible compared to that of

the IR modes, it is not implemented in the numerical section Part IV. However

for completeness sake, a numerical assessment is provided below.
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6.5 treatment of bulk crystals

The rate of change of polarisability with respect to normal mode coordinate

in Eq. (6.42) can be expanded as

∂aij

∂Qs
= Â

k

∂aij

∂uk

∂uk

∂Qs
µ Â

k

∂aij

∂uk

~ek,sp
mk

(6.46)

and since ~ek,sp
mk

is proportional to the atomic displacement vector for the mode

s, it can be replaced by the phonon displacement operator Eq. (5.12). The

polarisability can be related to the total energy e and force F on the atom

via [65]
∂aij

∂uk
=

∂3e

∂Ei∂Ej∂uk
=

∂2Fk

∂Ei∂Ej
(6.47)

where Ex, x 2 {i, j} is the electric field direction along x. This is helpful in

the numerical implementation since for each dipole, Eq. (6.47) is obtained by

summing the forces on on each atom when exposed to electric fields along

the all the cartesian directions.

6.5 treatment of bulk crystals

The dipole theory discussed so far cannot be directly applied to bulk crystals

because the definition of dipole moment per ‘molecule’ becomes ambiguous.

Instead, it is more reasonable to use the polarisation per unit cell instead of

dividing it up into ‘dipoles’. We can again use multipole expansion of the

specimen charge potential, keep the dipole term (analogous to the treatment

of molecular crystals in the previous section) to derive the energy loss. How-

ever, instead of expanding the charge around each single molecule treated as

a point dipole, we treat each unit cell as a whole instead such that the molec-

ular dipole moment ~µd in 6.7 is replaced by ~µcell. The rate of change of the

dipole moment of the unit cell with respect to atomic displacements for each

unit cell’s absolute polarisation/dipole moment directly relates to the BEC
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6.6 other quantum aloof beam formalisms

(instead of the mode effective charge used in Section 6.3). Hence, numerically

we do not need to perform the computation of absolute polarisation. Follow-

ing through with the rest of the derivation, which is essentially identical to

the procedures from Sections 6.1 to 6.3, we arrive at the following expression

for the DDCS for bulk crystal,

d2s

dWdE1
⇡ m2e4

N}4e2
0(2p)2

k1
k0

1
2p}k4

L6

(2p)6 Â
~G

d(~k�~qs � ~G)hns + 1i (6.48)

⇥Â
s

d(w�w~q0,j) Â
k,k0

⇣ }
2N
p

mkmk0w~q0,j

⌘

⇥ (Zcell⇤
k,s ~ek,s ·~k)(Zcell⇤

k0,s ~ek0,s ·~k) (6.49)

This is very similar to Eq. (6.38), except that Zcell⇤
k,s is simply replaced by the

Born effective charge, the change in dipole moment of the entire unit cell.

In Chapter 13, we use Eq. (6.49) in conjunction with the semi-classical and

quantum impact scattering theories to evaluate the ultra-low loss EELS for

bulk crystal Boron Subphosphate.

6.6 other quantum aloof beam formalisms

Our analysis have focused on the electron energy loss from the material’s

perspective by treating the electron as a plane wave imparting momentum

onto a target characterised by its structure factor. One can also approach the

problem from the perspective of the scattered electron, as done by Dwyer [37,

132, 133] where the key quantity of interest is the Møller potential. This is the

potential experienced by the fast electron as it excites a vibrational mode s.

The Møller potential in two-dimensions has the form [132]

Vs(x, y) =
⇣}(ns + 1)

2ws

⌘1/2
Â
k

~es,kp
mk

·rkV(x, y) (6.50)
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6.6 other quantum aloof beam formalisms

where rkV(x, y) is the derivative of the electric potential energy with respect

to atom k’s position. They split the potential into two parts, an ’impact’ and

a ’dipole’ part. The impact part includes the vibrational effects of the charge

distribution when not considering bonding, i.e. the potential due to nuclear

displacements. The omission of bonding and charge transfer is reminiscent

of our quantum impact scattering theory of Section 5.2, because only point

charge interactions are considered in the interaction Hamiltonian and charge

transfer was not considered in the derivation of Eq. (5.17). The latter ’dipole’

part of the Møller potential considers the bonding charges of the electron

charge density. The charge density is assigned by unit cell and in taking the

derivative of this charge density they introduce the BEC tensors. They applied

this work to study hexagonal boron nitride, and argued that as k ! 0, the

dipole term dominates over the impact term, which also should be the trend

using the quantum and dipole theories in sections Chapter 5 and Chapter 6.

Qualitatively, the Møller potential approach describes inelastic scattering

using wavefunctions, such that there is one inelastic wave for each possible

excited state of the sample. Our derivation, which follows the Van Hove

approach, gives a similar result from a different perspective, but should ulti-

mately be equivalent. We do not need the scattered electron wavefunctions

for each excited mode, and group it all together as we do not consider the

spatially resolved spectrum as opposed to Dwyer.

A main difference between Dwyers treatment from our work is that we pro-

vide an investigation into both molecular and bulk crystals. In the former,

we treat the molecules as point dipoles and evaluate their interactions explic-

itly, through the mode effective charge vector (similar but not equivalent to

using the Born effective charge tensors). In the bulk crystal case, we do in-

deed arrive at the BECs similar to Dwyer. The origin of the dynamic charges

are also different. In our case, we obtained these via the Taylor expansion of
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6.6 other quantum aloof beam formalisms

the dipole charge density, whereas Dwyer obtained this through the Taylor

expansion the vibrating target’s long-range macroscopic electric field.
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7
S U M M A RY A N D D I S C U S S I O N

In this part of the thesis, we’ve gone through the semi-classical and quantum

impact scattering formalisms commonly used in literature the analysis of both

impact scattering and aloof beam EELS. We then derived the DDCS for the

aloof beam setup by writing the total charge density as a sum of multipole

expansions around each molecule in a molecular crystal. We showed that

this organically introduced the dynamic BEC tensors that dominate as the

momentum transfer ~k ! ~0. This is in contrast to many current methods

which discretise the crystal charge density in the Hamiltonian merely as as

um of point charges and then introduce an arbitrary charge transfer term

later on such as Milliken charge redistribution or the BECs, to recover long

range effects.

The momentum imparted by the fast electron in aloof beam, ~k is often

denoted as ~k ! ~0. For example in the semi-classical regime, the dielectric

tensor is calculated by approximating ~k = ~0. In reality, this is not actually

equal to zero, as this corresponds to no momentum exchange and the elec-

tron essentially does not interact with the system. Since phonon vibrational

frequencies are~k dependent, this highlights an issue of the semiclassical the-

ory in the context of aloof beam EELS. It will also lead to a divergence in

the quantum impact and dipole scattering terms in Eq. (5.17) and Eq. (6.38),

since they both have a 1
|~k|4

dependence. Intuitively, the quantum impact scat-

tering term should dominate at higher values of ~k, whereas the aloof beam

theory should dominate as~k ! ~0. At the other extreme,~k ! • does not de-

note core-loss EELS. This requires introducing electronic transitions instead

of phonon transitions in the system’s initial and final states |n0i and |n1i. The

impact scattering formalism does not directly include the physics of dipole
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summary and discussion

scattering and has the issue of non-rigorous analytical charge division (see

Section 5.2), which requires a manual addition of charge transfer. Several

authors [134, 135] have used this manually added term to explain the aloof

beam configuration by attributing the ’dipole’ contribution to the long-range,

unscreened Coulomb potential.

There are some complications to the theory that are not formally consid-

ered in our work. Firstly, surface polaritons are ignored. These are surface

modes present due to the edge of the material, and are nontrivial to include.

We have assumed bulk phonon modes throughout our derivation, i.e. ne-

glecting surface contributions from the sample edge. Surface plasmons are

collective electronic oscillations at the dielectric/vacuum interface. One can

use the free electron energy/Drude model to estimate that of the plasmon

energy. In a plasma, the well known plasma frequency is inversely propor-

tional to the electron’s root effective mass, i.e. E µ 1p
m⇤e

, which result in

energy losses of several eVs [136]. This is well above our region of interest for

lattice vibrational modes, and can be effectively ignored together with bulk

plasmon excitations. Finally, as electrons become completely delocalised in

the limit of purely metallic compounds, the taylor expansion of the charge

distribution breaks down as one cannot constrain the electrons to a specific

atom/molecule. This is not an issue with our compounds of interest such as

pharmaceuticals and semi-conductor devices in later sections.

Because the target is effectively a thin film, distortions to the phonon dis-

persion curve an arise through various ways [137, 138]. For example, LO-TO

splitting is an important effect introduced in Section 3.2.4. This always exists

no matter what the thickness of the sample is because it originates from the

nature of the atomic vibrations. In our calculations we assume bulk atomic

motion, and hence there will be no thickness dependence in the LO-TO split-

ting effects to the phonon energies and eigen-vectors as we approach the G
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point. Other optical effects that can cause distortions are interference, diffrac-

tion, etc. which are also neglected. The way that these effects will manifest

in our ultra-low loss EELS theories is through the eigenvectors and charge

transfers that will occur at the momentum transfer vector. This ignorance

can be one of the sources of the discrepancies between our simulated and

experimental spectra.

We can make an interesting analogy to an alternative method of calculating

energy loss spectra, through ab initio molecular dynamics. Here, the statis-

tics and dynamics of nuclei and electron are obtained through their classical

equations of motion. This method is less computationally demanding but

at the cost of using classical approximations. For example, in the case of IR

spectroscopy, the absorption intensity is related to the dipole correlation func-

tion hM̂(0)M̂(t)i where M̂ is the total dipole operator of the sample. In the

classical limit, the operators are replaced by their classical counterparts and

used in a molecular dynamics simulation. The dipole time correlation func-

tion is the canonical ensemble thermal average of the system. The physical

intuition of how external perturbations f (t) cause equilibrium fluctuations

can be understood via the fluctuation-dissipation theorem [139],

h ~M(t)i = h ~M(0)i+
Z t

�•
f (t)c(t� t)dt + O( f 2

) (7.1)

where c is a generalised response function of the system. We can make an

analogy between this IR and our quantum dipole scattering approach in Sec-

tion 6.3, where the EELS intensity is also related to the dipole-dipole cor-

relation function and the treatment of equilibrium fluctuations comparable

to Eq. (7.1) is the normal coordinate expansion of the dipole moment using

Eq. (6.26).
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One of the original motivations to use EELS to study energy loss spec-

troscopy was that they have good spatial resolution. In the aloof beam mode

we lose some of the very fine spatial resolution with increasing impact pa-

rameter and there is thus a trade-off between good spatial resolution and less

sample degradation. This can be somewhat remedied by first detecting the

vibrational energy loss profile at a large impact parameter, and subsequently

bringing the beam closer to the sample to obtain the spatial profile, inevitably

yielding to beam damage. Nontheless, ultra-low loss EELS still have the ad-

vantage over IR and Raman due to its ability of selecting a specific momentum

transfer vector. An area of application in which this momentum resolution

is useful is in the case of composite materials such as core-shell nanoparti-

cles [140]. Specifically, consider core-shell polymorph pharmaceuticals. These

are on the same order of magnitude as the sample size used in TEM and

EELS. The microstructure of this consists of a drug enclosed in an envelope

shell so we can have a mixing of different drugs and different polymorphs.

The increased sensitivity of the dipole theory to the directionality of the k-

vector and ability to more accurately predict the vibrational spectrum brings

us one step closer to distinguishing for example pure crystals from mixed

polymorphs. For example, experimental spectra can be obtained along differ-

ent momentum transfer directions of a core-shell drug potentially containing

a polymorphic mixture (which can potentially be harmful). By simulating the

spectra of the possible pure crystal polymorphs, one may be able to identify

traces of one or more polymorph to determine the purity of the drug.
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A B I N I T I O C A L C U L AT I O N S U S I N G C A S T E P



summary and discussion

This part contains the numerical details required for successful DFT simu-

lations. In addition to vibrational properties that are needed for EELS simula-

tions in later sections, in this chapter we are also interested in using DFT for

NMR. NMR characterises the absorption/emission spectrum of atomic nuclei

with sensitivity to their local chemical environments and orientation. This

makes it very attractive in analysing non-ideal crystals consisting of differ-

ent polymorphs, grain boundaries, etc. Thus, improving NMR simulations

combined with ultra-low loss EELS can be used to synergistically study phar-

maceutical molecular crystals.

In Chapter 8-Chapter 9 , convergence tests, geometry optimisation and cal-

culations of vibrational and NMR parameters on a hand-full of carboxylic and

are explored. We work primarily with dispersion corrected PBE and the re-

cently implemented meta-GGA rSCAN functional. Subsequently, Chapter 10

deals with numerical details of the semi-classical and quantum ultra-low loss

theories.
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8
C O N V E R G E N C E T E S T I N G : H E X A G O N A L B O R O N

N I T R I D E

In a periodic crystal, the KS molecular orbitals satisfy Bloch’s theorem [83,141]

such that (for wave vector~k)

f~k(~r) = ei~k·~ru~k(~r), (8.1)

where u~k(~r) is periodic upon translations by any real space lattice vectors ~T

such that u~k(~r + ~T) = u~k(~r) and can be as a fourier expansion

u~k(~r) = Â
~G

c~k,~Gei~G·~r (8.2)

for coefficients c~k,~G and reciprocal lattice vectors ~G. Therefore, f~k(~r) is a su-

perposition of plane-waves that preserves the periodic boundary condition.

Various properties of interest such as charge density, response functions, di-

electric constants, etc require an integral over the Brillouin zone (BZ) [142].

For example, the electron charge density expressed in terms of these Bloch

waves (indexed by energy band n) is given by [143]

n(~r) µ Â
n

Z

BZ
|yn,~k(~r)|

2 (8.3)

Numerically, this integral is discretised using a weighted sum over a special

grid of k-points, termed the Monkhorst-Pack (MP) mesh grid [142]. Since it

is unfeasible to describe the Bloch states using an infinite number of plane

waves, one must pick a maximum ~Gc, the largest fourier component in the

plane wave basis set ei~Gc·~r for the sum in Eq. (8.2). This is defined as the
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convergence testing : hexagonal boron nitride

cut-off energy, Ecut-off (since for a free electron this is }2|~G|2
2me

). Ecut-off and the

MP-grid are two main parameters to adjust in testing the convergence of the

total ground state energy.

A well converged geometry is essential to determine vibrational properties

needed for EELS calculations. The ab initio softwares used throughout this

work are CASTEP [144] and QUANTUM ESPRESSO [145, 146], both plane-

wave codes.

We can demonstrate the importance of convergence tests using calcula-

tions performed on hBN. Figure 8.1 (a) and (b) shows that despite the ap-

parent convergence of cut-off energy, a change in k-spacing can greatly shift

the calibrated curve. The experimental bond length reported in literature is

1.44Å [147], which from Fig. 8.1 (b) requires a k-spacing of at least ⇠ 0.15Å�1.

If the geometry optimisation is inadequately well converged and produces ex-

cess forces on the atoms, the secular equation will return non-physical, imagi-

nary frequencies. The result of this is demonstrated in the phonon dispersion

curve plotted in Fig. 8.1 (c), where a badly converged geometry gives rise to

negative phonon modes.

The total electronic wavefunction is represented on a standard FFT grid (re-

ciprocal space). At each grid point, the wavefunction is expanded into a finite

sum of plane-waves truncated a cut-off ~g vector. The grid scale determines

the maximum ~gmax vector used in this summation. When attempting to ac-

count for core charges, one may need to use a finer grid than the standard to

better represent the electronic charge density. This is controlled by the fine

grid scale parameter. Adjustment to this was not needed for the PBE func-

tional used in boron nitride calculations. However, we revisit this parameter

later in Section 9.2 as the default fine grid size was insufficient for the rSCAN

functional.

93



convergence testing : hexagonal boron nitride
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Figure 8.1: Hexagonal boron nitride convergence test. (a) Effect of cut-off energy
on equilibrium bond length, stabilising after ⇠ 900eV. (b) Effect of k-
spacing on equilibrium bond length at different stable cut-off energies.
The number of k-points used with k-spacings of 0.02, 0.05, and 0.15 Å�1

are 624, 60 and 2 respectively. (c) Phonon dispersion curve along G !
M, with good convergence (black) using k-spacing of 0.02 Å�1, Ecut-off =

1500eV and a badly converged (red) plot with k-spacing of 0.45 Å�1 and
Ecut-off = 600eV.
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9
B E N C H M A R K I N G P R O P E RT I E S O F M O L E C U L A R

C RY S TA L S

This chapter uses CASTEP to benchmark and compare the recently imple-

mented meta-GGA functional, Regularised Strongly Constrained and Appro-

priately Normed (rSCAN), against that of PBE with dispersion corrections

through their ability to evaluate material properties. Focus is placed on the

vibrational and NMR parameters of a manually selected molecular crystal set.

9.1 rscan vs pbe + dispersion

The SCAN functional [148] is a meta-GGA which satisfies all the constrains re-

quired for a semi-local functional [149]. The EXC energy includes the electron

density and its gradient, as well as the orbital kinetic energy densities of the

occupied KS orbitals, t(~r) = Âoccupied
KS

|ryKS(~r)|2
2 . This has been demonstrated

to improved DFT calculations across a variety of systems by simultaneously

being able to capture metallic and covalent bonding effects [150, 151]. Stud-

ies have found it especially successful in capturing mid-range vdW effects on

variously bonded molecular crystals, as opposed to conventional GGA func-

tionals, which require additional dispersion corrections. However, the errors

arising from long-range self interactions are yet to be properly addressed.

Most plane-wave implementations of SCAN are only suited for norm-conserving

pseudo-potentials, with associated problems such as numerical instabilities in

solving the KS equation. Furthermore, difficulties in the construction of the

pseudo-potentials and slow convergence with the plane-wave basis set has set

back SCANs popularity. Thus, many users default to more widely accepted
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9.2 optimised geometries

functionals such as PBE. These issues prompted the developed of rSCAN by

Bartok and Yates [93], which fixes the numerical instabilities encountered in

SCAN. Its performance is compared to the PBE functional used in conjunc-

tion with either the Tkatchenko-Scheffler (TS) [152] or a many-body disper-

sion (MBD*) scheme [153]. Further works by Furness et al. [154] led to the

construction of r2SCAN, which attempts to unify the advantages of SCAN

and rSCAN.

9.2 optimised geometries

Tkatchenko and Reilly [155] proposed the X23 dataset of molecular crystals

for with the purpose of benchmarking the effects of many body dispersion

contributions (MBD and TS) plus thermal corrections to experimental lattice

energies. The X23 dataset consists of systems dominated by hydrogen bond-

ing, vdW forces and mixtures of both, making it a comprehensive overview of

the prevalent intermolecular environments in molecular crystals. The X23 set

(excluding ammonia, which was obtained from Materials Project with ID: mp-

779689) are listed in Table F.3 together with their identifier from the either the

CSD or Crystallography Open Database (COD). We are specifically interested

in the structural predictions and their relations to the geometry dependent

properties such as the corresponding NMR and phonon spectra.

A geometry optimisation convergence test was first performed on Uracil

similar to that of hBN in Chapter 8 to determine satisfactory input parame-

ters for all crystals under consideration in this chapter (See Appendix F.0.1).

As a result, the benchmark crystals were subjected to a plane-wave cutoff of

1200eV, an MP grid spacing of 0.05Å�1, and atomic energy and force toler-

ances of 2.219 ⇥ 10�9eV and 10�3eV/Å respectively. These parameters are

also employed for the molecular crystal EELS simulations later in Part IV.
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9.2 optimised geometries

The default value for the fine grid parameter (one) works well for PBE with

dispersion corrections, but in rSCAN calculations this results in fluctuating

lattice parameters and this lengthening/shortening creates a shearing effect.

This aliasing problem is solved when increasing the fine grid parameter to

4, and will be the value used across all functionals for consistency purposes.

The combination of functionals and dispersion correction schemes for the DFT

simulations include PBE, PBE with TS, PBE with MBD*, rSCAN and rSCAN

with MBD*.

Thermal expansion of the unit cell at finite temperature and interactions

over length scales larger than the unit cell will result in a momentum vector

dependence of phonon eigenfrequencies. It is common to calculate the lattice

energies,

Elattice =
Es
Z
� Eg, (9.1)

to compare against experimental sublimation enthalpies. Eg is molecule’s en-

ergy in its lowest energetic, gaseous phase. The unit cell has Z molecules

and total energy Es. This is so that vibrational contributions can be added

to the sublimation enthalpies, for comparisons against experiments. This will

not be of concern to us as we will focus only on the G-point. We simplify

calculations even further by neglecting thermal effects. This is because the de-

viations of temperature dependent structures from static DFT structures will

be systematic, and we are interested in studying the relative difference in the

ability of the functionals to capture long-range dispersion forces. Hence it is

more suitable to use reduce the number of factors affecting the result, such as

temperature/anharmonic effects. Therefore, without these finite temperature

corrections, it is expected that experimental geometries (performed at finite

temperature) should give systematically larger lattice parameters.

The percentage volume deviation from literature experiments are shown

in Fig. 9.1, comparing the performance of the different functionals and ac-
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companying dispersion corrections. As expected, the bare LDA functional

systematically notoriously overbinds (especially for molecules) which is com-

monly reported in literature [156, 157]. Since the XC energy is taken as that

of a homogenous electron gas, in highly inhomogeneous environments such

as atoms and molecules this becomes an issue. Lattice parameters are usu-

ally under-predicted, leading to a large negative volume deviation when com-

pared to literature experiments. The bare PBE functional on the other hand,

systematically underbinds, which is also anticipated [158–161], resulting in

larger unit cell volumes. The bare rSCAN functional achieves very similar re-

sults to PBE+TS (DFPT denote that perturbation theory will be used to calcu-

late subsequent phonon parameters), thus demonstrating its ability to capture

long range effects that conventional GGAs cannot do alone. However, MBD*

corrected rSCAN systematically overbinds, which is reminiscent of LDA.

Figure 9.1: Percentage volume deviations from literature of optimised geometries of
X23 dataset using various XC functionals and dispersion schemes. A trans-
parency factor applied to the colour bars for ease of comparison may cause
the legends to appear dissimilar.
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9.2 optimised geometries

Now that some fundamental behaviours of the functional performances

are established with the X23 dataset, we now additionally handpick 10 car-

boxylic and 10 amino acids with their names and identifiers listed in Table F.4.

The carboxylic acids were picked with unit increments to the carbon chain to

provide progressively more vdW dominant environments, whilst the amino

acids were chosen based on the currently existing literature experiments on

their pure crystalline NMR spectra. A relative comparison to literature is is

presented in Fig. 9.2, showing a similar result as that of Fig. 9.1. rSCAN is

also paired with MBD*, which systematically overbinds all the crystals more

dramatically than PBE paired with the same dispersion correction. Given that

calculations were done without thermal and zero point energy corrections,

one would naturally expect a reduction optimised volumes compared to that

of experiments. This is generally the case for both rSCAN and PBE+TS. The

latter typically underestimates volume more than rSCAN and focusing on

the carboxylic acids, this effect becomes increasingly noticeable as the carbon

chain gets longer and more intermolecular effects arise. The crystals across

both datasets in which rSCAN overshoots in volume prediction are all domi-

nated by London dispersion forces rather than hydrogen bonding. MBD* cor-

rected rSCAN underpredicts volumes across all chosen crystals more severely

than MBD* corrected PBE, further supporting the notion that it independently

encapsulates dispersion forces.

The exact volumetric percentage deviations from experiments for all of the

crystals in question is presented in Table F.3 and Table F.4.
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9.3 G�point phonons

Figure 9.2: Percentage volume deviations from literature of optimised geometries of
handpicked molecular crystal dataset using various XC functionals and
dispersion schemes.

9.3 G�point phonons

With rSCAN, vibrational modes at the G�point are calculated using ultra-soft

pseudopotentials and the finite displacement method, since at the time of

writing this functional is not yet implemented with the linear perturbation

method. This does not require a supercell as there are no ~q 6= ~0 vectors that

are non-commensurate with the unit cell.

For the same crystal, it is not guaranteed that different functionals will

retain the ordering of the modes, especially for eigenvalues that are closely

spaced. Thus, the orthonormality of the modes’ eigenvectors are checked

for each crystal to ensure that no mode re-orderings occur. Focusing on the

handpicked dataset in Fig. 9.2, PBE+TS tends to overbind systems more than

rSCAN, which suggests that we would expect rSCAN to give larger lattice

parameters, more relaxed structures and thus lower phonon frequencies due

100



9.3 G�point phonons

to lower restoring forces. However, comparisons of the vibrational frequen-

cies for the handpicked dataset using PBE+TS and rSCAN indicates the exact

opposite trend, shown in Fig. 9.3. rSCAN consistently shifts these modes to

higher values and this trend becomes increasingly apparent with increasing

frequency. The deviations are outside the limits of errors possibly arising from

fluctuations of input parameters (such as cut off energy, k-point spacing and

energy/force tolerances). These deviations are also visibly outside the region

spanned by variations due to the choice of dispersion scheme, as shown by

the red dots which compares the MBD* and TS corrections using PBE. Hence,

the variations are functional based.
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9.3 G�point phonons

Figure 9.3: Comparisons between PBE+TS vs PBE+MBD*, as well as PBE+TS vs
rSCAN of G�point vibrational modes of the handpicked crystal dataset.
The colour bars on the RHS are included to help visualise the range of
the relative frequency differences between rSCAN and PBE+TS. (Top) The
lower frequency vibrations, i.e. heavier atomic motion. (Bottom) Modes
corresponding to intramolecular hydrogen bonds (such as C-H, N-H and
O-H at frequencies above 2000cm�1).
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9.3 G�point phonons

Figure 9.3(b) also includes the vibrational mode calculations of a single

molecule of a�glycine (shown in black crosses), isolated in a supercell to

avoid interactions between its periodic images. The performance differences

between rSCAN and PBE+TS for the single molecule are on the same order of

magnitude as that of its crystalline form, which suggests that intra-molecular

bonds are the main source of these frequency shifts, rather than intermolecu-

lar separation and lattice relaxation. Visually, there is a cluster of modes that

rSCAN consistently shifts upwards by ⇠ 50cm�1, as well as an umbrella of

frequencies shifted by ⇠ 100cm�1. A closer inspection of the atoms participat-

ing in these modes show that the former is attributed to C-H stretches. This is

clustered around 3000cm�1 and agrees with Hooke’s mechanical spring and

mass approximation of the vibrational frequency range,

f =
1

2pc

s
k
µ

(9.2)

where k and µ are the force constant and reduced mass respectively [162,

163]. The highest frequency deviations (100cm�1) correspond to O-H and

N-H stretching modes and the bonds participating in each mode is colour

coded in Fig. 9.4. The shifts in phonon frequencies are quantified as the

percentage decrease of intra-molecular bond lengths from PBE+TS to rSCAN,

summarised in Fig. 9.5 and Table 9.1.
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9.3 G�point phonons

Figure 9.4: Comparing PBE+TS vs rSCAN performance on the handpicked molecular
crystal dataset phonon modes, colour coded according to which atoms
participate the most in the eigenvector.

Figure 9.5: Intra-molecular bond lengths from rSCAN and PBE+TS optimised geome-
tries of handpicked molecular crystals, grouped by the corresponding
atoms attached.
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9.3 G�point phonons

Bond type O-H N-H C-O C-H C-C C-N

MRD -1.68 -1.19 -0.83 -0.72 -0.53 -0.40

Table 9.1: The mean relative deviation (MRD) of the averaged percentage change of
bond lengths from PBE+TS to rSCAN for the handpicked molecular crystal
data set.

Comparing rSCAN against PBE+TS, the consistent and gradual increase

of phonon frequency deviations with increasing wavenumbers due the short-

ening of intra-molecular bonds may be a positive affirmation. It has been

shown in literature that dispersion corrected PBE can under-predict high fre-

quency hydrogen based phonon modes [164,165], thus substantiating the over-

all trend.

9.3.1 NMR spectroscopy - a brief introduction

Before delving into simulating NMR parameters, we begin with a bit of theo-

retical background. The theory of NMR is hinged on the interactions between

an applied magnetic field and nuclear spin. When a magnetic field B0 is ap-

plied, the eigenstate energies of the the angular momentum operator for a

particle with spin M is given by [166]

Em = �m} 1
2m

B0 (9.3)

where m can take on integer values between ±|M|. For example, for a spin

half nucleus the splitting of the spin up and down states under the magnetic

field gives rise to the Zeeman effect.
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9.3 G�point phonons

An externally applied magnetic field ~B0 induces an electric current, which

in turn produces an induced magnetic field ~Bin. This is related to the applied

field via

Bin = �ŝ(~r)~B0. (9.4)

For insulating and non-magnetic material only orbital angular momentum

contributes to the electronic current. In general, the chemical shift can be

anisotropic, i.e. they are field orientation dependent, which causes broaden-

ing in the NMR spectrum and produces a non-diagonal chemical shift tensor

ŝ(~r).

Practically, an NMR spectrum displays the shift in frequencies from a refer-

ence compound using the chemical shift measured in parts per million (ppm)

as illustrated in Fig. 9.6. This is defined by

d(ppm) =
n� nref

nref
⇥ 106 (9.5)

where n is the measured NMR frequency, and nref is that from a reference

compound, defined at 0ppm.

Figure 9.6: NMR spectrum of reference compound defined at 0ppm and a shifted
frequency which is dependent on the strength of the applied magnetic
field.

A larger field strength results in higher frequency shifts, and hence it is im-

portant to correctly calibrate the results using this reference. The environment

of an atom greatly affects its chemical shift. For example if a carbon bonded

to an atom X that is more electronegative, it hoards the electron cloud, effec-
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9.4 ab initio nmr chemical shifts

tively de-shielding the carbon and increasing the chemical shift. The chemical

shift is also practically defined as [167]

d(ppm) = sre f � s (9.6)

where s is the isotropic average (1
3(sxx + syy + szz) of the magnetic shielding

tensor that can be obtained from a DFT calculation.

Numerically, NMR parameters are implemented in CASTEP using the GI-

PAW method [168, 169, 169]. The induced magnetic field can be obtained

through perturbation theory so that s(~r) can be computed using Eq. (9.4).

Another physical quantity of interest is the electric field gradient (EFG).

This is a measurement of change in electric field due to atomic displacements

in a nucleus arising from the surrounding electronic and nuclear charge den-

sities. The EFG, Vab(~r) = ∂2V
∂ra∂rb

[170], the second derivative of the electrostatic

potential (excluding nuclear contributions), is a ground state property and

can be written as [171]

Vab(~r) =
Z

d3r
n(~r)

|~r�~r0|

h
dab � 3

(ra � r0a)(rb � r0b)
|~r�~r0|

i
, (9.7)

which depends on the static charge density, n(~r).

9.4 ab initio nmr chemical shifts

The isotropic chemical shifts (CS) and electric field gradients EFG are common

NMR parameters pertinent to experimentalists. These are computed using

the GIPAW method introduced in Section 3.5, and the values for 13C and 17O

compared to experiments [172–177] are presented in Fig. 9.7. The slope of

the isotropic chemical shift sCalculatedCS was limited to �1 and the intercept is

determined by minimising the root mean square error (RMSE).
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9.4 ab initio nmr chemical shifts

Normally, crystalline NMR experiments produce broad and featureless spec-

tra, which is a result due to anisotropic interactions that the nuclei experience

in the solid state. This issue is resolved using the Magic Angle Spinning

(MAS) technique [178], which improves spectral resolution to reveal peaks

at the isotropic shift values. Hence, these are obtainable experimental NMR

parameters which we can compare simulations against.
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9.4 ab initio nmr chemical shifts

Figure 9.7: Plot of isotropic chemical shifts for (top) 13C and (bottom) 17O compared
to that of literature. All experimental values chosen have the same refer-
ence compound from the referenced literature.

Calculations of NMR parameters include both functional and geometry ef-

fects. In order to separate these, chemical shifts calculated using rSCAN were
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9.4 ab initio nmr chemical shifts

re-calculated using the optimised geometry from PBE+TS and vice versa, sum-

marised in Table 9.2. This can be done because NMR calculations do not need

to include dispersion corrections, as they amend energies, forces and stresses

after each self consistent cycle without altering the wavefunction (and hence

charge density), from which the NMR parameters are determined.

It is pleasing that the additional physics in rSCAN result in a more accurate

magnetic shielding, as demonstrated in Fig. 9.7 (calculated intercepts) for 13

C and 17 O (where the absolute shielding scale was established as 307.9ppm

for 17 O and 188.1ppm for 13 C) [172, 179–181]. However, this has little exper-

imental consequences as the differences cancel when converting to the exper-

imental observed chemical shift. In DFT simulations, magnetic shielding can

be decomposed into several components when related to the atomic structure

via [182]

s = score + sloc
dia + sloc

para + slr (9.8)

where score comes from the core electrons, uncoupled to the chemical envi-

ronment. Using PBE with TS corrections, core contributions are 200.51ppm

and 271.08ppm for carbon and oxygen respectively. Similar for rSCAN, core

contributions are 200.83ppm and 271.29ppm respectively. The fact that these

shielding values from PBE vs rSCAN are very comparable means that the

core charge densities between the two functionals are similar and hence do

not contribute to the discernible improvement in predicting the absolute mag-

netic shielding. slr denotes the long range electric current contribution to

the induced magnetic field and sloc
dia + sloc

para denotes the short range diamag-

netic and paramagnetic induced current responses. The diamagnetic current

increases the magnetic shielding and is only dependent on the applied field

strength and charge. On the other hand, the paramagnetic current decreases

shielding and depends on 1
DE where DE denotes orbital energy difference and

effectively corresponds to the band gap energy [183]. It has been shown that
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9.4 ab initio nmr chemical shifts

meta-GGAs’ such as rSCAN improves band gap energy predictions [184] and

therefore this could be the rationale behind rSCAN’s observed superior abso-

lute magnetic shielding predictions.

Parameter (ppm) rSCAN rSCAN w/ PBE geometry

13 C RMSE 3.92 3.56

17 O RMSE 8.49 5.89

Parameter (ppm) PBE+TS PBE+TS w/ rSCAN geometry

13 C RMSE 2.66 2.48

17 O RMSE 5.05 4.45

Table 9.2: RMSE of isotropic chemical shift for handpicked dataset vs. literature. The
calculated chemical shifts are those shown in figure 9.7, with slopes con-
strained to -1 and optimised intercepts. rSCAN w/ PBE geometry denotes
using rSCAN to calculate the CS with a unit cell optimised with dispersion
corrected PBE, and vice versa for PBE w/ RSCAN geometry.

9.4.0.1 Summary

The theme of this chapter was to exhibit and quantify the ability of the semi-

local meta-GGA, rSCAN to capture long-range dispersion effects in molecular

crystals. Benchmark tests were performed both on the X23 and a manually se-

lected set of carboxylic and amino acids. The results show that when compar-

ing against literature experiments, the bare rSCAN functional performs excep-

tionally well compared to PBE+TS and PBE+MBD*, in terms of its ability to

reproduce equilibrium lattice parameters and NMR isotropic chemical shifts.

This remarkable performance is further corroborated by fact that rSCAN has

been shown to produce a much more accurate absolute magnetic shielding

for 17 O and 13 C. We have also shown that it is unfavourable to include MBD*

corrections to rSCAN, as results are evocative of LDAs overbinding behaviour.

Computing the G�point vibrational modes of the handpicked molecular

crystals revealed that rSCAN shifted all the modes in question upwards,
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9.4 ab initio nmr chemical shifts

which was elucidated by a systematic reduction of intra-molecular bond lengths

(and yet does not result in dramatic over-binding like LDA). This shift in-

creases for higher frequency vibrations, especially for those dominated by

N-H, O-H and C-H stretches. Lower frequency vibrational modes such as

C-C stretching, C-H wagging, etc were also shifted to the right, which further

supports the source of this phenomenon being intra-molecular.

Since rSCAN is very similar to PBE+TS in geometry and phonon calcula-

tions, we use the latter for EELS simulations in the following chapters due to

convenience.
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E E L S C O M P U TAT I O N A L W O R K F L O W

10.1 numerical implementation of ultra-low loss theories

In this section we dissect the numerical treatment details of the semi-classical,

quantum impact and dipole scattering DDCS (Eq. (4.39), Eq. (5.17) and Eq. (6.38)

respectively), such that they can be applied to a series of molecular and bulk

crystals.

10.1.1 Semi-classical theory

In the semi-classical case, the main material response is encapsulated in the

polarisability tensor a, which requires the BECs and eigenvectors outputs

from CASTEP as detailed in Eq. (4.34) and Eq. (4.44). The eigenvectors from

the ab initio calculations already satisfy the mass normalisation constraint of

Eq. (4.45), which means they are indeed the eigenvectors, instead of eigendis-

placements (related by mass normalisation), and Eq. (4.39) can be straightfor-

wardly computed.
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10.1.2 Born effective charges

The BEC 1 for an atom k can be expressed as the second derivative of total

energy E [65] via

Z⇤k,a,b =
∂2E

∂tk,a(~k =~0)∂Eb

(10.1)

where a and b are directional indices and E is the perturbing electric field.

There are two possible methods to calculate this derivative, through perturba-

tion theory or finite difference as outlined in Section 3.5.2. The former is more

efficient and commonly used. However, if we want to treat the electron corre-

lation with a meta-GGA such as rSCAN, for which DFPT is not yet available,

quantities such as the BEC can only be computed using finite difference and

this requires the absolute polarisation of the unit cell.

It is famously difficult to uniquely define the absolute electric polarisation

of a crystalline insulator. Consider the 2D lattice arrangement of positive and

negative charges in Fig. 10.1.

1 Note that that CASTEP outputs the atomic born effective charge tensors Z⇤k,a,b, whereas its
appearance in both the semi-classical (Eq. (4.44)) and quantum dipole Eq. (6.38)) theories are
in the context of the mode effective charge vector (Eq. (6.29)), which is the BECs along the
direction of the atoms eigen-displacement.
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Figure 10.1: Conceptual sketch of the ambiguity in defining the polarisation per unit
volume, as it is completely determined by the placement of the bound-
aries of the unit cell. The green ovals represent electronic charge clouds
surrounding a 2D ionic square lattice.

Naively, one can define the polarisation per unit cell as its dipole moment

per volume,

~P =
1

Vcell

Z

cell
e~rn(~r)dV (10.2)

for number density n(~r). However, the different placements of the unit cell

box with constant volume, Vcell (denoted by the coloured squares) give differ-

ent values of ~P. An attempt to get around this can be to pick a ’natural’ choice

of the unit cell based on symmetry or perform an average over all unit cell

positions, but these usually result in vanishing polarisations. Therefore it is

imperative to be able to define it with an invariant system property, as done

using the modern theory of polarisation [185]. Consider a Bloch-like state

that is periodic in nature, describing an energy band n, and parametrised by
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~k (often the wavevector), un~k. From this we can introduce Berry phase [186],

fn, a gauge-invariant quantity

fn =

Z
hun~k|i∂~kun~kid~k, (10.3)

from which we can define the polarisation,

~P = � e
2p

occ

Â
n

fn (10.4)

This unambiguous way of defining the absolute polarisation means that for a

unit cell, the BEC can be calculated using the finite difference

Z⇤k,a,b =
DPb

Dtk,a
. (10.5)

10.1.3 Quantum impact scattering theory: Charge partitioning, X-ray and electron

form factors

In the quantum impact energy loss DDCS derivation, nuclear charge is treated

as the ionic charge Zi for atom i. However, in reality the nuclear charge is

screened and there are various methods of numerically treating this charge

transfer. Nicholls et al. [48] rewrote the Zi � fi(~k) part of Eq. (5.17) as a ’total

form factor’

F(~k, Zi) = fi(~k)
(Zi � Z⇤i )

Zi
+ Zie (10.6)

where Z⇤i is the atomic charge calculated using Mulliken charges. In this static

charge transfer analysis, the charge associated to an atom is obtained from the

density matrix of a localised set of basis functions [187]. There is a downside

of simply using the original plane wave basis set as their electronic informa-

tion is delocalised in space. Thus the technique that is commonly adopted
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is to project the plane wave states onto a localised basis [188]. The common

choice for this is the atomic pseudo-potentials. Mulliken’s population analysis

is one of the most commonly used method because it provides realistic chem-

ical trends, but it is not physically well defined. This is because the orbital

charge assigned to an atom solely because the orbital is centred around said

atom, and is thus very sensitive to the localised atomic basis set that is picked.

It also does not preserve the dipole and higher multipole moments, which

are important in the computation of the material’s electric potential. Thole

et al. [189] has shown that by taking into account conservation of the dipole

moments, this analysis can be generalised produce more accurate potentials

and hence better capture Coulomb interactions, but the original method is

implemented in CASTEP.

There are also numerous alternative charge analyses methods that can be

used to compute the partial charge Z⇤i . We will discuss the types accessi-

ble from a CASTEP calculation, i.e. the Bader, Hirshfield and Born effective

charge analyses as their effectiveness will be compared in Chapter 13.

In Bader’s charge analysis [190, 191], the atoms of the crystal/molecule are

defined only on their electronic charge densities, separated from each other

by zero flux surfaces, which are bounded by points~r such that rr(~r) · n̂(~r) =

0 for normal vector n̂(~r) to the surface. This is an intuitive way of charge

partitioning. CASTEP does not calculate this directly, but the charge density

profile from an electronic structure calculation can be analysed using post-

processing Bader analysis program by the Henkelman group [192].

The Hirschfeld charges [193] on atom i is defined as

Zhirschfeld = Zi �
Z

dr3 ri(~r)
Âi ri(~r)

rmolecule(~r) (10.7)
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where Zi is the unscreened nuclear charge (i.e. number of electrons), ri is the

atomic ground state charge density (assuming a free atom) and rmolecule is

the molecular charge density. The charge at each point is distributed between

all atoms in proportion to their free charge. Similar to the Mulliken charge

analysis, this method preserves charge but not higher multipole moments,

and Lu et al. [194] have shown that the additional constraint of preserving

atomic dipole moments in the Hirschfeld analysis result in improved perfor-

mance but our calculations using CASTEP will not include these multipole

additions.

The discussion so far has been to statically partition charge. However, it

may make more sense to replace Z⇤i with a dynamic charge transfer such as

BECs due to the movement of atoms during phonon excitations. However, it

is not as trivial to incorporate the Born effective charge as it is a tensor. One

can attempt to summarise the contribution in a single value as one third of the

trace of the 3⇥ 3 matrix. Alternatively, it may be more intuitive to multiply

the atomic Born matrix with the eigenvector, creating a mode effective charge

like term. This vector describes the direction of change in charge caused

by the atomic displacement, its magnitude can be used to approximate the

charge transfer. This use of BECs was done by Senga et al. [135] using the

same quantum impact scattering formalism for the bulk crystal of hexagonal

boron nitride and graphene monolayers.

The X-ray atomic form factor, fd(~k) in Eq. (10.6) describes the X-ray scatter-

ing amplitude off the electron cloud of the isolated atom in question. This

interaction increases with atomic number simply due to the increasing num-

ber of electrons involved. Numerically, it is well approximated by a Gaussian

sum of the form

f (~k) =
4

Â
i

ai=1 exp (�bi(
k

4p
)

2
) + c (10.8)
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where the coefficients a, b and c for all neutral atoms are tabulated in the

International Tables for Crystallography (ITC) [195].

However, the Zi� fi(~k)
k2 term in the impact scattering formalism is very similar

to the Mott-Bethe formula for the electron form factor (up to a constant) [196],

which is intuitively the more appropriate choice of form factor to use in sim-

ulations. This is given by

f Mott-Bethe
e (~k) µ

Zatom � f X(~k)
k2 (10.9)

where Zatom is the atomic number and f X(~k) is the X-ray scattering form

factor for the corresponding atom. Recall that we need to account for nuclear

screening and charge transfer (similar argument as the attempt by Nicholls

et al. discussed in Eq. (10.6)). Thus, instead of Eq. (10.6), we re-write Zi� fi(~k)
k2

to resemble the Mott-Bethe form factor

Zatom � f X(~k)
k2 +

dZ
k2 (10.10)

where we have introduced a charge transfer term dZ = Zactual � Zatom due to

bonding. The first term describes the scattering of electrons off of the isolated

neutral atom, whilst the second can be seen as the long-range Coulomb inter-

actions that dominate at low momentum transfers. This term is deemed the

dipole contributions which is how Allen et al. [134] justifies using Eq. (10.10)

to describe the aloof beam mode. As k! 0, the X-ray form factor approaches

fX(~k = ~0) =
R h

r(~r)ei~k·~r
i
d3r = Zi such that the first term in Eq. (10.10) be-

comes undefined. Ibers showed in 1958 [197] that through a power series

expansion and taking the limit k! 0, this we get

fe(k! 0) =
4p2me2

3h2 Zhr2i (10.11)
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where hr2i is the mean-square radius of the atom. Similar to the X-ray form

factors, this can also be approximated by a Gaussian sum of the form

fe(k) =
4p2me2

3h2 Zhr2i =
5

Â
n=1

an exp (�bnk2
) (10.12)

where the coefficients are tabulated in the ITC (Volume C, Section 4.3).

Normally, the global constant c in Eq. (10.10) can be ignored as they can be

lumped into the scaling factor between experiment and theory. However, we

would like to compare the absolute intensity spectra between the quantum

impact scattering theory and our dipole theory, which makes it important to

determine c. There are several sight variations for this coefficient used in lit-

erature. The ITC presents this as 2pme2

h2e0
. Ibers [197] uses 8p2me2

h2 . Rez et al. [198]

uses me2

2h2 . Van Dyck et al. [199] uses me2

2ph2e0
. The loose usage of dimensionless

factors make it difficult to determine which expression to use. This is cleared

up by Spence and Zuo [200], which explicates that the terms electron scatter-

ing factor and atomic scattering factor (for electrons) are used interchangeably,

but only differ by a constant under the first-order Born approximation. In SI

units, the atomic scattering factor is what we want to use the Gaussians of

Eq. (10.12) to approximate with, and has the proper definition as

fe(k) =
mee2

8pe0h2
Zatom � f X(~k)

k2 . (10.13)

such that the SI units for fe(k) work out correctly as (Å). This is the quantity

that is relatable to the intensity of the scattered wave. This is further discussed

and endorsed in the comprehensive review by Peng [201]. Hence in our nu-

merical calculations, the first term in Eq. (10.10) is obtained through diving

Eq. (10.12) by c =
mee2

8pe0h2 .

Recall from Section 6.6 that this impact scattering formalism have been used

to describe the dipole scattering behaviour in the aloof beam mode. For ex-
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ample, similar to Dwyer, LJ Allen et al. [134] also treats the inelastic scattering

of electrons in terms of a potential that is related to the single phonon excita-

tion due to vibrational effects. However they do not explicitly treat a ’dipole’

potential, and the result contains the electron scattering factor Eq. (10.10). As

k ! 0, they attribute the diverging dZ
k2 term to be the dipole scattering term

that dominates.

10.1.3.1 Choice of static charge transfer dZ - Boron nitride

In this section, we explore the choice of dZ in Eq. (10.10) for the quantum

impact scattering theory by comparing using Mulliken charges against the

magnitude of mode effective charge vectors for boron nitride.

Cubic and hexagonal boron nitride are two widely studied polymorphs.

The convergence for hBN was discussed in Fig. 8.1 and similar numerical

specifications were used for cBN. Several authors have published experimen-

tal low loss EELS for BN in extensive studies in both impact and aloof con-

figurations [56, 202–204]. Nicholls et al. [48] published momentum-resolved

EELS for both hBN and cBN using the quantum impact scattering theory for

0 < |~k|  1.7Å�1 along the G� X (cBN) and G� K (hBN) phonon dispersion

path. As the momentum transfer is much larger than that sustained in the

aloof beam configuration, we focus on the quantum impact scattering theory.

In the numerical treatment of Eq. (5.17), recall that Nicholls et al. used the

X-ray atomic form factors (Eq. (10.6)) whilst we employed the electron form

factor. As the imparted momentum decreases, the dominant contribution in

the quantum impact theory comes from the charge transfer term in Eq. (10.10),

for which there are multiple ways to summarise the absolute charge on each

atom (via Mulliken, Hirshfeld charges etc.). Figure 10.2 displays the perfor-

mance of multiple static (phonon mode independent) charge transfers using

the quantum impact scattering theory for both hBN and cBN. Gaussian ap-
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proximations of the atomic form factor (AFF) with Mulliken charges (similar

to that employed by Nicholls et al.) show some discrepancies to the publica-

tion, which requires corrections. This is compared to utilising Gaussian ap-

proximations for the electron form factor (EFF), where we compare Mulliken

charges against mode effective charge vector magnitudes.
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Figure 10.2: Momentum resolved ultra-low loss EELS simulation of (top) hBN along

G� K and (bottom) cBN along G� X momentum resolved ultra-low loss

EELS spectra. The quantum impact scattering theory is used for all simu-

lations. Q denotes the magnitude of the imparted momentum. The exper-

imental data obtained by Nicholls et al. are presented with permission from the

authors and publisher. The experimental spectra are shown in green and

all plots are normalised.

As we approach the G point, the decrease in momentum compensation mag-

nitude in both hBN and cBN causes the separation of two distinct peaks in the

ultra-low loss energy spectrum. The EFF methods show an improvement in

raising the peak intensity at the lower energy compared to that using AFF for

values of momentum transfer above ⇠ 0.6Å�1. For completeness’ sake, we

also plot the effect of describing the static charge separation using Hirshfeld

and the average of the BEC trace in Appendix H.1. Since these are mode inde-

pendent, they alter the relative contributions each atom has on each mode by

the same amount, so the general shape of the energy loss curves are similar

(shown in Fig. H.0).

Peaks at energies below 50meV are cut-off in theoretical simulations, as they

can potentially be masked by the ZLP tail and thus indiscernible after back-

ground subtraction. Intuitively, long range dipole contributions should dom-

inate at G and the quantum impact theory becomes less physically sound. It

becomes invalid at exactly Q = 0Å�1 due to divergence and thus a simulated

spectrum using Q = 0.01Å�1 is manually picked to be practically compara-

ble with literature. The method used for charge transfer treatment result in

significant differences in the relative intensities, which is problematic as this

is choice can be quite arbitrary.
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For momentum resolved impact scattered EELS in bulk polar dielectrics,

phonon-polariton excitations are important in explaining unmatched peaks.

These quasiparticles arising from the coupling between optical phonon modes

occur in the dispersion diagram where the photon dispersion meets that of

the optical phonon branch. Polaritons are formed in order to avoid the cross-

ing between the two dispersion curves due to the non-crossing rule [205,206].

As a result, in a narrow energy range (the phonon reststrahlen band) the EM

wave cannot propagate and is hence confined. Polariton peaks can conglom-

erate with the pure vibrational peaks and hence appear to shift the peak po-

sitions. Li et al. recently performed aloof and bulk STEM EELS on both 10nm

thick and monolayer flakes of hBN and showed that when the beam is on

sample, hyperbolic phonon-polaritons can be excited with a momentum com-

pensation in the order of magnitudes circa 10�2Å�1� 10�1Å�1. Boron nitride

is a hyperbolic material because the parallel and perpendicular components

of the dielectric permittivity tensor with respect to the optic axis have differ-

ent signs. Since all |~k| values are well within the excitable impact scattering

range, hyperbolic phonon-polaritons across the entire reststrahlen band can

be excited. On the other hand, the small momentum transfer available in aloof

mode disallows the probing of the entire band and hence phonon-polariton

excitations are less significant. Boron nitride also has very few distinct peaks

for a dependable, quantitative comparison between the impact and dipole

quantum theories and consequently, we attempt to do so by moving onto a

larger bulk crystral structure in Chapter 13.
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10.1.4 Debye-Waller factor

Debye-Waller factor first was introduced in Eq. (5.15). The space-time average

in the exponential numerator can be equivalently represented as [207]

T(~k) = exp
⇣
� 2p2

3

Â
j=n

3

Â
l=m

knUnmkm

⌘
(10.14)

where Unm are the mean-squared atomic displacement factors, which can be

calculated using CASTEP. Often in crystals, this is not isotropic so the DWF is

directionally k dependent. Since the eigenvectors and hence mean atomic dis-

placement depend on both temperature and wavevector, both must be taken

into account in calculations.

10.1.5 Molecular dipole positional vector

In the quantum dipole treatment of the DDCS, Equation (6.38) requires the

position vectors of each molecular dipole in the unit cell. The modern theory

of polarisation allows us to define the centre of charge

~r = hwn|~r |wni (10.15)

where |wni is the wannier function representation of band n. The wannier

function centred around ~R is the Fourier transform of a Bloch function, |yn~ki [186],

|wn~Ri =
Vcell
(2p)3

Z

BZ
ei~k·~R |yn~ki d3k, (10.16)

such that if the Bloch state is a smooth function in reciprocal space, the wan-

nier function would be a localised, quickly decaying function in real space.

Therefore, by employing softwares such as Wannier90 [208] to obtain the wan-
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nier basis for our molecules, we can find their centre of charge positional

vectors using Eq. (10.15). However, for the purposes of our calculations, we

manually divide up the molecules into their own boxes and perform a single

point calculation. This allows us to obtain the positional vectors of the centre

of positive and negative charges using CASTEP. Their average vector is then

used as the approximate for the point dipole position. This vector is mode-

independent and hence will not affect the relative mode contributions, which

is our main point of concern but the method of calculating the centre of charge

using the wannier basis can be used in the future for further refinement of the

code.
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M O L E C U L A R C RY S TA L S W I T H E X P E R I M E N TA L E E L S

We now focus on specific crystals to consolidate the theoretical work in Part II

and numerical methods in Part III by evaluating the DDCS for numerous

molecular and bulk crystals using both the semi-classical and quantum treat-

ments.

11.1 b-guanine

We return our attention to the guanine crystals first introduced in Chapter 2,

for which there is ultra-low loss EELS data. b� guanine crystallises in the

monoclinic P1121/b space group. Rez et al. [54] extracted, purified anhydrous

guanine from Japanese Koi fish and performed aloof beam EELS at several im-

pact parameters in the range of 10� 250nm. The e-beam (in vacuum) travelled

parallel to the (100) crystal axis, such that most of the momentum transfer oc-

curred in the plane of the crystal perpendicular to the beam direction. They

have also performed IR absorption spectroscopy on the same sample show-

ing close agreement, thus successfully demonstrating the similarities between

IR and EELS. In beam sensitive specimens such as this, damage avoidance

means restricting the electron beam’s impact parameter and hence limiting

spatial resolution. Guanine is a good candidate to compare the semi-classical

and quantum theories due to the wide range of bond types, both intra and

inter-molecular.

The structure of anhydrous biogenic guanine was believed to be the a

polymorph until 2015, when Hirsch et al. [209] demonstrated, via X-ray and

electron diffraction data that their proposed and synthesised b-polymorph

matched that of naturally occurring biogenic samples. The structure, visu-
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alised in Fig. 11.1, shows the stacking behaviour along the a lattice vector.

This is also the direction parallel to the experimental e-beam.

Geometry optimisation and convergence tests were performed with PBE+TS

(Appendix G for details) such that for subsequent phonon calculations, a

plane wave cut-off of 1200eV and a k-spacing of 0.1Å�1 were used, with force

and energy tolerances of 2⇥ 10�3eVÅ�1 and 0.22⇥ 10�9eV respectively. This

gave the following lattice parameters: a = 3.50Å, b = 9.70Å, c = 18.47Å and

g = 118.52�. These lattice parameters are within 3% of those reported by their

original proposers [209].

Figure 11.1: b-guanine unit cell structure visualised in VESTA. Hydrogens, are shown
in white, nitrogen in blue, oxygen in red and carbon in brown. The
electron beam orientation in Rez et al.’s aloof beam experiment [54] is
along the lattice a-vector.
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11.1.1 Semi-classical result

We first aim to reproduce the semi-classical ultra-low loss EELS for b-guanine

that have been performed by Radtke et al. [55], thus G06 or the Grimme dis-

persion correction [210] is chosen to accompany the PBE functional . First, we

plot the real and imaginary components of the low-frequency dielectric tensor

(Eq. (4.44)) in Fig. 11.2. Recall that the eigenvectors ~e output by CASTEP sat-

isfy the orthonormality condition but the mode oscillator strengths (Eq. (4.44))

require the displacement vectors, ~u, thus care must be taken to make sure to

use ~ep
m . We also employ a similar line broadening parameter Gm = 4cm�1 as

that of Radtke et al., such that the dielectric tensor is actually

ea,b(w) = ea,b +
4p

W0
Â
m

Sm,a,b

w2
m � (w + iGm)2 . (11.1)

Natural line broadening comes from intrinsic effects in the absorption or emis-

sion process. A vibrational mode with some finite lifetime Dt has an uncer-

tainty in energy due to the uncertainty principle, which manifests in a spread

of the peak energy. Thermal motions of the atoms can also contribute to

broadening [211, 212].
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Figure 11.2: Trace of the real and imaginary components of the dielectric tensor for
b�guanine with respect to vibrational frequency.

b�guanine belongs to a centrosymmetric point group. This means that

it contains an inversion centre and that inversion is a symmetry element of

its space group. A powerful consequence of group theory dictates that the

Raman and IR active modes are mutually exclusive [213]. Since only phonon

modes that can generate a macroscopic polarisation can provide non-zero con-

tributions to the mode oscillator strength (and hence in the dielectric tensor)

in Eq. (11.1), only IR modes will contribute to the final frequency dependent

energy loss. This also explains why the experimental IR and EELS spectra

by Rez et al. look very similar. A qualitative way of explaining this com-

plementarity arises from the electronic characterisation of the vibration. For

example if a bond is already strongly polarised, a small change in its length

during vibration will only have a very small (negligible) effect on the polarisa-

tion. Thus vibrations involving polar bonds in crystals of high symmetry are

weak Raman scatterers. However, polarised bonds will carry their electron

clouds during vibrations, hence resulting in large dipole moments and strong

IR absorption. Conversely, neutral bonds (such as the C-C bond) have large
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changes in polarisability during vibrations, but the dipole moment is not as

affected, making the mode a strong Raman scatterer.

11.1.1.1 Calculation of b�guanine ultra-low loss EELS spectrum

Now that the dielectric tensor is procured, we insert Eq. (11.1) into Eq. (4.34)

to obtain the polarisability tensor, where only the imaginary component of the

contributes to the energy lost by the electron through vibrational excitation.

Finally then we can plot the energy loss probability (Eq. (4.39)) to produce the

ultra-low loss EELS spectrum comparable to experiment, shown in Fig. 11.3.

This figure contains two simulated spectra corresponding to two different

relative orientations between the beam and crystal.
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Figure 11.3: (Top) Semi-classical b-guanine simulated energy loss spectra vs experi-
ment (labelled Eloss literature). This is done for two different relative
orientations between the beam and sample geometry. Lorentzian smear-
ing with a FWHM of 5meV has been applied and the mode oscillator
strength intensities are shown in blue. Experimental spectrum is credited
to Professor Peter Rez and Katia March, for an aloof beam at impact parame-
ter b ⇠ 30nm. (Bottom) Figure 3 of publication by Radtke et al., with
permission granted for usage [55]
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In a real experiment, instrumental broadening must also be accounted for,

which is usually taken as the convolution of the spectrum profile and the

instrumental profile. We employ the same Lorentzian smearing as Radtke et

al., with a full width at half maximum of G = 5meV. This is a function of the

form
1
p

G
2

(x� x0)2 + (
G
2 )

2
(11.2)

centred at peak x0. Since the e-beam is perpendicular to the crystal bc-plane,

the difference between the spectrum labelled ? b and c directions denote

whether the beam is at an impact parameter distance away from the ac-plane

or ab plane respectively (see Fig. 11.1) for reference.

The results published by Radtke et al. is also presented in Fig. 11.3 and

shows a similar overall trend to our simulations. However, there is a signif-

icant difference between the relative intensities of the NH2 stretches at the

largest experimental peak around 200meV, and the high frequency hydrogen

dominated stretches above 300meV. In attempt to determine if the discrep-

ancies arise from the DFT calculations, the calculations are redone in QUAN-

TUM ESPRESSO with the exact same inputs as those used by Radtke et al..

The results are presented in Appendix G.0.1, and do not show any discern-

able differences to that of Fig. 11.3. It is likely the differences come from

post processing procedures such as the Lorentzian smearing process, but the

mode oscillator strengths in Fig. 11.3 clearly show that the largest contribu-

tions should come from the hydrogen vibrations at high frequencies (and

match that of Radtke’s results), which should be reflected in the energy loss

spectrum. This gives credibility to the appearance of our simulated spectrum

in Fig. 11.3.

The experimental spectrum in Fig. 11.3 appears to resemble a mixture of the

signals from the beam b and c directions. This is reasonable because in a real

experiment, the e-beam passing perpendicular to the bc-plane should probe
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an amalgamation of signals from momentum vector transfers along directions

not only parallel to the b or c lattice vectors, but a linear combination~kimpart =

hb̂+ lĉ for constants h and l. This is because contributions from molecules at

different parts of the crystal have different relative orientations to the electron

beam, so that the alignment is not exactly perpendicular to a single lattice

vector. For example, if the beam is ? the b lattice vector, as we travel along

the edge the crystal towards ’infinity’, contributions from the far edges will

approach the setup where the beam is ? the lattice c-direction. This effect

will of course decay with distance so the majority of the contributions still

come from the direction ? ~b. In addition, it is possible for the crystal to be

non ideal, composed of crystallites and thus regions twisted relative to each

other.

As shown in Fig. 11.3, the NH2 stretch modes give the highest peak experi-

mentally around 200meV. For comparison with theory, this peak is not scaled

exactly to that of the simulated spectra due to the background tail from the

elastically scattered electrons near the ZLP. We make a crude approximation

to estimate the reduction of this maximum peak by taking the difference be-

tween a windowed average of the regions just before and after this largest

experimental peak. This difference is the amount by which simulations are

shifted downward by, and the same method is used for comparisons against

quantum theories later.

In reality, the electron does indeed impart momentum onto the system such

that we can improve on the approximation e(~k = 0) by evaluating the dielec-

tric tensor along the corresponding direction k̂ using [65]

eq̂(w) =

0

BBBB@

k̂1

k̂2

k̂3

1

CCCCA

 
e(w)

0

BBBB@

k̂1

k̂2

k̂3

1

CCCCA

!T

(11.3)
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where e(w) is the low frequency dielectric tensor presented in Eq. (4.44). The

momentum transfer occurs along the directions parallel (along lattice a-vector)

and perpendicular to the electron’s travel. Thus in the case for an electron

beam perpendicular to the lattice b-vector, k̂ is expressed as the unit vector
[~a +~b (and similarly k̂ = [~a +~c when the beam is perpendicular to the c-vector).

With this amendment, the energy-loss spectra in Fig. 11.3 are re-evaluated

in Fig. 11.4, a visibly alters the relative intensities especially in the high fre-

quency region above 300meV. Relative intensity differences between the cases

for the electron perpendicular to the b and c directions are now much more

pronounced, highlighting the importance of the imparted momentum direc-

tionality. In the referenced experiment performed by Rez et al. [54], the fast

electron travels along the stacking lattice a-direction, perpendicular to the bc-

plane. However, realistically the beam should be perpendicular to a linear

combination of the b and c directions, because there are always aloof contri-

butions from parts of the crystal far away from the beam. Thus, as a crude

approximation, a sum both directions is plotted in red, also normalised to the

experimental spectrum.
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Figure 11.4: The same treatment as Fig. 11.3 including a momentum transfer depen-
dence to the dielectric tensor, e(k̂, w). The sum of simulated spectra for
cases where the beam is ? to the b and c directions is plotted in red.

This sum shows improved relative intensity predictions compared to the

individual directional-dependent plots, because the momentum contributions

are complementary to each other. This practice of summing over the energy

loss spectra over several directions is due to the reduced resolution from the

aloof beam experiment, whereby long-range dipole interactions from parts of

the sample with various orientation to the beam cannot be ignored, and this

fact is re-emphasised in the subsequent quantum simulations.

11.1.2 Quantum impact scattering vs quantum dipole theory result

Although the momentum transfer wavevector is small, it is not negligible and

cannot be set to~k =~0 in the quantum theories of DDCS due to the divergence

in Eq. (5.17) and Eq. (6.38). For a 60keV electron beam at an energy loss of

⇠ 200meV (order of magnitude of vibrational modes), the magnitude of the

longitudinal momentum transfer along the electron’s direction of travel is kl =
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w
ve
⇠ 10�4Å�1, where ve is the electron velocity. The perpendicular component

of momentum transfer is typically much larger and for the purposes of our

simulations, we treat this on the order of 10�3Å�1, an order of magnitude

larger [214]. For both impact and dipole methods, if the momentum transfer

~k is directed along the lattice c-axis, we will label this in the future plots as

? c�axis, denoting that the e-beam is perpendicular to the direction of~k. In

the phonon calculation, the phonon k�point in CASTEP is specified by the

coefficients of the reciprocal lattice vectors. For example for b-guanine, the

lattice c-vector is given by [0, 0, 18.47]Å and the corresponding reciprocal~c⇤ =

[0, 0, 0.34]. Thus it is sufficient to pick the k�point (0, 0, 2.9⇥ 10�3) in order

to obtain a ~k = [0, 0, 10�3], parallel to the lattice c�axis. More generally, for

lattice vectors ai, bi and ci with the reciprocal vectors a⇤i , b⇤i and c⇤i respectively,

the linear combination aa⇤i + bb⇤i + gc⇤i can be made parallel to any of the unit

cell lattice vectors (e.g. take ai) and the coefficients can be ascertained via

0

BBBB@

a

b

g

1

CCCCA
=

0

BBBB@

a⇤1 b⇤1 c⇤1

a⇤2 b⇤2 c⇤2

a⇤3 b⇤3 c⇤3

1

CCCCA

�10

BBBB@

a1

a2

a3

1

CCCCA
. (11.4)

In the case of the quantum impact scattering method (which from now on

we refer simply as the monopole method) there are several candidates for the

charge transfer dZ in Eq. (10.10), and the method chosen here is the mode-

independent Mulliken charges.

Simulations of both monopole and dipole theories are presented in Fig. 11.5,

where the former is scaled to the latter, and the dipole spectrum is scaled to

experiment on the top figure. This confirms the intuition that the dipole scat-

tering dominates over the monopole in the case of the aloof beam EELS, with

very low momenta transfer. This is evident from the µ 1
k4 relationship in

the quantum DDCS equations (Eq. (5.17) and Eq. (6.38)). Increasing |~k| corre-
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sponds to transitioning into the impact scattering regime, where the gaussian

sum term in the electron form factor (Eq. (10.10)) dominates over the long

range Coulomb contribution.
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Figure 11.5: (Top) Quantum impact and dipole scattering simulations compared to

experiment for b�guanine ultra-low loss EELS. Experimental spectrum is

credited the same as that of Fig. 11.3. (Middle) Decomposing simulated

total monopole spectrum into momentum imparted components along

different lattice vector directions. (Bottom) Similar to middle figure, but

decomposition of simulated total dipole spectrum.

The total energy loss (solid lines) are the sums of spectra calculated for

momenta transfers along the b and c lattice vectors, which corresponds to

the electron beam being perpendicular to the b and c axis respectively to

match the semi-classical orientation nomenclature. The decomposition of the

total energy loss for the monopole and dipole spectra are displayed in the

middle and bottom figures of Fig. 11.5 respectively. As an example, if the b

lattice unit vector was b̂ = [0, 1, 0], then the k-point for this phonon calculation

will be performed at 10�3b̂. More sophisticated methods of averaging over

different k�vectors such as including momentum transfers in between the ~b

and ~c can be done, but the proof of concept in Fig. 11.5 shows that with the

given experimental reference, quantum theories do indeed demonstrate better

relative intensities than the semi-classical method.

11.1.3 Role of dispersion correction

Dispersion corrections play a major role in the theoretical simulations of

phonon eigenvalues, relative intensities of the dielectric tensor, and hence con-

tribute to the mismatch between experimental and simulated EELS spectra.

This was demonstrated earlier in the benchmark tests of Part III. Figure 11.6

displays the range over which different dispersions can shift the peaks in the

dielectric tensor (and hence phonon modes). The shift in frequencies is not
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linear, becoming more apparent at higher frequencies. This shift is on the

order of magnitude of matched peak differences between simulation and ex-

periments. A poor DFT calculation can even lead to the merging/masking of

important peaks.

Figure 11.6: Trace of (top) real and (bottom) imaginary dielectric tensors for five dis-
persion corrected PBE calculations for b-guanine.

11.1.4 A note on thermal corrections

Alongside dispersion corrections, another factor contributing towards dis-

agreements with observed vibrational frequencies not considered in our mod-

els is the lack of vibrational anharmonicity corrections. This problem is

caused by deviations from the harmonic oscillator model when solving the

dynamical matrix. The deviations can be minor in the case where the po-

tential around equilibrium is deep and thus follow a well behaved harmonic

behaviour, such as high frequency stretches [215]. It is more common for an-

harmonic effects to manifest low-frequency vibrations where where the poten-
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tial is more Morse like. However, the low frequency stretches of b�guanine

are not well resolved experimentally, so we persevere with the harmonic ap-

proximation.

As a sanity check, we now perform some calculations to investigate anhar-

monic effects to confirm their negligible consequences. The harmonic poten-

tial is symmetric, such that all average atomic positions are at their equilib-

rium positions. This leads to vanishing thermal expansion coefficients at all

temperatures, therefore anharmonic corrections are crucial to describe ther-

mal effects. To do this, the quasi-harmonic approximation is often employed

where phonon-phonon coupling is ignored. Since experiments are not near

the melting point and the structure is stable at 0K, the quasi-harmonic approx-

imation should work well. Molecular dynamics simulations can be used to go

beyond this approximation but is outside the scope of this work. Phonon fre-

quencies can change with unit cell expansions/contractions at different tem-

peratures. This is manifested in third order derivatives of the potential and

related to the Grüneisen parameters [216–218]. One popular way to define

this is [219]

g~ks = �
∂ln(ws(~k))

∂ln(V)
, (11.5)

which describe the anharmonicity of each phonon branch s through the vol-

ume dependence of the vibrational frequencies. To compute this parameter,

the unit cell is manually contracted and expanded by 1% from equilibrium.

A geometry optimisation is re-performed with fixed cell lattice parameters so

that the atoms are fully relaxed before performing the phonon calculations.

The finite difference method can then be used to approximate Eq. (11.5) for

each vibrational mode.

Figure 11.7 show the microscopic/phonon-mode Grüneisen parameters cal-

culated for the spectrum ? b�axis from Fig. 11.5 with respect to angular
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frequency. As expected from previous arguments, the parameters with larger

magnitudes occur at the lower frequency range. Post-processing analyses

showed that some modes were reordered between the different runs with vol-

ume expansion/contraction, and these were corrected for.

Figure 11.7: Color coded scatter plot of b�guanine Grüneisen parameters at ~k =

[0, 10�3, 0].

Intuitively, Grüneisen parameters are generally expected to be positive be-

cause an increase in cell volume should lead to a relaxation, and a reduction

of bond force constants, hence a decrease of phonon frequencies. This is gen-

erally the case but out of the 192 phonon branches, 42 were negative. Studies

involving negative Grüneisen parameters are often in the context of materials

exhibiting negative thermal expansions [220]. Atoms populating an anhar-

monic potential will typically attain higher equilibrium separation distances

with increasing temperature, leading to volume expansion. However, materi-

als (such as perovskites) can sustain phonon modes that majorly contributes

to the thermal expansion which cause a reduction in volume. The negative

Grüneisen parameters in the case of b-guanine have simpler origins, whereby

despite relaxing the unit cell at a larger volumes, there are contractions of
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bond lengths. As the volume expands and the molecules become further

apart, the long-range attractive forces are weakened and thus can result in the

shortening of single molecule intramolecular bond lengths. A further analy-

sis revealed that for all the modes with negative Grüneisen parameters, the

major contributing bond vibrations are intra-molecular. The negative modes

ws < 1000 corresponding to the bending and stretching of intramolecular

C � N, C �O and C � N bonds contain a mix of stretched and contracted

bond lengths, whilst all modes ws > 2500 with negative g~ks are dominated

by intramolecular hydrogen stretching modes with contracted bond lengths.

Anharmonic effects can be more tangibly and quantitatively determine by

computing the related macroscopic quantity; the volumetric thermal expan-

sion coefficient [221],

aV,~k(T) =
Âs g~ks(T)CV(ws, T)

BTV
, (11.6)

where CV is the mode specific heat

CV(ws, T) = kB
�}ws

kBT
�2 exp (

}ws
kBT )

[exp (
}ws
kBT )� 1]2

, (11.7)

BT the bulk modulus, a property related to the second derivative of the total

internal energy E at equilibrium ground state,

BT = �V
� ∂P

∂V
�
|T = V

� ∂2E
∂V2

�
|T. (11.8)

Cv must be converted to eV/K so that dimensional analysis ensures the con-

gruity in the units for volumetric thermal expansion coefficients, [aV,~k(T)] !
eVK�1

[eVÅ�3][Å3]
=

1
K . Typically at a specific temperature, the total energy is fitted

to the lattice constant using the Birch–Murnaghan equation of state [222, 223]

so that BT can be related to the stiffness coefficients relating to each lattice pa-

146



11.1 b-guanine

rameter. However for our purposes BT can be approximated using the same

numerical procedure as that of the Grüneisen parameters in Eq. (11.5). The

cell is manually expanded (and contracted) by 1,3 and 5 % of the original

volume. One can use the Birch-Murnaghan equation of state [224] to fit the

total energy as a function of volume, but we simplify this by using a second

order polynomial, such that the curvature is used to estimate ∂2E
∂V2 . This es-

timate will also not investigate the temperature dependence of BT as this is

beyond the quasiharmonic limit. Figure 11.8 presents the estimate for BT as

well as av(T). The volumetric thermal expansion coefficients are very small,

such that volumes are effected on the order of ⇠ 10�5. At low temperatures,

a dips below zero and these small negative values are attributed to be due to

numerical noise from the low frequency modes previously seen in Fig. 11.7.

As expected, contributions of the negative Grüneisen parameters in Fig. 11.7

do not result in negative thermal expansion at low temperatures, suggesting

that the molecular crystal will exhibit normal expansion behaviours with in-

creasing temperature.
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Figure 11.8: (Top) Quadratic fit of total energy with respect to unit cell volume such
that bulk modulus is related to the curvature and (Bottom) temperature
dependence of volumetric thermal expansion coefficient.
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D I F F E R E N T I AT I N G M O L E C U L A R C RY S TA L

P O LY M O R P H S W I T H Q U A N T U M D I P O L E T H E O RY

So far, we have built and discussed the framework of the quantum approach

to ultra-low loss EELS, performed case studies of acquiring material specific

properties using DFT and showed the improvement of the quantum theo-

ries over the semi-classical for b�guanine. In this chapter we bring these

together to test the quantum theories’ performance against experiment on

Quinacridone, as well as make predictions on other molecular crystals for

potential future work. To make the process more straightforward, we pick

materials that are easy to work and have easily distinguishable polymorphs

to test such that the results can provide the bedrock for further improvements

to the theory.

12.1 quinacridone

Quinacridone is a pigment with several polymorphs that exhibit different vi-

brant colours. They are widely used in the art and automobile industry, in

the production of paint that is resistance to high temperature and bad weather

conditions. They can also be used in organic semiconductors for OLED dis-

plays [225] Organic dyes are also environmentally friendly compared to their

inorganic counterparts.
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Figure 12.1: Unit cells of (top) g and (bottom) b quinacridone, visualised using
VESTA. Hydrogens are denoted in white, oxygen in red, nitrogen in blue
and carbon in brown.

The two quinacridone polymorphs of interest here are the b and g variants,

which are both very stable at standard temperature pressure, and can be pur-

chased commercially. The molecules in the b polymorph are connected to

neighbouring molecules via two hydrogen-bonds, and stack along the lattice

b vector, whilst the molecules of the g polymorph form a criss-cross motif.

Proper characterisation of the polymorphs is an important stepping stone to

understand the conditions needed for their performance in organic electronics.
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These have been distinguished (bulk) experimentally through non-destructive

techniques such as IR and Raman [226]. Gorelik et al. [227] performed elec-

tron diffraction experiments to obtain the crystal structure, and beam damage

was minimised by systematically moving the electron beam during the mea-

surements so that signals come from clean parts of the sample. The pigments,

labelled Hostaperm Red Violet ER02 (b-variant) and Hostaperm Red E5B02

(g-variant), were provided by the manufacturer Clariant. Since the samples

were not grown in house, the quinacridone crystallites are of indeterminable,

mixed orientations. Therefore it is important to consider momentum trans-

fer along all lattice vector directions. Figure 12.2 shows the quantum dipole

scattering theory evaluated for both quinacridone polymorphs, where the mo-

mentum transfer of the inelastically scattered wave is evaluated along all three

lattice vectors with a magnitude of 10�3Å�1.
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Figure 12.2: Quantum dipole scattering theory applied to (top) b and (bottom) g-
quinacridone. The solid line is the sum of spectra (dashed) calculated
for electron beam perpendicular to the a, b and c lattice vectors (hence
parallel to the momentum transfers ~k). Lorentzian smearing of 5meV is
applied.
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The optical modes in the vicinity of 200meV are distinctly distinguishable

for a beam ? b�axis, for which there are three distinct peaks for the g variant

and one for b. However, this will unlikely be visibly distinct in experiment

if the crystal orientation with respect to the beam is unknown/mixed. A

sum over different relative alignments is performed and shows that this area

around 200meV may be difficult to distinguish in the EELS spectrum. On

the other hand, in the high frequency vibration region (⇠ 400meV), there is a

clear distinction between the two polymorphs in the case where the signal is

summed over all directions. There is one lattice direction that contributes to

the majority of the sum in each case. For the major peak at ⇠ 400meV (with

a small shoulder contributing from the peak ⇠ 390meV) in the b variant, the

major contributor is that from the ? a-axis, while the major peak at 380meV

in the g variant is ascribed to the ? c-axis. This is rationalised by referencing

the unit cell geometries in Fig. 12.1. The majority of the intramolecular N-H

and C-H bonds for b-quinacridone are well aligned with the a-axis, and thus

a momentum transfer~k parallel to this axis will couple well (large dot product

overlap) to their stretching mode eigenvectors. Similarly for g-quinacridone,

the same bonds are well aligned with the c-axis.

Since they are theoretically distinguishable, we turn to the experimental

challenges of first establishing that they are of the correct morphology, before

performing ultra-low loss STEM EELS experiments for comparisons.

Before any ultra-low loss EELS can be done, we need to perform TEM

imaging on these powders to confirm that the crystallites are thin enough to

obtain a discernible signal (according to the materials’ safety data sheet, the

particle size is 5.8µm).
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12.1.1 Crystal characterisation

We will also use Powder X-ray diffraction to confirm that the bulk behaviour

matches that of literature. These were performed on the Rigaku SmartLab

Diffractometer stationed at the Rex Richards Building, Department of Materi-

als. Each measurement comprised of a 20 minute scan over the desired angu-

lar range, in flat-plate geometry. CuKa illuminating radiation (l = 1.5406Å)

was generated at ambient pressure and temperature.

X-ray diffraction analysis is an elastic scattering method to determine the

bulk structure of the material. X-rays illuminated onto a sample produces con-

structive interference at conditions satisfying Bragg’s law nl = 2d sin(q) [228],

for integer n, lattice spacing d and grazing angle q. In a powdered material,

the orientations of the crystallites are random. Therefore, by scanning a range

of angles (2q), all plausible lattice diffractions can be obtained. Intensity peaks

occur at angle q when the lattice spacings d are suitable to diffract X-rays. This

can provide the bulk behaviour of the crystal.

The powdered pigments from Clariant are used without any modifications.

Their XRD analysis are performed for the 2q range over 5-60� for both poly-

morphs. The theoretical XRD spectra are generated using CrystalDiffract (and

CrystalMaker), using the fully relaxed unit cells provided by the CCDC. The

identifiers for the b and g polymorphs are QNACRD07 and QNACRD08 re-

spectively as specified by Salzillo et al. [225]. These comparisons are shown in

Fig. 12.3 and Fig. 12.4.
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Figure 12.3: (Left) Simulated vs experimental XRD spectrum for Hostaperm Red
E5B02 powder, corresponding to the g polymorph and (right) an image
of the powder. The powder X-ray spectroscopy experiments were performed by
and credited to John Cattermull and myself.
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Figure 12.4: (Left) Simulated vs experimental XRD spectrum for Hostaperm Red Vio-
let ER02 powder, corresponding to the b polymorph and (right) and an
image of the powder.

The experimental peaks have been systematically shifted (⇠ 3�) such that

the largest peak near 5� are aligned to simulations. Systematic shifts can

occur from several reasons. For example, specimen displacement errors [229]
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occur if the surface of the sample is not flat enough such that it does not

coincide with the surface of the sample holder. This will affect the position at

which the diverging X-ray beam hits the sample, leading to systematic shifts

of the whole spectrum. Any strain/compression in the sample also produces

systematic shifts through distortions of the unit cell lattice parameters. If the

grains of the sample are not randomly orientated, systematic redistributions

in the diffraction peak intensities can occur by a preferred orientation of the

crystallites. However, the experimental spectra for both b and g quinacridone

fit that of the simulations very well, as backed up by the XRD experiments

performed by Squires et al. [230].

There was an initial issue with the b-variant, violet powder in which the

experimental spectrum did not match that of the simulated spectrum from the

unit cell structure of QNACRD07 (suggested by Salzillo et al.). This is evident

from the large, missing peak coming from the 111̄ plane. This was solved by

using the QNACRD05 variant from the CCDC, also identified as the b variant

and offers a better match to experiment. The two deposited structures have

the same space group but have slightly different lattice parameters and spatial

arrangements which gives rise to the difference in their simulated spectra.

Now that the bulk spectra have been corroborated, we need to confirm that

the microscopic crystallites are thin enough to perform (S)TEM and are of the

correct unit cell structure. This is important as the crystallites are the parts

upon which the ultra-low loss EELS experiments will be performed so it is

vital to obtain a proper electron diffraction pattern. The instruments involved

are the JEOL JEM-2100 and JEM ARM200CF, both based at the David Cock-

ayne Centre for Electron Microscopy at the University of Oxford, Department

of Materials. The quinacridone powders are held in either lacey carbon films

on Copper or Gold TEM grids provided by Agar Scientific. Sample prepara-

tion was performed by Ruomu Zhang, Alex Sheader and myself. Figure 12.5 shows
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the TEM image of the Hostaperm Violet powder. Images of the red powder

are very similar. The grains are composed of crystallites that overlap but are

thin enough to produce a reasonable electron diffraction pattern, especially

around the edges.

Figure 12.5: TEM images of Hostaperm Red Violet ER02 powder captured using the
JEOL JEM-2100. TEM experiments were performed by and credited to Ruomu
Zhang.

Electron irradiation damage is a major contributor in limiting high resolu-

tion TEM analyses. These can be separated into elastic and inelastic regimes [231].

For a high energy electron beam, elastic scattering can cause atomic displace-

ments, creating defects and breaking down the crystallinity. More severe cases

of these knock-on effects result in the ejection of atoms, leaving behind vacan-

cies. At the fixed settings of the microscope (200kV), beam damage via this

knock-on effect is very apparent and occurs rapidly. The sample rapidly dete-

riorates and visibly ‘moves’ when illuminated with the beam, and within sec-

onds the electron diffraction pattern go from crystalline to ring-like. A ring

pattern is formed due to either the material being polycrystalline or amor-

phous, where the diffracting planes are randomly oriented in different direc-

tions. The main culprit for organic compound degradation in the inelastic

regime is radiolysis. This occurs when the incident beam irreversibly cause

electronic excitations and break chemical bonds. It also causes heating and

charging effects, leading to secondary emissions, mass loss and further struc-
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tural damage. This culminates in the observed fading of spots in the electron

diffraction pattern.

Using a very high incident energy results in more elastic knock-on damage.

Reducing the energy requires a longer exposure time needed to adequately

record the needed information, leading to more inelastic scattering damages.

Thus, there is a trade off and it is not enough just to reduce the incident

irradiation beam energy. Thus, the best solution here is to limit to dose onto

the specimen by maximising the beam size and minimising the aperture of

the electron microscope to decelerate the rate of damage until a reasonable

diffraction image can be taken.

With the limited information we have on the powders, it was difficult to

identify specific zone axes in the diffraction experiment. A zone axis is a

direction parallel to the intersection of crystallographic planes. To substanti-

ate the unit cell structure of our powdered samples, we need to match two

reciprocal lattice vectors (by finding the appropriate Bragg spots and the ~G-

vector connecting them) and their intersecting angle between the experimental

diffraction pattern and the simulated diffraction pattern (of a single crystal)

of quinacridone using CrystalDiffract. Since the zone-axis is unknown, we

manually search around the stereogram until a good fit is found. The results

for the red and violet Hostaperm powders are presented in Fig. 12.6.

158



12.1 quinacridone

Figure 12.6: Matching two reciprocal lattice vectors and an angle between the experi-
mental and simulated electron diffraction patterns. (Top) g-quinacridone:
The labelled variables in the experimental electron diffraction pattern
(left) are a=0.24, b=0.38, c=0.21, d=0.24 (Å�1), x=96, y=62 (�) and (right)
a=0.26, b=0.39, c=0.21, d=0.29 (Å�1), x=97 and y=62 (�). (Bottom) b-
quinacridone: The labelled variables are (left) a=0.22, b=0.11, c=0.22,
d=0.11 (Å�1), x=72 and y=70 (�) and (right) a=0.17, b=0.08 (Å�1) and
x=70�. Experimental diffraction patterns were performed by and credited to
Ruomu Zhang.
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The g polymorph produced a good diffraction pattern, where bright Bragg

spots have their corresponding mirror image through the central bright spot.

This means it is well aligned with a zone axis. The b-polymorph diffraction

pattern on the other hand, was more difficult to identify due to the polycrys-

talline character of the pattern. Therefore we’ve identified two identical sets

of vectors and their corresponding enclosed angle, which corresponds to the

same crystal planes producing diffraction spots that are rotated around the

zone-axis.

Finally, we would like to confirm there are no impurities from the manufac-

turing process. We have performed STEM core-loss EELS experiments on the

JEM ARM200CF in attempt determine the elemental composition. However

this was not successful in giving a clear signal of any element besides the Car-

bon K-edge. This is likely because the sample was likely to be already very

burnt by the time the EELS signal was acquired and therefore the only visible

signal was due to sample damage, or the build up of contamination. Another

possibility is that the dosage was too low which prevented higher energy tran-

sitions corresponding to the Nitrogen and Oxygen K-edges. Another method

of determining the chemical composition is through energy-dispersive X-ray

spectroscopy (EDX) (also referred to as EDX or EDXS), which was also avail-

able to perform on JEM ARM200CF. This is a characterisation technique that is

used for spatial elemental analyses. Upon impact, inner shell electrons ejected

from the sample by the incident electron beam leave behind holes, which are

then filled by higher energy state electrons. This then emits X-rays whose

energies are fingerprints of the specific element. Thus a STEM experiment is

able to establish a spatial map of elemental composition in a specific sample

area. The EDX mapping was performed using the hyperspy python module

and the results for both polymorphs are shown in Fig. 12.7. If the ejected

electron creates an initial vacancy in the K shell and the filler electron comes
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from the adjacent L shell, this is denoted by the Ka subscript. Similarly a filler

electron from two shells up (M shell) is denoted by Kb. The nomenclature fol-

lows naturally for La, Lb, etc. if the initial vacancy occurs in the L shell [232].

The red (purple) pigment was scattered on a lacey Copper (Gold) grid, which

explains the Cu (Au) associated peaks in its EDX spectrum. Throughout both

samples the main compounds identified are those belonging to the organic

molecule (H,C,N and O), but both also include silicon contamination. This is

very common in assembly processes, but their EDX peaks are much smaller

relative to that of the elements of interest, and are within the tolerance for

ultra-low loss EELS experiments to be performed.

Figure 12.7: (Top left) Red pigment EDX spectrum and its (top right) associated TEM
image. (Bottom left) Purple pigment EDX spectrum and its (bottom right)
associated TEM image. EDX experiments were performed by and credited to
Ruomu Zhang.
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12.1.2 Ultra-low Loss EELS experiments vs simulations

Ultra-low loss EELS experiments were conducted by Prof. Quentin Ramasse

(shadowed by Dr. Rebecca Nicholls and myself) on the Nion UltraSTEM100MC,

located at SuperSTEM, on SciTech Daresbury Science and Innovation Cam-

pus, Warrington, UK. All subsequent figures including experimental spectra

for quinacridone are therefore accredited to Prof. Ramasse, Dr. Nicholls and

myself. A 60keV convergent electron beam is employed with a 20 mrad collec-

tion, a 22 mrad convergence angle and a 1mm entrance aperture. The energy

resolution of the microscope is 8meV at minimum, which is ample to resolve

the desired vibrational features. The same powdered samples from the previ-

ous XRD, TEM and EDS experiments were used. Ordinarily, only background

subtraction is needed to separate the desired spectrum from the total EELS sig-

nal. However, during the time of experimentation there was an issue with the

microscope hardware, giving rise to a systematic ‘spectrum’ even from pure

vacuum signals. We circumvent this issue by taking the difference between

the background-subtracted EELS signal and that of a pure vacuum taken with-

out any sample nearby. As a result, the peak amplitudes below 100meV can

shift (up and down) substantially depending on the choice of ‘system signal’

subtraction. The crystallites also often ‘jump’ due to charging effects as the

beam approaches the sample, and these results are discarded.

Figure 12.8 compares the simulated quantum, semi-classical and experimen-

tal aloof beam ultra-low loss EELS for the two polymorphs of quinacridone.

A Lorentzian smearing of width 11meV is used for all simulations in order to

match the general shape of the experimental results and the only horizontal

shift in the entire plot occurs when the experimental spectra are aligned to

the simulations at the highest peak of ⇠ 193meV. Visually, we can identify

and match several peaks shown in the vertical dashed lines but it is diffi-
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cult to distinguish between the polymorphs experimentally in the energy loss

range up to ⇠ 200meV. The experimental shoulder at 182meV is more visibly

prominent in the g variant, and is reflected in the quantum simulations.

The quantum impact and dipole scattering curves are not normalised with

respect to each other, confirming the dominance of dipole contributions in

the aloof mode. The b variant dipole scattering introduces a major peak at

402meV, and the impact scattering further contributes a peak at 387meV, and

their combination explains the left shoulder in the experimental curve. The in-

dividual peaks are more difficult to discern for the g experiment, which could

be due to more experimental noise and system signal subtraction. Nonethe-

less, the relative positions of the highest peaks in this region clearly distin-

guishes the polymorphs, in both experiment and simulations. As shown pre-

viously in Fig. 11.6, dispersion corrections can greatly shift the phonon peak

energies up to 20meV, especially in the high frequency range. This can ex-

plain the slight misalignment between experimental EELS and simulation in

this energy range. However, there is another experimental issue with disper-

sion. In the EELS spectrometer, lenses are used to deflect and bin the incom-

ing scattered fast electrons according to their corresponding energy. The error

associated with this deflection process leads to a horizontal scaling factor (to

first order approximations) and hence adds another layer of complication for

matching the energy peak positions against simulations. Therefore, a Fourier-

transform infrared spectroscopy (FTIR) experiment to measure the infrared

absorbance of the two quinacridone powders was carried out in order to iden-

tify the severity of the deflection issue from the EELS experiment, also shown

in Fig. 12.8. This was performed on the NicoletTM iS20 FTIR Spectrometer,

located at the Rex Richards Building, University of Oxford.

This is because the peaks from the EELS and FTIR experiments should

match, corresponding the infrared active phonon modes. The baseline sub-
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traction for the FTIR spectra uses the method of asymmetric least square

smoothing proposed by P. Eilers and H. Boelens [233]. As a result, the FTIR

peak positions match that of the simulated peaks better, confirming that the

horizontal fast electron deflection issues in the EELS experiment do indeed

play a non-negligible role.

Since quinacridone crystallises with a monoclinic unit cell similar to the

previously studied b-guanine, the same semi-classical theory is used in the

semi-classical (SC) simulations in Fig. 12.8, whereby the relative orientation

between the beam and all 3-axes of the sample are summed. The SC theory

red-shifts the largest peak at ⇠ 193meV, and it also incorrectly suggests that

the two polymorphs should be distinguishable around 109meV due to their

large relative intensity difference.

As a result of increasing the Lorentzian smearing to 11meV, which better

describes the experimental resolution, the shoulder at ⇠ 200meV which was

more prominent in Fig. 12.2 becomes concealed in the smearing process for

the quantum theories. However, it is still present in the semi-classical simu-

lations at this smearing width and cannot be explained away as easily. This

shoulder is not present in the EELS experiment, but is visible in the FTIR spec-

trum due to the finer available energy resolution. According to Fig. 12.2, the

major momentum transfer contributors to this shoulder are that along the c

and a-axes for b and g-polymorphs respectively. It is also possible that signals

along these directions are more suppressed for the chosen crystallite.
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Figure 12.8: Experimental vs simulated ultra-low loss EELS for the b and g poly-
morphs of quinacridone. The experimental ‘Exp’ impact parameter for
the purple and red powders are 76 and 75nm respectively. ‘SC’ denotes
the semi-classical theory, and all simulations are summed over the cases
where the beam is perpendicular to all lattice vectors. A Lorentzian
broadening of FWHM=11meV is used in all simulations to match the ex-
perimental EELS resolution. FTIR experiments results are also displayed,
which were carried out and credited to Boruch Epstein and myself.

A spectral series showing the effects changing the electron beam impact

parameter is given in Fig. 12.10 for both polymorphs. The results show that

the spectral shapes are well preserved even for distances above 300nm. It is

interesting to note that the ratio of the intensities between the highest peak ⇠

193meV vs. the first distinctive peak ⇠ 93meV does not remain constant with

changing impact parameter b (for both variants). As the beam moves away
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from the sample edge, the former peak decreases at a faster rate compared

to that of the latter. However, according to Fig. 12.8, it is intuitive for the

impact theory to contribute less with increasing b, such that the peak⇠ 93meV

should decrease faster. Thus, it is important to consider the effect of impact

parameter on this apparent incongruity in future work.

Figure 12.10: Spectral series showing the effect of impact parameter ‘b’ on the aloof
spectra for (top) b and (bottom) g quinacridone.
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Finally, impact scattering experiments performed on sections of the sam-

ples thin enough to retain the energy resolution are scaled and compared to

that of the aloof case in Fig. 12.12. Albeit less strong, general features are

retained in the impact spectra. Interestingly for b-quinacridone, the exper-

imental shoulder at 387meV becomes more prominent relative to the major

peak at ⇠ 402meV. This is in agreement with an increased contribution from

the impact scattering theory in reference to Fig. 12.8. Similarly, an increase in

the monopole contribution for the g variant should result in a broadening of

this high frequency peak towards the right. Having said that, this is difficult

to discern experimentally, partly due to more difficulties with the erroneous

system spectrum.
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Figure 12.12: Comparisons of experimental impact and aloof energy losses for the
(top) b and (bottom) g polymorphs. No vertical scaling is performed.

12.1.3 Summary

We have successfully distinguished the vibrational signatures of b and g

quinacridone polymorphs using the quantum scattering theories, and com-
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pared them against the semi-classical results. The dipole theory dominates

over the impact in magnitude, offer better relative intensity predictions, and

their synergistic combination help explain experimental features that are not

fully present in one or the other. Relative intensities are well predicted and

peak positions lie within the margin of error caused by DFT dispersion cor-

rections. We have also demonstrated experimentally (in Fig. 12.12) that upon

impact scattering, the change in shape of the b-quinacridone energy loss spec-

tra at ⇠ 387meV can be explained theoretically by increasing in the quantum

impact contribution.

One major issue in the experiment was the system signal that pervades all

spectra, and was not exactly constant on different days. This introduced for

example peaks in the gain-area and an extended arch that stretches up to

⇠ 1eV. The culprit could be due to charging effects in one of NION’s many

apertures, such that the intensities of various features can change depending

on the apertures’ relative positions to each other.

There are several additional experiments that can be done. For example,

decreasing the collection and convergence angles can increase the fraction of

dipole scattered electrons near the G point. In aloof mode, shifting the aper-

ture away from the bright field beam such that more k = 0 contributions are

blocked out allows for the study of impact scattered electrons with less sam-

ple damage, and thus can help evaluate the validity of the impact scattering

theory.

12.2 pharmaceutical molecular crystals

It is desirable to identify the emergence of any unwanted polymorphs during

drug synthesis and production, as they can greatly impede the intended drug

functionality. Thus as a stepping stone towards achieving this goal, we con-
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tinue from the satisfactory proof of concept result for Quinacridone, and turn

our attention to distinguishing several pharmaceutical drug polymorphs in

the following sections by providing their theoretical ultra-low loss EELS spec-

tra. The Lorentzian smearing used from here onwards is set at a FWHM of

11meV to match the average experimental resolution of the NION microscope

from the previous quinacridone section.

12.2.1 Olanzapine

Olanzapine is widely used as an antipsychotic drug to treat schizophrenia

and other related disorders. There has been studies on the solid state char-

acterisation of olanzapine using IR and Raman and several anhydrous forms

have been discovered [234–238]. Here, we investigate forms I, II and IV with

corresponding unit cell data obtained from the CSD, with identifiers UNO-

GIN, UNOGIN04 and UNOGIN05 respectively. Their simulated vibrational

spectra are presented in Fig. 12.13. In attempt to distinguish the spectra, Form

I has a noticeable peak at 85meV which is not as present in the other two, and

the conspicuous dipole contribution to the peak at 174meV makes form IV

stand out. For potential future experiments, it will be interesting to test if

the peaks around 378meV becomes more apparent as the beam approaches to

the sample such that the impact scattering/monopole term contributes more

weight.
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Figure 12.13: Ultra-low loss EELS simulations using the quantum dipole and impact
scattering theories for olanzapine, where each spectrum is the cumula-
tive sum over momentum transfer along the three lattice vector direc-
tions with magnitude |k| = 0.001Å�1.

12.2.2 Pyrazinamide

Pyrazinamide is on the WHO Model List of Essential Medicines and is used to

treat tubercolosis. Studies have shown promising differences between the IR

spectra for the four known polymorphs, a, b, d and g [239–241]. The unit cell

informations are obtained from the CSD with identifiers PYRZIN, PYRZIN23,

PYRZIN16 and PYRZIN20 respectively and the calculated vibrational spectra

are shown in Figure 12.14. In the higher energy loss regime, polymorphs

a and d have their largest distinctive peak at 391meV, whilst b and g vari-

ants could potentially be distinguishable by their largest peak at 402.5 and

409.5meV respectively, although their difference falls just below the current

experimental resolution. The a polymorph can potentially be distinguished

from the d via a more dominant peak at 177meV.
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Figure 12.14: Ultra-low loss EELS simulations using the quantum dipole and impact
scattering theories for pyrazinamide, where each spectrum is the cu-
mulative sum over momentum transfer along the three lattice vector
directions with magnitude |k| = 0.001Å�1.
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13.1 boron subphosphate

B12P2 is a semiconductor material that crystallises in the rhombohedral space

group. It displays desirable properties such as high thermal stability and

radiation damage resistance. As the unit cell of B12P2 is uniaxial, the di-

electric tensor can be written as a purely diagonal matrix with components

e11 = e22 = e? and e33 = ek [242] where the lattice c�vector is the optic axis

as shown in Fig. 13.1. Its aloof beam ultra-low loss EELS spectra was studied

by Radtke et al. [243] experimentally and theoretically using the semi-classical

formalism calculated with QUANTUM ESPRESSO. Two orientations were in-

vestigated, with the electron beam parallel and perpendicular to the lattice

c�axis at an impact parameter of b ⇡ 10nm.

In this section, we simulate the ultra-low loss EELS spectrum for B12P2 us-

ing the semi-classical, quantum impact and dipole theories, with CASTEP as

the source of DFT parameters. Convergence testing in CASTEP using the

PBE functional resulted in an optimised monoclinic unit cell with lattice pa-

rameters c = 11.845Å and a = 5.990Å at a plane-wave cut-off of 1000eV and

a 8⇥ 8⇥ 8 k-point MP grid. These optimised lattice parameters match the

QUANTUM ESPRESSO outputs (from Radtke et al.) to three decimals. Using

the semi-classical theory described in Section 4.2, we generate the dielectric

tensor (Fig. 13.2), separated into the ek and e? which are the two unique

eigenvalues of the diagonalised tensor.
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ab

c

acb
b

c a ac

b

Figure 13.1: Unit cell of B12P2 visualised in VESTA. The initial unit cell structure was
obtained from Materials Project with the identifier mp-28395. The green
and purple spheres denote Boron and Phosphorous atoms respectively.

Figure 13.2: Real and imaginary parts of e? and ek components for the dielectric
tensor in the diagonal basis, where the eigenvector for ek is parallel to
the optic crystal c-axis and that for e? is perpendicular to the c-axis.

This sensitivity to direction of the dielectric response manifests in the ultra-

low loss spectra of Fig. 13.4. Here we include and compare the semi-classical

(calculated using both CASTEP and QUANTUM ESPRESSO), quantum im-

pact and dipole theories (calculated using CASTEP outputs). The peaks line

up well in frequency, as the lattice vectors from geometry optimisations for

both DFT codes match up to 10�4Å. There are pronounced intensity dif-
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ferences between CASTEP and QUANTUM ESPRESSO outputs at modes

74.93, 74.81 and 113.42meV. This is reflected in the differences in dielectric

tensors and is caused by the variations in Born effective charge tensors and

phonon eigenvectors.

All simulations are again the amalgamation of momentum transfer along

the three lattice vectors, since long range dipole contributions from different

part of the crystal provide a mixture of different relative orientations to the

beam. When the beam is perpendicular to ~c-lattice vector, ~k ? ~c contribu-

tions are reduced and manually scaled by 1
2. On the other hand, these con-

tributions are manually doubled when the beam is k ~c. Interestingly, G-point

calculations provide the first peak location at 40.87meV, but is is blue-shifted

in experiments. This is accurately captured by the quantum theories due to

frequency shifts caused by vibrational calculations performed off-G.

There appears to be a collaboration in Fig. 13.4 between the quantum impact

and dipole theories such that their combination more suitably matches that

of experiment. For example the dipole theory produces the correct relative in-

tensities between peaks at energies 56.52 and 61.81 meV, whereas the impact

theory is able to better pick out the peaks around 74, 94 and 100 meV. This is

especially prominent for the case where the electron beam k c-vector, whereby

the impact scattering intensities at these energies surpasses that of the dipole.

This higher relative contribution of the impact theory (compared to dipole)

to the total energy loss is reflected in the fact that the impact parameter of

b ⇡ 10nm in the experimental signals provided by Radtke et al. (Fig. 13.4)

is very small compared to our experiments on quinacridone in Section 12.1,

where the best case was b ⇡ 20nm. Unsurprisingly, impact contributions are

much smaller relative to that from dipole in Fig. 12.8. The plot of momen-

tum transfer exclusively along the ~c-direction shows that it predominantly

contributes to the peak at 40.87 meV.
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Figure 13.4: Aloof beam Ultra-low loss EELS of B12P2 using semiclassical (SC),
quantum impact and dipole theories. The dashed line labelled
‘~c�contribution’ denote the case where momentum transfer is solely
along the lattice ~c�direction. Experimental spectra are credited to Radtke
et al. [243]. (Top) Electron beam is parallel and (bottom) perpendicular
to lattice c�vector. The vertical lines are labelled with the irreducible
representations and vibrational energies of the modes corresponding to
the visible peaks.
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G E N E R A L C O N C L U S I O N

Practically, despite not having the same superior spatial resolution in the aloof

beam mode compared to the more commonly used impact TEM, the former

can be used as a complementary technique to tip enhanced IR spectroscopy,

which can have resolution down to sub-10nm [244]. Aloof beam EELS are

also advantageous because the vibrational spectra can be detected at a large

impact parameter, before bringing the beam closer towards to sample where

damage becomes non-negligible. As shown theoretically and experimentally

throughout the thesis, aloof beam EELS is sensitive to the relative orienta-

tion between the beam and sample. This selectivity makes it possible to pick

configurations such that specific modes of interest have eigenvectors in align-

ment with the momentum transfer and hence becoming more prominent in

the EELS spectrum.

Part II of this thesis has methodically studied the theoretical origins of

the semi-classical and quantum impact inelastic scattering theories used to

predict the ultra-low loss vibrational energy spectra of crystals. The semi-

classical theory performs decently in predicting aloof beam spectra, but does

not take into account the momentum transfer vector as e(w) is evaluated at

k = 0 momentum transfer. The current quantum impact scattering theory is

similar to assuming isolated atoms where long range dipole interactions are

neglected because we don’t explicitly account for charge redistribution. The

way around this was to manually introduce a charge transfer term (such as

Mulliken charges), which dominates at low momentum transfer vectors due

to the diverging 1
k2 component. This work developed a new quantum dipole

theory for the aloof configuration tailored to molecular crystals, and is compa-

rable to the impact scattering theory in absolute magnitude. By introducing a
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multipole expansion of the charge density to second order, it naturally led to

the introduction of dynamic Born/mode effective charges.

Part III then discusses the criteria and importance of functional and disper-

sion contributions in predicting accurate ab initio DFT calculations. We also

performed a systematic benchmark of the rSCAN meta-GGA functional on

both the X23 set and a handpicked selection of molecular crystals, demon-

strating the success of rSCAN in predicting equilibrium crystal structures

without the need of dispersion corrections. The implications of the results on

the behaviour of phonons and NMR chemical shifts are also discussed.

In the context of molecular crystals, we restricted ourselves to purely aloof

beam mode experiments for comparisons against semi-classical and quantum

simulations so that the major contributor to shifts and intensities of energy

loss peaks come from DFT treatments, and less from omitted physics such

as phonon-polaritons which are beyond the scope of this work. We have

performed a basic study of the temperature dependence of phonons (via the

Grüneisen parameters) for b�guanine in Section 11.1.4. However, detailed

thermal effects/phonon anharmonicity are not thoroughly investigated.

Finally, everything is consolidated in Part IV. As expected, the quantum

dipole theory is larger in absolute magnitude than the monopole theory in

aloof mode, and demonstrates improved relative intensities compared to the

semi-classical case for b-guanine. It also successfully predicts and distin-

guishes between the intensity spectra for two polymorphs of quinacridone.

Finally, the bulk crystal boron subphosphide is considered, where the quan-

tum theories are further endorsed (corroborated by literature experiments) as

they correctly blue-shifts the peak intensity at 40.87meV (from G�point calcu-

lations).
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14.1 future work

Theoretically, both quantum and semi-classical treatments require phonon-

polaritons considerations, as they can give rise to additional peaks. This was

illustrated for boron nitride in Chapter 10, whereby surface polaritons that

can shift/cause additional peaks can contribute to the discrepancy between

simulation and momentum resolved ultra-low loss EELS experiments. Treat-

ments of bulk and surface polaritons also inevitably leads to the considera-

tion of thickness dependency. Phonon anharmonicity and thermal effects are

also not accounted for in the theory, which can become an issue for systems

whereby vibrational modes do not follow a harmonic potential well.

The main direction for further improvements to the theory, is to consolidate

and provide a quantitative description of the monopole and dipole contribu-

tions to energy loss as a function of impact parameter. This is important as

their combination appears to work best in predicting the aloof beam spectra,

as demonstrated for quinacridone in Section 12.1 and boron subphosphate in

Chapter 13. If this is possible, it can explain why in Fig. 12.10 the intensity

peaks are not decreasing uniformly with increasing impact parameter. Fur-

thermore, it may become practicable to monitor in real time which bonds are

being broken with decreasing impact parameter.

More specifically, the quantum impact scattering theory is more valid when

the beam is on sample, whilst the dipole is more valid in the aloof mode

when the impact parameter � intermolecular separation. However, there

will always be dipolar contributions from distant parts of the crystal whether

the beam is aloof or on sample. This naturally lead to the question of how

to transition between the two ‘extremes’? As the fast electron moves closer to

the specimen, the multipole expansion premise breaks down if impact signals

dominate. A naive way of uniting the two theories is to introduce a scaling
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factor h(~k, b) 2 [0, 1] that depends on the momentum transfer and a radius

of impact ‘b’, such that everything inside (outside) the radius comes from

impact (dipole) contributions. This gives the total energy loss as the linear

combination

h(~k, b)⇥ Impact energy loss + (1� h(~k, b))⇥Dipole energy loss. (14.1)

A simple starting point can be to scale the theories’ contributions based on

the relative ratio of sample volumes affected but the exact dependency of h

on the impact parameter b and~k requires a more formal rationalisation.

Another method of achieving this could be to employ the distributed multi-

pole analysis method [245], which is able to describe electrostatic interactions

at all distances (not just far away, useful for the conventional multipole expan-

sion used in this thesis). It is a generalisation of Mulliken’s analysis whereby

an exact portrayal of the potential outside a molecule is represented. This is

a numerical method in which the charge distribution generated from ab ini-

tio methods is used to describe the multipole moments at several sites in the

molecule of interest. Thus, one can employ for example the frozen phonon

method [246] to calculate the rate of change of dipole moment needed in the

phonon creation process.

Other improvements include better quantification of the effects of DFT dis-

persion corrections to the phonon peaks for a range of molecular crystals

with different degrees of long range intermolecular forces. Van Dyck [199]

has published re-parametrisation constants for the gaussian approximations

of the electron form factors, and it can be of interest to see if they give non-

negligible variations compared to the values used in this thesis (which are

obtained from the ITC).
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To conclude, an outlook on the applicability of ultra-low loss EELS for dis-

tinguishing between molecular (and bulk) crystals is promising, and as contin-

uous experimental advances steadily improve the resolving power of electron

microscopes, it will allow for better directional and spatial determination of

crystal compositions.
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In the derivation of the classical electron energy loss (equation 4.39), there is

a discrepancy amongst literature of how many 2ps should be in the global

constants. Although this dimensionless factor does not affect the resulting

intensities due to an absolute scaling which occurs when matching with ex-

perimental spectra, this section dedicates itself to reviewing and untangling

the origins of such factors in the literature.

In the work of Radtke et al., the energy loss probability is referenced from

the works of Taverna [104], Howie [109] and Batson [113]. Taverna derives

the electron energy loss spectrum of the aloof beam case where the electron

passes by a tube rather than a plane, but the resulting expression is of the

same form where the material geometry differences are encapsulated in the

polarisability a tensor, defining the dielectric response of the cylinder. The

global constant here is ( 1
2p ). In Howie’s work the factor is indeed 1

(2p)2 and

their derivation considered aloof electron trajectories near a cubic specimen.

Finally, in Batson’s 1983 work, the factor used is 4p and in deriving so, it is

self referential to a proceeding in 1981 [114], whereby there is a slight discrep-

ancy in the (global dimensionless constants) formulation of the system’s bulk

response function f(w, q).

The discrepancies in the appearances of 2p between different formulations

are attributed to the method of how authors conglomerate constants in solv-

ing the Poisson/Laplace equations in gaussian or SI units. This, together

with the effect of geometries and simplifications of the dielectric tensor com-

ponents provide motivation for why a thorough derivation of the probabilistic
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energy loss is provided in the main text, in order to properly understand the

origins of each term.
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C R O S S S E C T I O N A N D D Y N A M I C A L S T R U C T U R E FA C T O R

b.1 born approximation for the ddcs

Here we flesh out the full derivation of the DDCS expression of Eq. (5.2)

in Section 5.2 using the Born approximation in the limit of weak scattering.

Starting from the general definition of the DDCS as given in Eq. (5.1),

d2s

dWdE1
=

1
N
[~j1(~r,~k1, E1) · r̂]r2

~j0|z
(B.1)

and following the arguments by Sturm [122]; the term [~j1(~r,~k1, E1) · r̂]r2dWdE1

in phase space denotes the total number of scattered particles into a volume

d3k1 around the reciprocal vector~k1, i.e. is equivalent to

N0 Â
n0,n1

Pn0w(n0,~k0 ! n1,~k1)D(~k1)d3k1 (B.2)

where N0 denotes the number of particles existing in state |~k0i, D(~k1) is the

number density of plane-wave states and w is the transition probability from

the initial to final states. For all intents and purposes we consider only peri-

odic boundary conditions so that for a volume V,

D(~k1)d3k1 = D(E1)dE1 =
V

(2p)3 k2
1dWdk1 (B.3)

We now need to find the expression for the transition rate probability using

the Born series and first born approximation under the weak scattering limit.
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b.1.1 Born series and transition probability

w =
2p

} | hyi|V |y f i |2r() (B.4)

for some perturbation V acting on the initial and final eigenstates yi and y f

respectively. To solve the scattering problem, we need to know the form of

the final wavefunction, y f in the integral

hyi|V |y f i =
Z

y⇤i Vy f d3r (B.5)

We begin from the time-independent Schrödinger equation, of an incident

particle with mass m experiencing a potential V(~r) from the target material,

⇣
� }2

2m
r2

+ V(~r)
⌘

y~k(~r) = Ey~k(~r) (B.6)

which we can rewrite as

(r2
+ k2

)y(~r) =
2m
}2 V(~r)y(~r) (B.7)

for k2 =
2mE
}2 . The homogenous solution is that of a plane wave and cor-

responds to the incident wave, y0(~r) of free particle of energy E0 =
}2k2

0
2m .

For the particular solution, y1(~r), one can introduce a Green’s function and

transform this into an integral equation, i.e. the Lippmann-Schwinger equa-

tion [247–249] where the full solution to the wavefunction satisfies

y~k(~r) = y0(~r) +
2m
}2

Z
G(~r�~r0)V(~r0)y0~k(~r

0
) (B.8)

The Green’s function, G(~r�~r0) will satisfy from a point source of d(~r�~r0)

⇣
r2

+ k2
⌘

G(~r�~r0) = d(~r�~r0) (B.9)
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To find the expression for G(~r �~r0), we substitute into Eq. (B.9) the fourier

transforms of G and the delta function,

G(~r�~r0) = 1
(2p)3

Z
ei~q·(~r�~r0)G̃(~q)d3q (B.10)

d(~r�~r0) = 1
(2p)3

Z
ei~q·(~r�~r0)d3q (B.11)

to get G(~q) = 1
~k2�~q2 . Plugging this back into its fourier transform gives

G(~r�~r0) = 1
(2p)3

Z ei~q·(~r�~r0)

k2 � q2 d3q (B.12)

=
1

(2p)3

Z •

0

q2

k2 � q2 dq
Z p

0
ei|q||~r�~r0| cos(q) sin(q)dq

Z 2p

0
df (B.13)

=
1

(2p)2

Z •

0

q2

(iq|~r�~r0|)(k2 � q2)
(ei|q||~r�~r0| � e�i|q||~r�~r0|

) (B.14)

=
1

4p2i|~r�~r0|

Z •

0

q
k2 � q2 (e

i|q||~r�~r0| � e�i|q||~r�~r0|
)dq (B.15)

= � 1
4p2i|~r�~r0|

Z •

�•

qei|q||~r�~r0|

q2 � k2 dq (B.16)

This integral can be solved using contour integration. If one does not displace

the poles, one can follow two different contours shown in Fig. B.1.

Figure B.1: Two possible routes to take in evaluation of the integral in Eq. (B.16) when
transformed into the complex plane.
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If we follow Fig. B.1 (b), the contour integral (replacing q in Eq. (B.16) with

z) is

Z

C

zeiz|~r�~r0|

z2 � k2 dz =

Z

C
f (z)dz = 2pi⇥ residue(f(z=k)) = 2pi⇥ eiz|~r�~r0|

2
= ipeiz|~r�~r0|

= P
Z R

�R
f (q)dq +

Z

C1+C2+C3
f (z)dz (B.17)

where R is the radius of the largest semicircle in Fig. B.1 The integral over

the curves C1, C2 and C3 vanish as we parameterize C2 and C3 with circles

z = �k + reiq and z = k + reiq respectively. This gives

Z

C2+C3
f (z)dz = limr!0

"
�
Z p

0

(�k + reiq)ei|~r�~r0||�k+reiq |

(�k + reiq)2 � k2 ireiqdq

+

Z 2p

p

(k + reiq)ei|~r�~r0||k+reiq |

(k + reiq)2 � k2 ireiqdq

#
(B.18)

=

Z 0

p
i
ei|~r�~r0||k|

2
+

Z 2p

p
i
ei|k||~r�~r0|

2
dq (B.19)

= 0 (B.20)

and finally, we just have

G(~r�~r0) = � ei|q||~r�~r0|

4p|~r�~r0| (B.21)
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B.1 born approximation for the ddcs

We can also follow contour (b) and come to the same conclusion. Alternatively,

one can also for example displace the poles according to Fig. B.2 and obtain

the same integral result

Z •

�•

qei|q||~r�~r0|

q2 � k2 dq = lime!0+

Z •

�•

qei|q||~r�~r0|

q2 � (k + ie)2 dq (B.22)

= 2pilime!0+Res

"
qei|q||~r�~r0|

(q� (k + ie))(q� (�k� ie))

#

q=k+ie

(B.23)

= 2pi⇥ (
1
2

ei|k||~r�~r0|
) (B.24)

= piei|k||~r�~r0| (B.25)

Figure B.2: Solving Eq. (B.16) by displacing poles.

Finally, the total wavefunction using the Green’s function solution method

is

y~k(~r) = y0(~r)�
m

2p}2

Z eik|~r�~r0|

|~r�~r0|V(~r0)y(~r0)d3~r0 (B.26)

⇡ y0(~r)�
m

2p}2

Z ei(~k�~k0)·~re�i~k·~r0

r
V(~r0)d3~r0 (B.27)

= y0(~r) + f
ei(~k�~k0)·~r

r
(B.28)
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B.1 born approximation for the ddcs

where 1
|~r�~r0| is simplfied to 1

r because in the scattering experiment, the size

of the target material is much smaller than the distance from the detector, i.e.

r ⌧ r0. We have also employed the first Born approximation by replacing

y(~r0) with the incident wave y0(~r0) = ei~k0~r0 . This is because we assume that

the interaction hamiltonian (potential) is weak enough to only slightly change

the incident wave, such that the scattered wave is approximated by a plane

wave. We define the term f = � m
2p}2

R
e�i~k·~r0V(~r0)d3r0 as the scattering am-

plitude f , which is equivalent to the differential cross section per unit solid

angle measured in experiments. This separation of the scatterer and system

(scattered wavefunction same form as incident, with difference in momen-

tum) using the first Born approximation is used in the derivation of the EELS

double differential cross section treated in section Section 5.2.

Finally, combining Eq. (B.1), Eq. (B.2), Eq. (B.3) and the expression of the

incident beam current density j0|z =
N0
V

}k0
m , we arrive at Eq. (5.2) in the main

text,

ds2
=

1
N

Ân0,n1
Pn0

2p
} | hn1, k1| Hint |n0, k0i |2d(En0 + E0 � En1 � E1)

V
(2p)3

mk1
}2 dWdE

}k0
mV

(B.29)

=
k1

Nk0

m2V2

}4(2p)2 Â
n0,n1

Pn0 | hn0, k0| Hint |n1, k1i |2d(En0 + E0 � En1 � E1)dWdE

(B.30)

Note that here for the incident and scattered free electron, E =
}2k2

2m , so that

dE =
}2k
m dk
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B.2 ddcs for quantum impact scattering

b.2 ddcs for quantum impact scattering

Starting from the general DDCS Eq. (B.30), we plug in the interacting hamil-

tonian for the impact scattering case, Hint =
Zje2

4pe0
Âj

1
|~r�~rj|

, such that

hn1, ~k1|
e2

4pe0
Â

j

Zj

|~r�~rj|
|n0,~k0i =

e2

4pe0V
hn0|Â

j

Z

R3
Zk

e�i~k0·~rei~k1·~r

|~r�~rj|
dV |n1i

(B.31)

Let~k = ~k0 � ~k1, we focus on the integral in the braket sandwhich:

Â
j

Z

R3
e�i~k1·~rei~k0·~r

|~r�~rj|
= Â

j

Z

R3
e�i~k·~r

|~r�~rj|
dV (B.32)

= Â
j

Z

R3
ei~k·~rj ei~k·(~r�~rj)

|~r�~rj|
d3
(~r�~rj) (B.33)

Now we let~r�~rj =~r⇤ such that d~r⇤ = d~r.

Â
j

Z

R3
e�i~k1·~rei~k0·~r

|~r�~rj|
= Â

j

Z 2p

0
df
Z p

0

Z •

0

ei~k·~rj eikr⇤ cos(q)r⇤2 sin(q)
|~r⇤| dr⇤dq (B.34)

Let t = cos(q) s.t. dt = � sin(q)dq and we have

Â
j

Z

R3
e�i~k1·~rei~k0·~r

|~r�~rj|
= Â

j

Z
2pei~k·~rj

Z 1

�1
dt
Z •

0
eikr⇤tr⇤dr⇤ (B.35)

= Â
j

Z
2pei~k·~rj

Z •

0

1
ikr⇤

r⇤[eikr⇤ � e�ikr⇤
]dr⇤ (B.36)
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B.2 ddcs for quantum impact scattering

Now lets introduce an attenuation factor e�lr⇤ such that we have

Â
j

Z

R3
e�i~k1·~rei~k0·~r

|~r�~rj|
(B.37)

= Â
j

2pei~k·~rj

ik

Z •

0
[eikr⇤�lr⇤ � e�ikr⇤�lr⇤

]dr⇤ (B.38)

= lim
l!0

Â
j

2pei~k·~rj

ik

 
eikr⇤�lr⇤

ik� l
� e�ikr⇤�lr⇤

�ik� l

!•

0

(B.39)

= lim
l!0

Â
j

2pei~k·~rj

ik

 
eikr⇤�lr⇤(�ik� l)

k2 + l2 +
e�ikr⇤�lr⇤(�ik + l)

k2 + l2

!•

0

(B.40)

= lim
l!0

Â
j

2pei~k·~rj

ik
(

ik + l + ik� l

k2 + l2 ) (B.41)

= Â
j

4pei~k·~rj

k2 (B.42)

Thus B.31 squared becomes

e4(4p)2

e2
0k4V2(4p)2 | hn0|Â

j
Zjei~k·~rj |n1i |2 (B.43)

Inserting B.43 into B.30, and converting k2
1dk1 =

mk1
}2 dE1 we get the DDCS for

impact scattered EELS as

d2s

dWdE1
=

2pe4d(En0 � En1 + }w)V2m Ân0,n1
Pn0 | hn0|Âj ei~k·~rj |n1i |2m2k1

e2
0k4}4k0(2p)3NV2

(B.44)

=
m2e4

}4k44p2
k1
k0

1
N Â

n0,n1

Pn0 | hn0|Â
j

Zjei~k·~rj |n1i |2d(En0 � En1 + }w)

(B.45)
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B.2 ddcs for quantum impact scattering

And we can identify the Rutherford cross-section for scattering of charged

particles as

 
ds
dW

!
=

4m2e4

}4k4 , resulting in same expression as that by Sturm [122].

Finally, we re-write this expression to relate to the structure factor via

ds2

dWdE
=

m2e4

}4k44p2
k1
k0

1
N Â

n0,n1

Pn0 | hn0|Â
j

Zjei~k·~rj |n1i |2d(En0 � En1 + }w)

=
m2e4

}4k44p2
k1
k0

1
N

1
2p}

Z
dte�wt Â

n0,n1

Pn0 hn0|Â
j

Zjei~k·~rj eiEn0 t/} |n1i

⇥ hn1| Zj0e�iEn1 t/} Â
j0

e�i~k·~rj0 |n0i

=
m2e2

}4k44p2
k1
k0

1
N

1
2p}

Z
dte�wt Â

n0

hn0|Â
j

Zjeei~k·~rj eiHt/} Â
j0

e�i~k·~rj0Zj0ee�iHt/} |n0i

=
m2e2

}4k44p2
k1
k0

1
N

1
2p}

Z
dte�wt Â

n0

Pn0 hn0| r(~k, t = 0)r( ~�k, t) |n0i

=
m2e2

}4k44p2
k1
k0

1
N

S(w,~k) (B.46)

using the relationships d(En0�En1 +}w) =
1

2p}
R

dte�iwtei(En1�En0 )t/}, Ân1
|n1i hn1| =

1 and e�iEni t/} |nii = e�iHt/} |nii. Here, Âj ei~k·~rj is the point charge density of

the material in fourier space, since in real space, r(~r) = Âj Zjed(~r �~rj) such

that it’s fourier transform is Âj Zjeei~k·~rj
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C
D I P O L E C E N T R E O F C H A R G E T I M E D E P E N D E N C E

We would like to investigate the contribution of the term e�i~k·~rd(t) in the charge

density correlation function of Eq. (6.35). First, we can e.g. represent the

dipole’s position as the centre of mass, e�i~k·~rd(t) = e�i~k· (Âk ~ud
k (t)mk )

Âk mk . We can thus

expand the dipole correlation as

hr̂dip(~k, 0)r̂dip(�~k, t)i

=

*

Â
dd0

e�i~k·(~ld�~ld0 )
 ⇣

(~µd,0 + Â
k

Z⇤k~u
d
k(0)) ·~k)e�i~k·~rd(0)

⇣
(~µd0,0 + Â

k0
Z⇤k0~u

d0
k0(t)) ·~k

⌘
ei~k·~rd0 (t)

!+

=

*

Â
dd0

ei~k·(~ld�~ld0 )
 ⇣

(~µd,0 + Â
k

Z⇤k
h
Â

s
~escs,k(asei~qs·~b + a†

s e�i~qs·~b)
i
) ·~k

⌘
eÂka

�i~k·~ud
ka (0)mka

Âka mka

⇣
(~µd0,0 + Â

k0
Z⇤k0
h
Â
s0
~es0cs0,k0(as0ei~qs0 ·~b0e�iws0 t + a†

s0e
�i~qs0 ·~b0)eiws0 t

i
) ·~k

⌘
eÂk0a

i~k·~ud0
k0a (t)mk0a

Âk0a mk0a

!+

=

*

Â
dd0

ei~k·(~ld�~ld0 )
 
(~µd,0 ·~k)e

Âka
�i~k·~ud

ka (0)mka

Âka mka (~µd0,0 ·~k)e
Âk0a

i~k·~ud0
k0a (t)mk0a

Âk0a mk0a 1 +

(~µd,0 ·~k)eÂk
�i~k·~ud

k (0)mk
Âk mk Â

k0
Z⇤k0
h
Â
s0
(~es0 ·~k)cs0,k0(as0ei~qs0 ·~b0e�iws0 t + a†

s0e
�i~qs0 ·~b0)eiws0 t

i

⇥ eÂk0a
i~k·~ud0

k0a (t)mk0a
Âk0a mk0a 2 + Â

k
Z⇤k
h
Â

s
(~es ·~k)cs,k(asei~qs·~b + a†

s e�i~qs·~b)
i
eÂka

�i~k·~ud
ka (0)mka

Âka mka (~µd0,0 ·~k)

⇥ eÂk0a
i~k·~ud0

k0a (t)mk0a
Âk0a mk0a 3 + Â

k
Z⇤k
h
Â

s
(~es ·~k)cs,k(asei~qs·~b + a†

s e�i~qs·~b)
i
eÂka

�i~k·~ud
ka (0)mka

Âka mka

⇥Â
k0

Z⇤k0
h
Â
s0
(~es0 ·~k)cs0,k0(as0ei~qs0 ·~b0e�iws0 t + a†

s0e
�i~qs0 ·~b0)eiws0 t

i
eÂk0a

i~k·~ud0
k0a (t)mk0a

Âk0a mk0a

!
4

+

(C.1)

Now let’s look at each of the final 4 terms separately. For the first term,

Âka mka = Md = M and Âk0a mk0a = Md = M since all dipoles have the same

mass. Because there are no extra a or a†s we can use Baker Hausdorff’s theo-

195



dipole centre of charge time dependence

rem, i.e. eÂeB̂ = eÂ+B̂+ 1
2 [Â,B̂], where the higher order terms of commutators in

the exponential vanish because commutators of a and a† are just scalars.

1 =

*
(~µd,0 ·~k)(~µd0,0 ·~k)e

Âka
�i~k·~ud

ka (0)mka

Âka mka eÂk0a
i~k·~ud0

k0a (t)mk0a
Âk0a mk0a

+

=

*
(~µd,0 ·~k)(~µd0,0 ·~k)exp

 

Â
ka

�i~k · ~ud
ka(0)mka

M
+ Â

k0a

i~k · ~ud0
k0a(t)mk0a

M

!

⇥ exp
⇣1

2

h
Â
ka

�i~k · ~ud
ka(0)mka

M
, Â

k0a

i~k · ~ud0
k0a(t)mk0a

M

i⌘+
(C.2)

From here we can pull out the last exponential term from the expectation

value as it is a factor, and we need to treat the term highlighted in red using

heÂi = e
1
2 hÂ2i

*
exp

 

Â
ka

�i~k ·
⇣~ud

ka(0)mka

M
�Â

k0a

~ud0
k0a(t)mk0a

M

⌘!+
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1
2

* 

Â
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M
�Â

k0a

~ud0
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M

⌘!2+!
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d
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M
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kb(0)mkb

M
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2
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d
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d
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(C.3)
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Thus putting this together with Eq. (C.2), we have

1 =

*
(~µd,0 ·~k)(~µd0,0 ·~k)exp

 *
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2
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M ◆
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(C.4)
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We can rewrite this as

1 =
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(C.5)

where W is the Debye-Waller factor. The 1 in the last taylor expansion term

does not correspond to any phonon generation so we’re interested in the final

correlation term in C.5 in orange.
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*
( Â

ka,k0a
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(C.6)

Where again we only keep the aa† and a†a terms which give physical meaning.

The first term is what we’re after (containing hns + 1i). Hence,

1 = (~µd,0 ·~k)(~µd0,0 ·~k)’
k

exp
⇣
� 2Wkm2

k

M2

⌘

⇥ ’
ka 6=kb

h
exp

 ⇣}(mka mkb)
1
2

2NM2

⌘
Â

s

(~k ·~ed
s,ka)(~k ·~ed⇤

s,kb)

ws

!i

⇥ Â
ka,k0a

cs,ka cs,k0a mka mk0a

M2 Â
s
(~k ·~ed

ka,s)(
~k ·~ed0⇤

k0a,s)e
i~qs·(~b�~b0)eiwsthns + 1i (C.7)

For 2 and 3 in C.1, we will have an odd number of phonon ladder oper-

ators (e.g. aa†, which means there won’t be any relevant terms to the phonon

creation process. ) For term 4 in C.1, if we approximate the exponential

operators as 1 (as done in thesis), we arrive back at the result in Eq. (6.38)

with a 1
k2 dependence. On the other hand if we expand the exponential op-

erator to keep the ~k ·~ed term, it will result in three, four, and more phonon

ladder operators, which will contribute to multiple phonon creation/annihila-

tion processes (i.e. contributing e.g. hns + 1i2ei(ws1+ws2)t and when integrated

with
R

dte�iwt will give d(w � ws1 � ws2), which is ignored. Finally, term 1

has a k4 dependence, which should cancel the 1
k4 term. This is much smaller
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dipole centre of charge time dependence

in comparison with the 1
k2 (since k << 0) dependence we obtain from letting

e�i~k·~rd(t) = 1, which is done in the thesis. Hence, we confirm the dominant

term for ultra-low loss EELS is the largest of 4 .

It may also be feasible to replace the dipole’s displacement from it’s equi-

librium position,~rd(t) with

1
2

"
Âka+ dqka+(t)~ud

ka+(t)
Âka+ qka+(t)

+
Âka� dqka�(t)~ud

ka�(t)
Âka� dqka�(t)

#
(C.8)

where the ka+, ka� denotes the atoms ka that carry partially positive and nega-

tive charges respectively, and ~us
ka±(t) are the still the atomic displacement vec-

tors from equilibrium. Without re-writting the full derivation, it is clear that

any additional terms arising from the first order taylor expansion of e�i~k·~rd(t)

will again either contribute three or more phonon operators, or contribute

terms that are dependent on~k4, similar to using the centre of mass case.
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D
M I S C E L L A N E O U S D E R I VAT I O N S

d.1 fourier transform of electric potential along one axis

We can use contour integration to compute

I =
Z •

�•

eikz|z�b|

k2
x + k2

y + k2
z

dkz (D.1)

Let k2
x + k2

y be K2 and compressing the variable |z � b| to Z, we pick the

contour of the upper half semicircle depicted in Fig. D.1, which encloses the

pole at iK. Thus the integral is equal to 2piRes(kz = iK), where

eikz|z�b|

K2 + k2
z
=

eikz|z�b|

2iK(kz � iK)
� eikz|z�b|

2iK(kz + iK)
(D.2)

and so Res(kz = iK) = e�K|z�b|
2iK and finally

I = 2pi⇥ (
e�K|z�b|

2iK
) =

p exp (�
q

k2
x + k2

y|z� b|)
q

k2
x + k2

y

(D.3)
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D.2 thermal average of space time correlation for quantum impact

scattering theory

Figure D.1: Contour integral over semi-circle enclosing the pole z = iK.

d.2 thermal average of space time correlation for quantum

impact scattering theory

We want to calculate the full structure factor for the impact scattering case

given by Eq. (5.11). We have approximated the thermal average of Eq. (5.14)

by a first order truncation of the exponential taylor expansion and now must

write out the latter term more fully. Using the phonon displacement operators

given by Eq. (5.12), we have

Â
a,b

kakbh~ul,a,i(0)~ul0,b,i0(t)i (D.4)

=
}

2Npmimi0wq0,jwq1,i
Â
q0,j

Â
q1,j0

Â
a,b

kakbei,a(q0, j)e⇤i0,b(q1, j0) (D.5)

(aq0,jei~q0·~l + a†
q0,je

�i~q0·~l)(aq1,j0e
�iwq1,j0 tei~q1·~l0 + a†

q1,j0e
iwq1,j0 te�i~q1·~l0)]i (D.6)
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D.2 thermal average of space time correlation for quantum impact

scattering theory

Here we can pick out q0 = q1, j = j0 due to orthogonality. We also pick out

only the terms with aa† (=1+number operator) and a†a (number operator).

Since we sum over Âi,i0 eventually, they give the same result. Thus this gives

Â
a,b

kakbhul,a,i(0)ul0,b,i0(t)i (D.7)

=
}

2N
p

mimi0wq0,j
Â
a,b

kakb Â
q0,j

ei,a(q0, j)e⇤i0,b(q0, j)[hnq0,jie�iwq0,jte�i~q0·(~l�~l0)

+ hnq0,j + 1ieiwq0,jtei~q0·(~l�~l0)] (D.8)

= Â
q0,j

}
2wq0,j

| 1p
mi
~k ·~ei(q0, j)|2[hnq0,jie�iwq0,jte�i~q0·(~l�~l0) + hnq0,j + 1ieiwq0,jtei~q0·(~l�~l0)]

(D.9)

Plug this back into the expression for structure factor, using the relationships
R •
�• e�iwtdt = 2pd(w), Âl ei~k·~l = L3

(2p)3 Â~G d(~k� ~G),

Â
ll0

e�i(~k�~q0)·(~l�~l0) = (Â
l

e�i(~k�~q0)·~l)(Â
l0

ei(~k�~q0)·~l0) =
L6

(2p)6 Â
~G

d(~k� ~q0� ~G)Â
~G0

d(~k� ~q0� ~G0)

(D.10)

, and rearranging gives
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D.3 fourier transform of monopole potential

S(~k, w) =
1

2p}

Z •

�•
dte�iwte2 Â

i
e�i~k·~Ri Â

i0
ei~k· ~Ri0 Â

ll0
e�i~k·(~l�~l0)

[Zi � fi(~q)][Zi0 � fi0(~q1)]
⇤

⇥ e�2Wi(1 + Â
q0,j

}
2miwq0,j

|~k ·~ei(q0, j)|2[hnq0,jie�iwq0,jte�i~q0·(~l�~l0)

+ hnq0,j + 1ieiwq0,jtei~q0·(~l�~l0)])

=
e2

2p} |Âi
e�i~k·~Ri(Zi � fi(~k))|2e�2Wi

(d(w)
L6

(2p)6 Â
~G

d(~k� ~G) +
}

2miwq0,j
|~k ·~ei(~q0, j)|2

⇥Â
q0,j

Â
ll0
[hnq0,ji

Z •

�•
dte�iwte�iwq0,jte�i(~q0+~k)·(~l�~l0)

+ hnq0,j + 1i
Z •

�•
dte�iwteiwq0,jtei(~q0�~k)·(~l�~l0)])

=
e2

2p} |Âi
e�i~k·~Ri(Zi � fi(~k))|2e�2Wi

(d(w)
L6

(2p)6 Â
~G

d(~k� ~G) +
}

2miwq0,j
Â
q0,j

|~k ·~ei(~q0, j)|2

⇥ [hnq0,jid(w + wq0)
L6

(2p)6 ⇥Â
~G

d(~k + ~q0 � ~G)

+ hnq0,j + 1id(w�wq0)⇥Â
~G

L6

(2p)6 d(~k� ~q0 � ~G)]) (D.11)

d.3 fourier transform of monopole potential

For a point charge located at~rj, the fourier transform of the monopole charge

density is
Z

R3
e�i~k·~r

|~r�~rj|
dV =

Z

R3
ei~k·~rj ei~k·(~r�~rj)

|~r�~rj|
d3
(~r�~rj) (D.12)

Now we let~r�~rj =~r⇤ such that d~r⇤ = d~r.

204



D.3 fourier transform of monopole potential

Z

R3
e�i~k1·~rei~k0·~r

|~r�~rj|
=

Z 2p

0
df
Z p

0

Z •

0

ei~k·~rj eikr⇤ cos(q)r⇤2 sin(q)
|~r⇤| dr⇤dq (D.13)

Let t = cos(q) s.t. dt = � sin(q)dq and we have

Z

R3
e�i~k1·~rei~k0·~r

|~r�~rj|
=

Z
2pei~k·~rj

Z 1

�1
dt
Z •

0
eikr⇤tr⇤dr⇤ (D.14)

=

Z
2pei~k·~rj

Z •

0

1
ikr⇤

r⇤[eikr⇤ � e�ikr⇤
]dr⇤ (D.15)

Now lets introduce an attenuation factor e�lr⇤ such that we have

Z

R3
e�i~k1·~rei~k0·~r

|~r�~rj|
=

2pei~k·~rj

ik

Z •

0
[eikr⇤�lr⇤ � e�ikr⇤�lr⇤

]dr⇤ (D.16)

= lim
l!0

2pei~k·~rj

ik

 
eikr⇤�lr⇤

ik� l
� e�ikr⇤�lr⇤

�ik� l

!•

0

(D.17)

= lim
l!0

2pei~k·~rj

ik

 
eikr⇤�lr⇤(�ik� l)

k2 + l2 +
e�ikr⇤�lr⇤(�ik + l)

k2 + l2

!•

0

(D.18)

= lim
l!0

2pei~k·~rj

ik
(

ik + l + ik� l

k2 + l2 ) (D.19)

=
4pei~k·~rj

k2 (D.20)
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D.4 fourier transform of dipole potential

d.4 fourier transform of dipole potential

The monopole and dipole potentials in real space are fmono = � Ze
4pe0

1
r and

fdip = � Ze
4pe0

µ·~r
r2 respectively. They can be related via

(~µ ·r)fmono(~r) = (~µ ·r)(�1
r
) (D.21)

= ~µ · (∂x~i + ∂y~j + ∂z~k)(�
1p

x2 + y2 + z2
) (D.22)

=
~µ ·~r

r3 (D.23)

= fdip(~r) (D.24)

The fourier tranform of Eq. (D.24) is

fdip(~k) = (i~µ ·~k)fmono(~k) (D.25)

In fourier space, the potential of a point charge at position ~ri is given by

(see Appendix D.3)
Z

R3
e�i~k·~r

|~r�~ri|
dV =

4pei~k·~ri

k2 . (D.26)

Thus for a dipole potential centered at the origin (~rd =~0), the fourier trans-

form becomes

f(~k)dip =

Z

R

e�i~k·~r~µ ·~r
r3 dV = (i~µ ·~k)4pei~k·~0

k2 = 4p
i~µ ·~k

k2 (D.27)

For the case of~rd 6=~0, we would have f(~k)dip = 4p i~µ·~k
k2 ei~k·~rd
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D.5 charge density of point dipole

d.5 charge density of point dipole

Poisson’s equation allows us to relate the potential f(~r) with an effective

charge distribution r(~r).

r2f(~r) = �r(~r)
e0

(D.28)

Fleshing out the potential as a multipole expansion gives

1
4pe0

r2

"
q
r
+

µ ·~r
r3 + . . .

#
= �r(~r)

e0
(D.29)

The first term becomes (given r =
p

x2 + y2 + z2)

r2 1
r
= r · (r1

r
) = r · (�x~i + y~j + z~k

r3 ) = r · (�~r
r3 ) = 0 (D.30)

for r 6= 0. However, integrating and using Gauss’ theorem gives

Z Z Z

Vsphere

r2 1
r

dV =

Z Z

Ssphere

�~r
r3 · d~S =

Z p

0

Z 2p

0
�~r

r3 r2 sin qdfdq = �4p

(D.31)

Thus for any volume containing the origin, the integral becomes �4p and

thus we have r2 1
r = �4pd(~r). For the second term, we have

r2~µ ·~r
r3 = r ·r

⇣~µ ·~r
r3

⌘
(D.32)

= ~µ ·r ·r(�r1
r
) (D.33)

= �~µ ·r(r2 1
r
) (D.34)

= ~µ ·r(4pd(~r)) (D.35)

= 4p~µ ·rd(~r) (D.36)
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D.5 charge density of point dipole

and so poisson’s equation becomes

1
4pe0

r2

"
~q
r
+

~µ ·~r
r3 + . . .

#
=

1
4pe0

"
� 4pd(~r) + 4p~µ ·rd(~r) + . . .

#
= �r(~r)

e0

(D.37)

For a charge distribution, equation D.37 gives the charge density expanded as

r(~r) = d(~r)�~µ ·rd(~r) + . . . (D.38)

Finally, if the charge distribution is centred around~rd, the dipole contribution

becomes �~µ ·rd(~r�~rd).
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E
B A S I C G R O U P T H E O RY D I S C U S S I O N

Consider a molecule of N atoms, it belongs to a symmetry group and thus

has a set of symmetry operations that when applied, leaves the molecule

invariant. There are 3N degrees of freedom, and this can be represented

as a reducible representation Gtotal, describing how the molecule transforms

under it’s symmetry group. This representation can be decomposed into it’s

irreducible representations (irreps) where each mode belongs to an irrep. An

irrep is a representation of the same symmetry group, but it does not contain

any subspaces where the symmetry operations are non-trivial.

Going back to the transition matrix element,

Z
dVf⇤n0µifn00 (E.1)

where i 2 {x, y, z}, n0 and n00 are the initial and final states of the wavefunc-

tion. Since these integrals occur over the entire space spanned by possible

configurations of the molecule, they cannot change under a symmetry opera-

tion of the original symmetry group of the molecule. Using this fact and the

little orthogonality theorem, one can show that the wavefunction for mode

and dipole moment must have at least one irreducible representation in com-

mon in order for Eq. (E.1) not to vanish [60] (see pages 159-162 in reference).

The irreducible representations of the dipole moment transforms in the same

was as that of the cartesian vectors x,y, or z does. Hence, for a mode to be

IR active, it must contain irreps that also transform along at least one of these

cartesian directions. This is a general rule and thus for the mode to be Raman

active, it must contain irreps that contain terms such as x2, y2, xy, etc. and

linear combinations thereof.
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F
C O N V E R G E N C E T E S T F O R U R A C I L A N D X 2 3 D ATA S E T

I N F O R M AT I O N

f.0.1 X23 and handpicked molecular crystal dataset dataset geometries, phonons

and NMR
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convergence test for uracil and x23 dataset information

X23

Name CCDC/COD identifier

Acetic acid ACETAC07

Adamantane ADAMAN08

Anthracene ANTCEN09

Benzene BENZEN01

Carbon dioxide 1010498

Cyanamide CYANAM01

Cyclohexanedione CYHEXO

Cytosine CYTSIN01

Ethyl-carbamate ECARBM01

Formamide FORMAM02

Hexamine HXMTAM10

Imidazole IMAZOL04

Naphthalene NAPHTA31

Oxalic acid (a polymorph) OXALAC03

Oxalic acid (b polymorph) OXALAC04

Pyrazine PYRAZI01

Pyrazole PYRZOL05

Succinic acid 4116141

Triazine TRIZIN

Trioxane TROXAN11

Uracil URACIL

Urea UREAXX02

Table F.1: Molecular crystal names and identifiers of the X23 dataset, whose CIF files
are obtained either from the CCDC or COD.
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convergence test for uracil and x23 dataset information

Handpicked Molecular Crystal set

Name CCDC/COD identifier

Formic acid FORMAC01

Acetic acid ACETAC07

Propionic acid PRONAC

Butyric acid BUTRAC

Valeric acid VALRAC

Hexanoic acid ISENID

Heptanoic acid ISENOJ

Octanoic acid ISENUP

Nonanoic acid ISEPAX

Decanoid acid ISEPEB

a�Glycine GLYCIN86

L-Alanine LALNIN24

L-Valine LVALIN05

L-Isoleucine LISLEU02

L-Glutamine GLUTAM02

L-Methionine LMETON02

L-serine LSERIN20

L-Threonine LTHREO03

L-Tyrosine LTYROS10

L-Cysteine LCYSTN22

Table F.2: Molecular crystal names and identifiers of the handpicked dataset, whose
CIF files are obtained either from the CCDC or COD.
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convergence test for uracil and x23 dataset information

Table F.3: Unit cell volumetric percentage deviations from experiments of the X23
crystal data set, optimised with varying XC functionals. This is then sum-
marised by the mean relative deviation (MRD) and mean absolute relative
deivation (MARD). A bare PBE functional used for the X23 set acts as a re-
minder of the substantial over-expansion molecular systems undergo when
subject to the pure functional.

X23 CRYSTALS

Crystal PBE PBE+TS rSCAN rSCAN+MBD*

Acetic acid 22.06 -1.77 -0.73 -5.20

Adamantane 26.05 -6.58 0.92 -6.75

Ammonia 4.75 -9.28 -8.82 -12.10

Anthracene 31.18 -1.66 4.15 -2.72

Benzene 34.53 -2.82 1.69 -4.85

Carbon Dioxide 22.83 8.71 -4.04 -6.59

Cyanamide 14.76 0.56 -2.81 -5.53

Cyclo-hexanedione 27.57 -2.16 -0.82 -5.96

Cytosine 35.17 -2.78 -0.47 -4.78

Ethyl carbamate 19.27 -4.69 -3.17 -8.29

Formamide 36.63 -1.77 -2.15 -6.16

Hexamine 20.82 0.52 3.19 -3.44

Imidazole 32.88 -2.49 2.18 -4.58

Naphthalene 32.99 -0.60 4.63 -2.18

Oxalic acid a 13.33 0.08 -4.69 -6.98

Oxalic acid b 21.16 0.74 -4.25 -7.37

Pyrazine 28.31 -4.40 0.95 -4.98

Pyrazole 37.08 1.32 4.29 -2.62

Succinic acid 24.38 0.34 -1.90 -5.38

Triazine 20.44 -5.53 -3.27 -7.80

Trioxane 17.12 -1.98 -1.20 -5.91

Uracil 23.03 -2.85 -1.07 -4.96

Urea 8.58 -0.11 -1.24 -3.90

MRD 24.13 -1.71 -0.81 -5.61

MARD 24.13 2.77 2.72 5.61
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convergence test for uracil and x23 dataset information

Table F.4: Unit cell volumetric percentage deviations from experiments of the man-
ually chosen MC molecular crystal data sets optimised with varying XC
functionals. The two datasets are summarised by the mean relative devia-
tion (MRD) and mean absolute relative deivation (MARD).

MC CRYSTALS

Crystal PBE+TS PBE+MBD* rSCAN rSCAN+MBD*

a-glycine 2.28 1.27 -0.74 -3.45

a-alanine -0.16 -0.13 -0.57 -3.36

Butyric acid -6.39 -8.35 -3.10 -9.19

Decanoic acid -6.68 -7.51 -0.16 -8.13

Formic acid 2.48 4.26 -1.11 -5.24

Heptanoic acid -9.07 -7.89 -2.53 -9.60

Glutamine -1.12 -1.61 -1.70 -3.79

Isoleucine -2.64 -5.17 -0.29 -5.52

Methionine -0.99 -2.32 0.92 -3.82

Serine 1.22 -0.53 -1.39 -3.70

Threonine 0.26 -0.02 0.16 -2.82

Valine -4.74 -6.64 -2.16 -7.09

Nonanoic acid -11.08 -12.20 -3.94 -13.52

Octanoic acid -6.89 -7.88 -0.63 -8.60

Cysteine 0.76 0.38 0.41 -1.75

Propionic acid -4.89 -5.24 -3.67 -9.14

Valeric acid -5.40 -7.63 -2.53 -9.34

Hexanoic acid -9.40 -9.97 -3.91 -11.53

Tyrosine -1.47 -2.70 -0.77 -3.79

MRD -3.28 -4.08 -1.41 -6.42

MARD 4.10 4.83 1.62 6.42
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G
G U A N I N E

The a polymorph was obtained from the CCDC with identifiers KEMDOW.

Figure G.1 shows the convergence analysis performed for a-guanine in terms

of bond length convergence with cut-off energy and k-spacing.

Figure G.1: Convergence test with respect to k-spacing and energy cut-off performed
on a-guanine to obtain reasonable input parameters for phonon calcula-
tions.

As k-spacing continually decreased towards 0.02 Å�1 the bond lengths sta-

bilised (no more jumps such as that from k-spacing of 0.15 ! 0.1 Å�1). The

cut-off energy needed for stability occurs 1200keV. The initial phonon calcu-

lations were problematic because the maximum forces on the atoms exceeded

that of the force tolerance. This was solved by reducing the ELEC ENERGY TOL
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guanine

and ELEC FORCE TOL, which is the difference in forces between successive

SCF cycles (not to be confused with GEOM FORCE TOL which is the force

tolerance for the ground state electron densities).

Figure G.2 shows the percentage deviation of the intramolecular bond lengths

between a guanine and that of the synchrotron study in literature [1]. Notice

that the bonds involving hydrogen deviate wildly from experiment. This is

because hydrogen is too light of an element and scatter X-rays very weakly,

meaning they are difficult to accurately locate.

Figure G.2: Percentage deviation of guanine intramolecular bond lengths from exper-
imental literature [1].

Finally, the lattice parameters from several literature experimental, theoret-

ical sources together with out calculations are summarised in Table G.1. This

shows as predicted, LDA overbinds and underestimates the lattice parame-

ters. PBE grossly overestimates and pushes atoms apart, but is much more

reliable when dispersion corrections are included. We will also focus on us-

ing PBE with dispersion corrections instead of rSCAN as the latter is not yet

operational with DFPT for phonon calculations and thus is a hindrance as not
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guanine

b polymorph a b c Angle(�)

Literature sim VASP (PBE+TS) [209] 3.59 9.72 18.34 119.5

Literature Exp Hirsch et al. [209] 3.629 9.813 18.427 118.04

Literature sim ESPRESSO (PBE only) [55] 4.321 9.836 18.646 115.77

Literature sim ESPRESSO (PBE+ D2) [55] 3.496 9.684 18.447 118.33

CASTEP PBE only 4.41 9.85 18.68 115.0

CASTEP PBE+TS 3.62 9.76 18.45 119.2

CASTEP PBE+G06 3.50 9.70 18.48 118.47

Table G.1: Comparison of b-guanine lattice parameters optimisation between
CASTEP vs literature simulations and experiments.

only does require much more computational power, but make calculations of

e.g. BEC very difficult.

g.0.1 QUANTUM ESPRESSO DFT calculations for semi-classical DDCS

The QUANTUM ESPRESSO inputs also used the PBE+Grimme dispersion

scheme, a 6⇥ 2⇥ 1 k-point grid and ultrasoft pseudopotentials with cut-off

energies for plane-waves and charge-densities as 60 (⇠ 800eV) and 600 (⇠

8000eV) Rydbergs respectively. The resulting energy loss spectra are plotted

in Fig. G.3, which looks very similar to that of Fig. 11.3 which is redrawn here

for reference.
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guanine

Figure G.3: Using QUANTUM ESPRESSO instead of CASTEP for simulating the
semi-classical b-guanine energy loss spectra vs experiment (labelled Eloss
literature). This is done for two different relative orientations between the
beam and sample geometry. Lorentzian smearing with a FWHM of 5meV
has been applied and the mode oscillator strength intensities are shown
in blue.

Figure G.4: Figure 11.3 is re-plotted here for comparison.
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H
M I S C E L L A N E O U S R E S U LT S

h.1 boron nitride - quantum impact scattering hirsh and born

static charges

A figure similar to Fig. 10.2 is presented in Fig. H.0 whereby the quantum

impact scattering theory is used to simulate the energy loss for hBN and cBN,

showing the effects of using Hirshfeld and Born effective charge trace ampli-

tude (denoted BECTA, defined as 1
3 Tr(Born)) as the static charge transfers in

Eq. (10.10).
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H.1 boron nitride - quantum impact scattering hirsh and born

static charges

Figure H.0: Momentum resolved ultra-low loss EELS simulation of (top) hBN along
G� K and (bottom) cBN along G� X momentum resolved ultra-low loss
EELS spectra. The quantum impact scattering theory is used for all sim-
ulations. Q denotes the magnitude of the imparted momentum. The
experimental data obtained by Nicholls et al. are presented with permission from
the authors. The experimental spectra are shown in green and all plots are
normalised.
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