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Abstract

This thesis explores the geometric principles underlying many of the known Trichotomy
Theorems. The main aims are to unify the field construction in non-linear o-minimal
structures and generalizations of Zariski Geometries as well as to pave the road for

completely new results in this direction.

In the first part of this thesis we introduce a new axiomatic framework in which all the
relevant structures can be studied uniformly and show that these axioms are preserved
under elementary extensions. A particular focus is placed on the study of a smoothness
condition which generalizes the presmoothness condition for Zariski Geometries. We
also modify Zilber’s notion of universal specializations to obtain a suitable notion of
infinitesimals. In addition, families of curves and the combinatorial geometry of one-
dimensional structures are studied to prove a weak trichotomy theorem based on very

weak one-basedness.

It is then shown that under suitable additional conditions groups and group actions can
be constructed in canonical ways. This construction is based on a notion of “geometric
calculus” and can be seen in close analogy with ordinary differentiation. If all conditions
are met, a definable distributive action of one one-dimensional type-definable group on

another are obtained.

The main result of this thesis is that both o-minimal structures and generalizations of
Zariski Geometries fit into this geometric framework and that the latter always satisfy
the conditions required in the group constructions. We also exhibit known methods that
allow us to extract fields from this. In addition to unifying the treatment of o-minimal
structures and Zariski Geometries, this also gives a direct proof of the Trichotomy Theo-
rem for “type-definable” Zariski Geometries as used, for example, in Hrushovski’s proof

of the relative Mordell-Lang conjecture.
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Chapter 1

Introduction

Despite its use throughout mathematics, the word Trichotomy has aquired a very spe-
cific meaning in Model Theory. Trichotomy Theorems are a family of classification
results which give sufficient conditions for an abstract geometry to be algebraic in na-
ture. For example, the Trichotomy Theorem for Zariski Geometries states that a one-
dimensional Zariski Geometry is either combinatorially trivial, bi-interpretable with an
abelian group with possibly extra linear structure or a finite covering of an algebraically
closed field. Since we understand the structure of vector spaces and algebraically closed
fields very well, such results have strong implications and can lead to powerful ap-
plications. Hrushovski’s original solution of the relative version of the Mordell-Lang
conjecture [Hru96] relies on a variant of the Trichotomy Theory for Zariski Geometries
[HZ96] applicable to minimal sets in separably closed fields. Similarly, his work on the
Manin-Mumford conjecture [Hru01] relies on the Trichotomy Theorem for Algebraically
Closed Fields with a generic Automorphism (ACFA) [CHP02]. The original Trichotomy
Theorem for Zariski Geometries [HZ96] and a version for reducts of fields by E. Rabi-
novich [Rab93] also inspired some recent work by Yuri Manin [Manl10]. In practice, the
hardest part of the proof of a Trichotomy Theorem is to recover a field if the geometry
is sufficiently rich. In the existing Trichotomy Theorems, this is done using a variety
of techniques some of which are quite inaccessible to non-specialists interested in the

above applications. In this thesis, I axiomatically expose the underlying principles that



are common to many of the contexts in which we already have a Trichotomy Theorem.
Using a combination of ideas from Zilber [Zil10] and Starchenko and Peterzil [PS98],
we will unify a large proportion of the field construction by carrying out most of the
work in this new and more general class of structures. By constructing the algebraic
objects based on an intuitive notion of geometric calculus and using abstract analogues
of the chain and product rules for usual differentiation, I hope that this will also make
these results more readable for the general mathematician. Of course, by giving an
axiomatic framework in which this construction works, we should also be able to more
easily indentify new classes of geometries for which a Trichotomy Theorem holds. Most
of the axioms follow easily form a cell decomposition theorem in the style of that for
o-minimal structures and in view of this, both C-minimal structures and p-minimal fields

are promising classes to look at in the future.

1.1 Trichotomy Theorems

1.1.1 The Trichotomy Conjecture and Zilber’s Principle

To give the reader some context, we start with a brief history leading up to Zilber’s
Trichotomy Conjecture and a survey of the various existing Trichotomy Theorems. The

story begins quite early in Model Theory with the study of categorical structures.

Definition 1.1.1 We say that a structure M is categorical, if every elementarily equiv-

alent structure of the same cardinality is isomorphic to M.

Since the Lowenheim Skolem Theorems tell us that a countable theory has models of ev-
ery cardinality, this is the best kind of uniqueness we could wish for a structure to have.
There were known examples of categorical structures from the very early days of Model
Theory. Already in 1954, Lo$ and Vaught showed that uncountable algebraically closed
fields of fixed characteristic are categorical. However, the real breakthrough came some
eleven years later when Morley proved the Categoricity Theorem. This states that if a

countable theory has one uncountable categorical model, then all uncountable models



are categorical. The methods that were developed to prove this theorem can be seen as
the beginning of modern model theory and provided a lot of new tools for the study of
uncountably categorical theories. In 1971 Macintyre gave an interesting converse to the
Lo$ and Vaught result. He showed that if a field is categorical, then it is algebraically
closed, thus giving a complete classification of uncountably categorical fields. This re-
sult spawned a large amount of interest in this kind of classification question and in
the following decades much work has been done in an attempt to classify categorical
groups, rings and other structures. However, success has been limited; even Zilber and
Cherlin’s Algebraicity Conjecture of 1977, stating that uncountably categorical groups

are algebraic groups, is still open.

Not long after this flurry of activity took off, Zilber started thinking in another direction.

Lo$, Vaught and Macintyre gave the following equivalence:
An uncountable field K is categorical if and only if it is algebraically closed.

Zilber asked whether we could replace the left-hand side with something completely
model-theoretic. In other words, is there a model theoretic property P such that a
structure M has P if and only if it is equivalent to an algebraically closed field? To be
able to understand the resulting Trichotmoy Conjecture which tried to answer the above
question, we need to look at some of the structural results that went into the proof of
the Categoricity Theorem. At the core of Morley’s theorem is the fact that uncount-
ably categorical theories are in some sense controlled by an underlying combinatorial

geometry.

Strongly Minimal Sets and Pregeometries

Definition 1.1.2 Given a structure M, an infinite definable set D is minimal if for any
other definable set Y € D either Y or D \ Y is finite. Given a theory T, the formula

¢(x,a) is called strongly minimal if in any model M |= T the set ¢(M, a) is minimal.

Theorem 1.1.3 Let T be a countable theory with a model which is categorical in an

uncountable cardinality. Then



1. T has a prime model My,

2. there is a strongly minimal formula ¢(x) with parameters from the prime model

and

3. given any model M |= T, M is prime over ¢(M).

Classic examples of strongly minimal sets are structures in the language of pure sets
(equality), vector spaces and algebraically closed fields. In fact, these are key examples
and there is a strong analogy between these and general strongly minimal sets: The
aforementioned examples all come with well known geometries, namely algebraic closure
in fields, linear span in vector spaces and just the identity map in the pure set. Morley
showed that all strongly minimal sets come equipped with a canonical closure operation
like this and that this allows us to define a dimension that determines the structure up

to isomorphism.

Definition 1.1.4 Given a structure M and a set A €M, we define the algebraic closure

acl(A) = {b | there is a formula ¢(x) with parameters from A such that M = ¢(b)
and ¢(M) is finite.}

Definition 1.1.5 A pre-geometry on a set X is a function cl: P(X) — P(X) such that

1. for all ACX, ACcl(A4) = cl(cl(4)),
2. forall ACBCX, cl(4)Ccl(B) and

3. forall ACX and a,b € X, if a € cl(4b) \ cl(A), then b € cl(Aa).

Given a set D € X, we define the localization of cl at D to be clp where clp(4) =

cl(AU D).

We can define independence and dimension in analogy with the examples given above.

Definition 1.1.6 Let (X, cl) be a pre-geometry. We say that a set B C X is independent
if for all b € B, b ¢ cl(B \ {b}). We define the combinatorial dimension cdim (A) =

min{|B]| | BZ A is independent }.



Theorem 1.1.7 Given a model M |= T and a strongly minimal formula ¢(x), acl is a
pre-geometry on ¢(M). Furthermore, if N is another model, then ¢(M) = ¢(N) if and
only if cdim (¢(M)) = cdim (¢(N)).

This, together with 1.1.3 tells us that uncountably categorical theories are controlled by
the strongly minimal sets they contain. To give a classification of uncountably categorical
structures it is therefore enough to classify strongly minimal sets. We can classify pre-
geometries using a multitude of dividing lines. The ones that will be important for us

right now are the following.

Definition 1.1.8 Let cl be a pre-geometry on X. We say that cl is

trivial if for all ACX, cl(4) = | cl(a).

acA

modular if the dimension formula holds: For all A, BC X,

cdim (A U B) = cdim (A) + cdim (B) — c¢dim (4 N B)

locally modular if there is a tuple a such that the localization cl, is modular.

Looking back at our examples we see that the pre-geometry given by equality is trivial,
span is modular (and therefore locally modular) and algebraic closure in fields is neither.
Local modularity of acl has interesting consequences for the complexities of incidence

relations that can be interpreted.

Definition 1.1.9 A pseudo-plane is a two-sorted structure (P, L,I) where I CP x L

and

1. for all p e P, {l € L|= I(p,l)} is infinite,
2. foralll e L,{p € P|E I(p,])} is infinite,
3. for all p1,pa e P, {l € L|=I(p1,1) A I(p2,1)} is finite and

4. forall 1l e L,{p € P|=1(p,l1) A1(p,l2)} is finite.



Even though this definition is symmetric in P and L we should think of elements of P as
“points” and elements of L as “lines”. In this way a pseudo-plane can then be regarded
as a non-linear family of curves. In view of this, we will call strongly minimal sets which

interpret a pseudo-plane non-linear or linear otherwise.

Conjecture and Refutation

By the early 1980s a good deal was known about linear strongly minimal sets and some
first classification results started to appear. However, little beyond the one example we
have already seen and the interpretability of a pseudo-plane had been established in the

non-linear case. In [Zil83] Zilber gives the following weak trichotomy:

Theorem 1.1.10 Let M be a strongly minimal structure. Then exactly one of the fol-

lowing s true:

1. acl is trivial,
2. acl is non-trivial and locally modular or

3. M interprets a pseudo-plane.

The fact that there were no other examples led Zilber [Zil83] to conjecture that every
uncountably categorical pseudo-plane should be bi-interpretable with an algebraically
closed field. Using the group configuration theorem (see [Bou89] for a good account)
which generalized techniques already known to work in totally categorical theories,
Hrushovski finally managed to fully classify linear strongly minimal sets in his PhD
thesis [Hru85]. This established what is now commonly known as the Weak Trichotomy

Theorem (WTT).

Theorem 1.1.11 Let M be a strongly minimal structure. Then exactly one of the fol-

lowing s true:

1. acl is trivial,



2. acl is non-trivial, locally modular and M is bi-interpretable with an abelian group

with possibly extra linear structure or

3. M interprets a pseudo-plane.

It was also Hrushovski who finally gave an answer to Zilber’s conjecture, but not in the
way one might have hoped for. In [Hru93] he used a new method now known as the
Hrushovski Construction to find a strongly minimal set which is not locally modular,
but interprets no groups. Despite the failure of Zilber’s conjecture for strongly minimal
structures which can be regarded as one of the nicest possible contexts from the point
of view of Model Theory, there are now a number of contexts where results along these

lines do hold. Starchenko and Peterzil [PS98| put it as follows:

Suppose we have class of structures C with good notions of “trivial”, “linear” and “non-
linear”. We say that C satisfies the Zilber Principle if for any structure M € C either M
is trivial, M is linear and all definable sets arise from an interpretable module structure

or M is non-linear and M interprets a field.

Typically the non-linear case is the hardest to deal with, but before we look at a strategy
to construct a field (or at least a field-like structure), we will give a brief survey of known

results.

1.1.2 Known Results

The first successful attempts concerned reducts of algebraically closed fields which still

interpret a pseudo-plane. The most general of these is due to Rabinovich [Rab93]:

Theorem 1.1.12 Let (K,Q) be a non-locally modular reduct of an algebraically closed
field (K,+,-,0,1). Then (K,+,-,0,1) is definable in (K,€).

This is an improvement on the Los, Vaught, Macintyre result, but as we need to know
from the outset that the field is present this is by no means the purely model theoretic

property P that Zilber envisaged. Some of the methods used are also not likely to



generalize to more abstract contexts as the proof relies on keeping track of the difference
between the sets definable in (K, 2) and their Zariski closures. For this reason we make
no attempt to include this result in the general framework developed in this text. What
we should take away from Rabinovich’s work, though, is that a notion of closures of
definable sets is key. Indeed, Zilber and Hrushovski noticed that the addition of a
definable topology to a general strongly minimal set allowed them to axiomatize a kind
of smoothness in form of the dimension theorem. The resulting structures are called

Zariski Geometries (see definition 4.1.31). Their main results [HZ96] are

Theorem 1.1.13 If M is a non-locally modular Zariski Geometry, then M is a finite
covering of an interpretable algebraically closed field (K,+,-) and furthermore the pro-

jections M" — K™ are closed maps with respect to the Zariski Topology on K".

Theorem 1.1.14 There is a non-locally modular Zariski Geometry, which is not inter-

pretable in an algebraically closed field.

A good treatment of Zariski Geometries is given in [Zil10] where the same theorems are
proved using new techniques which are one of the main influences on this piece of work.
There are also a couple of variants of this theorem which apply to types and will also
greatly concern us. There is no proof for the following result in the literature, but it is

considered folklore by many.

Theorem 1.1.15 Let p be a non-locally modular minimal type over A in a stable theory
T with quantifier elimination. Let M = T be an |A|-saturated model and suppose that
the subsets of p(M)" relatively defined by positive quantifier free formulas satisfy the
azioms for a Zariski Geometry (with the exception of quantifier elimination). Then T
interprets an algebraically closed field K and p is non-orthogonal to the generic type of
K.

This theorem played an important part in Hrushovski’s proof of the relative version of the

Mordell-Lang Conjecture [Hru96]. He showed that certain thin types in seperably closed

10



fields do satisfy the required axioms. Delon [Del98] later extended this to all minimal
types. However, in [Hru96] the field is obtained by directly showing that these thin types
come equipped with a specialization which satisfies similar properties to specializations
in Zariski Geometries. In this way a proof of 1.1.15 in full generality is omitted. The
trichotomy theorem for ACFA [CHPO02] uses another modified version of the original

Zariski Geometries Axioms. The main result here is

Theorem 1.1.16 Let p be a non-locally modular minimal type in ACFA. Then p is

almost internal to a fized field.

Again, the authors show that a certain “limit structure” almost satisfies the axioms of
a Zariski Geometry and state that the proof of Trichotomy Theorem should generalize,

but instead they use techniques specific to the context to recover the field.

A further Trichotomy Theorem is that for o-minimal structures which does not fall
into the realm of Zariski Geometries at all. O-minimal structures can be seen as a
generalization of real analytic geometry. Good introductions to the subject can be
found in [vdD98] and [Pet07]. Even though from a model theoretic viewpoint these are
fundamentally different from Zariski Geometries, there are some striking similarities. O-
minimal structures also come equipped with a definable topology and dimension. acl is
still a pre-geometry and they have quantifier elimination in the language of closed sets.
We will see later that they also share a suitable smoothness assumption with Zariski

Geometries. In [PS98] Starchenko and Peterzil prove

Theorem 1.1.17 Let M be an o-minimal structure and a € M. Then exactly one of the

following is true.

1. The geometry around a is trivial.

2. The geometry around a is linear and there is a convex set V > a which has the

structure of an ordered vector space over an ordered division ring.

3. The geometry around a is non-linear and there is an interval R > a which has the

structure of an o-minimal expansion of real closed field.

11



Despite the structural similarities to Zariski Geometries, the proof of this theorem uses
entirely different techniques. Unifying this result with that for Zariski Geometries and
showing that it is the geometric similarities that underly the Trichotomy Theorems is

one of the main goals of this thesis.

1.2 Outline and Statement of Results

In order to make the technical construction in chapters 2—4 a little easier to follow, we
will start with an outline of the key concepts and results. To get a general feel for the
strategy we are pursuing, let us take a look at how we can recover algebraic structures
in a more familiar context. The idea is to first construct a chunk of the multiplicative
group and then a chunk of additive group of a field by differentiating suitable definable
families of functions. The chain rule turns composition, which is easily definable, into
multiplication and the product rule turns multiplication into addition. To illustrate
this, let us consider R and suppose U is a sufficiently rich and smooth definable family

of differentiable functions R — R. By this we mean a definable set i/ CR? x L such that

1. there is a two-dimensional set S €R? such that for all (a,b) € S, the set

{l € L|U(a,b,l)} is infinite,

2. for every | € L the set U; = {(x,y) | (x,y,]) eU} TS is the graph of a differen-

tiable function R — R and
3. the funcions [/ — U; and (a,l) — %(a) are continuous and non-constant.
A good example of such a family would be I = {(x,y,u,v) |y =u.x+v & (u,v) € L}
where L CR?. For convenience, we will write / instead of U; for the function parametrized
by [. We now fix (a,h) € S and restrict our attention to functions f € L(4p) =
{feL| f(a)=b}. Consider the set

d(f~lo
D:{(J{Tg)(a) ‘ fge€ L(a,b)}

12



By assumptions 1 and 3 on U, this set is infinite and contains an interval around 1.

Furthermore, by the chain rule

d 14 o(i"toh
1% Z)x( Mgy - o W@

so the trace of composition on D gives us a relation ® = { (x,y,z) € D3 | x.y =z }. We
can proceed similarly if we already have multiplication in place. We consider L) for

some suitable ¢ such that (1,¢) € S and look at the set

_ 1 d(g/f)
E‘{T(“)

fr8 €L, %

where multiplication and division of g and f are pointwise. Again, this will contain some

interval containing 0 and in a similar fashion to the above, the product rule implies that

dl(g/f)-(h/D)], | d(g/f) d(h/i)
dx (a) = dx (a) + dx (a)

thus giving us the relation @ = {(x,y,z) € E3 | x+y =z}. Of course, neither of
these are groups yet, but by restricting to infinitesimal neighbourhoods around 1 and 0
respectively, we obtain two type-definable groups with a definable distributive action of
the multiplicative group on the additive group via

d(h/i)
dx

d(f~1og)
dx

i)o flo
@ =200

(@).

Such an object is called a definable group presentation in [PS98] (see definition 3.2.24).
In both stable theories and o-minimal structuers there are known methods that allow
us to construct a field from this. Our strategy will be inspired by this construction and

works in a much more abstract context.

In chapter 2 we axiomatically define the class of structures in which we will be working

and develop some tools for later use. Strong Geometries can be summed up as follows:

A Strong Geometry is a structure M with a distinguished generating class of definable

sets called closed and a dimension notion dim for existentially definable sets satisfying

13



1. the dimension is existentially definable and additive (See axioms (DP),(DU),(DD)

and lemma 2.1.23),

2. existentially definable sets P have a well defined closure P and their boundaries

are small (See axiom (SB) and lemma 2.1.15),

3. closed sets can be decomposed into finitely many components which are uniform
with respect to the dimension notion (See axiom (DC), definition 2.1.3 and lemma

2.1.13) and

4. uniform sets satisfy a smoothness condition (See definition 2.1.17 and axiom (GS)).

The sort of examples we should have in mind are Zariski Geometries, o-minimal and
C-minimal structures. However, we should note three key differences that distinguishes

general Strong Geometries from the former.

1. The closed sets do not in general form the closed sets of a topology,

2. we do not require quantifier elimination and only work with existentially defined

sets and

3. zero-dimensional sets are not required to be finite.

These differences make some arguments and proofs rather more technical than they
would otherwise be. The reason we make generalization 1 is that the property that
the closed sets form a topology is not generally preserved under elementary extensions.
This happens in specific classes like the ones mentioned above, but I see no way of
axiomatizing this. We do not ask for quantifier elimination as one of our main aims
is to include type-definable Zariski Geometries as in [Hru96] and [CHP02]. Lastly, the
reason for generalization 3 is the hope that we might be able to include some Analytic
Zariski Geometries which may have infinite zero-dimensional sets. The omission of any
structural information about zero- or one-dimensional sets potentially allows many kinds
of structures to be considered in the framework. On the other hand, the following
examples illustrate that dimension is neither uniquely determined by the structure M,

nor does it tell us anything useful without further assumptions:

14



1. Any structure M where all definable sets are closed and zero-dimensional is a

Strong Geometry.

2. Given a Strong Geometry M, M is still a Strong Geometry if we multiply all

dimensions by a constant.

3. Suppose we have two Strong Geometries A and B. The structure M = Ax B, where
the definable sets in M” are boolean combinations of sets of the form C x D C

A" x B™ and the dimension dim(C x D) = dim C + dim D is a Strong Geometry.

We will not have to worry about examples 1 and 2 as we will be working in a one-
dimensional structure, but in view of example 3, it should come as no surprise that to
carry out the group constructions, we have to introduce some further axioms. However,

a surprising amount of theory can be built up without that additional information.

The first ingredient in the outline was the family of functions . This needed to have a
certain degree of complexity so that the sets D and E contained intervals around 1 and 0
respectively. Generally speaking, the complexity of a family of definable sets is a subtle
issue, but in section 2.1.3 we develop a meaningful notion of the dimension of families of
sets. The key object that will take the place of U is a generically normal two-dimensional
family of plane curves. This consists of two uniform one-dimensional sets Cyx and Cy, a
two-dimensional parameter set L and a uniform 7 (x, y,u) S Cy x C, x L such that
1. forall / € L, dim I; =dim{(x,y) | (x,y,l) e} =1,

2. for all (x,y) € Cx x Cy, dim [(x ,y =dim{/ | (x,y,]) € [} =1 and

3. dim{ (I1.1y) € L? | dim{ (x,y) | (x,y) e I, NI}, } =1} =2.
It is shown in lemma 2.1.41 that this also implies
dlm{ (Xl,yl,XQ,yQ) S (Cx X Cy)2 | dlm({l | l e I(xl,Y1) N I(xg,yg) }) = 1} =2

These four properties are very similar to those of a pseudo-plane. We will see that such

an object exists in every sufficiently rich one-dimensional Strong Geometry. We will

15



do so in analogy with strongly minimal sets by studying a suitable pre-geometry on

elementary extensions.

The first obvious question we need to address is whether the class of strong geometries
is closed under elementary extensions. Not only is this an interesting question in its own
right, but it is also an important prerequisite for a well-behaved notion of infinitesimals

as well as a weak trichotomy theorem.

Theorem 2.2.2 If M is a Strong Geometry and *M = M, then with the induced

dimension, *M is also a Strong Geometry.

Due to the fact that zero-dimensional sets are not bounded, this may be somewhat
surprising to model theorists. However, we have already seen that no meaning is attached
to the dimension and if one looks closely at the axioms of Strong Geometries, then they
all translate to combinatorial properties of formulas. It is obvious that definable sets in
*M are of the form S(a) = {x | (x,a) € S} where S(x,y) is an M-definable set and a
is generic in the projection of S to the y-coordinate. The smoothness condition ensures
that uniformity is preserved by this — if S is uniform, then so is S(a) (see lemma 2.2.5).
Since dimension is definable, this more or less turns all the axioms into schemas of first

order sentences.

If M is one-dimensional, we can define a combinatorial dimension (or rank) cdim in the
usual way and define a pre-grometry cl which takes the place of acl. We obtain a weak
trichotomy result similar to that for geometric structures by Berenstein, Vasilliev [BV10)]

and Boxall, et al. [BV10, BBWK™"11]:

Theorem 2.2.25. Let M be a one-dimensional Strong Geometry and *M an elemen-
tary extension sufficiently saturated for quantifier-free types. Then exactly one of the

following is true:

1. cl and all families of plane curves are trivial,

2. cl is very weakly one-based and every generically normal family of plane curves is

linear,
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3. cl is not very weakly one-based and there is a two-dimensional generically normal

family of plane curves.

Even though the statement is the same as that for geometric structures given in [BV10],
the context and proof are not. In particular, the argument given here avoids the use of

lovely pairs.

In the last sections of chapter 2 we develop our main tool for the construction of algebraic
objects. We use specializations (definition 2.3.1) as in [HZ96] or [Zil10] to get a notion
of infinitesimals. A specialization m: *M — M is simply a partial homomorphism with
respect to the relations given by closed sets. These should be thought of as generaliza-
tions of the standard part map or valuations and in that spirit we call V, = 77 1(a) the
infinitesimal neighbourhood of a. Of course, the identity map is a specialization so this
notion only becomes useful once the sets V, are have some non-trivial structure. Using a
construction similar to that commonly used to prove the existence of saturated models,
Zilber [Zil10] obtained so called universal specializations for which every infinitesimal
neighbourhood is w-saturated. However, since we do not require quantifier elimination,
universal specializations exhibit some undesirable behaviour. Given an existentially de-
finable set P, we have very little control over its boundary P \ P. In particular, it
might happen that the boundatry contains elements a with cdim (a) = dim(P). As we
indicated in the summary of Strong Geometries, existentially definable sets are meant
to have small boundaries so this this has to be avoided. To overcome this problem, we
generalize the notion of universal specializations and show in proposition 2.3.15 that for
Strong Geometries there are specializations with respect to which all infinitesimal neigh-
bourhoods are w-saturated for existential formulas, but such that within the domain
of the specialization, the boundary of existentially definable sets is the union of closed
sets of small dimension. In other words, within Dom 7, the type of generic boundary
elements is omitted. In 2.3.17 we show that this corresponds to a form of local elim-
ination of existential quantifiers. All proofs in chapter 3 could be carried out without
referring to specializations, but they allow us to follow the proof strategy given earlier

in this section very closely. The reason for this is the Implicit Function Theorem (IFT)
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2.3.22. This gives us a much more intuitive characterization of smoothness and allows

us to draw many parallels with the strategy outlined in the beginning of this section.

In particular, it allows us to see families of curves as families of functions. Given a
family of curves I (x, y,z,u) parametrized by u, we can consider this as a family of local
bijections x — y. Given generic (a,b,c,l) € I, we define the c-branch of | at (a,b) to
be

~

[={(d.b)eVy |3 eV, &I b, 1)}

The Implicit Function Theorem guarantees that if @,/ and m are sufficiently generic,
this is a bijection V, + V,. Furthermore, composition and pointwise multiplication
behave exactly as we would expect. We discuss branches and their properties in detail
in section 2.3.2. The important thing to note is that if 7 (x, y,u) is a generically normal
two-dimensional family of curves, then we can see I, ) as a one-dimensional family of

bijections V, + V; and compose them definably.

With a suitable replacement of U/ in place, we turn our attention to the challenge of
extracting groups from this. Chapter 3 contains the main constructions. We start by
introducing two more assumptions. The first is a generalization of the pre-smoothness
axiom for Zariski Geometries. This tells us that after sufficient decomposition, the Im-
plicit Function Theorem holds away from a set of co-dimension 2. The second assumption
concerns the structure of one-dimensional sets. We introduce axioms (nT) which limit
the number of generic two-types over M that are realized in V,, for a generic singleton
a € M and thus obtain a notion of direction (see definition 3.1.8). For example, in an
o-minimal structure there are two such types — the one containing x < y and the one
containing y < x corresponding to approaching a from the left or from the right. We will
call a structure satisfying these extra axioms a Presmooth Geometry. We also introduce
the axiom (SL) which makes sure that sets are in some sense locally irreducible. We call

Presmooth Geometries satisfying (SL) Stable-Like.

We then define a notion of tangency. Differentiating a curve at a point is a matter of
finding a straight line which is tangent to the curve and taking as the derivative the

gradient of that straight line. In view of this, we will consider ordinary differentiation to
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be differentiation with respect to the family of straight lines parametrized by gradient.
As we do not in general have a notion of straight line, we will just take our family /(4 p)
instead and differentiate with respect to that. In that fashion we hope to obtain a form
of “Geometric Calculus” in the sense of [PS98]. The I-derivative of a curve C should be
the tangency equivalence class of curves from I which are tangent to C, so long as this
exists. Of course, this only makes sense if the tangency relation is actually an equivalence

relation and making sure of this is one of the main challenges in the construction.

Suppose K is a family of c-branches through (a,b). As an example of such a K we
should always keep K = (4 5) in mind in which case we omit the c. We can try do define
tangeny in analogy with traditional differentiation. Suppose we have two branches from
I parametrized by [ and m. We think of the intersection at (a,b) as being tangent if
it has multiplicity two or more. Since for all / and m, T(a) = m(a), this is equivalent
to saying that once we perturb [ and m slightly, we get a second point of intersection.

Using our infinitesimal toolbox we can say exactly this. We define the tangency relation

| to be

~

[ || m if and only if there exist (I',m’a’) € Ve with a # a’ and F(a/) =m'(d)

This is illustrated in the following figure.

Vab Vab

Infinitesimal Shift

(a,b) % (a,b)

<!

Figure: Tangency for a family of branches throughb)

We will see in section 3.2 that given families of branches through (a,b), the relation
|| between these two families is given by a closed set. This definition is quite clearly
reflexive and symmetric, but in many cases transitivity will fail. This is easily seen in

the following examples in R.
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Example 1 Take /7 to be the family of vertical lines, I to be the family of circles of
radius 1 with centre on the vertical line x = —1 and I3 the family of circles of radius
1 with centre on x = 1. Then the above definition tells us that the circles centred on
(—1,0) and (1,0) are each tangent to the line x = 0 at (0, 0), but it does not detect that

they are tangent to each other.

. x2
Example 2 Consider the family F where F(s) is the function y = x.(1+ w.e s7).

Given any differentiable function & with #(0) = 0 and gradient between 5 and %, the

above definition will tell us that F(0) = idy is tangent to & at 0.

On the other hand, this construction does exactly what we want under some circum-
stances. Suppose our structure M is an o-minimal extension of a real closed field, C
is a curve, (a,b) is generic on C and [ is the family of straight lines through (a,b)
parametrized by gradient. By general facts about o-minimal structures (see [vdD98]),
we know that C is differentiable at (a,b). Suppose that the derivative is d. Then the
definition of derivatives in real closed fields tells us that for any open set U > (a,b,d)

there is a tuple (a,b,d) # (a’,b’,d") € U such that

—d

This implies that there is a triple (a,b,d) # (a’,b’,d") € Vapq satisfying the same

formula. If we write dx = @’ —a and dy = b’ — b, this situation gives us the following

dy

familiar picture and the formula

Figure: Ordinary Differentiation.
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Our two examples highlight the two main issues that we need to overcome. Our family
needs to be sufficiently rich to actually detect tangency and it has to be smooth enough
so that || does not exhibit degenerate behaviour. By picking a generic (a,b, g) € I and
working locally around this, we should be able to make sure of this, but a general proof

is missing. What we can show is the following;:

Proposition 1.2.1 Suppose I(x,y,u) is a smooth generically normal family of plane

curves and (a,b,g) € I is generic. Let D be a direction at a such that
K = I(Q’b) ={(x,y,u)el|xeD&(a,bu)yel}

is a one-dimensional family through (a,b). Then | is generically transitive on the family

K loK.

This is proved in corollary 3.1.17. In the group constructions we are interested in tan-

log. Since g is generic, the only non-generic elements

gency around the identity map g~
in Vgg are of the form (h,h) for h € Vy. The question whether || is an equivalence
relation on the set { f 1ok | f,h € Vg } therefore boils down to the question whether it

1

is possible to have n™ ' om || 0=! 0 0 for m # n.

If this is never the case, then || is an equivalence relation and we will denote the equiv-

alence class of f~Yoh by d(f~!oh). We then wish to define multiplication on
H={d(f " oh)| fiheVg)
via
d(f~toh)dutov)=d(rtos)ifandonlyif f~lohoutov|rtos

Since A1 o f o f~1o j is trivially tangent to h~! o j, one way of making sure that H
is closed under this operation is to make sure that we can match “nominators” with
“denominators”. There are still a lot of well-definedness issues to overcome, but in fact,

a richness condition along these lines suffices.
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Proposition 3.2.8. Suppose that for any family K obtained as above, K satisfies the

following two properties:

(Non-Degeneracy) Given independent n,m,o € Vg, 0"ton fo~tom.

(Richness) For any generic (h,i,r) € V(g g.¢, there exists an s € Vg such that i~ oh ||

slor.

Then the relation ®(f,h,i) =g toh | f~toi gives a group with identity g on Vg.

Note that ® is the lift of the operation . defined above under the map h + d(g=! o h).
Once we have done this, we can use standard methods to change the situation to one
where we can assume that b is the identity of a type-definable group on Vj,. We re-label
b to e and now consider K = [ (Z,e) for some generic a. Again, we pick a generic curve

g, but this time we look at

G:{?h‘f,hevgma,b

where % denotes the multiplicative inverse. We do not write f~! to distinguish the

multiplicative inverse from the inverse function. Using an identical proof we obtain an

analogous proposition.

Proposition 3.2.22. Suppose that for any family K obtained as above, K satisfies the

following two properties:

(Non-Degeneracy) Given independent n,m,o0 € Vg, < -n Jf

QI

-m.

(Richness) For any h,i,r € Vg, there exists an s € Vg such that §-h | € -r.

Then the relation &(f,h,i) = ? <h | % -1 gives a group with identity g on Vg.

In an ideal world the multiplicative group would act on the additive group by compo-
sition. If it did, distributivity would follow from lemma 3.2.23. It would be nice if this
were possible, but a proof of this is lacking. Instead we construct a second multiplicative

group. Instead of letting V, act on Vg, we relabel g to 0 and fix an element 1 € Vy. Since
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e,0 and 1 are generic independent elements, the family (e/0-h) for h € V; is generically
normal. We can thus apply proposition 3.2.8 to this to obtain another multiplicative
group, this time on V;. This does act distributively on the additive group so that we

obtain a group presentation in the following sense.

Definition 3.2.24. A (one-dimensional) constructible group presentation consists of
curves C and D with elements 0 € C, 1 € D and constructible relations +, - and . such
that the restrictions of + and - to Vy and V; are the graphs of groups with identities
0 and 1 respectively and such that the restriction of . to Vy x V; x V) is a distributive
group action of (Vi,-) on (Vy, +). We say that the presentation is faithful if the action
is.

Proposition 3.2.25. Under the conditions given in 3.2.8 and 3.2.22, if M is a non-
linear one-dimensional Presmooth Geometry, then there is a projective group presenta-

tion.

Sadly, a general proof of the non-triviality of this action is missing, but in all the key

classes this can be shown to be faithful.

In chapter 4 we look at examples of Strong and Presmooth Geometries. In view of the
characterization of Strong Geometries given earlier in this introduction, it is natural to
look for examples amongst classes of structures with a good cell decomposition theorem
and dimension theory. Such structures include Zariski Geometries, o-minimal struc-
tures, C-minimal structures, p-adically closed fields and many others. We will merely
show that the first two are Strong Geometries, but the proofs should generalize easily.
Whether a structure is a Presmooth Geometry is a much more subtle issue. The only
known examples so far are generalizations of Zariski Geometries. The proof of pres-
moothness for o-minimal relies on a certain strenghthening of the cell-decomposition
theorem, which is left open at this point (see property (LC), definition 4.2.14). In order
to treat Zariski Geometries and their type-definable derivatives uniformly, we introduce

an axiomatization similar to that found in [CHP02].

Definition 4.1.2. An L-structure M with a distinguished generating family of definable

sets called closed is a multi-sorted k-proper Zariski Geometry if for any tuple of sorts
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Xi,,..., Xi,, the closed sets form a Noetherian topology on X;, (M) x ... x X;, (M) and

these topologies, together with Krull dimension dim, satisfy

(«MZ1) M is k-compact and for any closed irreducible set S C M™% and a projection
pr: M" K > M” prS D prS \ Ujej F for proper closed subsets F; C prS and

|J]< k.

(MZ2) X;(M) is irreducible and for any closed set S € M" x X;(M) there is a natural

number m such that for all @ € M", either S(a) = X; (M) or |S(a)|< m.

(MZ3) For any tuple of sorts Xj,,..., X;

dim(X;, (M) x ... x X;,(M)) = n

and for any closed irreducible set S € M" and A a diagonal of the form x; = x;
every component of § N A has dimension > dim S — 1.
If M is one-sorted we will just say «-proper Zariski Geometry.

Proposition 4.1.3. A multi-sorted k-proper Zariski Geometry is a Stable-Like Pres-

mooth Geometry.

Proposition 4.2.2. If M is an o-minimal structure satisfying (LC), then Myat is a

Presmooth Geometry satisfying (2T).

It then remains to check the conditions of the group constructions in chapter 3.

Theorem 1.2.2 In both Stable-Like Presmooth Geometries and o-minimal structures

the conditions of proposition 3.2.25 are satisfied and furthermore, the action is faithful.

This follows from propositions 4.1.19 and 4.2.34.

In the case of o-minimal structures, Starchenko and Peterzil [PS98] showed that the
existence of a faithful group presentation guarantees the existence of an interpretable

field. So if we were able to establish that (LC) holds for o-minimal structures we would
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obtain a new proof of the non-linear case of theorem 1.1.17. In the stable-like case we

show slightly less.

Proposition 4.1.20. In a non-linear Stable-Like Presmooth Geometry there exists a
two-dimensional type-definable group which is solvable and centreless. In particular, this

group satisfies the metabelian identity

la,b].[c.d] = [c.d].[a,b] where [a,b] =a.b.a”'.h™?

and does not satisfy the class-2 nilpotency equation

r.u,v] = [u,v].r

In a stable context there are standard methods for extracting a field from such a group
(e.g. Poizat [Poi01]). In particular this proves theorem 1.1.15 and gives a proof of the

field construction in theorem 1.1.13.

In chapter 5 we will discuss some open problems and questions for further research.
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Chapter 2

Strong (Geometries

2.1 Basics

2.1.1 Definitions

We work in a relational language £ with equality. Given an L-structure M we call
definable sets X CM" closed, constructible or projective if they are respectively defined
using positive quantifier free, quantifier free or existential formulas with parameters from

M.

Notation We will denote the classes of closed and projective sets by C and P, respec-
tively. If there is any ambiguity about the parameters allowed, we will write C4 and P4

and say A-closed and A-projective for sets defined over the parameter set A.

Definition 2.1.1 Let f:M" — M™ be given by

(X1 e xn) > (fi(X1, oo Xn)s ooy S (X1, oo, X))
where each f; is either a constant map or a coordinate map of the form f;(x1,...,x,) =
x; for some j € {1,...,n}. Then f is called a projection map.

Notation If § CM"*¥ is definable, we will write S and S(x, y) interchangably for the
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set itself and the formula defining it. It is implicit that x is a tuple of length n and y
is a tuple of length k. If there is ambiguity we write #(x) for the length of the tuple x.
We write pr,, for the projection (x,y) + x corresponding to the quantifier 3y. If a is a

tuple of length k, then S, and S(a) denote the fibre over a, S(M,a) = pr;l(a) ns.

Notation The structures we will consider are not in general of a topological nature, but
many concepts still make sense. We will call complements of closed sets open and make
use of a lot of topological terminology like connectedness, irreducibility, discreteness,
etc. When we are working in a projective set X will say that T C X is relatively closed
(or open) if T = X N S where S is closed (or open). If it is clear which set X we are
working in, we will omit the word “relatively”. We will use €. and <, indicate when

subsets are relatively closed or open.

Let dim be an integer valued dimension defined on all projective sets over M. We will
exclusively be concerned with the class of projective sets and it will often be implicit

that the sets in question are projective.

Definition 2.1.2 We say that a set S has a component of dimension k if we can write
S as a union S7 U Sy of relatively closed sets with dim S; = k and Sy # §. We say that

a set S is pure-dimensional if S has no component of dimension less than dim S.

Definition 2.1.3 We say that a projective set S is aligned with respect to a projection
pr if for any TC S

dim7 =dimS = dimpr7 = dimprS

S is uniform if it is pure-dimensional and aligned with respect to all projections.

We assume the following properties for the class of projective sets over M with the

dimension dim:

(DP) Dimension of Points

Singletons have dimension 0 and dim(@) = —1.
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(DU) Dimension of Unions

If S and Sy are projective, then dim S; U So = max(dim Sy, dim S5).

(DD) Definability of Dimension
If S is a pure dimensional closed set and pr is a projection, then there is a closed

subset K Cq pr(S) with dim K < dim pr(S) such that for all a € pr(S) \ K

dim(S(a)) = dim S — dimprS

(SB) Small Boundaries (of projective sets)
If P is a projective set, then there is a closed set P D P of dimension dim P such

that for any other projective set Q,

if dim(P N Q) < dim(P), then dim(P N Q) < dim(P)

(DC) De-Composition
If S is closed and dim S = n, then there is a closed pure-dimensional subset T C; S
such that

dim(S\T)<n

(DP), (DU) and (DD) are natural axioms for any geometry. (SB) is a very weak version
of properness or quantifier elimination (see 2.3.17) and, as the name suggests, should
be interpreted as saying that projective sets have small boundaries or are very closely
approximated by closed sets. (DC) gives us a sort of cell decomposition which is made

precise in lemma 2.1.13.

Note that these axioms do not imply that zero-dimensional sets are finite. The best we
can say is that any projective subset X of a zero-dimensional set is closed. This follows
straight from (SB) and the fact that dim(@) = —1. For suppose @ € X \ X. Then
XN{a}=-1<0=dimX, but dim(y N{a}) =0=dim X, contradicting (SB).

28



Definition 2.1.4 Given any natural number n, consider the set
E:{(il,...,ik) |ij eN&l<ij<--- < fl’l}

And order this set by (i1,...,ig) < (j1,...,J;) iff k> 1 or (i1,...,ix) <tex (J1s---,J1)-
We can enumerate this set as o1 < --+ < o, for some r.

Given o = (i1, ...,is) € X, we write pr, for the projection

(X1, xn) > (X, e ey Xiy)

Given a set S € M”, we call the tuple alig(§) = (dimprg, S, ...,dimpr, S) the alignment

of S. We order alignments using the lexicographic ordering.

Note that a set S is uniform exactly when for all T C S with dim 7 = dim S, T has the

same alignment as S.

Lemma 2.1.5 Any closed set S can be written as a finite union | J S; of pure-dimensional
closed sets with the property that fori < j, dim(S;) > dim(S;) and for all i,
dimS; N |J S; <dim S;. Furthermore, this decomposition is unique.
J#i
Proof. We argue by induction on dim S. The base case dim § = 0 is trivial since § is

already pure-dimensional.

For the inductive step we apply (DC) to S to get a pure-dimensional S; € S such that
dim(S \ S1) < n. Let 8§’ = STS& N S. By (SB), dim S’ < dim S so that the inductive
hypothesis applies. Let So, ..., Sx be the decomposition of S’. Now by (SB), S1,..., Sk

are as required.

To get uniqueness, suppose there is another such decomposition Sj,..., S;, and suppose

n=min{r <min(m,k) | S, # S} exists.

Without loss of generality, assume that dim S, > dimS, and that L = S, \ S, #

@. The pure-dimensionality of S, implies that dimL = dim S,. By assumption,
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dim S, N |J S; < dim S, so in particular, for all i # n, dim(S; NL) < dim S,,. However,
Jj#n

now

1. LcS =S,
2. fori <n, S; = 8] so that dim(S; N L) < dim L
3. 8§, NL=4¢and

4. for i > n, dim S} < dim L.

This contradicts (DU) so no such n can exist.

Now suppose m # k. Without loss of generality assume that m < k. By assumption
Sm+1\ U Si # 0, but since for i <m, S; =S/, |J S; =S so this is a contradiction as

i<m i<m

well. Thus m =k. O

Lemma 2.1.6 Suppose S(x,y) is a closed set such that for all a € pry(S), |S(a)|= 1.
Then dimpry,(S) = dim S.

Proof. By the above lemma and (DU) it is enough to show this for pure-dimensional
sets so suppose S is pure-dimensional. (DD) implies that there is a closed subset K (x) of
dimension < dimpr,,§ such that for all a € pr,(S)\ K, dim §(a) = dim § —dimpr,,(S).

However, we know that dim S(a) = 0 so that dimpr,(S) = dim S, as required. [J

Lemma 2.1.7 Dimension of closed sets is preserved under permutation of coordinates.

Proof. Let o € Sym,, be a permulation of n elements and pg be the function (x1,...,x,)
(X (1)s+ -1 Xg(n))- Suppose S € M" is a closed set and T' = py(S). Then the graph of

po:S — T is given by the formula

n
S(X1,..0yXn) A /\X;‘ = Xo(i)+n
1
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The above formula is quantifier free so that the graph of ps is closed. The previous

lemma implies that dim S = dim 7" = dim graph(ps). O

Lemma 2.1.8 Suppose S is pure-dimensional and closed and pr is a projection. Let K
be as in the statement of (DD). Define T' = pr—(prS \ K) NS and Ty = T'NS. Let T,
be the pure-dimensional closed set given by applying (DC) to To. Then dim Ty = dim S
and dimpr(Ty) = dimpr(S). Furthermore, if S1,..., Sk is the decomposition of STTl

given by lemma 2.1.5, then for all i, either dim S; < dim T} or dim pr(S;) < dim pr(7}).

Proof. Let Ty = Ti,...,T; be the decomposition of Ty given by lemma 2.1.5 and
suppose for a contradiction that dim7; < dim S or dimpr(7;) < dimpr(S). Let
I = {i|dimpr(7;) =dimpr(S)}. For each i € I we apply (DD) to get a closed set
K; C pr(7;) with dim K; < dimpr(7;) = dimpr(S) and such that for a € pr(7;) \ K;,

dim7;(a) = dim 7; — dim pr(7;) < dim S — dim pr(S). Let

L=kKulJKiuJer(T)
iel i¢l
By (SB) and (DU), dim L < dimpr(S) so that pr(S)\ L # @. However, by construction
and (DU), for a € pr(S)\ L, dim S(a) = malx(dimTi —dimpr(7;)) < dim S —dim pr(S).
1€
This contradicts the choice of K.

For the furthermore clause, it is enough to consider S; since all other S; have smaller

dimension than 7. We will show that either dim S; < dim S or pr(S;)C K.

Suppose that pr(S;) € K. We can write S; = (S; N pr~H(K)) U (S; N Tp). By pure-
dimensionality of S7, our assumpion implieas that dim(S; N 7Tp) = dim S;. By (DU),
dim(S; N Tp) = max dim(S; N 7;). By construction and (SB), dim(S; N 71) < dim S

1<i<k

and for i > 1, dim7; < dim S so that dim S; < dim S as required. [

Lemma 2.1.9 The set Ty in the above lemma is aligned with respect to pr.
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Proof. Suppose not. Then there is a closed subset R C. T; of dimension dim R =
dim 7 such that dimpr(R) < dimpr(77). Using (DC) we can assume that R is pure-
dimensional itself. Apply (DD) to R and pr to get a closed set Kg and define R’ =
pr i (prR\ Kg) N R and Ry = R' N R. Let R be the pure-dimensional closed set given
by applying (DC) to Ry. By the previous lemma, dim R; = dim R = dim 73.

Since for @ € pr(S) \ K and b € pr(R) \ Kg, dimS(a) = dim7; — dimpr(7y) <
dim R — dimpr(R) < dimS(b), (pr(S) \ K) N (pr(R) \ Kr) = @. By two applica-
tions of (SB), this implies that dim(R’ N 7’) < dim S = dim T3, but on the other hand,

Q CRCTCT'. This is clearly a contradiction to (DU). O

Lemma 2.1.10 Suppose S is a pure-dimensional closed set which is aligned with respect
to a projectionpr. If T Co S is of the same dimension, then it is also aligned with respect

to pr.

Proof. Suppose not. Then there exists an R C.; T of dimension dim R = dim 7 = dim S

such that dim pr(R) < dim pr(7) = dim pr(S). This contradicts the alignment of S. [

Lemma 2.1.11 Given any pure-dimensional closed set S, we can write S as a union

of closed sets S = S; such that Sy is uniform and for i > 0, alig(S;) < alig(So).

Proof. Suppose § € M". Let pry ,...,pr, be the projections from definition 2.1.4.

Given any set L CM" we define

np =r—max{m | Vk <m S is aligned with respect to prs, }

We will prove something slightly stronger by induction on ng:

Given any pure-dimensional closed set S, we can write S as a union of closed sets
S = U S; such that S is uniform, for i <ng, dimpr,, (S) = dimpr,, (So) and for i > 1,
alig(S;) < alig(Sp).
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In the base case ng = 0, S is aligned with respect to all projections so it is already

uniform.

For the inductive step, let pr = Plo, and obtain T =Ty and Sy,..., St as in lemma
2.1.8. Since dim T = dim S, the previous lemma implies that T is aligned with respect to

PTg,» .- Pry, and lemma 2.1.9 implies that it is aligned with respect to pr There-

On+41°

fore, the inductive hypothesis applies to T and we can write T = |J T; such that T is

uniform, for i <ng +1, dimpry, (T) = dim prg, (7o) and for i > 1, alig(7;) < alig(7p).

Lemma 2.1.8 tells us that dim(7)) = dim7 = dimS and dimpr(7p) = dimpr7 =
dim prS. Furthermore, it tells us that and that for all i, dim S; < dim T or dim pr(S;) <
dim pr(T). Therefore, for all i, alig(S;) < alig(7p). Relabelling Ty to Sp and T; to Sk.;

for i > 0, we are done. [J

Corollary 2.1.12 Any closed set S can be written as a finite union | JS; of uniform

closed sets.

Proof. We argue by induction on alig(§). If alig(S) = (0,...,0), then dim S = 0 and

then § is already uniform.

We start by applying lemma 2.1.5 to write S as a union § = S; U ... U S; of pure

dimensional sets such that for i < j, dim S; > dim §;.

Next, we apply lemma 2.1.11 to write S; as a union 1 = S{U..., S,, where S is uniform

and for i > 0, alig(S]) < alig(S).

Now we apply the inductive hypothesis to all S; for i > 1 and to all Si/ fori > 0. O

Proposition 2.1.13 Any closed set S can be uniquely written as a finite union | J S; of
uniform closed sets with the property that for i > j, alig(S;) > alig(S;) and for all i,

dim S; N U Sj < dim §;.
J#i
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Proof. We prove existence of such a decomposition first. By the above corollary we
know that we can write S as the union of uniform sets. By taking unions of sets with
identical alignments, we may assume that S is a union of uniform sets S =Ty U ..., Ty

where i < j implies alig(7;) > alig(7;).

i
Now recursively define S1 = T, Ti’_H =T;+1\ U S; and S; 41 to be the largest pure-
j=1
dimensional component of T} 1~ By pure-dimensionality and uniformity of the 7, each

S; is either empty or has the same alignment as 7;. By construction and (SB), the

property that for all i, dim S; N |J S < dim S; also holds.
J#i
For uniqueness we use a similar argument to that employed in lemma 2.1.5. Again ,

we assume that there is another such decomposition S = S{ U ... U S;, and suppose

n=min{r <min(m,k) | S, # S|} exists.

Without loss of generality assume that alig(S,) > alig(S,) and that L = S, \ S, # 0.

n

By the uniformity of S,, alig(L) = alig(S,). However, now

1. LcS =S,
2. fori <n, S; = 8] so that dim(S; N L) < dim L
3. S,NL=¢and

4. for i > n, alig(S,) < alig(L).

This contradicts (DU) so no such n can exist.

A similar argument to that in 2.1.5 shows that k = m so that the two decompositions

match up as required. [

Definition 2.1.14 We call the S; in the above lemma the uniform components of S

The above proposition allows us to sharpen up (SB) slightly. The following lemma shows
that with respect to projective sets, the closed sets behave a little like the closed sets of

a topology.
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Lemma 2.1.15 Given a projective set P, there is a smallest closed set P D P.

Proof. By the previous lemma it is enough to show this for P = prS where S is
uniform. Let P be the closed set given by (SB). By (SB) and uniformity of S the set
P can only have one component of dimension dim P, which we will denote P. Let P’
be the union of all other components of P. Then dim P’ < dim P and by the alignment

and pure-dimensionality of S, P’ cannot intersect P. So P C P.

Now suppose that P €T C, P for some T and define K = P\ T. PN K = @ so by
(SB), dimK N P < dim P, but now we can write P = T U (P N K), contradicting the

pure-dimensionality of P.[]

Definition 2.1.16 Given a projective set P CX Cq M”, we call inty P = P\ (X \ P)
the interior of P in X and bdy(P) = P \inty(P) the boundary of P in X. If it is clear
which set X we are working in, we simply write int and bd. If X is not closed, we let

inty (P) = X Nint%(P) and bdy (P) = X N bdx(P).

If the closed sets are those of a topology, then inty P is the topological interior of P
intersected with P. This makes sense if we have axiom (kMZ1) for multi-sorted -
compact Zariski Geometries in mind. We can imagine projective sets as constructible
sets with a “small” number of closed sets taken out and with this in mind this definition

of interior makes sense.

To be able to do anything interesting with these kinds of structures, we need to under-

stand the structure of sets of the form

Q={(x,y.2)[(x,y) eS&(x,2) €T}

Intuitively, if pry(S) and pr,(T) are almost the same and and S and 7' are uniform
and “smooth”, then Q should turn out to be pure-dimensional itself and its dimension
should be determined by (DD). Indeed, if T is M"*¥ iself, then O = § x MK so it is

pure-dimensional for any S. This motivates the following definition:
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Definition 2.1.17 Let pr: M"t% — M" be a projection map and S € M"*¥ be pure-
dimensional and aligned with respect to pr. We say that S is smooth with respect to pr

if whenever T CM"*™ is pure-dimensional and aligned with respect to pr’: M? ™" — M"

and pr(S) = pr/(T), then
{(x,y,2) e M"TKHm | (x y) e S & (x,2) € T}
has no components of dimension less than dim S + dim 7 — dim prS.

There are numerous ways in which sets can fail to be smooth. We show just a few
examples in the context of R here. The red points are those which would have to be
removed to make the sets smooth. It is left as an exercise to the reader to find suitable
sets T that witness the non-smoothness of these sets. The word smooth will be justified
later when we show that a set is smooth exactly if the Implicit Function Theorem 2.3.22

holds at every point.
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Figure 1: Four different ways in which smoothness can faihwegards to a projectiopr.

The first two examples illustrate something rather interesting. The class of smooth sets
is not in general closed under unions. As we will see in 4.2.10, smoothness in o-minimal

structures is equivalent to the following:

Lemma 4.2.10 A definable set S is smooth with respect to a projection pr if and only if
foralls € S and open sets U > s, there is an open set V 3 pr(s) such that pr(SNU)NV =
pr(S)NnV.

The Implicit Function Theorem 2.3.22 will generalize this through infinitesimals and
this is what we shoud have in mind when we think about smooth sets: A set S(x,y) is
smooth with respect to pry if for any point (a,b) the projection locally around (a,b)
looks the same as the projection of S around a. In chapter 3 we will make a strong
assumption regarding smoothness, but for now we will just require that sets are smooth

almost everywhere.
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(GS) Generic Smoothness

Let S Cq M** be a closed pure dimensional set and let pr be the projection

onto the first n coordinates. Then there is a closed subset K . pr(S) with

dim K < dim pr(S) such that S \ pr~!(K) is smooth with respect to pr.

We will call a structure satisfying all the above axioms a Strong Geometry. For the rest
of this text we will assume that all geometries M considered are pure-dimensional. In

the one-dimensional case this is equivalent to there not being any isolated points.

2.1.2 Some Basic Results

In this section we develop a toolbox of basic lemmas that we will use throughout the

rest of this text.

Lemma 2.1.18 If S is pure-dimensional, pr is a projection and T Cpr(S), then

dim7 = dimpr(S) = dimpr T NS =dim S

Proof. Suppose for a contradiction that dimpr™'7 NS < dimS. Then by (SB),
dim (pr=17T NS) < dimS. If " = S\ (pr=17 N §), then by pure-dimensionality of S,

S’ = S and in particular pr=}(7) NS € S’. Now T Cpr(S’), but this contradicts (SB)

since T Npr(S’) =@ and dim T = dimpr(S’). O

Corollary 2.1.19 The projection of a uniform set is uniform.

Proof. Let C be uniform and pr a projection.

Suppose for a contradiction that pr(C) is not pure-dimensional. Then pr(C) =T, U T,
where T7 and Ty are closed sets, Ty # C and dim7> < dimC. Since C is aligned,
dimpr~(T3)NC < dim C, but since C = (pr~(T;)NC)U (pr~}(T2)NC) and pr=*(T1)N

C # C, this contradicts the pure-dimensionality of C. Thus, pr(C) is pure-dimensional.
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Let T Cpr(C) be a subset with dim 7" = dim pr(C) and pr’ a projection. By the previous

lemma dim(pr~(7) N C) = dim C, so by alignment of C with respect to pr’ o pr,

dim pr’T = dim pr’(pr(pr(T) N C)) = dimpr’(pr(C))

as required. [

Lemma 2.1.20 If C is uniform and pr is a projection, then

1. if T CC is dense, then pr(T)Cpr(C) is dense and

2. if T CprC is dense, then pr~1(T) N C CC is dense.

Recall that according to the notation on page 27, dense should be interpreted in analogy

with topology. P C S is dense if SC P.

Proof.

1. T Cpr~Y(pr(T)), so if pr(T) is not dense, then neither is T.

2. Suppose T' = C \pr=!(T) # @. Then since C is pure-dimensional, dim 7" = dim C
which means dim pr(7’) = dimpr(C) since C is aligned. However, by definition,

T Npr(T’) = @ which contradicts the density of T by (SB). O

Lemma 2.1.21 Given any projective set C, C is uniform if and only if C is uniform.

Proof. Certainly, C is pure-dimensional if and only if C is because if one of them were
not, then the witnessing sets would also witness non-pure-dimensionality of the other.
Since dim C = dim C, the alignment of C immediately implies the alignment of C. For
the converse we have to show that if S CC is a set of dimension dim C, then S N C has

dimension dim C, but this follows from density of C and (SB). O
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Lemma 2.1.22 Suppose dimM™ = s. Given a constructible set X € M"™™ and a
projection pr: M"™™ — M"  there are constructible sets Vy, ..., Vs partitioning pr(X)
such that for alla € V; Npr(X), dim(X (a)) =i. Furthermore, the dimension is additive

in the sense that for all i, if V; # @, then dim(pr~*(V;) N X) —dim V; =i.

Proof. By definition of constructibility,
s =T\ R}

for closed sets TiO and R?. By reducing TiO to T; = (Tio \ R?) and R? to R; =T; N R?,

we can make sure that dim R; < dim 7;. Furthermore, we can split each 7; into finitely

many closed uniform sets, so by (DU) it is enough to consider
S=T\R

where T is closed and uniform, RCT is closed and dim R < dim T'.
We will now argue by induction on dim pr(S).

The base case where dim pr(S) = 0 is very straightforward. By (SB) and pure- dimen-
sionality of T, every fibre T, over pr(T) is pure-dimensional of dimension dim 7. So for
any a € pr(S), either R(a) = T(a) or dim(7'(a) \ R(a)) = dim S. Therefore, all fibres

over pr(S) have dimension dim S, as required.

For the induction, suppose we could find a closed subset L C pr(S) such that dim L <
dimpr(S) and dim S(a) = dim S — dimpr(S) for a € pr(S) \ L. Then our inductive
hypothesis would allow us to partition L into suitable V; and for r = dim S —dim pr(S),
we can replce V, by V, U (pr(S) \ L) to get a suitable partition of pr(S). To find such

an L, we apply (DD) to both T and R. We obtain closed subsets K7 and Kg C pr(S)
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of dimension < dim pr(S) such that

for all a € pr(S)\ Kr dim7(a) =dim 7T — dimpr(7T) = dim S — dimpr(S) and

for all @ € pr(S) \ Kr dim R(a) = dim R — dim pr(R).

If dimpr(R) < dimpr(S), then L = K7 U pr(R) is a suitable choice since for any
a €pr(S)\ L, S(a) = T(a) and this has dimension dim(S) — dim pr(S).

Otherwise let L = K7 U Kg. For any a € pr(S) \ L, dim R(a) < dim T (a) so that by
(DU), dim S(a) =dim T (a) = dim(S) — dimpr(S). O

Proposition 2.1.23 (Definability of Dimension) Suppose dimM™ = r. Given a pro-
jective set X € M"™ and a projection pr: M"+™ — M"  there are constructible sets
Vo, . ... Vy partitioning pr(X) such that for all a € V; Npr(X), dim(X (a)) =i. Further-
more, the dimension is additive in the sense that for all i, if Vi # @, then dim(pr—*(V;)N

X)—dimV; =i.

Proof. By definition, X = pr/(Sp), where Sy € M"*"+k is constructible. We argue by

induction on dim Sy, dim X and dimpr(X).

By definition of constructibility,

So={JT?\ R

for closed sets TiO and R?. By reducing TiO to T; = (Ti0 \ R?) and R? to Rj =T; N R?,
we can make sure that dim R; < dim 7;. Furthermore, we can split each 7; into finitely

many closed uniform sets, so by (DU) it is enough to consider
X =pr'(T\R)

where T is closed and uniform, RCT is closed and dim R < dim T'.
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The base case where dimpr(X) = 0 is similar to the one in the previous lemma. By
(SB), pr(X) is closed and discrete which means that for any a € pr(X), X (a) = X (a).
By (SB) this implies that for all a € pr(X), dim(X (a)) = dim X (a). Furthermore, by
the previous lemmas, X is pure-dimensional so (DD) implies that all fibres over pr(X)

have dimension dim(X) as required.

For the induction, we proceed as in the previous lemma. If we could find a closed
subset L Cpr(X) such that dim L < dim pr(X) and dim(X(a)) = dim X —dim pr(X) for

a € pr(X)\ L, then we would be done. We will now construct such a set L.

Let Y = pr/(T). Apply (DD) to T with both pr’ and pr’/ o pr to get closed sets Ky C Y

and Kpr(y) Se1 pr(Y) such that

for all (a,b) e Y \ Ky dimT(a,b) =dimT —dimY and

for all a € pr(Y) \ Kpr(yy dimT(a) = dim 7T — dimpr(Y)

T is uniform so dimpr’ ' (Ky) < dim T and dimpr/_l(pr_l(l(pr(y))) < dim 7. By the
previous lemma, dimension is definable over Ky and by hypothesis it is definable over
Ky (yy and pr(Ky). For j # dim(7T) — dim(Y') that allows us to obtain constructible

sets V;; Cpr(Ky) such that for a € V;; Npr(Y),

dim{b € Ky(a) |dimT(a,b) =j} =1

Since all the V;; are subsets of m and the dimension is additive, the previous lemma

and the pure-dimensionality of 7" and Y imply that dim V;; < dim(7) —i — j — 1. Let

I ={(i,j)|dimV;; <dimpr(Y)} and K’ = K yy U U Vi;. By (DU), dim K’ <
i,j)el

dim pr(Y’) which means that by (SB) the same is true éo; )K = K’. We claim that for

a €pr(Y)\ K, dimpr’(T)(a) = dimY — dimpr(Y).
Suppose for a contradiction that for some such a this is not the case.

Case 1: dimY (a) < dimY — dim pr(Y)

By the previous lemma, dimension is definable and additive on Y (a). We also know
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that dim 7'(a) = dim T —dim pr(Y) so for some i and j with i + j < dim T —dimpr(Y)
and i < dimY(a) < dimY —dimpr(Y), dim{b € Y(a) | dim(7 (b)) = j } = i. These
inequalities imply j > dim 7T —dim Y so a € V;;. However, by our choice of a, this means
that dim V;; = dimpr(Y) = dim T — i — j which contradicts our previous observation
about dim V;;.

Case 2: dimY (a) > dimY — dimpr(Y)

By a similar argument, there are some i and j withi 4+ j <dim 7T —dimpr(Y) and i =
dim Y (a) such that dim{b € Y (a) | dim(7' (b)) = j } =i. Since i > dim X — dim pr(X),
J <dimT —dimX. Now by our choice of a, dim V;; = dimpr(Y) which implies that

dim{b €Y |dim(T (b)) = j } > dimY. This is clearly a contradiction.

This proves the claim. Note that by uniformity of 7 and the fact that dim R < dim T,
dim X = dimY and dimpr(X) = dimpr(Y). We now apply the previous lemma to R to
get the set

Kr={(a,b) € X | dim R(a,b) > dim(T) — dim(X) }

which has dimension less than dim X. By our hypothesis, the set

L' ={aepr(X)|dimKg(a) > dim(X) — dimpr(X)}

is projective and must be of dimension less than dim pr(X). We define L = K U L/, which
also has dimension less than dim pr(X) by (SB). For any a, Y (a) = X (a)U Kg(a). Since
fora € pr(X)\ L, dimY (a) = dim X —dimpr(X) and dim Kg(a) < dim X —dim pr(X),
(DU) implies that dim X (@) = dim X — dim pr(X) as required. [J

Definition 2.1.24 We define the set of regular fibres of X over pr(X) to be

reg,,(X) ={a € pr(X) | dim X (a) < dim X — dimpr(X) }

Other fibres are called irregular.

Corollary 2.1.25 Let C be pure-dimensional and aligned with respect to a projection
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pr and let r = dim C — dimprC. Then V; is dense in pr(C).

Proof. Suppose otherwise. Then for some s # r we have Vi \ V; # @. Choose s such
that

dim Vs = max{dimV; | [ #r & Vs \V, #0}

Let V = {J;4 Vi so that prC =V U Vs and by (SB) and choice of s, Vs \ V # 0.

Now (SB) implies that the union C = (pr~!(V) N C) Upr~1(Vs) N C in non-redundant.
C is pure-dimensional so dim(pr~!(Vs) N C) = dimC. By the alignment of C this
means that dim Vg = dimprC, but this implies that C has a component of dimension

dim pr(C) + s which contradicts the pure-dimensionality of C. O

In particular this proof shows that V;, is the only one of the V; for with dim V; = dim prC.

Furthermore, the alignment of C implies that if / > r, then dim V; < dimpr(C) —1 —

(I—r).

Lemma 2.1.26 For any pure-dimensional set T (x,u,v) which is aligned with respect

to pry,pr, and pry,, dimpr,(T)—dimpr,,(T) > T — dim pr,(T).

Proof. By corollary 2.1.25 we know that

Vi={(a,b) e pry(T) | dimT(a,b) =dim T — dimpr,(T) }

is dense in pr,(7) and that

Vo ={a € pryy(T) | dimpr,, (T)(a) = dimpry(7T) — dim pr,,, (T') }

is dense in pr,, (T).

In particular this means that there exists an a € pr, (V1) N V,. Let b € Vi(a). Now
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T(a,b)Z{c|3b' (a,b',c)eT}=rpr,(T)(a)

By (DU) this implies that dim 7' — dimpr,(7) = dim T'(a,b) < pr,(T)(a) = dimpr, T —

dimpr,, (T') as required. O

Lemma 2.1.27 If S is pure-dimensional and Vi, Vo C § are two dense subsets, then

Vi N Vy is dense as well.

Proof. By (SB) dimV; =dim Vs =dim S. As 1} C V5 and vice versa, another applica-
tion of (SB) tells us that dim(V; N V,) = dim S. Now let

S =8\ (V4N Vy)

Since S is pure-dimensional, either S’ = @ or S’ is also pure-dimensional of dimension
dim S. Suppose for a contradiction that S’ # @. Then by density of V; and V5 in S and
(SB) the sets V{ = (V1 N'S’) and V5 = (Vo N S’) must be dense in S’. By the above
argument, these must then have non-empty intersection, but this contradicts their defi-

nition. O

With these tools at our disposal we turn our attention to smoothness. From the examples
in Figure 1 we can clearly see that subsets of smooth sets are in general not smooth
again, even if they are uniform and of the same dimension. Take for example [0, 2] x
{0YU[1,2] x {1} €[0,2] x {0,1} € R2. Even though the sets are indistinguishable
in terms of dimension, the former is not smooth at (1,1) since locally at (1,1), the
projection at is contained in [1,2]. The characterization of smoothness in terms of local
and global projections does, however, suggest that we can restrict a smooth set S(x, y)
to S(x,y) A T(x) x M#() without affecting smoothness. The following lemma makes

this precise.

Lemma 2.1.28 Let F Cq M™% be a uniform set and pr be the projection Mtk — M”.
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Suppose that F is smooth with respect to pr and that T CprF is pure dimensional of the

same dimension as prF. Then V = F Npr~Y(T) is also smooth with respect to pr.

Proof. Let S CM"™™ be a uniform set such that for pr’: M+ — M" pr/(S) =T.

Let r =dimS —dim T and let Q = pr(F) x M" x {c}, where ¢ is some tuple of length

m—r.

Now pick two elements a,b € M and let U = (S x {a}) U (Q x {b}) Cq M"*+1 This is
pure-dimensional of dimension dim S and aligned with respect to the projection to M”.
Now by (GS) the set R = {(x,y,z) € M"*+m+1 | (x y) e (F\pr }(K)) & (x,z) e U }
has no components of dimension < dim F + r, but R CM" %™ x {4 b} so in particular,
R(a) = {(x,y,z) e MKk | (x,y) € (F\ pr'(K)) & (x,z) € S} has no components

of dimension < dim F 4+ r = dim § 4+ dim F — dim T, as required. [J

A key consequence of this is that the set T in the definition of smoothness no longer has

to be co-dense with S in the projection.

Corollary 2.1.29 Suppose we have a uniform set S C M™tk | smooth with respect to a
projection pr: M"tk — M", and a pure-dimensional set T CM"™ qaligned with respect
to pr':M"*t™m — M". If pr'(T) C m is pure-dimensional of the same dimension
as pr(S), then {(x,y,z) | (x,y) € S & (x,z) € T} has no components of dimension <

dim S +dim 7 — dim prS.

In particular, by taking m = 0, this corollary implies that if S is smooth with respect to
pr and T CprS is pure-dimensional of the same dimension as prS, then § Npr~(7T) is
still pure-dimensional. Below Figure 1, we also noted that unions of smooth sets are not
generally smooth. However, in view of the characterization in terms of local and global
projections, it should not come as a surprise that if two sets overlap in the right fashion,

then smoothness is preserved.

Lemma 2.1.30 Let S, T Cq X C M™% have the same alignment and be smooth with

respect to pr: M"t* — M. Let K = pr(S UT) and let bd(prS) and bd(prT) be the
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relative boundaries in K. Then S U T is smooth with respect to pr if and only if for all

x € bd(prS) NprT \ prS, S(x)CST(x) and vice versa.

Proof. First, suppose x € bd(prS)NprT \ prS, but (x,y) € S\T. Let W = prT \ prS.
Let C be the component of (S U T)Npr~!W that contains (x,y). As (x,y) ¢ T and C
is pure-dimensional, the set C \ T has the same dimension as C. However, pr(C \ T) is
contained entirely in W N prS which has dimension < dim S by (SB). Since both S and
T are aligned with respect to pr, this implies that dim C < dim(S U T') and therefore

S UT is not smooth.

For the other direction let W (x, z) CM"*™ be pure-dimensional and aligned with respect

to pr, such that pr, (W) =pr,(SUT) . Let K =pr(SUT),

Ws = {(r.2) |3y (x,9) € S & (x,2) € W}
and

Wr ={(x.2) |3y (x.y) e T & (x.z) e W}

Let WS0 be the component of Wy of dimension dim W and let WSI, el WSP be the other
components. Similarly, let WTQ be the component of Wr of dimension dim W and let
Wi, ..., W{ be the other components. Note that Ws = pr;*(int(pr,(S))) so for i # 0

we may assume pr, (W) Sbd(S) and similarly for T. Let
Vs ={(x,y,2) | (x,y) e S & (x,2) e W}

Vr={(x,y,z)| (x,y) e T & (x,z) e W}
V={(xy2)|(x.y) e SUT) & (x,z) e W}

Note that V = Vg U Vg and that pry,(V) is dense in W. Suppose that V' has a com-
ponent C with dimC < dim(S U T) 4+ dim W — dim K. Without loss of generality we
may assume that C C Vs. Now if pr, (C ) € WSQ, then we would get a contradiction to

the smoothness of S. However, by the pure-dimensionality of W, W = WSQ U WTQ SO

pr,(C) < WYQ. Thus, pry,(C) € Wr \ Ws and pr,(C) ST\ S. Now by assumption, for
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all x € pry,;(C), S(x) = T(x) so in particular C C V7. However, pr,(C) g@ so by
the smoothness of T, C has dimension at least dim(S U 7') + dim(W) — dim K. This

contradicts our choice of C. O

Next we note that irregular fibres, like the one in the fourth example of Figure 1, are

usually an indication of non-smooth behaviour. And indeed this is the case:

Lemma 2.1.31 If S(x,y) is a uniform set and has an irreqular fibre at a with respect

to pry, then S is not smooth with respect to pr,,.

Proof. Let T ={(x,y) e S | x € regpry(S) }, 1 = dim S—dim pry(S) and s = dim pr,(S).
Define S™ = {(x,y1,...,¥ym) | (x,yi) €S} and T™ in a similar fashion. Note that
dim 7% = s(1+r). However, the fibre S¥(a) = S(a)* has at least the same dimension and
therefore cannot be contained in 7. Therefore, S* is not aligned with respect to DTy, .y,

Let k = min{m | §™ is not aligned with respect to pr, , }. Let C be a component

of §* such that dim pr,, C) < dimpr,(S) and pick (a,b1,....bx) € C\ (SkK\ C).

1...yk(
Define

W= {(x.y1.....vk—1) € S [ x g pry, Ly, (C)U{(a by, .. bx_y)}

Since Sk is aligned with respect to pry, and pr C) has small dimension,

e Vk—1 1oy (

W is pure-dimensional and aligned with respect to pr However,

Y1 Vk—1"
{0y Vi1 0k) | (o yk) € S A (X, 1. yk—1) €W}

has a component contained in {(a,bs,...,bg)} x S(a). Since dim S(a) < dim S, this

shows that S is not smooth. [J

Smoothness only gives a lower bound on the dimension of components in the intersection.
We will sometimes want to know the exact dimensions and alignments of components of

the resulting set. The following few lemmas give us a good handle on this.
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Lemma 2.1.32 Let S(x.y) SM"* be a uniform set, which is smooth with respect to

pry. Let T(x,z) SM"*™™ be another uniform set such that pr,(S) = pr,(T). Then for

every component C of
{(x.p.2) | (x.y)eS&(x,2) €T},
dim{(x,y) |3z C(x,y,z)} =dimS and dim{(x,z) |3y C(x,y,z)} =dimT

Proof. If dim pry,(S) = 0, the proof is trivial, so suppose otherwise.

The proof is the same for the two above statements, so we will only prove the first
one. Suppose for a contradiction that dimpr,C < dim §. We use 2.1.23 to find a set

V Cpr, C such that all fibres over V' have dimension
r =dimC —dimpr,C > dim7T —dimpr,T

If K C pr (T) is the closed set given to us by (DD), then pr,(V) € K. The set
(pry_l(V)) N C is dense in C so in particular C Cpr, ! (pr~!(K)). Now let (a,b,c) € C

be a point not contained in any other component of
{(x,y,2) | (x,y) €S & (x,2) € T}

Let

T' = (T \ pr;”(K)) U{(a,c)}

We note that 7’ is dense in T and hence uniform by 2.1.21. Furthermore, by 2.1.20,

prz(T/) - pI‘Z(T) - pr(S)

However, the component C’ of {(x,y,z)|(x,y) € S & (x,z) € T'} containing (a,b,c)
is contained in S(a) x {c¢}. Since dimprS # 0 and S is uniform, dim S(a) < dim S, so

this component C’ contradicts the smoothness of S. [J
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Lemma 2.1.33 Let S(x,y) be uniform and smooth with respect to pr, and let T (x,z)

be a uniform set such that pry(S) = pr,(T). Then every component C of
(xp.2) [(xy) e S&(x,2) €T}
has dimension exactly dim S + dim 7' — dim pr,, (S)
Proof. Suppose not. We know that dimpr,(C) = dim S, so
r =dim C — dimpr,(C) > dim T — dimpr,(S) = dim T’ — dim pr,(7")

Let Vr Cpr,(T) be the set containing all fibres of dimension r. Then pr;l(VT) is dense

in pr,(C), so in particular
dimpr,,(C) < dimpr,(7T) = dim pr(S)

and this contradicts the alignment of §. [J

Lemma 2.1.34 If S(x, y1, y2) is uniform and smooth with respect to pr then pr,,, (S)

Yiy2’

is smooth with respect to pry, .

Proof. Let T'(x,z) be uniform with pr,(7) =p S). For each component C of

ry1y2(

{(x,y1,¥2,2) | (x,y1,y2) € S & (x,2) e T}

dimpr,(C) = dim § and dimpr, ,, (C) = dim T by the previous lemma. We have to
show that

dimpr,,(C) > dim T + dim pr, (S) — dim pry, ., (S)

For a contradiction suppose not. Then since by smoothness of §, dimC > dim S +

dim 7" — dim pry, ,, (S) this would mean

r =dim C —dimpr,,(C) > dim S —pr,,(S) =1
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Let V¢ C pry,(C) be the set containing fibres of dimension r, Vs C pr),(S) the set
containing fibres of dimension r and V; Cpr,, () be the set containing fibres of dimension

rs. Clearly, pr; (V%) 2 V., so in particular

dimpr,,,(C) < dim §

However, this contradicts 2.1.32 and the uniformity of S. [

Lemma 2.1.35 Let S(x,y1,y2) and T(x,z1,2z2) be uniform and suppose S is smooth

with respect to pr Then for every component C of

Yiyz-

{(x,y1,y2.21,22) | (x,y1,y2) € S&(x,z1,29) € T }

dimpry222(C) = dim{(x’yl,zl) | (x’yl) € pryg(S) & (x,zl) € prZQ(T)}

= dim pry, (S) + dimpr,,(7') — dimpry, ,,(S)

Proof. First of all, note that by 2.1.34 the set pry, is uniform and smooth with respect

to pr,, , so by 2.1.33

[ =dim{ (x,y1,21) | (x,y1) € pry,(S) & (x,21) € pr,,(T)}

= dim pry, (S) + dimpr,,(7) — dim pry, ,,(S)

Suppose for a contradiction that dimpr,,,,(C) < [. By 2.1.32, dimpry,, ,,(C) =

dimpr,, (S) and dimpr (C) = dimpr,,(T). Let Vs Cpry,(S) be the set of points

Y1y2z2
with fibres of dimension dim § — dim pr,, (S) and let V7 Cpr,,(T) be the set of points
with fibres of dimension dim 7" — dim pr,, (7). These are dense in pry,(S) and pr,,(T),

respectively. By 2.1.20 this implies that

{(ynz1) | (x,p1) € Vs & (x,21) €V}
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is dense in pry,,,(C) and this, in turn, means that

dim C = dimpr,,,,,(C) + dim S —dimpry,(S) + dim 7" — dim pr,, (T)
<dim/ 4+ dim § — dimpr,(S) + dim T’ — dim pr, (T)

=dim S +dim 7 — dimpr,, ,,(S)

This contradicts smoothness. [OJ

Lemma 2.1.36 Let S(x,y1,y2) be uniform and smooth with respect to pry . Then

pryQ(S) is also smooth with respect to pr, .

Proof. Let T'(x,z) be uniform with pr,(7) =p S). Let C be a component of

ry1y2(

{1, 92,2) [ (X, y1,02) € S & (x,2) € T}

Then by 2.1.35,

dimpr,, (C) = dimpr,,(S) + dim T — dim pry, ,, ()

as required. [

Lemma 2.1.37 Let S(x,y,z) be uniform and smooth with respect to pr, and assume

that pr,(S) is smooth with respect to pry,. Then S is smooth with respect to pr,,.

Proof. Let T'(x,w) be uniform and such that pry,(S) = pr,, (7).

Ti={(x.y.w)|(x,y) epry(S) & (x,w) e T}

has no components of small dimension and for all comoponents C of T, dimpr,C =

dim pr,(S). The result follows by smoothness of S and lemma 2.1.29. OJ
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2.1.3 Families of Sets and their Dimension

When we talk about a family of sets in Model Theory, we usually mean a definable

family given by pair of formulas ¢(x, y) and ¥ (y) which represent the family

U lEvl)&U =¢(M,I)}

In a context with some notion of dimension it makes sense to ask for the dimension
of a family of sets. In general, this is a delicate issue since there may be redundancy
in the parameter set ¢(M). In many geometric contexts this problem can be solved
using canonical bases. In the spirit of this project we try to obtain a purely geometric

definition of the dimension of a family of sets.

Since we are working in a context with a definable dimension we can make a few as-

sumptions on our families.

Definition 2.1.38 A family of r-dimensional sets is a set I(x,y) CM"*¥ such that for
any a € pry (/)
dim{x | M I(x,a)}=r

We call

I the incidence relation,
L={y|3x I(x,y)} the parameter space of the family and

S ={x|3y I(x,y)} the domain of the family.

We say that I is smooth if it is uniform and smooth with respect to the projections pr,

and pr), and such that all fibres over pry (/) and pry (/) are regular.

By lemma 2.1.13 and (GS) is clear that for any family / of sets of dimension r, there
is an open set U such that I N U is a smooth family. We will restrict our attention to
these. A good notion of dimension should measure the degrees of freedom in choosing a

set from the family. We do, however, have to be very careful in distinguishing the local
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and global behaviour of families. To illustrate this point consider the family
F={(x.y.5,t) | y=sxVvy=tx}CR!

where the (x, y)-coordinates represent the domain and the (s,)-coordinates represent
the parameter set. This is clearly a two-dimensional family, since we have two degrees
of freedom using parameters s and t. However, if we choose a generic (a,b,u,v) € F,
the situation locally around this point is rather different. Since u # v, the point (a,b)
can only lie on one of the straight lines, say y = u.x. A small change in v does not alter
the set around (a,b), so locally we only have one degree of freedom. In this sense this

family is locally one-dimensional.

Given a smooth family of sets I(s,/), we define

k
If(sl,...,sr,ll,...,lk):/\/\I(si,lj)

i=1 j

and write I, for I} and I* for Ilk. Since I is smooth, lemma 2.1.33 implies that the
sets I, and I* are pure-dimensional and of dimensions r.dim/ — (r — 1).dim L and
k.dim I — (k —1).dim S respectively. Given (ai,...,dr+1) € pry(ly4+1), it follows from

the definitions that

Ir+1(al»---»ar—i—l)g]r(al»---»ar)

So the sequence f, = dim(7;) — dim(pr;(/,)) of the dimension of a regular fibre over

pr;(1,) is a decreasing sequence. We can do even better than that.
Lemma 2.1.39 For the sequence t, above, t,—1 —ty <t —tryi1.

Proof. First we note that pry, (/) = Iy—1. Therefore, dim I, —dim pr, (1) = dim I,, —
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dim I, = dim I — dim L. Thus,

tr—1 — tp = dimpry, (1) — dimpryg, (1) — (dim 7, — dim pr; 1)
= dimpr; I, — dim pryg, (1) — (dim I —dim L)

= dimpryg,  Int1 —dimpryg,g, . (In+1) — (dim [ —dim L)

Since I11 is symmetric in s, and s,41, dim prlSHlInJrl = dim pryg, I 41. Furthermore,
since [ is uniform, lemma 2.1.35 implies that lemma 2.1.26 applies to pr;I,41 so that
dim b1y, Inv1 — dimprlsns,Hl(InJrl) > dimpr; I 41 — dim prlsn_H(InJrl)

Therefore,

tr—1 —tp > dimpr; [, 11 — dim prls’1+l(ln+1) —(dim/ —dim L) =t —ty 41

Since t; < dim L, the above lemma implies that the decreasing sequence #; must stabilize
in at most dim L steps. This allows us to calculate the dimension of the family I using the
set lqim 1. Essentially, the “redundancy” in the parameter set is measured by a regular
fibre over pr;(Igim ). Since Igiy, 1 has dimension dim L.dim I — (dim L — 1).dim L, the

dimension of such a fibre is

dimL.dim/ — (dim L —1)dim L — dim(pr; (/gim L))

The dimension of the family should be dim L minus the redundancy, so we define the

following.
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Definition 2.1.40 Given a family of sets I the dimension of the family is

dim L — (dim L.dim / — (dim L — 1) dim L — dim(pr; (Zqim 1.)))
= dim(pr;(Igimr)) — dim L(dim I — dim L)

and given a point (a,b) € I, we say that I has got local dimension > k at (a,b) if there

is a component C of g, 1 such that

dim(pr;(C)) —dim L(dim [ —dim L) > k

and (a,...,a,b) € C.

We say that [ has a k-dimensional component if there is a component C of I4y, 7 such
that

dim(pr;(C)) —dim L(dim / —dim L) =k
We say that I has a locally k-dimensional component if there is a component C of Igjy, 1.
which intersects the diagonal s; = --+ = sqjm £ such that

dim(pr;(C)) —dim L(dim / —dim L) =k

When &k =dim S + dim L —dim I, we call C a linear component.

By definition, local dimension is smaller than global dimension. Our example suggests
that the converse is not in general true, but at least we could hope that if a family has
a component of low dimension, then it has low local dimension somewhere. It would be
nice to get a general result along these lines, but here we will only prove this for linear

components. We start by giving a number of characterizations of linearity.

Lemma 2.1.41 If I is a smooth family, then the following are equivalent:

1. I has a linear component.
2. dim(12) =dim I + (dim [ — dim L) + (dim / — dim S).
3. I has a component C such that dimpr;(C) = dim S + (dim / —dim L).
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4. I? has a component C such that dim pry(C) = dim L + (dim I — dim S).

Proof. (1) = (3) If I has a linear component, then Igi, 7 has a component C such
that dimpr;(C) = dim S + (dim L — 1)(dim / — dim L). Furthermore, dimpr;(C) —
(C) = (dimL —2)(dim/ —dimL). Let

dlm prlSS...Sdim L (C) Z dlm C - dlm prs;a,...sdim L

D = prg, 5., (C). This is part of a uniform component of I3 and by the above

inequalities dim pr; (D) < dim S+ (dim / —dim L). However, since dim pr;(D) > dim S —

dim / +dim D = dim S+ (dim / —dim L), we must have equality and thus D is as required.

(3) = (1) If D is a component of I such that dimpr;(D) = dim S + (dim 7 —dim L),

then after removing any irregular fibres from D, consider the set Dgiy 7 defined by

dim L

/\ D(Sl,Si,l)

i=2

This has the same dimension as Igin 7 and is a subset thereof so there is a component
C of I4mr with the same alignment as a component of Dgjm . A quick dimensional

calculation shows
dim pr;(Dgim ) = dim S + (dim L — 1)(dim / — dim L)

so the same must be true of C.

(2) = (3) Suppose dim(/3) = dim I + (dim / — dim L) + (dim I/ — dim ) and let C be
a component of this dimension. Then dim pr;,(C) < dim /5 = dim / — dim(/ — dim L).
However, dim C — dimpr;,(C) < dim/ — dim S, so we must have equality and there
must be a component D of I with the same alignment as pr;, (C). Now without loss of

generality we may assume that dim C — dim pr;,(C) < dim C — dim pr;, (C) and deduce
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that

dim pr;, (D) = dim pry,,(C)
= dim pry,;,(C) — dimpry, (C) + dim pr, (C)
< dimpr;, (C) — dim(C) + dim pr;, (C)
< dim(/2) — (dim / — dim §)

=dimS + (dim/ —dim L)

as required.

(3) = (2) Let C be a component of I such that dimpr;(C) = dim S + (dim / —dim L).
Then dim C —dim pr;(C) = dim I —dim S so the set defined by C (s1, s2,11) AC (51, 52, 12)

is a subset of 122 and has dimension at least

dim S + (dim 7 —dim L) +2(dim / —dim §) = dim 7 + (dim / —dim L) 4 (dim / —dim §)

(2) & (4) follows by symmetry. [J

Lemma 2.1.42 If I has a linear component, then I has a locally linear component.

Proof. By the previous lemma, we know that there is a component C of I5 such that
dimpr;(C) = dim S + dim/ — dim L. We may assume that C is smooth and has no
irregular fibres with respect to any projection. Therefore the set D = C(s1,592,1) A
C(s1.53.1) is of dimension dim / + 2(dim / —dim L) and E = prg, (D) is of dimension
dim 7 4+ (dim / —dim L). Thus D is a component of I3 and E is a component of /5.

Furthermore, dim pr;(D) = dim § + 2(dim / — dim L) so dim pr;(E) = dim pr;s (D) <
pr(E) —pr(D) + pr;(D) = dim S + (dim / — dim L). However, this is the minimum for
any component of /5 so we must have equality. Clearly D intersects the diagonal s = s3

so E is part of a linear component of [y intersecting the diagonal. [
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Corollary 2.1.43 If a family I has no locally linear component at a point (a,b), then

there is an open subset U C I such that J = U NI has no linear component.

Proof. Let C be the union of all those components of Iy such that dimpr;(C) =
dim S + dim/ — dim L. If 7 has no locally linear component at a point (a,b), then
(a,a,b) ¢ C. Let U be defined by —C (s,s,/). Now the components of Jy are exactly
the components of I intersected with U(s1,/) A U(s2,1). By the construction of U, no
linear component of Jo can intersect the diagonal so by the previous lemma J can not

have a linear component. [J

Definition 2.1.44 We call a family I non-linear if it has no linear component. We call

M non-linear if there is a non-linear family 1.

Definition 2.1.45 We will call a family of sets I generically normal if

dim { (I1.ls) € L? | dim{s | I*(s,]1,15)} = dim I —dim L } = dim L

Definition 2.1.46 A family of curves is a family of one-dimensional sets and a family
of plane curves is a family of curves in a two-dimensional domain C x D where C and

D are uniform one-dimensional sets.

A smooth family of plane curves I (x,y,l) € M?*" is trivial if one of the following is

true:

1. I is zero-dimensional,
2. dimpr, (/) <dim[ or

3. dimpry, (/) < dim /.

The last two conditions of this definition are symmetric so there are really two ways in

which a family of plane curves can be trivial.
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Example 1: The first way a family can be trivial is if it is zero-dimensional. This should
be the case for constant families so let’s consider the family / = { (x,y,l) € C3 | x = y }.
Here dim/ = 2 and L = {/ € C} so that dimL = 1. § = {(x,y)€C?|x =y} so

dim § = 1. So the dimension of our family is

dim(pr; (1gim 1)) —dim L(dim / —dim L) = dim S —dim L(dim / —dim0) = 1-1.(2—1) =0

Therefore, this family is trivial.

Example 2: The second way a family can be trivial is if the curves from the family are
unions of sets of the form K x {a} (or {a} x K) where dim K = 1. An example of such
a family would be I = {(x,y,/) € C3 |y =a}. Here dim/ = 2, but dimpr, (/) = 1 so

the family is indeed trivial.

Ideally, we would like to go farther and show that we can decompose a family of sets [
into “pure” families I, ..., I,. By “pure” we mean that I;(s1,/) A I;(s2,/) is uniform.
I do not know whether this is possible in general, but we can show that this is always

the case for two-dimensional generically normal non-linear families of plane curves.

Lemma 2.1.47 If I is a two-dimensional generically normal familiy of plane curves
in a one-dimensional strong geometry M, then I is non-linear, dim L = 2 and Iy is

uniform.

Proof. Note that since I is two-dimensional we must have dimpr;(/2) = 4 which
forces dim /s > 4 and dim L > 2. Now if I were not non-linear, then there would be a

component C of 12 with dim pry(C) = 2dim L — 1, which means

dim{ (I1,15) € L? | dim {s | I?(s.[1.15)} =1} =2dim L —1 > dim L + 1

contradicting generic normality.

From non-linearity we get that dim /2 = 2dim L and that 132 has a component of di-
mension 2dim L + 1. So I} must have a component C with dim Pry, s, (C) of dimension

2dim L — 2 and dimprg, (C) = 2dim L — 1. If dim L > 2, then this would contradict
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generic normality. Hence, dim L = 2.

Let C be a component of I5. By 2.1.35 and the fact that dim pr;(C) = 4 we can explic-

itly compute the dimensions of projectons of C and conclude that I5 is uniform. [J

We will see that in a one-dimensional Strong Geometry, we can always reduce a non-
linear family of sets to a two-dimensional generically normal non-linear familiy of plane
curves with S, L € M?, but the proof of this fact is very cumbersome to write in this
geometric language. We will prove it after the next sectoion, once we have a pre-geometry

and an independence relation at our disposal.

2.2 Elementary Extensions

2.2.1 Preservation of the Axioms

Let M be a Strong Geometry and let *M be an elementary extension of M.

Using the projective definition of dimension given in 2.1.23, we can naturally define a
dimension dim on *M. This is well-defined, for if P(x,y) and Q(x,z) are projective

(over M), then

M | VaVb(Vx(P(x,a) < Q(x,b)) = dim P(M,a) = dim Q(M, b))

The last part of this formula is first order by 2.1.23. Since *M is an elementary extension,

the same formula holds in the larger model.

In addition to the dimension for projective sets, we can define a rank for tuples of *M.

We keep the notation from [Zil10] and call this the combinatorial dimension cdim .

Definition 2.2.1 Given any a € *M" we define

cdim (a) = min {dim S | S is projective &*M Ea € S}
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Given another tuple b € *MK,
cdim (a/b) = cdim (ab) — cdim (b)
and given any set A C*M,
cdim (a/A) = min {cdim (a/b) | b € A*}

If cdim (a/A) = cdim (a), we say that a is independent of A. A itself is called independent

if for any a € A, a is independent of A \ {a}.

If b € *MK and S is M-closed, we say that a € S(b) is generic (in S (b)) if cdim (a/b) =
dim S(b).

Given an element a € *M", a locus of a is a uniform closed set a € S €, M” such that

dim § = cdim (a).

Note that in the definition of cdim, it does not matter whether we consider projective
sets or just closed sets. By (SB) the two definitions are equivalent. Note also that unlike
in Zariski Geometries, the locus of a point is not unique since there may not be a minimal

closed set containing it.

Theorem 2.2.2 The structure *M with the dimension defined above is a Strong Geom-

etry.

We will prove this theorem in a series of lemmas.

Lemma 2.2.3 (DP) and (DU) hold.

Proof. Easy applications of 2.1.23. [J

Lemma 2.2.4 FEwvery closed set in *M" is of the form S(*M,a), where
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1. S(x,y)SM"™™ js closed,

2. a is generic in the projection of S,

3. for every uniform component C of S, pry(C) 2 a and

4. for all a’ generic in the projection of S, dim S(a) = dim S(a’).
Proof. By definition, every closed set is defined by a positive quantifier-free formula
¢(x,a,b), where b € M™ and a € *ME. ¢(x,y,b) defines a closed set R T MK and
hence every closed set is of the form R(a), where a € *M¥ and R is a closed set in M.
Let L be a locus of a and let Q = {(x,y) € R|y € L}. Note that Q(a) = R(a) and a

is now generic in the projection of Q. By 2.1.23, we can find a constructible set V such

that a € V and for all a’ € V,

dim Q(a) = dim Q(a’)

By (SB), the intersection of V with a set V; containing those points with fibres of

dimension i # dim(Q(a)) is small so for all generic a’ € V,

dim Q(a) = dim Q(a’)

Now let S" = {(x,y) € @ |x € V} and S be the union of all those components C of

S’ such that pr,(C) 3 a. Then clearly S(a) = Q(a) = R(a) and S has properties 1-4. [J

The same argument holds for projective sets, except that the S would also be projective.

We call such a representation of a closed (or projective) set a canonical representation.

By the definition of canonical representations and dimension in *M it is clear that for a

canonical representation S(a), dimS(a) = dim S — cdim (a).

Lemma 2.2.5 If S Cq M"™ s pure-dimensional and a € *M™ is generic in the

projection of S, then S(*M,a) is pure-dimensional.
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Proof. Since § is a finite union of closed uniform sets it is enough to consider the case

where S itself is uniform.

Now suppose S(a) is not pure dimensional. Then there are closed sets T C M7tk
and Ty Cq M*t%2 and tuples ¢ € *M¥ and ¢y € *M*2 such that T(c) and T(c2)
are canonical representations of closed sets, S(a) = T(c) U Ta(c2), T(c) # S(a) and

dim T5(c2) < dim S(a). This means dim(S(a) \ T(c)) < dim S(a) and S(a) \ T(c) # @.

Let pr: Mt — M™ and pr’: M™% — M™ be projections. We can find a closed set
V Ca pr(S) x MK in which (a,c) is generic and such that for all generic (a’,c’) € V we

have S(a’)\ T(c") # @ and

dim(S(a') \ T(c")) = dim(S(a) \ T(c)) < dim(S(a’))

Now we apply (GS) to S and pr to find a closed set K € M” with dim K < dim pr(S)
such that S \ pr~!(K) is smooth with respect to pr. Since a is generic in pr(S), a ¢ K.
By 2.1.29,

U={(x.y.2)|(x.y) e S\pr (K) & (y.z) e V'}

has no components of dimension less than dim § + dim V' — dim L = dim V' + dim S(a).

Let R={(x,y,z) | (x,z) € T}. Since T'(c) # S(a) ,

U\R={(x,y.2) | (x,y) € S\pr " (K) & (x.2) ¢ T & (y.z) €V} #0

By pure-dimensionality of components, U \ R still does not have a component of dimen-
sion less than dim V +dim S(a) and U \ R covers (a, ¢). However, this is a contradiction

because by definition of V', a generic fibre over V has dimension smaller than dim S(a). O

Corollary 2.2.6 *M satisfies (DC).

Proof. Let our closed set be given by a canonical representation S(a). Apply (DC)

to S to get S = |JS; where each S; is pure-dimensional of dimension i. Without loss
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of generality we may assume that a € pr(S;) for all i. Then a is generic in pr(S;) for
each i and so by the previous lemma S(a) is a union of pure dimensional sets Sj(a) of

dimensions i — cdim (a), respectively. By (DU)

dim(S (@) \ Saim(s)(@)) <dim | J Si(a) < dimS(a)

i<dim S

Lemma 2.2.7 *M satisfies (DD).

Proof. Again let S(a) be a canonical representation where S(x,y,z) Cq M?H7HK ig
pure-dimensional and a € *M¥ is generic in pryyS. We can use (DD) to find K C¢ Mk

with dim K < dimpr,(S) such that
for all (b,a’) € pry(S)\ K, dim(S(b,a’)) = dim S — dim pr,(S)

Since a is generic in pry,(S) and dim K < dim S, dim K(a) < dimpr,(S) — cdim (a).

We have to show that
if b epry(S(a)\ K(a)), then dim(S(b,a)) = dim S(a) — dimpr,(S(a))

However, by definition of dimension and the genericity of a, dim S(a) = dim S —cdim (a)
and dimpr,(S(a)) = dimpr,(S) — cdim (a) and if b € pr(S(a) \ K(a)), then (b,a) €
pry(S) \ K, so

dim(S(b,a)) = dim S — dim pr,(S)
= dim § — cdim (a) + cdim (a) — dim pr(S)

= dim(S(a)) — dimpr,(S(a))

as required. [
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Lemma 2.2.8 *M satisfies (SB).

Proof. We consider two projective sets S(c1) and T (c2). Without loss of generality, we
may assume that ¢; and ¢y are generic in the projections of S and T respectively. By

choosing a locus V of (c1,c2) and defining

T'={(x,z1,22) | (x,2z2) € T & (z1,22) € V' } and

S'={(x,z1,29) | (x,z1) € S & (z1,22) € V' }

we may assume that ¢ = ¢; = ¢3. Now S(c) N T(c) and S(c) N T(c) are also such that

¢ is generic in their projections. By (SB),

dim(S(c)NT(c)) <dimS(c) = dim(SNT)<dimS
= dim(SNT)<dim$S

= dim(S(c) N T(c)) < dim S(c)

and so S(*M, ¢) works as a closure of S(*M,¢). O

Lemma 2.2.9 If S(x,y,z) is smooth with respect to pry, and a is generic in pry,(S),

then S(a) is also smooth with respect to pr,,.

Proof. Let T'(x,u,b) be the canonical representation of a uniform set such that

pry (T (b)) = pry,(S(a))

Let U be a locus of (a,b) and V be a locus of b such that both pr,, (T) and pr,(U)
are dense in V. Without loss of generality we may assume that U = U N pr; (V) and

T =T Npry (V).

Apply (GS) to U and pr, to get a closed set K CV with dim K < dim V' and such that

U’ = U \ pr; }(K) is smooth with respect to pr,. Since dim K < dim V = cdim (b), U’
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must still contain (a,b). Using (DD) we can truncate U’ further and assume that for

all a’ € pr,(U’), dim(U’(a’)) = cdim (b/a). Now by 2.1.33,
T'={(x,u,z,v) | (x,u,v) € T & (z,v) € U}
has no components of dimension
#dimT +dimU —dim V = dim T + cdim (ab) — cdim (b) = cdim (ab) + dim T'(b)

Let D be a component of T’ N pr;;; (pry, (S)) with (a,b) € pry, (D) and suppose for a
contradiction that dim(pr,,(D)) < dim(pr,(S)). By 2.1.35 and our assumptions on
U’, T’ is aligned with respect to pr,,, so this implies that dim D < dim7’. Since T’

is pure-dimensional, this implies that there is a uniform set D € C C T’ of dimension

cdim (ab) + dim T'(b) and such that C N pryy(pr,(S)) = D. Since C is part of a
component of 77, 2.1.35 implies dim pr, (C) = dim C — dim 7 + dim pr, (7') and by our

last assumption on U’ we get

dim(pr, (C)(a, b)) = dim pr,(C) — cdim (ab)
= dim C —dim T + dim pr, (T) — cdim (ab)
= cdim (ab) + dim T (b) — dim T + dim pr,,(T) — cdim (ab)
= dimpr,(T) — cdim (b)
— dim pr (T (b))

= pry(S(Cl))

By assumption, pr, (C)(a,b) Spr,(T)(b) Spry(S(a)) so in particular

dim(pry (C)(a,b) N pry(S)(a)) = dim(pr, (C)(a, b)) = dim(pr) (5)(a))
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By our assumptions on U’,

dim(pry,, (C) N pry(S)) = dim(pr,(C) N prglpry(S)) —cdim (b/a)
= dim(pr, (C)(a,b) N pry(S)(a)) + cdim (a)
= dim(pry, (S)(a)) + cdim (a)

= dim(pry,(S))

But this last statement contradicts our choice of C.

It now follows from smoothness of S and 2.1.29 that the set
Vix,y,z,u,v) ={(x,y,z,u,v) | (x,y,2) € S & (x,u,v) € T & (z,v) e U}
has no components of dimension

< cdim (ab) + dim T'(b) + dim S — dim pr, ()

= cdim (ab) + dim 7' (b) + dim S (a) — dim pr,(S)(a)

Since (a, b) is generic in its projection, by 2.2.5 every component of V (a, b) has at least

dimension dim S (a) + T (b) — dim(pr,, (S(a))) as required. [J

Corollary 2.2.10 *M satisfies (GS).

Proof. Suppose S(x,y,a) is a canonical representation of a closed pure-dimensional
set. Then by (GS), there is a closed set K Cpry(S) such that dim K < dimpr,,§ and
S’'=5\ pr;l(K) is smooth with respect to pry. In order to verify (GS), we will show

that
1. dim K(a) < dimpr,(S(a)) and
2. S(a)\ pr;l(l((a)) is smooth with respect to pry,.

Note that §”(a) = S(a) \ pry,'(K)(a) = S(a) \ pry'(K(a)) and that since a is generic,

68



dim(K (a)) < dim(pr, (S)(a)).

The fact that S’(a) is smooth follows from the previous lemma. [

This concludes the proof of theorem 2.2.2.

2.2.2 The Pre-Geometry cl

From now on, we will always assume that we are working with a one-dimensional strong

geometry M.

We start by recalling some basic definitions.

Definition 2.2.11 Let M be a set and cl be a function P(M) — P(M). Then (M, cl) is

called a pre-geometry if cl satisfies

1. ACBCM = cl(4)Ccl(B)
2. cl(cl(A4)) = cl(A) for all ACM

3.aec(BU{b})\cl(B) = becl(BU{a})

Definition 2.2.12 BCM is independent over A if for all b € B

b ¢ cl((B\{b})U A)

In the context of Strong Geometries there is an obvious candidate for a pre-geometry.
We define
cl(A) ={a|cdim(a/A) =0}

Proposition 2.2.13 If M is a one-dimensional Strong Geometry, then cl is a pre-

geometry on any elementary extencion *M.

Proof. We check the three properties of cl:
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1. ACB = ACcl(A)Ccl(B) is trivial.

2. cl(cl(A4)) = cl(A)

The right to left inclusion follows from 1. For the other direction, suppose there
is an element a € cl(cl(A)). Then there are tuples ¢ € A" and b € A* such that

cdim (b/c) = cdim (a/b) = 0. Now

cdim (a/c) =cdim (ac) — edim (c)
—cdim (ac) — edim (be) + edim (be) — edim ()
—cdim (ac) — cdim (abc)
+ cdim (abc) — cdim (be)
+ cdim (be) — cdim (c)

=cdim (a/bc) + cdim (b/c) — cdim (b/ac)

From the definitions, it is easy to see that these are all zero, so cdim (a/c) = 0 and
a € cl(A).
3.aecl(AU{b})\cl(A) = b ecl(AU{a})

There is a ¢ € A¥ such that cdim (a/bc) = 0 and cdim (a/c) = 1. Now by the

above,
0 < cdim (b/ac) = edim (a/bc) + cdim (b/c) — cdim (a/c¢) = edim (b/c) — 1

Since cdim (b/c) < cdim (b) = 1, we must have equality. [J

Definition 2.2.14 We say that B is independent of A over C if for any By C B, if By

is independent over C, then it is also independent over A U C. We write

B A

L
c
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to denote this.

For finite b = B and C = @, this is equivalent to saying cdim (b/A) = cdim (b) and thus

matches the notion of independence introduced earlier.

Independence relations are studied a lot in Model Theory. We refer the reader to [KP97]
or [Adl09] for further reading. We follow the axiomatization of independence relations
given in [Adl09] since this is broken down into more and simpler properties. We will
list the axioms and prove that the above relation | satisfies all of them. Note that
the axioms here differ from Adler’s in two respects. First, we replace “elementarily
equivalent” by “existentially equivalent” and second, the acl in anti-reflexivity is replaced
by cl. Neither of these changes makes a big difference in the applications we have in

mind.

In the following, tpp(a/B) = tpz(a/B) will denote the projective or existential type of

a over B.
tpp(a/B) = { P(x,b) ‘ P is projective & b € BX & *M = P(a,b)}
Definition 2.2.15 We define the following axioms for a ternary relation | .

(Invariance) If A | B and tpp(A’,B’.C’) = tpp(A4.B,C), then A’ | B’.
C Cc’

(Monotonicity) If A | B, A’CA and B'C B, then A" | B’
C C

(Base Monotonicity) If DCCCBand A | B,then 4 | B.
D C

(Transitivity) If DCC<B, B | Aand C | A, then B | A.
C D D

(Normality) If A | B, then AC | B.
C C

(Extension) If A | B and B C B’, then thereis an A" with tpp(A/BC) = tpp(A’/BC)

C
such that A" | B’
C

(Finite Character) A | B if and only if Ag | B for all finite 49 C A.
C C
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(Local Character) For all A, there is a cardinal k(A4) such that for every B there is

some C C B with |C|< «(A) and A | B.
C

(Anti-Reflexivity) If a | a, thena e cl(C).
C

(Full Existence) For all A, B, C, there is an A’ with tpp(4/C) = tpp(A’/C) such that
A | B.
C

(Symmetry) A | B ifandonlyif B | A.
C C

Proposition 2.2.16 | in 2.2.14 satisfies all of the azioms in 2.2.15.
Before we start to prove this, we give a useful alternative characterization of | .

Lemma 2.2.17 A [ B if and only if there are tuplesa € A™, b € B" andc € Cck such
C
that
cdim (a/bc) < cdim (a/C)

Proof. This is just a matter of playing with the definitions. A J B if and only if there
C
is a subset Ag, independent over C, but not independent over BC. By definition this

means that there is an ag € Ag such that
ap € cl((4o \ {a0}) BC) \ cl((4o \ {a0})C)
which in turn means that there are tuples a;, b and ¢ such that
ag € cl(ay,b,c) \ cl(a,C)

Let a = (ap,a1) and let d be a tuple extending ¢ such that cdim (a/d) = cdim (a/C).

Now cdim (a/bd) < cdim (a/C), as required.

For the converse, suppose there are a,b and ¢ such that cdim (a/bc) < cdim (a/C). Let
a = (ap,...,ay). Leti =min{j |a; € cl(ap,....aj—1.b,c)\ cl(ap,...,a;—;j,C)}. Then

(ao,...,a;i) is independent over C, but not over BC. [J
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We will now begin the proof of proposition 2.2.15. We will check the axioms one by one.

(Invariance) Since dimension is existentially definable, this is an easy consequence of

the above characterization of independence.

(Monotonicity) Again, this follows from the above characterization. A witness to

A"/ B’ would also be a witness for A J B
C C

(Base Monotonicity) If A f B, then there is some tuple a from A such that
C
cdim (a/B) < cdim (a/C) < cdim (a/D)

which by the above characterization implies A J B
D

(Transitivity) Assume B | A and B J A. Let by,....b, be a tuple of minimal
C

D
length from B such that

cdim (by,...,by/D) > cdim (by,...,b,/DA)
Furthermore, let ¢q,...,c, be a tuple of minimal length from C such that
cdim (by,...,by/c1,...,cm, D) = cdim (by,...,b,/CD) =n—r

Then bq,...,b, and c1,...,cy are independent over D. Without loss of generality

assuine

bl,...br GCl(br+1,...,bn,Cl,...,Cm,D)

so that by exchange

c1y...cr €cl(by,....by,Cri1,--..Cm, D)
Now by € cl(ba, ..., by, D, A), so

c1,...cr €cl(ba,....bp,Cri1,...,Cm, D, A)
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which means that cdim (¢1,...,¢/D) =m >m —1 > cdim (cy,...,cm/DA). By
the previous characterization,

C LA
D

(Normality) For all tuples a from A and ¢ from C,

cdim (ac/BC) = cdim (a/BC) = cdim (a/C) = cdim (ac/C)

(Extension) Enumerate A = (a)) <. Let

P(X))a<k = {ﬂK(xkl,...,xkn,l;,E) | K is closed ,
dim K (b,¢) < cdim (ay,,...,a;,/C),

heBFée cm™
This expresses exactly that for all A1,..., 4, we have
cdim(x)hl,...,xkn/EC) > cdim (ay,,....a,,/C)

We will now show that ¢ = p U tpp(A/BC) is consistent. Then any realisation of

q would be a suitable A.

tpp(A/BC) is closed under intersections so if ¢ is inconsistent, there is a
P(xp,,...,Xz,,b1,61) € tpp(A/BC)

and a

=K (X3, X3,.b2.02) € p

such that

P(by,c1) S K(by. )
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However, by definition of p and the fact that A | B,
C

dim P (by,¢1) > cdim (ay,,...,ay,/C) > dim K (b, ¢2)

This is a contradiction to (DU) so ¢ is consistent as required.
(Finite Character) Follows since dependence is witnessed by tuples, which are finite.

(Local Character) For every finite subset F C A4, let f be F as a tuple. Now there is

a tuple b ¢ such that
cdim (f/B) = cdim (f/b )

Let B be the set of elements of by and let
C =|J{Br | FSAis finite }

Then |C|< max(2/4l,8o) and 4 | B.
C
(Anti-Reflexivity) If a | a, then cdim (¢/C) = cdim (a/aC) =0, so a € cl(C)
C

(Full Existence) The proof is very similar to Extension, but by [Adl09] is also follows

from the other axioms.

(Symmetry) Suppose A J B. Let a be a minimal tuple from A4 such that
C

cdim (a/BC) < ¢dim (a/C)
and b a minimal tuple from B such that
cdim (a/bC) = cdim (a/BC)

Then a and b are independent (as sets) over C, but then by an easy application

of exchange,

cdim (b/AC) < cdim (b/aC) < cdim (b/C)

so B f A.
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This concludes the proof of 2.2.15. [J

Definition 2.2.18 An independence relation | is said to be

Trivial if for all A, B,C and C<C’, 4 | B = A | B,
C C’

Modular if 4 L B for all A, BCM,
cl(A)Ncl(B)

Weakly Locally Modular if for all A, BCM there exists a C €M such that C | AB

and A L B,
cI(AC)Nel(BC)

Very Weakly Locally Modular if for all tuples ¢ and B € M there exists a C €M

such that C | B,C | aanda L B,
a B cl(@aC)nel(BC)

Weakly One-Based if for all tuples a and B € M there is a B € C € M such that

a | C and for all a’ realizing tpp(a/C),a | a’ impliesa | C and
B C a
Very Weakly One-Based if for all tuples @ and B € M there is an a’ realizing
tpp(a/B) such that a | a’ anda | B .
B

a/

Lemma 2.2.19 The independence coming from cl is trivial if and only if cl is trivial in

the sense that for all A, cl(A) = | cl(a).

acA

Proof. For the left to right implication suppose that there is a set 4 such that cl(A4) #

U cl(a). Let b € cl(A4)\ U cl(a) and let a = (ao,...,an) be a minimal tuple from

acA acA

A such that b € cl(a). Then b | (aog,...,an—1), but b J (ao,....anp—1) so | is not
@ an

trivial.

For the other implication, suppose that for all A4, cl(4) = |J cl(a) and pick A4, B,C
acA
and C' 2 C. A Jf B if and only if there is a subset Ag € A such that Ay is
C/
independent over C’ but not over BC’. This means there is an a € A such that

a € cl((A\{a})BC’)\ cl((A\ {a})C’). By our assumption on cl this implies that
there is a b € B such that a € cl(b), but then a € cl((A\ {a})BC)\ cl((A\{a})C) so
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that 4 / B. O
C

Lemma 2.2.20 Leta € *M" and B S*M. Suppose a’ is another realization of tpys(a/B).

Ifa | B, thena | B.
a

a/

Proof. By symmetry @’ | B if and only if B | a’. This fails if there is a tuple b from
a a
B such that

cdim (b/aa’) < cdim (b/a)

but all information about cdim (b/a) is contained in tp.s(a/B), so
cdim (b/a’) = cdim (b/a)

and B J a. O

Proposition 2.2.21 ([BBWK"11]) The following are equivalent:

1. (M, | ) is very weakly locally modular.

2. (M, | ) is weakly one based.

3. (M, | ) is very weakly one based.
The proof of this proposition is a combination of results from [BBWK*11] and [BV10].
We include it for completeness.
Proof. We individually prove equivalence of (1) and (2) to (3).

(1) = (3) Let @ € *M" and B € *M. From our assumption we can find C € *M

such that C | a, C | B and a L B. By full existence, we can find
B a cl(aC)Ncl(BC)
some a’ with tpp(a/cl(BC)) = tpp(a’/cl(BC)) anda | a’. Now C | B implies
cI(BC) a

c(@C)Nncl(BC) | B. Since a and a’ have the same type over cl(BC), cl(a’C) N

A(BC) = cl(aC) Nel(BC) and cl(aC) N cl(BC) | B.

a/
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(3) = (1) Let @ € *M" and B C*M. By assumption and 2.2.20 there exists some a’ such

that tpp(a/B) =tpp(a’/B),a | a’,a | B andda’ | B. Let C be the set containing
B a

a/

the elements of @’. Then by base monotinicity a L B.
cl(aC)Nel(BC)

(2) = (3) Let a € *M" and BC*M. Let BCC C*N be such that @ | C and for all a’

B
realizing tpp(a/C)ifa | a’ thena | C. By full existence, we can find an a’ realizing
C a’
tpp(a/C) such that a | a’. By transitivity we have a | a’ and by monotonicity we

C B
havea | B.

o
(3) = (2) Let a € *M" and B € *M. By assumption and 2.2.20 there exists some a”
such that tpp(a/B) = tpp(a”/B),a | a”,a | B andad” | B. Let C =a”B and use
full existence to find a’ such that tppB(a /C) - /:cpp(a’ /C) agd a | a’. Then certainly
a” | B,butfroma | B anda | a' we can also derive a | CB, so by transitivity
a Jj/B. Another quicﬁ//independenge calculation shows a | Z‘/ Z///, so by another appli-
cat?/on of transitivity we get a | C as required. J ?

a/
The chain of implications
Modular = Weakly Locally Modular = Very Weakly Locally Modular

is easy to see. In o-minimal structure the reverse of the first implication does not hold so
we can not hope for this in Strong Geometries, but it might be interesting to investigate

whether the reverse of the second implication holds.

The property we will use in the weak trichotomy is very weak one-basedness so it will
be useful to have a slightly more precise characterizations of its converse. We start by

making sure that we can choose B finite.

Lemma 2.2.22 (Due to Gareth Bozxall) Suppose a,b is not a counter-ezample to very
weak one-basedness so that there is a tuple a’ with the same projective type as a such
thata | a' anda | b. Whenever a” has the same type as a over a’b and a | a”,
a’ a’b

b
thena | a'b.

a//
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Proof. cdim(a’/a) = cdim (a/a’) and cdim (a’/ab) = cdim (a’/b) = cdim (a/b) =
cdim (a/a’b). So from a | b we can deduce @’ | b. By choice of a”, this also means

a’ a
a’ | b. On the other hand, from b | a and a” | a we can deduce that b | a. By
a// a/ ba/ a/a//
several applications of transitivity a'a | b,a | a’a” anda | o”. O
a” b ba’

Lemma 2.2.23 (Due to Gareth Bozall) Suppose a and B form a counter-example to

very weak one-basedness. Let b be a tuple from B such that a B. Then a and b form

L
b
a counter-example to very weak one-basedness.

Proof. Suppose not. Then there exists a tuple a’ with the same projective type as a
over b such that @ | @’ and a | b. By full existence, we may choose such an a’ with

b a’
a’ | B. By transitivity this gives @’ | aB and by base monotonicity and monotonicity

ab b
a | a.
B

Now let a” have the same projective type as a over a’B such that a | a”. Then

a’'B
a | a’a”B and hencea | a”. Now by the previous lemmaa | a’b. We may conclude
b ba’ a”
that a | a” and a | B. This is a contradiction, since a and B are assumed to be a
B a//

counter-example to very weak one-basedness. [

So if cl is not very weakly one-based, then there are tuples a and b such that whenever
a’ has the same projective type as a over b and a | a’, thena Jf b. If our elementary
a/

b
extension *M is sufficiently saturated we can strengthen this condition slightly so that

we only have to consider quantifier free types.

Lemma 2.2.24 Suppose *M is w-saturated for projective types. If cl is not very weakly
one-based, then there are tuples a and b such that whenever a’ has the same quantifier-

free type as a over b anda | a’, thena [} b.
b a’

Proof. Let a and b be such that whenever a’ has the same projective-free type as a over

banda | a', thena f b. Suppose a’ |= tpy(a/b) is such that @ | @’ and a | b.
b a’ b a’
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Let S(x,x’,y) be a locus of (a,a’,b). Since S is uniform, the dimensions of projections
of S correspond to the combinatorial dimensions of sub-tuples of (a,a’,b). The above

two independence relations correspond to saying

dim § — dimpr, (S) = dimpr,/ (S) — dim pry,(S)
and

dim § — dim pr,(S) = dimpr,,(S) — dim pr,,,(S)

Now if we could show that

q(x") =tpp(a/b)(x")U{S(a,x",b)} U{=K(a,x",b) | K is closed and dim K < dim S}

is consistent, then the saturation would make sure that there is a realization of ¢g. How-

ever, any such realization would contradict our choice of @ and b.

Suppose it is not consistent. Then there is a projective set P(x’,b) with a € P(b) and

a closed set K with dim K < dim § such that P(*M,b) N S(a,*M,b) S K(a*M,b).

Without loss of generality we may assume that dim P = cdim (a, b). The above and (SB)
imply that R = P(*M,b) A S(a,*M,b) has dimension < dim S(a,*M,b). However,
since (a,b) € P, (a’,b) € P. Therefore, a’ € R. This contradicts the genericity of
a' € S(a,*M,b).

2.2.3 The Weak Trichotomy

In this section we will prove the following weak trichotomy for Strong Geometries:

Proposition 2.2.25 Let M be a Strong Geometry and *M an elementary extension

sufficiently saturated for projective types. Ezactly one of the following is true:

1. cl and all families of plane curves are trivial,
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2. cl is very weakly one-based, non-trivial and every generically normal family of plane

curves has dimension at most 1 or

3. cl is not very weakly one-based and there is a two-dimensional generically normal

family of plane curves.

Dealing with the first case is fairly standard.

Lemma 2.2.26 cl is trivial if and only if all familes of plane curves are trivial.

Proof. Suppose every family of plane curves is trivial and suppose a € cl(B). If a ¢ cl(9)
we can find a minimal tuple by,...,b, € B such that a € cl(by,...,b,). Suppose for a
contradiction that n # 1. By minimality, a,b; ¢ cl(ba,...,b,) and so by definition of cl,

there is a closed set I CM”t! such that

dim I (a,bs,...,by) =dimI(by,...,by) =0 and dim I (by,...,b,) =1

Thus I € M2t("=1) is a non-trivial family of curves, a contradiction. So n = 1 and
cl(B) = Upep cl(b).

For the converse, suppose I € M?*" is a non-trivial family of plane curves. Since the fam-
ily has dimension at least 1, then the domain S has dimension 2. Pick a generic (a,b) € S
and [1,...,l, generic in I(a,b). By definition of a family of curves, a € cl(b,[1,...,I,),
but by non-triviality a ¢ cl(/y,...,l,) and by choice of (a,b), a ¢ cl(b). Hence, if there

is a non-trivial family, then cl is not trivial. O

The other two cases follow from the following lemma and proposition.

Lemma 2.2.27 cl is not very weakly one-based if and only if there is a non-linear family

of sets.

Proof. Suppose [ is a non-linear family of sets. Let (a,b) € I be generic and suppose

aftp(a’/b) = qftp(a/b) and a’ | a. Then (a’,b) € I, so that (a,a’,b) € I5. Since a and
b
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a’ are independent we have cdim (aa’b) = dim I + dim / — dim L and can conclude that
(a,a’,b) is generic in I5. Let C be the component of I5 containing (a,a’,b). Then (a,a’)
is generic in pr;(C) and hence by non-linearity and 2.1.41, cdim (aa’) = dimpr;(C) >

dim S 4+ dim I/ —dim L. @’ is generic in S so

cdim (a/a’) > dim I — dim L = cdim (a/a’b)

By definition, this means a J b so cl is not very weakly one-based.

o
Suppose on the other hand that cl is not very weakly one-based. Then by the last re-
sults of the previous section, there are tuples a and b such that whenever a’ |= qftp(a/b)
and ¢’ | a, thena J b. Given a small enough locus I of (a,b), I is a family of
cdim (a /]Z))—dimensionaf/sets. Now suppose any such I has a locally linear component
at (a,b). Pick an I and note that since I has only got finitely many components
and J C I implies Jy C [, there is a component C of Iy such that (a,a,b) € C,
dimpr;(C) = dim S + dim / —dim L = cdim (a) + cdim (a/b) and for any other locus
J <1 of (a,b), dim(C N J3) = dimC. On the other hand, any element of qftp(a/b)
contains a locus of (a,b) so for any J € qftp(a/b), the set C(a,b) N J(b)<1(b) has di-
mension cdim (a/b). That means we can find an a’ = qftp(a/b) such that (a,a’,b) € C.

Since C is a linear component, this contradicts our choice of (a,b). O

Proposition 2.2.28 There is a two-dimensional generically normal family of plane

curves if and only if there is a non-linear family of sets.

We prove this proposition in two lemmas, but before we do so we want to describe the
strategy and problems by looking at some examples. In the proof of the last lemma, we
saw that the locus of a pair of tuples a and b witnessing non very weak one-basedness
is the incidence relation of a non-linear family of curves. If a is a two-tuple, then this
family would be a family of plane curves. If b is also a two-tuple, then the family is
generically normal so to prove the above proposition we need to show that we can reduce

any witnessing pair (a,b) to a pair of two-tuples. By 2.1.41, the situation is symmetric,
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so in fact it is sufficient to show that we can reduce a to a two-tuple while keeping b
the same. The strategy for doing so should be fairly clear. We can reduce cdim (a/b)
by naming elements of @ until we get to cdim (a/b) = 1. Then we project to the plane.
However, as the following two examples show, we cannot just name any elements of
a, nor can we project to the plane in any direction we like. If we do, we may turn a

non-linear family into a linear one.

Example 1. We work in C. Let ¢,(x,y,z20,...,2n—1) be the formula y = x" +

Zp—1x" 14 .o. 4+ z5. We define a family of hyperplanes with the formula

V(X1 ey Xms 215+ Zn) = Pn(X1,X2,21,...,2n)

If we let @ = (a1,...,am) and b = (by,...,by) be generic in ¥ (C) and choose a’ to
be another point on ¥ (b) independent of a, then cdim (aa’) = 2m, so this is a witness
of non very weak one-basedness. However, if we try to fix a; or as the result will be

completely trivial because the only relation b induced on a was between a1 and as.

Example 2. Similarly, take the n-dimensional family of curves defined by

n

l/f(xl»---»xm»yl»---»yn) :¢n(x1»x2»y1»»yn)/\/\(,bl(xl»xz»yl)
3

If we project to any plane other than (xi,x2) we get the linear family ¢;(x,y,z) so in
each of the two stages of our reduction (fixing coordinates and projecting to the plane)

we must make sure that there is a choice that preserves non-linearity.

Lemma 2.2.29 Leta = (ai,...,an) and b be tuples such that whenever a’ |= qftp(a/b)

and a’ | a, thena’ J b. Then there is a sub-tuple ¢ of a such that cdim (a/bc) =1
b a

and whenever a’ |= qftp(a/bc) and a’ | a, thena’ J b.

bc ac

Proof. Without loss of generality we may assume that ai,...a, are a basis of a over
b. Let ¢y = (ai,...,ax—1,ak11,---,am) and suppose for a contradiction that for all k

there exists some a; |= qftp(a/bey) with @) | a and aj | b.

bey acg
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We will construct a sequence a’,...,a™ of tuples realizing qftp(a/b) such that for all i

L. cdim (al, ... al/ab) =i

2. cdim (a'/a) <i

The element a™ will then be such that ™ | a and @ | b and so we have a contra-

b a
diction.

Let a® = a. This trivially has the required properties.

Suppose we have constructed a” and let ¢ = (af...,ay.a; ,.....a;,). Since a” |=

aftp(a/b) there is a a’ |= gftp(a” /bc) such that @’ | a" and a’ | b.

bc a’c
Let a”*! |= oftp(a’/ba”) such that a"*! | a. Now
ba”
cdim (a] ..., :ﬁ/ab) = cdim (a] ™, ..., al "1 /ab) + cdim (a :_ﬂ/aba”l, alth
= cdim (af,...,a}/ab) + cdim (a] 1} /aba’, ... a)
=r + cdim (a rH/abal,...,ar)

> r + cdim (a :_‘H/aba )
=r + cdim (a]1]/ba")
=r + cdim (a :H/b‘:)
=r + cdim (a] 1 /bc)

=r—+1

It follows that cdim (a"+!'/a) < cdim (a” /a) + cdim (a"T'/a”) < r + 1.0

Lemma 2.2.30 Let a = (ay,...,an) and b be tuples such that cdim (a/b) = 1 and
whenever a’ = qftp(a/b) and a’ | a, then a’ J b. Then there exists a sub-tuple

a

b
¢ = (c1,¢2) of a such that whenever ¢’ = qftp(c/b) and ¢’ | c, then ¢’ [ b.
b c
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Proof. We may assume that a; is a basis for a over b. Now suppose fori = 2,...,n that
there are (a},a!) | qftp(ai.a;/b) such that alal | aja; and alal | b. By 2.2.22
b

aia;

n,2

we may replace b with ba?...a%a3...a? and assume for all i and for all (a},a!) |=

aftp(ai,ai/b) with alal | aja; that we have alal | b.
b

aa;

Now if we pick a’ |= qftp(a/b) with a’ | a, then a; € cl(a,a}) and hence cdim (a'/a) =
b
1. This contradicts a’ J b. O

a

Note that in the above lemma cdim (¢/b) = 1, for if cdim(c/b) = 0, then for ¢’ = ¢, the

conclusion would not hold.

This concludes the proof of the proposition and the Weak Trichotomy Theorem.

2.3 Specializations

In keeping with [Zil10], we will use specializations to develop a theory of infinitesimals.
This notion becomes useful when the infinitesimal neighbourhoods have a certain degree
of saturation which allows us to find points by checking the consistency of types. Zilber’s
proof of the existence of universal specializations goes through without problems, but
as we have seen in the introduction and will discuss in some more detail here, they
can exhibit some bad behaviour on the boundaries of projective sets. To get around
this problem, we generalize the notion of universality and show that it is possible to
consruct specializations which are sufficiently saturated for projective sets while omitting

infinitesimal points of large combinatorial dimension in the boundaries of projective sets.

Definition 2.3.1 Let *M = M be an elementary extension of M and let A C *M. A

map 7w: A — M is a (partial) specialization if for all closed sets P C M” and a € A",
"M P(a) = M [ P(n(a))

where 7 acts coordinate-wise on the tuple a. In other words, m is a partial £- homo-

morphism.

85



If we have M’ = *M = M, A € M/, B € *M and specializations m1: 4 — *M and

79: B — M, then we write 71 o 7y for the map 7y o wo: A Ny H(B) — M.
Lemma 2.3.2 Compositions of specializations as above are again specializations.

Proof. Ifa € (AN #;71(B))" and S is closed, then by definition

M’ = S(a) = "M | S(mi(a)) = M |= S(m2(m1(a)))

Definition 2.3.3 Given a (partial) specialization m:*M — M, we will call a definable
set P € M" m-closed if for every a € Domm, *M | P(a) == M [ P(n(a)). We

denote the family of w-closed sets by C.

Definition 2.3.4 Given a family of definable sets 7 2 C, a tuple a from *M and 4 C*M,

we define the F-type of a over A to be

tpr(a/A) ={F(y.b) | FeF & be A" & *M = F(a.b)}

A map o: A — B is said to be an F-embedding over C if for any a € A"

tpr(a/C)Ctpr(ala)/C)

Definition 2.3.5 Let F be a family of definable sets extending C, *M = M and 7: *M —
M a specialization. We say that 7 is F-universal if for any M’ 5= *M, finite A CM’ and
specialization 7’: (Dom tUA) — M extending 7, there is an F-embedding «: A — Dom

over (AN *M) UM such that 7 oo = n’.

If F is the family of all definable sets, we omit its mention and just say universal.

Proposition 2.3.6 (Zilber) For any relational structure M there are *M = M and a

universal specialization w:*M — M.
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For completeness we include the proof:

Proof. We will construct a chain of elementary extensions
M=MyxM; - sM; 5...

and specializations m; C i1, mi: M; — M with the following property:

Let (A,a, p(x)) be a triple, where A CM; is finite, p is a n-type over AUM and a € M".
Suppose that there exists a specialization 7: M’ — M extending 7; and a’ € Dom ()

with |= p(a’) and 7 (a’) = a. Then p is also realized in 7; % (a).
It then easily follows that the pair *M = | JM;, = = |J 7; is universal.

To construct the M; and m; we start with any specialization my: M; — M — for example,

the identity map on M. Given M; and m;, we enumerate all triples

{{Aq,aq, o). < Kk}

where as above Aq C M; is finite, ag, € M” and pq is an n-type over Ay U M. We
recursively construct N; o and m;o. Let Nig = M;, mio = m;. If o is a limit we take
unions. At successor steps we consider two cases:

If there exists a specialization 7: M" — M extending 7; o and @’ € Dom (7)) with |= p(a’)
and 7 (a’) = a, then let N; o+ =M and 7 o+ = 7.

Otherwise, let Nj o+ = Njq, Tj o+ = Tiq-

M; 11 = Nj, and 741 = m;, have the desired properties by construction. [

Corollary 2.3.7 Given any family of sets F, there is a F-universal specialization m:*M —

M.

Proof. We know that universal specializations exist and a universal specialization is

F-universal for any F. [J

87



Definition 2.3.8 Let 7:*M — M be a specialization and a € M". Then we define

Vo =7 Ya)

Nbd,(y) ={=0(y,¢) | Q eC&ME—=Q(a,c) &’ €V, & ¢ eMk}

Since 7 acts coordinate-wise on tuples, it is clear that V,p =V, x Vp.

If there is any ambiguity about which specialization we are talking, we write V7 and

NbdZ(y). If there are specializations 1, m, ..., we also write V1, Nbd}l(y) etc.

Lemma 2.3.9 If 7:*M — M is a specialization and *M [= Nbd,(a’), then w U{{d’,a)}

is also a specialization. (If a is a tuple, (a’,a) is to be read coordinate-wise).

Proof. From definition of specializations.

Lemma 2.3.10 Let 7: *M — M be an F-universal specialization. Then
1. Given a’' € *M" and an F-type p(a’,y), if Nbdp(y)U{p(d’, y)} is consistent, then
there exists b’ € Vy, satisfying p(a’,b’) and

2. V), = Nbd(*M)

Proof.

1. Suppose the type is consistent. Then we can find a model M’ 3= *M and e realizing
p(a’,y) UNbdy(y). Now the map n/ = 7 U {{e,b)} is a specialization by the
preceding lemma. Since m is F-universal, we can find an F-embedding o:e —
Dom 7 such that 7/ = w o. Let b’ = a(e). Then 7 (b') = b and tpr(e/Ma’) C

tpr(b/Ma’). In particular *M = p(a’,b").

2. Note that by definition of a specialization, if a’ € V,, then = Nbd,(a’).

To get the reverse inclusion we note that equality is closed and hence in F. If
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= Nbdg,(a’), then clearly the type
Nbdg(y) U {y =a'}

is consistent, so by the previous part we must have a’ € V,.

Lemma 2.3.11 Let My = M and My = M be elementary extensions with F-universal
specializations 1: My — M and mo: Mg — M. Then given an F-type p(y) over M, p is

realized in V;' if and only if it is realized in Vj>.

Proof. By 2.3.10 it is enough to show that if Nbd]' U p is inconsistent, then so is
NbdZ2 U p. If the former is the case, then there is a =Q(y, ¢’) € NbdF!(y) with ¢’ € Vit
and M = —Q(a,c) and a F € p such that

M |= F(y) = Q(y.¢)

Take any f € F(M). Then My = Q(f,¢’) and since 71 is a specialization M = Q( f, ¢).
In other words, M = F(y) € Q(y.c). But =Q(y,c) € Nbd}?, so Nbd}? U p is also

a >

inconsistent. J

Lemma 2.3.12 For an F-universal specialization w and F € F,

FeC, & F= ﬂ S
SeC & FCS

Proof. The right to left inclusion follows from definitions. C C C, and clearly Cy is

closed under intersections.
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Now suppose for a contradiction F € F is m-closed and

ac( () S\F

SeC & FCS

Claim: The type Nbd,(y) U {F(y)} is consistent.

Proof: Suppose not. Then *M = F(y) = Q(y,¢’) for some Q € C and ¢’ € V. such that
M = —Q(a,c). Now take any f € F, then *M = Q( f,¢’) and since 7 is a specialization
M | Q(f.c). Hence F C Q(M,c) and this contradicts —=Q(a, ¢), proving the claim.
Now by 2.3.10 we can find a’ € F NV,. Since F m-closed, this implies that a € F,

resulting in a contradiction. [J

From now on we will look at specializations in Strong Geometries so in all the following

lemmas the underlying structure M is assumed to be one.

Corollary 2.3.13 If w is P-universal, then projective sets are closed if and only if they

are w-closed.

Proof. This follows from 2.1.15, since for a projective set P

( [} $=P

SeC & PSS

is closed. [

In view of axiom (SB) we should expect points in the boundary of a projective set X
to have small combinatorial dimension. Unfortunately, unless X \ X is actually locally

projective at a € X \ X, the type
Nbdy () U{ X\ X(»)}U{y ¢ K |dim K < dim X }

is consistent so if 7 is universal, it is realized by some element a’ which would be a

boundary element of X with cdim (a’) = dim X. However, this type is only projective if
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X \ X is. This means that if we only require the specialization to be P-universal, then
we do not necessarily have to realize this type. The best possible property we could

hope for is the following.

Definition 2.3.14 Given a specialization m:*M — M, we say that @ omits generic
boundary points over a set A, if for any projective set X defined over A and any a €

X NDom 7, if cdim (a/A) = dim X, then a € X.

Proposition 2.3.15 There exists an elementary extension *M and a P-universal spe-

cialization :*M — M which omits generic boundary points over M.

Proof. A direct proof in the style of Zilber’s proof of the existence of universal special-
izations is possible. This would involve picking up points with the desired type one by
one while making sure at each step that we do not include any generic boundary points.
We take an approach which makes the essential use of (SB) more apparent. Given a
universal specialization, we move all offending points a € (X \ X) N Dom () into X. In
doing so we destroy some of the universality, but retain enough to build a chain of these

and get full P-universality in the limit.

We define My = M and mg = idy and construct M, and 7w, recursively as follows:
Given M,, and m,, let N = M, and let 7 be a universal specialization N — Mj,,.
We now recursively construct sets Qg C...C Q.

Let Qo 2 tpp(Dommy/My) be a maximal set of projective sets over My under the

condition of being finitely satisfiable in N.

Given Q;, let Q;j+1 2 Q; be a maximal set of projective sets over M;; under the

condition of being finitely satisfiable in N.
Finally, let Q0 = Q,. Let M, 41 %= N model Q.

In effect we have introduced constants ¢, for each a € Domnmy so we can define
7y i Mpyp1 — M, by

Tpi1 () =b
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where b’ is the interpretation of ¢, in Muy1 and nwy(a) = b. Then define m,11 =

/
Tn O Ty q-

Since M,, and m, are ascending chains we can define the limits
*M = UM,, and 7 = Unn

Claims:

1. my41 and 7 are specializations.
2. my41 and 7w omit generic boundary points over M; for all i < n.

3. Given a P-type p(y) over a finite subset A €M, which is consistent with N bdg" ! (y)

there is an a’ € V,"** such that M, 1 p(a’).

4. 7 is P-universal.

Proof of claim 1:

The fact that 7, oy is a specialization is encoded in Diag(Dom 7y /My). By construc-
tion, this implies that 7,11 = Jr,/l 11 © 7y is also a specialization.

Now the m, form an increasing sequence of maps. Since the definition of specializations

only concerns finite tuples, this implies that 7 = | 7; must also be a specialization.

Proof of claim 2:

Suppose i < n and X is a projective set defined over M;. By definition of O we only

k

have to show that if @ € (Dom 7,)* is a generic boundary point of X over M;, then

Qi U{X(a)} is finitely satisfiable in N.

Suppose not. Then there exists a P(a,b) € Q; such that
N = H(a,b) P(a,b) A X(a)

Let R be the set defined by 3y P(x,y), let V be a locus of @ and let S = RN V. Since

a is generic in X, we must have dim(R N V) = dim X. However, RN X = @, so by two
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application of (SB),
dim(S N X) < dim X and dim(S N X) < dim X

This contradicts the genericity of @ in X. If 7 had a generic boundary point in its
domain this would have to appear at some finite stage in the construction, say at M,.
However, this is impossible since we have shown above that for every k > n, m; omits

generic boundary points over M.

Proof of claim 3:
Since Nbd,"*'(y) = NbdZ¥ (y), we can find such an @’ in N by universality of mx. Let

b’ be the interpretation of ¢4 in My 1. Then by construction of 7,41,

tpp(a’/Dom () S tpp (b /Dom (1))

Hence, b’ also realizes the required type in My .

Proof of claim 4:
Suppose 7’ is a finite extension of = by some set A. Let 49 = AN *M and a be a tuple
made up of the elements of A\ Ag. Now by construction 49 CM,, for some n. By claim

3 we can find an b € ;| (a) such that

tpp(b/ Ao UM) D tpp(a’/Ag UM)

So that a’ + b is the P-embedding required for P-universality. [
Corollary 2.3.16 There are elementary extensions M’ = *M 3= M and P-universal
specializations w: M’ — *M and 7*:*M — M which omit generic boundary points over

*M and M respectively, such that won™ is also P-universal and omits generic boundary

points over M.
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Proof. Essentially, we repeat the construction in 2.3.15 twice. We obtain *M from the
first applicaton. For the second application, we write Mg = M, M; = *M and n* = my.

Now we use the construction in 2.3.15 to build a chain
..My = M3 = My = My = Mg

with a P-universal specialization 7;,: M, — M,_; omitting generic boundary points over

all smaller models in the chain. Let 7o = 7}, and 7, = 7,—1 o 7, for n > 2. We define

o0
M/:UM,- andn:Um
2

Then by exactly the same arguments as claims 1 — 4 of 2.3.15, = and 7y o & are as

required. [J

From now on, we will not explicitly mention specializations much. When we write V,
it is implicit that V, = 771(a) for some P-universal specialization omitting generic
boundary points. We will also often make use of two specializations as in the above
corollary. When we do so, we will assume that there are specializations 7 and wo with
m = m o mp such that all three are P-universal and omit generic boundary points. In
this case we write V} = 77 (a), V3 = 73 (a) and V, = 77! (a). Note that V, = |J V}.

beV}
By lemma 2.3.11, all results that we obtain for V! or V? also hold for V.

When we say something along the lines of “let V! and V? be the infinitesimal neigh-
bourhoods of two levels of specializations”, it is implicit that there are specializations
m1:M; - M and mo: My — M; omitting generic boundary points over M and M; re-
spectively and that m = 71 o 9 is also P-universal and omits generic boundary points

over M.

Lemma 2.3.17 Let aj,as € V,;. Then a1 and as have the same projective type over M

if and only if they have the same quantifier-free type.
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Proof. Suppose a; and as have the same quantifier-free type. If P is a projective set
such that ay € P and as ¢ P, let S be a locus of a;. Then a; € S NP and SNPis
expressed by a quantifier-free formula, so as € § N P. This, however, makes a, a generic

boundary point contradicting our choice of 7. [J

Lemma 2.3.18 Let P be a projective set over M and a € Dom w such thata ¢ P. Then

there is a locus L of a such that dim(L N P) < dim L.

Proof. Let L’ be any locus of a. Then
dim(P N L) <dim L' = cdima
Since 7 omits generic boundary points and a ¢ P, this means that a ¢ W Let
L=(L'\(PNL))CL

Then a € L, L is a locus of a and dim(L N P) < dim L by (SB). O

Lemma 2.3.19 Given a projective set P,

dim P = max{cdim (b) | b € P & b € Domn }

Proof. Using 2.1.13 we may assume that P is uniform. Let @ € P(M). Then 2.3.15

tells us that finding b € V, N P with cdim (b) = dim P is a matter of showing that
Nbd,(x) U{P(x)} U{—=K(x) | K is closed and dim(K N P) < dim P }

is consistent. However, if =Q(x,c¢) € Nbd,(x) and K is as above, then by pure dimen-

sionality of P

"M Vy(Yx(P(x) = (K(x) v Q(x,y)) < Vx(P(x) = 0(x,))
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Since *M = =Q(a,c) N P(a), we can conclude that P(x) A =K (x) A =Q(x,c) is non-

empty. [

Lemma 2.3.20 Suppose F(x,y)SM"* is a uniform projective set and (a,b) € F are
such that for all generic a’ € pr,,(F)NV, there is some b’ € Vy such that *M |= F (a’,b’).

Then for all a’ € pry,(F) N Vg, there is a b’ € V} such that *M = F(a’,b’).

Proof. We will prove this by making use of two-levels of infinitesimals as explained

after corollary 2.3.16. Instead of showing the result for m itself, we will show it for .
Let a’ € pry,(F)NV,. Let a” € V2 Npr, F be generic. Then a” € V, Npry, F so by our
assumption, 2.3.10 and 2.3.11, this means we can find b” € V}, such that

M/ IZ F(a”, b//)
but now by applying 9 we get that

*M = F(d', m2(b"))

Let b’ = m3(b”). Since ma:Vy — V1, we are done. [J

2.3.1 The Implicit Function Theorem

We could ask whether a result similar to lemma 2.3.19 holds for closed sets definable

using parameters from Dom 7:

Given F and a € prF N Dom x, is there some b € F(a) N Dom x such that dim F(a) =

cdim (b/a)?

Unfortunately, this is not true in general. For example, let us consider the plane F € K3
defined by x = y.z in some algebraically closed field K. Let *K be an elementary

extension with specialization 7 and let pr be the projection to the x,y plane. This
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is a one-to-one covering except at the point (0,0). Now given (a,b) # (0,0) in the
infinitesimal neighbourhood of (0,0), there is a unique ¢ such that a = b.c, but if we
chose b = a?, then c is not in any infinitesimal neighbourhood. Lemma 2.1.31 indicates
that this kind of phenomenon is likely to occur around all irregular fibres, but we will

now see that smoothness prevents this.

Proposition 2.3.21 Given a uniform set V(x,y) C Mk which is smooth with respect

to pry, a point a € pr,V, an arbitrary b € V(a) and a generic a €Vy,nN pryV, then for

¥y
any finite set a C A C*M, there is a point b’ € Vp NV (a’) with cdim (b'/A) = dim V (a’).

Proof. By lemma 2.1.31, we may assume that all fibres over pry, V' are of dimension
<dimV —dimpr, V. By P-universality of the specialization, it is enough to show that

the following type is consistent:

q(y) =Nbdp(y) U{V(d,y)} U{=K(d,y) | K is closed & dimK <dimV & d € Ay

It is enough consider a single =Q(y,¢’) € Nbd; and a single K(d, y) since these sets are

closed under unions and intersections. Define

P(x,y,z)=V(x,y) A=0Q(y,z) An—K(d, y)

We need to show that (a’,¢’) € pry, P. Suppose not. Then by 2.3.18 we can find a locus

L of (a’,c") such that dim L > dim(L N pr, P).

Both V and L have a’ in their projection to M" so that dim(pr, (V) N pr,(L)) =

dimpry, (V). After truncating L sufficiently, 2.1.29 tells us that

Z(x,y,z) =V(x,y) A L(x,z)

has no components of dimension less than dim L + dim V(a’) and is non-empty since

(a,b,c) € Z. Consequently the set

P(x,y,z) ANL(x,z) = (V(x,y) N L(x,2)) N =0 (y,z) N ~K(x,y)
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also does not have any small components. By the additivity of dimension and our as-
sumption on the dimension of fibres over pr, V', we get dim { (x,z) | 3yP (x,y,z) A L(x,z) } =

dim L which contradicts the assumption about the small dimension of L N pr, P. [J

Corollary 2.3.22 (The Implicit Function Theorem) Let V(x,y) € M"** be a pure-
dimensional set which is smooth with respect to pry, and let a € pry,V. Then for any

b eV(a) and any a’ € Vg Npr,V, there is a point b' € V, NV (a').

Proof. This follows from the preceding proposition and 2.3.20 [J

On the surface, this version of the Implicit Function Theorem is not really about func-
tions at all. To see why this is indeed a kind of Implicit Function Theorem we need to

restrict our attention to discrete coverings.

Definition 2.3.23 Let F(x,y) C M"*+k he pure-dimensional and suppose that for all

a € pry(F), dim(F(a)) = 0. Define

Fn:{(x,yl,---»J’n) ‘ J\F(xyi) n N i #yf}

We say that (a,b) has multiplicity > n over a if

and define
multy,  (a,b) = max{n | (a,b) has multiplicity > n over a }

if this exists or oo otherwise.

Note that in the above definition dim F = dim F and

F*O{(x.y1.o0m) | NOi=vj)} =0
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By (SB) this means that dim(F*N{ (x, y1,...,yn) | A(yi = ¥;)}) < dim F. This tells us

that the points of multiplicity greater than one are contained in a set of small dimension.

Lemma 2.3.24 Given a pure-dimensional discrete covering F as in the previous defini-
tion, multy, (a,b) > n if and only if there is a a’ € pr(F) NV, and distinct by, ..., by €

Vp N F(d).

Proof. First assume that multy, (a,b) > n. Then by definition

This implies that there is a tuple (a’,b1,...,b,) € F" NV, p. By definition of F, we

can immediately conclude that all of the b; are distinct.

For the converse, suppose we have a’ € pr(F) NV, and distinct by,...,b, € V) N F(a').
Then (a’,by,...,by) € F™ and we get (a,b,...,b) € F" by applying the specialization.
O

For the second part of the lemma, it was not necessary that a’ be generic, so the following

corollary follows.
Corollary 2.3.25 If multy, (a,b) =1, then for any a’ € Vo Npr(F) |F(a’) N Vp|< 1.

This corollary together with 2.3.22 lets us prove a proposition which looks much more

like a form of the Implicit Function Theorem.

Proposition 2.3.26 Let F(x,y) € M"t* be smooth with respect to pr, and suppose
that for all a € pr,(F), dim(F(a)) = 0. If (a.b) € F has multiplicity 1 over a, then

F NV, is the graph of a function Vg, — V.

Proof. By the previous lemma, for any @’ € V,; N pry,(F) we have |F(a’) N Vy|< 1,

but by the Implicit Function Theorem 2.3.22 there is a b’ € F(a’ N Vp). Therefore,
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IF(a')NVyl=1. 0

In 2.1.31 we saw that irregular fibres are a clear indicator of non-smoothness. We are
now in a position to show that such “singularities” always look very similar to the fourth

example in Figure 1.

Lemma 2.3.27 Let F(x,y) € M"* be uniform. If F has an irregular fibre at a and

b € F(a) is generic, then

{xeV |3y eV, F(x.y)} 2{xeV2 |3y eV F(x.y)}

Proof. We use a similar idea to the proof of 2.1.31 and will use the same notation. In this

lemma, given any set V (x, y) we will write V*(x, y1,....yk) = V(x.y1) A...AV (X, yi).

Let T ={(x,y) € F | x €regy,(F)} and k = min{m | F"(a) N Vli...b ¢ T™(a)}. Since
b is chosen generic there are some b; € V; such that (a,bs,....bx) € Tk=1 but
(a,b,bs,...,by) ¢ Fk \ﬂ Consequently, there exists a tuple (a’, b, ... b,/{) € ng%.bk

such that (a’,b), ... b;{) e Tk—1,

However, if a’ € {x | Ay € Vl% T(x,y)}, then there exists a b’ € Vl% such that

(a',b', b, ... b,/{) e T*. Applying the specialization 75 would give (a,b,by,... ,by) ¢ Tk

which is a contradiction. Since bl € Vj, we have a’ € {x | Ty € V} T(x,y)} so

a'e{era2|EIerb F(x,y)}\{erﬁHer,f F(x,y)}

Lemma 2.3.28 Suppose F(x,y) C Mtk is closed and smooth with respect to pry. Then

pry, (F) is locally closed in the sense that for all a € pr),(F), V4o Npry(F) = Vy Npr(F).

Proof. Let a € pry(F) and suppose (a,b) € F and ¢ € V] Npry,(F). Then there exists

a ¢’ € V2N pr,(F). Since V2 CV,, the Implicit Function Theorem gives us a b’ € Vy

100



such that (¢’,b") € F. Thus, (c,m2(b")) € F and ¢ € pr),(F) as required. [J

2.3.2 Families of Branches

We are now in a position to introduce the key objects of study for chapter 3: Families

of branches of curves.

First of all, a quick re-cap what the general strategy in chapter 3 will be. The implicit
function theorem 2.3.22 implies that if C € M2 is a smooth plane curve and (a,b) € C is
a point of multiplicity 1 with respect to both projections, then 5(11, = C NV, is either
of the form {a} x Vy or V, x {b}, or it is a bijection V, — V,. If C is uniform, then

~

C 4p falls into the last case for either no (a,b) € C or for almost all (a,b) € C.

To obtain algebraic objects, we will want to compose, invert and “differentiate” these
local bijections. Suppose (a,b) € C CM? and (b, c) € D SM? are a smooth plane curves

such that ﬁab and 5bc are bijections. How can we invert and compose these?

—_—

Define C™Y(x,y) = C(y,x). Then C~!}, is exactly the inverse function of C,p. The

composition would be given by
5bcoaab :{(x7z) € Vac | dy e (x,y) eC& (y7Z) € D}

Here we have a problem. To compose these functions, we have to quantify over Vj,
which takes us out of a first order context. One might hope that instead we could
just replace the V, with M so that for {(x,z) e M? |3y e M (x,y) € C & (y,z) € D },

Eae = Dgc o Eab, but this is not the case in general. The problem is multiplicity.

Example: Consider the curves
C={(x.t)eC?|x=1>-1}

and

D={(t,y)eC|y=1t(>-1)}
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Both of these are smooth and of multiplicity 1 at (x,#) = (0,1) and (z,y) = (1,0).

However, composing these naively as described above gives
E={(t*-1,t(t>-1)eC?®|teC}
This curve has a singularity at (0,0) as this point is approached from different directions

ast — 1and t — —1.

To overcome this problem, we switch from using curves to using branches of plane curves.
All that really means is that we keep the y (or ¢) variable around as a “dummy” and
simply remember that for all intents and purposes it should have been projected out.

For curves like the above, we define
F(x.z;y) =(DoC)(x,y;z) ={(x,z;9) | (x.y) e C& (y.z) e D}

and

~

Faep =1(x,2) €Vac | Iy €Vp (x,y) € C & (y,z) € D}
In the case of our example that would give us
Foor = {(t?=1,t(t? =1)) € Voo € C? |t € V1 }
as we would have hoped. This idea can be generalised to families.

Definition 2.3.29 A family of branches of curves is a tuple (S;C; L, I} such that (S x
C,L,I) is a family of curves. The set C here is optional in the sense that we allow the
coordinate tuple of C to have length 0. That allows us to consider families of curves as

families of branches of curves directly.

For any (s;c;1) € I we define
I/(\/l)s;c:{xevs|EIerc&(x;y;l)eI}

We will call this the the c-branch of I at s. Given (s;c), if for alll € L, (s;c;1) € I, we
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say that I is a family of c-branches through s.

Often the family I will be implicit so that we will write TS;C instead of I,(\/l) sict In the
case of families of c-branches through a point s, the parameters s and ¢ will also be

implicit so that we will reduce this further to just writing / or 1.

Note that we use semi-colons to separate domain, branching and parameter variables
here. By re-ordering and splitting the coordinates of S x C up at different points, a
single family of curves can give rise to many different families of branches of curves in
different planes. Thus, using semi-colons helps avoid confustion as to which coordinates

are to be considered part of the domain and which ones are merely “dummy” variables.

—_—

Even though in general I (/) s:c 18 not be the restriction of a definable relation to Vs, using
the Implicit Function Theorem we can still study branches. Just as we did for families
of curves, we could define notions of linarity and dimension for families of branches.

However, we will not need this so it is left as an exercise for the reader.
We will usually consider smooth families of branches of plane curves. By this we mean
a family of branches (Cy x Cy; Z; L, ) where
1. Cx and C, are one-dimensional sets,
2. I is aligned with respect to its projections to Cx, Cy, Cx xCy, L,Cxx L and Cy x L,
3. I is smooth with respect to its projections to Cx,Cy, L,Cy x L and C, x L and
4. 1IN prz_llregprzl(l) is smooth with respect to pr,;.
The reason for treating the projection to Cy x C), specially in the above definition is
that we will want to consider families of c-branches through a point (a,b). Since I has

an irregular fibre over (a,b), 2.1.31 implies that the above condition 3 is the best sort

of smoothness we could hope for in this case.

As was the case for the curve C in the beginning of this section, given [ € L and

(a,b;c) € I(l) with multy, _ (1(/)) = multy, _(I(l)) = 1, the Implicit Function Theorem
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implies that the c-branch of [ at (a,b),

7= {(x,) €VaxVp |3 €V & (x,y;) e I(l)}
is either of the form {a } x Vj, V; x {b } or a bijection V, — V. For generic (a,b,l) the
case depends on the alignment of 1. We are generally interested in families of the third

kind so that we can see I as a family of local functions.

Definition 2.3.30 Given two smooth families of branches of plane curves (CxxCy; V; F, I')

and (Cy x C;; W;G, J) as above, we define
1. the inverse family 17! by (Cy x Cx; V; F,I7%) where I 71(y, x;v, f) = I(x,y;v, f)
and

2. the composition family J o I by (Cx x Cz;V x Cy, x W; F x G, J o I) where
Jol(x,z;v,y,w; f,8) = 1(x,y;0; [) AT (. z;w3 8)
Note that in the latter, Cy has become part of the branching coordinates.

When we are talking about branches from 7!, will write f~! for the parameter f to
make it clear which family we are parametrizing. Similarly, we will write g o f instead
of (f, g) to indicate that we are parametrizing a branch in the family J o /. This is more

than just notational convenience. If we take (a,b;v; f) € I and (b,c;w; g) € J and pick

~ _ = ~ ~
f/ € Vf and g/ € Vg’ then (f/ab;v) b= (f/ )ba;v and (g/ °© f/)ac;vbw = g/bc;w of/ab;v'

If I is a family of v-branches through (a,b) and J is a family of w-branches through
(b, c), it is implied that /™1 is a family of v-branches through (b,a) and J o[ is a family

of (v, b, w)-branches through (a,c). In other words, if f € F and g € G, we write f for

— —

I(f)ab;v, g for J(g)bc;u)a f_l for I_l(f)ba;v and 8o f for *,Tjac;vbw'

We can play similar games if there is a group structure present around b on C,.
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Definition 2.3.31 Suppose we have two smooth families of branches of plane curves
(Cx xCy; Vi F, 1) and (Cx x Cy; W; G, J) as above. Furthermore, assume that ~§C§’ is

a relation such that for all y;, y2 € Cy, dim-(y1.y2,Cy) = 0 and let e € Cy. We define

1. the e-inverse family e/I by (Cx x Cy;V x Cy; F,e/I) where e/I(x,y;v,y; f) =

I(x;y",0; f) A-(y,y",e) and

2. the --composition family J - I by (Cx x C); V x C)% x Wi, F xG,J-I) where J -

I(x,y;v,91,y2.w; £,8) = T (x, y1;0; f) AT (x, y2;w; 8) A (V1. y2. ))-

Again, we will write e/ f and f - g for the parameters of these families and omit tildas
and subscripts when we are dealing with families of braches through a fixed point. In
general we should not expect this to behave too nicely, but let us suppose that - N Vg is
the graph of a group with identity e. If we fix (a,e,v) € I and (a,e,w) € J and work
around these points, then f’ + e/ f’ is just pointwise inversion and (f’,g’) — f'- g’
is pointwise multiplication by -. Such “type-definable” groups will be central in chapter

3.

2.4 Smooth Type-Definable Groups

Definition 2.4.1 Suppose we have a pure-dimensional constructible relation F € X3
on a pure-dimensional projective set X with a distinguished element e € X. We will say

that (X, F) is a group chunk if the following holds:

1. for all x € X, (e, x,e),(x,e,e) € F,

2. for all x € X there exists an x™! € X with (x,x7!,e),(x7!,x,e) € F,

3. for all pure-dimensional closed sets RC X? with (e,e) € R,

dim{(x,y) e R|3Fze X (x,y,z)e X} =dimR

105



4. there is an open set W 3 (e,e,e,e,e,e,e)C X7 such that

{(x,y,z,u,v,wi,w2) € W (x,y,u),(y,z,v), (x,v,w1), (u,z,wz) € F }

C{x,y,z,u,v,wy, w2 | w; = wy}

5. for any projection F — X2, all fibres are discrete and (e, e, e) has multiplicity 1.

We say that F is abelian if it is symmetric in x and y and say it is smooth if the F is

smooth with respect to any projection F — X2.

Definition 2.4.2 Given a pure-dimensional constructible relation F € X3 on a pure-
dimensional projective set X with a distinguished element e € X, we say that (VN X, F)
is a type-definable group if F N (V, N X)3 is the graph of a group operation. We say

that the group is smooth if F is smooth with respect to all projections to X?2.

Lemma 2.4.3 Suppose e € X. (Ve, F) is a smooth type-definable group if and only if
there is a projective set Y CX with Y NV, = X NV, and an open set U > (e,e,e) such

that for E = F NU, (E,Y) is a smooth group chunk.

Proof. First suppose that (V,, F) is a smooth type-definable group. Let U > (e, e,e)
be an open set such that F N U has no irregular fibres or multiplicities with respect to
any projection X3 — X?2. That such a set U exists follows from 2.3.24 and the fact that

there are no irregular fibres over V,.. Let

Y={xeX|3zeZ (x,e,x),(e,x,e),(x,z,e),(z,x,e) e FNU}

We claim that (Y, E) is indeed a group chunk. It is importamt to note here that F N
Veee = E N Veee so that (V, NY, E) is still a type-definable group. Conditions 1 and
2 and 5 follow from definition of Y. If condition 3 were false, then there would be a
pure-dimensional set R C Y2 with (e,e) € R and such that dim(R N pr,E) < dim R.
Existential saturation of Ve, would allow us to find a generic (a,b) € RN Vee. By

(SB) we would have (a,b) ¢ pr, F so that ab is undefined, contradicting the fact that
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(Ve, E) is a group. Condition 4 also follows from the existential saturation of infinitesimal
neighbourhoods. If it were false, we could find (a,b,c,r,s,d1,d2) € Veeeeeee Such that
ab =r,bc =s,as =dy,rc = ds and di # do. This would contradict the associativity of
the multiplication on V,. The smoothness of the group chunk follows straight from the

smoothness of the type-definable group.

Now suppose F is a smooth group chunk on X. Condition 3 ensures that V,,NY2?Cpr, F.
Smoothness of F and the IFT 2.3.22 thus ensure that for all (a,b) € V,, there exists a
¢ € V. such that (a,b,c) € F. The fact that (e, e, e) has multiplicity one with respect
to any projection X? — X2 and 2.3.24 imply that this ¢ is unique so that F3 N Veee is
the graph of a binary operation. Condition 1,2 and 4 translate to the identity, inverse

and associativity axioms so that we do indeed get a group. U

We call the group chunk (Y, E) constructed in the previous lemma the group chunk

associated with (Ve, F).

Lemma 2.4.4 Suppose (X, F) is a smooth group chunk and h € X. Let h™" be as in
condition 2. Then for all ¢’ € V, there is a ' € Vy, such that (W' ,h™', e') € F and for

all W' € Vy, g € Vy—1, there is an ¢’ € V, with (W', g,e’) € F.

Proof. This follows straight from the IFT and the smoothness of F. [J

Suppose we have two levels of infinitesimals V! and V2. The way to interpret the above

lemma is that for & € Vel, h_lvz = V,f_lv,f = V,.

Lemma 2.4.5 Let F be a smooth group chunk on a one-dimensional set X and C =
{(x,y,2) € X3 | (x,y,2),(y,x,z) € F}. Let D be the two-dimensional part of C given
by (DC). If (e,e,e) € D, then the type-definable group (Ve, F) is abelian.

Proof. Let V; and V5 be two levels of infinitesimals. Under the given conditions there

are generic (r,s) € D N V},.
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By the genericity of (r,s), VA, C D so that for all (r,s') € Vs, r's’ = s'r’.

Now let f,g € V.. By the previous lemma there are s’ € Vg and r’ € V, such that
r~lr" = f and s7!s’ = g and therefore we get fg = (r~1r/)(s7ls') = (s7Ls)(r7) =

gf-

This proves that V? is abelian, but by existential saturation of infinitesimal neighbour-
hoods, if there was a witness to the non-abelianity of V., then there would also be a

witness for the non-abeliantity of VeZ so that we can conclude that V, is abelian. [J

Lemma 2.4.6 A one-dimensional smooth type-definable group (Ve,-) is either centreless

or abelian.

Proof. Suppose a € V, \ {e} is in the center. Let b € V, be independent of a so that
cdim (ab) = 2. Since (a,b) € Ve, there is a ¢ € V, such that (a,b,c),(b,a,c) € F. In
other words, (a,b,c) € D where D is the one defined in the previous lemma so that

after specializing, (e,e,e) € D. Now abelianity follows from the previous lemma. [J

If M is a geometric structure in the sense of [BV10] so that cl = acl and zero-dimensional

sets are finite, then this leads to a standard theorem:

Proposition 2.4.7 If M is a geometric structure, then one-dimensional smooth type-

definable groups of unbounded exponent are abelian.

Proof. Let (V,,-) be a smooth one-dimensional type-definable group of unbounded ex-
ponent. For n € N, the formulas x” # e are projective and Nbde(x) U{x" #e |n € N}
is consistent so by 2.3.11 there exists an x € V, of infinite order. Now all elements from
the inifinite set { x” | n € N } commute with each other. Since M is a geometric structure
this forces { (x,y) | xy = yx} to be two-dimensional, which by 2.4.5 implies that V, is
abelian. [
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This is as far as we can go in this general setting. In Zariski Geometries and o-
minimal structures we will show that all smooth one-dimensional type-definable groups
are abelian. However, in C-minimal structures, no such result is known so it is not

surprising that we have to stop at this point.

Definition 2.4.8 Given a type-definable group (V,,-) we say that an automorphism o
of V, is definable if there is a constructible set S € X? such that S N V? = graph(c). We

say that o is smooth if S is smooth with respect either projection to X.

Definition 2.4.9 Given a smooth group chunk F on X, we say that Y is a definable
sub group chunk if Y is a projective set and F NY?3 is a group chunk on Y. We say that

Y is proper if X and Y are not codense at e: X NV, # Y N V,.

Suppose we have a smooth group chunk F on X. By 2.4.4, it is clear that a smooth
sub group chunk Y of the same dimension defines the same type-definable group and
is therefore not proper. However, later on we will be interested in subgroups Y =
{x €Ve|o(x)=r1(x)} where 0 and t are definable automorphisms defined using pa-
rameters from Vel. The argument derived from 2.4.4 only tells us that ¥ NVee = X N Vez.

In order to show that ¥ NV, = X N V,, we use the following stronger result.

Lemma 2.4.10 Given a smooth group chunk F on X and a smooth sub group chunk
Y C X of the same dimension, there is an open set W 3 e such that Y N'W is clopen in

XNWw.

Proof. Let U and V be the open sets from the definition of a group chunk (w.l.o.g. for
both X and Y). Let W = U(e) NV Nint{x | (x,x 1) eU}. If y € Y N W, then by
2.4.4,V, =yV,CX and thus Y N W is open in X N W. Now suppose y € Y NW. Then
there exists a y' € Y NVy. By 244, y~ 'y =¢ €V, CY and thus y = ye lev.
Hence Y N W is closed in X N W.[J
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Chapter 3

Presmooth Geometries

3.1 Presmoothness and One-Dimensionality Axioms

In this section we introduce two axioms which will allow us to define a notion of one-
sided tangency between branches of curves and to show that this notion is generically

transitive. We start by generalizing the presmoothness axiom for Zariski Geometries.

Definition 3.1.1 We call a set S CM” presmooth if whenever T'(x, y) C S xMF is a pure-
dimensional closed set which is aligned with respect to pry and such that dimpr(7) =
dim S, then we can decompose T into closed sets 7; and find closed sets K; € S of
dimension at most dim S — 2 such that 7; \ (K; x MFK ) is smooth with respect to pry,.

Furthermore, if dim 7' = dim S, we require K; C{a € S | dimT;(a) > 0}.

Note that by 2.3.27 we already have K; 2 {a € S|dimTj(a) > 0} and so in the case

dim 7 = dim §, we have equality.

To see an example of a set which is not presmooth, let us go back to the third set of

Figure 1:
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.

Figure: A set, which is not presmooth.

The points which need to be removed to make this set smooth are indicated with red dots.
As indicared with the green dot, they have co-dimension 1 in the projection and thus,
the projection is not presmooth. However, this is clearly a singularity in the projection
and not in the curve itself. Once we remove the offending point from the projection it is
locally isomorphic to R which is presmooth as we will see in chapter 4. The situation in
a general Strong Geometry is not so different. The Implicit Function Theorem and (GS)
tell us that all sets are almost everywhere locally isomorphic to some power of M so as
long as M" is presmooth, we should expect all sets to be presmooth almost everywhere.

We prove this in the following lemmas.

Lemma 3.1.2 If D is presmooth and D' € D is of the same dimension, then D’ is

presmooth.

Proof. Any witness to non-presmoothness of D’ would also witness non-presmoothness

of D. O

Lemma 3.1.3 Let D CM" and F(x,y)< D X MK be a discrete covering of D. Let K
be the set of points of multiplicity greater than 1 in F over D. Suppose S CF x M™ is
smooth with respect to the projection to D. Then S \ (K x M™) is smooth with respect

to the projection to F.

Proof. Suppose not. Then this failure is witnessed by some pure-dimensional aligned

set TC F xM’. Now if T is aligned with respect to M*T%+7 — F_then it is also aligned
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with respect to M"t4+7 . D so by smoothness of S, the set

W ={(x,y1.y2.u,v) | (x,y1.,u) € S & (x,y2,v) € T}

has no components of dimension less than dim S + dim 7" — dim D. The set

O={(x,y,u,v)|(x,y,u)e S&(x,y,v) €T}

is homeomorphic to W' = {(x, y1, y2,u,v) € W | y1 = y2 }. Suppose Q has a component
of small dimension. Then so does W’'. Let C C W’ be a component of dimension less than
dim S +dim 7 —dim D and (a,b,b,c,d) € C\(W’\ C). Now (a,b,b,c,d) € (W \ W),
but by the definition of multiplicity, this implies (a,b) € F has multiplicity at least 2

over D. Thus, non-smoothness only occurs above points with multiplicity greater than

1, as required. [

Corollary 3.1.4 Let D CM" be presmooth, let F € D x MK be a discrete covering of
D and let K C F be the set of points of multiplicity greater than 1. Then F \ K 1is

presmooth.

Proof. By the previous lemma, any decomposition into smooth sets over D also gives

a decomposition into smooth sets over F \ K. [

Corollary 3.1.5 If M" is presmooth for all n and S is uniform, then there is a closed
subset Kg C S of dimension at most dim S — 1 such that S \ Kg is presmooth. Fur-
thermore, for T another uniform set and Kt constructed in the same way, the set

(S\ Ks) x (T \ Kr) is presmooth.

Proof. Let k = dimS. Then we may assume that S(x,y) € M**" is such that
dimpr,§ = dim$ = k. By uniformity, S is aligned with respect to pry, so by (GS)

we can remove a closed set K’ of dimension at most dim S — 1, which leaves S \ K’
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smooth with respect to pr,. By 2.3.27, the set K contains all large fibres over MFK | so
we are left with a discrete covering. Now by the previous lemmas and presmoothness of
MF | it is enough to remove points of multiplicity greater than 1 which are also contained

in a set of dimension at most dim S — 1.

By the Implicit Function Theorem, the set S\ Kg obtained in this way is locally isomor-
phic to its projection to M¥. For T and K7 obtained in the same way, T \ K7 would
be locally isomorphic to its projection to M™ for some m. Now (S \ Ks) x (T \ K1)
would be locally isomorphic to its projection to M¥T” and the projection would have

dimension k +m. Presmoothness of (S \ Ks) x (T \ K1) follows from 3.1.2 and 3.1.4. O

With these results in mind, it is enough to give a presmoothness axiom very similar to

(sPS) in [Zil10]:
(PS) M” is presmooth for all n.

From now on, when we say “S is presmooth”, we will mean that S of the form S\ Kg
given in the above lemma so that we can assume that products of presmooth sets are

presmooth.

The next issue we need to address is our concept of one-dimensionality. We will now
introduce an assumption that locally limits the the number of generic 2-types and allows

us to obtain a good notion of direction.

(nT) At most n Types
Let D € M? be the diagonal x; = x5. Then for any pure-dimensional sets

S1, 0, St C M2 of dimension 2 such that for all i,j,dimS;NS; ND =1,

dim(S, N Ss) = 2 for some r, s

(SL) Stable - Like
Whenever S, T € M”" are pure-dimensional n-dimensional sets, either dim(SNT) =

norSNT =4@.
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We will call a one-dimensional Strong Geometry satisfying (PS) and (nT) for some
n a Presmooth Geometry and a Presmooth Geometry satisfying (SL) a Stable-Like

Presmooth Geometry.

Lemma 3.1.6 Suppose M satisfies (nT) and we have a generic singleton a € *M = M.
Then there are M-closed sets Sy, ...S, CM? for some r <n such that

1. for alli, S; is pure-dimensional of dimension 2,

2. foralli, (a,a) € S;,

3. (a,a) €int(| Si),

4. fori # j dim(S; NS;) <2,

5. for all 2-dimensional pure-dimensional M-closed S € M? with (a,a) € S, there is

an open set U > (a,a) such that for all i,

dm(SNUNS)=2=S;NUCSNU

Proof. Suppose not. We are going to recursively construct M-closed sets S{, . Sl’

satisfying properties 1 - 4. S7 oo S,';j:ll will then contradict (nT).

We start with Sl1 = M2. Now suppose we have S¥, ..., S]]: satisfying 1-4. By assumption,
if k < n, then they do not satisfy 5, so there is a closed set S €M? pure-dimensional of

dimension 2 such that (a,a) € S and for some i and all open sets U > (a,a)
dim(SNUNSY =2 but SFNU ¢ SNU

In particular, we can find a component C of S N Sik which is pure-dimensional of di-
mension 2 and containds (a,a). We let S;."H = S;.‘ for j ¢ {i,k+1}, Sik+1 = C and

St =sk\c. O
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Lemma 3.1.7 For the S; and a from the previous lemma, property 5 holds in the fol-
lowing stronger form:
For all 2-dimensional pure-dimensional M-closed S € M?**™ and [ € *M™ independent

of a, if (a,a) € S(I), then there is a an M-open set U 3 (a,a,l) such that for all i

dim(S()NUI)NS)=2= 8 NUICSSI) NU()

Proof. If not, then we could use exactly the same construction as in the previous
lemma. The existence of an / contradicting this lemma can be expressed in a first-order
sentence, so if it exists in *M, it would also exist in M and we would get a contradiction

o (nT). It is easy to check that these sets satisfy properties 1-4.0]

It is unclear whether there are any interesting geometries not satisfying (1T) or (2T)
but satisfying (nT) for some higher n. In some sense 3.1.6 gives us a notion of direction.
It should be fairly clear that o-minimal structures satisfy axiom (2T). There are two
types around the diagonal at a point (a,a) which correspond to the two directions we
can approach a from: x < a and x > a. In the same way, we can consider the n types
around (a,a) given by (nT) as the different directions that we can approach the point
a from. This idea will help us make sense of a “one-sided” derivative for Presmooth
Geometries, just like differentiating from one or the other direction in R would give us

the left or right derivative.

Given that R satisfies (2T), the axiom (nT) is hard to illustrate, but we can imagine
that every point in a Presmooth Geometry satisfying (3T) would look like a node in a

graph with three edges at every node.

Definition 3.1.8 Given a generic point a € M, we call the sets D;(x) = S;(a,x) the

directions at a.

Note that this is only well-defined locally. There is a choice of sets S; here and we can

only guarantee that they match up in a sufficiently small neighbourhood around a. On
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the other hand, the local nature of directions allows us to lift them. We know that
a one-dimensional curve C is generically locally isomorphic to M. So given a generic
a € C, we can lift the directions via a suitable projection to M and thus extend the

concept of directions to all one-dimensional sets.

(SL) says that there is locally only one generic (projective) type in M”, which is what we
would expect to happen in a stable structure. This clearly holds in Zariski Geometries

since M” is irreducible.

Lemma 3.1.9 Let ay,...,an, € M and suppose M satisfies (SL). Then all generic ele-

ments in Vg, ..a, have the same projective type over M.

Proof. If not, then there would have to be two disjoint projective sets P and Q, both
of dimension n, with (a1,...,a,) € PN Q. Then P and Q satisfy the assumption of

(SL), so they have an n-dimensional intersection. However, this contradicts (SB). O

Indeed, since all sets are locally homeomorphic to M” at generic points, this is true
for all sets. If a; € Si,...,a, € S, are (individually) generic, then all elements in

S1 X ... x 8y N Vg, . .q, have the same projective type.

Presmoothness (PS) is preserved under elementary extensions, but the same may not
hold for the axioms (SL) or (nT). To get around that problem, we introduce some slightly

stronger axioms:

(UnT) Uniform (nT)
There are sets T4, ..., T, € M? such that for all @ € M, Ti(a),...,T,(a) are the

directions at a.

(USL) Uniform (SL)
M is irreducible in the sense that M is the only one-dimensional closed subset of

M.

Proposition 3.1.10 (PS) is preserved under elementary extensions.
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Proof. Let *M = M. We showed in section 2.2.1 that if S(a) is a canonical presentation
of a uniform set and that if S is smooth with respect to a projection pr, then so is S(a).
Since all projective sets in *M have a canonical projection, this immediately implies that

*M” is presmooth for all n. [

The key observation is that we don’t lose anything by assuming (USL) or (UnT) instead
of (SL) or (nT).

Proposition 3.1.11 IfM is a non-linear Presmooth Geometry satisfying (SL) or (nT),
then there is a non-linear Presmooth Geometry satisfying (USL) or (UnT) definable in
M.

Proof. Let I € M* be the incidence relation of a non-linear family of plane curves. Let

K = pry(l_1 o 1) be defined by
K(x1,x2,l1,my,lo,mg) =3y I(x1,y,l1,m1) A (x2,y,1l2,mg)

After possibly removing a set of small dimension this is again a smooth non-linear family

of plane curves. Let J be defined by

J(x’ Yy,u1,01,U2, UQ) = H(wl’zl’U)Q?Zz) K(x’y’wl’zl’wz’zz)
AK (11, v1, w1, 21, Wa, Z2)

AK (ua, va, w1, z1, we, z2)

J expresses that (x1,x2), (41, v1) and (ug, v9) are collinear. It is easy to check that after
removing a set of small dimension, J is also a non-linear family of plane curves, now

parametrized by (u1, vi,us, v2).

Note that J is very symmetric and that if

D = {(x1,x2,u1,V1,U2,02) | (X1 = X2 =u] =V =uy =02}
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then dim(J N D) = 1. Let R’ be the projection of J N D to M and R = int R’

In the case that M satisfies (nT), let @ € R and let Sy,...S, be the locally irreducible
sets around (a,a) given by 3.1.6. Let E’ be the projection of S N...N S, to M and

E=intE. Let N=RNE.
In the case that M satisfies (SL) simply let N = R.

Now the claim is that N with the induced structure is a non-linear Presmooth Geometry
satisfying (UnT) or (USL) respectively. The axioms of a presmooth geometry are easily
checked. N is non-linear since we have a non-linear family of plane curves given by the
restriction of J. The fact that the uniform axioms hold follows from the construction.

O

In light of this proposition, we may as well assume that M satisfies the uniform versions of
the respecive axioms so for the rest of this chapter we will assume that M is a Presmooth
Geometry satisfying (UnT) or (USL). The advantage of this is that the uniform versions
are preserved under elementary extensions so that we can also assume that all elementary

extensions are Presmooth Geometries.

3.1.1 Type-Definable Groups in Presmooth Geometries

Lemma 3.1.12 Suppose C is presmooth and F CC x D is a closed set such that F NV,
defines a function Vg — Vy, for some (a,b) € CxD. Then there is an open set U > (a,b)

such that F NU is smooth with respect to the projection F — C.

Proof. By definability of dimension, we can assume that all fibres over C are are
discrete so presmoothness guarantees that we can decompose F into smooth components
Fy,..., F,. By discarding all other components, we can assume that (a,b) € F; for all

i. We now truncate the F; by taking

E; =F\{(x,y)|x epr(Fj) and (x,y) ¢ F; for some j #i}
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Since F NV, is a function, the components match up nicely in V,; and so E; NV, =
F; NV,p. In particular, there is an open set U such that for E = JE;, ENU = FNU.

By 2.1.30 and construction, E is smooth, as required. [

Corollary 3.1.13 If (V.,-) is a type-definable group on presmooth set and - is given by

a closed relation, then Ve 1s smooth.

Corollary 3.1.14 If a definable automorphism o of type-definable group on a presmooth

set is given by a closed relation, then it is smooth.

3.1.2 Tangency

We are now in a position to define a notion of one-sided tangency for branches of curves
through a fixed point and will make use of a construction very similar to Zilber’s in

[Zil10].

Definition 3.1.15 Let (S;Cy; Ly, I;) be a smooth family of ¢i-branches through s and

let (S;Csy; Lo, I2) be a smooth family of co-branches through s. Define

J' ={(x,z1,z9,u1,u2) | (x;z1;5u1) € I1 & (x;29;u2) € [y & x # 5}

We say that [ is tangent to Iy and simply write /1 || I3 if and only if

(S;Cl,CQ;ll,lg) eJ 27

Note that J is pure-dimensional of dimension dim /7 + dim 75 — dim S and by (SB), the
relation || is at most dim /; + dim /s —dim S — 1 dimensional. This definition illustrates

nicely that the relation || is definable. For any other purpose we should think of it slightly

—_—

differently. Remember that for /y € Ly and Iy € Lo, I; represents the branch 7 (/1) sicr

—_—

and [y represents Is(/3) The above definition is equivalent to saying that /; and /s

§;C2°
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are tangent if there are [{ € Vj, and I}, € V}, such that the branches represented by /4

and /5 have a second intersection point s" € V.

Vs Vs

Infinitesimal Shift ~
>

Figure: Witnessing tangency for a family through a fixed

The above picture illustrates this definition in terms of infinitesumals. Note in particular
how the point s is shown to lie on the boundary of §. Symmetry and reflexivity of ||
follow easily from the definition. Transitivity, however, is tricky and in order to get
anywhere, we have to restrict S to one direction. From now on we will assume that our
family is non-trivial and each curve is locally parametrized by the first coordinate of s.
We will assume S(x,y) = Cx(x) x T(y) where Cy is a one-dimensional presmooth curve

and write s = (a,b) S S(x,y).

Lemma 3.1.16 Fori = 1,2, let (S;C;i; L;, I;) be smooth families of c;-branches through
(a,b), where L; is presmooth. Let D be one of the directions at a and suppose pry(S) -

D. Then for generic l; € L; the following are equivalent:

Ll e

2. For alll{ € Vi, N Ly and a} € V4 N D there are (I}, ¢}, ¢}, b") € Viye,eop such that

(a', b5y, ch; 10,15 € J

3. For allll € Vi, N Ly and a} € V4 N D there are (1], ¢}, c5,b") € Vi, cye,p Such that

/ / / / 2
(a@',b'5c1,c9511,15) € J
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Proof. The directions (2) = (1) and (3) = (1) are very straightforward from the
definition of specializations and the fact that J is a closed set. Conditions (2) and (3)
are strictly stronger than the characterization of tangency given above the diagram as

they allow us to pick a’ and one of the [/.

(1) = (2) Let C be the component of J witnessing the tangency. By 2.1.35 we know
that the projection of C to Cy x L is pure-dimensional of dimension dim L + 1. It also
contains (a, /1) and is contained in D x Ly so by 3.1.7 it must locally be equal to D x L.
Furthermore, (a,/;) has co-dimension 1 in D x L; so by presmoothness of Cy and Ly,
we can assume that C is smooth at (a,/;) and find the required b’, ¢}, ¢}, I, using the

Implicit Function Theorem 2.3.22.

(1) = (3) follows the same way. [

Corollary 3.1.17 For families as in the preceeding lemma the tangency relation | is

transitive on generics.

Proof. Suppose f || g and g || h where g is generic. Pick a’ € V,. By the above lemma,
there exist f' € Vg and h’ € V,, such that f'(a’) = g(a’) = h'(a’) and therefore f and

h are tangent. [

3.2 Trichotomy Considerations

3.2.1 Actions

In the following sections we will try to use the tangency relation we just defined to
recover groups and group actions. In order to give the reader some idea how this is done
and in order to break the proofs up into managable pieces, we will first investigate the
properties || and relations of the kind F(f,g,h) = f o g || h need to have in order to

define algebraic structures.
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Definition 3.2.1 Suppose we have sets ¥ and X, equivalence relations Ex and Ey on
X and Y respectively and a relation F CX x Y x X. We define the following properties
for F:

(Closure) For all x € X and y € Y there exists an x” € X such that (x,y,x’) € F.

(Congruence) For all x,x’,z,z/ € X and all y,y" € Y, if yEyy’, xExx’ and (x, y,2)

and (x’,y’,z') € F, then zExz'.

(Faithfulness) For all x,x’,z,z/ € X and all y,y’ € Y, if (x,y,2),(x,y’,z’) € F and

zExz', then yEyy’ and if (x,y,z),(x',y,z') € F and zExz', then xExx'.

If F satisfies the closure and congruence conditions, we say that F is an action of Y
on X with respect to Ex and Ey. We say that the action is definable (or projective
or constructible), if F is the restriction of such a relation to X x Y x X). If F satisfies

faithfulness, we call F a faithful action.

We will write X for X /Ex, X for x/Ex, etc. It should be clear that closure and con-
gruence conditions ensure that F induces a map F:X xY — X. For fixed ¥ and Y we
write F’; for the map f’;(’jf) — F(X.3) and F’; for the map f’;(’)\{) = F(X73). If Fis

faithful, then for any X and y, the maps Fg and fﬁ’; are injections.

We say that the action is surjective or transitive if F has these properties.

Definition 3.2.2 Suppose we have sets X, Y and Z with equivalence relations Ey, Ey
and Ez and actions F of ¥ on X and G of Z on Y with respect to the corresponding
equivalence relations. We say that F and G are composable if for all x,x" € X, all

y,y) €Y and all z € Z,
FEY)=FF.7)=>FEFGF.7)=FF.G{.7)

Lemma 3.2.3 In the setup of the above definition, if F and G are composable and F
is surjective, then there is a unique action H of Z on X satisfying that for all x € X,
yeYandz e Z, F(X.G(7.2)) = H(F(X.7).2). If F and G are faithful, then so is H.

If F and G are transitive, then so is H.
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Proof. We define the map H:X x Z — X. To obtain H, we simply take the pre-
image of H under the quotient maps. Define H(X,Z) = F (x’, G(7.%)) where y € Y and
X = ’I:",(')\c'/,’jf). By surjectivity of F, we can find such x’ and y. Compatibility of F and

G says exactly that this is well-defined. Also by definition of H,

A(FEY).?) = FEEF.7)
which gives us the required property. Uniqueness follows from construction. If both F

and G are faithful, then injectivity of ﬁ’; and ﬁ’; follow straight from the definitions

and similarly for transitivity. O

Definition 3.2.4 If Y = Z in the above lemma and G = H, then we say that F and G
are associative since for all x, y1, yo, F(X,G(51.73)) = F(F(X.51).73). f X =Y = Z

and F = G = H, we simply say that F is associative.

Example 3.2.5 Let us consider some algebraic binary relations in Z.
Addition and multiplication are composable and associative for obvious reasons.

Subtraction is composable with itself, but not associative. If F and G are subtraction,

then H(x,z) = F(x',G(y,z))=x"—(y—z)=x +z.

Ezponentiation is not composable with itself. x¥ = u? does not entail x©7) = @),

Lemma 3.2.6 Suppose we have a set X with an equivalence relation Ex and an action
o of X on X with respect to Ex. If o is composable and associative with itself, then
- =0 gives semigroup structure to X. If o is faithful, then this semigroup is cancellative.
Furthermore, if o is transitive, then given a fized a, the map a - x = y is a bijection on

X. If in addition X has an identity, then (?, -} is a group.

Proof. - is a binary operation by surjectivity and definition of an action. Associativity
follows from 3.2.3 and the cancellation property follows from injectivity of the maps

a-x +— x and x -a — x. Transitivity means that for all a,b there is a ¢ such that
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a-c = b as required. If there is an identity e, then taking b = e ensures the existence of

inverses. [

Corollary 3.2.7 Suppose X,Ex and o are as in the previous lemma so that (35, ) is a
group and G is an action on Y with respect to Ex and Ey. If F and G are composable

and associative, then G isa group action ofy onY.

Using the ideas developed for lemma 3.2.6 and corollary 3.2.7, we will now construct
groups and group actions. By studying the tangency relation || for particular families of

curves, we will obtain associative actions and ultimately group actions.

3.2.2 Constructing Multiplicative Groups

Suppose we have curves Cy and C, and a generically normal two-dimensional family of
c-branches of plane curves I in Cy x C) parametrized by the set L. We fix a generic
(a,b,c,g) € I as well as a direction D at a. We will be working locally around (a, b, ¢, g)
so we may assume that Cy,Cy,L and L, = {u e L |(a,b,c,u) € I} are presmooth.

By (PS) and the definition of a generically normal family of curves, we can find a

D

three dimensional K of I (@

b = {(x,y,z,u) el |x € D &u € Lgp)} which satisfies

the following:

—_

. (a,b,c,g) €K,
2. K is smooth away from a subset of co-dimension 2 with respect to any projection,
3. G C L4, the parameter set of K, is presmooth,
4. pr,, (K) is pure-dimensional of dimension 2.
From now on, since g lives on G, when we write Vg, we will mean Vy N G. Similarly,
when we write V,; we implicitly mean V,; N D.

Recall from 2.3.30 that when we are dealing with families (S;C; L, I) of c-branches

—_—

through s, the parameter / € L implicitly represents the branch 7(I) s.c and that we
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write things like /= and [ om to indicate which family of branches the parameters refer

to. In particular, given our family K above and given g,h,u,v € G,

—_—

1. g stands both for an element of G and for K(g)

ab;c

2. g~ ! also stands for ¢ € G, but for the branch K~!(g)

ba;c

3. g7t oh stands for (h,g) € G? and for (K~ ' o K)(h, g)

aa;chc

W

. g oh™! stands for (h, g) € G? and for (K o K_l)(}hg)bb;cac

5. (g7t oh)o (u"tov) stands for (v,u,h,g) € G* and for

(K o K)o (K™ o K))(v.u.h.g)

aa;cbcacbe

6. (goh™1) o (uov™!) stands for (v,u,h,g) € G* and for

(KoK~ o(KoK™))(vu.h.g)

bb;cacbcac

A few more compositions of K with itself appear, but their correspondence to branches

can easily be deduced using 2.3.30.
In the remainder of this secion we will prove the following key proposition:

Proposition 3.2.8 Suppose that for any family K obtained as above, K satisfies the

following two properties:

(Non-Degeneracy) Given independent n,m,o0 € Vg, 0"Lon fo~tom.

(Richness) For any generic (h,i,r) € Vgggq, there exists an s € Vg such that i~loh I

slor.

Then the relation ®(f,h,i) =g toh | f~toi gives a group with identity g on Vg.

Note that since K~! is obtained from /! the same way K is obtained from I, richness
and Non-Degeneracy are also assumed for K~!. Furthermore, by 2.3.20, we can easily

remove the genericity condition in richness.
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Suppose that tangency is an equivalence relation on Vg—1,,. We will write d(f “Loh)
for the tangency equivalence class of f~1 o h and define the relation F(gy'ohy, g5t o

h2,g3_1 o h3) on Vg—10g by g3_1 ohs || gl_1 ohy og2_1 o hy.

Our two assumptions will allow us to show that this is a faithful, transitive, associative
action of Vy—1,, on itself so that the trace of composition o on Vj(g—10g) gives the binary

operation of a group via
d(gitohy)-d(g3 ohs) =d(g " ohy gy  ohy)=d(g5" ohs)

To lift this group to Vg, we note that faithfulness and richness ensure that the map

h+ d(g~'oh) is a bijection. ® is the lift of F under this map.

Another way to see the above proposition is to consider multiplication on Vg—1,. /|| like
multiplication in Q. By the trivial tangency u "' ohoh ™l ov || u~! ov, F contains the

relation defined by
35 g7l ohy | g5tos Agylohy|ls  ohs

Since F is a map, richness ensures that F is exactly this relation.

Before we prove that || is indeed an equivalence relation, we look at some useful symme-

tries.

Lemma 3.2.9 Suppose I and K are two families of branches through (a,b) and (b,c)
respectively. Let g and g’ be branches from I and h and h’ be branches from K respec-
tively. Then h™Log | W og if and only if ho '™ || go g~ .

Proof. By definition, h™' o g || "' o g’ means that there is some @’ € V, and
g1,h1, g}, h in Vg, Vjy, Vg and Vy respectively such that h7t(g1(a’)) = h/l_l(g/l_l(a/)).
Let b’ = g|""(a’). Then h7 (W, (b)) = g1~ (g, (»")) which by definition of || means
hoh' ™' gog ™t O
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In our particular situation this leads to a very nice corollary.
Corollary 3.2.10 For g1, g2,83,84 € Vg, the following are equivalent:

1. gylogi | grlogs
2. gaogyl |l gzogr!
3. giloga |l g3togs

4. g20g7 |l g1og3?

With this in mind, we can show that || is an equivalence relation. Remember that | is
reflexive, symmetric and generically transitive. Since g is generic, the only non-generic
elements in Vy—1,, are of the form h~'oh. If we could show that v ou || A=t oh implies
v = u, then we would be done. However, by the above symmetry, this is equivalent to

showing that vo 2™t || u o A~ implies u = v.

Lemma 3.2.11 Given non-degeneracy and richness for both K and K=, voh™! || uoh™*

implies u = v.

Proof. If u = v = h, we are done. So without loss of generality u # h and u o h™! is
a generic element. Let f be generic over u,g. By richness there exists a u’ such that

u' o £~V | uoh™!. There are now several cases to consider.

First, suppose u’ = f. Then by the above symmetries we have f~tou || f~!oh, which

contradicts the non-degeneracy of K. Hence, we must have u’ # f.

Next, assume that cdim (u’,h, f) = 2. Since u # h and f was chosen generic over
these this means that cdim (u/u’,h, f) = 1 and therefore that there is a u” generic
over u,u’, f,h such that u’ o f= || u” o h='. However, | is generically transitive so
u” oh™! || uoh™!. Since we chose u” generic over u, h, this contradicts non-degeneracy

of K1

Lastly, assume that cdim (u’,h, f) = 3. By generic transitivity of | we have both

wo f~l|luoh™and u' o ! || voh™! which by symmetry means u' o f~loh | u
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and u’o f~Yoh || v. But («/, f.h) is generic as well so by another application of generic
transitivity we get u || v. K is a one-dimensional family so || is at most a one-dimensional
relation between branches from K. Since g was chosen generic, || can only be equality

on V(g,¢) and thus u = v as required. U

We now turn our attention to F.
Lemma 3.2.12 F satisfies the closure condition.

Proof. Suppose u,v,r,s € Vg. We want to show that there are m,n € Vg such that

viouostor|ntom.

1

If r =5, then v ' ou | v'ouos !or for trivial reasons so there is nothing to

show. Otherwise, richness allows us to find an r’ such that u='or’ | s™! o r. By the

characterization of tangency in 3.1.16, there exists an a’ € V, and s’,r” € V , such that

-1 1

v lor'(@)=v ououor(a)=v ouo s o r’(a")

1 1

By definition this gives v or’ [ v ou os™ or, as required. O

Congruence is a bit more tricky. We start with an easy observation.

Lemma 3.2.13 Suppose I and K are two families of branches through (a,b) € Cx xC,,
and (b, c) € Cy x C; respectively. Suppose that Cy, is presmooth and that D is a direction
at b such that the projections of I and K to Cy are contained in D. Let g and g’ be
branches from I and h and h' be branches from K. If g || g’ and h || I’ then hog || h'og’.

Proof. By the symmetry lemma 3.2.10, g || g’ and & || &’ are equivalent to g~ 1o g’ | id

and h=' o i’ | id where id is the identity function through (b,b). We can consider id to
be part of the trivial zero-dimensional family of curves given by the graph of equality.

1

The generic transitivity of || still applies so g7 o g’ || h~' o #’. A further application of
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the symmetry lemma gives the required result. [

This lemma could be read to mean that || satisfies the congruence condition, but it is

1 1

not quite enough. Suppose v™'ou || v~ ou’. The above lemma tells us that for any

(v ou)o(sTror) | (W ou)o (s or)

but (v ou)o (s Lor) or (v ou’)o (s~ or) may not be generic in (K 1o K)o(K oK)
so that generic transitivity does not apply. If i~ 2o f || (v ou)o (s tor) and B’ "o f7 ||
(v ou')o(s~Lor) it does therefore not follow that 2’ *o £/ || h= o f. To overcome this,
we have to show that || is an equivalence relation on all of [(K™'o K)o (K™!'o K)] U

(K~1o K).

Lemma 3.2.14 Suppose r,s and u are independent and r~' os | u=' ov. Then for
all (r',s' W) € Vegy and all a' € Vg, there exists a v/ € Vy such that '~ o s'(a') =

u' "t ov'(d).

Proof. This works exactly the same way as the proof of 3.1.16. [

Indeed, this lemma is a slight improvement of 3.1.16, but in order for it to be really

useful, we need to get rid of the independence condition on r,s and u.

Lemma 3.2.15 Ifr # s and rl_1 051 € Vp—1og, then for any ro € Vy and a’ € V,, there

is an s3 € Vs such that ryt o sy(a’) = ryt ose(a’).

Proof. By richness we can find ¥~ ! o v independent of r such that r!os | u='ov. By

1

3.1.16 there exist u1, vy such that 7t osi(a’) = uy! o v1(a’) and by the above lemma

there exists a s9 such that ”1_1 ovy(a) = 1’2_1 osy(a’). O

1

By symmetry we also get that there is an s, € Vs such that 7t o ro(a’) = syt o sh(a’).

Thus, we can get rid of the r # s condition in the above lemma:
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Corollary 3.2.16 If rl_1 081 € Vp—iog, then for any ro € V» and a’ € V,, there is an

1

so € Vs such that rit osi(a’) = ryt o so(a’).

Proof. We only have the case r = s left to prove so write s; = r3. Now pick u # r and

apply the above remark twice. The first application gives us a u; such that r~ Yors(a’) =

1 1

u~louy(a’). The second application gives ry such that u=t ouy(a’) = ryt o ry(a’) as

required. [J

We are now in a position to prove a version of 3.2.14 without the independence condition

and thereby get a much stronger result than lemma 3.1.16 for these particular families.

Corollary 3.2.17 Givenr~tos ||u™lov, r' eV, s’ e Vs, u' €V, and a’ € V,, there
exists a v’ € V, such that r' ' os'(a') = u'" o v'(a))

1

Proof. Suppose (r,s,t) € Vie.s.e

) and let J be the relation used to define tangency (see

1 1

definition 3.1.15). By applying the above corollary to the tangency g~ og || g7 o g,
we see that the projection of J to Vgee is surjective. Vgrst CViggg and lemma 3.2.11
guarantees that the fibre over (a, g, g, g) is zero-dimensional. Thus, by presmoothness of

M and L4 p), the implicit function theorem applies to J at (a,r,s,t) and for any reV?,

s € V2 u' € V2 and a’ € V2, there exists a v’ € V2 such that 7'~ os’(a') = u'~ ov/(a’). O

This extends nicely to curves from (K=o K)o (K™! o K) and allows us to prove the
necessary transitivity lemma to get congruence. For later use, we will prove something

slightly stronger.

Lemma 3.2.18 If (r"tos)o (utov) | (mton), r €V, s € Vs, u' €V, v €V,

m' €V, and a’ € V,, then there exists an n' € V, such that
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Proof. By definition of tangency there exist rq,s1,u1,v1,m1 and nq in the respective

neighbourhoods such that

(7‘1_1 ¢] Sl) o (ul_l o vl)(a/) = (l’l’ll_l o nl)(a/)

Let r, be such that r,; ' ou || r™! os and let a” = (u3~! o v1)(a’). By the above lemma

there exists an r{l such that

r;_l ouy(a’) = rl_1 os1(a”)

Hence r/, ' ovy(a’) = (my " ony)(a’) and therefore r;; ov || mon. By a similar argument,

there exists a r]] such that

as required. [

We varied r,s,u,v and m and to found an n, but by symmetry we can vary any five

parameters and find the sixth.

Corollary 3.2.19 || is an equivalence relation on [(K™ o K)o (K™ o K)]JU(K !0 K).

Proof. Similar to 3.1.17. O

In particular, F satisfies congruence.

Lemma 3.2.20 F is faithful.
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Proof. Suppose that (v ou)o (doc) || (sou)and (v ou)o(d toc) |
(s~ ou). By the symmetry lemma 3.2.10 and the fact that || is an equivalence relation
on[(K™'oK)o(K'oK)|]U(K 'oK), it immediately follows that d ! oc | dtod,

as required. [

Lastly we note that composability and associativity of F follows straight from properties
of composition of functions. Therefore, F is the graph of a group. This concludes the

proof of the proposition.

Remark 3.2.21 So far, elements h of Vg represent d (g~ 'oh) and the group is defined by
hi = jif (g7 oh)o(gtoi) || (g7 o)) where the curves are considered part of the family
K=o K. This will become problematic later as we will consider further compositions
and products of these curves. Since g appears as a parameter in both (g7! o k) and
(g7t oi), the situation becomes non-generic and we cannot apply smoothness results like
3.1.16 as easily. However, 3.2.18 shows that it is in fact enough to consider the family

g oK.

3.2.3 Constructing Additive Groups

Let us suppose now that we have found a presmooth curve H such that for some e € H
and some definable relation - C H?, -ﬂVg’ is the graph of a group with identity e. Suppose
furthermore that we have a generically normal two-dimensional family of c-branches of
plane curves I in Cy x H parametrized by the set L. We can now proceed as in the

previous section, but with - in place of o.

We fix a generic (a,e,c,g) € I as well as a direction D at a. We will be working locally
around (a,e,c, g) so we may assume that Cx,C,L and Ly ={u € L | (a,e,c,u) €1}

are presmooth. By (PS) and the definition of a generically normal family of curves, we

D

can find a three dimensional component K of / (@.e)

={(x.y,zou)el|xeD&ueclye}

which satisfies the following:

1. (a,e,c,g) € K,
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2. K is smooth away from a subset of co-dimension 2 with respect to any projection,
3. G CL(gp), the parameter set of K is presmooth,
4. pr,,(K) is pure-dimensional of dimension 2.

As we did in the multiplicative case, we will use parameters and the branches they

represent interchangably as was outlined in 2.3.31. In addition to the notation already

used in section 3.2.2, given g, h,u,v € G,

—_—

1. e/g~ ! stands for g € G and the branch e/K(g)

ae;ce

\V)

. /g - h stands for (h, g) € G? and for (m)

ae;ceec

. g-e/h stands for (h,g) € G? and for (m)

w

bb;ceec

4. (e/g-h)-(e/u-v) stands for (v,u,h,g) € G* and for

((e/K-K)-(e/K-K))(v,u,h,g)

ae;ceeceeceec

o

(g-e/h)-(u-e/v) stands for (v,u,h,g) € G* and for

((K ' e/K) : (K : €/K))(U, u,h, g)ae;ceeceeceec

Combinations of both multiplication and composition will also be used in both this and
the next section, but there is little to be gained from writing out exactly which branches
all of these refer to. The reader should refer to 2.3.30 and 2.3.31 for the general rules
to work these out. Just as an example, if J is a family of d-branches of curves through

(p,a) and r is a curve from J, then (e/g - h) or stands for
((e/K ' K) ° J)(r»h’g)pe;daceec

Proposition 3.2.22 Suppose that for any family K obtained as above, K satisfies the

following two properties:
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(Non-Degeneracy) Given independent n,m,o € Vq, e/o-n fe/o-m.

(Richness) For any h,i,r € Vg, there exists an s € Vg such thate/i -h | e/s r.
Then the relation ®(f, h,i) =e/g-h | e/f i gives a group with identity g on V.

The proof of this theorem is entirely analogous to the proof of the corresponding propo-
sition 3.2.8 for the composition case. The only additional result here is the key lemma

for distributivity.

Lemma 3.2.23 Suppose J is a family of branches of curves through (c,a). Let h and

f be a curves from K and r be a curve from J. Then

(h-f)or| (hor)-(feor)

Proof. This is trivial since the two represent the same branch. [

Note that unlike b in the previous section, e is not generic. In the previous section this
was important for the symmetry since K~! is a family through (b,a). In contrast, the
family e/K is still a family through (a, e). Because we always parametrize curves by the

first coordinate, it is sufficient that a is chosen generic in this case.

3.2.4 Constructing a definable group presentation

Definition 3.2.24 A (one-dimensional) constructible group presentation consists of
curves C and D with elements 0 € C, 1 € D and constructible relations +,- and .
such that the restrictions of + and - to Vy and V; are the graphs of groups with identi-
ties 0 and 1 respectively and such that the restriction of . to Vo x Vi x V) is a distributive
group action of (Vi,-) on (Vp, +). We say that the presentation is faithful if the action

is.

In order to obtain a projective group presentation we assume that the hypotheses of

propositions 3.2.8 and 3.2.22 hold. To recap: If Cyx and Cy, are presmooth curves and /
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is a two-dimensional generically normal family of (branches of) curves in Cx x Cy,, then

we require the following:

1. If (a, b, g) is generic, D is a direction at a, and K is the family obtained by taking
the component of / (2 b) that containins (a, b, g), then K satisfies the richness and

non-degeneracy conditions of 3.2.8.

2. Suppose there is a generic element 1 € Cy, a direction D at a and a relation - C C)ij’ .
Let a and g be generic and K be the family obtained by taking the component

D

of 1 (@.1)

conditions of 3.2.22.

that contains (a, 1, g). Then K satisfies the richness and non-degeneracy

Proposition 3.2.25 Under the above conditions, if M is non-linear than there is a

projective group presentation.

Proof. By non-linearity, there exists a generically normal two-dimensional family of

plane curves with incidence relation 7 €M?.

We first construct a multiplicative group using 3.2.8. We pick generic (r,s,z,b) € I and
let e = (¢,b). We obtain a group - on V, N C, where C, is a smooth and presmooth

curve contained in { (u,v) | (r,s,u,v) € I }.

Next, we lift the family I to MxC, xM? using the projection pr,: C. — M onto the second
(or v-) coordinate of C,. Via this projection, C, is locally isomorphic to M so there is an
open set such that the family J = { (w, (u,v),x,y) € Mx Ce x M? | (x,y, w,v) € [ }isa
generically normal two-dimensional family of curves. Note in particular that (z,e,r,s) €
J. Since e was generic and the fibre over e in J is non-empty, it is two-dimensional. So
we can find a generic z = (x;, y;) and a such that (a,e,z) € J. Now if we let K be the
family obtained by picking that component of J(, ) which contains (a, e, z) then by our
assumptions, proposition 3.2.22 applies and we can define a relation @ € C2 such that

the restriction of @ to V; is the graph of a group.

The elements g of the additive group represent curves of the form (e/z-g). z was chosen

generic so the family K = e/z - J is still generically normal away from z. Furthermore,
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by an analogous result to 3.2.18, K(4,¢) witnesses all necessary tangencies and the action
of K(g,e) on itself via multiplication gives us the same additive group as above. We will

relabel z to 0 so that O represents (e/z - z), the constant map e.

We will now make use of a second level of infinitesimals. V' will denote smaller infinites-

imal neighbourhoods than V.

If we fix a generic 1 € Vy, 3.2.8 applies to K4,y on V| so we get a multiplicative group
x on V]. One dimensional type-definable groups in Presmooth Geometries are smooth
so V) = V] —V]. We can thus try to induce an action of (V], x) on (V,+). In terms of
x and + this should look as follows. If g, f € V| and h € Vi, then g.h = f if and only

if there are hy, ho, hs and hy € V| such that
g.h: (hl—hz).h:hlxh—hgthhg—h4:f

To show that this is a well behaved distributive group action we will show that this is
just the action induced by composition. Remember, elements & of V] represent the curve
(e/z-1)"to(e/z-h) and elements g of V) represent curves of the form (e/z-g). We will

show that for any g’ € V|, i’ € V| and a’ € V,, there is an f’ € V such that

[(e/z-8")o(e/z- 1) o e/z-W)](d') = (e/z- f')(a)

This will have two major consequences: Firstly it shows that the operation . is indeed just
the one induced by composition and therefore that it is distributive by 3.2.23. Secondly,
it gives congruence as the above shows that if [(e/z - g) o (e/z - 1) o (e/z - h)] || (e/z"s),
then (e/z-s) || (e/z - f) and thus f =s.

So let g/, ,a’ € Vgp, and let a1 = (e/z-1)"' o (e/z - h')(a’). By the group version of

3.2.18, there are h', i/, such that

(e/z-¢')(ar1) =[(e/z - hy)-e/(e/z - hy)|(ar) = [(e/z - h})(a1) -e/(e/z - hy)(ar)]
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By 3.2.18 there is an /% such that

(e/z - M)(ar) = [(e/z - Hy) o (e/z - 1) o (e/z - W)(d') = (e/= - Hy)(a')

and similarly for 4, and k). Hence

(e/z-g")(ar) = (e/z - h3)(d) - e/(e/z - hy)(a") = [(e/z - 1) -e/(e/z - H))](a")

By another application of the group version of 3.2.18 there is an f’ such that

(e/z-g')(a1) = [(e/z - h3)-e/(e/z - h](a") = (e/z - f)(d)

as required.

Thus, (V], x) acts distributively on (V) +) and we have obtained a constructible group

presentation.[]

The remaining question is whether the action of x on + is faithful or even non-trivial.
Since elements of V|| represent curves of the form e/z-g and elements of V] represent (e/z-
1)t o (e/z-h), it is tempting to say that the non-degeneracy condition for composition
should ensure that (e/z-g) ' o (e/z-g) K (e/z-1)"to(e/z-h) for g # h. However, g
and h come from different neighbourhoods here and we can not extend the picture to
all of Vy as things go wrong for g = 0. (e/z - 0) is the constant function e which is not
invertible. Because of this, we actually have to view (e/z - h) and (e/z - g) as belonging

to different families.

As with richness and non-degeneracy, a uniform proof of the faithfulness of this action

is missing so we defer it to each individual example.
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Chapter 4

Examples

In this chapter we look at several examples of Strong and Presmooth Geometries. The
two main examples are generalizations of Zariski Geometries and o-minimal structures.
We will show that both of these are Strong Geometries satisfying (SL) and (2T) respec-
tively. We will also show that the former are Presmooth Geometries and give a sufficient
condition for the same to be true of o-minimal structures. We will also show that in
both these cases the conditions of proposition 3.2.25 are always met, that the group
presentation thus obtained is faithful and how we can construct a field from such an

object.

4.1 Generalizations of Zariski Geometries

Most of the time, generalizations of the Trichotomy Theorem for Zariski Geometries
go via an axiomatization similar to that given in [HZ96]. In this text, however, we
have kept the axioms for Strong and Presmooth Geometries in the style of [Zil10] in
order to keep the presentation geometric rather than model-theoretic. We will now
give an axiomatization in the style of [HZ96] ourselves and show that this is indeed a
Stable-Like Presmooth Geometry. Even though the conditions of proposition 3.2.25 are
met in all one-dimensional Stable-Like Presmooth Geometries, we need slightly stronger

assumptions to extract a field from a group presentation. We will therefore postpone
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the verification of the conditions of 3.2.25 until we have introduced this new context.

We work in a multi-sorted relational language £ with sorts X;. As before, we call the sets
defined by positive quantifier free formulas (with parameters) closed. We write M for

U Xi(M). When we take a definable S €M", it is implicit that S € X; (M) x...x X; (M)

in

for some sorts Xj; .

Definition 4.1.1 We call M x-compact if whenever { A; | i € I } is a consistent family

of constructible sets with |/|< «, then [); 4; # @.
It is easy to check that x-saturation implies xk-compactness.

Definition 4.1.2 An L-structure M is a multi-sorted k-proper Zariski Geometry if for
any tuple of sorts X;,,..., X;,, the closed sets form a Noetherian topology on X;, (M) x

... % X;, (M) and these topologies, together with Krull dimension dim, satisfy

(«MZ1) M is k-compact and for any closed irreducible set S C M™% and a projection
pr: M" k5 M prS C prS \ UJ-EJ F for proper closed subsets F; C prS and

|J]< k.

(MZ2) X;(M) is irreducible and for any closed set S CM”" x X;(M) there is a natural

number m such that for all @ € M", either S(a) = X; (M) or |S(a)|< m.

(MZ3) For any tuple of sorts Xj,,..., X;

dim(X;, (M) x ... x X;,(M)) = n

and for any closed irreducible set S € M" and A a diagonal of the form x; = x;

every component of § N A has dimension > dim § — 1.

If M is one-sorted we will just say «-proper Zariski Geometry

In the case of k = w these are exactly the axioms that are given in [CHP02] and from
which the authors construct a field there. We will look at that in more detail in section

4.1.4.
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Proposition 4.1.3 A multi-sorted k-proper Zariski Geometry is a Stable-Like Pres-

mooth Geometry.

Proving this takes a bit of work. The main difficulty is to prove that dimension is
definable. This is reasonably straightforward if we have quantifier elimination, but here
we have to be very careful to keep track of the “holes” in projective sets. It is interesting
to note the way in which we use (MZ3) in the proof of axiom (DD). It is unclear to me

whether this is essential.
Lemma 4.1.4 If S(x)SM" and T (y) SM™ are closed and irreducible, then so is S xT .

Proof. Suppose S x T = X UY. By irreducibility of T, for every s € §, either
X(s)=TorY(s)=T. Let K =pr,(X\Y), L=pr,(Y \X)and R=S\ (KUL).
The irreducibility of S implies that one of K, L or R is dense in S. However, for every

teT,KCX(t),LCY(t)and RCX(1)NY (¢). Thus, either X or ¥ are densein Sx7'. [J

We should note that the topology on M is not just the product topology of M” x M™.
Otherwise the above lemma, as well as many of the following results, would just be a

standard facts about Noetherian topologies

Lemma 4.1.5 A multi-sorted k-proper Zariski Geometry with the above dimension sat-

isfies (DP), (DU), (DC), (SB) and (SL).

Proof. Since the dimension of a projective set is Krull dimension, axioms (DP) and
(DU) follow immediately. (DC) is also trivial since irreducible closed sets are pure-

dimensional.

For (SB) suppose P and Q are projective. Clearly it is enough to consider the case

where P is irreducible. Suppose dim(P N Q) = dim(P). Then by irreducibility of P we

have P N Q = P and hence by (kMZ1)

P2P\|JSiand PNnO 2P\ JT;

140



where S; € P and T, CP fori, Jj < k are closed sets of smaller dimension. Then

PNO QF\(USiUUTJ’)
Kk-compactness tells us that the right hand side is dense in P so we have PN Q = P
and dim(P N Q) = dim P, as required.

(SL) is a direct consequence of the first parts of (MZ2) and (MZ3) together with the pre-

vious lemma which tells us that any X;, (M)x...xX;, (M) is irreducible of dimension n. [J

Lemma 4.1.6 Suppose R is irreducible and S(x,y) SM" X R is a closed irreducible set.
Then the set

K ={aepry(S)|S(a) =R}

1s closed.

Proof. By the definition of K, pr }{(K) NS = K x R. Let T = K x X;(M)C S and
suppose (a,b) € (K x R)\ T. Then K CT(h) C K, which is a contradiction since T (b)

is closed. Therefore T = K x RC S, which means K = K by definition of K. [J

Corollary 4.1.7 Suppose S(x,y) CM”" x X;(M) is a closed irreducible set. Then the
set

K ={ae€pry(S)|dimS(a)=1}

1s closed.

Proof. Just note that dim S(a) =1 if and only if S(a) = X;(M). O

Lemma 4.1.8 Suppose S(x,y)CM"” x X;(M) is a closed irreducible set and let K be as

in the previous lemma. Then exactly one of the following is true:

141



1. § =pr,(S) x X;(M) and dim(S) = dimpr,,(S) + 1.

2. dim K < dimpr,,(S) — 2 and dim(S) = dim pr, (S)

Proof. We proceed by induction on dim(S). The base case dim(S) = 0 is trivial, since

in this case S is a singleton.

We start by noting that for any chain of irreducibles in pry(S) gives rise to a chain of

irreducibles in S, so that dimpry,(S) < dim(S).

For the first case, suppose S = pr,(S) x X;(M). S(b) x {b} is a proper closed subset
of § and is homeomorphic to S(b) = pr,(S) so dim S > dimpr,(S). Let T €S be an
irreducible subset of S of dimension dim §—1. By hypothesis, either 7" = pr,,(T') x X; (M)
or dim7 = dimpry (7). In the first case, pry,(T) is a proper closed irreducible subset
of pry,(S) of dimension dim(S) — 2, so dimpr,(S§) > dim(S) — 2. In the second case
pr,(7T) is an irreducible closed subset of pry,(S) of dimension dim§ — 1. Either way,

dimpr,(§) > dim(S) — 1 and we must have equality.

In the second case pr;l(K ) N S is a proper closed subset, so it must have dimension
< dim S — 1. By hypothesis and definition of K this means that dim K < dim(S) — 2.
Let m be the constant given by (MZ2) and let Ti,...,T;,4+1 be distinct proper closed
irreducible subsets of S of dimension dim(7;) = dim S — 1 and such that pry,(7;) € K.
We claim that for some k the set pr,(7%) is not dense in pr,(S). If the claim is true,
then by hypothesis, m is a proper closed subset of pry(S ) of dimension dim S — 1

of pry,(S), which would mean that dimpr,(S) > dim S.

To prove the claim, we suppose that pry,(7) is dense in pry(S) for all k. Let T =

U T; N T;. Note that dim 7" < dim § — 2 which implies that dim pr,(7') < dim S —2 by
i#]
hypothesis and the dimension of K. Now by (kMZ1), the set

(Mpry (1)) \ (K Upry (1))

is non-empty. But a fibre over this set would have to be finite of size > m which contra-

dicts (MZ2). O
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Lemma 4.1.9 For all projective sets P(x,y) SM"*  pr (P) = pry(?).

Proof. By (kMZ1) we have P 2 S\ |JS;, where S = P and S; are closed subsets of
S of dimension < dimS — 1. Let P’ = S\ |JS;. It is clearly enough to consider the
case where S is irreducible and to show that pr, (P’) is dense in pry,(S). We use (kMZ1)

again to write pry,(S) =T \UT;.
We split into two cases:

Case 1: dimS =dimT.

In this case dim pr,, (S;) <dim T for all i, so by k-compactness pry(P/ ) =T, as required.

Case 2: dim S =dim T + 1.
In this case we have seen that S = T x X;(M) for some sort X;. For each S; let

Ki={xeT]|S;(x)=X;(M)}. Then

pI‘y(P/) 2 T\UKi

and all K; have smaller dimension than 7 so by k-compactness, pr,(P’) = T as

required.[]

Corollary 4.1.10 For all projective sets P(x,y), pry,(P) = pr,, (P).

Proof. Apply the previous lemma one coordinate at a time. [J

Corollary 4.1.11 IfS(x,y) SM"*™ is closed and irreducible and dim(S) = dim pr, (S)+
k, then at least m — k of the m possible projections pr: M* ™ — M" "= gre such that

dim § = dim pr(S).

Proof. Suppose not. By reordering coordinates, suppose that whenever pr is a projec-

tion projecting out one of the last k + 1 coordinates, we have dim S = dimpr(S) + 1.
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Let X;,,.... X be the sorts corresponding to these coordinates. Let pr be the projec-

Ikt1
tion projecting out the last k + 1 coordinates. Then by repeated applications of 4.1.8,
S =pr(S)xX;,(M)x...xX

Ikt1

(M) and thus dim § = dim pr(S)+k+1 > pr,(S)+k+1.

This is clearly a contradiction to dim § = pr,,(S) + k. O

Lemma 4.1.12 For all closed sets S

dim S = max{m | pr(S) is dense in X;, x...x X;, for some projection pr}

Proof. dim S > max{m | pr(S) is dense in X;, x...x X;, for some projection pr} is
trivial. The other direction follows from 4.1.11 and 4.1.10 and the irreducibility of

X,'IX...XX,'m. |

Lemma 4.1.13 For closed sets S and T

dim(S xT) =dimS +dim T

Proof. This is immediate from the characterization of dimension in the previous lemma
and the fact that for P € M” and Q cMk, P x Q is dense in MK if and only if P is

dense in M” and Q is dense in M¥. [

Lemma 4.1.14 Let S(x,y) C Mtk be closed and irreducible and suppose that for some
open set U C pry(S) and all a € U that we have dimS(a) < r. Then dimS <

dimpr,, (S) +r.

Proof. Suppose dim § = dimpr,,(§)+m. By 4.1.11 there must be projections pr;: Mtk
— M"+™ and pry: M* T — M” such that pr, = pryopr; and dimpry(S) = dim S. This

means that pry(S) must be dense in pry,(S) x X1(M) x ... Xp, (M), where X1, Xp, are the
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sorts of the n + 1st to n + mth coordinates. Now by (kMZ1)

pri(S) 2 (pry(S) x X1(M) x ... Xpu(M) \ | Si
where the §; are closed sets of smaller dimension. For each i let

Ki ={aepr,(S)|Si(a) = X1(M) x... Xp, (M) }

FEach K; has dimension < pry,(S) — 1 so by k-compactness we can find a € U \ |J K;.
Now dim Sj(a) < m for all i, so pr;(S)(a) is dense in {a} x X1(M) X ... X (M), which

means that dim S(a) > m. By definition of U this means m < r, as required. O

Lemma 4.1.15 Given a closed irreducible set S(x,y) SM" ¥ there is a proper closed
subset K C pr,(S) such that dim S(a) < dim S — dimpr,(S) for all a € pry(S) \ K.

Furthermore, K can be chosen so that dim K < dim § — 2.

Proof. Suppose dim S = dimpr,(S) + r. By reordering coordinates we can assume
that y = (u,v) where #(u) = r and dimpr,(S) = dim S. Let v = (v1,...,v%—,). Let

pr; be the projection (x,u,v) +— (x,u,v;) and S; = pr; ().

Let a € pry,(S) = pry,, (Si). If dim S(a) > r, then for some i, S;(a) has dimension r + 1.

However, by lemma 4.1.6
Ki=1ae pruvi(Si) | diim Sj(a) =r +1}

is a closed subset of pry,, (S;). Since dimS; = dim pry,, (S;) + r, pryy. (K;) is a proper
closed subset of pr,,. (S;) and by irreducibility of S;, this implies dim K < dim S; — (r +
1) = dimpr,(S) — 1. Now the set K = |J K; is as required. [J

Lemma 4.1.16 Let S, T CM" be closed and irreducible. Then all components of SNT

have dimension at least dim S +dim T —n.
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Proof. We note that S N T is homeomorphic to {(x,y) € SxT |x=y}. S xT has

dimension dim § + dim 7" and the result follows from n applications of (MZ3).
Lemma 4.1.17 A multi-sorted k-proper Zariski Geometry satisfies (DD).

Proof. Let S(x,y,z) € M*tk+™ he closed and irreducible, such that dimpr,(S) =
dimpr,,(S) = n. By 4.1.15 and 4.1.10 there is a proper closed subset K; C pry,,(S)
such that for all @ C pry,(S) \ Ki, the fibre pr,(S)(a) is finite. By irreducibility of
pr,(S), pr, ' (K1) N pr,(S) has dimension at most dimpr,(S) — 1. Again by 4.1.15,
there is a proper closed subset Ko C pr,(S) such that for all (a,b) C pr,(S) \ Ko,
dim S (a,b) < dim S —dim pr,(S). Let K = KUpr},' (K1)Npr,(S). dim K < dim prS—1

so K is a proper closed subset of pr,(S).

If a € pry,(S), then S(a) =S5 N ({a}x M™+k). By 4.1.16, all components of this have
dimension at least dim S —n = dim S — dimpr,(S). If (a,b) € pr,(S) \ K, then since
pr,(S)(a) is finite, S(a,b) is one of the finitely many components of S(a) and therefore
must have dimension at least dim S — dim pr(S). By definition of K5, this means that

we must have equality. [

Corollary 4.1.18 A multi-sorted k-proper Zariski Geometry satisfies (GS) and (PS).

Proof. Note that (GS) is a consequence of (PS) so we will just prove the latter. Let
S(x,y) S M"*k be closed and irreducible such that dim pr,(S) = n. There is a proper
closed subset K C pr,,(S) of co-dimension 2 such that all fibres over pr,(S) \ K have

dimension exactly dim S — dimpr(S). Now let T(x,z) € M"™™ be irreducible with

dimpr,(T) = n. Note, this is equivalent to saying pr,(7) = pr,(S). Consider

W={(x,y.z) e Mk | (x }) e S & (x.z) e T & x ¢ K}

By lemma 4.1.16, all components of this have dimension at least dim S +dim 7 —n. Now

if V' is a component of W, then every fibre over pr, (V') has dimension at least dim 7" so
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its projection to 7 must be dense. This means pr;l(T) NV is dense in V' and therefore
Z={(x.y.z) e M" ™" | (x.y) e S & (x,z) e T & x ¢ K}

has no components of dimension < dim S + dim 7T —n. [

This concludes the proof of the proposition.

4.1.1 Completing the Trichotomy Results

In this section we will prove three things:

Proposition 4.1.19 In a Stable-Like Presmooth Geometry the non-degeneracy and rich-
ness conditions for propositions 3.2.8 and 3.2.22 are always given and the group action

obtained in proposition 8.2.25 is faithful.

Proposition 4.1.20 In a non-linear one-dimensional Stable-Like Presmooth Geometry
there exists a two-dimensional type-definable group which is solvable and centreless. In

particular, this group satisfies the metabelian identity
[a,b].lc.d] = [c.d].la.b] where [a,b] = a.b.a” .h™!
and does not satisfy the class-2 nilpotency equation
r.u,v] = [u,v].r

Theorem 4.1.21 If M is a non-linear multi-sorted k-compact Zariski Geometry then

M interprets a field.

Throughout this section K € CyxxCy, xG is the family from 3.2.8 and J is the relation used
to define tangency (see 3.1.15). We will only show that Non-Degeneracy and Richness

hold for the compositional case. The multiplicative case follows by analogy.
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Non-Degeneracy

Lemma 4.1.22 [n a Presmooth Geometry satisfying (1T), non-degeneracy in the sense

of 3.2.8 holds.

Proof. This is exactly lemma 4.1.6 of [Zil10]. Suppose for some generic o,m,n,

o lon || oo om so that the set {r o lor ||o~'om} is one-dimensional. As a

consequence of (1T), (o,m) and (m,o0) have the same projective type so the set R =

{r|rtom]| o 'om} is also one-dimensional. Therefore we can find a ¢ € R with

cdim (¢/mno) = 1 so that cdim (mnoq) = 4. However, generic transitivity now gives
1

g Y om || 0= on which imples that the relation | is four-dimensional. This is a contra-

diction. O

Remark 4.1.23 By simple dimensional considerations the set

-1

{(x,u,v,r,8) | v ou(x) = st or(x)}

is pure-dimensional of dimension 4. Furthermore, if C is a component not contained
in {c} x G* for some c, then its projection to Cy x G must still be four. For sup-
pose this is not the case. Then there is a generic a’ # a and f, g, h such that the
set {s| g to f(a’)=h"tos(a’)} is one-dimensional. But then all curves from G pass

through (a’,ho g™ o f(a’)). However, a’ was chosen generic and the set

{(x.y)|VgeGg(x)=y}

is zero-dimensional so this is a contradiction. This essentially establishes the “Moreover”

clause of 4.1.7 in [Zil10].
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Richness

Lemma 4.1.24 Suppose M satisfies (SL). Then for all independent m,n,o there exists

1

a p such that n= om || p~'oo. Furthermore, if 0 € Vy, then p € V.

Proof. This is 4.1.7 of [Zil10], but this proof is slightly different. Let C be an irre-

Lom | n7! o m. By non-degeneracy, the

ducible component of J which witnesses n~
fibre C(a,m,n,m) is zero-dimensional so that we can assume C to be smooth with re-
spect to the projection to Cy x G3. Furthermore, by the above remark, this projection
is four-dimensional. Choose m’ € V. and @’ € V2 \ {a}. By the Implicit Function

1

Theorem 2.3.22, there exists an n” € V, such that n=! om(a’) = n""" om'(a’). If we

1

specialize with respect to 72, we obtain an n’ € V! with n™Lom || n’~" om’. This estab-

1 1

lishes the “furthermore clause”, but also shows that { (m,n,0) | Ipn~"om || p~ oo} is
three-dimensional. (SL) implies that there is only one generic type consistent with Vege

so we are done. [

Remark 4.1.25 This lemma is sufficient to ensure that the proof of 3.2.11 goes through.
In 3.2.11 we never use full richness. We just use the fact that given u # h we can find a

generic f over u, g such that there exists a u’ with u’ o £~ || uoh™.

Corollary 4.1.26 || satisfies richness.

Proof. By presmoothness and 3.2.11 we may assume that || is smooth with respect to
any projection to G3. We know that (g,g,g.g) €| and by the above | projects to a

dense subset of G3. Since || is closed, this together with 2.3.28 gives richness. [J

Faithfulness

Lemma 4.1.27 If M satisfies (SL), then the group action obtained in 3.2.25 is faithful.
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For this we have to go back to the remark after proposition 3.2.25. We wrote 0 for z
and took a generic 1 € V. Elements of V2 represent curves of the form (e/z - g) and
elements of V7 represent curves of the form (e/z-1)"to (e/z -h). If f.h = f for some
generic [ € Vg and h € Vlz, then this is true for all generic (1, f,h) € Vyoo. However, we

can then use the same argument as we did in 4.1.22 to show that the tangency relation

(e/z-r)ro(e/z-5)| (e/z-u)to(e/z-v)

is four-dimensional. This is a contradiction and therefore the action is faithful. OJ

This concludes the proof of proposition 4.1.19.

Recovering a Field

Lemma 4.1.28 (Type-Definable Reinecke’s Theorem) Suppose M satisfies (SL) and
(Ve, .) is a smooth type-definable group on an irreducible one-dimensional curve G > e.

Then V, is abelian.

Proof. Consider the set G, = {g € G | g" = e }. Since . is given by a relation, G, is a
projective subset of G. By (SL) all non-identity elements of V, have the same projective
type so in particular they have the same order. Suppose V. is not abelian. Then lemma
2.4.7 implies that this order is finite and therefore prime. Hence, we may assume that
G = G for some prime p. If p = 2 then V, is ablelian by a standard group theoretic

argument.

Since we assumed G is not to be abelian, the set {(x,y) € G |3z € G x* =y } is two-
dimensional and therefore contains all generic elements of V. In particular this means
that for any two independent f,g € V, there exists a h € G such that f”* = g and thus
for any two f,g € V, there are i, j € G such that fij = g. Pick a generic f €V, and

i, j such that fij = f2. 2P = 2(mod p) so by associativity

f=rf=f" = 2 = 2
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This is clearly a contradiction. [J

Lemma 4.1.29 The multiplicative group of the group presentation does not have expo-

nent 2.

Proof. Suppose it did. Then for all g € V; and all h € Vy, h + h.g is a fixed point of g.
However, we know that the only fixed point of g is 0 so this would imply that for all g and
h, h.g = —h. If we pick another element f € V; \ {g,g" 1,1}, then h.(fg) =——h=h,

but this constradicts the previous assertion. [

We are now in a position to prove 4.1.20.

Consider the the set V; x Vy with the operation (u,v).(r,s) = (u.r,s.au +v.r=t). This

corresponds to thinking of elements (u,v) € Vy x V; as matrices

and doing matrix multiplication. Since V1.V, = V) and Vy.V; €V, this is well defined.
Since both groups are abelian, we have inverses (u,v)™! = (u™!,—v) and this defines
a group. It is easy to check that this group satisfies the required identities. It is also
centreless since for any u,v and r, (u,v) commutes with (r,0) if and only if v.r=t = v.r.

The multiplicative group does not have exponent 2 and the action is faithful so this is

only the case if v =0. O

We will now show that in the context of multi-sorted x-compact Zariski Geometries this

gives rise to a field.

Proposition 4.1.30 (Group Chunk Theorem) If M is a multi-sorted k-compact Zariski
Geometry, H C M" is irreducible and (H,-) is a smooth group chunk with identity f,

then there exists an open subset f € U C H and a closed equivalence relation ~ on
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U x U and a closed relation ® CU* such that the trace . of ® on G = U?/~ is a group.

Furthermore, the map ¢:u > (u, f')/~ is an embedding of (Vr,-) into G.

Proof. We define the equivalence relation ~ on H x H by

(hl,hg) ~ (gl,gQ) iff dlm{u e H | h1 (hgu) :gl(ggu)}:dlmH

Since H is irreducible, this is the same as saying that {u € H | hy - (ho-u) = g1-(g2-u) }
is dense in H and therefore ~ is an equivalence relation. By definability of dimension the
set ~ is projective. Suppose that (a,b,c,d) € =, the closure of the relation ~. Letu € H
be independent of a,b,c,d. Let (a’,b',c¢’,d") € Vypeq be such that (a’,b") ~ (¢’,d").
Then by definition of ~, there is a u’ € V, such that a’- (b’ -u') = ¢’- (d’-u’). By
smoothness of the group-chunk, all elements involved in this calculation are in the domain
of the specialization so we can specialize to get a - (b-u) = ¢ - (d - u). However, we
chose u independent of a, b, c,d so we must have dim{u € H |a-(b-u)=c-(d -u)} >

cdim (u/abcd) = dim H. Therefore (a,b) ~ (c,d).

We define multiplication on G by (a1, as)/~ .(b1,b2)/~= (c1,c2)/~ iff

dim{u € H |ay-(az-(b1-(b2-u))) =c1-(co-u)} =dim H

It is easy to check that this is a well-defined relation and using the same argument as

above we can show that this is the trace of a closed relation on H*.

To show that this defines a binary relation we have to check the closure property.
For this it is enough to check that for all a,b,c € H there are d,e € H such that
dim{ueH|a-(b-(c-u))=d-(e-u)} = dim H. We see this by writing b = by - by
where by and by are generic over a and ¢. Then d = a - by and e = by - ¢ exist and for u

generic over a, b, c, by, by we get the required equality.

The last thing to show is that G is indeed a group. Clearly (f, f)/~ is an identity
element and . is associative since - is associative. To see that G has inverses, consider

(a,b)/~. We write a = ay -as and b = by - by for generic ay,as,b1,bs. Since H is

152



irreducible, all generic elements have inverses so we see that (b5 1,b71)/~ (a3t a7t)/~

is an inverse for (a,b)/~.

The fact that the map ¢ is an embedding of Vy,- into G follows from construction. []

It follows from the previous two propositions that M quantifier-free interprets a two-
dimensional type-definable group which is solvable and has finite centre. A multi-sorted
k-compact Zariski Geometry is quantifier-free w-stable and it is stated in [CHP02] that
classical results about the construction of a field from a two-dimensional group as above
apply in such a context. We refer the reader to [Poi01], [Che79] or [Zil10]. This proves

4.1.21.0

We will now look at some specific examples classes of structures to which these results

apply.

4.1.2 Zariski Geometries

The easiest examples of multi-sorted k-proper Zariski Geometries are of course one-
dimensional Noetherian Zariski Geometries. As mentioned before, there are two quite

distinct definitions in the literature.

First we give the axiomatization from [HZ96|:

Definition 4.1.31 A one-dimensional Zariski Geometry is a structure M in which the
positive quantifier free definable sets form the closed sets of a Noetherian Topology on

M” for each n and which satisfies the following three axioms:

(Z1) For any closed irreducible set S C M"*+k and a projection pr: Mtk — M"_ prS C

prS \ F for some proper closed subset F CprS.

(Z2) For any closed set S € M"*1 there is some m such that for all @ € M", either

S(a,M) =M or |S(a,M)|< m.
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(Z3) dimM”"” = n and for S € M” closed and irreducible, every component of the

diagonal S N {x; = x;} is of dimension > dim § — 1.

We also give the axiomatization from [Zil10] which inspired our axiomatization of Pres-

mooth Geometries.

Definition 4.1.32 Let M be a structure in a relational language C. We say that M is
a topological structure if the closed (positive quantifier-free M-definable) subsets of M"

form a topology for every n.

Definition 4.1.33 Suppose there is a natural number dim S attached to evrey con-
structible set in a topological structure M. We say that M has good dimension if it

satisfies

(DP) (Dimension of a Point) The dimension of a point is 0.

(DU) (Dimension of Unions) Given projective sets S1, So CM”",

dim(S; U S3) = max {dim(S7), dim(S2) }

(SI) (Strong Irreducibility) If S Cq U Cop M" is irreducible, then S is strongly irre-
ducible:

T CaS=dmT <dim$S

(AF) (Addition Formula) If S €y U Sop M” is irreducible and pr is a projection, then

dim § = dim prS + min_dim(pr~!(a) N S)
acprS
(FC) (Fibre Condition) If S Cq U Cop M" is irreducible, then there is a V Cop prS
such that

Yo eV dim(prt(v)NnS) = minS(dim(pr_l(a) ns))
aecpr

Definition 4.1.34 A Noetherian Zariski Structure is a Noetherian topological structure

M satisfying
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(SP) (Semi- Properness) For S Cq M"* and pr: M"t* — M" a projection, prS 2

prS \ F for some proper closed subset F C prS.

Definition 4.1.35 A Noetherian Zariski Geometry is a Noetherian Zariski Structure M

satisfying

(PS) (PreSmoothness)If Sy, Sy T M" are irreducible, then any component of S1 N So

has dimension at least dim S7 + dim S9 — dim M".

(EU) (Essential Uncountability) If S € M”" is the union of countably many closed

subsets, then there are finitely many of these, the union of which is §.

Note that (EU) is equivalent to w;-compactness (see 3.2.6 of [Zil10]) which in turn is a
consequence of wi-saturation. We get the following equivalence, answering a question

left open in [Zil10] (see the beginning of section 3.3).

Proposition 4.1.36 An wi-saturated structure is a Zariski Geometry in the sense of
4.1.81 if and only if it is an irreducible one-dimensional Noetherian Zariski Geometry

in the sense of 4.1.35.

Proof. Our first task is to show that the dimension in definition 4.1.35 is Krull dimension
which we shall denote by kdim. We will show by induction on n that for all S C M",
dim(S) = kdim(S). By (DU) it is enough to consider irreducible S and (SI) clearly
implies that dim(S) > kdim(S). For the base case, suppose S € M is irreducible.
dimM = 1 so by (DU), M is infinite and kdim(M) = 1. By Theorem 3.2.1 of [Zil10], M
has quantifier elimination so S is constructible and therefore finite or co-finite. Either
way, (DU) implies dim(S) = kdim(S). Now suppose dim and kdim are the same on M¥
for k < n and let S(x,y) € M" where #(x) = n — 1 and #(y) = 1. By (AF), either
dim(S) = dimpr,(S) of dim(S) = dimpr,(S) + 1. In the former case, any descending
chain of irreducibles in pry(S) gives rise to a chain in § so kdim(S) > kdim pry(S) =
dimpr,(S) = dim(S). In the latter case, dimpr,(S) = 1 so that by (AF), for some
a € M, dim(S(a)) =n —1. Now S(a) x {a} is homeomorphic to pry,(S) and a proper
closed subset of S so kdim(S) > kdim pr,,(S) + 1 = dim pry,(S) + 1 = dim(S).
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With the equivalence of the two dimension notions established, we just have to check

the axioms:

(Z1) is just (SP).

(Z3) is an immediate consequence of (PS).

(Z2) follows from (EU) by lemma 3.2.8 of [Zil10].

For the other direction we use the work that we have done to show that a multi-sorted
k-proper Zariski Geometry is a Presmooth Geometry. That means (DP), (DU) are im-
mediate. (SI) is a straightforward consequence of the definition of Krull dimension. (SP)
is the same as (Z1) and (AF) and (FC) follow from 4.1.17. Presmoothness is proved in
4.1.16. O

Details of many examples of Zariski Gemetries can be found in [Zil10]. We merely give
a list with references where appropriate:

1. An uncountable set with equality as the only relation,

2. Vector Spaces,

3. Algebraic Varieties over algebraically closed fields (see [Zill0] for references to

relevant literature on algebraic geometry),

4. Orbifolds (quotients of algebraic varieties by groups of regular automorphisms)

[Zil10],
5. Compact Complex Manifolds [Zil10],
6. Proper Rigid Analytic Varieties [Zil10],

7. Sets of finite Morley rank and degree 1 definable in Differentially Closed Fields

(after removing a set of smaller rank) [Pil02],

8. Finite covers of algebratically closed fields. Section 10 of [HZ96] or 5.1 and 5.2 of

[Zil10],
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9. Quantum Harmonic Oscillator [SZ],

10. Compact Analytic Zariski Geometries [PZ04] and [Zil10].

4.1.3 Type Definable Zariski Geometries

In this section we work in M, a x-saturated structure with quantifier elimination in a

language L of size less than k.

Definition 4.1.37 Suppose that p(x) is a type defined over some set A4 of size less than
k and let P = p(M). We say that a set S C P" is relatively definable over M if there is

a formula ¢(x, y) and a tuple a € M¥ such that S = ¢(M,a) N P™.

We define the structure X(P) to be the set P with relations for all sets relatively defined

by positive quantifier free formulas over M.

X(P) is a one-dimensional type-definable Zariski Geometry, if the closed sets form a

Noetherian topology on P” for each n and if these together with Krull Dimension satisfy

(Z2) and (Z3).

The major difference to normal one-dimensional Zariski Geometries is the missing axiom
(Z1). This has been replaced by quantifier elimination of the ambient structure M. We
will show that thanks to the saturation of M, the structure X(P) satisfies (kMZ1) so

that we get the following proposition.

Proposition 4.1.38 A type-definable Zariski Geometry in a k-saturated stucture M is

a k-proper Zariski Geometry.

To prove that (kMZ1) holds we need to relate “internal” and “external” definability.
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Definition 4.1.39 Given types p(x),r(r) and g(x,y) over A, we write

P (x1.. . xn) = ded {$(xi) | p(x) € p}
(3y)a(x.y) = ded{Iyd(x.y) | €q}
(F"y)q(x.y) = ded{F="yg(x.y) | p € q}
(3%y)q(x.y) = ded {F"yg(x.y) |peq&necw}

pAr=pUr

pvr=ded{o Vv |¢ep&yer}

where ded stands for the deductive closure of a set of formulas.

Lemma 4.1.40 Let P = p(M), R =r(M) and Q = g(M) for types p,q,r defined over

set of parameters of size < k. Then

1. p™ M) = pr
2. pAr(M)=PNR
3. pvr(M)=PUR

4. (3y)g(M) = pr,,(Q)

o

(3F="y)a(M) = {a epry(Q)| [Q(a)l=n}

6. (3%°y)g(M) ={a epry,(Q)| Qa) is infinite}

Proof. 1, 2 and 3 follow straight from definitions. 4, 5 and 6 follow from an easy

compactness argument using the saturation of M. [J

Lemma 4.1.41 P is k-compact and for any closed irreducible set S € P"* and a
projection pr: P*tk — P" prS C prS \ \J Fi for fewer than k proper closed subsets
Fi CprS.
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Proof. k-compactness is an easy consequence of k-saturation of M. By the previous
lemma, if Q is a projective set, then Q is type-definable in M by a type ¢ over a set
of parameters of size at most |A|. If Q; is a consistent family of projective sets, then
(Nies Qi is defined in M by a consistent type over a set of parameters of size at most

max(|7],|A|). By saturation of M this type has a realization so the set is non-empty.

For the second part of the lemma we note that in M, the set S is defined by a type
p("+k) U{p(x,y)} for some positive quantifier free formula ¢. So by the previous lemma
the set pr(S) is defined by the type s = (3y)(p" %) (x,y) U {¢(x.y)}). This contains at
most | p|-many formulas and by quantifier elimination, we can assume all of these to be
quantifier-free. Furthermore s(M)C P", so pr(S) = s(M) is the intersection of | p| many

constructible sets in P". Since P" is Noetherian, this proves the lemma. [J

The key examples of these appear in Hrushovski’s proof of the relative version of the

Mordell-Lang conjecture in [Hru96]. He proves the following:

Proposition 4.1.42 (Hrushovski) Let T be the theory of differentially closed fields
(or separably closed fields of charactersistic p and dimension p¥ over KP ). Suppose
that dcl(aB) is a field extension of finite transcendence degree over dcl(B). Then

p = tp(a/B) with the induced structure is a type-definable Zariski Geometry.

4.1.4 ACFA

Definition 4.1.43 A difference field is a structure (K, .,+,0) where (K, ., +) is a field

and 0: K — K is a field automorphism.

In the 90s Macintyre isolated axioms for ACFA, the model compantion of the theory of

difference fields. The following version is from [CH99]:

Definition 4.1.44 A structure (K, .,+,0) is a model of ACFA if

1. ¢ is an automorphism of K,
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2. K is an algebraically closed field and

3. for any absolutely irreducible algebraic varieties U and V CU x a(U) projecting
generically onto U and o (U) and every algebraic set W properly contained in V,
there is @ € U(K) such that (a,o(a)) € V \ W.

Models of ACFA are often called algebraically closed fields with a generic automorphism.
The genericity of o is encapsulated in axiom schema 3 above. Just like algebraically
closed fields are the natural domain for the study of polynomial equations, models of
ACFA are commonly used to study the algebra and model theory of difference fields.
Completions of ACFA are simple, but not stable and do not in general have quantifier
elimination. To overcome the associated problems we have to carry out the field con-
struction in a limit structure instead of a model of ACFA. The limit structure is obtained
by considering successively smoother reducts of ACFA and turns out to be a multi-sorted
w-proper Zariski Geometry. See [CHP02] for a detailed account of this construction and

the associated proofs. We merely give an outline.

We consider a countable algebraically closed difference field kg embedded in a saturated

model of ACFA K < Q for some universal domain 2.

The place of polynomials is taken by difference equations so given a difference field E
and X = (X1,...,Xn), we define E[X]|s to be the (inversive) difference polynomial ring
in variables Xi,..., X, over E. This can be seen as the polynomial ring in vatiables
o/ (X;) with j € Z and the obvious action of 0. Given a difference ring R, we say that
I C R is a o-ideal if I is an ideal in R and o(/) = I. [ is a prime o-ideal if it is
prime as an ideal in R. [ is perfect if for all i1,...,i, € N and a difference equation f,

o''(f)...o"(f) eI implies f € I.

Given a prime o-ideal P C E[X]s, we get a sigma domain E[x]s = E[X]s/P and a do-
main E[x] = E[X]/P NE[X]. We write E(x)s and E(x) for the fields of fraction. Given
a multiplicative subset S of ko[x] not containing 0, we define ko { x } = ko[x,1/s | s € S].
For m > 1, ko { x },m denotes the o"-difference subring of ko(x) generated by ko { x }. If

k1 2 ko, we define ki {x } = k1 ®g, ko{x } and ki { x }ym = k1 ®p, ko { X Jom.
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A pair of coordinate rings (R, Ry) is of the form (K {x},K {x},) as defined above
where I = P is a prime o-ideal and S is some multiplicative subset. We write Rym for
K {x}sm. Given such a pair, we say that I C R, is a virtual ideal if I N Rym is a perfect
o™-ideal of Rym for some m > 1. We say that [ is a virtual prime ideal if I is prime
as an ideal. Given a virtual ideal I, we define V(1) to be the set of tuples of K such
that for some m there is a 0”-K-homomorphism K {x };m /(I N K {x };m) — K which
sends x to a. We can define an equivalence relation ~ on virtual ideals by I ~ J if for

somem > 1,1 N Rgm = J N Rgm. Clearly if I ~ J, then V(I) =V (J).

If £L=1{.,4,0,1,0} is the language of difference fields, we consider the reducts L,, =
{.,+,0,1,0™ }. For any type p over ko we can consider p[m], the restriction of p to L.
We define the equivalence relation ~ on quantifier free types over kg by p ~ ¢ if and
only if p[m] = ¢g[m] for some m and write [p] for the ~-equivalence class of p and call
this a virtual type. As we remarked above, models of ACFA are simple so each type

plm] has SU-rank which we will denote by SU(p)[m].

Given a tuple a and a difference-subfield E C K, we write E(a)y for the difference field

generated by a over E. We we define deg, (a/E) = tr.deg(E(a)s/E).

Suppose that E € K with E*& = ¢"(E)*# for some n and a is a tuple such that

deg,(a/E) < oco. We define the eventual SU-rank of a over E by
evSU(a/E) = liLn (SU(aftp(a/E)[m!]))
m>n

If p = qftp(a/E) we define evSU(p) = evSU(a/E).

It is shown in 1.13 of [CHPO02] that this is well defined. It should be clear that if p ~ ¢,
then evSU(p) = evSU(g). We say that a quantifier free type p has property (ALGm) if
every realization a of p satisfies 0™ (a) € ko(a)*®. We define Vi (ko) to be the set of all
complete quantifier free types over kg which satisfy (ALGm) for some m > 1 and which
have eventual SU-rank 1. We call these basic types and ~-equivalence classes of basic
types basic virtual types. We say that ¢ is a semi-basic type if for every realization a of

g there are independent realizations ay, ...,ar € ko(a)™# of basic types p1,..., px such
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that a € ko(ay,...,a;)™8. We write Y(ko) for the set of semi-basic types over ko.

To each semi-basic type p we can associate a pair of coordinate rings (Rp.Rps) as

follows. We let

P=I(p)={f¢cklXlo| f(x)=0€p},

S=0,R,=K{x}and Rp s = K{x},. If p=(p1...., pn) is a tuple of semi-algebraic
types we let R, = Ry, Qg ...®k Rp, and Rp s = Rp, o K ... ®k Rp, s and call this

the pair of coordinate rings associated with the tuple (p1,..., pn)-
If p is an n-type, we write X,(K) ={a € K" | K |= p[m](a) for some m }.

We now define languages £* and L} for structures on the set

xK)= |J xp(K)
peY(ko)
In each case the sorts are indexed by ~-equivalence classes of types from Y(ko) and we
let X,(K) be the set of elements of sort [p]. The atomic formulas of L} are of the
form (xi,...,x,) € V(P) where P is a prime virtual ideal in the pair of coordinate
rings associated with (p1,..., pn) where x; is of sort [p;]. This is well-defined and
the interpretation is the obvious one. L* is the reduct of L% consisting of formulas

(X1,...,%x,) € V(P) where P is generated by its restriction to ko {x1,...,Xs }o-

The L*-positive quantifier free definable sets in X(K) form a Noetherian topology on
each X,(K) where p is a tuple of semi-basic types. Furthermore, every closed set in
X,(K) is definable over X,(K) (Propositions 4.2 and 4.7 of [CHP02]). Therefore, the

same is true for the substructure

V(K)= |J *p(K)

P basic

The key result for our purposes is

Theorem 4.1.45 (4.16 of [CHP02]) The L*-structure (K) is an w-proper multi-

sorted Zariski Geometry.
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They give an argument that )(K) interprets an algebraically closed field and infer the
trichotomy theorem 1.1.16 from that. That field construction can now be seen in the

context of Premooth Geometries.

4.2 O-Minimal Structures

Definition 4.2.1 A structure < M, <,--- > is called o-minimal if all definable sets

X CM are finite unions of points and intervals.

Since there is an order, we have a good notion of closed sets: the closed sets in the order
topology. In the context of Strong Geometries we want the closed sets to correspond to
positive quantifier free definable fomrulas so we need to change our language accordingly.
Let Ly, be the language containing relations for all M-definable sets which are closed in
the order topology. Clearly the resulting structure M,,; is a reduct of M, but it follows
from standard facts about o-minimal structures that this is inter-definable with M. We

will see this in the course of this section.

Proposition 4.2.2 If M is o-minimal, then My is a Presmooth Geometry satisfying

(2T).

The main ingredient for both the interdefinability of M and M,,; and this proposition
is the Cell Decomposition Theorem. I recommend [vdD98] or [Pet07] for a detailed

treatment of o-minimal structures.

Definition 4.2.3 We say that a function f:M"” — M™ is definable if the graph of f is
definable.

Definition 4.2.4 (n-Cells) We define a 1-cell to be a point or an open interval in M. If

Y CM” is an n-cell, then we define an (n + 1)-cell to be either of the form

{.2)|lyeY &z= f(y)}
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where f is a definable continuous function ¥ — M or

{.2)lyeY&ze(f(y).g(y)}

where f and g are definable continuous functions ¥ — M with g(y) > f(»).

Theorem 4.2.5 (Cell Decomposition) Every definable set X CM" is a finite union of

disjoint n-cells.

With this theorem we can easily define a dimension of a set using the recursive definition

of a cell.

Definition 4.2.6 (Dimension) We define the dimension of an n-cell recursively. A 1-cell
has dimension 0 if it is a point and 1 if it is an interval. Given an (n + 1)-cell Z CM”"*!
with projection Y in M”", we define dim Z = dimY if Z is obtained from Y using the

first construction rule for cells and dim Z = dim Y + 1 if it is obtained using the second.

For a definable set X we define

dim(X) = max{dim(C) |C <X & C isacell }

Cell decompositions are not unique, but it should be clear that given any cell decompo-
sition of a definable set X, there is always at least one cell C in the decomposition such

that dimC = dim X.

The order of the coordinates is firmly embedded in the definition of cells so it is not
obvious that the dimension notion we defined above is invariant under permutation
of coordinates. The following result gives an alternative characterization of dimension

which makes this fact obvious.

Proposition 4.2.7 Given a definable set X CM", dim(X) is the largest natural number

m such that there is a projection pr: M" — M™ such that pr(X) has interior.
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From this proposition it is also easy to see that the dimension is definable and that
for any definable set X, the dimension of the boundary is small: dimX \ X < dim X.
Furthermore, for a any cell C and any open set U, either C N U =@ or dim(C NU) =
dim C. This means that cells and in particular the topological closures of cells are

pure-dimensional.

We can now show that M and M,,; are inter-definable. Suppose not. Let X be a set of
minimal dimension under the condition that it is definable in M, but not in Mp,. X is
closed and definable in M so it is also definable in M. However, dim X \ X < dim X
so by the minimality of the dimension of X, X \ X is also definable in My,t. This is
a contradiction since X is now definable in M,,;. From now on we will assume that
all o-minimal structures are given in Lt so that we can omit the subscript. From the
definitions and results above it is clear that M satisfies axioms (DP),(DU),(DD),(SB)

and (DC), which leaves (2T) and (PS) to complete the proof of proposition 4.2.2.

Lemma 4.2.8 Let S(x,y)SM? be pure-dimensional of dimension 2 and D(x,y) be the

diagonal x = y. Define

\%

S=={a|(a,a) € SN D and for some b > a, [a,b]<S1(a)}and

IA

S=={a](a,a) € SN D and for some b < a, [b,a]<Si(a)}

If dim(S N D) =1, then §= U S=Cpr,(S N D) is dense and open.

Proof. Let Cy,..., Cy be the 2-dimensional cells in a cell-decomposition of S. By pure-
dimensionality of S, for all (a,a) € S N D and all open sets U 3 (a,a), U NC; # @ for
some i. In particular, (Jpry(C;) is dense in pry,(S N D) so the set U = |Jpry,(C;) is
open by the definition of 2-dimensional 2-cells. If @ € U N pry,(S N D) then (a,a) € C;
for some i. By definition, there are continuous definable functions f and g such that
Ci={(x.y) |l xepr,(Ci)&ye(f(x).g(x))}. If f(a)>aor g(a) <a, then by conti-
nuity (a,a) ¢ C;. Therefore, there is a b # a such that [a,b] € S(a) or [b,a] € S(a) as

required. [
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Corollary 4.2.9 M satisfies (2T).

Proof. Let D(x,y)CM? be the diagonal x = y and S1(x,y), S2(x, y), S3(x, y) SM? be
pure-dimensional of dimension 2 such that dim(S; N.S2 N S3N D) = 1. By the previsous
lemma. The eight sets T, = Sf(l) N SQU(Q) N Sg(g) where ¢:{1,2,3} — {>,<} cover a

dense subset of pry(81 N So N S3N D). So for some o, dim Ty = 1. However, for some

i #j,0(i)=0(j) so by additivity of dimension, dim(S; N S;) =2. O

Presmoothness is a more subtle issue. We start by giving a different characterizatrion
of smoothness by showing that a set is smooth if it satisfies a version of the Implicit
Function Theorem. Thanks to the definable nature of the topology, we do not need to

refer to specializations to express this.

Lemma 4.2.10 Suppose S(x,y) C M"+k is definable and aligned with respect to pry,.
Furthermore, assume that for all points (a,b) € S and for all open sets V > b there is
an open set U 3 a such that pry,(S N (U x V)) = pr,(S) NU. Then S is smooth with

respect to pr,,.

Proof. Let T(x,y) S M"*™ be aligned with respect to pr, and such that pr,(S) =

pr,(T). Let

(a,b,c)e R={(x,y,2)| (x,y) e S & (x,2) eT}

We need to show that for any open set Z > (a,b,c) the set R N Z has dimension
dim S + dim 7" — dimpr,(S). Since we are working in the product topology we may
assume that Z =U xV x W fora e U, b € V and ¢ € W. By our assumption on S, we

may also shrink U to make sure that pry, (S N (U xV)) = pr,(S) N U. By the alignment

of T'we know that dimpr, (7 N (U x W)) = dimpr,(T'). So since pry,(S) = pr (T), we
must have

dim(pr, (T N (U x W)) Npry,(S N (U xV))) =dimpry,S

This, together with the alignments of § and T means that there must be cells Cg C
SN(UxV)and C7CT N (U x W) with dim(Cg) = dim S and dim(C7) = dim(T") such
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that dim(pr, (Cs) N pr,(Cr) N U) = dimpry(S). Let C Cpr,(Cs) Npr,(Cr) NU be a

cell of dimension dim pry,(S). Then by definition of cells and their dimension, the set
{(x,y,z2) | xeC& (x,y)eCs & (x,z) e CT }
is contained in R N (U x V x W) and is a cell of dimension
dim(S) + dim(7") 4 dim pr, (S)

as required. [

Note that a cell C(x,y)C M"H* is always aligned with respect to pry, and satisfies the
assumption of the previous lemma. However, unless dim pr),(C) = dim(C), dim pr,, (C\
C) = dimpr(C) so even to verify (GS), we need to analyze smoothness on the boundary

of a cell.

Lemma 4.2.11 Let C(x,y) SM"** be a cell and D = C N (pr, (C) x MK). Then for
all (a,b) € D and all open V > b, there is an open U 3 a such that pr,,(C N (U xV)) =

pr,(D)NU.

Proof. We argue by induction on k. So let C(x,y,z) SM*tk+1 Let (a,b,c) € D and

let Z > (b,c) be an open set. We may assume that Z =V x W, whereb € V and c € W.

W € M is open so we may assume that it is an interval (g,r) for some ¢ < ¢ <r. C
is obtained from pr,(C) using one of the two construction rules for cells. Either way,
since the functions involved are continuous and C(a,b) N (q,r) # @, there is an open set
U’ 3 (a,b) such that for all (a’,b") € U' Npr,(C), there is a ¢’ € C(a’,b") N (p,q). By

shrinking V', we may assume that U’ = X x V for some X 3 a.

By hypothesis, there is another open set ¥ > a such that pr,(pr,(C) N (Y x V)) =
pry,(D)NY. Let U = X NY. Then for any a’ € U there is a b such that (a’,b’) €
pr,(C)NU Cpr,(C)NU’. By our choice of U’, there is a ¢’ € C(a’,b") N W. Hence,

pr,,(C N (U xW)) =pr,,(D)NU as required. [J
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Corollary 4.2.12 If C(x,y) SM"** is a cell and D = C N (pr, (C) x MK), then any

definable set E with C CE C D is smooth.

Proof. follows from the previous lemma and the characterization of smoothness in

4.2.10.04

Corollary 4.2.13 M satisfies (GS).

Proof. Let S(x,y)CM"+* be aligned with respect to pry. Let Cy, ..., Ci be the dim S-
dimensional cells of some cell-decomposition of S. We may choose a cell-decomposition
such that for all i, j either pr,(C;) = pry,(Cj) or pr,(C;) N pry(C;) = @. By the
alignment of S, T = [Jpry,(C;) is dense in pry(S). Let K = m Then
dim K < dimpry(S) and by the previous corollary and lemma 2.1.30, S \ (K x MK)

is smooth. O

To get (PS), we would need to do slightly better. In a sense, most of the above K is only
needed to deal with cells overlapping in bad ways. If we could show that for a single
cell C(x,y)SM™k K can be chosed with co-dimension 2, then we would obtain (PS).

Sadly, this is not the case as the following example shows:

Example: Consider the cell
C={(w,x,y.2)eRY w>0&y=(x/w?&z=x/w}

Let S = C. For a® # 0, the fibre of S over (w,x,y) = (0,0,a?) is {a,—a}. The
local projections around (0, 0,a2,a) and (O,O,aQ, —a) are contained in x > 0 and x <0
respectively S is not smooth at either point. Thus we would have to remove a one-

dimensional set from S to make is smooth with respect to pr,.
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The silver lining is that this is not a counterexample to the presmoothness of R as a
field. We simply have to decompose C into two cells with x > 0 and x < 0 respectively.

The question is whether this is always possible.

Definition 4.2.14 We will say that an o-minimal structure M has the property (LC) if
for every definable set X CM”, there is a cell decomposition Cy,...,C; of X such that

for all i, C; is locally connected.

From now on, we will work under the assumption that our o-minimal structure has the

property (LC) and we will implicitly assume that closures of cells are locally connected.

Since cells are defined in terms of continuous functions, we start by analyzing the possible

limiting behaviours of continuous functions M” — M.

Lemma 4.2.15 Let C be a cell and F be the graph of a definable continuous function

f:C — M. Then for any a € C, one of the following is true:

1. f(x) > tooasx —>a
2. f has a limit f(a) at a

3. F(a) is an interval.

Proof. For any open set U > a the set C N U is connected so the image f(C NU) is a

connected subset of M and hence it must be an interval. Furthermore,
F(a)= () f(CNU)
Usa

so we can do a case distinction as follows:

Case 1: ForallU f(CNU) = (—o0,00).

In this case clearly F(a) is the interval (—oo, 00).

Case 2: There is a Up such that for all U CUy f(C NU) is of the form (dy, 00).
In this case either dy is bounded above by some d in which case (d,00) C F(a) or the

dy are not bounded above, in which case f(x) — oo as x — a.
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Case 3: There is a Uy such that for all U CUy f(C NU) is of the form (—oo,dy ).

This is like case 2.

Case 4: There is a Uy such that for all U CUy f(C NU) is of the form (cy,dy).
In this case F(a) = (| f(C NU) is either a point f(a) or a closed interval, as required.

U>a
O

Proposition 4.2.16 Let D(x,y) CM"*! be a cell and C = pr, (D). Then there is a
set K€ C of dimension at most dim C — 2 such that for all (a,b) € D\ (K x M) and
all open V > b there is an open U > a such that pry(ﬁ NUxV)) = pry(ﬁ nuU).
Furthermore, if dim(D) = dim(C), then K = {a € C | dim D(a) = 1}.

Proof. We have already dealt with all (a,b) where a € C so we may assume that a €
C\C. Let F (and possibly G) be the graphs of the continuous functions used to obtain
D from C. Let K’ = {x |dimF(x) =1 or dimG(x)=1}and K = K. F and G are
cells and hence pure-dimensional and aligned with respect to pry, so dim K < dim C —2.
We will prove that for @ € C \ K and any b € D(a) and open V 3 b we can find a
suitable open set U 3 a. Without loss of generality we may assume that V = (c,d) for

some ¢c <b <d.

By the previous lemma, for all @’ € C \ K, the functions f and g approach limits in

MU {£o0}.

Suppose first that D = {(x,y) |x € C & y = f(x)}. Then f must continuously ap-

proach b at a. So we can find a U such that for all ' € U f(a’) € (c,d) as required.

Now suppose D = {(x,y) |x € C &y = (f(x).g(x))}. If b € F(a) or b € G(a), then
we can proceed as above. Otherwise b € (f(a),g(a)), where f(a) and g(a) could be
+00. By possibly making (c,d) smaller we may assume f(a) < ¢ <b <d < g(a).
Then there is an open set U 3 a such that for all @’ e UNC f(a') <c <d < g(a).
This means that (U N C) x (¢,d) € D and hance (U N C) x [c,d] € D. This certainly

implies pry(ﬁﬂ (U x (c,d))) = pry(ﬁ) NnU. O
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Proposition 4.2.17 M satisfies (PS).

Proof. Let S(x,y)C Mtk be aligned with respect to pr, and such that pry(S) has
dimension M”. Write y = (y1,...,Yk+1) and let z; = y1,...,¥i—1,Yit1,---» Vks1 SO
that for all i, pr, = pry, ... By possibly reordering and relabelling coordinates, we may
assume that dim(S) = n or dimpr,, (S) =n+1. Let S1,..., Sy be a cell-decomposition
of § where §1,...,S), are the cells of dimension dim §. We will show that for all i < p,
there exists a subset K, Cpr,, (S;) of co-dimension 2 such that S, \ (K, x M¥) is smooth

with respect to pry,.

Let D be one of the S; such cell. We will argue by induction on k. The base case is
given by the previous proposition. For the inductive step, suppose D(x, y) c Mkt
Define E = pr,, (D) and C = pry,(D). Since D is a cell with respect the ordering of
coordinates xy1z1, C and E are also a cells. In particular, C is open in M". We can

apply the hypothesis to obtain Kg € E and K¢ € C such that D \ pr;ll(KE) is smooth

with respect to pr,, and E\ pr;ll(l(c) is smooth with respect to pry, .

First we consider the case where dim(£) = dim(C). Let K = pr, (Kg)U Kc. Let
acC\K, (bc)e{(y1.z1) | (a.y1,z1) € D} and V 5 (b,c) open. We may assume that
V=XxY forbe X and c € Y. Since (a,b) ¢ Kg, there is an open set Z > (a,b)
such that pr, (D) N Z = pr,, (D N (Z xY)). We also may assume that Z = A x B.
Now since a ¢ Kc, there exists an open set U > a such that pry, (pr,, (D)NU =
pry, (pry, (D) N (U x B)). After restricting U to U N A this implies pr), (pr,,(D))NU =
pry, (pry, (D)N (U x B)) = pry(ﬁ N(UxBxY)).

Finding a suitable K in the case dim(E) = dim(C) + 1 is rather more tricky. For each
i, let D{, e Dél_ be a cell-decomposition of D with respect ot the ordering xy;z; and
with the property that for all f and g, pry(D}) N pry(D;;,) = pry(D;;,) or #. We may

assume that for all i, Di - Dii are the cells of dimension dim(D). Let Cli, el Ctii be

the distinct projections pry(D;). Let B = bd(C) = C \ C and B; = de(C; NB) =
(C; N B)\int(C; N B). dim(B}) < dim(B) < dim(C) so all B; have co-dimension 2 in
C.
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Let E; = prZi(Dj.) and define K and Ké in analogy with Kg and K¢. For every
J

(i,]) the sets Kj; = {a € C | dim(Kzi (a)) =1} and Kjj = K—{J also have co-dimension
J

2in C so
k+1 t
K:KCUKOUU K’CUK,-J-UUB;
i=1 j=1

does, too. Let (a,b) € D\ pry'(K) and V 3 b be open. We will prove that this K is

suitable in three claims:

Claim 1: If dim(pr,, (D)(a)) = 1, then there exists an open U > a such that

pr,DN (U xV)=pr,(C)NU

Claim 2: If dim(D(a)) = 0, then there exists an open U 3 a such that pr,D N (U x V) =

pry(f) nuU.

Claim 3: If @ is not as in claims 1 or 2, then there is a pair (i, j) and an open set W 3 a

such that (a,b) € Dj., dim(prZi(D;)(a)) =1land pr,(D)NW = pry(Dz.) nuU.

If a is as in claim 3, then the result of claim 1 applies with D; in place of D and pr,,
in place of pr,, so that we also get an open U > a with pr,D N (U x V) =pr,(C)NU.

We will now prove the claims.

Proof of claim 1:

Write b = (b1,...,bx) and e = by, d = (by,...,br). We may assume that V =Y x Z
where e € Y and d € Z. Since (pr,,(D)(a)) = 1 and dim(K,(a)) = 0, we can find
(e/,d") € Y x Z such that (a,e’,d") € D and ¢’ ¢ Kg(a). Now a ¢ K¢ and (a,¢’) ¢ Kg

so we can repeat the argument we used in the case where dim(E) = dim(C).

Proof of claim 2:

We do an induction on k again. The base case is given by the previous proposition.
Again, we write b = (by,....bg) and e = by, d = (by,...,b;). dim(D(a,e)) = 0 so
by hypothesis we can assume that (a,e) ¢ Kg. a ¢ Kc so again we can repeat the

argument from the case where dim(E) = dim(C).
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Proof of claim 3:
Since dim(E) = dim(C)+1, we must have @ € B and dim(D(a)) > 0. The latter implies
that for i, there is a cell Dj. such that dim(pr,, (D_;)(a)) = 1. Let C; = pry(Di.). a¢ Bj.

s0 a is in intE(pry, (D])). Thus, there is an open set W 3 a such that C_(; NW=CnWw.

O

This concludes the proof of proposition 4.2.2.

Corollary 4.2.18 Let F(x,y)C X x Y be the graph of a definable function f. Then f
is continuous on a subset S CX if and only if F N (S xY) is smooth with respect to the

projection pr: S +— X.

Proof. If f is continuous on §, then 4.2.10 implies that F is smooth. If F is smooth,
and f(a) = b, then the implicit function theorem 2.3.22 implies that for all open V > b,

there is an open U 3 a such that for all a’ € U, f(a’) € V and thus, f is continuous. [

Again we give some examples of o-minimal structures with references:

1. Dense linear orders (trivially)
2. Ordered divisible abelian groups [Mar02]
3. Real closed fields [Mar02]

4. The real field with exponentiation and restricted analytic functions [Wil99]

4.2.1 Another Tangency Notion

In order to show that our tangency relation satisfies the non-degeneracy condition we will
borrow heavily from Peterzil and Starchenko [PS98]. We will introduce their tangency
notion and show that for the particular families we are considering, this is highly related
to the one defined in 3.1.15. We start with a few theorems about definable functions in

o-minimal structures.
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Theorem 4.2.19 (Monotonicity Theorem). If f:(a,b) — M is a definable function,
then there are a = ap < a1 < --- < ap = b such that on any interval (a;,ait+1), f is

continuous and either strictly increasing, strictly decreasing or constant.

Theorem 4.2.20 (Inverse Function Theorem). If f:(a,b) — M is continuous and
locally strictly increasing or decreasing at a point ¢, then f has a continuous inverse

around (c, f(c)).

Theorem 4.2.21 (Intermediate Value Theorem). If f:[a,b] — M is continuous, then

f attains every value between f(a) and f(b).
Proofs can be found in most standard texts on o-minimality.

Definition 4.2.22 Given two definable functions f and g with f(x) = g(x), we write

e f < g if there is an x” > x such that for all a € (x,x’), f(a) < g(a),
o f =1 g if there is an x’ > x such that for all a € (x,x’), f(a) > g(a),

o f ~} g if there is an x’ > x such that for all a € (x,x’), f(a) = g(a).
We write xi=<1 v &~} and =f=>1 v ai.

If f and g are continuous and f <3} g, then we should think of g as steeper than f.
By o-minimality, exactly one of these three is true for any two definable functions f
and g with f(x) = g(x). The construction in [PS98] is quite subtle, but the general
idea of defining a tangency relation is easily seen using these definitions. Suppose that

(Cx x Cy,L,1I) is a generically normal two- dimensional family of plane curves. We

define

Ay ={(fh)eL?| fla)=hla)=b& f I h}

Bapy={(fih)e L*| f(a)=h(a)=b& [ =} h}
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Now suppose (f,h) € T = Agp) N Ba,p)- Then there are (f1,h1),(f2,h2) € Vs such
that f1 =4 hy and fo <} he. In other words, by perturbing f and & infinitesimally we
can make one or the other steeper. This is something we would only expect to happen
for curves that are tangent. Before we show how this is related to our tangency notion

I, we first have to make some assumptions on our families of curves.

Lemma 4.2.23 Suppose I CM?* is the incidence relation of a generically normal family
of plane curves and (a,b,l,m) € I is generic. Then for g = (I,m), there is an open
interval R 3 a and an open set V > g such that for every h € V, I(h) is the graph of a

continuous increasing or increasing function on R.

Proof. This is en easy application of the monotonicity theorem. [J

We can thus restrict 7 to I N (R x M x V') and assume [ to be a family of decreasing

functions.

Definition 4.2.24 Given a family of functions as obtained by the lemma, we say that
it is increasing p-nice if
1. for every h € V, the I (h) is the graph of a continuous increasing function R — M,
2. for all hy, hy € V there is a unique x € R such that h1(x) = ha(x),

3. for every (x,y) € M?, either Vyy = {h € U | h(x) =y} is empty or it homeo-
morphically projects to an open interval in M via the projection pr: (x,y) — x

and

4. for the hy,hy, x from 2, pr(hy) < pr(hs) if and ony if hy < hs.

We can define an analogous notion of an increasing n-nice family by replacing <} by
>+ in 4. Equally we could define decreasing p-nice and decreasing n-nice by changing

item 1 accordingly. We call all such families nice.

175



Note that by item 3, we can consider Vy, as an ordered set. Instead of writing pr(h;) <

pr(hs) as we did in item 4, we will just write by < ha.

Proposition 4.2.25 Suppose I CM?* is the incidence relation of a generically normal
family of plane curves and (a,b,l,m) € I is generic. Then there is an open interval

R > a and an open set V > (I,m) such that I N (R x M x V) is nice.

Proof. This is the content of Theorem 4.3 of [PS98]. O

In this text we mostly work locally in the sense of infinitesimals so it makes sense to

define a local version.

Definition 4.2.26 Suppose that (Cy x Cy,,D,L,I) is a generically normal two- di-
mensional family of branches of plane curves and that (a,b,c,g) € I is generic. Let
pr: L — M be the projection on the first coordinate of L. We say that [ is locally

increasing p-nice at (a,b,c, g) if

1. dimpr(L) =1,
2. for every g’ € Vg, the branch g’ is increasing,

3. for all g1, g2 € Vg there is a unique x € V, such that g;(x) = ga(x) and

W

. for the x from 2, pr(g1) < pr(gz) if and ony if g1 < go.

Analogously we obtain local versions of all the niceness notions.

Given any set S and a generic s € S, the cell-decomposition theorem tells us that there
is a projection pr: § — MIm(S) guch that locally around s, pr is a homeomorphism.
We wish to chose one such canonically and will do so by choosing pry: (x1,...x,)
(Xiys .oy Xig,, ) to be such a projection where (i1, . ..iqim s) is least in the lexicographic
order. If it is clear which neighbourhood or which set we are talking about we will just
write prg or pr’. Given a one-dimensional set C € M”, and a generic point a € C, we

consider V, as an ordered set via pr{.
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Proposition 4.2.27 A generically normal two-dimensional family of branches of plane
curves (Cx x Cy, D, L, I) is locally increasing p-nice at a generic point (a,b,c, g) if and
only if there is an open set U > (a,b,c, g) such that INU is homeomorphic to an increas-

ing p-nice family of curves via the projection pr: (x, y, z,u) — (pre, (x), prléy (y).prs (u)).

Proof. The right to left direction is trivial. For the other direction we note that locally
around (a, b, c, g), I is homeomorphic to pr(/). We can then apply the previous propo-

sition and obtain a suitable U by lifting the open set R x M x V via pr=t. O

We chose to state the proposition for increasing p-nice families, but it holds for all
notions of niceness. In view of these propositions we can assume that the generically
normal families of plane curves used in the group constructions are nice (and therefore
locally nice) families of functions. Without loss of generality we will always assume that
they are increasing p-nice, but it should be clear that the same arguments would work

in all four cases.

We now go back to the constructions used in the proof of proposition 3.2.8. In obtaining
the family (Cx x C), G, K) of curves through (a,b) we had to choose a direction at a.

Without loss of generality we will assume that we chose x > a.

To sum up we have shown that we can assume

1. K is a family of increasing continuous functions (a)* — (b)¥,
2. Cx,Cy and G are ordered and
3. for x € (a)*, h(x) is continuous and strictly increasing in .
Lemma 4.2.28 Suppose that for independent f,h,u € Vg and some (possibly depen-

dent) v € Vg we have h™Y o f | vt ou in the sense of 8.1.15 and h™ Lo f <F vl ou.

Then for all v/ € (v)*, h o f > v ' ou.

Proof. By tangency and the implicit function theorem, for any a’ € V, there exists a

v/ €V, such that h™t o f(a’) = v' ' ou(a’). Since v!ou(a’) is decreasing in v and
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h='o f(a') < v~ 'ou(a’), this implies v’ > v. Assume now for a contradiction that for
all v/ € (v)*, i o f < v'"" ou. Then since this is also evidently true for v’ € (v)~,
this would mean (a,v) € int{ (a’,v") |~ o f(a’) < v 'ou(a’)} and therefore this is
would be true for all a’,v’ € V,y. This is clearly a contradiction since we already found
a’ and v’ for which the opposite holds. Therefore, for all v/ € (v)™, h™to f >} v tou

as required. [

Obviously an equivalent lemma holds for i~ o f >+ v~ o u. This means that at least
for generic f,h,u and some v, tangency in the sense of 3.1.15 implies tangency in the

sense of [PS98].

Remark 4.2.29 The proof of this lemma relies on being able to use the implicit function
theorem which is why we had to assume that f, h,u are independent. However, once
we prove that the non-degeneracy and richness assumptions hold, we can drop that

assumption.

Corollary 4.2.30 If non-degeneracy and richness hold and h™' o f || v™! o u, then

h < f if and only if v < u

Proof. Suppose for a contradiction 2~ > f and v < u. Then for all v/ € V,,

hto f <t v~ ou. This contradicts the above lemma. [J

Corollary 4.2.31 If non-degeneracy and richness hold, then the group obtained by 3.2.8

s an ordered group.

1ou”h_log

Proof. Suppose e < f and u are elements of V. Let h be such that g~
so that for any r € Vg, (g7 ou)o (g tor) [ A7 lor. If ¢ = u.e and f/ = u.f, then
g loe' |htoeand g7to f/ || k= o f. By symmetry lemma 3.2.10 and transitivity of

||, this implies f~'oe || f/ "t oe’ and thus f’ < e’ by the previous corollary. [J
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Remark 4.2.32 By exactly the same argument, the group action obtained in 3.2.24 is

order-preserving. If e € Vy and u < v are in Vi, then e.u < fu.

Corollary 4.2.33 If non-degeneracy and richness hold, then the groups obtained by
3.2.8 and 3.2.22 are abelian.

Proof. Ordered groups always have unbounded exponent so this follows from 2.4.7. [J

4.2.2 Completing the Trichotomy Results

As we did in the chapter for Zariski Geometries, we will now prove two key results.

Proposition 4.2.34 In o-minimal structures the mon-degeneracy and richness condi-
tions for propositions 3.2.8 and 3.2.22 are always given and the group action obtained

in proposition 3.2.25 is faithful.

Theorem 4.2.35 IfM is a non-linear o-minimal structure then there is a field definable

in M.

Again, we will only prove non-degeneracy and richness for the compositional case 3.2.8

here. The group case is analogous.

Thanks to our work in the previous section, we can borrow non-degeneracy from [PS98].

Lemma 5.2 of [PS98] can be rewritten to say the following.

Lemma 4.2.36 Let F and G be nice families of functions, let (a,b,c) be generic and
let Kr and Kg be families through (a,b) and (b,c) obtained from F and G as K was

obtained from I. Then for every g,h € Kg and e € KF independent of (a,b,c),

1. if g < h, then there exists an f > e such that go f <} hoe and

2. if g < h, then there exists an f < e such that goe <} ho f.
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If F =1 and G = I™', this, together with 4.2.28, almost gives us the non-degeneracy
we need. However, we want to have a = ¢ so we need an extra argument to weaken the
genericity condition on (a,b,c). To do this, we introduce some new notation. Given a
nice family of functions R — R, we let f[a, b, ] be the unique function from F such that
fla,b,l](a) = b and such that the first coordinate of the parameter of f[a,b,u] is equal
to [. For example, if g = (/,m) parametrizes a curve through (a,b), then fa,b,[] is just
g and fla,c,l] is parametrized by some h = (/,n). In [PS98], the following corollary

never appears explicitly, but the idea of the proof is there in several places.

Corollary 4.2.37 Let F and G be nice families of functions, let both (a,b) and (b,c)
be generic and let Kr and Kg be families through (a,b) and (b, c) obtained from F and

G as K was obtained from I. Then for every u,v € Kg and e € K independent of

(a,b,¢),

1. if g < h, then there exists an f > e such that go f <} hoe and

2. if g < h, then there exists an [ < e such that goe <} ho f.

Proof. We assume that both families are increasing p-nice, but all other cases are
similar. Suppose for a contradiction that 1 fails. Then there are u < v and r such that
for all s > r,

glb,c,v] o fla,b,r] <Z glb,c,ulo fla,b,s]

By making u a little bit bigger and v a little bit smaller, we can assume that
cdim (a,b,u,v,r) =5
Since all functions are increasing, we can rearrange this to get that for all s > r,

glb.c.ul ™ oglb.c.v] <F ofla.b.s]o fla.b.r]™!
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Consider the relation

R(i,j)=glb.i.u] " oglb.i,v] <} g[b, j.u] ™" o g[b, j.v]

Since ¢ is independent of b, u, v, it is easy to check that locally around c, this is just the
order i < j or j < i. Without loss of generality we will assume that it is i < j. We

now pick d < ¢ independent of (a,b,r,u,v). Then for all s > r

glb.d,u]" o glb,d,v] <} glb,c,u] "t oglb,c,v] <} ofla,b,s]o fla,b,r]7!

and after rearranging again we get that for all s > r

glb,d,v]o fla,b,r] <;L glb,d,u]o fla,b,s]

but this contradicts the previous lemma. [

In particular this implies Lemma 5.5 of [PS98] which states the following for our family
K:

Lemma 4.2.38 For every f, g, u from K with f generic over a,

1. if f > g, then there exists v < u such that g7 o f = v lou,
2. if f < g, then there exists v > u such that g7t o f <}F v lou,

3. if f > g, then there exists v > u such that go f~1 = vou™t

4. if f < g, then there exists v < u such that go f~t =T vou™!,

Non-Degeneracy
Corollary 4.2.39 K satisfies the non-degeneracy condition of 3.2.8.

Proof. We assume that I was an increasing p-nice family of functions so that we

can make the same assumptions on K as we did for 4.2.28. Suppose non-degeneracy
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1

fails. Then for some generic m,n,0 € Vg we have n™" om || n~! oo or equivalently

n~ton | o7! om. Without loss of generality assume m > 0 so that n™ 1 on < oL om.

1 1

By 4.2.28 this implies that for n’ € (n)™ we get '~ on >} 07! o m. However, this

contradicts item 1 of the above lemma. [J

Richness

Proposition 4.2.40 K satisfies the richness condition of 3.2.8.

Proof. Again we will assume that our family / was an increasing p-nice family of
functions so that we can make the same assumptions on K as we did for 4.2.28. Before

proving richness, we first prove the following weaker lemma:

Lemma 4.2.41 Given generic m < n, for every o > n there exists an m’ such that

— — . . —1 —
o tom' | nwhom and for any I < m there exists an n’ with '~ oo | n7' o m.

1

Furthermore, the sets {o|3m’ oYom’ |n"Yom} and {I |3n’ n' ‘oo ||n" om} are

CONVET.

Proof. The proof of these two statements is very similar so we will only prove the first.

By assumption 3 on K, given a fixed a’, the function ¢,: f + f(a’) is continuous and

strictly increasing and therefore, by the intermediate value theorem, has convex image.

Let 0 > n and @’ > a. Then a” = n~! om(a’) < a’ so m(a’) < o(a”) < o(a’) and

o(a") € Im(¢,). By the intermediate value theorem this implies that there exists an

1 1

m < m’ < o such that m’(a’) = o(a”) or in other words n™" om(a’) =07 om’(a’). If we

choose a’ € V, this tells us that n™om || 0™ o (m'). O

We now finish the proof of the proposition. As was the case for Zariski Geometries
(remark 4.1.25), this lemma is sufficient to ensure that the proof of 3.2.11 goes through

so that || is an equivalence relation. Thus, in analogy with 4.1.26, it is enough to show
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that for generic m,n,o0 € V, there exists a p such that = om || 0™ o p. The fact that
p € Vg then follows from the Implicit Function Theorem. Assume that such a p does
not exist for some m,n,o € V;. Without loss of generality we can assume assume that
n > m. Then o < n for otherwise such a p would be given by the previous lemma. Now
pick | € Vg such that / < Vf,. In particular / < m so the previous lemma gives a g € Vg
such that n7"om || g7 o /. We must have ¢ > o for otherwise by the previous lemma

and transitivity of ||, o € {r | 3m’ r~!

om’ ||n~tom}. Now Vf, is convex and n > g > o
so g € Vf,. We now have m,n,q € Vg2 which implies [ € VIQ by the Implicit Function

Theorem. This is a contradiction to our choice of /. (I

Faithfulness

Corollary 4.2.42 The action obtained in 3.2.25 is faithful.

Proof. By an analogous argument to that used in 4.2.39 we can use 4.2.37 to show that
for any hy,hs € Vi and any r € Vy generic over a, r.hy # r.hy. Of course, all r # 0 are

generic so this suffices.

This concludes the proof of proposition 4.2.34.

Non-degeneracy implied the smoothness of the set J from 3.1.15 and thus the smoothness
of || with respect to any projction to three coordinates. In the same way, faithfullness
implies that the graph of the group action is smooth with respect to the projection

Vo x V1 x Vo — Vo x Vp. By 4.2.18 this implies that the action is continuous.

Recovering a Field

We now have all the ingredients in place. We have two smooth abelian convex type-
definable ordered groups (Vy, <,+) and (V;, <,.) with an order-preserving continuous
definable group action . of V; on V. Propositions 7.12 and 7.11 of [PS98] now complete

the field construction. For completeness, we give an outline of their argument.
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Define A to be the ring of definable automorphisms of V. It follows easily from 2.4.10
that a one-dimensional torsion-free type-definable group has no definable subgroups.
Thus, an automorphism ¢ is uniquely determined by its action on a single element
a € Vo \{0}. So by fixing an element 1 € Vy \ {0} we can embed V; into A by h +— o
where 0 (1) = 1.h—1. A straightforward argument using the intermediate value theorem

shows that via this embedding V) is isomorphic to an ordered commutative subring of

A.

To get a field from a convex type-definable ordered commutative ring R, we note that
we can identify the fraction field F with any interval (—f8,8) € R via the map a +—

a/(—|al+pB). Thus we obtain a field which proves theorem 4.2.35.
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Chapter 5

Outlook

Further Examples

Of course, one of the big questions given a new framework like the one developed in this
text is whether there are any interesting examples. The key examples I had in mind
developing Strong and Presmooth Geometries were Zariski Geometries and o-minimal

structures.

The proof that all o-minimal structures are indeed presmooth is still incomplete, but
I am optimistic that this can be done. Whether this is by proving property (LC) or

otherwise remains to be shown.

Furthermore, given how different Zariski Geometries and o-minimal structures are in

nature, I would be surprised if the were no other examples.

Recent work carried out by Kovacsisc [Kov13] indicates that the cell-decomposition the-
orem for C-minimal structures may not be as nice as claimed in [HM94], but they would
be an obvious next class of structures to study. If they did turn out to be Strong Ge-
ometries, it is not too hard to verify that C-minimal structures would satisfy axiom
(1T) as well. In view of this, we would expect them to be easier to deal with than
o-minimal structures, but the rather more complicated cell-decomposition theorem for
C-minimal structures makes the verification of axiom (PS) considerably more difficult.

Even if we consider a pre-smooth C-minimal structure, there are open questions. The
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non-degeneracy proof for Stable-Like Presmooth Geometries goes through without mod-
ification, but neither the richness proof from the Stable-Like context, nor the one from
the o-minimal context can be adapted easily. Haskell and Macpherson have proved an

analogue of the monotonicity theorem for o-minimal structures in [HM94].

Theorem 5.0.43 ([HMY94]) Let f:M — Z be a definable partial function on M where
Z is one of M,T,C and L. Then the domain of f can be decomposed into finitely many

cells on each of which f is continuous and either a local isomorphism or locally constant.

Maybe this could be used to prove richness in a similar way we did in o-minimal struc-
tures. However, from an informal standpoint this seems unlikely. The issue is the total
disconnectedness of the topology in C-minimal structures. We essentially defined tan-
gency as a limit as one point approaches another and there is no reason to believe that

such limits should exist in the context of a totally disconnected structure.

Delon and Maalouf have made considerable progress on a Trichotomy Theorem for C-
minimal structures, but they also need an extra condition that ensures that certain limits

exist.

Definition 5.0.44 We say that a C-minimal structure M is definably maximal if every
uniformly definable family of cones which is completely ordered by inclusion has non-

empty intersection

I see this property as promisig for both the issue of presmoothness and richness. It might
allow us to analyse the bahaviour of cells on their boundaries in a similar way we did for
o-minimal structures and thus allow us to follow the same path to presmoothness. For

richness, we could try the following.

Let us consider the relation || from 3.2.8. The C-relation gives us a uniformly definable
family of cones around a. Let f~!'oh be a generic curve from K~'o K and m be another
curve from K. By the monotonicity theorem, for any sufficiently small cone C > a, the

set {n|3a’ € C n"tom(a’) =g o f(a’)} should be a cone. As we shrink C to the
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singleton a, a condition along the lines definable maximality may guarantee the existance

of an n such that g7to f || n™ ! om.

One consequence of the cell-decomposition theorem that is worth mentioning here is
that the set of cones at a node is a strongly minimal set and every maximal branch
comes endowed with an o-minimal structure. We can view C-minimal structures as a
mixture of stable and o-minimal in this way. This is best illustrated with an example.
ACVF is the theory of algebraically closed valued fields. It is well known that with the
relation C(x,y,z) = v(x —y) < v(x — z) models of ACVF are C-minimal structures.
It is shown in [HHMOS] that all the non-stability comes from the value group (which
has the same order-type as every maximal branch). All “other” sets are stable and
stably embedded. Given that Presmooth Geometries are a suitable context to prove the
Trichotomy Theorems for both o-minimal structures and strongly minimal structures
with a topology, it stands to reason that a Trichotomy Theorem for C-minimal structures

should also fit into this framework.

The other examples that I had wished to investigate, but never found the time for
were universal covers of abelian varieties. A prime example of such a structure is the
universal cover of C*. We consider a two sorted structure with sorts V = (C,0, 1, +)
and (C*,1,.,C) where C contains relations for all Zariski closed subsets of (C*)". We
connect these two sorts with the map exp: C — C*. It was shown in [Bur08] that this is
an analytic Zariski Geometry with quantifier elimination which satisfies the dimenstion
theorem. It is not too hard to see that such structures could be treated in the context

of Stable-Like Presmooth Geometries.

Different Generalizations of Zariski Geometries

In chapter 4 we introduced multi-sorted x-compact Zariski Geometries as a transitional
context from Stable-Like Presmooth Geometries to the world of Zariski Geometries. We
did so to keep the definition easy to compare to existing ones in the literature and to
highlight how the field construction can be carried out using tools from stability theory.

However, I do wonder whether this is the slickest approach. For example, one might
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instead try to define a “generalized Zariski Geometry” as a Stable-Like one-dimensional
Presmooth Geometry in which the closed sets form the closed sets of Noetherian Topolo-
gies on powers of M. Further conditions are probably needed to ensure that Noetheri-
anity is preserved under elementary extensions, but the existence of the matrix group
constructed in 4.1.20 should guarantee the exsitence of a suitable group chunk in M and
Noetherianity might be enough to construct the field in M. Maybe it would even suffice
to look at quantifier-free stable Stable-Like Presmooth Geometries. In any case, it would
be worthwhile to investigate exactly what is needed on top of axiom (SL) to be able to

carry out the field construction.

Unifying the remaining proofs

One of the main results of this thesis is that the construction of the group presenta-
tion from 3.2.25 can be carried out uniformy between Zariski Geometries and o-minimal
structures. However, the fact that the proofs of non-degeneracy, richness and faithful-
ness as well as the field construction are not uniform is slightly unsatisfactory. As we
already discussed in the context of C-minimal structures, richness might depend on ad-
ditional assumptions that guarantee the existence of certain limits, but non-degeneracy
and faithfulness look very natural. It is somewhat surprising that the proofs are almost
trivial with axiom (1T), but very hard in o-minimal structures. Using the symmetry ar-
gument used in 4.1.22 one can quickly check that if non-degeneracy fails in an o-minimal

structure, then the tangency becomes

hloflntomiffh=f&mn>h

up to symmetry (or the same where > is replaced by <). My view is that this is such
unnatural behaviour that there must be a simple argument to exclude it, but I have not
been able to come up with a better argument than the one used in [PS98]. If no better
argument can be found, it might still be possible to put the argument from [PS98] it
into a language where it applies to Presmooth Geometries in general. Again, I have been

unable to do so as of yet.
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The purity of the field

One of the key results in many of the Zariski-type Trichotomy Theorems is that the
field obtained is “pure”, which means that the structure M induces no structure beyond
the algebraic one on the field. This is evidently false in o-minimal structures, where o-
minimal expansions of real closed fields are very commonly encountered. In C-minimal
structures we would expect the field to be a valued field, but we could still ask the

question whether there can be any structure beyond that.

Possible fields

So far we only know of two possible types of fields that can be the result of a Trichotomy
Theorem: Real Closed and Algebraically Closed Fields. However, I do not see sny rea-
son why there should not be any others. p-adically closed fields, for example, have a
well known cell-decomposition theorem and an Implicit Function Theorem so they might
also fit into the context of Presmooth Geometries. If they do, this would suggest the
possibility of p-adically closed fields. We then have to ask: How can we distinguish
the resulting field from the geometric side? One might conjecture that structure sat-
isfying (2T) should result in ordered fields and that stable-like structures should give

algebraically closed fields, but further dividing lines might be needed in between.
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