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A Derivations

A.1 Gaussian process mixture models

If we consider the mean vector of a Gaussian density as the finite realisation of an infinite function in our

feature space, we can place a Gaussian process prior on it. Thus, for the kth component of this mixture,

mean vector µk and observed data which has been transformed to a vector, Xk = [Xk1 , . . . , XkNk
],

Xk|µk, σk ∼ N (µk, σ
2
kIP ), (1)

µk|ak, lk ∼ GP (0, Ck). (2)

As we assume exchangeable data for ease of notation we permute the original dataset such that we can denote

Xk with contiguous indices, i.e., Xk = [X1, . . . , XNk
]. The posterior distribution can be derived by using

the properties of the multivariate Gaussian relating to conditional distribution of two jointly distributed
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Gaussian variables [1],

 y

f(X∗)

 ∼ N
0,

C(X,X) + σ2I C(X,X∗)

C(X,X∗) C(X∗, X∗)


 , (3)

=⇒


E(f(X∗)|y) = C(X∗, X)(C(X,X) + σ2I)−1y,

Cov(f(X∗)|y) = C(X∗, X∗)− C(X∗, X)(C(X,X) + σ2I)−1C(X,X∗).

(4)

We can then say

(µk|Xk, σk, ak, lk) ∼ GP (mk, C̃k), (5)

mk = Ck[1 : P ](Ck + σ2
kINKP )−1Xk, (6)

C̃k = Ck[1 : P, 1 : P ]− Ck[1 : P, ](Ck + σ2
kINKP )−1Ck[, 1 : P ]. (7)

Note that this involves taking the inverse of an NkP × NkP matrix, which is frequently a very costly

calculation. There has been much exploration of scaling GP models such as sparse approximations [2] and

low-dimensional approximations [3], see [4] for a recent review of the subject. However, in our application

we have rich structure in the data as all items within a view have the same time/spatial measurements with

consistent distance between each measurement and we can use this to reduce the computational load without

using any of these more complex methods [5].

Let Ak be the P ×P matrix defined by the squared exponential kernel function for the P measurements

of a single observation, i.e.,

(Ak)ij = a2
k exp

{
−d(ti, tj)

2

2l2k

}
, i, j = {1, . . . , P}, (8)

then Ak is positive symmetric and Toeplitz [6] and

Ck + σ2
kINKP =



Ak + σ2
kIP Ak · · · Ak

Ak Ak + σ2
kIP · · · Ak

...
...

. . .
...

Ak Ak · · · Ak + σ2
kIP


. (9)
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As [7] have shown, we can write

Ck = JNk
⊗Ak (10)

where JNk
is Nk × Nk matrix of ones and ⊗ is the Kronecker product. Following the derivation from the

supplement of [7], by letting Qk = IP + σ−2
k NkAk we can write

(Ck + σ2
kINKP )−1 =

1

σ2
k

INkP −
1

Nkσ2
k

JNk
⊗ (IP −Q−1). (11)

Thus only a P × P matrix has to be inverted. Writing this out explicitly:

(Ck + σ2
kINKP )−1 =

1

σ2
k



IP − 1
Nk

(IP −Q−1) − 1
Nk

(IP −Q−1) · · · − 1
Nk

(IP −Q−1)

− 1
Nk

(IP −Q−1) IP − 1
Nk

(IP −Q−1) · · · − 1
Nk

(IP −Q−1)

...
...

. . .
...

− 1
Nk

(IP −Q−1) − 1
Nk

(IP −Q−1) · · · IP − 1
Nk

(IP −Q−1)


(12)

By noticing that each block column consists of a single occurrence of the identity matrix and Nk occurrences

of − 1
Nk

(IP −Q−1), and this object only occurs when multiplied by Ck, a matrix consisting of Nk repeated

blocks of Ak, we can simplify the object of interest to

Ck[1 : P, ](Ck + σ2
kINKP )−1 =

1

σ2
k

[
(Ak −Ak × (Ip −Q−1)) · · · (Ak −Ak × (Ip −Q−1))

]
. (13)

This object occurs in both the posterior covariance function and the posterior mean function. In the latter,

Ck[1 : P, ](Ck + σ2
kINKP )−1Xk =

1

σ2
k

[
(Ak −Ak × (Ip −Q−1)) · · · (Ak −Ak × (Ip −Q−1))

]
Xk (14)

=
1

σ2
k

(Ak −Ak × (Ip −Q−1))(X1 +X2 + · · ·+XNk
) (15)

=
Nk
σ2
k

(Ak −Ak × (Ip −Q−1))X̄k, (16)

where X̄k is the sample mean of the component data.

For the final product of Ck[1 : P, ](Ck + σ2
kINKP )−1Ck[, 1 : P ], we note that we have reduced the
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multiplication of the first two objects to a simple repetitive block structure. Thus

Ck[1 : P, ](Ck + σ2
kINKP )−1Ck[, 1 : P ] =

Nk
σ2
k

(Ak −Ak × (Ip −Q−1))Ak. (17)

This means that only a single P × P matrix needs to be inverted and only two cases of multiplying a pair

of P × P matrices must be performed rather than considering the inversion of a NkP ×NkP matrix and its

multiplication by a P ×NkP matrix and the result’s multiplication by NkP × P matrix.

We can now rewrite the posterior parameters as

mk =
Nk
σ2
k

(Ak −Ak × (Ip −Q−1))X̄k, (18)

C̃k = Ak −
Nk
σ2
k

(Ak −Ak × (Ip −Q−1))Ak. (19)

A.2 MDI: Derivation of p(φ(i,j)|·)

A popular methods for performing inference on a Bayesian clustering method is to construct a Gibbs sampler.

This uses the conditional densities of the model parameters. To derive these for MDI, we begin with the

likelihood for the allocation of the nth individual in each of the V views, cn = (c
(1)
n , . . . , c

(V )
n ) is

p(c(1)
n , . . . , c(V )

n |·) =
SN−1 exp(−SZ)

(N − 1)!

×
N∏
n=1

(
V∏
v=1

γ
(v)

c
(v)
n

V−1∏
v=1

V∏
w=v+1

(1 + φ(v,w)I(c(v)
n = c(w)

n )

)
, (20)

for N items being clustered using K components in each view, normalising constant Z, unnormalised

component weights γ, information sharing parameter vector φ, and a strategic latent variable S that is

introduced to induce closed posterior distributions for many of the variables. The conditional posterior

distribution for these objects can be found in the supplementary material of [8]. In this supplement, the

conditional distribution of the information sharing parameters, φ(i,j)(i, j ∈ {1, . . . , V } ⊂ N, i < j) is stated

as

φ(i,j) ∼ Ga(α, β), (21)
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where Ga(a, b) is a Gamma distribution parameterised by a shape and a rate and

α = 1 +

N∑
n=1

I(c(i)n = c(j)n ), (22)

β = S

K∑
ki=kj=1

K∑
k1=1

· · ·
K∑

ki−1=1

K∑
ki+1=1

· · ·
K∑

kj−1=1

K∑
kj+1=1

· · ·
K∑

kV =1

V∏
v=1

γ
(v)
kv

×
V−1∏
v=1

V∏
w=v+1;w 6=j

(1 + φ(v,w)I(kv = kw))

j−1∏
v=1

(1 + φ(v,j)I(kv = kj)). (23)

However, in 2017 Stephen Johnson, Daniel Henderson, and Richard Boys (private correspondence) noticed

that this requires a correction which we derive here. Note that we assume K1 = K2 = · · · = KV = K, but

this is not necessary and if it does not hold any quantities any occurrence of K can be replaced with the

appropriate Kv for all v = 1, . . . , V . To derive p(φ(i,j)|·), for some i, j ∈ {1, . . . , V }, i < j, we derive the

marginal likelihood of φ(i,j) and then use this to find the closed form of the posterior distribution.

p(φ(i,j)|·) ∝ exp{−SZ}
N∏
n=1

(
V−1∏
v=1

V∏
w=v+1

(1 + φ(v,w)I(c(v)
n = c(w)

n )

)
(24)

we consider this in two parts, first the normalising constant in the exponential function and then the product

on the right. The normalising constant, Z can be found by considering all possible combinations of states of

the labels:

Z =

K∑
k1=1

· · ·
K∑

kV =1

(
V∏
v=1

γ
(v)
kv

V−1∏
v=1

V∏
w=v+1

(1 + φ(v,w)I(c(v)
n = c(w)

n )

)
. (25)

Considering only the dependency of Z on φ(i,j):

Z ∝ φ(i,j)

K∑
ki=kj=1

K∑
k1=1

· · ·
K∑

ki−1=1

K∑
ki+1=1

· · ·
K∑

kj−1=1

K∑
kj+1=1

· · ·
K∑

kV =1

V∏
v=1

γ
(v)
kv

×
V−1∏
v=1

V∏
w=v+1;w 6=j

(1 + φ(v,w)I(kv = kw))

j−1∏
v=1

(1 + φ(v,j)I(kv = kj)). (26)
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The product simplifies as a function of φ(i,j) to

N∏
n=1

V−1∏
v=1

V∏
w=v+1

(1 + φ(v,w)I(c(v)
n = c(w)

n ) ∝
N∏
n=1

(1 + φ(i,j))I(c(i)n = c(j)n )

= (1 + φ(i,j))
∑N

n=1 I(c(i)n =c(j)n )

=

∑N
n=1 I(c(i)n =c(j)n )∑

r=0

(∑N
n=1 I(c

(i)
n = c

(j)
n )

r

)
φr(i,j), (27)

by the binomial theorem.
∑N
n=1 I(c

(i)
n = c

(j)
n ) is the number of items with the same label in both datasets.

We denote this quantity by Nij to reduce clutter.

Combining equations 26 and 27 yields:

p(φ(i,j)|·) ∝ exp

−φ(i,j)S

K∑
ki=kj=1

K∑
k1=1

· · ·
K∑

ki−1=1

K∑
ki+1=1

· · ·
K∑

kj−1=1

K∑
kj+1=1

· · ·
K∑

kV =1

V∏
v=1

γ
(v)
kv

×
V−1∏
v=1

V∏
w=v+1;v 6=j

(1 + φ(v,w)I(kv = kw))

j−1∏
v=1

(1 + φ(v,j)I(kv = kj))


×

Nij∑
r=0

(
Nij
r

)
φr(i,j). (28)

If we let g(x; a, b) := ba

Γ(a)x
a−1 exp(−bx) be the gamma density function, we can transform this to a mixture
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of Gamma distributions:

p(φ(i,j)|·) ∝

S K∑
ki=kj=1

K∑
k1=1

· · ·
K∑

ki−1=1

K∑
ki+1=1

· · ·
K∑

kj−1=1

K∑
kj+1=1

· · ·
K∑

kV =1

V∏
v=1

γ
(v)
kv

×
V−1∏
v=1

V∏
w=v+1;w 6=j

(1 + φ(v,w)I(kv = kw))

j−1∏
v=1

(1 + φ(v,j)I(kv = kj))

r+1

Γ(r + 1)−1

×

S K∑
ki=kj=1

K∑
k1=1

· · ·
K∑

ki−1=1

K∑
ki+1=1

· · ·
K∑

kj−1=1

K∑
kj+1=1

· · ·
K∑

kV =1

V∏
v=1

γ
(v)
kv

×
V−1∏
v=1

V∏
w=v+1;w 6=j

(1 + φ(v,w)I(kv = kw))

j−1∏
v=1

(1 + φ(v,j)I(kv = kj))

−(r+1)

Γ(r + 1)

× exp

−φ(i,j)S

K∑
ki=kj=1

K∑
k1=1

· · ·
K∑

ki−1=1

K∑
ki+1=1

· · ·
K∑

kj−1=1

K∑
kj+1=1

· · ·
K∑

kV =1

V∏
v=1

γ
(v)
kv

×
V−1∏
v=1

V∏
w=v+1;w 6=j

(1 + φ(v,w)I(kv = kw))

j−1∏
v=1

(1 + φ(v,j)I(kv = kj))


×

Nij∑
r=0

(
Nij
r

)
φr(i,j), (29)

=

Nij∑
r=0

(
Nij
r

)
Γ(r + 1)

βr+1
g(φ(i,j); r + 1, β), (30)

where

β = S

K∑
ki=kj=1

K∑
k1=1

· · ·
K∑

ki−1=1

K∑
ki+1=1

· · ·
K∑

kj−1=1

K∑
kj+1=1

· · ·
K∑

kV =1

V∏
v=1

γ
(v)
kv

×
V−1∏
v=1

V∏
w=v+1;w 6=j

(1 + φ(v,w)I(kv = kw))

j−1∏
v=1

(1 + φ(v,j)I(kv = kj)) (31)

is the same as in the derivation for this posterior in the original paper.

If we then introduce a gamma prior distribution over φ(i,j), say

φ(i,j) ∼ Ga(α0, β0), (32)
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then the posterior distribution becomes

p(φ(i,j)|·) ∝
βα0

0

Γ(α0)
φα0−1

(i,j) exp(−β0φ(i,j)) exp(−φ(i,j)β)

Nij∑
r=0

(
Nij
r

)
φr(i,j) (33)

∝
Nij∑
r=0

(
Nij
r

)
φr+α0−1

(i,j) exp(−φ(i,j)(β + β0)) (34)

=

Nij∑
r=0

(
Nij
r

)
g(φ(i,j)|r + α0, β + β0)Γ(r + α0)/(β + β0)(r+α0). (35)

which is clearly a mixture of Gamma densities, which can be rewritten as

p(φij |·) =

Nij∑
r=0

πrg(φij |r + α0, β + β0), (36)

where

πr =

(
Nij

r

)
Γ(r + α0)/(β + β0)(r+α0)∑Nij

r=0

(
Nij

r

)
Γ(r + α0)/(β + β0)(r+α0)

. (37)

The component of this mixture with the largest expected value is the same as the quantity in equation 21.

This correction means that the sampled φ(i,j)’s will be smaller on average than in the original implementations,

resulting in slightly less weight being placed by the model on common or overlapping partitions across views

than in previous implementations.

B Simulation study

Each scenario is defined by the density used to generate the clusters (the generative model) and by the φ

vector (φ = (12, 8, 4) for our simulation study) which determines the similarity of the clustering structure

across modalities. We first generate the labels indicating the cluster an item is generated from in each

modality and then sample measurements based on this cluster’s parameters. In every simulation, the first

dataset is generated from six clusters, the second from seven clusters and the third from eight clusters. We
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generate two hundred labels and data points in each datasets from this model:

p(c(v)
n = k|γ, φ) ∝ γk

V∏
w=1;w 6=v

(1 + φv,w), (38)

(X(v)
n |c(v)

n = k) ∼ f(θk), (39)

φ = (12, 8, 4), (40)

K = (6, 7, 8), (41)

γ(1) = [4.0, 7.0, 7.0, 5.5, 3.0, 5.5]>, (42)

γ(2) = [5.5, 4.0, 4.0, 4.0, 4.0, 4.0, 3.0]>, (43)

γ(3) = [6.0, 6.0, 5.0, 3.0, 5.5, 7.0, 4.0, 4.0]>. (44)

There are fifteen measurements / feature for each data point (i.e., N = 200, P = 15 in each dataset in all

simulations), and in the first dataset of each simulation we have 6 clusters, in the second 7 and the third 8.

Within a generating seed the labels in each modality are the same across all scenarios and each dataset is

informative of the others (φ = (12, 8, 4)). We randomly sample an expected 30% of the labels in the first

dataset to be observed (or considered as training data) in the semi-supervised model runs.

We consider three different generating models which give the scenarios their names. The first two are

Scenario 1 (Gaussian): (X(v)
n |c(v)

n = k) ∼ N (µk,Σk), (45)

Scenario 2 (MVT): (X(v)
n |c(v)

n = k) ∼ tηk(µk,Σk). (46)

Scenario 3, the Log-Poisson case, is more complex.

(Yn,p|c(v)
n = k) ∼ Poisson(λk,p), (47)

εn,p ∼ N (0, 1), (48)

Xn,p = log (1 + Yn,p) + εn,p. (49)

We randomly permute the cluster parameters in each feature/measurement. In the case of Scenarios 1
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and 2, the generating means and standard deviations are:

µ(1) = [−1.50,−1.25, 1.25, 0.50,−1.00, 1.00, 1.75]> (50)

µ(2) = [−1.00,−0.50,−0.75, 0.00, 0.25, 0.50, 0.75, 0.50, 0.00]>, (51)

µ(3) = [−1.00,−0.50,−1.25,−0.50,−0.25,−0.25, 0.25, 1.25, 1.25, 1.00, 0.50]>, (52)

σ(1) = [1.50, 1.25, 1.75, 2.25, 2.75, 1.50, 3.0]>, (53)

σ(2) = [0.5, 1.0, 0.5, 1.0, 0.5, 0.25, 1.25, 0.5, 1.00> (54)

σ(3) = [0.50, 0.75, 1.50, 1.00, 0.50, 0.75, 0.75, 0.50, 1.50, 1.00, 0.50]>. (55)

For scenario 2 we have, in addition to these means and standard deviations, the following degrees of freedom:

ν(1) = [5, 10, 5, 5, 10, 5, 10]>, (56)

ν
(2)
k ∼ U{5, 10} independently for each k = 1 . . . ,K2, (57)

ν
(3)
k ∼ U{5, 10} independently for each k = 1 . . . ,K3. (58)

In Scenario 3 we have:

λ(1) = [5, 15, 25, 35, 30, 15, 40]> , (59)

λ(2) = [4, 13, 21, 26, 55, 43, 31, 28, 15]>, (60)

λ(3) = [4, 8, 44, 32, 16, 28, 55, 24, 12, 18, 28]>. (61)

C Toxoplasma gondii model convergence

The initial model runs displayed poor mixing in the LOPIT data (see figure A A). To circumvent this issue we

used consensus clustering [9]. We found that an ensemble composed of the 15,000th sample from 150 chains

displayed stability (figure B). The non-monotonic behaviour seen in figure B A for the wider ensembles is

due to the emergence of the shared signal between the 9,000 and 12,000 iterations in a majority of chains

(note the mass shifting up the scale in the figure B C as the depth increases). The consensus matrices for this

inference and a similar consensus clustering for an unsupervised mixture model run on the microarray data

can be seen in figure A B; this also shows that the clusters driving the disagreement across individual chains

have their membership uncertainty well-captured by consensus clustering. We also performed consensus

clustering of a mixture model on the microarray data to investigate the impact of the joint modelling of the
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views. We use the same consensus clustering algorithm of the 15,000th iteration from 150 different chains as

in the integrative analysis except we had to increase the number of components modelled to 300 as at 125

all available components were consistently occupied in MCMC samples in the initial model runs using the

smaller number of components. This inference resulted in a much sparser consensus matrix than the MDI

inference (see figure A B). The point estimates arising from these (defined using the salso method from the

salso R package [10]) came to 47 clusters for MDI and 287 from the mixture model.
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A

 B

Figure A: A. PSMs for the LOPIT view of 5 chains of MDI run for 30,000 iterations with common row
and column ordering (defined by chain 1). B. Consensus matrices for MDI in LOPIT and the cell-cycle
microarray view and an unsupervised mixture model in the cell-cycle microarray data. The clusters that
appear to be the cause of the poor mixing in the individual chains are highlighted with orange boxes in the
LOPIT view.
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