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Abstract

Survival analysis is an old area of statistics dedicated to the study of time-to-
event random variables. Typically, survival data have three important character-
istics. First, the response is a waiting time until the occurrence of a predetermined
event. Second, the response can be censored, meaning that we do not observe its
actual value but a bound for it. Last, the presence of covariates. While there ex-
ists some feasible parametric methods for modelling this type of data, they usually
impose very strong assumptions on the real complexity of the response and how it
interacts with the covariates. While these assumptions allow us to have tractable
inference schemes, we lose inference power and overlook important relationships
in the data. Due to the inherent limitations of parametric models, it is natural to
consider nonparametric approaches.

In this thesis, we introduce a novel Bayesian nonparametric model for survival
data. The model is based on using a positive map of a Gaussian process with
stationary covariance function as prior over the so-called hazard function. This
model is thoughtfully studied in terms of prior behaviour and posterior consis-
tency. Alternatives to incorporate covariates are discussed as well as an exact and

tractable inference scheme.
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Chapter 1

Introduction

“La inspiracion existe, pero tiene que encontrarte trabajando”.

Pablo Picasso

1.1 Swurvival analysis

Survival analysis is an area of statistics concerned with the study of time-to-
event data. Typically, survival data has three characteristics. First, the response
is a waiting time until the occurrence of a predetermined event of interest. Second,
the response can be censored, meaning that we do not observe its actual value but
a bound for it. Last, the presence of covariates.

Data of this kind can be encountered in a broad range of areas. Some examples
include, but are not limited to: failure times in mechanical systems, time to
death of patients in a clinical trial or duration of unemployment in a population.
Hence, the applicability and the study of new survival methods remains of keen
interest for the statistical and machine learning communities. This thesis aims
to contribute to the literature of survival analysis by introducing and studying a

novel nonparametric Bayesian model for survival data.
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1.1.1 Elements of survival analysis

Let T' be a positive continuous random variable denoting the time until some
event of interest occurs. Additionally, denote by f(t) and F(t) the associated
probability density function (p.d.f.) and cumulative distribution function (c.d.f.),
respectively. The primary component in survival analysis is the survival function

defined as

S(t) = 1—F(t). (1.1.1)

This function denotes the probability that the event of interest will not happen
before a specified time ¢t. Typically, this is the object we want to estimate.
Another key element of interest in survival analysis is the so-called hazard

function A : R, — R, which is defined as

< >
AO) = dlimop(t <T <2t+ dt|T > 1)
n

Here, the numerator stands for the conditional probability that the event hap-
pens in the time interval [¢, ¢+ dt) and the denominator corresponds to the width
of such an interval. The division of these terms gives us the notion of a rate of
occurrence per unit of time. Furthermore, taking the limit when the width of
the interval goes to zero, results in an instantaneous rate of occurrence. In our
particular case of continuous random variables this limit can be expressed as the

division between the probability density function and survival function, i.e.,

A(t) = 2. (1.1.2)

Based on this, we define the cumulative hazard function (or cumulative risk)

15
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A : R, — R, as the integral up to time ¢ of the hazard function, i.e.,

A(t) = /Ot A(s)ds. (1.1.3)

Observe from equation (1.1.1) that the hazard function A(t) corresponds to the
derivative of —log S(t), thus an alternative way of writing the survival function

in terms of the hazard function is given by the following equation

S(t) = exp{—A(t)}. (1.1.4)

This representation and the fact that F'(t) denotes a cumulative distribution
function allows us to deduce F(t) I%° 1 if and only if A(t) % . Finally, from

equations (1.1.2) and (1.1.4), it holds
ft) = A(t)exp{—A(t)}. (1.1.5)

1.1.2 Censoring

At a superficial level, survival analysis might look as a standard problem with
data in a particular range and it is natural to think that the problem can be
handled directly by well-understood statistical methods for analysing continuous
(or discrete) data. The reason why standard methods do not work is due to a fun-
damental problem that generally occurs when dealing with survival data, namely,
incomplete information. For example, suppose a company wants to estimate the
time until some product fails. For that, suppose that they allow a two-year period
to follow-up some costumers. During this follow-up period a product can either
fail or not, but the fact that we do not observe the product failing does not ensure
us that it may not fail right after we stop observing it. Additionally, it may also
happen that some costumers become unavailable, making impossible to follow the

state of those products. Finally, it is quite likely that costumers do not remember
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Tamara Ferndndez CHAPTER 1. INTRODUCTION

the exact day of the failure and only have an estimate of it. Hence, the data we
collect is a mixture of complete and incomplete information and this is the major
difference compared to most other statistical data problems.

All these types of incomplete observations are termed censored survival times.
Throughout this thesis, we consider four types of censoring: uncensored data,
right censoring, left censoring and interval censoring. In particular, these types
of censoring involve the notion of a censor time that bounds the survival time,
as shown in Figure 1.1. Additionally, we assume non-informative censoring, i.e.,

we assume that for each observation the censor time is independent of the event

time.
uncensoring f ‘

0 T,

right censoring  } } ’
0 T;

left censoring f ’ }
0 T,

interval censoring } } O

0 T;
— observed
— unobserved

Figure 1.1: Different types of censoring for a random survival time 7;.

Formally, let Ti,...,7T, be a sequence of independent and identically dis-
tributed (i.i.d.) random survival times, then each 7; can behave as follows: the
simplest scenario is the uncensored case in which we observe the actual value of
the random variable T;. Right censored stands for when we do not observe the
actual value of the random variable T; but a lower bound ¢ for it, i.e., T; > t.
Observe that by the non-informative censoring assumption the lower bound ¢ can
be either, the realization of a random variable G; which is independent of T}, or a
constant value. Respectively, left censoring and interval censoring arise when we

observe either an upper bound ¢ of T}, or an interval (¢;,¢,) in which T; falls.

17
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1.1.3 Related methods

There exists a vast literature of statistical models arising in survival analysis.
These modelling approaches will be different depending on whether we do or
do not have covariates. This is due to the fact that the presence of covariates
typically changes the target of the inference mechanism. While for a setting
without covariates the main objective is to give answer to distributional questions
about the survival data, in the setting with covariates we usually want to assess
the effect of a particular covariate on the distribution of the survival times, but
we are not necessarily interested on the distribution itself. In this brief review,
we give an insight of the most widely-known modelling approaches, distinguishing
between frequentist and Bayesian methods.

A first approach to survival analysis comes from the counting processes the-
ory. Here, the two principal representatives are the Kaplan-Meier [34] and the
Nelson-Aalen [1] estimators, which are, arguably, the most popular estimators in
survival analysis. The counting processes approach ([27],[3]) to survival analysis
is an extension of the theory of empirical processes to censored data. Assuming
standard conditions on the data, by a simple application of this theory, we can
deduce the Nelson-Aalen estimator to estimate the cumulative hazard function,
and the Kaplan-Meier estimator to estimate the survival function. Furthermore,
this theory allows us to study several properties of these models such as bias, large
sample properties, consistency, etc.. Among these properties, it is worth to men-
tion the impressive result that both, the Kaplan-Meier and the Nelson-Aalen are
the nonparametric maximum likelihood estimators for their corresponding quanti-
ties ([32],[3, section IV.1.5]). Even though the counting process approach is quite
technical, the Kaplan-Meier and Nelson-Aalen estimators are quite simple to im-
plement, making them an excellent starting point for practitioners. Beyond the
two classical estimators, the counting process theory allows us to derive and study

several nonparametric tests straightforwardly, examples include the log-rank test
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[45], the Gehan-Breslow test [23], [8], and the Harrington-Flemming test [28]. In
particular, we remark that the log-rank test is the most popular test among prac-
titioners. A drawback of the counting process approach is that it is not clear how
to treat covariates.

Another approach to model survival data is to assume a parametric family for
the probability distribution function P associated with the survival time T, that
is, to consider P = {P : §# € ©}, where © C R denotes the parameter space.
Compared with the previous approaches, this one has the immediate drawback
that we constrain our solution to the family given by P. Nevertheless, it gives
us a way of introducing covariates by simply indexing the distributions on them,
i.e., by considering F .. Observe that specific choices of certain parametric fam-
ilies can add further constraints to the model. This is not necessarily a critical
shortcoming if the assumptions made are feasible for the data, nevertheless, extra
care must be taken. Examples of this approach include any type of regression
model for survival data, e.g. [44], and the so-called accelerated failure rate models
[60]. Accelerated failure rate models consider a parametric form to model survival
times but set a rescaling factor for the time, depending on the covariates, which
accelerates or decelerates the hazard rate. Another example is the threshold re-
gression model [40]. This model has a nice physical interpretation as the survival
times are represented by hitting times in which some latent process, associated
with the event of interest, reaches some boundary. For instance, the latent pro-
cess can be the overall development of a fetus and the boundary is a minimum
level of hormones and physical development that triggers labour. Both frequentist
and Bayesian paradigms can be adopted for making inference in these modelling
approaches.

Another well-known method that successfully incorporates covariates is the
Cox proportional hazards model [13]. Arguably, this model together with the
Kaplan-Meier estimator and the Log-rank test constitute the three pillars of the

practice of survival analysis. This model differentiates from the approaches above
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as it usually focuses on assessing the effect of a covariate on the distribution
over the survival times while ignoring the distribution itself. It achieves this
by imposing a proportional relation between the hazard functions of different
levels of a covariate. Indeed, in this setting, the hazard function takes the form
Ao(t) = No(t)e?'® for a time ¢ and a set of covariates . The estimation of the
parameter § can be performed without any consideration of the hazard function
by using a partial likelihood instead of a full likelihood. See [12] for more details.

We proceed to review some well-known Bayesian nonparametric methods in
survival analysis. Since the introduction of the Dirichlet process as prior over
probability measures, multiple nonparametric discrete priors have been introduced
and applied to survival models. Some examples are the Dirichlet processes [54],
neutral-to-the-right (NTR) processes [16], the extended Gamma process [19], the
beta process [29], and the beta-Stacy process [59]. A comprehensive account of
these priors can be found in [30].

In general, these priors have appealing properties given right censored data.
Indeed, NRT processes [20], the extended Gamma process [19], the beta process
[29] and the beta-Stacy process [59] are all known to be conjugate under right
censoring. For the Dirichlet process, we do not have conjugacy as the posterior
given right censored data corresponds to a mixture of Dirichlet processes [6]. Nev-
ertheless, the Dirichlet process is conjugate under right censoring when seen as a
member of the class of NTR priors. Furthermore, NTR priors are still conjugate
given right censored data when considering a proportional hazard term for co-
variates. This can be understood as a Bayesian nonparametric version of the Cox
model ([33], [29],[39]). An even stronger version of the previous result, including
independent left censoring, is proved in [36].

A more recent work which gives a concrete and fast inference scheme is the
ANOVA-DDP proposed in [14]. Here, the authors propose a prior over distribution
functions by mixing ideas of ANOVA and Dirichlet processes. This results in a

flexible model that can incorporate covariates in an ANOVA-type fashion and still
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have a good performance estimating the distribution of the survival times.
Within the context of Gaussian processes a few models have been considered,
e.g. [46] and [31]. While these models propose an explicit framework to introduce
covariates, they are constrained to the proportional hazards assumption. Another
more flexible model that was recently proposed is [4]. In this work, the authors
propose an accelerated failure model in which the dependence of the failure times
on covariates is modelled by rescaling the time by a function of the covariates.
The nonparametric part comes to play when considering a Gaussian process prior

over said function.

1.2 Nonparametric Bayesian inference

Let Ti,...,T, € R, be a set of realisations of some collection of random
variables associated with an experiment of interest. A first step towards building
a statistical model is to consider a joint probability distribution P for the data
and assume that this probability distribution is contained within a known class
of probability distributions P.

Typically, we characterise such a class of distributions by indexing it by a
parameter 6 belonging to some measurable parameter space O, that is, we consider
P = {Pe(n) : 0 € ©}. In particular, the nature of the parameter 6 allows us to make
a distinction between two types of models. We say a model is parametric when
the parameter 6 denotes a finite-dimensional object, e.g. a real number or a finite-
dimensional vector. On the other hand, we say that a model is nonparametric
when 6 represents an infinite-dimensional object, e.g. a probability density or a
hazard function.

The next step is to perform inference about the unknown parameters. This
can be done by following either a frequentist or a Bayesian approach. In the
frequentist setting, we assume the existence of an unknown true parameter value

0y € © which we need to learn from the data. For the Bayesian counterpart, there
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is no notion of a true parameter, hence the uncertainty about the distribution of
the data is quantified by defining a prior probability distribution over the space
O. The choice of the prior probability is a crucial step in Bayesian modelling as it
represents the initial belief of the Bayesian statistician before observing the data.

Let IT denote a prior probability distribution on ©. A Bayesian statistician
updates her belief by considering the conditional distribution of 6 given the ob-
servations T(™ = (T1,...,T,). This updated probability distribution over § can
be obtained by using Bayes’ formula

_ s BV (AN@)

(0 € BIT™ € A) = PP AI) (1.2.1)

and it is commonly referred to as the posterior distribution of 6 given the event
T™ ¢ A for any measurable set A. By assuming Pé") is dominated by the
Lebesque measure on R”™ for € in a set of positive prior probability, we write this
posterior in terms of the density p((,n)

_ Jppy (T)1I(d6)

(6 € B|T™ .
(0 pIT Jo 25" (T)T1(dB)

(1.2.2)

As Bayesian statisticians, we expect that the posterior distribution is well-
behaved as the data grows. A known frequentist method to assesses the behaviour
of a posterior distribution is posterior consistency. In particular, this methodology
assumes the existence of a true parameter 6, that generates the data and then
assesses whether the posterior concentrates around this true parameter asymp-
totically. While this validation method will not make sense to a fully Bayesian
statistician, as for her the notion of a true parameter that generates the data is
incorrect, it gives us a frequentist validation of our methods. Below, we consider

the case of i.i.d. random variables unless we explicitly state otherwise.

22



Tamara Ferndndez CHAPTER 1. INTRODUCTION

1.2.1 Posterior consistency

We say a posterior distribution is consistent around a true parameter 6, € ©

with respect to a metric d on the parameter space O, if for all € > 0, it holds that
T1(d(6,00) > €lT™) =0 as n — oo, (1.2.3)

either in Pe(:)—probability or Pe(:)—almost surely.

Doob’s theorem [17] gives the first well-known result regarding posterior con-
sistency for nonparametric models. It states that the posterior is consistent at
every possible true parameter 6, € O, except for a set of [I-measure zero. Despite
this is good result, consistency can fail when the parameter belongs to this set of
null probability and this theorem gives no guidance about the shape of this null
set.

A solution to the problem above is given by Schwartz’s theorem [53]. Arguably,
this theorem is the most important and most used result for proving posterior con-
sistency for nonparametric Bayesian models. Schwartz’s theorem gives sufficient
conditions on the prior Il on © and the true parameter 6, € © for proving posterior

consistency. This theorem is stated below.

Theorem 1.2.1. [37] Suppose that py, belongs to the Kullback-Leibler (KL) sup-

port of the prior I1, and for every neighbourhood U (with respect to d) of py, there

~“ and sup Eg(1 —
peEU®

¢n) < e~ for some positive constant C. Then, the posterior distribution of p,

that is, TI(-| X1, ..., X,) for the model Xy,..., X,|p ESl p and p ~ II, is Pe(:)—

exists a sequence of test functions ¢, such that Eg ¢, < e

almost surely consistent at py, .

The first condition asserts that the density under the true parameter 6, must

belong to the KL-support of the prior, that is, for every € > 0,

1 <9 : /Ooo log 22 (£)py, (£)dt < e) > 0. (1.2.4)

Do
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The second condition requires the existence of statistical tests ¢, with expo-
nentially small type I and II error. A variation of Schwartz’s theorem providing
an alternative KL condition is given in [5]. Extensions to the case of independent
but not identically distributed observations can be found in [11] and in [10], for

the case of consistency in probability and almost surely consistency, respectively.

Results in posterior consistency

Here, we review some well-known results regarding posterior consistency for
Bayesian nonparametric models. For the case of discrete process priors, a few but
powerful results are known. In particular, [26] shows posterior consistency given
right censored data under a Dirichlet process prior. A more general result was
obtained in [35]. In this work, the authors give sufficient conditions for which we
achieve posterior consistency for NTR priors given right censored data. From the
latter result, it is deduced that most of the popular priors such as the Dirichlet
process, the beta process and the Gamma process have consistent posteriors in
the survival analysis setting.

Up to the best of our knowledge, within the setting of continuous priors in
survival analysis, we are not aware of results stating posterior consistency. Never-
theless, in the setting of density estimation, which can be seen as a simplification
of the problem of survival analysis given uncensored data, there are a few known
results.

In [43], a prior over probability measures was constructed by convolving a con-
tinuous kernel with the Dirichlet process. Posterior consistency for this prior was
proved in [24] in the framework of density estimation. Another example, is given in
[56]. In this work, the authors prove posterior consistency for a density estimation
model with a Gaussian process prior introduced in [41]. There are some alterna-
tives approaches for modelling conditional distributions, i.e., data with covariates.

In [49], the authors provide sufficient conditions to prove posterior consistency for
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a broad family of priors, which are formulated as predictor-dependent mixture of
Gaussian kernels.

General results for Gaussian processes priors are accounted in [58] and [57].
In particular, in [57], the authors study an abstract model and prove posterior
consistency for it. Such result can be applied to density estimation, regression
and classification problems among others. Other relevant works proving posterior
consistency for models under Gaussian process priors, and which are not related
with the problem of density estimation or survival analysis, are Choi and Schervish
[10] in the setting of regression and Ghosal and Roy [25] in the setting of logistic

regression.

1.3 Thesis contributions and organization

This thesis proposes a novel Bayesian nonparametric model for survival data.
This is done by constructing a prior over hazard functions in terms of a stochastic
process which, in turn, is defined as a positive map of a stationary Gaussian
process.

Each chapter of this thesis contributes to the study of the proposed model by
covering a particular subject related to the definition, implementation or prop-
erties of this model. Since this thesis covers a wide range of different topics in
statistics, we make each chapter as self-contained as possible, that is, any result or
theorem used in this thesis will be reviewed and cited in the respective chapter it
is used. This thesis is mainly focused on methodological aspects of the proposed
model. Nevertheless, an experimental section with empirical results is included
for completeness. We expect, throughout the chapters of this thesis, to give the
reader a better understanding of the benefits and limitations of the proposed

model.
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1.3.1 Chapter 2

In this chapter, we introduce a nonparametric Bayesian model for survival
data. This model is based on defining a prior over the so-called hazard function.
This prior is constructed by multiplying a parametric baseline hazard function \g
by a positive map of a stationary Gaussian process, i.e., A(t) = Ao(t)o(I(t)), where
(I(t))e>0 is a stationary Gaussian process and o denotes the sigmoid function.
Given a sequence T, ..., T, of i.i.d. random survival times, this can be expressed

in the following hierarchical model

i.4.d. .
E|>\Z}\J f)u 'L:]_,...7TL7

Ft) = At)e o rds,
A(t) = 2X0(t)a(1(2)),
(U(1))iz0 ~ GP(0, K),

where K denotes a stationary covariance function.

We propose two ways of including covariates. The first is motivated by a pro-
portional hazards model, where covariates are included by multiplying a solely
time dependent hazard function by a positive map of a linear predictor. The
second approach considers defining the hazard function as a positive map of a
linear predictor with time varying coefficients, i.e., for a covariate x € RY, we
define Az (t) = o (Bo(t) + B1(t)w1 + ...+ Ba(t)za), and consider independent Gaus-
sian process priors for each time dependent coefficient. The latter model can be

interpreted as a linear regression with time-varying coefficients.

1.3.2 Chapter 3

In this chapter, we study properties of the prior. In particular, we find suffi-
cient conditions over the kernel of a stationary Gaussian process and a baseline

hazard function A¢(t) for which the prior defines proper hazard functions with
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probability one. For our setting, a hazard function A : Ry — R, is said to be
proper if A is continuous and A() % 5o almost surely.

This result is of crucial importance as it ensures the model is well-defined.
Indeed, TI(A(t) e o0) < 1 implies that there exists a set of positive prior prob-
ability for which tlg(r}o F(t) < 00, i.e., a random survival time 7" can be such that
T = oo with positive probability. While this property is not totally unreasonable,
for instance, some people never marry and thus this event never occurs, we are
interested on building a prior over events that are bound to happen. Therefore,
this property must be satisfied with probability one.

The proof technique proposed for proving this result uses the continuity of
the Gaussian process, which needs to be checked, together with concentration
inequalities for the cumulative hazard function. We conclude the chapter by

studying some properties of the random moments of the random survival times T’

which can be derived by using the same proof techniques.

1.3.3 Chapter 4

In this chapter, we address all the computational issues related with sampling
from the posterior distribution of the proposed model. In particular, the inference
scheme is based on a sampler for modulated renewal processes proposed by [51]. In
turn, the latter result corresponds to a refined version of the algorithm presented in
[2] for sampling from Gaussian Cox processes. Based on these results, we develop
a tractable exact inference scheme for sampling from the posterior distribution of
the hazard functions.

Additionally, we adapt our version of the algorithm to perform inference and to
deal with right censoring, left censoring and interval censoring. Left and interval
censoring require the augmentation of the actual survival times. We propose two
algorithms to do so, one based on a rejection sampler and another based on a

Gibbs sampler.
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Later, to make the algorithm scalable, we introduce random Fourier features
to approximate the Gaussian process and we supply the corresponding inference
algorithm. Posterior distributions are also derived in this chapter.

This chapter is based on our paper [21].

1.3.4 Chapter 5

In chapter 5, we aim to give an empirical evaluation of the model based on
simple yet informative experiments. Our first experiment considers a density
estimation problem with synthetic data. For our second evaluation, we replicate
the experiment proposed in [14], in which the authors propose a setting of crossing
hazards. Additionally, we consider the same experiment with right censored data.
Finally, we evaluate our method in a real dataset, and compare with competing
approaches.

This chapter is also based on our paper [21].

1.3.5 Chapter 6

In Chapter 6, we identify sufficient conditions to establish posterior consis-
tency on our model. We prove that under certain assumptions there exists a true
distribution from which the survival times originated, then with enough data we
can recover such distribution. This is a basic statistical property that any well-
founded model should have as it guarantees that we obtain reliable estimates as
the data grows.

From a theoretical point of view, the main difficulty and novelty of this work
is the consideration of survival lifetimes on R, removing the requirement for
practitioners to know and specify a compact lifetime domain in advance. To the
best of our knowledge, most of the previous works proving posterior consistency
for models under a Gaussian process priors consider data on a compact set, and

most of the techniques used can not be extended to our framework. Therefore,
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our work not only proves posterior consistency of the model but also gives a new
proof technique for data in R, .

This chapter is based on our yet unpublished manuscript [22].

1.4 Notation

The chapters of this thesis are mostly self-contained and they introduce their
own notation, nevertheless some notation is shared among all the chapters.

We usually use the letters s and ¢ to denote times in Ry = [0,00). Bold
letters x = (x1,...,24) and y = (y1,...,yq) refer to d-dimensional covariates
associated with the data. We usually denote the probability density function,
cumulative density function and survival function of a random variable by f, F'
and S, respectively. Furthermore, we write the hazard function and the cumulative
hazard function with the letters A and A, respectively.

In this thesis, we use the following asymptotic notation. Given two functions
g,h: X - R, where XY =R, or N, we say that ¢ = O(h) if and only if it exists a
constant C' > 0 and T € X such that for all t > T,

g(t)
=<
| =°
and, we say that g = o(h), if and only if
19|
Jim |5 = o

We use the notation g < h to denote g = o(h). Lastly, we say that g = o(h) when
t — 0 to indicate that g(t)/h(t) tends to 0 as t approaches 0. We denote by ©
the parameter space and by II the prior distribution on ©. We use P, E, Var and
Cov to denote probability, expected value, variance and covariance, respectively.

We denote by GP(0, K) a Gaussian process with zero mean and kernel K.
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Chapter 2

A model for survival data

2.1 Model

In this chapter, we introduce a novel Bayesian nonparametric model for sur-
vival data. Our approach is motivated by the aim of giving practitioners flexible,
yet interpretable statistical models that can be related to ubiquitous distributions
in survival analysis.

A common way of building a statistical model given a sequence of i.i.d. random
variables is to assume some parametric family for their common density function.
In survival analysis, this is equivalent to assume a parametric family for the hazard
function. While parametric approaches usually impose strong assumptions about
the true nature of the data, they are a very useful and appealing resource in the
case when there is enough information about the true nature of the data, so the
imposed constraints can be analysed and then verified. Indeed, the main reason
to prefer parametric models over other methods is their ease of implementation
and ease of understanding, making them popular among practitioners.

On the other hand, when the data is too complex or not completely under-
stood, parametric approaches can be unsuitable for modelling. In this setting,

nonparametric approaches become an appealing alternative as they usually im-
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pose very few constraints, and then, not much knowledge about the data is re-
quired. While nonparametric methods propose flexible and interesting models,
they typically lack of interpretation and are harder to understand and to imple-
ment.

This chapter proposes a statistical model for survival data lying in a middle
ground between the parametric and the nonparametric approach. In particular,
we work under the Bayesian paradigm in which prior knowledge about the dis-
tribution of the data, or other constraints, can be incorporated by specifying an
appropriate prior. The flexibility of the model can be assured by specifying a
prior with large support.

Our proposed model considers a parametric family for the hazard function
multiplied by a nonparametric correction term. In a nutshell, we consider hazard
functions of the form A(t) = Ao(t)v(t), where )¢ is a parametric hazard function
chosen by the user, and v is a random positive function with mean 1. This choice
of v ensures that on average A(t) is centred at A\o(t). Here, v represents the
nonparametric part of the model.

While there are many ways to choose the random function v, it is hard to select
one that makes sense in a practical way, and such that it is also computationally
tractable. In an attempt to stay close to the classical and well-behaved processes,
we choose v(t) = 20(l(t)), where (I(t));>0 is a continuous Gaussian process with
mean 0, and o(x) = (1+e7®)~! is the sigmoid function. By the symmetry of o, it
is not hard to see that E(20(l(¢))) = 1 for all t € R,. The idea above is expressed

in the following hierarchical model

TN £, i=1,....n,

fat) = A(t)e™ 2O,

At) = 2Xo(t)o (I(t)),
(1(t))e=0 ~ GP(0, K),

(2.1.1)
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where o(z) = (1 + e *)~!, denotes the sigmoid function. The second line in the
above model is given by the relationship between the density and hazard function
given in equation (1.1.5), that is, f(t) = A(t)e™Jo Me)ds,

The main advantage of this model is that it can be easily explained and inter-
preted even by practitioners that are not familiar with Bayesian nonparametric
methods. Indeed, the model we propose is just a noisy version of their preferred
parametric model denoted by Ag(). In other words, the proposed model resembles
their preferred parametric model for survival data but it also accounts for more

flexibility by considering the noise term.

Remark 2.1.1 (Well-definiteness of the prior). The above model relies on defining
a prior probability distribution on the space of hazard functions. Since a hazard
function X\ is a well-known mathematical object, we need to ensure that the prior
we are considering takes into account the nature of \.

For our setting we consider two key properties to be satisfied by random haz-
ard functions. In particular, a random hazard function A\ must be a continuous
and positive function, and it must satisfy A(t) = fot A(s)ds s 00, in order to
ensure that S(t) % 0. For now, we assume that the previously defined prior
effectively generates proper hazard functions and we focus on the modelling as-

pects. Sufficient conditions to ensure this result will be given later in Chapter

3.

2.2 Likelihood

We give an expression for the likelihood based on a sequence T, ..., T, of i.i.d.
random survival times. Observe that since censoring is a property of the data, the

likelihood must account for this. For the uncensored case, the likelihood function

32



Tamara Fernandez CHAPTER 2. A MODEL FOR SURVIVAL DATA

1S

LOHT), fo = [ A@)e e (2.2.1)

=1

In the case of right censored data, the probability of observing a time event
beyond T} is best represented by the survival function evaluated at this time,
that is, the contribution to the likelihood is given by S(7;). Following this line
of thought, the contribution of a left censored observation is F'(7;). Lastly, for
an interval censored observation, the contribution of the likelihood is given by
S(T}) — S(T), where T} and T denote a lower and upper bound for the actual
time of the event.

In order to ease the notation, we introduce an indicator variable §; that denotes
the different types of censoring. In particular, we define §; = 1 for an uncensored
survival time T;, 6; = 0 for right censoring, J; = 2 for left censoring and lastly
0; = 3 for interval censoring. Hence, the general form of the likelihood function

under censoring is given by

LO{(Ti,00)}0,) = H NT))e™ I M(s)ds H o ST A(s)ds H 1 — o= S

i:0;=1 3:0;=0 1:0;=2
T! T
) [ el e — e dot Aok, (2.2.2)
1:0;=3

2.3 Adding covariates

So far we have assumed that all the survival times are identically distributed.
This assumption is unrealistic in many applications. For instance, the survival
times for patients with lung cancer might be different across different ages and
depending on their smoking history. We propose two alternatives for modelling

the relationship between time and covariates.

33



Tamara Fernandez CHAPTER 2. A MODEL FOR SURVIVAL DATA

2.3.1 Proportional hazards approach

Recalling the proportional hazards model of Cox [13], a first approach to in-
troduce dependence on a covariate © € R? is to assume a hazard function of the

following form
Ae(t) = 200 () (1(t))e”™. (2.3.1)

Here, 8 = (54, . .., Ba4)7 is the vector of regression coefficients, and 2\q(t)o(I(t))
accounts for the hazard function. The main difference with the standard imple-
mentation of the Cox proportional hazards model is that in this set-up we jointly

estimate the hazard function and the coefficients .

2.3.2 A Gaussian process on time and covariates

An alternative way of introducing dependence on covariates is by considering a
Gaussian process whose kernel is indexed in both time and covariates. In general,
a nice and simple way to generate kernels in this way, is to construct kernels for
each covariate and time separately and then perform basic operation on them,
i.e., addition and multiplication. We refer to the work of [18] for details of the
construction and interpretation of operations between kernels.

In particular, we use the following construction that considers operations be-
tween a general stationary kernel for the time and a linear kernel for the covariates.
Indeed, let  and y be covariates taking values on R?, and let ¢ and s denote times

taking values on R,. Then, we define a kernel K, in time and covariates, as

d
K((t,2),(s,9)) = Ko(t,s)+ Y ay;K,(t,s), (23.2)
j=1
where K; : Ry x Ry — R is a stationary kernel function for j = 1,...,d. Observe

that the above expression effectively defines a kernel as it corresponds to the kernel
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of a well-defined Gaussian process. Indeed, let (1;(t));>0 with j =0,...,d denote

a collection of independent Gaussian processes with stationary kernels K, then

(tm) = Do(t)+ > xjl(t), (2.3.3)

is a Gaussian process with kernel function defined by equation (2.3.2).

We decided to use this particular choice of kernel as it is simple, yet rich
enough to capture interesting relationships of the data. Indeed, as this model
defines a hazard function that depends on the covariates through a linear regres-
sion equation with time-varying coefficients, it is possible to model interactions
of time and covariates, e.g. crossing hazards. More complex dependences can be
incorporated to the model through the linear regressor, e.g. interactions between

two or more covariates.
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Chapter 3

Properties of the prior

3.1 Hazard function

The model defined in equation (2.1.1) of Chapter 2 builds on defining a prior
on the space of hazard functions. This prior is constructed by considering a
fixed baseline hazard function \g and a multiplicative nonparametric noise given
by a centred and stationary Gaussian process (I(t)):>0, with covariance function

denoted by K, i.e.,
A(t) =2X0(t)o(I(t)), t>0, (3.1.1)

where o(z) = (1 +e7%)"L

So far, we have assumed that this prior is well-defined, nevertheless, no formal
result has been given about this statement. This chapter aims to provide a proper
study of the prior and, through this, to identify conditions over the Gaussian
process (I(t)):>o and the baseline hazard function Ao for which the prior generates
proper survival functions.

We say a hazard function A\ : R, — R, is proper if A is continuous and the
cumulative hazard function satisfies A(t) %% 50. This result is very important as

it ensures the model is well-defined. Indeed, TI(A(%) s o0) < 1 implies that there
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exists a set of positive prior probability for which tlg})lo F(t) < 1, i.e., a random
survival time 7' can be such that T" = oo with positive probability. While this
property is not totally unreasonable, for instance some people never marry and
thus this event never occurs, we are interested in building a prior over events that
are bound to happen. Therefore, this property must be satisfied with probability
one.

The first property we verify is the continuity of the random hazard functions
sampled from the prior. In particular, by equation (3.1.1), sufficient conditions
for generating continuous sample hazard functions are that the baseline hazard
function g and the Gaussian process ({(t));>o are continuous. Results proving
continuity of stationary Gaussian processes can be found in [42, Chapter 2]. In
particular, example 2.2 [42, Chapter 2] gives the following useful proposition,

which covers most of the interesting and common cases.

Proposition 3.1.1. Let (I(t))i>0 be a Gaussian process with stationary kernel

K(t) = Cov(l(t + s),l(s)). If K satisfies
K(t) = K(0) — C[t|* + o(|t|¥), (3.1.2)

for some C >0, ast — 0, and o € (0,2], then the Gaussian process (I(t))i>o has

continuous sample paths *.

Example 3.1.2. Consider a stationary Gaussian process (I(t)):>0 with zero mean
and stationary kernel function given by K(t) = 1/(1 +t¢). Then, by Taylor, the

kernel K admits the following representation

o0

K(t) = ) ()" =1—t+o(t), (3.1.3)

n=0

as t approaches zero. Therefore, by proposition 3.1.1, we conclude that (I(t)):>0

has continuous sample paths.

Tt means that there exits a continuous version of the Gaussian process (I(t))¢>o.
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Proposition 3.1.1 gives us a very intuitive result. The notion of continuity of
a stationary Gaussian process is related to the behaviour of the kernel K (¢) when
t — 0. Indeed, for a fixed s >0, ¢ >0and t — 0
E(li(s +) = U(s)") _ 2(K(0) - K(t)

P(li(s +1) = l(s)| > €) < 2 = 2

€

(3.1.4)

Then, if K (t) approaches K (0) fast enough as t — 0, I(s +t) and I(s) will be
close enough with high probability. On the other hand, by rearranging the terms
of equation (3.1.2) and taking o = 1, we have

K(t) — K(0)

7 = —C+o(1) (3.1.5)

as t — 0 for some C' > 0. Thus, a sufficient condition to satisfy this result
is that K is differentiable. Important examples of stationary kernels satisfying
this condition and thus generating continuous Gaussian processes are the squared
exponential K,(t) = e "*/** and the Ornstein-Uhlenbeck K;(t) = e /* among
others.

Next, we prove the second property, that is, A(?) "% 5. In order to do this, we
make two essential assumptions. The first assumption is that Ao must be a proper
hazard function, i.e., continuous and such that Ag(t) iy oo, which implies that
the survival function satisfies Sy(t) 1% 0. The second assumption is about the
kernel function associated with the Gaussian process. In particular, we assume
that the stationary kernel function K is strictly decreasing. Observe that for the
kernel defined in example 3.1.2 this assumption is trivially satisfied, as well as for
the squared exponential and the Ornstein-Uhlenbeck kernels.

Based on the conditions stated above, we prove that the random cumulative

hazard function A(t) is concentrated around the baseline cumulative hazard func-

tion Ag(t) and thus it exhibits a similar behaviour. The proofs are based on the
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first and second moments method. Hence, we must study the mean and variance
of the functions \(¢) and A(t) for all t € R,. Additionally to the well-definiteness
of the random survival function S(t), we prove that under some reasonable as-
sumptions over the baseline hazard function )y, if the moments associated with
the baseline hazard function are finite, then the random moments associated with
the random hazard functions are finite as well.

As the results we intend to prove depend on the structure of the baseline
hazard function )\, we consider a particular yet general family of functions. In

particular, we consider the family given by
Mo(t) = Qt+ ), (3.1.6)

for 2>0,s>0and >0, or 2> 0 and s > 0 in the case of § = 0. This general
class includes some popular choices in survival analysis. In the simplest scenario,
we can take a constant baseline hazard function A\o(t) = € which is simply the
hazard function of a Exponential random variable with mean 1/€2. Another choice
might be \g(t) = QtP~! with Q > 1 and B > 1, which corresponds to the hazard
function of a Weibull distribution, another popular default distribution in survival
analysis.

We proceed to study the expectation and variance of the random hazard func-
tion A. By the symmetry of the sigmoid function, it is not difficult to see that for
any fixed t € R,

EA®) = 2X(®)E(a(l(t))) = Ao(t),

meaning that the random hazard function A is centred on the baseline hazard
function A\g. Moreover, since the sigmoid function ¢ is upper bounded by 1, we
have that A(t) < 2X\(¢) for all ¢ > 0 almost surely. From the latter result we
deduce that A(t) < 2Ag(t), and thus Sp(t)? = e 200 < A = S(¢t) for all
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Figure 3.1: Samples from the prior for the hazard function and survival function,
respectively. In the first plot the random hazard functions are upper bounded by

2Xo(t), while in the second plot the random survival functions are lower bounded
by S() (t)Q

t > 0. This suggests that the faster decay we can achieve for a random survival
function is lower bounded by Sy(¢)?, as shown in Figure 3.1.

The covariance function for A is given by
Cov(A(t), A(s)) = 4o (t) Ao(s)Cov(a(l(t)),o(l(s))) < 3Ao(t)No(s)

as Cov(o(I(t)),o(l(s))) < 3 for all t,s € Ry, t > s. Observe that the last result
is trivially obtained by upper bounding the sigmoid function by 1. Indeed, even
if (I(t))i>0 would be any stochastic process, the bound would remain the same.
Therefore, we can work towards a tighter bound by considering the properties of
the Gaussian process when upper bounding the covariance. This leads us to the

following lemma.

Lemma 3.1.3. For any t,s € Ry, such thatt — s > 1, we have

Cov(M(1),A(s)) < 2o()ho(s) KK (t =)

*0) K0 (3.1.7)
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Remark 3.1.4. The denominator is well-defined as K is strictly decreasing.

We defer the proof of lemma 3.1.3 to the appendix section of this chapter.

3.2 Cumulative hazard function

Recall the definition of the random cumulative hazard function

Alt) = /02)\0(8)0'(l(8))d8.

Using the results obtained for the mean and covariance of the hazard function
A and the characterization of the baseline hazard function \g given in equation
(3.1.6), we give an estimate for the mean and variance of A. This result is estab-

lished in the following lemma.

Lemma 3.2.1. Lett € R, then

Q87 (t+s) -5 B>0

@)= hlt) = Qflog(t + s) —log(s)] =0 .

Furthermore,

t

Var(A(t)) = O(AO(t)2+A0(t) fOtK(z)dz) Be(1/2,1) .

(@ (Ao(t)2 fg K(z)dz) g>1

t

O (Ao(t) I K(z)dz> Bel0,1/2]

We defer the proof of lemma 3.2.1 to the appendix section of this chapter.
Observe that the mean of A is simply given by the baseline cumulative hazard
function Ag. On the other hand, the estimation of the variance is slightly more
complicated as it depends on the integral of the kernel, that is, on f(f K(2)d=.

Since K is strictly decreasing, it holds that fot K(z)dz < K(0)t. Additionally,
if K(z) iy 0, then fot K(z)dz = o(t). From these results, we can deduce that the
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variance of the cumulative random hazard function A is relatively small compared
with its mean Ay, suggesting that A is concentrated around Ay. We proceed to
derive concentration inequalities for the cumulative random hazard function A(t)
around its mean Ag(t) for any fixed ¢ > 0. Let f : R, — R, be a positive function

and define the event

= {IA(1) = Ao(B)] > Ao(t) S (1)} -

Then, by Chebyshev’s inequality and lemma 3.2.1,

o) ex
P(E) < %z O(MQ + fo()]f()gz) Be(1/2,1) . (3.2.1)
O(£52%)  pel1/2)
For g > 1, if we select f(t) \/ Z)dz , then P(E;) %° 0. The same result
holds for 3 € (1/2,1) if we choose f(t) > /1 + fA(t and for 5 € [0,1/2] by
choosing f(t) > M Even though this is an asymptotic result, it allows us

to gain intuition about the region in which the prior over the cumulative hazard
function puts most of it mass (for fixed t). It turns out that in the long run this

region seems to be very concentrated around the mean Ay.

Example 3.2.2. Let ({(t));>0 be a centred Gaussian process with squared ex-
ponential kernel given by K(t) = exp {—%} for t € R,. Additionally, choose
Ao(t) = 3t%5. This choice falls under the case 3 > 1. By equation (3.2.1), if
we select the squared exponential kernel, we have that P(E;) = O < 0L ) Fur-
thermore, by choosing f(t) > 4/, we get P(E,) — 1%° 0. Thus, in the limit when
t — 00, A(t) falls within a distance f(¢)Ag(t) from its mean Ay(t).

Example 3.2.3. Let (I(t));>0 and K(t) be the same as in Example 3.2.2. Alter-
natively, take \o(t) = 3(¢t+1)~!. This choice falls under the case of § = 0 and thus
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Figure 3.2: Left panel: Random cumulative hazard functions for example 3.2.2.;

Right panel: Random cumulative hazard functions for example 3.2.3.
P(E,) =0 (log(Hll)f(t)Q). We conclude that we need to have f(t) > ,/log(iﬂ) in
order to guarantee that P(FE}) 0

3.3 Survival function

Suppose we want to compute the probability that for a given time ¢, the

cumulative hazard function falls outside the interval [3A¢(t), Ao (t)]. By equation
(3.2.1), we have that for all fixed t € R,

t
I G n f“fo(é;dz) Be(1/2,1) (3.3.1)
SK(z)dZ
O(LEE=)  sen1/2)

For now, assume that the probability of equation 3.3.1 reaches 0 as time ap-

0 (fg K(z)dz)
P <|A<t> OIS %Aoos))

f=>1

proaches to infinity for any possible value of . Then, we can always find a se-

quence of times {¢, },>1 such that P(B,,) = P(|A(t,) — Ao(tn)| > $Ao(tn)) < n?
and thus ) - P(B;,) < oo. Therefore, by the Borel-Cantelli lemma, it holds

43



Tamara Fernandez CHAPTER 3. PROPERTIES OF THE PRIOR

that the probability that infinitely many events By, occur is 0, that is, there exits
N > 1 such that for all n > N,

[A(tn) — Ao(tn)] < %Ao(tn), (3.3.2)

implying that A(t,) > $Ao(t) for all n > N. Using this and the fact that the

exponential function is increasing, we get the desired result. Indeed,

lim S(t) = lim S(t,) < lim e~ 2% = (3.3.3)

t—o0 n—00 n—00

We formalise this result by finding sufficient conditions over the integral of the
kernel so that the probability defined in equation (3.3.1) reaches 0 as time goes

to infinity. This is accomplished in the following proposition.

Proposition 3.3.1. Let (I(t))i>0 be a centred Gaussian process with stationary

kernel K and suppose that K satysfies
t
/ K(z)dz = , (3.3.4)
0

then S(t) 100 with probability one.

Remark 3.3.2. Observe that since we chose the covariance function K as a

strictly decreasing function, the condition f(f K(z)dz = o(t) is satisfied trivially.

3.4 Moments

An alternative interpretation of the prior we have defined is in terms of the
survival times. Indeed, since the random hazard function A is trivially upper
bounded by twice the baseline hazard function Ay, we can think about the prior

as a probability distribution over hazard functions that generates delayed random
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survival times 7. In particular, they are delayed with respect the model with
baseline hazard function 2)\y. Hence, it is clear that the moments of T" will always
be lower bounded by the moments of a random variable with hazard function
2Xo. For 8 > 0, with 8 the parameter of the baseline hazard function defined in

equation (3.1.6), we prove the following result.

Lemma 3.4.1. Let A\ be defined as in equation (3.1.6) and let fot K(2)dz =
o(log(t)). For a >0 and 8 > 0, E(T*) < co almost surely.

Proof. Let a > 0, then

E(T|l) = /0 P(T > t|l)dt
= / Syt dt.
0

Hence, it suffices to show that there exists 7* > 0 such that for all t > T™,
Si(tY/*) < C/t'*7 for some v > 0 and some constant C' > 0.

Consider the following sequence of times {t, = e*" }n>1 and define the event
EY = {]A(t}/o‘) — Ao(t/™)| > = Ao( 711/0‘)}. By equation (3.2.1) and the assump-
tion [ K(z)dz = o(log(t)), it follows that P(Ef) = %% for § > 1 and P(Eg) =

o(n?)
eﬁn2

for € (0,1). Hence, there exits N* > 0 such that

> o N . On3
Z_;P(Etn)gN + Z];*GW<OO

for some positive constant C. By the Borel-Cantelli lemma, we deduce that there

exits > 0 such that for all n > N, A(e") > 5A¢(e") and thus n ) =
its N > 0 such that for all N, A(e™) > 1Ag(e””) and thus S(t,/

e~ M) < gmtho(e®) _ o gple +5) =57

Observe that the survival function S(¢) is a non-increasing function. Hence,
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by upper bounding the integral, we conclude

/ S(ttydt = C’+/ S(tH)at
0

tn

< )t — t)S(/)
n=N

< C'+ Z eHD? =gl k) =)
n=N

0

Remark 3.4.2 (Covariates.). In chapter 2, we introduced two ways of modelling
the dependencies on covariates. The first is a proportional hazards approach,
where the random hazard function A\, is written as the product of a random
hazard function A which only depends on time and the function e®'®. Therefore,
it is sufficient to have A being a well-defined object as €*'® does not depend on
time. The second method of introducing dependence is by the kernel given in
equation (2.3.2). There for each fixed covariate &, we have an stationary kernel.
Thus, we can use the same analysis to check whether S, (t) = P(T > t|x) 10
for all € € R?. Therefore, both of these cases are covered by the analysis of this

chapter.

46



Appendix

3.A Proofs

3.A.1 Proof of Lemma (3.1.3)

Proof. Since (I(t))¢>0 is a centred stationary Gaussian process and o is the sigmoid
function, E(o(l(t))) = 1/2 for all £ > 0. We proceed to estimate the covariance.
Let t,s € R, witht —s > 1, then

_ K0 (z?+y?) 2K (t—s)zy
Blo(t)o0) = [ | oot rmr gt

_ (K0 =K (t=s)(z%+y?)
2(K(0)2—K(t—s)2)

gince s+t 2 20) < [ [ alool) g s

(22 +y%)

o o e 2R OTK(t—9)
/—oo /_oo U<x)a(y)27r(K(0)2 —K(t—s)2)12 dxdy,

(KO + K(t—s)\"? ,
- (KO =xi=y) PO

IN

< K(0)+ K(t — s)
— AK(0) - K(t—s)]

Since E(o(I(t))) = 1/2, using the previous result, we obtain

Cov(o U0, a(U) < 0 g —g — BETONE@)
< 1 K(t—ys)
= 2K(0)— K(t—s)
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Since K is strictly decreasing and ¢t — s > 1, we have

K(t—s)

Cov(A(t),A(s)) = 4X(t)Ao(s)Cov(a(l(t)),a(l(s))) < QAO(t)AO(s)m.

OJ

3.A.2 Proof of Lemma (3.2.1)

Proof. We start by computing the mean value of A(t) for t € R,. By Tonelli’s

theorem, we have that

E(A(t) = / () E(o(U(2)))dz = Ao(t).

Hence, the random cumulative hazard function A is centred around the base-
line cumulative hazard function Ag. Moreover, by the definition of \g, given in

equation (3.1.6), we have

Qflog(t + s) —log(s)] =0 '

This proves the first part of the lemma. The rest of the proof focuses on finding

good estimates for the variance. Using Tonelli’s theorem, we have

Var(A(t)) = /0 /0 Bro(2)ho(2)Cov(o(i(2)), o(I()))ddz

= [1 _'_[2)

where

I = / 4o (2)Mo(2)Cov(a(l(2)),a(l(2"))d7 dz=
|z—2|<1
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and

I, = /1< e 4No(2) Ao (2" )Cov(a(l(2)),0(l(2"))dz"dz.

For the first integral we upper bound the covariance by

Cov(o(l(2)),0(l(z))) < /Var(o(i(=)))Var(a(i()).

Since (I(t))s>0 is a stationary Gaussian process, the variance does not depend

on t and thus Cov(c(l(z)),o(l(2"))) < Var(o(l(z))). In particular, for all z € R
Var(o(i(2))) = E(o(l(2))*) — E(o(I(2)))* < 3/4

since the sigmoid function is upper bounded by 1 and the expected value of o(I(z))

is 1/2. Hence,
t z+1
L <6 / / QX2 4 8) Mz + 5)1ddz. (3.A.1)
0 Jz

We distinguish between three cases for values of f3.

1. For 8 > 1,
t t 1 28—-1

L o< 602 /0 (245 +1)272dz < 602 +2SB+—1 . (3A2)

2. For g € [0,1/2),

t 5261

L < 692/0 (z+5)%2dz < 6921 —25 (3.A.3)

3. For B € (1/2,1),

t t 26—1

L < 692 /0 (z+ )% 2dz < 692%. (3.A.4)
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4. For 8 =1/2,
t
L < 692/ (z 4 5)"dz < 697 log(t + s). (3.A.5)
0

We proceed by finding an upper bound for the second integral I5. Notice that

L = /1<| /Kt4)\0(z))\0(z’)COV(a(l(z)),U(l(z')))dz'dz

2 1
_ / / NCov(o(i(2)), o(i()))dzd.
By Lemma (3.1.3), we have that for 2/ — z > 1, Cov(c(l(2')),c(l(2))) <
—2(;?((5:;)(1)). Hence,
K( 2) g
o= // K(O) T
< / / K(2 —2)(z+5)? 71 (' + 5)°"1dzd?. (3.A.6)

We again distinguish between three cases for values of . Consider the follow-

ing change of variable v’ = 2’ and w = 2’ — z.

1. For B8 > 1,

40
I € e K(w - lduw'd
s < K(O)—K(l)/l YW + 5)PHw' —w + 5)P dw'dw

40?
K(—//wK w—l—s%dedw

<
4— 28—2 I
< ROE /K dw/(w + 5)7 “dw
492 (t + 5)%~1
< K0) - K1) 251 / K(w (3.A.7)
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2. For g8 € (0,1),

L < %2!((1) /1 t /w K@)+ )7 () — w+ 5)"duldw
< o | Eww s
< o [ Ko [
< K(0)4g—22K(1) 351(;“)6 /1 K (w)dw. (3.A.8)
3. For 3 =0,

492 L / -1_-1 /
492 ! ! / —-1_-1 /

ﬁfl log(t + s) /1 K (w)dw. (3.A.9)

IN

Finally, putting everything together we deduce the following upper bounds for
the variance Var(A(t)),

1. For B8 > 1. From equations (3.A.2) and (3.A.7), it holds

Var(A(t)) < 292% (3+ﬁf((1) /1 tK(z)dz)
— O(t%‘l /OtK(z)dz). (3.A.10)

2. For B € (1/2,1). From equations (3.A.4) and (3.A.8), it holds

o (3(t+s)?P! 2 At 4 5)8 [
Var(A(t)) < 2Q ( 251 + K0~ K1) 5 /1 K(z)dz)
O <t25—1 + 17 /tK(z)dz> : (3.A.11)
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3. For 8 = 1/2. From equations (3.A.5) and (3.A.8), we obtain

Var(A(t)) < 207 (3 log(t + s) + mg_lﬂ(t + 3)1/2/1 K(z)dz)

= 0 <tﬂ /tK(z)dz>. (3.A.12)
4. For B € (0,1/2). From equations (3.A.3) and (3.A.8), it holds
§28-1 gB—1 s)8 [t
Var(A(t) < 202 (f_ 5 R 2 <0 (Zf ) /1 K(z)dz)
= 0 (tﬁ /tK(z)dz>. (3.A.13)

5. For B8 = 0. From equations (3.A.3) and (3.A.9), we get

Var(A(f)) < 202 (ij ’ 2‘; + ED g st +9) /1 tK(z)dz)
= 0 (log(t) /OtK(z)dz) . (3.A.14)
O
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Chapter 4

Posterior computation

In this chapter we propose an inference scheme to sample from the posterior

distribution of the model defined in Chapter 2.

4.1 Data augmentation scheme

Recall the simplest version of the model proposed in equation (2.1.1). Observe
that the probability density function defined in this hierarchical model depends
on the integral of a Gaussian process. Indeed, the density function of our model is
given by fi(t) = A(t)e™ Jo M)ds | where A(t) =2 o(t)a(1(t)), (I(t))e>0 is a Gaussian
process, and \g(t) is a fixed baseline hazard function chosen by the user. The inte-
gral [ 2Xo(t)o(I(t))dt is not analytically tractable and thus an exact evaluation
of the likelihood cannot be performed.

In order to avoid the use of a sampling mechanism based on an approximation
of the likelihood, we resort to a data augmentation scheme based on the relation-
ship between a survival time and the first jump of a Poisson process. This relation
is as follows. Let T' be a random survival time with associated hazard function A,
and let J be the first jump of a Poisson process with intensity function A, then

the random variables T and J are equal in distribution®.

IThis follows from a simple computation.
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In our case, the intensity of the Poisson process is a function of a Gaussian
process, obtaining what is called a Gaussian Cox process. The main difficulty of
working with Gaussian Cox processes remains in the fact that the likelihood for
the first jump J still deals with the integral of the random infinite-dimensional
object A\. This does not come as a surprise since T’ <. Nevertheless, interpreting
our model in terms of a Gaussian Cox process allows us to use the result proposed
in [2]. In [2], the authors developed an algorithm for exact tractable inference
of Gaussian Cox processes by exploiting a nice trick which allows them to make
inference without sampling the whole Gaussian process but only a finite number
of points.

The notion behind the algorithm proposed in [2], and its subsequent refined
version, given in [51], can be explained by the simple idea of Poisson thinning.

The idea of thinning is explained in the following theorem.

Theorem 4.1.1 (Poisson thinning). Let (Ny)i>o be a Poisson process with rate
function \(t). Suppose that each point landing at t is kept independently with
probability q(t). Then the resulting set of points is an inhomogeneous Poisson

process with rate A(t)q(t).

Suppose we want to sample the first jump of a Poisson process with intensity
given by A(t) = 2X¢(t)o(I(t)). By using Poisson thinning, since A is upper bounded
by 2\g (recall that o denotes the sigmoid function), we can sample points from the
Poisson process with intensity 2\¢ and then thin (reject) them with probability
p(t) = 1=A(t)/2Xo(t). The first of the resulting kept (accepted) points corresponds
to the first jump of the Poisson process of intensity A. An illustration of this
procedure is shown in Figure 4.1. Moreover, the joint distribution of the set
of rejected jump points G (which may possible be an empty set) and the first

accepted jump point 7" is given in the following proposition.
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Figure 4.1: Poisson thinning: The blue curve represents 2\, while the red curve
denotes the random hazard function A\. We start by sampling points from a
Poisson process with intensity 2\, then each point is thinned (painted blue) with
probability 1—p(t) = 1—A(t)/Ao(t). We repeat this process until we accept (keep)
the first point and then we paint it red.

Proposition 4.1.2. Let Ay(t) = fOT Xo(t)dt, then

p(G TXo, 1) = <2A0(T) I1 2)\0(9)> e 2@ <U(Z(T)) [Ia- U(Z(g)))) :
ge@ geq

Notice that in order to evaluate the above joint probability distribution we
just need to know the value of the Gaussian process in the points GU{T} instead
of the whole interval [0,7]. Therefore, as long as the user is using a well-known
parametric form for Ao, so Ag is analytically tractable (in the Weibull case this
can be easily done), then we have a tractable complete likelihood.

Let {T;}1, be a sequence of survival times and let {G;}" , be the corre-
sponding sequence of sets of rejected jump times of the thinned Poisson process,

generated independently for each 7;. Then by using the proposition above, the
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model of equation (2.1.1) can be reformulated as

(Gi T Moy 1 220(T5 (H 2X0(g ) “hoMg <H1—U )

9€G;

(t)i=0 ~ GP(0,K). (4.1.1)

To perform inference we need the data {G; U{T;}} ,, whereas we only receive
the survival times {7;}? ;. Thus, we need to sample the missing data {G;},

given {T;}"_;. The next proposition gives us a way to do this.

Proposition 4.1.3. [51] Let T be a survival time and let G be its set of rejected
points. Then set of points G given (T, Ao, 1) is distributed as a non-homogeneous

Poisson process with intensity 2Xo(t)(1 — o (l(t))) on the interval [0,T].

Therefore, as long as sampling from a Poisson process with intensity 2\q(t) is
tractable, we can use the same trick of thinning to sample from the distribution
of rejected points GG. In particular, the Mapping theorem for Poisson processes
gives us a way of sampling from a Poisson process with intensity 2\(¢) by using
an homogeneous Poisson process with intensity 1. This is done by sampling from
the Poisson process with intensity 1 on the time t* = 2A4(t), then we rescale the
points applying the inverse of 2Aq, the resulting points are distributed according
the Poisson process with intensity 2Ao(¢). The claim above is formally stated in

the following theorem.

Theorem 4.1.4 (Mapping theorem). Let (N(t))i>0 be a Poisson process with
intensity A and define A(t fo s)ds. Additionally, let (N*(t));>0 be a Poisson
process with intensity 1. Then for any t > 0 it holds that N*(A(t)) has the same
distribution as N(t).
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4.1.1 Covariates

In Chapter 2, we proposed two different alternatives to include covariates. The
first alternative comes from defining a proportional hazards approach, in which the
hazard function is defined as Az(t) = A(t)e®"®, where A(t) = 2X\(t)o(I(t)) is the
stochastic process previously defined. Observe that conditioned in the parameter
B, Ae(t) is upper bounded by 2X¢(t)e’™®. Then we adapt our inference scheme
by augmenting the model as previously described, but considering a different
bound for each T;. For the second alternative, as the dependence on covariates is
introduced in the Gaussian process by defining a kernel in both time a covariates,
the proposed approach works without any major modification. Indeed, 2Aq(t)
remains as an upper bound for \;(t) regardless the value of . The only objects
that change are the rejection probabilities (they depend on both, the survival time

T; and associated covariates x;).

4.2 Adding censoring

As mentioned in Chapter 1, we can encounter three types of censoring: right,
left and interval censoring. We assume that each data point T; is associated with
an (observable) indicator d; which tells us the type of censoring. We describe
how the data augmentation scheme described before can easily handle any type
of censorship.

Right censorship: In presence of right censoring, the likelihood for a survival
time T; is S(7;). The related event in terms of the rejected points correspond to
not accepting any location in [0,7;). Hence, we can treat right censorship in the
same way as the uncensored case, by just sampling from the distribution of the
rejected jump times prior 7;. In this case, T; is not an accepted location.

Left censorship: In this set-up, the likelihood for a survival time T} corre-

sponds to F(T;). Treating this type of censorship is slightly more difficult than
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the previous case because the event is more complex. We ask for at least accepting
one jump time prior 7T;, which may lead us to have a larger set of latent variables
G;. In order to avoid this, we decided to proceed by imputing the actual survival
time T} by sampling from its truncated distribution on [0, 7;] and proceed like in
the uncensored case.

Interval censorship: If we know that the actual survival time T} is in the
interval [s, t] we can deal with interval censoring in the same way as left censoring

but imputing 7; in the interval [s, t].

4.2.1 Imputing censored random variables

In this subsection we describe two sampling algorithms to impute random

survival times in the case of having left or interval censoring.

Rejection sampling

This sampling algorithm is based on the fact that the hazard function of a
survival time 7" does not change if we condition on the event {T" > ¢;}. Indeed,
the conditional probability density function of 7" given the event {1T' > #;} is
denoted by fi,(t) = f(t)/S(t;) for t > t;, where f and S are the probability
density function and survival function of 7. From this, we compute the survival
function as Sy, (t) = S(t)/S(t;) and finalise by concluding that the hazard function
remains the same for ¢ > ¢;, that is,

0 t<t
Ay () = . (4.2.1)

At) t>t
We can use the idea of Poisson thinning, previously explained in this chapter, to
sample from the density f;, given the hazard function \ and the time ¢;. As for
an upper bound t,, we can just stop the procedure when the proposed jump is

greater than this value.
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The probability of not accepting any jump, and thus not generating a sample

from f;,, corresponds to
. . . i - ftt“ A(s)ds
P(Reject all) = P(N,(t,) — Na(ty) =0) =e ’u : (4.2.2)

It is not hard to see that in the case that ¢, = oo, then P(Reject all) = 0 provided
that A(oco) = oco. If the latter assumption is not satisfied our sampling algorithm

could potentially take an infinite amount of time to end.

Gibbs sampling

Another option in order to avoid a rejection sampling algorithm is to consider
a Gibbs sampler. We illustrate the algorithm for the case of interval censorship as
left censorship follows naturally as a particular case of it. We start considering an
initial accepted time 7" within the interval of interest, then as a first step in our
algorithm, see an illustration in Figure 4.2, we resample the jumps times before
T from a non-homogeneous Poisson process with rate 2\g — A, and after T" from
an inhomogeneous Poisson process with rate 2)\g. Here A and Ay are defined as
in the model of equation 2.1.1. We call the set of ordered resulting jump times

z; }"_,. Notice this is a non-empty set as it at least contains 7.
7J5=1 y

220 () — A(t) 220 (t)

] 0 o o0 o' o—o o—oo—o|——>
T by

Figure 4.2: Ilustration of Gibbs sampler augmentation scheme.
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Algorithm 1: Pseudo-code
Input: A\, \g ¢, t, and a initial value of T’

Sample z|T
1 Sample a set of points A on (¢;,T) from a Poisson process with rate 2Xg — A
2 Sample a set of points B on (T,t,) from a Poisson process with rate 2\q
3 Define z = AU T U B ordered in ascending order.
Sample T'|z
4 Choose T' = z; with probability given by 4.2.3

Figure 4.3: Gibbs sampler for imputing censored random variables.

In a second step, given the set of points {z;}"_,, we resample 7" with probability

=0

given by

(ZJ) HJ 1 1 — A(zk)
n Ao(z5) 2X0(zx)
P<T: Zj|{zj}j: ) A1) - ;(Zk) .

(4.2.3)
Zz 1 2X(2) k 1 1 EZYE)

4.3 Posterior distributions

We derive the posterior distributions for the parameters of the model under
the two covariate approaches proposed in Chapter 2. For the purpose of these
computations, we only consider right censoring as for left and interval censoring
we use the data augmentation schemes proposed in the previous section.

Let T; be a random survival time with associated covariate x;. Additionally,
consider an indicator variable §; taking the value §; = 1 when T} is uncensored
or §; = 0 when T; is right censored. Following the proposed data augmentation
scheme (4.1) to perform exact inference, we augment the data by sampling G,
the set of rejected jump times associated with 7;. Then, the data is denoted by
D = {(Ti, 6, i, Gi) }y -
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4.3.1 Likelihood

Proportional hazards model

Recall the definition of the hazard function for the proportional hazards model
defined in equation (2.3.1), i.e., Ay = 2Xo(t)o(I())e’™®. Then the likelihood for
the observed data D = {(T;, d;, x;, G;) }?_, under this model corresponds to

L, B.0D) = []2X(T;)e’™)° (H 2Xo0(g W) —280(T)e” " 5 (1(T3))

=1 geG;

<H 1- U(l(g))) :
9€G;

Kernel in time and covariates

For the second approach, we consider a Gaussian process defined in both time
and covariates as in equation (2.3.3). In this case, the likelihood for the observed

data D = {(T;, 0;, z;, G;) }_, corresponds to
L, 1D) = []2)(T: (H 2X0(g ) Mo (T @) [T (1= oli(g, @)
i=1 g€G; g€G;

For the common parameters, i.e., A\g and the Gaussian process [ we derive
a general form for the posterior. This is achieved by taking into account the

similarities of the structure of the likelihood in both models.

4.3.2 Posterior distribution for [

This parameter is exclusive of the proportional hazards approach. Assume a

prior probability v over (3, then the posterior distribution is proportional to

P(BAo, 1) o [ elFHODAT 20T ) (4.3.1)

=1
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here |G;| denotes the cardinality of the set G;. Notice there is not a clear choice of
the prior distribution v such that the posterior distribution has a tractable closed

form.

4.3.3 Posterior distribution for )\

Assuming a prior probability v over )y, or over some of its parameters, the

posterior distribution is proportional to

poll) T (Aom)‘*‘ 11 Ao<g>eCfA°<Ti>> ), (432)
i=1 9€G;

where C; is a constant taking the value C; = 2e”"® for the proportional hazards
model and C; = 2 for the second approach. Notice that in the second approach C;
does not depend on i. Moreover, for both approaches, the posterior distribution
of A\g does not depend on the Gaussian process [.

We provide two examples of the computation of this posterior for two well-
known hazard functions in survival analysis. In order to ease the notation we do

not consider covariates.

Example 4.3.1 (The Exponential case). A particular case corresponds to when
the baseline hazard function is chosen to be constant, that is, Ao(t) = §2 for all ¢ >
0. This choice gives rise to the Exponential model, as the chosen hazard function
corresponds to the hazard function of an Exponential random variable with mean
Q1. Assuming a Gamma prior over the baseline hazard, Q ~ Gamma(a, (), the

posterior has a closed form. Indeed,

p(Ql) (HQGZ-IMZ-@—QQT,-) Qo182

=1
o Qi Gil+0)ta1,-Q@ T, Ti+6) (4.3.3)

where |G;| denotes the cardinality of the set ;. Thus the posterior distribution
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for 2 is a Gamma distribution with shape parameter (., |G;|+ ;) + c and rate
parameter 2> " T; + (.

Example 4.3.2 (The Weibull case). An alternative approach is to choose A as
the hazard function of a Weibull random variable with shape parameter k£ > 0
and scale parameter b > 0, i.e., A\o(t) = bkt*~1. If we put a Gamma prior over the

scale parameter, b ~ Gamma(c, ), the posterior has a closed form

i=1
o i [Gil+8) a1, —b I, TH+8) (4.3.4)

p(blk,l) (HblGiHéie%T;ﬂ) Bl

Thus the posterior distribution for the scale parameter b is a Gamma distribu-
tion with shape parameter (> | |G;| +6;) + a and rate parameter 2>" | TF + 8.
In the case of the shape parameter, we do not have a tractable closed form for

the posterior distribution

plklb, 1) o ] (k;Tf—l 1T kzgk_le_%Tik) v(k), (4.3.5)
=1

9eG;

where v denotes a probability density function on R,.

4.3.4 Posterior distribution for [

In this case, we derive a general form for the posterior distribution of the
Gaussian process under the two proposed covariate approaches. This can be done
as the two posteriors have the same structure. The only difference is the index
space in which the Gaussian process is evaluated. Indeed, for the first approach
the index space of the Gaussian process is just the time, i.e. (I(¢));>0, while for
the second approach is both time and covariates, i.e. (I(¢,%));>0zere. For the
second approach, in order to ease the notation, we write [(¢) instead of I(¢, ), but

we understand from the context that the Gaussian process is indexed both time
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and covariates.

Consider the sets of points T' = |J;_, T;, representing a collection of indepen-
dent survival times for n observations, and G = |J;_, G;, the associated rejected
jump times for each observation T}. Define the set of points Y = G U T, where
T = {T;, € T : §; = 1}, then we compute the posterior distribution for the

finite-dimensional object denoted by I(x) as

p(X) Ao, X) [HO (H 1—of( )] Ny (1(x); 0, K(x, X)),

geG

(4.3.6)

where Ny(z,0,%) denotes the density function of a d-variate Normal distribution
with zero mean and covariance function ¥, evaluated at z € R? Notice this

posterior is independent from .

Conditional distribution on a set of new locations

The posterior distribution of (I(t)):>0 is not a Gaussian process, but a different
stochastic process on time. Nevertheless, it inherits the good properties of a

Gaussian process. Let A denote a set of new locations such that ANy = (), then

[T, o (T ([yeq, 1~ o(9))

[T, o) (Tyeq, 1 - o(l(9)))
Nipua (1(x); 0, K(x UA, x U A))

Ny (1(x); 0, K (x, x))
N|XUA\(Z< )707K(XUA7XUA))

Ny (1(x); 0, K(x, x))

pUA(X), x) =

(4.3.7)

From this, we conclude that the posterior conditional distribution of [ instan-
tiated in a set of new locations A given [(x) is a |A|-variate Gaussian distri-
bution, with mean ¢/ = K (A, x)K(x,x) 'l(x) and covariance matrix given by

Y = K(AA) — K(A,x)K(x,x) *K(x,A). Notice this property allows us to
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easily impute the sets of rejected jump times {G;}7 ;.

4.4 Inference algorithm

In this section we describe the inference algorithm to sample from the posterior
distributions. So far, we have described two ways of incorporating covariates.
Nevertheless, from this moment onwards, we focus on the second approach, i.e.,
the model that incorporates covariates by indexing the Gaussian process in the
index space R, x R?. We do this as this approach interests us more because it
proposes a more flexible model. Indeed, notice that this model does not impose
a proportional hazards constrain. A version of the algorithm for the proportional
hazards model is not difficult to obtain from this analysis.

The data augmentation scheme proposed in section 4.1 suggests the following
inference algorithm. For each data point {(7;,d;, x;)} sample G;|(T}, §;, i, Ao, 1),
then U|({(7T;, 0;, @i, G;) }1, Ao) and finalise sampling from X\o|({T7, §;, z;, G} 1, 1),
where n is the number of data points. The sampling of [ can be seen as a Gaussian
process binary classification, where the points G; and T; are the set of rejected
and accepted points, respectively. A variety of MCMC techniques can be used to
sample [, see [48] for details.

For our algorithm we use the following notation. The datasets are denoted as
{(T;, 0;, )} 1. G; will refer to the set of rejected points of T;, and G = |J;_, G;
and T = {T3,...,T,}. For apoint t € G;U{T;} we denote [(t) instead of (¢, x;),
but remember that each point has an associated covariate. For a set of points A
we denote [(A) = {l(a) : a € A}. Also 2A(t) refers to QfOt Ao(s)ds and (2A¢(t))~?
denotes its inverse function. Finally, N denotes the number of iterations we are
going to run our algorithm. The pseudo code of our algorithm is given in Figure
4.4.

Lines 2 to 11 sample the set of rejected points G; for each survival time T;.

Particularly lines 3 to 5 used the Mapping theorem, which tells us how to map
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Algorithm 2: Inference Algorithm.

Input: Number of data points n, set of (uncesored) times T' and the
Gaussian proces [ instantiated in the data points.

1 for ¢=1:N do
\\Update G:
2 for i+=1:n do
3 n; ~ Poisson(1;2A¢(7;));
4 C; ~ U(ni; 0,200(T5));
5 Set Al = (2/\0)_1(6’1),
6 Set A = U | A;
7 Sample I[(A)|[[(GUT), \y
8 for +=1:n do
9 Ui ~U(n;;0,1)
10 set G(;) = {a € A; such that U; <1 —o(l(a))}
11 Set G = UG,
12 Update parameters of \y(?)
13 Update /(G UT) and hyperparameter of the kernel.

Figure 4.4: Pseudo-code for inference algorithm

a homogeneous Poisson process into a non-homogeneous with the appropriate
intensity. Observe it makes use of Ag and its inverse function, which shall be
provided or be easily computable. The other lines evaluate the Gaussian process
in the new locations, and decide which locations to keep in G; (as in proposition
4.1.3). Line 7 is used to sample the Gaussian process in the set of points A given
the values in the current set G U T. Observe initially G = ). Right censoring is
easy to handle. Indeed, if T; is right censored we just do not include it in the set

T.

4.5 Approximation scheme

As it is shown is algorithm 2, in line 7 we need to sample the Gaussian process
[ in the set of points A and also update the values of [ in the set GUT, see line 13.

Both lines require matrix inversion and thus it scales poorly for massive datasets
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that generate a large set G. In order to help inference we use a random feature

approximation of the Kernel.

4.5.1 Random Fourier feature approximation

In order to speed-up the inference we use the random feature approximation
of the kernel proposed in [50]. A very simple explanation of this approach comes
from the following ideas. On one hand, from the Euler’s formula, we have that
for every real number x, e=* = cos(x) + isin(z). Then, for a random variable
X, the characteristic function can be written as ¥x(t) = E(¢?X) = E(cos(tX)) +
iE(sin(tX)) for ¢ € R. On the other hand, we have the relationship between a

kernel K, and a characteristic function given by Bochner’s theorem.

Theorem 4.5.1 (Bochner [52]). A continuous kernel k(z,y) = k(x —y) on R? is

positive definite if and only if k(9) is the Fourier transform of a positive measure

L.

Hence, Bochner’s theorem guarantees that if we have a continuous and sta-
tionary kernel K, then, under the appropriate re-scaling, it can be written as the
Fourier transform of a proper probability measure P. Mixing both ideas, we can
obtain an approximation of the kernel K, which is associated with the probability
measure P, by using a Monte Carlo approximation based on a random sample

from P. This idea is illustrated in the following examples.

Example 4.5.2. Consider the squared exponential kernel denoted by K(t) =
e 3l Let X ~ N(0,0%). Tt is well known that the real part of the characteristic

2‘t|2

function of X corresponds to Re(¢x (t)) = e~27°1”. Then, we make a Monte Carlo

approximation of the kernel by taking a random sample {s;}7, ~ N(0,17?),

indeed,

1 l 2 2 =
K(t) = e mzt’ = /cos(ta:) e 2% dr ~ E cos(sit)
V2T 1
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| I
-5 0 5 -5 0 5
t t

Figure 4.5: Random Fourier feature approximations of the squared exponential
and Ornstein-Uhlenbeck kernel respectively, where m in the legend denotes the
number of random features.

Example 4.5.3. Another example is the Ornstein-Uhlenbeck kernel, K(t) =
e~all. For this setting, we take a collection of i.i.d. Cauchy random variables

{si}i,, with s, ~ Cauchy(0, 57) and then
1

22
=+l

1 21
K(t) = e all = /Cos(tx)—
m

dx =~ Z cos(st).
k=1

A Gaussian process with an approximated kernel

We use the previous approximation scheme to define an alternative Gaussian
process which approximates the covariance function of the original Gaussian pro-
cess. We give a construction for the squared exponential kernel but recall that,
from the above result, this can be done for any continuous and stationary kernel
(as long as we can identify the probability measure P).

Let {sx}7, be a random sample from N(0,17%) and let each {a;}7, and
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{bx}7, be independent random samples from N (0, 02/m). Then, conditioned on

the values of si, we define the Gaussian process (g(t));>o as

NE

g(t) = ay cos(st) + by sin(syt). (4.5.1)

i

1

Notice that g is a Gaussian process as, conditioned on the values s, it is written
as a sum of independent and normally distributed random variables. Moreover,

it approximates the covariance of the squared exponential kernel as

Cov(g(t),g(s){sk}ie,) = Z Z Cov(ay cos(sgt) + by sin(sgt), ag cos(s )
k=1 k'=1

+ bk/ Sin(Sk/S’{Sk}?Z].)

= cos(skt) cos(sgs)Var(ay) + sin(syt) sin(sgs)Var(by)
-1

ol

= o? Z cos(sg(t — s)) ~ o2 mzlt=sl, (4.5.2)
k=1
for any t,s € R,.
4.5.2 Approximation scheme

Consider the times t, s € R, and covariates &,y € R%. Then, the kernel used

in our experiments corresponds to
d
K((t@), (s.9) = Kolt.s)+ 3 20,06 (t,9). (4.5.3)
j=1

where each Kj is a square exponential kernel with overall variance O'j2- and length

scale parameter ¢;. Based on the above approximation, for a fixed m € N, we
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propose the following Gaussian process which approximates the kernel of interest
d

gt @) = got) + > _ 2;(t). (4.5.4)
j=1

Here, each g;(t) = Y1, aj cos(sit) + bl sin(st), and each a], and b, are in-
dependent samples of N (0, 032-) where 0]2 is the overall variance of the kernel K.
Moreover, si are independent samples of N (0, ng_Q) where ¢; is the length scale
parameter of the kernel K;. These features remains fixed as g is a Gaussian
process conditioned on these values.

The inference algorithm for this scheme is practically the same, except for two
small changes. The values [(A) in line 7 are easier to evaluate because we only

need to know the values of the ai and b,jc, and no matrix inversion is needed. In

k

line 13 we just need to update all values a;

and b;?. Since they are independent

variables there is no need for matrix inversion.
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Chapter 5

Experiments

In this chapter, we give an empirical evaluation of the proposed methods. This

evaluation is performed on Synthetic data and real data.

5.1 Synthetic data

5.1.1 Half Normal

The Half-Normal distribution is a probability measure on R, obtained by
considering the absolute value of a Normal random variable with zero mean and
variance o2. Let X be a Normal random variable with zero mean and variance o2,

then Y = | X| follows a half Normal distribution with probability density function

given by
V2 2
T2 > 0. 5.1.1
f(y) P y = (5.1.1)
Consider a random sample Ti,...,7T, from the distribution above with n =

10, 25, 50, 100 and 200. For our first experiment, we estimate the survival function,
the hazard function and the cumulative hazard function for each random sample.

Then, we assess how these estimations vary as the sample size n increases. Observe
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this setting falls under the uncensored case.

In order to give the required estimates, we adopt the model proposed in
equation (2.1.1). In particular, we consider a constant baseline hazard function
Ao(t) = Q and a Gamma prior distribution over €. For the specification of the
Caussian process, we choose a squared exponential kernel Kj(t) = e I1*/(20)° with
fixed length-scale parameter b = 1. Inference in this model is performed by using
the exact MCMC inference scheme described in algorithm (4.4).

For the results shown below, we run N = 30500 iterations of the MCMC
sampler, from which we burn the initial 5000, and then save one sample every 50
iterations, obtaining 500 samples in total. The parameter € is initialized on the
maximum likelihood under the assumption of an Exponential distribution for the
data. This is related to the choice of the baseline hazard function as the hazard
function of an Exponential random variable. The choice of the hyper-parameters
associated with the Gamma prior over €2 is such that the mean is also centred
on the maximum likelihood. The estimators for the survival function, the hazard
function and cumulative hazard function are shown in Figures 5.1, 5.2 and 5.3,

respectively.

Results

We start by setting the range of the x-axis in each plot of Figures 5.1, 5.2
and 5.3, between zero and twice the maximum value of the random sample
max{7y,...,T,}. The purpose is to show the behaviour of our estimates of the
survival function, the hazard function and the cumulative hazard function, both
in the range in which observe data and where we do not observe observations any
more.

In the case of the survival function, we observe that as the sample size in-
creases, the quality of the estimation improves and that the posterior seems to

be shrinking towards the true survival function, both in the range with and with-
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Figure 5.1: Estimated survival functions. From left-to-right and top-to-bottom,

sample size n = 10, 25, 50, 100 and 200.
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Figure 5.2: Estimated hazard functions. From left-to-right and top-to-bottom,

sample size n = 10, 25, 50, 100 and 200.
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Figure 5.3: Estimated cumulative hazard functions. From left-to-right and top-

to-bottom, sample size n = 10, 25, 50, 100 and 200.
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out observations. This does not seems to be true for the case of the hazard and
cumulative hazard functions. In particular, for these functions the estimations
seems to be relatively accurate in the range in which we observe data but quickly
deteriorate towards the range without observations. This behaviour is even more
accentuated for the hazard function. The reason for this, is that in the region
without observations the posterior approaches to the prior, which for this exam-
ple, is underestimating the value of the true hazard.

The effect described above can be explicitly seen by observing the trace plot
of the parameter € for n = 200 (Figure 5.4) and in the plot showing the estimate
of the hazard function for n = 200 (Figure 5.2). In particular, we observe that
after the last observation occurs, the hazard function quickly centres at the value
2. This coincides with the mean value taken by the parameter () in the trace
plot. This makes sense as the prior for the hazard function is defined as A(t) =
2Q0(1(t)), where o(I(t)) is a stochastic process centred on 1/2. This experiment
suggests us a notion of convergence of survival functions but not for hazard or

cumulative hazard functions.

Figure 5.4: Trace plot associated with 2 for n = 200.
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5.1.2 Crossing hazards

In this section, we reproduce the experiment proposed in [14]. In this work,

the authors generate data from two different groups following each of the following

densities
L ek
folz) = 30 86 2x0.8 , (5.1.2)
and

1 1 Sl (g 92
filz) = 0.4Ee—$<$—4>2 +06—— e o2 (7727 (5.1.3)

We simulate n = 25, 50, 100 and 150 points from each density, restricted to R, .
The data contains the sample points and a covariate indicating if such points were
sampled from the p.d.f. fy or f;. Additionally, to each data point, we add 3 noisy
covariates taking random values in the interval [0,1]. We report the results for
the model proposed in equation (2.1.1) for a Weibull and a Exponential baseline
hazard function. All the experiments are performed using our approximation
scheme of equation (4.5.4) with a value of m = 50. The implementation is exactly
the same as in Algorithm 2.

For the Weibull baseline hazard function \o(t) = 28t*~!, we consider a Gamma,
prior over 3 and a uniform prior U(0,2.3) over a. The posterior distribution for
[ is conjugate, thus we can easily sample from it. For the prior distribution of «,
we constrain the support to (0,2.3) as the expected number of augmented data
points greatly increases with this parameter, making inference slower. For the
Exponential baseline hazard function A\o(t) = 22, we consider a Gamma prior
over the parameter 2. We refer to both models as the Weibull model (W-SGP)
and the Exponential model (E-SGP). As the tuning of initial parameters can be
hard, we propose to use the maximum likelihood estimator as initial parameters,

and choose hyper-parameters such that the priors are centred on these values.
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Figure 5.5: Weibull Model. First row: clean data, Second row: data with noise
covariates. Per columns we have 25, 50, 100 and 150 data points per each group
(shown in X-axis) and data is increasing from left to right. Dots indicate data is
generated from pg, crosses, from p;. In the first row a credibility interval is shown.
In the second row each curve for each combination of noisy covariate is given.
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Figure 5.6: Exponential Model. First row: clean data, Second row: data with
noisy covariates. Per columns we have 25,50,100 and 150 data points per each
group (shown in X-axis) and data is increasing from left to right. Dots indicate
data is generated from density pyg, crosses, from p;. In the first row a confidence
interval for each curve is given. In the second row each curve for each combination
of noisy covariate is shown.
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For the experiments, we set all the kernels K; to be squared exponential kernels
with length-scale parameter ¢; and overall variance o7, i.e. K;(t) = ajze_tQ/ %%, For
the length-scale parameters ¢; we use a log-Normal prior, and for the variance

o2

7 a Gamma prior (an Inverse-Gamma is also useful since it is conjugate). The

resulting survival functions are shown in Figure 5.5, for the Weibull model and
Figure 5.6, for the Exponential model. These results were obtained by running
N = 8050 iterations, from which the initial 3000 were burned, and 1 observation
was saved every 100 samples, obtaining 50 samples from the posterior.

In the clean case, the more data the better the approximation. In particular,
we can detect almost perfectly the cross in the survival function. In the noisy
dataset, it appears that with few data points, the noisy covariates seem to have
an effect in the precision of our estimation, nevertheless the more points the more
precise. For this set of experiments, we do not report a significant difference

between both models.

Increasing right censoring

Figure 5.7: From left to right: estimates for the survival curves for approximately
50, 25, 10 and 5 percent of censored observations (censored observations appears
in blue). First row: E-SGP model. Second row: W-SGP model.
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We repeat the experiment for the clean data with n = 150 but considering
independent right censoring. In particular, we sample the censored random vari-
ables from an Exponential distribution in such a way the resulting data contains
approximately 50%, 25%, 10% and 5% censored observations in average. As the
percentage of censored observations decreases, our estimates improve. Neverthe-

less, there is a clear negative effect of censoring on the estimates.

5.2 Real data experiments

C-Index

To compare our models we use the so-called concordance index (C-Index).
The concordance index is a standard measure in survival analysis which esti-
mates how good the model is at ranking survival times. We consider a set
of survival times with their respective censoring indices and set of covariates
(T1,01,21), ..., (Ty, 0n, ®,). On this particular context, we only consider right
censoring.

To compute the C-index, consider all possible pairs (7}, 9;, x;; 1}, 6;, ;) for
it # 7. We call a pair admissible if it can be ordered. If both survival times are
right-censored i.e. §; = §; = 0 it is impossible to order them, we have the same
problem if the smallest of the survival times in a pair is censored, i.e. T; < T} and
6, = 0. All the other cases under this context will be called admissible.

Given just the covariates x;, x; and the status d;,d;, the model has to predict
it T; < Tj or the other way around. We compute the C-index by considering the
number of pairs which were correctly sorted by the model, given the covariates,
over the number of admissible pairs. A larger C-index indicates the model is
better at predicting which patient dies first by observing the covariates. If the
C-index is close to 0.5, it means the prediction made by the model is close to

random.
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Figure 5.8: Left panel: C-Index for ANOVA-DDP, COX, E-SGP, RSF, W-SGP;
Middle panel: Survival curves obtained for the combination of score: 30, 90
and treatments: 1 (standard) and 2 (test); Right panel: Survival curves, using
W-SGP, across all scores for fixed treatment 1, diagnosis time 5 moths, age 38
and no prior therapy. (Best viewed in colour)

Veteran data

We run experiments on the Veteran data, available in the R-package survival
[55]. Veteran consists of a randomized trial of two treatment regimes for lung
cancer. It has 137 samples and 5 covariates: treatment indicating the type
of treatment of the patients, their age, the Karnofsky performance score,
and indicator for prior treatment and months from diagnosis. It contains 9
censored times, corresponding to right censoring.

In the experiments, we run our model with a Weibull (W-SGP) and Exponen-
tial (E-SGP) baseline hazard function, respectively. In particular, the experiments
are performed using our approximation scheme of equation (4.5.4) with a value
of m = 50. The implementation is exactly the same as in Algorithm 2. We also
use ANOVA DDP, Cox proportional hazards and random survival forest.

For the Weibull baseline hazard function A\o(¢) = 24t*~!, we consider a Gamma
prior over 3 and a Uniform prior U(0,2.3) over a.. For the Exponential baseline
hazard function Ao(t) = 2€2, we consider a Gamma prior over the parameter €.
In particular, we use the maximum likelihood estimates related to each baseline

hazard function as initial parameters for each model. The hyper-parameters of
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s
0)

Figure 5.9: Survival curves across all scores for fixed treatment 1, diagnosis time
5 months, age 38 and no prior therapy. Left: ANOVA-DDP; Middle: Cox
proportional; Right: Random survival forests.

the prior are chosen in such a way that the mean of the prior is centred on these
maximum likelihood estimates. For the length-scale parameters ¢; of the squares
exponential kernels K; we use a Log-Normal prior, and for the variance 0']2
Gamma prior .

We perform 10-fold cross validation and compute the C-index for each fold.
Figure 5.8 reports the results. For this dataset the only significant variable cor-
responds to the Karnofsky performance score. In particular as the values of
this covariate increases, we expect an improved survival time. All the studied
models achieve such behaviour and suggest a proportionality relation between the
hazards. This is observable in the C-Index boxplot as we can observe good re-
sults for the proportional hazards model. Nevertheless, our method detect some
differences between the treatments when the Karnofsky performance score is
90, as it can be seen in figure 5.8.

For the other competing models we observe an overall good result. In the
case of ANOVA-DDP we observe the lowest C-INDEX. In figure 5.9 we see that
ANOVA-DDP seems to be overestimating the Survival function for lower scores.

Arguably, our survival curves are more visually pleasant than Cox proportional

hazards and Random Survival Trees.
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Chapter 6

Posterior consistency

6.1 Introduction

In this chapter we verify posterior consistency for a simplified version of the
model proposed in Chapter 2 which assumes survival times on R, and covariates
on [0,1]%. The relationship between time and covariates is modelled by using
the kernel defined in equation (2.3.2). The posterior consistency result we prove
asserts that

lim II(d(0,60) > €|D,) = 0, Py a.s., (6.1.1)

n—oo

that is, we have an in-probability convergence of 6 to 6, (with respect the metric d)
Py, almost surely on the data D,,, i.e., assuming the data D,, was jointly generated
under Pp . In particular, the metric d studied corresponds to the largest deviation
of probability distributions functions, indexed in 6 and 6, respectively, over the
class of all possible rectangles on R, x [0, 1]¢. Specifically, the considered metric

corresponds to

a(0.60) = sup[Py, (7. X) € 4) = Py((T.X) € A)], (6.1.2)
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where A denotes the class of rectangles. We base our proof on the extension
of Schwartz’s theorem for non-i.i.d. observations given in [10]. Hence, our result
is based on the existence of tests with exponentially small type I and type II er-
ror, and the positivity of Kullback-Leibler neighbourhoods of the true parameter.
In particular, we use results from the Vapnik-Chervonenkis (VC) theory for con-
structing the required tests, and properties of the reproducing kernel Hilbert space
attached to a Gaussian process for verifying the result regarding the Kullback-
Leibler neighbourhoods. Complete reviews for both theories can be found on [15]

and [58] respectively.

6.2 Simplified model

Consider T1, ..., T, a sequence of random survival times taking values on R,
and let 1, ..., x, be the collection of associated covariates, each one taking values
on [0,1]%. Then, we introduce a simplified version of the model introduced in

(2.1.1). In particular, we define

TN 2 % fa (1),
fwi (t) = /\wz (t)e_ f(f )‘“31'(5)d57

)\wi (t) = Qo (no(t) + Z X4 515 (t)) s (621)

O~ v,

(15 (t))1=0 g GP(0,K;), j=1,...,d,

where o(z) = (14+€7%)~! is the sigmoid function, v denotes a probability measure
on R, and Kj is a stationary covariance function for all j = 0,...,d. We assume
the kernels are such that they generate a continuous Gaussian process. Observe
that the boundedness of the link function o is a necessary condition for applying

the inference scheme proposed in Chapter 4, but not necessarily for giving a correct
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definition of a prior over hazard functions. For simplicity, we adopt this particular
definition of o, but at the end of this chapter, we discuss about its relevance for
our results. We also adopt the constraints for the kernel given in Chapter 3 to

have a well-defined model for survival data.

6.3 Posterior consistency

Consider the parameter space © = R, x F%*! where F denotes a space of
functions. We assume that there exists a true parameter 6y = (20,700, - - - 7d,0)
on O, which determines the true survival function S%(¢). The aim of this chapter
is to find conditions over the prior II on © and true parameter 6y € ©, to ensure
this model achieves posterior consistency of the survival functions defined on R, .

Schwartz [53] gave conditions for proving posterior consistency at 6y under
a loss function d(6,6y) in the context of independent and identically distributed
random variables. These conditions include the existence of a sequence of tests
with exponentially small type I and type II error, and prior positivity of Kullback-
Leibler neighbourhoods of the true parameter #,. A slightly more involved scenario
is when the observations are not identically distributed. In this setting, Choudhuri
et al. [11] extended Schwartz’s theorem in the case of convergence in-probability.
The almost surely convergence result was given by Choi et al. in [10]. We proceed

to enunciate such result.

Theorem 6.3.1 (Choi and Schervish). Let {Z;}32, be independently random vari-
ables with densities (fi(-,0)):2,, with respect to a common o-finite measure, where
the parameter 6 belongs to an abstract measurable space ©. The densities f;(-;0)
are assumed to be jointly measurable. Let 0y € © and let Py, stand for the joint
distribution of {Z;}32, when 0y is the true value of 8. Define the loss function
d(6,00) and let U, = {0 : d(0,6y) < €} be a set of © for all e > 0. Let 6 have a
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prior 1T on ©. Define

fi(Zi;eo)
fi(Z:;0)°
KLi(6o,6) = Eg(T(00,0)),

T(Q(): 9) = 1Og

Vi(0o,0) = Vary, (Y (6y,0)).

(T1) Prior positivity of neighbourhoods.
Suppose that for all e > 0 there exits a set B. with II(B.) > 0 such that

(i) o0, V%9 < o0 Wh € B.,

(1) II(B-N {6 : KL;(6y,0) < e foralli}) >0

(T2) Existence of tests.
Suppose that there exist test functions (®,)5°, and constants Cy,c; > 0 such

that

(Z) Zzozl E9o¢)n < o9,

(ii) supEy(1 — &,,) < Cre= ",
feUs

Then for all e > 0

10 € U\ Zy, ..., Z,) — O a.s.[Pg,).

Remark 6.3.2. It is worth noticing that for i.i.d. samples, we recover Schwartz’s

theorem by replacing condition (T1) with the following condition.

(G1) The parameter 6y € © is such that for every € > 0,

I1 (0 : Eg, <10g J}&??; < 5)) > 0.

in which f(Z,0) does not depend on i, as we have i.i.d samples. Moreover, we do

not need any condition on the variance.

86



Tamara Ferndndez CHAPTER 6. POSTERIOR CONSISTENCY

6.4 Framework

In this section we introduce all the necessary elements before introducing the

main result.

6.4.1 Notation

In order to introduce the notation, we first specify some general assumptions
on how the covariates arise in the model. In particular, we adopt the approach

given in [25], and consider both random and fixed design for the covariates.

e [RD] Random design: We assume the covariates X are distributed ac-

cording a probability distribution @ on [0, 1]¢.

e [NRD] Non random design: In this case, we assume the covariates are
fixed. In particular, given the sequence of covariates (x;);>1, we state our

results as function of their empirical distribution Q,, = n~! Z?:l O, -

For the random design, notice that conditioned on X = @, the probability
density function for the survival lifetimes is fully specified by the parameter 6 =
(2, m0,m1,--.,mq) € O, then we use f(t,0) when referring to it. We use the same
notation for cumulative density function F(t, ), the hazard function \;(t, 6) and
the cumulative hazard function A (t,0) given the covariate X = x. We adopt
the same notation for the fixed design case, but understand from the context that
fz(t,0) makes reference to the distribution of times under the fixed covariate «,
i.e x is not random, nor does f,(t,#) denote a conditional density function.

Furthermore, for the random design case, we denote the join probability mea-
sure on pairs {(7}, X;)}i>1 under the parameter 0, by Py. We also denote by
po(A) = Po((13,X;) € A), for any i (remember the pairs (7;, X;) are ii.d),
and A C R, x [0,1]¢. For the fixed design case, our probability measure de-
pends on 6 as well as on the covariates © = (x;);>1. We denote by Py(-|x)

the joint distribution of (7;);>; associated with the fixed sequence of covariates
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(;);>1. Sometimes, to shorten the notation we write Py(-) = Py(:|x). We define
fig'(la, b]) = Py(T; € [a,b]|z;). Note that all measures fip* are potentially different

since the distribution of T; depends on its covariate x;.

6.4.2 Metric for survival analysis

We provide a different metric for each design of covariates, [RD] and [NRD].
As we already stated, our object of interest are the survival functions S, (t) for €
[0,1]%. Under the further assumption that the covariates X follow a distribution
Q on [0, 1]¢ ([RD]), a sensible way of assessing the quality of our estimators is by

considering

dB(87 00) = sup

teRy

[ (52(0.6) - 5u(t.60)Q(da)| (6.41)

with B C [0,1]¢. This choice is related with the idea of stratifying the space of
covariates and measuring how good is the estimator in the different strata under

the distribution Q).

sup|Pg(X, TOA) =Pg (X, TOA)|
A

A"

T

Figure 6.1: The proposed metric compares survival functions over the class A of
rectangles in R, x [0, 1]%.
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In order to obtain a proper metric, it is important to check the value of dg (6, 0y)
over a large class of subsets B on [0,1]%. Let A be the class of rectangles in

R, x [0,1]¢, then we define the metric to be

d(8,6y) = ilég!ue(A)—ueo(A)l- (6.4.2)

On the other hand, under the assumption of fixed covariates ([NRD]), we
replace the distribution @ by the empirical distribution @, = Y i | 5, In this

way, for a set A = A; x Ay C R, x [0,1]¢, the loss function becomes

d,(0,0y) = sup

/A (A2 (A1) — iE (A1) Qu(dax)

AcA
- 5m(A2) s s
= ——— (g (Ay) — i (A . 6.4.3
o |2 5= G () = 5 (4) (6:4.3)

6.4.3 Non-stationary Gaussian processes

The main difficulty of this work is that the index space T of the Gaussian
processes (1;(t))ter defined in equation (6.2.1) is R;. Up to our knowledge, most
of the results proving posterior consistency under a Gaussian process prior use the
fact that these processes are defined in a L space of functions, condition which
is not satisfied in our case. A typical scenario is to put a Gaussian prior on the
space of continuous functions on a closed interval, as seen [10], [25] and [56]. The
reason for this, is that the results need to compute small ball probabilities. These
have been vastly studied in the setting of Gaussian measures on L*°, providing
good tools for finding appropriate bounds for these probabilities.

To bypass the problem that our processes are not in L*(R,) (it is easy to
prove that a stationary Gaussian process in R, is unbounded), we consider a
simple modification of the original processes, this modification belongs to the
space of bounded functions allowing us to use machinery for bounded Gaussian

processes, in particular the theory of RKHS to deal with small ball probabilities
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Figure 6.2: Plot of hy(t) with d = 0.

which are fundamental in our analysis. After that, we translate the results of the
modified processes to the original ones.

Define the positive and continuous piecewise function

d+1
ha(t) = g =1 (6.4.4)
d+1 t> 1 ’

t+log(l—e~t)

where d represents the dimension of the covariate . Then, we define the non-
stationary Gaussian processes (1;(t)):>0, as function of the original Gaussian pro-

cesses (1;(t))i>0 defined in equation (6.2.1) as

ni(t) = ha(t)n;(t), (6.4.5)

for all t > 0 and all j € {0,...,d}. We prove that the new Gaussian processes
(1;(t))s>0 lie in the separable Banach space of continuous functions tending to

zero, endowed with the uniform norm.

Lemma 6.4.1. Let Cy denote the space of all the continuous functions from R,

to R tending 0 as t approaches infinity. Then the Banach space B = (Cy, ||||,) of
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functions in Cy endowed with the uniform norm is separable.

Lemma 6.4.2. The set of sample paths of 7); is subset of the separable Banach
space B = (Cy, ||||.) for every j € {0, ..., d} with probability 1.

We defer the proofs of Lemma 6.4.1 and Lemma 6.4.2 for the appendix 6.A of
this chapter.

Lemma 6.4.2 is equivalent to say that the sample paths of the original process
(n;(t))r, belongs to the space (C,|| - ||n;,00); Where C is the set of continuous

t—00

functions in R, such that for f € C, fhy(t) = 0, and the norm is given by

[fllng00 = sup [ha(t)f(2)]

tER+

From Lemma 6.4.1 we obtain the space (C, | - ||n,00) is a separable Banach
space. Since the sample paths of (1;(t)).cr, belong to this space with probability
1, it induces a Gaussian measure on this space, i.e., a measure over sample paths

such that marginally they are normally distributed.

RKHS and support

Here we analyse the support of the Gaussian processes (7;(t)):cr, in the space
(Co, || - ||lo) or equivalently, the support of original Gaussian processes (7;(t))icr,
in (C, || |lny00)- We recall that the support of a probability measure p on a metric

space (X, p) is given by the set of points x € X such that for all £ > 0 it holds

w(Bye) >0,

where y € B, if and only if p(z,y) < €. This support is usually easy to com-
pute for real-valued random variables (the measure associated with the random
variable), but it is not clear how to obtain the support for stochastic processes.
Nevertheless, for the case of Gaussian process the theory of reproducing kernel

Hilbert spaces helps us to describe such support.
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The reproducing kernel Hilbert space (RKHS) H attached to a Gaussian pro-

cess (1(t))icr, with mean zero is the completion of the linear space of functions

where H = > a;n(s;), with a; € R and s; € Ry, with respect the inner product
(E(n(-)H1), E(n(-)H2))n = E(H1 H).

Several properties of Gaussian proesses can be obtained from the RKHS H
and we refer [58] for a detailed account of the topic. The following result relates
the RKHS H with the support of the Gaussian process as measure on a separable

Banach space.

Lemma 6.4.3. (/58, Lemma 5.1]) The support of a mean-zero Gaussian process

in a separable Banach space B is the closure of its RKHS in B.

Example Using the theorem above we compute the support of the Gaussian
process Gaussian processes (1;(t))icr, in the space (Co, || - [|), and as corollary,
the support of original Gaussian processes (7;(t))er, in (C, || - ||h,00) When the
original kernel is the square exponential kernel K (s,t) = exp(—(s—t)?). For that
we need to find the closure of the reproducing kernel Hilbert space in the Banach

space. Observe that the kernel of (7;(t)).er, is given by

~

K(s,t) = h(s)h(t)K(s,t),

and thus the family of functions of the form

ft) = E <h<t)77(t) Z aih(si)n(si))

= h(t) Z a;h(si)K(t,s:) = h(t) Y biK(t, s;) (6.4.6)

=1
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with a;,0; € R and s; € R,. To find the support, instead of finding the RKHS
and then its closure in the Banach space, we closure the family of functions given
in equation (6.4.6) directly in the Banach space. We will see that the closure gives
the full space Cy.

Let g € (Co, || - ||o), we will approximate g by functions of the form of 6.4.6.
By definition, for every e > 0, it exists 7' > 0 such that |g(t)| < e/4 forall t > T
It is well-known that any continuous function f in a compact space [a, b] can be
arbitrarily approximated with respect to the supremum norm by functions of the

form

n n

a;K(t,s;) = Z ae (57

i=1 i=1
with a; € R, s; € Ry and n € N (see [9]). Let ¢ be a function of the form above
such that sup;cpo 71 [9(t)/h(t) —q(t)| < e/(4ha(0)). Note that the natural extension
of ¢ to R, is such that it is decreasing from 7" onwards and gh belongs to the
family of equation 6.4.6. Then

Sup 9(t) — ha(t)q(t)] < e/4+ sup 9(t) — h(t)q(t)|
+ < e/4=+supg(t)| + sup lha(t)a(t)
< /d+ ?/4 + h(T)qt(Er)
< /24 ¢(T) + cha(T)/(4h(0)) < e.

We conclude that a subset of the RKHS is enough to approximate all the
functions of (Cy, ||+ ||oc) and by Lemma 6.4.3 the support of the Gaussian processes
(1 (t))ter, is (Co, | - ||oo)- As corollary, we obtain that the support of (9;(t))icr,

in (Co, || - [|s) are all the continuous functions f such that fh, € Cp.

Remark 6.4.4. The exercise above can be repeated with almost all standard

kernels as they approximate continuous function in compact sets.
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6.4.4 Assumptions

In this section, we make assumptions over the prior II and the parameter space
©, which allows us to prove posterior consistency. Assumptions (Al), (A2) and
(A4) will be common to both covariates designs, while the third assumption will
be design-specific. Indeed, (A3) will be used for the random design case ([RD]),
and (A3’) will be used for the fixed design case ([NRD]).

(A1) The stationary covariance function K;(t) is such that (K;(0)— K;(27"))"! >
n® for all j € {0,...,d}.

(A2) In addition, v assigns positive probability to every neighbourhood of the

true parameter ), i.e., for every 6 > 0, v (’Q% — 1‘ < 5) > 0.

(A3) Finite first moment under the distribution of the true parameter, i.e.,
Ey,(T) =E(Ey(T)| X =x)) = / d/ tfz(t,00)dtQ(dx) < M < cc.
[0,1]¢ Jo

(A3’) We assume that given § > 0, there exits M € [0, 00) such that

By, (T?*1{T > M}|xz) = /OO 2 fu(t,00)dt < O
M

for all x € [0,1]% i.e., the class of random variables T2 indexed in the

covariate x € [0, 1]¢ is uniformly integrable under the true parameter 6.

(A4) The true parameters 7o belong to the support of (7;(¢)):>o in the Banach
space (C, | - ||ny00), for all j € {1,...,d}.

As an example of (A4), recall that for the square exponential function this

support is the set of continuous functions f such that fhy € Cy.
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6.5 Main result

6.5.1 Random design case

We first state the posterior consistency results under the loss function given by
equation (6.4.2), for the case where the covariates are drawn from the probability
distribution ). Observe that there is not an unique interpretation for this result
under this assumption. For instance, a first approach is to consider the covariates
X as data generated from our model under the distribution ). In this way, the
first posterior consistency result we can think of, is in terms of the joint probability

distribution Py, of the pairs ((7;, X;));>1. This is stated in the following theorem.

Theorem 6.5.1. Let ((T;, X;))2, be a sequence of independent random variables,
where T; € R, denotes a random survival time, and X; € [0,1]? its associated
covariate. Suppose that the covariates arise according a random design with prob-
ability distribution Q on [0,1]¢, and that conditioned on X;, the random failure
times T; are generated according the model described in equation (6.2.1). Let Py,
denote the joint probability measure of ((T;, X;))2, under the true parameter 6.
Assume that assumptions (A1), (A2), (A3) and (A4) are satisfied, then for every

e >0,

lim I1(d(0,600) > €|(Th, X1), ..., (T, X)) =0, Py, a.s,

n—oo
with d(0,6y) defined in equation (6.4.2).

Another approach is by taking covariates that effectively follow a distribution
@ but are not considered to be generated by the model. To make an explicit
distinction between this case and the former, we denote the posterior distribution
by a different letter II;. Notice that the likelihood under this approach is differ-
ent than the one in the first case, as we consider the conditional distribution of

the times T' given the covariates X, but under the reasonable assumption that
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the distribution @) is unrelated to the parameter 6, we recover exactly the same
posterior distribution. A direct consequence of this, is that Theorem 6.5.1 can be

used to deduce the following corollary.

Corollary 6.5.2. By the definition of conditional expectation, the latter result

can be interpreted as that for every ¢ > 0,
E (Py, (lim T (d(0, 60) > |(T1, X), ..., (T X)) = 0[(Xa)uzt ) ) = 1,
n—oo
which implies
Q (Pa, (lim T (d(0,80) > el(T3, X0), ... (T, X)) = 0| (Xu)ut ) = 1) = 1,

i.e., Q almost surely convergence of the joint conditional distribution of the times

(T3)i>1 given the covariates (X;)i>1 under the assumption of the true parameter

0.

The last approach is to consider a random design in which the distribution @
is an unknown parameter. Following the Bayesian approach, we specify a prior
over () and assume that the distribution Q) is unrelated to 6. It follows that
the likelihood for 6 can be separated out from that of (). Then, if # and () are
independent a priori, so they are a posteriori. Assuming a true parameter (),
the independence of # and () allows us to exactly replicate the proof of Theorem
6.5.1 for this case, when assumption (A3) holds for Q). Notice that in this case

we assume the covariates are generated by Q).

6.5.2 Non-random design case

We consider the version of the theorem for the non-random design approach.

Theorem 6.5.3. Let (T;);>1 be a sequence of independent random variables on

R, denoting survival lifetimes. Additionally consider the sequence of associated
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fized covariates (x;);>1. Suppose that the distribution of random survival lifetimes
T for a fized value of a covariate x is generated according the model described
in equation (6.2.1). Let Py, define the joint probability measure of (T})i>1 under
the true parameter 0y. Assume that assumptions (A1), (A2), (A3’) and (A4) are
satisfied, then for every e > 0,

lim I1(d,(6,600) > €|(T1, x1), ..., (Th,x,)) =0, Py, a.s,

n—oo

with d,(0,6y) defined in equation (6.4.3).

6.6 Overview of proofs

We give an overview of the proofs and lemmas used to prove Theorem 6.5.1
and Theorem 6.5.3. As many of these results will be used by both proofs, we
classify them into two general subsections related to conditions (T1) and (T2) of
Theorem 6.3.1: Existence of tests and Prior Positivity of neighbourhoods.

It is worth noticing that for the random design approach ([RD]), the pairs
(T3, X;))i>1 are i.i.d. samples from the joint distribution of time and covariates
and hence Schwartz’s Theorem is enough for proving Theorem 6.5.1. In particular,
for this design, we exchange condition (T1) of Theorem 6.3.1 by the alternative
condition (G1). For the non-random design ([NRD]), we need the extended

version given in Theorem 6.3.1.

6.6.1 Existence of tests

Given the metrics in equations (6.4.2) and (6.4.3), a natural choice of a test
is to consider the largest deviation of the joint empirical distribution u, with

respect the true joint distribution Py, over the class of rectangles A on Rt x [0, 1]¢.
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Formally, for A = A; x Ay € A, we define the empirical distribution as
1 n
(A = =S 6u(T, X)) 6.6.1
) = 30T %) (6.6.1)
Then we define the sequence of tests

(11 X0), . (T3 X)) = 1 sup () — ()] > § . (662

for the random design case associated with the loss function given in equation

(6.4.2) and

q}n((Tl,a:I), coy (Thyp)) =1 {sup
AeA

in(A) — /A % (A1)Qn(d)

> Z} . (6.6.3)

for the fixed design case associated with the loss function given in equation (6.4.3).

We use the bounded difference inequality and results from the Vapnik Chervo-
nenkis (VC) theory for providing the exponentially small bounds for the sequence
of probabilities Eg, (¢,) and Eg,(¢,), with n € N. The next theorem states the
bounded difference inequality as given in [15, Theorem 2.2]. This inequality is a

common tool to prove concentration of a random variable around its mean.

Theorem 6.6.1 (The bounded difference inequality). Consider a set A, and let

g: A" — R be a function satisfying the bounded difference assumption, i.e.,

sup |g(z1, ... mn) —g(x, . i1, T Wi, )| < g, (6.6.4)

for1 <1 <mn. Then, for allt >0,

P(g(Xla s aXn) - Eg(Xla tee 7Xn) Z t) S 6_2t2/2?:1 C?a (665)
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and
P(g(Xb s 7X7Z) - Eg(Xh s 7Xn) S _t) S 6_%2/2?:1 C?' (666)
For our application we choose

9(T1, X1), ..., (Tn, Xn)) = igmn(m — gy (A)],

where the dependence on the data (T3, Xy), ..., (7T,, X,) is only through the em-
pirical function p,. Then, the above quantity will change by at most ¢; = 1/n
when changing the value of T;. This satisfies the bounded difference assumption
and hence we can use the Theorem 6.6.1 to derive the following concentration

result
b (

This quantity is very similar to what we expect to prove. Indeed, it only differs

e2
Sup 1n (4) — 10, (4)] — By 50 (4) — g <A>|1 > ) <2e7B". (66.7)
(S

€
AcA 8

by the nuisance term Egy,sup|u,(A) — po,(A)|. It is here where we apply the VC
theory to obtain an upperA %gund for this quantity. In particular, we need to find
an upper bound that tends to zero, as n increases, in order to have an useful
result. We do this by using the following result which appears in [15, Theorem
3.1].

Theorem 6.6.2.
log(2S
B {supli,(4) - ()]} < 220 (6.65)
AcA n
where Sy is called the shatter coefficient, and it is defined as

Saln) = max {{z1,...,z,} NA; A€ A}, (6.6.9)
zn ER?
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i.e., Sy denotes the mazximal number of different subsets of n points which can be

separated by elements of A.

These utility of the proposed bound depends on obtaining an appropriate
bound for the shatter coefficient S4(n) related to the class of sets A. In turn, this
result is related to the finiteness of the VC dimension V' of the class of sets .A.
From [15, Chapter 4], we introduce the definition of the VC dimension V' as the

largest integer n such that

Saln) = 2", (6.6.10)

then, for a finite V' we can obtain an upper bound for the shattering coefficient
Sam)- We enunciate this result in corollary 6.6.3 as it appears in [15, Corollary

1.1].

Corollary 6.6.3. Let A be a class of sets with Vapnik-Chervonenkis dimension
V < o0. Then for all n:

Sa(n) < (n+1)Y, (6.6.11)
and for alln > V:
Sa(n) < (%)V (6.6.12)

For our particular choice of A, the class of rectangles in Ry x [0,1]¢, V is

bounded by 2(d + 1), [15, Lemma 4.1]. Hence, we conclude

log(2(n + 1)2(d+1))

Eg,sup|pin(A) — pg,(A)| < 2\/ > (6.6.13)
AcA n

which tends to zero as n approaches infinity. This result allows us to get rid of

this quantity and to prove the exponentially small bounds for the type I and II
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error.

A direct consequence of our proof technique, is that we can modify our results
and include a larger class of sets A, as long as this new class has a finite VC
dimension. Nevertheless, some families of sets have infinite VC dimension, for
example the total variation metric is the particular instance when the family A
of sets are all the measurable sets of R, x [0,1]? and this family has infinity VC

dimension.
Lemma 6.6.4. Let € > 0 and Py, be the true joint probability measure defined by

the true parameter 0y, then

E90(¢n) < C116_0262n s sup Ee(l — ¢n) < 016_0262”;
0€0,d(00,0)>¢

for some positive constants C7 and Cs.
Lemma 6.6.5. Let e > 0 and f’go be the true joint probability measure defined by

the true parameter 0y, then

Eeo(ﬁgn) < 6167626% ) sup  Eg(1 — &n) < CHe*ézezna
eeezdn(0079)>€

for some positive constants Cy and Cs.

We defer the proofs of Lemma 6.6.4 and Lemma 6.6.5 for the appendix 6.A of

this chapter.

6.6.2 Prior positivity of neighbourhoods

We proceed to prove the conditions related to Kullback-Leibler neighbour-
hoods of the true parameter 6. To this end, we define a set B;,, in which
conditions (G1) and (T1) will be satisfied for both settings. We finish our result

by proving the positivity of such set.
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Definition 6.6.6. Let 6 > 0 and 7 > 1. Define

— — 1] <¢; () —not)] < ,
{ 1 < ) =m0 <
inf{n(t)ha(t)} > —1,v]'}. (6.6.14)

Observe this set is a function of 6 and 7. We prove that for a given ¢ > 0,
we can always find some d(¢) > 0 and 7(¢) > 1 such that KL(fy,0) < e for all
0 € Bs(e),r, for all 7 > 7(€), in the case of condition (G1). The intuition behind
this proof is that since the KL is finite (and defined as an integral), from some
point onwards, the tail of the Gaussian process becomes irrelevant. We quantify
the notion of irrelevance by multiplying the Gaussian process by the decreasing
function hy from some time 7(€). The same applies for condition (T1).This result

is formalised in the following lemmas.

Lemma 6.6.7. Assume the random design [RD] for the covariates and assump-

tion (A3). Let 0 < e < 1, then there exits 0 < 6(€) < 1 sufficiently small and

7(€) > 1 sufficiently large such that for all 7 > 7(e) and for all @ € By -,
[x(T,6o)
Eg, | log=———+ | <e.
%(%fﬂﬂﬂ ‘
We defer the proof of lemma 6.6.7 for the appendix 6.A of this chapter.

Lemma 6.6.8. Assume the fived design [NRD] for the covariates and assump-
tion (A3’). Let 0 < e < 1, then there exits 0 < §(¢) < 5 sufficiently small and
7(e) > 1 sufficiently large such that for all T > 7(€) and for all 0 € By -,

(1) KL;(0o,0) <€ foralli

(ii) 322, Y 00 < 00.

We defer the proof of lemma 6.6.8 for the appendix 6.A of this chapter.
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Positivity of B;,

We proceed to verify the prior positivity of the set Bs,. Since this set is
common to both, Lemma 6.6.7 and Lemma 6.6.8, we just give a general proof and
use it in the two settings.

Observe that the set B;, given in equation (6.6.14) depends in two parameters:
a constant 0 > 0 and a time 7 > 1. Then Lemma 6.6.7 and Lemma 6.6.8 state
that given € > 0 (related to a eKL neighbourhood of 6y), we can always find
d(e) and 7(e) > 1 such that there exist a collection of sets By, with 7 > 7(e)
satisfying conditions (G1) or (T1) (depending in which case we are) of Theorem
6.3.1. The next natural step is to prove whether these sets have positive prior
measure.

In this section we prove that given d(¢) > 0, we can find 7* > 1 such that
I(Bs(e),~«) > 0 for all 7 > 7*. In this way, by taking 7 > max{r(e),7*}, we are
able to pick a set By, (since we have a collection of them), with positive prior
probability and satisfying lemmas 6.6.7 or 6.6.8 (depending in which setting we
are)

By independence of the Gaussian processes and the parameter 2,

tel0,7 1+T t>7

(-

with v (‘Q& — 1‘ < 5) > (0 by assumption (A3). Hence, we just need to check the
0

(Bs-) = HH (Sup 75 () = 0 ()] < ———, nf{n;(t)ha(t)} > —1>

) (6.6.15)

positivity of the sets

G, = {Sup n;(t) = mj0(t)| < 1i inf{r;(t)ha(t)} > —1}, (6.6.16)

te(0,7]

for every j € {0,...,d}.
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The proposed proof uses the modified Gaussian processes proposed in equation

(6.4.5) to lower bound the probabilities of these sets. Indeed, we consider the sets

N 5h
Gir = { sup [7;(t) — j0(t)] < (7)

1
,sup|n;(t) — f0(t)] < = 6.6.17
te[0,7] 1+7 t>lj|7b() Mj0(t)] 3} ( )

and prove that there exits some 75, > 1 such that for all 7> 7, it holds
Gi.C3Gi.. (6.6.18)

Therefore, we transform the problem above to compute probabilities for the non-
stationary Gaussian processes (7;(t));>0. This is easier as these stochastic pro-
cesses belong to a L>(R,) space of functions.

By using the structure of the sets Qgﬁ and QAg’T, we break the proof in two
parts: for ¢t € [0, 7] and ¢ > 7. For the first part, by considering assumption (A4),

ienjo= %0, it holds

) ) Sha(T)
su i(t) —1n0t)] < = su i(t) —mjolt
{te[og}lng() jo(t)l < 77— } {te[olz]lnj() oWl S Tor

_b‘
&
~
N
>,
—

C { sup [n;(t) —nj0(t)] < %} (6.6.19)

te[0,7] 1

since Zj((?) > 1 for all t € [0,7] ( hg is a positive and decreasing function).

We proceed to prove the second part, i.e., when ¢t > 7. By Lemma 6.4.2, the
processes (7);(t))¢>0 can be seen as probability measures on the separable Banach
space B = (Co, ||||«). Then, for a function 7; in the support of 7;, there exits

7s, > 1 such that
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Then, for 7 > 7g,

Louptis) - a0 <3} < fintta 0 - i) > -3
c {uttnen > -5 - 5}
c {imf{m®ha®} > -1} (6.620

By putting together equation (6.6.19) and equation (6.6.20) we conclude the
result given in equation (6.6.18). Observe that if we choose 7 > 73, with 7¢ =
max{7s,, ..., Ts,}, the previous result of equation (6.6.18) happens for all j at the
same time.

We continue by computing the probabilities of the sets

55 A ~ 5hd(7) N ~ 1
G3r =9 sup |0;(t) —Nj0(t)] < ,supln; (1) — ;0(t)| < 5
tel0,7] 147 t>1 3

In order to do this, we define a centred version of these events and prove that
given § > 0, there exits a 7¢;(0) > 1 such that the centred version has positive

prior probability.

Lemma 6.6.9. Define the centred event

; Oha(T ) 1
cl = sup [7;(t)] < csupln;(t)] < = 3,
g {Wm(ﬂ 31y Bl 1) 6}
then there exits 1o > 1 such that
ncy,) > o.

for all T > 1¢ and all j € {0, ..., d}.

We defer the proof of lemma 6.6.9 for the appendix 6.A of this chapter.
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Theorem 6.6.10 (Positivity of the set B). Consider QAg’T as defined in equation
(6.6.17), then there exists Tp > T¢ such that

m(g,) > o

for all T > 1p for all j.

Proof of Theorem 6.6.10. By Lemma 6.4.2, the processes (1;(t));>0 can be seen
as probability measures on the separable Banach space B = (Co, ||||). Hence, by
Lemma 5.1 of Van der Vaart and van Zanten (2008) [58], the support of (7;)¢>0 is
equal to the closure of the reproducing kernel Hilbert space H; C B in the Banach
space B.

Let 05 = g(hldg)) and take 75 > 0 such that 0 < dp < % for all 7 > 75. Notice

this is possible as h4(t) is a strictly decreasing for ¢ > 1. Consider g; € H; with

lg; — 70,5]l.. < 9B, by triangular inequality,

17; = Mjolle < 1105 — gjll + 9B, (6.6.21)

hence

(Shd(T)
14+7
(

n(g.) = H(Sup}mj—ﬁj,ol(t)é

telo,r

R R 1
,sup|ij; — Nj0/(t) < 3
t>1

Ohg
> I sup |y —g;l(t) < - %
(te[oﬂ-}hfb ]|( ) 2(1 T >

—3llg;li%, .
> e *7VNIL sup |n;|(t) < —=,
t€[0,7]|n‘7|( ) 2(1 _'_7_) t>7

where last inequality comes from the result of Kuelbs et al. [38],[58, Lemma 5.2],

and from using the fact that dgp < %. On the other hand, by Lemma 6.6.9, there
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exits 7o > 1 such that for all 7 > 7¢,

. Ohqa(T) ~ 1
11 (sup |?73|( ) > 2(1 T)’St>u?’”3|( ) = 6) > 0,

te(0,7]
for all j € {0,...,d}. Finally, we conclude

I(G].) > 0.

for all 7 > 7p = max{7p, 7¢} and for all j € {0,...,d}.

(6.6.22)

O

Given € > 0, by Lemma 6.6.7 (or alternatively Lemma 6.6.8 if we are in the

fixed covariates design), there exits §(¢) > 0 and 7(¢) > 1 such that for all 7 > 7(¢),

the set Bs( - is contained in a Kullback-Leibler neighbourhood of 6, of radius e.

On the other hand, by equation (6.6.18) and Lemma 6.6.10, for the same d(¢) > 0,

there exists 7¢ and 7p such that for all 7 > max{rg, 7p}, I(Bs(e),) > 0. Therefore,

we conclude the proof of condition (G1) (or (T1) respectively) by taking any set

Bs(e),» with 7 > {7g,7p,7(€)} > 1.
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Appendix

6.A Main results

6.A.1 Proof of Lemma 6.4.1

Proof. Define the set

. g(t) tel0,n]
Dy = g:R+—>R:g(t): ) ,
til—n t 2 n

where g(x) € C[0,n], the set of continuous functions on the compact [0, n]. More-

over, define Dy as the countable union of these sets,
D, = |JDy.
n>1

Take f € Cy. Then by definition, given § > 0 there exits T > 0 such that for
allt > T,

sup|f(t)| < o.
t>T
Let € > 0, and define,
f(t)  tel0,N]
A !
iy T=N
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where N is any natural number such that for N > T* and T* > 0 we have that

sup|f(t)| < 5. Notice that by construction gy belongs to Dy, and
t>T*

f’eﬁ’f(t) —gnt)| = f;ljglf(t) —gn(t)|

9
< supl|f(t)]| + [gn ()] < 3¢
t>N

In order to complete the argument, we need to prove that D{ is separable.
This fact along with the fact that a countable union of countable sets is countable
completes the proof.

It is well known that the space C[0,n] endowed with the uniform norm is
separable. Then we have a countable collections of functions {h}} }°_, that ap-

proximate any element on C[0,n]. Consider the sequence {hg,,}r°_; defined as,

. ()t e [0,n]
] e sy,
t+1-—n —

By construction, for any g, € Dy and for all € > 0 there exists hy,, such that,

sup |g, — hg’m| = sup |gn — hi| < €.
te[0,n] telo,n]

On the other hand, the latter implies |g,,(n) — ho,(n)| < €. Hence

s g 6) — 1 ()] = sup | 22— T g ) — ()] <

t>n t+1-n t4+1—n

Therefore
sup |gn — hi | <€,
teRF ’
concluding that D{ is separable. 0J
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6.A.2 Proof of Lemma 6.4.2

Proof. Consider the collection of Gaussian processes (n;(t));>o for j € {0,...,d},
with zero mean and covariance function denoted by K;. In particular K; were
chosen such that each of them generates Gaussian processes with continuous sam-
ple paths. Hence, since hy is continuous, each non-stationary Gaussian processes
(1j(t))i>0, defined in equation (6.4.5), has continuous sample paths.

We proceed to prove

1 (lim sup|n; () ha(t)] = 0> - 1

T—=00 ¢>r

for every j € {1,...,d}. Since each K satisfies assumption (A1) we prove this
result for an arbitrary j. By Lemma 6.B.5 and assumption (A1), there exists

7* > 1 such that for all 7 > 7*,

I1 (iggfnj(t)hd(t)\ > 1) < p(7),

where p(7) = p(7,d, K;(0)) is the function defined in defined in equation (6.B.6)
of lemma 6.B.5. Moreover, by Lemma 6.B.5 and fixed d € N,

limp(r) = 0. (6.A.1)

T—00

On the other hand, consider an increasing sequence of times {7;}°, in the

following way. Take 7, = 7 > 7* and choose 7; such that, for the event

1
B - {supmj(t)hd(m > —.}7
tZTi 1
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it holds

=
=
IA
=
g

IN

Observe this can be done since, for fixed d, the function p(7) decreases to zero

in 7. Hence

iH(Ez) < i%

Thus, by the Borel-Cantelli lemma

1
limsup sup|n;(t)hq(t)] < limsup - =0,

1—o0  t>T; i—o0o L

P-a.s.. Since this proof holds for an arbitrary j, we conclude the result. Il

6.A.3 Proof of Lemma 6.6.4 and 6.6.5

Proof. We proceed to prove Lemma 6.6.4 and Lemma 6.6.5. Let € > 0, by a direct
application of the bounded difference inequality [15, Theorem 2.2], we obtain

e, (

supljn(4) = ()] = B, (s0plin(4) ~ ()] ) | > £
AcA AcA
<

2e~ /32, (6.A.2)
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For the case of Lemma 6.6.5, the same result can be applied, since the function

Go(Th. . T) =  swp  |un(d)— / 2 (A)Qu(de)
A=A1xAseA Ao
"5, (Ag) |
_ 90\ %2) (5 (A) — pE (A,
A:AslliazeA ; n (O, (A1) = i (A1)

changes by at most 1/n when changing T;, for a fixed sequence (x;);>1 and re-
gardless of what A is. Therefore, by the bounded difference inequality, and for
sets A= A; x Ay € A and

A(A) = pa(A) - / 4 (A)Qu(de), (6.A.3)

then

P, (

sup [(4) ~ B, (sup [ (4) )| > £)
AcA AcA

<

2" /32, (6.A.4)

Going back to Lemma 6.6.4, the result in [15, Theorem 3.1] gives a bound for
the expectation in equation (6.A.2), in terms of the VC shatter coefficient S4(n)
defined in equation (6.6.10). Indeed,

log 2S5 4(n)
—

Eqg, (Sup\un(A)—ueo(A)l) < 2
AcA

For the case of Lemma 6.6.5, the proof of [15, Theorem 3.1] can be replicated
for obtaining the same bound for the expectation in equation (6.A.4) for a fixed

sequence of covariates (z;);>1, then

) < 9 logQSA(n)'

B (sup i (4) = [ (41 -
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As in both cases we have exactly the same bounds in terms of the shatter
coefficient of S4(n), we just prove Lemma 6.6.4 and argue the proof for Lemma
6.6.5 is exactly the same.

By [15, Lemma 4.1], the VC dimension of the class of subsets A (rectangles
in RT x [0,1]¢) is upper bounded by 2(d + 1). Furthermore, [15, Corollary 4.1]

provides a bound for the VC shatter coefficient of the class A given by
Sa(n) < (n4 1)@,

Combining the last results, we get

B (s ()~ 4] ) < 2D,

AcA n

which decreases to 0 as n goes to infinity. From this result and the bounded
difference inequality, Theorem 6.6.1, we conclude that there exists N > 0 large

enough such that for all n > N it holds

€ &2
B (6,) = P, (suplin(4) — ()] > £ ) <2675
AcA

We proceed to prove the exponentially small bound for the type II error. By

definition of the supremum there exists a rectangle A* € A such that

2¢

’/MO (A*> — Mo, (A*)| > 37

with 6, € {6 :d(0,60y) > €}. On the other hand,

Ep,(1=¢n) = Py, (zlelalun(z‘l) — oy (A)] < i)
< Py, (!un(A*) — pgo (A7) < ;1) . (6.A.5)
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Define the event,

B = {sup ()~ ()] < 5 |

AcA

then by the first part of this proof, it holds Py, (E°) < 2e7"¢°/32. We proceed to

compute the probability of equation (6.A.5) using the law of total probability

(6.A.5) = Po, (J1a(A7) = oy (A < TN E)

€
+Po ('an) < o £)

IN

|1 (A%) — gy (A*)| < = 1 “n sup |1 (A) = pg, (A)] <

I

e )
+ (sup |pn(A) = o, (A)] > Z)
Poy (4

. € e
’ “90 )’< m’ﬂn( ) NBl(A )‘Sz)—f—Qe 32,

(6.A.6)

IN

By the triangle inequality, we have

|0g (A™) = 0, (A)] = [1n (A7) = 119, (A)] < [1an (A7) = p1go (A7)].

Therefore,

{1pa(A*) = 110, (AD)] < & OV ]jan(A%) — g, (A%)] < £}

C

{1116, (A%) — 110, (A)] = | (A%) = p10, (A)] < §} 0 {1 (A7) — 1o, (A7) < 5} = 0.

since |pg, (A*) — po, (A%)] > % and [p,(A*) — e, (A*)] < §. By plugging-in this
result in equation (6.A.6), it holds

(6.A.6) < Py (0)+2e"%,
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Finally,

&

E91(1—¢n) < 2e 52,

By taking the supremum over the {#; € © : d(6y,0;) > €} we conclude the
result. O]

6.A.4 Proof of Lemma 6.6.7 and 6.6.8

Proof. Define
d
Ya(t) = mo(t)+ Y wm;(t)
j=1
and Yzo(t), when replacing 6 by 6. The function
fu(t:0) = Qo(Ya(t))e o o0alods

can be interpreted as the conditional distribution of a survival time 7" given the
covariate X = « in the random design. But it also can be interpreted as the
distribution of the time 7" for a fixed valued of the covariate « in the fixed design.
We split the proof in two parts, one for the random design and another part

considering a fixed design.
& [Random design, condition (G1)]

Using the towering property of conditional expectation, we have

fx (T, 90)) _ ( fa (T, 60)
E90 (log fX(T, 6) /[0’1]41 E90 IOg f:c<T7 0)

X = zc) Q(dz).
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Moreover, by definition

e (16 5

XZCB) = /Tl Jolt, )>f:t( 0)dt

fa(t,0
+ / log fw((t” 00)) fa(t,00)dt.  (6.A.7)

The first integral breaks into three parts,

L6 T
/O log BT L < /O log 22 1,6
o (Vao(1))

+ /O log ———~% (Vo (1)) fa(t, 60)dt
+ /0 /0 Qo (Ye(s)) — Qoo (Yao(s))ds| fz(t, 00)dt
= L+ 1L+ 1. (6.A.8)

We proceed to bound each of the integrals in equation (6.A.8). For 6 € B;,,

T Q Qo 4}

For the second integral, by equation (6.B.2),
7 (Yao(?))

& :/o oV, (1))

since fz(+,0p) a p.d.f..

! 1
dt 0 falt, o)t < dLa

folt.O0)dt < /

o T

log ———+

Finally, we break the last integral of equation (6.A.8) into two terms,

J
+ /0 /Ot(QOU(Yz(s))—QOU(YmO(S)))dS
= Iy, +1Is,

/0 (o (Ya(5)) — Q00 (Va(s)) + 200 (Yals)) — Qoo (Yao(s))) ds| fu(t, 00)dt

IN

/0 (0 (Y (5)) — Qoo (Va(s)))ds| falt, 00)dt

fa(t,00)dt
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For the first part we use the fact that |Q2 — Q| < 6 and that fot o(Ye(t)) <t

(since o is the sigmoid function and thus upper bounded by 1), hence
13,1 S / ‘Q - Q0|tfm(t, eg)dt S 590E90<T|X == :1:)
0

For the second term, by equation (6.B.1)

Ly < /WQQ/yaagwn—aﬂgdgﬂdy;@e@ﬁ

< /sy/ii%@ht%>
T(d+1)

T+1

Qo

§ < Qo(d+1)d.

Putting everything together,

Jo log 205 f“” teo fm(t Oo)dt

<
Il+]2+]3
<
0 (55 + 5+ Qo(d +1) + UEq,(T|X = @) . (6.A.9)

For § € (0,1/2) and 7 > 1, we have

T fa(t ) d+1
+ QO/ E@O(T’X = w)Q(dw)) .
x€(0,1]4

(6.A.10)

Using assumption A3 we have that the latter integral is finite, hence we can

choose § small enough such that the whole term is less than €/2.
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Now take the second integral of equation (6.A.7) and break it into two integrals,

o0 > 79 o0
/ 10gjffw((tt7;))fm(t,90)dt < [ om st fult, b0

n / " log fult, 0)| fu(t, Bo)dt
= L+ 1. (6.A.11)

For the first integral, since log(z) < z — 1,

L < / T (Falt00) — 1) fult, Bt

< fa(t,00)%dt.

T

For the second integral, we have that

o= [ flog (Qo(vae 2R e0w)| gy(e, )

< [ log Sttt + [ Nlog (v (0)Ifa(e. b0

/Too ‘Q/Ota(Yw(s))ds

= Iy + 1o+ 13

+

fa(t,00)dt

Recall that for 6 € Bs - we have that Qy(1—0) < Q < Q(149) and ¢ € (0,1/2),
hence the first integral is finite and bounded by,

12’1 < K()P@O(T > T’X = w),

where K is a constant depending on €y and §.

For 0 € B;, we have that n;(t)hq(t) > —1 for all t > 7 and all j € {0,...,d}.
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Then, by the definition of h4(t), for all ¢t > 7
d
Ya(t) =Y mi(t) > —t —log(1—e™). (6.A.12)
§=0

Furthermore, notice that the inverse c~!(e™*) = —t—log(1—e"), which finally
implies 0 > log o(Yz(t)) > —t since the function o is upper bounded by one and

covariates x € [0, 1]¢. Using this last argument, we get a bound for
Ly < / Lt 00)dt = Eay(TLigon |X = a).
Finally, for the last integral we have
Iy < / " Q(1+ 8)1falt, Bt = (1 + 6)Fay (Tl gy | X = ).

By putting everything together, we have

/T " log ﬁ(fi,%))) Falt,00)dt < / Lot 002l + KoPay (T > 7 X = )

+ (1 + Qo(l + 5))E90<T1{T>T}’X = .’I})(6A13)

By definition, fz(,6y) is bounded by Qq for all t > 0 and = € [0, 1]¢. Using

this fact and by taking expectation, we get

> fw(t"g(}) =
E ( / log 5 g5 Qo)dt> < (Qo + Ko)E(Pyy (T > 7|X = )

+(1+ Qo(1 +96))
KE(Eg, (T1irsm] X = z)). (6.A.14)

We conclude by using that

lim E(Eqg, (T1irom | X = x)) =0 (6.A.15)

n—o0

119



Tamara Ferndndez CHAPTER 6. POSTERIOR CONSISTENCY

which is true for every random variable T" with finite expectation, i.e., assumption

(A2). Also, by Markov inequality notice that
E(Py,(T > 71X = 2)) < E(Eg(Tlr=n|X = ).

The above allows us to deduce that the integral of the tail, i.e., the integral
given in equation (6.A.11), is finite and hence we can choose 7 > 1 large enough,
such that equation (6.A.14) sum less than €/2. The above together with equation
(6.A.10) allows us to conclude that

Eq, (log%) < e (6.A.16)

& [Fixed design, condition (T1) (i)]

Recall that in this setting, the covariates are fixed for each data point T;. There-
fore, for each ¢ we have a different covariates x;, but for ease of notation, we just
write . Take f,(t,60y) as the distribution of times under the true parameter 6

and covariate x, then

KLi(00,0) = E(Y(0:0))

0 fa(t,0o)
/0 log ¢ 5 Fu(t, 6o)dt.

which has the same form as equation (6.A.7), hence we replicate exactly the same
proof of the random design case, but we justify with assumption (A3’) instead
of assumption (A3). Indeed, notice that the main assumption we are using to
conclude the result in the random design case is that Eg(Eg, (T|X)) < M < oo.
Since in the fixed design case we are working with expressions of the form Eg, (T'|x)
(without integrating over the covariates), the uniformly integrability required in

assumption (A3’) is a sufficient condition to replace the latter assumption.
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& [Fixed design, condition (T1) (ii)]

Using the definition of variance,
Vi(00,0) = Varg, (T(60.0)) < Eqg,(T*(6o,0))

By definition

Eﬂﬂ%w>=Alﬁ?%?nWMﬁafE@?%ganﬁ

Consider the first integral of equation (6.A.17). By replacing the p.d.f. we

have

T QO
L = log —2
1 /0 <0gQ+

Notice that for all a,b,c € R hold that (a + b+ ¢)? < 3(a® + b? + ¢?), then

T 2 % o U(YmO(t))
430% & s Sy

o (Yao(t))

8 (VL (0)

t 2
/0 Qa(Ym(s))—Qoa(ng(s))ds> Fu(t, 00)dt.

-+

2

L +

IN

t
/0 Qo (Ya(s)) — Qoo (Yao(s))ds

o Z0z0(1)

_ ’ o 2t ' o (Y1)
= /031g Qfx(t,Go)dtJr/o 3 o (Ya(t))
. 2

/ Qo (Yz(s)) — Qoo (Yao(s))ds

+ / 3 fa(t,00)dt
0 0

2
) fa(t,00)dt

2
f:c (t7 90)dt

Take the first integral of equation (6.A.18). Since 6 € Bs, and 6 € (0,1/2) we

have

T Q 2
L, < / 3 (ﬁo — 1> falt, 00)dt < 126,
0

since for €} € By, % —1 < % < 2§. Next, consider the second integral of
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equation (6.A.18). By equation (6.B.2) and since 7 > 1

d+1 3(d+1)?
< < ——0.
Ly < /0 3(1+ ) fa(t,00)dt < 5 0

Finally, we take the last integral of equation (6.A.18), using (a+b)? < 2(a®+b?),

2

Ly = /0 '3 / (Q = Q)0 (Ya(s)) + Qo0 (Ya(s)) — 0 (Vao(s))ds| falt, 00)dt
< /T6/Qa QOG(Y())d52

Ja(t,00)dt
n /0T6 / Q00 (Va(s)) = Qo0 (Yao(s))ds

fa(t,00)dt
= ILig1+1i32.

Given that # € Bj,, we have that |Q — Qg < Qpd. Moreover, recall that
fot 0(Yz(s))ds < t since o(s) <1 for all s € R, hence

]17371 S K()(S/ thm(t,Qo)dtSK[)éEgO(T2|ZB) (6A19)
0

for some constant K.

For the second term we have, by equation (6.B.1),

hae < [ o0 ( / o (Va(o)) = o(Vaa(s)lds) fa(t ol
d+1
Q2 xr )
§/060(/01+ )f(teo)dt
< Kjo

for some constant K.
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Putting everything together, and using assumption (A3’) we have

L= /0 log? f;;j{];)@f Fult, o)t

3(d+1)?
= 0 (12+ % + KoEy, (T?|) —l—K(')) < o0.

Now, we take the second integral of equation (6.A.17)

L f " (llog falt, 00)| + [1og fu(t, O))° fu(t, B0)dt

< / 2 [log fo(t,60) [ fu(t, B0}t + / 2 [log f(t, 0)[2 fu(t, 00)dt
- 12’1“1__[272. (6A20)

By inspecting the first integral of equation (6.A.20) we have,

Ly < / 2| fult,00) — 1 fult, O)dt

< / Qfm(t,eo)%t—/ 4fo(t,00)%dt + 2

T

< /OO 21, (t,00)dt + 2.
Recall that f,(t,6,) is bounded by € for all = € [0, 1]¢, hence
I, < /Oo 200 fu(t, 0p)dt + 2 < 208 + 2 < <.
For the second integral, we have

Ly < / 2/ Tog Qo (Y (t))e— s s 12 £ 1 gt
< / 6|logQ]2fx(t,90)dt+/ 6/ 1og o (Y, (£))[2 £ (£, 0 ) dt

2

+ /TWG(/OtQa(Y}C(s))ds) Fu(t, 00)dt. (6.A.21)
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Recall that for § € Bs, we have (1 — ) < Q < Qy(1 + 9), hence the
first integral of equation (6.A.21) is finite. Using the same argument as before,
equation (6.A.12), for § € Bs, we have —t < loga(Yz(t)) < 0 for all x € [0, 1]%.

Hence, the second integral of equation (6.A.21)
/ 61082 (Y (£)) fult, Op)dt < GFqq (T2|). (6.A.22)
Finally, we bound the last integral of equation (6.A.21) by,

/TOO 6 (/Ot QO’(KE(S))dS)Q fo(t,00)dt < 6K Ey (T?z)  (6.A.23)

where K is some constant that depends on €)y. Finally, by the uniformly inte-

grability of T? over = € [0, 1]¢, assumption (A3')
Vi(00,0) < oo (6.A.24)

uniformly in 7. 0

6.A.5 Proof of Lemma 6.6.9

Proof. Consider

; “ 5hd(7') ~ 1
i) = 11 ()| < —= ) ()] < =
(Cs.,) (ﬁ}é};}!m( )| < 20 +T)’S£E|”J( )| < 6) :

since both events are symmetric and convex, by the Gaussian correlation inequal-

ity, Lemma 6.B.4 enunciated in Appendix B, it holds

; R (5hd(7') “ 1
Iy ) > 11 (1) < I (< =).
1) = (é}éﬁl’"ﬂ”‘—z(Hﬂ) (supliso) < 5)

We continue by lower bounding each term separately. By Lemma 6.B.6, which
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we prove in appendix B, we have that for any 7 > 1 and § > 0, it holds

for all j € {0,...,d}.
On the other hand

. 1 . 1
1 (suplis) < 5 ) = 111 (sl (0] > 5 )
t>1 t>T1

Then, by lemma 6.B.5, there exists 77 > 1 such that for 7 > 77,

. 1
n (suplis0] < §) > 1-ni(o) (6.4.25)

where p;(7) = p;(7,d) decreases to zero for fixed d, for each j € {0,...,d}. From

the latter result, we conclude there exists 7; > 77 large enough such that for all

T 2T
. 1
I (smalnj(t)l < —) -0,
t>T1 6
for each j € {0,...,d}. By considering 7 = max{,..., 74} we conclude
m(cs,) >0,
for all 7 > 7 and for all j at the same time. O

125



Tamara Ferndndez CHAPTER 6. POSTERIOR CONSISTENCY

6.B Other results on (Gaussian processes

6.B.1 Lemma 6.B.1

Lemma 6.B.1. Let § >0, 7 > 1 and = € [0,1]¢. Define

te(0,7]

Bsr = {(770,---77%1)3 SUPWJ() njo()’_lj ,Vj €10, .. }}

and
Ya(t) = no(t) +Z$ﬂ7j(t)

and Ygo(t) as above but replacing 6 by 0y. Let o(x) be the sigmoid function, then
for all 6 >0 and (no,...,n4) € Bs~,

d+1
max sup |o t)) — o(Yyol(t
s, o [o(Va(t) — oVao®)] < 7

S, (6.B.1)

and

max_ sup | logo(Ya(t)) — logo(Yao(9))| < 912

). (6.B.2)
z€[0,1]%¢[0,r] 1+71

Proof of Lemma 6.B.1

Proof. Let a = Y,(t) and b = Ygo(t), by the mean value theorem, there exits ¢

between a and b such that

o(a) — o ()] = —(a—b)\
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By taking supremum on both sides of the above equation, we get equation

(6.B.1), indeed

d
sup |o(Ya(t) — o(Yao(t)] < sup |(mo — nmoo)(t) + > @;(n; — 150)(1)
tel0,7] t€[0,7] j=1
< sup [(no — m0,0)(t)]
te[0,7]
d
+ Y gl sup |n; — njo(t)]
=1 te[0,7]
5 d
< 2 -
- 1—|—T+;|m]|1+
The we conclude
d+1
max sup |o(Yz(t)) — o(Yeo(t < )
i, s lo(a(0) ~o(a®)] <
The proof for equation (6.B.2) follows by the same argument. 0

6.B.2 Lemma 6.B.2

Lemma 6.B.2. Let 7 > 0 and n(t) be a continuous function on the interval [0, 7],

then for t@ = with k € {0,...,2"} andn > 1

 9ny

sup. 7] < n(0)] + [n(7 |+Z max (1) = n(tg)|

tef0,7] 0<k<2n— 1

Proof of Lemma 6.B.2

Proof. Define a partition of the interval [0,7] as 4, = {{} = 2 k =0,...,2"}.
Let Ag = {0, 7}, then

supn(t)] < [n(0)[ + [n(7)|.

teAog
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For A; = {0,7/2,7}, we want to show that

sup(n(t)] < [n(0)] + [n(7)] + max{[n(r) —n(/2)|,[n(7/2) = n(0)[}.

teAq

If the supremum is at {0,7} we are done. Assume the supremum is at 7/2,

and let x € {0, 7}

n(7/2)] n(7/2) = n(x) + n(z)|
n(7/2) = n(@)| + [n(z)]

< max{[n(7) —n(r/2)], [n(7/2) = n(O)[} + |n(x)],

IN

thus the result follows. By induction, assume that

teAn

supln(®)] < (O] + ()| + 3 max () = n(t)]
i=1

then we need to prove this result for A, ;. Explicitly, we want to show that

n+1

N < (ti. ) —n(t:
teszklfil‘n<)’ < n0)] +|n(r |+Zo<rkn<a2>§1 (terr) — n(t)1,

i.e.,
n ‘ ,
{i‘;ﬁ'”w’teﬁf’mn'"(m} < \n(o)\+yn(7)|+Zogrknga2>§_ll77(t2+1)—?7(t2)|
max |77(7521%) n(tZ“)l-

0<k<2n+1l_1

If the supremum is in A,, we are done. Assume the supremum is in A, /A, =

{(2k+1)r k=0,... 2"~ 1}. Let the supremum be at (2727::} and let = be such

2n+1 9
2mT (2m+ 2)7
$€{2n+17 27’L+1 }CATH

that
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with m € {0,...,2" — 1} then,

‘77 (%—tf)T)‘ < ‘n <(2W;n—t11)7) —n(@)| + n(z)]

< n+1 n+1
- Oﬁkg%}fl—Jn(tk—&-l) (tk’ )’ + ’77(0)’ T |77(7->|
+ max |n(ty ) — ()]

0<k<2i—1
=1

Finally, since 7 is continuous and [0, 7] is compact, there exits a € [0, 7] such

that sup |n(t)| = n(z). Then, for all ¢ > 0 it exits n and k € {0,...,2"} such

te(0,7]
that
kT
n(r) <n (27> + €,

since

5T < (o)1 + In( \+Z D(t) — n(tL)

JE— m J—

T\ 9n < [n(0 T O<k<a;f1 k+1) — T\ )ls

we obtained the desired conclusion. O

6.B.3 Gaussian correlation inequality

Theorem 6.B.3 (Gaussian Correlation Inequality [47]). For anyn > 1, if pu is a
mean zero Gaussian measure on R™, then for Cy,Cy convex closed subsets of R"

symmetric around the origin, we have,

w(CrNCy) > p(Cr)p(Co)
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6.B.4 Lemma 6.B.4

Lemma 6.B.4. Let (I(t))i>o denote a Gaussian Process with zero mean, station-

ary covariance function K and continuous sample paths, then

P (SUP [1(t)] < My, sup [I(t)] < M2> > P (SUP 1(t)] < Ml)

te[0,7] te(r,m2] t€[0,7]

te(r,m2]

xP ( sup |I(t)] < M2>6.B.3)
for T < 1 and My, My constants. The same result holds for o equal to infinity.

Proof of Lemma 6.B.4

Proof. Consider the finite collection of indices A, = {tk = ’“2%, k=0,..., 2"},

then by definition of a Gaussian process, [(A,,) is a zero mean (since (I(t));>o has
zero mean) multivariate Gaussian random variable in R4»l. Moreover, let #;. the

largest element in A, such that t;~ < 7, then the sets

Cr = (i)l < My, l{tp)| < My, U(toia) € R, U(72) € R}
02 = {l(to) € R, e ,l(tk*) € R, ‘l(tk*+1)’ S MQ, e |l(7’2)‘ S MQ} (6B4)

are convex closed subsets of Rl4». Therefore, we can apply the Gaussian correla-

tion inequality, Theorem 6.B.3, and have that
P(CinCy) > P(Ch)P(Cy),
which can be rewritten as

P ( sup |l(t)] < My, sup |i(t)] < M2> (6.B.5)

tE[O,T}ﬂAn tE(T,TQ]mAn

> P ( sup [I(1)] < M1> P < sup  [I(t)] < M2> :

tel0,7]N A, te(r,m2]NAn

130



Tamara Ferndndez CHAPTER 6. POSTERIOR CONSISTENCY

Moreover, notice that by construction A, C A, 1 and then

{ sup  I(t)| < My, wpuw§m}
te|

O,T}ﬂATH_l tE(T,TQ]ﬂAn+1

C { sup |I(t)| < My, sup |i(t)] SMQ},
te|

0,7]NAx, te(r,m2]NAn

and then, by a standard properties of measures,

lim P ( sup |l(t)| < My, sup |l(t)| < Mz)

n—00 te[0,7]NA, te(r,m]NA,
= P[] sw [0 <M, sw i) <,
neN tel0,7|NAy te(r,m]NA,

te[0,7] te(r,m2]

::P<wMWMSthpwm§MJ,

where the last step is because the continuity of the Gaussian process (I(¢))i>o0.
Then, taking limits in both sides of equation (6.B.5), we get the desired result.

By the same arguments, we have the result when 74 is infinity. O

6.B.5 Lemma 6.B.5

Lemma 6.B.5. Let (n(t))i>0 be a Gaussian process with continuous paths, zero
mean and stationary covariance function K, satisfying (K(0) — K(27"))~! > nS,
i.e., Assumption (A1). Then there exits some 7 > 1, such that for all T > 7%,
M >0anddeN
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where p(1) = p(1,d, M, K(0)) is a positive function that depends on the dimension
d, constant M and the variance K(0), and takes the form of

p(r) = Z g1 exp{—q(T + j)?}, (6.B.6)

Jj=0

where 1 = q1(d, M, K(0)) and q2(d, M, K(0)) are positive constants that depend
on the dimension d, constant M and variance K(0). Furthermore, for fixed d and

M, it holds

limp(r) = 0.

T—00

Proof of Lemma 6.B.5

Proof. Define the sets

5 = {supln(t)hd(t)le},

t>1

and

S; :{ sup rn<t>|2hd<7+j>—1M}.

te[r+j,7+j+1]

Then since hg(t) is strictly decreasing for ¢ > 7 > 1, we have

S) <1 (U Sj) <) I(s;)

Jj=0 Jj=0

Consider the partition A}, = {t;np =T +j + 2=,k = 0,...,2"}. Since the

paths of the Gaussian process (7(t)):>0 are continuous, by Lemma 6.B.2 we have

sup <777—+] + maX tn,k —nt,ﬁ%k +777—+j+1 )
ey ON< fn(r +9) Z smsest) = 0tms)| I )
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On the other hand, define the set

: ha(T + j) ' M
2y m {2 M2
> 3hd<T—|—j)_1M
U L>Jl [ k1) = ntjnn)l = -
) : ha(T + j) ' M
U {!n(Tﬂ +1) > %}
then we prove
Sj - Zj7

for all 7 > 0. We proceed by contradiction. Take a function 7 in .S; and suppose

it is not in Z;, then by the definition of Z;

n(r+ )1 +D max |n(tjnrer) = n(tme)| + 00+ + D] < ha(r +5) "M,
n=1

0<k<2n—1

and hence, by Lemma 6.B.2,

sup ()] < hg(T + )"t M.
telr+ir+i+1]

Nevertheless, for n in S it holds

sup  [n(t)| > ha(r + )" M.
te[r+j,7+j+1]

which is a contradiction. By the union bound

II(S;) < T(Z)
T4+ 4)7t -l
< 11 (i) = PEEDTIY L (yy Belr)
T+ )71
+ D> D H<|77(tj,n,k+1)—n(tj,n,k)ZShd( ;n]g) M). (6.B.7)

n>10<k<2n—1
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We continue by using a well-known concentration inequality for Gaussian random
variables, that is, “the Gaussian concentration inequality”. For a Normal random
variable X with mean p and variance o2, the Gaussian concentration inequality

[7] states

t2
POlX —pu|l>t) <2 —_—— . B.
(% =z 0 < 2ep - 6.8.3)

Then, since 17 denotes a centred Gaussian process, we use this inequality to

bound the following probabilities

I <|77(7‘ + )| = W) < 2exp {hd(;;‘gzg)M } (6.B.9)

and

< 2ex

hd(r+j)—1M)

{ ha(T + j) 2 M?
4

2K } . (6.B.10)

H(mv+j+1nz

Additionally, define the events [;,, , = {|’r](tj,n7k+1) —n(tjnk)| > W}
and notice 7(t;, x+1) —N(tjnk+1) is Gaussian random variable with zero mean and
variance given by 2(K(0) — K(27")). Then, by using the Gaussian concentration

inequality, equation (6.B.8), it holds

n Ohy(T + j) "2 M?
> 2 M) < 22+16Xp{_4w2n46(l.(i((?)_)])l((2"))}

n>10<k<2n—1 n>1
ha(T + 2M2(K(0) — K(27 )1
= 25 exp { Yha(r +j)~ (K(0) ( )

Tt +nlog2}.

By assumption (A1) it holds (K (0) — K(27™))~! > n®, then

9th—|—j)2M2n
S % 0 < 2 e {0 o

n>1 0<k<2n—1 n>1

= 2) exp{-Cy}", (6.B.11)

n>1
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where C; = W —log 2. Since hy(7) is strictly decreasing for 7 > 1, it
holds that exp {—C}} is strictly decreasing for j > 0 and fixed 7. Moreover, by
the same argument, we can always pick a 7% > 1 in such way that for all 7 > 7,

9hd(7')_2M2
4t

exp{—Cy} = exp {— + log 2} < 1. (6.B.12)

Using the latter result, the geometric series in equation (6.B.11) converges for

all j > 0, as exp{—C;} < exp{—Cp} < 1. Indeed

exp{—Cj;} <9 exp{—Cj}

(6.B.11) = 21 —exp{—C;} ~ "1 —exp{—Cy}

< goexp{~C;},(6.8.13)

for all ; > 0 and some constant gy (which depends on d and M). Plugging-in the
result of equations (6.B.9), (6.B.10) and (6.B.13) in equation (6.B.7), we have

ha(T + )72 M?

II(s;) < 4exp{— }+q0exp{—0j}.

32K(0)
Finally,

ms) < Y T(S))

j=>0

hag(T + 5)72M? Ohy(T + 5) 2 M?
< Z(‘lexp{— d(32K()O) +qoexp | — ol 47T4) —log2¢ ],

j=0

with

(t + log(L — e1))?
d+1)?

ha(t)™2

Then there exists some positive constants ¢; = ¢1(d, M, K(0)), where K(0)
denoted the kernel evaluated at time 0, and g2 = ¢2(d, M, K(0)), such that

I(S) < > qrexp{—qa(r +j)°}. (6.B.14)

320
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From an standard application of dominated convergence, we deduce that the

limit goes to zero as 7 goes to infinity for fixed M and d. OJ

6.B.6 Lemma 6.B.6

Lemma 6.B.6. Let (1(t))i>0 be a Gaussian process with continuous sample paths,
zero mean and stationary covariance function K, satisfying (K(0)— K(27™))~' >

n®, i.e., Assumption (A1). Let 7> 1 and § > 0, then

I (sup () ha(t)| < ‘md”)) > 0.

t€[0,7] I+

Proof of Lemma 6.B.6

Proof. Recall the definition of function hy given in equation (6.4.4)

d+1
ha(t) = { mmoen =1
d+1 F>1 )

t+log(l—e~?t)

hence hy(t) is strictly decreasing and positive for t > 1. Consider 7 > 1, then

5hd(7') (5hd( )
{tzl[ég]ln(t)hd(t) SH—T} 2 {tzl[ég]\n( )| _m}-

Consider the partition A, = {t’,;‘ = ’;Z, k=0,. 2"}, by Lemma 6.B.2

sup [n(t)] < [n(0)] + [n(7 I+Z max [n(tgy,) — n(t0)].

te[0,7] 0<k<2n—1

For simplicity, let’s call 15(7) = §-—nal and define the event

7)
ha(1)(1+7)

te[0,7]

S = {Sup !n(t)\éwa(ﬂ}-
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On the other hand, define the event

z = {0 < 20 0 Loy < 242

ﬂ {ﬂ {Ogl’r“%a?s’(—l [n(tien) = ()] < 37?57(;) }} .

n=1

Then, for any function 7 in Z, it holds

sup [n(t)] < [n(0)] + [n(r |+Z max [n(ti) — n(ty)] < vs(7),

te[0,7) 0<k<2m—1

which means it also belongs to S and then
Is) > I2).

Additionally, define finite version of the event Z, that is,

zv = {22 0 f o< 20

ﬂ {ﬂ {‘&%1 () — )| < 2220 }} |

n=1

Consider the collection of random variables {a} = n(tp,,)—n(ty),k € {0,...,2"
1},n € {1,...,N}},7(0) and 5(7). Observe there are in total 2+ 3% 27 = oN+1
variables, then the joint distribution of them is a zero mean, 2V !-variate Gaussian
distribution, i.e., they lie on R2" .

Therefore, by replicating the arguments given in the proof of Lemma 6.B.4
(since we have convex, closed and symmetric around the origin events on RZNH),

we use the Gaussian correlation inequality, to prove

(Zy) > 11 (|n0\ < %f)) 1 (\ml < Bolr ) H H I (l M — M| < 3:5%2 > :

n=1 k=0
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Additionally, since the events Zy O Zyy for all N > 1,

Jm T1(Z) = Jim T (ﬂ ? ) (1&13;0 12 )
and hence

[(5)

v

()

(% Ps(T 3s(T
> 11l < 257 ) 1t (1) < 22 )HHH(I SETAES-)

n=1 k=0

Recall that for a Normal random variable X with mean p and variance o2, the

Gaussian concentration inequality [7] states

P(I X —pul>t) < 2exp{—72}. (6.B.15)

Using this result and the assumption (A1) (K(0) — K(2"))~' > nS, we have

1) > 0w <40 I (1o { 2P0 by
Now use exp{—ﬁ} <l—-=z
o0 on _ 9s(r)?n?
o o R 22
- ((|n0| . %(ﬂ)zexp _iexl){ 9w54(ﬂ; +n10g2} o
4 n—1 1—exp{—%}
since the latter series converges. O]
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Chapter 7

Conclusions and future work

The main aim of this thesis has been to contribute to the existing literature
of survival analysis by proposing and studying a novel Bayesian nonparametric
model for survival data. To this end, our first major contribution was the pro-
posal and study of a prior distribution over hazard functions, based on a Gaussian
process. In this regard, we studied the well-definiteness of the hazards sampled
from the prior and the moments of the random variables associated with it. The
second major contribution of this thesis was the proposal of an exact and tractable
inference scheme to sample from the posterior distribution. Our scheme is able to
deal with different types of censoring as well as covariates. Lastly, our final major
contribution was to provide sufficient conditions to ensure posterior consistency
of our model. In addition to this, we believe our proof technique is quite valuable
since, up to our knowledge, most of the previous works proving posterior consis-
tency for models under a Gaussian process prior consider data on a compact set
and most of the techniques used cannot be extended to our framework. Therefore,
our work not only proves the result but also gives a new technique for data in
[0, 00+) under Gaussian process priors.

In Chapter 2, we introduced our model and proposed two covariate schemes.

In one hand, we believe that an appealing property of our model is that it can
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be interpreted in terms of a parametric baseline hazard. Indeed, as the prior is
constructed in such way we can centre it in a parametric family, we can explain
this model as a noisy version of such hazard. On the other hand, a drawback of our
model is that when we include an incorrect prior knowledge, by specifying a not
suitable baseline hazard function Ay, the inference scheme may need a lot of time
and data to perform well. This is because the prior seems to be too concentrated
around its mean, i.e., Ag. An option to avoid this problem is to consider a broad
parametric family for Ay and to learn the appropriate parameters. Another option
is to modify our model such a way it is less concentrated around \,.

In Chapter 3, we analysed frequentist properties of our prior and their impact
in the model. In particular, we proved that the prior defines proper hazard func-
tions with probability one. Additionally, we studied the (random) moments of the
random variables associated with those hazards. All the results in this chapter rely
on properties of the link function, in our case, sigmoid function o(z) = (1+e~*)"1.
We believe that our analysis can be extended to other bounded, non-negative func-
tions without major modifications. The result for unbounded functions seems to
be more difficult to analyse and thus constitutes an interesting research direction.
Part of our analysis included to prove that, for large ¢, the random cumulative
hazard function A(t) is concentrated around Ag(t). We believe this holds for all
large t at the same time, but we were not able to provide a proof.

In Chapter 4, we introduced an exact inference scheme to perform inference
in the model. While our approach proposed an effective way of sampling from
the posterior distributions, it was computationally expensive. In order to give
a solution to this problematic, we proposed an approximation scheme based on
random Fourier features. Future research directions are to find less expensive,
but still exact, inference algorithms. Also, we believe it would be interesting to
explore the use of alternative inference schemes based on approximations of the
likelihood of the original (not augmented) model.

In Chapter 5, we assessed our model empirically obtaining overall good results
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in the synthetic dataset as well as in the real dataset. Future work consist on
assessing our model in a larger real dataset.

In Chapter 6, we proved posterior consistency for a simplified version of the
model proposed in Chapter 2, and under a metric that considers the maximum
difference between two survival functions over a large class of stratifications of
covariates & € [0,1]? and time. In general, we believe the assumptions listed in
section 6.4.4 are quite reasonable and natural for the type of data we were dealing

with. We proceed to review the more important of them.

A1) This assumption ask for stationary kernels K such that (K (0)—K(27"))~! >
n%. This is not a restrictive assumption since most of the standard kernels

satisfy such property.

A4) Here we assume that the true parameters 7;¢ belongs to the support of
(n;(t))i>0 in the Banach space (C, || - ||n,,00)- This assumption can be very
complicated to understand, but in practice, as we saw in Remark 6.4.4 and
in the example above it, for the commonly used stationary kernels, this
assumption is reduced to check that the true parameter is a continuous
function such that the quotient between the true parameter and 1+t tends

to 0 as t — oo (This follows from the definition of the function h,).

Additionally, we think our proof can be extended to other models that do not
consider the sigmoid link function, but other non-negative bounded and Lipchitz
functions. The reason for this is because our proof just uses these particular
properties of the sigmoid function. Finally, another avenue for future work is
to extend this result for the censored case with covariates, as we think the case
of right censoring without covariates should follow straightforwardly from our
analysis as there is a broad literature of existing results that can provide useful
tests for survival data. It is also future work to consider other metrics to prove

this result. A final open problem is to obtain convergence rates.
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