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ABSTRACT

The method of giving the mathematical (or denotational)
semantics of a programming language, as developed by Dana Scott
and Christopher Strachey, is taken as a starting-point. The
main work is towards a general and portable compiler-generator
system, which generates a compiler for any programming language
from formal descriptions of its syntax and of its mathematical

semantics.

The usual notation for describing a mathematical semantics
is examined, and found to be lacking a formal description itself.
A Mathematical Semantics Language (MSL), which is a simple variant
of the notation of so-called semantic equations, is introduced
and formally defined. MSL 1is for use with the compiler-generator,
but i1t is argued that some rigorously-defined notation such as
MSL is in any case desirable for use when giving definitive
descriptions of programming languages. It is shown that MSL is
adequate for describing the mathematical semantics of any (determin

istic) programming language.

In the process of defining MSL, a useful extension LAMB of
Scott's language LAMBDA is developed. Reduction rules for LAMB
are given, and a reduction algorithm using the "call-by-need"
technique is described. This algorithm always finds a normal

form if one exists, and it is "usually" optimal in efficiency,



The compiler-generator system is described both informally
and in MSL (which can be used as an expression-based programming
language). The system uses LAMB as a universal code for its
data and for generated compilers, and it operates entirely by
evaluating applicative combinations of LAMB-expressions. It can
be seen that a generated compiler correctly simulates the mathema-
tical semantics of the described programming language, providgd

that the under-lying LAMB-reducer is implemented correctly.

The results of compiling and evaluating a few simple algo-
rithms, expressed in a formally-defined mini-language, are given.
In conclusion the present rudimentary state of the compiler-
generator system is stressed, and suggestions are made as to how

it might be developed into a useful research tool.
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"It is all very well to aim for a more
'abstract' and a 'cleaner' approach to semantics,
but ©f the plan is to be any good, the operational
aspects cannot be completely ignored. The reason
1s obvious: 1in the end the program must still be
run on a machine - a machine which does not possess
the benefit of 'abstract' human understanding, a
machine that must operate with finite configura-
tions. Therefore, a mathematical semantics, which
will represent the first major segment of *he
complete, rigorous definition of a programming
language, must lead naturally to an operational
stmulation of the abstract entities, which (if done
properly) will establish the practicality of the
language, and which is necessary for a full
presentation, "

Dana Scott, 1970, in Outline of a
Mathematical Theory of Computation.



INTRODUCTION

This dissertation presents a compiler-generator system, which
differs from previous compiler-generatorénin many respects. Its
main novelty is that it produces a compiler for a programming
language from a formal description which consists of an unambig-
uous context-free grammar and a mathematical semantics. It is
not claimed that generated compilers are very efficient, but it
can be shown that they are "correct". The descriptive power of
the notation used for mathematical semantics ensures complete
generality; also this notation can be modified or extended using
the system, giving a necessary flexibility. The system, the
compilers it generates and the programs they compile are all run

by the same easily-implemented interpreter, so the system is

highly portable,

Our work also includes the first formal definition of a nota-
tion for mathematical semantics. Although the motivatioen for this
comes mainly from its use in the compiler-generator system, it can
be argued that a description of a mathematical semantics cannot
be guaranteed unambiéuous or precise in the absence of a formal

definition of the notation used.

Three general areas of study in the theory of programming
languages can be distinguished (after Morris [ 1 1):
(1) Syntax, which concerns the form of the legal programs
of a language.

(ii) Semantics, which deals with the relation between
programs of a language and the abstract objects they

denote.

€2

Such as those surveyed in [ 32 J.



(iii1) Pragmatics, which treats the relation between a
language and its users (hﬁman or mechanical).,.

Of course there is a lot of overlap between these areas - in par-
ticular there is a strong interaction between that part of prag-
matics concerned with the design and definition of programming
languages, and the general study of syntax and semantics. The
latter aims to improve the conceptual basis of programming lang-
uages, so enabling clearer definitions and (ideally!) influencing
their design; this in turn facilitates further study of syntax

and semantics.

We see our work as contributing to the theory of programming
languages in several ways:
(a) The compiler-generator will enable semantic descriptions to
be checked empirically ("debugged"), increasing their accuracy.
(b) Language designers using mathemagical semantics will be able
to assess easily the effect of alternative choices,
(c) Language designers will perhaps be encouraged to use mathem-
atical semantics by the provision of the compiler-generator. It
1s believed that many current languages would have been better-
designed if an attempt at formulating their mathematical semantics
had been made during the design process.
(d) Indirect benefit might come from a student of the theory
acquiring familiarity with a wide range of languages. It is hoped
that all the most interesting languages will soon have tested
mathematical semantics, and the compiler-generator will provide
portable compilers for them.
(e) The formal definition of a precise notation for mathematical
semantics might allow machine-aided proofs of program equivalence
and correctness, in conjunction with a system such as Milner's

LCF [ 2 1.



(f) The compiler produced from a mathematical semantics could be

taken as a reference standard for hand-written compilers.

It is true that the value of our contribution depends entirely
on the continuation of theoretical interest in the method of math-
ematical semantics. However a glance at the literature [ 3 , 4
5 , 6 , 7 , 8 1 gives no reason to fear that this interest
will fade in the near future - on the contrary there is even the
expectation that the other approaches of interest, such as the
"axiomatic" method of Hoare [ 9 , 10 1 and the "operational"
approach [11 [, 12 _ 13 | 14] yill be justified by connecting
them with mathematical semantics. For a detailed survey of all the
current approaches, see Ligler [ 15 ], which includes an extensive

bibliography.

Chapter 1 of this dissertation introduces relevant notions,
notation and theorems for use in later chapters. Chapter 2 is mainly
concerned with the rigorous definition of a notation called MSL
(Mathematical Semantics Language) for mathematical semantics, but
also introduces LAMB, our basic interpreted code. Chapter 3 dis-
cusses the properties of LAMB and also the correctness of 1its
interpreter. The compiler-generator system is presented in detail
in Chapter 4, and Chapter 5 gives an example of its use. To motiv-
ate the first three chapters, we now examine the way in which the

compiler-generator uses MSL and LAMB.

As stated in the literature [ 6 , 7 , 8 16 17 ]

R s s a
mathematical semantics gilves a correspondence between programs and
abstract mathematical entities. On further investigation we find
that these programs are considered to be parse-trees ("annotated

deduction trees" according to [ 6 ] )3 and that the mathematical

entities (values for short) depend on some unspecified functions



whose provision constitutes an implementation of the language. (The
convenience of such a factorization is perhaps one of the main rea-
sons for the popularity of mathematical semantics.) Hence an abstract

"compile-and-run" system could look like this:

Parser Semantics Implementation
) ¢
Program -0 - O » O
Input — O *Output
F — .
where ! represents the application of an abstract function

f to an abstract value « yielding y. Parser denotes an abstract
function from text to parse-trees, Semantics yields values dependent

on certain functions, and Implementation removes that dependence to

give a function from input to output.

To achieve an operational simulation of these abstract entities
on a (real) computer, we encode all the functions and values in
LAMB, which is based on Scott's language LAMBDA [ 18 1, and imple-
ment a LAMB interpreter. If O denotes the coded form of O above -
it combines the code of a function with the code of a value anad
yields the code of the result - then we can sketch a concrete

compile-and-run system as:

Parser Semantics Implementation
Program >é =é ==é 4\\
(Text) (Tree) (Code) (LAMB)

Input — 0 ~QOutput

where all components (including Program) are denoted by expressions

in LAMB.
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The compiler-generator described in Chapter U4 produces the
LAMB-code of the above components from their "high-level" descrip-
tions: a BNF-like grammar for Parser, MSL expressions for the rest
Here we discuss only Semantics. The formal description of MSL con-
sists of a grammar and a LAMB-expression. The grammar yields the
code of an MSL-Parser by the use of another part of the system;
whereas the LAMB-expression is the code of the definitive MSL-
Semanties (which incorporates MSL-Implementation). Therefore

Semantics above can be produced by:

MSL-Parser MSL-Semanties
| {
Semantics > > ] - Semanties
in MSL (Text) (Tree) (LAMB)

Only an initial version of MSL-Semantics needs to be hand-coded, as
a "circular" description of MSL in MSL can be used to incorporate
extensions or amendments. The complete system is sketched in Chap-

ter 4.

The notation of so-called semantic equations has often been
used to describe a mathematical semantics. Unfortunately some of
its features prohibit a simple formal definition of its syntax and
semantics (with present techniques), the main culprit being the
double use of so-called meta-variables (ranging over phrases) on
the left-hand side of a semantic equation: they name the sub-
phrases of a phrase as well as indicating its form. In the absence
of such a formal definition, semantic equations cannot be used in
the compiler-generator instead of MSL. However we contend that MSI
is in any case more suitable than semantic equations for giving

definitive semantic descriptions: here the essential property is

the impossibility of ambiguity or imprecision, and thi: -an only be



guaranteed to hold when the notation has a formal definition. The
attitude of authors of semantic equations seems to be that extra
parentheses can always be inserted if a description is shown to be
ambiguous - this is quite acceptable when the purpose of the seman-
tics is description of an existing programming language, but surely
has no place when defining a new language? An aggravating factor

is the practice of adding to the basic notation of semantic equa-
tions, to obtain greater readability and/or compactness - necessarily

this extra notation can be described only informally.

MSL is quite similar to the basic notation of semantic equa-
tions [ 6 , 7 , 8 1 , differing mainly in using ordinary variables
instead of meta-variables, and in having definitions similar to
PAL [ 19 J. It is.easy to translate semantic equations into equi-
valent MSL descriptions, and vice versa. We hope that MSL (or a
modified version) will be used instead of semantic equations when
programming languages are defined, although we expect the latter to

remain popular for use in proofs due to the compactness of the

notation of meta-variables.

We leave remarks about possible future development of MSL and

the compiler-generator to the Conclusion.



CHAPTER 1

Prerequisites

This chapter introduces those definitions, notations and
theorems from the literature which we shall need in ldter chapters.
For motivation and proofs the reader is referred to I 6 , 16
17 , 20 ] (lattices, A-notation and mathematical semantics)g;

[ 18 J(Pw, LAMBDA, retracts); and [ 6 , 7 , 8 1 (semantic

equations and techniques).

Section j of Chapter 7 is referred to as "§i.j%. The k-th
Theorem or Lemma of a section may be referred to without the qual-
ifying noun, i.e. as "i{.j.k". The k-th equation is referred to

(from within the same section) as "(k)".

Inside a formula a comment will be introduced by an exclamation

‘mark "!", and will continue to the end of the 1line.

§1.1 Lattices

Definitions

A lattice consists of a set, D, structured by a partial order-

'ing C, such that any two elements of D have a unique least 'upper

"bound in D.

The least upper bound (l.u.b.) U X of an arbitrary subset

X € D is uniquely characterized by

for all y ¢ D,U X C y iff for all x ¢ X,  C y.

A complete lattice. is a lattice in which U X exists for all

Sq
N

D.



A domain is a complete lattice which is continmuous in the

sense of [ 20 1].

!
Unless otherwise specified D, D-, D Di’ etc. will denote

09
domains. In later chapters, more mnemonic names such as E, N,

Exp, Env, etc., will also be assumed to denote domains.

-

ip denotes U ® in D, the bottom element of D. Ty denotes

U D, the top element. The subscripts will often be omitted.

A set X C D is said to be directed iff

{z,y} € X implies U{z,y} e X,

A function f from D0 to D1 is said to be continuous iff
whenever X C Do'is directed then

X)) =u{flzx) | e X}.

Theorem 1.1.1 (Tarski)

If £ is a continuous function from D into itself, then f has

a least fixed point, which we denote by fiz(f); i.e.

FFia(F)) = fiz(F).

Also fix(f) = U{fn(L) | n e w},
where w is the set of non-negative integers,

and f' is the n-fold composition of f with 1itself,

Definitions

D0 X D1 denotes the cartesian product of D0 and Dl; i.e.

the set of pairs {(x,y) | = ¢ DO, Y € Dl}’ ordered by

(x,y) E (x',y» 1ff xC x' and y C y'.

DO - D1 denotes the domain of continuous functions fram

DO to D1, ordered point-wise; i,e, if f,g € Do-+ D1 then

fCg iff for all z e Do, flz) C glx).



D0 + D1 denotes the separated sum of Bo and Ei, i.e. the set

KO0, | z € D} u ({11 y e D1} u {1,T} ordered by z C z' iff

2 =190r 2" =71, Or

2 {0, and z! (Oyax” and x

in

x', or

3 (l,y) and =z’ (l,y"» and y C y'.

D xD, x ... x D denotes the natural extension of D0 x D

0 1 n-1 1

to n arguments (rather than the iterated binary product).

D" denotes D X D X ... X D (n times, a 2 2)
D! denotes {{x) | x ¢ D} which is isomorphic to, but not
identical with, D,

D° denotes {¢»}, the one-point domain.

D +D, + ... +D denotes the natural éxtension of DO-+ D

0 1 n-1 1

to n arguments.

1

D* denotes DO + D +... + D" + cee

Theorem 1.1.2 (Scott)

D, x D, D

0 - Dl’ D, + D

0 19 D* are all domains.

0

The following theorem enables the easy description of a wide

variety of compound domains.

Theorem 1.1.3 (Scott)

There exists a unique minimal solution (up to isomorphism)
to any system of equations defining domains recursively by express-

ions involving the operators x, *, + and *.

(The statement of this theorem is made more precise iﬁ §1.3,

using retracts).



Definitions

The proper elements of a domain are those elements not equal

to 1 or 1.

A domain is said to be flat or primitive if all distinct

proper elements are incomparable,
Bool denotes the four-point flat domain {1, T, true, false}

Int denotes the flat domain of non-negative integers:

{1, T} v {0, 1, 2, ... }

§1,2 A-notation

A-notation should be distinguished clearly from the A-calculus
of Church [ 21 i. An expression in the former denotes an element
of a domain (perhaps dependent on the values denoted by some var-
iables), whereas an expression in theik-calculus has no specified
denotation - in fact it may be given various interpretations, e.g.
as in [ 22 ]. We shall use an extended version of A-notation,
allowing tuples to be denoted as well as functions. Note that
not every expression in A-notation has a meaning, e.g. 1(2). As

!
usual D, D etc. denote arbitrary domains.

Definitions

’
(Ax:D.M) denotes the function from D to D given by M as z

. ’
varlies over elements of D, where D 1is determined by ¥,

’
If M denotes a function f from D to D , and ¥ denotes a value

b in D, then M(N) denotes the value of f at b, in D'

If ¥ denotes an element of the domain Bool, and ¥, N’ denote
elements d,d' both in the same domain D, then (M - N, N') denotes

d if b is true
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d' if b is false
1p if b is L1B00]

TD if b 1is TBoo]

If Mi denotes an element di € Di for 1 =0, 1, ... , n-1,

then (Mo, Ml’ cee 9 Mn-l) denotes the element (do, dl’ cee 5 d )

of D0 X 01 X ... x D

n-1
If M denotes an element (do, dl’ cee 3 dn-i) of

D x D1 X oo X D and K denotes an element k¥ of Int such that

0 n-1°2

k e {0, 1, ... , n-1}, then (M{X) denotes dk'

Numerals and the usual arithmetic operations are allowed.

Conventions

Parentheses may be omitted from expressicns when it ‘'is clear
how they may be re-inserted. By convention (M(N))(X) may be written
as M N K 3 and an abstraction Ax:D. M "continues as long as poss-

ible", e.g. Ax:D. f(g) is equivalent to (Ax:D. f(g)).

§1.3 Pw

b

We shall make use of a rather special domain called Pw, It is
The set of all subsets of ¢y ( the set {0, 1, 2, ... 1 of non-neg-
ative integers), ordered by set inclusion, The details of the

topology with which Scott has made Pw a so-called continuous lattice

need not concern us here - they can be found in [ 18 ],

Definitions

~o

{en | new} is the standard enumeration of the finite subsets

of w, where

e, = {ko, kl’ ces o K }
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k.
. - !’
provided that ko < k1 < 4ee < km-l and n = £ 2 °,
Properties
k € e, implies k < n,
The relations k e e y 6. Ce , e =e_u e, are all (primitive,
n n— m n m k

recursive in k, m, n.

For all =z ¢ Pw, x = U {en | e, C z}.

Definitions

A function f from Pw, to Pw 1is said to be continuous iff for

all x ¢ Pw we have

flz) = v {f(en) | e € x}.

(n,m) is the standard coding of the pairs of integers as

single integers, where (n,m) = l(n+m)(n+m+l) + m,

The graph of a continuous function f ¢ Pw > Pw is defined by

Graph(f) = {(n,m) | m « fle, )},

The function determined by any set u C , is defined by

Fun(u)(z) = {m | :ﬂen Cz. (n,m) e u}

Theorem 1.3.1 (Scott) (The Graph Theorem)

Every continuous function is uniquely determined by its graph,

in the sense that:

(1) Fun(Graph(f)) = f.

Conversely every set of integers determines a continuocus function
and we have:

(2) u C Graph(Fun(u))

where equality holds just in case u satisfies:

(3) whenever (k,m) € u and e, C e ~then (n,m) € u.
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Definition

A function f over several variables ranging over Pw is said
to be continuous iff it is continuous in each variable separately.
(For Scott's topology for Pw , this is equivalent to being contin-

uous in the variables jointly.)

Theorem 1.3.2 (Scott) (The Substitution Theorem)

Continuous functions of several variables on Pw are closed

under substitution.

Theorem 1.3.3 (Scott) (The Fixed-Point Theorem)

Every continuous function f: Pw > Pw has a least fixed point
fix(f) given by the formula

Fiz(f) = U{F(B) | new}
where @ is the empty set and fn is the n-fold composition of f with

itself.

Theorem 1.3.4 (Scott) (The Extension Theorem)

Let X and Y be arbitrary topological spaces where X CY as a
subspace. Then every continuous function f:X = Pw can be extended

to a continuous function f: Y - Pw,

Theorem 1.3.5 (Scott) (The Embedding Theorem)

Every To-space X with a countable basis for its topology can

be continuously embedded in Pw,

§1l.4 LAMBDA

LAMBDA is a primitive yet powerful language due to Scott [ 18 )

It is an extension of the A-calculus to include integers and cond-

itionals, and its semantics gives every term a denotation in Pw.
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Here we follow Scott in giving the syntax of LAMBDA informally

with the semantics.

Syntax and Semantics of LAMBDA

o = {0}
x + 1 = {n+1 | nezx}
z-1={n | n+tlex}
22 a,y = {nex | oez} v {mey | J%. k+1 e =z}
ulx) = {m Ifaen C xz. (nyme u}
Az .t = {(nym)| me T[en/x]}

The syntax 1s indicated on the left-hand side, and the mean-
ings of the combinations are shown on the right-hand side as subsets
of Pw. There is one primitive constant (0) and two unary functions
(x+1, z-1). The ternary function z 2 x, y is a conditional, testing

for zero, and could also be defined by cases:

2 Dx, y = 1, if 2 = 1 3
=z, if z = {0} ;
=y, if od =z # 1L

z uy, if 0 ¢ z # {0}.

The binary function u(x) defines application (u is treated as a
graph and = as a set). The variable binding operator Az.T is
functional abstractiong T[en/x] denotes the value of the term T
when the variable x is given the value e, A LAMBDA-term defines

a function of its free variables.

Theorem 1.4.,1 (Scott) (The Continuity Theorem)

All LAMBDA-definable functions are continuous.
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Theorem 1.4.2 (Scott) (The Conversion Theorem)

The three basic principles (a), (B), (&) of A-conversion

(Church [ 21 J]) are all valid in LAMBDA.

Definition (The Paradoxical Combinator) (in LAMBDA)

Y = Au. Az, ulx(x)))(Ax. ulx(x)))

Theorem 1.,4,.3 (Scott) (The First Recursion Theorem)

If u is the graph of a continuous function f, then

Y(u) = fiz(f), the least fixed point of f.

Convention

A continuous function from Pw to Pw is identified with its

graph.

Definition

A continuous function f of k variables is said to be

computable iff the relationship

m e f(en )(e_z ) e (en )
o "1 k-1
is recursively enumerable in the integer variables m, Mys Mys eee s

nk_l.

Theorem 1.4.U4 (Scott) (The Definability Theorem)

For a k-ary continuous function the following are equivalent:

(1) f is computable;

(2) AL e AZ e oo Az L. fla ) () .. (xk-l) as a set is r.e,;

(3) Axo. Axl. co kxk-l’ f(xo)(xl) eos (2 _1) is LAMBDA-dgfinable.

k



16

Definitions (in LAMBDA)

1 = (Azx. z(z)) Az, z(x))
x uy = (Az, 0) D z,y
T = YOAf. Az, 2 u f(x+1))(0)
zDzxz,y =22 (22 =x,7), (22 T,y)
which is T when 0 and k+1 are both in z,
u o v = dx. u(v(z))

() = 1

() = Az. 2 D x,1
(x,y) = Az. 3 D x,(z2-1 D y,1)
(xo, xi, o o0 9 xn-l) = )\2. 3 D xo’ (xl, e o o ] xn-l) (3-1)

u = ul(x)
x

1.5 Retracts

It is sometimes more convenient to define domains directly

(as sub-spaces of Pw) as the ranges of retracts.

Definitions

An element ae [Pw > Pw] is called a retract iff it satisfies

If ¢ is a retract, we write u:a for u = al(u), and Azx:a.tT
for Mx. tlalzx)/z]

/

Theorem 1.5.1 (Scott) (The Lattice Theorem)

The fixed points of any continuous function on Pw form a
complete lattice (under C); while those of a retract form a con-

tinuous lattice (in the sense of [ 20 1).

Definitions (in LAMBDA)

fun = Au. Ax, u(x)



pair = Au, (uo, ul)
bool = Au. u D 0, 1
int = Au. u O 0, int(u-1) D u, u

(Note that Znt was defined recursively. A non-recursive form could,

be given by the use of Y, see 1.5.3.)

ao—»bzlu.bouoa

a ®b

Au, (a(uo), b(ul))

a ®b Au. u. D (o0, a(ul)), ¢1, b(ul))

0

Theorem 1.5.2 (Scott)

Suppose a and b are retracts. Then

(1) a o> b is a retract, and
uiae>b 1ff u = x:a.u(z) and for all z:a, ulx):b;
(2) a ® b is a retract, and

. . = . et
u:a®b iff u uo,ul) and uj,a and ul.b,
(3) a ® b is a retract, and
u:a®b iff u = L or u = T or
u =<0,u1) and u,a or
u =(1,u1) and ulzb.

Theorem 1.5.3 (Scott) (The Limit Theorem)

Suppose F is a continuous function that maps retracts to

retracts; then Y(F) is a retract.

Definition

If a is a retract, then range(a) denotes its range, which

is the same as the set of its fixed points,



18

§1,6 Mathematical Semantics

(We attempt only a brief outline of the method.) A mathemat-
ical semantics for a programming language gives a correspondence
between programs and abstract mathematical entities. We discuss

first what a program is taken to be,

So as not to get involved in problems of ambiguity and syntax
analysis, it is assumed that there is some means of forming parse-
trees ("annotated deduction trees") from program texts, according
to some unambiguous context-free grammar. The annotations or labels
at the nodes of a parse-tree often contain semantically-irrevelant
information, such as whether an expression is a summand or a multi-
plicand - this is conveniently hidden by choosing one label for
each class of semantically-equivalent labels, and by eliminating
irrelevant "chain-reduction" nodes. The resulting parse-trees can
then be described by a (usually very ambiguous) grammar, which is in
general much smaller than the original one. The names of the syn-
tactic categories which this grammar defines are often used as

variables ranging over corresponding syntactic domains.

The abstract mathematical entities, referred to simply as
(semantic) values, are always considered to be elements of domains,
In order to build up the value of a program from the values of its
parts, a mathematical semantics gives a value not only to @omplete
programs but also to all possible phrases. Basic phrases such as
numerals or booleans usually have values in a primitive domain such
as Int or Bool; whereas commands and compound expressions have
values in compound domains of functions and tuples. In particular
the value of a phrase is usually a function of a so-called environ-

ment, which is itself a function from identifiers to the values

associated with them (by declarations in the surrounding context)
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Sometimes the value of a command or expressions is also a function
of a so-called continuation - goto commands can then ignore the
value of the continuation, using imstead the value of a label in

the environment, whereas other types of command would use the value
of the continuation. (There are other applications of this tech-

nique, which need not concern us here.) However the fundamental
technique is to make the value of a phrase a function of an abstract
store or state, which acts like a computer memory. It 1s often the
case that identifiers can (notionally) be associated with fixed
locations or addresses in a store, and that assignment statements
change not this association but rather the "contents" of a location
in the store. In brief, the environment, continuation and store are

the principal components of the semantic context of a phrase.

A mathematical semantics tries to avoid arbitrary choices of
representationy in particular it avoids giving a full implemen-
tation of a language by allowing the semantic value of a program to
depend on various unspecified functions, such as ones for accessing

and updating locations in the store,

To specify a mathematical semantics, the notation of so-called
semantic equations 1s used., On the left-hand side of each equation,
the application of a semantic function to a compound phrase is
denoted. The function 1s usually identified by a script letter such
as £ or €, the phrase is denoted by the terminal and non-terminal
symbols of an alternative from the reduced BNF grammar mentioned
earlier. The non-terminal symbols (subscripted if necessary) serve
to name the corresponding sub-phrases of the compound phrase., On
the right-hand side, A-notation (or LAMBDA) is used to denote an
element of a domain dependent on the semantic values of the sub-
phrases - this is the specified semantic value of the compound phrase

Usually it is convenient to specify several semantic functions of
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different functionalities, which together give the complete corres-
pondence between phrases and values - then the functions are under-

stood to be mutually recursive.

For example, supposed the reduced grammar contains
(1) Cmd) y:u= ... |'ysvy ] ...

so that a command y may be a sequence of two other commands. If
F denotes the semantic function for commands, then #Iyl denotes

the semantic value of the phrase denoted by y. Considering a com-

mand to specify a transformation on a state ¢ belonging to a domain

S, we might want:
(2) Flyl ¢ [Env » [S - S]]

and then, ignoring the possibility of goto commands, errors and
non-termination, the natural meaning of Y, 5, would be the comp-

osition of 'yﬂYlﬂp with ’}ﬁy2]p. The semantic equation for this is

(3) ?}ﬂyl : y2ﬂ = Ap:Env. Ac:S. t;ﬂYQBp(’?ﬂYllpo)

If a phrase can consist of a list of an arbitrary number of
other phrases, it is often more natural to denote it as such than
to choose left cr right recursion in the grammar. The "..." con-
vention is commonly used. For example if a possible expression is

a tuple of one or more other expressions, this is denoted in the

grammar by
(4) R T I
and a possible semantic equation is

(5) E[[(el,..., e )] = Ap:Env . < E[[elllp,..., Eﬂen]m

where EJEJ e Eand E = E*x + ., .



Note that here n 1s also a variable.

The equations (3) and (5) are atypical in their simplicity,
and various abbreviations and conventions are needed to keep read-
ability in a description of a "real" programming language. These
include:

(a) global restriction of variables to domains, enabling domains
to be omitted from A-abstractions;

(b) introduction of infix operators (e.g. o, *) to eliminate As
and parentheses;

(c) definition of auxiliary constants and functions, and "let"
and "where" definitionsy; and

(d) the frequent omission of the injections and projections bet-
ween sum domains and their summandss

As regards (d) it should be noted that in general an eleﬁent of

D + D1 is not an element of DO or of 01 (and vice versa), and in

0

particular an element of D" is not an element of D*, so there would-
be a considerable amount of "book-keeping" necessary without this
convention. In fact the present notation for injections (§ in

[DO + 01]) and projections (8 | DO) is neither convenient nor geﬁ-
eral enough - consider for example D + D - and the lack of a precise

explanation of its connection with the domain definitions makes it

difficult to improve on it,



CHAPTER 2

Definition of MSL

Our intention is to give a rigorous definition of MSL - a
notation for mathematical semantics. First we shall present
our means of definition:; §2,1 will give a broad outline, and
§§2,2-2.4 will proyide the details., Then we shall describe
MSL informally, giving an example of its use, in §2.5. The

formal definition of MSL is contained in Appendices B and C.
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§2.1 Outline of Method

MSL is a notation for describing the mathematical semantics of
programming languages, so to define MSL itself we need to specify a
correspondence between MSL texts and abstract semantic functions.
Naturally, part of our definition will consist of an unambiguous
grammar for MSL, enabling us to form parse-trees from MSL texts;
but how shall we define the mapping from parse-trees to semantic
functions? Our approach will be mathematical, hence it will be
convenient if arbitrary semantic functions are embedded in a math-
ematical domain; in fact we shall accomplish this by embedding
arbitrary parse-trees in a domain in such a way that any semantic

function becomes an element of a domain of continuous functions.

To define a mapping from parse-trees of MSL to functional
values, several notations might be considered suitable, namely
semantic equations, A-notation and Scott's language LAMBDA. Here
we choose LAMBDA as the basis for our notation, for two reasons:

a theorem by Scott shows that a function is "computable" iff it is
LAMBDA-definable; and the semantics of LAMBDA are very simple. Of
course LAMBDA-terms denote elements of Pw, rather than values in
arbitrary recursively-defined domains, but it is quite easy to embed

parse-trees and semantic functions in Pw, as we shall show in §2.Y4.

We céuld give a rigorous definition of the semantics of MSL
using LAMBDA. Scott calls LAMBDA a "high-level" programming lang-
uage for recursive function theory, but for purposes here it seems
that the level is not quite high enough, as the definition of MSL
would take many pages and be difficult to read. What we shall do
is define another language called LAMB, based on LAMBDA and having
the same expressive power but including tuples and various operator:

LAMB is simple enough to be implemented directly, as we shall show
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in Chapter 3, but it is much more compact than LAMBDA and can be

used to give a manageable defintion of MSL.

In fact we shall base MSL on LAMB, and define the semantics
of MSL as the composition of the semantics of LAMB with a syntactic

mapping from MSL to LAMB. This is to facilitate the use of MSL in

the compiler-generator.

We shall make it possible to distinguish three "types" in MSL:
atoms (integers, strings, booleans), non-atoms (functions, tuples)
and "error" values. The inclusion of this feature in LAMB will
make it easy to show that MSL and LAMB have the same eXxpressive
power. We should like to define LAMB as a syntactic mapping ,into
LAMBDA, but it will be easier to show the equivalence of LAMB and
LAMBDA if we first extend LAMBDA to a "typed" language called LAMA,
and then define LAMB in terms of LAMA. We shall need to introduce

a new semantics for LAMBDA before we can extend it to LAMA.

Our definitions of LAMA and LAMB will use the informally-
defined notation of semantic equations - we hope that this will be
rigorous enough to give LAMB a precise interpretation in Pw. We
could give the LAMBDA-expressions corresponding to these definitions,

as they are quite short, but we see no need for this here,
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§2.2 Typed LAMBDA and LAMA

We shall give a new semantics for LAMBDA, and compare it to
the original one given by Scott (quoted in §1.4). To make this
comparison easier, we shall express both semantics in the form of
semantic equations, using A-notation to denote elements of arbitrary
domains. The operators of LAMBDA will occur on both sides of the
equations: on the left, as parts of the LAMBDA-terms whose meanings
are being specified; and on the right, as symbols in A-notation
denoting functions on elements of Pw (as defined in §l.4) - in fact
only 0, z+1, x-1, and (x D y,z) will be used, as z(y) and Az.T might

be confused with application and abstractions in A-notation.

Our concep% of types in LAMBDA will be made precise by the
semantic function & below, but we can explain it informally as
follows: |

There are three types: 1integers, functions and "puns".

0 denotes an integer.

If x denotes an integer then so do x+1, xz-1 (and even 0-1 (=1))

x O y,z denotes a pun unless x denotes an integer.

x(y) denotes a pun unless x denotes a function.

Ax.T denotes a function.

The main purpose is the separation of integers and functions - in
the original semantics an integer can be weaker than a function,
making 1t impossible to distinguish them continuously. In practice
puns are used rather rarely, but they do seem to be necessary for
the Definability Theorem (1.4.4) to hold. Their values are depend-

ent on the properties of the eunumerations e, and (n,m), defined in

~

§1. 3.

We shall denote the "typed" semantic function for LAMBDA by &

Its semantic equations are given in Table 1, where we give also a
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descriptive syntax for LAMBDA, and a description of the domains used.
The functions Fun and Graph are as defined in §1.3. Note that

x = 0 1s a continuous function on Int (but not on Pw).

Definition

We say that z e Pw is EfLAMBDA-definabZe iff there is a LAMBDA-

term € such that

x = (Bare ° EJ[eﬂ(lEnv).

The above definition reflects the fact that our main interest
lies in elements of Pw, rather than of D. Before proceeding to
extend LAMBDA, we wish to show that Q;—LAMBDA-definability is equi-

valent to LAMBDA-definability in the ordinary sense,

Table 2 gives the semantic equations for & , which is equival-
ent to the original semantics for LAMBDA (as given in §1l.4). We
shall consistently use a prime (') to distinguish elements of D -
domains from elements of & -domains. As in Table 1, 0, +1, -1

and £ O y,2 are used in A-notation to denote elements of Pw.

Definition

We say that x € Pw is JB-LAMBDA—definabZe iff there is a

LAMBDA-term € such that x = Jaﬂeﬂ(lEnv,).

Clearly & does not say anything new, andtﬁ—LAMBDA-definability
is the same as ordinary LAMBDA-definability of elements of Pw. The

purpose of giving & in semantic equations is to facilitate the

analysis of & .

Intuitively it is quite obvious that ©- and E-LAMBDA are
equivalent. Unfortunately the proof of this seems to need some
rather high-powered results due to Milne [ 4 ] and (independently)

Reynolds [ 231 However we take comfort from the fact that
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TABLE 1: C -LAMBDA

Syntax:
€ e Exp € = o | e+1 | €-1 |
ede, e | e(e) | a., e

1 e 1 identifiers (variables of LAMBDA)

€ -Domains:

§ e D = 1Int + [D~-> D] + Pw

v ¢ Int = range(int) (C Pw) (defined in §1.5)

p e Env = [T - D]

£ -Semantics: . e Exp - Env > D

Ellp = pl[1]

Elolp = InN(0)

€le + 1lp = IsN(Elelp) » InN(onn( Elelp) + 1),
InP(Bare( Elelp) + 1)

Ele - 1lp = IsN(Elelp) > InN(onN(ELelp) - 1),

InP(Bare( Ef[elp) - 1)

Ellel D €,, esllb = IsN(E[[eillp) -
((OnN(E[[elllp)=0)—>€l[ezllp,Eﬂesllp),

InP(Bare(El[elllp)DBare(EI[€2]]p),Bare(E[[€3]|p))

Ele, (e,)]p = IsF(Ele dp) » onF(ElLe 10)( Ele, lo),

InP{Fun (Bare(El[elll p))(Bare ( Ens2]p)))

Elav. elp = InF(AS, Elelpls/1])



TABLE 1 (ctd.)

The primitive functions:

IsN ¢ D » Bool, IsF ¢ D - Bool, IsP ¢ D -~ Bool,
OnN ¢ D - Int, onF ¢ D - [D-D], OnP ¢ D - Pw,
InN ¢ Int - D, InF ¢ [D»D] - D, InP ¢ Pw » D,

are such that, if IA denotes the identity function on any

domain A, then we have

OnF o InF = T

OnN o InN = IInt’ D-D° OnP o InP = IPw’
and
(A6, IsN(S).~> (InNoOnN)(§),
IsF(S8) = (InFeOnF)(S8),
IsP(8) » (InieOnP)(8), 1)  =. Ipe

(The existence of these functions comes from the definition of

the separated sum of domains in §1,1,)

The function Bare € D - Pw is defined recursively by

Bare(§) = IsN(S8) - OnN(§),
IsF(§) = Graph(BareoOnF(§)oInP),

IsP(§) - OnP(§),

Lpwe

28
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TABLE 2: O -LAMBDA

antax:
e e Exp e = 1 o | e+1 | €-1
e2e, e | e(e) | ra. e
1 e I identifiers (variables of LAMBDA)
& -Domains:
' €D = Pw
o' € Env' = [I > D']
D -Semantics: D e Exp - Env' - D'
HI11o’ = p' [1]
Dlolp =0
Dle + 11¢ = Dlelp’ + 1
Dle - 1]p' = dlelp’ - 1
Dle, > e,, €00 = DleJo 2> Hle lo, Die,lo
Dle, (e, = Fun(o@ﬂelllp')(o@l[€2]lp')
DIr. elp = Graph(\§' ., lelp' [ /1])
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Reynolds' use of the results in [ 23 ] shows the equivalence of
"direct" and "continuation" semantics for the A -calculus (augmented
with "call-by-value" abstractions) - that equivalence is Jjust as

intuitively obvious as ours.

Definitions

D —x D'denotes the set of relations between the domains D and
Dr, i.e. the power set of D x Dr,

n: x - x' denotes (x,x'Y € n, where n ¢ D —xD'.~

A relation n ¢ D —xD' is said to be directed complete iff
n: x - x' whenever x and z' are the least upper bounds of two dir-
ected sequences z  C =, C ... and z' C x! C ... such that

0O — 1 - 0 1 -
n: z > x' for all n.
n n

Lemma 2.2.1

There exists a unique directed cdmplete relation n ¢ D — D’

such that n: x > x!' 1ff

(1) Bare(x) = x', and either
(2) Ish(zx), and OnN(x) = x' # Tint?> ©F
(3) IsF(x), and for all y € D, y' € D!

n: y > y' implies n: onr(g) (y) > Fun(z')(y?), or

(W) IsP(x), and OnP(x) = z', or
(5) x = 1p,and z' = up,.
Proof

The proof of this Lemma is a straightforward application of
the results given by Reynolds in [ 23 ], on noting that Fun and
Graph give a correspondence between Pw and [Pw > Pw]. We omit the

proof here, as it would involve us in much extra notation. - O

The following Proposition establishes the relationship betweer

®  and £ , using the definitions in Tables 1 and 2.
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Proposition 2.2.2

For any LAMBDA-term €, 2P[e] holdsy where Ple] iff
n: Eﬂeﬂp 9’&)ﬂenp whenever p € Envy and p’' ¢ Env’ are such that
n: oliv} > p’[1] for all v e I.

Proof

By structural induction on €. Let ¢ p and p' be given.

0’
(6) Suppose P[€] for all components € of €,

(7) Suppose that n: p[t] = p'[1l] for all ' e I.

Let a, a' denote Eleoﬂp, g?ﬂeoﬂp' respectively. We show

(8) n: a > a’', by cases.

Qggg[eoﬂz [1]: Then « pl 1, a’' = p?’l ], and (8) follows from (7).

9§59ﬂ80]= [0]: Then a InN(0)y a' = 0, and (8) follows from

Bare(a) = 0 and (2) above.

Casefe,]= [e+1): Let z, z' = Elelp, Hlelp’.

Subcase TIsN(x) = 1pool’ Then x = ips so x' = 1p, by (6) and

(5), hence a = ips a'=lD,, and (8) follows from Bare(a) = aq' and
(5).

Subcase IeN(x) = true: Then OnN(x) = Bare(z) = z', so
a = InN(x'+1), g' = x'+1, and (8) follows since zx'+1 % T.

Subcase IsN(z) = false: Then a = InP(Bare(x) + 1), a' = z' + 1,

so (8) follows from (6).

Subcase TghN(z) = Tgoo] Cannot occur, since n: x - z’,
Caseﬂeoﬂz [e - 1]: Similar to [e€ + 1] above.

c - : ' ANCEEY
aseﬂeoﬂ e, > e,.e,l: Let Ty T, E:ﬂeiﬂp, ﬁ)ﬂei]p (i = 1,2,3)

Subcase ISN(xl) = 1: As for [e + 1].

Subcase IsN(xl) = true: Then q = ((OnN(xi) = ?) > %, xs),
r - r o ' ' . ' '
a (x1 z,'s T, ). From n: T, Ty we get x, # Tint? SO
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a' = Lprs x2' or x3' depending on xi’. Hence (8) follows from (5)
if a'= Lprs otherwise from (6).
Subcase IsN(xl) = false: Then a = InP(Bare(xz, ) 2 Bare(x2),

Bare(x3)), so (6) gives a = InP(xl' D x2’, x.'), therefore Bare(a) =

3
(xl' >z, x3’) = a', and (8) follows from (4).
Caseﬂeoﬂ= H81(€2)B: This is the case which uses the recursive natur

of n. Let . xi' = E[Eiﬂo, g)ﬂeinp' (£ = 1,2).

\~ Subcase IsF(x) Lt: Similar to IsWN(x) = L in case [e+1}.

Subcase IsF(x) true; Then aq = OnF(xl)(xQ), and

a' = Fun(xi’)(xz'). By (6) n: x. = xi' (£ = 1,2), so by (3) we get
n: a >a’.

Subcase IsF(x) = false: Then a'= InP(Fun(Bare(xl))(Bare(x2))),

and a' = Fun(xl’)(x2'), so (8) follows from (6) and (5).
Caseﬂ€0]= Txi.el: IeF{a) = true, hence
Bare(a) = Graph(Bare o OnF(a) o InP)

Graph(A8'.Bare( E[elplInP(§')/1 1))

For any 6', n: InP(§') = § by (4), so we have

n: (plInP(§")/1 DG ) ~ (p[d'/1])(10) for all I
so by (6) n: ElelplInP(8§')/11 > Plelpts’'/1 1,

giving Bare(a)= Graph(A§'. I lelols'/11) = a'.

To show (3) for a, a’' let y, y' be such that n: y » y'.

Then onF(al)(y) = Elelply/r1],

Funla')(y') Fun(Graph(A8'. D Lelp’rs'/11))(y )
Dlelp'Cy'/1]

and (6) gives n: &lelply/n1 > Dlelo’ly'n 1,

so (8) follows.

As there are no more cases, we conclude ﬁDHEOB. The principle of

structural induction implies that P[e] for any €. Q.E.D. 0



33

Corollary 2.2.3

For any LAMBDA-term ¢,

n:t Elelup, ) > Dlellap ).
Proof Immediate. O
Corollary 2.2.4
For any LAMBDA-term ¢,
Bare( €[ €] (lEnv)) = Dlel (lEnv’)'

Proof Immediate. 0O

This last corollary is a statement of the equivalence of E-
and &- LAMBDA-definability, and assures us that we do not lose any

expressive.power by using the €-semantics for LAMBDA.

We are now able to extend LAMBDA to a language called LAMA,

which includes operators for testing types. For convenience we inc-
lude numerals Vs Vyo oo in LAMA, and assume that v, is written as
0, v, as 1, etc. The syntax and semantics of LAMA are given in
Table 3.

Proposition 2.2.5

For any LAMBDA-term €, and p ¢ Env,

Bare(E[isint e](p)) = o if Isv(Efelp) true ,

0+1 1f 1sn( E[elp) false,
1 otherwise (when E[eﬂp = lD).
Similar results hold for isfun and ispun,

Proof

By calculation from the definitions of &, and Bare. O

We see that, in LAMA, "pun-less" integers and functions can be

distinguished both from each other and from the value of pun,



TABLE 3: LAMA

Syntax:
e e Expp eu= 1 | v, | e+1 | e -1 |

ed>e, e | ele) | r.e |

isint € | disfun e | dispun e | pun
1 e 1 identifiers

vie Num numerals 0,1,2, oo

Domains: As for Ei-LAMBDA (Table 1).

Semantics:

As for E-LAMBDA (Table 1), with the addition of:

E‘l[vinp = InN(i)
Elisint elp = InN( IsN(EIlelp) = 0, (0+1) )
Elisfun elp = InN( IsF(Elelp) - 0, (0+1) )

InN( IsP( ElLelp) > 0, (0+1) )

gﬂispun el p
Slpunlp = InP( ip. )

34



§2.3 LAMB

LAMB augments the generality of LAMA with convenient notation
for tuples and commonly-needed operations. We shall define its
semantics by giving a syntactic function F from LAMB to LAMA, and
using the semantics of LAMA as described by & in the last section
- thus the semantic function for LAMB will be £¢F . 1In order to
show the generality of LAMB we shall define another syntactic function
g from LAMBDA to LAMB, such that E. F o g is equivalent to €

on LAMBDA.

Unfortunately there does not seem to be a compact, readable and
formally defined notation for specifying syntactic mappings. How,
then, shall we define # and s ? We note that the notation of sem-
antic equations 1is both’compact and readable, and so we shall extend
it to allow the specification of syntactic instead of semantic
values - in fact one could argue the usefulness of this extension
in the general context of mathematical semantics. We hope that the
reader's familiarity with semantic equations will enable him to con-
sider our definitions of ’} and !3 to be rigorous, for (as in the
previous section) we shall not attempt to define our notation for-

mally.

Our extension of semantic equations is quite simple: we allow

compound phrases of a language to be denoted on the right-hand ?id§

of an equation by the notation already used on the left-hand side,
i.e. by a sequence of terminal and non-terminal symbols from a-des-
criptive BNF grammar for the language. As usual the non-terminal °
symbols ('"meta-variables") occurring on the right-hand side of an
equation denote components of the phrase specified on the left-hand
side, and may be used in constructing a new phrase; but components

of constructed phrases may also be compound - enclosed by "I" ang
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"I" to avoid ambiguity - or else denoted in A-notation and enclosed

by "{" and "}". TFor example, if ¢ €. are meta-variables and.}4ﬂ€3]

12 72

denotes a phrase, then [[e, + 82] - {JAﬂeaﬂ}B could denote a compound

1

phrase of a suitable language.

For the notation to be unambiguous we require that no two phrases
of the grammar "reducible" to the same non-terminal become identical
when all their non-terminal symbols are replaced by some unused mark.
E.g. € %= ...] - ¢ | € = ¢ ] ... would be allowed, whereas

e = ... | ¢Ce) | ev) | ¢ | v | ... would not.

Instances of primitive phrases of the language (such as ident-
ifiers and constants) may be denoted by themselves. To improve read-
ability, the brackets [ and ] are omitted whenever they can be
inferred (unambiguously) from the context by reference to the gramrar. -
For example, if the grammar contains € = ... | e(e) | ... , but not
e = ... | (e) ] ... , then [fe,(e,)0(Te (e, )])] may be written as

561(€2)(€35€2))”°

Now to define LAMB. A descriptive grammar, and the specification
of a syntactic mapping F from LAMB to LAMA, are given in Table 4.
The following comments are intended to be read in parallel with the

Table.
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TABLE 4: LAMB

Syntax:

c e ExpB e = AB. e | valB.e | fixB.e | e€~>e, e |
ewe | we | e(e) | (eyenened | O |
1. | v. | o, | true | false | err

1 1

B e Bvs B = 1. | (Byeeus® | O

w e Op, wi= o | o+ |0 | + | - | x |
= | < | v | a | cat | ¥

w e Op, w = pair | ~ | dim | disatom | imp

1.e 1 identifiers 1_, 1., ... of LAMA

1 ) 6

v.e Num numerals Vs Vs e of LAMA

og.e String strings Guys Tqs oo

Domains:

o ¢ ExpA (as defined in Table 3)

Mapping: F e ExpB > ExpA

FLr8. €l = BIBI(FHel)

Flval B. €] = [{Strict}({BIBI( Flel)})]

Flfix B. €l = [{Fix}({BILBI(Flel)})]

Fle, » e, g0 = [1Fle 1} 2 {Fle,ll, { Fle,I N

?l[el w e,l = II{U;[[w]I}({’}'I[elll})({71[8211})]]

Flw €] = H{Czﬂwﬂ}({'3ﬂeﬂ})ﬂ

Fle, (g,)] = [{Fle, 13({Fle, )]



TABLE 4 (ctd.)

7¥ﬂ(el,...,en)ﬂ =

FLO ] =
T?Eliﬂ | =
Fiv,] =
Flo,] =
Fltruel =
“Jlfalsel =
Flerr] =

(Bl[li]](a)

BB, seasB )T ()
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[x,. [ELGI<I} (1) (v 2 v,

ﬂﬁ{CZHSB}(lo)(vl)B > {Fle,dl,

0.

[E{CzﬂS]}(lo)(vn)B ) {f?ﬂenﬂ}.
punl...]11]

[xg. TLGE<T13 (1)) (v)D 2 vy, pun]
[,]
[v.]
[v,]
[v,}
[v,]

[pun]

B e Bvs - ExpA - ExpA

=[x .{al]
= Iy
[{BIB,I(BIBI(... (LB T(a))...))}
(o)) (glv ) eea(uglv, )T

= [an {a}]

o.

Cg e Op, > ExpA

Al AN, H{Strict}(ll)({Strict}(lo)(IQ))B]

1 2

CAl, AL

1 2°

[T, {Strict}(ll)(13(v1))(13(v2))B

({Strict}(lo)(12))ﬂn

BILO 1 (a)

CZE:J = [
uE = [xn
ALY = In

A, [v (v )1]

1 0" 1
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TABLE 4 (ctd.)

G +] = Hriz}(agoa, o, Ty, 20, [y (1) (1,-1)10)1
GL-1 = [{Fea}Ongan A, Iy, 1 [y (1 -1) (1,-1)11)]
UQM = [, l[l[{Fix}(mo.ml.h2.
[, 21, ﬂlo({C%ﬂ+ﬂ}(11)(13))(12-1)Hﬂ)]
(vy)1]
CZE=B = [lls.llu.
[[ispun 13H D [ispun 14B,
[[ispun 14H D Vs
[ﬂ{Fix}(Alo.All.A12.
ﬂlz ) ﬂll o) Vs vlﬂ.
ﬂ11 D Voo ,
[10(11-1)(12-1)Bn])ﬂ (13)(14)H]B
C%ﬂs] = H{Fix}(A1O.A11.A12.
[+, > [+, 2 Vor V1,
l[ll . Vo:
Hlo(ll-i)(12-1)ﬂﬂﬂ)ﬂ
CZ[VH = nA1O.A11. [10 » Vi 11Bﬂ
CZ[A] = [ .oy, [, 21, v, 11
@ucatn = [,

My [y 2 HGTAYHOLdin Y (1)) ({TTdimI } (1)),
LECGRT<1} (v, ) (LG TdimI Y (1 3 2 v (1),
[y, (O 0-13 () (G dim] (1)) 1111

CZ[&] = [A1. .21, Hlo(ll)ﬂﬂ
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TABLE 4 (ctd,)

Cz € Op1 - ExpA

GQHpairn = [ ony.
A, TG Is1 ) (v )T 2 v,

[E{OI<I}(1,) (vy)] 2 1,
LE{CLE<T3(4,)(v,)] 2 v, punllil

AL = Dag. [y 2 v, vl

C/1dim] =[xy 1 (v

Clisatom] = [Ar,. isint 1]

Ciﬂimpﬂ ¢ EXpA denotes an unspecified function from

integers to arbitrary values.
Fix = [rged e Ty (o G DT GGy ()1

Strict = ﬂxlo.xli. [[ispun 1,1 > pun, ﬁlo(li)]]ﬂ
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TAB. €] denotes functional abstraction, as in LAMA, but B may be a
tuple of Bs, enabling the components of a tuple of known length
to be named. Note that Hﬂk(sl,...,en). EB(<€1,---,€ y)] is

m

valid when m 2> n.

[ val B. €] denotes ”éall—by~value" abstraction. Hence

[7T val B. EH(EO)] denotes 1 whenever €, denotes .

[ fix B. €] denotes the minimal fixed point of ¢ with respect to .

It is equivalent to Y(AB. €) in A-notation.

fle, > €., ¢.]: here "-" is used in preference to ">5", to conform
1 2° €3 P )

to current usage in semantic equations.

ﬂel w e2ﬂ: various diadic operations.

fw €]: various monadic operations.

E€1(€2)]:functional application.

ﬁ(el,...,en>ﬂ denotes a tuple, which is represented as a function
on the integers,whose value at 7 is » when ¢ = 0, the value

of € when 1 < 7 < »n, and pun when 7 >~ n.
[{>] denotes the null tuple.

ﬂliﬂz it 1s postulated that ¢ > 5, to avoid accidental binding of

variables in the mapping from ExpA to ExpB.
[viﬂ: integers (non-negative).

[oil: strings, included for mnemonic purposes later.

Ttruel, [false]: used in logical operations.

ferr]: distinct from "pun-less" values.
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[pairl is included in LAMB for pragmatic reasons, explained in
Chapter u.
[~] : logical negation.
Tdim] finds the dimension of a tuple.

[ isatom] will be used to test whether a value is an integer or a
tuple, but it also distinguishes integers from functions and

the value of [Jerr].

Timpl provides access to various functions which it will be convenient
to use in MSL, but which are inessential for theoretical purposes.
We defer further discussion of this to the comments on the def-

inition of MSL.

[e] 1is the reverse of the usual composition operator o , and denotes
a strict function (mapping ; to i) even if its operands do not.

Its properties will be motivated when MSL is introduced in §8 2.5,
]

[*] bears the same relation to * in semantic equations as ° does to

[l denotes ordinary application, and is included in LAMB solely for

pragmatic reasons.

[+], [-1, Ix]: the usual arithmetic operations on (non-negative)

integers.
[=] is defined on the integers and on the wvalue of [err].
[ <] is defined on the integers.
fvl: 1logical or.
[Al: logical and.

fTcat]l: concatenation of tuples.
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[+] denotes selection of a component of a tuple. It is used instead
of the equivalent application so that the representation of

tuples as functions may be forgotten.
{Fiz} the LAMA-term for Curry's "paradoxical combinator" y.

{Striet}, as its name suggests, converts an arbitrary function into

a strict one, i.e. mapping i to i.

Intuitively it is clear that LAMB is in effect an extension of
LAMBDA, and hence as powerful. In fact we can define a syntactic
mapping g from LAMBDA to LAMB, which enables us to verify that our

intuition 1s correct.

Let Exp be as defined in Table 1. Ve define §’ as follows:
§ e Exo > ExpB

L]

[vI

[{SLel} + ]

[{S0el} - v.]

r{§re,1} > {Sle, 0}, {ﬁﬂesﬂ}]l

1{g§0e, 1} ({8 T3]

{Glel}]

Y 3
= =
(@] ~—
[——"]

=]
1 H

«F Oy
= e=
M M

i +
R
=t =y
H "

‘gﬂel > €,,e,]
\gﬂei(%)]]
gﬂlli. el

“A1i+5‘

A simple structural induction shows that for any LAMBDA term
¢ and environment p ¢ Env, we have
(1) (E o F o §elp = Efelo,
where Ej,'?’ and Env are as defined in Tables 1 and 4. If we declare
a value ¢ ¢ Pw to be LAMB-definable iff there exists a LAMB-term e
such that

(2) x = Bare(( & o F el(i._))

Env
with Bare as defined in Table 1, then 2.2.4 and (1) give us that all

computable tvalues in Pw are LAMB-definable, by the Definability

Theorem (1.4.4) for LAMBDA.
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We shall discuss the reduction rules and implementation of LAMB
in Chapter 3. 1In the next sections we shall define MSL with the aid
of LAMB, and to avoid the possibility of ambiguity we give an unam-
biguous grammar for LAMB in Appendix A - this grammar can easily be
interpreted to yield the descriptive grammar of Table 4, thus enabling
the reader to use the definitions of € and ¥ to understand the

denotation in Pw of any written LAMB-term.



§2.4 Embedding Semantic Functions in Pw

A semantic function is a mapping from phrases or parse-trees of
programs to their semantic values in recursively-defined domains. As
we remarked in §2.1, it will be convenient to embed semantic functions
themselves in a domain, and we do this by embedding both parse-trees
and values in Pw. We shall show that the induced mappings from Pw to
Pw are continuous, and hence are in the domain [Pw - Pw], which can

be i1dentified (one-one) with Pw itself.

First we embed parse-trees in Pw. As we intend them to be easily
denotable in LAMB, it is natural to use LAMB instead of LAMBDA in
defining this embedding. We note that a parse-tree is either a ter-
minal "leaf", or a node which consists of a label, indicating its form,
and a number of component sub-trees. We identify labels with the
values of strings in LAMB - usually the.strings will be formed from
the symbols of a descriptive grammar - and terminal leaves with the
values of LAMB numerals. Then if the label of a node, say t, is iden-
tified with the value of string o, and the component sub-trees are
identified with the values of LAMB-terms € omees en(n > 0), we iden-
tify ¢ with the value of the LAMB-term <€i""’ € > o) . Thus the
components of a node may be denoted in the same way as the elements of

a tuple, using the operator ¥V, and the operator isatom will distin-

guish a terminal leaf from a node.

Distinct parse-trees are embedded as incomparable elements of
Pw, because the values of LAMB-tuples correspond to functions whose
value at 0 is the length of the tuple. ©Note that this would not
necessarily hold if parse-trees were embedded (in the same way) using

Scott's tuples (described in §1.u4).

By the Embedding Theorem (1.3.5) all our serantic domains can be
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continuously embedded in Pw. However it is even simpler to translate
a description of a domain (in the notation of §1.2 ) into a LAMBDA-
definition of a retract of Pw, whose range (by 1.5.2) is isomorphic

to the original domain.

Hence our embedding of a semantic function is a mapping from

a set of incomparable elements of Pw, to Pw. The incomparable ele-
ments form a sub-domain of Pw when augmented by Lpy and Tpw? and
clearly any monotonic mapping on this sub-domain must be continuous.
By extending the embedding of a semantic function to take the values
1, T at L, T respectively it therefore becomes a continuous function,
and so by the Ixtension Theorem (1.3.4) it has a continuous extension
¢ [Pw > Pw]. The Graph Theorem (1.3.1) gives the identification of
[Pw - Pw] with Pw,.so our embedded semantic functions can be consid-

ered simply as elements of Pw.

Later we shall use LAMB-expressions to denote embedded semantic
functions. As usual in mathematical semantics, we shall want to omit
the injections and projections between sum domains and their summands
- we are interested more in values than types. By doing this we shall
be denoting not the semantic functions themselves but elements of Pw
to which they can be continuously related (by stripping away the type
information, assuming the type is known). However the omission of
injections and projections cannot change "type-independent" properties

of semantic functions,so no confusion should be caused by this.

So far in this Chapter we have defined LAMB, and embedded both
parse-trees and semantic functions in Pw. Next we shall define and
discuss the syntax of MSL, which is an extension of LAMB, and is

zormally defined using LAMB.
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§2.5 MSL

Ideally MSL would be a precisely-defined version of the basic
notation of semantic equations. However, for practical and philo-
sophical reasons we wish to keep the semantics of MSL as simple as
possible. Unfortunately it does not seem to be possible to give a
sufficiently simple mathematical definition of one of the main fea-
tures of semantic equations: its use of so-called meta-variables

ranging over phrases of programs.

The difficulty in describing meta-variables mathematically
comes from their double use. For example, in

(1) "}l[Yl 3 Y2]] = Ap. AO. ?llvzllp(?ﬂvlllpc)

the meta-variables Y, and Y, not only denote sub-phrases of a phrase,

1
but also indicate that the equation only applies to phrases of a
certain form (with reference to a grammar). To keep the semantics
simple, MSL uses a primitive string to indicate the form of a phrase,
and a list of ordinary variables (i.e. as in A-notation) to denote

its components. Thus HY1; y2ﬂ of (1) would correspond to

"y o3oy" ((31,02) in MSL.

There are two other major differences of MSL from semantic
equations. The first is that semantic function definitions are more
explicit, rather like those in PAL. The second is that the "..."
convention is not allowed: instead operators are provided to select

arbitrary components of phrases, and to iterate a function.

Apart from the above differences, MSL is very similar to sem-
antic equations. In fact MSL even follows the informal conventions
of omitting the domain specification ":D" from an abstractio;
"Ax:D. e", and of allowing the omission of all injections and pro-

jections between sum and summand domains - MSL is closer to LAMBDA

than to A-notation, and does not insist on a careful control of
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domains. Rut sometimes in semantic equations there occurs a test for

"membership" of a particular summand of, e.g., D_ + Di’ written as

0
IsDO(ﬁ) or Ile(GJ. This is usually justified by pointing out the
possibility of inserting all the relevant omitted projections and
injections. MSL provides operators to do common tests, such as test-

ing to which summand D" of D* a tuple belongs, or whether a value is

a tuple or not, and these may be used without inserting any projections

and injections.

Appendix R gives an unambiguous grammar for MSL, and Appendix C
contains a LAMR-expression denoting a syntactic mapping from MSL to
LAMB. Together they constitute the formal definition of MSL (relative
to LAMB). 1In the rest of this section we shall give a less formal
description of MSL,.using the extension of semantic equations intro-
duced for the description of LAMB in §2.3. Ve first give a descriptive
grammar, which is derived from the unambiéuous grammar in Appendix B.
In fact Appendix B describes a "hardware representation'" of MSL, rather
than a "publication language’ - however Appendix Z gives a correspon-
dence between the limited character set of a computer and the character
set normally used in mathematical semantics. Note that several styles
of brackets may be used in MSL; we do not include them in Table 5,

as they are semantically irrelevant.

The following comments are intended to be read in parallel with

Table 5:
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TABLE 5: MSL

syntax:

E ¢ Seg Eu= An. E | defAE | letAE | resulte

A e Defl A= & and ... and §

§ ¢ Def § = 1, ™S E | B = ¢

e ¢ Exp e 5= def 6§ ine | let s ine | Am. e |
fix B. ¢ | e-€,¢e | clausese § T § |
cewe | we | wee | e(e) | elese] |
(Eye..0) | ] 1, | v, | o, |
true | false | err

T ¢ Parl mu= 87 | B

B ¢ Bvs B u= . .I (Byo.. .80 | O

I' ¢ Casel r == yT | ¥

y ¢ Case y = case I B: e | case I: e | deféu]t: €

L e StrL L = o, case I | o

w e InOp wi= o | o« |0 o+ | - 1 x| =1 < |
= | v | a~ | + | aug’ | cat | pre

w e PreOp, = w = pair | ~ | dim | disatom | seg | chars |
string | mapn | mapt | Tlabel | spread

W e PreOp2 w := node

L, € I identifiers o> Y41° of LAMB

v, € Num numerals Vg, V., of LAMB

g € String strings Gys O of LAMB
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TABLE 5 (ctd.)

Domains:

Z e-ExpB (as defined in Table Uu4)

Mapping: € ¢ [Seg + DefL + Def + Exp] -+ ExpB

Elar. El = Pl«l{ EIED)

Sldef A E] = [IABIAIY.{ETEIM(Fix{B[AI}. {EL[AI})]
Sllet A E] = [IA{BIA1}.{ ELEIN({ ELATI})]

Elresult €] = FIlel

E18, and...and 6’;]| = [{Ers 1}, ... ,{EL8 1]

Elv, m = €l = Plnl(Elel)

EFIle = €] = Elel

Eldef & in €] = [IA{BI[s1}. {‘Ellell}]].(fix{i?l[éll}. {E181H)]
Ellet § in €l = [IA{B161}. {ELedII({ELS]II)]

Elam. el = Plnl( Elel)

Elfix B. €] =-I[fix B.{ELel}}

Ele, » ey, g4l = [{Ele,1} » {Ele,l}, {Ele, 1N
Slclauses € § T §1 = CITI(I{G[1abel1}({ ELel 1) ( Efel) (Eferr])
Ele, v el = [HOL H{ELe I ({ELe,1)]

Elw el = [H{Olul }{ELeI ]

Elw e, €,] = [[{@[[w]]}({El[elll})({?_l[%]]})]



TABLE 5 (ctd.)

Ele,(e))] = [{Tle,0}({Ele, )]

Ele,[ey/e 11 = [ng. [0 ={Ele 11 » {Ele,ll,
[{Efe 11 (1)11]

E[(ei,...,en)ll = n<{€ne1§},...,{€[enn}>]

ELO ] = [O]

Elr,] = [,]

Elv,1 = [v;]

Clo,l = lo,]

Eltrue] = [true]

Elfalsel = [falsel

Elerr] = [err]

& ¢ [DefL + Def] - Bvs

B[S, and...and 6§ 1 = [[<{$|[5111},...,{£|[5n]|}>]

1

$ﬂ1iw=€] = [[1ill

BIs = el = [8l]



TABLE 5 !ctd.)

PIB wl(z)

Prel(z)

Cly rlc 2.z,

Clcase 3 B: elz.c. .t

217253 T

C lcase I: e]!clc2§3

Cldefault: s]c1c2c3

fl[Oi case I](z)

Dol[oi]l{C)

0 [seq] =
01[[ chars] =
ﬁl[[string]l =

0, I mapn] =

52

ﬂ) e ParL - ExpB - ExpB
[A\8. {PL7](g)}]

Irg. {zl}l

[CaselL+Case] - ExpB -~ ExpB - ExpB - ExpB
Eiﬂynclc2(tiﬂrlc1c2c3)

H{:fﬂz](cl)} > [ 2B .-[Eﬂsn}ﬂ({CQ}), {z, 1
H{Tuzn(cl)} > {Elel}, {c, 1

€lel

J ¢ StrL > ExpB - ExpB
[[o,={z}] v {TI[2)() ]

l[oi = {¢}

O; ¢ PreOp, > ExpB

[imp "SegFn"]

[imp "CharsFn"]

[imp "StringFn"]

MapQlN



TABLE 5 (ctd.)

Cqﬁmapt]
T, L1abell
Ca[spread]

AR

AR

1 aug]
Czﬂpre]
O,Inodel

A

MaplN

MapT

i

1i

1l

53

[ {MapT}({Mapn})]

[avg. Dag ¥ [ dim 15]l]
[x1. [[dim .1 - vlﬂn
[xie. Tw 1]
CZ e [InOp + Pre0p2] - ExpB
[Xig g [~[vg=14111
M. Mg, g ca; (i 11
[Aig.A1g. [¢1g> cat 14l
[Xig.201g. [1g cat (g ]l
[Xig.A1g. [rg w 1gll

[fix L. A(16,17,1

[[i1g=1,] ~ 15(<16, 16(<17,18>), 1gtls 19 ),
17]ﬂ

) .
8°'g

[Ar A(16,17).

5

v (¢

: k(18,19). ﬂ18 cat (16(17¢19))]"‘

Oy vy, {(Zﬂspreadﬂ}(17) y)11



Comments

[Ar. E] is "curried" A-abstraction, i.e. A z y 2. f is equivalent

. to Ax. Ay. Az. f. It is used in a Seg to bind the variables
denoting functions whose definition is less a matter of sem-
antics than of implementation, and which are therefore left

unspecified in a semantic description.

[def A E] connects the mutually (and internally) recursive semantic
functions. In a simple case E would be just result F , where
F identifies the main semantic function, but omne could also

specify initial parameters.
[lTet A E] connects simultaneous (non-recursive) definmitions.

[result €] comes at the end of the series of definitions in a seg-
ment. The value cf the whole segment will be the value of
this expression taking the definitions into account, but note
that any A-abstractions [Am. E] will govern it. A segment
which is to define a series of functions for use in another
segment (see [seg] below) would give a tuple of their names

as 1ts result,.

[§ and ... and 8] is governed by def or let, gq.v. (This notation

allows ﬂélﬂ , [§, and 62H, etc.)

1
[liﬂ = ¢] defines a function of the "curried" parameters w, and 1is
equivalent tO[li = Am. €].
[B = €] defines a variable or a list (tuple) of variables.

~

[(81,...,Bn) = ¢] is equivalent tolIB1 = e¥1 and ...

and Bn = e¥n]l 3 it does not produce an error if dim € > n

(so that Bl""’Bn can give the branches of a node denoted

by €).
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[def § in €] allows a single recursive definition to govern

e € Exp.
[let 6§ in €] gives a single non-recursive definition.

[Am. €] denotes a "curried" abstraction in an Exp. See [A7m. E]

above,

[fix B. €] denotes the minimal fixed point of [AB. €], as in LAMB.

Eel -+ € e3ﬂ is a conditional, as in LAMB.

2’

[clauses € § T §]- is rather similar to the switchon construct in
BCPL [ 2% ] and other languageé? but € must denote a parse-
tree (embedded in Pw as in §2.4). The value denoted by the
whole construct 1s that denoted in the first (left-most) (Cgse
in T with a string matching label e. A default matcﬁes any
label, and the standard[default : err] may be omitted from after

the last (Cqgse.

[e

82] denotes a diadic operation.

[w €] denotes a monadic operation.

[lw e 82] denotes a diadic operation.

1

ﬂel(€2)ﬂ denotes functional application. The unambiguous grammar
in Appendix B allows parentheses to be omitted, and specifies

left-association.

ﬂ€1[82/83]ﬂ is the usual notation for adding a layer to an environ-

ment € associating the value of e€_ with the identifier

1’ 2

denoted by €

~.

3.

ﬂ(el,...,en)ﬂ denotes a tuple, whose components may be obtained

() In particular, Extended ISWIM [ 33 1J].



using [+] (gq.v.), and whose dimension n may be found by [dim]

(q.v.). Note that (e) is clearly distinguished from €.
[¢()] denotes the null tuple, whose dimension is 0.

[1.] are identifiers of LAMB, but 7 > 10 is assumed, to avoid

accidental binding of variables during the transformation from

MSL to LAMBR.
[v.), [o.1, [truel, [false]l and [err] are as in LAMB.

[y I'l: T is ignored if a string in Yy matches Cl’ Ty will be simply

[err].

[case Z B: €] 1is the MSL substitute for the meta-variables of seman-

tic equations. When a string in I matches g the variables

13
in B are used to denote the branches of the parse-tree %, in
the evaluation of €. If the governing switch is

[clauses €y 5T §] , then [case % B: €] = Hcaée L (AB.e)(eO)].

[case Z: €]: here I gives one or more strings 0,5 and € is eval-

uated if Z, matches any of them.

[default: €] occurs (sensibly) at the end of a list of cases, and

is evaluated i1f no other match occurs.

[ seg] enables segmentation of large semantics (and systems) into
hierarchical modules. The operand is usually a string, which
identifies a segment. Because segments should not have free
variables, an occurrence of[seg oiﬂmay be replaced by the MSL-
expression from which the body of the segment identif%ed by
o, was derived (if any). [seg] is clearly inessential for
theoretical purposes, but will prove very useful in the

compiler-generator. In a practical implementation, the value
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of [imp "SegFn"] would be provided by an interface with an

independent data-base.

[chars] assumes that its operand is a string, and produces a tuple
of single-character strings. [imp "CharsFn"] could be spec-
ified in LAMA if LAMB strings were non-primitive and defined

in terms of their constituent characters.
[stringlis the inverse of [chars].
{ mapn]: the operand must be a 4-tuple. See MapN below.

[mapt]: +the operand must be a 2-tuple. It is defined using MapV.

See MapT below.

[Tabel] assumes its operand was created by [node ¢ 62], and gives

1

the value of el.

[spread] also assumes its operand was created by [node 6182], and
gives the number of elements of the tuple €,

Tw]: the remaining monadic operators are as in LAMB.

[#] : note that [=] is only defined on integer values and [err}] -

see Table Uu,
[aug] adds an element to the end of a tuple.
[pre] prefixes an element to a tuple.

[node]: the first operand should be a string, and the second should

be a tuple (possibly null) of nodes and/or integers.

[wl: the remaining (infix) diadic operators are as in LAMB. We
defer the promised discussion of o, * and | to the end of this

section.
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MapN is defined recursively to apply the function g successively

to the partial result 1, and each integer from i1_ to 1.

7 8 9

MapT uses MapN (= 15) to map the branches of node 1, with function

1 and form a tuple from the results.

6’

(End of comments on Table 5.)

We have described MSL, both formally and informally; we now
give an example of its use. We shall take "A Small 'Continuation'
Language" from [ 7 ], and describe its mathematical semantics in
MSL. The original semantic equations are reproduced here to enable
the reader to compare the two notations - this example has been

chosen to illustrate both the similarities and the differences.
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TABLE 6: Example in Semantic Equations

( APPENDIX 2 of [ 8 1)

A Small 'Continuation' Language

Syntactic Categories

Szntax

£ € Id Usual Identifiers

Yy € Cmd Commands

e € Exp Expressions

¢ € Fn Some Primitive Commands

y = ¢|dummy |
Y3 e > Y,sY4 Iwhile € do Y|
goto €8 Yo35qiY 3008 43V 4 §
resultis €.

e = Eltrue|false]

€, el,e2|va1of Y

Value Domains

A O 00 ©
m m M M

Semantic Functions

o)

P :
& :

T Truth Values

S Machine Statés (Stores)
C =[S =+ S] Command Continuations

D = [T.+ C] Denotations

E = [T + C] Expression Results

K =D~ C] Expression Continuations
[[Id - D] x K] = Env Environments

[Cmd > [Env > [C > C]11 .
[Exp » [Env =~ [K » C]1]]



TABLE 6 (ctd.)

Semantic Equations

Cl. Plélpo = (Some given function C » C associated with ¢)

C2. PIL dummy] p® 8

‘PﬂYoﬂprﬂYiﬂpe}
C4. Ple + v,,v, 008 = 8[€Bp{CondCPHYOBDG,PﬁYlﬂpe)}
CS. Piwhile € do ylpb = Y 20, .&lelp{cond®Plylpb’,8)})

3. Ply,iv,les

C6. Ylgoto clp6 = &lelp{Jump}
where Jump (§) = §|C
C7. 'Pl§yo;£1:yl;...En_lzyn_1$ﬂpe = 8,

Ply lo’6,

where 60

D
Li

. PEY1B0'62
en-i =‘pﬂYn-1]]p'6
and p! = p[61,62,...,Gn_l/gi,iz,...,En_il
C8. Plresultis elpe = &lelp{plres]}
El. &lElpk = k (I ED)
E2. & truelpk = Kk (tt)
E3. &[ falselpk = k (ff)

E4. &le, » e ,e,lpk = 8H€OBD{Cond(8H€1ﬂsz8HEQBDK)}

0
ES. g[valof ylpk = PLy] (plx/res]){Fail}
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Now the MSL version, which keeps close to the "style" of the

original.

Whilst the syntax conforms to the unambiguous grammar in

Appendix B, the lexical conventions are those of semantic equations.

(Ltke ALGOL 60 [ 25 ] we should perhaps distinguish the "publication"

language from the "reference" language.) Note that an exclamation

mark (!) introduces an end-of-line comment.

. -

Syntax

chmd

€ € Exp

A e LablL
§ € Lab
gi e Ide

¢i € Fun

Domains

m X O O O»mv» A

TABLE 7: Example in MSL

(not quite the same as the original one)

y = ¢ | dummy | vy 3y |
e +>Y,y | while ¢ doy |
gotoe | §y ;A $ | resultis e
e n= E, | true | false |
e e, e | valof y
A= & 3 A | 8
¢ = gi Y

EO, Ei, ... primitive identifiers

$gs ¢4 --- primitive commands

truth values denoted by true, false
stores

[Ss »~ S]

[T + C]

[D ~ C]

[N > [D+K]]

integers denoted by 0, 1, ...
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TABLE 7 (ctd.)

| Semantic Functions

A FunVal, | FunVal ¢ [N > C ~> C]
Jump, ! Jump e K
Fail, ! Fazl e C
Finish) . ! Finish ¢ C

let res = 0 and start = 1

| res and start will be used as "private" variables.

def Pltlos = . I ® ¢ [Cmd » Env > C » C]
clauses ¢
§ case "¢ " () : FunVall[Z]6
case "dummy" () : 0
case "y ; Y" Cepy.eq): W’ﬂcoﬂp{§3ﬂelﬂpe}
case "e = v, y" (e,co,cl): Eiﬂeﬂp{Cond(XDHcoﬂpe,WDHclﬂpe)}
case "while € do y" (e,o) : fix 68'. Elelpl{cond(Plelpd’,n)}
case "goto e" (e): Elelp{dump}

case "§ y ; A §" (e, dD 2 (fix ©. let p'=Laylp,T, startpreEﬁﬂdZ])
in Wjﬁcﬂp'(c¢2) pre D [dilp'0) V 1

case "resultis e" (e): Elelp{olresl}



TABLE 7 (ctd.)

and E[tlpk =
clauses ¢
§ case "E " (1)

case "true':

case "false":

case "e » ¢, " (eo,e e ) !

d

case "valof y" (o :

and D [tlpo =

clauses ¢

§ case "§ ; A" (d,dD :

case ”6" (d) :

dndcﬂiﬁtﬂpe =
clauses ¢
§ case “gi: y" (7,2 :

4
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I E.¢ [Exp » Env > K > C]

pl Idevaill i]]

K(true)

k(false)

£ [eydplicond( Ele lox, Ele,lpk)}

Ylel(plk/res]){Faill}

' & ¢ [LabL » Env - C = C*]

let ¢ = D[dilp6 in
Dldle(zi1) pre ¢

<o®1[[d]| p6)

' D, ¢ [Lab > Env » C ~ C]

1

Plelpo



TABLE 7 (ctd.)

and L[¢] =

clauses ¢

§ case "§ ; A" (d,dD :

case "§" (@ :

and Il[[ t] =

clauses ¢

§ case "gi: Y" (1,0

4

and Cond(co,cl)(B) =

B> Ty Gy

and IdeValli] =

i + 2 ! to avoid confusion with res and start.

and Lay< p:Cm’

I Le [Labl > N*]

Y
Iil[d]l pre X[di]

<5(1|Id]l>

!Z’l ¢ [Lab » N]

IdeVallzl

6u

! cond ¢ [[Any x Any]l - T = Any]

| TdeVal ¢ [N> N]

' Lay ¢ [[Env x C* x N*] -~ Env]

mapn ¢ A{p’',v . p'[g¢v/niv], o, 1, dim n?

result At Plel(xi.err){Finish}

! End of MSL version.
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To conclude our presentation of MSL, we motivate the inclusion
of the operators °, * and . These operators belong also to LAMB,

and were defined in §2.3 (Table 4). The o and * are related to the

usual o and * of semantic equations, in that f

jo

g corresponds to
g o f, and f * g corresponds to g % f. We shall argue that o and

ofs
*

: are much more convenient.

o

The operators o and * have been used to abbreviate A-notation
in semantic equations from the start (*iwas written as ":" until
1970). They significantly reduce the number of parentheses and
A- abstractions needed to denote composition of functions, especially
when the functionalities are based on S = S and S - [ExS]. As
an example we take an equation from an "Assignment Language" due to
Strachey [ 26.]:

(2) Cllet £ = € in ylp = |
(Aa. Lose(a) o Clylpl[a/E]) * Storedway * Rielp

Here we have

C e [Cmd > Env > S > S]]

R ¢ [Exp » Env > S > [V x S]]

Lose ¢ [L = S = S]

Storedway e [V »~ S » [LxS]]
In unabbreviated A-notation the right-hand side of (2) is
(3) xo. IMB,0) . (Ma,0,). Lose(a)(Cuy]}p[a/g]/o2)))(

| StoreAway(B)(Ol))}(}Qﬂeﬂpc),

where p ¢ Env, 0 ¢ S, a ¢ L and B e V.
Both (2) and (3) "read" from right to left, i.e. in the order in
which the component functions are applied to the store o:
Rielpo gives (B,0,) then StoreAway(B)(Gl) gives (0,0,) 5 then

Ciﬂyﬂp[a/&]cQ gives o, and Lose(a) (0 ,) gives the final o .
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In 1971, Wadsworth introduced a technique called "continuations"
for describing jumps (goto statements) in programs [ 7 ] - in fact
our example semantics in MSL used this technique. Basically, the
semaptic value of a command or expression is made to be dependent

on a continuation parameter, which in effect is the value of the

rest of the program.

Using continuations for both commands and expressions, (2)
becomes
(1) Cllet € = ¢ in ylpb =
Rlielp A8. Storedway(B){ra. Clylpl[a/E]{Lose(a){0}}}}
= Rlelp I AB. Storedway (B \a. Clylpla/ENLose (adll B

where we have used the MSL operator Il in the last formula, to remove
some of the parentheses (braces). The types are now

T ¢ [Cmd » Env > C » C]

R e [Exp = Env > [V > C] - C]

Lose ¢ [L - C - S]

Storedway ¢ [V - [L - C] - C]
and 8 ¢ C =[S~ S].

Clearly (4) "reads" from left to right.

The difficulty comes when the language described is such that
it is possible to jump out of commands, but not out of expressions
or the primitive functions Lose and Storedway. Then (4) becomes
(ignoring questions of non-termination and error):

(5) Cllet € = ¢ in ylpo =
(ra. Clylela/E]{6 o Lose(a)}) * Storedway * Rielp
where C is as for (4), but W, Lose and Storedway are as for (2).

Equation (5) reads "from the outside in", and is not as clear as (2)

or (4).



67

However if in (5) o and * are replaced by o and *, the right-
hand side becomes
(6) WRlelp * Storedway * ra. Clyle[a/E] ILose(a) o 6
whereas (2) becomes
(7) Rielp * Storedway * ra. CTlylpla/E] o Lose(a).
Both (6) and (7) read from left to right in the same way as (4).
We hope that the advantages of this uniformity are self-evident,

and that they compensate for such a turn-about in the basic notation

of semantic clauses.

That concludes our presentation of MSL. We do not claim that
MSL is the "ultimate" in semantic description languages: new tech-
niques in mathematical semantics will probably demand new notation,
and MSL doesn't even try to include all the currently used notation.
MSL is intended only as a basic notation which can be usea to des-

cribe (formally) extensions to more sophisticated notations.



CHAPTER 3

LAMB as a Machine Code

In this Chapter we continue our study of LAMB. §3.1 discusses
our principal use for LAMB: as the code for use in a compiler-
generator., §83.2 describes how we can obtain direct specifications
of simple values which are denoted by complex LAMB-terms - by
manipulating finite sets of integers or by applying denotation-
preserving conversion rules. Reduction rules and a normal form
for LAMB-terms are defined in 83.3. Then in §3.4 we give an
algorithm for reducing LAMB-terms to normal form. It uses simulated
substitution for Bg-reduction, and it is based on "call-by-need"

(rather than on "call-by-name" or "call-by-value"),

We do not give a proof of the correctness of the LAMB-
interpreter algorithm presented here, although one could presumably
be obtained by use of techniques such as.those given by Milne [ 4 1].
- 1t would be lengthy. Instead we hope that the reader can be
persuaded to give credence to the correctness of the algorithm by
the fact that a straight-forward coding of the algorithm (in BCPL
[ 24 1) does produce the expected results when used on large (and
also on pathological) LAMB-terms. Examples of the use of the

algorithm in the compiler-generator system are given in Chapter 5.
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§3.1 Combining LAMB-terms

The semantics of LAMB in §2.3 gives every LAMB-term a denotation
in Pw. Suppose that a LAMB-term ¢ denotes (the graph of) a contin-
uous function f on Pw; and that a second LAMB-term ¢ denotes an

arbitrary value z. Then clearly the LAMB-term ¢(z) denotes the

value f(z).

Now consider a LAMB-term ¢ which denotes some semantic function
1} - a function from parse-trees (embedded in Pw as in §2.4) of a
programming language, to their semantic values (also embedded in
Pw)., If t is a LAMB-term denoting a particular parse-tree t, then
(1) denotes its semantic value F[#]. In other words we can regard
®(t) as a coding of F[t]l, i.e. as the code of the program which %
represents, Obviously LAMB is not a run-of-the-mill machihe code,
but we shall show that it can be implemented with reasonable effi-
ciency (§3.3). So the simple operation of combining ¢ with T to
form the application ®(t) can be considered as a part of the opera-

tion of compiling - that of code generation.

Part of the task of our compiler-generator is to produce the
code of a code-generator from (the parse-tree of) a description of
a mathematical semantics in MSL. Suppose Ty is a LAMB-term denoting
the parse-tree of a description of F in MSL. The LAMB-term in
Appendix C denotes the semantic function for MSL - let us call the
LAMB-term A, and the semantic function L. so £ is a function from
barse-trees of descriptions according to the grammar of MSL, to their

values as semantic functions. Hence the LAMB-term A(t. ) denotes ?F,

¥
and can be used instead of ¢ above; therefore combining A(T?‘) with
T in A(1 )(1) generates the code of the program whose parse-tree is

denoted by t. Because of this we consider A(T7 ) as the code of a

code-generator, and A as the code of part of a compiler-generator.
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In Chapter 4 we shall show how LAMB can be used as the code for

other parts of compilers and of our compiler-generator.

We can also formulate a test for the "consistency" of the sem-
an%ics of MSL, by combining LAMB-terms. Appendix D gives a circular
description of the semantics of MSL in MSL. Suppose that L associ-
ates a semantic function L' with this description. For consistency
in what we think the semantics of MSL is, X' must be equivalent to
L. Let 1 N be a LAMB-term denoting the parse-tree of the circular
description; then A(T X') denotes XL'. Hence A(T x,) and A must
be equivalent in some sense. For the particular A given in Appendix
C, we can in fact show that something stronger holds, namely that
A(T'XJ) reduces to A by the application of the value-preserving

conversion rules which we shall define in the next section.
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§3.2 Implementing LAMB

In the last section we indicated how to "generate" the code of
programs and compilers, simply by combining LAMB-terms denoting
functions and parse-trees. The triviality of this operation guaran-
tees its correctness, but correctness isn't everything. Whilst then
is no mathematical difference between a complex expression and a
simpler one if they both denote the same value, from a practical
viewpoint the latter is much preferable because we have an increased
chance of being able to intuit the denoted value directly. To take
an extreme example, we recognize a difference between a numeral
denoting the 1,000th prime number, and a complicated function, for
calculating the nth prime, applied to the numeral 1000 - roughly
speaking we are not interested in which of the many possible algo-

rithms is used to calculate the result, but only in the result itsel

To transform a LAMB-term into "something simpler", we see two
ways of proceeding: (i) LAMBDA can be implemented directly, by
computing certain operations on elements of Pw, and then, using
the semantic description of LAMB to translate LAMB into LAMBDA, an
individual element of Pw might be obtained; (ii) a LAMB-term can
be reduced, using conversion rules which preserve value, to other
LAMB-terms, eventually yielding simple irreducible LAMB-terms when

such exist.

We shall see that for full generality both these methods are

needed; but we may consider them independently.

(i) Implementation of LAMBDA

An obvious pre-condition for obtaining a useful result by
implementation (in finite time) is that the result wanted must be

a finite element of Pw, such as a singleton representing an integer
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or a finite set representing part of a function. Thus in general we
cannot obtain the code of a program (considered as a function frecm
input to output) unless we restrict the program to a finite domain
of input - which for practical purposes means not only finite but
also very small., However as the output of a program is usually
finite, implementation of LAMBDA would provide a general method for

evaluating programs mathematically.

The basis of a simple-minded implementation of LAMBDA is as
follows. The semantics of LAMBDA is made into a function of an
integer t(time), whose use is to limit the number of points in the
graph of each A-abstraction, viz.

(1) Az T =.{(n,m) | m e T[en/x], n < t}.
For finite ¢ it follows that, with this semantics, any LAMBDA-term

€ denotes a finite element e of Pw; that. e

n(t) n(s) S @ (z+1) (hence

n(t) < n(¢+1)); and that the limit of the sequence € 0)° Cn(1)°" "

is the element (say e_) denoted by € through the original semantics

of 81.4., As the predicates k e e , e c e ande_ =e_ U e
n - m n m k

all (primitive) recursive in n, m and k, the set operations of the

are
n

semantic description can be replaced by simple arithmetical functions
on the indices of the e s SO that the semantics gives n(t) directly,

instead of e (£)° as the denotation of € at time ¢.

For each expression €, we assume that there is a (recursive)
predicate IsFinished, such that IsFinished(n) is true iff e, is a
possible desired result, which satisfies
(2) IsFinished(n) and e, S e, implies IsFinished(m).

(This reflects the idea of "positive information" in the Pw deel.)
Clearly, if IsFintshed(n(t)) is true for some finite ¢, the required
result has been found in "finite time"; conversely, if

IsFinished(n(t)) is false for all t, then either {n(t) | t e w} is

A
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finite, giving e_ = enét') for some ¢t', or it is infinite - both

cases imply IsFinished(m) must be false for all m such that e ¢ce

.
co?

hence our implementation does not "miss" any desired finite results.

(ii) > Reduction' of LAMB-terms

It will not surprise the reader that LAMB-terms can be reduced
by application of a conversion rule analogous to R-conversion in the
A-calculus. This can achieve considerable simplification of LAMR-

terms, whilst preserving the values they denote.

However there is more to LAMB than just A: 1in particular there

is the conditional expression e, = €,5 € which, if €, reduces to

1 3 1

true or false, can be reduced further to €, Or €,. Fowever,. consider

(M. €1) > €,, €. Can this be reduced, preserving the denotation?
The answer is that "it depends": it depends on what is assumed about
the coding function (n,m) and the eﬁumeration of finite sets e
which were used in giving the semantics of LAMBDA in §1.u4. If
nothing at all is assumed, then the conditional cannot be eliminated,
because we cannot determine whether or not 0 is an element of the
denotation of A1r. €, At the other extreme, if (n,m) and e are as

defined in §1.3, then it can be shown that the denotations of such

expressions as Atlt. Vv do not contain ¢ (but are non-empty) so

7+1

€. could be reduced to €..

(. v. 1) > €,, £, 3

1+

In fact we shall regard such LAMB-terms as the above condition-
als as "puns" - their denotations are dependent on the "implemen-
tation" of LAMBDA. We allow puns as legal terms so that Scott's
Definability Theorem (§1.4) can be used to show that LAMB is general
enough; but in using LAMB in conjunction with MSL to describe the
semantics of programming languages, it seems that we do not need to
use puns at all. Hence for our purposes it will be sufficient to

consider only the reduction of LAMB-terms not containing puns, In
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any case it seems highly unlikely that one could give a sufficiently

complete set of reduction rules for puns.

Therefore our reduction rules will not be completely general
and will not always suffice to reduce, for example, a LAMB-term
denoting an integer to the corresponding numeral; but this will

not matter to us. We shall specify our rules in the next section.
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§3.3 Reduction:in LAMB

To specifv a set of reduction rules for LAMB, we shall use the
notation which we introduced in §2.3(to describe the syntactic mapping
from LAMB to LAMA), extended to allow compound phrases to be nested
on the left of "semantic" equations as well as on the right. Thus
the left-hand side of an equation may specify the form of a phrase
to an arbitrary degree of complexity, and, as usual, meta-variables
specify the syntactic category to which a sub-phrase must belong,
simultaneously naming the sub-phrase. 'e allow the omissicn of the
enclosing brackets [ ] from inner compound phrases, when their pos-

itions can be inferred unambiguously by reference to the grammar for

LAMB (Table 4).

e shall avoid indeterminacy by ensuring that if two equations
can apply to the same phrase, then one is more "specific" than the
other and has priority, i.e. the left-hand side of the first results
from that of the second from replacement of a meta-variable by a com-
pound phrase. Tor example
(1) THrx. e de Nl = Lo
would be more specific than
(2) Cle, e ) = .o
We postulate that the "identity reduction" applies to all phrases to
which no other reduction applies, so that we may regard a set of
reduction equations as specifying a syntactic transformation on the

whole language.

Table 8 gives our reduction rules for LAMB. To show their
correctness we would need to prove
(3) (€ o F o Tlelp = (& o FHlelp
for all LAMB-terms € and environments p - recall that !E o’} 1s the

semantic function for LAMB. We shall not attempt a proof here, but
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the method is clear: first adapt the proof by Wadsworth in [ 22 ]
of the "Substitution Lemma" (for the )-calculus) to LAMA - our
domain of interpretation is very similar to his. Then show that
various simple conversion rules are valid in LAMA. Finally use

structural induction to show that
(W) (tfot YIe] converts in IAMA to JFle].

which implies (3). It is clear that the proof would be rather
tedious, and out of proportion to the simplicity of the rules
themselves. We hope that a careful comparison of Table 8 with
Table 4 will serve to convince the reader that the reduction rules
expressed in the former do indeed preserve the denotations of

LAMB-terms as assigned by the latter.

It should be noted that the reduction rules are in fact a

little "conservative'": stronger ones, such as
(5) Cl[vi = oJ.]I = 4i=j - [truel, [false]

also preserve denotations. This reflects the fact that certain
expressions, such as Hvoﬂ s ﬁooﬂ and [true], were distinguished

in LAMB purely for pragmatic (mnemonic) purposes, and correspond

to identical expressions in LAMA - this applies also to tuples

and certain functions. By omitting the stronger rules from Table 8
we are saying that we shall keep, e.g., numerals Eviﬂ, strings ﬂoi]
and truth-values [true], [false] separate in LAMB, and not expect

the LAMB-operator "=" to identify them.

A normal form of a LAMB-term € is an expression €' such that
IsNormalle']l = true, and which is obtained from € by a sequence of
operations of the form:

replace a well-formed sub-expression €' by t?ﬁa"n.
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We conjecture that the equivalent in LAMB-reduction cof the
First Church-Rosser Theorem [ 27 ] holds, i.e. that if a LAMB-term
€ has a normal form, then this normal form is unique (up to a-
conversion). LAMB-reduction is, in effect, a combination of an

extended B-reduction rule and a few rules for so-called §-

conversion.

In the next section we proceed to consider a reduction

algorithm to find a normal form of a LAMB~term wheneyer one exists.
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TABLE 8: Reduction in LAMB

Syntax As in Table 4.

Domains

a ¢ ExpB (as defined in Table 4.)

Mapping C ¢ [ExpB + ExpB]
Cltrue - Eps €4l = le,l

Clfalse - €,5 €,] = [e,]

Clv; + v.1 = Iyl

Clv, - v.] = dsi o vy 1, vy - vl
Clvy x vl = [yl

C’l[vi = "j]] = i=§ > [true], [false]
C?ﬂoi = cj] = 1=F > [true], [false]
Clerr = err] = [true]

Clerr = v, ] = [false]

C’[[vi = err] = [false]

Clerr = o, 1 = [false]

Cﬂci = err] = [false]

Clerr = true ] = [false]

Clerr = false] = [false]

Cltrue = err] = [falsel

Cl[false = err] = [false]

C[[Vi < vJ.]I = {27 > [truel, [false]



TABLE 8 (ctd.)

Cltrue v true ]
Cl true

<

false]
Clfalse v true ]
Clfalse v false]
Cltrue A true ]
Cltrue A false]
Clfalse A true |
C[false Ao false]

<f[(€1,...,em) cat -

(e ,...,en)]]

m+ 1

C?[(el,...,en) ') vi].

El~ true 1"
Cl~ falsel

Cldim (el,...,en)ﬂ

Eldim ()]
Clisatom Vi]
Clisatom oiﬂ
Clisatom (e

Clisatom ()]
_C’HEXB..elﬂ(ez)ﬂ

Cllval g. e,1(e,)]

CIlfix B. €1H(€2)H

Slley o e,1(e))]
Clle, * g,1(e,)]
C?ﬂﬂeo I eiﬂ(EQ)E
Cllpair e 1(e,)]
Cllimp o J(e,)]

JEREE

I

]

, II(EZQ---,EmsE:

[ true]}
[true]
[ true]
[false]
[ true]
[false]
[false]
[false]

m+ 1

Heiﬂ

, [falsel

ﬁtrue]'
v, ]
[v,]

[ truel
[ true]
[falsel
[ false]

Fi8lle,lle,l

-9€n)]]

IsNormalle,] - joﬂBﬂﬂ€2ﬂﬁ€1ﬂ,

[fval B. €1H(82)]
[{SI8][fix B. elﬂﬂelﬂ}(€2)]

H{Strictﬁelﬂ}({Strictﬁeoﬂ}(e2))]

[ {Curry ﬂelﬂ}({Strictﬂeoﬂ}(ez))]

[{Strictﬂeo(ei)ﬂ}(€2)]

H{Pairﬂelﬂ}(€2)]

IsNormalle,] ImpFn(i)le 1,

[[imp oiﬂ(ez)]
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TABLE 8 (ctd.)

Y ¢ [Bvs - ExpB - ExpB - ExpB]

j’ﬂliﬂa2a1 = j}ﬁ{al}ﬂa2i
F1¢8, .- 58 laja, = I8, 0[{a,Hv,1(
FI8, 0 {a,Hv,1(
oo FI8 M0{a, iy 100y) ool )
F1O a0, . = «

TO ¢ [ExpB » ExpB ~ Int - ExpB]

thEAB. eBaQi ; = let n = UnusedBvs[ AB. eﬂ[{aQ}B(i) in
[A{n}. {LE{TE{n} 1081 €l }Ta,?}],

jzﬁval B. e]a2£ similar to AB. €

)i

jzﬁfix B. ela,? = similar to AB. €

|

Sole, » ey e,00,7 [{Xyle,layi}l » {Fle,da,il, {Fle, lo,il]
ﬁLfOﬁ€1Ha2i} W {jzﬁezlaQi}]

Jzﬁw ela,t [w {F,[ela,i}]

Tole (e,)la,e [{Xle,lo s ({Jle,dayid)]

fol[(el,...,en)]]a z o [¢ {J’ol[ei]]azi},...,{folen]lazi})])

I

j%ﬁel W €2Ba2t

1l

]

2
j%ﬁljﬂa2i = t=f > 0y, [14]

Strictle]l = [val 1. ﬂe(li)ﬂﬂ

where L does not occur free in €.

1l

Curryﬁen ﬂkli. [[val 1j.va1 1 ﬂe(1j)(1k)ﬂﬂ(1i¢v1)(1ilv2)]]

where li’lj’lk do not occur free in €.

Patrlel = [val s (E,li)] where 1 does not occur free in €.



81

TABLE 8 (ctd.)

IsNormal ¢ [ExpB - Bool]

IsNormalle]l = false when e is of such a form that one of
the above equations is applicable to &, or when this

holds for some sub-phrase of €.
IsNormglle] = true  otherwise.

(A definition of IsNormal could easily be given - it would

have the same structure as that of C "above.)

UnusedBvs e [ExpB - ExpB - Int - Bvs]

UnusedBvs[ AB. sllﬂeQB(i) gives a list B’ of Bwvs of the
same shape as B, such that no identifier 1 in B' has

J=1 Or occurs in 8,81,62.
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3.4 An Interpreter for LAMB

LAMB is similar to a AK~calculus [ 27 1, and allows the
cancellation of sub-terms during reduction. Therefore we cannot
eipect the Second Church-Rosser Theorem [ 27 ] to hold for LAMBe«
reduction, and so a haphazard sequence of reductions of a LAMB-term
€ (having a normal form) will not in general always yield a normal
form. Consider any algorithm which systematically controls the
order in which reductions are applied to well-formed sub-expressions
of a term €. For such an algorithm to succeed in finding a normal
form whenever one exists, it is clear that it must have a property
similar to that of the so-called normal-order reduction algorithm
for the A-calculus: it never tries to reduce to normal form any
subexpression which could be cancelled by an another reduction.

For example, in an applicative combination (Ax. M)N , the term ¥
may be reduced immediately to normal form only if it is known that
x would not be cancelled in the reduction of M. As it is difficult
to decide this in advance, imterpreters which guarantee to find
normal forms fWhen possible) usually adopt a "wait and see" approach:
either N is sustituted for all free occurences of x in ¥, or else
we "remember" that x now denotes N until z is actually needed in
the reduction of M - this technique is known as simulated substitu-

tion.

We shall give a suitable algorithm for LAMB~reduction later
in this section. Basically it implements the essential principle
of normal-order reduction by using simulated substitution for Bi
reductions, and by operating as follows:

(i) In a conditional expression B - M, N the term B is reauced

to normal form first of all; if this yields true or false then

either N or M is cancelled, respectively.
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(ii) In the selection of a component of a tuple T ¢ N, the term
T is reduced only so far as is necessary to yield a tuple
(TZ’T2""’Tn); N is reduced to normal form, and if this gives a

numeral Vs all the Tj but for Ti are cancelled.

Whereas normal order reduction corresponds closely to the
"call-by-name" concept of ALGOL 60 [ 25 ], the algorithm given
below uses a technique more like the "delay rule" of Vuillemin
[ 28 1, which was in essence given earlier by Wadsworth [ 22 ] in
another context. We shall follow Wadsworth and refer to this
technique as "call-by-need", for it corresponds to evaluating
parameters only when they are needed (and then remembering the
result in case the parameter is needed again). More specifically,
our algorithm effects simulated substitution of expressions for
variables, but "overwrites" the denoted (substituted) expression
with its normal form ¢f this ever needs to be found. Thus the
repeated reduction of the same expression to normal form, which is
a cause of great inefficiency in pure normal-order reduction, is
avoided. To consider the optimality of this "call-by-need", we
restrict our attention for the moment to the ordinary A-calculus

(which is, of course, a sub-language of LAMB).

Vuillemin shows in [ 28 ] that "call-by-need" is in general
more efficient than either "call-by-value" or "call-by-name" for
computations (i.e. reductions) in the language he takes. However
that language is in reality a version of the A-calculus with a
restricted form of B-reduction, and in fact it seems that the.
result does not quite extend to the full A-calculus. To see why

not, let us consider how a reduction algorithm works.

The general form of a "safe" A-reduction algorithm is:

find the left-most redex; replace it by its reduct; repeat.
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This is most easily implemented as a pair of mutually-recursive
functions (following Wadsworth [ 22 ] again): ReducetoNormalForm
and ReducetoLambdaForm. Modified versions of these functions (JQl
and\ZE respectively), embodying the call-by-need mechanism, are
described in Table 9 in the notation of semantic equations (using
continuations to indicate temporal succession[ 7 ]). It can be

seen that the algorithm is less than optimal when reducing

(L) (\f. (fa)f)(Ay. b((rz. zyle))

to 1ts normal form:
(é) (b(cal)) (\y. bley)).

The underlined redex can in fact be contracted independently of
any substitution for y. It is not apparent how the call-by-need

mechanism could be adapted to foresee this.

However, if we think of (1) above in terms of programming a

computation, we might write it as:
(3) let f(y) = b(let z = ¢ in z2(y))
in fla)(f).
But of course, if efficiency is of concern, a programmer would

probably avoid re-defining 2z in each call of f, as follows:

(yY) let 2z = ¢ in
Tet f(y) = b(z(y)) in fla)(f).

We maintain that expressions for which the call-by-need mechanism
is suboptimal correspond closely to instances of "bad programming"
of computations. In our intended application of the algorithm, as
described in Chapter 4, we shall not be wanting to reduce coﬁple—
tely arbitrary A-expressions to normal form, only ones which have
been produced by cur compiler-generator or by the writer of a

semantic description. Hence we shall not worry about the non-

optimality of our algorithm - we are satisfied that it is



For example, an ALGOL-like version of the first equation

for jQu might be:

procedu.'e ReduceAbstraction(u, ﬂkli. els Py x);
integer u; tree ﬂk1i. els env p; label 3
if u=2

then begin reslz=ﬂkli. els comment res. , res, are global;

1 2
rqszt=p;
goto x
end
else begin NewId(xl); comment assigns to res,
X, begin tree lj; lj:=resl;
Lay(p, Lo nullenv, 1., x2);
Xyt begin env pys p,ires
ReduceGeneral(l, e, 0, xs); '
Xgt begin tree €,3 env pi; €,i7res, 3 p{:=res

23
reslt=ﬂklj. %ﬂ y res. :=nullenv;

goto ¥

2

end
end
end
end;
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substantially more efficient thdn pure normal-order reduction in
terms of the number of contractions needed to find a normal-form -

and no "expensive" copying or scanning operations are necessary to

achieve this efficiency.

We now leave considerations of efficiency, and turn to the
definition of an interpreter (reduction algorithm).for LAMB.
This is given in Table 1Q, which extends the algorithm of Table 9
with reduction of tuples, conditionals and various operators.
The operation of the algorithm should be clear if the "continuation
application" infix operator I (borrowed from MSL for convenience)
1s read operationally, i.e. f I g 1is read as "do f then do g",
and f I Xx.g as "do f and assign the result to x then do g". But
note that, to avoid a plethora of tuple-brackets, "Curr?ed" contin-

: (%)
uations are used; hence often more than one result is "assigned".

As mentioned in the introduction to this Chapter, we are not
able to offer a proof of the correctness of the LAMB-interpreter
here, and our belief in its correctness comes only from observing
that a straight~forward coding of the interpreter in BCPL does
give the expected results when reducing large and complex LAMB-
terms. Some examples of this are given in Chapter 5 and in the
Appendices. Before that, Chapter 4 will describe the compiler-
generator system (which is the raison d'étre of the LAMB-

interpreter) in come detail.
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TABLE 9: A-Calculus Reduction Algorithm

‘Syntax

e e Ex e = Al e | e(e) | 1,

1; € Ide identifiers Lgs g «oo of LAMBDA.

Domains

p ¢ Env = [Ide » Loc] ! identifiers denote locations of Map
o e S = [Map x Ide x Loc] ! states of the algorithm (see p. 88)
¢ ¢ Map = [Loc - Val] ! gives contents of locations in Envy

v ¢ Loc = Int ' ! primitive locations

§ ¢ Yal = [Ex x Env] ! closures

X € X = [Ex » Env ~» C] | "Curried" continuations

K ¢ K = [[Vval + Env + Ide] » €] ! continuations

b € C = [S - S] ! continuation-

Algorithm

The functionsvﬂl,\ﬂg defined below "co-operate" to find the
normal form of a A-expression. Qzlﬂeﬂpx reduces € to normal form,
relative to the environment p, and supplies the resulting express-
ion and (null) eﬂvironment to the "closure continuation" yx. It
usesﬂ2 to try to reduce the left part of a combination to lambda
form, and then uses 31 to contract the redex (if possible).
jg, apart from returning a A-abstraction if found, is defined
similarly to\Ql.
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TABLE 9 (ctd.)

“Ru e [Ex > Env » X > C] (=1, 2)

Jaﬁux1i. el px = u=2 - xﬂkli. elp,
NewId U ir..
J
Lay(p)(ﬁljl,nullenv)ﬂli] I APy -
R lelp, 1 2e,.2p).
x[klj. eiﬂ(nullenv)

J%Eei(€2)ﬂpx = ignelnp I Xef.Xpy.

J;EE{(ez)npiox

‘Qulli}px IsFree(p)l1.] = x[1 Mnuilenv),

Pick(p)ﬂlil I Ale ).

1°P4
~1p[€1“91 | Aez.kp2.
'ReLay(p)([€2],pQ>ﬂ1i] !

j} e [Ex » Env » Env » X > C] (v = 1, 2)

Sl el(ey)lopox = Lay(p)<le,d,p,2 [t 1 1 Ap.
l$lsﬂpx

- jlﬂei(ez)ﬂojpzx = \ZaﬂezﬂpQ I XeJ.xp).

Xlei(eé)ﬂ(nullenv)

(The convention of §3.3 implies that the first equation

above for IL has "priority" over the second equation.)
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TABLE 9 (ctd.)

Implementation

The following functions could be defined in other ways,

corresponding to different choices of the domains S and Env.

NewId(K)(¢,1i,v) = | NewId ¢ [K - C]

Kl 08015, 25V

! The Ide component of S is the last used identifier,
Lay(p)(é)ﬂli](K)<¢,1j,v) = ! Lay ¢ [Env » Val » Ide » K - C]

K(p[v+1/1ij)<¢[6/v+1], Lo v+ 1)

! The Loc component of S is the last used location.
nullenv = | nullenv ¢ Eny

(Ali. err)

IsFree(p)ﬂliB = | IsFree ¢ [Env » Ide - Booll]

(pﬁliﬂ = err)

Pick(p)ﬂlin(K)(¢,lj,V) = | Pick ¢ [Env » Ide » K » C]
K(¢(pﬂliﬂ))<¢,1i,v>
| uses the Map compcnent cf S,
ReLay(p)Eliﬂ(6)<¢,lj,v) = ! ReLay ¢ [Env - Ide » C - C]
ocolo/plr s 1, W

J
! updates the Map component of S,
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TABLE 10: LAMB Reduction Algorithm

Syntax: as defined in Table 4, with

€ € ExpB
B € Bvs

w e Op, + 0p2

1
1. € 1
v. € Num

o. € String

Domains-:
o0 e Eny = [I-» Loc]
S = [Map x I x Loc]
Map = [I - Val]
Loc = Int
Val = [ExpB x Env]
X € X = [ExpB - Env ~» C]
k € K = [[val + Env + Bvs] - C]
C = [S ~» S]

Algorithm; \Ru ¢ LExpB > Env » X » C] (u =1, 2, 3)
! J%ﬂeﬂpx reduces € to normal form
!\ﬂ2ﬂ€]px reduces € to lambda-form
! ﬂgﬂeﬂpx reduces € to tuple-form

R I8, €lox = u=2 > x[AB. €lop,

NewBvs[R] 1 AB, .
LayBvs (p)<[B I ,nullenv) [8] I Apy.
J%[e]pl I Aei.xpi.

Xlksl. elﬂ(nullenv)



TABLE 10 (ctd.)

v2ul[va1 B. elpx

J‘Zu[[ fix B. el px

JQuﬂel

JQuﬂel

U

IN

EQBDX

€2Bpx
62Hox

€2Hox

e, lpX
e, lerx
e, Jox
e, lpx

EQBQX

Il

similar to [AB. €]

p=2 v u=3w*“iay§bs(pJ<ﬂfix B. el,IBl 1 xp

L Ry,

NewBvs[B] 1 AB
LayBvs(p)¢[B 1,nullenv) [B] I Ap .«
R Lelp, 1 de o).

x[ fix B, .

[
uzlﬂelﬂo I xel.apl.

311[[81' -

u=2 > xle, o e,lo,

J%ﬂelﬂp I Xel.hpd.

1.

€5 esﬂpx

eiﬂ(nullenv)

1 r
RLe Jp b Xel. Apl.

x[e{ o eéﬂ(nullenv)
similar to le, o €,]
similar to ﬂ€1»g €2ﬂ
leﬂelﬂgeﬂ Aei.%p{.
A, e 16 1 el hpl.
Cg[ei % Eé]X

similar to [e, + Ezﬂ
similar to le  + €2B
similar to ﬂel + egﬂ
similar to [el + e2ﬂ
similar to Hel + €2ﬂ

SO

1°"



TABLE 10 (ctd.)

\Ruﬂei A 82]] "%

‘ZLH€1 cat e2ﬂpx

R le, ¥ e lox

R}JII pair elpy

uQuﬂ~ el px

ﬁuudim el px

ﬂu[[ isatom €] py

Runimp el pX.

Jgpﬂel(ez)ﬂpx

I

similar to ﬂel

u=3 - x[el cat ¢
| '

Rledp | Ae ! Ap
4

Jgﬂ€2]p I Aet.Ap

Cgﬂei cat eJJx

+ €2B

2]]09
4
10

'.
2

!
jguelnp I Ael.rpl.

! [4
JQ1HE2B0 I AEQ.AQQ.

’THHEi boellofx

u=2 = xlpair €]p
~Qlﬂeﬂpﬂ AET Ap!

xkpair €'l (nulzenv)

A Lelp 1 xet np?
0,1~ e'1x

R lelp 1 Xetinp’.

O Idim e’]pry

ZQHEHp I Aer.xp’.

Alisatom e’]p’y

\K%ﬂeﬂp I Ae'.Ap’.
x[imp €'] (nullenv)

b22ﬂ€1ﬂp I Aes.npl.

Sulelle,)Tolpx

91



TABLE 10 (ctd.)

J?uﬁ<ei,...,en>ﬂpx = w=3 > xlCe ,...0e ) 10,
X&ﬂeilp | Ael.lpl.

ﬂgneznp I Ae2.Ap2.

QQiﬂennp I Aen.kpn

Xﬁ(el,a..,en)ﬂ(nullenv)

J?uﬂ<>ﬂpx = IO 1 (nullenv)

\Zgﬂli]px = IsFree(p)ﬂli] > xﬂliﬂ(nullenv),
Pick(p)ﬂliﬂ I X(el,pl).
\Qul[eillpi " }\€2u>\p2o
ReLay(p)(ﬂ€2ﬂsP2)ﬂliB |
xLe,lp,

JQuﬂvi]px = x[v,](nullenv)

A Lo lex = xlo_ 1 (nullenv)

“Quﬂ truelpx = X[ truel (nullenv)

vﬂuﬂfalseﬂpx = x[false] (nullenv)

~Ruﬂerrﬂpx = xlerr] (nullenv)

;Que [ExpB » Env > X > C] (n

B [true - e, eglox = Rle,lex

JQuﬂfa1se > e,y £,lpx ~Quﬂ83]px

. . ! ’

i%ﬂei > e,, e lpx = R,le,lp | Aef.apl.
! '

A leglo 1 xelrpt,

xle! » ¢!

1 5 eéﬂ(nullenv)

1, 2, 3)
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(9[81 W e2]Ix

Jlw elx

93

02 e [ExpB - X - C]

(xof)lel ® 6211 (nullenv)

Cﬁ e [ExpB ~ X - C]

(X o Cilw €l (nullenv)

C ¢ [ExpB ~» ExpB]

Clel is as defined in Table 8.

/:]u[[(el,...,en) ! vi]lpx

]’u[[[[ei cat 82]] ) \)i]]px

’
Juley + ellox

O [dim <el,...,en>ﬂpx
Dldim ¢y ]px

L ldim [e, cat e,11px

D Ldim €lpy

J, € [ExpB > Env > X > C] (u =1, 2, 3]
R L€ Tox

Zul[ l[visl[dim 61” - eii\)i,

Eeziﬂvi-ﬁdim 61HBB Ipx

uQiIIel]]p I Aei.)\pl'.

xﬂei } eé](nullenv)

D e [ExpB » Eny » X » €]
x1 \)nﬂ (nullenv)
X[v 1 (nullenv)

Rll[ [dim 61]] + [dim 82]] Iox

.Qll[ellp P Ae’.Ap'.x[dim €'Y (nullenv)
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TABLE 10 (ctd.)

A ¢ [ExpB » Env = X > C]

Alisatom (e s .es€ ) 10X

1 x[ falsel (nullenv)

Alisatom O Jpx = y[falsel (nullenv)
Alisatom e, cat 8211110)( = ﬂl,[[~l[l[1'satom e,] v [isatom e, 111pX
Jfl[isatom Vi] oX A x[truel (nullenv)

Alisatom OiEPX I truel (nulilenv)

Alisatom € 1px \ﬂaﬂe]p I xe’.Ap’'. xlisatom e’] (nullenv)

‘jueIExpB*Env—rEnv_-*X*C] (u='1, 2, 3)

‘TUEEXB. eﬂ(e2)ﬂplp2x = Lavas(ol)(ﬂ€2ﬂ,02)ﬂBﬂ I Ap.
Rul[ellpx

:fu[[[[va] B. el(e,)lp P x = R ledo, T Aef el
Lavas(pl)<ﬂ€2ﬂ,pé)ﬂB 1 & Xp.
Zulle 1px

T lley o e dle))loox = dledpyey 1 ALs 20,

NewId |l le.
ﬂ.ul[ [val 13,.[[81(1‘7.)]1]](60(11})) Ip X

fullﬂeo x e, (e,)1p 0, :,X[[e2]lp2c>:L I A, 20,
NewId | le.
.Zull [val 1j.[[l[€1(ij¢v1)]l(1j¢v3]l]l(eo(1i)) Tp,x
Tul[lleo I 8111(,62)]lp1p2x = Xllezlpzp1 I Ap,.

AL Teg(e; )11, )Tpyx
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T llpair e 1(e,)lp, p,x

S LUimp 0.1 (e, )lp p,x

S lei(e,)lo,0,x

L [elpp,x

Nevasﬂli](K)

Nevasﬂ(Bl,...,Bn)ﬂ(K)

NewBvs[{)] (k)

QfﬂeQBprl [ A1i.lp3.

QQUH<€1,1i>B03X

[4 ?
tﬂine2np2 I Ael.Apd.

(xeImpFn(i))le,l (nullenv)

| F
q?lneQsz I Ael.2ps.

XHE{(€é)ﬂ(nuZZenvi

L ¢ [ExpB> Env » Env » X » C]

= J\)ll[e]]pﬂ Ae'.Ap’.

NewId 1| Ali.

Lay(p1)<[e'j,nullenv>ﬁliﬂ i Apg.

!
X[ lof

NewBvs ¢ [Bvs - K = (C]
NewId(k)

Nevas[Blﬂ 1 AB{.

NevasﬂB2] I ABé.

Kﬂ(B{,...,Bé>B

k[¢) ]
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TABLE 10 (ctd.)

Lavas(po)(e,p)lli](K) =

Lavas(po)(e,p)ﬂ<81,...,8n)](K) =

LayBvs(py)¢e, p) [)] (k)

Implementation:

SE

LayBvs € [Env » Val » Bvs > K - C]
Lay(po)(e,p)ﬁliﬂ(K)

Lavas(po)<ﬂeiv1B,p)ﬂ81] : Api.
Lavas(pl)(E€¢v2],p)[B2] A Ap,.
Lavas(pn_l)(nelvn],p>n8n] i Apn.

K(pn)

K(po)

The following are defined as in Table 9.

NewId
Lay
nullenv
IsFree
Pick

ReLay

[k = C]

[Env - Val - I » K » C]
Env

[Env - I - Bool]

[Env - I - K » C]

[Env - Val - 1 - C » C]



CHAPTER 4

A- Compiler~Generator

In this chapter we present a compiler-generator based on math-
ematical semantics. The compiler-generator produces a compiler for
a programming language from an unambiguous context-free grammar
(written in a BNF-like notation called GRAMMA) and a semantic des-
cription (written in MSL). The compiler may be applied to a program
text using the system to produce the code of that program, which in
turn may be run after giving MSL descriptions of its input and of
the implementation of any functions left undefined by the semantic
description. The system - all of whose parts are coded in LAMB -
operates by combining the code of a function with the code of its
argument in a formal application, using a LAMB-interpreter.to reduce

this application to the code of the result.

We regard §4.1, which discusses the structure and operation
of the compiler-generator system, as the main section of this chap-
ter. §4.2 describes the syntax of GRAMMA, and 884.3, 4.4 use MSL
to describe a grammar-driven parser. The parser (which uses the so-
called SLR(1) Algorithm) constitutes a semantics for GRAMMA, but the
details of its description are not important, as many other algo-
rithms could have been used instead - it is included mainly to demon-

strate the feasibility of "programming" in MSL.

"Code generation" is not discussed separately from the general
operation of the system, because we consider a compiler in the
abstract to be a function from texts to values, rather than from
texts to code. The values become encoded automatically (in LAMB)

when we simulate the application of abstract functions by manipu-

lating LAMB-expressions.
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§4.1 Structure of the Compiler-Generator

We first consider the abstract structure of the compiler-
generator, discussing abstract functions and values without reference
to any concrete code. Later we shall show how LAMB can be used as

a code for all components of the system, enabling an "operational

simulation of the abstract entities".

For our purposes here, an abstract compiler is not a function
from abstract text to abstract code - rather it is a function from
abstract text to abstract values, which are often themselves functions.
It will be convenient to consider an abstract text to be a tuple of
abstract characters. An abstract parser is a function from abstract
text to abstract parse-trees, and a (mathematical) semantics is a
function from these parse-trees to abstract values; hence an abstract
compiler may be formed as the composition of such a parser and seman-
tics. These conventions enable us to base our compiler-generator

directly on mathematical semantics.

We shall illustrate the components of the abstract compiler-

: f
generator using i to denote that f(x) = y. An abstract

x > 0 >y

text denoting a function F and written in a language L will be

denoted by F/L.

Hence an abstract compilation of a Program in language L would

look like:
(1) L-Parser L-Semanties
Program/L >0 >0 > Program .,

It is the purpose of the compiler-generator to produce L-Parser and
[-Semantics from their written descriptions in GRAMMA and MSL res -

pectively. This is accomplished by



99

(2) GRAMMA-Parser GRAMMA-Semantics
L-Parser/GRAMMA >0 > 0 > [L-Parser
and
(3) MSL-Parser MSL-Semantics
L-Semantices/MSL ) > 0 > L-Semantics.

Usually a mathematical semantics does not completely specify the
semantic value of a program, preferring instead to make it dependent
on certain rather primitive functions by leaving them undefined in
the description. Typically these functions might effect the accessing
and updating of locations in an abstract store, or control the "order"
in which the sub-expressions of an expression in a language are eval-
uated. Clearly we need to supply the values of these functions before
we can evaluate a program *to map input to output. It is quite con-
venient to describe them in MSL and then use the components of (3) to
produce a function L-Implementation such that a program is run by:

(L) L-Implementation

Program >0 ‘\i

Input > 0O > Output.

The normal use of the abstract compiler-generator is just pro-
ducing an abstract compile-and-run system; but we can also use it to
form a new compiler-generator, based on new description languages,
say XGRAMMA and XMSL. We do this by giving formal descriptions of
the new notations (i.e. their syntax and semantics) in GRAMMA and
MSL, and then using (2) and (3) to produce the corresponding functions
XGRAMMA-Parser, -Semantics and XMSL-Parser, -Semantics. By taking
XGRAMMA and XMSL to be simply GRAMMA and MSL respectively, we can
make a test for the consistency of the system: the new compiler-

generator produced from the circular descriptions must be equivalent
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to the original one. In other words the effect should be the same

whether

(i) the original components of the compiler-generator are used to
interpret the circular descriptions in order to interpret an ordinary
descriptiony or

(ii) the ordinary description is interpreted directly by the original

components.

We now show how LAMB is used to obtain a simulation of the
abstract compiler-generator on a real computer. Basically we assume
that all components of the system can be identified with computable
elements of the domain Pw (in the sense of §1.3). By the results of
Chapter 2 these elements are all LAMB-definable - in fact we sghall
specify below how to obtain suitable LAMB-definitions. Clearly if
¢ is a LAMB-expression denoting (the graph of) a function f, and ¥
denotes x, then the expression ¢(x) denotes f(x). Hence the simul-
ation of generating, e.g., L-Parser in (2) above, consists of simply
combining the LAMB-expressions denoting the text L-Parser/GRAMMA,
the function GRAMMA/Parser and the function GRAMMA/Semantics, into

a single expression.

-

While the simplicity of this simulation guarantees its correct-

ness, it is obviously not very useful. The expression we obtain

in this way denoting Output in (4) is always very large, even though
Output might be only a single integer - and we are not able to intuit
directly the value in Pw denoted by a complex LAMB-expression. What
we need is for our simulation to reduce the complexity of such an
expression without changing the value it denotes, ideally so that it
will yield, for instance, a simple numeral of LAMB if the value

denoted is an integer.

In Chapter 3 we presumed that a certain reduction algorithm for
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LAMB is correct, i.e. value-preserving. That algorithm can be

implemented quite easily on a computer: wusing it we can obtain a

suitable simulation of the abstract compiler-generator. Instead of
simulating the application of a function by just combining two

LAMB-expressions, we combine the two expressions and then reduce the

combination to "normal form". Let us denote this simulation of .
f f
! by ¥ , so that diagrams (1) - (4) above
x > 0 >y x -0 -~y

illustrate our simulated compiler-generator if "O" is replaced by
"O". Usually this simulation will be correct, as the intermediate
reductions arising from "sensible" descriptions in MSL will termin-
ate (thanks to our definition of normal form in Chapter 3); but
for full generality, reduction must in fact be delayed until the

final combination (denoting Output in (4)) has been formed.

Of course in an implementation of this simulation, we heed to
input and output LAMB-expressions4 also it is useful to be able to
inspect intermediate expressions, and control the points at which
reduction is done. We shall not describe how this might be achieved,

as it is mostly a matter of interaction with a real operating system.

However, we do offer some brief comments on "boot-strapping"
the system. The functions in (2) and (3) are rather complex, and
clearly it would be a major task to produce their LAMB-definitions
by hand. We note that MSL-Semantics is denoted by the LAMB-express-
ion in Appendix C, which we used to define MSL in terms of LAMB.
If any (independent) grammar-driven syntax analyzer 1s available,
it can be used to create the parse-trees of GRAMMA-Parser/GRAMMA
and GRAMMA-Semantics/MSL, which can easily be converted to
LAMB-expressions denoting the abstract parse-trees GRAMMA-Parser/Tree

and GRAMMA-Semantics/Tree. Then
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(5) MSL-Semantics
GRAMMA-Semantics/Tree > [ > GRAMMA-Semantics

and

(6) GRAMMA-Semantics
GRAMMA-Parser/Tree > 0 > GRAMMA-Parser

SO

(7) GRAMMA-Parser GRAMMA-Semantics
MSL-Parser/GRAMMA > >0 »MSL-Parser

which completes the system.

In the following sections we shall give GRAMMA-Parser/GRAMMA
and GRAMMA-Semantics/MSL. Appendix B contains MSL-Parser/GRAMMA,
and Appendix C contains MSL-Semanties. The MSL segments'in Table 11
below combine other segments, as in'the boot-strap above, to produce
the compiler-generator. (Each segment is delimited by the string
which identifies it and a terminating stop (.).) Note that several
segments are written directly in LAMB, but that after the initial
boot-strapping stage they can be re-written in MSL and compiled

into LAMB using the system.



TABIE 11: Compiler—Generator System

'GRAMMA- Semantics?

(imp °SegFn®)(°MSIL-Semantics®)(
(imp °SegFn')(°GRAMMA-Semantics/Tree?))

YGRAMMA-Parser?

(imp °*SegFn?®)(°GRAMMA-Semantics?)(
1 (imp *SegFn')(°GRAMMA-Parser/Tree'))

*MSI-Parser?
(imp °*SegFn'®)(°GRAMMA-Serantics?)(

(imp *SegFn')(°GRAMMA-Farser?)(
(imp °*SegFn'®)(°*MSL~Parser/GRAMMA®)))

*Compiler—Gererator/MSL?®
<IParserGRAMMA, LSemranticsMSL>,

let LParser = (seg GRAMMA-Semantics®)(

(seg °GRAMMA-Parser®)(LParserGRAMMA))

let LSemantics = (seg °*MSL-Semantics®)(

(seg "MSL-Parser®)(LSemanticsMSL))

result LParser|2 LSemantics
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§4.2 GRAMMA

In this section we describe the syntax and semantics of GRAMMA,
our syntax description language which complements MSL. We consider
the semantic value of a description in GRAMMA to be a function from
texts to parse~trees, i.e. an abstract parser, and we shall give
the semantics of GRAMMA by using MSL to describe a parser driven by
the parse-trees of descriptions in GRAMMA. The parser, which is
based on the SLR(1l) recognizer algorithm [ 29 ], has been chosen for
its relative simplicity combined with adequate generality; other
algorithms could be used instead. We hope that GRAMMA is sufficiently
like BNF and other syntax description languages to be u;derstood
from the informal comments we offer below - we only include the

formal definition (§8§4.3 - u4.u4) for completeness and to demonstrate

the feasibility of "programming" in MSL.

In fact a parser corresponding to a description in GRAMMA is
the composition of a lexical analyzer and a syntax analyzer. The
lexical analyzer transforms a sequence of characters into a sequence
of basic symbols, which makes the syntax analysis both easier (less
generality is needed) and more efficient. The lexical analyzer is
based on an algorithm which is (much) less general than the SLR(1)

algorithm,

Table 12 gives a "circular" description of the syntax of GRAMMA,
As in the unambiguous grammars for LAMB and MSL, the language des-
cribed is a "hardware representation" (c.f. [ 25 1) which may be

related to a more elegant "publication language" using Appendix Z.

A grammar in GRAMMA consists of three section, headed by syn,
lex and aux. The first section uses an abbreviated BNF-like notation

to define syntactic categories recursively. Non-terminal symbols
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are formed as sequences of letters, beginning with a capital. Ter-
minal symbols may be the corresponding sequence of characters enclosed
in quotes (' '), but complex or "variable" terminal symbols should

be named by a sequence of underlined capitals (the suffix _ is used
to distinguish variable terminal symbols corresponding to numerals,
identifiers, etc.) and specified in the lex section (non-recursively).
As in BNF, the symbols = and | are used as separators. We refer to
the specification of a single non-terminal as a elause, and to its
alternatives as phrases. Each clause starts on a new line. After
each phrase, following a colon, a string (of LAMB) is specified, to
be used when forming a corresponding node in a parse-tree; but this
may be omitted when .either (i) the phrase consists of a simple ter-
minal symbol (then it is taken as the specification of the label), or
(1ii) there is exactly one non-terminal symbol in the phrase (then
there will be no corresponding node in the parse-tree). The purpose
of specifying these strings is so that nodes corresponding to seman-

tically-similar phrases may have the same label; 1in fact the labels

would usually correspond to the phrases of a reduced ambiguous gram-

mar as used in semantic equations. The Brooker x-? convention
may be used: ( ... )*allows one or more occurrences of .., , and
( ... )? allows zero or more, the brackets being omitted when ..,

consists of a single named symbol or a single group governed by

or 7.

The lex section is simpler: a clause may be of the same form
as in the syn section, but phrases do not specify labels, and their
component symbols may be only single characters (enclosed by quotes
' ') or names of classes of single characters specified in the aux
section. A clause may also be of the same form as in the auXx section.

There is usually one clause specifying A, the null basic symbol,
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which is ignored in syntax analysis,and so may be used to eliminate

comments and layout.

-In the aux section, "=" or "#" is used as a separator instead
of ":="., [Each phrase of a clause specifies either a single character
(enclosed in quotes and possibly using "xn", "xs", "x4" to denote
the standard characters NEWLINE, SPACE, FOURSPACES respectively) or
a range of characters with three dots (...) separating the lower and
upper limits. A clause specifies the union of the characters given
by the phrases when "=" is used as a separator; and the complement

of that union in the set of all characters when "#" is used.

GRAMMA was degigned more for the convenience of the user than
for that of a grammar-driven analyzer: phrases may have an arbit-
rarily complex structure and lexical symbols are specified implicitly
in the syn section. In Apbendix E we use MSL to specify syntactic
mappings from GRAMMA to a simpler domain called GRAM. The Apnendix
starts with descriptions of GRAMMA and GRAM by simple grammars in

the usual format.

Basicélly the mapping transforms a clause into a prod by attach-
ing the defined name to each phrase, making a. list of the symbols
occurring in the phrase, and transforming the structure formed from
() *? into a list of successor sets which give the adjacency relation

between symbols using their indices in the 1list. The mapping also

forms prods in lex by extracting the implicit definitions from syn.

We keep our lexical and syntax analyzers separate; hence we
obtain a complete parser from a parse-tree of a description in GRAMMA

as shown 1in Table 13.

In the next two sections we examine "Lex" and "Syn".
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*GRAMMA~Parsor/GRAMMA?

NLS Syn lex Aux

*syn® NLS SClause*

Name ?3:=? SPhraseL NLS
SPhrase (BAR SPhrase)*?
SWordL %:° Symb

SWordL

SWord*?

Name

Symb

LB SWord*? RB
SWord.ggg

SWord REP

*lex’ NLS LClause*?
SClause

AClause

*aux® NLS AClause*?
Nare ‘="' APhraseL NLS
Name '$' APhraseL NLS
APhrase (BAR APhrase)*?
Symb

Symb *,,.' Symb

SNAME
LNAME
LNAME I §
929
SYMBOL

NL* SPACE*?
(NL* SPACE*?)? *|% NL*?
g

fjﬁ

rY

Vxk®

U AP

w*

Ty C B*7? 'x?¢
¢x08 7}*7'x tx99®
Tx09 900

SPACE*

$'Syn Lex Aux'
#isyn SC¥?
$¥Name: :=SPL"*
:’SP*'
$¥SWL3Symb*®

s ?SWL*

s ISWk!

$ *Name*
t¥Symb?®
RPN A

s ?SwWw opT®
$®SW REP'
s%lex LC*??

:%aux AC¥??

: *Name=APL*

¢ *NametAPL®
:?AP*'

$'Symb?
$9Symb, ., Symb*®
: ’SN 2

s'LN ¢

DLV *

t'sy *
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TABLE 12 (ctd,)

aux
H = QA?...’Z'
A = 'A%,,..'z2° | fa%%,.,%z* I ’o'ooo-’g'
i = 9_&9“‘9_2_9 | 99_9-”.12'
NL = txpt o
B £ ¥xnt | ke
’C' + txp? | %%kx® txee
z £ "xp? | Txg? | t*4l
SPACE = kgt I 9*49




108

TABLE 13: ‘GRAMMA-Semantics/MSL?

'GRAMMA- Sermantics/MSL"!

I.Parserfree.
lot ParserGRAM = (seg 'GRAMMA-GRAM')(LParserTree)
let <SynGRAM,FollGRAM, LeXGRAM, AuxGRAM> = ParserGRAM

result (seg 'Lex')<LexGRAM, AuxGRAM> o
(seg ?Syn?)<SynGRAM,FollGRAM>
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gl.3 Lexical Analysis

We take the commonly-held view that lexical languages should
be reeognizable by finite-state automata. To specify such a language,
we consider iteration to be more natural than the recursion used in
regular languages [ 30 J: e.g. an integer INT would be specified as
"a sequence of digits" by

INT == Dx*

(where D = *o' ... '9'), rather than as "a digit, or a digit followed
by an integer" by

e u=p | p INT
It is clear that an iterative description can be transformed into a
regular grammar; the possibility or otherwise of the inverse trans-

formation need not concern us here, as the iterative system is cer-

tainly general enough to be useful.

Lexical grammars differ from syntactic grammars in that all
clauses specify "goals" (a syntactic grammar has a special "root"
clause). Often it is possible that several goals may be achieved
starting from the beginning of the same sequence of characters, for
example consider “="and "" , This "ambiguity" is resolved by postu-

lating that the largest possible symbol be recognized.

Appendix F gives the MSL segment "Lezx", which describes a
grammar-directed lexical analyzer. Basically the analyzer operates
by keeping a set of states which indicate which goals conform to the
characters scanned so far. When the state-set becomes empty, the
previous state-set should contain only one "terminal" state, which
indicates the goal achieved - otherwise the input is invalid or the
lexical grammar is fundamentally ambiguous. The input to the lexical
analyzer is in the form of a tuple of character-values - we assume

the value of a character is the same as the value of the LAMB-string
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formed from it - and the output is a tuple of symbols, which are
in fact simple terminal nodes.

Doubtless the algorithm in Appendix F could be made more eff-

icient, by generating decision tables from the grammar. As this

would tend to obscure the simple nature of the algorithm, we do not

do this here.
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4.4 Syntax Analysis

Our grammar-directed syntax analyzer is based on the SLR(1)
recognizer algorithm, described in [ 29 ]. The main reason for
choosing this algorithm is its relative simplicity, but also it seems
that it provides a good compromise between generality and efficiency.
In fact to get efficiency, state tables must be generated - we do
not describe this here, but note that the interpreter of the tables
used in parsing must be more complicated than the one given in [ 29 1,
as nodes corresponding to phrases specified by the x-convention may

have an arbitrary number of branches.

The algorithm we give in Appendix 6 was taken from [ 29 ] and
extended to allow a non-sequential succession relation between the
symbols in a phrase. This seems to be.a natural way of incorporating

the Brooker-*-? convention into SLR(1l) grammars, and the mapping

mentioned at the end of §4.2 effectiva2ly forms the succession rel-

ation from the original phrase.

We describe the operation of our syntax analyzer below, using
the notation of [ 29 ] so that our extensions to the original algo-

rithm can be clearly identified.
Let ¢ denote the empty set and A denote the null string.

If ¥ and Y are sets of strings and xy denotes the concatenation
of x and y, then XY = {zy | « ¢ X and y ¢ Y}
If XO = {A} then sets ¥* are defined by
141

X - x*x for i 2 03

also X" is defined by

A context-free grammar (with an end marker and with successors)
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For example, the phrases

A= B C* D
E %= F? G H?
I = J K*?

correspond to the productions:

A ~ {1} B {2} ¢ {2,3} D {u}
E - {1,2Yy F {2} ¢ {3,u)} H {u}
I - {1} 4 {2,3} kK {2,3},
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is a quadruple ¢ = (V. , V_, P, W), where

N> "1’

Yy is a finite set of non-terminal symbols,

Vo is a finite set of terminal symbols,

VN n VT = @ and V denotes VN u ¥V

-~

T’
P is a tuple of productions, which are elements of Vy * y*,

W is a tuple of successions, which are tuples of non-empty sets

of integers called successors.

Let S be the number of productions. We denote the pth product-

ion and the pth succession simultaneously by

A > U_ X U cee X U (1<p<s
p - “popiip1 pn “pn p<s)
where Ap denotes an element of VN’ the Xpi denote elements of V and

(#)

the U_. denote sets of integers. "The U_. must satisfy J e U_.
pt pt pt
implies 1 < j§ < np + 1. By convention the first production and

succession are

A, ~ {1}4,{2}103)

where 1 ¢ VT denotes an end marker such that ; f—Xp for any p 2 2.
z

Tp denotes the set foZZow(Ap) n Vp (1 < p < s8), where follow is
a function which we shall define later - basically follow yields
those symbols which may follow an instance of a phrase which can be

derived from the right-hand side of the pth production.

A stateset jz is a set of .elements [p, J, k1, where the occur-
rence of such an element in a stateset means informally that poten-
tially k symbols of production p have been recognised, and the next

symbol expected 1is Xp(j+1) if 4 < np, or an element of Tp if 4 = nﬁ

The initial stateset jb is {[1,0,0]}. The algorithm involves
maintaining a stack throughout the parse which is represented (to

the left of the vertical bar) as

(1) Io Py oo Tl y oo
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y € Vp denotes the next input symbol and w denotes the (unexamined)
remainder of the input string. Assume that the parse has reached the
stage represented in (1) so that there are m elements in the stack.

The algorithm proceeds as follows.

' ;s . .
Step 1. Compute :T% from 7; where :fm 1s defined recursively

as the smallest set satisfying

(2) In' = T, Y llg,0,0] |Tlp,iskl e ¥ ' T e Upj. sz =4,}
i.e. 1f [p,j,k] is in the set, some successor Xp of Xp 1s poten-
Z J
tially about to be recognized; if Xp 1s a non-terminal symbol .:-°
[

defined by, for example, the gth production, then the first symbol

of that production could be about to be recognized, so [q4,0,0] ig

added to the set to reflect this.

Step 2. Compute the following sets of terminal symbols.

(3) Z = {a € VT |3[P>jak] € Tm'° j < np’ a - Xp(j"‘l)}
= 1 !

(4) Zpk Tp if [p,np,k] € :f;

@ otherwise.

Membership of Zpk by the next input symbol ¥ signals the recognition
of é string generated by the pth production. 2 is the set of term-
inal symbols which might legitimately be encountered next upon the
input string and which indicate that the end of a string generated
by some production has not been reached. (From (7) it will follow
that when y € Zpk’ the stateset :fm-k includes the element [p,0,0]

and, by (3), an element [p',j',k'] such that Xp'(j'+1) = Ap.)

A grammar is defined to be SLR(1) if in all parses of valid
sentences of the language we have for all k, k' and p=zq

pk pk n qu, = @

Under this condition, an unambiguous choice of action can be made,

2 n 2 = 7

depending upon the next character on the input string:



(1) If y € z, stack y so that the stack-input representation becomes

F S e Loyl e

and rename the stack-input symbols producing

(5) j% fq e j;Xm+1 | y w'

i.e. y is named X 41 and the first symbol of w becomes the new y.

(2) If y € 2 on removing the top k elements from the stack and

pk’
inserting Ap’ the stack-input representation becomes
)aofl e Tm*\k Ap I ¥y w
which after renaming symbols is
(6) fO fl m me"'i l Yy we
(3) If y¢ Zz and y ¢ Zpk for any p,k then y is illegal, and the parse

is halted in an error condition.

: . , .
Step 3. Using the :f% defined by (5) or (6) compute jin as in
Step 1 (or recall it) and replace X 4q OD the stack by ‘f;fi where
(7) Tm+1 = {[p>d+1sk+1] |3[p,j:7<] € fm') J < np9

X

m+1 - Xp(j+1)}

i.e. the symbol X left on the stack in Step 2 has just been recog-

+1

nized.

If 'T%+1 = {[1,2,2]}, the parse is complete, AL having been
recognized. Otherwise, we have reduced either m or , and the

algorithm proceeds from Step 1.

It can be seen that the above description is a simple extension
of that in [ 29 ] to allow non-sequential successors. The comput-

ation of fozzow(Ap) is also similar as follows,
First non-terminal symbols generating the empty string are
determined recursively using

* . *
A3 N Aiff 4 » UgByUgeer ByU, = A;



116

UB U, ++- B U 2 piff jy» +++ »d, such that

gg € Uys Jg = n+l and for 1 <7 <k, § U.. and

o €

7+1 Ji
B, = A
J i

For a terminal symbol z, define first(z) = {z}.

For a non-terminal symbol 4, take
X ¢ first(4) iff X = 4 or

Jy. X e first(y), 4 - UB U, ev BpSp¥ «oe )y

1
. & ® ; L J
UOBlul BkSk A
Similarly, for a terminal symbol x, define last(z) = {x}.
For a non-terminal symbol 4, take
X € last(4) 1ff x = 4 or
¥ X ¢ tast(y), J - ... yu,_ BU, B U ).
*
Up_1BxUp --+ B, U 3 A.
Finally,
X ¢ follow(y) iff 3(4 - X UL BLUL e BUpX,).
. *
Y € Zast(Yl), X € fzrst(Xi), Uj-lBjUj “e BkUk = A.

Appendix G gives the MSL version of the above algorithm, rep-
resenting sets as tuples and obtaining recursively-specified sets
in a deterministic manner. As well as recognizing strings, the
MSL version creates the corresponding nodes of a parse-tree, using
labels specified in the grammar; it also makes a distinction bet-
ween "constant" (VC) and "variable" (VV) terminal symbols: both are

treated as members of VT, but the latter are inserted as leaves into

the parse-tree.



CHAPTER 5

An Example of Compiler-Generation

In this chapter we give an example of using the compiler-
generator system to generate and use a compiler for a small program-
ming language called T2stL. §5.1 describes the syntax of TestL, |
using GRAMMA, 85,2 uses MSL to describe TestlL semantics and §5.3
gives a simple implementation of the functions left undefined by the
semantics, to enable programs to be evaluated. §5.4 gives some

simple test-programs, their code and the results of evaluating them.

We do not propbse TestL as a practical programming language -
its features are just a suitable compromise between simplicity and
convenience. TestL is small enough to make its formal description
easy to understand yet powerful enough to express all the usual

algorithms usually taken as examples in papers on semantics.

It must be admitted that because of time and space restrictions,
the compiler-generator at present uses a grammar-driven parser
written in BCPL - in fact a straightforward translation of the MSL
version given in the Appendices. Everything else is done by a LAMB

interpreter (itself coded in BCPL).
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§5.1 Syntax of TestL

Table 14 gives a formal description of the syntax of TestL,
using GRAMMA, TestL consists of a variety of constructs, taken from
languages such as ALGOL, BCPL[ 2% ] and PASCAL [ 10 ] - our aim is a
small but powerful language with a simple semantics, easily under-
stood by the reader. Certainly TestL could be made more convenient
by adding "syntactic sugaring", but we do not intend it to be used

as a practical language.

The right-hand section of Table 14 can be interpreted as a des-
criptive grammar of the sort used in semantic equations, whereas the
left-hand section is unambiguously prescriptive (and satisfies the
SLR(1) condition). Note the use of the default conyentions in the
omission of certain lahel specifications: Com, BoolA, (Bool), ExpA
and (Exp) are semantically irrelevant, and corresponding nodes will
not occur in the parse-trees; the labels of nodes corresponding to
the operators v, A, ... are strings formed from the operators them-
selves. The definition of LAYOUT uses the conventions of BCPL to
specify the characters NEWLINE, SPACE and FOURSPACES. Note also
that ')' '=' is used in the definition of fun I(Il) = E, to allow

layout-characters between ')' and '=' (see §4.2).



g

lex

aux

&
B

:

w
o]
o]
i

BoolA 3¢

b
g

oe

[l = — || o — — — ||

(.1 ]

o0
(-1 )

I — 11 === -

o
o

= ——e—— ] ———

e ©09 ee¢ @0 ©O oo
es @5 00 OO0 GO 09

oo ©0 06
ol

o

TABIE 14: ‘'Testl-Parser/GRAMMA®

*begin® ComL *ond?

¢®*begin C end®
‘while® Bool *do’ Com

¢*while B do C*®

Ide *:=° Exp SPIZE®
fwrite® Exp $'write E*
‘res® Exp $'res E?
Def 9;' ComL 395-;.-69
Com °;* ComL s%c;c?
Com

ri-v-a-.}_..? 1de ':—_-' Exp :Q_V_a_.!- I:-_-_El
"fun® Ide *(* IdeL *)° ?=' Exp :°fun I(I1)=E®
BoolA LogOp BoolA $'B Op B*
Not BoolA :'0p B*
BoolA

ExpA RelOp ExpA $'E Op E*
(% Bool %)°?

Bool ' Exp ?,% Exp :'BE,B°
®valof® Com :*valof C*
ExpA NumOp EXpA :’E Op E?
EXpA

Ide "(°® ExpL *)° : 'I(ED)T
1de A

NUM &'N  J
*road? -

(" Exp v)e

Exp *,' BxpL $'E,E1®
Exp :QEQ

Ide (*,° 1de)*? sVIx?

IDE 391 °

TY | Af

[N |

e-e | 9<°®

LR B o | X®

¥

D*
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'a'...'Z'

9*n9 l ’*S’ l 9*49
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§5.2 Semantics of TestL

The semantics of TestL has been chosen not only for its simpli-
city but also for its diversity. Thus we use continuations for
command values, but not for expressions or declarations; we do some
basic type-checking; and we deal with lists formed both by recursion

(ExzpL) and iteration (IdeL) according to Table 1.

Table 15 gives the semantics of TestlL using MSL. In fact this
and the previous Table are given in "hardware representations" of our
description languages - the more elegant "reference language" version
may be imagined with the aid of Appendix Z, but we note in particular
that doubled lower-case letters are used instead of Italic letters
(with suffixed digits instead of subscripts), and doubled upper-case

letters instead of Script letters (denoting semantic functions).

We hope that the semantics of TestlL are self-explanatoryj; how-

ever we note the following fundamental points about TestL.

There are three (manifest) types: locn, fn and num. An identifier

denotes a num only if it is a formal parameter of a function, whereas

identifiers denoting locns and fns are declared using var T E
and funi(Il) = E respectively. The value of an expression E is of
type num; if the denotation of an identifier in EF is of type locn,

then the current contents of the location is used in evaluating E.

Only identifiers denoting locns may be assigned to.

A definition of a function in TestL may be internally recurs;ve,
but a list of definitions is sequential. No test is made )
that the formal parameters of a function are distinct; the actual
parameters are evaluated from left to right before entering the body

of the function, and expressions are also evaluated from left to

right.
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Finally, the Qmission of a res ¥ from a valof ¢ will cause err
to be returned as the result; whereas res E occurring "outside" all
occurrences of valof C will produce a value in the wrong domain, which
will be equivalent to err when used. Note that o and x are "strict"

on non-termination (L) and errors (err).

When the value of the segment below is applied to a parse-tree of
a TestlL program, the result is the semantic value of the program,

which is a function of the values of the primitive functions Locate,

Update, etc.



TABLE 15: ‘Testl—~Semantics/MSL'
! Reduced Syntax:
$ (Com) C ::= beginC end | while E do C
: | write E | resEID;C
$ (Def) D ::= yvar I = E T fun 1(I1) =
? (Bool) B ::= BOpB | OpB | E Op E
$(Exp) E ::= BE,E | yvalof C | E Op
: | I(E®L | 1 | N_
! (ExpL) El 3:= E, E1 | E
$ (IdeL) Il 3:= I¥
$ (Ide) I 3= I
¢ (Op) op = v | ~ | ~ | =1 < 1
! Semantic Domains:
! bt Bool = truth-values true, false
fesC = [s = s]
$d: D = [[Locn + Fn + Num] X T Typel
! et E = [Bool + Val] .
! r: Env = [I-D]
$ £2 Fn = [Nuw¢ = S = [Num X 51]
: I = Num um (identifiers used in Env)
$ it Input = unspecified
$ as Locn = unspecified locations in §
! nt Num = integers (> 0)
: o = null domain (contains err)
! o: Dutput= unspecified
! st 58 = unspecified stores
$ t: Type = strings *ilocn®, 'fn®, 'num!
H Val = Num (storable values)
'z Z = universal domain
Atto. s ¢ Com
A<Locate, ? 3 [val =S > [Locn X 51l
Update, ! : [[Locn X vall — . s~ S]
Contents, ¢ ¢ [Locn > 5 [Val X s]]
Apply, T [Fn - Num* ~> 8 s~ S]
Read, 1 : [s - [Num X517
Write, ¥ [Num > 5 >S5 - s]
Start, ' [InEut > S]
Finish>, - = Output]
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TABLE 15 (ctd,)

def ccLttl(r)(c) = : ¢ [com > Env »C —C]

clauses tt

§ case *begin C end? <cc>$

CCLccl(r)(c)

case ‘while B do C® <bb,cc>:

fix ot
EE[bb](r) * Ab. b = CClcc](r)(ct), c

case "IIZE® <ii,ee>:
lot <a,t> = r(II1[ii]) in

t¥*locn® - err,
EElee](r) * Av, Update<a,v> o c

case 'write E' <ee>:

EEfee](r) * Av, Write(v) o c

case 'res E' <ee>:

E}S"_I;_ee_:_l_( r)

case 'D;C® <dd,cc>:

Dp[dd](r) * Ad, cClccl(Lay<r,<d>,<I1Id[dd]}>>) || ¢

case 'C;C! <cel,cc2>:

cClce1l(xr) Il cclee2)(r) Il c

and DDLtt](r) = $ 2 [Def >Env > s = [D X s]]

clauées tt

§ case *var I:ZE' <ii,ee>:

EE[ee](r) * Av, Locate(v)

123
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TABLE 15 (ctd,)

case "fun I(IL)=E® <ii,iil,ee>:

pair (
fix £, Ap,
let rl = Lay<r,p,II1[iil]> in
let r2 = Lay<ri,<f> <IId[tt]>> in
EE[ee](rZ) )

and IId[tt] = s ¢ [Def ~ [1I X Typell
clauses tt

§ case *var IS-E® <ii,ee>:

<ILLi;l, *locn?>

case "fun I(I1)=E® <ii,iil,ee>:

<I11fiil, '£fn®>

and IILl[tt] = $ ¢ [IdeL — I¥]
clauses tt
§ case 91*°%:

mapt <(Att1,<I1Iftt1],’num®>), tt>

[Ide —> 1]

(-2 ]

and II[tt] = :

clauses tt
§ case I ' <n>:

n



TABLE 15 (ctd'.)

and EE[tt](r) = ¢ ¢ [[Bool + Exp] = Env = 5§ = [E X S]]

clauses tt
§ case "B Op B* case *E Op E® <eel,0p,ee2>$
EE[eel](r) * Ael, EE[ee2](r) * Ae2,
pai r ( D10pVal[op]<el,ez> )
case ‘0Op BY <op,ee>:
EE[ee](r) * A6,
pair ( MonOpvallopl(e) )
case "BE,E? <eel,e002,003>:

EE[ee1](r) * Ab,
b ﬁ'EE[eeZ](r) EE[ee3](r)

case 'valof C' <cc>:@

cCLcel(r) |1 Bair(2££)

case 'I(ELl)® <ii,eel>:

lot <f,t> = r(1I[ii]) in
t#’fn“ —> err,
PE [eel](r)<> * Ap. Apply(£)(p)

case YI% <ii>?

let <z,t> = r(11lii]) in
t=%fn? - err,

t=?locn® —* Contents(z),
t="num’ - pair(z),

err

case fg_' <n>$

pair ( Numvalln] )

case 'read? <>¢

Read

125



126

TABLE 15 (ctd,)

and PPLtt](r)(p) = ¢ ¢ [ExpL > Env = Num* > § ~ [Num* X §]1]

clauses tt
§ case 'E,E1l? <ee,00l>:
EE[ee](r) * Ae. PPLeecl](r)(p aug e)

case 'BY <ee>:

EE[ee](r) * e, pair ( p aug e )

and DiOpValltt]<el,e2> = § ¢ [pp - [E X E] = E]
clauses tt
§ case *+%: o1 + o2

case %= o1 - o2

case 'X': el X e2

case '=%: 1 = 62
case '_f_".' el < o2

case 'v': el v 2

case 'A%: o1 A o2

and MonOpValftt](e) = ! : [Op *E = E ]
clauses tt
§ case "~ ~ o

§

and NumVal[n] ? ¢ [Num — Num]

let <z> = chars 0° in

let s = chars n in
mapn < (A<m,i>, ((mX10)+(syi))-z), 0, 1, dim s >
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TABLE 15 (ctd,)

and Lay<r,p,iil> =

mapn < (A<ri,n>, ril<pin,iilyni2> / iilyni1]), r, 1, dim iil >

rosult Start o cCLtto](err) || Finish ¢ ¢ [Input = Output]
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§5.2 The Implementation of TestL

Table 16 defines the primitive functions which were left unde=
fined in the semantics of TestL. In fact we believe that a semantics
should ideally include a set of predicates giving the essential prop-
erties of the primitive functions (such as the relationship between
Update and Contents), which could then be proved to hold for a spec-
ific implementation - but we must wait for a suitable notation for
predicates involving continuations. Many different ébstract imple-
mentations of TestL could be given - we consider ours to be particul-
arly simple. However, the "memory" part of the state is a tuple,

rather than a function, for purely practical reasons concerning

efficiency (spacewise).

When the value of the segment below is applied to the semantic
value of a program in TestL, the result is a function from input to

output.



TABIE 106: °‘*Testl-Implementation/MSL?®

X J

Implementation Domains:

! a: Iloen = Num

$ st S = IMemory X Area X Input X Output]
! me: Memory— [[Memory X Loecn X Vall + 0]

s Area = Num

g i InEut = T[dum X Input] + 0]

¢ 0% Output= Num*

(Y -]

(See 'Testl~Semantics/MSL® for functionalities,)
A Prog,

let Locate(v)<m,n,i,o> = <n4l, <<m,n+1,v>,n+l,i,0>>

and Update<a,v><m,n,i,o> = <<m,a,v>, n, i, o>

and Contents(a)(s) =

def Find(m) =
isatom m > err,
(miz)=a - mi3,
Find(m{1)

in
<Find(sy1), s>

and Apply(£)(p) = £(p)

and Read<myn,i,o> = <i{l, <m,n,ii{2,0>>
and Write(z)<m,yn,i,0> = <myn,i,(o aug z)>
and Start(i) = <err, 0, i, <>>

and Finish<myn,i,o> = o

result Prog<locate,Update,Contents,Apply,Read,Write,start,Finish>
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§5.4 TestL Programs

The Tables below give test programs written in TestlL, with both
their LAMB-code as produced by the generated compiler and the output
from evaluating the code on the specified inputs. The examples are
small, but we hope that they are sufficiently complex to suggest that

larger examples would also give correct answers.

From the LAMB-code of the test programs it is easy to see why
we put the operators o, * and pair in LAMB, rather than defining
them in terms of other LAMB-expressions. The code can be read very
easily from left to right, by interpreting f ° g "operationally" as
"do f, then do g", and f * Az.g as "do f, then do g with z denoting
the value produced by f". (Jones [ 3 ] also argues the case for
having both an operational and a mathematical interpretatioﬁ of the
same symbols.) Without the use of *, the code would in fact grow
exponentially with the size of the program, as f * g is (roughly)

equivalent to AcC. g(f(a)+1)(f(o)+2).

To give the reader some idea of the performance of the LAMB-
interpreter: the compilations of the test programs take about
three minutes, and their executions about two minutes each. These
times would be reduced by a factor of about 20 if the BCPL form
of the reduction algorithm were to be compiled into Modular One
machine code{ rather than into the virtual machine code used at
present - in comparison, our BCPL compiler takes up to 10 minutes

to compile large programs.



TABIE 17:

Factorial by Looping

*Prog/TestL!

begin var n

end

*Prog?

Z\<Locate,Update,Contents,Apply,Read,Write,Start,

Finish>, Start o
(Read *
16,
Locate(v16)) *
Ad4. Locate(1) *

Ad3. fix cij. (Contents(d4) *

Ae210, pair (1 < e210)) *
Abs., _
b3 ~

(Centents(dy) *

delll, Contents(@&)

Aez11, pair (e1ll X e211)) *

’}\v_l_ZTUpdate(<d2, v_z>) o

(Contents(dq) *
Aell2, pair (e1iz - 1))
Avi8. Update(<d4, vi8>)
Contents(d5_) x
Avig, Write(vlg) o Finish

*Input?®

<3,

<>2
'Output?

<6>

*
o clj,
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TABIE 18:

Factorial by Recursion

'Prog/TestL!?
begin var n = read;
fun £(n) =
n<11-=1,

n X £f(n-1);

write f(n)
end

*Prog?

A<locate,Update,Contents,Apply,Read,Write,Start,

Finish>, Start o

(Read *

Avie
Locate(v3)) *

Ad4. (pair (£ix £3. ApD.

Py D <1~
Eair 1’

Apply(£3)(

<(pb v 1) - 1>) *

Ne23. pair ((p6 ¥ 1) X e23))) *

Ad3. ((Contents(dq) *
Aeq. pair (<e4>)) ¥

ApZ.
Apply(di)(p%)) *
AvO, Write(v

*Input?®

<6,

<>>

*0utput®

<720>

) o Finish
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TABIE 193 The Towers of Hanoi

SProg/TestL'

begin var n := read;
fun h(n,a,b,c) =

n<0 - 0,

valof

begin var t := 03
t ¢= h(n-1,a,c,b);
write (10Xa) + b;

= t + h(n-1,c,b,a);

res t + 1

end;
write h(n,1,2,3)
end
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TABLE 19 (ctd,)

*Prog?

‘\<locate,Update,Contents,Apply,Read,Write,Start,
Finish>, Start o
(Read *
iz,
Locate(viz)) *
%dz, (pair (fix £3. )\pf)_.
(6 V1) <0=
pair O,
Locate(0) *
Ad3. Apply(£3)(
<(pb v 1) - 1,
p6 # 2’

p6 ¥ 4,
p6 ¥ 3>) *
?«vi_g_, Update(<d8, vi8>) o
Write(

(10 X (p6 ¥ 2)) + (p6 ¥ 3)) o
(Contents(d8) *
Ne1l3, Apply(£3)(

<(P_6_ v1) -1,

Avig, Update(<d8, v1g>) o
Contents(d8) *
Ael116, pair (el1b + 1))) *
AdQ, ((Contents(dZz) * .
Ne4. pair (<eq, 1, 2, 3>)) ¥
APZe
Apply(d9)(pZ)) *
Av20, Write(v20) o Finish

® Input?®

<3»

<>>

*Output’

<1z, 13, 23, 12, 31, 32, 12, 7>



CONCLUSION

To conclude this dissertation, we consider the possible
future development of the MSL notation and of the compiler-

generator system.

We feel that MSL, as presented here, is quite successful in
keeping close to the usual notation of semantic equations. We
hope that it will be regarded as an alternative format of the
latter notation, and will be used for describing mathematical
semantics whenever precision and machine-checkability are deemed
to be more important than extreme compactness and mathematical
informality - for instance, when defining a programming language,
as distinct from describing or simply discussing it. Certainly
the novice reader of mathematical semantics should find his task
easier with MSL, especially if his background is in computing
rather than in mathematics: for not only does MSL look like a
programming language (e.g. PAL [ 19 1) - and, incidentally, can
be given a simple "operational" interpretation - but also it has
a concrete syntax and a standard semantics for reference purposes

(in contrast to the notation of semantic equations).

Although MSL is, we hope, useful in its present form, there
are a few major alterations which we should like to make to it as
soon as possible. (The syntax and semantics of these alterations
would be defined in GRAMMA and in the original MSL, respectively,)
They are as follows:

(i) MSL would be extended to include the definitions of semantic
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domains, and the specifications of the types of the semantic
functions. This would enabde the compiler-generator system to
make a number of checks on the code of the generated compiler.,
Also it would make it possible to add suitable operators for
injection and projection between sum domains and their summands -
at the moment the user has to define functions to implement
injections and projections in terms of tuples,
(ii) We would extend MSL to include the description of the syntac-
tic domains by an "ideal" grammar. Then it would be feasible to
revert to the original notation of "meta-variables" , and even to
incorporate the extended version which we found useful in Chapter
3 to describe reduction rules and algorithms,
(1iii) The mathematical "..." notation would be added to MSL in a
restricted form, as in e.g.:

def E[Exp]p = cases

§
case le ,.oese 1 ¢ mapk ¢ 7, m, (AZ. E[ei]]p))

It would be difficult to introduce a precise "..." convention for
use in the right-hand sides of cases.
(iv) More standard iterating and other functions would be provided

for the user.

_ However, care must be taken not to make MSL too large and
complex, We believe this to be especially important if we are to
make mathematical semantics accessible to programmers and
compiler-writers - who, after all, are the mison d'€tre of pro-
gramming languages - instead of keeping it the preserve of workers
in the theory of computation. Recent developments [ 31 ] show

that VDL is a strong competitor to semantic equations for giving

formal definitions of programming languages, and its success seems



to be due at least partly to the ease with which one can read the
descriptions in an "operational" (or "imperative") way. (Perhaps
it 1is also partly due to a laudable restraint in the use of
uncommon symbols!) We venture to hope that the best features of

semantic equations and VDL can be combined in an extended version

of MSL.,

Turning to the compiler-generator system, we see that much
practical work needs to be done before the system can be used
easily by anyone other than the author. At present an error in
the user's input causes the system to stop and report (sometimes)
the nature of the error; it is then up to the user to locate the
error by tracing the operation of the system and/or by examining
a core-dump. Clearly a sophisticated diagnostics facility, incor-

porating error recovery, must be provided for the user,

Developmenfowak of less impact on the user would be concerned
with improving the efficiency of the system. This could proceed
along two lines independently: (1) improving the algorithms used
in the system, and (ii) optimising "the machine". As regards (i),
the most obvious starting-point is the syntax analysis algorithm.
Recall that the present one 1s a straight-forward adaptation of
the grammar-driven recognition algorithm in [ 29 ]. As is remarked
in [ 29 ], a substantial increase in the speed of parsing can be
obtained by changing thg‘recognition algorithm to produce a table,
and then interpreting the table with the aid of a stack. This is
true also for our lexical analysis algorithm. Concerning (ii), we
do not see at present how the fundamental LAMB-interpreter (using
"call-by-need") could be improved upon with respect to the number
of reductions performed, without introducing expensive testing

and copying operations. However the BCPL program which implements

this algorithm spends a large proportion of its time doing "garbage
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collection": this could be eliminated by providing a better
strategy, based either on reference counts or on periodic marking
garbage ccllection. Ultimately it is hoped to micro-program the
LAMB-interpreter. If a fast method for finding the denotations of
bound variables in environments can be developed, we can see no
reason why LAMB could not be acceptably efficient in comparison to
the lower-level codes in every-day use. An alternative approach,
already being investigated by Clifford Hones at Oxford, would be

to compile LAMB into a linear stack-based code before interpreting

it.

Finally we consider what is perhaps the most exciting possi-
bility: the formulation of a proof of the correctness of the
compiler-generator system. Because of the simplicity of the way
in which the compiler-generator opérates (by forming applicative
combinations of LAMB-expressions and reducing them) and the use
of only one code (LAMB) in.the system, there are just four points
in need of formal proof: (i) a parser generated by the system
from @ grammar for a language L should transfrom all legal strings
of L into the corresponding parse-trees; (ii) the LAMB reduction
algorithm (Table 10) should preserve the denotations of LAMB-terms;
(1ii) the actual LAMB-interpreter used in the system should be a
correct implementation of the algorithm in (ii); and (iv) the
semantic description of MSL in MSL (Appendix D) should be consis-
tent with the semantics of MSL in LAMB (Appendix C). The diffi-
culty or otherwise of these proofs remains to be seen, although
(iv) could presumably be done automatically by the LAMB-interpreter

proven in (ii) and (iii).

We hope that from our work there will eventually be developed

a convenient, efficient and correct compiler-generator system of
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complete generality, using as its semantic description language
a variant of MSL suited to both programmers and theorlsts. Even
if this hope is not realized fully, we belleve that the system
will still be of sufficient use and interest to justify its

existence.
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MSL Grammar

'A* pars ', Seg
"def? DefL Seg
*let? Defl Seg
*result? Exp

D2f (*and® Def)*?

IDE Pars *=% Exp

Bvs *=' Exp

Gge_zgv Def !EQ EXp
9;229 Def Q-i_n-ﬂ EX'p
*A% Pars .Y Exp
9;-2'_259 Bvs 909 Exp
ExpA '~ Exp *,% Exp
®clauses’ ExpA *$§° CaseL '§’
ExpA OpA Exp

ExpA

ExpB OpB EXpB

OpC EXpB

OpD ExpD EXpD

ExpB

ExpB OpE ExpC

ExpD

ExpD '[' EXp 7/' Exp 7]9
LIPS EXP (9’? EXP)*? LS
LIP3 '>9 - -

IDE

‘err
(" Exp )7

o[s ExpA ]

Bvs Pars

Bvs

IDE

< Bvs (%,% Bvs)*? >°
8c? 959

9(* IDE *)?

9[9 IDE ?1'

C;se CaseL—

Case

*case? strL Bvs %: Exp
Ycase® strL ':% Exp
tdefault? *:? Exp

Str %case® StrL

Str

:*dof D in E°
:'let D in EF
$'AP.E?

39fix B.E'
$'E-E,E*
t¥clauses E§C§’
$*E Op E*

:'E Op E,'
:iop E'
:*Op E EY

:'E Op E*
'E(E)?

:'E[R/E]?
$I<EX?>?
$T<EX?>?T
:9 I ]
:Qﬁ'—-'

H 9?-'

:'B p*
e

A

s ISB%?> "
$¥<p*P>*¢
%1 ®
:Q-I-’
$?C C*

$%case S BIR?®
s%case SIE?
s¥default:E"?
:%S case S?
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APPENDIX C: MSL Semantics in LAMB

'MSL~Semantics?

AActivate,
()<E,P,B,C,S,02,01,

MapN,MapT ,App,Abs,Fix,Con,Err,Select,
Dim,BvTup,Eq,Tup,0r,Not,Cat,Imp,
Minus,LessEq,Plus, InOp,PreOp,1d,Bv,Num>, E o Activate)(
fix <E,P,B,C,s,02,01, '
MapN,MapT,App,Abs,Fix,Con,Err,Select,
Dimy,BvTup,Eq,Tup,0ry,Not,Cat,Imp,

Minus,LesskEq,Plus, InOp,PreOp,I1d,Bv,Num>,
<X,

E(e)))(t),

¥yi = "def D in E'
(A<d,e>,
(\b,
App(
<Abs(
<b,
E(6)>)’
Fix(
<b,
E(d)>)>))(
B(d)))(t),

vi = *let D in E¥
(A <d,e>,
(Ab, -
App(
<Abs(
<b,
E(6)>)’
E(d)>))(
B(d)))(t),

vi = 'fix B.E' -
(k<b’e>o
Fix(
<b,

E(e)>))(t),

14k



APPENDIX C (ctd,)

vl = 'EE,E' »
C%<91’92’93>.
Con( '
<E(91)’
E(GZ)’
E(e3)>))(¢t),

vl = %clauses ECf? —
CA<9’O>0
Mee,
App(
<Abs(
<Bv(1),
c(e)(
Bv(1))(ee)(Err)>),
Select(
<eo,
Dim(<ee>)>)>))(
E(e)))(t),

l]_._Z'EOpE,"’
(\<el,op,e2>,
02(op)(
<E(el),

E(e2)>))(t),

‘zi = Vop E'-%
(A<op,e>,
01(op)(
<E(e)>))(t),

Xl.: ?Op E E' ->
(A <op,el,e2>,
02(op)(
<E(61)’
E(e2)>))(t),

vi= 'E(B)® ~
(a<61’62>o
App(
<E(61)’
E(e2)>))(t),
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.Xl - 'E[E/E]’ ->

(’A<el,ez,e3>.
App(
<Abs(
<BvTup(

_<BV(1)3
BV(Z)’
Bv(3)>),

Abs(
<BV(4) ’
Con(
<Eq(
<BV(4)’
Bv(3)>),
BV(Z))
App(
<BV(1)’
Bv(4)>)>)>)>),
Tup(
<E(el),
E(GZ) )
E(e3)>)>))(t),

vi = ?<E£?>! -
“Tup(
(A<V69_Z>
(£ix v3, 7\<V1 VZ:_S_:A>
v3 < V.
_5ﬂ

<v1,
V1(<V2, _3?)’
v3 + 1, A>)9

v2)(

<k<v8,_9? v8 cat (<vbH(

vZ ¥ ¥9>),

<>, 1,

(dim v7) - 1>))(<E, t>)),

= *false®) v
vl = Yerr® = ¢,
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vl = 'px? -
Tup(
(a<z§t22?o
(£ix v3. A<vi,v2,v3,v4>.
3<vg oo
va(
<vi,
v1(<v2, v3>),
v3 + 1, v4>),
v2)(
<2ﬁv8,_9? v8 cat (<vb(
_zb_9)>),
<>, 1,

(dim v7) - 1>))(<E, t>)),

vi="*'1 p=g'-~
T (A<i,p,0>.
P(p)(
E(e)))(t)’

l’_]; - 'B—_:EQ -
Ck<b,e>.
E(e))(t)’
: erz)(
t ¥ (dim t)),

Ato ALE,
(v,
y—];_: 9B R' ->
.(%<b,p>o
Abs( -
<b,
P(p)(££)>))(t),

vl = Bt —»
A<b>,
Abs(<b, ££>))(t),
err)(
t ¥ (dim t)),

(k<v6,v >e
L _fix vg, k< v1,V2,V35V4> o
v3 2 ¥ -
_5_(

<vi,
vi(<vz, v3>),
v3 + 1, ¥4>),
v2)(
<A<v8,vg>, v8 cat (<vH(
vz v ¥9)>),
<>, 1,

(dim v7) - 1>))(<B, t>)),
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vi= '] Pp=E*' -
( <i,pye>,

Id(i))(t),

V_1' = 'B:E-' -
(M <b,e>, b)(t),
err)( -

t ¥ (dim t)),

At. Aff, Agg, Ahh,
(%Xio B ]
.Y..];‘: OC c? ->
(%<01902>o
C(c1)(££)(eg)(
C(e2) (££) (gg) (hm)))(E),y -

vl = ®case S B:E® -
(A<s,by0>,
Con(
<8(s)(£f1f),
App(
<Abs(
<b,

E(e)>), gg>), hh>))(t),

vl = Ycase S:E! —
(A<s,e>,
Con( -
<5( S)(ff)’
E(e)’ hh>))(t)’

vl = "default:E® -
(A<e>c
E(e))(t),
err)(
t ¥ (dim t)),

vl = *S case S' -
—(9\< 51’ S22,
or(
<s(s1)(££),
S(s2)(££)>))(¢t),

vli = s ¢ -
TO<i>.

Eq(<£ff, t>))(t),
err)(
t ¥ (dim t)),
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€, A<ff,ge>,
(vi,
(v1'=%0%) v
(vi = **%) v

e
11
=
S

<

t ¥ (dim t), gg>),

Not(
<Eq(<ff, gg>)>),

vi = faug? =
Ccat(
<ff, :
Tup(<gg>)>),

vi = 'pref =
cat(
<Tup(<£ff>), gg>),

vl = *nodet —
Cat(
<gg,
Tup(<£f>)>),
exz)(
t ¢ (dim t)),

Nt A<EL>,
Owvi,
(vi = %pair®) v
(vi= '~%) v .
(vl = *isatom?®) v

vi= tdim? >
PreOp(

<t { (dim t), ££>),

vl = "seg® -
App(
<Imp(<?SegFnt®>), £f>),

vi = fchars® =
App(
<Imp(<%CharsFn®>), ff>),

vl = 'string"*
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App(
<Imp(<?StringFn®>), f££>),

vl = 'mapn® —>
App(<MapN, £f>),

vl = *mapt? —

App(
<MapT{(MapN), ££>),

vl = *label? -
Select(
<ff,
Dim(<f£>)>),

vl = *spread® —
Minus(
<Dim(<ff>),
Num(1)>),
err)(
t ¢ (dim t)),

Fix(
<Bv(5),
Abs(
<BvTup(
<Bv(1),

Bv(2) 9

BV(3) 9

BV(4)>)’

con(
<LessEq(
<Bv(3),
Bv(4)>),
App(
<Bv(5),
Tup(
<Bv(1),
App(
<BV(1)9
Tup(
<BV(2) 9
Bv(3)>)>),
Plus(
<BV(3) 9
Num(1)>),

Bv(4)>)>),

Bv(2)>)>)>),
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A mm,
Abs(
<BvTup(
<Bv(0),
Bv(7)>),
App(
<mm,
Tup(
<Abs(
<BvTup(
<Bv(38),
BV(9)>)’
Cat(
<Bv(8),
Tup(
<App(
<BV(6) 9
Select(
<Bv(7),
Bv(Q)>)>)>)>)>),
Tup(<>),
Num(1),
Minus(
<Dim(
<Bv(7)>),
Num(1)>)>)>)>),

A<ff,gg>, (<ff, gg>) cat (<'E(E)?>),
A<bb,ff>, (<bb, £f>) cat (<*AB.E'>),

A<bb,f££>, (<bb, ff>) cat (<'£ix B.E'>),

A<ff,gg,hh>, (<ff, gg, hh>) cat (<'E-E,E">),
(<>) cat (<%err?®>),

A<Ef,ge>,
InOp(<£ff, *{°, gg>),

A<EE>,
Pre0Op(<®dim®, ff>),

Att, tt cat (<¥<B¥?>%>),

A<ff,geg>,
InOp(<ff, *=?, gg>),

Att. tt cat (<*<EX?>%>),

A<ff,ge>,
InoOp(<£ff, *v*%, gg>),

A<EE>,
PreOp(<'~%, ff>),

A<EL,ge>,
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InOp(<ff, *cat®, gz>),

A <fE>,
Pre0Op(<?® imE,' s ££>),

A<ff,ge>,
InOp(<£ff, *-%, gg>),

A<ff,ge>.
InOp(<ff, *<*, gg>),

A<tf,ge>,
InOp(<£ff, *+%, gg>),

7\<ff,11,gg>,”(<ff,
(<>) cat (<11>), gg>) cat (<'E Op E%>),

A<11,££>, (<(<>) cat (<11>), ff>) cat (<*Op E'>),
Aio (<i>) cat (<*I_'>),
Aie (v, i>) cat (<71 '>),

Ai, (<i>) cat (<°N _'>)>)
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APPENDIX D: MSL Semantics in MSL

Reduced Syntax for MSL: (c.f, Appendix B)

(Exp) E = MW.E | defDinE | let D in E
| fix BBE | EE,E | clauses ECH
| EopE | OpE | OpEE
| ECE) | EIE/E] | <E*?>
| 1. | N | 58
| true | false | err

(Pars) P 2= BP | B

(Bvs) B 3= I_ | <B*¥?>

(Defs) D ::= D¢ | I_P=E | B=E

(Cases) C := é C | caso SB!E | case S3E | defaultiB

(strs) § t:= ScaseS | S§_

(PreOpl) Op :¢= pair | ~ | 4isatom | dim
) | seg | chars | string
|

mapn | mapt | label | spread

(PreOp2) Op ::= node

Reduced Syntax for LAMB:

(ExpB E ::= 2B.E | val BiE | £ix B.,E
: | EE,E | EOpE | B

| E(E) | <EB*?>
| LI N | s
| true | false | err

(Bvs) B ::= I_ | <B*?>

(InOpB) op 3:= o | * mtr + 1 - 1X
I = | < v } M | cat | ¢

(PreOpB) Op ¢:= pair | ~ | isatom | dim | imp
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Some of the conventions of the usual hardware representation of
identifiers in MSL (see Appendix Z) are ignored below, for the sake
of brevity, In particular, script letters are represented by single
upper—case letters in this Appendix, Greek letters by double lower—
case letters and Italic lower—case by single lower—case letters,

15

DD DWW Ow 0

e

Y Semantics:

AActivate , s Activate: [ExpB—D], whore D, the domain of inter—
s pretation of LAMB, is defined in Table 4.

def E[t] = { E: [[ExptDefs]-ExpBl

§ case *AP.EY <p,e>: P[ 1(Efe])
¥ P expands IMB1 B2 ... Bn E] to [AB1,AB2, eae %Bn.E].

case 'def D in EY <d,e>3 let b = B[d] in
App<Abs<b,E[e]>,F1x<b,E[d]>>
! App, Abs, etc. construct nodes, and are deflned later.

case *let D in E' <d,e>: let b = BLd] in
App<Abs<b,E [e]>,x[d]>
case 'fix B.E' <b,e>: Fix<b,E[e]>

case 'E~E;E' <eol,02,e3>: Con<Ele1],E[e2],E[e3]>

case ?clauses E§C§® <e,c>¢ let ee = Ele] in

App<Abs<Bv(1),C[c](Bv(l))(ee)(Err)>,
Select<ee,Dim<ee>>>

! An abstraction is used to avoid excessive expansion,

case 'E Op E* <el,op,e2>: o2fopl<Ele1],Ele2]>

case '0Op E® <op,e>3 O1ifopl<Ele]>

case. '0Op E E° <op,el,e2>: 2 [opl<Ele1],E[e2]>

case E(E)® <el,e2>: App<Ele1],Ele2]>

case "E[E/E]' <el,e2,e3>: App<Abs<BvTup<Bv(1),Bv(2),Bv(3)>,
Abs<Bv(34),
Con<Eq<Bv(4),Bv(3)>,
BV(Z)’
App<Bv(1), Bv(4)>>>>,
Tup<E[le1],Ele2],E[e3]>>
! The extra abstraction is to gain efflclency with call-by-need,

case ¥<E*?>%: Tup(mapt<E,t>)

case %1 ' case N Y case 'S *
case "true® case 'false? case ‘err®: t
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case 'Dx': Tup(mapt<E,t>) ! c.f, definition of B below,

case 'I P-E® <i,p,e>: Pipl(ELe])

case ®B=E' <b,e>: Ele]

and P[t](£ff) = + P: [Pars—ExpB-ExpB]

§ case B P <b,p>: Abs<b,P[p](f£f)>

case 'B?Y <b>: Abs<b,ff>
)
and B[t] = ! B: [DefsBvs]

§ case ®D¥%: BvTup(mapt<B, t>)

case "I P=E' <i,p,e>:  Id(i) - ! % Bv(i)
case *BZE' <b,e>: b
£
and CLt](££)(gg)(hh) = w C: [Cases ExpB—ExpB-ExXpB~ExpB]

clauses ¢t

§ case *C C? <ci,c2>: CLe1](££)(gg)( CcLc2](££)(gg)(hh) )

case ‘case S BIiE? <s,b,e>: Con<s[s](£f),
App<Abs<b,Ele]>,gg>,
hh>

case 'case SIE' <s,o>: Con<S[s](ff),E[e],hh>

case .'defaultiE? <e>: ELgl

and S[t1(ff) = ! & [Strs“ExpB~ExpB]
clauses t
§ case 'S case S' <s1,s2>: Or<s[sil(ff),s[s2](ff)>

case S ¥ <i>: Eq<ff,t> ¢ £f will denote a string,

)
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and 02[t]<ff,gg> = ! 02¢ [[InOp+PreOp2]-{ExpBXExpB]-ExpB]
clauses t '

case ‘o' case **' case '||!

case "4+' case '-? case 'X°®

case °= case < case '

case A case 'cat? case "{?: InOp<ff,label t,gg>

e

case "f': th<Eq<ff,gg>$

case ‘augt: Cat<ff,Tup<gg>>

caso °‘prof: Cat<Tup<ff>,gg>

case 'node': Cat<gg,Tup<fi>>
£
and O1[t]<ff> = ! 01: [PreOpl-ExpB-ExpB]

clauses t
§ case *pair® case '~!

case ‘isatom® case 'dim?': PreOp<label t,ff>
case *seg': App<Imp<®SegFn’>,ff>
case ‘chars?: App<Imp<*CharsFn®>,ff>

case ‘string?: App<Imp<®StringFn'>,ff>

case "mapn?: App<MapN,ff>

case ®mapt?®: App<MapT(MapN) ,££>

case "label®: Select<ff,Dim<ff>>

case 'spread®: Minus<Dim<ff>,Num(1)>

§ _
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and MapN = ! MapN: ExpB

Fix<Bv(5),

Abs<BvTup<Bv(1),Bv(2),Bv(3),Bv(4)>,
Con<LessEq<Bv(3),Bv(4)>,
App<Bv(5),
Tup<Bv(1),

0 00

and MapT(mm) =

App<Bv(1),Tup<Bv(2),Bv(3)>>,
Plus<Bv(3),Num(1)>,
Bv(4)>>,

Bv(2)>>>

i,e, MapN denotes:
fix mm, A<f,r,k,n>, k<n = mm<f,f<r,k>;k+i,n>, r ,

¥ MapT: [ExpB-ExpB]

Abs<BvTup<Bv(0),Bv(7)>,

App<mm,

Tup<Abs<BvTup<Bv(8),Bv(9)>,
cat<Bv(8),

]
7
9
-9

and App<ff,gg>
and Abs<bb,ff>
and Fix<bb,ff>
and Con<ff,gg,hh>
and Err

and Select<ff,gg>
and Dim<ff>

and BvTup(tt)

and Eq<ff,gg>

and Tup(tt)

and Or<ff,gg>
and Not<fif>

and Cat<ff,gg>

and Imp<ff>

and Minus<ff,gg>

Tup<>,

Tup<App<Bv(0),Select<Bv(7),Bv(Q)>>>>>,

Num(1),
Minus<Dim<Bv(7)>,Num(1)>>>>

= node

= node

= node

i,e. MapT(mm) denotes:
A<L,t>, mm<(d<r k>, r cat <f[tik]>), <>, 1, ((dim t)-1)> ,

'E(E)' <ff,gg>
"AB,E* <bb,ff>

“fix B,E' <bb,ff>

node

node

*E-E,E’ <ff,gg,hh>

torr® <>

1l

node

InOp<sf,*{*®,ze>

PreOp<'dim®,f£>

t<px?>% (tt)

= InOp<ff,®=%,gg>

= node

T<Ex?>t (tt)

= InOp<ff,*v',ge>

= PreOp<®~%,f£>

= InOp<ff,%cat?,gg>

= PreOp<®imp?,ff>

1

InDp<ff,*-%,2g>
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lessEq<ff,gg>

and InOp<£ff,*<?,ge>
and

Plus<ff,gg> InOp<ff,*+?,ge>

and InOp<ff,1l,gg> = node *E Op E' <ff,node(1ll)<>,gg>

and PreOp<ll,ff> = node 'Op E%<node(1l)<>,ff>

and Id(i) = node '_I__’ <i>

and Bv(i) = node 1 ¥ <tvhi>

and Num(i) = node é]l_’ <i>

result E o Activate
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?GRAMMA-GRAM/MSL*!
! Roduced Syntax for GRAMMA:
¢ (Gramma) Grarma $:= Syn Lex Aux
§ (syn) Syn $:= syn SC*
t (sClause) SC 3:= Na:=SPL
2 (SPhrasel) SPL ::= SP*
$ (SsPhrase) SP 3= SWLsSy | SWL
$ (swordL) SWL 3= SWk?
! (sWord) SW 3= Na | Sy | sw? SW OPT | SW REP
! (Lex) Lex ::= lex LC¥?
2 (ILClause) IC ::= Na::=SPL | Na=APL NatAPL
S (Aux) Aux $3= aux ACK?
? (AClause) AC ::= Na=APL | NaiAPL
! (APhraselL) APL ::= AP*
% (APhrase) AP 3= Sy | SYeeeSy
? (Name) Na $:= SN | IN | Lv A
$ (Symb) Sy $:= SY
' Reduced Syntax for GRAM:
! (Gram) Gram $:= S L
! (synl) S ::= SPL FL
? (SProdL) SPL :3= SP*
¢ (SProd) SP 3$:= Na WdL SuL SY
! (Namel) Na 3= SN | LN | Lv 2 | sy
¢ (wWordL) WdL 3:= Wd*? T
! (word) wd ::= SN | IN | v sy | CH
? (Succl) Sul, $:= Su*
¥ (Succ) su s:= (NU )*
! (FollowL) FL 3:3= F*
$ (Follow) F $3= Na WdL
! (Lex1) L t:= LPL APL
! (LProdL) IPL $3= IP*?
! (LProd) IP $3= Na WdL SuL. | Na=RL | NaiRL
¢ (AProdL) APL ::= AP*?
¢ (AProd) AP ::= Na=RL | NaiRL
! (RangeL) RL ::= R¥
$ (Range) R 3= CH o...CH
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let <Aug,Cat,MapL,MapN,MapT> = seg 'Useful Fns 1?
let <<>,<>,Uni> = seg °*Useful Fns 2°

let <endsymb> = seg *Useful Fns 3'

def Grangrammql = ! = Gram (types of parameters are omitted)
clauses gramma

§ case "Syn Lex Aux® <syn,lex,aux>:
let spl = Gsi[syn] in
let foll = Follows[syn] in
Tet 1pl = Gll[lex][syn] 1n
let apl = Gal[aux] in
node *S L® < node ®SPL FL® <spl,foll>,
node °LPL APL® <lpl,apl> >

and Gsllsyn] = 3 ¢ SprodL

clauses syn B

§ case *syn SC*¥': node sp*? ( RootProd[syn]

pre MapT(Cat)<Gsz2[synl]> )

<

.

and Gs2[sc] = s

clauses sc
§ case ®Nal:=SPL® <na,spl>: Gs3Lspl]inal

SP rod*

¢!

§
and Gs3_[_sle_[_na_]_ = ¥ = sProd*

clauses spl
§ case YSpk*®: MapT(Aug)< 7\sp.Gs4_l_:_spana_]_, spl >
5 .

.

and Gs4[spllna] = ? ¢=> spro
clauses sp B
§ case 'swisy® <swl,sy>:

let wdl = node *Wd*?°® (Gs5[spl]) in

ﬁ sul = node ?Su** (Succs[swl](sgread wdl)) in

node *Na WdL SuL SY ' <na,wdl,sul,sy{1>

case YSWL' <swl>:
let wdl = node ®Wd*7?? (Gs3[swll) in -
let sul = node %Su**® (Succs[swl](sgread wdl)) in
let s = (spread wdl) £ 1 > %7,
(label wdli{1) 1:‘*_§_g_° -
wdlyiyl  in
node °‘Na WdL.SuL SY * <na,wdl,sul,s>



APPENDIX E (ctd,)

and Gs5[swl] = 3 = Word*
clauses swl
§ case "Swk?t: MapT(Cat)<Gs5,swl>

case "Na' case 'Sy? <t>: <t>

case *SW OPT® case YSW REP® <sw>: Gs5Lsw]

b
and Succs[swl]l(n) = § > Succ¥
( node *(NU )*° (Eqs[swill(1)) ) pre
MapN(Aug)< Ajonode®(NU )*'(Seqs_[_swl_]_(j)), n >
and Eqslswl](j) = 2 3~ Int*
def Eqsl[sw](l)(k) = I 3= Int*
~(1<(ﬂread sw)) = <j>,
let 1 = k + Hold[swii] in
~(J<l) ->Eqs1[sw](1+1)(1)s
clauses swii._
S case *Na? case 'sy': <j>
case YSW 0PT°‘ J¥(k+1) = Egsilswiil(1)(k),
Eqsl[swbl](l)(k) cat Eqs[swl](1+1)
z hence EqS[ooo(XJoooXl)?ooo](])
2 includes Eqs[ooo(XJoooX]-)?ooo](l'l‘l)o
case 'SW REP® case YSWF?%: Eqs_l;_swbl_]_(l)(k)
f
in
Eqsi[swl](1)(0)
and Seqs[swl](j) = 3 = Int*
T def Seqsilswl(i)(k) = s 7 Int*
- ~(i<(spread sw)) - eorr,
let 1 = k + Holdlswii] in
~(3<1) > seqsilswl(i+1) (D),
clauses swii _ -
§ case "Na® case 'Syts Eqs[swl](j+1)
case Sw REPil i1 - Seqs[sw&l](l)(k),
Seqsl[swbll(l)(k) cat Eqslswl](k+1)
-.2 hence Seqs[oooXk(oooXJ)*ooo](J)
¥ includes EqS[eooXk(ooOXJ)*ooo](k+1)
2 and EqS[ooox-k(ooox.])*ooo](.]+1>
case *SW OPT' case i78\‘1""?” Seqsl_[_swbl_]_(l)(k)
§ -
in

Seqsi [swl](1)(0)
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and Hold_[_sw_l = Y = Int
clauses sw
§ case °*Na‘

case 'Sy': 1
default: .def Hold1(i) = ! = Int
i<(spread sw) *Hold[swbll + Hold1(i+1),
0]
in Hold1(1)
£ o
and RootProd[syn] = ! ¢ SProd

clauses syn
§ case 'syn SC*%:  clauses syniil
§ case "Na:l:=SPL® <na,spl>?
lot nal = node *sN ? <'*> in
= node 'Wd*?' <na,endsymb> in
let sul = node "Su*® <
- node *(NU )*? <1>,
node Y(NU )*% <2>,
node *(NU )*° <3> > in
node °*Na WdL SuL SY ' <nal,wdl,sul,®’>

and Gliflex][syn] = ! ¢~ 1ProdlL

clauses lex

§ case ®lex LC¥2°%: node *LP*?' ( MapT(Cat)<Gl2,lex> cat
| Implicitlsyn] )

o

§ case ®Na::=SPL'! <na,spl>: G13[spl]linal

case °*Na=APL' <na,apl>: < node °Na—RLY <na,Gajfapl]> >
case "NatAPL'! <na,apl>: < node *NaiRL® <na,Ga.3_Lap1_]_> >
§
and Gl3[spl]llna] = Y = IProg*

clauses spl
§ case *sp*x?: MapT(Aug)< Asp.Gl4[spllnal, spl >

e

end Gl[epllnal = & i~ IProd ~
clauses sp '
§ case TSWL? <swl>: lot wdl = node *Wwd¥?* (Gl5[swll) in

= node ?su*! (Succs[swl](sgreadwdl)) in
node *Na WAL Sul® <na,wdl,sul>
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and G15[sw] = :- Words
clauses sw ‘
§ case *Swk?°?: MapT(Cat)<Gl5, sw>
case *Na® <na>: <na>
case YSy® <sy>: <Gl6[syl>
case °SW OPT' case *SW REP® <swi>: G15[swil

f i

and G16[sy] = 3 = Word
clauses sy

S case 'SY ' <i>: node °*CH ' <Char(i)>
f -
and Implicit[syn] = Y = 1prodg*

MapL(Aug)<FormlProd,Mentioned[syn]>

and FormlProd[sy] = ! ¢~ IProd

clauses t

§ case °SY ' <i>! let 1 = chars i in

Jet na = sy in-

let wdl = node *wd*2° (

mapn < <r,k>, r aug (node®CH *<1l{k>),
<>, 2, (dim s)-1 > )'12
i.e, omitting the string quotes,

lot sul = node ®Su*' (

163

mapn < A<r,k>, r aug (node®(NU )*%<3j>),

<>y 1, (din s)-1> ) in
node 'Na WdL SuL' <na,wdl,sul>

3 .

and Mentioned[t] = § 7> Symb*
clauses t
§ case %syn sc**

case YSp¥?

case YSWk?®: MapT(Uni)<Mentioned,t>

case "Naii=SPL® <tl1,t2>: Mentioned[t2]
case "SWLiSy®<ti,t2>: Mentioned[t1]
case ¥SWL® -
case ®*SW OPT®

case YSW REP' <ti1>: Mentioned[t1]
case YNat: ) <>
case 'Sy?! <sy>: <sy>

§

and Galfaux] = ¢ ¢= AProdL

clauses aux
m

§ case Taux ACk29; node *AP* ?* ( MapT(Aug)<Gaz,aux> )

£
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and Gazlacl = ¥ = AProd

E— o o= p

§ case 'Namo=APL' <na,apl>: node 'Na=RL'’ <na,Ga3[apl]>
case 'NafAPL' <na,apl>: node °NaiRL® <na,Ga3[apl]>

§

and Ga3[apl] = ¢ > RangeL
clauses apl
§ case *ApP*°*: node 'R*' ( MapT(Aug)<Ga4,apl> )

§

and Gaglap] = ! 3~ Range

clauses ap ’

§ case ?Sy® <sy>: node °*CH ...CH * <Ga5[syl,Ga5[syl>

case *Sy...Sy* <syl,sy2>: node °CH ...CH ° <Ga5Lsyl1],Ga5[syz2]>

and Ga5[sy] = St = Int
clauses sy

§ case 'Sy ? <i>: Char(i)
£

and Char(i) = ! = Int

let s = chars i1 in
(dim s)=3 > si2

err }
and Follows[syni] = 3 ¢ FollowL

¢ seg "Follows® )Lsyn1]

result Gram

°
.

16y



165

APPENDIX E (ctd,)

*rFollows/MSL*
A spl,

lot <Aug,Cat,MapL,MapN> = seg 'Useful Fns 1°

lot <<>,IsInyUni,Closure,ListClosure> = seg *Useful Fns 2°

let <<>,f‘iﬁd,IsVn> = seg "Useful Fns 3!

lot <A,N,X,Succ> = (seg *Syn Fns'5<sp1,<>>

let s = spread spl

let vn =
MapN(Uni)< Ap.<A(p)>, s>

def ve =
ListClosure<Vanish,<>>

and Vanish(l) = Y = Name*
MapN(Uni)<Vanish1(1l),s>

and Vanish1(1)(p) = s+ ¢ _Namo¥*
IsIn<Reach<l,p,0>,N(p)+1> —> <A(p)>,
<> -

and Reach<l,p, j> = 3 = Int*

Closure< Ak,Reachi<l,p,k>, Succ<p,j> >

d Reachl<l,p,k> = ¥ = Int*
k=(N(p)+1) > <>,
IsIn<l,X<p,k>> > Succ<p,k>,
<>
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def first =
node 'F** ( MapL(Aug)<FormFirst,vn> )

and FormFirst(a) = 2 ¢> rollow
node *Na WAdL® <a, node 'Wd*?°®(Closure<Firstil,<a>>) >

and Firsti(x) = $ = Worax
IsVn(x) —> MapN(Uni)<First2(x),s>,
<>
and First2(x)(p) = 3 = Word*
IsEq<A(p),x> —> MapL(Uni)< Symb(p), Reach<ve,p,0> >,
<>
and Symb(p)(3j) = 4 > Word*
(123) ~ (3sN(p)) = <X<p, j>>,
<2
def last =

node *r** ( MapL(Aug)<FormLast,vn> )

and FormLast(a) = 3 ¢=> Follow
node °?Na WAL® <a, node °‘Wd*?°(Closure<Lastl,<a>>) >

and Last1(x) = % 3= Word*
Isvn(x) —> MapN(Uni)<Last2(x),s>,
<> -

and Last2(x)(p) = ¥ = Word*

MapL(Uni)< Symb(p), ReachBack<ve,p,N(p)+1> >

d ReachBack<l,p,j> = 4 7> Int*
MapN(Cat)<
Ak, IsIn<Reach<l,p,k=1>, j>Xk=1>,<> ,
N(p) > -
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def follows =
node 'F*' ( MapL(Aug)<FormFollow,vn> )

and FormFollow(a) = ? :—> Follow
node °Na WdL' <a, node 'Wd*?°%(MapN(Uni)<Followi(a),s>) >

and Followi(a)(p) = ! ¢~ Word*
MapL(Cat)< OnlyVn, MapN(Uni)<Follow2<a,p>,N(p)> >

and OnlyVn(x) = 2 = Word*
IsVn(x) > <x>, -
<>

and Follow2<a,p>(j) = 3 = Word*

IsIn< Find(last)(X<p, j>), a> —*

MapL(Uni)< Find(first), MapL(Uni)<Symb(p),Reach<ve,p,j>> >,
<> '

result follows
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"Lox/MSL*
A<lpl,apl>,
let <Aug,<>,MapL,MapN,MapT> = seg ‘Useful Fns 1°
let <<>,<>,Uni> = seg ‘Useful Fns 2°
let <endsymb,<>,IsVn,IsVc,IsVv> = seg ‘Useful Fns 3!
let <Start,Peep,Scan,IsEnd,Out,Finish> = seg *Useful Fns 4°
lot <A,IsDK,IsFinal,Succ> = (seg 'Lex Fns®)<lpl,apl>
def Lexloop(z) =
IsEnd || Ab,
b >z, ’
Peep || Ach,
lot firststates = MapN(Aug)< Ap.<p,0>, spread lpl > in
LexCycle<firststates, Advance<firststates,ch>, <>, ch > ||
LexLoop(z)
and LexCycle<states,statesl,chl,ch>(z) =
(dim statesl1)=0 > OutSymb<states,chl> || z,
Scan || -
Peep || Achi,
LexCycle<statesl, Advance<statesl,chi>, chl aug ch, chi>(z)
and Advance<statesgyzch> =
MapL{Uni)<Advancel(ch),states>
and Advancel(ch)<p,j> =
IsOK(ch)<p, j+1> —> Advance2<p, j+1>,
<> _ ) - -
and Advance2<p,i> =

MapL(Aug)< Aj.<p,j=1>, Succ<p,i> >
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and OutSymb<states,chl>(z) =
let ps = MapL(Uni)<Final,states> in
(dim ps)$1 —> err, .
let x = A(ps{l) in
Isve(x) —> out(x) [] z,
IsVv(x) = out(x) ||

~ Out(string chl) || z,
z

result Start o LexLoop(Out(endsymb)||Finish)
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*lex Fns/MSL'
A\ <1pl,apl>,

lot <Aug,<>,<>,<>,MapT> = sog *Useful Fns 1?

let A(p) =
1plipé1

def IsOK(ch)<p,j> =

clauses lplip

§ case *Na WAL SuL® <nayzwdl,sul>:
let x = wdl{j in
clauses x

i § case ‘LN §<i>: IsInRange<ch,FindRange(i)>
case *CH "<i>: ch = i
§ —

case "Na=RL® case ! NairL':
Jj¥1 - false,
IsInRange<ch,lplip>

and IsInRange<ch,ap> =

clauses ap

§ case *Na=RL® <na,rl>: IsInPart<ch,rl,1,spread rl>
case 'NaiRL® <na,rl>: ~IsinPart<ch,rl,1,spread rl>

o

and IsInPart<chyrl;kyn> =

- ~(k<n) — false,
(rlykii<ch) A (ch<rliki2) = true,
IsInPart<chy,rlgk+lyn>

FindRange(i) =
FindRangel<i,apl,1,spread apl>

&

d FindRangel<i,apl,k,n> =
~(k<n) = orr,

aplikiidl = i = aplik,
FindRangel<i,apl,k+1,yn>

let IsFinal<p,j> =
clauses 1lpli{j

§ case YNa WdL SuL® <na,wdl,sul>: Jj = (spread wdl)
case °Na-RL°’ case 'NajRL®: j=1

o

170



171

APPENDIX F (ctd,)

let Succ<p,j> =

clauses 1lpl{p
MapT(Aug)< Ak,k, sul{j >

§ case "Na WAL SuL? <na,wdl,sul>:
case 'Na-RL® case *NaiRL': j=0 = <1>,
=1 = <25,
o1r

result <A,IsOK,IsFinal,Succ>
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® Syn/MSL*®
N<spl,foll>,
lot <Aug,Cat,MapL,MapN> = seg °‘Useful Fns 1°

let

let

let
let

let

let

def

<<>,Uni,IsIn,;Closure,ListClosure,IsEq> = seg ‘Useful Fns 2?

<Find,IsVn;ISVc,Iva> = seg ‘'Useful Fns 3°
<Start,Peep,Scan> = seg "Useful Fns 4°
<nullstk,Push,Top,Pop> = seg 'Useful Fns 5!

<A,NyX,SuccyL,CanFollow> = (seg *Syn Fns®)<spl,foll>

s = spread spl

Syn(z) =

let nodestk = nullstk in

let firststate = <1,0,0> in

let statestk = Push<firststate,nullstk> in
SynCycle<nodestk,statestk>(z)

SynCycle<nodestk,statestk>(z) =
Stepl(Top(statestk)) || Asmi,

Step2<sml,nodestk,statestk> || A<sm2,nodestkl,statestki,xml>,

Step3<sm2,xm1> || Asn,
IsFinal(sn) —* z(Root(nodestk1l)),
SynCycle<nodestkl,Push<sn, statestk1>>(z)

_and Stepil(sm)(z) =

and

and

z( Closure<Predict,sm> )

Predict<p, jyok> =
MapL(Uni)<Predicti(p),Succ<p, j>>

Predicti(p)(i) =

i = (N(p)+1) = <>,
IsVn(X<p,i>) —> MapN(Cat)<Predict2(X<p,i>),s>,
<>
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and Predict2(a)(q) =

IsEq<a,A(q)> > MapL(Aug)< Aj.<q, j~1,0>, Succ<q,0> >,
<>

and Step2<sml,nodestk,statestk>(z) =

Peep.|l Ay,
IsInZ<y,sml> -* Accept(y)<smlynodestk,statestk> |] z,
Decision<y,sm1> || Ad, _

z( Reduce(d)<nodestk,statestk> )

and IsInZ<y,sni> =
IsInZi<y,smi,1,dim smi>

and IsInZl<y,smly,i,n> =
~(i<n) — false,
let <p,j,k> = smil{i in
J=N(p) = 1sInZi<y,sml,i+lyn>,
IsEQ<yX<p, j+1>> = true,._
IsInZ1<y,sml,i+1,n>

and Accept(y)<smil,nodestki,statestk>(z) =
Scan || -
Isvv(y) -
Peep || Mi,
Scan || ©
let nodestkl = Push<y,Push<i,nodestk>> in
z<sml,nodestkl,statestk,y>,
lot nodestkl = Push<y,nodestk> in
z<sml,nodestk,statestk,y>

and Decision<y,sm1>(z) =
let r = MapL(Uni)<Reducible(y),sm1> in
(dim r)$1 > err,
z(ry1) .

and Reducible(y)<p, j,k> =
JEN(p) — <>,
~CanFollow<p,y> > <>,
<<p,y jok>>
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and Reduce(d)<nodestk,statestk> =
Reducel(d)<nodestk,statestk,<>>

and Reducel<p, j,k><nodestk,statestk,r> =
k=0
let sm2 = Closure<Predict,Top<statestk>> in
let node = (L(p)=%) — r{1, node(L(p))(r) in
let nodestkl = Push<A(p),Push<node,nodestk>> in
<sm2 ,nodestkl,statestk,A(p)>,
Reducel<p, j,k-1>(Remove<nodestk,statestk,r>)

and Remove<nodestk,statestk,r> =
let x = Top(nodestk) in
let nodestkl = Pop(nodestk) in
let statestkl = Pop(statestk) in
Ich(x) - <nodestk1,statestk1,r>,
let i = Top(nodestkl) in -
let nodestkz = Pop(nodestkl) in
<nodestk2, statestkl, i pre._r>

and Step3<sm2,xm1>(z) =
z( MapL(Uni)<Advance(xml),sm2> )

and Advance(xm1)<p, j,k> =
J=N(p) — <>,
~IsEq<xml jX<p, j>> > <>,
MapL(Uni )< ’A1°<p,1—1 k+1>, Succ<p,j+l> >

and IsFinal(sn) =
(dim sn)¥1 - false,
IsEq<sni{ly,<1,2,2>>

and Root(nodestk) =
Top(Pop(Pop(nodestk)))

result Start o Syn(At,t)

®
‘-
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*Syn Fns/MSL?

<spl,foll>,
lot <Aug,<>,<>,<>,MapT> = seg *Useful Fns 1!
lot <<>,IsIn> = seg °‘Useful Fns 2! —
let <<>,Find> = seg 'Useful Fns é'
let A(p) =

splipil
let N(p) =

spread spl{pi2

let X<p,j> =
splipizij

let Succ<p,j> =

clauses splip

§ case ®Na WdL SuL SY ' <na,wdl,sul,i>$
MapT(Aug)< Ak.k, sul{j >

let L(p) =
splipl4

let CanFollow<p,y> =
let nas = Find(foll)(A(p)) in
IsIn<nas,y>

result <A,N,X,Succ,y,L,CanFollow>

[ J
.
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JUseful Fns/MSLY.

*Useful Fns 1/MSL?®

let MapL( Inc)<f,1> =
mapn < A<r,k>,Inc<r,f(1l{k)>,
<>, 1, dim 1 >

let MapN(Inc)<f,n> =
mapn < A<r,k>,Inc<r,f(k)>,
<>5 1y, n >

lot MapT(Inc)<f,t> =
mapn < A<r,k>,Inc<r,f(t{k)>,
<>y 1, spread t >

let Aug<ryx> =
r aug x

let Cat<r,x> =
r cat x

result <Aug,Cat,MapL,MapNy,MapT>
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'Useful Fns 2/MSL*®

let

def

and

let

dof

and

def

and

<<>,Cat,MapL> = sog *Useful Fns 1!

IsEq<x,y> =

(isatom x) A (isatom y) -* x=y,
(isatom x) v (isatom y) —> false,
(dim x) # (dim y) — false,
IsEql<x,y,1,dim x>

ISEqQL<X,yyyign> =
~(i<n) - true,
~IsEq<x{i,y¥i> —> false,
ISEqQL<X,y,i+1gn>

IsIn<sy,x> =
IsInl<s,x,1,dim s>

IsInl<syX,iyn> =
~(i<n) —> false,
IsEq<x,s{i> —* true,
IsInl<syX,i+lyn>

Uni<rys> =
MapL(Cat)< (Ax,IsIn<r,x>-X>,<x>), s>

Closure<f,s> =
Closure<i;s,1>

Closurel<f,s,i> =
~(i_<_(dim S)) - S,
Closurel<f, Uni<s,f(s{i)>, i+1>

ListClosure<f,s> =
ListClosurel<fys,dim s>

ListClosurei<f,s,i> =
~(i<(dim s)) —> s,
ListClosurel<f, Uni<s,f(s)>, dim s>

result <IsEq,IsInyUni,Closure,ListClosure>
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*Useful Fns 3/MSL*
lot <Aug,<>,<>,<>,MapT> = seg *Useful Fns 1°

let <IsEq> = seg 'Useful Fns 2°

let endsymb = node LN ' <%?'>

def Find(foll)(a) =

~IsVn(a) -* <a>, S used only in Follow2,%Follows/MSL?®,

clauses foll
§ case PF*P: Findil<foll,a,1,spread foll>
£ _ . ]

and Findi<follya,i,n> =
~(i<n) = orr,
clauses follyi
$ case *Na WdL® <na,wdl>:
IsEq<a,na> > MapT(Aug)< X.x, wdl>,
Findi<foll,a,i+1,n> -

§ ; ]

and IsVn(a) =
IsNa<a,1>

and IsVe(a) =
IsNa<a,2>

and IsVv(c) =
IsNa<a,3>

and IsNa<a,n>

clauses a

§ case ¥SN ': n=1
case ‘LN ? .
case 'Sy 9¥: n=2
case *LV ': n=
case "2\': false

result <endsymb,Find,IsVn,IsVc,IsVv>
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'Useful Fns 4/MSL®

let Start(in) =
<ingl,<>>

let Peep(z)<in,ptr,out> =
z(in{ptr)<in,ptryout>

let Scan(z)<ingptr,out> =
z<ingptr4l,out>

let IsEnd(z)<ingptr,out> =
z(~(ptr<(dim in)))<in ptryout>

let Out(z)<in,ptryout> =
z<in,ptr, out aug x >

lot Finish<in,ptryout> =
Qut

result <Start,Peep,Scan,IsEnd,Out,Finish>
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*Useful Fns 5/MSL?

let nullstk = err

let Push<x,stk> = <x,stk>

let Top(stk) = stk¢1

let Pop(stk) = stkiz

result <nullstk,Push,Top,Pop>
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*Testl~Semantics®

Atto, A<Locate,Update,Contents,Apply sRead,Write,Start,

Finish>,

( <CC,DD,11d,I111,II,EE,PP,
DiOpvVal,MonOpVal,NumVal,Lay>, Start o
cc(tto)(err) || Finish)(
£ix <CC,DD,11d,I1I1,I1I,EE,PP,

DiOpVal,MonOpVal,NumVal,Lay>,
<Htte Ar. Ac, -
(Avi,
vl = 'begin C end®
(A<ce>,

cc(ce)(r)(e))(tt),

vi = 'while B do C* —
(A<bb,cc>, fix cl, EE(bb)(r) *
Ab, ] -
b =
cc(cc)(r)(cl),
C)(tt)’ . _

2 - 'I::E»’ ->
(MX<ii,ee>,

(A<ayt>,

~ (t = 'locn') —* err,
EE(ee)(r) *
Av, Update(<a, v>) o c)(
£ -

11(ii))))(tt),

vl = *write B® —
(A<ee>, EE(ee)(r) *
av, Write(v) o c)(tt),

vl = 'res B! =
(A<ee>,
EE(es)(r))(tt),

E - 'D;C' -
(A<dd,ce>, DD(dd)(r) *
Ad, cc(ece)(
Lay(
<r,
<d>,
<11d(dd)>>)) || c)(tt),

vi = 'c;ct =
(W<ce1,cec2>, cC(cecl)(r) ||
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CC(cc2)(r) 1] e)(tt),
err)(

tt ¢ (dim tt)),

Attty Ir,
Owvi. -
vi = Yvar I:=E*
(Xiigee>, EE(ee)(r) *
AV,
Locate(v))(tt),

vi = *fun I(I1)=E® -
(‘)\<11,111,ee>° pair (fix £, Ap.
(Ar1, '
(Arz,
EE(ee)(r2))(
Lay( -
<rl,
<f>,
<11d(tt)>>)))(
Lay(
<r, p,
I11(iil)>))))(tt),

err)(
tT v (dim tt)),

Att,
Owl,
vl = *var IS=E' —»
(A\<iigee>,
<II(ii), *locn®>)(tt),

vl = *fun I(I1)=E* —
T(M<ii,iilyee>,
<11(ii), *fn'>)(tt),
err)(

Att,
(Avi,
vl = 't >
(%<v6,_2?.
(fix v5, 7‘<v1,v2,_3.,v4>
_3‘<.4£'* -
v5(
<vi,
vi(<vz, v3>),
v3 + 1, v4>),
v2)(
<A<v8,vg>, v8 cat (<v6H(
vZ ¥ ¥9)>),
<>, 1,
(dlm.XZ)" 1>))(
<Attl,

<II(tt1), *hum®>, tt>),
err)( -
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tt ¥ (dim tt)),

Ntte
Owvi,
1 - QLQ -
()<n> n)(tt),
eerr)(
tt ¢ (dim tt)),

Atte Ar,
(Avi,
(v1 = *B Op BY) v
v1 = 'E Op E? —

‘(A<eo1,0p,ee2>, EE(eel)(r) *

Ael, EE(ee2)(r) * _

Ae2, pair. (Diopval(op)(<el, ez>)))(tt),

vl = 'op Bt =
()<op,ee> EE(ee)(r) *

Me. pair (MonOpVal(op)(e)))(tt),

vl = "B-E,E' =

(7\<eel,eez,ee3> EE(eel)(r) *

Abe . -
b‘+

EE(ee2)(r),
EE(ee3)(r))(tt),

vi = %valof CY =
“(M<ce>, cclee)(xr) |
pair err)(tt),

vl = *I(EL)' —
(7\<ii,eel>.
(A<, t>,
~ (t = ¥in') > err,
PP(eol) (r)(<>) * *
APo
Apply(£)(p))(
r(
11(ii))))(tt),

T(O\<ii>,
(A<z,t>,
t = "£n* > err,

t = 'locnt —
Contents(z),

I1(ii))))(tt),
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vi=° N~
_T§<n>:-éair (Numval(n)))(tt),

vl = %readt -

T, Read) (tt),
err)(

tt ¥ (dim tt)),

Att, Ar, Ap.
O\V_l_. .- .
vi = 'E,EL® -
(W\<eej eel>, EE(ee)(r) *
Ne. g
PP(eel)(r)(
p cat (<e>)))(tt),

vl = 'g? ~»
“(M<eo>, EE(ee0)(r) *
Ae, pair (p cat (<e>)))(tt),

err)(
tt | (dim tt)),

Att, A<el,e2>

[ J
V-

Ovie -
Vl_: '+" -
el + o2,

vl = 9=f -

Ce—

el -~ 02,

vi = '9—(' -
el X ez,

vi = "=t »
el = 92’

v1 :‘ﬂéf'+
“el < e2,

vi = '.;'4 e
-—9-1 v 02,

vl = At -
—51 A 92,
err)( .
tt ¥ (dim tt)),

Ntte Do
w1, -
V-JT: 8 =
-:_‘- ©y
err)(

tt ¢ (dim tt)),

An,
(A<z>,

18y
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(s,
(fix v3, A<v1,vza_3,v4>
_3.<_££'+ - -
v5(
<vi,
yi(<vz, v3>),
33_-;-1, V4>),
¥2)( .
<M<myi>. ((m X 10) + (s § i)) - Zy Oy 1,
dim s>))(
(EER ’Charan')(n)))(
(imp *CharsFn®)(%0%)),

A<r,p,iil>,
(fix vs, )<v1,v2,_3.,_4>o
‘_3 < V. N
v5(
<vi,
yi(<vz, v3>),
v3 + 1, v4>),
v2)C .
<2.<r1,n>°
()\<V1 V2,_3.> _A-_o
Y4 = ¥3 ™ vz,
vl(_é))(
<rl,
<p ¢ n,
(iil ¥ n) ¥ 2>,
(iil ¥ n) ¢ 1), r, 1,
dim iil>)>) .
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'TestL~Implementation?

Prog,
(W\<Locate,Update,Contents,Apply,Read,Write,Start,
Finish>,
Prog(<Locate, Update, Contents, Apply, Read, Write, Start, Finish>))(
<M, A<m,yn,i,o>,
<n + 1,
<<m,
n+ 1y, v>,
n+ 1, i, 0>>,

A<a,v>, A<m,n,izo>,
<<my; 2, V>, n, i, 0>,

Na, As,
(AFind,
<Find(
s ¥ 1)9 S>)(
fix Find, M m,
isatom m —* err,

(m { 2) =a-~
m ¥ 3,
Find(

m b 1)),

N, Ap.
f(P)’—

A<myn,iy0>,
<i ¢ 1, ©
<m, n,
i b 29 O>>,
Nz, A<mynyi,o>,
<m, n, i, '
o cat (<z>)>,

N,
<>>,

A<m,n,i, 0>, 0>)
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Hardware : Publication
Representation ¢ Language

a’ b’_c’ o0ce 05, 8’ Y’ ® o0

al’ a:.’ al,'_’ LR al ’a"a”; s 00

aay, bb, aal, ...

a, b, Tys sos
New, Lay, .¢s0o ¢ New, Lay,
ﬂ ] 8 H Al’ LI

def, let, ...

AA’ BB, AA]-’ oo 0

def, iet’ eso

Ny EXpy e00 : Ny EXPy oo
(DL 2 {1
L1 N

t e s Mmoo

: : !

L e

b ok

1 | : |

EE: [40.] 2 B e [...]
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