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Abstract

The work in this thesis focuses on the development of a Stochastic Model Predictive
Control (SMPC) algorithm for linear systems with additive and multiplicative
stochastic uncertainty subjected to linear input/state constraints. Constraints
can be in the form of hard constraints, which must be satisfied at all times, or soft
constraints, which can be violated up to a pre-defined limit on the frequency of

violation or the expected number of violations in a given period.

When constraints are included in the SMPC algorithm, the difficulty arising from
stochastic model parameters manifests itself in the online optimization in two ways.
Namely, the difficulty lies in predicting the probability distribution of future states
and imposing constraints on closed loop responses through constraints on predic-
tions. This problem is overcome through the introduction of layered tubes around
a centre trajectory. These tubes are optimized online in order to produce a sys-
tematic and less conservative approach of handling constraints. The layered tubes
centered around a nominal trajectory achieve soft constraint satisfaction through
the imposition of constraints on the probabilities of one-step-ahead transition of
the predicted state between the layered tubes and constraints on the probability
of one-step-ahead constraint violations. An application in the field of Sustainable

Development policy is used as an example.

With some adaptation, the algorithm is extended the case where the uncertainty
is not identically and independently distributed. Also, by including linearization

errors, it is extended to non-linear systems with additive uncertainty.
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Chapter 1

Introduction

Model Predictive Control (MPC) is a control methodology which is based around
repeated online open loop optimizations to obtain an optimal input that governs
the system to be controlled. As the name suggests, the predictions are based on a
model which describes the dependence of the output on the current state and on
the inputs. This model can be linear, non-linear and time-varying. To determine
the best control action (or optimal input), a measure of performance of the system
is needed over a time horizon. By minimizing this quantitative measure, the most
desirable input can be calculated by optimizing the predicted performance. One
of the main advantages of MPC is its systematic way of handling constraints.
Constraints on the state, input, or output can be included and the optimization of
the performance is performed subject to constraint satisfaction. The optimization
is done in a receding horizon manner.This means that after each optimization,
the first element of the input sequence is implemented. At the next step, this
process is repeated in order to provide feedback and to compensate for the use of
a finte number of optimization variables. The receding horizon control setting is

illustrated in Figure 1.1.
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FIGURE 1.1: Receding horizon control. The optimization is solved at each step
and only the first element of the input sequence is implemented.
To guarantee the efficacy of MPC, the properties of stability and recursive feasi-
bility are of great importance. Given that the MPC controller produces inputs
which are stabilizing, and feasible at current time, stability and feasibility has to
be guaranteed at all future times. These two properties ensure that the control
will drive the system to a desired reference and that all constraints will be satisfied

in closed loop operation.

An intuitive illustration is the process of driving a car. The Model Predictive
Controller is the driver, while the system being controlled is the car. The horizon
is the view from the driver which is limited to a finite value. The control objec-
tive is to keep the car within a safe distance from the car in front and following
the trajectory of the road. Therefore, at each step the driver needs to select a
control action (accelerate, brake or do nothing) as new information becomes avail-
able. As the car is driving along the road, this forms the online receding horizon

optimization.

Model Predictive Control was first implemented to process control by Richalet et
al. [1]. The main focus within process control was on petro-chemical processes
where economic considerations were emphasized. This required operating points

situated on the boundary of the set of operating points feasible with respect to
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constraints which is computed by solving linear programs on plants which were
modeled using step and impulse models [1-3]. These were known as the first gen-
eration algorithms. These algorithm handles control and output constraints ad
hoc and is very sensitive to even the slightest of disturbance. These shortcomings
were addressed by second generation programs where quadratic programming is
employed to solve the constrained open loop optimal control problem [4]. The
third generation algorithms were introduced in the early 1990s distinguishes be-
tween several levels of constraints, provides recovery from infeasible solutions,
real-time control and allows for a wide range of process dynamics and controller
specifications [5]. This has led to a proliferation of MPC algorithms used in the
industry. However, the stability was not addressed theoretically and the academic

MPC community were focused on establishing the theoretical aspects of stability

in MPC.

Largely independently of the developments in industry-led MPC, a similar method-
ology was developed within the adaptive control literature known as ‘Generalized
Predictive Control’ [6, 7]. These algorithms are based on input-output models
where the states are not accessible. It uses a finite horizon which does not guaran-
tee stability. However, the use of a terminal constraint circumvents this problem
and ensured stability for unconstrained linear systems [8, 9]. Hence the optimal
controls can be computed algebraically with stability guarantees. Nonetheless, the
inadequacy of Generalized Predictive Control (GPC) in handling control and state
constraints hinders it progress and has since then paved the foundation for MPC
algorithms. In current literature, the distinctive lines separating GPC, Receding
Horizon Control, or Dynamic Matrix Control has faded and a unifying term of

MPC is used.

Almost any real-world control problem involves systems which are inherently un-
certain, have non-linear dynamics and are subjected to some form of constraint.

Uncertainties to a system include random disturbances, and can be included in the
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system model as additive or multiplicative stochastic variables. Therefore control
methodologies, specifically MPC, have to ensure stability and feasibility subject
to model uncertainty. This presents additional complexity in terms of computa-
tion and analysis. For the case of polytopic or bounded uncertainties, one method
is to ensure that the MPC algorithm is both stable and feasible for worst-case
uncertainties. If this holds true for the worst case, it would imply the algorithm
is both stable and feasible for all uncertainty cases (as discussed in Section 2.2).
This methodology is also known as Robust MPC which extends MPC ‘robustness’
to include uncertainties. The two main limitations of Robust MPC are that it
leads to a conservative controller and heavy computation. The conservativeness
is due to the fact that no information about the distribution of uncertainties is
utilized; clearly the use of such information can lead to better performance if the

distribution is non-uniform.

The shortcomings of Robust MPC motivated the development of Stochastic MPC
(SMPC). Stochastic MPC takes uncertainty distributions into consideration and
in particular uses information on a combination of mean and variance of the future
outputs. This allows the output to be restricted to lie within a specified threshold
with a given probability and enables upper bounds on the cost to be based on
probabilistic bounds. Similarly, constraints which are violated with a frequency
below a specified tolerance parameter can be reformulated as probabilistic con-
straints. The literature highlighted in this report is focused on linear state-space
models. The properties of recursive feasibility and stability presented form the

platform of SMPC for non-linear systems.

Research on SMPC to date has been focused on the stochastic formulation of con-
straints and objective function. Van Hessem and Bosgra [10] proposed stochastic
constraints in which the system output was restricted to lie within specified bounds
with a given probability. Batina et al. [11] formulated an objective function as the

expected value of a quadratic cost defined on future predicted states and inputs.
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Neither of these two papers gives a complete treatment of closed loop stability and
feasibility. In [12], an SMPC algorithm is shown to have guaranteed closed loop
stability. However, no consideration is given to constraints. In [13] and [14], prob-
abilistic constraints are incorporated using the notions of a probabilistic invariant

set and Markov chains.

One aim of this thesis is to extend the current work on SMPC in [13], which primar-
ily focused on linear systems with constraints. This work extends the application
of SMPC to a wider variety of problems by proposing a receding horizon control
methodology for systems with additive and multiplicative bounded uncertainty
and subjected to hard and soft constraints. These constraints are handled through
the construction of a sequence of nested tubes and an associated Markov Chain
model. The parameters defining the tubes are optimized simultaneously with the
predicted future control trajectory online. The optimization is performed subject
to linear constraints which ensures that both hard and soft constraints are satis-
fied. Through the definition of probabilistic tubes, constraint handling is improved

by reducing conservativeness compared to the work in [13].

An important aspect of control algorithms is the computational efficiency. MPC
algorithms essentially solve a constrained optimization problem at each time-step
which has time constraints dictated by the sampling period of an application.
Using a general purpose solver, typical computation times are in the order of sec-
onds. Furthermore, without exploiting the inherent structure of the optimization
the complexity increases as O(N?) where N is the prediction horizon. Therefore,
for applications which require fast sampling (order of milliseconds), faster compu-
tation is required. One such method is to use an interior point method to solve
the online optimization problem. For example in [15], by appropriate variable re-
ordering, the interior-point search direction is computed by solving a tri-diagonal
system of linear equations. The main advantage is that the computational com-

plexity increases linearly O(N) with the prediction horizon.
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The survey paper [5] provides an extensive list and discussion of commercially
available MPC algorithms in industry. MPC has been extensively used to control
wide-scale industrial process systems ranging from chemical plants, oil and gas
power plants to air traffic control applications. In addition, MPC has been used
as a tool for sustainable development policy assessment [16]. This paper considers
a problem of policy assessment of the allocation of public research and development
budget between alternative power generation technologies. MPC also has appli-
cations in financial problems such as dynamic hedging and portfolio optimization
[17, 18]. Dynamic hedging and portfolio optimization involves selecting optimal
inputs in the form of various financial instruments such that risk (variance) is
minimized and return (mean) is maximized. MPC has also been applied in [13]
for the control of wind turbines in order to maximize power capture subject to
constraints on fatigue damage. In another example, MPC has been applied by [19]
to telecommunications network control whereby the goal is to provide fair alloca-
tion among links with minimal loss ratio and maximal utilization.This highlights
the flexibility and efficacy of the MPC methodology as a tool for the solution to a

diverse range of real-world problems involving stochastic models.

The Tube Stochastic Model Predictive Control (TSMPC) algorithm developed in
this thesis is applied to a problem in a sustainable development (SD) context.
The problem here is the quantitative comparison of possible SD policies in re-
spect of public research and development (R&D)budget. An econometric model,
Prometheus, models the relationship between R&D spending on 15 alternative
power generation technologies, and 8 sustainable development indicators such as
energy costs and carbon dioxide emission, over a timescale of 30 years. Prometheus
is treated as a 'black-box’ system to be modeled and controlled, in order to de-
termine the best allocation of budget. The aim here is to demonstrate the appli-
cability of the TSMPC algorithm to this problem and only 2 indicators(outputs)

and 2 power generation technologies (inputs) are considered here.
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Previous work by [16] has developed stochastic MPC algorithms with feasibility
and stability guarantees, based on Moving Average (MA) models where the coef-
ficients of the model are assumed to be random with a normal distribution. The
MA model and normal distribution assumptions enables the definition and prob-
abilistic constraints and the ability to convert these constraints into deterministic
constraints in the optimization. The algorithm is divided into two parts. The first
part computes an optimal set-point off-line which the controller needs to track.
The second part involves solving the optimization problem online in a receding
horizon manner. Work by [20] extended these algorithms to time-varying mod-
els, and non-linear models. The stability guarantee is established by imposing an
equality constraint in the online optimization. Therefore, this results in a conser-
vative controller. Furthermore, MA models take into account only previous inputs
(not outputs) and therefore do not model accurately the dynamics of Prometheus.
The aim here is to identify an Auto Regressive Model with External inputs (ARX)
model which relates future outputs based on previous outputs and inputs. Fur-
thermore, the random coefficients of the ARX model are assumed to be finitely
supported random variables with distribution that can be identified from the in-
put and output data. The TSMPC algorithm is then applied to control the ARX

model.

This thesis is outlined as follows:

Chapter 2 describes the theoretical background to linear MPC. The discussion
is extended to the case of nonlinear MPC. The exposition first considers de-
terministic MPC, where no uncertainties are included in the model. When
disturbances are considered, deterministic MPC is extended to Robust MPC
which is a methodology based on the worst-case scenarios. This leads to
conservativeness and computationally demanding optimizations. The limi-

tations of robust MPC motivate the development of the SMPC methodology
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which utilizes information of the probabilistic distribution of uncertainties.

Earlier contributions to the field of SMPC are highlighted.

Chapter 3 formulates a receding horizon control methodology (termed TSMPC)
for systems with linear dynamics with additive and multiplicative bounded
uncertainty and subject to hard and soft constraints. These constraints are
handled through the construction of a sequence of nested polytopes and
an associated Markov Chain model. The parameters defining the nested
polytopes are optimized simultaneously with the predicted future control
trajectory online. The optimization is performed subject to linear constraints

which ensure that both hard and soft constraints are satisfied.

Chapter 4 aims to improve the computational efficiency of the TSMPC algo-
rithm, which essentially consists of solving a series of Quadratic Program-
ming (QP) optimization problems over time. By exploiting the inherent
structure of the QP and using an approximate primal barrier interior point
method, the computational efficiency is improved significantly as compared
to using a generic solver. The computational efficiency improvements are

highlighted using a numerical example.

Chapter 5 adapts the TSMPC algorithm applied to linear systems with hard and
probabilistic constraints to handle the case where the model uncertainty is

non stationary and not temporally independent.

Chapter 6 applies the TSMPC algorithm to a budget allocation problem in a
Sustainable Development context. An econometric model is modeled using
an ARX model and the TSMPC algorithm is used to compute the optimal
budget allocation subject to probabilistic constraints on the indicators as

well as hard constraints on the yearly budget allocations.

Chapter 7 formulates a receding horizon control methodology (termed NLSMPC)

which is proposed for systems with nonlinear dynamics, additive stochastic
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uncertainty, and both hard and soft (probabilistic) input/state constraints.
Jacobian linearization about predicted trajectories is used to derive a se-
quence of convex optimization problems. Constraints are handled through
the construction of a sequence of tubes and an associated Markov chain
model. The parameters defining the tubes are optimized simultaneously
with the predicted future control trajectory via online Linear Programming.

An example illustrating the application the NLSMPC algorithm is given.

Chapter 8 provides a conclusion to the report and outlines future work.



Chapter 2

Background

In this section, the theory behind model predictive control for both the deter-
ministic and stochastic case is presented. For the deterministic case, the Model
Predictive Control (MPC) methodology for linear systems based on state space
models is described. Concepts such as stability, feasibility and invariant sets which
ensure the efficacy of MPC are outlined. In the stochastic case, uncertainties in
the model in the form of disturbances, model mismatch, or imprecise knowledge
of the model parameters add significant complexity to the problem. The earlier

work leading to Stochastic MPC is outlined.

2.1 Deterministic MPC Review

The MPC review in this report will be focused on state-space models only. Con-

sider the following linear state space system

Ye = Cug (2.2)

10
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where 7, € R"u; € R™ and y;, € R! denote the system state, input and output

respectively at time k.

For simplicity, only the single input (m = 1) single output (I = 1) case (SISO) is
considered in this Section. However, the extension of the relevant results to the
multi-variable case is straightforward. The representation for the state predictions

of (2.1) is given as

x = Mu+w (2.3)
B 0 0 A
AB B 0o ... A?
M = v = T, (2.4)
ANTIB ANT?B ... B AN
where x = [$Z+1|k x;{+2|k ozt and w o= fupge wpgag o weevop]t. N

is the prediction horizon and is assumed to be the same for both the input and

outputs.

An objective function is used to give a quantitative measure of performance over

the horizon N. The quadratic performance measure is widely used and is given by
N
J = Z bevile rvile = Ty ipQTherilk + Uk Rkl (2.5)

1=0

where () > 0 and R > 0 are state and input weights. For the SISO case, R is a

scalar. Also, @) is a positive semi-definite matrix

The objective function used in (2.5) is set up for a regulation problem where the

controller is required to drive the state x; to the origin in state space. Extensions
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to tracking problems where the controller is set up to provide inputs that drive
the states to a predefined set point are easy to derive and in essence constitute a

reformulation of the tracking to a regulation problem (see Section 2.1.3).

The objective function can be rewritten in more compact form as

J=x"Qx 4+ u’Ru (2.6)

where Q is a block diagonal matrix with diagonal blocks @, R is a diagonal matrix

with elements R. Substituting (2.3) into (2.6) yields

J=uT[MQ"M + RJu + 2u" M Qv + vTQu. (2.7)

For the unconstrained case, the optimal input is chosen by minimizing the cost

function, and is calculated by solving % = (,thus obtaining

u=—[MTQM + R|"*MQu (2.8)

which leads to a simple linear feedback law of the form v = Kx. The first element
of the input vector is implemented and the predicted trajectory at the next step
(k+1) is re-calculated by repeating the optimization. Thus the predicted trajectory
is updated repeatedly online. This forms the receding horizon strategy which is

the essence of the MPC methodology.

Most practical applications deal with systems which are subject to constraints.
The main advantage of MPC is that it can handle constraints in a systematic
manner. Constraints on either the states and/or the inputs are specified in the

form of

Gxy, + Hu;, < h. (2.9)
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For example, given that the input is constrained within —u < u < @, this implies

G=0, H= . h=u (2.10)

where Iy is the N-dimensional identity matrix and 1 is a N-dimensional vector of

ones.

In the presence of constraints, the optimization problem is cast as a Quadratic

Program(QP) given by
min.J st (2.9) (2.11)

Since the optimization in (2.11) has only a finite horizon, there is no guarantee
of closed-loop stability. In addition, the predicted and actual input and state
trajectories may differ greatly even in the case where there are no constraints.

These shortcomings are circumvented by using an infinite horizon:

e}

J(k) = [2" (k + ilk)Qu(k + ilk) + u” (k + i|k) Ru(k + i|k)] (2.12)

=0

This implies that the input vector u will be infinite dimensional and thus would
render the optimization impracticable. However, the optimization of (2.12) gen-
erates a sequence of inputs which cause the state x; to converge to zero. After
some finite prediction horizon the optimal input sequence would have driven the
state into a region where the constraints are no longer active. In effect, the infinite

prediction horizon can be split into two parts, namely Mode 1 and Mode 2.

Mode 1 extends over a horizon ¢ = 0, ..., N where constraints may be active and
the inputs are degrees of freedom. In Mode 2,7 = N + 1, N + 2, ... the inputs are

dictated by the unconstrained optimal feedback law v = Kx. The infinite horizon
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objective function is evaluated explicitly by rewriting the cost as

J(k) = [a" (k +ilk)Qu(k + i[k) + u” (k + i k) Ru(k + i|k)]

1=0

+2"(k + N|k)Qz(k + N|k) (2.13)

where @ is a terminal weighting matrix. @ is chosen so the term 27 (k-+N|k)Qz(k+
N|k) equals the cost over the Mode 2 prediction horizon. Hence @ is calculated as

the solution to the Lyapunov equation Q — (A+ BK)TQ(A+ BK) = Q+ KTRK.

To prove this, the Lyapunov equation is pre- and post- multiplied with 2% (i) and

x(i) respectively.

2T ())Qux (i) — 27 (1) (A+ BK)'Q(A + BK)z(i) = 27 (1)Qx(i) + 27 (i) KT RK (i)
Defining z(i + 1) = (A + BK)x(i) and u(i) = Kxz(i),

21 (0)Qx(i) — 27 (i + D)Qu(i + 1) = 27 (1)Qx (i) + u” (1) Ru(i),

and summing this equation over ¢ = 0,1, ... gives
A (O0)Qu(0) — lim #"(])Qr(k) = 3" ()Qu0) + u” (i) Ru(i)].
* i=0

With the assumption that (A + BK) is strictly stable, limy_ .. 27 (k)Qx(k) — 0

and therefore

[e.o]

21 (0)Qu(0) = > [+ (1)Qu (i) + u” () Ru(i)).

i=0
The main advantage of using this ‘dual mode’ prediction paradigm is that the
infinite dimensional problem of minimizing J(k) over w(k + ilk), i = 0,1,... is

approximated by the minimization of (2.13) over the finite number of variables
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w(k +ilk),i=0,...,N—1.

2.1.1 Stability

Stability can be guaranteed if optimal value of the predicted cost is monotonically
decreasing with time, in closed loop operation. This is ensured if the following

conditions hold [21]

1. (A,QY?) is observable.

2. The terminal weight @ is chosen so that .J is equivalent to the infinite horizon

predicted cost.

3. The optimal predicted input and state sequences at time k satisfy constraints

over an infinite horizon.

Condition 1 above ensures that J(k) is positive definite in z(k). It is shown
below that Conditions 2 and 3 ensure that the optimal predicted cost J*(k)is

non-increasing with & and satisfies

Tk +1) — J*(k) < [T (k)Qu(k) + uT (k) Ru(k)] (2.14)

along closed-loop trajectories.

The concept of the ‘tail’ of a sequence is used in the stability analysis. The ‘tail’ is
the remainder of the sequence after removing the first term. For the (hypothetical)
case of optimizing J(k) over an infinite number of future input variables, stability
and optimality follows from Bellman’s principle of optimality, [22] according to
which the tail of any optimal trajectory is itself the optimal trajectory from its

starting point. However, for a practically implementable MPC law based on the
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dual mode prediction paradigm, closed-loop stability follows from a Lyapunov

analysis applied to (2.14).

To show that (2.14) is satisfied when the dual mode prediction paradigm is em-

ployed, first consider an input sequence at time k of length N given by

w* (k) = [u* (k]k) w'(k + 1]k) ... w*(k+ N — 1]k)] (2.15)

which has a corresponding infinite horizon cost of

=

J*(k) (2" (k + i|k)Qu(k + i|k) + u* (k + i|k) Ru* (k + i|k)]

<.
Il
=)

2" (k + N|k)Qz(k + N|k)

At the next time step k£ + 1, the tail of the input sequence corresponding to the

optimal prediction at time £ is denoted as

a(k+1) = [u"(k+ 1|k) u"(k+2|k) ... Kz"(k+ N|k)]. (2.16)

The N element of the sequence @(k + 1) is equal to u*(k + N|k) which is defined
as the linear feedback law u = Kz employed over the mode 2 horizon.The corre-

sponding cost of J(k 4 1) associated with @(k + 1) is just J*(k) minus the first
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element:

J(k+1) = "[2"(k + ilk)Qu(k + ilk) + u*” (k + i|k) Ru* (k + i|k)]

i=1

+2"(k+ N +1|k)Qz(k + N + 1]k)

(2" (k + i|k)Qx(k + i|k) + u*" (k + i|k) Ru* (k + i|k)]

Il
,Mg

@
I
—

" (k + i|k)Qu(k + i|k) + wT(k + i|k) Ru* (k + i[k)]

|
,Mg

@
Il
o

—[2" (k)Qu (k) + u" (k) Ru(k)]

= J*(k) = [2" (k)Qz (k) + u” (k) Ru(k)].

But if u(k + 1) satisfies the constraints of the MPC optimization at time k + 1,

then J (k + 1) is suboptimal at time k + 1, so the optimal value satisfies

J(k+1) < J(k+1) = J (k) — [z (k)Qz(k) + u” (k) Ru(k)] (2.17)

implying that the optimal cost at current time must be at least as small as the
cost evaluated for the tail of the optimal predicted input sequence computed at
the previous sample satisfying (2.14). The four conditions for ensuring closed-loop

asymptotic stability are summarized in [3].

2.1.2 Terminal Invariant Sets

The previous section establishes a guarantee of closed loop stability under the
assumption that the predictions generated by the tail of input sequence @(k) is
feasible at all times k£ = 1,2,.... This section takes into account input and state

constraints, and considers for simplicity (but without loss of generality) the case
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of upper and lower bounds on the elements of the state and input vectors:
u<u(k)<u, z<zk) <ZT (2.18)

The first N —1 elements of the @(k-+1) are feasible given that the optimal predicted
input sequence at time k : [u*(k+1|k) ... Kz*(k+ N — 1|k)] necessarily satisfies
constraints. To ensure that @(k + 1) is feasible at time k + 1, the N** element,
u*(k + N|k) = Kz*(k + N|k) must also be feasible. Thus, additional constraints
known as terminal constraints are introduced in the MPC optimization at time &

to ensure feasibility of a(k + 1)at the next time step.

Since the predicted inputs over Mode 2 are given by a pre-determined state feed-
back law, the constraints on u(k+ N |k) are equivalent to constraints on z(k+N|k).
Let © denote the region of state space where constraints on z(k+ N |k) are satisfied,

then for the constraints (2.18) we require

< Kz(k+N|k)<u

2(k + N|k) € Q = (2.19)

z<z(k+Nlk)<T

The prediction generated by @(k + 1) must also satisfy the terminal constraint at

time k£ 4 1, and this is equivalent to

z(k+ N +1lk) € Q. (2.20)

Therefore the necessary and sufficient conditions for feasibility of the predictions
generated by the tail @(k+1), whenever the MPC optimization at time k is feasible,

are listed below.

1. Constraints are satisfied at all points in (2.

2. Q is invariant in mode 2. z(k + N|k) € Q = (A+ BK)x(k + Nk) € Q.
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Invariant sets have been widely studied and a good survey is presented in [23].
There are several candidates for invariant sets but attention here is restricted to

ellipsoidal and low-complexity polyhedral sets. An ellipsoidal set is defined as

E={z:2"Pz <1}, P>0 (2.21)

Condition 2 above implies that 27 ®TPdxr < 2"Px < 1 Vo € E where & =
A + BK. Therefore, invariance is ensured if and only if ®7 P® < P which can
equivalently be written as a Linear Matrix Inequality in P~! using Schur comple-
ments as

P! op!
>0 (2.22)

p-toT  p-t

Feasibility must hold for all elements within the invariant set and this is ensured
by the condition (stated here for a single input system for simplicity) that u <

Kz <w. But for x € E we have

[Ka|* < |KP~2Pag| <||KP~2|7||P2x|?
< (KP'K") (2" Px)

< KP'KT (2.23)

(And this inequality holds with equality for some x € E). Thus feasibility can be
rewritten as an LMI in P~'. For example, if —u = u, then |Kz| <ufor allx € F
if and only if

Pt PlK

>0 (2.24)
KTp-t @2
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It is noted that (2.24) is not only sufficient (as indicated by (2.23)) but also
necessary for the feasibility of E under the control law v = Kx. By maximizing the
size of the terminal invariant set, the set of feasible initial conditions is enlarged.

The enlargement of F can be achieved by performing the convex optimization [24]

max log det(P71)  s.6(2.22),(2.24) (2.25)

As an alternative to ellipsoids, low complexity polyhedral invariant sets can be

used. Firstly, the system in (2.1) is transformed to
z2(k+1) = VAW z(k) + V Bu(k) (2.26)

where V = W~ and z(k) = Va(k). The mode 2 feedback law u(k) = Kz(k) gives

a state trajectory that is governed by the dynamics
2(k+1) = ®z(k) (2.27)

where & = V(A + BK)W

A polyhedral set is defined as
H={zeR":|Vz| <a} (2.28)

where « is a vector with positive elements. A simple low-complexity polyhedron
with V' as a full-rank square matrix is considered. The condition for invariance is
that |z(k + 1)| < a for z(k + 1) € I and this is satisfied if and only if [PV z| < «

for all « such that |Vz| < «, but

DVz| < [P||Vz| <«

& |Pla < a. (2.29)
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This condition is necessary as well as sufficient for invariance of II. Considering
again the case of single input systems with —u = u, the condition for feasibility
of IT under the control law u(k) = Kz(k) is given by |Kxz| < u. But for all z € II

we have

|Kz| < |KV~'Val

< |KW||Vz| < |[KWla < @ (2.30)

(and this inequality holds with equality for some z € II). In the absence of
uncertainties, and assuming A + BK is to be strictly stable with real eigenvalues,
it is convenient to chose the columns of V' as the eigenvectors of (A + BK) so
that & = V(A + BK)W is a diagonal matrix of eigenvalues. In this case (2.29) is
satisfied for any positive a since |¢;;| = |\;|(< 1) and |¢;;| = 0 for i # j. Therefore
the only condition on « is (2.30) [25]. This choice of V is suitable only for the
case of (A + BK) with real simple eigenvalues. Extension to the general case is
possible, e.g in [26], but will not be discussed in this report. Alternatively, the
choice of V' can be computed by solving an optimization problem, specifically a

non-linear program, which is more computationally demanding [27].

The maximization of the volume of the polyhedral set, II, is given as the convex

problem:

max det(diag(a)) s.t(2.30) (2.31)

The dual mode MPC algorithm is given as follows

Algorithm 1. (Dual Model MPC)

1. (Off-line): Compute the maximum volume terminal invariant sets using ei-

ther (2.25) or (2.31).
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2. (Online): For k=0,1,2...

minJ s.t (2.9) and

u

Thonp Prriny < Lor [V < a (2.32)

3. Implement the first element of u and repeat the online optimization for next

k

2.1.3 Reference Tracking

The MPC theory described so far has focussed on the regulation of state where
the controller drives the states to converge to zero. The regulation problem can
be extended to a reference tracking problem, where the controller drives the states

to a predefined set-point.

Define z** and u** as the equilibrium states and inputs or predefined set-points,

r*° = Ax® + Bu*. (2.33)

Including these equilibrium states into the state-space formulation
Ty — 2% = Az — 2°%) + B(ug — u®) (2.34)

and setting p = xp — 2*° and 4 = up — u® converts the tracking problem to a

regulation problem.
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2.2 Robust MPC Review

The theory so far has not considered uncertainty. Uncertainties can be of the
form of disturbances or lack of precise knowledge of parameters inherent in the
model. Feedback provides some robustness to uncertainties, but Robust MPC aims
to provide robustness to a specific class of uncertainties. A strategy for dealing
with uncertainties is to ensure that MPC is robust with respect to the worst-case
disturbances within this class, and this holds for the worst-case, it would be robust

for all cases.

Consider an extension of the model in (2.1) to include polytopic multiplicative

uncertainty where the model is described by
Trr1 = Artr + Brug, (2.35)

and where the state and input matrices lie inside a polytope €2 which is a convex

hull of the vertices (A%, B®)
p A A p
(Ae, Be) = > _mi(AD,BY), N "n=1, 7,20 (2.36)
i=1 i=1

where (A;, B;) are known, and 7; are unknown, possibly time-varying parame-
ters. Input and state constraints which need to be satisfied for all realizations of

uncertainty and for all time £ are imposed
T € X, u, € U. (237)
The cost function which aims to minimize the worst case cost is given by

min max Jj (2.38)
u (A,B)eQ

s.t (2.37) and v € Xy
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As an alternative to minimizing the worst case cost, two algorithms are outlined
here to explain how uncertainty can be dealt with robustly by the MPC method-

ology using a nominal cost instead.

2.2.1 Closed Loop Paradigm

Consider first the case of no uncertainty, for applications with open-loop unstable
models, numerical problems will be encountered if long prediction horizons are
used. The predictions of (2.3) and in particular the elements C'A7B of matrix
M may assume large values if A has eigenvalues outside the unit circle. Then
MTQM + R, which is to be inverted when calculating the unconstrained optimum,
will be ill-conditioned. The closed loop paradigm is introduced to address this
problem. The degrees of freedom in the optimization are re-parameterized as

perturbations of a stabilizing feedback control law [28]

Uktilk = _ka—l-ﬂk + ¢ 1= O, 1, “ee ,N —1 (239)

Uk+i|k = —K:E;H_“k 1= N, N + 1, .. (240)

In this formulation, the prediction models are no longer (A, B,C) but (¢, B,C)
where ® = A — BK. CA’B is replaced by C®’ B, thus avoiding ill-conditioning.
Furthermore, the use of the perturbation ¢; can be seen as a way of ensuring
that constraints are respected whenever ¢ = 0 is infeasible. However, the ¢; is a
perturbation of the unconstrained optimal and should be kept as small as possible.
If K in (2.39) is the unconstrained optimal feedback gain for the nominal model
(Ap, By), the minimization of cost J evaluated for the nominal model (Ag, By),

can be shown to be equivalent to the minimization of [28]

J.=c"We, W =diag([B{XBy+ R,B{YXBy+ R,...,BiYBy+R]) (2.41)
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where Y is the solution to the Lyapunov equation ¥ — (Ag+ BoK)TS(A¢+ BoK) =
O+ K'RK.

In the online stage of the closed-loop paradigm MPC algorithm, the following
optimization problem is solved at each time-step and the first element of the input

vector is used as inputs.

Algorithm 2. (Closed-loop paradigm MPC)

min Je
ck+i‘k7i:0717"'7N71
st Ty € X, Uk+i|k € U (2.42)
and Tr+Nk € Xf (243)

If constraints (2.42) and (2.43) are invoked for all members in the uncertainty
class, this may lead to excessive computation. Several works [29, 30] attempt to
overcome this problem. This leads the discussion to an alternative that uses the

closed-loop paradigm in conjunction with an augmented state space formulation.

2.2.2 Augmented Autonomous State Space Formulation

For a linear system with polytopic uncertainty, the constraints (2.42) and (2.43)
are invoked for all members of the uncertainty class and this leads to an expo-
nential explosion in the online computation rendering the approach impracticable.
For the algorithm defined in the previous section, constraints need to be checked
along the prediction horizon thereby necessitating the propagation of the effects
of uncertainty. The constraints are invoked explicitly over Mode 1 and implicitly
over Mode 2 through the stability (terminal) constraint. By utilizing an aug-
mented autonomous state space formulation, the stability constraint from N steps

ahead into the future can be transferred to current time. This avoids the problem
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of propagation of uncertainty. This is achieved by transferring most of the online

computations off-line, leaving only a trivial optimization online.

An augmented state vector is defined as [31]:

2 =[x} b cnq)F (2.44)
Consequently, the prediction dynamics are given by
. O, [Br0 ... 0] .
Zk+1 = ‘Iszk, Up = KZk, \I/k = ,K = [K 61] (245)
0 M

where Py, lies within the polytope with vertices given by ®; = A;+B;K,i=1,...,L

and
0 I 0 0
00 I . 0
M = , er=[0 0], (2.46)
000 0

where [ is the m x m identity matrix. The evolution of state vector along the

prediction horizon N is as follows

2k —

Tk

Co

CN—2

CN-1

) Zk+1 -

Tk41

C1

CN—-1

yoe oy RN =

Tk+N

(2.47)
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An augmented ellipsoid is defined by

E,={z"P.2<1}, P,>0 (2.48)

The ellipsoid is required to be invariant with respect to the dynamics of (2.45)

and this is achieved if, and only if U7 P,¥ < P,, or equivalently:

Pt WP

>0 (2.49)
plgT  prl

In addition, the invariant ellipsoid is required to be feasible. For the case of only
input constraints, for all z; € E., the control law u = K z will be feasible over the

entire prediction horizon if and only if |[KT P, 1K | < @2, or equivalently

Pl P'K

) >0 (2.50)
KTpt @2

As a consequence of invariance and feasibility, if ¢ is found at current time such
that 2z, € E,, then the predicted augmented states would all lie in £, and would
thus ensure feasibility of the entire input trajectory. Feasibility at all future times

and closed loop stability is guaranteed [31].

The Efficient MPC algorithm is outlined as follows:

Algorithm 3. (Efficient MPC algorithm)

1. (Off-line): Maximize the volume of the projection of E, onto the x-subspace

by maximizing log(det[I 0]P; [ 0]7) subject to (2.49) and (2.50).
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2. (Online) For £ =0, 1, 2..., solve

min J,.
Cc

stz € B, (2.51)

3. Implement the first element of ¢ and repeat online optimization for next k.

The required minimization of the convex cost subject to the convex quadratic

constraint can be solved efficiently using a technique discussed in [32].

2.3 Nonlinear MPC Review

In most real-life applications, linear models are insufficient to model dynamics
with nonlinear behaviour. Nonlinearities that arise in modeling physical systems
include saturation (common in practical electronic or magnetic amplifiers), re-
lays, hysteresis, and quantization [33]. In this section, MPC applied to nonlinear

systems (NMPC) is discussed [34].

A nonlinear model with state variables (x € R") and inputs (v € R™) is given by

Tpy1 = f(2r, ur) (2.52)

where f is twice continuously differentiable with respect to x and u and the con-
straints on the system states and inputs are x;, € X, upy € U where X,U are
polytopic sets defined by linear inequalities. It can be assumed that the equilib-
rium is always at the origin, f(0,0) = 0 [35]. This assumption is valid because

a change of coordinates zp = x — x4, 0 = Ur — Ugs can always be introduced so
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that the equilibrium is at the origin in the new coordinates:

Zh+1 = Th41 — Tgs = f(zlc + Tgs, Uk + uss) - f(13357 uss)
= g(zkv U’f)

0 = ¢(0,0).

The objective function is a quadratic form given by

N—

J (X, ) = Z (xzﬂle’kJri\k + ug+i|kRuk+i|k) + x£+N|kaxk+N|k' (2.53)
i=0

—_

where ), R are positive definite matrices and )y is a suitable terminal weight

and x; and u; are vectors of predicted state x5 = [$£+1‘k, . ,nger]T and input
sequences uy = [uak, o 7u£+N71|k]T‘ The NMPC algorithm is therefore defined
by

Algorithm 4. (NMPC algorithm)

min J(xy, ug) (2.54a)
Ug,Xg
S.t T+ilk € X, Uik € U (254b)
Trpivile = f(Thpilks Unrilk) (2.54c)
Tr+Njk € Qr (254d)
for i =0,...,N — 1 and where x;4 y|x € {27 is a terminal stability constraint for

some suitable ellipsoidal or polytopic set Q7.

The optimization (2.54) is a nonconvex problem due to the non-linear predictions
(2.54c). This has two main implications. Firstly, a particular solution must be
computed online within strict time constraints, whereas the number of iterations
required to reach a given solution accuracy is unknown. Secondly, convergence to

a globally optimal solution cannot be guaranteed. Without this guarantee, the
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closed-loop stability of the NMPC strategy in turn, cannot be guaranteed, as this
is dependent on a sufficient decrease in the value of the receding horizon objective.
As the NMPC optimization may converge to several locally optimal solutions with
different associated predicted cost, there is no guarantee of sufficient decrease in

the objective value.

A viable approach is to compute an optimal control sequence of convex QP prob-
lems, which are solved to generate a sequence of iterates converging to an optimal

solution. By rewriting (2.54) in the form

min J(2) (2.55a)
stt.cp(z2) =0, ¢(2)<0 (2.55b)
where z = [xT u?]? with x and u defined as vectors of state and input predic-

tions at current time where cg = 0 and ¢; < 0 invoke the equality and inequality
constraints implied by (2.54¢) and (2.54b),(2.54d) respectively. An optimal solu-
tion for (2.55) satisfies the first order necessary KKT conditions. By application
of Newton’s method to the problem of determining a stationary point of the La-
grangian function which satisfies the KKT conditions yield the equivalent QP

subproblem:

1
H%ikglsz(Z(k))Td(k) + Ed(k)Tvgj(z)d(k) (2.56a)
d
5. V.ep(zTd® 4+ cp(2M) =0 (2.56Db)
V.cr (28N Td® + ¢, (20) < 0. (2.56¢)

where the solution d®) determines a search direction which is used to determine

(k+1) via a line search. This is a successive linearization strategy,

the next iterate z
where the nonlinear model dynamics are linearized at each iteration about the

predicted trajectories for the state and control variables obtained from the previous
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iteration. The resulting linear time varying system is used in place of (2.54c).

Without limits on the step size ||[d®||, the successive linearization method may
not converge, or require many iterations of the Sequential Quadratic Programming
(SQP) subproblem before the linearization errors in the approximate cost becomes
sufficiently small, thus requiring the solution of a large number of QP problems
at each sampling interval. A method proposed in [36] overcomes this problem by
adding polytopic bounds on predicted states and inputs. Using local Lipschitz
bounds on the nonlinear model, the additional bounds are used to formulate an
upper bound on the cost (2.54a) for the nonlinear model, which is minimized
instead. This allows guarantees of closed loop stability to be obtained on the basis
of the SQP subproblem cost regardless of the magnitude of linearization errors.

These bounds are retained as optimization variables to be minimized.

2.4 Stochastic MPC Review

MPC research to date has been extended to include stochastic disturbances with-
out constraints. MPC can be extended to handle stochastic uncertainty in the
presence of constraints via the method of robustness as explained in the previ-
ous section. The method of robustness ensures stability and feasibility for the
worst-case uncertainty and therefore would hold for all realizations of uncertainty:.
However, this approach disregards any a priori information about the probability
distribution of uncertainty. By incorporating information about the distribution
of uncertainty, a less sub-optimal controller can be obtained. This has recently
led to the development of Stochastic MPC which aims to achieve a systematic,
non-conservative and computationally efficient method for propagating the effects

of uncertainty over a prediction horizon.
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In this section, the advantages and limitations of available key results in Stochastic

MPC by [13, 37, 38] are outlined.

In [37], a formulation to handle probabilistic constraint is proposed. The process

dynamics are modeled using a discrete time linear model:

x(k + 1) = Az(k) + Bu(k) + Gw(k) (2.57a)
z(k) = C.x(k) + E u(k) (2.57b)
y(k) = Cx(k) + Fw(k) (2.57¢)

where y(k) is the measured output vector, z(k) is the performance channel on
which the objective as well as the constraints are imposed, and w(k) is vector
of exogenous stochastic disturbances with a Gaussian distribution. The objective
function chosen to be minimized is E(c? z) which is a linear function of z where E(.)
denotes the expectation operator. The control law is given by u —u" = K(y —y"),
where K is a pre-stabilizing controller and u", y" are references. The probabilistic

constraint considered here is a polytope
P(z € P)>a, where P ={¢: H'¢ < g}, (2.58)

where a € [0,1]. The Gaussian processes z; can be fully defined by the mean Zz

and its covariance matrix Z. The constraint P(z; € P) is equivalent to

5(=2)T27A) g > @, (2.59)

1 —0.
J(2n)" det(2) /p op

which is a difficult constraint to incorporate in an optimization problem. By

defining an ellipsoid €, = {¢ : (¥ Z71¢ < r?} and by ensuring that

P(zi€¢)>a, Z+4e CP, (2.60)
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then the constraint will be satisfied. The first condition can be converted into a

one-dimensional integration while the latter is easily shown to be equivalent to

hiz+r\/hlZh; <g; Vj, (2.61)

where h;, g; denoted the jth row of matrix H and the jth element of vector g re-
spectively. An open-loop solution and efficient method of computing the solution
is derived in [37], but no consideration is given to closed-loop stability and feasibil-
ity. This method was further investigated in [39],[10], which extended the case to
include bounded disturbances and exploited the state and innovations feedback.

However, both did not analyze the closed-loop properties either.

In [38], the linear discrete time stochastic dynamical system considered is

q
w(k+ 1) = Ax(k) + Bu(k) + Y _(Cjw(k) + Dju(k))w;(k) (2.62)
j=1
with w(k) = [wi(k) ... w,(k)]" and the control aim is to regulate the system to

the origin while respecting quadratic constraints of the form

=(k) H, =(k) + f “(%) <G, l=1,...1 (2.63)
e T (RYH (k) + () x(k) < 3%, 1=1,..., Ly (2.64)

with H; > 0 and HlX > 0. By choosing H; = HlX = 0, the constraints are linear.

The receding horizon control policy proposed is based on solutions of finite horizon

optimizations that uses open-loop plus linear feedback, satisfies (2.63) and (2.64)
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in expectation, and use a terminal cost and terminal constraint given as

min B[SO R g (V1)
Bk | & | e ux(ilk)
(2.65a)
s.t. an(0/k) = 2(k),  un(Olk) = @y (0[k)
(2.65b)

un(ilk) = an(ilk) + K(ilk) (en(ilk) — En(zn(ilk), i=1,...,N — 1 (2.65c)
Ex (25 (N|k)Dzy(N|K)) < a, (uy k), zx(.|k)) € C(x(k), N)
(2.65d)

where E(.) denotes the expectation operator condition on information available
at time k, N is the horizon length and zy(ilk),i = 0,..., N and un(ilk),7 =
0,...,N — 1 are the predicted state and control sequences respectively. The con-

straint set C is defined as

N 1|k N ik N ik
C(z(k),N) = E; (IE) H e + /' i) <G
(2.66)
1=0,.... N=1,1=1,..., L4
as well as
Cla(k), N) = Ey, (x (ilk)H* wn (ilk) + (f5) zn(ilk) < 6 (2.67)

The work in [38] showed that the optimization problem can be converted to a
convex semi-definite program by utilizing the convex characterization of the mean

and covariance processes of the dynamical system.
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Define matrix variables P(7),7 = 1,..., N —1 which satisfy the following inequality

Pl > B z(k) z(k)
u(k) u(k)
_ j@ "Z’@ + E@ 5-1(3) E@ | (2.68)

This in turn can be expressed as a Linear Matrix Inequality using Schur comple-

ments as
>(7 z(2
Pl (4) (4)
Ul() u(i)
> 0. (2.69)
(i) UT(0) %(4) 0
|70 AT 0 L

The objective function, terminal constraint and constraint sets can all be rewritten

in LMI form in terms of P(i), and the problem is recast as an SDP problem given

by
O 2% Tr(MP(i)) + Tr(®P*(N)) (2.70a)
s.t. Tr(HP(i)) + f il; +9<B (2.70b)
Tr(H P (i) + (f*)"2(0) < 6 (2.70c)
Tr(®P(N)) < a. (2.70d)

where T'r(x) denotes the trace of x. Primbs [38] also analyzed closed loop stability
and feasibility in detail. The advantage of solving an SDP in a receding horizon
manner makes the computation tractable and allows real time implementation of

a controller for stochastic systems. However, the computational burden may be
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prohibitive for a longer horizon or large system due to the constraints in LMI
form and the number of matrix variables to be determined online. Furthermore,
the assumption that constraints are met in expectation is simplistic and therefore

limits the applicability of this method.

An alternative SMPC algorithm proposed by [13] guarantees close-loop stability
and feasibility of probabilistic constraints through the use of probabilistic invari-

ance. The paper considers an uncertain linear system given by the model

where the elements of Ay, By and dj, are random Gaussian variables independently
and identically distributed at each time k. The uncertainty description can be

written as
[Ax Bi di] = [A B O]+ ) [4; B; Glar; (2.72)
j=1

with ¢ = [qe1 - - qeam)’ ~ N(0,1).

The control sequence is defined by perturbations on a feedback law ug,; = Kxp i+
e fori=20,...,N and upy; = Kapyy 7= N,N +1,..., where the feedback
gain K is optimal for the case of no constraints with respect to the cost function

defined in equation (2.81) below.

The system output is also subject to additive and multiplicative uncertainty:

Yy = Cry, + Dyug + ng (2.73)
[Ck Dy i) = [C D 0]+ Y _[C; Dj jlar; (2.74)
j=1
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The system in (2.71) is rewritten in an augmented autonomous form

Zitllk = \Ifk+izi|k + 5k+i, 1= 0, 1, . (275)

2ok = [z} cak cﬁ_llk]T (2.76)

and consequently, the uncertainty description is written as

(U, di] = [0 0] + > [FD 5D)g (2.77)
j=1
~ ® BE o o) BUE ‘ G\
U = ,0) = AW = . (2.78)
0 M 0 0 0
where ® = A + BK and
01 0 ... 0
001 ... 0
M = , E=1[10...0] (2.79)
0 00 0

where [ is the identity matrix with dimensions equal to the size of wuy.

The constraints in this algorithm were defined to be soft constraints which means
that constraint violations may occur, but the frequency of constraint violations,
averaged over a horizon N., must be no greater than a predefined limit. If con-
straints are such that ¢, € I, where I, = [¢1,%y], then requiring the average

rate of violation to be less than

N . .
rer jg equivalent to

c

(2.80)

Ne—1
Nmax
c

1
F;PTWHNfIw}S N

c .
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The predicted cost is defined as the expected value of a quadratic cost
Je =Y BEw(Ly), L=z Qz—Tr(0Q) (2.81)
i=0

where © is the solution of the Lyapunov equation © — ¥OUT — > i q/j@\fl;p =
- Q+KT'RK KTRE
> 77T and Q =
ETRK ETRE
The soft constraint on the system output can be written as a probabilistic con-
straint using a sequence of nested sets. For the case of two nested sets, €; C €9
defined in the space of z, let S; = ¢; and Sy = €5 — ¢;. Conditional probabilities
are defined as Pr(¢ ¢ Iy|x, € S;) =p; j = 1,2. The assumption that p; is small
is made, which implies S; is the ‘safe region’. Consequently, p, is approximately
1 implying that Sy is the ‘unsafe region’. A matrix of transition probabilities is
defined as

P p
m=| (2.82)

P21 P22

where p;; is the probability that the state of (2.75) is steered from S; to \S; in one

step.

The probability of constraint violation at time k + ¢ is then given by

| Pr(zy € 5)
Pr(i ¢ Iy) = [p1 p2]II’ (2.83)
PT’(.’Ek c SQ)

Due to the special structure of II, the rate at which constraint violations accumu-

late given x;, € S tends to

R; = [p1 poJwrvie;, j=1,2 (2.84)
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where e; and e, denote the first and second columns of the identity matrix and w;
and vy are the right and left eigenvectors of II. If R; and Ry are less than %,

then there exists finite ¢* such that for all « > ¢*, the total expected number of

constraint violations over ¢ steps will be less than iN]’\’}”. This ensures that the

c

soft, constraints on W are satisfied provided i* < N,.

The algorithm involves off-line and online stages. In the off-line stage, the nested
sets defined above are computed subject to bounds p; on constraint violation
probability and p;; on transition probability maximized. In the online stage, the
controller has two aims depending on the current state. The cost (2.81) is mini-
mized whenever the current state, zj, is in the ‘safe region’ (i.e. the projection of
S onto the z-subspace). If not, the state is returned as quickly as possible to the
‘safe region’ by driving the expected value of the next state z;,; as far inside the

‘safe region’ as possible.

2.5 Conclusion

Robust model predictive control do not consider distribution of stochastic model
uncertainty. However, this becomes necessary when soft probabilistic constraints
are present, and the capability for handling such constraints becomes more im-
portant when unknown disturbances are large. It avoids the trade-off between
computation and optimality of robust MPC. This is achieved by replacing the
requirement in robust MPC that constraints are satisfies for all realizations of un-
certainty with a guarantee that constraints are satisfied with specified probabilities

instead.

Problems which consider only additive disturbances and probabilistic constraints
were considered in [10], [40], and [19]. Each of these approaches proposed a re-

ceding horizon control law, but none considered recursive feasibility or stability
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of the control strategy in closed loop operation. The same objection applies to
works in [41] and [42]. Therefore the work in this thesis aims to solve these issues.
Furthermore, the works in [10] and [19] considered only normally distributed dis-
turbances and did not guarantee closed loop feasibility and the work in this thesis
does not place any restriction on the uncertainty distribution except that it is

finitely distributed and ensures feasibility recursively.



Chapter 3

Tube Linear Stochastic Model

Predictive Control

!This chapter considers constrained control of linear systems with additive and
multiplicative stochastic uncertainty and linear input /state constraints. Both hard
and soft constraints are considered, and bounds are imposed on the probability of
soft constraint violation. Assuming the plant parameter to be finitely supported,
a method of constraint handling is proposed in which a sequence of tubes, corre-
sponding to a sequence of confidence levels on the predicted future plant state, is
constructed online around nominal state trajectories. A set of linear constraints
is derived by imposing bounds on the probability of constraint violations at each
point on an infinite predicting horizon through constraints on one-step-ahead pre-
dictions. A guarantee of the recursive feasibility of the online optimization ensures
that the closed loop system trajectories satisfy both the hard and probabilistic soft

constraints. The approach is illustrated by a numerical example.

!The work in this Chapter has been published in [43].

41
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3.1 Introduction

When constraints are included in a Stochastic Model Predictive Control algorithm,
the difficulty caused by stochastic parameters manifests itself in the online opti-
mization. In this chapter, this problem is overcome through the introduction of
layered tubes centered on a nominal model trajectory. These tubes are adjusted
online in order to derive a systematic and non-conservative MPC law for linear sys-
tems with bounded additive and multiplicative uncertainty subject to hard and
soft constraints. The soft constraints are assumed to be constraints which can
be violated with an average frequency less than a predefined limit [11, 19, 40].
More importantly, the issue of feasibility guarantees [12-14, 44] where the closed
loop system is guaranteed to satisfy constraints on the predicted trajectories is
addressed in this chapter. The use of layered tubes centred around a nominal tra-
jectory enables soft constraint satisfaction through the imposition of constraints
on the probabilities of transition of the predicted state between the layered tubes
and constraints on the probability of one-step-ahead constraint violations within
each tube. This approach was employed in [25, 30], for the case of linear sys-
tems subject to multiplicative uncertainty, or subject to and additive disturbance
which accounts for the linearization error of nonlinear dynamics about a seed tra-
jectory [36]. The idea of tube MPC has been used subsequently in robust MPC for
systems with additive disturbances [45, 46], however these approaches use fixed
sets of states that are computed offline to define the tube, whereas the work here
employs tubes that are optimized online, thus ensuring a greater degree of flexi-
bility in predictions. The results of this algorithm are illustrated by a numerical

example.
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3.2 Preliminaries

Notation: For clarity, throughout this chapter as well as the rest of the thesis,
superscripts j denote vertices of the uncertainty class, superscripts s will denote
vertices associated with polytopic confidence regions, superscripts [, m will identify
particular tube layers, subscripts r will be used to identify the vertices of the
polytopes that define the tubes, subscripts £ will denote instants of time whereas

subscripts ¢ will identify prediction instants.

3.2.1 Problem Formulation

Consider the discrete-time model and uncertainty description of the form:

p
Ay By ) = (A0 B &)+ Y (A9 BO d0)g (3.2
j=1

where x € R"u € ]Rm,d € R™ denote the state, input and additive disturbance
vectors, and g;; denotes a random variable with a finitely supported distribution
that is identical and temporally independent for all k. Let qi = [quk,- -, qpk)"

then, with an appropriate choice of state variables, it can be assumed without loss

of generality that the mean and covariance of q; are given by

E(qr) =0, E(qeq;) = 1. (3.3)

Use will be made of the dual mode prediction paradigm, described in the previous
chapter and in [3], according to which the first N predicted control moves (Mode 1)
are free whereas the remainder (Mode 2) are dictated by a pre-determined state
feedback. In addition, use will also be made of the closed loop paradigm (also

described in Chapter 2 and in [28]), and thus the predicted control moves will be
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given by:
uk+i|k;:f(xk:+i|k+ci\k iZO,l,...,N—l Mode 1 (34)
i =0, i=N,N+1,... Mode 2
where ¢, @ = 0,..., N — 1 are free optimization variables.

Then, (3.4) combined with the transformation z = Vx (the definition of matrix V'

is discussed below), allows the reformulation of (3.1):

Zhgit1 = PrgiZigilk + BryiCipk + digi (3.5)

for which, after some rearrangement of (3.2) we have

P
[@hys Brys dii] = [@° B° 0]+ ) [0V BY dW]gy, (3.6)
j=1
where ®°, B% and &) BU) dU) are defined by
d=V(A+BK)W, W=V (3.7)

B=VB d=Vd

The performance objective defined below is the expected value of an infinite hori-
zon quadratic cost. In Mode 1, the choice of K does not affect performance due to
perturbations c;,. However, since the perturbations are zero in Mode 2, K should
be computed such that the system (3.1) is mean square stable. If the system is
mean square stable under the Mode 2 control law, then E(wyy2} ;) — 0 and
Trri — 0 as kK — oo almost surely, irrespective of the initial condition zy. Mean

square stability is ensured by the following condition [24]:

P—E((A+ BK)'P(A+ BK))>Q+ K'RK, P >0. (3.8)
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It can be shown that if the mean square stability condition is satisfied for a given

P then the cost function J; under the Mode 2 control law is bounded by
Jp = Ey, (Z zh,(Q + KTRK)xk+i> < x} Py (3.9)
i=0

Substituting (3.2) into (3.8) and expanding the equation yields

p
p_ (Ao + éOK)TP(AO + BOK)) — o2 Z(A(J‘) + B(j)_f()Tp(A(j) + E(ﬂf()
j=1
>Q+ KT'RK
(3.10)

where o7 is E(q;qx) = diag(of,...,0%) and as stated in (3.3) it is assumed that

E(q}qi) = I. Pre and post multiplying by S = P! gives

S — (SA°S + B°KS)TP(A°S 4+ B°K)S)
P
—> (AVS + BYKS)"'P(AYS + BYKS) > SQS + SKTRKS.  (3.11)
j=1
Using Schur complements, and substituting ¥ = KS the inequality (3.11) can be

rewritten as an LMI in S and Y

s pr pwr . pwrt g yT

>0 (3.12)

S Q!
Y R™!

where DY = A°S 4+ BYKS and DY = AWS + E(j)f(S,j = 1,...,p. Therefore
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a mean square stabilizing feedback gain K can be computed by minimizing the
upper bound of the cost function in Mode 2 x! Px;, (or equivalently maximizing

its inverse) subject to the mean square stability condition.

max tr(S) s.t.(3.12) (3.13)

Although the computation of the state feedback law K ensures that that v = Kz
is mean-square stabilizing in the absence of constraints, this does not guarantee
the feasibility of the invariance condition over the entire uncertainty class of (3.6).
To ensure the invariance condition is satisfied, the feedback K can be de-tuned
(by changing R) and/or the parameter V' can be adjusted. The matrix V' can be
chosen for convenience to be the inverse of the eigenvector matrix of AY+ BYK so
that ®Y is the eigenvalue matrix, which is diagonal and (because K is mean square
stabilizing) has elements within the unit circle centred at the origin of the complex
plane. This ensures that the invariance condition is satisfied at the centre of the
uncertainty class [25], and hence facilitates the definition of robustly invariant

polytopic sets.

In this setting the control law of (3.4) can be rewritten as
Ui = Kzppipe + e K = KV (3.14)

The system of (3.1) is assumed to be subjected to hard and soft constraints in x

and u which, for the transformed model of (3.5) and (3.14) are of the form:

'(b,? = Fyzi + Gper < hy (315)

U = Fozp + Gocp < hs. (3.16)

Constraints (3.15) are hard (inviolable), whereas (3.16) are soft (may be violated

at any given k), but the average rate of violation of (3.16) over a fixed horizon N,
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must not exceed a specified bound Nﬁ:x:
1 [ & N
ﬁc {; P’I“{FSZ]C_H‘ + Gsck—i-i > hs}} S ]n\;:z (317)

Given any distribution for ¢, it is possible to define polytopic confidence regions,

Q(p) in g-space, with vertices ¢**)(p),s = 1,...,v, with the property:

Pr{ge Q(p)} = p. (3.18)

Lemma 1. Let ¢'°

p),j =1,...,p denote the elements of ¢**)(p) and let
J

p
(¢ (p) B(gW(p)) d(¢®) (p))] = [° B” 0]+ _[@9) BD dD]¢\ (p) (3.19)
7j=1
Then the following statements are true

Pr{® e (&°+ Li®(qM(p)) ... (¢ (p)])} =p (3.20)
Pr{Be (B"+L[B(¢"(p)) ... B(¢"()])} >p

Pr{de (& + Lld¢(p)) ... dd®)])} =p

where L[.] denotes the linear span.
Proof. This result follows directly from (3.18). O

This result can be used to express sufficient conditions for satisfaction of probabilis-
tic constraints (which are required to hold with a given probability) in the form of

deterministic linear constraints defined on the basis of the vertices ¢*), s—1, ..., v,

of Q.

Consider for example a triangular distribution supported on [-a,a] shown in Fig-

ure 3.1. Given a probability of p, the confidence region is defined by[-b,b]. Then
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a polytope in ¢-space can be taken to be square with four vertices as shown in

Figure 3.2 to ensure that (3.18) is satisfied.

f(=)

1ra

y b >

X

FIGURE 3.1: A triangular distribution which is finitely supported on [-a,a]. For
a given probability p the confidence region lies in [-b,b)].

3.2.2 Nested tubes

To handle constraints on the distributions of predicted states and inputs in a

computationally efficient manner, we construct a sequence of p tubes comprising

polytopes Z '(|l13 which are centred on a nominal model trajectory zj ik in Mode 1,

and polytopes Zg) centered around the origin in Mode 2:

z\

ik = {22 = zpqpl < igf;}, l=1,...,u in Mode 1 (3.21a)

ZW ={z:12| <2}, 1=1,...,p in Mode 2. (3.21b)

As a result of using a finite number of probabilistic tubes and imposing a fixed
geometry on their cross-section, the approach is subject to a degree of conserva-

tiveness. Therefore, the use of multiple nested tubes reduces the conservativeness.
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al
(5,5) thed?

al

(-b,-8) (8,-b)

FIGURE 3.2: From the triangular distribution, the confidence polytopic region
has vertices defined by b.

Here the nominal trajectory zj ik 18 obtained from a recursion of the nominal

dynamics of (3.5) (namely for ®;; = ®° By,; = B%dyy; = 0) as:

N
Zli—i-i\k = [éo]izkw + Z[@O]i_jBo(Cj‘k) = [CI)O]iZk‘k + MZ»OC (3.22)

j=1
fori=1,..., N, where
M) =[@ 1" B ... B°0... 0], cx=[cop ... en—1pp]” (3.23)

To ensure that the tubes are nested in the sense that

I p—1 1
ZWC D) Zi|k 2...20 Zi‘k

ZED ZE D D Z)
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the following constraints are imposed for i =1,..., N:
2 2 E > 2 >0 (3.25a)
> > >z >0 (3.25b)

The state at time k is assumed to be known, so we set Z(()?L =z, l=1,...,4. In

addition the terminal constraint

l l
Z8 i €25 1=1,....p (3.26)

is imposed. Note that the above polytopes are orthotopes in z-space and hence
have vertices, DTEEf,)C,DTEy), respectively, where {D,, r = 1,...,2"} are the diag-
onal matrices whose elements are +1. A hypothetical sequence of polytopes is

shown in Figure 3.3.

\i

FIGURE 3.3: Evolution of tubes along the prediction horizon.Two nested tubes
u = 2 are shown centered around the nominal trajectory.

3.3 Constraint Handling

This section considers how to impose constraints on predicted inputs and states,
and shows that satisfaction of both the hard constraint (3.15), and the probabilis-

tic bound (3.17) on violations of the soft constraint (3.16), can be ensured through



Chapter 3. Tube Stochastic Model Predictive Control 51

constraints on one-step-ahead predictions. The strategy is to constrain the prob-
ability that, for each i, the i-step-ahead predicted state lies in any particular set
Z (|l12(01” Z for i > N) by constraining the probabilities of transition from Z}(”k)

to 2" for h = 0,1,...,N — 1 and from Z™ to Z", to be no less than pin,

h+1]k>
for [;m = 1,...,u. Further constraints are imposed in order to ensure that the
probability of violating system constraints at prediction time ¢+ 1 does not exceed
p for [ = 1,..., u whenever the i-step-ahead predicted state lies within Zi(‘llz (or

Zt(l) for i > N).

The approach is based on the following condition (note that the notation Pr(X|Y)

denotes the mazimum probability of X given Y):
(1) One-step-ahead transitional probability constraints:

Pri{zpyivik € ZZ+1|k|zk+Z‘k € Z|k} > Py in Mode 1 (3.27a)

Pri{zpyiyik € Z ]zk+z|k c Z } > P in Mode 2. (3.27b)

(2) Universality constraint on outer polytope:

Pri{zpyivie € Zi(i)l\kyzk‘*‘“k € Zi(‘l,z} =1 wn Mode 1 (3.28a)
Prizisiip € 29|z € 2V =1 in Mode 2. (3.28D)

(3) One-step-ahead constraint violation probability:

Pri{gg i > hslzrn € ,|k} <p in Mode 1 (3.29a)

Pri{i i > hslzrein € ZM0Y <p in Mode 2. (3.29b)
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(4) Feasibility of outer polytope with respect to hard constraint:

Pr{w,iilk > hi|2pik € Zl.(l‘,?} =1 in Mode 1 (3.30a)
Pr{@bﬁrﬂk > hp| gk € Z:(F“)} =1 in Mode 2. (3.30b)

Thus (1) constraints the probability of transition between tubes, while (3) bounds
the probability of one-step-ahead constraint violation given that ¢th predicted state
lies in a particular tube. Furthermore (2) ensures that the outer tube is universal
in the sense that it contains the predicted state at each time-step, and condition
(4) ensures that this outer tube (and hence also the inner tubes) is feasible with

respect to the hard constraint.

The probabilities py,,, p; for [,m = 1,..., u appearing in condition 1-4 are design
parameters that are free to be chosen by the designer of the MPC strategy. Condi-
tions on these probabilities that ensure satisfaction of the probabilistic constraint
(3.17) are given in Assumption 2 below. In order to facilitate invoking conditions
(1)-(4) via a set of linear constraints, we also make the following assumptions on

the values of py,, and p;.

Assumption 1. The probabilities p;,, and p; for [,m = 1,..., u are chosen so
that

Dimatl < Pm Lm=1,...,u—1 (3.31a)

pu=1 l=1...,p (3.31b)

pei>p =1, u—1. (3.31c)

Conditions (3.31a) and (3.31b) are consistent with the nested property implied by
(3.25a) and (3.25b) and the universality property implied by (3.28a) and (3.28b),

and will therefore be satisfied by any chosen set of transition probabilities py,,.
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Similarly, condition (3.31c) corresponds to the natural requirement that the prob-
ability of one-step-ahead violation of soft constraints should be greater at points

that are further from the center of the tube.

Clearly the constraints of (3.28a) and (3.28b) and (3.30a) and (3.30b) ensure that
predicted trajectories satisfy the hard constraints (3.15). The following result
provides a means of ensuring satisfaction of probabilistic bounds on the predicted

number of violations of the soft constraint (3.16).

Lemma 2. Under constraints (3.26)-(3.29) and (3.31), the probability of violation

of the soft constraint (3.16) at the i*"-step-ahead is bounded from above as:
Pri{¢iyspp > hs} < lp1 .. puJ (T T)'ey (3.32)

where II is a matrix of transition probabilities:

Pir -+ Py
IT= ,
Pu1 - Pup
and T is a lower-triangular matrix:
10 ... 0 1 0 0
11 0 -1 1 0
T = , T7'=
11 1 0 -1 1

and where e; = [10 ... 0]7.

Proof. On account of the terminal constraint (3.26) and the fact that the proba-
bilities p;,,, and p; are the same for both Mode 1 and Mode 2, there is no need to

distinguish between the two modes, so the proof applies to a general prediction
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time 4, (which may be greater than N). If zW

ik for [ =1,..., u were disjoint, then

o
> oiPrizin € Zy) ) (3.33)
=1

would give an upper bound for the probability of violation of (3.16) at the ith

step. However, since these sets are nested, a tight bound is given by:

1
Pr{wliriﬂ\k > hs} <pi{zitin € Z;iJr)“k}"‘

I
> nilPrizien € Zy) ) — Prizea € Z )]

=2

=1 . pJT  Opgipp (3.34)

where vj4;, is defined by:
(1) W 1"
Ukl = [Pr{zkﬂ‘k € Z0 o Prizian e 283 (3.35)

By the same argument it follows that vjyx > T vg4i_1k, and, since (3.31a)
and (3.31b) imply that 17! has non-negative elements, with [0 ... 0 1] in the

last row, it can be shown by induction that:

1. Vi > (IIT 1)y, where vy = [1 ... 1]7,

2. all elements of (ITT~!)%v;, are non-negative and the last is equal to 1.

Furthermore from (3.31c), the first p — 1 elements of [p; ... p,|T ' are non-
positive, and the last it p,. Combining this observation with 1. and 2., it follows

that

Pri{di i > hsy <lp1 ... pJT IT ")y
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and the proof is completed by noting T-Y(IIT 1)y, = (T1)'T v, = (T )¢y
and T 'v, = ey follows from the fact that Zhk = zg‘k € Z,S,i € Z,(C‘Qli € Z’glllk) SO

that v, is the vector of 1’s. O

The transition probability matrix with elements p,,; defines the transition prob-
ability of the current state, given that it lies within set Z;m), to the next state,

which lies within the set Z;l), as illustrated in Figure 3.4 for Mode 2.

p21 pld

11
- F

&1 -~

pdd

£

FIGURE 3.4: For the case of u = 2 tubes with transition probabilities p;,, in
Mode 2. Note that probabilities pss and po; are equal to 1.

The probabilities p;, and p; appearing in conditions 1-4 are design parameters
that are free to be chosen by the designer of the MPC strategy. Conditions on
these probabilities that ensure satisfaction of the probabilistic constraint (3.17)

are given below.
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Assumption 2. The probabilities p;,,p; for [, =1, ..., u are chosen so that

1 Vel N
N Z D1 - Pl (T7')'e; < ;{;M I=1,...,pu. (3.36)
¢ =0 ¢

A direct consequence of Lemma 2 is that the probabilistic bound (3.17) on soft
constraint violation is necessarily satisfied under (3.26)-(3.29) and (3.31) if py,

and p; are chosen according to the Assumption (1) and Assumption (2).

We next show that, on account of Lemma 1, conditions (3.27)-(3.30) can be ensured
by invoking the following set of inequalities involving the vertices of the polytopes

defining the tubes and the vertices of the polytopic confidence region Q(p).

(g (i) 25 41 + DrZpyi] + B(a (o)) + (g (pim))

_Zg+i+1|k;’ < EI(CTLFIW (3.37a)
(¢ (pin)) D + g ()| 7V (3:37h)

B4V e+ Dyl + Bla® (D)eap + Al (1)

_z£+i+1|k} < zl(ﬁljr)iﬂ‘k (3.38a)

®(¢) (1)) D,z + d(q(s)(l))’ <z (3.38b)
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Fs { @(a" (1 = )i+ DAL + Bg® (= p))eip +d(g (1 = po) } +
Gscipip < hs

(3.39a)

Fs {@(¢” (1 = p) D2 +dl (1 = pi) } < hs

(3.39b)
Fy [zl§+i|k + Dri,ﬁ’fﬂk] +Gucip < hy (3.40a)
FuD,z% < hy (3.40b)
c —(1 (1
ZkJrN\k + Drzlij_le S Z(T) (341)

Theorem 1. Conditions (3.37)-(3.40) and (3.41) are sufficient for (3.27)-(3.30)

and (3.26) respectively.

Proof. Invoking (3.37a) for s = 1,...,v gives

—(1 C —\m

c —(1
+d(q) - Zk+i+1|k S Z’(gii+1‘k

for all ¢ € Q(py,). From the model (3.5) and the definition (3.21a) of Zi((; it

therefore follows that invoking (3.37a) for r = 1,...,2" gives zpiyix € Zi(—l&-)1|k

with probability p;, for all z . € Z .(m), and hence (3.37a) implies (3.27a).
+i ik

By the same argument, (3.38a) imposes a probability of transition from Z,i’i)l.'k to

Z(M)

i1k of p,, = 1. Enforcing the transition between outer polytopes to hold with

probability 1 ensures (by linearity) that the transition probability from Z,ilJ)r“k to
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(w)
Z k+i+1]

and therefore (3.38a) implies (3.28a).

, isalso py =1, for all I = 1,..., u, which is in accordance with (3.31b),

Similarly, condition (3.39a) implies (3.29a) by ensuring that the soft constraint
(3.16) holds with probability 1 —p; at prediction time-step i 4 1 whenever 2, €

zW

jji- Furthermore, (3.40a) ensures that the hard constraints (3.15) are satisfied

and by linearity therefore, (3.15) also holds for all z € Z O 1=

for all z € ZW ktilk b =

k+ilk?

1,...,p.

Conditions (3.37b)-(3.40b) are analogous to (3.37a)-(3.40a), but apply to Mode 2
(rather than Mode 1), and thus can be proved in a similar manner. Finally, note
that (3.42) implies that the vertices of Z ,gl) lie in Z;l) and thus ensures that the

+N|k

terminal condition (3.26) is satisfied. O

The receding horizon optimization of predicted input and state trajectories is

performed over the free variables cg, implying that the bounds 5,(3

jr can also
be treated as degrees of freedom which can be used in the online optimization.
However there is little advantage in retaining the terminal set parameters {Eg), [ =

1,...,pu} as variables in the online optimization. Instead we propose to determine

these bounds off-line by solving the following maximization:
max [ prod(z¥) s.t. (3.37b), (3.38b), (3.39D), (3.40b) (3.42)

where prod(z) denotes the product of the elements of Z. The rationale behind
(3.42) is that it is a convex problem, and that it maximizes the products of the
volumes of Z:(Fl), [ =1,...,p thereby making the terminal constraints (3.26) less

stringent and thus enlarging the region of attraction of the proposed method.
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3.4 The Receding Horizon Algorithm

3.4.1 Stage cost definition

The predictions governed by (3.1)-(3.4) can be written in an augmented au-

tonomous state-space form [31, 32] where the model is given by

Xk+itik = YigiXerilk T it (3.43a)
Colk
Tk
Xkt = , k= : (3.43b)
Tr
CN-1|k

and its uncertainty description given by

(B, di] = [0 0] + > [0 dW]g (3.44)
j=1
where
) 50 BOE , &0 BUE » FO)
§O — .U = . dY) = . (3.45)
0 M 0 0 0
0 I 0 0
0017 ... 0
M = ., E=[10...0], (3.46)
000 0

where [ is the m X m identity matrix.

Under the assumption that (3.43) is mean square stable, it is shown in [47] that

the covariance matrix Fj(x;x?) converges to a finite limit as i — oo along the
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predicted trajectories of (3.43), provided that \i/kﬂ» and cikH are independent.

Lemma 3. [13]. The sequence generated in (3.43) satisfies lim; o, Fr(x;) = 0 and

lim; oo Er(xiX}) = O, where O is the solution of the Lyapunov equation

A
A

6 — VOO =3 W[ =3 " dI[de)]" (3.47)

s=1 s=1
if and only if there exists P > 0 satisfying
A A p A A
P—9OTpy© NG pyl) > o, (3.48)

s=1

Proof. Given the linearity of (3.43), the sequence x; is the sum of the sequences,

¢ and & generated by the following two systems

Giy1 = ‘ifkﬂfz’ Co = Xo (349)

i1 = Ui +diys, & =0 (3.50)

Condition (3.48) is necessary and sufficient for mean square stability of (3.49) and
therefore ensures that E;((;¢7) — 0 and hence ¢; — 0 almost surely, as i — oo.
From (3.50) we have E(&;) = 0 for all 4, and it follows that Ex(y;) — 0 as i — oo.

Since &; is independent of W, (3.50) also gives

Er(&16h ) = Bed (Wil + drrd) (Wapils + dii) ™}

= Ek(\ijk—kifigr\ijgﬂ) + Ek(CZkHCZZH)

P
O (G IO + > BIEL(ET)T S)T+st)d T (3.51)
s=1

Let ©; = Ej,(&€7) — O, then from (3.47) and (3.51) we have

~

P
0511 = 206,007 + ) " 00,007, (3.52)
s=1
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From the mean square stability condition of (3.48), it follows that © — 0, so that
Er(&E) — © as i — oo. Finally, note that Ei(x;x?) — Ep(&EL) since ¢ — 0 as

7 — 00. O

To develop the overall MPC receding horizon algorithm we need to first define
the predicted cost which is to be optimized online. For the case with no additive
uncertainty, the existence of P satisfying (3.48) implies that Ex(x;x}) = 0 as

1 — oo. In this case, the predicted cost is defined by

Je =Y Bz ,Qurss + ufy Rugys)
1=0

= Z Er(x; Qxi) (3.53)

=0

where
B Q+ KTRK KTRE

Q= ) : (3.54)
ETRK  ETRE

Such a cost is well-defined and hence is suitable for a predicted performance cost
to be minimized online by a receding horizon control law. However, in the case of
persistent non-zero additive uncertainty, it follows from Lemma 3 that the stage

cost converges to a nonzero limit.

Theorem 2. Under the assumption that u = Kz is mean square stabilizing, then

lim E;.(x! Qi) = tr(0Q) (3.55)
where tr(Q) denotes the trace of matrix Q.

This implies that the cost is infinite in the case of persistent non-zero additive un-

certainty and therefore to obtain a finite cost, the predicted cost must be modified
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to

Jp = ZEM?QM —tr(0Q)). (3.56)

Theorem 3. [13] The cost Ji of (3.56) is a known quadratic function of ¢, which

is given as
T
WZO‘]C WZO|k
Ji = C P Ck (3.57&)
1 1
P, P
p=| " M| py=prP" (3.57b)
P, P
P, — @(O)Tpx\j;(O) _ Z @(S)Tpxﬁ;(s) =Q (3.57¢)
s=1
P = Z J(S)TPX@(S)([ — @(0))*1 (3.57d)
s=1
P, = —tr(©P,). (3.57¢)

Proof. Define V; = x] Py xi + X! Py + Piyxi + Py, then from y;1 = ‘i’kﬂ‘Xi + Cikﬂ‘

we have
Ex(Vi) — Ex(Vig1) = Ep(XT [P — E(VT, PWsis)] i)
+2[Py (1 = U0) — E(df, P W) |Ex(xi) — B(d}, Pydii) (3.58)

The first term of the right hand side from (3.57c) can be written as

Ev(x! [Py — E(VE, P 0sss)xa) = En(xXiQx)- (3.59)
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By post-multiplying (3.47) by P, and extracting the trace gives

tr(OP, — ¥OeUOTP, -3 " ¥Weup,) =

s=1

tr(O[P, — VO PTOT - N "GO pyOT)) =3 " tr(ddT Py) (3.60)

s=1 s=1
and (3.57¢) therefore implies
r(0Q) =Y d*TPdY = E(d},; Pydiys). (3.61)
s=1

Substituting (3.59) and (3.61) into (3.58), and using (3.57d) gives
Er(Vi) — Ex(Vir1) = Ex(x] Qxi) — tr(©Q), (3.62)

and if the equation is summed for all ¢ > 0 we obtain

71— 00

Vo — lim Ex(V;) = ZEk(X@TQXz —tr(0Q)) = Ji. (3.63)
i=0

The proof is completed by showing that Ey(V;) — 0 as i — oco. This follows from
the definition of V; and (3.57e), which give

Ex (Vi) = Er(x! Poxi) + 2P E(xi) — tr(©P,) (3.64)

and therefore
lim E(V;) = lim Ey.(x]{ Pyxi) — tr(©OP,) (3.65)
= lim tr[Ey(xix] )Py — tr(OP,) =0 (3.66)

where lim; o Ex(x;) = 0 and lim; .. Ex(xix7) = ©. =
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3.4.2 Receding horizon algorithm

The exact stage cost defined above is minimized in the following a receding horizon

manner.

Algorithm 5. (Tube Stochastic MPC)

1. (OFF-LINE): Determine Eg),l = 1,...,u by performing maximization in
(3.42).

2. (ONLINE): At each time instant & = 0, 1, ... perform the optimization:

min J; s.t (3.25a), (3.37a), (3.38a), (3.39a), (3.40a), (3.41)  (3.67)

_a
Zk4ilkCk

3. Implement uy, = Kz, 4 cor where cj is optimal for (3.67).

The ability to adjust the size, shape and centres of the polytopes Z® introduces
into the problem useful degrees of freedom but it also increases computational
complexity. Should this be a concern, it is possible to allow only the centres and
scaling of the polytopes to be adjusted online by replacing the vector of upper

- () -0 . .
bounds Zhilk with Zk+i|k1 where Zj ik 18 DOW & scalar and 1 is a vector of ones.

Theorem 4. If the online optimization (3.67) is feasible at £ = 0, then (3.67)
remains feasible at all times & = 1,2,... and the closed loop system of (3.1) and
(3.2) under the TSLMPC algorithm satisfies the hard constraints (3.15) and the
probabilistic bound (3.17) on soft constraints (3.16). Furthermore the closed loop
system is stable in the sense that L, = mf@azk + ufRuk satisfies

o1
lim —
n—oo M,

3" Ba(Lu) < r(60). (3.68)
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Proof. For all k > 0, the assumption that (3.67) is feasible at time k£ — 1 implies

that feasible values for the optimization variables at time k are given by

() o
=c () _ ) Fitik—1 1=1,...,N—1
IR U )
2t 1= N.

Hence feasibility is guaranteed at all £ > 0 given feasibility at £ = 0. It follows that
the trajectories of the closed loop system under receding horizon application of the
TSLMPC algorithm necessarily satisfy hard constraints and follow the prescribed
one-step-ahead transition probabilities p;,, together with the probabilities p; of
soft constraint violation. It follows that (3.36) and therefore (3.17) are satisfied in
closed loop. Given feasibility, the proof of the property (3.68) is the same as the

proof of Theorem 5 in [13]. O

3.5 Numerical Example

The SLMPC algorithm is illustrated by an example which demonstrates the ef-
ficacy of the SLMPC algorithm in respecting both hard and soft constraints in
comparison with the unconstrained optimal case. Consider the system with the

following parameters:

. 1072 | -1 —0.5 R 10-2 | —0.6 0.7

a ~1 02 a -0.3 0.3
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-3 . -3
| % ao _ 10 1 oy _ 1077 2
0.21 a -2 a -9
JO _ 0 A1) :1 0.1 52) :l 0.5
0 a1 0.01 a1 0.12
10 X
Q= R=1 K=[-0.12 —4.66]
0 1

The parameters A®, B and d® is chosen arbitrary for the sake of example.
However, for a real-life application the model parameters is identified from mea-
surements and the variance of these random parameters will determine the value

of parameters A®, B® and d®.

The uncertainty class considered in the example is drawn from a finitely sup-
ported triangular distribution over [-a, a] where a=+/6 which gives a variance of
E(qrgl) = I. We take u = 2, and the transition probabilities between tubes over
one time step, and the probability of constraint violation in a given tube are chosen

respectively to be

Matrix V is chosen to be the eigenvector matrix of & = (A4 BK) which transform

the states in to z-space. These values are computed to be

220 —8.80 0.99 0.97
K=[-074 —1.24] V= W =

—1.22  9.00 0.14 0.24
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0 084 0 o) —-0.01 —0.01 e -0.01 O

0 0.58 —-0.01 0.01 0 0.05

The system is subjected to hard constraints and soft constraints. The parameters

which defines the hard and soft constraints on the system are in the form of

1 0 15
FH = 3 GH = 07 hH ==

01 15

1 0 0.8
Fg = , Gs=0, hg=

0 1 3

The maximum allowable number of soft constraint violations is IV, over a horizon
of N. = 5 steps. The choice of II and p above are chosen so that the following

assumption (refer to (3.36)) is satisfied

Nmax
Ne

£l (T e = 024 < (3.69)

1=0

The algorithm consists of an off-line stage and an online stage. The off-line stage
involves setting up parameters as shown above and optimizing the area of the
terminal invariant set in Mode 2. The maximized invariant terminal sets are
computed to be the sets defined by |2(M| < [0.89 2.72]T and |2¥)| < [0.93 2.90]T.

The off-line parameters in the stage cost J;, (3.57a), namely P, are calculated to
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be
1.1 =296 0 0 0 0 0
—296 1252 0 0 O 0 0
0 0 31 0 0 0 0
P =-103, P,= 0 0 0 93 0 0 0
0 0 0 0 279 0 0
0 0 0 0 0 836 0
0 0 0 0 0 0 2508
PlezPlxz —0.07 0.25 0.01 0.01 0.01 0.01 0.01

The choice of initial condition has significant effect on the performance of the
SLMPC algorithm when comparing with the LQG case. A set of initial points
chosen from a grid of z; € [—2,2] and 2 € [—2,2]. It can be seen that for initial
points which starts inside the feasible set (does not violated any constraints at
time & = 0) the performance of LQG and the SLMPC algorithm as measured by
the sum of stage costs is the same. Therefore, there is no clear advantage of using
the SLMPC algorithm for points inside the feasible set. For points outside the
feasible set, as an example if f 2o = [2 2] is chosen, the advantage of SLMPC over

LQG can be seen more clearly.

The SLMPC algorithm is simulated for £ = 20 steps with one time-varying re-
alization of uncertainty in the model. At the first step & = 0, Figure 3.5 and
Figure 3.6 shows the evolution of polytopic bounds of Z(Y and Z® along the
prediction horizon of N =5 for the first and second elements of z respectively. It
can be seen that these polytopic bounds grow as uncertainty is propagated along

the horizon.

Due to uncertainty, the SLMPC algorithm has to be simulated for a wide range

of possible realizations of uncertainties, (again 50 realizations were deemed to be
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sufficient). Figure 3.7 and Figure 3.8 show the mean closed loop state trajectories
for the first and second element of z; respectively as compared to the case with
only linear feedback law (Mode 2). It can be seen from Figure 3.7 that over
50 realizations the first element of z; violates soft constraints with a maximum
average of 5 violations per 5 consecutive time instants which is more than the
maximum allowable violations of 2. On the contrary, the SLMPC algorithm has a

maximum average of only 1 constraint violations per 5 consecutive time instants.

Figure 3.10 shows the mean cumulative sum closed loop stage cost for the SLMPC
algorithm compared to the LQG case which is the optimal cost without constraints.
It can be seen that the algorithm ensures feasibility of both hard and soft con-
straints at the expense of a slightly higher stage cost. The SLMPC algorithm
achieved a cumulative cost sum of 70.9, while retaining feasibility while the LQG

case achieved a lower sum of 67.6 but is infeasible.

- N
) N &)
T T T
x

—_
T

o
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T
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Evolution of bounds for e1*zk

o
T

o
;)
T

FIGURE 3.5: The evolution of the polytopes along a prediction horizon of 5 for

the first element of zj_ ), is shown (in blue). The polytope at i = 5 lies within

the terminal regions (in red). The polytopes are centred around the nominal
trajectory zp ;. (shown as x).
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Evolution of bounds of ez’*zk

FIGURE 3.6: The evolution of the polytopes along a prediction horizon of 5 for

the second element of zj |, is shown (in blue). The polytope at i = 5 lies within

the terminal regions (in red). The polytopes are centred around the nominal
trajectory zp ;. (shown as x).

3.6 Conclusion

Despite the potential advantages of stochastic MPC as a methodology that can
account for combined statistical and hard constraints in optimal control problems,
there are very few results addressing the issue of closed loop feasibility guarantees
for constrained stochastic systems. This chapter discusses a means of handling
such constraints and proposes a receding horizon algorithm with feasibility and
stability guarantees, illustrated by means of a numerical example. As a result of
using a finite number of probabilistic tubes and imposing a fixed geometry on their
cross-section, the approach is subject to a degree of conservativeness. Future work
will therefore focus on ways to reduce this while keeping computational complexity

within acceptable bounds.
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2.5F

0.51

FiGURE 3.7: The first element of the closed-loop state trajectory, zx for the
SLMPC algorithm(x markers) as compared to the LQG case(+ markers). The
soft constraint is shown as the dotted line.

o
o

FIGURE 3.8: The second element of the closed-loop state trajectory, z; for the
SLMPC algorithm(x markers) as compared to the LQG case(+ markers).
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FIGURE 3.9: Ensemble mean of input trajectories for the SLMPC algorithm(x
markers) as compared to the LQG case(+ markers).
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FIGURE 3.10: The cumulative sum of ensemble mean of closed-loop stage costs
for the SLMPC algorithm(x markers) as compared to the LQG case(+ markers).



Chapter 4

A Fast Implementation of

TSMPC

4.1 TSMPC Implementation

In the previous chapter, an MPC algorithm for linear systems with finitely sup-
ported additive and multiplicative stochastic uncertainties (TSMPC) was devel-
oped. Both hard and soft constraints are considered, and bounds are imposed
on the probability of soft constraint violation. The constraints are handled us-
ing a sequence of tubes which corresponds to a sequence of confidence levels on
the predicted future plant state constructed online and centred around nominal
state trajectories. A set of linear constraints is derived by imposing bounds on
the probability of constraint violation at each point on an infinite prediction hori-
zon through constraints on one-step-ahead predictions and on the probabilities of
transition of the predicted state between the layered tubes. The intractable infi-
nite prediction horizon is cast as a tractable finite horizon problem through the

imposition of a terminal constraint whereby the layered tube at the end of the

73
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finite prediction horizon is restricted to lie within this terminal set in the online

optimization. This terminal set is computed offline.

This chapter aims to improve the computational efficiency of the TSMPC algo-
rithm by solving the QP during online optimization using a primal barrier interior
point method. The computational speed can be improved by using an approximate
primal barrier method whereby the barrier parameter and number of Newton iter-
ations are fixed. The set of linear constraints have considerable structure which is
exploited to yield further considerable improvements in computational complexity.

Two numerical examples are given to highlight the improvements.

4.1.1 Offline MPC

Following from the previous chapter, the off-line optimization entails finding a
maximum volume for the terminal sets (Z,gl),l =1,..., ) under a predetermined

state feedback law (Mode 2). The offline optimization is given by

m
_(
max H prod(zt( ))
Zﬁl), =1,...,u =1

34 |2(¢ ) DY + (g ()| < ™
(gD, + d( (1)) < 7
Fs {2 (1 = p))D,20 + (¢ (1 = p1) } < g
FuD, 2% < hy
o<zl <. <z

T

By defining the offline optimization variable as

T
Zoff = [Et(l), z7,... ,Et(“)] (4.1)
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the linear constraints in the offline optimization can be written in matrix form.

The one-step-ahead transition probability constraints (3.37b) and universality con-

straint on the outer polytope (3.38b) respectively are

(¢ () D2+ dlg ()| < 2

& Fy {‘b(q(s) (pmz))Drig) + d(q® (pmz))} < FBZg(m)

where Fiy = [I,,, — I,|T and Fp = [I,,, I,,]7,I,, € R™" which is rewritten as
D, dy
D, ds
Zoff S (4.2)
where d; = [—Fd(¢" (pn)), ..., —Fad(q"¥ (Pm))}T-
FA@(Q(S)Q?ll))DT _FB 0 0
- Fu®(q"¥(ps1)) D, —Fg ... 0
&, =
0 0
| Fa®(¢W(pu)) Dy 0 ... —Fp |
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—Fg  Fa®(¢¥(pw))D, ... 0
- 0  Fa®(q¥(pe)D,—Fg ... 0
Dy =
0
|0 Fa®(¢®(pu2))Dr ... —Fg |
_FB 0 s FA(D(q(S) (plu))Dr
~ O _FB v FACI)(q(S) (pZ;t))Dr
®, =
0
|0 0 ... Fa®(q¥(pu))Dr — Fp |

The one-step-ahead soft constraint violation probability constraints is
Fs {0(¢® (1 —p))D, 20 + d(g® (1 —p) < h
s {2(¢” (L =p))Drzp’ +d(¢” (1 —pi) p < hs

which can be rewritten as (h; = hg — Fsd(¢"® (1 —p;)) )

Fs®(¢®) (1 —p))D, ... 0 hq
0 Zoff < : (4.3)
0 . Fs®(¢¥(1 -p,)D. h,

The hard constraints is
FuD,Z" < hy

which is rewritten as

[0 FHDT}ZoffS {hHl (4.4)
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The nestedness constraint is
o<zl <. <z

which is rewritten as

—1I, 0 0 0

L, —I, O 0 0
Zoff < (4.5)

0 o 0 :

0 L, —1I, 0

4.1.2 Online MPC

For the sake of brevity, the constraints are written only for the case of © = 2, and
is easily extendable to p > 2. Define the overall optimization variable as z € RV"z,

where n, = m + n(u+ 1) for time % as

T
(1) (2 ¢ _(1 _(2) e
2= [COIku 2 A A e Ok N 2N ZN|k] : (4.6)

Equality Constraints

A predicted trajectory of the nominal model, that is without any disturbances and

with model parameters given by their mean values, satisfies

c o 0_.c 0
Zhpirile = @ g + BCik-



Chapter 4. A Fast Implementation of TSMPC 78

and predictions over the horizon N are obtained by recursion and encoded as

equality constraints, written as

-BY 0 0 I, POz,
0 00 —® —B 0 0 I, 0
Z:
0 0 0 —® —B° 0 0 I, 0

where I,, € R"*" is the identity matrix.

Transitional Constraints

The one-step-ahead transition probability constraints (3.37a) and universality con-

straint on the outer polytope (3.38a) respectively are

S c =( S S C
‘{‘I)(q( )(pml))[zk+i|k + DTZI(cliUc] + B(d' )(pmz))cuk +d(q (pm))} — Zk+i+1|k’

5(m)
< Ziritk

S C (1 S S (&
& Fa{ @0 0n) s+ Dozl + Bl om))ea + A (o)) = i |

5(m)
< Fg Pltitllk

(1)
< Zirivik

& Fa{{0a () + Dozl + Ba® Wi + @ (1))} = 2 i)

{0 (W) s+ Dozl + B (W)e + dla (1)} = 2

-
< Fsz+i+1|k
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where Fy = [I,,, — I,]T and Fg = [I,,, I,]7, which is written as
FrF 0 0 0 0 HY
Ey FF 0 0 0 H,y
0 z < (4.8)
E, F 0
0 O 0 E1 F1 Hl

where By, Fy € RCw2™)xn= and Y H, € REmw*2")x1

[0 Fa®(q (o)) D, 0 Fa®( (o)
B, — 0 Fa®(¢“ (pm))D: 0 Fa®(q") (pmi))
0 0 Fa®(q“) (pmi)) D Fa®(q") (i)
0 0 Fa®(q™ (pm)) Dy Fa®(q" (pr)) |
| FiBGOpw) ~Fs 0 —Fy |
P — FaB(¢®(pm)) 0 —Fp —Fa
FaB(q®(pm)) —Fs 0 —Fa
I FaB(@®(pm)) 0 —Fp —Fa |
| —F4d(q“ (pm1)) — Fa®(q) (pri)) 2ojs ] i —Fad(q"“) (pm1))
1O — —Fad(q"® (pmi)) — Fa®(q™ (pmut)) 20k Hy — —Fud(q“) (pmt))
—Fad (¢ (pmt)) — Fa®(q" (pn)) 20 —Fad(q"® (pm1))
I —Fad(q® (pm1)) — Fa®(q® (D)) 201 | I —Fad(q® (pm1))
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Soft Constraints

The soft constraint violation probability constraints of (3.39a)

Fy {@(¢% (1 = p0) et + Dozl + B (1= p))ea + d(a (1= p) | +

Gscipip < hs

can be rewritten as

FE G, 0 0 ... 0 HY

E, F, G 0 ... 0 H,

0 2z < (4.9)
Ey, Fy, Gy

0 ... 0 0 Ey F Hy

where Fy, Fy, Gy € Rs12)xn= and HY H, € Rw2")x1

. 0 Fs®(¢®(1—p))D, 0 Fs®(¢™) (1 —py))
2 p—
0 0 Fs®(¢® (1 —p))D, Fs®(¢®(1—p))
FsB(@®(1—p)) 0 0 0 Gs 000
2 — G2 —
FsB(W(1—p)) 0 0 0 Gs 0 0 0

Hg — Fsd(¢9(1 —p1)) — Fs®(¢“ (1 — p))zopx

HY =
Hg — Fsd(¢"¥ (1 —p1)) — Fs®(¢“ (1 — p1))zopx



Chapter 4. A Fast Implementation of TSMPC 81

H, - Hs — Fsd(¢® (1 —p))

Hs — Fsd(¢® (1 —p))

Terminal Constraints

The terminal constraint is given by

A0
‘Zk—i-NUc + D Zk+N|k) <z

< Iy {Zli—&-N\k + Drzl(gllmk} < FBZ;)

which is equivalent to

[o 0 ... Fg}ngg (4.10)

where [y € Rw2")xn: and Hy € REm2")x1

0 FuD, 0 Ful
F3:
0 0 FuD, Fu
[
FpZz
Hy=| "7
Fpzi?

Nestedness Constraints

The nestedness constraint of (3.25a) given by

FH Fh—1 51
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can be rewritten as

F 0 0 ... 0 0
0 F, O 0 0
0o o 2< | (4.11)
Fy, 0
0 0 0 £ 0
where F, € R()xn=
0 -, 0 0
Fy=
0 I, —I, 0

Hard Constraints

The hard constraints of (3.40a)
Fy {Zli-&-ﬂk + Drilii)“k} +Grcipe < hy

can bes rewritten as

Fs 0 0 0 ... O hy

Es F5 0 0 ... O hy

0 .o e z< | (4.12)
Es F5 O

0 ... 0 0 FEs F hy
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where Fy € Rm2")xn= and Hy € R(a2")x1

E5:[0 0 FyD, FH}

F5=[GH 0 0 0]

To summarize, inequalities (4.8), (4.9), (4.10), (4.11),and (4.12) which form the
inequality constraints, can be written compactly as Pisz < his, Pinz < by, Psz <
hs, Pnz < hpand P,z < h,; similarly the equality constraint of (4.7) can be

written compactly as C'z = b.

Predicted Cost

Following from the previous chapter, the predicted cost to be optimized online is

given as

Ji = Z {]Ek($;2r+i\kQ$k+i\k + UZ-H‘\kRuk-i-i\k) — Ly}
i—0

where Ly, = iliI(I)lo Ek(xf+i|kak+i|k + U£+i|kRUk+i|k)- This cost can be obtained as

a quadratic function of ¢, = [Cak, . ,c%_l‘k]T which is expressed as
T
Tl Tk T
Jk- = PX +2PX1 +P1 (413)
Cp Ck Ck

where P, Pyi,and P; are the same as in the previous chapter. P, and P,; have

a block structure of the form

Pr 0 2
PX - X PX1 = X
0 P Pe

X x1
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where P € R"*" and P} € RN™*Nm hag block diagonal structure and Py e R

and Py, € RNmxn,

Equation (4.13) is expanded yielding and ignoring constant terms

Ji = Plag + 2P xy, + P+ ¢ Pioy + 2P e

This is re-written in terms of the optimization variable z by applying the trans-
formation ¢, = H,z and ignoring the first three constant terms, which are inde-

pendent of z
Jo=2"Hz+g"z (4.14)

where H = HI'P¢H, and ¢" = 2P¢ H, and H, € RV™<Tn

where [,,, € R™*™ is the identity matrix.

The online optimization, which is a Quadratic Programming (QP) is written in

compact form as

min 2" Hz+g"2 (4.15a)
st Pz < hyg, Pz < hyn, Pz < h, (4.15Db)
PhZ S hh, PSZ S hs (4150)

Cz=10 (4.15d)
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Note that the inequalities are concatenated into a single matrix and vector respec-

tively as Pz < h with P € R**™ and h € R" where

and where w is the total number of inequalities. It can be seen that the QP
has considerable structure. For example, (4.7), (4.8),and (4.12) has a lower bi-
diagonal structure, and (4.9) has block tri-diagonal structure. These structures

are exploited in a generic optimization solver and can be solved efficiently.

The QP is solved exactly using MATLAB® with a generic optimization solver
SDPT3 [48] and coded with the aid of modeling software YALMIP [49] on a
Pentium® 4 2.8GHz, 1GB RAM computer running WINDOWS® XP. From this

point onwards, the QP solved in this manner is given the term ‘Exact SMPC’.

4.2 Primal Barrier Interior-Point Method

The QP problem can be solved reliably using a variety of methods and one such
method is the Primal Barrier Interior-Point method. The main advantage of this
method is that it exploits the structure of the problem. Evidently, the QP prob-
lem has considerable structure. Both the inequality and equality constraints have
block tridiagonal and block-diagonal structure which can be exploited to solve the
QP efficiently. In this section, the basic Primal Barrier Interior-Point Method [50]

is described. A variation of this method, which is given in [51], is also implemented



Chapter 4. A Fast Implementation of TSMPC 86

here to give significant improvements in efficiency. Interior Point methods, specif-
ically Primal-Dual Interior-Point methods have been utilized in an MPC context
in recent years [15, 52, 53] and have proven to be an efficient method to solve
optimization problems arising from MPC for large systems. However, much of
this work has been limited to deterministic and robust cases. In recent years, the

use of Interior-point methods in MPC for stochastic systems has been explored in

51, 54].

4.2.1 Primal Barrier Method

A particular interior-point method is the barrier method [50, §11]. This method,
like any interior point method, solves an optimization problem with linear equal-
ity and inequality constraints by reducing it to a sequence of linear equality con-

strained problems, which is solved using Newton’s methods.

The problem (4.15) is approximated by

min f(2) =t(z"Hz + g"2) + ¢(2) (4.16a)

z

st Cz=b (4.16D)

where ¢ > 0 is the barrier parameter and ¢ is the log barrier associated with the

inequality constraints, defined as

w

¢(z) =Y —In(h; — p/2) (4.17)

=1

where p! is the i row of P. ¢(z) is known as the logarithmic barrier and its
domain is all set of points z which satisfy the inequality constraints strictly. This
problem is convex and has a unique solution for all ¢ > 0. Define the solution to

(4.16) as z*(t) which is optimal for a given barrier parameter ¢. It is shown in [50,
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§11] that the solution obtained using this method is no more than ¥ suboptimal,

that is, | f(2) — f(2*)| < %. Ast — oo, 2*(t) converges to an optimal point.

The gradient and Hessian of the logarithmic barrier function is given by

Vo(z) =

i=1

1
S —— 4.18
(—p7z + )" (4.18)

2

where diag(.) forms the diagonal matrix.

The basic primal barrier method is summarized as follows

1. Given a strictly feasible z, an initial t® > 0, u > 1 and specified tolerance

e > 0, solve (4.16) to obtain z*(t).
2. Update the current step z = 2*(t).

3. Increase t by t = ut and repeat Step 1 until the sub-optimality is below e.

4.2.2 Infeasible Start Newton Method

The equality constrained problem (4.16) can be solved using Newton’s method
[50, §9] given a strictly feasible initial trajectory z, that is z € dom¢ and Cz =b .
This requirement can be relaxed by using an infeasible start Newton method [50,
§10.3]. This section shows how the equality constrained minimization problem is
reduced to an unconstrained problem, in particular, reduced to a system of linear
equations (also known as KKT equations in [50]) and describes the infeasible start

Newton method.
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The first order optimality conditions for a given point z in the domain of f(z) to

be optimal is

Cz*=b (4.20)

V(") +CTvr =o. (4.21)

which is also known as the primal and dual feasibility equations and v € R", If
the current point is not be feasible, the goal is to find a step Az so that z+Az =~ z*

and in turn satisfies the optimality conditions.

Alternatively, the optimality conditions (4.20) and (4.21) are rewritten in terms

of primal and dual residuals defined by

roi(25 V") =Cz" —b=0 (4.22)

Faua(2*,0%) = V(") + CTv* = 0. (4.23)

Given current estimates z and v, the goal is now to find a primal and dual step
Az, Av so that r(z+ Az, v+ Av) = (rpi(2 + Az, v+ Av), raua (2 + Az, v+ Av)) =

(0,0). The first-order Taylor approximation of r near the current estimates is

rpri = C(z+A2) —b=0 (4.24)
Taual & Tauar = V f(2) + sz(z)Az + CT(I/ +Av)=0 (4.25)
which yields
V2f(z) CT Az Taual(Z, V
1) | raate) o

C 0 Av Tpri(2, V)
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Using (4.18) and (4.19), the gradient and Hessian of the objective function f(z) is

Vf(z)=2tHz +tg+ P'd (4.27)

V2f(z) = 2tH + PTdiag (d)* P (4.28)

1

where d € R" with elements d; = TIEETE

Substituting (4.27) and (4.28) into (4.26) yields

2
2H + P'diag (i) P CT | | Az | ) 129
C 0 Av Tpri(2, 1)
where
Tpri =C2 —b

Tawat = 2tHz +tg + PTd + CTv.

Therefore, the equality constrained problem is shown here to be equivalent to

solving a KK'T system.

The Infeasible Start Newton method algorithm is outlined as follows

Algorithm 6. (Infeasible start Newton Method)

1. Given that z is in the domain of ¢(z), v, € > 0,a € (0,0.5), 5 € (0, 1).
2. Compute the primal and dual Newton steps Az, Av by solving (4.29).

3. Backtracking line search on ||r||; :

a) Set z = z + sAz where s = 1. The step direction must satisfy
P(z + sAz) < h strictly (or z 4+ sAz € dom¢(z)). Expanding this yields

Pz + sPAz < h. Only strictly positive elements of the vector sPAz > 0
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might violate the inequality and therefore only these elements are of con-

cern. Assume that there are n such elements. Hence, domain satisfaction

T

is ensured if s;p! Az < h; — pl'z for all i = 1,...n. Rearranging this yields

hi—plTZ

Si < p,L-TAz

. The maximum step length s,,,, such that domain satisfaction
is guaranteed is computed by $,,4, = min(s;). Strict domain satisfaction is

ensured by scaling down the maximum step length, $,,4: = 0.998,,42-

b) Start with s = max(1, Syax)

c) While ||r(z 4+ sAz,v + sAv)|ls > (1 — as)||r(z,v)||2, keep updating
s = fs.

4. Update the steps, that is z = 2 4+ sAz, v = v + sAv

5. Repeat Step 2, until Cz = b and [|r(z,v)|]2 <e.

When a full step length (s = 1) is taken, all future iterates are primal feasible.
That is, once r,,; = 0 it will stay at 0 for all future iterates and z and v converges

to an optimal point.

4.2.3 Phase 1

The Infeasible Start Newton method requires a strictly feasible starting point z°
that satisfies Pz < h strictly (or z in the domain of the barrier function) but need
not satisfy the equality constraints C'z = b. Furthermore, the number of Newton
iterates depends on zy. If this starting point is not known, an off-line computation,
known as the sum of infeasibilities method, is performed by solving

min 17's (4.30a)

S

stplz—h <s (4.30Db)

s>0 (4.30c)
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where s € R™. The optimal value of s;,2 = 1,...,w is zero and achieved if and

only if the inequalities are feasible.
Alternatively, a simpler basic method is used if the number of inequalities, w is
big

min s (4.31a)

S

stplz—h; <s (4.31Db)

where s € R which results in the less degrees of freedom for s. If s < 0, then
(4.31a) has a strictly feasible solution. Furthermore, if (z,s) are feasible with
s < 0 then p! 2z — h; < 0 and therefore, the optimization problem does not need to

be solved to a high accuracy and can be terminated whenever s < 0.

4.2.4 Warm Start

The idea of warm starting is that a previously computed trajectory can be used

as a good starting point for the next optimization.

If at time k& — 1, a feasible trajectory computed is given by
. . 1) 22 e . =(1) =@ oz 1"
2k—1 = |Colk—1, Zl‘k_p Zl\k—l Zl|k—1a «o CN—1|k-1, ZN‘k_la ZN|k_1 ZN|k;—1 )

(4.32)

the primal barrier method can be initialized at time k by using the previously
computed trajectory that is shifted by one time step. At time step k the following

initial trajectory is used

~ ~ T
o = [51|k, 2 A 2k .0, 09927, 0.9927 0| . (4.33)
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The trajectory is just the trajectory at k — 1 shifted by one time step and con-
catenated with ¢y = 0 and zjcv+1|k = (0. This is by definition of the Mode 2. The
terminal sets is used because once the terminal constraint P,z < Ay, 1S satis-
fied, all future sets will be in the terminal sets with probability 1. The reason a
scaling factor of 0.99 is used because the primal barrier requires strict feasibility

(Pynz < hyp) and this is achieved using the scaling factor.

One of the main advantages of the TSMPC algorithm is the guarantee of stability
and feasibility in the online optimization assuming feasibility at time k£ = 0. That
is, if feasibility is achieved at k = 0, the algorithm is guaranteed to be feasible
for all £ > 0. This advantage is still valid even if the online optimization problem
is solved using the primal barrier method. However, both the primal and dual
residual needs to be strictly feasible, that is the absolute value of the residuals

must be lower than a specified tolerance parameter.

4.2.5 Fast Computation of Newton Step

The number of inequalities w grows exponentially with the system order n and
therefore, the computational complexity is dominated by multiplication of big ma-
trices. In particular, in the computation of H, = PTdiag(d)P or equivalently
H, = Pldiag(dy)P;, + PL,diag(dim) P + FIdiag(d,) P, + Pl diag(ds) P, +
Pldiag(d,)P,. However, P has considerable structure which can be exploited

to reduce the computational burden. Take for example the computation of H;, =
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Pldiag(d;,)P;, which yields a block tri-diagonal structure

Py_1n-1

Py n_1

where each corresponding blocks can be formed by

where

Py = Flez‘Fl + ElezurlEl,

d, =diag <

i=1,...

:Efdi+1F1 ’l:1

Pyy = FldyFy

d; = di
iag ((HO — Ez 1 Fz)?

0

0

0
Py_1n
Py n
N-1
N—1

) i=2...,N

(4.34)

What essentially is a multiplication of a big matrix can be decomposed into a

smaller set of multiplications. The flop count for matrix multiplication without

exploiting structure is N3n?, keeping only the leading terms. n,, is the number of

rows of E and F corresponding to only transitional constraints (ie. n,, = 2nu?22").

In contrast, exploiting matrix structure above yields a flop count of Nn? which

grows only linearly with N. Since P,,, P,, Ps, P, has the same structure, the

same method is applied when forming the remaining additional terms in H,. The

formation of ® = 2tH + H, also yields a block tri-diagonal matrix since H is a
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block diagonal matrix.

Solving (4.29) using block elimination consists of

1. Form the Schur complement Y = C®~1C7.
2. Determine Av by solving YAv =3, B =rp; — CO 'rgual
3. Determine Az by solving PAz = —rguq — CTAv.

For Step 1, ® can be factored using Cholesky factorization ® = LLT where L has

a lower bi-diagonal structure

Ly, 0 0 ... 0 0
0 L3 L3z ... 0 0
0 0 0 ... Lyana O
0 0 0 ... Lynxo1 Luyx.

where L;; are lower triangular matrices with positive diagonal elements and L;41 ;

are general square matrices of order n,, where each can be formed by

LllLﬂ =P
Ln'LiTH,Z- =Py, t=1...,N—-1

LiyLl = Py — Li; (L] i=2,...,N.

i,0—1>

The computation of the inverse of ® is then obtained by backward and forward
substitution. These steps take about n? flops and grows linearly with horizon
N. Therefore, the overall complexity in Step 1 is order Nn? plus the additional

flops corresponding multiplication with the corresponding sub-blocks of CT and
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C. This factorization method is widely used in Interior Point MPC methods as
described in [15, 51, 53].

Since ®~! can be factored efficiently and it has already been computed in Step 1,
Step 3 involves only back substitution followed by forward substitution. In Step 2
however, the factorization of Y is approximately order N3n? and therefore grows
cubicly with the prediction horizon. This is a big disadvantage which is caused by
the lost of structure in Y. However, the entire QP can be reformulated to form a

structured Y by using redundant optimization variables.

By defining z; = [¢;—1j, Zl('lk), 22(53 zf“g], fori =1,..., N, the optimization variable
z can be arranged as
T
z = [21,21722,22,...,ZNfl,ZN,I,ZN . (436)

Correspondingly, all the inequality constraints yield a block diagonal structure.
For example, whereas the transitional constraints are shown here, previously had

a block bi-diagonal structure, now they have a block diagonal structure.

FFo 0 0 .. 0 HY

0 Ey I 0 ... 0 H,

0 . T e z < : . (4.37)
E, F 0

O ... 0 0 0 E F H,
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Pt 0 0 0 0
0 Pyp' 0 0 0
0 0 Py .. 0 0
! = % (4.38)
0 0 0 ... Py, O
00 0 .. 0 PJ;}N_

Consequently, the computational complexity of Step 1 is approximately Nn,. The
resulting Y has a block tri-diagonal structure, similar with (4.34). Step 2 is carried
out by a Cholesky factorization of Y = LLT followed by a backward and forward
substitution to obtain Av. If the factorization step is performed as described in
(4.35), the complexity of Step 2 is again approximately Nn,. The computation
of Step 3 is negligible since the factorization of ® has already been carried out
in Step 1. Step 3 therefore involves only backward and forward substitutions.
The solution of the KKT system therefore can be computed efficiently and its

complexity grows linearly with the prediction horizon V.

4.3 Approximate Primal Barrier Method

This computational time using a basic primal barrier method can be made even
faster without significant decrease in the quality of control law by fixing the barrier

parameter and the maximum number of Newton iterations [51].

4.3.1 Fixed t

In the basic primal barrier method, the barrier parameter ¢ is increased by a

factor of u > 1 at each iteration. The variation proposed by [51] is to use a
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fixed barrier parameter for all iterations. Fixing ¢ essentially converts the MPC
online optimization to a sequence of Newton iterations. This provides a reliable
advantage when warm starting is used, to reduce the number of Newton iterations
at each step by orders of magnitude, depending on the problem. This is in contrast
with the basic primal barrier method where warm starting provides an unreliable
and limited advantage. The reason this can be done in an receding horizon MPC
setting is because the QP optimization problem at each step is just a heuristic for
computing good control which is judged by the objective value and thus solving

the QP at each step exactly is not necessary.

4.3.2 Fixed Newton Iterations

Since each step in the online optimization comprises essentially Newton iterations,
a further reduction in computational speed is achieved by setting a maximum num-
ber of iterations. By quitting prematurely before the primal and dual residuals
have converged to a small enough value, primal and dual feasibility might not
be achieved. This would imply that a poor quality of control will be obtained
in this manner by solving the QP each step crudely. However, extensive numer-
ical simulations by [51] shows that the quality of control obtained is still of high
quality and the increase in objective value J is negligible (as long as K™ is not
too small, for example K™% = 1). A possible explanation given is that because
MPC computes a planned trajectory at each step and only the initial value of
input is used. The rest of the inputs are not used but are computed nonetheless to
ensure that the current input used does not have significantly adverse affects on
the future behavior of the system. This however would remove the guarantee of
recursive closed-loop feasibility, which is an advantage of using the TSMPC algo-
rithm. Therefore there is a trade-off between speed and guarantees of feasibility,

without significant degradation of the quality of control.



Chapter 4. A Fast Implementation of TSMPC 98

In summary the approximate primal barrier method (or Fast TSMPC) algorithm

is as follows:

Algorithm 7. (Fast Tube Stochastic MPC)

1. Given a fixed ¢t and K™ a specified tolerance € > 0, solve (4.30a) to obtain

an initial primal feasible trajectory zj.

2. Solve (4.29) using Infeasible start Newton method to obtain z; or until K™**

is reached.
3. Warm start.

4. Repeat Step 2 for k=1,2,....

4.4 Implementation Results

In this section the implementation results are discussed by two examples. The first
example shows the degree of sub-optimality of the QP solution obtained by using
the Approximate Primal Barrier Method as compared to solving it exactly. The
second example shows the timing profiles compared to using a generic optimization
solver for a random system with varying model order, prediction horizon, number

of inputs and tube layers.

4.4.1 Second Order Example

To compare the performance of the approximate primal barrier method and exact
MPC the following control problem with 2 states and 2 inputs with only soft con-
straints on the system state is considered. The parameter values for this problem

are
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40 1.2 0.1 AW 004 0 e 0.04 0.01
0.1 1.26 0.01 0.04 0 0.04
BO) — 0.5 0 BW — p®@ — 00
0 0.3 00
40— 0.1 42 0 O—R- 10
0.1 0 0 1

For all k, the elements of the random vector g, are independent with triangular
probability distributions supported on [—+/6, v/6] with variance E(qyql) = I. The

soft constraints on the system states are

2 1 0 0 10
Fy = ’ G, = 7Hs:

-2 -1 0 0 10

The prediction horizon for this example is chosen to be N = 10. The unconstrained

LQG optimal feedback law is given as

. . —-1.21 —-0.37
u= Kz, K=
—-0.30 —1.84

The transition probability matrix and vector of constraint violation probabilities,

for N%;” = 0.4, are taken to be:
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where these values satisfy N% vazco_ Lp(T~'l)ie; < Nﬁ:w. For the particular choice
of K , the eigenvalues of the nominal closed loop state matrix are

o0 _ 0.61 0 o) _ 0.05 —0.01 o _ 0.04 0.01

0 0.70 0.02 0.03 0 0.04

and the corresponding state feedback gain K and the eigenvector matrix are given

by

1.16 —-0.48 —-1.10 —0.89
K = V =

0.11 1.24 —0.15 —1.41
For ease of illustration, the number of overlapping tubes is taken to be yn = 2. The

approximate primal barrier method parameters are K™ = 20, t = 100, a = 0.01,

and 3 = 0.9.

Firstly, the transformed state trajectories z; using Exact MPC and FTSMPC is
compared in Figure 4.1 for one realization of uncertainty parameters for 20 steps.
It is evident that the trajectories are almost identical which shows that almost
identical results are obtained for a fraction of the computational speed. Also, the
corresponding errors in the input and state trajectories solved using FTSMPC and
Exact MPC, are shown in Figure 4.2 and 4.3. The QP which is solved exactly, takes
approximately 1.4s while it takes approximately 0.2s using the approximate primal
barrier method, leading to a 86% reduction in computational time. Furthermore,
a low-level language implementation, for example C, enables further reduction in

computational times as evident in the work by [51].

To examine the effects of varying the barrier parameter(t) and the maximum num-
ber of Newton steps(K™%) | the average stage costs over 100 steps are compared.
In Table 4.1, the parameter K™% is fixed at 20 while the barrier parameter is var-

ied, t = 1,10,100. As t is increased by a factor 10 the mean stage cost converges
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FIGURE 4.1: Trajectories of zx, k = 0,...,20 for 1 realization of uncertainty.
Dashed line:- FSTMPC, Solid line:- Exact MPC. The soft constraints and ter-

N

minal sets are shown.

to the value computed by using exact MPC. In fact for ¢ > 10, the mean stage

costs for both methods are essentially the same.

The same analysis is made by fixing ¢ = 100 and varying the maximum Newton

iterations K™* = 5,10,20. By extensive simulations, primal feasibility is, on

average, achieved (as measured by the primal residual) in K = 4 steps while dual

feasibility is achieved, on average, in K = 8 steps. The comparison of mean stage

cost for 100 steps is shown in Table 4.2. For K™* > 10, the mean stage costs is

almost identical with the value computed using exact MPC. For K™ = 5, it is

observed that the mean stage costs increases, which implies sub-optimality. This

is expected when the iterations are terminated before primal and dual feasibility

is achieved.

Exact MPC

t=10

t =100

t = 1000

Jmean

37.9

38.6

38.0

37.9

TABLE 4.1: Comparison of mean stage cost Jpean as t is increased with K™ =

20.
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0

2 4 6 8 10 12 14 16 18 20
k
FIGURE 4.2: The difference between input trajectories simulation using
FSTMPC and Exact MPC.
Exact MPC | K™* =5 | K™ =10 | K™% =20
Jmean 37.9 41.3 37.9 37.9

TABLE 4.2: Comparison of mean stage cost Jpyean as K™% is increased with
t = 100.
Finally, the soft constraint violations are examined by simulating the controlled
system for 100 realizations of uncertainties over 20 time steps(qx, k = 0, ..., 20).
The trajectory obtained by using an unconstrained optimal controller shows that
over a 3 step interval, the worst soft constraint violation rate is 0.8. This clearly vi-
olates the soft constraint <N% Zfi“l Pr(Fszpy; > hg) < O.45>. On the other hand,
the worst soft constraint violation is only 0.3 using the TSMPC algorithm which
is solved exactly. The same result is obtained if the TSMPC algorithm is solved
using the approximate primal barrier method. Although the soft constraint is

satisfied, it is a very conservative result.
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FicURE 4.3: The difference between state trajectories simulation using
FSTMPC and Exact MPC.

4.4.2 Random Systems Example

In this example, the computational times for a randomly generated example with
varying system order n, inputs m, horizon N, and number of overlapping tubes
& is shown in Table 4.3. The QP size is shown in the format (n,/w) where n,
is the number of variables and w is total number of inequalities. The average
computational times per step over 10 steps for solving an exact QP and using an
approximate primal barrier method are shown and indicates that FTSMPC is at

least 10 times faster than MPC solved using the exact QP solver.

4.5 Conclusion

The Tube MPC algorithm is essentially an optimization problem, specifically a
QP program. There is considerable structure to the problem. Both the inequal-

ity and equality constraints have block tridiagonal and block-diagonal structure
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FIGURE 4.4: The trajectories of z; for 100 realizations of uncertainty. The
circles represent the FSTMPC while the crosses is the unconstrained optimal.

0

z

n m N p| QPSize | Exact(s) | FTSMPC(s)
2 2 10 2 80/3272 1.8 0.1
2 2 15 2 120/4892 2.5 0.2
2 2 30 2| 240/9752 4.4 0.4
3 3 5 2 60/ 9726 5.7 0.6
3 3 10 2| 120/19356 14.4 1.3
3 3 15 2| 180/28986 15.0 1.6
4 4 5 2 80/51496 34.2 3.2
4 4 10 2 |160/102736 57.0 6.6
4 4 15 2 240/153976 116.6 12.7

TABLE 4.3: Time taken to solve each QP for Randomly Generated Examples

which can be exploited to solve the QP efficiently.This method solves an optimiza-

tion problem with linear equality and inequality constraints by reducing it to a

sequence of linear equality constrained problems, which is solved using Newton’s

methods.The equality constrained minimization problem is reduced to an uncon-

strained problem, in particular, reduced to a system of linear equations.

The

computational time using a basic primal barrier method is made faster without

significant decrease in the quality of control law by fixing the barrier parameter

and maximum number of Newton iterations. The computational improvement is



Chapter 4. A Fast Implementation of TSMPC 105

shown using two examples. The first example shows the degree of sub-optimality
of the QP solution obtained by using the Approximate Primal Barrier Method as
compared to solving it exactly is minimal. The second example shows the timing
profiles compared to using a generic optimization solver for a random system with
varying model order, prediction horizon, number of inputs and tube layers. As a
consequence the computational complexity grows linearly with the horizon length

as opposed to cubicly if structure is not exploited.



Chapter 5

TSMPC for Systems with Time

Correlated Uncertainty

In this chapter the TSMPC algorithm applied to linear systems with hard and
probabilistic constraints is adapted to handle the case where the model uncertainty
is not time-invariant and temporally independent. Time correlated uncertainty for
any probability distribution is relevant in real-world applications modeled using
discrete time models because if the sampling time [¢, ¢ + dt] is small. An example
in the field of renewable wind energy is the control of variable pitch wind turbine
blades [55]. Pitch control of blades is used to ensure that the energy captured is
limited which is important for the safety and overall efficiency of the wind turbine

operation.

For a typical wind turbine, the area spanned by the rotor blades covers an area
of up to 10°m? and therefore mean and turbulent components of wind speeds
at different points of the area varies significantly. This fluctuation of the wind
speed produces cyclic perturbations to the aerodynamic thrust force and rota-
tional torque that must be supported by the blades. Furthermore, some frequency

components of these perturbations propagate down the drive-train and structure.

106
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These aerodynamic loads have a direct impact on the cost of energy. In fact, they
reduce the useful life of the wind turbine and deteriorate the quality of the power
supplied to the grid. Increasingly, modern wind turbines include control systems
that mitigate these loads. The uncertainty caused by the change of wind speed and
direction is modeled more accurately with a temporally dependent distribution.
Therefore, control systems which are able to take into account time-correlated

uncertainty performs better.

When the uncertainty is not temporally independent, an infinite horizon cost func-
tion based on the expected value of a quadratic stage cost cannot be written com-
pactly as a quadratic expression in terms of the degrees of freedom. However,
an infinite horizon cost function based on the nominal trajectory generated by an
uncertainty-free system can be defined. Constraints are handled using the same
strategy of defining a sequence of overlapping tubes, corresponding to a sequence
of confidence levels depending on time-step £ on the predicted future plant state,
and imposing a set of constraints the one-step-ahead predictions. A guarantee of
the recursive feasibility of the online optimization ensures the closed loop system
trajectories satisfy both hard and soft constraints. The approach is illustrated by

a numerical example.

5.1 Problem Description

Consider the discrete-time system model and uncertainty description

Tht1 = AkZL’k + Bkuk + CZk (51)

e Bd] = [40 0] + Z (49 1) 19) 4 (52
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where x € R", u € R™, d € R" denote the model state, control input and an
additive disturbance, and g;; denotes a random variable with a finitely supported
distribution as in previous chapters, {¢;x, g} are assumed to be independent for
i # j, but {q;k, gjk+1, ...} are not identically distributed and temporally indepen-

dent.

5.1.1 Time-correlated uncertainty

Let qx = [qik,---,qpk]” then the sequence of random variables {qi,q2, ...} is as-

sumed to be generated by

Qo1 = A + U, (5.3)

|7 is a random vector drawn from a

where A is a scalar and vy = [vig, ..., Upk
symmetric, unimodal, and finitely supported distribution which is identical and
independently distributed with mean E(v;) = 0 and variance E(vgvf) = o21. Tt
can be assumed without loss of generality that the scalar \ satisfies 0 < A < 1
since v;, has a symmetric distribution about 0 and hence (as we show below) ¢ is
also symmetrically distributed. It can also be assumed without loss of generality

that go = 0. For example, even if ¢y # 0, gx can be treated as consisting of a

deterministic and zero-mean random component, ¢, = G + §x Where

Gr+1 = Ak + E(vr),  Go = qo, (5.4a)

Qo1 = MGk + v, —E(vg)  Go = 0. (5.4b)

Note that with gy = 0, (5.3) is equivalent in distribution with

Qor1 = qr + Novg. (5.5)
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Using the z-transform on (5.3) the system Z transfer function F(z) can be treated
as a low pass filter. F'(z) can be used to shape the power spectral density function
of the disturbance. White noise have a flat power spectral density. The output
from the low pass filter simulates the 1st and 2nd moments of an arbitrary random

process when driven by a white noise input.

It is now shown that the random vector ¢ has a finite support for all £ and for
0 < A< 1with gg = 0. If (5.3) is generated for & = 1,2,..., then the limit as
k— oo

lim g = N log + M2, + ...+ oy

k—oo
If |vg| < © then

lim lge] <DL+ A+ A2+ ..+ A

1— M\
1—\

=v

Therefore the elements of the random vector g are bounded by |g| < 17% for

all k.

The variance of gi41 is denoted E(gr11¢i. ;) = k41 and from (5.3), and assuming

that E(givy) = 0, it satisfies the following equation

Ek+1 =K ((/\qk + vk)()\qk + Uk)T)
= NE(qrqx ) + E(vrvg )

= A\2%), + 021 (5.6)

If 0 < X< 1, (5.6) is stable and converges to a steady state value. By defining

the steady state variance to be lim,_ . X = X, then the steady state variance
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is given by

L o2r (5.7)

Yes = 1_/\200 )

The support of the random variable is defined as |gx| < gx where g is generated

by Gr+1 = Aqx + . Hence, for 0 < X\ < 1, ¢ increases monotonically to the steady

v

state value ¢, = 175

5.1.2 Confidence regions

Let Qk(p) denote the polytopic confidence region containing ¢ with probability

p (l.e. Pr(ge € Qr(p)) = p), where Qx(p) = {q : |q| < Ox(p)}. We next show
that Q(p) increases monotonically with k, since 0r1(p) > 0x(p), under a mild
condition on v. Define f, to be the probability density function where the random
vector vy is drawn from at time & and for convenience (without loss of generality),
consider the case of scalar v. The cumulative density function is then defined by

F(z) = [*__ fu(v)dv. The cumulative distribution function for (5.3) is given by

FlIk+1 (9) = PT(Qk—H < (9)
oo r(0-q)/A
- [ h@ st

Since (5.3) is equivalent in distribution with (5.5), then
00 6—X\Fy
Fuo®= [ [ fa@dato)ae
and noting that f_g;;\kv f4.(0)dq = F,, (0 — X*v) which therefore yields

Fuo®) = [~ Fu (0= XS (o) (53)

[e.9]
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Lemma 4. If f, and f,, are be unimodal and symmetric then

fun® = [ a0 = N0}, o) (5.9)
is also symmetric and unimodal .
Proof. The proof is given in [56]. O

Throughout this chapter, we assume that f, is symmetric and unimodal, so f,, is

symmetric and unimodal for all £ by Lemma 4.

Lemma 5. If g, is generated by (5.3) with gy = 0 and |gx| < 0k (p) with probability
p, then O;,1(p) > O0i(p) for all k, for any given p € [0, 1].

Proof. The proof is to show that F,

9k+1

(0) < F,, () for any # > 0 where F(z) is the
cumulative distribution function (CDF) for a given probability density function
(PDF) f(x) and we consider (without loss of generality) the case of scalar g, and
vg. An example of a CDF is shown in Figure 5.1. Since f,, is by assumption,

symmetric and unimodal, the following inequality holds for all v/ > 0 and 6§ > 0
0 < Fy (0 +0') = Fyu (0) < Fy, (6) — Fo (0 =) (5.10)

From (5.10) we have, for § > 0 and all v > 0:

FQk(e + /\kv>fv(v) - F%(e)fv(v> < FQk(Q)ﬁ)(U) - FQk(e - Ak”)fv(v)

Therefore, for all # > 0 we have

2/ E, (0)f,(v)dv > /OOO E, (0 — Xv) f,(v)dv + /OOO E, (0 + Xv) f,(v)dv

—00
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and since f,(v) is symmetric, it follows that

0

Fu®2 [ B Nosedo+ [ F®-Xofd.

—00

From (5.8), the RHS of this inequality is F,

dk+1

(0), so this completes the proof
that F,

dk+1

(0) < F,,(0). Consequently, if I, (6) = p, then F,  (0r41) = p only if

Ort1 > Ok O

0.9
0.8
0.7

0.6

0.4
0.3
0.2

0.1

FIGURE 5.1: Plot of a CDF F, (z).

5.1.3 Input and state constraints

Using the closed-loop paradigm, the predicted control sequence at time k is given

by

Uik = Koppp + e i=0,1,...,N—1 Mode 1 (5.11)

i =0, i=N,N+1,... Mode 2

where ¢, @ = 0,..., N — 1 are free optimization variables.
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Combining (5.11) with the transformation z = Vz allows (5.1) to be reformulated

as
Zhtilk = PrrilkZhrilk + BrrirCilk + drtilk (5.12)

where from (5.2), we have
o

[rcsite Brik digae) = [@° B° 0] + Y _[@9) BY) dW]gy,

J=1

with ®°,B°,d° and ®) BU) d9) defined by

o =V(A + B K)W, B°=VB’ d"=Vd

oW =V (AY + BORKYW, BY =vVBY,  d=vd¥
In this setting the control law of (5.11) can be rewritten as
Uitk = Kzppan + cgp, K=KV 7L (5.13)

The constraints imposed on the system are hard constraints and probabilistic
(soft) constraints. The hard and soft constraints on the transformed system take

the form

w,? = Fyz, + Ggep < hy (514)

Ui = Fozi + Goc < hs. (5.15)

Hard constraints (5.14) are constraints which can not be violated at any time.
The probabilistic constraints (5.15) instead are constraints which can be violated

at any given time k, but with the average rate of violation over a fixed horizon N,
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must not exceed a specified bound Nﬁ:’”
1 [ & N,
ﬁc {; P’I“{FSZ]C_H‘ + Gsck—i-i > hs}} S ]n\;:z (516)
We define nominal trajectory of the system by
Thyivik = Aofkﬂ'\k + éoﬂk+i|ka Tkt = Tk (5.17)

Here Ty, denotes the nominal state prediction ¢ at time £ and does not denote the
expectation, i.e. Tpyik # E(ZTptik). The corresponding nominal input prediction

Uiy = }A(Ekﬂ»‘k + ¢;)x from (5.11) is substituted into (5.17) to give

Ek+i+1|k = (AO + BOK)EkJﬂUQ + Boci‘k. (518)

5.2 Constraint Handling

To handle constraints on the distribution of predicted states and inputs in a com-

putationally efficient manner, the same method of using a sequence of u nested

tubes comprising of polytopes ZZ.(@ centred on the nominal trajectory given by

(5.18) in Mode 1 and polytopes Zt(l) centred around the origin in Mode 2 is used.

The same strategy of constraining the probabilities that, for each i, the i-step-

ahead predicted state lies in any particular set Z -(|l12 (or Zt(l) for i > N) is utilized

()

here again. This is ensured by constraining the probabilities of transition from

Z}(:‘Z) to Z}(Ql'k, for h=0,1,...,N — 1 and from Zt(m) to Zt(l), to be no less than
pim for i, m =1,..., u. Further constraints are imposed in order to ensure that the

probability of violating system constraints at prediction time ¢+ 1 does not exceed
p forl =1, ..., u whenever the i-step-ahead predicted state lies within Zi(f,z(or Zt(l)

for i > N). One of the main advantages of this strategy as demonstrated here, is
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the ability to handle more general cases, where the uncertainty distributions are
not independent and identically distributed. Furthermore, this method provides a
more computational tractable algorithm over explicit computation of distributions
using multivariate integrations or Monte Carlo methods which are computationally

intensive and hence limit application to systems of small order.

The distributions for g, are finitely supported, time-varying and converge to a
steady state distribution as k — oo. Polytopic confidence regions, as explained in
Chapter 3, are utilized to express sufficient conditions for satisfaction of probabilis-
tic and hard constraints in the form of deterministic linear constraints. The differ-
ence here is that the polytopic confidence regions (Q(p) in g-space) are time vary-
ing and hence at time k, Qx(p) is defined in terms of its vertices q,is) (p)y,s=1,...,v
with the property Pr{q. € Qx(p)} > p. After a finite number of time-steps k, we

set Qk(p) equal to a steady state and hence a constant confidence region which is

denoted Q4(p).

The probabilities pp,,p; for [,m = 1,..., u are design parameters chosen such
(3.31a)-(3.31c) and (3.36) in Chapter 3 are satisfied. In summary, the hard con-
straint (5.14) and the probabilistic bounds (5.16) on the predicted number of
violations of the soft constraint (5.15), are satisfied via the following constraints:

1. terminal constraint

2. one-step-ahead transitional probability constraints

3. universality constraint on outer polytope

4. one-step-ahead constraint violation probability

5. feasibility of outer polytope w.r.t hard constraint

6. nestedness constraint
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The above constraints can be ensured respectively by invoking a set of inequalities
involving the vertices of the polytopes defining the tubes and the vertices of the
polytopic confidence regions, Qx(p) at time k (as the derivations of these linear
inequalities are similar, it is not repeated here and the reader is referred back to

Chapter 3):

c —(I —(1

s c —(1 s s
(g Y () i + DoZichd + By (pm)) e + A (o))
_Zlg—l—i-i-l\k‘ < E;”jiﬂ‘k (5.20a)

®(q” (p)) D, 25 + d(q” (pmz))) <z (5.20b)

B(qy ) (D)2 + Dozl + Blalhy (D)ean + d(a, (1)

_Zli+1;+1|k| < 7,Efjr)i+1|k (5.21a)
(g, (1) D, 2" + d(q§8)(1))’ <z (5.21b)

s c —(l S
+d(qz(f+)¢|k(1 - pl))} + Gscipap < hs (5.22a)

Fs {@(q§s>(1 —p))D,ZY + d(gP(1 - p,)} < hg (5.22h)



Chapter 5. TSMPC' for Systems with Time Correlated Uncertainty 117

FH[ZEHM + Drzl(ﬁqu] +Gucipy < hy (5.23a)

FuD,7% < hy (5.23b)

Z > > >, >0 (5.24a)

> > >2h >0 (5.24D)

The terminal set parameters {zﬁ” l=1,...,u} are determined off-line by:

m

nax [T prodz?) s.t. (5.20b), (5.21b), (5.22b), (5.23b)and(5.24b)  (5.25)
ET =1,..., ¥y 1=1

which maximizes the products of the volumes of Z:(Fl), [ =1,...,u thereby mak-

ing the terminal constraints (5.19) less stringent hence enlarging the region of

attraction of the proposed method.

5.3 The Receding Horizon Algorithm

For a stochastic system, the predicted states will be random over a prediction
horizon and the corresponding cost will also be random. Therefore, a suitable cost
is defined by using the expectation operator, as previously defined in Chapter 3

given by
Jp = Z Ek(xzﬂ-@xkﬂ- + UZHRU;CH).
i=0

However, for the case of temporally dependent random variables such as the one

generated by (5.3) the expected cost function given above is unsuitable. One of the
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main advantages of using an expected value of the infinite cost function is that it
is finitely parameterized in terms of a quadratic function of ¢, as shown in (3.57a).
This can be done with an assumption that the random variables are independent.
With the assumption of independence, it is shown that lim; .., Ex(2x4;) = 0 if there
exist a positive definite matrix P such that P —UOTpy©) 52 FET Py > 0
as shown in Lemma 3. On the other hand, the recursion of (5.1) (rewritten in terms
of an augmented autonomous state space form, as given in (3.43) in Section 3.4.1)

gives:

X1 = @OXO + Ci(),
X2 = \ifl‘i’OXo + ‘1’1650 + d~1,

X3 = ‘i’z‘i’l‘i’oXO + ‘i’z‘i’ﬂzo + @2651 + CZ2;

Taking the expectations yields

E(x1) = q’oXo + CZO;

Since \ifo, \ifl, \ifg, ... and dp,d,, ... are not independent, the expectations of the
product of these terms needs to be evaluated, and over an infinite horizon, this is

intractable.

Alternatively, to develop the receding horizon algorithm, a predicted cost to be

optimized online can be defined as

Je = Zfzﬂ‘lkcﬁkﬂ'lk + ﬂgﬂmRﬂka- (5.26)

1=0
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The predicted cost used here is a nominal performance index based on the nominal

predicted trajectory of (5.18).

Theorem 5. The predicted cost above can be rewritten in terms of the degrees
of freedom ¢;, = [COT, o 76%71? and its minimization leads to the same optimal

solution as the minimization of

J¢ = cf Py (5.27)
where
BTP.BY + R 0 . 0
0 B"pP.B'+ R 0
P. =
0 0 ... B"p.B"+ R

and P, is the solution of the P, — ®7P,8° = Q + KTRK.

Proof. By substituting (5.18) into (5.26) the following is obtained

- AT
; i Thrilk Q+ K"RK €e"RK Thtilk
k= .
i=0 Cr KT Re e’ Re Cr,
- 4T
B i Thtilk ~ | Thtilk
i=0 Ck (&%
This is equivalent to
T
Zo|k Zo|k
Jo=| " B (5.28)

Ck Ck,
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where P, is the solution of the Lyapunov equation

P, —UTPU =Q (5.29)
and
07 0 ...0
A+ B'K B°E 007 ...0
= M = L, E=110 0]
0 M
000 0
€T PZCC
where [ is the m x m identity matrix. Partitioning P, = and
PCI‘ C

expanding the cost function yields
I = T PuTop + 20y, Pocci + ¢ Pec.
Define the optimal value for ¢; to be ¢, that is

¢ = argmin Jj
Ck
= 2T Prc + 2Pocf, = 0

= C;; = —Pc_lpg(;fo‘k 7'é 0 Vfo‘k 7& 0.

If K is LQ optimal for (A%, B%), then ¢; = 0, since ¢ are perturbations away from
the unconstrained optimal given by the linear feedback law w1, = K Tpyik- thus

implying that P,. = P., = 0. Therefore (5.28) is written as

T p= T
Jp = x0|kme0|k + ¢, P.c
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and (5.29) is written as two separate equations

P, — (A’ + B’K)"P,(A° + B°K) = Q + K"RK
P.— MTP.M = ETRE.

Since the first term of Jy is a constant, it can be ignored and P, has the analytical

solution as given. O

The algorithm is outlined as follows:

Algorithm 8. (TSMPC for Correlated Systems)

1. (OFF-LINE): Perform the optimization of (5.25) in order to maximize the

invariant terminal sets.

2. (ONLINE): At each time instant & = 0,1, ... perform the optimization

min J, st (5.19), (5.20a), (5.21a), (5.22a), (5.23a), (5.24a)  (5.30)

3. Implement wuy = Kz, + ¢j;, where ¢* is optimal for (5.30).

Lemma 6. Using Lemma 5, if the constraint ®(gss)z + d(gss) € Qr Vz € Qr is

satisfied, it implies that ®(qx)z + d(qr) € Qr Vz € Qpr, k=N, N +1,....

Proof. The constraint above is ensured by the inequality constraints given by
terminal constraint, (5.19) and universality constraints (5.21b). The polytopic

confidence region @Q;(p) in Mode 2 is chosen to be @y = Q. Invoking (5.21b) for

all the vertices of Q;(p) gives
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for all ¢ € Q;(1). Since g1 > qx is monotically increasing for k = N, N + 1, ...
and converges to ¢ss and since (5.21b) is affine in gy, it follows that the constraint

is also feasible for all ¢, k = N, N + 1,.. ., if feasible for ¢. O

Theorem 6. If the online optimization is feasible at initial time £ = 0 then it is
guaranteed to remain feasible and the closed-loop system state converges to the

minimal robust invariant set for (5.1) under u;y = Kx) with no constraints.

Proof. Feasibility at time k implies feasibility at £+ 1 because shifting by one time
instant all the previously computed trajectories, both in terms of the perturbations
¢ and the polytopic upper bounds z¥, will define at least one feasible set of
trajectories. This follows from the fact that c is chosen to be zero in Mode 2, and

) ()

from the terminal condition Z ,f;l+ nie © ZTZ according to which the last element in

Mode 1 of the feasible Z(¥) trajectory can be chosen to be 70 Let c; be a feasible
trajectory computed from the online optimization and the corresponding optimal
cost to be Ji* at time k. Then Mc¢j, = cj4+1 provides a feasible trajectory for the

next time step k + 1. Then the following is true

Jit o < Ji < ¢t MTP.Mcy, = ¢ Pocy, — ¢, E" (B P,B° + R)Ec

& Jf—Ji, > ET(B"P,B + R)Ecy,
Since (BT P,B° + R) is a positive definite matrix, the following inequality holds

and that Fc, — 0 as k — oo which implies u, — Kx; which implies x;, — S where

S is the minimal robust invariant set under u; = Kx;, with no constraints. O

Theorem 7. If the online optimization is feasible at & = 0, then it remains

feasible at all times £ = 1,2, ... and consequently the closed loop system under the
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algorithm satisfies the hard constraints (5.14) and the probabilistic bound (5.16)

on soft constraints.

Proof. The proof is the same as Theorem 4 except with time varying polytopic

confidence regions Qpix(p)- O

5.4 Numerical Example

As an example, the evolution of the probability density functions (pdfs) of the
correlated random variables for £ = 1,...,10 is shown in Figure 5.2. The pdfs are
generated for the case of A = 0.5 by firstly taking a discrete approximation of a
uniform distribution and then recursively performing the convolution operation.
When the distribution has reached a steady state, the constraints are time invariant
across the prediction horizon. The steady state distribution is finitely supported

on [—2, 2] with mean E(gx) = 0 and variance of E(grqi) = 02,1 where 02, = 3.

k=1
1 T T T T T T
o_g L i IO Tt t9t0en |
-2 -15 -1 -05 22 0.5 1 1.5 2

FIGURE 5.2: The evolution of the probability density function for £k =1,...,10
for u = 0.5. The pdfs approaches a steady state distribution as k > 9.
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Consider the system for which the parameters of the model (5.1) and (5.2) are

given by:
j0 _ 1.2 0.1 A 0.1 0 Ao 0.1 0
0.1 1.26 0 0.1 0 0.1
A0 _ 0.5 B0 _ 0 BE) _ 0
0.4 0 0
jo_ 0 ) _ 0.02 o) _ 0
0 0 0.2

For simplicity, consider only soft constraints on the system states defined by

2 1 00 1.8
Fs: ) Gsz 7Hs:

-2 -1 0 0 1.8

The prediction horizon for this example is chosen to be N = 4, and the cost of

(5.26), for Q@ = I,R = 1, leads to the unconstrained optimal feedback law:

A

u=Kz, K=[18 —4.9].

The transition probability matrix and vector of constraint violation probabilities,

for % = 0.80, are taken to be:

P11 D12 0.9 0.3 P1 04
H — = s p — —

D21 D22 1 1 Do 0.95

where these values satisfy N% SN (T e, < N%:x j = 1,2. The number of
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overlapping tubes is taken to be p = 2. For the particular choice of K, the eigen-
values of the nominal closed loop state matrix and eigenvector matrix respectively

are given by

The results shown compares three algorithms, namely, the LQ Optimal feedback
under u, = K xk, the TSMPC with time invariant polytopic confidence regions,
which is defined using the steady state distribution ¢, (denoted TSMPC2a) and
the algorithm presented in this Chapter, where time varying polytopic confidence

regions are used, (denoted TSMPC2b).

The choice of initial condition has significant effect on the performance of the
TSMPC2b algorithm when comparing with the LQ Optimal feedback case and
TSMPC2a. A set of initial points are chosen from a grid of z; € [—5,5] and
29 € [—20,20]. For initial points which start inside the feasible set (does not
violated any constraints at time k& = 0) the performance of TSMPC2b over the
other algorithm as measured by the sum of stage costs is the same. Furthermore,
all algorithm are feasible with respect to the constraints. Therefore, there is no
clear advantage of using the TSMPC2b algorithm for points inside the feasible set.
For points outside the feasible set, as an example if f 2y = [—5 20]7 is chosen, the

advantage of using TSMPC2b can be better highlighted.

Figure 5.3 show the closed loop response for the states over 100 realizations
of the uncertain sequence (gx,k = 1,...,20) for an initial condition of z, =
[—5, 20]7. The terminal sets computed off-line are ZEI) = [0.45, 1.43]" and
ZEQ) = [0.50, 1.61]7. The corresponding closed loop response for the input and

states are shown in Figure 5.4 and 5.5.



Chapter 5. TSMPC' for Systems with Time Correlated Uncertainty 126

Firstly the nominal closed loop cost for the 3 cases are compared. The nominal
closed loop cost are: 837.1 (for LQ Optimal), 954.2 (for TSMPC2a), and 910.2 (for
TSMPC2b). As expected, LQ optimal control achieves a lower value of nominal
closed loop cost but achieves this at the expense of violating the probabilistic
constraint of the problem. TSMPC2b achieves are much higher cost but is feasible
with respect to the probabilistic constraints. TSMPC2b achieves a lower closed

loop cost compared to TSMPC2a.

The frequency of soft constraint violations over a horizon of N, is shown in Table
5.1. Indeed, for LQ Optimal control the worst constraint violation rate is exhibited
in the first 3 steps of the closed loop response, during which the expected number of
constraint violations equal to 0.96, clearly exceeding the allowable limit of N]’\’[—f’: =
0.8. By contrast the worst expected constraint violation rate for the TSMPC2a
algorithm over any 3-step interval is 0.35 which is within the allowable limit.
TSMPC2b achieves a less conservative result of 0.43. The reason here is that since
the polytopic confidence regions are time-varying and this information is included
in the receding horizon optimization, a less conservative result is obtained in terms

of soft constraint violations and a lower closed loop cost.

k 0 112] 3 4 )
LQ Optimal | 100 | 87 | 90 | 100 | 100 | 100
TSMPC2a | 100 | 6 | O | O 0 0
TSMPC2b | 100 | 30| 0 | O 0 0

TABLE 5.1: Soft constraint violations for under LQ optimal control, TSMPC2a,
and TSMPC2b at time step k over a horizon N, over 100 realizations of uncer-
tainty.
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FIGURE 5.3: Plot of the trajectories of z; for k=1,...,6 and 100 realizations.

The blue line shows the trajectory under the unconstrained LQ Optimal control

while the red is under the TSMPC algorithm. The dotted line shows the soft
constraints imposed on the states. The red polytopes are the terminal sets.

5.5 Conclusion

The TSMPC algorithm applied to linear systems with hard and probabilistic con-
straints is adapted to handle the case where the model uncertainty is not tem-
porally independent. When the uncertainty is not temporally independent, an
infinite horizon cost function based on expected value of a quadratic stage cost
cannot be written compactly as a quadratic expression in terms of the degrees of
freedom. However, an infinite horizon cost function based on the nominal trajec-
tory generated by uncertainty free system can be defined. Constraints are handled
using the same strategy of defining a sequence of overlapping tubes, corresponding
to a sequence of confidence levels depending on time-step k on the predicted future
plant state, and imposing a set of constraints the one-step-ahead predictions. A
guarantee of the recursive feasibility of the online optimization ensures the closed
loop system trajectories satisfy both hard and soft constraints. It was shown that

the TSMPC algorithm adapted to handle temporally dependent uncertainty is less
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FIGURE 5.4: Plot of the input trajectories ux = ka—f-ck for the 100 realizations
of uncertainty for algorithm TSMPC2b.

conservative compared to the case where the original TSMPC algorithm for the

case of temporally independent uncertainties.
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FIGURE 5.5: Plot of the state trajectories in the x domain for the 100 realiza-
tions of uncertainty for algorithm TSMPC2b.



Chapter 6

Application of TSMPC to

Sustainable Development

6.1 Problem Description

6.1.1 The Sustainable Development Problem

Model Predictive Control (MPC) solves, in a receding horizon manner, a series of
open-loop optimization problems, thus providing tractable solutions to an infinite
horizon constrained optimal control problem. It can be applied to wider class of
problems, where the aim is to maximize a suitably defined benefit while keeping
risk or cost within constraints. Omne such problem is prevalent in the field of
Sustainable Development (SD). Sustainable Development is defined by the United
Nations as ‘development that meets the needs of the present without compromising
the ability of future generations to meet their own needs’ [57]. In this context,
the sustainable development paradigm needs to be incorporated in the decision
making process. An example of a decision making process is the resource allocation

problem where a finite amount of resource needs to be allocated to maximize

130
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benefit or minimize cost. Therefore the quantitative assessment of policies needs
to reflect the tradeoff between the pattern of present resource consumption and in
the future. A purely quantitative assessment (as opposed to quasi-quantitative or
qualitative) is needed to allow a direct objective comparison of one policy against
another. This is equivalent to a constrained optimization of future benefits over
a given time horizon. At all future times, the sustainable development context
will still be relevant and therefore the optimization is effectively performed in a

receding horizon manner, making it similar with MPC.

Predicting how current development will affect the potential for development in
the future is inherently random. Assuming there is some statistical regularity,
a stochastic model can be used to generate predictions. The resource allocation
problem (SD problem) here concerns the allocation of research and development
investments between different power generating technologies. Several measures
of performance can be used which include price of energy and CO, emissions.
Constraints can be placed on these measures such as a limit on CO, emission
in 3 years time. The goal here is therefore to allocate investments to give the
‘best’ measure of predicted performance subject to constraints. The stochastic
model used to make predictions is an economic model called ‘Prometheus’ [58]. In
MPC terms, this is equivalent to controlling a system subject to model parameter
uncertainty and additive disturbance. Hence, the Tube Stochastic MPC can be

applied directly to solve the resource allocation problem.

This chapter is arranged as follows. In Section 1, the economic model Prometheus
is further defined. Section 2 discusses the previous work on the SD problem. Sec-
tion 3 describes the ARX model, which is used to give a closed-form approximate
model of Prometheus. The application of the Tube Stochastic MPC to the SD
problem is discussed in the Section 4. Finally, the numerical results and simula-

tions are presented in Section 5.
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6.1.2 Prometheus

Prometheus is an economic model which relates research and development (R&D)
investments on 15 alternative power generating technologies to 8 measurable indi-
cators [58]. These measurable indicators include energy cost or CO5 emission and
are classified by world region. It provides yearly outputs (indicators) with varying
inputs (investments) for a prediction horizon of 30 years. Two types of predic-
tions can be made using Prometheus namely ‘deterministic outputs’, where the
uncertain model parameters are set to their mean values, and ‘stochastic outputs’,
where a random sample of the uncertain parameters are taken from a known prob-
ability distribution. The aim of this chapter is only to highlight the applicability
of the TSMPC algorithm to the SD problem and therefore for simplicity, the focus

is only on two outputs and two inputs.The two outputs and inputs are

y1: The energy cost for non-European signees of the Convention on the Organiza-

tion for Economic Co-operation and Development (OECD).
12: The CO, emissions over the whole world.
ur: R&D Investment on Gas Turbine in Combined Cycle (GCC) technology.

uz: R&D Investment on Wind Turbine technology.

Inputs here are the spending levels (measured in arbitrary units) above an under-
lying baseline investment. The effect of this baseline investment is removed from
the Prometheus outputs, so that all outputs reflect the consequence of additional
investments. Consequently, all units on the inputs and outputs are ignored as
these are now relative units. The assumption is made that over 30 years, the total
amount of extra investments should lie within 0 to 10% of the baseline investment.
This would form a budgetary constraint. For example, if 10% of the baseline in-
vestment into GCC technology is 6408, the sum of the yearly investments should

not exceed this amount.
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A distinction needs to be formed between yearly inputs (shocks) u; and cumulative

inputs v; (stocks) which is the cumulative investment to current time, i.

The step responses obtained from the stochastic version of Prometheus, averaged
over a large number of samples is shown in Figure 6.1. It shows that investments
into either technology results in a decrease in CO, emissions over a 30 year period,
which would be expected. However, investment in wind turbine technology (us)
has a effect of increasing energy costs in the first 10 years. This is also expected
due to higher initial costs associated with wind powered energy generation. An
optimization based on minimizing expected energy cost alone would result in a bulk
of investments going into GCC technology (u;). With a TSMPC formulation of the
optimization problem however, the variances (because we use the expected value
of a quadratic cost) of the output responses are taken into account and therefore
lead to a more balanced decision especially when probabilistic constraints on CO,

emissions are imposed.

/_\ 02 |I'.l

=15 -04
10 20 30 o] 10 20 30
4] T o
-20 \ -0
-40
-20
-6
= g . e
=100 ] =40 /
e, _— -
_12-0 ........___.\..._—"'.':...-. W— B 1 R e e ——
a 10 20 30 o 10 20 a0

FIGURE 6.1: Prometheus responses to step changes in u; and wue. Image
source: [16]
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6.2 Previous Work and Motivation

In this section previous solutions to the SD problem are described. An initial
solution was a static formulation [59] where the static models are used through

equations such as
y; = rlv (6.1)

where y;, i=1,...,8 is an cumulative indicators associated with the various tar-
gets (COq, Energy Cost) over a 30 year period, r; is a vector of impact coefhi-
cients associated with y; and v is the vector of inputs (investment allocations,
vj,j =1,...,8), associated with the different technologies. Due to the stochastic
nature of Prometheus, the elements of r; are random and assumed to be normal,
ri ~ N(p;,V;). The mean and covariance matrix of the normal distribution are

computed from Monte Carlo simulations.

The optimization problem can be posed in terms of expected values, however this
would remove the significant stochastic components of the problem. Instead the

optimization is cast in a stochastic (chance constrained) framework as

max Pr(y; > A;) (6.2a)

15
Zvj <B (6.2¢)
i=1

for a set of thresholds A;, probabilities p;, and budget B which provides a flexible
tool for a multi-objective policy assessment. The multi-objective is such that the
primary output y; is optimized while respecting constraints (probabilistic) on the

other outputs (y;). It is shown that for p; > 0.5 the optimization is convex and
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therefore has a unique optimum which can be computed reliably and efficiently

using Second-Order Conic Programming (SOCP) [60].

Normalize the probabilistic constraints and rewrite them in the form of a second

order conic constraint in the vector of decision variables, u:

Pr(y, > A;) > p;

<Pr(X > z;) > p; where X ~ N(0,1) and z; =

splv— A; > kiv/vT Vo where Pr(X < k;) = p;

1
S[|V*u]2 < ;(PZTU — Aj).

(3

plv—Ai

VuTViu

Likewise, the objective function can be written in the same form.

max Pr(y; > A4;)

=max Pr(X < z;) where X ~ N(0,1) and 2z, =

Al — plo
st, LAY

- VTV

Optimization (6.2) can be rewritten as

min s
0.5 1 T
8.t [V vllz < S (prv — Ay
1
s.b. [[V20lls < —(pf v — Ay)
Ry

piv—A

VoTViv

(6.3a)

(6.3D)

(6.3¢)

(6.3d)

(6.4a)
(6.4Db)
(6.4c)
(6.4d)

(6.4¢)

(6.5a)

(6.5b)

(6.5¢)
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The two main problems with the static formulation are that no consideration is
given to closed-loop effects and the dynamic response of the economic model.
Therefore there are no guarantees of feasibility and stability when applied in a

receding horizon manner.

The budget allocation adjustments are applied once only at initial time and the
optimization is based on cumulative effects of these changes to the output the end
of the 30 year horizon, which is well beyond the transient behavior of outputs
and therefore is a severe restriction. If the dynamics of the outputs are taken
into account in the optimization problem this would lead to improvements in the
optimal solution due to more degrees of freedom. The incorporation of the degrees
of freedom requires a dynamic model which considers the dependence of y;(k+i|k),
the " step ahead prediction of y; at time k, on the past, current, and future

predicted values of u;. This forms the motivation for the work in [16, 20, 61, 62]

Two types of dynamic model are suitable for this application: an Auto Regressive
Model with External inputs (ARX) model or a Moving Average (MA) model.
Previous work has focused on MA models because it preserves the assumption
that the predicted values are drawn from a normal distribution. The predictions

are generated using the MA model recursively

2 g—1
yilk + k) =D > gk —1), i=1,2 (6.6)
j=1 1=0
where y; refers to the actual rather than cumulative value of the i*" output. g;;({)

are the elements of the impulse respose from the j* shock to the it output.

Using this dynamic model, a SMPC formulation is used. The SMPC formulation
is divided to two phases. Phase 1 computes a set-point in some optimal manner
while Phase 2 provide the receding horizon optimization which guides the primary

output to the region above the set-point.
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Phase 1:

giﬁAl (6.7a)

st.Pr(yf®* > A1) > m (6.7b)

Pr(yj*>A;) >p; 1=2,...,n, (6.7¢)

v < B, v¥>0 (6.7d)
Phase 2:

N

i T (k) = ; s2(1|k) (6.8a)

st s(llk) > t(l|k) — t*°, s(l]k) >0 (6.8b)

Pr(yi(k+Uk) >r—t(|k)>p1 I=1,....,N (6.8¢)

Pr(yi(k+Uk) <r+t(lk)>p [=1,..., (6.8d)

Pr(yi(k+1lk) > A) >p; 1=1,...,N (6.8¢)

vi(k+m+1k) >vj(k+mlk) m=0,....N—gq (6.8f)

oy (kIK) > (k= 1) (6.5¢)

Linear combinations of normal distributions are themselves normal and this justi-

fies the choice of MA models. The linear combinations involve products of random

coefficients with past inputs which are deterministic. However MA models are non-

parsimonious. By using an ARX model, the past inputs and outputs are used thus

enabling a more suitable model. However, ARX predictions involve products terms

of random coefficients with predicted output values, both which are random, and

therefore do not have a normal distribution.
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6.3 Using an ARX Model

The TSMPC in the previous section algorithm requires a (closed form) linear state-
space model. Since Prometheus is a very detailed, nonlinear, and stochastic model,
it is not feasible to write it in an analytic form for use with MPC. However, an
approximation can be made by fitting a closed-form dynamic model to Prometheus.

Here, an ARX model is used to approximate the predictions from Prometheus.

Prometheus is a multi-input multi-output (MIMO) model and hence each output
can be modeled with an ARX model. Each of these outputs (y; and y,) are
represented separately by an ARX model which relates the current output to past
outputs and inputs. The ARX model for the case of 1 of these outputs, y; with 2

inputs takes the form
Az, )y (k+1) = 27" By (2,0)v1 (k) + 27"P Bo(z, 0) v (k) + £1(k) (6.9)
where np is the number of samples of delay and

A(z,0) =14 a1z' + .. . +ap,z "™ =1+ Zaiz_i

i=1
np

Bi(z,0) =by+ bzt + ..+ b}%z_"b = szlz_"
i=0

ny

By(z,0) = b+ biz " 4. b2 = b
=0

Note that A(z,#) is monic (leading coefficient is 1). The number of parameters
define the leading order of the poles (n,), the leading order of the zeroes (ny1,np2),

1

and 27" is the backward shift operator. The parameter vector # is then

0=lar ... an, by ... by by ... b2 )" (6.10)
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and it is assumed that 6 and ¢;(k) are independent and identically distributed

with a normal distribution:

0~ N(9,0) (6.11)

e1(k) ~ N(0,0%) (6.12)

The mean 6, covariance matrix ©, and noise variance o7 can be estimated by

fitting the model to multiple realizations of Prometheus as will be explained in
detail in the next section. Note that the normal distribution is only used as
an approximation to model the parameter distributions and the noise, and this
assumption needs to be validated. Model (6.9) can be used as a prediction model

to predict future values based on past outputs and inputs.

6.3.1 Fitting the Model

In this section, the identification process to obtain estimates (denoted é) of the
approximation of the true system (denoted 6) is explained. The assumption is
made that a good linear approximation of the true system, which is nonlinear and
of unknown order, exists. The process consists of several steps and the main steps

are detailed, all which follows standard procedure, (see e.g [63]).

Data Collection

The first step is to collect data from Prometheus. Since each input constitutes a
shock at a given year, the total shocks in a 30 year time length is ensured to a
predefined budget. Note that these shocks are relative to a baseline so any shocks
are deemed as additional spending. Budgets are therefore given as a percentage of
the baseline spend. Monetary investments are by definition positive, meaning that

no divestments can be made. The budgetary constraint for investments to Wind
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Energy Technology and Combined Gas Cycle Turbine are chosen to be 1510.1 and

6404.8 respectively.

One of the inputs is excited by a random input signal drawn from a uniform
distribution with a range of [0, 1] while the other inputs are set to zero. The input
realization is then scaled so that the budgetary constraint is satisfied over the
30 years. Since Prometheus is a stochastic model, the outputs measurements are
repeated to obtain several realizations of outputs based on the same input. This
measurement process is repeated for different realizations of the random inputs.
Therefore we have a collection of 40 data sets (each data set contains 30 realizations

of outputs from the same input realization):

270 = @), @), @) V0, 001,

Z0 = @), WP,y PO, 0w,

fort=1,...,30,7r=1,...,20.

Parameter Estimation via Least Squares

The recurrence equation is obtained by expanding (6.9), the sequence of predic-

tions for output ¢, which is based on past and future inputs and outputs is written
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as (for nyy =1, nye = 2, np = 1)

7i (k) —yi(k=1) ... —yi(k—ne) v (k-1) 0
yi(k+1) —yi(k) .. —yi(k—ng+1)  v(k) 0
gi(k+ N) —yi(k+N) ... —yi(k—nu+N) v (k+ N) 0

7 (k) —ys(k—=1) ... —yh(k — na) 0 vp(k —1)
Us(k+1) —yy(k) .. —ys(k—naw +1) 0 vt (k)
g5k + N) —ys(k+ N) ... —ys(k—ng + N) 0 vi(k+ N)

(6.13)

Note zero initial conditions is assumed and therefore y*(k) = 0 and v7(k) = 0 for

k < 0. The equation above is rewritten in more compact form

7' (k) = M(k)0;. (6.14)

Due to uncertainty or disturbances, the predicted and measured outputs are never
equal, and the residuals e(k) = y(k) — y(k) should be minimized by the choice of

parameters. That is the identification problem is cast as an optimization problem

N
: 2
min E 1 £5- (6.15)
]:

Because the predictors are linear, the minimization to the least-squares problem

above has a closed form solution given by

0, = (MT"M)"" My (k). (6.16)

Since the estimated parameter vector 6; is a random sample from an underlying




Chapter 6. Application of TSMPC to Sustainable Development 142

distribution, we can estimate the mean and covariance of the underlying distri-
bution by solving the least-squares problem for multiple realizations of output
generated from Prometheus. Hence, for each ¢+ = 1,. .., k realizations, we repeat-
edly solve the least squares problem, (6.16). Consequently the mean, 8, in (6.11)

can be estimated from:

=12Ni (6.17)

and the covariance ,0, in (6.11) can be estimated

© =E(6: — 0,)"(6; — 0;)
~ LS e-me-m (6.18)

-1
. i=1

To determine the best model order, the Aikake Information Criterion (AIC) [64]

is used:

2
AIC = In(RSS) + Nl (6.19)

N
62

=1 €j 18 the residual sum squared

where [ is the number of parameters, RSS = % >
and N is the number of observations. The AIC can be used as a measure the
goodness of fit which then used to compare the different models. A lower AIC
represent a good tradeoff between bias and variance. Given a data set, several
candidate models may be ranked according to their AIC, with the model having the
minimum AIC being the best. Since we are estimating the mean and covariance of

the random parameters by repeating the identification process foreachi =1,...,k

realizations, the mean value of the AIC is used.
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6.3.2 State-space Form

With the assumption of linearity, the dynamics of Prometheus are described by a
m-input n-output discrete time matrix transfer function. Here, only the cases of
m = 2 inputs and n = 2 output is considered:

Yl(Z) GH(Z) Glz(Z) Vl(Z)

= (6.20)
YZ(Z) Ggl(Z) GQQ(Z) By VQ(Z)

where G; = %((ZZ)) relates input 7 to output 7. Note that the parameters of the

matrix of transfer function is a realization at time k drawn from its probability
distribution function. For ease of notation, note that the time dependence is not

explicitly shown (i.e 6, = 0).

The recurrence equations between the inputs j = 1,2 and output ¢ = 1 are written

by expanding (6.9) with n; = 1 thus obtaining

yik+1)=—ayy' (k) + ... — an, v (k —ny)+
b%lvl(k) + ... bll ’Ul(k? - TLbQ) + b%lvg(k’) + ...+ b21 Ug(l{f — nbg)

np2 np2

(6.21)

There are many state-space realizations of a transfer functions and a detailed ex-

planation is given in [65]. In order to allow the coefficients of the ARX model
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(6.21) to be random and time varying, we use a non-minimal state space realiza-

tion. Thus the dynamics of (6.20) are written as

k) ] EEACE
Yy (k —1na1) y'(k —na —1)
y*(k+1) y*(k)
ek s )= | ¥ ) ey = | Y ET 2D (6.22)
oL (k) ik — 1)
vk — ngy) vk —ny — 1)
v?(k) vi(k —1)
] vk — nyg) | I vi(k —ny — 1) |

and the vector of input stocks as

(k) = . (6.23)

The realization of the matrix transfer function in state-space form is given by

x(k+ 1) = Agx(k) + Bro(k) + dy (6.24)

y(k) = Cx(k) (6.25)
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where x(k) € Rt Tneztnontnez=2 4 (k) ¢ R™ y(k) € R", and

Ay =

i
0 ... 0
1 0
1 0
—a?
1
0
0

2

a2

11
by

0

bll

Np1

0

0
b21

Np1

0

o o o o o

12
by

0

0
22

0

612

np2

22
bnb2

o o o O

(6.26)
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bt by e1(k)
0 0 0
0 0 0
bit by ea(k)
0 0 0
0 0 0
By, = dy, = . (6.27)
1 0
0 0
0 0
1 0
0 0
- 0 = L O -
10 ...0 00 ...0
C = . (6.28)
10 0 0 0 0

Note that the missing elements of the time varying system matrices Ay, By, and

output matrix C' are all zeros.

Since the model coefficients and disturbances are random variables, the state space

model can be written as a linear expansion over a set of scalar random variables
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P
[Av By di] = [A B 0]+ _[AD BD ¢]qY (6.29)
i=1
where g, = [ql(cl), e ,q,(f )]T is a random vector with zero mean and known (esti-

mated) covariance matrix S,. The basis {A®) B®) d®} can be chosen so that the
elements of g are uncorrelated (S, = I). This can be shown as follows by firstly

substituting (6.29) into (6.24)

x(k+1) = Ax(k) + Bv(k)+

[ADg(k) + BYu(k) +dV ... AP 2 (k) + BPy(k) + dP]g. (6.30)

The covariance matrix S, is necessarily symmetric positive definite and can be
decomposed into S, = RR” (using Cholesky decomposition). By defining g, =

R~q;, then g, has mean

E(gr) = R™'E(q) =0

and covariance matrix

E(Qk@?) = E(RA%%TR)
= R 'E(qrqy )R

=R 'S,R=1.

Substituting g, = Rg into (6.30),

x(k+1) = Az(k) + Bo(k)+

AWz (k) + BYu(k) +dP ... APz (k) + BPu(k) + d°|Rip. (6.31)
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By denoting r;; as the ij" element of R the following is obtained
(k)
ok +1) = Az(k) + Bo(k) + Y > [AD BO dD] | gy | 7"
i=1 j=1
1
(k)
SECCRRICES o] D SZCEAREN | R e
i=1 \i=

1

Comparing the equation (6.32) with (6.29), it is shown that the basis { A® B® q®}
over which the expansion of (6.29) is performed can be replaced by {A® B® )}
where [AD B d®) =37 [AD BO d®]r,; so that the elements of g, are uncor-

related.

6.3.3 State-space model with input shocks

The model that is used currently relates stocks to outputs given by (6.24). As an

example, consider only the state vectors for the case of {n, = 1,ny = 2, npe = 2}
for brevity sake, the state and input matrices are given by
—al 0 BB b o
0 _ (12 b21 b22 b21 622
A, 1 037 0y B, = 1 U
0 0 0 O 1 0
0 0 0 0 0 1

The relation between input stocks v, and input shocks uy is given by

v(k)

v(k —

1) + u(k).
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This is equivalent to passing input shocks through an integrator to obtain stocks at
time k. Constraints in the sustainable development context are imposed on shocks
and stocks. It is helpful to parameterize the optimization so that constraints are
easily encoded into the problem. This is done by forming a models which relates

shocks and also stocks to output. By substituting (6.33) into (6.24) we get

x(k+1) = Aga(k) + Bro(k — 1) + Bru(k) + di (6.34)

where the state vector is x(k) = [y(k),v*(k), v (k — 1),v*(k — 1)]T and input

shocks vector u(k) = [u'(k),u?(k)]T. This is equivalent to

x(k + 1) = Apx(k) + Bru(k) + di (6.35)

where

—a; 0 bi' +byt b 40y
0 —ai bF +03' bP +03°
0 0 1 0
0 0 0 1

The block diagram relating the model with stocks as inputs, and the augmented
model with shocks as inputs is shown in Figure 6.2. Stocks are integrated values

of shocks reflected by the integrator in the block diagram.

6.4 Application of the TSMPC Algorithm

The Tube Stochastic Model Predictive Control (TSMPC) algorithm, given in Sec-
tion 3.4 is directly applied to the budget allocation problem in a sustainable de-

velopment context. The goal of the controller is to compute a sequence of inputs
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el gy 2 i _.(;__fl
Gz | A

2 ey |2 Ga -
Gz

FIGURE 6.2: Block diagram of the identified Prometheus model to be controlled.

so that it optimizes some measure defined by the primary output while the sec-
ondary and remaining outputs are feasible with respect to the soft and also hard

constraints on the inputs are themselves satisfied.

From the SD problem perspective, the goal is to achieve the lowest possible en-
ergy cost subject to budgetary constraints and probabilistic constraints on CO,
emission. The budgetary constraint form a hard constraint on the shocks so that

the vector of stocks, vy, = [v},, vZ]T satisfies:
2 .
Y vl<B k=0,1..., (6.36)

where B is budget allocation and stocks are always positive (no investment can be

taken out):
v!>0 j=12and k=0,1,.... (6.37)

Probabilistic constraints can be interpreted as over a horizon of N, years, the
expected rate of violation of soft constraints does not exceed a given bound %

The soft constraint considered here is such that COy emission, ¥, is lower than a
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threshold hg

1 [ N,
v {Z Priy? > hs}} < ]’G (6.38)
C k):l C

The problem here is a set-point tracking, where a set-point is computed initially
and the role of the controller is to minimize the output deviation from this set-
point. However, the TSMPC algorithm is tailored for a regulation problem. There-
fore, the variables are changed to convert a set-point tracking problem into the
one of regulation (that is to drive the state to the origin). But firstly, a optimum
set point x4 and the steady-state stock vss needs to be determined. Since the set
point satisfies the zy, = Az, + Bug, from the dynamics of (6.35), it implies that
the x4 is linearly dependant on vs,. The optimum setpoint can then be deter-

Lo2)T

mined by varying the elements of the steady-state stocks vector vss = [vi, v

CERERCE] )

such that it satisfies 2321 vl < B. The TSMPC algorithm is then applied. The
vector vs, which corresponds to the lowest mean cost is used to determine the

optimal setpoint , .

6.5 Numerical Results

The identification results of fitting an ARX model to Prometheus is presented.
The data collected from the actual system consists of 30 realizations of 20 random
inputs over a 30 year horizon. For each of the 20 input realizations, a set of 30
output responses is obtained correspondingly. The data points are obtained for
two sets of inputs and two sets of outputs. The results of model fitting are shown

in Figure 6.5.

Firstly, the model order which best fits the dataset is determined using the AIC

measure, and the results for both models, for output y; and y,, are shown in
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Figure 6.3 and 6.4 respectively. From these values, the lowest AIC measure de-
termines the best model order. It can be seen from both the figures that the AIC
does not decrease significantly as the number of parameters are increased. Since
the TSMPC algorithm suffers from the severe computation complexity for state-
space models with system order greater than 4 (n > 4), an ARX model with 4
total number of parameters is chosen to ensure a balance of computation time and
accuracy of model when implementing the TSMPC algorithm. Consequently, the
model order chosen for y; is {n, = 1,np; = np = 2} with a mean AIC of 0.74 and
the model order chosen for y, is also {n, = 1,y = npe = 2} with a mean AIC of

0.78.

0 5 10 15 20 25 30

Number of parameters
FIGURE 6.3: The AIC for varying number of parameters for output y;. The
order of poles and zeros of the ARX model are varied, and the identification

process repeated (shown using blue dashed lines). The ensemble mean AIC is
computed over 30 realizations of uncertainty is shown using a red solid line.
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FIGURE 6.4: The AIC for varying number of parameters for output ys. The

order of poles and zeros of the ARX model are varied, and the identification

process repeated (shown using blue dashed lines). The ensemble mean AIC is
computed over 30 realizations of uncertainty is shown using a red solid line.

The identified system parameters using model order {n, = 1,1y = ny = 2} are

therefore given by

0.7725 0 —0.0001 —0.0002

v 0 0.8603 —0.0016 —0.0016
0 0 1 0
0 0 0 1

00332 0 0 0 —0.0006 —0.0010
0 00192 0 0| _ —0.0073 —0.0057
A = B =
0 0 00 1 0
0 0 00 0 1

From the identified parameters, the variance of the parameters which constitute

the matrix B is negligible and therefore deterministic given only by its mean value
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B. The choice of basis of p = 1 is chosen for simplicity and the matrix A® is

determined as explained in Section 6.3.2.

The feedback gain matrix and dual eigenvector matrix of A + BK, are

0.0001 0.0020 —0.3297 0

0.0001 0.0019 0 —0.3297
-1 0 —0.0006 —0.0010
0 -1 —0.0070 —0.0053

0.0010 0.0133 —0.7981 —0.6068

0.0004 0.0004 0.6631 —0.7520

The transformed system parameters are

0.4610 0 0 0
— 0 0.6367 0 0
D —
0 0 0.0109 0
0 0 0 0.0109
0.0332 0 0 0
0 0.0192  —0.0002 0
o) —

0 —0.0003 0 0
0 0 0 0

The following transition probabilities and probability of soft constraint violations

are used
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In the off-line stage, the terminal sets (for u = 2) are computed to be:

78.1832 84.2634
106.9736 106.9736
Zt(l) Zt(2)
1.4724 1.4724
1.2233 1.2233

From the discussion in Section 6.4, the optimal set point is determined as z,, =
[—2.4018, —32.0198, 100, 400]”. The closed-loop simulations of the system were
performed over 20 realizations of uncertainty. The input responses obtained are
shown in Figure 6.6. Based on the simulation results, the optimal allocation is to
invest in the first 5 years with more emphasis on investments into wind technology.
The corresponding output responses are shown in Figure 6.7. The investments on
both the technologies has the net effect of reducing both the energy costs and CO,
levels over a period of 15 years; after 15 years both outputs fluctuate around a
steady state value. The soft constraint Pr(ys > —15) < 0.4 which represents that
the COy levels at year 3 should only exceed —15 with a probability less that 0.4.
As the COj levels in year 3 never exceeds —15, the soft constraint is satisfied with
probability of 1. This result implies that the TSMPC controller is a conservative

one.

6.6 Conclusion

Predicting how current technological development will affect potential for devel-
opment in the future is inherently random. Assuming there is some statistical
regularity, a stochastic model, namely the ARX model can be used to generate

predictions. The resource allocation problem (SD problem) here concerns the
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FIGURE 6.5: Plot of mean output over 30 realizations. (Blue:- responses from
Prometheus. Red:- responses from the identified model.)
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FIGURE 6.6: Input trajectory. R&D Investment on Wind Turbine technology
(top) and GGC (bottom).
allocation of research and development investments between different power gen-
erating technologies. Several measures of performance can be used which include
price of energy and C'O; emissions. Constraints can be placed on these measures
such as a limit on C'Oy emission in 3 years time. The goal here is therefore to

allocate investments to give the ‘best’ measure of predicted performance subject to
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FIGURE 6.7: The output responses where y;:- Energy Costs and y5:-CO2 Emis-
sions. The bottom two plots the stocks which is the cumulative sum of the
inputs shocks. The dashed lines represents the steady-state levels.

constraints. The stochastic model used to make predictions is an economic model

called ‘Prometheus’. In MPC terms, this is equivalent to controlling a system sub-

ject to model parameter uncertainty and additive disturbance. Hence, the Tube

Stochastic MPC can be directly applied to solve the resource allocation problem.



Chapter 7

Non-linear Stochastic MPC

LA Receding Horizon Control methodology is proposed for systems with nonlinear
dynamics, additive stochastic uncertainty, and both hard and soft (probabilistic)
input/state constraints. Jacobian linearization about predicted trajectories is used
to derive a sequence of convex optimization problems. Constraints are handled
through the construction of a sequence of tubes and an associated Markov chain
model. The parameters defining the tubes are optimized simultaneously with the
predicted future control trajectory via online Linear Programming. The tractabil-
ity of the Non-linear Stochastic Model Predictive Control (NLSMPC) algorithm

is demonstrated by a numerical example of a coupled-tank system.

7.1 Problem Formulation

Consider the discrete time nonlinear model with state x;, € R™ and input u; € R™

Tyl = f(xk,uk) +dk, k :O,l,... (71)

!The work in this Chapter has been published in [44].

158



Chapter 7. Non-linear Stochastic MPC 159

where n, defines the order of the system while n, defines the number of inputs.
We assume that the control problem is to drive the plant state to a target equi-
librium point which, for convenience we take to be the origin of the model (7.1),
so that f(0,0) = 0. The additive random disturbance dj, is assumed to be finitely
supported with zero mean, (E(d;) = 0), and d; and d; are independent from each

other (j # [). The distribution of dj, is assumed to be known.

The dynamics of (7.1) are assumed to be continuous throughout the operating re-
gion for the state (denoted X') and input (denoted U). More specifically, f(z, ux)
in (7.1) should be continuously differentiable over the operating regions. This as-
sumption is important because the entire algorithm here is based upon successive

Jacobian linearization about a predicted trajectory.

The hard constraints on states or inputs are written in the form
Hl S Fhilj'k + Ghuk S Hh (72)

where Fj, € Rwxna) G, € RMwxn)  pn, denotes the number of constraints
(upper,Hy, € R™ and lower, H; € ®™» limits) imposed on the states and /or inputs.
The majority of work on SMPC algorithms to date focused on feasibility with re-
spect to hard constraints and the work explored here extends this to include soft
constraints. This type of constraint is useful in applications involving constraints
on the rate of accumulation of fatigue damage. Soft constraints of this kind can

be written as

1 &

FZPT(FS[L"C —|—G5Uk > Hs) <
¢ i=0

(7.3)

where F, € R(sxne) G, € R"sxm) o denotes the number of soft constraints
imposed on the states and/or inputs. N4, is the maximum number of expected

constraint violations over a specified horizon of N.,.
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The control aim is to regulate the non-linear system to the set-point equilibrium
from a given initial condition. This is easily reformulated to a regulation problem.
The essence of the SMPC algorithm here is to minimize a measure of performance,
or cost, while respecting constraints on the non-linear system in the presence of the
additive random disturbance. A suitable cost explored here is the mean 1-norm

cost over an infinite horizon, written as

Jk(xk,uk) = ZEO (1T|£Uk| + 1T|uk|) . (74)

k=0

The justification (explained in Section 7.5) for using a 1-norm cost is that it casts
the optimization problem as a Linear Programming which can be solved efficiently.
In addition, a simple upper bound on the infinite horizon cost can be computed
off-line which enables the infinite horizon MPC optimization to be parameterized

over a set, of finite variables.

7.2 Successive linearization MPC

This section describes in outline a method of solving the receding horizon formu-
lation of the control problem defined in Section 7.1. Let {up, tkt1jk, - ..} denote
a predicted input sequence at time k and denote {xk|k, Thi1lks - - .} as the corre-
sponding state trajectory, with xy, = z;. Following the dual mode prediction
paradigm [28], we define the infinite horizon predicted input sequence in terms of

a finite number of free variables, ¢, = {cojk, ..., cn—1x} as:

Ukl = Kl‘ﬂk + Cik 1=0,...,N—1 [MODE 1} (75&)



Chapter 7. Non-linear Stochastic MPC 161

The linear feedback law v = K« is assumed to stabilize the model (7.1) in a neigh-
borhood of z = 0 (the approach allows this to be replaced by a stabilizing nonlinear
feedback law if available). The feedback gain K, is specified as the optimal feed-
back law for the linearized model <% ‘ 0.0) % (0’0)> with a suitable quadratic cost.
Note that this formulation contains a degree of conservativeness since it leads to
an optimization over the variables c; rather than closed-loop policies, however it

provides a convenient balance of computation and conservativeness.

Under the control law of (7.5), state predictions are governed by the model

Trritik = O(Thtilh, Cil) + diwir  Tip = T (7.6)

where ¢ : R"**" — R" is defined by the identity

o(xr, ) = fwg, Koy + cx). (7.7)

In order to account efficiently for the nonlinearity and uncertainty in the predic-
tion system (7.6), the proposed receding horizon optimization is based on linear
models obtained from the Jacobian linearization of (7.6) around nominal trajec-
tories for the predicted state. Let {x2|k, e ,ngerk} denote a trajectory for the
nominal system associated with the expected value of uncertainty in (7.6) and

0_ [0 0 0 :
cp = {Co|k’ o ,cwac}, so that ;. evolves according to

x2+z'+1|k = ¢(x2+i|ka C?|k)7 x2|k = Lk- (7.8)

The combined effects of approximation errors and unknown disturbances can be
taken into account through the definition of a sequence of sets centred on a nominal
trajectory at prediction times¢ = 1,..., N and a terminal set centred at the origin
for © > N. For computational convenience we define these sets as low complexity

polytopes of the form {z : |V (z—2Z;)| < Zip} fori =1,..., N, and {z : [V| < Z;}
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for the terminal set. Note that the norm operator(].|) applies element-wise. Here
V' is a square full-rank matrix and the parameters z;;, € R"*, z, € R"* determine
the relative scaling of the sets. Define V' as the transformation matrix such that
o=V % 0.0) V=1 is in modal form. Hence under the assumption that g_ﬁ|(0,0)
has a simple Jordan form, ® is diagonal with the diagonal elements all lying
inside the unit circle centered at the origin of the complex plane, thereby making
nominal invariance easier to meet. Nominal invariance (which is ensured by (7.29))

will be further discussed in Section 7.4. Further details of this approach for the

deterministic case can be found in [36].

To simplify presentation, we define a transformed variable z = V& and denote 2°

and ¢® as the deviations from the nominal trajectories for z and c:

s 0 0 _ 1.0
“htilk = Fk+ilk T Fkyilks  Pkilk ka+i|k (7.9)

5 0
Cilk = Cilk — i (7.10)
The transformed state evolves according to

Zl(<):+i+1|k + Zg+i+1|k = V¢(V_1(22+i\k + Zg+i|k), i + C?|k) +¢epts [MODE 1]
(7.11a)

Zhrine = VOV ' 201, 0) + ks [MODE 2].
(7.11b)

where ex1; = Vidg;. The Jacobian linearization of (7.6) about {x3, ..., 23, v}
and c) in Mode 1 and linearization about the origin in Mode 2 can therefore be

expressed as

Zovirie = PhriteZiadn + BrrikCs + ehei + ehrgp [MODE 1] (7.12a)

Zoivae = P2k + Erri + rar [MODE 2] (7.12b)
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where ey, defines the linearization error and the closed loop state matrices ®

and input matrices B are

Ppoyipp =V 00 v Bryip =V o¢ [MODE 1] (7.13a)
ax 0 0 (96 0 0
(xk+i|k’cz‘\k) (xk+i|k’ci\k)
o—v 2 yo IMODE 2].
ox 0.0)

(7.13b)

The linearization errors in (7.12a) and (7.12b) respectively are given by

Chk+tilk = V¢<V_1(Zg+i|k + Zg+i\k)7 C?\k + C?\k)
_VQS(V_lZIS—H\ka C?\k) - (I)k+z|kzg+z|k - B]ngZ‘ka“g [MODE ]_]
(7.14a)
Chtilk = V¢(V71<22+¢|k)7 0) — <I>z;§+i‘k [MODE 2].
(7.14b)

Next, we show how these linearization errors are bounded linearly in terms of 2°
and ¢® for Mode 1 and Mode 2. The zero-th order Taylor expansion of (7.11a)

around {2, ..., 3, .} and ¢}, for Mode 1 is given by
r) —
Z2+i+1\k 1 Zhgirik = VoV 122+¢|k7 C?|k) + €kti + Rigir (7.15)

where Ry is the remainder term. Since ¢ is continuously differentiable by

assumption in the region given by

(V_lzg+i\k7KV_lzg+i‘k + C?\k) eX xU,
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using Taylor’s Remainder Theorem, the remainder term is given by

99
—1.6

0
Riypi =V o¢

(Ehtilr Vil k) (Ehompilke Vil k)

where (§piijes Verir) € X x U. Substituting (7.12a) and (7.16) into (7.15) and

rearranging yields

Chtilk = (V % ¢

-1 é

d
- Bk+ik> Cilk-
(Ehpilk Vil k)

(7.17)

(EhtilkoVilk
| |

Since &kyijkr and vy, are defined in the region (§pyipk, Vitie) € X X U and ¢ is

continuously differentiable everywhere in the region, it follows that

V % eT (7.18)
Oz ik ile)
k+ilksYi|k

where T' C Co F_z(m),F_C(m), m=1,..., M} for some set of matrices
{P_z(m);r_c(m); m

linearization error in Mode 1 given by (7.17) belongs to a set defined by the convex

VLV o¢

Oc

(Ertilk-Vilk)

1,..., M}, with Co{.} defined as the convex hull. Hence the

hull of

= (m)

Ck+ilk € Co {(F_z(m) - ©k+i|k)zg+z‘|k + (Fc - Bk+i\k)cf|k> m=1,... 7M} .

(7.19)

Therefore if the assumption of continuous differentiability holds in the region X
and U, the linearization error in (7.12a) (for Mode 1) necessarily satisfies the

following Lipschitz condition

|extili] < Fi+i\k’zl§+i|k| + Fz+i|k‘cg|k‘ (7.20)



Chapter 7. Non-linear Stochastic MPC 165

L . ; c o . : S
for some positive matrices I'; ik Iy il Similarly in Mode 2, the linearization

error in (7.12b) is bounded linearly in terms of z° given by
|lekrik] < Ft\z;iﬂ‘k! (7.21)
for some positive matrix I';, for all 2, such that
(V_lszri\k,KV_leH\k) cX xU.

The matrices I'y ., I't ., are computed online (as discussed in Section 7.6), and

I'; can be computed off-line with a method of computation as outlined in Algorithm

9).

The bounds (7.20) and (7.21) are combined with bounds on the uncertainty ey,
to construct sets Zi(‘l,z,i = 0,..., N that depend on ¢} = {cg‘k, o ,c?v_l‘k}, thus
defining tubes centred on a nominal trajectory containing the predictions of (7.8).
These tubes provide a means of bounding the receding horizon performance cost
and of ensuring satisfaction of constraints. As a result the process of successively
linearizing about (x} ., c}), optimizing c}, and then redefining () ik C1) by
setting ¢} « ¢ + ¢ necessarily converges to a local optimum for the original

nonlinear dynamics.

7.3 Probabilistic Tubes

This section describes a method of constructing a series of tubes around a nominal
predicted trajectory so that each tube contains the future predicted state with a
prescribed probability. This process provides a means of bounding the predicted

value of the cost (7.4) and of ensuring satisfaction of hard constraints (7.2) and
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probabilistic constraints (7.3) along future predicted trajectories. The probabil-
ities of transition between tubes from one sampling instant to the next and the
probability of constraint violation within each tube are governed by the fixed prob-
abilities that are determined offline. However the parameters determining the size
of each tube are retained as optimization variables, and this allows the effects of
stochastic model uncertainty and linearization errors (which depend on the pre-
dicted input trajectory) to be estimated non-conservatively over the prediction

horizon.

Instead of fixing the nominal trajectory (7.8), it is allowed to be shifted. At each
1=20,...,N — 1, the nominal trajectory z,gﬂ‘k is shifted by an amount 2, and

it evolves according to
2i+1|k = (I)k+i|k2i\k + Bk—l—i\kcg\k 20|k = 0. (722)

By defining the nominal trajectory with the optimization parameters cf| s & better

performance with respect to the cost is obtained.

The tubes are defined to be low-complexity nested polytopic sets (more specifically,
orthotopes) centred on the nominal trajectories in Mode 1 and the origin in Mode

2,

ezl = {z|k o o] < zgf;} I=1,...,p [MODE1]  (7.23a)

Pezl= {yzé\ < zgw} I=1,....u [MODE?2  (7.23b)

where Z;;, and Z; define the respective sizes. Note that the polytopic sets are
nested, that is
—1
zl, 22 2. 22 [MODE 1] (7.24)

zZ'o>zM' > ... D2z [MODE 2. (7.25)
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An illustration of our notation above is shown in Figure 7.1.

Zysik

/’\/" 2 1k
2k /

0
25k

‘--—-
Zﬂﬁk

Zrek

FIGURE 7.1: An illustration of a low complexity polytope (I = 1)defined by

l
Zik

= {20 = Zilk + ik + o] < fgfl)g} for a 2 dimensional system n, = 2.

Having defined the bounded polytopes above along the prediction horizon, the
transitional probabilities between these sets can be defined. Since the sets are
bounded and finite, the one-step-ahead probabilities can be expressed in a matrix

form as

pii - P
M= : - |, (7.26)

By induction, the probability of a state belonging to a particular tube [ at ¢ steps

ahead is given below. Note that at « = 0, the initial condition is known and
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therefore specified to be in the innermost (I=1) tube with certainty(p$’ = 1).
0
= (T7')'ey (7.27)
pl(#)
10 0
11 0

To ensure that the predicted state trajectories lie within these layered tubes, con-

straints are imposed for each step along the prediction horizon by specifying one-

step-ahead transitional probabilities. In addition, constraints are further imposed

so that the trajectories always satisfy hard constraints. For soft constraint han-

dling, one-step-ahead soft constraint violation probabilities are specified. These

constraints are outlined below (note that the notation Pr(X|Y) denotes the maz-

imum probability of X given Y)

1. One-step-ahead Transitional Probability Constraint

Pr (zkﬂ-ﬂ,k € Z\ 2w € Zi(ﬁj)) > pum [MODE 1]

Pr (zk+i+1|k € 200z € zﬁ””) > pum [MODE 2]

2. Universality Constraint

Pr (zkﬂ-ﬂm € Z0|zhein € z}(,ﬁ) 1 [MODE 1]

Pr <2k+z‘+1|k S Zt(u)|zkr+i|k S Zt(l)> =1 [MODE 2]

(7.28a)

(7.28b)

(7.29a)

(7.29b)
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3. One-step-ahead Soft Constraint Violation Probability Constraint

Pr (Fszk + G > Hylzp € zf(,g) <p [MODE 1] (7.30a)

Pr (Fszk + G > Hylzpa € Z,f”) <p [MODE 2] (7.30b)

4. Feasibility Of Hard Constraint

H < Fyay,+ Gyu, < Hy, VZ() [MODE 1] (7.31a)

H, < Fyay + Guup < H, VZ"  |MODE 2] (7.31D)

Using the definition of tubes, together with the probabilistic constraints imposed
above (7.28)-(7.31), and the transitional probabilities (7.26), it can be shown that
the tube satisfies hard constraints (7.2) and the probability of soft constraint

violations (7.3) at i steps along the prediction horizon is bounded by
Pr(Fozpri + Gougyy > Hs) < [p1 ... pﬂ]T(T”H)iel (7.32)

The proof is given in Lemma 2 of Chapter 3.

Since the cost is given over an infinite horizon, the tubes must be feasible at all
prediction times. Since constraints imposed in Mode 2 ensures feasibility from
N to infinity, the controller should drive the state into the terminal set within N

steps over Mode 1 and this can be enforced by

Rk+N|k + 22+N|k SIZA 22+N|k € Z](\l/)‘k (733)
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7.4 Probabilistic Tube Constraints

In the previous section, probabilistic constraints are imposed on the transition of
states between the tubes along the prediction horizon. These tubes are guaranteed
to be feasible with respect to hard constraints. From the transitional probabilities
and the probability of one-step-ahead soft constraint violations in the tubes it
is possible to determine an upper bound on the probability of violating a soft
constraint at ¢ steps ahead. This section translates the imposed constraints onto a
set of linear constraints on parameters to be optimized on-line, namely, 05,§k+i|k,

and Z;.

The probability of one-step-ahead soft constraint violation will be smaller for
points located nearer to the origin on the current tube as compared to points
nearer to the boundary of the tubes. Therefore the probability p; of violating the
soft constraint one-step-ahead given that the current state lies in Z® should be

chosen so that

O0<pr<p2<...<p, <1 (7.34)

The choice of one-step-ahead transitional probabilities between the tubes should
be chosen so that the probability of transition into the inner sets is greater than
the transition to the outer sets. Also, the universality constraint implies that all

state transitions must lie within the outermost tube

DPim > Pim+1, pumzl, [=1,...,0—1Lm=1,..., 4. (735)
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Finally, the choice of I and p; should be such that the average probability of soft

constraint violations over i steps (7.32) does not exceed a given specified bound

Nmax
N,

=D pr - p)N (T e < (7.36)

Due to the nested properties of the tubes, the constraint (7.24) is equivalent to

0<%, <... <%, [MODE 1] (7.37)
o<z <...<z" [MODE 2. (7.38)

To invoke probabilistic constraints we use confidence intervals based on the proba-
bility distribution of e, = V'd in (7.12). For the case of a two-dimensional random
variable, we can take the confidence region to be a rectangular with with vertices
(a,b). These vertices are non-unique and [“ f_bb T'(a,b)dadb = p where T(a,b) is
a given probability distribution function. For convenience, the confidence region
can be chosen to be a square and therefore the confidence interval of each ran-
dom variables (in the two dimensional case) will then be over \/p. The confidence

regions of g4 given by the II and p; are denoted

Pr(ler| < &m) =pim Pr(lex] < &) =1-p (7.39)

Pr(lex| <€) =1. (7.40)

The probabilistic constraints on the tubes can be invoked via linear inequalities.
Constraints (7.28)-(7.31) and (7.33) are imposed by the following inequalities.
20 > [ ®eeiu Dy + Dalzis + Dy |+ Telell + 6n[MODE 1] (7.41)

2™ > (10| + 1)z + &, [MODE 2] (7.42)
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20k 2 [@ksapDyZ] + Telfn + D2 + Telcfy| +€ [MODE 1] (7.43)

7" > (|o|+ 1)z +¢ [MODE2]  (7.44)

(Fs + GSK)W(ZIS+i+1|k + Zigar + q)k+i|kDp§§\llz; + GS(C?+1\k + C?+1|k)
+H(Fs + GsK)W|(Ta |2 + D240 | + Telcdyl + &) < H,  [MODE 1]
(7.45)
(Fs + GsK)W{(|®| + T)z\" + &} < H, [MODE 2]
(7.46)

Hy < (Fy 4+ GuE)W (21 + 2 + Dpzf_lf;g) +Gu(c), + ) < Hy [MODE 1]
(7.47)

H, < |(Fy +GuK)W|z" < H, [MODE 2|
(7.48)

. _ _
22+N|k + Zk4Njk T DpZ,(gJ)rN“g < ZE ) (7.49)

The derivations for the linear inequality constraints above are shown here:

1. One-step-ahead Transitional Probability Constraint
The one-step-ahead transitional probability constraint (7.28) under control

law (7.5) in Mode 1 is ensured by imposing (7.41) and (7.42).
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From (7.12),(7.20), and (7.22) the following bound is obtained for vy, =

g — 3
Phtitllk — Fitllk

5 5 _ 5 5
Zhyirllk — Fhtitllk = ‘I)k+¢|k2k+i|k — @ik Zhtilk T Chtilk T Eilk
5 5 5 5 5 5
|Zhpirape = Lkl < APrrie (Zhpae — Zi) | + Lelzppel + Telcipl + el

Vi 1jk] < | PrepapeVif] + Tz |Zak + vi| + Fc!Cf\k! + |kt

The one-step-ahead transition from v, € Zi(ﬁl) to vipk € Zi(_l:” . is at least

D 1s sufficiently ensured by

20 > [ ®rpinDoZiy | + Telzin + DpZ(p) | + Telchy] + &m  [MODE 1],

In Mode 2, the tubes are centered on the origin, vy, = Zngi‘k

5 5
Rhtitllk — q)ZkJri\k + Crrilk + Eilk

5
2 itk < 1920 el + Del2hpapel + lewrl

[Vitak] < (|P] + To)|vig] + |epyil

To ensure that the one-step-ahead transition from v;;, € Zt(m) to vy € Zt(l)
is at least py,, the vertices v, 1, = D,z; should be lower bounded by the
vertices at the current step v;, = D,Z; and the confidence interval §;,,. This

is sufficiently ensured by

2™ > (10| +T)z" + &n [MODE 2].

2. Universality Constraint
The universality constraint (7.29) under control law (7.5) in Mode 1 and 2

is sufficiently ensure by imposing (7.43) and (7.44).
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The proof is similar as above except that the one-step-ahead transition prob-

ability from vy, € ZZ.(@ t0 vipk € z®)

i1k 18 1. Hence, the vertices v; i =

DpZiqqk is lower bounded by the vertices at the current step vy, = DpZi

and the confidence interval € for i = 0,1, .. ..

3. One-step-ahead Soft Constraint Violation Probability Constraint
The probabilistic one-step-ahead soft constraint violations (7.30) under con-

trol law (7.5) in Mode 1 is such that

FoW 2 pivae + Gs(KW 2 i + Cipae) < Hy
(Fs + GsK)W zjpizan + (Gs) i < Hy

(Fs + GsK)W (2 i1k + Zetitik + Veriran) + (Gs)eipap < H.

From (7.12),(7.20), and (7.22)

s . _ 5 .
Vktitilk = Zhtitilk — Shtitilk = PhvilkZhpie — PhrilkZhrilk T €xtilk + Eilk-
Therefore

(Fs + GSK>W(22+@'+1|1¢ + Zryivik T <I>k+z~|kz;§+i|k — Otk Zhpilk + Chopilk + Eilk)
+(Gs) (C?+1|k + C?+1|k) < H,
(Fs 4+ GsK)W (2 iiap + Zetitik + PrirUisin) +

|(Fy + GE)W |(lewsae] + leanl) + (Gs) (i + i) < H

The maximum soft constraint violation occurs at the vertices vyyix = DpZijk-
Using the confidence intervals (7.39), the maximum soft constraint violation

if 20 € Zi(‘l,z is ensured to be less than p;. Hence, (7.30) is ensured by imposing
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constraint (7.45) given by

. _a
(Fs + GSK>W(22+i+1|k + Zit1k + (I)k+i|kDpZ§‘])€ + GS(C?+1U€ + C?+1|k)

H(Fs + GsK)W (T 2x + DyZzi] + Teled| + &) < H,  [MODE 1].
For Mode 2, the derivation is similar to Mode 1 as follows

FW 2y + GsW ey, < H,
(Fs + G3K>Wzg+i+1|k < H,
|(Fy+ GE)W {12y p + envin + envipel} < Ho

|(Fs + GE)W (@] +T)|D,7" | + &} < H,.

Therefore (7.30) is sufficiently ensured in Mode 2 by imposing constraint
(7.46)

(Fs + GsK)W{(|®| + T)z\" + &} < H, [MODE 2].

4. Feasibility Of Hard Constraint

The hard constraint (7.31) in Mode 1 is such that

Hy < FaWzpive + Ga(KW zipipe + i) < Hy,
Hy < (Fu + GuEK)W zjpipae + Gu(civpe) < Hy

H < (FH + GHK)W(Z]((Z)+i+1|]€ + 2k+i+l|k + Uk+i+1\k) + GH(Ci+1|k) < Hy

Due to the nested properties of the tube, hard constraints are satisfied as

long as the outer most tube is feasible,

Hy < (Fi + GuE)W (2 + i + Dngﬁg) +Gu(y + ) < H, [MODE 1].
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Similarly in Mode 2, we require that

Hy < FuW zpwipne + Gu(KW zgpiqe) < Hy
H < (Fg +GuK)W 2 i, < Hy,

Hy < (Fug + GuK)W (Veyivar) < Hy,

H, < (Fy + Gy K)W(D,z") < H,

H, < |(Fy + GyK)W[Z" < H, [MODE 2|.

7.5 Cost Function

The 1-norm cost function over an infinite horizon is defined in (7.4). Due to the
random uncertainty in the system model, the expectation of the cost function is
taken over the assumed distribution of uncertainties. However, since the uncer-
tainty appears additively in the model, the expectation of the steady state stage
cost will not tend to zero, and therefore its summation would diverge to infinity.
Hence, a bound on the expectation of the steady state stage cost is subtracted

from the stage cost to ensure a finite value cost function is achieved.

The expected stage cost is defined in terms of perturbations as
lk = E(1T|W2k+z|k| + 1T’sz+i|]€ + Cz|k‘)
Hence an upper bound on the steady state stage cost is defined as

BT W zgs| + 17| KW 2,4]) < lss.
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From (7.12) and (7.20), the one-step-ahead linearized state trajectory in Mode 2

is bounded by
[2ka] < (12] + To)l2e] + lewl.
Define 741 = (|®| + I't)|2x| + |ex| where z. The steady-state 74 is given by

Tss = (|®| + Ty)res + [ek]

rss = [1 = (1@ + Ty)] " fewl.

As k — oo the state trajectory

k
Jim (5] < lim (1] +T)fzo] + (18] + T feiil

i=1

If the eigenvalues of (|®| 4+ I';) are less than 1, then |z;| — |zss| where

26| < 7es = [T — (|®] +T))] el

E(1T W 2| + 17| KW z|) < BT |W||26s] + 17| KW || 244])
<SEQATIWII = (| + L)) el + 17 [KWIT — (|®] + )] el)

= WL — (|2 + T)] ' E(le]) + 1T [KWI[T — (|®] + To)]'E(le])
Hence, the upper-bound to be subtracted from the infinite horizon costs is
los = 1 [WI[I = (1@ + T)]'E(le]) + 17 |[KWI[I - (|| + )] "E(le])  (7-50)

where E(|e|) = [5 zp(x)dz, and p(z) is the symmetric compact probability distri-

bution defined at [—a, a].

In Mode 2, the cost function from N, N 4+ 1,... can be defined in term of upper
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bounds based on the nested tubes. Since the linearization error bounds I'; and
tube sizes z; are constant throughout Mode 2, the Mode 2 cost function can be

upper- bounded in terms of the size of ;1 n.

The stage cost at step ¢ in Mode 2 is bounded by
VW 2] + AT TEW 2] — s < @7 W zigigie] — Ergi (67 W 2ie])
Using (7.12),(7.20), and (7.40), the inequality is expanded to
W 2] + AT KW 2] — L < @ W (2] + [@2irii] — Tel 2] — €)-

By summing over i = N, N + 1,... and taking the expectations the following

bound is obtained

ZEk(1T|WZk+z|k| + )\1T|KWZ]€+7;|]€| — lss) < qT|WZ]€+N|]€|. (751)

=N

Therefore, the summation of the stage cost in Mode 2 is finitely bounded in terms of

Zk+Nk- In Mode 2, all state trajectories lie within the terminal set if 2,y € Zt(l).

Using the results above, the optimal bound on the Mode 2 cost can be determined

by solving for ¢ for I =1,...,

¢ = argmin q(l)T\Wﬁgl)
q
st d"WIE — |eDa" | - Tz - 0) >

17"\WD,z" | + M7 KWD, 2" | —1,,, p=1,...,2% (7.52)
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The infinite horizon cost can now be upper-bounded and finitely parameterized.

Define V as the bound given by

§ (1) 0 0y _
V(cy, Zilks Thtilks Cp) =

o N-1
Z {Z max (1T|Wzk+i|k| + MKW 2 + C?‘k + cf|k| — lss) pl(])

+ ¢V Wanib® ) (7.53)

7.6 Receding Horizon NLSMPC

The implementation of the NLSMPC algorithm requires the computation of I'; in
(7.21) and Dk =12,...,i=1...,Ninin (7.20). The computation of T is
performed offline by firstly gridding the operating regions X with equally spaced
points. Then for each point on the grid, compute the linearization errors (7.14b).

The matrix I'; is computed by solving the following optimization problem

min ma r 7.54
in max 0 (750

subject to (7.21).

The computation of PZH'k, k=1,2,...,2=1,...,N, however, is performed online.
Using the same points from the grid in the set X', compute the linearization errors
in (7.14a). The matrices I'} il are computed by solving the following optimization

problem for k =0,1,...andi=1,..., N

min ~ max |7kl (7.55)
Fz+z|k (Vﬁlzg_;'_”k)e k+1|k

subject to (7.20).
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In the online receding horizon optimization, the last tube in the prediction horizon
is forced to lie within the terminal set, and it is therefore desirable to maximize
this terminal set. The offline computation of a maximum volume, feasible and

invariant terminal set is performed by solving:

arg max Hvol(Zt(j)) (7.56)

subject to(7.38),(7.42), (7.44), (7.46),and(7.48).

Finally, the full receding horizon control algorithm is outlined. It is divided into

two parts, namely, the off-line and online stage.

Algorithm 9. (Nonlinear Stochastic MPC)

1. (OFF-LINE:) Given pj, pj,, satisfying (7.34)-(7.36), compute parameters

(l),l = 1,...,p, the terminal weights ¢, and T as

K.V, terminal sets Z,
outlined in Algorithm (7.56), Algorithm (7.52), and Algorithm (7.54) respec-

tively.

2. (ONLINE:) At times k& = 0,1,...: Given cf, calculate ), and ®p i,

Biik, Fiﬂ.'k, for ¢ =0,..., N and solve
* . =(
¢} = arg min V(c}, Z00 {2t o) (7.57)
Ciﬂ{%\k}
subject to (7.42) — (7.49).
3. Set up, = Kxy + cg‘k + cgrk and C2+1 = {C%k + c‘ﬁ‘k, e ,09\,71“{ + ci}‘f”k, 0}.

Theorem 8. In closed-loop operation, the NLSMPC algorithm has the properties:

1. the optimization (7.57) is feasible for all k£ > 0 if feasible at k =0
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2. the optimal value V* ($2+i|k, c?) of the objective (7.53) satisfies

Ek[v*(x2+i+l|k+lv Cngl)] - V*(‘r2+i|k7 Cg) <lss — 1T‘$k‘ - )\1T|Uk| (7.58)

3. constraints (7.2) and (7.3) are satisfied at all times k& and

n—oo M,

1 n
lim — > " Bo(1" || + A" |ug]) < L. (7.59)
k=0

Proof. 1 and 2 follow from feasibility of ¢ = 0 in (7.57). Constraint satisfaction
in 3 follows from 1, and (7.59) results from summing (7.58) over 0 < k£ < n and

noting that V*(27,;,cp) is finite. O

The optimization (7.57) to be solved online is formulated as a linear program.
Note that the number of constraints in (7.57) depends linearly on the horizon N
and the number of tubes r, but grows exponentially with the dimension of the
model state due the exponential growth in the number of vertices of Zi(flg. The

required online computation therefore grows rapidly with model size.

If the constraints on online computation allow for more than one optimization
at each sample, then setting ¢} « c) + ¢* and repeating Step 1 results in non-
increasing optimal cost values V*(:rg i k,cg). This process generates a sequence
of iterates c* that converges to an optimum point for the problem of minimizing

(7.53) for the nonlinear dynamics (7.9) at time k.

7.7 Numerical Example

In this section, the NLSMPC algorithm is applied to the model of a coupled tank
system shown in Figure 7.2. The system is governed by the principal that the

input flow is equal to the output flow plus accumulation in each tank. Water flow
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is explained by Bernoulli’s equation which states that the flow is proportional to
the square root of the water level. The process parameters are taken from [66]

and outlined in Table 7.1. The objective of the control problem is to adjust the

/N

- =
! —
AN
a, = 0.18cm?
a; = 0.24cm? Tank 2
C = 153.9cm?
’ 1]
— N ]
\Vi N
1 /\ |
Q1
Tank 1 lt&

FIGURE 7.2: Coupled Tank System: a, and a; are the cross-sectional area of
the inlet and outlet flow pipe.C is the cross-sectional area of the tanks.

input flow u such that the height of the second tank hs is maintained at a desired
point. The fluid level heights of the first and second tank is given by hy; = 1 + 2]
and hy = w9 + 2} respectively. The set points corresponding to a flow rate of

u, = 35cm?/s are 2] = 30.14cm and x4 = 19.29cm .

The system is described by the following continuous-time nonlinear state space
equations
—a1vVhy —hy + S(u" + )

flz,u) = (7.60)
a1vhy — hy — axv/hy
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2 J2 qeq
where a; = U“C/,T] and ay = ¥~ Also, 27, x5, and u, are the equilibrium states

and input and defined by a1+/x] — 2} = as\/2] = %u’" respectively.

The continuous-time model is Euler discretized using a sampling interval of T, =

10s giving the following discrete-time nonlinear model

z1g + Ty (—ar/hig — hay)

Tog + Ty (a1/hig — hap — azy/hay)

Q3

where 1 ;, and x5, denote the first and second element of zj, respectively and the

origin is an equilibrium point (f(0,0) = 0).

Under the control law of u, = Kz + ¢, define

O(xk, cx) = f(ag, Kap + cx)

T+ Ty (—ar/hog — hoy + B2t L
_ 1,k ( 1 1,k 2.k C ) I C o (762)
o + T (al Vg — hog — azy/ hZ,k)
o 10 —hg + % hg+ %2
8_¢ _ I e (7.63)
Tl (@per) 0 1 hy —hg — % (hy)™*?

where hg = % (hy — hg)_0‘5, and K; and K5 denotes the first and second element

of K respectively.

Ts
? =| ¢ (7.64)
€ l(@p,cr) 0

The state predictions are governed by the model

Thpitie = O(Thilks Cijke) + dioti (7.65)
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0o

o

C

g

Equilibrium (2", u")
Hard Input constraint
Hard State constraint
Soft State constraint
Sampling Period

0.18

0.24

153.9

10

([30.14, 19.29] 35)
uy, € [0,70]

Tk, Tok € [O, 40]
hy, < [1.0,3.0]"
T, =10

TABLE 7.1: Parameter settings for the case study.

oo | Orifice Areas
o7 | Orifice Areas

C | Cross Sectional Area of Tanks
g | Gravitational constant

TABLE 7.2: Relevant constants for the Coupled Tanks dynamic model.

where dj.; is the additive disturbance, which for this example, is taken to be a

finitely supported triangular distribution over [—¢,£] (£ = 0.2)with zero mean.

The triangular distribution is taken to model the perturbations on the water sur-

faces of both tanks as water is continuously pumped into the first tank. The

algorithm here is flexible in the sense that it enables any distribution with finite

support to be used. The physical justification of using the NLSMPC controller

here is so that the variations in the pump output is reduced. This effectively

reduces the fatigue damage on the pump which arises from continuous usage.

For simplicity of illustration, the number of overlapping tubes are chosen to be

i = 2. The transition probabilities between tubes and probability of one-step-

ahead soft constraint violations are chosen to be

0.9 0.6
I =

1 1

p=1[040.7"
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10 1
F, = H, =
01 3
For a given horizon of N. = 3, the corresponding maximum number of con-

straint violations,NV,,.. based on the transitional probabilities are computed to

be = > py po] (T7H0)'e; < 0.56,5 = 1,2.

Using the system parameter settings as outlined in Table 7.1, the following state

space matrices and control parameters (in Mode 2) are computed off-line:

of 0.0628

C O

(0,0) 0

0.8088 0.1012 | o

A = %

(0,0) 0.1012 0.8418

K = { —6.5660 —2.7096 }

The matrix V is formed by eigenvectors of A + BK as columns and the diagonal
matrix ® contains the eigenvalues of A+ BK, and W = V!, These matrices are

computed respectively to be

—1.1143 —0.2294 —0.9571 0.2017
V = W =
—0.3297 —1.0889 0.2898 —0.9795
0.5074 0
0 0.8210

The operating region is defined as a finite region of space centred on the nominal
nonlinear trajectory {22|k, ce 22+N‘k} in Mode 1 and centered on the origin in
Mode 2. The linearization errors are computed over a set of points forming a

regularly spaced grid over this region. These values are then used to compute the



Chapter 7. Non-linear Stochastic MPC 186

matrices satisfying the Lipschitz condition. In this example, a grid of |2°| < 4 is

used. The bound obtained for Mode 2 is

0.0314 0.0806
0.0806 0.0101

The terminal sets and terminal weights are computed off-line and given by 2,51) =

2.56,3.95]T, 7 = [2.63,4.00]” and ¢V = ¢ = [7.33 — 0.70]" respectively.

In the online stage, an initial condition of 29 = [3,1]7 is chosen. The NLSMPC
algorithm is simulated for & = 10 steps and due to uncertainty, the algorithm
has to be simulated for a wide range of possible realizations of uncertainties (100

realizations were deemed to be sufficient).

Figure 7.3 shows the closed-loop responses of the height of Tank 1 and 2 and the
input trajectories. Figure 7.4 show the closed loop state trajectories for z; gener-
ated by the NLSMPC algorithm as compared to the trajectory generated by the
linearized model (241 = ®z;, with linear feedback uy, = KWz) for 100 realiza-
tions of uncertainty. It can be seen from Figure 7.4 that over 100 realizations, the
first element of z; violates the soft constraint at time step £ = 0 and k£ = 1 for
all 100 realizations. On the contrary the trajectory generated by the NLSMPC
algorithm violates the soft constraint only 2 times out of the 100 realizations at

time k£ = 1.

If the time constraints on online computation allow for more than one optimization
at each sample, then setting c? « ¢ + ¢2* and repeating the optimization results

in non-increasing optimal cost values V*(z) ik c?), as shown in Table 7.3.
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V*(x2+i|k,c2) k=1|k=2|k=3
Iteration 1 26.09 | 18.28 | 14.11
Iteration 2 25.54 | 18.22 | 14.06
Iteration 3 25.53 | 18.21 | 14.05

TABLE 7.3: The optimization is repeated 3 times at each sample for 3 time
steps and by setting cg — cg + ci* generates a sequence of iterates ci* that
converges to an optimum point.

7.8 Conclusion

This chapter extend the TSMPC algorithm to nonlinear systems. Jacobian lin-
earization about predicted trajectories is used to derive a sequence of convex
optimization problems. Linearizations about predicted trajectories allow for an
efficient online optimization which may be terminated after a single iteration.
Constraints are handled through the construction of a sequence of tubes and an
associated Markov chain model. The parameters defining the tubes are optimized
simultaneously with the predicted future control trajectory via online Linear Pro-
gramming. The tractability of the Non-linear Stochastic Model Predictive Control
(NLSMPC) algorithm is demonstrated by an example of a coupled-tank system.
The algorithm has the advantage that it has guarantees of feasibility and stabil-
ity and the ability to handle probabilistic constraints. However, it suffers from a

growth in computational complexity as the system order is increased.
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30*L’,r
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20

0 20 40 60 80 100

FIGURE 7.3: Plot of the closed loop trajectory for one realization of uncertainty.
Top: Height of Tank 1,Middle: Height of Tank 2, Bottom: Input. Blue: u; = u,,

Red: up = Kz, Blackiup, = Kxp + ¢
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1.4r

1.2

0.8r

8x2

0.4r

_ i i I I I i i 1 ]
051.5 -1 -0.5 0 0.5 1 1.5 2 25 3

FIGURE 7.4: Plot of the trajectories of zp for k =1,...,6 and 100 realizations

of uncertainty. The blue line shows the trajectory under the unconstrained LQ

Optimal control on the linearized model while the red is under the NLTSMPC
algorithm.



Chapter 8

Conclusion

A novel SMPC algorithm (denoted TSMPC) based on the receding horizon con-
trol methodology is developed for linear systems with additive and multiplicative
bounded disturbances subjected to hard and probabilistic constraints. The algo-

rithm is shown to handle stochastic uncertainty and constraints efficiently.

The strategy of the algorithm is to construct a sequence of nested polytopic sets
(or tubes) centred around the nominal predicted trajectory. The probability of
constraint violations at the next time step, given that the current state lies in a
particular polytopic set is constrained. Furthermore, the transition probability of
states between these sets from the current time step to the next is constrained and
forms the basis of a Markov Chain Model. The series of nested tubes and Markov
Chain Model forms the framework for probabilistic constraint handling. It is
shown that a series of constraints on the tubes which are linear in the parameters,

can be derived ensuring constraint satisfaction along the prediction horizon.

The control law employs the dual mode paradigm, where an infinite cost is pa-
rameterized by a finite number of decision variables. The dual mode paradigm is
divided into Mode 1 and Mode 2. Mode 1 spans the length of a prediction horizon
over which constraints are handled explicitly and Mode 2 spans from the end of this

190
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initial prediction horizon to infinity. The control law is a linear optimal feedback
law throughout the infinite horizon of Mode 2 with perturbations along the finite
prediction horizon in Mode 1. These perturbations are the degrees of freedom to

be optimized with respect to a performance cost, subject to constraints.

The performance measure is in the form of an infinite horizon quadratic objective
function, and is taken to be the expectation across all possible realizations of model
uncertainty. Without additive uncertainty, the objective function is well defined
because the cost converges to zero in the steady state. However, in the presence of
persistent additive uncertainty, the stage cost converges to a non-zero value and
when the infinite sum is taken, it will diverge to infinity. Therefore, the objective
function is redefined by subtracting from the stage cost the non-zero asymptotic

value of the stage cost.

The use of terminal invariant sets into which the state at the end of the Mode
1 prediction horizon are driven ensures unconstrained optimality in Mode 2. In
the interest of maximizing the region of attraction, an off-line optimization of the
terminal sets is performed. The tube sequences provide a means of bounding the

receding horizon performance cost and satisfaction of constraints.

Therefore, the online algorithm essentially minimizes the objective function sub-
ject to linear constraints with free parameters defining the sizes and location of
probabilistic tubes along the predicted horizon at each step. The first input is
implemented and the optimization is repeated for the next step. The optimization

performed is a Quadratic Program which can be solved very efficiently.

The QP problem can be solved reliably using a variety of methods and one such
method is the Primal Barrier Interior-Point method. The main advantage of this
method is that it exploits the structure of the problem. Evidently, the QP prob-
lem has considerable structure. Both the inequality and equality constraints have

block tridiagonal and block-diagonal structure which can be exploited to solve
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the QP efficiently. This method, like any interior point method solves an optimiza-
tion problem with linear equality and inequality constraints by reducing it to a
sequence of linear equality constrained problems, which is solved using Newton’s
methods.The equality constrained minimization problem is reduced to an uncon-
strained problem, in particular, reduced to a system of linear equations. The
computational time using a basic primal barrier method is made faster without
significant decrease in the quality of control law by fixing the barrier parameter
and maximum number of Newton iterations. The computational improvement is
shown using two examples. The first example shows the degree of sub-optimality
of the QP solution obtained by using the Approximate Primal Barrier Method as
compared to solving it exactly is minimal. The second example shows the timing
profiles compared to using a generic optimization solver for a random system with

varying model order, prediction horizon, number of inputs and tube layers.

Predicting how current technological development will affect potential for devel-
opment in the future is inherently random. Assuming there is some statistical
regularity, a stochastic model can be used to generate predictions. The resource
allocation problem (SD problem) here concerns the allocation of research and de-
velopment investments between different power generating technologies. Several
measures of performance can be used which include price of energy and CO,
emissions. Constraints can be placed on these measures such as a limit on CO,
emission in 3 years time. The goal here is therefore to allocate investments to give
the ‘best” measure of predicted performance subject to constraints. The stochas-
tic model used to make predictions is an economic model called ‘Prometheus’. In
MPC terms, this is equivalent to controlling a system subject to model parameter
uncertainty and additive disturbance. Hence, the Tube Stochastic MPC can be

directly applied to solve the resource allocation problem.
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The TSMPC algorithm applied to linear systems with hard and probabilistic con-
straints is adapted to handle the case where the model uncertainty is not tem-
porally independent. When the uncertainty is not temporally independent, an
infinite horizon cost function based on expected value of a quadratic stage cost
cannot be written compactly as a quadratic expression in terms of the degrees of
freedom. However, an infinite horizon cost function based on the nominal trajec-
tory generated by uncertainty free system can be defined. Constraints are handled
using the same strategy of defining a sequence of overlapping tubes, corresponding
to a sequence of confidence levels depending on time-step k on the predicted future
plant state, and imposing a set of constraints the one-step-ahead predictions. A
guarantee of the recursive feasibility of the online optimization ensures the closed
loop system trajectories satisfy both hard and soft constraints. It was shown that
the TSMPC algorithm adapted to handle temporally dependent uncertainty is less
conservative compared to the case where the original TSMPC algorithm for the

case of temporally independent uncertainties.

A Receding Horizon Control methodology was proposed for systems with nonlin-
ear dynamics, additive stochastic uncertainty, and both hard and soft (probabilis-
tic) input/state constraints. Jacobian linearization about predicted trajectories is
used to derive a sequence of convex optimization problems. Linearizations about
predicted trajectories allow for an efficient online optimization which may be ter-
minated after a single iteration. Constraints are handled through the construction
of a sequence of tubes and an associated Markov chain model. The parameters
defining the tubes are optimized simultaneously with the predicted future con-
trol trajectory via online Linear Programming. The tractability of the Non-linear
Stochastic Model Predictive Control (NLSMPC) algorithm is demonstrated by an

example of a coupled-tank system.

The main drawback of the algorithms proposed in this thesis is that invoking

the transitional and violation probability constraints over a confidence polytopes
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results in a large number of variables and linear inequalities in the online opti-
mization. The number of constraints, (and hence the computational complexity)
grows exponentially with the system order, number of tube layers, and prediction
horizon. However, by exploiting the structure inherent in the MPC optimization
problem, the computation complexity grows linearly with the prediction horizon.
Nonetheless this still results in limitations of applications to low-dimensional sys-
tems even if the number of tube layers is small. For small number of tube layers,
the handling of probabilistic constraints becomes conservative. Furthermore, the
confidence region corresponding to a given probability p is not unique, yet affects
the degree of conservatism in closed loop performance. A possible solution is to
use layered ellipsoidal tubes centered on a nominal trajectory. Preliminary work
on this approach is presented in [67]. Note however that this approach does not
handle multiplicative uncertainiy, which is considered in this thesis. The scalings
which define the ellipsoidal sizes and the nominal trajectory can be allowed to
vary with time. The evolution of the tubes can be described by a simple dynam-
ical system which implies a significant reduction in the number of optimization
variables. The dynamical system governing the tube scalings is stochastic and
the computation of the predicted distributions of tube scalings is done using a
process of discretization. These distributions enable bounds to be imposed on
the probability of violation of state and input constraints. These computations
are performed offline and therefore allow many tube layers to be used without a

significant increase in the online computation.



Bibliography

1]

J. Richalet, A. Rault, J.L. Testud, and J. Papon. Model predictive heuris-
tic control: Applications to industrial processes. Automatica, 14(5):413-428,
1978.

C.R. Cutler and B.L. Ramaker. Dynamic matrix control-a computer control
algorithm. In Proceedings of the Joint Automatic Control Conference, pages

13-15, 1980.

D.Q. Mayne, J.B. Rawlings, C.V. Rao, and P.O.M. Scokaert. Constrained
model predictive control: Stability and optimality. Automatica, 36(6):789—
814, 2000.

C.E. Garcia and A.M. Morshedi. Quadratic programming solution of dynamic
matrix control (QDMC). Chemical Engineering Communications, 46(1):73—
87, 1986.

S.J. Qin and T.A. Badgwell. A survey of industrial model predictive control

technology. Control Engineering Practice, 11(7):733-764, 2003.

D.W. Clarke, C. Mohtadi, and P.S. Tuffs. Generalized Predictive Control-Part
I The basic algorithm. Automatica, 23(2):137-148, 1987.

D.W. Clarke, C. Mohtadi, and P.S. Tuffs. Generalized Predictive Control-Part

IT Extensions and interpretations. Automatica, 23(2):149-160, 1987.

195



Bibliography 196

8]

[11]

[12]

[13]

D.W. Clarke and R. Scattolini. Constrained receding-horizon predictive con-
trol. In Proceedings of the IEE, Part D, Control Theory and Applications,

volume 138, pages 347-354, 1991.

E. Mosca and Z.X. Jing. Stable redesign of predictive control. Automatica,
28(6):1229-1233, 1992.

D.H. van Hessem and O.H. Bosgra. A conic reformulation of Model Predictive
Control including bounded and stochastic disturbances under state and input
constraints. In Proceedings of the J1st IEEE Conference on Decision and

Control, volume 4, pages 4643-4648, 2002.

I. Batina, A.A. Stoorvogel, and S. Weiland. Optimal control of linear, stochas-
tic systems with state and input constraints. In Proceedings of the /1st IEEE

Conference on Decision and Control, volume 2, pages 1564 — 1569, 2002.

P. Couchman, B. Kouvaritakis, and M. Cannon. MPC on state space models
with stochastic input map. In 45th IEEE Conference on Decision and Control,
pages 3216-3221, 2006.

M. Cannon, B. Kouvaritakis, and X. Wu. Probabilistic constrained MPC
for systems with multiplicative and additive stochastic uncertainty. IFEFE

Transactions on Automatic Control, 54(7):1626-1632, 20009.

M. Cannon, B. Kouvaritakis, and X. Wu. Model predictive control for sys-
tems with stochastic multiplicative uncertainty and probabilistic constraints.

Automatica, 45(1):167-172, 2009.

C.V. Rao, S.J. Wright, and J.B. Rawlings. Application of interior-point meth-
ods to model predictive control. Journal of Optimization Theory and Appli-

cations, 99(3):723-757, 1998.



Bibliography 197

[16]

[19]

[20]

[21]

[22]
23]

[24]

[25]

B. Kouvaritakis, M. Cannon, and V. Tsachouridis. Recent developments in
stochastic MPC and sustainable development. Annual Reviews in Control, 28

(1):23-35, 2004.

J.A. Primbs. Portfolio Optimization Applications of Stochastic Receding

Horizon Control. In American Control Conference, pages 1811-1816, 2007.

P.J. Meindl. Dynamic hedging of single and multi-dimensional options with
transaction costs: a generalized utility maximization approach. Quantitative

Finance, 8(3):299-312, 2008.

J. Yan and R.R. Bitmead. Incorporating state estimation into model predic-
tive control and its application to network traffic control. Automatica, 41(4):

595-604, 2005.

P. Couchman, B. Kouvaritakis, and M. Cannon. LTV models in MPC for

sustainable development. International Journal of Control, 79(1):63-73, 2006.

H. Chen and F. Allgower. Quasi-infinite horizon nonlinear model predic-
tive control scheme with guaranteed stability. Automatica, 34(10):1205-1217,

1998.
R. Bellman. Dynamic Programming. Science, 153(3731):34-37, 1966.
F. Blanchini. Set invariance in control. Automatica, 35(11):1747-1767, 1999.

S.P. Boyd, L.E. Ghaoui, E. Feron, and V. Balakrishnan. Linear Matrixz In-
equalities in System and Control Theory. Society for Industrial & Applied

Mathematics, 1994.

Y.I. Lee and B. Kouvaritakis. Robust receding horizon predictive control for
systems with uncertain dynamics and input saturation. Automatica, 36(10):

1497-1504, 2000.



Bibliography 198

[26]

[27]

28]

[31]

[32]

[33]

[34]

B. Kouvaritakis, M. Cannon, A. Karas, B. Rohal-Ilkiv, and C. Belavy. Asym-
metric constraints with polytopic sets in MPC with application to coupled

tanks system. International Journal of Robust and Nonlinear Control, 14(4):

341-353, 2004.

T.B. Blanco, M. Cannon, and B. De Moor. On efficient computation of low-
complexity controlled invariant sets for uncertain linear systems. International

Journal of Control, 83(7):1339-1346, 2010.

J.A. Rossiter, B. Kouvaritakis, and M.J. Rice. A numerically robust state-
space approach to stable-predictive control strategies. Automatica, 34(1):

65-73, 1998.

M.V. Kothare, V. Balakrishnan, and M. Morari. Robust constrained model
predictive control using linear matrix inequalities. Automatica, 32(10):1361—

1379, 1996.

J. Schuurmans and J.A. Rossiter. Robust predictive control using tight sets
of predicted states. IEE Proceedings Control Theory and Applications, 147
(1):13-18, 2000.

B. Kouvaritakis, J.A. Rossiter, and J. Schuurmans. Efficient robust predictive

control. IEEE Transactions on Automatic Control, 45(8):1545-1549, 2000.

B. Kouvaritakis, M. Cannon, and J.A. Rossiter. Who needs QP for linear
MPC anyway? Automatica, 38(5):879-884, 2002.

H.K. Khalil and J.W. Grizzle. Nonlinear Systems. Prentice Hall, Upper
Saddle River, NJ, 1996.

M. Cannon. Efficient nonlinear model predictive control algorithms. Annual

Reviews in Control, 28(2):229-237, 2004.



Bibliography 199

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

J. M. Maciejowski. Predictive Control with Contraints. Prentice Hall, Essex,

England, 2002.

Y.I. Lee, B. Kouvaritakis, and M. Cannon. Constrained receding horizon

predictive control for nonlinear systems. Automatica, 38(12):2093-2102, 2002.

D.H. van Hessem, C.W. Scherer, and O.H. Bosgra. LMI-based closed-loop
economic optimization of stochastic process operation under state and input
constraints. In Proceedings of the 40th IEEE Conference on Decision and

Control, volume 5, pages 4228-4233, 2001.

J.A. Primbs and H.S. Chang. Stochastic receding horizon control of con-
strained linear systems with state and control multiplicative noise. [EFEFE

Transactions on Automatic Control, 54(2):221-230, 2009.

DH van Hessem and OH Bosgra. A full solution to the constrained stochastic
closed-loop MPC problem via state and innovations feedback and its receding
horizon implementation. In Proceedings of the 42nd IEEE Conference on

Decision and Control, volume 1, pages 929 — 934, 2003.

P. Li, M. Wendt, and G. Wozny. A probabilistically constrained model pre-

dictive controller. Automatica, 38(7):1171-1176, 2002.

A.L. Warren and T.E. Marlin. Constrained MPC under closed-loop uncer-

tainty. In American Control Conference, volume 5, pages 4607-4612, 2004.

A.L. Warren and T.E. Marlin. Improved output constraint-handling for mpc
with disturbance uncertainty. In American Control Conference, volume 6,

pages 45734578, 2006.

M. Cannon, B. Kouvaritakis, and D. Ng. Probabilistic tubes in linear stochas-
tic model predictive control. Systems and Control Letters, 58(10-11):747-753,
2009.



Bibliography 200

[44]

[45]

[46]

[49]

[50]

[51]

[52]

M. Cannon, D. Ng, and B. Kouvaritakis. Successive linearization nmpc for a
class of stochastic nonlinear systems. In Nonlinear Model Predictive Control,
volume 384 of Lecture Notes in Control and Information Sciences, pages 249—

262. Springer, Berlin / Heidelberg, 20009.

W. Langson, 1. Chryssochoos, S.V. Rakovi¢, and D.Q. Mayne. Robust model

predictive control using tubes. Automatica, 40(1):125-133, 2004.

D.Q. Mayne, M.M. Seron, and S.V. Rakovic. Robust model predictive control
of constrained linear systems with bounded disturbances. Automatica, 41(2):

219-224, 2005.

H. Kushner. Introduction to Stochastic Control. Holt, Rinehart and Winston

New York, 1971.

K.C. Toh, M.J. Todd, and R.H. Tutuncu. SDPT3—a Matlab software package
for semidefinite programming. Optimization Methods and Software, 11(12):
545-581, 1999.

J. Lofberg. YALMIP: A toolbox for modeling and optimization in MATLAB.
In IEEFE International Symposium on Computer Aided Control Systems De-

sign, pages 284-289, 2004.

S. Boyd and L. Vandenberghe. Convex Optimization. Cambridge University
Press, Cambridge, 2004.

Y. Wang and S. Boyd. Fast model predictive control using online optimization.

IEEFE Transactions on Control Systems Technology, 18(2):267-278, 2010.

A.G. Wills and W.P. Heath. Barrier function based model predictive control.

Automatica, 40(8):1415 — 1422, 2004.



Bibliography 201

[53]

[54]

[55]

[56]

[61]

A. Hansson. A primal-dual interior-point method for robust optimal control
oflinear discrete-time systems. IEEE Transactions on Automatic Control, 45

(9):1639-1655, 2000.

M. Shin and J.A. Primbs. A fast algorithm for stochastic model predictive
control with probabilistic constraints. In American Control Conference, pages

5489-5494, 2010.

F.D. Bianchi, R.J. Mantz, and H. Battista. Wind Turbine Control Systems.

Springer-Verlag London Limited, London, 2007.

W. Feller. An introduction to probability theory and its applications. Wiley,
India, 2009.

G.H. Brundtland. Our Common Future/World Commission on Environment

and Development. Oxford University Press, Oxford, 1987.

N. Kouvaritakis. Prometheus: A tool for the generation of stochastic informa-
tion for key energy, environment and technology variables. Technical report,

ICCS, National Technical University of Athens, Greece, 2000.

N. Kouvaritakis. Methodologies for integrating impact assessment in the
field of sustainable development (minima-sud). Technical report, European

Commission project EVG1-CT-2002-00082, 2002.

M.S. Lobo, L. Vandenberghe, S. Boyd, and H. Lebret. Applications of second-
order cone programming. Linear Algebra and its Applications, 284(1-3):193—
228, 1998.

B. Kouvaritakis, M. Cannon, and P. Couchman. MPC as a tool for sustainable

development integrated policy assessment. IEEE Transactions on Automatic

Control, 51(1):145-149, 2006.



Bibliography 202

[62]

[65]

[66]

[67]

M. Cannon, B. Kouvaritakis, and G. Huang. Modelling and optimisation for
sustainable development policy assessment. European Journal of Operational

Research, 164(2):475-490, 2005.

L. Ljung. System Identification: Theory for the User. Prentice-Hall, Engle-
wood Cliffs, NJ, 1987.

H. Akaike. Fitting autoregressive models for prediction. Annals of the Insti-

tute of Statistical Mathematics, 21(1):243-247, 1969.
T. Kailath. Linear Systems. Prentice-Hall, Englewood Cliffs, NJ, 1980.

N.K. Poulsen, B. Kouvaritakis, and M. Cannon. Constrained predictive con-

trol and its application to a coupled-tanks apparatus. International Journal

of Control, 74(6):552-564, 2001.

M. Cannon, B. Kouvaritakis, S.V. Rakovic, and Q. Cheng. Stochastic tubes in
model predictive control with probabilistic constraints. In American Control

Conference, pages 6274-6279, 2010.



	Abstract
	Acknowledgements
	1 Introduction
	2 Background
	2.1 Deterministic MPC Review
	2.1.1 Stability
	2.1.2 Terminal Invariant Sets
	2.1.3 Reference Tracking

	2.2 Robust MPC Review
	2.2.1 Closed Loop Paradigm
	2.2.2 Augmented Autonomous State Space Formulation

	2.3 Nonlinear MPC Review
	2.4 Stochastic MPC Review
	2.5 Conclusion

	3 Tube Linear Stochastic Model Predictive Control
	3.1 Introduction
	3.2 Preliminaries
	3.2.1 Problem Formulation
	3.2.2 Nested tubes

	3.3 Constraint Handling
	3.4 The Receding Horizon Algorithm
	3.4.1 Stage cost definition
	3.4.2 Receding horizon algorithm

	3.5 Numerical Example
	3.6 Conclusion

	4 A Fast Implementation of TSMPC
	4.1 TSMPC Implementation
	4.1.1 Offline MPC
	4.1.2 Online MPC

	4.2 Primal Barrier Interior-Point Method
	4.2.1 Primal Barrier Method
	4.2.2 Infeasible Start Newton Method
	4.2.3 Phase 1
	4.2.4 Warm Start
	4.2.5 Fast Computation of Newton Step

	4.3 Approximate Primal Barrier Method
	4.3.1 Fixed t
	4.3.2 Fixed Newton Iterations

	4.4 Implementation Results
	4.4.1 Second Order Example
	4.4.2 Random Systems Example

	4.5 Conclusion

	5 TSMPC for Systems with Time Correlated Uncertainty
	5.1 Problem Description
	5.1.1 Time-correlated uncertainty
	5.1.2 Confidence regions
	5.1.3 Input and state constraints

	5.2 Constraint Handling
	5.3 The Receding Horizon Algorithm
	5.4 Numerical Example
	5.5 Conclusion

	6 Application of TSMPC to Sustainable Development
	6.1 Problem Description
	6.1.1 The Sustainable Development Problem
	6.1.2 Prometheus

	6.2 Previous Work and Motivation
	6.3 Using an ARX Model
	6.3.1 Fitting the Model
	6.3.2 State-space Form
	6.3.3 State-space model with input shocks

	6.4 Application of the TSMPC Algorithm
	6.5 Numerical Results
	6.6 Conclusion

	7 Non-linear Stochastic MPC
	7.1 Problem Formulation
	7.2 Successive linearization MPC
	7.3 Probabilistic Tubes
	7.4 Probabilistic Tube Constraints
	7.5 Cost Function
	7.6 Receding Horizon NLSMPC
	7.7 Numerical Example
	7.8 Conclusion

	8 Conclusion
	Bibliography

