
AN EXTENSION OF MATLAB TO CONTINUOUS FUNCTIONSAND OPERATORSZACHARY BATTLES� AND LLOYD N. TREFETHENyAbstra
t. An obje
t-oriented MATLAB system is des
ribed for performing numeri
al linearalgebra on 
ontinuous fun
tions and operators rather than the usual dis
rete ve
tors and matri
es.About eighty MATLAB fun
tions from plot and sum to svd and 
ond have been overloaded so thatone 
an work with our \
hebfun" obje
ts using almost exa
tly the usual MATLAB syntax. Allfun
tions live on [�1; 1℄ and are represented by values at suÆ
iently many Chebyshev points forthe polynomial interpolant to be a

urate to 
lose to ma
hine pre
ision. Ea
h of our overloadedoperations raises questions about the proper generalization of familiar notions to the 
ontinuous
ontext and about appropriate methods of interpolation, di�erentiation, integration, zero�nding, ortransforms. Appli
ations in approximation theory and numeri
al analysis are explored, and possibleextensions for more substantial problems of s
ienti�
 
omputing are mentioned.Key words. MATLAB, Chebyshev points, interpolation, bary
entri
 formula, spe
tral methods,FFTAMS subje
t 
lassi�
ations. 41-04, 65D051. Introdu
tion. Numeri
al linear algebra and fun
tional analysis are two fa
esof the same subje
t, the study of linear mappings from one ve
tor spa
e to another.But it 
ould not be said that mathemati
ians have settled on a language and no-tation that blend the dis
rete and 
ontinuous worlds gra
efully. Numeri
al analystsfavor a 
on
rete, basis-dependent matrix-ve
tor notation that may be quite foreign tothe fun
tional analysts. Sometimes the di�eren
e may seem very minor between, say,expressing an inner produ
t as (u; v) or as uTv. At other times it seems more substan-tial, as for example in the 
ase of Gram-S
hmidt orthogonalization, whi
h a numeri
alanalyst would interpret as an algorithm, and not ne
essarily the best one, for 
om-puting a matrix fa
torization A = QR. Though experts see the links, the dis
rete and
ontinuous worlds have remained super�
ially quite separate; and of 
ourse, some-times there are good mathemati
al reasons for this, su
h as the distin
tion betweenspe
trum and eigenvalues that arises for operators but not matri
es.The purpose of this arti
le is to explore some bridges that may be built be-tween dis
rete and 
ontinuous linear algebra. In parti
ular we des
ribe the \
hebfun"software system in obje
t-oriented MATLAB, whi
h extends many MATLAB op-erations on ve
tors and matri
es to fun
tions and operators. This system 
onsistsof about eighty M-�les taking up about 100KB of storage. It 
an be downloadedfrom http://www.
omlab.ox.a
.uk/ou
l/work/ni
k.trefethen/, and we assurethe reader that going through this paper with a 
omputer at hand is mu
h more fun.Core MATLAB 
ontains hundreds of fun
tions. We have found that this 
olle
tionhas an extraordinary power to fo
us the imagination. We simply asked ourselves, forone MATLAB operation after another, what is the \right" analogue of this operationin the 
ontinuous 
ase? The question 
omes in two parts, 
on
eptual and algorithmi
.What should ea
h operation mean? And how should one 
ompute it?On the 
on
eptual side, we have made a basi
 restri
tion for simpli
ity. Wede
ided that our universe will 
onsist of fun
tions de�ned on the interval [�1; 1℄. Thusa ve
tor v in MATLAB be
omes a fun
tion v(x) on [�1; 1℄, and it is immediately 
lear�Computing Laboratory, Oxford University, battles�
omlab.ox.a
.uk.yComputing Laboratory, Oxford University, LNT�
omlab.ox.a
.uk.1



2 Z. BATTLES AND L. N. TREFETHENwhat meaning 
ertain MATLAB operations must now take on, su
h asnorm(v) = �Z 1�1 v2dx�1=2 :(1.1)(Throughout this arti
le we assume that the reader knows MATLAB, and we take allquantities to be real ex
ept where otherwise spe
i�ed, although our software systemrealizes at least partially the generalization to the 
omplex 
ase.) Of 
ourse, if oursystem is to evolve into one for pra
ti
al s
ienti�
 
omputing, it will eventually haveto be generalized beyond [�1; 1℄.And how might one implement su
h operations? Here again we have made a veryspe
i�
 
hoi
e. Every fun
tion is represented by the polynomial interpolant through itsvalues in suÆ
iently many Chebyshev points for a

ura
y 
lose to ma
hine pre
ision.By Chebyshev points we mean the numbersxj = 
os �jN ; 0 � j � N(1.2)for some N � 0. (For N = 0 we take x0 = 1.) We evaluate the polynomial inter-polant of data in these points by the fast, stable bary
entri
 formula �rst publishedby Salzer [1, 10, 21℄. Implementing numeri
al operations involving su
h interpolantsraises fundamental questions of numeri
al analysis. The right way to evaluate (1.1), forexample, is by Clenshaw-Curtis quadrature implemented with a Fast Fourier Trans-form [3℄, and indeed, many of our methods utilize the FFT to move ba
k and forthbetween Chebyshev grid fun
tions on [�1; 1℄ and sets of 
oeÆ
ients of expansions inChebyshev polynomials. But these matters are all in prin
iple invisible to the user,who sees only that familiar operations like + and norm and sin have been overloadedto operations that give the right answers, usually to nearly ma
hine pre
ision, forfun
tions instead of ve
tors.From fun
tions, the next step is matri
es whose 
olumns are fun
tions. For these\
olumn maps" [5℄ or \matri
es with 
ontinuous 
olumns" [26℄ or \quasi-matri
es" [23℄,we de�ne and implement operations su
h as matrix-ve
tor produ
t, QR fa
torization,SVD, and least-squares solution of overdetermined systems of equations (x9). Thusour overloaded \qr" fun
tion, for example, 
an be used to generate orthogonal poly-nomials. At the end we mention preliminary steps to treat the 
ase of \matri
es"that are 
ontinuous in both dire
tions, whi
h 
an be regarded as bivariate fun
tionson [�1; 1℄� [�1; 1℄ or as integral operators.2. Chebfuns and bary
entri
 interpolation. Our fundamental obje
ts areMATLAB stru
tures 
alled 
hebfuns, whi
h are manipulated by overloaded variantsof the usual MATLAB fun
tions for ve
tors. \Under the hood," the data de�ning a
hebfun 
onsist of a set of numbers f0; : : : ; fN for some N � 0, and ea
h operationis de�ned via polynomial interpolation of the values ffjg at the Chebyshev pointsfxjg de�ned by (1.2). The interpolation is 
arried out numeri
ally by the fast, stablebary
entri
 formula developed by Salzer [21℄ for these interpolation points:p(x) = NXj=0 wjx� xj fj, NXj=0 wjx� xj(2.1)with wj = � (�1)j=2; j = 0 or j = N ,(�1)j ; otherwise.(2.2)



The CHEBFUN system 3For an introdu
tion to bary
entri
 interpolation, see [1℄, and for a proof of its nu-meri
al stability, see [10℄. Polynomial interpolation has a spotty reputation, but thisis a result of diÆ
ulties if one uses inappropriate sets of points (e.g., equispa
ed) orunstable interpolation formulas (e.g., Newton with improper ordering). For Cheby-shev points and the bary
entri
 formula, polynomial interpolants have almost idealproperties, at least for approximating fun
tions that are smooth. We summarize someof the key fa
ts in the following theorem.Theorem 2.1. Let f be a 
ontinuous fun
tion on [�1; 1℄, pN its degree N poly-nomial interpolant in the Chebyshev points (1:2), and p�N its best approximation on[�1; 1℄ in the norm k � k = k � k1. Then(i) kf � pNk � (2 + 2� logN)kf � p�Nk.(ii) If f has a kth derivative in [�1; 1℄ of bounded variation for some k � 1,kf � pNk = O(N�k) as N !1.(iii) If f is analyti
 in a neighborhood of [�1; 1℄, kf � pNk = O(CN ) as N !1for some C < 1. In parti
ular we may take C = 1=(M +m) if f is analyti
 in the
losed ellipse with fo
i �1 and semimajor and semiminor axis lengths M � 1 andm � 0.Proof. It is a standard result of approximation theory that a bound of the form(i) holds with a 
onstant 1+�N , where �N is the Lebesgue 
onstant for the given setof interpolation points, i.e., the 1-norm of the mapping from data in these points totheir degree N polynomial interpolant on [�1; 1℄ [16℄. The proof of (i) is 
ompletedby noting that for the set of points (1.2), �N is bounded by 1 + (2=�) logN [2℄. Re-sult (ii) 
an be proved by transplanting the interpolation problem to one of Fourier(=trigonometri
) interpolation on an equispa
ed grid and using the Poisson (=alias-ing) formula together with the fa
t that a fun
tion of bounded variation has a Fouriertransform that de
reases at least inverse-linearly; see Theorem 4(a) of [25℄. Condition(iii) is a standard result of approximation theory, due originally to Bernstein (seee.g. [13, Thm. 5.7℄ or [25, Thm. 5.6℄). It 
an be proved, for example, by the Hermiteintegral formula of 
omplex analysis [6, 28℄.It follows from 
ondition (i) of Theorem 2.1 that the Chebyshev interpolant of afun
tion f on [�1; 1℄ is within a fa
tor 10 of the best approximation if N < 105, afa
tor 100 if N < 1066. Thus Chebyshev interpolants are near-best. Following familiarterminology in 
ertain 
ir
les, we may say that 
onditions (ii) and (iii) establish thatthey are also spe
trally a

urate.In our obje
t-oriented MATLAB system, 
hebfuns are implemented as a 
lass ofobje
ts with dire
tory �
hebfun. The most fundamental operation one may 
arry outis to 
reate a 
hebfun by 
alling the 
onstru
tor program 
hebfun.m. (From now on,we omit the \.m" extensions.) For example, we might write>> f = 
hebfun('x.^3')By evaluating x3 in various points, the MATLAB 
ode then determines automati
ally,with high though inevitably not perfe
t reliability, how large N must be to representthis fun
tion to a normwise relative a

ura
y of about 13 digits: in this 
ase, N =3. The output returned by MATLAB from the above 
ommand, generated by the�
hebfun 
ode display, is a list of the fun
tion values at the points x0 = 1; : : : ; xN =�1:



4 Z. BATTLES AND L. N. TREFETHENans = 
olumn 
hebfun1.00000.1250-0.1250-1.0000If we type whos we getName Size Bytes Classf -3x1 538 
hebfun obje
tNote that we have adopted the 
onvention of taking the \row dimension" of a 
olumnve
tor 
hebfun to be the negative of its grid number N . This may seem gimmi
kyat �rst, but one qui
kly 
omes to appre
iate the 
onvenien
e of being able to spot
ontinuous dimensions at a glan
e. Similarly, we �nd>> size(f)ans =-3 1>> length(f)ans = -3and thus, for example,>> length(
hebfun('x.^7 -3*x + 5'))ans = -7These extensions of familiar MATLAB fun
tions are implemented by �
hebfun fun
-tions size and length.The fun
tion used to generate a 
hebfun need not be a polynomial, and indeed,our 
hebfun 
onstru
tor has no knowledge of what form the fun
tion may have. Itsimply evaluates the fun
tion at various points and determines a grid parameter Nthat is suÆ
iently large. Thus for example we may write>> g = 
hebfun('sin(5*pi*x)');>> length(g)ans = -43Evidently 44 Chebyshev points suÆ
e to represent sin(5�x) to 
lose to ma
hine pre
i-sion. Our 
onstru
tor algorithm pro
eeds essentially as follows (some details omitted).On a given grid with parameter N , the Chebyshev expansion 
oeÆ
ients of the poly-nomial interpolant through the given fun
tion values are 
omputed by means of theFFT (see x5). A 
oeÆ
ient is 
onsidered to be negligible if it is smaller in magnitudethan twi
e ma
hine pre
ision times the largest Chebyshev 
oeÆ
ient 
omputed fromthe 
urrent grid. If the last two 
oeÆ
ients are negligible, then N is redu
ed to theindex asso
iated with the last nonnegligible 
oeÆ
ient. Otherwise, N is doubled andwe start again. If 
onvergen
e is not rea
hed before N = 216, then the iteration stopswith this value of N and a warning message is printed.It is 
lear from Theorem 1 that if a fun
tion is not smooth, the asso
iated 
hebfunmay require a large value of N . For example, we �nd N = 248, 856, and 11750 forjxj7, jxj5, and jxj3, respe
tively; ea
h of these 
omputations takes mu
h less than 1se
. on our workstation. For the fun
tion jxj the system quits with N = 216 afterabout 1 se
. For any fun
tion, one has the option of for
ing the system to use a �xedvalue of N by a 
ommand su
h as f = 
hebfun('abs(x)',1000).



The CHEBFUN system 5If f were a 
olumn ve
tor in MATLAB, we 
ould evaluate it at various indi
es by
ommands like f(1) or f([1 2 3℄). For a 
hebfun, the appropriate analogue is thatf should be evaluated at the 
orresponding arguments, not indi
es. For example, if fis the x3 
hebfun de�ned above, we get>> f(5)ans = 125.0000>> f(-0.5)ans = -0.1250If g is the sin(5�x) 
hebfun, we get (after exe
uting format long)>> g(0:.05:.2)ans =0.000000000000000.707106781186551.000000000000000.707106781186550.00000000000000The 
hebfun system does not \know" that g is a sine fun
tion or that sin(�=4) =1=p2 � 0:70710678118655, but the bary
entri
 evaluation of the polynomial inter-polant has 
omputed the right results nonetheless.If f and g are 
hebfuns of degrees Nf and Ng, then f+g is a 
hebfun of degreeN = maxfNf ; Ngg. We 
ompute f+g by evaluating the sum in ea
h of the points ofthe Chebyshev N grid, taking advantage of the FFT as des
ribed in x5, without auto-mati
ally 
he
king for fortuitous 
an
ellation that might lower the degree. Di�eren
esf-g are handled in the same way. Following standard 
onventions for obje
t-orientedprogramming in MATLAB, su
h operations are overloaded on the usual symbols +and - by programs plus and minus. For unary operations of the form +f and -f, wehave 
odes uplus and uminus. The former is the identity operation, and the latterjust negates the data de�ning the 
hebfun. The fun
tions real, imag, and 
onj alsohave the obvious meanings and implementations.Sin
e 
hebfuns are analogous to ve
tors, the produ
t f*g of 
hebfuns f and gis dimensionally in
orre
t; it yields an error message. Instead, a 
orre
t notion ispointwise multipli
ation f.*g, implemented by the fun
tion times. To 
ompute f.*gwe evaluate the produ
t of f and g on various Chebyshev grids until a suÆ
ientlylarge parameter N is found; this might be N = Nf + Ng, but usually it is smaller.For example, we have>> f = 
hebfun('sin(x)');>> length(f)ans = -13but >> length(f.*f)ans = -16The 
hebfun system, like MATLAB, also allows for adding or multiplying a s
alarwith 
ommands su
h as 3*f or 3+f, implemented by mtimes and plus, respe
tively.If v is a MATLAB ve
tor of length k, plot(v) yields a broken-line plot of the kentries of v against the numbers 1; : : : ; k. If f is a 
hebfun, the appropriate outputshould be a smooth 
urve plotted against [�1; 1℄. This is a
hieved in the fun
tion plot
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Fig. 2.1. Results of plot(f) and plot(f,'.-') for f = 
hebfun('x.^3-x') (left) andf = 
hebfun('sin(5*pi*x)') (right). The �rst plot in ea
h pair is the basi
 one, showingthe underlying fun
tion. The se
ond reveals the implementation by displaying the Chebyshevpoints at whi
h this fun
tion is de�ned.

Fig. 2.2. Result of plot(sin(16*x),sin(18*x)), assuming x = 
hebfun('x').by evaluating f in 1000 Chebyshev points. Additional MATLAB plotting instru
tionssu
h as line types and 
olors and widths are passed along to the underlying Matlabplotting engine. As a spe
ial 
ase, what should one do with the line type .-, whi
h inMATLAB normally produ
es dots 
onne
ted by line segments? The right answer for
hebfuns is surely to produ
e the usual 
urve together with dots marking the pointsof the underlying Chebyshev grid; see Fig. 2.1.As in MATLAB, one 
an also plot one 
hebfun against another with a 
ommandlike plot(f,g). An example is shown in Fig. 2.2. The 
hebfun 
ommands we havedes
ribed are summarized in Table 2.1.3. Elementary fun
tions. A 
ommand like 
hebfun('exp(sin(x))') 
on-stru
ts a 
hebfun by evaluating the indi
ated fun
tion in various points. However,often it is more 
onvenient to 
ompute elementary fun
tions of 
hebfuns dire
tly, asin h = exp(sin(x))assuming that x has previously been de�ned by x = 
hebfun('x'). We have a

ord-ingly overloaded a number of the elementary fun
tions to make su
h 
omputations pos-sible (Table 3.1). The underlying algorithm is the same adaptive pro
edure employed



The CHEBFUN system 7Table 2.1Basi
 
hebfun 
ommands.Typi
al 
ommand M-�le fun
tionf = 
hebfun('x') 
hebfun.m 
reate a 
hebfunwhos size.m list variablessize(f) size.m row and 
olumn dimensionslength(f) length.m grid parameter Nplot(f) plot.m plot against [�1; 1℄plot(f,'.-') plot.m plot and show grid pointssemilogy(f) semilogy.m semilog plotf([.5 .6℄) subsref.m evaluate at spe
i�ed pointsf+g plus.m sum+f uplus.m identity operatorf-g minus.m di�eren
e-f uminus.m negationf.*g times.m pointwise produ
tf./g rdivide.m pointwise divisionf.\g ldivide.m pointwise left division3+f plus.m s
alar sum3*f mtimes.m s
alar produ
tf/3 mrdivide.m s
alar divisionf.^3, 3.^f power.m pointwise powerreal(f) real.m real partimag(f) imag.m imaginary part
onj(f) 
onj.m 
omplex 
onjugateby the 
hebfun 
onstru
tor, but there is a di�eren
e: 
hebfun('exp(sin(x))') eval-uates the exponential at 
ertain points determined by the sine fun
tion itself, whereasexp(sin(x)) is 
onstru
ted by evaluating the exponential at values determined bythe 
hebfun approximation to the sine fun
tion. The pro
edure should be the same upto 
lose to rounding errors, and indeed we usually �nd that the 
hebfuns are almostidenti
al: >> f = 
hebfun('exp(sin(x))');>> g = exp(sin(
hebfun('x')));>> [length(f) length(g)℄ans =-21 -21>> norm(f-g)ans = 5.2011e-16There are a number of MATLAB elementary fun
tions whi
h we have not im-plemented for 
hebfuns be
ause they return dis
ontinuous results: fix, floor, 
eil,round, mod, and rem. We have, on the other hand, implemented 
ertain other fun
-tions for whi
h dis
ontinuities are sometimes an issue: sign, abs, sqrt, log, angle,and division 
arried out by / or \. If these fun
tions are applied to fun
tions thatpass through zero, the results should be dis
ontinuous (or in the 
ase of sqrt, havea dis
ontinuous derivative). Su
h results are not representable within the 
hebfunsystem, and as before, the system quits with a warning message at N = 220.



8 Z. BATTLES AND L. N. TREFETHENTable 3.1Elementary fun
tions of 
hebfuns. The 
ommands marked with daggers will be unsu
-
essful if f passes through zero.Typi
al 
ommand M-�le fun
tionexp(f) exp.m exponentialylog(f) log.m logarithmysqrt(f) sqrt.m square rootyabs(f) abs.m absolute valueysign(f) sign.m signyangle(f) angle.m argument
os(f) 
os.m 
osine
osh(f) 
osh.m hyperboli
 
osinesin(f) sin.m sinesinh(f) sinh.m hyperboli
 sinetan(f) tan.m tangenttanh(f) tanh.m hyperboli
 tangenterf(f) erf.m error fun
tionerf
(f) erf
.m 
omplementary error fun
tionerf
x(f) erf
x.m s
aled 
omplementary error fun
tionerfinv(f) erfinv.m inverse error fun
tion
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xFig. 4.1. The Gibbs phenomenon.4. Appli
ations in approximation theory. We have already des
ribed enoughof the 
hebfun system to enable some interesting explorations in approximation theory,whi
h give a hint of how this system might be used in the 
lassroom.Gibbs phenomenon. A famous e�e
t in approximation theory is the Gibbs phe-nomenon, the tenden
y of interpolants and approximants to os
illate near points ofdis
ontinuity [11℄. We 
an illustrate this e�e
t for interpolation in Chebyshev pointsby the 
ommandf = 
hebfun('sign(x)',25); plot(f,'.-')This 
ommand 
onstru
ts the interpolant in 26 points to a fun
tion that is �1 forx < 0 and 1 for x > 0. Figure 4.1 shows the result, with the expe
ted os
illations.(The 
ommand max(f) returns the number 1.2808, showing that the overshoot isabout 28%; see x7.) The os
illations diminish away from the dis
ontinuity, but onlyalgebrai
ally; the 
ontamination is global. This is the prin
ipal drawba
k of globalpolynomial representations of fun
tions: lo
al irregularities have nonnegligible global
onsequen
es, in 
ontrast to other forms of approximations su
h as splines with irreg-ular meshes.
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Fig. 4.3. Geometri
 
onvergen
e for 1=(1 + 6x2).Smoothness and rate of 
onvergen
e. A

ording to Theorem 2.1(ii), the Cheby-shev interpolant to the fun
tion f(x) = jxj5 will have errors of order O(N�5). We
an illustrate this with the sequen
es = 'abs(x).^5'exa
t = 
hebfun(s);for N = 1:60e(N) = norm(
hebfun(s,N)-exa
t);endloglog(e), grid on, hold onloglog([1 60℄.^(-5),'--')(The fun
tion norm, whi
h implements (1.1), is des
ribed in x6.) Figure 4.2 showsthe result. On the other hand if f is analyti
 in a neighborhood of [�1; 1℄, then byTheorem 2.1(iii) the 
onvergen
e will be geometri
. Figure 4.3 shows the result if inthe 
ode above, s is 
hanged to '1./(1+6^x.^2)'. With semilogy instead of loglog,this would be a straight line, whose slope is readily derived from Theorem 2.1(iii).Interpolation of random data. Though the 
hebfun system is designed for smoothfun
tions, we 
an use it to illustrate the robustness of interpolation in Chebyshevpoints by 
onsidering random data instead of smooth. The 
ommandplot(
hebfun('rand(51,1)',50),'.-')
onstru
ts and plots the degree 50 interpolant through data 
onsiting of uniformlydistributed random numbers in [0; 1℄ lo
ated at 51 Chebyshev points. The result
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Fig. 4.4. Degree 50 Chebyshev interpolation of 51 uniform random numbers.

Fig. 4.5. A 2D analogue of the previous plot: the 
hebfun interpolant through a 101-pointrandom walk.of Figure 4.4 emphasizes how well-behaved the interpolation pro
ess is; any \wildos
illations" one might have expe
ted to see are features of equispa
ed grids, notChebyshev, as indeed must be the 
ase in view of Theorem 2.1(i). The same robustnessis illustrated in two dimensions in Figure 4.5, whi
h shows the output of the 
ommandsx = 
hebfun('
umsum(randn(101,1))',100);y = 
hebfun('
umsum(randn(101,1))',100);plot(x,y,'.-'), axis equalThe points are those of a random walk in the plane with x and y in
rements nor-mally distributed, and the 
urve has x and y 
oordinates given by the Chebyshevinterpolants through these data.Extrapolation outside [�1; 1℄. Polynomial interpolation in Chebyshev points isbeautifully well-behaved, but extrapolation from these or any other points is anothermatter. Suppose we again form the 
hebfun 
orresponding to sin(5�x) and thenevaluate this fun
tion not just in [�1; 1℄ but in a larger interval, say, [�1:4; 1:4℄. Asuitable 
ode is:g = 
hebfun('sin(5*pi*x)');xx = linspa
e(-1.4,1.4)';plot(xx,g(xx),'.')The upper half of Figure 4.6 shows that the result is a 
lean sine wave in [�1; 1℄ anda bit beyond, but has large errors for jxj > 1:3. The lower half of the �gure quanti�esthese errors with the 
ommanderror = abs(g(xx)-sin(5*pi*xx));semilogy(xx,error,'.')Arguments related to Theorem 2.1(iii) [25, 
hap. 5℄ show that outside [�1; 1℄, the
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Fig. 4.6. Extrapolation of the Chebyshev interpolant of sin(5�x) on [�1; 1℄ to [�1:4; 1:4℄.The errors grow rapidly for jxj > 1.errors will be on the order of ma
hine pre
ision times (x+px2 � 1)N , a formula whi
hmat
hes the dots in the lower half of Figure 4.6 well. We emphasize that instabilityin the sense of sensitivity to rounding errors is not the essential issue here. In theory,if all the 
omputations were performed exa
tly, these extrapolants would 
onverge tosin(5�x) as N ! 1 in any 
ompa
t region of the 
omplex plane, but this is onlybe
ause sin(5�x) is analyti
 throughout the 
omplex plane. For a fun
tion analyti
just in a neighborhood of [�1; 1℄, a

ording to the theory of \over
onvergen
e" [28℄,
onvergen
e in exa
t arithmeti
 will o

ur inside the largest ellipse of analyti
ity withfo
i�1. The problem we are up against is the ill-posed nature of analyti
 
ontinuation,whi
h, although highlighted by rounding errors, 
annot be blamed upon them.5. Chebyshev expansions and FFT. For reasons of simpli
ity, we have 
hosento base the 
hebfun system on interpolation in Chebyshev points, not expansion inChebyshev polynomials [14, 20℄. These two formulations are 
lose 
ousins, however,with the same ex
ellent approximation properties [2℄, and one 
an travel ba
k andforth between the two at a 
ost of O(N logN) operations by means of the Fast FourierTransform (FFT). Indeed, it is a 
ru
ial feature of our pa
kage that it takes advantageof the FFT in implementing many operations, enabling us easily to handle ve
tors oflengths in the tens of thousands.Suppose we are given a 
hebfun p of grid number N and wish to determine itsChebyshev expansion 
oeÆ
ients fakg:p(x) = NXk=0 akTk(x):(5.1)Another way to des
ribe the fakg would be to say that they are the 
oeÆ
ients ofthe unique polynomial interpolant of degree � N through the data values p(xj),0 � j � N . The 
hebfun system in
ludes a fun
tion 
hebpoly(f) that 
omputesthese numbers. For example, we �nd>> 
hebpoly(x.^3)



12 Z. BATTLES AND L. N. TREFETHENans =0.2500 0 0.7500 0sin
e x3 = 14T3(x)+ 34T1(x), assuming again that x has been previously de�ned by x =
hebfun('x'). Note that, following the usual MATLAB 
onvention, the high-order
oeÆ
ients are listed �rst. Similarly, we have>> 
hebpoly(exp(x))ans =0.00000000000004 0.00000000000104 0.000000000024980.00000000055059 0.00000001103677 0.000000199212480.00000319843646 0.00004497732295 0.000542926311910.00547424044209 0.04433684984866 0.271495339534081.13031820798497 1.26606587775201The fa
t that the �rst (leading) 
oeÆ
ient is just above the level of ma
hine pre
isionillustrates that the 
hebfun 
onstru
tor has sele
ted the smallest possible value ofN . The 
hebpoly fun
tion is one of only three in the 
hebfun system that are notextensions of fun
tions in standard MATLAB, and a

ordingly we distinguish it inTable 5.1 by an asterisk. The existing fun
tion in MATLAB is poly, whi
h 
al
ulatesthe 
oeÆ
ients in the monomial basis of the 
hara
teristi
 polynomial of a matrix. Wehave overloaded poly to 
ompute the 
oeÆ
ients in the monomial basis of a 
hebfun:>> poly(x.^3)ans =1 0 0 0>> poly((1+x).^9)ans =1 9 36 84 126 126 84 36 9 1>> poly(exp(x))ans =0.00000000016343 0.00000000213102 0.000000025048000.00000027550882 0.00000275573484 0.000024801635040.00019841269739 0.00138888887054 0.008333333333480.04166666667007 0.16666666666667 0.499999999999761.00000000000000 1.00000000000000Note that these last 
oeÆ
ients, unlike their Chebyshev 
ounterparts, do not fallas low as ma
hine pre
ision, re
e
ting the O(2N ) gap between the monomial andChebyshev bases. Polynomial 
oeÆ
ients in the monomial basis have the virtue ofsimpli
ity, but few numeri
al virtues for the manipulation of fun
tions on [�1; 1℄.1The 
hebfun system 
omputes them by 
alling 
hebpoly �rst and then 
onvertingfrom one basis to the other with the re
ursion Tn+1(x) = 2xTn(x) � Tn�1(x). Weregard the outputs of poly as interesting for small explorations but not normallyuseful in serious 
omputations.The implementation of 
hebpoly is based on the standard three-way identi�
ationof a real variable x 2 [�1; 1℄, an angular variable � = 
os�1x 2 [0; 2�℄, and a 
omplex1In terms of 
omplex analysis, the number 2 
omes from the fa
t that the logarithmi
 
apa
ity ofthe unit disk (1) is twi
e that of the unit interval ( 12 ) [19℄. The monomials are the Faber polynomialsfor the unit disk, and naturally adapted to approximations there, whereas the Chebyshev polynomialsare the Faber polynomials for the unit interval. See [6, 28℄ and also [27℄.



The CHEBFUN system 13variable z = ei� on the unit 
ir
le in the 
omplex plane. As des
ribed for example inChapter 8 of [25℄, we haveTk(x) = Rezk = 12 (zk + z�k) = 
os k�for ea
h n � 0. Thus (5.1) 
an be extended top(x) = NXk=0 akTk(x) = 12 NXk=0 ak(zk + z�k) = NXk=0 ak 
os k�:(5.2)In the x variable, p(x) is an algebrai
 polynomial determined by its values in the N+1Chebyshev points x0; : : : ; xN . In the z variable, it is a Laurent polynomial determinedby its values in the 
orresponding 2N roots of unity z0; : : : ; zN�1; this fun
tion of ztakes equal values at z and z and thus 
omprisesN+1 independent numbers. In the �variable, the same fun
tion is a trigonometri
 polynomial determined by its values inthe 2N equally spa
ed points �0; : : : ; �2N+1 with �j = �j=N ; in this 
ase the fun
tiontakes equal values at � and 2� � �.We use these identi�
ations to transplant the Chebyshev 
oeÆ
ient problem to themore familiar problem of 
omputing trigonometri
 polynomial 
oeÆ
ients on a regulargrid in [0; 2�℄|a Dis
rete Fourier Transform. This leads to the following method bywhi
h we 
ompute 
hebpoly(p): extend the data ve
tor (p(x0); : : : ; p(xN )) of lengthN + 1 to a ve
tor (p(x0); : : : ; p(xN�1); p(xN ); p(xN�1); : : : ; p(x1))of length 2N , apply MATLAB's fft fun
tion, extra
t the �rst N+1 entries in reverseorder, and divide the �rst and last of these numbers by 2N and the others by N .2The inverse of the 
hebpoly operation should be a map from Chebyshev 
oeÆ-
ients to 
hebfuns. A

ording to the prin
iples of obje
t-oriented programming, thispro
ess of 
onstru
tion of a 
hebfun obje
t should be 
arried out by the standard
onstru
tor program 
hebfun. A

ordingly, our program 
hebfun is designed to pro-du
e 
hebfuns from two alternative kinds of input. If the input is a string, as in
hebfun('exp(x)'), then the adaptive pro
ess des
ribed in x2 is exe
uted. If theinput is a numeri
al ve
tor, as in 
hebfun([1 2 3℄), then the input is interpreted asa set of Chebyshev 
oeÆ
ients ordered from highest degree down, and the appropriate
hebfun is 
onstru
ted by means of the FFT, inverting the pro
ess des
ribed abovewith the aid of MATLAB's ifft fun
tion.For example, we have>> 
hebfun([1 2 3℄)ans = 
olumn 
hebfun622The three numbers displayed are the values of T2(x) + 2T1(x) + 3T0(x) at x0 = 1,x1 = 0, x2 = �1. Similarly,2The ideas behind this algorithm are dis
ussed in Chap. 8 of [25℄. As mentioned there, thisalgorithm 
ould be speeded up by the use of the Dis
rete Cosine Transform (DCT) rather than thegeneral 
omplex FFT. However, although a DCT 
ode is in
luded in MATLAB's Signal Pro
essingToolbox, there is no DCT in MATLAB itself.



14 Z. BATTLES AND L. N. TREFETHENplot(
hebfun([1 zeros(1,10)℄))
onstru
ts a plot of T10(x) on [�1; 1℄ (not shown). The 
ommandsr = randn(1,100000);f = 
hebfun(r);produ
e a 
hebfun with N = 100000 in a fra
tion of a se
ond, and in a few morese
onds we 
ompute>> norm(r)ans = 3.157618089537492e+02>> norm(f)ans = 3.160389611083427e+02>> norm(r-
hebpoly(f))ans = 1.7236e-13The �rst and third numbers are ordinary Matlab norms of ve
tors, and the mid-dle one is the norm of a 
hebfun. The approximate agreement of the �rst two re-
e
ts the fa
t that for large n, R 1�1(Tn(x))2dx � 1: for example, norm(
hebfun([1zeros(1,20)℄)) yields 0:9997.We have shown how a user may go ba
k and forth between fun
tion values andChebyshev 
oeÆ
ients with the FFT-based fun
tions 
hebpoly and 
hebfun (Ta-ble 5.1). Most often, however, the FFT is used by various 
hebfun fun
tions (whi
h 
all
hebpoly internally) to speed up 
ertain 
omputations from O(N2) to O(N logN).The guiding prin
iple is this: to determine the values of a 
hebfun at an arbitraryve
tor of points, use bary
entri
 interpolation, but to determine values on a grid ofChebyshev points (presumably with a di�erent parameter N 0 from the parameter Nof f ), use the FFT. An ele
tri
al engineer would 
all this a pro
ess of \downsampling"or \upsampling" [18℄. For upsampling, with N 0 � N , we determine the Chebyshev
oeÆ
ients of f, pad them with N 0 �N zeros, and then inverse transform to the N 0grid. For downsampling, with N 0 < N , we determine the Chebyshev 
oeÆ
ients off and then fold N � N 0 of them ba
k into the N 0 
oeÆ
ients to be retained by apro
ess of aliasing. Thus for example if we downsample from f with N = 20 to g withN 0 = 15, then a5(g) = a5(f) + a20(f). This operation is 
arried out in the 
hebfunsystem by the private fun
tion prolong, not a

essible to the user.Table 5.1Operations based on FFT. The asterisks mark fun
tions that are not overloaded variantsof existing MATLAB fun
tions. The fun
tion 
hebpoly is 
alled internally by many 
hebfunfun
tions to speed up various 
omputations by means of the FFT.Typi
al 
ommand M-�le fun
tionpoly(f) poly.m polynomial 
oe�s. of 
hebfun�
hebpoly(f) 
hebpoly.m Chebyshev 
oe�s. of 
hebfun�
hebfun([1 2 3℄) 
hebfun.m 
hebfun with given Chebyshev 
oe�s.6. Integration and di�erentiation. Many MATLAB operations on ve
torsinvolve sums, and their 
hebfun analogues involve integrals (Table 6.1). The startingpoint is the fun
tion sum. If f is a ve
tor, sum(f) returns the sum of its 
omponents,



The CHEBFUN system 15whereas if f is a 
hebfun we wantsum(f) = Z 1�1 f(x)dx:The mathemati
al problem impli
it in this 
ommand is that of determining the inte-gral of the polynomial interpolant through data in a set of Chebyshev points (1.2).This is the problem solved by the method known as Clenshaw-Curtis quadrature [3℄,devised in 1960 and des
ribed in various referen
es su
h as [4℄ and [12℄.Clenshaw-Curtis quadrature be
omes quite straightforward with the aid of theFFT, and that is how we implement it.3 Given a 
hebfun f , we 
onstru
t its Cheby-shev 
oeÆ
ients a0; : : : ; aN by a 
all to 
hebpoly and then integrate termwise usingthe identity Z 1�1 Tk(x)dx = 8<: 0 k odd,21� k2 k even.(6.1)The result returned from a 
ommand sum(f) will be exa
tly 
orre
t apart from thee�e
ts of rounding errors. For example, here are some integrals the reader may ormay not know.>> sum(sin(pi*x).^2)ans = 1.>> sum(
hebfun('1./(5+3*
os(pi*x))'))ans = 0.50000000000000>> sum(
hebfun('abs(x).^9.*log(abs(x)+1e-100)'))ans = -0.02000000000000These three 
hebfuns have N = 26, 51, and 147. The addition of 1e-100 is needed inthe last example so that 0 log(0) 
omes out as 0 (almost) rather than NaN.From the ability to 
ompute de�nite integrals we readily obtain 
hebfun fun
tionsfor the three statisti
al operations of mean, varian
e, and standard deviation, withfun
tionality as de�ned by these expressions:mean(f) = sum(f)/2var(f) = mean((f-mean(f)).^2)std(f) = sqrt(var(f))Similarly we havenorm(f) = norm(f,2) = norm(f,'fro') = sqrt(sum(f.^2))sin
e in MATLAB, the default norm is the 2-norm. Thus, for example, here is anunusual 
omputation of p2=5:>> norm(x.^2)ans = 0.63245553203368The evaluation of the 1- and 1-norm variants norm(f,1) and norm(f,inf) is more
ompli
ated and is dis
ussed in x7.3The MATLAB 
ode 
len
urt of [25℄ works well for smaller values of N , but as it is based onexpli
it formulas rather than FFT, the work is O(N2) rather than O(N logN).



16 Z. BATTLES AND L. N. TREFETHENInner produ
ts of fun
tions are also de�ned by integrals. If f and g are 
hebfuns,then the 
hebfun system produ
es a result for f'*g equivalent tof'*g = sum(f.*g)All these operations are very similar in that they 
ome down to de�nite integralsfrom �1 to 1. In addition, one may ask about inde�nite integrals, and the appropriatefun
tion for this is MATLAB's 
umulative sum operation 
umsum. If f is a 
hebfun andwe exe
ute g = 
umsum(f), the result g is a 
hebfun equal to the inde�nite integralof f with the parti
ular value g(�1) = 0. If f has grid number N (a polynomial ofdegree N), g has grid number N + 1 (degree N + 1). The implementation here isessentially the same as that of sum: we 
ompute Chebyshev 
oeÆ
ients by the FFTand then integrate termwise. The 
ru
ial formula isZ x Tk(x)dx = Tk+1(x)2(k + 1) � Tk�1(x)2(k � 1) + C; k � 2(6.2)(see [4, p. 195℄ or [14, p. 32℄); for k = 0 or 1, the non
onstant terms on the right-handside be
ome T1(x) or T2(x)=4, respe
tively. For an example of inde�nite integration,re
all that the error fun
tion is de�ned byerf(x) = 2p� Z x0 e�t2dt:We 
an 
ompare a 
hebfun inde�nite integral as follows to MATLAB's built-in fun
-tion erf: >> f = 
hebfun('(2/sqrt(pi))*exp(-t.^2)');>> erf2 = 
umsum(f); erf2 = erf2 - erf2(0);>> norm(erf2-erf(x))ans = 4.1022e-16The grid parameters for erf(x) and erf2 are 21 and 23, respe
tively.MATLAB also in
ludes fun
tions prod and 
umprod for produ
ts and 
umulativeprodu
ts. These are overloaded in the 
hebfun system by fun
tionsprod(f) = exp(sum(log(f)))
umprod(f) = exp(
umsum(log(f)))If f is of one sign in [�1; 1℄, these will generally 
ompute a

urate results with nodiÆ
ulty:>> prod(exp(x))ans = 1>> prod(exp(exp(x)))ans = 10.48978983369024If f 
hanges sign, the 
omputation will usually fail be
ause of the dis
ontinuity in-volving the logarithm of 0, as dis
ussed in x3.The inverse of inde�nite integration is di�erentiation, and in MATLAB, the in-verse of 
umsum (approximately) is diff: for example, diff([1 4 4℄) = [3 0℄. Theoverloaded fun
tion diff in the 
hebfun system 
onverts a 
hebfun with grid value Nto a 
hebfun with grid value N � 1 
orresponding to the derivative of the underlying



The CHEBFUN system 17polynomial. Again, for eÆ
ien
y the 
omputation is based on the FFT,4 making useof the fa
t that if p(x) has the Chebyshev expansion p(x) =PNk=0 akTk(x) as in (5.1),then the 
oeÆ
ients fbkg of the expansion p0(x) =PN�1k=0 bkTk(x) arebk�1 = bk+1 + 2kak; 2 � k � N;(6.3)and b0 = b2=2 + a1, with bN = bN+1 = 0. (See (4.15){(41.6) of [8℄ or [14, x2.4.5℄). Ifa se
ond argument is supplied to the diff fun
tion, the 
hebfun is di�erentiated the
orresponding number of times. Thus, for example,>> f = sin(5*x);>> g = diff(f,4);>> norm(g)/norm(f)ans = 625.0000000170987The reader may enjoy 
omparing the following two results with their analyti
 values,assuming as usual that x is de�ned by x = 
hebfun('x').>> f = diff(sin(exp(x.^2)));>> f(1)ans = -4.95669946591073>> g = 
hebfun('1./(2+x.^2)');>> h = diff(g,10);>> h(1)ans = -0.22222222222299It is not hard to �gure out that if f is a MATLAB ve
tor, we have
umsum(diff(f)) = f(2:end)-f(1); diff(
umsum(f)) = f(2:end)(apart from rounding errors, of 
ourse), whereas if f is a 
hebfun,
umsum(diff(f)) = f-f(-1); diff(
umsum(f)) = f:Table 6.1Chebfun fun
tions involving integration or di�erentiation.Typi
al 
ommand M-�le fun
tionsum(f) sum.m de�nite integral
umsum(f) 
umsum.m inde�nite integralprod(f) prod.m integral of produ
t
umprod(f) 
umprod.m inde�nite integral of produ
tmean(f) mean.m meannorm(f) norm.m 2-normvar(f) var.m varian
estd(f) std.m standard deviationx'*y mtimes.m inner produ
tdiff(f) diff.m derivative4As with integration, one 
ould do this in a more dire
t fashion by means of the di�erentiationmatri
es used in the �eld of spe
tral methods, as implemented for example in the program 
hebof [25℄. Again, however, this approa
h involves O(N2) operations.



18 Z. BATTLES AND L. N. TREFETHEN7. Operations based on root�nding. MATLAB's roots fun
tion �nds allthe roots of a polynomial given by its 
oeÆ
ients in the monomial basis [17℄. In the
hebfun system, the analogue is an overloaded fun
tion roots that �nds all the rootsof a 
hebfun. As we shall see, this is not an optional extra but a 
ru
ial tool for ourimplementations of min, max, norm(f,1), and norm(f,inf) (Table 7.1).What do we mean by the roots of a 
hebfun with grid number N? The naturalanswer would seem to be, all the roots of the underlying degree N polynomial. Thuswe have a global root�nding problem: it would not be enough, say, to �nd a singleroot in [�1; 1℄. Now the problem of �nding roots of polynomials is notoriously ill-
onditioned [29℄, but the diÆ
ulty arises when the polynomials are spe
i�ed by their
oeÆ
ients. Here, they are spe
i�ed by data in points well distributed in the intervalof primary interest, a di�erent and better-behaved situation.What is the \right" way to �nd these roots? This is one of the most interestingmathemati
al problems we have en
ountered in designing the 
hebfun system. Otherthan the paper [9℄, we are aware of no literature at all on this problem, a 
urioussituation in view of the fa
t that Chebyshev expansions are abundantly useful inpra
ti
e whereas there are thousands of papers on the problem of roots of polynomialsin the relatively impra
ti
al monomial basis [15℄. The method we have adopted makesuse of a transplantation from [�1; 1℄ to the unit 
ir
le, a
hieved as always with theFFT. Given a 
hebfun f, we 
ompute its Chebyshev 
oeÆ
ients fakg as in x5, andthen, following (5.2), we interpret these as 
oeÆ
ients of a Laurent polynomial q(z) =PNk=0 ak(zk+ z�k). The roots of q(z) in the z-plane are the same as those of zNq(z),apart from some bookkeeping at z = 0, and this is a polynomial of degree 2N . We �ndthe roots of zNq(z) by 
alling MATLAB roots, whi
h makes use of the QR algorithmfor eigenvalues applied to a balan
ed 
ompanion matrix. It has been observed thatalthough this approa
h has an operation 
ount of O(N3) rather than O(N2), it is oneof the most stable methods available for 
omputing polynomial roots [7, 24℄. Be
auseof the spe
ial stru
ture of our 
oeÆ
ients, the roots we obtain 
ome in pairs fz; z�1g,whi
h we transplant ba
k to the x variable by the formula x = (z + z�1)=2. Thisgives us as output from the roots fun
tion a total of N numbers. In general, manyof these will be spurious in the sense that they have nothing to do with the behaviorof f on or near [�1; 1℄. A

ordingly, we also provide a variant fun
tionintroots(f)whi
h returns only those numbers from roots that are 
ontained in [�1; 1℄, in sortedorder.For example, here is a solution to a problem sometimes found as an exer
ise innumeri
al analysis textbooks.>> introots(x-
os(x))ans = 0.73908513321516Sin
e this fun
tion has just a single root, however, it does not show
ase the globalnature of 
hebfun root�nding. We 
an do that with>> introots(x-
os(4*x))ans =0.31308830850065-0.53333306291483-0.89882621679039And here are the zeros in [0; 20℄ of the Bessel fun
tion J0(x).



The CHEBFUN system 19>> f = 
hebfun('besselj(0,10*(1+x))');>> 10*(1+introots(f))ans =2.404825557695775.520078110286318.6537279129110111.7915344390142814.9309177084877818.07106396791093These numbers are 
orre
t in every digit, ex
ept that the �fth one should end with79 instead of 78 and the sixth should end with 92 instead of 93.With the ability to �nd roots in [�1; 1℄, we 
an now perform some other moreimportant operations. For example, if f is a 
hebfun, what is max(f)? The answershould be the global maximum on [�1; 1℄, and to 
ompute this, we 
ompute thederivative with diff, �nd its roots, and then 
he
k the value of f at these points andat �1. The fun
tions min(f) and norm(f,inf) are easy variants of this idea. Thus,for example:>> f = x-x.^2;>> min(f)ans = -2>> max(f)ans = 0.25000000000000>> [y,x℄ = max(f)y = 0.25000000000000x = 0.50000000000000>> norm(f,inf)ans = 2The 
omputation of a 1-norm by norm(f,1) is 
arried out by similar methods.The de�nition is kfk1 = Z 1�1 jf(x)jdx;and sin
e f may pass through 0, the integrand may have singularities in the form ofpoints of dis
ontinuity of the derivative. To evaluate the integral we use introotsto �nd any roots of f in [�1; 1℄, divide into subintervals a

ordingly, and integrate.Thus norm(f,1) redu
es to introots(f) and 
umsum(f). For example, with f as inthe example above we �nd>> norm(f,1)ans = 1One 
an 
ombine our fun
tions rather ni
ely into a little program for 
omputing thetotal variation of a fun
tion on [�1; 1℄:fun
tion tv = tv(f)tv = norm(diff(f),1);With tv de�ned in this fashion we �nd, for example,



20 Z. BATTLES AND L. N. TREFETHEN>> tv(x)ans = 2>> tv(sin(5*pi*x))ans = 20.00000000000005The O(N3) operation 
ount of our roots, min and max 
omputations is out of linewith the O(N logN) �gure for most other 
hebfun 
al
ulations, and it makes the per-forman
e unsatisfa
tory for N � 100. There is not mu
h literature on root�nding forpolynomials of high degrees, though an algorithm of Fox and Lindsey has been appliedto polynomials of degrees in the hundreds of thousands [22℄. We are investigating thepossible use of this or other root�nding algorithms in the 
hebfun system.Table 7.1Operations based on root�ndingTypi
al 
ommand M-�le fun
tionroots(f) roots.m roots�introots(f) introots.m roots in [�1; 1℄max(f) max.m maximummin(f) min.m minimumnorm(f,inf) norm.m 1-normnorm(f,1) norm.m 1-norm8. Appli
ations in numeri
al analysis. Having des
ribed a major part of the
hebfun system, we 
an now 
onsider more appli
ations. To begin with, let us deter-mine some numbers of the kind that students learn how to 
ompute in an introdu
torynumeri
al analysis 
ourse. For illustration we will take the fun
tionf(x) = tan(x+ 14 ) + 
os(10x2 + eex):(8.1)The 
hebfun for this fun
tion (with grid number N = 77) is 
onstru
ted in less than0:1 se
. bys = 'tan(x+1/4) + 
os(10*x.^2+exp(exp(x)))';f = 
hebfun(s);and the result of plot(f) is shown in Figure 8.1.One topi
 in a numeri
al analysis 
ourse is quadrature. A standard approa
husing the built-in adaptive MATLAB 
ode gives>> quad(s,-1,1,1e-14)ans = 0.29547767624377in about 7 se
onds on our workstation; MATLAB's alternative 
ode quadl redu
esthis �gure to 1.6 se
s. In the 
hebfun system, the adaptation has already taken pla
ein 
onstru
ting the 
hebfun, and it takes just 0.02 se
onds more to 
ompute>> sum(f)ans = 0.29547767624377Another basi
 topi
 is minimization. In standard MATLAB we �nd for example>> opts = optimset('tolx',1e-14);>> [x0,f0℄ = fminbnd(s,-1,1,opts)
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Fig. 8.1. A fun
tion to illustrate quadrature, minimization, and root�nding.x0 = -0.36185484293847f0 = -1.09717538514564From the �gure it is evident that this result is a lo
al minimum rather than the globalone. We 
an get the latter by re�ning the sear
h interval:>> [x0,f0℄ = fminbnd(s,-1,-.5,opts)x0 = -0.89503073635821f0 = -1.74828014625170These 
al
ulations take around 0.05 se
onds. In the 
hebfun system the min fun
tiongives the global minimum dire
tly:>> [f0,x0℄ = min(f)f0 = -1.74828014625170x0 = -0.89503073653153The timing is somewhat worse, 0.25 se
onds, be
ause of the O(N3) root�nding oper-ation.Turning to root�nding itself, in standard MATLAB we have>> fzero(s,0)ans = 0.24078098023501and again it is 
lear from Fig. 8.1 that this result is only lo
al, sin
e this fun
tion hasthree zeros in [�1; 1℄. In the 
hebfun system we get them all at on
e:>> introots(f)ans =0.24078098023501-0.57439914100933-0.75298521313936We shall now 
onsider two appli
ations from the �eld of ordinary di�erentialequations (ODEs). The �rst is in the area known as waveform relaxation. Supposewe are given the nonlinear, variable 
oeÆ
ient ODEu0 = e�2:75xu; �1 < x < 1; u(�1) = 0;(8.2)we have pi
ked the 
onstant �2:75 to make the solution interesting. The problem 
anbe rewritten in integral form asu(x) = Z x�1 e�2:75suds;(8.3)
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Fig. 8.2. Solution of the ODE (8.2) by waveform relaxation.
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Fig. 8.3. Solution of the boundary-value problem (8.4) using 
umsum.whi
h suggests that we might try to solve (8.3) by Pi
ard iteration, i.e., su

essivesubstitution. The following 
ode 
arries out this pro
ess with 
hebfuns:x = 
hebfun('x');uold = 
hebfun('0');du = 1while du > 1e-13u = 
umsum(exp(-2.75*x.*uold));du = norm(u-uold);uold = u;endu(1)It takes around 7 se
onds for the solution to be found, with u(1) = 5:07818302388064.The resulting 
hebfun, with N = 181, is plotted in Figure 8.2. For 
omparison, hereis a solution using standard ODE software:opts = odeset('abstol',1e-14,'reltol',1e-14);[x,u℄ = ode45(�f,[-1,1℄,0,opts);u(end)fun
tion f = f(x,u)f = exp(-2.75*x*u);This 
ode prints the number 5:07818302388075 in about 2 se
onds, and we do not
laim that the 
hebfun approa
h is in any way superior, merely that it is interesting.(We are in the pro
ess of 
onsidering extensions of our system to ta
kle ODEs moredire
tly.)A variation on this theme of waveform relaxation would be to use 
hebfuns iter-atively to �nd solutions to fun
tional di�erential equations. We have used this ideasu

essfully for simple problems, su
h as �nding a fun
tion f(x) on [�1; 1℄ su
h that
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onsidering possible extensions to more 
hallenging prob-lems su
h as the approximation of Feigenbaum's 
onstant or Daube
hies wavelets.Our next example, also from the �eld of ODEs, 
on
erns the linear boundary-value problem u00 = e4x; �1 < x < 1; ; u(�1) = u(1) = 0:(8.4)This problem is solved by a Chebyshev spe
tral method in Program 13 of [25℄; theexa
t solution is u(x) = [e4x�x sinh(4)� 
osh(4)℄=16. We 
an solve it in the 
hebfunsystem with the sequen
ef = exp(4*x);u = 
umsum(
umsum(f));u = u - u(1).*(1+x)/2;and Fig. 8.3 shows the result, whi
h is a

urate to 14 digits.9. Chebfun quasi-matri
es. We are �nally ready to move from ve
tors tomatri
es. Spe
i�
ally, in this se
tion we 
onsider \matri
es" that 
onsist of a dis
reteset of 
olumns, ea
h of whi
h is a 
hebfun of the kind we have been dis
ussing. Thusour matri
es are 
ontinuous in the row dimension, dis
rete in the 
olumn dimension.The idea of su
h obje
ts is surely an old one, and they are mentioned expli
itly by deBoor [5℄ (\
olumn maps"), Trefethen and Bau [26, p. 52℄ (\matri
es with 
ontinuous
olumns"), and Stewart [23, p. 33℄ (\quasi-matri
es"). To be de�nite we shall use thelatter term.We 
an explain the idea with an example built on x = 
hebfun('x') as usual:>> A = [1 x x.^2 x.^3 x.^4℄A = 
olumn 
hebfun1.0000 1.0000 1.0000 1.0000 1.00001.0000 0.7071 0.5000 0.3536 0.25001.0000 0 0 0 01.0000 -0.7071 0.5000 -0.3536 0.25001.0000 -1.0000 1.0000 -1.0000 1.0000>> size(A)ans =-4 5We see that A is a matrix of �ve 
olumns, ea
h of whi
h is a 
hebfun. In prin
iple,ea
h might have a di�erent grid value N , in whi
h 
ase the Chebyshev point datade�ning A 
ould be stored in a MATLAB 
ell array, but our implementation insteadfor
es all 
olumns to share the same maximal value of N and stores the data in anordinary matrix. We 
an evaluate A at various points by 
ommands like these:>> A(3,5)ans = 81.0000>> A(0.5,:)ans =1.0000 0.5000 0.2500 0.1250 0.0625>> A(:,3)ans = 
olumn 
hebfun1.0000
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h 
ase the �rst argument is a fun
tion argument, and the se
ond isan index.If 
 is a 
olumn ve
tor of the appropriate dimension (namely size(A,2)), theprodu
t A*
 should be a 
hebfun equal to the linear 
ombination of the 
olumns of Awith the given 
oeÆ
ients. Thus the sequen
e>> 
 = [1 0 -1/2 0 1/24℄';>> f = A*
;>> norm(f-
os(x),inf)ans = 0.0014reveals that the maximum deviation of 
osx on [�1; 1℄ from its the 4th-order Taylorseries approximation is about 0:0014. The �gure be
omes twenty times smaller forthe degree 4 Chebyshev interpolant, whose 
oeÆ
ients are only very slightly di�erent:>> 
 = poly(
hebfun('
os(x)',4))
 = 0.0396 0 -0.4993 0 1.0000>> f = A*
(end:-1:1)';>> norm(f-
os(x),inf)ans = 6.4809e-05Many familiar matrix operations make sense for quasi-matri
es. For example, ifA is a quasi-matrix with n 
hebfun 
olumns, then in the (redu
ed) QR de
ompositionA = QR, Q will be another quasi-matrix of the same dimension whose 
olumns areorthonormal, and R will be an n � n upper-triangular matrix. The 
hebfun systemperforms the 
omputation by a modi�ed Gram-S
hmidt method:[Q,R℄ = qr(A,0)Q = 
olumn 
hebfun0.7071 1.2247 1.5811 1.8708 2.12130.7071 0.8660 0.3953 -0.3307 -0.86180.7071 0 -0.7906 -0.0000 0.79550.7071 -0.8660 0.3953 0.3307 -0.86180.7071 -1.2247 1.5811 -1.8708 2.1213R = 1.4142 0 0.4714 0 0.28280 0.8165 0 0.4899 -0.00000 0 0.4216 -0.0000 0.36140 0 0 0.2138 -0.00000 0 0 0 0.1077Similarly, the (redu
ed) SVD (singular value de
omposition) of A should be a fa
-torization A = USV T where U has the same type as A, S is n � n and diagonalwith nonin
reasing nonnegative diagonal entries, and V is n� n and orthogonal. We
ompute this by 
omputing �rst the redu
ed QR de
omposition A = QR as aboveand then the ordinary SVD R = U1SV T ; we then have A = USV T with U = QU1:
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olumn 
hebfun0.9633 -1.4388 1.7244 -1.7117 -1.89690.7440 -0.8205 0.1705 0.4315 0.90350.5960 0.0000 -0.7747 0.0000 -0.89580.7440 0.8205 0.1705 -0.4315 0.90350.9633 1.4388 1.7244 1.7117 -1.8969S = 1.5321 0 0 0 00 0.9588 0 0 00 0 0.5181 0 00 0 0 0.1821 00 0 0 0 0.0809V = 0.9130 0.0000 -0.4014 -0.0000 -0.0725-0.0000 -0.8456 -0.0000 0.5339 0.00000.3446 -0.0000 0.6640 -0.0000 0.6636-0.0000 -0.5339 -0.0000 -0.8456 -0.00000.2182 -0.0000 0.6308 0.0000 -0.7446The fun
tion svd by itself gives just the singular values, i.e., the diagonal entriesof S, whi
h 
an be interpreted as the semi-axis lengths of the hyperellipsoid that isthe image of the unit ball in n-spa
e under A. The fun
tion 
ond gives the ratio ofthe maximum and minimum singular values, and rank 
ounts the number of singularvalues above a pres
ribed toleran
e, whi
h defaults to a number on the order ofma
hine pre
ision. Thus after the above 
al
ulations we have>> 
ond(A)ans = 18.9286>> 
ond(Q)ans = 1.0000>> rank(A)ans = 1>> rank([1 x.^2 x.^2℄)ans = 2>> rank([sin(x) sin(2*x) sin(3*x) sin(4*x)℄)ans = 4>> rank([sin(2*x) sin(x).*
os(x)℄)ans = 1Amoment ago we 
omputed the QR fa
torization of the quasi-matrix with 
olumns1, x, x2, x3, x4. The resulting Q is a quasi-matrix whose 
olumns are orthogonal poly-nomials, ea
h normalized to have 2-norm equal to 1. Thus the 
olumns of Q are theLegendre polynomials, ex
ept that the latter are 
onventionally normalized to takethe value 1 at x = 1. We 
an a
hieve that normalization like this:>> for i = 1:5;P(:,i) = Q(:,i)/Q(1,i);endplot(P)
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Fig. 9.1. The �rst �ve Legendre polynomials, 
omputed by QR de
omposition of thequasi-matrix whose 
olumns are 
hebfuns for 1, x, x2, x3, x4.whi
h produ
es the familiar pi
ture of Fig. 9.1. For example, here are the 
oeÆ
ientsof P4(x): >> poly(P(:,5))ans =4.3750 -0.0000 -3.7500 0.0000 0.3750From the QR fa
torization 
omes a ready ability to solve least-squares problems,and this is implemented in an overloaded \ operator:>> 
 = A\
os(x)
 = 1.0000-0.0000-0.49940.00000.0398>> norm(A*
-
os(x),inf)ans = 9.2561e-05Note that this is 
omparable to the result found earlier by interpolation in Chebyshevpoints.Stewart has a half-serious remark in a footnote on p. 34 of his Afternotes Goes toGrad S
hool: [23℄If you introdu
e a formal mathemati
al obje
t, people are likelyto start writing papers about it. Like \On the generalized inverse ofquasi-matri
es." Ugh!Well, Pete, here we are, sooner than you 
ould have imagined:>> pinv(A)ans = row 
hebfun0.9375 -0.4980 1.7578 -0.4980 0.9375-3.7500 1.9887 -0.0000 -1.9887 3.7500-13.1250 7.7930 -8.2031 7.7930 -13.12508.7500 -1.5468 0.0000 1.5468 -8.750019.6875 -7.9980 7.3828 -7.9980 19.6875The implementation is [U,S,V℄ = svd(A,0), pinv = V*inv(S)*U'.



The CHEBFUN system 27Table 9.1Operations involving quasi-matri
es.Typi
al 
ommand M-�le fun
tionA = [f g h℄ horz
at.m 
onstru
tion of quasi-matrixA([.5 .6℄,[2 3℄) subsref.m evaluate at spe
i�ed pointsA*x mtimes.m quasi-matrix times ve
tor[Q,R℄ = qr(A,0) qr.m QR fa
torization[U,S,V℄ = svd(A,0) svd.m singular value de
omposition
ond(A) 
ond.m 
ondition numberrank(A) rank.m ranknull(A) null.m basis of nullspa
epinv(A) pinv.m pseudoinversenorm(A) norm.m normA\b mldivide.m least-squares solutionA'*B mtimes.m inner produ
t of quasi-matri
es10. Con
lusion. The 
hebfun system is under development. One of our goalsis to �nd ways to make it more e�e
tive at solving problems by spe
tral 
ollo
ationmethods su
h as those embodied in the MATLAB programs of [25℄. Another, alreadypartly a
hieved, is to extend the system to the 
ase of \matri
es" that are 
ontinuousin both the 
olumn and row dimensions rather than just the latter. Su
h obje
ts 
anbe regarded as bivariate fun
tions on [�1; 1℄�[�1; 1℄ or as integral operators. We havealready implemented a good deal of this fun
tionality and hinted at the possibility of
ontinuity in the 
olumn dimension in the dis
ussions of f'*g and pinv, but we willnot give details here as they have not yet settled down.Computation in the 
hebfun system has a hybrid 
avor: the feel is symboli
, butthe implementation is numeri
al. Having be
ome used to this style of programming,we �nd it powerful and appealing. Of 
ourse, true symboli
 
omputation wouldgenerally be better for those problems where it is appli
able, but these are a minority.5The 
lass of problems whose solutions are merely smooth, as we have targeted here,is mu
h wider.Many topi
s of numeri
al analysis 
an be illustrated in the 
hebfun system, as wellas some fundamental ideas of approximation theory, fun
tional analysis, and obje
t-oriented programming; one 
an imagine many 
lassrooms to whi
h this system mightbe able to 
ontribute. MATLAB itself was originally introdu
ed as an edu
ationaltool, but eventually, it proved to be mu
h more than that. Perhaps the 
hebfunsystem too will mature in interesting ways.A
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