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Slow viscous flow around a fixed body generates a shape-dependent drag. We explore the
drag-minimising shapes of bodies centred between two parallel plates in two-dimensional
viscous flow. The channel width introduces a length scale so that the optimal profile is
area-dependent. We solve the shape optimisation problem numerically over a wide range
of areas. We also compute the optimal elliptical shapes and this identifies how these shapes
should be slightly altered to reduce the drag with reductions of up to 3.8 % attained at
high areas. More broadly, we derive two properties of general optimal shapes within the
confined flow: the magnitude of the surface vorticity is approximately (but not exactly)
constant and the noses have sharp angles that are independent of area. For relatively small
bodies, the optimal shape becomes identical to that in an unconfined geometry, but the
drag is qualitatively different owing to the influence of confinement; within a channel, it is
proportional to the inverse of the logarithm of the body area. At relatively large areas, the
optimal body becomes long and its surface is approximately parallel to the channel bound-
aries, except in the vicinity of the noses. Using a lubrication approximation, we recast
the optimisation problem as an Euler-Lagrange equation that is solved to determine the
drag-minimising shape, finding that the drag is proportional to the body area in this regime.

Key words: drag reduction, low-Reynolds-number flows, variational methods

1. Introduction

Shape optimisation involves the selection of a body morphology that minimises or
maximises some objective function, e.g. the drag on the body, subject to some
constraint(s), e.g. a fixed body size or length. It has been observed that many shapes found
in nature are optimal. Examples include fungi spores, which minimise drag (Roper et al.
2008), sperm and other active eukaryotic cells with flagella, which minimise the work
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done while swimming (Lauga & Eloy 2013; Liu et al. 2025), and the outer hair cells in the
mammalian ear, which minimise fluid dynamical resistance (Ciganovi¢ et al. 2017).

Elsewhere, the emergence and growth of biofilms has been shown to occur following
optimal morphologies (Zhang et al. 2021), for example, in response to environmental
forces (Nijjer et al. 2023). In addition, drug delivery can be improved by engineered design
of the shape (Champion, Katare & Mitragotri 2007; Yu et al. 2024) and non-spherical
shapes may sometimes be preferable (Banerjee et al. 2016).

Many of the aforementioned flows occur at low Reynolds numbers and are
confined within a particular geometry. For definiteness, recall that the Reynolds
number is Re = pUL/u, where p is the fluid density, u the dynamic viscosity, and
U and L are characteristic velocity and length scales, respectively. Stokes flows (i.e.
flows with Re = 0) within unbounded domains are often substantially different to those
within channels owing to the slow (algebraic) decay of the velocity field away from
any disturbance in an infinite domain (Khalili & Liu 2017). Indeed, care must be taken
when approximating problems where 0 < Re < 1 with Re =0 in domains of infinite
extent, because inertia can become important in the far field. This typically involves
matching an inner region of purely viscous flow with an outer region in which the inertia
is incorporated (Proudman & Pearson 1957).

In this paper, we analyse the optimal shape in a two-dimensional channel flow between
two parallel plates at zero Reynolds number. By ‘optimal’, we mean the shape that
minimises the drag on the body with the constraint of fixed area. This problem has been
studied for unbounded two-dimensional Stokes flows by Richardson (1995) who obtained
the optimal body shape as well as the vorticity and drag on the body (both are in terms of
log Re owing to the far-field behaviour).

In the limit of an unbounded fluid domain (both two-dimensional (2-D) and three-
dimensional (3-D)) the drag-minimising body is also the shape that has constant vorticity
on its surface (with a sign change across the axis of symmetry in 2-D) (Pironneau 1973).
This result has been shown using a variational argument that relies upon the infinite extent
of the domain (Pironneau 1973; Richardson 1995). We will show that, in contrast, the
vorticity on the optimal body in a channel flow is approximately, but not exactly, constant.
The deviation from constant vorticity is proportional to the square of the ratio of the
thickness of the body to the channel width for small bodies and this result appears to
be accurate even for non-small bodies. A corollary to the constant surface vorticity result
in unbounded two-dimensional flow is that the drag-minimising body has a sharp nose at
its front and back with an internal angle of 102.5°. We show that this remains the case in
channel flow, with the angle unchanged, despite the vorticity not being constant.

Richardson (1995) calculated analytically the drag-minimising body in unbounded flow
and showed that this shape is independent of the area of the body. This result does not
translate into the channel problem since the channel width imposes a length scale. Hence,
the optimal shape in this problem depends on the body area. In the limit of small area, the
channel walls become less important and we show that the body shape does converge to
Richardson’s optimal shape for unbounded flow.

There have been a range of studies on the numerical computation of resistance-
minimising shapes in Stokes flows. An early study by Bourot (1974) used the constraint
of constant angle at the noses to minimise the drag within a Stokes flow over a family
of shapes, with the radial distance described by polynomials of sinf in terms of the
polar angle 6. Another approach was presented by Zabarankin (2013) who focused on
the more general problem of linear elasticity (the governing equations for Stokes flow
are a special case of the Navier equations for linear elasticity). They used a different
ansatz for the shape, which requires fewer terms to obtain an accurate solution (see
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Figure 1. Schematic of the flow in dimensionless coordinates.

also Zabarankin & Nir 2011). Montenegro-Johnson & Lauga (2015) calculated the drag-
minimising shapes with the alternative constraint of fixed surface area, whilst Mitchell &
Spagnolie (2017) computed the body shapes that arise from erosion within a Stokes flow.

The paper is structured as follows. We formulate the problem of finding the minimal-
drag body with fixed area centred within a Stokes flow in a two-dimensional channel in § 2.
We describe and implement the numerical method for determining the Stokes flow and the
optimal shape in § 3. To gain insight into the analysis of optimal bodies, we first consider
the problem of finding the optimal ellipse in § 4, which reduces to a more straightforward
one-parameter minimisation. We use asymptotic analysis to calculate the drag-minimising
ellipse of small and large areas, which also identifies how these shapes can be improved
when it comes to the general optimal body. We start considering properties of general
optimal bodies in § 5, where we derive two key properties: the approximately (but not
exactly) constant surface vorticity and the angle at the noses. These results are used
to constrain and improve the numerical method. We then derive analytic results for the
general optimal shape at small area and its associated drag in § 6. We also use lubrication
theory to derive an Euler-Lagrange equation for the optimal shape at large areas. The
solution shows excellent agreement with the full numerical results, even near the noses.
Finally, we present concluding remarks in § 7.

2. Formulation

We analyse Stokes flow in a two-dimensional channel of thickness 24 containing an
isolated body, with the x- and y-coordinates parallel and perpendicular to the channel
axis, respectively, with flow velocity denoted by (u, v) (see figure 1). There is no slip
and no flux at the boundaries of the body and on the channel walls (¥ = v = 0). The flow
is driven by a pressure gradient and, hence, the streamwise velocity profile is parabolic
(Poiseuille flow) far upstream and far downstream of the body, with maximum velocity U.
The fluid has viscosity p. We are interested in the shape that minimises the drag on the
body, B, for a given area.

To non-dimensionalise the problem, we scale all velocities with ¢{ and all lengths with
the half-width of the channel, . The pressure scale is uif /H, whilst the drag scale is ulf.
The dimensionless flow problem is summarised in figure 1.

Henceforth, all quantities are dimensionless. We introduce a stream function, ¥, such

that
u= % V= —% 2.1
and the stream function satisfies the biharmonic equation
Vi =0, (2.2)
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which is equivalent to the Stokes equations in two dimensions. Equation (2.2) is solved
with no-slip and no-flux boundary conditions on the body boundary, 9 B,

d
w:a—‘/’zo for (x,y)€dB, 2.3)
n
where 9/0n denotes the normal derivative. On the channel walls,
2 a
==z, W _0 on y ==l (24)
3 dy
Far upstream and downstream, the Poiseuille flow is recovered with
3
a
voy-2 W0 s x4 2.5)
3 ax

The stream function may then be computed for any body shape (see § 3.1). In what
follows, it will be useful to have defined the vorticity, w, and relate it to the pressure, p
(which is its harmonic conjugate),

v du p _dw p = o

“’=a_x_®__vz‘/” dy  ax’  ax 9y’ (26)
The drag on the body is given by
D(B) =/ oy1jn;dS, where o;=—pé;+ % + 8& 2.7
3B oxj  0x;

and n is the outward pointing unit normal. We are interested in the shape of the body
that minimises the drag subject to the constraint of fixed area, which can be written as the
following optimisation problem:

mBin D(B) subject to // dxdy=A. 2.8)
B

For each area, A, there is a different (i.e. generally non-similar) optimal shape, B.

We assume that a single body is the optimal body (rather than distributing the area over
multiple bodies). We restrict our attention to bodies that have their centre of mass along
y =0 and we do not allow bodies that contact either of the channel walls. Under these
restrictions and owing to the properties of Stokes flows, the optimal body B is symmetric
about both x =0 and y =0.

Computing the drag will be key in the analysis and we note that (2.7) can be converted
into an integral over the boundary of the truncated channel (x, y) € [-L, L] x [—1, 1]
using the divergence theorem, where L >> 1 is sufficiently large that du/dx ~ 0 atx = £ L.
The drag may then be written as

L
D=2/ u
—1 9y

where Ap = [—p]fL > 0 is the pressure decrease from x = —L to x = 4L, and we have
exploited the symmetry of the flow in both the x and y axes. We can then write the pressure
as an integral of the vorticity along y = 1 by using (2.6) to obtain

L
D=2/ (a—w—a))
—r \dy

dx +2Ap, 2.9)
y=1

dx. (2.10)
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Figure 2. Flow past optimal elliptical bodies with different areas, A. (a,c) Streamfunction, ¥, and vorticity,
w, for A =0.1, and (b,d) for A = 1. (e,f) Magnitude of the vorticity (|| = |V2w|) on the ellipse boundary for
different body areas. The red dashed line in panel (e) is the asymptotic result for small optimal ellipses (4.29),
whilst the red dotted line in panel (f) is the asymptotic result for large optimal ellipses (4.37).

3. Numerical results
3.1. Numerical method to obtain the stream function

For a given body B, we solve the biharmonic equation (2.2) for the streamfunction v (x, y)
with boundary conditions (2.3)—(2.5) using MATLAB’s PDE toolbox. The computational
domain is the rectangle R =[—L, L] x [—1, 1] with the body B removed, where L > 1
is chosen to be sufficiently large such that doubling L results in a change in the drag of
less than 5 x 107>. For bodies with area of order unity, this condition is generally satisfied
by using L = 20. Results for the flow around some elliptical bodies are shown in figure 2
(not all the computational domain is shown); these bodies are drag-minimising over the
family of elliptical bodies. Results for the flow around some optimal bodies are shown in
figures 3 and 4.

3.2. Shape optimisation

The minimisation of the drag under the constraint of a given fixed area (2.8) is achieved
by parametrising the body shape using (Zabarankin 2013)

tW)y=x@)+iy@)=C Z (aj coSs — > +zb sin > ) T;(2t - 1), 3.1
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Figure 3. Flow past the general optimal body with areas (a,c) A =0.1 and (b,d) A = 1: (a,b) streamfunction
and streamlines; (c,d) vorticity.
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Figure 4. Flow past the general optimal body with area A = 4: (a) streamfunction and streamlines; (b) vorticity.

where 7 € [0, 1] and T} () are the Chebyshev polynomials of the first kind and C is a
normalisation constant that fixes the body area. Equation (3.1) gives the body shape in the
positive quadrant and the rest of the shape is obtained via reflection.

For any integer N > 0, solution to the optimisation problem (2.8) involves finding the
values of a; and b; that minimise the drag (note that there are 2N +2 — 1 =2N + 1 free
parameters owing to the fixed area condition, which manifests via determining C). For
N =0, the shape (3.1) is simply an ellipse. The representation (3.1) allows for any sharp
angle at the noses provided that N > 0; we will use this explicitly in § 5.3.

The half-extent of the shape in the x and y directions is given by

N N
a=max (x)=CY_a;j(—1)/, b=max (y)=C Y b;. (3.2)
j=0 j=0
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Figure 5. Optimal shapes with areas (a,b) A=0.025, (¢, d) A=0.1, (eff) A=0.5: result for a
parameterisation (3.1) with (a,c,e) N =2; (b,d,f) N =4. The black dots are the shapes from the original
optimisation approach (see § 3.2) and the blue lines are from the improved, constrained optimisation (see § 5.3).
The red dashed lines in panels (a)-(d) are Richardson’s shape (6.1), accurate for A < 1. The shapes are not
smooth at the two noses and the apices have internal angles less that .

To obtain the drag-minimising shape, the strategy for a given area A uses alternating
descent and proceeds by first finding the optimal elliptical shape (N =0), which is
a one-parameter optimisation problem. We then increase N — N + 2, and vary each
parameter a; and b; in turn seeking the smallest drag and using the elliptical body as
the initial guess. This iteration continues until a desired tolerance is reached and we then
increase N again. We generally continued until N =6, beyond which the reduction in
the drag is typically less than 0.001 %. Results for the optimal shapes of different areas
are shown in figures 5 and 6 (black dots show the results of the simple ‘unconstrained’
optimisation described here).

4. Optimal elliptical bodies

It is instructive to initially consider the optimal elliptical body for a given area because of
the relative simplicity of its optimisation. That is, while an ellipse is parametrised by two
lengths, the constraint of fixed area makes this a one-parameter minimisation problem,
solvable through numerical computation; see § 3. In addition, some of the features we will
identify for optimal ellipses carry over to the general bodies and so the analysis provides
insights into how the shape may be adjusted to reduce the drag whilst maintaining the area.
The optimal elliptical bodies with areas A =0.1 and A =1 are shown in figure 2 along
with the streamfunction and vorticity for the flow around the body. These optimal shapes
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Figure 6. Optimal shape with area A =1 using a parametrisation (3.1) with (¢) N =2 and (b) N =4.
(c) Optimal shape with area A =2 and N =4. The black dots are the shapes from the original optimisation
approach (see § 3.2) and the blue lines are from the improved, constrained optimisation (see § 5.3). In panel
(c), the magenta dash-dotted line is the leading-order asymptotic prediction (6.17), whilst the red dashes show
the minimal drag shape calculated from lubrication theory; see also figure 12.
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Figure 7. Optimal elliptical bodies. (a) Drag on optimal elliptical bodies of different areas computed
numerically (black line). The small and large area asymptotic results ((4.24) and (4.39)) are shown as blue
dash-dotted and red dashed lines, respectively. Magenta crosses show the minimal drag for the optimal shape,
which is marginally less than the optimal ellipse. (bi) Optimal elliptical bodies with areas A =0.01, 0.1, 1, 2
(the black dashed line is the asymptotic result for the body thickness for A > 1; (4.38)) and (bii) rescaled to
have the same area. (c,d) Semi-major and semi-minor axes of optimal elliptical bodies and the corresponding
asymptotic results for small area (blue dot-dashed lines, (4.26)) and large area (red dashed lines, (4.38)).
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and the flow field were calculated numerically. The drag on optimal elliptical bodies is
shown in figure 7(a) as a function of area.

In the rest of this section, we use asymptotic analysis to determine the optimal elliptical
shapes as well as the associated drag and body surface vorticity for relatively small areas
(§4.1) and relatively large areas (§ 4.2).

4.1. Small elliptical bodies

In this subsection, we calculate the optimal elliptical shape for A <« 1; see also
figure 2(a,b) for the corresponding numerical result. The optimal shape (and the associated
flow field) are obtained via asymptotic analysis. The strategy is to construct the outer
flow (away from the small body), which contains an undetermined coefficient in the
streamfunction before determining the inner flow (which depends on the body shape) and
then asymptotically matching the two solutions to determine the coefficients.

4.1.1. Outer solution
In the outer problem, the effect of the small body arises as a Stokeslet at the origin, without
having to resolve its detailed shape. We write the streamfunction as

oo
wout =y - ? + w’ (41)

where the first two terms are associated with the far-field flow and the third term accounts
for a Stokeslet at the origin superposed with its image terms to satisfy the boundary
conditions on the walls (Happel & Brenner 1983; Crowdy & Davis 2013). The strength
of the Stokeslet (which will end up being proportional to the leading-order drag on the
small body) is shape-dependent and will be determined by matching to an appropriate
inner region.

Away from the origin, we retain the biharmonic equation (2.2) V41ﬁ =0. We seek a
solution for 1/Af that satisfies the boundary conditions as x — 00 and on the two plates,
y = %1 (ignoring the matching conditions as x, y — 0 for now);

U —0 as x| — o0, (4.2)

N O

7= _y on y=+l1. (4.3)
dy

To obtain the solution, we superpose the images of the Stokeslet and take a Fourier cosine
transform in x,

ik, y) = /OOO ¥ (x, y) cos kx dx, U(x,y) = % /OOO Wk, y)coskx dk. (4.4)
The biharmonic equation (2.2) is then recast as

— =2k 2—+k4l11:0. (4.5)

We apply the boundary conditions at y =41 and in the far-field, and then invert the

Fourier transform to obtain (Happel & Brenner 1983; Pozrikidis 1992; Crowdy & Davis
2013)

V= [Banfonlx, )+ Congaa(x, )], (4.6)
n=0

1029 A45-9
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where

o0 —2k :

_ 2k — 14+ e “)ycoshky — 2k sinh ky | cos kx
, — an k|y| dk,

Jon(x, ) fo [ye + sinh 2k — 2k k

o 2k hky — (1 + 2k + e~ %) sinh k
gzn(x,y)z/ o | L gk 4 Zycoshky = U 2t e ) sihlv g,

[yl sinh 2k — 2k

4.7

where we have exploited the symmetry properties of the flow in both the x and y directions.

To understand which terms in (4.6) are relevant to our analysis, it is helpful
to understand the behaviour of the outer solution (4.6) for r =/x% + y2 <« 1. The
component functions (4.7) have the behaviour

1-2n

— 1-2,
fon~r "

and gy, ~r~ as r—0. 4.8)

We will later show that a small body of length scale ¢ < 1 (and inner radial coordinate
R =r/e = 0(1)) has inner solution that grows as O(Rlog R) in its far-field. Hence,
treating logarithms as O(1) and matching between regions yields that the coefficients
in (4.6) have asymptotic sizes of By, =(?") and Ca, = O(¢2"2). Therefore, the
leading-order version of (4.6) is

W ~ Bo fo(x, y). (4.9)

Using (4.9) in the outer stream function (4.1), we can deduce that the dominant
behaviour of (4.1) for small r is

1
Your ~ |:1 + Bo (log ; - 0(1>:| Vs (4.10)
where the constant o is given by the following expression:

1 —2k+2k?—eH  oh
a1 =/ <t ¢ ¢ ak~0.4157. (4.11)
o k(sinh 2k — 2k) k

With the outer solution in hand, we next obtain the inner solution for an ellipse and
formally match this to the outer solution.

4.1.2. Inner solution for an elliptical body
For the inner problem in the vicinity of the ellipse, we write

x=¢X, y=¢Y, r=¢R, 4.12)
where
e=A/r K1, (4.13)

and so ¢ represents the radius of a circle of equivalent area to the ellipse under
consideration. The ellipse boundary is defined by

(X,Y)=(acosn, bsinn), n €0, 2m), (4.14)

and so @b = 1, noting that these are related to the semi-minor and semi-major axes in
(x, ¥) coordinates via (a, b) = +/A/m (a, b). We also define elliptical coordinates

X =c¢ cosh & cos n, Y = ¢ sinh & sin 7, (4.15)
1029 A45-10



Journal of Fluid Mechanics

where

b b
2 —sinh&, &= log a+ (4.16)
c a—b

c=+a? - b2,

and so the body boundary corresponds to & = &. In elliptical coordinates, the biharmonic
equation becomes

= cosh &,

S| Qe

(1 92 )0, whee V2= > 4.17
cosh? £ — cos2 1 V) =0 where 3524_@. 17

The solution with no-slip, no-flux on the body and the correct symmetry properties is
determined by Shintani, Umemura & Takano (1983), and given as

Yin = E[(€ — &) sinh £ — sinh & cosh & sinh & + sinh® & cosh &] sin , (4.18)

for some constant E that is to be determined via matching with the outer solution.

4.1.3. Matching the inner and outer solutions
It is useful to note the large R = /X2 + Y2 behaviour of the elliptical coordinates,

2R
& ~log —, n~6. (4.19)
c

We expand the inner solution (4.18) in terms of the outer coordinates and find that the
leading-order contributions are

2
Yin~E [log ~—r — &y — sinh &y cosh &y + sinh? go] ; sin 6. (4.20)
ce ce

Then, matching with the near-field outer solution (4.10) and comparing like terms
furnishes the following two conditions:

E
—~ =By, 4.21)
ce
E 2 2
log — —&p — sinh §p cosh &y +-sinh“ &y | =1 — Bopo, (4.22)
ce
from which we find
E o By= - (4.23)
5 — Bo= 1 " 7 1 . .
og——o] ———=tlog——=
€ a-+b a+b
The drag on the body (2.7) may then be obtained,
4
D= = , 4.24)
1 ! b +1
og— —ay — = +1lo
gS a+b ga+b

and by setting @ = b = 1, we can recover the result for the drag on a circle (Takaisi 1955,
1956),

4 47
Dcircle = 1 ~ . (4.25)

1 1
log——a; — = log—-—0.9157
€ 2 €

1029 A45-11
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Figure 8. Comparison of the optimal elliptical shape (4.26) and the optimal general body shape (6.1) for small
areas. The colour indicates the square of the vorticity on the body surface (relative to its mean), which is unity
everywhere on the surface of the general optimal body and given by (4.29) for the ellipse.

The optimal ellipse (for A < 1) is obtained by minimising (4.24) subject to @b = 1, which

furnishes
(a,b):([z,l;)\/g: (\/«/EH, \/ﬁ— 1) \/g

[A
~ (1.5538, 0.6436),/ —. (4.26)
T

This shape is shown in (X, Y) coordinates in figure 8.

The predictions (4.26) are compared with the numerical results for the optimal ellipse
in figures 7(c) and 7(d). The leading-order aspect ratio of the optimal ellipse is v/2 — 1 &
0.4142, which is independent of ¢, i.e. the area; see also figure 7(bii). The minimal drag
can then be calculated from (4.24) and (4.26), yielding

47 4r
Dellipse = ~ s (4.27)
log - LI (2v2-2) 1 L 0.8027
og— —o] — —+=lo — og — —0.
g . 1 N 2 g e

which shows good agreement with the numerical results for A < 1; see figure 7(a). The
ratio of the drag on this optimal ellipse to the drag on a circle of the same area is

1 1
Detipse N log P 0.9157 N log i 0.6867. 429

: 1 1
Dcircie log — —0.8027 log Z —0.4607
&

Although this ratio approaches unity as A — 0, the convergence is logarithmically slow.
Indeed, the drag on the optimal ellipse is 12 % less than the optimal circle for A =0.1,
5 % less for A =0.01 and 3.5 % less for A = 0.001. Equation (4.28) can also be interpreted
as the small circle having the same drag as the small optimal elliptical body of 25.4 %
greater area.

1029 A45-12
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The vorticity on the boundary of the optimal elliptical body is
2a sin 7
w= 7 , (4.29)
e(a? — 2 cos? ) <log - - 0.8027)
e

which is compared with the numerical result for A = 0.025 in figure 2(e).

The body surface vorticity (4.29) vanishes at the upstream and downstream stagnation
points (n = 0°, 180°), suggesting that the optimal general body requires a sharper apex
angle. We formalise this observation later via variational analysis in § 5.1 and via apex
angle analysis in §5.2. The surface vorticity on the ellipse has local maxima at n =
+22.5°, £157.5°; the vorticity is indicated by the colour of the ellipse in figure 8. This
figure also shows the small general optimal body and comparison suggests that at the
locations on the ellipse near the local maxima of surface vorticity, the body must be
‘shrunk’ to obtain the optimal general body; see also the variational argument in § 5.
Likewise, the body should be ‘grown’ near the local minima of surface vorticity at the
two ends of the ellipse.

4.2. Large elliptical bodies
In the regime of a large body, it is convenient to denote the body by

—asx<a, —hkx)<y<h), (4.30)

where A (x) is the shape of the boundary. We rescale the streamwise coordinate with

X =-, (4.31)
a

with the body lying in —1 < x < 1. In the regime of large bodies (A >> 1), the numerical
results of figures 7(c) and 7(d) indicate that the half-length of the optimal ellipse is
proportional to the area, a oc A, whilst its maximum thickness, h(0), converges to a
constant. Hence, the ratio of the channel thickness to the body length is proportional to
1/A < 1 in this regime. As the two fluid gaps between the body and the channel walls are
long and relatively thin, the flow is then predominantly in the horizontal direction with
v K u. The exceptions are the two adjustment regions in the vicinity of the two apices
in which the streamwise velocity in the centre of the channel transitions from unity to
zero (or from zero to unity at the trailing end) over a distance x = O(1) or equivalently
x =0O(1/a) (e.g. Graebel 1965). We neglect the adjustment behaviour in these regions
and assume that, away from the body, u =1 — y2, v=01n |x| > 1. Above and below the
body, we deploy the lubrication approximation in |x | < 1 with

u=uo (y; h(x)) +a uz (y; h(x)) + Oa™), (4.32)

v=a"lvy (v; () +a3vy (y; h(x)) + O@™>). (4.33)

We use the higher-order lubrication equations to calculate velocities up to and including
terms of order =2 in the upper half of the channel, & <y < 1, which are given in
Appendix A (see also Tavakol et al. 2017).
The drag on the body (2.10) may be written as
a 2 1 2
D:Z/ (2_»:_3_2) dx=2a/ (8—”—3—”2‘> dy, (4.34)
—a \Oy  9y7) [y —1\dy Ay ) |y=
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since by assumption, # = 1 — y? in |x| > a. This can be used to obtain the leading-order
lubrication approximation for the drag,

U 1+n ——
— — 2
The vorticity is given by
a d a
w=—200 4 2 (20 2 | o, (4.36)
ay ax ay

and on the boundary of the body, this becomes

4 L 8 oh\? 16 9% 4
a)(y—h) ———(1 —h)2 +a |:—5(1 —h)2 (a) + —15(1 —h)a_)(2j| +O(a )

(4.37)
For a large elliptical body, we seek the semi-major and semi-minor axes, a and b, which
minimise the leading-order drag (4.35) subject to fixed area abm = A. By writing a =

A/(bm), this becomes a one-parameter minimisation problem and the optimal choice,
obtained via numerical quadrature, is

b ~(.2553, a~1.2469A, (4.38)
which gives a minimal drag of
D ~38.9526, a~48.5705A. (4.39)

The optimal large elliptical body has fixed semi-minor axis and is simply extended in the
streamwise direction at larger areas; see figure 7(b). The leading-order asymptotic predic-
tions for the drag on the optimal ellipse (4.39) and the semi-minor and semi-major axes of
the optimal ellipse (4.38) are compared with the numerical results in figure 7, and there is
good agreement for A > 2. We note that the next term in the drag on the ellipse is propor-
tional to 04 /d x and 3%h /0 %2, and so is technically singular as y — %1. Hence, a full and
formal asymptotic treatment of this behaviour (which is beyond the scope of the present
study) would require matching with a transition region near the noses when the lubrication
equations start to break down, in which the flow is governed by the full Stokes equations.

The vorticity on the body (4.37) with h =b,/1 — x? is compared with the numerical
result for the vorticity on the optimal ellipse for A =4 in figure 2(f). The vorticity is
singular at the apices, as expected, where the lubrication assumption breaks down (the
vorticity must vanish at x = =1 because each apex is a stagnation point).

5. Properties of general optimal bodies

The numerical results shown in figures 3—6 suggest that the vorticity is approximately
constant over the body surface and that the angle at the two noses is area independent. In
this section, we explicitly show that these are, in fact, two universal properties of general
optimal bodies over all areas and we use the angle result to improve the computational
efficiency of the numerical optimisation (§ 5.3).

5.1. Vorticity on the surface of an optimal body

In the case of uniform flow in an unbounded domain, the optimal body is the body that has
constant vorticity on its boundary (Pironneau 1973; Richardson 1995; Zabarankin 2013).
Here, we show that an optimal body in Poiseuille flow has approximately (but not exactly)
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constant surface vorticity,

w? =const. + O(b*) on 3B, 5.1)

where b is the greatest half-thickness of the body and 9B is the boundary of the body.
There is a change of sign of w across the centreline. This result is derived as follows.
First, from no-slip on the body boundary, #; =0 on d B, we find that

0:/ Ujojn; ds. (52)
aB

We then consider a large rectangle R=[—L, L] x [—1, 1] with L > 1 where the
boundary of R (which does not include the body boundary) is denoted by dR and the
fluid domain is denoted by R \ B. Upon applying the divergence theorem, we obtain the

relation
ou;
—o,] dx dy — ujojn; ds, (5.3)
R\B dx R

where the unit normal points into the fluid domain. We use mass continuity and symmetry
in the indices to recast the first integral as the viscous dissipation,

3141 8uj
Ei=— dxdy = —0, dx dy. 54
)
R\B 8)(] axi R\B x]

The integrand in the second integral in (5.3) vanishes on y = &1 owing to no-slip, which
leaves the far-field contribution from the ends of the rectangle at x = +L, where u =
1 —y%, v=0and dp/dy =0 so that

4
—/ u,-o,-jnj dS=—Ap, (5.5)
IR 3
where Ap =[— p]f ; 1s the pressure decrease. Equation (5.3) then relates the viscous
dissipation in the channel to the pressure drop,

In an unbounded domain, the drag on a body in Stokes flow is equal to the viscous
dissipation in the fluid (e.g. Montenegro-Johnson & Lauga 2015), but in Poiseuille flow in
a channel, the drag on the body also depends on the second moment of the x traction about
the centreline of the body, which we denote by J. A similar manipulation to that already
performed can be used to show that

2 Ly 16
JE/ yzaljndez—Ap—I—Z/ el dx + —L. 5.7
B 3 —L 9V ly= 3
Combining (5.6) and (5.7) with (2.9) furnishes
16
D=E,——L+J. (5.8)

3

We now perturb the body via x — x + dc(s)n with § < 1, where s denotes arclength,
and we denote the small change in velocity by d& and in the stress tensor by 6o. The
perturbation in the drag (5.8) becomes

8D =6E,+4J. (5.9)
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Here, the perturbations E, and J are given by straightforward variational analysis (details
of the calculations are given in Appendix B; see also Pironneau 1973; Richardson 1995;
Zabarankin 2013; Montenegro-Johnson & Lauga 2015),

Et=2f c(s)w? dS, j=/ y? (61 +o1jc(s)) n;j dS. (5.10)
aB 0B

We introduce a cost function of the form
F=D+1(Ag—A), (5.11)

where A is the Lagrange multiplier enforcing fixed area A = A, and we find that
ozﬁ:/ 2cw? 4+ y? (61 +o1j¢) nj — AcdS. (5.12)
oB

Hence, as y — 0 (i.e. in the limit of small bodies), the vorticity will be constant to leading
order. Specifically, we can rewrite (5.12) as

0:/ 2cw? — AcdS + OB?). (5.13)
0B

The vorticity on the body hence satisfies
® = wi + O, (5.14)

for some non-zero constant wg. Over all areas, we show later (see § 6.2) that the optimal
body has greatest thickness b < 0.215 and so b2 <0.046, and that the vorticity squared
satisfies a)(z) > 42.189. Thus, b* ends up being numerically small when compared with

a)(z). Moreover, it can be shown that the constant wy is of O(1/b) as A — 0 (i.e. as b — 0)
(Richardson 1995). Hence, the vorticity nowhere vanishes nor blows up on the body, which
is important for analysing the apex; see § 5.2. The approximate condition (5.1) becomes
exact in the limit A — 0.

A shape with smooth boundary everywhere will always have a stagnation point with
vanishing vorticity at the location on the boundary where the separating streamline meets
the object. A stagnation point violates the optimality condition and so the optimal shape
must have a sharp corner.

These results confirm that w? is approximately (but not exactly) constant over the body
surface. Equation (5.12) indicates that given a small non-optimal body shape (say an
ellipse), the drag can generally be decreased by shrinking the body in regions where the
vorticity on the boundary is larger than its mean and expanding the body in regions where
the vorticity is small; e.g. figure 8.

The drag can be written alternatively as

3 L du

dx. (5.15)
—L By

y=1

This description decomposes the drag into a contribution that is proportional to the
dissipation and one that is proportional to the friction on the walls. For small bodies,
the perturbation to the second term disappears i.e. D only has a contribution from the
vorticity on the body squared (first term in (5.12)) for A < 1. Furthermore, if the channel
wall boundary conditions were no flux and free slip (v = du/dy = 0) rather than no flux
and no slip (# = v = 0), then the condition of constant vorticity on the optimal body would
be exact for all areas.
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5.2. Optimal nose angle at the front and back is 102.5°

We now investigate the nose angle of the lowest-drag body in a channel. Whilst the
argument we will use to determine the angle is based upon a local analysis, it relies upon
the surface vorticity result from § 5.1, which takes into account the entire flow domain,
including the channel walls.

Consider a polar coordinate system centred at the trailing edge of the body (a, 0), so
that

x=a+Fcosb, y=Fsin5. (5.16)
Locally to this trailing edge, the streamfunction takes the form (Moffatt 1964)
v=rAd). L&) = fi(£H) =0. (5.17)

where 8 = — « and « is the half-angle at the leading and trailing edges; see figure 1. The
vorticity on the body (locally to the trailing edge) is —V2y ~ #4=2. For the vorticity to be
non-zero and non-singular as ¥ — 0 (from (5.1)), we require 4 =2. The € dependence is
then

f2(8) = By sin 260 + B6, (5.18)

to satisfy the biharmonic equation, where B; and B, are arbitrary constants. For a non-
trivial solution that satisfies the boundary conditions, we require (Richardson 1995)

28 =tan 28, (5.19)
which has the solution
B~ 128.727°, «a~51.273°. (5.20)

Therefore, the optimal nose angle is 2« &~ 102.5°. Condition (5.20) is verified numerically
in § 5.3 by computing the optimal shapes without using this constraint and comparing the
results to constrained optimisation with the nose angle imposed; see also figures 5 and 6.

5.3. Applying constraints to the numerical optimisation

Our previous results can be used to reduce the computational effort of the numerical
method (§ 3.2) for obtaining the optimal shape for N > 2. Namely, by using the results
that the gradient at x = 0 vanishes owing to symmetry and that the gradient at the nose
is fixed (see § 5.2), the number of free parameters in the shape optimisation is reduced by
two. The condition that the noses are non-smooth and have fixed angle will be imposed as
a constraint.

For the form of the shape given by (3.1), the derivatives with respect to ¢ are given by

dx N T . Tt . Tt

m =C Z _ajETj (2t — 1) sin > +2a;jU;-1(2t — 1) cos 5 ) (5.21)
j=0

dy N T Tt . . Tt

5 =C > b5 Tj(2t = 1)cos == +2b;jUj 12t = 1) sin —- ), (5.22)
j=0

where U are Chebyshev polynomials of the second kind.
At the nose (t = 0), the gradient of the boundary is fixed and so

T .
dy 2o bj =1

— = —, (5.23)
de YN ajj2(=1)i!

—tano =
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Figure 9. Drag reduction of optimal bodies relative to the optimal ellipse for different areas. The ellipse
corresponds to the shape (3.1) with N =0. Increasing N is associated with more degrees of freedom in the
shape optimisation. For N > 0, the optimal body (and the associated drag) was calculated using the constrained
approach described in § 5.3.

where « is the interior half-angle, given by (5.20). At the midpoint (¢ = 1), the gradient of
the boundary vanishes giving

N
0=> bjj> (5.24)

Hence, for N > 2, we impose

1 .
bN:_m ijﬂ (5.25)
j=1

as well as

N—1
D a1 (5.26)

Jj=1

B i (— )N
aN——cotoe Zb( 1)

The constraints (5.25)-(5.26) reduce the number of free parameters to be determined in
the optimisation process of § 3.2 from 2N + 1 to 2N — 1 and so the computational effort is
lower. Differences between the optimisation results with and without these constraints for
N > 4 are imperceptible; see figures 5 and 6. The drag on the optimal body for N =2, 4, 6
is compared with the drag on the optimal ellipse (N = 0) for different areas in figure 9
(using the constraints (5.25)-(5.26) for N > 2). The change in drag between N =4 and
N = 6 was found to be less than 0.002 % for A < 4.

6. Asymptotic analysis of small and large optimal bodies

Figure 9 demonstrates that over a wide range of areas, the numerically calculated drag on
the optimal body is less than on the optimal elliptical shape. The percentage reduction
in drag going from the optimal ellipse to the optimal shape tends to be more significant
at higher areas; see figure 9. In this section, we extend our analysis for the lowest-drag
ellipse to the general problem of finding the lowest-drag shape with relatively small and
large areas.
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6.1. General optimal body of small area

Numerical results for the flow past the optimal body with A = 0.1 are shown in figure 3.
Richardson (1995) calculated the optimal shape in an unbounded uniform Stokes flow,
which is also the shape for which the vorticity has constant magnitude on its boundary.
To construct the exact solution, Richardson (1995) conformally mapped the optimal body
onto the unit circle and rewrote the three boundary conditions on the body boundaries
(no-slip, no flux and constant vorticity) for this new domain. Richardson used a Goursat
representation, which leaves two analytic functions (and the body shape) that must be
determined by using the boundary conditions on the body surface and in the far-field.
After various manipulations, the problem reduces to determining an analytic function that
satisfies the correct jump conditions.

In the limit of small area, the optimal body in a channel has exactly constant surface
vorticity (see § 5.1) and so it must have the same shape as Richardson’s solution. However,
the drag on the optimal body in channel flow is different owing to wall effects. This
difference can be understood by considering the asymptotic regions in the mathematical
problem: in both the free-space and the channel flow configurations, the inner region for
the flow around the optimal body has the same form, but the outer region is different
(it must either account for inertia or it must account for the channel walls); see also § 1.

To understand the regime of confined flow past the small optimal body, we consider an
inner coordinate system given by (4.12), with the body having area A = &2 and where we
define Z = X +iY. The body is given by

(X, Y)=(X(s), Y(s)), (6.1)

and the shape of the optimal body in the positive quadrant is (Richardson 1995)

X(s):«/ifooo f;f’(‘k/)z) sin(ks) dk, ym:ﬁ/ooo f;]z]i)z) cos(ks) dk,  (6.2)

where 0 < s < oo parametrises the body and f (k) =k cosh k — sinh k. The shape in the
other three quadrants is obtained by symmetry. The area in (X, Y) coordinates is 7 and so
the area in the original (x, y) coordinates is A. Equation (6.2) corresponds to the optimal
shape with (in Richardson’s notation) dimensionless length scale C = 7/ (2«/5). The half-
extent and half-width of this body are

max [X(s)] = % ~ 1.66608, max[)Y(s)]~0.67065. (6.3)

The optimal shape (6.1) is shown in figure 8, where it is compared with the optimal
ellipse for A < 1.

The solution for the outer flow away from the optimal body has the same functional
form as that in §4.1.1 for the optimal elliptic body, with the difference in shape yielding
different values for the matching constant By. To determine its value, we note that the
near-field expansion of the outer flow (4.10) is equivalent to the following complexified
velocity:

By »; 1
u+iv:—Bologr+7062’9—(a1+§)BO+1, as r—0. (6.4)

We now use (6.4) to determine By by matching with the inner solution for Richardson’s
optimal shape.
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For the inner solution, we write the velocity using the Goursat representation as
(Muskhelishvili 1977; Richardson 1995)
U+iV=¢p2Z)—Z¢(Z)— x(2Z). 6.5)
To agree with the outer behaviour (6.4), we write the two analytic functions as (cf.
Richardson 1995)
—By Bo
d)(Z):TlogZ—i-d)o(Z), X(Z)=710g2+ Q + xo0(2), (6.6)

with ¢o(Z), xo(Z) — 0as |Z| — 00, and so the constant Q is obtained via matching (6.5)
in the large-| Z| limit with (6.4) to deduce

1

1
0 =-By (log - —o] — 5) — 1. (6.7)

Then, the solution of the inner flow problem (in which the magnitude of the body’s surface
vorticity is constant) furnishes (see Richardson 1995)

—By

=——A, 6.8
) > (6.8)
where
4 % (52 — sinh s tanh sinh s — cosh 1
A:210g£+—G—1+/ (S S S)(Sl S' s + )dS
4 7 0 sZsinh s (s cosh s — sinh s)
~ —0.23586, (6.9)
and
o (=D
G= ——— ~0.915965 6.10
nX:(:) (2n +1)2 (6.10)

is Catalan’s constant.
Equating (6.7) and (6.8) determines the constant

-1 -1

By = 1 T T ™ 1 T . 7978. (6.11)
og-—d— 5= 0g .
The drag is therefore
4
D~— % (6.12)

1
log — —0.7978
€

which is a slight improvement on the optimal ellipse (4.27) with the drag proportional to
D =0O((log %)_1) as A — 0 for both shapes. The prediction (6.12) is compared with the
numerical results for the drag in figure 10(a).

The aspect ratio of this small optimal shape is 0.4025 and that of the small optimal
ellipse is 0.4142; see figure 8 and also figure 10(b) for a comparison with the numerical
results. The ratio of the drag on this optimal body to that on the optimal ellipse with the
same area is

1 1
Dopinas 102 08027 log — —0.4607

Doy 1 ~ A ' (6.13)
ellipse log — —0.7978 ]()g Z —0.4509
&€
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Figure 10. (a) Drag on the general optimal body as a function of area. Black lines show the numerical
results, the blue dash-dotted line shows the small-area result (6.12) and red dashed lines shows the large-area
result (6.28). (b) Aspect ratio of the general optimal body.

Equation (6.13) can interpreted as the small optimal ellipse having the same drag as the
small optimal general body of 0.98 % greater area. For A =0.1, the optimal body has
0.53 % less drag than the optimal ellipse of the same area; for A = 0.01, it has 0.24 % less
drag; and for A = 0.001, it has 0.15 % less drag than the optimal ellipse (see also figure 9).

Richardson’s shape (shown as red dashed lines) is compared with the numerically
computed optimal shape in figure 5(a—d) and we see excellent agreement for
A =0.025 and reasonable agreement for A =0.1. Figure 5(a—d) indicates that the first-
order correction to Richardson’s shape, which accounts for modest wall effects, would
make the optimal shape more slender.

The magnitude of the vorticity is constant (to leading order) on this optimal small-area
body and is given by

—By w _ \/E
2 - 1 ’
ce <1og - 0.7978)
&

Equation (6.14) can be compared with the vorticity magnitude on a small optimal
ellipse (4.29), which varies with angle n, to estimate the four regions in which the ellipse
has larger vorticity than the optimal body and so protrudes outside the optimal body (see
figure 8). In the small-¢ limit, the log 1/¢ terms in the denominators dominate the small
difference in the numerical constants 0.8027 and 0.7978, from which we may deduce
that the regions of relatively higher body vorticity are e-independent in the limit. Using
this limit, in the positive quadrant, the ellipse has higher vorticity in the region given by
angles that satisfy

(6.14)

o =

14° < n < 59°, (6.15)

with the other three regions obtained by symmetry.

6.2. Large bodies (A > 1)

Over most of their extent, optimal large bodies have constant thickness; see figure 4.
Therefore, as a first approximation, we seek the rectangular body of length 2a and
half-thickness /o that minimises the leading-order drag (according to the lubrication
approximation; see § 4.2),

L 1 4+h 16a(l + h
D=8a/ + _M

LA=R3 T A=) ©10
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Figure 11. Magnitude of the vorticity on the surface of the optimal body for A =0.1, 1, 4. The vorticity is
approximately (but not exactly) constant; see § 5.1. The red dashed line shows the leading-order prediction for
large A, (6.20), whilst the magenta dash-dotted line is the improved prediction from integrating (6.25) and
using (4.37).

subject to fixed area, 4ahg = A. This minimisation problem reduces to a single quadratic
equation for ig with physical solution

Na)
3

which is independent of A and is slightly thinner at x = 0 than the optimal large ellipse,
defined in (4.38). This prediction for the thickness shows excellent agreement with the
numerical results away from the ends of the body; see the magenta dash-dotted line in
figure 6(c). At the ends of the body, a more subtle treatment is required to account for
h =0 and the nose angle, which is discussed as follows.

The prediction (6.17) corresponds to a half-length of

L 34
4T -2)

ho =

~ (0.2153, (6.17)

~ 1.1614A, (6.18)

and a minimal drag,

b (536 +208+/7 632 +238+/7

27

a ~40.2339a, D=
27

) A~ 46.7292A,

(6.19)
Comparing the minimal drag result (6.19) for the general optimal body to the equivalent
result for the optimal ellipse (4.39) suggests a drag reduction of 3.8 %, which is
significantly larger than the drag reduction for small bodies. The vorticity on the surface
of this optimal body (away from the ends) is predicted to be

4 324107
C(=hy? 9
which is compared to the numerical results in figure 11.

To account for the ends of the body, we introduce the scaled coordinate ¢ =1 —ay =
1 — x (see § 4.2) and rewrite the drag as

o) ~ 6.4953, (6.20)

D[h]=/ F(h,h', h"yd¢ 6.20)
0

e [ E h—4 8% 3(+1) (oh)\?

_16/0 (1—h)3+15(1—h)2a_;2+m(§) dz, (6.22)
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Figure 12. Comparison between the optimal shape computed with unconstrained optimisation (blue line) and
the optimal shape obtained from lubrication theory (red dashed line from (6.25)) for A =2 (the zoomed out
version is shown in figure 6¢).

where a prime denotes differentiation with respect to ¢ and we have incorporated the next
order term from the lubrication approximation; see Appendix A. Combining (6.21) with
the fixed area constraint,

Alh]= /a G(h)d¢ :4fa hdg, (6.23)
0 0

and writing J = F — AG (where A is a Lagrange multiplier) furnishes the following Euler—
Lagrange equation for the optimal shape

aJ doaJ  d* aJ

oL &9y, 6.24
oh  dc ol | dc2an (6:24)

which must be solved subject to h(a) =ho, h'(a)=h"(a)=0 and h(0)=0. The
conditions at { = a determine A and then (6.24) becomes

(2+(1ho_><hlo)4h> }24(%) (2h+7)+8%(1—h)(2+h). (6.25)

1512+h —
[+ T

We integrate this ordinary differential equation for /() numerically, shooting from ¢ =0
and selecting /#’(0) to ensure the boundary conditions as ¢ — a > 1 are satisfied. We
find that 4’(0) = 0.969, which is a more acute nose angle than predicted by the complete
nose analysis. Of course, the present analysis is not strictly valid at the nose because the
lubrication approximation breaks down. Nonetheless, the solution, 4(¢), does an excellent
job at predicting the shape; see the red dashed line in figures 6(c) and 12. It can also be
used to approximate the vorticity on the body (4.37) (see figure 11 where it is compared
with the numerical results for A =4).

With the numerical solution to (6.25), we can calculate the area of this optimal body
and its accompanying drag from (6.23) and (6.21),

A ~0.8610a — 0.2162, D ~40.2339a — 6.2621, (6.26)

where the leading-order terms are identical to the result for the optimal rectangle and, as

expected, the rounding of the noses has reduced both the area and the drag (for a fixed

value of the length a). The aspect ratio of the optimal body is given by
b 0.1853

- (6.27)
a A+0.2162
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which is compared with the numerical results in figure 10(b). The drag can be written in
terms of the area as

D ~46.7292 A 4 2.4365, (6.28)

where the first term is as for the rectangle and the second term reflects the less efficient
contribution from the noses. This prediction is compared with the numerical results in
figure 10(a) and shows excellent agreement even for only moderate values of A. As for the
ellipse, the drag is proportional to the area with D = O(A) as A — o0, but with a different
prefactor.

7. Conclusion

We have used theoretical analysis and numerical computation to find the shape of body,
centred within a Stokes flow in a two-dimensional channel, that minimises drag subject to
the constraint of fixed area. The drag-minimising body is area-dependent, and asymptotic
predictions have been obtained for bodies that are small and large relative to the channel
width. The magnitude of the surface vorticity is approximately constant over the lowest-
drag body and it becomes exactly constant when the channel walls have negligible
influence. In addition, the result that the nose angle of the lowest-drag two-dimensional
body in unbounded Stokes flow is 102.5° has been generalised to a confined channel
geometry and the angle has been shown to be area-independent.

For relatively large optimal bodies in a channel, the body boundaries must be parallel
to the channel walls with the ratio of the body thickness to the channel thickness given
by 1/3(+/7 — 2) over most of the body’s extent except near the noses, which reduce the
drag-efficiency of the body. Small optimal bodies have shape that is independent of the
wall effects, but the drag is influenced by the confinement.

The present study could be usefully extended in various ways. Straightforward future
studies could analyse the three-dimensional optimal body within an axisymmetric pipe
flow or the optimal body in the case of channel walls with free slip (for which the surface
vorticity will be constant, as we have shown). Of relevance to biofilms is the interaction
between growth of the body fuelled by nutrients within the fluid and the local shear
stress tending to limit the expansion. The steady state optimal body in this case will
be asymmetric in the fore—aft direction owing to the depletion of nutrients towards the
trailing portion of the body (e.g. in biofilms; see Pearce et al. 2019). For small bodies, one
could achieve lower drag by placing the body away from the centreline and even lower
drag by adhering the body’s mass to one of the channel walls. This problem would be a
straightforward adaptation of the present study.
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Appendix A. Lubrication theory

This appendix presents the calculations for the velocity (u, v) using the lubrication
approximation for long bodies (a > 1, i.e. A > 1). The Stokes equations may be written
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as (see also Tavakol et al. 2017)

9 P
T4 =, (A1)
dx dy
2u  9%u  oP
‘2——3—r——5=:——, (A2)
X dy dx
92 92 9
LA L L (A3)

dx2 ta ay2  dy’
where P is a rescaled pressure. The boundary conditions are u =v=0at y =h(x), 1 and
f hl(x) u dy = 2/3. The velocities are then written in the forms (4.32) and (4.33). At leading
order,

a d
20 20—, (A4)
dx  dy
9? IP
gHo _ - (A5)
dyr  dx
0
0="27 (A6)
dy
The solution that gives the correct flux and satisfies the boundary conditions is
4@y —h)(1 —
_ (y )( ) (A7)
(1—h)?

The cross-channel leading-order velocity term, vy, may then be calculated from (A4) to
give

A4y —h) (1 —y)* 0k

— A8
(I-m*  ax (A8
At next order, the Stokes equations become
a 0
2 L o2y, (A9)
dx Ay
92 3 3?
v 0P _ 0y, (A10)
dy* dx>
92 P
oY _ _2, (A1)
dy? 3y

and the boundary conditions on uy are no slip at y =h, 1 and no net flux through the
channel. The last equation is integrated to obtain

0
Pr=—22 4 600 (A12)
ax

for some function of integration c2(x). Eqaution (A10) is integrated twice and upon
applying the boundary conditions and the flux condition to determine c3(x), we obtain

(y —h)(1 — y)(—16 + 50y — 30y? + 10hy — 18k + 4h>) 8h
Uy =

2 - (A13)
L =)~ y)(=28 +80y — 40y 24h+12h>(%>, (Al4)
5(1 —h)’ dx
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Appendix B. Variational argument for the surface vorticity
B.1. Normal derivative of the velocity at the body boundary
We first show that
u
— =wt on 0B, (B1)
on

where ¢ is the tangent vector to dB. Since u = v =0 on the body, we have ¢ - Vu =0,
which can be rewritten as

ou ou
My oy =gy (B2)
where n = (ny, ny) and t = (—ny, ny). We write
ou ou ou av av

a—ﬂ:(an)ﬁ—@nwam—kar@) (B3)

av ou av ou
= (-5’% + 51/@, anx — any) (B4)

av ou av du
:(—any—l—@ny, anx—@nx> (BS)
=wt, (B6)

where we have used continuity to obtain the second line and (B2) to obtain the third.

B.2. Stress vector on the body
Next, we show that
on=—pn+wt on J4B. B7)

The pressure term in (B7) is straightforward to obtain from the definition of the stress
in (2.7) and so we focus on the rate-of-strain term

du;  Ou;j
—+ —|n;. B8
<3Xj+3x,'>nj (B8)
The first term is (du;/dx;)n;j = (du/dn), whilst the second vanishes owing to (B2) and
mass continuity. We then apply (B1) to obtain the required result.

B.3. Change in the terms in the drag following a small variation in the body
The dissipation is defined by

3 dui\>
E,——// ( Yoy ”’) dx dy, (B9)
R\B 3)6] ax,-

where R\ B is the fluid region exterior to the body within the truncated channel |x| <
L(>> 1), |y| < 1. The drag (5.8) also contains the term J;

JE/ y2o1;n; dSs. (B10)
JaB

We are interested in the variation in the quantities £, and J following a change to the
body boundary of x — x + dc(s)n with § < 1, where s denotes arclength, and we denote
the small change in velocity by Su and in the stress tensor by §o. Similarly, the small

changes in E; and J are denoted by SE, and §J.
1029 A45-26



Journal of Fluid Mechanics

A Taylor expansion of the velocity field at the body boundary, (u + §i&t)(x 4+ Sc(s)n) =0
yields (Montenegro-Johnson & Lauga 2015)

- ou
u=-—c(s)— on 0B. (B11)
on

We begin with the dissipation for which the variation is

_ du; ;)\ [9F; O
E,=// <ﬁ+ﬂ) (i+ﬂ) dx dy. (B12)
R\B 8Xj 8)6,' axj' ax,-

Using the divergence theorem and the boundary conditions on the channel walls and in
the far field, this can be rewritten as

~ 9%u; o2u Ju:  ou:
E,=_2// iy [ 2 dV—Z/ a,-(ﬂJrﬂ)n,ds. (B13)
R\B axJ'a)Cj ax,-axj 9B 3)6]' ax,-

The second term in the first integral vanishes owing to continuity, whilst the first term
can be rewritten in terms of the pressure gradient. In addition, in the second integral, we
use (B11) to obtain

o ~ ap du; (du; 8uj
E, =-2 uj—dv +2 c(s)— | — +——)n;dSs. (B14)
R\B  0X; 9B on \0x; 0x; ’

The first integral on the right-hand side of (B14), using (B1), (B11) and continuity of u,
can be written as

d
2/ piiin; dS = —2/ pe(s)n - = 45 =0. (B15)
OB 9B on
In Appendix B.2, we showed that
aui 8uj 314,'
L)\ = —L, B16
(8xj + Bxi>nj an (B16)

which we substitute into (B14) to obtain

. Ju; du;
E,=2/ c(s) 2L 2t dS=2f c(s)w? S, (B17)
9B an Bn 9B

where the second equality comes from (B1). This expression provides the result in (5.10).
The variation to J is

5i=/ y? (o1 +8&1j)n;dS—f y2oyjn; ds, (B18)
d(B+38B) | 3B '
where 8(B + §B) is the boundary of the perturbed body. This is recast as
5i:/ y2861n,; dS~|—/ y2o1jn;dc(s) dS + O(8%), (B19)
B B

where the second term accounts for the change in the surface geometry. The result (5.10)
follows.
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