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Abstract

We give a definition of the scanning map for configuration spaces that is
equivariant under the action of the diffeomorphism group of the underly-
ing manifold. We use this to extend the Bodigheimer-Madsen result for
the stable splittings of the Borel constructions of certain mapping spaces
from compact Lie group actions to all smooth actions. Moreover, we
construct a stable splitting of configuration spaces which is equivariant
under smooth group actions, completing a zig-zag of equivariant stable
homotopy equivalences between mapping spaces and certain wedge sums
of spaces. Finally we generalise these results to configuration spaces with
twisted labels (labels in a fibre bundle subject to certain conditions) and

extend the Bodigheimer-Madsen result to more mapping spaces.
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1 Introduction

1 Introduction

1.1 Background

Configuration spaces, in various forms, arise naturally as models for a wide range
of systems and spaces. From a topological perspective they have been particularly
useful for modelling iterated loop spaces and mapping spaces more generally. In the
simplest sense a configuration space is the space of all possible configurations of k
ordered points (hereafter referred to as particles) on a manifold M, denoted by Cy (M)
and topologised so that particles cannot collide. More generally, and with a view to
modelling more complicated systems, the configurations can be ordered or unordered,
and particles can be allowed to vanish in a submanifold. The highly combinatorial
nature of a configuration space often makes it easier to understand than the space

that it is modelling.

It is natural to ask what information can be gathered about a given configuration by
looking locally at the underlying manifold. The idea is to move a magnifying lens
of small radius around the manifold, picking up information about the configuration
in the process. When a particle appears in the lens, its position defines a point in
a certain fibre bundle associated to the tangent bundle of the manifold. Continuing
in this manner, the configuration eventually defines a section of this bundle. This
process is known as scanning, and the map which sends a configuration to the section

it defines is called the scanning map.

Maps of this kind were first defined by May [May72] and Segal [Seg73], in the case
where the underlying manifold is R” and the particles in a configuration have local
data in the form of labels in a parameter space X. We denote the space of such
configurations by C'(R"; X). In this case the scanning map is a homotopy equivalence
between C(R™; X) and the iterated loop space 2"Y"X. McDuff [McD75] studied

configuration spaces without labels for more general manifolds and constructed a



1.1 Background

scanning map into a certain section space. This map is a homotopy equivalence when

particles are allowed to vanish in a submanifold of the boundary.

A further application of configuration spaces as combinatorial models has been to
obtain stable splittings of spaces. Snaith [Sna74] used May’s configuration spaces
to prove that iterated loop spaces Q"¥" X of connected CW-complexes can be split
stably into wedges of simpler spaces. Splittings of this kind have been constructed
by many others, and all rely on a power set map which (roughly) sends a finite
configuration to a collection of it’s subconfigurations. Although these are splittings
of suspension spectra, they are constructed unstably on the level of spaces. A short
and elegant proof of Snaith’s splitting using stable arguments on the spectrum level

has been given by R. Cohen [Coh80].

Bodigheimer has combined McDuft’s scanning map with a stable splitting described
by F. Cohen [Coh83]| to obtain stable splittings of mapping spcaes and section spaces.
As an extension of this Bodigheimer and Madsen have constructed stable splittings
of the Borel constructions of mapping spaces with respect to compact Lie group
actions [BMS88], making use of the equivariance of the scanning map under such
actions. Several descriptions of the scanning map have been given, each of which
relies on a Riemannian metric on the manifold and disks around the particles for
scanning. The purpose of this paper is to give a precise definition of a scanning map
which avoids such rigid constructions, allowing equivariance under the action of the
diffeomorphism group of the manifold. Equipped with this map we generalise the

results of Bodigheimer and Madsen to all smooth actions.

More recently configuration spaces and the scanning map have been viewed as the
0-dimensional case of a more general construction. The space of configurations of
k unordered particles on an manifold M is precisely the space of embeddings of &
points in the manifold. By removing the ordering we obtain the orbit space under

the action of the diffeomorphism group of k points, the symmetric group ;. Now



1.2 Outline

consider the space of embeddings of a manifold X in M and take the orbit space
under the action of Diff(X'). We can think of this as the space of configurations of X
in M. A scanning map is defined in much the same way; we take a magnifying lens
and locally we see small neighbourhoods of X. Such constructions are the subject of
the Madsen-Weiss Theorem [MWO07]. In particular this theorem is concerned with the
spaces of configurations of surfaces Sy ; in R*, where S, is the compact orientable
surface of genus g with one boundary component. The inclusions S, ; < S,41 1 induce
inclusions of the associated configuration spaces and, taking the colimit over g, the
scanning map gives an equivalence with the infinite loop space associated to a certain
Thom spectrum. This application of configuration spaces is more closely related to
the homological stability results of McDuff [McD75] than to stable splitting results.
However, the hope is that the scanning map defined in this paper could be adapted

to give a more precise description of this generalised scanning map.

1.2 Outline

The layout of this paper is as follows. In section 2 we describe the configuration
spaces which are the focus of our study. We look in detail at the current definition

of the scanning map and some stable splitting results.

Using fibrewise topology we develop models for configuration spaces in section 3.
These models carry more data about the ambient manifold but have the same homo-
topy type as configuration spaces. We define a smooth version of the fibrewise map-
ping space of James [Jam89] and use this to construct a fibre bundle Ej(M; X) over
a given configuration space Cy(M; X). The fibre over a configuration in Cy(M; X) is
the space of tubular neighbourhoods of the particles in that configuration. The total

space is called the tubular configuration space.

We use tubular configuration spaces to define a more flexible scanning map in section

4. As an easy consequence we will see that the scanning map is equivariant under



2 Configuration spaces

the action of the diffeomorphism group of the underlying manifold. We use Gromov’s
method as detailed by McDuff [McD77] to show that this new scanning map is a
homotopy equivalence for the same choices of manifold, submanifold and labelling

space as the original.

In section 5 we extend the Bédigheimer-Madsen result [BM88] for the stable splittings
of Borel constructions of mapping spaces for compact Lie group actions to all smooth
actions. We also construct a stable splitting of another model for configuration spaces

which is equivariant under smooth actions.

The final section is devoted to configuration spaces with twisted coefficients, that is
configuration spaces with labels in a fibre bundle over the underlying manifold, where
the label of a particle lies in the fibre over that particle. Ordinary configuration spaces
are then configuration spaces with labels in a trivial bundle. We extend many of the

results previously obtained to these configuration spaces.

We include an appendix for completeness, in which we give a definition of the tubular
neighbourhood of a submanifold which differs slightly from the usual definition. We
show that with this definition the space of such tubular neighbourhoods is contractible
if the submanifold is compact. This is an important result as it ensures our model

for the configuration spaces is homotopy equivalent.

2 Configuration spaces
2.1 The configuration space

Definition 2.1. Let M be a smooth n-manifold. The ordered configuration space
C’k(M ) of k particles in M is the space of k-tuples of distinct points in M. More

precisely,

Ck(M) = ]\4]C \Ak



2.1 The configuration space

where M¥ is the k-fold cartesian product and A, C M* is the fat diagonal,

Ay = {(m1,...,mg) C M* : m; = m; for some i # j}.

The finite ordered configuration spaces have obvious free actions by the symmetric
groups by permuting the particles in a configuration. This leads us to the definition

of the unordered configuration space of k particles as the orbit space
Cr(M) == Cp(M) /%

The configuration space on a manifold M is the disjoint union C (M) = [[x>o Cx(M)
where the empty configuration space Cy(M) = x serves as the basepoint. We denote
an element of the finite and infinite, ordered and unordered configuration space on

M by m = (my,...,myg). It will be clear from context which is meant.

We may add more structure to a configuration space in a number of ways. Let M,

be a (possibly empty) compact submanifold of M.

Definition 2.2. The configuration space of particles in M modulo M, is the quotient
space

(M, My) = O(M)/ ~

where (mq,...,mg) ~ (mq,...,mp_1) if my € My. We think of this relation as

particles vanishing in Mj.

Remark 2.3. The configuration space in which particles do not vanish in a submani-
fold is precisely the space C(M, () so we need only consider the case with vanishing

particles.

The second way to add more structure is to add local data to each particle in the

form of a label.

Definition 2.4. Let X be a well-pointed space with basepoint xy. The configuration

space of k particles in M with labels in X is
Cr(M; X) = Cp(M) x5, X*.

5



2.2 The scanning map

The configuration space of particles in M modulo My with labels in X is the space
C/(M, My; X) = (H @(M;X)) / ~
k>0

where (myq,...,mg; 21, ..., 25) & (M1, ..., My_1;21,...,Tp_1) if mp € My or x = 0.

We think of this relation as particles in M vanishing in M, or if they have label z.
Points in C(M, My; X) are equivalence classes [(m;x)] = [(mq,...,mg; 21, ..., %))

where each particle m; in a configuration is associated to the label x;.

Remark 2.5. The unlabelled configuration space is precisely the configuration space
with labels in S° so we need only consider configuration spaces modulo a submanifold

and with labels.

2.2 The scanning map

The scanning map allows us to use configuration spaces as combinatorial models for
section spaces. We give the definition due to Bodigheimer & Madsen [BM88]. Let M
be a smooth compact manifold and let W be a smooth manifold without boundary
containing M as a codimension 0 submanifold, for example let W = M if 9M = () and
W = MUOIM x [0,1) otherwise. Let TW be the fibrewise one point compactification
of TW and let ?mW denote the compactified fibre over m. The fibres of the one
point compactification have an obvious basepoint at co. Let T := W Aw (W x X)
be the fibrewise smash product. The inclusion of the basepoint *,, into the fibre
TW A X defines a section * : W — ¥. Given Ay C A C W we define I'(4, Ag: X)
to be the space of sections of T which are defined in A and agree with * in Ay. The

scanning map is a map from the configuration space C'(M, My; X) to the section space

LW~ My, W~ M; X).

Before we give the full definition of the map we give an intuitive description. Consider
a configuration [(m;x)] € C(M, My; X) and a point z € W ~ My. The map is

determined by where the section associated to [(m;x)] sends z in 7. Choose a
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Riemannian metric d on W and choose any representative (m;x) € [(m;x)]. Around
z we consider a little e-disk which we think of as the lens of a magnifying glass. The
idea is to scan around the manifold with our lens and see what information we pick
up. The constant € > 0 is chosen small enough so that we can never see two particles
of the configuration with our lens. Now for a chosen z and £ we ask ‘what is inside the
lens?’ If there is no particle of the configuration inside we send z to *,, the basepoint
in the fibre over z. If there is a particle m; with label z; inside the lens we send z to
exp; !(m;) A z;. Note that we are also assuming that ¢ is small enough that exp, is a
diffeomorphism between an e-disk around z and an e-disk in 7,W. This description

roughly corresponds to the definition we now give.

Definition 2.6. The scanning map
v C(M, My; X) — T(W . My, W . M; X)

is defined as follows [BM88]. For [(m;x)] € C(M,mg;X) and z € W ~ My,

v([(m; x)])(2) is the image of [(m; x)] under the composition

C(M, My; X) — C(M, My U (M ~ D(z)); X) — C(D(z),0D(2); X)

— C(D,W,0D,W; X) — (D,W/OD,W)AX — TW Aw (W x X).

Here the first map is the quotient, the second is excision, the third is the inverse of the
exponential map (D(z) is a disk around z small enough that exp is a diffeomorphism
and D,W is the corresponding disk in 7,W). The fourth map is a little less straight-
forward. There is a natural inclusion (D, W/0D,W) A X — C(D,W,0D,W; X) by
sending a point m Az to [(m, x)] and * to the empty configuration. The configuration
space deformation retracts onto the image of this inclusion by a stretching map which
pulls the particles away from the centre of D,W until there is at most one remaining.

The final map is the inclusion of a fibre.

Although it is possible to understand what the scanning map does, it is not a very

precise definition. Our aim is to give a description which puts the scanning map in

7



2.2 The scanning map

a more natural setting and hence demonstrate equivariance under the action of the
diffeomorphism group of M. In order to check this equivariance we need a description
of the action on both the configuration space and the section space. We restrict our
attention to diffeomorphisms of M which fix the submanifold My and the boundary
of M. However, since the section space is defined in terms of a larger manifold W we
will instead consider the action of the group Diff (W, My U (W ~ M)). These groups

are isomorphic by restricting or extending a diffeomorphism as appropriate.

To define the action on C(M, My; X) we first assume X has a (possibly trivial)
Diff (W, My U (W ~ M)) action. We require that this action fixes the basepoint z.
For any ¢ € Diff(W, My U (W ~ M)) the action on C'(M, My; X) is given by

O [(my,...omp;xy, . xe)] = [(0(ma), .., 0(mg); - xp, ..o, & - xp)].

This the most natural action on the configuration space as it simply maps the manifold

under the diffeomorphism and carries the particles along with it.

The action on a section s € I'(W ~ My, W ~ M; X) is given by

65 =(dpAw (¢ x ¢))osod.

The action conjugates the section by the inverse action on the base and the corre-
sponding action on the total space so that the section still maps points in the manifold

into the correct fibre.

It is immediate that with the current description the scanning map is not equivariant
under this action. It is dependent on a Riemannian metric, disks on the manifold
and the exponential map. In particular the fact that an e-disk on the manifold does
not necessarily map to an e-disk under a diffeomorphism prevents equivariance. It is
this particular difficulty that we will overcome by modelling the configuration space
with a larger space which defines these disks in a more convenient way. However, the
scanning map as it is currently defined is equivariant under that action of compact

Lie groups [BM88] since they can be made to act by isometry, preserving the e-disks.

8
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2.3 Stable splittings

We model mapping and section spaces with configuration spaces because they have
particularly nice properties. For example the configuration space C(M, My; X) has a

filtration by closed sets, determined by the lengths of configurations.

CH(M, My; X) = (ﬁ Ci(M) xx, Xi) / ~

These filtrations allow us to construct stable splittings of configuration spaces and

hence mapping spaces.

Theorem 2.7. Let C* = C*(M, My; X) be the filtrations of C(M, My; X) and let
D* = C%/C*=1 be quotients of successive filtrations. Then there is a stable homotopy

equivalence

C(M, My; X) = \/ D

k>1

for any (M, My) and X.

We present the proof given by Bdodigheimer [B6d87|, following the methods of F.
Cohen [Coh83]. We need the following construction.

Definition 2.8. We define the power set map oy, : C(M, My; X) — C(Cy(M); D¥)
as follows. For convenience denote elements of C' = C(M, My; X) by formal sums.
Choose a configuration &, = Y;com;x; € C' and a cardinality k£ subset 5 C a where «
is the index set of &,. Let mg = 3;cpm; € Cr(M) be an unlabelled subconfiguration
of & and let &5 = Y;cpmiz; € C* be the corresponding labelled subconfiguration.
Denote by &3 the image of &5 under the quotient map C* — D*. Then we define
the power set map by the formal sum o4(§,) = nggfg where [ ranges over all

cardinality k subsets of a.

Proof of Theorem 2.7. Choose an embedding of C'(M) = IICy(M) into R*>®. The
power set maps together with this embedding and the inclusions D* < V = \/;»; D¥

define a map o : C(M, My; X) — C(R*; V). The scanning map is an approximation
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C(R™ V) — Q"E"V so passing to the colimit over n yields v : C(R*; V) — Q®°3>°V.
Let p : X°C — X*°V be the adjoint of the composition v oo, then p clearly preserves
the filtration of C' and the filtration V¥ = \/*_, D' of V. We have a commutative
digram

oo (k1) — 2 yeo(Vh )

| |

5%°(CF) —F—— 5 (VF)

J J

Ew(ck/ck—l) pld E‘X’(Vk/vk_l)
where the vertical sequences are cofibrations of spectra, and hence fibrations. The
lower horizontal arrow is homotopic to the identity. Passing to homotopy groups and

noting that C* = V! the result follows by induction on k. O

Since the scanning map is equivariant under the action of a compact Lie group G,

there is a version of the theorem for the Borel constructions associated to G.

Theorem 2.9. Let G be a compact Lie group acting on M by isometry and fiz-
ing Mo. Let C* = CK(M, My; X) be the filtrations of C = C(M, My; X) and let
D*(M, My; X) = C*/C*=L. Then there is a homotopy equivalence

QXX (EG wg C(M, My; X)) = [] @92 (BG xq DM, Mo; X))

k>1
The proof generalises the proof of the nonequivariant case. Instead of embeddings of
C(M) into R*> we embed each Cy (M) G-equivariantly into a G-representation space

Vi. Thom spaces of Ex-spaces are used to construct maps
Q"(’”)E"(k”")(ETG Xg C) — Q”(k”’)E”(k”)(ErG X Dy)

where F,.G is the the preimage under the projection EG — BG of the r-skeleton of
BG and n(k,r) is an integer depending on k and r. By passing to oo over r we have
maps qx : QY% (EG xgC) — Q®°Y®°(EG x g D*) whose product give the homotopy
equivalence in the theorem by induction in a similar manner to the previous proof.

For a full proof see Bédigheimer and Madsen [BMS8S].

10
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3 A model for configuration spaces

We construct a fibre bundle over the ordered configuration space Cy (M), whose fibre
over any configuration m = (my,--- ,my) is Emb'*(I1L(T,, M, 0;); M,1Im;). Here the
notation of pairs means that each is 0; € 7T,,, M mapped to m; € M and Emb’ is
a subspace of the standard embedding space equipped with the C'*° topology. The
space is further restricted to embeddings f with the the additional property that the

derivative df induces the identity on II7,,, M via
T, M = T(IT 0, M) |11, ~ TM |11, = T, M

where each m; is identified with 0; € T}, M. We refer to this property as Id.

We define this bundle as the disjoint union of the required fibres, equipped with a
topology which restricts to the ordinary C'* topology on each fibre. Note that the
additional property Id ensures that the embedding space over each configuration is
in fact the space of tubular neighbourhoods Tub’ d(Hmi) as defined in Appendix A.
Since a collection of points is compact, this space is contractible by Corollary A.7 and

the projection of the constructed fibre bundle is a homotopy equivalence.

3.1 Fibrewise topology

Our model for configuration spaces makes use of a fibrewise construction which asso-
ciates a pair of fibre bundles over the same base to a fibre bundle of maps between
their fibres. We begin by describing enough of the theory of fibrewise topology for
our purposes. We describe the fibrewise mapping space before constructing a smooth
version. For a full treatment of the fibrewise theory we refer the reader to Crabb &

James [CJ98] and James [Jam89)].

Definition 3.1. A fibrewise topological space is a topological space X together with

a continuous projection p : X — B where B is another topological space, the base.

11



3.1 Fibrewise topology

We say X is a fibrewise topological space over B. For every point b € B the fibre

over b is the subspace X, = p~1(b).

Remark 3.2. This is a generalisation of the notion of fibre bundle or fibration. How-
ever, there are many less restrictions on the spaces involved. We do not require fibres
to homeomorphic as we would in a fibre bundle. We do not even require that the
projection is surjective, allowing for the possibility of empty fibres. Obvious examples
of fibrewise spaces are a space B over itself with with the identity as the projection

and B x T for some space T' together with projection onto the first factor.

Definition 3.3. Let X and Y be fibrewise spaces over B with projections p and g,
respectively. A fibrewise map ¢ : X — Y is a map such that g o ¢ = p. That is, a

map which sends each fibre of X to a subspace of the corresponding fibre of Y.

Remark 3.4. Let p : X — B be a fibrewise space and let B’ C B be a subspace.
Then we regard Xp := p~'(B’) as a fibrewise space over B’ with the restriction of
p as the projection. Given another fibrewise space ¢ : Y — B and a fibrewise map

¢ Y — X, the restriction ¢p : Xp — Yp is also a fibrewise map.
Many of the ideas of topology generalise to fibrewise topology.
Definition 3.5. A fibrewise topological space p: X — B is

1. fibrewise open if the projection p is open.

2. fibrewise closed if p is closed.

3. fibrewise compact if p is proper.

Remark 3.6. Fibrewise compactness is equivalent to compactness in each fibre and a

closed projection.

Definition 3.7. Given a set X, a topological space B and a set function p : X — B,
a fibrewise topology for (X, B, p) is any topology on X which makes the projection p

continuous.

12



3.2 The fibrewise mapping space

For a fibrewise topology there are notions equivalent to base and subbase. By a
fibrewise base for a fibrewise topology on X we mean a collection U of subsets of X
such that the intersections of members of U with sets of the form Xy, where W C B
is open, form a base for the topology. A fibrewise subbase for a topology is a collection

of subsets of X whose finite intersections form a fibrewise base.

3.2 The fibrewise mapping space

Although we have only seen a fragment of the fibrewise theory of topology we have

developed enough of the theory to define a fibrewise version of the mapping space.

Definition 3.8. Given two fibrewise topological spaces X and Y over the same base
B we define the fibrewise mapping space from X to Y as the fibrewise set
Mapg(X,Y) = [] Map(Xs, Y3)
beB

over B equipped with an appropriate fibrewise topology.

The topology is a fibrewise generalisation of the compact-open topology. It would
be convenient to define this topology in such away that the induced topology on the
fibre Map(X,,Y;,) over b € B is the ordinary compact-open topology. The topology
we construct is coarser in general, but in certain cases restricts to the compact-open

topology in the fibres.

Definition 3.9. Given W C B, V C Yy and K C Xy we denote by (K, V;W) the
set of maps ¥ : X, — Y}, where b € W, for which ¢¥(Kj;) C V,. If W is open in B,
K is fibrewise compact over W and V' is open in Yy we call the subset (K,V; W)
of Mapg(X,Y) fibrewise compact-open. These sets form a fibrewise subbase for the

fibrewise compact-open topology.

Proposition 3.10. Let p: X — B be a fibre bundle and let q : Y — B be a fibrewise

space. Then for any point b € B the topology on the fibre Map(Xy,Y;) induced by

13
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the fibrewise compact-open topology on Mapg(X,Y') is the ordinary compact-open

topology.

Proof. In the fibre over b € B, the fibrewise compact-open set (K, V; W) C Mapz(X,Y)
restricts to the set (K3, V) of maps ¢ : X, — Y} such that ¢(Kj) C V,, where K is
compact and Vj, is open in Y;. This is precisely a compact-open set in the ordinary
mapping space. It suffices to check that every compact-open set is the restriction of

some fibrewise compact-open set.

Let W be an open neighbourhood of a point b € B such that there exists a local
trivialisation ¢ : W x X, — Xy for b. In particular ¢ is a fibrewise homeomorphism
and W is open in B. Let K C X, be compact and V C Y, be open, then W x K is
fibrewise compact over W and the image ¢(W x K) C Xy is fibrewise compact. Let
U be an open subset of Yy such that U, = V, then the fibrewise compact-open set
(p(W x K),U; W) restricts to the compact-open set (K, V) in the fibre over b. [

3.3 The fibrewise smooth mapping space

Just as James [Jam89] generalises the compact-open topology for fibrewise spaces,
we generalise the C'™ topology. We begin with a reminder of the definition of the C”

and C* topologies.

Definition 3.11. Let M, N be C" manifolds (with r finite) and let C" (M, N') denote
the set of C" maps from M to N. The C" topology on C"(M, N) is generated by
the following sets. Let f € C"(M, N), let (¢,U) and (¢, V) be charts for M and N
respectively. Let K C U be a compact set such that f(K) C V and let 0 < ¢ < oc.
Define a subbasic neighbourhood

N'(f;(0,U), (@, V), K, ¢)

to be the set of C" maps g : M — N such that g(K) C V and

1D (W f¢")(x) — D*(vgd™ ") (@)l < e

14



3.3 The fibrewise smooth mapping space

for all x € ¢p(K) and k =0, ..., r [Hir76].

Definition 3.12. If M and N are C'*™° manifolds, the C*° topology on C*°(M, N) is
the union of the topologies induced by the inclusions C*°(M, N) — C"(M, N).

With this definition in mind we will define a fibrewise topology on the fibrewise C”
mapping space

Ch(X,Y) =[] C"(X, Y3)

beB
where X and Y are C" fibre bundles over B. That is, B, X and Y are C" manifolds
and the projections are C” maps. In this case every b € B must be a regular value of

both projections and the fibres X, Y, are therefore C" manifolds. We consider only

fibre bundles as this is all we need for our purposes.

Definition 3.13. Given B, X and Y as above, the fibrewise C” topology on C(X,Y)
is generated by the following sets. Let W C B be open, let f : Xy — Yy be a C7
bundle map and let (¢, U), (¢, V') be charts on X, Y respectively such that U N Xy
and V NYy are nonempty. Let K C U N Xy be fibrewise compact over W such that
f(K) c VNYy and let € : W — Ry be continuous. Define a fibrewise subbasic

neighbourhood
N (f; (9. U), (4, V), K, e; W)

to be the set of C" maps g : X, — Y}, where b € W, such that g(K;) C V, and

||D* (4 fopy 1) () — D*(shogy, 1) ()] < £(b)
for all x € ¢p(Kp) and k = 0,...,r. Here (¢p, Up), (¢, V) are charts for X, and Y},

respectively, obtained by restricting the charts ¢, ¥ to the fibre over b.

Definition 3.14. Let X, Y be C'* fibre bundles over B. The fibrewise C* or fibrewise

smooth mapping space is the set

Cx(X,Y) = [] C% (X, Y3)

beB

equipped with the fibrewise C* topology, the union of the topologies induced by the
fibrewise inclusions C¥(X,Y) — Cp(X,Y).
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3.3 The fibrewise smooth mapping space

Proposition 3.15. The fibrewise C'*° topology is a fibrewise topology.

Proof. We need to check the obvious projection ¢ : C¥(X,Y) — B is continuous. Let
W C B be open, then ¢~ (W) = C32(Xw, Yw). Let f: Xy — Yy be any fibrewise
map, let (¢,U), (¢, V) be any charts for X,Y with nonempty intersection with Xy
and Yy respectively. Choose any ¢ > 0 and any » € N. The fibrewise subbasic
neighbourhood N (f; (¢,U), (¢, V),0,e; W) is the set of smooth maps g : X;, — Y}
since taking the fibrewise compact set to be the empty set removes all the other

conditions. This neighbourhood is precisely ¢~!(WW). O

Proposition 3.16. Let X, Y be C* fibre bundles over B. Then for any point
b € B the topology on the fibre C*(X,,Y},) induced by the fibrewise C™ topology on
C¥(X,Y) is the ordinary C* topology.

Proof. Tt is clear that the fibrewise neighbourhood N7 (f; (¢, U), (v,U), K,&; W) re-
stricts to the neighbourhood N7 ( fy; (¢p, Up), (¢, Vi), Kp, £(b)) in the fibre over b € B.
We need only check that every subbasic neighbourhood for each of the C" topologies

is the restrictions of some fibrewise subbasic neighbourhood.

Let b € B and let N"(f;(¢,U), (¢,U), K,e; W) be a subbasic neighbourhood for
C*(Xy,Y,). We will show it is the restriction of a fibrewise subbasic neighbourhood
to the fibre over b. Choose local trivialisations 7 : Wi x X, = Xy, 7o : WoxY, = Yy,
and a chart (o, W3) around b. Let W = N;W;. Now ((o x ¢) o7y *, 7 (W x U)) and
((ox)ory ', (W x V) are charts for Xy and Yy respectively. Since K is compact,
(W x K) C (W x U) C Xy is fibrewise compact over W. Define a bundle map
f:Xw—=Yybyz— (rno(ldy x f)or)(x), then f(r(W x K)) C (W x V).
Let € : W — Ry be the constant map with value €. Then the fibrewise subbasic

neighbourhood
N (fi((ox @) or ', (W x U)), (0 x ) oy ", (W x V), (W x K),&W)
restricts to the weak subbasic neighbourhood N7(f; (¢, U), (v, U), K,e; W). O
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3.4 The fibrewise embedding space

3.4 The fibrewise embedding space

The ideas we have just developed can be used to define fibrewise spaces of embeddings
which model the configuration spaces. Throughout this section we assume M is a
smooth compact n-manifold and W is a smooth manifold without boundary contain-
ing M as a codimension 0 submanifold, as in the definition of the scanning map. We
will use the notation 7),,M and 7T;,,W interchangeably to mean the same tangent

space when m; € M C W.

We restrict our attention to the special case Cy (M) = M at first. Define the fibrewise
embedding space
Embjf(TM, M; M x W,A) =[] Emb'(T,,M,0; {m} x W,{m} x {m})
meM
as a subspace of the fibrewise smooth mapping space associated to the tangent bundle
and the product bundle m : M x W — M. Here M C TM is identified with the
(image of the) zero section. Since the structure of M x W is trivial we denote the

fibres of the fibrewise embedding space by Emb’*(T;, M, 0; M, m) for simplicity.

In order to show this is a fibre bundle we must find local trivialisations. Choose
m € M and let ¢ : U x T,, M — TM]|y be a local trivialisation for TM around m.
Then we can attempt to define a local trivialisation for Embﬂ(TM, M; M x W,A)
around m by

o: ] Emb’(T,M,0; M,n) — U x Emb'*(T,,,M,0; M, m)

nelU

fr—=(n,fodn)

where ¢, = ¢(n,—) : T,,M = {n} x T,,M — T,M. However, maps in the image
do no necessarily map 0 € 7,,M to m € M. To solve this problem we will need the

following lemma.
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3.4 The fibrewise embedding space

Lemma 3.17. There exists a continuous family of diffeomorphisms of the closed k-

ball, parameterised by the open k-ball and fizing the boundary,
7 : D¥ — Diff(D*, 0D¥)
such that i,(x) maps x to the midpoint, 0, and 0 to —x.
Proof. For fixed k and z = (xy,...,2;) € D¥ consider the maps
op(x) : DF — D*

Y1 — 21
= e 1-— cee— 2,
) (?/1 yk) 1 ylxl\/ 92 Yi

Then we define 73 () := g, 0 03 0 g; ! where g, € SOx(R) is the rotation which sends
(Il]],0,...,0) to =. It is sufficient to check the case k = 1, that is that the map
oy : (—1,1) — Diff([-1,1],{—1,1}) is continuous.

Recall that the subbasic neighbourhoods N7(f;U, K,¢e) are the sets of diffeomor-
phisms ¢ : [-1,1] — [—1,1] such that g(K) C U and

|1D"f(y) — D"g(y)|l < e

forall y € K, n =0,---,r. It suffices to check that the preimages of such neigh-
bourhoods under oy are open for each pair U = [-1,a), K = [-1,¢] or U = (b, 1],
K = [d,1], each ¢ > 0 and each r € N. We need only consider such Us and Ks
since the intervals given generate the open and compact subsets of [—1,1]. Con-
sider first the compact open sets (U, K) = {g : g(K) C U}. Certainly we have
o' ([-1,d,[-1,a)) = (-1,=%) and o7 '([d, 1], (b,1]) = (=5, 1), and since all the

diffeomorphisms fix the boundary o7 *([~1,d], (b,1]) = 0 = o7'([d, 1], [~1,a) for all

a,b,c,d. The map is certainly continuous in the compact open topology.

Consider a subbasic neighbourhood N"(f;U, K,c). We may assume f = o(s) for
some s € (—1,1). For such an s and a fixed n the derivative D"oy(s)(y) — D"o1(z)(y)

is a polynomial fraction and continuous in both x and y. Since K is of the form
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3.4 The fibrewise embedding space

[—1,¢] or [d,—1] we need only check the condition ‘< &’ holds for a finite number of
y € K. This is an open condition so the preimage of a subbasic neighbourhood is a
finite intersection of open sets and hence open. Thus o7 and hence all o}, and 7, are

continuous. O

There exists a tubular neighbourhood V' C U of m diffeomorphic to an open ball via
a diffeomorphism which maps the midpoint to m. By the previous lemma we can find
a family of diffeomorphisms 7 : V' — Diff(V,0V) such that 7, maps n to m. Since
these diffeomorphisms fix OV they extend to a family of diffeomorphisms of W fixing
W .V, which we also denote by 7. The image of the map f — (n,7, o f o ¢,) now

sends 0 € T, M to m € M as required.

However, in order to satisfy the property Id we need to ensure the composition
Ty M = To(T M) 22 To(T, M) ~255 1M 22 T3 M

is the identity on T,,M. This is achieved by choosing the trivialisations ¢ carefully.
Define ¢ : V x T,,M — TM]|y by ¢ : (n,v) — (d,7,)"(v). Since each 7, is a

diffeomorphism, ¢ restricts to a linear isomorphism on the fibres and the differential

1

on the zero section is given by do¢, = (d,7,)”". The composition now satisfies the

required properties and defines a local trivialisation

@ : Emb{Y(TM|y,V;V x M,A) — V x Emb'*(T,,,M,0; M, m).

To see that this is in fact a local trivialisation we construct an explicit inverse

U : V x Emb'(T,,M,0; M, m) — Embi(TM|y,V;V x M,A)

(n,g) — (Idy x (1, 0g))op™ .

The construction of the fibrewise embedding space over M generalises to a fibre
bundle over Cy(M) for any k. First we need a fibre bundle over Cy (M) whose fibre

over (myq, ..., my) is the disjoint union II;7T,, M. Recall that C‘k(M) is a subspace of
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3.4 The fibrewise embedding space

the k-fold product M* obtained by removing the diagonal A;. Let 7; be the projection
onto the i-th factor, then the pullback 7;T'M is a fibre bundle over M* with fibre
T, M over (myq,...,m;,...,my). Let (¢;,U;) be alocal trivialisation for TM around
my, then (@i, UY), where ¢! = Idy X+ XX+ xIdpyand Ul = M x -+ -xU;x---x M
with ¢; and U; in the ¢th component, is a local trivialisation for 7;7T'M around any

point with m; in the ith component.

Denote by Hkﬂ;"TM the fibrewise disjoint union of these pullbacks. This is a fi-
bre bundle over M* with fibre 11,7,,, M over (m1,...,m;) and local trivialisations
(I ot, N UY) = (¢l I,U;). Taking the pullback of Hkﬂ;‘TM under the inclusion
é’k(]\/[ ) < M* gives the required fibre bundle. We assume this pullback has the same
local trivialisations and the products [], U; have empty intersection with Ay, else

restrict the U;’s.

Definition 3.18. The ordered tubular configuration space is the disjoint union
EyM)= [ Ewmb'*(I(T,,,0);m x W,m x ym,)
meCy(M)
topologised as a subspace of the fibrewise smooth mapping space associated to the

bundle HkaTMbk(M) and the product bundle Cy(M) x W — Cy(M).

As above we denote the fibre over m = (my, ..., m;) by Emb'(I1,(T},,, 0); W, ILym,)
for simplicity. An element of E’k(M ) is an embedding f : H;7T,,, M — W for some
m. Each embedding is defined by a map on each of the components in the domain,
denoted by f; : T;,,M — W. We will use the notation Il f; and f interchangeably
and sometimes f,, to signify that f is in the fibre over m. The projection map

b : Ex(M) — Cp(M) sends an embedding f to the configuration (f;(0), ..., fr(0)).

To construct local trivialisations for Ej (M) we proceed in a similar manner as before.
For each i let V; C U; be an open neighbourhood of m; that is diffeomorphic to a
disk via a diffeomorphism which maps the midpoint to m;. Then by Lemma 3.17

there exist continuous families of diffeomorphisms 7° : V; — Diff (‘_/Z, dV;) such that 7!
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3.4 The fibrewise embedding space

maps n to m. Since the product of the U;’s have empty intersection with A, we have

V;N'V; =0 for any i # j. We define a continuous family of diffeomorphisms

7: [[ Vi — Diff(II,V;, [ 8V;)
k

n— 7y = 7,

which extend to diffeomorphisms of W fixing W ~ LI V;.

Define a local trivialisation for Ej(M) around x by

®: E(M)|y — V x Emb'(I1,(T,,,0); W, 1Im,)

Jn— (’I’I,,Tn o fno ¢n)
where V = sz‘/z and ¢n = Hkgb;(n, —) : HkTsz — HanzM

In order to ensure that property Id is satisfied, define each local trivialisation
¢+ Vi X Trp, M — T M|y, of TM around m; by (n;,v;) — (dp,75 )" (v5).
Just as in the previous section we can define an explicit inverse to ®. Note that in

the case k = 1 this tubular configuration space is precisely the fibrewise embeddings

space over M as defined previously.

Remark 3.19. The fibre over any configuration m is the space Tubld(m) of tubular
neighbourhoods of the particles in m. This space is contractible by Corollary A.7 so
the projection py, : E’k(M ) — C’k(M ) is a homotopy equivalence. A homotopy inverse

is given by any continuous section 3, : Cy(M) — Ej(M).

In particular we can define a section using the exponential map. Choose a Riemannian
metric d on W. For a configuration m let d,, = min{d(m;, m;) : i # j} and for each

i let 0, be the largest value such that exp,, : Bs, (T, M,0) — Bs, (W,m;) is a

my

diffeomorphism. Let €,,, = min{d,,,,dm} and for each i define f; : T,,,M — W by

257”1’”

v = exp,, arctan(|v])).

7|v|
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3.5 Ordering, labels and vanishing particles

Each of the f; is an embedding and satisfies the property Id since exp does. Our
construction ensures the images of each f; are distinct so f = Il f; is an element of

the fibre over m. The map € : Cx(M) — R*, m +— (n,, ..., Em,) is continuous so

51 Cp(M) — ER(M)

is a continuous section and a homotopy inverse to p.

3.5 Ordering, labels and vanishing particles

So far we have a model for the finite ordered configuration spaces of a manifold.
However, the scanning map is defined on the infinite unordered labelled configuration

space modulo a submanifold so we have some more work to do.

Ordering We begin by constructing a model for the unordered finite configuration
spaces. To motivate our definition recall the definition of the unordered configuration
space of k particles on M as the orbit space Cy(M) := Ci(M)/%; where ¥y, is the

symmetric group on k elements.

Definition 3.20. The symmetric group acts on the tubular configuration space
Ex(M) as follows. Let f = II,f; € Ex(M) be in the fibre over m = (my, ..., m;) and
define o - f = I f,0) : (Tmou) M,0) = (W, ms(;)) in the fibre over o - m. Define the

unordered tubular configuration space to be the quotient space Ej (M) := E(M) /.

Remark 3.21. The fibre over m is homeomorphic to the fibre over o -m by reordering
the disjoint union. The action of Xj on E,(M) is free and proper and the projection

px is clearly equivariant.

Proposition 3.22. The unordered tubular configuration space Ex(M) is a fibre bundle

over the unordered configuration space Cy(M) with projection py induced by py.

22



3.5 Ordering, labels and vanishing particles

Proof. There is a commutative diagram

where the vertical maps are covering maps. As such any local trivialisation

U x ppt(m) — pp(U) for Ep(M) around m induces a trivialisation for Ej(M)

around go(m). O
Observing that the fibre over the unordered configuration m = {my,...,my;} is the
space of tubular neighbourhoods Tub’®({my, ..., m;}) we have the following corollary.

Corollary 3.23. The projection py : Ex(M) — Cr(M) is a homotopy equivalence.

The homotopy tnverse is the section s induced by Sy.

Labels The unordered configuration space with labels in a well-pointed space X are
defined in much the same way as the labelled configuration spaces. There is a fibre
bundle py : Ex(M; X) == E(M) x5, X* — Cy(M; X) over the unordered labelled
configuration space where the projection is induced by p x Idxx. The fibre over
an unordered configuration {m;a} is the space Tub’({my, ..., my}) x {&} which is
contractible so py is a homotopy equivalence with homotopy inverse s, induced by

§k X Ika

Remark 3.24. There is another way to add labels to a tubular configuration space
which might allow for a little more flexibility. Instead of simply lifting the label
from the configuration to the fibre over that configuration, we could associate to each
embedding f : I;7,,,M — W a map I;T,,,M — X. The projection is evaluation
at 0 in each tangent space and the fibre over the unordered configuration {m;x}
is Tub™({my, ..., my}) x Map(IIx(T},, M, 0;); X, II;m;). Although this construction

yields a fibre bundle with contractible fibres it adds more complexity than is required

23



3.5 Ordering, labels and vanishing particles

for our purposes. However, we will find that such an approach is useful when consid-

ering twisted labels in Section 6.

There is a canonical action of Diff(W, W ~ M) on Ej(M; X). The idea of the action
is to compose each embedding with the diffeomorphism of W, once again yielding
an embedding. In order to ensure the image of the zero section is preserved we

precompose with the inverse of the derivative of the diffeomorphism. That is, for any

¢ € Diff(W, W ~ M) and f € Ey(M) we define an action by ¢+ f = ¢o fodp .

Given an action of Diff(W,W ~ M) on X fixing the basepoint we have a diagonal
action on Ey(M; X)) just as for the unordered relative configuration space. It is easy to

check this is a well defined action and it takes f € p;*(m;x) to ¢-f € p. ' (¢p-m; d-x).

Remark 3.25. The homotopy equivalences p; between the unordered spaces are equiv-
ariant under this action but the sections s, are not equivariant since they are depen-

dent on structures which are not preserved under diffeomorphism.

Vanishing particles Suppose that M, is a (possible empty) compact submanifold
of M. Recall that for relative configuration spaces we allowed particles in a config-
uration on M to vanish in My. We would like such a construction for the tubular

configuration spaces and we proceed in the same way.

Definition 3.26. Given a (possible empty) compact submanifold My, C M, the

unordered relative tubular configuration space is

E(M, My X) =[] Ex(M; X)/~

where (f1,..., fi; 21, xk) ~ (f1, - fem1; 01, -, Tp_1) if 2 = xg or f;(0) € M.

The idea here is to allow a component f; of an embedding f to vanish when the
underlying particle m; = f;(0) does. This is necessary to ensure that these spaces

still model the configuration spaces properly.
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3.5 Ordering, labels and vanishing particles

The lengths of configurations in C(M, My; X) and tubular configurations in
E(M, My; X) induce filtrations

EM(M, My; X) = ﬁEi(MSX)/N-

These filtrations have natural inclusions E*~1(M, My; X) < E*(M, My; X). Tt fol-
lows that topologically E(M, My; X) is the colimit imE*(M, My; X). Similarly
C(M, My; X) = limC*(M; My; X). The projections py : Ep(M;X) — Cp(M;X)
induce maps p* : E¥(M, My; X) — C*¥(M; My; X). Elements of C*(M, My; X) are
equivalence classes [(m;x)] and elements of E*(M, My; X) are classes [(f;x)]. We
define p* by [(f;x)] — [pi(f;x)] where [ = card(f;z). The way in which compo-
nents of embeddings vanish ensures the projection is independent of the choice of

representative in each class.

The projection is still a homotopy equivalence. Consider the map

s OF(M; My; X) — E*(M, My; X)

[(m; ®)] — [(s x [d)(m; z)]

where | = card(m;x) and the s;’s are the sections defined previously. Then
p¥ o s¥ = Id and the homotopy s* o p* ~ Id is given by the contraction of each
fibre, Tub’®(IT;m;) x {2}. With a little more work we can show the homotopy equiv-

alences on the filtrations carry over to E(M, My; X).

Proposition 3.27. If X has the homotopy type of a CW-complex then the spaces
Cr(M, X)), CK(M, My; X), C(M, My; X), Ep(M, X), E¥(M, My; X) and E(M, My; X)

do too.

Proof. We generalise a method of McDuff [McD75]. Each Cy(M) is a manifold and
hence has the homotopy type of a CW-complex. If X has the homotopy type of
a CW-complex then so does each Ci(M;X). Each Cy(M;X) has a subcomplex
By = {(m;z) : Jist. my € My or x; = 29}. Now C¥(M, My; X) is obtained from
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4 The Scanning Map

CF1(M,My; X) by attaching Cp(M;X) along the obvious map
By, — C* (M, My; X). Therefore each C*(M, My; X) has the homotopy type of
a CW-complex and so does the colimit C'(M, My; X) = h_r)an(M, My; X).

The same argument shows that Ej (M, X), E¥(M, My; X) and E(M, My; X) have the

homotopy types of CW-complexes. n

Corollary 3.28. The canonical projection p : E(M, My; X) — C(M, My; X) defined
by the p*’s is a weak homotopy equivalence for any X and a homotopy equivalence

provided X has the homotopy type of a CW-complex.

Proof. 1t follows immediately from the construction of E(M, My; X') and C (M, My; X)
as colimits that p is a weak homotopy equivalence for any X. If X has the homotopy
type of a CW-complex then by Whitehead’s theorem p is a homotopy equivalence.

The homotopy inverse s is obtained from the s*’s in the same way. O]

4 The Scanning Map

With our model for configuration spaces we can define a scanning map which is
equivariant under the action of the diffeomorphism group of the underlying manifold.
The idea is to use the embeddings to define the section rather than the exponential
map, avoiding the use of a metric and e-disks. In this section we will define a scanning
map E(M, My; X) — I'(W N~ My, W . M; X) and prove that it is equivariant and a

nonequivariant homotopy equivalence in certain cases.

4.1 Definition

We construct the scanning map using a sequence of maps

Vit Ex(M; X) — T(W - My, W N M; X)
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4.1 Definition

in the same way as we construct the projection p. The idea of the map is to define
the section of TW Aw (W x X) associated to an embedding f : 11, T,,, M — W by
f~1. That is, given a point z € W . My we want v, (f;x)(2) to be f; () Az, if 2 is

in the image of f; and agree with the canonical section * otherwise.

Remark 4.1. Throughout this section we will not distinguish between maps between
tangent spaces and maps between their one point compactifications as it will be clear

from context which is meant.

Simply using f~! is not a section since f; '(z) € ﬁo’mM , not in T W. In order to
correct this we need to move f;!(2) to the fibre over z. Although it might be nicer
to use flow on the manifold to move the fibre, the main objective is to construct
a diffeomorphism equivariant map. As such we prefer an explicit map and so we
compose with a map %mM —~ T W. To find such a map we make use of the

following lemma.

Lemma 4.2. Let V be a finite dimensional vector space. Then given a vector x €
V', there is a canonical linear isomorphism V. — T,V. Moreover, for any finite
dimensional vector space W and any linear map L : V. — W the following diagram
commutes.

V=0TV

| e

774 ? TLl«W

Proof. Given a vector v € V' we define a derivation

Dyl : C®(V) —V

freos

o [z +vt).

t=0

Now the map v +— D, |, is the required isomorphism. Given a linear map L : V — W
we have (d,LD,|)f = Dyls(Lo f) = Dpy|r.f by the definition of the derivation and
the linearity of L [Lee03]. O
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4.1 Definition

By Lemma 4.2 there is a canonical linear isomorphism T'y-1,) (T, M) = T;,, M so the
composition of d 1) fi with this isomorphism is the required map. The isomorphism
is certainly equivariant under the action of the diffeomorphism group so for simplicity

we omit it from our notation. Our section is now given by

’yk(f;a:):W\Mo—>%W/\W(W><X)

* if z ¢ Im(f)
S { (df;l(z)fi o fit(z)) Aai if z € Im(f).

Although this is a well defined section there are still more problems to overcome.
Consider the case where Im(f;) N (W~ M) #£ 0. If z € Im(f;) N (W ~ M) the image
of z, (dfifl(z)fiofi_l(z))/\xi, is not necessarily the basepoint in the fibre over z. As such
our section does not agree with * in W ~. M and so is not in T'(W ~ My, W ~ M; X).
This problem can be resolved but requires a norm on the tangent bundle and as such,
a metric on the manifold. This appears at first to be a problem for equivariance but

we will see that it is not.

The idea is to stretch the map f;* so Im(f;) N (W ~. M) maps to *. Such a stretching
map 7y, : ’i]o’mlM — ’i]ojmiM is defined as follows. If Im(f;) N (W ~ M) = ) then
r, = Id. Else let t;, = inf{|v| : v € f; /(W ~ M)} and define

00 if |u| > ty,
Tfi(u) ~ ) wtan (%ﬁl) otherwise.

Now for fixed (f; ) the section is defined to be

%, if 2 ¢ Im(f)

S { (dyryfiors o fi'(2) Ay if z € Im(f;).
In order to define the scanning map o, : E(M, My; X) — T(W ~ My, W ~ M; X)
we must take into consideration what happens to the section when components of
embeddings vanish in M. Recall that a component vanishes when it’s midpoint
is in My. If we leave the section unaltered when a component f; vanishes, some

of Im(f;) is still contained in W ~ My and so the section is not well defined. In

28



4.1 Definition

order to overcome this problem we make a small adjustment to the maps ry. If
Im(f;) has empty intersection with (Mo U (W ~ M)) = 0 let ry, = Id. Else let
tr, =inf{|jv] :v € fi 1 (MyU (W~ M))} and define r;, as before. Since M, is compact
it is closed and we do not require the section to be defined on Mj so it is easy to see

that the section remains continuous when components of embeddings vanish.

Remark 4.3. The section will not be continuous if we allow particles to move into
OM ~ (M) since the stretching map in the fibre over that particle will contract a

sphere to a point.

Definition 4.4. The interior tubular configuration space E(M, My; X)CE(M, My; X)

is the subspace of tubular configurations whose midpoints are in My U (M ~ OM)

Proposition 4.5. The inclusion E(M, My; X) — E(M, My; X) is a homotopy equiv-

alence.

Proof. Choose a closed collar neighbourhood OM x [—1,0] C M where M x {0} is
identified with the boundary. The notation [—1,0] is chosen to be compatible with
the notation OM x [0,1) for the collar attached to define W. We use this collar
to define an isotopy inverse to the inclusion i : My U (M ~ OM) — M as a map
B M — MyU (M~ OM). Outside of the collar neighbourhood let 5 be the identity.
There are three possibilities for each component of the collar neighbourhood. Let A

be a component of M.
1. If A C M, let 5 be the identity on A x [—1,0].
2. If AN My =0 let 8 be a contracting map A x [—1,0] - A x [—1,—1/].

3. If AN My # 0 but A € My let B C A be an open neighbourhood of AN M,
in A. Let 8 be a contracting map which fixes (AN My) x [—1,0], contracts
(AN B) x [—1,0] to (AN B) x [-1,—=1/2] and contracts B \ (AN M) x [—1,0]

so that 8 is smooth.
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4.1 Definition

Figure 4.1: A contraction of a collar OM x [ fixing My x I.

We choose all the components of # so that the whole map in an embedding iso-
topic to the identity on M. The embedding extends to an embedding § : W — W

which is isotopic to the identity on W by appropriate stretching maps on the collar
OM x [0,1) — OM x [—1/2,1).

A homotopy inverse to the inclusion E(M, My: X) < E(M, My; X) is given by

a: B(M, My; X) — E(M, My; X)

fr—Bofol(ds)™ N

Remark 4.6. Although the proof assumes W is M with a collar attached to the
boundary, the theorem still holds if W is any manifold without boundary containing

M as a codimension 0 submanifold. The proof is easily adapted as there is a collar

OM x [—1,1] € W where OM x {0} is identified with the boundary.

Remark 4.7. The map « is equivariant under the action of Diff(W, My U (W ~ M)).
Any diffeomorphism fixing W ~ M must also fix OM so we may assume it fixes a
closed collar. Taking this as the collar defining 5 we find that any such diffeomorphism

commutes with .

The homotopy equivalence « preserves the filtrations and each finite tubular config-
uration space Ej. The scanning map is now defined by factoring through the interior

tubular configuration space.

Yoo : E(M, My; X) — T'(W . Mo, W . M; X)

[(f; )] — woalf;x)
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4.2 Diffeomorphism equivariance

where (f;x) € Ei(M; X) is any representative of the class [(f;)]. From now on
we will omit the composition by a to simplify notation since it does not change the

group action.

4.2 Diffeomorphism equivariance

It is clear from our definition of the scanning map that, apart from perhaps the
maps 7y, which depend on a metric, it should be equivariant under the action of
the Diff(W, My U (W ~ M)) = Diff(M, My U OM). However, the maps r;, have
been carefully chosen so that the whole scanning map is equivariant. We begin by

establishing the result for the 4.

Proposition 4.8. For each k the map 7, is equivariant under the action of the

diffeomorphism group Diff(W, My U (W ~ M)).
Proof. We need to check that for any (f;x) € Ep(M; X), any z € W ~ My and any
¢ € Diff(W, My U (W ~ M)) we have (¢ - v(f;2))(2) = (o - (f;2))(2).
For the left hand side, let ¢~1(2) € I'm(f;), then
(6w (f;2))(2) = ((dp Aw (& x 9)) o w(fr®) 0671 (2)

= (dd Aw (6% 0)) (dy1og 1 fiors 0 £ 067 (2) A i)

= dg-1(xyp 0 dfjloqs—l(z)fi oTf © filtod ()N

To calculate the 7 (¢ (f;x))(2) note that (¢- f;) ™! = dp,¢p0 fit o™t and d(¢- f;) =
dpodf;od(dym,)(¢7")) = dpodf;o(d,, @)~ by Lemma 4.2. We also need to understand

how the diffeomorphisms act on ry,, that is how 4.4, is related to r,. Let u € fﬁ(mi)M .

00 if |u| >ty

ro-f (1) = { utan <2:L“J) otherwise.
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4.3 Homotopy equivalence

Since ¢ fixes My and W ~ M, their intersection with the image of f; is invariant

under the action. Note that ¢4, = det(d, ¢)ty,, it follows that rlul _ 7ldm @) W)

2t¢‘fi Qtfi
Putting these identities into
) [ i (4, 6) ()] 2 1,
mi¢orfio< ngb) (u)_ dm,Qb o((dmigb)fl(u)tan<7f\(dm£ff)i (U)\)) otherwise

we see that r4.p, = dp, ¢ 01y, 0 (dpm, @) .
Now for the right hand side, let z € Im(¢ - f;), then

(- (f;2))(2) = dg.y1(2) (@ fi) om0 (@ fi) ()N~
= dg-1(p 0 dfi_lo¢>*1(z)fi 0 (dp, )" 0 dp, o Tfi
(dm, )" 0 dm,p0 [T 0o dTH ) N
= dg1(zyp0diryayfiory o fitod ()N

The result follows by observing that z € Im(¢ - f;) < ¢~ 1(z) € Im(f). ]

Corollary 4.9. The scanning map Voo : E(M, My; X) — T'(W ~ Mo, W . M; X) is
equivariant under the action of Diff (W, My U (W ~ M)).

Proof. Recall that v, [(f; )] is precisely vx(f; x) for any representative of the class.
Since any diffeomorphism in Diff (W, My U (W ~ M)) fixes My C M and zy € X the
equivalence classes are invariant under the action. As such it is enough that each

is equivariant. O

4.3 Homotopy equivalence

Theorem 4.10. Let M be a compact manifold. The new scanning map
Yoo o E(M, My; X) — T'(W ~ Mo, W~ M; X)

is a weak homotopy equivalence provided (M, My) or X is 0-connected. Moreover, v

s a homotopy equivalence if X has the homotopy type of a CW-complex.
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4.3 Homotopy equivalence

Throughout the rest of this paper the term (weak) homotopy equivalence will be used
when a map is a homotopy equivalence if the labelling space of the configuration space
involved has the homotopy type of a CW-complex and a weak homotopy equivalence

otherwise. The proof of this theorem makes use of several lemmas.
Lemma 4.11. The construction C satisfies the following properties [B6d87]:

1. A homotopy functor in X, that is a pointed homotopy equivalence X — Y
induces a homotopy equivalence C(M, My; X) — C(M, My;Y).

2. An isotopy functor in (M, My), that is an isotopy equivalence (M, My) =N (N, Np)
induces a homotopy equivalence C(M, My; X) — C(N, No; X).

3. The excision property C(M,My; X) =2 C(M N~ U, M \U; X) for U C My and

open in M.

4. The product property C(M, My; X) = C(Ny, Ny N My; X) x C(Ng, No N My; X)
fOTM:NlLJNQ @nleﬂNg CM[).

It is immediate that the construction E satisfies properties 1 and 2 above and satisfies

properties 3 and 4 up to homotopy equivalence.

Lemma 4.12. Let H C M be a compact codimension 0 submanifold. Then the

isotopy cofibration
(H,H N My) — (M, My) % (M, H U M)
induces a quasifibration
C(H, H N My; X) — C(M, My; X) -Z C(M, H U My; X)

provided (H, H N My) or X is 0-connected, that is provided X is path connected or

every path component of H has non-empty intersection with My [B6d87].

Using the properties in Lemma 4.11 this can be reformulated as follows.
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4.3 Homotopy equivalence

Corollary 4.13. Let H C M be a compact codimension 0 submanifold. Then the

sequence

C(M~H, (M~H)NMy; X) —s C(M, My; X) — C(H, (M~H)UMy)~(M ~ H); X)

is a quasifibration provided (M ~ H, (M~ H) N My) or X is 0-connected. Moreover,

if Mg = 0OM the quasifibration can be simplified to

C(M~ H, (M~ H)NOM; X) — C(M,dM:; X) - C(H,0H; X).

The map r¢ is the obvious restriction map, [(m;x)] — [(m N H;x)|, where the labels
are removed with their corresponding particles. With this corollary in mind we make

the following definition.

Definition 4.14. A submanifold H C M is called nice if it is compact, of codimension
0 and (M ~ H, (M~ H ) N OM) is O-connected, that is if every path component of

M ~ H has non-empty intersection with 0M.

We will use Gromov’s method to prove Theorem 4.10, as detailed by McDuff [McD77].
The idea is to prove that the theorem holds for disks modulo their boundary and
prove that if a manifold can be decomposed into two submanifolds in a sufficiently
nice way and the theorem holds each of the pieces and their intersection, then it also
holds for the whole manifold. This will allow us to build up our manifolds using
handles. We adapt the procedure of McDuff [McD75], and the generalisation due to
Bodigheimer [B6d87].

Lemma 4.15. Theorem 4.10 holds for a disk modulo it’s boundary (D", S™ 1) and

any labelling space X .

Proof. Consider the commutative diagram

E(D", 5" 1 X) —— (D", $" 1 x [0,1); X)

| |

E"D", 5" X) s 57X
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4.3 Homotopy equivalence

where the horizontal maps are induced by 7., the right hand vertical map is given by
evaluation at the origin. The left hand vertical map is induced by radial expansion
of the disk so that at most one component of an embedding remains, the radial
expansions can be chosen so as to vary continuously in E(D,S"!; X). The left,

bottom and right hand maps are homotopy equivalences so the top map is too. [

Lemma 4.16. Suppose M is the union of two compact codimension 0 submanifolds
M, My whose intersection M1y = MiN My is a compact codimension 0 submanifold of
M, and Ms. Suppose Theorem 4.10 holds for (M, OMs), (My, OM;) and (Ms, OMy).
Then it also holds for (M,0M) if My is nice in both My and My and each of My and

My are nice in M or if X is path connected.

Proof. First note that the map ¢ : (M, My) — (M,H U M,) of Lemma 4.12 also
induces a map E(M, My; X) — E(M,H U My; X). Then by excision and isotopy
invariance we have a well defined restriction map rg : E(M,0M; X) — E(H,0H; X)
which removes any component of a tubular neighbourhood whose midpoint lies outside
of H. Here we use the same manifold W containing each of M, M, My and M, as

codimension 0 submanifolds. The following diagram commutes.

C(M,,0My; X) ? E(M,,0M;; X)

" "

C(M,0M; X) y E(M,0M;X)

C(My2,0Mi2; X) +—— 27 E(M3,0M2; X)

" "

C(My,0My; X) ? E(My,0My; X)

All the horizontal maps to the left are projections and all the other maps are the re-
strictions ¢ and rg. The left hand face is homotopy cartesian since it is a cartesian
square and the vertical maps are quasifibrations by the assumptions. All the pro-
jections are (weak) homotopy equivalences so the right hand face is also homotopy

cartesian [Mat76, Lemma 6].
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4.3 Homotopy equivalence

Consider the following commutative diagram.

E(My,0My; X) ——2 5 T(W N~ OMy, W ~ M;; X)

/ /

E(M,0M:;X) T D(W N OM, W ~ M; X)

E(Mys, 0M; X) —=—|— T (W ~ OMya, W ~ My9;: X)

_— "

E(My, 0My; X) ———2 T(W \ OMy, W N Ma; X)

The right hand face a cartesian square and therefore homotopy cartesian since the
right most vertical map is a fibration [B6d87]. The horizontal maps to the right are
all 7. and by our assumptions they are all (weak) homotopy equivalences except
possibly for the top front map 7., : E(M,0M;X) — T(W N OM, W ~ M; X). As
we have seen the left square is also homotopy cartesian so all four maps are (weak)

homotopy equivalences [Mat76, Corollary 7). ]

Lemma 4.17. Theorem 4.10 holds for (S* x D" 7% Sk x S"=*=1) when 0 < k < n,

and additionally when k = n if X is path connected. Here S~ is the empty set.

Proof. We proceed by induction on k, following McDuff [McD75]. We have already
shown the theorem holds for S° x D™. Suppose it holds for ¥ — 1 < n and let
M = S* x D"*. Since S* can be decomposed as two copies of D* with intersection
SE=1 x [ we can choose M; & My = D* x D" F so that My N My = S*=1 x [ x D™,
Then if k£ < n or X is path connected, the conditions of the previous lemma hold and

the result follows. O]

Lemma 4.18. Suppose Theorem /.10 is true for (M,0M) and let M' be M with a
handle of index k attached. Then the theorem holds for (M',0M') when k < n, and

additionally when k = n if X is path connected.

Proof. A handle D¥x D" * is attached to M by an embedding ¢ : S¥~'xD"* — M.

There exists a collar neighbourhood OM x I C M so 1 may be extended to an
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4.3 Homotopy equivalence

embedding ¢ : S¥71 x I x D"™% — 9M x I. Now M’ = M U; (D* x D"*) and
M N (D* x D"*) = Sk=1 x [ x D"*_ This decomposition satisfies the conditions
of the previous lemma if £ < n, and additionally for £k = n if X is path connected.
Since Theorem 4.10 holds for each of (D", S"~1), (S¥=1 x Dr=F+1 Gh=1 x §n=F) and
(M,0M) it also holds for (M',OM"). O

To prove that Theorem 4.10 holds for (M, 9M) for any compact n-manifold M choose
a handle decomposition of M. If (M,0M) is O-connected it is a finite union of com-
pact connected manifolds with nonempty boundary so we can choose a decomposition
without handles of index n [Kos93] and the result follows from Lemma 4.18 by in-
duction on the number of handles. If (M,0M) is not 0-connected the decomposition
contains handles of index n. Provided X is path connected we can attach such a

handle by Lemma 4.18 and the result follows.

Lemma 4.19. Suppose My C OM, then Theorem 4.10 holds for (M, My).

Proof. Choose a complementary submanifold L € OM so that L U My = M and
LN My=0L = 0M, We may attach a closed collar to L and obtain a manifold
(with corners) N = M Uy, (L x I). If (M, M,) is O-connected then L x I is a nice
submanifold of N otherwise let X be path connected. We have a quasifibration
C(M,My; X) - C(N,0N; X) — C(L x I,0(L x I); X). Consider the following

commutative diagram.

C(N,0N; X) ? E(N,0N; X)

/ ) /
C(M, My; X) = E(M, My; X)

C(Lx I,O(L x I); X) ¢—|——= BE(L x I,0(L x I); X)

" "

[(m; )] = [(f: )]

All the horizontal maps are projections and (weak) homotopy equivalences, we choose

[(m;z)] € C(L x I,d(L x I);X) so that C(M,My; X) = r5'([(m;=x)]), and
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4.4 The pointed Borel construction

[(f;x)] € p~Y([(m;x)]) so that E(M, My; X) = r5'([(f;2)]). The front vertical
arrows are constant maps the rear vertical arrows are the restrictions rc and rg. The
left hand face is a homotopy cartesian square and therefore so is the right hand face.

We also have a fibration in the section spaces so that the diagram

E(N,0N; X) s T(W < ON,W ~ N; X)

E(M, My; X) e l T(W ~ My, W~ M; X)

E(LxI,0(LxI);X)— 2| T(W~O(LxI),W~(LxI); X)

[(f;2)] = Yoo ([(f; 2)])

commutes. Here the manifold W has been chosen so that it contains N and therefore
M and L x I as codimension 0 submanifolds. Both the left and right faces are
homotopy cartesian squares and three of the maps are (weak) homotopy equivalences,

hence so is the fourth. O

The theorem now follows when My C M is any compact submanifold by replacing M,
with a closed tubular neighbourhood (that is, the image of the unit disk subbundle
in a tubular neighbourhood) and removing the interior of this neighbourhood. By
the isotopy invariance and excision properties the homotopy type of E(M, My; X) is
unaltered and we are now in the case where My C 0M, for which Theorem 4.10 is

already proved.

4.4 The pointed Borel construction

Lemma 4.20. Let G be a topological group and let X and Y be G-spaces. Let
f: X =Y be a G-equivariant map and a nonequivariant homotopy equivalence. Then

f induces a homotopy equivalence

IdXGfiEGXGXéEGXGY
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4.4 The pointed Borel construction

on the Borel constructions of X and Y with respect to G provided X and Y are
connected and each has the homotopy type of a CW-complex. The induced map is a

weak homotopy equivalence otherwise.

Proof. Consider the principal G-bundle, G — EG — BG. The Borel constructions
on X and Y are the total spaces of the associated X and Y-bundles over BG. Since
f is G-equivariant Id x¢ f is a well defined map between the total spaces and the

diagram following diagram commutes.

X / Y
EG Xa X faxc] EG Xa Y
[ ]

BG —— BG

Here the vertical sequences are fibre bundles, the upper horizontal map is a homotopy
equivalence by assumption and the lower horizontal map is the identity. Passing to
homotopy groups it is immediate that we have a weak homotopy equivalence. The

result for connected CW-complexes follows by Whitehead’s theorem. n

Lemma 4.21. If X and Y are well pointed G-spaces, then f induces a homotopy
equivalence

Idxg f:EGxg X — EGxgY

on pointed Borel constructions if each of X and Y has the homotopy type of a CW-

complexes, and a weak homotopy equivalence otherwise.

Proof. The pointed Borel construction is the pushout of the diragram
x +— BG — EG xg X

where the right arrow is the canonical inclusion FG Xg * — EG xXg X. Since X

is well-pointed this inclusion is a cofibration so the pushout square is a homotopy
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4.4 The pointed Borel construction

pushout square. The map Id X f : EGXg — EG X¢ Y induces a map of homotopy

pushout squares

Ingf

EGXGX
EGng %EGIXG}/

L

in which the upper rear horizontal map is a weak homotopy equivalence by the pre-

EG XG'Y

Idpg /

BG

BG

IdIXGf

vious lemma. Applying Corollary 9 of [Mat76] we have a weak homotopy equivalence

between the pointed Borel constructions. O

Proposition 4.22. Let M be a compact manifold and let My C M be a compact
submanifold. Let G be a topological group which acts smoothly on M, fixing My and
OM. That is, G acts through a homomorphism ¢ : G — Diff(M,0M U M,). Let X
be a well pointed G-space. Then

(1) the scanning map Yoo : E(M, My; X) — T'(W ~\ Mo; W M; X) induces a (weak)

homotopy equivalence of pointed Borel constructions
EG xg E(M, My; X) — EG xg T(W ~ My; W ~ M; X)

provided (M, My) or X is 0-connected;

(i1) the projection p : E(M,My; X) — C(M, My; X) induces a (weak) homotopy

equivalence on pointed Borel constructions
EG xg E(M, My; X) — EG xg C(M, My; X)
for any (M, My) and X.

Proof. The results follow immediately from Corollary 4.9, Theorem 4.10 and Lemma
4.21. O
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Corollary 4.23. There is a (weak) homotopy equivalence of the pointed Borel con-

structions
EG xg C(M,My; X) ~ EG xg I'(W ~ My; W~ M; X)

provided (M, My) or X is 0-connected.

5 Stable splittings

The aim of this section is to generalise the results of Bodigheimer and Madsen [BM88]
to obtain stable splittings of the Borel constructions of mapping spaces for any smooth
group action. Moreover, we obtain an equivariant stable splittings of a generalisation
of configuration spaces, completing a zigzag of equivariant stable maps which are
nonequivariant stable homotopy equivalences between mapping spaces and a wedge

of simpler spaces.

Throughout this section we make use of the following assumptions and notation. As
usual M is a compact manifold, My C M is a compact submanifold and X is a well-
pointed space with basepoint xy. Let Diff := Diff(M,0M U M) be a subgroup of
the diffeomorphism group of M and assume it acts on X fixing the basepoint. Let
Ck .= C*(M, My; X) be the filtrations of the configuration space C' = C(M, My; X)

and let D* = D*(M, My; X) := C*/C*~1 be the quotients of successive filtrations.

5.1 Equivariant splittings in homology

In section 5.3 we obtain an equivariant version of Theorem 2.7. However, our proof
takes a more complicated form so we include the following weaker theorem in virtue

of it’s simplicity.
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5.1 Equivariant splittings in homology

Theorem 5.1. Suppose the pair (M, My) or the space X is 0-connected and X has
the homotopy type of a CW-complex. Then there is an isomorphism
H.(C(M, Mo; X)) = @ H.(D*(M, My; X))
k>1

induced by a Diff -equivariant map.
The proof makes use of the infinite symmetric product, SP. We recall the definition.

Definition 5.2. Given a pointed space A, we define the n-fold symmetric product
SP,(X) as the quotient of the n-fold product A™ by the action of the symmetric
group X, which permutes the coordinates. The inclusion A" — A"*! which adds a
the basepoint in the last coordinate induces an inclusion SP,(A) — SP,11(A). We
define the infinite symmetric product SP(X) as the colimit of this sequence of finite

symmetric products.

Remark 5.3. The elements of an n-fold symmetric product SP,(A) are formal sums
S kia; where a; € A and Y k; = n. Similarly the elements of the infinite symmetric

product are finite formal sums.

Proof. The idea of this proof is to alter the power set map to give a map between
infinite symmetric products and apply the Dold-Thom theorem [DT58], which asserts
that 7,SP(A) = H,(A) for any connected CW-complex A, to obtain a homology

equivalence.

Let V¥ := V¥, D" and V := \/;5; D' be wedges of the filtration quotientss. Note that
the assumption that (M, My) or X is O-connected ensures that C' and the C*’s are
path connected, hence so is each D*, V¥ and V. We could define D° as the quotient
of C° by the empty set and include it in the wedges V* and V, C° is a point so
DY = x/() = S° and it’s inclusion would add a disjoint point. However, we rely on
the connectivity of V' to use the Dold-Thom theorem. Restricting to a labelling space
with the homotopy type of a CW-complex ensures that the configuration spaces and

related spaces each have the homotopy types of CW-complexes.

42



5.1 Equivariant splittings in homology

Choose a configuration &, = > ;cq myx; € C where « is the index set. Given a subset
B C « of size k we have a subconfiguration &g = Y ;s mz;. Let &5 denote it’s image

under the composition C¥ — D¥ < V. We define a map

o:C — SP(V)
faHZgﬁ

BCa
which extends to a map SP(C) — SP(V) by Y koéa — Y. kao(&n). This map
respects the filtrations, restricting to maps SP(C*) — SP(V*). Moreover, the map
is clearly equivariant under the action of the diffeomorphism group of M. The infinite
symmetric product functor takes cofibration sequences to quasifibrations so we have

a commutative diagram

SP(CH1) —7— §P(VF1)

| |

SP(C*) —2—— SP(VF)
SP(CF/Ck1) T4 g p(vk k=T
in which the vertical sequences are quasifibrations and all horizontal maps are re-
strictions of o. Note that o : SP(D*) — SP(DF) is the identity. Now starting with

C' = V! we proceed by induction on k to see that ¢ induces isomorphisms

m.SP(C(M, My; X)) — m.SP(\/ D).

k>1

The result follows by the Dold-Thom theorem. O]

Remark 5.4. The connected component of the identity, Diffo(M, dMUM,) C Diff acts
trivially on homology since all the diffeomorphisms are isotopic and hence homotopic

to the identity. It is immediate that the isomorphism

H.(C(M, My; X)) — @ H.(D*(M, My; X))

k>1

is equivariant under the action of the mapping class group my Diff (M, OM U My).
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5.2 Stable splittings of homotopy quotients

5.2 Stable splittings of homotopy quotients

Another reformulation of the power set map yields a generalisation of Theorem 2.9.
The proof of Theorem 2.9 involves embedding the configuration space C'(M) into
representation spaces, and while this can be done G-equivariantly when G is a com-
pact Lie group [BMS8S], it cannot in general. As such we take a somewhat different

approach.

Theorem 5.5. There is a homotopy equivalence of suspension spectra
Y% (EDiff xpigC(M, Mp; X)) ~ £ \/ EDiff X pig DF (M, My; X).
k>1
Proof. The space of embeddings of M into R* is contractible and admits a free action
by the diffeomorphism group of M. In particular we take Emb(M,R>) as our model
for £ Diff. Given an embedding h : M — R* we define an associated embedding
R : ,C(M) — R™®. There is a canonical embedding

e : (R®)F — R
(($11,$127 .- -); ceey (xklaxk% .- )) — ($11;$217 vy Tkl T12, - - )

by reordering coordinates. We extended this to an embedding 1T (Roo)k — R*> by
further reordering. This defines an embedding IIC,(R*>) — R> as follows. The k-th
ordered configuration space is a subspace of the k-fold product, Cj,(R®) = (R®)F\ A,
so each k we have an embedding Cy(R>) — R>. Now to obtain an embedding of the
unordered configuration spaces we take the orbit space of the ¥ action. Since ¥ is

finite we can average over the group to get an embedding

Cr(R®) — R™

1
(x1,..., ) — ol Z Mk (SCU(1)7 e ,wa(k)>
toEX

where each x; is an element of R>*. By reordering coordinates this extends to an

embedding g : I C(R*) — R>®.
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5.2 Stable splittings of homotopy quotients

The embedding h : M < R* defines a canonical embedding 11, Cy (M) — 1, Cr(R>).
The associated embedding h : IIC) (M) — R is defined by composition and we have

the following commutative diagram.

[ICx(R®) = R>
k

| A

]E[Ck(]\/”

Choose a configuration &, = > ;comiz; € C where « is the index set. Given a
subset 3 C « of size k we have a subconfiguration £g := > ;c3 m;x; and an unlabelled
subconfiguration mg = Y ;csm; € Cr(M). Let &5 denote the image of &5 under the
composition C* — D¥ < V. Here V¥ := \/*_, D" and V := \/;>; D are wedges of the

quotients of the filtrations. A power set map is defined by
o : Emb(M,R*) Xpig C(M, My; X) — C(R*; Emb(M,R>) Xpig V)

(hy&a) — Y h(mg)(h, ).

BCa
This certainly gives a well defined map from the product Emb(M,R*) x C to the
configuration space with labels in the half smash product Emb(M, R*) x V. However
to see that it is well defined on the Borel construction we must check the map is well

defined on the half smash product and on the orbits of the Diff-action.

To see that o is well defined on the half smash product, consider the restriction
Emb(M,R*®) x C° — C(R*>; Emb(M,R>®) x V).

Observe that the filtration C° C C consists of a single point, the empty configuration
&p. Since & has no subconfigurations, for each embedding h, o maps (h,&p) to the
empty configuration in C(R*; Emb(M;R>) x V). It is immediate that o is well

defined on the half smash product.

Let ¢ € Diff be a diffeomorphism. To see that o is well defined with respect
to Diff-orbits it is enough to check that (¢ - (h,&,)) = ¢ - o(h,&,) for each pair
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5.2 Stable splittings of homotopy quotients

(h,&) € Emb(M,R>) x C. The action on Emb(M,R>) is by composition with the
inverse, ¢ - h = ho¢™1, the action on the C(M, My; X) is ¢ - €0 = Sica d(m;)(é - x;),
and the action on C(R*; Emb(M;R*>) x V) is trivial on R> and the diagonal action
on the labels. Now o maps ¢ - (h,&,) to Zﬁgah/OF (Sieg ¢(my)) (h o qb_l,qﬁifﬁ)
whereas acting on o(h,&,) with ¢ gives Zﬁgaﬁ(mﬁ)(h ol ¢+ &5). By definition
¢-Es =05 and

hog ! (zg as(mi)) =y (Zﬁh oplo ¢<mi>> = h(mg).

We conclude that o is well defined. We have avoided the need to embed the config-
uration spaces equivariantly into R* by building homotopy quotients into our power

set map.

Let p be the adjoint of the composition
E Diff D(DiffC L> C(Roo, E Diff D(DiffV) — QX (E Diff D(DiffV) s

of the power set map with the scanning map. This map respects the filtrations of C'
and V since the components do. The cofibration sequences C¥~1 — C* — C*/Ck-1

induce fibration sequences of suspension spectra. We have a commutative diagram

320 (E Diff & pigCF 1) —2— %2°°( E Diff )y V1)

| |

3220 (E Diff & pigC*) ——2—— %°°(E Diff x pigV'¥)

| J

p~Id

EOO(E Diff D(Djffck/ck_l) E— ZOO(E Dift D(Dif-ka/vk_1>
in which the vertical sequences are fibrations and the lower horizontal map is homo-

topic to the identity. Observing that C' = V! we proceed by induction on k to get

an equivalence

® (EDIH D(DiffC(M, Mo, X)) ~ »*°F Diff X Diff \/ Dk(M, M[), X)

k>1

The result follows by the following lemma. O
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5.2 Stable splittings of homotopy quotients

Lemma 5.6. Let G be a topological group and let Ay, Ao, ... be a sequence of well-
pointed G-spaces with basepoints ay,as, ... respectively. Then the pointed Borel con-
struction on the wedge \/p>1 Ax is the wedge of pointed Borel constructions on the
Ap’s.

EGxg \/ Av=\ EG xg Ax

k>1 k>1
Proof. Given a pointed G-space X, as well as being the orbit space of the half-smash
product EG x X, the pointed Borel construction is also the quotient of the Borel

construction on X by BG, the Borel construction on the basepoint .
EGxg X = EG x¢g X/EG xg* = EG xg X/BG
The result is now established through the following chain of equalities.

EGKG\/Ak_EGXGHAk/EGXGHak

E>1 E>1 E>1

=[] (EG x¢ Ay) | [] (EG xgar) =\ EG x¢ Ak

k>1 k>1 k>1

]

Corollary 5.7. Let G be a topological group which acts smoothly on M, fixing My
and OM. That is, G acts through a homomorphism 1 : G — Diff. Suppose also that
X is a well pointed G-space. Then there is a homotopy equivalence of suspension

spectra

2% (EG % C(M, My; X)) = %% \/ EG xq D*(M, My; X).

k>1
Proof. Assume first that G acts faithfully on M, that is ¢ : G — Diff is a monomor-
phism. Then G acts freely on Emb(M;R>) by g-h = ho(g)~! so we choose this as

a model for EG. The proof of Theorem 5.5 now gives the result.

If G does not act faithfully we must be a little more careful since the action on
Emb(M;R>) is not necessarily free. Given universal spaces EG for G and E Diff
for Diff, we form the product EG x E Diff and equip it with the diagonal G and
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5.2 Stable splittings of homotopy quotients

Diff-actions. Here Diff is assumed to act trivially on EG. This product is then
universal for both G' and Diff. Replacing Emb(M,R*) by EG x Emb(M,R*) in the
proof of Theorem 5.5 and simply including elements of EG at each stage gives the

splitting. O]

We now generalise the results of Bodigheimer and Madsen [BMSS].

Corollary 5.8. Let G be a group which acts on a closed n-manifold M by diffeomor-
phism and on a well-pointed, connected space X. Suppose M 1is parallelisable, then

there are G-spaces D™(M; X) such that

=% (EG x¢ Map(M; £"X)) ~ [[ Q°S*EG xg D"(M; X)

n>1
Proof. Let us begin in more generality. Let M be a parallelisable, compact n-manifold
on which G acts by diffeomorphism, fixing the boundary. Let M, be a G-invariant
compact submanifold. Consider the pair (M ~ My, OM ~ M,), understanding the
second space to be OM ~\ (OM N My) if My € OM. The scanning map gives a

homotopy equivalence
EG xg C(M ~ My,0M ~ My; X) ~ EG xg Map(M, My; X" X, *)

via the following chain of equivalences, each of which is induced by a G-equivariant

map.

C(M ~ My, OM ~ My; X) ~T(W ~ (OM ~ M), W ~ (M ~ Mpy); X) (i)

(
=T((W N OM)U M), (W~ M)U My); X)
~ (M ~ OM, My~ dM; X) (id)
~ (M, My; X) (iii)
= Map(M, My; X" X; ) (iv)

(i) Scanning. The new scanning map from the tubular configuration space to the
section space together with the projection from the tubular configuration space

onto the ordinary configuration space gives this equivalence.
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5.3 Equivariant stable splittings

(ii) Excision of W ~. M. The section space is defined and agrees with the canonical
section on all of W ~ M. Since this subset is open in (W ~ M) U M, we can
define a homeomorphism by restricting the sections. An inverse is given by

extending sections over the excised subset by the canonical section.

(iii) Extension over the boundary. As in Proposition 4.5 an embedding of pairs
B (M, My) — (M~ OM, My~ OM) is constructed as an isotopy inverse to the
inclusion. The isotopy equivalence induces a homotopy equivalence between the

section spaces.

(iv) Parallelisability. Since M is parallelisable, TM Ay (M x X) is a trivial "X

bundle over M. Sections of this bundle are precisely graphs of maps M — ¥"X.
Putting this homotopy equivalence together with Corollary 5.7 we have a (weak)
homotopy equivalence of suspension spectra

Y(EG xg Map(M, My; X" X, %)) ~ Z"o(\/ EG xg DF(M ~ My, OM ~ MO;X)>.

k>1

Apply the infinite loop space functor and observe that the free infinite loop space of

a wedge of spaces is (weakly) homotopy equivalent to the product of free infinite loop

spaces of the wedge summands. We have proved

Q*S®(EG kg Map(M, My; £" X, #)) = [[ Q™S> (EG x¢ D¥(M~ My, OM ~ Mo; X)).
k>1

The corollary is the case where M is a closed manifold and M, = (). O

5.3 Equivariant stable splittings

Whenever we have attempted to stably split a space we have made use of the configu-
ration space C'(R*; A) as a model for the free infinite loop space Q(A) := limQ"¥"A.
This is a problem when trying to construct stable splittings equivariantly since we
cannot in embed configuration spaces equivariantly into R*°, in general. By replacing

our model for ) with the free monoid construction I'" of Barratt and Eccles [BE74]
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5.3 Equivariant stable splittings

we can avoid such issues. Recall that T't(A) is a model for Q(A) when A is a con-
nected, pointed space of the homotopy type of a CW-complex. Our method makes
use of a slightly larger configuration space %, from which we construct an equivariant
map into I't (V) where V' = ;1 D*. We extend this to an equivariant map of infinite

loop spaces I'"(€) — I' (V) to obtain an equivariant splitting.

In order to define ¢, I'" and the maps between them we will need to understand the

homogeneous bar construction for the symmetric groups.

Definition 5.9. Let G be a discrete group. We define a simplicial group WG by
(WG@G), = G"" the direct sum of n + 1 copies of G, with face and degeneracy maps

ai<907'”7gn> = <go7"'79i—17gi+17"'79n> and Si<907'”7gn> = <g()7"'agiagi>"'agn>'

This is a simplicial group with the usual product in G™"*. There is a free action of

G on WG by (go,---+9n) 9=490Gs---19n " 9)-

The universal space of G is then the geometric realisation of the above simplicial
group. That is, EG := |WG|. The identity (1) € (WG), serves as basepoint for WG

and defines a basepoint in EG.

Throughout this section we will not distinguish between the simplicial group and it’s
geometric realisation. Note that this definition means that any group homomorphism
G — H induces a map FG — EH. In particular the canonical inclusion ¥;_; < X,
induces an inclusion E¥j;_; — EYj;. We can define a reduction homomorphism

R:Ek—>2k_1 by

(o) if o(i) < o(k)
R(o)(i) = { o(i)—1 if o(i) > o(k)

where o € ¥ is acting on {1, ..., k}. The reduction homomorphism is a right inverse

to the inclusion and induces a reduction map EYp — EXj_1.

Definition 5.10. Let M be a compact manifold and let My be a compact submani-

fold. Let X be a well-pointed space with basepoint z¢. The Borel configuration space
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5.3 Equivariant stable splittings

of k particles in M with labels in X is
G(M; X) = EXy x5, Cr(M; X)

where C(M; X) is the usual unordered configuration space. The Borel configuration
space of particles in M vanishing in M, with labels in X is
C (M, Mo; X) := H %k(MQX)/N
k>0
where (w;mq,...,mg;x1...,28) ~ (R(w);my,...,mg_1;21 ..., 2_1) if 2 = z¢ Or

my € My. Here w € EY;, and R : EY;, — EY_4 is the reduction map.

Remark 5.11. The Borel configuration spaces admit filtrations € = [[F_, ¢; / ~ anal-
ogous to those for ordinary configuration spaces. We will make use of the filtration
quotients Z* .= €* /€*~1 which are closely related to ordinary configuration spaces.
Consider a sequence of spaces D¥ = Cy(M; X))/~ where (mq, ..., mu; o1, ..., T) & *
if v; = x9 or m; € M, for any 7. These spaces are essentially filtration quo-
tients of an ordered configuration space with vanishing particles. The filtration quo-
tients of the Borel configuration spaces are then 2% = EY) xy, DF since collapsing
¢*~1 C €* to a point is the same as taking the quotient of %} under the relation

(w;my,...,mu;T1,...,75) & *, which is precisely EY, x5, DF.

Proposition 5.12. Suppose the pair (M, M) or X is 0-connected. Then the
Diff (M ; MyUOM )-equivariant projection € (M, My; X) — C(M, My; X) is a nonequiv-
ariant (weak) homotopy equivalence. Moreover, the restriction to the filtration quo-

tients 9% — D* is also equivariant and a nonequivariant homotopy equivalence.

Proof. The projection 7 : EX), x Cy(M; X) — Ci(M; X) is a homotopy equivalence
since EY; is contractible. In fact, the contraction FY, — * is a YXj-equivariant
homotopy equivalence, and hence so is m. The projection then induces a homotopy
equivalence on the orbit spaces 6;(M;X) — Cix(M;X). These homotopy equiva-
lences give a well defined map € (M, My; X) — C(M, My; X) since they behave with
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5.3 Equivariant stable splittings

respect to the equivalence relations on each side. Equivariance of this map is rou-
tine to check. This map respects the filtrations and the restriction to the filtration

quotients 2% — DF is well defined.

Recall from Proposition 3.27 that each configuration space Cy(M; X) contains a sub-
space By, .= {(m;x) : Ji s.t. m; € My or x; = 1)} and each filtration C* is obtained
from C*~! by attaching Cy(M; X) along the obvious map By — C*~!. Similarly €*
is obtained from €*~! by attaching %6,(M;X) along a subspace %, C 6x(M;X),
defined as the Borel construction on a subset By, of Cy,(M; X). Form the following
commutative diagram in which the horizontal maps from left to right are all induced

by the map €' (M, My; X) — C(M, My; X).

Cu(M; X) ———— C(M; X)

e e

B, By,

12

/ / )
cgk:—l Ok—l
The left and right faces are pushout squares. By our assumptions all the maps from
front to back are cofibrations so the left and right faces are in fact homotopy pushout
squares. Then if the first three maps are (weak) homotopy equivalences, so is the
last [Mat76, Corollary 9]. Starting with & = 1 and noting that €° = * = C° we

proceed by induction to obtain (weak) homotopy equivalences between filtrations.

Taking the colimit over k gives the result.

To see that the restriction to the filtrations quotients is a (weak) homotopy equivalence
we note that DF is the pushout of the diagram * < C*~! < C* and 2* is the pushout
of the analogous diagram for Borel configuration spaces. A similar argument to the

above completes the proof. ]
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5.3 Equivariant stable splittings

The reason for introducing the Borel configuration spaces will become clear once we

have defined I'*. The extra structure is required to define maps between them.

Definition 5.13. Let A be a well-pointed space with basepoint x. We define the free

monoid on A by

I (A) = [ ESk x5, Ak/N

k>0
where (w;ay,...,ar) ~ (R(w);a,...,ax_1) if ap = *.

Our objective is now to define a map €(M; My; X) — I'(V). We begin with a
collection of maps which generalise the power set map. For each k£ and each 0 < i < k,
every ordered configuration in Cj, has (’f) unordered subconfigurations of length 7. We
take the images of these subconfigurations under the composition C* — D? « V.
The collection of (]f) points in V' determines a point in V(Iz‘c), using a lexicographic
ordering based on the ordering of the parent configuration. More precisely, we define
maps

k
i

£ Gt x) — V0
(ma,...,mg) —> ({ma,...omiks{ma, oo omimy,maa b oo {mg—ig, oo, me))

For simplicity we have not included the labels in the definition. Accompanying each
such map is a homomorphism ¢f : ¥ — Z@ which permutes the subconfigurations
in such a way as to make the map above Y, equivariant. For example the permu-
tation (1,2) is mapped under ¢f to the permutation in Z(zz) which interchanges any
unordered subconfiguration containing the particle my, but not the particle ms, with
the corresponding subconfiguration containing ms and the same remaining ¢ — 1 par-

ticles. That is, the permutation interchanges sets of the form {my,m;,,...,m;, ,}

with {mga,mj,,...,my, ,}, where my # m;, # my for all s.
For each k the collection of homomorphisms ¢¥ give a homomorphism
A I — D) OB & OBy C X
o — (¢5(0). ¢i(0), ..., d(0))
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5.3 Equivariant stable splittings

which in turn defines a map ¢* : EY; — EY,. Similarly the f*’s induce a map
f¥: Cu(M; X) — V2" Putting these maps together and considering the action of ¥

on each side we have a well defined map
fit G(M; X) — E¥ge x5, V¥

Proposition 5.14. The maps fi. give a well defined map [ : € (M, My; X) — TT(V)
which is equivariant under the action of Diff (M; My U OM).

Proof. The fi’s certainly define a map [[p>0 EXy Xy, x(M; X) = [Irs0 EXk x5, V.
We need to check it behaves well with respect to the equivalence relations on each
side. Choose two equivalent Borel configurations. We may assume they are of the
form (w;my,...,my;xq, ..., x;) and it’s reduction (R(w);my, ..., Mg_1;T1, ..., Tk_1)-
Now we check that their images under f are equivalent. Since z, = xy or m; €
My, any subconfiguration containing (my;xy) will be mapped to the basepoint in
the appropriate copy of V. Recall that the equivalence relation in I't identifies
a point in V" with a point in V" ! if a coordinate lies at the basepoint of V.
Precisely 2¥~! subconfigurations contain the particle (my;xy) so iterating the re-
lation 2F~! times we have a relation between fi.(my,...,my;x1,...,25) € V2" and

k—1
Soor(ma, oo omp_a, . a) €V

To see that the map behaves on the £3;’s it is enough to consider the homomorphisms
" and R on the symmetric group. From the definitions of the homomorphisms it
follows that the square

(z)k
zk —_— EQk

{ -

Ekfl W EQk—l

commutes up to an isomorphism (— o) @ Yor — Xgr where 7, € Yor is a per-
mutation which ensures the reduction maps on the right remove the correct per-
mutations. As a consequence the same square with the groups replaced by their

universal spaces also commutes. This descends to the required equivalence in I't,
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5.3 Equivariant stable splittings

felwimy, .o mys oy, xg) ~ femi(R(w);ma, oo myg_1 @y, ..., 25—1), and f is a
well defined map. It is immediate from the definition that f is Diff (M; My U OM)-

equivariant, assuming a trivial action on EY. L]

Remark 5.15. By construction f respects the filtrations of the configuration spaces.
That is, let €% := €*(M, My; X) be the space of Borel configurations of length < k

and let Vj, = V¥, D, then f restricts to an equivariant map €% — T'F(V4).

Definition 5.16. A I'"-structure on a pointed space A is a pointed map « : 't (4) — A
making the following diagrams commute, where hy : TTT'T(A) — 't (A) is the natural

map defined in [BE74].

A" THA) [TH(A) — M T+H(A)
Ny ) :
A I+H(A)—— 5 A

Proposition 5.17. If a well-pointed space has a I'" structure, then it is a homotopy

abelian monoid with basepoint as unit [BET}].

Remark 5.18. The map hu is a I't structure on 't (A), for any A. In particular this
makes I'"(A) a homotopy abelian monoid. In fact 't is a homotopy functor from
well-pointed spaces to topological monoids, taking pointed maps g : A — B to I'*

maps ['Tg : TH(A) —» TH(B) by It f([w; a1, ..., ax)) = [w; f(a1), ..., f(ar)].

Definition 5.19. Given spaces A and B with I'"-structures o : I'"(A) — A and
f:TT(B) — B,al'" map g : A — B is a continuous monoid homomorphism making

the following square commute.

rHA) — B

o{ P

A B

g

Proposition 5.20. The map [ extends to a Diff(M; My U OM)-equivariant T map

f:TH(E€ (M, My; X)) — TH(V).

95



5.3 Equivariant stable splittings

Proof. We define the extension of f as the composition

hy

TH(@ (M, My; X)) L THTH (V) 2% T+(v).

The first map is a I'" map by definition and the second is a I'" map by [BE74,
Proposition 3.6]. It is easily checked that each map is Diff (M, My UOM )-equivariant.
]

Theorem 5.21. Let G be a group acting on a compact manifold M by diffeomorphism
and let My C M be a G-invariant compact submanifold. Let X be a well-pointed G
space. Then there is a stable homotopy equivalence
¢ (M, My; X) = \/ D"(M, My; X)
k>1
induced by a G-equivariant map f : TT(€) — TN (V) provided X has the homotopy
type of a CW-complex and (M, My) or X is 0-connected.

Proof. Restricting f to the filtrations ¢* induces I'* maps f : 't (¢*) — I'T(VF)
for each k. Moreover, f restricts to well defined maps f : 2% — I'*(DF) on the
filtration quotients. In fact the image is contained in D¥ = EY; xx, D¥ and f factors
as 9% — DF — T't(D*) where the second map is the canonical inclusion and the first
is precisely the homotopy equivalence in Proposition 5.12. Extending this map to a

' map as in the previous proposition gives the following composition.
+4 h
I+ (%) I p+(phy L8 prpe(phy L2 pr(DF),

The first map is a homotopy equivalence since I'" is a homotopy functor and the
composition of the second two maps is the identity on I'"(D*) by [BE74, Proposition
3.6] so we have a homotopy equivalence f : I'T(2*) — I'T(DF).
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For each k we can form a commutative diagram, in which the vertical sequences are

fibrations.

F+(C€k*1) f F+(Vk—1)

J J

D+ (6 ;_)Iw(vk)
l |

[#(24) ——— (DY
By the above discussion the bottom arrow is always a homotopy equivalence. Noting
that €' = 2! and C' = D' = V! we pass to the homotopy groups and proceed
by induction on k to obtain a homotopy equivalence I't(%¢) ~ I't(V). Since f is
Diff (M ; My U OM )-equivariant it is certainly equivariant under the action of any
group acting by a homomorphism G — Diff(M; My U OM).

By our assumptions on (M, My) and X, each of the configuration spaces, filtrations,
filtration quotients and splittings are path connected and of the homotopy type of
a CW-complex. For such spaces I'" is a model for free infinite loop spaces, QX

and a I'" map is an infinite loop map so the above homotopy equivalence is a stable

homotopy equivalence €% (M, My; X) £ \/p>1 D*(M, My; X). ]

Remark 5.22. With this stable homotopy equivalence we have completed a zigzag of

maps

Map(M;X"X) +— E(M;X) — C(M; X) +— ¢(M; X) — \/ D'(M; X)

i>1
each of which is equivariant under smooth group actions and a (stable) homotopy

equivalence.

6 Configuration spaces with twisted labels

In this section we alter the definition of configuration spaces and tubular configuration

spaces over a manifold M to admit twisted labels, i.e. labels in a fibre bundle over
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M. The objective is to prove the following further generalisation of Bodigheimer and

Madsen’s stable splitting result.

Theorem 6.1. Let G be a group acting smoothly on a closed n-manifold M. Let X
be a well-pointed, connected G-space. Suppose M is stably parallelisable, then there
is a natural number N > n and a collection of pointed G-spaces D*(M; X) such that

Q*Y> (EG xg Map(M; 2V X)) ~ [] Q% (EG x¢ D¥(M; X)).

E>1
6.1 Definitions

Throughout this section we make use of fibre bundles with a distinguished section.
Such fibre bundles will be labelling spaces for configuration spaces and the base will be
the underlying manifold. We denote a bundle with fibre X and projection 7 together
with a section sy by the triple ()/(\ , T, Sp) or simply X when this is unambiguous. We
refer to sg as the zero section. Here X is the total space and the fibre over a point
b is denoted X,. We require a zero section so that we have a well defined choice of
basepoint in each fibre. We impose the additional restriction that the zero section

should make each fibre X}, well-pointed with basepoint so(b).

Definition 6.2. Let M be a compact manifold, let (5(\, T, S9) be a fibre bundle over
M and for each k let ék(M ) be the ordinary ordered configuration space over M. We
define the space Cj(M:; X ) of k ordered particles over M with twisted labels in X to
be the following subspace of Ci(M) x X*.

~ —

Cp(M; X)) :={(m,x) : z; € X,,,,}

—

This space has an obvious action by X, and we define the space Cy(M; X) of k un-
ordered particles over M with twisted labels in X to be the orbit space, Cr(M; X )/ Xk

The only difference between this definition and the ordinary configuration space is

that we require that the label associated to any particle sits in the fibre over that
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particle. We define the configuration spaces with vanishing particles in the same way
as for ordinary configuration space, however we have a slightly different equivalence

relation.

Definition 6.3. The configuration space of particles in M modulo a compact sub-
manifold M, with twisted labels in X is the space
C(M, Mo; X) += (H @(M;@) /~
k>0
where (mq,...,mg;x1,. .., 2k) ~ (M1, .., Mp_1;21,...,25_1) if my € My or if
xr = So(mg). That is, particles vanish in My or when their label is at the base-

point in the fibre over the particle.

Remark 6.4. If X is a well-pointed space with basepoint xg, then the ordinary
configuration spaces with labels in X are precisely the corresponding configuration
spaces with twisted labels in the trivial bundle X = M x X with the zero section

m— (m,xo).

As was the case with ordinary configuration spaces, the twisted variants defined so far
are not flexible enough for our purposes. We construct tubular configuration spaces
with twisted labels as fibre bundles over configuration spaces with twisted labels.

However, the construction requires a few additional notions.

Definition 6.5. Let Y and Z be topological spaces. A partial map f:Y — Z is a
map A — Z where A C Y. We call A the domain of f and denote it by D(f). A
paro map or partial map with open domain is a partial map f such that D(f) is open

inY.

Definition 6.6. Let P,(Y,Z) be the set of paro maps Y — Z. The paro mapping
space is the set of paro maps together with the paro compact-open topology. A subbase

for the topology is given by sets of the form

W(CU) ={f e L(Y,Z): C S D(f), f(C) C U}
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where C' C Y is compact and U C Z is open [AABS80].

Remark 6.7. This topology has some nice properties. Given an open set A € Y, the
subspace of P,(Y, X) which consists of maps defined on A is the ordinary mapping
space Map(A, Z).

Definition 6.8. Let M and X be as above and let E(M) be the ordinary tubular
configuration space over M. Recall that the definition of Ej (M) involved a manifold
W without boundary and containing M as a codimension 0 submanifold. Assume X
is extended over W, for example if W is M with a collar M x [0, 1) attached to the
boundary, then X is the pullback along the map W — M which collapses the collar
onto M. We define the space Ej,(M; X) of ordered tubular configurations over M
with twisted labels in X to be the following subspace of Ej(M) x P,(W, X).

~ —

Ex(M; X) :={(f,s): D(s) = Im(f), s is a section}

This space admits a free action by ¥ and we define the unordered variant Ej(M; X )

to be the orbit space, Ek(M; )/(\)/Ek

It is immediate from the discussion in Section 3 that this space, equipped with the
obvious projection, is a fibre bundle over Cy(M; X ). The fibre over a configuration
(m; x) is not easy to describe precisely. As a set the fibre is a disjoint union of section
spaces parameterised by the space of tubular neighbourhoods, Tub’ d(ml, Cee ).

I Tl x)

fETubI4(m)

Here F()?hm(f), @) is the space of sections s : Im(f) — 5(\|1m(f) such that s(m;) = z;.

We denote the restriction of s to Im(f;) by s;.

Proposition 6.9. The projection py, : Ek(M,.S(\) — C’k(M;.S(\) is a homotopy equiv-

alence.
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Proof. Since X is a fibre bundle and any tubular neighbourhood f € Tubld(m)
is a chart for M, the section space F(X\ |im(f), ) is homeomorphic to a product of
based mapping spaces, HMap(lO)”,O;Xmi,xi). We have made use of the fact that
a homotopy between zero sections of X induces a homotopy equivalence between
tubular configuration spaces. The fibre over a configuration (m, x) is homeomorphic
to the product Tub!®(m) x [TMap(D",0; X,,., x;) which is contractible since it is a
product of contractible spaces. A homotopy inverse is given by any continuous section

CL(M; X) — Ep(M: X). O

We define the space of tubular configurations on M modulo a compact submanifold
M, with twisted labels in X, denoted by E(M, Moy; X ), by allowing components of
embeddings to vanish when their midpoints do. This causes a small problem with

scanning, which we will address later.

—

Remark 6.10. As was the case for ordinary configuration spaces, C'(M, My; X) and
E(M, My; X ) have filtrations induced by the cardinalities of configurations. Each of
the spaces defined has the homotopy type of a CW-complex whenever X does by a
similar argument to Proposition 3.27. There is an obvious projection
p : B(M,My;X) — C(M, My; X) which is a homotopy equivalence when X has

the homotopy type of a CW-complex and a weak homotopy equivalence otherwise.

Note that X has the homotopy type of a CW-complex if and only if the fibre X does.

6.2 Twisted scanning

We construct a scanning map for our configuration spaces with twisted labels in
precisely the same way as the ordinary configuration space. Let I'(W ~\ My, W~ M; X )
be the space of sections of Tw Aw X which are defined outside of My and agree with

the canonical section * outside of M. Here the fibrewise smash product takes the

image of the zero section as the basepoint in each fibre.
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6.2 Twisted scanning

We define the scanning map with a sequence of maps
Yo : Be(M; X) — T(W ~ My, W ~ M; X).
Given a tubular configuration (f;s) € Ey(M;X) we define a section

Vel fi8) i W~ My — TW Ay X

* if z ¢ Im(f)
e { (dy-1fiory o =) As(z) itz e Im(fy).

where 7y, ?mM — ?mM are the stretching maps defined in Section 4.

We would like to define the scanning map

— —

Yoo : E(M, My; X) — T'(W ~ Mo, W~ M; X)

using the maps v as in the untwisted case. Indeed we can define an interior config-
uration space and a homotopy equivalence « : E(M, My: X) — E(M, My; X) in the
same way as in Section 4.1. Then given a tubular configuration [(f;s)] € E(M, My; X)
the scanning map should be v.[(f;5)] == vx 0 a(f; s) where (f;z) € E(M;X) is any
representative of the class [(f;xz)]. Recall that a component f; of an embedding f
vanishes when s(m;) = so(m;). However, there is no restriction on the image of s
on Im(f;) ~ m; so the scanning map is not well defined on equivalence classes. To

resolve this problem we introduce a different but homotopy equivalent definition for

tubular configuration spaces.

Definition 6.11. We define a new tubular configuration space as the space of tubu-
lar configurations in a compact manifold M whose components vanish when their
midpoint lies inside a compact submanifold M or when their labelling section agrees
with the zero section sg. That is,
£, M X) = T BV ) [~
k>0
where the equivalence relation is (f1,..., fx;S1,---5Sk) ~ (f1y- o) foe15 81,5 Sp—1)

if fk(O) < MO or S = SO’Im(fk)'
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6.2 Twisted scanning

— —

Proposition 6.12. The obvious quotient map E(M, My; X) — E(M,My; X) is a
(weak) homotopy equivalence.

—

Proof. The map is defined by sending an equivalence class in £(M, My; X) to the cor-

o~

responding equivalence class in E(M, My; X). This is certainly well defined since if

— —

a component vanishes in E(M, My; X) it must also vanish in E(M, My; X). Now
E(M, Mo;j('\ ) admits filtrations by the length of configurations, which we denote
EF(M, My; )?) The filtration of length k can be obtained from the filtration of length
k —1 by attaching FEy(M ;5(\ ) along the inclusion of a subspace By and similarly
E*(M, My; X) is obtained from E*~1(M, My; X) by attaching Ej(M;X) along the

inclusion of a subspace B, where

By = {(f:5) : f(0) € Mo or s = So[1m(s) }

By = {(f; ) : fr(0) € My or (sx © fi)(0) = (s0 © fx)(0)}.

We can see from the definition that Ej(M; X) is a fibre bundle over Ej, (M) with fibre
F(j(\hm(f)) over a tubular neighbourhood f. We define E"(M) C E(M) to be the
subspace of tubular configurations f such that f;(0) € My. We also define a pair of
subbundles E°(M: X) C Ej(M;X) C E,(M;X) as the bundles whose fibres over
[ are the subspaces of sections such that s; = So|rm(s,) and s o fi(0) = s0 0 fr(0)

respectively. There is a commutative diagram

o~ —~

Ep (M; X) By (M; X)
EZO(M;X)lEMO(M) TE;(M,X)EQIO(M)
By By,

in which the left and right hand faces are pushout squares. The upper maps from

front to back are cofibrations so the squares are homotopy pushouts, thus a weak
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6.2 Twisted scanning

homotopy equivalence on the first three horizontal maps induces a weak homotopy

equivalence on the fourth.

Note that the fibres of the bundles E°(M; X) C Ef(M;X) C Ey(M;X) are home-
omorphic to [[x_1 Map(D; X) C Map,(D; X) X [[x—1 Map(D; X) C [[x Map(D; X)
respectively. The first inclusion is a homotopy equivalence since the based mapping
space is contractible, therefore the inclusion E°(M; X) < E;(M; X) is a homotopy
equivalence and so are the two upper horizontal maps in the diagram above. The
lower front horizontal map is the identity so it follows that the inclusion By — B, is

a (weak) homotopy equivalence.

Similarly there is a commutative diagram

— —

Ey(M; X) Ey(M; X)
/ Bk/

L A
ER(M, My; X) —— | —— E*(M, My; X)

v v

EFL(M, My; X) ——— E*Y(M, My; X)

By,

in which the left and right hand faces are homotopy pushout squares. The upper rear
horizontal map is the identity and we have just seen that the upper front horizontal
map is a (weak) homotopy equivalence. Now the lower front horizontal map is the
identity when k& = 1 since each space is just a point. We proceed by induction on k

and get the result by taking the colimit over k. O]

As before we can define an interior configuration space and a homotopy equivalence
a:E(M, MO;)?) — E(M, MO;)?). We define the scanning map by
Yoo : E(M, My; X) — T(W ~ My, W ~. M; X)
[(f;8)] — vk o alfss)

where (f;s) € E,(M;X) is any representative of the class [(f;s)].
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6.2 Twisted scanning

Example 6.13. Let X be a pointed topological space and let X be the trivial
X-bundle over W with the obvious section. Let v — W be the normal bundle of
W embedded in the euclidean space RY for some sufficiently large N. Form the fi-
brewise smash product T Ay X and equip it with the canonical section *. Now the
scanning map gives sections of TW Ay (¥ Ay X) = (TW @ 1) Ay (W x X) which
is a trivial X~ X-bundle over W. Since the section space must agree with * outside

of M and the bundle is trivial we have a scanning map

E(M,0;% Ay X) — Map(M, 2V X).

Now that we have a scanning map it is natural to ask whether it is equivariant under
the action of the diffeomorphism group of the underlying manifold and whether it is

a homotopy equivalence. We begin by looking at equivariance.

In order to discuss equivariance we need a well defined action on the tubular configu-
ration spaces and the section spaces. Given a diffeomorphism ¢, the obvious actions
to define are ¢ - (f;s) = (¢po fodp ;¢ osop)and ¢- 0 = (dp Aw ¢) oo od ! re-
spectively. We have assumed that there is a well defined action of the diffeomorphism
group on the twisted labelling space. A well defined action must act on the total space
in such a way that it projects to the given diffeomorphism on the base, that is, by
automorphism. Unfortunately, for a general bundle there is no lift of the diffeomor-
phism group of the base to the automorphism group of the bundle. We discuss the
relationship between the automorphism group of a bundle and the diffeomorphism

group of the base.

By a bundle morphism between smooth fibre bundles 7 : £y — B; and 7 : Fy — By
we mean a smooth map ¢g : Fy — F, such that there exists a smooth map on
the bases ¢p : By — By making the obvious square commutes. We call a bundle
morphism an isomorphism if there exists a bundle morphism ¢ g : Fo — F; such that

Vg o ¢p = Idg, and ¢p oY = Idg, and we denote an isomorphism of bundles by
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6.2 Twisted scanning

FE, = E;. We call a bundle morphism ¢ : E; — Es between two bundles over the
same base B an equivalence if it is an isomorphism and ¢ = Idg. We denote an

equivalence of bundles by F; ~ Es.

Lemma 6.14. Let 7 : E — B be a fibre bundle and let Autg(E) be the group of
automorphisms of E, by which we mean the group of bundle isomorphisms E — E.

There is a canonical homomorphism Autg(E) — Diff(B) whose image is precisely

Diffg(B) := {¢ € Diff(B) : ¢*E ~ E}.
Proof. The homomorphism is simply given by

o : Autg(F) — Diff(B)
Op — ¢p.
It is clear that ¢ must be a diffeomorphism and ¢ is a homomorphism. Recall that

given a map ¢ : C — B between the bases there is a canonical map 1; Y'E — F

which makes the following square commute.

VE-Y R

|, |

¢ ——B
To see that Diff g(B) C Im(o) suppose we have ¢ € Diffg(B) and let f : E — ¢*FE

be an equivalence, then 1; o f is an automorphism of E whose image under o is .

—_—

For the opposite inclusion let ¢ € Autp(E) and note that ¢’ o (¢p) : (¢p)'EF — F

is an equivalence. O

Remark 6.15. The homomorphism in Lemma 6.14 is part of a short exact sequence
0 — T'(Pauy(r)) — Autp(E) — Diffg(B) — 0

where F' is the fibre of £ and Pay(r) is the associated principal Aut(F')-bundle.
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6.2 Twisted scanning

Remark 6.16. In general Diff g(B) C Diff(B). Consider the Hopf bundle over S? and
the antipodal map on the base. The Chern class of the Hopf bundle is +1, however the
the Chern class of the pullback is —1 so they cannot be equivalent. When FE'is a trivial
bundle Diff z(B) = Diff(B) and there is a canonical lift Diff(B) — Autg(FE) splitting
the above exact sequence. For any bundle Diff z(B) contains Diffy(B), the connected

component of the identity, since homotopic maps induce equivalent pullbacks.

Definition 6.17. A fibre bundle £ — B is called natural if Diff g(B) = Diff(B) and
there is a lift Diff(B) — Autp(FE).

Returning to the question of equivariance of the scanning map we define
AUtf/IO/()/(\) = {¢p € Alltw()/(\) cposgorhyt =50}

to be the subgroup of automorphisms of the labelling bundle which fix the zero section.
In order for the action on the tubular configuration spaces to be well defined we need

this additional property.

Proposition 6.18. Let Autf,?/()/(\; My U (W~ M)) be the subgroup of automorphisms
Vg € Autf,{’,(jf\) such that ¥g fixes My and W ~ M. The scanning maps v, and Yoo

are equivariant under the action of this group.

Proof. The result follows immediately from the proofs of Proposition 4.8 and Corol-

lary 4.9 by making the appropriate alterations to the labels. O

Remark 6.19. If the labelling bundle X is natural, for example if X is trivial or a
tangent bundle, then the scanning map is Diff (M, My U M )-equivariant since diffeo-

morphism of M lift to automorphisms of the labelling bundle.

As for homotopy equivalence of the scanning map, the result is entirely analogous to

Theorem 4.10.
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6.2 Twisted scanning

Theorem 6.20. Let M be a compact manifold and let My be a compact submanifold.

Let X be a twisted labelling space. The scanning map

— —

Yoo : E(M, My; X) — T'(W \ Mo, W . M; X)

is a weak homotopy equivalence provided (M, My) or the typical fibre X is 0-connected.

Moreover, v+ ts a homotopy equivalence zf)? has the homotopy type of a CW-complez.

The proof of this theorem is entirely analogous to the version with ordinary labels.
All the results throughout the proof hold with the only adjustment that the condition
on the labelling space changes to 0-connectedness on the fibre. This is to be expected
since the ordinary configuration spaces are the configuration spaces we have just

defined with labels in a trivial bundle.

Corollary 6.21. Let M be a compact manifold and let My C M be a compact sub-
manifold. Let X bea fibre bundle over M with zero section sy. Suppose G is a group
acting on X and M by homomorphisms ¢ : G — Auti(X; My U (W ~ M)) and
ogotp: G — Diff o(M; My U (W ~ M)). Then

— —

(i) the scanning map Yoo : E(M, My; X) — (W~ Mo; W\ M; X) induces a (weak)
homotopy equivalence of pointed Borel constructions
EG g E(M, My: X) =5 EG xg T(W ~ My; W ~ M; X)

provided (M, My) or the typical fibre X is 0-connected;

o~ o~

(ii) the projection p : E(M,My; X) — C(M, My; X) induces a (weak) homotopy

equivalence on pointed Borel constructions
EG x¢ E(M, My: X) =5 EG wg C(M, My: X)
for any (M, My) and X.

Corollary 6.22. There is a homotopy equivalence of the pointed Borel constructions

o~ o~

EG xg C(M,My; X) ~ EG x¢ '(W ~ My; W~ M; X)

provided (M, My) or the typical fibre X is 0-connected.
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6.3 Stable splittings

Many of the stable splitting results established for ordinary configuration spaces
generalise to configuration spaces with twisted labels. Throughout this section we
use the notation Diff ¢ and Auty, for the groups Diff 5(M; My U (W ~ M)) and
Autyy, ()/(\ ; Mo U (W \ M)) whenever it is clear which manifolds and labelling bun-

dles we are referring to.

Theorem 6.23. Let C* .= C*(M, My; )/(\) be the filtrations of the configuration space
with, twisted labels C'(M, My; X) and let D¥ = D*(M, My; X) := C*/C*1 be quotients
of successive filtrations. Then there is a (weak) homotopy equivalence of suspension
spectra

5 (EDiff g xpig_C(M, Mo; X)) ~ o (\/ E Diff ¢ xpi . DN(M, Mp; X)> .

k>1

Proof. Since Diff ¢ is a subgroup of the diffeomorphism group Diff()/) the space of
embeddings Emb(M,R>) is also a universal space for Diff . The proof is now the
same as the proof of Theorem 5.5, with small changes to account for the twisted

labels. O

Corollary 6.24. Let G be a group which acts on X and M via homomorphisms
Y G — Auty) and 0 ovp : G — Diff ;. Then there is a (weak) homotopy equivalence

of suspension spectra

2% (EG % C(M, My; X)) ~ £ (\/ EG x¢ D¥(M, MO;X)> .

k>1
Proof. This corollary follows from Theorem 6.23 in the same way that Corollary 5.7

follows from Theorem 5.5 for ordinary configuration spaces. O

Putting this result together with Corollary 6.22 we have a splitting of sections spaces,

5% (EG xg T(W ~ My; W\ M; X)) =~ £ <\/ EG g D*(M, MO;)?)> .

k>1

provided (M, My) or the fibre X is 0-connected. We can now prove Theorem 6.1.
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6.3 Stable splittings

Proof of Theorem 6.1. Let us begin in more generality. Let M be a stably parallelis-
able compact manifold and let G be a group acting on M by diffeomorphism, fixing
the boundary. Let M, be a G-invariant compact submanifold, let W be a manifold
without boundary containing M as a codimension 0 submanifold and let v — W be
the normal bundle of W embedded in R for some sufficiently large N. Let X be the
trivial X-bundle over W and form the fibrewise smash product with the fibrewise one
point compactification of the normal bundle, ¥ Ay, X , equipped with the canonical

section .

Since M is stably parallelisable the normal bundle v restricted to M is trivial, hence
S0 is <°1/° Aw X > Any diffeomorphism of M lifts to an automorphism of (017 Aw X ) |1
so we can assume G acts on this bundle by the lift. Since the diffeomorphisms in

question fix 9M they can be extended trivially over W and over all of T Ay, X.

There is a sequence of (weak) homotopy equivalences between the configuration space

— —~

C(M ~ My, OM ~ My; 7 Aw X) and the section space I'(M, My; U Ay X). As noted
in Example 6.13, this is a space of sections of W Aw <°1/° Aw 5(\) = (TW@v)® Ay X

which is a trivial ©» X-bundle over W. Thus there is a (weak) homotopy equivalence
C(M ~ My, OM ~ My; ¥ Aw X) ~ Map(M, My; SV X, )

which is induced by a sequence of G-equivariant maps. Putting the induced map on

the suspension spectra of the pointed Borel constructions together with the stable

splitting of section spaces obtained in the preceding discussion we have a (weak)

homotopy equivalence of suspension spectra

Y*(EG kg Map(M, My; BV X, %)) ~ £ ( \/ EG x¢ D*(M ~ My, OM ~ My; )?)).
k>1

The theorem is then the result of applying the infinite loop space functor to this

equivalence when M is a closed manifold and My = (). n
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Appendix A Tubular neighbourhoods

Definition A.1. Let M be an n-dimensional manifold. Let X C M be a k-

TM|x
TX

dimensional compact submanifold and v = be its normal bundle. A weak

tubular neighbourhood of X in M is an embedding f : v — M so that the restriction

flx : X = M, where X is identified with the zero section in v, is the inclusion.

A tubular neighbourhood of X in M is a weak tubular neighbourhood f with the

additional property that the differential induces the identity on v via the composition

v v®TX =Tv|x L TM|x 2% v

We denote by Tub(X) the space of weak tubular neighbourhoods of X topolo-
gised as a subspace of Emb(v, M) with the weak Whitney C* topology and by
Tub’(X) C Tub(X) the space of tubular neighbourhoods.

Proposition A.2. Let fy € Tub(X). Then Tub(X) is homotopy equivalent to

Tuby, (X), the subspace of weak tubular neighbourhoods contained in the image of

Jo-

Proof. Fix a Riemannian metric (-,-) on v. Let Vi = fo(r) and for each f € Tub(X)
define an open neighbourhood of the zero section by U; = f~*(Vo N f(v)) C v. For
each f and U; there exists a smooth function ¢4 : X — Ry, so that
B.v:={yecv:ly <(erop)(y)} C Us where p: v — X is the projection [BJ82].

These functions can be chosen so that they are a continuous family in f.

Following Godin [God08] we define a homotopy H : Tub(X) x I — Tub(X) by

H(f,t):v — M
v s (1Y)

where h : R — R is defined by the smooth map
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h(z) =

Larctan(z)  for z #0
1 otherwise.

So H is continuous in f and smooth in ¢. It is easy to check that H(f,t) is an
embedding. Since h(0) = 1 and A/(0) = 0 we can see that H(f,t)(y) = f(y) and
dyH(f,t) = d,f when |y| = 0. Then for each (f,t) € Tub(X) x I, H(f,t) € Tub(X)
and indeed if f € Tub’®(X) then H(f,t) € Tub’*(X)).

For any positive ¢, 0 < % arctan (%) < ¢ so for any y € v,

h(%ﬂ%)y:wmm(ﬂ)yeg y

efop m 2(erop)(y)
That is, for any f € Tub(X) and y € v, H(f,1)(y) € f(B:,v) C fo(v).
Then the map f — H(f, 1) and the inclusion Tub, (X) < Tub(X) define a homotopy
equivalence. O

Corollary A.3. Tub’*(X) is homotopy equivalent to Tub%l(X).

Remark A.4. Given any two (weak) tubular neighbourhoods f, fy, the homotopy H

defines an isotopy H(f, —)(—) : I xv — M from f to a (weak) tubular neighbourhood
fi1 such that fi(v) C fo(v).

Proposition A.5. Given two weak tubular neighbourhoods f, fo € Tub(X) of X in
M there exists an isomorphism of vector bundles ® : v — v such that f and fyo ®

are isotopic.

In order to prove this proposition we will require the following high-dimensional ver-

sion of Taylor’s Theorem [LanT72].

Theorem A.6. Let E, F be Banach spaces. Let U be open in E. Let x,y be two
points in U such that the segment x + ty lies in U fort € [0,1]. Let f : U — F be a

72



A Tubular neighbourhoods

Cl-map. Then the function Df(x + ty) -y is continuous in t and we have
1
fla+y) = fl@)+ [ Dila+ty)- it

Proof of A.5. First note that by Remark A.4 we may assume f € Tuby (X). We
follow Hirsch [Hir76] and Lang [Lan72]. Let f € Tuby (X). Since f(v) C fo(v) the
map g = f;'f : v — v is well defined and the identity on the zero section. It is
enough to construct an isotopy G : v x I — v from ® to g, then composition with f,

gives the required isotopy.

The idea of the isotopy is to linearise g in the fibre direction. This is achieved by
scaling the fibres of v by ¢, mapping under g and rescaling the image by ¢~!. As
t approaches zero we reach the fibre derivative of g at the zero section, that is, the
component along the fibres of the differential dg : v@TX =Tv|x — Tv|x =vdTX.

This is an isomorphism of vector bundles since g|x is a diffeomorphism.

Define ® to be the fibre derivative of g and define the isotopy from ® to g by

G:vxI — v

tg(ty) fort#0
(v.1) — { O (y) otherwise

where ty denotes multiplication of y € v by ¢ in the fibre. For each fixed ¢, G(—,1) :
v — v is an embedding since it is composed of embeddings. We need to check
G is smooth at t = 0. This is a local condition so we can compose with charts
on X and local trivialisations on v to get local representations of g and ® as maps
UxR" 5 RF x R"* and similarly a local representation of G as a map
UxR"  x T —RFxR"* where U is an open ball in R*. The local representa-
tion of ¢ is given by
g(u,v) = (o(u,v), 7(u,v))

with o(u,0) = u and 7(u,0) = 0 since g is the identity on the zero section. The local

representation of ® should be the identity on the first component, corresponding to
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the zero section, and the derivative of the second factor so we get

O (u,v) = (u, Da7(u,0) - v)

where Dy7 is the Jacobian of the second component of 7 with respect to the second

variable.

The local representation of the isotopy G is defined in the same way as above.

G(u,v,t) = { ((pa(u’ tv), t"'r(u,tv))  fort #0

(u,v) otherwise.

It is immediately clear that the first component of G is smooth in all three variables,
even for t = 0. By fixing u € U we can apply Theorem A.6 to the second component

to get

1 1
t 17 (u, tv) = t’l/ Do (u, stv) - (tv)ds = / Dot (u, stv) - (v)ds.
0 0

which is smooth for all ¢ and agrees with ® when ¢ = 0. Then G is a smooth isotopy
and an isotopy from f to fo® is given by F(y,t) = foG(y,1 —1). O

It is not hard to see that in the particular case of f, fy € Tubgcg(X ), the additional
restraint ensures that the fibre derivative of g; := fy° Lf . v — v as defined above is
in fact the identity and we have an isotopy from f to fy. Since the scaling in the
fibres which defines the isotopy does not alter the derivative at the zero section or the
image we have fyG(—,t) € Tubfcg(X ) for all ¢ so we have an isotopy through tubular
neighbourhoods. For fy fixed it is clear that g; depends continuously on f so the

isotopies define a deformation retract of Tub%(X ) onto fy.

Corollary A.7. The space Tubld(X) of tubular neighbourhoods of a compact sub-

manifold X in a manifold M is contractible.
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