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Abstract

According to orthodoxy the study of the Soritical and semantical paradoxes belongs to the
domain of the philosophy of language. To solve these paradoxes we need to investigate the
nature of words like ‘heap’ and ‘true.’

In this thesis I criticise linguistic explanations of the state of ignorance we find ourselves
in when confronted with indeterminate cases and develop a classical non-linguistic theory
of indeterminacy in its stead. The view places the study of vagueness and indeterminacy
squarely in epistemological terms, situating it within a theory of rational propositional
attitudes. The resulting view is applied to a number of problems in the philosophy of
vagueness and the semantic paradoxes.
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Preface

This thesis is an extended investigation into two classical topics: the paradox of the heap
and the paradox of the liar.

We shall be mostly preoccupied with the logical and epistemological puzzles these two
topics generate. In both cases the logical aspect of these puzzles takes the form of paradox.
Suppose I am adding grains of sand to a pile one by one. At what point does the pile
become a heap? The natural thought is that it is not possible for a single grain of sand to
make the difference between a heap and a non-heap. The Sorites paradox arises from the
observation that, on the assumption that no grain of sand makes the difference, one can
prove that either every pile, no matter how small, is a heap, or that no pile, no matter how
big, is a heap.

The liar paradox, on the other hand, arises when one considers certain sentences involv-
ing self-reference, such as the sentence ‘this sentence is not true.” Is it true or isn’t it? If it
is true, it isn’t, since that is what it purportedly says, and similarly one can reason that if
it isn’t true then it is.

Associated with both these two paradoxes are two epistemological puzzles. Suppose I
am pointing at a pile which is neither clearly a heap nor clearly not a heap. Now consider
the question

Q1. Is this pile a heap?

Assuming classical logic the pile either is a heap or it isn’t. Yet it seems that we don’t and
couldn’t possibly know which, no matter how much evidence we gained about the number
grains in the pile, their arrangement, and so on. A somewhat similar phenomenon arises
when we are considering self-referential sentences. Instead of considering the sentence ‘this
sentence is not true’ consider the sentence ‘this sentence is true.” Call this sentence T and
ask yourself

Q2. Is T true?

Once again it seems that there is simply no way of determining whether 7" is true or not
and it has nothing to do, it seems, with my impoverished epistemic situation.

According to philosophical orthodoxy both of these problems belong to the philosophy
of language. To solve these paradoxes we need to investigate the nature of predicates, like
‘heap’, and ‘true’, and it is in revealing the nature of these words that we shall be able to
say something illuminating about the logical and the epistemological paradoxes.

Furthermore, both of these antinomies give rise to questions, such as Q1 and Q2, where it
is indeterminate, i.e. where there is no fact of the matter, what the correct answer is. In this
thesis I criticise the orthodox view and develop a non-linguistic theory of indeterminacy
in its stead. The view endorses classical logic and situates the study of vagueness and
indeterminacy squarely in epistemological terms, focussing on the role that they play in a
theory of rational propositional attitudes.

In chapter 1 I criticise linguistic explanations of why we are unable to know the answer
to questions like Q1 and Q2 and lay the basis for what I think a non-linguistic theory should
look like. In chapters 2 and 3 I focus on the way in which vagueness interacts with certain

vii



rational propositional attitudes. This raises a number of questions which occupies my dis-
cussion: under what circumstances do we acquire vague evidence? Should our degrees of
belief be probabilistically coherent? May one care intrinsically about the vague? Do our
vague beliefs supervene on our beliefs about the precise? Chapter 2 consists mostly of an
extended discussion of the important role that vague evidence plays in epistemology. In
chapter 3 we consider the problem of distinguishing the claim that there is no fact of the
matter whether p from a purely epistemic claim about our inability to know whether p for
certain reasons. To answer this we investigate the attitudes of belief and desire and the
roles that vague beliefs and desires play in a theory of decisions. Chapter 4 addresses the
paradoxes of higher order vagueness; paradoxes that purport to show that sharp, knowable,
boundaries re-emerge in vague predicates at higher orders. In chapter 5 I focus on cases of
propositions which are intersubstitutable for one another within a certain class of rational
propositional attitudes and use this phenomenon to develop a non-linguistic theory of in-
determinacy. Chapter 6 is concerned with a number of paradoxes concerning propositional
attitudes due to Prior; I show that these paradoxes are not dealt with by the orthodox
linguistic approaches to the semantic paradoxes. Finally in chapter 7 I consider the ‘re-
venge paradoxes’, further paradoxes which arise when one tries to solve the liar paradox,
and argue that the only way to avoid revenge involves rejecting the widely held assumption
that there must be a linguistic distinction between the ‘healthy’” and ‘diseased’ sentences or
utterances which give rise to the semantic paradoxes.
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Chapter 1

Linguistic and Non-linguistic
Theories of Vagueness

The view I defend in this thesis departs from much of the literature on vagueness in its
rejection of a fairly widespread assumption.

In order to assess this assumption I shall start by developing an analogy with a histori-
cally similar debate. Consider the sentence

It’s contingent whether Harry is tall. (1.1)

Claims involving modal words, such as (1.1), seem to pose a puzzle; how do facts like this
fit into a world built out of protons, neutrons and so on? In order to make sense of this
many early analytic philosophers took statements such as (1.1) to be making claims about
the way we use language (see for example Ayer [1], Carnap [18], Malcom [88].) Despite its
surface form, these philosophers claimed, (1.1) says something about the English sentence
‘Harry is tall’, perhaps that both its truth and falsity are consistent with current linguistic
conventions.

The fact remains, however, that sentences such as (1.1) do not mention sentences. The
expression ‘it’s contingent whether’ is grammatically an operator, as are many modal ex-
pressions in philosophical usage. It therefore seems that anyone subscribing to a linguistic
account of necessity should view these locutions as dispensible: either we should be able
to paraphrase them away, or we should say that the things we say using them are strictly
false and that there are better things to be said in their place using a more perspicuous
formulation explicitly mentioning sentences.

Why is the linguistic account of necessity committed to this dispensibility thesis? If,
after introducing our notion of a sentence being necessary or contingent by convention,
we still have truths such as (1.1) floating about which are not somehow derivative on the
conventional use of sentences, it seems we are in no better position than we were originally.
We would still need some account of the non-linguistic fact expressed by (1.1), and the
puzzles we alluded to concerning their nature are no less worrisome.

Most contemporary philosophers take the view that necessity is not a linguistic phe-
nomenon. There are numerous objections to the linguistic view which I shall not go into
(see Sider [121] for a recent discussion) — an unsophisticated yet powerful objection to the
view is simply that, unlike its putative paraphrase, the claim expressed by (1.1) seems to be
about Harry and his height, and not about any particular sentence of the English language.
On the non-linguistic account truths like (1.1) do not need paraphrases. To be sure, there
is still a distinction between sentences to be made that is analogous to the one between
contingency and necessity; the sentence ‘Harry is tall’ clearly falls on one side of this distinc-
tion while the sentence ‘Harry is Harry’ falls on the other. For the non-linguistic theorist



this is simply a matter of a sentence expressing a proposition that is contingent or neces-
sary respectively. The operator way of speaking is prior to the linguistic way and there
is no further puzzle, for the non-linguistic account, of explaining this difference between
sentences.

A debate that is formally exactly analogous to this one arises within the philosophy of
vagueness.

The analogy begins with a, if not the, concept central to the study of vagueness: the
concept of a borderline case. The notion is best introduced by examples. In order to explain
what it means to be borderline tall we might begin by pointing out people who are clearly
tall, and people who clearly not tall, and then we might assert, once our audience has a feel
for distinction, that the remainder, those who are neither clearly tall nor clearly not tall, are
the borderline cases. There is of course much more to be said: that it’s impossible to know
whether a borderline case of tallness is tall or not, that properties that could potentially
have borderline cases are usually susceptible to Sorites paradoxes, and so on.

Suppose that Harry is borderline tall. We can express this by saying:

It’s borderline whether Harry is tall (1.2)

The property of being borderline tall has in common with the property of being contingently
tall the fact that they are usually ascribed using operator like expressions, such as ‘it’s
borderline whether’, ‘it’s vague whether’, ‘it’s indeterminate whether’, ‘there’s no fact of
the matter whether’, and so on, which do not mention language. When we say that it’s
vague whether Harry is tall we are not saying something about words or language, we are
saying something about Harry and his height, just as when we say that it’s contingent
whether Harry is tall we are talking about Harry and his height.

Nonetheless, there is clearly a distinction between bits of language to be made that is
analogous to the distinction between propositions: the sentence ‘Harry is tall’ is obviously
different from the sentence ‘Harry is 1.73 meters’ and the difference consists in something
closely related to vagueness. For a non-linguistic theory of what a borderline case is this
distinction is simply one holding between sentences which express borderline propositions
and those which don’t.

Perhaps surprisingly, non-linguistic theories of borderlineness are rarely defended.! Most
philosophers take instead the above distinction between sentences to be the basic phe-
nomenon, and choose accordingly to focus their attention on the following linguistic relation
(see Dorr [26].)

Sentence s is borderline as used in the language L by community C in context ¢ (at
the the actual world at time ¢.)?

Just to reiterate: it is hardly deniable that this distinction between sentences exists, the
question is whether this distinction is basic or whether a sentence is borderline in L as used
by C (in ¢, w and t) purely in virtue of its expressing (in L as used by C at ¢, w, t) a
proposition that is borderline.

The linguistic approach to vagueness, characterised by its preoccupation with the afore-
mentioned relation between sentences, utterances or more generally linguistic items, is
shared by most of the most prominent approaches to vagueness. A representative but
incomplete list of such approaches include accounts of vagueness that appeal to

e Semantic indecision (Lewis [82], McGee & McLaughlin [92], Keefe [71], Dorr [24],
Rayo [113])

IWith some notable exceptions. See, for example, Fine [43], Field [37], Barnett [4], Barnes and Williams
[3].

2Why do we need to relativise to both languages and communities? You could imagine that the same
community of speakers could simultaneously speak two different languages both of which containing the
same sentence (observe the multitude of actual countries that are multilingual). Conversely, the same
language may come in different dialects, so that one and the same sentence in the language L can have two
different meanings relative to the dialects of different subcommunities of L-speakers.



Semantic plasticity (Williamson [138], Hawthorne [56])

Inconsistent meaning constitutive principles (Eklund [29])

Contextualism (Graff Fara [50], Raffman [110], Shapiro [120])

Ambiguity (Sider and Braun [15])
e Use theories of meaning (Horwich [61])
e Nihilism about vague language (Unger [132])

Philosophers subscribing to the linguistic approach appear to be committed to a version of
the dispensibility thesis we discussed in relation to modal language. Either claims involving
operator like expressions, such as (1.2), are paraphraseable in terms of a sentential vagueness
predicate, or these claims are simply false and some revision to our language is required.

In order to make this commitment vivid, it’s worth pointing out that two of the most
fundamental issues in the philosophy of vagueness do not mention language or a linguistic
vagueness predicate: the problem of explaining why we cannot rationally know whether
someone is tall (say) if it’s borderline whether they're tall, and the Sorites paradox. To be
sure, there are linguistic Sorites: for example, just as there’s a Sorites for tallness, there’s
a Sorites for the complex property of being such that the word ‘tall’ applies to you in
English. But this latter Sorites looks like it at best demonstrates the vagueness of the
applying relation since the name ‘tall’ is a precise name for a word. Similarly, due to the
truth of its consequent, it’s true that (as it happens, due to the way Germans use German)
if the sentence ‘Harry ist hochgewachsen’ is vague in German it’s impossible to find out
whether Harry is tall, but this fact would be easily explainable given an answer to the
original question of why we cannot rationally know whether Harry is tall if it’s borderline
whether he’s tall without appealing to facts about the German language.

So why are these philosophers committed to something like the dispensibility of operator-
talk? In the case of contingency the thought was that if ‘operatorese’, locutions like that in
(1.1), are indispensible to our way of talking about modality then anything we’ve said about
linguistic modality has done little to explicate (1.1) or elucidate the puzzles concerning the
nature of modality. An analogous point applies here: if operatorese is indispensible to the
way we describe at least some of the standard puzzles involving borderline cases or Soritese
sequences, then the distinction between kinds of sentences is at best an interesting side
issue, and the central problems in the philosophy of vagueness remain standing. We must
still address the Sorites paradox for tallness (as opposed to the Sorites paradox for being
such that ‘tall’ applies to you in English) and the problem of explaining why we cannot
know whether Harry is tall (as opposed to the problem of explaining why we cannot know
whether the sentence ‘Harry is tall’ is true in English.)

A failure to accommodate the Sorites paradox and the puzzle about ignorance, or at least
relate them to one’s theory of vagueness, would constitute a serious lacuna in any account
of vagueness. So whether or not I am right that the majority of philosophers working
on vagueness are committed to the dispensibility thesis, I have done enough to motivate
the primary goal of this thesis which is to fill this lacuna: if operatorese is not eliminable
in favour of a linguistic distinction, then we need to say something about the Soritical
and epistemological puzzles stated in operatorese; in other words we need a non-linguistic
account of operatorese. This is what I shall do in this thesis. Many of the philosophers
listed offer an analysis of what it is for a sentence to be vague in a language, relative to
the relevant parameters, which does not appeal to the vagueness of the proposition that
sentence expresses. It is therefore compatible with the indispensibility of operatorese that
both the distinction between sentences and the distinction between proposition are basic
and exist in parallel. But once one has accepted the basicness of operatorese, the converse
dispensibility thesis becomes very attractive: that a sentence is vague in L (relative to ...)
if it expresses in L (relative to ...) a borderline proposition.



1.1 Linguistic theories

It will be useful, at points, to distinguish two ways one might be a linguistic theorist. I
shall call them the ‘intensionalists’ and the ‘hyperintensionalists’ accordingly. The difference
concerns whether one accepts the existence of vague properties and propositions. However
this makes the thesis sound more controversial than it is — by a hyperintensionalist I mean
anyone who takes the following argument to be sound:

For each n, one can (and often must) rationally believe that Harry has less than
n hairs without believing that Harry is bald or believe that Harry is bald without
believing that Harry has less than n hairs.

Therefore, for each n, the proposition that Harry is bald is distinct from the propo-
sition that Harry has less than n hairs (Leibniz’s law, reasoning by cases.)

This reasoning extends to any precise proposition about Harry’s head. In order to keep
the discussion clean, however, I shall work under the simplifying assumption that whether
someone is bald supervenes on the precise number of hairs they have.3

An alternative view does not single out vagueness as a special source of hyperintension-
ality. The simplest form of this kind of view identifies propositions with sets of possible
worlds, although similar points apply to less radical versions of this view.# I shall call this
the intensionalist account of propositions.

The intensionalist view does not postulate a further proposition — the proposition that
Harry is bald — distinct from the propositions of the form: that Harry has less than n hairs.?
Under the supervenience assumption the intensionalist, in contrast to the hyperintension-
alist, would identify the proposition that Harry is bald with the proposition that Harry has
less than n hairs, for some suitable choice of n. Thus the intensionalist needs to say some-
thing about the above argument which appears to show that these propositions are distinct.
A fairly standard response for intensionalists, often appealed to in the literature on proper
names, is to deny that the conclusion is an instance of Leibniz’s law despite its apparent
surface form. Although the response can be manifested in various different ways, the kernel
of the idea is that sentences like ‘A believes that p’ do not express binary relations between
people and propositions, but ternary relations between people propositions and something
else: Bel(A,p,z). The most we can infer from Bel(A,p,z) and —Bel(A,q,y) by Leibniz’s
law is that if p = ¢ then x # y. Since the third argument is not part of the surface form it
is often assumed it is supplied contextually.® It will be useful to have an easy to pronounce
word for the relation Bel(A,p,x) — I shall say ‘A believes™ p relative to z’; I shall follow
this convention of starring with other propositional attitudes as well.

What kind of thing goes into the third argument place and what does it mean for a
person to be related to a proposition and one of these things? Here is a very schematic
picture of what is going on: in order to have a belief that p, one must be in the right
kind of belief state. However, for an intensionalist about propositions there are typically
a large variety of fundamentally different belief states can result in a belief with the same
content. One can believe that p in many different ways by having mental tokens of different
representations. I can, for example, have the belief that Hesperus is Phosphorus very
easily by producing a token mental representation of something fairly trivial — the mental

31 am implicitly assuming that the vague facts supervene on the precise facts.

4One might think this identification is an overkill; however it makes the idea that precise sentences and
vague sentences express the same kinds of proposition particularly vivid.

5This fact follows from classical logic, the simplifying assumptions we made about the supervenience
base for baldness facts, and the principle that necessarily equivalent propositions are identical: by classical
logic and the supervenience assumption there’s a last number of hairs such that having that many hairs
necessary and sufficient for being bald. So the proposition that Harry is bald is necessarily equivalent, and
thus identical, to the proposition that Harry has less than that number of hairs.

6Views which build the extra argument into the propositions — for example, by identifying propositions
with pairs of sets of worlds and guises — count as hyperintensional on this classification.



equivalent of the sentence ‘Hesperus is Hesperus’ for example. And I can have a belief with
the same content by tokening a less trivial mental representation, the mental equivalent
of the sentence ‘Hesperus is Phosphorus’ for example. The third argument is therefore
supposed to be filled by a representation of some kind, and the relation expressed by a
belief attribution holds between a person, representation and proposition, p, only if the
person is having a mental token of that representation and is thereby having a belief that
p. Let us introduce the name ‘guise’ for whatever kind of representation plays the role just
described. In short, the view just described is one in which one and the same proposition
may be known and unknown relative to different guises.

1.1.1 Determinacy operators

Intuitively we can’t know whether Harry is bald (unless he had a different number of hairs),
we shouldn’t assert that he’s bald or question whether he is, because there simply is no
fact to be known, or fact to be enquired after. A natural and also common way to model
this way of talking is to introduce an operator, Ap, pronounced ‘it’s determinate that p’,
and to introduce or define an operator Vp pronounced ‘it’s indeterminate whether p’, or
‘there’s no fact of the matter whether p’ to distinguish between scenarios in which the
subject matter is factual and those in which it is not. If we are interested in vagueness, a
species of indeterminacy, we could introduce analogous operators. For most applications we
don’t need to know too much about what these ascriptions of indeterminacy or vagueness
amount to, only what their logical properties are, how they constrain knowledge, the role
they play in the pragmatics of assertion and questions, and so on. I shall call principles like
these aspects of the ‘determinacy role’. If I am right, the determinacy role is independent
of one’s particular analysis of indeterminacy (or vagueness), and encodes principles that
govern the basic use of the notion and which allow it to do explanatory work.

The non-linguistic theory I defend in this thesis employs an operator which I show will
obey the determinacy role described below. An operator satisfying the determinacy role
is well placed to explain a number of the paradoxes and issues associated with borderline
cases.

Logical The operator ‘it’s determinate that p’ is governed by the modal logic KT, or
some normal extension of it:

Closure If it’s determinate that if p then ¢, and it’s determinate that p, then
it’s determinate that q.

Factivity If it’s determinate that p, then p

Necessitation If one can prove p from classical logic and these three principles,
one can prove that it’s determinate that p.

Epistemic If it’s indeterminate whether p, then it’s not rationally known whether p.

Doxastic No rational person who is certain that it’s indeterminate whether p can be
rationally certain that p or rationally certain that —p.

Pragmatic

Assertion It is not permissible to assert that p (that —p) if one believes that
it’s indeterminate whether p.
Questions It is not permissible to ask whether p if you have been told that it’s
indeterminate whether p.

Bouletic It is not rational to care intrinsically about the indeterminate.

Attitudes It is not rational to wonder whether, hope that, fear that, wish that, [...]
p, if you believe that it is indeterminate that p.



This represents an important bundle of principles that my own theory will provide. It will
be useful to bear these in mind for comparison in what follows. However, it is clear that
many of these principles are controversial. That said, many philosophers have assumed or
defended theories that support Logical, Epistemic, Doxastic and Pragmatic, and the
latter three are often taken to be data which a theory of vagueness is supposed to explain.

Note that the determinacy role is closely connected to the operator approach; when we
say we cannot know (rationally believe, fear, hope, etc) that p because it is indeterminate
whether p, we can do so because the objects of ignorance, uncertainty and other proposi-
tional attitudes are the same as the objects of indeterminacy. This approach to the logic
and epistemology of vagueness, call it ‘the operator approach’, is widely adopted in the
literature on indeterminacy, and for good reason since operators like these are very well
understood (see Blackburn et al. [10].)

However it is unclear whether a linguistic theory of vagueness can play the role we’'ve
outlined above. According to linguistic accounts of vagueness sentences or utterances are
usually the bearers of vagueness. Perhaps we can accommodate the thought encoded by
Pragmatic by replacing the operator ‘assert that” with the sentential predicate ‘assertively
utter’. However the other cases are not so easy; in order for indeterminacy to play Epis-
temic, Doxastic, Bouletic, Attitudes we must posit contentious principles connecting
the possibility and rationality of knowledge and other propositional attitudes to the status
of particular sentences in particular languages. The case of Logical is also difficult as a
straightforward translation of KT to a sentential predicate is inconsistent with a theory rich
enough to describe its own syntax [95].

It might seem hard to imagine that matters concerning the role of vagueness could turn
on whether vagueness is treated as a linguistic phenomenon or not. Surely, one might think,
it is possible to paraphrase anything you can do in the operator way using only vocabulary
a linguistic theorist accepts. Call this the ‘paraphrase strategy’.

I’ll begin by showing that this thought is mistaken; it is not possible to simply paraphrase
statements of the standard epistemological and logical role using a linguistic predicate.
Then, in §1.1.3, I'll show that nothing even resembling the determinacy role can be recovered
in a linguistic framework. There are simply no plausible epistemological principles governed
by vagueness conceived as a linguistic property.

1.1.2 The paraphrase strategy

Let us begin by considering the paraphrase strategy. Consider a typical example of some-
thing we would state using an operator:

It’s vague whether Harry is bald. (1.3)

To paraphrase (1.3), we must pick a language, L, and sentence, s, such that the claim that
s is vague in L (at context ¢ and other parameters) is a reasonable paraphrase of the claim
expressed by (1.3); one of the things this paraphrase must do is play the same role that (1.3)
does within the determinacy role. An example of the paraphrase strategy, therefore, would
be to choose English as our language, and the sentence “Harry is bald”. Our paraphrase of
(1.3) is thus that the sentence “Harry is bald” is used by English speakers in whatever way
is required to make it a vague sentence of English. This is essentially the strategy adopted
in Dorr [26]; there the strategy seems to be to simply compose the quotation subnective (of
type te) with borderlineness predicate (of type et) to produce an operator (of type tt.)
However there are a number of issues with this paraphrase. An obvious objection is
that it is not equivalent to (1.3): English speakers could have used “Harry is bald” in a
precise way, to mean that 1+1=2 say, yet it would still have been vague whether Harry is
bald provided he has the same number of hairs he in fact has. The equally obvious reply
is that we should instead paraphrase (1.3) with the claim that “Harry is bald” is a vague
sentence of English as it is actually used. But even this seems inadequate: a non-English



speaker may not know anything about how English is actually used, but still know that
the number of hairs Harry has falls within the borderline region for baldness. Thus one
can know whether Harry is borderline bald without knowing whether the sentence “Harry
is bald” is vague as it is actually used in English. Conversely, someone who doesn’t speak
English may have it on good authority that the sentence “Harry is bald” is vague in English
as it is actually used, but have no idea whether Harry has 0 hairs, 1,000,000 or a borderline
number, since she might not know what “Harry is bald” actually means in English.

Another issue is that it’s totally unclear why the claim that “Harry is bald” is vague in
English should play the epistemic, doxastic, bouletic or attitudal roles described — especially
for non-English speakers (we shall come back to this later.) If it were a genuine paraphrase
of (1.3), however, it would play these roles.

A more pedestrian worry is the dependence of the paraphrase on the choice of sentence
and language: the claim that “Harry is bald” is vague in English, and the claim that “Harry
ist kahl” is vague in German are two completely different paraphrases of (1.3). One can be
true while the other is false — they state completely different facts about different sentences
in different languages. But as far as I can see, neither paraphrase is superior to the other —
if two incompatible paraphrases are equally good, neither are adequate. On the other hand,
what is asserted by (1.3) can be said in a number of languages without mentioning English.
The operator formulation does not seems to be about sentences, the English language or
the German language, it seems to be about Harry and the status of his head.

Perhaps we could do better with language independent paraphrases:

E. There is some sentence, s, in some language, L, whose linguistic community actually
uses s (i) in such a way that it says that Harry is bald and (ii) in whatever way it
takes to make s vague in L .

U. Every sentence, s, in any language, L, whose linguistic community actually (i) uses s
in such a way that it says that Harry is bald (ii) uses s in whatever way it takes to
make s vague in L .

These paraphrases still mention languages and sentences, unlike (1.3), but perhaps they do
better with regard to our first problem of language dependence.

Unfortunately, according to some linguistic theories (i) and (ii) are incompatible: the
vagueness of a sentence relative to its use in a linguistic community precludes that use
determining any proposition as being uniquely expressed by s in L.

However, I think the most problematic feature of this strategy is that it’s either inad-
equate or it assumes the distinction between propositions we are trying to dispense with.
Consider the following two possibilities.

The proposition that electrons are positively charged is expressed in some language
by a vague sentence.

The proposition that Harry is bald is expressed in some language by a precise sentence.

If the first claim is possible then E. would be inadequate and if the second statement was
possible U. would be inadequate. (It should be noted straight off the bat that intensionalists
are already committed to both these possibilities: for example, for some numeral ‘N’, the
precise sentence ‘Harry has less than N hairs’ expresses the proposition that Harry is bald.
The paraphrases E. and U. are simply not available to the intensionalist in the first place;
what follows is therefore aimed at hyperintensionalists.)

So it follows that if the paraphrase is adequate neither statement is possible. But facts
like this call out for explanation! What is so special about the proposition that Harry is bald
that means it can’t even possibly be expressed by a precise sentence? Yet it seems hard to
see how the difference between propositions which could be expressed by a precise sentence
and those which couldn’t could be explained without appealing to the propositional notion
of vagueness that we are attempting to eliminate.



To put it another way, while we know that the proposition that Harry is bald is expressed
in English by the vague sentence “Harry is bald” and in German by the vague sentence
“Harry ist kahl”, what is it about the proposition that Harry is bald, that prevents it being
expressed by a precise sentence? Couldn’t there be a language with a completely precise
predicate, such that there is no unclarity about when it applies in that language and when
it doesn’t apply, which is such that it applies in L only when the object is bald, and doesn’t
apply otherwise. How are we supposed to distinguish the proposition that Harry is bald
from a proposition that can be expressed by a precise sentence, like the proposition that
Harry has less than 2,000 hairs, if not by employing the distinction between vague and
precise propositions we are trying to eliminate? It seems like we need something similar to
the operator way of talking to distinguish vague from precise propositions. The upshot of
the possibility of the proposition that Harry is bald being expressed by a precise sentence
is that (1.3) may come apart from its paraphrase.

1.1.3 The revisionary strategy

The prospects of providing paraphrases of claims like (1.3) look dim. I think the best
strategy for a linguistic theorist to adopt is to stop talking in the operator way altogether,
and to only ascribe vagueness using a predicate applying to linguistic items. This line of
response is genuinely revisionary: we must simply reject the determinacy role, as stated, and
offer alternative explanations of the various facts that we explained using the determinacy
role. For example, the fact that we cannot know whether Harry is bald still needs explaining,
we need to be able to explain this in a way that does not appeal to the principle Epistemic.
We must revise the logical role indeterminacy is usually taken to assume, and we must
revise the epistemological, doxastic, bouletic and attitudinal role so that it is governed by
a relation between sentences and languages and not an operator or predicate applying to
propositions.

However there are immense technical obstacles in the way of carrying out such a project.
To give the flavour of the kinds of problems one might face, note that one cannot have
the analogue of the logical role for a determinacy predicate, Det(z), since the principles
F Det("¢7) — ¢ and rule of proof that if - ¢ then - Det("¢7) are inconsistent in any system
with a suitably rich theory of syntax (see Montague [95].)7 It is thus unclear whether one
can revise the logical role of indeterminacy in a way consonant with the way it is used in
the rest of philosophy.

Whether or not these technical difficulties can be overcome in a way that does not
prevent one from saying everything one wants is a matter for debate. But there are other
obstacles for the project of revising the determinacy role: our beliefs about indeterminacy
play an important role in regulating our other propositional attitudes. But, I shall argue,
any revision of Bouletic, Epistemic, Doxistic and Attitudes that are instead regulated
by beliefs about the properties of a sentence in a particular language will be false.

Explaining particular unknowable propositions

Suppose that Harry is borderline bald. Many philosophers have taken it for granted that
we do not and cannot know whether Harry is bald, and that explaining this fact is one of
the most important tasks in the philosophy of vagueness. In this particular situation the
relevant fact that needs explaining is

Ignorance: it is not possible to rationally know whether Harry is bald.

It seems that we simply couldn’t find out whether Harry is bald — at least, not unless Harry
had a different number of hairs. No evidence could be obtained, whether that be counting

"This problem is particularly pertinent when we appeal to indeterminacy to explain the fact that we
cannot know whether the truth-teller is true, which are closely related to the semantic paradoxes.



all the hairs on his head, or reflecting on the nature of baldness, that would put us in a
better epistemic situation with regard to Harry’s baldness.

Ignorance is an instance of one of a tightly knit cluster of phenomena that we associate
closely with borderlineness. There are systematic connections between facts like Ignorance
and borderline cases — facts like this just call out for some kind of general explanation.

According to the determinacy role, that explanation takes the form of a general principle,
which in turn falls out of a general theory of indeterminate propositions:?

Epistemic Necessarily, if it’s borderline whether p, then it’s not rationally known
whether p.

A linguistic theorist who has no paraphrase for the operator locution employed in Epis-
temic cannot accept it as an explanation. If she is to offer a general explanation of Ig-
norance which still has something to do with vagueness she must instead seek to explain
Ignorance in terms of her favoured vocabulary: s is borderline in L relative to context ¢
and other parameters. But this raises a number of questions

The fact that some sentence, s, is borderline as used in language L, by community C,
at context c, at time ¢ and world w purportedly explains Ignorance. We must ask

(a) Which language L and linguistic community?

(b) Which sentence of this language is such that its borderlineness explains Igno-
rance?

(¢) At what time must the sentence be borderline?
(d) What context must the sentence be borderline in?

(e) At what world must the sentence be borderline?

Which language should we choose? Could the linguistic practices of people in China, for
example, prevent me from knowing whether Harry is bald? It seems to me to be obvious that
they could not. Perhaps we can only explain my ignorance by appealing to the borderliness
of an English sentence, a native Spanish speakers ignorance by appealing to the borderliness
of a particular Spanish sentence, and so on. But this is not a particularly good explanation
after all, due to its lack of generality. Not to mention its lack of plausibility! What if I
don’t speak a language, for example? Would that make it easier for me to find out whether
Harry is bald? Even if I do speak a language, why should my co-speakers linguistic habits
bear on whether I can find out whether Harry is bald?

Which sentence ought to be used to explain Ignorance? It can’t be, for example, the
borderliness of the sentence ‘John in tall’ — presumably it must be a sentence which expresses
the proposition that Harry is bald in L. What if there is no sentence in my native language
expressing the proposition that Harry is bald? This would not make it easier for me to find
out whether Harry is bald. This would be particularly troubling for a hyperintensionalist.
Furthermore, what if, as some theories claim, vagueness prevents a sentences expressing
a unique proposition? Must the proposition that Harry is bald be merely among the
propositions s expresses, or among the propositions s doesn’t determinately fail to express?

Finally, it seems we must specify a time, world and context at which the sentence is
borderline. Words often become more precise as language evolves. If the selected sentence s
(‘Harry is bald’ say) had once been precise it would presumably still be impossible to know
whether Harry is bald. Maybe s has to be vague at the time I'm trying to find out whether
Harry is bald. If we have to pick a different sentence each time we want to explain why
someone can’t figure out whether Harry is bald then the explanation loses its generality.

Furthermore, had we used s in a precise way we wouldn’t be in a better epistemic
situation regarding Harry’s head. We may therefore be able to explain why no-one in fact

8Note that not every theorist has agreed with this intuition. For example in recent years Dorr [24] and
Barnett [6] have argued that we can know in indeterminate cases.



knows whether Harry is bald by appealing to a selected sentences borderliness, but in order
to explain why we couldn’t have known whether Harry is bald, even if s had been used in
a precise way, we need also to relativise to worlds. This opens up the possibility that we
can’t know that Harry is bald because the sentence ‘John is tall’ is used in a vague way at
another world to mean that Harry is bald.

Let me now turn to two specific attempts to explain Ignorance within a linguistic
theory.

The first arises from the epistemicist account of vagueness defended by Williamson [138].
Williamson’s view as I am characterising it is linguistic: a sentence is vague relative to a
linguistic community C' and parameters if, roughly, there are close worlds, with respects
to how that language is used, where that sentence says something false and close worlds
where it says something true. It earns the name ‘epistemicism’ as it allegedly entails the
ignorance thesis. If this is true it is a significant benefit of the view over other linguistic
theories. However whether it entails the ignorance thesis is disputable, for it relies on a
controversial ‘metalinguistic safety’ principle.® It is unclear how the use of a certain sentence
by English speakers at closeby worlds could have a bearing on whether I know that Harry
is bald, a claim ostensibly about Harry and the status of his hairline, and not at all about
English speakers or the English language. Metalinguistic safety principles have come under
significant criticism in recent years (see Magidor and Kearns [70], Sennet [119].)

Note that we should distinguish Ignorance from the claim that it is impossible to know
whether the sentence ‘Harry is bald’ is true in English in 2012, at parameters (...). The
fact that there are close worlds where we use ‘Harry is bald’ differently may explain, by
ordinary safety principles, why we cannot know that this sentence is true in English. But
whether Harry is bald or not is not unstable in the same way: he has the same number of
hairs (or at least a number within the borderline interval) at all the relevant close worlds.
So there is also the further fact that, given the status of Harry’s head, we cannot know
whether he is bald, and there is no obvious way to infer ignorance of the latter fact from
ignorance of the former linguistic fact. In general it is quite easy, if you don’t know what
certain English sentences mean, to know that Harry is bald without knowing that ‘Harry is
bald’ is true in English, and to know that ‘Harry is bald’ is true in English without knowing
that Harry is bald. Why shouldn’t the kind of ignorance about what sentences mean, on
the Williamsonian picture, be the same as the kind of ignorance about meaning non-English
speakers have?

The second putative explanation appeals to the fact that when there is widespread dis-
agreement about whether a term applies in given case one ought to withhold judgement
about whether it applies. One might attribute uncertainty about whether a given vague
predicate applies in a particular case to uncertainty about how other people in your commu-
nity are using that term in the language. While these explanations certainly may show why
we can’t know whether the predicate ‘bald’ applies to Harry in English, once again there
is the further fact that we cannot know whether Harry is bald and this is not explained by
the former facts.

Let me end by mentioning one more point which, although not a fully fleshed out
objection, is something I find worrisome. In many ways ways explaining Ignorance is one
of the easier jobs for a linguistic theorist. Other facts are harder to explain. Suppose that
Harry is as before a borderline case of baldness, and that we rationally believe this. Then
it seems that

Agnosticism: It would be irrational to believe that Harry is bald, and it would be
irrational to believe that Harry is not bald.

This fact is prima facie quite puzzling. After all you know that either Harry is bald or he
isn’t, so at least one of the two beliefs above is true. Furthermore you have all the evidence

9For further discussion of metalinguistic safety principles see Magidor and Kearnes [70] .
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you could possibly have available. It feels like there should be some general fact about
vagueness related phonemona that explains this.

Since there appear to be plenty of things we do not know which are not irrational to
believe, it seems, therefore, that there is a separate and harder problem of explaining what
feature of linguistically vague sentences prevents us from rationally believing propositions.
This seems a lot harder to do. For example, in a discussion of Williamson’s epistemicism,
Horwich writes: “the ignorance due to vagueness is attributed to a special form of unreli-
ability — an external failure — and not, as it should be, to the internal difficulty in making
a judgement.” [61]. But surely any explanation of our ignorance that appeals to the use of
a term in a public language is going to be an external one.'® An account of non-linguistic
indeterminacy that satisfied the determinacy role could explain, in a general way, Agnos-
ticism from Doxastic, but I am much less confident that an explanation of Agnosticism
in terms of language use could be given.

1.1.4 Problems with intensionalism

An intensionalist appears to be in a slightly better situation than a hyperintensionalist
when it comes to providing a general explanation of Ignorance. For example, they would
be in a better position under the following assumption:

M Every public language sentence s of L is intertranslateable with a mental representa-
tion m(s)

the intertranslateability assumption is left unspecific for the time being.!! Assume also that
for every sentence s of L there is a sentence expressing the negation of what s expresses in
L, neg(s), and that s is vague iff neg(s) is.!> We might then be able to explain Ignorance
by appealing to and defending a general principle of the form:

The Linguistic Ignorance Thesis Necessarily, if s is indeterminate in £, then for
no proposition p does any rational person know* P relative to m(s) or know™* p relative

to m(neg(s)).

The upshot of this, speaking loosely, is that it may indeed be possible to know, under
certain guises, that Harry is bald even when ‘Harry is bald’ is indeterminate. However, it
is not possible to know that Harry is bald relative to any guise corresponding to a sentence
which is indeterminate in L.

There is still the task of explaining why the ignorance thesis holds: i.e. the task of
explaining why, according to one’s preferred account of linguistic indeterminacy, a sentences
indeterminacy in a language implies the unknowability of any proposition relative to that
sentences corresponding guise. It is unclear to me how this might go on particular proposals,
such as semantic indecision, contextualist or inconsistency views, however the prospects for
the intensionalist seems, prima facie, slightly more promising than in the case where there is
an independent non-linguistic truth, Harry’s baldness, ignorance of which needs explaining
in purely linguistic terms.

It is worth pointing out that this strategy of relativising propositional attitudes will have
to extend beyond knowledge and belief if we are to keep other aspects of the determinacy
role. For example, the ignorance thesis constrains the assertability of certain propositions,
which might be derived from norms of assertion of the following kind:

10Horwich’s own view may be an exception: Horwich, unlike most linguistic theorists, takes the language
in question to be an internal language of thought instead of a public language. This exception aside, the
problem of explaining Agnosticism seems harder for most linguistic theories.

171t is natural to assume things like ‘one should not assertively utter s in £ unless one has a token of
m(s) in one’s belief box’ and ‘knowing an utterance of s is knowledgeable in L licenses one to have a belief
token of m(s)’, and so on.

12 According to the intensionalist there will be both precise and vague sentences which express the negation
of what ‘Harry is bald’ expresses. This assumption might be more accurately expressed by the claim that the
language has a negation operator which, when prepended to a vague sentence, produces a vague sentence.
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A You may assert that p only if you know that p (justifiably believe that p, et cetera.)

Note that according to the view there are contexts according to which ‘I know that Harry
is bald’ is true, even if Harry has a critical number of hairs. If A holds in these contexts it
follows that ‘you may assert that Harry is bald’ is true in these contexts. However in normal
contexts ‘you may assert that Harry is bald’ is false when Harry has a critical number of
hairs. In order to account for contexts of both kinds we must postulate context sensitivity
in the sentence ‘you may assert that Harry is bald’. It is natural to think that the word
‘assert’ is context sensitive, and that the correct rendering of A, stated in non-context
sensitive vocabulary, is: A may assert* that p relative to s only if A knows* that p relative
to m(s), where one has asserted* that p relative to s only if one has asserted p in virtue of
having uttered s.

Similar reasoning shows that a wide variety of propositional attitudes should be rela-
tivised:

S If you have seen that p then you know that p

Suppose that 25m is the critical height it takes for a tree to be tall (ignoring, temporarily,
the context sensitivity of ‘tall’.) Let’s suppose that I have seen that the tree 25m — for
example, let’s say I can see that it is the same height as a tree whose height I already know,
via measurement, to be 25m. Since that the tree is 25m is the same proposition as the
proposition that the tree is the critical height for being a tall tree, it follows via Leibniz’s
law style reasoning that I've seen, and therefore know, that the tree is is the critical height
for being a tall tree. However, since S seems to express a context insensitive truth, and
‘A knows that the tree is the critical height for being a tall tree’ expresses a falsehood in
most normal contexts, it seems that ‘A has seen that the critical height for being a tall
tree’ must also be context sensitive. Again, the most straightforward way of guaranteeing
that things work out nicely is to have perceptual reports such as ‘A sees that p’ expressing
ternary relations between people, propositions and guises.

Problems for intensionalism

While the intensionalist strategy evades some of our concerns it is a fairly radical thesis.
For example, let us suppose that I know that Harry’s hairline has receded to the point at
which it is borderline whether he is bald or not bald. Let us further suppose I know exactly
how many hairs he has, namely N, and that IV is below the cut-off for being bald. Now,
even though Harry is, as it turns out, bald, the following claims seem to be clearly false in
any context in which they are uttered:

I know that Harry is bald.

I may assert that Harry is bald.

I can see that Harry is bald.

I discovered that Harry was bald by counting the hairs of his head.

It is always possible to find out whether someone is bald by counting the hairs on
their head.

It is a serious cost that the intensionalist predicts contexts in which utterances of the above
sentences are true. Perhaps the intensionalist could argue that, although there are contexts
in which the above are true, there are no contexts in which it is appropriate to utter them,
and this explains our intuitions about these cases. For example, if you were to utter ‘I
know that Harry is bald’ this would be an inappropriate utterance to make, even if true,
because you should in general strive to assert a proposition via a guise that you believe the
proposition relative to. Suppose v is a guise such that I know* that Harry is bald relative
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to v. You may assert the true proposition that you know* that Harry is bald relative to
v via the vague guise corresponding to (this particular utterance of) ‘I know that Harry is
bald’, only if you know, via that same guise, that you know* Harry is bald relative to v.
This can all be explained by the fact that the contexts in which ‘I know that Harry is bald’
are true are also contexts relative to which the sentence is linguistically indeterminate.

Unfortunately this strategy for explaining the bizarreness of the claims above has a
limited application. For example it does not extend to simple variants of the above sentence:
‘Fred knows whether Harry is bald’, ‘if Harry is bald Fred may assert that he’s bald, and
if he isn’t Fred may assert that he isn’t’, and so on. For example, if the context provides a
guise, g, such that Fred knows whether Harry is bald relative to it, then ‘Fred knows whether
Harry is bald’ is a determinate sentence in that context, in this context it expresses the
proposition that Fred knows* whether Harry is bald relative to g and also a sentence such
that I may know™ that Fred knows* whether Harry is bald relative to g relative to the
guise m(‘Fred knows whether Harry is bald’) (since m(‘Fred knows whether Harry is bald’)
corresponds to a determinate sentence in this context.)

Another worry with the approach is that it seems not to account for one of the funda-
mental problems in the philosophy of vagueness: the Sorites paradoxes. Intuitively there is
distinction between two kinds of predicates, vague predicates which are Soritesable — can
be inserted into the premises of a Soritese argument all of whose premises sound plausible
— such as the predicate ‘is bald’, and those which are not, such as ‘has less than N’ hairs.
According to the orthodox operator way of speaking, a property, F', is vague just in case it
could have had a borderline case, in other words, just in case it’s possible that for some x
it’s vague whether z is F'; we have a clear connection between locution ‘it’s vague whether’
and concept of predicate vagueness that arises from the Sorites paradoxes.

It is not clear what it means for a predicate to be vague for a linguistic theorist purely
in terms of a sentential vagueness predicate. To say that a predicate, ‘F’, is vague just in
case for some name, ‘a’, ‘Fa’ is linguistically vague will not do — ‘is 29,000 feet high’ is not a
vague predicate even though ‘Mt. Everest is 29,000 feet high’ is linguistically vague. Unlike
the hyperintensionalist, the intensionalist may mimic the operator approach by using the
guise relative vagueness operator: a property, F, is vague iff for some x it’s vague whether
x is F' relative to a. Yet everything depends on the choice of guise, a — we cannot simply
existentially quantify it out for the reasons just mentioned.

A third issue for the intensionalist is the use of the assumption M: that there is some
mental guise corresponding to each public language sentence. This encodes a controversial
empirical assumption: that there is a language of thought, and that every public language
sentence corresponds to a sentence in the language of thought. One might think that an
adequate explanation of Ignorance should not rest on controversial empirical assumptions
like this.

Even more troubling, it seems to make the possibility of having a belief that Harry is
bald, or indeed any other vague thought, parasitic on one’s bearing the right kind of relation
to a vague public language (presumably one containing a sentence synonymous with ‘Harry
is bald’.!3) This point can perhaps be seen most vividly with vague beliefs which we seem
to be able to acquire in a way that seems to have nothing to do with language, and whose
acquisition does not appear to depend on one’s ability to speak a public language. For
example, if I look at Harry I gain certain information about the number of hairs on his
head. In doing so I see a number of things about his head; I’ve seen that he has more than
0 hairs and less than 10°. The strongest proposition I have seen, and the strongest belief I
have thereby acquired, however does not seem to be a precise belief such as the belief that
Harry has between 2,459 and 3,056 hairs. It seems far more likely to me that the strongest
belief T have acquired (or at least, have justification for) is a vague belief such as the belief
that Harry is bald; and analogously that I’ve had a vague perceptual experience of seeing
that Harry is bald. The intensionalist will cash out this talk of a ‘vague belief’ and ‘vague

13¢Synonymous with’ here cannot simply mean ‘expresses the same proposition as.’
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perceptual experience’ in terms of my mentally tokening some guise which corresponds to
a linguistically indeterminate public language sentence. But what public language sentence
could possibly correspond to the kind of perceptual experience I have in the case described?
Furthermore it does not seem plausible that I need to speak a public language, or be related
in any particular way to one, in order to have acquired a vague belief perceptually. This
point is not limited to visual capacities; in the next chapter I shall argue that most of
our perceptually acquired beliefs, gained through hearing, smelling, proprioception, as well
as beliefs gained via offline imprecise calculations about the movement and position of
objects, are vague. Only a small proportion of our vague beliefs, those acquired by being
told something for example, have any clear cut relation to language.

Let me briefly mention two more worries before we move on. As we mentioned already,
there seems to be a separate and harder problem of explaining Agnosticism. It is not
clear what feature of linguistically vague sentences prevents us from rationally believing
propositions, via their corresponding guises, or otherwise, even if we may believe the same
propositions via guises corresponding to precise guises.

The second worry is based on the observation that, in some sense or other, what be-
liefs we have partly explain how we act. On the view we are considering, however, such
explanations cannot be carried purely by appealing to the contents of these beliefs — they
will have to involve the guises we employ in order to have those beliefs, otherwise we could
not explain the difference in behaviour between people with necessarily equivalent beliefs.
It becomes harder to see how we might get a systematic connection between beliefs and
action of the kind you get from decision theory, for example.

Let us introduce a four place relation, credence*, between people, propositions, numbers
and guises: we’ll pronounce this ‘A’s credence* in p relative to guise a is x.” Note that,
relative to different guises, you can have numerous different credence*s towards one and the
same proposition. For example, my credence* towards the necessary proposition will change
depending on whether I am having it in virtue of the guises corresponding to ‘Hesperus is
Phosphorus’, ‘every even integer greater than 2 is the sum of two primes’ and so on. On
the other hand, I can have credence® 1 in p relative to some guise, and credence® 1 in —p
relative to another. If we are to make sense of credences at all it seems we must consider
them relative to a fixed guise. Unfortunately this doesn’t seem to work either; relative to
the guise corresponding to ‘Hesperus is bright’ I have a fixed credence in the proposition
that Venus is bright, which is good, but no defined credence at all in the proposition that
Mars is bright, or in other propositions which are not the content of a mental tokening
of that kind of guise (presumably exactly those propositions distinct from the proposition
that Venus is bright.)

1.1.5 Problems with hyperintensionalism

There are also specific objections that seem to apply only to the hyperintensional approach
to propositions. David Lewis once objected to theories which tried to reduce modal facts
to facts about language. Lewis’s objection was aimed at linguistic theories of modality that
identified possible worlds with certain kinds of sets of sentences. However, according to
Lewis, there are simply more possible worlds than sets of sentences. A related point applies
here. It certainly seems like there are more vague propositions than vague sentences. At the
very least, there appear to be vague propositions which are not expressed by any sentence
of English.

To see this imagine that we encounter an alien race who have evolved in a stellar system
orbiting a white dwarf. Consequently the range of light that stimulates their visual system is
in the ultraviolet spectrum. Like us they have different names for different segments of that
region depending on how things appear to them. For example, just as we’re unsure whether
to apply the term ‘red’ on the region of the visual spectrum that is borderline red, there
are corresponding regions of the ultraviolet spectrum where the aliens are unsure whether
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to apply their terms. It seems very natural to say that there is something the aliens can
say which we can’t. These things aren’t synonymous with the precise claims we can make
about the ultraviolet spectrum in our language, and therefore encode pieces of information
not expressible in English. If the vague propositions exist independently of us and the way
we happen to speak, just as precise propositions do, the vague propositions we described
would exist even if there weren’t any aliens speaking this way. It seems particularly hard
to imagine how the unknowability of these vague propositions could be explained by any
sentence in English being borderline.

I think there is a much more pressing and general worry for the hyperintensionalist
approach. According to hyperintensionalism there is a cluster of phenomena involving
knowledge and other propositional attitudes that are associated with certain propositions
and not others. The distinction is seen quite clearly in the case of the proposition that
Harry is bald, which you cannot know, care about, rationally believe, and so on and the
proposition that Harry has 2,000 hairs. For the sake of having a name for propositions
like these, let us call these the ‘vague propositions’. In a way this is an advantage of
hyperintensionalism, as the intensionalist cannot even articulate this distinction.

If my arguments are correct, however, then whether a proposition is vague, i.e. whether
it is can be associated with the cluster of phenomena mentioned above, does not hold in
virtue of the relations that proposition stands in to sentences of a public language.

Thus for the linguistic theory which posits hyperintensional vague propositions there
is both a distinction between vague propositions and vague sentences, neither of which
are reducible to the other. Whatever we say about vague sentences does not allow us to
eliminate the distinction between vague and precise propositions; a distinction which, if my
arguments above work, is not reducible or explainable in terms of their relation to sentences.

However, if one accepts that there is a distinction between vague and precise propositions
not explainable in virtue of the analysis of linguistic vagueness, then another simpler and
more attractive analysis of linguistic borderline case becomes available.

Sentence s is borderline as used in the language L by community C in context ¢ at
the the actual world at time ¢ if and only if s expresses a borderline proposition in
the language L, as used by community C' in context ¢ at the the actual world at time
t

This reduction of the linguistic notion of borderlineness to the propositional notion seems
to be a much better theory than one which posits two primitive kinds of borderliness, and
then has to posit numerous principles connecting them. The above analysis eliminates
the sentential notion, and the bridge principles are simply entailed by the definition. The
linguistic notion seems redundant.

At any rate, whether we should accept the above reduction or not, we have at least
motivated the primary goal of this thesis: that a theory of vague and precise propositions
is not provided by linguistic theories yet is needed for an adequate theory of vagueness.

1.2 Qutline of a non-linguistic theory

While most of the prominent theories of vagueness have been linguistic, there have been
a few attempts to provide a non-linguistic theory of vagueness. For example Fine [43],
Field [37], Barnett [6], Barnes and Williams [3], K6lbel [72] all treat indeterminacy, at var-
ious degrees of explicitness, as an operator expression, rather than a predicate applying to
sentences. What is perhaps surprising is that a good proportion of these theories are primi-
tivists about this operator: they generally think that there is very little to be said about its
meaning other than, perhaps, some general principles about its logic and conceptual role.
For example, according to the theory defended in Barnes and Williams [3] the indeter-
minacy operator expresses a metaphysically primitive operator (just as predicates express
properties, I'll use the bold faced ‘operator’ for whatever operators express) in much the
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same way as Prior thought that tense operators expressed metaphysically primitive op-
erators. This leaves it somewhat mysterious as to why we must be ignorant in cases of
indeterminacy and not, say, in cases of contingency. The account I am about to outline is
one in which the operator simply couldn’t be expressed by an operator with a different
conceptual role. Operators and propositions according to this view are individuated by
the role they play in a theory of rational propositional attitudes.

There has been a long standing dispute in the philosophy of language between truth
conditional and conceptual role approaches to semantics. According to the former position
the meaning of a sentence is given by the conditions under which it is true, a proposition.
According to the latter position, the meaning of an expression or a thought is identified with
the inferential relationship among rational thinkers/speakers it bears to other expressions
and thoughts.

One of the most appealing aspects of truth conditional semantics, in the form of possible
world semantics, is that it has enjoyed great success among linguists and is widely adopted
in semantics. One of the characteristic features is that propositions are identified with sets
of possible worlds. One of the drawbacks of these approaches, however, is that they have
difficulty dealing with propositional attitudes. Conceptual role semantics on the other hand
does a better job of accommodating propositional attitude reports, yet has proved to be
unwieldy as a semantic theory.

I want to suggest a theory of meaning which draws something from both proposals.'*
I suggest that we retain the thought that the meaning of a sentence is given by a non-
linguistic entity, a ‘proposition.” However I reject the standard truth conditional account,
which individuates these things modally. I think that propositions should rather be individ-
uated by something analogous to a ‘conceptual role’; although, of course, something which
applies to propositions and not sentences or thoughts. We can put the analogy as being
between the role a proposition plays within a theory of rational propositional attitudes to
the conceptual role a sentence or thought has in a conceptual or inferential scheme. The
role of a proposition, p, is roughly analogous to the conceptual role of a belief, desire (or
Ving) that p. This is partly given by the (objective) norms that governs one’s proposi-
tional attitudes towards that proposition. Since the word ‘conceptual role’ has such strong
linguistic connotations I shall henceforth use the word ‘attitudinal role’ for the role that a
proposition plays in a theory of rational propositional attitudes.

An instance of this role is the evidential relationships a proposition has to other propo-
sitions. The attitudinal role of a proposition, in this sense, is not a linguistic role at all;
the fact that, for example, the evidential probability that there are foxes given that there
are vixens is 1, is one that applies to any rational being whether they speak a language
(whether public or mental) or not.

Note that such a view does not preclude us from adopting the standard representation
of propositions as sets of indices. Note, however, that we cannot think of the indices as
maximally specific ways the world could have been. This assumption seems to load the
dice in favour of natural language operators like ‘could’ and ‘possibly’, and it is no surprise
that on this way of construing indices we run into trouble interpreting attitude operators
like ‘believes that’ or ‘desires that’ in this framework. The assumption that indices are
maximally specific ways the world could have been is not forced on us; we could just as
easily interpret the indices as being maximally specific ways the world could be believed to
be, or desired to be. One can still think of sets of such things as truth conditions: they are,
after all, still propositions, i.e. conditions which can obtain or fail to obtain — they are the
contents of belief, desire and so on, which can obtain of fail to obtain — and thereby secure
or fail to secure the truth or falsity of the sentence they are assigned to. It is merely being
denied that truth conditions are individuated by metaphysical possibility.

The success of the form of semantics which uses indices and relations to model operators
therefore has nothing to do with the indices being interpreted as possible worlds. But the

M Although I do not think it is that important we think of it in these terms.
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claim that the indices are ways the world could rationally be believed or desired (or more
generally Ved) to be seems somewhat mysterious. A neutral, and less mysterious way to
talk about the indices would be to say that they are ‘maximally consistent’ propositions: a
proposition which is consistent and entails every consistent proposition that entails it. Here
‘consistent’ is not required to mean ‘metaphysically possible’ and ‘entails’, need not mean
‘necessarily implies’.!®

This takes away the air of mystery: on this way of talking indices are simply just
certain kinds of propositions — maximally consistent propositions. And whether necessarily
equivalent propositions are entailed by the same set of maximally consistent propositions
depends once again on the question of how we individuate proposition — in this case, whether
we individuate them as coarsely or more finely than necessary equivalence.'®

On the proposed view the proposition that Harry is bald, call this p, is distinct from the
proposition that Harry has less than N hairs, where ‘N’ is a precise name (e.g. a numeral)
for the critical number of hairs it takes to be bald, call this latter proposition q. Under the
simplifying assumption that baldness supervenes on hair number, p and g are necessarily
equivalent, yet one may rationally have different credences in p and ¢. Indeed, I will argue
in the proceeding chapters that according to any rational prior, the probability of p given
Harry has exactly N hairs is strictly between 1 and 0 — any one who has evidence that
Harry has exactly N hairs, has evidence that it’s vague whether Harry is bald, and anyone
who has evidence in this should be uncertain whether Harry is bald.

The proposition that Harry is bald and has exactly N hairs, and the proposition that
Harry is not bald and has exactly N hairs, are both epistemically possible. Yet one is
metaphysically impossible: either it is necessary that anyone with N hairs is bald, or
it’s necessary that anyone with N hairs is not bald (given simplifying supervenience as-
sumptions.) Both of these two propositions are consistent, in the broad sense I have been
elaborating on, only one is metaphysically possible (although it is vague matter which is the
metaphysically possible proposition.) Since both these propositions are consistent, there
are maximally consistent propositions i and j entailing the first and second of these proposi-
tions respectively; yet since one of these propositions is metaphysically impossible it follows
that one of maximally consistent proposition 7 and j7 must be metaphysically impossible. In
light of this, I shall call the indices, like ¢ and j, (im)possible worlds, to indicate that they
are maximally consistent propositions that may or may not be metaphysically impossible.

There should be nothing metaphysically mysterious about impossible worlds in this
sense; anyone who thinks there is more than one impossible proposition and also thinks
there are maximally strong propositions that are not inconsistent can make sense of this
notion.

It’s worth noting that even without bringing in considerations to do with attitudes the
style of semantics which employs indices and accessibility relations may not always allow
one to interpret the indices as possible worlds. For example, a purely modal language can
only allow the indices to be interpreted as representing possible worlds if we are assuming
a modal logic including the S4 principle. If we are taking the index semantics at face value
then only the indices accessible to the index representing the actual world will be genuine
‘possible’ worlds. Similar points hold for counterfactual logics which allow for non-trivial
counterfactuals with impossible antecedents. Neither of these two examples rely on the
features of propositional attitudes.

150f course, if necessarily equivalent proposition are identical, then by Leibniz’s law p is consistent iff ¢ is
consistent whenever p and ¢ are necessarily equivalent. A notion of consistency which forces propositions to
be more fine grained than sets of possible worlds is just not coherent unless one already takes propositions
to be more fine grained than sets of possible worlds.

16Note that given certain idealisations the notion of propositional identity and the notion of consistency
appealed to here are interdefineable. For example we could define the broadest notion of necessity, Lp as
p = T, and the broadest notion of possibility Mp as -M-p. (Note we also get S4 assuming (p =p) = T:
from p = T and Leibniz’s law we get (p=T) =T, i.e. Lp — LLp.)
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1.2.1 The theory of propositions

The theory of propositions and (im)possible worlds follows from a broadly Stalnakerian way
of making sense of the indices.!” According to the Stalnakerian view [128] we begin with
a theory of rational agents in which indices are taken as primitive. Whatever structure
indices have is abstracted from this theory, and beyond this their nature is left open.
Stalnaker is not explicit about what this theory is exactly, but he does say the following:

“What is essential to rational action is that the agent be confronted, or conceive
of himself as confronted, with a range of alternative possible outcomes of some
alternative possible actions. The agent has attitudes, pro and con, towards
the different possible outcomes, and beliefs about the contribution which the
alternative actions would make to determining the outcome. One explains why
an agent tends to act in the way he does in terms of such beliefs and attitudes.
And, according to this picture, our conception of belief and of attitudes pro and
con are conceptions of states which explain why a rational agent does what he
does.” Stalnaker, Inquiry, p5. [128§]

On this picture of the metaphysics of indices, they are not things which are deeply tied to
the world, as a possible world in Lewis’s sense would be: “they obviously are not concrete
objects or situations, but abstract objects whose existence is inferred or abstracted from
the activities of rational agents” ([128] p50-51.)

From the above passage you would be forgiven in thinking that Stalnaker individuates
the ‘possible outcomes’ according to a rational agents bouletic attitudes (‘attitudes, pro
and con’) and doxastic attitudes. It is worth noting, however, that Stalnaker individuates
propositions, and possible outcomes, modally, and indices in the sense abstracted above are
identified with possible worlds. Stalnaker’s reasons for doing this seem to have nothing to
do with the picture outlined so far, and have more to do with his reductionist tendencies
with respect to the problem of intentionality. He even considers the impossible worlds ap-
proach, writing ‘could we escape the problem of equivalence by individuating propositions,
not, by genuine possibilities, but by epistemic possibilities — what the agent takes to be pos-
sible?’” but dismisses it on the grounds that although ‘this would avoid imposing implausible
identity conditions on propositions [...] it would also introduce intentional notions into the
explanation, compromising the strategy for solving the problem of intentionality.’!®

However, it seems obvious to me that the entities we abstract from a theory of rational
decision will be more fine grained than possible worlds.'® An astronomer who believes
that Hesperus is a planet may display very different behaviour, both linguistically and non-
linguistically, from someone who believes that Phosphorus is a planet. It furthermore seems
perfectly possible that this astronomer may have very good evidence that Phosphorus is
a planet, which is not also evidence that Hesperus is. In which case it seems to me to be
perfectly rational for this agent to believe that Hesperus is a planet without believing that
Phosphorus is and rational for her to act accordingly.

Since I am claiming that propositions are more fine grained than possible worlds it’s
natural to ask at what point do we stop individuating? How fine grained are propositions? 1
think that Stalnaker’s theory provides a perfectly principled answer to this question: indices
are as fine grained as we need them to be to specify the functional role of the belief that p
in terms of the indices at which p is true. In other words, indices are whatever they need
to be so that functional roles do not distinguish more finely than sets of indices.

170f course, for Stalnaker indices are metaphysically possible worlds.

8Note: in the more recent [127] he disavows the project of reduction.

19Stanley [129], makes the similar point that Stalnaker’s ‘causal pragmatic’ approach to intentionality
appears to be compatible with, and even motivates, a theory in which indices are epistemically possible
worlds.
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The functional role of a belief that p does not include the role that a belief that p
plays in the cognitive workings of completely erratic and irrational agent (if we could ever
determinately attribute a belief that p to such an agent.) No two belief states have the
same cognitive role across every possible agent, rational and irrational; the resulting notion
of proposition would be uninteresting and useless for the purposes of giving a theory of
objective information that can be communicated among different agents. For example, in
order have a theory of communication some degree of rationality must be assumed by both
participants in a conversation if we are to be able to infer anything about what they believe
from the sentences they are uttering.

The words ‘rational’, ‘should’, ‘ought’, and so on, which we use in everyday life, are
vague and highly context sensitive. I believe this context sensitivity persists even if we
prime our audience to think we are using ‘ought’, say, to mean something broadly epistemic,
as opposed to moral; e.g. ‘she ought to raise as she knows he is bluffing’; ‘she ought to fold;
her opponent has lost most of his money already’. Therefore an important component of
the theory of propositions I am proposing is a theory of the kind of rationality at play. In
what follows I shall try to give a formal and an informal account of ‘coherence’ — having
one’s prior beliefs and desires compatible with the rational constraints I am interested in
— which I think we already have some intuitive grasp over. However, I am not proposing
to explain this notion in more basic terms: the notion of coherence I shall outline is a
primitive of my theory from which other concepts (being a precise proposition, et cetera)
will ultimately be explained. It is only the notion we express with the words ‘rational’ or
‘should’ in special contexts. It should be no surprise that this proposal for individuating
propositions has primitives. Even the modal way of individuating propositions must either
take metaphysical modality as primitive, or introduce further notions to analyse this kind
of possibility.

The other function of this description is to provide the basis of a decision theory from
which indices and propositions are to be abstracted. That is: I shall outline a decision
theory in which I freely quantify over propositions and indices, with the aim of at least
implicitly defining these notions.

The primitives of our theory thus consist of2:

1. A set of indices, Z.

2. A set of regular probability measures, Coh over the powerset algebra P(Z), called the
coherent priors

3. A set of real valued functions u : Z — R, U, called the coherent utilities.
We begin by making two definitions:

Definition 1.2.0.1. Let Pr be a coherent prior. The evidential probability for an agent at
a time t relative to Pr is Pr(- | e;) where e; is the conjunction of the agents evidence at t.

Definition 1.2.0.2. Let Pr be a coherent prior and u a coherent utility. The initial
preference ranking given by Pr and u is given by the propositional relation: p < q iff
E(u|p) < E(u|q). E(u|p) stands for the conditional expectation of the random variable,
u, given p.

For any proposition, e, we define the agents conditional preferences on e: p <. q as
pAe<qgAe.

An agent is rational only if there exists a coherent prior, Pr, and coherent utility function
u such that:

(a) The agents credences at time ¢ are identical to her evidential probabilities at ¢ relative
to Pr;ie. Pr(-|e;) where e; is the conjunction of all her evidence at t.

20T am, for the moment, ignoring the complexities that arise when the set of indices infinite.
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(b) The agents preferences at time t are given by p <., ¢ (i.e. by the relation E(u |
pAe) <E(u|qgier).)

The formal constraints we have outlined already tell us something informative about
coherence and about rationality. For example, every rational agent must have credences
obtained by conditioning on coherent priors; from this it follows that the credences of a
rational agent are probability functions. Among other things it follows that every rational
agent has credence 1 in every tautology.

I suggest further that every rational agent has credence 1 in propositions expressed by
paradigm examples of ‘analytic’ sentences. Therefore, every coherent prior:

1. Assigns 1 to the proposition that all vixens are female foxes

2. Assigns a number to the proposition that there are vixens which is less than or equal
to the proposition that there are foxes.

3. Assigns 1 to the proposition that Harry is bald conditional on the proposition that
Harry has 0 hairs.

4. Assigns a number strictly between 0 and 1 to the proposition that Harry is bald
conditional on Harry having N hairs.

Facts like the above are not entailed by the formal constraints outlined above, but are just
as important to the notion of coherence I am characterising: roughly that of being concep-
tually coherent. A coherent prior is thus a probability function which is both conceptually
coherent, and a regular prior (i.e. does not assign a probability of 0 to any (im)possible
world.) It follows from the first claim, for example, that the evidential probability that all
vixens are female foxes, for any conceptually coherent agent at any time, is 1. Of particular
interest is the claim, 4., that no coherent prior can assign the proposition that Harry is bald
a credence of 1 or 0, conditional on the proposition that he has N hairs, where IV is suitably
chosen so that the proposition that Harry has IV hairs conceptually entails that it’s vague
whether Harry is bald. I take it that this kind of constraint is of a similar kind to claim 3.
— that no coherent prior may assign a number less than 1 to the proposition that Harry is
a fox conditional on the proposition that Harry is a vixen. Roughly speaking, a probability
function is coherent if it respects all conceptual requirements of the kind including 4., of
which conceptual entailments are just a special case.

1.2.2 Precision operators and determinacy operators

The aim of this thesis is to elucidate, within this framework, the notion of a proposition
(i.e. a set of (im)possible worlds) being precise.

It is worth spending some time clarifying what I mean by a precise and a vague propo-
sition. Many philosophers theorise instead with the notion of a propositions being deter-
minately true, which they represent with an operator A. To say that p is determinate
is roughly to say both that p and p is not borderline. To see the difference consider the
proposition that Henry is bald. Henry, unlike Harry has absolutely no hair at all. The
proposition that Henry is bald is therefore determinately true, it is true and it is not bor-
derline. Nonetheless there is a clear and intuitive sense in which the proposition that Henry
is bald is a vague proposition — after all Henry could have been more like Harry actually is,
and had instead a borderline number of hairs. Neither the proposition that Harry is bald
or the proposition that Henry is bald is a precise proposition.

In contrast, the current approach takes the notion of a precise proposition as primitive.
According to this approach we may characterise formally a notion of precision from which
the A operator can be defined. For example, it is clear that the negation of a precise propo-
sition is precise, and a conjunction or disjunction of precise propositions is precise. Thus the
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precise propositions form a complete Boolean subalgebra of the algebra of propositions.?!

Principles like these allow us to rigorously formulate a logic of precision analogous to the
more traditional logics of determinacy. There are a number of advantages to this approach
which I shall outline below.

For the kind of theorist I have described above it is often assumed that the notion of
a precise proposition is recoverable once we have the resources of an operator representing
metaphysical necessity, O. The thought is that while in the example above the proposition
that Harry is bald and the proposition that Henry is bald, call these p and ¢, differ with
regard to determinate truth, they are both possibly borderline. Perhaps this is what it
takes for a proposition to be vague, and that a proposition is precise iff it’s not possible
that it is borderline. Let #p (pronounce: ‘sharp p’) be an object language operator stating
that p is precise. In this case the notion of a proposition being precise might be defined as
fp:=0O(ApV A-p).

This definition is formally adequate: arbitrary conjunctions, disjunctions and negations
of necessarily determinately true or determinately false propositions are necessarily de-
terminately true or determinately false (assuming a reasonable logic of determinacy and
necessity.) However it is inadequate to capture the intuitive notion we began with. Con-
sider a variant of the example involving Henry: let p be the proposition that water is has
chemical composition XY Z and Henry is bald. This proposition is determinately false, but
unlike the original example, this feature is also necessary. However, the following seems like
a completely coherent scenario: water might have turned out to have a different chemical
constitution than it in fact has, XY Z, and Henry might have turned out to have a number
of hairs that is borderline. Therefore, I suggest, the proposition p is also vague despite
being necessarily determinately true or determinately false.

The failure of this definition to capture precision, in my opinion, should make one
doubtful that the notion can be defined from the determinacy operator at all. On the
other hand, given the notion of a precise proposition one can define what it means for a
proposition to be determinately true:

It’s determinate that p if and only if the strongest true precise proposition entails p.

thinking of p as just a set of (im)possible worlds the notion of entailment is simply that of
one proposition being a subset of the other, and the notion of strength being that determined
by entailment.

Let me end by distinguishing my notion of precision from another which has been
proposed in Williamson [142]. The claim that p is precise, on my view, entails that it is
necessarily determinately true or determinately false, i.e. O(ApV A-p), even though I have
argued that the converse doesn’t hold. The concept of precision defined in [142], however,
is much stronger: p’s being precise, according to that definition, would entail that every
instance of the schema O(Ap V A—p) held, where O can be substituted for an arbitrary
sequence of operators consisting of A’s and O’s. Call this notion ‘uber-precision’. If NV is a
clearly small number which is not clearly, clearly, clearly (and so on 100 times) small, then
a putative example of a precise proposition which is not uber-precise is the proposition that
N is small. You might argue that N is precise because if IV is clearly small, it’s necessarily
clearly small (numbers have their ‘size’ necessarily). Although this argument relies on the
inadequate definition of precision in terms of O and A it is very suggestive. Of course,
given the inadequacy of the former definition of precision in terms of O and A, the latter
definition of uber-precision in terms of O and A should also be suspect. Another way to
distinguish the two notions is as follows. Let B, be the proposition that having less than
n hairs is sufficient for being bald. Then precision lines up with the notion of determinate
truth in the following way: the last n such that B,, is determinately true is identical to the
last n such that B, is precise. The last n such than B, is uber-precise is usually much

21 Although, since it may be vague whether a proposition is precise or not, propositions about which
propositions are elements of this algebra will not always be precise.
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smaller, and would be equal to the last n such that B, is determinately true at all orders
(i.e.: determinately true, determinately determinately true, and so on.)

1.2.3 Logical issues

Here is the theory of precision, CID, for the language of propositional logic (henceforth:
PC) augmented with the § operator (PCt.)

RE If - ¢ ¢ ¢ then F #¢ ¢ o)
RN If ¢ then - ¢

Cid Nty =t NY)

D oAt = H(odVY)

| 46 <> -9

The intended models of CID are models of the form (Z, e, [-]) where Z is a set of (im)possible
worlds, e is a function from Z to equivalence relations over Z and [-] a function from
propositional letters to subset of Z. We define [8¢] :={i € T | V4, k(5 € [¢], (4, k) € e(i) —
k € [¢])}. The semantic values of disjunctions, conjunctions and negations are calculated
as usual. Intuitively the partition e(7) is the set of maximally strong precise propositions
according to i, and a proposition is precise at an index ¢ iff it is a union of maximally
stronge precise propositions. CID is sound and complete relative to this class of models.

If we add a notion of entailment, = and propositional quantification to the language
(call this language: PCV4 =) we may define the determinacy operator as follows

Ap:=VYq((Hg NgAYr(tr Ar = q=T1)) = ¢ F D).

Note that since propositions stating that a proposition is precise, need not themselves be
precise, the A operator defined above need not iterate trivially. In order to prove that A
obeys the modal logic KT (see below), we also need to add the principle stating that there
always is a strongest true precise proposition, and some basic facts about entailment:

Ip(p AMp AVa(g A dg = p = 4q))
PAPEqG—q
pPEaAPET o PEAT
pPEaePE-q

For logical purposes we can take A as primitive (even though it is not philosophically
basic) and theorise about its logic alone. Let PCA be the language of propositional logic
augmented with A in the usual way. The logic of this language I shall assume through out
the thesis is KT, which, in addition to being closed under classical propositional logic and
uniform substitution, contains the principles:

RN If - ¢ then - A¢
K A= ¢) = (Ad — AY)
T Ap = ¢

In the pure language of the propositional calculus with the A operator the theory I defend
does not look that much different from that of a supervaluationist logic. Throughout this
thesis it will become clearer how my view differs from supervaluationism. However, even the
logical properties of my theory of determinacy may differ from standard supervaluationism
once we add either
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e Propositional quantifiers.
e Modal operators.

I shall consider these in turn.

The theory of propositional quantification can be stated by adding to the propositional
calculus, PC, an infinite stock of propositional variables and a propositional quantifier V
binding them, PCV. Add to classical proposition logic:

PGen If - ¢ then - Vpeo.

PUI Vpg — ¢[/p
PK Vp(¢ = ¢) = (Vpg — Vp))
PR ¢ — Vp¢ provided p does not occur unbound in ¢.

In general you may have a modal logic in the language PCO that is complete relative to
possible worlds style semantics, and also have a similar possible world semantics for the
logic of propositionally quantified logic in the language PCVY. However, when you add the
two theories together they will typically not be complete for a possible worlds semantics;
there are principles which involve the interaction of the modalities and quantifiers which are
validated but are no longer provable. For example, in a propositionally quantified modal
logic of S5 you cannot prove that necessarily there is a proposition which entails all truths
(i.e. that there are maximally strong propositions, i.e. atoms or ‘possible worlds’) yet this
is validated in every possible worlds model. The same applies here; we cannot prove that
there is a proposition which determinately implies all truths in the joint language PCAYV.
We must also add the principle:

At 3p(p AVq(g = A(p — q)))

To see how the theory might diverge from a standard supervaluationist framework lets
consider the consequences of the axiom PUI. Defining dp as =Vp— we can prove a proposi-
tional comprehension principle:

PComp IpA(p < @)
PComp™ JpA”™(p <> ¢)

Here A" is notation for a sequence of n of occurrences of A. Note firstly that Vp—A"™(p +»
@) — —A"(¢ <> ¢) by PUI, and secondly that A™(¢ <> ¢) by n applications of RN. Thus
we may infer =Vp—=A"(p <+ ¢) by modus tollens.

PComp entails that there is some proposition determinately equivalent to the proposition
that Harry is bald. And PUI entails the existence of vague propositions: for example
if it’s vague whether Harry is bald then PUI entails there is a proposition which is vague
(V¢ — IpVp.) These are controversial principles, and certain versions of supervaluationism
might want to deny them. According to Fine [43], the proposition that Harry is bald is
neither true nor false. One might therefore think there is simply no fact, i.e. no such thing
as the true proposition, that Harry is bald or that Harry is not bald. Such theorists may
instead want to replace PUIl with

PRUI ¥pp — ¢[1p/p] when ¢ does not contain A.

In Fine [42] this this is called ‘restricted specification’ (see that paper for further details
and semantics.??)

22The semantics which invalidate PUI allows the interpretation of propositional constants and proposi-
tional variables to belong to and vary over a Boolean algebra of sets of the set of worlds Z. PUIl may be
invalidated when this algebra is strictly small than the powerset algebra.
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Let us now consider the result of adding operators representing both metaphysical neces-
sity and determinacy to the propositional calculus, PCOA. Here, once again, we encounter
differences in motivation between supervaluationist semantics and my own — this time due
to the interaction between vagueness and modality.

On the standard supervaluationist semantics the indices are represented as pairs of
worlds and precisifications. Precisifications are interpretations of the language in question
telling us what the extensions of vague predicates are at different worlds; they are tied to a
particular language, such as English, and there is no straightforward connection between the
existence of a world precisification pair in which p holds, and the existence of an epistemic
possibility in which p holds.

For the supervaluationist the indices consist of two separate domains: the set of possible
worlds, W, and a set of precisifications, V', with the indices Z being identified with W x V',
the set of all ordered pairs whose first element is in W and whose second element is in
V. W will usually be thought to come with the universal accessibility relation, E, (more
generally, E could be an equivalence relation) and V with a reflexive relation of relative
admissibility: R C V x V. Ruv means that if we interpret ‘admissible’ according to u, v
would be admissible.

In order to model both modality and vagueness simultaneously we get a derived model,
(Z,E',R’) defined as

R (x,u)(y,v) iff z =y and Ruv
E'(z,u)(y,v) iff Ezy and u=v

R’ and E’ can be used to model the operators A and O respectively in the richer language of
PCOA. Note that even if E is the universal relation on W, E’ is a non-universal equivalence
relation whenever |V| > 1.

Frames such as the one described above are known as ‘product frames’. By some stan-
dard results it follows that the logic of frames generated like this from arbitrary equivalence
relations, F, and reflexive relations, R is

- KT for A

- S5 for O
ND OA¢ — AQO¢p
DN AO¢ — OA¢
PD CA¢p = AOP

Note that the dual of the final axiom, ~A—Op — O-A-p, follows from the final axiom by
contraposition. Note that the converse of the final axiom is clearly not valid. Suppose there
is a bag of balls numbered from 1-1000. Determinately, for any n it’s possible that I have
picked the nth ball. Since some n is the last small number it follows that, determinately,
it’s possible that I've picked the last small number. However it is not possible that I've
determinately picked the last small number. Note that the dual of the converse of the final
axiom entails the converse of the final axiom (by contraposition) so the dual of the converse
of the final axiom is also false. The above result would also hold if we either substituted
KT for KTB, S5 for S4, or both, and accordingly substituted ‘reflexive’ frames for reflexive
symmetric frames frames, and ‘equivalence relation’ for ‘transitive reflexive’.?3

On the current view models are not generated like this. The indices, I, are simply
treated primitively as (im)possible worlds with a equivalence relation S and a reflexive
relation R. Since there are impossible worlds, and possible worlds, .S will be non-universal.

23See Gabbay and Shehtman [47], and Kurucz [77]. By the results of Gabbay and Shehtman, we can
substitute any PTC logic S5 and KT, provided we substitute the models with the classes they validate.
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OA¢p - AO¢ | SoRC RoS
AO¢p - 0OA¢p | RoSCSoR
OAp — AO¢ | Church-Rosser Property

Table 1.1: Vagueness and modality

In this setting the principles of supervaluationist modal logic do not simply fall out of the
structure of indices, but are substantive constraints on the accessibility relations. These
constraints are listed in table 1.2.3 — the Church-Rosser property refers to the condition:
(RzyASzz) — Jw(SywA Rzw) and RoS denotes the composition of R with S, (Ro.S)zy <
3z(Rxz A Szy).

The logic of modality and vagueness I suggest as a starting point may simply be S50
+ KTA.

Note that for the supervaluationist there is a sharp distinction between vagueness related
facts and worldly facts. Suppose that Z =W x V. Let x € W be a possible world. One
might think that a proposition, i.e. a subset of Z, denotes a possible world iff it is of the
form {(x,v) | v € V'}. Note that if p designates a class of this kind in a model then p — Ap
and —p — A-p will hold in the model; it is always a determinate matter what a possible
world is in this sense (this idea, that there are possible worlds like this, leads to problems
to do with higher order vagueness.)

We can define the notion of a possible world in a neutral way in both settings in the
language PCYOA, by adding propositional quantification to the language: a possible world
is a possible proposition which strictly implies every possible proposition or its negation.
This can be stated in the object language if we include propositional quantifiers. It’s natural
to think that p is a possible world just in case p is possible and it strictly implies every
proposition that strictly implies p: Op A Vg(O(p — ¢)) — O(g — p). Actually, since
there can be distinct propositions which strictly imply each other, it is more natural to
define a possible world to be not only a proposition which strictly implies every proposition
that implies it, but to be the the weakest such proposition. Note that in both settings,
which propositions are possible worlds is a vague matter in the sense that we do not get
APW (p) V A-PW (p). In the supervaluationist setting, therefore, this notion of possible
world doesn’t line up with the notion defined above. For example: if N is the last small
number, then N is small at every possible world, since facts about whether numbers are
small are not contingent. Yet since it’s vague whether N is small it’s vague whether it’s
possible that N is small, and so for every possible world that entails that N is small (all of
them) it’s vague whether that proposition is possible, and thus vague whether it’s a possible
world.

This seems to be a puzzling feature of the supervaluationist approach: the formalism
of making models by taking pairs of worlds and precisifications makes it seem like the set
W consists of real possible worlds which can be sharply distinguished from the ways in
which a proposition can vary its truth value due to vagueness — the set of precisifications.
However, what could a possible world be if not a possible proposition that is maximally
strong in the order of strict implication (or, at least, something closely related to this kind of
proposition)? Supervaluationism is commited to a precise distinction between the worldly
facts and the vagueness related facts, when no precise distinction like this exists.

In an arbitrary (im)possible worlds frame there is simply no way of getting back to
a notion of possible world such that it’s a precise matter which propositions the possible
worlds are. Is it a problem that we cannot sharply distinguish possible from impossible
worlds? A picture in which this might be problematic is if we had this conception of
worlds as concrete physically existing objects, and epistemically possible worlds as some
how derivative constructions reducible to these concrete things (e.g. centered worlds, pairs
of worlds and precisifications, etc.) Vagueness over what possible worlds there are would
be vagueness concerning what things there are simpliciter, which seems to be strange kind
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of ontic indeterminacy.

The alternative view takes worlds simply to be certain kinds of propositions. This
avoids modal realism. However, given that propositions are individuated by propositional
attitudes, among other things, we end up with more these maximal proposition like things
hanging around than there are possible worlds. Possibility is simply a predicate which
applies to some of these proposition and not others — in this setting vagueness about what
is possible does not involve vagueness about what exists.
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Chapter 2

Vagueness and Evidence

In the last chapter we argued against linguistic accounts of vagueness on the grounds that
if it is true that we cannot know whether Harry is bald, then this is the sort of thing that
would be true no matter how we happened to use the sentence ‘Harry is bald’. Whether a
belief that Harry is bald constitutes knowledge or not, I suggested, is just not sensitive to
facts about your linguistic environment.

Whether or not vagueness is linguistic, there is a quite general puzzle as to how we
acquire vague beliefs at all. It is important to get clear on what role language plays in the
acquisition of a belief that Harry is bald if we are to assess the various merits and demerits of
the two approaches to vagueness. Speaking on their behalf, how might a linguistic theorist
respond to this challenge? A natural suggestion, one that I have heard in conversation,
if not in print, goes something like this: in order to have a belief that Harry is bald you
need to be able to internally token a certain kind of sentence in your mental language; one
that is synonymous with, or has the same conceptual role as the English sentence ‘Harry
is bald’. In order for a mental representation to acquire this kind of role it has to stand in
the right kind of relation to a vague public language sentence.

This explanation would evidently rule out a non-linguistic theory such as my own.
Whether one has vague beliefs at all, according to this proposal, is dependent on one
speaking a public language.! But the proposal is controversial. Burge has argued [16] that
whether one has beliefs involving arthritis and other ‘deferential’ concepts can be sensitive
to your linguistic environment. While these arguments have enjoyed a moderate amount of
acceptance among philosophers, an argument that purports to show that vague beliefs are
also like this would threaten to show that we could have barely any beliefs at all unless we
spoke a public language.

There are plenty of other things to say about this proposal. My purpose in this chapter is
rather to highlight other mechanisms by which we acquire vague beliefs which the linguistic
theorist cannot account for. I shall argue that most of our beliefs do not require any
familiarity with a public language; most of our vague beliefs are acquired via our sensory
faculties, vision, smell, proprioception, or other non-linguistic faculties such as memory.
Sometimes public language sentences express vague propositions and these sentences can
be used to communicate vague beliefs, but the class of vague propositions which satisfy the
evidential profiles outlined vastly outstrips the class of propositions expressed in any given
language and, I shall argue, and the way in which language features in our acquisition of
vague beliefs is minimal.

In section 2.1 I introduce the idea of one’s evidence being ‘inexact’ and argue that there
are important connections between these cases and cases in which one’s evidence consists

11t should be noted that it is unclear whether this suggestion meets my original objection (that whether
a true belief that Harry is bald could constitute knowledge is independent of your linguistic environment.)
Maintaining that one cannot believe that Harry is bald unless one speaks a public language does nothing
to further clarify when such beliefs count as knowledge or not.
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of vague propositions. In section 2.2 we discuss Jeffrey’s alternative to the conditioning
update rule and argue that conditioning on a vague proposition is equivalent to Jeffrey
conditioning on a set of precise propositions (its ‘precisifications’.) In 2.3 T argue that one’s
beliefs and credences in vague propositions are, in a certain sense, determined by your
beliefs and credences in the precise. While in 2.3 T argue that each vague proposition has
a certain evidential role, determined by they way in which credences in that proposition
depend on your credences in the precise propositions, in section 2.4 I propose an existence
principle for propositions guaranteeing that for any possible evidential role there is some
vague proposition which has that role. Finally I turn to some miscellaneous objections and
questions about the view in 2.5.

2.1 Inexact evidence

Suppose you are looking out of your window at a tree in the distance. In doing so you
obtain some knowledge about the tree. However, your knowledge is not exact; for example,
while you now know that the tree is larger than 10cm and less than 1000cm, based on what
you can see the exact height of the tree in cm is still unknown to you.

In [137] Timothy Williamson introduced the term ‘inexact knowledge’ for the kind of
epistemic state you would be in in situations like the one above. A parallel distinction arises
with respect to your evidence in such situations. Given that you have only seen the tree
from a distance, and your eyesight is not perfect, your evidence includes some propositions
— that there is a tree, that it’s larger than 10cm and smaller than 1000cm — but does not
include the proposition stating the trees exact height. We may call your evidence in such
cases inexact evidence.

Being inexact is not the same as being inaccurate; if the tree appeared to be less than
500cm when it was in fact greater than 600cm then my evidence, or my apparent evidence,
would be inaccurate, but in the case described in the opening paragraph my beliefs are not
inaccurate. All of my evidence, or apparent evidence, is accurate. On the other hand, if I
went out and measured the tree, the relevant source of inexactness in my evidence about
the tree’s height would eliminated. But the phenomenon at hand is not ignorance or lack of
evidence about the tree’s exact height. If I had never seen the tree, but had been informed
by a highly reliable person that the tree was less than 600cm then my evidence would be
exact, even though I still do not know the height of the tree. Nor is the relevant sense of
exactness specificity: if I have been told that the tree is between 400cm and 500cm then my
evidence is more specific than it would have been if T had only been told that the tree was
between 300cm and 600cm, but the latter case is not closer in kind to the state of evidence
you would find in the opening example.

I hope it is clear that the evidential status of someone who has seen a tree from a
distance is relevantly different from any of the preceding examples. While I cannot give an
uncontroversial definition of what must be involved in cases where one’s evidence is inexact,
I hope the preceding examples have elucidated it enough to provide a good enough handle
on the kind of situation I am interested in to be worth discussing further.

Evidence obtained via imperfect sensory faculties are paradigm examples of inexact
evidence. However, it is not clear that it is always the case that when your evidence is
inexact, some sensory faculty is at fault. Having taken a cursory look at my bookcase,
I gain inexact evidence about the number of books I own; I have a general feel for how
many books there are but I do not know exactly how many books there are without having
counted. However it is not completely obvious that my evidence would be significantly
better if I had perfect vision. It seems more natural to say that it was not my visual
experience, but rather my ability to process it, which was to blame.

I take it that most ways of obtaining evidence leave room for the possibility that evidence
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obtained in that way is inexact.? I also take it that most of our evidence is inexact. The
main thesis of this chapter is the claim that inexact evidence is vague evidence; that when
we find ourselves with inexact evidence the strongest proposition we ought to be certain of
on the basis of this evidence is a vague proposition.? This partly vindicates the claim that
we do not need to be acquainted with a public language to have vague beliefs. Furthermore,
since almost all of our evidence is inexact, it follows that vague propositions occupy a very
important evidential role. They are usually the best pieces of information we have when
we learn from experience, they are what we usually reason from and to, and they are the
objects of our desires upon which we act. If it is the evidential role of a proposition that is
partly constitutive of what it is to be that proposition, then our thesis also gives us some
insight into what vagueness and vague propositions are.

The claim that inexact evidence is vague evidence requires some refining however. If I
have examined a man’s head carefully and have determined that he has no hairs at all, then I
have evidence that he is bald. In such a scenario my evidence about the man’s hair number
is exact, yet my evidence includes the vague proposition that the man is bald. Having
evidence for a vague proposition is thus not sufficient for being in the kind of circumstance
characteristic of inexact evidence. However, the proposition that the man is bald is not
the strongest proposition I have evidence for — the strongest proposition is the proposition
that the man has no hairs. While this proposition entails that the man is bald, it is not
equivalent to it: a man with one short hair is bald, so one can be bald without having no
hairs at all. The claim I am interested in is rather the claim:

When your evidence about a subject matter is inexact, the strongest proposition
about that subject matter that your evidence fully supports is a vague proposition.

One might object that in the cases described, my evidence is not propositional at all,
but rather consists of an imprecise visual experience, a hazy memory, or some other non-
propositional object. As the claim is stated, however, I have not assumed that all evidence
is propositional. Even if your evidence consists in visual experiences, memories, or what
have you, what that evidence supports, I assume, is always a proposition. We may ask
what the strongest proposition supported or justified by that evidence is, without assuming
that the proposition in question is your evidence. In what follows, however, I shall often
simply talk about an agents evidence as if it were just a set of propositions — everything I
say can be rephrased to be said about the set of propositions my evidence justifies.
Let us concentrate on some specific ways of obtaining evidence.

1. S saw that p

2. S remembered that p
3. S could hear that p
4. S could feel that p

5. S could see that p

6. S found out that p

These are all paradigm cases of what I shall call ‘evidential attitudes’: an attitude one
cannot have towards p without thereby having evidence that p.* In cases 3., 4. and
5. the auxiliary ‘could’ usually marks that the verb is being understood perceptually.
Furthermore, evidential attitudes are characteristically factive, whereas ‘heard that’ and

20One might argue that certain a priori methods, such as mathematical proof, never leave one with
inexact evidence. I would dispute this, but we can set this case aside for the purposes of this chapter.

31 shall say that a proposition, p, as vague iff it is possible that it’s vague whether p, and that it’s precise
otherwise.

4Here I borrow heavily from the discussion of ‘factive mental state operators’ in Williamson’s [143].
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‘felt that’, without the modal, are not factive or evidential. ‘Jane heard that Hector is
getting fired, although she didn’t have any reason to believe that he was getting fired’
seems to be a fine thing to say if, for example, Jane’s source was known to be completely
unreliable, whereas ‘Jane could hear that Hector was getting fired, although she didn’t
have any reason to believe that he was getting fired’ seems to be harder to maintain. The
latter sentence implies that the actual firing is directly audible to Jane, whereas the former
sentence implies that she has heard second hand that Hector is being fired, but hearing in
this way may or may not have any evidential import. On the other hand, both 1. and 5.
are factive and evidential. The auxiliary in 5. can usually be inserted to force the reading
where the evidence at hand is perceptual. This is not always the case, however, as seen
by the sentences ‘Hector saw that the theorem was true’ and ‘Hector could see that the
theorem was true’ — both seem to be ok things to say, yet in neither case is the kind of
seeing a perceptual one. The fact remains, however, that whether perceptual or not, one
cannot see that p without p becoming part of your evidence.

It should be pointed out that one does not need to be particularly linguistically compe-
tent to have any of these attitudes towards a proposition. One could hear (see, remember,
feel) that p without speaking any particular public language or standing in any relation
to a representation — one only needs the relevant auditory (visual, recollection, sensory)
capacities. It is perhaps slightly more controversial to say that one does not need a private
language, or to stand in any kind of relation to a mental representation, in order to hear
(see, remember, feel) that p. Although I would be willing to make this further claim, my
discussion will not rely on this assumption.

We do not always have neat ways of expressing evidential attitudes in natural language.
We generally have lots of propositional evidence about whether we are cold or thirsty, where
our limbs are, whether we are moving, which way is up, and so on and so forth, which we
have by our capacity for proprioception. In English, at least, we do not have any simple
verbs for describing these states.

It should be clear that most evidence obtained in the ways detailed is inexact. In the
clearest cases the evidence is inexact because the subjects eyesight is poor, or she only
caught a short glimpse of something, or it was in the periphery of her visual field, or
her memories had faded, and so on. But even when our sensory organs are all in good
condition our evidence will be inexact. The amount of computing power we would need
to calculate the exact path a tennis ball would follow on the information that it has been
hit a certain way is typically too high for most humans (even more so when the examples
become more complicated, such as spilling a bag of rice.) However we are generally able to
do rough and ready estimations, without any conscious calculation, which give us a rough
idea of where the ball will land. My best evidence is not that the ball will land exactly at
location [ or that it will land within the circular region r of diameter 3.8m or whatever, it
will rather be inexact in the way characteristic of the examples we have been discussing.
Most of our conscious and unconscious decisions are based on inexact information of this
nature and understanding this information is crucial if we are to apply these epistemological
considerations beyond the contrived decision problems, typical in formal epistemology, to
commonplace decisions such as whether to hit a tennis ball when it looks like it might be
going out.

Let’s now focus on a particular example. Suppose that, after seeing Harry for the first
time, I gain some evidence about how much hair he has. I can see that he has some hair,
but as usual my evidence is inexact. I claim that

For for some, but not all n, can I see that Harry has less than n hairs (2.1)

As with all the the evidential attitudes we have discussed, ‘sees that’ is a propositional
attitude: syntactically p in ‘S sees that p’ can be substituted for any grammatical sentence,
and semantically we may view ‘sees’ as expressing a relation between a subject and a
proposition. We may thus ask: what is the strongest proposition I stand in the seeing
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relation to in this situation?® One may similarly ask what the strongest proposition that
my evidence fully supports in this situation is. Assuming that the only evidence I have in
this case is my perceptual evidence we should expect the answers to both these questions
to be the same.

I shall consider two answers to this question

1. For some n, the strongest proposition about Harry’s head that my evidence fully
supports is the proposition that Harry has at most n hairs.

2. The strongest proposition about Harry’s head that my evidence fully supports is a
vague proposition about the number of hairs Harry has.

Before we tackle this question a few clarifications are in order. By the strongest proposition
about Harry’s head that my evidence supports I mean a proposition about Harry’s head
which my evidence supports and which entails all other propositions about Harry’s head that
my evidence supports. Assuming that one’s evidence is closed under logical consequence,
one can show that there always is a strongest proposition that is part of one’s evidence: the
conjunction of all the propositions supported by your evidence. Similarly, (assuming that
the propositions about Harry’s head are closed under conjunctions) there will always be a
stongest proposition about Harry’s head that my evidence supports.

The notion of entailment between propositions cannot be taken to be strict implication
if we are to include vague propositions in this algebra. I shall assume, as per usual, that
whether someone is bald or not supervenes on the precise facts about hair number, distri-
bution and colour. To spare myself a few words, I shall simplify things further by assuming
that it whether someone is bald only depends on hair number. Under our simplification, it
follows that for some n it is necessary that Harry is bald if and only if Harry has less than
n hairs — although it is vague for which n this holds. This notion of entailment is useless
for epistemic matters such as evaluating your evidence, for it is exactly these necessities we
cannot know because of vagueness. We shall need to avail ourselves of the more epistemic
notion of entailment outlined in chapter 1, i.e. p entails ¢ just in case every (im)possible p
world is a ¢ world.

It seems clear that the propositions stating that Harry has n hairs, where n ranges over
numbers, are linearly ordered by entailment: that Harry has less than n hairs entails that
he has less than m hairs whenever m > n. Where does the proposition that Harry is bald
fall in this ordering? The answer, of course, is that doesn’t. It appears below (i.e. it entails)
some of the precise propositions, including the proposition that Harry has 10'° hairs, and
appears above (is entailed by) others, including the proposition that Harry has 0 hairs. But
if it’s vague whether someone with N hairs is bald, and we know that Harry has exactly V
hairs we cannot know whether Harry is bald. It’s thus epistemically possible that Harry is
not bald and has N hairs, so the proposition that Harry has N hairs does not entail the
proposition that Harry is bald. Conversely, if I know Harry is bald, I do not know he has
N hairs for that would be to know the vague, so it would be epistemically possible that
Harry is bald and does not have N hairs, establishing that the proposition that Harry is
bald does not entail that Harry has N hairs.

5In general it is odd to say that we see, if we are rational, every logical consequence of what we see. But
at least in this case it is natural to think that I’ve seen most of the relevant propositions about Harry’s hair
number that are logical consequences of the propositions I’ve seen.
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Figure 2.1: The proposition that Harry is bald neither entails nor is entailed by the propo-
sition that Harry has N hairs

1019 +1
10"
N+1
bald N

e

|
0

Despite the fact that certain vague propositions are independent of the precise proposi-
tions entailment-wise, they are not probabilistically independent of one another. Suppose
that the probabilities representing my credences are initially uniformly distributed over the
possible numbers of hair Harry might have. What are the probabilities of these heights
given that Harry is bald? The precise propositions entailed by the proposition that Harry
is bald now have probability 1 given that he’s bald. However, the probabilities conditional
on Harry’s baldness will presumably drop smoothly: for each n, if the probability that
Harry has exactly n hairs is 2 then the probability that Harry has exactly n + 1 hairs will
be just below, or the same as x. Thus if N is the largest number such that the proposition
that Harry is bald entails that Harry has at most N hairs then, although the proposition

that Harry has at most NV + 1 hairs neither entails nor is entailed by the proposition that
Harry is bald, it is probabilistically supported by it, in the sense that its relatively low
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Figure 2.2: A smooth curve and a sharp curve of n against credence that Harry has n hairs.

initial probability will increase so that it is almost 1 on the supposition that Harry is bald.
If I learn that Harry is bald the probability in some of the propositions not entailed by the
proposition that Harry is bald will increase.

Formally, p is probabilistically independent of ¢ for S if Cr(p | ¢) = Cr(p) where Cr
represents S’s credences — the foregoing demonstrates that the vague and precise proposi-
tions are not probabilistically independent for a rational agent with my evidence. In my
view this kind of probabilistic dependence is no accident; if your credences about Harry’s
hair number and whether he is bald are probabilistically independent in this situation you
are being conceptually incoherent. This can be contrasted with a certain kind of Bayesian
permissivism in which all probability functions represent a possible coherent assignment of
degrees of belief. For this Bayesian there will be rational priors allow these propositions to
be probabilistically independent.

If one were to begin with evenly distributed credences and were to update instead on the
proposition that Harry has less than n hairs, one would have a sharp probability function:
Cr(Bk) = * for k < n and Cr(Bk) = 0 otherwise. The smooth curve is intuitively
what you’d expect to be the right one, and, I would conjecture, is closer to the curve
that corresponds to the credences people usually adopt after having learnt from inexact
experience. Sometimes we can tell whether or not someone has some hair from a cursory
glance. In such a case the above graphs would need to be modified. Let us assume, however,
that Harry is very bald, so that I can’t rule out that he has no hairs at all and that my prior
credences are uniform.® In such a case, one would expect one’s posterior credences, after
undergoing the inexact experience, to be closer to the blue graph in figure 2.2, as opposed
to the red one. There is thus a striking resemblance between the effect of updating on a
vague proposition and the effect of undergoing an inexact experience.

One way to see whether someone’s credences correspond to the blue or red curve is to
look at that persons betting behaviour. If, for each k < n, she would be willing to accept
a bet that cost £1 and payed out £n if Harry had at most k hairs, and she would not
accept any bets of this form if £ > n, then the agent’s credences are best described as
conforming to the red graph in figure 2.2. The agents betting dispositions change suddenly;
she is willing to pay anything up to a pound for a bet that Harry has at most n hairs, but
is unwilling to pay anything for a bet that Harry has at most n + 1 hairs. On the other
hand, if her credence corresponded to the blue curve in figure 2.2, then the amount she
would be willing to pay for a bet that payed out a constant amount if Harry had at most k
hairs would decrease continuously as k increases. If my visual experience of Harry’s head
is inexact then it should clear that I would become less and less certain that Harry had
at most k hairs as k increases, which is observably born out in the kinds of bets I would
accept.

In these kinds of situations described it should be clear that betting behaviour conforms
to the latter kind of credence distribution. Whether, in ordinary situations, the agents
credence is identical to the the credence your evidence recommends (i.e. the evidential

6Have uniform priors is also an unrealistic assumption — I presumably assign lower credences to extremely
high numbers. It would be possible, but more complicated, to run the example without the assumption of
uniform priors.
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probability) is another matter altogether. However, the fact that we do appear to have
smooth credences instead of sharp credences, and we are not criticisable for doing so, is
quite suggestive.

2.2 Updating on your evidence

How is the evidential probability that Harry has n hairs determined from my evidence
when I am in such and such a state? In this section I shall argue that extant approaches
to updating do not adequately answer this question. I shall argue that Jeffrey conditioning
relative to some non-propositional evidence, such as a visual experience, does not provide an
answer to this question, and that conditioning on a precise piece of propositional evidence
does not provide a plausible answer to this question.

Let us begin with the first approach. A purportedly distinct way of revising your
credences in response to inexact evidence was proposed by Richard Jeffrey in [63]. We
shall see, however, that Jeffrey’s generalisation of conditionalisation does not tell us how
we ought to respond to inexact evidence. We shall see, in fact, that our own theory of
inexact evidence is not an alternative to Jeffrey’s theory but a supplementation of it.

In the simplest case in which one’s credence in a particular proposition e is raised by
some experience, Jeffrey’s theory states that your posterior credence, Cr’, and your prior
credence C'r must be related in the following way:

Cr'(p) = Cr'(e)Cr(p| e) + Cr'(=e)Cr(p | —e) (2.2)

We can consider e to be some piece of ‘evidence’ that you have become less than certain in.
Jeffrey conditionalisation (hence forth, JC) thus generalises the relation that holds between
your prior and posterior credences that obtains when one updates by conditionalising on
e (one can see this by setting Cr’(e) to 1.) This generalisation allows one to account
for changes in credences arising from what Jeffrey calls ‘uncertain evidence’: changes in
an agents evidential state which, according to Jeffrey, does not involve the agent becoming
certain in any proposition. Such cases might perhaps include learning from inexact evidence.
In the simplest case, e may be some proposition whose rational credence is determined
by your new experience and background beliefs. However, it might be that your credences
over a larger partition, {ej,...,e,}, are determined in this way. In which case we may
generalise 2.2 to:
Cr'(p) = Cr'(e)Cr(p | &) (2.3)

i<n

If e; is the proposition that Harry has ¢ hairs then it is trivial to find an instance of Jeffrey’s
equation 2.3 which matches the smooth curve in figure 2.2, provided none of the e; have
a prior credence of 0 (one simply sets the coefficients Cr'(e;) to the values of the graph.)
We must be clear from the start which problem Jeffrey’s extension of conditionalisation is
supposed to solve. In Jeffrey’s own words

The problem is this. Given that a passage of experience has led the agent to
change his degrees of beliefs in certain propositions Bi, Bs, ..., B, from their
original values, Cr(ey), Cr(ez), ..., Cr(e,) to new values, Cr'(e1), Cr'(ea),...,Cr'(ey,)
how should these changes be propagated over the rest of the structure of his
beliefs? If the original probability measure was Cr, and the new one is Cr’,

and if p is a proposition in the agents preference ranking but is not one of the

n propositions whose probabilities were directly affected by the passage of ex-
perience, how should C7’/(p) be determined? [Notation has been modified to fit
current conventions.] [63]
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It should be noted that formally any proposition can be substituted for e in the first
equation, and any partition in the second. For Jeffrey propositions ey, ..., e, are those
propositions ‘whose probabilities [are] directly affected by the passage of experience.” What
might this mean? A natural thought is that the propositions, e; ...e,, are those proposi-
tions whose credences are rationally determined by your background credences and the fact
that you’ve had a certain experience. However, if any partition of propositions posterior
credence is rationally determined by your new experience and your prior credences, all par-
titions of propositions are. This is, after all, what JC itself says: once your posteriors over
a given partition are fixed, the rest of your credence ought to be determined from this by
Jeffrey conditionalisation.

If we assume that evidence is propositional, and that we update by conditioning on
our evidence then it is possible to state what contribution one’s evidence makes to one’s
doxastic state in a way that does not depend on one’s prior beliefs. Within Jeffrey’s frame-
work, in which it is often assumed that evidence is non-propositional, it is not so easy to
separate out the contribution a piece of evidence makes from the contribution your prior
credences make: the values of Cr'(e;) are determined by your prior credences as well as
the experience you have undergone. There is clearly no universally applicable answer to
the question ‘what must your posterior credences in e be after such and such an experi-
ence type.” For some people e might be initially highly probable whereas for others it may
be very improbable, so it should be clear that no type of experience can be guaranteed
to bring any two people into agreement about e. What one would want instead is some
correlation between experiences and propositions telling you how much those experiences
support those propositions, from which one can determine, given someone’s background
credences, how much posterior credence they should assign to that proposition — JC alone
does not do this. This is called the ‘input problem’; and as yet there is no particularly sat-
isfactory answer to it (see the exchange [35] [49] for a failed solution to the input problem.)
Without a solution to the input problem, JC has little content. It just states a relation
that must hold between your prior and posterior credences. Furthermore, that relation is
very liberal: under simplifying assumptions, if we choose a fine enough partition it can be
shown that any transition between two probabilities that preserves certainty is permitted
by the constraints of JC. This is perhaps too liberal; one might think that there are some
changes of credential state consistent with the JC constraint that would not be permitted
by any possible evidence you could obtain.” For example: suppose that prior to receiving
visual experience v, resulting from observing a green cloth by candlelight, the proposition
that the cloth is green and the proposition that number of stars is odd are probabilistically
independent. Suppose also that after experiencing v, I become certain that the number of
stars is odd. It seems that this kind of transition of credences simply isn’t permitted by
the kind of evidence that I've recieved.® I shall refer to a transition between two credences
that is permitted by some possible evidence a ‘realizable’ Jeffrey conditioning. The case
just discussed is an unrealizable Jeffrey transition.

Unlike conditionalisation, JC should not be read as telling you how to respond to your
evidence, but should rather be read as telling you how, once you have changed your credence
in e to some degree, the rest of your credences redistribute to accomodate this change.? As
a theory of inexact evidence, JC remains silent. I may increase my credence in p when I

7One reason to think this is that that the order in which you receive the evidence between two times
shouldn’t matter to your credence at the latter time. But if any Jeffrey conditioning counts as a rational
transition then there are pairs of Jeffrey conditions which result in different posterior depending on the
order in which you update on them.

81t should be noted that as far as Jeffrey himself was concerned, this is a perfectly rational transition: how
your credences respond to your experiences is a purely causal involuntary matter, about which rationality
has nothing to say.

9Conditionalisation can be read as telling you how to redistribute your credences once you have become
certain in e, but it is most naturally read as telling you to become certain in e (and redistribute accord-
ingly) when e is part of your evidence. There is no simple connection between your evidence and Jeffrey
conditioning in the same way.
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have no new evidence for p, or even if all the evidence is against p, and still comply with JC
by redistributing my credences correctly. Similarly, it is in full compliance with JC to make
no change at all to my credences in p even when there is strong evidence for p. We want
to know: when should I change my credences and how. When I see a tree in the distance,
for all JC says, I may just keep my credences about its height the same even though I have
new information.

Jeffrey’s theory is thus not really a theory about how you ought to revise your credences
in response to inexact evidence after all, nor is it a theory of what inexact evidence is. In
order to have a satisfactory theory of inexact evidence, JC must be supplemented. In §2.1
I defended the claim that when your evidence is inexact, your evidence consists of a vague
proposition, and that your credences ought to be the result of conditioning your priors
on this proposition. This, I claim, is just the sort of supplementation JC requires. The
following is thus another feature of the evidential role vague propositions have:

Conditioning on a vague proposition is equivalent to a realizable Jeffrey conditioning
on a partition of precisifications.

The partition of ‘precisifications’ is, in the most general case, the partition of maximally
specific precise propositions. In practical contexts however, we may use the term ‘precisi-
fications’ to denote a coarser partition; for example, the precisifications of the proposition
that Harry is bald can be treated, for all in intents and purposes, as the set containing,
for each n, the proposition that Harry has exactly n hairs. So our principle states that
conditioning on the proposition that Harry is bald is equivalent to Jeffrey conditioning over
the partition of propositions containing, for each n, the proposition that Harry has exactly
n hairs.10

In section 2.1 we argued that the smooth blue graph in figure 2.2 could be obtained
by conditioning on a vague proposition. The ideas in this section can now be applied to
demonstrate that conditioning on a vague proposition would have this effect. To set up an
example, suppose that I have looked out of the window and have seen a tree at a distance.
According to the current proposal the strongest proposition that I have seen, and that
is therefore part of my evidence, is a vague proposition. For the sake of argument, let us
suppose it is the proposition that the tree is about 200cm. In order to represent this situation
we shall model propositions as sets of epistemic possibilities (or (im)possible worlds.) As
in chapter 1, these can thought of as certain kinds of maximally consistent propositions; all
that really matters is that since we do not know whether a tree that is 220cm is about 200cm
(because, let’s suppose, it is vague) we require there to be an epistemic state in which the
tree is 220cm and is about 200cm, and a state in which the tree is 220cm and it’s not about
200cm. For every possible height of the tree, h, and for every epistemically possible cut
off point for ‘being about 200cm’, +ccm, there will be an epistemic state where the trees’
height is h, and the cut off point for being about 200cm is being within ccm of 200cm. The
relevant epistemic states can thus be represented by conjunctions of propositions taken from
the following two sets: {the proposition that the tree is hem | h € R} and {the proposition
that, necessarily, a tree is about 200cm iff it’s between 200-ccm and 200+-ccm| ¢ € [0, 200]}.
There are therefore many more states than there would be if we had only countenanced
precise possible worlds. Suppose, for mathematical simplicity, that we restrict the possible
values ¢ and h may take to some large but finite set, and that my credences are uniform
over this set. After updating on the proposition that the tree is about 200cm the possible
heights of the tree graphed against my posterior credences over the possible precise heights
of the tree would form a triangular shape with a point at 200cm. In reality, however, my
credences would not be uniform: I take it that the cut off point ¢ = 1em is very unlikely, as
is the cut off point ¢ = 200. In reality we should therefore expect my credences to conform
roughly to figure 2.3

107t should be noted that the converse to our claim — that every realizable Jeffrey conditioning over the
space of precise propositions is the result of conditioning on a vague proposition — is not being considered
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Figure 2.3: A graph of n against the proportion of epistemic states where the tree’s height
is ncm where it’s also about 200cm.

Could the graph in figure 2.3 be obtained by conditioning if we had not assumed the
theory of vague propositions defended in chapter 17 If the set of states were simply the set
of propositions saying that the tree is exactly zcm tall, then all the propositions would be
precise facts about which sets of numbers the trees height falls in. Presumably the strongest
proposition in this algebra that you learn will be of the form: the tree is between xcm and
yem tall. If your priors about the trees height are uniform, the result of conditioning on
a proposition like this will be rectangle instead of a smooth graph. In order to get a non-
rectangular graph, as in figure 2.3, by conditioning on a proposition we need to add extra
states to the model. But this proposal on its own seems mysterious; the crucial aspect of
this proposal is that the extra states arise when we can draw distinctions within a single
possible world about what vague matters are like there.

This fact marks a significant benefit of the theory of vague propositions I have been
espousing. On a possible worlds theory, or any theory which postulates only precise propo-
sitions, there will simply be no proposition which can take you, as a result of conditioning
on it, from having evenly distributed credences to the smooth credences represented in
figure 2.3.

Neither can a possible worlds theory account for the following scenario. Suppose that
Alice and Bob initially have identical evidential probabilites and that they both are looking
at a tree in the distance, which, let us suppose, is 500cm high. As expected, their evidence
is characteristically inexact. Suppose furthermore that in this situation they both have
exactly the same precise evidence; the strongest precise proposition that is part of Alice
and Bob’s evidence is the proposition that the tree is between 400cm and 600cm (say.)
However there is a difference: Alice’s eyesight is better than Bob’s. While neither Alice nor
Bob can rule out that the tree is 40lcm or 599cm, Alice’s probability distribution forms
a high peak at 500cm which quickly subsides remaining quite low at the edges (400cm
and 600cm.) Bob’s probabilities are much more evenly distributed, they increase steadily
from 400cm, peaking at 500cm, and decreasing steadily until 600cm. This difference is
easily explained by a difference in their propositional evidence on my view, but it cannot
be explained by a difference in their precise evidence.

What this example shows is that one’s evidential probability distribution does not su-
pervene on one’s precise evidence. Both Alice and Bob have the same precise evidence,
yet they have different evidential probability distributions. In particular, this shows that
evidential probability is not determined by conditioning on your precise evidence; thus ei-
ther the agents evidential probability is not determined by conditioning on her evidence,
or her evidence does not consist only of precise propositions. Since, as I have argued in
this section, the view that we update on non-propositional evidence via Jeffrey conditioning

here.
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does not solve our problem it seems that the best explanation relies on the existence vague
propositional evidence.

2.3 The supervenience of vague beliefs on precise be-
liefs

Given we have some rough idea about how we ought to distribute our credences when
our evidence is inexact the thesis that our inexact evidence is vague evidence puts some
constraints on the evidential role of vague propositions. For example, it is presumably true
that if my strongest evidence is the proposition that Harry is bald, then for some n, I'm
rationally mandated, relative to my background beliefs, to be uncertain whether Harry has
at most n hairs. But even if we keep fixed my prior credences about all the relevant precise
facts, this thesis only entails that I should have a non-extremal credence. It is left open
whether there is exactly one non-extremal credence I'm required to have, or whether there
are several credences any one of which is permissible for me to have.

Conversely, if I'm rationally certain (i.e. my evidence entails) that Harry has exactly N
hairs, where it’s vague whether someone with NV hairs is bald, then our discussion leaves it
open what my credence in the proposition that Harry is bald should be. Even if we agree
that I should be uncertain whether Harry is bald (because it is vague) there is still a range
of credences strictly between 0 and 1 which I could have. Is there exactly one credence that
I'm required to have, given that my evidence about the relevant precise facts is complete,
or are there multiple credences it is permissible for me to adopt?

I favour the claim that you are required to have a particular credence. In this section
I shall defend this by way of a more general supervenience thesis: that one’s credences in
the precise propositions, provided they are the rational ones to adopt on your evidence,
determine what credences one ought to have in the vague propositions:

Necessarily, for any pair of coherent priors, Cr,Cr’ € Coh, Cr(p | w) = Cr'(p | w)
for every maximally specific precise proposition w, and proposition p.

Many philosophers have asserted that vague propositions are somehow ‘non-factual’. It
has been pointed out that it is quite hard to pinpoint exactly what this amounts to if one
accepts, as I have been, classical logic and the thesis that vagueness involves uncertainty.
This is a topic we will come back to in more detail in the next chapter. However one feature
of the picture I am endorsing, which is partially explicated by the above principle, is that
vague beliefs are epiphenomena of one’s precise beliefs. Our rational beliefs about the vague
are completely determined by our rational beliefs about the precise. There is no flexibility
about how to distribute your credences once you’ve learnt all the precise facts: rationality
dictates how you then distribute your credences in the vague.

It is perhaps worth comparing vague propositions to other propositions that are often
alleged to be, in some sense, non-substantive, or at least to have a secondary or derivative
epistemological status. Certain propositions — propositions expressed by paradigm examples
of ‘analytic’ sentences — are such that your credences in them supervene on your credences
in the more substantial propositions; they are dictated, given your other credences, by
very general norms of conceptual coherence. An example would be the proposition that
all crimson things are red; here the supervenience is trivial since all conceptually coherent
credences assign probability 1 in this proposition. Another example would be the propo-
sition that there are eight solar planets and all vixens are female foxes. In this case, your
credence is derivative on your credence in the proposition that there are eight solar planets,
indeed, it ought to be identical to it. A much more controversial example, but one which
is closer to our present concerns, involves conditionals: if the Ramsey identities are true,
your credence in a conditional rationally supervenes on your credences in the antecedent
and the conjunction of the antecedent and consequent.
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The derivative status of our beliefs in these propositions is, in both cases, due to concep-
tual entailments between them and the substantive claims.!! This marks a salient difference
between these examples, and the type of supervenience beliefs in vague propositions have.
We argued earlier that there are no conceptual entailments between the proposition that
Harry is bald, and the proposition that Harry has N hairs. The relation between one’s
epistemic attitudes in the vague and the precise does not consist purely in entailments, but
it is still a relation which determines your attitudes towards the vague uniquely, given your
attitudes in the precise. Once one is omniscient about all the substantive non epistemo-
logically derivative claims, our credences in the other propositions are fixed by norms of
conceptual coherence. In the examples just considered this is just a matter of us having a
credence of 1 or 0 in those propositions. For vague propositions, there it may be that some
intermediate credence is the only conceptually coherent credence to have.

This explains one puzzling feature of vagueness, which is not shared by the propositions
expressed by analytic sentences. Even if your evidence is as complete as it can be, you may
still be rationally uncertain about the vague. I might, for example, know everything there
is to know about Harry’s hair number, distribution and colour, but not know whether he’s
bald. It is natural to think that if one is rationally uncertain about something, there must be
some further evidence that could be obtained that would settle the matter. Explaining why
my uncertainty about Harry’s baldness is uneliminable is achievable on the current view:
my uncertainty, given my particular evidence, is a requirement of conceptual coherence.
It is part of the attitudinal role of that proposition, as it were, that I have a particular
credence, x say, when I'm rationally certain on my evidence that Harry has this particular
hair number and distribution.

Before we move on a few words of clarification are in order. The first point has to
do with the term ‘conceptual truth.” It is often applied to sentences or thoughts, and it
is sometimes said that conceptual truths are those sentences or thoughts whose truth is
guaranteed purely in virtue of the meanings of the words or concepts that the sentence or
thought is composed of. The term ‘conceptual truth’ (and also the older term ‘analytic
truth’) has become closely associated with the phenomenon I am concerned with: that
for some propositions p (e.g. the proposition that all crimson things are red) it necessary
that anyone who properly considers p would be automatically justified if she believed that
p. I take it that this phenomenon may or may not be explained in the traditional way,
in terms of our competence with words or concepts used to express these propositions. I
shall, however, continue to use the word ‘conceptual truth’, as applied to propositions, (and
‘conceptual entailment’) to describe the phenomena.

Secondly I am using the word ‘ought’ objectively when I say that one ought to have
a certain credence in p. For example, if p is a tautology that is widely disputed among
philosophers, it might be reasonable for me as a philosopher to have some intermediate
credence in p.!? However if classical logic is correct, I do not in fact have any evidence
against p and, indeed, p is necessarily and vacuously part of my evidence (or so I claim) so
I am justified in believing it. I might even reasonably believe I have evidence against p, but
since all evidence must at least be true, I'd be wrong about this. What I ought to believe
is therefore objective and external to me and something I might reasonably fail to realise.

I shall henceforth use the term ‘conceptual requirement’ to denote both the simple kinds
of requirements, such as having credence 1 in the proposition that vixens are female foxes,
and the more complicated ones, such as having a certain credence in the proposition that
Harry is bald, given you know he has N hairs. Again, I shall understand ‘requirement’

HThe term ‘conceptual’ is close enough to what I mean here, at least for the purposes of this chapter.
However, whatever the special status of these entailments is, I'm inclined to think it does not extend to
many of the alleged examples of a priori entailments; such as, say, mathematical entailments.

12This point is sometimes made vivid by noting there are many reasonable deviant logicians, but I think
the point generalises even to classical logicians. While this thesis is a defense of classical logic and I therefore
count myself as a ‘classical logician’ (at least when no empty names or modal operators are present) I do
not have credence 1 in excluded middle and believe this is quite reasonable.
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objectively — one may reasonably fail to know what you are required to believe. I shall use
the term ‘evidential role’ for a complete profile of a propositions conceptual requirements.

2.3.1 The supervenience thesis

Let us now move on to defending the supervenience thesis.

We began this discussion by drawing an analogy between the kinds of requirements
characteristic of propositions expressed by conceptual truths and the requirements charac-
teristic of vague propositions. In fact it can be seen that these requirements are of one and
the same type. Consider

All crimson things are red (2.4)
All auburn things are red (2.5)

(2.4) denotes a paradigm example of a conceptual truth. Therefore it is a conceptual
requirement that I have full credence in the proposition that all crimson things are red.
However (2.5) is not a conceptual truth: there are auburn things such that it’s vague
whether they’re red. I therefore am not required to assign full credence to the claim that
all auburn things are red.

The supervenience thesis entails that for each shade F' there is some specific credence,
x, that 'm supposed to have in the claim that all F' things are red provided I know all
the precise facts (let’s say, all the facts about which objects are which precise shades.)
When F' is ‘crimson’ that number is 1. As F' varies over the shades in between crimson
and auburn the number cannot remain at 1, since we know that we should not be certain
that all auburn things are red. According to the picture I prefer, conceptual requirements
such as the requirement to have credence 1 in the proposition that crimson things are red
transform seamlessly to the kinds of requirements I postulate — for example the requirement
to have a credence of 0.745 in the proposition that auburn things are red. Is it possible
that when F' is substituted for ‘auburn’ there are multiple credences it is permissible for
me to have?

On the simplest picture, the one I am trying to motivate, the answer is ‘no.” Just as
there is one specific credence I'm required to have in the proposition that all crimson things
are red, there is one specific credence I’'m required to have in the proposition that all auburn
things are red.

The simplest picture also provides my answer to input problem for Jeffrey conditioning
we mentioned in section 2.2: given a prior credence Pr, and evidence e (whether proposi-
tional or not), what partition and what coefficients should I Jeffrey condition relative to?
In my set up e is a vague proposition and your posterior credence should be the result of
conditioning on e. We argued that this was equivalent to Jeffrey conditioning on a partition
of precise propositions —the partition of precisifications of e. The supervenience thesis pro-
vides us with an answer to what the coefficients are: the coefficient for the precisification
p is the probability that every conceptually coherent prior assigns to e conditional on that
precisification. This number is independent of the agents priors, as required.

What would it take for the simplest picture to be false? Could there be two rational
agents who were certain about all the relevant precise matters, and yet disagreed about a
vague proposition? It is very hard to see how this disagreement would manifest itself.

If two agents could disagree about a vague proposition p whilst having all the precise
information available and having the same preferences how would this difference manifest
itself. Could it manifest itself in a difference in behaviour? Could it manifest itself in some
other aspect of the agents internal mental state?

Under certain assumptions a difference in one’s credences in the vague really could
manifest itself in a physical behavioural consequence. The example I have in mind runs as
follows.
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Alice and Bob are in an auction house and they are both bidding on a relatively
inexpensive vase which is a shade of turquoise that is indeterminate between
being blue and green.

Now suppose we know the following things about Alice and Bob. Firstly, they
have exactly the same telic desires and have the same credences in the precise
propositions. We also know the following facts. (1) as it happens they are both
very peculiar people and they care intrinsically about owning green things. (2)
although they both know exactly what precise shade the vase is, Alice is more
confident than Bob that the vase is green.

In this scenario I think it is clear that Alice should be willing to bid more than Bob for the
vase. Since they care about the same things its value is the same for both Bob and Alice.
However, since they know that it’s vague whether the vase is green they are uncertain
whether it’s green and therefore the purchase is a gamble on its being green. However,
according to Alices subjective credences the odds that it is green are better than they
would be according to Bob’s. Therefore Alice ought to outbid Bob.

However there is a feature of this example which is particularly bizarre. In order for it to
work both Alice and Bob have to care intrinsically about owning green things. Indeed, any
example of a difference in behaviour due purely to differences in beliefs about the vague sees
like it will have to involve agents who care intrinsically about the vague. There is something
very odd about this, the full discussion of which I must delay to the next chapter.

However, if one thought that it was not possible to rationally care intrinsically about the
vague then there is a serious problem for the supervenience deniers. If whenever two people
are certain in all the precise facts they are behaviourally equivalent, then what role are the
differing credences in vague propositions playing in the agents psychology? Notice that if
they really are behaviourally equivalent even their linguistic behaviour will be the same:
they will both report the same degree of confidence in p. If no failure of the supervenience
thesis could manifest itself in any kind of behavioural difference it seems hard to imagine
what theoretical importance differences like this might have.

2.4 A principle of plenitude for vague propositions

According to linguistic theories of vagueness vague propositions have a derivative status.
Either there are no vague propositions or there are and they are parasitic on the vocabu-
lary of the language. In either case there are at most countably many vague propositions
entailing any particular maximally consistent precise proposition corresponding to the dis-
tinctions one can make in the language.'® This dependence on the language seems to be
particularly odd, and in chapter 1 we suggested that there were vague propositions not
expressed by any sentence.

In chapter 1 I argued for the thesis that we shouldn’t individuate propositions modally, or
identify them with sets of possible worlds, we should rather individuate them by their attitu-
dinal roles and we should identify them with sets of (im)possible worlds (maximally specific
epistemic/bouletic/doxastic/etc states.) How should we express the idea that propositions
exist independently of language and thought?

I propose the following principle of plenitude for propositions:

For every possible evidential role there is some proposition with that evidential role.

Recall that the evidential role of a proposition is simply the set of its conceptual require-
ments. We may state the principle of plenitude rigorously as follows. Let P denote the

13In principle there could be 280 maximally logically consistent sets of sentences above a given set of
precise sentences, however it is not clear that they all correspond to conceptually consistent propositions.
(For example, there are 280 maximally consistent sets extending Peano arithmetic, but most of these are
not genuinely conceptually consistent because they are w-inconsistent.)
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set of maximally specific precise propositions (i.e. those precise propositions entailing all
precise propositions which entail them.) Then an evidential role will be represented by a
function E : P — [0, 1], telling you what your credence should be if you were to learn a
given maximal precise proposition

THE PRINCIPLE OF PLENITUDE

Let E be an evidential role. Then there is some proposition, p, such that for every
coherent prior Cr and precise proposition w € P, Cr(p | w) = E(w).

As an example, the principle of plenitude entails that there is a proposition p such that
whenever one is rationally certain that Harry has N hairs, one’s credence in p ought to
be 0.798 (set E(w) = 0.798 whenever w entails that Harry has N hairs.) The principle
of plenitude entails the existence of an abundance of propositions. Note that while the
evidential roles generate propositions, they do not individuate them. For example, by
PLENITUDE there is a proposition, p, such that one is required to have credence % in it
conditional on any maximally specific precise proposition. It follows by probability theory
that —p has the same evidential role as p, yet these propositions are always distinct in a
Boolean algebra.

A vague propositions evidential role is not just determined by its interaction with precise
propositions. For example, the proposition that the ball is blue and the proposition that
the ball is turquoise are evidentially relevant to one another even if we know all the precise
facts. Suppose that we know which exact shade the ball is, and that that shade is such
that it’s vague whether it’s turquoise and blue, just turquoise or just blue. Although having
further evidence that it was turquiose would be impossible, we can still ask if the proposition
that the ball is turquoise is evidentially relevant by considering the conditional probabilities
(even if these probabilities could not represent the rational credences of an agent on her
evidence.) And it is: the probability that it’s blue presumably decreases on the hypothesis
that the ball is turquoise since we have to rule out the blue and not turquoise possibilities,
and there are more just turquoise than turquoise and blue possibilities. The principle of
plenitude could therefore be extended to entail connections like these with the following
impredicative version of the principle:

For any proposition, p, and pair of functions F1, Es : P — [0, 1] there is a proposition
g such that for any w € P, Cr(q | pAw) = Ey(w) if Cr(p | w) > 0 and Cr(q |
—p Aw) = Ey(w) if Cr(—p | w) > 0, where Cr is a conceptually coherent prior.

The principle of plenitude is a special case of this principle which can be seen by setting p
to T. It is impredicative because any proposition ¢ that is generated by this principle can
be fed back in as p. In the appendix it is shown that both principles are consistent.

It is tempting to ask why one ought to have a particular credence, 0.798 say, in the
proposition that Harry is bald given one knows the relevant facts about his head. This is
simply not a question with a reasonable answer on this way of individuating propositions.
Part of what it is to be the proposition that Harry is bald is to have the specific epistemic
profile it in fact has, which includes this conceptual requirement. It is like asking, on the
modal way of individuating propositions, why the proposition that Harry is bald corresponds
to one set of worlds and not another.

However, the thought which I take it this question is trying to latch on to might be better
expressed by the question: why does the sentence ‘Harry is bald’ denote a proposition with
one set of conceptual requirements rather than another? This is presumably a question of
metasemantics and a question whose answer is vague. The appearance of precision is really
an illusion. A similar problem arises for the modal way of individuating propositions. One
might ask why the proposition that Harry is bald contains worlds where Harry has 784 hairs
but not worlds where he has 785 hairs. On the modal way of individuating propositions
this is just a bad question: it amounts to asking why a given set has the members it in fact
has as members. The sensible question in the vicinity is why does the sentence ‘Harry is
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bald’ express this proposition and not another, or why are we justified in calling this set
of worlds ‘the proposition that Harry is bald’. Both are metasemantic questions, and one
should expect there to be vagueness concerning which propositions are picked out by which
sentences.

Recall the example of the tree seen from a distance. Suppose that initially my credences
are uniform over the possible heights less than 1000cm. After the evidence is in my credences
form the curve displayed in figure 2.3. What proposition would have the effect that updating
this way would cause this change in credence? Here the principle of plenitude kicks in.
According to the principle there will be a proposition whose evidential profile ensures that
learning it will change my uniform starting credences to the curve. Let that curve be
represented by the function Pr. For simplicity lets say the partition of precisifications
is finite, so lets pretend the maximally specific precise propositions are the propositions
saying that the tree is ncm tall (this simplification is harmless.) Let E be the evidential
role given by E(p,) = Pr(p,). Then the principle of plenitude entails there is a proposition,
p, with evidential role E. In particular, if Cr is a coherent prior and e is the agents total
evidence, so that Cr(- | e) is my credence before the observing and is thus uniform over the
partion p, for n < 1000, then conditioning on p will result in a curve like that in figure 3:
Cr(pn | e Ap) = E(pyn). For proof the appendix.

2.5 Further issues and clarifications

Evidence. The picture of evidence espoused here does not sit well with certain internalist
conceptions of evidence. According to the view I've defended one cannot have evidence
that Harry is bald (or evidence that Harry is not bald) if it’s borderline whether Harry is
bald. But, one might think, surely I could have misleading evidence that Harry has exactly
no hairs when in fact he has a borderline number. For example, if I initially have no idea
how many hairs Harry has and a normally reliable person tells me that Harry has no hairs
when in fact he has a borderline number, some philosophers would say I have evidence that
Harry is bald even though this is a borderline proposition. According to other philosophers,
however, this is not so: evidence must be factive in the sense that your evidence consists
only in true propositions. In the above situation, for example, your evidence would include
the proposition that someone has told you that Harry has no hairs, but would not include
the proposition that Harry has no hairs since it is false. Your belief might be justified by
your evidence in the sense that it is a belief with a high evidential probability, but it would
not be evidence in the strictest sense.

I suggest that according to this conception one’s evidence consists only of determinately
true propositions. Imagine two parallel cases. In one case the reliable person tells you that
Harry is bald instead of telling you he has no hairs, in the other she tells you he’s not bald.
Either Harry is bald or he isn’t, so in one of the cases you have been told a true proposition.
Yet on the externalist conception of evidence it is natural to think that, even though in
one case the proposition you’re told is true, in neither case is the proposition you are told
evidence.

Rational belief If correct, the view outlined makes it clear why we cannot rationally
have certain beliefs — for example why, given certain values of N, we cannot rationally
believe that Harry has N hairs and is bald. The proposition that Harry is bald exists only
to play a certain evidential role: to be your evidence when your evidence is gained through
certain inexact mechanisms. When your strongest evidence concerning Harry’s head is that
he’s bald, then when N and N — 1 are in the borderline region your credence that he has N
hairs is less than your credence that he has N —1 hairs. But by a standard piece of Bayesian
reasoning (namely, Bayes’ theorem) this can only happen if your credence that he’s bald
given he has N hairs is smaller than your credence that he’s bald given he has N — 1 hairs;
thus your credence that he’s bald given he’s got NV hairs is strictly less than 1. A symmetric
argument would establish that your conditional credence in this situation must be greater
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than 0 — your credence that Harry is bald given he has N hairs is intermediate.

A common objection to classical views that claim that it’s impossible to rationally
believe that Harry is bald whilst also being borderline bald invokes the thought that, since
he’s either bald or he isn’t, God could come down and tell you which, making your belief
rational. However the way this objection is usually put is vastly underspecified. What
exactly is the situation being envisaged? How do we know the person telling us this is
God?

The naive image the objection conjures up is that of a glowing bearded fellow walking
into the room, claiming to be God, and telling you that, even though it’s borderline, Harry
is in fact bald. However I think that no-one would claim that this would be sufficient to
rationally justify your having the belief that Harry is bald and borderline bald. Imagine
that he had instead told you that it was raining and that it wasn’t, or that there are male
vixens. In the latter case the rational thing to do given your evidence (assuming that you're
certain God wouldn’t lie, that the man did in fact say this, and so on) is to conclude that
this person isn’t God after all. In the original case the rational thing to do, assuming
you're originally pretty sure the person is God, would be set your credence that the guy
is God to some lower intermediate value (for the reason why it’s not 0 in this case see
the footnote.!*) (Note that there might be scenarios where it’s reasonable to believe that
there are true contradictions. For example, if Frege, Godel, Tarski and all the greatest
logicians walked in and told you this it might well be reasonable to believe that there are
true contradictions, but it is not rational on your evidence, in the strictest sense, to believe
this since, assuming there are no true contradictions, you do not have evidence that there
are true contradictions.)

Knowledge. Finally it is often argued that it is not possible to know p when p is
borderline. The two points above go some way to explaining this intuition.

For example, many people would agree with the principle about not rationally believing
propositions whose borderliness is a priori, and yet allow that one could believe, maybe
even rationally, a contingently borderline proposition — that Harry is bald, for example — by
being told that Harry is bald by a reliable person. Indeed, as we noted before, the reliable
informer might even be correct about whether Harry is bald. Yet, despite the fact that
Harry is bald, and the fact that you believe it quite reasonably, the thought goes that you
still do not know that he’s bald because it’s vague. How do we explain ignorance in this
case from the facts described above?

The first thing to note is that in this case you do not in fact have the evidence that
Harry is bald. So even though your belief is true and justified by (i.e. has high evidential
probability on) your evidence it’s not clear that it constitutes knowledge. That said, some
reliablists (see Lasonen-Aarnio [78]) have argued that a stubborn belief that is reliable,
even if not rational, can still constitute knowledge. In the case of knowledge, as opposed
to rational belief, it seems that a variant of the God example above could take a different
turn. For example suppose that God told you that Harry was bald, but instead of coming
to lessen my confidence that this guy is God I irrationally decide to believe everything he
says. Then, perhaps, my stubborn beliefs would constitute knowledge, since, as it happens,
the man speaking to me really is God and is a reliable source of information. A less fanciful
example might involve two people, one of whom stubbornly forms a belief that Harry is
bald, the other who forms a belief that he is not bald. Assuming that there’s no generally
applicable method they used to form these beliefs, it’s natural to think that one of them
has a reliable belief (while the other has an anti-reliable belief.) If this is all it takes to have
knowledge, perhaps one of them knows whether Harry is bald.

14 Assume that you already know that Harry has N hairs, and that we are therefore required to have a
credence of % that Harry is bald. Let G be the proposition that the guy is God, B the proposition that

Harry is bald and has exactly N hairs. By assumption we have Cr(B) = % and since we are initially pretty
sure the guy is God we have % > Cr(B A G) > 0. Since God is always truthful and has said B, we can

assume that Cr(B | G)=1. So 1= Cgf(g?>, so Cr(G) =Cr(BAG) € (0, %]
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Closure under conditioning. A natural principle states that rational credences are
closed under conditioning: if C'r represents credences of a rational agent, then the result of
conditioning C'r on a proposition with non-zero probability is also the credence of a rational
agent. After all, if your credence is Cr, and Cr(p) > 0, then surely if you ended up finding
out p it would be rationally required to condition on p? Sure surely it must be permissible
to have credence Cr(- | p)

Neither the principle nor the explanation hold on the view I am proposing. The principle
is false for the following reason. Anyone who is rationally certain that Harry has N hairs is
required to have a specific credence, a € (0, 1), in the proposition that Harry is bald. Since
it is possible to have evidence that Harry has N hairs, there is a rational credence function
assign 1 to the proposition that Harry has N hairs. In this case the credence that Harry
is bald should be « and therefore greater than 0. If we were to condition this function on
the proposition that Harry was bald we would have a function which assigned a credence
of 1 both to the proposition that Harry has IV hairs and to the proposition that Harry is
bald. This function cannot be rational since all rational credences assigning credence 1 to
the proposition that Harry has N hairs assigns a < 1 to the proposition that Harry is bald.

Counterexamples to conditioning work in the other direction as well. It is possible that
one’s strongest evidence is the proposition that Harry is bald. In which case, there are hair
numbers within the border region such that you are not certain Harry has them — so in
these situations your are not completely certain that Harry is not borderline bald. But the
result of conditioning on the proposition that he’s borderline bald would make you certain
he was bald and borderline bald.

These features are not specific to my view, however. It is independently plausible that
anyone who is certain that it’s vague whether Harry is bald should be uncertain whether
Harry is bald. Yet if C'r is a rational credence function assigning 1 to the proposition that
it’s vague whether Harry is bald, then the result of conditioning it on the proposition that
Harry is bald will be irrational since it would represent an agent being certain that it’s
vague whether Harry is bald without being uncertain whether he’s bald.

So, on independent grounds, the explanation for the closure principle must be faulty. It
is easy to see why the explanation fails according to the externalist conception of evidence
we have be espousing. Anyone who has evidence that Harry has N hairs (or, more generally,
has evidence that Harry is borderline bald) cannot then obtain evidence that Harry is bald,
since one’s evidence must consist of determinately true propositions. In the other direction:
anyone who has evidence that Harry is bald cannot then obtain evidence that Harry has
N hairs, since if you have evidence that Harry is bald then he must be determinately bald,
and thus have strictly less than N hairs. Since evidence is factive, he cannot also have
evidence that Harry has N hairs.

Agreeing about the precise. Recall the supervenience principle we stated in section
2.3:

Necessarily, for any conceptually coherent priors, Pr, Pr’ € P, Pr(p | w) = Pr'(p | w)
for every maximally specific precise proposition w, and proposition p.

This states a condition on rational priors. However, given our conception evidence as al-
ways consisting of determinately true propositions, the above principle entails the following
principle concerning non-initial rational credences:

Necessarily, for any rational credences, Pr, Pr’, and maximally specific precise propo-
sition w, if Pr(w) = Pr/(w) = 1, then Pr(p) = Pr’'(p) for every proposition p.

In other words, any two people who know all the precise facts should have the same credences
in every proposition. This is because if one’s evidence is a maximally specific precise
proposition, then it is one’s strongest evidence on pain of not being determinately true. Thus
Cr(p) = Pr(- | w) for some coherent prior Pr and maximally specific precise proposition w
and Cr’ = Pr'(- | w). Thus by the supervenience principle Cr = Cr’.
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One might think that the supervenience principle also entails the following stronger
principle:

(*) Necessarily, for any two rational agents with credences Cr, Cr’, if Cr(p) = Cr'(p) for
each precise proposition, then Cr = Cr’.

In other words: any two people who agree about the precise agree about everything. Here’s
why. Suppose that Cr and Cr' are rational credences (rational priors conditional on possible
evidence), and suppose that Cr(p) = Cr/(p) for every precise proposition p. Let w range
over the set of maximally specific precise propositions.'® Then:

1. Cr(q) =3, Cr(q| w).Cr(w) by probability theory.

2. =>,Cr(q| w).Cr'(w) since w is precise, and there is agreement on the precise.

3. =Y, Cr'(¢q| w).Cr'(w) since, by my supervenience principle, Cr(q | w) = Cr'(¢q | w).
4. = Cr'(q) by probability theory.

(*) say that any two people who agree about all the precise things agree simpliciter. However
(*) seems to be false. Suppose that Martha and George have exactly the same credences
in the precise propositions concerning Harry’s head: let’s suppose both their credences
conform to the blue curve in figure 2. However they came to these credences in different
ways: George caught a brief glimpse of Harry’s head, and the strongest proposition he
learnt was a vague proposition, Martha learnt that Harry’s hair was going to be cut to
some number of hairs via a chancy event which happens to represented by the blue curve
in figure 2. Although Martha and George agree about the precise they do not agree about
everything: George, for example, knows that Harry is bald and Martha doesn’t.

The problem is that strengthened supervenience principle is false. The error in its
derivation is in step 3. The supervenience principle does not entail Cr(q | w) = Cr'(q | w)
unless Cr and C7r’ are rational priors. For e.g. in the Martha George problem, George’s
credence is not a rational prior (it judges that Harry is bald. He could not rationally learn
that Harry had N hairs.)!®

Degrees of truth. Modulo the issues we discussed in chapter 1, maximally precise
propositions in this framework are approximations of possible worlds in an intensional
framework. Assuming this analogy, vague propositions then determine a function from
possible worlds to real values in [0, 1]: the credence any conceptually coherent agent ought
to have if she learnt that she was in that possible world.

Another approach to vagueness also identifies with each vague proposition a function
from possible worlds to real numbers in [0, 1]. According to this view, the number a propo-
sition is assigned at such a world is its truth value there. These theorists often espouse
a non-classical fuzzy logic, due to the way in which the truth values at a world interact
with the connectives. However other theorists keep classical logic and are close in spirit to
the current view. Edgington [27], for example, espouses a view in which the truth values
behave like probability functions (see also Kamp [66], Lewis [80] and Williams [136], for
versions and developments of the view in a supervaluationist setting.) One might wonder
how fuzzy views, especially Edgington’s view, differ from the view defended here. Edging-
ton, for one, thinks that there is a difference between truth values (which she calls ‘verities’)
and credences. In [27] she writes:

“Some philosophers (e.g. Williamson 1994) hold that vagueness is a species of
epistemic uncertainty: there is a precise line which divides the red from the non-
red, etc., but it is epistemically inaccessible to us. Were this true, verity would

151 shall bracket issues arising if there are uncountably many maximally specific precise propositions.
16You might be able to tell a consistent story in which Martha’s credences are rational priors I suppose.
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be a kind of credence: the credence that a person with no relevant ignorance
other than about the precise line, would give to a statement like ‘that’s red’. If a
is redder than b, but neither is clearly (certainly) red, then one must, if rational,
be more confident that a is red than that b is: a is more likely to be above the
mystery line than b is. The nearer to clearly red is the nearer to certainly red.
Credence and verity, I argued, have the same logical structure. This could be
interpreted as grist for the epistemicist’s mill. What better explanation of the
analogy I have developed, than that verity is credence, and so vagueness a kind
of epistemic uncertainty?”

The view I am defending is not epistemicism, but it agrees with the epistemicist in respects
important to this discussion. According to Edgington verities and credences play different
roles. Credences inform a rational person’s actions, whereas verities do not. In support of
this she notes the distinction between the following kinds of justifications:

I prefer A to B by a long way. Therefore I prefer A with certainty to A or B happening
with equal uncertainty, i.e. probability %, and I should prefer A or B happening with
equal uncertainty to B with certainty.

I prefer A to B by a long way. Therefore I prefer A with verity 1 to A or B each with
equal intermediate verity, %, and I should prefer A or B with equal verity to B with
verity 1.

The former principle is a valid principle in most decision theories, yet Edgington gives an
example, in which whether A or B is borderline figures in my preferences, to demonstrate
that the second is not a universally correct principle of decision making.

One might have the converse worry: that the credence a coherent person should assign
to a proposition conditional on being in a world plays exactly the same role as a truth
value.!” Consider the following ‘truth norm’: if p is true then one should believe that p
(and one should not otherwise.) One can formulate similar truth norms for partial beliefs,
in which credences closer to the truth are better (see [64].) Let E(w) represent the credence
you should have in the proposition that Harry is bald conditional on knowing that you’re in
w. Then E(w), qua the thing that your credences ought to match when w obtains, seems
to play the very same role the truth value of the proposition that Harry is bald plays as
described above. Is E(w), the evidential role of the proposition that Harry is bald, not just
the truth value of the proposition that Harry is bald had w obtained?

Other than Edgington’s argument above (which I find convincing) I think there are
two further points to be made. The first has to do with the truth norm. I think that in
the sense in which we use the word ‘should’ in epistemology it’s simply not the case that
Copernicus should have believed that space-time is non-Euclidean; all his evidence pointed
against this so there’s a clear sense in which he shouldn’t have believed this, even though
it’s true. However, the word ‘should’ is clearly context sensitive, and with a bit of scene
setting it may well be possible to find contexts in which the truth norm holds. However
it is far from clear that in the contexts in which the truth norm holds my credence that
Harry is bald conditional on w, should-in-this-context be E(w), and not 1 or 0 (depending
on whether Harry is bald at w.) After all, the view that’s being espoused is a bivalent
one, and if it’s possible to read ‘should’ in this unintuitive ultra-objective way it is natural
to think that all my credences should be 1 or 0. Thus, on this reading of ‘should’, the
disquotational (i.e. bivalent) truth values play the truth rule.

The second point I want to make involves an analogy with chances. Note the similarity
between the following two claims

For each proposition, p there is a function, F, such that for each maximally strong
precise proposition w, and rational prior credence function Cr, Cr(p | w) = E(w).

17T am indebted to Robbie Williams for pressing me on this objection.
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For each proposition, p there is a function, F', such that for each maximally strong
piece of admissible evidence at ¢, w, and rational prior credence function Cr, Cr(p |

In the both cases there is a special partition of the space of propositions such that every
rational prior agrees with every other prior conditional on any element of that partition. The
former principle is a consequence of the supervenience principle, the latter a consequence of
the principal principle (see [81].) In the latter case F'(w) simply represents the chance that
p at time t. In whatever sense E plays the truth role for the proposition p (relative to the
partition of maximally specific precise propositions) then note that so do chances (relative
to the partition of worlds with the same admissible evidence at t.) Since we are not at all
tempted to call chances verities on the basis of truth norms alone, I think that we should
not be tempted to call credences verities.

2.6 Appendix

The principle of plenitude says that, for any function ¢ from the set of maximally specific
precise propositions to [0, 1] there is a proposition p; such that for every conceptually co-
herent prior Pr, and maximally specific precise proposition, w, Pr(p; | w) = t(w) provided
Pr(w) > 0.

As with any existence postulate, such Lewis’s plenitude principle for possible worlds or
the naive comprehension principle in set theory, there is a question about its consistency.
Here we show that it is in fact consistent.

Theorem 2.6.1. Suppose that B is a complete atomic Boolean algebra with countably many
atoms. Then there is an extension of B, B’ > B, such that for every function t : Atom(B) —
[0,1] there is a proposition in B', p;, with the following property.

Any countably additive probability function Cr over B can be extended a probability
function Cr’ over B’ in a way such that:

1. Cr'(p) = Cr(p) for each p € B
2. Cr'(py | w) = t(w) for each w € Atom(B), provided Cr(w) > 0.

Proof. Let W := Atom(B). Without loss of generality we may identify B with P(WW). Given
p CW x [0,1] let py, := {z | (w, z) € p}. We define the expansion as follows

o B :=P(W x[0,1])
o Cr'(p) = > pew Mpw).Cr(w) where A is the Lebesgue measure.

o pi:=U,({w} x [0, t(w)])

B < B’ via the map h : p — px[0,1]. Note that Cr'(px [0,1]) = >_ cp xp(w).Cr(w) =
> wep Or(w) = Cr(p), where x, is the characteristic function of p. This shows that 1. is

satisfied. O (U e {0} x[0,6)DN{w) x[01]) O’ (w}x(0.4)))  tw).Cr(w)
T w wy X |0, t(w wy X0, _ r'wXO,tw _ t(w).Cr(w
Also Cr'(py | w) = ST w01 = TCr{uwix[0,1) —  Cr(w)
t(w). So 2. is satisfied.

O

The consistency of PLENITUDE is a simple corollary of this result. We simply identify
the set of conceptually coherent priors with the set of probability measures on B’ which
extend regular probability measures over B and satisfy Pr(p:|w) = t(w) for each atom w of
B.

The principle of plenitude in action
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If our evidence in the scenario where we have seen a tree from a distance is a vague
proposition, as I have argued it is, there ought to be a proposition such that the result of
updating on it results in the kind of credences you’d expect to be in; something like the
credence distribution in figure 2.3. At the end of section 2.4 we argued that the principle
of plenitude does exactly this: it provides us with such a proposition.

Suppose, as in section 2.4, that my prior credence over the possible heights of the tree
less than 1000cm is uniform, and is given by Cr(w;) = a, where w; is the proposition that
the tree is ‘cm, and my posterior credence function after learning that there is a small
number of peas is given by Cr'(w;). By the principle of plenitude there is a proposition
py such that Cr(p; | w;) = t(w;) = Cr'(w;) for each i. We’ll show that p; is the required
update to get our credences from a uniform distribution to a distribution looking like figure
2.3. Le. Cr(- | p) =Cr'(4).

1. Cr(w; | pr) = Cr(p; | wl)g;((z}z)) by Bayes’ theorem.

Cr(w;
2. Cr(w; | pe) = H(w). s—arorastorms)

3. Cr(wi [ pi) = t(wi) s—oya

4. Cr(w; | pr) = t(“’l)m

5. Cr(w; | pr) = t(w;) since Zj t(w;) = Zj Cri(w;) =1

6. Thus Cr(- | pt) = Cr'(-) since they coincide on the worlds.
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Chapter 3

Vagueness, Uncertainty and
Desire

Some numbers are small, for example the number 1; some number aren’t, such as 1,000,000,000.
It is well known that from these premises one can show in classical logic that there is a last
small number: a number N, such that N is small and N 41 isn’t. Furthermore neither you
nor I know which number that is. If you are not convinced by this latter claim ask yourself
which number you think that N is: if you are unable to produce a satisfactory answer,
I would suggest that this is because you do not know which number N is.! It therefore
follows from very plausible assumptions that there is a last small number and we do not
know which it is.

Some people are clearly bald, some clearly aren’t and others are neither clearly bald
nor clearly not bald. People of the latter sort are borderline cases of being bald. Suppose
that Harry is such a person. By the law of excluded middle either Harry is bald or he isn’t.
Furthermore, nobody knows whether he’s bald or not. Therefore either Harry is bald or he
isn’t, and we don’t know which.

Epistemicism is notorious for making claims like this. Epistemicists argue that vague
predicates have sharp cut-off points, cut-off points whose location we don’t (and can’t)
know. Epistemicism regularly invites the ‘incredulous stare’; it is thought to be paradoxical
in virtue of its having this consequence. Yet haven’t we just proved these consequences
from very plausible premises? The law of excluded middle is prima facie much weaker than
epistemicism, and indeed many non-epistemicists accept it.2 The claim that we do not
know whether Harry is bald also seems eminently plausible and is also, prima facie, weaker
than epistemicism. Yet from these two claims it follows that either Harry is bald or he isn’t
and we do not know which. Similarly it follows from classical logic and the plausible claim
that there is no number we know to be the last small number that there is a last small
number and we don’t know which it is.?

The claim that there’s a last small number and we don’t know which it is inevitable
given classical logic and the claim that we are ignorant about the vague. If this claim is
what invites the incredulous stare, then it is something not specific to epistemicism. Indeed
I think that once the proofs of these claims are properly considered many of the objections
usually levelled at epistemicism should be dropped on the grounds that they overgener-
ate. However there are some aspects of epistemicism that go beyond the commitment to

INot every one agrees. See Wright [147], Dorr [24] and Barnett [6].

2See, for example, Fine [43], McGee & McLaughlin [92], Edgington [27], Eklund [29].

31 think that once we have accepted that Harry is bald or he isn’t and we don’t know which, it is a
small step to accepting that me cannot know which. For the reasons we do not know whether Harry is
bald have nothing to do with our impoverished epistemic status; it is not like we could go about collecting
evidence until we found out whether he’s bald. At any rate, it is certainly not this strengthening that makes
epistemicism sound paradoxical.
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classical logic and vagueness induced ignorance which are, at least, partly responsible for
the incredulity. Epistemicists talk as if vague propositions are factual in a way that other
classical logicians reject. Assuming some notion of ‘factuality’ we might put the repugnant
epistemicist commitment as follows:

There is a fact of the matter whether Harry is bald or not. (3.1)

There is a last small number, and there’s a fact of the matter concerning (3.2)
which that number is.

Call someone who has these commitments a ‘factualist’. Some philosophers have argued
that this putative distinction, characterised by a commitment to (3.1) and (3.2), between
epistemicism and other classical views accepting the ignorance thesis is in fact an illusion.*
The problem for a non-factualist is to explain what these supposed commitments amount
to. If the non-factualist can say nothing more about what it means for there to be no fact
of the matter whether p than saying we cannot know whether p then she has not succeeded
in distinguishing herself from the epistemicist.

In §3.1 of this chapter I shall consider several putative ways in which a non-factualist
might want to distinguish herself from the factualist. These include disputes about whether
vague predicates have sharp cut-off points, whether vagueness involves truth value gaps,
whether it involves giving up on inferences such as reasoning by cases, whether vagueness
involves there being multiple precisifications of the language, whether vagueness involves
semantic indecision, and whether vagueness involves genuine uncertainty or ignorance. I
reject all of these ways of distinguishing non-factualism from factualism about vagueness.

In §3.2 I consider what I take to be the most promising line for characterising non-
factualism about vagueness: that uncertainty due to vagueness is not genuine uncertainty.
This approach has been adopted in various forms by several recent authors; in this section
I argue against these approaches and defend the view that uncertainty that arises from
vagueness is genuine uncertainty both with regards to its functional role and in particular
its role in informing our decisions.

In §3.3 it is argued that we should be probabilistically coherent even when there are
vague propositions in the field of propositions over which we are uncertain. This is shown
from a decision theoretic viewpoint, in which claims about the agents preferences over
different actions are taken as basic. Finally in §3.4 I defend my own view in which non-
factualism is partially characterised by the view that we cannot be rationally certain in p if
we are certain that it’s indeterminate whether p. However, the view does not collapse into a
purely epistemic reading of ‘it’s indeterminate whether p’; or ‘there’s no fact of the matter
whether p’; since I also subscribe to the principle that we shouldn’t care intrinsically about
the indeterminate. Of course, one may care whether p in virtue of the precise things that
p entails; the exact statement of the thesis runs:

If the strongest precise proposition p entails is the same as the strongest precise
proposition ¢ entails then you should be indifferent between p and ¢, provided p and
q are maximally specific propositions.

I argue that this principle partially elucidates non-factualism and I show how factualists
who deny this principle can expect to encounter concrete differences in rational decision
making between people who care intrinsically about the vague.

3.1 Factualism and non-factualism

The problem outlined has traditionally been posed as a challenge for supervaluationism.
On the face of it supervaluationists make exactly the same assertions as the epistemicist
regarding a Sorites paradox: the challenge for the supervaluationist is to say something

4See Williamson [139], [140] and Dorr [24].
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that distinguishes herself from the epistemicist. However, the challenge as stated above
seems to be much more general; it extends to any view that accepts classical logic and the
ignorance thesis.’?

Supervaluationism has found wider acceptance in the philosophical community than
epistemicism. However it is hard to explain why this is if they really are effectively the same
view. What is the distinction between classical views which have seemingly unacceptable
consequences, such as epistemicism, and those that do not, such as supervaluationism, if not
the claims about the existence of unknowable boundaries? I would suggest the distinction
is best drawn as a distinction between factualist views, of which epistemicism is just one
particular kind, and non-factualist views, of which supervaluationism is just one kind. I
shall briefly discuss some putative ways of drawing the factualist /non-factualist distinction
taking epistemicism as the primary example of a factualist view. In each case I'll argue
that either the apparent difference isn’t really a difference, or that the difference isn’t really
getting at an important distinction.

Sharp cutoff points. Epistemicism is often is often characterised by the view that
vague predicates determine sharp boundaries whose location we are ignorant of. Could it
be the existence of sharp boundaries that distinguishes epistemicists from classical non-
factualists?

The answer depends crucially on what we mean when we say a predicate F' has a ‘sharp
boundary’ along a Sorites sequence. It cannot simply mean that there is a last element in
the sequence which is F: i.e. that there is an element in the Sorites which is F' such that
the next element in the Sorites sequence is not F. This much is guaranteed by classical
logic and the fact that some but not all elements of the Sorites are F.

Nor could it mean that there is a clear cutoff point: i.e. an element of the sequence that
is clearly F' and such that its successor is clearly not F'. Here both the epistemicist and the
non-factualist agree that vague predicates do not have clear cutoff points; indeed there is no
reason why an epistemicist and a non-factualist should disagree about first order questions
about which cases are clearly F' and which are borderline.

Finally, things would not look much better if we treated a sharp boundary as one whose
location is entailed by the physical facts. Both factualists and non-factualists alike usually
agree that whether someone is bald, for example, supervenes on more basic physical facts
such as their hair number, colour and distribution. So a non-factualist, like the epistemicist,
will accept the disjunction: either the physical facts strictly imply that Harry is bald or
they strictly imply that he’s not bald (although it’s vague which.)

Truth value gaps. Many people have argued that vagueness gives rise to truth value
gaps: propositions (or sentences) which are neither true nor false. Bivalence is the claim
that every proposition (sentence) is either true or false and should be sharply distinguished
from the law of excluded middle, the schema p V —p.

Does this explanation of vagueness meet the challenge of giving a non-epistemicist read-
ing of V7 Certainly cashing out vagueness in terms of an antecedently understood alethic
notion achieves this. But the notion of truth appealed to here is not the pretheoretic one,
according to which ‘p and it’s not true that p’ is inconsistent. Surely both factualists and
non-factualists believe in the existence of two operators in the vicinity, one behaving disquo-
tationally the other not.® Is the difference really a terminological one of what to call truth
and what to call clear truth? If it is a non-terminological dispute about how vagueness
interacts with some particular role that truth plays it would be better, I think, to phrase
the debate in terms of that role.

Multiple precisifications. A natural way for the supervaluationist to distinguish
herself from an epistemicist is to employ the language of precisifications. As a first try:
supervaluationists believe there are multiple admissible precisifications of a vague language

5[139]7 for example, makes makes this general argument.
6For example, in higher order logic there is a comprehension principle for operators, from which it follows

that 3TVp(Tp <> p) and ITVp(Tp <> Ap).
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and epistemicists believe there is only one.

In order to make this precise, let us assume there is some set of admissible precisifica-
tions, V — I shan’t make any assumptions about what they are.” For each precisification
v € V we also have the notion of a formula holding at that precisification: v IF ¢. We shall
assume that for each v, v IF behaves like a normal modal operator and also that it commutes
with the extensional connectives: v IF =¢ <> —-w Ik ¢ and v IF (¢ V) > (v IF @ Vv - ).
The constraint on precisifications is therefore that ¢ is determinate iff, for every v € V,
v - ¢.

Unfortunately it is easy to introduce things behaving like V' and IF. A natural way
to do this is to let precisifications be maximally consistent propositions, i.e., consistent
propositions such that for any other proposition, it entails that proposition or its negation.
Say that v IF p only if v entails p. Finally, say v is admissible iff it’s not determinately false,
i.e. A0 (alternatively we could say that v is admissible iff Vp(Ap — v IF p).)®

What is admissible in this setting depends on what A means — it could, for all we’ve
said, have an epistemic reading. The purely formal claim that a sentence is determinate if it
is true on all admissible precisifications has no content unless we’ve said what ‘admissible’
means. Informally a precisification is admissible just in case makes all the clearly red things
red, all the clearly non red things not red, and so on. If this is what ‘admissible’ means,
then even the epistemicist can say there are multiple admissible precisifacations. (On
the other hand, note that both epistemicists, supervaluationists and any classical logician
is committed to the existence of exactly one disquotational precisification. So the sense
in which epistemicists are committed to exactly one correct interpretation applies to the
supervaluationist t00.)

Semantic indecision. McGee and McLaughlin, Lewis, and many others, have argued
that vagueness is a matter of semantic indecision. On the surface this seems like it is in
stark contrast with epistemic views, which urge that vagueness is an epistemic phenomenon.
However it is unclear whether semantic indecision really amounts to something that different
from the epistemic view. Its proponents often spell out semantic indecision as a failure of
our use of the language to fix the truth conditions of the relevant sentences. As McGee
and McLaughlin put it ‘the truth conditions for a sentence are established by the thoughts
and practices of the speakers of the language [...] a sentence is [definitely] true only if the
non-linguistic facts determine that these conditions are met’ [92].

What does it mean for a sentences truth conditions to be ‘determined’, ‘fixed’ or ‘estab-
lished’” by the linguistic practices of the users of that sentence? A standard slogan has it
that meaning supervenes on use; that any two worlds in which all the facts about the way
a language L is used is the same are worlds in which the meaning facts about L are the
same.? So it seems at though the determining relation is not to be cashed out in terms of
supervenience or strict implication but in epistemic terms. This brings the view very close
to Williamson’s view, in which vagueness consists in the linguistic practices of L speakers
not epistemically determining the truth conditions of L’s sentences.

Logic. I am restricting my attention to classical views; views which accept all classical
validites. However, views which are classical in this sense, while agreeing on the validities,
can differ about what counts as inconsistent and can differ about what follows from what.

According to some theorists logical entailments should preserve determinate truth (as
opposed to disquotational truth.) In this setting various classical rules of proof fail, such
as contraposition, reasoning by cases, and reductio ad absurdum, when the A operator is

"Due to higher order vagueness, ‘V’ here cannot be assumed to be a precise name or a set

8Here I have assumed a non-linguistic indeterminacy operator. For a linguistic theorist, we could let
precisifications be models of the language, and we could let the admissible precisifications be models M
which make true every definite sentence. I.e. V = {M | Vs(Def(s) = M [= s)}.

9This slogan is false once we admit the possibility of reference magnetism (see [69].) However, since the
sense in which ‘electron”s meaning is not determined by use is not the kind of thing that makes ‘electron’
vague this seems like just another argument that we cannot treat ‘determines’ (‘fixes’ etc) as expressing a
supervenience claim.
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in the language.
Let us begin by stressing an important distinction between

People who accept all classical theorems.
People accept that ¢ is logically valid, for every classical theorem ¢.

By a classical theory of vagueness I mean someone of the first type, not the second. T might
have some weird and interesting views about about what logical validity is, and yet still
accept all the problematic instances of excluded middle involving borderline cases. This
point applies to logical consequence just as forcefully as it applies to logical validity. If the
same principles govern the way in which two people accept new things from old, then an
uninteresting question (for the purposes of the present discussion of vagueness) is which
of the many related constraints on acceptance and credences we should call logic (e.g. are
valid arguments the certainty preserving arguments, or are they the arguments that permit
no increase in credence from conclusion to premise?)

Does the rejection of classical rules of proof distinguish the non-factualist reading from
the epistemic reading of V? We seem to once again run the risk of this turning into a
terminological dispute. The question is: does the factualist and the non-factualist agree
about all the facts not involving consequence talk? If so, it’s entirely possible that they
are arguing about what we call a consequence. Let p -1 ¢ if for every rational credence
function Cr(p) < Cr(q) and let p k2 ¢ if for every rational credence function Cr(p) = 1
only if Cr(q) = 1. Note that reductio, for example, plausibly holds for F; but not F.1°
Both are well defined relations. Two theorists may agree about which credence functions
are rational to have, yet disagree about whether reductio holds because because they are
calling different things consequences. What would really count as a difference would be if
they both disagreed about whether F; obeys reductio. This would frame the dispute in
terms of what kind of doxastic propositional attitudes it’s rational to have towards vague
propositions. This is what I take to be the most fruitful way of formulating the dispute out
of the ways that we have discussed so far, and it is to this that I now turn.

3.2 Vagueness and uncertainty

On the face of it uncertainty about the truth of vague propositions seems to be of a very
different kind from uncertainty of the more commonplace kind. Uncertainty about the
future, about the goings on in far away galaxies, or about wildlife in the deep sea seems to
have a very different nature. For one thing, the latter kind of uncertainty appears to be
uncertainty about the way the world is. According to the non-factualist, the former kind
cannot be like this since the world simply does not give answers to questions that have no
determinate answer. Secondly, ignorance or uncertainty of the latter kind is curable; there
are facts one could learn that would put one in a better position to judge whether or not
p. It is difficult to even imagine what it would be like to be in a better epistemic position
with regards to p, if p were vague. If I knew all there was to know about Harry’s number,
distribution, and so on, and I still didn’t know whether he was bald, it’s hard to see what
else could I do to decide the question - there is nothing left to learn that is relevant to his
baldness.

However many people, myself included, find this talk of ‘worldly uncertainty’ hopelessly
obscure. In recent years a number of philosophers have situated the study of vagueness re-
lated uncertainty at the center of the puzzles surrounding the nature of non-factual propo-
sitions instead ([37], [118] [6], [24], [123], [86], [134].) The operative thought, according to
many of these philosophers, might be encoded in the following way:

10Reason: it seems independently plausible that for no rational credence function Cr(p A ~Ap) = 1,
so p A =Ap kg, yet surely if we're certain p is indeterminate then Cr(Ap) = 0 and 0 < Cr(p) < 1 so
Cr(=(p A =Ap)) < 1. So l/2 =(p A =Ap)
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NF. One may be genuinely uncertain whether p only if one considers there to be a fact of
the matter whether p.

If one accepts this principle then we have a fairly natural way of explaining the difference
between factualism and non-factualism about a subject matter.

In order to be a non-factualist about vagueness, then, we need some explanation of
what our doxastic state looks like when we do not consider there to be a fact of the matter
whether p. Do we fail to be uncertain, or are we just not ‘genuinely’ uncertain? I split my
discussion of this up into three different approaches to this question:

Ersatzism. When one is uncertain due to vagueness one is in a sui generts mental
state, a state that cannot be explained in terms of the kind of psychological vocabulary
we use to describe ordinary uncertainty.

Rejectionism. When one has accepted that it’s vague whether p, one should reject
p and reject —p. Similarly, one’s credences should fail to be additive in accordance
with the rule of assigning the same credence to p as to the claim that it’s determinate
that p.

No ignorance. The source of one’s uncertainty is never due to vagueness; if one
knows the relevant facts about Harry’s hair number, distribution, and so on, one also
knows whether Harry’s bald.

In what follows I shall argue that none of these proposals work and that one should therefore
reject the principle NF. If you know that there’s no fact of the matter whether p you
may, and indeed often should, be genuinely uncertain whether p. This calls for another
explanation of the difference between factualism and non-factualism, to which I turn in
section 3.4.

3.2.1 Ersatz uncertainty

According to ersatzism when one is in the kind of doxastic state characteristic of being un-
certain in a proposition you know to be vague, you are in fact not uncertain in the ordinary
sense, but in some other sui generis mental state. Talk of ‘uncertainty’ in cases of vague-
ness relies on an equivocation between two propositional attitudes. For example Schiffer -
a prominent defender of this kind of view - claims that vagueness-related uncertainty is ‘a
new kind of propositional attitude, one that comes in degrees and that precludes standard
partial beliefs,” that it is ‘not a measure of uncertainty’, and similar such things. I shall
call this state ‘ersatz uncertainty’. If such uncertainty comes in degrees, we shall also talk
about ‘ersatz credences’. (See [118], [123] and [86] for different ways of formulating the
view.1)

Ersatz uncertainty, if it were to exist, would give rise to ‘mixture’ uncertainties. I give
two examples:

You are genuinely uncertain whether p is vague or precise. Your credence in p should
be a mixture credence: perhaps this is your conditional credence in p given p is vague
(an ersatz credence) times your genuine credence that p is vague, plus your conditional
credence in p on p being precise (a genuine credence) times your genuine credence that
p is precise.

p is second order vague. You are ersatz uncertain whether p is vague or precise. Your
credence in p should be a mixture credence: perhaps your conditional credence in p

' Note that not all of these elaborations on Schiffer’s idea count as genuine ersatz theories on my account.
For example Smith, in arguing that degrees of belief are expected truth values, accepts a view in which there
is really only one kind of doxastic state, albeit one that does not obey the classical probability calculus.
We consider views like this in the next section.
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given p is vague (an ersatz credence) times your ersatz credence that p is vague, plus
your conditional credence in p on p being precise (a genuine credence) times your
ersatz credence that p is precise.

In order to see that there must be mixed uncertainty of the first kind suppose you have
has a bag containing two small coloured balls. The first is clearly red, the other bordering
on red/orange. You are about to take a ball out of the bag: what should your credence
that you will pick a red ball be? This is a mixture uncertainty of the first kind: you are
genuinely uncertain whether the ball you pick will be the first or second ball, yet given it’s
the second ball you should be ersatz uncertain whether it’s red. A standard way to approach
this question would tell you to work out the probability that it’s red given that it’s the first
ball and the probability that it’s red given it’s the second ball, then times each of these by
the probability that it is in fact the first/second ball respectively, and add these together:
Cr(red) = Cr(red|balll) x Cr(balll) + Cr(red|ball2) x Cr(ball2). Since in this instance
Cr(red|balll) represents the numerical value of a genuine credence and Cr(red|ball2) the
numerical value of your an ersatz credence, Cr(red) is a mixture credence.

In order to see that there must be mixed uncertainty of the latter kind imagine in-
stead that you have lined up in front you a sequence balls starting with a clearly red ball
and ending with a clearly orange ball. This constitutes a Sorites sequence for redness.
Presumably according to the ersatz theorist we should have high genuine credences that
the balls at the beginning of the sequence are red, intermediate ersatz credences that the
balls in the middle are red, and low genuine credences that the balls at the end are red.!?
One might reasonably wonder what happens at the transitions between the genuine and
ersatz credences. Surely we don’t know where these are due to vagueness of where these
boundaries lie (just as we don’t know where the boundary between red and non-red lies.)
In these situations we are ersatz uncertain whether the balls between the beginning and
the middle of the sequence are determinately or vaguely red. Let b be a ball such that it’s
vague whether it’s determinately red or not, and let B be the proposition that b is red.
So it seems that typically people in this situation will have a mixture credence, this time
given by Cr(B) = Cr(B|AB).Cr(AB)+Cr(B | -AB).Cr(—AB), where here Cr(AB) and
Cr(—AB) are ersatz credences.

It seems that the best way to account for the two kinds of situations described above is
to assign an important role to a kind of mental state which is partly determined by your
genuine credences and partly determined by your ersatz credences. For lack of a better
name, call these mixture credences ‘degrees of belief” (following Smith [123].)!3 Now some
degrees of belief are pure in the sense that either the coefficient of the genuine or ersatz
part is 0; we might adopt a convention of calling the pure genuine degrees of belief genuine
credences and everything else an ersatz credence, or vice versa. But it seems natural to
think that really there is just one doxastic attitude at work in all cases — one’s degree of
belief.

There is a worry that this issue is terminological. The initial target was a person who
thought vagueness didn’t really involve uncertainty, and talk about uncertainty in such
cases would better be attributed to some other attitude. One might accuse me of using the
term ‘genuine uncertainty’ more elastically than my opponents - after all, I certainly admit
there’s something distinctive about vagueness-related uncertainty. Perhaps this is so; and
if it is, I have at best clarified how much mileage one can get from the claim that vagueness
doesn’t involve genuine uncertainty.

However, the position was introduced as one in which, in order to describe a persons
vagueness related beliefs, we need to introduce new psychological vocabulary which is not
reducible to the vocabulary we ordinarily use to describe their doxastic attitudes. But the

121t is interesting to note that if this is the picture there is no such thing as ersatz certainty; whenever
you have a numerical credence corresponding to a ersatz state of uncertainty, it will have an intermediate
value.

L3For discussion about how this might work see [85], [86] and [123].

56



concession that we have degrees of belief as well as genuine and ersatz credences poses
a serious problem to this view. The vocabulary we ordinarily use to describe a persons
doxastic state will almost always be a degree of belief — a mixture of ersatz and genuine
credences — and almost never be a pure genuine or pure ersatz credence since it rarely, if
ever, happens that an agent can rule out all the situations in which a proposition would be
borderline. The view was supposed to entail that the uncertainty we have about whether
Harry is bald is fundamentally different from the uncertainty we have about whether there
is non-human intelligent life in the Milky Way. Yet in reality both these examples involve
mixture uncertainties: I may have a small credence that Harry is wearing a bald head wig,
and actually has a full head of hair, and I may have a small credence that the only non-
human life elsewhere in the galaxy is however intelligent it needs to be to be borderline
intelligent.

I think even if the debate is partially terminological, we do have a reasonably good
account of when something counts as genuine uncertainty. For example, you do not need
to be human to be genuinely uncertain about something. Presumably animals with a very
different neurophysiology from us could still be genuinely uncertain. We can recognise this,
and there is no terminological question about whether they count as genuinely uncertain.
The brain state I am in when I’'m genuinely uncertain about something could be radically
different in configuration and constitution from the same state of genuine uncertainty in an
alien. It is not the actual brain state, but the causal-functional role it plays with respect
to the rest of the being that makes it a state of genuine uncertainty.

It could be that, physiologically, vagueness-related uncertainty is very different from
ordinary uncertainty. But as with the case of the alien, this does not mean that vagueness-
related uncertainty is not genuine uncertainty. To establish that vagueness-related un-
certainty is not really genuine uncertainty, one must show that it plays a very different
causal-functional role. On first looks, however, this does not seem to be the case. Someone
who is in a state of vagueness-related uncertainty in p because they’re certain p is vague,
typically won’t assert p or —p, won’t stake things they desire on p, and will generally act as
if they where uncertain about p. If degrees of belief are playing the same causal-functional
role as genuine uncertainty is supposed to be playing with respect to our actions and de-
sires, as is suggested above, there is little substantial left to the claim that it is not genuine
uncertainty. It is insubstantial in the same way in which it is insubstantial to insist an
alien with a different physiology can’t be genuinely uncertain — it is a verbal disagreement
at best, since we do not need to introduce new psychological vocabulary to describe the
alien’s psychological state.

3.2.2 Rejectionism

Let us assume, then, that degrees of belief form a single psychological natural kind. One
might then conclude that, since the difference between vagueness related beliefs and ordi-
nary beliefs is not one in kind, it is a difference in the normative principles governing them.
Schiffer argues that ersatz credences are governed by the rules for calculating the truth
values of propositions according to the Lukasiewicz connectives; one way to take on board
the message of the last subsection is to take the notion of a degree of belief, i.e. a mixture
credence, as the operative psychological concept, but identify situations in which one’s de-
gree of belief behave non-classically as being the distinctive feature to do with vagueness
related beliefs.

One such way of doing this within the Schifferian framework is to identify one’s degree of
belief in a proposition with its expected truth value valuated according to the Lukasiewicz
connectives (see Smith [123].) Unfortunately this makes use of the ideology of degree of
truth; we have dealt already, for classical views at least, with the view that vagueness is to
be identified with a further truth status. Furthermore, according to this proposal if you're
certain that p has degree of truth % then Cr(p A —p) = %, yet a state assigning this value
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to a contradiction couldn’t play the right causal functional role of a credence, which would
in part involve telling us to reject bets on contradictions.

There are a number of discussions of how classical probability should be weakened to
deal with vagueness related beliefs (see e.g. [37], [23], [123],[86]); my focus will be mainly
on the proposal of Field in [37].14 Field’s theory is rich and technically involved, but the
full details are not important for what I say here. An important consequence of the theory
is that your credence in p and in Ap should always be the same. One characteristic of such
a theory is that if there are any rational credence functions assigning non-zero probability
to the claim that it’s indeterminate whether p they will be non-additive. In particular:

For any rational credence function Cr, if Cr(Vp) = 1 then Cr(p) = Cr(—p) = 0.

This is clearly incompatible with finite additivity, which requires the sum of the probabilities
of a proposition and its negation to add up to 1. Following Williams [136] I shall call the
general approach ‘rejectionism’. when you're certain p is vague you should reject both p
and its negation. In Field’s framework rejection is given a concrete interpretation in terms
of having no credence in p. The crucial thing about this proposal is we are not postulating
a fundamentally different type of psychological state, we are simply revising the laws of
probability for the ordinary notion of credence.

However Field’s proposal has a number of difficulties, which I’ll address in order of
seriousness.

Problem 1: Field’s calculus delivers the wrong intuitive predictions. According to
Field if one is certain p is vague, then one’s credence in p should be 0. Yet there are
cases where you're certain that p is vague, but have an intermediate, or even a very high
credence in p. Imagine I'm about to roll a hundred-sided die, whose sides are labelled 0
to 99. The probability that the die will land on any particular number is surely 1%. So
intuitively I should be fairly sure that the number it’s going to land on won’t be the last
two digits of the age in nano-seconds at which I stopped being a child; which is, after all,
a particular number. There’s only one of this number, and 99 of the others, and whichever
one it is, there’s a 99% chance it won’t land on that one due to the fact that the die is
fair. So I should be 99% certain that it’s not going to land on the last two digits of time in
nanoseconds at which I stopped being a child. But I’'m absolutely certain that whichever
number it does land on, it’ll be vague whether it’s the last two digits of the critical time at
which T stopped being a child, because I'm certain there are at least 100 borderline cases (I
was a borderline child for well over a second, so here will be thousands of borderline cases.)
Prima facie, this seems to be a case in which Cr(Vp) =1 and Cr(p) = .99, contradicting
Field’s prediction that Cr(p) = 0.

Problem 2: According to Field if you are certain that p and ¢ are vague, you cannot
think that p is more likely than ¢, or that ¢ is more likely than p. They both receive
credence 0. But this, once again, does not accord with our intuitive judgements. Suppose
you are looking a two glassing, on of which is 65% full the other 67% full. Now you might be
certain that it’s vague, in both cases, whether the glass is pretty full, but you should be more
confident that the second is pretty full, since it is clearly more full than the former. Indeed,
once we can make sense of comparative judgements of confidence in the face of vagueness
it is but a short step to proving we must be probabilistically coherent via Villegas’ theorem
(i.e. that, given certain plausible conditions on the ordering of comparitive judgements of
confidence, one can uniquely represent confidence by a probability measure.)

Problem 3: Field assumes a logic of S4 for A, and this assumption is central in his
construction of a probability function satisfying his formal requirements. In fact, S4 is
forced on him in a certain sense since his theory entails that for every rational credence
function Q(AAp) = Q(Ap) and (less obviously) that Q(—AAp) = Q(—Ap) showing that
Ap and AAp are probabilistically equivalent. Another reason Field needs S4 is because he

14Field later develops the view in a setting suitable for a non-classical logic; I shall focus exclusively on
the classical version of the proposal here.
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wants his theory of rational credences to uniquely single out A as playing the role of the
definitely operator. It is easy to see, however, that if an operator O satisfies his constraints
(such as Q(Op) = Q(p)) so would the operator OO, OOO, and so on; S4 would identify all
these iterations.

The problem is, S4 is not a suitable logic for dealing with higher order vagueness. S4
does not obviously rule out higher order vagueness; it’s not obvious that there can’t be
propositions p, such that it’s indeterminate whether p is determinate or not, although by
S4 p cannot be determinately true in these cases. As Field writes

“It is sometimes thought that the S4 law is inappropriate in connection with
higher order vagueness. That is certainly not obvious: indeed, we have seen
above that significant higher order vagueness can be recognized |[...] as long as
S5 is not assumed”

However it is possible to show that the following ‘gap principle’ entails that everyone is
bald in S4. Let p; be the proposition that someone with i hairs is bald. Then we get a
contradiction from the assumption that Apy, A=Apygogo and the following gap principle:!?

A(AApl — _‘A_\Api_,_l)

Denial of this principle implies there is a sharp, determinate, cut off between the determi-
nately bald and the not determinately bald. So denying this principle effectively amounts to
saying that there is no second order vagueness in a Sorites sequence of this form (analogous
points apply to orders higher than two.)

Problem 4. Suppose that I know that it’s vague whether Harry is bald. Standard
decision theory says that the expected utility of an action is identical to the expected
utility of the action given Harry is bald times the probability that Harry is bald plus the
expected utility of the action given Harry is not bald times the probability that Harry is not
bald. However according to Field this result would yield an expected utility of 0 whatever
the action was since we are multiplying by each summand by 0. Since we are supposed to
be always be able to calculate the expected utility of an action relative to the most fine
grained partition (in which every element is a priori vague) this result would be devastating
for Field. We must therefore consider ways to revise the standard decision theory.

Let @ be a Fieldian credence function, and P a probability function (so P obeys the
Kolgomorov axioms.) Say that @ admits P just in case Q(p) < P(p) for every proposition
p. Let A(Q) denote the set of probabilities @ admits. Given a probability function P and
given a real valued random variable u, write Ep(u | p) for the conditional expectation of u
given p relative to P. Then we can then define a set valued notion of expected value: Let
Valg(u | p) be the the set {Ep(u | p) | P € A(Q)}. Here are two principles governing how
our preferences should be determined from our Fieldian credences and our utilities u.

p <X ¢ if and only if Ep(u | p) < Ep/(u | q) forall P, P’ € A(Q)
p = qif and only if Ep(u | p) < Ep(u | ¢q) forall P € A(Q)
p = ¢ if and only if inf Valg(u | p) < inf Valg(u | q)

Note that in this framework the objects of your preferences are not actions but propositions.
To say that I prefer p to ¢ (written above as ¢ < p) means, roughly, that my happiness
conditional on learning p is greater than my happiness would be conditional on learning q.

The first proposal does not seem to accord with our intuitions well. For example, let us
suppose that I'm presented with a bag containing 4 balls. I know that 3 of them are clearly

5Let Mp := ~A-p. Note that A(p — q) — (M™p — M™q) is a theorem of S4. So the gap principle
entails M"AA™p;, — M"MA™p;11. Then we reason with the following chain: Apy — A0000p, —
MA9999p1 — M2A9998p2 - ... M9999Ap10000. So M9999Ap100()0. But since A—Api0000, we get by
S4 A%999-Api0000, contradiction. This argument is adapted from Fara [33].
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red, but one of them is a borderline red/orange ball. A ball has been selected at random;
I'm pretty, but not totally, sure that the ball is red. Letting my Fieldian credence be @ and
letting R be the proposition that the ball is red then Q(R) = 2 and Q(=R) = 0. Now I'm
offered two bets: one pays out £1 if the ball is red, the other pays out £1 and 20 pence.
It seems obvious that I should prefer the second bet to the first, and that this should be
born out in my preferences over the proposition that I accept the first bet over the secend.
Writing By and Bs for the proposition that I accept the first and second bet respectively
it seems as if By < By. However this is not the case: the expected utilities of the former
bet spans [0.75, 1] while the latter spans [0.9,1.2].

The second proposal does better than the first with regards to the second example.
However it still postulates incomparable preferences: if for some P € A(Q), Ep(u | p) <
Ep(u | q) and for other P € A(Q), Ep(u | ¢) < Ep(u | p) then it’s neither the case that p is
preferred to g or ¢ is preferred to p, or that you are indifferent between p and ¢q. However
it is hard to make sense of incomparable preferences; how might these preferences manifest
themselves in your dispositions, for example? One might argue that it means that were
you offered a choice between making p the case or ¢ the case, it’s not the case that you
would choose p and it’s not the case that you would choose ¢ (even though you would
choose p or ¢q.) This response relies on the failure of a hotly contested principle in the logic
of counterfactuals known as ‘conditional excluded middle’ (henceforth CEM; see Stalnaker
[126] for further discussion.!®) Furthermore, whenever the antecedent is true, i.e. you are
confronted with the choice between p and ¢, CEM holds. Yet this threatens to force your
actual decision making patterns to behave as if you had a single member of A(Q) as your
credence. If so, it is more natural to take your credences to be this single probability than
the Fieldian function Q.!7

The third proposal ensures that your preferences are linear at the cost of making your
preferences concerning vague propositions unreasonably conservative.'® The first casualty is
a principle known as ‘averaging’, an instance of which is stated: if p and ¢ are incompatible
and and p = ¢ then p &~ (pVq) = ¢ (another version, in which = is replaced by <, also fails.)
Suppose that I am certain that it’s vague whether Harry is bald. Then according to the
third proposal the infimum of the expected values of (H A L) and (—=H A L) are both 0, so
(HAL) = (-HAL)(~ T). However (HAL)V(-HAL) = L, which we may suppose I clearly
care about; this contradicts the averaging principles which say that (H A L) ~ L(= T).

The failure of this theoretical principle is not in itself a problem. Perhaps the possibility
of beliefs about the vague casts doubt on the averaging principle. However the proposal
predicts very strange preferences. For example, if I am certain that it’s vague whether
Harry is bald, the proposal predicts that my happiness conditional on me finding out that
I have won ten pounds is greater than my happiness conditional on me finding out both
that T have won a million pounds and that Harry is bald.

3.2.3 No uncertainty

Finally there are a class of views which deny that we are uncertain or ignorant about vague
matters altogether. For example, Dorr [24] argues that when we know the relevant facts
about how much of a particular glass is filled with water, say, we typically know whether
the glass is pretty full or not. This applies even if it’s a borderline case. According to
Dorr, vagueness is a matter of semantic indecision. The relevant fact about vagueness in
the vicinity is the fact that the sentence ‘the glass is pretty full’ is vague in English (at
context ¢, time ¢, and so on.) This, Dorr contends, and I agree, is a fact about English
and ‘the claim that human beings are doomed to ignorance as regards whether the glass is
pretty full [...] has nothing at all to do with language: if it is true, it would have been true

16We are actually relying on a more general principle, which obtains in Stalnaker’s logic, namely: ¢ —

WVX)F (6= Y) V(6= X)-
17See Elga [30] for further discussion of these problems.
18There is a dual proposal which substitutes the ‘inf’ for a ‘sup’. Parallel problems arise for this proposal.
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no matter what we had meant by the words ‘the glass is pretty full’.” If the no-ignorance
view was plausible then it would render most of the arguments of chapter 1 moot.

For those who balk at epistemicist accounts of vagueness this alternative is hardly better.
According to this view, not only is there an exact percentage, %x say, such that the glass is
pretty full if filled to be >%z full, and is not pretty full otherwise, but we are furthermore
supposed to know what that critical percentage x is. If we are watching a glass being filled,
drop by drop, then provided we are keeping count, not only will there be a drop which
makes the glass pretty full, but we’ll know which that drop is.!® The claim that we do not
know at what point the glass becomes pretty full is surely not the unintuitive claim that
causes people to balk at epistemicism.

Another version of the no-ignorance view is defended in Barnett [6]. Unlike Dorr,
however, Barnett is not a linguistic theorist. He treats indeterminacy as an operator and
presumably therefore admits vague propositions. Since, at least for these purposes, Dorr is
an intensionalist, it is easy on that view to communicate whether Harry is bald in English;
one of the sentences of the form ‘Harry has less than n hairs’ will do. If N is the critical
number then the proposition that Harry is bald simply is the proposition that Harry has
less than N hairs and both are expressed by the sentence ‘Harry has less than N hairs.’
We cannot, according to Dorr, communicate this fact using the sentence ‘Harry is bald’,
this is what explains our reluctance to assert this sentence when Harry is a borderline case.
For Barnett on the other hand, the proposition that Harry is bald is distinct from the
proposition that Harry has less than N hairs, and the former is presumably expressed by
the sentence ‘Harry is bald’, and not by ‘Harry has less than N hairs’ (which expresses the
latter.) The belief that Harry is bald can be communicated with the sentence ‘Harry is
bald’.

It seems, therefore, as if Barnett has a special problem of explaining why we do not
assert that Harry is bald, or that he isn’t, when it’s vague whether he’s bald. Barnett
appeals to the principle:

One should aim to clearly satisfy the rule: (M) assert p only if p.

according to Barnett there will be cases where you know whether p, but you are not allowed
to assert p (or —p) because it would result in its being unclear whether you’ve satisfied (M).
That is, even though you know you’ve satisfied (M), i.e. even though you know you've
asserted p only if p, you would not have clearly satisfied (M) and this in itself is supposed
to be a bad thing. No explanation for this rule is given; it is just a primitive norm of
assertion.

Now, if we are to believe the claims made in [6], Barnett knows which the last small
number is (providing, of course, that his cognitive conditions are ideal, and so on and so
forth. See p28 of [6].) Yet due to this primitive norm of assertion, he’s not allowed to
tell us which it is. But even so, one might think these norms can sometimes be trumped;
maybe by other norms of communication, or by moral norms or by something else. As an
analogy: I may know that Jones has a certain medical condition, but even though I know
this I shouldn’t assert that he does as it would cause him great embarrassment. However,
this barrier on assertion can be trumped, for example, if he were suddenly taken to hospital
and the staff needed to know about his medical history.

If Barnett really does know which the last small number is it would be of great value
to the rest of the philosophical community if he were to tell us. After all, there has been a
long-standing debate amongst classical and non-classical logicians about whether there even
is one; if Barnett could settle the matter constructively that would be significant progress.
Therefore, given the great benefits, it seems like it would easily be worth the cost of flouting

197 take it that the ‘knowing which’ facts supervene on the ‘knowing that’ facts. For example, if you know
that after drops 0-N the glass is not pretty full, and you also know that the glass is pretty full at the Nth
drop and onwards, then by some closure principles it follows that you know that N 4 1 is the first drop at
which the glass is pretty full, and therefore, I claim, you know which the first drop the glass is pretty full
at is.
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the rule and telling us which the last small number. Yet he has not told us. I think it would
be not unfair to conclude that this is not because he is afraid of violating the rule (M), but
because he simply doesn’t know which number it is.2°

3.3 Vagueness and desire

In this chapter and the previous chapter we have considered the interaction between the
vagueness of a proposition, p, and the rationality of various doxastic attitudes you could
have towards p. On the current account of this interaction when you know that it’s vague
whether p you should be genuinely uncertain whether p. In the rest of this section we
shall consider the relation between vagueness and bouletic attitudes such as desires and
preferences. We'll begin by outlining a theory of preferences in which we can state some
of the decision puzzles mentioned in the last section. We shall use it to both vindicate
the view that one should be uncertain when you're certain that it’s vague whether p, and
that one’s degrees of belief should be probabilistically coherent over the space of vague and
precise propositions. In §3.4 we’ll then see whether within our theory of preferences can
say something to prevent the classical theory of vagueness defended here collapsing into
epistemicism (or any other form of factualism.)

3.3.1 Preferences

We shall shall primarily be concerned with the properties of a primitive binary propositional
attitude of preference between propositions, which I shall write: p < ¢.?! Roughly, we can
read p < ¢ as saying that things would be better for the agent on the assumption that ¢
than on the assumption that p. We shall similarly assume a parallel notion of indifference,
written p &~ ¢, saying that things would be just as good for the agent on the assumption
that p as on the assumption that q. Weak preference is defined p < ¢ :==p < ¢V p = q.
We shall also make use of a notion of conditional preference, written p <, ¢, stating that if
the agent were to add r to her stock of knowledge she would prefer ¢ over p. Conditional
preferences may be defined from unconditional preferences as follows: p <,. ¢ iff pAr < gAT,
and p X, qiff pAr 2 gAT.

I shall not yet assume anything about the connection between preferences and decision
theory. The statement p < ¢ merely states that the agent holds the attitude of preferring
to the propositions p and ¢, that things are better for the agent given that ¢ than that p,
and says nothing about how this should relate to her dispositions to act if she were rational.
The preference relation holds between propositions which we have little to no control over,
so that differences in preference can obtain without having any effect on our dispositions
to act. One might also think that in stating a theory of rational action one must introduce
a causal element to deal with Newcomb problems [97]; this does not mean that the binary
propositional attitude being studied here is inadequate or that it must be revised to account
for causal considerations.

Unlike some decision theorists I shall not assume that preference is to be analysed
in terms of other more basic propositional attitudes. In particular I shall not assume
that preference can be reduced to a purely doxastic attitude, ‘credence’, and a purely
bouletic attitude, ‘utility’, which in both cases relate propositions to real numbers. While
it will eventually follow that there will be some probability function and a real valued
function u such that the conditional expectation of u given p is less than the conditional
expectation of uw given ¢ iff p < ¢, the order of priority may indeed go in the other direction.
Furthermore, except in special circumstances, there will typically be many credence/utility

20Barnett might perhaps play down the value of knowledge to the philosophical community when it is
not clear knowledge. Yet I for one would value knowledge of the last small number, clear or not, so there
is certainly reason to break the norm (M) if only to satisfy my own idiosyncratic preferences.

21The agent whose preferences are in consideration shall be assumed to be given by the context.
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function pairs which serve equally well in the above representation of preferences (although
this indeterminacy disappears once we have stipulated that the credence function represents
the agents confidence ranking — see Joyce [65] Theorem 4.5.) Everything I say is compatible
both with there being a unique credence function which represents the agents fine grained
doxastic attitudes which does not supervene on the agents preferences, or with there being
no such function.

One reason to study preference as a primitive rather than a defined connective, other
than to preserve the order of explanation, is that one can make some progress in evaluating
the structure of preferences without making substantial assumptions about the structure
of purely doxastic states such as credences. As we saw in Field’s framework, the preference
connective either delivers the wrong verdicts entirely or is not reducible, and not even
coextensive, with a notion defined out of purely doxastic and purely bouletic notions.

A useful analogy might be drawn here between the issue of uncertainty and vagueness
and the literature on ignorance and uncertainty in the many worlds interpretation of quan-
tum mechanics. In that setting time has a branching structure so that when, for example,
you flip a coin it seems, at least on the face of it, that you shouldn’t be uncertain about the
outcome: you know that there will be a branch in which the coin lands heads and a branch
in which the coin lands tails. In this kind of context it is unclear whether any sense can be
made out of uncertainty about the future (or, if some sense can be made of it, whether the
uncertainty is ‘genuine’ uncertainty.) However in [21] David Deutsch noticed that even if
it’s unclear how to think about uncertainty and probability in a setting where time branches
in this way, we still have a firm grasp of what it means for someone to prefer one option
over another. It seems, therefore, that one may still talk about an agents preferences among
propositions without assuming that the agent has genuine doxastic attitudes in propositions
about the future; and decision theory remains, by and large, untouched by this feature.??

3.3.2 Reasoning about preferences

With the informal notions of preference and indifference in place we can begin to state some
general principles which ought to hold of preference. These principles are intended to be
intuitively motivated in a way that does not require one to make assumptions about the
structure of credences. The field of the preference relation, and the principles we consider
here, will throughout be assumed to apply to all propositions, both vague and precise.
The choice to include vague propositions in the preference relation should, I think, not be
controversial. Open any texbook on decision theory and you will see examples of decision
problems, outcomes and choices, and rarely, if ever, will they be described in completely
precise language.

The first and the most obvious principle states that the preference relation should be
transitive: if the agent prefers p to ¢ and prefers ¢ to r, she ought to prefer p to r. This
principle should be immediately intuitive and not at all dependent on the absence or pres-
ence of vague propositions in the ordering. For example, if I'd prefer to be rich than to be
of modest means, and I'd prefer to be of modest means than to be poor then I'd prefer to be
rich than to be poor. Similarly obvious is the claim that preference should be asymmetric,
weak preference should be both transitive and reflexive, and that indifference should be an
equivalence relation.?? Clearly no proposition can be preferred over itself, p can only be as
desirable as ¢ if ¢ is as desirable as p, and so on.

Notice that in the above example for any two of the three propositions — I'm rich, I'm
poor or I'm of modest means — one is preferred to the other or they are equally desirable
(in this example the latter happens only if they are identical.) One might think that this

228ee [133], [51]. Greaves [51], for example, defends the view that we can make sense of preferences
between various actions even though there is no genuine uncertainty in an world whose time has a branching
structure.

23Depending on how preference, weak preference and indifference are defined and which are treated as
primitive some of these principles are redundant.
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generalises to any pair of propositions: either one is preferred to the other or they are equally
desirable. This principle may be objectionable for reasons not having anything to do with
vagueness. For example, suppose I do not have enough money for a three course meal, so 1
must choose between having a starter and a desert. In this case it seems reasonable for me
to neither be indifferent, nor to have a preference one way or another; after all, they’re two
very different kinds of things — one is savoury, one is sweet.?

It’s worth noting that in a situation like the above one a rational agent will either choose
a starter or a desert (because choosing neither would be clearly suboptimal.) Isn’t this fact
sufficient for saying that the agent prefers one over the other? One could even strengthen
this to the claim that the agent is disposed to choose one over the other, since according to
some counterfactual logics the claim that the agent would either choose a starter or desert
were she given the choice entails that either she would chose a starter given the choice or
she would choose a desert given the choice.?’ For now I shall put this issue to one side; if
the preference relation is not complete we may think of it as an idealisation for the purposes
of reasoning about vagueness. In the context of vagueness, the principle is not neutral — it
rules out the first and second definitions of preference in Field’s framework, for example.

Another principle which also surely holds regardless of whether we are considering vague
propositions is what is sometimes called the ‘sure thing’ principle or the dominance princi-
ple. These principles say, roughly, that if p is conditionally preferred to ¢ relative to each
member of a certain kind of partition then p is unconditionally preferred to ¢. For example,
a finite version of the sure thing principle says: if e and f are incompatible, then if p <. ¢
and p <y q, then p <(cv ) q.%8

The unrestricted sure thing principle is well known to lead to problems arising from the
dependence of states and acts on one another (see Jeffrey [62].27) We therefore restrict to
partitions that are probabilistically independent of the acts. For example, suppose a dice is
to be thrown, and I have a choice between placing a bet which pays out n if the dice lands
on an n, and a bet which pays out n+ 1 if the dice lands on an n. Dominance applies (since
my accepting the bet is independent of how the dice lands) and says that since, for each n,
I'd rather have the second bet than the first on the assumption that the dice landed n, I
should in fact prefer the second bet to the first. A similar principle can be formulated for
indifference: if I am indifferent between p and ¢ conditional on every state s, I should be
indifferent between p and ¢ simpliciter.

Unfortunately probabilistic independence is not something that can be stated using pref-
erences alone. Bradley ([13] p20) shows that a given preference relation can be represented
by two probability /utility function pairs, one of which treats A and B as probabilistically
independent and another which doesn’t. It could be that there is a more general notion
of preferential independence which is weaker than probabilistic independence: e.g. being
such that the sure thing principle holds.?® But I think this is enough to cast doubt on
the possibility of a substantive sure thing/dominance principle being stated in terms of

24Note that we can distinguish between not having a preference one way or the other and being indifferent:
for example it’s possible that I might prefer to have three scoops of ice cream over having two scoops, but
still have no preference either way between having two scoops or three scoops and having a starter. This
situation is impossible if ‘no preference either way’ is replaced with ‘indifference’: if you’re indifferent
between two scoops of ice cream and a starter and you prefer three scoops over two scoops, you're not
indifferent between having three scoops and a starter.

25 Assuming a direct relation between preferences and dispositions to act, this argument would generalise
to rule out any indifferences between distinct propositions. Perhaps this is something we should also accept.

26 A more general version says that for any partition, X, of v, which is pairwise probabilistically indepen-
dent of p and g, if p is conditionally preferred to g relative to each member of X then p is preferred to g
conditional on .

2"For example, one might reason fatalistically: either I’ll get lung cancer or I won’t (and not both.)
Conditional on me getting lung cancer I'd rather smoke than not and conditional on me not getting lung
cancer I’d rather smoke than not; therefore I should prefer smoking to not smoking.

28Note however that: —2<SANE) - des(A) ¢ apq only if Pr(A | E) = Pr(A). You could therefore

des(mAAE) = des(—A)
F des(pAr) _ des(gAr)
des(p) ~  des(q) °

define this notion using a the three place notion Epgr which holds i
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preferences.

Jeffrey has something vaguely representing the sure thing principle which doesn’t require
any restriction on the states such as probabilistic independence. This principle says that
if e and f partition p, then if f < e, e < p < f. A proposition cannot be more desirable
than its most desirable outcome or less desirable then its least desirable outcome. Call this
‘averaging’.

Averaging also holds its appeal even in the context of vagueness. Continuing with our
current example, we have argued that in the above situation that I'd rather find out I was
rich than that I was poor. Averaging says that I'd rather find out that I was rich or poor
than that I was poor and that I would rather find out that I was rich than that I was rich
or poor.

The penultimate axiom of Jeffrey-Bolker decision theory is less obvious than the other
principles discussed so far. The principle is a test for whether two propositions are equiprob-
able. While two propositions, p and ¢, can be ranked together in the preference order even
if they are not considered equally likely to the agent, if there is a proposition r incompatible
with both p and ¢ such that p % r, then p V r and ¢ V r cannot be also be ranked together
unless p and g are actually equiprobable. r, so to speak, pulls p and g apart.

Say that a proposition r is a test proposition for p and ¢ iff it is incompatible with both
p and ¢, and p % r. The principle in question states that if p ~ ¢, r is a test proposition
for pand ¢, and pV r ~ gV r, then pV r =~ qV r for every test proposition r for p and gq.

The final axiom effectively states that the preference relation is continuous in the sense
that whenever the supremum or infimum of a set of propositions lies in a certain interval
(let us say, lies between p and ¢) then some member of the set lies in that interval.

Putting these together we get the axioms for Jeffrey-Bolker decision theory. Since we
shall appeal to them at various points, I shall list them, in the formal notation, below.

1. < and =< are transitive total relations. < is irreflexive and =< is reflexive.

(a) If p < ¢ and g < r then p < r (and similarly for <.)
(b) p=p,p AP
(¢) Forallpand ¢, p < gorq=p
2. If pAqg= 1 then
(a) If p<qgthenp < (pVq) <gq
(b) If p~gthenp=(pVyqg) =q
3. IfpAg=_1 and p= ¢, then if (pVr) =~ (¢ Vr) for some r withr Ap=rAqg= L and
p % r, then (pVr) = (qVr) for every such r.

4. If p < R < qgand R = \/_ 7, then for some 3, p < Rg < q where Rg = \/a>57‘a-
Similarly if R is the infimum A r,.

Together these place a substantive constraint on the kinds of theory you can have about
vagueness related attitudes. According to certain views it is hard to reduce preferences to
the agents bouletic and doxastic attitudes. For example, these axioms make trouble for
the project of reducing preferences to expected utilities in Field’s framework. The first two
reductions we mentioned in in §3.2.2 fail the linearity axiom, and the third reduction fails
averaging.

3.3.3 Representing uncertainty

With a theory of preference in place we are in a good position to evaluate the status
of vagueness related uncertainty. The strategy here is that in evaluating the judgments
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concerning the preferences of an agent who is certain that p is vague, we will get some
insight into the doxastic attitudes the agent has towards p itself.

Consider the following scenario. You have just won some unknown amount of money
which you know to be between £N and £M. You also know that it is borderline whether
you are now rich, given that you now own an additional N to M pounds. It seems as if
things are better for you on the assumption that you are rich than they are for you on no
assumptions. That is to say, you would prefer to find out that you are rich that to find out
nothing at all: T < R.2? Similarly, things are worse for you on the assumption that you're
not rich: =R < T.

The reason for these preferences can be explained by appealing to the agents doxastic
states. The first preference could be explained by appealing to the fact that conditional on
the assumption that you're rich the hypotheses saying that you have a smaller amount of
money, closer to £V, are not very likely whereas the hypotheses saying that you have a
greater amount of money, nearer £M, are more likely on the assumption that you're rich.
Symmetrical reasoning explains the second preference. So it seems that preferences can
give us some insight into the nature of uncertainty, and in this case, seems to suggest that
you should be uncertain whether you’re rich even though you know that it’s vague whether
you're rich.

In fact, if we think of the preference relation as being coextensive with the relation of
comparative conditional expected utilities — i.e. we think that p < ¢ iff E(u | p) < E(u | q),
where F is the conditional expectation operator, and w is a random variable for utility —
then the above pattern of preferences can only hold if you are uncertain whether you're
rich. In general if -R < T < R, then you must be uncertain whether R: the fact that
T < R guarantees you're not certain in R, and =R < T guarantees that you're not certain
in =R. Note that since the claim that I'd prefer to be rich than not seems a very natural
thing to say in this situation, we appear to have an argument against Field style views.

The above is only a condition on preferences which is sufficient for being uncertain.
For necessary and sufficient conditions we can define uncertainty, in a preference theoretic
sense, as follows.30

An agent is <-certain that p if and only if Vg,7(¢ < r <> ¢ <, ) (and similarly for
<))

An agent is <-uncertain whether p if and only if she is neither <-certain that p nor
=<-certain that —p.

You are therefore certain that p in the preference theoretic sense if your unconditional
preferences are the same as your preferences conditional on p —i.e. you tend to prefer as if
p were the case, and you are uncertain in p when you are neither certain in p nor —p.
Intuitive judgements about preferences give us a new notion of uncertainty, namely, that
of preferential uncertainty. Preferential uncertainty regarding p is a pattern of preferences
which, if your preferences were represented by credences and utilities, would be represented
with credences assigning intermediate values to p. Although both Field and Schiffer may
urge that in cases where we are certain that p is vague we are not genuinely uncertain about
p, they may still say, and may even be committed to the claim that we are preferentially
uncertain in p. Such theories may respond to the problem of giving a sensible decision theory
by separating the notion of genuine uncertainty from that of preferential uncertainty.
However, in many ways the notion of preferential uncertainty is more useful than the
kinds of doxastic states theorists like Schiffer and Field propose, since it is this notion
that plays the important role of informing the way we act in conjunction with our desires.
Furthermore, it is unclear what words like ‘credence’, ‘probability’ and ‘uncertainty’ mean

290f course, it is impossible to both find out that you’re rich while also knowing that it’s vague whether
you’re rich. But you can still evaluate how good things are for you on the hypothesis that you’re rich.
30This definition plays an important role in some theories of knowledge. See Fantle & McGrath [31].
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if not that thing which plays a certain functional role with respect to our desires, evidence
and actions. On a functionalist understanding of words like ‘belief” and ‘credence’ it is very
hard to systematically separate genuine uncertainty from preferential uncertainty in the
way that Field and Schiffer would have to do.

Earlier we established that given my preferences about being rich, I prefer as if I were
uncertain about whether I am rich. Using judgements about preferences we obtained a
fairly coarse grained description of my credential state. In fact we can in general recover
quite a large amount of information about what an agents credences would have to look
like from her preferences. This is seen by the following theorem due to Bolker:

Theorem 3.3.1. (Bolker.) suppose that (<, =) is a preference relation over a complete
atomless Boolean B satisfying the Jeffrey-Bolker axioms. Then there exists a countably
additive probability measure, Cr, on the propositions, and a wutility function, u over the
atomic propositions such that

e p=qiff E(u|p) < E(ulq) forp,q€B,

ep=<gqonlyif E(u|p) < E(ulq) for p,q € B, if the preference relation obeys the
Bolker-Jeffrey axioms other than linearity.

Here E(x|p) represents the conditional expectation of the random variable x given p for
the measure Cr. In the former case, if u is unbounded for any such representation, this
representation is unique up to affine transformations of u.

This result is quite striking given the functionalist perspective on credences. What this
result effectively tells us is that if a persons preferences conform to the Bolker-Jeffrey axioms
then we can always associate with them a utility function and a credence function obeying
the probability axioms in such a way that their preferences conform to comparisons of
conditional expected utility. Assuming that credences just are whatever plays this specific
functional role with respect to your preferences this makes for a powerful argument for
probabilism.

3.3.4 Decision theory

So far we have said little about the relation between the theory of preferences and actual
decision theory. There are a number of delicate issues surrounding the relation between
a theory of rational preferences and a theory of rational decision.?' In order to discuss
decision theory I shall make use of a somewhat technical term: that of an agent having
made it the case that p, which means, roughly, that p and that p came about as a result
of the agents actions. One important issue that needs resolving is what it means for p
to have come about as ‘a result’ of the agents actions; for example, to what extent must
we invoke causal and intentional phenomena to explain this? A second important issue
concerns which propositions can be taken as possible candidates for the agent to make the
case; call these the ‘action propositions’. Since the agent made it the case that p entails
p, it follows that p had better be practically possible for the agent, but getting a clearer
grip on the properties of action propositions is tricky. Finally, assuming these issues have
been resolved, we need some way of connecting facts about preferences to what you should
make the case. The simplest account simply states that if p is an action proposition and is
preferred over every other action proposition then you should make it the case that p (and
that if p is weakly preferred to every action proposition it is permissible to make it the case
that p.) I shall not address these problems in a satisfactory way here, but having them in
mind in what follows is important.

31Gee, for example, the literature surrounding Newcombe’s problem [97].
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Vagueness and Action

We have so far been discussing the properties of a certain binary propositional attitude, pref-
erence. It is very natural to want to know what kind of behavioural upshot our preferences
have. In particularly one might want to know how one’s preferences in vague propositions
could have any distinctive behavioural consequences. On the one hand it would be bad
if your vague preferences didn’t contribute anything to your behavioural profile. It raises
the question of whether these preferences are redundant and whether everything of im-
portance could be captured by your preferences in the precise propositions. On the other
hand it would be curious if your preferences in the vague did rationally contribute to your
behaviour since propositions about your actions are typically determinately true or false —
the puzzlement is hard to verbalise, but there seems to be something odd about the idea
that your preferences over vague matters could manifest itself in precise physical behaviour
not explainable in terms of your preferences in the precise.

What kind of preference between two vague propositions could manifest itself in a be-
havioural fact which could not equally be explained by one’s preferences between precise
propositions? In chapter 2 we discussed the possibility of two agents, Alice and Bob, hav-
ing the same credences in every precise proposition but having different credences in the
vague. If additionally the things they cared intrinsically about are they same, in the sense
that their utility functions are identical, then their preferences would only differ on vague
propositions. Would it follow that Alice and Bob were behaviourally identical? In this
section I shall argue that this does not follow.

Here is where our preferred theory of actions helps to clarify things. On this view your
actions are the propositions you have made the case — there is no restriction to the effect
that the propositions you’ve made the case must be precise, however. Note that ‘makes
it the case that’ is plausibly closed under logical implication so that you have made the
case all of the consequences of the things you’ve made the case. I shall therefore stipulate
that for a proposition to be among your action propositions it must be possible, in some
restricted sense, both that: (1) you've made it the case that p and (2) that for any g, if
you’ve made it the case that ¢ then p entails ¢q. That is, for p to be an action proposition
it must be possible (in some sense) that it be the strongest proposition you’'ve made the
case. In general there will always be a strongest such proposition provided ‘you make it
the case that’ is closed under conjunctions. Note that the set of action propositions is in
general not required to be a partition, the tautologous proposition is not always an action
proposition®? and we may even countenance two distinct action propositions such that one
entails the other.

When we are considering the behaviour of preference with respect to vague propositions
there are even more issues to take into account concerning the relation between preferences
and decisions. For example, we argued that in a situation where I know I have between N
and M pounds and I know that it’s vague whether someone who has any amount of money
between N and M pounds is rich, things are better for me on the assumption that I'm
rich than on the assumption that I'm not: —=R < R. However, being rich may simply not
be among my action propositions. I may be able to control whether I'm rich or not by by
working harder or making good investments; but in such cases the strongest proposition
I’'ve made the case will typically be some precise proposition which entails that I'm rich,
such as for example, the proposition that I have £100,000. In such cases the proposition
that I’'m rich is not the strongest proposition I made the case and is therefore not an action
proposition.

It is hard to imagine what one would physically have to do to be such that the strongest
thing that you’'ve done is made yourself rich. A question therefore suggests itself: could a
potentially vague proposition ever be an action proposition; i.e. could a potentially vague
proposition, p, ever be such that you’'ve made it the case that p and for every q if you've

32This just follows from the fact that it is some times not possible to do nothing.
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made it the case that ¢ then p entails ¢?

On the one hand it is very natural to think that we must permit vague propositions into
the action set. In almost all decisions actions are macroscopic events, and states of affairs
described in macroscopic terms are almost always vague. A prohibition against considering
decisions in which the action propositions are vague propositions would be overly restrictive.
Suppose I think I will miss my train; my options, at a first parse, are to run or to walk
to the station. But clearly there are Sorites sequences starting with situations in which
I'm walking and ending in situations in which I'm running showing that the proposition
that I run is potentially vague. It might seem that whatever events in fact unfold are
determinately true or false: my running is necessarily equivalent to some conjunction of
precise microphysical facts, M. But I didn’t make M the case, or least M isn’t the strongest
thing I made the case, even though I made myself run and necessarily I run iff M. This is
because making the case is a partly intentional notion; to make p the case it presumably
has to be some kind of causal consequence of something I intended to do, and ‘intending’
is hyperintensional (as is the macroscopic notion of causation, perhaps.)

However there is an argument, due to Cian Dorr, that the action set of any determinately
rational agent consists only of propositions which are determinately true or determinately
false if it’s determinate that there are no ties among her preferences on actions. Let x be
a determinately rational agent, A her action set and let < represent her preferences.

1. For any pair of propositions p and ¢: either it’s determinate that p < ¢ or it’s
determinate that ¢ < p.

2. For any proposition p either it’s determinate that p € A or it’s determinate that
p&A

3. For any p € A, determinately: p if and only if ¢ < p for every ¢ € A\ {p}.
4. Therefore for any p € A either it’s determinate that p or it’s determinate that —p.

The first and second premise are debateable, but are probably true in many relevant cases;
for example the first premise reflects the thought that it is a precise matter what credence
and utility the agent assigns to a proposition. (3) follows from the claim that the agent is
determinately rational and there are no ties in A. If the agent is determinately rational and
there are no ties then she makes the best proposition in her action set true. Finally from
the precision of the right hand side of (3) we may infer that for every p € A, determinately:
p iff [something determinate]. This ensures (4).

What this argument delivers is that A must consist of propositions that are in fact
determinately true or false; it may still contain potentially vague propositions, as we have
argued above. Note that it is not possible to necessitate this argument to conclude the
propositions are necessarily determinately true or determinately false. For each agent, even
if they are in fact rational and determinately so, it is usually contingent whether they are
rational. But more importantly, it’s contingent what an agents action set is, and it is
contingent what she knows and therefore contingent what her preferences are. Let A be her
actual action set. Then, even if z were necessarily rational, there could be worlds where the
best proposition in her action set at that world was true, even though the best proposition
in A is not true. Similarly, there could be worlds where her action set is the same, i.e. A,
but her knowledge and preferences are different so that at this world the best proposition
in A is true, even though it’s not the best proposition according to her preferences at the
actual world. Suppose that in order to catch the train at this world it’ll be determinate
that T run provided it’s determinate that I'm rational. In worlds where I move towards
the station in a way such that it’s vague whether I run, either (i) I am not determinately
rational at this world, or (ii) I know I’ll catch the train even if I move in this way (i.e. my
knowledge and preferences are different) or (iii) my moving this way is somehow beyond my
control even though I am both rational and running is the best proposition in my action
set.
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To return to our original problem: how could Alice and Bob rationally behave differently
given that all their disagreements are about the vague? We can in fact see that this difference
can manifest itself in different ways. Alice and Bob may have different action sets; there
may be propositions which Alice can make the case but Bob can’t, for example. But even
if their action sets are the same, it could be that the best proposition in Alice’s set is
different from the best proposition in Bob’s set. This would imply that either Bob’s or
Alice’s action set contains a vague proposition since they agree about the ranking of all
the precise propositions. Thus, assuming that Alice and Bob are both rational, this will
result in them making different propositions the case (even if they look like they’re doing
the same thing.)

Vagueness and Betting

Many philosophers, some of whom we have discussed already, have argued that probabilism
is false due to issues surrounding vagueness related attitudes. In fact it is sometimes claimed
that there is a decision theoretic argument against probabilism: seemingly rational agents
do not accept bets on propositions they know to be borderline even if they are favourable
according probabilistic calculations (Dietz [23] and Smith [124], among others, push various
versions of this line of thought.) Since an argument against probabilism is, ipso facto, an
argument against Jeffrey-Bolker decision theory, it is important that I address this issue.

A natural way to measure the degree to which someone believes a proposition is to look at
how they behave. As a rule of thumb, if a persons credence in a proposition p is z, then they
will usually be willing to accept a bet that costs £x — € which pays out £1 if p and nothing
otherwise. Here € > 0 can be made arbitrarily small. A Dutch book argument uses facts like
this, and premises about what kind of betting behaviour is rational to argue that an agent
must be probabilistically coherent. A Dutch book argument is like a behaviouristic version
the representation theorem in section 3.3.3: rather than showing an agents credences are
determined from her preferences, taken as a sui generis kind of propositional attitude, we
show how a rational agents credences are determined by her behaviour. However preferences
can hold between propositions which are not action propositions: in the example in which
I knew it was vague whether I was rich the proposition that I'm rich was not among my
action propositions (even though precise propositions entailing that I was rich probably
were), so it is not clear that preferences and dispositions to act will match up. Indeed, this
is what we shall show in this section.

While the Dutch book argument might be compelling in ordinary contexts, it is not so
clear that the argument can carry over to contexts where the bets in question are bets on
propositions you are certain are indeterminate. There seems to be something deeply wrong
about participating in a bet concerning Harry’s baldness when you know that it’s vague
whether he’s bald.

The fact that an agent who is certain that p is vague will typically neither accept a
bet on p or on —p, even if they both pay out £1 and both cost 10 pence to play, seems to
suggest that an agents credences will fail to be probabilistically coherent — at least, if we
accept the behaviouristic account of credences. Dietz [23] has used a similar argument to
provide a Dutch book argument for Field’s probability calculus.?3

What are we to make of such bets? The first misunderstanding I wish to dispel is the
thought that a bet on a potentially vague proposition is somehow a defective bet in the
same way as, for instance, a bet on a question is defective. Let’s say a bet is defective in
this kind of sense if there’s no well defined advice you could give someone facing such a
bet. Since bets are rarely ever made on matters which are necessarily precise almost all

33However Dietz simply stipulates that you lose a bet if the proposition in question turns out to be
indeterminate. This looks suspiciously like a bet on the proposition that it’s determinate that p, not on the
proposition that p. If what he has in fact shown is that one’s credence in the determinacy of a disjunction
of incompatible propositions is not the sum of one’s credences in the determinacy of the disjuncts, then we
should not be worried; this upshot is compatible with finite additivity.
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bets will be potentially vague; but it is clear that we can give advice on a great number of
bets. I think this point generalises to bets on propositions which are in fact indeterminate.
Imagine ten people are assigned a number between 1 and 1,000,000,000, and they’re given
a bet that they’ll be assigned a big number. Let us suppose one and only one of the ten
people are assigned a number which is such that it’s vague whether it’s big. I think it
should be clear that this persons bet is defective only if everyone’s bet is defective: since
they are all in exactly the same epistemic situation any advice that applies to one of the
ten people applies to them all.

I think the only sense in which a bet in a vague proposition is defective is the same
sense in which a bet on an unverifiable proposition is defective. For example, it would be
a bad idea to measure someone’s credences in propositions concerning events outside our
lightcone by observing their betting behaviour because the winning conditions for such bets
would always be unknown. No rational person would accept either kind of bet, vague or
unverifiable, at odds matching their credences because no rational person could be certain
that the bet’s payoff will correlate with the truth of the proposition in question. In these
examples you have reason to believe you're not in the kind of decision problem to which the
decision theory outlined would apply. The examples do not show that the decision theory
T’ve outlined fails to apply in the cases where it should.

There is, I think, a much simpler explanation as to why a person who knows p is vague
would typically be disposed to reject bets on p with favourable odds and be disposed to reject
bets on —p with favourable odds. No agent would conditionally believe the biconditional:
‘p if and only if I recieve the payoff’ on the assumption that they accept the bet. Assume
the agent has accepted; since it’s always a determinate matter whether the agent receives
a payoff and p is vague the biconditional is at best vague and at worse false. Since you can
know this a priori you should not conditionally accept the biconditional.

In Dietz’s set up you automatically lose a bet if the outcome turns out to be indeter-
minate. Note, however, that p may be indeterminate even though p, just as p may be
contingent even though p. The the conditions under which you win one of Dietz’s ‘bets on
p’ are not the conditions under which p hold, but the conditions under which a completely
different proposition, determinately p, hold.3* According to Dietz you may lose a bet on p
even when p.3®> Why should someone’s betting behaviour with regard to such bets tell us
anything about their credences in p?3%

In short, the dispositions of a rational better do not reveal their credences in cases
involving vagueness. This does not undermine the representation theorem we outlined in
the previous section — the dispositions of a rational better do not reveal their preferences
either.

The objection, recall, is that we bet as if we have non-probabilistic credences. In order
to get the objection off the ground we need to make sure we’re certain that we're in the
decision problem alleged (e.g. we need to be certain the truth of p correlates with the
payout.) Is it possible to modify the cases so that there is such a knowable correlation?

In suitably constructed cases I think it is possible to be certain that your payoff will be
correlated with the truth of the proposition you are betting on, even if you’re certain the
proposition you are betting on is vague. Consider the following example. Over a period of

34Note that Dietz is using the word ‘true’ roughly as I am using the word ‘determinate’. In a setting in
which ‘true’ is not being used transparently we must distinguish carefully between the proposition that p
and the proposition that p is true.

35Suppose that Alice accepts a bet from Dietz on p, and Bob accepts the same bet but on —p. p turns
out to be borderline, so they both lose. It follows by classical theorems and modus ponens that either Alice
lost bet on p even though p or Bob lost a bet on —p even thought —p.

361t appears that Dietz is motivated by the thought that we should be able to verify the outcome of a
bet. As a practical measure it is unclear whether only considering bets on the determinacy of a proposition
makes matters better: just as it can be indeterminate whether p, it can be indeterminate whether p is
determinate. Similarly, claims about events outside our lightcone are determinate but not verifiable. This
aside, our betting behaviour towards the proposition that p is determinate does not license any conclusions
about our credences in p other than, perhaps, weak constraints like Cr(Ap) < Cr(p).
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4 years Fred revises his will 17 times at regular intervals. At the beginning of the 4 years
he is perfectly sane, and by the end of the 4 years he is clearly insane. At the time of
Fred’s death, the most recent valid will determines the transfer of money and property to
any beneficiaries. Suppose that a will written by a mad man is not legally valid, and we
may assume this is the only reason any of the wills might fail to be valid.

Now suppose at some point at which he is bordering on madness Fred offers you a bet
over whether he is currently mad. The bet costs £50 to participate in: Fred says he’ll
guarantee that you will legally own £100 if he’s mad and if not you’ll get nothing. How
does Fred guarantee that you’ll legally own the £100 just in case he’s mad? It is simple —
he writes it into his will. We may assume that when he dies it is indeterminate whether
the £100 belongs to you, or to whomever it is promised in the other versions of his will.
However, due to the nature of the situation, it is determinately true that you will legally
own the £100 if and only if he was mad. Thus you may be certain that the bet is not
defective; you are certain that you’ll own the money if and only if he’s mad.

So in general it seems that we can, at a stretch, describe scenarios in which the payoff of
a bet is penumbrally correlated with the propositions we are betting on. There is a further
problem however. Why should anyone care about legally owning money if they can’t spend
it on the things that they really want? In order to get around this we could just stipulate
that the agent owned about legally owning money and not about the concrete consequences
that normally come along with legally owning money.

These cases are somewhat odd since they require the agent to care intrinsically about
the truth value of a vague proposition (in this case to care intrinsically about owning money,
even when it’s vague whether you own the money) — something I will ultimately argue is
irrational. However, bracketing that issue for a moment, the real question is: do these cases
make trouble for probabilism? It seems to me that they do not. Once we have been careful
to ensure that the agent really does believe she is in the decision problem described, and
that she really cares intrinsically about the payoff, I no longer have the intuition that she
should reject favourable bets on p and —p.

3.4 May we care intrinsically about the vague?

The final examples considered in the last section relied on an assumption, not particularly
plausible, commonly made in Dutch book arguments: that people care intrinsically about
legally owning money (and only care about this.) This assumption is innocuous only if the
arguments would go through if money were replaced throughout with something the agent
cared about. In order to make the Dutch book arguments work we needed to construct
cases where it was vague whether you owned money. Is it possible to substitute money for
something you can actually rationally care about, while keeping the feature that you know
that the outcome you care about is penumbrally connected to the vague proposition you're
betting on?

The issue at stake, therefore, is whether it is possible to rationally care intrinsically
about the vague. In the last section we showed that if someone cared intrinsically about
the vague we could construct something similar to the ordinary Dutch book arguments for
probabilistic coherence. But there is still a question of whether it is possible, rationally, to
care about vague things. I shall argue that ultimately whether it is rational to care about
the vague, and whether the Dutch book arguments work, depends on your views about the
nature of vagueness.

To demonstrate what this might amount to we might consider an example. Suppose
Harry has the desire to be bald, and, for simplicity, let us suppose this is the only telic desire
he has. He could have this desire in a number of ways — for example, he might have the
desire derivatively in virtue of his having the desire to have no hairs at all. Let us suppose
that this desire is not had derivatively, it is the strongest proposition about his head that
he desires: Harry wants to be bald and any other state of hairiness that he wants is already
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entailed by his being bald. There is therefore no specific number of hairs he wants; if he
wants to have 98 hairs or less this is only because he thinks this will make him bald and
not because he cares about having smaller number of hairs over larger numbers. He does
not care whether he has 98, 99, 100, ..., hairs unless it would make the difference between
his being bald and his being not bald — that is, he cares about his numerical hair number
only insofar as it contributes to making him bald.

Compare this with another case. Alice cares intrinsically about whether there is in-
telligent life elsewhere in the universe right at this second. For simplicity, again, we may
assume this is the only thing she cares about. Like Harry, she doesn’t really care about
other features of the universe. She is also certain that if there is intelligent life it’s well
outside the region spanned by her lightcone at any point in her life. Whether or not there is
intelligent life out there is completely causally independent of her and is something should
could never hope to verify. Nonetheless, she thinks that if there is intelligent life out there
that would be a pretty cool thing.

I think there are two kinds of reactions you could potentially have to these two examples.

Reaction 1. Harry’s desire is just like Alice’s desire. They both desire something
which could never have a causal effect on either of them. The truth values of both
the propositions they desire will never be known. The fact that Harry is bald (is not
bald) is just like the fact that there is (is no) intelligent life in the universe. While
they are both unreasonable desires to have, in some weak sense, they are perfectly
coherent.

Reaction 2. Harry’s desire is not at all like Alice’s. While their desires are both
unknowable and causally independent of their immediate surroundings Harry’s desire
is simply incoherent. Harry cares about whether he is bald or not when he already
knows exactly how many hairs he has. Based on this desire Harry acts as if there is
a fact of the matter out there, whether he’s bald, just as there’s matter of fact about
whether there’s intelligent life in the galaxy; only Alice is entitled to act like this.

It is not unnatural to associate the first kind of reaction with an epistemicist who think
that vagueness is merely a matter of ignorance, albeit a special kind of ignorance. For
the epistemicist facts about baldness in borderline cases are not especially different in kind
from facts about life in the far reaches of the galaxy. One consequence of this, it is natural
to think, is that there is no distinctive reason why we could not care about whether a
borderline case of baldness is bald or not.

The second kind of response is naturally associated with supervaluationists and other
theorits who think that in borderline cases there simply is no fact out there to be known,
and no fact worth caring about. Propositions about life in the galaxy are different since,
while they are like borderline cases in the sense that they are unknowable, there is still a
fact of the matter out there which one could reasonably care about. For this latter kind of
theorist Alice’s desire is perhaps a little eccentric, perhaps even irrational in a loose sense,
but it is not incoherent. Bob’s preferences, on the other hand, seems to be conceptually
confused.

This observation is intended to help us with the problem we raised at the beginning of
the chapter and in section 3.1. If epistemicists and other factualists think that vagueness is
just a matter of uncertainty, then what is this extra thing non-factualists think vagueness
involves? According to the present suggestion, if you know there is no fact of the matter
whether p then you shouldn’t care whether or not p. We shall spend much of this section
sharpening this claim.

It is worth contrasting this with a difference between a factualist view and the particular
non-factualist view I have been defending so far. Suppose Alice and Bob know that Harry
has exactly N hairs, and that IV is in the borderline region. I have argued that if Alice
and Bob are conceptually coherent they will have the same credence as each other in the
proposition that Harry is bald. Although a factualist will agree that Alice and Bob should
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have an intermediate credence in this proposition, it seems that there could be reasonable
disagreement between them about whether Harry is bald — they could assign different
credences to this proposition. This would be just another respect in which the claim that
Harry is bald is like the claim that there is intelligent non-human life in the Milky Way: in
both cases two people could reasonably have the same evidence yet have different credences.
It is not clear that every non-factualist view need agree with me that your rational credences
in the precise fix your credences in the vague, but it is worth noting that, for the present
view at least, there is something else I can say to distinguish myself from the factualist.

Let’s consider the concrete consequences these two theses have. It would hardly be
interesting if the thesis that one should only care about the precise had no tangible conse-
quences. Fortunately, if we assume the supervenience thesis, the requirement that we not
care about the vague it is not merely epiphenomenal, there are concrete differences between
a factualist view and the view I have been defending: there are decision problems where
people who differ in whether they care about the vague make different actions.

For example, the decision problem we considered in chapter 2 has this property. Let us
recall the example:

Alice and Bob are in an auction house and they are both bidding on a relatively
inexpensive vase which is a shade of turquoise that is indeterminate between
being blue and green.

Now suppose we know the following things about Alice and Bob. Firstly, they
have exactly the same telic desires and have the same credences in the precise
propositions. We also know the following facts. (1) as it happens they are both
very peculiar people and they care intrinsically about owning green things. (2)
although they both know exactly what precise shade the vase is, Alice is more
confident than Bob that the vase is green.

Note that this kind of scenario is simply impossible according to the view I have been
defending. It requires that Alice and Bob care intrinsically about the vague, and that
they disagree to some degree about whether the vase is green, even though they know the
relevant precise facts such as its exact shade.

It is not hard to show, according to my view, that if Alice and Bob have the same telic
desires and they both know all the relevant precise facts they will always act in the same
way if they are rational. This is not so in the above scenario: it is clear that Alice should
bid more than Bob for the vase. Since they care about the same things its value is the
same for both Bob and Alice. However, since they know that it is vague whether the vase
is green they are uncertain whether it is green and therefore the purchase is a gamble on
its being green. However, according to Alices subjective credences the odds that it is green
are better than they would be according to Bob’s. Therefore Alice ought to outbid Bob.

On the proposed view the kind of scenario described above requires Alice and Bob to
have deeply irrational preferences, and at least one of Alice and Bob to have incorrect
credences. On the other hand, the scenario seems fine for the kind of factualist I have been
describing. The factualist thinks that one can reasonably disagree about a proposition,
even given all the relevant precise evidence, and that one can care intrinsically about the
vague. So this constitutes a fairly substantive difference between the proposed view and
factualism about vagueness.

A natural question to ask next is whether we can run an example like this without
relying on thesis that vague beliefs must rationally supervene on your precise beliefs? This
would be important for distinguishing factualism from forms of non-factualism which reject
the supervenience thesis. In this case things depend on the issues we raised in section
3.3.4. If Alice and Bob have the same credences, and have a utility function which assigns
the same value to every precise proposition®” then whenever p and ¢ are precise p <4 ¢ iff

371t is of course controversial that we can make interpersonal comparisons of utility like this, but all we
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p <B q. It follows that if the action propositions for Alice and Bob are the same and consist
only in precise propositions then Alice and Bob are behaviourally equivalent if they’re both
rational, in the sense that they have the same dispositions concerning which propositions
to make the case.

However, in section 3.3.4, we argued that even if the set of possible propositions an agent
can make the case consists only of determinately true or determinately false propositions,
it may still contain vague — i.e. potentially indeterminate — propositions. Since Alice
and Bob’s preferences can differ over the potentially indeterminate propositions it follows
that Alice and Bob may make different propositions the case. The upshot of all of this
is: even without the supervenience thesis, factualist and non-factualist may have concrete
disagreements about what kinds of behaviour is rational.

Suppose we change the example: this time Alice and Bob are both presented with a
sequence of vases. Suppose the vases can be ordered into a Sorites sequence starting with
a clearly green vase and slowly changing colour until the vases are clearly blue. However
the way they are arranged for Alice and Bob is randomised. Suppose also that they know
the precise shades of each vase, but they are in a rush and don’t have much time to spend
thinking about each vase. Now Alice and Bob may in fact chose the same vase, yet they may
still be behaviourally different. For example Alice picked out a green vase, so Alice made
it the case that she obtained a green vase, while Bob only went by the shades so Bob made
it the case that he obtained a vase within an interval of specific (precise) shades I. The
proposition that Bob made the case may be necessarily equivalent to the proposition that
Alice made the case, but they are distinct nonetheless, so they are behaviourally different
concerning what they made the case.

3.4.1 The indifference principle

It’s obvious that you can care about matters which are vague: for example you can rationally
care about being rich, being happy, having lots of friend, and so on and so forth. The
proposition that you're rich or that you’re happy, and so on, are all vague propositions.
This is all compatible with the claim that one cannot care intrinsically about the vague.
However these examples do demonstrate that we need to be careful how to spell out the
thesis, as its plausibility is very sensitive to the way it is stated.

In order to do this we shall assume that the algebra of propositions we are working with
is atomic. In a supervaluationist framework the atoms would not correspond to possible
worlds, but to pairs of possible worlds and precisifications. If we are to work in a neutral
setting in which propositions are taken as primitive, however, a state is a proposition such
that for any proposition (vague or precise) it entails that proposition or its negation, but
doesn’t entail everything (or alternatively: entails everything it’s entailed by.) We can also
partition the set of states into maximally strong precise propositions: propositions w such
that for every precise proposition, p, w either entails p or p’s negation. In general the
strongest precise proposition entailed by a state (i.e. atom) ¢ is a maximally strong precise
proposition. In chapter 1 I called the atoms indices or impossible worlds. I shall retain the
neutral term ‘maximally specific’ proposition for the atoms, and ‘maximally specific precise
proposition’ for latter thing.

With these notions in place we can state the principle that correctly encodes the thought
that one should not care intrinsically about the vague3®:

IP. If the strongest precise proposition p entails is the strongest precise proposition ¢
entails then I should be indifferent between p and ¢ for maximally specific propositions
p and q.

need to assume for this discussion is that Alice’s utility is a positive affine transformation of Bob’s over the
space of precise propositions.

381t should be noted that, since there is vagueness concerning which propositions are precise, there can
be cases where it’s vague whether you may care about p.
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Note that this principle does not entail that you couldn’t rationally care about being rich.
For simplicity let’s assume you only care about your financial situation and let’s also assume
that whether you’re rich supervenes on how much money you have. Given these assumptions
IP does entail that you should be indifferent between states that agree on how much money
you have. If you furthermore know how much money you have, you should be indifferent
between all the different maximally specific ways things might, for all you know, be, even
if they disagree about whether you’re rich or not.

3.4.2 Objections to the indifference principle

Before we conclude this chapter let me consider a number of objections to the thesis.

Objection: According to some theories propositions about the future, e.g. whether
there will be a sea battle tomorrow, are indeterminate. Yet evidently there is nothing
irrational about caring whether there will be a sea battle tomorrow.

Response: I reject the theories which posit indeterminacy in propositions like these.
If you care about what will happen tomorrow then there is a fact of the matter out there
to care about. I suspect that such theorists simply mean that the future is open in an
epistemic sense, a thesis with which IP is compatible.

Objection: According to some theorists, if you under go fission, i.e. your body is
somehow divided in two, Lefty and Righty, then it’s indeterminate whether you are Lefty
or Righty after the fission. But presumably it is permissible to care about whether you’ll
be Lefty or Righty for example, if one is to be tortured and the other rewarded.

Response: Here I am uncertain, but inclined to agree that one can rationally care
about what happens to you in fission cases. At any rate, any fission case in which you
are rational to care about what happens to you is one in which you are not certain it
is indeterminate which person you end up as. I am much more confident, however, that
whether there are fission cases involving indeterminate survival or not, there are no cases
where it is both known to you to be indeterminate who you survive as, and in which it is
rational to care which person you survive as.?? (See Williams [135] for further discussion
of this kind of objection.)

Objection: Couldn’t one care intrinsically about being happy.

Response: IP is consistent with one caring about being happy — what IP rules out is
that you care about being in states which count you as happy over states in which count
you as not happy, even if they agree about all the precise facts. As a simple model, imagine
that there are a number of different factors which constitute your being happy. When these
factors are present in certain combinations, you are happy, and when they are present in
others you are not; some combinations leave it indeterminate whether you’'re happy or not.
One way to think about IP is that you should care about what the combination of factors
is like, and not whether they count as sufficient for ‘happiness’ or not.

Objection: Pretty much the only concepts that can be used to express precise propo-
sitions and properties are concepts of mathematics and fundamental physics. It is firstly
grossly implausible that I be required only to care intrinsically about the propositions of
fundamental physics and mathematics. Secondly, it follows that it was only until quite re-
cently, with the discovery of modern physical concepts, that we were able to have thoughts
about these precise propositions at all.

Response: While I agree that sentences of a public language rarely express precise
propositions it does not follow that we do not bear any interesting relations to precise
propositions in the sense described by my preferred theory of propositional attitudes. Fur-
thermore it is not the case that the propositions of fundamental physics (i.e. propositions
expressed in the vocabulary of fundamantal physics) are precise propositions: even if elec-
tronhood, for example, is in fact a basic property of fundamental physics, it is not a precise

39Note that according to some views the very fact that you can rationally care whether you survive as
Lefty or Righty is partly constitutive of your surviving as one of them [98].
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property in my sense, since there are epistemically possible words in which electronhood is
not fundamental and it is vague whether something is an electron. For all I know the cor-
rect physics may be one in which fundamentally only fields exist, and electrons and other
seemingly fundamental particles emerge out of these in a way that allows for vagueness
concerning what an electron is. There are consistent worlds in which this is true even if
they aren’t nomically or even metaphysically possible (see the discussion of section 1.2.2.)
The notion of a precise proposition can be implicitly introduced by the role it plays in a
theory of rational propositional attitudes, a theory in which knowledge of physics is not a
requirement of rationality.

It is possible that the objection rests upon an equivocation with the word ‘property’.
There are two conceptions of properties: an abundant conception according to which prop-
erties are abstract objects, serve as the semantic values of predicates, feature importantly
as the objects of belief and other intentional attitudes, and a sparse conception according
to which properties are physical things whose existence depends on fundamental features
of the world and which are discovered by science. The property of being an electron, in the
latter sense, may in fact never feature in the thoughts of an agent, even an agent who has
all the concepts needed to state a final theory of fundamental physics.
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Chapter 4

Vagueness At Every Order

It is an upshot of classical logic that if there are any small numbers at all then there is a
last small number. It is compatible with this result that it is a vague matter which number
that is. The boundary between the small and non-small isn’t precise. There is a boundary,
but it’s vague where it lies, and it is the existence of precise boundaries, not vague ones,
that we should be worried about.

This is, in a very schematic form, the classical response to the Sorites paradox.! To il-
lustrate why precise boundaries (but not vague ones) are problematic consider the following
example. There is something very bad about asserting that the total length of your child-
hood was 378432178928476829 nanoseconds. Vagueness prevents you from ever discovering
this, and similar precise facts about the length of your childhood. If the boundary between
your childhood and the rest of your life was not vague, however, there would have been no
reason you couldn’t have discovered the length of your childhood in nanoseconds, just as,
perhaps, one could find out the number of nanoseconds in a year, and no reason to refrain
from going about asserting it. Everyone, regardless of her preferred account of vagueness,
must agree that the above assertion is bad and that this badness is due to its being at best
vague whether your childhood lasted for this length of time.

This reasoning extends. Say that it’s determinate that p just in case p and it’s not vague
whether p.? Is there a precise boundary between the determinate children, in other words,
the non-borderline children, and everyone else? It seems we should not be any happier
about assigning sharp numbers to the length of one’s determinate childhood than to one’s
childhood. There is a completely analogous Sorites for ‘determinate child’ as there is for
‘child’. To be sure, there is a last child and a last determinate child in any Sorites sequence,
but it is always vague which person that last child or determinate child is. Similar comments
apply to the further iterations: it’s vague which the last determinately determinate child is
in the sequence, and so on and so forth through the finite orders.

Indeed, there are some people who are determinately™ children for any amount of iter-
ations, n, and some which are not. Surely it is vague where that boundary lies as well? In
other words, there are some children such that it’s neither vague nor higher order vague
(vaguely vague or vaguely vaguely vague or ...), whether they’re children, and others such
that it is either vague or higher order vague whether they are children, and it’s indetermi-
nate where the boundary between the two lies. To see this note that:

The period of my childhood during which it was neither vague nor higher (4.1)
order vague whether I was a child was 378432178928476829 nanoseconds
in length.

1 Although note that you want these claims to assuage the initial intuition that there can’t be a last
small number, know that you let the epistemicist off the hook too.

2] am thus using the phrase ‘it’s determinate that p’ in a very neutral way which permits even an
epistemic interpretation.
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sounds just as terrible, and would sound terrible no matter what number one used. However,
if neither this sentence, nor any sentence like it, were vague, what possible reason could
prevent us from finding out whether or not (4.1) was true? If we knew (4.1) it would be
hard to explain the inappropriateness of asserting (4.1) (although see Dorr [24] for a possible
explanation.)

It should be noted that the only resources one needs to establish the existence of higher
order vagueness is (i) an operator expression, ‘it’s vague whether’, giving one the means to
express when someone is a child without it being vague whether they’re a child (that is,
when someone is a determinate child, in my nomenclature), (ii) the acknowledgement that
a Sorites sequence for ‘z is a child’ is typically also a Sorites sequence for ‘z is a determinate
child’ and (iii) that any Sorites susceptible predicate has vague instances. Since all these
considerations can be made independently of one’s preferred analysis of vagueness this is a
problem for everybody — epistemicism, for instance, offers no respite here.?

Some philosophers deny the phenomenon of even second order vagueness (see, for in-
stance, [148] and [111].) According to these theorists, the duration of your determinate
childhood is a precise length. However these philosophers do not typically offer concrete
hypotheses about the exact number of seconds at which it begins to be vague whether you’re
a child (and at which you stop being a determinate child.) If this is due to some kind of
inability on their part, some explanation of this inability is required. The explanation can-
not be that the boundary is vague, because by assumption the distinction between being
determinately bald and being vaguely bald is a precise one. One might reasonably wonder
what this new kind of obstacle to knowledge is if it is not vagueness. Equally puzzling issues
arise for those who think higher order vagueness cuts out at some finite level larger than 2
(see Burgess [17].)

The subject of this chapter concerns a number of arguments that purport to show
that for any predicate, F', there must be a precise boundary between the things which
are determinately F' at every order (henceforth “determinately* F”) and the rest. That
being vaguely F' at some order or other and not being vague at any are precise distinctions.
If this argument succeeds we should expect to be seeing exact numbers associated with
vague predicates all over the place. Indeed numbers that are in principle discoverable;
thus one should not be surprised to hear things like ‘my determinate® childhood lasted
exactly 378432178928476829 nanoseconds’ or ‘I became determinately* bald after I lost my
1451st hair’ and so on. It is tempting to sweep the infinitary version of the Sorites paradox
under the carpet - to say that predicates of the form ‘determinately*-F’ are indeed precise
but they’re so esoteric we shouldn’t worry about them. I think that recognising that this
response involves the possibility of finding out propositions like (4.1) is a cost many would
not be willing to pay.

Let me introduce some notation. I shall write Vp to mean it’s vague whether p, Ap
to mean that p and it’s not vague whether p, and A*p to mean p and it’s neither vague
nor higher order vague whether p, which is to say p, it’s not vague whether p, it’s not
vague whether it’s vague whether p, and so on. The problems considered can be generated
without iterating into the transfinite ordinals, so by ‘higher order vague’ I shall just mean
nth-order vague for some finite order n. Accordingly these operators can be connected in
terms of an infinite conjunction as follows: A*p= A, . A"p.

Classical logic shall be assumed throughout the chapter. The claim that it is never
vague whether something is determinate* is formally represented by the schema

AA*pV A-A*p (4.2)

which can be split up into two claims:

3Eklund [29], for example, claims that his particular analysis of vagueness fairs better with respect to
the problem of higher order vagueness. However, since he can make sense of the property of being bald
without being vaguely bald, and he believes that Sorites susceptability involves vagueness it is hard to see
how this claim stands up to this version of the problem.
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(+A) A*p — AA*p.
(=A) =A*p — A-A*p.

The former principle is introduced and argued for in Williamson [138]. Whilst some have
rejected it, notably Field [40], it is not our intention to do so here. In fact an argument
for (+A) is given in §4.1.2. The latter principle has received less attention, although it is
crucial for the problem. One way to prove (—A) is to argue for the Brouwerian principle
for A

(B) p = A-A-p

Although B is the most obvious candidate (see [142], [26] footnote 11, [32]) (—A) is also
entailed by a class of weaker principles

(B") p— Alg = ¢n)

where ¢ 1= =A-p; ¢pi1 = ~A-(q A ¢,,).* 1 shall discuss the motivations behind these
principles in §2. To this list I would also like to add a principle, which I dub B*:®

(B*) A(p — Ap) = (=p — A-p)

In this chapter I shall explain how one can resist the conclusion that there is a precise
boundary between the determinately* F’s by rejecting these principles. I generalize some
recent considerations (Mahtani [87], Dorr [25]) that show that B fails to show that B"
can fail for any n. I then consider B* and provide tentative reasons against and in favour
of it. Arguments by Wright, Graff and Zardini that do not appear to rest on B are also
considered. Finally I discuss some technical issues concerning the logic of vagueness.

The structure of the chapter is as follows. In §4.1 I outline the problem of higher order
vagueness, the principles which generate it, and argue that it is B and its weakenings that
are responsible. In §4.2 T outline a picture of the structure of higher order vagueness in
which B fails, consider the relation between vagueness, assertability and knowledge and
address some other paradoxes which appear not to rely on B. Some technical questions to
do with the proposed logic of vagueness are considered in the appendix.

4.1 The problem of higher order vagueness

Many authors have thought that precise cut-off points re-emerge once considerations in-
volving higher order vagueness are taken into account. The following passage by Mark
Sainsbury is often cited in favour of this conclusion:

Suppose we have a finished account of a [vague] predicate, associating it with
some possibly infinite number of boundaries, and some possibly infinite number
of sets. Given the aims of the description, we must be able to organize the sets in
the following threefold way: one of them is the set supposedly corresponding to
the things of which the predicate is absolutely definitely and unimpugnably true,
the things to which the predicate’s application is untainted by the shadow of
vagueness; one of them is the set supposedly corresponding to the things of which
the predicate is absolutely definitely and unimpugnably false, the things to

4The weakenings of B sometimes considered are the principles B™: p — A—=A™=p. These are slightly
weaker (see footnote 5 for the frame conditions) but we shall see that the strengthening is more motivated
in this context.

5In terms of Kripke frames, B™ corresponds to the condition that if « can see y, then there is a path
back to x from y with at most n steps each step of which « can see, whereas B* entails that x can see a
finite path back but places no bounds on the number of steps it might take. B™ is weaker that B™ stating
only that there is a path with at most n-steps back, but that = needn’t see any of these steps.
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which the predicate’s non-application is untainted by the shadow of vagueness;
the union of the remaining sets would supposedly correspond to one or another
kind of borderline case. So the old problem re-emerges: no sharp cut-off to the
shadow of vagueness is marked in our linguistic practice, so to attribute it to
the predicate is to misdescribe it. [116]

Raffman, for example, describes this reasoning as ‘decisive.” However, as we have seen,
its conclusion is paradoxical. If the distinction between the people who are ‘absolutely
definitely and unimpugnably’ bald is a precise one, we ought to be able to find out and say
where it applies much like we can in principle find out if someone has less than 1000 hairs.
This much is characteristic of precise distinctions.

Much turns on whether you accept classical logic or a non-classical logic. Sainsbury’s
conclusion that a given object either falls under a predicates realm of application, absolutely
definitely and unimpugnably, or it fails to do so in some way, is equivalent to an instance of
the principle of excluded middle. Perhaps there is some reason why this particular instance
of excluded middle must be true, but Sainsbury’s argument has done nothing to establish
that. For the classical logician, however, the conclusion has no bite; what distinguishes a
precise from a vague predicate is not whether it obeys the principle of excluded middle. The
question is: could it be vague whether a sentence is absolutely definitely and unimpugnably
true, without a shadow of vagueness?

Let us grant, for the time being, this talk of claims having ‘shadow’s of vagueness.” The
argument could continue. Suppose it could be vague whether a sentence was absolutely
definitely and unimpugnably true — true without a shadow of vagueness. The fact that it
is vague whether or not the sentence has a shadow of vagueness, presumably counts as its
having a shadow of vagueness. Thus it isn’t absolutely definitely and unimpugnably true
without a shadow of vagueness. If it’s vague whether a sentence is true without a shadow
of vagueness, it’s not true without a shadow of vagueness.

This conclusion, however, is completely compatible with its being vague, in some cases,
whether a sentence is definitely and unimpugnably true untainted by the shadow of vague-
ness. For according to classical treatments of vagueness it is consistent to say that something
is a vague instance of a property without falling under that property. For example, suppose
it is vague whether Harry is bald, and (consequently) that it’s vague whether or not he’s
not bald. By excluded middle, either Harry is bald or he isn’t. Therefore either Harry
is bald and it’s vague whether or not he’s not bald, or Harry is not bald and it’s vague
whether or not he is bald (by the classical inference p,q = ((p A7) V (g A —r)).) In either
case we have a property, F, such that Harry vaguely instantiates it, but doesn’t in fact
instantiate it (F' is ‘not bald’ in the first case and ‘bald’ in the latter.) Of course, there
are no determinate examples of things which are vaguely F without being F', so there are
no determinate examples of things such that it is vague whether they have a shadow of
vagueness. If it’s vague whether a claim has a shadow of vagueness, it’s also second order
vague (and by analogous reasoning, it’s vague at all orders.) But it is also compatible with
a classical treatment of vagueness that it can be determinate that there are G’s without
there being any determinate G’s; it is no objection to this approach that we cannot find
any determinate examples of the phenomenon we are interested in. To conclude that every
predicate is precise at higher orders requires further consideration.

4.1.1 The problem of higher order vagueness

There is much in Sainsbury’s argument which is left unexplained. What do the adjectives
‘absolutely’, ‘definitely’ and ‘unimpugnably’ add? What does he mean by truth without
a ‘shadow of vagueness.” In this section I shall interpret having a ‘shadow of vagueness’
simply as having vagueness at some order, and I shall use this to develop a more specific
version of this argument.
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Imagine that we are talking about the natural numbers less than 100 and we want
to know which ones are small. Obviously, there’s no sharp boundary between small and
non-small numbers. So there will be the numbers which are definitely small, the numbers
which are definitely not small, and the borderline cases in between. There’s also no sharp
boundary between the definitely small numbers and the rest either: there are numbers for
which it’s vague whether they’re definitely small or borderline small. To put it another
way, there are numbers which are definitely definitely small, and those which are definitely
not definitely small, but there’s a range of borderline cases between the two in this case as
well. Similar points apply to the boundary between the definitely definitely small numbers
and the numbers which are not definitely definitely small, and so on and so forth.

One can see that the set of small numbers, the definitely small numbers, the definitely
definitely small numbers, and so on, gradually shrinks as the number of ‘definitely’s’ in-
creases; after all, being definitely F' is generally a more stringent condition than being F.
But this set can’t shrink forever! The first set in this sequence clearly starts off with less
than 10,000 members, so in this most generous case it can shrink at most 10,000 times be-
fore it becomes empty. For some N being definitely”y small is the same as being definitely™
small for any m > N.

Does this result mean there is some kind of sharp boundary between the determinately”™
small numbers and the rest? Fortunately this doesn’t follow from what we have said so far.
We may, and indeed must, accept that there is a set of numbers which are determinately™
small for every n, and a largest such set, but we may also maintain that it’s vague which
set that is. The starting point of this shrinking process - the set of small numbers - was
vague, so there is no reason to think that it won’t be vague which set you end up with after
the shrinking process is complete. In keeping with the denial of sharp boundaries, we may
still hold that it’s vague which number is the last determinately’Y small number. The most
we can conclude is that if a number is determinately’” small it is determinately” small at
all orders k.

In the following sections I shall be considering various proposals that supplement this
argument to show there must be sharp boundaries. First let us make this a little bit more
formal. The toy argument above made an essential appeal to the fact that the Sorites
sequence considered was discrete. Not all Sorites sequences are discrete, however, for exam-
ple, smallness over the rational numbers, or redness over a spectrum. A completely general
argument can be found in Williamson [138] which shows that if something is definitely™
F for any number of iterations n, then it definitely is definitely™ F for every n. We may
define this strong notion of definiteness using infinitary conjunction:

A*¢ = /\n<w An¢

In order to prove the result Williamson assumes the principle that conjunctions distribute
over determinacy

(D) Nicw i = AN, i

The argument proceeds as follows. We firstly note the logical truth: = A _ A"¢ —
Apew A0, which is just an instance of conjunction elimination.® From (D) we can
immediately infer - A A — AN A", i.e.

n<w

(+A) F A% — AA* .

n<w

6This may be proved from the principles C1-C3 below
Cl. Ajco @i — ¢n for each n < w.
C2. Ay (@ = i) = (& = Nicyy ¥i)-
C3. If - ¢ for each i < w, b A, -
F Ancw A"¢ — Al for each 0 < i < w by C1. Thus = A, (A
F Ancw A0 = Ao, AT by C2.

A"¢ — APtle) by C3. So finally

n<w
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It should also be noted that none of these principles are characteristically classical, so this
result extends to a number of non-classical logics.

4.1.2 Is a conjunction of determinate truths determinate?

The most natural place to block Williamson’s argument is to deny (D). This is Field’s
strategy in [40]. But is this denial at all plausible? I claim it isn’t if we accept the following
principle concerning vagueness:

If each constituent of a sentence is precise then the sentence itself is (4.3)
precise.

Suppose for reductio that A, A¢; but that ~A A,_ ;. Since each ¢; and infinitary con-
junction are precise, it follows that A, ¢; is precise by (4.3), i.e. AN\, @i or A=A, ., ¢i-
By assumption it’s not true that A A\, ¢; so A=A\, ¢; must hold. By factivity we have
¢; for each i and = A\, ¢; - this is a contradiction by C3.

It is interesting to note that if you accept the principle B, you can actually prove that
a conjunction of determinate truths is determinate from the logic of conjunction alone (see
appendix 3.2.) The thesis of this chapter, however, is that once you have rejected B, you
already have a satisfying response to the paradoxes of higher order vagueness available. It
is to this principle we now turn.

4.1.3 Sharp boundaries from B

To show that ‘determinately* small’ is a sharp predicate we must show that it can never
be vague whether something is determinately” small. We have so far shown that if a
number is determinately* small then it’s not vague whether it’s determinately™ small. If
we could show that if a number is not determinately® small then it’s not vague whether it’s
determinately® small, we would be able to get our conclusion from an instance of excluded
middle and reasoning by cases: every number is either determinately® small or it isn’t,
and in either case it is not vague whether it’s determinately™ small. The arguments I shall
consider work in favour of the completely general principle I have called (—=A): =A*p —
A-A*p. In conjunction with (+A): A*p — AA*p we then have the problematic principle
AA*p VvV A-A*p stating that there is never vagueness concerning what is determinate*.
A simple way to close this gap would be to introduce the principle B:

B: =p — A-Ap (4.4)

Here is how you prove (—A) from B: we have -A*p — A-AA*p by B. By contraposing
(+A) we have “AA*p — —A*p, so we also have A—AA*p — A-A*p by necessitation
and an application of K. So by transitivity of the conditional we have ~A*p — A-A*p.”
Indeed, it is exactly this principle which is assumed in Williamson’s discussion of these
issues in [142].

The axiom B is motivated by Williamson’s fixed margin models described in [138].
Williamson describes the class of Kripke frames C which contains frames, (W, R), for which
there is some metric over W, d(-,-), and a € R such that Rzy iff d(z,y) < «. The mo-
tivation for this semantics is roughly the same whether we are epistemicist or some kind
of supervaluationist. We should think of the members of W as precise interpretations of
the language with the metric representing the degree of similarity between two interpreta-
tions. For example, suppose two interpretations, x and y, agree on how to interpret every

Tt is interesting to note that B is not so central for the non-classical theorist. The problematic principle
is the rule: if F ¢ — A¢ then F ¢ V —¢. For example both Lukasiewicz and Field’s recent logic have
this principle. Once one has this principle and (+A) all the problematic classical theorems concerning A*
statements are provable. Things would be different, however, if we adopted the weaker rule: if - ¢ — A¢p
and F —¢ — A-¢ then F ¢ V —¢.
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Figure 4.1: Mahtani’s counterexample to B

expression, except x interprets ‘small for a number less than 100’ as the numbers less than
14 and y as the numbers less than 13. These two interpretations should be considered
quite close by the intended metric, which is to say that d(z,y) will be a relatively small
number. A formula, ¢, is determinately true according to an interpretion, x, if ¢ is true
at all the interpretations similar enough to x. ‘Similar enough’ means the measure of their
differences does not exceed a. At the interpretation z described above, ‘2 is small for a
number less than 100’ is determinately true because interpretations that disagree with x
on this sentence are quite far away.

It is clear that the accessibility relation of each such frame is symmetric: if the distance
between = and y is less than a then, the distance between y and x is less than «. It is a
standard fact that B is validated in all and only symmetric frames, so for any frame (W, R)
in C the axiom B is valid.

4.1.4 Mahtani on failures of B

In [87] Mahtani argues that since the term ‘determinately’ is itself vague, its interpretation
ought to vary from point to point and that Williamson’s models fail to capture this fact.
The interpretation of ‘determinately’ technically does vary from interpretation to interpre-
tation on Williamson’s semantics - being determinate at = depends essentially on which
interpretations are closest to x. However they do not vary in all the salient respects. In
particular, all interpretations agree about how close an interpretation has to be to be ‘close
enough’ in the relevant sense; « is a fixed quantity throughout the model. In Mahtani’s
terminology the ‘accessibility range’ does not vary, when it should.

If each point, x, has its own accessibility range, f(z), symmetry is no longer guaranteed.
The distance between x and y may be less than f(x) but not less than f(y) (see figure 1.)

4.1.5 Sharp boundaries from other principles

Our initial concern was whether it must always be a precise matter whether something is
determinate®. We noted that B was one way, but not the only way, to close the gap between
Williamson’s argument for (+A) and this claim.

Unfortunately there is an infinite chain of weaker principles, all stated in the finitary

8The closest interpretation to 2 which disagrees interprets ‘is small for a number less than 100’ as the
numbers less than 2, whereas x interprets that as the numbers less than 14. In this context this constitutes
a fairly big difference.
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language, that also prove that ‘determinate*’ is precise.

B™ p— A(g — ¢n) (4.5)
where ¢1 := 2A-p; dpa1 := "A-(g A ¢p,). And the principle

B*: A(p — Ap) — (—p — A-p) (4.6)

For example, adding B* to the infinitary language allows us to prove the problematic
-A*¢ — A-A*¢. By applying necessitation to (+A), which we are assuming at this
point, we have: F A(A*¢ — AA*¢). However, A(A*p — AA*@) = (0A*¢p — A-A*P),
is an instance of B* in the infinitary language, so we can imediately infer (—A), i.e.
-A*¢ — A-A*¢p, by modus ponens, as required.

In terms of frame conditions, B™ characterises the the property that if Rxy then there
are n points, z1,..., 2, such that Ryz,, Rz,2n_1, ..., Rz2z1 and Rxz; for each i - i.e. if x
sees y then you can get back from y to z in n steps which x can see. B* characterises the
the property that if Rxy then for some n, there are z1,...,z, such that Ryz,, Rz,z,_1,
..., Rzo2z1 and Rxz; for each i - i.e. if = sees y then you can get back from y to x in finitely
many steps which = can see. Call this latter property the ‘backtrack’ property. In the
lattice of modal logics, KTB* is the infimum of {KTB™ | n € w}.

As stated, any one of these axioms is sufficient to close the gap between (+A) and the
existence of sharp higher order cut-off points. I shall show that each frame validating KTB"™
or KTB* also validates =A*p — A-A*p and hence AA*p V A-A*p. Suppose the frame
F := (W, R) validates KTB™ or KTB*. For any model based on F, if =A*p is true at z and
Rzxy then (a) for some n you can get from x to a —p world in n steps. (b) for some m you
can get back to x from y in m steps. Thus you may get from y to a —p world in n + m
steps, so y I A™™p and thus y IF -A*p. But y was an arbitrary point accessible from =,
thus z IF A=A*p. So z IF =A*p — A-A*p for every x.

It should be clear by now that to properly demonstrate that we can consistently deny
higher order precision we will need a more principled way of generating counterexamples.
This is what I shall attempt to do in the next section.

4.2 A B-free solution

To deny sharp cut-off points at all levels we must reject the principles B” and B*. The
rest of this chapter is an evaluation of the prospects of this proposal. The general strategy
is to find models in which the claims ‘there are borderline cases of being determinately™
(determinately™) small’ (3xVA*Sz, JxVA™Sz) come out true. These models serve the
purpose of showing that no contradiction can be derived from these assertions and plau-
sible background assumptions. I attempt also to construct more realistic models, taking
Williamson’s fixed margin models as a starting point, to show that these principles are
compatible with more realistic structural assumptions.

Below is a model which demonstrates that it is at least possible to deny sharp cut-off
points at every level. Each node represents an interpretation of the language, with the
number at each node representing the greatest number which satisfies ‘small for a number
less than 100’ according to that interpretation. The truth value of each atomic statement
of the form ‘n is small’ at a node is thus determined by whether number n is less than or
equal to the number at that node. The truth values of extensional combinations of formulae
are calculated as usual relative to a node, and a claim of the form ‘A¢’ is evaluated true at
a node z iff ¢ is true at every node accessible via an arrow from .

No point can see a point which differs from it by more than one. The converse fails,
however, since interpretations may differ radically in the interpretation of other expressions
and might thus be inaccessible to one another. It is tacitly assumed that every point sees
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itself.

O ——>O

Remember that ‘the last small number’ according to a point is the number written beside
it, so ‘the last determinately® small number’ at a point is the smallest number you can get
to from that point by following the arrows. Note that the bottom node can see a node
where the last determinately® small number is 7: follow the arrow to the right. But it can
also see two nodes where the last determinately™ small number is 8: follow the arrow up or
left. Thus it is vague, at this point, whether the last determinately™ small number is 7 or
8. Indeed, it’s vague whether it’s determinate® that 8 is small.

Of course we tried to make this model look realistic by having several points (we could
have gotten away with two) and making sure that adjacent points didn’t disagree substan-
tially over the interpretation of ‘small for a number less than 100’. However, it would be
nice to have a general class of models that includes such models as a special case, but are
also constrained by facts about vagueness in the same way Williamson’s semantics was. In
fact we can modify Williamson’s fixed margin models in just the way Mahtani suggests to
allow for variation in accessibility range. We must also make sure that close points don’t
interpret ‘determinately’ drastically differently, i.e. we must make sure close points have
similar accessibility ranges. This motivates the following definition.

Definition 4.2.0.1. A v-frame is a triple (W,d(-,), f(-)) where (W, d) is a metric space,
and f: W — R obeys the following:

(A) Yw,v e W, |f(w) = f(v)| < d(w,v)

A formula of propositional modal logic is valid on a v-frame (W, d, f) iff it is valid on
the Kripke frame (W, R) where Rxy iff d(z,y) < f(x). We shall talk about a v-frame and
its associated Kripke frame interchangeably from now on.

The elements of W are to be thought of as interpretations or precisifications of the
language, with the metric d representing how close they are to one another. A formula
is determinately true at an interpretation if it is true at all nearby interpretations. What
counts as nearby the interpretation w is determined by f(w): v is nearby w when the dis-
tance between them according to d is less than f(w). Note that what counts as ‘nearby’
depends on the precisification - the constraint (A) says, roughly, that the closer two inter-
pretations are, the less they can differ over their interpretation of ‘nearby’.

A useful fact is that there is a natural way to assign a metric over a (generated) Kripke
frame. Simply assign a length to each arrow and define the distance between x and y to be
the length, ignoring the direction of the arrows, of the shortest path between x and y. With
a bit of fiddling one can show that the model above is generated by a v-frame in this way.
The fact that one can refute B™ and B* over v-frames follows also from the more general
fact that the logic of v-frames is KT (see the appendix.)

4.2.1 Realistic frames

Let us consider a toy propositional language whose only atomic sentences are English sen-
tences of the form: ‘a is red’, where a ranges over names for colours in a fixed colour
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Figure 4.2: The validity of B*: z sees a far out point on the edge, yet there is a finite path
back to z.

spectrum. It is natural to suppose the interpretations of this language are completely
specified by the cutoff point for ‘red’ along this spectrum of colours. Each colour can be
represented by a real number, and the distance between two interpretations can be mod-
elled as the difference between the two numbers representing the cutoff points for those
interpretations. Thus the metric of our v-frame is the standard notion of distance on R.

This suggests a very natural class of v-frames for modelling vague languages: those based
on Euclidean space, R™, where the dimension n is the number of vague predicates in the
language. The good news about these v-frames is that each of the problematic principles
B" are refutable. To refute B™ we consider the standard metric over R. Let ¢ = 271%
Stipulate that f(0) =1, that f(z) = f(—z) =eforz € R\[-1+¢,1—¢ and f(z) =1—=
for x € (0,1 — €] and  — 1 for x € [e — 1,0). It is easy to check this satisfies condition (A)
and is a v-frame. Now 0 can see 1, yet the shortest path back from 1 takes n + 1 steps,
thus B™ does not hold. Note that in this model there are no points which can only see
themselves, i.e. no points, x, such that f(x) = 0.

The counterexamples traded on the idea that for any n one can find a v-frame based
on an € small enough to ensure that the longest path from 1 to 0 is longer than n. There
is, however, no single model which refutes all the B" simultaneously. Indeed it is not hard
to show that v-frames based on R™ where no points have a 0 accessibility range has the
backtrack property: if x sees y, then there is a finite path zg, ..., z, such that y sees zy, 2o
sees 21, ..., zn sees ¢ and x sees each z;. Thus it follows that B* holds in these frames (see
figure 2.) Intuitively, the closer a point is to z, the closer in diameter its accessibility range
must be to x’s thus one always can find a path leading back to x:

For our purposes this result would be devastating. It would entail, for example, that
being determinately™ red had completely precise boundaries, and this brings along with it
all the problematic consequences already mentioned.

An obvious place to resist the result is to deny that the accessibility range of any
point must be non-zero. Relaxing this constraint is independently motivated. Suppose
we are working with the toy language described above, and the ordering of the relevant
colour spectrum is not only dense but complete in the sense of containing a limit for any
converging sequence of points (thus, for example, its structure is like that of R, but not
of Q.)° If one made the assumption that f(x) > 0 for any interpretation z, it follows

91If one were to object that some fact about colours prevents the existence of such a spectrum, we could
modify the example to be about the vague predicate ‘small’ as applied to real numbers.
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that mo colours in the spectrum are determinately® red. It is sufficient to show that any
two interpretations, represented as real numbers, z and y, can be connected by a path.
Without loss of generality we may assume that < y. Let (a,)ne, denote the sequence
z,x + f(x),x + f(x) + f(z + f(x)),..., le. ap := x and apt1 = an + f(ay). a, <y
for each n then (ay)ne., must clearly converge as it is a bounded monotonic sequence. Let
a~ be the point it converges to. I claim that f(an) = 0, contradicting the assumption
that f(x) > 0 for any . By condition (A) on v-frames we know that |f(ax) — f(an)] <
(oo — ap(= d(aso,an)) for each n. However, since the right hand side converges to 0 as n
increases, and f(a,) converges to 0, it follows that f(as) = 0.

Once one moves away from the simple toy example, v-frames based on R™ become
implausible for other reasons. For example, suppose now we are considering a language
in which the only atomic sentences are of the form ‘a is red’ and ‘a is orange’ for a a
colour in a fixed spectrum. Modelling this language using R? would be overly simplistic
because the interpretation of ‘red’ and ‘orange’ are not independent. Any assignment of
cutoff points that allowed ‘red’ and ‘orange’ to overlap should be intuitively very far away
from the intended interpretation. Thus an interpretation that says that the red colours end
at the colour representend by 10 and orange starts at the colour represented by 9 should
be very far away from the sensible interpretation that says red ends at 9 and orange starts
at 10. However their distance according to the standard metric on R? is relatively small:
V2 =,/(10-9)2 + (9 — 10)2.

A final worry in this ballpark is that even if R™ v-frames aren’t suitable for modelling
vagueness, the correct models might still have enough R"-like properties to guarantee that
the backtrack properties hold. Let me finish by considering two such properties we might
quite plausibly expect to hold in any realistic model:

e Density: for any  and y there is a z such that d(z, z),d(y, z) < d(z,y).

e Closeness: Whenever d(z,y) < f(x) there is a z such that d(y, z) < f(y) and d(z, z) <
d(x,y).

However, neither of these principles, even in tandem, ensure that the relevant v-frame has
the backtrack property. A simple example would be to let W := [0,1) U (2, 3], d(z,y) =
|z —y|, f(z) = 1.5 for z € [0,1) and f(z) = 1 for z € (2,3]. Anything in the range
(3,1) can see points in (2,3], but there is no path from a point in (2, 3] to a point in [0,1).
Furthermore this v-frame is both dense and close. These examples are gappy: for a given
point z, there may be a range of real numbers [a, (], such that the distance between x an
another point is never in [a, (].

4.2.2 Precise ranges

When considering the simple model presented in this section one might object that it is no
better to say that determinately 7 or 8 is the last determinately* small number (although
it’s indeterminate which) than to say that determinately 7 is the last determinately* small
number. Indeed, it seems just as bad to say that the location of this cut-off point is vaguely
located over a precise range as it is to say that it is precisely located somewhere.

One might question the intuition that this is just as bad. After all, if we consider
the vague predicate ‘Small for a number less than 10’ it seems fair enough to say that,
determinately, either 3 or 4 is the last small number less that 10, although it’s indeterminate
which. ‘small for a number less than 3’ seems to be precise.

However there is no need to challenge the intuition. For according to that model there is
no precise range in which the last determinately* small number vaguely falls. At the leftmost
and middle point the bottom node can see it’s vague whether the last determinately* small
number is 8 or 9, and at the rightmost point it’s vague whether it’s 7 or 8. Indeed this is
not just a peculiarity of our model. The contrapositive of (+A) says “AA*p — —=A*p so
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can show fairly easily that VA*p — VVA*p.10 In other words, if it’s vague whether p is
determinate® then it’s vaguely vague.

How much of a limitation does this place on our solution? Must we retract all our claims
about there being no sharp cut-off points for ‘determinately™ small’ - must we retract them
not because they are false, but because they are vague? Evidently we must retract specific
claims of the form ‘it is vague whether p is determinate®’ since they are all at best vague.
I claim this is an advantage of the theory, even, since we can avoid the objection that we
must have a precise range in which the last determinately* small number falls.

What about the crucial claim that it is vague where the last determinately™ small number
lies? This claim still stands, and is determinate. In our model not only is it vague, at the
bottom node, where the last determinate* number lies, but it’s determinately vague where
the last determinate™ small number lies. This should not be puzzling for the classicist - it is
standard to allow it to be determinate that there are F’s whilst denying the existence of a
determinate F. It is no different for the complex property of being vaguely determinately*
small.

4.2.3 The Forced March Sorites and Assertion

One of the more puzzling issues relating to vagueness and higher order vagueness is the
so-called ‘forced Sorites march.” One is to imagine that you are to be presented with the
elements of a Sorites sequence for F' in succession, and in each case you are required to say
to the best of your ability whether the element is F' or not. The puzzle is that there must
surely be a first element at which you stop saying ‘yes, it’s F” and switch to doing something
else. Perhaps that is saying ‘no, it’s not F’, or saying ‘I don’t know’ or perhaps it is not
saying anything at all. The point is, whatever one does, it seems one is committed to a
sharp boundary. (For simplicity I shall confine attention to the responses: ‘yes’; ‘no’, ‘I don’t
know’; ‘it’s indeterminate’ and saying nothing at all. Other responses are available: ‘I’'m
not sure whether I know or not’, ‘I don’t know whether it’s determinate’, ‘it’s indeterminate
whether it’s indeterminate’, and so on, but since these iterations get less and less relevant
to the question you’re being asked to answer, silence is often a better response even if these
answers are known.)

The notion of commitment here is a pragmatic one: which propositions are assertable,
i.e. which answers are appropriate in a forced march, depends on the truth of the commit-
ments of an assertion of that proposition. An assertion that p commits you to ¢ iff, had you
been as knowledgeable as possible, your assertion would have been appropriate if and only
if ¢.!' The view I defend states that the strongest proposition an assertion that p commits
you to is the proposition that it is determinate that p. Provided you’re as knowledgeable
as you can be about the relevant facts, p is assertable (ignoring other pragmatic factors)
when p is determinate. Thus, for example, saying ‘yes, a is F’ to a given question commits
you to a being determinately F' — you should not say this if you think it’s vague whether a
is F. If you say ‘it’s vague’ then you are committed to its being determinate that it’s vague
whether a is F', and so on. Not saying anything is importantly different from saying ‘I don’t
know’, for the latter commits you to the determinacy of your not knowing, which (I shall
argue) entails that you have the ability to know that you don’t know. If you don’t know
whether you know something you are better of staying quiet than saying ‘I don’t know.’

0Proof: let ¢ be A*p, so that we have =Aq — —q. So Vg — (—¢ A Vq) by definitions and prositional
logic. Since we can prove the consequent is not determinate, we can prove in K that the antecedent is not
determinate, i.e. we can prove -AVyq, so Vg — =AVq. Since Vg — -A-Vq we have Vg — VVq. Indeed,
given the equivalence between q and A™gq, it is possible to show that Vg — VA™q for any n whatsoever.

HIf you are not as knowledgeable as you could be then we have only the principle that your assertion
is appropriate only if its commitments are true. It is only if you have the relevant background knowledge
that the truth of the assertions commitments guarantees the appropriateness of the assertion as well.
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My case revolves around the principles like the following

If it’s not vague whether Harry is bald, i.e. if there’s a fact of the matter (4.7)
whether Harry is bald, then one can in principle know whether Harry is
bald.

Why might someone object to this principle? Of course, the general principle that all precise
propositions have knowable truth values might fail for reasons not relating to vagueness at
all. But I take it that if the above instance fails at all it fails for reasons relating to the
vagueness of ‘bald’.

I espouse the principle. According to an opposing view it might be impossible to find
out whether Harry is bald, even if it is a determinate matter whether he’s bald. According
to classical treatments of vagueness it is possible for a proposition to be both determinately
true, and for it to be vague whether the proposition is determinately true. In these cases, the
opposing view claims, it is not possible to know whether p, even though p is determinately
true. In these cases the obstacle to our knowing is not vagueness (the proposition in question
is determinately true) but second order vagueness. It is very natural, on this view, to also
count higher orders of vagueness as sources of ignorance in the same way.'?

The view that vagueness and only vagueness is responsible for ignorance gives a more
intuitive explanation of the phenomenon. The easiest way to explain to a non-philosopher
the philosophical notion of vagueness is by saying it’s whatever prevents us from knowing
whether a given person is bald when we know all the relevant facts about hair number
and distribution. Clearly the kinds of reasons we can’t know whether a given person is
bald or not, even if we know all the facts about hair number and distribution, forms some
sort of natural kind. The simplest theory simply identifies vagueness with this obstacle to
knowledge.'® As we proceed, we shall see that the simple view does a much better job at
explaining the puzzles of higher order vagueness.

The converse of (4.7) seems to be relatively uncontroversial, so given what I have said
so far it is reasonable to assume that both (4.7) and its converse are determinate — in other
words the following principle is determinate: one can in principle know whether Harry is
bald if and only if it’s a determinate matter whether he is bald.'* It is a consequence
of this, in the standard logic of determinacy (which includes the K principle), that if it’s
vague whether Harry is determinately bald, it’s vague whether we can know that he’s bald.
Assuming that the respondent knows as much as she can about Harry’s head, it follows
that it’s vague whether she in fact knows that he’s bald, and it thus is also presumably
vague whether it’s permissible to assert that Harry is bald in such circumstances. None of
this should be intrinsically surprising given the inherent vagueness of the relevant notions
of possibility, knowledge, permission and assertion.!® In summary: in a forced march, if
you know as much as you can about the situation then ‘it’s determinate that p’, ‘you know
that p’ and ‘it’s assertable that p’ are all coextensive operators.

The companion to this view about knowledge is the view that the strongest proposition
an assertion that p commits you to is the proposition that p is determinate. If one is as
knowledgeable as possible, then one knows p iff p is determinate. Since, ignoring other
pragmatic factors, an assertion is appropriate iff it’s knowledgeable, it follows that an
assertion that p commits you to no more than the claim that p is determinate in a forced

12 An explicit example of this view can be found in Fine [44].

130ne might prefer to simply introduce a separate name for whatever this obstacle to knowledge is:
schmagueness. Arguments analogous to those in this chapter would demonstrate that schmagueness iterates
non-trivially, and strictly analogous puzzles for higher order schmagueness arise as for vagueness.

141 am using ‘can’ here in a way that guarantees that you cannot know that p if p is false. ‘can’ cannot
simply mean metaphysical possibility here because many false propositions are true, and even known, in
some metaphysically possible world.

157 take it that the same Sorites sequence that shows that ‘x is bald’ is vague, shows that ‘it’s possible to
know that x is bald’ and ‘it’s appropriate to assert that x is bald’ are vague. I am further claiming that the
vague instances of the latter two predicates are precisely the second order vague instances of the former,
and the determinate instances of the latter are the determinately determinate instances of the former.
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march. In contrast, the companion to the opposing view about knowledge has it that
the strongest proposition an assertion that p commits you to is the proposition that p is
determinate®.

Let us apply this theory of commitment to the forced march Sorites. We may consider
the possible responses in turn. Certainly saying ‘yes’ up to a certain point, and then saying
‘no’ commits one to sharp boundaries, for that is to commit one to the elements being de-
terminate cases up to a certain point, and determinate non-cases from there on. This is just
what it is to say that F' is sharp. To respond by saying ‘yes’ up to a certain point, a,, and
then continue by saying ‘it’s indeterminate’ or ‘I don’t know’, is slightly more complicated.
This commits one to the determinacy of Faq,...Fa,. Asserting that it’s indeterminate
that each of a,41...a., is F' commits one to the determinacy of VFa, 1 ... VFa,,. Thus
we are committed to the following: AFa, and A=AFa,41. This is not a commitment to
sharp boundaries, but in a standard Sorites (without gaps) one would not expect there to
be a determinate F' adjacent to a determinately not determinate F. It is thus plausible
to assume that this response pattern commits you to some falsehoods; this this pattern of
assertions is inappropriate. Finally, if we assume the respondent knows as much as she can
about the relevant background precise facts, then her knowledge is coextensive with what’s
determinate, so if she answers ‘I don’t know’, we may reason as above.

On the other hand, saying ‘yes’ up to a certain point, and then saying nothing for a
stretch is a different matter altogether. This response pattern does not commit one to
sharpness of any kind. Not saying anything is not the same as asserting that you don’t
know Fla,, since the latter is not appropriate when you do not know that you don’t know
that Fa,. Saying nothing does not commit you to any claim about the vagueness or nth
order vagueness of Fa,. It is completely compatible with this response pattern that every
predicate of the form A™ Fx has borderline cases. In other words, asserting that the cases are
F up to a certain point, remaining silent for a while, asserting the cases are indeterminate,
sliding back into silence for a bit, and then asserting the cases are not F' from then on, does
not commit you to any thing inconsistent with the thesis that A" Fx is vague for each n.

To demonstrate this, suppose that Fa; ... Fa, are determinate, and that Fa,41 ... Fa,,
aren’t. Since there is second order vagueness, it is vague which number n is in our example,
but we may be certain there is some such n by classical logic. If I happen to say ‘yes’
from cases a1 to a, and remain silent for cases an41 ... a,, I have (a) asserted correctly, in
the sense that I have asserted p when p is determinate and (b) have committed my self to
nothing incompatible with vagueness at all orders. Furthermore, despite the fact that a,
is the last determinate F', it is presumably vague that a,, is the last determinate F', so my
assertions, despite being correct, fail to be determinately correct. If a perfect asserter is
someone who asserts p just in case it’s determinate that p, there can be perfect asserters
but it will always be at best vague whether you're a perfect asserter (provided we assume
that it is always a determinate matter whether you have asserted p or not.6)

It is worth remarking that if you knew you were a perfect asserter, i.e. if you knew that
you asserted p just in case it’s determinate that p, you would be able to infer from your
having not asserted Fa,1 that Fa,1 was not determinate. Since in a typical forced march
Sorites, it is at best vague whether you are a perfect asserter, such knowledge would not be
available to you. So while there always is a correct response to the forced march Sorites,
second order vagueness makes it impossible to know if you've made the correct responses.
This should not, in itself be surprising. The maxim ‘assert p only if it’s determinate that p’
is an externalist norm in the sense that one is not always in a position to know whether one
is complying with it. Sometimes it is impossible to know whether you are complying because
it is impossible to know whether it’s determinate that p due to second order indeterminacy.

16This assumption may not be unassailable. For example, I might falter or hesitate as I say ‘yes’ in such
a way as to make it vague whether I actually committed myself to the Fness of the case in question. This
might be one way to be a determinate perfect asserter.
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4.2.4 Other paradoxes

There are a number of other paradoxes of higher order vagueness in the literature which
do not rely on the principle B which I shall turn to now. They are both variations on an
argument originally due to Wright [146]. We shall see that both these arguments rely on the
view about commitment, assertion and knowledge which we have rejected in the previous
section. Once the alternative is taken into account it is seen that it is compatible with these
results that the thesis that there is vagueness at all orders is both assertable and known.

Let me begin with an argument due to Delia Graff Fara [33]. Fara’s argument shows that
natural principles concerning higher order vagueness, so called ‘gap principles’ AA™ Fay —
=A=A"Faj,1, with the rule of proof A-intro:

IfTF ¢ then T - Ag

lead to a contradiction. My focus here will be the rule of proof of A-introduction.

There has been some debate concerning whether a supervaluationist should accept clas-
sical logic, where ‘classical logic’ is construed broadly to include classical rules of inference
and rules of proof. The rule Fara appeals to is incompatible with certain classical rules of
proof. For example one could not apply conditional proof to p = Ap (which can be obtained
by A intro on p - p) to obtain - p — Ap, since this would imply, as a matter of logic, that
everything is precise.

There are some tricky questions in this area concerning the nature of logic, whether A
is a logical constant, and on the normative impact both notions of consequence have. Since
Fara’s conclusion is essentially normative - that it is in some sense incoherent to accept
vagueness at all orders - it would be nice to talk directly about the normative conclusions
without the detour through ‘consequence’ talk which can be quite obscure in these contexts
anyway. Let me introduce two notions of a ‘good inference’ from p; ...p, to q.

1. Cr(q) =1if Cr(p;) =1 for each ¢ <n and Cr € E.
2. Bi<n(1=Cr(p;)) <1—Cr(q) for every Cr € E.

Here E is a set of credence functions that you would be justified in having in some possible
epistemic situation. One notion governs what can be inferred given what you are already
fully justified in believing, whereas the other constrains your beliefs when you are less than
certain in the premisses. Something like these two notions are sometimes characterised in
terms of global and local consequence, corresponding to the definiteness of the premisses
strictly implying the definiteness of the conclusion (i.e. ‘preservation of supertruth’) and
the premisses simply strictly implying their conclusion (i.e. ‘preservation of disquotional
truth’.) In formal terms that is O(Ap; A ... A Ap, — Aq) and O(py A ... Ap, — ¢) where
O represents some suitable notion of logical necessity.

Since one could never find oneself in an epistemic situation which fully supported p A
=Ap, but one could quite easily have evidence for —p V Ap the former notion of good
inference invalidates reductio: we have p A =Ap I but not - —(p A =Ap).

I am happy to engage in either talk provided it is clear what one means and one is careful
which normative conclusions one draws. However, neither notion permits the inference from
p to Ap. Crucially the first notion, 1., does not permit this inference. Observe first that
this rule does not preserve determinate truth, for example if p is determinate but not
determinately determinate, the premise of p - Ap is determinate and its conclusion isn’t.
Similarly, since p is precise (although not determinately so), one could in principle have
evidence which justifies certainty in p, yet be uncertain in Ap due to the vagueness in Ap.
To be sure this counterexample relied on higher order vagueness, but this is clearly not the
place to beg that question.

Note that the consequence relation that instead preserves determinacy® does appear to
validate A-intro. For example, according to this relation (+A) guarantees that p - Ap.
As I have argued in the previous section, if your beliefs are ‘inconsistent’ according to this
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consequence relation you are not necessarily being incoherent by committing yourself to a
contradiction. The most any belief or assertion commits you to is the determinacy, not the
determinacy™, of what is believed or asserted.

In this vein Zardini presents an argument that does not rely on A-intro [152]. His
argument operates directly with the notion of determinacy*. His argument shows that if
we assume the determinacy™® of (a) the vagueness of A" Fx for each n, (b) the Fness of ag
and (c) the non-Fness of a1,000,000 We can derive a contradiction. More formally he assumes
the following: A*JzVA"Fx, A*Fag, A*~Fai,000,000-

What is surprising about Zardini’s argument is that although I have throughout been
arguing for the vagueness of predicates of the form A"™Fz, i.e. for the claim JaVA" Fz,
I cannot maintain that this claim is determinate*. This is interesting as it is a concrete
example of something I would count as a permissible assertion which is not determinate*.

To check that these assertions, including 3x VA" Fx and 3xVA* Fz, do not commit us
to any contradictions we need to show that not only are there models in which they are all
true, but that there are models in which they are all determinately true. In fact, one can
show for any n € w that there is a model in which these claims are determinate™ true.

Let’s start with an example in which JxVA* Fx is simply true. Note also that all these

examples apply also to IxVA™ Fz.
C 13—~ 149

Remember that a number is determinately* small at a point iff you can’t get to a smaller
number by following the arrows. So, for example, the left node sees a node (itself) in which
14 is not determinately* small, and can see a node in which it is (the right node.) Thus,
at the left node it is vague whether 14 is determinately* small, so ‘determinately™ small’
has a borderline case. However the vagueness of ‘determinately™ small’ is not determinate
because the left node sees a node in which ‘determinately™ small’ is completely precise: the

right node. ﬂ
ClZ — 13— 143

Here at the leftmost node it is vague whether 13 is determinately* small: it sees a world
where it isn’t (itself) and a world where it is (the middle node.) At the middle node it’s
vague whether 14 is determinately* small (see above). So at the leftmost node we have
A(VA*S(13) V VA*S(14)). Thus at every node the leftmost node sees ‘determinately™*
small’ has a borderline case, witnessed by 13 and 14 respectively. This gives a model for
AJzVA*Fz (and also AJzVA"Fx, for each n.)

Cu 9 Q 143

Just as before, it is vague at the leftmost node whether 12 is determinately* small. At every
world it sees either 12 or 13 is a borderline case of determinate® smallness (see above), and
at every node seen by a node seen by the leftmost either 12, 13 or 14 is a borderline case of
determinate* smallness. So we have AA(VA*S(12) v VA*S(13) vV VA*S(14)). Thus this
is a model for AAJFzVA*Fzx (and also AAIzVA" Fx, for each n.) It should be clear how
to carry on this series.

4.2.5 Nihilism*

One response to a Sorites paradox for a predicate of the form A*Fzx is simply to deny
than anything satisfies A*Fx. 1 shall call this view ‘nihilism*’ since it mimics the nihilist
response to the ordinary Sorites paradox.

It should be noted that the necessitation principle for A, a principle we have appealed
to throughout this chapter, already supplies counterexamples to nihilism* since, with a
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principle of infinitary conjunction introduction, we can easily show A*(Fx V —Fz). Not
only can we show that logical truths are determinate*, but we can also show things like
A*(AFz — Fz), and indeed A*(OFx — Fx) and A*(KFx — Fux) if we have necessity and
knowledge operators in the language. Although certain logical and conceptual truths are
among the determinate® propositions, some conceptual truths aren’t. For example, if it is
vague whether any foetus of a certain age is a person, then presumably it is is a conceptual
truth one way or the other without being a determinate, and hence a determinate*, truth
one way or the other.

Anyone who accepts necessitation for A has to admit a distinction between certain
determinate® truths and others. I would be very skeptical that such a distinction would be
a precise distinction.!” And without a motivated precise distinction between the A* truths
and the rest, a response to the paradoxes of higher order vagueness is needed.

A more radical approach is to deny necessitation altogether. This is the strategy that
Dorr seems to endorse in [26]. A standard way to model failures of necessitation is to
introduce a distinction between normal and non-normal nodes in the kind of Kripke frames
we have been considering. Such a move invites variants of the kinds of paradoxes we have
been considering. For example, we could define an operator A yp saying that p is true at all
accessible normal worlds, and run the paradox for the operator Ay p. Without appealing
to this particular semantics for non-necessitatable operators, we must have some notion of
normalcy which allows us to say things like ‘Ap — p is part of our logic and Ap — AAp
isn’t’, i.e. something stronger than the mere truth or assertability of p, but weaker than
the empty notion of determinate* truth.

4.3 Appendix

Here we demonstrate some relevant facts about the logic of higher order vagueness. Recall
that:

Definition 4.3.0.2. A v-frame is a triple (W, d(-,-), f(-)) where (W,d) is a metric space,
and f: W — R obeys the following:

(A) Yw,v e W, |f(w) = f(v)| < d(w,v)

A formula of propositional modal logic is valid on a v-frame (W, d, f) iff it is valid on
the Kripke frame (W, R) where Rxy iff d(z,y) < f(x).

Dorr [25] shows, translating into the terminology of v-frames, that B is not valid over
the v-frame ((1,2),|r — y|, §) although the weaker principles p — A-AA-p and B? are
valid in this frame. It is possible, however, to construct v-frames in which p = A—-A"—p is
valid for no n € N. For example, let W := {0, 1}, d(z,y) = [z — y[, f(0) =1 and f(1) = 3.

What is the logic of v-frames? Clearly every v-frame generates a corresponding reflexive
Kripke frame, so the logic of v-frames contains KT. One might have hoped that every
reflexive Kripke frame could be generated from a v-frame this way ensuring a logic of exactly
KT. This reduces to the question of whether every reflexive digraph can be embedded into
a metric space in such a way that there is a a closed ball around each node that contains
all and only those nodes it can see. Unfortunately this does not hold:

Fact: Suppose F is a Kripke frame based on a v-frame. If F contains a cycle, it contains
a 2-cycle.

To see this suppose that {(ag,...,a,) is a cycle in F = (W, R) where n > 2. For
convenience let a; = a; where j = i mod (n+1) for ¢ > n. Now suppose that that
—Raj1a; for every i. Since for each i Ra;a;+1 we know that d(a;,a;+1) < f(a;) in the
corresponding v-frame. We also know that f(a;) < d(a;—1,a;) since =Ra;a;—1. Thus for
each 1, d(ai,aiH) < f((lz) < d(ai_l,ai), S0 f(an) < d(an_l,an) < f(an_l) < ... <

17 At least, there isn’t any obvious precise criteria for distinguishing the two such as ‘is a tautology’ and
SO on.
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fla—1) = f(an), i.e. f(an) < f(an) which is a contradiction. So for some i, Ra;a;+1 and
RaiHRai.

v-frames thus have more structure than reflexive frames. However, it turns out this does
not make a difference to the logic:

Theorem 4.3.1. Completeness. A set ¥ is valid on every v-frame iff its members are
theorem’s of KT.

Proof. Suppose that ¥ is a KT-consistent set of formulae. Then ¥ is satisfiable on the
canonical frame F. F may contain cycles without 2-cycles, so we cannot yet infer that X is
satisfiable on some v-frame. However we may construct a frame from F, with all the cycles
ironed out, that is equivalent to a v-frame.

Let ap be a maximal KT-consistent set containing 3. We may assume that ag is a root
of F (if it isn’t take the generated subframe around ay and work with that instead.) Define
FT:=(WT,R") as follows

e W+ :={s|s apath in F such that sy = aop}
o RT :={(s,t) | |t| =1s|+1and s; =¢; fori <|s| or s =t}

Claim: f(ag,...,a,) = a, is a bounded morphism from F7* to F.

(1) Suppose Rtst. If s = t then f(s) = f(t) so Rf(s)f(t) since R is reflexive. If
[t| = |s| + 1 then Rf(s)f(¢) since ¢t and s are paths.

(2) Suppose Rf(s)f(t). We want to find a u such that RTsu and f(u) = f(t). If
f(t) = f(s) let u = s. Otherwise, let u = (s, f(t)).

Since anything valid on F7* is valid on every bounded morphic image of F* (see for
example [10]) it follows that X is satisfiable on F*. Now we construct our v-frame as
follows:

e We begin by defining distance between adjacent points. If R* st then e(s,t) = e(t,s) =
7 Always fix e(s,s) = 0

o d(s,t) :==inf{d> i, epi,pit+1) | Po = s, pn = t,p a path in the symmetric closure of F+}
4 f(S) = 2\1s|
It is now easy to check that (W™ d, f) is a v-frame and that Rt st iff d(s,t) < f(s). O

Cian Dorr has pointed out to me that the constraint (A) on v-frames does not play
much of a role in the proof of Theorem 4.1. This allows us to prove a slightly more general
result:

Definition 4.3.1.1. ¢ difference measure is o function g : R? — R such that:
e g is continuous in both arguments.
o g@,a) =0
o g(x,y) = g(y,x) (this constraint is optional in what follows.)

For a given difference measure, g, a g-frame is a triple (W, d(-,-), f(-)) where (W,d) is
a metric space, and f: W — R such that:

(A') Yw,v e W,g(f(w), f(v)) < d(w,v)
Corollary 4.3.2. For any difference measure g, the logic of g-frames is KT.

Proof. Note that for any positive a there is a b < a such that g(a,b) < a since g(a,a) =0
and g is continuous in both arguments. For any a pick a unique such b, a4 (choice.)
Now modify the construction in Theorem 4.1 as follows.
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Fix e(s,s) = 0 for every s.

Let e({ag)),t) = e(t, {ag)) := 1 for t # (ag) such that Rt {ap),t.

Suppose that e(s,t) = e(t,s) = a has already been defined for R*st, and suppose
that R*tu t # u. Define e(t,u) = e(u,t) = aq.

d(s,t) :==inf{> " se(pi,pit1) | Po = $,pn = t,p a path in the symmetric closure of F*}

f(s) := sup{e(s,t) | RTst}.

O

The interest in this generalization is that one might think that it becomes much harder
for two points to differ on the interpretation of ‘determinately’ the closer together they are.
Perhaps it is not the difference between f(w) and f(v) that must be less than d(w,v) but
the difference between their ratios, or some other such g.

4.3.1 Further restrictions

The proof of completeness and the counterexamples to the B™ principles relied heavily on
our considering slightly artificial frames that were based on metric spaces that either aren’t
dense, or have points with zero accessibility range. A natural class of v-frames to consider
are those based on metric spaces of the form R™ where f(a) > 0 for all @ € R™. In these
frames whenever x can see y, there is a path back from y to x, even though there are frames
invalidating B™ for each n € w (i.e. there is no upperbound on how long these paths might
be.) This is worrying since this means that AA*p vV A-=A*p is valid over these frames.
We can express something like this principle in modal logic. I'll call it B*.

B*: A(p — Ap) — (-p — A-p) (4.8)

B* is valid in the class of v-frames just described. In the presence of KT, B* defines what
I shall call ‘the backtrack principle’.

Whenever Rxy there exists zi,..., 2, such that (a) 21 =y, 2z, = z and (4.9)
Rz;zi4q for 1 <i < nand (b) Raz; for 1 <i < n.

Proof. We shall show that (A(p — Ap)A—A-p) — p defines the requisite property. Suppose
the reflexive frame F = (W, R) has the backtrack property. Now suppose z IF (A(p —
Ap) A =A-p). The second conjunct ensures that there is a y such that Rxy and y I+ p.
Since F has the backtrack property there is a finite path back from y to x, z1, ..., z,, which
x can see. Since z I A(p — Ap) each z; IF p — Ap. Since z; =y and y I p, y I Ap - by
induction we can see that z; IF p for each ¢ which means z, = x IF p as required.

For the other direction suppose, for contradiction, that F = (A(p — Ap) A—A-p) = p
but F lacks the backtrack property. This means that for some = and y, Rxy but there is
no path back from y to = which x can see. Define the following valuation on F: w I p iff
there are z1, ...z, such that (1) z; = y, Rzpw and Rz;z;41 for 1 <i < n and (2) Rxz; for
1 < ¢ < n. Certainly if z had this property then z1,...,z,,x would be a path back to =
which x can see, so z Iff p. However z IF A(p — Ap) since if Rzw and w IF p then there is a
path from y to w satisfying (1) and (2): z1,...z2,. Furthermore, for any world that w sees,
w'y 21,...,2zp,w will be a path from y to w’ satisfying (1) and (2), since Rzw.

O

Is KTB* the modal logic of these v-frames? We start with a negative result: KTB* is
not sound and strongly complete with respect to any class of frames. I.e. there is no class
of frames, C, such that a set is KTB* consistent iff it’s satisfiable on a frame in C. The
following also shows it is neither canonical nor compact.
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Proof. To show this we shall show there is a KTB*-consistent set of sentences which is
unsatisfiable on every frame validating KTB*.

Let ¥ := {p,7A-q} U{A(g = A"p) | n € w}. If ¥ were KTB*-inconsistent some
finite subset would be KTB*-inconsistent (since proofs are finite.) We shall show that for
every m € w, X, := {p, 7"A-q} U{A(q¢ = A"—p) | n € m} is KTB*-consistent. ¥,, has a
KTB*-model: (m + 1, R) where Rxy iff # = 0or x > 0 and |x —y| < 1. 0 can see m and
there is a finite m length path back from m to 0 that 0 can see but no shorter path. Let ¢
be true only at m and p only at 0.

However, if F validates KTB* then F has the backtrack property so at no point of F is
every member of ¥ true: if x IF =A—q then z sees some y IF q. By the backtrack property
there is a path 21, ..., 2, back to  which = can see, so A(g — A"*T!1=p) cannot be true at
z if z IF p.

O

However there is a positive result, namely that KTB* is sound and complete over the
class of reflexive frames with the backtrack property. For this result I refer the reader to
Benton [9], who shows that KTB* has the finite model property.

Theorem 4.3.3. If ¢ is KTB*-consistent then it is satisfiable on a finite reflexive frame
with the backtrack property.

The question whether KTB* the logic of v-frames over R” in which f(x) > 0 remains
open.
4.3.2 B entails that a conjunction of determinate truths is deter-
minate

The aim is to show distributivity within the modal logic KB with infinitary conjunction
(C1-C3 below.) For convenience I shall introduce an operator {p := =A-p

D. /\i<w A¢z — A/\i<w ¢)2
KB
K A = ¢) = (Ad — Av)
B ¢ — Ado
Nec. if - ¢ then - A¢

Cl. A, i — ¢n for each n < w.

C2. Nico(@i = i) = (Nicey i = Nicos ¥3)-
C3. If F ¢; for each i < w, = A, ¢.

Claim: D is independent of K (and KT) + C1-C3.

Construct a Montague-Scott frame as follows (see [19]): Let W := N and for each world
w € W let the necessary propositions at w, N(w), be the cofinite subsets of W (if we are
trying to model T (i.e. Ad — ¢) as well we let N(w) := {X U {w} | X is cofinite}.) Then
(W, N) satisfies:

1. W e N(w) for all w e W
2. If X,Y € N(w) then X NY € N(w)
3. (For T) If X € N(w) then w € X.
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Thus our frame models K (/KT) including C1-C3. However it does not model D, as can be
seen by letting [p;] :== {n € N | n > i} (for KT: {n € N | n > i} U {0}, allowing D to fail
at 0.) On the other hand any Kripke frame (reflexive Kripke frame) will validate K (KT)
along with D.

Although the distributivity of infinite conjunctions over A is independent of K, the
distributivity of ¢ over infinite conjunctions, perhaps surprisingly, is not independent in
this way and can be show given just some relatively uncontroversial principles governing
infinite conjunction.

Lemma 4.3.4. O\, i = N\ico, OPi

Proof. First note that & A, pi — $p; for each j, by C1 and the background modal logic
of K. Then by C3 and then C2 we can infer G A, pi — Ao, Opi- O

Theorem 4.3.5. Although D is independent of K (and KT) it is not independent of, and
is in fact entailed by, KB (and thus KTB.)

Proof. B directly gives us:
N Api = A N\ Ap; (4.10)
i<w i<w
We may also infer from our lemma that
AQ N Ap; = A N OAp; (4.11)
1<w 1<w
by applying necessitation and the K principle. Finally we have
AN Oap = AN pi (4.12)
<w i<w

because we have {Ap; — p; for each i by B. So by C3 and then C2 we get A, OCAp; —
Ni<. Pi; and by necessitation and K that gives (12).
But (10), (11) and (12) give distributivity. O

It should be noted that this argument does not appeal to any characteristically classical
principles. Indeed this argument can be carried out provided one has the following rules of
inference as primitive or derived:

=1 ¢, 0 > Y VY
=2. p=> Y, Y= xFEP—x
3. ¢ =Y — ¢

and where KB is understood to contain K and the axioms ¢ — Ad¢ and $AP — ¢.18

18Without the second version of B the most we could prove without double negation elimination would
be things of the form $A—¢ — —¢.
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Chapter 5

A Theory Of Indeterminacy

In this thesis we have argued against the view that indeterminate and factually defective
discourse arises due to a certain kind of laxness in the way we use language to talk about
the world. In this chapter we outline an alternative theory of indeterminacy which does
not depend on the way we use language.

In doing so we also answer a potential challenge: one might concede that vagueness is not
linguistic but still think that some indeterminacy is linguistic. Two particular examples
come to mind: indeterminacy arising from concepts introduced via incomplete linguistic
stipulations and indeterminacy arising when names for the roots of -1 are introduced inde-
pendently [14]. In §5.1 I outline these two examples and in §5.2 I develop a general theory
of indeterminacy which accounts for these examples. Finally, in §5.3 I present some formal
machinery which I think is illuminating for the account presented here.

5.1 Two examples of indeterminacy

Many topics of interest to philosophers are thought to involve indeterminacy. A short list
of such examples includes:

This sentence is true (5.1)

If Bizet and Verdi had been compatriots, they would have been Italian.

‘This ball on earth is heavier than that ball on the moon’ said in pre- (5.3
Newtonian times.

Harry is bald. (5.4)
It will rain tomorrow. 5.5
There’s an uncountable subset of the reals that’s not in one-one corre- 5.6)

spondence with the reals.

While none of these examples is uncontroversial — indeed, for each example some philoso-
pher has disputed its claim to being indeterminate — it seems clear that most philosophers
understand what it means to call a claim indeterminate, even if only to dispute it. However,
while I think it is relatively clear that some of these examples are somehow factually defec-
tive, I don’t believe that vocabulary like ‘factual’, ‘indeterminate’ or ‘no fact of the matter’
have clear and pretheoretically available meanings. For example, as many philosophers use
it, the claim that p and it is not a fact that p is consistent; yet the pretheoretical use of
these terms seems to suggest otherwise. The project, as I understand it, is to elucidate the
notion to someone who already has it, or at least to isolate some notion which has some
intuitive claim to expressing non-factuality which plays the right theoretical role.

My focus will be two examples that appear to be factually defective, which seem par-
ticularly well suited to a linguistic explanation of this defectiveness.
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The first example is adapted from Brandom [14] (although I shall follow Field’s presen-
tation in [36].) Imagine that at some point before the 16th century a community of English
speakers had been separated from the rest of us and that they had then been reintegrated
with us at the present day. We find out that their mathematicians had also discovered the
complex numbers. Now their dialect of English is much like ours, except that in introducing
names for the two square roots of —1 they used the symbols ‘/” and ‘\’, in stead of ‘i’ and
‘—7’. We may suppose that the two dialects of English become integrated, but the four
names for the two square roots of —1 remain. Now it is easy to show that ¢ and —i are
the only two square roots of —1, and since / is a square root of —1, so we can prove that
/ =i or / = —i. But which of these two possibilities obtains? The dominant view seems
to be that there is no fact of the matter; it is indeterminate whether / =i or / = —i. This
is because there is an automorphism of the complex numbers which maps 7 to —i, so there
is no ¢/’ free sentence the isolated community could utter that would distinguish / from
without it also distinguishing it from —i.

At any rate, whatever this response amounts to, it presupposes the intelligibility of
some notion of indeterminacy or non-factuality. The goal of this chapter is to get a better
understanding of this notion. Since the use of an indeterminate identity statement adds a
wrinkle which I don’t think is important, I shall take my first example of an indeterminate
proposition to be:

/ is positive (5.7)

where an imaginary number is taken to be positive if it is a positive real multiple of ¢, and
negative if it is a negative real multiple of i. We assume that ‘positive’ will not be a notion
the separated community will have until they are reintegrated.

My second example is of an incomplete definition, taken from Fine [43]. Suppose that
I stipulate that a natural number is nice* if it is less than 15 and that it’s not nice* if it is
larger than 15. Assuming that this stipulation is good we can go on to say many contentful
things about being nice*. For example, we may say that there are nice® primes, or that
there are at least 10 nice* numbers. It seems that being nice* is a perfectly legitimate
property, which some numbers have and others don’t. The difficulty concerns cases like the
following:

15 is nice* (5.8)

What is the status of (5.8)7 Assuming our stipulation is good, it follows from the law of
excluded middle that either 15 is nice* or it isn’t, but there is no way of determining which
from our stipulation. Of course, one could question whether the stipulation succeeded, and
that our uses of ‘nice®’ ever express a property. However it is common practice to make use
of a word without there being explicit necessary and sufficient conditions for its application
in all cases, and the stipulation we made seems similar enough to this phenomenon to make
it hard to see how it might differ. For example, even in mathematics, we freely make use
of exponentiation even though there are many functions, f, which agree with our use of
exponentiation but differ over the value of f(0,0). Although there is slightly less consensus
in this case, one of the most prominent accounts of (5.8) is again to say that there no fact
of the matter.! It is indeterminate whether 15 is nice* or not.

5.2 A non-linguistic account

In what follows I shall outline a non-linguistic account of indeterminacy. Here we bring to-
gether the ideas developed in other chapters by defining the notion of determinacy explicitly

LOther views include the view that ‘nice*’ does not express a proposition, ([5]) and the view that 15 is
(determinately!) not nice* [140].
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within our theory of propositional attitudes; i.e. we define the property of a proposition
being determinate in terms of the notion of a coherent prior and preference ranking.

However, an intermediate notion I shall appeal to in my analysis is that of a proposition
being indiscernible from another, which I think has intuitive appeal of its own. I shall begin
by introducing the notion of indiscernibility informally, and I shall use it to give a definition
of what it means for a proposition to be determinate or indeterminate. Then in section
5.2.3 I shall show how to reduce the relation of indiscernibility to the notion of a coherent
preference ranking and a coherent prior which we introduced in chapter 1.

One might object that we cannot have the concept of conceptual coherence without
already understanding the notion of indeterminacy I am trying to introduce. Whether or
not my explication constitutes a reduction of the concept of indeterminacy to concepts not
involving indeterminacy is not a question I shall concern myself with here. Throughout
this thesis I have argued that the notion of indeterminacy plays an important role within a
theory of rational propositional attitudes. Through this role we have introduced the notion
of indeterminacy implicitly; here we show how to introduce it explicitly in terms of the
notions of coherent prior and preference. No claim of reducibility should be inferred from
this.

5.2.1 Indiscernibility

Recall that / and \ are the two square roots of —1, but it is undetermined whether / is
i or —i. The fact that there is an automorphism of the complex numbers that maps /
to \ ensures that / cannot be structurally distinguished from \. But they are not just
indiscernible from the point of view of mathematical relations: every belief or desire that
could be rationally held about /, would be equally rational if / were everywhere substituted
for \ and vice versa (a similar thing can be said about ¢ and —i.) Furthermore, it seems that
if you're rational then your beliefs and preferences ought to be invariant under a uniform
substitution of / for \ and vice versa.? Thus anything of importance to communication,
decision making and so on is preserved if we uniformly replace the concept of / with \ in
everything we think and say. Indeed, there is nothing we can think or say about / which
can’t be said also about \ that doesn’t essentially involve / or \ in some way. This fact is
reflected at the level of propositions too: there an automorphism, this time on the algebra of
propositions, that preserves their role in our thought and interaction with the world (I will
make this precise later) which switches the proposition that / = ¢ with the proposition that
\ = 4. For all intents and purposes the proposition that i = / with ¢ = \ are interchangeable
- for any calculation I might want to do, or belief or desire I might form, it wouldn’t matter
if T had it about the proposition that / is F' or the proposition that \ is F so long as I
am rational and am consistently interchanging every thought and belief I form in these
propositions.

In our second example we stipulated that a number is nice* if it is less than 15 and not
nice* if it is greater. Suppose I now introduce a new property, being nice,, as follows:

A number is nice, iff it is either less than 15, or equal to 15 and not nice*. (5.9)

Notice that a number is nice* if it is less than 15, it is not nice, if it is greater than 15 and
15 is nice, if and only if 15 is not nice*. There is a symmetry in these definitions which
isn’t immediately apparent. For if we already had the notion of being nice, we could define
nice* as follows:

A number is nice* iff it is either less than 15, or equal to 15 and not nice,. (5.10)

2This latter claim seems to be stronger, since the former claim leaves it open that there are some rational
people who would have a preference involving / but not \, provided there are other rational people who
have the reverse preference.
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Now we can easily see that the proposition that 15 is nice* is distinct from the proposition
that 15 is nice,: the truth of one proposition implies the falsity of the other, so they cannot
be identical. Similarly neither proposition is identical to the proposition that 15 is less
than or equal 15, or the proposition that 15 is less than or equal to 14, since we presumably
don’t know whether 15 is nice* or nice,, but we surely know that 15 is less than or equal
to 15 but not less than or equal to 14. Nevertheless, that each proposition implies the
negation of the other seems to be the only important difference between them. Anything
else that we might think or say to distinguish them would involve the new propositions in
some way or another (again, I shall defer making this precise until later.) The proposition
that 15 is nice® and the proposition that 15 is nice, can’t be distinguished in terms of the
role they play in our mental lives. They bear exactly the same evidential relations to other
propositions, and cannot be treated asymmetrically by a rational agent within her system
of beliefs and preferences.

With the notion of indiscernibility at hand we are already in a position to state an
account of indeterminacy. A feature both examples have in common is the existence of
propositions indiscernible from them. We can use this to explain what it means for a
proposition to be potentially indeterminate or ‘totally determinate’ (i.e. not potentially
indeterminate.)

It is totally determinate whether p iff there are no other propositions (5.11)
indiscernible from p.

We might compare this to the notion of a proposition being potentially borderline: ac-
cording to this conception a proposition is totally determinate if it is not even ‘potentially
indeterminate’. The familiar determinacy operator can be obtained in the following way:

It’s determinate that p iff every proposition indiscernible from the propo- (5.12)
sition that p is true.

Thus, for example, the proposition that 15 is nice* is not determinate: it is indiscernible
from itself and the proposition that 15 is nice,. And since these two propositions are
inconsistent at least one of them must be false. Therefore not every proposition indiscernible
from the proposition that 15 is nice* is true.

For an example of a proposition that is determinate but not totally determinate consider
the proposition, p, that either there are no flying pigs or 15 is nice* and the proposition, g,
that either there are no flying pigs or 15 is nice,. p and ¢ are indiscernible from each other
and from themselves, so neither are totally determinate. However they are both true, since
there are no flying pigs, so both are determinate.>

This also raises a distinction between ‘pure’ indeterminate propositions, such as the
proposition that 15 is nice* and impure, such as the proposition that either there are no
flying pigs or 15 is nice*.

p is a pure indeterminate proposition iff the conjunction of every propo- (5.13)
sition indiscernible from it is the contradictory proposition, and the dis-

junction of every proposition indiscernible from it is the tautologous
proposition.

This brings us to another natural question. It is not clear yet whether (5.12) is adequate.
Does (5.12) guarantee that there are people who are indeterminately bald? It is not obvious,
yet, that it does. This is partly due to our focus on pure indeterminate propositions, such
as the proposition that 15 is nice*, instead of contingently indeterminate propositions (yet
even the disjunctive example above does little to make claim about baldness plausible.)
It should become clear as we progress, however, that this approach applies to vagueness:

3Note also that this is an example of two indiscernible propositions which are not negations of each
other.
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a proposition, such as the proposition that Harry is bald, can usually be split up into
a disjunction of conjunctions of pure indeterminate propositions and totally determinate
propositions; at a first approximation, with idealising assumptions, the proposition that
Harry is bald is the disjunction of the set {Harry has no more than n hairs and having m
hairs is the cut off for baldness | n < m}.

5.2.2 Logical properties of indiscernibility

The preceding remarks make a reasonable case that there is some intuitive notion of indis-
cernibility. We now attempt to give a more precise account of the logical structure of the
indiscernibility relation.

Let us symbolise the relation of indiscernibility as ~. The claim that p is totally deter-
minate can be thus formalised as Vg(p ~ ¢ — p = ¢). The following (very incomplete) list
of principles look as though they govern the indiscernibility relation:

L.p~p

2. lf p~qgand g~ r thenp~r
3. If p~ g then q ~ p.

4. T4 L

ot

T~p—=p

6. L~p— L

7. If p~ qthen —p ~ —q.

8. IfVg(p~q—p=qg)and g ~rthenpAg~pArandpVg~pVr.
9. IfpAr=1,andgAs=1,p~qgandr~sthenpVr~qVs.

Of these I think 1-6 are pretty straightforward. 7-9 are perhaps best demonstrated via
examples. For example 7 grounds the intuition that the proposition that 15 is not nice,
and the proposition that 15 is not nice* are indiscernible. 8 and 9 are slightly harder to
motivate. Intuitively the proposition that snow is white and 15 is nice* is indiscernible
from the proposition that snow is white and 15 is nice, (and similarly for the disjunctive
propositions.) This intuition is grounded by the general principle 8 assuming that the
proposition that snow is white is totally determinate (given the vagueness of whiteness it
presumably isn’t a plausible assumption.) Our goal, then, is to give a formal account of ~
which validates these intuitive principles.

One thing to notice is that the restriction that r is totally determinate is required in
principle 8. Without the restriction 8. would be false: if we let » and p be the proposition
that 15 is nice™ and ¢ be the proposition that 15 is nice, we get that the proposition that 15
is nice® and nice* is indiscernible from the proposition that 15 is nice* and nice,. However
the latter conjunction is inconsistent whereas the former is equivalent to the proposition
that 15 is nice*. The problem here is that we have not switched the proposition that 15 is
nice* for the proposition that 15 is nice, uniformly. This problem is the key to motivating
the formal account to follow.

The central guiding principle, for calculating whether complex propositions are indis-
cernable from one another, is the principle that if p and ¢ are indiscernible, then uniformly
switching p for ¢ in any other proposition results in an indiscernible proposition. The notion
of uniform substitution and uniform switching is easy to make sense of if we are talking
about sentences instead of propositions: for example if ¢ is the result of replacing the sen-
tence ‘15 is nice™’ (or, the term ‘¢’) everywhere with the sentence ‘15 is nice,’ (or the term
‘—7’) in ¢ then ¢ is obtained from % by uniform substitution. And if you simultaneously
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(not sequentially) substitute ‘15 is nice,’ for ‘15 is nice*™’ as well, then ¢ is obtained from
by uniformly switching ‘15 is nice,’ and ‘15 is nice*’. Consider:

1. ‘snow is white or ¢ is complex’
2. ‘snow is white or —¢ is complex’
‘(snow is white and 15 is nice*) or 15 is nice,’

‘(snow is white and 15 is nice,) or 15 is nice®’

ook W

‘(snow is white and 15 is nice,) or 15 is nice,’

¢

So 2. can be obtained from 1. both by uniformly substituting ‘¢ is complex’ for ‘—i
is complex’ and uniformly switching them. 4., but not 5, can be obtained from 3. by
uniformly switching ‘15 is nice*’ for ‘15 is nice,’. And 5., but not 4., can be obtained by a
uniform substitution. It is only switchings that guarantee the sentences express indiscernible
propositions — for example 1. and 2. express propositions that are indiscernible from one
another, as do 3. and 4.; however 4. and 5. do not.

This is all very well and good, but it is not so clear, however, what a uniform switching
of propositions within another proposition amounts to since we can’t appeal to the typo-
graphical features a sentence has. In order to solve this problem we need to introduce the
mathematical notion of an automorphism:

Definition 5.2.0.1. Let B be a complete Boolean algebra (such as the algebra of proposi-
tions.) Then o : B — B is an automorphism of B iff

e o is a bijection (a one to one correlation.)
o o(—p) = —o(p) for eachp € B

e o(VX)=V{olp) |pe X} for X CB

It follows from the definition that (A X) = A{o(p) | p € X} for X C B. An automor-
phism is therefore a bijective function on a Boolean algebra that preserves negation and
arbitrary disjunctions and conjunctions.

Let p be the proposition that 15 is nice® and ¢ the proposition that 15 is nice,. Given
some natural assumptions there will be an automorphism, o, which switches p and g,
ie. o(p) = ¢q and o(q) = p, which also fixes every determinate proposition. Let r be
the proposition that snow is white, so, idealising somewhat, r is a totally determinate
proposition. We claimed that that 3. and 4. expressed indiscernible propositions, i.e. that
(rAp)Vq) ~ (rAq)Vp). In fact there is an automorphism that maps one to the other
— and furthermore, it’s the very automorphism we just considered: o. o((r Ap)V q)) =
o(rAp)Vo(q)=(o(r)No(p))Valg)=(rAq)Vp).

There is an important distinction to bear in mind: some, but not all, automorphisms
only map indiscernible propositions to indiscernible propositions. We can work under the
assumption that there is a more restricted set of automorphisms, G, on the algebra of
propositions which preserve further features of one’s rational propositional attitudes. Call
these automorphisms the ‘admissible’ automorphisms. Given an admissible automorphism,
o, p will be indiscernible from o(p). This means we can reverse the order of definitions, so
that given a set of admissible automorphisms, G, we can say that p and ¢ are indiscernible
iff 30 € G o(p) = ¢. Thus:

It is totally determinate whether p iff o(p) = p for all admissible auto- (5.14)
morphisms o.
It is determinate that p iff, for each admissible o, o(p). (5.15)

An equivalent and useful way to formulate this condition is to think of determinacy as an
operator in the object language, A, whose interpretation is given by the function §(p) :=
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N{o(p) | o € G}. There is a special name for the set {o(p) | 0 € G}: it’s called the orbit of
p, which we can write Orb(p). The interpretation of the determinacy operator is therefore
given by A Orb(p).

5.2.3 Admissible automorphisms

Note that an automorphism of propositions will preserve all the inferential connections
between those propositions, thus the logical connections between the beliefs (or more gen-
erally the Vings) that py, ..., p, are preserved under automorphisms. Thus automorphisms
preserve one of the aspects of a proposition’s attitudinal role that we are interested in.
However, not all automorphisms preserve the relevant features - there is more to the no-
tion of indiscernibility than having symmetrical logical roles. For example, under plausible
assumptions there is an automorphism that maps the proposition that there are an even
number of books on my bookshelf to its negation.* These two propositions, however, are
not indiscernible since they play a very different epistemic role. For example they are clearly
not evidentially symmetric: I might look at my bookshelf and see that there are only two
books. It is clearly possible that I be in this evidential state, in which the evidential prob-
ability that there are an even number of books on my bookshelf is much greater than the
probability that there are an odd number. The evidential relationship between the propo-
sition that 15 is nice* and the proposition that 15 is nice, is relevantly disanalogous — I
could never have evidence for one and not the other (indeed, in this case, I could never have
evidence for either) — an adequate account of indiscernibility should take this into account.

The intuitive gloss is that two propositions are indiscernible iff one cannot coherently
hold a certain kind of propositional attitude towards one proposition but not the other.
One could put this slightly more contentiously as saying that p and ¢ are indiscernible if a
belief or desire that p has the same conceptual role as a belief or desire that q.

Our task is to say a bit more about what makes an automorphism admissible. I should
begin by clarifying that I do not mean to say that one couldn’t in principle believe, or
hold some attitude, towards one but not the other of a pair of indiscernible propositions.
I imagine that if one was careless enough one could even end up believing contradictions.
What I mean to say is that no rational person could coherently hold distinct doxastic
attitudes towards these propositions, just as one could not rationally believe a contradiction.

The characteristic epistemological properties of logical truths and falsehoods (under-
stood as properties of propositions) are features that rational agents exhibit. Similarly the
epistemological properties of indiscernible propositions should be explicated in terms of the
belief forming dispositions of a perfectly rational agent. A natural place to start explaining
what it means for one proposition to be ‘interchangeable’ for another would be to start
with a theory of rational propositional attitudes. In the case of desire and belief there is
already a very promising theory of rational preferences due to Jeffrey and Bolker which we
outlined in chapter 3.

Now to turn to the matter at hand. Instantiating preferences which comply with the
principles of Jeffrey-Bolker decision theory is necessary, but not sufficient, for being coher-
ent. No-one could coherently care whether 15 is nice® or not, nor could they possibly have
evidence which would rationally permit adopting a higher credence in the proposition that
15 is nice* than in the proposition that 15 is nice,, even though they may comply with
the Jeffrey-Bolker axioms. Phrasing these constraints in terms of preferences suggests a
promising definition of admissibility:

(Ad) o is admissible (if and) only if, for any coherent preference ranking < and proposition
p, p and o(p) are ranked together: p ~ o(p).

4The assumption is that this proposition is a disjunction of atoms, and that there are just as many
atoms beneath this proposition as not. The former assumption is universally made among possible world
semanticists, so the second assumption reduces to their being just as many worlds in which there is an even
number of books on my bookshelf as not.
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Unfortunately this definition will not quite do if we want this account to remain compatible
with the view defended in chapter 2. It is worth reflecting on why this is. Let S, N* and
N, be the propositions that snow is white, 15 is nice* and nice, respectively. We have
argued that SV N* and S V N, are indiscernible on the simplify assumption that S is
totally determinate. However, Pr(SV N* | SV N,) < 1if Pr(S) < 1 and S and N*
are independent, yet clearly Pr(SV N, | SV N,) = 1. If SV N, could be someone’s
total evidence these indiscernible propositions would be discernible to this person given
their evidence; if this could be someone’s evidence then these indiscernible propositions will
feature differently in preferences of an agent who has this evidence. Now the question is,
could this conditional probability be a rational person’s credence? I.e. could SV N, be the
strongest evidence a person has at a given time (as opposed to the stronger S say)?

With this particular example it does not seems very likely. However in chapter 2 I argued
that when our evidence is inexact the strongest evidence we have is a vague proposition.
Since vagueness is a type of indeterminacy it seems that in general we can be in a situation
where our strongest evidence is a determinate but not totally determinate proposition. Ac-
cording to the claims of chapter 2 (which, note, are not forced on us by anything we say in
this chapter) contingently indeterminate propositions (in this case ‘mixtures’ of pure inde-
terminate propositions and totally determinate propositions) are not always indiscernible
amongst rational agents who have learnt something.?

In order to allow for inexact evidence to be vague evidence we must restrict attention
to initial preference rankings — rankings of a conceptually coherent agent who has not yet
received any evidence.%

(Ad) o is admissible (if and) only if, for any coherent initial preference ranking < and
proposition p, p and o(p) are ranked together: p ~ o(p).

As a consequence of this note that if o is admissible and < is a coherent initial preference
ranking we have:

p=qiff p2o(q).
p=qiffo(p) 2 q.
p = qiff o(p) = a(q).

Thus a rational persons initial preferences are completely invariant under admissible auto-
morphisms. Either of the first two principles entails (Ad) and could serve as an alternative
definition of an admissible automorphism.

Someone might object to my definition on the basis that my primitives are mysterious —
how do these constraints on coherent priors and initial preferences manifest themselves for
informed people? In this respect, the definition has some fairly substantive consequences.
Say that <’ is a coherent preference ranking if and only if for some proposition, e, such that it
is possible that e is someone’s total evidence, and some coherent initial preference ranking
<, <'==<,. Finally, given a relation on propositions, R, define o(R) := {{c(p),0(q)) |
(p,q) € R}. We then get the following fact:

If < is a coherent preference ranking, o(<) is also a coherent preference ranking.

In order to show this fact we assume that if it is conceptually possible that e is someone’s
total evidence and €’ is an indiscernible proposition, e ~ €’, then it is conceptually possible
that e’ is someone’s total evidence. Thus, for example, it’s possible that Harry is bald is

5Say that a proposition p is a pure indeterminate proposition if the conjunction of all propositions
indiscernible from p is the contradictory proposition. It seems that pure indeterminate propositions, such
as the proposition that 15 is nice* could not be someone’s total evidence.

6This fact is just a restatement of the issue we encountered in chapter 2: we had to be careful to formulate
the supervenience of credences in the vague in terms of credences in the precise in terms of coherent priors,
i.e. regular probability functions that are conceptually coherent.
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someone’s total evidence just in case it’s possible that Harry is bald* is someone’s total
evidence, where the proposition that Harry is bald* is some proposition indiscernible from
the proposition that Harry is bald. This assumption about evidence would be entailed
by the claim that, if e is indiscernible from €', the proposition that my total evidence
is e is indiscernible from the proposition that my total evidence is e’. Neither of these
assumptions is entailed by (Ad) alone. If our assumption is not true then we should amend
our definition of an admissible automorphism: an automorphism is admissible just in case
it both preserves all coherent initial preference rankings and maps possible evidence to
possible evidence.

It should be stressed that the operative notion of possibility here is not metaphysical
possibility: if e ~ €’ and it’s metaphysically possible that my total evidence is e it does not
follow that it’s metaphysically possible that my total evidence is e’. Suppose that e is the
conjunction of some precise evidence and the proposition that Harry is bald, and €’ is the
conjunction of the same precise evidence with the proposition that Harry is bald*. Accord-
ing to chapter 2 it’s metaphysically possible that my total evidence is e or at least something
indiscernible from e. Yet presumably the fact that my total evidence is e supervenes on
facts that would be present if my total evidence were to be €’; the way I obtain inexact evi-
dence that Harry is bald* is exactly the same as the way in which I obtain inexact evidence
that Harry is bald (through imperfect vision, say.) In a situation in which the agents total
evidence is p and the proposition that Harry is bald it’s also epistemically possible that the
agents total evidence is p and the proposition that Harry is bald* — however this is just the
kind of epistemic possibility that is open to us when vagueness is involved. It’s vague which
of a number of indiscernible propositions is the agents evidence, although it’s determinate
that whatever it is, it’s a determinately true, but not totally determinate, proposition.

We may now turn to a consequence of having invariant initial preferences. Suppose that
<’ is a coherent preference ranking so <'=<, for some possible evidence e and initial coher-
ent ranking <. By definition p <. ¢ iff p A e < g A e. So for any admissible automorphism,
o,p=<"qifpre < gAreiff o(pAe) < o(gAe), since < is initial, iff o(p) Ao(e) < o(g) Ao(e)
iff o(p) <o(e) o(q). Thus 0(<x') =<,(e) s0 0(<’) is a coherent ranking too.

Let us move on to other consequences of our definition. It is easy to see that the
identity mapping is an automorphism and satisfies (Ad). In the appendix we show also
that compositions and inverses of admissible automorphisms are admissible, so G must be
a group. The orbit of a proposition can defined Orbd(p) := {o(p) | 0 € G}. It is easy to
check that \/ Orb(p) and A Orb(p)(= d(p)) are fixed by every automorphism in G, so both
these propositions are totally determinate (see appendix.)

Note also that (Ad) entails that for every coherent prior Pr(p) = Pr(o(p)) (see appendix
for argument.) So the following account explains why no-one can rationally be certain in
the proposition that 15 is nice*.

Allin all (Ad) gives us a very strong constraint on which automorphisms are admissible.
Perhaps this constraint is maximally strong in that it extensionally characterises the notion
of indiscernibility.

One might wonder whether the involvement of desires, through preferences, is really
necessary for our characterisation of indiscernibility. It is worth considering whether one
could have just considered automorphisms which preserve rational belief and other dox-
astic states. Would it have been enough, for example, to stipulate that an admissible
automorphism, o, must only satisfy the equation Pr(p) = Pr(o(p)) for every coherent
prior probability function? A potential source of counterexamples to this claim comes from
the existence of unverifiable propositions. There does not seem to be any possible evidence
for the proposition that there is an invisible undetectable teapot on the north pole and the
proposition that there is an invisible teapot on the south pole; yet these are not indiscernible
propositions.

This objection partly rests on a misunderstanding of the notion of a coherent prior I
tried to explicate in chapter 1. While it may, in some sense, be unreasonable to have priors
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which assign a high probability to the proposition that there is an invisible undetectable
teapot on the north pole, there is nothing conceptually incoherent about this belief. It is
not, for example, like having priors that assign the proposition that there’s a there is a male
vixen in the north pole a high probability.

Even if one does not accept the weak notion of rationality I’ve been calling ‘coherence’
once bouletic attitudes are included the picture changes further. I see no reason why one
could not coherently care whether there is an invisible teapot at the south pole, but it
seems that the same could not be said about caring whether 15 is nice*. This response
requires a moderate kind of permissivism about rational desire, but I do not think that
is too objectionable. While there is obviously a clear sense in which there is something
wrong with this kind on desire, it is not incoherent in the sense in which the desire to be
a married bachelor is, for example. My thesis is that it is incoherent to care intrinsically
about whether 15 is nice* or not in exactly the same way as it is incoherent to want to be
a married bachelor.

I believe the notion of coherence that I am appealing to has some pretheoretic appeal. Its
relation and importance to the study of vagueness has already been discussed in literature.
For example, in [41], Hartry Field describes the example of Roger, who thinks that if his
bank account password has the same last digit as the number of nanoseconds Bertrand
Russell was old for, then his life will go better, and Sam, who things that his life will go
better if the last digit of his bank account password is the seventeenth significant digit of the
Centigrade temperature at the currently hottest point in the interior of the sun. According
to Field, while Sam’s belief is thoroughly irrational, Roger’s is intuitively even worse as it
is conceptually confused.

An admissible automorphism of propositions preserves the coherence of all beliefs and
desires in those propositions. There is a natural question as to whether there are further
propositional attitudes whose coherence is preserved by these automorphisms. For exam-
ple, in the same paper, Field suggests several propositional attitudes that one could not
coherently hold towards an indeterminate proposition, which includes, as well as bouletic
and doxastic attitudes, hoping, wondering and moral attitudes [41]. For a critical discussion
of this claim see also [135].

Although the term ‘conceptual role’ comes with a lot of baggage which I don’t want
spend time on, it is certainly a term one can make sense of without the baggage, and one
that does a good job of describing what I have in mind here. I take it that the conceptual
role of a belief or desire that p includes at least the role that belief or desire would play
in a somewhat idealised psychological description of how a coherent rational agent’s beliefs
and desires would evolve over time in response to sensory inputs, and the role these desires
and beliefs in turn affect their dispositions to act in certain ways. It seems very plausible,
given our preference theoretic definition of admissibility, that a belief or desire that p has
the same conceptual role as a belief or desire that o(p), for admissible . Although not as
direct, the notion of conceptual role presumably extends to other propositional attitudes
such as hopes, fears, wonderings and so on. Therefore a natural further question of interest
is whether admissible automorphisms preserve the conceptual role of these attitudes. For
example, letting o be an admissible automorphism, whether the following holds:

A hope, fear, wondering that/whether p has the same conceptual role as (5.16)
a hope, fear, wondering that/whether o(p).

These additional theses bears further investigation; I shall not do so here.

Although this account of indeterminacy is not linguistic it is in agreement with many of
its consequences. Since indiscernible propositions play functionally symmetric roles in the
network of one’s rational beliefs and desires, any non-trivial permutation of those beliefs
and desires would not make a difference at the level of rational decision making. Insofar as
one is behaving rationally, one’s preferences and desires between indiscernible propositions
is inconsequential; redistributing one’s beliefs and desires among indiscernible propositions
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does not affect one’s linguistic and non-linguistic behaviour. Insofar as the purpose of
communication is to bring about certain beliefs, desires and behaviour in our audience by
affecting their beliefs, the truth values of indeterminate propositions cannot be relevant for
rational communication. If s expresses an indeterminate proposition, p, it is not permissible
to assertively utter s knowing that p is indeterminate. Since s is equi-assertible with any
sentence expressing a proposition indiscernible from p, then one can know that s is one of
a class of equi-assertible sentences, one of which is false.

5.2.4 Explanatory priority

Let us now turn to the question of whether this account is really an informative theory of
indeterminacy. I should start off by saying that it is not informative purely in virtue of its
having reduced the concept of indeterminacy to the concept of a coherent prior credence
and initial preference. Someone might rightly object that one needs to have some grasp of
the notion of indeterminacy to understand why it’s incoherent to believe that Harry is bald
when he has some borderline number of hairs. This much it shares with many philosophical
theories. For example David Lewis’s theory of counterfactuals made use of the concept of
similarity between worlds. Yet the concept of similarity employed in this analysis is hard
to explain to someone who does not already have the ability to evaluate counterfactuals;
Lewis’s theory of counterfactuals cannot really be said to provide a reduction of counter-
factual to non-counterfactual facts, even if it is a reduction of counterfactual to similarity
facts.

It’s worth stressing a point we made earlier. We don’t really need this very weak notion
of rationality — having a coherent credence — for an adequate account of indeterminacy
provided we are reasonably permissive about what you can care about. This point noted,
it nonetheless seems as if the concept of coherence has some independent standing, just as
we have some kind of independent grasp of the concept of counterfactual similarity. The
notion of coherence was at least apparent to philosophers who drew a distinction between
the epistemic status of conceptual truths and merely necessary and other non-conceptual
truths.”

The theory is informative in virtue of the connections it draws with other concepts we
already understand well enough: evidence, rational preferences, beliefs, knowledge, and so
forth. Unlike a very primitivist theory of indeterminacy (such as Barnett [4], for example),
this account situates the concept of indeterminacy within a large circle of related concepts.
Unlike the anti-reductionist view defended by Field in [37], say, we can also turn these
implicit connections into an explicit definition in terms of these other concepts. A truly
reductionist view, one that does not appeal to any notion which can be explained to someone
who does not already have the concept of indeterminacy, I think, is not to be found.
The same could be said about countless other concepts of interest to philosophers (e.g.
counterfactuals, causation, knowledge, et cetera.)

However, there is an objection along these lines that seems to be more specific to this ac-
count. ‘Surely’; the imagined objection goes, ‘the true analysis of indeterminacy is supposed
to explain the normative rules governing one’s propositional attitudes towards indetermi-
nate propositions — any analysis that must rely on taking such rules as basic has made
a wrong turn somewhere.” Let me record that I have my doubts about the claims of ex-
planatory priority, especially when semi-technical terms like ‘it’s indeterminate whether’
are concerned. I do not see the project I am engaging in so much as one of conceptual
analysis — subject to linguistic data (presumably to be taken primarily from philosophy
journals) — but as a search for a notion that plays the theoretical and explanatory role that
talk of indeterminacy is put to in philosophy.

With that said, there is some force to the objection — clearly some ‘shoulds’ require

7 Although, it should be stressed, I am not analysing the epistemic distinction the way it is traditionally
analysed: in terms of one’s competence with words or concepts.
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explanation: for example, you shouldn’t cross the road without looking because you're likely
to get hit by a car. But explanations like these rely more primitive fact about ‘shoulds’;
maybe you should care about not being in pain, or you should do things that bring about
things you care about. The question ‘why should I bring about things I care about’ seem
to be misguided; it sounds as if the questioner is asking for an explanation of an ought from
an is. ‘Why should I care about maximising expected utility’ seems also misguided: utility
is just whatever it is that you should care about; but it’s hard to say anything general that
sounds like an explanation of why we should maximise expected utility.

I think that the question ‘why is it incoherent to believe that not all vixens are female
foxes?’, or the question ‘why is it incoherent to care intrinsically about whether Harry is
bald?’ are similarly misguided questions on the current account of propositions. According
to this account, propositions are individuated by the coherence of beliefs and desires con-
cerning them. It is rather like asking a possible worlds theorist ‘why is the proposition that
Hesperus is bright true in this world and not that world?’, or ‘why are there no consistent
propositions entailing the proposition that Hesperus is not Phosphorus?’; propositions are
simply individuated by facts like these. A better question would be ‘Why does the sentence
‘Hesperus is Phosphorus’ express this proposition rather than that one?’ Similarly, a better
question in this context would be ‘why does the sentence ‘15 is nice*’ express a proposition
with this attitudinal role, and not this one?’ In which case, we could say something infor-
mative about the way in which the predicate ‘nice*’ was introduced. Since, for any possible
attitudinal profile, there is some proposition with that attitudinal profile, the latter kind of
question makes more sense than the former.

5.3 The framework

Note that the identity automorphism trivially satisfies the condition (Ad). Furthermore, if
o and 7 are automorphisms on the algebra of propositions that preserve all coherent initial
preferences, then o o 7, the composition of ¢ and 7, and ¢~ !, the inverse of o will also do
so. Thus if X is the set of all admissible automorphisms ¥ will be a group.

Most of the applications mentioned in §5.1, however, require more specific notions than
this. While our determinacy operator gives us a good analysis of claims like (5.17),

If it’s vague whether p then there’s no fact of the matter whether p (5.17)

which is a statement which can be used to distinguish a classical account of vagueness from
epistemicism, the converse does not hold which means we cannot generate an analysis of
vagueness on this basis alone. There is plausibly no fact of the matter whether the truth-
teller is true or not, however this claim is not vague since it lacks a corresponding Sorites
sequence. These are all species of indeterminacy, and each species will have to be analysed
separately.®

However, each species of indeterminacy can be formulated in our semantic framework
by placing some restriction on the set X. Thus, for example, to model vagueness one would
want to restrict one’s attention to elements of ¥ which of conceptual necessity fix the truth
value of every precise proposition.” Everything fixed by every element of ¥ is precise,
but some precise propositions are not fixed by every element of ¥ such as, perhaps, the
continuum hypothesis, or certain counterfactual statements.

81t is arguable in each case whether the putative species is in fact a kind of indeterminacy. The Principal
Principle, if true, provides one way in which propositions about the future can be distinguished from each
other evidentially, which is something defenders of indeterminacy about the open future would need to
explain on my account.

9Given any Kripke frame, (W, R), for an operator representing a species of indeterminacy, we can generate
a corresponding set of automorphisms as the elements o of ¥ such that for every (im)possible world w € W,
and p C W, if R(w) C p then w € o(p). We shall show in the appendix that not every Kripke frame is
structurally suitable to model a species of indeterminacy - there are Kripke frames which generate a set of
automorphisms counting more things as determinate than the frame.
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Clearly this restriction won’t help us determine what the precise propositions are, but
it is a substantive claim about vagueness nonetheless. For example, it ensures certain
facts about the logic of vagueness and ensures that claims like (5.17) come out true. It
is substantive in another sense too: not every operator characterised by an accessibility
relation can be characterised by some subset of ¥ (see failures of the converse of Lemma
5.3.3 in section 2.)

In this section a number of technical questions concerning the account of indeterminacy
will be addressed. The most important technical concept is that of an automorphism:

Definition 5.3.0.2. Let B be a complete Boolean algebra. An automorphism of B is a
bijective function, o : B — B, such that:

1. o(=b) = —o(b)
2. 0([Thex b) =[lpex o(b)

Here C represents the Boolean ordering and [],| | represent the infimum and supremum
operations respectively . We begin by stating without proof some well known facts about
automorphismes.

Proposition 5.3.1. If 0 and 7 are automorphisms of B:
1. 07! and o o T are automorphisms.
2. aC b iff o(a) Co(b) for all a,b € B.

Proposition 5.3.2. If B =P(W) for some set W then

1. For any permutation t of W (i.e. any bijection t : W — W), the function o(X) —
{t(z) | x € X} is an automorphism.

2. For any automorphism o of B, there is some permutation, t, on W such that o(X) =
{t(z) | x € X} for all X CW, given by setting t(z) =y iff c({z}) = {y}.

3. Composing and inverting permutations corresponds to composing and inverting their
corresponding automorphisms, and vice versa.

I shall use ¢ interchangeably to denote an automorphism or its corresponding permu-
tation on W if no ambiguity is possible. From here on I shall mostly limit discussion to
powerset algebras, so that a closer comparison with modal logic can be drawn. I shall oc-
casionally note how things can be generalised to arbitrary complete Boolean algebras when
applicable.

Definition 5.3.2.1. An indeterminacy species is a pair (W,X) where ¥ is a non-empty set
of automorphisms of P(W). A model is a triple (W,3,IF), where |+ is a relation between
W and a monomodal propositional language such that;

e wiFd ANV iffwlk ¢ and w1

o wlk—¢ iffwlf ¢
e wlkO¢ iff we o({x | xlF ¢}) for all o € .

A sentence is valid in a model (W, 3, ) just in case w I+ ¢ for all w € W, and valid over
a species (W, %) just in case it is valid in every model of the form (W, 3, k).

A general indeterminacy species is a pair (B,X), where B is an arbitrary complete
Boolean algebra, ¥ is a non-empty set of automorphisms of B. A model over a general
species is a triple (B, X, []) where [-] is a function between modal proposition language and
B such that
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Name | Principles Sufficient species condition
Op — Op DA
T Op —p ide X
4 Op — OOp o, TEX=>00TEXN
5 Op—=0O0p | o, 7€ =>0lorTeX
B p— OOp ceEXY=01lex
B" p— OO ceX=3n,.. €8, 07 =T0...07,
Gl COp - 0O0p | o, TEX=00T=T00

Figure 5.1: Some common principles and species conditions which suffice for their validity

o [p Ayl =Tol MYl
o [-¢] = -l¢l
¢ [B¢] =,es o([0])

I shall call members of W worlds. We shall introduce a defined operator $p := —O-p.
It is easy to show that w IF C¢ iff w € o({z | x IF ¢}) for some o € X, since for any
automorphism o(W — X) =W — o(X).

A few words are in order concerning the relation between the formal machinery and
the informal account of §5.2. Every informal species of indeterminacy, S, whether that
be vagueness, the open future, or what have you, is associated with a restricted set of
conceptual-role preserving automorphisms > which is used to determine the S-determinate
facts at every (im)possible world of the model. This rules out the possibility that the
restriction on a species is infected with that very species of indeterminacy. This assumption
is justified when the restriction in place is an S-determinate one: if S is our species of
indeterminacy, the restriction is that, of epistemic/logical necessity, every element of ¥
fixes the truth value of every S-determinate proposition. The notion of epistemic or logical
necessity here is born out formally in terms of truth at every (im)possible world of the
model. However, while this might be a safe assumption for some species of indeterminacy,
there are reasons relating to the paradoxes of higher order vagueness to think that even
logical and epistemic necessity are vague. To account for this possibility one would need
to have a larger class of points (including logically impossible points) which each have a
different set ¥ associated with them. For our purposes it can be noted that higher order
vagueness can still be modelled in this framework (since the modalities can iterate in non-
trivial ways) and that the more general framework would subsume this formalism as a
special case. Although a more general notion of frame, in which each world has its own set
of automorphisms, is desirable although I have not yet worked out the details.

Our next task is to find a suitable logic for indeterminacy species. By way of analogy,
we want a logic which stands to species as the logic K stands to Kripke frames. It is easy
to check that the modal logic KD (see figure 1) is valid on every species. In the next
few lemmas I shall argue that in fact KD is exactly the logic of species. Other logics can
be obtained by putting further constraints on species. See figure 1 for conditions which
guarantee some familiar logics.

Notice that D, Op — <p, is valid in every species due to the fact that we stipulated that
3 was non-empty. It is natural to wonder what would happen if we relaxed that constraint.
Would we, for example, get a logic of exactly K instead? The logic of the species with an
empty set of automorphisms is very easy to axiomatise, and consists of adding to K the
axiom Op.

This marks a difference between Kripke semantics and species semantics. The formula
O(Op — <p) is valid in every species, even if we allow ¥ to be empty: if ¥ is empty,
everything is necessary, and if it’s not then D is valid, and validity is preserved under
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necessitation. However O(Op — <p) is not provable from K alone since it is refutable in
any frame with a point that sees a dead end.!® Thus the logic of empty and non-empty
species is strictly between K and KD. So in general there are normal modal logics which are
characterisable by some class of Kripke frames but no class of species.

Now to show that the logic of indeterminacy species is KD. Since we do not have any
purpose-made way of giving completeness proofs for logics of indeterminacy, I shall begin
by relating species to frames.

Lemma 5.3.3. Fvery indeterminacy model, (W,3,Ik1), determines a unique Kripke model,
(W, R,IF3), based on the same set of worlds, such that IF1=lF,.

Proof. We define Rzxy iff o(y) = x for some o € X, and for atomic sentences let x I-o p iff
x H‘l p.

We then show by induction that truth at a world coincides in both models. The crucial
clause is for O.

Let [¢]; :={x | « IF; ¢}. Assume, for induction, that [¢]1 = [¢]2-

Suppose that z € [O¢];. So z € o([¢]1) for all o € ¥. Suppose that Rxy, i.e. that
Ir € ¥ with 7(y) = z. Since z € 7([¢]1), 77 (z) =y € [¢]1 = [#]2- So z € [D]2.

Now suppose that z € [O¢]s, so y € [¢]2 for all y such that Rzy. Let o € X. There

is some y such that o(y) = x since o is (corresponds to) a permutation on W. Also
y € [¢]2, since Rzy, so y € [¢]1 by the inductive hypothesis. Thus z € o({y}) Uo([¢]1) =
o({y} U[¢]1) = o([#]1) as required for z € [Og];. O

It does not seem to be possible to generalise this result to general indeterminacy species.
In this case the general indeterminacy species would determine a general Kripke frame (see,
e.g., Blackburn et al [10] p28), i.e. a Kripke frame equipped with a certain set of subsets
of W which serve as the possible interpretations of the propositional letters (that set will
be determined by B’s representation as an algebra of sets via Stone duality.)

It should be noted that the converse of lemma 5.3.3 does not hold: not every Kripke
frame corresponds to a species. For example there are only two permutations on the
set {0,1}, the identity permutation and the one that swaps 0 and 1. There are thus
only three species based on that set corresponding to the Kripke frames ({0, 1}, {0, 1}?),
({0,1},{(0,1),(1,0)}) and ({0,1},=). Thus no indeterminacy species corresponds to the
Kripke frame ({0,1},{(0,1)}). This mismatch can make a difference to the logics charac-
terised by frames and species - some logics that can be characterised by classes of Kripke
frames cannot be characterised by any class of species, indicating that such logics do not
correspond to possible species of indeterminacy. We have seen this already when we con-
sidered allowing the empty species.

Theorem 5.3.4. A sentence is a theorem of KD if and only if it is valid in every species.

Proof. Suppose that I" is KD consistent. Then by standard methods (see [10] proposition
2.15) every element of I is true at the root of a tree-like Kripke model, (W', R, ), obtained
by unravelling the canonical model. Since the canonical model for KD is serial, every branch
of this tree will be infinite. Let / be the root of the tree.

Let W =W’ UN and let Rey iff R'zy or (rt=0and y =a) or (zr =n+1 and y = n).
For n € N assign truth values to propositional letters arbitrarily: this does not affect the
truth values of formulae at /, so that a IF v for each v € T', even with the extra points
added. Now notice that every maximal branch in this new tree-like structure is infinite in
both ways, i.e., each branch is isomorphic to Z. For each branch b in (W, R), define an
automorphism o}, by the permutation that fixes every point of W not on the branch, and
maps every point on the branch to the point directly beneath it, so if Rzxy, and x and y are
on b, op(y) = x. We let our species be given by W and ¥ = {0}, | b a maximal branch over

10T do not know what the logic of species is if we include the empty species, but it would certainly be
stronger than K4+-O(Op — Op) since it would include (OL v ¢™OL1) — OL for each n.
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(W, R)}. Tt is easy to check that the Kripke frame (W, X) determines, according to lemma
5.3.3,is (W, R). So by lemma 5.3.3, " is satisfiable on a species as required. O

Similarly we can show:

Theorem 5.3.5. A sentence is a theorem of KT if and only if it is valid in every species
containing the identity automorphism.

The method very similar to theorem 5.3.4 so I shan’t reproduce it.

Theorem 5.3.6. A sentence is a theorem of S5 if and only if it is valid in every species
(W, %) in which ¥ is a group.

Proof. ¥ is a group iff id € ¥, 0~! € ¥ whenever ¢ € ¥ and 0 o 7 € ¥ whenever 0,7 € X.
From figure 1 we can see that any species that satisfies these conditions validates KTB4,
which is well known to be equivalent to S5.

For completeness we note that every species (W, R) where R is an equivalence relation
corresponds to the species (W, X) where ¥ is generated by the following set of permutations:
S = {o | for any z,y € W, if o(x) = y, Rxy}. By proposition 5.3.2, it is sufficient to
show that S contains the identity permutation and is closed under inverses, and function
composition. id € S since R is reflexive. Suppose that o, 7 € S and o o 7(x) = y. It follows
that R7(x)y, and Rz7(x) by the condition for membership in S, so by transitivity of R,
Rxy. So o o7 € X. Suppose that o € 3, and that o~ !(z) = y. It follows that o(y) = z, so
Ryz, and since R is symmetric, Rxy. Thus o~ € 3 as required.

Finally we note that S5 is complete with respect to Kripke frames based on equivalence
relations. O

Let me end by mentioning an unsettled question: are KD4 and KD5 complete with
respect to the properties given in figure 17

5.4 Decision theory

Here we outline some basic facts about the set of admissible automorphisms and the con-
straints they place on initial preferences and priors. Given a relation, <, write p < ¢ to
mean that p < ¢ and ¢ A p, and p ~ ¢ to mean that p < ¢ and g < p. The core of Jeffrey-
Bolker decision theory can then be presented by the following maxims governing rational
preference over a complete Boolean algebra with the bottom element removed, B\ {_L}:

1. <is a transitive total relation.
2. If pAg= 1 then

(a) fp<gthenp =< (pVq) <q
(b) If p~ g then p= (pVq) ~q

3. IfpAg= 1 and p= ¢, then if (pVr) =~ (¢ Vr) for some r withr Ap=rAg= L and
p#r, then (pVr) = (qVr) for every such r.

4. If p < R < qgand R =\/ 7, then for some B, p < Rz < ¢ where Rg = \/ . 37a-
Similarly if R is the infimum A 7q.

given a proposition p and real valued random variable u we write the conditional expectation
of uwon pas E(u| p).

Theorem 5.4.1. If < satisfies the above principles and B is atomless then there is a
probability measure on B and a real valued random variable uw on B such that E(u | p) <

E(u|q) iffp <q.

114



Bolker’s theorem shows that preferences can be represented by comparisons of the con-
ditional expected utility.''! In what follows I shall write < to denote a relation between
propositions satisfying the Jeffrey-Bolker axioms above.

We begin by showing that the alternative definition of admissible is equivalent to that
given by (Ad).

Definition 5.4.1.1. Given a set of preference relations I, we say that the set of admissible
automorphisms for T', ad(I") is the set of automorphisms, o, such that for any <€ T' and
any p and q:

e p=qif and only if p < o(g)
e p <qifandonly if p < o(q)
Proposition 5.4.2.
1. For every p, q and o € ad(T'): p < q if and only if o(p) = q. Similarly for <.
2. For every p, q and o € ad(T"): p <X q if and only if o(p) < o(q). Similarly for <.
3. For every p and o € ad(l'): p ~ o(p).

Proof. 1. p A qiff ¢ < p (by linearity of <). This happens iff ¢ < o(p) since o is admissible,
and thus iff o(p) A ¢. The case for < is similar.

2. pxqiff p < o(q) (o is admissible) iff o(p) < o(q) (by 1.)

3. p = p therefore p <X o(p) (admissibility of o) and o(p) < p (by 1.) therefore
p~o(p) O

Proposition 5.4.3. ad(T) is a group, i.e.
1. id € ad(T)
2. 071 €ad(T) if o € ad(T)
3. oot €ad(l) ifo,7 € ad(T)

Proof. 1 and 3 are trivial given proposition 5.4.2.
For 2 suppose that o € ad(I'), and that p < q. Let ¢’ = 0~ !(g). Then the following are
equivalent:

pP=q
p = o(q’) (definition of ¢’)
p =< ¢ (o is admissible)
p < 07 1(q) (definition of ¢')
thus o~! is admissible. O

Throughout the rest of the section we shall assume that I' denotes the set of relations
that could be the initial preferences of a perfectly rational agent.

Given a regular countably additive probability function Pr over a probability space and
a random variable u, we define for measurable p, V(p) = E(u | p). V(p) is the conditional
expectation of u on p. Pr and u are a conceptually coherent prior and utility function pair
iff the relation V(p) < V(q) is a coherent initial preference ranking. We shall show that a
rational agent with non-trivial preferences must assign two indiscernible propositions the
same credence. We begin by showing this for propositions that the agent cares about.

1 Unfortunately this representation is not unique, except in special circumstances.
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Theorem 5.4.4. Suppose that the agent cares whether p, i.e. p < —p or —p < p, and
the agent’s preferences are determined from an expected utility function, V, based on a
credence function Cr. Then the agent assigns every proposition indiscernible from p the
same credence as p.

Proof. Suppose that p ~ ¢, i.e., for some o € ad(I'), o(p) = ¢g. By proposition 5.4.2
p =~ o(p) = q and —p =~ o(—p). Since o(—p) = —o(p) = —q we also have —p ~ —q. Thus we
V(p) = V(q) and V(—p) = V(—q). By inspecting the expected utility equation we can see
that Cr(p) can be determined from V(p) and V(—p), whenever V(p) # V(—p) as follows:

Cr(p) = =vm)vEn
Thus Cr(p) = Cr(q) O

If p is not T then for each coherent prior Pr there is some coherent utility function u
such that V(p) > 0. We therefore get the following corollary:

Corollary 5.4.5. For any coherent prior Pr, and admissible automorphism o, Pr(p) =

Pr(o(p))-

5.4.1 The Galois theory of Boolean algebras

Many classical theories of vagueness employ a model theory which quantifies over indices
which are admissible at [43], or indiscriminable from [138] the actual index. We can put
the current model theory in that form too: the index j is admissible at ¢ just in case some
admissible automorphism maps j to i. We can in fact reverse the order of definitions. In
chapter 1 we argued that the goal of a theory of vagueness should be to elucidate the notion
of a proposition being precise (as opposed to characterising the determinacy, or borderliness,
operator.) If we instead assume we have been given a set of precise propositions, B’, we
can define the notion of an automorphism being admissible.

The assumption we need to make to do this is that negations and arbitrary conjunctions
and disjunctions of precise propositions are precise (we argued for this fact in chapter 1.)
Given this we may define an admissible automorphism as an automorphism on the algebra
of propositions which fixes every precise proposition.

Definition 5.4.5.1. Let B and B’ be complete Boolean algebras with B’ a Boolean subalgebra
of B. Let G be a group of automorphism on B. We define:

Fizg(B) :={beB| Vo € G,o(b) =b}
Aut(B'/B) := {0 | o is an automorphism of B and o(b) = b,Vb € B'}.
Proposition 5.4.6. Given these definitions we may show that

1. Fizg(B) is a complete Boolean algebra.
2. Aut(B'/B) is a group.

Letting B’ be the precise propositions, B the space of all propositions and G the set of
admissible automorphisms we can see how these two notions are interdefineable: we should
have G = Aut(B’'/B) and B’ = Fizg(B).

Does the fact that the set of precise propositions B’ is generated from a group of auto-
morphisms place any constraints on B’ other than ensuring it is a complete Boolean algebra?
This prompts a useful definition

Definition 5.4.6.1. Suppose B’ is a Boolean subalgebra of B. We say that B is a Galois
extension of B’ if and only if Fizg(B) =B’ where G = Aut(B'/B).

One can show that not every extension of a complete Boolean algebra is a Galois ex-
tension, although we shall not prove this here. The Galois theory of Boolean algebras is a
developed subject so I therefore cannot recite all the relevant results. For further references
see the chapter on automorphism groups in the handbook of Boolean algebras vol. 2 [94].
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Chapter 6

Propositions and Paradoxes

One of the earliest forms of the liar paradox is known as Epimenides paradox. Here is a
version of it

Everything I have ever said is false. (6.1)

It is often noted that there is a crucial difference between this paradox and the more
traditional liar paradox. For unlike the liar paradox, (6.1) does not lead to a contradiction
- it is perfectly consistent to treat (6.1) as simply false.

If there is anything paradoxical about Epimenides paradox it is that if someone has
said that everything they have ever said is false one can infer a priori that they have said
something else at some point or other. For if (6.1) is false, then I must have said something
true at some point, p. Now since p is true, and the proposition that everything I have ever
said is false is not, it follows that I have said at least two things.

In this chapter I shall defend this conclusion and show that it is not paradoxical. In
particular, I argue for the claim that:

Necessarily, if anyone says that everything they’ve said is false, then (6.2)
they’ve said something else at some point.

What is clearly not true, however, is that if I've uttered the sentence ‘everything I've ever
said is false’ I must have uttered some other sentence at some point. The way out, I claim,
is to give up the connection between uttering and saying, namely that whenever one utters
the sentence ‘¢’ one has automatically said that ¢.

The other important difference between (6.1) and the liar paradox is that sentences and
sentential truth do not play a significant role in (6.1), or the argument for (6.2). Indeed,
Prior formulated the paradox in such a way that

(a) It does not involve the truth predicate, as applied to sentences or propositions
(b) It does not mention sentences or appeal to the diagonal lemma,

(¢) Tt does not appeal to any kind of disquotational reasoning,

(d) The conclusion can be proven from what are plausibly logical principles alone.

Since the most prominent solutions to the liar paradox are all directed at a notion of
sentential truth and are concerned with disquotational principles for a sentential truth
predicate it follows that Prior’s paradox is left untouched by standard methods for solving
these paradoxes.

On the other hand, however, we shall see that the semantic paradoxes can be construed
as a special case of Prior’s paradox. For just as a person cannot say that they’re saying
something false, (unless they’re not simultaneously saying something else) Prior’s argument
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shows that no sentence can express the proposition that it expresses something false (unless
it expresses two things.)

Prior’s paradox places constraints on what one can fear, think, believe and desire. It
is widely thought that a theory of ‘expressing’, which relates the sounds and inscriptions
we use to communicate to facts about the world, will ultimately be cashed out in terms of
the way the patterns of linguistic usage relate to the propositional attitudes of the people
speaking the language in question. In section 6.4 I outline how one might be able to state a
theory of expressing in a way that allows the vocabulary used in the account to be applied
to itself in all the standard sorts of self-referential ways.

6.1 Prior’s paradox

In order to formalise Epiminedes’ paradox Prior works within a system of quantified propo-
sitional logic. Since Prior seems to be able to derive paradoxical conclusions within the
confines of these resources alone — i.e. without a truth predicate, or self-referential sen-
tences, or anything common to the standard paradoxes — it is worth spending some time
explaining this system.

Quantified propositional logic adds to the syntax of propositional logic a countable set
of propositional variables, p;,7 € w, and a special quantifier V. Each propositional variable
is a well formed formulae, and in addition to the standard clauses for building up complex
well formed formulae we stipulate that if p; is a propositional variable and ¢ a well formed
formula, Vp;¢ is well formed.

It should be noted that quantified propositional logic is an expressively weak fragment
of second order logic. In propositionally quantified logic one may quantify into sentence
position, whereas in full second order logic one may quantify into predicate position, for
predicates of arity > 0, as well as being able to quantify into nominal position (first order
quantification.)

Although second order logic has been with us since the birth of modern logic (Frege
[46]), it is still regarded as controversial. There are, however, systems closely related to
second order logic which are gaining widespread acceptance. One of these is plural logic.
Plural logic is modelled on the use of plural quantification in English. Thus, for example,
if I ate some Cheerios one can infer that there were some things that I ate. This sentence
does not commit us to the existence of anything over and above the Cheerios — in particular
it does not commit us to a set of Cheerios which I ate. Neither can such plurally quantified
sentences always be paraphrased away in terms of singular quantification over the Cheerios
themselves.'

I shall employ the expression Jzx for the existential plural quantifier, and ¢t for plural
terms. While expressively powerful, plural quantification is not genuine second order quan-
tification as Frege envisioned it. In particular plural quantifiers allow one to quantify into
the place of a plural term, but not into predicate position. One may achieve something
expressively equivalent to monadic second order quantification by introducing a one-many
relation x < xx, which can be read as ‘x is one of the zz.” Indeed, in [12] Boolos showed
how to interpret monadic second order logic in this kind of plural logic with a < relation.
One might wonder whether there is anything analogous to genuine monadic second order
quantification in English. For example, is there an English equivalent of argument (6.5)
which is like (6.4) is to (6.3)?

a < bb; Jrra < xx (6.3)

Felix is one of my cats. Therefore there are some things such that Felix (6.4)
is one of them.

1See for example, the Kaplan-Geach sentence ‘some critics admire only one another.” It can be seen that
the plural translation of this sentence can be used to categorically characterise the natural numbers, which
implies it cannot be equivalent to any first order sentence.
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Ga;3FFa (6.5)
Felix is a cat. Therefore 777 (6.6)

While plural logic is widely accepted due to the existence of plural quantification in
English and other natural languages, it is less often noticed that English does in fact
contain genuine second order quantification, i.e. quantification into predicate position, as
well. Prior appears to have been the first to notice, prior to Boolos [11], that English
contains second order, as well as many other forms of non-nominal quantification.

We form colloquial quantifiers, both nominal and non-nominal, from the words
which introduce questions — the nominal ‘whoever’ from ‘who’, and the nominal
‘however’, ‘somehow’, ‘wherever’, and ‘somehow’ from ‘how’ and ‘where’. No
grammarian would seriously regard ‘somewhere’ as anything but an adverb;
‘somewhere’, in ‘I met him somewhere’, functions as the adverbial phrase ‘in
Paris’ does in ‘I met him in Paris’. We could also say ‘I met him in some place’,
and argue that people who use such locutions are ‘ontologically committed’ to
the existence of places as well as ordinary objects; but we don’t have to do it
that way. Similarly, no grammarian would count ‘somehow’ as anything but
an adverb, functioning in ‘I hurt him somehow’ exactly as the adverbial phrase
‘by treading on his toe’ does in ‘T hurt him by treading on his toe.” [Prior, the
objects of thought, Ch3 §4]

One can thus complete the English translation of (6.6) as follows: ‘Felix is a cat; therefore
Felix is something.” Although ‘something’ usually takes the place of a noun phrase, ‘is
something’ is appearing predicatively in the sentence ‘Felix is something’. The argument
in (6.6) is not clearly valid if ‘something’ is being interpreted as a singular quantifier (in-
deed, the conclusion is grammatical only if ‘is’ is the ‘is’” of identity.)> Thus it seems that
English contains genuine monadic second order quantification as well as plural and singular
quantification.?

It is less clear, however, whether English contains genuine propositional quantification
— i.e. quantification into sentence position. After the paragraph above, Prior goes on
to suggest that one could go on to extend English with genuine propositional quantifiers
corresponding to the wh-phrase ‘whether’ just as ‘anywhere’ corresponds to ‘where’. Thus
Prior suggests ‘if anywhether then thether’ for the sentence Vp(p — p).*. However, if
someone was inclined to deny sense to genuine propositional quantification it is likely they
would also deny sense to made up locutions such as Prior’s ‘anywhether’ and ‘somewhether’.
(For further discussion of the coherence of quantification into sentence position see Grover
[53], Kiing [76] and Zimmerman [153].)

One might have thought that that quantification into sentence position is possible in
English, since, for example, in many cases the complementizer ‘that’ is optional. Thus for
example ‘Jane believes that snow is white’, ‘Jane believes snow is white’ and ‘Jane believes
something’ are all grammatical, and on at least one reading the latter sentence involves
quantification into a position which can be occupied by a sentence. However, in some cases
the complementizer is not optional — for example ‘snow is white is a proposition’ is not
clearly grammatical. Thus if the quantifier ‘something’ is behaving the same way in ‘Jane
believes something’ and in ‘Jane believes something which is a proposition’ we cannot truly
asimilate this kind of quantification to quantification into sentence position.

21 say the alternative reading is not clearly valid because some people would say that (6.6) is valid but
irrelevant because the conclusion is a logical truth. I would prefer to classify the argument as invalid, on
this reading, in virtue of the fact that Felix might not have existed, and that no metaphysical contingencies
are logical truths.)

31t has also been argued that English can accommodate genuine polyadic second order quantification.
This claim see slightly more contentious, but see Rayo and Yablo [114].

4See also Prior [107]
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So what we are lacking is a clear cut example with quantification in the scope of the
complementizer. Prior cites Wittgenstein for a number of putative examples like this, where
the expressions ‘this is how things are’ and ‘things are thus’ function like propositional
variables. See for example

He explained his position to me, said that this was how things are. (6.7)
(Wittgenstein.)

However he says that things are, thus they are. (Prior.) (6.8)
John said that he has said that things are somehow, and thus they are (6.9)
not.

John said that however he said that things are, they are not so. (6.10)
No-one can say that however they say that things are, they are not, unless (6.11)

they have said that things are some way that they’re not and they have
said that things are some way that they are.

It should be noted that to express propositions like (6.7)-(6.11) people have often thought
it necessary to use a truth predicate. If this way of talking is acceptable, however, no
truth predicate is really needed. Examples (6.9) to (6.11) are English formulations of the
sentences sIp(sp A —p), sVp(sp — —p), sVp(sp — —p) — (Tp(sp A —p) A Ip(sp A p)) which
will play an important role in the discussion to come.

In short, then, the kinds of paradoxes involving propositional quantification I am going
to consider are formulable in English, and I think do not depend on aspects of second order
logic which do not have any analogue in English. However, since propositional quantification
is less widely thought to be as unproblematic as, say, plural quantification or first order
quantification, I shall also formulate plural and first order versions of the paradox in section
6.1.3.

It is pretty clear that it is grammatically possible to quantify singularly into a belief
context, decomposed in the second way.® For this reason I shall also consider a singular
version of the paradox in section 6.1.3. This version has the downside that it involves a truth
predicate, applied to propositions, and appeals to the disquotional schema for propositions
and propositional truth.

Throughout this chapter I shall often paraphrase statements involving propositional
quantifiers with statements involving singular quantification over propositions. My atti-
tude here is that this harmless provided it is clear that the singular paraphrase really can
be said using propositional quantifiers. This is primarily a matter of convenience, em-
ploying singular quantification often results in a simpler statement when a strictly correct
formulation would be far more complex.

6.1.1 The paradox

Prior’s paradox relies on only two premises. The first is simply classical propositional logic,
and the second is universal instantiation for the propositional quantifiers.

CL Classical propositional logic.
UL Vpé — o[ /p]
and one definition:
(3Def) Ipg := —Vp—o

It should be noted that the principle Ul is on its own significantly weaker than standard
systems of propositionally quantified logic (see chapter 1.)

5T am just making a claim about grammar here, not ontology. One may agree that existential (universal)
quantification into a belief context is grammatical even if on thinks it is always false (true.)
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Theorem 6.1.1. (Prior’s Theorem) The following is a theorem of quantified propositional
logic: d¥p(dp — —p) — (3p(dp A p) A Tp(dp A —p)).

Proof. This is Prior’s proof (translated from Polish notation.)
L. Vp(dp — —p) — (d¥p(dp — —p) = =Vp(dp — —p)) (UI)
dp — =p) — (Vp(dp — —p) = =¥p(dp — —p)) (1, CL)

dp — —p) — —Vp(dp — —p) (2, CL)

-~ W

dvp( )

dvp( )

d¥p(dp — —p) — 3p(dp A p) (3, CL, IDef)

dvp(dp — —p) — (d¥p(dp — —p) A =Vp(dp — —p)) (3, CL)
(d¥p(dp — —p) A ~Vp(dp — —p)) — 3p(dp A —p) (CL, UL 3Def)
dvp(dp — —p) — Ip(dp A —p)) (5, 6, CL)

® o o

dvp(dp — —p) — (3p(dp A p) A 3p(dp A —p)) (4, 7, CL)
O

Epimenides’ paradox, for example, can be generated by interpreting dp as ‘Epimenides
said that p.” In this case the conclusion reads: Epimenides cannot say that however he
says that things are, they are not, unless he has both said that things are some way which
they are not, and he has said that things are some way which they are. A more accessible
singular paraphrase of this would be: Epimenides cannot say that everything he’s said is
untrue, unless he’s said both a true and an untrue proposition.

The theorem is quite general. d can be substituted for Epimenides thinks (at ) that,
fears that, hopes that, believes that, sees that, makes it the case that, brings it about that,
wonders whether, queries whether, desires that, supposes that, has evidence that and writes
that. Epimenides simply cannot think at ¢ (fear, hope, et cetera) that things are not how
he thinks that they are at ¢, unless he’s thinking that things are some other way too.

Another example Prior considers in ‘The Objects of Thought’ [109] is the paradox of the
preface. Here one interprets dp to be ‘it is written in the book that p’. Thus, for example,
if it is written in the book that something written in the book is false, then it simply can’t
be the case that everything else written in the book is true. Similarly, one cannot believe
that at least one of your beliefs is false if every other belief you have is in fact true.%

In order to make sense of both these theorems we must make a very crucial distinction
between making sounds or shapes which constitute uttering a certain sentence or making an
inscription of that sentence, and saying or writing that something is the case. For example,
at time t I clearly can utter the sentence ‘however I say that things are at time ¢, they
are not’ whilst uttering nothing else, or inscribe in an otherwise empty book the sentence
‘however it is written that things are in this book, things are not so.” And Prior’s theorem
does not say otherwise. All it entails is that by so uttering you have not thereby said that
however you’ve said that things are at time ¢, they are not.

Before we move on it is worth noting the scope of the theorem. For example, the
theorem says that I can’t be thinking at ¢ that things are how I’'m thinking they are not at
t. Nonetheless, one might argue, this is surely what I think I'm thinking in this scenario.
And while this might indeed be true, this response has limited applicability, for there
are other propositions which I cannot even think (mistakenly or not) that I'm thinking.
For as Prior points out, if we substitute ‘I think that I’'m thinking that p’ for dp in the

6The ‘paradox of the preface’ usually refers to an epistemological problem, whereas we are concerned
with whether you can have the belief in question at all. However, at least in the special case where all your
other beliefs are true, our question provides an answer to the epistemological problem — for presumably one
cannot be required to believe something which it is impossible to believe, no matter how good the evidence
that you have a false belief.
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theorem, it follows that no-one can think that they’re thinking that things are not how
they’re thinking they think that they are, unless there are other things which they think
that they’re thinking. Similarly, each instance of the theorem discussed so far might be
described as one where I try to think, say, bring it about (and so on) that p, but fail.
However the theorem applies just as forcefully to ‘tries to think (say, et cetera) that p’, so
there will be propositions one cannot even try to think or say, unless one is trying to think
or say other things simultaneously.

6.1.2 The significance of Prior’s paradox

Prior’s paradox is different from the standard semantic paradoxes in a number of ways. For
example:

(a) It does not involve the truth predicate, as applied to sentences or propositions
(b) It does not mention sentences or appeal to the diagonal lemma,

(c) It does not appeal to any kind of disquotational reasoning,

(d) The conclusion can be proven from what are plausibly logical principles alone.

One might question (b) on the grounds that some versions involve saying or writing which
one could argue relate a person to a proposition by way of a sentence.

In response to this one might note that one can say that snow is white in a number of
languages, and even within a language, with a number of sentences, implying there cannot
be any particular sentence involved in these paradoxes. Furthermore, even if one could
argue that thinking, and perhaps even fearing and hoping that snow is white holds by way
of some inner language of thought, it is far from clear that seeing that p, or bringing it
about that p must hold in virtue of some relation between the agent and a sentence. It
thus seems quite a far stretch to blame sentences, and in particular the notion of sentential
truth, for these paradoxes.

If this is so, then Prior’s paradox stands out from the semantic paradoxes, in that
the standard classical response — denying the relevant bit of disquotational reasoning —
is not available. Furthermore, a solution to Prior’s paradox is not forthcoming from the
vast literature on the semantic paradoxes as such approaches deal almost exclusively with
sentential truth.”

On the other hand, it can be argued that the semantic paradoxes are in fact a special case
of Prior’s paradox. For this reason I think Prior’s paradox is much more than an interesting
side issue to the semantic paradoxes, and understanding the propositional paradoxes will
help us solve the liar paradox.®

The semantic paradoxes are typically formulated with semantic notions such as: truth,
satisfaction, denotation and expressing. For the classical logician the culprit principles
generating the semantic paradoxes is forced on us by logic alone. One must give up the
various forms of disquotational reasoning:

"¢ is true if and only if ¢
T¢7 is satisfied by aq,...,a, if and only if ¢(aq,...,a,)
"t denotes t

"¢ means that ¢ and means nothing else.

"With the exception of Barwise and Etchemendy’s [7], most of the standard approaches to the paradoxes
have concerned sentential truth, and the standard models for untyped sentential truth predicates just do
not clearly transfer to the framework of propositional quantification.

8This theme — that the propositional paradoxes are crucial to understanding the liar — is continued in the
next chapter where it is argued that we should be classifying propositions not sentences into the paradoxical
and non-paradoxical, when it comes to explaining what is wrong with liar-like paradoxes.
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However there is no appeal to any such principles in Prior’s paradox.

In [106] Prior argues that in fact the first and last paradox can be seen to be instances
of his theorem. For any given sentence, s, we may substitute dp for ‘s is true if and only
if p’. Now, through any standard self-referential method, let ¢t be a sentence identical
to "Vp(dp — —p)7, where dp is ‘¢ is true if and only if p’. By Prior’s theorem we get
dvp(dp — —p) — (Ip(dp A p) A Ip(dp A —p)) for d under the above interpretation. However
the consequent is inconsistent — it says that T'r(t) is materially equivalent to both a true
proposition and an untrue proposition. It follows that —=dVp(dp — —p) — it’s not the case
that: ¢, i.e. "Vp(dp — —p)7, is true iff Vp(dp — —p). This is just the negation of an instance
of the T-schema.

Similarly we could let ¢ be a sentence identical to "Vp(dp — —p)™ where dp is read as ‘t
means that p’. Assuming that no sentence can mean both a true and a false proposition®
it follows that the consequent of Prior’s theorem is false, and we get ~d¥p(dp — —p). This
is just to say that it’s not the case that: ¢, i.e. "Vp(dp — —p)~, means that Vp(dp — —p).

Under some natural assumptions it can be argued that all of the standard semantic
paradoxes can be reduced to Prior’s paradox, given that one has the notion of what it
means for an open formula, ¢, to mean that p relative to an assignment. For this fact I
refer the discussion to McGee’s [91].)1°

6.1.3 Variations and refinements

There are a number of ways in which to challenge the assumptions of Prior’s argument.
I shall put aside objections which question the principles of classical propositional logic.
The remaining challenges can take two forms. The first kind accepts the coherence of
quantification into sentence position but rejects the principle UI appealed to in Prior’s
proof on the grounds that it implies the existence of impredicatively defined propositions.
The other kind rejects the coherence of quantification into sentence position altogether.

I shall address these in turn. I shall show that there are paradoxes which do not rely on
the full strength of UI. Then I shall consider other versions of Prior’s paradox which do not
use quantification into sentence position and instead rely on either plural quantification or
singular quantification into attitudes verbs.

The first kind of objection accepts the coherence of propositional quantification but re-
jects Ul on the basis that it implies an impredicative comprehension principle. Impredica-
tivity is thought by Russell [115] to be the source of the semantic paradoxes: the quantifier
in the proposition that everything I'm currently saying is false quantifies over itself, which
in Russell’s view involves a vicious kind of circularity. Russell’s proposal is effectively to
deny that the proposition that everything I'm currently saying is false exists.!!

There is on important point I am glossing over: Russell’s positive proposal also involves
the introduction of new wider ranging quantifier (indeed an infinite sequence of quantifiers)
with which one can state, using the new quantifer, that the proposition in question exists.
This extra feature of Russell’s account will not affect our discussion. Russell’s strategy is
achieved in this context by restricting Ul to its predicative instances

PUI Vp¢ — ¢[¢p/p] where ¢ is quantifier free.

Recent philosophers have expressed some sympathy to this kind of solution so it is worth
some further discussion (see Kaplan [67], Kripke [75].)

Although it is true that one cannot derive Prior’s paradox without impredicative specifi-
cation, Myhill [96] showed that one could prove a weaker but equally problematic paradox:

9 Although Prior questions this premise.
10Given the expression ‘"¢ means that p relative to v’, one can define ‘"¢ is satisfied by p relative to v’
c o . R, . . . .
as 3p("¢" means that p relative to v).” Given a satisfaction predicate one can define the notions of truth,
denotation as in [91].
1 Strictly speaking the example I gave is stated in terms of singular quantifiers and Russell’s proposal
applies to propositional quantifiers.
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o Vp(dp <+ (p > Va(dg — —q))
Substituting d for ‘I said that’, and using a singular paraphrase this shows that I cannot
say all on only those propositions materially equivalent to the proposition that everything
I said is false.

The proof proceeds by reductio. Assume the claim were true:

1. Assume Yq(dg — —q)

2. Vp(dp + (p + Vq(dg — —q)) (assumption)

3. (p—p) < Va(dg — ~q) by 1.

4. d(p — p) by 2.

5. d(p = p) = —(p — p)) by 1. and PUI (predicative universal instantiation.)

6. =(p — p) by 4 and 5. Contradiction.

Therefore we have proved —Vq(dg — —q), i.e. dg(dg A q). Let go be a proposition such that
dgo N qo (note that go is available for substitution in PUL) So

1. qu

2. qo

3. dqo < (qo +» Vq(dg — —q)) by assumption and PUL
4

- (qo + Vq(dg — —q))

[V

. Tqg, contradiction.

The second kind of challenger denies the coherence of quantification into sentence posi-
tion. Although we cannot therefore apply Prior’s original paradox there are other variants
which use resources that we uncontroversially have. I shall concentrate on two variant
paradoxes: paradoxes using plural quantifiers, and paradoxes using singular quantifiers and
a propositional truth predicate.

In order to run the paradox in plural logic we introduce a plural term forming operator
(x : ¢). However in principle this term forming operator could be eliminated contextually:
P = Jzz(Ve(x < zz < @) AYlzx/{z @ ¢)]) (it would make the proofs more complicated.)
Note that ¢ needn’t contain = free. Here are the relevant principles governing the plural
version of the paradox

1. Classical propositional logic.
2. Vaxd — ¢[tt/zx)
3.t <{(x: ) ¢ P[t/x]

Let R be any relation

Theorem 6.1.2. (Plural version of Prior’s theorem) The following is a theorem of plural
logic: aR{x : Vzx(aRxx — —a < xx)) = (3zxz(aRzxx A a < zx) A Jzz(aRxx A —a < xx)).

Proof. Let ¢ be the formula Vzz(xRxx — —x < zx)
1. Vzz(aRzr — —a < zz) = (aR(x : ¢) = —a < (z: ¢)) (2)
2. aR(z : ¢) — (Vzz(aRxxr — —a < zx) — —a < (z: ¢)) (1)

3. aR{xz: ¢) = (Vrz(aRzx — —a < zx) — ~Vex(aRzz — —a < zz) (3, Defo)
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4. aR(z : ¢) = ~Vaz(aRrx — —a < zx) (1)

)
5. aR(z : ¢) — Jzx(aRxx N a < zx) (1, IDef)

aR(z : ¢) — (aR(x : ¢) AN Vex(aRxx — —a < zx)) (1, step 4)

) =

(aR(z : ¢) A=a < (z: ¢)) (3, Defo)
(aR{z : ¢) AN—a < (x: ¢)) = Jzz(aRzx A —a < zz) (1,2, Defd)

aR(z: ¢

L »®» 3@

aR(x : ¢) = Jzx(aRzx A —a < zx) (step 7 and 8)
10. aR(x : ¢) = (Fzzx(aRzx A a < zx) A Jzx(aRzx A —a < zx)) (step 5, step 9)
O

Here R can be any predicate taking a singular and a plural argument. A natural class
of interpretations of R is inspired directly from Prior’s theorem. If d is any operator we
can define yRxx = dy < zz.

Substituting d for ‘thinks that’ and a for ‘Jane’; the upshot of this variant is that if I
think that Jane is not among any of the things I think that Jane is among then there are
some things which I think Jane is among and she is among them, and there are some things
which I think Jane is among and she isn’t among them. In particular, I cannot think that
Jane is among only those things: there will be some things and some other things, both of
which I think Jane is among, but such that there’s something that is among the original
things but not among the other things.

However other examples do not take the form of Prior’s original paradox. For example,
paradoxes arise when yRxx is taken to be a non-distributive plural predicate. Suppose that
yRxx iff y is thinking about the zz. Then this theorem says that if I'm thinking about
those things which are not among any things that I'm thinking about, then I'm thinking
about some things which I'm among and I'm thinking of some other things which I'm not
among. Therefore I cannot think about the things which are not among any things that
I’'m thinking about, under that description or any other, unless I am thinking about some
other things.'?

Finally we can run a singular version of the paradox.

1. Classical quantificational logic.
T(thatp) < ¢

Theorem 6.1.3. (Singular version of Prior’s theorem) The following is a theorem of first
order logic and the propositional T-schema: d(thatVx(Dx — —Tx)) — (Jz(Dxz A Tx) A
Jz(Dx A —Tx)).

Proof. Begin by setting ¢ as Va(Dz — —Tx).
1. Va(Dx — —Tx) — (D(thatp) — =T (thatg)) (1)
2. D(thatp) — (Vz(Dx — —Tx) — =T (thate)) (1)
3. D(thatp) — (Vx(Dx — —Tx) — —Va(Dx — —Tx) (2, Defo)
4. D(that$) — —Vx(Dx — —Tz) (1)
(thate)

5. D(thatp) — Jx(Dx A Tx) (1, IDef)

121t is interesting to note that instances of this theorem sounds much less paradoxical when yRzz is
substituted for a non-intentional verb. For example: ‘this piano cannot be carried by just those things
which are not among any things which are carrying this piano’; ‘I cannot be surrounded only by those
people which are not among any of the people that are surrounding me’ sound pretty uncontroversial.
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D(thatp) — (D(thatp) A —Vz(Dx — —Tz)) (1, step 4)
. D(thatg) — (D(thatd) A =T (that)) (2, Defep)
(D(thate) A =T (thatp)) — Jx(Dx A —Tx) (1, Detf3)

© »®» N>

D(thatp) — Fx(Dx A —Tx) (step 7 and 8)
10. D(that¢) — (3z(Dx ATz) A Jz(Dxz A —Tx)) (step 5, step 9)
O

This version of the argument does not invoke quantification into sentence position. It might
therefore seem to address the worries of those who deny the coherence of quantification into
sentence position. However to run the argument here we must appeal to the proposition
T-schema. One might think that this is just as problematic as the sentential T-schema. In
fact it is not; it is demonstrably consistent — the consistency is practically a consequence of
the possible worlds way of thinking about propositions. We shall discuss this issue further
in the next section.

6.2 Operators, predicates, sentences and propositions

For someone who accepts my framework there are only three options they can take. They
can either weaken classical logic, restrict propositional universal instantiation (to, perhaps,
its predicative instances) or accept the conclusion. I have argued that we should accept
the conclusion. However, there are presumably people who do not even accept the frame-
work: who reject the coherence of propositional and plural quantification, and reject the
propositional T-schema.

For such people, the only way to make sense of sentences like ‘things are however the
Pope says that they are’ is to paraphrase them in terms of singular quantification over
propositions and a propositional truth predicate. One cannot run the argument in this
context without helping oneself to the propositional T-schema.

6.2.1 Are sentences and propositions isomorphic?

Propositions, as I understand them, are objective non-representational objects. They are
thus very much unlike sentences, which are representational and are only related to the
objective world indirectly. The distinction I am after has been put clearly by Ramsey:

Suppose I am at this moment judging that Caesar was murdered: then it is
natural to distinguish in this fact on the one side either my mind, or my present
mental state, or words or images in my mind, which we will call the mental
factor or factors, and on the other side either Caesar, or Caesar’s murder, or
Caesar and murder, or the proposition Caesar was murdered, or the fact that
Caesar was murdered, which we will call the objective factor or factors; and to
suppose that the fact that I am judging that Caesar was murdered consists in
the holding of some relation or relations between these mental and objective
factors. — F.P. Ramsey, ‘Facts and Propositions’.[112]

A natural view about propositions that a hypothetical objector could hold is one in which
propositions and sentences are alike in the respects just mentioned. But just because
someone thinks that there is some level of representation that lies inbetween public language
and the world, doesn’t mean they must deny there is any notion of ‘proposition’ that
is purely worldly in Ramsey’s sense. There appears, then, to be some kind of verbal
dispute about what we call a ‘proposition’ which I wish to sidestep. Thus, for example,
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a representationalist will say that propositions qua the objects which play an important
role in semantic theory are not the same as propositions qua denotations of ‘that’ clauses
(see, e.g., Field [38].) I shall henceforth use the term ‘proposition’ to mean whatever ‘that’
clauses denote. Singular quantification over propositions in this latter sense is then clearly
the nominalised analogue of propositional quantification.

Why might someone reject the T-schema for propositions so understood? A seemingly
widespread view is that it must be abandoned for exactly the same reasons that we must
abandon the sentential T-schema. It is to this view I now turn.

In fact, there is no straightforward argument that you can generate paradoxes for the
propositional T-schema like one can for the sentential T-schema. To see this one can show
that the propositional T-schema is completely consistent on a view in which propositions are
just sets of worlds, relative to some base model (which can include any number of attitude
predicates, whose interpretation can apply to any set of propositions you so chose.) Consider
a simple language containing a modal operator, O, (for distinguishing propositions), a
subnective that$, which forms a term from a (possibly open) formula ¢, and a predicate T
as well as the standard first order logical vocabulary. We can produce a fixed domain S5
model for the T-schema in this language as follows: we let W be any set of worlds, let the
domain be P(W). We then define a non-standard notion of complexity that applies to both
terms and formulae in which: atomic sentences and terms not involving that¢ terms have
complexity 0, and if ¢ and ¥ have complexity n, that¢, ¢ A 1, Vap, O¢p and —¢ all have
complexity n + 1, and if the maximum complexity of terms t1,...,t, is n, Pt;...t, has
compexity n+ 1. We let the extension of T' at a world w be the set of p € P(W) such that
w € p. We then define truth at a world and the denotation of that¢ terms, recursively on
the complexity of formulae/terms. This is all standard except that the denotation of that¢
at any world is the set {w | ¢ is true at w}, which is a good definition since that¢ has greater
complexity than ¢ (this is where a version of this proof for sentences would break down.)
This validates the T-schema, as well as claims such as that$ = thaty) «» O(¢ < 1).*> This
argument does not depend on which attitude predicates we have in the language, or which
propositions (sets of worlds) they apply to.

6.2.2 Non-wellfounded propositions

Say that a proposition is genuinely paradoxical if, were it to exist, it would be inconsistent
with the propositional T-schema. Thus, while the propositions generated by Prior’s para-
dox, and its cousin involving singular quantifiers, are in some sense paradoxical because
certain people cannot think or say them, they are not genuinely paradoxical because they
are perfectly consistent with the T-schema. The preceding consistency argument shows
that one cannot generate genuinely paradoxical propositions from standard resources for
constructing propositions.

However one might think that there are sound arguments for the existence of genuinely
paradoxical propositions. All one needs, of course, is a proposition which says of itself
that it’s not true. Surely such a proposition would be easy to generate. For example,
consider the proposition that Hector’s favourite proposition is not true. Now, since we
have not said anything about Hector’s taste in propositions, surely it might just turn out
that Hector’s favourite is that proposition. In other words, it might just happen that
Hector’s favourite proposition the proposition that Hector’s favourite proposition is not
true. But then we have an inconsistency with the propositional T-schema: the proposition
that Hector’s favourite proposition is not true is true iff Hector’s favourite proposition is
not true. However substituting Hector’s favourite proposition in the left hand side we get
the proposition that Hector’s favourite proposition is not true is true iff the proposition

131f one wanted to just prove the consistency of the propositional T-schema we could have done with just
two propositions, true and false, but we would have still had to go through the non-standard definition of
complexity to show that the assignment was well-defined.
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that Hector’s favourite proposition is not true is not true. This is a contradiction.

Similarly, consider the proposition that the proposition Hector is thinking at ¢ is not
true? Now surely, for all we’ve said, Hector might be thinking this proposition at ¢. Surely
he can think whatever he likes, so what could stop him from thinking this proposition? But
once we’ve got this far we can refute the propositional T-schema just as above. Of course,
I have denied that Hector can think this proposition at ¢ unless Hector is thinking two or
more things at ¢, but one might prefer to reverse the argument against the propositional
T-schema instead.

However good this argument sounds, it runs the risk of over generating. What we have
purportedly established is that there a proposition, p, which is identical to the proposition
that p is not true. However, the use of truth was not essential to these arguments at
all. Consider not the proposition that Hector’s favourite proposition is not true, but the
negation of Hector’s favourite proposition. Call that p. Could it not just happen that
Hector’s favourite proposition is p, for all the same reasons we mentioned earlier (he can
think whatever he wants to think, et cetera)? But if so, then p is identical to its own
negation, since p is the negation of Hector’s favourite proposition, and Hector’s favourite
proposition is p.

This is inconsistent with a number of accounts of propositions. If propositions are sets
of worlds, or Russellian propositions (assuming a wellfounded notion of constituenthood)
then no proposition is identical to its own negation. But even worse, such a consequence
seems completely incompatible with classical logic. For example, the proposition that p
if and only if —p must presumably be true if p and —p are identical, but this is simply
impossible in classical logic.

If this argument really was convincing, then perhaps we should accept non-wellfounded
propositions, and a non-classical logic in which p <> —p is consistent. However there are
reasons to think that the argument is problematic. Here is an argument for the existence of
non-wellfounded numbers. Consider the successor of Hector’s favourite number. Call this
n. Now since I haven’t said anything about Hector’s preferences about numbers surely it
might just turn out that his favourite number is n. But if this was so, then n must be its
own successor, since n is the successor of Hector’s favourite number, and Hector’s favourite
number is n.

As far as I can see all the rhetoric in favour of Hector being able to prefer n over any
other number transfers just as easily from the case that his favourite proposition could be
p. However, it is clearly not a good argument. Whatever Hector’s favourite number is, it
can’t be the successor of his favourite number, since for all n, the successor of n is distinct
from n.

Similarly, whatever Hector’s favourite proposition is, it can’t be the negation of his
favourite proposition. After all, for every proposition p, p is distinct from the negation
of p. And whatever Hector’s favourite proposition is, it can’t be the proposition that his
favourite proposition is not true. This again follows from the plausible principle that for
all p, p is distinct from the proposition that p is not true.

Much the same can be said for thinking, fearing and other attitudes which can be had
towards numbers. For example, I can think of numbers in all kinds of indirect ways. I
can think of the number 4, the 50th prime number or Hector’s favourite number. But I
presumably can’t think, at a given time ¢, of the successor of number I'm thinking of at
time ¢, since whatever number I'm thinking of at time ¢, it’s not the same as its successor.
Analogously, I cannot think at ¢ the negation of the proposition I’'m thinking at ¢. But
there is nothing mysterious about this. Indeed, I can think the proposition I'm thinking at
t at some other time or someone else can think this proposition.
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6.2.3 Are predicates and operators isomorphic?

Another common thesis in the same ballpark as the thesis that sentences and propositions
are isomorphic is the claim that every operator has a corresponding predicate on sentences.
Call this the ‘correspondence principle.” Since this claim undermines the current strategy
of sharply distinguishing between the propositional paradoxes and the semantic paradoxes
I shall now consider this view briefly.

It’s not completely straightforward to say what it means for an operator to have a
corresponding predicate, but let me give a few examples of this claim at work. In order to
formalise principles about metaphysical necessity it is common to introduce an operator,
0O, and to state principles concerning its logic in this way. For example, provided O means
‘it’s necessary that’, we ought to have the following principles, known as ‘factivity’ and
‘necessitation’:

0o — ¢
If - ¢ then F O¢.

Now one way to read the correspondence principle is to say that we must therefore have
a predicate of sentences, Nec, such that for any sentence, ¢, Nec("¢7) always means the
same as O¢. Thus in particular, we should be able to always substitute O¢ with Nec("¢7),
and vice versa, so one ought to have also:

Nec("¢™) = ¢
If - ¢ then F Nec("¢™).

However, it is well known that these two claims are inconsistent (Montague [95].) It follows
from the correspondence principle that one must reject the original claims about the logic
of the expression ‘it’s necessary that’. We must either give up factivity or necessitation.

This form of argument can be similarly used to refute some plausible principles about
knowledge — namely that knowledge is factive and that someone can know all the classical
consequences of factivity. Indeed, factivity isn’t even required for these kinds of paradoxes;
there are similar paradoxes of belief. A logic of rational belief might involve the following
principles

B(¢ = v) = (Bé — BY)
B¢ — B¢

Bé — BB¢

If - ¢ then - B¢

It follows by Lob’s theorem that the corresponding predicate versions of these principles is
inconsistent. Even if it is implausible that these principles apply to any actual person, or
even of every rational person, it seems quite hard to swallow that no-one could ever satisfy
these principles simultaneously.

I would suggest that these far fetched conclusions are the effects of a bad premise;
that every operator (or predicate of propositions) has a corresponding predicate applying
to sentences. If the preceding considerations are not reason enough, let me give a proof,
within classical logic, that the correspondence principle is false. One instance of the kind of
reasoning goes as follows. Assuming the correspondence principle, there can be no operator
that obeys the following principles:

(¢ — Hg) — Mo
(W) — ) = ¢
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¢ — (W — ¢)

Suppose there was. Then by the correspondence principle there would be a corresponding
predicate F. Let v +> F (") (*). Then we have F("v") by the first principle and the left
to right direction of (*), and v by the second principle and the right to left direction of (*).
Thus, by the last principle we have 1 for arbitrary 1.

So far so good. But here’s the rub: if one accepts classical logic, then one already accepts
that there is an operator which satisfies these principles, since they are all principles valid
when B is interpreted as the classical negation operator, —.

The strategy of blocking Montague’s paradox and the knower paradox by insisting on a
distinction between operators and predicates of sentences is not only a coherent position,
but a position that is forced on us by classical logic. Nonetheless, one might think that
there is at least a coherent notion of knowing or believing a sentence (relative to a language)
which one ought to be able to make sense of, even if knowledge and belief are not expressed
this way in natural language. Perhaps a natural notion would be that a person knows a
sentence, s, in the language L, iff however s says that things are in £ she knows that things
are that way. This can be expressed in quantified propositional logic as

a knowsy, s := Vp(s meansy, that p — a knows that p) (6.12)

However, even if we accept all instances of the principle ‘if someone knows that p then p’,
we should not expect to be able to derive the principle ‘if someone knows-in-English the
sentence "¢ then ¢’ from (6.12), since one cannot assume the principle ‘"¢ means-in-
English that ¢’ due to Prior’s paradox.

6.3 Does the liar express a proposition?

A common reaction to the liar sentence is to respond that it doesn’t express a proposition.
Of course, this response does not obviously provide a solution to the paradox — for example
it does not tell us which principle used in the derivation of the paradox is to blame. However
one might think that the thesis that the liar sentence, and similar antinomies, fail to express
a proposition offers some kind of diagnosis of the paradox.

A similarly common reaction to paradoxes involves saying that the liar sentence is
meaningless. This would follow from the response above if we made the assumption that
the meaning of a sentence is a proposition. However they are strictly independent positions;
one could, for example, adopt a non-truth-conditional theory of meaning, such as a use
theoretic account of meaning, which would allow for sentences to be meaningful without
requiring that any sentence expressed a proposition.

However both these views appear to be incoherent (although not formally inconsistent)
given the following two principles:

E1l. If s expresses a proposition, so does every sentence s implies.
E2. ‘s does not express a proposition’ implies ‘s is not true’

Suppose that L =‘L is not true.” By E2. ‘L does not express a proposition’ entails ‘L is not
true’, i.e. L. If L does not express a proposition then ‘L does not express a proposition’ does
not express a proposition either by E1. and the fact that ‘L does not express a proposition’
entails L. Similarly if we assume

MI1. If s is meaningful, so is every sentence s implies.
M2. ‘s is meaningless’ implies ‘s is not true’

we can show that if L is meaningless then ‘L is meaningless’ is meaningless.
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But these positions seem to undermine themselves. In the former case the sentence
we used to try and express the central claim of the no-proposition view, i.e. the sentence
‘L doesn’t express a proposition’; fails to express a proposition and therefore, presumably,
fails to express the central claim. In the latter case the view is, by its very own lights,
meaningless. Perhaps it is possible to live with this, as Wittgenstein apparently did [145].14
However I believe that there are independent reasons to think that the liar sentence ex-
presses a proposition. According to the resulting view the sentence ‘L is meaningless’ and
‘L does not express a proposition’ are both perfectly meaningful sentences which express
propositions, but are both false. I maintain instead that L, the liar sentence, is both mean-
ingful and expresses a proposition, which I will state using the sentences ‘L is meaningful’
and ‘L expresses a proposition’. The positive view I put forward, unlike its alternative, can
therefore be expressed using sentences that are both meaningful and express propositions.

6.3.1 Liars express propositions

Imagine the following scenario, call it scenario 1. Bob and Alice have just pulled a Christmas
cracker of the kind that contains a little fact. Bob pulls out the fact card and, realising
what it is, utters the sentence ‘the sentence written on this card is true’ addressing Alice,
who he believes doesn’t know what the card is. Call this sentence Bob has uttered S. He
turns it over and reads

Cold weather makes fingernails grow faster

Now suppose Alice hears Bob’s initial utterance but cannot see what is written on the card.
What is Alice’s doxastic situation after hearing this utterance?” Being a competent speaker
of English, and being generally inclined to trust the card, she puts these facts together with
the fact that a certain string of letters is written on the card, S, and updates her beliefs.
Assuming a standard possible worlds model of belief here is a list of ways in which reading
this sentence affects her doxastic state

1. Alice rules out worlds in which snow is white and the sentence on the card is ‘snow
is green’

2. Alice rules out worlds in which the sentence on the card is ‘snow is green’.
3. Alice does not rule out worlds in which the sentence on the card is ‘snow is white’.

4. Alice rules out worlds in which the sentence on the card is ‘cold weather makes
fingernails grow faster’ and in which fingernails do not grow faster in cold weather.

How are we to explain facts like 1.-4. above? Firstly note that some facts are more basic
than others — 2., for example, can be explained from 1. and the fact that Alice knows that
snow is white: since the worlds where snow is not white are already ruled out for Alice, 1.
simply amounts to ruling out worlds where the sentence ‘snow is green’ is the sentence on
the card. Fact 1. is but an instance of a regularity among English speakers; not only would
Alice rule out these worlds, but any competent speaker of English who believed S had been
uttered literally and sincerely. How are more basic facts like 1. explained? A fairly standard
assumption is that these facts are explained by appealing to facts about the conventional
meaning of S in English. These are facts about sentences and other linguistic items of
English that you are required to know in order to be a competent speaker of English. We
can distinguish these from general advice about how to communicate well which apply to
communication in any language (such as, for example, the Gricean maxims which are not

M According to some readings Wittgenstein thought that, although the sentences of [145] are meaningless,
they are still illuminating and can be used to point out ineffable truths. It is unclear whether this kind of
position fairs better with respect to the paradoxes since the notion of ‘pointing out’ seems to be subject to
the same paradoxes as ‘expressing’.
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explicitly about English or any any other language.) In other words, we appeal to facts
about what the sentence S semantically expresses.

Now imagine another scenario, scenario 2. Scenario 2 is exactly like scenario 1 except
when Bob utters S and turns over the card it reads, to his surprise,

The sentence Bob just uttered is false.

Alice, who as before cannot see the card, is in exactly the same doxastic state as she is
in scenario 1. Therefore facts 1.-4. still obtain and require explanation. Just as before, it
seems we should explain them by appeal to the conventional meaning of .S, i.e., by appealing
to the proposition that S semantically expresses.

By a now straightforward argument it follows that S, the sentence on the card or both
sentences disobey the E-schema.!® Without loss of generality, I shall assume that either S
or both sentences fail the E-schema; thus we have, in either case, that ‘the sentence on the
card is true’ does not mean that the sentence on the card is true. (Parallel considerations
to the ones I'm about to make would apply under the alternative assumption with minor
changes to the example.) Now according to the no-proposition view failures of the E-schema
like this one arise when the sentence in question does not express anything at all, so .S does
not express a proposition.

I think these two scenarios raise two related problems for the no-proposition theory.
The first problem concerns scenario 2. I shall argue that the no-proposition theorist cannot
explain why facts 1-4 hold in this scenario. The second problem concerns scenario 1. Here I
show the no-proposition theorist faces a dilemma depending on whether she claims sentences
like S express propositions. Either all, or almost all, discourse involving semantic vocabulary
is defective, in that it does not express propositions, or the notion of expressing fails to play
the right communicative role. No-proposition views sometimes look slightly better when
it is wutterances rather than sentences that express propositions and are the bearers of
truth and falsity; this allows different utterances of the same sentence to sometimes express
a proposition and at other times fail to express a proposition. Most contemporary no-
proposition views are of exactly this type.!® The problems I raise for communication apply
whether or not we take sentence types or sentence tokens to be the bearers of truth and
falsity.

Let us begin with the first problem. As we noted Alice will update her beliefs upon
hearing Bob’s utterance in accordance with 1.-4. Naturally there are plenty of regularities
in people’s response to hearing utterances of S which can be explained without appealing
to the conventional meaning of S — for example, people will invariably come to believe that
S has been uttered, or that the utterer has vocal chords, can speak English, and so on.
However, what is special about fact 1., for example, is that while the facts just listed would
be known to anyone who heard S, whether they spoke English or not, only English speakers
would rule out worlds in which snow is not green and the sentence on the card is ‘snow
is green’. How could we possibly explain this fact without appealing to the idea that in
English S semantically expresses a proposition which is incompatible with these worlds?

Perhaps the no-proposition theorist could appeal to the distinction between semantic
meaning and speaker meaning introduced in Grice [52]. Another case that is relevantly
similar to the one we are considering involves the sentence S’ uttered in two different
scenarios

The man drinking martini looks sad

151 am retaining the assumption that s is true iff for some p s means that p and p. The example could
be adjusted so as not to rely on this assumption by replacing S with the sentence ‘the sentence on the card
means something true’, and replacing the sentence on the card with ‘the sentence Bob just uttered means
something false’.

16For no proposition views that treat utterances as the expressors of propositions see Parsons [99], Sim-
mons [122], Williamson [141] and Gaifman [48].)
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In the first scenario I am indicating a man at a party who is drinking a martini, in the
second scenario, unbeknownst to me, nobody in the room is drinking a martini, and the
man who I am indicating is in fact drinking water from a martini glass. According to
the Frege-Strawson view of definite descriptions, the sentence S’ expresses a proposition in
scenario 1, but not scenario 2 (in order to get a no-proposition view which is perhaps less
out of fashion today replace ‘the’ with ‘that’ in the above sentence.) Yet it seems that if
you heard S’ uttered in the situation described, most people would revise their beliefs in a
similar manner, whether they were in scenario 1 or scenario 2.

So there is a parallel problem both for the no-proposition view of failed definite descrip-
tions and the no-proposition view about the liar. However it is widely thought that this
problem is not devastating to the no-proposition account of definite descriptions (see Kripke
[74].) Facts about how one revises one’s beliefs when hearing S’ can be explained by the
distinction between what a speaker means to communicate when they utter a sentence and
the sentences literal semantic content. Although in the second scenario described S’ does
not literally express a proposition, it is clear to a sympathetic audience what the speaker
meant.

However in order for the audience to work out that Bob didn’t mean to say what his
utterance literally expressed they must know that the man in question is not drinking
martini. In cases where the audience do not know whether the man is drinking martini
the audience will come to believe, upon hearing S’ from a reliable person, that there is
exactly one man in the room drinking martini. I think that this is a serious problem for
the no-proposition view of definite description (and also for complex demontratives,) and,
mutatis mutandis, a problem for the no-proposition accounts of the liar. To say that S does
not express a proposition in scenario 2 seems to divorce the notion of ‘expressing’ from its
usual role in communication.

Let us turn to the utterance of S in scenario 1. Could we plausibly deny that sen-
tences like S — sentences which are not actually paradoxical but might have been — express
propositions? If we ignore the strong intuitive reasons to think S expresses a proposition in
scenario 1, the problem with making a general move like this is that it threatens to render
almost all of our ordinary talk about truth and falsity meaningless. As Kripke once put it:

Many, probably most, of our ordinary assertions about truth and falsity are
liable, if the empirical facts are extremely unfavorable, to exhibit paradoxical
features. Kripke [73]

his point was made using the seemingly innocuous sentence ‘most of Nixon’s assertions
about Watergate are false’. This sentence has truth conditions; it is verifiable by counting
Nixon’s Watergate related assertions and seeing how many of them are false. The natural
thing to say, then, is that whether an utterance of a sentence like S expresses a proposition
or not depends on contingent facts which may not be available to either speaker. This also
makes it hard to see how we could use sentences like S to communicate effectively.

Our previous discussion makes it clear that on the current view, there can be a regularity
among speakers of English to update on a proposition when they hear an utterance of a
sentence even when that utterance doesn’t express a proposition in English. I take it that
if the notion of ‘expressing in English’ is to have any connection with communication in
English, then it should at least say that if an utterance does not express a proposition then
one shouldn’t update on any proposition, even if most speakers usually do. However, in
general one cannot know whether one is in scenario like scenario 1 or scenario 2, which
makes it impossible for a speaker to know when and when not to update on the relevant
proposition.

6.3.2 Which proposition does the liar express?
Our thesis, which I take to be established, is thus (E):
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(E) L expresses a proposition.

Let us suppose, then, that the proposition the sentence ‘L is not true’ expresses is p. By
Prior’s theorem we know that ‘L is not true’ does not say that L is not true, so we know
that whatever p is, it is not the proposition that L is not true. As we will argue in section
6.4.1, a failure of the E-schema is not problematic in and of itself. However it does raise
the question: if p isn’t the proposition that L isn’t true, which proposition is it?

In order to answer this question we should bear two things in mind. The first is that there
is no logical reason why L should express any particular proposition; whatever proposition
L does express it expresses it only contingently. In order to determine which proposition
L expresses, then, we must look to the contingent facts which determine what sentences
mean — facts about their usage. The second is that in this regard the proposition that
L isn’t true is closely connected to the sentence ‘L is not true.” Note for example that
although L cannot mean that L is not true, the proposition that L isn’t true plays the right
communicative role with respect to L.

Definition 6.3.0.1. Say that p satisfies the weak communicative role of s in L iff all L
speakers know that in any situation in which A and B are L-speakers the following holds

e If B knows that A sincerely and knowledgeably uttered s intending to speak in L, B
is in a position to know that p.

o If A knows that p, then A is in a position to knowledgeably utter s to any L speaker.
e (Optional): These three facts are known to all L speakers.

It should be noted that in general multiple propositions will play the weak communica-
tive role for a sentence s. In particular, the proposition that the total number of stars is
even, call this p;, and the proposition that the total number of snowflakes is even, call this
p2, both play this role for the sentence ‘the total number of stars is odd’. This is because
all £ speakers know that no £ speaker can knowledgeably utter this sentence, and so know
that the first condition vacuously holds. Similarly every L speaker knows that no £ speaker
knows p; (p2) and so know the second condition vacuously. For p to satisfy the weak com-
municative role for s is not in general sufficient for p to be expressed by s, although I suggest
that it is necessary. (In the considered example further principles may come into play, such
as the claim that of all the properties playing equivalent communicative roles for a single
predicate, we should rule out gruesome ones.)

Note, therefore, that the proposition that L is not true plays the right communicative
role with respect to L. In particular, note that if B knows A has sincerely and knowledgeably
uttered the sentence ‘L is not true’, then B is in a position to know that L is not true.
Why is this? Because every L speakers knows that A cannot sincerely and knowledgeably
utter the sentence ‘L is not true’ and every L speaker knows that no-one knows that L is
not true. In either case the conditional is trivially satisfied. L does bear a relation to the
proposition that L is not true, namely that of having it play its weak communicative role.
which would satisfy principles (1)-(4) of the communicative role (although we know that
whatever this relation is, it’s not expressing.)

So there are two important things to note. Firstly it does not follow that the proposition
that L is not true is the only proposition that would play the weak communicative role for
the sentence ‘L is not true’. Secondly, there may be further principles governing expression
which go beyond the weak communicative role that would rule the proposition that L isn’t
true out. For example, consider the principle considered earlier connecting expression with
truth:

If s says that p then s is true if and only if p.

Note that an instance of this principle is: if L says that L isn’t true then L is true if and
only if L isn’t true. From this we may immediately infer that L doesn’t say that L is true.
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So, to summarise, we now have two facts about the proposition L expresses, p, which
will constrain our investigation

1. p plays the same communicative role with respect to L as the proposition that L is
not true.

2. L is true if and only if p.

These facts are suggestive. Note the simplest way to get 2. is to substitute p for the
proposition that L is true. Since, we may assume, every speaker knows that no-one knows
whether L is true, and that no one can knowledgeably and sincerely utter L it follows that
on this suggestion p plays the right communicative role. Therefore we might suggest

‘L is not true’ says that L is true.

Not only does this suggestion satisfy 1. and 2. it offers us a means to explain why it’s
indeterminate whether L is true or not. According to this suggestion L says that L is true.
We might contrast this with the truth-teller sentence — a sentence which also says of itself
that it is true. In both cases we can appeal to the plausible principle:

If s says of itself that it is true, then it’s indeterminate whether s is true or not.

Since both L and the truth-teller say of themselves that they are true, they are indetermi-
nate.

In the case of the liar, L, we have argued that L expresses the negation of the proposition
we were expecting it to. Does this generalise? Could it be the case that for any sentence
‘@’, either ‘¢’ means that ¢ or ‘¢’ means that it’s not the case that ¢, with the latter case
reserved for ‘paradoxical’ sentences? In order to see why this generalisation fails we need
to consider which proposition the following sentence, called S, expresses

(*) The only starred sentence in chapter 7 is not true.

We know, given the fact that S is the only starred sentence in chapter 7, that S does
not express the proposition that the only starred sentence in chapter 7 is not true. If we
were to apply our previous strategy we might assume that S expresses the proposition that
the only starred sentence in chapter 7 is true — call this q. Unfortunately ¢ fails both the
constraints we placed on L. Firstly, ¢ does not satisfy the necessited version of the principle
we appealed to earlier: necessarily, if S says that ¢ then S is true iff ¢. Why? It seems
I could have easily written the sentence ‘snow is white’ next to the star above instead of
S, and I could have done this without changing whether snow is white or changing any
of the meaning facts. Intuitively in this situation, S, i.e. the sentence ‘the only starred
sentence in chapter 7 is not true’, would have been false (because ‘snow is white’, a true
sentence, is only starred sentence in chapter 7.) But note that ¢ holds in this situation so
we do not have that S is true iff ¢, even though S says that ¢q. Secondly, ¢ doesn’t play
the weak communicative role for S. For example, if an English speaker hears ‘the only
starred sentence in chapter 7 is not true’ but has no idea which sentences are and aren’t
starred in chapter 7, one thing speakers shouldn’t rule out based on this information is
that the sentence ‘snow is black’ is starred. The claim that ‘snow is black’ is starred seems
to be perfectly compatible with what S is saying. However ¢ does rule out the possibility
that ‘snow is black’ is the only starred sentence in chapter 7. Therefore hearing S uttered
sincerely and truthfully is not sufficient for one to be in a position to know ¢. By similar
reasoning we can argue that knowing ¢ does not put one in a position to legitimately utter
S.

What general rules can we extract for working out which proposition a sentence says?
We have argued that each meaningful sentence says exactly one thing, and that, as a
contingent and empirical fact about English speakers we have the schema: if ‘¢’ says that
p then p has the same weak communicative role as the proposition that ¢ (with respect to
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the sentence ‘¢’.) However, as we noted, almost all unknowable propositions have the same
weak communicative role with respect to a sentence expressing an unknowable proposition;
a stronger constraint which seems to do the work would be:

If ‘¢’ says that p then p is indiscernible from the proposition that ¢.

The view is best explained by working through an example. Let L = ‘everything L expresses
is false’.

1. If ‘Everything L expresses is false’ expresses only one proposition, it is not the propo-
sition that everything L expresses is false.

2. We have suggested that it expresses the negation of the proposition that everything L
expresses is false. I.e. L expresses the proposition that some proposition L expresses
is true.

3. Note that if the only thing ded is the proposition that something ded is true, then
the proposition that something ded is true is indeterminate. (Prior’s version of the
truth-teller puzzle.)

4. Since the only thing L expresses is the proposition that L expresses something true,
then the proposition that L expresses something true is indeterminate.

5. If p is indeterminate —p is indeterminate.
6. The proposition that everything L says is false is indeterminate.

7. The proposition that something L says is true is indiscernible from the proposition
that every thing L says is false.

8. ‘Everything L says is false’ says something indiscernible from the proposition that
everything L says is false.

6.4 A theory of truth and semantic expression

How do we communicate using words in a language? What do we need to know about a
language in order to successfully receive and convey beliefs using that language? These
questions have preoccupied philosophers of language for a large part of the last century.
Two versions of Prior’s paradox are particularly relevant to this investigation: the paradoxes
refuting the following disquotational principles

‘¢’ is true in English if and only if ¢
‘¢’ says [expresses the proposition] that ¢ in English

here ¢ may be substituted for any declarative sentence of English. Henceforth I shall use
‘says that ...in £’ and ‘expresses the proposition that ...in £’ interchangeably, ommitting
‘in £’ if no ambiguity is present.

I shall call instances of Prior’s paradox like those above ‘semantic paradoxes’. In or-
der to properly understand the semantic paradoxes we need to get into difficult questions
concerning how we communicate with a language. The main theme of this section will be:
disquotational principles are not needed in order to communicate.

By way of doing this it is worth saying a bit more about the notions of ‘truth in £’
and ‘expressing in £’ I am intending to capture. I shall begin by saying some true things
about expressing, its basic communicative role, which are intended to elucidate the notion
to someone who already has it. Let £ be a language, and let A and B range over people
who speak and understand L.
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1. Every sentence is assocated with a unique proposition, which is the proposition that
sentence says in L.

2. If s says that p in £ and B, an L speaker, knows that A is a trustworthy speaker of
L and knows that A has sincerely and knowledgeably uttered s intending to speak in
L, then B is in a position to know that p.

3. If A knows that p, then A is in a position to knowledgeably utter s to any £ speaker.
4. Everyone who speaks and understands £ knows 1., 2. and 3.

We have simplified things somewhat by ignoring context sensitive language; for our dis-
cussion the above principles should be enough. One might want also to require something
stronger than 4, as Lewis does in [84] for example:

4'. [Lewis-style]: anyone who knows how to speak/understand £ will know 1., 2., 3. and
4’

The notion of expression I am interested in is supposed to capture the conventional meaning
of a sentence. The notion of truth in £ also has an interesting profile of properties relating
it to communicative practices, although for now we shall just list the following

5. sis true in L if and only if for some p, s says that p, and p.
6. If s says that p in £ then s is true in £ if and only if p.

This fixes the notion of truth in £ to a reasonable degree when understood in conjunction
with the above principles governing expression. 6. is a consequence of 5. and states a
natural way of weakening the T-schema (one can prove the ¢ instance of the T-schema only
when one has ‘¢’ says that ¢.)

These principles are not intended to provide an explicit or implicit definition of ‘semantic
expression’ — that would presumably require a much richer set of principles. However, with
these properties in place we can already begin to tell a story about how one communicates
in L. If A knows that B understands £, and knows also that B knows it is in their common
interest that B knows p, then A knows that uttering s will result in B knowing p. This can
be reasoned out from (1)-(5).

Perhaps the most striking feature of all this is that in order to communicate we only
need a notion of expressing which satisfies principles (1)-(4). Disquotational principles are
not appealed to at any point.

6.4.1 A non-disquotational picture of meaning

Before we ask whether disquotational principles are essential for communication, it is worth
saying a few words about the metaphysical and epistemic status of the disquotational
principles. The import of the disquotational principles depends on what one means by the
words ‘true’ and ‘express.” According to some theorists ‘truth’ is a purely logical concept
whose primary function is to enrich the language in order to allow it to express infinite
generalisations. According to this conception of truth the instances of the T-schema that
are true are logically true.

According to this use of the word ‘true’ the T-schema, if it holds at all, is treated as a
logical principle. It should be noted that this is not the way I am using the word ‘true’ in
this context. According to my usage sentential truth is a relation between a sentence and
a language and a context of utterance. In particular, truth is both language relative and
context relative: a sentence is true in a language £ and context of utterance c if for some
p it says that p, in £ at ¢, and p. One and the same sentence can say different things in
different languages, and can say different things in different contexts.

Furthermore, even when correctly relativised, most instances of disquotational schemata
are both contingent and a posteriori. For example, take the following instances:
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‘Snow is white’ is true in English if and only if snow is white.
‘Snow is white’ says that snow is white in English.

Since English speakers could easily have used the word ‘snow’ to mean grass while keeping
the meaning of ‘is white’ the same, both instances of these disquotational schemata could
easily have failed. Furthermore that ‘snow is white’ means that snow is white in English is
an empirical matter — one that a non-native speaker would have to learn in order to speak
it. English is not something one can learn a priori. The notion of truth being employed
here is therefore not a logical one.

This distinction between the logical and empirical conception of truth has methodolog-
ical consequences when it comes to the question of whether to revise one’s logic. Typically,
when reasoning about a hypothesis in empirical enquiry, if we discover that the hypoth-
esis leads to a contradiction in classical logic we reject the hypothesis and not the logic.
Historically this is the way empirical enquiry has always proceeded. Thus, in particular,
if linguistic anthropologists are considering the hypothesis that a linguistic community is
using certain symbols to mean a certain sentence is false in their language, and discover
that that hypothesis is inconsistent, standard methodology would require them to reject
the hypothesis that the community was using those symbols in that way. If the T-schema
really is just one empirical hypothesis among many about how the English language is used,
the case against classical logic seems to be weaker.

I have thus far argued the disquotational principles are non-logical empirical claims, and
that it is easy to conceive of situations in which they are refutable on empirical or logical
grounds. But what is the actual epistemic status of the T-schema and the E-schema?
The true instances of them are a posteriori truths, but are they typically known or easily
knowable to competent speakers of English?

Unlike the logical or Tarskian uses of ‘true’, truth in English is a contingent and use
dependent property. Instances of the T-schema for ’true in English’ do not express eternal
immutable facts.!” For example:'®

It has always been the case that ‘Pluto is a planet’ is true in English if (6.13)
and only if is Pluto is a planet.

It has always been the case that ‘Madagascar is an island’ is true in (6.14)
English if and only if Madagascar is an island.

For example, although Madagascar has always been an island, the name ‘Madagascar’
originally referred to a portion of mainland Africa, so the sentence ‘Madagascar is an island’
used to be false. We should therefore deny 6.14. Similarly, until recently, the word ‘planet’
was being used so as to apply to Pluto. However, in 2006 the International Astronomical
Union precisified the definition of ‘planet’ so that it no longer applied to Pluto. While both
(6.13) and (6.14) currently hold, they used to be false.

It is easy to imagine that a competent speaker of English could fail to know certain
disquotational priniciples. An English speaker alive in the 13th century might have known
that the sentence ‘Madagascar is not an island’ was true in English, since it was at that
time, but of course she could not have know that Madagascar was not an island because
it was an island. At some point the meaning of ‘Madagascar’ changed, permitting English
speakers to eventually come to know the relevant disquotational principle. Yet it seems
unlikely that everyone would come to know this fact; many competent speakers of English
would have continued with their old non-disquotational beliefs until they found out the
name had changed its meaning.

17When I say a fact, p, is eternal I mean only that it has, is and always will be the case that p. Even
those who believe that all propositions and are eternally true or false will have some way of making sense
of the tense operators I used in the previous sentence.

18] owe the second example to Wolfgang Schwarz.
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Let us return to our question: are any instances of the T-schema and E-schema stated
above required in order for us to be able to communicate? Would we still be able to
communicate efficiently had ‘snow is white’ meant something other than the proposition
that snow is white? It seems to me that the answer is fairly clearly ‘yes’. Indeed, we can see
from past experience that we communicated fine without certain instances of the T and E-
schema. Back in the days when ‘Madagascar is an island’ was false we seemed to get on ok.
Note that the failures of the T and E-schema do not imply any kind of expressive limitation
on a language. Even back then, it was possible to say, in English, that Madagascar was
an island — it’s just they wouldn’t have used the sentence ‘Madagascar is an island’ to say
this; we would have had to find some other way of referring to Madagascar.

A simple model for meaning

It is quite tempting to think that we can make our sentences mean anything we want them
too by changing the way we use them. However, as we have seen with Prior’s paradox this
is not true in general: no sentence, s, can mean that s means something false (unless s
means more than one thing.)

Similarly one might think that we can make any instance of the T-schema true or false
just by changing the way we use English. In this section we’ll introduce a simple model for
thinking about this effect which we’ll use later

The basic idea is to utilize a possible worlds model to represent how a sentences meaning
and truth can vary from world to world. Among the facts true at a world are meaning facts;
facts about how English sentences are used and what they mean at those worlds. This can
be represented as a set of worlds, W, and a function, f : L x W — P(W), assigning, for
each world and sentence of our language (English, say), a set of worlds: that sentences
meaning at that world.!?

Say that s means p in £ at w iff f(s,w) = p, and say that s is true in £ at w iff
w € f(s,w).

Theorem 6.4.1. Let (W, f) be a model and s a sentence. Then at no world w, does
f(s,w) ={x | s is not true at x} = {z | = & f(s,2)}. In other words, at no world does s
mean the set of worlds at which s is not true.

Note that for cardinality reasons there is always a proposition which s does not mean
at any world since there are more propositions than worlds. However the theorem above is
a constructive example of a proposition s can’t mean. Note that the set {z | w & f(s,w)}
is the set Cantor famously used to show that there could be no surjective function form a
set to its powerset.

Suppose the language contains a predicate, ‘Tr’, quote terms ‘¢’, for each sentence of L,
and terms L=—-Tr(\)’, T = ‘=Tr(T)’. The T-schema can be formulated in this framework,
and be said to hold at a world w when the following holds:

Tr(‘¢’) is true at w if and only if ¢ is true at w.

Theorem 6.4.2. For any model (W, f) and language satisfying the above assumptions we
have:

1. In no possible world is every instance of the T-schema true. (consider the liar.)

2. In no possible world is every instance of the T-schema false. (consider the truth
teller.)

19There are a number tricky issues I’'m sidestepping for the moment. For example one needs to be careful
how one individuates languages — one might think that even if a language doesn’t have the interpretation
it actually has necessarily, it can’t differ too much. Furthermore worlds in which £ isn’t used at all might
be worlds in which sentences of £ don’t have any meaning; this possibility is not represented in my model.
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3. There are pairs of instances of the T-schema both of which are possible, but such that
their conjunction isn’t.

The last fact represents paradoxes which result from pairs of sentences referring to them.
For example, letting S; = Sy is not true’, S;="S] is true’ we can show that the S; (S
resp.) instance of T-schema is possible: take a world where grass is green and snow is
white. Let S; mean that grass is green and Sy mean that snow is black (switch around to
get a world in which the Sy instance of the T-schema holds.) Note that at this world S;
is true (since it says that snow is white and snow is white) and S2 is not true (since ...).
This entails that Sy is true if and only if Sy is not true, which, since S1="S5 is not true’,
just entails that ¢Sy is not true’ is true if and only if S is not true. (which is the required
instance of the T-schema.)

6.4.2 Can a language contain its own truth predicate?

Many philosophers have asked whether a language can, in some sense, ‘contain its own
truth predicate’ (McGee [91], Herzberger [57].) The purpose of this section is to clarify
what this might mean.

Tarski proved a very general theorem that is sometimes taken to bear on this question.

Theorem 6.4.3. Let L be any first order language extending the language of Peano Arith-
metic and let "7 be a definable Gédel numbering. The schema:

6(7¢7) & ¢
18 inconsistent with Peano Arithmetic.

Proof. By the diagonal lemma there is a sentence, A, such that A <> =6(" A7) is provable.
By this and our assumption we get ("A7) <> =0(" A7) O

The importance of this theorem is sometimes exaggerated; what we may conclude is that
no extension of arithmetic with its own primitive truth predicate can consistently state the
T-schema. The point we have been stressing in the previous sections, however, is that the
truth predicate (and the expressing relation) are expressions for stating the kind of relation,
holding between a language and the objects of belief, that facilitate communication. The
primary function of the truth predicate does not involve the disquotational principles, so
for all that theorem 6.4.3 says it is an open question whether a language can contain its
own truth predicate.

We have a number of arguments that show for particular languages L, that L does
not have a predicate expressing truth in £. For example, a simple consequence of Tarski’s
theorem is that no arithmetical predicate expresses truth in arithmetic.

Definition 6.4.3.1. An arithmetical formula with one free variable defines a subset of N,
X, iff ¢(n) is true in the standard model iff n € X

Theorem 6.4.4. No formula of arithmetic defines the set of Gddel numbers of true sen-
tences of arithmetic.

Proof. Tf ¢ defines {n | N = ¢ and n = "¢} then N | ¢("¢7) iff N | ¢, and therefore
N E ¢("¢7) + 9, which is impossible by Tarski’s theorem. O

Assuming, quite plausibly, that an arithmetical sentence is true if and only if it is true in
the standard model it follows that no arithmetical predicate expresses truth in arithmetic.
However, there are two things to note about this. Firstly, while truth-in-the-standard-
model may in fact be an extensionally correct characterisation of truth in arithmetic it is
not intensionally correct: what’s true (not true) in the standard model is necessarily true
(not true) in the standard model, yet whether a given arithmetical sentence is true is usually
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a contingent matter, since we could have used the arithmetical signs differently. In order
to have an intensionally correct definition of truth no purely mathematical language will
suffice: we will need a language that is able to talk about the way sentences are used in a
given population, how the population updates their beliefs upon hearing certain sentences,
and so on.?? Secondly, it is not clear how to generalise the inexpressibility of arithmetical
truth in arithmetic to other languages. For example, how might we argue that set theoretic
truth is inexpressible in set theory? Tarski’s argument that arithmetical truth is not even
extensionally characterisable in arithmetic does not generalise to show that there could be
no extensionally correct definition of truth in set theory. The reason is simply that there is
no such thing as the ‘standard’ model of set theory; in fact, every model of set theory is non-
standard since every model fails to contain at least one set in its domain of quantification
(the model itself, for example.)

I want to argue that a language can, in some sense, contain its own truth predicate.
However, it is far from clear what the vague expression ‘contain its own truth predicate’
means. Let us therefore begin by distinguishing various things this could mean:

(i) We may have a language, £, containing a predicate ‘P’ which expresses the property
of being true in L.

(ii) We may be able to have a language which contains a predicate which plays the correct
‘conceptual role’, interacting in the correct way with other words in the language. This
might include its communicative role (as encoded by (1)-(4)), compositional role, and
SO on.

(iii) We may be able to have a language, £, which contains a predicate which ezpresses
the same property as the predicate ‘is true in £’ expresses in English.

(iv) We may be able to have a language which can express particular truths about its own
truth predicate. For example, we could have a language, £, containing a connective
‘N’ and containing a sentence which expresses the proposition that ‘N¢’ is true in £
iff ‘¢’ is not true in £. This is a language which seems to be able to expresse the fact
that the connective ‘N’ expresses negation.

(v) We could have a predicate ‘P’ that applies to all the sentences which are determinately
true in L and doesn’t apply to all the sentences which are determinately untrue in L.

Of these claims, (i) is in fact impossible if the language also contains operator expressing
negation.

A natural thing to want, if we are aiming for semantic closure, is for our language, L,
to have a predicate expressing the property of being true in £. Unfortunately, as I see
it, this is just impossible. The reason is quite simple, and does not rely on any kind of
disquotational principle.

Let us first consider what it means for a property to be expressible in a language. Let’s
take a simple example: the property of being a dog. Suppose that the property of being a
dog is expressible in a language L, so there is some predicate in the language, ‘P’, which
expresses doghood.

What does this amount to? Well, it surely has the following consequence. Suppose that
the language has a name for Fido — the name ‘¢’. Then intuitively the sentence ‘Pt’ says
that Fido is a dog in the language £ (following the logical convention of writing a term
next to a predicate to signify predication.) So at the very least the sentence ‘Pt’ is true in
L if Fido is a dog, and is not true in £ if Fido is not a dog. So we have:

20The trick of actualising the truth predicate to make it rigid will not help either. While the equivalence
between truth in the standard model and truth will be necessary, it will remain a posteriori. It is easy for
someone who does not speak the language of arithmetic to deduce that ‘1+1=2’ is true in the standard
model, since this is just a mathematical truth, but not at all easy for them to deduce that ‘1+1=2’ is an
actually true sentence of arithmetic, since that would require them to know something about the way in
which arithmetical symbols are used.
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If, in £, ‘P’ expresses the property of being a dog and ‘¢’ refers to Fido, then ‘Pt’ is
true in £ if and only if Fido is a dog.

Unless otherwise stated, ‘expresses’ shall mean ‘expresses in £’ and ‘refers’ shall mean ‘refers
in £.” This principle is very hard to deny. If either (i) ‘Pt’ was true when the thing ¢ refers
to is not a dog or (ii) ‘Pt’ is not true when the thing ¢ refers to is a dog, then it is very
hard to see how ‘P’ could be expressing doghood in any reasonable sense. In order for ‘P’
to express doghood it had better be true of dogs and only of dogs.

This connection between expression in £ and truth in £ is an instance of a general prin-
ciple. Let £ be a language with first order syntax (this assumption should be dispensible).

PrREMISE 1: If the predicate ‘P’ expresses a given property, F', in the language L,
and ‘t’ refers to a in £, then ‘Pt’ is true in £ if and only if a is F.

Let N be an operator in L.

PREMISE 2: If N expresses negation then ‘N¢’ is true in £ if and only if ‘¢’ is not
true in L.

This also seems to be fairly uncontroversial. If this condition is not necessary for an operator
to express negation in a language, I cannot imagine what it would mean for a language to
contain a negation operator.

Theorem 6.4.5. No language L can have the following
1. A predicate, P, which expresses truth in L
2. An operator, N, which expresses negation.
3. A term t such that t refers (in L) to the sentence ‘NPt’

Proof. Suppose for contradiction that there is such a language.
Substituting ‘truth in £’ for ‘F” in premise 1 we get

(*) If ‘P’ expresses truth in £ then whenever ‘¢’ refers to a, ‘Pt’ is true in £ if and only
if @ is true in L.

Suppose ‘P’ expresses truth in L. Since ¢ refers to the sentence ‘N Pt’, it follows by (*)
that ‘Pt’ is true in £ if and only if ‘NPt is true in L.
By premise 2 ‘N Pt’ is true in £ if and only if ‘Pt’ is not true in £. Contradiction. [

On the assumption that English expresses negation and has a liar-like sentence for each
of its predicates, we obtain the following corollary

Corollary 6.4.6. English has no predicate which expresses truth in English. Not even the
predicate ‘is true in English’.

To deny premise 1 would be to do violence to our ordinary notion of ‘expressing’; so
much so as to make the claim that languages can express their own notion of truth no longer
interesting. It is possible to have a predicate in £ which applies to some true sentences of
L and doesn’t apply to some untrue sentences. But it must always apply to some untrue
sentence or fail to apply to some true sentence if the language expresses negation in the
sense of premise 2. It is simply too easy to provide predicates that do this. Similar points
apply to premise 2.2!

The last example is worth considering further. There is a certain oddity with corollary
6.4.6. Here we have stated, in English, that English has no predicate expressing truth in

21For a precursor of the view I am defending here — that no language can express its own notion of truth
— see Herzberger [58]. Herzberger argued that for any language there was a property that language could
not express, namely, being heterological in that language (i.e. being a predicate which is not true of itself.)
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English: not even the expression ‘true in English’. But in order to state corollary 6.4.6
we had to use the predicate ‘true in English.” Do we even have any guarantee that we’ve
succeeded in expressing what we wanted to express with corollary 6.4.67

Our aim, therefore, is to show that English (or languages generally) can state particular
facts about truth in English, such as corollary 6.4.6, facts about the compositionality and so
on, even though, at the subsentential level, it has no predicate expressing truth in English.

6.5 Appendix: A theory of truth and expression

In order to show that the kind of theory outlined in this chapter is consistent we shall spend
this section formulating a theory of truth and semantic expression which has the features
we’ve been arguing for, and we shall show it is consistent. In light of our discussion the
theory should satisfy a number of constraints:

e The language should be rich enough to talk about its own syntax and prove the
existence of self-referential sentences.

e The language should contain an expressing ‘connecticate’ and a truth predicate with
which we can state a number of facts about truth and expressing.

e The language should have propositional quantifiers.

e The language should have a connective for saying when one proposition is indiscernible
from another.

e We should be able to state that the sentence ‘¢’ always expresses a proposition indis-
cernible from the proposition that ¢.

e We should be able to state in this language various compositionality principles about
truth and expressing.

e If ¢ is a theorem of the system then we should be able to express that theorem using
the sentence ¢. The theory should prove that whenever ¢ is a theorem ‘¢’ expresses
the proposition that ¢

For example, we argued for the fifth point in section 6.3.2, but there we offered no guarantee
that this proposal would be consistent. And in section 6.4.2 we noted that corollary 6.4.6
appeared to entail that the words we used to state corollary 6.4.6 didn’t express corollary
6.4.6. The final point is useful in this respect: we can formulate a version of corollary 6.4.6
within this theory, and the theory also proves that this statement of 6.4.6 in this theory
does in fact express corollary 6.4.6.

6.5.1 Axioms

Let £ be the language of arithmetic augmented with
- Propositional quantifiers and a propositional identity connective.

- A primitive connecticate F, taken a term in its first argument and a formula in its
second. FExp can be read as saying that x expresses the proposition that p.

- A binary connective ~. p ~ ¢ is read as saying that ¢ is indiscernible from p.

Within this theory we can define a truth predicate Tr(z) := Ip(FxzpAp) and a determinacy
operator A¢ := Vp(¢ ~ p — p). We may also define, within the arithmetical fragment of
the theory, a bijective Godel numbering associating each sentence ¢ of £ with a number "¢™.
For convenience we shall employ the dot notation: to represent the result of concatenating

143



)

‘(" with the sentence x numbers with ‘v’ with the sentence y numbers with ‘)’ we write

xVy (and similarly for other connectives.) We denote the numeral n, i.e. 0 followed by n 7
symbols, as n.

The theory of semantic expression, T, may be stated as follows. I shall write - ¢ to
mean there is a proof of ¢ in T and F* ¢ to mean there is a proof which does not involve
the E axioms.

PA The axioms of PA.
Prop The axioms for propositional quantification and propositional identity.
EL B ¢ — ¢~ o)
E2 IpA"Exp
E3 Eap A Exq — A™(p < q)
EV Ezp A Eyq — E(zVy)pV q
EA Exzp A Eyq — E(zAy)p A q
E-~ FExzp — E(-x)—p
EV VnEz[n/jl¢ — E(Yyz)Vne
E4 If - ¢ > ¢ then - Ex¢ < Extp
E5 If - ¢ then - ET¢p7¢
1 ¢~o
3 A= 4) = (Ad = AY)
4 YxAp — AVzo
5 IfF* ¢ ¢pthentH* x~px~Ypand - g~y ~x
16 If H* ¢ <> ¢ then F* ¢ = .
I7 If - ¢ then - Ag.

Here A™ represents a sequence of n A operators. Given these axioms we can derive a
number rules and axioms

SC IpA"(p < ¢)
T A¢p— ¢
CompV Tr(zVy) < Tr(x) VvV Tr(y)

CompA Tr(zhy) < Tr(z) ATr(y)
CompV VzTr(z[2/9]) < Tr(Vyz)
Comp— Tr(-z) «» —Tr(z)
RT. (ApV A=¢) = (Tr("¢7) < ¢)
If - ¢ < ¢ then F ¢ ~ 1

It is worth remarking upon the restrictions on 15 and 16. The E axioms are not strictly
logical axioms, and represent contingent facts about what sentences happen to express.
Had the connective ‘=’ meant something else then E—~ would not have been true. With
the unrestricted version of 15 and 16 we would have been able to show that the proposition
that -z expresses the negation of whatever x expresses is identical (or indiscernible) from
the proposition that 0 = 0. But they are not identical or indiscernible; the former is a

contingent fact about this language and the former is a necessary truth.
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6.5.2 Consistency proof

In order to show that the theory T is consistent we construct a sequence of models (W,,, N, |-
|n) which, firstly, can be shown to model all the axioms and necessitation rules apart from
E5 for n > 1, and secondly, can be shown to satisfy more and more applications of the rule
E5 as n increases.

A model (W,,,N,|-|,,) provides a domain of quantification, namely N, a set of worlds W,
and an interpretation of the expressing relation, |-|n. ||, is a functionN — P(W,,); roughly
speaking |k|,, is the proposition that is expressed by the sentence k is a Godel number of.
Since we ultimately choose W,, to be the set of natural numbers less than or equal to n the
connective ~ obtains its interpretation from the numerical structure of W,.

For each n we construct a structure, M, := (W,,N,|-|,), which will eventually function
as a model of L.

Wht1={ieN|0<i<n+1}

"o, U{n+1} if M,,nlko
"¢ N1 =1 "¢ if M,,nlf ¢
) if ¢ is not closed

We set Wy := {0} and | - |p maps everything to . Given a structure M,, an assignment,
v, is a function that takes each propositional variable to a subset of W,, and each singular
variable to a member of N. I shall write v[z]u or v[p]u to mean v and u agree everywhere
except, possibly, at z/p.

In the definition of |- |,+1 we used the expression ‘M, w I+ ¢’. We must therefore define
what it means for M,,w Ik, ¢, read ‘¢ is true at w in M,, relative to assignment v’ as
follows (suppressing reference to M,, and v where not in use.)

w Ik, ¢ if ¢ is an atomic arithmetical sentence that is true in the standard model
relative to v. w I}, ¢ otherwise.

w Ik, p iff w € v(p), where p is a propositional variable.
wlk Big iff |i|, = {z e W,, | z IF ¢}

w Ik ¢ ~ o iff either for all x € W, 2 IF ¢y & x IF ¢ or for all z,x +1 € W,
o r+1IFyY

wiF¢=yiffall z € Wy, z - ¢ &z IF 4.

wiF A iff wlk ¢ and w IF

wIF —¢ iff w If 6.

w Ik Vpo iff w Iy ¢ for each u[plv with u(p) € P(Wh).
w Ik, Voo iff wlik, ¢ for each ulx]v

For n > 1 M, provides a model for the theory T" minus the rule E5. As n increases M,
satisfies more applications of E5; in particular M, satisfies everything provable in T with
at most n applications of E5. It follows that every sentence provable from T is true in some
model M, and in every M} for kK > n. Since 1 = 0 is not true in any M, it follows that T
is consistent.
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Chapter 7

Revenge

What counts as a ‘solution to the liar paradox’? What exactly is it that needs to be solved
and what needs to be explained? For the classical logician it is natural to think this involves
explaining why disquotational reasoning fails in certain cases when it holds good in so many
others, explaining why it is impossible to know whether the liar is true or not, why it is
futile to wonder or try to find out which it is, why it is unassertable and perhaps to explain
how our intuitions go so drastically wrong.

A standard strategy for answering such questions is to identify a class of sentences
as problematic in the hope that restricting attention to sentences outside this class will
guarantee that one will not run into trouble. In Tarski’s words [131] ‘the appearance of
an antinomy is [...] a symptom of disease’. Such accounts might identify this disease with
being ungrounded (e.g. [73]), possessing a peculiar kind of context sensitivity [99], having
been introduced by impredicative [115] or inconsistent [20] definitions, failing to follow
analytically from non-linguistic facts [91] or being semantically unstable [54], to name but
a few. I shall call all such approaches ‘linguistic accounts’ in virtue of their identifying
the problematic phenomenon present in the semantic paradoxes with some property of the
language or linguistic items used to express the paradoxes. In each case sentences said
to be in this class of diseased sentences fail to obey the T-schema, are unknowable, are
unassertable, and so on, in virtue of having this status.

It is the purpose of this chapter to demonstrate that this strategy is fundamentally
misguided. There is no classification of sentences into healthy and diseased according to
which ordinary reasoning can be carried out in cases where we are only concerned with
healthy sentences. One can show, quite rigorously, that whatever one takes ‘healthy’ and
‘diseased’ to mean, so long as your theory states that the T-schema holds for healthy
sentences, your theory will prove that its own theorems are diseased. One can turn this
around; if your theory of the disease is T', and if T is both consistent and proves that
its theorems are healthy then T does not contain the restricted form of the T-schema for
healthy sentences. This is of wide significance, I think, as a standard strategy for bracketing
the semantic paradoxes in other areas of philosophy is to exclude the sentences regarded as
problematic from consideration.

It is interesting that the majority of formal and philosophical approaches to the para-
doxes attribute the problematic status to sentences and not to what those sentences say.
In the second half of this chapter I lay the foundations for a non-linguistic theory of the
problematic phenomenon responsible for the paradoxes. While the linguistic theorist says
that certain pathological sentences cannot have disquotational truth conditions, an aler-
native hypothesis states that certain pathological propositions cannot serve as the truth
conditions for the sentence obtained by enquoting. Logically these two hypotheses are very
different. Non-linguistic theories of the pathology seem to be very much under explored, yet
they appear to be in just as good a position as a linguistic theory to provide a solution to
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the paradoxes.! One can still describe the conditions under which disquotational reasoning
is licensed, and when it isn’t, one can outline which assertions are permissible and which
aren’t, when knowledge is possible, and so on.

7.1 Linguistic theories and revenge

Solutions to the liar paradox usually generate ‘revenge paradoxes’; paradoxes structurally
similar to the liar involving the vocabulary employed in solving the liar.

Here is a standard recipe for revenge. In the course of providing a solution to the
semantic paradoxes the theorist will introduce concepts which help elucidate the kind of
phenomenon responsible for the antinomies. Extant examples of this strategy include solu-
tions which appeal to the notion of ungroundedness, semantic instability or impredicativity
(to mention only a few.) In doing so the theorist thereby commits herself to the coher-
ence of these notions and to structurally similar self-referential sentences involving them.
If done correctly, the revenge paradox will show that the principles putatively governing
the concepts employed in the solution commit you to a contradiction. Theories that em-
ploy concepts like this are no better than theories that employ the original inconsistent
conception of truth governed by the disquotational principles.?

This formula for generating revenge paradoxes is somewhat underspecified. Different
theorists have different ideas about what a solution to the paradoxes is supposed to do,
and therefore appear to have different commitments. It will be worth our while, therefore,
to distinguish different kinds of concept which could lead a theorist into trouble. I will
concentrate on two.

I take that any solution worth its salt should identify which premise should be aban-
doned in a given derivation of a semantic antinomy. However it is a common goal among
philosophers working on the paradoxes to want more than this — to want a diagnosis of
what goes wrong in these derivations, and, more importantly, some sort of informative
characterisation of the cases where we can and where can’t reason naively. Charles Chihara
calls this the ‘diagnostic problem of the paradox.’

Alfred Tarski once remarked: “The appearance of an antinomy is for me a
symptom of disease.” But what disease? That is the diagnostic problem. We
have an argument that begins with premises that appear to be clearly true, that
proceeds according to inference rules that appear to be valid, but that ends in
a contradiction. Evidently, something appears to be the case that isn’t. The
problem of pinpointing that which is deceiving us and, if possible, explaining
how and why the deception was produced is what I wish to call ‘the diagnostic
problem of the paradox’. (p. 590 of ‘The Semantic Paradoxes: A Diagnostic
Investigation,” Philosophical Review 88: 590-618, 1979) [20]

Russell’s theory of impredicative definitions, Kripke’s theory of grounding, the Gupta-
Belnap theory of circular definitions, McGee’s theory of indefinite and definite truth, con-
textualist theories and Chihara’s own inconsistency account of the paradoxes are some,
among many, attempts to address the diagnostic problem. In Tarski’s metaphor, these the-
ories attempt provide some informative characterisation of the ‘diseased’ sentences, like the
liar, some characteristic which is present in and responsible for the instances of the naive

10ne exception to this attitude appears implicitly in Prior’s work on the paradoxes see [109], although
he doesn’t ever develop a theory of what is going wrong in those cases.

20ne might want to distinguish this strong kind of revenge, which purports to show that the new concepts
are inconsistent, from a weaker kind which tries to shows that the solution in question fails to correctly
classify the paradoxes the new revenge sentences generate. For example one might introduce a consistent
but highly restrictive notion of groundedness which is silent about what makes sentences of the form ‘s is
grounded’ grounded or not; while consistent it fails to say anything informative about the sentence which
says of itself that it is not grounded and true.
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theory which are inconsistent. Whatever form this takes, these theorists are committed to
the coherence of a distinction between ‘diseased’ and ‘healthy’ sentences. We might call
paradoxes formulated using these notions the diagnostic form of revenge.

I shall distinguish this from another form of the revenge paradox which instead focuses
on paradoxes closely related to the notion of assertability. This is, for example, how Graham
Priest presents the revenge paradox®:

There is, in fact, a uniform method for constructing the revenge paradox [...].
All semantic accounts have a bunch of Good Guys (the true, the stably true,
the ultimately true, or whatever). These are the ones that we target when we
assert. Then there’s the Rest. The extended liar is a sentence, produced by
some diagonalizing construction, which says of itself just that it’s in the Rest.
(Graham Priest [103] ‘Revenge, Field and ZF’.)

As we shall see later it will be important to distinguish these two forms. It is natural to
think that if a sentence is diseased then it’s not assertable — in which case it had better
not be a consequence of your informal theory. Given this assumption the two forms of
revenge amount to pretty much the same thing. While some theorists reject the connection
between assertable and diseased sentences (see Feferman [34], Maudlin [89]), we will later
show that this distinction in fact has to be given up if the disease really is a distinction
between sentences. Therefore this second form of revenge presents a problem in its own
right.

Let me end by mentioning a paradox that is sometimes discussed under the heading
‘revenge’: the strengthened liar. The strengthened liar says of itself that it’s either false or
gappy, where gappy means neither true nor false. Given some pretty uncontroversial logic,
even by non-classical standards, this amounts to a sentence which says of itself that it’s not
true. The ‘new’ vocabulary needed to generate this paradox is therefore just the negation
operator. Since everyone should be able to make sense of negation I do not consider this to
present a special problem over and above the problem of giving a consistent account of the
semantic paradoxes in a language containing the usual connectives of propositional logic.
Sometimes in discussions of three valued logic it is argued that there is some special kind
of negation, ‘exclusion negation’ — having value 0 or %, which the theorist is committed
to but cannot consistently accommodate. Perhaps the middle truth value represents an
indeterminate truth status caused by ungroundedness. In this case I think it would be
better to assimilate the resulting paradox to the diagnostic form of revenge. Or perhaps one
is a paracomplete theorist who explicitly rejects truth value gaps but who nonetheless posit
assertability gaps (Soames [125], or Field [40].) Then one might assimilate the objection
to the assertability form of revenge. Either way it is not the presence of negation in the
language that poses a special problem, but the presence of these other notions.

7.1.1 Revenge paradoxes

In this section I shall discuss various paradoxes that make trouble for certain diagnoses of
the semantic paradoxes.

Let £~ be the language of arithmetic, {+,.,0,/} with a function symbol f for each
assuming primitive recursive function. We shall take =, =, V and 3 as logical constants
and will adopt standard definitions of the remaining logical connectives. For each number
n, we shall metalinguistically represent the numeral, ‘0’ succeeded by n ‘/’s by n. L shall
represent the language £~ augmented by the primitive predicates, T'r, Def and H. "¢
shall represent the Goédel numeral of the formula ¢ € L, relative to some fixed Godel
numbering. The standard ‘dot’ notation shall be adopted for representing the syntactic
operations; for example, I shall write the function taking the Gédel number of a sentence

3See also the presentation in [102], §1.7
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to Godel number of its negation -, and so on. If x is the Godel number for ¢ then I shall
write x[y/z] for the Gédel number of ¢[y/z]. In what follows I shall be considering theories
in the language of £ — sets of sentences that are closed under classical logic. I shall consider
various principles and rules; I write ‘+ ¢’, to mean every substitution instance of ¢ should
be added to the theory, and ‘if - ¢ then | ¢’ to mean that ¢ must be in the theory whenever
¢ is in the theory, and similarly for uniform substitution instances of ¢ and 1 together.

The predicates Def(x) and H(x) are to be interpreted according to one’s favoured solu-
tion to the diagnostic problem. It is assumed for the sake of argument that any satisfactory
solution must at a minimum classify sentences into those which are paradoxical, or ‘dis-
eased’ to use Tarski’s metaphor, and those which are not. The predicate H represents the
sentences which are alleged not to be paradoxical, for example, ‘snow is white’ and ‘London
is the capital of France’ — it may thus be substituted for ‘grounded’, ‘semantically stable’
or ‘definitely true or definitely false’. The predicate Def represents the unproblematically
true sentences according to the alleged solution, such as ‘snow is white’, but not the liar
sentence or ‘London is the capital of France’ — and may be substituted for ‘grounded and
true’, ‘stably true’ or ‘definitely true’. It is very natural to think that Def and H are
interdefinable: H("¢") := Def("¢") V Def("=¢") and Def("¢™) := H("¢") A Tr("¢7).
However, since I can introduce both concepts independently and I at no point use the as-
sumption that they are interdefinable I shall treat them both as primitives. I do, however,
use the word ‘diseased’ to mean, by definition, ‘not healthy’. We can simply represent the
disease predicate in the language as —=H.

The framework I have outlined allows us to evaluate a number of linguistic approaches
to the diagnostic problem by appropriately reinterpreting Def and H. For example.

1. Theories based on grounding, where H(x) may be read as ‘z is grounded.” See (Kripke
[73], Yablo [149], Leitgeb [79], Maudlin [89].)

2. The revision theory/the theory of circular definitions: H(z) may be read as ‘z is
semantically stable.” (Herzberger [59], Gupta and Belnap [54], Yaqub [151])

3. McGee’s theory of indefinite and definite truth [91].

4. Inconsistency accounts of the paradoxes (Chihara [20], Yablo [150], Eklund [28], Az-
zouni [2], Patterson [100], Scharp [117])

5. Contextualist or utterance based theories (Parsons [99], Burge [16], Williamson [141],
Gaifman [48], Simmons [122].)4

These theories are all linguistic in the sense that it is sentences or utterances, not their
truth conditions, which are the bearers of the disease. It is therefore possible to formalise
these theories within our current framework. For contextualists who take utterances to be
the bearers of healthiness and disease H("¢™) should be interpreted as ‘every utterance of
‘¢’ is healthy.’

It should be noted that the language L is surprisingly modest. For most attempts
to diagnose the liar paradox the predicate H, on the relevant interpretation, is only the
end product. Such theories usually assume a much more substantial vocabulary such as a
background language of set theory (see the grounding and revision theories) or philosophical
English (such as the inconsistency theories) or a combination of the two. The problem of
consistently accommodating all of this further vocabulary would be much harder, and could
well leave the theorist open to new paradoxes.®

Other interpretations of H and Def are possible, although we shall not consider them
here. One would be a non-specific reading, in which H means ‘the absence of whatever it

4In this last case slightly more care is needed since it is utterances and not sentences that are the bearers
of paradoxicality. Nonetheless, we may still distinguish sentences by whether any utterances of that sentence
are paradoxical. Therefore H("¢") may be read as ‘no utterance of ¢ is paradoxical.’

5We see this later with respect to the paradoxes of grounding (see Herzberger [57].)
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is that is responsible for the paradoxes.” Another interesting one to consider is ‘would not
give any one in the set S cause to be concerned about the semantic paradoxes’ for various
choices of sets of philosophers S. The theorems to follow hold of these interpretations too.

The nice thing about the framework we have outlined is that there are some ready made
theorems we can just take off the shelf which place some limitations on what form a solution
to the diagnostic problem can take. We shall begin with:

Theorem 7.1.1 (Montague’s theorem). The following are inconsistent in PA
T. Def("¢™) — ¢
N. If+ ¢ then - Def("¢7)

The proof of Montague’s theorem seems to me to provide a formal basis for the canonical
informal formulations of the revenge paradox. One begins by considering a sentence, R,
which is stipulated to be identical to the sentence ‘R is not definitely true.” Now, the
reasoning goes, if R is definitely true then surely we can disquote R and conclude, since R
just is ‘R is not definitely true’, that R is not definitely true. This step is effectively just
an appeal to T. Since the assumption that R is definitely true leads to contradiction, we
have therefore proven that R is not definitely true. But surely anything we can prove is
definitely true, and since we can prove that R is not definitely true, we can conclude that
‘R is not definitely true’ —i.e. R — is definitely true. This step is just an appeal to N. So
we have proven that R is both definitely true and not definitely true. Montagues theorem
shows that this informal argument can in fact be made rigorous in the arithmetical setting
we have described (for the details see [95].)

While some theorists explicitly deny T (such as McGee [91]) or N (such as Maudlin
[89]) it is very hard to shake the feeling of discomfort, and extant explanations of why these
principles fail seem far from satisfactory.®

Theorem 7.1.2 (Lob’s theorem). The following are inconsistent in PA
D. =(Def("¢™) A Def("=¢7))
K. Def("¢p = ¢7) = (Def("¢7) = Def("yT))
4. Def("¢7) = Def("Def("¢7)7)
N. If+ ¢ then - Def("¢7)

Lob’s theory significantly weakens T, in Montague’s theorem, to D. D merely says that
no sentence and its negation are definite. Alternatively, one could replace D with the prin-
ciple that no contradiction is definite. On readings of ‘definite’ espoused by inconsistency
theorists this principle may not be sacrosanct, but it nonetheless seems very plausible under
any other interpretation listed above.

N is as above. Both K and 4 seem to be very natural principles hold if we are reading
‘Def’ to mean ‘grounded truth’. K, for example, is just a formalisation of the way in
which a conditional’s truth value is calculated according to the strong Kleene scheme on
the ‘grounded truth’ interpretation of definiteness: if a conditional and its antecedent are
definitely true, then so is the consequent. D also seems to be motivated in this way since,
according to the Kleene scheme, while a sentence and its negation can have value %, no
sentence and its negation can have value 1. 4 seems natural: the fact that ‘¢’ is grounded
and true surely directly grounds the claim that ‘Def("¢™")’ is grounded and true.

Theorem 7.1.3 (McGee’s theorem). The following are w-inconsistent in PA

D. —~(Def("¢™) A Def("=¢7))

6Priest presses these problems against McGee and Maudlin in [105] and [101].
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K. Def("¢ = ¢7) = (Def("¢7) = Def("¢T))
BF. VxDef("¢[z/v]") = Def("Vvo™)
N. If - ¢ then - Def(T¢7)

Here "¢[#/v]7, recall, represents the Godel number of the result of substituting the
numeral for the number x denotes for v in ¢. While the above principles are not strictly
inconsistent, they would become inconsistent if you could, as it were, perform infinitely
long deductions. The principles stated here are as with Lob’s theorem except that we have
substituted the 4. axiom for BF. Again, BF'. is not plausible on all interpretations of ‘Def’.
For example, a revision theorist says, ignoring the details for the moment, that a sentence
is definite if its truth value eventually settles on a constant truth value along an infinite
sequence of models. Now it could be that, quantifying unrestrictedly, for each value x the
truth value of ¢ relative to = eventually settles on a constant truth value but there’s no
point along the sequence at which ¢’s truth value is settled relative to every value .

Nonetheless, BF seems like the other principles to be motivated if we read Def as
‘groundedly true.” BF. is simply a formalisation of Kripke’s informal explanation of ground-
ing, in which a universally quantified claim is grounded by each of its substitution instances.
Therefore if each substitution instance of ¢ is grounded and true, then so is universally
quantified Vzeo.

These paradoxes seem quite piecemeal with the plausibility of some premisses depending
on the particular interpretation of Def. I think the moral to draw is that there clearly is
a serious problem in the vicinity for diagnoses of the liar that have this form, even if it is
not clear which inconsistency generating principles are crucial. In the next section I shall
show that there is in fact one general unified paradox which applies to all the theories
consisdered. T shall argue that it places a serious constraint on diagnoses employing a
sentential characterisation of the paradoxes.

7.1.2 The impossibility of a revenge free linguistic diagnosis of the
liar

I shall take it for granted that the theorist is engaging with the project of providing an
informative characterisation of when we can and can’t reason naively: the project of giving
a diagnosis of the semantic paradoxes. The most fundamental constraint on any such theory
is that it assert that when a sentence s is disease free we should not be susceptible to the
paradoxes. In other words, any adequate theory, T', must assert the sententially restricted
T-schema:

SRT. H("¢") = (Tr("¢") < ¢)
If ‘¢’ is healthy then ‘¢’ is true if and only if ¢

SRT. may well be derivable from other principles of one’s theory of healthiness and truth,
but it might just as well be added as a primitive constraint. Good diagnoses should have
SRT: according to the project description, failures of the T-schema are the symptom of
the disease we are attempted to diagnose. If the T-schema fails even when we plug in a
(supposedly) healthy sentence, we have simply failed to characterise those sentences which
cause failures of disquotational reasoning.

Here is the problem: if T" is an arithmetical theory which additionally satisfies these two
minimal constraints (is closed under classical logic and contains SRT) then T proves that
its own theorems are diseased.

Theorem 7.1.4. Let T be any theory in the language L containing SRT and Peano arith-
metic. Then T proves that its own theorems are diseased (i.e. are not healthy.)
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Proof. In order to show this we construct a sentence, -y, and show that (i) 7 is a theorem
of T and (ii) ~H("v") is also a theorem of T

The sentence ~ is a familiar revenge sentence, ‘I'm either unhealthy or untrue’, con-
structed via diagonalisation.

1. v« (H("y") — -Tr("v7)) (Diagonal lemma).

2. H™7) = (Tr("™) « v) by (SRT)

— (Tr("™y") = (H("™y") — =Tr("y™"))) by 1 and weakening biconditional.

o
T

ul

_I

=

(")
(")
. H("y™") — =Tr("y7) by the classical tautology: (p — (¢ — (p — —q))) — (p — —q)
(") = (H("™7) — —Tr("+7)) by the classical tautology p — (¢ — p).

(") — v by 5. and transitivity of —

H("™) — Tr("y™) by lines 6. and 2. and classical logic

—H("7) by lines 4. and 7.

© »®» N @

~v by 1., 8. and classical logic.
O

We can turn this into an inconsistency argument against theories which endorse a rule
of necessitation for ‘healthiness.” Bear in mind, however, that the necessitation rule is much
stronger than what we need to prove theorem 7.1.4.

Corollary 7.1.5. No consistent theory that proves all of its theorems to be healthy can
have SRT. among its axioms or theorems. In other words, the theory consisting of SRT.
and the following rule of necessitation is inconsistent.

H-Nec: If+ ¢ then = H("¢")

Before we discuss this paradox it is worth getting clear on what it means for a sentence
to be a theorem of one’s theory of truth and healthiness. For a sentence to be a theorem of
T I just mean that it follows from 7”s axioms and rules in classical logic. However T itself
need not consist only of logical truths. Even unproblematic instances of the T-schema can
be contingent; for example ‘snow is white’ would have been false if we had used ‘snow’ to
mean grass even though snow would have still been white. Theorems of T, such as SRT.,
therefore, need not be necessarily or logically true. T, as we introduced it, represents the
theorist’s commitments. Theorem 7.1.4 states that any theory which purports to diagnose
the liar sentence (i.e. contains SRT) proves itself to be diseased; the upshot is that anyone
adopting this theory is committed to accepting sentences which, by their own commitments,
are diseased.

In what follows I shall consider the upshot of theorem 7.1.4 when H is substituted for
various different readings.

Let us begin with what I'll call the ‘ultra-conservative’ reading: H("¢") means that
the sentence ¢ does not contain the truth predicate. According to ultra-conservativism the
sentence “snow is white’ is true’ is diseased — in fact, even the sentence ‘if ‘snow is white’ is
true then ‘snow is white’ is true’ is diseased. Since the latter is a theorem of classical logic
it is quite clear why ultra-conservativism states that its own theorems are diseased — we do
not even have to consider anything as exotic as «y to see this.

So, according to ultra-conservativism we don’t get the necessitation principle H-Nec.
However there are two problems with ultra-conservativism. The first is that it does not
provide an informative characterisation of the sentences responsible for failures of the T-
schema — assuming it in fact excludes all the paradoxes, it excludes more than it needs to,

152



leaving us in the dark about what the smaller set of sentences that cause the T-schema
to fail might look like. The second problem is that it’s not even clear that it does the job
of excluding all the paradoxes. There are paradoxes involving empirical predicates which
ultra-conservatism fails to exclude. For example, suppose that Fred’s favourite set is the set
of true sentences. If L = ‘L is not in Fred’s favourite set’ then we cannot substitute L into
the T-schema, given this empirical fact about Fred’s preferences, yet L does not contain
the truth predicate.

Another reading of H("¢™") that might be worth investigating would be to substitute
H for: I would be comfortable substituting ‘¢’ into the T-schema. On this reading SRT
amounts, roughly, to the statement that I can recognise which sentences can be disquoted.
Say that someone is good at recognising paradoxes if whenever they are comfortable sub-
stituting ‘¢’ into the T-schema, then ‘¢’ is true if and only if ¢. On this reading of theorem
7.1.4 it follows that anyone who is good enough at recognising paradoxes will be too con-
servative: they will even refrain from substituting into the T-schema logical consequences
of the claim that that they’re good at recognising paradoxes.

Similarly, some philosophers use the word ‘pathological’ in a way that would commit
them to a version of SRT. It is commonplace for a philosopher to assert a disquotational
principle and the follow it with a footnote saying ‘of course, I mean to exclude pathological
sentences from being substituted into this schema.” For example in [60] Horwich writes ‘the
axioms of the minimal theory are all propositions of the form ‘p’ if and only if p — at least,
those which do not fall foul of the ‘liar’ paradoxes’. I think one of the upshots of theorem
7.1.4 is that this strategy for bracketing the paradoxes is not in general safe — Horwich’s
principle, for example, commits him to sentences which fall foul of the liar paradox.

My real targets, however, are those who want ultimately to diagnose the paradoxes.
These theories usually fall into two classes depending on whether they accept the necessi-
tation principle H-Nec. For example in [91] McGee proposes a theory according to which
the liar sentence is indefinite. A central feature of indefinite sentences is that they are
unknowable and unnassertable. The thought that all your commitments should be definite
is captured in McGee’s framework by a principle of definiteness introduction — a principle
that allows you to infer that ‘¢’ is definite from ¢.” If we substitute H("¢") for ‘"¢ is
definitely true or definitely false’ it is easy to see that H-Nec is valid, so plugging this inter-
pretation into corollary 7.1.5 it follows, given that McGee’s theory contains both H-Nec and
is consistent, that it does not have SRT. A similar point applies to the theory of semantic
stability, endorsed in various forms by Herzberger and Gupta and Belnap [59], [54]. Here
we instead substitute H("¢™") for ‘"¢ is semantically stable’. In [54] Gupta and Belnap
show how to consistently add this predicate into the object language. According to their
construction the predicate ‘"¢ is semantically stable’ obeys H-Nec, so as before we may
conclude that this theory does not have SRT.

Since theories of this kind believe that their commitments should be healthy, on the
relevant readings of ‘healthy’, they cannot assert SRT. What are we to make of these
theories? Consideration of paradigmatically healthy sentences, such as the sentence ‘snow
is white’, reveal that it is clearly sometimes ok to apply disquotational reasoning. Once
this is conceded it’s natural to think that there must be some characterisation of cases that
are like ‘snow is white’ in this respect — this was, after all, the primary goal of a diagnosis
of the paradoxes. Yet the theorist under consideration cannot make this further argument,
for it would commit her to SRT, a principle which will lead her to make diseased assertions,
and ultimately, to make contradictory assertions. Surely a disquotational failure is a sign of
disease. Any theory of this disease which cannot assert this basic fact is not a satisfactory
theory.

Note that simple variants of theorem 7.1.4 generate problems for theories in which
utterances, instead of sentences, are the bearers of disease. This is pertinent for contextualist
and other utterance based theories such as Parsons [99], Simmons [122], Williamson [141],

7See his strong adequacy condition in chapter 8.
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Gaifman [48] and others.) Suppose instead that we have a predicate, H, for distinguishing
healthy from diseased utterances, a truth predicate T'r for distinguishing true from untrue
utterances, and a relation U(u, s) for stating when an utterance u is an utterance of the
sentence s. We can then formulate an analogue to the sententially restricted T-schema:

URT. Yu((U(u,"¢7) A H(u)) = (Tr(u) < ¢))

URT says that every healthy utterance of ‘¢’ is true if and only if ¢. We can define sentential
predicates H'("¢™") = Yu(U(u,"¢™) — H(u) and Tr'("¢") := Yu(U(u, ¢") — Tr(u)).
Given URT and the assumption that there is at least one utterance of ¢ we can derive a
version of SRT. involving H' and Tr’. The upshot of theorem 7.1.4 on this interpretation
is that (i) the relevant instance of v is a theorem (7y says, roughly, that not every utterance
of it is healthy and not every utterance of it is true) and (ii) if there’s an utterance of
there’s an unhealthy utterance of ~.

For most utterance based theories of truth the relevant notion of unhealthiness is that
of the utterance expressing a proposition. I shall focus on this interpretation of H for
concreteness’ sake, although nothing turns on this. Utterance based theories will often
make assertive utterances of sentences even when there are other utterances of that sentence
which do not express propositions. For example if u is an utterance of the sentence ‘u is
not true’ then the theorist will make utterances of this sentence even though w itself does
not express a proposition.

The problem I am describing, however, is much worse than this: it shows that even
when the utterance theorist is describing her view she can end up failing to say anything.
The theories under consideration endorse the principle that when an utterance of ‘¢’ does
express a proposition it expresses the proposition that ¢; so they therefore endorse URT.
Now imagine a theorist who for the first time is considering the sentence . We note that ~y
is just a logical consequence of URT and the claim that there is at least one utterance of .
She ends her proof of theorem 7.1.4 by uttering ~y for the first time ever, and as it happens,
the last time (we can suppose the world ends after she finishes the proof.) Since this is the
only utterance of 7, and we’ve shown that some utterance of v doesn’t express a proposition,
it follows that this utterance does not express a proposition. Either the theorists initial
utterance of URT, and the following utterances she performs while making the deduction,
fail to express propositions, or at some point during her proof of + her utterances stopped
expressing propositions.

Paradoxes for utterance based theories are often worse than the one described above,
since they typically endorse something stronger than URT. Consider the following argument
for an instance of the T principle in Montagues theorem, where Def("¢™) = Fu(U(u,"¢™") A
Tr(u)):

If an utterance is true then it says something.

If an utterance is true and says that p then p.

If an utterance of ‘¢’ says anything at all it says that ¢
Therefore: if some utterance of ‘¢’ is true, then ¢

If L = ‘no utterance of L is true’, then by the above fact it follows that if some utterance of
L is true, no utterance of L is true. Thus, by reductio, it follows that no utterance of L is
true. Anyone who endorses these two premises is committed to the claim that no utterance
of L is true, and therefore should surely be able to state the fact that no utterance of L
is true. Yet when the theorist tries to express this commitment, by uttering the sentence
‘no utterance of L is true’ she fails. Since according to her own view there are no true
utterances of the sentence ‘no utterance of L is true’ — even her very own utterances fail to
be true; presumably by failing to express a proposition.
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Let me end my discussion by considering those who explicitly disavow the connection
between assertable and diseased sentences (see for example Feferman [34], Maudlin [89].)
The interest of theorem 7.1.4 is rather that adopting a linguistic diagnosis of the paradoxes
forces us to prize these two notions apart. For those who already distinguish them, it is
hardly a troublesome consequence.

As it happens, those who identify the disease with ungroundedness tend not to worry
about asserting ungrounded sentences. For example, they will typically assert ‘the liar
is neither true nor false’, a sentence which is, by their own account, both untrue and
ungrounded ([89].) While they do not appear to fall afoul of this theorem, let me say a few
things about this.

Firstly there is nothing about the notion of ungroundedness itself which makes plausible
the claim that it is OK to assert ungrounded sentences. In general, then, there is a challenge
for this kind of theorist to explain what they’re doing when they assert. Only Maudlin has
attempted to do this ([89] chapter 5), but as Priest objects [101], the theory of assertability
seems quite arbitrary; you're not allowed to assert an ungrounded sentence if it is atomic,
but you may assert an ungrounded sentence if it is the negation of an atomic sentence. In
Priest’s words ‘truth is the aim of assertion. Once this connection is broken, the notion of
assertion comes free from its mooring, and it is not clear why we should assert anything.’

Secondly, and more importantly, there are other revenge paradoxes which these theorists
do not escape. In distinguishing between assertable and diseased sentences they distinguish
the diagnostic form of revenge from the assertability form of revenge outlined at the be-
ginning of this section. In making this distinction they are forced to treat both paradoxes
separately. Maudlin attempts to address these in [90], but does so at the cost of giving up
his theory of assertability.

As well as the assertability form of revenge, there are paradoxes of grounding which
do not rely on the principle of necessitation. Herzberger shows that there are sentences,
s, which are grounded by all and only the grounded sentences; for example he suggests
that the sentence ‘every grounded sentence is true or false’ is grounded by all and only the
grounded sentences. But (i) if everything that grounds s is grounded then s is grounded
and therefore, (ii) since s is grounded by all grounded sentences s grounds itself. It follows
that s grounds itself and is thus ungrounded after all, a contradiction. This known as
Herzberger’s paradox [57], which is closely related to Mirimanoff’s paradox [93].8

7.2 Non-linguistic theories

In the last section I outlined some very general problems. Now I want to sketch what I
think is the most promising avenue for avoiding these paradoxes. The key idea involves
rejecting the assumption that the distinction between the good and the bad instances of
the T-schema must be grounded in a distinction between the kinds of sentences we can
substitute into the left hand side of the T-schema. The T-schema associates sentences with
truth conditions; on the opposing view it is rather the truth conditions, not the sentences,
that must be vetted for disquotational reasoning. In order to properly understand this it
is crucial to have two assumptions out in the open. These are:

CL. Classical logic.

CS. If s says that p then s is true if and only if p.

8See also, for example, Leitgeb [79] Lemma 14.9: ‘There is no sentence ¢ € Lt s.t. ¢ depends on
®; essentially (i.e. on the set of sentences that depend on non-semantic states of affairs).” Leitgeb uses
this to show that one cannot define groundedness, i.e. ®;¢, arithmetically. However it seems to show
that one couldn’t even define the set of grounded sentences set theoretically at all. Leitgeb, in personal
communication, has further told me that he does not think that one could accommodate a binary grounding
relation in one’s object theory, even though it may be possible to have a groundedness predicate in the
object language. See also McGee, theorem 5.11, which also seems to suggest that one cannot formulate an
informative definition of grounding in the object language.
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Classical logic should be self explanatory. CS, on the other hand, encodes a principle
(practically a definition) of classical semantics: that what a sentence says (or means or
expresses) is its truth conditions. If one can make sense of quantification into sentence
position then the expression ‘true’ can be defined in terms of ‘says that’: s is true just
in case for all p if s says that p then p. If one made a standard assumption in classical
semantics, namely that every sentence means at most one thing, then one can prove CS
from this definition. Indeed, one needs only the substantially weaker schema: if s says
that p and s says that ¢ then p if and only if ¢. CS is partly substantive — it contains the
assumption that every sentence says at most one thing — and partly verbal — it is a matter
of choosing to use the words ‘true’ and ‘says that’ in a related way.

While it is well known that classical logic proves that we cannot have all instances of
the T-schema,

T. ‘¢’ is true if and only if ¢
it is less often observed that the disquotational saying schema
S. ‘¢’ says that ¢

is also problematic. To my knowledge this was first shown by Prior in [109] (see chapter 6.)
Prior’s argument required one to be able to quantify into sentence position and required
the assumption, mentioned above, that every sentence says at most one thing.’

In fact you can refute S directly from CS without invoking anything as controversial as
quantification into sentence position. First note that we can prove that no sentence can
say of itself that it is not true. For if s said that s is not true then by CS s would be true
if and only if it is not true. Secondly note that if we considered the sentence L=°L is not
true’, the saying schema, S, would entail that L says that L is not true.

Much of what I say about sentences and truth conditions will make little sense if the
reader assumes they are related by schemata such as S or T. It is absolutely crucial in what
follows to bear in mind that neither T nor S hold unrestrictedly.

7.2.1 Unclear truth conditions

Despite the paradoxes we have just discussed, it is hard to deny that there is a distinction
between two kinds of sentence. Some sentences are clearly true, ‘snow is white’ for example,
and others are neither clearly true nor clearly false, such as the liar sentence or the truth
teller. None of the paradoxes we consider cast doubt on the existence of such a distinction.
However, whatever clear truth is we know it cannot satisfy both SRT and a necessitation
principle.

Taking this proposal at face value, ‘clearly’ does not function as a predicate, and it is not
sentences that are clear or unclear. In ‘S is clearly true’, ‘clearly’ functions as an adverb,
modifying the truth predicate just as ‘possibly’ does in ‘S’ is possibly true’, and ‘not’ in ‘S
is not true’. In philosophical discourse we often regiment adverbial modification by way of
a sentential operator, so that for example ‘Hector is a possible skater’ can be regimented as
‘it’s possible that Hector is a skater’. This way we may apply clarity, possibility, negation,
and so on even to sentences that are not in subject predicate form.

‘True’ is not the only predicate that ‘clearly’ modifies, thus while clear truth certainly
is linguistic, in some sense, clear tallness, say, need not be. Consider

1. Snow is clearly white.

2. Clearly, snow is white

9The premises of the argument do not preclude the possibility that some sentences don’t say anything.
Although Prior doesn’t mention this explicitly, it actually only requires the assumption that each sentence
only says materially equivalent things.
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Neither 1, nor its regimentation using an operator expression, 2., seems to be about language
in any way. Regarding tense operators Prior wrote:

When a sentence is formed out of another sentence or other sentences by means
of an adverb or conjunction, it is not about those other sentences, but about
whatever they are themselves about. — [108], “changes in events and changes in
things”

Unless p itself happens to be about language, when we say that it’s clear that p we are not
talking about language any more than we would be if we said it’s necessary that p. In the
contexts we will apply this distinction, however, p will often concern language so it pays to
be especially careful about the distinction. Consider

3. ‘Snow is white’ is clearly true
4. Clearly, ‘snow is white’ is true.

While it seems that 1 is equivalent to 3 and 2 is equivalent to 4, 3 and 4, unlike 1 and 2,
concern English sentences and they are at best contingently equivalent, since we could have
used ‘snow is white’ to mean that Harry is bald, for example. Even if ‘snow is white’ had
meant something unclear, snow would still be clearly white.

I hope to have introduced this notion in such a way that we may have a neutral un-
derstanding the notion without having a theory of it. Anyone who has thought about the
paradoxes enough to recognise the difference between the claim that snow is white and
the claim that L is true, where L = ‘L is not true’, should be able to understand the
distinction. And the regimentation of this distinction using an operator expression seems
reasonable given that other non-theoretical ways of introducing the distinction involve some
kind of adverbial modification of ‘true’. For example, we might said that ‘snow is white’ is
definitely true, straightforwardly true, determinately true and so on.

Unclarity, on this picture, is not something sentences possess but something their truth
conditions possess. If I say that Harry is bald then it is what I have said that is unclear,
not the sentence I used to say it. With this distinction in hand a subtle assumption being
made in diagnoses of the naive theory of truth is revealed. Consider

‘@’ says that ¢ in English
‘¢’ is true in English if and only if ¢

The left hand part of both of these equations concerns language, whereas the right hand
parts concern the world in some sense; together they match sentences with their truth
conditions. The assumption being made is that we shouldn’t accept instances of these
schemata which involve sentences with certain disquotation preventing features; for example
we should not accept instances in which the left side involves an ungrounded sentence, or
a semantically unstable sentence. That is, we are placing a ‘language side’ restriction as
opposed to a truth conditional restriction.

But what of the other possibility? Might there be truth conditions which are not
suitable for standing in an ‘enquotational relation’ to a sentence? Could it be that unclear
propositions are incapable of being easily said by certain sentences of a given language, and
are unsuitable for being their truth conditions?

Let me begin by listing some possible reasons why a proposition might be unsuitable to
be expressed by either a certain sentence or any sentence in a language. (1) If, for example,
it is common knowledge among speakers of English that no English speaker knows whether
p, could there be any conventional link between the dispositions to utter a sentence s and
our knowledge of p?'? Yet one might think that unclarity involves just this kind of feature.

10See Lewis [83] footnote 4.
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(2) If p entails things about s’s truth or untruth (i.e. things about whether s means a
true or false proposition) p may be unsuitable as a truth condition for s because it may
be literally metaphysically impossible for a linguistic community to use s to mean that p,
since it is impossible to use s to a mean a proposition with a different truth value to the
proposition s means. (3) On a correspondence theory of sentential truth if p lacks a truth
maker then there is no fact for s to correspond to; this could be considered sufficient to
prevent s from saying that p. (4) Some propositions concerning meaning facts are false at
nearby worlds due to semantic plasticity. Propositions whose truth depends on variations
in the way we use language may be related to English in a way that makes this relation
unsuitable to be stated using a disquotational principle since the relevant disquotational
principles may be unsafe.

I do not want to adjudicate between these possible explanations of the unsuitability of
certain instances of the disquotational schemata; I merely want to point out that there are no
shortage of explanations which identify the truth conditions, rather than the truth bearers,
as culprits for the inconsistency of the naive theory of truth. So it is of great relevance
that substituting any of the above constraints into the standard revenge arguments do not
motivate any theory with the form of SRT which tells us when a sentence can have its
disquotational truth conditions:

SRT. If ‘p’ is clearly true or clearly untrue then ‘p’ is true if and only if p.

They motivate instead principles which tell us when the truth conditions for a sentence are
‘enquotational’:!!

RT. When it is clear that p or it’s clear that not p, then ‘p’ is true iff p.
RS. If it’s clear whether or not p then ‘p’ says that p.

When theorising about the liar one cannot be too careful about use and mention. Here
the pedanticism pays off: RT and RS are not equivalent to SRT or a sententially restricted
version of RS, they are enquotational in nature rather than disquotational. The most one
can prove from RT., for example, is that if a sentence ‘p’ is clearly true or clearly untrue
then “p’ is true’ is true if and only if ‘p’ is true. Compare this, for example, with the
instance of SRT considered in the last paragraph.

What other principles should we expect to govern the notion of clarity? One constraint,
which we motivated in our discussion of assertability in the last section, is that it is in general
bad to believe and assert unclear propositions. The necessitation rule, Nec., ensures that
everything the theory commits you to is clear.'> What is clear is closed under classical
logic, so we should endorse the closure principle for clarity, K, below. Finally note that the
informal notion of clarity is factive, so we add the schema T. The resulting modal system
is called KT

K If it’s clear that if p then ¢ and it’s clear that p then it’s clear that q.
T If it’s clear that p then p.

Nec. If you can prove that p, then you can prove that it’s clear that p.

171t should be noted that RS runs into trouble with contingent liars. For example, it may just happen to
be clear that Alice’s favourite sentence is true because her favourite sentence is ‘snow is white’. Thus RS
commits the sentence ‘Alice’s favourite sentence is true’ to expressing a proposition it cannot express had
Alice’s preferences been different. But it’s very natural to think that if we are to communicate successfully
what a sentence says should not depend on facts ordinary speakers have no access to, such as details
concerning Alice’s preferences between sentences.

12 Although it is strictly stronger: it ensures that everything the theory commits us to is provably clear.
This may be too strong since it commits us not only to all the axioms being clearly true, but also to them
being clearly clearly true, and so on for any number of iterations of ‘clearly’.
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Call the logical system you get by adding RT to KT: BCT — the basic logic of clarity
and truth. BCT looks like it should be susceptible to versions of Montague’s paradox and
theorem 7.1.4. However it is not: BCT is a consistent theory (BCT is a consistent fragment
of the theory whose consistency we prove in theorem 7.3.1.)

Given this fact it is of course natural to wonder what happens with the revenge sentences.
Let’s introduce the name R for the sentence ‘R is not clearly true’. The first thing to observe
is that the standard way of introducing the revenge problem, described below, rests on a
confusion of use and mention in the present framework:

Suppose that R is clearly true. Since we can disquote clear truths, and since
R=‘R is not clearly true’, it follows that R is not clearly true. This contradicts
our assumption.

So R is not clearly true. But we’ve just proved the sentence ‘R is not clearly
true’, which is just R, so R is clearly true. Contradiction.

The mistake in this argument is found in the line ‘we can disquote clear truths’. We may
write ‘R is clearly true’ more perspicuously as ‘clearly, R is true’.'®> What is clear, as
already stressed, is not a sentence, R, but the proposition that R is true, and clarity only
licenses the proposition that R is true to serve as the truth conditions for the sentence ‘R
is true’ — not for the proposition that R is not clearly true to serve as the truth conditions
for the sentence ‘R is not clearly true’. The mistake was to disquote R (= ‘R is not clearly
true’) when the correct principle is an enquotational one: that R is true if and only if ‘R is
true’ is true.

The most natural way to modify the argument so that we can apply RT is to instead
assume that it’s clear that R is not clearly true (i.e. instead of assuming that ‘R is not
clearly true’ is clearly true.) The argument would then proceed as follows

Suppose that it is clear that R is not clearly true. Then, of course, R is not
clearly true. But since we can enquote in clear cases, we also have ‘R is not
clearly true’ is true. ‘R is not clearly true’ just is R so R is true. So we have
that R is true but not clearly true.

Is this a contradiction? No, we know that there are unclear truths: either the liar is true
or it isn’t but either way it is unclear. Of course, no-one is forced to endorse the claim
that R is true but not clearly true on the basis of this argument — the point is that nothing
contradictory follows from the assumption that it is clear that R is not clearly true. It seems,
therefore, that once we are careful about use and mention and are careful to distinguish
enquotational principles from disquotational principles, then the revenge paradox does not
get off the ground.

7.2.2 Higher order unclarity

In the previous section we introduced a distinction between clear and unclear cases of truth.
One of the benefits this way of drawing the distinction is that ‘clearly’ is not a predicate in
its own right and can just as well be used to state that someone is clearly bald as it can be
to state that a sentence is clearly true. This freedom allows us to formulate questions about
iterations of the clarity operator. We argued that the distinction between being true and
being untrue is not always a clear one, as the liar paradox demonstrates. A natural follow
up question concerns the distinction between being a clear truth and an unclear truth: is

13The rest of the argument is in fact good by the lights of BCT. In particular the move from proving that
R is not clearly true to proving that ‘R is not clearly true’ is clearly true is fine, although not obvious. If
we have a proof of p, then by Nec. we can prove that it’s clear that p. By RT. ‘p’ is true iff p, and since we
have p we have ‘p’ is true. Finally by Nec. again we can prove that ‘p’ is clearly true.
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this distinction a clear one? The liar paradox is a clear example of an unclear truth; we can
in fact prove that the liar is unclear from the theory we designated BCT. The liar paradox,
therefore, does not witness the unclarity of the distinction between clear and unclear truth.
Here we shall argue that the revenge sentence R=‘R is not clearly true’ does.

The question at stake is whether it is always a clear matter whether p is clear or not.
This can be broken down into two claims; that when it is clear that p, this fact is itself
clear, i.e.

4 If it’s clear that p then it’s clear that it’s clear that p.
and that when it’s unclear that p this fact is itself clear, i.e.
5 If it’s not clear that p then it’s clear that it’s not clear that p.

In general the distinction between clear F’s and unclear F’s is not a clear one. This
phenomenon manifests itself quite evidently in the paradox of the heap. When presented
with a Sorites sequence for the property of being a heap, i.e. a sequence of piles of sand
beginning with a few grains and ending with a large mound, we may similarly introduce
the distinction between the piles which are clearly heaps and those which are not. The
distinction is evidently there, as the enormous pile at the end of the sequence is not only
a heap, but a clear heap, whereas the first pile is clearly not a heap, and therefore not a
clear heap. But when do the clear heaps stop being clear heaps? This distinction, between
the clear heaps and the unclear heaps, is no clearer than the distinction between heaps and
non-heaps. At some point there must be a clear heap which is not clearly a clear heap, or
an unclear heap which is not clearly an unclear heap; either we have a failure of 4 or 5 (and
most probably both.)

The situation is somewhat similar in the context of the revenge sentence. In the last
section we noted that the standard revenge argument begins by assuming that it was clear
that R is not clearly true and deriving a contradiction. We then observed that we could not
in fact prove a contradiction, we could only show that R is true but not clearly true. It is
important to notice that the conclusion of this argument can never be clear; there are never
clear examples of things which are true but not clearly true. This is a result of a general
argument known as Fitch’s paradox: if it were clear that R was true but not clearly true,
then, since a conjunction can be clear only if both conjuncts are, it would be clear that R
was true contradicting the clarity and therefore truth of the second conjunct. However in
BCT, if the argument from p to ¢ is valid, then so is the argument from it’s clear that p
to it’s clear that ¢. Since the conclusion of the argument cannot be clear, neither can the
premise.

The upshot of all this: if r is chosen so that we can show the sentence ‘r if and only if
‘r’ is not clearly true’ (this can be achieved by diagonalisation or setting ‘r’ to ‘R is not
clearly true’) then one can prove in BCT

It’s not clearly clear that r.

The revenge paradoxes, in this setting, do not result in inconsistency, but second order
unclarity.

It’s natural to wonder what happens if we consider stronger liars obtained by iterating
the number of clearly operators. Let us write ‘clearly™’ to indicate n ‘clearly’s in a row.
Suppose that, by diagonalisation, we chose a sentence 1, so that we can prove ‘r,, if and
only if it’s not clear™ that ‘r,’ is true’. Then we can show:

It’s not clearly clear™ that r,,

In other words, the nth revenge sentence gives rise no n + 1th indeterminacy in BCT. We
shall come back to these questions in a more rigorous setting in section 7.3.2.
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7.2.3 Assertion

This brings us to another benefit this approach has over its rivals. As we noted earlier one
of the forms a revenge paradox can take involves the propositional attitudes of acceptance
and rejection, or, sometimes, permissible assertion and denial. The problems are often
discussed in the context of non-classical solutions (see Soames [125], Field [40], Beall [8],
Priest [102].), but they seem to be just as bad for classical solutions (see especially Feferman
[34], Maudlin [89].)!* For example, paracomplete logicians — logicians who relinquish the
law of excluded middle — are at pains not to accept (or assert) that the liar is neither true
nor untrue since, by the deMorgan laws, this would commit them to accept that the liar
is both true and untrue. In order to express their disavowal of LEM they reject (deny)
the claim that the liar is true or untrue. Rejecting (denying) p is not to be reduced to
acceptance (assertion) of the negation of p. These theorists need then to say something
about the sentence: A=‘A is not assertable.’

How might paradoxes involving assertion and acceptance arise in this setting? A simi-
larly central distinction between assertable (acceptable) propositions exists in the present
framework: like the paracomplete logician we agree that one should not assert that the liar
is true, or that it’s untrue since it is unclear. In general, we might endorse the following
schema

R. If it’s unclear whether p then you should not assert that p and you should not assert
that —p.

Perhaps this is a basic fact about unclarity. However it is natural to think that it could be
explained by the fact that unclarity prevents knowledge. We should not assert that the liar
is true or assert that the liar is untrue because we do not, and cannot, know which it is.

Note that R is an externalist norm in the sense that one is not always in a position to
know whether one is complying with it. This can happen for quite mundane reasons — for
example if you do not know whether Harry is clearly bald because you simply do not know
how much hair he has. In these cases someone else in a better epistemic position than you
would be able to evaluate your assertion for compliance.'® However we must also make
room for the possibility that sometimes no-one else is, or even could be, in a position to
evaluate whether you have complied with R or not; for example if it is unclear whether p
is unclear or not.

How might assertability paradoxes arise in this framework? Note first that the problem-
atic notion is a normative one, not a descriptive one. The sentence A = ‘it’s not the case
that so-and-so has at some point asserted that A is true’ is clearly true or false depending
on what the person in question has asserted.'® The problem supposedly arises when we
want to talk about which propositions I should and shouldn’t assert. Now evidently there
are cases where I shouldn’t assert p even though it’s clear that p; I shouldn’t assert that
there are an even number of stars within a hundred light years of the sun, nor should I
assert that there are an odd number, since I do not know either way, even though it is a
clear matter whether or not there are an even number of stars within a hundred light years
of the sun. However the proposition that the liar isn’t true seems different; it seems to be
inherently unassertable. The reason that it is unassertable is to do with unclarity about
whether the liar is true or not.

Is there a problem of expressing the distinction between inherently unassertable propo-
sitions in a semantically closed language without falling afoul of assertability paradoxes? A
proposition is inherently unassertable when the source of its unassertability is the kind of
unclarity we find generated by semantic paradoxes; the problematic notion of unassertabil-
ity is directly controlled by the clarity operator. Thus we get a partial converse of R

14The problem of assertion and acceptance does not apply exclusively to philosophers in this list.

15Usually an assertion such as this will fail to comply with the norm of asserting only what you know.

16paradoxes formulated using the operator ‘So-and-so is disposed to assert that p’ look like they are
equally unproblematic.

161



(*) p is inherently unassertable if and only if it’s unclear whether p.

It seems that, as long as we can consistently introduce the clarity operator into the lan-
guage, we can also introduce the notion of inherent unassertability into the language. And
furthermore, it seems that the assertability paradox A=‘it is inherently impermissible to
assert that A is true’ should pattern with the revenge paradox R=‘it is not clear that R is
true’.

Let p be a proposition such that it is unclear whether p is clear or not (for example,
the proposition that R is not clearly true). Assuming that (*) is determinate, we can infer
that if it’s unclear whether it’s unclear whether p, then it’s unclear whether p is inherently
unassertable or not. This follows from the fact, provable in BCT, that if one side of a clear
biconditional is unclear, the other side is unclear.

Intuitively there are a bundle of tightly related phenomena which arise in the cases of
unclarity. When p is such a case there is a peculiar source of ignorance and uncertainty, it is
impermissible to assert or question whether p, and so on; we introduce the word ‘unclear’ to
distinguish propositions that associate with that bundle of properties. What happens when
it’s unclear whether p is clear or not? Since ‘unclear’ was introduced as a way of picking
out propositions with that bundle of properties, to say it’s unclear whether p is clear or not
is to say that it’s unclear whether p has that bundle of properties. In particular:

1. If it’s unclear whether p is clear or not, then it’s unclear whether it’s possible to know
whether p.

2. If it’s unclear whether p is clear or not then, provided you are as knowledgeable as
you could be, it’s unclear whether it’s permissible to assert p or not.

7.2.4 Can we recover sentential clarity?

Suppose I look into the night sky at the Orion constellation and see that Orion’s belt
consists of three stars. It should be clear, I hope, that in doing this I do not see, or stand
in any obvious kind of relation to, a sentence. One can see that Orion’s belt has three
stars without having to speak any particular language, which makes it hard to imagine how
seeing that Orion’s belt has three stars could be constituted by any relation between me
and a sentence. ‘Sees that’ belongs to a class of operator expressions, including also ‘hopes
that’, ‘desires that’, ‘says that’, ‘fears that’, ‘knows that’, even ‘it’s not the case that’, which
are not easily reducible to, and whose work could not be done by a predicate of sentences.

I have been suggesting that the word ‘clearly’, as introduced in the last section by its
role in classifying the paradoxes, belongs to this class. An interlocutor might object that
the use of a clarity operator commits us to the coherence of a corresponding ‘linguistic
clarity predicate’ which obeys paradox generating principles. Certainly there are a number
of sentential predicates you can define, once you have a clarity operator, but, I shall argue,
they cannot play the same role as the clarity operator and furthermore that they are
paradox generating only if we assume the naive theory of truth and saying encapsulated by
disquotational schemata S and T which are already known to generate paradoxes on their
own.

I shall begin by considering whether there could be is a sentential predicate which plays
the same role as the clarity operator. We’ll use the terminology:

Def. s is definite as currently used in English.

Saying what it means for a predicate to ‘play the same role as’ an operator is a delicate
matter. However I take it that it should at least perform the same classificatory role as the
clarity operator.

However it seems that any predicate of the form above cannot play this role. For
example, let T" be any sentence that means in German that 7" is true in German. For my
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purposes it does not matter what T is, however I believe that setting T" equal to the German
sentence ‘T ist in Deutsch wahr’ would do. T is a truth-teller for German, much like the
sentence T = “T” is true in English’ is a truth-teller for English.

Is T true in German or not? The answer, one would have thought, is that it’s unclear
in the same way that it’s unclear whether 7" is true in English. Note that in classifying
these two cases as alike we relied on the fact that what is unclear in each case is not a
sentence of English or German, but the proposition that that sentence is true in English, or
German, respectively. The adverb ‘clearly’ can modify any predicate, for example ‘white’
in the earlier example, but also ‘true in English’ and ‘true in German’. Thus we may say:

T is not clearly true in German.
T’ is not clearly true in English.

The thing that is unclear is whether 7" is true in German which, unlike the German sentence
T, is the kind of thing that can be said, rather than the kind of thing that is used to say
things. It is not easy to see how this important parallel between the German and English
truth-teller could be made using the predicate ‘s is definite in English.” The claim that T
is indefinite in English, the obvious parallel to the claim that 7" is indefinite in English,
will not do: T doesn’t refer to a sentence of English so it is not indefinite in English.'”

Other aspects of the role of clarity are also hard to capture with a predicate. For
example, many philosophers have suggested that it is not possible to know whether p if it’s
unclear whether p. My own positive theory, outlined in more detail in the next section,
situates the notion of clarity within a theory of rational propositional attitudes, which partly
includes the role that beliefs about the unclarity of p play in regulating your beliefs and
desires about p. It is natural to state this theory using an operator. Any theory that states
a similar regulation of propositional attitudes using a sentential predicate must postulate
implausible connections between what can be rationally known, believed and desired and
your beliefs about the the way particular public language sentences are used.

Even though there is a good case to be made that the most perspicuous way to model the
revenge paradoxes is to use an operator, many readers will no doubt be feel that, perspicuous
or not, there must be some way to paraphrase ‘it’s clear that p’ using a predicate expression
taking a sentence as an argument. For example, Prior points out that ‘although breaking
one’s leg is quite obviously not a relation between a person and any form of words whatever’,
in particular it is not a relation between me and the expression ‘my leg’, one certainly stands
in some relation to this expression when one breaks one’s leg. For example, I have broken
what would in this context be denoted in English by the expression ‘my leg’.

If there were a sentential predicate, Def("¢™), which was everywhere intersubstitutable
with ‘it’s clear that ¢’, we would be susceptible to the various paradoxes including Mon-
tague’s paradox and theorem 7.1.4 that we outlined for sentential predicates in section
7.1.

One must be careful to distinguish the different senses of ‘paraphrase.” In general one
might think that one could somehow introduce a predicate into English (or whatever our
language happens to be), ‘is definite in English’, such that for each proposition p there is a
sentence s such that the claim that s is definite in English is equivalent to the claim that it’s
clear that p. I do not think that this principle is problematic for the revenge type reasons
we have been discussing (although it is probably false because there are more propositions
than English sentences.) We need a stronger form of paraphrase if we are to be able to
prove an instance of the SRT. schema from the RT. schema — we need that the claim that
it’s clear that p to be equivalent to the claim that a particular English sentence, ‘p’, is

17We could break the parallel between the English and German truth-teller by instead saying ‘T is true
in German’ is indefinite in English, or by saying T is indefinite in German, but these are subject to other
problems. For example the former would not do since T' would not be clearly true in German, even if
English speakers used ‘T’ is true in German’ in such a way as to make it definite — perhaps by using it to
mean that snow is white.

163



definite in English. Here p ranges over sentences in the erpanded language containing both
the definitely predicate and clarity operator.

We shall consider some putative ways of achieving such a paraphrase in what follows.
However, it is worth starting by considering a simpler more familiar operator that we
know cannot be paraphrased with a sentential predicate: negation. A general theorem
establishes that there is simply no sentential predicate which paraphrases, in the strong
sense, an operator that satisfies the principles below.

(¢ — W¢) — Mo
(Wp = ¢) = ¢
¢ — (Mg — 1))

For suppose F("¢") was equivalent to B¢. By diagonalisation we have v < F("y7) (*).
Then we have F(Ty™) by the first principle and the paraphrase of the left to right direction
of (*), and v by the second principle and the paraphrase of the right to left direction of
(*). Thus, by the last principle we have ¢ for arbitrary . Since negation satisfies all these
principles there is no predicate which paraphrases it in the strong sense defined above.!®
In general it is not possible to simply introduce a falsity predicate, F', whose logic mirrors
the negation operator; nor, I claim, is it possible to introduce a definiteness predicate,
Def, whose logic mirrors the clarity operator. It is worth reflecting on why two of the
most obvious strategies for introducing a predicate that is equivalent to the clarity or the
negation operator fail. The first strategy is a version of Prior’s paraphrase of ‘I broke my
leg’ — the predicate ‘s says something in English which is clear (or not the case)’ seems to
approximate the relevant operator expressions. We might therefore hope to define:

‘¢’ is false in English iff for some p ‘¢’ means that p in English and it’s not the case
that p

‘¢’ is definite in English iff for some p ‘¢’ means that p in English and it’s clear that
p

The second strategy uses the truth predicate
‘¢’ is false in English if and only if it’s not the case that ‘¢’ is true in English.
‘¢’ is definite in English if and only if it’s clear that ‘¢’ is true in English.

If our definitions of sentential falsity and definiteness really do correspond to negation and
clarity we should be able to show

‘¢’ is false in English if and only if it’s not the case that ¢
‘¢’ is definite in English if and only if it’s clear that ¢

It should be noted that even if we could prove these principles from contingent facts about
the truth and meanings of sentences in English, they would at best be contingent equiv-
alences. For example, had we used ‘snow is blue’ to mean that snow is white then ‘snow
is blue’ would not be false in English, according to either paraphrase, even though it’s not
the case that snow is blue.

That said, one might be able to prove these instances from contingent facts about
English. Let us make the following assumptions

1. ‘snow is white’ means that snow is white in English

18Similar points can be made about necessity operators and knowledge operators (see Montague [95],
Montague and Kaplan [68]) but I think the case is strongest for negation (see Deutsch [22].)
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2. for all p, ¢ if ‘snow is white’ means that p and ‘snow is white’ means that ¢ then p if
and only if ¢ (indeed p = q.)

It is then simple to prove that according to the first paraphrase, ‘snow is white’ is false in
English if and only if it’s not the case that snow is white. Similarly if we were to assume
the contingent fact that

3. ‘snow is white’ is true in English if and only if snow is white.

we could prove that according to the second paraphrase ‘snow is white’ is false in English if
and only if it’s not the case that snow is white. Parallel arguments could be made for the
material equivalence of the claim that ‘snow is white’ is definite in English and the claim
that it’s clear that snow is white relative to each definition of ‘definite’.

Both of these derivations, however, rely on particular facts about the meaning of sen-
tences in English, meanings which happen to be disquotational. However the full dis-
quotational schema, T, of which 3. is an instance is known to be inconsistent, as is the
combination of 2 with the general disquotational schema, S, which 1 is an instance of.
It should be obvious, therefore, why the equivalences do not hold in full generality; the
instances where the equivalence fail are exactly the instances in which the disquotational
principles of naive semantics fail. Saying that ‘¢’ means something clear in English is not
the same as saying that it’s clear that ¢. They amount to the same thing only when ‘¢’
means that ¢. Saying that ‘¢’ is clearly true in English amounts to saying that it’s clear
that ¢ only when ¢ and ‘¢’ is true in English are intersubstitutable.

7.3 A theory of clarity

In the previous section I introduced the word ‘clearly’ in a non-partisan way, intending the
discussion to be neutral between the many different interpretations we could substitute for
‘clearly.” While everything I said there would be compatible with a purely epistemic reading
of ‘clearly’, for example, I shall spend this section developing my own positive theory of
clarity.

The kind of phenomena that we are interested in includes not just paradoxicality, char-
acterised by failures of the various disquotational schemata, but the more general kind of
phenomenon associated with non-paradoxical, but somehow factually defective discourse
involving truth. Consider for example:

L, Lo is not true in English
Lo L, is not true in English

While there is no inconsistency involved here, even if we assume the disquotational schema,
something is not quite right. There seems to be no plausible semantic constraints, including
the relevant instances of T, which would decide whether or not L; or Ly is true or not.
Furthermore the non-semantic facts do not help decide whether they’re true or not either.
I suggest that there is no fact of the matter whether L; or Ly are true or not.

Once we have seen that some discourse involving truth is factually defective it is natural
to ask whether talk involving paradoxical liar-like sentences can be non-factual too. It is
perhaps easier to evaluate whether cases like the truth-teller and L; and Lo involve non-
factuality since there are multiple truth values we could assign that are consistent with
any plausible semantic constraint, including the relevant instances of the T-schema. Once
we have given up the T-schema, however, isn’t any truth-value assignment game? I think
this would be too quick: the paradoxes provide no reason to give up on the constraint that
possible truth-value assignments obey the normal clauses for the extensional connectives.
These constraints would guarantee that the liar was either true or false and not both, but
they would not tell us which, inviting the same thoughts we had about the truth-teller. It’s
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also worth noting that the liar sentence, L, is just a special case of the above example in
which Ly = Lo. I think it is natural to think that the truth value of the liar sentence is
also unconstrained. Just like the truth-teller it seems unclear what kind of evidence would
settle the question of whether or not the liar is true, it seems like we shouldn’t assert that
it’s true or that it’s false, and there generally doesn’t seem to be any fact of the matter
concerning its truth or falsity.

The kind of predicament we find ourselves in when we have all the evidence we could
have about a subject matter and we still seem unable to decide whether p is often asso-
ciated with cases in which p is borderline. A natural conjecture is that there is a general
phenomenon, indeterminacy concerning that subject matter, which encompasses both the
kinds of situations we find ourselves when confronted with questions about whether T' true
in German or whether L; is true in English, and so on, and with questions about whether
a borderline bald man is bald or not. A characteristic feature of cases of indeterminacy
is that they involve an inability to know whether p even when all the facts are available
to you. Furthermore there is a certain kind of irrationality involved when someone cares
intrinsically about the indeterminate. Facts such as these situate indeterminacy within a
theory of rational propositional attitudes. The source of my ignorance concerning whether
T is true in German, my inability to rationally care, believe, and so on, that T is true
in German are not facts about the German or the English language — I need not be ac-
quainted with either language. Indeterminacy therefore satisfies one of the deciderata for
providing an interpretation of clarity, as introduced informally in section 7.2.1: it is a the-
ory of propositions and provides us with a way of assessing which propositions are suitable
truth conditions to put in the disquotational schema.

This way of thinking about things is perhaps more familiar in the philosophy of vague-
ness. While the majority of theories of vagueness appear to be linguistic theories - examples
falling under this this camp include semantic indecision theories (e.g. McGee McLaughlin
[92]), metalinguistic safety accounts (Williamson [138]) and inconsistency theories (Eklund
[29]) - there is precedent for the operator view in Field [37], Fine [43] 1975, Barnett [4].

In chapter 5 provided an explicit definition of determinacy. We do not actually need to
be this explicit: we can introduce this operator implicitly to someone who doesn’t under-
stand it by outlining its inferential properties and the role it plays in a theory of rational
propositional attitudes:

Logical The operator ‘it’s determinate that p’ is governed by the modal logic KT, or
some extension of it:

Closure If it’s determinate that if p then ¢, and it’s determinate that p, then
it’s determinate that q.

Factivity If it’s determinate that p, then p

Necessitation If one can prove p from classical logic and these three principles,
one can prove that it’s determinate that p.

Alethic Determinacy licenses disquotational reasoning. If it’s determinate whether
p, then ‘p’ is true just in case p.

Epistemic If it’s indeterminate whether p, then it’s not rationally known whether p.

Doxastic No rational person who isn’t certain that it’s not indeterminate whether p
can rationally assign a credence of 1 or 0 to p.

Pragmatic

Assertion It is not permissible to assert that p (that —p) if one believes that
it’s indeterminate whether p.

166



Questions It is not permissible to as whether p if you have been told that it’s
indeterminate whether p.

Bouletic It is not rational to care intrinsically about the indeterminate: if the
strongest determinate proposition p entails is identical to the strongest determinate
proposition ¢ entails then you should be indifferent between p and ¢, for maximally
specific propositions p and q.

Attitudes It is not rational to wonder whether, hope that, fear that, [...] p, if you
believe that it is indeterminate that p.

We called this the determinacy role.

The role described above is not the only reasonable way to go about developing a theory
of indeterminacy. In [37] Hartry Field argues for alternative constraints on our doxastic
attitudes. He argues among other things that:

Reject If you know that it’s indeterminate whether p you should reject p and reject

Credences Your credence in p should be the same as your credence in Ap. In
particular if Cr(Vp) =1 then Cr(p) = Cr(—p) = 0.

The role I have described states that when you are certain that p is indeterminate you should
have an intermediate credence, where as according to Field we should have a credence of
0 in both p and its negation. Field’s proposal would also fit well with the theory I am
sketching.

7.3.1 The theory DFS

The determinacy role stipulates that determinacy interacts with truth in a certain way: it
requires that it obey the basic theory of clarity and truth, BCT, we mentioned in section
7.2.1. However our remarks in section 7.3 motivated a much stronger compositional theory
of truth and determinacy which we shall now formulate.

Let £~ be the language of arithmetic with a function symbol for each primitive recursive
function f. Let £ be L~ augmented with a truth predicate, T'r, and primitive determinacy
operator, A. We shall retain the conventions we set in place in section 7.1 regarding Godel
numbering and the dot notation. The numeral for Gédel number of a formula ¢ is written
T¢7, and there are primitive recursive functions = (A, V and so on) taking the Godel number
of a formula to the Gédel number of the result of prefixing negation to that formula (and
similarly for A,V etc.) In arithmetic we can define predicates Sent, At and Ver to saying
that a number is the Godel number of a sentence, atomic arithmetical sentence and an
atomic arithmetical truth respectively. With this in place we can state our theory, which
we call DFS

PA. Peano arithmetic including full induction (i.e. the induction schema may take formu-
lae containing the truth predicate and the determinacy operator.)

ANec If ¢ then - A¢
K A(p = ¢) = (Ag = Av)
T Ap— ¢
BF VzA¢ — AVae
RT (A¢V A=g) = (Tr("¢7)  ¢) when ¢ is closed.
At. Va(At(z) = (Tr(z) < Ver(z)))
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C—. VaVy(Sent(z) A Sent(y) — (Tr(x=>y) « (Tr(x) = Tr(y)))

)
CV. Vavy(Sent(z) A Sent(y) — (Tr(zVy) < Tr(z) V Tr(y)))
CA. Vavy(Sent(z) A Sent(y) — (Tr(zAy) < Tr(z) ATr(y)))
QY. Va(Sent(z(0/v)) — (Tr(Voz) < VyTr(z[y/v]))
C. Va(Sent(z) — (Tr(=z) < —Tr(z)))
)

CA. Vz(Sent(z) — (Tr(Ax) + ATr(z)))

Nec If - ¢ then - Tr("¢ ")
Conec If F Tr("¢7) then F ¢
Let me begin by citing an important result (for the proof see the appendix.)
Theorem 7.3.1. The system DFS is consistent.

In fact one can go further and show that it doesn’t prove any false arithmetical sen-
tences. If you restrict induction to its arithmetical instances it proves no new arithmetical
theorems.?’ It’s also consistently augmentable with propositional quantification (and full
second order logic.)

DFS has as its truth theoretic basis the compositional theory of truth known as FS (see
Halbach [55]) which consistents of the principles not mentioning A —i.e. the composition-
ality axioms apart from CA (i.e. those beginning with a ‘C’), At, and Nec and Conec.
Compositionality is a fundamental principle of modern semantics and it is a significant
drawback of many rival theories that they do not have it. A noteworthy consequence of
compositionality, i.e. of the C-axioms, is the principle of bivalence: every sentence is either
true or false (a sentence is false if it has a true negation.)?! Note also that compositionality
extends also to the intensional connective A (this will prove useful when we augment the
language to state its own semantic theory.)

We have already motivated the principles ANec, K, T and RT in our discussion of BCT
(although T have more to say about ANec.) RT tells us when we can and can’t enquote and
disquote. In any modal logic based on classical quantification theory the converse of BF,
CBF, will already be a theorem, as will be the claim that there is no indeterminate existence:
AVxAdyx = y. Although I have no knock down argument for further including BF in the
theory, it seems natural, and since it is consistent there is no immediately compelling reason
to exclude it.

The unrestricted principles of necessitation and conecessitation Nec, Conec and ANec
are much more tricky. The principle ANec guarantees that if ¢ is a theorem of the theory
then so is A¢p, AA¢, and so on. One might think this is far too strong; the theory contains
contingent semantic principles which depend on the way we use the symbols =, V and so
on. A further problem is that these principles are in fact w-inconsistent. Firstly note that
already the truth predicate satisfies the conditions for McGee’s paradox 7.1.3. However
the theory contains a distinct w-inconsistency that involves only principles involving the
determinacy operator:

Theorem 7.3.2. BF + T + ANec + RT + CA., are w-inconsistent in PA.

19The rule Nec is actually redundant; it is a derived rule of BCT.

20These facts follow from the results of Halbach [55]. One can interpret DFS into the system FS Halbach
considers by defining A¢ := p ATr("¢").

21This follows from CV, C— and the truth of the principle of excluded middle, which we get by applying
Nec to the principle of excluded middle.
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To prove this we consider the instance of the diagonal lemma: § < —-VnATr(TA"6™)
— I shall not go into the proof however. Here I briefly suggest a number of ways around
this problem. My preference is to restrict the necessitation principles, but I shall not spend
much time debating the various pros and cons.

Consider the rule

KTNec If ¢ is provable in KT (i.e. from T, K and KTNec) then infer A¢

KTNec allows us only to necessitate the theorems of classical logic and KT. Let DFS,, be the
system DFS where all the necessitation principles are restricted to at most n applications in
a proof, plus KTNec which allows arbitrarily many applications if the sentence is provable
without using the truth principles.

We also define three subsystems of DFS:

S1. DFS - BF - Conec - CV.
Sy. DFS - CA. - Conec - CV.
S3. DFS - CA. - BF - CV.
then
Theorem 7.3.3. The theories DFS,,, S1, So and S3 have standard models

The proofs are quite technically involved so I shall not present them here.

7.3.2 Higher order indeterminacy and revenge

Note that we can formally prove many of the facts indicated in our earlier discussion. In par-
ticular, if via standard diagonalisation techniques we generate sentences A, -y, 7y, satisfying:
Ao Tr("AT), v & ~ATr("7) and v, > A"Tr(79,,") then we can prove

1. VA
3. " AA"y,

Here Vp is defined as —~Ap A =A-p and A"p is p prefixed by n A’s. These results agree
with Field’s recent diagnosis of the revenge liars and their strengthenings [40].

This raises some interesting questions about higher order indeterminacy in this the-
ory. One can rule out various kinds of higher order indeterminacy by adding a number of
principles including:

4 Ap — AN

5 -2A¢p - A-A¢

B ¢ = A-A-¢
Perhaps unsurprisingly, none of these principles can be consistently added to DFS.
Theorem 7.3.4. DFS + 4 is inconsistent.
Proof. 1. v+ =Tr("A~") instance of the diagonal lemma.

2. Ay — AA~y by 4.

3. AAy — Tr("A~7) by RT.

4. Ay — Tr("Av7) 2 and 3.
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10.

Ay — =Tr("TAy") by T and 1

-A~ by 4 and 5.

Tr("=A~™) by necessitation of T'r.

=Tr("A~7) by truth functionality of —.

~ by 1

A~ by necessitation for A, which contradicts 6.

Theorem 7.3.5. DFS + B is inconsistent.

Proof. 1. v < Tr("A—v") instance of the diagonal lemma.

2.

3
4.

ot

© »®» 3N @

v — A-A—y by B

. v = Tr("T=A-7") by 2 and RT.

v — =Tr("A—~7) by truth functionality of —.
v = Tr("TA-~7) by 1.

—y by 4 and 5.

A-y by necessitation for A

Tr("A—~7) by necessitation for T'r

~ by 1, which contradicts 6.

Since DFS+5 entails B it follows that we cannot add 5 to DFS either.

7.3.3 Hierarchies of determinacy operators

In his recent critical notice of Hartry Field’s ‘Saving Truth from Paradox’, Priest raises a
number of problems with Field’s project, and with his hierarchy of determinacy operators.

Priest argues that Field cannot express the general notion of defectiveness that the liar
and its relatives have. Since this is an important way of misunderstanding my own view,
and marks a significant difference between my own view and Field’s I shall quote him at

length:

“There are two jobs for the notion of defectiveness to do: [a] we must be able
to say of certain sentences, e.g., the liar, that they are of this kind; and [b] we
must be able to talk about such sentences in general and say things about them.
Now, Fields D operator does the job of [a] in many cases. As we have seen, for a
number of defective sentences, A, like the Liar, we can say truly ~DAA—-D-A,
or at least ~DYA A =D*—-A, for some suitable iteration of ‘D’s maybe into
the transfinite. But the D operator cannot do the job of [b]: as « increases,
the extension of D% gets larger and larger (p. 238), so for no « does the
extension of =D® comprise all the non-(determinately true) sentences. Where
Q =-D*Tr("Q"), Q is not in the extension of =D*. Nor is it possible to define
a predicate whose intuitive meaning is something like \/{—=D*Tr(z) | « is an
ordinal}, since, as Field shows, the precise definition of this depends on some
ordinal notation, and will therefore take us only so far up the ordinals. [...].
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Indeed, without the notion, one cannot even formulate the driving thought
behind Fields own solution: that the LEM fails because of the existence of
indeterminacies. To declare all general claims about indeterminacy unintelligible
is an act of ladder-kicking-away desperation of Tractarian proportions.” Priest,
‘Hopes Fade for Saving Truth’ [104]

Field’s picture as Priest describes it is that there is a (large) hierarchy of predicates, and
each level only does a partial job of characterising the true notion of defectiveness or being
diseased which includes the liar, the revenge liar, and the further iterations.

But what reason do we have to think that, say, the revenge liar is defective??? A poor
reason would be to say that it’s also self-referential: we know that self-reference is neither
necessary nor sufficient for defectiveness.

This is problematic for Field since it suggests that there is a notion — which both
Field and Priest informally call ‘defectiveness’ — which Field cannot express. A sentence is
defective when it falls under one of Field’s partial predicates; the union of all Field’s partial
defectiveness predicates therefore seems to be the notion that is being informally employed,
but which is not expressible within Field’s framework.

The view that I am defending does not appeal to any partial notion of defectiveness; the
notion they are calling defectiveness can be completely expressed using the indeterminacy
operator. I therefore reject Priest’s assumption that the revenge liar is defective —i.e. that
it’s indeterminate whether R is true, where R=‘R is not determinately true’. I reject this
because this claim is itself indeterminate; asserting this would be akin to asserting that
someone is bald when they have a borderline number hairs. I have argued above that if
a sentence is indeterminate one should not assert either it or its negation. Furthermore,
I have shown that it’s an indeterminate matter whether the revenge liar is determinately
true or not. So, pace Priest and Field I would object to the claim that the revenge liar is
indeterminate in exactly the same way that I would object if someone asserted that the liar
is true. According to the analogous objection leveled at my view, Priest is asserting the
unassertable and reasoning from that in a way that is impermissible.

The relevant notion of indeterminacy, the one I've axiomatized above and which governs
assertability, knowability and so on, is perfectly well captured by the operator V. Like
many useful but vague concepts it admits indeterminate instances. It would be a mistake,
however, to assert that these indeterminate cases of indeterminacy are straightforwardly
indeterminate. That would be to assert the indeterminate - to assert of anything that is
indeterminately F' that it is F' is to assert the indeterminate, and it would be equivocation
to use the word ‘indeterminacy’ when one really means ‘indeterminacy at some order’. The
equivocation is plain for all to see when in the analogous objection levelled at the present
view: ‘as a increases, the extension of ~D® gets larger and larger, so for no a does the
extension of —=D% comprise all the non-(determinately true) sentences.” This would not
make sense if we were using the operator ‘D’ and the word ‘defective’ interchangeably, for
when a = 1, =D*Tr(-) = =DTr("¢") comprises all the defective sentences simply by the
fact that D was introduced to mean ‘defective’.

Note that if we did interpret Priest’s use of the word ‘defective’ to just mean indeter-
minate at some order or other, his final remarks no longer hold any bite. It may well be
the case that nothing is determinate at all orders (this kind of view naturally corresponds
to the theories DFS,, which I describe in section 7.3.1.)

Given that I have been denying that the higher iterations of the indeterminacy operator
play an important role in the workings of the liar paradox, and in particular, denying that
they the serve the purposes required by a solution to the semantic paradoxes, it would be
a fair to ask in which respects the second order, third order, ..., nth order indeterminacy
differ.

22Remembering that ‘defective’ or ‘indeterminate’ is the notion I've so far been characterising by the
A-role, i.e. its inferential and normative properties, and is not necessarily a notion governed by intuitions
Priest is appealing to.
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It is easy to verify that if on operator O satisfies the axioms of the theory DFS, then
so will the iterations of this operator: OO, OOQO, and so on. This naturally raises the
question of what the intended interpretation of ‘A’ is, and if there is anything we can say
to narrow down this infinite list of candidate interpretations. One way to do this is to
appeal to the role that A plays in a theory of propositional attitudes; in this respect I have
suggested that it satisfies the A-role. As it is currently stated, the A-role consists of several
conditionals stating that indeterminacy poses a distinctive obstacle to knowledge, that one
cannot rationally believe or care about a proposition you believe to be indeterminate and
so on. While iterations could satisfy these conditionals as well, it is natural to want to
introduce indeterminacy as a name for whatever that distinctive obstacle to knowledge is,
or for whatever it is that regulates your beliefs in such and such a way, and so on. Thus we
should strengthen some of the conditionals in the A-role to biconditionals. If the distinctive
barrier to knowing whether p characteristic of cases like the liar is present in p then p is
indeterminate. This is what distinguishes the determinacy operator from its iterations.

We can contrast this view with an alternative position. According to the alternative
there are infinitely many operators that satisfy the A-role: if O is an operator that satisfies
the A-role so does all of its iterations. This appears to be Field’s position in a number of
writings (see, for example [39].) As stated the present view maintains that there is only one
true notion of defectiveness at play here, and the others are just iterations of this notion and
that this can be enforced by strengthening some of the conditionals prescribed by the A-role
to biconditionals. The alternative position asserts that second order indeterminacy is also a
distinctive source of ignorance, and would therefore want only half of the biconditional: it is
possible to know that p if and only if it’s determinate that p, since p might be determinate
but not knowable because it is not determinately determinate. However the idea that
indeterminacy is not the only distinctive obstacle to knowledge invites the thought that
whatever the obstacle is in all these cases we could surely introduce an expression for it
(this is, effectively, Priest’s intuition.) And if so, why not just use a more expansive use of
the word ‘indeterminate’ or ‘defective’ from the beginning? Field’s position that that there
are all these distinct kinds of obstacles to knowledge, assertion, rational belief and so on,
but there’s no umbrella phrase for them (on pain of paradox) is reminiscent of the Tarskian
strategy of denying the expressibility of seemingly intelligible notions. The alternative
suggestion, which seems to be extremely natural, is that there is an umbrella expression for
this, although it’s one that does not iterate trivially.

7.3.4 Assertion

With this in mind, let us consider an example. Given that it’s indeterminate whether it’s
determinate that p, may we assert p, or should we abstain from assertion? A naive but
persuasive thought is that second order indeterminacy in p indicates a kind of badness in
p and one should accordingly refrain from asserting p or its negation in all contexts just as
one should refrain in cases like the liar and the truth-teller. This thought, however, is not
sustainable. Second order indeterminacy indicates indeterminacy over whether p is “bad”
in the relevant sense, and thus, indeterminacy over whether one should assert or refrain
from asserting p.

In fact we have already argued for this consequence of the strengthened determinacy
role in 7.2.3. Suppose that it is determinate that I am in a context in which I have a reason
to assert whether or not p, and that out of the relevant facts I am as knowledgeable as I can
be. If indeterminacy is the only barrier to knowledge (i.e. if second order indeterminacy
(and higher) is not a barrier as well) then this amounts to saying that I am only ignorant in
the indeterminate cases.?® In accordance with section 7.2.3, we have that, determinately:

It’s permissible to assert that p if and only if it is determinate that p

23The strengthened A-role stipulates that if it’s determinate that p I could have known that p.
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By fairly uncontroversial reasoning — namely, that A obeys the K axiom from §7.3.1 — it
follows that if it is indeterminate whether it’s determinate that p it is indeterminate whether
you may assert that p.

What should I do in this situation? Should I assert or shouldn’t I? I am suggesting
there simply is no answer to these questions, there is no fact of the matter, and it would
be misguided to continue asking. One could quite rightly imagine getting exasperated at
this advice; after all, you have to do something, assert or do nothing, in that situation and
knowing that there’s no matter of fact which option I should pursue is not the least bit
helpful.

Although this is clearly a frustrating situation to find oneself in I think that it is no
more esoteric than more humdrum cases of vagueness in normative claims. Many normative
properties are vague. One might for example, think that it is wrong to kill a person but
not an embryo that is not a person. No doubt it is vague at which point one begins to be
a person, and thus, according to our toy ethical theory, it will be vague at which point it
ceases to be permissible to abort a child. Similar points apply to the norms of assertion.
Consider a Sorites sequence for the property of being bald. I take it that it is permissible
to assert that people with no hairs at all are bald, and that it is not permissible to assert
people with 1000000 hairs are bald, but surely there will be cases, people with a certain
distribution and number of hair, where it is borderline whether it’s permissible to assert
that they’re bald. If Harry is such a case then there’s simply no fact of the matter whether
it’s permissible or impermissible to assert that Harry is bald.

Another potential source of discomfort about the current theory might stem from the
fact that the conditions for proper assertion are not always known to the subject. Surely,
the objection might go, the conditions for proper assertion should be transparent, in the
sense that both conditions for proper assertion, and the conditions for improper assertion,
are luminous:

If it is permissible for A to assert that p, then A is in a position to know that it is
permissible for A to assert that p

If it is not permissible for A to assert that p, then A is in a position to know that it
is not permissible for A to assert that p

Surely, the objection might continue, it must be possible to operationalise assertion: one
should be able to provide rules which tell you when it is and isn’t ok to assert such that
one is in principle always in a position to know whether one is complying with these rules.

I do not find this objection convincing. What the Sorites sequence above shows is that,
quite independently, there will cases where there it is indeterminate whether you may assert
p or not. Since indeterminacy bars knowledge these will be cases where you are not in a
position to know whether p is assertible or not. In [144] Williamson criticises the view that
normative rules should be operationalisable in the context of epistemology. I think much
of what Williamson says about epistemology when your evidence is ‘inexact’, cases where
you plausibly fail to know what your evidence is because it is vague what your evidence is,
must apply to the epistemology of the paradoxes too.

7.3.5 Assertive uttering

We have focused our attention on the verb ‘assert’ which takes a that-clause in its right
argument and relates a person to a proposition. There is also an important relation that
holds between a person and a sentence when that person makes a certain kind of noise,
perhaps with certain kinds of intentions. I shall call this ‘assertive uttering.” These two
relations are clearly very different. One asserts by assertively uttering a sentence, but the
relationship is complicated by the fact that different sentences can be used to assert the
same thing, and the same sentence in different languages and different contexts can be
used to assert different things. Since one might worry that there are paradoxes that can
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be formulated using the notion of assertive utterance which cannot be formulated using
assertion it is worth addressing this issue.
The most important rule governing assertion that we have discussed is the norm

R. Do not assert what is unclear/indeterminate.

Like the rule ‘do not assert p if you do not know that p’ it provides an objective standard
for evaluating assertions, one that is not always available to the asserter. In general there
is no simple rule which would guarantee that you conformed to R, and would be such that
you could always know that you're following the rule. We do not always know whether or
not we know p, and we do always not know whether or not p is unclear. The fact that R (or
the knowledge norm) provides an external standard of assessment means that sometimes it
is impossible for anyone to know whether someone is complying with R (or the knowledge
norm.) When it’s unclear whether you know p or unclear whether it’s clear that p (due to
vagueness, perhaps, or the kind of second order unclarity the paradoxes generate) then it
is impossible for anyone to know if someone has asserted p in conformity with R, or with
the knowledge norm.

An interesting observation about the rules of assertion is that they are often language
independent. For example the knowledge norm, R, the maxim ‘be relevant’, and other
Gricean maxims appear to be generally applicable whatever your mode of communication
is: they apply equally, whether you are speaking German, French or what have you.

On the other hand, when deciding which sentence to assertively utter in a given context,
(and a given language, L) you must somehow incorporate your knowledge about what
it would be appropriate to assert in that context, as determined by Gricean norms of
conversation, R, and so on, with your particular linguistic knowledge telling you which
sentence of L would result in you achieving this assertion. In order to have a theory of
proper and improper assertive uttering, then, we must appeal to the speaker’s linguistic
knowledge in a way that we did not need to for our theory of proper assertion.

Here it is natural to think that we need specific linguistic knowledge about which sen-
tences mean which propositions; if you have determined, via the very general norms of
assertion that p would be the best proposition to assert we then we should strive to find a
sentence of L which expresses p and assertively utter it. Even then there will be multiple
sentences within that language that express p, some sentences express different things in
different contexts, so there is plenty more to be said about this. The rules for appropriate
assertive utterances are therefore much more complicated and less susceptible to systematic
theorising than the rules for assertion. However, it is natural to think that something like
this story is correct. In which case we can partly reduce the theory of assertive uttering to
our theory of assertion, as governed by the principle R amongst other things. Thus:

Assertively utter s in L at context ¢ only if you know that s says that p in L at ¢ and
it’s permissible to assert p.

It is natural, therefore, to think that there would be no special problem in constructing
a theory which contains its own theory of assertive uttering, as well as assertion. The
expressive requirements needed seem to be (i) that your theory can state when it is and
isn’t permissible to assert p (see section 7.2.3) and (ii) that the theory contains a ‘say-
ing’ connecticate, which states when a sentence means that p. Both of these are easy to
accommodate.?*

The important thing to note about this reduction is that in assertively uttering ‘p’ in
English you have not always asserted that p. This connection relies on the contingent fact
that ‘p’ means that p in English. But the principle can fail when ‘p’ contains indexical
expressions, and most importantly, when ‘p’ contains semantic vocabulary. You would
quickly find yourself confronted with paradoxes if you simply translated principles involving

24We can prove the consistency of a very basic theory of saying by interpreting the connecticate ‘s says
that p’ in DFS, by defining it as ‘s is true iff p’.
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the locution ‘it’s permissible to assert that p’ with the locution ‘it’s permissible to assertively

.

utter ‘p”; these only approximate one another when ‘p’ says that p in English.

7.4 A semantically self-contained language

7.4.1 The consistency of DFS

The consistency of DFS is shown by a model theoretic construction.

A Kripke model for the language L is a quadruple (W, R, D, [-].) consisting of a set of
worlds, W, an accessibility relation, R, a domain, D, and interpretation function [-],, which
assigns each term, function and predicate symbol an element, function, or relation over D
of the respective type, relative to each world w.

In our model both W and D will be the set of natural numbers, Rxy the relation that
holds if x = y or x = y + 1, and each primitive piece of arithmetical vocabulary is assigned
its standard interpretation relative to every world, for example [+]., = {{{z,y),z + y) |
z,y € N}, [0] = 0, etc, for every w € W. I shall denote the element n € W as w, to
distinguish it from the same element n in the domain of natural numbers D. An assignment
function, v, is a function from variables of £ to D.

All that is left is to specify the extension of Tr at each world w;, [Tr],,. We shall do
this in a moment.

We can define what it means for a formula of £ relative to an assignment to hold at a
world in a Kripke model of this kind, which we can write w,,v IF ¢, or just w, IF ¢ if ¢ is
closed. I shall omit the details of the definition (see the next section.) What is important
is that whether a formula holds at a world, w, depends only on whether the sentence holds
at worlds which are R accessible to w, or R accessible to worlds which are R accessible
to w, and so on. In our model this just amounts to this: whether ¢ holds at w,, depends
only on whether or not ¢ holds at worlds w; for ¢ < n. Moreover, whether ¢ holds at w,
never depends on whether it holds at w,41. Thus following definition of the extension of
the truth predicate at a world w,, is not viciously circular:

[Tr]w, =0
[T7]w,. . =={"¢"]| ¢ is closed and w,, I+ ¢}

To get a picture of the construction see the diagram below

C) C) C) ()

wo w1 w9 ws ...

0 {T¢7 | wo Ik ¢} {T¢7 | wy Ik ¢} {To7 |wa Ik @}...

All the axioms of DFS hold at w;. In fact every theorem of DFS,, holds at wy,41. It
follows that DFS,, has a standard model, w, 1, for each n.

Say that a sentence eventually holds in this model if there exists an ¢ such that the
sentence holds at every world w; for j > 4. The consistency of DFS is established by noting
that every theorem holds at every world to the right of wy, and therefore eventually holds,
and that if ¢ eventually holds, so does Tr("¢") and A¢ and if Tr("¢™) eventually eventually
holds so does ¢. Furthermore the classical rules of inference preserve eventual holding, so
every theorem of DFS eventually holds. The consistency of DFS is obtained by noting that
1 = 0 does not eventually hold.
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7.5 Semantic self-sufficiency

It cannot be stressed enough that the model we provided in the previous section is not the
intended intepretation of £. Its purpose there is to establish syntactic facts about certain
theories — that no contradiction is provable in DFS, and that no contradiction is provable in
DFS,, given the w-rule. Since no consistent recursively enumerable theory can prove its own
consistency this model is, speaking loosely, out of reach from inside the language. Either £
is not rich enough to describe this model, or, if it is, the theory DFS is not strong enough
to prove that the axioms hold in this model and that its rules are preserved.

Nonetheless the intended interpretation of the language presumably can be taken to
have the form of a Kripke model, consisting of a set or class Z of indices and an accessibility
relation, in which the truth conditions for a statement of the form ‘determinately p’ are
given by the truth of ‘p’ at all indices accessible from the actual index.

In our understanding indices are maximally consistent propositions. The notion of
consistency at play is not necessarily metaphysical possibility, therefore the indices may or
may not represent possible worlds. If ¢ is an index, i.e. a maximally consistent proposition,
we can say that the proposition p holds at ¢, written ¢ = p, just in case i entails p.
According to this understanding it strictly makes no sense to talk about a sentence being
true at an index. We therefore analyse the relation ‘¢’ is true at ¢ as simply meaning that
the proposition that ‘¢’ is true holds at i, in formalism: i = Tr("¢").2> We shall introduce
the shorthand i I+ "¢ for ¢ = Tr(T¢™).

In the more general setting we will want to talk of a sentence being true at an index
relative to an assignment. We can eliminate this need in the arithematical setting — we
can give the truth of a quantified statement in terms of the truth of all of its substitution
instances eliminating the need for a satisfaction relation (since they are interdefinable in
the arithmetical setting nothing of importance rests on this.) Assume that ¢ ranges over
indices in Z. We need a theory of truth at an index

e ‘¢ A’ is true at ¢ if and only if ‘¢’ is true at ¢ and ‘¢’ is true at 1.

e ‘¢ V) is true at ¢ if and only if ‘¢’ is true at ¢ or ‘@)’ is true at 1.

e ‘=@’ is true at ¢ if and only if ‘¢’ is not true at i.

e ‘Vu¢’ is true at ¢ if and only if ‘¢[t/x]’ is true at i for every numeral term ‘¢’.
e ‘Jr¢’ is true at ¢ if and only if ‘¢[t/x]’ is true at ¢ for some numeral term ‘¢’.
e ‘A¢’ is true at i if and only if for every j accessible from i, ‘¢’ is true at j.

This is a standard Kripke style semantics which determines how the truth of a sentence at
an index depends on the truth of its parts. For arithmetical atomic sentences we can say:

e For all indices, i, ‘¢’ is true at 7 if ‘¢’ is a true arithmetical sentence.

The preceding principles encapsulate a number of things that I know about the intended
interpretation. There are also a number of things that I do not know about it. For example,
I do not know whether the Gédel number of the statement of Goldbach’s conjecture is in the
extension of Tr or not. The example of Goldbach’s conjecture demonstrates that a semantic
theory should not be attempting to aim at a complete description of the intended model.
It is impossible to knowledgeably state a theory which complete describes the intended
model because we simply do not know whether what the extension of all the predicates are.
What makes it particularly difficult is when the language contains vague or indeterminate

25We must think of a sentence being true as meaning roughly, that the sentence is true as we in fact use
it, which need not necessarily be truth according to how it is used at the index in question. Really, what
we want to say is that a sentence ‘@’ is true at an index if the proposition ‘¢’ (actually) expresses is entailed
by 4, but we cannot do that unless we have the expressing relation in the language (see chapter 6.)
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vocabulary: I do not know whether or not the liar sentence is true in the intended model
because it is indeterminate whether it is true in the intended model. Thus one might have
noted that there is no clause for atomic sentences involving the truth predicate in this
theory. The naive theory of truth might say

o ‘Tr("¢7) is true at ¢ if and only if ‘¢’ is true at 3.

This would have the effect of giving the truth predicate a disquotational meaning relative
to every index and would lead to paradoxes. We can state partial truths, such as the
fact ‘1=1’ is in the truth predicate, as is every true atomic arithmetical sentence. Via the
compositionality clauses this determines the truth or falsity of every arithmetical sentence.
However we cannot in general say whether the truth-teller or the liar are true.

So much for truth at an index. Finally we can say that a sentence is true just in case it
is true at the actual index, i*.

Our next goal is to extend the language of DFS so that it can state this semantics
in such a way that it applies to itself. (For further discussion of why we might want to
do this see Fitch’s discussion of ‘universal metalanguages’ [45].) In the purely extensional
theory FS, obtained by removing the determinacy axioms from DFS (see Halbach [55]), this
project is possible since the theory contains its own truth predicate, and, since the theory
is arithmetical, the satisfaction relation is reducible to truth. However in DFS we have the
non-extensional connective A to deal with so the semantics is not extensional.

In order to formalise such a theory we must add some new vocabulary to the language
of DFS. The theory we develop identifies indices with natural numbers; nothing turns on
this, but it makes the theory a lot simpler to state.

A predicate, Iz, saying that x is an index.

A relation i IF 2 relating an index (represented by a natural number) on the left, to
the Godel number of a sentence.

A two place relation Rxy, for the accessibility relation.
A constant, i*, denoting the actual index.

(Aside: it would be easy to also add the = relation to the language, this time represented
as a connecticate taking a term, an index/natural number on the right, with a term.)
Call this language £*. Call the result of adding the following axioms to DFS DFS*:

o Ii = (ilFTopAYT & (i IFTTAGIFTyT))
o Ii = (ilFTp VYT & (iIF T Vil TyT))
o [i— (ilF-"=¢7 < —ilFT¢7)

o Ii— (il-"Vap < Vyi Ik "ély/z]7)

o Ii — (i - T3z¢"  Jyi - Tp[y/z])

o Ii— (ilFTA¢T < Vj(Rij — jIFT¢7)

o TiNAtpa(T¢T) = (iIF "¢ > ver(T¢T))

These axioms are simply formalisations of the definition of truth at a world we specified
earlier.

Note that we also have new vocabulary which we need to give semantics for. We can do
this as follows:

¢ ilFTjlFg o jlo

o i |F"Rst" <> Rst
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One might also want an axiom stating that what the indices are is index invariant, i.e.:
‘j is an index’ is true at ¢ iff j is and index. The model we construct does not validate
this principle. Which numbers are indices is an indeterminate matter since we can for-
mulate paradoxes involving the notion of being true at all indices.?6 Note also that it’s
indeterminate which index i* refers to.

The consistency of DFS™ is shown using the same model construction we mentioned
above. Since we have overloaded our use of the symbol IF I shall use IF* to denote the
metatheoretic notion we’re using in the consistency proof, and save I for the object language

C) () C) )

Wo w1 wa ws . ..

0 {¢ | wo IF* ¢} {¢ | wiIF ¢} {¢ w2 IF o} ...
We augment the model above as follows:
1w, = {71 [3] <j <4}
[Rlw, :={(, k) [ j =k+1orj=k}
[Flw, :=A{k,n) | [5] <k <i,n€[Tr]w,}

[i*]]wi =1

26 Otherwise one could formulate paradoxes, such as I'm not true at all indices.
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