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Abstract

This thesis describes two novel Bayesian methods: the Iterative Ensemble
Square Filter (IEnSRF) and the Warp Ensemble Square Root Filter (WEnSRF)
for solving the barcode detection problem, the deconvolution problem in

well testing and the history matching problem of facies patterns.

For the barcode detection problem, at the expanse of overestimating the
posterior uncertainty, the IEnSRF efficiently achieves successful detections
with very challenging real barcode images which the other considered
methods and commercial software fail to detect. It also performs reliable

detection on low-resolution images under poor ambient light conditions.

For the deconvolution problem in well testing, the IEnSRF is capable of
quantifying estimation uncertainty, incorporating the cumulative produc-
tion data and estimating the initial pressure, which were thought to be
unachievable in the existing well testing literature. The estimation results
for the considered real benchmark data using the IEnSRF significantly

outperform the existing methods in the commercial software.

The WEnSRF is utilised for solving the history matching problem of facies
patterns. Through the warping transformation, the WEnSRF performs
adjustment on the reservoir features directly and is thus superior in esti-
mating the large-scale complicated facies patterns. It is able to provide
accurate estimates of the reservoir properties robustly and efficiently with

reasonably reliable prior reservoir structural information.



Contents

1 Introduction

2 Mathematical Modelling and Inverse Problems
2.1 Introduction . . . . . . . ...
2.2 The State-Space System . . . . . . . ... L Lo
2.3 The Inverse Problem of Barcode Detection . . . . . .. ... .. ...
2.3.1 Mathematical Models of Barcode Laser Scanning . . . . . . .
2.3.2 Mathematical Modelling of Blurry Barcode Imaging . . . . . .
2.3.3 The Forward Problem . . . . ... ... ... .. .......
2.3.4  The Inverse Problem: Barcode Detection . . . . . . . .. ...
2.4 The Inverse Problem in Well Testing . . . . .. .. ... ... ....
2.4.1 Mathematical Models of Wellbore Pressures . . . . . .. . ..
2.4.2 The Forward Problem . . . .. ... ... ... ........
2.4.3 The Inverse Problem: Deconvolution . . . ... ... ... ..
2.5 The Inverse Problem in Reservoir Production . . . . ... ... ...
2.5.1 Mathematical Models of Two-phase Flow in an Oil Reservoir .
2.5.2 The Forward Problem . . . . ... ... ... .. .......

2.5.3 The Inverse Problem: History Matching of Facies Patterns . .

3 Nonlinear Filtering Methods

3.1 Overview . . . . . .o

~N O O



3.2 The Recursive Bayesian Filter . . . . . . . . ... ... ... ..... 33

3.3 The Ensemble Square Root Filter . . . . . . .. ... ... ... ... 35
3.4 The Iterative Ensemble Square Root Filter . . . . . . . .. ... ... 41
3.4.1 The Iterative Bayesian Filter. . . . . . . . ... ... ... .. 44
3.4.2 The Iterative Ensemble Square Root Filter . . . . . . . . . .. 45
3.4.3 Summary . ... 47
3.5 The Warp Ensemble Square Root Filter . . . . ... ... ... ... 48
3.5.1 Derivation . . . . . ... 48
3.5.2  Summary . . ... 53
3.6 Summary . ... 54
Prior Constructions 56
4.1 Overview . . . . . oL 56
4.2 Barcode Stripe Prior for Barcode Detection . . . . . ... ... ... 57
4.2.1 Prior Construction using a Binary Level Set Method . . . . . 57
4.2.2  SUmmary .. ... 58
4.3 Type Curve Priors for the Deconvolution Problem in Well Testing . . 59
4.3.1 Prior Construction using Unclamped Parametric B-splines . . 60
4.3.2 Comparison Against Parameterisations in Existing Methods . 62
4.3.3  SUmMmMAary . . . ... 65

4.4  Prior for the Transformation Mapping in the Warp Ensemble Square

Root Filter . . . . . . . . . . 66
4.4.1 Priors Construction using B-spline Surfaces . . . .. .. ... 67
4.4.2  SUMMATY . . . . .o 70
4.5 Summary ... oL oL 71
The Barcode Detection Problem 73

5.1 Introduction . . . . . . . . . 73

11



5.2 The State-Space System and Practical Implementation . . . . . . .. 76

5.2.1 The State-Space System . . . . . . ... ... L. 7
5.2.2 Implementation for Real-World Detection Problems . . . . . . 7
5.3 Barcode Estimation using the IEnSRF . . . . . ... ... ... ... 78
5.4 Numerical Experiments . . . . . . . . ... ... ... L. 81
5.4.1 Synthetic Barcode Detection . . . . . . .. ... ... .. ... 82
5.4.2 Poorly Printed Barcode Image Detection . . . . . . . .. ... 87
5.4.3 Out-of-focus Barcode Image Detection . . . . .. .. ... .. 90

5.4.4 Comparison Against an Existing Method and Commercial Soft-

WATE . . o v e e e e e e e e e e e 92
5.5 Summary ... 94
An Iterative Deconvolution Method for Well-Test Data 96
6.1 Introduction . . . . . . . . . . 96
6.2 The State-Space System and Practical Implementation . . . . . . .. 100

6.3 Iterative Deconvolution Method using the Iterative Ensemble Square

Root Filter . . . . . . . . . 102
6.4 Numerical Experiments . . . . . . . . ... ... L. 103
6.4.1 Synthetic Experiment . . . . . . . ... ... 104
6.4.2 Real Gas Field Experiment . . . . . . ... ... ... .... 108
6.4.3 Real Oil Field Experiment . . . . . . ... ... ... ..... 112
6.5 Conclusion . . . . . . . . L 117

History Matching of Geological Facies Patterns using Warp En-

semble Square Root Filters 119
7.1 Introduction . . . . . . . .. ... 119
7.2 The State-Space System . . . . . . ... ... 123

7.3 Updating Facies with the Warp Ensemble Square Root Filter . . . . . 124

111



7.4 Numerical Experiments on Simple Synthetic Reservoir Models with a
Single Feature . . . . . ... 0oL
7.4.1 Curved and Disconnected Channels . . . . .. ... ... ..
7.4.2 Two-Dimensional Closed Feature . . . . . ... .. ... ...
7.4.3 Sensitivity to Ensemble Size . . . . . .. ...

7.5 Numerical Experiments on Large-Scale Complicated Reservoir Models
with Complicated Features . . . . . . . . . ... ... .. ... ....

7.6 Conclusion . . . . . . . .

Conclusions and Future Work

8.1 Review of Thesis . . . . . . .. ...

8.2 Future Research . . . . . . . . .. ... ...
8.2.1 Prior Construction . . . .. ... ... ... ... ... ...,
8.2.2 Observation Uncertainties and Model Accuracy . .. .. . ..
8.2.3 Ensemble-based Filtering Method . . . . . ... .. ... ...

8.2.4 Other Industrial Applications . . . . . . ... ... ... ...

Derivation of the Numerical Reservoir Simulator
A.1 Spatial Discretisation and Grid Setup . . . . . . . . ... .. .. ...
A.2 Implicit Finite Volume Scheme . . . . . . . . . . ... ... ... ...

A.2.1 Derivation of an Implicit Finite Volume Scheme . . . . . . ..

Derivation of the Ensemble Kalman Filter

Barcode Signal Averaging Resample Algorithm

Density Reconstruction using Ensemble and Gaussian Kernels

Additional Figures

v

146
146
149
150
151
152
153

155
155
157
159

163

165

166

167






List of Units

cf
Cubic feet (unit of gas volume).
cP
centipoise (unit of fluid viscosity).
D
Days (unit of time).
°F
Fahrenheit (unit of temperature).
hrs
Hours (unit of time).
Mscf
Thousand standard cubic feet (unit of gas volume).
Psi
Pound per square inch (unit of gauge pressure).
Psia

Pound per square inch (unit of absolute pressure).

vi



rb

Reservoir barrels (unit of oil volume).

scf

Standard cubic feet (unit of gas volume).

stb

Stock tank barrels (unit of oil volume).

vii



List of Abbreviations

DTC

Derivative Type Curve.

EAN

European Article Number.

EKF

Extended Kalman Filter.

EnKF

Ensemble Kalman Filter.

EnSRF

Ensemble Square Root Filter.

ETKF

Ensemble Transform Kalman Filter.

FP
Flow Period.

FR

Flow Rate.

Viil



FS
Full-Size.

FWI

Full Waveform Inversion.

GLVQ

Generalized Learning Vector Quantization.

GMRES

Generalised Minimal Residual.

IBF

Iterative Bayesian Filter.

IDM

Tterative Deconvolution Method.

IEnSRF

Iterative Ensemble Square Root Filter.

IMS

Imperfect Model Scenario.

IPF

Interacting Particle Filter.

KF

Kalman Filter.

LLDTC

Log-Log Derivative Type Curve.

1X



LR

Low-Resolution.

MAP

Maximum A Posterior.

MECPD

Measurements Excluding the Cumulative Production Data.

MICPD

Measurements Including the Cumulative Production Data.

MLP
Mean of the estimated Log Permeability fields found using the analysed en-

semble.

MTX/MTY

Mean of the Transformations in the X/Y direction of the analysed ensemble.

pdf

Probability Density Function.

PMS

Perfect Model Scenario.

PTC

Pressure Type Curve.

SD

Standard Deviation.



SDLP
Standard Derivation of the estimated Log Permeability fields found using the

analysed ensemble.

SDTX/SDTY
Standard Derivation of the Transformations in the X/Y direction of the analysed

ensemble.

SVD

Singular Value Decomposition.

UPC

Universal Product Code.

WEnSRF

Warp Ensemble Square Root Filter.

X1



Chapter 1

Introduction

Inverse problems involve inferring the physical properties of systems from measure-
ments. Often the properties being inferred are different from those being measured.

In many cases the ‘obvious’ formulation of an inverse problem leads to an ill-posed
problem [79] because (i) a solution may not exist; (ii) the solution may not be unique;
and (iii) the solution does not depend continuously on the data.

A key theme of the following thesis is that, by formulating an inverse problem
as a problem in Bayesian inference, one can obtain a well-posed formulation. The
Bayesian approach requires (i) a model of the system of interest; (ii) a model for the
measuring instrument; and (iii) a prior assessment of the probability density of the
system state. The model of the system might be stochastic or deterministic and the
model of the measuring apparatus will generally involve some measurement noise.

Almost all mathematical modelling has an associated inverse problem. Inverse
problems in reservoir engineering have been among the most interesting and challen-

ging topics for many researchers and are indeed the primary focus of this thesis:

Barcode Detection

Barcodes are ubiquitous in our lives. Yet, using a fix-focus-lens camera, the barcode

image is often blurred, leading to misdetection or undetectability using conventional



methods. Can we develop a Bayesian method to detect the barcode?

Deconvolution Problem in Well Testing

Well testing is a branch of reservoir engineering. A test well is drilled (e.g. Fig. 2.2
on page 12) soon after the discovery of a field to answer questions about productivity,
fluid properties, composition, pressure, and temperature during exploration and ap-
praisal, and to prove reservoir potential, confirm well performance, and improve field

productivity during development to production.

Well testing is operated at various flow rates. While the wellbore pressure and the
flow rates are recorded in time, the wellbore pressure response with respect to the
unit flow rate (known as the impulse response), in which the answers to the well
test questions are embedded, is required. Using the noise-polluted pressure and the
potentially biased flow rate data, is it possible to find a physical interpretation that
describes the underlying reservoir/well physics? Is it possible to assign a certainty

level to the estimated model for reservoir operation and risk management?

History Matching Problem of Facies Pattern

The history matching problem is an important and long-standing problem in reservoir
engineering. ‘Facies’ are a body of rock with specified characteristics [127]. History
matching of facies patterns! is commonly used to describe a calibration process for the
reservoir (geological) model (of the facies patterns) carried out using historical data
from reservoir production?. Once the reservoir model has been history matched, it can
perhaps be used to predict the reservoir behaviour and plan strategies to maximise

the production and enhance the production at late-life of old wells.

Can we find an automatic history matching algorithm to calibrate the reservoir model

Tdeally, a facies is a distinctive rock type that forms under certain conditions of sedimentation,
reflecting a particular process or environment.

2For old or marginally economic wells where production data are often used for well test analysis,
the deconvolution problem in well testing is also categorised as a history matching problem [45, 75].



in real time? Is it possible to predict and quantify the reservoir production uncertainty

using the history matched model?

With the aim of solving inverse problems in real-world situations, ensemble-based
filtering techniques, a special class of Bayesian method, appear to offer several po-
werful capabilities. These can be relatively easy to implement without the need
for adjoint or tangent-linear models, and come naturally with uncertainty estimation.
However, these are unable to explore the exact posterior density of a high-dimensional
nonlinear system using the current implementation and computational resources.

For the prior construction part of Bayesian inference, the key idea in this thesis
involves the introduction and application of a novel® parameterisation technique: the
B-spline. It is argued that this newly-developed approach, using ensemble-based
filtering methods and priors constructed based on the B-spline parameterisation, are
computationally superior to existing approaches and (in some cases) provide better
ways for including prior information. The full estimation approaches are explained
in detail for each problem in the body of the thesis, and their success is evaluated
through real and synthetic experiments.

The outline of this thesis is as follows. Chapter 2 presents mathematical modelling
of the forward problems and statements of the inverse problems using the state-space
formulation. Based on the Ensemble Square Root Filter (EnSRF), Chapter 3 derives
and discusses the Iterative Ensemble Square Root Filter (IEnSRF) and the Warp
Ensemble Square Root Filter (WEnSRF'), which are utilised as the Bayesian methods
for solving the considered inverse problems. In Chapter 4, our prior information and
some novel options for the corresponding parameterisation of each inverse problem
and the WEnSRF are reviewed. Chapter 5 combines the IEnSRF with a level-set
parameterisation to develop an efficient method for solving the barcode detection

problem. Chapter 6 utilises the IEnSRF with a B-spline parameterisation to develop

3Tn the the context and applications of this thesis.



a framework for solving real deconvolution problems in well testing. In Chapter 7,
the performance and potential of the WEnSRF are tested and illustrated for the
history matching problems of facies patterns. Conclusions of this thesis, possible
future research directions and other possible applications of our proposed filtering
methods are presented in Chapter 8.

My original contributions described in this thesis are as follows. In Chapter 2:
the real out-of-focus barcode image model (2.7) along with the modified well-test mo-
del (2.33) in the log-log space. In Chapter 3: the formulation and derivation of the
IEnSRF and WEnSRF. Although, a similar work to IEnSRF has been published by
Lorentzen et.al [109] in May 2011, the research on IEnSRF was carried out indepen-
dently from February to November 2010. Results have been presented in both internal
and external meetings and conferences between November 2010 to October 2011. The
research content in the Chapters 4 to 8 is entirely my own work. In these chapters,
when comparing against existing methods, the work or results of other researchers will
be indicated by explicit references. In particular, in Chapter 6, the nonlinear convo-
lution simulator for the modified Duhamel’s principle (2.33) in C++* is released in
commercial well-test-analysis software, Interpret™ 2010, which was programmed and
integrated during my internship at Paradigm. To my knowledge, the work in Chap-
ter 6 is the first work that formulates and solves the deconvolution problem in well
testing in the Bayesian framework. In addition, I am a contributor to four published

and two unpublished papers related to this thesis [48, 49, 50, 51, 52, 110].

4The Matlab version of this simulator is utilised in this thesis.



Chapter 2

Mathematical Modelling and

Inverse Problems

2.1 Introduction

Inverse problems infer the physical properties of a system from indirect and noise-
polluted measurements. In contrast, the problem of simulating measurements using
system properties and parameters is known as the forward problem/modelling.

In most situations, the mathematical models and the corresponding forward mo-
delling are only used for the forecast of the system state and for the prediction of the
measurements, respectively. However, because inference of the physical properties
using the measurements must be based on the (state-space system of the) forward
modelling, to a certain extent, the success of solving inverse problems is highly de-
pendent on the adequacy and complexity of the forward model.

In this chapter, we introduce the state-space system as the mathematical frame-
work first and then the special cases: (i) the Gaussian convolution equation for model-
ling the blurry barcode image, (ii) Duhamel’s principle for the study of transient-flow

phenomena and (iii) two-phase flow equations for simulating oil reservoir production.



2.2 The State-Space System

Many mathematical models have two parts: a system model and a measurement
model. In the engineering literature, this is known as the state-space system [98].

Throughout this thesis, our state-space system includes additive noise as follows:

the state equation: xp = flxg1); (2.1a)

the measurement equation: s, = Huxp + vy (2.1b)

Here, the subscript £ is a nonnegative integer and denotes the time index; x; € R"* is
called the state vector; the function f(-) is the nonlinear model of the physical process;
sp € R is the output of the state-space system and is called the measurement vector;
H is the measurement operating matrix; and vy € R™ is the measurement noise,
which is assumed to be independent and drawn from a Gaussian distribution with
mean of 0 and covariance of R € R™s*"s.

In the forward problem, the state-space system is used to simulate the state and/or
the measurements with a given (exact) input. The forward problem is well-posed, be-
cause the simulated states and measurements exist and are unique. However, in the
inverse problem, the state x; must be inferred using the measurement s; with uncer-
tainty R, which often leads to non-existence, non-uniqueness or a non-continuously-

dependent solution. Hence, the inverse problem is almost always ill-posed.

2.3 The Inverse Problem of Barcode Detection

The performance of barcode detection systems is being challenged by increasing de-
mands from the military and internet retailers. Traditional scanners use analog edge
detectors [93]. Once the strength of the reflected intensity crosses over a given thre-

shold, an edge is detected and considered to correspond to a bar/space boundary.



Nowadays, with hand-held devices, de-
tection is required on blurry barcode ” I| "II I" |I” l “ I"I ’I " H
4 6

images, where edge detection often leads U PC 0 93053 7722

to errors. By modelling the blurred "llll'l ”II | " " I” I” ] '”
image as a Gaussian convolution process E AN 3 66061 9" 318483
[118, 128, 142], extended from the mo- 17B LaCie Rugged XL eSATA & USB 2 0 EK

delling of the conventional barcode laser Figure 2.1: The UPC and EAN barcodes
for a 1'TB external hard drive.
scanning, the barcode detection problem
can be formulated as a classical inverse problem: the deconvolution problem.
We first derive the convolution model for barcode laser scanning in §2.3.1 and then
extend its physical principle to model blurry barcode images in §2.3.2. The forward

problem, which simulates a blurry barcode image, and the barcode detection problem

in a deconvolution formulation, are summarised in §2.3.3 and §2.3.4, respectively.

2.3.1 Mathematical Models of Barcode Laser Scanning

The history and stories regarding the invention of the first barcode and laser bardcode
scanner since the late 1950’s is provided in [177]. Here, we consider a one-dimensional
barcode! with parallel (black) ‘bars’ and separated by (white) ‘spaces’ (as shown in
Fig. 2.1) and begin the modelling of the reflection of a single scan of a laser barcode

scanner with the following key assumptions:

Assumption 1. The bar or space consists of identical unit width (white or black)

barcode stripes. Its width only varies with the number of consecutive duplicated stripes.

Assumption 2. The barcode is printed on a white background with sufficient white

spaces on either side and can be clearly identified from any other feature.

LA barcode image is normally two dimensional, but the information of the barcode is only coded
in the direction perpendicular to the barcode stripes.



Assumption 3. The barcode scan is taken in an environment where the light sources
emit uniform and almost white light and are sufficiently far from the barcode. The
barcode s placed in a plane and its scan is taken at some point perpendicular to this

plane without any influence of obstacles or shadows along the layer beam path.

Assumption 4. During a single scan, after focusing by the optical train, the optical
beam moves over the barcode in the direction perpendicular to all boundaries of the
barcode with uniformly speed at v and an intensity profile, I'(x), that is approzimated

by a Gaussian kernel of amplitude o and (rescaled) standard deviation o > 0:

2

I'(z) = avexp <—%) . (2.2)

Here, we set up the coordinate system with the x—axis perpendicular to the barcode
edge and the origin and scale 1 are located at the first edge at the beginning and the
last edge at the end of the barcode, respectively?. Both the amplitude o and standard
deviation o depend on the distance of the scanner to the barcode [55, 93, 94, 143, 174].
Thus, the further the distance between the scanner and the barcode is, the smaller the

amplitude and the larger the standard deviation becomes.

A monochrome printing notation is utilised to denote the black and white of the
barcode stripes, that is logic 1 and 0 indicate a black and a white stripe, respectively.
Using assumptions 1 and 2, the nondimensionalised barcode, u(z) : [0,1) — {0,1},

can be characterised using a two-level piecewise constant function, as follows:

u(x) = Z U'lp,(z) (2.3)

where u(z) = 0 for z ¢ [0,1). Here, J is the total number of stripes®, U7 € {0,1}

denotes the logic of the j™ barcode stripe, and 1 F; 1s an indicator function of the

%i.e. the (nondimensionalised) one-dimensional barcode is defined to be between 0 and 1.
3Tt can be seen that we have assumed the unit width of the barcode strip is 1/.J.



space interval F; = [(j — 1)/J,j/J) of the j™ stripe, as follows:

1; ifx e Fj,
1p,(7) = (2.4)

0; ifx¢ Fj.
Using assumptions 2 and 4, the total energy reflected by the barcode, A(t), can be
modelled as the convolution of the optical beam profile (2.2) with the barcode (2.3):

A(t) = /_ +O° w(@)D(z — vt)dz = QZ:; /0 1 U715, (z) exp (-M) dr.  (2.5)

00 o

This model was first introduced in 1984 and was confirmed to capture the underlying

physics behind barcode laser scanning through several experiments [14].

2.3.2 Mathematical Modelling of Blurry Barcode Imaging

Many researchers have investigated the possibility of replacing the conventional laser
scanning equipment with compact camera-based detection systems. The fixed-lens
camera is cost effective, but often leads to out-of-focus blurry images. It is also claimed
that the blurry image of a poorly printed barcode taken with a correctly-adjusting
lens, has the same effect as the out-of-focus blurry image [55, 174].

Here, we model the one-dimensional blurry barcode image (signal) using the same
notations and assumptions as for barcode laser scanning in §2.3.1. As in [55, 93,
94, 143, 174], under assumptions 1, 2 and 4, by considering the displacement of the
optical beam, vt, as a single spatial variable, eq. (2.5) can be extended further for

modelling the blurry barcode image:

Alz) = ai /0 U () exp (—(““”;72’”)2) i’ (2.6)

Here, the amplitude and standard deviation of the Gaussian kernel in Assumption



4 now depend on the distance between the camera and the barcode, the difference
between the shooting focus and the correct focus, or the quality of the barcode print.

In real situations, unlike a barcode scan, images can only be taken with some
ambient light. Using Assumption 3, modified from eq. (2.6), we introduce the model

equation for the blurry barcode image to be used throughout this thesis, as follows:

Alw) = E* + az:; /O 1 U715, (') exp (—(5'727;”)2) dz’, (2.7)

where A(x) is the intensity of the barcode image and E* € [0, 1] is a scalar, denoting
the image brightness due to ambient light*. E* = 0 indicates an ideal environment
with absolutely uniform white light emission on the barcode surface. In this case, the
ideal model equation (2.6) is recovered. On the other hand, when modelling a dark

ambient light with £° close to 1, the barcode image is darkened overall as expected.

2.3.3 The Forward Problem

Although in eq. (2.7), the mathematical model of the blurry barcode image is analy-
tical and has continuous-spatial dependence, in real-world situations, the images are
digital and sampled pixel-by-pixel. Our goal in the forward problem is to simulate
such a blurry signal with a given barcode, ambient light and focus parameters.

For the k' pixel at location z;, € [0, 1], by transforming the continuous convolution

in eq. (2.7) to the discrete form, its intensity can be expressed as follows:
A =~*(E* a,0,UY, ... Es+azz Ui, (zp exp( (2 _“’) ) . (2.8)
j=1k'=1

where N denotes the total number of sample pixels, 7* denotes the discrete approxi-

mation of the convolution process (2.7) evaluated at position xy.

4As the monochrome printing notation defined on page 8, logic 1 and 0 denote the black and
white ambient light, respectively.

10



Hence, a typical input of the state-space system in the form of eqs (2.1a,b) for the
blurry barcode image can be written as: o = [my, 0o]” = [Ef, ag, 00, U, ..., UJ, A},
..., AY]T € R"=, where the superscript T denotes matrix transpose; the subscript 0
denotes the prior stage to simulation, m=[E* o, 0, U, ... U’]T denotes the model
variables and o = [A!, ..., AY]T denotes the observation variables. The observation
variables are used to match the form of the state-space system and to be filled with

output from the mathematical model. The state-space system is summarised:

Ty = f(l’o) = [1’1’10, Vl(mo)’ SRE) VN(mO)]T’ (2.9&)

s1 = Hxy+w, (2.9b)
where the subscript 1 denotes the posterior stage.

H = [oN*(a=N) [N (2.9¢)

0V*(a=N) is an N x (n,—N) zero matrix, IV is an N x N

is the measurement operator,
identity matrix and v is the measurement noise, which is assumed to be independent

and drawn from a Gaussian distribution with mean 0 and standard derivation o, € R

v~ N(0,021Y). (2.9d)

2.3.4 The Inverse Problem: Barcode Detection

Almost all hand-held devices® are equipped with fixed-lens cameras, which lead to
the barcode images often being blurred. While the state-space system (2.9a,b) is
a useful tool for simulating the blurry image (s; = [y} (my), ...,y (m)]?) using a
given barcode ([U*, ..., U’]) and shooting parameters (E*, i, o), the inverse problem,

considered in this thesis, is to estimate the underlying barcode ([U!,...,U”]) and the

°For example, the standard iphone 4s has 8 and 0.3 megapixel fixed lens cameras installed at
rear and front of the phone, respectively.

11



shooting parameters (E®, «, o) from the blurry image s;. This inverse problem is
also known as a deconvolution problem. In the real world, the underlying physical
process can be more complicated than our model (e.g. a nonuniform ambient lighting

in §5.4.3), which provides additional challenges to the detection methods.

2.4 The Inverse Problem in Well Testing

Once hydrocarbons are found in rock formations, the first process in production
is to drill a test well. While drilling, the
well is cased with metal tubes cemented
into the well with cement on the outside
of the casing and are said to be “comple-
ted” at places where the casing is per-
forated to allow flow between the well
and the reservoir. This is the most com-
mon form of completion: the cased hole
completion. In order to examine the re-

servoir zone of interest, some ‘packers’,

Packer

. N

downhole devices that can be placed to
expand to seal the wellbore, isolate the
zone to be tested from the drilling fluid Figure 2.2: Well testing using a platform
and a mobile laboratory.

column. Pressure-recording devices are

placed in the well and on the surface. A valve (or port), a device that can adjust the
flow rate (FR) by opening and closing it, is finally installed and operates from the
surface by a platform or a (mobile) laboratory as in Fig. 2.2.

During the well test, the valves are operated over a range of flowing conditions in

which the wellbore pressure (at the bottomhole) and FRs are monitored. While the
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bottomhole pressure and temperature are monitored by downhole gauges®, the FRs
are (conventionally) monitored by single-phase flow meters” installed on each of the
gas, oil and water outlets of the separators and tanks at the surface.

Using these bottomhole pressure and FR data, the well test is conducted to meet
the following objectives: (i) To evaluate the characterisation of the reservoir/well in
a large volume. (ii) To estimate the reservoir parameters under in-situ® conditions.
(iii) To investigate the producing zones along the well length. (iv) To estimate the
near-wellbore condition?. Beside the most obvious applications in exploration, with
information about the conditions and characteristics of the reservoir/well system,
improved analysis of reservoir performance and forecasting of future production can be
achieved by the reservoir engineer, while the reservoir performance can be optimised
by the production engineer [28, 29].

There are many ways to approach the well test objectives from the earliest semi-
log straight line analyses in 1935 [154] to the more recent deconvolution methods in
2001 [163] and using single-test-wells up to multiple-test-well systems. However, the
fundamental theme is unchanged over its long history which is to extract the well
bottomhole pressure behaviour in response to unit-rate flows, in which the described
reservoir /well system configuration and characteristics are included. Estimating this
response function is a classical inverse problem, known as the deconvolution problem.

In this section, Duhamel’s principle modelling the wellbore pressure of a single
test well with respect to the FRs and type curves is first derived in §2.4.1. The
forward problem which simulates the well test measurements based on a given Log-
Log Derivative Type Curve (LLDTC) is introduced in §2.4.2 before a summary of the

deconvolution problem in well testing in §2.4.3.

6Downhole gauges are normally electronic or fibre optic sensors (e.g. the Sapphire sensor in
Schlumberger’s WellWatcher Gauges) which provide real-time reservoir and production monitoring
on working bottomhole pressure and temperature.

7A single-phase flow meter is a measuring device which measures only one type of fluid.

8 A recovery technique which apply heat (stem) or solvents to oil or bitumen reservoirs.

%.e. drilling- and completion-related damage to a well.
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2.4.1 Mathematical Models of Wellbore Pressures

In this subsection, we derive Duhamel’s principle (2.26) first by modelling a single
test well in an oil reservoir. It is then shown to be also valid for gas reservoirs under

the pseudo-pressure transformation.

Mathematical Modelling of the Wellbore Pressure of a Single Test Well in

an Oil Reservoir

We start with the general oil flow modelling in the porous medium (reservoir) before
restricting our attention to the fluid condition at the surface of the well. We set up
the cartesian coordinate z = (z,y, z) with origin located at the center of the wellbore
at the ground surface with x—, y— and z— axes pointing east, north and vertically
upwards, respectively. We denote the reservoir domain and the surface of the well by
) and D, respectively, and begin modelling of liquid flow in the reservoir with the

following key assumptions:

Assumption 5. The fluid flow is single phase.
Assumption 6. Gravitational forces are negligible.
Assumption 7. Darcy’s law for Laminar flow is applicable.

Assumption 8. The reservoir is an homogeneous and isotropic porous medium of

uniform thickness.

Assumption 9. The spatial pressure gradients are small compared to the second

order spatial pressure variation [113].

Assumption 10. The viscosity and compressibility of the liquid are constant'°.

10The viscosity and compressibility of gas are pressure dependent.
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The governing equations for the flow inside a small volume are given by mass

conservation (2.10), Darcy’s law (2.11) and the fluid compressibility law (2.12):

0
qﬁ—af + V- (up) =0, (2.10)
KR
uw=-2vp 2.11
p (2.11)
dp
— =cp. 2.12
= (2.12)

Here, p and p are continuous space-and-time-dependent scalar functions called the
density and pressure, respectively; u is continuous space-and-time-dependent vector
function called the Darcy flux; and ¢, k, ¢ and p are positive constant scalars called
the oil compressibility coefficient, the permeability, porosity and fluid viscosity, res-
pectively. The boundary conditions include the outer boundary conditions!! at the
reservoir boundary 6€2, and the linear time-dependent inner boundary condition at

the well (i.e. the wellbore pressure variation due to FR):
p=pp(t) on z=D. (2.13)

Constant initial reservoir pressure and fluid density are assumed:

p=p" and p=/p" at t=0. (2.14a,b)

Substituting eq. (2.11) into eq. (2.10) using the chain rule and eq. (2.12), we have:

dp K _p

5 = onc (2.15)

Solving eq. (2.12) with the initial conditions (2.14a,b) and neglecting higher order

UThis is often used in deriving the analytical solution for a specified reservoir/well configuration
(e.g. [19]), but not used explicitly in deriving Duhamel’s principle.
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terms, the reservoir density can be expressed in terms of pressure as follows:

_ 1
p= e Pt elp = %) + 50— 1)), (2.16)
Substituting eq. (2.16) into eq. (2.15), we have:
8p 9
[1+c(p—p") :—{[ +c(p —p° }Vp—l—ch-Vp}. (2.17)

Using Assumption 92 and eq. (2.17), we find the hydraulic diffusivity equation:

Op K o
— = . 2.1
5 WCV P (2.18)

We define the pressure drop within the reservoir and at the well surface D as:

P=p"—p and Pp=7p"—pp, (2.19a.,b)

respectively. We nondimensionalise the full problem by defining ¢t = (m?)cout*/k. In

nondimensional form (dropping the asterisk), the model system becomes:

i V2P, (2.20a)
P|,_,=0, (2.20b)
P}QZD = Pp. (2.20c)

Using the boundary condition (2.20b) and taking the Laplace transform of P with

P(z,s)= [, e *'P(x,t) dt in eq. (2.20a), our model equations become:

V2P = sP, (2.21a)

P|,_p = Po(s), (2.21b)

12The second term of eq. (2.17) is much smaller than the first one on the right hand side.
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for which the solution (in the Laplace domain) is given by:
P(z,s) = sPp(s)Pi(z, s), (2.21c)

where, Pi(z,s) is a solution to system (2.21a,b) and satisfies all outer boundary
conditions and inner boundary condition: P (z, s) }z= ,=1/s.

We establish the link between the wellbore pressure and the FR ¢p(t) through the
well surface D by differentiating eq. (2.21c) with respect to the normal direction to

D, np, multiplying by —/p and integrating over the entire surface D:

Gp(s) = sPp(s) <—— @dD> (2.22)

3nD

Under the same modelling system (2.21a,b), we denote the wellbore pressure drop
due to a time-invariant constant flow with FR ¢f, as P5. The pressure type curve

(PTC), the unit-rate pressure response, is thus defined as:

PC
Pl ==L (2.23)
dp

In this constant flow regime, the relationship of wellbore pressure and FR as described

in eq. (2.22) also holds:

35 (s) = <——/§§; ) (2.24)

Substituting eq. (2.24) into eq. (2.22) and performing the inverse Laplace transfor-

mation of P with P(z,t)= fctz;o et P(z, s) ds gives:

t dP§(T) t dPp(7)
t—1T dr = St —71 dr 2.2
/0 ap( 7') - T /0 qp( 7') - T, ( 5)

where 7 is a dummy variable for integration propose called the pseudo time. Substi-
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tuting eqs (2.23) and (2.19b) into eq. (2.25), Duhamel’s principle

g N
pD:pO—/ qp(t —7) pj( )dT, (2.26)
0 7

which is fundamental to the study of transient-flow phenomena and must be satisfied
by the wellbore pressure regardless of the reservoir boundary is derived. Here, T
is the well test duration and the FR ¢p(t) is assumed to be equal to 0 for ¢t <O0.
Note that in the well testing literature, the derivatives of the PTC with respect to
the pseudo-time (dp¥,/d7) and logarithmic pseudo-time (dpY,/dIn7) are know as the

impulse function and Derivative Type Curve (DTC), respectively [19, 74, 75, 103]'3 .

Mathematical Modelling of the Wellbore Pressure of a Single Test Well in

a Gas Reservoir

As stated in Assumption 10, the viscosity and compressibility of oil are independent
of pressure. However, in a gas reservoir, the viscosity and compressibility depend
on pressure, so that the gas law relating the gas pressure and density must be ap-
plied. This subsection, by using a pseudo pressure transformation (2.31), shows that
Duhamel’s principle (2.26) also holds for gas reservoirs.

For the wellbore pressure in the single test well of a gas reservoir, we set up
the same coordinate system as for the oil reservoir in the last subsection and again
denote the 3-dimensional reservoir domain and the surface of the well by Q2 and D,
respectively. We assume assumptions 5 to 8 are valid and begin modelling the gas

flow with the following additional assumptions:

Assumption 11. The gas is isothermal and the ideal gas law holds.

13Tn fact, the name type curve is used, because, in the late 1970s [3, 114], petroleum engineers
would plot the estimated unit-rate pressure responses using the measured data and compare and
match it against the theoretically calculated pressure responses (set of type curves) with different
reservoir models and parameter sets to identify the reservoir/well model and parameters for the
reservoir under investigation. This process is known as type curve analysis.
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Assumption 12. The dependency of permeability on the pressure is negligible [8, 9,

10]. Hence, the permeability k is taken to be a pressure-independent constant.

Assumption 13. Viscosity and the gas law derivative factor change slowly with

pressure.

The governing equations for the flow inside a small volume element are given by
mass conservation (2.27a), Darcy’s law (2.27b), the gas law (2.27¢) and the isothermal

compressibility of gas (2.27d), as follows:

19)
qba—';) FV - (up) =0, (2.27a)
uw=-"wp, (2.27b)

"
M p

dp
“w _ . 2.27d
= (2.27d)

Here, p and p are continuous space-and-time-dependent scalar functions called the
density and pressure, respectively; u is continuous space-and-time dependent vector
function called the Darcy flux; ¢, ¢, k, M, R and T are positive scalar constants
called the compressibility coefficient, porosity, permeability, gas molecular weight, gas
constant and absolute temperature, respectively; and p and Z are pressure-dependent
scalar functions called the gas viscosity and (compressibility) Z-factor, respectively.
The linear time-dependent inner boundary condition and the initial condition for
the reservoir pressure and gas density are the same as in eqs (2.13, 2.14a,b) for oil

reservoirs. Substituting eqs (2.27b,c) into eq. (2.27a), we have:

9 (p\ Kp
b~ <_) —Vv. (M_va) , (2.28)
Substituting eq. (2.27¢) into eq. (2.27d), we obtain:

9 <p) _cpdp

w\7) =7 (2.29)
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Substituting eq. (2.29) into eq. (2.28) gives:

peodp o [P
70 =V (Mva) : (2.30)

In order to transform eq. (2.30) into a similar form as the hydraulic diffusivity
equation (2.18), a scale change in pressure must be made to deal with the change of

4

gas properties. The concept of pseudo pressure'* ¢ is developed in [4] as follows:

"p
=2 [ ——dp, (2.31)
b1 MZ

where p; is a low base pressure. One may note that p; can be chosen as any arbitrary
number, but it is preferable to chose it as 0 for ease of calculation!®. Substituting eq.
(2.31) into eq. (2.30), we have: dp/dt = kKV%p/¢uc, where the diffusivity, k/puc, is
a nonlinear function of pressure, even for a perfect gas. However, when the pressure
is not varied significantly (as in the real experiments considered in this thesis), it can
be taken to be a constant. As a result, the transformation using the pseudo pressure
does not only eliminated nonlinearity of the flow equation, but also enables the use
of Duhamel’s principle (2.26) to model the pseudo wellbore pressure of the single
test well in a gas reservoir. Note that throughout this thesis and in almost all real

applications, the pseudo pressures data are provided for well tests in gas reservoirs.

2.4.2 The Forward Problem

In the well testing and reservoir engineering literature, the type curves are normally
presented in a log-log plot not only because reservoir information can be better in-
terpreted using DTC, but also the properties of both the PTC and the DTC can
be better compared. It is thus desirable to formulate our forward problem for the

wellbore pressure simulation based on the Log-Log DTC (LLDTC).

14The unit of the pseudo pressure is pressure-squared per centipoise.
15Tn practice, the pseudo pressure is often evaluated numerically using trapezoidal rule.
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First of all, to transform the model equation (2.26) into the log-log domain for

the DTC, we introduce the logarithmic pseudo time 7 = In 7, and the LLDTC

2(r) =In (dﬁif?) ~In (%dp:?f)) ~In (efp}z(;)) . (2.32)

Substituting eq. (2.32) into eq. (2.26), Duhamel’s principle can be rewritten as a

nonlinear Volterra equation of the first-kind, as follows: pp(t) = py — fi: qp(t —

e)e*"dr. Or more practically usefully as,

J InT
pp(t) = po — qp(t — tumin) Pinin — Z Q' 1y (t — eT)e*Mdr, (2.33)

j=1 Intmin

Here, t € [tmin, T, tmin >0 and p. = pY (tmin) = fir;imi“ e*dr. In deriving eq. (2.33),
we assume the well testing is operated with a constant FR in each flow period (FP)
and modelling the FR using a piecewise constant function: g¢p(t) = Z;f:l Q155 (1),
where @7 is the FR of the j® FP; F/=[F/~1 F7) is the time interval of the j® FP,
the subscript e indicates the end time of the FP, F)=0 and F;/ =T are assumed, 1,
is an indicator function of F7 as defined in eq. (2.4).

For practical purposes, we further extend the analytical modelling in eq. (2.33)
using discrete pressure and LLDTC samples. The LLDTC is normally provided and

required with total N’ discrete samples. For the k" pressure measurement at time

tr, Duhamel’s principle (2.33) in the discrete form can be summarised as:

/ k-1

)= e T QI (t—e™ )], (2.34)

1 — , , ro
2 > 2 ¢ — M) Q1ps (tr—e

where the superscript k' is the LLDTC sample index, v* denotes the discrete tra-
pezoidal approximation of the convolution process (2.33) evaluated at time ¢; with

initial pressure p°, FR (Q',..., Q") and the LLDTC samples (7%, 2", ..., 7V 2N,
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(28 = 2(7Y),..., 2V = 2(r"')] and 7! = Intyy, and 7V = In T are assumed.
Hence, a typical input of the state-space system in the form of eqs (2.1a,b) is xg=
I

[m57p87 QO?pO = I:m87p87 Q%)?"‘?onﬁp%b"?pév]T e an? Where? the Superscript T

denotes the matrix transpose, N is the total number of pressure measurements, m* =
(1, 2 ., 7N, 2N'T denotes the model variables for the LLDTC, Q = [Q',...,Q"]"
denotes the FRs in all FPs and p = [p, .., p"V]7 denotes the exact pressure simulations

at all sample times. The state-space system can be summarised as follows:

Ty = f(xO) - [mgapga QOa 71(p87 mS, Q0)7 s 77N(p87 mS, QO)]T (235&)

sy = Hxp+w. (2.35D)

Here, the subscripts 0 and 1 denote the prior and posterior stages of the simulation,

respectively; The measurement operator

H — [0(N+J+1)><(nmfN7Jfl)’]’N+J+1]’ (2350)

where QVF/+Dx(e=N=J=1) jg an (N 4+ J+1) x (n,— N —J—1) zero matrix and [N+/+1
is an (N+J+1)x(N+J+1) identity matrix; and v is the measurement noise, which

is assumed to be drawn from a Gaussian distribution with mean 0 and covariance

012)0 0 0
R = 0 J%'D‘] 0 , (235d)

0 0 oV

where 0,0, 0g and o, are the standard deviations of the initial pressure, the FR,
the wellbore pressure noises, respectively; and D7 is the J x J diagonal matrix with
most diagonal entries equal to 1 and 0 entries denoting the exact knowledge of the

corresponding FRs when the well is shut, as follows:

D’ = diag(1,1,...,0,1,0,...,1). (2.36)

22



Note that the state-space formulation of the wellbore pressure simulation is almost
identical to the formulation of the blurry barcode image (2.9a,b,c,d).

As the core of the forward simulator, equation (2.34) is evaluated with a piecewise
linear LLDTC with constant logarithmic spacing. The Matlab version of the forward
simulator is utilised in this thesis, while the optimized C version has been utilised in

the commercial software: Interpret™ 2010.

2.4.3 The Inverse Problem: Deconvolution

As shown in many well /reservoir modelling references within the field [3, 17, 19, 74,
77], information regarding the well/reservoir characterisation, near-wellbore effect
and reservoir boundaries is embedded in the LLDTC and PTC. While the state-
space system (2.35a,b,c,d) is a useful tool for simulating the measurements s;, the
considered inverse problem is to estimate the underlying LLDTC (m§) and (in some
cases) well operational parameters (pJ and Qq) using the measurements, and hence
to extract the well/reservoir key information in the LLDTC.

Note that the LLDTC cannot be directly measured, but must be calculated using
PTC. Measuring the PTC directly does not normally provide reliable estimates, not
only because controlling the exact FR though a perforation is very challenging, but
also because the pressure measurements are sensitive and do not yield good quality
during production. For these reasons, the well tests are multi-rate and the LLDTC
must be extracted. Since Duhamel’s principle is a convolution process, the described
inverse problem is first formulated by Hutchinson and Sikora within the field in 1959

[84] and is known as a deconvolution problem.
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2.5 The Inverse Problem in Reservoir Production

After the prediction of productivity and estimation of reservoir properties through
well testing, the reservoir will be operated to produce hydrocarbons. The uncertainty
in production forecasts for guiding operational and development plans can be reduced
if the uncertainty in the spatial reservoir model and the descriptions of geological
formations and their flow-related properties is first reduced.

Although, several data acquisition techniques, such as core rock sample charac-
terisations!%, well logging!”, and seismic surveys'®, can be carried out to provide the
distribution of geological facies!® and rock properties, the amount of useful and inter-
pretable data is greatly limited in practice by the cost and operational constraints.
Hence, an interpolation of the available data is made in order to infer information
about the unobserved regions, in which assumptions regarding the structure of geo-
logical formation are necessary. These assumptions involve a significant level of un-
certainty [41]. Consequently, finding improved reservoir descriptions with reduced
uncertainties is required and can be achieved by adjusting the model parameters to
improve the match between the simulated and observed production data [71, 121].
This is a typical inverse problem and is known as the ‘history matching problem’
in the reservoir engineering literature. In this section, we first derive the two-phase
(oil and water) flow model system for water flooding experiment in §2.5.1. Based on
the numerical solution using an Implicit Finite Volume Scheme (Appendix A), the

forward problem, to simulate the reservoir states and the measurements in the wells,

6The use of core samples taken from the borehole during drilling (e.g. trapped with a sam-
pling chamber) to give information on strata age, composition, and porosity, and the presence of
hydrocarbons or water along the length of the borehole.

17A well log is a detailed record of the geologic formations penetrated by a borehole. The log may
be based either on visual inspection of samples brought to the surface or on physical measurements
of the rock and their contained fluids made by instruments lowered into the hole.

18 A method explores the large-scale surface structure by propagating elastic waves through the
earth and measuring the time duration and amplitude of the echo.

9Tn geology, facies are a body of rock with specified characteristics such as permeability, porosity,
etc [127]. Ideally, a facies is a distinctive rock type that forms under particular conditions of
sedimentation, reflecting a particular process or environment.
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Water Injector Oil Producer

\

Figure 2.3: Three-dimensional view of oil Figure 2.4: The facies of the reservoir

secondary recovery using water flooding as model, blue cells (shale), red cells (sand-
presented in [23]. stone), blue pluses (injectors) and black
pluses (producers).

is summerised in §2.5.2, while an introduction and a summary of key aspects of the

history matching problem of facies patterns concludes this section in §2.5.3.

2.5.1 Mathematical Models of Two-phase Flow in an Oil Re-

servoir

Here, we consider a two dimensional horizontal, rectangular oil reservoir with isotropic
permeability, constant thickness and no-flow outer boundaries as shown in Fig. 2.4.
Using the water flooding experiment in [23], secondary oil recovery is performed
by injecting water into the western boundary and oil is produced from the eastern
boundary of the reservoir as shown in Fig. 2.3.

We denote the reservoir domain and boundary by Q and 052, respectively, and

begin modelling the two phase (oil-water) flow with the following assumptions:

Assumption 14. The reservoir is formed from two types of rock: a large shale area

with low permeability k; and a small amount of sandstone with high permeability k.
Assumption 15. The reservoir is fully saturated with water and oil.
Assumption 16. Gravitational forces are negligible.

Assumption 17. Darcy’s Law is applicable.
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Assumption 18. il and water are incompressible and immiscible*

Assumption 19. Capillary pressure, P., which describes the difference in pressure

across the interface between oil and water is assumed to be 0.

Assumption 20. The total water injection rate in all injection wells is constant and
denoted by Q; 1 mass and qr in volume, while the bottomhole pressure at all the

production wells 1s held constant and denoted by pp.

We set up the coordinate system with the origin located at the south-west corner
of the reservoir, the z-axis is pointing east and the y-axis is pointing north. The
reservoir domain is defined as z = (z,y) € Q: {0 <2z <1[,;0 <y <[,}, where [, and
l, denote the length of the reservoir in the z and y directions, respectively.

Using assumptions 16, 17, 18 and 20, the governing equations are given by mass

conservation (2.37a,b) and Darcy’s law (2.37¢,d) for each fluid phase [12, 112]:

a5,
pot gy +V - (potty) Z Qupod(z =5, p); (2.37a)
S, W
b= +V (Putky) ZQw 1ad(Z=s, )+ Qurwd(z—s, p), (2.37b)
w=1
1, = ==V, (2.37c)
o
u, = _/i//jrw va (237d)

Here, the subscripts o, w, I and P denote the ‘oil’, ‘water’, ‘injection wells’ and
‘production wells’, respectively; the subscript w is the well index; W is the total
number of injection and production well pairs; ¢, k, p, (Or puw), o (OF f1,) are positive
constant scalars called the the porosity, permeability, oil (or water) density and oil
(or water) viscosity, respectively; p, (or p,) and s, (or s,,) are continuous space-and-

time dependent scalar functions called the pressure and saturation?! for oil (or water),

20Two or more fluids do not mix with each other.
2L A measure (within 0 to 1) of the gross void space in a reservoir rock that is occupied by a fluid.
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respectively; u, (or u,,) is continuous space-and-time dependent vector function called
the Darcy flux for oil (or water); k., and k., are continuous saturation dependent
functions called the relative permeability®® of oil and water, respectively; Qu p.w,
Qu.1,w and @, p, denote the external water mass FR at the production and injection
wells and the external oil mass FR at the production wells, respectively; and ¢ denotes
the position of the well.

Using assumptions 15, 19 and 20, the boundary conditions imposed are:

So+ Sw =1, (2.37¢)
Po = Pw = P; (237f)
p0’£=gw,P = pw‘z:gw_’P = Dp, (2.37g)

w %% w
Z Qw,[,w = - (Z Qw,P,o + Z Qw,P,w) - QI‘ (237h)
w=1 w=1 w=1

Substituting eqs (2.37c,f) into eq. (2.37a) and (2.37d,f) into eq. (2.37c), respectively,

model system (2.37a-h) can be written as:

S,

= Z Go.Pod(Z — S, p): (2.38a)
gf)——V (kA VP) qulw T—¢ 1 + qupw T—¢ P) (2.38b)
S, + 8, =1, (2.38¢)
P|§:Sw,p = PP, (2.38d)

w w w
Z Quw,Po + Z qu,Pw = — Z Qu, 1w = —4I, (2386)
w=1 w=1 w=1

where g, pw, Qu.1,w and g, p, are the external water volumetric FRs at the production

and injection wells and the external oil FR at the production wells, respectively; and

22The Corey models for calculating the relative permeabilities are summarised in eqs (7.1a,b).
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the continuous space-and-time dependent mobilities are:

firo(S5) and Ao(z,t) = Lw(sw) )

Ao z,t) =
(&) Ho How

(2.38f,g)

For a given set of model parameters (¢, &, A,, Ay ), reservoir controls (boundary condi-
tion) (pp, a1, <, p and g, ;) and initial conditions (S,(z,0), Sw(z,0), P(z,0)), a solu-
tion for the unknown state variables, P, S,, Sy, qu,po and g, pw, can be determined
using the reservoir system (2.38a-e). However, a closed form solution can only be
achieved under rare circumstances with highly simplifying assumptions. In practice,
an approximate solution is found on a discrete grid using either a Finite Element or
Finite Volume numerical method at desired times.

In Appendix A, we provide a detailed derivation of an implicit Finite Volume
scheme which is used throughout this thesis in seeking a numerical solution of the
reservoir system (2.38a-e). We write the Finite Volume approximation of the reservoir

system (2.38a-e) using the function @ in the form:
w (P*,Sh, PF1 Sk & K, A) =0, (A.9)

where the subscript k£ denotes the time step index; P, S,, ®, K, A denote the
discretised pressure, water saturation, porosity, absolute permeability and mobility in
all cells on the standard grid in a vector form, respectively; these are all of dimension
N x 1, where N is the total number of cells in the reservoir domain.

With the known reservoir model (®,K,A) and state (P*, S¥) at time ¢, to
determine the reservoir state at time ¢, ; (P**1, S¥) we minimise the cell residues
of system (A.9) by applying Newton iteration in which the Generalised Minimal
RESidual (GMRES) method is adapted as the linear solver at each time step. For

ease of presentation, we denote the reservoir solver of the described process as:

[PH1 881" — o, (P*, S5, &, K, A). (2.39)
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Note that the reservoir model system (2.38a-e) is rather simple with ignored gra-
vitational effects and capillary pressure. The actual flow equations are much more
complicated than these in commercial software. We have chosen such a model, be-
cause the aim of this thesis is to investigate methods for solving the inverse problem

related to reservoir flow, and not to find the optimal reservoir model equations.

2.5.2 The Forward Problem

A typical input of the state-space system in the form of eqs (2.1a,b) is:
z), = [®@F KF AF PX SET ¢ R = ROV, (2.40)

where the superscript 7" denotes a matrix transpose. The state-space system which
describes the simulation of the pressure and saturation fields and the production data

in the wells can be summarised as follows:

Ty = f(xk—l) — [q)k—l’ Kk_l, Ak_l, ws (Pk_l, Sﬁ;—lu ‘I)k_l, Kk_l, Ak—l)]T’ (241&)

Here, H is a 2N, x 5N measurement matrix:

ONyX(nngN) TNy ONyX(2N72Ny) 0Ny <Ny
H= , (2.42)

ONyX(nI—QN) 0Ny XNy ONyX(2N—2Ny) TNy
where IV, denotes the number of discrete cells along the y—direction on the standard
grid, 0Nv*(=2N) ig an N, x (n,—2N) zero matrix, IV is an N, x N,, identity matrix.
The first and second identity matrices take measurements of the pressure in the

injection wells and the water saturation in the production wells?*. The measurement

23Some research papers adapt the mass or volumetric FRs of the fluids in the production wells
as the observation variables and measurements in the state-space system. According to our FR
modelling in eq (A.8) and definition of fluid mobility in egs. (2.38f,g) and using the inverse problem
prior information, this is the same as making the measurements directly on the water saturation in
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noise vy is assumed to be independent and drawn from a Gaussian distribution with
mean 0 and covariance matrix
o2 [Ny 0
R = , (2.43)
0 o%INy
where op and og are the standard deviations of the pressure and saturation measu-

rement noises, respectively.

2.5.3 The Inverse Problem: History Matching of Facies Pat-

terns

In real-world situations, many sources of error can lead to unreliable model predic-
tion, including oversimplified reservoir geometry and inaccurate well locations and
rock properties. In addition, the mathematical model must closely capture all the
important physical processes present in the actual reservoir to avoid introducing bias
during the prediction. These concerns not only introduce uncertainties into the pre-
diction, but also alert the reservoir engineers to the importance of calibrating reservoir
models through history matching processes.

The quantities ¢, k, A\,, A\, are reservoir properties and are not accessible through
direct measurements except at the wells. While the state-space system (2.41a,b) is
a useful tool for predicting the reservoir behaviour based on the prior information
of the exact ¢, kp, ki, Ao, Ay and a prior permeability field, the inverse problem being
considered in this thesis is to update the structure of the facies pattern (k) using the
pressure measurements at the injection wells and the saturation measurements at the
production wells. This special class of the history matching problem is known as the
history matching problem of facies patterns, and has become an important area of

study in a number of research projects [27, 44, 107, 108, 117].

the production wells.
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Chapter 3

Nonlinear Filtering Methods

3.1 Overview

While the state-space system is widely-accepted and utilised as a mathematical tool
for simulating model states and predicting measurements, it is also used in the inverse
problem framework for model estimation using measurements.

Generally speaking, all inversion methods can be categorised as Bayesian or non-
Bayesian methods with the same aim to find estimates which, in some sense, minimise
the misfit between the observations and prediction in some specific norm. Most of
the non-Bayesian methods adopt optimisation procedures with an introduced norm,
which is often known as ‘regularisation’, to provide a single deterministic solution,
while the Bayesian methods generally seek the posterior probability density (condi-
tioned on the measurement) through sampling by a Monte Carlo Method®.

In many cases, the solution of the non-Bayesian method can be interpreted as a
quantitative estimate of one of the modes of the posterior density or the mean of
the posterior density if the posterior is Gaussian or nearly Gaussian. The solution

provided by Bayesian methods is thus more comprehensive and complete compared

'Either only at the beginning as in the Ensemble Square Root Filter or at each time step as in
the bootstrap Particle Filter.
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to the non-Bayesian methods. For this reason, the inversion methods considered
in this thesis are all Bayesian. Because the uncertainty of the model reduces when
incorporating reasonable measurements compared to the uncertainty description prior
to any measurements incorporation (initial prior pdf), the Bayesian inversion methods
are also known as filtering methods or filters?.

For state-space systems with linear state equations and Gaussian measurement
noise, the corresponding inverse problem is completely solved by the legendary Kal-
man Filter (KF) [97]. Although there exists a general optimal filter theory [91, 96],
both theoretical analysis and practical applications meet with the fundamental pro-
blem that optimal filters for the inverse problem with nonlinear state-space systems
are generally infinite dimensional, which makes them difficult to approximate [102].
Consequently, applications rely on suboptimal® approximations to the optimal filter.

We begin with the derivation of the Recursive Bayesian Filters (RBF), which
provides the exact solution of the posterior pdf in §3.2. For practical proposes, the
Ensemble Square Root Filter (EnSRF), one of the most well-studied approximations
of the RBF using an ensemble of realisations, is introduced in §3.3. As the number of
realisations increases, EnSRF do not converge to the exact solutions of RBF but to
their Gaussian approximations, which makes it suboptimal and less rigorous compared
to the Interacting or Regularised Particle Filters (IPF or RPF) [46, 73, 132]. On the
other hand, this design avoids the curse of dimensionality* in particle filters [37, 38]
and offers relative ease of implementation and practicable computational cost which
are very useful for our problems.

Based on the formulation of the EnSRF and to overcome specified implementation

2In the traditional engineering or signal processing definition, a filter is a device algorithm which
removes the unwanted component (e.g. a frequency band-pass filter) or feature (or measurement
noise) and is not necessarily an estimator as in this thesis.

3Finite-dimensional and optimal.

4Simulation-based methods suffer from slow convergence in the large-dimensional system and
exponential growth of the posterior sample number according to the problem dimension for a fixed
level of accuracy.
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difficulties using EnSRF to the considered inverse problems, the Iterative Ensemble
Square Root Filter (IEnSRF) is introduced and derived based on the Iterative Baye-
sian Filter (IBF) for the barcode detection problem and the deconvolution problem
in well testing in §3.4 and the Warp Ensemble Square Root Filter (WEnSRF) is

introduced for solving the history matching problem of facies patterns in §3.5.

3.2 The Recursive Bayesian Filter

For the considered inverse problems, the state-space systems (2.9a,b), (2.35a,b) and

(2.41a,b) can be summarised in a general form as follows:

xp = f(zr_1); (2.1a)

S = ka+vk. (2.1b)

Here, the subscript k& denotes the time index, the function f(-) is the time-varying
nonlinear mathematical model for each of the considered problem, sj is the measu-
rements, which depends upon state vector x; through the measurement operating
matrix, H, and v, is the measurement noise, which is assumed to be independent and

drawn from a Gaussian distribution with mean 0 and variance R:

The dimensions of z, and f are both n, and the dimensions of s; and vy are both ng.
For the barcode detection problem and deconvolution problem in the well testing, the
state-space system is a special nonrecursive case of this general formulation (2.1a,b)
(k=1) with state vector consist of time independent model parameters and observa-

tion variables, where only one set of measurements is available for assimilation®.

5We can thus find solutions of the barcode detection problem and the deconvolution problem in
well testing by restricting the solution for the general formulation to the first time step.
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Throughout this thesis, we denote the time sequence of observations {si, ..., Sy, }
by Sy, and define the conditional pdf, m(x|Sk), as ‘the pdf of state x, given all
the observations s, up to and including time step k’. It is defined by the expression
7(xg, Sk) = m(xk|Sk)m(Sk) such that 7w(x|Sk) = m(xg, Sk)/7(Sk), where the marginal
density is 7(Sg) = [, 7(2k, Sk) dy.

With the assumption that an initial prior pdf, 7(zg), for 2y has been provided at
t = 0, the focal problems of this thesis are the prediction problem (i.e. predicting
the future reservoir states based on all the measurement up until the current time)
and the filtering problem (i.e. estimating the current reservoir state based on all the
measurements up to and including the current time):

The Prediction Problem
Suppose that at time k—1, a solution 7(zx_1|Sk_1) has been found. From the previous

definitions and the modelling assumptions, we are aiming for the prior pdf = (zx|S_1):

W($k|5k—1)=/ W(xk,xk—1|5k—1)d$k—1=/ m(zg|Tp—1, Sk—1)T(Th—1]Sk—1)dxK_1

:/ W(xk\xk,l)ﬂ(xk,l]Sk,l)dxk,l, (32)
Rnx

where the pdf of 7(xy|x,_1) is found by using eq. (2.1a).
The Filtering Problem
In this case, we are aiming for the posterior pdf. Using Bayes’ rule, the independence

of S,_1 and s, the previous definitions and the modelling assumptions, we have:

7(xg, sk|Sk—1) = m(sk|xr, Sk_1)7(2k|Sk—1) = m(sk|xr)T(Tk|SK_1)- (3.3a)

By Bayes’ rule, the posterior pdf m(xy|Sk) satisfies:

7@, Sk|Sk—1) _ T (Sk|TR) @K Sk—1) _ T(Sk| k)T @k Sk_1)
7(sk) 7(sk) JrnaT Skl 1) 7@k Se-1) day,’

(| Sk) = (3.3b)

Here, 7(sk|xy) is known as the likelihood function (where sy, is fixed and x; can vary)
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and 7(sg|Sk_1) is known as the evidence probability density.

In summary, the RBF for the state-space model (2.1a,b) is

1. Assuming that the pdf of the initial state 7(x) is known, the initial prior is

m(x|so) = m(xp). As by convention, we assume the initial state is not observed.

2. For k=1,2,---, proceed using the following steps:

Forecasting step:

(a) Generate the prior pdf m(zg|Sk_1) using eq. (3.2).
Analysis step:

(b) Compute the likelihood probability density 7 (sy|xx) using eq. (2.1b) and update

the posterior 7(zg|Sk) using eqgs (3.3a,b).

3.3 The Ensemble Square Root Filter

It can be seen that the RBF provides the exact solutions of the prior and posterior pdfs
and thus the optimal state estimation in the inverse problem. If the state equation
(2.1a) is linear and the initial prior m(x) is Gaussian, using theorems of probability
theory, representing and reconstructing the prior and posterior pdfs using their means
and variances is adequate and completely captures all the information. It is in this
setting, the KF is proven to be equivalent to the RBF and is thus optimal. However,
as considered, when the state equation is nonlinear, even starting with a Gaussian
initial prior, the prior and posterior pdfs at each time step are non-Gaussian and
require adequate approximation and representation.

Instead of using the mean and variance only, the EnSRF approximates the pdfs

using an ensemble of r realisations, X7 | = {zf_;,,..., 74, ,} € R™*", via:

1 T
m(@-1] Sk1) = — > (w1 —afy,). (3.4)
i=1
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Here, » > 1, the subscript ¢ denotes the realisation index; the superscript a denotes
‘analysed’; 1/r is the weight associated with the i’ realisation representing the like-
lihood (i.e. equally likely) and § denotes the Dirac delta function.

Suppose that at time k — 1, the posterior pdf 7(zx_1|Sk—1) in the form of eq. (3.4)
has been found. Substituting eq. (3.4) into eq. (3.2) and using the properties of the
Dirac delta function, the predictive prior pdf m(xx|Sk—_1) at time step k satisfies:

(@] Sp-1) Z O(ze— fan-1))0(Tp1— 2%y ;) dap = Z ~6(z—],), (3.5)

Rnx

where the realisations in the forecast ensemble, a:il = f(z}_,,), are generated by

propagating the realisations in the analysed ensemble through the state eq. (2.1a).
Rigorous methods, such as IPF or RPF [13], are designed to approximate the prior

pdf based on the Glivenko-Cantelli theorem [26]. In this case, substituting eq. (3.5)

into eq. (3.3b) and using eqs (2.1b, 3.1), the posterior pdf can be approximated as:

" e~ (su—Hag)" R~ (sp—Hay) /2

(2m)ns 2 (sy, )| R|Y/2

(| Sk) = 8wy — ), (3.6)

-
where the realisation weight depends on the likelihood function (i.e. the ‘distance’
between the observed and simulated measurements and covariance). Theoretically,
the approximate pdfs in the form of eq. (3.5) and (3.6) converge to the exact prior
and posterior as the number of realisations increases. However, due to the widely
realised curse of dimensionality [37, 38], the described pdf approximation via ensemble
using Monte Carlo method may fail in large scale systems. That is the maximum of
the realisation weights converges to one as both the number of realisations and the
dimension of the considered system tends to infinity [15]. In this case, without special
devices (e.g. resampling), for a fixed accuracy, the number of realisations is required
grows exponentially to provide a meaningful approximation of pdfs [37, 78]. This

makes the application of particle filters difficult in practice. Instead, the EnSRF
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approximates the predictive prior pdf in eq. (3.5) as a Gaussian distribution as this

assists the choice of more practical algorithms:

3.7a
)PP .

where the ensemble average and covariance matrix are given by

1 1
== af, and P/ =—=> (@l -], —a))" = AlA]". (3.7be)

1 .
Al = Z== (ot = &), (3.7d)

Furthermore, using eqs (2.1b,c, 3.7a), the likelihood probability density

—(sk—Hzp)TR™ (s, —Hay) /2

Cry PRI

e

m(sk|zE) = (3.8a)

and the evidence probability density,

o~ (sk—Ha{)T (HP{ HT+R)~ (s~ H2f) /2
r(s) = , (3.8b)
(2m)n/2| HP{ HT + R|!/

respectively. Substituting eqs (3.7a, 3.8a,b) into eq. (3.3b) with some algebra (and

patience), the posterior pdf, w(xy|sk), can be written as:

6—($k—iZ)TP;?71($k—iZ)/2

CryPIR

m(xg|sk) = (3.9)

where the matrices Kj € R"**" and P} € R"**"= are known as the Kalman Gain

Matrix and analysed error variance, respectively, and are defined as follows:

28 =& + Ky(sp — Hil), (3.10a)
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PE = (I" — KH)P/, (3.10b)

K, = P/H"(HP/HT + R)™", (3.10c)

and I"* is an n, X n, identity matrix. The deduction of eq. (3.9) can be found in
many references [146, 147]. Equations (3.10a,b,c) are the update step of the KF.

For completeness of the update, the analysed ensemble in the form of (3.4) must
be drawn from the posterior pdf in eq. (3.9). It can be seen that the simplest
scheme for generating such an analysed ensemble of realisations is to use the mean
and variance of the posterior in eqs (3.10a,b) and perform stochastic (re)sampling
of the (Gaussian) posterior. This is indeed the concept of the traditional Ensemble
Kalman Filter (EnKF) [56, 57|, which is derived in detail in Appendix B. However,
as shown in [25], the (stochastic resampling in) EnKF only provides the mean and
variance of the posterior approximately in a statistical sense and is systematically an
O(r~1/2) sampling error. Particularly for small ensembles, it tends to underestimate
the analysed covariance and can cause ensemble collapse’.

The EnSRF is designed to drawn samples from the posterior with the exact mean
and variance in egs (3.10a,b) through an ensemble correction in eq. (3.14) while
avoiding the described systematic sampling error [172]. Using the positive-definiteness
and symmetry properties of the matrices P,f and R, the theoretical error covariance

in eq. (3.10b) can be writen as:
Pt =P/ - P/H"(HP/HT + R)"'HP/. (3.11)
Substituting eq. (3.7c) into eq. (3.11), we have:

P = A AST = AT — Al HT(HP{HT + Ry HA]|Al". (3.12)

6The ensemble spread reduces too rapidly in the analysis step in one time step, which leads to
poor pdf approximations in the subsequent time step [25].
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Hence, using the positive-definiteness and symmetry properties of the matrices Pkf

and R, it can be deduced that the analysed anomalies Ajf are required to satisfy:
o — Al — (HADT(HP/HT + R)~'(H A])]Y/2. (3.13)

Here, M'/? denotes a specific unique square root of a matrix M [167]:

Definition 1. For a matric M € R™*™ and its singular value decomposition (SVD)
M =V, DVE MY2 =V DV2VE where Vi, € R™™ and Vi € R™™ are unitary
matrices with columns of left- and right-singular vectors of M, respectively and D €

R™*™ is a diagonal matrixz with the non-zero singular values of M. O

Using the definition of the ensemble anomalies (3.7d), for alli = 1, ..., r, to achieve
the exact covariance in eq. (3.10b), the realisations of the analysed ensemble is

required to satisfy: zf; = f + A} ;. In matrix form, this is
X& =30 U + AY, (3.14)

where U'" denotes a 1 x r unit matrix (matrix of 1s).

In most of the inverse problems which the EnSRF is applied to, the feasible num-
ber of realisations is much smaller than the dimension of the state vector. Hence,
the ensemble covariance matrix in eq. (3.7¢) is actually a low-rank approximation
(of the n,xn, full covariance matrix) with a maximum rank of r—1. Hence, SVD
must be applied in seeking a stable pseudo-inverse of the matrix (H P,f HT+R) in eqs
(3.10c, 3.13) and the matrix square root in eq. (3.13) [59, 60]. This subsection pro-
vides the outline of the EnSRF without a very formal derivation and implementation
detail. Particularly satisfying EnKF (EnSRF) derivations are provided in [64, 149].
Throughout this thesis, the EnSRF scheme on page 555 of [59] are implemented.

One may notice in eq. (3.13) that the ensemble transform matrix is on the right

hand side of the forecast anomalies and has dimension of X7, which normally has a
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much lower dimensionality compare to the n,xn, ensemble transform matrix in some
of the earlier versions of the EnSRF [5, 157, 172]. Tt thus overcomes the earlier imple-
mentation limitation on the computational memory in seeking a matrix square root
(or inversion) via a matrix decomposition or by solving a system of linear equations
using an iterative method for large-scale inverse problems.

The EnSRF scheme introduced here is first derived by Bishop et al. [18] and is
sometime more specifically named as the Ensemble Transform Kalman Filter (ETKF)
to distinguished to earlier versions of the EnSRF operating with less-practicable n, x
n, ensemble transform matrix. However, since it is a small variation of the EnSRF,

throughout this thesis, we use the term EnSRF for consistency.

Summary

In summary, throughout this thesis, the EnSRF for our state-space model (2.1a,b)
has the structure (Only outlines are provided here. The detailed implementation is
the same as the scheme on page 555 of [59]):

Initialization step:

1. The pdf 7(xg) of the initial state and model parameters is assumed given and is

approximated statistically by an ensemble X§ = {zf,,...,2f,} € R"*".

2. For every filtering step k = 1,2, - -, proceed as follows:

Forecasting step

(a) Integrate the available analysed ensemble X7 | = {xf_,,,..., 2% ,} forward
with the state equation to the time of the next available observation and com-
pute the forecast ensemble X/ = {xi’l, . ,xiﬂ,} as xiz =f(xf_y;) fori=1,...,m,

where the superscripts f and a denote forecast and analysed, respectively.

(b) Compute the forecast ensemble mean 7], anomalies A] = [Ag,p "'7A£,r] and
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error covariance matrix P,f :

1 ¢ 1
i’i = inz, Ai,i == 1(1’£Z — :%i) and P,f = Ai(Ai)T. (3.15a,b,c)
i=1

Analysis step

(c) Compute the Kalman Gain Matrix Kj:
K= P/H'(HP/H" + R)™". (3.16)
(d) Calculate the analysed ensemble mean z¢ using the Kalman analysis equation:
78 =& + Ky(sp — Hil). (3.17)

(e) Perform singular value decomposition on I"* —(H AT (HP{ HT+R) "' (H A]),
such that I"s — (HADT(HP/H” + R)"Y(HA]) = V, DV}, where V;, and Vg
are unitary matrices and D is a diagonal matrix.

(f) Generate a new analysed ensemble X = ¢ - U'" + A¢ using a transform
matrix 7 = V;DY/?VE and the analysed ensemble anomalies A¢ = AlT,

where U'™" denotes an 1 X r unit matrix (matrix of 1s).

3.4 The Iterative Ensemble Square Root Filter

As summarised in §3.2, the state-space system of the barcode detection problem and

the deconvolution problem in well testing is a special nonrecursive case of the general

state-space system (2.1a,b). Restricting the ensemble approximation of the exact

posterior in RBF derived in eq. (3.6) for assimilating only one set of measurements,

the exact posterior pdf for both considered problems can be approximated as:

T 67(517HI1)TR_1(817HCC1)/2

m(@1lS) = G GRE 0@ — f(abi), (3.18)
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the structure of which depends on both the initial prior and the measurement quality.

We first highlight the important feature of measurement quality. As shown in
Fig 5.2 on page 83 and Fig. 5.6 on page 88, for the barcode detection problem,
the (high-frequency) measurement noises are generally insignificant compare to the
barcode signal to be processed, because (i) the noise is greatly attenuated when
we generate the barcode signal by averaging the measured barcode image’ and (ii)
most of the cost-efficientive shooting devices nowadays generally provide excellent
Signal-To-Noise (STN) ratio®. Similarly, as shown in Figs. 6.2, 6.5 and 6.7, for the
deconvolution problem in well testing, the data in the well shut-in periods has better
quality than in the production periods and is normally preprocessed to a good STN
ratio prior to the deconvolution stage’. Hence, for both considered problems, the
measurement covariance R can be assumed quite small.

On the other hand, the initial priors for the considered problems generally contain
significant uncertainty. This is because (i) no prior information regarding the product
number or shooting-related parameters should be assumed for general application in
solving the barcode detection problem, and (ii) for the deconvolution problem in well
testing, the conventional way of generating the initial prior adapts the estimate from
pressure transient analysis which normally contains large uncertainty at the late-time.

With the described features of a quite informative set of measurements and a less-
informative or even biased initial prior, constructing the approximate posterior using
an ensemble of realisations in eq. (3.18) is challenging, because using a feasible number
of realisations representing the uncertainty in the initial prior, only a few or even none
of these realisations in the forecast ensemble would actually be ‘close enough’ to the

actual measurement to gain a considerable likelihood weight. Therefore, the posterior

"More generally, a high-frequency cut filter is normally applied as a industry standard.

8 A measure compares the level of a desired signal to the level of noise.

9Generally speaking, as an industry standard, before the deconvolution, the pressure data are
passed through a high-frequency cut filter and the single-value flow rate data in each flow period are
the average of all the reasonable observed rate measurements within this flow period. There is thus
still significant uncertainty inherent in the flow rate measurement.
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Experiment 54.1(164.1.1164.12]6421 642264316432

Condition number (x10%) | 52.6 | 3.05 2.18 3.67 6.37 2.29 18.3

Table 3.1: The conditional number of the forecast ensemble measurement covariance
matrix (H Plf HT) generated using the initial ensemble in all numerical experiments.

approximation is no longer adequate using these realisations.

As an empirical observation, we propagate the realisations of the initial ensemble!®
in the numerical experiments for both the barcode detection problem and the decon-
volution problem in well testing and compute the likelihood weight associate with
each realisation. With the standard 32-bits variable precision offered in Matlab, the
likelihood weights are all zeros which verifies our described challenges and earlier com-
ments for adapting the particle filters. We also compute the conditional number of
the forecast ensemble measurement covariance matrix (H Plf HT) for each experiment.
The result is summarised in table 3.1'! and indicates that the rank of the ensemble
covariance matrix are unpreserved through the considered nonlinear convolution pro-
cess. Direct implementation of EnSRF is thus not practicable, because the matrix
inversion in generating the Kalman Gain matrix in eq. (3.16) can not be achieved
precisely using a poorly conditioned forecast ensemble measurement error covariance
matrix and small measurement variance (R).

In this section, we introduce an Iterative Ensemble Square Root Filter (IEnSRF)
to overcome the described challenge. We begin with the derivation of the Iterative
Bayesian Filter (IBF), a special case of the RBF, in §3.4.1 and demonstrate that
repeatedly assimilating the same measurement has the same effect on the posterior
estimation compare to assimilating this measurement only once with a reduced mea-
surement uncertainty. Based on the conclusion and formulation of the IBF, IEnSRF

is developed in §3.4.2 and summarised in §3.4.3.

10The generation of the initial priors are summarised in §5.3 for the barcode detection problem
and §6.4.1, §6.4.2 and §6.4.3 for the deconvolution problem in well testing.

"The initial ensemble in the synthetic experiment 5.4.1 and real experiments 5.4.2 and 5.4.3 are
generated using the same procedure and parameters as discussed in §5.3. Hence, only the result for
experiment 5.4.1 is presented.
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3.4.1 The Iterative Bayesian Filter

In this subsection, we derive the IBF, a special case of the RBF in §3.2 | which explores
the exact posterior pdf resulted by repeatedly assimilating the measurements from
our considered system (2.9a,b) or (2.35a,b). It forms the theoretical background of
the IEnSRF. We first reformulate the state-space system (2.9a,b) or (2.35a,b) in an

iterative form as follows:

rx = flxk_1); (3.19a)
SK = HI‘K + Vi (319b)
v ~ N(0,Ry). (3.19¢)

Here, the subscript K is the iteration index and the independent random noise v € R"™*
is drawn from a Gaussian distribution with mean 0 and variance R;. Using Bayes’

rule in eq. (3.3b), the posterior at the K™ iteration is:

e%stHxK)TRl_l (sk—Hzk)/2 7(827HI2)TRI_1(527HI2)/2

e
- 6(ax— flox ). - |
(k| Sk) (2m)7s/2| Ry |12 (Sk) an(xK f(rx-1)) (27 ) /2| Ry [1/2
ef(slfo1)TRI_1(s1fo1)/2
Rnf(IQ—f(ﬂUl))< (27?)”8/2\R[|1/2
5(x1—f(x0))7r(x0)da:0> dxl] ..drg_q, (3.20)
Rra
where Sk = [s1,...,sk] denotes all the measurements up to the K% iteration and

7(Sk) is the evidence pdf. Because the considered state equation (2.9a) and (2.35a)
only compute the observation variables without modifying the model parameters of

the state variable (i.e. f(f(x)) = f(z)), eq. (3.20) can be simplified as:

e~ (sk—Hax)T Ry (sx—Hag) /2 e~ (sx—1=Hf(20))" Ry " (sxc—1—H f(20))/2
Sk) = o(zk —
(2K |Sk) (27.‘.)n5/2‘RI‘1/27T(SK) Jan(xK f(xo)) (QW)nS/Q‘RI‘l/Q
e~ (s1=H f(x0)) "Ry (s1—H f(x0))/2

(27’()”5/2‘R[‘1/2

7(xo)dxy. (3.21)
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Using properties of the Gaussian distribution and the Dirac delta function, we have

o~ K(Sx—Hak)T Ry (Sk—Hrx) /2

(2m)m 2| Ry /K[V2a(Sk) S o

m(xk|Sk) = d(zx — f (o)) (z0)dxo, (3.22)

where Sk denotes the mean of the all the measurements up to the K™ iteration, Sk.
Since the evidence pdf 7(Sk) only normalise the posterior pdf, eq. (3.22) indicate
that assimilating the measurements (not necessary the same measurement) from the
considered system (depends on the model variables only) in the IBF is equivalent
to assimilating a single measurement with a (iteration-related) reduced measurement

uncertainty using BF.

3.4.2 The Iterative Ensemble Square Root Filter

With the derived IBF for the considered problems, our aim to overcome the practical
difficulty of obtaining an adequate ensemble approximation of the posterior when the
initial prior is less informative or even biased and a single set of measurements with
small uncertainty (R) is assimilated can be achieved by assimilating this measurement
(sk =s; for all K in IBF) repeatedly with an invariant but inflated measurement
uncertainty (R;) over a specific number of iterations (where ensemble approximation
of the posterior using the inflated measurement uncertainty (R;) is practicable).

For the ensemble approximation of the posterior in each iteration of the proposed
method, the EnSRF is utilised and thus the name of IEnSRF. When applying the
IEnSRF to the considered problems, we first propagate the ensemble of realisations
representing the initial prior to generate the forecast ensemble measurement error
covariance matrix (H Plf HT) and perform a sensitivity analysis to find a minimum
positive integer K such that the matrix (H Plf HT + Ry) is well conditioned and thus
can be precisely inverted, where Ry = K;R. Based on eq. (3.22) of the IBF, (take
the posterior in the last iteration as the prior for the current iteration,) the IEnSRF

adapts the forecast and analysis steps of the EnSRF to assimilate the same measu-
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rement using the inflated measurement uncertainty R; in each iteration. The desired
ensemble approximation of the posterior is obtained at the end of K;* iterations.

Because of the Gaussian approximations (eq. (3.7a)) made in deriving the EnSRF,
the IEnSRF is an approximation to the IBF. In particular, assuming perfect measu-
rement is assimilated and there is more than one state = that satisfies s; = H f(x),
the estimated posterior is a single Dirac function using IEnSRF, as opposed to a sum
of Dirac delta functions in the IBF.

Remark

In the nonlinear filtering literature, the described practical difficulty can also be iden-
tified more generally as the inconsistency between the analysed observed variable and
the simulation of the analysed model variable: z§ # fi(z}).

This problem, first identified and studied in [91], was at first attacked by iterating
the Extended Kalman Filter (EKF) globally. The EKF is the nonlinear version of the
KF, which adapts the linearised state-space system in the forecast and analysis steps
of the KF. Recently, Krymskaya et al. [99] introduced a modified scheme which is
called the Iterative Ensemble Kalman Filter (IEnKF). The estimated model variable
found using the posterior pdf at the end of the filtering steps is used as the mean of
the model variable with a specific covariance matrix (invariant over iterations) for the
next iteration to process the same measurement. However, a detailed explanation of
the initialisation in each iteration, stopping criterion and convergence property can
improve the rigorous content of this scheme'?. Lorentzen et al. [109] have also for-
mulated a new improved IEnKF. Their formation is similar to our proposed IEnSRF
and their derivation of convergence directly in the EnSRF formulation establishes the
same conclusion as in IBF!3. However, the design and approach of the IEnKF in [109]

are more from an engineer’s point of view without a rigorous exploration of stopping

12 Another non-iterative method for obtaining an ensemble which is claimed to improve the repre-
sentation of the state distribution can be found in [169].
BIndependent work and derivations are presented here.
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criterion and targeting a good state estimation rather than an accurate posterior es-
timate from a Bayesian point of view as in our proposed IEnSRF. It is also noted
that running the proposed IEnSRF exceeds the designed K7 iterations is equivalent

to over-fitting the data using the IEnKF as described in [109].

3.4.3 Summary

Throughout this thesis, the IEnSRF for our state-space model (2.9a,b) or (2.35a,b)
has the structure:

Initialization step:

1. The initial pdf mo(zg) = me(my, 00) of the initial state and model parameters
is assumed to be given and is represented statistically by an ensemble: X§ =

{55871, o 7x8,r}:{[m8,17 08,1]T7 Tty [mg,rv Og,r]T} S anxr‘

2. Integrate the initial ensemble X§ forward with the state equation and compute the
forecast ensemble X{ = {x{,l, . ,:Ufr} as .T{Z = f(x§;) for i=1,...,r, where the

superscripts f and a denote forecast and analysed, respectively.

3. Calculate the forecast ensemble mean i’{ =1/ry_, x{l and measurement error co-

variance matrix [ Py HT = HA{(A{)TH” using the anomalies A] ,=1/v/r — 1(a{ —
:%{ ) respectively; and then perform a sensitivity analysis to find a minimum posi-
tive integer K such that the matrix (H Plf HT + R;) is well-conditioned and can
be precisely inverted, where Ry = K R.

Reformulation Step:

4. Reformulate the state-space model (2.9a,b) or (2.35a,b) into the iterative setting
as in egs (3.19a,b).

Iteration step:

5. For each iteration K = 1, ..., K, proceed with the forecast and analysis step in
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the EnSRF as in §3.3 with the time index k replaced by the iteration index K,
measurement uncertainty R replaced by the inflated measurement uncertainty R;

and sk replaced by the actual measurement s;.

3.5 The Warp Ensemble Square Root Filter

Both the EnSRF and the IEnSRF are based on the Kalman analysis update (3.17),
which requires the state vector to be a continuous variable. In the history matching
problem of facies patterns in §2.5.3, when incorporating the exact facies permeabi-
lity (i.e. kp and k;), the permeability field K becomes a discrete variable and the
estimation is thus incompatible with the introduced filtering methods'*.

To overcome this problem, as well as taking the advantages of the ensemble ap-
proximation, the Warp Ensemble Square Root Filter (WEnSRF) combines an image
warping process and the introduced EnSRF and is designed to estimate the permea-
bility field through a ‘warping’ transformation using some prior permeability fields.

In digital image processing, image warping is a transformation which maps all
positions in one image plane to positions in a second plane [24, 175, 176]. Its ap-
plications arises in many diverse areas, almost all of which require the location and
orientation of the image to be adjusted [43]. As a result, the parameterisation variable

of the warping transformation is continuous and to be estimated by the EnSRF'.

3.5.1 Derivation

The RBF in eqs (3.2, 3.3b) provides the exact solution of the prior and posterior pdfs,
while the EnSRF derived in §3.3 is its practical ensemble approximation. The pro-
posed WEnNSRF essentially adds a warping transformation step prior to the forecast

step of the introduced EnSRF formulation, in which, the prior permeability field and

141n other words, even if the realisations are initialised with permeabilities containing only x5, and
K1, after the ensemble update, the permeability in each realisation does not contain only k; and k;.
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the warping transformation parameterisation are used to construct the uncertainties

of the permeability field for the data assimilation.

Warping Transformation

We begin with the introduction and definition of the warping process first in the
continuous formulation as in the image processing literature and then in the discrete
formulation which is used in the inverse problem application and the WEnSREF.
Traditionally, in image processing, the warping process for a 2-dimensional image
bounded by a normalised rectangle 2:{0 < z < 1;0 < y < 1} using Cartesian
coordinates with the origin at the bottom left of the image and the x- and y-axis

pointing rightwards and upwards, respectively, is defined as follows:

Definition 2. Given an image k° and spatial-coordinate transformation function, T,
which maps spatial coordinates (z,y) €Y to new spatial coordinates (x',y'), such that

(', y")=(z,9)+T (z,y), warping is a process that generates a transformed image, K" :

kY (z,y) = K°((z,y) + T(2,y)) = 6°(x + T (x,y),y + T (2,9)), (3.23a)

where T* and TY are the single-valued functions for the x and y components of the

spatial coordinates, respectively, subject to:

La+T%z,y)>1 Ly+TYz,y)>1
r+THx,y)= and y +TYz,y)= . (3.23b,c)

0;2+T*x,y)<0 0; y+T¥x,y)<0

The warping process defined in Definition 2 is known as inverse warping in contrast

to forward warping: £°(z,y)=r"((x,y) — T '(x,y)) and is more desirable in prac-

tice!®. Here, the explicit assumptions (3.23b,c) assume boundaries of the original

15For the forward mapping, 7 ! must be carefully chosen to avoid multiple to one mapping and
the warped image domain may not be fully-covered without introducing explicit assumptions in the
warped image domain [24]. Such problems are avoidable by adapting the inverse mapping process in
Definition 2 which samples exactly in the warped image domain and requires explicit assumptions in
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image extending to span the R? space in each of their limit directions'®.

Adapting the warping process described in the considered problem, a prior per-
meability field x° (e.g. the top left panel of Fig. 3.1) which consists of a known
number of facies types with specific permeability (in this case, shale rock and sand-
stone with permeabilities x; and ky, respectively) is assumed available and is pro-
cessed through a warping transformation to generate the warped permeability field
k. Furthermore, both prior and warped permeability fields are required in discrete
forms for the numerical reservoir simulator, which are assumed to be constant in-
side cells on the standard grid'?. Here, we use the same notation as in Appendix
A and denote the discrete prior and warped permeability fields as K®=[x9,..., k%]
and K¥ = [sY,...,kY], where N = N, N, is the total number of cells and N, and
N, are the number of cells along the x and y directions, respectively. The warping
transformation functions 7% and 7Y are consistently discretised on the standard grid
and denoted as T* =[T*,...,T%] and TV =[T,..., Ty, respectively. The warping

process for the permeability field in the discrete form based on Definition 2 is:

Definition 3. Given a prior permeability field K° and warping transformation, (T*, TY),

the warped permeability field Kv is generated using inverse mapping as follows:
T T
KY=[x{,....kN]" = [K’;U—I—If,l—i—If’ T K’%I-I—Zﬁr,Ny—i—ij\;] = Wt(KO> T, TY). (3.24)

Here, I*=[Z7{,..., %= [T, ..., TRl /h0.5 | and Y =[Z¢, .. ., ZX]= [T, ..., Tyl / hyt
0.5] are the discrete warping transformations associated with cell indices in the x and
y directions, respectively, where |-| denotes the floor function and h, and h, are
constant spacings between the nodes of two consecutive cells in the x and y directions,

respectively. Function Wi(-) denotes the described discrete warping transformation.

the original image domain. The inverse mapping process is thus desirable in practise [175], because
it is simpler in implementation and computationally superior to the forward mapping [176].

160r the references (z + T%(z,y),y + TY(z,y)) outside the image boundaries are moved to the
boundaries which are closest to them.

1"The grid setup and spatial discretisation detail can be found in Appendix A.
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Forallie [1,N,], j€[1,N,] and I = (i —1)N, + j(€ [1, N]), it is assumed

N,; i+IF >N, N, ifj+I¢ >N,
i+ Iy = and j + T} = . (3.25a,b)

1; i+I7 <1 1; ifj+1I7 <1
An example of the warping process is demonstrated in Fig. 3.1 with K° K®,
T, and T, presented in the top left, top right, bottom left and bottom right panels,
respectively. Through this demonstration, we wish to highlight two key properties of

the warping process: (i) Permeability values not appearing in the prior permeability
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Figure 3.1: A warping process using Definition 3. The prior permeability field (K,
top left panel) indicates the cell centres (black dots); the contour plot of the discrete
transformation functions T* (bottom left panel) and T¥ (bottom right panel) in the
background of the Quiver plot; and the warped permeability (K%, top right panel)
resulted with the presented prior permeability field and transformation functions.
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field will never be created in the warped permeability field. (ii) The uncertainty of
the warped permeability field can be specified indirectly using the uncertainty of the
warping transformation. In the history matching problem of facies patterns, property
(i) brings us the possibility of incorporating the information of the exact facies types
and values using the prior permeability field while property (ii) lies at the core of the
WERSRF. Instead of estimating the (discrete) permeability (values) directly (which
is incompatible with the EnSRF), WEnSRF is designed to estimate the (continuous)

warping transformation using EnSRF and then the permeability indirectly.

WEnSRF

To achieve the design purpose of the WEnSRF, we must modify the input and the
formulation of the state-space system for the history matching problem of facies
patterns in (2.41a,b). The modified input should replace the permeability parame-
ters K by the prior permeability field K° (consisting of a known number of facies
types with the specified permeability) and the warping transformation [T* T¥*)T:
zp=[®F, A* KO, T%% Tv* P* S¥|T where the superscript T’ denotes a matrix trans-
pose. The state-space system, which describes the simulation of the pressure and
saturation in every cell and the measurements in the wells, is modified to consist of

an additional warp transformation stage prior to the propagation:

T = f(xk—l) — [‘I)k_l,Ak_l,KO,T$k_1, Tyk—l)
w (PF1 S5 @f L KM AT (3.26a)

s, = Hxyp + vy, (326b)

Here, K1 = W,(K°, T**~! T¥*~!) denotes the permeability field after the warping

transformation in the warping transformation stage as defined in Definition 3,
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(nux5N TNy OnyX(ZNfNy) ONyxNy

H= (3.27)
0nux5N  NyxNy (nyx(2N-Ny) [N,
is a 2N, X TN measurement matrix, where 0™*5" is an n, x 5N zero matrix, IV
is an N, x N, identity matrix, the first and second identity matrices I™Vv take the
measurements on the pressure in the injection wells and the water saturation in the
production wells. The measurement noise vy, is assumed to be independent and drawn
from a Gaussian distribution with mean 0 and covariance matrix R as specified in eq.
(2.43). Tt is noted that although the prior permeability K° is included in the input,
it is assumed exact in all time steps and not to be estimated.

WERSRF utilises EnSRF to estimated the warping transformation function (T%, TV)
when measurements become available at each time step. At the end of each data as-
similation cycle, the warped permeability field ensemble must be reconstructed using
the analysed warping transformation ensemble and the prior permeability field to
quantify the uncertainty of the permeability field estimation.

Note that compared to the original state-space formulation in (2.41a,b), the input
for WEnSRF has 2NV additional dimensions due to the (additional) warping transfor-
mation, which is not practically desirable. In §4.4.1, by introducing parameterisation
for the warping transformation, the dimension of input for WEnSRF can be reduced

to a similar dimension as the input of the original state-space formulation.

3.5.2 Summary

Throughout this thesis, WEnSRF for our (modified) state-space system (3.26a,b) for
solving the history matching problem of facies patterns has the structure:
Initialization step:

1. The prior permeability field K°, which consisting of a known number of facies
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types with the exact permeability, is assumed to be provided (by the geophysi-
cists). The pdf mo(®°, A%, T*°, T¥°, P°,S") of the initial state and model parame-
ters is assumed to be given and represented statistically using an ensemble X§ =
{558,17 e 7378,r} = [((I)g,h Ag,b Kf.1; Txg,b Tyg,la P, Sfu,o,b Qg,O,b QZ},O,I)T’ .
((1)8,7"7 Ag,rv K&r; Txg,rv Ty&T, P8,r? SZ},O,T" QCOL,O,W QZ},O,T)T] S RHIXT'

. For every filtering step k = 1,2, -- -, proceed as follows:

Forecast step:

. Perform the forecast step of the EnSRF in §3.3 using the state equation (3.26a)
consisting of a warping transformation (in eq. (3.24)) step and a propagation step.

Analysis step:
. Perform the analysis step of the EnSRF in §3.3.

Permeability field reconstruction step:

. The posterior of the estimated permeability is reconstructed using the density
reconstruction scheme in Appendix D with realisations of warped permeability
fields generated using the prior permeability field K° and each realisation of the

analysed warping transformation {T% ..., T% } and {T¥ ... T }.

3.6 Summary

In my opinion, every filtering method has its advantages and disadvantages when

applied to particular problems. For example, for real (high-dimensional) nonlinear

systems, the IPF and RPF are rigorous, but computationally infeasible. In compari-

son, the ensemble-base Kalman filtering methods are not rigorous because of further

assumptions on the approximate predictive prior and posterior, but computationally

superior. Omne should choose an appropriate method that best suits each indivi-

dual problem to achieve the goals using various engineering heuristics, tuning of the
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process noise, different coordinate systems, various factorisations of the covariance
matrix, and so on. This opinion is also evidenced by several reviews and books on
the current nonlinear filtering techniques via several angles [11, 13, 32, 47, 65, 147].

The EnSRF, IEnSRF and WEnSRF are all variations of EnKF, the theory and his-
tory of which is reviewed in [58]. The EnKF is an easily-implemented and computationally-
affordable suboptimal filter!8. It has the properties given by the KF and the capabi-
lity of computing the measurements in real time, but the true posterior will not be
recovered with an increasing number of realisations.

For the barcode detection problem and the deconvolution problem in well tes-
ting, the direct reconstruction of the analytical posterior is challenging due to the
practical difficulties in combining the likelihood pdf with a small uncertainty and the
predictive prior pdf, which is integrated from a highly-nonlinear model system using
a less informative or even biased initial prior. Through an iterative formulation and
ensemble approximation (i.e. EnSRF), the newly-developed IEnSRF yields a subopti-
mal approximation of the IBF and is designed to overcome the described difficulty by
repeatedly assimilating the same measurement with an inflated uncertainty. IEnSRF
is also adaptable to any general problem with the described practical difficulty in a
recursive formulation.

The newly-developed WEnSRF combines the image warping idea [24, 175, 176]
and the EnSRF. It is designed to overcome the incompatibility of estimating the dis-
crete model variables (e.g. the permeability of the facies) using the ensemble-based
filtering methods through an indirect estimation of the continuous transformation
mapping. Although, we have formulated the WEnSRF in particular for the conside-
red history matching problem of facies patterns, it is also adaptable to any general
estimation problem with discrete or multilevel spatial model variables as in the remote

sensing and radar and medical imaging applications.

8EnKF is optimal for Linear and Gaussian state-space model, but is an uncontrolled approxima-
tion in general.
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Chapter 4

Prior Constructions

4.1 Overview

[l-posedness in real-world problems is often caused by model nonlinearity, small mea-
surement dimension (compared to the dimension of the state vector) and (sometimes)
presence of measurement noise. In this situation, several solutions can be found that
give satisfactory and essentially indistinguishable fits to the measurements. This is,
indeed, the challenge for solving the inverse problems. Replacing the original set of
unknowns (the model variables) with a smaller (lower dimensional) group of unk-
nowns that still capture the most important physical features is commonly employed
to make the inverse problems better posed by reducing redundancy. This is called
parameterisation and is a process of constructing prior information in the Bayesian
framework. Some of these constructed priors are classified as dogmatic priors, because
assumptions regarding the underlying physical system using everyday knowledge, pre-
vious data or prior belief must be made!. While helping to ease the non-uniqueness
of the inverse problem, if assumptions are unreliable or falsely describe the true phy-

sics, a dogmatic prior that assigns zero probability to a reliable model may never be

'The dogmatic prior is thus a prior with small variance or a reduced prior, where many variables
and parameters are assumed known.
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revised. Likewise, a false model with prior probability of one may never be updated
by the new data. In such situations, these dogmatic priors can lead to inconclusive
and incomprehensive results. In contrast, a nondogmatic prior makes no or very few
assumptions on the physical system and covers a wider range of hypotheses.

In this chapter, we introduce our prior information, which is dogmatic but construc-
ted with some reasonable assumptions on the physical system for each of the inverse
problems considered, and review some novel options for the corresponding paramete-

risations using a binary level set method and B-splines.

4.2 Barcode Stripe Prior for Barcode Detection

In the barcode detection problem introduced in §2.3.4, we aim to estimate the under-
lying barcode and the shooting parameters using the blurry image, and thus enable
machine readable detections. In this section, we introduce the prior incorporated to
parameterise the barcode in solving the described inverse problem using the Iterative

Ensemble Square Root Filter (IEnSRF) in Chapter 5.

4.2.1 Prior Construction using a Binary Level Set Method

As derived in modelling of the blurry barcode images in §2.3.2, the barcode to be
estimated is presented by a logic array of J barcode stripes, [Ul,...,U’], where
U7 €{0,1} for all j €[1,J]. In other words, using Assumptions 1, 2 and 4 on page
7, the prior of the logic of the barcode stripes being only 1 (black) or 0 (white)
needs to be incorporated. However, such prior information makes the barcode stripe
variable discrete and incompatible with the formulation of the IEnSRF in §3.4, which
is designed to work only with continuous variables.

To go around this problem, one needs to introduce a parameterisation that trans-

forms the discrete variables representing the logic of the barcode stripes into conti-
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nuous variables and then use the latter in the estimation process. Here, we propose
to achieve this using a one-dimensional binary level set modelling of the logic of the
barcode stripes [139, 152, 158]. Suppose two subregions, D and its complement, D¢,

form the domain of the logic of the barcode stripe, the level set modelling is:
Ul(m?) =1, ¥Ym’ € D; Ui(m?) =0, vm’ € DC. (4.1)

With the logic of the barcode stripe being a one-dimensional variable and the barcode
stripes are equally probable to be logic 0 and 1 (without prior information regarding
the digits). We define the domain of the binary level set modelling to be the real

number set R with two subsects of domain being D= (0, +00) and D¢ = (—o0, 0].

4.2.2 Summary

Throughout this thesis, a typical input for solving the barcode detection problem
is 1o = [my, 00T = [Ej, a0, 00,m,...,mJ, AL, ..., AY]T € R"™, where the super-
scripts T and N denote the matrix transpose and the total number of discrete
pixel samples, respectively; the subscript 0 denotes the prior stage of the simula-
tion; m = [E* a,0,m,...,m’]T denotes the model variables and o = [Al,... AN]T

denotes the observation variables. The state-space system (modified from the state-

space system (2.9a,b) on page 11) can be summarised as follows:

ry = f([[‘o) - [m07’71(E87 Qp, 00, Ul(m(l])v SR UJ(mOJ>>7
S ANES, ao, 00, U (mg), .., U7 (mi)], (4.2a)

sy = Hx+v, (4.2b)

where the logic of the j* barcode stripe U’ (m/) =1,¥m? >0, and U7 (m’) =0, Vm’ <0,
the function ~* is introduced in eq. (2.8) and denotes the discrete approximation of

the convolution process (2.7) evaluated at position z; with the ambient light effect E*,
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the barcode stripes (U!, ..., U”) and the Gaussian convolution kernel with amplitude
a and (rescaled) standard deviation o, the subscript 1 denotes the posterior stage,
H and v are the the measurement operator and noise as introduced in eqs (2.9¢) and

(2.9d) on page 11, respectively.

4.3 Type Curve Priors for the Deconvolution Pro-

blem in Well Testing

The most important goal of the deconvolution problem in well testing is to estimate
the Log-Log Derivative Type Curve (LLDTC) for the given data and compare it
against the analytical LLDTCs to identify the reservoir characteristics and boundaries
[75, 76]. Hence, appropriate prior construction for parameterising the LLTDC is
crucial to the success of deconvolution and pressure transient analysis.

The most common parameterisation uses a uniform piecewise linear approxima-
tion for the LLDTC directly [52, 103, 104, 163, 164], and is utilised in many com-
mercial software applications, such as Fekete, Interpret™, Saphir and TLSD. From
a Bayesian point of view, this corresponds to imposing a prior knowledge of uniform
structure and first order smoothness, which is not very realistic and normally insuf-
ficient if a small number of nodes is used [76]. Indeed, it was suggested to use a
minimum of 70 nodes for smooth and interpretable estimates [103, 104].

An indirect parameterisation with a higher order of smoothness was first pro-
posed in [85]. The impulse function (the natural derivative of the Pressure Type
Curve (PTC), see eq. (2.26)) is parameterised as a second order non-parametric B-
spline function? with uniform logarithmically spaced knots using which the LLDTC

and PTC can be computed. From a Bayesian point of view, this parameterisation

2A B-spline is a piecewise polynomial function which is defined on subintervals connected by
points called knots with the property of continuity (of the function and its derivatives).
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corresponds to imposing a prior knowledge of uniform structure and second order
smoothness on the LLDTC, which offers a better potential to approximate the actual
LLDTC with the same accuracy but fewer knots compared to the previous linear
parameterisation. Indeed, the authors of [85] suggested that the number of knots
should be on the order of at least 2 to 6 knots per log cycle.

In general, it would be more appropriate and useful to constrain the dimension of
model parameters which could lead to a lower-dimensional estimation problem while
still capturing the important features of the LLDTC with acceptable accuracy. In this
section, the unclamped parametric B-spline curve is first introduced and proposed to
parameterise the LLDTC in §4.3.1. §4.3.2 compares the performance of the proposed
parameterisation against the two described existing methods, based on which conclu-
sions and remarks for applying the proposed parameterisation are made. In §4.3.3,

the state-space system based on the proposed parameterisation is summarised.

4.3.1 Prior Construction using Unclamped Parametric B-
splines

The B-spline is a spline function that has minimal support with respect to a given
degree, smoothness, and domain partition. A fundamental theorem states that every
spline function of a given degree, smoothness, and domain partition, can be represen-
ted as a linear combination of B-splines of the same degree and smoothness, and over
that same partition [39]. The method is mainly used for curve fitting [129], image
registration [160] and oceanography [16]

In the deconvolution problem in well testing, with the aim of estimating the
LLDTC for the comparison against the analytical LLDTCs in the reservoir charac-
terisation analysis, the parameterisation of the LLDTC is desirable to provide an
approximation of the analytical LLDTC with low-dimensional unknowns while still

able to preserve the key feature, smoothness and complexity of the analytical LLDTC.
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This helps ease the high non-uniqueness of the inverse problem and provides an im-
proved estimate. For these purposes, a particularly useful parameterisation approach

is the unclamped B-spline function which is a generalisation of a Bézier curve.

Definition 4. We propose to approximate the LLDTC, z(7), using a two-dimensional

parametric unclamped B-spline function as follows [33, 125]:

z(x,a,b) =[r,2(7)]" = > Nea(x)[a", 0" (4.3a)

Here, both the subscript and superscript ¢ € [0,n] is the index of the n + 1 control
points; the subscript d is the degree of the curve; x € [10g tymin, logT| is a reference
point; a® € [log tmin, log T] and b¢ the position along the logarithmic well test duration
azis and the weight of the control point, respectively; and z(x,a,b) is a parametric
evaluation point at reference point x using control points located at a=1[a, ..., a"] with
heights b=[8", ... b"]. The N.4(x) are the B-spline basis functions and are recursively

constructed as a function of n+d+1 knots 1, in the standard open uniform fashion:

logtmina 0<m<d
T =\ logtyy, + PCE sl d b1 <m <n . (43D)
log T, n+l1<m<n+d+1

The recursive definition of the B-spline functions starts from the basis function

17 T, S X S Te+1
Neo(x) = ’ ‘ (4.3¢)
0, otherwise

for 0 <c<n+d. The functions are then computed recursively as

T — T, Te -7
Nea(x) = ?Nc,l—ﬂx) + ﬁNC-FI,Z—I(X) (4.3d)

for1<I<dand0<c<n+d-I.
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For demonstration and comparison purposes, the prior information of LLDTC
with uniform structure is adopted® (i.e. a is known and uniformly spaced on the
logarithmical well test duration axis [log tmin, logT]).

Furthermore, for an accurate approximation of the analytical LLDTC, the degree
of the B-spline is normally required to be large, which makes its computation time-
consuming [77]. Throughout this thesis, the prior knowledge of the cubic B-spline
(with d = 3) is imposed to capture the most important feature of the complexity and

smoothness of the LLDTC with consideration of the computational effort.

4.3.2 Comparison Against Parameterisations in Existing Me-

thods

Numerical Experiments

Four numerical experiments are carried out to compare the approximations of ana-
lytical LLDTCs using linear [163], nonparametric [85] and the proposed parametric
B-spline parameterisation methods. The corresponding oil reservoir models and boun-
dary conditions for the analytical LLDTCs are summarised in table 4.1. The reservoir
details and the oil properties of all experiments are all set to be the same and are
summarised in table 4.2. The acquisition detail is summarised in table 4.3. The exact
analytical functions for these LLDTCs are not specified explicitly, but can be found
in the references provided in table 4.1 for the corresponding reservoir models.

In each experiment, 121 data points (20 uniform-logarithmically spaced samples
per log cycle) are sampled from the analytical LLDTC in the time interval [1072, 10?]
(hrs). The estimated LLDTCs, which best fit the data points?, using the descri-

bed parameterisation methods are found. The average absolute misfit (i.e. the L1

3This is not essential in real applications, for which nonuniform structures can be easily identified
from the initial prior information.

4Using the nonlinear regression solver, lsqnonlin, in Matlab with the Trust-Region-Reflective
Algorithm [35].
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No.| Near-Wellbore Effects | Reservoir Behaviours Boundary Effects [77]

1 | Wellbore storage and | Homogeneous [3] Single boundary
skin [3]
2 | Uniform flux vertical | Homogeneous Channel boundary

fracture [19]
3 Finite conductivity ver- | Double porosity, restric- | Channel boundary

tical fracture [19] ted interporosity flow [74]
4 | Uniform flux, horizon- | Multi-layer, cross-flow [17] | Infinite lateral extent
tal well [77]
Table 4.1: Reservoir models for each numerical experiment.
Well di- | Wellbore| Formation Net reservoir | Matrix | Total com- | Viscosity
rection | radius | volume factor | thickness porosity | pressibility
Vertical | 4.25 ft | 1 rb/stb 100 ft 30% 107° /psi 1.0 cP

Table 4.2: The well, reservoir and oil properties for experiments in §4.3.2.

Durations | Initial pressure | Reservoir temperature
1000 hr 5000 psia 150 °F

Table 4.3: The well testing acquisition parameters for experiments in §4.3.2.

norm) between the analytical and estimated data points is employed to quantify the
performance of the parameterisation.

Fig. 4.1 presents the analytical LLDTCs and the curves of the average misfit using
the described parameterisations with increasing numbers of knots or nodes. Note that
the number of knots represents especially the number of unduplicated knots.

The parametric B-spline parameterisation has at least 1 decimal point precision
and outperforms the two existing parameterisation methods when the number of
the knots is between 3 and 10. Using the suggested range of knot number (12 to
36 knots) for a non-parametric B-spline parameterisation [85], both parametric and
non-parametric B-spline parameterisations outperform the linear parameterisation by
one decimal precision on the average absolute misfit, which is hardly noticeable in
real-world applications. Indeed, in [122], consistent deterministic estimates are found
using linear and non-parametric parameterisations for three synthetic and one real-

world deconvolution problems. In practice, the inconsistent estimates are caused by
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Figure 4.1: The analytical LLDTCs (left column) and the average absolute misfit
using different parameterisation methods (right column) for the four experiments
(each row) described in table 4.1. The analytical LLDTC plots present the analyti-
cal LLDTC curves (line) and sample points (triangles). The average absolute misfit
plots present misfit between the analytical and estimated data points using the linear
(blue), non-parametric B-spline (green) and parametric B-spline (red) parameterisa-
tions and the suggested range of knot number [85] for using non-parametric B-spline
parameterisation (gray block).
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different regularisations, not the parameterisations. With more than 50 nodes or
knots, as we expected, the performance of all three parameterisation methods are
almost identical and converges to the analytical LLTDC as the number of nodes or

knots increases.

Conclusion and Remarks

The proposed parametric B-spline parameterisation method for the LLDTC natu-
rally ensures strict positivity of the PTC at the expense of rendering the problem
nonlinear. However, zeros of DTC cannot be prevented using this parameterisation.
Through four numerical experiments, with a negligible additional computational ef-
fort (compared to the linear and nonparametric parameterisations) and using 3 to
10 knots, the proposed parameterisation is capable of providing an approximation to
the analytical LLDTCs with acceptable accuracy and outperforms the existing linear
and non-parametric B-spline parameterisations.

Throughout this thesis, the parametric cubic B-spline parameterisation is utilised
for the estimation of the LLDTCs with 5 to 12 (uniform-logarithmically spaced®)
control points (equivalently 3 to 10 knots) to give enough flexibility for reservoir
characterisation without increasing the chances of having different parameter sets

producing a comparable fit to the available measurements.

4.3.3 Summary

Throughout this thesis, a typical input for solving the deconvolution problem in
well testing is zo = [ag, by, ), Qo, p|7 € R"=*!, where the superscript T denotes the
matrix transpose, a = (a°,...,a™ )T and b = (8°,...,b""1)T are vectors of model

parameters consisting of the n, control point positions and weights for the LLDTC

5 A non-uniform structure of the type curves can be adapted with non-uniform control points in
the proposed parameterisation based on prior knowledge.
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parameterisation, respectively, and n, € [5,12]. The state-space system (modified

from the state-space system (2.35a,b) on page 22) is:

T = f(xO) = [a(b bOapga Q07 P)/l (p87m6(a07b0)7Q0)7' " VN(P8,m8(30>b0)>QO)]T, (44&)

sy = Hxy + . (4.4b)

Here, the subscripts 0 and 1 denote the prior and posterior stages of the simulation,

respectively; NV is the total number of pressure measurements;
m*(a,b) = [r1, 24, 7V VT = 20t ab), - z(xY,a, b)]" (4.4¢)

denotes the B-spline parameterisation in eq. (4.3a), where x* =log t i +Hk'—1)(log T —
log tmin)/(N'—1) for all ¥ € [1, N'] and denotes the uniformly-placed reference points
on the logarithmic well test duration axis, ¥* is introduced in eq. (2.34) and denotes
the discrete trapezoidal approximation of the convolution process (2.33) evaluated
at time t;, with initial pressure p°, flow rate (Q,...,Q”) and the LLDTC samples

1 N” ZN’)

(r1, 24, .7 , H and v are the measurement operator and noise as introduced

in eqs (2.35¢) and (2.35d) on page 22, respectively.

4.4 Prior for the Transformation Mapping in the
Warp Ensemble Square Root Filter

After the process of well testing, the uncertainty of the reservoir characterisation and
boundaries is reduced, but not for the uncertainty in the spatial description of the
permeability. Other than the use of expensive time-lapse seismic surveys, carrying out
a history matching process during the production phase is the only hope to reduce
such uncertainties. This process can also increase the accuracy and usefulness of

model predictions if a reasonable description of the true field is estimated.
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When the permeability field is modelled using a fine discretisation, given the
limited amount of data and the reservoir complexity, the solutions of the history
matching problem is often highly non-unique. This is why many engineers prefer
to assign a dogmatic prior and adjust relatively small number of parameters (“global
parameters”). For instance, large scale permeability trends, like barriers and channels,
have a large impact on the fluid flow (i.e. reservoir production). This indeed is the
reason why accurate knowledge of the number of facies types and the permeability of
each facies is assumed and the geological structure is the goal of the history matching
problem of facies patterns.

In this thesis, this goal is achieved by adapting the Warp Ensemble Square Fil-
ter (WEnSRF) in §3.5 to estimate the warp transformation mapping between the
prior and warped permeability fields. However, the dimension of the unknowns for
the transformation map is twice as large compared to the dimension of the unknown
permeability if they are defined on the same grid. We propose to parameterise the
transformation mapping using the parametric B-spline surface to reduce the dimen-
sion of the unknowns to be estimated and constrain the transformation between the

prior and warped permeability fields in a reasonable and reliable manner.

4.4.1 Priors Construction using B-spline Surfaces

We consider a two-dimensional (rectangular) reservoir with a complicated channel
feature as shown in the right panel of Fig. 4.2. Prior to the history matching process,
a prior permeability field in the left panel of Fig. 4.2 is provided®. As expected,
it does not provide the exact feature, but yields a reasonable approximation to the
coarse-scale structure. The goal of the WEnSRF is to estimate the transformation
mapping, 7 = (7, 7T,) as defined in definition 2 on page 49, which maps the spatial

coordinate, x and y in the domain of the estimated (warped) permeability field, to

6Methods to generate this prior permeability field is discussed and explained in [36, 63, 150, 151]
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Figure 4.2: An areal plot of permeability fields with complicated features before and
after the warping transformation. Plots show the prior (left) and warped (right)
permeability fields, high permeability sandstone (red), low permeability shale (blue).
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Figure 4.3: The B-spline surfaces (top row) of the single-valued transformation map-
ping, 7% (left) and 7Y (right), with the uniform control net of 8 x 6 control points
(black pluses in the plane) and the contour plots (bottom row) of 7% (left) and 7Y
(right), in the backgrounds of the Quiver plot.

new spatial coordinates 2’ and 3’ in the domain of the prior permeability field.
In digital image processing, there is a large literature regarding spatial transfor-
mation mapping, from the earliest affine transformations including image translation,

rotation, scale and shear to more recent global spline transformations using basis
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functions and regularisations [24, 175, 176]. A particulary efficient and important
transformation mapping is the B-spline transformation. It was first proposed in [138]
where a bivariate cubic B-spline tensor product is used to define the free-form defor-
mation function of solid geometric models. A sufficient condition for a 2-dimensional

cubic B-spline surface to be one-to-one is also presented in the same paper.

Definition 5. Using the same formulation in the WEnSRF, we assume the transfor-
mation is smooth and propose to parameterise it by B-spline surfaces based on the ten-

sor product of nonparametric unclamped B-spline functions as follows [33, 125, 144]:

me—1 myfl

TI(:K?y) = Bs(xayabsz) - Z Z Ncm,dm(x)Ncy,dy(y)bcx7cy' (45&)

cz=0 cy=0

Here, T* is the single-valued transformation mapping in the x direction; subscripts
and superscripts x andy denote the x and y directions, respectively; both the subscripts
and superscripts ¢, € [0, m,—1] and ¢, € [0, m,—1] are the indices of the two-dimensional
uniform control net consisting of m, X my, control points of the transformation map-
pings; the subscripts d, and d, denote the degrees of the smoothness of the B-spline
surface in x and y directions, respectively; b is the weight of the control point
which is located at the c,th place in the x direction and the c,th place in the y direc-
tion of the control net; N, 4,(x) and N, q,(y) are the B-spline basis functions, which
are recursively constructed as in eqs (4.3b,c,d) with open uniform knots, respectively;
b= = [p%0 ... b™="w] denotes the array of control point heights, and B,(x,y,b*")
denotes the proposed B-spline parameterisation using the two-dimensional uniform
control net consisting of mg X m, control points with heights b*=.

Stmilarly, the single-valued transformation mapping in the y direction, TY, is pro-

posed to be parameterised using a B-spline surface Bs(x,y,b®) with uniform control
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net consisting of m, xm, control points and heights b = [b%0 ... bme™v] as follows:

mg—1 my_l

T¥(x,y) = Bu(z,4,b™) = > Y N, a, (#)Ne, a, ()b, (4.5D)

cz=0 cy=0

Definition 6. In discrete form, the warping transformation mapping is assumed to

be constant (Tf;,

Ti-’,j) insitde each cell of the standard grid defined in Appendix A
with cell (i, j) centered at ((i —1)hy, (j —1)hy), wherei € [1, N,| and j € [1,N,]. The
proposed B-spline parameterisation, By , for the warping transformation functions in

eqs (4.5a,b) in the discrete form can be summarised as:

T*=B.(b*)=[T7,,...,Tf;... T3, »,]"
= [By(0,0,b%), ..., By((i — 1)ha, (j — 1)hy, b*), ..., B(1,1,b%)]7,  (4.6a)

TV =B, (b%). (4.6b)

As a demonstration, the true (warped) reservoir permeability field on a uniform
45 x 45 grid in the right panel of Fig. 4.2 could be recovered by warping the prior
permeability field in the left panel with transformation mappings in Fig. 4.3 (another
example is presented in Fig. 3.1). The number of unknowns is reduced from 2 x 45 x 45

to 2 X 8 x 6 by adapting the B-spline parameterisation.

4.4.2 Summary

Throughout this thesis, a typical input for solving the history matching problem of

facies patterns using the WEnSRF is:
T = [q)k’ Ak, K()k’ bsmk, bsyk, Pk, SZ]T c R5N+mzmy+mzmy7 (47)

where the superscript 1" denotes a matrix transpose, N is the total number of cells in

the reservoir domain on the standard grid, P, S,,, ®, A, K are all of dimension N
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and denote the discretised pressure, water saturation, porosity, mobility and the prior
facies pattern consisting of a known number of facies types with specified permeability
in all cells in a vector form, respectively, b®* € R™*" and b* € R™*™v are the height
arrays of the control points of the uniform control net for the warping transformation
mapping in the = and y directions, respectively. The state-space system (modified

from the state-space system (3.26a,b) on page 52) can be summarised as follows:

k= f(T-1)
_ [q)k—I’Ak—l7K0k_1’bsm

k—1

) bsyk_1 y W (Pk_la SZ_17 q)k_17 Kk_l? Ak_l)]T’ (48&)

S = H.I‘k + Vg (48b)

Here, KF! = Wt(KOkfl,B’;fl(bsfkfl),B’;fl(bsykfl)) denotes the permeability field
after the warping transformation as introduced in definition 3 on page 50, where B
denotes the proposed B-spline surface parameterisation as introduced in definition 6
on page 70, H and v, are the measurement operator and noises as introduced in eqs
(2.42) and (2.43) on page 30, respectively. Although the prior permeability K° is

included in the input vector, it is a constant not to be estimated.

4.5 Summary

A quotation from Henri Poincaré *

“La physique ne nous donne pas seulement 1’occasion de résoudre des

problemes ..., elle nous fait pressentir la solution.”

underlines this chapter. That is, by constructing realistic and improved prior informa-
tion based on the model physics, we help ease the ill-posedness of the inverse problems.

Hence, improved posterior density and estimates can be achieved [61, 120, 168|.

"Cited by [79] at the beginning of the paper in which he defined well-posed problems.
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For the barcode detection problem, by assuming the barcode is printed in black
and white only, a level set method is used to parameterise the color of the barcode
stripes and makes the modified state-space system compatible with the IEnSRF.

A large part of the prior construction methods introduced in this chapter are based
on the application of B-splines [39]. For the deconvolution problem in well testing,
a two-dimensional parametric unclamped B-spline function is used to parameterise
the LLDTC. The prior information, which has been incorporated by this paramete-
risation, is that the smoothness, complexity and structure of the exact underlying
LLDTC can be approximated by the degree of the B-spline, and the number and
weights of the control points, respectively. In particular, in §4.3.2, the parameteri-
sation method is compared against two existing methods, namely (piecewise) linear
and nonparametric B-spline parameterisations. Through numerical experiments, the
proposed parameterisation method has demonstrated improved approximation to the
analytical LLDTC compared to the existing methods and is able to provide reasonable
approximations with only a few control points.

In history matching of facies patterns, the WEnSRF is designed to adjust the
shape and location of the reservoir features indirectly using warping transformations
on some prior permeability field. Incorporating the ideas in the image warping, we
propose to parameterise the transformation mapping using B-spline surfaces. Our
prior information incorporated by this parameterisation is that the smoothness and
direction of the transformation mapping can be approximated by the degree of the
B-spline surfaces and the weights of the control points, respectively. However, in
the WEnSRF, our prior information regarding the structure and complexity of the
feature is unable to be incorporated using the transformation mapping and must be

included in the prior permeability field.
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Chapter 5

The Barcode Detection Problem

5.1 Introduction

Barcodes are a technology for presenting data in a machine-readable format. They
are inexpensive, fast to produce and normally detected quickly and optically with
simple hardware. Barcodes were invented by Bernard Silver and Norman Woodland
as part of the system to automatically read product information during checkout in
1949 [67]. This became the biquitous Universal Product Code (UPC) barcode as
shown in Fig. 2.1. It was patented in 1952 and first used commercially in 1974 [69].

The 12-digit UPC barcode is one of the most widely used linear barcodes, whilst
the 13-digit “European Article Number” (EAN) barcode, another linear barcode (also
presented in Fig. 2.1), is widely used in Europe. Both standards are based on similar
ideas: (i) A dark bar denotes a logic 1, and a bright space denotes a logic 0. (ii)
Barcodes begin and end with bits 101 and with the five bits 01010 in the middle
separating the left and right side of the code. These bits are called “guard bars” and
used for synchronizing the decoder. (iii) Each digit begins and ends with known bits
(i.e. code on the left side begins with logic 0 and ends with logic 1 and code on the

right side begins with logic 1 and ends with logic 0'). These bits are called ‘code

!The code on the right is the exact inverse logic to the code on the left side.
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indicators’ and used to ease the detection difficulties. These highlighted facts for the
UPC standard can be identified in Table 5.1. The first and last digits of the UPC
barcodes are the product type and check digit?. The two standards only differ on the

digit code standards and total number of digits.

Digit UPC Barcode Conventionally, the barcode is detected with
Left Side | Right Side

0 0001101 1110010 a scanner. When the scanning is performed close
1 0011001 | 1100110 enough, the traditional methods, which detect
2 0010011 1101100
3 0111101 1000010 the bar edges (e.g. through the first or second
4 0100011 1011100 order derivative of the input signal) and intensity
5 0110001 | 1001110 [21, 80, 141], works well. Nowadays, with the
6 0101111 1010000
- 0111011 1000100 popularity of hand-held devices with fixed-focus-
8 0110111 | 1001000 lens cameras, an improved method for detecting
9 0001011 1110100

the (often out-of-focus) blurry images is needed

Table 5.1: The digit codes for the

UPC standard. by the retail industry and the military.

Recent detection methods for blurry images
can be summarised into three main categories:
The Edge Detection-Based Approach [92, 93, 94, 143]
Using the principle that the peaks are more immune to blurring, the early detection
methods [93, 94] are based on detecting edges using the peaks of the first or second
derivative of the brightness across the barcode. With the presence of measurement
noise, these methods very often misdetect edges. They are improved further in [143]
with an Otsu’s threshold® [123], which acted as a filter to attenuate the noise. The
improved method has worked reasonably well with quality input, but often fails [165]

because of the smeared out brightness and edges when the images are very blurred

2 A built-in engineering error correction number being place at the last digit. Denoting the sums
of the digits at odd-numbered and even-numbered places (excluding the check digit) as ¥p and ¥ g
respectively, the check digit is obtain by 10 — (mod(3Xp + X g, 10)), where mod(a,b) denotes the
operation in seeking the remainder of a divided by b.

3In computer vision and image processing, Otsu’s method is used to automatically perform
histogram shape-based image thresholding or the reduction of a graylevel image to a binary image.
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or in low resolution.

The Inverse-Problem-Based Approach [55, 159, 174)]

The barcode detection problem is first formulated as an inverse problem by Turin et
al. [159]. Using the forward model (2.6), the expectation-maximisation algorithm is
used to calculate the maximum likelihood solution of the Gaussian kernel and barcode.
In [174], Wittman formulated the inverse problem into a minimisation problem of
the total ‘energy’ which consists of: (i) the misfit energy between the observed and
predicted signals , and (ii) the total variation energy of the predicted signal®. This
method was reported to process each signal in about 6 minutes in Matlab on a Celeron
with 2.4 GHz clock rate’.

At the same time, Selim Esedoglu, proposed a more rigorous and computationally
superior deconvolution method using the same model and total variational approach
[55]. He adapted a level-set type regularisation term in the total energy function and
implemented a gradient descent method in the Fourier space for the optimisation.
Using the associated Matlab code at [54], the method was shown through experi-
ments to provide consistent estimation results in a reasonable time. However, as will
be demonstrated in §5.4.4 | this method is inapplicable to real-world problems.

The Statistical Machine Learning Approach [165, 166]:

Based on a database of over 1100 contaminated barcode images captured using a spe-
cified device, a feature vector classification method is proposed in [165] to extract the
characters of a barcode image. The characters with the smallest recognition distance
are selected as the estimates, while the training of the statistical classifier is based on
the modified Generalized Learning Vector Quantization (GLVQ) method. These au-
thors later improved their earlier method by incorporating a wavelet transformation

and character segmentation (based on the zero crossings of the second derivative of

4The latter energy part can be seen as a 0*!-order Tikhonov regularisation term [95, 156]

®According to our experiments using the available code on their website [173], the process time
for all signals can take as long as 12-15 minutes in Matlab on an Intel Quad Core I3 (2.4 GHz clock
rate each core) with 3 gigabytes of memory.
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the brightness values) to locate the barcode [166]. However, the system maintenance
cost for this method is usually an issue because of the effort in building the training
image database and potential restrictions for using a particular database with only

the specified capturing devices.

In this chapter, we introduce a new method for blurry UPC barcode (image)
detection by solving the deconvolution problem using the Iterative Ensemble Square
Root Filter (IEnSRF) with a one-dimensional binary level set parameterisation of
the barcode stripes. Using the proposed approach, we demonstrate that the blurry
UPC barcode images under both synthetic and real conditions can be detected mostly
within 10 seconds of Matlab computational time and present the comparison of the
test results against existing methods and commercial software.

This chapter is organised as follows. §5.2 recalls the state-space formulation and
discusses the detailed implementation of our proposed method. §5.3 states the typical
form of filter realisations and specifies the prior knowledge incorporated and the
scheme for generating the initial ensemble used in the numerical experiments. §5.4
presents and discusses the results of numerical experiments on both synthetic and

real barcode images. A summary and a discussion conclude the work in §5.5.

5.2 The State-Space System and Practical Imple-
mentation

When taking a barcode image with a fix-focus-lens camera as installed on many
hand-held devices, the barcode image is often very blurred, which often leads to
misdetection and undetectability using conventional methods. Indeed, as defined in
Chapter 1, developing a Bayesian method with improved performance to find out the

product information from a blurry barcode image is the goal of this chapter.
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5.2.1 The State-Space System

The barcode detection problem is a typical inverse problem which must be tackled by
mathematical modelling based on the underlying physics, measurement uncertainties,
and information summarising our prior knowledge. In §2.3, by modifying the existing
mathematical model for laser barcode scanning with additional real-world shooting
environment parameters, the blurry barcode images due to both the out-of-focus
shooting equipment (with clear barcode print) and poorly-printed barcode print (with
correctly-focused shooting equipment) are modelled as the convolution of a Gaussian
(type) kernel with the exact barcode logic signal in eq. (2.7)°.

In §4.2, the assumption that the underlying barcode consists of equal-width black
and white barcode strips is proposed and incorporated in the constructed prior for
the state-space formulation. In particular, to make the formation compatible with
the requirements of the newly-developed Bayesian method, IEnSRF, in §3.4, a binary
level set parameterisation of the barcode stripes is introduced.

We recall that the state-space system for solving the barcode detection problem
using IEnSRF is summarised in eqs. (4.2a,b) in §4.2.2 based on the constructed prior

1

in §4.2. It is used to estimate the barcode stripe parameterisation (m?, ..., m”?) and

the shooting parameters (E*®, a, o) using the the measured barcode signal (s1).

5.2.2 Implementation for Real-World Detection Problems

To compare existing methods with our proposed method, we adapted the simulator in
[54, 55, 173, 174] as our forward simulator with spatial samples of a one-dimensional
barcode signal, A, positioned uniformly across the barcode: zy, = k/(MJ)—1/(2M J),
where M is a positive integer and denotes the sample rate (i.e. the number of

uniformly-spaced samples) in each barcode stripe. Based on this assumption, both the

6The blending process of the neighbouring pixels of the out-of-focus blurry image is known to the
photographers since the invention of the first camera and is commonly called ‘Gaussian Blur’ which
corresponds to the convolution kernel used in our model [118, 128, 142].
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Gaussian kernel and the barcode stripe can be evaluated at this uniform sample gird
prior to the forward simulator to provide an efficient way of computing the discrete
convolution function * in eq. (2.8)7 and simulating the barcode signal.

Note that the reduction of the sample rate can improve the computational time,
but is an artifact of the described simulator, because it must compensate by increa-
sing the amplitude and (rescaled) standard deviation (SD) of the Gaussian kernel
which should only depend on the experimental setup and image equipment, not the
measurement resolution. This artifact was not reported in the original publications
[54, 55, 173, 174], because these authors were aiming for the development of the me-
thod not the real-world practicality. We set M =4 to be the default value in our
forward simulator for both realistic modelling and computational efficiency®.

To accommodate the described forward simulator, a two-dimensional barcode
image must be preprocessed to give a compatible one-dimensional uniformly sam-
pled barcode signal. For a given barcode image, we manually select’ and crop an area
of it, the left and right borders of which should yield a good approximation of the
beginning and end of the barcode. This selected area of the original image is defined
as the full-size (FS) (barcode) image. It is then averaged along the direction of the
barcode stripes and resampled using the averaging resampling algorithm in Appendix

C to generate the measured barcode signal as the measurement vector si.

5.3 Barcode Estimation using the IEnSRF

The barcode detection method we propose is to update the continuous parameteri-
sation of the logic of the barcode stripes using the IEnSRF (in §3.3). To adapt the

[EnSRF, the state-space system (4.2a,b) is transformed into the iterative formation as

"I.e. using Matlab built-in command ‘conv’.

8The default value of the sample rate per barcode stripe in [54, 55, 173, 174] is set to be M = 8.

9The goal of this chapter is to find a Bayesian method for solving the barcode detection problem,
not to locate the barcode feature in a image.
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in eq. (3.19a,b,c) of §3.4.3. A typical realisation is: wx;={FE%;, ax.i, 0, m}w, e
M i Mg - AR }T € R™, where K and i denote the iteration and realisation in-
dices, respectively. As discussed in §5.1, for a 12-digit UPC code with digit codes
summarised in Table 5.1, the realisation must satisfy the following exact information:

(i) Total number of barcode stripes'® (J) and samples is 95 and 95M, respectively.

(ii) For guard bars: [m!,m? m?=[1,0,1], [m*, m*", m*® m* m*]=[0,1,0,1,0] and

[ 93 94 7d—

mP m% m%]=[1,0, 1], respectively. (iii) For code indicators: m 3+7d —

3=0,m ,
m**+7 =1 and m®** =0 for d=1,...,6.

The initial priors for the image brightness due to ambient light (£®), amplitude
() and SD (o) of the Gaussian kernel and barcode stripe parameterisation (mv) are
constructed as Gaussian distributions with mean at pugs € [0,1], gy € RY, o € R

and p,v € R7 and (scalar) SDs of ops, 04, 0, and o,,, respectively, as follows:

E§ LEs 0%, 0 0 0
Qg Lo 0 o2 0 0
~N , (5.1)
o o 0 0 o2 0
m{ o 0 0 0 o2D’

Here, D’ =diag(0,0,0,0,1,...,1,0,0,0,0,0,0,0,1,...,1,0,0,0,0) is the Jx J diago-
nal matrix with entries mostly equal to 1 and the entry 0 is at the places corresponding
to the exact information regarding both the guard bars and code indicators. Corres-
pondingly, to incorporate this exact information, the entries of the barcode stripe
parameterisation mean u,,v are setting to be the logic of these barcode stripes.

For the barcode stripe, the mean (u,v) at places where exact information is
absent, is set to be 0, and the SD (0,,) is set to be 0.5 to optimise the convergence

and performance of the IEnSRF!'. The means and SDs of the initial prior are kept

107 % 12 stripes for the product digits and 11 stripes for the guard bars.

UWhen the SD is too large, some of the generated random numbers of the barcode stripe para-
meterisation may be far away from zero, the sign of which may not be changed in the analysis step
of IEnSRF in the first few iterations. This means unnecessary delay to the detection time. Likewise,
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consistent for all experiments and are
« o E,

summarised in Table 5.2. To reflect the Exact 0.08 | 0.175 | N/A
Initial | Mean | 0.02 | 0.85 | 0.175

Prior | SD | 0.002 | 0.085 | 0.025

lack of initial prior information for the

model parameters, they are chosen deli-
Table 5.2: Exact model parameters and

berately to be quite different to the exact the mean and Standard Deviation (SD) of
parameters used to generate the barcode the initial prior for all experiment.

signal in §5.4.1 and the barcode prints in §5.4.2. To mitigate the potential problem
of ensemble collapse, an ensemble with 500 realisations is used in the experiments
[59, 135, 136]. At initialisation requirement for the IEnSRF, we propagate the reali-
sations in the initial ensemble to generate the forecast ensemble measurement error
covariance matrix (H Plf HT) and conduct a sensitivity analysis for the inflated mea-
surement uncertainty. The inflated measurement SD o7 is found to be 0.05 and used
to assimilated the measurement in each iteration of the IEnSRF.

In the conventional setting of the IEnSRF, the total number of iterations must
agree with the inflated scale of the measurement uncertainty and the solution is
the ensemble approximation of the posterior pdf. With the principal aim of testing
the applicability of the IEnSRF in extracting the barcode information from a blurry
image in real applications, we refine the stopping criterion of the IEnSRF to be the
matching of the barcode check digit. At the end of each iteration, the ensemble mean
of the logic of the barcode stripe is inversely mapped to product digit using the digit
barcode Table 5.1. The detection is successful and iteration is terminated, if the
last product digit matches with the calculated result using the checking algorithm
with the first 11 product digits (see footnote 2 on page 74). In this setting, the
IEnSRF ensures efficiency and estimation accuracy at the expense of overestimating

the posterior uncertainty (in our numerical experiments)!?.

when the SD is too small, the sign change are easily-adjusted which lead to the sensitivity estimation
in the first few iterations and unnecessary delay.

12The estimated posterior uncertainty is underestimated if the terminating iteration is more than
the designed number of iterations (i.e. overfitting the data).
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5.4 Numerical Experiments

One synthetic and two real-world numerical experiments are performed to test the
proposed barcode detection method and to evaluate its performance. The UPC code
in Fig. 2.1, which has product digits ‘093053772246, is used in all experiments.

In the synthetic experiment, we simulate the ‘true’ barcode image using the for-
ward simulator. Synthetic measurements are then extracted from the true states
and perturbed with (known) random noise to test the method in the Perfect Model
Scenario (PMS). In the real experiments, the IEnSRF is performed under the Imper-
fect Model Scenarios (IMS) with inadequate information on the measurement noises
and mathematical model. The mean and SD of the image brightness due to ambient
light, the amplitude and SD of the Gaussian kernel and the logic of the barcode stripe
ensemble are used to quantify their estimates and uncertainty.

In the real experiments, the barcode is placed in a simple frame between three
red folders as shown in Fig. 5.1. The image is taken with a single-lens reflex digital
camera with the resolution set to be 3888 x2592 pixels. An area of this image, whose
left and right borders yield the beginning and end of the barcode is cropped to be
the FS image and then preprocessed to generate the measured barcode signal.

In each experiment, in order to test the performance and applicability of the pro-
posed method in overcoming the challenges in detecting low-resolution (LR) barcode
images, a test is also performed on an LR image which is generated by selecting a
single pixel out of several consecutive pixels of the F'S image without any smoothing
or averaging. Both the FS and LR images for generating the measured signals are
summarised in Fig. 5.2. where, as we expected, the LR image is more noisy compared
to the F'S image on its left.

To rigorously quantify the computational time and iterations required using the
proposed method, 100 detection trials are performed. The computational time and

iterations for each trial are recorded and analysed using Matlab on a laptop with an

81



Intel Quad Core I3 (2.4 GHz clock rate each core) with 4 gigabytes of memory.

5.4.1 Synthetic Barcode Detection

Using the parameters summarised in Table 5.2, to deliberately make the experiment
difficult and to correspond to the real-world situation, the true barcode image (Fig.
5.2) is generated using the forward simulator and perturbed by random noise with

SD o, = 0.001, while a very poor initial prior has been deliberately assigned.

100 1000

200 2000

259 1000 2000 3000 3888 259 1000 2000 3000 3888

Figure 5.1: The experimental setup and the corresponding original barcode images for
real experiments 5.4.1 (left column) and 5.4.2 (right column). The experimental setup
figures (top row) show the ambient light sources (red rectangles) and the barcode
print in a simple frame (black rectangles). The original images (bottom row) show
the barcode feature (blue rectangles) which is cropped and selected to generate the
full-size and low resolution barcode images in Fig. 5.2.
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Experiment 5.4.1

Experiment 5.4.2

Experiment 5.4.3

300 400

Figure 5.2: The idealised (top), full-size (left column) and low-resolution (right co-
lumn) barcode images for synthetic experiment 5.4.1 (second row) and real experi-
ments 5.4.2 (third row) and 5.4.3 (bottom row).

For a fair comparison'®, the image brightness due to ambient light, F*, is taken
as 0. Detections are performed using both the FS and LR images (second row of Fig.
5.2). With the default setting of the forward simulator (M =4), the FS image has
dimension of 3801 (left). The LR image (right) with dimension 95x 1 is generated
by selecting the first sample in every 4 consecutive samples of the FS image, where
the ‘aliased’ effect is clearly identified. To correspond to the selection process for the

LR image, we modify the measurement operator H in eq. (2.9¢) to:

H = [0VN*(==N) DN], (5.2a)

13The image brightness due to ambient light is not considered in [55]. ups = 0 and ogs = 0 are
thus set in the initial ensemble generation for IEnSRF.
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where 0V ("=N) is (again) an Nx(n,—N) zero matrix and DV is a diagonal matrix:
DY = diag(1,0,0,0,...,1,0,0,0) (5.2b)

with entry 1 placed at the first entry of every 4 consecutive entries.

The results of estimating the barcode using IEnSRF with the FS and LR images
are summarised in Figs 5.3 and 5.4, respectively, while the results of estimating the
Gaussian kernel parameters are summarised in Fig. 5.5 and Table 5.3.

Because of the deliberately-built poor initial kernel information and lack of prior
barcode digits information, the initial realisations in the top left plane of Fig. 5.3
are quite different from the true barcode and the initial signal matching is quite poor
with simulations providing unrealistic negative reflected energy (due to realisations
with negative Gaussian kernel amplitude, «). At the end of the first iteration using
IEnSRF, the mean of the analysed (barcode stripe parameterisation of the) realisa-
tions are corrected toward one side of the 0 to provide the estimated barcode, while
the analysed uncertainty is greatly reduced compared to the initial prior. This agree
with the design of the analysis step of the IEnSRF. The estimated barcode is conver-
ged towards the truth, however realisations around the 15*" and between the 65" and
75% barcode stripes are still quite close to 0 compared to the realisations at the other
locations. The uncertainty at these places is preserved and needs to be processed
further. The signal matching has been improved with removed unrealistic negative
Gaussian kernel amplitude and reduced uncertainty. During the second iteration,
the estimation improvement mainly takes place around the 15" and in between the
60" and 70" barcode stripes where the estimation is not perfect from the previous
iteration. The uncertainties of all the barcode stripes are further reduced compared
to the previous iteration, because of the convergence property of the IEnSRF. At the
end of this iteration, with the true barcode being recovered, the IEnSRF is termi-

nated. Theoretically, the conventional IEnSRF should take 2500 iterations with the
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Iteration 5
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Figure 5.3: The barcode (left column) as estimated from the mean of the barcode
stripe parameterisation (red crosses) and signal matching (right column) using the
barcode signal of the full-size barcode image in synthetic experiment 5.4.1. Results
are shown at the initial prior (top) and the end of the 1% (middle row) and 2™
iteration (bottom row). The barcode estimation plots show the mean (red crosses) and
standard deviation (red horizontal bars) of the barcode stripe parameterisation. The
measurement matching plots shows the measured signal (blue) and the simulations

using the analysed ensemble (green).
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Figure 5.4: The barcode (left) as estimated from the mean of the barcode stripe para-
meterisation (red crosses) and signal matching (right) using the barcode signal of the
low-resolution barcode image in synthetic experiment 5.4.1. The barcode estimation
plots show the mean (red crosses) and standard deviation (red horizontal bars) of
the barcode stripe parameterisation. The signal matching plots shows the measured
signal (brown) and the simulations using the analysed ensemble (green).
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Probability Density

Figure 5.5: The marginal pdfs of the Gaus-

600 -

3 sian kernel amplitude 7x(ak|Sk) (solid
! E lines) and standard deviation 7x(ok|Sk)
ooy E (dashed lines) in the initial prior (gray)
B0 okISK) 5 mc(ak|SK) and at the end of the 15 (blue) and 229 ite-
2001 i rations (black) using the full-size barcode
roor ey image in the synthetic experiment 5.4.1.
8oz 0 "B.:)z."ak oa o006 oos o1 The true states (red lines).
Exp. 5.4.1 e o Exp. 5.4.1 FS | LS
Exact 0.08 | 0.175 Computational | Mean | 2.93 | 1.91
PS Mean | 0.08 | 0.181 Time (Sec) SD 0.98 | 0.88
SD | 0.003 | 0.001 Esedoglu | 12.0 | 5.6
Mean | 0.079 | 0.177 ) Mean 4 6
LR 5D 10001 [0.001 Herations SO | 1 | 2

Table 5.3: Estimation provided by the Table 5.4: Measures of the computational time
analysed ensembles of Gaussian kernel and number of iterations as they result from 100
amplitude a and standard deviation o trials of IEnSRF using 500 realisations or from
using IEnSRF with 500 realisations.  the method proposed by Esedoglu in [55].

inflated measurement uncertainty (o; = 0.05) to provide the posterior estimate as
it should be resulted using the exact measurement uncertainty (o, = 0.001). The
estimated uncertainty (also in all our numerical experiments where the same initial
prior and inflated measurement uncertainty are applied) is thus overestimated (as the
terminating iteration is much less than the designed 2500 iterations).

As shown in Fig. 5.5, both the marginal posterior pdfs of the Gaussian kernel am-
plitude 7x (k| Sk) and SD 7 (0k|Sk) converge to their true states quite rapidly even
starting with very poor initial priors. More specifically, as summarised in Tables 5.3
and 5.4, the IEnSRF provides excellent estimation of the true states within only a few
iterations. These results verify that for the purpose of barcode and shooting-related
parameters estimation or barcode detection, running the IEnSRF to the designed
number of iterations is not compulsory and might be surprising to those readers, who
believed the conclusions and experiment experience reported in [55, 174].

Similar conclusions can be made from the results for the LR barcode image case
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as can be seen from Table 5.3 and Fig. 5.4 which is plotted in the same spirit as
Fig. 5.3. At the end of the terminating iteration, starting with the same initial en-
semble as in the F'S image case, the barcode stripe parameterisation estimation using
the LR image. Table 5.3 further demonstrates that the Gaussian kernel parameter
estimations are also excellent.

In Fig. 5.4, the estimation uncertainties for the LR image case is smaller compared
to the results in Fig. 5.3 for the FS image case. Even starting with the same initial
ensemble as in the FS image case, more iterations must be performed to achieve
successful detection using the less-informative LR image (5 iterations in this case
rather than 2 for the F'S image case, average number of iterations is presented in
Table 5.4) . The uncertainties of the barcode stripe parameterisation estimation are
thus further reduced during the additional iterations due to the convergence property
of the IEnSRF. On the other hand, in Table 5.4, it might be surprising to some readers
that although taking more iterations to process the LR image, its computational time
is less than the F'S image case. This is because the dimension of the measurement
vector and matrix operation in the analysis step of the IEnSRF for the LR image case

is significantly reduced compared to the FS image case (see egs. (2.9¢), (5.2a,b)).

5.4.2 Poorly Printed Barcode Image Detection

This experiment took place at 11lam on 24 October 2011. We print the (artificially
generated) FS barcode image (left panel in the second row of Fig. 5.2) in synthetic
experiment 5.4.1 on A4 paper. As shown in the top left panel of Fig. 5.1, the image
of this barcode print (black rectangle) is taken under natural daylight through the
window (red rectangle). Although, the image (bottom left panel of Fig. 5.1) was
taken using the correct focus, the barcode print itself is poorly convoluted and thus
considered as an example of a poorly printed barcode.

We select an area from the original image (red rectangle in Fig. 5.1) to generate
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Figure 5.6: The idealised signal (gray) generated by the idealised barcode (stripes on

the top), signals generated using the FS barcode images (in Fig. 5.2) for synthetic
experiment 5.4.1 (blue) and real experiments 5.4.2 (black) and 5.4.3 (purple).

the F'S barcode image (left panel in the third row of Fig. 5.2). The dimension of the
FS image is 3082 x 51, of which the first pixel in every 8 consecutive pixels across the
barcode direction is sampled to generate the LR image (right panel in the third row
of Fig. 5.2) which is of dimension 385 x 51 and more noisy

By averaging the image vertically, the barcode signal using the FS image is gene-
rated and summarised in Fig. 5.6. Compared to the (exact) signal generated using
the FS image in the synthetic experiment, the signal generated using the FS image
in this experiment is not only shifted positively (due to the ambient light) with an
attenuated signal around 0.2, 0.45 and 0.85, but also polluted by noise.

Fig. 5.7 presents the estimated barcode using the IEnSRF on the FS and LR
images. Starting with the same initial ensemble, at the terminating iteration, the
barcode stripe parameterisation estimation using both the FS and LR images are
quite similar, from which the true barcode was able to be recovered successfully.
Excellent results are also verified in the signal matching plots for both cases. As
presented in Fig. 5.7 and Table 5.6, based on the 100 trials, it takes more iterations
and longer computational times to achieve detections using the LR image compared

to using the F'S image due to the degraded measurement signal in the LR image.
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as estimated from the mean of the bar-

code stripe parameterlbatlon (red crosses) and signal matching (right column) using
IEnSRF on the barcode signal of the full-size (top row) and low-resolution (bottom
row) barcode image in real experiment 5.4.2. The barcode estimation plots show the
mean (red crosses) and standard deviation (red horizontal bars) of the barcode stripe
parameterisation. The signal matching plots show the resampled measured signal

(black and magenta) and the simulations using the analysed ensemble (green).

Exp. 5.4.2 o} o E
Exact 0.08 [ 0.175 | N/A

FS Mean | 0.080 | 0.181 | 0.14
SD | 0.001 | 0.002 | 0.008

IR Mean | 0.079 | 0.173 | 0.16
SD | 0.002 | 0.003 | 0.013

Table 5.5: Estimation provided by the Table 5.6: Measures of the computational time
analysed ensembles of Gaussian kernel and number of iterations as they result from 100
amplitude a and standard deviation ¢ trials of IEnSRF using 500 realisations or from
using IEnSRF with 500 realisations.

Exp. 5.4.2 FS | LS

Computational | Mean | 6.72 | 10.6

Time (Sec) SD 4.05 | 5.44

Esedoglu | 110 | 14.6

. Mean 9 15
[terations ) 5 3

the method proposed by Esedoglu in [55].

It can be seen in Table 5.5, the IEnSRF provides excellent estimation of the model

parameters. For the image brightness due to ambient light, the estimation using both

FS and LR images are found to be consistent. The uncertainties in the estimates are

bigger using the LR image than using the F'S image due to the larger signal simulation

uncertainty requirement for matching the less-informative LR barcode signals.

89




5.4.3 Out-of-focus Barcode Image Detection

The FS and LR barcode images under investigation are shown in the left and right
panels in the bottom row of Fig. 5.2, respectively. As demonstrated in the top right
panel of Fig. 5.1, the image of the barcode print (in the bottom right panel of Fig.
5.1) was taken at 22:12 under lamp light (indicated by red rectangles) on 24 October
2011. The true barcode in the top panel of Fig. 5.1 is printed on A4 paper, the image
of which is taken with a incorrect focus (for a clear image).

The FS barcode image (indicate by blue rectangle) select from the original image
in the bottom right panel of Fig. 5.1, has dimensions 2988 x 101, while the LR
image is generated by sampling the first pixel in every 7 consecutive pixels across the
barcode direction in the F'S barcode image and is thus of dimension 427 x 101.

In the original barcode image, the color of the red frame on the left side is darker
than on the right side, which indicates a possible ambient light variation across the
barcode. As shown in the top right panel of Fig. 5.1, this is likely caused by the
print being placed closer to the overhead lamp on the right. Furthermore, in Fig.
5.6, the barcode signal has unrealistic peaks at the beginning (0-0.02) and the end
(0.98-1), which are caused by the convolution of the barcode and the frames. These
highlight the real-world imperfectness!* and provide a challenging test environment
for examining the robustness and real-world applicability of our proposed method.
Due to strong convolution effect, as can be seen from Fig. 5.8, the (high-frequency)
measurement noise is almost negligible in this experiment.

The results of the barcode estimation and signal matching are presented in Fig.
5.8 which is plotted in the same spirit as Fig. 5.7. The barcode and barcode stripe
parameterisation estimates are similar in both FS and LR image cases and both
successfully recovered the true barcode. In the signal matching plots, in both cases,

the measured barcode signals fall within the uncertainty of the simulations using the

14 Assumptions 2 and 3 in the mathematical modelling (§2.3) have been violated.
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Figure 5.8: The barcode (left column) as estimated from the mean of the bar-

code stripe parameterisation (red crosses) and signal matching (right column) using
IEnSRF on the barcode signal of the full-size (top row) and low-resolution (bottom
row) barcode image in real experiment 5.4.3. The barcode estimation plots show the
mean (red crosses) and standard deviation (red horizontal bars) of the barcode stripe
parameterisation. The signal matching plots show the resampled measured signal
(purple and gold) and the simulations using the analysed ensemble (green).

Exp. 5.4.3 o o E, Exp. 5.4.3 FS | LS

Exact 0.08 |0.175 | N/A Computational | Mean | 8.16 | 9.52

o Mean | 0.066 | 0.153 | 0.17 Time (Sec) SD 4.06 | 7.10

SD | 0.0005 | 0.001 | 0.003 Esedoglu | 86.8 | 14.3

IR Mean | 0.063 | 0.154 | 0.18 [terations Mean 11 13
SD | 0.0006 | 0.001 | 0.004 SD 6 9

Table 5.7: Estimation provided by the Table 5.8: Measures of the computational time
analysed ensembles of Gaussian kernel —and number of iterations as they result from 100
amplitude a and standard deviation ¢ trials of IEnSRF using 500 realisations or from
using IEnSRF with 500 realisations. the method proposed by Esedoglu in [55].

analysed ensemble everywhere except at the places where the convolution over the
guard bars is carried out due to the inadequate frame placement. However, because
the reliable guard bars information has been used in constructing the initial prior,
the IEnSRF reliably provides good matching for the part of the signal with adequate
information, but not for the inadequate part at both ends. Indeed, from Table 5.8,
based on the result of 100 detection trials, the computational iterations and time on

average for both the FS and LR image cases are quite similar. For the estimations
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of Gaussian kernel parameters and the image brightness due to ambient light, the

results are found to be consistent in both the F'S and LR image cases in Table 5.7.

5.4.4 Comparison Against an Existing Method and Commer-

cial Software

As a comparison of performance and computational time, our numerical experiments
are repeated using Esedoglu’s method in [54, 55]'.

Following [55], the results are presented in Fig. 5.9. In the top panel, using the
F'S barcode signal in synthetic experiment 5.4.1, the method provides a reasonable
overall estimate, but fails to estimate the guard bars at the beginning and provides
a nonexistent barcode stripe estimate at around xz = 0.67 and 0.79. In fact, the
incapability of estimating the guard bars is observed in all the experiments and is
partially because of lack of explicit prior knowledge regarding the guard bars'®.

Besides the described problems'”, Esedoglu’s method failed to provide any solution
when using the LR barcode signal in our synthetic experiment 5.4.1 (The results are
not explicitly plotted). Indeed, as commented in [116, 165], Esedoglu’s method cannot
work well for heavily distorted signals.

Even worse estimates are found for signals in our real experiments 5.4.2 and 5.4.3.
Generally, the estimation is worse when the LR signal is processed. The poor per-
formance of Esedoglu’s method in real applications might partially be caused by the
fact that the image brightness due to ambient light is not considered.

For the computational time comparison, the computational time of one trial is

recorded!® and summarised in tables 5.4, 5.6 and 5.8 for each experiment, respectively.

15Total number of time steps is 30000 (to guarantee convergence). The recommended time step
of 0.0004 for the gradient flow of the variational model is used

16Tn the experiments of [55], estimation of the guard bars was never considered.

1"While one may argue that the nonexistent barcode stripe estimation at around 2 = 0.67 can be
filtered by applying a threshold filter, the nonexistent barcode stripes estimation at around = = 0.79
is impossible to attenuate using simple filters.

18This is because the computational time of Esedoglu’s method only depends on the dimension of
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Figure 5.9: True barcode signal (solid gray) and signals as estimated using the method
proposed by Esedoglu in [54, 55] (dashed lines) for the synthetic experiment 5.4.1 with
the full-size barcode signal (blue, first row), real experiment 5.4.2 with the full-size
(black, second row) and low-resolution (magenta, third row) barcode signals, and
real experiment 5.4.3 with the full-size (purple, fourth row) and low-resolution (gold,
bottom row) barcode signals.
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Online barcode detection with GMSE Imaging
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Figure 5.10: Detection results using the commercial software, GMSE imaging [72],
for the idealised (left) and full-size barcode images in synthetic experiment 5.4.1 (first
right) and real experiments 5.4.2 (middle right) and 5.4.3 (bottom right).

Our proposed method using IEnSRF is superior to Esedoglu’s method. Furthermore,
the actual digits are provided by our proposed method (rather than an estimated
barcode signal as in Esedoglu’s method).

A comparison is also conducted using commercial software called GMSE imaging
[72]. The results are shown in Fig. 5.10. The GMSE imaging detects the idealised
barcode successfully, but fails to detect any of the original (not explicitly presented),

FS and LR (not explicitly presented) images in all experiments.

5.5 Summary

The aim of this chapter is to develop an efficient and robust Bayesian method for
the real-world problem of blurry barcode image detection which is ubiquitous and yet
still lacks reliable approaches. Because the barcode stripes are discrete variables, and
hence non-differentiable and non-Gaussian, seeking estimates directly using (say) the
EnSRF is not appropriate. Using a level set parameterisation, these variables were
transferred into a continuous variables which can be estimated using the IEnSRF.
Numerical experiments have been conducted in both synthetic and real-world si-

tuations using poorly-printed and out-of-focus barcode images in F'S or LR forms.

the barcode signal if the same prior and stopping criteria is used.
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Starting from vague priors without prior digit information, the IEnSRF estimates the
logic of each barcode stripe by adjusting its parameterisation along the real number
set and substantially reduces its uncertainty at each iteration. With a greatly reduced
number of iterations using the modified stopping criterion (compared to the conven-
tional setting), the IEnSRF provides excellent estimates and accurate detections for
both the FS and LR images in all experiments with average computational times
between 1.9 to 10.6 secs, while the posterior uncertainty is overestimated!®. Great
efficiency and robustness is demonstrated.

As a comparison of performance, we also repeated the same numerical experiments
using Esedoglu’s method [55] and the commercial software, GMSE imaging [72]. In
all experiments, both methods failed to provide satisfactory results. In particular, the
computational time of Esedoglu’s method depends on the signal dimension, while the
computational time of our proposed method depends on the quality of the information
embedded in the image, in accord with the Bayesian framework.

As demonstrated in synthetic experiment 5.4.1, the theoretical minimum resolu-
tion of the input barcode image for using our proposed method is 95 x 1. However,
when detecting the real barcode images (such as in experiments 5.4.2 and 5.4.3), the
minimum resolution of image to guarantee successful detection and stability when
using our proposed method is recommended to be 380 x 1 (i.e. the default setting in

the forward simulator and our proposed method).

19Tt has been proved that in the absence of any measurement noise, the convolved signals contain
enough information to determine the barcode uniquely [55]. With the presence of some insignificant
measurement noises (as in our experiments), the IEnSRF, which is designed to converge to a single
Gaussian posterior estimate, is thus capable to achieve successful detection in just a few iterations.
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Chapter 6

An Iterative Deconvolution

Method for Well-Test Data

6.1 Introduction

There are more than 40,000 oil and gas reservoirs of all sizes in the world. A single
reservoir typically contains oil from a few hundred to over one hundred billion barrels
(e.g. the Ghawar field in Saudi Arabia) and gas from a few hundred to over 1 trillion
cubic feet (e.g. the South Pars/North Dome field in Iran and Qatar), ranging from
a few inches to more than 1,500 feet (e.g. the Burgan field in Kuwait) in deposit
thickness, from the surface of the earth to over 30,000 feet (e.g. the Blackbeard site
in the Gulf of Mexico) in depth, from a few square miles to more than 3,000 square
miles (e.g. the Ghawar field in Saudi Arabia) [Schlumberger World Energy Atlas].
Well testing is a useful tool for obtaining reservoir /well configuration and reservoir
geometry and productivity in the early stage and optimising production during all
stages in the reservoir life. A test well is normally drilled soon after the discovery of
the reservoir. In the well testing literature, the reservoir/well system is characterised

by the response function: the Pressure Type Curve (PTC), which is the wellbore
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pressure behaviour in response to flowing the hydrocarbon at a unit flow rate (FR),
and the Log-Log Derivative Type Curve (LLDTC), the derivative of the PTC on a log-
log scale. These curves depend on reservoir and well properties such as permeability,
large-scale reservoir heterogeneity, well damage (skin factor!) and the reservoir flow
geometry defined by the geometry of the well completions and by reservoir boundaries
[75, 103]. Hence, some of these reservoir and well characteristics may potentially be
recovered from the type curves through type curve analysis.

Measuring the PTC directly is not an option, not only because of great difficulties
in controlling the FRs accurately using the conventional equipment, but also because
the wellbore pressure is sensitive to FR variations. For this reason, typical well tests
are operated in several flow periods (FPs) with variable FRs, where the FRs are typi-
cally measured by single-phase flow meters installed on each of the fluid (gas, oil and
water) outlets of standard separators and tanks. The pressure measurements acqui-
red during the production period do not normally yield good quality data, because
of poor meter calibration, well control and monitoring. Hence, the well normally has
one or more shut-in periods, during which the data acquired are used for pressure-
transient analysis. Conventional methods analyse the pressure behaviour during an
individual FP and are thus unable to access the full potential information content.
Deconvolution, a more recent well-test-analysis method, is proposed to extract the
type curves which the reservoir would exhibit when subjected over any period of time
up to the entire well test duration [163]. The deconvolution problem is a well known
and long-standing inverse problem which was first formulated within the field in 1959
[84] and has received sporadic, but recurring attention [75, 105, 131].

The deconvolution problem is ill-posed, meaning that small changes in the measu-
red pressure and FR data lead to large changes in the deconvolved type curves. The ill-

posed nature of the deconvolution problem, combined with noise always present in the

LA measure of the obstruction of the flow due to the well construction effects.
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pressure and/or FR data, makes the problem very challenging. A variety of different
deconvolution algorithms have been proposed in the literature [62, 134, 155, 164].
However, none of them is robust enough to provide satisfactory estimates to meet
industrial needs. It is common for large oil companies to purchase all the commercial
well-test-analysis software application in order to meet their needs by comparing and
analysing the estimates from each software application.

An efficient and widely-used deconvolution method was first introduced by von
Schroeter et al. in 2001 [163]. The deconvolution problem is reformulated as a se-
parable nonlinear total least-squares problem with piecewise linear parameterisation
of the LLDTCs, which accounts for uncertainties in both FR and pressure data. A
curvature regularisation term is also introduced to incorporate a priori knowledge
of the smooth LLDTC trend. The variations of this method [34, 52, 103] have
been implemented in several well-known commercial software, such as Saphir, TLSD,

t™ and Fekete, and tested on many synthetic and real-world problems, be-

Interpre
cause of its stable performance and ease of implementation.

However, the piecewise-linear approximation is not accurate for the highly-nonlinear
LLTDCs except with large numbers of pieces [76]. A more realistic and robust para-
meterisation with lower requirements on the number of discrete pieces is proposed by
Ilk et al. [85] in 2005 using nonparametric B-spline functions.

By parameterising the impulse response function (the derivative of the PTC, see
eq. (2.26) on page 18) using a nonparametric B-spline, a linear least-squares problem?
with respect to the B-spline control point weights can be formulated, in which the
sensitivities of the observed pressure response are calculated by numerical inversion
of the Laplace transform after the Laplace domain convolution. The robustness of

this method is claimed due to the use of the high reliability of the numerical Laplace

transform inversion [2, 161] and demonstrated on various synthetic and real examples.

2A first order non-smoothness penalising term similar to [163] is included.
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However, to our best knowledge, this method is computationally demanding and has
not been investigated further or implemented in any commercial software.

Deconvolution is a technical “masterpiece” when it comes to the assessment and
exploitation of complex reservoir architectures and productivity. Yet, the existing
methods fail to deliver satisfactory solutions and reliable performance and have been
observed to have three major drawbacks when applied to real problems: (i) The es-
timation result is sensitive to regularisation terms [75, 103, 164]>. For example, in
Fig. 6.1, two different LLDTC estimates* found using existing methods with different
regularisation parameters provide the same pressure simulations®®. (ii) A single deter-
ministic estimate is insufficient for risk and uncertainty analysis in reservoir characte-
risation and proactive field management. To the best of our knowledge, this problem
has been only considered in [164], where the data uncertainty and confidence interval
of the estimation were quantified statistically using cross validation techniques based
on linearisation assumptions. The specified statistics are thus sensitive to the regula-
risation term. (iii) Incapability of providing accurate estimation for initial pressure.
In [104, 164], the authors concluded that inclusion of the initial pressure in the list
of deconvolution parameters often causes the existing algorithms to fail.

A Bayesian method, which overcomes these challenges, is indeed the goal of this
chapter. Our proposed method, the Interactive Deconvolution Method (IDM), is
based on one-dimensional unclamped cubic parametric B-spline parameterisation of
the LLDTC and utilises the Iterative Ensemble Square Root Filter (IEnSRF) to
provide estimates for the type curves, FRs, initial pressure, cumulative production and
corresponding posterior densities. This chapter is organised as follows: §6.2 recalls the

state-space formulation for conventional measurements and derives the modified state-

3The optimal level of regularisation is suggested to be found using trail-and-error tests [164].

4The blue LLDTC indicates a single vertical well with constant skin factor in a closed homoge-
neous reservoir while the late-time behaviour of the dashed-red LLDTC is uninterpretable.

5 Another example using real gas data is presented in Fig. E.1 in Appendix E.

6As a convention and for the easiness of analysis, both the PTC and its natural derivative,
LLDTC, are always presented on the same type curve figure [19].
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Figure 6.1: The pressure simulations (right panel) using two estimated LLDTCs (left
panel) found by existing methods with different regularisation paramater (value).
The pressure simulation plot presents the flow rate (green), the pressure simulations
(blue and dashed red) using the blue and dashed red LLDTCs in the LLDTC plot.

space formulation when the cumulative production measurement is incorporated. The
assumptions and initial ensemble generation for the use of the IEnSRF are summarised
in §6.3. §6.4 presents and discusses the results of one synthetic and two real numerical

experiments. Finally, we conclude the work in §6.5.

6.2 The State-Space System and Practical Imple-
mentation

As defined in Chapter 1, the deconvolution problem in well testing is to estimate
the LLDTC using the pressure and FR data. Deconvolution is the reverse of the
(nonlinear) convolution process (2.33) of the LLDTC and FRs, which is modified from
the well-known Duhamel’s principle (2.26), and is a long standing inverse problem to
be solved using priors based on realistic and practical assumptions.

In §4.3, to capture the high-nonlinearity and smoothness of the analytical LLDTCs,
against which the engineers match the estimates in the well test analysis, we construct
our prior by parameterising the LLDTC using parametric B-splines (eq. (4.3a)). It

is demonstrated through comprehensive numerical experiments that the proposed
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parameterisation is capable of representing the LLDTC using a few knots and is
computationally superior to the existing parameterisation methods.

We recall the state-space system for solving the considered problem with the
proposed parametric B-spline parameterisation is summarised in eqs. (4.4a,b) in

§4.3.3. It is modified from the state-space system (2.35a,b) on page 22.

The State-Space System with the Cumulative Production Measurement

Following [52], the incorporation of an extra measurement, namely the cumulative
production data, can help to obtain an improved LLDTC estimate and a more rea-
listic FR estimate”. It is found that the calculation using the estimated FRs in the
existing methods often leads to a great inconsistency in the cumulative measurement
of hydrocarbon in the storage tank, yet the cumulative production is normally mea-
sured most accurately (compared to the wellbore pressure and FR measurements).
With a modification of the state-space system (4.4a,b), the state-space system with

an additional cumulative production measurement can be summarised as follows:

T = f(»To) = [30, bo;PB, Q0>”Yl(p8> mS(ao, b0)> QO)a ceey
J
rYN(p87mg(a07b0)7Q0)7ZQj(Fg - Fej_l)]T7 (61&)
j=1

sy =Hzx+wv. (6.1b)

Here, the superscript T denotes the matrix transpose, o = [ag, by, p5, Qo, p, D]* €
R"*1 where D € R is the cumulative production measurement. H = [0(N+/42x(ne—N=/=2)
, IN*7%2] is the measurement operator, where 0V +/#2)x(e=N=J=2) jg an (N 4.J+2) x

(ny—N —J—2) zero matrix, IN*/*2 is an (N+.J+2) x (N+.J+2) identity matrix

and used to take the initial pressure, FR, pressure and cumulative production mea-

"The inspiration and request for incorporating such measurements came from the industry com-
panies: Ente Nazionale Idrocarburi and Paradigm.
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surements, v is the measurement noise and is assumed to be independent and drawn

from a Gaussian distribution: v ~ AN(0, R), where the covariance matrix

050 0 0 0

UéDJ 0 0
, (6.1c)

0
0 0 o2V 0
0

0 0 os

o0, 0, op and op are the standard deviations (SDs) of the initial pressure, the FR
data, the pressure data and the cumulative production data noise, respectively; and

D7 is the J x J diagonal matrix defined in eq. (2.36).

6.3 Iterative Deconvolution Method using the Ite-
rative Ensemble Square Root Filter

The core of the proposed IDM is to update the parametric B-spline parameterisation
of the LLDTC using the IEnSRF derived in §3.3. To adapt the IEnSRF, the state-
space system (6.1a,b) is transformed into the iterative formation as in egs (3.19a,b)

of §3.4.3. A typical realisation of the ensemble is therefore of the form:

_ 0 nz—1 10 ny—1 , 0
'CEK,Z' — [&K’Z,,GKZJ ’bK,i""7b](Z7’i 7pK,’L"

Q}Kiv o Qi(,ivp}(,w o ’p%’w DKJ]T c RIN+J+2n:+2) (6.2)

In all experiments, as discussed in the conclusion of §4.3.3, the number of control
points, n., is chosen to be 10. To mitigate the potential problem of ensemble collapse,
ensembles with 500 realisations are used in the experiments [59, 135, 136].

The initial prior pdf, 7(p3, Qo, bo), for the initial pressure, FRs and LLDTC are

constructed as Gaussian distributions with means at p? € R, Q, € R’ and b, € R
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and SDs of aéo eER, aé € R and U{;S € R, respectively, as follows®:

P Y (el o 0
Q| ~N||Q. [ | 0o oD 0 : (6.3)
b, b, 0 0 of I

For the initial pressure and FRs, we use the measurements as the mean of their
initial priors. In experiments where comparison against the existing methods is carried
out, the initial pressure is assumed exact (not to be estimated) and SD aéo is set to
be 0. For the initial LLDTC prior, it is widely accepted that most useful LLDTC
information can be extracted from the pressure derivative data in the longest shut-in
flow period (FP) available? [20, 75, 163]. The mean of the initial LLDTC prior, by, is
taken as the optimal B-spline approximation to the pressure derivative on the log-log
scale!® and the SD, of , is taken as 3 times the L, norm residual of this B-spline
approximation. The SD parameter is chosen according to the relationship between
SD and confidence intervals of the Gaussian distributions and aims to cover a realistic
initial uncertainty. Note that since the B-spline control nodes are located uniformly
across the logarithmic well test duration axis, the exact position of the control points,

a, is assigned in all realisations of the initial ensemble.

6.4 Numerical Experiments

One synthetic and two real-world numerical experiments are performed to test the
proposed IDM and to evaluate its performance. Both real-world examples are artificial
industrial dataset generated by the professional engineers. The second real example,

in particular, is used as a benchmark dataset due to the poor and inconsistent results

8D’ is (again) specified as in eq. (2.36).

9If there is one. Otherwise, production data also can be used.

10j e. The pressure derivative calculated using the pressure data in the specified shut-in period
which is normalised against the FR difference between the current and previous FPs.
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given by the commercial software applications using existing methods [6].

In the synthetic experiment, we simulate the ‘true’ pressure sequence and cumula-
tive production. Synthetic measurements are then extracted from the true states and
perturbed with (known) random noise to test the IDM in the Perfect Model Scenario.
In the real experiments, the IDM is performed under the Imperfect Model Scenarios
with inadequate information regarding the measurement noise. The means and SD
of the type curves, FRs, initial pressure and cumulative production in the analysed

ensemble are used to quantify their estimates and uncertainty.

6.4.1 Synthetic Experiment

This synthetic example is a modification of the benchmark deconvolution problem
for Interpret™ 2010. The considered reservoir is a homogeneous oil reservoir with
constant wellbore storage and impermeable channel boundaries. A vertical well is
drilled and located 2000 ft from either side of the reservoir boundaries. The well,
reservoir and oil properties are summarised in Table 6.1. In the 6 days well testing
duration, two, two-day production and two one-day shut-in periods are performed.
The FRs are 1000 stb/D in FP1 and 2000 stb/D in FP3.

Using the true reservoir model and FRs, we simulate the true pressure data and
added random noise to produce the pressure measurements in Fig. 6.2. Similarly, the
FRs for FP1 and FP3, the initial pressure and cumulative production measurement
are 800 stb/D, 2200 stb/D, 4500 psia and 5400 stb!! respectively. The detailed ac-
quisition parameters are summarised in Table 6.2. Note that the accurate pressure
measurements and relatively poor FR, initial pressure and cumulative production
measurements are deliberately chosen to highlight the real-world difficulties. For the
initial prior of the initial pressure and FR, we use the mean and SD of the measure-

ment as their mean and SD, respectively. To increase the estimation difficulties even

HBased on the exact cumulative production 6000 stb at the end of this well test.
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Figure 6.2: Well test data for synthetic experiment 6.4.1. Pressure data (blue), exact
pressure simulation (red), measured flow rates (dashed blue), exact flow rates (red)
and two well shut-in periods (gray).

Wellbore| Formation Net reservoir | Matrix | Total com- | Viscosity
radius | volume factor | thickness porosity | pressibility
4.25 ft | 1 rb/stb 100 ft 30% 107° /psi 1.0 ¢P

Table 6.1: The well, reservoir and oil properties for experiment 6.4.1.

Durations| Initial pres- | Reservoir tem- | opo | op 0Q op
(days) sure (psia) | perature (°F) | (psia)| (psia)| (stb/D)| (stb)
6 5000 150 250 |3 200 600

Table 6.2: The well testing acquisition parameters for experiment 6.4.1.

more, the realisations of the initial LLDTC ensemble, have been modified to have an

unrealistic downward late-time trend.

Two tests are performed to estimate the FRs, LLDTC, initial pressure and cu-

mulative production with consistent initial ensembles using 5 iterations of the IDM

on measurements including the pressure data in both shut-in periods and FR data

(MECPD!?) and measurements including the pressure data in both shut-in periods,

FR data and cumulative production data (MICPD!), respectively.

Fig. 6.3 presents the type curve estimates and the pressure matches'. In both

12Measurements Excluding Cumulative Production Data.
13Measurements Including Cumulative Production Data.
14As a convention and for the easiness of analysis, both the PTC and its natural derivative,

LLDTC, are always presented on the same type curve figure [19].
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Figure 6.3: The type curve estimates (top row) and pressure matches (bottom row) for
synthetic experiment 6.4.1 using IDM on MECPD (left column) and MICPD (right
column). The type curve estimation plots show the modified pressure derivative
data (blue), the estimated type curve (black), the true LLDTC (red dashed) and the
type curves in the initial (magenta) and analysed (green) ensembles. The pressure
matching plots show the pressure simulations using the true states (dashed red), and
initial (magenta) and analysed (green) ensembles.

tests, because of the lack of complete knowledge and poor initial prior, our initial
realisations of the LLDTC are quite unrealistic (i.e. contain humps and downward
late-time trends) and are considered to be quite different from the true LLDTC.
Consistently, the pressure simulations using the initial LLDTC realisations are biased
below the simulation using the true states. After the process of deconvolution, the
LLDTC estimates concentrate around the true LLDTC with a very small uncertainty
which is significantly reduced compared to the initial ensemble. However, the LLDTC
estimate in the domain [107°,107%] is biased slightly negatively compared to the

truth with an relatively large uncertainty compared to elsewhere. This is due to the
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pY (psia) D (stb) Q' (stb/D) Q3 (stb/D)

True| Mean | SD| True| Mean| SD | True| Mean| SD | True| Mean| SD

MECPD 5000.0] 5.1 6287.0| 104.1 1050.5| 17.4 2093.0| 34.7

MICPD pU00 5000.0| 6.7 6000 5848.8| 98.9 1000 977.3 | 16.6 2000 1947.0| 32.9

Table 6.3: The true states and the mean and standard derivations (SD) of the mar-
ginal pdfs estimated using IDM for the initial pressure, cumulative production and
flow rates in the first and second production periods.

Tk (P ISK)

5000

0

1200 O 2400 O

Figure 6.4: The marginal pdf of the initial pressure (top left), cumulative production
(top right) and flow rates of the first (bottom left) and second (bottom right) produc-
tion period for the synthetic experiment 6.4.1. The 0" iteration denotes the initial
prior. These plots show the true states (green lines), the measured states (blue lines)
and the marginal pdfs conditioned on MEPCD (red) and MICPD (dashed black).

relatively small number pressure data point presented within this given time interval
(on both the absolute and superposed time scale).
Fig. 6.4 presents the iteration-evolution of the marginal pdfs of the initial pres-

sure (7 (p%|Sk)), cumulative production (7x(Dg|Sk)) and FRs (mx(Qk|Sk) and
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7k (Q3%|SKk)), while the detailed analysis of these marginal pdfs at the terminating
iteration are summarised in Table 6.3. For the estimation of initial pressure, even
starting with a very poor initial prior, the convergence of the marginal pdfs conditio-
ned on MECPD or MICPD is rather rapid. Excellent and consistent estimates are
found using either of the marginal pdfs as shown in Table 6.3.

For the estimation of the cumulative production, starting with a Gaussian initial
prior with mean the same as the truth and a large uncertainty, the marginal pdf
conditioned on the MECPD and the MICPD are biased in the opposite direction.
This is due to incorporation of the cumulative production data which is significantly
smaller than the truth. The reduction of pdf uncertainty is the greatest during the first
few iterations and quite gradual in later iterations. This agrees with the formulation
of the IEnSRF. As shown in Table 6.3, the IDM conditioned on the MICPD provides
an improved estimate compared to just conditioning on the MECPD.

Similar conclusions for the FR estimates can be made. Using the MECPD, the
true FRs fall at the left tail of the marginal pdfs, while, using MICPD (with additional
cumulative production information), they fall at the right tail. As shown in Table 6.3,
IDM using MICPD provides improved estimates to the truth than using MECPD.

In Fig. 6.3, as the result of excellent parameter estimates in both tests, the simu-
lated pressure using the analysed ensembles well (re)produce the pressure simulation
using the exact parameters with a very small estimation uncertainty (much smaller

than the initial uncertainty). This, indeed, confirms the success of our IDM.

6.4.2 Real Gas Field Experiment

The reservoir under investigation is a multilayered natural gas reservoir, which consists
of two 43 ft thick layers. The reservoir, well and gas properties are summarised in
Table 6.4 and 6.5. This well test was carried out to identify the reservoir boundary,

the measurement data of which is presented in Fig. 6.5. Over a six-day period, a total
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Figure 6.5: Well test data for real gas field experiment 6.4.2. Pseudo pressure data

(blue), flow rate data (green) and the initial cleaning and two shut-in periods (gray).

Wellbore radius

Formation volume factor

Net reservoir thickness

Matrix porosity

6.25 ft 0.004 cf/scf 160 ft 26.9%
Table 6.4: The well and reservoir for experiment 6.4.2.
Total compressibility | Viscosity | Gas gravity | Z-factor
4.35x 1077 /psi 0.02 cP 0.57 0.89
Table 6.5: The gas properties for experiments 6.4.2.
Durations| Initial pressure | Reservoir tem- | op oQ op
(days) (psia?/cp) perature (°F) | (psi?/cp)| (Mscf/D)| (Mscf)
7 2098 140 2 3000 2000
Table 6.6: The well testing acquisition parameters for experiment 6.4.2.

of 13 FPs were operated, consisting of an initial well cleaning period (7:00, 19 Jan -

00:10, 20 Jan; duration: 17.2 hrs), two shut-in periods: FP8 (09:43 - 19:27, 20 Jan;

duration: 9.9 hrs) and FP13 (12:35, 22 Jan - 13:00, 24 Jan; duration: 72.4 hrs) and

10 production periods (total duration: 50.5 hrs)!®. Fluctuations in the pressure and

FR data are observed between FP2 and FP7 and likely to be caused by water loading

up in the well. The pressure and FR data after FP7 are reasonably correlated. The

initial pseudo pressure and the cumulative production are 2089 psi®/cp and 29437

Mscf, respectively. The acquisition parameters are summarised in Table 6.6.

15Fig. E.2 in Appendix E presents the detailed pressure data plots in FP8, FP12 and FP13.
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Two tests are performed to estimate the FRs, LLDTC and cumulative production
with the same initial ensemble using 5 iterations of the IDM with measurements
including the pressure in FP13 and FRs (MECPD) or measurements including the
pressure data in FP13, FRs and cumulative production (MICPD). The initial pseudo
pressure is considered to be exact and not to be estimated. The initial LLDTC
realisations are generated using the pressure derivative data in the FP13. The FR
realisations are constructed to be drawn from a Gaussian distribution with mean
being the measured FRs and SD being 30% of the measured FRs'® due to the large
fluctuations in pressure and FR data between FP2 and FP7.

Fig. 6.6 presents the type curve estimates and the pressure matches. The pressure
derivative data between 0.03 hrs and 0.2 hrs and after 65 hrs are particularly poor.
This leads to large uncertainty in the initial LLDTC realisations and corresponding
pressure simulations. However, even with such a large pressure simulation uncertainty,
the majority of the pressure data in the first three FPs falls outside this uncertainty.
This agrees with our earlier comments on the potential causes and quality of this
portion of the data, and confirms the need for a special way of generating the initial FR
realisations. After the process of deconvolution, both tests provide almost identical
LLDTC estimates with reduced uncertainty (compared to the initial ensemble), while
the uncertainty of the LLDTC estimation found using MICPD is slight smaller than
using MECPD. The late-time part (after 0.1 hrs) of the LLDTC estimate (in both
tests) has been significantly corrected positively and formed the shape of a straight
line (with slope of 0.5), which indicates an impermeable reservoir boundary [75].

Table 6.7 presents the FR estimates. For both tests, while the estimates are similar
to the measurements, the analysed uncertainty is reduced significantly compared to
the uncertainty in the initial ensemble. In particular, incorporating the cumulative

production data, the FR estimation uncertainties using MICPD is further reduced

16This special way of generating the initial ensemble was suggested by the engineers in Paradigm.
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Figure 6.6: The LLDTC estimates (top row) and pressure matches (bottom row)
for real gas field experiment 6.4.2 using MECPD (left column) and MICPD (right
column). The type curve estimation plots show the pressure derivative data (blue),
estimated type curves (black) and type curves in the initial (magenta) and analy-
sed (green) ensembles. The pressure matching plots show the pressure data (blue),
pressure data selected for deconvolution (gray shadow) and pressure simulation using
initial (magenta) and analysed (green) ensembles.

compared to the estimated uncertainty using MECPD.

The FR estimation improvement using MICPD over MECPD is further demons-
trated in Table 6.8 with the results of cumulative production estimation. Together
with the FP intervals, using the estimated FRs in each realisation, we calculate the
cumulative production for each realisation and summarise the result using the mean

and SD of the realisations as the description of estimation and uncertainty. The cu-
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FP(Msc/D) | 2 3 4 5 6 7 9 [10 [11 |12
Measurement | 28000] 25000] 23000 17100| 28000 21600 7275| 7237| 13467| 17065
VECPD| Mean] 27989] 25084 23068| 17050] 27986| 21635 7251| 7246] 13728| 17050
SD | 2394 | 2365 | 2350 | 2247 | 2397 | 2341 | 1597| 1632] 2101 | 1844
\CpD | Mean| 27951] 25004 22864| 17044 27932] 21580] 7241| 7243| 13168| 16703
SD | 2158 | 2135 | 2104 | 2049 | 2159 | 2119 | 1520] 1488] 1754 | 1608

Table 6.7: The production rate measurements and estimates after deconvolution using
IDM with MECPD and MICPD in real gas field experiment 6.4.2.

Measurement | Initial | Initial | MECPD | MECPD | MICPD | MICPD
mean | SD mean SD mean SD
29437 30957 | 4316 | 31287 1903 30545 1383

Table 6.8: The cumulative production in the initial prior and estimates after decon-
volution using IDM with MECPD and MICPD in real gas field experiment 6.4.2.

mulative production estimate found using MICPD is reduced compared to the mean
in the initial ensemble to indicate some reasonable amount of lost in transition, while
the estimate found using MECPD increases from the mean of the initial ensemble
and can be difficult to interpret.

As shown in the pressure matching plots in Fig. 6.6 and the enlarged plots in
Fig. E.3 in Appendix E, the quality data in FP8 to FP13 are better matched (within
the uncertainty (the vertical width of the green lines)) and the poor data in FP1 to
FP7 are better distinguished (fall outside the uncertainty) using the estimates found
by IDM with MICPD than with MECPD. Hence, although consistent and excellent
LLDTC estimates are found using both MECPD and MICPD, the IDM with MICPD

provides a more reliable FR and cumulative production estimates.

6.4.3 Real Oil Field Experiment

The considered reservoir is an oil and gas reservoir formed by sandstone with basic
well, reservoir and oil properties being summarised in Table 6.9. The well test is car-

ried out to verify the presence of a barrier (impermeable reservoir boundary) around
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Figure 6.7: Well testing data for real oil field experiment 6.4.3. Pressure data (blue),
flow rate history (green) and three well shut-in periods (gray).

09-Oct

10-Oct

Wellbore| Formation Net reservoir | Matrix | Total com- | Viscosity
radius | volume factor | thickness porosity | pressibility
4.25 ft | 1.3 rb/stb 86 ft 22.7% 1.3x107°/psi | 1.3 cP

Table 6.9: The well, reservoir and oil parameters for experiment 6.4.3.

Durations| Initial pres- | Reservoir tem- | op 0Q
(days) sure (psia) | perature (°F) | (psia)| (stb/D)
6 2670 156 ) 100

Table 6.10: The well testing acquisition parameters for experiment 6.4.3.

11-

6000

5000

4000

3000

2000

1000

0
Oct

400 ft from the position of the vertical test well [6], the measurement data of which

is presented in Fig. 6.7. Over a six day period, a total of 57 FPs have been operated,

which consist of an initial well cleaning period (7:00-22:10, 05-Oct; duration: 15.2

hrs), three shut-in periods: FP12 (3:00-16:00, 06-Oct; duration: 13 hrs), FP35 (2:52-

15:05, 07-Oct; duration: 12.2 hrs) and FP57 (03:30, 08-Oct - 19:00, 11-Oct, duration:

87.5 hrs) and 53 individual (approximate half-hour) production periods. The detailed

FRs can be found in Table 6.12. The initial pressure is 2670 psia. The acquisition

parameters and measurement uncertainties are summarised in Table 6.10.

Two tests are carried out to repeat the benchmark experiments in [6] and are

designed to compare the performance (deconvolved type curves and predictability

of the barrier) of different deconvolution algorithms in the commercial applications:
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Interpret™ 2009, Saphir and TSLD, with the assumption of an exact initial pressure.
The deconvolution is first performed on measurements including the pressure data in
and FR data before FP12. This is denoted as test 6.4.3.1 for ease of presentation.
In the second test (denoted as test 6.4.3.2), the deconvolution is then performed on
measurements including the pressure data in both the FP12 and FP35 and FR data
before FP35. The derivative of the pressure data in FP12 and FP35 are used for the
initial LLDTC ensemble construction in test 6.4.3.1 and 6.4.3.2, respectively. The
FR realisations in the initial ensemble are constructed to be drawn from a Gaussian
distribution with mean being the measured FRs and SD being 400 stb/D. In each test,
the estimated LLDTC and barrier distance found using IDM (5 iterations), Interpret,
Saphir and TSLD are presented and compared!”.

In both tests, the posterior pdfs of the barrier distance, g (dy|x k), is found by
calculating the barrier distance for each realisation of the analysed LLDTC ensemble
(procedure described in [1]) from IDM and using density reconstruction in Appendix
D. As a comparison, the barrier distance is also calculated deterministically using
the estimated LLDTCs from Interpret, Saphir and TSLD.

Fig. 6.8 presents the pressure matches, the type curve estimates and the pdfs of
the estimated barrier distance from the well for both tests. In test 6.4.3.1, our initial
realisations of the LLDTC consist of only the wellbore storage ([1072, 1072] hrs elapsed
time) and the infinite acting radial flow (horizontal line). After the deconvolution
process, the uncertainty has been greatly reduced. The late-time behaviour of the
LLDTC estimate is corrected positively, and indicates the existence of a barrier. Note
that the estimated LLDTCs using IDM, TLSD and Saphir are quite similar, while

the estimated LLDTC using Interpret is very different and there is a lack of physical

170One may note that the pressure data in the longest build-up, FP57, is surprisingly not used. In
fact, during the initial benchmark test, only the first 35 FPs were initially performed to verify the
barrier distance. However, the existing commercial software applications fail to provide satisfactory
and consistent results through the described tests. A much longer well shut-in period (FP57) is then
used to provide extra information to further investigate the existence of the barrier.
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Figure 6.8: The LLDTC estimates (top row), barrier distance estimates (second row)
and pressure matches (bottom row) for test 6.4.3.1 (left column) and 6.4.3.2 (right
column). The type curve estimation plots show the pressure derivative data (green),
the deconvolved type curves using IDM (black), Interpret (red), TSLD (blue) and
Saphir (magenta) and type curves in the initial (gray) and analysed (yellow) ensembles
of the IDM estimation. The barrier distance plots show the approximate pdf using
IDM (black) and estimated distance using Interpret (red), TSLD (blue) and Saphir
(magenta). The pressure matching plots show the pressure data (blue), pressure
data selected for deconvolution (gray shadow) and pressure simulations using initial
(magenta) and analysed (green) ensembles of IDM.
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Barrier Distance (ft) | Interpret™ 2009 | TLSD | Saphir | IDM Mean | IDM SD
Test 6.4.3.1 150.1 391.9 | 332.5 358.5 47.7
Test 6.4.3.2 55.4 2477 | 107.3 435.8 168.1

Table 6.11: The estimated barrier distances using Interpret, TLSD, Saphir and IDM
in real oil field experiment 6.4.3.

Rate (Stb/D) Q2 Q3 Q4 Q5 Qﬁ Q? QS QQ QlO Qll

Measurement | 1566 | 1746 | 1785 | 1678 | 2444 | 2131 | 2184 | 2501 | 2487 | 2239
Test | Mean| 1568 | 1748 | 1787 | 1679 | 2444 | 2134 | 2184 | 2500 | 2480 | 2233
6.4.3.1 | SD | 160.3| 160.3| 160.3| 160.3| 160.3| 160.3| 160.3| 160.3| 160.1| 152.7
Test | Mean| 1563 | 1739 | 1768 | 1657 | 2414 | 2099 | 2124 | 2402 | 2238 | 2033
6.4.3.2 | SD | 330.6| 330.3| 329.9| 329.3| 329.1| 328.5| 326.9| 323.1| 297.6| 265.3

Table 6.12: The production rate measurements and estimates in FP2 to FP11 after
the deconvolution using IDM in real oil field experiment 6.4.3.

meaning at the early time. For the same reason, in the barrier distance plot and
statistics in Table 6.11, the estimated barrier distance found by TLSD and Saphir
are quite consistent (within 1 SD) with the mean of the barrier distance pdf found
by IDM, while Interpret fails to meet the well test objective. With clear evidence
that a barrier exists between 310.2ft to 406.2ft (one SD on either side of the mean
which equivalent to 68% of the probability) away from the well using IDM, the well
test objective can be considered accomplished. However, such a conclusion cannot be
made with the inconsistent deterministic estimates if the existing methods were used.

The result of FR estimation is presented in Table 6.12. For test 6.4.3.1, although
the estimates are quite similar to the measurements, in the pressure matching plot of
Fig. 6.8, the success of estimation is verified as the pressure data in FP2 to FP12 fall
within the uncertainty (vertical width of the green lines) of the pressure simulation
(generated using these estimates). However, note that the pressure data after FP12
fall at the tail of simulation uncertainty, which indicates that further FR adjustments
for FP2 to FP12 are required to improve the matching for these data.

The results of test 6.4.3.2 are presented in the right column of Fig. 6.8, the

estimated LLDTCs found by commercial software are only of 0** order smooth and
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are inconsistent with each other and with their results found in test 6.4.3.1, while the
LLDTC estimate found by IDM is consistent and yields a slightly bigger uncertainty
compared to the estimate in test 6.4.3.1. Indeed, this is also confirmed by the result
in the barrier distance plot and the analysis in Table 6.11. In particular, in the barrier
distance plot, all the estimated barrier distances found by commercial software are
distributed around the less probable mode of the bimodal pdf estimated using IDM.
This is caused by the ill-posedness of the inverse problem and indicates that the
non-Bayesian conventional methods lack accuracy and practicality.

In fact, compared to the results in test 6.4.3.1, the bimodal distribution and
increment of the barrier distance estimation uncertainty is caused by the dimensional
increment of the FR estimation. One can see from Table 6.12 that the adjustments'®
of the FR in test 6.4.3.2 are generally more significant compared to the adjustments
in test 6.4.3.1 (e.g. FP4 to FP11), which agrees with our earlier conclusion regarding
the need for further FR adjustments for pressure matching in FP35. However it is,
perhaps, surprising to some non-Bayesian readers that using twice the amount of
pressure data (test 6.4.3.2) approximately doubles the FR estimation uncertainties
in the first 11 FPs. This is because by incorporating pressure data in FP35 (test
6.4.3.2) in addition to the pressure data in FP12 (test 6.4.3.1), the non-uniqueness of
the inverse problem is greatly enhanced by the requirement of estimating significantly
more FRs. In the pressure matching plot of Fig. 6.8, the pressure data in FP2 to
FP35 fall within the uncertainty of the pressure simulations using the realisations of

the analysed ensemble, which verifies the success of the deconvolution using IDM.

6.5 Conclusion

The aim of this chapter is to develop a general, efficient and robust Bayesian method

for solving the deconvolution problem in well testing and overcoming the problems

8Difference between the estimated and measured FRs.
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with the existing methods. The proposed IDM based on the IEnSRF is demonstrated
to achieve: (i) Physical and interpretable estimates with uncertainty quantification.
(ii) The capability of estimating the initial pressure. (iii) The capability of incor-
porating the cumulative production data. The IDM also outperforms the existing
methods under both synthetic (PMS) and real (IMS) scenarios.

In both synthetic oil field experiment 6.4.1 and real gas field experiment 6.4.2, by
incorporating the cumulative production data, the FR estimate is improved and better
agrees with the real-world situation and engineering expect. The estimates can thus
be interpreted and analysed with better confidence. In particular, in experiment 6.4.1,
the IDM is shown to be capable of estimating the initial pressure. By deliberately
assigning a nonphysical and poor initial prior, the IDM is tested under an extreme
scenario and demonstrates great robustness and performance in estimating the exact
underlying physics with reliable uncertainty quantification.

In real oil field experiment 6.4.3, under very challenging conditions and with an
ambitious goal, the estimates found using IDM are compared against the estimates
found using existing commercial software: Interpret™ 2009, TSLD and Saphir. Both
the LLDTC and barrier distance estimates using IDM are found to be physical and
interpretable and meet the industrial needs with reliable uncertainty quantification
for the propose of target verification and risk management, while the solutions found
using existing commercial software are inconsistent (as the error estimates are never
available to these results) and (sometimes) uninterpretable. The FR estimates and
the corresponding uncertainty quantifications using the IDM are also shown (through
the experiment with the pressure data in an additional FP) to be reliable and accord

with Bayesian principles for solving inverse problems.
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Chapter 7

History Matching of Geological
Facies Patterns using Warp

Ensemble Square Root Filters

7.1 Introduction

History matching is the art of adjusting reservoir models until they closely reproduce
the past reservoir behaviour, consisting of historical production and injection data.
Once a model has been history matched, it is often assumed that it can then be
used to simulate future reservoir behaviour with a higher degree of confidence, par-
ticularly if the model estimation is constrained by known geological properties [89].
In the most general case, the reservoir parameters, which are required to be history
matched and used in the production prediction, include the porosity, permeability,
density of the fractures, capillary pressure and so on. Generally speaking, retaining
a high-dimensional parameterisation of all possible reservoir properties and parame-
ters provides enhanced ability for the production prediction and better flexibility for

history matching. Indeed, as shown in [30], with additional global parameters such
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as relative permeability curve and initial oil/water contact parameters, the history
matching of the permeability and porosity of the Brugge field - a large-scale SPE
(Society of Petroleum Engineers) benchmark study, was able to be further improved.

However, because of the limited observation locations and diffusive nature of the
flow, information regarding the reservoir parameters contained in the production data
is generally low [120]. In the Bayesian framework, retaining a high-dimensional pa-
rameterisation of all reservoir parameters means that the estimation will be strongly
influenced by the initial prior. In [119], through a one-dimensional single-phase his-
tory matching exercise, only 3 out of 80 model parameters can be determined by the
data, and the remaining variables are determined by prior information [120]. Similar
conclusions have also been made in [126, 162]. These, indeed, highlighted the ill-posed
nature of the history matching problem. That is, different parameter sets can lead to
an equivalent fit to the available measurements [153].

One way to ease the ill-posedness is to introduce regularisation, while another
way is to replace the original set of parameters to be estimated with a set of reduced
dimension which still captures the most important underlying physics. In the petro-
leum engineering literature, the first approach inspired the formulation of the history
matching problem of facies patterns!, in which, all model parameters are assumed
known and only the structure of facies pattern is to be estimated. Due to its strong
connection to realistic earth models, it has became an important area of study in a
number of research projects [27, 44, 107, 108, 117] and is indeed the problem conside-
red in this thesis. The latter approach is known as parameterisation and is classified
as a prior construction process in the Bayesian framework.

The parameterisation approach can be utilised for solving general history matching
problems and is thus popularly used by reservoir engineers. In general, the application

of this approach approximates the spatial reservoir properties using different basis

IFacies are a body of rock with specified characteristics such as permeability, porosity, etc [127].
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functions based on (i) the piecewise constant function with zonation [71, 86, 90, 140],
(ii) pilot point method [40, 106, 170, 171, 178], (iii) spline methods [42, 101, 111], (iv)
spectral decomposition [68, 87, 88, 89, 130, 137] and (v) data sensitivity [66, 133].

The parameterisation method based on these basis functions normally works well
for reservoir properties that are continuous and approximately Gaussian, but not for
geological models with discrete facies or repetitive shapes [120] as in the considered
problem, without additional regularisation. Nielsen et al. [117] and Dorn et al. [44]
applied the level set method to model the facies bodies and performed history mat-
ching by minimising a misfit function between the simulated and observed data with
Tikhonov regularisation. This approach was found to be robust, but is generally more
computationally expensive than, say an Ensemble Kalman Filter (EnKF) method,
because it requires integrating the model adjoint to determine the gradient descent
directions. More importantly, this method only provides a deterministic estimation
(without uncertainty), which might be insufficient for reservoir management.

Sequential ensemble-based data assimilation techniques, based on the work of the
EnKF in [56, 57|, appear to offer attractive features and powerful capabilities. The
EnKF actually provides an efficient approach to estimate a large number of variables
and is based on a simple conceptual formulation and relative ease of implementation?.
It furthermore computes estimates of the solution uncertainties as part of its algorithm
at reasonable computational cost. However, because all Kalman-based ensemble fil-
ters are only designed for the estimation of continuous variables, the main challenge
in applying these filters to the considered problem is to transform the discrete facies
variables into continuous variables through an appropriate parameterisation.

Liu et al. [107, 108] used a threshold truncation map to parameterise the facies
in each cell, and thus transformed the estimation of the geostatistical model in the

considered problem into a level estimation problem on a threshold truncation map.

2Tt does not need the linearisation of the reservoir model nor the development of its adjoint and
only requires forward integrations of the reservoir model.
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However, when applying the ensemble-based filter to estimate the level of parame-
terisation on the threshold truncation map, the initial ensemble is required to be
generated using truncated pluri-Gaussian models® to optimise the performance of the
filters, which may not be able to meet easily in a real problem®.

Chang [27] combined the level set method and the traditional EnKF. The domain
of the discrete facies body variable is extended to be defined on a continuous real
set with several subsets which represent the number and probability of facies types.
The EnKF is then utilised to estimate the described level set parameterisation during
the history matching process. The proposed method demonstrated good performance
through the synthetic experiments, but as a cell-based parameterisation, when applied
to a large-scale history matching problem, it is normally not very efficient, because
the estimation is not directly performed on the desired geological structures as in [48].

More recently, in [48], it is proposed to estimate the location of the feature (boun-
daries) directly. It can be viewed as a parameterisation using data sensitivity, because
the matching of production data can be adjusted significantly by varying the width
and shape of the feature. This parameterisation works well in a reservoir with simple
reservoir features, but may fail to provide satisfactory results in large-scale compli-
cated reservoir models, because explicit prior information regarding the number of
features and complexity of the features is required to optimise the performance.

Inspired by the work in [48], in this chapter, the Warp Ensemble Square Root Filter
(WEnSRF) is developed and proposed as a method for solving the considered problem.
This chapter is organised as follows. §7.2 recalls the state-space formulation based
on the WEnSRF. §7.3 discusses the typical form of filter realisations, the detailed
WEnSRF implementation and the incorporation of the prior permeability field library

for the numerical experiments. §7.4 and §7.5 present and discuss the results for solving

3Which is primarily used as a geostatistical method for producing geological facies maps condi-
tioned on facies proportions and hard data [70, 100].

4Because the information of the facies proportions (required as the parameters in the truncated
pluri-Gaussian models) is almost always absent without costly investigation.
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the history matching problem of simple facies patterns and large-scale complicated

facies patterns, respectively. A summary and a discussion conclude the work in §7.6.

7.2 The State-Space System

Defined mathematically in §4.4.2, the considered history matching problem of facies
patterns assumes exact knowledge of all reservoir properties except the (absolute)
permeability field and aims to estimate the geological structure of a two dimensional
horizontal rectangular oil reservoir formed from two types of rock: the large shale
area with low permeability x; and some sandstone with high permeability xj,.

The reservoir is initially fully saturated with water and oil. Using the water
flooding experiment® [23] demonstrated in Fig. 2.3, pressure measurements in the
injection wells (along the east boundary) and the water saturation measurement in
the production wells (along the west boundary) are used as the production data for
automatic history matching in real time.

As a new ensemble-based Bayesian method for solving the considered problem, the
WEnNSRF, which combines the warping transformation and EnSRF, is derived in §3.5.
The warping transformation transforms the estimation of the discrete permeability
variables (in the original formulation) into estimation of continuous warping trans-
formation variables and optimises the performance of the EnSRF. However, without
any restriction, it enlarges the dimension of the model variables to be estimated. To
make the WEnSRF practicable for large-scale reservoir models, in §4.4, the prior in-
formation is constructed by parameterising the warping transformation mapping in
each direction using a B-spline surface.

We recall that the state-space system for solving the considered problem using

WEnNSRF with the proposed B-spline surfaces parameterisation is summarised in egs.

5A secondary oil recovery strategy where water is injected at the west boundary of the reservoir
at a constant rate and oil is produced from the east boundary with a constant bottomhole pressure.
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(4.8a,b) in §4.4.2; which is modified from the egs (3.26a,b) on page 52.

7.3 Updating Facies with the Warp Ensemble Square

Root Filter

To perform history matching using the WEnSRF, based on the formulation of the
input in (4.7) for the state-space system (4.8a,b), a typical realisation is: xj,; =
[k N N AN R B B0 BT 0 b T P P S
.., ST, where the subscript & and i € [1, r] denote the time and realisation indices,
respectively; and r is the total number of realisations. Note that the control net di-
mension (G, and G,) is normally small compared to the dimension of the discretised
permeability field (V) (e.g. see Fig. 4.3 on Page 68).

In addition, with clear evidence presented in [7], it is desirable to history match
with realisations of greater heterogeneity. While history matching small-scale reser-
voir models with simple features is possible with the WEnSRF using a single prior
permeability field, to include a more varied heterogeneity for large-scale history mat-
ching with complicated features such that the prior information of the reservoir struc-
ture is better constructed, we propose to history match using the WEnSRF with a
prior permeability field library (or an ensemble of prior permeability fields) consisting
of [ realisations: {KY,..., K}

For each realisation of the prior permeability field library, we use r realisations to
perform history matching. Hence, a total r; = r x [ realisations are used. The uti-
lised scheme can be viewed as a parallel WEnSRF or an (equal-weighted) ensemble
of WEnSRFs [83]. At the end of each data assimilation cycle, we reconstruct the
permeability fields using the prior permeability field and the warping transforma-
tion in each realisation (for all r; realisations). The realisations of these estimated

permeability fields are then analysed to quantify the estimation and uncertainty.
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As commented in [83], the main issue with running an ensemble of WEnSRFs
is the computational burden associated, knowing that running a WEnSRF in high
dimensional systems may already be a challenge. To reduce computational cost,
we conducted a sensitivity test in §7.4.3 to obtain the empirical optimal number of
realisations for a single WEnSRF with acceptable performance on estimating both
the reservoir properties and the associated uncertainties.

All experiments adapt the cubic B-spline surfaces with control point nets of di-
mension G, =G, =8x6 (i.e. 8 control points along the z direction and 6 control
points along the y direction for the parameterisation of both 7, and 7,). Using the
prior knowledge, the initial ensemble is generated with the exact porosity, mobility

and initial pressure and saturation.

7.4 Numerical Experiments on Simple Synthetic
Reservoir Models with a Single Feature

Following [48], three numerical experiments were performed to test the WEnSRF

and to evaluate its performance. The test cases are a curved channel (Fig. 7.1), a

disconnected channel (Fig. 7.5), and a two-dimensional closed feature (Fig. 7.8).
The relative permeability functions are defined by the Corey models:

~ Sw B Swr o A So B Sor c
Rrw = Ryw (m) s and Ryro = Rypo (m) . (71a,b)

where the Corey exponents, e, and e,, the residual saturations, S,, and S,,, and
the endpoint permeabilities, &,,, and &,,, are assumed to be known. The numerical
values of the reservoir properties are listed in Table 7.1.

For each reference permeability field, we simulate the ‘true’ values of saturation

and pressure for the applied time steps by integrating the reservoir model forward in
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Reservoir dimensions: 1000m x 1000m x 40m
Simulation grid: 16 x 16 x 1 cells

Facies Permeability (mD): K, = 10000 K = 500
Porosity: 0.2

Viscosity: fy = 0.5-1072 Pas o, = 0.5-1072 Pa-s
Endpoint relative permeability: | &, = 0.1 Fro =1
Residual saturations: Swr = 0.2 Sor = 0.2
Corey exponents: Cw = 2 €o =3
Initial saturations: S =0.2 S, =0.8
Injection wells: 8% of total pore volume per year
Production wells: constant pressure of 200.0 bar
Number of timesteps: 100

Total production time: 1600 days

Table 7.1: Key properties in the reservoir simulator.

time. Synthetic measurements are then extracted from the true states and perturbed
with random noise drawn from an uncorrelated Gaussian distribution with zero mean.
The standard deviations (SDs) of the pressure measurement noise in the injection
wells and the water saturation measurement noise in the production wells are op = 2
bar and og = 0.002, respectively. History matching of facies patterns then uses these
measurements every 16 days and over an 800 day period. The estimated permeability
field ensemble is then used to predict the reservoir behaviour of another 800 days. To
mitigate the problem of ensemble collapse, large ensembles with =600 members are
used in the experiments. For the estimation quality check of transformation mappings

and log permeability field, we use the following approaches:

1. Take the mean (MTX and MTY) and SD (SDTMX and SDTY) of the transfor-
mations in both the x and y directions of the analysed ensemble: (i) compute the
cell-based transformation mappings (in both the z and y directions) associated
with the B-spline control point nets in each realisation (ii) calculate the mean
(MTX) and SD (SDTX) of the transformation mapping in the z direction cell-
by-cell. (iii) Similarly, for the estimation of the transformation in the y direction,

MTY and SDTY are computed.
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2. Take the mean (MLP) and SD (SDLP) of the estimated log permeability fields found
using the analysed ensemble: (i) compute the log permeability fields associated with
the prior permeability field and the transformation mapping in each realisation.
(ii) calculate the mean (MLP) and SD (SDLP) of the estimated log permeability

fields cell-by-cell. During this process, artificial rock types might be generated.

3. Misfit figure of the facies: Following [48], we adapt the facies transformation for the
prior permeability field using a level-set parameterisation (i.e. replacing permea-
bilities k;, and k; by facies value —1 and 1, respectively) and process the analysed
ensemble in the same way as for MLP and SDLP to get the mean and SD of
the estimated facies. The misfit figure presents the exact discontinuous curve, the
estimated discontinuous curve, and the cells with large facies uncertainty. The
discontinuous curve is plotted along the boundary of the cells where a sign change
of the facies occurs. We define the cells with facies SD greater than 0.8 as the cells

with large facies uncertainty, and label these with black dots in their cell centers.

In each of the above approaches and the considered estimation aspects, the cal-
culated means and SDs using the realisations are used as the measures for describing

the quality of estimation and estimation uncertainty, respectively.

7.4.1 Curved and Disconnected Channels

In the case that the permeability field has a curved or disconnected channel, Fig. 7.1
presents the evolution of the log permeability and facies pattern estimates over the
history matching period for the curved channel case.

Because of a lack of complete knowledge of the initial state of the reservoir (on
day 0), the initial prior permeability field is considered to be quite different from the
truth. One can see from Fig. 7.1 that convergence toward the true permeability field

is rather slow and after 192 assimilation days (12 assimilation cycles) the facies esti-
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SDTY

Figure 7.1: The true log permeability field (left panel, first row), the prior log per-
meability field (right panel, first row), the mean (second row) and SD (third row) of
the log permeability field estimates, the misfit of facies pattern (fourth row) and the
mean (fifth row) and SD (sixth row) of the transformation estimates in the y direction
for the curved channel case. Results are shown at the end of 0%, 19274, 384" 576"
and 800" days with 600 realisations. The true log permeability field plot presents the
cells which the indexed injection (blue pluses) and production (black pluses) wells.
The misfit figures show the true (red) and estimated (blue) facies patterns, and the
cells with large facies uncertainties (black dots).

mates are still quite different from the true facies. This is due to the limited amount

of information (the number of observations) that has been used in the estimation
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process. The filter however preserves SDs thus indicating large uncertainties on the
estimates during that period. As more information becomes available over time, the
estimation gradually improves. At the end of the history matching period, the es-
timated permeability field and facies pattern are almost identical to the true fields.
There are only 11 cells showing a mismatch between the estimation and truth, but
the truth lies within the estimated uncertainties.

Fig. 7.3 shows typical data assimilation processes in an injection well (no. 7),
and three production wells (no. 3, 14 and 16) over time. Omne can see that the
history match is such that the pressures in the injection well and saturations in
the production wells have been well reproduced. The uncertainty level (the vertical
width of the green lines) provided by the WEnSRF, can be seen to be much smaller
than the initial uncertainty level (the vertical width of the magenta lines). Water
breakthroughs are not observed in all production wells during the history matching
period, but well-predicted in the forecasting period. The true reservoir pressure and
saturation behaviour are well predicted and within the uncertainty level for all the
other injection and production wells including the ones not explicitly present here.

Similar conclusions can be made from the results in the disconnected channel
case as can be seen from Figs. 7.2 and 7.4, which are plotted in the same spirit as
Figs. 7.1 and 7.3. During the first 192 days, the estimated log permeability field and
facies pattern indicate a disconnected channel, but with a quite large uncertainty.
WENSREF efficiently recovers the true fields in the next 608 days. The corresponding
uncertainties further decrease over time and become much smaller than the initial
uncertainties. Again, the estimated permeability field and facies pattern are almost
identical to the truth at the end of the history matching period, and the truth falls
within the estimated uncertainties. Fig. 7.4 further demonstrates that the estimated

production data and state of the disconnected channel reservoir are also quite good.
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Figure 7.2: The true log permeability field (left panel, first row), the prior log per-
meability field (right panel, first row), the mean (second row) and SD (third row) of
the log permeability field estimates and the misfit of facies pattern (fourth row) for
the disconnected channel case. Results are shown at the end of 0, 192", 384" 576"
and 800" days with 600 realisations. The true log permeability field plot presents
the indexed injection (blue pluses) and production (black pluses) wells. The misfit
figures show the true (red) and estimated (blue) facies patterns, and the cells with
large facies uncertainties (black dots).

7.4.2 Two-Dimensional Closed Feature

Here, we consider the permeability field with a two-dimensional closed feature (i.e.
without any channel feature appearing along the reservoir boundaries). In practical
applications, perhaps, some prior information about the existence of a closed feature®
is available, but not about its shape and location. We therefore deliberately generate

a very poor’ initial ensemble that reflects the reality of these problems.

6In real application, such information is often found by the core samples in the injection, pro-
duction or testing wells.
"The prior is dogmatic and far from the truth with a large variance.
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Figure 7.3: Time-evolution of the estimated pressure in injection well no.7 (top left)
and the (water) saturation (top right and bottom row) of production well nos. 3,
14 and 16 over the production period for the case of a curved channel with 600
realisations. The figure shows the true states (red), measurements (blue), simulations
of the initial ensembles (magenta) and history matched ensembles (green).
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Figure 7.4: Time-evolution of the estimated pressure in injection well no.7 (top left)
and the (water) saturation (top right and bottom row) of production well nos. 3, 14
and 16 over the production period for the case of a disconnected channel with 600
realisations. The figure shows the true states (red), measurements (blue), simulations
of the initial ensembles (magenta) and history matched ensembles (green).

131



day O day 192 day 384 day 576 day 800

LJoao
Oooo

Figure 7.5: The true log permeability field (left panel, first row), the prior log per-
meability field (right panel, first row), the mean (second row) and SD (third row) of
the log permeability field estimates and the misfit of facies pattern (fourth row) for
the case of a two-dimensional closed feature. Results are shown at the end of 0%,
19274, 384t 576" and 800" days with 600 realisations. The true log permeability
field plot presents the indexed injection (blue pluses) and production (black pluses)
wells. The misfit figures show the true (red) and estimated (blue) facies patterns,
and the cells with large facies uncertainties (black dots).
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As in the channel cases, Fig. 7.5 shows that the WEnSRF is capable of recovering
the structure of the true fields just after 192 days. Compared to the rapid convergence
of the estimates, the uncertainties of the permeability, facies pattern and transfor-
mation mapping estimates are quite large in the first 192 days and are continuously
reduced as more data becomes available over time. Towards the end of the history
matching period, the transformation estimation in Fig. 7.6 and the permeability and
facies pattern estimates in Fig. 7.5 further improve and converge. The final esti-

mated permeability is quite similar to the true one. However, there are 9 mismatch
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Figure 7.6: The transformation estimates at the end of 0" 192" 384" 576! a
800" days with 600 realisations for the case of a two—dlmensmnal closed feature. The
mean (first row) and standard derivation (second row) of the transformation estimates
in the x direction and the mean (third row) and standard derivation (fourth row) of
the transformation estimates in the y direction.
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Figure 7.7: Time-evolution of the estimated pressure in injection well no.7 (top left)
and the (water) saturation (top right and bottom row) of production well nos. 3, 14
and 16 over the production period for the case of a two-dimensional closed feature
with 600 realisations. The figure shows the true states (red), measurements (blue),
simulations of the initial ensembles (magenta) and history matched ensembles (green).
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cells between the estimated and true fields, in 5 of which the truth is different from
the estimate and falls outside the estimation uncertainty. As we have emphasised in
many places, the history matching problem is ill-posed, i.e. many different permea-
bility estimates may fit the production data equally well. Indeed, this is the biggest
challenge in estimating the detailed shape (four prominences along the feature boun-
daries) of this considered feature. Similar results (with one mismatch cell) have also
been reported for a similar experiment using B-spline parameterisation on the feature
boundaries directly and EnSRF in [48].

Fig. 7.7 shows the time-evolution of the assimilated processes in the injection well
no. 7 and three production wells nos. 3, 14 and 16. Despite the facies mismatch in
some cells, history matching has been achieved very well. The typical behavior of
the sequential assimilation system is again observed (as in the channel cases) with an
uncertainty increase after every prediction step before it gets corrected with the new
observations in the analysis step of WEnSRF'. Similarly good results are obtained for

the other injection and production wells.

7.4.3 Sensitivity to Ensemble Size

As we have stated in the introduction of this chapter, estimating the facies pattern
of a large-scale real reservoir is one of the desirable goals for the proposed WEnSRF'.
Application of the WEnSRF incurs demanding computational costs for integrating
the ensemble forward in time. This sets severe limits on the size of the ensemble
that can be used in practice. However, an ensemble with few realisations can impair
the performance of the filter analysis. Balance between the quality of the estimate
and acceptable computing resources should therefore be found. Here, we test the
assimilation system with a smaller ensemble size, conducting the same experiments
as in §7.4.1 and §7.4.2 but using only 100 ensemble realisations. Note that it takes a

laptop with an Intel duo processor P8800 and 2 gigabytes of memory around 4 hours
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to complete the history matching process when the WEnSRF is implemented with
100 realisations and around 24 hours with 600 realisations in Matlab.

Figs. 7.8 and 7.9 present the misfit figures and history matching results of the
well data, respectively. One can see from Fig. 7.8 that although the structure and
the uncertainty of the initial ensemble are similar to the corresponding processes
with 600 realisations, the evolution of the estimation is very different. In contrast
with the assimilation process with 600 realisations, the number of cells with larger
facies uncertainty are reduced faster using 100 realisations over the time. At the end
of the history matching period, the estimated permeability fields (Fig. E.4-E.9 in
Appendix E) contain more mismatch cells compared to the estimates obtained with
600 realisations. In Fig. 7.9, the uncertainty level resulting using 100 realisations is
also much smaller than the one resulting using 600 realisations. The true pressure
and saturation, however, lie within the uncertainty level in each well.

We consider the following three measures to compare the results of the two runs:

1. Permeability Mismatch:

The number of permeability cells that fall outside the estimated uncertainty range.

2. Pressure/Saturation Coverage:
The normalisation (percentage) of the number of time steps for which the true
pressure in all injection wells (or saturation in all production wells) falls within
the estimated uncertainty range over the total number of time steps and the total

number of injection (or production) wells.

3. Pressure/Saturation Average Uncertainty:
The SD of the pressure in injection wells (or saturation in production wells) ave-

raged over all time steps and all injection wells (or production wells).

Comparison results of these measures for the WEnSRF assimilation with 100

and 600 realisations are presented in Table 7.2. In terms of predicting the reservoir
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Figure 7.8: The misfits of facies pattern for cases of a curved channel (top row),
a disconnected channel (middle row) and a two-dimensional closed feature (bottom
row). Results are shown at the end of 0%, 192m¢, 384! 576! and 800" days with
100 realisations. The true facies pattern (red), the estimated facies pattern (blue),
and the cells with facies standard deviation greater than 0.8 (black dots).
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Figure 7.9: Time-evolution of the pressure simulation in injection well no.7 (left) and
the (water) saturation simulation (right) of production well nos. 3 over the production
period for the cases of a curved channel (top row), a disconnected channel (middle
row) and a two-dimensional closed feature (bottom row) with 100 realisations. The
figure shows the true states (red), measurements (blue), simulations of the initial
ensembles (magenta) and history matched ensembles (green).
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Reservoir Type

Connected Disconnected | Closed Feature
Channel Channel
Number of realisations 600 100 600 100 600 100
Permeability Mismatch 0 4 0 6 5 7

Pressure 100% | 99.2% | 100% | 99.2% | 100% | 98.9%

Saturation 100% | 94.8% | 100% | 97.1% | 100% | 100%
Average | Pressure (Bar) | 7.5 4.0 7.6 6.1 4.1 2.6

Uncertainty Saturation 0.046 | 0.015 | 0.043 | 0.002 | 0.012 | 0.006

Coverage

Table 7.2: Measures of the permeability mismatch, production data coverages, and
average uncertainties as they result from the WEnSRF using 600 or 100 realisations.

behaviour, both runs lead to very similar (almost perfect) results with data coverages
above 94%. However, in terms of reservoir risk and management, WEnSRF with 100
realisations significantly underestimates the average uncertainties. Concerning the
quality of the permeability estimates, more mismatched cells are obtained using the
WEnSRF with 100 realisations.

To conclude, by reducing the ensemble size containing 600 realisations in the initial
tests to only 100 realisations, both the quality of the permeability estimation and the
uncertainty quantification degraded slightly. However, achieving only one sixth of the
computational time compare to assimilation using WEnSRF with 600 realisations and
almost equivalent estimation results, WEnSRF with 100 realisations is preferable for

the application to large-scale history matching problem of facies patterns.

7.5 Numerical Experiments on Large-Scale Com-
plicated Reservoir Models with Complicated
Features

Two numerical experiments are carried out to test the performance of the WEnSRF

in history matching production data from large-scale reservoir models and to evaluate
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the potential applicability of WEnSRF to real-world reservoir models.

The reservoir is square and horizontal with constant thickness and no-flow outer
boundaries. Again, the coordinate system is set up with the origin located at the
south-west corner where the z—axis is pointing east and the y-axis is pointing north.
The water flooding experiment is adapted. The pressure data in the injection wells
and the saturation data in the production wells are used for history matching.

Follow the same experiment setup in §7.4, indices of the injection and production
wells are labelled increasingly (1-45) from north to south at the cell centres along
the west and east boundaries of the reservoir, respectively. The relative permeability
functions are defined by the Corey models in egs. (7.1a,b). The numerical values of
the reservoir properties are listed in Table 7.10. Note that the dimension of the state
vector® is 10221 and is much larger compared to the state vector in the last section.

Prior to history matching, we assume a training image as shown in Fig. 7.11,
which consists of two distinct facies types and describes the reservoir (channel) struc-
ture and (complicated) geometry, has been provided. The permeability along the west
and east boundaries of the reservoir (where the wells are drilled) is assumed known
and is conditioned to generate the true permeability field and realisations of the prior
permeability field library by applying the Single Normal Equation SIMulation (SNE-
SIM) [36, 63, 64, 151] to the given training image. The test cases utilise permeability
fields with a rotated H (the left realisation in the top row) or Z shaped channel (the
right realisation in the top row) as the reference ‘true’ permeability fields and the
(five) test realisations as the realisations of the prior permeability field library.

For each reference permeability field we simulate the ‘true’ values of saturation
and pressure for each time step going forward in time. Synthetic measurements are
made by perturbing the true states with random noise drawn from an uncorrelated

Gaussian distribution with zero mean. The SDs of the pressure measurement noise

82 x 45 x 45 for the pressure and saturation discretisation, 2 x 6 x 8 for the B-spline control nets
and 3 x 45 x 45 for the exact porosity, mobility and initial permeability field.
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Reservoir dimensions:
Simulation grid:

Facies permeability (mD):
Porosity:

Viscosity (cP):

Density (kg/m?):

Endpoint relative permeability:

Residual saturations:
Corey exponents:
Initial saturations:
Injection rate (m?*/D):
Production wells:
Number of timesteps:
Total production time:

450m X 450m x 10m
45 x 45 x 1 cells
Ky, = 10000 k; = 500

0.2

Py =1 Ho =10
ey = 1000 p, = 700
Ry = 1 Rro =1
Swr =10 Sor =0
Cw = 2 e, =2

Sy =0 S,=1

270 (24% of total pore volume per year)
constant pressure of 1 bar
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Figure 7.10: Key properties in the reservoir simulator.

Using the conclusion and results from the sensitivity test of the ensemble size

Figure 7.11: The training image (large figure in the left panel) and six simulated
realisations (small figures in the right panel) using the SNESIM and conditioned on
the permeability along the west and east boundaries of the reservoir.

in the injection wells and the water saturation measurement noise in the production
wells are 20 bar and 0.01, respectively. History matching is then performed every 2
days and over a 100 day period. The realisations of the estimated permeability field

are then used to predict the reservoir behaviour for another 100 days.

in §7.4.3 and considering the significant dimensional increment of reservoir model
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(compare to the reservoir model in §7.4), it is appropriate to utilise an ensemble of
100 realisations for each realisation of the permeability field library and assimilate
the measurements on each ensemble of realisations. This is equivalent to 5 parallel
WENSRF runs with 100 realisations in each one.

We (again) adapt the MLP and SDLP for quantifying the log permeability esti-
mation and estimation uncertainty, respectively, and the misfit figures for the facies
pattern estimation and uncertainty as in the last section. When calculating the des-
cribed measures and quantifying the reservoir state uncertainties, the realisations of
all the (500) reconstructed fields must be used.

Fig. 7.12 presents the evolutions of the permeability field and facies pattern esti-
mates over the history matching period for the case of a Z shaped channel. Because
of the lack of knowledge of the spatial reservoir properties (on day 0), all realisations
of the prior permeability field library are considered to be quite different from the
true one. The convergence toward the true permeability field is more rapid in the first
76 days (38 assimilation cycles) and then becomes gradual in the last 24 days of the
history matching period. This is because water cut and more informative saturation
measurements in some of the production wells (see Fig. 7.14) occur between day 24
to 76 (and does not occur in any production well in the last 24 days). During the
history matching period, the Z shaped channel is not only estimated by the MLP, but
also confirmed by the SDLP which is gradually reduced and becomes small in most of
the low permeability shale-rock cells. At the end of history matching, the estimated
permeability field and facies pattern are very similar to the true fields. Only 8 cells
show significant mismatch between the estimated and true permeability.

Fig. 7.14 shows the typical data assimilation process in one injection wells (no. 13)
and three production wells (nos. 13, 28 and 40) over time. The reservoir behaviour
have been well reproduced and predicted with greatly reduced uncertainties compared

to simulations uncertainty using the initial ensemble. Similar good results are also
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Figure 7.12: The true permeability field (top), realisations of the initial prior per-
meability library (second row), mean (third row) and SD (fourth row) of the log
permeability field estimates and misfit of facies pattern (fifth row) for the case of a
Z-shaped channel. Results are shown at the end of 0™, 26!, 50" 76" and 100"
days using WEnSRF with 100 realisations for each realisation of the prior permeabi-
lity library. The true permeability field plot presents the injection (blue circles) and
production (black circles) wells. The misfit figures show the true (red) and estimated
(blue) facies patterns, and the cells with large facies uncertainties (black dots).

obtained for the other injection and production wells.
Similar conclusions can be made from the results in the case of a rotated H shaped
channel as can be seen from Figs. 7.13 and 7.15 (plotted in the same spirit as Figs.

7.12 and 7.14). During the first 50 days, the estimated log permeability field and facies

pattern indicate a rotated H shaped channel, but with quite large uncertainties. The

141



WENSREF efficiently recovers the true fields in the rest of the history matching period.
The corresponding uncertainties further decrease over time and are much smaller than
the initial uncertainties. Compare to the case of a Z shaped channel, the convergence
toward the true permeability field is more rapid in the first 50 days due the early
water cut (see the number of cells with large facies uncertainties in the misfit figure
plot in Figs. 7.12 and 7.13) and more informative saturation measurements in some
of the production wells (see Fig. 7.15). Again, the history matched permeability field
and facies pattern are very similar to the truth at the end of the history matching
period with only 5 cells fall outside the estimation uncertainty. Fig. 7.15 further

demonstrates that the reservoir states is well reproduced and predicted.

7.6 Conclusion

The aim of this chapter is to develop a general, efficient and robust method based
on the newly-developed Warp Ensemble Square Root Filter (WEnSRF) for history
matching facies patterns - a problem for which an approach such as a conventional
ensemble Kalman filter, is not immediately applicable. This is because the variable
representing the facies is a discrete variable, and hence non-differentiable and non-
Gaussian. By a proper representation of the warping transformation between the
prior and true permeability fields using a continuous B-spline surface parameterisa-
tion, the WEnSRF transformed the history matching problem for facies patterns into
an estimation problem with continuous variables parameterising the warping trans-
formation which can then be solved using an ensemble-based Kalman filter.

We conducted numerical experiments using reservoirs, with two facies types, va-
rious scales and both simple and complicated structures. Starting from vague priors,
the WEnSRF efficiently recovered the true facies pattern at the end of the history

matching period. The uncertainties in the estimated state and model variables condi-
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Figure 7.13: The true permeability field (top), realisations of the initial prior per-
meability library (second row), mean (third row) and SD (fourth row) of the log
permeability field estimates and misfit of facies pattern (fifth row) for the case of a
rotated H-shaped channel. Results are shown at the end of 0, 26", 50", 76" and
100" days using WEnSRF with 100 realisations for each realisation of the prior per-
meability library. The true permeability field plot presents the injection (blue circle)
and production (black circles) wells. The misfit figures show the true (red) and esti-
mated (blue) facies patterns, and the cells with large facies uncertainties (black dots).

tioned on the data are also substantially reduced compared to the initial uncertainties.
The results of the different experiments demonstrate that the proposed method is effi-
cient, robust and applicable to large-scale real-world problems, and is able to provide
accurate and improved estimates of the reservoir structure and behaviour.

The WEnSRF requires prior permeability fields to provide the prior information

143

log(10000)

log(500)



0] 100 20C 0] 100

200

Figure 7.14: Time-evolution of the estimated pressure in injection wells no. 13 (top
left) and the (water) saturations of production well nos. 13, 28 and 40 (top right,
bottom left and right) over the entire production period for the case of a Z-shaped
channel. The figure shows the true states (red), measurements (blue) and simulations

of the initial ensembles (magenta) and history matched ensembles (green).
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Figure 7.15: Time-evolution of the estimated pressure in injection wells no. 13 (top
left) and the (water) saturation of production wells nos. 13, 28 and 40 (top right,
bottom left and right) over the entire production period for the case of a rotated
H-shaped channel. The figure shows the true states (red), measurements (blue) and
simulations of the initial ensembles (magenta) and history matched ensembles (green).
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for the exact number of facies types and the geological structure and to quantify the
structural uncertainty (if a prior permeability fields library is used). The WEnSRF
might not be able to provide reliable estimate if the prior permeability fields fail
to reasonably capture the exact underlying physics or geological features due to the
smooth transformation constraints between the estimated and prior permeability field

imposed by warping using B-spline surfaces.
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Chapter 8

Conclusions and Future Work

As we have introduced in Chapter 1, inverse problems are ubiquitous. Yet, the
solution methods for many of them still lack efficiency and robustness. With so many
open questions in real world applications, research in this field has been very attractive
for at least the last two decades as forward simulation methods have matured. The
main objective of this thesis is to develop ensemble-based Bayesian filters with a low
computational cost for the barcode detection problem, the deconvolution problem in
well testing and the history matching problem of facies patterns. This final chapter
summarises the main results that we have obtained before highlighting some of the

outstanding problems which require further work.

8.1 Review of Thesis

In this thesis, we have formalised three inverse problems: the barcode detection pro-
blem, the deconvolution problem in well testing and the history matching problem of
facies patterns. Our work on the barcode detection problem in Chapter 5 was carried
out with inspiration from Wittman and Esedoglu [54, 55, 173]. It was demonstrated
that the inverse-problem-based barcode detection approach, as proposed in their pa-

pers, lacks robustness and computational efficiency for real applications. Our work
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on the deconvolution problem in well testing in Chapter 6 was carried out with ins-
piration from industrial companies: Paradigm and Ente Nazionale Idrocarburi. In
particular, clear and strong evidence in [6] has been presented to demonstrate that
the non-Bayesian methods in commercial software fail to meet industrial needs. Our
work on history matching of facies patterns using the Warping Ensemble Square Root
Filter (WEnSRF) in Chapter 7 is inspired by our earlier research [48] with focus on
the applicability and performance for real-world problems.

Chapter 1 began with a general description and formulation of inverse problems
before a summary of the Bayesian approach for solving inverse problems. The non-
technical backgrounds of the three considered inverse problems and brief description
of the Bayesian approaches for solving them were introduced.

The mathematical modelling and formulation of the considered inverse problems
are derived in Chapter 2. The state-space system, which summaries the model and
measurement processes of a considered physical system, is first introduced and used
to rigorously formulate the inverse problems. For the formulation of the barcode de-
tection problem, we modified the existing barcode signal model from barcode laser
scanning to model blurry barcode images. For the deconvolution problem in well
testing, we derived Duhamel’s principle, which describes the convolution relationship
between the wellbore pressure, flow rate and type curves, and extended it to based
on the Log-Log Derivative Type Curve (LLDTC). For the history matching problem
of facies patterns, we started with mathematical modelling of two phase flow in po-
rous media under the considered configuration and then derived the Finite Volume
reservoir simulator (Appendix A) in seeking a numerical solution.

Chapter 3 provided the foundations of the Bayesian filtering methods in this thesis.
We started with the recursive Bayesian filter which defines the exact posterior pdf and
derived its well-studied approximation using ensemble of realisations: the Ensemble

Square Root Filter (EnSRF). The EnSRF is not directly adaptable to our conside-
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red problems. For the barcode detection problem and the deconvolution problem in
well testing, accurate measurements and less-informative or biased initial prior in real
applications lead to practical difficulties in approximating the posterior pdf using a
feasible number of realisations, because of the insufficient likelihood weights associa-
ted with the predictive prior realisations. To overcome this difficulty, the Iterative
Ensemble Square Root Filter (IEnSRF) - an approximation to the iterative Bayesian
filter, is derived. It is essentially an iterative formulation of the EnSRF. For the
history matching problem of facies patterns, the Warp Ensemble Square Root Filter
(WEnSRF) is designed specifically to overcome the incompatibility in estimating the
non-Gaussian discrete facies variable with the direct EnSRF implementation and to
provide efficient updates of the features by estimating the warping transformation
between the prior and estimated permeability field using the EnSRF.

Chapter 4 formed the foundations of the prior construction and the parameteri-
sation of the model variables in solving the considered inverse problems. For solving
the barcode detection problem, assuming the barcode is black-and-white only, the
level set parameterisation of the barcode stripes is first introduced. The concept of
B-splines formed the core of prior construction and parameterisation. The unclamped
B-spline function is proposed to parameterise the LLDTC in the deconvolution pro-
blem in well testing using the prior information of the smoothness of the analytical
LLDTC, while the B-spline surfaces are proposed for parameterising the warp trans-
formation mapping in the WEnSRF with the assumption of a smooth transformation
between the prior and estimated permeability field.

In Chapter 5, we studied the barcode detection problem using the blurry image
(due to both out-of-focus shooting and poor printing) in both synthetic and real sce-
narios. The problem is solved using the IEnSRF with a level set parameterisation of
the barcode stripes. Comprehensive numerical experiments were carried out and the

results using IEnSRF were compared against some of the well-known existing methods

148



and commercial software. At the expense of overestimating the posterior uncertainty
for real-world applicability, the IEnSRF efficiently achieves successful detections with
very challenging real barcode images which the other considered methods and com-
mercial software fail to detect. It also demonstrates great reliability and robustness
in detecting low-resolution images under poor ambient light conditions.

In Chapter 6, the deconvolution problem for well-test data was solved using the
Iterative Deconvolution Method (IDM). The IDM utilises the IEnSRF as the core to
update the B-spline parameterisation of the LLDTC and thus is capable of quantifying
estimation uncertainty, incorporating the cumulative production data and estimating
the initial pressure, which were thought to be unachievable in the existing well testing
literature. The capabilities, performance and robustness of IDM were demonstrated
using numerical experiments with well-test data from one synthetic oil reservoir, one
real gas reservoir and one real oil/gas reservoir, and were shown to significantly out-
perform the existing methods in the commercial software.

In Chapter 7, the WEnSRF was utilised for solving the history matching problem
of facies patterns. The WEnSRF requires explicit prior information! regarding the
existence of a feature and the structural complexity and uncertainty. (Failing to
enclose reliable prior information can lead to degraded estimates.) Its performance
is thus superior in estimating the large-scale complicated facies patterns. Through
numerical experiments with three small-scale representative reservoirs and two large-
scale complicated reservoirs, the WEnSRF is shown to be robust and efficient and is

able to provide accurate estimates of the reservoir properties.

8.2 Future Research

Several important research questions are raised in the review of this thesis. Some of

these lead to future research directions. In general, a Bayesian solution for the inverse

1Such information is often absent in real application. It is a great challenge to build such prior.
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problem is achieved in three steps: prior construction, taking realistic observations,
and merging the prior with the observations using Bayes’ rule. We briefly discuss the

research directions addressing various aspects of each of these steps.

8.2.1 Prior Construction

It is believed by many researchers that a robust Bayesian method should provide
reliable variable estimation and adequate posterior approximation even if the prior is
general and non-informative. However, in our opinion, such a goal often requires in-
feasible computational resources and amounts of measurements in real applications?.
It is important to appreciate that reliable and informative priors help variable esti-
mation to be achieved more efficiently and the posterior to be more informative.

In the deconvolution problem in well testing, the initial prior of LLDTC is extrac-
ted from data. In the history matching problem of facies patterns, both the prior per-
meability field and the initial prior for the transformation mappings of the WEnSRF
must be specified based on our knowledge about the reservoir. For both problems, it
can be seen that the initial priors generated using the described procedures are quite
different from the underlying true model and with a significant inherent uncertainty.
Significant calibration is required using the measurements. Further work is needed to
find a systematic way of constructing improved priors for solving these problems.

Prior construction involves specifying the prior information and incorporating
the knowledge of the characterisation of the underlying model physics. Although
representing all the model physics is important for reliable simulation and prediction,
it normally increases the non-uniqueness of the inverse problem and the computational
requirements. Instead, only the important model characterisation should be used in
the inverse problem for a more realistic and well-structured sampling strategy for the

posterior estimation. It is crucial that this characterisation captures the true physics.

2The underlying mathematical model is normally complicated and highly nonlinear.
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In the barcode detection problem, although the key model characteristic such
as the guard bars, the code indicators and the logic of the barcode stripes have
already been incorporated, further work is required to merge the information of the
product-digit-to-code mapping into the prior to achieve better efficiency and accuracy.
In history matching problems of facies patterns, the exact information of facies and
configuration of features are key, and have to be well-captured. However, when solving
the history matching problem in general, the key characterisation is normally not
easily identified without a time-consuming sensitivity test. Further work is needed to
seek an efficient and robust way to sift and weigh the key model characteristics and

find a reliable and systematic way of incorporating them in the prior.

8.2.2 Observation Uncertainties and Model Accuracy

In the oil industry, it has been a major area of research to develop more accurate
devices for both the bottomhole pressure and multi-phase flux monitoring. However,
from a Bayesian point of view, starting from the same prior, the posterior resulting
from incorporating a single very accurate measurement can be the same as the one
resulting from incorporating a few less accurate measurements (as shown in the de-
rivation of the Iterative Bayesian Filter in §3.4.1). With the consideration of the
cost of introducing and maintaining newly-developed devices for more accurate mea-
surements, future research is required to develop an optimal measuring scheme to
minimise the cost of making (accurate and less accurate) measurements while collec-
ting information for the required quality from the investigated system.

In real applications, several sources of uncertainty are observed in the description
of inverse problems. An inappropriate mathematical model, which is incapable of
presenting these uncertainties, can harm the filtering method and estimation results
severely. As demonstrated by the out-of-focus barcode image taken under lamps in

Fig. 5.1, the image brightness due to ambient light is clearly non-uniform which was
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not considered in the mathematical model®. Similarly, as discussed in §2.5, there
are several sources of uncertainty present in reservoir description which might not
be considered in our simple reservoir model (2.38a-f). Future research is required to
develop more adequate mathematical models for blurry barcode images under real-
world conditions and more-capable reservoir models to ensure the performance of the

filtering method and the quality of the estimation and prediction.

8.2.3 Ensemble-based Filtering Method

All the filtering methods introduced and utilised in this thesis are based on the Kal-
man update equation which only involves matrix operations and is thus computa-
tionally superior to the more rigorous filtering methods (such as the Iterating or
Regularised Particle Filter)*. Tt is discussed and showed in [59], although the rank of
the analysed ensemble covariance can be preserved using n,+1 (i.e. one more than
the dimension of the state variable) realisations (at minimum) in the Kalman update
(if the forecast ensemble covariance is full-rank), with nonlinear model, there is no
guarantee that the nonlinear transformations will preserve the rank of the forecast
ensemble covariance. Without a sensitivity test, the number of realisations required
for quantifying the uncertainty is yet unclear®. A large ensemble might provide a
good uncertainty quantification, but might also require impracticable computational
times or resources (e.g. for the barcode detection problem, detection time is impor-
tant for practical applicability). On the other hand, too small an ensemble results
in uncertainty underestimation and even filter divergence. Further research is requi-
red to uncover the relationship between the number of realisations required in an

ensemble-based filter and the dimension (or nonlinearity) of the state-space system.

3In this uncomplicated case, a simple linear modification accounting the considered real-world
situation to the mathematical model or a simple bandpass filter preprocessing to the data without
modifying the mathematical model can be used to solve the problem.

4The randomised maximum likelihood method [31] is able to take the computational advantage
of EnKF (when computing the descent direction) and rigorously sample the posterior [60].

5The required ensemble size seems to vary from one physical system to another.
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Although the Kalman update equation is computationally efficient, it relies enti-
rely on the prior sample covariance to provide a Gaussian approximation of the pos-
terior and estimate the unobserved states and parameters (using correlations). The
Kalman update equation is derived assuming a Linear-Gaussian state-space system,
which is clearly not the case for the considered inverse problems. Yet, as demonstra-
ted here and in a variety of applications (as referenced throughout), ensemble-based
filtering methods using the Kalman update equation work surprisingly well. This
leads to the question “Is there a better analysis equation than Kalman update equa-
tion, such that improved estimation performance or better computational efficiency
arises.” or “Could we find a rigorous filtering method that provides results as good

as the ensemble-based methods with a similar computational cost?”¢.

8.2.4 Other Industrial Applications

The ITEnSRF and WEnSRF proposed in this thesis, are general and shown to be ro-
bust and efficient for the considered inverse problem. The state-space formulation for
the considered inverse problem are also used in a variety of industrial applications.
The proposed methods are thus able to provide Bayesian solutions which are not pre-
sented in the existing literature. Here, we highlight two important inverse problems:
Deconvolution Problem in Seismic Processing

The nature of transitions in the subsurface is estimated by measuring the time, loca-
tion and magnitude of the reflected waves at the surface, which were sent out with
a known form by a source (e.g. a thumper truck on land or an air gun at sea) at
a given location. The reflected seismic waves sample regions of geological [81], geo-
physical and rock-physical interest [82]. However, when seismic waves travel in the

subsurface, they are not only reflected at transitions, but they also deform, attenuate

6The recent and significant development for this question can be found in [64, 149].
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and are polluted by the surface ghost” (in a simple scenario). Traditionally, this is
modelled as a convolution process and the simplest deconvolution/deghosting® pro-
blem in seismic processing is to estimate the underlying exact seismic record using
the observed seismic data. Will the Bayesian solutions using IEnSRF overcome the
challenges generated by wave deformation and attenuation? Will the performance of
[EnSRF outperform the existing engineering deconvolution/deghosting methods.
Full Waveform Inversion (FWT)

Continuing in the seismic applications, it is well-known that the seismic waves tra-
vel with different speeds in different rock types. An adequate velocity model of the
underlying subsurface is crucial for the migration process in seeking the reflectivity
[180]. The inverse problem, which infers the subsurface velocity, by matching the
simulated (using the forward subsurface wave travelling model) and recorded data at
the surface, is known as FWI [181]. It is shown in the literature to provide a signi-
ficant improvement in reflectivity and velocity model resolution and is particularly
useful for capturing small-scale features [22, 148]. With a formulation similar to the
considered history matching problem (and increasing computational power), can we
use the WEnSRF or IEnSRF as a FWI algorithm for the estimation of the subsurface

velocity model?

"Due to the high density contrast, the surface is (of the ocean or the desert) acts as an almost
acoustic mirror, causing ghost effects in recorded seismic data [179].
8The deghosting problem can also be formulated as a deconvolution problem [53].

154



Appendix A

Derivation of the Numerical

Reservoir Simulator

In the numerical (reservoir) simulator, with known reservoir behaviour (i.e. pressure
and saturation of each fluid phase: S,,(z,t), So(x,t) and P(x,t)) at a given time ¢, our
goal is to find the reservoir behaviour (i.e. Sy (x,t+dt), S,(x,t+0t) and P(z,t+ 0t))
at time t + ot by solving the reservoir model equations (2.38a-e). This appendix
introduces the spatial assumptions, grid setup and discretisation for the state and

model variables before providing a derivation of an implicit Finite Volume scheme.

A.1 Spatial Discretisation and Grid Setup

Before deriving the numerical scheme which propagates the state variables forward
from one time to another, their spatial (Finite Volume) numerical approximation
is formulated. For ease of presentation and derivation, the reservoir domain 2 is
normalised to a unit square. As shown in Fig. A.1, we divide the north and south
boundaries of the reservoir 2 : {0 < z < 1;0 < y < 1} into segments with length
hy =1/(N, —1)such that 0 = zp < 3 < --- < 2; < -+ < xy, = 1 for N, > 2 and

x; = thy — hy /2 for i € [1, N, — 1]. Similarly, we divide the east and west boundaries
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Figure A.1: The standard (left, blue), staggered-z (right top, black) and staggered-y
(right bottom, green) discretisation grids. The standard grid plot shows the coordi-
nate system, cell index (1,1 to N,, N,), cell dimension (h, and h,) and node for each
cell which the variable constant is taken from (red dots).

into segments with length h, =1/(N, —1) such that 0 =yo <y; <--- <y; <--- <
yn, = 1 for Ny > 2 and y; = jh, — h,/2 for j € [1, N, — 1]. By connecting (z;,0)
and (z;, 1) with latitudes for all i and (0, y;) and (1,y;) with longitudes for all j, the
reservoir domain §2 can be divided into NV, x N, identical cells (subdomains), where
the domain and boundaries of each cell (with corners at (z;_1,y;—1), (zi—1,y;), (%i,Y;)
and (x;,y;—1)) are denoted by €; ; and 0%, ;, respectively, and the subscript ¢ and j
denote the cell index in the z and y direction, respectively. We define the described
grid for discretisation as the standard grid.

For the propose of having a constant (Finite Volume) variable approximation
across all the boundaries of a given cell on the standard grid, we further define the
staggered-x and staggered-y grids, which are the half-cell shifts of the standard grid in

the z and y directions, respectively, as show in Fig. A.1. Each cell of the staggered-x
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grid has corners at (v; —h,/2,y;-1), (zi—hs/2,y;), (x;+h./2,y;) and (z;+h, /2, y5-1)
for i € [1,N, — 1] and j € [1, N,] and is denoted by €11/ ;. Similarly, each cell of
the staggered-y grid has corners at (x;_1,y; — hy/2), (i, y; — hy/2), (xi,y; + hy/2)
and (z;-1,y; +hy/2)) for i € [1, N,] and j € [1, N, — 1] and is denoted by €; j11/2. As
a result, the east, west, north and south boundaries of €; ; will locate in the middle

of the cells Qi+1/2,j> Qi,1/27]’, Qi’j+1/2 and Qi7j71/2, respectively.

A.2 Implicit Finite Volume Scheme

At a given time t;, we assume the state variables: pressure (P(z,ty)), saturation for
oil (S,(z,tx)) and water (S, (x,t;)) are constant inside each cell. (i) For cells which are
not located at the reservoir boundaries, we take the variable value at each cell centre
as the constant value inside these cells. (ii) For cells located along the boundaries but
not at the four corners, we take the variable value at the middle point of each cell
on the reservoir boundaries as the constant value inside these cells. (iii) For cells at
the reservoir corners, we take the variable value at the corner of the reservoir domain
as the constant value inside these cells. These nodes, which the variable constant for
each cell is taken from, are denoted as red dots in the left panel of Fig. A.1. One
may note that, in this setting, two consecutive nodes are consistently distanced h,
along the x direction or h, along the y direction. The state variables, therefore, can

be expressed in the following Finite Volume approximation form:

Ny Ny Ny Ny Ny Ny
P(z,t)=Y Y H; Pl So(z.t)=) > Hi Sk, .. Sulz,td=> Y H;;Sh. .. (A1)
i=1 j=1 =1 j=1 i=1j=1

where both the subscript and superscript k& denotes the time index,



is the Heaviside function step function for cell €;; and P}, S¥, . and S} ; ; are the

0,i,j w,i,j
constant pressure and oil and water saturations inside €2; ;, respectively. For consis-
tency, the model variables: mobilities for oil (A,(z, tx)) and water (A, (z,tx)), porosity
(¢(x)), absolute permeability (k(z)) are also assumed to be constant inside each cell
of the standard grid in the same form as (A.1), but not explicitly specified.

Using assumption 20 in the described experiment setup and the proposed standard
grid, we assume the number of injection and production well pairs is NV,. The wells
are placed at the centre of each cell along the east and west boundaries of the reservoir
(ie. we [1,Ny], ¢, ;= (0, (w—1)hy) and g, , = (1, (w —1)hy). Hence, the boundary
conditions imposed by the wells are assumed to be constraints for the variables inside
the cells where they are placed. That is the oil and water production rates of the j*
production well are denoted by gp, v, ; and gp., N, ;, respectively; the water injection
rate of the j™ injection well is denoted by qr.,1; and the bottomhole pressure of the
j™ production is denoted by Py, ;.

As will be showed next, for a given cell (i,7), one could see that the numerical
approximation of the second terms (Laplace operator) of eqs (2.38a,b) involves ap-
proximating the mobilities and absolute permeability across the boundaries of cells
on the standard grid. In this case, we must interpolate the approximate mobilities
and (absolute) permeability on the staggered grids (using the approximations of the
discrete variables on the standard grid). Here, we approximate and interpolate the

oil mobility A,(z, tx) using single-point upstream weighting, as follows:

Ny Ny Ny—1 Ny N, Ny—1
_ k _ k _ k
No(te) =D > HiMii =YY HiapiMiin; =Y > HijrapMiii,
i=1 j=1 i=1 j=1 i=1 j=1
where
Nojgs 1 Ppj>Pii; Nojjs i Pij>PFi
)\o,i—f—l/?,j (l) = ) )\o,i,j+1/2(£) = )
Nojit1,, 1 Py j<Piy1 Nojij+1, 1 B <P j41
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and H;, /2 and H; j11/2 are Heaviside step functions for cells €2;,1/2; and €2; j11/2 on
the staggered grids as defined in eq. (A.2), respectively.

In the same way, the approximation and interpolation of the water mobility
Aw(z,tg) for water can be performed. For the approximation of absolute permea-
bility on the staggered grids, we use the harmonic mean of two adjacent cells on the

standard grid as follows:

Nz Ny Nr_l Ny Nr Ny_l
Rla) =Y Y Hijrij= Y > Hiapghiopg = > Hiip ki,
=1 j5=1 =1 j=1 =1 j=1
where
Rit1,jKij Rijhij+1
Kit1/2,j = and  Kiji1/2 =

Kit1,j + Kij Kij + Kij+1

A.2.1 Derivation of an Implicit Finite Volume Scheme

First, we introduce the discrete approximation of the diffusive term in eq. (2.38a,b).
For a cell §;; which is not on the boundary 02 (i.e. i€[2, N,—1] and j€[2, N,—1]),
applying the divergence theorem, the diffusive term of eqs (2.38a,b) must satisfy:

/ / V(@M )V P, 1) dr dy:yf (K@ (& )V P(2£)) -n ds, (A5a)

0 ;

where for simplicity of derivation, we drop the time and fluid phase indices and the
vector n denotes the normal vector perpendicular to the cell boundaries and pointing
outwards. Using the discretisation assumption, the volume integral on the left-hand

side of eq. (A.ba) can be expressed in the Finite Volume formulation as:

//Q | V- (k(z)N(z, t)VP(z,t)) de dy = hyhy [V - (k(2)\(z,t)VP(z,t))], (A.5b)

while using a first order numerical derivative approximation, the surface integral on

the right-hand side of eq. (A.5a) can be approximated as:
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Using eqs. (A.5a-c), the discrete approximation of the diffusive term inside a cell not

along the reservoir boundary can be derived:

V- (k(z)A(z,t)VP(z,1))

1
= ﬁﬂi—%,j)\i—%,jpi_lvj +
x

A 1)\ 1P7] 1

i+3.J i+l T h2 Rij—3Nig—4

1
h—ili 17]
1 1 1 1

1
+ h_z'%i,jJr%)‘i,jJr%PMH - (h_g =3 T p2 i+3,J h32/ i3 h32/

Following the same procedure, this diffusive term of the model system (2.38a,b) can
also be approximated for the rest of cells. The differences between the cells along the
boundaries and the interior cells are the cell size and the imposition of the no-flow
boundary condition along the reservoir domain (i.e. the pressure gradient through the
cell boundary which is on the reservoir boundary is taken to be zero!). The equations,
which are used to approximate the diffusive term of the model system (2.38a,b) in
each cell of the standard grid, are summarised in table A.1.

Hereafter, the Finite Volume approximation of the diffusive term V - (kAV P) for
oil and water in (2; ; at time ¢, are denoted as T’;Z ; and Tﬁl j» respectively. With

known reservoir properties at time t;, using an implicit scheme, at time ;. = t;+dt,

For example, for cell (1, 1), the pressure gradient though the east and south cell boundaries are
both zeros.
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i J T,;or V- (k(z)\z,t)VP(z,t)) at cell (,7)
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Table A.1: The Finite Volume Approximation of the diffusive term in the model
system (2.38a,b) for each cell €2; ; with omitted fluid phase and time indices.

the numerical scheme for the model system (2.38a-¢) can be summarised as:

¢27]( c]f;rjl sz ]) 6t’r]§j; 6tq§3?;,1NI,j = 0’ (A7a)
bi f;tlg Szk; zy) - 5tT]fu+z1g - 5tq§jul,1,j - 5tq§ﬁ,zvx,j =0, (A.7b)
Szk;tlg + Sc]f;rjl =1, (A.7¢)
Ny
Z(qﬁ)l]vz,g + qf;gulNr,] Zqﬂul,l,j = —qr- (A.7e)
j=1

k+1 k+1 k+1

where g7, 5, Qp,; ; and g are the volumetric flow rates for water injection due to

DyW,1,J
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the ;' injection well and the oil and water production due to the j** production well
in Q; ; at time tj41, respectively?. To model the flow rates in the wells, we introduce

the fractional flow using the mobility of fluid [124] as follows:

k k k
qIﬂU,L] ZNy )\k ) qP,O,Nz,] ZNy)\k +)\]€ ) qP,’LU,NzJ ZNy )\k +)\k ’ :
]:1 wvlvj .7:1 OvNﬂtvj vafE?j .7:1 OvNﬂtvj vafE?j

Note that the proposed fractional flow equations satisfy the boundary condition (A.7e)

exactly and accord to physical principle between the fluid mobility and production.
With the Finite Volume approximation of all terms in model system (A.7a-e)

derived for every cell on the standard grid for time ¢; and t;,;, we can rewrite the

model system in a matrix form for all cells using the function w(-) as follows:
w (P*, Sk, PF Sk @ K, A) =0, (A.9)

where ® = [¢11, ..., ¢NI7Ny]T, K=[xki1,. .-, /iNhNy]T, A=[N\g,..., )\NI,Ny]T, S, =
[Swats---sSwn,,n,) and P = [Py;,..., Py, n,] are the porosity, permeability, mo-
bility and water saturation and pressure for all reservoir cells presented in vectors
of dimension N, respectively®, the superscript 7' denotes the matrix transpose and
N=N_,N, is the total number of cells.

With the known reservoir model (®, K, A) and state (P*, S¥) at time ¢, and to
find out the reservoir state at time 5, (P* S¥™) we minimise the cell residues
of system (A.9) by applying Newton iterations in which the Generalised Minimal
RESidual (GMRES) method is adapted as the linear solver at each time step. For

ease of presentation, we denote the reservoir solver of the described process as:

[P+ sEH]T — o, (PF,SE @ K, A). (A.10)

2They are zeros for almost all is and js expect in the cells where the wells are drilled (i.e. i = 1
or N, and j € [1,N,]).

30ne may notice that the oil saturations in the reservoir cells are not included in eq. (A.9),
because they can be easily derived using eq. (A.7c) and either S¥ or SF+1.
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Appendix B

Derivation of the Ensemble

Kalman Filter

The traditional Ensemble Kalman Filter (EnKF) [56, 57] is the first well-studied
and widely-used filter which samples the posterior pdf in eq. (3.9) stochastically. It

processes each ensemble member using the analysis eq. (3.10a):
Thi= xiz + K (sk + vk — Hkxg’i), i=1,..,r, (B.1)

where vy, ; ~ N(0, R) is the synthetic perturbation® of the observation s;. Hence, the
ensemble average of (B.1) yields the analysis eq. (3.10a), provided that the ensemble
average of vy ; is zero. To calculate the analysed error covariance, we subtract the
analysis equation (B.1) from (3.10a) and rewrite the function in terms of an ensemble

anomaly:

AL = AL+ Ko, — HWAL),  i=1,.r

!This synthetic perturbation is required for matching the theoretical value of the approximate
posterior pdf using Kalman filter in the Linear-Gaussian case.
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In matrix form, this is
A = Al + Ky (Vi — HyAD), (B.2)

where Vi, = [vg.1, ..., vk n]. The analysed error covariance carried by the ensemble can

be calculated by eq. (3.7¢):

1 1
P = :AZAZT = :[Ai + Ki(Vi — HWADI[A] + Ki(Vi — H ADT"

1
— P/ - P/HFKT — K .H, P! + K H.PHEKT + :KkaVkTKkT

1
r—1

1
+——(I — KpH)ALVTKT + kavaf,:T([ — HTKT). (B.3)

To match this to the theoretical value of the approximate posterior pdf in eq. (3.10b),
the synthetic perturbation Vj, has to be the solution of the following conditions [25,
115]:

1

r—1
AIVIKT = 0. (B.4b)

ViVl =R, (B.4a)

However, such a solution does not generally exist. Consequently, the traditional EnKF
only satisfies these conditions approximately, in a statistical sense?. The O(r—'/?)
sampling error [25] makes the traditional EnKF systematically in error, particularly
for small ensembles, which tends to underestimate the analysed error covariance and
can cause ensemble collapse®. Particularly satisfying EnKF (and thus EnSRF) deri-

vations are provided in [64, 149].

2If V}. contains random normally distributed elements such that eq. (B.4a) are satisfied in a
statistical sense, then, if rows of V} are not correlated with rows of Ai, eq. (B.4b) is also satisfied
in a statistical sense [56].

3The ensemble spread reduces too rapidly in the analysis step in one time step, which leads to
insufficient pdf approximations in the subsequent time step [25].
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Appendix C

Barcode Signal Averaging

Resample Algorithm

Given a one-dimensional barcode signal with a total number of N uniform samples
[y1,...,yn], asignal with a total number of n(< N) uniform samples, [Y7,...,Y,], is

resampled from the original signal using the following algorithm:

1. Place the samples y; on a unit length interval, such that the z-coordinate of sample
y; is 1/2N+i/(N—1) for all i = 1,..., N, where subscript i denote sample index

of the original signal.

2. Generate the samples Y} of the resampled signal by averaging the samples of signal
[Y1,-..,yn] in each of the n uniform intervals: Y; = KLJ Z],zzf’ yr; for all j =
1,...,n, where the subscripts j and k£ are the index of the reconstructed sample
and index of the samples in the original signal in the j*® resample interval, ((j —
1)/n, j/n], respectively; and y; ; and K; are the k™ sample and the total number

of samples of the original signal in the j* resampling interval, respectively.
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Appendix D

Density Reconstruction using

Ensemble and Gaussian Kernels

The density reconstruction method presented here is based on Section 2.4 of [145] with
Gaussian kernels. The goal is to reconstruct the probability density using an ensemble
of realisations. Assuming the ensemble available for the density construction consists
of r realisations: X = [x1,...,2,] € R™*", a Gaussian kernel function is found using
the covariance matrix of the realisations [59, 60]: K (z,w) = N (x, R/w), where w is a
scaler called the ‘window width’, R = [X — XU™ " /n][X — XU™*"= /n]T /(n—1), U=
denotes a r X n, unit matrix (matrix of 1s). The probability density is computed as
m(z) =1 3" | K(z;,w) with appropriate window width w.

The proposed method is known as the ‘traditional kernel density estimation me-
thod’. When the window size w varies from one kernel to another (for the purpose of
capturing a specified uncertainty or a specified probability at the tail), the purposed
method is extended to the so-called ‘variable kernel density estimation’. For our ap-
plications in this thesis, the traditional kernel density estimation is used and provides
satisfactory results. Unless otherwise stated, the default value of the window width

w is chosen to be 10 throughout this thesis.
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Appendix E

Additional Figures

ssure Change and Derivative (kgffom2)

Pre:

Pressure (kgf/cm2)

100,

0.001

N
S

0.01 0.1 1 10 100
Elapsed time (hrs)

T )
@ 8 2 B @ B o o N = 8 S
S 8 3 8 8 &8 &8 38 5 &8 8 8

TN

80
600

l 0
610 620 630 640 650 660 670 630 690
Elapsed time (hrs)

167

Total Rate (Sm3/D)

ssure Change and Derivative (kgffcm2)

Pre:

0. I001 0.01 0.1 1 10 100
Elapsed time (hrs)

Figure E.1: Using the existing methods
[104], two different type curve estimates
(top row) give the exact same pressure
data matching (bottom panel) for a real
gas reservoir. The type curve estimate
plots present the pressure difference (blue
circle) and pressure derivative (red pluses),
the estimated PTC (blue line) and LLDTC
(red line). The pressure matching plot pre-
sents the pressure data (blue pluses), the

pressure simulation (red) using the estima-
ted LLDTC and flow rate (black)
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Figure E.2: The enlarged pressure data in
flow period 8 (top left), 12 (top right) and
13 (bottom left). The pressure plots give
pressure data (blue) and well shut-in per-
iods (gray shadow).
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Figure E.3: The enlarged pressure match for real experiment 6.4.2 using [EnSRF
with MECPD (top) and MICPD (bottom) in Fig. 6.6. The pressure data (blue) and
pressure simulation using initial (magenta) and analysed (green) ensembles.
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Figure E.4: The true log permeability field (left panel, first row), the prior log per-
meability field (right panel, first row) and the mean (second row) and SD (third row)
of the log permeability field estimates, for the curved channel case. Results are shown
at the end of 0", 19274, 384 576 and 800 days with 100 realisations. The true log
permeability field plot presents the cells which the indexed injection (blue pluses) and
production (black pluses) wells. The misfit figures show the true (red) and estimated
(blue) facies patterns, and the cells with large facies uncertainties (black dots).
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Figure E.5: Time-evolution of the estimated pressure in injection well no.7 (top left)
and the (water) saturation (top right and bottom row) of production well nos. 3,
14 and 16 over the production period for the case of a curved channel with 100
realisations. The figure shows the true states (red), measurements (blue), simulations

of the initial ensembles (magenta) and history matched ensembles (green).
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Figure E.6: The true log permeability field (left panel, first row), the prior log per-
meability field (right panel, first row) and the mean (second row) and SD (third row)
of the log permeability field estimates for the disconnected channel case. Results are
shown at the end of 0%, 192! 384" 576! and 800" days with 100 realisations.
The true log permeability field plot presents the indexed injection (blue pluses) and
production (black pluses) wells.
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Figure E.7: Time-evolution of the estimated pressure in injection well no.7 (top left)
and the (water) saturation (top right and bottom row) of production well nos. 3, 14
and 16 over the production period for the case of a disconnected channel with 100
realisations. The figure shows the true states (red), measurements (blue), simulations
of the initial ensembles (magenta) and history matched ensembles (green).
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Figure E.8: The true log permeability field (left panel, first row), the prior log per-
meability field (right panel, first row) and the mean (second row) and SD (third row)
of the log permeability field estimates for the case of a two-dimensional closed fea-
ture. Results are shown at the end of 0%, 19274, 384* 576 and 800" days with 100
realisations. The true log permeability field plot presents the indexed injection (blue
pluses) and production (black pluses) wells.
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Figure E.9: Time-evolution of the estimated pressure in injection well no.7 (top left)
and the (water) saturation (top right and bottom row) of production well nos. 3, 14
and 16 over the production period for the case of a two-dimensional closed feature
with 100 realisations. The figure shows the true states (red), measurements (blue),
simulations of the initial ensembles (magenta) and history matched ensembles (green).
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