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INTRODUCTION

In 1917 Borel wrote a monograph entitled VLesszonz -on
Moniogenic ‘functions', In it he described a class of
functions which behave, in many ways, like analytic
functions. The one big difference between Cauchy’is

—~

analytic functions and Borel's monogenic functions i

i

the following. The domain of an analvtic function i

w

by definition open; the domain of a moncogenic functicon
need have no interior. We propose examining a similar

phenomenon here.

)

The metric topology is net the only useful topology

=L} =

{
§

on €. An examination of potenfial theory leads one,
sooner or later, to study the fine topologyv. This
topology is strictly finer than the metric topology and
it is quite easy to construct sets with empty metric
interior and non-empty fine interior. The fine topolog:w
is the correct one for the theory of harmonic'functions,
and it makes sense to say a function is harmonic on a
finely open set. B.Fuglede proved that these finely
harmonic functions have many of the preperties of
harmonic functions(maximum modulus theorem etc.), and
used some of their more subtle properties to prove the-
the fine topblogy 1s locally connected.

In this thesis we study a special class of finely
harmonic functions which we call finely holomorphic.
Initially we know that these functions, in coﬁmon with
all finely harmonic functions, have a gradient definec
. 12 C
in _an L” sense. By definition the g% component of this

gradient is zero almost everywhere.




Ultimately we will conclude that a finely
holomorphic function f has a fine derivative f/ defined
everywherelon the domain of f . Morecver the fine
derivative is finely holomorphic and so the procedure
can be iterated.

Cauchy had Cauchyf®s theorem to help him. We do
not. Three ideas are fundamental to our approach.
First, a connected finely open set is polygonally
connected. Second, it is possible to cbtain a fine
local bound on the size of the derivative of a finely
holomorphic function. And third, we apply the techniques
of rational approximaticon. Within this framework it 1s
possible to rearrange the proofs slightly.:

The reader can Jjudge whether the route taken by
the author gives a reasonably unified approcach to the
subject matter. In order to keep the apprcach clear
we have avoided mentioning some interesting but
tangential results concerning representing measures

for A;(Kj (see (12a)).
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CHAPTER 1 : A FEW ASPECTS OF PROBABILITY AND

POTENTIAL THEORY

In this thesis'we deal with one particular
interaction between potential theory, complex function
theory, and stochastic integration. We have assumed
the reader is familiar with the elements of these
subjects. The reader should have also seen a
probabilistic interpretation of classical potential
theory. These subjects are more than adequately
covered by (10),(6a),(13),and (16).

In this chapter we propose, firstly, to give a
brief description of the fine topology and its
probabillistic connections. Secondly, we wish to

introduce It8's formula in a form suited to complex

valued martingales. Neithexr of these topics are dealt

with in the basic references mentioned above.

THE FINE TOPOLOGY .ON C

Superharmonic functions on € need not be continucuis.
However, because they are lower semi-continuous and
satisfy a super mean value property, they cannot be tco
badly discont%nuous. For example, ifj'is superharmeonic
then Hmiqf ﬁ@x) is equal to §<S>’ and this 1s more

than lower semi-continuity alone would imply. There is

also the more subtle regul arity property : if a lower

bounded superharmonic function vy is composed with a
Brownian motion Z%;then the resulting supermartingale
V(Ztl has continuous paths. At first sight cne would |

expect the paths to be only lower semi-continuous.

i
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Sometime. during the 40ts, Brelot intrcduced the
1dea of aAset being thin at a point. A set E is said
to be thin at a pointx¢Eﬁj?Ecan be separated Ifrom =
using a superharmonic function. In other words, given
x and E -one must find an open set u containing x and
a Supérharmqnic function v defined on L such that
v(x) < inf  V(y) . Cartan observed, in a letter to Brelot,

yeEnl
that if we define ¥ to be the coarsest topology which
makes all superharmonic functions continuous then to
say E is thin at x ‘is simply to say that the complement
éf E is an F - neighbourhood of x. The tcpology &F is
known as the fine topology.

The fine topology is, by its construction,
completely regular and Hausdoxrff, It also has propertieé
of the Lindelof and Baire types, although it is not
first countable. The only sets which are compact for the
fine topology on € are finite. One of the deepest
results about the fine topology on € is that if is
locally connected.

However, 1t is the relationship bestween finely
open sets and probability {or balayage) which really

makes the fine topology interesting. It enabled B.

Fuglede (5b) to sensibly define harmonic functions
whose domains were only finely open.
Throughdéut this thesis we shall use the following
‘notation. Brownian motion in € will always be denoted by
. Zythe probability measure which makes it start at x
I : s X . . . X
o 0 will be P and the associated expectation will be E7.

The relationship between Brownian motion and the

fine topology is well kpnown but proofs are hard to faind.




G
Therefore we will go into some detail. Let x be a point

in € and let the setE<C be thin at x . Choose a SUper-

harmoenic funciién v which separates x from E . Compose

Y with a Brownian motion Z started from = . Certainly v(_
has right continuous paths. If follows that Z almost
surely stays inside the complement of éj‘for a non-zaro

time. In fact a set F is an¥neighbourhood of o if and

only 1f Z almost surely stavs inside F for a non-zero

time. We have just seen why this is true in one

n

direction. We now tackle the other direction.

Let Qg-= mf{t>Q:Zt¢F} be the first time that £

leaves a setFc €.  Suppose that Brownian motion started

: o 7
at = runs for a non-zero time in F , that 15'@9{Qp>0f=1 .
Then the same is true for some compact subset K of F .

For we can choose ang¢>o and a compact set of paths L

.

such that each path in L does not leave F before time €
X . .
and P*(L)> 0 . Then we may take K to be the projection -
of Lx[o,e] ., The superharmonic functions which we shall
use to separate X fromCF:are normalised conductor
potentials. For an open set UcC and sufficiently nice
setsWcll the normalised conductor potential%h,forV/ on W
can be defined probabilistically (16;6.5) as

UL({W (x) = ,ﬂ;l {3 t e (0,Q,) such that Z,.e \,\/} .

Take W to beCk:and choose an open neighbourhocd W of
o  for which qubj<i, Since‘%b{ is1 on (Kn U it
;éstablishes the result we seek,
We know that if U is finely open then Brownian
motion started in it will not leave insfantly. So we
may ask if functions on a finely open set satisfy a

" mean value property with respect to this residual bit

of Rrownian motion.




DEFINITION: Let U be a finely open set. A function {
<

is finelv superharmonic if, firstly, f is a finely

lower semi-continuous map of U intoZRL%;w»} . and

secondly,jTCZ) is a local supermartingale on [0,Q,) .

AAfunction;f is finelv subharmonic if Tf is finely

superharmonic. A function f is finelv harxmonic 1if 1t is

both finely superharmonic and finely subharmonic.
Finely harmonic functions have many good propertiss
analogous to those possessed by ordinary harmonic

functions. The main yveference for finely harmonic

e
15

n

functions is B.Fugledeis book(5b), which contains mo
of his fuhdamental work on the subject. In it he
proves that finely superharmonic functions are finely
continuous. Hence the"fine fine topolegy'is just the
fine topology. |

For the rest of this thesis we shall adopt the
following convention. If we say that a set is open or
that a function is continuous or make any other
unqualified‘reference to a topology we will alwavs be

R . o . ; - - . \ » . . A v - N
referring toc the usual {or initial) topoloyy. All our

(9]

references to the.fine topology will be explicit.

ft will be convenient to have a notation for the interior
6f a set: E{’Will denote the fine interior of the set

E, and E& the usual interior.

The following approximation theorem gces a'long way
towards justifying a look at finely harmonic %nd finely
éuperharmonic functions. This result and analogous
ones for arbitary harmonic spaces have been proved by

Bliedtner and Hansen{(l). Debiard and Gavean (4a) were

first to state Theorem 1.2 (in the harmonic case).

y
1




THEOREM: Let K be a compact set and:f be a continuous
function on K. Then;f is finely harmonic on tﬁe fine
interior K’ if and only if it can be uniformly
approximatéd on/% by functions, each of which extends
to be harmonic on a neighbourhood of K. If we replzce
"harmonic" by "continuous and superharmonic" throughout,
the modified statement is also true.

We will often use Theorem 1.2 in conjunction with
the following localisation result.

THEOREM: Letfs be a finely open set, let X be a
topological space with‘a countable base, and letj? be
a finely continuous function mapping £ into X . Then .
for any X in E there is a fine neighbourhood of X ,
which we may take to be compact, on which f 1is
continuous in the usual topology.

Combining 1.2 and 1.3 we see that any finely
harmonic function can be finelylocallyLﬁﬁformlyapproxi—
mated by ordinary harmonic functions. To look at the local
properties of finely harmonic functions, it therefore
suffices to study the functions which are continuous
on a compact set £ and finely harmonic on K. We will
call the set of such functions H(K).

A proof of 1.3 can be found in Fuglede{3a). It

relies on an old result of Choquet(3).

:WIENERS CRITERION AND EXAMPLES OF FINELY OPEN SETS

It is easy to construct a fine neighbourhcéd of
zero which has no ordinary interior. For example,
let D deﬁote the closed unit disc and let (%g:
denote a dense subset of I)\{O} . Remove a small cpen

disc IU centred at each of the 3j' Choose the radivs of




° . Py . . R
1%:hdsuchzxwaytjmzﬂlprobabliity of Z hitting the
. . . . - (j+1) ,
jtth disc before leavina D is 2 d . By construction
: oo
the probability that £ first leaves¥C=D\L¥% through
I

the unit circle is at least a half. Therefore zero

is in the fine interior of K. ButK has no interior.

Figure 1
A Swiss Cheese,

Sets like K are often referred to as Swiss Chesses.

Wiener gave a characterisation cf when a set [
is thin at a point X in terms of the logarithmic

capacity Gop . Let E,_ be that part of E which lies in

. the annulus {E:an<12~xl< Z%V”}Centred at x>,

THEOREM (WIENER'S TEST): Eis thin at =x if and only if

&
5 fogq(Cap En)

A probabilistic proof of this result can be found
in It6 and McKean(ll). To apply it one needs to know
how ta evaluate capacities. The standard reference for

Wiener''s ifcost

s

such matters is Tsuji(20). Ve can use

~to give anothexr example of a fine neighbourhcod of

Zero.
The logaiithmic capacity of a disc of radius
is in fact 7 . PutE=ﬁ%IU where I% is a disc of

radius ¥ centred a distance fibj from zero. Then

. o0 .
Eis thin at zero if and only if E:_fgitj_a < o .
o 1091y

It follows that the ¥ must get small quickly if E is

. . -3
~to be thin at zero. For example T, =2 J will do.

3




Figure 2
A road runner set.

The complement of a set like E in the unit disc is

often known as a road runner set. A road runner sct

7
B3

w

K which has zero in its fine interior is a typic
example of a subset of C on which the Dizichlet
problem cannot be solved. 1In other words not every

continucus function 3 on the boundary of K has a

. . . (o] . .
continuous harmonic extension to K% . This is because

there are two conflicting ways of giving a value to

g at zero. If the harmonic extension of q to K° is

to be continuous at zero then one must have a(o)= E?K%(Z

. . 4 . . .
and because zero is in K this will not in general be
true. The observation that one cannot always solve
the classical Dixichlet problem provided the original

motivation for studying thinness.

MARTINGALES AND STOCHASTIC INTEGRATION

; Let M be a real local martingale with continuous
‘paths. Then <M,M> will denote the unique increasing
process such that M*- <M,M> is a local martingale
and <M,M» =0 . We can‘extend { , 7 to be bilinear by
défining {M,N> to be the unigue bounded variation
process, with {M,N) =0 ,for which MN -<M,N> is =a
martingale. We will often deal with complex valued
martingales. The definition we have just given for

< , > still holds; however it differs from the

definition given in Getoor and Sharpe (8). They define

Qi

K




<, 7 to make Pﬂm“<“M'V> a local martingale.

With our definition, complex valued martingales M
for which{hﬂl%> 1s ddentically zerc are of special
interest. They are the complex martingales which can
be time changed into complex Brownian motion and thewv

are known as conformal martingales. (In fact <22);[>EEC

and <Z)i>.t: = Lt | 0)

We assume the reader is familiar with the general
theory of stochastic integration (such as can, for
example, be found in Meyer (13)).

For convenience, we will state the full complex
form of It6ts lemma. The algebra involved in checking
it is rather grotesque (but the form of it comes fron
Tayloxr'!s theorem). |

1.5  THEOREM (ITO'S FORMULA): Let F be a twice continuouly
differentiable function on a domaind) in @d'. Let‘Tﬂ
_Tdbe‘complex valued martingales. Suppose (T* . TY) takes

its values in D . Then

FOTA . T9)| = F d)[ﬂ
L f 55 dT“’B

! L | | +_/az = d<lJ‘wk> f — C((—TJ’)Tk>)Q

[O)

M

1

.
i

>
(

+
ph
‘Ma

ol

i
There is one rather special case when the formula
: o . - d
simplifies dramatically. Suppose /j..,‘r are

orthogonal (wrt.(,7” ) conformal martingales and F is

an analytic function. Then the formula reads

F(T.

FOT. .. T4 +§:ft§f 4T
_ ‘ J=1 Yo

0 -
=j

5




and so we have the usual functional calculus for

lts

analytic functions. If we only knew that F was pluri-

harmonic we would still get some simplification-

the formula would then read:

T T s FOTL LT

5
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CHAPTER TWO: STOCHASTIC DIFFERENTIATION OF FINELY

HARMONIC FUNCTIONS

In (4b) Debiard anﬁ Gavean show,how, given a
finely harmonic functiorif on a finely open set \V |
one can construct two functions j and h on V. These
functions may loosely be though OfiﬁS%& and %%—

These Y"derivatives'" of f are however only defined in an
almost everywhere sense on Y . We shall call them
stoéhaétic derivatives because they can be used to
constructhZj as a stochastic integral: 7
t — €
[z - flzd = [ 9z)dZs « [ThEZ)dL; , (e<ay).
In future we will use the notsa thn—£~fOY 8 amdgf-
z
forhand trust that this will cause no confusion.
To construct these derivatives we first look.at smooth
functions and establish the inequality Theoremn 2.3
then we apply Thecrems 1.3 and 1.2. '
THEOREM: Let KcCbe a compact set and f a harmonic

function defined on a neighbourhood of K . Then for
~all ¢ in k(Q ) N
EX(L|8](z) + [2](Z)] de ) < 2 Uf 1.
PRCOF: Apply 1LQ’§ formula to the rfunction } and the
‘martingaleiz. One obtains
- + _ €. _
fzof(z) - [Edz « [£ 47, (e< Q.
Use the [* isometry for stochastic integrals to obtain:
xr 9 7
2 €[ K[/ff/(ZW]aSI (Z. ]dt) E(fz,) f(zj
© “fl} *

Denote by (&, the measure on K which assigns to a
expected.
set A cK the ﬂbxztnme that Z spends 1in A Dbefore
 leav1ng K . We may rewrite the inequality at 2.1

in terms of G




N
-3

For all o,
[lg o |&elae < 2IFL,

Now suppose that~f is a ccntinuous function on K

. . / o -
and finely harmonic on K'. Ve may use 1.2 and 21 to

construct “derivatives! §ﬁ- and Qi— contalined in
o 3

L.(Ga)u Moreover by the construction of stochastic

. . L. . .
integrals using the L. isometry and functional completioc:

1t is clear that these derivatives are the unique
2 .
elements of LfGi)for which

fzo -p@) = [ dz - [ 47

It is not 1mmemlately clear thdi the

(£t < Q).

%

derlvablves do not depend on the ch0lce of = .
: | )
However, it can be proved that if x is in K and Y

C 1 / o
i1s 1n fine Componen% of K Contalnlng.x.then(%i and

Lebesgue measure restricted toV are mutually absolutely

continuous. Therefore no problems.

1) The fine topology on € is locally connected, and
hence every point is contained in a maximal finely
connected finely open set.

2) The proof of this is not edifying and so we do not
include details. However all one really needs for
the derivatives to be well defined is that G, and
Gushould be mutually absolutely continuous i1f =
and y are in the same fine component of K. It is
easy to prove {use the strong Markov property) that
if £ is Borel then the sets

{x: G (E)=0F%
and

2 Gu(ed>0%
are both finely open. It follows that if ==z andy are
in the same fine component of K then G, and G‘zaave
the same nuil sets.
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It was hoped fo£ some while that versions of

these stochastic derivatives could be constructed

as other . finely harmonic functions. If this had
been the case then all finely harmonic functicns would
be infinitely differentiable. DebBiard and Gaveau{aa)}
gave'an example of a Roéd Runner set K with zero

in KJ and a finely harmonic functian on K’ whose
gradient Céuld not have a finely continuous version
which was finite at zero. More recently B,Zksendal
(14) gave a more sophisticated example. He constructed
a finely harmonic function f defined on a finely open
sef U and a subset E of U, with Gp(E)> O such that the
gradient of f could not have a finely continuous version
finite at any point offE . This example wrecks any hopes
of constructing multiple derivatives of finely
harmonic functions.

On the positive side B. Fuglede pointed out the
following to me. In (5¢) he proves that any finely
~harmonic function-f is finely locally the difference=s
of two potentials p and o . Put P-= "f/oj]/x‘ﬂ//"(dij)* h
where/u,is a positive measure and A +is a harmonic
function. Then the derivative‘pﬁi) of p at x is
controlled bﬁ ]ﬁig]pfd@ . This integral (énd hence
the derivative of f) is defined except on a set of
three dimensional capacity zero. This remark asserts
more than the existence ofvthe integral off a Hull set.
Many nuli sets have non-zero three dimensional capacity.

Let Lk be a finely open set and letif be a finely
harmonic function on (L . Theorem 1.3 can be used to

extend the derivative of‘f'to the whole of U,(except

for a Lebesgue null set).
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Having obtained this derivative, Debiard and

Gaveau then went on to look at the finelyv holowmorphic

ggnctiqggton WL, denoted by lgﬂéls Define(@ﬂl) to be
the finely harmonic functions f on UL which satisfy
§§~;O'a.e. oﬁ,LL. As in the harmonic case, if wer

=
wish to study local properties we need only look at
the continuous functions on a compact set K which
are finely holomorphic on K . We call this Banach
algebra (cf. 2.2) Az(K)in analogy with the standard
notation fﬁﬁl for the algebra of those continuous
functions on K which are analytic on K. It will often
pay us to work with A;(K) rather than Q(U).

First we establish some elementary properties of -

G(Wana Az(K) .

THEOREM: The sum and the product of two finely

holomorphic functions are both finely holomorphic
functrons. A uniform limit of finely holomorphic
functions is also finely holomorphic. Suppose:F and Efg
are both finely harmonic; then f is finely holomorphiq.
PRCOF: The L?isometry mentioned in 1.5 implies that
there is a unique way of expressing a finely harmonic

function as a stochastic integral:

fzo -fza - [wdz o ["4Z,

[a]
If and only if the term in dZ is zero then.f is finely

holomorphic. It follows trivially that the sumr of
two finely holomorphic functions is finely holomorphic.
!

We may apply It8!'s formula to the funciion

multiplication and the martingales‘f(ZJ and 3(2) to see

that the product of two finely holomorphic functions is

ifinely holomorphic:

™~

(F9)(Z)-EHZ)= [ # do@ + [ 9df(Z)

=£t<fég_+38)dz .

DF D=




e

e

Suppose that \ﬁ\ converge to f\ finely locally
e k-0 - . s : e v
uniformly and a\—()dlmO:L everywhere. ~Then Theoremn

N = -
2.1 implies thaLbﬁ =0 almost everywhere.
ba .

Supposezj:is finely harmonic; using definition of
< v we see that <fZi)§CZ>;’E O . The Kunita-
Watanabe characterisaticon of stochastic integral tell
us that .

téE
o Z
and therefore'%é 1is zero almost everywhere. e
z

The object of the remainder of this thesis is io
prove that finely holomorphic functions have much
better regularity properties than finely harmonic
functions. I hope the reader will be surprised by how
closely the properties of these functions model those
of the usual analytic functions. Our strategy will
be to look at a function in A;(K) and try to
approximate it by functions in Ay(KJ which are
genuinely analytic on a neighbourhocd of a fixed

subset £ of C .
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CHAPTER TII: ALGEBRAS OF CONTINUQUS FUNCTIONS

Let K be a compact subset of €. Define gigl to
be the com;lex valued continuous functions on K, and
R(K) to be the functions that can be uniformly
approximated on K by functions each of which is analytic
in a neighbourhood of K.
We have the following inclusions:
C(K) D RA(K D AzlK) D> R(K).

It is difficult to decide when a function in A(K)
is contained in ?%KL This problem has generated a
substantial literature containing Some.deep theorems.

Some of these theorems, although technical, will

be invaluable in later chapters.

DIFFERENTIATION OF FUNCTIONS IN R(K)

Before we introduce the reader to the theorems
from agalytic approximation theory, we look at a
result concerning differentiation of functions in R(K) .
One purpose of this chapter will be to extend its

scope.

ic on

ot

Let'Ro(K) denote the functions that are analy

)

a neighboufhood of K. By definition K,(K) is dense
in R(K). Ifak is in K then we can define a linear
functional D, on R, (K) by putting :

De () = o), (fef.
When does D, extend to be a continuous linear functional
on R(K)? In other words, for which points of K can
we differentiate every function in R(K) ? Hallstrom(9)
gave a Complete solution to this problem in terms of

analytic capacity.




1.4

“that S(E.) <e”

Let £ be a subset of € with analytic capacity 8(F)
Its complgment will be called E andg as in Thecremn
, B, will be that part of E which lies in the
annulus {14 Q—Rs’llwh/ < Q“mﬂ)].

THEOREM(HALLSTROM) ¢ ]Dh ‘exfends continuousiy to RI(K)

and UT&“ is finite if, and only if,
ZQJES(EJ‘) < eo
J=1

One can find a description of analvtic capaci tv
x p J

‘in Zalcman (21), where the following theorem is proved.

THEOREM: The analytic capacity of a set E is always
dominated by its logarithmic capacity: |
6(E) £ Cop(E) .

By using‘3.2 , Debiard and Gaveau (4a) proved the
following stimulating result.
THEOREM(DEBIARD AND GAVEAU): Let K be a compact subset
of C . If k is in the fine interjior K of K then Dy
extends to R(K) and ”I%f{ is finite.

PROOF: Let E be the complement of K and let k be in K’ .

o0
By definition, £ is thin at k and so P
<— lon Con E
. fi= 3 r n
exists and is finite. It follows that for any positive
€ we may find an N so that if nS>N then
L= < £ .
'oa CaPE,\ n
In other words CapE, 1is less than e” e Cfor all n

greater than N . We use the inequality in 3.2 to see
. ‘
¢ . Choose £ to be less than(bﬂzz;,
Then Hallstrom's criterion is satisfied:
O
n
S 9 H(E,) < oo
n=1
Debiard and Gaveau have shown, therefore, that a

function in 7QU<)haS a derivative defined everywhere

on the fine interior of K . It is our intention to




extend this result to .Az (X) and hence to prove
that the derivative of a finely holomoxrphic function
exists everywhere. In fact we will be able to prove

more than mere existence.,

To -QPERATIONS AND To-TNVARTANT ALGEERAS
We need to approximate functions in A3z (K) by

functions with better analvtic properties. The main
tool we have available is the I%operator developed
by>VituShkin5 Davie and others. It allows one to
localize appfoxiﬁation problems. Let‘gbdenote the
Banach algebra consisting of the boundea Borel functionszs
on € with the uniform norm. Letc? be any smooth function
of compact support on € . We define a linear map 7%
fromB to B .
DEFINITION: If f is inB then Tof € R is given by the
identity: ,

(Tef)(w) = @(wiftw) + %[cf‘(gw)’ Se@)d=dy
By Green's Theorem we also have: |

rThf) <W) = 7%];'$fﬂfé%ﬂ) %%Iz) didj.
In fact, T is a continuous linear map from B into the
subspéce ofcg coﬁsisting of functions analytic in a
neighbourhooq of 0 and zexo at o . The operator has
certain other important but elementary properties which

we now list.

LEMMA: The operator'@ has the followiling characteristics.

(i) Lf=02 in the sense of distributions.
oz ¢ 0Z A

{(ii) If f\K is continuous then TﬁWK is also continuous.

(iii)jkf is analytic on any open set where f is analytic.
{(iv) If ffK is zero then Téf{K is in RK)
(v) ’@f is analytic off the closed support of @ .

(Vi) 7@f‘“f is analyvtic on the interior of the set

where =1

i
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A proof of this simple result, and of the other
theorems which we mention in this chapter, may be
found in Gamelin(gp). Many of the results are quite
deep. We will not attempt an explanation; to give one
would be a lengthy business.

It is a simple consequénce of (ii) and (1ii) in
the lemma that if an elementifez?is in A(K) when
restricted to K then so isjéf . A similar result
nolds for functions in R(K) (to see this use the
Continuityyof_@) and (iv)). The 7@ operators enable
one to decompose a function into a sum of nicer
functions. For example, choose an element‘f of E’ with

compact support and such thaﬁ\f! is in A(K) . Let

K
(" _ 1'_ o - -~ KA o~ :co‘__‘

(Pn), be a smooth partition of unity. ¢henf7 ;;I%f

For each n the function—@nf is analvtic off the support

of @

D, » and in A(K) . By choosing the functions Dy

to have small support we can localise any problem of
approximation. The same sort of technique can be
applied to any subalgebra B of B which is mapped to
itself by all the 7@ operators.. For this reason the
following definition is worthwhile.
DEFINITION: A closed subalgebra B of C(K) is said to
be 71invariaﬁt if it satisfies the following two
conditions. Firstly, B contains R(K) . Secondly, for
‘all smooth functicns @ with compact support and all
J( in B s iff/K is in®F then Ef{K also lies -in B .
In the next chapter we will prove that Az(K)is a
T~invariant algebra. In the rest of this chapter we
shall gi;e a Cétalogue of those results on T-invariant

algebras which we intend to apply to Az (K) .
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THEOREM: Let B be a T-invariant subalgebra or (K,
Let [’ be a point, or an arc of a circle, or a straight

1
. - N T3 N
line segment. Denote Dy_@y the subalgebra of B

. . - .o . T2 . " o
consisting of those functions in H which can be extended

to be analytic on a neighbourhood 0f . Then B'is
uniformly dense in B .

This result (with T taken to be a single point)
makes it sensible to consider point derivations on B
For each point R in K we have a dense linear subspace
"Bskg of B . We can define a linear functionali& on

fB“ﬁ by puttinngkf =fkh% If Dy is bounded linear
functional on Eﬁk}.then it has a.unigque continuous
extension to B . Later on, the full strength of
Theorem 3.7 will,be valuable. For it means we can use

the same dense subspace of Az(K) in the definition of

D, for all the points R of a line segment. This enables
k. I Q9

us to obtain global information about the derivative Qf
a finely hoiomorphic function.

Hallstrom's theogem on the existence of bounded
point derivations has an extension to T-invariant
algebras. Analytic capacity, however, 1s no longer
appropriate. We must construct avcapacity‘tailored to
the functionxalgebra undexr study.

Fix a T-invariant subalgebra B of A(K) . Let (g

be those continuocus functions f on C,, withf?mﬂzc> and

'\f{-in'B . We can define a capacity &g depending on

K
B.

DEFINITION: Define the B-capacity oi(E) of a set £

as follows: dB(E) = sup {!f/(oo)j' : f € @B , 30

i

is analytic off a compact subset of E sand [[f1 g1 },

4 .
, : e mean lim ={{=z -
where byf@) we m £%w~f()
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If £ is open then “?UO<E) = BEKK> . So the capacity

5]

associated wqu?(K)is,Amore or less, oxdinary analvtic
capacity. We can now state the extension to Hallstrom!s
theoremn,

THEOREM: LetB be a T-invariant algebra; choose a point
. -n - r=13) . . . e
R in K and put E%:{é32«124ﬂ<2 {. The following identity
holds?t

1D < ¢ 3 2% (E,) .

N=1

The constant C does not depend on the particular

Tmiﬁvariant algebra B or on which point k <s chosen
from its maximal ideal space K .

Every T-invariant algebra has the Banach approx-
imation property and, as a consequence, we have the
following very useful result.

THEOREM: Suppose A and B are T-invariant subalgebras
of C(K) and C(L) reépectively. The following is a
sufficient condiﬁion for a continuous function 9 in
C (KxL) to be in the‘uniform;closure of the algebraic
tensor product A®B! Firstly, 9L)Q) should be in

A for all £ inl , and secondly, 3(&.) should

‘be in B for all k in K .

These apparently technical results from the
theory of raéional approximation will be essential to
our study of finely holomorphic fqnctioné. They do
nbt, however, adequately represent the theory of
rational approximation. Gamelin {(6b) has written a

comprehensive survey of this area, which includes

proofs of these fesults and many other besides.




CHAPTER 4 : Az (K) IS T-INVARIANT

PN

We now prove that A;(K) is T-invariant. We thern
establisb.an inequality betweenc{ﬁgw and Cop
This will enable us to copy the argument Debiard and
Gaveau used to prove Theorem 3.3.
THEOREM: Aq(K)is T-invariant.
PROOF: Let © be anyvsmooth function of compact

suppoxrt and 9 be any bounded Borel function on @©

~whose restriction to K is in Az (K)

We must prove that7;3 when restricted to K also lies
in A, (K)
Choose a continuous function.% of compact support

coinciding with 9 on K . Lemma 3.5 (iv) implies that

the restriction of”@(ﬁ-a) to K is in R(K) and hence

in A?(K). It therefore suffices to consider only the
: /

case where 3 is a continuous function of compact support.
We do not know that we can approximate g uniformly .

by functions which are énalytic on a neighbourhood of

K. However, using Théorem 1.2., we can fiﬁd functions

%ﬁconverging to 3 uniformly and such that each In is

harmonic on a neighbourhood of K . The problem to be

-overcome 1is that’@an need not be harmonic on K .

Here are the bones of the proof. We would like tc
Construct’@ﬂ as a limit of holomorphic or harmonic
functions., In fact, we construct U;ﬂ)tzt) aS'é limit
of conformal martingales (fortcQg). We do.this by
Splittingf@jn)CZ) into three pileces using ItS's lemma.
One of the pieces 1s a holomorphic martingale , the
Second-is an antiholomorphic. martingale and the third

part is of bounded variation. One can prove that the
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holomcxphic martingale converges tof@f}(Z) in L?
norm. It Will follow that7§§? is finely holcmorphic
on K’ and that A$(K) is T-invariant.

We now hang some flesh on the skeleton. Recall
from Lemma 3.5(i) that 7¥ﬂ” satisfies, in a distribut-
ional sense, the following differential equation:

2 (Tog) = 92 9o
Now g% -is elliptfic and ¢ %ﬂn is smooth on a neighbourbos<
of K. Therefore we may apply the elliptic regularity
theorems (Rudin(l17a; p 201) ) to deduce tbat 7;3“
is smooth in a neighbourhocod of K and pfoperly satisiies
the differential equa?ion there.

Next we express Cﬁ%gn)(;Z) .as a stochastic integral

and use the differential equation to simplify the terms:
<T Sn( tAQK) ( 8n )(Z )
fﬁacif(fgn)az - [E(rg)dZ if -.('

°© Dz 0oF
ftﬂ@k(l@g,) dzZ fgp__,;g dz + Qf (~CB /_a.ﬁ_*ﬂo’s

To obtain the last term both the differential equatlon

forqé and the harmon1c1ty of %1 are, needed.

A

st objective: a decompositicn

<

We have achieved our fi
of»7;§n<ZZDQJ— 7%3“ (Z;) into three pieces. For the
sake of brevity we call the holomorphic martingale

: n : : : n
piece R, the antiholomorphic martingale S", and the
bounded variation part'Tm; We put L equal to
g "‘%g(zo)
ﬁ;gﬁﬁw) nd  L" equal tC)(7%9n)CZb) —v<7é9")(z°>f«
Therefore L" is equal to R"+S”+T" | We wish to prove

y . k n
that, for each R in K’ the expectation /& (I1L-R )

tends to zero as . increases.




]
WD

The triangle inequality implies that
ER(IL -R M) € EXCIin-Lo) + ES(Ist) « BRGT)
We prove that ecach term on the right hand side converges
to zero. Now'@ is continuous and the(ﬁw) converge
uniformly tof}. Therefore [" tends to L uniformly .
and‘Eh(/Lg“[f[) tends to zero. To deal with the
second term observe that Eik< ,S:l) < Eik(iSQﬁz .

z . . .
We may apply the L~ isometry for stochastic integrals

2\—
to [E (/S and obtain:

EXCISLI)s = B (Ll 12l ds )

az
< ety EF(LYISR 45 )k

The last term in this inequality tends to zero by

Hi

Theorem 2.1 because 3 is in A;(K). The final term,
in 7T, , requires an L? estimate:

: h Ri

EfOTID < 2 ER([ 2 [20] ds ),

Applying the Cauchy-Schwartz inequality to

ct+
o
0]

righf
hand side of the estimate above we obtain:

EROTD © 2 BN s [ )
Let n tend to infinity; the term which involves @ 1is
finite ard does not depend on n , and by theorem 2.1 tha
other term tends.to zero because g is in Az (K).
If a Sequence of martingales Converqes in L} normn
for each tlme t then the limit is a martingale; it
follows that7;3 is finely harmonic on K'. It is not
quite clear in general that an ! 1imit on conformal
martingales is élso conformal) however we can see
directly that—@g is finely holomorphic. Because.
Z,is bounded on t< @ it follows that ZQWJQH converges

‘ 1
in [ to h@li 3<;Z:Q CW;}NOW.Z ‘R is a maertingale,




conseguently so 1is Zlmk.f@jXZmQ. Therefore we may

2.2 to see that ,@3 is finely holomorphic. #3 A
We wish to prove that a finely holomorphic function

has a derivative defined everywhere. Because A;(K)

is T-invariant we can use Theorem 3.9; to do this we

must obtain an estimate, similar to that in Theorem

3.2, foro%ﬂK) in terms of logarithmic capacity.

Our methods require a working knowledge of logarithmic

capacity such as can be found in Tsuji(20). We will

‘ultimately prove the following theorem.

TEEOREM: Let & be any compact set with a smooth
boundary and interior dense in G . {for example an
annulus). The following inequality holds:
!
In fact Theorem 4.2 is still true if G is only
compact. This 1s because firstly, aﬁﬂK} is monotone,
¢ . 1 o
and secondly, CCP@*K/) can be obtained as the infimum
/ . .
of Cap(F\K')  over all smooth compact sets F containing
We must postpone the .proof of 4.2 until we have

established a probabilistic characterisation of

)

logarithmic capacity.

In order to keep the statement of the lemma

simple we restrict our attention to Borel sets.

LEMMA: Let E be any bounded Borel subset of € with
zexo in its interior. The logarithmic capacity of E

is given by:

i

lim  EY( lqﬂégr)

W o

= [Em(l"?} l’z'i,” y

here H is the time at which Z first hits E. .

1) This is not obvious and relies on Chogquet!'s result{3!
that one can cover a finelyv open set E by an ordinarsy
open set O so that Gap(O\E) is small.
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PROOF: Recall from Tsuji(20) that the logarithmic
capacity of a compact set &£ is obtained by the followin:
process. Letfk be a probability measure on & .

We can define the logarithmic potential ® of pm by

uz) = f—/og(z~al/u(daj.7

. &
and the energy Izﬂ) of s by

ISM) = éfE ~ (og(f 6~a(/z,t(da)/u\(c<(3). |
Among all probability measures on E there is one called

"the eguilibrium distribution'" which we shall denate

by il . It is the measure with the least energy supporte |

on £ . Let %3 be the energy of the equilibrium
distribution on £ . The logarithmic capacity of &
is defined by

Cap(E) = Q—VE

s

- The logarithmic potential ugoﬁ/uE is known as the

conductor potential. It is bounded above by V;

every&here and, except on a set of capacity zero, equals
Ve on E . We can now prove the lemma.
We first deal with the compact case. Choose E c (¢
a compact nei@hbourhood nf zero. Coﬁsider the function
\3 defined by . .
gw) = we(w) ~ logl &)
It is bounded and harmonic off £, and tends to zero at
i‘w>. Let H denote the first time Z hits E. Observe
that uﬁthH) is a.s. equal to the constant Vé prﬂviding
that Z does not start in £ . Fix an element w contained
inC\E . Now uaczb) has continuous paths and therefore
%(W) = EW<%<ZH))
= Ve - £"(leglL]).

Letw tend to infinity. This proves the lemma in the cas

where £ is compact.

-3

|
j
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The general case follows from more abstract
a

considera

fals

Consider a bounded open set B . We may f

find a
Sequence(E%)of compact neighbourhoods of zero increasing
to E with the following

the Cime
H, at which Z first hi*S. ses to H pointwise
and éecondly,ChPE% increases tolpt.  We may apply
thie bounded comvergence theorem 1o

<
= AT

lim E7Cloglz 1) = E7Clogll ]

Therefore the theorem is true for bounded open setls.

®

that

Let F be an arbitary Borel subset of € containing
zero in its interior Let = be
W/ PR , .
F . ThenffheﬁZ(kﬁkg 1s a monotone set function.
A

Obe any open set containing F , and K be any compact
subset of F with

zero in its interiox.
We have the following inequality:

- = ET( \ogq L
(oa((hp(K)> E (\ 3IZHJ)
\< Em( !08 l'ZLHF|>

2 (| l - -
\( E ( 1og TZHO\> = 103 (Cap O) o
But Borel sets are capacitable and so we have

Cop F = Sup Cap(K)

= CQP(O\. .
It follows that Efk@}CapﬂT):z Ef’((éﬁila ).

Zy |

S

We can now prove Theorem 4.2.

PROOF OF THEOREM 4.2:

Letga denote the set of those continuous functions
on €

that have the following properties:

a) they are analytic off G and zero at ¢o

b) fhey are uniformly bounded in absolute value

by 1

e

/
c) they are finely holomorpbic on K.
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We see, from Definition 3.8 , that the Ag(K) capacity
of & is given by:
: /
Dty (6 = oo | fles] -
(Here , as always, f@m) is defined ‘to be Iquf(z) L

Z=>0c0

we are required to prove that, if f is in‘%—, then
[fleor] & Cop (GNK/).
In the case where K2G°, the theorem is easy to
prove. If Ko G° then any funct on f‘contained in s
is analytic in G° and in(ﬂ} . SinceG;has’a smooth

boundary, Mofera‘s theorem tells us that ff 1s analvtic
aCIOSSEG~ and hencé identically zero. Therefore the
A}(K)capacity of G is zero and the conclusion of the
theorem is trivially satisfied.

We now deal with the case where G \K is non-empty.
Because the problem is translation invariant we shall
assume that zero is in G\K . We will use Lemma 4.3
to obtain an estimate of!qﬂjﬁ@{for functions in }%

We mention a small technical point. If K is compact
then K'is an [P This means the measurability condi-
tion in 4.2 will never bother us.

Choose an element f of A . Then zf%é) is a bounded
finely holomgrphic function off G\K’ . Let H be the
first time Z hits GYK’. It follows from the submart-
ingale convergence theorem ﬂhathﬁhaﬂfQ“Jis a
submartingale.

We have the following string of inequalities:

legl fe)] < E” (loglz, f(2,)])
< Em<,bﬁjzﬂ()

\o%(COP (GNK') ) .

?

7

v




Therefore dﬂ;&)(G) is less than or equal to CAP(G\Kﬁ.
At least in spirit, this proof and Zalcman's proof -

of 3.2 are the same, o
COROLLARY: If kR is in K/thenjgéhas a unigue continucus
extension from A;(K){@' to AE(W.

PROOF: We may repeat the argument used in 3.3,

replacing 3.1 by 3.9 and 3.2 by 4.2. \ ¥

We have shown that a finely holomorphic function
has a "derivative" defined at each point of its finelv
open domain. lowever we have obtained it in a rather
nonconstructive way. We want to give a better

characterisation of the derivative. To do this we

- must prove some results about the fine topology. These

results are interesting in their own right.
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CHAPTER 5: PATHS TN FINELY QOPEN SETS AMD A L

PROJECTION THEOREM

In this chapter we will prove that a connected
o : d . ,
finely open set in R~ is arcwise connected. The ey
step of the proof will be a radial projection theorem

for Brownian motion. These results settle a relatively

Fuglede(5d).

important question posed in For this

reason we include details for the higher dimensional

cases although our application only requires the 2

o

dimensional version of the theorem.

THE RADIAL PROJECTION THEOREM

During this section many constants will appeaxs

it will be convenient to let the symbol ¢ do for all of

them. We must also introduce some more notatdan.

. d
Let B denote the unit ballﬁh%@in r , and S deanote

its boundary the unit sphere. For convenience, we let

W/, denote Brownianmotion in B stopped when it first

hits §. We define 77 to be the radial projection that

maps BMo}  onto S by takingx to %/, . BylF|, where

Fis’a subset of § , we will mean the(d-1i) - dimensional

Lebesgue measure of F normalised to make [§] =1 .

We can now state the radial projection theorem.

THEOREM: Fix v<1 . There is a constant c¢>0 , depend-

ing only on v and d , such that if E is any Borel

subset of rB\{o} then the following inequality holds:

PUW his E) % c |mE)] .
There are two approaches to the proof of this
theorem. The first uses probability and while it
has an intuitive backbone the details are quite

technical.

The second proof, due to B. Fuglede

after he had seen the author'soriginal proof, is




undoubtedly shorter and gives betiler constants.
However it 1s less clear why it should work., We will
give the ﬁrobabilistic prcof.

The i1deawhich lies behind McKean's proof of
Wiener’s criterion(1l) also lies behin 56.1. The
trick is to spiltBup into annuli B., where B, =
ﬁ“r%w“K#qﬁ Fix a positive integer m . The prcbability
that\/ hitsEn@isroughlyindependentoftheeventthat
W bhits En Biign-

We pere Theorem 5.1 i1n two stages. First we
establish a simple case of the thecremn.
LEMMA: Suppose E is a compact subset of the annulus

B, = {xw'ﬁi < =1 < F*}_
There is a constant ¢ >0, such that for w in B with
wil< +% we have
PY(W ks E) > c [TT(E)].

PROOF: Let gg and (py denote the Green funcfion and
capacity relative to B. Recall that if p, is the

equilibrium probability measure on & then:

(W hits £) = gg (pg)wd . Capy (£).

- Now &él,.) is a jointly continuous positive function

~off the diagonal inBxHB . Therefore ?B is bounded

below by c>0 on B, xy¢R . We have the following
inequality:
P his E) > C Gpg (£ (it < =9
We now treat the cases d>2 and dﬂlseparately.

Suppose first that d is greater than 2. Let Cop

-denote the usual capacity on K, and 3 the Green

function. Now, CQPQE) is always less than Capg(5>

cause . Let W be the equilibrium measure
because g > 9e Lﬂ 1 meas
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d . :
for TT(E) on K . We may find a probability
measure ﬁi , supported on &, which !l projects onto
# - It is an easy calculation with the Green

function to see that

| ool TEN]
g/& () € C/rgm_z) %/‘k(ﬂ&D < C/ra(c\—a) [C P >] .

Theréfore(&ﬁE)is greater than C,CQPCﬂQin . However
(see for example Sario and Oikawa (18;p 285));ChP<TKE>)
is greater than C lTT&E)\
.~ Put these observations together. For w in P with
Wil < T% , the following inequalities are valid:
TY(W his E) 2 ¢ Coapg(E)

> < Cap (E)

S C Capu(TVE)>

> ¢ e,
Suppose now that d=2 , and that Cop denotes

logarithmic capacity. We can still obtain an estimate
relating Capy and Gp :
—
- 103 CaplE) — loa(lvr) > T [CQPE)(E)] .
However E is a subset of B, and sof}pE is less than
™ . Thus we may find a ¢>0 so that for all £ < B,
the following inequality holds: Capg(ED > C/fz%thE'
If ¢ is a positive real wmumber less than 1 then —-Ls¢.
So we have the following ineguality:
| L Capgl®) % e GoplED.
Because the lqgarithmic capacity of a compact set 1is
equal to its transfinite diameter (see for example
;Tsuji (20, p 71) ) we see that CAPGE) is greafer
‘than‘%szp(ﬂYE)) . The logarifthmic capacity of a sub-
set of Sdominates a constant multiple of its surface

measure (see Sario and Oilkawa (185 p 285)).

Putting these inequalities together we have
P (W his E) > ¢ Coapg (E)
2 ¢ Cap (BD




> ¢ Cop(mMiE))
| > < e .
PROOF OF THEOREM 5.): Recall that B, is the annulus

1

{x:rigmr< m7. 1f EYis definea by E%Y(B,NE),

then for at least one integer ¢ in {4,.., 4}

P, s £°) > L P w his ED.
Further /TTQE)/ is a continuous subadditive capacity
on the subsets of B . So whenever E is Borel, onc
can always find compact sets K, increasing to E such
_thathT(Kn)f increases to /ﬂ?@)/ . Combining thezse
two observations we see that we only need to prove
5.2 in the case where E is compact and satifies

ITT(E)/: f {'[T(Em)i.’when Em = E%m n = .
rom
Let 75 denote the first time W leaves r*"D and let
Ambe the set of paths on which W manages to miss Ea
until Tme; . We can use Lemma 5.2 to estimate from
above the probability of missing E completely. Let

& - denote the o field generated by W, on tgT; and
Te s € 3
note that A,, i5<Rﬂhmeasurable. We have the following

estimate:

(W his E) % 1 —P°(Q AL
o0
= A= &=(IT%X,)
< = o ]
-1 - (T E( X [Br)).
5 ’h o
Lemma 5.2 gives an upper bound i—cﬁWE@[forEﬁ@%J@Q. We mzi
use the scale invariance of Theorem 5.2 to obtain, for

each i, an upper bound for EfﬂgiW%) . We deduce thaf:
| P°wW has £) > 1 - E“’('Tj?(m)(l—c,lﬂ-'/&.)fj
v 4 - (1—clTED])
5 4 - exp(~ <& (e
4 - ep-c e

Because |[TE)[  is bounded independently of £ we finally

obtain:

oW ks £) » < |TE)].
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CONNECTED FINELY OPEN SETS ARE POLYGCONAL PATH CONNECTED

In (54d) B.Fuglede asked the question: is the fine
topology jj)ﬁ?d locally arcwise connected? In the
case d=2 he gave an affirmative answer. In highex
dimensions the question remained open. In that paperxr
B.Fﬁglede gave a very pretty proof of Iverson's
theorem., This theorem gives a sufficient condition
on a subharmonic function W for there to exist a path
¥ along which w converges to its supremum. The
- question which remained concerned the natﬁre of the
path. Fuglede proved that a piecewise Brownian path
would do. L.Carleson proved that in fhe special case
where @ was defined on the whole of ﬂ?dthen § could be
chosen to be a polvgonal arc. It was clear that if
connected finely open sets were polygonal path connected
then ¥ could always be chosen to be a polygonal arc.

Theorem 5.1 provides a simple proof that the
fine topology is arcwise connected and gives metric
information as well. This metric information will be
essential in the next section.
THEOREM: Let Uf:RJ be a fine neighbourhood of x . Tbeﬁ
for any O>1 there exists a comﬁact fine neighbourhood
K of = such that any two points y and = in K are
connected by a polygonal arc in Ul of total length at
most ©llx-yl .
PROOF: In fact the arc need consist of only tﬁo line
segments,

We may as well assume that L is compact. Let C te
the constant corresponding to =% in Theorem 5.1. Now

choose a small ball T of radius & centre at = so that

'[Pi(z C‘MH“S U éa,)%f‘m I) < €{?C .
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The'functiOHDG%ZPﬁ(quuitsli before L ) is a super-
harmonic function on BB and so finély continuous.
Therefore we can find a (compact) fine neighbourhood K
of x-sﬁch that 4if ﬂ is in K then \
PI(Z b W befoe T) < &
Theorem 5.1 implies that (L contains rays from‘ﬁ of
length equal to é the distance from Y to 9B in all but
a small (£ ) proportion of directions. In particular
suppose Yy and z are in K and within a distan&35/g of =x

There will be rays from andd from z which intersect
> |

O\

and make a small angle ( in the case d=2 )} with the

T

straight line from Y to = , and which also lie inlL. *%*



CHAPTER 6 IDyf 1S FINELY LOCALLY BOUNDED

We are now able to study the global properties of
the derivative of a finely holomorphic function,
Remember how we defined I%in Using Thecrem 2.7 we found
" a dense subspaCe[A;<K>]ﬂd on which T%zwas naturaliy
defined, and then extended it to Az (K). The difficulty
with obtaining global information is that the dense
subspace on which D, was defined varies from point to
point.

In the last chapter we proved that finely open
sets contain lots of polygonal paths. Let ¥ be one of
them. Theorem 3.7 tells us that the algebra of functiocns
in A}(KQ which have an analytic extension to a
neighbourhood of ¥ , i.e. EA;(K)]XI, is dense in A?(K)
<Therefore we have a dense subspace on whichfﬂ% is
naturally and simultaneouély defined for all points on
the arc § . This will suffice to prove that finely
holémorphic functions have a much more classical sort
of derivative.

We wish to prove that if {£ is in A;(K) and k

. . ’ . (v) — fk)
is in K then TDRf :lg« T .

A ﬁ——)}q M)
wish to prnove that Fq)mziggiﬁﬁcan be made into a
; Y-

In other words we

finely continuous (in fact finely holomorphic) function
of Yy for each fixed k. It will be sufficient if we
prove that the finely holomoxrphic functionF{.ﬂé)is
bounded on a fine neighbourhood of R . For Fuglede
(5b3Thm 9.15) proves that points are removable singular-
ities for bounded finely harmonic functions; by

Theorem 2.2 they are also removable for bounded finely

holomorphic functions. With this in mind we prove the
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following theorem.

THEOREM: Fix a compact set K and a point k in }</,

There is a fine neighbéurhood L of R with HI%_” uniforil.

bounded for { in L . B

PROCOF:- This result i1s a éignificant refinement of

Theorem 4.4. Recall from 3.9 that
ID Il <« & 2%, (EX),

. . . r . ~k -( k-0
where Ef is defined to be the set j;=:2 “¢ Ix-kI< ]

In Theorem 4.2 we obtained the ineguality:

I 1
<, <:<> (EF) ¢ Cop(ESNK')
Because k was in the fine interior of‘K/, Wiener'ts
(2.9}

criterion implied that E; finite. This implied

103 Cap (EE\KJ}

that =N tends to zero, which in turn implied that
lOﬁ COP(Ef\KI) . ’

Cap&f\KQ converges to zero faster than any geometric

series.
We wish to see that ”?BH is bounded on some fine
neighbourhood L of R, It suffices to prove that for

any €>0 there is an integer N and a fine neighbourhood L

of R such that if m is greater than/N and { is in L thex

- L N
log CQF(E \K7) ST
For then we can obtain an upper bound for MDQ :

) DA~ ©0 -n
D < ¢ [22“2 " S 2% 7]
B ] N+1
The next lemma proves that for +>o andc>1 , there i1s an

N such that for any n>N-the following inequalities

hold independently of the choice of

-n . , -
Ciﬂ(ap(é’i\f(’) \< IP’j(Z hirs E‘i\ & bafore {Iw—j/ = P})

< F:j('z leaors K’ 6Q}Com. {/W“\lj[("} ) .

Choose v so that ﬁ7k(211eaves Klbefore {lw=x| <2r}) is

less than @ﬁ;' The function taking Yy to Eﬁ(Zfieaves K’
before {lw-xI< 2r}) is superharmonic on f}w—aj(ﬂd?and

hence




finely continuous there, Therefore we may construct

a fine neighbourhood L of 2 so that if € is in L then
’HDE(Z_ [exves K’ bLFDCQ. {(Z“Ql < r} ) < E/C . wEs

.

LEMMA: Fix r>»0 andc>1. Let Ff, be any Borel subset of ths
- ~(n-1) . .

armulus{zzz < lz1<2 JZ There is an integer N , not

depending on F., such that ifn>N then the following

inequality holds:

<o
ﬂ’)(z hitsF; (nForv_ {/Z P})>~._C_3_~___
oq Gap Fp
PROOF : Letg be the ball{jzw}; Capg nd qe @re, as usual,
the associated capacity and Green function. Let H
denote the first time Z leaves B . Suppos‘e that 2 %
Denote by/u the equilibrium measure on f, obtained from

Cg and v that obtained from the logarithmic Green functicn

We. have the following inequalities:

~log{5-z[«
-—103 Cap F,, = SMP f~(c>o z—wlv(dw)
> s [ loglanwl « EX(loglz,- wl)] v(d)
- ;: [ & (logfzy""’wl
> TSUp 9uv @ = log(r 72
S .MLTF.« - (03 (r-27").

Now—foan‘oF is greater th:m(n-y)loiiQ . Consequently, for any

¢yl there is an N; so that for m>» N;

Copp(Fa) » _T
-y !OB Cap Ry
We can relate this to the probability that we hit K|

-tP (Z L\"H F bo,]pora ﬂ:‘.{( = f"}) = CQF'E (Fr\) gg (/M) (o)
| . » Capg (F) 7‘;(« log 3—m+1<>jr\),
Therefore, for any C »Cs; there is an N> N, so that if

n7» N then the following inequality holds:

Pz it Fa befonflzi=r}) » 2l9Z2
"C(Oﬁ COPF;\
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A LOCAL LIPSCHITZ CONDITION FOR Ax (K) .

We have all we need to prove ths following thecrem.
THEOREM: Let k be in K’ . There iz a compact fine
neighbourhood L of R inK' |, such that if f is in Az (K)
then
Feo - fy

= -y

is uniformly bounded onlxL |

, | (?C;éj)v

PROOF: Choose a fine neighbourhocod M of k on which
D, < S . Choose a compact fine neighbourhood | of k in M
such that if x and Y ere in . then there is a polygonal
arc § from x tofj in M of length at most 2[1~5l . We
can make these choices because of Theorem 6.1 and 35.3.
Choose two points « and Y in L and such an arc §
o - .1
joining them. If g is an element of [A;(K)] then q
is analytic on a neighbourhood of ¥ and has derivative
bounded by some constant S there. The usual mean value
theorem implies the following inequality:
8 - aly [ ¢ a5,
T~ 4

By Theorem 3.7, [A;(K)]X is dense in Az (k) . Conseg-
uently, the inequality.holds for any element of Az (K)

. . . ’ T
COROLLARY: If { is in Ag(K) and k is in K then D,f
has the following natural interpretation:

DRJC = /I‘m f_(_vv_)_—;'igf_)
wWo- R

wHk
PROOF: Define F(k,, k,) to be fg«I~F(h1 . By Theorem

T z

6.3, F(-, k) is bounded on a fine neighbourhcod of R .

The functioanﬂ,k) is finely harmonic onf<&{?}. Points
are removable singularities for bounded finelyiﬁarmonic
functions. Thereforef(wklhas a limit as w tends finely

to R . Elementary checking shows that the limit is I%f

K # o




It will be noted that in the proof of Theorem
6.& we used only the fact that{j.,h) was bounded for
fixed k . Is the derivativef&f a finely holomorphic
function? The full strength of Theorem 6.3 has an

important role to play in answering this question.




CHAPTER 7: THE DERIVATIVE OF A FINELY HOLMORPHIC

FUNCTION IS FINELY HOLMORPHIC

In Chapter 3 we stated a Theorem (3.10) about

tensor products of T-invariant algebras which we now

use. Letf be an element of Ay (k) , and let k be in
K% As in Chapter 6, let F be the function from
K”’x K7 into C defined by:
Eﬁx)ﬂ) z‘—j2324:il%l ) (x# 4
I’*j‘ .
F(x,ﬂl> = Dz f‘
We saw in Theorem 6.2 that there 1is a compact fine
neighbourhood L of R such that F| , is a bounded
function. We shall see in Theorem 7.7 that Lcan be
chosen so as to makef:Lu_ continuous as well. We will
take 7.7 on trust for the moment and use it to prove
one of the main results in this thesis.
: |

THEOREM ¢ Letzf be in A¥(K). ThenZ{f is finely %

. 4 . |
holomorphic on K’ .
PROOF: Fix k in K/, and a compact fine neighbourhood L
of R . Suppose that F.is a continuous function on Lx{ .
» 3\
/

.
2
2

ez

: 1 USRI s 4 S R
Then for each in L , the functions r{. and F (7,

are both in A, (L) . Thecrem 3.10 implies that
¥ can be uniformly approximated
on LxL by elements of A}(L) ®A;0. In other words,
for any £>0 we can find(gﬁ? and UUXM in Aj (L) such
that

] o

sup ‘ F(z,‘j)-— )3 gc(oq%;(j)‘ < €.
i=1

(x,y) € Lxt.
By restricting F to the diagonal and letting £ tend to

zero; we see that the derivative of;f is in Agﬂﬂ. A
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COROLLARY: Finely holomorphic functions are infinitelwy
finely differentiable.’

A natural question poses itself here. 1Is a fineiy
holomorphic function determined by its derivatives at
single point? Fuglede has recently proved that it is.
He uses the fine Green function to do it. He also
proves, by an easier argument of the same kind, that a
non-canstant finely holohorphic function can have at

mest countably many zeros.

A _FINE HARTOGS THEOREM

A classical theorem of Hartogs states that a
bounded function of several variables, harmonic in
each variable separately, is jointly cohtinuous. We
will prove a fine version of this theoremn.

An old result of Keldychl goes as follows. Let
K c €' be a compact set, and let E be the subset of K
consisting of outer regular béundary points. If k is
any element ofK then there is a unique measure m, onE,
called the Keldych measure,_such that ﬂ%(f}:\fﬁ@ for all
f\in H(K). A standard arcument from Choquet theory now
shows thatf; is a iQ;subset of K. In our language E
is the fine boundary of K. The Stronngarkov property
In other words the P*_1law of ZQ% is just mp .-

To establish the fine Hartogs theorem we will prove
the follcowing. For any R in K/ there is a compact fine

neighbourhood L of R on which the map m is continuous

from |_with the usual topology to the measures on E witn

- the norm topology.

r
C

1) For a proof of this see Gamelin and Rossi(7).

g
i

implies that &£ first leaves K through & , ard EquZQ)z‘

|
|

|
|
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We must prove this in stages. .
LEMMA: The map m from K’ into the measures ﬁ(ﬁ;>on E 1=
(fine,norm) continucus.
PROOF: Fix a point R in K’. For any £>0 , we may find
a >0, such that iffB is a ball of radius & about R
then‘

ﬂ7k(21eaves K’ before Z leaves B ) < £
Bu}, keeping B fixed, the left hand side of the above
inequality is finely super-harmonic on K’ Therefore it
is finely continuous and one may find a compact fine
neighbourhoodﬁﬁ_of k so that if £ is in L then

EDE(Zileaves K’ before Z leaves B) < £ 'l
Because Kis compact there is a much smaller ball C,
centred at R, such that for any gin L

my (c) < 2€&.

Let n, denote the law of £ when it first leaves KucC.,
By construction we have ﬂﬂy—hgwd%whenever ¢ is in L .
However it is clear from the strong Markov property tha~
7 is a (usual ., norm) continucus function on LAC .
Therefore, there is a ball?)centere& on R such that if
Q_ié in Dnl then-”n[4%i< £ . It follows that “mk~nuﬁ<QE¢
We have proved the lemma. ' Hxa

We Shouid like to use Theorem 1.3 to strengthen 7.2
and obtain {usual,norm) continuity of m on L. . However
‘M%) does not have a countable base. We can deal with

this by using some theorems from measure theory. Let

(?OQ denote the probability measures on X and CE(X) the

1) The astute reader will have seen this little trick
used before. '




bounded continuous functions onX . The following
theorems relate the structure of X to the structure of
GO N

THEOREM: (X)) is a separable metrizable space, when civen
the wealk¥ (or o (XY ,Ce(X)) topoloagy, if and only if

X is separable.

o

THEOREM: Let X be a Polish Space (i.e. homsomorphic to
separable complete metric space), and let /' be a subset
of ®X) . A necessary and sufficient condition for [
to be relatively weak® compact is that M be a uniformly
tight set of measuresor That is to say, for any & >0
there exists a compact set KCX such that if um is in !
then //v(/<)>1-€ .

These results can be found, for example, in
Partharsarathy(15; Thms 6.2 & 6.7) We can use theorems
7.4 and 7.5 to prove the result we want.

THEOREM: Let k be a point in K/. There exists a fine
neighbourhood L ofﬁi, compact in the ysual topolegy, such
that WML is a continucus function when [ is given the
usual topoiogy and M(E) the norm topology. (In other
words WﬁL is (usual,norm) continuous)..

PROOF: We use an approximation argument. Let L be &
relatively cémpact open subset of € and My be the Ei_law

of Z on its first exit from WL . It is easy to prove

that the map n is continuous from the usual topology

on L into the norm topology onJM(QM). We will uniformly
approximate mf by functions like 7 .

The function m mapz K’ into the set QE) of
probability measures on £ . We know, by Lemma 7.3, that

m is {(fine,norm) continuous; it is therefore (fine,weak®}




L1
[

.
o]

continuous. By Thecrem 7.4 the Set<?05) is separable
and metrizable and so Theorem 1.3 allows us to chaoose
a com_act:fine neighbourhood L of R on which mis
(usual,weak*) continuocus. It follows that {my:{el}is

a weak® compact subset of @(E). Ve remarked before
Lemma 7.3 that E was a Geset; we may therefore apply.
Theorecm 7.5 to deduce that m(L) is a uniformly tight
family of measures. We are nearly hcme,

Choose a positive number € . There is a compact

i

subset N of £ such that if £ is in [ then n%(ﬁﬁ is at

T

iy

least 1-€ . Fix a large sphere § containing K and 1

0 . . ;
Ny be thelP-law of Z when it first hits NuS. As we have

observed n is a (usual,norm) continuous function off HNu§
and so it is continuous on L. However by construction
if L is in L then

”n[~m£”<flé.
The number £ was arbitary and so we have completed ocur

approximation. # %%

As an immediate corollary we may prove the exten;ion

of Hartog‘$ Theorem.
THEOREM: Let U and V be finely open sets and letF be
a bounded function taking UxV into @ . Suppose that,
for each point x in U and v inV, the functions F(x.)
and FYug) are finely continuous. Then for any fixed
pair of points t%)j°\ in UxVY there are compact fine
neighbourhoodslﬂ% of %, in U and L& of\% in Y such that

( is continuous.

Lagx Lye
PROOF: Fix x, and choose a compact fine neighbourhood

Kyofor %, in . Similarly choose Y. and K} inV .

Let > be a generic point of K%)and My its Keldych



n
S

2

measure on the fine boundary of K%), similarly Y and m

[

for Kjo Because F(‘)ﬁ) is bounded and finely harmonic
on L it follows that
Flo, ) = f Fl=/y) m, (dz”)
Kx,
with a similaxr identity for&fu Let L, be - the fine

neighbourhood of x, on which m, 1s (usual,norm)continuous

and lﬂpthe neighbourhood of vy, on which m

Yo s

continuous. It is now a trivial application of the

is (usual,nor:

following inequality to see that F is jointly continuous
on Ltgx Ljo :
I ')
l F(I,,%I) - Fix,, 51)! < ”F“(x, ( [ Mz, - Maxo i +Ilmtjﬁm72.;f¥

Some remarks are in order here. There are two

stages in proving Theorem 7.6. The first stage is the

proof of 7.3. The second stage consists of the arguments‘

we have included in the - proof of 7.6. 1In fact a greater
knowledge of fine potential theory allows one to
dispense with either one of the two stages (but not both!
The reader is unlikely to possess this knowledge

(any more than the author did when he proved the xesult

@]

originally). Therefore we have given this direct proczt.
After \Seeing these results in manuscript B.

Fuglede‘pointed out that 7.7 is true with slightly

relaxed conditions. It is essential that F is a

bounded function$ however it does not need to be harmonic

in both variables. It suffices that it be fiﬁeiy

continuous in one variable and finely harmonic .in the

other. The result follows simply from two observations.




a) The Arzela-Ascoli Theorem and 7.6 can be applied
to prove that harmonic sectionS F(=x,.) are finely
locally a relatively compact family ol continuous
functions.

b) Theorem 1.3 implies that one may choose a compact

A
O
=

set K on which F(qf@ ig a continuous functic:
. W7
countably many Y simultancecously (because € has a

countable base).
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CHAPTER 8: THE FINE LOCAL APPROXIMATION OF FINELY

HOLOMORPHIC FUNCTION BY CLASSICAL ANALYTIC FUNCTIONS

When people started looking at finely holomnorphic

functions it was not clear what was the correct

definition.l B.Fuglede made the following definition.
DEFINITION: Let V be a finely open subset orf € . We szay

that { is finely holomorphic in Fuglede's sense i1 for

each = in Y there is a compact fine neighbourhcod K of
< such that.f[K is in R(K). We call this class of
functions G&(V}

It is clear that @ (v)is always a subset of Q(V)
However it was an open gquestion whether there was alwavs
equality. It was noteven knownwhether Gﬁﬁxwmsclosed
under taking uniform limits. This constituted a majox
disadvantage of the definition. On the positive side,
the better approximation properties of functions in
C%(V) allow one to aveid T-invariance. We can now prove
that Fugledel!s definition coincides with the one we
gave in Chapter 2. The prbof is the joint.work orf
A.G, @‘Farrell.apd the author.

THEOREM: & (v) = G (V).
PROOF: We have seen how to construct a compact fine

neighbourhood K of &« such that Fe= - o is continuous con

Z - W
Kx K , We could do the same for ﬁ@)—fﬁw and so find =
Z - W

compact fine neighbourhood K of x on which f'ig in LipZ.
(in the sense of Stein (19)). Any lLip2 function on

a compact set extends to a Lp2 function on C
Therefore fh< has a continuously differentiable

extension f from K to € .

1) It still isn't, But for different (pedagogic)reascns.




However éfzc)on K  because of Corollary 6.4,
vz

Suppose g is a cogtinuously differentiable function

on € . If %&:o on a compact set [ then a simple
k4

Cauchy transform argument (see for example Gamelin
(6b;p 12)) implies that gh_ is in R(L) . It follows
that if L is any compact fine neighbourhood of = in K’
then )C,IL is in R(L) . # s

1f a direct proof of this result could be found
then the main results of this thesis would follow in

a- very straightfoward manner.
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TITLE : SOME PROBLEMS IN HARMONIC
] ILISTIC POTENTIAL

This thesis studies the properties of finely
holomorpbic functions. Using methods from fine po-~
tential theory, stochastic procegses, and rational
approximation, one can make sense of the notion of
holomorphy for functions defined on anfinely open

set in € . Buch a set need have no interior Ffor the
usual metric topology.

In this thesis a weak definition ©f fine holomor-
phy is adopted. t is then proved that a finely holo-
morphic function has a fine derivative defined every-
1

where by : ~
f(Z) == llml &Q:.M ;
in fhe “fine = -w
topology

and‘F/iq another finely holomorphic function.

The proof rest on showing that a certain algebra
of functions is T-invariant using stochastic integ-
ration, and on showing that a finely connected finely
open set in R* is polygonal path connected. This
latter result is of independent interest and settles
an open problem related to the Iverson theorem.

A radial projection theorem for harmonic measure
and a fine Hartogese theorem are also proved.




