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We present a computationally efficient Python algorithm based on the Boundary Element Method (BEM) for
frictionless linear elastic axisymmetric contact of coated solids. The algorithm solves indentation problems
using conical, spherical, and cylindrical flat indenters, with results also reported for flat punch indentation on
a soft-coated substrate. To validate BEM, we implement Finite Element Method (FEM) simulations, analyzing

soft layers with Poisson ratios of 0.25, 0.4, and 0.49, aspect ratios from 0.25 to 10, and modulus mismatches of
10 and 100. BEM and FEM show good agreement for compressible soft layers but diverge as incompressibility
increases. For Poisson’s ratio of 0.4999, BEM fails due to confinement effects. We verify FEM results using
the Poker-chip test, confirming accuracy in highly confined, nearly incompressible cases. For compressible soft
layer and large aspect ratios, we found good agreement between BEM and analytical result of Poker-chip test

applicable in that regime.

1. Introduction

The indentation of an axisymmetric punch on a coated substrate
has generated significant interest in materials science and engineering
due to its relevance in various industrial applications [1,2]. Coating
substrate systems are commonly encountered in fields such as auto-
motive, aerospace, and microelectronics, where the performance and
durability of coated components are of utmost importance [3,4]. The
indentation process simulates localized loading, mimicking real-world
scenarios involving contact and deformation. Therefore, accurate mod-
eling of this process is essential for predicting the mechanical response,
optimizing coating designs, and ensuring structural integrity. Here we
explore different numerical and analytical approaches employed to
model the indentation of an axisymmetric punch on a coated substrate.
Finite element analysis (FEA) is widely used to simulate the indentation
process, considering the material properties, coating thickness, and sub-
strate geometry. FEA provides valuable information on the stress and
strain distribution, contact pressure, and deformation characteristics
within the coating-substrate system. However, we employed FEA to
validate the results given by the Boundary Element Method but it is
time-consuming. In applications such as calculating the mechanical
properties of solar panels, the cone indenter is useful. An indenter
that is flat, cylindrical, or spherical can be used to mimic the elastic
or visco-elastic properties of articular cartilage and polymeric films or
functional coatings on hard substrates. This topic has been covered in
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many publications [5-10]. The issue becomes similar to that of a flat
punch indenting into a flat elastic half-space when the indenter’s radius
a is substantially smaller than the layer’s thickness ¢. Sneddon’s solution
can be used to get the corresponding load-depth relation [5]. Jaffar [7]
and Yang [8] have given an asymptotic solution to the contact issue
from which the load depth relation can be derived in the scenario
when q is significantly greater than 7. The development of analytical
solutions appears to be unachievable for the large gap that still exists
between Sneddon’s solution and the asymptotic solution, indicating
that the issue must be resolved numerically. Hayes et al. [9] gave
explicit expressions of the load depth curve for Poisson ratios of 0.3-0.5
and a/t ratios in the range of 0.2-8 based on the method put forth
by Lebedev and Ufliand [10]. Jaffar [7] proposed a simple numerical
technique [6] that can be used to solve the problem when a/t ratio is
in the range of 0 to 20.

There are a few other examples of thin film-related problems which
are solved numerically. In work by Zhi-Hui Xu et al. [11], they utilized
the finite element method to study the substrate effect on indentation
behavior. They questioned the existence of universal critical penetra-
tion after which substrate effect sets in. The critical penetration depth is
dependent on many other parameters. The elastic—plastic axisymmetric
contact between a rigid ball and TiN coatings of varying thickness
on various substrates has been simulated using the finite element
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method by Y.Sun et al. [12], while C.C. Lee et al. [13] employed
a fracture-based finite element model of peeling to study multilay-
ered active-matrix organic light-emitting diode (AMOLED) architecture.
In this work, they analyzed the adhesive behavior of the polyimide
/debonding layer (DBL) interface via the utilization of the modified
virtual crack closure technique. In multilayered active-matrix organic
light-emitting diode (AMOLED) architecture, the interfacial adhesive
strength is a crucial factor to take into account because it affects
the mechanical reliability issue caused by challenging organic/inor-
ganic hybrid lamination and final debonding. To determine the contact
stresses in elastic double-layer systems under a typical pressure distri-
bution, like that present in the Hertzian contact between a spherical
indenter and an elastic half-space, H. Djabella et al. [14] used the
finite element approach. S. Zak et al. [15] also used FEM to show the
difference between elastic and plastic field in indentation of coated
system. A. Lassnig at al. [16] extended this approach to multilayered
system. S. Zak [17] used FEM to show the effect of tip sharpness
on the strain field under the indenter. Moreover, Q. Li et al. [18]
gave new formulation of boundary element method for simulating the
nonadhesive and adhesive contact between an indenter of arbitrary
shape and an elastic half-space coated with an elastic layer of different
material which is based on the Fast Fourier Transform.

Boussinesq [19] first considered the problem of determining the
stress distribution within the elastic half-space when a rigid punch
deforms it. The form of his solution was not helpful for practical compu-
tations and partial numerical results based on his solution were derived
in the case of conical [20] and flat [21] indenters by A.E.H. Love. An
important protagonist in developing a simpler solution methodology
to Boussinesq’s problem (i.e. punch indenting on elastic homogeneous
half-space) is I. N. Sneddon [5], who used the Hankel transform and
dual integral technique. Li et al. [22] presented the elastic solution of
a coated half-space with perfect interfacial bonding under an axisym-
metrical compressive loading on the plane surface. It is particularly
useful to model the nano-indentation of thin-film coating/substrate
systems. H.J. Gao et al. [23] studied the contact problem of a rigid
cylindrical punch indenting a layered elastic half-space. They used
the moduli-perturbation method to derive the first-order accurate an-
alytical solution for the contact compliance of a nonhomogeneous
medium with layered or continuously varying moduli in the depthwise
direction. A.-S. Huguet et al. [24] suggest a synthetic solution to the
issue of the adhesive contact of axisymmetric elastic bodies. Thus, a
practical and all-encompassing formulation is created, which is proven
to immediately give the majority of usable models. Based on the sys-
tematic approach by Huguet et al. [24], E. Barthel et al. [25] proposed
an algorithm that can efficiently handle the problem of spherical punch
contact to coated elastic half-space which is based on the Boundary
Element Method. A. Perriot and E. Barthel [26] have developed an al-
gorithm based on the punch (i.e. conical, flat cylindrical, and parabolic)
indentation to the coated elastic half-space using Boundary Element
Method. YY. Lin et al. [27] have shown the analytic expressions for
the stresses away from the edges, and the effect of lateral constraint in
the case of Poker-chip configuration of the Flat Punch (Tack) Test for
Pressure-Sensitive Adhesives.

In earlier work [25], A. Perriot and E. Barthel gave the simple
algorithm and some representative examples. Here, we would focus on
a Python algorithm based on previous work [25] and how we can use
it in practice. We report some results in terms of contact stiffness of
the system of flat punch indenting coated substrate as well as the local
response of the system close to the boundary of the flat punch in terms
of stress intensity factor [28]. In addition to that, we investigate some
limit cases where the modeling breaks down while solving the problem
of flat punch indentation to the coated half-space.
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2. Methodology

We start with the simple problem when the thickness of the soft
layer sandwiched between the two stiff materials is infinite or in other
words the problem of the flat punch indention on the homogeneous
half-space as we know the analytical solution for the stiffness and
the stress intensity factor [28] in this case as per Egs. (1) and (2)
respectively.

Sy = 2aE} M

*
Ky = E 1 5fp 2
\/%

To solve the more difficult problem of flat punch indentation to the
coated elastic half-space, A. Perriot and E. Barthel [26] have developed
an algorithm using the Boundary Element method with the help of
Green’s function. Let us consider the system of coated elastic half-
space under a load of an axisymmetric frictionless indenter as shown
in Fig. 1(a). As per Fig. 1(a), the soft layer has the thickness 7, the
punch has radius « and the substrate is as usual semi-infinite. The layer
and the substrate have perfect adhesion and are elastic, isotropic, and
homogeneous. From Fig. 1(a), it is evident that E, and v, are elastic
moduli and the Poisson ratio of the substrate and similarly, E; and v,
are elastic moduli and the Poisson ratio of the layer. This is a mixed
boundary value problem as one only knows the surface displacement
under the contact and the applied stress outside of it. The boundary
conditions of this problem are the following:

Vr<a, u,(r)=06-pr)
Vr > a,

o,(r)=0
where p(r) the shape of the indenter, a the contact radius and § is the
displacement.
For this problem, the equilibrium equation is given by a convenient
form as per follow:

3

u,(r) = /oodko’z(k)JO(kr)C(kt) @
0

where,

—2kt _ —4kt
Clkt) = 2 1+4bkte abe )

E\* 1= (a+ b+ 4b(kn)?)e=2kt + ab e=4kt

where,
ay; — — E{(1+v,
= rs 71’ =X 1,a= i 0),y1=3—4v1,y3=3—4v0 6)
1+ ays %"‘7’1 Ey(1+vy)
Here, Ef = = k is the wave vector and J,(x) is the Oth order

1-v
Bessel function of the first kind. 6, is the Oth order Hankel transform
of o, defined as:

G,(k) = /mdrrJO(kr)oz(k) @
0

We introduce the auxiliary fields g and 6 defined as the cosine
transforms of o _(r) and ku,(r) respectively :

g(s) =/ dk o (k) cos(ks) (8)
0
0(s) = / dk ku,(k)cos(ks) 9
0
Expressing Egs. (8) and (9) in the real space, we obtain:
= [ a2 a0
g(s) = Fr————
s \/r2 — 32
d [*, rur)
0(s) = — [ dr——— 11
©=4[ar e an

Rewriting Eq. (4) with the Hankel transform, we obtain the simple
form:

kii(k) = C(kt)6,(k) (12)
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(a) Flat punch contact to the coated half-space
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(b) Geometry and Boundary conditions used in ABAQUS

Fig. 1. Flat punch contact to the coated substrate problem representation.

Note that g(r) = 0 for r > a. Apply cosine Fourier transform to Eq. (12)
and we obtain the following equation after some simplification:

0(s) = %/Oag(r) (/Owdk C(kt) cos(kr) cos(ks)) dr

Then, under the contact, our indentation problem turns into an integral
equation of the type p(r) = /0" f(s)M(r, s)ds where p and M are known.

(13)

M(r,s) = /oodk C(kt) cos(kr) cos(ks) a4
0

To calculate integral M(r,s) in Eq. (14), Fast Fourier Transform is
used. To evaluate the value of the integral equation p(r) = foa f(s)M
(r,s)ds, we used the trapezoidal rule. Hence, we solve the integral
equation numerically by inverting the M(r,s). For normalization of the
problem and numerical consideration, we give a detailed explanation
in Appendix B. In addition to that we give a brief explanation about
variables used in the code and how to get the converged solutions. The
Python code is in Appendix A

To validate the Python code, we used FEM. We can refer to the
same Fig. 1(a) as that of BEM. We compare the stiffnesses and the
stress intensity factor in the case of BEM and FEM calculations. The
primary purpose of this exercise is to validate the BEM calculations. We
have decided to keep the coated substrate part of the FEM calculations
10 mm in depth and 10 mm in radius. Geometry and boundary con-
ditions are shown in Fig. 1(b). To calculate the stress intensity factor,
we put the initial crack at the interface between the unindented part of
the soft adhesive layer and the rigid punch in ABAQUS which means
that at the interface, nodes are not connected as explained in Fig. 1(b).
To tackle the singularity at the crack tip, a spiderweb type of mesh
was employed. With such a mesh the J-integral can be calculated over
the concentric paths surrounding the node defined as the crack tip.
The J-integral value is taken on contour number 50. The approximate
size of the mesh elements near the crack tip is 1 pm which is 0.1% of
the punch size “a”. When Poisson’s ratio is close to 0.5, bulk modulus

approaches infinity. Under nearly incompressible conditions, any small
error in the predicted volumetric strain will appear as a large error
in the hydrostatic pressure and subsequently in the stresses. This error
will, in turn, also affect the displacement prediction since external loads
are balanced by the stresses, and may result in displacements very much
smaller than they should be for a given mesh. This is called locking
or no convergence at all. To overcome these difficulties, a mixed
displacement-pressure formulation was developed which is available in
the form of hybrid elements in ABAQUS. Hence, the hybrid and reduced
integration type elements (CAX4RH and CAX3H) are used to take care
of Poisson’s ratio which is close to 0.5 in the case of incompressible
adhesive layer [29].

The Poker-chip test is a way to test the strength of elastomers. The
schematic and boundary conditions for FEM simulation are given in Fig.
2. In this test, a relatively compliant elastomer of thickness ¢ is sand-
wiched between two rigid substrates which are pulled apart. Here the
elastomer is incompressible and confined between the two substrates
(i.e. a>1). YY. Lin et al. [27] have shown the analytic expressions for
the stresses away from the edges, and the effect of lateral constraint
in the case of Poker-chip configuration of the Flat Punch (Tack) Test
for Pressure-Sensitive Adhesives. Using this expression for the normal
stress one can derive the vertical force.

The vertical force F acting on the soft layer is obtained by integrat-
ing the normal stress over the area of the soft layer and is found to be

F =37r;4§a2 (1 + % (?)2>

Integrating Eq. (15), we get the strain energy as per the following eqn.:

(15)

52

3 ) 1 ( a )2
Uj=2ap’ad®(1+= (¢ 16
a= e ( HEAY 16
From strain energy, one can derive the energy release rate:
1 oU,
_ 17
2ra da an
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(a) Poker-chip test schematics
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(b) FEM: Boundary conditions for Pokerchip test

Fig. 2. Poker-chip test.
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(a) Normalised Contact Stiffness (S/.So)
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(b) Normalised Stress Intensity Factor (K1/Ko)

Fig. 3. Comparison of contact properties calculated with the BEM and the FEM methods: Moduli Mismatch ratio 10:1, Poisson Ratio v; = 0.49,0.4,0.25, § = 0.001 mm, ¢ = 1 mm

while ¢ is varying.

2 2
=35 (1+(9)) as
However, Eq. (15) is valid only when soft layer is incompressible.
When soft layer is compressible and a/t ratio is very large there is
another expression for measuring force which is given by Eq. (19)

5, 1-v
F=2zu2 1
e <1—2v1> as

3. Results and discussion

To portray the usefulness of our Python algorithm based on the
Boundary Element method, we first choose the case where the modulus
mismatch ratio between substrate and soft layer is 10 as per Fig. 3. In
Fig. 3(a), the contact stiffness is plotted against the aspect ratio while

Fig. 3(b) showcases the stress intensity factor varying with the aspect
ratio. It can be inferred from Fig. 3 that there is a very good agreement
between BEM and FEM for both the contact stiffness and the stress
intensity for the layer’s poison ratios 0.25 and 0.4 and for the given
range of aspect ratio. When soft layer becomes incompressible (i.e. v,
= 0.49), BEM method deviates from FEM for aspect ratios more than
1. We also show the convergence test for the BEM result in Appendix
B. In the case of the finite element method, we checked the effect of
increasing the substrate domain size by a factor of 2. However, we
report the same contact stiffness even after increasing the substrate
domain by a factor of 2. Hence, the choice of initial coated substrate
domain size (R10 mm x H10 mm) is a wise choice for these sets of
FEM simulations. Hence, we can use the Python algorithm and save
computation time for practical cases where the Poisson’s ratio of soft
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(a) Normalised Contact Stiffness (S/.So)
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Fig. 4. Comparison of contact properties calculated with the BEM and the FEM methods: Moduli Mismatch ratio 100:1, Poisson Ratio v, = 0.49,0.4,0.25, 5§ = 0.001 mm, ¢ = 1 mm

while ¢ is varying.

30+ +FEM:v,=0.4999
eBEMIV1:0.4999
FEMZI/1=O.49
-e-BEMZV1:0.49
ﬁFEM:y1=0.45
10+ BEM:v =045

207

S/S0

a/t

(a) Normalised contact stiffness (S/Sp)

~FEM:v,=0.4999

107 BEM:»,=0.4999

g |~ FEM:v =0.49

<+ BEM:v,=0.49
FEM:v =045

4| =BEM:v,=0.45

alt

(b) Normalised Stress Intensity Factor (K7/Kop)

Fig. 5. Impact of soft layer’s Poisson ratio change on the normalized contact stiffness and the normalized stress intensity factor: Modulus mismatch 1000:1, a = 1.1 mm while 7

is varying.

layer is less than equal to 0.4. This is due to a particular feature of the
boundary element method in which we use Green’s function, and we
need not to simulate the domain of infinite substrate as in the case of
FEM. In other words, we can save computational time by using BEM.

It is evident from Fig. 4 that our Python algorithm based on BEM
works very well even if we increase the modulus mismatch ratio to
100 and until the soft layer poison ratio in the range of 0.4 as it is in
good agreement with FEM for reported aspect ratios. However, there
is a discrepancy between BEM and FEM at v, = 0.49 at aspect ratios
greater than 1.

From Fig. 5, we try to understand the effect of confinement and
Poisson ratio on the domain of validity of our Python code. As we
increase the confinement (i.e. a/t > 1), the mismatch between FEM and
BEM result is evident at the elevated Poisson’s ratio. In that regime, we
discovered that the C(kt) matrix is becoming singular for incompress-
ible soft layer and at the elevated aspect ratios. Hence, it is difficult to
invert the response function C(kf). We have expanded the nominator
and denominator of the C(kt) function and found that when the soft

layer is confined and becomes incompressible, the denominator is well-
behaved while nominator goes to zero. Hence Green’s function becomes
singular. For more details regarding this, please visit Appendix C.
Moreover, for FEM we need hybrid elements to tackle incompressibility
but we do not have such provision in BEM.

On the other hand, in this particular regime, the Poker-chip test is
useful to put forward the argument that FEM is doing a fine job in
this regime at the elevated aspect ratio and highly incompressible soft
layer having modulus of rigidity x. In the FEM simulation, we tried
to implement the same boundary conditions as that of the analytical
results of the Poker-chip test. From Fig. 6(a), we found that the analyt-
ical results of the Poker-chip test and what we got by FEM are similar.
Hence, we can deduce that if we change the boundary condition in
the FEM simulation to match that of the Poker-chip test, we got a
good agreement with the analytical expression of the Poker-chip test. It
seems that the slope of the results given by the Poker-chip test parallels
the FEM for the contact stiffness and the stress intensity factor when
aspect ratio is more than 1. Hence, the FEM solution that is offset to
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Fig. 6. Moduli Mismatch ratio 1000:1, Poisson ratio v, = 0.4999, 5 = 0.001 mm, ¢ = 1.1 mm while ¢ is varying, Eq. (15).
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Fig. 7. Normalized contact stiffness (S/S,), Moduli Mismatch ratio 235:1, Poisson ratio v; = 0.25, 6 = 0.001 mm, ¢ = 100 mm while ¢ is varying, Eq. (19).

the FEM result of the Poker-chip test is correct. The distinction is due
to the boundary edge effect in the case of the FEM solution.

Moreover, when we employ Eq. (19) which is analytical solution
of Pokerchip test when soft layer is compressible (i.e. v; = 0.25) and
aspect ratios is very large (i.e. a/t = 25, 33.33, 50, 100), it agrees very
well with corresponding BEM simulation as depicted in Fig. 7.

4. Conclusions

We analyzed linear models based on the Boundary Element Method
(BEM), Finite Element Method (FEM), and the analytical Poker-chip
test to evaluate contact stiffness and stress intensity factors for the
flat punch contact problem in a coated elastic half-space. Our primary
objective was to validate the semi-analytical BEM using FEM results
and the analytical Poker-chip test, with a particular focus on both
compressible and nearly incompressible soft layers.

The numerical algorithm based on BEM demonstrated robust per-
formance for modulus mismatches (i.e. E,/E;) up to 100:1 and Pois-
son’s ratios up to 0.4 within the studied aspect ratios. However, in
the regimes characterized by extreme modulus mismatches and near-
incompressible Poisson’s ratios, BEM exhibited numerical challenges.
To address these limitations, we employed analytical approaches such
as the Poker-chip test, which provided reliable results in these param-
eter regimes. Hence, it is demonstrated that FEM simulations success-
fully captured the effects of incompressibility in confined soft layers,

highlighting the limitations of BEM in handling highly incompressible
materials. A critical remaining challenge is ensuring that BEM results
align with full flat punch FEM simulations in these cases. Future work
will focus on addressing the incompressibility issue in BEM.
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Appendix A

This code gives the value of stiffness and stress intensity factor in the case of conical indenter, flat-ended cylindrical punch, and spherical
indenter indenting on the coated elastic half-space for the small strain limit.

# —x- coding: utf-8 —*-

Created on 08/10/2020

Q@author: Krupal Patel & Rémy Brossard & Etienne Barthel

from math import pi,exp,floor
import numpy as np
import matplotlib.pyplot as plt
import scipy.linalg as linalg
from numpy import linalg as LA
from decimal import Decimal
B L S S s s S s s s s
#Indentation free parameter
B g g S T T s D T s T s s s
# contact radius
a=1.1
#Layer thickness
t=0.35
g s
#Tip parameters
B g g s
#Radius for the sphere or the flat punch
R=10
#tan(w) of the cone
tanw=2.8
L S g s s s s s
#Bilayer real parameters
R
#Young’s & Poisson’s ratio of the half-space (Mpa)
E0=2950.81 #2900
v0=0.4754  #0.45
#Young’s & Poisson’s ratio of the layer (MPa)
E1=2.9999#2.999 #0.003
v1=0.4999#0.4999 # 0.5
B S s s s s s s s T s s s T
#Reduced Normalized variables
B s s s s S s s s T s s T
tau=t/a
B g s s s s s s s s s s
#numeric
B g S S S s T s T s s s
#System size - typical 1000 - increase at large a/t
n=700
#FFT cut off B/2 and points number 27vT
B=1000# this is cVmax in the original routine
vT=22
B L g S S S g S s T s T s s s
#Tables
g g L g S g S S T s s s s
G=np.array([0,1])
ZF=[]
M=np.eye(n)
V=np.array([0,1])
X=np.array([0,1])
#Fonction Z du papier
def GreenNormal (kt) :

gammal=3-4*v1

gamma3=3-4*v0
# difference HERE
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alpha=E1x*(1+v0)/(EO0*(1+v1))
A=(alpha*gamma3-gammal) / (1+alpha*gamma3)
B=(alpha-1)/(alpha+gammal)
denominator=1-(A+B+4*B* (kt**2)) *exp (-2*kt) +A*B*exp (-4*kt)
C=(1+4*B*kt*exp (-2*xkt) -A*B*exp (-4*kt)) /denominator
return C-1

#A smooth periodic approx
def makeZforFFT():
global vMax
vMax=float (B)/tau
1=2%*vT
table=[1.2]*1

dx=float (vMax)/(1-1)
for i in range(int(1/2)):
x=i*(dx)
val=GreenNormal (x*tau)
table[i]=val
table[-i-1]=val
# plt.plot([ixdx for i inrange(1)], table)
return table

#cosine transform
def makeTFC() :
global ZF
Tinput=makeZforFFT()
T_FFT=np.fft.rfft(Tinput)
1=2%x*vyT
# print 1./1*vMax
ZF=[x/2*vMax/1 for x in T_FFT.real]
#np.savetxt (’result.txt’,ZF)
#generates the coeficients of linear system
def generateMatrixTerms() :
global M
makeTFC ()
bufferM=np.eye(n+1)
# plt.figure("oh"
# plt.plot([2*xpi*y/vMax for y in range(len(ZF))],ZF)
for i in range(n+1):
for j in range(1,n):
s=float(i)/n
r=float(j)/n
index_r_moins_s=abs(int ((r-s)*vMax/(2xpi)))
index_r_plus_s=abs(int ((r+s)*vMax/ (2*pi)))

j=0

s=float(i)/n

r=float(j)/n

index_r_moins_s=abs (int ((r-s)*vMax/(2%pi)))
index_r_plus_s=abs(int ((r+s)*vMax/(2*pi)))

bufferM[i,0]+=(ZF [index_r_moins_s]+ZF [index_r_plus_s])/(2*n*pi)
#bufferM[i,0]/=1.

if shape=="FLAT’:
j=n
s=float(i)/n
r=float(j)/n
index_r_moins_s=abs(int ((r-s)*vMax/(2xpi)))
index_r_plus_s=abs (int ((r+s)*vMax/ (2%pi)))
bufferM[i,n]+=(ZF [index_r_moins_s]+ZF [index_r_plus_s])/(2*n*pi)
#bufferM[i,n]/=1

else:
bufferM[i,n]=-1.

M=bufferM
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#Right hand vector
def generateRightVector():
global V
Ar=[0]*(n+1)
if shape==’"CONIC’:
for k in range(n+1) :
Ar[k]=-float(k)/n
elif shape==’SPHERE’:
for k in range(n+1):
Ar[k]=-(float (k) /n)**2
elif shape=="FLAT’:
for k in range (n+1) :
Ar[k]=1
V=Ar

#Let’s go!

def runFEBMQ) :
global X,G,DELTA,PI,delta,P,G_fp,S_fp
print (shape,a,tau*a,R,tanw,E0,E1,v0,v1)
CON=LA.cond (M)
print (CON)
generateMatrixTerms ()
generateRightVector ()

# X=np.linalg.solve(M,V)
LU=1linalg.lu_factor (M)
X=linalg.lu_solve(LU,V)

G=np.array([0.0]*(n+1))

for k in range(n) :
G[x]1=X[k]

PI=4./n*np.sum(G)

G_rho=X[n]

if shape == *CONIC’:
delta=(pi/2)*(a/tanw)*G_rho # penetration
P=(pi/4)* (a**2*(E1/(1-v1*%2)) /tanw)*PI # force
e_eq=PI/(2*G_rho**2)
E_eqg=Elx*e_eq/(1-v1%%*2)
print (G_rho,PI,delta,P,E_eq)

elif shape==’SPHERE’:
delta=(a**2/R)*G_rho # penetration
P=0.5x(a**3*(E1/(1-v1*%2))/R) *PI # force
e_eq=(3./8.)*PI/(G_rho**(1.5))
E_eqg=Elx*e_eq/(1-v1**2)
print (G_rho,PI,delta,P,E_eq)

elif shape=="FLAT’:
delta=0.001
#G_fp=(G_rho*2*(1-v1*%2))/(Elxdelta)
G_fp=(G_rho*Elxdelta)/((1-v1**2)*(np.pi*a)**(1/2)) # Stress Intensity
#G_fp=(delta*E1l)/((1-v1**2)* (2% (2*np.pi*a)**(1/2)))

S_fp=PI*E1l/(1-v1*%x2)/2*a# stiffness
e_eq=PI/4.
E_eqg=Elx*e_eq/(1-v1*%*2)

print (G_rho,delta,PI/4.0,G_fp,S_£fp)

# shape=’CONIC’
# runFEBM()

# shape=’SPHERE’
# runFEBM()
shape="FLAT’
runFEBM()
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Appendix B

Fig. B.1. Contact geometry for a thin film.

Table B.1
BEM code nomenclature.

Engineering Analysis with Boundary Elements 177 (2025) 106259

Code manual

Variable name

Nomenclature in
the Python code

Contact radius
Thickness of the layer
Radius for the sphere
Cone angle
Normalized thickness

s mew

Young’s modulus of the half-space and
Poisson’s ratio of the half-space

E, and v,

Young’s modulus of the layer and Poisson’s
ratio of the layer

E, and v,

System size
FFT Cut off

The number of points in the fourier space

Ur

An array related to the response function
C(kt) after cosine transform

ZF

An array related to the response function
C(kt)

An array related to the right hand side of
the system AX=B

An array pertaining to the solution of the
system AX=B

Stiffness in N/mm

Sy

Stress Intensity factor in MPa mm'/? of the
flat punch indentation

Gf »

Normalized force and Displacement in mm
for the cone and sphere indentation

PI and 6

Surface stress transform

In Appendix A, the Python routine is given. Here, we explain how to use the code and its numerical implementation. First, we imported the
main Python libraries needed which are as follow: (1) math, (2) numpy, (3) matplotlib.pyplot, (4) scipy.linalg. We give the explanation of variable
names of Python code in the Table B.1.

B.1. Coated substrates — thin films

A schematic representation of the indentation of a coated elastic half-space is given in Fig. B.1

B.2. Normalized solution

The procedure to compute a full-force curve for the adhesive contact for a given value of the contact radius, a is as follows:

1. compute the adhesionless penetration and force for the given indenter shape

2. compute the force and stress intensity factor (or g(a)) for the flat punch for a unit value of the penetration

10
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Table B.2
Transformation applied to variables in BEM due to normalization.
Variable Cone Sphere Flat punch
A 2 wn) 5 Rs 5/6=1
T a a*
O(p) A-p A-p? 4
2 tan(p) 3R 2
G(p) ;Wg(r) Wg(") Eg(")
p 2 p o p P =z
© @’ E} 4a® E7 eq

3. compute actual value of g(a) from Eq. (12) and re-scale flat punch force and penetration
4. compute the solution from Eq. (13) which we got after applying mixed boundary conditions.

This provides the solution in the form of two relations between the local deformation (stress intensity factor) and the local response on the one
hand and the remote loading and the macroscopic response (contact stiffness) on the other hand.
In the normalized form, with

Pl (B.1)
one has'
Foy = 2B i) (B.2)
0,s 3R s\t by .
a2
o5 = EAS@ t,[E]) (B.3)
S = 2aE*E,4(a,1,[E) 3.4
5prl* o~
g(ria,t,[E]) = 3 I'(F;a,t,[E]) (B.5)

where the normalized variables can be numerically calculated by the simple algorithm presented in [30]. Following [30], we introduce the following
normalized quantities

p 2;75—;7]Eka (B.6)

For the homogeneous substrate, all normalized variables equal 1. I'(7; a,t,[E]) is the surface stress transform normalized to penetration 6. In
particular, I'(a; a,t,[E]), denoted I'(1) below for brevity, is the contact edge singularity g(a;a,7,[E]) incurred for a coated system — normalized to
a homogeneous material with the film elastic properties — at identical Srp value. The variable I'(1), which is positive since both § I and g(a) are
negative in Eq. (B.5), is a function of G, and depends upon the mechanical parameters of the system.

In the case of a homogeneous material, a combination of Eqgs. (12), (10) and (11) allows us to solve the problem easily. In principle, similar
auxiliary functions can be built to diagonalize Eq. (13) for the coated system. In practice, as explicit expressions have not been obtained yet, we
introduced a numerical method to invert Eq. (13).

B.3. Problem definition

Let us now consider Eq. (13) for application to an indentation experiment. Let us not make any hypothesis on the shape of the indenter, apart
from the fact that it is rigid, convex, axisymmetric, and frictionless. For simplicity, we will consider the contact between the indenter and the
coated material to be non-adhesive. The boundary conditions of this problem are the following :

{Vr <a, u(r)=68-h(r)

Vr>a, q(r)=0 (B.7)

where A(r) the shape of the indenter and a the contact radius.

Note that this type of loading, because it only considers the normal displacement, does not model the indenter shape exactly, as has been shown
by Hay et al. [31]. The minor corrections taking into account the radial displacement will not be considered here.

Combining Egs. (10) and (B.7), we have :

Vr>a,gr)=0 (B.8)

Eq. (13) then becomes :

0(s) = 2/ g(r) (/ dk C(k)cos(kr) cos(ks)) dr (B.9)
7 Jo 0
1 For a cone:
na’E\* ~
K, = Ttan 11.(a,1,[E])
0. = %Ac(d,z, [E])

11
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while 0(r) is known on [0; a] through Egs. (11) and (B.7). Then, under the contact, our indentation problem turns into an integral equation of the
type h(r) = /O”dsf(s)K(r, s) where h and K are known.
As the method is similar to whatever the indenter shape, we will only detail here the calculation in the case of the cone indentation. Introducing,

s

Z(x) = %C(x) -1 (B.10)

1 00
0 =G+ / G < / dn Z(17) cos(p) COS(n€)> dp ®.11)
0 0

from which 4 and G can be calculated and

1

= 4/ dpG(p) (B.12)
0

Here the normalization parameter « is ag, = 1 for the flat punch, a,,, =2 for the cone and «,,,,, = 8/3 for the sphere. With

€= @ (B.13)

s
we have for the cone:
A-2
_ L4
e=4 T (B.14)
E,

and for the sphere:

1
2

e=4 (B.15)

Eyq

B.4. Implementation of the model

Let us consider Eq. (B.11) and discretize [0; 1] into N. From now on, we shall use ¢; = i/N and p; = j/N. If we approximate the integral on p
by a discrete sum, we then get :

1 1
4-6 = G(6) + 5~ GOK(G.0.7) + 7= G(DK (g, 1.7)

= Y GOIKG D) (B.16)
j=1.N-1
with K (¢, p,7) = [, dn Z(nz) cos(np) cos(ng)

From Eq. (B.11) we have G(1) = 0. Then, for a given r — that is to say for a given contact radius — we have to solve the (N + 1) X (N + 1)
linear system introduced in Eq. (B.16) for the remaining N values of the G field and the normalized penetration 4. The K-matrix elements can
be calculated with a Fast Fourier Transform (FFT) algorithm for numerical efficiency. Finally, the applied load IT and equivalent modulus &, are
obtained through Eq. (B.12) and Table B.2

B.5. Numerical considerations

The accuracy of the numerical solution depends on the dimension N of the K matrix (which is associated to the discretization of [0; 1]), the
cut-off B for the sampling range of the Z function and the sampling rate B/2* for the FFT calculation of the matrix elements.

As Z decreases in an exponential-like way and tends to zero when n becomes infinite, it is possible to choose a rather small value for B. We first
considered the case a/f = 100 and chose B = 1000. We then tested increasing values of N and k. Our results appear to converge with a deviation
smaller than 1% when N is greater than 700 (for a given k of 19) and when k is greater than 14 (with N = 700).

However, with N =700 and B = 1000, the output returned for small values of a/t converges only for k = 20, as the decay length of Z decreases
with a/t. This leads to an increase in terms of calculation time. Thus, we decided to fix N = 700 and k = 14, which constitutes a good compromise
between calculation time and precision, and to adapt the value for B to the input value for a/t. For instance, for a/t < 1, B = 20 is sufficient as
Z(20)/2(0) is smaller than 10~14 for moduli ratios up to 100.

For numerical calculations, it is necessary to select adequate value of the parameters n, B, V;-. The convergence has been studied for getting
the correct results out of BEM. Especially the impact of the parameters n, B, V- for flat punch contact to the coated substrate is studied in Figs.
B.2(a)-B.2(c). As the value of n, B, and V- increases, the value of contact stiffness converges for modulus contrast 100 and layer Poisson’s ratio
0.4. It is found that values of n = 700, B = 1000 and V- = 20 are adequate to find the correct value of the contact stiffness as there is not much
change in the value of contact stiffness by further increasing these parameters.

Appendix C

Here, we explain how the response function or Green’s function becomes singular for elevated confinement and Poisson’s ratio approaching 0.5.
Using the notation

2 N

C(kt) = E_l* 3 (C.l)

12
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'E54 485

E :
252 -a-a/t=2.2,n=700,VT=20,1/l=0.4 S 48 -o-a/t=2.2.B=IOOO,VTZZO,V1=0.4
3 2

3 2475
£50 £
k7 Z 47
..8 48 4% 46.5

c =

(@] =}
O 46 O 4

0 500 1000 1500 0 500 1000 1500
B n
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‘E60;

é a/t=2.2,B=1000,n=700,1/1=0.4
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50
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(c) Selection of Vi

Fig. B.2. Convergence study using parameters (a) B, (b) n, (c) V; for the case of a/t = 2.2, E,/E, =100 and v, = 0.4.

Since we are interested in the highly confined limit, we will look at the large aspect ratios (i.e. the small k values, where k is the wave vector
in the Fourier space). Expanding at small k7, we find that the numerator is given by

_ 2.2
N = 1+4bkt [1+ﬂ+4k’ +]
1! 2!
b |14 ZH 16K 64K
¢ I 21 T
= (1 — ab) + (k1)(4b + 4ab) + (kt)*(—8b — 8ab)
+(kn)>(8b + ab33—2) + o (c.2)

The denominator is given by

_ 2.2
2kt 4Kt ]

D = 1—(a+b+4bkt)?) [1+

T
vab |1+ 22K 16k22 64313 + ]
1 2! 3!
= (1 —a— b+ ab) + (kr)(2a + 2b — 4ab) + (k1)*(—2a — 6b + 8ab)
+(k)>(8b — ab%) + (C.3)

From the expression of the C(kr) given in Eq. (5), it can be seen that as k goes to zero, E, goes to infinity and v, goes to 0.5 then
a=0,a=-1,b=—1. (C.4)

We see that D is well-behaved but the first three terms in the expansion of the N go to zero. This is the direct consequence of a confined
incompressible soft layer. This is the probable source of the problem with the BEM method in this regime.

In fact, at finite thickness ¢ and large radius a, (i.e. taking the limit k7 goes to zero), we recover from Eq. (5), the uniaxial strain compliance
(I+v(=2v)
c = dd=2v)

o It duly goes to zero when the material becomes incompressible. This is an effect of confinement. Hence, the apparent reason for
1=V

the breakdown of the BEM method at a high aspect ratio and the incompressible coating layer is visible here.

13
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Data availability

Code is available in the article itself.
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