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There are many human behaviours which unfold over time.
It would be folly to try to understand those behaviours with-

out taking into account their temporal nature.

—Jeffrey Elman, Finding Structure in Time (1990)
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Abstract

Many real-world systems evolve continuously, yet most machine learning
models interpret time series as discrete sequences. Continuous-time ap-
proaches instead treat time series as samples from an underlying input
path, a formulation that naturally accommodates irregularly sampled or
oversampled data. Among these, Neural Controlled Differential Equations
(NCDEs) are a maximally expressive class of models that parametrise a
vector field using a neural network and evolve their hidden state by solv-
ing a dynamical system driven by the input path. NCDEs typically use
a non-linear vector field, so their expressive power and continuous-time
flexibility come at the cost of a forward pass that is both computationally
expensive and inherently sequential, limiting their scalability and practical

applicability.
This thesis advances the training and scalability of NCDEs through three

complementary contributions. First, building on neural rough differential
equations, Log-NCDEs apply the Log-ODE method to efficiently approxi-
mate an NCDE’s solution during training, improving both computational
speed and empirical performance. Second, Linear NCDEs replace the
non-linear vector field with a linear one, enabling closed-form solutions
and parallel-in-time computation without sacrificing theoretical expressiv-
ity. Third, Structured Linear NCDEs use structured linear vector fields
to further enhance efficiency while maintaining theoretical expressiveness

and empirical performance.

Collectively, these methods reduce the time per training step for an NCDE
by up to three orders of magnitude while achieving state-of-the-art per-

formance across diverse time series benchmarks.
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Chapter 1

Introduction

Paths — simply everywhere.

—Terry Lyons, Rough Paths, Signatures and the Modelling of Functions
on Streams (2014)

1.1 Paths

1.1.1 The PhysioNet Challenge 2022

In the first year of my PhD, I took part in the George B. Moody PhysioNet Challenge
2022, an international machine learning competition focused on developing open-
source solutions to clinically relevant problems in healthcare [Goldberger et al. [2000;
Reyna et al. [2023]. The task was to detect heart murmurs from phonocardiogram
(PCG) recordings. Each patient contributed up to six recordings, with between 20,000
and 180,000 samples per recording. Our team, PathToMyHeart, placed fourth out of
78 total teams [Walker et al. 2022).

Our approach converted PCGs into log-mel spectrograms and applied a fine-tuned
ResNet-50, which had been pre-trained on ImageNet [Deng et al. 2009; He et al. 2016;
Walker et al. [2022|. Notably, the five best-performing teams all used spectrograms,
and four, including the winner, applied convolutional neural networks to those spec-
trograms [Xu et al. [2022; Lee et al. 2022; Lu et al. 2022; McDonald et al. 2022|.
Despite heart-sound recordings being time series, the dominant approach among the
best-performing teams was to change the modality: move from time series to im-

ages and apply a convolutional neural network. This is particularly interesting given



the concurrent success of Transformer-based sequence models [Bahdanau et al. 2015}
Vaswani et al. [2017; Brown et al. 2020].

There are many reasons why a model operating on spectrograms could outperform
one operating on the raw signal. One that stands out is the application of discrete
sequence models to samples from a continuous process. For example, assuming the
signal is band-limited, then a frequency-cropped spectrogram is theoretically inde-
pendent of the sampling rate r once it exceeds twice the signal’s highest frequency
[Nyquist [1928; Shannon [1949]. Therefore, past this sampling rate, the downstream
model’s performance is independent of r. In contrast, applying a recurrent neural
network (RNN) to the raw signal becomes increasingly unstable as r increases due
to exploding or vanishing gradients, while applying a Transformer incurs a compu-
tational cost that scales as O(r?) [Hochreiter 1991; Hochreiter et al. [1997; Vaswani
et al. [2017]. Both challenges stem from treating samples of a continuous signal as a
sequence of discrete observations. A more natural approach is to model the data as

a path, where the evolution is described continuously.

1.1.2 From Paths to Signatures

This thesis is certainly not the first work to advocate for a path-based approach to
time series modelling. Differential equations have been used to model epidemics [Ker-
mack et al. [1927], economics [Solow [1956], and ecology [Lotka [1925; Volterra 1926],
to name some of the applications beginning with the letter e. In fact, neural networks
were used to parametrise the vector field of a differential equation and trained to out-
put paths before the foundation of modern recurrent neural networks |[Pearlmutter
1989; Elman [1990].

The approach to path-based modelling this thesis builds upon can be traced back
to Chen [1954], who introduced an infinite collection of iterated integrals of a path,
now known as the path’s signature. This object has several important mathematical
properties, which are discussed in detail in Section 2.3l One important feature for
time series modelling is that, modulo an equivalence relation discussed in Section
, the signature determines a path uniquely [Hambly et al. [2010; Boedihardjo
et al. 2016]. This uniqueness, together with the natural grading of the signature
terms, motivates the truncated signature as a finite feature set that provides a high-

level description of the path over an interval. Early applications of the truncated



signature include handwritten character recognition [Graham [2013; Yang et al. [2016]
and the extraction of information from financial data streams [Gyurké et al. 2014].
Another important feature for time series modelling is that any real-valued continu-
ous function defined on a compact set of signatures can be approximated arbitrarily
well by a linear function. Combined with uniqueness, this property implies that con-
tinuous functions on compact subsets of path space can be approximated by linear
functions of the signature. This motivates the use of truncated signature features in
linear regression, as formalised by Levin et al. [2016]. A more recent development
has been the introduction of the signature kernel, which allows one to operate with
the complete signature [Kirdly et al. 2019; Salvi et al. |2021} Salvi 2021, Lemercier
et al. [2021b; Lemercier et al. [2021a; Manten et al. [2025]. In healthcare, signature
methods have been applied to distinguishing between bipolar disorder and borderline
personality disorder |[Perez Arribas et al.|2018|, diagnosing Alzheimer’s disease [Moore
et al. [2019], speech emotion recognition [Wang et al. |2019], early detection of sepsis
[Morrill et al. [2019; Cohen et al. 2024], and heart failure prediction from electronic
health records [Vauvelle et al. [2022]. In finance, signature methods have been applied
to derivative pricing |Perez Arribas [2018|, path-dependent stochastic models [Perez
Arribas et al. |2020|, optimal stopping [Horvath et al. |2023|, hedging [Cirone et al.
2025¢|, and macroeconomic nowcasting [Cohen et al. [2023]. Additionally, signature
methods have proven valuable in information theory [Salvi et al. |[2023; Shmelev et al.
2024], cybersecurity [Cochrane et al. [2021], and computational neuroscience [Holberg
et al. 2024].

The signature has typically been used as a shallow learning tool. A predefined,
universal transformation is applied to a path, with the feature extractor being inde-
pendent of any specific task or dataset. Consequently, learning is confined to a final
map from the signature features to the desired output. Even when signatures are
incorporated into deep learning architectures, the transformation itself is often kept
static, with learnable components occurring before or after the signature computation
[Bonnier et al. 2019; Liao et al. 2021} Moreno-Pino et al. 2024]. As will be discussed
in Section [2.4.1] the truncated signature is the solution to a certain controlled dif-
ferential equation (CDE). This perspective naturally raises the question: rather than

using the fixed signature as a feature extractor, can we instead learn a task-specific
CDE?



1.1.3 Neural Controlled Differential Equations

A CDE describes the relationship between the increments of a control path and the
evolution of a solution path using a vector field. Neural CDEs (NCDEs) treat time
series as observations from a control path, parametrise a CDE’s vector field using a
neural network, and use the solution path as a continuously evolving hidden state
[Kidger et al. [2020]. An immediate benefit of this path-based approach is detaching
the sampling rate of the data from how we evolve the hidden state, which is now
controlled by the choice of differential equation solver. This makes NCDEs natu-
rally suited to handling irregularly sampled or oversampled data [Kidger et al. 2020}
Walker et al. 2024]. They have been applied to counterfactual prediction in health-
care [Seedat et al. [2022|, economic nowcasting [Lim et al. 2024|, survival prediction
[Zeng et al. 2025|, anomaly detection for driving assistance |[Lee et al. 2024, and
dynamic graphs [Qin et al. 2025; Berndt et al. 2025], with particular success in traffic
forecasting [Choi et al. 2022; Choi et al. [2023].

However, despite being aware of this path-based approach, our team did not attempt
to train an NCDE to detect heart murmurs from PCG recordings during the Phys-
ioNet Challenge 2022. Each forward pass involves using a differential equation solver
to approximate the solution of a non-linear CDE. This process is not only computa-
tionally expensive, but also inherently sequential, preventing parallel-in-time training.
Furthermore, although some progress has been made on time series with many sam-
ples using neural rough differential equations (NRDEs) [Morrill et al. 2021], NCDEs

continue to struggle on these tasks.

Addressing these limitations is the central focus of the work presented in this thesis.

1.2 Thesis Outline

1.2.1 Contributions

This thesis makes three key contributions to the study and application of NCDEs:

e First, building on the work of NRDEs [Morrill et al. 2021], we use the Log-
ODE method to approximate the solutions of NCDEs during training. Rather
than working directly with the raw path, this approach uses the signature to

summarise the path over intervals, yielding a more efficient approximation. This



reduces training times and improves empirical performance, but it does not
remove the core computational bottleneck: the forward pass still requires solving

a non-linear differential equation sequentially.

e Second, we introduce Linear NCDEs, a variant where the non-linear vector field
is replaced by a linear one. Linear NCDEs retain the theoretical expressivity
of NCDEs while admitting explicit solutions, removing the need for a differen-
tial equation solver and enabling parallel-in-time training. Linearity is the key

structural innovation that makes NCDEs scalable.

e Third, we develop Structured Linear NCDEs (SLiCEs), which replace the dense
matrices of a Linear NCDE with structured variants that preserve the model’s

expressivity while further improving computational efficiency.

These three advances are complementary: the Log-ODE method provides an efficient
path-based approximation, Linear NCDEs provide a scalable model architecture, and
SLiCEs improve the computational efficiency. Together, they reduce the time per
training step for NCDEs by up to three orders of magnitude, making continuous-time
models applicable at scales that were previously infeasible. The core of this thesis
brings together and extends three publications, with my specific contributions to each
detailed below.

e B. Walker et al. [2024]. “Log Neural Controlled Differential Equations: The Lie
Brackets Make a Difference”, Proceedings of the 41st International Conference
on Machine Learning (ICML)

— Developed the methodology, implementation, and empirical validation of
Log-NCDEs presented in Section [4.4]

— The proof of Lemma presented in Section [3.4.2] which explicitly
bounds the Lip(y)-norm for the composition of two Lip(vy) functions when

1 < ~ < 2. This proof was completed collaboratively with Dr. Andrew
McLeod.

— The proof of Theorem presented in Section [4.4.2] which uses Lemma
to bound the Lip(+y)-norm for a specific class of neural networks when
1<y <2

e N. M. Cirone et al. [2024]. “Theoretical Foundations of Deep Selective State-
Space Models”, Proceedings of the 38th Conference on Neural Information Pro-
cessing Systems (NeurIPS)



— Developed the methodology in collaboration with Nicola Muca Cirone.

— Solely contributed the implementation and empirical validation of Linear
NCDEs presented in Sections [5.3.4] and [5.3.5]

e B. Walker et al. [2025]. “Structured Linear CDEs: Maximally Expressive and
Parallel-in-Time Sequence Models”, Proceedings of the 39th Conference on Neu-
ral Information Processing Systems (NeurIPS) (Spotlight)

— Developed the concept, methodology, implementation, and empirical vali-
dation of SLiCEs presented in Section [5.4]

All of my published work has been completed in close collaboration with my co-
authors. In particular, I want to highlight Nicola Muga Cirone, who proved Theorems
5.4 5.5 and originally presented in [Cirone et al. [2024], and Theorem [5.9] orig-
inally presented in [Walker et al. [2025|. These theorems are presented in this thesis
to give a complete picture, with original overviews of the proof techniques provided
where appropriate. This thesis also presents the following previously unpublished

contributions:

e To the best of our knowledge, Section [3.3] provides the first formal treatment of
the Lie bracket for two Lip(y) functions defined on arbitrary subsets of poten-

tially infinite-dimensional Banach spaces.

e Section [3.4.3| provides an explicit example that lower bounds the norm of the
composition of two Lip(y) functions when 1 < v < 2. This complements the
upper bound in Lemma [3.35] originally presented in Walker et al. [2024. We also

show that these two bounds converge as v — 1.

. Theorem generalises [Walker et al.|[2024, Theorem 3.1| by extending the proof
that certain neural networks are Lip(7) from the specific case of Sigmoid Linear
Unit (SiLU) activation functions and v = 2 to a broader class of activation
functions and 1 < v < 2 |Elfwing et al. [2018].

1.2.2 Organisation

This thesis is structured into two parts. The first half establishes the mathematical

foundations for the continuous-time models developed later.



e Chapter 2 introduces the prerequisite mathematics. Topics covered include the
tensor algebra, the signature of a path, existence and uniqueness of solutions to
CDEs, and the Log-ODE method for approximating solutions to CDEs. These
concepts provide the foundation for the path-based approach adopted in this
thesis: paths are the fundamental objects, signatures give a principled descrip-
tion of a path over an interval, and the Log-ODE method shows how such

descriptions can be used to efficiently approximate continuous-time dynamics.

e Chapter 3 introduces Lip(7) regularity, which specifies the assumptions on the
vector field of a CDE needed to establish existence and uniqueness of solutions.
The chapter also provides a formal treatment of the Lie bracket for Lip(v)
functions, a key component of the Log-ODE method. Finally, a novel explicit
bound on the Lip(7y) norm of the composition of two Lip(y) functions when
1 < v < 2 is presented. These results provide the regularity theory needed to
justify the application of the Log-ODE method to NCDEs.

The second half of the thesis uses these mathematical foundations to develop scalable

continuous-time models.

e Chapter 4 begins by introducing NCDEs. The results of Chapter 3 are used to
ensure that the neural network parametrising the NCDE’s vector field satisfies
Lip() regularity, allowing the application of the Log-ODE method. The chap-
ter then shows that using the Log-ODE method during training improves the
empirical performance and computational efficiency of NCDEs across a range of
real-world time series benchmarks. The chapter concludes by highlighting a key
remaining limitation of this approach: because the dynamics are governed by a

non-linear differential equation, the forward pass remains inherently sequential.

e Chapter 5 introduces Linear NCDEs, a subclass of NCDEs with vector fields
that depend linearly on the hidden-state. Linear NCDEs are shown to retain
the full theoretical expressivity of NCDEs whilst admitting explicit solutions,
removing the need for a differential equation solver and enabling parallel-in-time
computation. The chapter also shows that modern Structured State-Space Mod-
els (SSMs) can be viewed as a restrictive subclass of Linear NCDEs;, allowing
a formal characterisation of their expressive limitations. Finally, the chapter
introduces SLiCEs, which replace the dense matrices of a Linear NCDE with
structured variants that reduce the computational burden whilst retaining full

theoretical expressivity and achieving equivalent empirical performance.



e Chapter 6 concludes the thesis by summarising the key contributions, reflect-
ing on their implications for scalable continuous-time models, and discussing

promising avenues for future research.



Chapter 2

Controlled Differential Equations

The winding roads must be made straight and the rough paths

made smooth.

—Luke 3:5, Good News Translation

2.1 Introduction

Realising the benefits of continuous-time machine learning requires a mathematical
framework for understanding continuous paths. This chapter develops that frame-
work by introducing CDEs and the signature of a path. These objects are closely
connected. The signature arises naturally when deriving the flow of a linear CDE;,
as shown in Theorem [2.37] and is itself the solution of a CDE. Furthermore, the sig-
nature has several properties that make it central to the methods developed in this
thesis. In particular, it provides a graded representation of a path, its components
form a universal feature set, and it composes associatively under concatenation of

intervals, enabling parallel-in-time computation via an associative scan.

These ideas already appear in the simplest one-dimensional example, the signature
of the time path,

for t € [a,b]. The signature of a one-dimensional path over an interval [a, ] is given

by an infinite collection of real-valued numbers,

Sta = [Stag> S Sty - Sasys -+ 1 (22)



where the superscript i € Ny = {0} UN denotes the i component of the signature and
the subscript [a, t] records the interval over which it is computed. For the time path,
the components of the signature are defined recursively by the system of ordinary
differential equations

dS, g = Sh g dt, (2.3)

[a,t]

where S, , = 1for all t € [a,b] and S}, ; = 0 for i > 1. The solution to this system is

(t-af  (t—a)
S[a,t] = |:1,t—(l, 91 PR il NP (24)

for t € [a,b]. The components of the time path’s signature are scaled monomials
corresponding to the terms in the exponential series. Hence, the sequence of partial

sums Zi]\io S [l | converges uniformly to the exponential,

a,t
N
sup |ef™* — Z Sla] 2, (2.5)
tela,b] i—0

More generally, the signature retains this graded, exponential-like structure for arbi-
trary paths, although in higher dimensions its components no longer take values in
R, but in different tensor spaces, as will be seen in Section [2.3]

Since the components of the time path’s signature are scaled monomials, a straight-
forward application of the Weierstrass Approximation Theorem shows that any con-
tinuous function on [a,b] can be approximated to arbitrary precision by a linear

combination of the terms of S, 4.

Theorem 2.1 (Weierstrass Approximation Theorem |Weierstrass |1885]). Let f :
la,b] = R be a continuous function. Then, for every e > 0, there exists a polynomial
P such that

sup |f(t) — P(t)] < e. (2.6)

t€la,b]

Corollary 2.2. Let Sy = [1,(t—a), 5(t—a)?,..., %(t—a)’,...] fort € [a,b]. Then,

for any continuous function f : [a,b] — R and any € > 0, there exists a finite sequence
of coefficients L = [Lg, L1, ..., L] such that

sup
te[a,b]

F) =Y LS, | <e. (2.7)
1=0

Proof. The elements Sfa 4 are scaled monomials, and their finite linear combinations

form the polynomials. Therefore, by the Weierstrass Approximation Theorem, any

10



continuous function can be uniformly approximated by a finite sum of S[ia g to arbi-

trary precision. O

Hence, linear maps of the time path’s signature are dense in the space of continu-
ous functions of time. Section [2.3] will extend this same universality from continuous

functions of time to continuous functions of paths.
We can define a product of S|, and Sp q, which corresponds to concatenating the
intervals [a, b] and [b, c].

Lemma 2.3 (One-Dimensional Concatenation Product). For intervals [a, f] and

[, 0], let x denote the concatenation product defined by

k
(Stas1 * Spran)” Z 1St (2.8)
=0
for k € Ng. Then, for any a < b <,
S[aﬁ] = S[a,b] * S[b,c]- (29)
Proof. Using ([2.8)),
k . .
(Stas) * Spe)* = Y Sty (2.10)
j=0
Eo(b—a)(c— bk
_y bz ae b (2.11)
— JME=9)
1 (k j k—j
:HZ ) (b—a)(c— b) (2.12)
L \J
Applying the Binomial Theorem,
(c—a)*
(Spap * Sp,a)* = T Stha- (2.13)

Since the k-th components of Sj, g and Sjgp * Sp,q are equal for all £ > 0,
S[aﬁ] == S[a,b] * S[b,c]- (2.14)
O

This simple setting already demonstrates an important computational advantage of

signatures. To compute the signature over a long interval, one may first partition

11



the interval into smaller subintervals, compute the signature on each subinterval in-
dependently, and then combine the results using the product. Since this product is
associative, these local computations can be aggregated in parallel via an associative
scan |Blelloch 1993]. The same idea will also be used in Chapter [5{ to make Linear
NCDESs parallel-in-time.

The one-dimensional case already illustrates the core properties of the signature that
make it a powerful tool. It provides a universal, graded representation of a path that
composes naturally under concatenation of intervals. For general paths, these compo-
nents are no longer real-valued, but instead take values in tensor spaces. Formulating

this precisely requires a brief detour into the tensor algebra.

2.2 The Tensor Algebra

2.2.1 Tensor Product Space

For paths taking values in a vector space, the higher levels of the signature are defined
by iterated integrals of the path increments. At the second level, these terms involve
pairs of increments and so naturally define bilinear quantities. Higher levels similarly
involve several increments and hence give rise to multilinear quantities. To treat such
objects within a linear framework, we seek a vector space through which these bilinear

interactions may be represented linearly. This motivates the following universality
property.

Definition 2.4 (Universal for Bilinearity [Roman [2007]). Let U and V' be vector
spaces. A vector space T with a bilinear map t : U xV — T is universal for bilinearity

iof for every vector space W and every bilinear map k : U x V. — W, there exists a

unique linear map 7 : T — W satisfying k = T o t.

We now construct a vector space with this property. Let U and V' be vector spaces
over F', and let Fy«y be the vector space with basis {(u,v) : u € U,v € V}. Let R

be the subspace of Iy spanned by the expressions
(u+u,v)— (u,v) — (v, v),
(Tua U) - T(“’u U)a

) = (u,v),

v
r(u,v),

(u,v+v") — (u (215)
) —

(u, v

12



where r € F, u,u’ € U, and v,v" € V. These expressions measure the failure of
bilinearity, so passing to the quotient identifies them with zero and thereby forces

bilinearity to hold. The quotient space

Fuxy

R Y

is called the tensor product of U and V. The map ¢ : U x V — U ® V is defined by
projecting (u,v) onto U ® V', with the result denoted ¢(u,v) = u ® v.

UV = (2.16)

Theorem 2.5. Let U and V' be vector spaces. Up to isomorphism, the tensor product
space U @ V' with the bilinear map ¢ : U XV — U ® V' is the unique space that is

universal for bilinearity [Roman |20077].

Theorem [2.5 shows that the space constructed above is, up to isomorphism, the only
vector space with the required universality property. Thus the tensor product is the
natural space for bilinear quantities. Repeating this construction yields the higher

tensor powers needed for the multilinear terms appearing in the signature.

Figure [2.1] is a schematic representation of the universal bilinearity satisfied by the
tensor product space. To illustrate the tensor product and universal property, take
U =R? and V = R? with bases (e, e3) and (fy, fo, f3), respectively. Let & : UQV —

R?*3 be the isomorphism defined by mapping e; ® f; to the matrix E;;, which has a
1 at (i,7) and zeros elsewhere. Let u = [uy, us]? € R? and v = [v1, v, v3]T € R3. The

image of their tensor product under ® is the outer product of the vectors,

O(u®v) = lu1] [vl Vg vg] = [Uﬂ)l v uw;;] : (2.17)

U2 UaV1 U2V2  U2V3

Every bilinear expression x(u,v) depends on products u;v; of components of u and
v. In U ® V, these products are represented linearly by the basis elements e; ® f;.
Thus, given a bilinear map x : U x V' — W, the universal property yields a unique
linear map 7: U ® V' — W such that 7(u ® v) = k(u,v).

2.2.2 Definition

The previous subsection introduced tensor product spaces as the natural linear spaces
for the multilinear terms in the signature. To study the signature analytically, we
now assume that the path takes values in a Banach space V. The higher levels of

the signature then take values in the iterated tensor products of V. To analyse these
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UV

Figure 2.1: Commutative diagram expressing the universal bilinearity of the tensor
product, where each bilinear map s : U x V — W factors uniquely through a linear
map7: U@V — W.

terms, we must equip the tensor powers of V' with suitable norms.

Let V be a Banach space. For each n > 1, let V®" denote the completion of the
n—fold tensor product of V' with respect to a norm || - ||yyen. Throughout this thesis,
we assume that the family of norms {|| - ||yen}52, satisfies the following conditions
forallm,n>1,vy,...,0, €V, v €V and w € V&

1. For every o in the symmetric group over {1,...,n}, let 7, denote the permuta-
tion operator defined on simple tensors by 7, (v1 ® -+ ® vp) = Vo(1) ® * - ® V()

and extended to generic v by linearity and completion. Then 7, is an isometry.
2. The norm is sub-multiplicative, ||v ® w||yom+m < ||v]|ven |[|w]||vem.

3. For any bounded linear functional f on V®" and g on V®™, there exists a unique
bounded linear functional f®g on V&™) such that (f®g)(v@w) = f(v)g(w).

4. For a bounded linear functional h on a Banach space X, let

1hlop = sup 212! (2.18)
P

be the operator norm. Then for bounded linear functionals f on V" and ¢ on
Ve let f ® g denote the linear functional defined by

(f@g)lvew) = flv)g(w) (2.19)

for simple tensors and extended by linearity. Then

17 gllop < 1 Fllopllgllop- (2.20)
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Families of norms which satisfy conditions 1 and 2 are called admissible tensor norms
[Lyons et al. 2007]. Requiring conditions 1, 2, and 3 is the setting of Lyons et al.
[2002] and Boedihardjo et al. [2016]. Families of norms satisfying conditions 1, 2, and
4 are known as reasonable tensor algebra norms [Chang et al.|2018|. In fact, condition
4 implies condition 3 by continuity, so reasonable tensor algebra norms automatically
satisfy all four properties. Families of reasonable tensor algebra norms will be suffi-
cient for the contents of this thesis [Chang et al. 2018|. Moreover, conditions 2 and 4
ensure that for each decomposition n = r + s with 7, s > 1, the norm on V®" induces
a reasonable cross norm on V& ® V®¢, Therefore, the bounds in conditions 2 and 4
hold with equality [Ryan 2002; Lyons et al. [2025]. Equipping each V®" with either
the projective or injective tensor norm yields a family of reasonable tensor algebra
norms [Chang et al. 2018|.

Definition 2.6 (The Tensor Algebra |Lyons et al. [2007]). Let {V®"}>2 ;| be equipped
with a family of norms {||-||yen }2, satisfying the above conditions, and define V&° =

R. The tensor algebra is the set
T((V)) ={x=(2%2",..)|2" € V®"} (2.21)

with product z = x ® y defined by

k

F=xey)F=> oy (2.22)
j=0

The tensor algebra product is associative and has unit 1 = (1,0,0,...). As T'((V)) is
an associative algebra, it has a Lie algebra structure, with Lie bracket

Xyl =x®y -y®x (2.23)

for x,y € T((V)) |Reutenauer |1993]. When V' = R, each tensor power V®" is
canonically identified with R, and an element of 7'((V')) may be viewed simply as
a sequence of real numbers. In this case, the tensor algebra product is exactly the
one-dimensional concatenation product introduced in Lemma[2.3] Four substructures

of the tensor algebra which will be relevant in this thesis are:
1. The space with only finitely many non-zero terms, denoted T'(V).

2. The truncated tensor algebra, denoted 7" (V'), whose elements are of the form

x = (2% 2, ... a").
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3. The space with ° = 1, denoted 7'((V)). This space is a group with inverse

X' '=1-(x-D+x-1DP2 (x-S ..., (2.24)

4. The space of Lie series generated by V,

where Ly =0, L1 =V, and L;;, is the span of [v,[] for v € V and [ € L;, which
is denoted [V, L;].

2.2.3 The Tensor Algebra and 2(W,)

Let V be a d—dimensional Banach space and (ey, ..., e4) be a basis of V. A basis of
V& is given by

{er=e€,® - ®e,li; €{1,...,d}}, (2.26)
where I = (i1, 19, ... ,1,) is a multi-index. Let W, denote the set of all finite sequences,
or words, composed of the letters {1,2,...,d}, with the empty word () included. There
is a natural identification between the basis of V" and the words of length n via the
map ¢(e;, @ ---®e; ) =iy i,. Furthermore, elements of the tensor algebra can be
identified with real-valued functions A : W; — R.

Definition 2.7 (1*(W,) Space |Kreyszig 1978]). The space [*(Wy) consists of all
real-valued functions A : Wy — R such that the sum of the squares of their values is
finite:

1Al = (Z A%) < . (2.27)

IeWy
This space 1s a Hilbert space when equipped with the inner product:

(A,B)= > AB. (2.28)

I1eWy
Using the above identification of T'((V')) with real-valued functions on W, and consid-

ering each as purely sets, we have the following inclusions: T(V') C I2(W,) C T((V)).

2.3 The Signature

2.3.1 Definition

Armed with the tensor product, we can now extend the notion of a signature to paths

taking values in a Banach space. As in the one-dimensional example of Section [2.1]
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the construction is based on iterated integrals. Therefore, we begin by specifying a

suitable notion of integration for the setting of this thesis, the Young integral.

Definition 2.8 (p-variation [Young 1936; Lyons et al. 2007]). Let V' be a Banach
space and p > 1. The p-variation of a path X : |a,b] — V is defined by

r—1 1/p
X b o) = (S%PZ 1650 = thll”> : (2.29)

J=0

where D is the set of all finite partitions (t;)j—, satisfying a =ty <t; <--- <t, =Db.

The set of paths from [a, b] to V' with finite p—variation is denoted V?(a, b], V).

Definition 2.9 (Bounded Linear Maps |Kreyszig 1978|). Let V' and W be Banach
spaces. A linear map A : V. — W is bounded if there exists a constant ¢ > 0 such that

[A@)[lw < cllvllv (2.30)
forallveV.
We denote the set of all bounded linear maps from V' to W by L(V, W).

Theorem 2.10 (Young Integration [Young |1936; Lyons et al. 2007]). Let V' and
W be Banach spaces, p,q > 1 satisfy % —1—5 > 1, X € V([a,b],V), and Y €
Vi([a,b], L(V,W)). Let {d" = (t5,...,tx )}no be a sequence of finite partitions
of [a,b] with sup; [t},, — 17| — 0 as n — oo. Then the Young integral defined by the
limat

Np—1

b
/ YdX, = lim Y Yin[Xpn  — Xin] (2.31)
a =0

n—oo 4

exists and does not depend on the choice of partitions {d"}52,.

Proof. See [Young 1936| for real-valued paths and [Lyons et al. 2007| for paths taking

values in Banach spaces. O

The integral defined by the limit in (2.31]) also exists when both X and Y are con-
tinuous and at least one of them has finite 1—variation. In this case, it is known as
a Riemann-Stieltjes integral [Stieltjes [1894; Apostol [1974].

Definition 2.11 (The Signature [Lyons et al. [2007]). Let X € V?([a,b],V) withp < 2
and define

X[Z,b] = / . / dXUl R ® qun c ‘/®n7 (232>

UL <-<un
Ul,...,un€[a,b]
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where the integral is defined in the Young sense [Young 1936]. The signature of the
path X is defined as

Stap)(X) = (L, X}y Xfay - ) € T((V)). (2.33)

To illustrate this definition, consider the case V' = R? with standard basis (e1, ..., eq)
and X; = (X},..., X?). Then

By = Z S[;,;’ €, ® - Qe (2.34)

Z1 I 77477.—1
where

S[(;’lb,]...,z'n) _ // dXill“‘dXi’fL- (2.35)

——
U< <unp
ula“wune[avb]

In particular, the first-level terms S[(i)b} = X} — X! are the coordinate increments of

the path, while higher-order terms capture ordered interactions between coordinates.

If X :[a,b] — R is one-dimensional, then for each n > 1,
(Xb — Xa)n

X[“’b] - n!

(2.36)

As for the time path, the signature of a one-dimensional path depends only on the
total increment X, — X,. In dimension two and higher, the order of the increments
matters. For example, the piecewise linear paths (0,0) — (1,0) — (1,1) and (0,0) —
(0,1) — (1,1) have the same first level, since they have the same increment, but
different second levels. In R?, this difference is captured by the antisymmetric part
of the second level,

A= (S{jf - s, (2.37)
which is the signed area enclosed by the path and its chord. So, beyond one dimen-
sion, the signature records not only where a path starts and ends, but also information

about the route it traverses, as illustrated in Figure 2.2

The condition 117 + % > 1 in Theorem restricts our definition of the signature
to paths with finite p—variation for p less than 2. Although this is sufficient for the
paths considered in this thesis, many important examples, such as Brownian motion,
have infinite p—variation for all p < 2. Rough path theory provides a generalisation
of the construction presented here to include paths that have finite p-variation for
some p > 2, but for no p < 2 [Lyons|1998|. An accessible introduction to rough path
theory can be found in [Lyons et al. 2007].
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Figure 2.2: Two piecewise linear paths from Start to End with the same net displace-
ment but different ordering: the blue path X; moves first in the x; direction and
then in x5, while the orange path Y; moves first in the x5 direction and then in xq,
as indicated by the numbered circles. The shaded triangles show the corresponding
signed areas and the bar chart compares the common first-level terms S® and S(?)
with the signed area A = $(S1:? — 5&1) for the two paths.

2.3.2 Properties

In his seminal work on the signature of finite-dimensional bounded-variation paths,
Chen [1954] introduced a number of important properties, including invariance to
reparametrisation and translation. Lyons et al. provide an exposition of these
properties for paths in V?([a,b], V) with p < 2.

Lemma 2.12 (Invariance to Reparametrisation [Chen [1954; Lyons et al. 2007]). Let
X € VP([a,b],V) withp < 2 and « : [a,b] — [a,b] be a continuous, strictly increasing
function satisfying a(a) = a and a(b) = b. Then

S[a,b] (X) = S[a,b] (X o Oé). (238)

Lemma 2.13 (Invariance to Translation [Chen 1954} Lyons et al. 2007]). Let X €
VP([a,b], V) with p < 2, and v € V. DefineY : [a,b] = V by Y; = X; + v for all
t € [a,b]. Then

Slap)(X) = S (Y). (2.39)

For paths that do not self-intersect, in the sense that s # ¢ implies X, # X;, trans-
lation and reparametrisation are the only transformations under which the signature
is invariant. This makes the signature a natural representation when the object of
interest is the shape of a path, since it treats the infinitely many paths related by trans-

lation or reparametrisation as equivalent. However, when a path does self-intersect,
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further invariances appear. A basic example is that the signature is unchanged by a
portion of the path that traces out an excursion and then retraces it exactly. In the
bounded-variation setting, Hambly et al. [2010] showed that the full class of such in-
variances is captured by tree-like equivalence. Boedihardjo et al. [2016] subsequently
extended this result to the p < 2 setting. For our purposes, it is enough to note
that translation invariance is removed by working with paths that share a common
initial point, while reparametrisation invariance and tree-like equivalence are removed
by augmenting the path with time. In particular, the added time channel is strictly

increasing, so time-augmented paths cannot self-intersect.

Definition 2.14. Let V{(]a,b], V) denote the set of paths X € VP([a,b], V) where
X, =0.

Definition 2.15 (Time augmentation). For X € V?([a,b], V), define the time-augmented
path X : [a,b] = R x V by

Another fundamental property established by Chen [1954] is that the signature is

multiplicative under concatenation of intervals.

Theorem 2.16 (Chen’s Identity [Chen|[1954; Lyons et al. 2007]). Let X € VP([a,b],V)
with p < 2. Then for all t € [a, b,

S[aJ,] (X) = S[a,t] (X) ® S[t,b} (X) (2.41)

Theorem is the general analogue of the concatenation property in Lemma [2.3
for the signature of the time path. It shows that the signature over a long interval
may be decomposed into signatures over smaller subintervals and then recombined
via the tensor product. This makes the signature amenable to memory-efficient recur-
rent computation, since the current signature encodes all necessary information from

previous intervals, and to parallel computation via an associative scan [Blelloch [1993].

As shown in (2.36]), the terms of the signature of a one-dimensional path decay fac-
torially. The following theorem shows that there is an analogous decay estimate for

general paths.

Definition 2.17. Let I' denote the gamma function, defined for x > 0 by
[(x) :/ t" et dt. (2.42)
0
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The gamma function extends the factorial function to the positive real line, in the
sense that I'(1 +m) = m! for m € Ny.

Theorem 2.18 (Factorial decay [Lyons|1994, Theorem 2.2.1]). Let X € VP([a,b],V)
with p < 2. Then there exists a finite constant C, > 1, depending only on p, such
that for every [s,t] C [a,b] and every n > 1,

||X||Z—var;[s,t} . (243)

Theorem shows that the signature decays rapidly with tensor level, and hence

1XEeall < G

defines an element of the completed tensor algebra. Letting S(VP([a,b],V)) denote
the set of signatures of paths in V?([a,b],V') and using the identification introduced
in Section [2.2.3] we have

S(VP([a,b],V)) C £2(W,), (2.44)

when V' is d—dimensional. Equation ([2.36)) also shows that each term of the signature
of a one-dimensional path is a monomial in the first term. For general paths, an
analogous algebraic structure persists in a more subtle form. As first shown by Ree
[1958], products of linear functionals applied to lower-order signature terms can be
rewritten as a single linear functional applied to a higher-order term. This result is

known as the shuffle product identity.

Definition 2.19. Let Sh(a, 5) denote the set of permutations o € Syip such that
cl)<---<ola) ando(a+1) < -+ < ola+ F).

Definition 2.20 (Shuffle of functionals). Let V' be a Banach space and let o, 3 € Ny.
Let f be a bounded linear functional on V® and g on V®P. Their shuffle f g is
the bounded linear functional on VA defined by

(fgw) = Y (fog(nww), weyeetd (2.45)
o€Sh(a,B)

Theorem 2.21 (Shuffle Product Identity [Ree |[1958; Lyons et al. [2007]). Let V' be a
Banach space and X € VP([a,b], V) with p < 2. Then for all o, 5 € Ny and for every

pair of bounded linear functionals f on V& and g on V©5,
! (X[sz,b]) 9 (X[i,b}) = (f lWg) (Xf;f;f ) (2.46)

The shuffle product identity is the key algebraic result underlying the expressivity

of linear functionals of the signature, since it shows that polynomial functions of the
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signature can be re-expressed as linear functions of the signature. This is the direct
analogue of linear maps on the signature of the time path generating all polynomials
in t. Moreover, although these functionals are linear on the tensor algebra, when
composed with the signature they define highly non-linear functions of the underlying
path. Furthermore, the shuffle product identity shows that these linear functionals

form an algebra, placing them in the setting of the Stone-Weierstrass theorem.

Theorem 2.22 (Stone-Weierstrass [Stone |1948|). Let (X,d) be a compact metric
space and A be a subalgebra of C(X,R) which contains the constant functions. Then
A is dense in C(X,R) if and only if it separates the points.

To apply Theorem [2.22] we first introduce the family of linear functionals on the

tensor algebra obtained by lifting bounded linear functionals from each tensor level.

Definition 2.23. For a € Ny and a bounded linear functional f on V®, define
el (V) = R by
(D) = f(a°), (2.47)

where x = (2°,2',...) € T((V)).

Given an interval [s,t] C [a,b] and a path X € VP([a,b], V) with p < 2, we view the

corresponding function on paths as the pullback of an (/).

Definition 2.24. Let [s,t] C [a,b], a € Ny, and f be a bounded linear functional on
Ve Define ¢\ = ¢(@h o Ssq) = VP([a, 0], V) = R by

5.
O] (X) = f(X02y)- (2.48)

We now verify that these linear functionals satisfy the hypotheses of the Stone-

Weierstrass theorem on compact subsets of signature space.

Lemma 2.25. Let Ks C S(VP([a,b],V)) be compact and F,, be the space of bounded
linear functionals on V. The family {¢(“|c, : a € Ny, f € F,} separates the
points of Kg.

Proof. If x,y € Kg are distinct, then there exists a minimal n > 0 with z™ # y™ in
Ve By the Hahn-Banach Theorem, there exists f € F, with f(a™) # f(y"), so
(9)(x) # 0 (y) [Rudin 1991, Theorem 3.3]. O

Lemma 2.26. Let g C S(VP([a,b],V)) be compact. The set of finite linear com-
binations of products of the restrictions (%) |, is a subalgebra of C(Ks,R) which

contains the constants.
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Proof. Constants are obtained from o = 0, since V®° = R and X [?l b =1 Closure un-

der pointwise multiplication on Kg follows from the shuffle product: if s = S, ;)(X) €
Ks, then by Theorem [2.21]

(00 () 009(s) = S(XG ) 9(X[o ) = (F LX) = £ T0(s). - (2.49)

[]

Theorem 2.27 (Stone—Weierstrass on signature space [Levin et al. [2016]). Let Kg C
S(VP([a,b],V)) be compact with p < 2. Then the algebra generated by {0\ |} is
dense in C(Kg,R).

Proof. By Lemma we have a subalgebra of C'(Kg,R) which contains the con-
stants. By Lemmal2.25] it separates points. Therefore, we can apply Stone—Weierstrass,
Theorem [2.22] ]

Theorem [2.27| shows that, on any compact subset of signature space, functions of the
signature can be approximated uniformly by finite linear combinations of the func-
tionals (/). In other words, linear functionals of the signature are rich enough to
approximate arbitrary continuous functions on compact subsets of signature space.
However, our primary interest is in functions defined on paths rather than on their
signatures. Therefore, we now transfer this approximation result from signature space

to path space by pulling these functionals back along the signature map.

Let I C V?([a,b], V) be compact in a standard path topology, such as the p-variation
topology, and let g = S}, (K). Since Sjap) is continuous for p < 2, the set Kg is

compact.

Corollary 2.28 (Universality on path space). Let K C VP([a,b], V') be compact with

p < 2. Define the equivalence relation
X ~Y = Spp(X) = SpuynY). (2.50)
Then:
1. The algebra generated by {¢E§"’£)\;¢} is dense in the space

{FeCIK,R)| X ~Y = F(X)=F(Y)}. (2.51)
2. If Sjap) is injective on KC, then the same algebra is dense in C(KC,R).

23



Proof. (1) The induced map S : K/ ~— Kg is a homeomorphism. By Theorem m,
polynomials in {¢(*)} are dense on Kg; pulling back along S yields density of poly-
nomials in {gbfo"f)} on K/ ~.

a,b]
(2) If Sia ) is injective on /C, then IC = Kg via Sj,4), and the conclusion follows directly
from Theorem [2.271 O

Corollary shows that, on a general compact set of paths, linear functionals of the
signature approximate exactly those continuous functionals that depend only on the
signature. To strengthen this to universality for all continuous functionals on path
space, it suffices to work in a setting where the signature map is injective. By the
discussion earlier in this section, this can be achieved by restricting to paths with a
common initial point, which removes translation invariance, and by augmenting with

time, which removes reparametrisation and tree-like equivalence.

Lemma 2.29 (Injectivity via augmentation). Let K C V{([a,b], V') be compact. Then
S[a,b]()?) is injective on IC, and hence the algebra generated by {(b[(z’b{) (X)} is dense
in C(K,R).

Proof. Since each X € K begins at the same point and the time channel of X is
strictly monotone, no two distinct time-augmented paths can be tree-like equivalent

[Levin et al. 2016|. Therefore Sp,;(X) determines X uniquely [Boedihardjo et al.
2016, Hambly et al. 2010] and Corollary can be applied. H

Remark 2.30. The definition of a compact set KK C V?([a,b],V) depends on the cho-
sen path topology [Bonnier et al. |[2019]. In most data-driven applications, it suffices

to take IC to be a finite, and hence compact, set.

Lemma is a desirable property when using the signature of a path as a feature
set for linear regression |Levin et al. 2016|. However, this linearisation of non-linear
functions leads to algebraic redundancy in the signature, as shown in Theorem [2.21]
For one-dimensional paths, every higher-order term is a monomial in the first-level
term. For general paths, not all higher-order terms are determined by lower-order
ones, but the shuffle product identity shows that certain linear functionals of the
higher-order terms are. Thus part of the information appearing at higher tensor
levels is merely a linear encoding of polynomial functions of the lower-order terms.

The transformation which removes these algebraic redundancies is the logarithm.

24



2.3.3 The Log-Signature

We begin with the formal definitions of the logarithm and exponential on the tensor

algebra.
Definition 2.31. For x € T((V)), the logarithm is defined by

(-1

log(x) = log(1+t) = i &7 (2.52)

n=1
where t = (0, 2%, 22,...).

Since x € T((V)), all non-zero elements of t2” have degree at least n. Therefore, the

logarithm converges degree-wise.

Definition 2.32. For x € T((V)) with 2° = 0, the exponential is defined by

exp(x) = 3 XZ”. (2.53)

n=0

Similarly to the logarithm, the exponential converges degree-wise. Furthermore, for
x e T((V)),
exp(log(x)) = x (2.54)

and for x € T((V)) with 2° = 0,

log(exp(x)) = x. (2.55)

The effect of the logarithm is already visible in one dimension. If V' = R, then by
(2.36)),

(Xb B Xa)2 (Xb — Xa)S
2! ’ 3!

S[a,b] (X) = (17 Xb — Xm yo ) = QXp(Xb — Xa), (256)

and hence

log(Siasy (X)) = (0, X, — X,,0,0,...) . (2.57)

In one dimension the signature records all monomials in the increment as separate
tensor levels, whereas the log-signature retains only the increment itself. This makes
the log-signature a more economical representation, but it also removes the lineari-
sation property of the signature, since linear functionals of the signature can recover

polynomials in X, — X, whereas linear functionals of the log-signature cannot.
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For general paths, the same idea first appears at second level. Substituting Sy, ;(X) =
(1, X[lmb], X[zavb}, ...) into the logarithm gives

log(Spa (X Z (0, Xpyis X - )" (2.58)
n=1
so at the first two levels,
1
lOg(S[a,b}(X)) = (O, Xﬂa,b]? X[%J,,b} — iX[la,b] ® Xﬁl,b]’ . ) . (259)

The shuffle product identity shows exactly why this removes redundancy. If f and g
are bounded linear functionals on V/, then Theorem gives

FX )9 X o) = (f L) (X y) = (f@ g+ 9@ FH(Xy). (2.60)

On the other hand,

1
(Fog+98f) ( XLy ® XL b}) (X)X ). (2.61)

Therefore .
(f®g+g®f) (X[i,b} - §X[1a,b] ®X[1a,b]) =0 (2.62)

for every pair of bounded linear functionals f and g on V. So every second-level
term detected by a shuffle product of first-level functionals vanishes after taking the
logarithm. In other words, the part of the second level that was already determined

by the first level has been removed.

This is particularly transparent when V = R%. Writing
Xiy=Shje®@e+Side @e+Si)e@e +Siye®e, (2.63)

the shuffle product identity gives

w12
Stas) = 5 (Sian) (2.64)

22) 1/, \2
St = 5 (Sen) (2.65)

2
and
(1,2) (2,1) 1) «2)

Sla +5[ab = Sl Stas- (2.66)

Substituting these identities into shows that the coefficients of e; ® e; and
€9 ® ey become

) =0 (2.67)

wy Lo
S[a,b] - 2(S[a,b]
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and
S[(jf]) (S[(j)b )>=o0. (2.68)

Moreover, the sum of the coefficients of e; ® e, and ey ® e; becomes
CH ls Sy )+ (S - 1srsm ) =0 (2.69)
[a,b] [a,b] "~ [a,b] [a,b] 2 [a,b]~[ab] | — ¢ :
So all the second-level terms determined by the first level are cancelled by the loga-
rithm. The only part that remains is

1
5 (S[(alb?]) — Sfj;?) (61 ® ey —eg ®ey), (2.70)

which is exactly the signed area term. Thus, at second level, the log-signature re-
moves the algebraic redundancy in the signature and retains only the genuinely new

information.

Chen [1957] formalised this for all levels of the signature by showing that signa-
tures are group-like, and hence that their logarithms lie in the free Lie algebra. As
noted in Section m, T((V)) is a group. We define

G = {x e T((V)) |10g(x) € (V) } . (2.71)

This is a subgroup of T'((V)), and its elements are called group-like [Reutenauer 1993).

Chen’s result shows that, for bounded-variation paths,
Sun(X) €6, (2.72)

or equivalently,
log(Sjey (X)) € £((V)). (2.73)

Thus the signature may be represented equivalently by its logarithm in £((V)), a
strict subspace of T'((V')). This shows that no information is lost by passing to the
log-signature. The trade-off is that the linearisation property is no longer present,
because the higher-order tensor terms which encode polynomial functions of the lower-

order terms have been removed.

If a path is linear on an interval with increment v € V, then its log-signature on

that interval is simply (0,v,0,0,...), and so its signature is

U®2 U®3
eXp(O,’U,0,0,...) = 1,1},?,?,... . (274)
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Hence, if a path is represented by a piecewise linear interpolation with increments
vy, ..., Unp, then the signature on each subinterval is obtained from the corresponding

exponential, and the full signature is computed as
S5 (X) = exp(0,01,0,0,...) ® - - ® exp(0,v,,,, 0,0, . ...). (2.75)

Thus signatures of discrete data can be computed efficiently by working interval by

interval and then combining the results with Chen’s identity.

As the signature and log-signature are infinite-dimensional, it can be useful to consider

the truncated signature
S y(X) = (1L, XLy, X[ ) € TV(V), (2.76)
or truncated log-signature,
log(Siy (X)) € &Y (V). (2.77)

As discussed in Section [I.1.2] the truncated signature has natural applications in
machine learning, as it is a vector embedding of a multivariate path which captures
interactions between the channels of the path. Reviews of the machine learning ap-
plications can be found in [Chevyrev et al. [2016a], [Cass et al. 2024b|, and [McLeod
et al. [2025].

So far, the signature has been treated as a representation of a path built from it-
erated integrals. However, it also admits a dynamical interpretation, since it arises
as the solution of a linear CDE driven by the path. More generally, CDEs provide
a framework for describing how a state evolves in response to a driving signal, with
the signature appearing naturally when one studies their flow over an interval. The
continuous-time machine learning models developed in this thesis adopt this perspec-
tive by treating time series data as the driving signal and a CDE’s evolving state as
the hidden state.

2.4 Controlled Differential Equations

This section introduces CDEs, states the basic well-posedness results, and then spe-
cialises to the linear case, where the solution can be written explicitly in terms of
the signature. It then returns to the log-signature and shows how it leads to the
Log-ODE method, an efficient and accurate method for approximating the solution
of a CDE.
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2.4.1 Definition

Let V and W be Banach spaces, X : [a,b] — V and Y : [a,b] — W be continuous
paths, and f : W — L(V,W) be a continuous function. The vector field f can
equivalently be viewed as a linear map from v € V to a vector field on W denoted
f(-)v. This second formulation will prove useful when defining the Log-ODE method.
Assume that X, Y, and f are sufficiently regular for the integral

/UMM& (2.78)

to be defined for all ¢ € [a, b] in the Young sense [Young 1936|. The path Y is said to
obey a CDE if

n=n+/?mM&, (2.79)

for t € [a,b], where Y, € W is the initial condition and X is the control [Lyons et al.
2007].

Just as the signature of time is the solution to an infinite set of differential equa-
tions (2.3), the signature of a path X € V?([a,b],V) for p < 2 is the solution to a
tensor CDE,

dS}e,5(X) = Sjaq(X) ® dX, (2.80)
where S, 4(X) : [a,b] = T((V)) and Sp,q(X) = (1,0,0,...) € T((V)) [Salvi et al.
2021). When V is finite-dimensional with dimension d, we may identify 7'((V')) with

the space of real-valued functions on Wy, as described in Section 2.2.3] and hence

represent elements of T'((V')) as vectors in RY<. In this representation,

dSje,q(X) = ASj,4(X)d X, (2.81)
where A € L(RW¢ L(R? RW4)). This can be equivalently represented by a set of d
matrices A° € RWe*Wa gatisfying

d
AS[%S] (X)dXS = ZAZS[a,s]<X)dX; (282)
i=1

Ordering the elements of W, first by size and then alphabetically, the (j, k)™ element

of A* satisfies

A 1, j=14+i+dk—-1),
0, otherwise.
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This representation is the linear algebraic analogue of the recursive structure of the
iterated integrals defining the signature. As seen in (2.35), the differential of the
signature term corresponding to the word (iy,...,7,) is determined by the lower-
order term indexed by (i1, ...,4,-1) together with the increment in the final channel.
The matrices A® encode exactly this operation on the word basis by appending the
letter ¢ to a word, thereby mapping each basis element to the corresponding basis

element at the next tensor level.

2.4.2 Existence and Uniqueness

Whether a CDE is well posed depends on the regularity of both the control path X
and the vector field f. Rougher driving signals require stronger regularity of the vector
field in order for the dynamics to remain well defined. We measure the regularity of
a path by the smallest p > 1 for which its p-variation is finite, and the regularity of a
vector field by the largest v > 0 such that it is Lip(y). We defer the formal definition
of Lip(v) functions to Chapter [ which is devoted to them.

Theorem 2.33 (CDE existence [Lyons |[1994; Lyons et al. 2007]). Let 1 < p < 2 and
p—1<~. If W is finite-dimensional, X has finite p—variation, and f is Lip(7y),
then admits a solution for every Y, € W.

Theorem 2.34 (CDE uniqueness |Lyons 1994; Lyons et al. |2007]). Let 1 < p < 2
and p < . If X has finite p—variation and f is Lip(v), then admits a unique
solution for every Y, € W.

Theorems [2.33] and [2.34] extend the classical existence and uniqueness theory for

ordinary differential equations to controls with unbounded variation but finite p-

variation for p < 2. They show that as the driving path becomes less regular, stronger

assumptions on f are needed to ensure that the CDE remains well posed.

2.4.3 Solutions of Linear CDEs

Linear CDEs play a central role in this thesis for two reasons. First, when the driving
path is piecewise linear, the flow on each linear segment can be found explicitly and
independently. This will later underpin the scalable, parallel-in-time computational
methods developed for Linear NCDEs. Second, their solutions can be expressed in
terms of the signature of the driving path, allowing their expressivity to be under-

stood through this explicit solution and the expressivity of the signature.
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For a driving path X : [a,b] — V and output path Y : [a,b] — W, a linear CDE
takes the form

t
Y, =Y, + / AY,dX,, (2.84)

where A € L(W,L(V,W)). Alternatively,
t
Yi=Yo+ [ A@xY. (2.85)

with A € L(V,L(W,W)). As shown in (2.82), the signature of a path is an example of
a linear CDE. However, the existence and uniqueness Theorems and do not
apply, as the value of the vector fields is unbounded, and hence they are not Lip(7).
Corresponding existence and uniqueness results for linear vector fields are given as
Theorems 3.7 and 3.8 in [Friz et al. 2010|. Here, we present the explicit form of the

unique solution when the norm on each V®" is the projective tensor norm.

Definition 2.35 (Projective tensor norm [Boedihardjo et al. [2016]). Let V' be a

Banach space. The projective tensor norm on VE" is defined by

[v]] = inf {Z lorll -~ ol 0 =) wi@--- ®v}§} (2.86)
k

k

forve Ve and v, € V.

Equipping each V®" with the projective tensor norm yields a family of tensor norms
satisfying the assumptions outlined in Section [2.2.2]

Definition 2.36 (Operator tensor powers). Let V. W be Banach spaces. Forn > 1
and A € L(V,L(W,W)), let A°" € L(V®", L(W,W)) be the operator defined on
simple tensors by

A"t @ @) = A(™) - A(vY), (2.87)

and extended by linearity and continuity to VE™. Set A% = Iy, .

Since V®" is equipped with the projective tensor norm, ||A®"(v)|| < ||A]|"||v] for
ve Ve,

Theorem 2.37 (Linear CDE solution). Let V, W be Banach spaces, A € L(V,L(W,W)),
X € V?([a,b], V) with p < 2, and V®™ be equipped with the projective tensor norm.

Define the evolution operator

Oy =Y A®"(X[,) € L(W,W). (2.88)

n=0
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Then the series (2.88|) converges absolutely in operator norm and the unique solution

to (2.84)) is

Y, =®,,Y. (2.89)
Proof. This proof has four key steps.

1. Apply Picard iteration and show that the iterates correspond to truncated ver-

sions of the sum in ([2.88]).

2. Use the factorial decay of the signature to show that the Picard iterates con-

verge.

3. Upgrade the convergence of the Picard iterates from uniform to p-variation and

pass the limit through the Young integral to obtain Y; = ®;, Y.

4. Demonstrate uniqueness by reapplying the Picard iteration with initial datum

Zero.

1) Picard iteration Define Y;(O) =Y, and, recursively,
t
v =y, + / A(dX,)Ym, (2.90)

for m > 0. We claim that for every m > 0 and all ¢ € [a, b],
= > A(X] ) Y. (2.91)
n=0

This is proved by induction on m. For m = 0, the identity is ¥,”) = A®O(X[?l g)Ye =
Y,. Assume (2.91)) holds for some m > 0. Then,

v =y, 4 / A(dX,)Y ™,

—Y, +Z/ (dX,) A% (X], )Ya,

(2.92)

and,
t t
/a A(dX) AP (X ) = A= ( / X[’(g,s}@dxg) ABCHD (Xl (2.93)
Hence,
m m+1
Y =y, ) ACC(X Y, ZA®" X0 i)Yo, (2.94)

n=0

which completes the induction and proves .
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2) Convergence of the Picard iterates By Theorem there exists a finite
constant C,, > 1 depending only on p such that for n > 1

||X||nvar S
|x04]| < pmp—Jr[)”. (2.95)

Since [[A®™(v)|| < ||A||"||v]] for v € V&,

n ” anar a
A= (X )] < 1A pr(lp—Jr[)t], (2.96)

for n > 1. Thus the series

0o =Y A®(X[,) € LW,W) (2.97)

converges absolutely and uniformly for ¢ € [a, b]. In particular, t — &, , is continuous
and .
V=0 Y, =Y A™(XP,)Ya (2.98)
n=0

is well-defined and continuous.

3) Convergence in p-variation By (2.91)), we have Y™ — Y uniformly on [a, b].
Furthermore, by Chen’s identity, for u < v,

YV =Y, - (v =Y, = > A%NX], ) APHXE ) Y.

k>0, 1>1
k+I1>m+1

(2.99)

The factorial decay estimate (2.95)) implies that this double series is absolutely con-

vergent and that there exists a sequence 7,, — 0 such that
1Y =Y™), = (¥ = Y") || < (Yallnl| X Nl pvars - (2.100)

Therefore, for any partition {t;}X, of [s, ],

N-1
ZZ:; " Z st (2.101)
< ||Y ||pnm||X||z var;[s,t]
Taking the supremum over partitions gives
Y — Y(m)Hp—var;[Sﬂ < HYZLHanX”;%var;[SJ] — 0. (2.102)
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Therefore, Y™ converges to Y in the p—variation sense. Furthermore, by the bilinear

continuity of the Young integral [Lyons et al. 2007, Theorem 1.16],
t t
/ AYMAX, — / AY,dX, (2.103)
for all ¢ € [a,b]. Passing to the limit in V""" = v, + [* Ay™ dX, yields
t
Y, =Y, + / AY,dX,, (2.104)
so Y solves ([2.84)).

4) Uniqueness Suppose Y is another solution of (2.84) with the same initial con-
dition Y,. Then Z =Y — Y satisfies Z, = 0 and

t
7, = / AZ,dX,. (2.105)

Applying the Picard expansion of Step 1 with initial datum 0 gives Z; = 0 on [a, b].

Thus the solution is unique. O

Theorem shows that the solution of a linear CDE is determined by the signature
of the driving path. More generally, the same holds for any CDE satisfying the
uniqueness conditions of Theorem [Hambly et al. 2010; Boedihardjo et al. 2016|.
This motivates the construction of numerical methods based on the signature, and

the Log-ODE method is one such approach.

2.5 The Log-ODE Method

The Log-ODE method is an efficient and accurate method for approximating the
solution of a CDE [Castell et al. |1995; Boutaib et al. [2013]. On a given interval, it
replaces the original CDE by an autonomous ODE whose vector field is constructed
from the log-signature of the driving path over that interval together with differential
information about the vector field. This construction is motivated by the fact that
the log-signature log(Sp 4 (X)) belongs to the Lie series £((V)).

2.5.1 The Free Lie Algebra

Definition 2.38 (Free Lie Algebra [Reutenauer 1993]). Let X be a non-empty set,
Lo and L be Lie algebras, and ¢ : X — Lo be a map. The Lie algebra Lg is said to be
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the free Lie algebra generated by X if for all maps f : X — L, there exists a unique
Lie algebra homomorphism g : Ly — L such that go ¢ = f.

Theorem 2.39. The space of elements of £((V')) with only finitely many nonzero
terms, denoted £(V'), is the free Lie algebra generated by V' [Reutenauer|1995).

For each N > 1, the truncated log-signature log(S[]j’b](X)) € £Y(V) may be viewed
as an element of £(V') by setting all terms of degree greater than N equal to 0.
Furthermore, as will be discussed in detail in Section [3.2.1] the smooth vector fields
on W form a Lie algebra with Lie bracket defined pointwise by

[f,9l(p) = Dg(p)[f(p)] — Df(p)[g(p)] (2.106)

for smooth f,g: W — W and all p € W, where Df is the Fréchet derivative of f.
For example, if W = R?, f(p) = Bp, and g(p) = Cp with B,C € R¥4, then

[/, 91(p) = (CB = BC)p = —=[B,C]p, (2.107)

where the left hand side Lie bracket is for vector fields and the right hand side Lie
bracket is for matrices. Therefore, assuming that f(-)v is a smooth vector field on
W for all v € V| Theorem [2.39] implies there exists a Lie algebra homomorphism
f from £(V) to the smooth vector fields on W. Since the map f is a Lie algebra

homomorphism, it is determined recursively by
fOo=f(), veV (2.108)

and

FO)or, v = [£()or, £()ve] (2.109)
for vy, ve € £(V) |Lyons 2014]. For each N > 1,
FY () = [ () 1og(S™ (X)) (2.110)

is a well-defined vector field on W. To illustrate the structure, consider a finite-
dimensional driving path X; = (X},..., X%). Then F?(-) can be written explicitly

as

F2(:) = f()1og(S*(X)ai);

_ 1
= f(-) (X[%z,b] + X[Qa,b] - —X[la,b] ® X[ib}) ;

2
- 1 (2.111)
_ 7 (i (id) _ (i) .
=f0) (Z Sentits D (S[a,i] - S[ib]) [ei>€j]) )
i=1 1<i<j<d

d
i 1 P .
=D S Oe+ 5 D0 (S = SE) 1 Ces, e,

i=1 1<i<j<d
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b
af' dXs
X:la,b] =V Jo 10 > Flow on W

log(S(X)a,)

£((V))
Figure 2.3: A schematic diagram of the Log-ODE method, where f; f(-)dX is the
CDE to be solved, the log-signature of X lives in £((V')), and the Log-ODE method

constructs an approximating autonomous ODE using the unique Lie algebra homo-

morphism extending f from V to the free Lie algebra generated by V', denoted f.

where the second line uses the explicit form of the log-signature up to level 2 derived
in (2.59)), the third line rewrites the first and second levels in the basis (e, ..., e4) of
V, and the final line applies the Lie algebra homomorphism f.

2.5.2 The Log-ODE Approximation

Given appropriate conditions on the convergence of F¥ as N — oo, the Log-ODE
method recovers the solution of the CDE

b
V=Yoot [ fV)ax, (2.112)

by solving the autonomous ODE

V=Y + / F (¥2) 10g(S(X)0)ds (2.113)

with initial condition Y = Y, and then setting Y}, = Y;. This is represented schemat-
ically in Figure 2.3

When X is continuously differentiable and f(-)v is a linear vector field for all v € V|
this construction coincides with the classical Magnus expansion [Magnus |1954]. To
see this, let X, denote the time derivative of X; and let A € L(V, L(W, W)) be such
that

fly)o = Av)y (2.114)
for all y € W and v € V. Then the CDE may be written as
% = A(X,)Y}, (2.115)
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and the classical Magnus expansion expresses the solution in the form
Yy = exp(Qfl) + Q%)+ ) Vi, (2.116)

Equivalently, if Y : [0, 1] — W solves
— — 1 —
i =Y0+/ (240 + 02 +--+) Vads, (2.117)
0

with Yy = Y,, then Y; =Y. Since A is linear and X[la 0= fab Xu1 duy, the first term
in the infinite series of (2.116)) is simply

b d
QQ}QZ/A(Xm)dul A(Xpy) ZS[ab (e:), (2.118)

aligning with the first term of (2.111)). The second term is

/ / X,,.)] dus duy

(2.119)
/ / .“2) - A(XUQ)A(Xu1)> dug du; .

Expanding A(X,,) and A(X,,) in the basis (ei,...,eq) and using bilinearity of the

Lie bracket gives
b u1 . . . .
Ql()?(i = l/ / A(Xu1)A(Xu2) - A(XUQ)A(XU1)> du? dU1
-3 Z / / X4, X, [A(e0), Aley)] dus 10

We now group together the terms indexed by (7, 5) and (j,4). Since [A(e;), A(e;)] =0
and [A(e;), A(e;)] = —[A(e;), A(e;)], this becomes
9 1 irj i
0 = 3 > (Sfa,i]) - Sfi,b])) [Ale;), Ale:)], (2.121)
1<i<j<d
which is exactly the second sum in (2.111)), since for the linear vector fields f(-)e;(y) =
A(ei)y7
[f (e f()esl(y) = [Ale;), Aled)ly, (2.122)
where the first Lie bracket is for vector fields and the second Lie bracket is for ma-

trices. Hence, at depth 2, the Log-ODE vector field reproduces exactly the first two
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terms of the Magnus expansion. In fact, this agreement persists term by term at every
order, with each term built from iterated integrals of the driving path and iterated
Lie brackets of the matrices A(v).

For finite-dimensional V' and W, a sufficient condition ensuring local convergence

of the Magnus expansion is [Moan et al. [2008],

/b |A(X)2ds < . (2.123)

When X is continuously differentiable and f(-)v is non-linear, the same construction
yields the Chen-Strichartz series [Strichartz [1987]. For finite-dimensional V' and W,
local convergence of Chen-Strichartz holds under an analytic growth condition on
the non-linear vector fields [Strichartz 1987]. The approach was first extended to the
rough-path setting by Castell et al. [1995|, where it is known as the Log-ODE method.

Assuming it converges, exponentiating the infinite series in (2.116|) recovers the exact
flow, which agrees with the direct solution formula of Theorem [2.37]

o0

Do =Y AT(XE ). (2.124)

n=0

Truncating the signature expansion of the flow

N
oY, = AT(XE ), (2.125)
n=0

gives an alternative approach to approximating the solution of a CDE. This approach
truncates an expansion of the flow, whereas the Log-ODE method truncates the flow
in its logarithmic, or generator, representation. Equivalently, the Log-ODE method
may be interpreted as replacing the original driving path on each interval by a rough
path whose truncated log-signature agrees with that of the original path up to degree
N, and whose higher-order terms are zero. The approximation is then obtained by
solving the same class of controlled system against this approximating path, rather
than by truncating the flow map after it has been computed. This is often desirable,
since it keeps the approximation within the class of solutions of the same CDE, better

preserving any structural or physical properties encoded by the model.

Given a set of intervals a = rg < --- < r,, = b, a depth—N Log-ODE method
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approximates the solution of a CDE via

) e log(SY (X))
v, :Ym+/ 7 (1) 0B (X)prurisal) g (2.126)

Ti+1
Ti41 — 75

where ffa =Y, and the integral’s time has been rescaled to match that of the original
CDE. Since this approach truncates to the depth— /N log-signature, the vector field
no longer needs to be smooth, but only Lip(y) for v > N — 1. Conversely, the
smoothness of the vector field determines the highest truncation depth usable in the
Log-ODE method. For a given set of intervals, this approximation is not guaranteed
to converge as N — oo. However, the error ||Y, —Y3|| can be quantified, even for rough
driving paths and infinite dimensional Banach spaces [Boutaib et al. [2013|. A recent
development has been the introduction of an algorithm which adaptively updates N
and {r;}, |Bayer et al. 2023].

2.6 Conclusion

This chapter developed the mathematical framework used throughout this thesis for
modelling continuously evolving data. It introduced CDEs as a way to describe dy-
namics driven by a continuous path, showed how the signature provides a graded
representation of that path with strong algebraic and approximation properties, and
explained how the log-signature removes the algebraic redundancy of the signature
while retaining the genuinely new geometric information. In the linear setting, the so-
lution of a CDE was shown to be determined explicitly by the signature of the driving
path. The chapter then showed how the log-signature leads naturally to the Log-ODE
method, which replaces the original CDE on each interval by an autonomous ODE
built from the truncated log-signature of the driving path and iterated Lie brackets
of the vector field. Together, these ideas establish the main mathematical objects
and constructions used in the remainder of the thesis: paths are the fundamental
data type, signatures and log-signatures summarise them over intervals, and CDEs

describe how states evolve in response to them.

The existence and uniqueness theorems, Theorems and [2.34] together with the
Log-ODE method, show that Lip(y) regularity plays an important role in the theory
of CDEs. The next chapter studies this notion of regularity in detail. Furthermore, it
formalises the Lie bracket of two Lip(y) functions, a key ingredient in the Log-ODE
method.
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Chapter 3

Lip(v) Functions

I am conuvinced that it is impossible to know the parts without
knowing the whole, any more than we can know the whole

without a detailed knowledge of the parts.

—Blaise Pascal, Penseés (1670), translation by Martin Turnell (1962)

3.1 Introduction

The analysis of CDEs, particularly when employing numerical techniques such as the
Log-ODE method, depends on the regularity of the driving vector field. As estab-
lished by Lyons [1994], Lip() is the correct notion of regularity for guaranteeing the
existence and uniqueness of solutions to CDEs. Furthermore, the degree of regularity
v directly determines the maximum truncation depth /N that can be used by the Log-
ODE method. This chapter relates Lip(7) to more classical notions of differentiability,
develops the Lie bracket of Lip(vy) vector fields, and proves Lemma , which gives
a new explicit bound for the Lip(y) norm of the composition of two Lip(vy) functions

in the case 1 < v < 2.

Unlike Chapter [2, which introduced the main mathematical objects used through-
out the thesis, this chapter is concerned primarily with the regularity theory needed
to apply those constructions when the vector field of a CDE is parametrised by a neu-
ral network. In particular, Chapter 4 uses Lemma to control the Lip(y) norm
of the neural network vector fields, thereby justifying the use of the Lie brackets of
those vector fields when applying the Log-ODE method to NCDEs. Although this
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chapter contains material of independent mathematical interest, it is not essential for
readers primarily interested in the continuous-time machine learning models devel-

oped in Chapters [4] and [3]

The notion of Lip(y) functions originates in the work of Whitney [1934], who studied
collections of derivative data on closed subsets of R™. The modern formulation was
later given by Stein [1970]. A core result is the Stein-Whitney extension theorem,
given in Section as Theorem , which states that any Lip(y) function defined
on a closed subset E of a finite-dimensional Banach space can be extended to the

whole space, with a bound on the norm of the extension that is independent of F.

The definition of Lip(y) regularity given by Stein [1970] applies to functions defined
on arbitrary subsets of a Banach space. Lemma [3.18 shows that on open convex
subsets, the space of Lip(y) functions coincides with the space of k times Fréchet
differentiable functions with bounded value and derivatives, whose k' derivative sat-
isfies an a-Holder bound, denoted C’f *“. However, the natural inclusion of a C’f the
function in C}"* does not hold globally, whereas Boutaib [2016] proved that Lip(y)
spaces are globally nested with respect to . Similarly, the Lie bracket of two Cf o
vector fields need not be globally ™",

To the best of the author’s knowledge, Section |3.3| gives the first formal treatment
of the Lie bracket for Lip() vector fields on arbitrary subsets of potentially infinite-
dimensional Banach spaces. We prove that [f, g] € Lip(y — 1) for f,g € Lip(y) with
v > 1, and that the Jacobi identity holds in Lip(y —2) for 4 > 2. This work builds on
[Boutaib 2016, Chapter 3|, which proved a number of fundamental results for Lip(y)
functions, including that the composition of two Lip(y) functions is Lip(vy) and that
these spaces satisfy the nesting property with respect to ~.

The final section of this chapter proves Lemma [3.35, an explicit bound on the norm
of the composition of two Lip(7y) functions for 1 < v < 2. This builds on the work
of Cass et al. [2012] and Boutaib [2016], who proved using different techniques that
the composition of two Lip(7y) functions is Lip(y), with a norm bounded up to a
finite unknown constant C.,. Our result allows us to explicitly bound the norm of a
certain class of neural networks in Section laying the theoretical groundwork
for applying the Log-ODE method to NCDEs.
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For a Banach space V, this chapter assumes that the {V®"}°° | are equipped with a
family of reasonable tensor algebra norms, as outlined in Section [2.2.2] As previously

discussed, these conditions ensure that for all v € V®" and w € V®™,

[0 @ wllyeesm = [lv]lven [w]yen. (3.1)
Therefore, the equivalence property of Boutaib [2016],

[ollven[wllven < cllv @ wllyemm, (3.2)

holds with equality and ¢ = 1, allowing us to directly use their results.

3.2 Differentiable Functions

This section reviews three standard notions of function regularity: smooth, C*, and
C*e together with the Lie bracket of two functions. We develop their basic properties
and provide proofs in this familiar setting, both to fix notation and to introduce the
ideas and techniques that will later be applied when establishing results for the Lie
bracket of Lip(y) functions.

3.2.1 Smooth Vector Fields

Just as the ordered interactions captured by the signature give rise to multilinear
objects, the iterated derivatives of a function naturally take values in spaces of multi-
linear maps. The first derivative records the best linear approximation to a function,
while the second and higher derivatives describe how this approximation changes un-
der simultaneous perturbations in multiple directions. For sufficiently regular func-
tions, these higher derivatives are symmetric, since the order in which the input

directions are differentiated does not matter.

Let U and V be Banach spaces. A symmetric k-linear map is a map
A:Ux---xU—=V (3.3)

which is linear in each argument and unchanged by permuting its inputs. By the
universal property of the tensor product, bounded symmetric k-linear maps may be
identified with bounded linear maps A : U®* — V such that

A1) ® - @ Ugr)) = Alur @ -+ - @ uy) (3.4)
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for all uy, ..., u; € U and every permutation o of {1,...,k}. We write Lgym(U®*, V)

for this space, and for £ = 0 set
Loym (U, V) 2 V. (3.5)

This is the space in which the successive derivatives of a sufficiently regular map

between Banach spaces take values.

Definition 3.1 (Fréchet derivative [Luenberger|1969|). Let U and V' be Banach spaces
and E C U open. A map f : E — V is Fréchet differentiable at a point p € E if
there exists a bounded linear operator D f(p) € L(U, V') such that

i N2 +1) = f(p) = Df(p)[A]]

i, ol

= 0. (3.6)

The map D f(p) is called the Fréchet derivative of f at p.

Definition 3.2 (Smooth function). Let U and V' be Banach spaces and E C U be an
open set. A map f: E — V is called smooth if the iterated Fréchet derivatives

D' f: E— Lym(U®, V) (3.7)
exist and are continuous for all j € Ny, where D°f = f.
Let C*(FE,V) denote the space of all smooth functions f: E — V.

Definition 3.3 (Lie bracket on a Banach space). Let U be a Banach space and
E C U an open set. For f,g € C(E,U), their Lie bracket [f,g] € C*(E,U) is
defined pointwise by

Lf,9l(p) = Dg(p)[f(p)] — Df(p)lg(p)], (3.8)
forpe E.

Remark 3.4. The chosen sign convention

£, 9l(p) = Dg(p)[f(p)] — Df(p)[g(p)] (3.9)

agrees with the usual definition of the Lie bracket of vector fields in differential geom-

etry, ensuring that
[f,gl=fog—gof (3.10)

when f and g are viewed as derivations acting on smooth functions [Lee |2013].
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The space C*°(FE,U), endowed with the bracket operation defined above, is a Lie
algebra [Lang (1999, Chapter 5|:

1. The bracket is bilinear:
laf +bg, h] = a[f, h] + blg, Al (3.11)

and
[h, af +bg] = alh, f]+ blh, g, (3.12)

hold for all a,b € R and f,g9,h € C°(E,U).

2. The bracket is antisymmetric:

Lf, 9] = —lg, 1], (3.13)
holds for all f,g € C*(E,U).

3. The bracket satisfies the Jacobi identity:

[f:[g, k]l + g, [h, 1] + B, [f, 9]) = O, (3.14)

holds for all f,g,h € C*(E,U).

3.2.2 (C* Vector Fields

We now move from smooth vector fields to the weaker setting of finite differentiability.

Definition 3.5 (C* function). Let U and V be Banach spaces, E C U be open, and
keNy. Amap f: E —V is called C* if the iterated Fréchet derivatives

Djf:E—>LSym(U®j,V), 7=0,...,k, (3.15)
exist and are continuous.

Let C*(E,V) denote the set of all C* functions from E to V. A first basic obser-
vation is that a C* function is C' for all | € Ny satisfying [ < k. A second is that
differentiating a C* function produces a C*~! function. To compare the derivatives

of Df with the higher derivatives of f, we use the canonical currying identification
Loy (U, L(U,V)) 2 L(U®UH, V), (3.16)

given by
A(Ul,...,Uj)(Uj+1) — A(Ul,...,Uj+1). (317)
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Lemma 3.6. Let U and V' be Banach spaces, E C U open, and k € N. If f €
C*(E,V), then its Fréchet derivative

Df:E —L(U,V) (3.18)
belongs to C*{E,L(U,V)).

Proof. By definition of C*, the iterated derivatives Dif : E — Lgy, (U®7,V) exist
and are continuous for all 0 < j < k. Forevery 0 < j <k —1,

D)(Df) = D'y, (3.19)

under the currying convention Lgy,,, (U®7, L(U,V)) = L(U®U*Y, V). The right-hand
side exists and is continuous by assumption, therefore D f possesses continuous iter-
ated derivatives up to order k — 1, i.e. Df € Ck_l(E, L(U, V)) ]

To define the bounded C* spaces, we use a uniform norm on each derivative level.

For j € Ny, let || - ||; denote the norm on Ly, (U®7, V') given by

H : HV’ J=0,

1= (3.20)

I llop, J €N

Under the identification Lgy,, (U®Y, V) 2 V| this treats the case j = 0 uniformly with

the higher-order cases.

Definition 3.7 (C¥ space and norm). Let U and V be Banach spaces, let E C U be
open, and fir k € Ny. For f € C*(E,V) define

_ J )
Illox = s sup 17 @) (3:21)
The bounded C* space is
Cy (B, V) ={f € C*(B,V) : [|fllex < oo} (3.22)

Definition 3.8 (C* Lie bracket). Let f € C*(E,U) and g € C*(E,U) with ky, k, €
N. Their Lie bracket is defined pointwise by

[f,9l(p) = Dg(p)[f(p)] — Df(p)l9(p)], peEE. (3.23)

The definition of the Lie bracket is the same as that for smooth functions, Definition

m. However, for C* functions the Lie bracket reduces the regularity by one.
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Lemma 3.9. Let f € C*(E,U) and g € C*(E,U) with ks, k, € N. Then [f,g] €
Cmm (kyikg)— (E U)

Proof. Let k = min(ky, k,). Then f,g € C*(E,U). By Lemma and the definition

of C*, we have
f,ge C*¥Y(E,U) and Dg,Df e C*YE,L(U,U)). (3.24)
Let B: L(U,U) x U — U be defined by
B(A,v) = A[]. (3.25)

Then B is a continuous bilinear function, and hence smooth [Lang |1999, Chapter 1,

Proposition 3.8]. Since the functions

(Dg, f)(p) = (Dg(p), f(p)) and (Df,g)(p) = (Df(p),9(p)) (3.26)

are C*Y(E,L(U,U) x U), then B o (Dg, f) and B o (Df,g) are both C*"Y(E,U)
[Lang (1999, Chapter 1, Proposition 3.2|. Since all terms on the RHS of (3.23) are
Ck1 then [f,g] € C*Y(E,U). O

Lemma means the Lie bracket of two C* functions does not necessarily belong
to C*, and it is therefore not a Lie algebra. However, the Lie bracket does sat-
isfy bilinearity and anti-symmetry, both of which follow directly from the definition.
Furthermore, the Lie bracket satisfies the Jacobi identity.

Lemma 3.10. Let f,g,h € C*(E,U) with k € N satisfying k > 2. Then

[f, g, p]] + [g, [, f1] + [P, [f, g]] = 0. (3.27)

Proof. Fix p € E and define:

v=f(p), y=g9gp), z=nh(p),
A=Df(p), B=Dg(p), C=Dhp), (3.28)

A=D*f(p), B=D%(p), C=Dh(p),

where A, B,C € L(U,U) and A, B, C € Ly, (U®?,U). Then

£+ 19, h]l(p) = =Bz, 2] = B|C[a]] + Cly, 2] + C[Blx]] + A[B[z]] — A[CTy]],
9, [h, f)(p) = —=Clz,y] — C[Aly]] + Alz, 9] + A[C[y]] + BIC[z]] — B[A[]], (3.29)
[0, (£, 9l(p) = —Aly, 2] = A[B[2]] + Blz, 2] + BlA[z]] + C[A[y]] — C[Bl«]]



By the symmetry of the second derivatives,
B[:C7 Z} o B[Z7 x] + C[y7 .Z'] - C[l’, y} + A[Z7 y] o A[yu Z] =0, (33())
and all the other terms cancel. Therefore

[fa [gv h“ + [ga [ha f” + [ha [fa g]] =0 (331>

for all p, concluding the proof. m

3.2.3 (C"“ Vector Fields

We now strengthen finite differentiability by requiring the highest derivative to vary
in a controlled way. This leads to the classical Holder spaces C*®, which refine the
C* spaces by measuring not only the existence of derivatives up to order k, but also
the regularity of the k-th derivative itself. These spaces will be useful for comparison
with Lip(y) regularity in Section since the two notions agree on open convex

domains but behave differently at a global level.

Definition 3.11 (C*“ function). Let U and V be Banach spaces, E C U be open,
k €Ny, and o € (0,1]. A map f: E—V is C** if

1. feCHE,V) and

2. ats k-th derivative 1s a-Héolder continuous on E':

[Dkf]a = sup HDkf(p) — Dkf(qu < . (332>

P9l ||p— CIH%
P#q

The space of all C** functions from E to V is denoted C**(E, V).
Lemma 3.12. If f € C**(E,V) with k € N, then its Fréchet derivative

Df:E — L(U,V) (3.33)
belongs to C*~1E,L(U,V)).

Proof. Because f € C*(E,V), Lemmagives Df € C*(E,L(U,V)). Under the
currying convention Ly, (U®,L(U,V)) =2 L(U®UT) V), we have

g 1DDD0) = D DN@L _ | 100~ D@l _
PaEE lp —allt; P.aEE lp —all%
P7q p7q
(3.34)
Hence [D*Y(Df)]o = [D*f], and the claim follows. O
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Definition 3.13 (C}"* space and norm). For f € CH*(E,V) set
I llene = ma { g sup 1) (D71 | (3.35)
<j<k peE

The bounded C** space is
Cr (B, V)= {f e C**E,V):|fllora < o} (3.36)

Definition 3.14 (C*“ Lie bracket). Let f,g € C**(E,U) with k € N. Their Lie
bracket is defined pointwise by

[f,9l(p) = Dg(p)[f(p)] = Df(p)lg(p)], peEL. (3.37)

However, unlike C* functions, the Lie bracket of two C*® functions is not necessarily
CF=1e In fact, C** functions don’t have an inclusion with respect to k. For example,
consider £ C R with F = (—00,0) U (0,00) and f : £ — R defined by

r—1, x € (—-00,0),
flx) = (3.38)
r+1, z€(0,00),
with Df = 1. Then [Df]; = 0 and f € CH'(E,R). However, [f]; is infinite, due to
the discontinuity at 0. Therefore, f ¢ C%!(E,R). Furthermore, letting g : £ — R be
defined by g(z) = 2z, then

-2, x € (—00,0),

[f,9] = (3.39)

+2, z € (0,00),
so [f,g] ¢ C%' despite f,g € C*'. The same results hold for C}** functions, which

can be seen by replacing £ with (—1,0) U (0, 1).

In the next section, we introduce Lip(y) regularity, a global notion of regularity
defined on both open and closed subsets, which will allow us to define the Lie bracket

globally.

3.3 Lip(y) Functions

3.3.1 Definition

Definition 3.15 (Lip(y, E,V) [Stein 1970]). Let U and V' be two Banach spaces,
v > 0 be a real number, k be the non-negative integer such that v € (k,k+ 1], E be a
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subset of U, and f°: E — 'V a function. For j =1,...,k, let f7: E — Lgu (U, V)
be functions. The collection (f°, f',..., f*) is an element of Lip(vy, E,V) if there
exists M > 0 such that the following conditions hold:

o forj=0,...k,
sup [|F7(p)ll; < M. (3.40)
peE

e [orj=0,...,k, allp,q € F,

‘ k=3 it &l ,
P - S =D <ajg- g man
1=0 ’ J
where
: ; .207
1oy = gt (3.42)

- llop: G=1,... k.
When there is no confusion over E and V| the shorthand Lip(y) will be used. If a
collection f = (f°, f1,..., f*) is Lip(v), then the Lip(y)—norm is the smallest M for
which (3.40)) and (3.41)) hold. The Lip(y)—norm is denoted by || f||vip(y)- Lip(7v, £,V)

functions can be equivalently defined by considering a function defined on £ which

takes its values in the polynomials from U to V.

Definition 3.16 (Lip(v, £, V) as polynomials). Let U and V' be two Banach spaces,
v > 0 be a real number, k be the non-negative integer such that v € (k,k+ 1|, E be a
subset of U, and P¥(U, V') be the space of k™ order polynomial functions from U to
V. The function f : E — P¥(U,V) defined by

f@)(y) =Puly) =) ! CB)K%_ 271 (3.43)

for f1: E — Lgyn(U®7, V) is an element of Lip(v, E, V) if
sup || P () |; < M (3.44)
z€E
for7=0,...,k and
\Pi) - P
for 5 =0,...,k and all x,y € E, where

@ e oy ey -0 (40
I '

< Mz -yl (3.45)

J

1=0
To further illustrate the definition of Lip(7y), we will compare and contrast it with

k,a
ok,
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3.3.2 Comparison with Cf’a

On open convex subsets of a Banach space, the definition of Lip(vy) coincides with
the definition of C’f ** as will be shown in Lemma m This result will make use
of the following lemma, which demonstrates that the constant in the bound of any
Taylor remainder for a C’f *“ function defined on an open convex set is bounded by

the constant of the a—Holder bound on the & derivative.

Lemma 3.17. Let U and V be Banach spaces, & C U be an open convex set, and
feCH (B, V). Let D°f = f and M = [D*f],. Then

i k—i+l
HDk f() ZlOD fp)[qp
sup

|
k—1

<M, 3.47
pqEE ||q pHaH ( )

fori=0,... k.

Proof. We proceed by induction on i. Let i € {0,...,k — 1} and assume that

Dh—i DE—H F(p)[(g—p)®Y
i fla) = X1z I sz<M (3.48)

sup
pqEE | |q p\ |O[H

We now show that the same estimate holds with ¢ replaced by ¢4 1. By the definition

of || - ||lk=(i+1), we have

—(i i+1 Dk (i+1)+1 ®l
HDk (+1)f(q)_ l+0 f(p)[(q p) Hk -

su
p,qe% Hq ||a+(1+1 (3 49)
D4 p(lu] - oty Pty
= Sup sup
P4EE u0 | |yow—aen [lg — pl[5T

We next use the fundamental theorem of calculus to rewrite the difference D*~0+1 f(q)[u]—
DY f(p)[ul, giving

! —t z 1 Dk=(+1)+l w )&l
| Jy D f(p + tlg — p)[u® (g — p)ldt — 31 Hplusle—p) HV
Ot+ H—l)

sup sup
p,gEE u#0 ||u||gen—ar ||lg — pH
(3.50)

We then re-index the sum by replacing [ with [ 4 1,

! —t i Dk—itl w@(g—p)®Ol+1
o D70+t = p))[u @ (g — p)ldt — T Pl
a+(i+1) .

sup sup
PGEE u0 |ullyen-ae) [lg = plly
(3.51)
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Letting ' = u ® (¢ — p) € U®* ) bringing the sum inside the integral, and using

f t'dt = 5, we obtain
[1fo DX+ tla = p) ] = 3o £ D F(0) ' ® (g — )"t
Sup sup at(i+1)
Pa€E u#0 ul|yen—ur |lg = plly
BB M fy [l lyse-s [1Ha = p)I[E+dt
et ullyse-n [lg = pll Y
(3.52)
Applying ||v/||yew-n < ||u|lpen-u+ ||¢ — p||lv we deduce that
k—(i+1 i+1 DD £ (p)[(g—p)®'] i
HD (+)f(Q)_ 1=0 l'p = Hk—(iJrl) Mf01||tq—p)||3+ de
Sup at(i+1) < su ati
PaEE llg — plly pEE llg — plle;
1
<M / totide
0
M
=—F——=<
a+(i+1)
(3.53)
The case i = 0 is true by the assumption that [D* f], = M, completing the induction.
O

With this Taylor remainder estimate, we can now show that on open convex sets the
classical C’f "* notion of regularity agrees exactly with Lip(y) regularity.

Lemma 3.18. Let U and V' be Banach spaces, E C U be open and convez, k € Ny,
a € (0,1, and v = k+ «. Then CP*(E,V) = Lip(y, E, V).

Proof. Part 1, C’f’o‘ implies Lip(y): Let f € C’f’a(E,V), and choose fO = f and
fi:Dif fori=1,...,k. Then

k Fi+1 ®l
|l = o gnas sup 1)l guas. sup W0 =208 2= |
0<j<k pcE <i<kpgcE ||q_p||7U ;

where

H : HVv ] = 07

| lop, J=1,... k.
Applying Lemma this simplifies to

|-l =

<k peE pgEE llg — pl%

1./ | ip(y) = max {Omax sup ||/ (p)|l;, sup 11" (@) — f* @)l } 7

= ma { g sup | )] [0,

<i<k peE

} | (3.56)

= [[fllexe;
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which is finite by assumption. Therefore, f € Lip(y, E, V) and ”JEHLip(v) = || fllcre-

Part 2, Lip(y) implies Cf’a: Let f € Lip(y, E,V), v € U be fixed and ¢ = p + tv
for t € [0, T], where T is small enough that ¢ € F for all t. From (3.41]) with j =0,

k A~
R fl P tv ®1
fotp+ ) — S PNy vy < arjo, (35)
=0 ) v
for all p € E. Since
Ri(p,t
li LE - 0 lim M ||tv]|"™* = 0 (3.58)
t—0 Hthk t—0

uniformly in p, then f0 is C* with fi = Dif% for i = 1,...,k by the converse of
Taylor’s Theorem [Albrecht et al. [1971]. From ({3.41) with j = &,

HDka(Q) — D*f°(p)
sup

PaEE g — pll7 "

b — [DFfO, _x < M. (3.59)

Therefore, f0 € C’f *(E,V) with « = v — k. Applying the same argument as in part
L [ £l cka = I1f lLipey)- O

Although Lip(v, £, V) and C’f *(E, V) are equivalent on open convex subsets F, and
therefore the entire space U, they can differ on generic open sets E. Taking our
example from before, where £ = (—00,0) U (0,00) and f : £ — R is defined by
r—1, z € (-00,0),
flz) = (3.60)
x+1, z€(0,00),
then f € CLY(E,R), but f & Lip(2, E,R), as (3.41)) diverges for j = 0 as x approaches
0. When F is an open subset, the core difference between Lip(7) and C’f ** is requiring
a Holder type bound on each level of the derivative, as opposed to only the highest
derivative. The additional regularity given by assuming your function is Lip(7y) is

sufficient to ensure nesting.

Lemma 3.19 (Lip(y) function nesting [Boutaib [2016; Lyons et al. 2025|). Let U
and V' be Banach spaces, E C U, and f € Lip(y,E,V), and 0 < § < ~. Then
feLlip(d,E,V) and

1 lLipe) < (1 + )| f[Lipe)- (3.61)

The nesting property is a key advantage of Lip(y) regularity over Cf “ regularity
on general domains, since it allows the Lie bracket of two Lip(vy) vector fields to be

defined globally as a Lip(y — 1) vector field.
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3.3.3 Lie Bracket

To define the Lie bracket, we first introduce the derivative of a Lip(v) function and
the composition ¢[f] : £ — W of f € Lip(ys, E,V) and g € Lip(v,, E,L(V,W)).

These are the basic ingredients from which the Lie bracket will be constructed.

Definition 3.20 (Lip(y) Derivative). Let f = (f°,..., f¥) € Lip(v, E, V) with~y > 1.
The derwative of f is defined by

Df=((Df)° (DAY (DAY = (F1 F2 - ) (3.62)

Lemma 3.21. If f € Lip(y, E,V) with v > 1 and ||f||Liptyy = My, then Df €
Llp(’y - 1, E,L(U, V)) with ||Df||Lip(’y—l) S Mf

Proof. Trivially, Df satisfies (3.40) with bound M. Under the currying convention
Ly (U®, L(U,V)) 2 L(U®UD V), we have

(Dfy = f7* (3.63)

for 0 < j <k —1. Hence, for all z,y € F,

(DFY () = >

=0

H R (D @)y — )
[!

J
k—(

fj+1(y) B j+1) FIHH() [(y — 2)® (3.64)

il

=0 .
J+1

< Myllz —yll7 .

Therefore, Df satisfies (3.41) with bound M; and Df = (f',...,f*) € Lip(y —
1, E,L(U,V)). O

Definition 3.22. Let U, V,W be Banach spaces, E C U, f € Lip(vs, E,V), g €
Lip(vy, £, L(V,W)), v = min(vyy,7,), and k be the integer such that k <~ <k + 1.
Then

h=(h....,h") = g[f] (3.65)

1s defined pointwise by

%

hi(l?) (U1 ®- - -@u;) = Z ﬁ Z 9" (p) [Ua(1)®‘ : '®Ua(r)] [fiir(p) [ua(r—l—l)@‘ . ~®ua(i)]]
r=0 " o€eS;

(3.66)
forpe Eandi=0,... k.
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This definition is an application of the definition from [Boutaib 2016, Proposition
3.29] and is analogous to applying Faad-di-Bruno to a bilinear map applied to two
Ck functions [Faa di Bruno |1855].

Lemma 3.23. If f € Lip(vs, E,V) and g € Lip(v,, E,L(V,W)) then h = g[f] €
Lip(y, B, W), where v = min(vz,7,).

Proof. By Lemma [3.19, f € Lip(ys) and ¢ € Lip(y,) implies f,g € Lip(y) where
[ f i) < (L4 )l fllLineyy) and [|gllLipe) < (1 + €)llgllLipy), With at least one bound

holding with equality. Let B : L(V, W) x V' — W be defined by
B(A,v) = Alv], (3.67)

for A € L(V,W) and v € V. By |Boutaib [2016, Proposition 3.29|, the function
glf] = B(g, f) = (B° ...,B*) = (k% ..., h*), where the h' are defined by (3.66]),

satisfies

1B(g, Mty < Collgluipm [ fllLinen < 1+ e)lglluipeg) | flLipes: — (3:68)

where C, is a constant depending only on 7. Therefore, h = g[f] € Lip(v, E,W). O

Definition 3.24 (Lip(y) Lie Bracket). Let f = (f°,..., f*) € Lip(ys, E,U) and
g=1(4°...,g%) € Lip(v,, E,U) with v;,7, > 1. Their Lie bracket is defined by

[f, 9] = Dglf] — Dflg]. (3.69)

Lemma 3.25. If f = (f°,..., f*) € Lip(y;, E,U) and g = (¢°, ..., g*) € Lip(y,, E,U)
for ¢, vy > 1, then
[ 9] € Lip(min(yy, v,) — 1, E, U). (3.70)

Proof. Let v = min(vy,v,). By Lemma [3.19} f,¢ € Lip(y, £,U). Then Lemma m
gives

Df,Dg € Lip(y — 1, E,L(U,U)). (3.71)

Applying Lemma [3.23] we obtain

Therefore,
[f,9] = Dg[f] — Dflg] € Lip(y — 1, E, U). (3.73)
O

o4



Remark 3.26. The proof of Lemma relies on Lemma[3.19, the nesting property
of Lip(y) functions. This is the crucial difference between Lip(7y) functions and C’f’a
functions that allows for a well defined global Lie bracket of Lip(vy) functions.

The polynomial view point of Lip(+y) functions, Definition [3.16) motivates an alter-

native definition of the Lie bracket of two Lip() functions.

Definition 3.27 (Lip(v) Polynomial Lie Bracket). Let f = (f°,..., f*) € Lip(y, E, U)
and g = (¢°,...,g%) € Lip(v, E,U) with v > 1. Let

Pl =3 I Dla =) -

and

k1 ®l
p)\g—p
P =Y 9 ®)la—p)*] (3.75)
forpe E and q € U. The Polynomial Lie bracket of f and g is defined pointwise by

k—1 g+(p) [pf( )@ (g — p)®l] — f*(p) [Ppg(q) ® (¢ — P)®l]
I '

[P, P¢)(q (3.76)

=0

forpe E and q € U.

Remark 3.28. Definition [3.27 relies on the pointwise Lie bracket of two polynomial
vector fields. Since polynomial vector fields are smooth and closed under this bracket,

they form a Lie subalgebra of the space of smooth vector fields.

Initially, the two definitions seem to produce different Lie brackets. In particular, the
polynomial at each point in F when using Definition is of order k& — 1, whereas
the polynomial at each point when using Definition is of order up to 2k — 1.

However, the two Lie brackets agree with each other in the Lip(y — 1) sense.

Lemma 3.29. Let f = (f°,..., f*) € Lip(y, E,U) and g = (¢°, ..., g*) € Lip(~, E,U)
with v > 1 and k the non-negative integer such that v € (k,k + 1]. For each p € E,
the polynomial defined at each point by their Lie Bracket P,Ef’g} € P*Y(U,U) and the
polynomial Lie bracket [PS, P9] agree up to the (k — 1) term.

p’Tp
Proof. Let s < k. Then
D:Pl(q)| = f(p), (3.77)

and
DiP(a)] = g°(p). (3.78)




Additionally,

ZUES[ Uq(1) K- Us(l)y, S = la

Dig—p)*| wm®- Qu)= (3.79)
q=p 0, otherwise.
Letting
1
Fy(a) = 59" (0) [Fl (@) ® (4 = )*'] (3.80)
and .
®ua:u1®---®um, (3.81)
then for [ < m < k — 1, we first apply the product rule to obtain
m ol
Dq FQ(Q) [® ua]
=P [a=1
l' Z z' —z 1 Z ng (szf( ) ®“U(a) ®D;n_i(q —p)®l [® uo(a)]) .
0ESH a=1 a=i+1
(3.82)

At g = p, the term D;”_"(q — p)® vanishes unless m — i = [. Therefore only the term

1 = m — [ remains, and so

&

1 +1 m—I1
= = 2 ¢ ”(D B

c€Sm

m 1l
Dy F,(q)

®uoa

®Dl q p) [ é UU(Q)]> .

a=m—Il+1
(3.83)
We now evaluate both derivatives at ¢ = p. Using D;”*lef(qﬂq:p = fm™ Y(p) and the

formula above for D! (q — p)®'|4—p, we obtain

m l
Dq FQ(Q) [@ UO‘]
=P | a=1
. . (3.84)
= Z Zgl—s-l <fm l ) [® Ug(a) X ®ug(ml+7(3))) .

oESm TES] a=1 B=1

Finally, the sum over 7 € S; contributes a factor of /!, and hence

m ol
Dq Fg(CI) B [@ u“]

ket (3.85)

m—l
— |l' Z gH-l (fm l ) [®ua(a)
a=1

oESH

® ® ua(a)).

a=m—I+1
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Similarly, for .
Fi(q) = /') [B(@) @ (a —p)*'], (3.86)

the same argument gives
=1
1 m—l
= m =il > ) <9m_l(p) [@ Ug (a)
o a=1

TESm =

DI'Fi(q)

q=p

(3.87)

X CSD UU@0>.
a=m-—I+1

Since D"Fl(¢q)| =0and D]"Fi{(q)| =0 forl>m,
qa=p q=p
m[Ipf pg — - m ol m ol
Dy [PP’PP](q) _Z (‘Dq Fg(Q) - D, Ff(q) ) , (3.88)
=p =0 4=p q=p
for 0 < m < k — 1. Therefore,
Dy[P P(g)| = [f, g™ (p), (3.89)
a=p

for 0 < m < k — 1, where [f,g]"(p) is obtained by combining Definition and
Definition m By the definition of 2% we also have

Dy B = [f g™ (0), (3.90)
q=p
for 0 < m <k —1. Hence P and [P}, P¢] agree up to the (k — 1)™ term. O

Trivially, both the Lip(y) Lie bracket and the Lip(v) polynomial Lie bracket satisfy

bilinearity and anti-symmetry.

Theorem 3.30. Let v > 2. Both the Lip(y) Lie bracket and the Lip(y) polynomial
Lie bracket satisfy the Jacobi identity in Lip(y — 2).

Proof. Let U be a Banach space, E C U, v > 2, f,g,h € Lip(v, E,U), k be the non-
negative integer such that v € (k,k + 1], and for p € E, let P/, P9, P! € P¥(U,U)
be the polynomial corresponding to f, g, and h at point p, respectively. As noted in

Remark [3.28] Polynomial vector fields form a Lie subalgebra. Therefore for all p € E,
(B, [Pg, PYY) (@) + [P, [Py, B (@) + [Py, [P], PEl] (9) = 0 (3.91)

and the polynomial Lie bracket satisfies the Jacobi identity. Considering [g, h], Lemma

3.29| means that P and [P9, P"] are identical in the first £ —1 terms for all p. Since
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the first & — 2 terms of [P/, [P¢, P]] only depend on the first k£ — 1 terms of [P¢, P,

pr-p
Lemma [3.29 also implies that ng 19 and [sz [P, P;L]] are identical in the first k£ —2

terms for all p. Therefore, (3.91]) implies that the first £ — 2 terms of

plgf,[gah]](q) + ngg,[h,fﬂ(q) + plgh,[f,gll(q) (3‘92)

are equal to 0 for all p. Furthermore, Lemma implies that [f,[g, h]] € Lip(y —
2, E,U) and similarly for the other permutations. Therefore,

/> [g, k)] + g, [h, f1 + (B, [f, 9]] = O (3.93)

in Lip(y — 2, E,U) and the Lip() Lie bracket satisfies the Jacobi identity. O

3.3.4 The Extension Theorem

Whitney proved necessary and sufficient conditions for derivative data (f°,..., f¥)
on a closed set E C R" to admit a C* extension to R™ |[Whitney [1934]. Stein later
recast the problem using Lip(7) functions and constructed a bounded linear extension
operator with norm controlled independently of F [Stein|1970]. We refer to the general

result as the Stein—-Whitney extension theorem.

Theorem 3.31 (Stein-Whitney Extension Theorem [Whitney 1934; Stein [1970]).
Let U and V' be Banach spaces, U be finite dimensional, E C U be closed, and
f € Lip(vy, E,V). Then there exists a function fe Lip(y, U, V') such that

fp)=fp), peE, (3.94)

and
1 fllLiptr.v) < CllflLiper.2v)5 (3.95)

for some constant C' independent of f and E.

Proof. Stein proves this theorem by construction for the case U = R™ and V' = R
[Stein (1970]. Given the equivalence of Banach norms on R", U can be replaced
by any finite dimensional Banach space. Furthermore, as noted in [Baldi et al. 2018,
Appendix B|, Stein’s proof holds exactly for any Banach space V' and Lip(y) functions
as given in Definition [3.15] [

Despite Lip(7) functions being well defined for infinite dimensional U, Theorem [3.31]
is in general not true, as shown by the counter example of Wells [1973|. Fefferman has
extended the work of Whitney by proving necessary and sufficient conditions for the

existence of a O* extension to a function with only its value specified on E [Fefferman
2000
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3.4 Composition of Lip(v) Functions

3.4.1 Introduction

In Chapter [ the Log-ODE method will be applied to a CDE where the vector field is
parametrised by a neural network. A non-trivial application of the Log-ODE method
requires the neural network vector field to be Lip(vy) for v > 1. A common strategy
for establishing regularity of neural networks is to verify that each layer of the network
satisfies an appropriate regularity condition and then invoke a composition theorem.
This section develops the mathematical foundations required to apply that argument

for Lip(y) functions.

Definition 3.32 (Partition of a Set). Let P(n) be the set of all partitions m =
(71, ..., mpx)) of the set {1,...,n}, where |r| denotes the number of parts in the par-

tition 7, and |m;| the number of elements in the i part of the partition.

Definition 3.33 (Composition of Lip(7y) Functions [Cass et al.|[2012|). Let U, V', and
W be Banach spaces, E C U and F C V. The composition of f € Lip(v, E, F') and
g € Lip(y, F,W), denoted h = (h°, ht,... h*) € Lip(y, E,W), is defined by
h(p) = ¢"(f°(p)),
PP @ @u = Y g™ (fp)) [f"”'(p)[um] ® - ® f'”‘""(p)[um,r,]] ,

TEP(n)

where uy, s the tensor product of the vectors indexed by ;,

tr, = Q) ;. (3.97)

JE™;
When v < 1, the composition A in Definition is not necessarily a Lip(y) function.
For example, f(x) = 27 and g(z) = 27 are both y—Hélder continuous on [0, 1],
whereas h(z) = (go f)(z) = 27° is not. When ~ = 1, then h € Lip(1, E, W) and we

have the standard Lipschitz norm bound

Pl L2y < Ngllupa,rw) max (|| f]|Lipa.e,m). 1) - (3.98)

Lemma 3.34 (Composed Lip(y)—norm [Cass et al. 2012; Boutaib 2016|). Fory > 1,
the composition h defined in Definition |5.535 satisfies

Al lingrow) < Collgl o,y max (111 Fspn, 1) (3.99)
where C., is a constant independent of f and g.
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Proof. Explicit calculation can be used to verify that if f and g are Lip(+), Definition
3.15[ implies A is Lip(7y) with ||A||Lip(,) obeying (3.99)) [Cass et al. |[2012]. O

The original statement of Lemma in [Cass et al. 2012] gives (3.99) as

19 0 fllipe < CollglLipey max {[1 £l 1} (3.100)

We believe this is a small erratum, with the intended power being ~, as for ¢ : [0, 1] —
[0, 1] defined by g(z) = =, (3.100|) implies there exists C; > 0 such that

llg o fllLip) = [ fllip) < CillgllLipay = Ch (3.101)

for all bounded and Lipschitz f : [0, 1] — [0, 1]. As a counterexample, for any C; > 0,
take f(x) = 2™ with n > max{C},1}. Boutaib [2016] gives an alternative proof of
Lemma with the bound || f[|/, . z.r)-

Accurately bounding the Lip(y)—norm of a neural network requires bounds on C., in
(3.99). This can be obtained via the explicit calculations mentioned in the proof of
Lemma [3.34 and these have been completed for the case v € (1,2].

3.4.2 The Case 1 <y<2

For 1 < v < 2, a Lip(y) function has only two components, which makes it feasible

to track the relevant quantities explicitly and obtain a concrete bound for Ci,.

Lemma 3.35. Let U, V, and W be Banach spaces and E C U and F C V. For
v € (1,2], let f=(f°f") € Lip(v, B, F) and g = (¢9°, ¢") € Lip(y, F,W). Consider
hY: E — W and h' : E — L(U,W) defined for p € E and v € U by

h(p):=4¢" (f°(p)  and B (p)u]=g' (f°() [f ()] (3.102)

Then h := (h°, h') € Lip(y, E, W) and

Al i) < (1 2%) gluipirory mes {1 1| }- (3.103)

Proof. To prove that h = (h°, h') € Lip(y, E, W), we must bound the pointwise terms
h® and h!, together with the corresponding remainder terms from Definition We
proceed in four steps. First, we record the bounds for f and ¢ that follow directly
from Definition . Next, we prove the pointwise bounds for A and h'. We then

estimate the remainder terms R} and R? separately in the cases ||¢ — p|ly > 1 and
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l¢ — pllv < 1. Finally, we combine the estimates to obtain the norm bound claimed

in (3.103).

We begin by establishing the bounds on f* : E — F, f! : E — L(U,V), ¢° :
F — W and ¢' : F — L(V,W) that arise directly from Definition [3.15] Letting
Mf = Hf||Lip('y,E,F)7 fOI' all P c E

@ oIy <M and @D S O)]L gy < My (3.104)

Similarly, letting My = ||g||rip(y,F,w), for all € F we have that

@ l"@Ily <M, and @) g @)|[ gy < My (3.105)

Define R} : Ex E —V and R} : Ex E — L(U,V) by

Ri(p,q) = f°(q) — f°(p) — f*(»)la — b,

. 1 1 (3.106)
Ri(p, @)l == [ (@)[u] = f(p)[u],
for any p,q € F and v € U. Then
@ ||[Rip.a)|| < Milla—pll-
, . (3.107)
11 HR H < Myllq—pl[i7t.
(IL) 1P|y S Mlla = plle
Similarly, define R : F' x F' — W and R{ : F' x F — L(V, W) by
Ri(z,y) = g"(y) — ¢°(x) — g (2)[y — =], (3.108)
Ri(z,y)v] = ¢' ()] — ¢' (2)[v],
for x,y € ' and v € V. Then,
I RY(x, < M_|ly — zl||7,,
® IR0l < Ml — oIl 5100

D) B, 9) L) < Molly — ([

Now define h° : E — W and h' : E — L(U, W) as in ([3.102),

h(p):=¢"(f'lp)) and  h'(p)[u] :=g" (') [/ ()], (3.110)

for p € E and u € U. Then define the corresponding remainder terms R} : E x E —
W and Rt : E x E — L(U, W) by

R (p,q) == h°(q) — °(p) — b (p)[q — 1),
R} (p, @)[u] := h*(q)[u] — h*(p)[u],
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for p,q € E and u € U. We now establish that h = (h°, h') € Lip(y, £, W) and that

the norm estimate claimed in (3.103]) is satisfied.

First we consider the bounds on h° and h'. For any p € E, (I) in (3.105]) implies that
R @)y, = 1" (£ )]y < M, (3.112)

since f°(p) € F. Further, for any p € F and any u € U, and (II) in
imply that
[P )]l = [lg" (£°()) L1 P)Lul] ]
< |lg" (f'(v )HL (V,W) JEat )HL(U,V) |lullu
< My Mlfullu

since f%(p) € F. Taking the supremum over v € U with unit U-norm, it follows that

Now we consider the bounds on R} and R?. For this purpose we fix p,q € E and
u € U. We first assume that ||¢ — p||y > 1. In this case we may use (3.112)) and

(3.113]) to compute that
185 (. )|,y = [A°(a) = 1°(p) = B (p)la — P[],
< 2/[glLipr ) + |9l Lipe, m) [ fLip(, .1y [l = Pl

Since v > 1 means that 1 < ||¢ — p||v < ||g — pl|{;, we deduce that

R (2, D) |y < N9lluipermwy (24 1l Lipe.z.m) 1la — pII- (3.114)

Similarly, we may use (3.113)) and ||qg — p||7U_1 > 1 to compute that

ol o
(3.115)
Taking the supremum over v € U with unit U-norm in (3.115)) yields the estimate

that

|| B (o, ) [l = | [P (@) ] = X (0)[ul]|,, < 2ll9l i e |1 f ] Lipe.z,m)]|a—D]

|| R} (p, vy < 29l fl|Lipe.e.mllg = Pl (3.116)

Together, (3.114)) and (3.116)) establish the remainder term estimates required to con-
clude that h = (h°, h') € Lip(vy, E, W) in the case that ||¢ — p||y > 1.
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We next establish similar remainder term estimates when ||¢ — p|ly < 1. Thus
we fix p,¢g € E and assume that ||¢ — p||[y < 1. Note that v > 1 means that
llg = pll; <llg = pllv < 1. Additionally,

() = '), Hfl(p)[q —pl+ R{(p, Q)Hv,

< || flluipey.z.) (g = pllv + |la = plI7) -
< 2|[flluip(r.2.m) g — pll,

where (IT) in (3.104) and (I) in (3.107) have been used. We now consider the term
RI(p,q). We start by observing that

(3.117)

Ry (p, 0 1) ~ 1) ~ 1 (p)la

(f'@) =" (') = g" (@) [F')la - p]]

() [£2a) — £ 0) — frw)la — pl] + B (f°(p), f°(q))
= g' (°(n)) [Rg(p, Q)] + Ry (f°(p), f°(0)) -

Consequently, by using (IT) in (3.105]) to estimate the term g* (f°(p)), (I) in (3.107) to
estimate the term R{(p,q), and (I) in (3.109) to estimate the term RY (f°(p), f°(q)),

we may deduce that

gO

Q

1B 0l < Nallipirs (1 lleemlla =l + || 7°60) = 2@ [7) - (3.118)
The combination of (3.117)) and (3.118|) yields the estimate

1B W, )]y < Nolhierw) (111 ot + 2 i ) lla = plIE- (3119)

Turning our attention to R, we fix u € U and compute that

R (p,q)[u] W (q)u] — k' (p)[u]

(3.111)

B2 g1 (1) [ @] - o () [F )]
= (W) [N @)~ S @)al] + B (£ 0). £0) [ (@]
S0 0 () [RL 0 )l + B (P, @) [ @)l].

Consequently, by using (IT) in (3.105) to estimate the term g* (f°(p)), (II) in (3.104)
to estimate the term f'(q), (II) in (B.107) to estimate the term RJ(p,¢), and (II) in
(3.109) to estimate the term R{ (f°(p), f°(q)), we may deduce that

1B, 0l < Nollipron | liny (Hla = 2l + [[£°@) = 2 @) lule
(3.120)

63



The combination of (3.117)) and (3.120]) yields the estimate that

—1
Ry (0, )Wl ] 3y < NllLipe ) (||f||Lip(mEF + 277 £ VEF) g — pll;

[l
(3.121)
Taking the supremum over v € U with unit U-norm in (3.121)) yields the estimate

that

-1
HR’;Q?, q>HL(U,W) § HgHLip('y,F,W) (HfHLip(’y,EF 27 leHLlp'yEF)) Hq_pHg :
(3.122)

Finally, we complete the proof by combining the various estimates we have established
for h to obtain the Lip(vy, £, W)-norm bound claimed in (3.103)).

We start this task by combining (3.114]) and (3.119)) to deduce that for every p,q € E

we have

1R p.a)| gllLivtr.ey (2 + | Flline.e.m) g = 2l if [lg = pllo > 1
0 — .
W= Nllusermy (I Wit ey + 20 g ) lla =PI i g = pllo < 1
(3.123)
Moreover, the combination of (3.116)) and ((3.122)) yields the estimate that
HRh ) H _ 2191 Lip () | f | [Lip (.. la — 213 if [lg — pllv > 1
b W) 9l lipey,mw) (I Lty + 27 N ) e —pllp" ifllg—pllv < 1.
p(77 ’ )
(3.124)

A consequence of ([3.123)) is that

1B, D)l < (1427 gl max {1 A1y .y 1} e — Il (3:125)
whilst a consequence of is that
K
(3.126)

Therefore, by combining (3.112]), (3.113)), (3.125]), and (3.126)), we conclude both that
h = (h° k') € Lip(y, E,W) and that

HRiL(p, HLUW) (1+2'y 1)||9HLIP(7FW max{”f”Llp’yEF }Hq pl

ot ) < (0 +20) 19l wiptrrny max {1 ey 1 - (3.127)

]

3.4.3 Optimality

Handling the terms individually in the proof of Lemma [3.35 means it is unlikely that

C, = 1+27 is optimal. However, ||h||Lip(y,E,c) being of order || f| |Lllo (v, 18 optimal,
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as shown by the following example.

Take £ = {0,a} C R with a < 1, F = {0,1} C R, and f € Lip(y, E, F) with
v € (1,2] defined by f°(0) =0, f°(a) =1, and f'(0) = f!(a) = c. Then,

1—-ca
HfHLip(%E,F) — Imax {1, |C|, | e | } s (3128)

and || f||Lip(y,z,F) is minimised when

, a+a’ >1,

atar’ a—+a’ S 1,
with || fl|uipy,e,r) = ¢*. Take G = {—=1,1} C R and g € Lip(y, F,G) defined by
¢°(0) = =1, ¢°(1) = 1, and ¢*(0) = ¢'(1) = 1. Then ||g|lLip(r,r.c) = 1. Further,

h = go f is defined by h°(0) = —1, h°(a) = 1, and h'(0) = h'(a) = ¢, with

2—ca
1hllLip(y,5.6) = maX{l, |l | p |} (3.130)
When a +a” <1,
2—ca 1 1
Pllpeee =~ = oom T o (3.131)
Then
h||Li 7\8
H HvaEG) lim(a—l—cﬂ)ﬁ_l—{— (a —0—3 ) 7
a~>0 HfHLlp (v,E,F) a0 a
=lima® Y1+ a4 a1 4 a7,
a—0
=lima®(14a7) (207 4 1), (3.132)
oo f <7,
=31 B=n
0 B>n.

Therefore, ||h||Lip(y,z,c) being of order ||f] |Llp (.5, 1S optimal.

The same example can be used to obtain a lower bound on C.,. Letting a” 4+ a = 1,
then || f{lLip(r.z.r) = 1 and [[g|lLip(y.r) = 1, but
2—a

a”

||| Lip(y,2,6) = =14+a". (3.133)

Figure shows the range of C, when v € (1,2] given by this example and Lemma
3.35l This example implies there is a jump in C, at v = 1, as standard Lipschitz
composition gives Cy = 1, whereas C,, > 3 for all v € (1,2].
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Range for C,

5.001 Lower Bound

4.75 - Upper Bound

4.50 A
4.25 A
U 4.004
3.75 1
3.50 1
3.251
3.00

1.0 1.2 1.4 1.6 1.8 2.0
Y

Figure 3.1: Let U, V, and W be Banach spaces, with £ C U and F C V. If
f € Lip(v, E,F) and g € Lip(v, F, W), then their composition h = g o f satisfies
P lLipey, 2wy < Cyll9]|Lip(y, vy max {1, ||f||zip(%E7F)}. This figure plots the bounds
on C, obtained by combining Lemma with the example of Section namely
1+ a(y)™" < C, <1427, where a(y) is the unique solution to a” +a = 1.
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3.4.4 Future Work

At present, extending Lemma by finding a bound on C, for v > 2 remains
open work. Proving such a bound would extend the explicit dimension-free control
of composition to higher regularity classes. This would make it possible to give fully
quantitative bounds for the Lip(+)-norms of neural architectures built by repeated
composition, with constants depending explicitly on quantities such as depth and
layer norms. Furthermore, such a result would support explicit error estimates for

CDEs with neural network vector fields in higher-regularity regimes.

However, the proof of an explicit bound in the first non-trivial regime v € (1,2]
is already involved. This motivates exploring alternative approaches for the case
~v > 2. In finite-dimensional U and V one could try to extend f and g to the whole
spaces via the Stein—Whitney theorem (Theorem and then invoke the equiva-
lence of Lip(y) and C’f "* on open convex sets (Lemma to apply classical C’If o
compositional bounds. However, this approach produces a constant depending on the
dimension of U and V, as opposed to the dimension-free constant of Lemmas |3.34
and . Another possible approach is to use the polynomial viewpoint of Lip(7)
functions from Definition together with standard results on the composition of

polynomial functions.

3.5 Conclusion

This chapter developed the regularity theory needed for the CDE framework used
throughout the thesis. We related Lip(vy) regularity to C* regularity, clarifying
both where these notions agree and where Lip(y) has stronger global properties. We
then introduced the derivative and Lie bracket of Lip(+y) functions on arbitrary sub-
sets of Banach spaces. Finally, we studied the composition of Lip() functions and
proved an explicit bound on the composition norm in the first non-trivial regime
1 < v < 2. Together, these results provide the framework necessary for Chapter {4 to
apply the Log-ODE method to NCDESs, where the vector fields are parametrised by

neural networks.
Chapters [2| and [3| have provided the mathematical tools needed to develop the scal-

able and efficient continuous-time machine learning models that are the focus of the

remainder of this thesis. This begins with Chapter [] examining how to solve NCDEs
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efficiently via the Log-ODE method. Chapter [f|then introduces Linear NCDEs, which

enable parallel-in-time computation without sacrificing expressivity.
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Chapter 4

Neural Controlled Differential

Equations

Forty feet, down two and a half. Kicking up some dust. Thirty
feet, two and a half down. Faint shadow.

—Buzz Aldrin, Apollo 11 Air-to-Ground Voice Transcription (1969)

4.1 Introduction

Time series modelling is the development of mathematical, statistical, and compu-
tational methods for sequentially ordered data. It has played a central role across
science and technology for nearly a century, from Yule’s 1927 autoregressive models
for sunspot numbers, through Kalman filtering in the Apollo guidance system for esti-
mating the Lunar Module’s altitude, to the autoregressive models that power today’s

large-scale language models [Yule [1927; Kalman 1960; Touvron et al. 2023].

Figure[d.T]illustrates the problem of interest for this chapter: given a sequence of irreg-
ularly spaced observations { X, }I', = {(¢;, x1,) }7-, from a multi-dimensional process,
predict a corresponding output path g;. This framework encompasses classification,
where y, is a single label, regression, where y; varies over time, and autoregressive gen-
eration, where each new observation X, is produced from the previous output v, ,.
Our focus is developing models that can generalise to unseen examples by leveraging
large datasets of observation—output pairs. In particular, we explore Neural Con-

trolled Differential Equations (NCDEs), which provide a continuous-time framework
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Figure 4.1: A schematic diagram of observations from a three-dimensional, irregularly
sampled time series and a corresponding output path one wishes to predict. The

colour of each ball represents a different channel in the time series.

naturally suited to irregularly sampled data. The development of NCDEs builds on
a rich history of time series modelling, from which we note a few of the important

milestones.

4.2 Historical Milestones

4.2.1 Classical Approaches

In 1927, Yule introduced autoregressive modelling, which approximates each term in
a time series as a linear function of its previous values [Yule 1927]. The model is
defined as

Yt; = O Yty T Q2Yp, o + -+ apYt;_, + €&, (41)

where a1, a9, ..., a, are the autoregressive coefficients, p is the model order, and ¢,
are independent and identically distributed random variables with mean zero and
constant variance. Building on this work, the Yule-Walker equations were derived
as a method for estimating the parameters of the model, laying the groundwork for

statistical time series analysis [Walker 1931].

In parallel, Slutsky introduced moving average processes, which approximate each
term in a time series as a linear function of previous noise values ¢;, [Slutsky [1927}
Slutsky 1937]. The model is defined as

yti = Eti + bleti_1 + bQEti_Q + e bqeti—(ﬂ (42>

where b1,09,...,b, are the moving average coefficients. These two lines of develop-

ment were unified in the autoregressive moving average model by Whittle in 1951,
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and later popularised as part of the Box—Jenkins framework [Whittle 1951; Box et al.
1970].

In 1965, building on Galtieri’s 1964 work on estimation in discrete-time processes,
Astrém and Bohlin introduced a numerical method for identifying linear dynamical
systems from observed input-output data [Galtieri 1964; Astrom et al. [1965|. Their
model extended the autoregressive moving average framework to include an observed

input series xy,,

Yt; = 1Yt t - ‘+apyti7p+6ti+bletifl+. ’ ‘+bq6tifq +CoTy; +C1 T+ Oy (43)

i—r)

where cg, ¢q,...,c, are the input coefficients. The parameters are then estimated by
maximum likelihood using a numerical optimisation procedure. This line of work was

later consolidated under the name system identification [Astrom et al. 1971].

A separate line of development focused on estimating signals or hidden states from
noisy observations once a model had been specified. Early work in this direction in-
cludes Kolmogorov’s 1941 treatment of interpolation and extrapolation for stationary
random sequences [Kolmogorov [1941; Kolmogorov [1962]. In 1949, Wiener developed
the Wiener filter, a method for minimising the mean-squared error when estimating
a signal from noisy observations [Wiener [1949|. For a stationary process, the Wiener
filter seeks to find an optimal linear filter [(¢) such that, when convolved with the
)

observed signal z(t), it produces an estimate g(t) of the desired signal y(t),

y(t) = /_ I(t —)x(r)dr. (4.4)

Wiener provided an explicit solution for the filter in the frequency domain.

In 1960, Kalman formalised the state-space model framework for non-stationary pro-
cesses and proposed the Kalman filter, an optimal recursive algorithm for estimating
the hidden states of such processes [Kalman 1960]. The state-space model is defined
by

hti = Ahti—l + thi + Wy, ,
(4.5)
yti = Chtl + Utm

where hy, is the hidden state, A is the state transition matrix, z;, are the inputs, B

represents the influence of the inputs, y;, is the observed output, C' is the observation

matrix, and w,, and vy, are zero-mean Gaussian noise processes with known covariance
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matrices. For linear Gaussian systems, the Kalman filter provides an optimal recur-
sive solution for estimating the hidden states h;,. Subsequent advancements extended
the Kalman filter to accommodate non-linear dynamics and non-Gaussian noise, lead-
ing to algorithms such as the Extended Kalman Filter, Unscented Kalman Filter, and
Particle Filters [Gelb |1974; Julier et al. [1997; Gordon et al. 1993|. A further devel-
opment was the extension of system identification methods from the autoregressive
moving average models in to the state-space setting of . In particular, Van
Overschee and De Moor introduced N4SID in 1994, a subspace method that identifies
a discrete-time state-space realisation from input-output data [Van Overschee et al.
1994].

In 1978, O’'Hagan introduced a Bayesian non-parametric framework for curve fit-
ting and prediction that laid the groundwork for what is now known as Gaussian
process regression [O’Hagan 1978|. Given observations at times 7" = (¢y,...,t,), one

assumes that
yti - T’(t’b> + Eti; (46)
where 7 is an unknown regression function and €, ~ MN(0,0%(t;)) independently.

Rather than restricting n to a finite-dimensional parametric family, the method as-

sumes that for any finite collection of times S = (s1, ..., s;,), the vector
T
(77(31)7 s 777(5171)) (47)
is jointly Gaussian with mean
-
m(S) = (m(sl), ,m(sm)) (4.8)
and covariance
k(81781> k(shsm)
K(S,5) = : : : (4.9)
E(Sm,s1) -+ k(Sm,Sm)

where m and k specify the prior distribution of 7. Let T, denote a collection of test
times, and let 3(7) = diag(o?(t1),...,0%(t,)). Conditioning on the observed data
yields the posterior distribution
—1
W(T) |y ~ N(m(T) + K(T, T)(K(T,T) + (7)) (y = m(T)), o
K(T,T.) = K(T., T)(K(T,T) + (1)) 'K(T,T.)). |
This yields both a prediction for n at the test times and a corresponding posterior un-

certainty estimate. O’Hagan’s original paper developed this framework in the context
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of Bayesian smoothing, curve fitting, and prediction, and it was later popularised in
machine learning as a flexible kernel-based approach to non-linear regression [Williams
et al. [1996; Rasmussen et al. [2006].

4.2.2 Discrete Machine Learning Approaches

In 1990, Elman introduced a recurrent neural network (RNN) architecture from which
many subsequent RNNs would evolve [Elman [1990]. The Elman network is defined

as

ht' = U(Whhti_l + le'ti ‘I— bh)7 (411)

3

Yt = Wyhti + bya (412>

where Ny, is the hidden state at time ¢;, o is an activation function, W), W,, W, are
learnable weight matrices, and by, b, are learnable bias vectors. The matrices W},
W, and W, play analogous roles to those of A, B, and C in (4.5)), respectively. The

generic architecture of an RNN can be expressed as

hti - 99<hti—1 ) xti)’
Y, = ld)(hti)?

where gy is a learnable non-linear function parametrised by 6, and [, is a learnable

(4.13)

affine transformation parametrised by ). Challenges such as vanishing and exploding
gradients during training led to the development of more advanced architectures, in-
cluding Long Short-Term Memory networks (LSTMs) in 1997 [Hochreiter et al. |1997],
Gated Recurrent Units (GRUs) in 2014 [Cho et al. 2014], and Linear Recurrent Units
(LRUs) in 2023 [Orvieto et al. 2023].

In 2015, Bahdanau et al. introduced the attention mechanism to RNN-based encoder-
decoder models to enhance their ability to capture long-range dependencies [Bah-
danau et al. 2015]. A widely used variant is the scaled dot-product attention of
Vaswani et al. [2017]. Given matrices X € R™ and Y € R™ % representing time

series of dimension dy and dy respectively, scaled dot-product attention computes

(YWo)(XWik) '
Vi

where W € R *% Wi € Rx*% and Wy € R X% are learnable weight matrices,

and the softmax function is applied row-wise to normalise the attention scores. Here,

Attention(Y, X)) = softmax ( ) (XWy), (4.14)
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YWq, XWg, and XWy are referred to as the queries, keys, and values respectively.
This mechanism allows the model to focus on different parts of the input sequence

when generating each part of the output.

In 2017, Vaswani et al. built the Transformer architecture around scaled dot-product
attention, entirely removing recurrent layers in favour of self-attention mechanisms
[Vaswani et al. 2017]. In self-attention, the input sequence generates the queries, keys,
and values (X = Y) within each layer. This design allows each position in the se-
quence to attend to all other positions, effectively capturing long-range dependencies.
Combining the Transformer architecture with autoregressive modelling has led to sig-
nificant breakthroughs in natural language processing and forms the foundation of
modern large language models [Brown et al. 2020; Touvron et al. 2023|. However, for
sequence length n, the computational complexity of the attention mechanism scales
as O(n?), compared to O(n) for RNNs.

4.2.3 Neural Differential Equations

In 1987, Pineda theoretically explored training a continuous-time recurrent neural

network
dh,
E == —ht + O'(Whht) -+ It, (415)
where
hi
hy = |hl| . (4.16)
hy

with h?, h", and h° being designated input, hidden, and output nodes, and

Xi
L=10], (4.17)

with X; being a continuous input stream [Pineda [1987]. In 1989, building on earlier
work which applied the adjoint sensitivity method to differential equations for optimal
control problems [Bryson et al. 1962|, Pearlmutter |1989] introduced an approach for
computing the gradients of by solving a backwards-in-time ODE. Theoretically,
this method allows gradient calculation without storing the intermediate hidden states
of the network, although in practice Pearlmutter [1989] did store the intermediate
states. To the best of our knowledge, Pearlmutter [1989] also trained the first neural
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Figure 4.2: “Desired states d; and ds plotted against each other (left); actual states
hy and hs plotted against each other at epoch 3,182 (centre) and 20,000 (right)”.

Reproduced with permission from Pearlmutter [1989).

differential equations to output desired trajectories, with Figure [4.2] showing their

results on a figure eight dataset.

In 1992, Rico-Martinez et al. parametrised the vector field of a differential equation

using a neural network,

dh;

Fr fo(t, hy), (4.18)

and modelled the electrodissolution of copper in phosphoric acid solution [Rico-
Martinez et al. [1992]. In contrast to the adjoint sensitivity method developed by
Pearlmutter [1989], Rico-Martinez et al. [1992] backpropagated directly through the
steps of their differential equation solve, which requires storing the intermediate hid-

den states.

In 2015, He et al. introduced Residual Neural Networks (ResNets), which allowed
the training of very deep networks [He et al. [2016]. This was achieved by introduc-
ing skip connections, which allow the input to bypass one or more layers, mitigating

issues such as vanishing gradients. The update rule for a ResNet layer is given by

where h; is the hidden state at layer ¢, and the f;i are non-linear functions parametrised
by 6; respectively. In 2018, Chen et al. observed that resembles an Euler dis-
cretisation of , and proposed Neural ODEs as a continuous-depth analogue to
ResNets [Chen et al. 2018]. Following a similar approach to Pearlmutter [1989], Chen
et al. [2018] derived a method for calculating the gradients of solutions to us-
ing the adjoint sensitivity method. Furthermore, they utilised the ability to not store
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the intermediate hidden states to significantly reduce memory requirements during

training.

These advancements in modelling continuous-time dynamics using neural networks
set the stage for the development of NCDEs, the continuous-time analogue to recur-

rent neural networks.

4.3 Neural Controlled Differential Equations

4.3.1 Definition

Definition 4.1 (Neural Controlled Differential Equation [Kidger et al.[2020]). Let X :
[to, tn] — R be a continuous interpolation of {(t;, x,)} 0y, such that Xy, = (t;, xy,).
Let £y : R¥x — R% and fp : R% — R™*4X pe neural networks and Ly : R — R%
be a linear map with learnable parameters ¢, 0, and 1, respectively. An NCDE is
defined by

= £4(Xip),

hy = hyy + / fo(h (4.20)

= ly(he).
An NCDE consists of three learnable maps. First, £, maps the initial observation to
the initial hidden state hy,. Second, fy maps each hidden state h, to a linear map that
determines how increments of the control path X update the hidden state. Finally,

ly maps the hidden state h; to the output y;.

The central innovation of NCDEs is that they interface with the data through a
continuous control path X. Although Definition is stated for irregularly sam-
pled, fully observed data, the same framework applies more broadly whenever the
observations can be encoded as a continuous path X. For example, if only a subset
of the components of z;, is observed at time ¢;, then one may either construct the
control path channel-wise or first impute the missing values and then build X from
the resulting completed observations. As another example, when the observations x;,
take discrete values, one may first encode them in a Euclidean space and then choose
X to be the rectilinear interpolation [Morrill et al. 2022, which between successive

observations follows the path
(i, ze) = (i1, 24) = (ig1s Tey)- (4.21)
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The choice of X requires some care, since different constructions expose different
information to the model, affecting both the learned dynamics and the resulting per-
formance. In particular, some choices make X; depend on observations from times
later than ¢, rendering them unsuitable for online settings. Morrill et al. |2022] theo-
retically and empirically studied a range of choices for X, and introduced rectilinear
controls for online prediction tasks. From this point onward, we assume that a suit-

able online control path X has already been constructed from the observations.

To make use of the techniques developed for training Neural ODEs, NCDEs are
typically rewritten as an ODE,

t

he = hy, —i—/ 9o.x (hs, s)ds, (4.22)
to

where h denotes the hidden state in this ODE representation, with hy, = hy,. Orig-

inally, Kidger et al. [2020] proposed taking X to be a differentiable interpolation

and e

ga,X(') = fe(')Ea
which gives h; = h, for all t. The Log-ODE method will allow us to retain the ODE
form (4.22)) for a wider class of driving paths, at the expense of replacing the exact

dynamics by an approximation, such that hy = hy.

(4.23)

4.3.2 Comparison with Alternative Approaches

NCDEs are closely related to Neural ODEs (4.18)). The key difference is that the tra-
jectory of a Neural ODE’s hidden state is determined entirely by its initial condition
and the learned vector field, making them unsuitable for time series data. Meth-
ods such as GRU-ODE and ODE-RNN address this by combining continuous-time
evolution with discrete recurrent updates at observation times [Brouwer et al. [2019;
Rubanova et al. [2019|. In contrast, NCDEs incorporate the incoming signal directly

into the dynamics, and so may be viewed as a continuous-time analogue of RNNs.

This connection can be made concrete by considering the residual RNN [Yue et al.
2018|

hti+1 = hti + g@(htl7 Xti+1 - th> (424)
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Just as a ResNet can be interpreted as a discretisation of a Neural ODE, (4.24) can

be interpreted as the discretisation of a continuous process
dhs = go(hs, dX). (4.25)

The key structural difference is that (4.25) depends non-linearly on the increment
d X, whereas an NCDE depends linearly on the increment. However, this linear de-

pendence does not reduce theoretical expressivity, as discussed further in Section[4.3.3]

Alternative irregular-time methods include Gaussian processes and Neural Processes,
which also naturally support predictive uncertainty quantification [O’Hagan |[1978}
Williams et al. [1996; Rasmussen et al. 2006; Garnelo et al. |2018]. In particular,
causal Gaussian processes respect the same online temporal structure as the sequen-
tial prediction setting relevant for NCDEs [Cunningham et al.|[2012]. Such approaches

are appealing when quantifying predictive uncertainty is itself a central objective.

However, the focus of this thesis is on understanding parametric, causal, continuous-
time models for sequential prediction. Therefore, to isolate the core questions of
representation, architecture, and numerical approximation, we work in a simplified
deterministic setting. Once the observations have been converted into a control path,
the path X is treated as fixed, the output path y is treated as deterministic, and the
maps &y, fp, and [, are taken to be deterministic parametrised functions. This ex-
cludes explicit modelling of aleatoric and epistemic uncertainty, but allows this thesis
to focus on the fundamental mechanisms by which NCDEs process continuous paths
and propagate information through time. There are natural extensions of the NCDE
framework that do incorporate uncertainty, including Neural Stochastic Differential
Equations and Bayesian Neural Controlled Differential Equations [Kidger et al. 2021;
Hess et al. 2024]. Furthermore, the numerical and architectural advances developed
in this thesis are compatible with these uncertainty-aware settings, although we do

not pursue those extensions here.

4.3.3 Expressivity

Definition 4.2 (Maximal expressivity [Walker et al. 2025]). Let X be a topological
space, and let F = {fy : X = R | 0 € O} be a class of real-valued functions on X,
parametrised by some set ©. We say that F is mazximally expressive (or universal)

on X if, for every compact set K C X and every real-valued continuous function
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f: K —= R, the following property holds:

Ve>0, 30 €0 st sup }f(x) — fo(z)| <e. (4.26)
el

Although maximal expressivity is not sufficient to ensure good performance, it is
desirable, as it shows that at least theoretically the model class is rich enough to
approximate any continuous target map on compact sets. A classical result is the

Universal Approximation Theorem for neural networks.

Theorem 4.3 (Universal Approximation Theorem |[Cybenko |1989; Hornik 1991]).

Let 0 : R — R be continuous, bounded, and nonconstant. Define

F = {x — Zaja(w;x +b;)|meN, a; €R, w; € R, b; € R} . (4.27)

Jj=1
Then F is maximally expressive on RY,

Theorem establishes that single hidden-layer neural networks are maximally ex-
pressive for continuous real-valued functions on R?. Theorem |4.4] shows that NCDEs
satisfy the same notion of maximal expressivity for continuous functions of entire

paths.

Theorem 4.4 (Maximally Expressive NCDEs [Kidger et al. [2020]). Let X be the
space of bounded variation paths on the interval [to,t,] that start at a common point
and include time as a channel, endowed with the 1-variation topology. Let F be the
class of real-valued maps X — y,, induced by NCDEs from Definition[{.1 with dj, € N

and d, = 1. Then F is mazimally expressive on X.

Proof. The result follows from the signature being universal, Corollary 2.28] the trun-
cated signature solving a linear CDE, (2.82), and the Universal Approximation The-
orem for neural networks [Cybenko |1989; Hornik 1991|. For more details, see [Kidger
2022, Theorem C.25]. O

Theorem can be extended from path-to-point functions to path-to-path functions
by replacing the linear readout [, with a neural network, as shown in [Cirone et al.
2024, Proposition D.2|. In addition to their important theoretical properties, NCDEs
achieve superior performance on a range of datasets when compared to similar meth-
ods, such as GRU-ODE and ODE-RNN, which handle irregularly sampled data by
combining Neural ODEs with RNNs [Brouwer et al. |2019; Rubanova et al. 2019].
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Just as NCDEs can be viewed as the continuous-time analogue of RNNs, once an
NCDE is discretised using a differential equation solver, it may be viewed as an
RNN unrolled over the solver steps. If many solver steps are required, then training
must backpropagate through a long sequence of hidden-state updates. Consequently,
NCDEs can suffer from the same exploding and vanishing gradient issues as RNNs

on long time series, leading to degraded performance [Morrill et al. 2021].

4.3.4 Neural Rough Differential Equations

A recurring issue in deep learning approaches to time series modelling is that large
number of repeated forward passes through the neural network cause the gradient
during training to either explode or vanish, as was first shown in [Hochreiter [1991|
and explored further in [Hochreiter et al. 2001]. This issue was one of the motivations
behind the development of LSTMs [Hochreiter et al. |1997|. The Log-ODE method
introduced in Section is an efficient and accurate method for approximating the
solution to a CDE. Inspired by the Log-ODE method, Morrill et al. introduced neural
rough differential equations (NRDEs), which replaced with the piecewise in
o s (X))

9o.x() = fo (") Ter1 — Tz =, 8 € [ri i), (4.28)
where fp : R% — R%>*BAx:N) is a neural network and S(dx, N) = O(dY) is the
dimension of £V (R9¥), the space where the depth—N truncated log-signature of a

dx dimensional path lives [Morrill et al. 2021].

Compared to NCDEs, NRDEs can reduce the number of forward passes through
the network while evaluating the model, as the vector field is autonomous on each
interval [r;,7;41). This has been shown to lead to improved classification accuracy,
alongside reduced time and memory-usage, on time series with up to 17,000 obser-
vations [Morrill et al. |2021]. Furthermore, as it is no longer necessary to apply a
differentiable interpolation to the time series data, NRDEs are applicable to a wider
range of input signals. By neglecting the Lie bracket structure of fy, NRDEs reduce
the computational burden of evaluating the vector field, at the cost of increasing
the output dimension of the neural network. In contrast, Log-NCDEs retain the Lie

bracket structure of fy.
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4.4 Log Neural Controlled Differential Equations

4.4.1 Definition

Log-NCDEs use the same underlying model as NRDEs,

t
ht = hto + / gG,X(hs)dsa
fo (4.29)
3 IOg(SN(X>[n,n+1])

Y) = : ; €T, Ty )
9o.x(+) = fo () P s € [ry,Tit1)

but with two major changes. First, instead of parametrising fy using a neural network,
it is constructed using the iterated Lie brackets of an NCDE’s neural network, fy.
Second, fp is ensured to be a Lip(y) function for v € (N — 1, N]. These changes
have a major benefit. For N > 1, Log-NCDEs are exploring a smaller output space
during training than NRDESs, while maintaining the same expressivity, as NCDEs are
maximally expressive. This is because the output dimension of fy is dj, X dx, whereas
the output dimension of fy is d) x B(dx, N), where 5(dx, N) = O(d¥). Figure
compares these values for paths of dimension dy from 1 to 15 and truncation depths
of N =1and N = 2. The reduced output dimension comes at the cost of needing to
calculate the iterated Lie brackets when evaluating Log-NCDEs, which is quantified
in Section [4.4.4) and explored empirically in Section [£.4.7] Figure [£.4]is a schematic
diagram comparing the approaches of an NCDE and a Log-NCDE.

When N =1, (4.29)) simplifies to

XTi 1 XTi
gox(")=fo () ————, sE€[ririt1) (4.30)
Tit1 — T4
Hence, in this case the only difference between Log-NCDEs and NRDEs is the reg-
ularisation of fy. Furthermore, (4.30) and (4.23)) are equivalent when X is a linear
interpolation. Therefore, the approach of NCDEs, NRDEs, and Log-NCDEs coincide

when using a depth—1 Log-ODE approximation [Morrill et al. 2021].

4.4.2 Lip(vy) Neural Networks

As discussed in Section [2.5] applying a depth N Log-ODE method requires the vector
field fy to be Lip(y) for v € (N — 1, N]. There exist theoretical results linking the
robustness of a learning algorithm to the algorithm’s Lipschitz constant [Xu et al.

2012|. Furthermore, there are results bounding the Lipschitz constant of a fully
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Figure 4.3: A plot of f(dx, N) against dy for N = 1,2. The output dimension of an
NRDE’s neural network is R%*8@x:N) wwhereas for a Log-NCDE it is R%*dx

connected neural network (FCNN) [Szegedy et al. 2014]. Here, we extend these
results to Lip(y) for 1 <~ < 2.

Definition 4.5 (Fully Connected Neural Network). Let m, n,, nous, nn € N and fy be
a fully connected neural network (FCNN) with m layers, input dimension n;,, output
dimension Ny, hidden dimension ny, and activation function o. Given an input
r € R"n,

fo(z) = L™ (- (L' (x)) - --), (4.31)
where L' : RYn — R [ R™ — R™ fori=2,...,m—1, and L™ : R™ — Rnout,
Each layer is defined by

Li(y) I (y) a(li(y)) o(Wi-y+0)
Lyy=| : | =0 : = : = : ;o (4.32)
Li(y) IL(y) o(li,(y)) o(Wi-y+10.)

where y € RP, Wi = [Wi,... Wi]T € R and b’ = [bi,... b1 ]T € R are the
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is combined with the neural vector field fy to
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Figure 4.4: A schematic diagram of an NCDE and a Log-NCDE.
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learnable parameters and

(nhanin)a 1= ;
(o, B) = < (nn, na), i=2,...,m—1, (4.33)
(nouta nh)a 1 =m.

Assumption 4.6. Let 1 < v < 2. We will assume that the activation function o

satisfies the following four conditions:
1. o is continuously differentiable with derivative o',
2. Jo(x)] < |xf,
3. supyeg |0’ (x)| < My, and

4' [0-/]'7_1 = SupygﬁExR % S MQ;

for constants My, My > 0.

Conditions 1 and 4 imply that ¢ € C17~1. Additionally, by Lemma , o satisfies
all the conditions to be Lip(y) except sup,cg |o(z)| < 0o, which we do not assume
as it would exclude some standard activation functions which do satisfy Assumption
[4.6] such as SiLU. It is worth noting that not all standard activation functions satisfy
Assumption [4.6] For example, ReLU is not continuously differentiable.

Lemma 4.7. Let 1 < v < 2 and fy be a FCNN with activation function satisfying
Assumption[{.0. Take the Fuclidean norm and assume the input x € A C R™» where

sup,c4 |z]l2 = C. Then each layer L' satisfies
1L |Lipy) < mase {T7, My [[W*lop, Mol W[I3,} (4.34)
where T = |W|| o, D7 + [[0°|2 for i > 1 and T° = C.

Proof. Let Y; be the input domain to the i® layer. The Lip(y) norm of L' is a

maximum over four terms:

1. First,

sup [|L'(y) |2 < sup [[W*]|opllyll2 + 1162, (4.35)
yey; yey;

by condition 2 in Assumption [4.6]
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2. Second,

sup [[VL'(y)llop = sup || diag (o’ (W'y + 0)W'|lop < My[[W'lop,  (4.36)

yey; yeyY;

by condition 3 in Assumption [4.6]

3. Third, | |
VL' (y)— VL (z)l diag(A)|lo ;
sup VL (y) 7_1( Mlop < | diag( wlpHW lop, (4.37)
y#u ly — |5 vt ||y — |3
where
Aj=0d(W)-y+b)—o (W) z+b). (4.38)

Using condition 4 in Assumption

| diag(A)[lop < Molly — @[3~ e W13 < Molly — =[5 W73 (4.39)

Therefore,
VL (y) — VL' (2) [ i
2o < gy, (4.40)
y7#w ly — |5

4. Fourth, since each L’ belongs to C*7~1(R? R%), Lemma can be used to
bound the final term,

IL(y) = L'(x) = VL (z)ly — 2]l _ sup IVL (y) = VL (@) ]lop

sup < — (4.41)
Therefore,
1L Lip(s) < max {Slelg W lopllyllz + 1612, MW o, M2!|Wi!\3p} - (442)
yer;
Since y € Y] satisfies ||y|l2 < C,
1L | Lip(yy < max {T, My[[W* lop, M| W73, } (4.43)
where I = |||, + ||b*]|2 for i > 1 and T° = C'. O

Theorem 4.8. Let 1 < v < 2 and fy be a FCNN with m layers and activation
function o satisfying Assumption [{.6. Assume the input x € A C R™»  where
Sup,e 4 ||zl = C. Then fo € Lip(v) and

folluipe < (142757 Hmax(l 12 ) (4.44)
with
12l apry < max {0, MW, MWV, (4.45)

where T = [[W| oot 4+ ||0F|2 fori > 1 and T° = C.
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Proof. Lemma states that for f, g € Lip(y) with 1 <~ <2,

lg © fllipe) < (14 27)lglluipe) max{L, [ g0 - (4.46)

Assume that

1L 00 LM iy < (14 27) 51 Hmax(l ||LZ||L1P(;) (4.47)

=1

which is true for n = 1. Then by (4.46)),

v
270 0L oy < (1427) |27 iy e (1 (<1+2” 5 Loma (1125, )) )
i=1

(4.48)
Note that for any a,b > 0,

max(1,ab) < max(1,a)max(1,b). (4.49)

Repeatedly applying this bound gives,

n+1 i
“Ln+1 O++:0 Ll”Lip( (1 + 27) 7 S +1HLH+1HL1p(7 HmaX (1 HLlHLlp )

=1
n+1
(1—1—27 EE Hmax <1 HLZHLT;;)Z)
=1

(4.50)
Therefore, (4.47)) holds for all 1 < n < m, and

A= 1_

I follLipqyy = 1™ 0 -+ 0 LHlLipyy < (1427) 771 Hmax (1 1L v)) (4.51)

Lemma completes the proof by giving the stated bound on each layer’s Lip(7y)

norm. O

Although the bound in Theorem [4.§ is a worst case estimate, it reflects a genuine
feature of composition in Lip(y) spaces. In particular, the explicit example in Sec-
tion shows that for v € (1,2], the composition of two functions with Lip(7)
norm equal to 1 can itself have Lip(y) norm greater than 1. Thus, even when the
individual layers are uniformly controlled, composition can rapidly grow the Lip(7y)
norm. Consistent with this, if each layer satisfies || L'||Lip(y) < 1, then still gives

mll

[ follLipe) < (1 + 27) (4.52)
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which grows rapidly with the depth m.

To demonstrate this behaviour in practice, we train three neural networks to ap-
proximate sign(z) for # € [—1,1]. Each neural network has a hidden dimension of
8, SiLU activation functions, and a depth of 2, 3, or 4, respectively. As can be seen
in Figure [4.5] the supremum over the second derivative grows rapidly as the depth
increases. This leads to the Lipschitz bound on the gradient dominating || fs||Lip(2) for
depths 3 and 4, which have || fy||Lip2) = 297 and || fo||Lip2) = 16910, respectively.

Although these empirical values are many orders of magnitude smaller than the worst
case bound, they still illustrate the same qualitative phenomenon: || fy||Lip(2) can grow
rapidly with depth in practice. A simple way to encourage smaller parameter mag-
nitudes during training is to introduce weight regularisation by modifying the loss
function L to -
L+ L+\ (Z ||Wi||2+||b"||2>, (4.53)
i=1
where ) is a hyperparameter controlling the weight of the penalty [Hinton |1987; Krogh
et al.|[1991]. This introduces only a single additional hyperparameter and directly pe-
nalises the weights and biases appearing in the layer-wise bound of Theorem [4.§]
Thus, it provides a simple proxy for encouraging smaller Lip(2) norms, even though

it is not a sharp estimate of || fy||Lip(2)-

In the experiments contained in Section [£.4.6] Log-NCDEs use a FCNN with SiLU
activation functions as their vector field fy. The coefficient ) is treated as one com-
ponent of the hyperparameter grid search, with A = 0 included as a candidate value.
Empirically, this regularisation is not uniformly beneficial: some of the best runs se-
lect A = 0, while others select A > 0. However, even with A = 0, we did not observe

any training divergence or solver instability.

4.4.3 Constructing the Log-ODE Vector Field

As in Section , the linear map fy in (4.29) is defined recursively by

fo()a = fo(*)a, (4.54)

for a € R and

Jo()la, 0] = [fo(-)a, fo(-)b], (4.55)
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Figure 4.5: Comparing the Lip(2) norm of three fully connected neural networks
trained to approximate sign(z). Each neural network has a hidden dimension of 8,

SiLU activation functions, and a depth of 2, 3, or 4, respectively.
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where fy is the NCDE’s vector field. Assuming fy(-)a is infinitely differentiable, then
fo(-)a is an element of the Lie algebra C*°(R% R%) and from Definition

[fo()a; fo(-)0] = gy fo(-)a = o010 fo (). (4.56)

Calculating requires a basis for £V(R%), the space where the depth-N trun-
cated log-signature of the input path lives. Let {ej};lﬁl be the usual basis of Rx,
A choice of basis for £V (R?x) is a Hall basis, denoted {ék}fgm, which is a specific
subset of up to the (N — 1)*™ iterated Lie brackets of {ej}?ﬁl [Hall [1950]. Rewriting

(4.29) using a Hall basis,

fe (hs) 10g(S ( )[rz 7“1+1 Z >\kf9 ek7 (457)

Tiy1 — 15

where )\ is the term in the scaled log-signature corresponding to the basis element

ér. Since each €, can be written as iterated Lie brackets of {ej J 1, it is possible

to replace fy(-)éx with the iterated Lie brackets of fy(-)e; usmg and -
Each fy(-)e; : R% — R is a vector field defined by the i® column of the neural
network’s output. Hence, gy x can be evaluated at a point using iterated Jacobian-
vector products (JVPs) of fy.

4.4.4 Computational Cost

When the signature truncation depth N is greater than 1, NRDEs and Log-NCDEs
incur an additional computational cost for each evaluation of the vector field, which
we now quantify. Assume that an NCDE, NRDE, and Log-NCDE are all using
an identical FCNN as their vector field, except for the dimension of the final layer
in the NRDE. Let m and nj; be the depth and dimension of the FCNN’s hidden
layers, respectively, and dj; and dx be the dimensions of h; and X; from . Let
B(dx, N) = dim £V (R¥x) = O(d¥). Letting Fy be the number of FLOPs required to

evaluate model x’s vector field,

EFxcpe = 2dpny, + 2(m — 2)%% + 2dpdxny, (4 58)
Fxroe = 2dpny, + 2(m — 2)n} + 2d,B(dx, N)ny,. '

The NRDE expression follows because the final layer outputs an element of R *5(dx.N)

rather than R *dx

For Log-NCDEs, an exact closed-form FLOP count depends on the implementation
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of the iterated Lie brackets. For fixed N, the computational cost of evaluating the
Log-NCDE vector field is O(5(dx, N)) with respect to dy, since the vector field is
constructed from iterated Lie brackets corresponding to a Hall basis of £~ (R?x). The
constant hidden in this asymptotic notation grows rapidly with N, since higher-order
Lie brackets require iterated JVPs of vector fields that are themselves defined recur-
sively through lower-order JVPs. For our implementation of the N = 2 case, the

exact expression
Frog-NnepE = 3dx FnepE (4.59)

is obtained, as the number of FLOPs required to calculate a JVP is 3 times that of
evaluating fy and dx JVPs of fy are needed to evaluate (4.57)) [Griewank et al. 2008,
Chapter 4].

Therefore, Log-NCDEs and NRDEs have the same asymptotic computational com-
plexity with respect to dx for fixed N. Furthermore, each JVP is evaluated at the
same point h,. This allows the Log-NCDE vector field on high-dimensional time
series to be evaluated in parallel. This computational advantage is demonstrated
empirically in Section [4.4.7]

4.4.5 Limitations

In this thesis, we restrict attention to Log-NCDEs based on depth-1 and depth-2
Log-ODE approximations. This reflects two main limitations. First, there are cur-
rently no theoretical results explicitly bounding the Lip(-y) norm of a neural network
for v > 2. Second, as discussed in Section [£.4.4] the cost of evaluating gy x grows
rapidly with the truncation depth N. In particular, at N = 2 this cost scales quadrat-
ically in the input dimension dy, which in practice restricts depth-2 Log-NCDEs to
moderate-dimensional inputs. The widest time series considered in our experiments
has dimension dx = 64. Input dimensions in the low hundreds are likely still feasible,

whereas dimensions on the order of 10? are likely to be computationally prohibitive.

A more general limitation of NCDEs is that their hidden dynamics must be solved
sequentially in time, which prevents parallelisation across time steps. This is in con-
trast to structured state-space models, whose linear dynamics admit explicit flows
that can be composed in parallel across time [Gu et al. [2022a]. This limitation serves

as the primary motivation for the work of Chapter 5]
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4.4.6 Experiments

Baseline Methods

Log-NCDEs are compared against six models, which represent the state-of-the-art for
a range of deep learning approaches to time series modelling. Four of these models are
stacked recurrent models, whose general architecture is based on the official imple-
mentation of S5 located at https://github.com /lindermanlab/S5 [Smith et al. 2023].
A recurrent block consists of a batch or layer normalisation [loffe et al.|[2015; Ba et al.
2016|, a recurrent layer, a gated linear unit (GLU) |[Dauphin et al. 2017|, dropout
with rate 0.1 [Srivastava et al. 2014], and a skip connection. A full model consists of
a linear encoder, a number of stacked recurrent blocks, and a final linear layer. The
four different recurrent layers considered are the LRU [Orvieto et al. 2023|, S5 [Smith
et al. [2023|, S6, and Mamba, where S6 refers to the selective state-space recurrence
introduced by Gu et al. [2024] and Mamba refers to the combination of a gated MLP,
convolution, and S6 recurrence |Gu et al. [2024]. S5 and LRU use batch normalisa-

tion [loffe et al.|2015|, whereas S6 and Mamba use layer normalisation [Ba et al. 2016].

The other two baseline models are continuous models; an NCDE using a Hermite
cubic spline with backward differences as the interpolation and an NRDE [Kidger
et al. 2020; Morrill et al. [2021]. NCDEs, NRDEs, and Log-NCDEs use a single linear
layer as £;. NCDEs and NRDEs use FCNNs as their vector fields configured in the
same way as their original papers [Kidger et al. 2020; Morrill et al. 2021]. NCDEs
use ReLLU activation functions for the hidden layers and a final activation function
of tanh. NRDEs use the same, but move the tanh activation function to be before
the final linear layer in the FCNN. Log-NCDEs use a FCNN with SiLLU activation
functions for the hidden layers and a final activation function of tanh. NRDEs and
Log-NCDEs take their intervals r; 1 —r; to be a fixed number of observations, referred
to as the Log-ODE step.

Toy Dataset

We construct a toy dataset of 100,000 time series with 6 channels and 100 regularly
spaced samples each. For every time step, the change in each channel is sampled

independently from the discrete probability distribution with density

n+0.5 1 1,2
p(n) = / e 2% dx, (4.60)
n—05 V2T
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Example Path from Toy Dataset

Value

0.0 0.2 0.4 0.6 0.8 1.0
Time
Figure 4.6: An example path from the toy dataset, where each colour represents a

channel in the path.

where n € Z. In other words, the change in a channel at each time step is a sample
from a standard normal distribution rounded to the nearest integer. Figure [4.6]is a

plot of a sample path from the toy dataset.

We consider four different binary classifications on the toy dataset. Each classification
is a specific term in the signature of the path which depends on a different number

of channels.

1. Was the change in the third channel, fol dX3, greater than zero?

2. Was the area integral of the third and sixth channels, fol Jo dX32dXE, greater

than zero?

3. Was the volume integral of the third, sixth, and first channels, fol Jo Jo dX2dx8dx],

greater than zero?

4. Was the 4D volume integral of the third, sixth, first, and fourth channels,
Sy S0 Y [ dX3dXSAX XL, greater than zero?
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Each task is asking the model to check the sign of a specific term in the signature of

the input path.

On the toy dataset, all models use a hidden dimension of 64 and Adam with a learn-
ing rate of 0.0003 [Kingma et al. 2015|. LRU, S5, S6, and Mamba use 6 blocks and
S5, S6, and Mamba use a state dimension of 64. S5 uses 2 initialisation blocks and
Mamba uses a convolution dimension of 4 and an expansion factor of 2. NCDEs,
NRDEs, and Log-NCDEs use a FCNN with width 128 and depth 3 as their vector
field. Furthermore, all NCDEs use Heun as their differential equation solver with a
fixed stepsize of 0.01 [Heun [1900; Atkinson et al. 2009]. NRDEs and Log-NCDEs use
a Log-ODE step of 4 and a signature truncation depth of 2. Log-NCDEs do not use
any Lip(7) regularisation, i.e. A =0 in (4.53)).

UEA Multivariate Time Series Classification Archive

The models are evaluated on six datasets from the UEA multivariate time series
classification archive (UEA-MTSCA )| [Bagnall et al. [2018]. These six datasets were
chosen via the following two criteria. First, only datasets with more than 200 total
time series were considered. Second, the six datasets with the most observations were
chosen, as datasets with many observations have previously proved challenging for
deep learning approaches to time series modelling. Table provides details on the
dimension, number of observations, and number of classes for the datasets chosen from
the UEA-MTSCA for the experiments conducted in this thesis. Following [Morrill et
al. 2021], the original train and test cases are combined and resplit into new random

train, validation, and test cases using a 70 : 15 : 15 split.

Hyperparameters for all models are found using a grid search over the validation
accuracy on a fixed random split of the data. Having fixed their hyperparameters,
models are compared on their average test set accuracy over five different random
splits of the data. In order to compare models on their average GPU memory and
runtime, 1000 steps of training are run on an NVIDIA RTX 4090. Each training step
consists of a forward pass, loss computation, backward pass, and parameter update.
The average runtime is estimated by combining the time for 1000 training steps with

the average total number of training steps from the five runs over the random data

1As of November 10! 2025, the EigenWorms dataset available for download at https://
timeseriesclassification.com| has 23 duplicated time series, which were removed for the experiments

in this thesis.
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Table 4.1: A summary of the subset of the UEA-MTSCA datasets used in this thesis.

Dataset Dimension Number of Observations Classes
EigenWorms 6 17984 D
EthanolConcentration 3 1751 4
Heartbeat 61 405 2
MotorImagery 64 3000 2
SelfRegulationSCP1 6 896 2
SelfRegulationSCP2 7 1152 2

splits.

PPG-DaLiA

PPG-DalLiA is a multivariate time series regression dataset, where the aim is to pre-
dict a person’s heart rate using data collected from a wrist-worn device [Reiss et al.
2019]. The dataset consists of fifteen individuals with around 150 minutes of recording
each at a maximum sampling rate of 128 Hz. There are six channels: blood volume
pulse, electrodermal activity, body temperature, and three-axis acceleration. For each
individual, the data is split into training, validation, and test sets using a 70:15:15
split. After splitting, a sliding window is applied to each subset to convert the long
continuous recordings into shorter overlapping time series. Specifically, each window
contains 49920 consecutive samples, and successive windows are offset by 4992 sam-

ples.

Hyperparameters are found using the same method as for the UEA-MTSCA, but with
validation mean squared error and slightly different hyperparameter choices given the
high number of observations. Having fixed their hyperparameters, models are com-
pared on their average mean squared error over five different runs on the same fixed

data split.

Hyperparameter Optimisation

The seven models considered in the experiments fall into two groups. The first group
consists of the stacked recurrent models LRU, S5, S6, and Mamba. The second group
consists of the continuous-time models NCDE, NRDE, and Log-NCDE. Tables
and list the hyperparameters optimised over for these two groups on the UEA-
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MTSCA and PPG-DaLiA experiments.

For each dataset and model, hyperparameters were selected by grid search on a
fixed training-validation split. For the UEA-MTSCA datasets, each configuration
was trained using cross-entropy loss and compared using validation accuracy. For
PPG-DaLiA, each configuration was trained using mean squared error loss and com-
pared using validation mean squared error. Training used early stopping based on
the corresponding validation metric, and the checkpoint with the best validation per-
formance was used for the final test evaluation. After hyperparameter selection, the
chosen configuration was used in the evaluation protocols described above, namely
five random data splits for the UEA-MTSCA datasets and five random seeds on a
fixed split for PPG-DaLiA.

All models and experiments used Adam as their optimiser [Kingma et al. 2015|.
A batch size of 32 was used throughout, except for the stacked recurrent models
on PPG-DaLiA, where a batch size of 4 was required due to memory constraints.
NCDEs, NRDEs, and Log-NCDEs used Heun as their differential equation solver
with fixed stepsize

1
max{500, 1 + (time series length/Log-ODE step)}’

(4.61)

with Log-ODE step equal to 1 for NCDEs. Additionally, Log-NCDEs scaled down
their initial FCNN parameters by a factor of 1000 to reduce the initial Lip(2) norm
of the vector field.
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Table 4.2: Hyperparameters selected by the optimisation for LRU, S5, S6, and Mamba
on the UEA-MTSCA datasets and PPG-DaLiA dataset. The following abbrevia-
tions are used: EigenWorms (EW), EthanolConcentration (EC), Heartbeat (HB),
MotorImagery (MI), SelfRegulationSCP1 (SCP1), SelfRegulationSCP2 (SCP2), and
PPG-DaliA (PPG). A X denotes that the hyperparameter is not applicable to that

model.

o . Method
Hyperparameters Options LRU S5 6 NMomba
Learning Rate 10-3 EW, MI, SCP1, | HB, MI, SCP1, EW, HB, MI, EW, EC, PPG
SCP2, PPG PPG SCP2
1074 HB EW, SCP2 SCP1, PPG HB, SCP2
1073 EC EC EC MI, SCP1
Include Time True R, 1B, scpe | DWW BC SCP2 1 B HB ML b bl sopo
PPG PPG
False EW, ML, SCP1, HB, MI, SCP1 | EW, SCP1, SCP2 HB, ML, SCP1,
PPG PPG
Hidden Dimension 16 MI MI, SCP2, PPG EW, EC, HB, EW
MI, SCP2
64 EW, EC, SCP1, EW SCP1, PPG EC, HB, SCP2
SCP2
128 HB, PPG EC, HB, SCP1 MI, SCP1, PPG
Number of Layers HB, SCP1, SCP2 | EW, EC, SCP2 | SCP1, SCP2, PPG MI, SCP1
EwW HB EW, EC, HB, MI | EC, HB, PPG
EC, MI, PPG MI, SCP1, PPG EW, SCP2
State Dimension 16 EC, SCP1, SCP2 EWSiS’lHB EC, HB, SCP1 SCP1
64 EW MI, SCP2, PPG EW, PPG EW, M1, S5CP2,
PPG
256 HB, MI, PPG MI, SCP2 EC, HB
S5 Initialisation Blocks | 2 X SCP2, PPG X X
4 X HB, MI X X
8 X EW, EC, SCP1 X X
Convolution Dimension | 2 X X X EW, HB, SCP2
3 X X X MI, PPG
4 X X X EC, SCP1
Expansion Factor 1 X X X EW, MI, SCP1
2 X X X SCP2, PPG
4 X X X EC, HB
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Table 4.3: Hyperparameters selected by the optimisation for NCDE, NRDE, and Log-
NCDE on the UEA-MTSCA datasets and PPG-DaLiA dataset. Given the length of
each time series in the PPG-DaliA dataset, different choices were considered for
the Log-ODE depth and step, which are shown here in red. The following abbrevi-
ations are used: EigenWorms (EW), EthanolConcentration (EC), Heartbeat (HB),
MotorImagery (MI), SelfRegulationSCP1 (SCP1), SelfRegulationSCP2 (SCP2), and
PPG-DaLiA (PPG). A X denotes that the hyperparameter is not applicable to that

model.

) Method
Hyperparameters Options
NCDE NRDE Log-NCDE
. EW, EC, HB, EW, EC, HB, EW, HB, MI,
Learning Rate 1073 i i
MI, SCP2, PPG SCP1, PPG PPG
1074 SCP1 MI, SCP2 EC, SCP1, SCP2
1077
. EW, EC, HB, EC, SCP1, SCP2, EW, EC, HB,
Include Time True
MI, PPG PPG PPG
False SCP1, SCP2 EW, HB, MI MI, SCP1, SCP2
Hidden Dimension 16 MI, PPG HB, MI
EW, EC, HB
64 T ' EC, SCP1
SCP1
EW, EC, HB
128 W, EC, ’ MI, SCP2, PPG EW, SCP2, PPG
SCP1, SCP2
Vector Field (Depth, Width) | (2, 32) EW, SCP2
(3, 64) EW EC, MI, PPG
(3, 128) EW HB HB, SCP1
EC, HB, MI EC, MI P1
(47 128) C7 , ) C? ) SC )
SCP1, SCP2, PPG SCP2, PPG
Log-ODE (Depth, Step) (1, 1) X EC, MI, SCP1, SCP2 EC
(2, 2) X HB HB
(2, 4) X EwW SCP2
(2, 8) X
(2, 12) X EW
(2, 16) X MI, SCP1
(1, 10) X PPG PPG
(2, 10) X
(2, 100) X
(2, 1000) X
Regularisation A 1073 X X EW, MI, SCP2
1076 X X EC, HB
0.0 X X SCP1, PPG
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Figure 4.7: Validation accuracy against number of steps for LRU, S5, S6, Mamba,
NCDE, NRDE, and Log-NCDE on the four different classifications considered for the
toy dataset.

4.4.7 Results
Toy Dataset

Figure [£.7] compares the performance of the models on the four different toy dataset
classifications. As expected, given that the classifications considered are solutions to
CDEs, NCDEs are the best performing model. Since NRDEs and Log-NCDEs are
fixed to ;11 — r; being 4 observations and N = 2, they are both approximations of
a CDE. Notably, Log-NCDEs consistently outperform NRDEs, providing empirical
evidence that NRDEs do not always accurately learn the Lie bracket structure of fj.
All of the stacked recurrent models perform well when the label depends on one or
two channels. However, their performance begins to decrease for three channels, and

only Mamba performs well when the label depends on four channels.
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UEA-MTSCA

Table reports the mean and standard deviation of each model’s test set accuracy
over five data splits. Among the stacked recurrent models, LRU, S5, and S6 achieve
similar average accuracies overall. However, Mamba attains the lowest average accu-
racy of all seven methods. Since S6 achieves performance in line with S5, Mamba’s
weaker results do not appear to be caused by the selective recurrence itself. Instead,
they may reflect the effect of Mamba’s additional architectural components, particu-
larly its short convolution, which places greater weight on local information and may
therefore be less well suited to classification tasks that reward preserving information

across the full time series.

NCDEs and NRDESs have similar average accuracies overall, although NRDEs perform
notably better on EigenWorms, the dataset with the most observations. However,
NRDEs are still outperformed in average accuracy by the stacked recurrent models
LRU, S5, and S6. In contrast, Log-NCDEs achieve the best average accuracy and the
best average rank across the six datasets. Compared to NRDESs, they attain an equal
or higher average accuracy on all six datasets and a lower standard deviation on four

datasets.

A Friedman test across the six datasets and seven methods did not detect a statis-
tically significant difference in performance among the models at the 5% significance
level, with x* = 9.69, df = 6, and p = 0.138 [Demsar [2006]. Since Log-NCDEs are
a direct modification of NCDEs and NRDEs, we additionally performed one-sided
Wilcoxon signed-rank tests comparing Log-NCDEs against these two baselines, with
Holm correction across the two comparisons [Wilcoxon 1945]. At the 5% significance
level, these tests indicated that Log-NCDEs significantly outperformed both NCDEs
and NRDEs, with adjusted p = 0.0313 in each case. These results suggest that

incorporating Lie bracket information can improve predictive performance.

PPG-DaLiA

Table contains the average and standard deviation of each model’s test set mean
squared error on the PPG-DaliA dataset. In contrast to the UEA-MTSCA experi-
ments, Mamba is the best performing stacked recurrent model on PPG-DaliA and
clearly outperforms S6. This suggests that Mamba’s additional architectural com-

ponents, such as its short convolution, are beneficial for this regression task. This
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Table 4.4: Mean and standard deviation of test set accuracy over five data splits
on a subset of the UEA-MTSCA. The best performing model is highlighted in bold

and the second best is underlined. The average accuracy and average rank are also

reported.

Dataset Method

LRU S5 S6 Mamba | NCDE NRDE | Log-NCDE
EigenWorms 87.8+2.8 | 81.1+3.7 | 85.0+16.1 | 70.9+ 158 | 75.0+3.9 | 83.9+7.3 | 85.6+5.1
EthanolConcentration | 21.5+2.1 | 241443 | 264464 | 27.94+45 | 299465 | 253+ 1.8 | 344+ 6.4
Heartbeat 784+6.7 | T7.7+55 | 765483 | 762+3.8 | 73.9426 | 729448 | 75.2+4.6
MotorImagery 484450 | 47.7T+55 | 513447 | 47.7+45 | 495428 | 470457 | 53.7+5.3
SelfRegulationSCP1 | 82.6+3.4 | 89.94+4.6 | 828+27 | 80.7+1.4 | 79.8+5.6 | 80.9+2.5 | 83.1+2.8
SelfRegulationSCP2 | 51.2+3.6 | 50.5+2.6 | 49.9+9.5 | 482+3.9 | 53.0+28 | 53.7+6.9 | 53.7+4.1
Av. 61.7 61.8 62.0 58.6 60.2 60.6 64.3
Av. Rank 3.5 4.0 3.5 5.5 45 4.9 2.1

Table 4.5: Mean and standard deviation of test set mean squared error over five runs
with different random seeds on the PPG-DaliiA dataset.

Model MSE (x1072)
LRU 12.17+0.49
S5 12.63 £1.25
S6 12.88 = 2.05
Mamba 10.65 £ 2.20
NCDE 13.54 £ 0.69
NRDE 9.90 £ 0.97
Log-NCDE | 9.56 +0.59
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aligns with the intuition that heart-rate prediction depends heavily on recent observa-
tions. Among the neural differential equation models, both NRDEs and Log-NCDEs
substantially outperform the NCDE, indicating that the Log-ODE based models are
better suited to handling very long sequences. Log-NCDEs still achieve the best
overall performance, obtaining the lowest average test set mean squared error and

the second lowest standard deviation.

Memory and Time

Models are compared on their average GPU memory usage and runtime for the UEA-
MTSCA datasets. In order to compare the models, 1000 steps of training were run
on an NVIDIA RTX 4090 with each model using the hyperparameters obtained from
the hyperparameter optimisation, as detailed in Tables £.2] and [4.3] In addition to
the time for 1000 steps and GPU memory usage, shown in Figures and [4.8D] the
average number of total training steps taken to produce the results in Table is
recorded in Figure 4.8 Combining the results for time per 1000 training steps and
the total number of training steps gives an approximation of the total runtime on
the same hardware, and these results are shown in Figure 4.8d. The average GPU

memory and runtime across the six datasets is given in Table [4.6]

Although the time per training step is lower for stacked recurrent models than NCDEs,
NRDESs, or Log-NCDESs, they also require more training steps to converge. Addi-
tionally, NCDEs, NRDEs, and Log-NCDEs require less GPU memory. The largest
contributors to the average runtime of NCDEs are the datasets with the most ob-
servations, EigenWorms and Motorlmagery. The positive impact of the Log-ODE
method on computational burden is demonstrated empirically by the decrease in run-
time achieved by NRDEs and Log-NCDEs on EigenWorms when using a depth—2
Log-ODE method. When a depth—1 Log-ODE method is used, such as NRDEs on

MotorImagery, the same decrease is not observed.

Section demonstrated that Log-NCDEs and NRDEs have the same asymptotic
computational complexity. However, when using a depth—2 Log-ODE approxima-
tion and the same stepsize, NRDEs and Log-NCDEs exhibit different runtimes on
Heartbeat, a high-dimensional dataset. This difference is partly explained by the
model’s having different optimal hyperparameter choices, but even when using iden-
tical hyperparameters to the NRDE, Log-NCDZE’s time per 1000 training steps is 1673
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Memory Usage (MB) Time for 1000 Steps (s)

LRU 1988 1466 8646 960 954 104 LRU frE 10t
[3F 6646 1520 1548 4616 1798 762 SF 31
YR 79228 938 606 [4056 904 1222 SE 68 103
© ]
T MAMBA 4876 3120 1110 2460 T MAMBA (i)
= =
102
[Neb)E 2484 692 4534 | 694 692 NCDE 2217 1177 3778 973
NRDE A3 4552 NRDE { =515 2256-1014
103 101
Log-NCDE ksl 4566 [ReEeb)® 1956 2056 826 730 635
EC HB M SCP1 SCP2 EC HB M SCP1
Dataset Dataset
(a) Memory (b) Time
Number of Steps Total Time Usage (s)
R 14800 12000 13000 16600 16000 15200 LRU
104
[3F 15600 12200 18400 13600 13400 S5
S6 24600 19200 17200 S6
104
] ]
B ULETE 19000 16200 17800 20800 T MAMBA 605 726
= = 103
Neb]® 1100 1360 1740 1240 1640 1200 NCDE 3015 2049 4685 1595
NX5JE 1560 1300 1460 1860 1920 1660 NRDE 2932-1947
[FeRVeb)® 1720 1660 1920 1580 3560 1700 Log-NCDE 3413 1587 1153 2260 102
EW EC HB Ml SCP1 SCP2 EW EC HB Ml SCPl SCP2
Dataset Dataset
(c¢) Number of steps (d) Total time

Figure 4.8: Memory, time per 1000 training steps, number of steps, and approximate
total time for each model and dataset from the UEA-MTSCA on an NVIDIA RTX
4090. The following abbreviations are used: EigenWorms (EW), EthanolConcentra-

tion (EC), Heartbeat (HB), Motorlmagery (MI), SelfRegulationSCP1 (SCP1), and
SelfRegulationSCP2 (SCP2).
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Table 4.6: Average GPU memory and runtime for each model over the six datasets
from the UEA-MTSCA experiments.

Model Av. GPU Mem. (MB) | Av. runtime (s)
LRU 4121.67 466.09
S5 2815.00 244.78
S6 2608.00 578.15
Mamba 4450.33 1553.83
NCDE 1759.67 6649.91
NRDE 2676.33 7284.20
Log-NCDE 1999.67 2128.32

seconds, whereas NRDE’s is 9539 seconds. The remaining difference is due to being
able to calculate the JVPs of fy in parallel, as discussed in Section 4.4.4] If instead
the JVPs are calculated recurrently, then Log-NCDEs time per 1000 training steps

increases to 17045 seconds.

From a practical standpoint, the Log-ODE method improves the computational vi-
ability of NCDE-style models, but it does not eliminate the underlying scalability
challenge. Log-NCDEs are markedly faster than NCDEs and NRDEs on the longest
datasets, use relatively little GPU memory, and still achieve strong empirical per-
formance. They also naturally accommodate irregularly sampled and over-sampled
data, unlike the stacked recurrent baselines considered here. However, they remain
much slower than those recurrent models, which limits their suitability for rapid ex-
perimentation, large-scale hyperparameter tuning, and settings requiring very long

training runs.

4.5 Conclusion

This chapter showed that the Log-ODE method provides a principled way to approx-
imate NCDE dynamics during training. It built on the groundwork laid by NRDEs
and used the Lip(y) theory developed in Chapter 3[to ensure that the resulting mod-
els are well defined. Empirically, Log-NCDEs matched or exceeded the performance
of NCDEs and NRDEs on all six real-world multivariate time series classification

datasets considered, while reducing the average runtime by more than a factor of 3.

Log-NCDEs also achieved the best average test accuracy and the best average rank
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among all seven models in Table .4l However, their computational cost remains
substantial. The average runtime of Log-NCDESs is still nearly an order of magnitude
larger than that of the fastest baseline, S5. The gap is even more striking in the time
per 1000 training steps, which is 1131 seconds for Log-NCDEs and only 16 seconds
for S5. Thus, although Log-NCDEs are more practical than NCDEs and NRDEs,

they remain too slow for genuinely large-scale applications.

The reason for this remaining gap is the nature of the hidden-state dynamics. Log-
NCDE:s still require the numerical solution of a non-linear controlled differential equa-
tion during each forward pass. By contrast, S5 is based on linear dynamics whose
flow can be written in closed form on each interval. This removes the need for an
expensive non-linear solve and allows the hidden state over a sequence of length n to

be computed in only O(logn) parallel steps via an associative scan.

Motivated by this observation, Chapter |p|introduces Linear NCDEs, where the vector
fields are constrained to be linear in the hidden state. This restriction yields closed-
form solutions for the dynamics on each interval, making parallel-in-time computation
possible while retaining the theoretical expressivity and continuous-time structure of
NCDEs. Furthermore, Log-NCDEs naturally translate to this linear setting, where

the Log-ODE method continues to provide substantial empirical runtime benefits.
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Chapter 5

Linear Neural Controlled Differential

Equations

Aren’t linear CDFEs expressive enough?

—Massimiliano Gubinelli (2023)

5.1 Introduction

Chapter [2| developed the continuous-time mathematical framework underlying this
thesis. Paths are the fundamental objects, signatures and log-signatures provide
principled summaries of path segments, CDEs describe how paths influence the state
of a system, and the Log-ODE method provides an efficient and accurate approx-
imation to the solution of a CDE. Building on the regularity theory developed in
Chapter [3| Chapter [4 translated this framework into machine learning through Log-
NCDESs, showing that continuous-time models can achieve performance comparable
to strong discrete baselines on regularly sampled datasets, whilst naturally being able
to handle irregularly sampled and over-sampled time series. However, Chapter [4] also
showed that the non-linear hidden-state dynamics remain a major computational bot-
tleneck. Even with the Log-ODE method, Log-NCDEs are still substantially slower
than the strongest stacked recurrent baselines. The aim of this chapter is to retain
the empirical performance and continuous-time advantages of NCDEs while replacing

their non-linear dynamics with a more scalable model class.

From the perspective of CDE theory, the linear case is the natural place to look.
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Linear CDEs admit explicit solutions, as discussed in Section [2.4.3] and the trun-
cated signature is itself the solution of a linear CDE, as shown in Section [2.4.1]
Moreover, when equipped with a linear readout, linear CDEs are maximally expres-
sive on the space of time-augmented driving paths with the 1-variation topology, by
Corollary and the proof of Theorem [4.4] These facts suggest that vector fields
which are linear in the hidden state may already be sufficient for time series mod-
elling. Given this, it may seem surprising that Linear NCDEs were developed after
their non-linear counterparts. The epigraph, a question posed by Prof. Massimiliano
Gubinelli after a presentation on Log-NCDEs, captures this sentiment. Historically,
non-linear NCDEs were explored first in order to maximise modelling capacity and to
align more closely with non-linear recurrent neural networks. Chapter |4 shows that

this choice comes at a significant computational cost.

In this chapter, we show that constraining an NCDE’s vector field to be linear in
the hidden state leads to the Log-ODE method producing closed-form flows on each
interval. This removes the need for a differential equation solver, enables parallel-
in-time computation, and directly addresses the scalability limitations identified in
Chapter [d] We also show that Linear NCDEs retain the theoretical expressivity of
NCDEs. Finally, we demonstrate empirically that, when combined with the Log-
ODE method, Linear NCDEs match the performance of Log-NCDEs while reducing
the time per training step by up to two orders of magnitude. This makes continuous-

time machine learning practical at scales that were previously infeasible.

5.2 Linear NCDEs

5.2.1 Introduction

Definition 5.1 (Linear NCDE |Cirone et al. 2024; Walker et al. |2025|). Let X(d)
denote the space of bounded-variation d-dimensional paths on the interval [t, t,| which
all begin at the same point and contain time as a channel. Let w : X(dx) — X(d,)
be a continuous function on paths, with the shorthand w® = w(X). Let L} € R>dx
Ap € RInxdoxdn qng [2 € RW> pe trainable parameters. Then a Linear NCDE is
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defined by

hto — LéXtoy
t
hy = hy, +/ Aghs dw, (5.1)
to
Yt = Lght-

There are two core differences between NCDEs and Linear NCDEs. First, the driving
path is a function of the interpolated data, w” = w(X), rather than the interpolation
X itself. Second, the vector field is linear in the hidden state,

t do

t
he = hy, +/ Aghy dwX = hy, +/ > Aph,dwl (5.2)

to to i=1

where Al € R%>* are the parameters corresponding to the i*" channel of the driving
path wX? As discussed in Section (5.2) admits an explicit solution in terms
of the signature of the driving path w¥. Although exact, this representation is not

directly practical for computation. However, when w™

is piecewise linear, the flow
of admits an explicit solution. More generally, the approximate flows generated
by the Log-ODE method also admit explicit solutions. This is the key structural
property that makes Linear NCDEs more scalable than NCDEs, since an explicit
expression for the flow determines the evolution of any initial hidden state, rather
than requiring each trajectory to be obtained by numerically solving a non-linear

differential equation.

5.2.2 Computing the Flow

Let w® be piecewise-linear on the grid ty < --- < t,. On each subinterval [t;,;;1],

the dynamics are constant, so the update can be computed exactly,

dw
hi,., = exp (Z(wijﬁl — wfj’z)Ai) hy, . (5.3)

i=1
Equation (5.3)) does more than simply remove the general-purpose ODE solver from

NCDE inference, it represents a fundamental change in approach. Rather than track-

ing a trajectory t — h;, we compute the state-transition map from ¢; to ¢;41,
dw
X,i X,iy pi
exp (Z(thl — Wy, )A) , (5.4)
i=1
which is also known as the flow. This shift in perspective allows for the flow over

any interval to be solved for using only O(log(n)) parallel steps by using a parallel
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assoclative scan.

Given a sequence (x1,...,x,) and a binary operation ®, a prefix scan returns the
running prefix products

Yp =21 Q- @ Tg. (5.5)

Given the natural recurrence yx = yx_1 ® Tg, a scan can be computed in O(n) work

and O(n) recurrent steps. If the operation is associative,
(a®b)@c=a® (b®c), (5.6)

then it is possible to compute the prefix scan in only O(log(n)) parallel steps using a
tree-based algorithm [Blelloch [1993]. We demonstrate the approach for (z1,...,zs).

First you compute a parallel up-sweep,
Level 1: 51 =21 ® 29, So=2x3® x4, S3=2o5RT¢, S4=T7X Tg,
Level 2 :t; = 51 ® 59, o = 53 54, (5.7)
Level 3:u =1t & ts.

This calculation created a tree, with u as the root, t; and t, as u’s left and right
children, and so on. Now, you perform a parallel down-sweep of this tree, with the
rule that given incoming carry P, the left child receives P and the right child receives
P ® L, where L is the subtree with the left child as the root. Initialising the root’s

carry as the identity, P(u) = e, and applying the carry rule to our example,

Level 3: P(t;) =e, P(ty) =e®t; =y,
Level 2: P(s;) =e, P(sy) =e®s1 =51
P(s3) = ty, P(sy) =t ® s3,
Level 1: P(x;) =e, P(z3) = e® x1 = 27, (5.8)
P(x3) = s1, P(xy) = 51 @ x3,
P(x5) = ty, P(zg) =t ® s,
P(z7) =t ® s3, P(zg) =t ® s3 @ z7

These carries are exactly the exclusive prefixes and the inclusive outputs are y, =

For (5.3]), the scan elements are the flows (5.4)) indexed by j, and the associative
binary operation is matrix multiplication. Once the flows over [to, ;] have been ob-

tained for ;7 = 1,...,n, a batched matrix-vector multiplication with h;, yields the
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hidden states hy, for j = 1,...,n, so inference can be completed in O(log(n)) par-
allel steps. However, a scan over all n observation intervals requires materialising n
matrices in R%*9  Therefore, when dj, is large, the practical cost can be dominated
by GPU memory traffic [Yang et al. 2024b|. The Log-ODE method mitigates this by
replacing the fine observation grid with a coarser partition tg =rqg < --- < r,, = t,,

so that the scan is performed over only m < n interval flows.

An equivalent viewpoint of the approximation (5.3)) is applying a depth—1 Log-ODE
method to (5.1]) on the grid {¢;}7_,. Extending this approach to a depth—N Log-ODE

method on generic intervals tg = rg < --- < 1, = t,, produces flows

B(dw,N) -
exp Z AR (5.9)
k=1
where
ﬁ(dva)
1og(SN (@ )prm) = D M, (5.10)
k=1

ér is a Hall basis for the space where the depth-N truncated log-signature lives,
Al = Ak (5.11)

for 1 <k <d,, and

A = 145, &Y = A4y — LA, (5.12)
when the basis element é; corresponds to the Lie bracket of é; and é; |[Reutenauer
1993|. Further details are given in Sections and . The key point is that
the Log-ODE method again produces a linear flow on each interval, so the parallel
associative scan remains applicable. Moreover, the Lie brackets A% are computed
from products and commutators of the matrices Aj, rather than from the forward-
mode auto-differentiated Jacobian-vector products required in Log-NCDEs, which
substantially reduces the computational cost. It also reduces the memory and I/0
cost of the scan, since only m < n state-transition matrices must be materialised
in GPU memory. We refer to the combination of Linear NCDEs and the Log-ODE
method as Log-Linear NCDEs.

5.2.3 Expressivity

The previous subsection showed that Linear NCDEs offer substantial computational
advantages. This raises the question of whether these gains come at the cost of expres-

sivity. For a fixed hidden dimension, Linear NCDEs are less expressive than NCDEs,
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since the former are a strict subclass of the latter. However, once the hidden dimen-

sion is allowed to vary, both model classes have the same theoretical expressivity.

Theorem 5.2 (Maximally Expressive Linear NCDEs [Cirone et al. 2024]). Let X be
the space of bounded variation paths on the interval [tg,t,] that start at a common
point and include time as a channel, endowed with the 1—wvariation topology. Let F
be the class of real-valued maps X + y;, induced by Linear NCDEs from Definition
with wX = X, for X € X, d, € N, and d, = 1. Then F is mazimally expressive
on X.

Proof. The result follows from the universality of the signature, Corollary to-
gether with the fact that the truncated signature solves a linear CDE, as shown in
(2.82). For more details, see |Cirone et al. 2024, Theorem B.13]. O

Although a Linear CDE is linear in the hidden state, its evolution is driven by the
multiplicative interaction between the hidden state and the increments of the driving
path. This is precisely the mechanism that generates iterated integrals, since each
tensor level of the truncated signature is obtained by integrating the previous level
against the path. Therefore, just as repeated application of the map (z,y) — xy
generates monomials, repeated multiplication of the hidden state by path increments
generates the tensor levels of the truncated signature. Hence, this single multiplica-

tive interaction is sufficient for maximal expressivity.

Similarly to NCDEs, Theorem [5.2] can be extended from path-to-point functions to
path-to-path functions by replacing the linear readout L3 with a FCNN acting on
hy, as shown in [Cirone et al. |2024, Proposition D.2|. Furthermore, the linear set-
ting allows us to give a statement about expressivity even when the entries of Ay are

sampled randomly from a prescribed distribution.

Definition 5.3 (Maximal Probabilistic Expressivity). Let X' be a topological space,
MeN, and F* = {fM : X - R |0 € ©OM} be a class of real-valued functions on X
defined by

1! (@) = 1o, (3 (@), (5.13)
for w € X, where fé‘f’ X — RM 1y, € RM s a linear readout, 0, € O, 0, € O
and OM = 0 U ©Y. Given a sequence of probability measures Py on OM with

01 ~ Py, F has maximal probabilistic expressivity if, for every compact set K C X
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and every real-valued continuous function f : K — R, the following property holds:

wek

Ve > O,A}im ]PM{5|192 s.t.sup ‘f(w) - fGM(w)‘ < e} = 1. (5.14)
—00

Theorem 5.4 (Maximal Probabilistic Expressivity for Linear NCDEs [Cirone et al.
2024]). Let X be the space of bounded variation paths on the interval [to,t,] that start
at a common point and include time as a channel, endowed with the 1—wvariation
topology. Let F be the class of real-valued maps X — vy, induced by Linear NCDFEs
from Definition with w¥ = X, for X € X, d, € N, d, = 1, and A with i.i.d

entries from N (0, i) Then F has mazimal probabilistic expressivity on X .

Proof. For a detailed proof see [Cirone et al. 2024, Theorem B.13|. Here we present
the core idea. In the proof of Theorem the depth— N truncated tensor algebra of
R%x is recreated as a Euclidean space, requiring O(d¥) orthogonal vectors. At the
cost of losing exactness, we can leverage results of the Johnson-Lindenstrauss type
to find O(e’N) vectors in RN orthogonal up to an e error, using random projections
[Dasgupta et al. 2003]. This relaxation allows us to use random matrices A} and still

achieve maximal expressivity. O]

In the context of machine learning, maximal probabilistic expressivity may be viewed
as a more promising property than maximal expressivity. For sufficiently large hidden
dimension dj, it implies there exists a significant abundance of parameters 6, that are
capable of achieving uniformly bounded and arbitrarily low error rates with a linear
readout layer. This in turn suggests that, when dj, is large, random initialisations of
the matrices A can already encode informative features of the input path, and may

therefore provide a useful starting point for optimisation.

Linear NCDEs with random A} have also been studied under the name randomised
signatures. There is a growing body of work establishing their expressivity and empir-
ical effectiveness [Cuchiero et al. 2021; Cuchiero et al. 2022; Compagnoni et al. [2023].
In particular, the concept behind the proof of Theorem goes back to Cuchiero
et al. 2021, who used a Johnson-Lindenstrauss type result to show that randomised
signatures can match the expressivity of classical signatures with substantially fewer

features.
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5.2.4 Related Approaches

Linear NCDEs are the continuous-time analogue of a tensor RNN;,

dz
hiy, =0 ((Z Al a;g> hti> : (5.15)
j=1

with o(z) = x. Tensor RNNs were introduced by Giles et al. [1989], who conjectured
they could learn any regular language. Architectures of the form are also
known as 2-RNNs [Lizaire et al. 2024]. Building on tensor RNNs, Sutskever et al.
2011} introduced multiplicative RNNs, which take the generic form

hti+l =0 (A9($tb)htz + Be(xti)xti) : (516)
When o(x) =z, (5.16) is an RNN whose update is linear in the hidden state,
hti+1 = Ag(.ﬁlfti)hti + B@(.Iti)xti. (517)

Structured state-space models (SSMs), so named for the similarity between (5.17)) and
classical state-space models (4.5), are a subclass of (5.17) that utilise a structured

state-transition matrix Ay [Gu et al. 2022a].

Section will show that two prominent SSMs, S4 and Mamba, can be recast
as affine Linear NCDEs,

hi = hyy + /t Aghgdw? + /t BydeX, (5.18)
to to

where By € R%*% ig a trainable matrix and ¢ : X(dx) — X(d¢) is another function

of the interpolated data [Gu et al. [2022a; Gu et al. [2024]. Concurrently with Linear

NCDEs, Merrill et al. [2024] introduced IDS4, an SSM corresponding to a discretised

(5.18) with

X X

Wit | — wy

Zhrr T X, & =wX. (5.19)
i —

Motivated by the inability of earlier SSM architectures to learn regular languages,
Merrill et al. [2024] proved that IDS4 can learn any regular language, thereby an-
swering the conjecture of Giles et al. [1989] in the case of an affine tensor RNN. In
Section [5.3.3] we use the Linear NCDE framework to fully characterise the expressiv-
ity of IDS4, S4, and Mamba.
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Table 5.1: Mean and standard deviation of test accuracy over five different splits,
together with the time per 1000 training steps and GPU memory usage, for NCDE;,
Log-NCDE, Linear NCDE (LNCDE), and Log-Linear NCDE (Log-LNCDE) on Eigen-

Worms.

NCDE Log-NCDE LNCDE Log-LNCDE

Test Accuracy 75.0+£39 85.6£51 87.2£52 87857
Recurrent time per 1000
26020 2263 299.4 29.9

training steps (s)
Recurrent GPU Memory (MB) 3484 3494 9624 3486
Parallel time per 1000
training steps (s)
Parallel GPU Memory (MB) - — 13730 3492

— — 100.4 17.5

5.2.5 Experiments

We compare an NCDE, Log-NCDE, Linear NCDE, and Log-Linear NCDE on Eigen-
Worms, the time series classification dataset with the most observations from those
considered in Section[4.4.6] This makes it a natural stress test for practical scalability,
since both the cost of repeatedly solving a non-linear differential equation and the
memory cost of materialising linear flows are amplified on long sequences. Taking

wit =Wt

bt o
and setting &~ = 0 gives an input dimension of d,, = 7. All four models use a hidden
dimension of d;, = 128, and each time series contains 17984 observations. We keep
the hyperparameters for the NCDE and its linear variant, and for the Log-NCDE and
its linear variant, identical to those selected by the hyperparameter optimisation in
Section [4.4.6] except for replacing the non-linear vector field f, with a linear vector
field Ag. See Table for full details. The models are compared on average test set
accuracy, as well as time per training step and GPU memory on an NVIDIA RTX
4090 with a batch size of 1. The parallel associative scan is applied to chunks of 128

steps, with each chunk processed recurrently.

As shown in Table 5.1} replacing the non-linear vector field of an NCDE with a
linear vector field increases the average test accuracy from 75.0% to 87.2%, bringing
performance in line with Log-NCDEs, and therefore with the other state-of-the-art

time series models considered in Section [4.4.7 A possible cause is that removing
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the differential equation solver improves training stability, since the Linear NCDE is
solved exactly over each interval. This has the added benefit of reducing the recur-
rent time per training step by a factor of over 80. Equivalently, 10000 training steps
would take around 3 days for the NCDE, but only around 50 minutes for the Linear
NCDE. When a parallel associative scan is applied, the reduction in time per training
step increases to a factor of over 250, so that 10000 training steps now take under 17

minutes. However, this change also significantly increases GPU memory usage.

Applying the Log-ODE method brings GPU memory usage back to a level com-
parable to that of the models with non-linear vector fields, while further reducing
the time per training step and maintaining a high average test set accuracy. Overall,
a Log-Linear NCDE combined with a parallel associative scan reduces the time per
training step by a factor of almost 1500 relative to the NCDE, so that 10000 train-
ing steps take under 3 minutes rather than around 3 days. This is achieved while

increasing the average test accuracy by 12.8 percentage points and using only SMB
more GPU memory than the NCDE.

Before broadening our empirical study of Linear NCDEs to additional tasks and

baselines in Sections [5.3.4] and [5.4.6, we establish their theoretical relationship to
SSMs. This connection provides the foundation for Section [5.4] which introduces

Structured Linear NCDEs, where A} is replaced by a structured variant to further

improve model efficiency.

5.3 Structured State-Space Models

5.3.1 Definition

In 2021, drawing inspiration from traditional state-space models such as , Gu
et al. [2022a] introduced S4, the first SSM. The model is based on a continuous
differential equation,
dh! = Cyhl + Dy X]ds,
yl = Eg -}

where each channel of the input path X7 produces a complex-valued hidden state
hi € C% and the trainable parameters are Dy € C%, Ey € C%, and the channel
specific C’g € C*dn 84 is a stable discretisation of ,

(5.21)

hj

tit1

= C)hi + D)l (5.22)
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where C’g and Dg are determined by the method of discretisation and the channel-

dependent step size A7. A common choice is the zero-order hold discretisation,
Cj = exp(ACY),

MY - | | (5.23
D} = (A7C)) H(exp(AICY)) — I) AV Dy ~ A7 D. )

During inference, S4 is equivalent to a linear RNN. However, the training via gradient
descent is performed on the continuous-time variables, which helps manage vanishing
and exploding gradients [Orvieto et al. 2023; Zucchet et al. 2024]. The “structured”
aspect refers to specific parametrisations and initialisations of the state-to-state tran-
sition matrices C’g to ensure stability and efficiency, particularly for processing long
sequences. For example, S4D uses diagonal C’g , which has become the dominant
choice [Gu et al. 2022b).

SSMs have achieved state-of-the-art results on long-range reasoning benchmarks |Tay
et al. 2021] and demonstrated strong performance in various domains including vi-
sion [Nguyen et al. 2022, audio |Goel et al.|[2022], biological signals [Gu et al. [2022a],
and reinforcement learning [Lu et al. 2023]. SSMs have garnered significant interest,
as their computational complexity scales linearly in sequence length, while attention
scales quadratically. Moreover, unlike non-linear RNNs such as LSTMs [Hochreiter
et al. [1997] and GRUs [Cho et al. 2014], they can be efficiently parallelised on GPUs
during training using the approach outlined in Section [Smith et al. 2023|. While
standard SSMs perform well on signal processing tasks, their computational power is
limited: the core sequential mechanism of S4 is equivalent to a convolution |Li et al.
2023|. This represents a drawback in challenging domains such as text and genetics,
where the ability to select data efficiently in an input-dependent manner is crucial
[Wang et al. |2023a; Fu et al. [2023; Arora et al. [2024].

In 2023, Gu et al. proposed Mamba, which uses a recurrent layer based on a real-

valued discretised model,

tit1

where

Cj(x1,) = exp(A(x4,)Ch),
Dj(r,) = (A (24,)Co) ™ (exp(A (2,)Cy) — A (1,) Doy, (5.25)
~ A (2y,) Doy,
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and the trainable parameters are Dy € R%%*% a shared diagonal state-transition

matrix Cy € R%*4 and
A (zy,) = softplus(a, - z,, + ), (5.26)

with trainable parameters of) € R% and 3] € R [Gu et al. 2024]. This recurrent layer
is known as S6. Compared to S4, the evolution of each channel’s hidden state is now
dependent on all channels of the current input x;, through A7(z;,). This dependence
is intended to gate the flow of information by controlling the balance between the
previous hidden state and the new update. When AJ(z;,) < 1, the state-transition
matrix is close to the identity and Dg(xt)xi is small, so the hidden state is largely
preserved. For larger values of A’(xy,), the new update has greater influence, leading
to stronger state changes and greater forgetting. This modification allows Mamba to
achieve state-of-the-art performance on a range of language modelling tasks. Similar
ideas appear in recent attention-inspired architectures such as RWKV, Gated Linear
Attention, and HGRN2 [Peng et al. 2023} Yang et al. [2024a; Qin et al. [2024].

The expressiveness of non-linear RNNs, such as , has been extensively stud-
ied since the seminal work of Siegelmann et al. [1992]. In particular, Hanson et al.
[2020] proved that wide enough non-linear RNNs can approximate non-linear time-
homogeneous systems of differential equations driven by input paths to arbitrary
precision. However, SSMs have state-to-state transitions which are linear in the hid-
den state. Although this allows for parallel-in-time computation, it also reduces the
recurrence’s expressivity. In 2022, Li et al. showed that linear RNNs, a generic term
for S4 like recurrences, can approximate arbitrary convolution filters in the width
limit |Li et al. 2022]. It has also been shown that single layer linear recurrences are
universal approximators, when equipped with a fixed point-wise FCNN acting across
the recurrence output [Orvieto et al. 2024; Wang et al. 2023b].

Mamba’s recurrence falls neither in the linear RNN nor the non-linear RNN setting:
it is linear in the hidden state, but unlike S4 it is not linear time-invariant, since the
input controls the recurrence’s eigenvalues. This input dependence increases Mamba’s
expressivity relative to S4 and improves language modelling performance. In the re-
mainder of this section, we investigate the approximation capabilities of Mamba by
recasting the model as an affine Linear NCDE. Existing work on Mamba’s expressive-
ness has focused on specific toy tasks [Jelassi et al. 2024] or the framework of formal

language theory [Merrill et al. |[2024]. Here, we seek a generic result.

116



5.3.2 SSMs are Linear NCDEs

First, we show that the real-valued continuous version of S4, (5.21)), can be rewritten
as an affine Linear NCDE, (5.18)). Let h; € Rdx

Xk _
t (5.27)
X — / X,ds,
to

and

Alg = dlag(O, ce 707 057 07 . ,O) € ]RdththdX7 (5 28)
Bg = diag(Dg, cee Dg) c RdthXdX’ .

where the non-zero diagonal element of A* is in the k" position. Then the affine
Linear NCDE ([5.18)) corresponds to a stacked version of ((5.21]) with real-valued pa-

rameters.

The discrete version of Mamba’s recurrence, (5.24), can be considered a zero-order

hold discretisation of
dh] = CoN (X,)h] + DpX N (X,) X]ds (5.29)

with a step size of 1, where Cy € R%*% and D, € R%*x . These equations can be

stacked and rewritten as an affine Linear NCDE by taking

t
Wik = / softplus(a® - X, + #%)ds,

to
X;softplus(at - X, + B1) X} (5.30)
& = : ds,
X;softplus(a®x - X, + B4x) X dx
and
AF = diag(0,...,0,Cp,0,...,0) € Rindxxdndx

(5.31)
By = diag(Dy, . .., Dy) € Rindxxdx

where the non-zero diagonal element of A% is in the k" position.

In this framework, the major difference between S4 and Mamba’s recurrence is the
choice of w and €. Gu et al. [2024] argue that this difference allows Mamba to gate the
hidden state based on the input stream, and therefore perform in-context learning.

For this reason, we refer to w and ¢ as the gating functions. A notable difference
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between SSMs and the general Linear NCDE is that SSMs process the hidden state
for each channel individually, whereas a Linear NCDE mixes the hidden state and
the channels of the transformed input path w?¥ in the recurrent step. As shown in

the next section, this has a significant impact on the expressivity of SSMs.

5.3.3 Expressivity of SSMs

For certain choices of w* and &~ the affine Linear NCDE is maximally expressive.
For example, w; " = X¥ and &Y = 0 puts you in the setting of Theorem . However,
both S4 and Mamba use alternative choices for w;¥ and &~, so we now characterise

the expressiveness of generic affine Linear NCDEs.

Theorem 5.5. Let X(d) denote the space of bounded-variation d-dimensional paths
on the interval [ty, t,] which all begin at the same point and contain time as a channel,
endowed with the 1—variation topology. For continuous gates w* : X(dx) — X(d,)
and &5 X(dx) — X (d), let

t
F = {(X, t) = U(wi, ) - Xo +/t D(wis ) -dgf} , (5.32)

where ¥ : X(d,) — R and ® : X(d,) — R% are continuous functions and w[)s(,t]
is wX restricted to the interval [s,t]. Then for any compact set K C X(dx), any
continuous paths wX and £X with th’l =t and th’2 =t%, anye >0, and any F € F,
there exists a choice of hidden dimension d, > 1 and parameters for the affine Linear

NCDE such that

sup |F(X,t) —y| <e. (5.33)
(X t)eXX[to,tn]

A complete proof of Theorem can be found in [Cirone et al. 2024, Appendix
B|. Here, we give an overview of the argument. We begin by deriving an explicit
formula for the solution of an affine Linear NCDE, following the same Picard itera-
tion argument used to prove Theorem [2.37] This formula shows that the solution is
represented in terms of the signature of the transformed path w?®, with ¢X entering
through weighted integrals against those features. In particular, it makes clear that

the choice of w¥ is the main factor governing the model’s expressivity.

Lemma 5.6. Let w, and & be bounded variation paths of dimension d,, and dg¢, re-
spectively. For any choice of A' € R™*%%  gnd B € R%*%  the unique solution

to

dw
dhy =Y A'hydw; + Bdg,, (5.34)

=1
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18

t
= Sf, @A h, +> A'B / St (w)dés, (5.35)

IeT IeT to

where L 1s the set of multi-indices
Z={0yU{I|I = (ir,...,ix), k€N, 1 <i; <d,} (5.36)

with |I| = |(iy, ... ,ix)| = k, AT = A% ... A" with A being the identity, and S[Is’t] (w)

is the term in the signature of w over [s,t] corresponding to the multi-index I,

st] / / dw?! - dw;kk , (5.37)

s<u1< <up<t
with S = 1.

Proof. The proof uses Picard iteration, following the same approach as the proof of
Theorem m Let h§°) = hy, and for n > 0 define

de t t
W'Y = hy + > / AR dw! + B / de,. (5.38)
i=1 Yto

to

Assume for some n > 0 that,

t
=SS @A, + Y AB / SL(w) de.. (5.39)

= [I|<n—1 to
Then,
du
P = p 4+ > oA / D Sh (@) ARy, | dwt

i=1 to \|11<n

+iZW1A"/t ZAI/ S (w) de, dw§+B/td£S.

to lI|<n to

(5.40)

For the first term,
do, ¢
S / S St @A, | do = 373 Aialh, [ Sttt Gan
i=1 to \|11<n i=1 |I|<n to
By the recursive definitions of A’ and S7,
dw t
SN Aialn, / Sy@dwi = S S (@) ATk, (5.42)
i=1 |I|<n to 1<|I|<n+1
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For the second term,

dy, t s
ZAZ/ > A'B /s[us( ) dé,, dwg_z > AA'B //Sus]( ) dé,, dw!.
i=1 o\ |11<n—1 i=1 |I|<n—1

(5.43)
By Fubini’s theorem,

S % s B[ [ st 3 Y awis B[ [ st as .

i=1 |I|<n—1 i=1 |I|<n—1

(5.44)

Again using the recursive definitions of A’ and S7,

di >, AA'B //S[M )dwjdéo= > A'B /Sst] )&, (5.45)

i=1 |I|<n—1 1<|1|<n
Therefore,
B = 3T Sh @) AThy + > ATB /Sst]( ) dé,. (5.46)
|I|<n+1 1I|<n to

Since (5.39) is true for n = 0, it holds for all n > 0. Let M = max;{||A"||op}- By
[Lyons |1994, Theorem 2.2.1], there exists finite C' > 1 such that

ol

(e ||<C—‘[“’[°’] (5.47)

Hence,

L [
S (W) A Ay, || < CM TH’%H (5.48)
and
[

'Af / St (w) & <CMf'||B\|op|]—|,’mugul-var;[to,ﬂ, (5.49)

(n)

The factorial decay means lim,,_,, h; ’ converges uniformly to h; where

t
= S, @A h, +> A'B / St (w)dé,. (5.50)
to

IeT IeT
Continuity of the Riemann-Stieltjes integral for bounded variation paths allows the
limit to be passed through the integral, so h; is a solution to (5.34]). For uniqueness,

suppose there are two solutions hy and h; to the CDE. Then by linearity, g, = hy — hy

satisfies
t dw
gr = / ZA’gsdw; (5.51)
to =1
with g;, = 0. Therefore, g; = 0 and the solution is unique. O]
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Lemma [5.6] shows that an affine Linear NCDE is not a simple linear recurrence.
Rather, its solution is a linear map on features built from iterated integrals of the
transformed path w¥, together with additional features built from integrating those
terms against d¢X. This helps explain why Linear NCDEs are maximally expres-
sive. Although the dynamics are linear in the hidden state, the hidden state itself
is built from highly non-linear path features generated recursively through repeated
interactions with the driving path. Compared to classical signature methods, a Lin-
ear NCDE learns to construct the weighted-signature features most relevant to the
task, rather than relying on a fixed truncated collection of signature terms. We now

package these weighted-signature features into a single feature map.

Definition 5.7. Let Wy, 4, 4, be the set of words in the alphabet
d w1 do
Adx,dw,dg = {ei}?fl U {‘5§}j£:1 U {er }izl (5.52)

For fited w and &, define T(X) : [to,tn]* = P(Wayapa) € T((Adydud)) as the

unique solution to:

dX df dw t
Tog(X)=> X+ g7+ / T (X) dwX* @ €2 (5.53)
i=1 j=1 k=1vY$S

This is similar to the tensor-valued CDE representation of the signature seen in Sec-
tion [2.4.1],

dS[to,S] (WX) = S[to,s} (WX) ® dwf? (5.54)
with the addition of two terms to track X, and £¥ [Salvi et al. 2021]. We could also

understand 7'(X)(s4 as a sub-tensor of
X ® Spag([w™, €7)), (5.55)

but in doing this we would have to explicitly ignore most of the terms in this tensor.
The CDE (5.53) does exactly this, but implicitly. In any case, the subtensor view
shows that T : X (dx) X [to, tn]* — ZQ(WMMUE) is well defined and continuous.

Having defined a feature map T'(-)(s with values in the Hilbert space I*(Way 4,.4,),
it is possible to associate to it a Reproducing Kernel Hilbert Space (RKHS) [Berlinet
et al. |2004], where the kernel is induced by the [? product. We denote the RKHS
by H;"". Proposition B.10 in Cirone et al. 2024 demonstrates that linear maps of h;
are in the uniform closure of H;"", and Proposition B.11 allows us to characterise the

closure as

F e {(X, t) = U(wiy 1) - Xo +/ (Wi ) - dgf}. (5.56)

to
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The proof of Proposition B.11 relies on the signature being able to separate points in
the image of the map (X, s,t) w[);ﬂ. By Lemma , the signature separates the

points w[)s( 1 from (D[f j as wX is augmented to include time. In order to separate points

X

of the form w[)s(’t] from wgg

Sis (@) implies that

|, we include ¢? as a channel in w¥, as then Sls] (wX) =

[aon=e—e=wy-wp= [ "),

/Std(r):t—s:t’—s’:/:d(r).

Therefore, s’ = s and ' = t.

(5.57)

The proof of Theorem concludes by showing that linear maps on h; are dense
in the uniform closure of ”Hﬁ(’)”tn], using the same strategy as the proof of Theorem
[1.4] that NCDEs are maximally expressive |Kidger [2022].

Theorem can be seen as a generalisation to generic functions w and £ of [Li
et al. 2022, Theorem 7]. That result considered the case w =t and &* = J:; X,ds,
which is the setting of S4, S5, and the LRU [Gu et al. [2022a; Smith et al. 2023}
Orvieto et al. |2023|. In this setting, the only information contained in wy,y is the

increment ¢t — s. Therefore, ((5.32)) reduces to

{(X, t) =t —to) + /t: ot —s) - Xsds} : (5.58)

which is the set of linear filters on the input.

Now consider w;* = X;. The first term in the function class
t
{w i + [ o060 (5.59
to

is already enough to establish that the output L2h; is a non-linear function of all
previously seen inputs X, ;. However, the term V(X to,4]) is only non-trivial when
hy, # 0. A case similar to Mamba is h;,, = 0 and &* = ftz X,ds. Here, we can

approximate arbitrarily well outputs of the form

{(X, £) /t: O(Xpey) - Xsds} (5.60)
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where ® is any continuous function of the input path, restricted to the portion [s, .
This clearly shows that dense Linear NCDEs are capable of context-dependent filter-
ing: the output is again a linear combination of previously seen inputs, but weights
are not predetermined as in linear RNNs like S4. However, in S4D and Mamba, the

A are constrained to be diagonal, and this severely restricts the expressivity.

Theorem 5.8. If the A' are diagonal, then the requirements th’l =1, ng’2 =t2 can
be dropped and the existence result only holds with
t
Fe {(X, t) = (w) - Xy +/ Plw¥ —wl) - dgf} (5.61)
to
for continuous functions 1 : R% — R% and ¢ : R% — RY%,
Proof. See [Cirone et al. 2024, Appendix B]. O
Taking w® = X; and & = ftz X, ds, dense matrices filter based on the entire
trajectory Xy,
t
/ O(Xsy) - X5 ds (5.62)
to

where diagonal matrices restrict you to comparing two elements of the input sequence,

/t ¢(Xt - Xs) : Xs dS (563)

The key difference is that dense matrices allow hidden coordinates to interact, which
lets the recurrence recursively build higher-order features of the path. When the
A" are diagonal, each hidden coordinate evolves in isolation, so these recursive in-
teractions are lost. As a result, diagonal models cannot generate the same class of
higher-order path features as dense Linear NCDEs. A smart choice of gating func-
tions w and & can still improve the resulting non-linear filtering strategy, but it cannot

remove this fundamental processing discrepancy relative to the dense setting.

To give a simplistic example of the difference in expressivity between diagonal and

dense state-transition matrices, consider a stream of bits
L1, L2y ..., Ty € {071}, (564)

where we want to predict the parity label defined by
po=S,mod2€{0,1}, S,=> (5.65)
k=1
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Whenever a new bit is 1 the label flips; if the bit is 0 the label stays the same. Taking

a diagonal Linear NCDE with a hidden dimension of 2 and wj, | — wi = 241, then

0
hns1 = €Xp ([‘“ ] an) B, (5.66)
0 a9

h! = h{ exp(a;S,), i=1,2. (5.67)

and

With a linear read-out r = (ry,73)" followed by a monotone activation ¢ (such as
tanh, ReLU, sigmoid):

B = ¢<TThn> - qb(rlh(l)e“l‘q" + r2h36“25"> - ¢( f(Sn)>. (5.68)

Since f(S) has at most one turning point, and ¢ is monotone, p,, can cross any chosen
threshold at most twice. However, the true label p, flips every time S, — S, + 1.
Hence, no diagonal 2 x 2 Linear NCDE can realise parity on arbitrarily long input.
Similarly, for a hidden dimension of n, f(S) can have at most n — 1 turning points,
so no diagonal Linear NCDE with a fixed hidden dimension can realise parity on

arbitrarily long input. If you replace A with

0 =«
A= (_W 0> , (5.69)

exp(Ax,i1) = (1 O) : (5.70)

then

01

when x,,.1 = 0 and

exp(Az,1) = (_01 _01) ) (5.71)

when x,.1 = 1. Thus
hpi1 = (=1)"*h, (5.72)

and
hp = (—1)5"hy. (5.73)

(1 — sign(s))/Q,

1 —sign((—1)%"
b= &gné( ) )

Taking » = (1,0) T, h(()l) =1, and ¢(s)

=5, mod 2 = p,. (5.74)

Therefore, a dense Linear NCDE can solve parity exactly with a hidden dimension of
2.
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In practice, it is possible to regain expressivity without sacrificing the computa-
tional advantages of diagonal matrices through stacking, where a new Linear NCDE
is driven by the solution of a previous Linear NCDE. A formal statement and proof
of the recovery of expressivity is given in Appendix C of Cirone et al. [2024. An im-
portant corollary of the results on stacking is that linear RNNs, such as S4, require
non-linearities in-between layers to recover expressivity, whereas selective SSMs like
Mamba only need linear mixing layers. Intuitively, stacking recovers the mixing be-
tween the hidden dimensions which is crucial for the expressiveness of dense Linear
NCDEs.

5.3.4 Experiments

The first task considered is based on the toy dataset from Section [4.4.6] where the
aim is to predict terms in the input path’s signature. The dataset’s objective aligns
with the proofs of Theorems and [5.5] which characterise the expressivity using
the path’s signature. We use two datasets with dimensions 2 and 3, respectively. The
increment in each channel at each step is an integer-rounded sample from a standard

Normal distribution,

m = [ et (.75
p(n :/ e 2% dux, 5.75
n—05 V2T

where n € Z. The 2D dataset’s target is the area integral

1 v
/ / dX}dX?, (5.76)
0 0

and the 3D dataset’s target is a volume integral

1 w v
/ / / dX} dX2dX3. (5.77)
0 0 0

We consider seven models on this dataset:

e (1,2): A single S4D or S6 recurrence with a linear readout,

e (3,4): Two stacked S4D or S6 recurrences with a linear mixing layer in-between

and a linear readout,

e (5,6): Two stacked S4D or S6 recurrences with a linear mixing layer and ReL.U

in-between and a linear readout,

e 7: A Linear NCDE with gates w¥ = &YX = (¢, X;) and a linear readout.
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All of the SSMs have trainable matrices in their recurrences, whereas the Linear
NCDE is using fixed random matrices. All models use a hidden dimension of 256,
with the SSMs using a state dimension of 256. The SSMs are trained using gradient
descent with a batch size of 32 and Adam with a learning rate of 10~* [Kingma et al.
2015]. The output from the Linear NCDE’s recurrence is obtained using the Tsith
adaptive ODE solver, with an absolute and relative tolerance of 1072 |Tsitouras 2011].

The Linear NCDE’s linear readout is obtained via ordinary least squares.

The second task we consider is the A; benchmark from Merrill et al. [2024]. It
tests models on state-tracking, a crucial ability for tasks involving permutation com-
position, such as chess. The dataset comprises sequences from the group of even
permutations on five elements, A5, where the target is the cumulative composition of
all preceding permutations. Datasets vary by sequence length, ranging from 3 to 20.
The models are evaluated on the number of stacked layers required to achieve greater

than 90% validation accuracy.

We consider six models on the As; benchmark: a Linear NCDE, a diagonal Linear
NCDE, an LSTM, a Transformer, S4D, and Mamba. The LSTM, Transformer, S4D,
and Mamba use a hidden dimension of 1024. LSTM uses direct stacking whereas the
other baseline models use stacked blocks consisting of a sequence model, a GLU layer
[Dauphin et al. [2017|, and layer normalisation [Ba et al. 2016]. The Linear NCDEs
take

wy, —wf
S T (1,X,) (5.78)
ti+1 =1

and & = 0. Furthermore, they use 1024 trainable parameters per recurrence, corre-
sponding to a hidden dimension of 1024 for the diagonal Linear NCDE and 32 for the
Linear NCDE. Models are trained using a token-tagging loss for 1,000,000 steps with
a batch size of 256. For all sequence lengths, a small batch of sequences of length 2
are included at each training step to aid convergence. All models have trainable ma-
trices in their recurrences and use Adam with weight decay as the optimiser [Kingma
et al. 2015, alongside a linear warm-up followed by cosine annealing with a minimum
learning rate of 107° and a maximum learning rate of 1073, Additionally, all models

use dropout with a rate of 0.1 and a trainable embedding layer [Srivastava et al.|[2014].
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Figure 5.1: Comparison of the Linear NCDE, S4D, and S6 on the two signature
prediction tasks, (5.76) and (5.77)). For each model, we plotted the mean and range

of the validation root mean square error over 5 independent runs.

5.3.5 Results

Figure [5.1] presents the results on the signature prediction task. These results em-
pirically demonstrate a number of the theoretical results presented in the previous
sections. Firstly, as discussed in Section [5.3.3] recurrences which are linear in the
input, such as S4D, require a non-linearity in-between the recurrent layers to perform
well. Furthermore, as stated in Theorem [5.8] even if the recurrence is non-linear in
the input, such as Mamba’s recurrence S6, the expressivity of models with diagonal
matrices is improved by stacking. Additionally, the inclusion of the non-linearity in-
between the S6 layers does not improve performance, as the recurrences themselves
are expressive enough. Finally, as stated in Theorem [5.4] dense matrices can achieve
strong expressivity with random initialisation, no stacking, and only a trainable linear

readout.
Figure [5.2] is a plot of the results on the As benchmark. The figure shows that the

number of blocks S4D, Mamba, and the Linear NCDE with diagonal state-transition

matrices require to achieve greater than 90% validation accuracy grows with the se-
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Figure 5.2: Comparison of a diagonal Linear NCDE, S4D, Mamba, LSTM, and Linear
NCDE on the A5 benchmark. For each sequence length, the plot shows the minimum
number of blocks required to achieve at least 90% validation accuracy, with each
shaded band corresponding to a number of blocks. Missing points mean the model

did not achieve at least 90% validation accuracy with 4 blocks or less.
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quence length. On the other hand, the LSTM and Linear NCDE are able to achieve
greater than 90% validation accuracy for all lengths considered using only one block.
These empirical results further validate Theorem [5.8; there exists a gap in expres-
sivity between diagonal and dense state-transition matrices, with stacking required
to recover expressivity. Furthermore, they provide empirical evidence that even for
simple state-tracking problems, the number of stacked blocks required to recover ex-

pressivity can grow quickly with sequence length.

5.3.6 Limitations

As shown in Section [5.2.5 replacing the non-linear vector field of an NCDE with a
linear vector field leads to substantial improvements in time per training step. Fur-
thermore, as shown theoretically in Section and empirically in Section [5.3.5]
using dense state-transition matrices A} provides more expressivity than the diag-
onal state-transition matrices of S4D and Mamba. However, there remains a core
limitation of Linear NCDEs. The number of parameters and computational cost
scales as O(d}), where dj, is the hidden dimension. This is in contrast to diagonal
state-transition matrices, where they scale as O(d?). This makes Linear NCDEs in-

feasible in large models, where hidden dimensions can reach 8192 [Touvron et al. 2023).

This limitation motivates the following question: Do there exist structured matri-
ces Al which are computationally more efficient than dense matrices, whilst having
the same theoretical expressivity and comparable empirical performance? It is this

question we aim to answer in Section [5.4]

5.4 Structured Linear NCDEs

5.4.1 Introduction
Structured Linear Neural Controlled Differential Equations (SLiCEs) are Linear NCDEs
t dw
he = hy, + / > Aphdw, (5.79)
to j=1

where each A} is constrained to have a particular structure. While using diagonal
matrices is computationally efficient, Section showed that this choice theoretically

limits expressivity and empirically hurts performance on state-tracking tasks. This
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section explores four more powerful alternatives, two inspired by prior work and two

that are novel.

e Block-diagonal: The matrix is composed of smaller, dense blocks along the
diagonal,
Ajy = BlockDiag(Bj 1, By, - - -, By ), (5.80)

where each Béjj € R%*¥% is a trainable dense block, k is the number of blocks,
and d;, = Z?Zl b;. This structure is inspired by the input-dependent block-
diagonal linear RNN [Fan et al. |2024]

e Diagonal-plus-low-rank (DPLR): The matrix is the sum of a diagonal matrix

and a low-rank matrix,
Ay = Dy +ujy(vh) (5.81)

where D} is diagonal and u},v) € R%*" with rank r < dj,. DPLR structures
are used by DeltaNet, DeltaProduct, and Gated DeltaNet [Schlag et al. 2021;
Yang et al. 2024b} Siems et al. [2025; Yang et al. [2025].

e Sparse: Each Aj is a sparse matrix with O(d;) non-zero entries for some

0 < e < 1, sampled at random via a Bernoulli mask.

e Walsh—-Hadamard: The matrix is the product of a fixed matrix H and a train-

able diagonal matrix D},

Al = HD),. (5.82)

where H is a Hadamard matrix of order dj, (entries £1 with mutually orthogonal

columns and rows).

Figure [5.3| is a visual comparison of the structures. Compared to dense matrices,
all four proposed structures significantly reduce both the parameter count and the
computational cost of a recurrent update. Additionally, the Linear NCDE framework
can be used to prove that unlike diagonal matrices, all four structures possess maximal
probabilistic expressivity, as will be discussed further in Section [5.4.3] Empirical
results in Section [5.4.6]demonstrate that all four structures successfully perform state-
tracking on the A5 benchmark used in Section|5.3.4l Furthermore, the block-diagonal
and DPLR SLiCE establish a new state-of-the-art among parallel-in-time models for

length generalisation on regular language tasks [Delétang et al. 2023).
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Figure 5.3: A visualisation of the structure for one A) when d;, = 8 in a diagonal
(D), block-diagonal (BD), Walsh-Hadamard (WH), sparse (S), and diagonal-plus-low-
rank (DPLR) SLiCE. Green entries represent trainable parameters, grey represent
parameters fixed at zero, blue represent parameters fixed at 1, and red represent

parameters fixed at —1.
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5.4.2 Related Work

The block-diagonal and DPLR SLiCEs take inspiration from block-diagonal input-
dependent linear RNN and DeltaNet, respectively [Fan et al. [2024; Schlag et al. 2021;
Yang et al. 2024b|. Both models are linear RNNs, in the sense that their recurrent

update is linear in the previous hidden state. For example, block-diagonal input
dependent linear RNN is defined by

iy = Ao, )he, + Boy,, (5.83)

where Ay is a block-diagonal matrix that depends non-linearly on z;,. In contrast, the

state-transition matrix of block-diagonal SLiCE depends linearly on x;,. As shown in

Section [5.4.3| and [5.4.6] a linear dependence is theoretically sufficient for expressivity

and empirically effective for state tracking.

DeltaNet belongs to a subset of linear RNNs whose hidden states are matrix-valued.
This perspective originated as an alternative viewpoint on linear Transformers, where
softmax is replaced with a kernel admitting a finite-dimensional feature map, (g, k) =
#(q)To(k) for ¢ : R — R%. Letting Wy € R¥%*& ¥ € Rda*d= and Wy € Rw*d=

be learnable weights, then causal linear attention is defined by

X (W) (W) Wy,

O¢, p T (584)
Zj:l ¢(W9q$ti) ¢<Wé€$tj)
As shown by Katharopoulos et al. [2020], this admits an RNN formulation,
St = Siy + oWz, (W) '
Yt, = Yt; + ¢(W0kxtl)7
. (5.85)
_ ¢(ngti) St;
ti — T
¢(Wé}xti)—|—yti

where S; € R%>*4 with Sy = 0, 1; € R% with yo = 0, and 0; € R%. Ignoring the

normalisation, the core recurrence is a matrix-valued linear RNN.

Matrix-valued linear RNNs are a useful framework for understanding several recent
sequence models, as highlighted by Yang et al. [2024b|. Many of these models share
the general form:

St = Sti ® Mti + U(l't)k(flfti)—r, (586)

i+1
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where o denotes an associative operator and v and k are arbitrary functions of the
current input with compatible output dimensions. In practice, they are often linear
projections, with possible additions such as feature maps, element-wise non-linearities,
or normalisation. In Section[5.3.2] the hidden state for each channel of Mamba’s input
was stacked vertically to view the entire model as a Linear NCDE. If instead you view
the hidden state for each channel of the input as columns of a matrix, then Mamba’s

recurrence ([5.24) can be rewritten as
Sti+1 = Sti © Mti + v('rti)k(wti)T? (587)

where © refers to the Hadamard (element-wise) product and S;, € R%*d=  The
Hadamard product is a direct consequence of Mamba’s diagonal state-transition ma-
trix, which inherently prevents interaction between individual elements of the hidden
state. This framework gives a clear interpretation for one of the key modifications
introduced by Mamba-2,

Sti+1 = ’7($ti)sti + U(Iti)k’(l‘ti)—r, (588)

where 7 is a real-valued function [Dao et al. 2024]|. Additionally, it highlights the

structural similarity between Mamba and linear Transformers.

Replacing the Hadamard product by a matrix product allows richer interactions be-
tween the hidden state,

Sty = St My, +v(wy,)k(2,) " (5.89)

i1

However, similarly to using dense matrices in a Linear NCDE, the cost makes layers
of this type intractable in larger models. DeltaNet uses a diagonal-plus-rank-one

structure,
Sti+1 = Stz(l - B(xtz)k(xtz)k(xtz)—r) + /B(l‘ti)v(xti)k<xti)—r7 (590)

where 3 is a real-valued function [Schlag et al. 2021; Yang et al. [2024b]. DeltaProduct
later generalised DeltaNet to DPLR matrices [Siems et al. [2025]. Beyond reducing
parameter count and recurrent computational cost, this structure also facilitates an
efficient chunk-wise algorithm that can outperform parallel associative scans for large
hidden dimensions, as outlined in [Yang et al. [2024b, Section 3.2]. As will be seen in

Section [5.3.4] it also significantly improves state-tracking performance.
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Many other recent sequence models can also be viewed as matrix-valued linear RNNs.
These include, but are not limited to, Gated DeltaNet [Yang et al. 2025], RWKV-7
[Peng et al.2025], HGRN-2 [Qin et al. 2024], mLSTM [Beck et al.2024], Gated Linear
Attention [Yang et al. 2024a|, Gated Random Feature Attention [Peng et al. 2021|,
Gated Slot Attention [Zhang et al. 2024], TTT-Linear [Sun et al. 2025|, and Titans
[Behrouz et al. 2025]. A detailed comparison of the specific form of for many
of these models is provided in Table 2 of [Yang et al. 2024b|. Beck et al. [2024] intro-
duced mLSTM alongside a non-linear recurrent model sLSTM, which together form
their sequence model xLLSTM. These components are designed to play different roles,
with mLSTM acting as the memory and sLSTM performing the reasoning. Section
will use mLSTM, sLSTM, and xLSTM as baseline methods to highlight the

different roles the components play.

Matrix-valued linear RNNs can be converted into vector-valued linear RNNs by re-
turning to the stacking approach of Section [5.3.2 Let vec : R™*™ — R™" be the
column-major vectorisation operator, which transforms a matrix into a vector by
stacking its columns. Letting ® denote the Kronecker product, the Hadamard prod-
uct linear RNN can be rewritten as

vec(Sy,,,) = diag(vec(My,)) vec(Sy,) + k(xy,) ® v(zy,), (5.91)

where the state-transition matrix is diagonal, consistent with Mamba’s design. Noting
that
vec(AXB) = (B" ® A) vec(X), (5.92)

then the linear RNN with a matrix product (5.89) can be written as
VeC(StiJrl) = (Mtj ® [dh) VeC(Sti) + k<xtz> ® 7)(37751')' (5'93>

In both cases, a matrix-valued recurrence is equivalent to a vector-valued recurrence
on a flattened hidden state, where the state-transition matrix is constrained to have
a specific structure. For the Hadamard product, this gives a diagonal matrix, while

the matrix product leads to a Kronecker product structure.

For the remainder of this work, we will focus our analysis on the vector-valued
case with the structured matrices introduced in Section (block-diagonal, DPLR,
sparse, and Walsh-Hadamard). The insights gained from this analysis naturally ex-

tend to the matrix-valued setting. For instance, the limitations in expressivity of
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diagonal matrices demonstrated in Section directly translate to the Hadamard
product formulation. Similarly, the Kronecker product structure arising from vec-
torising a matrix-valued recurrence clearly illustrates how the properties of the con-

stituent matrices determine the properties of the overall state transition.

SLiCEs can be generalised to matrix-valued hidden states by selecting a suitable
structure and reversing the above vectorisation. Alternatively, m copies of the same

SLiCE can be run via

t [ dw
H, = H,, + / <Z Al dwf") H,, (5.94)
o\ j=1

where H, € R%*™_ (Clearly, m copies of a vector-valued SLiCE match the expressiv-
ity of a single copy, so all of our theoretical results naturally carry over to this setting.
However, the columns only differ due to their initial conditions. To introduce mean-
ingful column-specific dynamics, you can include a column-specific bias term in the
vector field. A natural way to incorporate such biases into a matrix-valued SLiCE is
to consider an affine SLiCE,

dy

t
H, = H,, + / <ZA§ dwf’i> H, + Bydiag(d&l), (5.95)
to

i=1

where By € R%X™ Letting hf for 1 < k < m denote the columns of H;, then

t [ dw
hE = hf + / <Z Al dwf’i> hE 4+ BEdeX*, (5.96)
to \ j=1

Approximating w, and & with linear interpolation on the grid ¢y < --- < t,, yields

~t i1 2 eXp (ZAz (Wt 1 _Wt >> hk +Ba(§t a1 th>, (5.97)

where we have used the approximation

X7,

tit+1—t; —
/ exp ( ZAz tj-Hl tt] ) dr =~ (tj+1 - tj)l, (598)
0 _

for small increments. The outputs fNLZ remain computable in O(log(n)) parallel steps

using a parallel associative scan [Blelloch [1993].
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This construction is closely related to the path development layer, whose hidden

state evolves on a matrix Lie group via the recurrence
Hy,., = exp(My(xy,,, —x,)) Hy,, (5.99)

where My is a linear map into a matrix Lie algebra g [Lou et al. 2024; Jiang et al.

2024]. Any such linear map can be written coordinate-wise as

dy

My(v) =) A, (5.100)

i=1
where the choice of g determines the structure of the matrices A} € g. Hence, this is
a special case of (5.95) with £&X =0, H,, = I, and w} = X, where X, is the linear
interpolation of {z;,}*,. Therefore, the scan-based methods developed here can also

be applied to parallelise the computation of the path development layer.

5.4.3 Expressiveness

As demonstrated in Section [5.3.3] a core difference between diagonal and dense state-
transition matrices A} is their theoretical expressivity. Here, we show that all four of

the proposed SLiCE architectures retain maximal probabilistic expressivity.

Applying Lemma with B = 0, the solution to ([5.79) is
he =Y Sh y(w)A kg, (5.101)
ez

where Z is the set of multi-indices
T=A{0yU{Ill = (ir,...,ix), k € N, 1 <i; < d,} (5.102)

Al = A ... A" with A? being the identity, and S[IS 4(w) is the term in the signature

of w over [s,t] corresponding to the multi-index 1,

——

s<uy <---<up<t

with S? = 1. The proof of maximal probabilistic expressivity relies on showing that
the feature vectors A'hy and A”hy become approximately orthogonal as the hidden

dimension increases. This property is guaranteed if the following bound holds:

i

1

i (AThg, A ho)ga, — 615

< (s(I] + [T O <\/Ld_h) , (5.104)

L2(Py,,)
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where x is a constant independent of dj,. Cirone et al. [2023] showed that ((5.104))
holds when A}, have i.i.d entries from A (O, i) and this fact was used by Cirone
et al. [2024] to prove Theorem 5.4l The proof that each of the four SLICE structures

considered possesses maximal probabilistic expressivity proceeds by demonstrating
that (5.104]) holds for a distribution appropriate to that structure.

The detailed proofs of these results were primarily developed by a collaborator, Nicola
Muca Cirone. The proofs build on their work developing a novel graphical framework
for neural networks that linearises the effect of activation functions, allowing for the
application of Wick’s principle and the genus expansion technique when proving con-
vergence results [Cirone et al. 2025a]. This framework facilitates simple proofs that
holds for all four SLiCE structures, but introducing the required machinery
falls outside the scope of this thesis. Here, we present the expressivity results for the

four structures with references to the locations of detailed proofs.

Theorem 5.9. Let X be the space of bounded variation paths on the interval [to, t,]
that start at a common point and include time as a channel, endowed with the
1—wariation topology. Let F be the space of SLiCFEs with dy, € N. Then F has mazi-
mal probabilistic expressivity when ho ~ N(0,1) and A} satisfies one of the following

conditions:

1. Aj = BlockDiag(Bj,, Bj,, ..., By,), where By, € R”, b = [log(dy)], and
By ; has i.i.d entries from N (0,7).

2. Al = uj, (vé)T, where ul, vy € R with r = [log(dy)] and u}y and v have i.i.d

entries from N(0,1).

3. Al has entries obtained by pointwise multiplying W with i.i.d entries from

N0, m) and B with i.i.d entries from a Bernoulli distribution with proba-

bility p(dy) of being 1, where p(dy,) satisfies dpp(dy) — oo as dj, — oo.

4. AY = HDj, where H € R%* s q fized matriz with entries bounded uniformly
in dy, by a constant C satisfying HH' = dy,1,, and D}, is a diagonal matrix with
i.i.d entries from N (0,1).

Proof. The proof of (1), (3), and (4) can be found as Proposition B.6, B.2, B.4 in
[Walker et al. 2025|, respectively. The proof of (2) can be found as Proposition F.2
in [Movahedi et al. |[2025]. O
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The expressivity result for the low-rank structure (2) naturally extends to a DPLR
structure, by simply taking D} = 0. Additionally, condition (3) shows that maximal
probabilistic expressivity in the sparse case is retained only when the matrices do
not become too sparse, in the sense that the expected number of non-zero entries
per row must diverge as d; — oco. For instance, sparse matrices with (’)(d,lfe) non-
zero entries for some € > 0 satisfy this condition. Furthermore, a Hadamard matrix
matches the conditions of (4). Therefore, Theorem confirms that, unlike diagonal
matrices, SLiCEs with block-diagonal, DPLR, sparse, and Walsh-Hadamard matrices

have maximal probabilistic expressivity.

5.4.4 Comparison

Table summarises the differences in parameter count, computational cost, exis-
tence of an efficient implementation, and expressivity of the proposed SLiCE struc-
tures, where for simplicity we have taken d,, = dj. As can be seen, the four proposed
structures lead to a reduction in parameter count and recurrent cost of inference,
whilst still maintaining maximal expressivity. However, current deep-learning frame-
works, such as JAX [Bradbury et al. 2018| and PyTorch [Paszke et al. 2019, are not
optimised for unstructured sparsity, so the sparse structure does not lead to practical
speed-ups in our implementations. Furthermore, not all the structures reduce the
theoretical computational cost of applying a parallel associative scan. This is because

the parallel associative scan is repeatedly composing

de
exp <Z(u}§j+1 - wij)A’é) : (5.105)
i=1
When the A} are diagonal or block-diagonal, the composition of preserves the
structure, as these classes of matrices are closed under multiplication. Therefore, us-
ing a parallel associative scan reduces the scan depth from n to log(n), whilst having
a computational cost per composition of O(d}) or O(dy, > i b?), respectively. How-
ever, for DPLR, sparse, and Walsh—-Hadamard SLiCEs, the structured matrices are
not closed under multiplication, which means that the limiting computational cost

per composition is the same as a dense Linear NCDE, O(d}).

As discussed in Section [5.2.2) parallel associative scans result in high 1/O costs for
large models, as each state-transition matrix must be materialised in GPU mem-

ory [Yang et al. 2024b|. Yang et al. [2024b| introduced an alternative approach
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Table 5.2: Comparison of SLiCEs with dense, diagonal, diagonal-plus-low-rank
(DPLR), sparse, Walsh-Hadamard (WH), and block-diagonal (BD) structure on pa-
rameter count, computational cost, the existence of an efficient implementation, and
expressivity. Here, d;, is the hidden dimension, n is the sequence length, b; are
BD-SLiCE’s block-sizes, r is DPLR-SLiCE’s rank, € is S-SLiCE’s sparsity, and for
simplicity we have taken d, = dj, as is common in practice when stacking layers.
Parallel cost is measured as O(scan depth, cost per composition) when applying a

parallel associative scan.

Efficient Maximally

Structure Parameters Recurrent Cost Parallel Cost Tmpl. Expressive
Dense O(d3) O(nd3) O(log(n), d3) Yes Yes
Diagonal O(d?) O(nd?) O(log(n),d?) Yes No
DPLR O(rd3) O(nrd3) O(log(n),d3) Yes Yes
Sparse O(dat) O(nd; ™) O(log(n),d3) No Yes
WH O(d?) O(nd?) O(log(n),d3) Yes Yes
BD O(dny;82) 0 (ndny;82) O (log(n),dn;82)  Yes Yes

for DeltaNet, where a chunk-wise algorithm specifically tailored for diagonal-plus-
rank-one state-transition matrices is used to bypass the need to materialise every
intermediate matrix, significantly cutting down I/O costs [Yang et al. |[2024b|. These
approaches can also be applied to diagonal state-transition matrices. Therefore, a
block-diagonal SLICE with a large diagonal portion (b; = 1 for i = 1,...,k — 1)
followed by a small dense block emerges as an attractive solution. The large diagonal
section can efficiently utilise the chunk-wise algorithm and the smaller dense section
can be processed using parallel associative scans without incurring significant 1/0
costs. We refer to this structure as diagonal-dense SLiCE (D-DE-SLiCE).

5.4.5 Implementation Details

Algorithm [1| provides a pseudo-code implementation for the forward pass of a SLiCE.
The approach is demonstrated for dense state-transition matrices A}, with comments
highlighting where a SLiCE’s structure can be used to speed up computation or
reduce memory footprint. In this thesis, each SLiCE recurrence is embedded in a
simple block structure, combining a linear layer to mix the channels, tanh activation

function, layer normalisation |Ba et al. 2016|, and a skip connection. Inspired by the
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Lip(7) regularisation introduced in Section 4.4.2] all SLiCEs use weight regularisation
on their state-transition matrices Aj. Additionally, due to instability during training,
Walsh-Hadamard’s diagonal matrix D), is parametrised to take values between —1

and 1. Finally, to improve training speed the following approximation is made,

dw do,
exXp (Z(wzwrl - wz])A19> ~ 1+ Z(w;j+1 - WZJ)AZQ (5106)
=1

i=1
This is equivalent to applying an Euler discretisation with step-size 1, and hence aligns
with the approach of recurrent models. There is ongoing work to develop an efficient
GPU kernel to reduce the computational burden of repeated matrix exponentials, as
will be discussed further in Section (.5l

Algorithm 1 Structured Linear NCDE: The algorithm is presented for a dense
state-transition matrix Ag. Comments indicate where the structure of Ay can be used
to reduce memory footprint and speed-up computation.
Input: w: (B, L, d,)
Output: h: (B, L, dp,)

: hy 1 (B, dp) + &p(wo)

s w™: (B, L—1,d,) <« diff(w)

1

2

3: Ay : (dy, dp, dp) < Parameter > Exploit structure of Ay

4: 1: (dp, dp) < dj, X dj, identity matrix.

5: if mode = parallel then

6 F: (B, L—1,d,, dy) < I+ einsum(bli,ijk — bljk,w™, Ay) v Broadcast I,
exploit structure of Ay

7: FeomP «— pscan(F) > Parallel associative scan, exploit structure of F

8: hy.; 1 < einsum(bljk, bk — blj, F©O™ hy)

9: h + [ho, hl:L—l]

10: else > Recurrent pass

11: fort<0to L —2do

12: F; : (B, dy, dy) < I+ einsum(bi,ijk — bjk,wi™ Ay) > Exploit structure
of A

13: hy,q < einsum(bjk, bk —bj, Fy, hy) > Exploit structure of F

14: end for

15: h [ho, cee hL_l] > Stack along length axis

16: end if

17: return h
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5.4.6 Experiments

First, all the SLiCE variants and a wide variety of sequence model baselines are evalu-
ated on the A5 benchmark used in Section[5.3.4] Our experiments follow the approach
of Merrill et al. [2024]. The models are trained on sequences ranging from length 3
to 20 and compared on the number of stacked layers required to achieve greater than
90% validation accuracy. Models are trained using a token-tagging loss for 1,000,000
steps with a batch size of 256. For all sequence lengths, a small batch of sequences of
length 2 are included at each training step to aid convergence. All models use Adam
with weight decay as the optimiser, and linear warm-up followed by cosine annealing
with a minimum learning rate of 107> and a maximum learning rate of 107 [Kingma
et al. |2015]. Additionally, all models use dropout with a rate of 0.1 and a trainable
embedding layer [Srivastava et al. 2014].

The five baseline models, Mamba, LSTM, mLSTM, sLSTM, and DeltaProduct, all
use a hidden dimension of 1024. LSTM uses direct stacking whereas the other base-
line models use stacked blocks consisting of a sequence model, a GLU layer [Dauphin
et al. 2017], and layer normalisation [Ba et al.|2016|. DeltaProduct uses both gating

and negative eigenvalues, maximising the potential expressivity [Yang et al. 2025;
Grazzi et al. [2025]. All of the SLiCEs use

wit = wi

e b (1,X,) (5.107)
tiv1 — 1 ’

and 1024 non-zero parameters for each Aj. For the diagonal and Walsh-Hadamard
SLiCE this corresponds to a hidden dimension of 1024 and for the dense SLiCE this
corresponds to a hidden dimension of 32. The DPLR SLiCE uses a rank of 2, giving
a hidden dimension of 205, the block-diagonal SLiCE uses b; = 4, giving a hidden
dimension of 256, and the diagonal-dense SLiCE uses a dense block size of 23, giving
a hidden dimension of 518. The sparse SLiCE uses a hidden dimension of 128 and
a sparsity of € = % All SLiCEs use stacked blocks consisting of a SLICE, a linear
layer followed by a tanh activation function, layer normalisation [Ba et al. 2016|, and

weight regularisation.

The second experiment evaluates length generalisation on sequences from the As
benchmark. Models which achieve at least 90% validation accuracy on sequences of
length 20 in the previous experiment are retrained on sequences from length 3 to

40 with early stopping on a validation set of sequences from length 40 to 128. The
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models are then evaluated on test sequences from length 20 to 5120. The mLSTM is

excluded as it operates on fixed-length inputs.

The third experiment consists of the four regular tasks from the formal language
benchmark, a collection of language style tasks split into categories using the Chom-
sky Hierarchy |Delétang et al. 2023|. They are:

1. Cycle navigation: Infer the final position of a walk on a cycle starting at the
origin. Actions are randomly sampled from “go forward one step”, “stay in the
same place”, and “go backward one step”. We use a cycle of length 5. Therefore,

a random guesser will achieve an accuracy of 20%.

2. Even pairs: There are two states in the system and the goal is to determine
if there is an equal number of transitions between the two states. A random

guesser will achieve an accuracy of 50%.

3. Modular arithmetic no brackets: Performs modular arithmetic consisting of only
addition and multiplication. We use mod 5 and hence a random guesser will
achieve 20%.

4. Parity: There are two elements in the system. To determine the parity, the
number of the second element is counted to determine if it is even or odd.
This can be viewed as modular summation with mod 2. A random guesser will

achieve an accuracy of 50%.

All four of these tasks can be solved by processing inputs sequentially with a fixed
set of internal states and no external memory, i.e. state-tracking. The models are
challenged to generalise to longer sequences, by training on sequences from length 3
to 40 and evaluating on sequences from length 40 to 256. Following Beck et al. [2024],
all models use two stacked layers and a trainable embedding layer. In addition to
the hidden dimension of 512 used by Beck et al. [2024], we also train the baseline
models with a hidden dimension of 128, selecting the value that yields the highest
average validation accuracy for each model on each task. For Mamba, which does not
support a hidden dimension of 128, we instead choose between 256 and 512 based on
validation performance. All models are trained using a token-tagging loss for 100,000
steps with a batch size of 256. Additionally, all models use dropout with a rate of
0.01 [Srivastava et al.[2014|, Adam with weight decay as the optimiser [Kingma et al.

2015|, and a linear warm-up followed by cosine annealing with a minimum learning
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rate of 107 and a maximum learning rate of 2 x 1073,

Similarly to the A5 benchmark, LSTM uses direct stacking whereas the other baseline
models use stacked blocks consisting of a sequence model, a GLU layer [Dauphin et al.
2017|, and layer normalisation [Ba et al. [2016]. The baseline models considered are
vanilla DeltaNet [Schlag et al. 2021; Yang et al. 2024a], DeltaNet with negative eigen-
values (DeltaNet[-1,1]) [Grazzi et al. 2025], Gated DeltaNet [Yang et al. [2025], Gated
DeltaProduct with negative eigenvalues and a rank of 2 [Siems et al. [2025], sLSTM
[Beck et al. 2024], mLSTM |[Beck et al. 2024], xLSTM [Beck et al. |2024], RWKV-7
[Peng et al. 2025|, a Transformer [Vaswani et al. 2017], S4D |Gu et al. 2022b], and
Mamba |Gu et al. |[2024].

We consider all SLiCEs on this benchmark except sparse due to the lack of an efficient

implementation. All SLiCEs use

wt)jﬂ — ng(

=(1,Xy,), (5.108)
ti+1 — ’
and two stacked blocks consisting of the sequence layer, a linear layer followed by a
tanh activation function, and layer normalisation [Ba et al. [2016]. For the diagonal
and Walsh-Hadamard SLiCE variants, we consider hidden dimensions of 128 and
512, corresponding to 128 and 512 non-zero parameters per state-transition matrix,
respectively. For all other SLiCE variants, the number of non-zero parameters in the
state-transition matrix is fixed at 512. For DPLR we consider ranks of r = 1,2,4, 8,
and for block-diagonal we consider two variants, b; = b for all ¢ with b = 2,4, 8,16,
and b; =1fori=1,... k— 1, and then a final dense block b, = b for b = 2,4, 8, 16,

referred to as diagonal-dense SLiCE.

The final experiment expands the comparison of Section to consider all SLiCE
structures and all six datasets from the UEA-MTSCA used in Section [4.4.6] In par-
ticular, the vector field of a Log-NCDE is replaced by a structured A}, with all other
hyperparameters kept identical to those in Table £.3] The Log-SLiCEs are then re-
trained on each of the six UEA-MTSCA datasets from and compared on average
test set accuracy, time per training step, and GPU memory. All timing and GPU
memory results were performed on an NVIDIA H100 GPU.
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5.4.7 Results

Figure presents the results on the A5 benchmark. As expected from Theorem [5.9]
the DPLR, sparse (S), Walsh-Hadamard (WH), and block-diagonal (BD) structures
allow a SLiCE to achieve greater than 90% validation accuracy on all sequence lengths
considered with only one layer, matching the performance of the dense Linear NCDE
(DE-LNCDE). The only other models to achieve this are the non-linear recurrent
models, sSLSTM and LSTM. All other parallelisable models require a growing number
of layers. This includes the diagonal-dense (D-DE) SLiCE and Gated DeltaProduct
with negative eigenvalues, despite their structured state-transition matrices. How-
ever, DPLR and BD SLiCE both need one layer for all sequence lengths, suggesting

this is not an inherent limitation of these structures.

Figure presents the results on the A5 length generalisation experiment. The non-
linear recurrent LSTM and sLSTM generalise well, maintaining high test accuracy
beyond both the training and validation ranges. Among the parallel-in-time models,
three patterns emerge: (i) WH-SLICE and Mamba do not attain high accuracy even
at training lengths; (ii) DeltaProduct and D-DE-SLiCE generalise to approximately
twice the training length but not beyond the validation range; and (iii) DE-LNCDE,
DPLR-SLiCE, S-SLiCE, and BD-SLiCE sustain high accuracy on sequences at least

8 times the training length, exceeding the maximum validation length.

The results presented in Table [5.3| show that expressive structures like BD, D-DE,
and DPLR significantly outperform the diagonal baseline on the regular language
tasks. The top-performing D-DE and DPLR model, both with an average accuracy of
85.1%, demonstrate a substantial improvement over the best diagonal model’s 70.2%.
Conversely, the WH structure performs worse than the diagonal model, despite its
greater theoretical expressivity. This provides an empirical demonstration that, al-
though maximal probabilistic expressivity is a desirable property, it is an asymptotic
notion and does not guarantee favourable optimisation, sample efficiency, or induc-
tive bias at finite width. We hypothesise that the Walsh-Hadamard structure’s fixed
global mixing is poorly matched to the algorithmic state-tracking required by regular
language tasks, as also suggested by its poor performance on the A; length generali-

sation task.

An analysis of the successful hyperparameter choices reveals a fundamental trade-
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Figure 5.4: Comparison of an mLSTM, Mamba, DeltaProduct, sLSTM, LSTM,
nd SLiCEs with diagonal, dense (DE), sparse (S), Walsh-Hadamard (WH), block-
diagonal (BD), and diagonal-dense (D-DE) matrices on the A; benchmark. For each
sequence length, the plot shows the minimum number of blocks required to achieve
at least 90% validation accuracy, with each shaded band corresponding to a number

of blocks. Missing points mean the model did not achieve at least 90% validation

accuracy with 4 blocks or less.
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Figure 5.5: Comparison of an Mamba, DeltaProduct, sLSTM, LSTM, and SLiCEs
with diagonal, dense (DE), sparse (S), Walsh-Hadamard (WH), block-diagonal (BD),
and diagonal-dense (D-DE) matrices on As length generalisation. Models are trained
on sequences from length 3 to 40 with early stopping on a validation set of sequences

from length 40 to 128. The plot shows test set token accuracy against sequence length.

off between model expressivity and hidden state dimension. For a fixed parameter
budget, increasing one of these factors necessitates a decrease in the other. For in-
stance, BD-SLiCE achieves its best performance not at an extreme, but with a block
size of b = 4 and hidden dimension d;, = 128, yielding an average accuracy of 83.8%.
Similarly, DPLR-SLiCE achieves its best performance with a rank of 4, yielding the
joint highest average accuracy of 85.1%. This suggests that the strongest results
emerge from maintaining a sufficient degree of structure without overly compressing
the hidden state. The D-DE structure operates in a notably different regime, with
even its largest dense block configuration retaining a larger hidden dimension than
any BD or DPLR variant. As a result, D-DE-SLiCE achieves its best performance at
the largest block size, matching the top average accuracy of DPLR-SLiCE.

Table[5.4]compares SLiCEs to a range of state-of-the-art sequence model baselines. As
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Table 5.3: Average and standard deviation of validation accuracy over five runs on
the regular language tasks for SLiCEs with diagonal, Walsh-Hadamard (WH), block-
diagonal (BD), diagonal-dense (D-DE), and DPLR structures.

Mod Arith.

Model Cycle Nav. Even Pairs Parity Average
No Brack.
Diagonalg, —128 69.5 £ 6.3 100.0 £ 0.0 20.8£0.2 89.12 + 18.6 69.9
Diagonalg, —512 59.7+5.1 100.0 £0.0 209+0.1 100.0 £ 0.0 70.2
WHy, —128 69.7 + 8.8 93.1 £13.9 20.5£0.3 50.7+£0.3 58.5
WHg, =512 35.5+ 1.8 58.5 4+ 2.5 23.8+1.1 71.4+12.9 47.3
BDg, =256, =2 92.54+14.0 72.7+3.0 37.7+26 99.6 + 0.8 75.6
BDg, =128, b=4 99.8 £0.2 85.9+11.3 54.0 £12.5 95.3 +3.9 83.8
BDgy,, —64, b=8 99.9+0.1 91.3+6.3 70.6 £21.4 54.1+4.9 79.0
BDg, =32, v—16 97.6 £3.5 94.7+ 6.5 76.6 £ 22.1 50.8 £0.3 79.9
D-DEg, 510, p=2 61.94+204 91.3+11.5 20.8+£0.2 97.8 £2.9 67.9
D-DEg, =500, b=4 81.6+15.0 85.3+18.0 29.44+15.4 83.7£94 70.0
D-DEg, —456, b—5 90.6 £94 90.7 £+ 3.0 31.04+4.2 79.94+3.5 73.1
D-DEg, =272, p=16 73.3£29.4 84.8 £ 8.5 98.4+0.7 83.8+11.3 85.1
DPLRg, —171,r=1 46.5 + 26.3 91.1+44 25.8 £10.2 87.8+£9.5 62.8
DPLRg, —102,r=2 53.1 £14.7 96.8 £ 5.1 43.94+9.0 79.7+14.4 68.4
DPLRg, =57,r=4 81.1+16.6 100.0 £ 0.0 68.3 £19.3 91.04+18.0 85.1
DPLRg, —30,r=38 90.1+10.2 100.0 £0.0 60.3 +£19.7 50.7+0.3 75.3
Random 20.0 50.0 20.0 50.0 35.0
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expected, the recurrent LSTM generalises near-perfectly on all four tasks, establishing
a clear performance benchmark. This highlights the inherent strength of non-linear
recurrent architectures for problems that require precise, step-by-step state tracking.
Interestingly, sLSTM and xLLSTM do not replicate this success. Among the parallel
models, the strongest baselines are DeltaNet with negative eigenvalues and Gated
DeltaProduct with negative eigenvalues, achieving 77.7% and 80.7%, respectively.
This aligns with the expectation that increased complexity in the state-transition

matrix improves state-tracking performance.

This principle is further reinforced by the observation that a diagonal SLiCE out-
performs Mamba. Mamba is restricted to a state-transition matrix with eigenvalues
in the range [0, 1], whereas diagonal SLiCE is unrestricted. As shown by Grazzi et
al. [2025], expanding the eigenvalue range of the state-transition matrix to [—1,1]
is crucial for solving regular language tasks. On average validation accuracy, the
diagonal-dense and DPLR SLiCE are the two strongest performing parallelisable
models. They outperform not only widespread modern architectures like Mamba
and the Transformer, but also the strongest DeltaNet baselines specifically designed

for increased expressivity.

A Friedman test detected a statistically significant difference in performance among
the parallel-in-time models across the four tasks at the 5% significance level, with
x? = 2541, df = 13, and p = 0.0204. To assess our architectural hypothesis more
directly, we partitioned the parallel models into those with expressive recurrences
and those without. The expressive class consists of DPLR-SLiCE, D-DE-SLiCE,
BD-SLiCE, WH-SLiCE, DeltaNet[—1, 1], Gated DeltaProduct[—1, 1], DeltaNet, and
Gated DeltaNet, while the non-expressive class consists of RWKV-7, mLSTM, Trans-
former, Mamba, S4D, and D-SLiCE. We then compared the mean rank of each class
on each task, with lower rank indicating better performance. The expressive class
attained mean ranks of 5.62, 6.75, 5.25, and 6.12 on Cycle Navigation, Even Pairs,
Modular Arithmetic without Brackets, and Parity, respectively, compared to 10.00,
8.50, 10.50, and 9.33 for the non-expressive class. Overall, this corresponds to average
ranks of 5.94 for the expressive class and 9.58 for the non-expressive class. We do not
extend this descriptive summary to a statistical one, since four paired datasets are

not sufficient for a Wilcoxon signed-rank test to assign significance [Wilcoxon [1945].

Table [5.5] and [5.6] present the impact of replacing the Log-NCDE’s non-linear vector
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Table 5.4: Average and standard deviation of validation accuracy over five runs for a

range of recurrent and parallel models on the formal language tasks.

Model Cycle Nav. Even Pairs Mod Arith. Parity Average
No Brack.

Recurrent

LSTM 100.0 £0.0 100.0 £ 0.0 99.9+0.1 100.0 £ 0.0 100
sLSTM 32.5+04 100.0 £ 0.0 277£0.6 100.0 £ 0.0 65.1
xLSTM][1:1] 53.5+ 5.6 99.0£1.9 29.3+£1.6 100.0£ 0.0 70.5
Parallel

DeltaNet 49.8 +4.7 100.0 £0.0 42.2+ 4.8 57.8 £0.8 62.5
DeltaNet[—1, 1] 46.7 £ 6.1 100.0 £ 0.0 66.4 £ 8.8 97.7£2.0 7.7
Gated DeltaNet 53.8 + 8.8 100.0 £ 0.0 42.8 £8.2 56.5+1.9 63.3
Gated DeltaProduct[-1,1]  46.3+6.6 100.0 + 0.0 784+109  98.0+1.4 80.7
RWKV-7 37.8+£5.0 88.1 +£14.2 39.5+6.1 51.1+£0.3 54.1
mLSTM 52.4 4+ 10.5 99.9+0.1 28.8 £3.1 53.0£2.1 58.5
Transformer 2444+ 0.5 90.4+10.4 23.6 + 0.7 52.2+0.4 47.7
Mamba 48.4+ 2.2 100.0 £0.0 33.1+£6.6 54.2 £ 2.1 58.9
S4D 23.7+1.1 68.7 +4.7 21.7+04 51.2+1.0 41.3
Diagonalg, =512 59.7£5.1 100.0 £ 0.0 20.9+0.1 100.0 £ 0.0 70.2
WHg, =128 69.7 + 8.8 93.1£13.9 20.5+£0.3 50.7£0.3 58.5
BDg, =128, b=4 99.8+0.2 85.9+11.3 54.0 £12.5 95.3+3.9 83.8
D-DEg, =272 b=16 73.3£294 84.8 £8.5 98.4 £0.7 83.8£11.3 85.1
DPLRg, —57,r=4 81.1+16.6 100.0£ 0.0 68.3+£19.3 91.0£18.0 85.1
Random 20.0 50.0 20.0 50.0 35.0
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Table 5.5: Mean and standard deviation of test set accuracy over five data splits on a
subset of the UEA-MTSCA. The best-performing model in each column is highlighted
in bold, and the second-best is underlined. Models are sorted by average rank, with

the top performing model first.

Model EW EC HB MI SCP1 SCP2

BD-SLiCE 86.1£3.6 286+64 Tr4+£56 53.0+£21 849+19 540=£74
Log-NCDE 8.6 5.1 344+64 752+47 53.7£53 831+29 53741
D-DE-SLiCE ~ 85.6+6.0 273+£6.9 739+38 54.7+£35 84.7+37 51.6£50
WH-SLiCE 8.0£6.0 301£48 76159 495+£68 824+22 51.9+54
DPLR-SLICE  84.4+52 27.6+47 7424+54 51.6+58 83.5+22 509458

D-SLiCE 79.4+£58 27.1+£46 729+51 544+63 83.5£22 53.0+59
LRU 8§7.8+29 21.5+22 784+6.7 484451 826+35 51.2+36
S6 85.0£16.1 264+£65 76583 51.3+48 828+£28 499+95
S5 81.1+£3.7 241+£44 T771.7+£56 47.7£55 89.9+47 505+26
S-SLiCE 87.8+4.2 304+£6.7 T726+55 47.7£24 828+1.6 49.5+4.0
DE-LNCDE 88.3+£3.7 258+41 742445 498+53 81.9+40 498+24
NCDE 75.0£4.0 299+£66 739+26 49529 798=£57 53.0+29
NRDE 83.9+£73 253£18 729+49 47.0+£58 809+26 53.7+6.9
Mamba 709+£159 279+46 762+£39 47.7+45 80.7£14 482+4.0

field with a dense, BD, WH, diagonal, D-DE, sparse, or DPLR structured linear vector
field. The original baselines from Table .4] are also included. A tie-corrected Fried-
man test across the 14 models and 6 datasets did not detect a statistically significant
difference in performance at the 5% significance level, with x? = 19.89, df = 13, and
p = 0.098. Nevertheless, the results show that the block-diagonal structure achieves
very similar performance to the non-linear model, whilst reducing the average time
per training step by a factor of nearly 20. Notably, BD-SLiCE also outperforms a
dense linear vector field of the same hidden dimension, which suggests that the block-
diagonal structure may provide benefits beyond simply reducing computational cost.
A possible explanation for this is the structure’s conceptual link to the multi-head
attention mechanism found in Transformers. Each block in BD-SLiCE can be viewed
as an independent head, processing the input path in its own distinct subspace. This
architectural choice encourages the model to learn multiple specialised representations
of the time-series dynamics in parallel, with each block potentially focusing on differ-
ent features or patterns. This inherent modularity could prevent the overfitting that

may affect a single dense model, ultimately contributing to the strong performance

of BD-SLiCE.
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Table 5.6: Average test accuracy, rank, training time per 1,000 steps, and GPU
memory usage across six datasets from the UEA-MTSCA. All SLiCE variants use a
parallel associative scan during training. Therefore, the Walsh—Hadamard, DPLR,
and sparse SLiCEs are treated as dense LNCDEs (see Section , and their timing
and GPU memory results are omitted. All timing and GPU memory results were
performed on an NVIDIA H100 GPU.

Model Av. Acc Av. Rank Av. Time / 1000 Steps (s) Av. GPU mem (MB)
BD-SLiCE 64.0 3.2 68.1 2344
Log-NCDE 64.3 4.0 1321.7 2177
D-DE-SLiCE 63.0 5.7 66.7 2302
WH-SLiCE 62.5 6.7 - -
DPLR-SLiCE 62.0 7.0 — —
D-SLiCE 61.7 7.2 11.0 1875
LRU 61.7 7.3 26.9 4308
S6 62.0 7.7 20.1 2938
S5 61.8 8.0 21.9 3327
S-SLiCE 61.8 8.2 — -
DE-LNCDE 61.6 8.3 77.2 12756
NCDE 60.2 8.8 6923 1962
NRDE 60.6 10.3 3431 2858
Mamba 58.6 10.8 60.0 4535

Figure provides a visual summary of the accuracy—speed trade-off on the UEA-
MTSCA benchmark, with the Pareto frontier highlighting the non-dominated models.
The frontier consists of diagonal SLiCE, S6, block-diagonal SLiCE, and Log-NCDE,
each representing a different balance between training time and predictive accuracy.
Log-NCDE attains the strongest test accuracy, but at a substantially higher average
time per training step. Moving along the frontier, block-diagonal SLiCE reduces the
average time per training step by a factor of 20 relative to Log-NCDE while main-
taining very similar test accuracy. Diagonal SLiCE pushes training time lower still,
below that of the SSM baselines, though with some further loss in accuracy consis-
tent with its reduced expressivity. S6 occupies an intermediate point on the frontier,
offering a modest improvement in accuracy over diagonal SLiCE, although the gain is
smaller than that obtained by moving from S6 to block-diagonal SLiCE. By contrast,
dense LNCDE slightly increases run-time and substantially raises GPU memory us-
age relative to the block-diagonal variant, while also reducing test accuracy, which

may indicate over-fitting due to the large number of parameters per state transition.
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Figure 5.6: Average per-step training time versus average validation accuracy across
six multivariate time series classification datasets from the UEA-MTSCA. Each point
represents a model, with circle area proportional to average GPU memory usage. We
compare four families of models: a recurrent neural network (LRU), SSMs (S5, S6, and
Mamba), non-linear NCDEs (NCDE, NRDE, and Log-NCDE), and Linear NCDEs
(Diagonal SLiCE, Block-Diagonal SLiCE, and Dense LNCDE). All timing and GPU
memory results were performed on an NVIDIA H100 GPU.

Finally, Figure |5.6[ shows that Mamba, NCDE, and NRDE do not offer competitive

trade-offs on either axis on this benchmark.

To understand their relative impact, we evaluate how the Log-ODE method and
parallel associative scan influence time per training step and GPU memory for the di-
agonal SLiCE, block-diagonal SLiCE, and dense LNCDE. The EigenWorms dataset is
chosen for this comparison, as it contains approximately 18,000 observations per time
series. Table [5.7 summarises the effect of applying a parallel associative scan with
varying chunk sizes on time per 1,000 training steps without the Log-ODE method.
For all three models, increasing the number of parallel steps yields strong reductions

in time per training step. The impact of the high I/O costs associated with an as-
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Table 5.7: Time per 1,000 training steps (s) for diagonal SLiCE, block-diagonal
SLiCE, and dense LNCDE on EigenWorms when a parallel associative scan is ap-
plied with various chunk sizes. Experiments were performed on an NVIDIA H100,
and the batch size is 1.

Parallel Steps | D-SLICE  BD-SLiCE DE-LNCDE
None 311.0 374.89 444.68
4 134.2 326.75 439.51
16 57.50 161.74 257.56
64 31.01 68.59 126.01
256 21.10 30.53 71.54

sociative scan is evident from the diminishing benefit of a small number of parallel

steps as you move from diagonal, through block-diagonal, to dense matrices.

Table [5.§] compares the time per 1,000 training steps and GPU memory for diag-
onal SLiCE, block-diagonal SLiCE, and dense LNCDE on EigenWorms when using a
parallel associative scan and the Log-ODE method. As expected, both GPU mem-
ory and run-time increase monotonically for every combination of associative scan
and Log-ODE method as the model structure transitions from diagonal, through
block-diagonal, to dense matrices. The consistent 2.69 GB floor across several con-
figurations likely reflects peak memory usage from fixed operations outside the re-
currence. Without the Log-ODE method, the dense LNCDE exhibits high GPU
memory consumption, which constrained experiments to a batch size of 4. When
both the Log-ODE method and a parallel associative scan are applied, the diago-
nal and block-diagonal SLiCE achieve comparable times per training step, indicating
that the recurrence contributes less to overall computation under these parameter
settings. Overall, combining the Log-ODE method with a parallel associative scan
reduces the time per training step by a factor of approximately 30 for the diagonal
and block-diagonal SLiCE without affecting GPU memory, and by a factor of 16 for
the dense LNCDE while lowering GPU memory usage by over a factor of 5.

5.4.8 Limitations

First, we do not impose stability constraints on the matrices A} in the models con-

sidered here. Consequently, although we did not observe instability on the long time
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Table 5.8: Comparison of training time and GPU memory for EigenWorms using
a parallel associative scan and applying the Log-ODE method. Experiments were
performed on an NVIDIA H100 with a batch size of 4.

Log-ODE  Parallel Steps

Model Metric

Interval None 198
) 1 317.49 2351

Time / 1k steps |[s]
12 33.03  10.96

D-SLiCE

1 2.69 2.69

GPU Memory |GB]|
12 2.69 2.69
_ 1 37820  48.74

Time / 1k steps |[s]
12 4698 13.24

BD-SLiCE

1 269  4.73

GPU Memory |GB]|
12 2.69 2.69
, 1 465.94 167.86

Time / 1k steps |[s]
12 4795  29.37

DE-LNCDE

1 3545 5H1.84

GPU Memory |GB]|
12 2.69 6.79

series considered in this chapter, one should not expect the current parameterisations
to remain uniformly stable as the sequence length grows arbitrarily large. Therefore,
investigating stable matrix structures for the A} is a natural direction for extending

SLiCEs to more extreme long-range settings.

Second, SLiCEs are sequence-to-sequence models. They produce a state update for
each new sample in the input, and are therefore susceptible to over-sampled data in
the same manner as other discrete sequence models. Combining SLiCEs with the
Log-ODE method allows them to consume paths as input, by abstracting the flow
on each interval away from the individual samples. However, the output of a Log-
SLiCE is itself a sequence of samples, corresponding to the value of the output path
at the end of each interval to which the Log-ODE method is applied. This means
that one cannot stack two Log-SLiCEs directly, as the first level produces a sequence
whereas the second consumes a path. A natural next step is therefore to develop a

path-to-path model, as discussed in more detail in Section [6.2]
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5.5 Conclusion

This chapter introduced Linear NCDEs, where the non-linear vector field fy(hs) is
replaced by a linear one, Ayh,. Linear NCDEs retain the theoretical expressivity of
their non-linear counterparts while enabling parallel-in-time computation. The core
innovation is removing the recurrent differential equation solve and instead solving
for the flow independently on each interval. These flows are then composed using a
parallel associative scan. This yields substantial performance gains, particularly for
long sequences. On the EigenWorms dataset, which has nearly 18,000 observations
per time series, this method reduces the time per training step by a factor of over
250. When combined with the Log-ODE method from Chapter [] this performance
gain increases to a factor of nearly 1500, reducing the time for 10,000 training steps

from 3 days to 3 minutes.

Section [5.3| used the Linear NCDE framework to theoretically analyse the expressivity
of SSMs. This analysis demonstrated that prominent models like S4D and Mamba
correspond to affine Linear NCDEs whose state-transition matrices are constrained
to be diagonal. The diagonal structure was shown to severely limit theoretical ex-
pressivity. This limitation was confirmed empirically on state-tracking benchmarks,
where diagonal models required stacking multiple layers to solve tasks that dense

Linear NCDEs could solve with one.

While theoretically powerful, the number of parameters and computational cost of
dense state-transition matrices scales with the cube of the hidden dimension, mak-
ing them impractical for large models. To address this, Section introduced
SLiCEs, which bridge the efficiency-expressivity gap. By employing structured ma-
trices, such as block-diagonal, diagonal-plus-low-rank, and Walsh-Hadamard, SLiCEs
reduce computational complexity while retaining the maximal probabilistic expressiv-
ity of their dense counterparts. Extensive experiments validated the SLiCE approach.
On formal language benchmarks that test state-tracking, SLiCEs outperformed spe-
cialised SSM baselines. In particular, a block-diagonal and DPLR structure estab-
lished the new state-of-the-art for parallel models on these tasks. This success extends
to the real-world UEA datasets, where replacing the non-linear vector field of a Log-
NCDE with a block-diagonal linear vector field does not decrease performance, while

bringing the training time in line with other modern sequence models.
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SLiCEs provide a strong foundation for future work in several key directions. An
immediate technical goal is the development of efficient GPU kernels for the ma-
trix exponential to allow for exact flow computations. Further research can address
open questions around path-to-path training, input symmetries, and the inclusion of
bidirectional context in the vector fields, all of which are discussed in more detail in
Section [6.2] Addressing these challenges will be crucial for the ultimate goal of scaling

these expressive, parallelisable architectures to new and more complex domains.
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Chapter 6

Conclusion

We can only see a short distance ahead, but we can see plenty

there that needs to be done.

—Alan Turing, Computing Machinery and Intelligence (1950)

6.1 Principal Contributions

Chapter 2| established a mathematical framework for understanding data that evolves
continuously in time. Paths are the central objects, signatures provide principled
summaries of path segments, CDEs describe how paths drive the evolution of hidden
states, and the Log-ODE method provides an efficient way to approximate the re-
sulting dynamics. NCDEs translate this framework into machine learning, but their
practical scalability is limited by the need to solve a non-linear differential equation
sequentially during training. The principal contributions of this thesis addressed this
limitation in three complementary stages. First, Chapter 4| applied the Log-ODE
method, an efficient and accurate approach to approximating the solution of a CDE,
to NCDEs. This improved both their computational efficiency and empirical perfor-
mance. Second, Section introduced Linear NCDEs, which replaced the non-linear
vector field of an NCDE with a linear one. This yielded explicit solutions for the
flow, removing the need for a non-linear differential equation solver and enabling
parallel-in-time computation. Third, Section developed SLiCEs, which improved
the balance between expressivity and computational efficiency through the use of
structured matrices. Together, these contributions reduced the time per training

step by up to three orders of magnitude while improving performance on real-world
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benchmarks, making continuous-time models feasible at scales that were previously

impractical.

Applying the Log-ODE method to NCDEs required showing that the neural network
vector field satisfied the necessary regularity assumptions. Chapter [3| strengthened
the regularity theory needed for this step by proving an explicit bound for the com-
position of Lip() functions when 1 < v < 2. Chapter {4 then applied this theory to
a class of fully connected neural networks parametrising NCDE vector fields, proving
explicit Lip(+y) bounds for these architectures. This justified the use of the Log-ODE
method during training. Empirically, Log-NCDEs improved upon standard NCDEs
across real-world multivariate time series benchmarks, increasing predictive perfor-
mance while reducing training cost. However, because the hidden state was still
evolved by a non-linear differential equation, the forward pass remained inherently

sequential.

Linear NCDEs addressed this bottleneck by replacing the non-linear vector field with
one that is linear in the hidden state. This change yielded closed-form flows on each
interval, removing the need for a recurrent differential equation solver and enabling
parallel-in-time computation via an associative scan. Section further showed that
this linearisation preserves the theoretical expressivity of NCDEs while maintaining
strong empirical performance on the benchmarks considered. Section provided
a unified interpretation of modern structured state-space models, such as S4D and
Mamba, as affine Linear NCDEs with diagonal structure. Both the theory and the
state-tracking experiments showed that, although efficient, diagonal structure dis-

cards hidden-state interactions that are important for expressivity.

SLiCEs refined this picture by improving the trade-off between expressivity and
efficiency within the Linear NCDE framework. Rather than using dense or diago-
nal matrices, Section introduced structured matrices, such as block-diagonal and
diagonal-plus-low-rank, which reduce the computational cost while retaining maximal
probabilistic expressivity. This showed that poor state-tracking is not an unavoid-
able consequence of efficient parallel training, but instead a consequence of overly
restrictive recurrence structure. Empirically, SLiCEs outperformed specialised par-
allel baselines on formal language and state-tracking benchmarks. On real-world
multivariate time series tasks, they also delivered a substantially stronger accuracy-

speed trade-off than either non-linear continuous-time models or diagonal structured
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state-space models.

Overall, this thesis showed that the main obstacle to scalable continuous-time learning
was not the continuous-time viewpoint itself, but the combination of non-linear vector
fields and inefficient numerical methods. By combining the Log-ODE method, closed-
form linear flows, and expressive structured recurrences, it showed that continuous-
time models can be made scalable without giving up the advantages of the continuous-

time framework.

6.2 Future Work

There are a number of interesting directions for future work, from which we highlight

five we view as particularly promising or important.

First, parallel associative scans provide significant benefit for training models on the
million parameter scale. However, the high 1/O costs prevent scaling to billions of
parameters, as discussed in Section [5.4.4] We are currently exploring the possibility
of a GPU kernel that will allow fast matrix exponentials and parallel associative scans
when we have many small independent systems, i.e. a block-diagonal SLiCE. Another
approach to overcoming this barrier is building on the work of Yang et al. [2024b, and
developing fast chunk-wise methods for a wider range of structured matrices, as ex-
plored by Cirone et al. [2025Db].

Second, there is an inherent over-parametrisation in Linear NCDEs. To see why,

consider a trained Linear NCDE
dw
dhy = Aphydwl, (6.1)
i=1

with a linear readout Lgh,. For any invertible matrix P € R%*% we can apply a

change of basis h!, = Phs. The dynamics of the transformed state are then given by

dy dw
dhy, =) PAGP 'R dw = " Bjhldw) (6.2)
=1 =1

When equipped with the transformed linear readout LyP~1h., the system described
by (6.2)) yields an identical output to (6.1]), despite having different learnt parameters.

This establishes an entire equivalence class of models for any single solution found
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during training, with each member of the class corresponding to a different choice of
basis for the hidden state space. Similarly to the identifiability issues arising in the
classical system identification setting discussed in Section the parameters of a

Linear NCDE are therefore only identifiable up to similarity transformations.

This equivalence has significant potential implications for optimisation and interpre-
tation. The existence of a continuous family of equivalent solutions creates manifolds
in the loss landscape along which the gradient is zero, corresponding to moves in
parameter space that amount only to a change of basis [Li et al. 2019]. In princi-
ple, this can lead to ill-conditioned optimisation and may hinder the convergence of
gradient-based methods [Saarinen et al. [1993]. However, in the SLiCE experiments,
we did not observe clear optimisation failures that could be specifically attributed
to this symmetry. Even so, it implies that different training runs may converge to
parametrisations that realise the same input-output map in different hidden bases,
which makes the learned matrices difficult to compare or interpret directly. Therefore,
a natural direction for future work is to optimise over similarity classes rather than
individual parametrisations. Similar issues have motivated SGD variants for ReLLU
neural networks that operate on a quotient space of the weights [Meng et al. [2019].
Alternatively, one could reduce the redundancy by imposing additional structure on
the hidden-state representation, for example by constraining one of the A} to be up-

per triangular.

Third, Cirone et al. [2024] established that replacing the Linear NCDE’s linear read-
out with a non-linear function is sufficient to extend their path-to-point universality to
path-to-path universality. However, the optimal approach to training a path-to-path
Linear NCDE remains an open question. Standard objectives, such as pointwise mean
squared error, treat paths as collections of independent samples. This neglects global
temporal structure and leads to over-fitting local fluctuations, while failing to capture
essential features such as ordering, variability, or long-range dependence [Ramsay et
al. [2005; Cuturi et al. 2017; Chen et al. |2025|. Alternative choices include integral
norms |Ferraty et al. [2007|, distances in signature space [Lyons [1998; Chevyrev et al.
2016b} Kiraly et al. |2019 Salvi et al. [2021; Cass et al. 2024a], or Kernel/ MMD-based
metrics tailored to streams [Cuturi et al. 2007; Mikalsen et al. 2018; Wynne et al.
2022|. These options can handle irregular sampling, are reparametrisation-invariant

when desired, and are suitable for models whose outputs are paths.
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Fourth, Log-NCDEs are path-to-sequence models, as they produce the value of the
output path only at the endpoints of the intervals where the Log-ODE method has
been applied. Linear NCDEs provide a tractable approach to path-to-path models,
by extending their flow from describing the hidden state trajectory to the signature
of those trajectories. In this way, it is possible to query the output path and obtain
the signature over an interval in the same manner we would query the input path.
This elevates continuous-time learning from path-to-sequence architectures to genuine
path-to-path models. Furthermore, this would enable path-to-path stacking, where
the output of one Log-Linear NCDE becomes the input to another.

Finally, as Linear CDEs allow us to contextualise the state-transition matrix based on
the input, we could seek to contextualise the CDE based on the past, and potentially
future, of the input path. A possible implementation would be allowing the Linear
NCDE’s vector field to depend linearly on the signature of the input path. However,
this significantly increases the parameter count and computational complexity of the
model. An alternative approach is conditioning the vector field to depend on the
output of another Linear NCDE. This is an alternative form of model stacking, where
instead of using the output of the Linear NCDE from one layer as the input to the
next, we instead condition the vector field of the next layer based on the output of

the previous.

Each of these directions offers an opportunity to advance both the theoretical un-
derpinnings and the practical scalability of continuous-time models. Pursuing them
will mature the path-based methodologies advocated for throughout this thesis, en-

hancing their power and broadening their applicability.
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