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The stretching response of polymer chains fundamentally determines the mechanical properties of
polymer networks. In this Letter, we develop a statistical mechanics model that incorporates both bond
stretching and bond angle deformation, enabling accurate predictions of chain behavior up to large forces.
We further propose a semianalytical deformable freely rotating chain (dFRC) model, which represents the
chain as a freely rotating chain with effective bond stretch and bond angle that depend on the chain stretch.
Using physical parameters without fitting, both the statistical and dFRC models achieve excellent
agreement with experimental data for carbon chains across all force regimes. Additionally, the dFRC model
provides a direct estimate of the bond force, which is important to predict chain scission. By capturing key
bond deformations while remaining computationally efficient, our work lays the foundation for future

modeling of polymer network elasticity and failure.

DOI: 10.1103/PhysRevLett.134.218101

The molecular structure and conformations of polymer
chains fundamentally determine the macroscopic mechani-
cal properties of polymer networks. Accordingly, chain
models serve as key building blocks for polymer network
studies, including mean-field theories [1-3], discrete
network models [4-6], and continuum mechanics models
[7-9]. When a polymer network is subjected to large
deformations, such as during fracture, cavitation, or rapid
loading, some chains can become highly stretched and
eventually rupture. In these situations, the chain behavior is
dominated by energetic contributions due to bond stretch-
ing and bond angle opening [10-12]. Therefore, single
chain models that are valid up to large stretches are needed.

Classical entropic chain models, such as the freely
jointed chain (FJC) and freely rotating chain (FRC) models
[13], do not account for energetic contributions and thus
cannot capture the high-force behavior. On the other hand,
the wormlike chain (WLC) model is commonly adopted to
account for bending energy in semiflexible polymers [14]
but is limited to small equilibrium bond angles. Although
extendable FJC and WLC models have been proposed
[15-24], they do not simultaneously accommodate both
bond stretching and bond angle opening with a finite
equilibrium bond angle, raising concerns about the physical
meaning of their best-fit parameters and their relevance to
chain scission.
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In this Letter, we address this limitation by developing a
statistical mechanics model and a semianalytical model that
explicitly incorporate both bond stretching and bond angle
deformation in the stretching behavior of polymer chains.
In the statistical model, we use the transfer-matrix (TM)
technique to calculate the partition function in the Gibbs
ensemble, from which we obtain the Gibbs free energy and
force-extension relationship. Our results show that both
bond stretching and bond angle opening significantly affect
the chain stiffness at high forces. Using the TM calculations
as reference, we further develop a semianalytical model
by representing the polymer chain as a deformable FRC
(dFRC) where the bond length and bond angle depend on
the applied chain stretch, inspiring from original ideas in
Refs. [20,25]. This is achieved by developing a new explicit
formula for the classical FRC, which is shown to be valid
across the entire force range. Using molecular mechanics-
derived parameters without any fitting, both the statistical
and dFRC models accurately predict the force-extension
behavior of carbon chains and exhibit excellent agreement
with experimental data over all force regimes. By capturing
key bond-level deformations while maintaining computa-
tional efficiency, the dFRC model provides a foundation
for advancing polymer network modeling, particularly in
scenarios involving failure by chain scission, where bond
force predictions are important.

We consider a polymer chain composed of N bonds
(Fig. 1). The conformation of the chain is described by
the positions 7; of each atom (i =0, ...,N). The chain

is subjected to a prescribed force f at the terminal atom
7y, with the other terminal atom fixed at the origin

the author(s) and the published article’s title, journal citation, ro=(0,0,0). Each bond vector, [;=7;—Tiy,
and DOL. (i=1,...,N), is represented in spherical coordinates as
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FIG. 1. A polymer chain with N bonds subjected to a constant

force]7 at 7. The other chain end at 7, is fixed. The orientation of
each bond is described using spherical coordinates, with the z
axis aligned with the force.

I = I;(sin @; cos @;, sin 6; sin ¢;, cos 0;), where [; is the
bond length, #; is the polar angle relative to the
direction of the applied force f, and ¢; is the azimuthal
angle. The bond angle between adjacent bonds,
¢; = 4(7,»_1,7,»), i=2,...,N), is calculated as
¢; = arccos [sin 8; sin ;_; cos w; + cos 0; cos O;_;|, where
w; = @; — @;_ is the difference in azimuthal angle between
two adjacent bonds.

The partition function for the chain in the Gibbs ensemble
is given by (Supplemental Material, Sec. S1 [26]):

BT N N tben(p)=y l,-cos(),-]
7 o /e 5 [Z wll)+ D0, then()=D 0 S dg. (1)

where g = (71 ...,TN), kg is the Boltzmann constant, T is

the temperature, and f = ||;‘|| The bond stretching energy is
assumed quadratic for simplicity: vy (l;) = Sk (1; = 1,)%,
where [, is the equilibrium bond length, and k; is the
bond stretching stiffness. Similarly, the bond angle defor-
mation energy (“bending energy”) is taken as vpe,(¢;) =
Tky(¢; — p.)*, where ¢, is the equilibrium bond angle,
and k, is the bond bending stiffness. We neglect the bond
rotation energy, as it is typically much smaller than the
energies associated with bond stretching and bending in
homogeneous backbone chains (e.g., carbon-carbon back-
bone) [11], so that bonds can freely rotate. In addition,
we neglect the long-range interactions between atoms that
are far apart along the chain contour, so that the chain is an
ideal chain [13].

The bending energy couples the configurations of two
consecutive bonds. Consequently, the Gibbs partition
function [Eq. (1)] cannot be factorized into N identical
terms, different from the extensible FJC model. To address
this difficulty, we employ the numerical TM method
[31,32], building on the work of Livadaru et al., who
applied this technique to the FRC model [33]. The
weighted probability density of finding the (i + 1)th bond
at an angle 6 can be expressed as (Supplemental Material,
Sec. S2.1 [26]):

Wi (6) = / P(0)T(0.0)de. 2)

where P;(0) = W;(0)/[[ W;(¢)d@] is the bond orientation
probability density of the i th bond, and [ P;(0)d0 = 1.
The transfer operator T(6, @) characterizes the interaction
between the (i + 1) th bond at angle 8 and the i th bond at
angle @, which is given by

T(@, 0/) _ // e‘#[”su(l)+vbcn(¢)—fl0059] 12 sin Odwdl, (3)

where [ is the length of the (i 4+ 1) th bond, ¢ is the bond
angle between the (i + 1) th and i th bonds, and w is the
difference in their azimuthal angles. The weighted prob-
ability density of the first bond is given by

W, (0) = // e Tl D=S10s0 2 G gdgdl,  (4)

where o is the azimuthal angle of the first bond. Starting
with W, (0), the weighted probability density of each
subsequent bond can be determined iteratively. Finally,
the Gibbs partition function [Eq. (1)] can be obtained as
(Supplemental Material, Sec. S2.1 [26])

Z lﬁ V W,»(Q)d@]. (5)

The chain end-to-end distance r is derived from the Gibbs
partition function as

0 G

=kpT —InZ = —— 6
where G = —kgT InZ is the Gibbs free energy. Note that
r= 7] = ||{Fy)]| is the norm of the ensemble average

of the chain end-to-end vector. The partition function
is calculated using quadrature methods, and the force-
extension relationship is obtained by numerical differ-
entiation (Supplemental Material, Sec. S2.1 [26]). The
special cases of freely jointed bonds (k, = 0) and fixed
bond angles (k, — oo) are discussed in Supplemental
Material, Secs. S2.2 and S2.3, respectively. Bond orienta-
tion probability densities P;(0) are illustrated in Sec. S3,
where we show that P;(0) converges to a stable distribution
P (6) as the bond index i increases. For sufficiently
large N, the Gibbs partition function [Eq. (5)] can be
approximated as Z o [[ W (0)d0]N, where W (0) =
P (0')T(0,0')de is the converged weighted probability
density. The resulting force-extension relationship becomes
independent of N, corresponding to the thermodynamic
limit. The effect of N on the force-extension relationship is
further discussed in Supplemental Material, Sec. S4.1.
We examine how bond stretching and bond angle
opening influence the stretching response in the thermo-
dynamic limit (N — o). To isolate their individual effects,
we analyze the following limiting cases: (i) Freely jointed
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FIG. 2. Effect of bond deformation on the stretching response
of polymer chains. (a) Chains with freely jointed extensible
bonds (k, = 0; kiI2/kgT = 10',10%,10%, 10%). (b) Chains with
rigid bonds (k;2/kzT — o) and deformable bond angles
(¢, = 60°% k¢7r2/kBT =10',10%,10%, 10%).

extensible bonds. Force-extension curves are shown in
Fig. 2(a) for different values of the normalized bond
stretching stiffness, k;I2/kzT. At low forces, the chain
stretching response is primarily governed by entropic
elasticity and follows the Gaussian chain model r =
NLEf/(3kgT), where NI2/(3ksT) represents the entropic
spring constant [13]. As the force increases, bond stretching
results in a second elastic regime with chain stiffness
proportional to k;. In the limit k;12/kzT — oo, the extensible
FIC model recovers the FJC model with contour length
Rax = NI,. These results are consistent with the findings
in Ref. [16].

(i1) Rigid bonds and deformable bond angles. Force-
extension curves are shown in Fig. 2(b) for ¢, = 60° and
different values of the normalized bond bending stiffness,
k¢7r2 /kgT. For k; = 0, the model recovers the FJC model.
For k¢7r2 /kgT — oo, the model tends to the FRC model
with contour length R, = NI, cos(¢,/2). At low applied
forces, increasing k, softens the chain since the coiled
configuration becomes less probable. As the force increases,
a larger k stiffens the chain as it approaches its extensibility
limit. This stiffening effect depends on the equilibrium bond
angle ¢,, with a larger ¢, leading to a reduced contour
length, see Supplemental Material, Sec. S4.2 [26].

While the statistical model effectively captures the effect
of bond deformation on the stretching response of polymer
chains, its lack of a closed-form expression limits practical
use in single-molecule experiments and polymer network
modeling. To address this, we further develop a semi-
analytical approximation. Following the approach pro-
posed by Lavoie et al. [25], we assume uniform and
nonfluctuating bond length / and bond angle ¢. The
Helmholtz free energy W of a polymer chain under a
prescribed end-to-end distance r is then given by

Y= sttr(l) + (N - l)vben(¢) + ‘Pent(r’ L ¢)7 (7)

where the first two terms, respectively, represent the
energetic contributions due to bond stretching and bond

angle deformation, and the third term ¥, is the entropic
contribution. In Ref. [25], ¥, was obtained by integrating
the closed-form force-extension relation of the WLC
model, where the persistence length was expressed in
terms of / and ¢. However, this WLC representation
introduces additional approximations which are difficult
to quantify. Here, in contrast, we directly take ¥, as the
free energy of a FRC with bond length / and bond angle ¢,
consistent with the decomposition in Eq. (7). The bond
parameters [ and ¢ are determined by minimizing the
Helmholtz free energy at a prescribed chain end-to-end
distance r, which implies (d%¥/dl), , = (0¥/9d¢),, = 0.
The force-displacement response is then derived as
f=d¥/dr = (0¥./0r),,. We refer to this model as
the “deformable FRC” (dFRC).

The practical implementation of the dFRC model
requires an explicit expression for the force-extension
relationship of the FRC, valid across the entire force range.
However, existing formulations are either limited to spe-
cific force ranges or implicit [10,33]. To address this,
we propose a new explicit formula for the FRC, guided by
its limiting behaviors at small and large deformations
(Supplemental Material, Sec. S5 [26]):

e IR T U

where = L7'(r*) and L(x)=coth(x)—1/x is the
Langevin function. Here, r* = r/R,,,« represents the rel-
ative end-to-end distance, with the contour length given
by Ry = Nlcos(¢/2). The equivalent Kuhn length is
Iy = (r?)/Rmax = 2l cos (¢p/2)/(1 — cos¢p), where the
mean-square end-to-end distance is (r?) = NI>(1 +
cos@)/(1 —cos¢) [13]. Equation (8) shows a remarkable
agreement with TM calculations across a wide range of
bond angles (¢ = 10° — 90°), maintaining a relative error
below 6% over the entire force range (fI,/kzT =
10733 — 10?°) (Supplemental Material, Fig. S10 [26]).
The FRC free energy W, (r, [, ¢) is obtained by integrating
the force-extension relation as W, (r, [, ) = [ fdr, giving

Rmax ﬁ 1—}—}"*(1—1'*)
W, = kT | gy ]
en = kg = I T =)
1
+In(1 =) =3 B(:2 4 /1. -1) |. (9)

where B(x;a,b) = [Ft7'(1 —1)>~'dt is the incomplete
beta function. For freely jointed bonds (k; = 0), only
bond stretching is considered, with the bond length [ deter-
mined by energy minimization. In this case, the Kuhn length
and contour length are [, = [ and R, = NI, respectively.
The force-extension relationship [Eq. (8)] recovers the
FIC model with f = (kzT/l;)p, and the entropic energy
[Eq. (9)] becomes W, (r,l) = NkgT[r*p + In(f/ sinh 8)].

218101-3



PHYSICAL REVIEW LETTERS 134, 218101 (2025)

This recovers the semianalytical extensible FIC model,
see Ref. [20].

We validate the semianalytical dFRC model for a
polymer chain with extensible bonds and deformable bond
angles by comparing its predicted force-extension relation-
ships to reference predictions from the statistical model
(TM calculations). Additionally, we assess the model core
assumptions of uniform and nonfluctuating bond length
and bond angle by analyzing corresponding probability
densities obtained from TM calculations (Supplemental
Material, Sec. S6 [26]). The semianalytical extensible FIC
model is similarly validated against the statistical model in
Supplemental Material, Sec. S6.1. Here, we consider two
representative cases: (i) Extensible bonds and fixed bond
angles. In the statistical model, the bond length probability
density P!(I) depends on the bond index i but quickly
converges to P. (1) as i increases (Supplemental Material,
Fig. S13 [26]), supporting the uniform bond length
assumption. This converged distribution depends on the
bond stretching stiffness k;, which controls the length
variance, and the applied force f, which shifts the average
bond length (Supplemental Material, Fig. S14 [26]). As
shown in Fig. 3(b), for k;I2/kgT = 10°, P.,(I) remains
concentrated around its most probable value, supporting the
nonfluctuating bond length assumption. The optimized
bond length in the dFRC model closely follows the
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FIG. 3. Comparison of statistical (TM) and dFRC models for
chains with deformable bonds. (a) Force-extension curves for a
chain with extensible bonds (k;12/kzT = 10°) and fixed bond
angles (k,/,zr2 /kgT — o0, ¢, = 60°). (b) Converged bond length
distribution in the statistical model at different forces from (a).
(c) Force-extension curves for a chain with rigid bonds
(kjI2/kpT — o0) and deformable bond angles (kyz*/kpT = 10°,
¢. = 60°). (d) Corresponding converged bond angle distribution
from (c). In (b) and (d), black dotted lines indicate the optimized
bond lengths or angles in the dFRC model.

peak of PL (1), yielding an accurate force-extension pre-
diction [Fig. 3(a)]. Even for k;I2/kgzT = 10!, where the
bond length is more widely distributed, the dFRC model
still approximates the force-extension response well
(Supplemental Material, Fig. S15 [26]).

(i) Rigid bonds and deformable bond angles. With
increasing bond index i, the bond angle probability density
P? (¢) given by the statistical model quickly converges to
PY, (¢) (Supplemental Material, Fig. S17 [26]), supporting
the uniform bond angle assumption. This converged dis-
tribution depends on the bond bending stiffness k and the
applied force f (Supplemental Material, Fig. S18 [26]). For
kym* kT = 10, PZ(¢) is narrowly distributed, support-
ing the nonfluctuating bond angle assumption [Fig. 3(d)].
As f increases, P, (¢) narrows further and shifts to the left,
indicating a reduction in both the average and variability of
the bond angles. At lower forces, the optimized bond angle
in the dFRC model aligns closely with the peak of P‘fo(qﬁ),
corresponding to the most probable bond angle. However,
at higher forces, the optimized value overestimates the
most probable value [Fig. 3(d)]. Nevertheless, the dFRC
model still accurately predicts the force-extension relation
[Fig. 3(c)]. The accuracy of the dFRC model also depends
on ky. As ky decreases, the bond angle distribution
broadens, and the dFRC model performance deteriorates,
becoming inapplicable for k¢n2 /kgT = 10 (Supplemental
Material, Fig. S19 [26]).

Finally, we apply our statistical and dFRC models to
polymer chains with a carbon-carbon backbone, such as
polyethylene, polystyrene, and polypropylene. Molecular
mechanics calculations indicate that these chains have an
equilibrium bond length of [, = 1.53 A and an equilibrium
bond angle of ¢, = 69°, with bond stiffness k; = 4.29 x
1078 J/A? for stretching and ky = 7.47 x 107'° J/rad?
for bending [34]. Using these parameters, we simulate
chain stretching at room temperature (7' = 23°) and com-
pare predictions with experimental data from [11]. For
reference, we also include the equivalent FJC model
(FIC*), which represents the chain using rigid Kuhn
segments of length [, = 21, cos (¢,/2)/(1 —cos¢,), and
the FRC model, which considers rigid bonds of length /,
and fixed bond angles at ¢,. As shown in Fig. 4(a), all
models agree well with experimental data at small defor-
mations (r/Ry < 0.8), where the response is entropy
dominated. Here, Ry, = NI, cos(¢,/2) is the contour
length at zero force. At intermediate forces (0.8 < r/Ry <
0.9), the FRC model outperforms the FIC* model by
incorporating fixed bond angles, thereby better capturing
the effect of angular constraints on chain conformations.
However, at large deformations (r/R, > 0.9), the FRC
model diverges from experimental data as bond deforma-
tions become significant. Additional comparisons with
extensible FJC* and FRC models reveal that using physical
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FIG. 4. Stretching response of carbon chains. (a) Comparison
of predictions from the FJC*, FRC, statistical (TM) and dFRC
models against experimental data from [11]. (b) Evolution of
bond length / and bond angle ¢ in the dFRC model. R, denotes
the contour length at zero force.

parameters alone fails to capture the large deformation
response (Supplemental Material, Sec. S7 [26]). This
highlights the necessity of incorporating both bond stretch-
ing and bond angle opening in chain elasticity models.
In contrast, our statistical (TM) and dFRC models remain
accurate across the entire force range by capturing
these energetic effects [Fig. 4(a)]. Both bond stretching
and bond angle opening contribute significantly to the
response, as indicated by the dimensionless bond param-
eters kjI2/kpT = 2466 and kyn*/kyT = 1810, which
strongly influence chain stiffness at high forces (Fig. 2).
These parameters also ensure the close agreement between
the dFRC and statistical models (Fig. 3).

Beyond improving chain-level force-extension predic-
tions, the dFRC model also provides access to internal
bond-level variables. As shown in Fig. 4(b), it predicts the
evolution of bond length and bond angle with increasing
chain extension. For extension ratios r/Ry <0.9, the
response is entropy dominated, with bond lengths and
angles close to their equilibrium values. Consequently, the
force-extension curve in this regime aligns with the FRC
model [Fig. 4(a)]. At larger extensions, energetic contri-
butions become significant, leading to bond stretching and
bond angle opening. Based on the predicted bond length,
the bond force can be obtained as f, = dvg.(I)/dl =
k,(I1—1,). In the entropy-dominated regime, f, remains
nearly zero due to negligible bond stretching, but it
increases as deformation progresses, potentially leading
to bond breakage and chain scission [25,35-38].

In summary, we have presented two complementary
models that accurately capture the stretching behavior of
polymer chains up to large deformations by incorporating
both bond stretching and bond angle opening simultane-
ously. Without relying on parameter fitting, both models
show excellent agreement with experimental data on
carbon chain stretching across all force regimes. The
semianalytical dFRC model, in particular, balances

accuracy with computational efficiency and provides
bond-level resolution, making it suitable for integration
into polymer network simulations aimed at predicting
elasticity and failure. While we adopted quadratic forms
for bond stretching and bending energies, our framework is
not restricted to these choices and can accommodate more
general potentials, such as Lennard-Jones or Morse poten-
tials. It can also be extended to hybrid chains with multiple
backbone bond types or less flexible chains with large side
groups and strong rotation hindrance. Overall, this work
provides a robust foundation for advancing physically
grounded and predictive modeling of polymer network
mechanics, particularly under extreme deformation and
failure conditions.
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