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Abstract

Ranking problems are prevalent across various fields, yet most existing
models focus on reconstructing total orders rather than partial orders.
Models parameterised by partial orders make weaker assumptions about
the unknown underlying order relations. This thesis proposes a new class
of generic ranking models parameterised by partial orders. We study
their properties and develop efficient computational methods for Bayesian

inference.

We develop partial order ranking models on both homogeneous and het-
erogeneous rank-order data. The proposed models are in general margin-
ally Consistentﬂ and provide control over partial order depthﬂ, properties
that are not inherently provided by traditional models. We extend our
basic model in several ways. Ties between elements of the partial order
are modeled using non-parametric clustering and the “dimension” of the
partial order is estimated using a separate non-parametric approach. Al-
though partial orders offer great generality, inference can be formidable on
large datasets. We work with vertex-series-parallel partial orders (VSPs,
[88]), a scalable class that can be parameterized using binary decompos-
ition trees. We develop statistical models for random VSPs and propose
scalable inference schemes. For heterogeneous setting where rank-orders
are provided by various assessors, we introduce a hierarchical partial or-
der model (HPO) with a tree-like parameter-dependence structure. This
model specifies a global partial order that governs “leaf” partial orders
representing individual assessor preferences, complemented by a VSP ap-

proximation approach.

We also address observation errors inherent in rank-order data by in-
vestigating various noise models which sit on top of partial order models,
including the Mallows model and the Plackett-Luce model. We extend the

1See
2The depth of a partial order h is the length of the longest ordered sequence in h.



“queue-jumping” model [71] to incorporate bi-directional queue-jumping

behavior, aligning more closely with real-world scenarios.

While our partial order ranking models are primarily applied to social hier-
archy studies, their utility extends to a wide range of ranking problems.
We demonstrate their application to analysis of multi-player competition
outcomes, user preference data, and more. Comparative analysis shows
that our models are advantageous due to their flexibility in capturing

diverse preference behaviors.
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Chapter 1

Introduction

Given a “ground set” of items, rank-order data provides a collection of ordered lists
from most preferred to least preferred, or from first to last. An ordered list can be a
complete ranking of the ground set or an incomplete ranking of a subset of the ground
set. Statistical analysis of such rank-order data seeks to identify a “central” ranking
parameter of the ordered lists. The class of Mallows models [55] seeks the “central”
ranking according to some distance metrics, such as Kendall’s tau or Spearman’s rho
distances. Other models determine the “central” ranking parameter based on latent
scores. Notable examples include the related Plackett-Luce [53, [76], Thurstone [86],
and Bradley-Terry [7] models. Hierarchical mixture models have been developed for
“grouped” data structures, where the rank-orders come from a set of “assessors”.
Examples include Mallows [62] and Plackett-Luce [50, (65, [87] mixtures. As discussed
in [22] and [70], there are two interpretations of the “central” ranking parameter:
first, as an “approximation” of the ground truth, and second, as a heuristic summary
of the ordered lists. We assume there is some underlying true order relation among
the ground set of items (but this need only be a partial order). This work, therefore,
fits the first interpretation.

The “central” ranking parameter can be total or partial in the statistical liter-
ature. In contrast to total orders, which assume strict order relations between any
pair of items, partial orders (partially ordered sets or simply posets) allow items to
be incomparable. A pair of items is incomparable if no order relation exists between
them. A total order is a special case of a partial order where all items are comparable.
Many ranking models pursue total orders [53, 55, [76]. Some recent statistical liter-
ature focuses on partial orders derived from rank-order data, which can be roughly
classified into two categories. The first category reconstructs a partial order through
graphical learning [13] 21], focusing on inferring edge probabilities (pairwise prefer-

ence probabilities). The second class of methods treats partial orders as a model



parameter in probabilistic modeling. In this setting, there has been frequentist work
[6l, 27, [57]. Notably, [57] is among the first statistical literature to place partial orders
in a generative model for rank-order data. They consider two classes of partial orders:
vertex-series-parallel partial orders [88] and bucket orderﬂ, which we will introduce
in Section Bayesian work in this area is limited to date. [79] provides Bayesian
inference for partial orders defining a conjunctive Bayesian network model. [71] and
[69, [70] propose latent partial order models for static and time series rank-order data,
respectively.

This work proposes probabilistic models for the partial order “parameter” inferred
from rank-order data. We infer partial orders in a Bayesian framework. We extend
the existing literature [69, [71] by relaxing some key properties of the partial order
distribution in chapter [2| (section 2.4), considering various types of noise which might
arise in rank-order data (both of these for better model fit) in chapter [2| (section 3.2)
and chapter |3 (section 3), and restricting the class of partial orders to VSPs (for
scalablity) in chapter [3| (section 2). We further develop a hierarchical partial order
model for grouped data in chapter 4| (section 3). We examine the properties of these
partial order models and construct Markov Chain Monte Carlo (MCMC)/Bayesian
inference schemes to reconstruct the true order relations behind the observed rank-

orders.

1.1 Literature Review

1.1.1 Ranking Models

Ranking problems arise in many fields of application and have been extensively stud-
ied in the statistical literature. A wide range of ranking models has been proposed;
see [1}, 511 59] for comprehensive overviews. Early work includes the Thurstone model
[86], which considers pairwise ranking based on order statistics of a Gaussian random
vector. The Bradley-Terry model [7] focuses on an exponential family of pairwise
comparisons. Further developments in the literature have introduced a variety of
ranking models which come in two main classes: distance based and score-based.
The most popular distance-based ranking models are the Mallows-type models.
Mallows-type models are specified by a “central” ranking ¢ and a dispersion para-
meter § € (0,00). Given an observed rank-order y, the model can be expressed

p(yll,0) ~ exp(—0d(¢,y)), where the discrepancy between the observed ranking and

'Bucket orders are a class of partial orders where incomparable items come in groups or “buckets”
which are themselves arranged in a total order.



the “central” ranking is given by a distance function d(-,-). Different choices of
distance function lead to different models. For example, Kendall’s tau distance is fre-
quently considered in the literature due to its analytical normalizing constant [52], [62]
and many good properties [I7]. Some studies consider other distance metrics. [89]
examines right-invariant distances, including the footrule and Spearman’s rho dis-
tances, and points out that footrule is often a good modeling choice. Other works
explore the Hamming distance [33], [36], the Cayley distance [35] and the reverse
major index] [23]. The dispersion parameter 6 governs the distance distribution
between the “central” ranking and the realised rank-orders. It is allowed to vary
across rank positions in Generalised Mallows models [24]. This extension allows
for emphasis on consensus at certain positions while permitting uncertainty at oth-
ers. Mallows-type models have been given non-parametric extensions [47], infinite
permutations for top-k partial rankings [61], tied-Mallows models [75], and mixture
models [49, 52, 62, R9]. Mixture models arise in the context of “grouped” data
structures where observed rank-orders come from a heterogeneous population. [63]
performs Bayesian non-parametric inference on incomplete rankings for the general-
ized Mallows model. [4 46, 49] [52] [89] approximate Bayesian inference for Mallows
mixture models. Tied Mallows models consider ties between items in the “central”
ranking. This is similar to the concept of “bucket” orders. Existing R-packages on
Mallows inference includes BayesMallows [94] which performs Bayesian inference on
Mallows and Mallows mixtures, and PerMallows [34] which estimates the MLE for
both the Mallows and Generalised Mallows model. Both packages support various
distance metrics.

Score-based ranking models differ fundamentally from distance based models. Ex-
tending the Bradley-Terry model to multiple items gives us the Plackett-Luce model
[53), [76], which is among the most popular rank-score-based ranking models. Its para-
meter estimation can be done using either frequentist [32), [60] or Bayesian [12, 29]
methodology. The Plackett-Luce model is a multistage (repeated selection) ranking
model [25], where the ranking process is performed sequentially from most to least
favored. The Extended Plackett-Luce model proposed in [65] relaxes the assump-
tion of the forward ranking process to allow for a flexible rank assignment scheme.
It is further studied in [67] and [40]. The Plackett-Luce model possess marginal
consistency [32]. This property makes the Plackett-Luce model straightforward to

2The reverse major index is similar to Kendall’s tau distance but puts more weight on top-position
deviations.



apply to incomplete rankings and top-k rankings [28, 31l [66]. There is a rich vari-
ety of Plackett-Luce mixture models [93]. This includes the non-parametric mixture
model for rank-order clustering [12] with efficient Monte Carlo sampling in [I1]. [66]
performs Bayesian finite mixture modeling of Plackett-Luce models. [28] allows in-
dividual assessors to have partial membership in more than one group. It is worth
noting that [50] learns Plackett-Luce mixture from partial order data, and [54] learns
the Plackett-Luce model from partitioned preference (bucket orders). This is the
reverse of our setting, as we seek to infer partial orders from observed total rank-
orders. Existing statistical software packages for the Plackett-Luce model include the
R-package PLMix [68], which fits finite mixtures of Plackett-Luce models for incom-
plete top rankings/orderings within the Bayesian framework.

The Plackett-Luce model is the unique rank-score based model (or the so called
random utility model [58]) that satisfies the independence of irrelevant alternatives
(ITA) [53]. Informally, ITA means that adding an additional item to a choice set does
not affect the relative choice-probabilities for other items. A Context Dependent
Random Utility Model (CDM, due to [80]) extends Plackett-Luce to allow IIA viol-
ations, by parameterising each pairwise interaction separately. [81] develops CDMs
in a repeated selection framework, leading to their Contextual Repeated Selection
(CRS) model. The CRS model captures multimodality and intransitivity which is
important in some settings. However, such generalisation can incur a cost of slow
convergence with increased data-size, as dropping transitivity looses a lot of inform-
ation in settings where two items seldom appear in the same list. The CRS model
is like a partial order model in some ways, as both are context-dependent and don’t
assume a single underlying order. However, it is straightforward to show the models
parameterise fundamentally different observation models, with transitivity the key
distinguishing feature.

Our partial order based parameterisation is closest to the Plackett-Luce model as
our latent variable setup is similar to the Plackett-Luce rank score parameterisation.
It therefore inherits some nice features from the Plackett-Luce model. Our model
flexibly adapts to subset-data where the assessors are presented with different subsets
for ranking (due to marginal consistency). It is also a sequential-choice model, and
this makes it straightforward to handle top-k applications, where the assessors only
rank their top k preferences. Although our VSP models do not use a latent-score
parameterisation but exploit the binary tree representation of a VSP they nevertheless

share the same convenient properties on subset-data. On the other hand, the Plackett-



Luce model is context independent. The Mallows, CRS and our partial order models

are in general context dependent.

1.1.2 Statistical Model on Partial Orders

Work on inferring partial orders from rank-orders were pioneered by [57] and [27].
Both use partial orders for event sequencing, and analyse vertex-series-parallel orders
and bucket orders respectively. In both cases, “noise-free” likelihood models are em-
ployed, where the observed rank-orders are assumed to be random linear extensionsﬂ
(total orders) respecting an unknown underlying true partial order. [57] adopts a
greedy search for partial order discovery, while [27] develops a Bucket Pivot (sorting)
algorithm to search for bucket orders. Bucket orders are frequently adopted in stat-
istical literature due to their fast likelihood evaluation (counting linear extensions is
at worst linear in the number of items in a rank-order list). [77] and [56] perform
Bayesian analysis on bucket orders for fossil sites seriation. [22] infers bucket orders
from a collection of possibly noisy complete rankings and develops the Bucket Gap
algorithm for bucket order discovery. [43] extends this work to consider both “local”
and arbitrary noise in the observed rank-orders. In terms of the general class of partial
orders, [6] develops a maximum likelihood estimator for their conjunctive Bayesian
network model, a probabilistic graphical model represented by finite posets. [79] fur-
ther develops a Bayesian inference scheme for such a model. Both studies aim to map
order-constraints on the accumulation of cancer-related genetic mutations. A similar
study, [20], learns partial orders as the gene signaling network through stochastic
sampling. None of the above works consider a latent prior model on random partial
orders, which can be desirable for controlling key properties of the partial order distri-
bution. [79] use a uniform prior on partial orders, which is known to be problematic
when the number of ranked items is large (the prior concentrates on depth three)
but acceptably diffuse for partial orders on any small number of items. Early work
proposing a latent random-matrix approach to determine a probability distribution
over partial orders is by [91]. This model represents each ranked item in the poset
with a pair of real numbers. Item A is ordered above item B if each components of
A’s latent variables lie above the corresponding component for B. See section [1.4.2]
for more details. This approach was generalised in [71] and [69] for better control of

partial order properties. [70] extends their work to the time series setting.

3A linear extension of the partial order haq on a ground set of item M is a permutation of M
that does not violate h.



Partial orders are also implemented in other statistical settings. For example, they
are used for causal/structure discovery [30, [72]. [73] uses Metropolis-coupled MCMC
and annealed importance sampling to sample posets that support estimation of the
posterior distribution of Bayesian Networks. However, the poset is not a parameter in
the inference in that setting. Partial orders are also used to summarize uncertainty in
ranking. [78] uses the partial order as a summary statistic for order relations between
parameter estimates given their confidence intervals. [82] proposes a partial order
based probabilistic model to encapsulate possible rankings from score uncertainty.
Some literature adopts partial orders as a support structure in computation. For
example, [I5] applies partial order to sorting and searching problems. Other works use
partially ordered sets as input data. [2] searches for optimally approximating bucket
orders by minimizing the dissimilarity between the fitted and input posets, utilizing
their “total order with ties” structure. Other uses of partial orders include [92] and
[74], who consider partial orders in generalised linear models for categorical variables.
In our language an assessor is presented with many different sets of choices and chooses
one item from each set (top-k with k£ = 1). The authors impose a partially ordered
structure (in fact a VSP, but the connection isn’t made) on assessor preferences.
[38] and [37] propose a non-parametric, choice-based demand model where individual
preference is characterized by a partial order. They develop a Plackett-Luce model
conditioned on partial orders for top-k ranking predictions, providing exact likelihood

evaluation when the partial order can be represented as a forest of directed trees.

1.2 Partial Orders

Denote the ground set of M items as M so |[M| = M. We denote By = Uscar,s20{5}
as the set of all subsets of M that are not empty. A partial order (partially ordered

set) defines an order relation among a set of items.

Definition 1 (Partial Orders) A partial order (partially ordered set) h = (S, <) is
a binary relation over a set of items S € Bay, that is both irreflerive and transitive.
Leti,j, ke s,

o Irreflexive: the relation v <y i does not exist;
o Transitive: if i <p j and j <y k, then 1 <, k.

We denote Hg the set of partial orders on S.



The partial orders in this thesis are “strong” or “strict” partial orders (“weak” or
“non-strict” partial orders are reflexive, anti-symmetric and transitive). It follows
from the definition that strong partial orders are anti-symmetric (i <, 7 implies there
is no relation j <, i). The relation j > i is equivalent to i <, j.

A partial order can be represented as a Directed Acyclic Graph (DAG). One can
also represent a partial order with a binary adjacency matrix as, with an abuse of
notation, h € {0, 1}/5I5I where h;; = 0 and h; ; = 1 if and only if i >, j. Two items
i,7 € S are incomparable if neither ¢ =, j nor ¢ <, j, i.e. h;; = h;; = 0. A partial
order is called a total order if no incomparable pair of items exists. An empty order
is a partial order where no order relation holds between any item. A mazimal set of
a partial order max(h) = {i : #ij € M s.t. j =, i} is a set of the mazimal elements
that are not succeeded by any other items in M.

The transitive closure of a DAG with vertex set S is the DAG obtained by adding
edges implied by transitivity. The set Hg of all partial orders on the ground set S
is in one to one correspondence with the set of all transitively closed directed acyclic
graphs with vertex set S. The transitive reduction of a DAG is the DAG obtained
by removing all edges implied by transitivity. It is the unique DAG with the fewest
possible edges that has the same transitive closure as the original DAG. Much of
the literature uses the Hasse diagram to visualize a partially ordered set. The Hasse
diagram is essentially the same as a transitive reduction, except that all edges are
arranged upwards for visualization. Figure [1.1]| provides an example partial order
ho = (S, <p,) with S = {1,2,...,5}, the adjacency matrix of its transitive reduction,
and its transitive reduction/transitive closure DAGs. For the remainder of this thesis,
we present all partial orders using their transitive reductions for easier visualisation.

A linear extension | = (ly,1s,...,ljs)) of partial order h € Hg is a permutation
over S given that its order does not violate h, so for 1 < a < b < |S| we must have
either [, >, I, or incomparability I, ||nlp. Let Ps be the set of all possible permutations
of S. The set of linear extensions of h is then L[h] = {l € Pslhy,,, # 1,V1 < a <
b < |S|}. The example partial order hy in Figure has three linear extensions
Llho] ={(1,2,3,4,5),(1,3,2,4,5),(1,3,4,2,5)}.

Given a subset o C M of the ground set and a partial order h € Hq a sub-order
hlo] of h is the partial order h determined on the elements of o, that is hfo] = (o, {=<:
i <p j Vi,j € 0}). A chain is a sub-order of h that is also a total order (so any path
following the directed edges of the DAG representation of h). The length of a chain
is the number of nodes in this suborder. The length of the longest chain(s) is called
the depth, D(h) say, of partial order h € Hn, with 1 < D(h) < M. For example,
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Figure 1.1: An example partial order hy (transitive reduction) with |S| = 5 items
(middle), its adjacency matrix (transitive reduction) (left) and its transitive closure
(right).

the longest chain on hy in Figure is (1,3,4,5), so D(hg) = 4. Partial order
depth is an important property in many real-world applications. For example, in the
context of social hierarchy, a greater depth indicates a more finely stratified social
hierarchy. When proposing probability distributions over random partial orders, it
is desirable for the model to offer some control over the partial order depth. This
thesis demonstrates several ways to control the prior depth distribution over random

partial orders.
1.2.1 Two Special Classes of Partial Orders

There are several subclass of partial orders worth mentioning.

Vertex-Series-Parallel Partial Orders. The vertex-series-parallel partial orders

(VSPs) are a class of partial orders Vi C H g that was discussed in-depth in [88].

Definition 2 (Vertex-Series-Parallel Partial Orders) The vertex-series-parallel
partial orders are formed by repeated series ® and parallel & operations. For partial
orders hy and hy, let V(hy) and V (hs) represent the ground sets of actors for hy and

hy respectively (which we assume are disjoint).

o A series partial order, h = hy ® hg, is the union of all relations in hy and hs,

with additional relations i =y, j if i € V(hy) and j € V(hg).

o A parallel partial order, h = hy ® ho, is the union of all relations in hy and hs

with incomparability il if i € V(hy) and j € V(hs).
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Figure 1.2: (Left) One possible construction procedure for the VSP hg in Figure .
The symbols S and P corresponds to the series and parallel operations respectively.
(Right) A BDT ¢, representing hq in Figure [L.1] so that v(ty) = ho. Red edges and
‘+7 signs indicate the upper child.

The set of VSPs V)4 is defined recursively. If [V (h)| = 1 then h is a VSP. If hy and
hy are VSPs then hy ® ho and hy ® ho are VSPs. The partial order hg in Figure
is a VSP. It can be constructed using the series and parallel operations in Figure [1.2]

VSPs are one to one with binary decomposition trees (BDTs) [88]. Let Ty be
the set of all BDTs on M. A BDT ¢ € Ty is a directed binary tree graph with M
leaves F and M — 1 internal nodes A. The full set of nodes is N(t) = F U .A. Each
leaf corresponds to an element of M. Each internal node has an additional attribute
taking values S or P (S for series operation and P for parallel operation). These
attributes record the sequence of serial and parallel operations that build up the VSP
represented by the BDT. The edges of the BDT E(t) are directed from the root to
the leaves. Internal nodes with an S label have an additional attribute indicating
which of its child nodes is the “upper child” in the series operation (indicated by a
‘+’” and a red edge in Figure (right)), such that the upper child is stacked above
the subtree rooted by the other child node (indicated by a -").

Bucket Orders. The bucket orders (BOs) are a class of partial orders BOy; C H o,

in which the actors are arranged in layers.

Definition 3 A bucket order h® = (S, <) on a set of items S € By is a partial
order on S defined by a partition of S into K buckets {Si,..., Sk} such that (taking
(K] ={1,2,...,K})

e Fori,je Sg, ke€[K], illpwj;



o Forky, ke € [K], k1 > kg and all i € Sk,, j € Sk, the relation i =y, j holds.

The bucket orders are a subclass of the VSPs, BOx; C V. One example of bucket
order h} with 6 items and its linear extensions L[h§] is shown in Figure Table
shows the number of posets, VSPs and bucket orders given different numbers of

items.

Example bucket order hj Linear extensions L[h})]

Figure 1.3: An example bucket order h} with M = 6 actors and 3 buckets
{{1,2},{3,4,5},{6}} (transitive reduction; left) and its linear extensions L[h}]
(right).

Number of items M | Number of posets [Hn| Number of VSPs [V| Number of BOs [BO ([

1 1 1 1

2 3 3 3

3 19 19 13

4 219 195 75

5 4231 2791 541

10 6,611,065,248,783 32,447.734,143 102,247,563
15 ~T775671710204e14 ~71012e14 ~2.302832e14

Table 1.1: Number of posets, VSPs and bucket orders given the number of items.

Both the VSPs and BOs admit fast linear extension counting, as we will illustrate

in Section [1.2.2]

4The number of bucket orders with M labeled nodes is

k

M M M (—1)k=igM
voui -2 {i} - 20 |2 e |

=0

M
where i is the Stirling number of the second kind, which counts the number of ways to partition

a set of M labelled objects into & nonempty unlabelled subsets.

10



1.2.2 Counting Linear Extensions

Counting the linear extensions of a poset is a challenging problem studied extensively
in the literature. It is an #P-complete task, as shown in [9].

There are both exact and approximate algorithms for linear extension counting.
The approzimation methods include [19], which proposes a fully polynomial random-
ized approximation via a random walk. This method has asymptotic bounds for the
expected running time of O(e 2M3log? |£[h]|log M) [5] and O(e~2M?>log® M) [83],
where € is the allowed error. Subsequent works are based on rapid Markov chain mix-
ing [10,42]. For example, [83] introduces the adaptive relaxation Monte Carlo method
that leverages exact exponential-time counting algorithms. An empirical study [84]
shows that these approximation methods often perform better than the worst-case
bounds for exact counting. However, these approximation methods can be prohibitive
when the number of items M increases, and a low error rate € is required.

Works on ezact counting algorithms include [45] and [41]. In [45], the number of
linear extensions is evaluated by recursively locating and deleting a maximal element
of a poset. This method is also implemented in [69]. Some polynomial-time algorithms
are proposed for special cases, such as [64] for vertex-series-parallel partial orders, [3]
for when the cover graph is a tree, and [16] for when the width of the poset is bounded.
The current state-of-the-art in exact linear extension counting is the lecount package
[41], which uses the tree decomposition of the cover graph of a partial order. If ¢ is
the treewidth of the cover graphf’| of a n-element poset then the time complexity of
lecount() is O(n”ﬂﬁ

The class of VSPs admit fast linear extension counting. For random partial orders
hy and hg, let V(hy) and V' (hy) represent the ground sets of actors for hy and hy

respectively (which we assume are disjoint). [90] gives

|L(h1 @ ho)| =|L(h1)]|L(hs)] (1.1)

£ & ho)| =|L(h)[1£(ho)] ('V(hfv'@lw?)') (1.2)

where [V (hy)| and |V (hg)| give the number of items in Ay and he. This may be
evaluated recursively in O(n) steps. The class of bucket orders offers easier evaluation

on linear extensions, given that the items in a bucket follows an empty order. For a

5The cover graph of a poset h = (S, <) is the directed graph (V = S, E) where the edge set E is
the transitive reduction of h.
6The notation O hides polylogarithmic factors.
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bucket order h® with buckets (S, ..., Sk) has number of linear extensions as

K

1£[p] = TT ISl (1.3)

=1

The bucket order hY in Figure has 12 linear extensions, for example.

1.3 Ranking Model Properties

When working with ranking models, there are some desirable properties. Here we list

a few.

Marginal consistency. A family of probability distributions is marginally consist-
ent (projective) if all of its marginals belong to the same family. In the context of
partially ordered sets, marginal consistency means that we have a family of distribu-
tions pg, S € By with the property that if h ~ py then h[S] ~ pg, that is, we can
sample a random partial order from pg either directly or by sampling a partial order
from pus and taking the suborder on S. This tends to arise in latent variable models
where the relation between two elements is unaffected by the presence or absence of

a third element.

Definition 4 (Marginal Consistency) The family of probability distributions ps(h),
S € By, h € Hs is marginally consistent if, for all S € By, h ~ pa implies
h|S]| ~ ps. Equivalently, for all g € Hsg,

ps(g) = Y pm(h).

heH pq
h[S]=g

We can see from Table that the uniform distribution on partial orders would not
be marginally consistent: there are 19 partial orders on three elements M = {1,2,3}
and 3 on two elements S = {1,2} and since 19 isn’t divisible by 3. When we apply
the suborder operation which removes element 3 to the partial orders in H3 we can’t
distribute probability uniformly over Hy.

Marginal consistency is an important property for ranking models. In problems
such as some social hierarchy settings, removing an actor /ranked element doesn’t have
an impact on the order relations among other actors. However, as we will demonstrate
in section marginal consistency is not a property we obtain for free. We show

that our latent variable approach supports marginal consistency.
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Model consistency. Model consistency is an asymptotic property of a sequence
of posterior probability distributions in which the posterior concentrates on the true
parameter value when the number of observations goes to infinity. We first define
the generative model for rank-order data. For some h! € Hy let hT ~ 7(-) be a
random partial order sampled from the prior, so we have the true generative model
with no misspecification. Let y1.x ~ p(:|h") be an observation model for N rank-order
lists y1.n, so the list data are informed by the underlying true partial order A'. Let
w(h|y1.n) o< m(h)p(y1.n|h) be the posterior probability for h € H .

Definition 5 (Model Consistency) A generative model for partial orders and lists
is consistent if it determines a posterior satisfying

lim (1.4)

N—oo W(hT’yl;N)

m(hlyin) _ {0 when h # hi;
1 when h = h'.

It is easy to see that some generative models won’t be consistent even if, as we
wrote, we have the true generative model for A'. For example, if for every N, the
orders fall in two groups which rank non-overlapping subsets of M, then we can
never learn about relations between elements belonging to different groups. Con-
sistency guarantees an asymptotic convergence of the statistical ranking model. We

demonstrate this property in Chapter [2

1.4 Ranking Models

Section reviewed the literature on a wide range of ranking models - both total

order and partial order models. Here we define a few popular ones for later reference.

1.4.1 Total Order Models

As a special class of partial orders, total orders are the most predominant class in
the statistical ranking literature. There exists copious probabilistic models on rank-
order data that differ in rank generation mechanism or in the parametric space. Two
popular total order ranking models are the Mallows model and the Plackett-Luce
model. The Mallows ranking model discovers a “central” total order based on some
distance metrics. Given the “unknown true” total order [ € P4, a distance metric

d: Py X Py — R and a dispersion parameter 6 € (0, 00), the Mallows model defines

exp(—0d(l, y))

p(y“’@) = \IJ(Q) )
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where W(0) =3 p e~%42) i5 a normalising constant. We can obtain a closed-form
for the normalising constant if d(-,-) is the Kendall’s tau distance. Inference for the
Mallows model with the maximum likelihood approaches can be difficult given the
versatility brought by the distance metric of choice. Some examples are [44], [52] and
[85]. [89] considers the Bayesian approach for any right-invariant distancd’] [18] that
also works on partial rankings. They further develop Mallows mixture models on
heterogeneous population.

In contrast, the Plackett-Luce model seeks the “central” ranking by parameterising
the item importance with a set of weights a = (ay, ..., ayr) € RM. The Plackett-Luce

model defines the probability for ranking y € Ppq as

plyle) = HZ e%m. (1.6)

The Plackett-Luce model is a repeated selection model, in which an observed order
y ~ p(-|a) can be realised in a sequential (forward) process, building from the top
of the list to bottom. Inference on the Plackett-Luce model is commonly done with
maximum likelihood approaches, for example [32] uses a minorization-maximization
algorithm. Some Bayesian inference schemes are proposed in [12] 29] and [I1], where

[T1] proposes to use the Dirichlet process to cluster assessors in grouped data.

1.4.2 Partial Order Models

There have been several probability distributions proposed on random partial orders.
[8] gives a good overview. With the exception of [70, [71] and [39] all this work is from
the perspective of probability and combinatorics rather than statistics.

One obvious probability distribution on random partial orders is the uniform dis-

tribution.

Definition 6 (The Uniform Distribution over Partial Orders) For partial or-
der h € H, the uniform distribution over partial orders m, pm(h) say, assigning equal

prior probability to each partial order in Hay, 1S

1
Tum(h) = ol

"For a right-invariant distance d,_ i, (-, -), the value of d,._,,, does not depend on how the objects
are indexed. For any permutations {1, 0o, 7 € Ppq, we have dy_iny (£1,€2) = dp—iny (€17, f27) where
07 is defined by ¢7(i) = £(7(7)) giving the rank assigned to item 4.

(1.7)
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However, as is illustrated in Chapter [2|and mentioned above, this class of distribution
is not marginally consistent and offers no depth control.

Subsequent improvement produces a class of latent variable models. Originally
proposed by [91] for K = 2, we call this model the (K, M)-partial order model.

Definition 7 (The (K, M)-Partial Order Model [91]) Let Z € RM*X be a ran-
dom latent matriz with fized column dimension K € Z*. The (K, M)-partial order

model defines the entries of Z as

Ziw R U0,1), Vi k € M x [K].
Write Zi1.x = Zj1.x of Zip > Zi e Vk € {1,...,K},1,j5 € M. We define the mapping
h : RM>E 5 34\ such that

WZ)={h € Hpm:i=njif and only if Z;1.x = Zj1.k } (1.8)

The latent matrix Z can be interpreted as a matrix of M latent “paths”. A path is a
piecewise linear continuous curve defined by connecting the chain of points (k, Z; )&_,
by line segments. There is one path for each item ¢ € M in the partial order. Two
items i,j € M are incomparable if their paths cross. An order relation i > j (or
i <p, j) exists if item 4’s path lies entirely above (or below) the path for j.

The (K, M)-partial order model is marginally consistent. This is straightforward
to verify. If we start with a random partial order on M and then remove item ¢ by
taking a suborder h_; = h[M \ {i}] then this is the same as removing the row/path
Zi 1.k for item i from the Z-matrix to get Z_; say, and then forming h(Z_;). Since
the rows of Z are independent, the joint distribution of the elements of Z_; is just
the same as if ¢ was never present so the partial order h(Z_;) was simulated on
M\ {i}. Removing the row Z; 1. doesn’t affect relations between other items (rela-
tions between other paths) determined by h(Z_;), so we not only have h_; ~ h(Z_;)
(possibly different but having the same distribution) but h_; = h(Z_;) (identically
equal) in this construction. The random partial order we get by simulating a partial
order on the full set M and then removing ¢ has the same distribution as a random
partial order simulated on the reduced set.

The (K, M)-partial order model also offers depth control by adjusting the number
of latent attributes K. The greater K is, the higher chance for two latent paths
to cross, therefore, the lower depth a partial order h(Z) would be. However, this
depth control can be clumsy. [71] and [69] extend the (K, M)-partial order model to

introduce a depth control parameter p € [0, 1].
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Definition 8 (The (K, M, p)-Partial Order Model [71]) Let ¥, be a K x K cor-
relation matriz with¥,,; =1 and X, ; = p, i # j, i,j € [K]. In the (K, M, p)-model

i.4.d.

Zi,1;K|p ~ MVN(O, Ep), 1€ {]_, .. ,M} (19)

Let
M
WZ(Z’p) = HMVN<ZZ,1K) 0, Zp)
i=1
denote the joint prior for Z given p. The partial order h = h(Z) is constructed
according to map @

The depth control parameter p directly governs the variability in the latent paths.
A high value of p would result in straighter paths, and therefore, less chance for the
paths to cross.

It is worth noting that there have been other probabilistic models over random
DAGs. Apart from the latent variable models mentioned above, there is also a large
class of graph models that can be used to describe DAGs. The simplest one is the
G p-graph order model, which defines a distribution over partial orders by putting
an edge from i € M to j € M independently with some fixed probability, for each
each pair of items satisfying ¢ < j (and no edges from larger elements to smaller).
Since there are no loops, we can take the transitive closure and get a random partial

order.

1.5 Thesis Structure

This dissertation extends the work of [7I] and [69] on probabilistic modeling with
partial orders. It comprises three self-contained articles on separate but related topics.
The overarching theme uniting them is Bayesian inference on partial orders derived

from rank-ordered data.

e In Chapter 2} ‘Non-Parametric Bayesian Inference for Partial Orders with Ties
from Rank Data observed with Mallows Noise’, we extend [71]’s latent partial
order model (the (K, M, p)-partial order model) and introduce a tied structure
in the partial orders. We consider noise in the rank-order data by developing
the Mallows-¢ model (with Kendall’s tau distance) as an observation model

conditioned on partial orders. This is arxived [I4] and submitted for publication.
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e In Chapter|3; ‘Bayesian Inference for Vertex-Series-Parallel Orders’, we propose
a marginally consistent probability distribution over the vertex-series-parallel
partial orders. The novel model exploits the binary decomposition tree repres-
entation on VSPs to offer explicit depth control. We extend [71] to propose a
bi-directional queue-jumping observation model on observed rank-order data,
which will be closer to physical reality in some settings. We further develop an
efficient MCMC inference scheme. This paper is paper [39]. It was published
in the Conference on Uncertainty in Artificial Intelligence (UAI) 2023.

e In Chapter @} ‘Partial Order Hierarchies’, we give a hierarchical partial order
model for ‘grouped’ rank-order data coming from heterogeneous population.
This class of model is marginally consistent and nests the Plackett-Luce mixture
model as a special case. For model scalability, we propose a VSP approximation
for the partial order hierarchy and demonstrate its performance empirically.

This paper will be extended with further work prior to publication.
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Chapter 2

Non-Parametric Bayesian
Inference for Partial Orders with
Ties from Rank Data observed
with Mallows Noise

Jiang, C. and Nicholls, G. K. (2024). Non-parametric Bayesian inference for partial
orders with ties from rank data observed with Mallows noise.
arxiv.org/abs/2408.14661
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Non-Parametric Bayesian Inference for Partial Orders
with Ties from Rank Data observed with Mallows Noise

Chuxuan (Jessie) Jiang and Geoff K. Nicholls

®Department of Statistics, University of Oxford, Wellington Square, Ozford, OX1
2JD, United Kingdom

Abstract

Partial orders may be used for modeling and summarising ranking data when
the underlying order relations are less strict than a total order. They are a
natural choice when the data are lists recording individuals’ positions in
queues in which queue order is constrained by a social hierarchy, as it may
be appropriate to model the social hierarchy as a partial order and the lists as
random linear extensions respecting the partial order. In this paper, we set
up a new prior model for partial orders incorporating ties by clustering tied
actors using a Poisson Dirichlet process. The family of models is projective.
We perform Bayesian inference with different choices of noisy observation
model. In particular, we propose a Mallow’s observation model for our partial
orders and give a recursive likelihood evaluation algorithm. We demonstrate
our model on the ‘Royal Acta’ (Bishop) list data where we find the model is
favored over well-known alternatives which fit only total orders.

Keywords: Partial Order, DAGs, Ranking, Bayesian Non-Parametric
Inference, Mallow’s Noise Model, Social Hierarchy

1. Introduction

Ranking methods are widely used in research and industry to provide
priority ranks and otherwise summarise data. They play a role in decision
support, medical research, chemistry, and many other areas. Order ranking
methods can be roughly classified into two categories - total order ranking
and partial order ranking. In our application we are interested in recovering
hierarchical relations between individuals or actors.

A total order coincides with one’s common understanding of ‘ranking’
where strict order relations exist between each pair of actors. Correspond-

Preprint submitted to Computational Statistics € Data Analysis August 28, 202/



ingly, most probabilistic ranking models reconstruct an underlying total or-
der. In the first Thurstonian model (Thurstone, 1927), actors are ranked
based on random Gaussian attributes. This was followed by paired compari-
son models, including the Babington-Smith model (Babington-Smith, 1950)
and the Bradley-Terry model (Bradley and Terry, 1952). These models as-
sign a probability distribution to total orders given the probabilities of pair-
wise preference p;;,4,j € [n] where [n] = {1,2,...,n}. Bradley and Terry
(1952) introduced a special parameterisation of this preference such that
pij = vi/(vi +v;), v, v; € RT. The Bradley-Terry model is widely studied
and there are several extensions and generalisations. Mallows (1957) pro-
posed a tractable variant - the class of Mallows models. Mallows models are
built on common ranking distance measures, for example, Spearman’s rho
(Mallows # model) and Kendall’s tau (Mallows ¢ model). Plackett (1975) and
Luce (1959) extended the Bradley-Terry model to compare multiple actors
and introduced the Plackett-Luce model. The Mallows and Plackett-Luce
models are the most commonly used statistical models for total order rank-
ing in homogeneous populations. Pearce and Erosheva (2024) developed a
Rank-Clustered Bradley-Terry-Luce (BTL) model that allows for ties among
actors in a BTL model. They used a partition-based spike-and-slab fusion
prior. This is relevant to our ties idea as we will explain in section 1.1. How-
ever, their model considers ties within total orders while we consider ties in
rankings which are only required to be partially ordered.

Mixtures of ranking models have been proposed and may be appropriate
for heterogeneous populations. They allow us to fit data with more than one
underlying total order in the observation model. Partial order models can
be thought of as very general mixture models with one mixture component
for every total order that respects the partial order (which can be a huge
number, and varies as we change the partial order). Two popular mixture
models are the Mallows mixture model and the Plackett-Luce mixture model.
Murphy and Martin (2003) applies the Mallows mixture model to ranked
list data and includes many useful references to earlier work in the area.
Meila and Chen (2012) proposes a Dirichlet process mixture of generalised
Mallow Models over discrete incomplete rankings. Lu and Boutilier (2014)
learns the Mallow model and its mixture variant from pairwise-preference
data. For the Plackett-Luce mixture model, see Mollica and Tardella (2017),
where they introduce a Bayesian finite mixture of Plackett-Luce models given
partially ranked data. Liu et al. (2019a) learns the Plackett-Luce model
and its mixtures from partial order data. Caron et al. (2014) developed a
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Dirichlet process mixture in their non-parametric Plackett-Luce model given
incomplete (top-k) ranking data.

However, total order based models are not always naturally descriptive
for many real-world problems, as one may have pairs of incomparable actors
between whom no meaningful underlying order relation exists. There may be
a temptation to think of the order on such pairs as simply being uncertain,
but the physical reality may be that no order exists. If we want the elements
of the model to correspond to elements of reality, relations between actors
need to be represented by a partial order.

A partial order h = {[n], <y} is an order relation that assigns a binary
order! <y, over a set of actor-labels [n]. Partial orders on [n] are in one-to-one
correspondence with transitively-closed directed acyclic graphs (DAG’s) with
nodes V' = [n] and edges E, such that (i <, j) € E and (j <, k) € E gives
(i <n k) € B, 14,7,k € [n],i# j # k. Denote by Hp, the set of all partial
orders on actor labels [n] = {1,2,...,n}. An example partial order? is shown
in Figure 1. A linear extension l;, of a partial order h is a permutation of [n]
which respects h, so that lesser actors in h never come before greater. See
Figure 2 for examples. We denote the set of all linear extensions of partial

order h by L[h].
(L QPG
© QO
ol slele
PP
® OO

Figure 1: A random partial order hg Figure 2: All three linear extensions of
with 5 actors. partial order hg in Figure 1.

Partial orders express fundamental incomparability between actors, rather
than a lack of knowledge of the underlying order relation or randomness in

!The binary relation —<j, is both irreflexive (the relation i <j i does not exist) and
transitive (if ¢ <), j and j <j, k, then i <y, k), where 4, j, k € [n] and i # j # k.

2In this article, we visualise partial orders via their transitive reduction - this omits all
edges implied by transitivity and is unique.
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the realised order. Imagine the partial order hy in a hypothetical univer-
sity setting, where actor 1 is the Head of Department, 2 is the Academic
Administrator, 3 and 4 are the Deputy Head of Department and a lecturer
respectively, and 5 is a student. Partial order hg represents a power hierarchy
in which the relation ¢ >, 7 expresses the reality that ¢ can direct j and not
vis versa. The Academic Administrator is not comparable with the Deputy
Head of Department as neither manages the other. The lecturer answers to
the Deputy Head, and therefore also to the Head, but not the Administrator,
and so on.

A total order is just a partial order with no incomparable pairs of actors,
so assuming the underlying order is a partial order is weaker than assuming
a total order. However, despite being a natural generalisation of rank, the
use of partial orders in rank analysis is largely restricted to its use as a tool
for summarising order relations obtained by fitting total order models, or
as data in which partial orders replace lists, rather than as a component or
“parameter” of the model itself. Here we list some exceptions.

In settings in which the partial order is estimated as an explicit “parame-
ter” of the model, both Frequentist and Bayesian methods have been applied.
Work on Frequentist estimation includes Beerenwinkel et al. (2007) and Gio-
nis et al. (2006). Beerenwinkel et al. (2007) uses partial orders to map the
sequencing relations of different genome mutations. The paper develops a
maximum likelihood partial order estimator for conjunctive Bayesian net-
work (CBN) models given sets of binary mutation data occurring in orders
constrained by a partial order. Gionis et al. (2006) uses ‘bucket’ orders®, a
subclass of partial orders, to represent the temporal order of the fossil dis-
covery sites in seriological data analysis. Gionis et al. (2006) and Feng et al.
(2008) introduce a pivot optimisation algorithm and a Bucket Gap algorithm
respectively to approximate the ‘bucket’ orders given pairwise/full rankings.
Bayesian literature is limited. Nicholls and Muir Watt (2011) estimates a
partial order A from list data assuming the data-lists are linear extensions
drawn uniformly at random from the set of all linear extensions of h. Nicholls
et al. (2023) extends such model to the temporal setting. Unlike the above
examples, Nicholls and Muir Watt (2011) and Nicholls et al. (2023) treats

3In a ‘bucket’ order, the actors are arranged in layers - every actor is ordered with
respect to actors in other layers, and any pair of actors in the same layer are either
unordered or tied.
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the partial order h as a random variable.

This paper extends Nicholls and Muir Watt (2011) by proposing new
prior and observation models for partial orders. In our setting the unknown
partial order h is observed indirectly through possibly incomplete lists of
actor labels. The lists respect the order relations imposed by h, so observing
the lists tells us something about h. For i, € [n], if actor j appears before
actor 4 in the list then we must have either ¢ <, j or i|[,7, i.e. either j beats
1 or ¢ and j are incomparable in the partial order. Such a list is a linear
extension of the partial order A if it includes all n actors and otherwise it is
a linear extension of the suborder of actors in that list.

In our Bayesian analysis, we will have a prior over random partial orders
and a posterior informed by a set of rank-order lists, each one a permutation
of actor labels. We refer to this as list data. We will see that one natural
observation model relating the lists to the partial order is to treat the lists
as uniform random linear extensions of the partial order. This is motivated
by considering list data recording the positions of actors in a queue in which
higher status individuals come before those of lower status. A status hier-
archy is a partial order, so if all queue orders respecting the hierarchy are
equally likely, the queue will be a uniform random draw from the linear ex-
tensions of the partial order. This model is also justified by writing down a
simple stochastic process model for the queue formation process. We return
to this point in Section 3.1.

The distinguishing features of our work are of threefold. First, it is
Bayesian: we work with probability distributions over partial orders. This
makes it straightforward to quantify uncertainty, at least in principle. Sec-
ond, our models are defined over the set of all partial orders H, of n actors
rather than some subset of Hp, such as bucket orders. Third, our data are
linear extensions of suborders, subject to possible recording errors as we dis-
cuss later. We further extend the basic latent variable model for partial
orders given by Nicholls and Muir Watt (2011) in three ways - we incorpo-
rate ties between actors, we allow the dimension of the latent space to be
unknown a priori, and we fit observation models in which much more general
noise processes are acting. These are needed for model realism.

The paper is structured as follows: in the rest of this section, we mo-
tivate our tie and observation error models, and introduce some basic con-
cepts. In Section 2, we write down our partial order model with ties, the
(PDP, p)-partial order model. In Section 3, we discuss possible choices for
the observation model. We consider a Mallows ranking model that allows
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error in the observed lists, so the observed lists need not be linear exten-
sions but must be “close” to being linear extensions. In Section 4, we set
out Bayesian inference and identify some computational challenges, notably
the problem of counting linear extensions in likelihood evaluations. Finally
in Section 5, we apply our method to ‘Royal Acta’, a dataset containing the
order of witnesses in legal documents from the twelfth century. In particular,
we study the social hierarchy between bishops in two specific time periods.
We compare the prior model with ties with other possible ranking models
and show our model effectiveness.

1.1. Motivation

We begin by considering ties. Ties between actors are a common phe-
nomenon in reality. For example, Figure 3 shows a hierarchy involving a
field marshal (FM), two generals (G1 & G2), an earl (E) and a bishop (B).
We suppose their ranking is determined by their titles, and there is no order
between military and religious or noble titles, so the generals are equal. This
can be interpreted in two ways. First, they must have the same order rela-
tions with other actors in the partial order. Secondly, we might additionally
require that tied actors appear as an unsplit group in any list, that is, in
a random order but sequentially with no other actors between them. More
details in Appendix H. In this paper we interpret ties in the first way. The
second use of tie models is of interest to us but is future work.

®
DO

Figure 3: The partial order between a field marshal (F'M), two generals (G1 &
(G2), a bishop (B) and an earl (E) if their order relation is determined by their
titles.

In the example the actor titles can be thought of as attributes or “co-

variates” which inform the partial order in a simple way. However, discrete
attributes of this sort are often unknown to us (as in the examples below) and
so we have to learn the tie structure. In our partial order model with ties - the
(PDP, p)-partial order model - we use a Poisson Dirichlet process to model
the clustering process. The partial order describes the order relation between
the clusters. When there are unobserved attributes in the setting, this model
respects the generative model. From a modelling perspective, it reduces the
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dimension of the latent variables needed to represent the partial order, and
in turn increases the marginal likelihood. More importantly, the (PDP, p)-
partial order model assigns higher prior probability on the ‘bucket’ orders,
or partial orders which are “close” to being ‘bucket’ orders (see Appendix
G). This is desirable as bucket orders are common in social hierarchies while
allowing adequate prior probability on general partial orders. One nice fea-
ture of the families of prior models we write down for partial orders is that
they are all projective (every marginal of every distribution in the family is
also in the family).

We next motivate our models for “noise” in lists. Measurement or record-
ing errors are common in data. For example, the lists we observe may be gen-
erated from linear extensions which respected the unknown underlying partial
order but were then subject to random exchange of a small number of ele-
ments due to recording errors. There is little work fitting partial order models
which include a noise component. Beerenwinkel et al. (2007) includes an er-
ror component in their mixture model. In Nicholls and Muir Watt (2011) the
error model treats errors as a random process of queue-jumping. While this
model is physically motivated, it only allows uni-directional queue-jumping
in any given list realisation: errors occur when randomly chosen actors are
promoted up (or down) the queue. Jiang et al. (2023) extends Nicholls and
Muir Watt (2011) to propose a bi-directional queue-jumping model. However,
this model is computationally costly and may only be suitable for partial or-
ders with fast linear extension counting, e.g. the vertex-series-parallel partial
orders? in Jiang et al. (2023).

By contrast there is a large amount of literature reconstructing an under-
lying total order from noisy list data. For example, in the Mallows model, the
observed list will be “close to” but need not be equal to the central ranking
under some distance measure. This suggests taking the Mallows model as a
noise model, allowing errors in both directions away from a linear extension
in a single list realisation. We constrain the central ranking of the Mallows
model to be a linear extension of a partial order. The dispersion parameter
¢ governs how “close” the rank is to being a linear extension of the partial
order. Depending on the value of ¢, the generative model can form ranks
that are pure noise, or ranks that are exactly linear extensions of partial

4The vertex-series-partial orders are a class of partial orders that can be obtained by
series and parallel operations. See Jiang et al. (2023) for details.
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order h, or in between. The dispersion parameter controls the level of noise
in our model.

1.2. Partial orders

We now provide formal notations on partial orders. So far, we have given
two representations of a partial order, as a partially ordered set, and as a
transitively closed DAG. For computation it is convenient to code a partial
order h € Hp,;°, n > 1 as a binary adjacency matrix h € {0,1}"*". The rows
and columns of h correspond to the actors [n]. We take h;; =0, i € [n| and
set h;; = 1 if and only if i >}, j. Two actors i, j € [n] are incomparable i||s],
if neither 7 <;, j nor 7 > j, and in this case h; ; = h;; = 0. A partial order
is called a total order if no pair of actors is incomparable. An empty order
is a partial order where no order relation is observed between any actors.
An actor m € [n] is a maximal element of partial order A if there exists no
i € [n] that has i >=j, m in h. We denote the set of maximal elements of h as
max(h) = {m € [n] : h;,,, =0, Vi € [n]}.

A linear extension | = (l1,la,...,1,) of partial order h is a permutation
over [n] given that its order does not violate h, so for 1 < a < b < n we must
have either I, > I, or l,||nly (“higher status come first”). Let P, be the set
of all possible permutations of 1,...,n. The set of linear extensions of h is
then

L[h) ={l € Pnlhi,., #1, V1 <a<b<n}.

Figure 2 shows all three possible linear extensions of the partial order hg in
Figure 1.

A sub-order hlo] of a partial order h € H, that restricts h to a subset
o C [n|, o = {o1,...,0p} for n < n say. All the order relations in h are
inherited in h[o] so the matrix representation is h,, - we simply retain rows
and columns o1, ..., 0,y of h. As an example, the suborder of the partial order
in Figure 1 restricted to o = {2,3,5} is shown in Figure 4 with its linear
extensions in Figure 5. A chain of h is a sub-order that is also a total order.
It extracts a strictly ordered sequence in a partial order. The length of a chain
is the number of nodes in this suborder. The length of the longest chain(s)
is called the depth, D(h) say, of partial order h € Hp,, with 1 < D(h) < n.
For example the depth of hg in Figure 1 is four.

5We use the same symbols h and H[n) for a partial order and its space in all three
representations; we use H to represent a random variable taking values in Hj,).
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Figure 4: A suborder holo] with actors Figure 5: All two linear extensions for

o = {2,3,5} of the partial order hg in the suborder hgo] in Figure 4.
Figure 1.

The intersection order h'™ of K € Z% permutations I*) € P,, k =
1,..,K is a partial order h"" € Hp, such that for ¢,j € [n], ¢ # j we
have i =pine j if and only if ¢ appears before j in all K permutations. If
we think of the permutations as total orders then the intersection order
shows all the order relations which are attested in every permutation. If
a pair of actors appear in different orders in different permutations then
there will be no relation between the actors in the intersection order. If
d" = {j € [n] : l](-k) = 4} is the index of 7 in list k, then the matrix
representing the partial order defined by the intersection of lists satisfies
hit =1 if and only if ¥ < d, k=1,..., K.

We define the dimension of partial order A to be the minimum number of
linear extensions of h whose intersection is h. If the observation model for the
data is that the data are uniform random linear extensions of h, and the data
is noise-free then the intersection-order is the maximum likelihood estimator
of the true partial order (Beerenwinkel et al., 2007). This works because
the intersection-order has every order relation allowed by the data, and none
which are not, so it is the partial order with the most order relations that
admits every list in the data as a linear extension. It has the smallest number
of linear extensions, and hence, maximises the likelihood for this observation
model.5 In this setting the intersection order converges in probability to the
true partial order as the number of sampled linear extensions goes to infinity.

2. Prior Models for Random Partial Orders

Several probability distributions have been proposed for random partial
orders in the combinatorics literature. See Brightwell (1993) for an overview.
Of these the most promising for development as a prior for Bayesian sta-
tistical work is Winkler (1985)’s latent variable model. Following Nicholls

6See Appendix A for proof.
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and Muir Watt (2011) we refer to this model as the (K, n)-partial order
model. Before defining this model we introduce two prior properties which
are desirable in our setting.

First of all in our application, and we expect this to be common, the depth
D(H) of the unknown true partial order H is of particular interest. In some
cases prior knowledge is given in terms of depth and similarly hypotheses are
often statements about partial order depth. We seek a prior H ~ 7, (-), H €
Hn) with the property that H has approximately uniform depth distribution,
D(H) ~ U{1,...,n}. This is done so that the prior is non-informative with
respect to hypotheses concerning depth. However, the analyst may use this
degree of freedom (the prior for p, latent dimension and ties) to impose some
non-uniform prior weight on the depth.

Secondly, a family of priors mp,(h) is marginally consistent or projective
if every marginal of every distribution in the family is also in the family. For
every n > 2 and every 0,0’ C [n] with o C o/, marginal consistency holds if

To(h) = > wy (W) forall h € H,. (1)
heH
W [o]=h
Physical considerations suggest that our prior beliefs about relations between
a subset of actors should be marginally consistent. We are assuming that the
relation between any pair of actors in a social hierarchy is not affected by
the presence or absence of any other actor.

2.1. Properties of the uniform distribution on Partial Orders

We illustrate a “natural” family of priors which is not projective and is
additionally strongly informative on depth. It may seem appealing to take
as prior the uniform distribution over partial orders.

Definition 1 (The Uniform Distribution over Partial Orders). For partial
order h € Hpy,, the uniform distribution over partial orders m,n(h) say,
assigning equal prior probability to each partial order in H,), is

1
Him |

o) (R) = (2)

First of all the uniform priors 7, ,, n > 1 have low sampling depth. As
is shown in Kleitman and Rothschild (1975), if h ~ 7, then Pr(D(h) =
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3) — 1 as n — oo. This surprising result (why 37) rules out the uniform
distribution as a prior for most applied work since, even at small n, it favours
partial orders of low depth, and has no parameter we can use to control the
distribution over depth.

Secondly, the family of uniform priors m, ), n > 1 is not projective
(Winkler, 1985). For a counter-example, let hy = {V3, E>} € Hjg be a partial
order on 2 actors with V5 = {1,2} and edge set E,. There are 3 choices for
Ey: Ey = () (the empty partial order), Ey = {(1,2)} and E, = {(2,1)}. If
there are three actors h = (V3, E3) € Hg with Vi3 = {1,2,3} then there are
19 possible edge sets Ej, depicted in the Appendix B. In equation 1, o = [2],
o' = [n] = [3] and

LHS == 7Tu7[2](h) == %

while

RHS = Z T g (h)

h'E'H[g]
h'[o]=h
B € H: h'lo] =h

where |A| denotes the cardinality of set A, and the last step holds because
we cannot divide 19 into 3 groups of equal size. This counter-example holds
between n = 2,3 and extends straightforwardly to many larger n. The
uniform distribution over partial orders is therefore not projective.

2.2. The (K,n)-Partial Order Model

The (K, n)-partial order model is defined in Winkler (1985) and extended
in Nicholls and Muir Watt (2011). This generative model adapts a latent
matrix approach to represent a random partial order. The (K, n)-partial
order model proposes a parameter K € Z" - the fixed column dimension
parameter in a random latent matrix Z € [0,1]"*" - to control the depth
distribution.

Definition 2 (The (K, n)-Partial Order Model (Winkler, 1985)). Let Z €
R™ X be a random latent matriz with fived column dimension K € Z*. The
(K, n)-partial order model defines the entries of Z as

Zix " U[0,1),¥(, k) € [n] x [K].
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Write Ziv.x > Zjnx if Ziyy > ZjpVk € {1,...,K},i,j € [n]. We define
mapping h - 0,1 — Hpn such that

h(Z)={he€Hp 1= ] if and only if Z; 1. = Zj1:x }- (3)
(The original paper by Winkler (1985) took K = 2).

The prior for partial orders under the (K, n)-partial order model is

Ty (h) = /[01] T Linz)=mym(Z)dZ. (4)

The integral in w(h) would be awkward. However, Nicholls and Muir Watt
(2011) carries out inference using the latent variable Z. This is in general
non-identifiable, but this is not a concern as h is the parameter of interest.
Nicholls and Muir Watt (2011) call Z; 1. € [0, 1] the “latent path” (over
the column index) for actor i. The condition Z; .5 > Z;1.x means the
paths are non-crossing and Z; .k lies entirely above Z; .. Figure 6 shows
some possible latent paths that generate the partial order hy in Figure 1.
The mapping h : [0, 1}”XK — Hjy) is surjective: one partial order can be
represented by many latent matrices; however, each latent matrix uniquely
determines a partial order.

Any partial order can be realised under this prior if we take K at least
|n/2] (Muir Watt, 2015; Nicholls et al., 2023). This can be seen in an
equivalent construction. For j € [K], let V)(Z) = ([n], =) with

== {41 =0 d2 1 Ziy; > Ziyy, (11,12) € [n] x [n]}

give the total order of the actors according to the Z-values in column j. As
discussed in Muir Watt (2015), the rule defining h = h(Z) is identical to
taking h to be the intersection order of 1) over j = 1,..., K. Also, all the
entries in Z are i.i.d., so [¥) is a uniform random total order of [n] and any
set of K total orders [U) over j = 1,..., K can be generated with non-zero
probability. It follows that any partial order can be realised by the process
so long as K is at least |n/2]: a partial order h on n nodes can always be
expressed as the intersection of [n/2] total orders (Hiraguchi, 1951), simply
repeating total orders if fewer are needed.

Winkler (1985) shows that the (K, n)-partial order model is projective.
This is intuitively obvious: removing an actor is equivalent to removing one

30



13 | 1 1
) N
.
| 2 §4
g | 4\ 2
- 4
o
| l [ I
1 2 | 4

Feature index k=1,...K

Figure 6: Latent paths of a random Z with K = 4,n =5 defined using the (K, n)-partial
order model and yielding the partial order hg in Figure 1.

of the paths in Figure 6. Since the paths are independent, and removing one
doesn’t alter the relations between the paths which remain, the probability
to get any particular partial order on n — 1 labeled actors is the marginal
of the probability to get that partial order on any set of n labeled actors
containing the original n — 1 actor labels. This kind of marginal consistency
is typical for latent variable models for networks and graphs.

We now state and prove this result, partly to show how the notation works
in this simple case. The proof for the more interesting case of the prior with
ties below follows a similar path.

Proposition 1. The (K, n)-partial order model distributions are projective.

Proof: See Appendix C.

Although projective, the (K, n)-partial order model offers limited control
over depth. In this model, K controls the typical depth D(h(Z)) of the
partial order. When K = 1, Pr(D(h(Z)) = n) = 1 since there are no paths
to cross. At small K > 1 the probability that Z;.x >~ Zj1.x is relatively
high, as paths are short, so an order between ¢ and j is more likely and partial
orders have greater depth. As K increases, random (K, n)-partial orders tend
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to have lower depth, and limy_,o, Pr(D(h(Z)) > 1) = 0. However, K needs
to be at least |n/2] if we want h(Z) to be able to realise any partial order
in Hp,). At these K-values, D(h(Z)) < n, typically.

2.8. The (K,n, p)-Partial Order Model

The issue of a depth distribution concentrated on small values is addressed
in Nicholls and Muir Watt (2011) and Muir Watt (2015) where K is fixed and
a depth parameter p € [0,1) is introduced to control depth. This (K, n, p)-
model for random partial orders is an extension to the (K,n)-model. It
replaces the uniform random entries in Z with a distribution which correlates
entries within rows (but retains independence between rows). The i-th row
of Z, Ziv.xk = (Ziq, ..., Zi k), gives K attribute-values for actor i € [n]. If
the entries in Z;,.x are more strongly correlated, then the paths Z; ;.5 are
relatively “flatter”, and the probability two paths do not cross is higher, so
finally h(Z) tends to have relatively higher depth.

Definition 3 (The (K,n, p)-Partial Order Model (Nicholls and Muir Watt,
2011)). Let 3, be a K x K correlation matriz with ¥,,; = 1 and X,;; =
p, 1 # 4, 1,5 € [K]. In the (K,n,p)-model

iid.

Zi,l:K|p ~ MVN(O, Ep)v (NS {1,,”} (5)
Let .
w7(Z|p) = HMVN(Zi,1;K§ 0,%,)
i=1

denote the joint prior for Z given p. The partial order h = h(Z) is con-
structed according to map (3).

There is considerable freedom in choosing the Z-distribution, but corre-
lating entries within rows while maintaining independence across rows seems
key to controlling depth whilst ensuring distributions are projective. In Fig-
ure 7, we show another set of latent paths for the partial order hy in Fig-
ure 1 simulated under the (K, n, p)-partial order model with depth parameter
p=0.9.

We would like the marginal prior for H determined by p ~ 7,(-), Z ~
wz(-|p) and H = h(Z)

ma) = [ [ o TAZIOT )2 (6)
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to have approximately uniform marginal depth distribution. Simulations
reported in Nicholls and Muir Watt (2011) suggest that p ~ Beta(1,1/6)
gives a reasonably flat distribution for D(H) for n in the range of interest to
us.
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Figure 7: Latent paths of a random Z defined using the (K, n, p)-partial order model for
the partial order hg where K =4,n =5 and p = 0.9.

Like the (K, n)-model, the (K, n, p)-model can be expressed as an inter-
section of K linear extensions, which are the rank-vectors of the Z-columns.
Any set of rank vectors can be realised, but they are now correlated. The
choice of K remains an important model hyperparameter. We discuss below
how K can be treated as a parameter and estimated alongside the other pa-
rameters. Because the rows of Z are conditionally independent given p in
the (K, n, p)-model, we can show that the family of priors 7y, (h|p) is projec-
tive for every fixed p, by the same reasoning given in Proposition 1 for the
(K, n)-model.

Proposition 2. The (K, n, p)-partial order distributions are projective.

Proof. In the notation of Equation 1, if o C o' C [n], M ~ 7y (:|p) and h ~
To(+|p) then the conditionals H'[o]|p ~ H|p are same for every p (the proof is
essentially unchanged from Proposition 1), so the marginals H'[o] ~ H are
also equal in distribution. O
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2.4. The (PDP, p)-Partial Order Model

Depth control in the (K, n, p)-model can be inadequate in certain scenar-
ios. In addition, its continuous latent matrix representation makes it impossi-
ble to model equality between actors. This paper extends the (K, n, p)-model
to consider ties and to provide further control over depth distribution. We
call this extended model the (PDP, p)-partial order model.

2.4.1. Partial order with Ties

Latent variable models are powerful and expressive tools for modelling
partial orders. However, in the model we have defined the rows of Z to be
almost surely distinct. In some settings we may have prior information that
some actors are equivalent in the sense that some groups of actors have the
same order relations with other groups of actors. We don’t know the groups,
or how they are related, but we expect there are groups. As illustrated in the
field marshal and generals example in Section 1, this scenario leads to a prior
distribution over partial orders where we allow ties between some actors. We
define a tied relation as follows.

Definition 4 (Tie Relations in partial orders). In a partial order with ties
h*, if two actors i,j € [n| are tied (i ~p+ j), then for any v € [n],v #1i # j,

1. @ >=p+ v if and only if 7 >=p+ v;
2. 10 <p+ v if and only if j <p+ v;
3.1

v if and only if j||pv.

In Section 1.2, we represent a partial order h using a binary adjacency
matrix h € {0,1}"*", such that h;; = 1 if and only if actor i > j. We
extend this notation so that if there is a tie between actors ¢ and j in h*,
then hj; = hj, =1. We use Hj , to represent the class of partial orders with
ties. The original partial order class Hj, C ’Hf‘n}.

Definition 5 (Binary Adjacency Representation for Partial Orders with
Ties). A partial order with ties h* € Hrm can be represented by a binary

adjacency matriz h* € {0, 1}"*", where fori,j € [n],i # j,

1. @ >p g if and only if H;; = 1 and H;; = 0,
2. i~ jifand only if H; j = Hj; = 1; and
3. i||n=J if and only iof H; ; = H;,; = 0.
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As an example, if we take the partial order hq in Figure 1 and tie actors
3 ~ng 4 the resulting tied partial order is shown in Figure 8. The new partial
order with ties h{ is shallower (the depth is 3) and has more linear extensions
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Figure 8: A tied partial order hg Figure 9: All six linear extensions for
of partial order hy with cluster S = the tied partial order hj in Figure 8.
(1,2,(3,4),5).

Notice the difference between “equal” ~j and “unordered” |,. If we
remove the tie in Figure 8 to get a new partial order in which 3 and 4 are
unordered (but all other relations are unchanged) then the linear extensions
would be unchanged from those in Figure 9. Since the linear extensions
are the data, the new and old partial orders would not be identifiable. So
here there is no difference. However, we cannot simply take all unordered
pairs in a partial order and replace them with ties, as tied actors must have
identical relations to other actors while unordered actors need not. On the
other hand, as we saw, if we replace tied relations with unordered relations
(maintaining relations to other actors) then the resulting partial order won’t
be identifiable from the tied order. From the perspective of the observation
model, ties don’t really change much. However, introducing ties changes the
prior: we should think of the ties model as a way to put more weight in
our prior on partial orders in which relations are between groups rather than
between individuals.

We now give a generative model for random partial orders with ties,
which we call the (PDP, K, p)-partial order model with fixed latent column
dimension K. This model involves partitioning the actors into tied clusters
and assigning probability to a random partial order with the clusters as
nodes. In other respects the same latent variable setup is used. This ensures
marginal consistency and effective control over depth. Actor-partitioning is
achieved using a Poisson-Dirichlet process mixture model, a generalisation of
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the Dirichlet process to two parameters, over realisations of the rows of Z.
The Poisson-Dirichlet process groups the tied actors into clusters with equal
Z-paths. Define partition S = (51, 5,...,5¢) € Zp,) where C' = [S] is the
number of clusters and =, is the set of all partitions of [n]. Let n = (14, )
be the discount and strength parameters respectively. The process assigns a
prior distribution over S according to

D) 0T (m/n. + C) Fp Dne — n4)
Frtn(S) = Ll +n)  T(m/ma) Hl L(1—1)° ")

where n. = |S.| denotes the number of actors in cluster S.. Both 1, € [0,1)
and n, > —n, are constants.

Definition 6 (The (PDP, K, p)-Partial Order Model). Let S ~ PDP(n,,m,) €
Ep and |S| = C. Define latent matriz Z* € REE | with distribution
iid.

Zirklp ™~ MVYN(0,5,), c € [C], (8)

and ¥, as defined in Definition 3. Fori € [n], let c(i;S) ={c € [C]:i e S.}
be the cluster containing i. Define map Z : REXK — R<K

Z(S, Z*) = ( :(i;S),LK)?:r (9)
We extend the map h to handle ties as follows. Let
G(S,Z") =i =p Jilf Z(S,Z7 )i > Z(S, Z%) 1, V k € [K]}s jep
and
E(S,27) = {i ~n j iff Z(S, Z7)ipe = Z(S,27)j, ¥ k € [K]}ijepm)
Then
h*(S,Z*) = ([n], G(S, Z*) U E(S, Z")). (10)

This reduces to the previous definition in the case of a partial order without
ties.

Each row of Z* represents a cluster. Actors from the same cluster have
the same attributes in the latent matrix Z. The (PDP, K, p)-partial order
model therefore gives a probability distribution over the class of partial order
with ties Hiy-
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2.4.2. Estimating the Latent Matriz Dimension K

We now introduce a second generalisation of the model. This was mo-
tivated by our desire to get good control of the depth distribution in the
context of a model with ties. We have two parameters influencing depth: K
and p. The (K, n, p) model took K fixed and took a prior distribution for p
which gave an approximately uniform distribution for D(H). We found, in
our (PDP, K, p)-partial order model, that we could not get a good control
of depth by varying p, 1, and 7, alone. We now allow K to vary. We take a
prior K ~ k(). Small K promotes deeper partial orders.

Definition 7 (The (PDP, p)-Partial Order Model). The full generative model
for a random partial order with ties is as follows: K ~ mg(-), p ~ m,(-),
S ~ Pyn(+) (with hyperparameter n = (1q,m)),

c
Z*|p7K7SNHMVN(Z:,1K707 2/0)7 (11)

c=1
with 0 € RX and X, as defined above (ie, variance one, covariance p) and

H* = h*(S, Z*).

We now write down the marginal distribution for H* generated by the
process in Definition 7. For h* € Hi‘n] and S € Zp,) let

Z*[h* S) = {2 e ROK . h*(S, Z*) = h*} (12)

be the set of Z* matrices which give h* for a given actor partition S. The
tie-model for random partial orders determines a prior distribution 7, (h*)
over h* € Hj,. The conditional is

Ky = 3| [ 2l K8z s, (9

SE€En
so that marginally,
00 1
T (h7) = { / T (h*|p, K = k)?fp(p)dp} T (k). (14)
k=1 L/0

The prior 7, (h*) is not tractable but can be explored by simulating the
generative model. When we come to fit the model we work in the latent
representation (Z*,.5).
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We choose the priors mg (k) = Geo(k;1,nmk) (with & > 1) and 7n(p) =
Beta(p; 1,7,). The hyperparameters 7y and 7, are chosen by experiment so
that the prior predictive distribution for the depth, D(h*(S, Z*)) determined
by taking p ~ m,(-), K ~ 7wk(-), S ~ Pp(-) and Z* ~ 7(:|p, K,S) is
reasonably flat. The prior distribution for partial order depths for the case
n =15 (n, = 0.7,m, = 3,m, = 1/6,nx = 0.0625) is shown in Figure 10. It
is not perfectly uniform but this is not a concern. We simply need to avoid
exponentially large weightings which can arise in this setting so that the prior
at least “allows” all depths. Any further re-weighting can be made in the
analysis using for example Bayes factors. In other settings the priors may
need to be adjusted.

0.04 0.06 0.08 0.10
| 1 1 |

0.02
|

0.00
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Depth

Figure 10: The prior distribution for partial order depths with n = 15 actors (with hyper-
parameters 1, = 0.7, = 3,1, = 1/6, nx = 0.0625).

The (PDP, p)-partial order model is projective. This follows because the
Poisson-Dirichlet process generating 7 is projective. The proof is very similar
to that for the (K, n)-model in Proposition 1.

Proposition 3. For h* € H} let m,(h*) = Pr(H" = h*) be the distribution
of the random partial order with ties generated by the process in Definition 7
and given in Equation 14. The family of distributions m,),n > 1 is projective.

Proof: see Appendix D.
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3. Observation Models for list data

Suppose our data contains N lists, y = (y1,...,yn). Let
0; = (0i71, 04,25 -5 Oi,ni); 1=1,..., N,

with 0;; < 0;;41,7 = 1,...,n; — 1 be a subset o; C [n] of n; > 2 actor labels
recording the actors present in list 7. Let P,, be the set of all permutations
of 0;. The lists y; € P,, record the order in which the actors appear in the
list. Note the setup: the list y; is not formed by sampling a distribution on
permutations of all n actors and then reducing it to a shorter list containing
only those in o;; rather the list is formed from the start using a distribution
over permutations of the actors in o; only. We condition on the values of
0;, © = 1,..., N throughout. In the context of preference orders, assessors
are presented with a choice set o; and return an ordered preference list y;
which ranks all the elements in the choice set. We will be interested in the
distribution of the random lists ¥; given the label content 0;. We think of the
lists y; as total orders given by the sequence in which the labels appear from
highest to lowest in the order. In the i-th data-list, y;; came first and y; ,,
last and this will be evidence that actor ¥; ; is in some sense more important
than actor y; ,,.

3.1. Noise-Free Model

In our observation model for noise-free lists we take y; to be a linear
extension sampled uniformly at random from the set of all linear extensions
of the suborder H|o;] of unknown true partial order H, independently for
1 =1,...,N. In this section we write down the likelihood and motivate this
choice.

Suppose H = h for some h € Hp,. Let o; C [n] be some generic subset
of actor-labels, j = 1,..., N. The set of all linear extensions of the sub-
order hlo;] is L[h[o]]. Let y; € L[h[o,]] be some generic noise free ‘data’, an
ordered list of the actor-labels in 0;. The generative model in the noise-free

case 1s

Py lhlo]) = Tl (15

This model is motivated by thinking of the list as recording the place of
actors (0j1, ..., 0j,,) in a queue. The queue forms, and then neighboring pairs
of actors in the list swap places at random so long as the exchange does not
violate any order relation in h[o,], until the moment the queue is recorded.
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This process defines an irreducible Markov chain of random lists converging

in distribution to the uniform distribution over linear extensions of h[o;].
The following result is well known, for example, it appears in Karzanov

and Khachiyan (1991) who shows a closely related chain is rapidly mixing.

Proposition 4. Consider a Markov chain {X;}i>1, with state space X; €
L[h[o;]] for some fized j € {1,...,N}. Suppose that at step t we have Xy = x.
An entry i ~ U{1,...,n;} is chosen uniformly at random. If i = n; then we
reject and set X, 41 = v and otherwise ' = (21, ..., Ti_1, Tiy1, Ti, Tiya, ..., Tp, ).
If 2" € L[h]oj]] then we set X1 = 2’ and otherwise X, = x. The process
converges in distribution to the uniform distribution over linear extensions
of hloj], that is, for 1 € L[h[oj]],

1
Pr(X, =0 "2 ———Ticrinion.
M =0 Ty e

Proof: see Appendix E.

3.2. Error Models

Obtaining error-free data is obviously ideal. However measurement or
recording errors are often present. In order to incorporate noise in the obser-
vation model, Nicholls and Muir Watt (2011) propose a simple queue-jumping
error model that allows an actor to jump up the queue with probability
p € [0, 1], ignoring any order constraints.

3.2.1. Queue-Jumping Error Model

Let L(h) = |L[h]| be the number of linear extensions of h and let L;(h) =
I{l € L[h] : I} = i}| give the number of linear extensions headed by actor
i. The queue-jumping (upwards) model (Nicholls and Muir Watt (2011))
defines

P (y;lh, p) = H (#Hl_p)%m) 1o

We can interpret this as modelling the process by which alist Y = (Y7,...,Y},)
Py is formed. The process is as follows:

1. Seti=1, s =[n] and b/ = h.
2. Let ¢ = (L;j(h')/L(R'));es be a probability vector weighted by the num-
bers of linear extensions headed by each actor.
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2 With probability p sample Y; ~ U(s) (choose one of the remaining
actors at random) and otherwise sample Y; ~ multinom(q).

3. Set s s\ Y.

4. If s is empty return Y7, ..., Y, and otherwise set i <— i + 1, b’ < h[s]
and go to step 2.

The output (Yi,...,Y,) ~ p@(-|h,p) is a random list of n elements dis-
tributed according to the queue-jumping model. This follows because the
probabilities to choose entries in Y at each step are just the factors in p(@)
in Equation 16. If we set p = 0, then we get a telescoping product and
p @D (I|h,p = 0) = 1/|L(h)| for I € L[h]. so the model reduces to the error-
free observation model in Equation 15. We can turn the model around and
build the list from the bottom, allowing “queue jumping” downwards. Jiang
et al. (2023) proposes a ‘bi-directional’ queue-jumping model that makes
displacements in both directions plausible in the similar queue-like setting.
If we denote the computational complexity of counting the number of lin-
ear extension of a partial order with n nodes as O,, (already at least ex-
ponential growth with n), the computational complexity of evaluating the
‘bi-directional’ queue-jumping likelihood is at least O(O,, x 2"). This makes
it formidable to evaluate the ‘bi-directional’ queue-jumping likelihood on
general partial orders, as opposed to its subclass - the vertex-series-parallel
orders that admit fast linear extension counting - as considered in Jiang et al.
(2023).

In order to build a more tractable ‘bi-directional’ error model, we intro-
duce Mallows and Plackett-Luce noise-model variants, focusing on the Mal-
lows case which we favor. See Appendix I for some remarks on Plackett-Luce
and some pros and cons.

3.2.2. The Mallows Model

The Mallows model (Mallows, 1957) assigns probability to a ranking y
based on its distance from a ‘central ranking’ or ‘reference ranking’ [. Con-
sider the “unknown true” data I € P, as a linear extension of a generic
partial order h where h € Hj,. We observe y € P, with “Mallows noise”
but “centred” on ! (if y € P, then [ € Ly}, and we are observing a suborder
hlo] for some o C [n], but the setup is the same with h — h[o] etc). In the
Mallows-¢ model, the probability p(y|l, #) is given in terms of a symmetric di-
vergence d(l,y) > 0. Let o(l,5) = {k € [n] : l;, = j} and let the Kendall-tau
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distance be d(y,!) so that

n—1 n
- Z Z ]Io—(l[yiin]7yi)>a(l[yi:n]>yj)'

i=1 j=i+1
Denote the dispersion parameter as 6 € (0,00). The Mallows ¢-model gives

exp(—0d(l,y))

p(M)(yU,@) W,

where W, (f) is a normalising constant available in closed for as W, (0) =

ZZGPM e e = T oy with ¢ = 37 e~ D% under the Kendall-tau
distance. The Mallows-¢ is a sequential choice model as

Y € Pp, (17)

Tl exp(—0 3" TSyl
(M) 1.0) = Jj=i+1 o (Uyinlyi) >0 (Uyin] ;) 18
p Ylt,
wlt0) =11 (] (18)
n—1
= [T 4" wiliyinl, 0), (19)
i=1

where ¢ (y;]1[yin], 0) is the probability y; is selected next from the remain-
ing choices.

Conditioning on the partial order h, the likelihood is the marginal prob-
ability to observe vy, if [ is a noise-free draw from the linear extensions of h,
so we define

pMylh,6) = D pM(yll,0)p" (1|h) (20)
leL]h]

using (15) and the symmetry of d(I,y) in its arguments

Z P (1ly, 0)

lec[h]

We now give a recursion for evaluating the sum. Since L£[h] = Ugemax(n)Lx[h],

Sy e = D > pMly,6)

leL[h] k€max(h) leLy[h_k]
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and now [ starts with k, so use Equation 19 to split off the first factor
= > qMklyr0) Y Pk ),  (21)

kemax(h) l'ellh_y)
where h_y = ([n] \ {k}, =) and similarly for y_5. Let

Fly.h,0) = > pM(l]y,0).

leL[h]
The recursion in Equation 21 is
Fh,0) = > g™ (kly-k,0)f(y-r, h_r,0).
kemax(h)

Algorithm 1 adapts the algorithm of Knuth and Szwarcfiter (1974) for re-
cursive counting of linear extensions to evaluating this weighted sum. We

evaluate the count of linear extensions |£[h]| in the same pass. Once we are
done the likelihood is p™) (y|l,0) = f(y, h,0)/|L[R]].

Algorithm 1: Evaluating f(y,h,0) = >0 p(lly,6) under the
Mallows observation model
input: h,0,y
Function f (y,h,0):
n < number of elements in A
if D(h) =n (h is a total order) then
[ < list ordered as elements of h
g < p™M(lly,0) (see Equation 18)
return (f,count) = (g,1)
if D(h) =1 (h is an empty order) then
| return (f,count) = (1,n!)
Set count <— 0, f <0
10 foreach k € max(h) do

© 0w N o oA W N -

11 gk ¢ (kly, 0)

12 (frscr) < £(y—r, by, 0)

13 f <« f+ gk x fr (Equation 21)
14 count <— count + c;

15 return (f, count)

Algorithm 1 gives a recursion in which a function f(y, h,#) returns the
SUIL D 2y i p™M)(1]y, §) over orders of m elements, by evaluating the sum over
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k in the last line of Equation 21 and calling itself to evaluate f(y_x, h_x,0) =
Zl'eﬂ[h_k] p™M)(I'ly_,0) on orders of length n — 1. The recursion stops if f
is called with h a total order (one extension, so return (17)) or if h is the
empty order (then L[h] = Py, so the sum is one as p*)(ly, ) is normalised
over [ € P[n]) so the recursion stops at n > 2 at lowest.

Note that this paper uses the Kendall-tau distance as the distance metric
for the Mallows model. It is chosen not only for its tractable normalising
constant, in addition, Diaconis (1988) suggests Kendall-tau is the metric
of choice considering its interpretability, tractability, invariance, sensitivity
and available theory. However, from a modelling perspective, other distance
metric choices may be more natural for a given data set. For example, Vitelli
et al. (2018) prefers the footrule distance. Although it is physically well
motivated, we didn’t explore the footrule distance due to the challenge of its
intractable normalising constant in our context.

In our implementation, we impose a Gamma prior over the dispersion
parameter #. We discuss in more detail in Section 5.

4. Bayesian Inference

Given a prior model for partial orders and an observation model for rank-
ing lists, Bayesian inference is straightforward in principle. We demonstrate
Bayesian inference for the (PDP, p)-partial order model with queue-jumping
error model ((PDP, p)\@) and the Mallows error model ((PDP, p)\M). Here
we write down the posterior distributions for these two models respectively.

The posterior distribution of the (PDP, p)\@ model is

o0

1 1
a(Wly) o< > ) / / w(Z*, p,k, S,ply)dpdpdZ*, — (22)
[h*;S] v p=0 J p=0

Sez, k=1 4"

where

m(Z*, p, k, S, ply) < pO(y|MZ), p)m(Z7|p, k, S)p(p) 71 (k)7 p (D) Pyl (5).-

The posterior distribution of the (PDP, p)\ M model is

o0

o0 1
(b ly) o< Y Z/*Wﬂ /9_0 /p_OW(Z*,p,k, S, 0ly)dpdfdZ, (23)

SeE, k=1
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where
w(Z,p,k, S, 0y) p(M) (v10, h(Z))mg ()7 (Z% | p, K, S)ﬂ'p(p)ﬂ'[((k‘)Pn’[n](S).

We employ Gibbs Metropolis-Hastings for the inference. Varying K
changes the dimension of Z* and so we use reversible jumping to target
the conditional for K. We modify the classic Gibbs sampling algorithm of
Neal (2000) for the partition S with a Poisson Dirichlet process as prior and
implement simple random-walk Metropolis-Hasting for most of the remain-
ing the parameters. We assume priors as k ~ Geo(n), p ~ Beta(1,7,) and
0 ~ Gamma(ng, 1). The detailed algorithm is included in Appendix J.

4.1. Asymptotic posterior distributions in the noise free case

It is of interest to consider the behavior of these posteriors as N — oo,
the large data limit. Suppose the true partial order is hf. Since the space
of partial orders is discrete, the natural question is whether 7(h'|y) — 1 as
N — oo so the posterior model is a consistent estimator for the unknown
true partial order when the observation model is correct (so ignoring model
misspecification).

In the first proposition O = (ok)iizl is the set of all non-empty subsets of

[n]. We are interested in the setting where we can only make observations on
suborders hf[o;] of ht for i € I where I C [2" — 1] is the set of subset-indices
for subsets of actors appearing together in observable groups. We observe N
linear extensions yi.y in total. We set up the asymptotics so that for i €
there are N; lists y; = (yi1,---,¥in,) associated with each suborder h'[o;].
Here each y; j = (Yij1,---,Yijk) € Po, is an entire list for each observation
j=1,...,N; of the group o;, i € I. We will set N; =0 fori € [2" — 1]\
and take the limit as min;c; NV; — 00. The total number of observed lists is
N = 21221_1 N; = Zie] N;.
Proposition 5. (Consistency for the (K,n,p)\P model) Let h € Hy, be
given and suppose y; ; ~ p'P)(-|ht]o]) jointly independent for all i € I and
j=1,...N;. Let w(hlyi.n) be the posterior of the (K, n,p)\P model with
K > |n/2], so that

1
W(h!yuv)z/ / 7(Z, ply)dpdZ
Z:0(Z)=h J p=0

w(Z, plyr.n) o< p 7 (yan|(2)m (Zp)my(p).-

where
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If for each pair of actors (i,j) € [n] X [n] with i # j, there exists k € I such
that {i, j} C o then w(h'|y1.n) — 1 as minge; N; — oo for every hi € Hin)-

Proof: see Appendix F.

In order to recover h! with certainty we must be able to observe at least
one list o5, informing the relation between each pair (i,j) of actors in Af
infinitely often. We have an infinite number of observations of a random
variable informing every possible edge of the DAG representation of h.

These results are not given for the posteriors arising in a prior model for a
partial order with ties. In fact ties are not identifiable as they are treated as
unordered in the observation model. When we fit the (PDP, p)-partial order
model in the noise free observation model, the posterior will concentrate
on the tie class of the true partial order - the set of partial orders which
are equivalent to the true partial order up to ties. The posterior distribution
within this tie class of partial orders will just be the prior distribution. There
are a number of reasons why the tied model remains useful for us. Firstly,
adding ties changes the prior distribution in a fundamental and desirable way,
shifting probability mass onto orders with common relations between groups
(such as “bucket” orders and Vertex Series Parallel partial orders). Social
hierarchies of this sort are common in human society. We do not restrict
the class of partial orders we consider to bucket orders, but we can use ties
to give them more weight in the prior. Secondly, taken with the randomly
variable column dimension K, the latent variables Z* in a model for partial
orders with ties can potentially fit the data with lower parameter dimension
(C x K with C < n and potentially K < n/2) than the latent variables Z
(n x n/2 fixed) in the (K, n, p)-model for partial orders.

5. Application and Model Comparison

We demonstrate our models by applying them to a social hierarchy study.
We fit both the (PDP, p)\@ and the (PDP, p)\M on two different datasets
from the ‘Royal Acta’ data (see section 5.1). We analyse the inference results,
and conduct reconstruction-accuracy test with synthetic data (section 5.2).
We then perform model comparison with 1) models with no ties (K, n, p);
and 2) other ranking methods not based on partial orders - the Plackett-Luce
mixture and the Mallows mixture models.
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5.1. The ‘Royal Acta’ Data

The ‘Royal Acta’ is a database created for ‘The Charters of William II and
Henry I’ project by the late Professor Richard Sharpe and Dr Nicholas Karn
(Sharpe et al., 2014). It collects royal acts (mainly charters but also writs and
other letters) issued in the names of two English kings, William II (reigned
1087 to 1100), and his brother Henry I (reigned 1100 to 1135). Each royal
act is identified to a certain time period. Some may be specific to a single
year, while some with more uncertainty are assigned to a range of time. Each
royal act comes with a witness list - an ordered list of names of individual
witnesses. For some examples, see Appendix K.1. The order reflects the
relative social importance of individual witnesses. For example, an order
Archbishops > Bishops > Earls can be clearly observed. The historians are
interested in studying the social hierarchy among the bishops specifically.
We infer these relations by partial orders, which are natural choices for social
hierarchy representation given their transitivity and generality compared to
total orders. Power hierarchies were rigidly observed at this time. However
it is natural to expect some incomparabilities or ties between bishops. We
extract the sub-lists that only contain bishops (as these are listed in a block
together). For more background and details on data processing, please refer
to Nicholls and Muir Watt (2011) and Nicholls et al. (2023).

The data is temporal. We take ‘snapshots’ for the time periods 1131-
1133 and 1100-1103 to study the social hierarchy among bishops in these
two time periods. Table 1 summarises some key statistics of the datasets.
The full witness lists for these two periods are shown in Appendix K.1.
We assign each bishop in a single time period with a unique label. Assume
the ground set of bishops in a certain time period is [n]. We assume each
witness list to be an observed ranking list y;,2 = 1,..., N drawn from the
‘true’ social hierarchy partial order i with possible recording errors. The lists
Y = {yi,...,yn} are incomplete, in the sense that the membership in list
is 0; C [n] in a certain time period. The witness lists are of varied lengths.

Some contradictions can be observed in the witness lists. For example,
in 1131-1133, bishops 7,11,12 and 13 appear in both lists 2 and 16 (along
with others). However in list 2 the order is (13,12,7,11) while list 16 has
12 and 13 swapped but otherwise the same. Is this just noise, are 12 and 13
unordered or are they tied? Firstly, from a prior modelling perspective but
not pretending to any historical expertise, bishop 13 (Henry, de Blois, Bishop
of Winchester, 1129-1171) and bishop 12 (Gilbert, the Universal, bishop of
London) may be incomparable. They come from two rather independent
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Time Period 1131-1133 1100-1103

Number of Lists 21 13
Number of Actors 15 9
Length of the Longest List 8 8
Length of the Shortest List 3 2

Table 1: Information on data structure.

power systems as Winchester at the time was an important and independent
administrative centre and seat of power, on a par with London, so may
be incomparable (like administrators and academics). It defined a separate
hierarchy of tied cities. Secondly, they might be tied, i.e. they are each
identified by all other bishops as top powers and possess the same power
relation with all other bishops and are ranked with the same importance.
Thirdly, the switch in order in the lists might simply be a recording error.
Perhaps Henry (13) simply arrived late for witnessing document 16 while
his true status was higher than that of Gilbert (12). It should be said that
historians do not expect many errors in these data as the deeds involved
concerned properties of significant value, and the King or Queen were often
themselves signatories.

5.2. Reconstruction-Accuracy Tests

Our list data are incomplete and the number of lists N are not much
larger than the number of actors n. In order to measure the reliability of the
partial order (social hierarchy) reconstructions and to study the (PDP, p)\ M
and (PDP, p)\@ models performance on different datasets, we perform re-
construction accuracy tests on both models. In particular, we take the last
sampled state of partial order () in section 5.3 and generate synthetic data
with the same lengths and list-membership as the real data

Ui Np(-\h(T)[oi],p, 0),i=1,..,N

for both periods 1131-1133 and 1100-1103. If our models are correct then
the data contain enough information to reconstruct the truth accurately. We
consider the following four synthetic datasets for each time period:

e Simulation 1: error-free, y; ~ U(L[RT [y?*]]), Vi € [N].
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e Simulation 2: data-list with random error. For i € [N], we simulate
y; ~ UL [y2*]]) from the noise-free model; we select a pair of actors
a,b € y; uniform at random, a # b, and put them in the same order as
they appear in the data. If a < b in y; but a = b in y?** then exchange
the positions of a and b in y; leaving all else unchanged.”

e Simulation 3: data-list with Mallows error given 6%,

yi ~ pM (| [o;],6%),Vi € [N].

e Simulation 4: data-list with queue-jumping error given p*,

yi ~ p D (Do, p*), Vi € [N].

Simulation 2 blends a little of the real data into the synthetic data. It uses a
noise process that is neither Mallows nor queue-jumping, so the fitted models
are all (mildly) misspecified. Note that the #* and p* values in Simulation
3 and 4 are chosen so that they produce roughly the same level of noise in
the data-lists. The experiments presented in this section choose 0* = 2.7
and p* = 0.05.8 We fit both the (PDP, p)\M and (PDP, p)\@Q models on
above simulations. Each MCMC is run for leb iterations. We omit our
convergence analysis on this synthetic data, but ESS values and trace plots
showed convergence as good as or better than the convergence and mixing
we report for the real data (given below).

We summarise the sampled partial orders using consensus partial orders:
he"(¢) includes order relation/edge (i =peon(e) j) if the relation appears more
than €7 times in the 7' MCMC samples after thinning. The true and consen-
sus partial orders for all experiments in this section are given in Appendix
K.4. We calculate the proportion of the true-positive and false-positive re-
lations for h®"(e),e € [0,1] and construct the receiver operating character-
istic (ROC) curves in Figure 11 (for simulation 1 and 2) and Figure 12 (for
simulation 3 and 4) respectively. The ROC curves show the proportion of
false-positive and true-positive relations given concensus order threshold e.

"Simulation 2 introduces around 5% error to the synthetic data.

8With these values (6* = 2.7,p* = 0.05) the proportion of lists with errors is ~ 43%
error for the 1131-1133 data structure (N = 21) and ~ 24% for the 1100-1103 data
structure (N = 13; lists tend to be shorter so lower error probability, see Appendix K.1).
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The true positive rate (TPR) and false positive rate (FPR) increase with
decreasing € from (0,0) at e = 1 (the consensus order is empty) to (1,1) at
e = 0 (complete graph).
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Figure 11: The receiver operating characteristic (ROC) curves for synthetic data - simu-
lation 1 (LE; dashed line) & 2 (ERROR,; solid line) - using synthetic data with 1131-1133
(left) and 1100-1103 (right) list membership structures, analysed with the (PDP, p)\M
(orange) and (PDP, p)\@ (blue) models. The true/false positive rates are plotted against
¢ the threshold to construct concensus order h*°"(e), e € [0, 1].

For each simulated data set there is € giving high true-positive and low
false-positive reconstructed relation fractions: if our model is accurate then
we reconstruct relations well. Both Figure 11 and Figure 12 have an elbow
closest (0,1) around € = 0.2. This value gives a good balance of true- and
false-positives for synthetic reconstruction analyses on the (PDP, p)\M and
(PDP, p)\@ models for both time periods. The consensus orders with € = 0.2
and the ‘true’ partial orders for simulation are shown in Appendix K.4. We
use the same threshold when we present consensus orders on real data in
section 5.3. From Figure 11 and Figure 12, both models reconstruct the
true order relation well. We observe that the (PDP, p)\M model slightly
outperforms the (PDP, p)\@ model at partial order reconstruction in most
scenarios. Under the 1131-1133 structured data, the two models appear to
be robust to the Mallows or queue-jumping error type and both reconstruct
the truth well.
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Figure 12: The receiver operating characteristic (ROC) curves for synthetic data - sim-
ulation 3 (MALLOWS_ERROR; solid line) & 4 (QUEUE-JUMPING_ERROR; dashed
line) - using synthetic data with 1131-1133 (left) and 1100-1103 (right) list membership
structures, analysed with the (PDP, p)\M (orange) and (PDP, p)\@Q (blue) models. The
true/false positive rates are plotted against € the threshold to construct concensus order
heo™(€), e € [0, 1].

5.8. Application on the ‘Royal Acta’ Data

We perform Bayesian inference for the (PDP, p)-partial order model with
the queue-jumping® or Mallows observation model. We employ Metropolis-
Hasting MCMC for such inference. Each chain is run for 1eb iterations where
we record every 2n steps. We choose a burn-in period of 500 x 2n for all
chains. See Appendix K.2 for Effective Sample Sizes and Appendix K.2.2
for MCMC output traces. These appear to show good MCMC convergence
and mixing.

The posterior distributions on partial order depth are shown in Fig-
ure K.19. Both the (PDP,p)\M and the (PDP,p)\Q models conclude
similar depths in general. It is clear that the hierarchy is not a total or-
der (depths close to n have low posterior probability in both analyses). The
mean posterior depths are around 8.8 for both models in 1131-1133 (with

9We choose queue-jumping “up” (rather than “down”) for this specific dataset. For
example, we know of cases where a lower status bishop is the nephew of a higher status
bishop and is promoted to appear immediately after his uncle in the list. Experiments
with the two queue-jumping directions in Nicholls et al. (2023) gave very similar results.
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n = 15 bishops). In 1100-1103 (where n = 9), we obtain posterior mean
depths of 3.9 for (PDP, p)\M and 4.8 for (PDP, p)\Q. The partial orders
in 1100-1103 are flatter in general as reflected on the consensus orders in
Figure 13 and Figure 14 for the Mallows and the queue-jumping observation
models respectively. The consensus orders from different observation models
(Mallows or queue-jumping) are similar despite some slight relation differ-
ence, showing the result’s robustness to different observation models. Bishop
3 (Robert, de Limesey, bishop of Chester), bishop 5 (Robert, Bloet, bishop of
Lincoln) and bishop 8 (William, Giffard, bishop of Winchester, 1100-1129)
are strongly tied during 1100-1103. During 1131-1133, both models sug-
gest relatively high posterior probability of ties between Bishops 1 (Roger,
Bishop of Salisbury), bishop 12 (Gilbert, the Universal, bishop of London)
and bishop 13 (Henry, de Blois, Bishop of Winchester, 1129-1171). These
are indicated in the ‘heatmaps’ in Figure 15 and Figure K.20 which display
the probability of different pairs of actors fall in the same cluster.

— K —
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Figure 13: The consensus orders for the (PDP, p)\M model on 1131-1133 (left) and 1100-
1103 (right) Royal Acta (bishop) data. We conclude an edge if such order relation has
more than 0.2 posterior probability (inferred from section 5.2). An edge is colored red if
it has more than 0.9 posterior probability. The blue boxes indicate the tie relations with
more than 0.5 posterior probabilities.
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Figure 14: The concensus orders for the (PDP, p)\@ model on the 1131-1133 (left) and
1100-1103 (right) 'royal acta’ (bishop) witness list data. We conclude an edge if such order
relation has more than 0.2 posterior probability (inferred from section 5.2). An edge is
colored red if it has more than 0.9 posterior probability. The blue bozes indicate the tie
relations with more than 0.5 posterior probabilities.
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Figure 15: The ‘heatmaps’ for the estimated clusters for the (PDP, p)\M model for time
periods 1131-1133 (left) and 1100-1103 (right). Each block indicates the posterior proba-
bility for a pair of actors to be in the same cluster. We label higher posterior probability
red and lower posterior probability white.

We present the prior and posterior distributions on some key parameters,
as is shown in Figure 16. Figure K.19 shows the prior and posterior distribu-
tions of the number of clusters and partial order depths in each model. Both
the posterior distributions for K and p follow similar behaviour across the
two models in different time periods. Prior sensitivity analysis in Appendix
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Figure 16: The prior/posterior distributions for key parameters for the (PDP, p)\ M (pink)
and the (PDP, p)\Q (blue) models on periods 1131-1133 (upper) and 1100-1103 (lower).
The prior distributions are colored in gray.

K.3 shows that the posterior of K is less sensitive to the prior choice during
1131-1133 (where there is more data). A prior mean around n/2 appears to
be the optimal choice among k € {n,n/2,n/4}. We therefore present the in-
ference results for prior k = n /2 in this section. We notice that the posterior
for p tends to concentrate on values close to one. This is because K and p
are only weakly identifiable. For any reasonable geometric prior on K, the
model can fit well by adjusting the p posterior (as K gets larger the hazard
for paths to cross increases, so make p closer to one for flatter paths and a
similar distribution over partial orders). According to our sensitivity analysis
to K-prior, when the K-prior concentrates on a small mean- K, the posterior
for p is supported on lower values. However, the freedom of choosing both
K and p provides us more flexible control over partial order depth in the
prior. The depth distribution in Figure 10 cannot be realised with a single
parameter of choice.

In the Mallows observation model, the dispersion parameter 8 captures
the level of noise in the observed list. The 6 priors are adjusted to allow
roughly 10% of noise in lists as we expect errors were rare in these data. The

o4



posterior means for 6 in the (PDP, p)\M models are 1.75 and 2.94 in 1131-
1133 and 1100-1103 respectively, somewhat lower than the prior mean, so
somewhat higher noise than expected a priori. In particular, the witness lists
in period 1131-1133 appear to have higher noise compared to 1100-1103. This
observation is also supported in the inference from the (PDP, p)\@Q model.
With the queue-jumping observation model, the parameter p indicates the
error probability - the probability for a bishop to jump up the queue. The
p-priors are relatively flat, whereas the posterior distributions for p both
indicate an error rate of around 30% and are relatively concentrated.

Overall, we obtain consistent inference results from the (PDP, p)\M and
(PDP, p)\@ models in both time periods. We conclude that Roger, Bishop
of Salisbury, Henry, de Blois, Bishop of Winchester, 1129-1171 (tied) and
Gilbert, the Universal, bishop of London are of the highest power hierarchy
in 1131-1133 while Everard, bishop of Norwich is at the bottom of such order
relation. Similarly, in 1100-1103, Maurice, bishop of London is of the highest
hierarchy while Ranulf, Flambard, bishop of Durham and Roger, Bishop of
Salisbury has the lowest. Numerous factors might contribute to this social
power relation, e.g. the area one bishop represent, the age of the bishop,
etc. We further conclude that there are slight recording errors in the order
of witness signature, which can be effectively captured by our model.

5.4. Model Comparison

The (PDP, p)-partial order model is preferred over the (K, n, p)-partial
order model according to the Bayes Factor. If M is the (K, n, p)-partial order
model (with K fixed to [n/2]) and M, is the (PDP, p)-partial order model,
then M, is nested in M; (when each actor is in a separate cluster in M; so
C(S) = n (the number of clusters in S), S = ({1},...,{n}) and the random

K-value in M takes the value [n/2]). The Savage-Dickey Density Ratio

B — 71']\/[1 (C:n,K:[n/ﬂ)
10 vy (C=n,K=[n/2]ly)’

estimated using samples from the M; posterior and prior. Values bigger than

one are evidence for model M;. As is shown in table 2, the Bayes factors under
different observation models all favor the (PDP, p)-partial order model for
both 1131-1133 and 1100-1103. Clustering and varying K effectively reduce
the dimension of Z-matrix without compromising the fit. Ties enforce equal
relations to other actors, and it seems the data “likes” a prior that encourages
this sort of structure. The Bayes factors values parsimony so this may also
contribute to the weighting.

which gives the Bayes factor in this case, is easily
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1131-1133

Mallows Queue-jumping
Bio 4.2 3.2
Evidence for M; “substantial” “weak”
1100-1103
Mallows Queue-jumping
B 7.1 33
Evidence for M; “substantial” "strong”

Table 2: Bayes factors Byg between the (PDP, p)-partial order model (My with ties and
variable latent matriz dimension) and the (K, [n/2], p)-partial order model (M, with
K = [n/2] fixed) with either the Mallows or queue-jumping observation models in periods
1131-1133 and 1100-1103. A large Bayes factor indicates preference towards the (PDP.p)-
partial order model. Interpretation follows Jefferys.

We further compare our models with the popular ranking models - the
Plackett-Luce and Mallows Mixture. It would be hard to estimate Bayes fac-
tors in this case so we use the expected log pointwise predictive density (elpd,
Vehtari et al. (2017)) as our model comparison criterion. This is a predictive
loss which can be estimated using the WAIC (Watanabe, 2013). We present
elpd,qi-estimates in table 3. The partial order models have significantly
higher elpd,q., and are therefore strongly preferred compared to the total
order methods on the 1131-1133 and 1100-1103 Bishop witness list data.
Under the (PDP, p)-partial order model, the Mallows and queue-jumping
models perform almost equally well - with the Mallows model being slightly
preferred. This is as expected as the Mallows model allows bi-directional er-
rors while the queue-jumping model only allows queue-jumping-up. For the
Mallows or Plackett-Luce mixture models, we choose the number of mixture
components M that provides the highest elpdyquic(M € {1,...,10}). The
Mallows mixture appears to outperform the Plackett-Luce mixture.

6. Conclusion and Future Work

We have proposed a new non-parametric statistical model for partial order
estimation under the Bayesian framework. The new (PDP, p)-partial order
model improves on the model set out in Nicholls and Muir Watt (2011) by
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elpdwaic

Models 1131-1133 1100-1103

(PDP, p)\M 48.2 (9.5) 1233 (10.4)

(PDP, p)\Q 156.6 (10.4) 226.0 (11.4)
Mallows Mixture (Kendall-tau) -72.9 (13.0) (M=1) -33.9 (12.0) (M=3)
Plackett-Luce Mixture -173.2 (17.8) (M=4) -77.5 (10.4) (M=3)

Table 3: Model comparison among (PDP,p)\M, (PDP, p)\@, Plackett-Luce Mixture
and Mallows Mixture (with Kendall-tau distance) on time periods 1131-1133 and 1100-
1103. We use elpdyaic as the model comparison criterion. The results are presented as
‘estimation (standard error)’. For the Mallows and Plackett-Luce mixture models, we only
consider models with 1-10 mixture components. Here we report the best elpd,,q;. with its
corresponding number of mixture component M.

allowing actors to be tied. The more complex model remains projective.
The Mallows error model improves on the queue-jumping error model of
Nicholls and Muir Watt (2011). We also estimate, rather than fix, the column
dimension of the latent matrix Z introduced by Nicholls and Muir Watt
(2011) to model the prior for partial orders. The tied-structure of the new
model further reduces the dimension of the latent Z-matrix by grouping its
rows into equivalence classes. It changes the prior distribution over partial
orders to promote more ‘bucket’ order-like structures. This is appealing from
a modeling perspective. Experiments on the ‘Royal Acta’ data showed that
the tied model out-performed the nested model without ties and fixed column
dimension.

We also added some theory for the model given in Nicholls and Muir Watt
(2011) in the noise free case. We gave necessary and sufficient conditions for
the posterior to concentrate on the true partial order. We can ask, if the
true model was a partial order model, and we fit say, a Mallows or Plackett-
Luce model, what behaviour do we get? Is it possible that the posterior
converges to a mixture of rankings rather than a single ranking, and thereby
captures some of the “uncertainty” which a partial order allows. For the
simplest possible example, consider the partial order hy in figure 1 with
three linear extensions in figure 2. Let N denote the number of ranked lists
sampled uniformly at random from the linear extensions of partial order
ho. We take N — oo. It is not too hard to see that the Mallows model
posterior with Hamming or Cayley distance must concentrate on (1, 3,2, 4, 5)
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in the large data limit (rather than say, a posterior which is uniform on
the linear extensions of hg as we might hope). If we could get a Mallows-
mixture to converge to the uniform distribution on the linear extensions
of the true partial order it would then be possible to reconstruct the true
partial order by intersecting total orders sampled from the posterior. Such an
analysis is probably impossible in principle: fitting partial order models is a
computational task in # P; fitting a Mallows model with any likelihood which
can be evaluated in polynomial time is not in #P. It is unlikely we can solve
the harder problem by solving the easier problem. Fundamentally though,
the reason we work with partial orders is that we think social hierarchies
are well-represented by partial orders, that any total order assumption is too
strong, and so if we want to reconstruct partial orders they should be an
object in the model.

Future research may consider including covariates in the partial order
model, following Nicholls et al. (2023) but adding our non-parametric ap-
proach, or exploring a different definition of ties where the tied actors have
to appear together in a linear extension.
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Appendix A. The intersection order is the maximum likelihood
estimator

The material in the appendix follows the ideas of Beerenwinkel et al.
(2007) fairly closely.

Proposition 6. Given noise-free data lists' y = {y1,y2,...,yn} with full
lengths, i.e. y; € P,Vj € [N], and the uniform observation model on linear
extensions

1,

The intersection order hin; is the mazimum likelihood estimator of the true
partial order.

Proof. The likelihood function given the uniform observation model is

rlyecn 1
L h — Yj€ _ ]l |
( 7y) ]lj[l ‘»C[h” |£[h]|N ]lill y;€L[A]

The intersection order h;,; admits u >, , v with u,v € [n] and u # v if and
only if u appears before v in all y. For j € [N] and 1 < a < b < n, we have
either y;.||y;p OF Yja > Yjp i Ripe. Therefore, H;V:1 Ly ecihimg = 1.

Let h, € Hp, with h, # hi, be some partial order such that y; €
L[h.]Vj € [N]. If h, admits one more order relation than h;,, at least
one y; will be violated. So the condition y; € L[h,|Vj € [N] wouldn’t
hold. That is, for all the order relations in h;,, there exists at least one
pair of actors u,v € [n],u # v with (u >4, v) such that u||,v. This gives
|L[hint]| < |L[hr]|. Therefore,

L(hing;Y) > L(h;Y) Yh € Hipg, b # hine

Hence, the intersection order h;,; is the maximum likelihood estimator of
the true partial order given full-length noise-free list data and the uniform
observation model on linear extensions. O

Appendix B. Partial orders on three actors

The 19 possible edge sets F3 are shown in Figure B.17.
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Figure B.17: All possible partial orders given 3 actors. The blue and black edges represent

different partial orders respectively.

Appendix C. Proof of Proposition 1

Proposition 1. The (K,n)-partial order model distributions are projec-
tive.

Proof. For h € My, let Z[h] = {Z' € R™X : h(Z') = h} be the set of
Z-matrices generating h so that if m,)(h) = Pr(H = h) under the (K, n)-
model then (k) = Pr(Z € Z[h]). Let o = [n —1]. Let H,_1 ~ 7,y and
H,, ~ mp,. It is sufficient for marginal consistency to show that Hy,[o] ~ H,,_,
that is Pr(H,_1 = h) = Pr(H,[o] = h) for all h € H,,_;. We begin on the
RHS.

Let Z € [0,1]"" with Ziy.x ~U(0,1)X, i =1,....n so that H, ~ h(Z).
We have

Pr(H,lo] = h) = Pr(h(Z)[o] = h).

Next we observe that h(Z)[o] = h(Z[o,1:K]) and so
Pr(h(Z)[o] = h) = Pr(h(Z[o,1:K]) = h).

This is because relations between any two rows of Z are not effected by
the values in any other rows, so the suborder h(Z)[o] we get by dropping
actors outside o is the same as the suborder we get if we compute it on
the rows of Z belonging to the actors in o. Now let Z/ € R™®1*K with
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Zl e ~UO DR, i =1,...,n—1. We have Z' ~ Z[o,1:K] since the rows
are all independent. So we may write

Pr(h(Z]o,1:K]) = h) = Pr(h(Z") = h)

and we are done. O]

Appendix D. Proof of Proposition 3

Proposition 3. For h* € H}, let my,(h*) = Pr(H* = h*) be the distri-
bution of the random partial order with ties generated by the process in Def-
inition 7 and given in Equation 14. The family of distributions m,;,n > 1 is
projective.

Proof. Let o = [n — 1], let H} ~ mp,(+|p, k) defined in Equation 13 and
let Hy | ~ 7wp_y(-|p,k). We wish to show that Hj[o] ~ H} . It is
again sufficient to show Hf[o||p,k ~ H}_,|p,k for every fixed p and K; if
Pr(H![o] = h*|p,k) = Pr(H}_, = h*|p, k) then the marginals Pr(H}[o] =
h*) = Pr(H}_, = h*) are equal (just average over p and K on both sides).
In order to verify Hf[o] ~ H}_, we start with Pr(H}[o] = h*|p, k). First of
all, by the generative model, Hy; ~ h(Z(S,Z*)) if S ~ P 5. and
iid.

Zie ~ MVN(0,%,) forc=1,...,C.
Substituting for H},
Pr(Hy[o] = 1¥|p, k) = Pr(h(Z(S, Z%))[0] = h*|p, k).

Now

WZ(S, Z*))]o] = h(Z(S, Z*)[o, 1:K])

because the relations between actors 1, ...,n— 1 determined by h(-) acting on
Z[o, 1:k] are not effected by the presence or values of Z[n, 1:k] so we just get
the suborder.

Now let S = (S, ..., Sc-=) be the partition S with n removed. Let
Z*~™ be the corresponding parameter matrix. If n is in a partition by itself,
which must be Sc = {n}, then that set is deleted and C~" = C'—1; otherwise
C™=C. It C7" = C then Z*™" = Z* and otherwise Z*™" = Z] 5 | |4, S0
the last row of Z* is dropped.
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In terms of these quantities, Z(S, Z*)[o, 1:k] = Z(S™™, Z*~™), since again,
if we remove n from the partition S then use S™" with Z*~" to determine the
rows of Z for 1,...,n—1in Z, we get the same reduced Z as if we determined
the entries in Z from (Z*,S) and then dropped row n from Z. We have then

Pr(H}[o] = h*[p. k) = Pr(h(S™", Z(27") = h'|p, k).

The two parameter Poisson-Dirichlet process generates exchangeable ran-
dom partitions Pitman (2006). This indicates each item is treated indepen-
dently, as if they are the ‘last arrival’. Given the formulation of the two-
parameter Poisson-Dirichlet process , we have S™ ~ P, _1) 5, .- In addition,
the latent matrix setup gives Z_ ' ~ MVN(0,%,) iid. forc=1,..,C™™
It follows that h(Z(S™", Z*~")) is a realisation from the generative model at
fixed p,k on [n — 1] and hence h(Z(S™", Z*™ ")) ~ H}_,. We conclude that
Pr(H}lo] = h*|p,k) = Pr(H}_, = h*|p, k) for every fixed p,k, and hence,
from the preamble H}[o] ~ H}_,. We have shown marginal consistency for
the special case of o = [n — 1] but the actor labels are exchangeable, so we
may remove any subset o C [n] by removing one entry in [n] \ o at a time,
sorting it to be the ‘last arrival’ in the Poisson-Dirichlet process clustering
labels. [

Appendix E. Proof of Proposition 4

The key here is to show the chain is irreducible. This is well known, for
example, Karzanov and Khachiyan (1991) makes use of this fact for a closely
related chain.

Proposition 4. Consider a Markov chain {X;}i>1, with state space X; €
L[h[oj]] for some fized j € {1,..., N}. Suppose that at step t we have X; = x.
An entry i ~ U{1,...,n;} is chosen uniformly at random. If i = n; then
we reject and set Xy = x and otherwise &' = (T1, ..., Tit1, Tiy ooy Tny). If
x' € L[h|oj]] then we set X;11 = 2’ and otherwise X,y = x. The process
converges in distribution to the uniform distribution over linear extensions

of hloj], that is, for 1 € L[h[o;]],
—1 .
LTl

Proof. This finite-state Markov chain {X;};>1 is irreducible. Let [,I' €
L[h[o;]] with [ # I be a pair of linear exentsions in the target space. Let

65



a = l; and b = [} be the first (or “top”) entries in the lists and suppose
a # b, so the top entries in the lists do not match. Suppose I; = a with
i > 1. We will show that we can swap a up to the top of I’. Suppose ¢ =[;_;
with ¢ = b if i = 2. Now we must be able to swap a and ¢ in I’ without
violating an order in hlo;] as a appears below ¢ in I but above ¢ in [ (as a
is top in [ so must be above ¢) so we have both orders [ = (a, ..., ¢, ...) and
I'=1(b,...c,a,...). It follows that we must have a||,c; they are unordered in
h. Iterating this procedure we can move from [’ to [ by a finite sequence of
swaps each of which have probability 1/n;.

It is aperiodic (since it is irreducible and rejects when i = n;, at least),
and hence ergodic, so it has a unique stationary distribution = over L[h[o;]].
For 1,1 € L[hlo;]] with [ # I" let pjy = Pr(X,41 = U'|X; = [) denote the off
diagonal elements of the transition matrix. We have

[ 1/n; if [,V differ by a neighbor-swap
Py = 0 otherwise.

Since p is symmetric, its columns sum to one, so it admits the uniform
distribution as a left eigenvector, 17p = 17 with eigenvalue one, where 1 is
a vector of |L[h[o;]]|-ones, so

= m, I € L[h]oj]].

O

Appendix F. Model Consistency for the Partial Order Model with
the Error-Free Observation Model

Recall from the notation of Section 4.1 that O = (0;)7; ' is the set of
all subsets of the actor indices and I C [2" — 1] is a set of the indices of
sets in O for which we have observations, so we only accumulate lists for the
subsets o;, i € I not for every subset in O. For i € I we have N; realisations
Yi1, - Yin, of the noise free observation model p*)(-|hf[0;]) o 1/|L[AT[0i]]|.

Proposition 5. Let ht € Hy, be given and suppose y;;j ~ p'P)(-|hi[o;])
jointly independent for all i € I and j = 1,...N;. Let w(h|yi.n) be the
posterior of the (K,n, p)\P model with K > |n/2], so that

1
m(hly1.n) = / / m(Z, ply)dpdZ
Z:0(Z)=h J p=0
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where

(2, plyr.n) o< pP (yin |W(2))7(Z p) 7, (p).-
If for each pair of actors (i,j) € [n] x [n] with i # j, there exists k € I such
that {i,j} C oy then w(hily1.y) — 1 as min;e; N; = oo for every h € H,.

Proof. Assume h' € Hp, to be the true partial order on [n] behind the
observed linear extensions y;.ny. We denote o; = {0;1,0i2,...,0ix,} C [n]
a subset of actors with size |o;] = k; < n where ¢ can take values from
{1,...,2" — 1}. The suborders of h' are hf[o,].

Assume we observe N linear extensions yq.y. Assume there are N; lists
(Yi,---,yin,) from each suborder h'[o;] where y;; = (Vij1,-- - Yijk) € Po,
is alist, 7 = 1,...,N;. Then the total number of observed lists is N =
Zf:;l Nj. For a general partial order h € H|,, and under the error-free
observation model, we would have

1
Yij ~ P(yijlhloi]) = mﬂyi,jeﬁ[h[oi]y (F.1)

Denote by I the indices of suborders appearing in y;.y,

yl Nlh HHP yz,j|h Oz (FQ)

el j=1

Let M;, = Z ‘ 1 L, .= be the number of times a list r € P,, appears in
{Yi1,-.. ,y,-vN} If we are considering the posterior for h then since yi.n
would be linear extensions of h, we would have y; ; € L[h[o;]],Vi € I, j € [N;],
which gives M;, = 0 if r ¢ L[h[o;]]. The (M;,;)recpo, values follow the
multinomial distribution, such that,

1 1

M, )r o] ~ Multinomial(V;, Yy .
(Mi)rectnion N TRl TCo)

(F.3)

This gives that for any h,

Priywnn) =[] T P(rlnlo))™ (F.4)

i€l reLhloi]

To show model consistency, we would like to show

r(blyin) _ Pr(ylzN]h)W(h)) _ {0 when h # h'; F5)

lim

N—oo T(hT|y1.n) " Nooo Pr(y.n|ht)m(hf 1 when h = ht.
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Our prior w(h) > 0,Vh € Hp, in equation (6) as K > [n/2] so the set
€ : = as positive probability tor every n € Hp, at
Z € RvE - h(Z h} h iti bability f h € Hp). Wh

remains to be shown is that, if A # h', % — 0 when N; — oo, Vi € 1.

Let h[o;] denote a suborder of h corresponding to data lists y;. Consider
Pr( Y1N|h (yilhloi])
R;. F.6
Pr(yp.n|ht) rIPy,]hT [0:]) H (F-6)

Since h' is the true partial order, we have y; ; € L[hf[og]]. This gives

= Plrihlod) \ ™ _ [P o e
e 1 (P(rmf[om) - 1l (|£[h[oi]]|ﬂreﬁ[h[oi]]) .

reLlht[o;]] reL[ht[os]]

Given equation (F.3), and taking h = hf, we have ( ;_ recihtio]) — VaRinIl
as N; — oo. This gives

N

i a.S. ﬁ[hT [0]” 1/|£[h [Oz]”

R/ [] <|—’L Clhio (F.8)
reL[ht[oi]] |L[R]oi]]| SLlrlo]]

as N; — oco. For convenience, set A = L[h[0;]] and B = L[h[o;]],i € 1.
There are three different scenarios for the relation between A and B.

1. If A\ B # 0, then 1,5 = 0 for some r € A. We have RI/N 22°0. This
gives

R; “% 0 as N; — 0o when A\ B # (). (F.9)

2. If A = B, then L[h'[0;]] = L[h[o;]] then R; is equal to 1 (and two partial
orders with the same linear extensions are equal so h'[o;] = hlo;]).
3. If A C B then |A| < |B|. In that case

. A| 1/]A] |A| |Al/]A] |A|
RN o (I_) _ <_) _Al F.10
g E] Bl 18] o

so R; “3 0 in this case.

From cases 1 and 3 we see that when h'[o;] # hlo;], R; “3 0 as N; — oo,i € I.
Assembling these results,

m(hlyrn) _ HR Nooe 0 if ho;] # htlo;] for any i € I;
m(hflywn)  m( ZEI :((:T)) if hlo;] = h'[o;] for all i € I.

(F.11)
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What'’s left to show is that if hlo;] = hf[o;] for every i € I then we must have
h = hY. This is where the last condition on I comes in. We want to show

m(hly1.n) N—yo0 0 when h # h; (F.12)
7w (ht|y1.n) 1 when h = hf,

for any h € Hp, and the true partial order hi € Hn). This requires the
following claim.

Claim 1. Condition (*): V(i,j) € [n] X [n] with i # j, Ik € I such that
(i,7) € og. Every pair in [n] X [n] appears together at least once in the sets
for which we have rank information.

Equation (F.12) holds for every h,h' € Hy, where h' is the true partial
order, if and only if condition (*) holds.

Proof. If condition (*) holds, and h[oy] = hf[og] for every k € I then for
every (i,7) € [n] x [n], we have {i,j} C o, for some k. It follows that
Rlowl[ {4, 73] = W od][{i, 1 s0 Al{i, 1] = A1[{i, 3] € i = J,i < juillj} (the
suborder hlog|[{7,7}] of a suborder hog| is just the suborder h[{, j}]| of the
original partial order h). So h = h'.

If condition (*) does not hold for some pair (i,j), we give a counter-
example constructed so that transitivity doesn’t inform the missing relation.
Suppose there is no k € I such that {7, j} C o4 for some {i,j} C [n]. Take
h and h' to be empty partial orders and let A7, K~/ and h'l7 be three
different partial orders obtained by adding order relations i > j, i < j and
i||j to h. Now h*7, h*=7 and hilV agree with hf on all oy, k € I so the posterior
ratio converges to the prior ratio. Therefore, if condition (*) is not satisfied,
equation (F.12) does not hold for every Af. O

The fact that a condition as strong as Condition (*) is needed is surprising
as we might hope transitivity would save us. Whilst this would be the case
for any individual partial order, we need it to hold simultaneously for all
partial orders, as h! is unknown. O

Appendix G. Prior Properties: Proportion of Vertex-Series-Parallel
Orders and Bucket Orders

The proportion of vertex-series-parallel orders (VSPs) and bucket orders
(BOs) under priors are shown in Table G.4.
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Tied Prior Non-Tied Prior
Number of Actors  %VSP %BO %VSP %BO

S 98.436% 79.187% 90.548% 64.787%
10 83.910% 50.833% 49.931% 31.803%
15 64.682% 37.063% 34.776% 21.909%

Table G.4: The probability a random partial order under the tied or non-tied prior is a
VSP or BO.

Appendix H. An Alternative Tied Scenario

Ties may be taken to impose an extra constraint in the observation model:
tied actors ‘must appear together’. Essentially, tied actors enter a list as if
they were a single composite actor. In this setup tied actors are treated as
a single node in a linear extension with an “internal” permutation over tied
nodes taken uniformly at random. In Figure 8, instead of regarding 2|[;+3
and 2[[5s4, one may treat actors (3,4) as one node. There will then only be
4 linear extensions as are shown in Figure H.18. This construction does not
seem relevant for our application, but may be of interest for further work.

QY Q
ORONO
Q@
@@@@
ONONO,

Figure H.18: All four linear extensions for the tied partial order in Figure 8.

WOAS

Appendix I. The Plackett-Luce Model

This appendix complements a similar presentation introducing the Mal-
lows noise model in Section 3.2.2.

The Plackett-Luce model, presented independently in Plackett (1975) and
Luce (1959), is a widely used model for rank data, straightforwardly fit-
ting rank-subset data. The Plackett-Luce model enjoys extensive popularity
because of its interpretability and tractability. It is projective so applies
straightforwardly to either a complete ranking of all actors, a partial ranking
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of a subset of actors or the partial ranking of top actors (Bradley and Terry,
1952). The literature extends the Plackett-Luce model to different infer-
ence schemes. For example, Guiver and Snelson (2009) proposed an efficient
Bayesian inference scheme for the Plackett-Luce model by applying expec-
tation propagation and Caron and Doucet (2012) gives an efficient MCMC
scheme targeting a class of Placket-Luce posterior distributions.

Let a = (v, ..., ) be a set of actor weights. The Plackett-Luce model
defines the probability for ranking y € P, as

y|a H Zm keam'

We can modify this usual setup for our purposes, as we can have separate
actor weights for each list and integrate over these. This will seem counter-
intuitive but is needed to preserve the structure of the underlying noise-free
model. For j =1,...,N, let a; = (1, ..., j,) € R™ denote the (logit-scale)
weights, so that «jj is the weight for actor £ = 1,...,n in list j (if they
are present). The actor-ordered weights for actors y;1,...,¥;n, in data-list
j = 1,..,N are then oj,, = {aj,,,, ~~-a0‘j,yj,nj}- The Plackett-Luce model
assigns probability mass function

Qg q .
"5k

p(PL) (y5la) H S (I.1)
— m g€

The Plackett-Luce model is marginally consistent. We can set the prior
for o to be 7(alh, o) = vazl 7(ej|h, o) where

ij’h, g X MVN(Oéj; OK, 02][”)1{13(&].)6/;[;4}. (IQ)

If we denote the rank vector for a; as R(«a;) where R(a;); = > 1 La, <a;.}s
R(c;) ~U(L[h]) under this prior distribution. In addition, we show that the
normalising constant in equation 1.2 is [£[h]|/n!. There has been literature
that considers the Plackett-Luce model on tied ranking data (Turner et al.,
2020) and tied actors (Henderson, 2022; Baker and Scarf, 2020).

Though theoretically appealing, the setup requires o; € R" for j =
1,..., N, which is a large space to explore. We implemented sudo-marginal
method to effectively integrate over «, where the approximated list of linear
extensions are generated via the Bubley-Dyer algorithm (Bubley and Dyer,
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1999). However, the (PDP, p)\M model (as discussed in section 3.2.2) still
shows a large computational advantage in comparison and seems to show
no disadvantages as a model for the data. In addition, Liu et al. (2019b)
shows that the Mallow’s model is preferred over Plackett-Luce model. The
Plackett-Luce model produces a less certain concensus estimation (higher
MSE) in their potato ranking example. A similar result is obtained in our
model comparison between the Plackett-Luce mixture and Mallows mixture
models in table 3. We therefore choose the Mallow’s noise observation model
instead of Plackett-Luce in this paper, but we include the Plackett-Luce
Mixture for model comparison in section 5.

72



Appendix J. MCMC Algorithm

This section summarises the MCMC algorithm used to sample posterior
distributions to the parameters of interest. We implemented the partial order
with ties model with two noisy observation models - the Mallow’s observation
model (M) and the queue-jumping model (Q).

Algorithm 2: MCMC for the Partial Order with Ties Model
input: Z,p,S,0,p
Function potie(Z, S):
h = 0nxn;
K = ncol (2);
foreach i,j € [n] x [n],i # j do
if Z;,, > Z;,, Ym € [K] then
‘ hi,j == ].,
foreach ¢ € [|S]] do
| hij=0Vij €S
return h
10 Update for K & Z
11 Sample K* € {K — 1, K 4+ 1} with pg 1 = pr.x—1 = 0.5;
12 if K* > 0 then
13 if K* = K + 1 then

© ® N e ;oA W N R

[

14 foreach c € {1,...,|5]|} do

15 Set Z' . =2 ;

16 Sample Z; . such that Z; ~ MV N(0g-,%,)
17 else

18 ‘ Set Z* = Z. 1.k

19 h* < potie(Z*, S);
20 if model=M then

_ w(K*)p) (y|h(Z),6)
‘ O = m(K)pD (y|h(Z),0)

21

22 else

_ n(K)pQ(y|h(Z").p)
23 ‘ PK = I @ (yh(Z%).p)

24 Sample ug ~ U(0,1);
25 if ¢ > ug then
26 ‘ Z+— 7" K<+ K" h<+ h*
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Algorithm 3: MCMC for the Partial Order with Ties Model (part
2)

1
2
3
4

[=2 A

10

11
12

13
14

15
16
17

18
19

20

21

22

23
24
25

Update for S & Z

Sample j € [n];

Set Z* « Z,;

Simulate Zjg_;,,  ~ MVN(0g,%,);

if model=M then

Sample a new cluster ¢ for j € {1,2,...,]S™| + 2} with
probability proportional to

((n;] - ¢a)p(M) (y‘h(ZS*ju{jesfj})’ 0),..., (n(sjfjl - (15!1)]3(1\/[) (Y|h(Z57ju{jgs‘*Sﬂ;j | })’ 0),

(m + al S~ P (y|A(ZE_, ey ) 0), (1 + 1l S~ 1p (]R(2), 0));

else

Sample a new cluster ¢ for j € {1,2,...,]S™| + 2} with
probability proportional to

((n;J - ¢O{)p(Q) (ylh(ZS—jU{jes;j}vp) 7777 (n‘igj—j‘ - d)a)p(Q) (y|h(Zsfj U{jes\;‘j*ﬂ}),p)’

(m +1al S~ NP D IIR(ZL_; s

P (s + el ST )@ (v1R(2), p))
1s—dj1)

| SesTuliesd, bz
if ce {1,...,|577|} then

‘ S+ STU{jesS 7+ Zs-iugjess?y
Update for Z

Set Z* + Z,;

Sample c € {1,...,[S|}, k € {1,..., K} and simulate Z; such that
7 ~ MVN(Z.,%,);

h* <potie(Z*,S);

if model = M then

‘ ¢ _ m(Z*p.K,S)pM) (y|h(Z*),0)
m(Z]p,K,S)pM) (y|h(Z),0)

else

‘ & _ P yMZ) p)n(Z7|p.K,S)
z P (y|M(Z),p)m(Z|p,K.S)

Sample uy ~ U(0, 1);
if ¢Z > uy then
| Z < Z*;h <+ h*
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Algorithm 4: MCMC for the Partial Order with Ties Model (part

3)

1 Update for p

2 Sample 0, ~ U(w,, w%))’ > w, € (0,1) is a constant

O — 7T( *)ﬂ'(Z| *,K,S).

3 Set p* =1—0,(1 — p) then ¢, = —W(Z)W(Z‘:Kvs)ép,
4 Sample u, ~ U(0, 1);

5 if u, < ¢, & p* <1 then

6 ‘ p = pr.

7 Update for p

8 if model=() then

o | Let r=log(:£) and sample r* ~ N (r, 1);
10 Set p* < H%

_ ()P D (y|h(Z)p7).
1 % = @)
12 Sample u, ~ U(0, 1);
13 if u, < ¢, then
14 ‘ p <+ pr.
15 Update for 6
16 if model = M then
17 | Sample 6* ~ N(6,0.5)
18 if 6 > 0 then
_ pM(y|h(2),0%)m9(07) .

19 Q0 = 0 yTh(Z)0)ma @)
20 Sample ug ~ U(0,1);
21 if ug < ¢y then
22 ‘ 0 < 0.
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Appendix K. Application - the ‘Royal Acta’ (Bishops) Data

Appendiz K.1. The Data Lists
Witness lists between 1131 and 1133:

1] 348

211312147116 1: Roger, Bishop of Salisbury

3] 113714 10 2: Richard, Bishop of Bayeux

[4] 14 11 3: John, Bishop of Lisieux

5] 1137 4: Quen, Bishop of Evreuz

6] 11378159 5: Bernard, Bishop of St David’s
(713842 6: Everard, bishop of Norwich

8] 1315 7: Alexander, Bishop of Lincoln

9] 1315 8: John, Bishop of Sees

[10] 137 5 9: Seffrid, Bishop of Chichester

[11] 1315 10: John, Bishop of Rochester

[12] 1135 11: Simon, Bishop of Worcester

13] 171314510158 12: Gilbert, the Universal, bishop of
[14] 15 8 London

[15] 1279 13:  Henry, de Blois, Bishop of
[16] 12137109 11 6 Winchester, 1129-1171

[17] 34 2 14:  Robert, de Bethune, Bishop of
(18] 4 3 Hereford

[19] 713121 15: Algar, Bishop of Coutances
2011375149

21] 617

11257 1: Gundulf, bishop of Rochester
20128531647 2: Maurice, bishop of London
31256 3:  Robert, de Limesey, bishop of
4129 Chester

5298 4: Ralph, bishop of Chichester

6]59 5: Robert, Bloet, bishop of Lincoln

]
]
]
]
]
]
11235467 6: Samson, bishop of Worcester

8] 58 7: Ranulf, Flambard, bishop of
|15 Durham

0] 87 8 William, Giffard, bishop of
1187 Winchester, 1100-1129

2124138 76 9 Roger, Bishop of Salisbury

3]



Appendixz K.2. Additional Results

Four experiments are conducted on the ‘Royal Acta’ (Bishop) 1131-1133
and 1100-1103 data lists for both the (PDP, p)\M and (PDP, p)\@Q models.
Each MCMC chain was run for 1eb iterations. We record every 2n steps and
chose a burn-in period of 500(x2n) for all chains. The list of experiments
and effective sample sizes to each key parameter is shown in table K.5.

Effective Sample Sizes (ESSs)

Time Period Model K p 0 P
1131- (PDP,p)\M 240.60 136.32 1318.60 -
1133 (PDP,p)\@Q 104.32 174.88 - 873.53
1100- (PDP,p)\M 605.91 340.02 899.20 -
1103 (PDP,p)\@Q 444.18 358.95 - 1917.23

Table K.5: The effective sample sizes (ESSs) to the key parameters for each experiment.

Appendix K.2.1 and Appendix K.2.2 present the posterior distributions
and trace plots for these key parameters respectively.

Appendix K.2.1. Posterior Distributions

This section displays some additional result on prior and posterior distri-
butions. Figure K.19 gives both the prior and posterior distributions on the
number of clusters (on actors) and partial order depths.

We further present cluster samples from the MCMC for the (PDP, p)\@Q
model in the heatmap in Figure K.20. The heatmap for (PDP, p)\M is in
figure 15.
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Figure K.19: The prior/posterior distributions for the number of clusters (left) and partial
order depths (right) for the (PDP, p)\M (pink) and (PDP, p)\@ (blue) model on periods
1131-1133 (upper) and 1100-1103 (lower). The prior distributions are colored in gray.
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Figure K.20: The ‘heatmaps’ for the estimated clusters for the (PDP, p)\@ model for
time periods 1131-1133 (left) and 1100-1103 (right). Each block indicates the posterior

probability for a pair of actors to be in the same cluster.

We label higher posterior

probability red and lower posterior probability white.

Appendixz K.2.2. Key Parameter Trace Plots

The trace plots to the key parameters are shown in Figure K.21 for the
(PDP, p)\M model and Figure K.22 for the (PDP, p)\@ model. All trace
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plots display great mixing and convergence.
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Figure K.21: The trace plots for the (PDP, p)\M model on the 1131-1133 (left) and
1100-1103 (right) ‘royal acta’ (bishop) witness list data. We present the trace plot for
the log-likelihood (grey), the number of clusters (pink) and key parameters (latent matrix
column dimension parameter K - orange, the depth control parameter p - red and the
dispersion parameter for the Mallow’s observation model # - blue). The burn-in periods
are removed from the trace plots.
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Figure K.22: The trace plots for the (PDP, p)\@Q model on the 1131-1133 (left) and
1100-1103 (right) ‘royal acta’ (bishop) witness list data. We present the trace plot for
the log-likelihood (grey), the number of clusters (pink) and key parameters (latent matrix
column dimension parameter K - orange, the depth control parameter p - red and the error
probability in the queue-jumping observation observation model p - blue). The burn-in
periods are removed from the trace plots.

Appendiz K.3. Sensitivity Analysis on K Prior

This section investigates the models’ ((PDP, p)\M and (PDP, p)\Q) sen-
sitivity to the priors on the latent matrix column dimension parameter K.
According to Muir Watt (2015), k = [n/2] is sufficient to recover any un-
known partial order. We explicit a geometric prior distribution on K as
k ~ Geo(py), where py is a pre-determined hyperparameter - such that the
means of K are in {n,n/2,n/4}. The priors on other parameters are ad-
justed accordingly to obtain a relatively flat depth distribution. Table K.6
records the prior distributions on K for different sensitivity analysis on the
real data.

We display the prior and posterior distributions for K in Figure K.23 and
Figure K.24 for (PDP,p)\M and (PDP, p)\@ models respectively. When
k> n/2, the posterior distributions are close to the prior distributions in
both periods - indicating their high sensitivity to the prior choice. However,
the posterior distributions on K are updated to higher K values for both
the (PDP,p)\M and (PDP, p)\@ models in period 1131-1133. No similar
behaviour is observed in period 1100-1103, which is partially a result of data
limitation.

Given the result by Muir Watt (2015), a k& > n/2 is sufficient for the
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Time Period Model K-Prior PDP-Prior p-Prior

(PDP,p)\M  Geo(0.06)(k =n)  PDP(ng, = 3,1, =0.7)  Beta(1,1/6)
1131- (PDP,p)\Q  Geo(0.06)(k = n) PDP(n, =3,n, =0.7)  Beta(1,1/6)
1133 (PDP,p\M  Geo(0.12)(k =n/2)  PDP(n, = 6,7, = 0.6)  Beta(1,1/4)
(n = 15) (PDP,p)\Q Geo(0.12)(k =n/2)  PDP(n, = 6,n, = 0.6)  Beta(1,1/4)
(PDP,p)\M Geo(0.21)(k =n/4) PDP(n, =12,m, = 0.55) Beta(1,1/4)
(PDP,p)\Q Geo(0.21)(k =n/4) PDP(n, = 12,7, = 0.55) Beta(1,1/4)
(PDP,p\M  Geo(0.1)(k = n) PDP(n, = 5,1, = 0.4)  Beta(1,1/4)
1100- (PDP,p)\@Q Geo(0.1)(k = n) PDP(n, =5,n,=0.4) Beta(1,1/4)
1103 (PDP,p)\M Geo(0.18)(k =n/2) PDP(nq,=5,m,=04) Beta(1,1/3)
(n = 9) (PDP,p)\Q Geo(0.18)(k =n/2)  PDP(n, =51, =04) Beta(1,1/3)
(PDP,p)\M Geo(0.31)(k =n/4) PDP(m =5,n, =04) Beta(1,1/3)
(PDP,p)\Q Geo(0.31)(k =n/4) PDP(n, =5,m,=0.4) Beta(1,1/3)

Table K.6: Sensitivity analysis on K-priors.

latent matrix model to recover any unknown partial order. Having a large
mass on the k& > n/2 values in posterior will give the model enough freedom
to explore the space of partial order without much constraints. We therefore
conclude a choice of K-prior with K = n/2 is the most optimal and present
the corresponding result in section 5.3.

1131-1133 1100-1103

0 10 20 30 40 50 0 10 20 30

priork=n [ 7: priorK=n/2 prior k=nid

posteriork=n D posteriork=n/2 | | posterior R-n/4

Figure K.23: The prior (dashed) and posterior (solid) distributions for K from the
(PDP, p)\M model for sensitivity analysis on K-prior. We explicit the K priors to have
means of n (red), n/2 (green) or n/4 (blue) (details in table K.6). The result for time
period 1131-1133 is displayed on left, and 1100-1103 on right.
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1131-1133 1100-1103

priorfen | priork=ni2 prior K=ni4

posterior K=n D posterior k=n/2 posterior k=ni4

Figure K.24: The prior (dashed) and posterior (solid) distributions for K from the
(PDP, p)\@ model for sensitivity analysis on K-prior. We explicit the K priors to have
means of n (red), n/2 (green) or n/4 (blue) (details in table K.6). The result for time
period 1131-1133 is displayed on left, and 1100-1103 on right.

Appendixz K.4. Synthetic Reconstruction Test

The synthetic reconstruction test detailed in section 5.2 is designed to
test the model’s ability to reconstruct the ‘true’ partial order given data-lists
under different observation models. We consider four scenarios for each time
period.

e Simulation 1: error-free, y; ~ U(L[RT [y?*]]), Vi € [N].

e Simulation 2: data-list with random error. For i € [N], we simulate
y; ~ UL [y2*]]) from the noise-free model; we select a pair of actors
a,b € y; uniform at random, a # b, and put them in the same order as
they appear in the data. If a < b in y; but a = b in y?** then exchange
the positions of a and b in y; leaving all else unchanged.

e Simulation 3: data-list with Mallow’s error given 6*,

Y ~ p(M)(-|h(T)[0i],9*),W € [N].

e Simulation 4: data-list with queue-jumping error given p*,

yi ~ p D (|hDo,],p*), Vi € [N].
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The simulations are generated based on the true partial order in Fig-
ure K.25 for period 1131-1133 and the true partial order in Figure K.28 for
period 1100-1103. For the 1131-1133 structured data, we show the concen-
sus orders h®"(e = 0.2) from the (PDP, p)\M model in Figure K.26 and
the (PDP, p)\@ model in Figure K.27. For the 1100-1103 structured data,
we show the concensus orders h"(e = 0.2) from the (PDP, p)\M model
in Figure K.29 and the (PDP, p)\@ model in Figure K.30. The threshold
e = 0.2 is chosen based on the elbows in the ROC curves (Figures 11 and

12). o @

(PDP, p)\M — LE (PDP, p)\M — ERROR (PDP, p)\M — (PDP, p)\M — QJ ERROR

MALLOW’S ERROR
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Figure K.26: The concensus orders for the (PDP, p)\ M model on the synthetic data with
1131-1133 structure (simulation 1-4 from left to right). We conclude an edge if such order
relation has more than 0.2 posterior probability (inferred from section 5.2). An edge is
colored red if it has more than 0.9 posterior probability.

(PDP,p)\Q —LE (PDP,p)\Q — ERROR (PDP, p)\Q — (PDP, p)\Q — QJ ERROR

MALLOW’S ERROR

Figure K.27: The concensus orders for the (PDP, p)\Q model on the synthetic data with
1131-1133 structure (simulation 1-4 from left to right). We conclude an edge if such order
relation has more than 0.2 posterior probability (inferred from section 5.2). An edge is
colored red if it has more than 0.9 posterior probability.

0. 9@9@
@

Figure K.28: The true partial order for list simulation (1131-1133 structured data).
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(PDP, p)\M — LE (PDP, p)\M — ERROR (PDP, p)\M — (PDP, p)\M — QJ ERROR

MALLOW’S ERROR

Figure K.29: The concensus orders for the (PDP, p)\M model on the synthetic data with
1100-1103 structure (simulation 1-4 from left to right). We conclude an edge if such order
relation has more than 0.2 posterior probability (inferred from section 5.2). An edge is
colored red if it has more than 0.9 posterior probability.

®
Q © ®
(3) 0, ®
0 O X 0 O ®
® _O @
0 ®
) 0

O 0 o © O 0 O
(PDP, p)\Q — LE (PDP, p)\Q — ERROR (PDP, p)\Q — (PDP, p)\M — QJ ERROR
MALLOW’S ERROR

Figure K.30: The concensus orders for the (PDP, p)\@ model on the synthetic data with
1100-1103 structure (simulation 1-4 from left to right). We conclude an edge if such order
relation has more than 0.2 posterior probability (inferred from section 5.2). An edge is
colored red if it has more than 0.9 posterior probability.
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Bayesian Inference for Vertex-Series-Parallel Partial Orders

Chuxuan (Jessie) Jiang' Geoff K. Nicholls' Jeong Eun Lee?
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?Department of Statistics, University of Auckland, New Zealand

Abstract

Partial orders are a natural model for the social hierarchies that may constrain “queue-like” rank-
order data. However, the computational cost of counting the linear extensions of a general partial
order on a ground set with more than a few tens of elements is prohibitive. Vertex-series-parallel
partial orders (VSPs) are a subclass of partial orders which admit rapid counting and represent
the sorts of relations we expect to see in a social hierarchy. However, no Bayesian analysis
of VSPs has been given to date. We construct a marginally consistent family of priors over
VSPs with a parameter controlling the prior distribution over VSP depth. The prior for VSPs is
given in closed form. We extend an existing observation model for queue-like rank-order data to
represent noise in our data and carry out Bayesian inference on “Royal Acta” data and Formula
1 race data. Model comparison shows our model is a better fit to the data than Plackett-Luce
mixtures, Mallows mixtures, and “bucket order” models and competitive with more complex
models fitting general partial orders.

1 INTRODUCTION

Rank-order data are lists in which a set of elements are ranked. They are analysed in a wide range

of areas, including decision support [Beichl et al., 2017], medical research [Beerenwinkel et al., 2007]
and chemistry [Pavan and Todeschini, 2008]. We classify ranking methods into two categories - total

order ranking and partial order ranking.

Total order models seek a ranking of the elements of the ground set (in our setting, the labels of

a group of actors we want to rank) that is “central” to the rank-lists in the data. These models are
suitable when we believe that an order relation exists between every pair of actors. The Mallows model
[Mallows, 1957], the Plackett-Luce model [Plackett, 1975, Luce, 1959] and related mixture models are
models for total orders. However, the real-world relations we are looking to recover may be weaker
than a total order: perhaps relations between pairs of actors are not simply weak or uncertain, they don’t

actually exist. We expect this for some precedence relations that define some social hierarchies.

Accepted for the 39" Conference on Uncertainty in Artificial Intelligence (UAI 2023).



If we want to learn social-order relations between actors by observing their behavior, then the
elements of the model we fit should correspond to elements of reality: if relations are incomplete then
we should fit a partial order. A partial order h = {[n|, <.} is a (possibly incomplete) set of binary
order relations <, over a “ground set” of actors with labels [n] = {1,...,n}. Our data are records
of queues of actors constrained by a social hierarchy h, which is unknown. If we see enough queue
realisations we can identify the hierarchy. In this setting the queue is just a linear extension (LE) of h,
that is, a permutation of actors in [n] that doesn’t put an actor ahead of someone of higher precedence.

Partial orders are widely used as a ranking summary tool, or to support efficient computation. For
example, partial orders and LEs support efficient computation of marginals in Bayesian networks [Cano
et al., 2011, Smail, 2018]. By contrast, in our work the partial order % is the object of inference, so it
is a parameter in the likelihood: the data are LEs and the likelihood depends on the number of LEs
of h. Counting LEs is an #P-complete task [Brightwell and Winkler, 1991], so work to date in this
setting either restricts the class of partial orders [Mannila and Meek, 2000, Gionis et al., 2006, Mannila,
2008] to orders which admit fast counting or works with orders of manageable size [Beerenwinkel et al.,
2007, Sakoparnig and Beerenwinkel, 2012, Nicholls and Muir Watt, 2011, Nicholls et al., 2022]. This
approach does not scale well with n. We follow Mannila and Meek [2000] and work with vertex-series-
parallel partial orders (VSPs). These orders are a sub-class of partial orders which can be formed by
repeated series and parallel operations on smaller VSPs. They include bucket orders ! as a special case.
Valdes et al. [1979] represent VSPs using binary decomposition trees (BDTs). These support counting
in a time linear in n [Wells, 1971] and scale to VSPs with hundreds of actors.

VSPs are a well characterised combinatorial class [Wells, 1971, Valdes et al., 1979]. However, work
on fitting VSPs to data is limited. Mannila and Meek [2000] learn VSPs from LEs by adapting a greedy
search over VSPs. However, there is to date no Bayesian inference and hence no one has given a prior
probability distributions over VSPs with good properties for inference. Mannila [2008] gave Bayesian
inference for bucket orders, a subclass of VSP, and Sakoparnig and Beerenwinkel [2012] for partial
orders, a super-set that doesn’t scale.

Contributions. This is the first Bayesian inference for VSPs from LEs and presents some useful new
priors and likelihoods. VSPs are equivalent to “transitively closed” Directed Acyclic Graphs (DAGs);
when we specify priors over objects of this sort we have to be careful to ensure the prior doesn’t impose
unwanted weighting and inconsistency.

We specify a prior and give its probability mass function in a simple closed form. Our prior (Sec. 2)
is marginally consistent. This property (defined in Definition 1 below) is needed for the model to make
sense in our setting. Our prior also represents the information available well: it is non-informative with
respect to VSP depth, one of the most interesting summary statistics for a social hierarchy.

Our new observation model (Sec. 3) generalises earlier models for observation noise in records for
queue-like data and has a natural physical interpretation in terms of “queue jumping” and “arriving
late”.

We give MCMC algorithms in Appendix C which target the VSP posterior. We carry out model
comparison with the Plackett-Luce and Mallows mixture models in Appendix E.1. We further compare
our model with a simple restriction to Bucket-Order models in Appendix E.2 and we compare it with a

! Actors are grouped in buckets - every actor is ordered with respect to actors in other groups, and any pair of
actors in the same group are incomparible.



more general partial order model [Nicholls et al., 2022] in Appendix E.3.

Finally, our reconstruction of relations between witnesses appearing in Royal Acta (Sec. 5.2) is
new. Historians are interested in these relations, but it wasn’t possible to reconstruct them all till now
as the partial orders were too big to count their LEs (Nicholls et al. [2022] analyse a subset, working
in a time-series setting; we give timing comparisons in Appendix F). Our models are relevant for any
ranking problem where relations may be partial: in Appendix D.2 we fit Formula 1 race results for the
2021 season. These data show the same preference for our model over other models.

1.1 BACKGROUND

A partial order h = {V, <,} is a binary relation?> <, over a “ground set” of actors V. In our
setting the actor labels are V' = [n] where [n| = {1, 2, ..., n} or some subset. Two actors i, j € [n] are
incomparable i||,,7, if neither i <, j nor i >, j. Partial orders on [n] are in one-to-one correspondence
with transitively-closed DAGs ([n], E') with edges £ = {(i,j) € [n] x [n] : i >, j}. Denote by
M) the set of all partial orders on actor labels [n]. Let Py, be the set of all permutations of [n].
A linear extension I, € P, is a permutation of actors in [n] that does not violate partial order
h. See Fig. 1 for an example partial order® and its LEs. We denote the set of all LEs for partial
order h as L[h]. A sub-order hlo] = (0,<}) of a partial order h € H, restricts h to a subset
o C [n], o = {01, ..., 0, }: all order relations in h are inherited by h[o] so its DAG representation
(0, E]o]) has edges E[o] = {e € E : e € 0 x 0}; directed edges incident vertices in [n] \ o are removed
and all others remain. A chain of h € H,) is a sub-order h[o] that is also a total order. The length of a
chain is the number of nodes |0| in the sub-order. The depth D(h) of a partial order is the length of its
longest chain, with 1 < D(h

OXCrOL000,
OXCLOL000,
OO

Figure 1: (left) A partial order with 5 actors and depth 4 which is also a VSP, v say, and (right) its three
LEs.

The vertex-series-parallel partial orders (VSP) on [n] are a class of partial orders V) C Hjy
formed by repeated series ® and parallel & operations. For partial orders h; and hs, let V' (hy) and
V' (hs) represent the ground sets of actors for i, and h, respectively (which we assume are disjoint).

* A series partial order, h = hy ® ho, is the union of all relations in h; and hy, with additional
relations ¢ >, j if i € V(hy) and j € V(hy).
* A parallel partial order, h = hy @ hs, is the union of all relations in ~; and hy with incomparability

>The binary relation <}, is both irreflexive (the relation ¢ <, ¢ does not exist) and transitive (if ¢ <j j and
J <n k, then i <, k), where i, j, k € [n] and i # j # k.

3In this article, we visualise a partial order via its transitive reduction - this omits all edges implied by
transitivity and is unique.



illnjifi € V(hy) and j € V(hy).

The set of VSPs V), is defined recursively: if [V'(h)| = 1 then h is a VSP; if hy and h, are VSPs then
h1 ® ho and hy @ hy are VSPs. Valdes et al. [1979] show that a partial order is a VSP if it does not
contain the “forbidden sub-graph” (Appendix G, Fig. G.1) as a subgraph isomorphism.

The partial order vy in Fig. 1 is a VSP. It can be constructed using the series and parallel operations
in Fig. 2.

@®@%§

@@é@gé 0
1

<S=@®§ @
@,@ i 1O,

Figure 2: One possible construction procedure for the VSP v, shown in Fig. 1.

A VSP on n actors can be parameterised as a Binary Decomposition Tree (BDT) Valdes et al. [1979]
- a binary tree ¢ € T},) with n leaves in which nodes have additional attributes (listed below) and edges
are directed from the root to the leaves. Let F and A be the index sets for the n leaves and n — 1 internal
nodes respectively, with 7 U A = [2n — 1]. Each leaf node index corresponds to a unique actor in
the VSP. It is convenient to distinguish between leaf nodes indices and the actor labels to which they
correspond. For each leaf node ¢ € F, let F;(t) € [n] give the actor label for the actor corresponding to
that leaf node. Internal nodes ¢ € A are S nodes if the subtrees rooted by their child nodes are merged
in series, otherwise they are P nodes and the subtrees are merged in parallel. Internal nodes with an S
label have an additional attribute indicating which of its child nodes is the “upper child”: the subtree of
this child node (indicated by a ‘+’ and a red edge in Fig. 3) is stacked above the subtree rooted by the
other child node (indicated by a ‘-’). As an example, the VSP v, in Fig. 1 can be represented by the
BDT ¢, in Fig. 3. Let S(¢) € [n — 1] be the number of S-nodes in tree .

A tree ¢t with edge set E(t) is written t = (F'(t), E(t), L(t)). Here L(t) = {L;}ic4 with L;(t) =
(7,7') indicating that internal node i is an S-node with child nodes 7, 7/ and the subtree rooted by j
is stacked above that rooted by j', and L;(t) = () if 7 is a P-node. The map from a BDT to the VSP
v : Ti) — Vjn) is not bijective: for a VSP v € V), there may exist many BDTs ¢ € 7},,) which represent
it. Let t(v) = {t € T : v(t) = v} give the set of BDTs representing VSP v € V).
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Figure 3: A BDT ¢, representing vy in Fig. 1, so that v(¢y) = vo. Red edges and ‘+’ signs indicate the
upper child.

Brightwell and Winkler [1991] show that counting the number of LEs of a partial order is a #P-
complete problem. However, the subclass of VSP partial orders admits fast counting. Wells [1971]
gives

[£(hy @ ha)| =|L(h1)||£(h2)| (D

[£(hy & ho)| =|L£(h)[|£(D2)| (|v<h1‘¥&1!;(hz>!) ?

where |V (h;)| and |V (hy)| give the number of actors in h; and hs. This may be evaluated recursively
in O(n) steps.

In the following we make use of one more representation of a VSP: the Multi-Decomposition
Tree (MDT). These trees are obtained by collapsing edges which connect internal nodes of the same
S/ P-type in the BDT, as in Fig. 4. Let M, be the set of all MDTs with n distinguisable leaves. A
formal definition is given in Appendix A.3.

Figure 4: An example BDT ¢, (left) and its corresponding MDT m (right). The child-nodes of any
S-node in the MDT are numbered to give the order in which their subtrees are stacked by the BDT.

Valdes [1978] has shown that MDTs are one-to-one with VSPs, so all the BDTs in ¢(v) representing
the VSP v must “collapse down” to give the same MDT. For m € M, we write v = v(m) for the map
to VSPs (relations between any pair of actors in the VSP are simply given by the type of their Most
Recent Common Ancestor (MRCA) in m). Let my(v) = {m € My, : v(m) = v} be the set of MDTs
representing v € V).

Lemma 1 The map my, : Vi) — My is bijective (so that |my(v)| = 1). See Valdes [1978] for proof
and Valdes et al. [1979] for further discussion.



2 VSP PRIOR

In this section we give a marginally consistent prior 7y, (v|g) over VSPs on actors in [n], controling
the distribution over VSP-depth. We begin by defining a prior probability distribution 77, | (t|q) over
BDTs ¢ € Tj.

Our prior on 7, has a uniform distribution over trees ([2n — 1], F'(t)) with distinguishable leaves.
Internal nodes are labelled S with probability ¢ and otherwise P. We choose an “upper child” for each
S node at random from its two child nodes, so we have

1 5(t)
gt = = (3) (1 =gy 50, 3

[T 12
where S(t) is the number of S-nodes, |7,| = (2n — 3)!! = (2n — 3) - (2n — 5)...3 - 1 is the number
of binary tree topologies with n distinguishable leaves, and the types of the n — 1 internal nodes are
independent with a factor 25® for the stacking order of the children of S-nodes.

We get the prior on VSPs v € V), by summing over all BDTs that represent v,

™ (V]9) = Z 77, (t9) 4)
)

tet(v

This simple choice, based on a uniform distribution over tree topologies, determines a prior for VSPs
that represents the prior knowledge we want to impose in our setting. If a social hierarchy is built up by
making comparisons between groups of people, based for example on their profession, then it will be a
VSP. Secondly, the unknown true depth of the social hierarchy we are trying to reconstruct (which is
the length of the longest chain in the VSP) is a feature of particular interest, so we don’t want the prior
to strongly inform depth. We choose a prior distribution over ¢ so that the marginal distribution 7y, (v)
gives a reasonably flat prior distribution for depth D(v) (see Appendix H and Fig.H.1).

We assume that relations between two actors are determined by (unknown) properties intrinsic to
those actors (for example, their professions, or ancestry). If that is true then the presence or absence of
a third actor should not affect the relations between the first two. It is not straightforward to get this
property and transitivity. If two actors 1||2 are unordered and we add actor 3 with relations 1 > 3 and
3 > 2then 1 > 2 by transitivity: the presence of actor 3 changes the relation between actors 1 and 2.
Random VSPs can be built up in many different ways (that is, they are represented by many different
BDTs), so we want the prior probability that 1 -, 2 in a random VSP w ~ my,, to be the same as the
prior probability that 1 >, 2 in a random VSP v ~ . This adds a consistency restriction on any
family of prior distributions 7y, n > 1 we write down.

A family of priors like 77, (t[q) or my, (vlg), n > 1is marginally consistent (also known as
projective) if every marginal of every distribution in the family is also in the family. Marginal consistency
is not a property we get for free from the axioms of probability: the uniform distribution on partial
orders h ~ U(H,)) is not consistent: there are 3 partial orders on the labels {1,2} and 19 on {1,2,3};
since 19 is not divisible by 3, the probability for 1 >~ 2 in h ~ U(Hy) cannot equal the marginal
probability for 1 >, 2in g ~ U(H3)).

Definition 1 (Marginal consistency) Let Oy, = {0 C [n] : |o| > 0} be the set of all subsets of [n]
with at least one element. The family of VSP priors my,(v|q), 0 € Opy, n > 1 is marginally consistent



if, foralln > 1 and all 0,0 € Oy, with o C o, distributions in the family satisfy

my, (wlq) = Z my,(v|q)  forallw € V,. ®)

vEV;s
v[o]=w

If marginal consistency holds for all ¢ then it holds for marginals 7,(w) by taking expectations over ¢
in (5).

The following Theorem is our first main result: we give a closed form expression for the prior for
a VSP (we calculate the sum in (4)) and show that the family of priors is marginally consistent. For
v € V), let t € t(v) be some tree representing v. Partition the internal nodes A of ¢ into S-clusters

C’,ES), k=1,..., Kgand P-clusters C,EP), k=1,..., Kp. An S-cluster is a maximal set of internal nodes
of type S which are connected by edges in £(t) and corresponds to a node in the MDT-representation.
The P-clusters are defined similarly. We will see (in Appendix A.2, proof of Proposition 5) that two
BDTs representing the same VSP have the same numbers of S and P clusters, with the same sizes.

Theorem 1 The family, my,(v|q), o € Oy n > 1, of VSP priors is marginally consistent. The
probability distribution over VSPs v € V) in (4) is

Kp
TV (U’CI):WTW (th) H 2|C P)| ”H CC(S) (6)
k=1

where t may be taken to be any tree t € t(v) with P- and S-clusters defined above, 1 (t|q) is given in

(3) and
1 2s
= >
Cs s—I—l(s)’ s20 @)

is the s’th Catalan number [Stanley and Weisstein, 2002].

Proof 1 (Theorem 1) The proof of Theorem 1 is given in two parts in Appendix A. In Proposition 3 in
Appendix A.1 we show that the family of tree-priors 7, (tlq), 0 € Opy, n > 1is marginally consistent.
This result is used in Proposition 4 in A.1 to show that VSPs are marginally consistent - the first part of
Theorem 1.

The proof of the second part is given in Appendix A.2. We show in Proposition 5 that all trees
t € 1(v) have equal values of 7r,,,(t|q), so that Ty, (vlq) = [t(v)|7,, (tq) for any t € t(v). This is
straightforward, as they must all collapse down to the same MDT. Finally, in Proposition 6, we give a
Sformula for |t(v)|. We count the number of BDTs that collapse down to a given MDT. Any P-cluster
CF of a BDT corresponds to a P-node in its MDT and covers a small sub-tree of the BDT representing
an empty partial order on its |CF| + 1 labeled leaves. It can be replaced in the BDT by any sub-tree
representing the empty partial order without changing the MDT, and there are (2]C,£P) |—1)!! such trees.
Similarly, any S-cluster C} corresponds to a S-node in the MDT and covers a sub-tree of the BDT
representing a total order on its leaves. It can be replaced in the BDT by any sub-tree representing the
same total order. The Catalan numbers enter because C,_1 gives the number of BDTs representing a
total order on s elements (see proof Proposition 6). This last result is new, gives (6) and completes the

proof of Theorem 1.
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Figure 5: One example list simulation process from the VSP v, (left) via the QJ-B observation model.
The simulated list is displayed on the right.

Theorem 1 gives the prior for a VSP in terms of the prior for one of the BDTs that represent that
VSP. We can also parameterise VSPs using MDTs and this leads to the second MCMC scheme given in
Appendix C.2.

Corollary 1 For m € My, with internal nodes A, let c; give the number of children of node i € A
and let P(m) = {i € A: Li(m) = 0} and S(m) = A\ P(m) give the sets of P— and S—node labels.
The prior for VSPs given in (6) is equivalently a prior for MDTs,

TV () (U<m>’q) = TMpy, (m|q) (®)
1
. — 1 —q)% (2¢; — 3)!!
(2n —3)I iell:([m)( )" )
q c;j—1
< I (5) G
JES(mM)

Proof 2 (Corollary 1) Substitute (3) into (6) and note a tree with c; leaves has c; — 1 internal nodes.
This result gives a convenient representation for prior evaluation.

3 BI-DIRECTIONAL QUEUE-JUMPING OBSERVATION MODEL

Our data is a collection of N lists. For j € [N]leto; C [n], 0; = {01, ..., 0,, } be the actors present
when the j’th ranking list was observed and let y; € P,,, y; = (Y1, -, ¥jn,) be the observed list,
just an ordered version of 0;. Let y = (y1, ..., yn) be the list of lists. The ‘queue-based’ observation
model given in Nicholls and Muir Watt [2011] models list data as a realisation of a random queue
constrained to put higher status individuals before those of lower status. In this model the queue
is dynamic. It forms and then unconstrained pairs of actors swap places at random. If this process
reaches equilibrium before the queue is read off then the resulting list is a uniform draw from the linear
extensions of the constraining social hierarchy [Karzanov and Khachiyan, 1991]. In this noise-free
model y; ~ U(L[v[o,]]) independently for j € [N].

It is unlikely the observations are “error free”. In a “queue-jumping” model (QJ-U, see Appendix
B.land Nicholls and Muir Watt [2011] for details) the queue is read from the top: with probability



p € [0, 1] the “next” person in the queue is drawn at random from those remaining, ignoring the social
hierarchy; otherwise they are the first person in the remaining LE. The queue can also be read from the
bottom up. In this model (QJ-D) actors fall down the queue. We think of these events as actors arriving
while the queue is being read.

We would like to have a queue-based model in which displacement in both directions is possible.
The resulting “bi-directional queue-jumping” model (QJ-B) is not simply a mixture of QJ-U and QJ-D,
as it allows displacement in both directions within a single realisation. The cost of evaluating a QJ-B
likelihood is exponential in n. However, for the application in Section 5.1 there is a subset of actors
(bishops) known a priori to appear as a group. Separate modelling of this manageable subset (n ~ 20)
is well-motivated. Although QJ-B cannot be evaluated for a general partial order (counting LEs is
prohibitive) it is fine for a VSP.

Like QJ-U, QJ-B ranks by repeated selection. Fig. 5 provides an example QJ-B list-realisation
from VSP vg. A generic list z € Py, is built up from both ends (see Appendix B.2). Let z € {0,1}"!
with z, ~ Bern(¢). Here z; = 0 indicates the k’th actor to be added to the list was placed bottom-up
in the QJ-D model and z; = 1 indicates they were placed top-down in the QJ-U model. In Fig. 5,

= (1,0,0,1). If we let Uy = 0 then Uy, = Uy_; + 2, gives the number of places filled from the top
after the k’th actor has arrived, so if z; = 1 then the k’th actor was placed into position ¢, = Uy in z.
Similarly, if Dy = n + 1 then Dy, = Dy_; — (1 — z) tracks places filled from the bottom and gives the
placement index i, = Dy in x when 2z, = 0, so i, = 2z, Uy + (1 — z;) Dy, gives the position in z into
which the k’th actor was added. If z = (1,0,0, 1), then (41, ...,74) = (1,5,4,2) (and i5 = 3, the only
remaining place).

Definition 2 (Bi-Directional Queue-Jumping Model) Ler Ly (v) = |L[v]| be the number of LEs of
VSP v € Vi, and for i € [n] let T;(v) = |{l € L[v] : I} = i}| give the number of LEs with actor i
at the top. Let B;(v) = |{l € L[v] : l,, = 1}| give the number of LEs with actor i at the bottom. If
z € {0,1}" Vis given then iy, = ix(2),k = 1, ...,n is given above. The observation model for QJ-B for
alist v € Py given z is

sz ZL"Z v p H]‘{Zk O}sz xzk|x11k 19 Rk U, p)
k=1

+ l{zk:I}Qbi(ﬁik’xil;k,uZkaUaP)]?

where
Qbi(xik|l'i1:k_17 0 p)
L + (1 . p) T (/U['CE )\ {i1,..., ikfl}])
n—k+l L (U[x[n]\{il ..... ieat])

Qui (T4, | Ty k-1, 21 = 1,0,p) =

P, Ba,, (V[ gir...oie1}])
n—k+1 LT(U[x[n]\{il 77777 ik—l}]) ’
and marginally,
Qui(z]v,p,8) =Y _ Quilx]z,v,p)p(2]¢) )

z€{0,1}m



where p(z|¢) = 2% (1 — )"~ 2%,

We give a generative model realising = ~ ();; in Appendix B.2. This distribution reduces to (),,,/QJ-U
in Appendix B.1 when ¢ = 1 (and @) 4,.,,,/QJ-D when ¢ = 0). We use this nesting to investigate
whether QJ-U or QJ-D or QJ-B fits the data better. This is of interest in our application as different
error types correspond to obvious physical mechanisms (downwards displacement may be “arrived late”
and upwards displacement may be “my friend the King is present”). When p = 0 this is the noise free
model for every ¢ € [0, 1], so ¢ is not identifiable in the noise free setting.

Counting LEs of a VSP (evaluating Ly (v) etc) is O(n) so the computational complexity for
naive evaluation of Qy; using (9) is O(n?2"). We used a recursion (Algorithm B.3) of computational
complexity O(n2"). This avoids repeated evaluation of LE-counts for the same suborders and (by
Proposition 7 in Appendix B.3) evaluates Q).

4 SUMMARISING THE VSP POSTERIOR

Bayesian inference is straightforward in principle given an explicit prior distribution over VSPs
and an observation model () = @), or () = @, for our N ranking-lists. We can represent a VSP as a
MDT (since the mapping is one-to-one) or carry out Bayesian inference on the latent space of BDTs
t € T}, and use the fact that they marginalise to MDTs. We present the posteriors for BDT and VSP.
Let ¢ = (p, ¢) for QJ-B and i) = p for QJ-U.

The posterior for the BDT ¢ € T, is

T (8 @, Yly) oc w7, (Eag)m (g, ¥)Q(ylu(t), ) (10)
The posterior distribution for the VSP v € V) is
Ty, (U, @, ¥ly) o my,, (v]g)m (g, ¥)Q(ylv, ), (11)

where we use the equivalent MDT posterior with prior given in Corollary 1 for VSPs in (11).

Proposition 1 (Posterior Marginals) Sampling the BDT posterior (t,q,v) ~ 77, ,(:|y) gives samples
(v(t),q,¥) ~ my,, (:ly) from the VSP posterior (see Appendix A.4 for proof).

We implemented separate MCMC samplers targeting both (10) and (11). Our MCMC algorithms are
given in Appendix C. We checked that the VSP-posterior marginals for the two implementations were
equal (up to Monte-Carlo error). We implemented MCMC targeting the BDT posterior (10) first, as
BDT data structures are slightly more straightforward to handle than the MDT data structures needed to
target the VSP posterior in (11). All results in the next section were computed using the BDT-MCMC.

S APPLICATIONS

5.1 DATA AND ANALYSES

We analyse a dataset accessed through a database made for “The Charters of William II and Henry
I”” project by Professor Richard Sharpe and Dr Nicholas Karn [Sharpe et al., 2014]. These data collect



witness lists from legal documents from England and Wales in the eleventh and twelfth century. Witness
lists respect a rigid social hierarchy: higher status individuals come ahead of lower status individuals in
the lists. Fig. D.1 is an example list.

We represent the hierarchy on actors [n] appearing in the lists as a partial order which is a VSP
v € V) and model a list as the outcome of one of the queuing processes described in Section 3. We
imagine the actors lining up to witness the document in a virtual queue.

Lists are witnessed by people from all walks of life and we have their titles. These include “others”
(actors who lack titles). Historians are interested in social hierarchies and how they change over time.
For illustration we reconstruct hierarchies in three snapshots: the years 1080-84, 1126-30 and 1134-38.
The last two cover periods shortly before and after Stephen became King, a time of great change. The
S-year intervals are short enough for any changes in the hierarchy to be slight [Nicholls et al., 2022].
For ease of visualisation we present results for individuals appearing in at least 5 lists (SLPA data) here
and results on all actors (1LPA data) in Appendix D.1.1. We fit VSP/QJ-U to all data and fit VSP/QJ-B
to 2 of the 3 SLPA data sets (not 1134-38, as QJ-B has runtime growing exponentially with the length of
the longest list). However, relations between bishops in 1134-38 are of particular interest so we present
VSP/QJ-B results for this subgroup. Table D.1 summarises the data in the different experiments on the
Royal Acta data.

In a separate analysis illustrating how our methods apply more generally to any rank-order data,
we give an analysis of Formula 1 race outcomes for the 2021 season. Data and results are given in
Appendix D.2.

The prior for error probability p and for ¢ (probability for an S-node) is given in Fig. 8. All
fitting is done using MCMC in the BDT representation, Algorithm C.1. For any given model we
draw MCMC samples t*), p®) ¢®) 6™ ~ mp (-Jy) for k = 1,..., K and set v = v(t™) per
Proposition 1. Example MCMC traces are given in the supplement with Effective Sample Size (ESS)
values (Appendix D.1). Sampled VSPs are summarised using consensus VSPs: 1" (¢) includes order
relation/edge (i, j) if the relation appears more than e X times in the MCMC output. We color edges
black if they are in V°"(¢) at e = 0.5 but not ¢ = 0.9 and red if they are supported at ¢ = 0.9. We plot
transitive reductions. These omit strongly supported edges from the top to the bottom of the DAG for
clarity.

In Sec. 5.2, we fit the QJ-U and QJ-B models to the SLPA data and make a model comparison
using Bayes factors. Consensus orders for the 1LPA data are given in Appendix D.1.1. We additionally
compare these models with bucket order models, a Plackett-Luce mixture, Mallows mixture and latent
partial order model in Appendix E. We carry out these tests on both the Royal Acta data and the F1 race
result data. We report computing time measurements for counting LEs for the latent partial order model
and the VSP. They are compared empirically in Appendix F.

5.2 RESULTS

We begin by making reconstruction-accuracy tests on synthetic data. Our list data are incomplete,
in the sense that the membership in list i = 1, ..., NV is o; not [n] and the N-values in Table D.1 are
not much larger than the number of actors 7. In order to measure the reliability of the reconstructions
which follow we take representative parameters (parameters sampled from the corresponding posterior,
the last sampled state v, p(&) ¢K) »(K)) and generate synthetic data with the same list-membership



and length structures as the real data. The ROC curves in Fig. D.12 (SLPA data and QJ-U) and D.15
(SLPA data and QJ-B) for consensus orders V“"(¢) show the proportion of inferred false-positive and
true-positive relations increasing with decreasing € from (0, 0) at ¢ = 1 (the consensus order is empty)
to (1,1) at e = 0 (complete graph). For each simulated data set there is € giving high true-positive and
low false-positive reconstructed relation fractions: if our model is accurate then we reconstruct relations
well.

We next report consensus partial orders. Consensus orders for actors color-coded by their professions
are shown in Fig. 6 and 7. For both QJ-U and QJ-B models, we observe three clear social hierarchies:
King > Queen > Duke appear at the top, in that order (when they are in the SLPA data, in 1180-84 and
1134-38); then archbishop/prince > bishops; the remaining professions (earl, count, chancellor, other)
are ranked lower than bishops in a relatively complex hierarchy.

0

King
@ Queen
@ Son of King
@ Archbishop
@ Bishop
@ Duke
Chancellor
Earl
Count
Other

Figure 6: VSP/QJ-U model. Consensus order for 1134-38 SLPA data. Significant/strong order relations
are indicated by black/red edges respectively.

Some of this is common sense. However, the web of strongly attested relations between earls and
others in 1134-38 is new. There is clear evidence for hierarchies within professions. The bishop-only
QJ-U analysis in 1134-38 (top-right graph in Fig. 7) is similar to the bishop subgraph of the full QJ-U
analysis for the same period (pink nodes in Fig. 6). The prior is marginally consistent, but information is
shared across lists so removing actors changes the data and changes estimated order relations between
those that remain. However, the bishops appear as a group in the lists and in Fig. 6 and there are few
non-bishops “between” bishops in lists, so this effect is slight. We can attach names to nodes: for
example, the top three bishops in 34-38 (in Fig. 6 and in both QJ-U and QJ-B analyses in the rightmost
column of Fig. 7) are Henry, de Blois, Bishop of Wincester > Roger, Bishop of Salisbury > Alexander,
Bishop of Lincoln.

The status hierarchies fitted using by QJ-B (bottom row Fig. 7) are simpler and deeper than QJ-U
(top row Fig. 7). The data must contain a small number of errors in both directions. A uni-directional
model must fit a shallower VSP as it accommodates errors in the “wrong” direction by removing order
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Figure 7: VSP/QJ-U (top row) and VSP/QJ-B (bottom row). Consensus orders for 1080-84, 1126-30
and 1134-38 (bishops) (left to right columns) SLPA data.
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relations in the reconstructed VSP.

We summarise the status of “professions” within VSPs by averaging ranks. Given a partial order
v € V), the rank of actor ¢ € [n] is the number of actors above them, rank;(v) = 1 + [{(e1,e2) €
E(v) : eo = i}, and take as our summary the average rank of actors in the profession. The posterior
mean ranks given in Table D.5 and D.7 match our remarks on consensus orders.

We next report parameter distributions. Prior and posterior distributions for the probability ¢ for a
serial node, error probability p and QJ-B parameter ¢ (equal one for QJ-U and zero for QJ-D) for the
three periods are shown in Fig. 8. The p-posteriors are weighted toward smaller values and overlap,
though errors are low in 1126-30 and higher in 1180-84 indicating greater respect for the rules of
precedence in 1126-30 than in 1180-84. Prior and posterior depth distributions are shown in Fig. D.11
and D.14. The prior depth distributions are fairly flat so any depth-structure in the posterior comes
from the data. The probability for a series node in the BDT (q) controls the depth of the fitted order
relation. For example, in 1180-84 a relatively high ¢ for QJ-U is associated with relatively high depth
VSPs with a mean depth of 14 relative to maximum depth 17 (the number of actors). In contrast, the
posterior probabilities for S and P nodes are almost equal in 1134-38 and so we get a relatively shallower
hierarchy: the posterior mean depth is about 23 relative to a maximum depth 49 in Fig. D.11.

The QJ-B model for noise in the list data allows actors to jump up or down from a queue-position
appropriate for their status. QJ-U is favored if ¢ > 1/2 and otherwise QJ-D so we see from Fig. 8 that
QJ-U is favored in 1134-38(b), while the 1080-84 data supports QJ-D. However, the p-posteriors both
favor small p. The displacement direction controlled by ¢ is hard to measure and not identifiable at
p = 0 so the ¢-distributions are correspondingly broad.

We next report results of model selection between different queue jumping error models. Preference
shifts from downwards to bidirectional to upwards displacement error models over the period 1080-1140.
We justify this reading of the results using Bayes factors below. In summary, QJ-D is slightly favored
over QJ-B (so we write “D > B”) in 1080-84 while in 1126-30 models QJ-D and QJ-B are equally
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Figure 8: Posterior distributions for ¢ = P(S) (left), error probability p (middle) and QJ-B probability
¢ (right) for the time periods 1180-1184 (blue), 1126-1130 (red), 1134-1138 (green) and 1134-1138(b)
(yellow) from both the VSP/QJ-U (solid) and VSP/QJ-B (dashed) models. The prior is represented in
grey in all figures.

good (D ~ B). Both are clearly favored over QJ-U in these periods (D, B > U). In 34-38(b) we have
U~BandU,B > D.

We can read the Bayes factors we need off Fig. 8 because the models QJ-U and QJ-D are nested in
the model QJ-B. The Bayes factor By g for QJ-U over QJ-B is

ylp >1—-146
ylo € (0, 1)
(6> 1=y 76 € (0,1)
50 m(g € (0,1)|y) m(op > 1 —9)
iy T@ > 1= 0ly)
550 7T(¢>1—(5) ’

)
)

BUB = lim p(
’ §—0 p(

since ¢ € (0, 1) with probability one. Similarly,

and then By p = By p/Bp . From Fig. 8, By p is close to 0 in periods 1180-84 and 1126-30 as the
posterior density is well below the prior density at ¢ — 1, providing strong support for QJ-B over QJ-U.
In 1134-38(b), we see By g ~ 1, as the curves meet as ¢ — 1 so there is no clear signal from the data.
The other comparisons may be justified similarly.

Finally we make model comparisons with other models. Comparisons with a Plackett-Luce mixture
model and a Mallows mixture model are given in Appendix E.1, the latent partial order model from
Nicholls and Muir Watt [2011] in Appendix E.3 and a simple Bucket Order model in Appendix E.2.
When models are nested (Bucket Order) we estimate a Bayes factor. When they are not, we use the
Expected Log Pointwise Predictive Density (ELPD, Vehtari et al. [2017]) as our criterion. This is a
predictive loss which can be estimated using LOOCYV or the WAIC [Watanabe, 2013]. On this basis
VSP/QJ (-U and -B) is clearly favoured over Placket-Luce mixture models and Mallows mixture model
in Table E.1 (“Royal Acta”) and E.3 (Formula 1 race data). With Bayes factors around 2 or 3, Bucket
orders are equal or slightly preferred over VSPs in the QJ-B model (Table E.3). Our VSP-based model



QJ-U is clearly preferred over Bucket orders in the QJ-U fit (some very large Bayes factors in favor of
VSP).

The support of our VSP model is a subset of the PO support, as POs containing the forbidden
sub-graph (Appendix G) are not VSPs. The PO/QJ-U has a slightly larger ELPD (—36.7, see Table E.4)
than VSP/QJ-U (—37.8) on the 1126-1130 data with SLPA. However, the difference is not significant
at the precision (10) of these estimates so we conclude that VSP/QJ-U models these data as well as
PO/QJ-U. It gives similar consensus orders (Fig. E.2) and profession rankings (Table E.5).

A VSP-based analysis is far more computationally efficient than a PO-based model when the number
of actors is large. The computing time for counting the LEs of a VSP rises linearly with the number of
actors (Fig. F.1) while it increases exponentially for PO (using the best code we could find, LEcount,
Kangas et al. [2016], but inevitable given Brightwell and Winkler [1991]). We have to count LEs of
random POs. In our experience counting LEs on random POs with up to about 25-30 actors is feasible.
However, at larger numbers we encounter occasional random POs which are especially “hard” to count
and VSP-based analysis is the only way forward at present.

6 DISCUSSION AND CONCLUSION

Our work was motivated by the need to fit relatively large partial orders (up to 200 nodes) to noisy
linear-extension data. We saw that, for data on this scale, counting linear extensions in the VSP-tree
representation is much faster than current state-of-art counting for general partial orders, enabling
our methods to scale. We gave a new consistent and closed form prior distribution over VSPs with a
parameter g controlling VSP depth, and a new observation model QJ-B for noisy LEs which generalises
QJ-U [Nicholls and Muir Watt, 2011]. We fit the new model to some of the smaller data sets and the
old model to all data sets. Neither of these analyses would be possible without the VSP-setup. The
data support the new observation model in our application. Our elpd,,q;.-based model comparisons also
clearly favor VSP/QJ-U and VSP/QJ-B over a Plackett-Luce mixture or a Mallows Mixture. Although
we could fit the large data sets, visualising consensus partial orders proved challenging (compare Fig. 7
(top left corner) and Fig. D.4).

We gave MCMC algorithms targeting the posterior for VSPs in both the latent-space (BDT)
parameterisation and the integrated MDT parameterisation. We found the BDT-MCMC adequate,
though it would be good to make an efficiency comparison with MDT-MCMC, which we expect to be
more efficient. These comparisons are underway. BDT updates which don’t change the VSP are fast so
BDT-MCMC seems to be competitive. For code see https://github.com/Jessied315/Ba
yvesian—-Inference—for—-Vertex—Series—-Parallel-Partial-Orders.git.

In future work we would like to compare our fit with the recently-proposed contextual repeated
selection (CRS) model (Seshadri et al. [2020] and Ragain and Ugander [2018]). This is a rich class of
models for rank-order data. The elements of the model are not essentially physical, in the sense that a
VSP represents a social hierarchy relation by relation. Also, CRS models do not encode transitivity. It
is easy to show VSP models cannot be represented as CRS models with “cliques” of size two. CRS
models may fit the data well, and a comparison would be worthwhile. However, there is currently no
Bayesian CRS analysis so we leave that for future work.
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A PROOF OF THEOREM 1

This Appendix states and proves the propositions referred to in the proof of Theorem 1 given in
Section 2.

A.1 PART I: MARGINAL CONSISTENCY

We first prove marginal consistency for our VSP prior. Intuitively, relations between actors in a
VSP v € V), are determined by the type of their “Most Recent Common Ancestor” (MRCA) in any
BDT ¢ € t(v) representing v. For example the MRCA of actors 2 and 4 in the tree ¢, in Fig. 3 is the
blue P-node, so 2||,,4 in the VSP v, in Fig. 1. Adding or removing a leaf in the BDT doesn’t change
relations between other actors because it doesn’t change the types of their MRCA’s. This property leads
to marginal consistency of trees and VSPs.

We begin by giving a stochastic process realising ¢ ~ 77, (t|g) in which leaves are added to the
tree one at a time. This construction appears in Valdes [1978] but without the random element.

Definition A.1 (Leaf Insertion and deletion) If t' € Tp,_y, t' = (F(t'), E(t'), L(t')), is a tree on
actors (iy, ...,in—1) with F' U A" = [2n — 3| then the leaf-insertion operation t = t' < (e, i,,) at edge
e = (e1,e9), e € E(t'), gives atreet = (F(t),E(t), L(t)) with two new nodes j' = 2n — 2 and
Jj =2n—1, leaves F = F' U{j'}, internal nodes A = A" U {j}, leaf-to-actor map Fx(t) = Fx(t')
and Fj (') = i, edge set

E(t> = E(t/> \ {6} U {<j7j/>7 <617j>7 <]a 62>}
and L(t) = L(t')UL; where L; = (j', e2), (e2, j') or O with probabilities q/2, q/2 and 1 —q respectively.

The leaf deletion operation t’ = ti>i,, reverses this operation, pruning the leaf for actor i,, (and removing
its parent node).

Definition A.2 (Generative model for BDTs) Ler (i1, ...,i,) € Pin) be the actor list taken in any
order. Simulate t ~ w1, (t|q) as follows:
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1. Set F ={0,1}, A=0, F, =1,E={(0,1)}, L =0 and t(1y = (F, E, L) (a single-edge tree);
2. For k = 2 : n, (add the actors one at a time)
(a) choose an edge e ~ U{E(t(,—1y)} at random;
(b) set t(k) = t(k—l) < (6, ik),'
3. E(t()) contains an edge e = (0, e3). Return the BDT t = (F(t(n)), E(t()) \ {e}, L(tn))) with
leaf labels F < F \ {0}.

If we run this generative model we get a random tree distributed according to 7y, .

Proposition 2 (Prior Probability Distribution over 7},)) The probability distribution over BDTs de-
termined by the process in Definition A.2 is given by (3).

Proof A.1 (Proposition 2) Each distinct topology is determined by a unique sequence of edge choices
at step 2a in Definition A.2, and at step k an edge is chosen uniformly over the 2k — 3 edges of a tree
with k leaves (recall there is a temporary leaf 0 € F which is removed at step 3). The types of internal
nodes are independent so it makes no difference if we set them as we build the tree or at the end.

We now define sub-trees of BDTs. At the end of step k in the tree-generation process in Defini-
tion A.2 the “current tree” is ¢y € 7, with 0 = (i1, ..., ;) and at the end of step k' > K itis ty € Ts
with 6 = (i1, ..., i, tkt1, .., iy). If, for 0,0 € O, with o C 6, we fix 7 € T, and t € 7T then the
conditional probability

717, (T, @) = Pr(tew) = tltw = 7,9)
is the probability to realise (;/y = t when t(;) = 7.

Definition A.3 (Sub-trees and containing trees) Tree 7 is a sub-tree of t (and t contains ) if v, 7. (t|7, q) >
0. Let
To(1) = {t € T5 : 7737, (t|7,q) > 0}

give the set of trees in T; containing a given tree T € T,
If ¢ contains 7 then ¢ can be realised from 7 by a sequence of edge insertions < and 7 can be recovered
from ¢ removing the actors in ¢ \ o using the pruning operator >.

The family of prior distributions over trees 77, (7|q), 0 € O}, n > 1 is marginally consistent if,
foralln > 1 and all 0,0 € O, with o C 0, distributions in the family satisfy

mr,(7lg) = > wr(tly) forallr €T,. (A.1)
teTs(T)

Proposition 3 The probability distribution over BDTs given in (3) is marginally consistent.

Proof A.2 (Proposition 3) It is sufficient show marginal consistency holds for 6 = [n] and o = [n]\ {i}
for any single actor i € [n] as Eqn. A.1 follows for any pair of subsets of [n| by pruning leaves one at a
time using the > operator.



Since T, (t|q) in Eqn. 3 does not depend on the order iy, . . . i, in which we add actors, we can
make node i, = i the last arrival. If t_; is the tree at the end of the penultimate loop then

mr(tuilg) = Y wr(ti<(e,d)g). (A.2)
e€E(t_;)

Now take T = t_;. Since leaf deletion reverses edge insertion, the set of trees Tp,|(T) that contain T is
the set of trees that are obtained from T by some edge addition,

U {T < (e,1)
e€E(T)

and so

mr(rl) = ) wr(tlg).

€Ty ()
which is marginal consistency for addition of one actor.

Proposition 4 The probability distribution over VSPs given in (4) is marginally consistent.

Proof A.3 (Proposition 4) It is sufficient to show that Eqn. 5 holds for 6 = [n] and o = [n] \ {i} and
any i € |n| in Definition 1 since Eqn. 5 follows for any pair of subsets of [n] by removing actors one at
a time.

In this case v|o| is the suborder obtained from v € Vy, by removing actor i and we want to verfiy

my, (wlq) = Z TV (vlq) forallw € V,. (A.3)

UEV[n]

v[o]=w

Picking up the RHS of Eqn. A.3 we have from Eqn. 4

Z M (U Z Z ™75 (¢0)-

’UEV[ ] ’UGV[H] tet(

v[o]=w v[o]=w

Referring to Definition A.3, the sum on the right is a sum over all trees “containing” a tree in t(w), that
is, the set of all trees which can be constructed by taking a tree T € t(w) and adding actor i to the tree
by edge insertion at any edge in T:

U Us=U U {raEi}

UEV[n] tet(v) T€L(w) e€E(T)

v[o]=

S m,le) =Y > wr (ra(ed)lq)

It follows that

vEV[y) TEt(w) e€E(T)
v[o]=w
= Z 7. (7|q), (by Eqn. A.2)
TEH(w)
= my,(wlq) (by Eqn. 4),

which is the LHS of Eqn. A.3.

This concludes the first part of Theorem 1. We now prove the second part.



A.2 PART II: CLOSED FORM PRIOR

The following proof makes use of the MDT representation of a VSP introduced in Section 1.1 and
detailed in A.3 below.

We next observe that all BDTs representing the same VSP have equal prior probabilities (they
collapse to the same MDT and that fixes S(t)). This makes it easy to do the sum in (4) as the summand
is constant.

Proposition 5 (Probability Distribution over VSPs) The prior probability for a VSP with n nodes is

™, (0lg) = [t(v)[rr, (tlg),

for any tree t € t(v).

Proof A.4 (Proposition 5) For v € V), any two trees t,t' € t(v) are both in Tp,). They also satisfy
S(t) = S(t'). This follows from Lemma 1: if these numbers differ then the S-clusters of t and t' cannot
all have equal sizes; the S-cluster sizes of a BDT determine of the numbers of children of the S-nodes
in its MDT:; it follows that m = ta(t) and m' = t (') cannot be isomorphic (identifying leaves by
actor labels); but m and m' are then distinct MDT'’s for v which contradicts Lemma 1. Referring to
Egn. 3 we see that w7, ,(t|q) is constant over t € t(v) so the sum in Eqn. 4 just counts trees in t(v).

Finally, we count trees in ¢(v) and this gives us the closed form we seek. This seems to be new.

Proposition 6 Lett € t(v) be an arbitrary BDT of a VSP v € Vy,) with P- and S-clusters defined as
in Theorem 1. The number of BDTs of v is

Kp KS
t)l = [T02671 =D ] oo (A4)
k=1 k=1

with Cs, s > 0 given in (7).

Proof A.5 (Proposition 6) By Lemma 1 the set of BDT trees t(v) for any v € Vy, is identical to the set
tm(m) = {t € Ty : mr(t) = m} when m = my(v) so we need to count the number of BDT's that
collapse down to the same MDT. Let m = (F, E, L) be an MDT with leaves F and internal nodes A.

A P-node i € A in m having c child nodes is generated by collapsing some P-cluster C,ff’) of a
BDT't € tp(m) with |C’,§P)| = ¢ — 1 nodes “internal” to the P-cluster. This P-cluster corresponds to
a sub-tree t, = (V (ty), E(tx)) with vertices V (t;,) = C,gp) and edges

E(ty) = E(t)n (C) x ).

The sub-tree ti, has c = \C,EP)\ + 1 leaves. If we replace t;, with any tree with ]C’,gp)\ + 1 labelled leaves
then it collapses to a MDT node with in- and out-edges isomorphic to those of node i in m. The number
of such trees is (2|C,, ’| — 1)!L.

An S-node i € A of the MDT with s child nodes and stacking data L;(m) = (i1, ..., i) is generated
| =

by collapsing some S-cluster S ,E,S) of a BDT. Again, that cluster covers |S ,gp) s — 1 internal nodes in



the BDT. This S-cluster corresponds to a sub-tree of t with s = |S,(€P)\ + 1 leaves. Since all the internal
nodes of the sub-tree are of type S and its leaf nodes are labelled, this sub-tree is a BDT representing
the fixed total order i, > iy... > i on its leaf nodes. If we replace this subtree with any tree with s
labelled leaves representing the same total order then it collapses to a MDT node with in- and out-edges
isomorphic to 1 and the same stacking data. The number of such trees is given by the Catalan number

Cs1 = C\S(P)r This can be shown by the following induction.
k

The number of BDT'’s representing a total order on 1 or 2 elements is one and indeed Cy = C; = 1.
Suppose the number of BDT'’s representing a total order 1 = 2 = ... = s is Cs_1 and consider a
BDT representing 1 = 2 > ... = s+ 1. The root of such a BDT must partition the leaves into 1, ..., k
and k +1,....,s + 1 for some 1 < k < s so that the root stacks 1, ...,k above k + 1, ..., s + 1. By the
induction hypothesis the number of subtrees representing 1 >~ 2 > ... = k is Cy_1 and the number
representing k +1 = 2 > ... = s+ 1 is Cs_i_1, so the number of BDT'’s splitting the leaves into 1, ..., k
and k+1,...,8 4+ 1is C,_1Cs__1. The total number of BDT’s representing 1 > 2 > ... = s+ 1 is then

Y CeiCogr =) CiCom
k=1 k=0
= Csv

where the last step is given in Stanley and Weisstein [2002].

The total number of BDT's is given by the product over the internal nodes of the MDT of the numbers
of BDT sub-trees which collapse to give those nodes. This gives Eqn. A.4 and completes the proof of
Theorem 1.

A.3 MULTI-DECOMPOSITION TREES

AMDT m € My, isatree m = (F(m), E(m), L(m)) with n leaves and edges F(m) directed
from the root to the leaves. Let F and A be the index sets for the leaves and internal nodes, such that
|F| =nand 1 <|A| <n — 1. Aninternal node i € A of a MDT may have any number of child nodes
between two and n — 1. For i € F and m € My, the array F;(m) € [n] records the actor represented
by leaf node i. The internal nodes i € A are either of type S or type P. The key defining feature of an
MDT is that the internal nodes of an MDT which are adjacent must have unequal types.

Let S(m) be the number of S-nodes in multi-tree m € M,. For m € My, let v(m) :€ V) map
an MDT to its corresponding VSP and for i € F U A let m;(m) denote the sub-tree rooted by node i. If
i € Ais of type P with k children ji, ..., ji, then

v(mi(m)) = v(mg, (m)) @ - - - @ v(my, (m)).

If i € Ais of type S with k child nodes {j1,...,jx} = {j € FUA: (i,j) € E(m)}, an ordered set
L; = (j1,...,Jk) gives the stacking order (with j; at the top) for the sub-trees rooted by the children of
1. It follows that

v(mi(m)) = v(my, (m)) @ --- @ v(my, (m)).

Let L(m) = {L;};ca with L; = () if ¢ is a P-node. Adjacent internal nodes have unequal type so if
(i,7) € E(m) then exactly one of L; and L, is empty. In this notation a MDT tree is a BDT if all its



internal nodes have two child nodes and a BDT is an MDT if all adjacent internal nodes have different
S/ P-types.

An MDT can be formed from a BDT by collapsing edges between internal nodes in the BDT which
have the same type while preserving information about stacking order at S-nodes. This collapses P-
and S-clusters to a single node. A set of BDT’s can be recovered from an MDT by “unpacking” internal
nodes of the MDT with more than two child nodes in different ways. For t € Tp,) let my(t) € My
map the BDT ¢ to its corresponding MDT. See Figure 4 for an example.

Counting linear extensions in the MDT formulation is similar to the BDT case (Eqns. 1 & 2).

[£(h1 @ - -+ @ )| =[L(ha)] x - - x| L(h)| (A.5)

L0 @ - @ hy)| =[ L) x -+ x \C(hn)|(|v(h1)| ot |V(hn>|>

A.6
VD, . [V ()| (A0

where |V (h;)| and |V (hg)| give the number of actors in h; and hs. This may be evaluated recursively
in O(n) steps.

A4 PROOF OF PROPOSITION 1

Proposition 1 (Posterior Marginals) Sampling the BDT posterior (t,q,v) ~ 7, (-|y) gives samples
(v(t), q,%) ~ my,, (-|y) from the VSP posterior.

Proof A.6 (Proposition 1) Egn. 11 is the marginal over t € t(v) of Eqn. 10: if (t,q,v) ~ 77, (-|y)
then the new joint distribution at v(t) = v is

p,q. ) o< Y 7w, (Flg)m(q, ©)Qylo(), v)

t'et(v)
= (g, )Qlv.¢) > 77, (¢lg)
t'et(v)
= WV[n] (U7 q, QMQ)

as Q(y|v(t), ) = Q(ylv, ) is a constant for t € t(v) and the prior marginalises to vy, (v|q) by
Eqn. 4.



B QUEUE-JUMPING MODELS

B.1 QUEUE-JUMPING UP/DOWN OBSERVATION MODEL

Let Ly(v) = |L[v]| be the number of linear extensions of VSP v € V; , and for i € [n] let

Ti(v) = |{l € L[v] : Iy = i}| give the number of linear extensions with actor i at the top. The
observation model for QJ-U for a generic list z € Py, is

Qup(|v,p) = ﬂ <L +(1 —p)W) . (B.1)

n—i+1 7(V[Yim])

We can interpret this as the distribution over lists determined by a process in which the list is formed by
building it up one element at a time from the top, choosing the next actor at random from those that
remain with probability p and otherwise choosing the next actor as the first actor in a list drawn from
the noise free model (beginning of Section 3) applied to the remaining actors. Fig. B.1 gives an example
list realisation for VSP vy. We give the generative model alg.B.1.

xi?@ i€{2,3}~ (4,2
o g @
s _
X7 (0) 2 e (23}~ (3,3
) ]
\ ’. \ . /fp
Y~ U{1.2.3.4 ; @
G U123 453 5 (Y .
N, RN 7 —
X ,\,7~Z/{{2,3,4,o} ,V\ /) @ ,\X,‘?'@
[ [ \ . 4
Ny N \ 7 P O
o - T a0 M
' \ ' \ ' \
\ \

4 N \1
j~U3,4)

Figure B.1: One example list simulation process from the VSP v (left) via the QJ-U observation model.
The simulated list is displayed on the right.

Algorithm B.1 Simulation algorithm for QJ-U.
Require: v € V},),p € [0, 1]
Ensure: x ~ Q,(-|v,p)

i< 1,5« [n],v <
while |s| > 0 do
0 — (Ty(0)/L)jes
Sample ¢ ~ Bern(1 — p)
if ¢ = 0 then
Sample z; ~ U(s)
else if c = 1 then
Sample z; ~ multinom(q)
end if
s < s\z;
i i+ 1,0 < vls]
end while
return r = (xq,...,2,)




The output = ~ Q,,(+|v, p) is a random list of n elements distributed according to (),,,,. This follows
because the probabilities to choose entries in x at each step are just the factors in ()., in Eqn. B.1. We
can turn the model around and build the list from the bottom, allowing “queue jumping-down”. If we
set p = 0, we get a telescoping product and Q,,,(I|v,p = 0) = 1/Ly(v) for [ € L[v], so we recover the
error-free model. Lists are assumed to be drawn independently, and the actors present 0;, j = 1,..., N
are known, so the likelihood is

N

Q(y|vap> = H Q(yj|v[0j]ap)'

J=1

Here Q) = Q. (and () = (; in the next section).



B.2 BI-DIRECTIONAL QUEUE-JUMPING MODEL

Similar to QJ-U, QJ-B ranks by repeated selection - but from both ends. We either rank from the
top with probability ¢ or from the bottom with probability 1 — ¢. From the top (bottom) of the list, the
next actor is chosen at random from those that remain with probability p, and otherwise as the first
(last) actor in a list drawn from the noise free model. An example simulation process from VSP vy is
visualised in Fig. 5.

Algorithm B.2 gives the simulation algorithm for the bi-directional queue jumping model. It
introduces one extra step in each loop of algorithm B.1 in which we randomly choose the top/bottom
fill-direction to place the next actor in the realised list with probability ¢.

Algorithm B.2 Simulation algorithm for QJ-B.
Require: v € V},;,p € [0,1],¢ € [0,1]
Ensure: x ~ Qu(z|v,p, )

s 4 [n], v v
< (0,...,0) € {0}, k<+ 1,Uy+ 0, Dy <+ n—+1
while |s| > 0 do
Sample z; ~ Bern(1 — ¢)
Uy <+ Up_14 21, Dy, + Dy_1 — (1 — Zk)
Sample ¢, ~ Bern(1 — p)
if ¢, = 0 then
Sample a ~ U(s)
else
if z;, = 0 then
q  (Ta(v")/Lr(V'))aes
Sample a ~ multinom(q)
else if z;, = 1 then
q < (Ba(v")/Lr(v'))aes
Sample a ~ multinom(q)
end if
end if
Setx;, <—a, k< k+1, s+ s\a, v/ < v[s]
end while
return z = (xq,...,%,)




B.3 RECURSIVE EVALUATION ALGORITHM FOR QJ-B

This sub-section gives Algorithm B.3, an algorithm for recursive evaluation of the QJ-B likelihood.

Algorithm B.3 Recursion evaluating (J; in Eqn. 9
procedure f(v,x,p, ¢)
n = |v|
if n = 1 then
return 1
end if
if » > 0 then
b &+ (-
T 4— T, U < v[x]
PO = ¢ X ZOX f(v,x,p,¢)

else Lo =0
end if
if ¢ < 1 then
h 24 (1—p)i=ld

T 4— T1gp1,V  U[]
Pi=(1-¢) x hx f(v,z,p,0)
else P, =0
end if
return F, + P,
end procedure

We now show this algorithm is correct.

Let X ~ ()p; be a random list with realisation X = x. For sub-list z,.,, 1 < a < b < nlet

Pa\a:b = p(Xa = $a|2’k = 07U[$a:b]7p)7
Pojas = p(Xp = 2|21 = L, 0[Tan), p),
Pa:b = p(Xa:b = xa:b|U[$a:b];p7 (b)?

so that Py.,, = Qui(z|v, p, ¢) and P, = 1 when a = b.

Proposition 7
Pa:b - ¢Pa|a:bpa+1:b + (1 - ¢)Pb|a:bPa:b—17 (BZ)

and f(v,x,p, ) in Algorithm B.3 returns Qp;(x|v, p, ¢).

Proof B.1 (Proposition 7) First of all, if Eqn. B.2 holds then a call to f(v|xay|, Taw, p, @) evaluates
lo = Puja:r It = Pyjaw and returns the sum of ¢lo f (V[ a:p), Taww, D, ¢) and (1—@) 1y f (V[T a—1], Tazp—1, D5 D).
Then since f(v|z,], x4, p, @) = P, = 1 we have by induction (and Egn. B.2) that f(v[Zas), Taw, P, ¢) =
P,., and

f(v,2,p,¢) = Qu(z|v,p, ¢).



We now show Eqn. B.2) holds for the distribution of sub-lists X .., of X ~ Qu. If a : b remain to be
realised then a — 1 + n — (b — 1) entries in X have been realised and this would occur as we enter
step k =n+a— b+ 1 of Algorithm B.2. Partitioning on the value of zy,

Puy = p(Xab = Tan|v[Ta), P, D)
= p(zr = 0[9)p(Xa = Zan|zk = 0,0[Tas), p, D)
+ plzx = 1|o)p(Xaw = Ta|2e = 1, v[Ta], , @)
= OPyjaP(Tas1:5|0[Tat18), 0, ©)
+ (1 = &) Pyja?(Tap—1|V[Ya—1], 0, @),
= OPyjavPot1s + (1 — @) Pojap Pap—1.



C MCMC SAMPLER

We use Metropolis-Hasting MCMC to sample posterior distributions. We can target either distribu-
tion in Proposition 1.

C.1 MCMC SAMPLER IN THE BDT REPRESENTATION

We start with MCMC targeting BDT. This was the method we implemented as the data structures
seem slightly simpler. However, we would expect MCMC targeting the VSP posterior directly to be
a little more efficient, as MCMC targeting the BDT posterior wastes time exploring latent subspaces
t(v) without changing v. Tree sampling requires edge operations on trees (called “subtree prune and
regraft” (OP-PR) in the phylogenetics literature). For this purpose we assume the 0-node with an edge
to the root of the BDT is restored, so 0 € F for a regraft above the root. Let F_o = F \ {0} and

E_o(t) = B(t)\ {{e1,e2) € E(t) : e, = O}

Definition C.1 (Subtree Prune and Regraft on a BDT ) Fort = (F(t), E(t),L(t)), t € Tjn a BDT
with leaf node labels F and internal node labels A, an edge operation t' = t <. (e, €’) moves edge
e = (e1,e9), e € E_o(t) to edge ¢ = (€},¢h), ¢ € E(t'). The leaf-to-actor map F(t') = F(t) is
unchanged. Let

£,lt) = {i € Alli, ) € B(t))

give the parent of j € F_o U A with f,(r|t) = 0 if r is the root. Let

fe(ilt) = {jr, j2 € F U AN, ), (G, 52) © E()}

give the children of i € A.Let & = f,(e1|t) give the parent of ey and é = f.(e1|t)\{e2} give the
“sibling” of es in t (the child of e, which is not e3). Then

E(t) = E(t)\{¢, (1, e1), (e1,62)}
U {<€/1, 61)? <€17 el2>7 <Ela €2>}

Set L(t') = L(t) and make the following replacements as needed. If Lz, (t) # () then Lz, (t) is an
ordered set containing two edges. Set Lz, (t') = Lz, (t)\{e1} U {é} where the replacement enters the
vacated position in the ordered set. If Lo (t) # 0, Lo (') = Ler (t)\{e5} U {er}. If Le, (t) # O then
take L, (t') ~ U{(es, €}), (e, ea)}.

The edge operation ¢ <, (e, €') moves the sub-tree rooted by e, into edge ¢, breaking that edge and
inserting node e;. The S/ P-type of e; travels with e;, and if it is S we must assign a stacking order to
the subtrees rooted by €}, and e,. Figure C.1 illustrates an example edge operation.

Figure C.1: An example OP-PR edge operation on BDT ¢,.



The tree updates in our MCMC admit both local and global edge operations. In the local edge
operation, an edge can only be moved to a neighboring edge, i.e. if ¢ = (€1, e5), €’ is selected from e’s
neighboring edges F;(e|t) such that

Ej(elt) = {(e},e5) € E(t) | ehb=¢ or €] =¢ or eh=¢1 }.

These “small” changes have a higher acceptance rate. The global edge operation moves an edge e to
any ¢’ € E(t)\e. For t € T}, we typically perform 1 global edge operation for every n local edge
operations. We present the MCMC algorithm for BDT with the QJ-B observation model in Algorithm
C.1, omitting the standard ¢, p and ¢ updates. A simple internal node type update is included. The
algorithm for QJ-U observation model is similar but without the ¢-update.

C.2 MCMC SAMPLER IN THE MDT REPRESENTATION

We can target the VSP-posterior directly. Since MDT’s are one-to-one with VSP’s, we can paramet-
erise using MDT’s and define (in Defn. C.2) a sub-tree prune and regraft operator for MDT’s.

Definition C.2 (Subtree Prune and Regraft on a MDT) Form = (F(m), E(m), L(m)), m € My,
a MDT with leaf node labels F and internal nodes labels A, an edge operation m' = m <, (e, i) creates
a new MDT with nodes F', A', moving edge e = (e1, e3), e € E_o(m) onto node i € (FUA)\{e1, ez}

We need at most 2n node labels below. Assume F_y U A C [2n] and let pop(F, A) = min([2n] \
(F U .A)) be a function we call when we need a new node label. There are three types of edge operation.

1. i € A: we connect e to node i.
Here F(m') = F(m) and
E(m")y = E(m)\{e} U (i, es).
Set L(m') = L(m) and make the following changes as needed. If L., (m) # () then set L., (m') =
L., (m)\{e1}. If L;(m) # () then suppose L;(m) = (j1, ..., ji). Take L;(m) ~ U{(e1, j1,- - Jk),
(insert the subtree below (e1, e5) uniformly in the stack under i).

2.0 € F: we connect e into edge (i,i) with i = f,(i|m) and add an additional internal node
j = pop(F, A).
Here F(m') = F(m) and

E(m') = E(m)\{e, ()} U{(i. ), (i), U, e2)}-
Set L(m') = L(m) and make the following changes as needed. If L., (m) # () then set L., (m') =
Le,(m) \ {e1}. If Ly(m) # O (parent is S), suppose Ly(m) = (ji,...,i,...,jk). Set Ls(m') =
(Jis---sJs---sJx) and Ly(m') = O (new child is P). Finally, if L:(m) = 0 (parent is P), take
L;(m) ~U{(i,ez), (e2,7)} (new child is S).
3. i = 0: connect e into the edge above the root, r = f.(0lm), r € A and add an additional internal

node j = pop(F, A) which will root m/'.
Here F(m') = F(m) and

E(m/) = E(m)\e U {<07.]>7 <]7 T>7 <j7€2>}'
Set L(m') = L(m) and make the following changes as needed. If L., (m) # () then set L., (m') =
L., (m)\{e1}. If L,(m) # 0 (child is S), we define L;(m’) = () (new node is P). Otherwise, if
L,(m) = 0 (child is P), we take L;j(m') ~ U{(r,ez2), (e2,7)} (new node is S).

G



Algorithm C.1 The MCMC algorithm for the BDT with QJ-B observation model at step k.

Require: y, 11 =¢ ¢+ =g, pk U =p,o*-V) = ¢ witht = (F(t), E(t), L(t)), t € Tp.
Ensure:

m(tly, ¢, p, 9),
mmﬂ,n>,
@wﬂk ®),¢),
m(@ly, tM, g™, p»)

function TYPE(i|t)
if L;(t) = () then
return P
else
return S
end if
end function
Update for t (internal node type)

t— tk) ¢

Sample i ~ U(A)

if TYPE(i|t)=P then
Sample z ~ U{0, 1}

Li(t') = 2f(0)[(1,2)] + (1 = 2) f(i[£)[(2, 1)]
9_2XQ@WW%n¢WnMﬂ®
T QU (), p o), (Ha)

else if TYPE(i|t)=5 then

Li(t") « 0
Qylv(t"), p, o), (']q)
2Q(y|v(t),p, QS)WT[”] (t|Q)

T

end if
if4(0,1) <, then
t etk ¢/
end if
Update for t (global edge operation)

Sample e ~ U(E_((t)), € ~U(E(t)\e)

t' <+ t<, (e €)
Q(y]v(t'),p, (ﬁ)ﬂ"]'[n] (t/’q>
Q(y|?](t(k)),p, ¢)7T7'[n] (t|Q>

2

ifU4(0,1) < 1, then
t etk ¢/
end if




Algorithm C.2 The MCMC algorithm for the BDT with QJ-B observation model at step & - continued.
Require: , 1 = (F(t5 ), B(t®0), L(t#D)) € Ty, g D, 600

Ensure:

t® ~ w(tly, g%, phD ok
q~w@m<“ (h=1) pk=D)y
p~ 7(qly, 1™, ¢®, o),
¢ ~ m(qly, t*), ¢®) plk)

Update for t (local edge operation)
Sample e ~ U(E_o(t)), e’ ~U(E(eft))

t' <+ t<, (e €)
e Qylv(@), p, o)mr,, (F'lg) | Erlelt)]
T Qo) p, @), (tla) [ Ei(e] )]

if4/(0,1) < n; then
t et ¢!
end if
Updates for q, p and ¢ omitted

Figure C.2 illustrates an example edge operation on a MDT. Moving an edge e = (ej, e5) may
increase or decrease the number of edges and internal nodes. For example, if in case (1) f.(e1|m) =
{ea, €}, moving e replaces (€1, e;), (e1, ) with (€1, ;) and e; is removed. If e is attached in an
existing internal node i € A then the number of nodes and edges each go down by one.

If we take e ~ U(E_o(m)) and i ~ U[(F U A) \ {e1,e2}] and set m’ = m <. (e, i) as given in
Defn. C.2 then the proposal probability p(m’|m) depends on e and i. A simple generic expression is

(m'jm) = ——— x — 1
p TEm) T [FuA—2 " mm

/ (C.1)

where p,,, ., is given as follows: (Case 1) p,, . = 1/(c; + 1) if 7 is internal and has ¢; child nodes
and type S (e; must be placed in the stack below ¢) and p,), ,,, = 1 if ¢ is internal and type P; (Case 2)
P = 1/2if i is a leaf and iis type P (as ¢ and e, must be stacked) and p,,, ,,y = 1 if 7 is leaf and i
is type S; (Case 3) pym. = 1/2ifi = 0 and r = f,(0|m) is type P (as r and e, must be stacked) and
Pmm = 1if ¢ = 0and r is type S.

Not every operation is admissible: if f.(e;|m) = {e, &} and é, is not a leaf, then €; and &; must
have the same type. An edge (€1, €>) would then connect two internal nodes of the same type and
som’ & My,. In Eqn. C.1, p(m/|m) has a simple form because we do not “keep trying till we get
m' € Mp,”. We know m' & My, is a possible outcome for 7/, but we don’t try to write down p(m/|m)
in this case as these proposals will be rejected without the need to evaluate p(m/|m).



Figure C.2: Some possible operations on the MDT m; from Fig. 4. The edge e connected to leaf for
actor 2 is reconnected to leaf node 7; (where it must give a new P node as its neighbor, the parent of 74,
is .9), to ancestral node 75 (and is randomly allocated position 3 among the nodes stacked below the
S-node i5), and to node 0 (where it is added above the root as a P-node, as its neighbor the ex-root
node is S).

Some operations are inadmissible, so we need to check our proposal defines an irreducible Markov
chain on its own, or add other operations.

Proposition 8 (Posterior Marginals) Consider the MDT Markov chain M., k > 0 with My € M,
formed by repeated random updates defined as follows: let M; = m; let e ~ U(E_o(m)) and
i~ U[(FUA)N\ {e1, ex}]; Let m' = m <. (e, i) be given by Defn. C.2; if m' € My, set M1 = m’
and otherwise My.1 = m. This proposal-chain is irreducible.

Proof C.1 (Proposition 8) Consider the two building-block MDT’s m,, m; shown in the top row of
Fig. C.3. These have a single internal node with n leaves. Any MDT m € My, has a root node which
must be of type P or S. We show that every MDT with a root of type P (or S) intercommunicates with m,
(respectively my) and that m, intercommunicates with my, and hence M) is a closed communicating
class.



Figure C.3: Four building-block MDT’s.

We first show m, — my,. We use the O node but there are many paths. Let r, be the label of the root
node in m,, and ry, in my. Suppose L., (my) = (i1, ..., i) gives the stacking data for the children of the
S node ry,. Label nodes of m, so fe(rq|ma) = {i1, ..., i, } and F; (m,) = F;, (my), k = 1,...,n. Now
take e = (rq,11) inm, and i = 0 and set m = m, <. (e, ). This creates a new node j of type S above
the root. Let the stacking data of this new node be L;(m) = (i1, ). Now apply m < m<. ((r,ix), j) for
eachk = 2,...,n — 1, adding 1}, into position k in the list L; (m). When we do the last node k = n — 1,
node r is removed and j connects directly to i, with i,, in the correct position in Lj(m). This gives
m = my,. All these operations are admissible and have non-zero probability. The same scheme can be
reversed, so we can take a MDT of type my, and reorder the entries in L,,(my,) by going to m, and back,
placing the leaves in any desired order in L;(m) as we pass back.

Now take a general m* € M. Its root r* matches m,, or my, by type. The root of m* partitions the
leaves into K sets {s1, ..., Si } where K is the number of child nodes of r* and s, = (S1, ..., Sk, )s k=
1,.., K.

PIRERD)

If the root type of m* is S then these partitions are ordered. In this case we permute the leaves of
my, so that L,, (my) = (81,1, ..., Sk,cx )- Let m = my with root . If i € sy is a child of r* which is a leaf
then sy = {i} and we are done. All the other partitions sy, correspond to child nodes iy, of r* which are
P nodes. We pull the edges (r,i), i € s, of m down one at a time to create a P node with child nodes
s, matching the leaf-descendants of iy, in m*. This gives a new m matching m* down to all nodes of
depth less than or equal to two. The passage from my, to the new m = my is illustrated bottom right in
Fig. C.3.

If the root type of m* is P then the partitions are {si, ..., Sk } are unordered. The same process
is repeated for m = my,, pulling down the edges (r,i), i € s one at a time to build an S-node with
leaves s, matching the leaf-descendants of iy, and their order in m*.

The process can now be repeated, as the problem of changing an MDT m so that it matches m*
to depth three when it already matches m™ to depth two is the problem of changing the MDT’s in m
rooted by 11, ..., 1 to match the corresponding subtrees of m* to depth two. This task is the same as the
original task and we have shown we can match to depth two. Since we can always increase the depth of
the match and the depth is finite, we can change m, or my, to match m*.

It is straightforward to check that these processes can be reversed and so the MDT proposal Markov
chain formed by repeated edge operation defined in Defn. C.2 is irreducible.

Our MCMC algorithm for MDT with the QJ-B observation model is given in Algorithm C.3,



omitting the standard ¢, p and ¢ updates. The algorithm for QJ-U model omits the ¢-update.

Algorithm C.3 The MCMC algorithm for the MDT with QJ-B observation model at step .
Require: y,m*V=m, ¢* V=g, p*V=p ¢*"V=¢ with m=(F(m), E(m), L(m)), me My,

Ensure: k)

m™ ~ w(mly, q,p, 9),
g™ ~ 7 (qly,m™ p, ¢),
P ~ 7 (ply,m™, ¢®, ¢),

oW ~ 7 (gly, m™, ¢®, pM)
Update for m

m' < m*D «m

Sample e ~ U(E_o(m)) and i ~ U[(F U A)\{e1, e2}]

m’ < m<, (e,1)

ifm' e M[n] then

Qylv(m'), p, 9)mm,, (M |q) p(m|m)
Qylv(m), p, §)may,, (mlg) p(m/|m)

T

if4/(0,1) <, then
m +— m®) «— m/
end if
end if

Updates for q, p and ¢ omitted

The queue-jumping probability p > 0 (almost surely) so the Hastings ratio > 0 in Algorithm C.3
is not zero for all m, m' € My, connected by an update. Since the proposal chain Mj, & > 0 in
Proposition 8 is irreducible, it follows that our MDT-MCMC is irreducible.



D DATA BACKGROUND AND ADDITIONAL RESULTS

D.1 THE ‘ROYAL ACTA’ DATA

The “Royal Acta” data is a database made for “The Charters of William II and Henry I”” project by
the late Professor Richard Sharpe and Dr Nicholas Karn [Sharpe et al., 2014]. It collects dated witness
lists from legal documents in England and Wales in the eleventh and twelfth century. Each witness list
is dated though the dating is sometimes uncertain (a few years is typical). Lower and upper bounds
on the date of a list are part of the data. Each individual is associated with a profession (title) such as
Queen, Archbishop, etc. We assign witnesses with no title as “other”. Fig. D.1 gives an example of such
witness list. The data records different number of lists with various lengths over time - summarised in
Figure D.2.

[1] "Matilda I, of Flanders, queen of England"
[2] "Lanfranc, archbishop of Canterbury"
[3] "Thomas I, archbishop of York"
[4] "Odo, bishop of Bayeux"
[5] "Geoffrey, bishop of Coutances"
[6] "Walkelin, bishop of Winchester, 1070-1198"
[7]1 "Osmund, bishop of Salisbury"
[8] "Robert, Curthose, duke of Normandy"
[9] "Maurice, bishop of London™
[10] "Roger, de Montgomery, earl of Shrewsbury"
[11] "Hugh, earl of Chester™”
[12] "Alan, Count of Brittany, temp.William I"
[13] "Robert, count of Mortain"
[14] "Baldwin of Exeter, earl Gilbert's son, sheriff of Dewvon"
[15] "Roger, Bigod"

Figure D.1: An example witness list from 1080, extracted from the “Royal Acta” data. The witnesses
names are entered by a clerk in order from top to bottom.
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Figure D.2: The midpoint of list time range v.s. list range. Each red dot is a list of length y created in a
time range midpointed by x. The bars represents the length of the longest list at time x.

In Section 5, we limit the number of lists per actor (LPA) participate in to be at least 5 for ease of
presentation. However, it is possible to fit our model on much larger datasets. We chose time periods
with a large number of lists with relatively long lengths - 1080-1084 and 1136-1138, and extract the lists
with 1LPA. Table D.1 summarises the data in the different experiments. In Section D.1.1, we carry out
Bayesian inference on the 1LPA datasets. In Sections D.1.2 and D.1.3, we present MCMC traceplots



and effective sample sizes for MCMC samples of key parameters in the analysis on SLPA data, from
the VSP/QJ-U and VSP/QJ-B models respectively.

\ SLPA 1LPA
| 80-84 26-30 34-38 34-38(b) | 80-84 34-38
n 1713 49 14 181 216
N 20 30 82 37 27 95
max(y) | 17 8 35 14 45 55

Table D.1: Data content for time periods of interest including the number of actors (n), number of lists
(V) and the length of their longest list (max(y)). Data analysed with both VSP/QJ-U and VSP/QJ-B
are marked in blue. The 1134-1138 bishop-only data is 34-38(b).



D.1.1 Inference Results on List Data with 1LPA (QJ-U Observation Model)

Using the full-data lists (allowing LPA = 1), we arrive at much larger datasets with 181 actors
(1080-1084) and 216 actors (1134-1138) respectively, as is summarised in table D.1. Though QJ-B
observation model has higher flexibility, it is rather computationally demanding when we move to large
datasets. In this section, we fit the VSP/QJ-U model on both data lists instead.

We perform 50,000 MCMC iterations on 1080-1084 (1LPA) data and 48,000 iterations on 1134-
1138 (1LPA) data. For details of the MCMC algorithm, see Algorithm C.1. Every 10 steps is recorded
from the MCMC. The effective sample sizes and traceplots for the key parameters p and P(S) = ¢ from
the MCMC samples are shown in Table D.2 and Figure D.3. The MCMC on the 1080-1084 (1LPA)
data displays fair mixing, however, the MCMC for 1134-1138 (1LPA) is yet to be fully mixed. We
are aware the effective sample sizes are relatively small, here we only present the current results as a
demonstration.

ESS
Parameter 1080-1084 1134-1138
P(S) 41 25
P 32 47

Table D.2: The effective sample sizes for P(,S) and error probability p on four datasets with 1LPA.
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(a) 1080-1084 with 1 LPA (b) 1134-1138 with 1 LPA

Figure D.3: Traceplots for log-likelihood, P(S) and error probability p for the two data sets of interest
here - 1080-1084 (a) and 1134-1138 (b) with 1 LPA data.

We present the consensus orders V" (¢) in Figure D.4 for 1080-1084 (1LPA) and Figure D.5 for
1134-1138 (1LPA). We choose a threshold of € = 0.6 in order to represent readable consensus orders
graphically. Considering the large number of actors in both time periods, we also extract the non-’other’
actors and reconstruct the consensus orders in Figure D.6 for 1080-1084 (1LPA) and Figure D.7 for
1134-1138 (1LPA).

A clear order relation for king > queen > archbishop > bishop is observed in both time periods.
The actors roughly appear in the “group” of their professions.
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Figure D.4: The consensus order for 1080-1084 (1LPA) data in a VSP/QJ-U analysis.
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Figure D.6: The consensus order for 1080-1084 (1LPA) data without ‘other’ actors in a VSP/QJ-U
analysis.
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Figure D.5: The consensus order for 1134-1138 (1LPA) data in a VSP/QJ-U analysis.
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Figure D.7: The consensus order for 1134-1138 (1LPA) data without ‘other’ actors in a VSP/QJ-U
analysis.



Table D.3 presents the average rankings of different professions for 1080-1084 (1LPA) and 1134-
1138 (1LPA). The average rankings support our observations above. Interestingly, abbots tend to be
ranked higher during 1080-1084 than 1134-1138, and the archdeacon is ranked higher in 1134-1138
than 1080-1084.

Average Rank

Profession 1080-1084  1134-1138
King 1.21 (0.007) 3.73 (0.02)
Queen 4.81(0.03) 4.97(0.02)
Archbishop 9.70 (0.05) 8.89(0.04)
Empress NA 16.0 (0.07)

Duke 15.4 (0.08) NA
Bishop 18.7 (0.10)  20.8 (0.10)
Son of King 18.8 (0.10) 24.0(0.11)
Seneschal NA 28.0 (0.13)
Abbot 32.8 (0.18) 88.0(0.41)

Countess 39.0 (0.22) NA
Count 43.1(0.24) 33 (0.15)

Son of Earl 43.5 (0.24) NA
Earl 443 (0.24) 44.3(0.20)
Dapifer 44.5 (0.25) 81.3(0.38)
Archdeacon 48.7 (0.27) 35.3(0.16)
Chancellor NA 43.6 (0.20)
Other 50.1 (0.28) 79.2 (0.37)
Chaplain 50.3(0.28) 44.7 (0.21)
Baron NA 78.4 (0.36)
Sheriff 60.5 (0.33) 95.7 (0.44)
Chamberlain NA 101 (0.47)
Clerk NA 114 (0.53)
Master of the temple NA 137 (0.63)
Marshal NA 150 (0.70)

Table D.3: The professions and their average rankings for 1080-1084 (1LPA) and 1134-1138 (1LPA).
NA means the profession of interest does not appear in this time period.

Posterior distributions for the key parameters in Figure D.8 show that witness lists in 1080-1084
tend to respect a stronger social hierarchy than in 1134-1138 with larger P(.S). The error probabilities p
are relatively smaller for witness lists in 1134-1138. This agrees with the results for SLPA presented
in Fig. 5, Section 5.2. The prior and posterior VSP depth distributions are shown in Fig. D.9. Despite
the roughly uniform prior distribution over the VSP depth, the posterior depths appear to concentrate
around 75 for 1080-1084 and 90 for 1134-1138.
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Figure D.8: Prior (grey line) and posterior distributions for ¢ = P(S) (left) and error probability p
(right) for the time periods 1080-1084 (1LPA) (blue) and 1134-1138 (1LPA) (green) in a VSP/QJ-U
analysis.
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Figure D.9: The prior (grey) and posterior (blue) VSP depth distribution for 1080-1084 (1LPA) (left)
and 1134-1138 (1LPA) (right) in a VSP/QJ-U analysis.

D.1.2 Inference Results on List Data with SLPA (QJ-U Observation Model)

Fig. 6 and Fig. 7 (top-row) show the consensus orders V" for 1134-1138 (SLPA), 1080-1084
(SLPA), 1126-1130 (5LPA) and 1134-1138 (bishop) (SLPA) under the VSP/QJ-U model. The MCMC
converge well. Here we estimate and report effective sample sizes (ESS, Table D.4) and inspect MCMC
traces (Fig. D.10). Both the high ESSs and the traceplots indicate good convergence to the posterior
distribution.

ESS
Parameter 1080-1084 1126-1130 1134-1138 1134-1138(b)
P(S) 1676 1477 95 648
P 1297 1426 262 586

Table D.4: The effective sample sizes for P(.S) and error probability p on the four datasets with SLPA
and QJ-U.

The posterior distributions for both p and ¢ = P(S) are shown in Fig. 8. We also present the
posterior depth-distributions for the datasets in Figure D.11. It appears that 1080-1084 (5LPA) admits
the most rigid social hierarchy, while 1134-1138 (5LPA) has less hierarchy with respect to n. The
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Figure D.10: Traceplots for log-likelihood, P(.S) and error probability p for the four list data of interest
- 1080-1084 (a) and 1126-1130 (b), 1134-1138 (c) and 1134-1138 (bishops) (d) with 5 LPA data and a
VSP/QJ-U analysis.
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Figure D.11: The prior (grey) and posterior (blue) VSP depth distribution for 1180-1184 (top-left),
1126-1130 (top-right), 1134-1138 (bottom-left) and 1134-1138(b) (bottom-right) with SLPA and QJ-U.

average rankings per profession are reported in Table D.5. Similar to the consensus orders (Fig. 6
and Fig. 7), king > queen > archbishop > bishop. The three time periods show similar hierarchical
structure, although the power gap between count and earl is relatively narrower in 1126-1130.



Average Rank

Profession 1080-1084 1126-1130 1134-1138
King 1.02 (0.06) NA 1.01 (0.02)
Queen 2.15(0.13) NA 2.01 (0.04)
Duke 2.79 (0.16) NA NA
Son of King  4.63 (0.27) NA 3.11 (0.06)
Archbishop  4.45 (0.26) 1 (0.08) 4.55 (0.09)
Bishop 8.25(0.49) 4.02(0.31) 11.10(0.23)
Chancellor NA NA 21.40 (0.44)
Count 10.90 (0.64) 5.92 (0.45) 24.00 (0.49)
Earl 12.20 (0.72) 5.98 (0.46) 28.10(0.57)
Other 15.30 (0.90) 8.80(0.68) 33.10(0.68)

Table D.5: The professions and their average rankings for all three time periods with SLPA and QJ-U.
NA means the profession of interest does not appear in this time period.

As discussed, we perform reconstruction accuracy tests on each dataset to assess the reliability
of our estimations. This is done by taking representative parameters (the last sample state of the
parameters sampled from the corresponding posterior), and generating synthetic data with the same
list-memberships and lengths as the real data. We carry out or standard analysis on these synthetic
datasets, fitting the same model used to simulate the data, and construct the corresponding consensus
orders V" (¢) with € € [0, 1]. The results are summarised using receiver operator characteristic (ROC)
curves. The ROC curve shows the relation between the proportion of inferred false-positive order
relations (x-axis) and true-positive relations (y-axis) for different e. The existence of a e that gives high
true-positive and low false-positive reconstructed fraction means reconstruction accuracy is high.

Fig. D.12 shows ROC curves for such a reconstruction test on the 1080-1084 (SLPA), 1126-1130
(5LPA) and 1134-1138 (SLPA) data in a VSP/QJ-U model. The proportion of inferred false-positive (x-
axis) and true-positive (y-axis) relations increases with decreasing e from (0, 0) at ¢ = 1 (the consensus
order is empty) to (1, 1) at e = 0 (complete graph). For all time periods, we observe ¢ that gives high
true-positive and low false-positive reconstructed fraction, indicating our model’s high reliability to
reconstruct relations.

D.1.3 Inference Results on List Data with SLPA (QJ-B Observation Model)

In this section, we fit the VSP/QJ-B data on the datasets 1080-1084 (5LPA), 1126-1130 (5LPA) and
1134-1138 (bishop) (SLPA). See algorithm C.1 for the MCMC details. Traceplots for the log-likelihood,
P(S), error probability p and bi-directional top/bottom insertion probability ¢ are all presented in
Figure D.13. They all display reasonable convergence. In table D.6 we estimate effective sample sizes
(ESS) for key parameters. Mixing for the key parameters are fair during time period 1080-1084 and
1134-1138 (bishop), and the agreement (to some extent) to the analyses in Section D.1.2 supports our
conclusion that the samples are representative.

Consensus orders V" (¢) with e = 0.5 are shown in Fig. 7 (bottom-row). We report the average
rankings per profession for 1080-1084 (SLPA) and 1126-1130 (SLPA) in Table D.7. The posterior
distributions for the key parameters p, ¢ = P(S) and ¢ are shown in Fig. 8. Here we display the
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Figure D.12: Receiver operating characteristic (ROC) curves for synthetic data using 1080-1084, 26-30
and 34-38 list membership structures with SLPA and QJ-U.

ESS
Parameter 1080-1084 1126-1130 1134-1138(b)
P(S) 47 1875 121
p 61 3401 197
¢ 69 3428 728

Table D.6: The effective sample sizes for P(S) and error probability p on the three datasets with 5SLPA
fitting VSP/QJ-B.
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Figure D.13: Traceplots for the log-likelihood, P(.S) and error probability p for the three list data sets
of interest - 1080-1084 (a) and 1126-1130 (b) and 1134-1138 (bishops) (c) with SLPA data and a
VSP/QJ-B analysis.

posterior depth distribution for the three time periods in Fig. D.14. All periods favour higher VSP
depths. By comparing the consensus orders, the bi-directional queue-jumping model seems to fit a
more rigid social hierarchy than the queue-jumping-up model, especially during periods 1126-1130
and 1134-1138. This is also illustrated by higher posterior means on ¢ = P(.S) for both the 1126-1130
(SLPA) and 1134-1138 (bishop) (SLPA) data. It is surprising that earl > count in 1126-1130 under the



QJ-B model, although the opposite is observed under QJ-U. Both QJ-U and QJ-B models conclude
similar posterior distribution on p, the error probability in the data-lists. By inspecting the posterior
distributions on ¢, it appears that QJ-D is slightly preferred for 1080-1084 (SLPA) while QJ-U/QJ-B is
preferred for 1134-1138 (bishop) (SLPA). This is justified by the Bayes Factors in section 5.
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Figure D.14: The prior (grey) and posterior (blue) VSP depth distribution for 1180-1184 (left), 1126-
1130 (middle) and 1134-1138(b) (right) with SLPA data in a VSP/QJ-B analysis.

Average Rank
Profession 1080-1084 1126-1130
King 1.03 (0.06) NA
Queen 1.95 (0.11) NA
Duke 4.29 (0.25) NA
Son of King  6.18 (0.36) NA

Archbishop  3.88(0.23) 1 (0.08)
Bishop 8.38(0.49)  3.99 (0.31)
Earl 12.40 (0.73)  6.93 (0.53)
Count 13.0000.77)  8.94 (0.69)
Other 15.90 (0.94)  10.40 (0.80)

Table D.7: The professions and their average rankings for all three time periods with SLPA data and
QJ-B. NA means the profession of interest does not appear in this time period.

Figure D.15 displays ROC curves from a reconstruction accuracy test using VSP/QJ-B to simulate
and fit synthetic data matching the 1126-1130 and 1134-1138 SLPA data, as described in Section 5.
Again, we see the proportion of inferred false-positive and true-positive relations increasing while
decreasing € from (0,0) at e = 1 to (1,1) at e = 0. The €’s that give high true-positive and low
false-positive reconstruction fraction can be easily identified in Fig. D.15. This indicates our model’s
high accuracy in reconstruction order relations.
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Figure D.15: Receiver operating characteristic (ROC) curves for synthetic data using 1126-1130 and
1134-1138 (bishop) list membership structures with SLPA and QJ-B.

D.2 THE FORMULA 1 RACE DATA

The Formula 1 race data (2017 - 2022) F1D records information about every formula 1 race in the
past five seasons. The data gives the top 20 drivers in each Grand Prix race in each season. One typical
list, for the British Grand Prix (Silverstone Circuit) in 2021, is as follows

1-HAM, 2 - LEC, 3 -BOT, 4 -NOR, 5 -RIC, 6 - SAIL, 7- ALO, 8 — STR, 9 - OCO, 10 - TSU,
11 -GAS, 12 -RUS, 13 - GIO, 14 - LAT, 15 - RAI, 16 - PER, 17 - MAZ, 18 - MSC, R - VET, R
— VER.

Each abbreviation is a unique code for a driver (see table D.8), e.g. ‘HAM’ stands for Lewis
Hamilton, who was the winner of this race. The drivers are ordered based on their finishing position.
The label ‘R’ indicates special circumstances, e.g. collision, accident, retirement, etc.

We are interested in the order relations between these drivers and construct a VSP map of their
performance in a specific season. This is an intersting test of the method as a heuristic model (in the
sense that Plackett-Luce and Mallows are in general heuristic). There is no constraint other than car
speed and skill to stop one driver overcoming another so it is not clear that the order relations we
recover correspond to any element of reality. One feature that is characteristic of a PO-style analysis
(such as ours with VSPs) is that the race resembles a queue in which drivers exchange places subject
to skill and car-speed. In a race, a driver can fall down the order with a certain probability due to
unexpected circumstances (poor tyre management, problems in the pits, small collisions, time penalties
etc). However, there is no obvious mechanism promoting a driver up the race order. We therefore believe
the QJ-D observation model is natural.

In this analysis, we take a snapshot of 2021, assuming relative car-quality and skill are roughly
constant over a year. The Formula 1 (F1) 2021 data consists of 22 lists corresponding to the 22 Grand
Prix races. Each list is has at most 20 elements. We disregard the ‘R’ positions, so the lists are of
unequal length. There are a total of 21 drivers participating in season 2021. We assign each of them a
unique Driver ID, listed in table D.8.

We analyse the data-lists from season 2021 between the 21 actors using the VSP/QJ-D model. The
consensus order for the drivers in this season is shown in Fig. D.16. Both Lewis Hamilton and Max



Driver ID Code Name DOB Nationality
1 HAM Lewis Hamilton 07/01/85 British
2 ALO  Fernando Alonso  29/07/81 Spanish
3 RAI Kimi Raikonnen 17/10/79 Finnish
4 KUB Robert Kubica 07/12/84 Polish
5 VET Sebastian Vettel 03/07/87 German
6 GAS Pierre Gasly 07/02/96 French
7 PER Sergio Perez 26/01/90 Mexican
8 RIC Daniel Ricciardo  01/07/89  Australian
9 BOT Valtteri Bottas 28/08/89 Finnish
10 VER Max Verstappen 30/09/97 Dutch
11 SAI Carlos Sainz 01/09/94 Spanish
12 OCO Esteban Ocon 17/9/96 French
13 STR Lance Stroll 29/10/98 Canadian
14 GIO  Antonio Giovinazzi 14/12/93 Italian
15 LEC Charles Leclerc 16/10/97 Monegasque
16 NOR Lando Norris 13/11/99 British
17 RUS George Russell 15/02/98 British
18 LAT Nicholas Latifi 29/06/95 Canadian
19 TSU Yuki Tsunoda 11/05/00 Japanese
20 MAZ Nikita Mazepin 02/03/99 Russian
21 MSC  Mick Schumacher  22/03/99 German

Table D.8: The list of drivers in Formula 1 season 2021. Each driver is assigned a unique ‘Code’ and
‘Driver ID’ in our analysis. We also include further information of the drivers, including their date of

birth (‘DOB’) and ‘Nationality’.

Verstappen are ranked at top of the consensus VSP for the 2021 season, with high posterior probability

(more than 0.9).

The posterior distributions for individual parameters and the depth are shown in Fig. D.17. The
effective sample sizes are 567 for ¢ = P(.S) and 130 for p. The posterior for P(S) concentrates at
around 0.5, showing a relatively relaxed ranking relation. The posterior distribution for p concentrates
at a lower value at 0.15. This suggests the VSP model relatively accurately represents the strength of
each driver-car pairing. The VSP depths are relatively low for this data. We are not observing a ranking

as deep as the social hierarchy for witnesses in “Royal Acta”.



Figure D.16: VSP/QJ-D model. Consensus order for Formula 1 (season 2021) data. Significant/strong
order relations are indicated by black/red edges respectively.

0.50
P(S)

Figure D.17: The prior (grey) and posterior (blue) distributions for P(S) (left), p (middle) and depth
(right) for the Formula 1 (season 2021) data.



E MODEL COMPARISON

E.1 MODEL COMPARISON WITH PLACKETT-LUCE AND MALLOWS

The Plackett-Luce model, the Mallows model, and their mixture-models are two categories of model
widely used for ranking and partial ranking. In this section, we compare the VSP/QJ-U and VSP/QJ-B
models with the two PL-models' and the two Mallows models? using the WAIC. This estimates the
expected log pointwise predictive density (ELPD, Vehtari et al. [2017]). It is a principled criterion for
model comparison which is relatively easily estimated.

The Plackett-Luce model defines a distribution over ranked lists y; € Pp,, ¢ € [N] with actor

attributes A\ = (A\,...,\,) € R". Taking into account the list membership sets o;, i € [N], the
likelihood is N
Lyn) =] H o (E.1)
=1 j= 1 "ok

The Plackett-Luce mixture assumes the lists are sampled from a heterogeneous population composed
of D sub-populations. Each mixture component has a Plackett-Luce distribution over lists with actor
attributes A( € R", d € [D]. A finite mixture of Plackett-Luce models was proposed as a robust model
for ranked data with incomplete lists in Mollica and Tardella [2017, 2020]. Let A = ()\(d))de[D] e R»xP
give the matrix of actor attributes and w = (w1, ..., wp) give the weights of mixture components with
ZdD:l wq = 1. The D-component mixture Plackett-Luce model likelihood is

N D
PLpi(y|A,w) = HdePL yl\)\ (E.2)

=1 d=1

Non-informative priors suggested by Mollica and Tardella [2020] are assigned with e’\;d> ~ Gamma(1,0.001)
forj € [n]andd € [D] and wy, ...,wp ~ Dir(1,...,1).

The Mallows model Mallows [1957] is typically controlled by a location parameter (consensus
ranking) p € P, and a scaling parameter o € (0, 00). Letting d(-, -) : P, X P, — R, be a discrepancy
function between two permutations, the Mallows model is

d(p,y:) E3
Zn : (E.3)

Py(ylp, a)

::12

=1

where Z,(a) := > » yep, €1 d(pv) is the normalising constant. A typical distance choice is the Kendall’s

tau distance. Let (l a) = {k € [n] : lx = a}. The Kendall’s tau distance counts the number of
pairwise disagreements between two permutations, d(y,l) = > _,_ i Lo(y)>o(,y,), and this gives a
tractable normalising constant Z,(«). We use the Mallows ¢ model in our model comparison. A
truncated exponential prior is specified for o and a uniform prior 7(p) on P, is taken for p, as is
suggested in Sgrensen et al. [2020] which implements the MCMC proposed in Vitelli et al. [2018].

"'We use the MCMC sampler available in the R-package PLmix Mollica and Tardella [2017]. This uses a data
augmentation scheme due to Caron and Doucet [2012].
2We use the MCMC sampler available in the R-package BayesMallows Sgrensen et al. [2020].



The BayesMallows R-package deals with partial ranking by applying data augmentation techniques
before fitting the full Mallows model.

Similar to the Plackett-Luce Mixture, the finite Mallows mixture allows for heterogeneity. Let
{pd, d}ta=1...p be the set of parameters for cluster d and let zy,...,2x € {1,..., D} be the cluster
labels that assign each list to one cluster. The D-component mixture Mallows likelihood is

N
P(y{pa, aata=r,..p, {Zitit,.., H 7 Ld(yiopz;) (E.4)

=1

Independent truncated exponential priors and independent uniform priors are specified for « and p
respectively. Following Sgrensen et al. [2020], 21, ..., zn follow a uniform multinomial distribution
and are assumed conditionally independent given the cluster parameters.

The ELPD measures the posterior predictive accuracy of a model. It is a natural choice for goodness-
of-fit and model comparison. We use the WAIC to estimate the ELPD for a generic model (“A” say).
The estimator resembles the AIC and BIC,

elpdwazc A‘y ZlogpA yz|y — Pwaic, (ES)

where

pa(yly) = / pa(u:]0)pa(6ly)do E6)

with 6 representing all parameter in model A. The predictive probability in Eqn. E.6 is estimated using
MCMC samples. For a MCMC sample (after burn-in) of length K targeting p4(6|y),

PA(vily) = Z pa(yil0™).

The term pyic is the effective number of parameters. If VX a;, = Zle (ay — @)?, then Py is

estimated using Pyqic = ZZN:1 V. (log(p(y:]0™))). The waic function from R package 1oo [Vehtari
et al., 2017] is used for elpd,,.;. estimation.

The PLmix package in R provides a range of model selection criterion to select the optimal number
of mixture components ). We use the Deviation Information Criterion to select the optimal model on a
given data. Similar model selection procedures are implemented for the Mallows model.

E.1.1 Model comparison on the ‘Royal Acta’ Data

Table E.1 summarises the estimated elpd,,.;. for the six models, on three signature dataset - 1080-
1084, 1126-1130 and 1134-1138(b) (S5PLA). The VSP/QJ models outperforms the Mallows, Mallow’s
mixture, PL and PL-mixture significantly in most cases, except that the Mallow’s model outperforms
VSP/QJ-U slightly during 1080-1084. The VSP/QJ-B model is relatively favourable compared to
VSP/QJ-U. We note that we made no careful choice of priors on the PL. models and the Mallows models.
Non-informative priors are adapted in both cases, similar to our Bayesian inference setting on partial
orders.



elpdwaic (se)

Model 1080-1084 1126-1130 1134-1138(b)
VSP/QJ-B -103.5 (26.0) -28.6 (9.6) -72.2(21.9)
VSP/QJ-U -197.2 (77.8) -37.8 (10.8) -86.3 (27.6)

Mallows -174.3 (39.4) -98.4 (17.7) -129.6 (33.6)
Mallows-Mix -225.4 (47.5) (D=2) -241.3 (37.4) (D=5) -182.0(40.6) (D=2)

PL -316.5 (38.5) -270.4 (25.8) -336.2 (35.6)

PL-Mix2 -291.1 (37.2) -267.6 (24.7) -318.6 (36.3)

Table E.1: The estimated elpd,,.;. (se) under six different models - VSP/QJ-U, VSP/QJ-B, Mallow’s,
Mallow’s Mixture (with number of mixture component D > 2), Plackett-Luce (PL) and 2-mixture
Plackett-Luce (PL-Mix2) model.

We estimate consensus orders for both the PL and PL-Mixture models. This is done by first sampling
from the posterior distribution of ranking(s). We turn the rankings into partial order representations.
For a PL-mixture, we calculate the intersection order that records the order relation appearing in all
rankings. The consensus order is then constructed from this ‘posterior distribution of partial orders’.
The estimated consensus orders for the PL and PL-Mixture (D=2) models are shown in Figure E.1.
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Figure E.1: The estimated consensus orders from the Plackett-Luce (left) and PL-Mixture (D=2) (right)
models on the 1126-1130 data. Red edges indicate order relations that posterior probabilities are higher

than 0.9.

Both the PL and PL-Mixture (D=2) model are not designed to reconstruct partial orders in the way
we use it here. It was of interest to see if they did capture the same or similar relations to those we find
with VSP models. This is not the case. Although we don’t know the true partial order, we do expect a
fairly deep social hierarchy in the 12th century. Neither model reflects such a feature.

E.1.2 Model comparison on the Formula 1 Race Data

We compare the VSP/QJ-D model with the Placket-Luce and Mallows model, and their mixtures
on the Formula 1 dataset. The comparison result using elpd., ;. is shown in table E.2. The VSP/QJ-D



model outperforms both the Plackett-Luce, the Mallows and their mixtures significantly.

Model elpdypaic (s€)
VSP/QJ-D -597.1 (25.2)
PL -847.4 (18.6)
PL-Mix2 -821.6 (17.4)
Mallows -973.7 (3.4)

Mallows-Mix3  -963.5 (3.9)

Table E.2: The estimated elpd,.;. (se) under five different models for the Formula 1 Racing Data
- VSP/QIJ-D, Plackett-Luce (PL) and 2-mixture Plackett-Luce (PL-Mix2), Mallows and 3-Mixture
Mallows (Mallows-Mix3) model.

E.2 MODEL COMPARISON VSP V. BUCKET ORDER

Bayes factors By, for bucket orders (see Section 1 over VSPs can be estimated using the Savage-
Dickey Ratio. Results are summarized in Table E.3 for both models QJ-U and QJ-B and both 1LPA
and SLPA datasets. Numbers above one support bucket orders. Numbers below one support VSPs. For
1PLA dataset, we observe strong support for VSPs. For SLPA data there is a very slight preference for
bucket orders “barely worth mentioning” over QJ-B. Presumably the extra model complexity of QJ-B is
costing something here. For QJ-U and the period 1180-84 there is no strong preference - the consensus
order in Fig. 7 is “nearly” a bucket order. However, for QJ-U, 1126-30 and 1134-38 and 1134-38(b) the
consensus orders are more complex and VSP’s are strongly preferred over Bucket orders.

Bayes Factor By, Bayes Factor By,
Dataset VSP/QJ-U VSP/QJ-B Dataset VSP/QJ-U
1080-1084 1.73 2.83
1126-1130 0.18 2.83 1080-1084 0.00
1134-1138 0.00 NA
1134-1138(b) 0.33 2.59 1134-1138 0.00

Table E.3: The Bayes factors By, for ‘bucket’ order over VSP on all datasets SLPA (Left) and 1LPA
(Right).

E.3 MODEL COMPARISON WITH THE LATENT PARTIAL ORDER MODEL

Nicholls and Muir Watt [2011] proposes a latent partial order model, which can be applied to fit
general partial orders to rank-order list-data. Though their method is not scalable to datasets of more
than around 20 actors, we are interested in comparing the performance between their partial order (PO)
model and the VSP class of models proposed in this paper. We choose the same observation model, QJ-
U, to make the test. We choose a relatively small dataset, 1126-1130 with SLPA, for this comparison, so
the full PO model is tractable. We chose priors p ~ Beta(1, %) as suggested in Nicholls and Muir Watt
[2011] and a non-informative prior for the error probability p = He;T where 7 ~ N (0, 1.5) in order to
get a reasonably flat depth distribution for the PO-prior.




The consensus order from the PO/QJ-U model is shown in Fig. E.2 (left). We also copy the result
from the VSP/QJ-U model here for comparison. The two models indicates similar social hierarchy.
However, the PO/QJ-U model presents a less strict hierarchy among bishops.
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Figure E.2: PO/QJ-U model(left) and VSP/QJ-U model (right; same as Fig. 7). Consensus order for
1126-1130 5LPA data. Significant/strong order relations are indicated by black/red edges respectively.

The consensus order from the PO/QJ-U model is actually a VSP. Fig. E.3 shows the prior and pos-
terior depth distributions for both the PO/QJ-U and VSP/QJ-U models. Although the prior distributions
over depth are all relatively flat for the two models, the PO/QJ-U model favour partial orders with
relatively lower depth.

Depth

Figure E.3: The prior (dashed) and posterior (solid) distribution over depth for the PO/QJ-U (green) and
VSP/QJ-U model (red).

The posterior probability to get a VSP given the PO/QJ-U model is ppo/qgs—v(h € Viyly) = 0.31
so there is a reasonable chance in the more general model that the unknown true social hierarchy
is a VSP. The model comparison performed in Table E.4 indicates similar elpd,,.;. for both models.
Considering the uncertainty in our estimation, we conclude both models fitting the data equally well.

Model elpdpaic (se)

VSP/QJ-U  -37.8(10.8)
PO/QJ-U  -36.7 (10.1)

Table E.4: The estimated elpd,,.;. (se) for the VSP/QJ-U and PO/QJ-U models.

We compare the average ranking for different professions in table E.5 and observe the same ranking
order in professions although ranking scales are slight different.

We summarise the posterior distributions over POs/VSPs using the consensus adjacency matrix m,



Average Rank
Profession PO/QJ-U  VSP/QJ-U

Archbishop 1 (0.08) 1 (0.08)
Bishop 3.76 (0.29) 3.99 (0.31)
Earl 5.75(0.44) 6.93 (0.53)
Count 6.04 (0.46) 8.94 (0.69)
Other 9.28 (0.71) 10.40 (0.80)

Table E.5: The professions and their average rankings under the PO/QJ-U and VSP/QJ-U models for
time period 1126-1130.

such that
mij = p(l ~ jly)alvj S [’I’L]

The consensus orders are inferred from the consensus adjacency matrix by setting a certain threshold.
This paper chooses a threshold of 0.5. Fig. E.4 plots the entries of the two consensus adjacency matrices
against each other. The points roughly scatter along the reference line y = x, and show a positive
monotone trend. Based on Fig. E.4, the two consensus adjacency matrices roughly agree with each
other, highlighting the fact that although the VSP is a more restricted model, it works as well as a
flexible and scalable partial order model in social hierarchy scenarios.

PO/QI-U
.

0.00 0.25 0.50 0.78

VSP/QI-U

Figure E.4: The comparison plot between the consensus adjacency matrices from the VSP/QJ-U (x-axis)
and PO/QJ-U (y-axis) models. The gray dashed line is the y = z reference line.



F SCALING ANALYSIS

Counting the number of linear extensions of a general partial order is known to be #P-complete
(Brightwell and Winkler [1991]). LEcount by Kangas et al. [2016] seems to be the most computationally
efficient counting tool available. LEcount chooses between two algorithms, one counts by recursion
in O(2"n) operations and the other by variable elimination in O(n'™) where ¢ is the treewidth of the
cover graph. The linear-extension counting algorithm we use exploits the tree representation (1, 2) so it
only works for VSPs, but it is more reliable and faster than LEcount especially for the complicated and
large VSPs at the right end of Fig. F.1.

The likelihood evaluation involves substantial computation of the number of linear extensions,
and is an essential part of our MCMC analysis. We compare the computational cost to the likelihood
evaluations under either the VSP tree representation or LEcount. This is done by simulating N = 20
full length lists on VSPs of increasing size n = 3,6, ..., 39 from our VSP prior. For each group of N
lists we evaluate the likelihood for the VSP used in simulation. We repeat this 50 times for each VSP
size n for each method to derive an estimated distribution over run-times. The log-scaled maximum
run-time (in seconds) for each sample size is shown in Fig. F.1. The log-scaled maximum run-time
appears to be linear for the tree representation and exponential for LEcount. The optimised LEcount
approach outperforms the tree representation LE evaluation when we have VSPs less than 25 actors.
However, VSP-based counting significantly outperforms LEcount when we move to much larger datasets
(completely as expected, all that matters is that we are comparing a simple implementation of a fast VSP
algorithm with a well optimised implementation of a PO algorithm and the simple VSP implementation
still beats the optimised PO implementation at large enough VSP sizes because the VSP algorithm only
works for a subset of POs, so there is no criticism of LEcount here).

Log-Scaled Maximum Runtime (in sec)

106 9 12 15 18 21 24 27 3 33 36 39
Number of Actors

* PO - VSP

Figure F.1: Run-time analysis between the count approach from tree representation and LEcount
(Kangas et al. [2016]) on VSPs. The plot compares likelihood (QJ-U) evaluation exploiting the VSP
structure (in green) and for a general PO (in red). The log-scaled maximum run-time (in seconds) from
the tree representation (green) and the LEcount is shown in y-axis, and the number of actors in VSP is
shown in the x-axis.

The scaling analysis demonstrates the high scalability of the VSP counting method via the tree
representation. This enables our model to work on datasets with more than 200 actors, see Section D.1.1.



G DETECTING VSP’S

Valdes et al. [1979] proposes an efficient way to recognise VSP’s by detecting the so-called forbidden

sub-graph (Fig. G.1).
® ©®

Figure G.1: The ‘forbidden sub-graph’ to the VSP class of partial orders.

A partial order h € H, is a VSP if it does not contain a set of vertices 0 = {ji,...,js} C [n| with
sub-graph h = h[o] that is isomorphic to the ‘forbidden sub-graph” F' = ([4], {(1, 3}, (1,4), (2,4)}). If
two graphs are isomorphic, F' and /' in our case, they must be identical after vertex relabelling. This
means edges absent in /' must also be absent in A’. This makes it straightforward to test if a partial
order is a VSP.

H PRIOR DISTRIBUTION ON DEPTH

Our VSP-prior gives good control over partial order depth. We can choose the prior distribution
over ¢ so that the marginal distribution y, , (v) has a reasonably flat distribution over the depth D(v) of
the VSP-partial order v. This ensures the prior is non-informative with respect to partial-order depth,
a property of a social hierarchy on actors which is of particular interest. After some experimentation
we found that taking n ~ A/(1,1.5) and setting ¢ = : +(13_,, gave a reasonably non-informative depth
distribution. Fig. H.1 shows an example prior depth distribution for partial orders with 50 actors under
this prior.

Figure H.1: The prior distribution over depth for partial orders with 50 actors, when ¢ = ﬁ, n ~

N(1,1.5).
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Partial Order Hierarchies
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Abstract

Rank-order data often comes from multiple assessors, creating a
“grouped” structure in the data. Assessors may treat some items as
incomparable and in that setting it is necessary to represent their pref-
erences using a partial order, rather than a total order as is usual. This
paper introduces a new hierarchical model for partial orders (HPO)
which is designed for grouped preference data with some incomparable
items. The partial orders representing each assessor’s preferences are
correlated with a central partial order in a tree-like hierarchy with a
leaf for each assessor. The rank-orders from each assessor are modeled
as linear extensions of the the assessor’s partial order, with or without
noise. The proposed hierarchical partial order model is marginally
consistent and nests the Plackett-Luce mixture model. We extend the
model to handle unsupervised settings, where the assessor-group la-
bels on rank-orders are not available, leading to a new non-parametric
clustering process over rank-order lists. An MCMC-based approach
is developed for model inference. We put forward our new model as a
natural candidate for generic heterogeneous rank-order data.

However, inference with the HPO-model does not scale well for
large datasets. This paper introduces an approximation to the HPO-
model using vertex-series-parallel partial orders (VSPs, [1]). The ap-
proximation exploits the high scalability of VSPs, demonstrating per-
formance comparable to the full HPO model at much lower asymptotic
computational cost. We illustrate our method on 3-D sound spatial-
isation data where assessor labels are available and sushi preference
data where the group structure is unknown.

1 Introduction

Ranking problems arise in a wide variety of fields, including recommender
systems [2], social hierarchies [3], voting [4], and sports competitions [5]. For
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a given set of lists which rank items, the goal of the analysis is to form a
complete or partial ranking of the items which summarises relations between
items. When items are ranked multiple times according to slightly differ-
ent criteria, as is often the case with multiple assessors, a group structure
inevitably emerges in the rank-order lists. This type of rank-order data is
referred to as “grouped” data. Mixture models for rank-data with asses-
sor labels, such as the Plackett-Luce [6, 7, 8] and Mallows mixture models
[9, 10, 11] fit complete orders (or skills scores which define a complete order).
However, recent work on rank-order time series [12] and in single-assessor
settings [13, 14] has shown that partial order models, which allow incompara-
bility between items, may be superior in some contexts. Therefore, extending
partial order models to handle grouped data is well motivated.

Let M be the “ground set” of items with |M| = M. Let Bys = Usc 5205
be the set of all non-empty subsets of M. A (strong) partial order h =
(M, =) is a binary relation =) over M. The binary relation > is irreflex-
ive (the relation i > i does not exist), transitive (if ¢ >, 7 and j > k, then
i = k, where i, j,k € M and i # j # k) and antisymmetric (i > j implies
J <n 1). Figure 1 (left) gives an example of a partial order with five items.
Two items i,j € M are incomparable, and we write 7|7, if neither i <, j
nor 7 > j. In a compact notation, > is equivalently a set containing all the
pairs ¢ »j 7 in the ground set which are ordered by h. Denote by Haq the
set of all partial orders on M.

The preferences of an assessor are represented by some partial order h €
‘Hq particular to that assessor. If ¢ >, j then they prefer ¢ to j and if
i||nj then they are indifferent. An assessor may be presented with a subset
S € By, of the items in M for ranking. They will then use the sub-order
h[S] = (S, <) of their partial order to rank items. This restricts h to a
subset S: all order relations between elements in S present in h are inherited
by h[S] and the rest discarded. If for all pairs i, € M either i =), j or
J »n t then h is a complete order. Let Cyq be the set of all complete orders
of M. Complete orders are one to one with P4, the set of all permutations
of the elements of M.

A linear extension of h is any complete order | € Cyp4 satisfying j; =, jo =
J1 =1 J2, so the linear extension “completes” the partial order »;,. Denote
by L[h] the set of all linear extensions of h (always non-empty, for this and
other classical properties of partial orders see [15] and references therein).
In an abuse of notation, we also treat a linear extension as an ordered list
l1.p € Py indexing l;, @ =1,... M so that [y >=; Iy >; -+ >=; [5;. We use the
terms list and complete order interchangeably.

A chain of h € H q is any sub-order h[S], S € B that is also a complete
order. The length of a chain is the number of nodes |S| in the sub-order.
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Figure 1: (left) An example partial order vy with M = 5 items and depth
D(vy) = 4 which is also a VSP, with (right) its BDT representation. Red
edges and “+” signs indicate the upper child.

The depth D(h) of a partial order is the length of its longest chain, 1 <
D(h) < M for h € Ha. The intersection order of K € Z* complete orders
1) € Cy, k € [K] ={1,..,K} is a partial order h = (M,NE | <), so
i >y, j if and only if i ;&) j in every complete order k € [K]. We define the
dimension of partial order h to be the smallest number of linear extensions
of h whose intersection is h (at most | M /2] and at least one).

This work considers the case where we have grouped data from a set
of “assessors” A = {1,..., A}. Each assessor a € A is presented with N,
choice sets S,; € By @ € [N,] and produces N, lists Y, ; € Cg,, of possibly
varying lengths. We parameterise the preferences of assessor a using a partial
order h(® so we suppose these lists are linear extensions of A, or close to
being linear extensions if there are errors in the observation process. Let
Y, = (Ya1,...,Yan,) be the preference orders from assessor a € A and
let Y = (Y1,...,Y4) denote all the data. An assessor may not see all the
items in M. For a € A let M, = uﬁ&lsa,i be the set of all items they
see across all their choice sets. Let My = U,ea M, be the set of all items
ranked by anyone. We only directly learn about assessor a’s preferences over
items in M, and overall we only learn about items in M, (in the sound
spatialisation example each assessor is presented with pairs of sounds to
rank, so |S, ;| = 2 for each choice set, however they are all presented with all
M = 12 sounds eventually, so M, = My = M). We propose a hierarchical
partial order model for these grouped data. The model is defined using
a tree-like parameter hierarchy, where each assessor’s preferences over M
are represented by a “leaf” partial order h(» € H,.. We assume there
is a “root” or global partial order (¥ € H M, that governs the preference
behavior among the individual assessors. This hierarchical setup is presented
as a tree in Figure 3.
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Partial orders, with properties such as transitivity and incomparability,
are well-suited for ranking problems. However, inference with partial orders
can be computationally intensive, largely because the likelihood for a partial
order in our setup depends on the number of linear extensions it has, and
counting the linear extensions of a general partial order (calculating |L[h]|)
is #P-complete [16]. This computational challenge limits the applicability of
our partial order hierarchical model to no more than perhaps 15-25 items. To
enhance model scalability, we consider a special sub-class of partial orders
called vertex-series-parallel orders (VSPs, [17, 1]). VSPs are constructed
through repeated series and parallel operations. Let h; € Hg, and he € Hg,
be two partial orders defined on disjoint choice sets Sy, .5, € By, We define
their series partial order by the series operation ® as the union of all relations
in hy and ho, with additional relations ¢ >, 7 if ¢ € S; and 7 € S5, so

h:h1®h2:{51USQ, >—h1U>-h2U{i}hjZiE;S'l,jGSg}},

and a parallel partial order by the parallel operation @ as the union of all
relations in h; and hy with incomparability j||,k if i € S; and j € S so

h = hl D hQ = {Sl U 527 ™ hy U >_’12}'

The class of VSPs on M, V, C H .y, is defined as the set of all partial orders
which can be formed by some sequence of series and parallel operations start-
ing from M trivial partial orders {({i},?)}icm each with a single element.
This is strictly smaller than the set of all partial orders when M > 4.

A VSP v € YV can be conveniently parameterized using a binary decom-
position tree (BDT, [17]) t € Typ. A BDT t representing a VSP v can be
thought of as a record of a sequence of parallel and serial operations which
form v, starting from the M trivial partial orders. Each leaf in a BDT rep-
resents an item ¢ € M, and each internal node represents a partial order
operation, series (S) (®) or parallel (P) (), on the VSPs defined by the two
sub-trees rooted by its child nodes. Define a map fy : Tayy — VY from a
BDT to its corresponding VSP, such that fy,(t) = v. Note that a VSP may
be represented by more than one BDT, so fy is not a bijection. [14] derive
a simple expression for the number of trees in the set f,, Y(v). The example
partial order in Figure 1 is also a VSP. One of its possible BDT represen-
tations is shown alongside it. VSPs allow for fast linear extension counting,
with linear computational complexity. This motivates us to approximate
the HPO-model by restricting the fitted partial orders to be VSPs. The re-
sulting Hierarchical VSP-model (HVSP) is a potentially useful model in its
own right. However, we think of it as an approximation rather than a first-
choice model for reasons discussed below. We compare its performance with
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the original partial order hierarchy and show that the VSP approximation
approach performs well, with a significant gain in computational efficiency.

This paper is structured as follows. In section 2, we introduce a prior
probability distribution over a single partial order (so not yet a hierarchy).
This will be our model for the “global” partial order at the top of the hier-
archy. This prior distribution is similar to that given in [13] but has been
modified so that it includes the Plackett-Luce model as a special case. It is
straightforward to incorporate covariates. In section 3, we define the condi-
tional distribution over the “leaf” partial orders given the global partial order
and provide a prior distribution for the partial order hierarchy when the as-
sessor labels are known. Some candidate observation models and Bayesian
inference are discussed in section 4. Section 5 addresses the scenario where
assessor labels are unknown, extending the HPO-model to cluster unlabeled
rank data with a latent group structure. In section 6, we give our VSP ap-
proximation for the HPO-model. In section 7 we compare the performance of
the HVSP-model and the HPO-model using labelled 3-D sound spatialisation
data and unlabelled sushi preference data as test cases.

2 Distribution over complete and Partial Or-
ders

2.1 The Plackett-Luce Distribution

Most distributions over rank-order data are defined on complete orders, which
assume a complete, transitive ranking of all items without ties or incompa-
rabilities. T'wo popular families of such distributions are the Plackett-Luce
distribution and the Mallows distribution.

The Plackett-Luce distribution, often used in the context of sports rank-
ings, elections, and recommender systems, models the probability of a par-
ticular ranking by considering a series of conditional probabilities. Each item
is assigned a positive weight, and the probability of an item being chosen at
each rank depends on its weight relative to the remaining unranked items.

Definition 1 (Plackett-Luce Distribution [18, 19]). Define preference weights
am = (a1, ...,an), o € R for choice i € M. The Placket-Luce distribution
defines the probability for a complete order y € Cs of a choice set S € By
with |S| = m elements as

m

ps(ylas) = [[ <o

S e
i=1 £ei'=1

ayi

(1)
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where ag = () jes and the list Yy., is indexed so that yy >, Yo >y -+ >y Ym.
Denote by PL(«, S) the distribution in equation 1.

This multiplicative structure makes the Plackett-Luce model particularly
suitable for modeling sequential choice processes. [20] establishes a connec-
tion between the Plackett-Luce distribution and the Gumbel distribution.
Specifically, the ranking of |S| independent Gumbel-distributed variables fol-
lows the Plackett-Luce distribution.

Lemma 1 (Gumbel representation of the Plackett-Luce distribution [20]).
Let G; ~ Gumbel(a;) be independent for j € M, where Gumbel(a;) is
a distribution with CDF F,, (9) = exp(—exp(—(9 — a;))), g € R. Let
G = (Gy,...,Gu) and let y(G) = (M, =¢) give the complete order for the el-
ements of G, that is j1 >¢ jo < G4, > Gj,. It holds that y(G) ~ PL(o, M).

In section 2.2, we extend this parameterisation to the context of partial
orders, incorporating the Plackett-Luce distribution as a special case within
this broader framework.

The Plackett-Luce distribution is also marginally consistent. A family
of distributions is marginally consistent (also known as projective) if every
marginal of every distribution in the family is also a member of the family. In
the context of rank-order data, marginal consistency implies that: if sample a
random order on a subset S of items by sampling a random order on all items
M and pulling out the sub-order for S, then we get the same distribution as
if we just sampled a random order on the items in .S in the first place. The
property is equivalent to context-independent choice.

Definition 2 (Marginal consistency). The family of distributions ps(y|«), y €
Cs, S € Buy is marginally consistent if, for all S € Bay, distributions in the
family satisfy
ps(yle) = > pm(fla) Yy €Cs. (2)
7ECMm
glSl=y

Equivalently, if § ~ pm(-|a) and y ~ ps(-|a) then g[S] ~ y.

It follows from the definition that if S € S C M then pg is the marginal
of pg, so marginal consistency holds between all pairs of distributions in the
family. [21] shows that the Plackett-Luce distribution is marginally consis-
tent by evaluating the sum in equation (2). It also follows from Lemma 1
(removing components from G doesn’t change the order or distribution of
those which remain).
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2.2 Distribution over Partial Orders

The literature on distributions over partial orders is limited in comparison to
that for complete orders, and can mainly be found in the literature related to
combinatorics and probability distributions over random graphs. See [15] for
an overview. Some authors work with the uniform distribution over partial
orders ﬂﬁ\qjl)(h) = |Hm|™" (employed as a prior in [22]). [23] develops a latent
variable model which we call the Uniform-( K, n) partial order model. Further
refinement comes from [13], who extend this model by incorporating a depth
control parameter p, leading to the Normal-(K,n, p) partial order model.
The latent variable setup makes it easy to bring covariate effects into the
prior, as demonstrated in [12]. Here we modify the Normal-( K, n, p) model
by making a special choice for the distribution of its latent variables. This
ensures that our model includes the Plackett-Luce distribution as a special
case. We call this the Gumbel-(K, n, p) partial order model (PO-model).

Let U € RM*X be a matrix of preference weights with one row U;. € R¥
for each object 7 € M and one column U.j, for each “feature” k=1,..., K.
Define a mapping h(U) : RM*F — H, such that h(U) = (M, =) gives
a partial order with ¢ >y 7, if and only if U;p, > U;, VE = 1,..., K for
a pair of objects 7,7 € M. Each column of U defines a complete order
h(U.x) = (M, =y ,) with

>_U41k: {Z >_U.,k J . Ui,k > U',kal’?j € M}7

the ranking of the entries in column k. We equivalently define h(U) as
the intersection over the orders of the columns of U, since i =) j <=
i =nw., J forall k=1,..., K. The map from matrix to partial order is

WU) = (M, Mz =) - (3)

Below we modify the normal U-matrix representation of [13] to include the
Plackett-Luce distribution, introducing covariates using a similar approach
to [12]. In Theorem 1, U is an M x K matrix of correlated normal random
variables which are pushed through a monotone transformation to get a ma-
trix 7 of correlated Gumbel random variables, one row for each element in
the ground set. The rows of 7 determine the partial order h(7) using the rule
in equation (3). The construction in Theorem 1 is illustrated in Figure 2.

Theorem 1 (Generative Model for Gumbel-(K, n, p) Partial Order Model).
Let G71(g) = —log(—1log(g)) be the inverse CDF of a standard Gumbel ran-
dom variable and let ® be the CDF of a standard normal. Let X be an M X p
design matriz of p covariates with a row x; for each j € M, and let 5 € RP
be the vector of effect values so that « = X8 € RM*! and a; = a:]TB 18 the
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linear predictor for j € M. Let ¥, be a K x K covariance matriz with unit
diagonal (X,)kx = 1 and constant off diagonal (X,)kr = p for p € [0,1),
kK e{l,..., K} and k # k'. We take

U;. ~ N(0k,%,), independent for each j € M, (4)
nj, = GH®(U;,) +a;l, and (5)
h = h(n(U,p5)), (6)

where the functions G™ and ® are applied to their arguments element by
element. Two properties hold for the Gumbel-(K,n, p) partial order model.

1. It holds that h(n.j) ~ PL(a, M) in (1) for each k=1,..., K.

2. If data y ~U(L[h(n)]) are drawn uniformly at random from the linear
extensions of h(n) then y ~ PL(a, M) when K = 1.

Proof. See Appendix A. n

Figure 2 gives an example of the G™(®(U)) latent matrix and demon-
strates the effect of covariates . In equation (5), n = G=1(®(U)) + alk is a
linear predictor that incorporates the covariate effect by shifting the matrix
of preference weights. As each row n;. = G™H(®(U;.))+a;1%, a large positive
effect a; = x]Tﬁ for object j tends to move j up in the partial order. We then
define the partial order given the shifted preference weight matrix h = h(n).
We do not include an intercept among the covariates as that duplicates the
degree of freedom corresponding to the mean of U; ..

Equations (4) and (5) determine a prior distribution for h € Hg for each
choice set S € By, |S| =m. Let U;. ~ N(Ok, 2,) be independent for j € S
so U € R™% and let Xg = (X,.)jes be the submatrix of covariates for

choices in S. The latent n for the choices in S is
(U, B) = GTH(@(U)) + XsB 1,

an m X K matrix with rows n;., j € S. Operators are applied to each matrix
element. The random partial order h(n(U, 8)) has distribution

7s(hlp, B) = Eu(lnmwpy=n), h € Hs. (7)

This is normalised over the space Hg of partial orders on S. The prior
distribution displays marginal consistency as is shown in corollary 1. The
proof is similar to the case for the Normal-(K,n, p) family of partial order
models given in [12].

Corollary 1. The family of prior distributions ws(-|p,5), S € By (7) is
marginally consistent, that is if h ~ mpm(+|p, B), then h[S] ~ ms(-|p, B).

Proof. For proof see Appendix B. m
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Figure 2: (left) A U-matrix with M = 5 rows and K = 2 columns repre-
senting partial order (also a VSP) vy in Figure 1 (first VSP right). Each
path plots the sequence of values G™1(®(U; %)),k = 1,2 in a row of feature
values for choice j € M. The path for choice 1 lies entirely above that for
choice 2 so 1 »,, 2. However the path for choice 4 intersects the path for
choice 2 80 2||,,4. The effect of covariate is illustrated by the dotted line. If
az > 0 for choice 3 and a; = 0 elsewhere, choice 3’s latent path moves up.
As is shown in v; (second VSP right), a positive ag leads to an intersection
between choices 1 and 3 resulting in 1]|,,3 after adjusting for covariates.

G ((U))

3 A hierarchical model for grouped data

Grouped data often involve collecting multiple preference rankings from a set
of assessors, resulting in a structured dataset where preferences are organized
into groups. To model such data, we propose a hierarchical partial order
model, which follows a tree-like structure as illustrated in Figure 3. In this
hierarchical model, we assume the existence of a “global” partial order that
governs the overall preference structure across all assessors. Our goal is
to recover this “global” order and understand its influence on individual
assessors’ rankings. Each assessor’s preferences are modeled using a “leaf”
partial order. These leaf partial orders are connected to the root partial order
through a correlation-like parameter. We give the conditional distribution
of the leaf partial orders given the root partial order and define a prior
distribution for the hierarchical partial order model (HPO).
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3.1 Notation: Grouped Data

Recall the data notation introduced in Section 1. Let A = {1,..., A} be a set
of assessors. In grouped data, each assessor a € A is presented with N, choice
sets Sqi € Bum,t = 1,..., N, of varying sizes. We condition on the choice
sets so they are non-random. Let m,; = |S,;| be the number of items in the
7’th batch ordered by assessor a, and let M, = vaz‘”lSa,i be the set of objects
assessor a ranked with m, = |M,|. Let S, = (Sa1,...,5.n,) and S =
(S1,...,54). Let My = UgeaM, be the set of items ranked by at least one
assessor. We set M, = |[M,|,a=0,1,..., A. Let Y,; € Cg,, be the complete
order assessor a returned for choice set S, ;. Let Y, = (Yo1,...,Yan,) be the
data from assessor a. We denote the data as Y = (Y7,...,Y}).

3.2 A prior for the partial order hierarchy

Let U® ¢ RMoxK he the preference weight matrix with a row for each
element j € My. We define h(®) = h(n(U©,3)) as the global partial order
on items in M which were actually ranked by someone. For K > 1 let

Hin= U ()
UE]RMOXK
be the set of all partial orders on M which can be represented by the model
(which is the set of all partial orders on M, of dimension at most K, since
h(n) is the intersection of K complete orders, which can be any K orders
depending on 7). Correspondingly, we define U@ € RMa*K a5 preference

weight matrices for the leaf partial orders h(® on M,,a € A. We write
U= U UL . UDYand hin(U,B)) = (A0, A0 ... hWD). Let

Moa = (Mo, My, ... M) and HG) | = HE) < 1IE) - < 1)
so that h(n(U, B)) € ’H%ﬁA The setup is illustrated in Figure 3.

Figure 3: Hierarchical partial order model and grouped data structure.
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Definition 3 (Generative Model for Partial Order Hierarchy (HPO)).
Let 0<p<1,eR!, K>1and0 <7 <1 be given. For ay, = X[ and
¥, as in Section 2, and sets M, € By, a € A, let My = U2 M,. The
generative model h ~ ., (hlp, B,7), h € Hg\ng is

UJ@ ~ N(0,%,), independent for each j € Moy, (8)

U(‘_‘)\U.,O) ~ N (TUJ(?), (1-— TZ)Zp) , independent for (j,a) € My, x A, (9)

Ve i

(
0 = G OU)) + a;1% for each (j,a) € M, x ({0} UA),  (10)

J

h=h(n(U,B)) fornU,B)=n®nD, . n@).

Notice that the definition of h has changed from section 2.2 as it is now
a list of A+ 1 partial orders. The same applies to U, and n and the map
h(-) now applies to each n?, a € A in the list. We defined the HPO-model
so that its partial orders only order items ranked in the data. This works
because marginal consistency is preserved (see theorem 2 below). We could
enlarge each partial order in the hierarchy so that it orders all the elements
of M. However the HPO-prior given above would be the marginal of that
more general model, and since the missing elements are never observed, they
won’t appear in the likelihood. It follows that the posterior for the smaller
model will be the marginal of the posterior in the larger model. This saves
us ordering elements about which we have no information.

The prior for U}f) given U]E(,)) in (9) is controlled by a correlation-like
parameter 7. As 7 — 0 the leaf partial orders h(::4 become independent of
R As 7 — 1 they tend in probability to h(?) itself. The process linking
Uj(f) to U;?) is equivalent to running a K-dimensional Ornstein-Uhlenbeck

process dX; = —X; + VY2dW, with V = 23, starting at X, = Uj@ to get
X; ~ U;ﬁl) at t = —2log(7). The stationary distribution of this process is

N(0g,>,) so if we run the process for no time at all (7 = 1) we get back U](?)
and if we run it for an infinite amount of time (7 — 0) we get an independent
draw from N(0g,X,). Properties of the HPO-prior are given in Theorem 2.

Theorem 2 (Hierarchical partial order Prior). The generative model in def-
inition 3 defines a prior distribution over hierarchical partial orders as

K
WMO:A(h’p?ﬁaT) = EU(]Ih(n(U,ﬁ))=h>7 h e H,(M;Aa (11)
where T, , (hlp, B, T) is normalised over h € ’HE\I/QA Let
Taoos (M9, B,7) = By (Lo @) gy )

be the marginal for h'®. The prior M. has the following properties:
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1. (single PO marginal) Fora = 0,..., A, T (R D|p, B,7) = mar, (B ]p, B)
where T, 1S the single partial-order prior given in (7);

2. (PL hierarchy at K = 1) when K =1, b ~ PL(anq,, My) fora € A;

3. (W) independent of h®) at T =0) when T = 0 the prior factorises,
/ﬂ-MOA(hlp7 /877- = 0) = 7TM (0)|p7 7 Hﬂ-Ma h(a |p7 Y )7

4. (Y — b as 7 — 1) If My = M for each a = 0,1,..., A then, for
each a € A, ma, (KD p, B, 7,UQ) = 1w _po) as 7 — 1;

5. (marginal consistency) If M, = M for each a = 0,1,..., A and h ~
T+ (-|p, B, T) then h[so.a] ~ ms,. . (-|p, B, T) for every sp.a € ijl with
So = Ug‘zlsa.

Proof. See Appendix C. n

In the HPO-model, the “root-to-leaf” correlation parameter 7 € (0, 1]
controls the similarity between the global root partial order and the indi-
vidual leaf partial orders. A larger value of 7 implies a stronger correla-
tion, meaning that the leaf partial orders will more closely resemble the root
partial order. This parameter allows us to adjust the degree of alignment
between the global and local preferences, providing a way to model varying
levels of influence from the global structure on individual assessors. Also,
our HPO model includes the Plackett-Luce mixture model as a special case
when K = 1. The HPO-model generalizes the Plackett-Luce mixture model
by incorporating hierarchical structure and depth control, thereby extending
its applicability to more complex scenarios involving grouped data.

When we come to fit the HPO-model we will work with the latent U
process in the posterior. We extract the partial order hierarchy in post-
processing by applying the map h(n(U, 5)) to MCMC samples of U and /3
from the posterior. The U-process prior is

7(Ulp,7) =m(Up) [ #(U@|U®, p,7) (12)
acA

where

T(UO|p) = lH N( U, OK,E>]

eMg
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and

r(UOUO o) =TT TT ¥ (01702, (0 =75, )

acAjeEM,
The HPO posterior is

TaMo.a (P, B T, U p|Y) o< wr(p)mp(B)mp(T)m(p) X
T(Ulp, T)pa, 4 (YIR(0(U, B)), p)- (13)

The column dimension K of U and the number of assessors/groups are fixed.

4 Observation Model and Bayesian Inference

We now temporarily return to the setting where we have a single partial
order h € Hp, and consider a single observation y € Cp. We seek an
observation model for y (with or without error) given h. In the simplest
case y is a linear extension of h drawn uniformly at random, so p(ylh) =
|L[h]|7'. Alternatively we may observe a noisy copy of the linear extension;
[24] gives Plackett-Luce [18, 19] and Mallows observation models for this
layer of “noise”. In the present paper we use the original “queue-jumping”
observation model introduced in [13]. This model incorporates two types of
errors: “queue-jumping-up” (QJ-U) and “queue-jumping-down” (QJ-D). In
this framework, an observed rank-order y is formed sequentially by taking
items off the top of a queue which respects h, so items which are at the
top of many linear extensions are more likely to be at the head of the queue.
However, as the queue is read from top to bottom, items may jump the queue
(with some small probability), ignoring the constraints in h. This seems to
give a reasonable balance of realism and computational efficiency. [14] shows
this leads to efficient computation when the partial order is a VSP.

Let L(h) = |L[h]| be the number of linear extensions of h € H  and for
i€ Mlet T;(v) = |{l € L[h] : I} = i}| give the number of linear extensions
with item ¢ at the top. Let p be the error probability for an item to jump to
the head of the queue each time an item is read from the head of the queue.
The observation model for QJ-U for a generic list y € Cyq (in list notation
y1.p) is a product over the sequence of steps,

@t = I (5rgy + - EGi) - 09

This reduces to the noise free case above Q. (y|h, p = 0) = |L[h]|~" when pis
zero. See [14] for the QJ-B observation model with distribution Qgewn(y|h, p)
in which the queue is read sequentially from the bottom.

i=1

|,1
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In the context of the HPO-model, let @) represent either (., or Qiown-
Since Y, ; is observed on the choice set S,; it is informed by the suborder
h(@][S, ;] for assessor a € A and Y, ; € Cs, ;. The likelihood is

A N,

PMi.a (Y|h(77(U7 5))729) = H H Q(Ya,i|h(a) [Sa,i]ap)' (15)

a=1i=1

The full posterior distribution for the HPO-model is therefore

oo (05 B, 7, U, pY) o< wr(p)mp (B)mp (T)m(p)w (Ul p, T)pa, 4 (Y[R (0 (U, B)), p),

with w(Ul|p,T) given in equation (12) and p, ,(Y|h(n(U,B)),p) given in
equation (15). Priors for other parameters are given below. We elicit the
prior distributions as p ~ Beta(l, k,),log(7%) ~ N(0, k) and 7 ~ U[0, 1]
where , and k, are hyperparameters.

We use Metropolis-Hasting MCMC to target the posterior distribution
over the latent U-matrices. Each parameter is updated sequentially. We
update the array of preference weights matrices as follows.

At step t, let U, = (Ut(o), Ut(l), e Ut(A)).
1. Sample j € M, at random.

2. Define U’ so that U; = (U'g?),U'E}),...,U’Ef‘)) € (RF)A*! for each
i € Mg and sample U} from the priors in definition 5 with

o UV~ N(0,%,),
° U/»(a) ~ N U/-(O) 11— 72)%
7y (T Iy ( T ) p)7

and U] = Uy;.,Vi € Mo\ j.

. qer (U p;m)pay, , YIR((U',8)),p)
3. Set Uiy = U’ with probability W(U|p77)pM11'::(Y‘h(n(U’ﬂ))’p) else Uy 1 = U,.

This has given acceptable rejection rates in problems studied to date.

5 Clustering unlabeled orders

Section 3.2 assumes the assessor labels a € A are available, i.e. we have prior
knowledge about which assessor produced each observed rank-order. How-
ever, in many practical cases, the orders come from a population of orders
with an unknown group structure and must be clustered. In this setting the
“assessor” labels are just group labels and these are unknown. The number
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of groups |A| = A is also unknown. For N observed rank-orders, we define
latent labels ¢ = (cq, ..., cn) with ¢; € A, i € [N] and let the i’th observation
come from group ¢;. We model the random partition using a Poisson-Dirichlet
process [25]. The Poisson-Dirichlet process PDP(ny,n,) controls the cluster-
ing distribution with a strength parameter ny and a discount parameter 1.
Define partition £ = (&1,...,&a) € vy where §, = {i € [N] : ¢; = a},a € A,
and Zy is the set of all partitions of [IN]. The PDP-prior for ¢ is

L(ng) 18 T(no/na + |€]) I NI
F(770 + N) F(ﬂe/ﬁa) cee F(l - 77()4) ‘

Incorporating clustering modifies the HPO-model by introducing depen-
dence on the partition £ without changing the basic hierarchical structure.
We modify data indexing to handle clustering: the rank-order data is now
Y = (Yy,...,Yy) with Y; € Cs, so the choice set for Y; is S;, i € [N]. Let
M, = Uiee, Si. The number of clusters is A(§) = |¢| and A(§) = [A(E)]. Let

m=(§) = (16)

Ye, = (Yi)ice, be the orders in partition &,. The likelihood is
A(8)
P (Y (U, 9)),p.€) = [ [T @Oviln‘181.p), (17)
a=1 i€&,

where (@ = h(n(U@, 3)) as before. We illustrate the Poisson-Dirichlet HPO
model (PDP-HPO) in Figure 4.

Figure 4. An example partial order hierarchy clustering N orders in a data
set Y = (Yi,...,Yy) with order partition £ = ({1},{2,3, N—1},..., {4, N}).

The posterior distribution over the arrays of latent U-matrices in the
PDP-HPO hierchical model is therefore

Taoa (0, B, 7, U, p, §1Y) o< wr(p)mp(B)mp(T)m(p)7=(§) X
W(U‘pv T, f)pMLA(Ylh 77(U> 5))719’ 5) (18)
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where m(U|p, 7, &) is the same as (U |p, 7) in equation (12) except the product
over a € A is now a product over a € A(£) and we should be aware that the
sets M, = Ujee, Si depend on the particular collection of orders in §,.

6 Approximation with VSPs

The HPO and PDP-HPO models for general partial orders given in sections 3
and 5 are natural for “grouped” data, particularly when individual assessors’
preferences follow a complex order structure. However, statistical inference
for such models can be computationally demanding, as the likelihood evalua-
tion has been shown to be #P-complete [23]. [12] notes that MCMC-based in-
ference on partial orders with more than about 25 items is impractical. To ad-
dress this, we simply condition the partial orders h(® = h(n(U@, B)), a € A
appearing in the likelihood in equation (13) to be VSPs as this allows us to
count linear extensions with linear computational complexity [14]. When we
condition the U-distribution to realise VSPs we loose marginal consistency so
the think of the resulting hierarchical distribution over VSPs as an approxi-
mating distribution and not a model in its own right. Although we restrict to
V'SP, our prior distribution over partial orders was already weighting in favor
of VSPs, especially when the matrix dimension K = 2. As shown in Table 1,
the proportion of VSPs relative to partial orders is significantly higher under
the Gumbel-(K, n, p) prior.

Number of Actors ‘ Proportion of VSP under prior ‘ Actual Proportion

3 88.940% 61.241%
10 40.624% 0.4733%
15 20.515% 0.000009%
20 12.800% ~ 0%

Table 1: The actual proportion of VSP and the proportion of VSPs under
the Gumbel-(K,n, p)(K = 2) prior given by equations (4) and (7). The
number of poset is accessed via [26]. We estimate the number of labeled
series-parallel posets according to [27].

The revised setup (for HPO with assessor labels) is the same as shown
in Figure 3 but each partial order h(® in the middle layer is replaced by a
VSP v(@ € Vy,,. At each likelihood evaluation, the leaf VSPs h(n(U®, 3))
are converted to their BDT representation. Since only the leaf partial orders
are involved in the likelihood evaluation, we do not restrict the root par-
tial order to be a VSP. This allows the model to retain the flexibility and
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richness of general partial orders at the root level, while benefiting from the
computational advantages of VSPs at the leaf level.

6.1 Prior for VSPs

Under the VSP-approximation of the partial order hierarchical model (HVSP),
we restrict the Gumbel-(K, n, p) model with covariates (in theorem 1) to the
space of VSPs. [1] shows a VSP has a maximum dimension of two so we
represent every VSP in Vy, by taking K = 2. However, not all partial
orders of dimension two are VSPs. For example, [1] shows that a partial
order is a VSP if and only if it does not have the “forbidden” suborder
([4],{1 >n 3, 1 >4 4,2 >, 4}) and the dimension of this suborder is two. We
therefore restrict the two-dimensional partial orders we can represent with
K = 2 to ensure they are VSPs. To achieve this we modify the marginal
distribution in equation (7) to give a random VSP v € Vg with

ms(vlp, B) o< Ev(Tnmw,sy=v): v € Vs, (19)

with U € R™¥ as in the setup for equation (7), but equation (19) is nor-
malised over the space of VSPs Vg on S. We call this the VSP-model and

summarise it in definition 4.

Definition 4 (Gumbel-(K,n,p)-VSP model). With parameters defined in
theorem 1, and K = 2, the generative model for Gumbel-(K,n, p)-VSPs is

U;. ~ N(0k,%,), independent for each j € M, (20)
nj, = GH(®(U;,) +a;l, and (21)
g = h(n(U,pB)), (22)

where the functions G=1 and ® are applied to their arguments element by
element. If g € Vaq stop and return v = g and otherwise repeat from (20).

If we took K = 1 then g is a complete order and the process never
rejects, so the Gumbel-( K, n, p)-VSP and Gumbel-(K, n, p)-PO distributions
coincide. However, we must take K = 2 to get a prior distribution over VSPs.
Every VSP has dimension less that or equal two, and if U is any U-matrix
representing a VSP then it can be realised at equation (20) so when K = 2
the prior has support over all VSPs in V.

It will be helpful when we come to sample the posterior, to have a MCMC
proposal for U which determines a Markov Chain which is irreducible over
V. Given a VSP v € V), there always exists a preference weight matrix
U such that h(n(U,B)) = v. We can construct a Markov chain over the
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preference weight matrices MCy = (U°, U?,...) that evolves by updating a
randomly selected row of the matrix.

Markov Chain M Cy; update. Let U® be the state at step t. Update as follows:
1. sample j uniformly at random from M;
2. sample UJ’ ~ N(0g,X,) and set UZ’ = Uf for i € M,i # 7;
3. if h(n(U’, B)) € Vu, then set U = U’ else U = U,

The VSPs represented by MCy are

(v° = h(n(U", B)),v" = h(n(U", B)),...).

It is not clear that this process is irreducible over VSPs due to the possibility
of rejection at step 3. In lemma 2 we show that this is the case.

Let Uy € RM*K be any U-matrix representing a VSP vy € Vy with
vo = h(n(Uo, f)) and let vaps € Vaq be any other VSP. Let Usps be any
U-matrix satisfying vaps = h(n(Uanr, 5)). There exists an open ball 6Usy,
in RM*X centred on Usys such that, for every U € dUsp; we have vopy =
h(n(U, )) (imagine perturbing the line segments of U in Figure 2 by €). Our
Markov chain is defined on RM*¥ 5o a sufficient condition for irreducibility
is Pr(UM € §Uyp |U® = Uy) > 0, V Uy, Uspy € RM*EK representing VSPs.

Lemma 2 (Irreducibility of M Cy). The Markov chain M Cy over U-matrices
constrained to represent VSPs is irreducible.

Proof. See Appendix D. n

6.2 Hierarchical VSP prior

Definition 5 below presents the VSP approximation for maq, , (h|p, 8, 7), h €
Hm, - We simply take the hierarchical prior in Definition 3 and replace
the A partial orders for assessors with VSPs. We achieve this by taking
K = 2 and constraining h(n(U@, 8)) € Vi, a € A, so the U-matrix for each
assessor represents a VSP. However, we do not require the root partial order
to be a VSP. From a computational perspective we compute the likelihoods
p(Yai[v'®, p) foreachi = 1,..., N, and each a € A, but there is no likelihood
factor involving h(®) so we can retain a little more generality and allow it to
be a partial order. The space of hierarchical VSPs is then

OMO:A = %.(/\2/()0 X VMI s X VMA?
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so that Oy, C H-(/\Q/t)O-A' In this setting v € Oy, , is our notation for a VSP

hierarchy-state so that v = (h(©, 0@, ... @),

Definition 5 (VSP Approximation for PO Hierarchy (HVSP)). For ay =
XB and ¥, as in Section 2, for 0 < 7 < 1 and sets M, € By, a € A, let
My = UL M,. The generative model for v ~ ma, , (hlp, B,7), v € Opgy
18

UJ@ ~ N(0,%,), independent for j € My, (23)

U(‘.’)]U.VO) ~ N <7’Uj@, (1— 72)2,)) , independent for (j,a) € M, x A (24)

(
1 = GHOWU™)) + a;1% for each (j,a) € M, x ({0} UA), (25)
g="hn(U,B)) fornU,B)=n®n®, . n@).

If g € O, , stop and return v = g and otherwise repeat from (23).

The expression for the prior is similar to that given in equation (19) but
now over a VSP-hierarchy,

TMo.a <U|p, T, 6) (8 EU(Hh(n(Uﬁ)):v)ﬂ CAS OMO:A’

now normalised over the space of VSP-hierarchies. We never actually use
the rejection procedure in Definition 5 to simulate VSPs. We use the M Cy;
update applied to each VSP v, ¢ € A.

There is also a VSP-clustering variant of the PDP-HPO model in sec-
tion 5. The posterior is just the same as equation (18) but constrained
to partial order hierarchies which are VSP hierarchies (given the partition
€ = (&,...,€a) the U matrix is constrained so that h(n(U, ) € Opga+1).
This gives the PDP-HVSP model.

7 Application and Model Comparison

This section applies the Hierarchical Partial Order (HPO) model and its VSP
approximation (HVSP) to different scenarios. We begin by investigating the
accuracy of PDP-HVSP as an approximation to PDP-HPO on a synthetic
dataset with 10 items in section 7.1. The synthetic dataset has 15 unlabeled
lists from 3 different assessors. The approximation is good (as evidenced by
the Receiver Operating Characteristic (ROC) curve). We then apply HVSP
to a real 3-D sound spatialisation dataset [28] in section 7.2 (where assessor
labels are known, so the HVSP-model of section 6.2 applies) and the sushi
preference data of [29] (where labels are unknown, so we cluster rank lists
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using the PDP-HVSP model introduced at the end of section 6.2) in section
7.3. Table 2 summarises the structures of all datasets considered in this

paper.

Dataset ‘ # Items # Lists # Assessors model fit
Synthetic Data 10 15 3 (true) PDP-HPO/VSP
3-D Sound Spatialisation Data 12 1380 46 HVSP
Sushi Preference Data 10 1000 unknown PDP-HVSP

Table 2: Summary for datasets considered in this paper.

7.1 Application: Synthetic Data

In this section, we cluster 15 synthetic rank-order lists with 10 items each.
The unknown true number of assessors is 3 - each producing 5 rankings of all
10 items. The true list partitionis £* = ({1,...,5},{6,...,10},{11,...,15}).
The data are simulated from the HPO generative model with K = 2,7 = 0.8
and p = 0.9, so the true partial order hierarchy, shown in Figure 5, is in
'HE\QA)A +1- These orders are all VSPs so the PDP-HVSP model should fit well.
The synthetic rank-orders are simulated using the queue-jumping error model
with p = 0, so if h is the true hierarchy then the data are noise free linear

extensions chosen uniformly at random and Y; € L[h¥], (i,a) € [N] x A.

Figure 5: The true “root” partial order A(®) and the true leaf partial orders
R a € {1,2,3} for simulation.

We implement both the PDP-HPO model (with K = 2) and PDP-
HVSP. We choose the prior distributions p ~ Beta(1,1/3), log(5;) ~
N(0,1.5), 7 ~ U[0,1] and § ~ PDP(ny = 0.5, n, = 0.15) for a flat prior
distribution partial order depth (see Figure 10). All MCMC chains are ini-
tialised at random and run for 7" = 2e5 iterations. The trace plots for the
key parameters and their effective sample sizes are in appendix F.1. To sum-
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marise the sampled partial orders, we define the consensus partial orders
heon(€) that includes order relation/edge (i .., () j) if the relation appears
more than €7 times in the MCMC output. We calculate the proportion of the
true-positive (TPR) and false-positive (FPR) relations for h®"(€), e € [0, 1]
and report ROC curves in Figure 6. These are given for the estimated “root”
partial orders h(®) estimated using PDP-HPO and PDP-HVSP. The true pos-
itive rate (TPR) and false positive rate (FPR) increase with decreasing € from
(FPR,TRP) = (0,0) at ¢ = 1 (the consensus order is empty) to (1,1) at
¢ = 0 (complete graph). Both methods shows similar reconstruction accuracy
(achieving around 80% TRP at 15% FPR), with the PDP-HVSP ROC-curve
lying on the PDP-HPO curve as we would hope given the truth can be rep-
resented by the PDP-HVSP model. The €* that gives (FPR,TPR) closest to
(0,1) is selected (by eye, € ~ 0.5) and used to construct consensus orders
below.

1.00

0.75

0.50

True Positive Rate

0.00

0.00 025 0.50 075 1.00
False Positive Rate

HPO VSP-Approx

Figure 6: The receiver operating characteristic (ROC) curves for the “root”
partial orders in the synthetic data analysed with PDP-HPO (orange) and
PDP-HVSP (blue). The true/false positive rates are plotted against the
threshold € to construct consensus order h*"(e), e € [0, 1].

Figure 7 displays the co-occurrence matrices for cluster allocations from
both methods. PDP-HPO and PDP-HVSP perform similarly at clustering.
They almost recover the true cluster allocation, except for list 11 and some
uncertainty on list 15. This might because that the limited data is not in-
formative enough to recover the true partition. List 11 and list 15 are close
to linear extensions of the true h(? - both are only two pairwise swaps away.
Figure 8 gives the consensus “root” and consensus leaf orders from PDP-
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Figure 7: Cluster allocation for PDP-HPO (left) and PDP-HVSP (right).
Each cell represents the posterior probability that a pair of items is allocated
to the same cluster, taking values from 0 (white) to 1 (orange/blue).

HPO. The ones for PDP-HVSP are shown in Figure 9. The leaf concensus
orders are constructed under the most probable list partition in the posterior
distribution £ = ({1,2,3,4,5},{6,7,8,9,10,11,15},{12,13,14}). Both mod-
els give leaf partial orders that are close to the truth, especially for clusters
a=1and a=2.

The prior and posterior distributions for the key parameters (p, p, 7 and
A, the number of clusters, which is an unknown) for both the PDP-HPO and
PDP-HVSP models are shown in Figure 10. We also label their true values
with the red vertical lines. See their trace plots in Appendix F.1. Both
methods find the noise parameter p is close to 0, correctly, as there is no
error in the synthetic dataset. The two models perform similar on recovering
the truth, while the PDP-HVSP model appears to slightly outperform the
PDP-HPO model on recovering the ‘root-to-leaf’ correlation 7.
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Figure 8: The consensus “root” order h&?,Zz(e = 0.5) and the consensus leaf
orders h((f;%(e = 0.5),a € {1,2,3} from PDP-HPO. An edge is colored red
if its posterior probability is larger than 0.9. The thresholds €’s are chosen
based on the ROC curves that gives higher TPR and lower FPR. The leaf
concensus orders are constructed with regard to the cluster with highest
posterior probability ¢ = ({1,2,3,4,5},{6,7,8,9,10,11,15}, {12, 13, 14}).
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Figure 9: The consensus “root” order h((;g%(e = 0.5) and the consensus leaf
orders h&%(e = 0.5),a € {1,2,3} from PDP-HVSP. An edge is colored red
if its posterior probability is larger than 0.9. The thresholds €’s are chosen
based on the ROC curves that gives higher TPR and lower FPR. The leaf
concensus orders are constructed with regard to the cluster with highest
posterior probability £ = ({1,2,3,4,5},{6,7,8,9,10,11,15}, {12, 13, 14}).
The PDP-HVSP approximation performs to a similar standard to the
PDP-HPO model. The MCMC for PDP-HPO can be challenging. When
we propose a new partition we have to “throw down” an entire new 10 x 2
dimensional U-matrix for the new cluster. This is not completely hopeless as
it is a prior draw conditioned on U©® so U4+ will resemble the other U(®-
matrices in clusters a = 1,..., A, at least when the correlation parameter
7 is close to one, and this increases the chance it will determine a partial
order that makes the data likely. It is nevertheless targeting a relatively high
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Figure 10: The prior (grey) and posterior distributions for parameters p (top
left), p (top right), 7 (bottom left) and |£| (bottom right) from PDP-HPO
(orange) and PDP-HVSP (blue). The true values are displayed using the red
vertical line.

dimensional conditional distribution. Since PDP-HVSP has to generate a
U-matrix for a VSP, which we do via rejection, we might expect it to be even
harder. Three further factors work in favor of PDP — HV SP: first of all the
truth is HVSP so the PDD-HVSP model has a smaller search space which
contains the truth; when K = 2, the chance we will hit a VSP is in fact quite
high so the number of rejections is small (even when 7 is small); also, the
likelihood evaluation for PDP-HVSP is much faster than that for PDP-HPO
(the update is about 3 times faster, even including the rejection step).

7.2 3-D Sound Spatialisation Data

The 3-D sound spatialisation data described and analysed in [28] study the
impact of 3-D sound spatialisation on listeners’ mental representation of hu-
man agency. The study involves A = 46 participants (assessors), each pre-
sented with N, = 30, a € A random and independently chosen pairs of
sounds, so S, = 2, (a,i) € A x [N,]. The assessors select the sound,
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from each pair, that most evoked a feeling of human causation or human
physicality. There are M = 12 different test stimuli. Each assessor received
each of the M different sounds in at least one pair so M, = M, a € A.
Stimuli 1 (S1) was sonified so that its mapping ranges were scaled to most
clearly enhance features in the data. The remaining 11 stimuli were modified
from S1 to either suppressed features of the original movement captured in
the data, or reduced the scaling ranges of the sonification or both. Refer to
[28] for more details. The 3-D sound spatialisation data therefore contains
N = 1380 pairwise comparisons over the 12 test stimuli coming from 46
assessors. Given the assessors, we are interested in forming a global order
relation among the test sounds sumarising the assessor preferences and to
find the test stimuli that simulate the most human agency.

These data were further analysed in [30] using a Mallows model in a
method which allows for non-transitivity in the data (as we do also, the
queue jumping error model allows this). The analysis clusters assessors. This
is different to our PDP-HPO/VSP based clustering, as all the rank-orders
associated with an assessor are clustered as a group which cannot be split.
In our setup each order in the data enters the clustering separately, so results
are not directly comparable.

OO nsOnsOn0rOnsOnsOniOniOn 02O

Figure 11: The consensus order hﬁ%%(e = 0.5) of the “root” partial order for
the 3-D sound spatialisation data is a complete order. An edge is colored red
if it appears in more than 90% of posterior samples.

We choose the prior distributions for key parameters as p ~ Beta(1,1/3),
log(1%) ~ N(0,1.5) and 7 ~ U[0, 1] for a relatively flat prior distribution
over partial order depth. The MCMC was run for around 1.6 x 10° itera-
tions subsampling at 12 sweeps over all parameters. The results are reported
with a burn-in period of 6500 x 12 iterations. The trace plots and effec-
tive sample sizes of the key parameters are in Appendix F.2.1. Convergence
seems acceptable but mixing in equilibrium is slow and longer runs may be
necessary to get larger ESS values. The consensus order for the “root” par-
tial order is shown in Figure 11. The consensus “root” order is a complete
order, where most of its edges are of more than 90% posterior probability.
This gives a strong order relation among the 12 test stimuli. The top three
test stimuli are stimuli S7, S2 and S6. These three are similar to S1 with
only one spatialisation feature removed. In particular, S7, where the pitch
variation is removed from S1, significantly outperforms other choices. The
bottom three are stimuli S9, S8 and S10. These are where the 3-D spatial
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variation is flattened further. For example, S10 flattens the spatial variation
in S1 to consist of only three changes in direction between two points in
space. It further removes pitch and grain volume variation, resulting in very
little variation in grain duration. [30] and [28] analyse the same dataset with
a mixture extension of the Mallows model. They perform clustering on the
pairwise comparisons, i.e. the assessors with similar perception of the sounds
are grouped together. Three clusters are detected, with the top stimuli being
S8, S5 and S1 respectively. Their model differs from ours where we assume
each assessor to be distinct and produce a concensus order for each asses-
sor in the HVSP model, which are displayed in Appendix F.2.2. More than
half of the “leaf” orders are not complete orders, some with more compli-
cated structure. This suggests that different individuals respond differently
to a range of 3-D spatialisation features, possibly a result of their different
backgrounds, listening abilities and experiences. Our model successfully cap-
tures such behaviour and makes both a high-level and individual-level study
possible.

p
prior |:| posterior

Figure 12: The prior (grey) and posterior distributions (blue) for parameters
p (left), p (middle) and 7 (right) from the HVSP model.

The posterior distribution of key parameters are summarised in Figure 12.
The posterior distribution on the depth parameter p is concentrated to a
value close to 1 giving higher depth, which coincides with the frequent ap-
pearance of complete orders in our inference. The posteriors for both the
“roof-to-leaf correlation” parameter 7 and the queue-jumping error probabil-
ity p concentrate at around 0.5. This suggests a moderate amount of root-
to-leaf shrinkage effect and a relatively high level of error in the participants’
responses.

Although the individual reflection on 3-D sound spatialisation features
and human agency varies, our study shows a clear order preference among the
12 test stimuli. It seems that it is not necessarily the case that more spatial
projection is better. In particular, the sound sonified to optimise features of
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the spatial projection (S1) is ranked in the middle. The stimuli with small
variation, e.g. with pitch variation removed or where spatial motion is placed
in front of the listening location tend to have better performance in general.

7.3 Application: Sushi Preference Data

The sushi preference data [29] is collected by Toshihiro Kamishima and his
colleagues on people’s preference over selected sushi. A total of 5,000 par-
ticipants coming from 47 prefectures/11 regions! (or overseas) are invited to
rank the sushi - producing a set of complete rankings over 10 popular sushi.
There are many factors that may affect people’s tastebud. For example, [29]
collected the participants gender, age, the prefecture/region that they cur-
rently live in and the prefecture/region they have lived in the most before
15 years old. We cluster preference orders using the PDP-HVSP model to
identify groups with similar sushi preferences. In this example analysis, we
do not use the covariates to inform the clustering. We look at the clusters
we identify a posteriori and see if any are enriched with particular covari-
ate values. A similar analysis was carried out in [31], [32] and several other
papers as this is a classical dataset.

In our study, we apply PDP-HVSP on the sushi rankings. Clustering
over 5,000 orders can be relatively costly, we take a random sample of 1,000
rank-orders for demonstration.

We take prior distributions p ~ Beta(1,1/3),log(;%) ~ N(0,1.5), 7 ~
U[0,1] and & ~ PDP(ny = 0.05,7, = 0.32) for a reasonably flat prior dis-
tribution over partial order depth and a broadly plausible clustering in prior
simulation. The MCMC is run for 1.2 x 10° iterations. We subsample every
10 steps and take a burn-in period of 8000 x 10 iterations. The trace plots
and effective sample sizes of the key parameters are shown in Figure 19 and
Table 7 in Appendix F.3. Again, convergence to equilibrium is reasonable
but mixing in equilibrium is slow and longer runs may be needed for accurate
quantification of uncertainty. The consensus order of the “root” partial order
is summarised in Figure 13.

The posterior distributions of the key parameters and the number of
clusters is shown in Figure 14. The posterior distribution on the number of
clusters concentrated on a far higher value than our prior estimate, with a
posterior mean of ~ 77. The posterior cluster allocation is shown in Ap-
pendix F.3.3. The heatmap displays the pairwise posterior probability for

!The prefectures in Japan rank immediately below the national government and form
the country’s first level of jurisdiction and administrative division. The prefectures can
be categorised into 11 regions: Hokkaido, Tohoku, Hokuriku, Kanto Shizuoka, Nagano
Yamanashi, Chukyo, Kinki, Chugoku, Shikoku, Kyushu and Okinawa.
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Figure 13: The consensus order hﬁ%(e = 0.5) of the “root” partial order for
the sushi preference data. The edge is colored red if it appears more than
90% in the posterior distribution.

any two lists to be in the same cluster. For example, lists 76, 563, 227, 122,
613 and 707 have higher probability to be in the same cluster. We observe
a lower value on the depth parameter p indicating lower depth in the partial
orders in general. Most participants find a few choices of sushi incompari-
ble. Higher posterior values on the “root-to-leaf” correlation parameter 7 is
observed with a posterior mean of 7 & 0.74. This suggests the leaf partial or-
ders tends to shrink to the root partial order. This indicates a general trend
in people’s sushi taste, with relatively less local/personal specific influence.
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Figure 14: The prior (grey) and posterior distributions (blue) for the number
of assessors, the parameters p, p and 7 from the PDP-HVSP model.

Referring to Figure 13, we see the root order is not a complete order.
However, preferences can be discerned. The relatively high shrinkage effect
between the leaf and root partial orders suggests the root order is representa-
tive of the population as a whole, with a consensus favoring sushi toro (fatty
tuna, 8). The anago (sea eel, 2) sushi is in the second place. It appears that
the least favourite sushi are kappa maki (cucumber roll, 10) and ika (squid,
4). This is consistent with results in [32] and [31].
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We investigate the similarity among assessors that are grouped in the
same cluster. We group the rank-order lists based on their clustering poste-
rior distribution into partitions of the same lengths of the number of prefec-
tures (47) or regions (12). However, no geographical separation was found
in the above analysis. Geographical separation doesn’t seem to have strong
influence on people’s sushi preference, at least among the set of 10 popular
sushi in Japan. Similar analysis is done for other variables. We further per-
formed generalised linear regression on the cluster allocation with different
variables. However, no significant relation was found. In future work we
would like to introduce covariates in the model and test for an effect directly.

7.4 Model Comparison

In this section we compare our clustering hierarchical VSP model with Mal-
lows and Plackett-Luce mixture models on the synthetic dataset (as a check
on our model selection methods) and the sushi preference data. We used the
packages PLMix [33] for the Plackett-Luce Mixture and BayesMallows [34]
for the Mallows Mixture model. We didn’t make a comparison on the 3-D
sound spatialisation data as we could not find code for hierarchical models
for Mallows and Plackett-Luce in the supervised setting. We use the ex-
pected log pointwise predictive density (elpd, [35]) as our model comparison
criterion. This is a predictive loss which can be estimated using the WAIC
[36]. We give estimated elpd,,q;.~values in Table 3.

‘ elpdwaic
Model ‘ Synthetic Data Sushi Data

PDP-HVSP 1187.3 (10.3) 113218.2 (78.2)
Plackett-Luce Mixture | -362.9 (5.8) (G =3) -13532.6 (54.1) (G = 54)
Mallows Mixture | -801.5 (11.8) (G =1) -15660.6 (43.6) (G = 1)

Table 3: Model comparison between PDP-HVSP, Mallows Mixture
(Kendall’s tau distance) model (R package BayesMallows, [34]) and Plackett-
Luce Mixture models (R package PLMix, [33]). The model comparison criteria
elpdyyaic is given in the format of estimate (standard error).

The number of mixture components for the Plackett-Luce and Mallows
mixture are chosen to give the highest elpd,... The PDP-HVSP outper-
forms both Plackett-Luce and Mallows mixture models significantly. Better
performance on the synthetic dataset is expected because the data is simu-
lated from the generative model for partial order hierarchy. The Plackett-
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Luce mixture model outperforms the Mallows Mixture with Kendall’s tau
distance on the two datasets. It is possible that a Mallows’ distance better
adapted to the data, such as the footrule distance, would give better results.
Overall, we conclude that the PDP-HVSP model is a better fit to the data
in consideration.

8 Conclusion

This paper introduces a novel hierarchical partial order model (HPO) de-
signed for “grouped” data, a common scenario in ranking problems. This is
the first hierarchical model for partial orders. The model maintains marginal
consistency and provides precise depth control over both root and leaf par-
tial orders. The Gumbel-(K,n, p) setup enables the partial order hierarchy
to incorporate the Plackett-Luce mixture model as a special case. Addi-
tionally, we extend the model to handle rank-order clustering through the
Poisson-Dirichlet process, accommodating situations where rank-orders are
not labeled with their assessors.

To address model scalability, we introduced an approximation approach
using VSPs and associated Bayes/MCMC methods. We compared the per-
formance of the clustering PDP-HPO model with its VSP approximation
(PDP-HVSP) on a synthetic dataset. The VSP approximation performs
no worse than the PDP-HPO model. By approximating leaf partial orders
with VSPs, our approach balances computational efficiency and modeling
flexibility, allowing for inference on larger and more complex datasets while
preserving essential global preference structures through the root partial or-
der. This makes hierarchical ranking models applicable to practical scenarios
where computational resources are constrained but preference structures are
intricate. We further applied the HVSP and PDP-HVSP approximations to
3-D sound spatialisation data and sushi preference data. Comparison with
the Plackett-Luce and Mallows mixture models on the sushi data showed
that our PDP-VSP approach gives a better fit to the data there.

The proposed hierarchical partial order model provides a more flexible
framework for describing rank preferences, encompassing complete order
models as a special case. It serves as a versatile hierarchical model well-
suited for various grouped rank-order data structures. Future research could
explore incorporating covariates experiments with the models and experi-
ments with HVSP and PDP-HVSP. Additionally, enhancing the efficiency
of the MCMC algorithms (perhaps via code optimisation) for both the par-
tial order hierarchy and its VSP approximations could significantly improve
performance, particularly for large-scale datasets. Finally, there exist data
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sets in which the observations are partial orders [37]. The HVSP model may
be used to find a partial order which is central to the partial orders in the
data, in the same way that the Mallows model finds a complete order which
is central to the complete orders in standard rank-order data.
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A  Proof of Theorem 1

Theorem 1. Let G™1(g) = —log(—log(g)) be the inverse CDF of a standard
Gumbel random variable and let ® be the CDF of a standard normal. Let X
be an M x p design matriz of p covariates with a row x; for each j € M,
and let B € RP be the vector of effect values so that o = X5 € RM*! and
= x?ﬁ is the linear predictor for j € M. Let ¥, be a K x K covariance
matriz with unit diagonal (3,)rx = 1 and constant off diagonal (3,)kr = p
forpe0,1), k,k € {1,...,K} and k # k'. We take

Uj. ~ N(0k,X,), independent for each j € M,
. = G H®U;,)) + a1y,  and

)

h = h(n(U,B)),

where the functions G™' and ® are applied to their arguments element by
element. Two properties hold for the Gumbel-(K,n, p) partial order model.

1. It holds that h(n.j) ~ PL(a, M) in (1) for each k =1,... K.

2. If data y ~ U(L[h(n)]) are drawn uniformly at random from the linear
extensions of h(n) then y ~ PL(a, M) when K = 1.

Proof. Theorem 1 follows from lemma 1. Each of the K components of the
correlated normal random variables U;. € R* is marginally standard normal
so ®(Ujx) ~ U[0,1],k € [K],j € M is a vector of K correlated uniform
random variables. They are each mapped to standard Gumbel variables G
via G7'. Adding the K-component constant vector a;1% shifts them so each
has mean «; and so the random variables

njk ~ Gumbel(a;)

have the same distribution for each (j, k) € M x [K]. They are independent
Nivk L Njpk for j1 # jo at any fixed k as they are respectively functions of
Uj, x and Uj,  alone, where Uj;, , and Uy, ;, are independent.

Since it is established that the k’th column 7., = (9jx)jem of 1 is a
vector of M independent Gumbel variables, it follows by lemma 1, that the
complete order h(n.y) is a draw h(n.;) ~ PL(a, M) from the Plackett-Luce
distribution in equation (1) so the first claim holds. If K" = 1 then 7 only
has one column, so h(n) itself is a complete order distributed according to
pm(-Ja). A complete order only has one linear extension, namely y = h(n),
and so y is also distributed according to PL(«, M), the second claim. O
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B Proof of Corollary 1

Corollary 1. The family of prior distributions ws(-|p,5), S € By (7) is
marginally consistent, that is if h ~ wax(+|p, B), then h[S] ~ ws(-|p, B).

Proof. Let S € By, S € M with |[S| = m. Let U be a random M x K matrix
with independent rows U;. ~ N(0k,%,), j € M and let h = h(n(U, §)) so
h ~ pr(-lp, B). Let U be a random m x K matrix with independent rows
Uj. ~ N(0g,%,), j € S and let h = h(n(U,B)) so h ~ ps(-|p, 3). Now
h[S] = h(n(U, 5))[S] and

h(n(U, B))[S] = h(n(Us, B))

where Ug = (U;,.) jes. This follows as the relations in h[S] are determined by

applying the map h(:) to the rows of g and these are the rows of n(Ug, ).
As Ug and U have the same distribution (in both cases the rows are m
independent draws from N(0g,Y,)) we have h(n(Us, 8)) ~ h(n(U, 8)) and
so h[S] ~ ms(|p, 5). O

C Proof of Theorem 2

Theorem 2. The generative model in definition 3 defines a prior distribution
over hierarchical partial orders as

K
Tamoa(Blp, B,7) = Ev(Tngu,py=n); h € H5\43A

where mam,, , (hlp, B, T) is normalised over h € Hf{,l(o):A. Let

TMo.a (h(a) |p7 ﬁ> T) = EU(]lh(n(a)(U(a)”B)):h(a))
be the marginal for h*). The prior wa, , has the following properties:

1. (single PO marginal) Fora =0,..., A, map, , (R@)p, B,7) = 7, (RD]p, B)
where wpq, 1S the single partial-order prior given in (7);

2. (PL hierarchy at K = 1) when K =1, b ~ PL(a,, Mg) fora € A;

3. (W) independent of h®) at T =0) when T = 0 the prior factorises,

A
T (hlp, B,7 = 0) = mpty (W9, B,7) [ 7o (B9, B, 7);

a=1
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4. (W = b a5 7 — 1) If M, Mfor each a = 0,1,..., A then, for
each a € A, ma, (R D)p, B, 7,UQ) = 1y _po as T — 1;

5. (marginal consistency) If M, = M for each a = 0,1,..., A and h ~
T+ (-|p, B, T) then h[so.a] ~ ms,. . (-|p, B, T) for every sp.a € ijl with
So = Ug‘zlsa.

Proof. We first show that property 1 holds. When a = 0 property 1 is obvious
by definition. When a =1,..., A, from equation (9), we can write

a 0 a
U =702 + ¥ where e ~ N(0g, (1 — 72)%,). (26)
This gives the marginal covariance of U ]a as

COV(UJ(f)) = COV(TU;?)) +(1-7%,=3,
and expectation E(U] ) = Og. That is U ~ N0k, Xp)Lipw@)ern, ) the
same as the distribution of U;. for a smgle Gumbel- (K n,p) PO model in
theorem 1. It follows that 7rM0: (v D|p, B,7) = mp, (VD |p, B) where moq, is
the single HPO prior given in (7) fora =1,..., A.

Property 2 holds by property 1 and applying theorem 1 to the marginal
for a single assessor partial order.

Property 3 follows from equation (26). We have cov(U](f)), U]@) =73,
and COV(U (a) U ) 2%, fora # a’ € A. When 7 = 0, h\@) = h(n(U@, B))
and h h( (U ,B)) are functions of jointly independent normal random
Variables, giving property 3.

For property 4, notice that

) =l = G (@U) — T @UY)),

and by equation (9) Uﬁ) s Uﬁ) in probability as 7 — 1. By the con-

tinuous mapping theorem nj(og — 77J(~,Ok) also. Since there exists an open ball

B. (7750,3) e > 0 in RM™*X centered on 77](',0/3 such that h(z) = h(n§?,3) for all
x € Be(n;k)), the distribution of (¥ concentrates on h(®) giving property 4.
If we drop the condition that M, = M for each a € A then h(*) concentrates
on the suborder h(®[M,].

Property 5 follows by similar reasoning to corollary 1. Essentially h[so.a] =
h(n(Us,.,)) where hfso.4] = (R@[so], ..., hV[s4]) and U, , = (UY, ..., U,,).
Now UL ~ U@ where U@ is a 54| X K matrix with independent rows dis-
tributed like N(0g,%,). Since h(n(U, B)) ~ ms,.,(-|p, 8,7) and h(n(Us, ,)) ~

h(n(U, ) we have hso.a] ~ .4 (-1p, B, 7).
[l
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D Proof of Lemma 2

Lemma 2. The Markov chain MCy over U-matrices constrained to repre-
sent VSPs s irreducible.

Proof. It may be helpful to refer to Figures 2 and 16. The sequence of U-
matrices UY, ... U?™ must realise VSPs at each step so we need h(n(U?, 8)) €
Vum foreacht =0,...,2M. We take a path via some U-matrix Uy, of an ar-
bitrary complete order vy, (which is always a VSP) so in the space of VSPs
the path is vg — vy — w9y, We will take vy, to be an arbitrary fixed
complete order and show that there is a path with positive probability in
Vum from vy to vy for any vy € V. Since the chain is reversible there is
a path from vy, to v9ps and we are done. The setup is illustrated in Figure 15.

Figure 15: The process communicating from vy to vep; through vy,.

Let (i1,...,ip) € P be an arbitrary permutation of M and let vy, =
(110, =) where =y = {ig, = iy : 1 < a < b < M} is the complete order
ranking elements of M according to their position in the permutation. Let
up € R be the least entry in Uy and Uaps so Uk > ug and Usprjr > up for
all (7,k) € M x [K] (write ug = min(Uy, Usps)). Let Uy be any U-matrix
satisfying vy = h(n(Unr, 8)) and max(Uys) < ug (essentially a ladder of line
segments, one for each row of U,;, and segments decreasing from iq,...,7y,
with top rung Ups, x < ug, k € [K]).

The path is straightforward. In the step from U*™! = U,_; to Ut = U,
select row 4; of U;_; with probability 1/M and place it anywhere below u;_1
(by setting Uy ;. = U,y . for j # 4, and sampling Uy ;,. ~ N(0g,X,)). Set
U' = U;. The probability that max(Uj, ) < u,; is always strictly greater
than zero. Now set u; = min(Uy, Usyy) and iterate for ¢ = 1,..., M. At each
step the target for U’ is a set of states which the chain hits with probability
greater than zero.

We need to show that v, = h(n(Uy, f)) is a VSP (so v; € V) for each
t =0,1,...,M. We use induction. We have it by definition for ¢ = 0 so
assume it holds for U,_;. When we update U, ;,. — Uy;,,. we effectively
remove 7; from v;_; and place it in a new position below all the elements in
hi—1 = vi_1|—1;] (the suborder with i; removed, and it goes below because
G~ o @ is monotone increasing). Since Uy ., j # 4 are unchanged, if hy =
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v¢[—i¢] then hy_; = h;. Now define a second partial order b} = ({i;}, ) which
is a trivial partial order on the single element i,. The partial orders h; and
hy are both VSPs, h; trivially. To show that h; is a VSP we observe that we
have simply removed a leaf from the BDT representing v;_; (refer Figure 16)
and this leaves a valid BDT which must define a VSP using the map from
BDTs to VSPs (this is the key observation, as it ensures we remain within
Vum). Figure 16 gives an example of removing element 3 from vy (it will be
placed below the line segment for element 5). The VSP represented by Uy is
therefore v; = hy ® h} (the serial operation which stacks h; above h}). This
is a VSP by definition.

()
G (o(V))

k
Vo to : fv(to) = vo U : (G H(®(U)) = v

Figure 16: An example item removal operation on vg. Once we remove item
3 from M, the corresponding leaf node with its connected internal node will
be removed in its BDT ty. In the U-matrix representation, we simply remove
the corresponding row. None of these operations affect the order relations
among other nodes.

In this way we construct a path of positive probability from any U-matrix
Uy representing the VSP vy into the neighborhood 6U), of a U-matrix Uy,
representing the VSP vy, (which is a complete order). The reverse of this
path has positive probability (the measure of the set we have to hit at each
step is strictly positive as the elements of Usy, are almost surely unequal)
so the path Uy — 0Uy; — 0Usps has 2M steps each of which has strictly
positive probability of occurring. The point of maintaining a bound u; =
min(Uy, Ugpy) which respects the ultimate target Usys at each step is that
when we come to reverse the chain from Usys into U, and run from Uy,
into 60Uz, we can be sure that there are no rows of Us), intersecting rows of
Up: that ensures that when we move line segment U, ;, . back into place (so
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Uft € 0Uanr,,,. it cannot intersect a line segment of Ut,it/,.,t’ > ¢ which has
yet to be moved. Tt follows that Pr(U*M € §Us|U® = Up) > 0.

The Markov chain over U-matrices constrained to the space of VSPs is
therefore irreducible, supporting the MCMC algorithm we use in section 7
to sample the posterior. O]

E Sampling Partitions in a PDP-PO model

Denote the number of lists as N. The partition of the lists £ = (£, ...,84) €
Zp follows the Poisson-Dirichlet process PDP(n,n,) with the strength
parameter 79 and discount parameter 7,, such that

A
_ F(na) 77|o§|F 779/77a + |£| F<|€a| - 77a
L(ne+N)  Tme/ma) 72 T(1=17a)

We define a Gibbs sampler for the partition ¢ and leaf matrix
U= (UW, ... U0

below, following [38]. The sampler for PDP-HVSP is the same but in step
2a we must set K = 2 and sample U4 ~ 7(-|Uy, 7, P)Lp(nra+n) gyev,, SO
the proposed U-matrix must give a VSP (this is done using rejection, which
works fairly well for reasons we explain at the end of section 7.1). We use the
convention that a; = {a € A :i € &} is the label of the partition containing
list 7. For simplicity we suppose M, = M for each a = 1,..., A.
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Let Xt = (U, 5)
1. Choose i ~U{1,..., N} and suppose i € ,,.
2. If |&,,| > 1t
(a) Sample M x K matrix U'“HD ~ 7(-|Uy, 7, p).
(b) Let

(’Sai —1- Ua)p(Y;‘U(al)>p) lf a = ay,
Ga(&;ai) = S (g + Ana)p(Yi UMY p)  ifa=A+1,  (27)
(1| = na)p(Yi U™, p) if a € [A]\{a:}.

(c) Choose new cluster @’ ~ (pg)a=1,.. a+1 Where p, = qo/ Z;‘:ll ;.

i. If ' = a;, then (U, &) = (U,€).
ii. If @ = A+ 1, then U’ = (U, U'™+Y) and

€a, = Sa M1}, €ay = {i}, & = & for a € [A\{ai}.
ili. If @’ # a; and @’ # A+ 1, then U’ = U and

€a, = Sa\{1}, &0 = &w Ui}, & = & for a € [A]\{a;, d}.
3. If &, | =1t

(a) Let

(I€a] = n0)p(Y:|U®, p) if a € [A]\{a;}.
(28)
(b) Choose new cluster a’ ~ (pg)a=1,. a+1 Where p, = ¢,/ Z?jll q;-
i. If a’ = a;, then (U', &) = (U, €).
ii. If @’ # a;, then &, = 0 and &, = & U {i},&, = & fora €

[A\{a;,a’}.
Now remove &, = 0 : & « {\¢,,, U = U_,, and relabel
partition.

(&, a;) = {(779 + (A= Dna)p(Y;|U@ p) if a = a,

4. Xt+1 = (U/,gl).
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F Experiment Results

F.1 Synthetic Data - Trace Plots and Effective Sample
Sizes
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Figure 17: The trace plots for PDP-HPO (left) and PDP-HVSP (right) on the
synthetic dataset. We present the trace plot for the log-likelihood (grey), the
“roof-to-leaf correlation” parameter 7 (yellow), the depth control parameter p
(blue) and the queue-jumping error probability p (red). The burn-in periods
are removed from the trace plots.

| Effective Sample Size

Parameter | PDP-HPO PDP-HVSP
“Roof-to-leaf correlation” parameter 7 87 97
Depth control parameter p 88 110
Queue-jumping error probability p 649 246

Table 4: The effective sample sizes (rounded to integer) for key parameters
for PDP-HPO and PDP-HVSP on the synthetic rank-order data.
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F.2 3-D Sound Spatialisation Data
F.2.1 Trace Plots and Effective Sample Sizes
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Figure 18: The trace plots for the HVSP model on the 3-D sound spatial-
isation data. We present the trace plot for the log-likelihood (grey), the
“roof-to-leaf correlation” parameter 7 (yellow), the depth control parameter
p (blue) and the queue-jumping error probability p (red). The shaded areas

are the burn-in periods. Note the initialisation phase is removed from the
trace plots.

Parameter | Effective Sample Size
“Roof-to-leaf correlation” parameter 7 403
Depth control parameter p )
Queue-jumping error probability p 37

Table 5: The effective sample sizes (rounded to integer) for key parameters
from the HVSP model on the 3-D sound spatialisation data.
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F.2.2 Assessor Concensus Orders

This section displays the concensus orders h*"(e = 0.5) for the 46 individual
assessors in the sound spatialisation dataset. We label an edge if it appears
more than 50% in the posterior distribution. An edge is labeled red if it
appears more than 90% in the VSP posterior samples. All concensus orders
are presented as transitive reduction for better visualisation.
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F.3 Sushi Preference Data
F.3.1 Sushi item IDs

This section presents the item ID and the corresponding sushi type based on

129].

Item ID

Sushi

—_

© 00 ~J O U k= W I

—
)

ebi (shrimp)
anago (sea eel)
maguro (tuna)
ika (squid)
uni (sea urchin)
ikura (salmon roe)
tamago (egg)
toro (fatty tuna)
tekka maki (tuna roll)
kappa maki (cucumber roll)

Table 6: Caption
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Figure 19: The trace plots for the PDP-HVSP model on the sushi preference
data. We present the trace plot for the log-likelihood (grey), the “roof-to-leaf
correlation” parameter 7 (yellow), the depth control parameter p (blue) and
the queue-jumping error probability p (red). The shaded areas are the burn-
in periods. Note the initialisation phase is removed from the trace plots.
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Parameter ‘ Effective Sample Size

“Roof-to-leaf correlation” parameter 7 23
Depth control parameter p 23
Queue-jumping error probability p 69

Table 7: The effective sample sizes (rounded to integer) for key parameters
from the PDP-HVSP model on the sushi preference data.

F.3.3 Posterior Cluster Allocation

2 -F!ﬁfr.r'- il

Figure 20: The posterior cluster allocation for the PDP-HVSP model on
the sushi preference data. The item pairs with higher posterior probability
(orange otherwise yellow) to be in the same cluster are grouped together.
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Chapter 5

Conclusion

This thesis introduced a new class of ranking methods on partial orders and Vertex-
Series-Parallel partial orders (VSPs). These models are versatile and applicable across
a wide range of ranking scenarios, including social hierarchies, competition analysis,
seriation problems, performance reviews, assessor-preference orders and more. As
discussed in [22] and [70], ranking methods aim to identify a “central” ranking either
1) as the true order relation that generates the observed rank-orders, or 2) as a
heuristic summary of the rank-order data. While the primary focus of this thesis is on
the first scenario, where the goal is to uncover the underlying true order relation, our
partial order models are also well-suited for applications under the second scenario.
These models can be used to provide valuable summaries and insights to understand
rank-order data more generally.

We investigated ranking using partial orders based on rank-order data, devel-
oping models that accommodate both homogeneous rank-orders and grouped data.
Our partial order models are marginally consistent and provide sophisticated con-
trol over the depth of random partial orders, a desirable property in many ranking
problems. In particular, we focused on Vertex-Series-Parallel (VSP) partial orders, a
class that can be reparameterised as binary decomposition trees. These partial or-
ders are advantageous due to their efficient linear extension counting, which enhances
the scalability of our models. For the hierarchical partial order model applied to
grouped data, we introduced a VSP approximation approach that proves efficient for
inference. We also extended models for noise/error in observation of random orders
and adapted the Mallows ranking model to the partial order context. We defined a
“bi-directional” queue-jumping observation model inspired by [71]. For all proposed
models, we developed Markov Chain Monte Carlo (MCMC) algorithms, resulting in
an effective inference scheme in practice. Overall, this work addresses a gap in the

literature on Bayesian inference on partial orders with rank-order data. Real-world
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applications and model comparisons demonstrate that our partial order models are
often preferred over total order models due to their greater flexibility in capturing a
wide range of order relations.

This thesis comprises three papers that each address different aspects of partial
order ranking, with a focus on both theoretical advancements and practical applic-
ations. Chapter [2 and Chapter [3| propose new noise models on rank-orders derived
from partial orders. Chapter[2|adapts the Mallows model to condition on a partial or-
der, and presents an efficient algorithm for likelihood evaluation. Chapter |3| proposes
a novel “bi-directional” queue-jumping noise model, which aligns closely with phys-
ical reality. This model is evaluated using Vertex-Series-Parallel (VSP) partial orders,
leveraging their computational advantages. Chapter [3]and Chapter 4| explore scalable
methods for partial order inference. They work with a scalable class of partial order
- VSPs. Both papers highlight the trade-offs between generality and computational
efficiency, showing that VSP models can achieve efficiency gains without significantly
compromising performance compared to general partial order models. Both Chapter
and Chapter 4| utilize non-parametric methods, specifically reversible jump Markov
Chain Monte Carlo (MCMC) with the Poisson-Dirichlet process, for clustering. How-
ever, the objectives differ: Chapter |2 focuses on clustering items within the partially
ordered set (poset) to identify partial orders with ties, while Chapter 4| clusters the
observed rank-orders (i.e., the data) to refine the hierarchical partial order model.

This work opens several avenues for future research, which can be categorized
into model development, scalable methods, computational improvements, theoretical
results, and applications.

Further model development.  Our research extends the work of [7I] and
[69] by incorporating ties and addressing noisy observation lists. However, there is
potential for further extension. In Chapter 2 we adapt the Mallows ranking model
for partial orders with a uniform dispersion parameter. Future work could explore a
Generalized Mallows model, where dispersion parameters vary across different rank
positions, allowing for greater flexibility in modeling different degree of uncertainty in
ranking positions. Additionally, Chapter |2l only considers the Mallows noise model in
the homogeneous setting. Future research could extend this to hierarchical settings
(as discussed in Chapter [4)), or the time series settings (as seen in [70]). Although
[71] explores a random partial order model with queue-jumping noise in a time series
context, it is limited to a maximum of around 20 items due to computational con-
straints. Given the high scalability of the VSP model demonstrated in Chapter
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and Chapter [ it would be valuable to investigate VSP’s application in time series
settings to enhance model scalability.

Regarding the observation model for rank-order data, the current queue-jumping
model assumes that all actors have an equal probability of jumping up or down
the queue. However, this may not reflect real-world scenarios. For instance, in a
rigid social hierarchy, individuals with lower social status are less likely to move up
the queue compared to those with higher status. To better capture such hierarchical
constraints, we can modify the queue-jumping model by introducing a pairwise queue-
jump distance penalty. This penalty would be designed to discourage long-distance
jumps in the queue, reflecting the idea that more significant jumps are less likely,
especially for individuals with lower status. This adjustment would provide a more
realistic representation of queue dynamics in hierarchical contexts.

Incorporating covariates. A stream of research has focused on developing
ranking models with covariates. [20] 48] and [70] incorporate covariates on items
within a time-series partial order model. Future research could explore integrating
covariates into the random VSP model or noise models, such as the queue-jumping
model. Specifically, including covariates related to noise in the queue-jumping model
could provide a more nuanced understanding of how different factors influence rank-
order variability.

Scalable methods. The #P-hard nature of linear extension counting poses
significant challenges for model scalability. To address this, we utilize vertex-series-
parallel (VSP) partial orders, whose binary decomposition tree (BDT) representation
facilitates rapid linear extension counting. To further generalize our approach, we can
embed general partial orders as the leaves of the BDT, rather than just individual
items. This enhancement could greatly expand the range of partial orders we can
represent, while still leveraging the efficient counting capabilities provided by the tree
structure.

Another approach is to explore approximation methods for counting the number of
linear extensions. One possible avenue is to train graph transformers to estimate the
number of linear extensions for large partial orders. Training data can be generated
using the class of VSPs for which linear extensions can be efficiently counted, even
for hundreds of items. However, most graph neural network and transformer models
require node features, which are not directly available in our case. Thus, careful
design of node features that capture both local and global structural information is
essential. If properly constructed and tuned, this approach could provide accurate

estimates of the number of linear extensions. This remains an area for future research.
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Computational improvement. Although Chapter |3| and Chapter [4] leverage
VSPs for efficient linear extension counting, there is room to enhance likelihood eval-
uation by exploiting the BDT structure of VSPs further. Additionally, developing
a software package for Bayesian inference on partial orders and VSPs with various
likelihood models would make our models more accessible to the broader research
community.

Theoretical results. Chapter [2| explores the asymptotic behaviour of the
(K, n, p)-partial order model with the noise-free observation model. Future research
could extend these results to include asymptotic consistency for the partial order
Mallows and queue-jumping models, offering deeper theoretical insights into these
models’ performance.

Applications. The partial order and VSP models have been applied to datasets
such as social hierarchy studies, sports competition data, and preference rankings. Fu-
ture research could explore additional applications. For instance, in the bishop data,
where witness lists are compiled by “clerks” (assessors) who record the presence of
witnesses, there may be variability in how different clerks perceive social import-
ance. Developing a model that accounts for the variable quality of assessors, perhaps
incorporating assessor covariates in partial order models could be valuable. These
covariates would vary across lists, rather than across the set elements of the partial
order as in our work to date. Implementing a hierarchical model in this scenario
might be feasible, but it would require careful construction and analysis.

The current models handle complete or incomplete rank-orders. A natural next
step is to extend the models to top-k rank-orders. Given that the likelihood models we
use—such as the Mallows model, the queue-jumping error model, and the Plackett-
Luce model—are all sequential models, it is straightforward to adapt them to consider
only the top k items, by stopping the product defining the likelihood for each list at
the k’th factor. The partial order would still need to be the full partial order for all
elements, not the suborder on the top k. This might limit scalability. However, it
would enable more nuanced analysis in situations where only the top rankings are
collected.

In summary, the partial order and Vertex-Series-Parallel (VSP) models introduced
in this work represent significant advancements in ranking methodologies, with broad
applicability to various scenarios such as social hierarchies, competition analysis, and
preference rankings. These models not only address the challenge of accurately cap-
turing rank-order relationships but also offer practical solutions for dealing with in-

complete or noisy data. Our research contributes to a deeper understanding of how
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partial orders can be effectively utilized, providing a robust framework for both the-
oretical exploration and practical application. The contributions outlined here not
only address existing gaps in Bayesian inference for partial orders but also open new
avenues for future research. Overall, this research provides a valuable foundation
for further exploration and application of partial order models, with the potential to

impact a wide range of fields where ranking and order relations are of interest.
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