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The squeeze-film flow of a thin layer of Newtonian fluid filling the gap betvaetat impermeable surface
moving under a prescribed constant load and a flat thin porous b&dgasstationary flat impermeable
surface is considered. Unlike in the classical case of an impermeathlénbehich an infinite time is
required for the two surfaces to touch, for a porous bed contact ®acar finite contact time. Using a
lubrication approximation an implicit expression for the fluid layer thickress an explicit expression
for the contact time are obtained and analysed. In addition, the fluid pgpéitte are calculated, and the
penetration depths of fluid particles into the porous bed are determinpdrticular, the behaviour in the
asymptotic limit of small permeability, in which the contact time is large but firstewestigated. Finally,
the results are interpreted in the context of lubrication in the human knee goidtsome conclusions
are drawn about the contact time of the cartilage-coated femoral Emend tibial plateau and the
penetration of nutrients into the cartilage.

Keywords porous squeeze-film flow, finite contact time, fluid particle paths, pati@trdepths

1. Introduction

The squeeze-film flow of a thin layer of Newtonian fluid fillinget gap between two impermeable
surfaces is a classical problem in fluid mechanics (see xmele, Acheson (1990) and Szeri (1998))
and it is well known that under a prescribed constant loalast in theory, an infinite time is required
for two smooth surfaces to touch (see, for example, Ston@52b However, even in theory, there are
situations in which contact can occur in a finite time. Forregke, recently Cawthorn & Balmforth
(2010) showed that a non-smooth body, namely a wedge fadipex-first under gravity, will make
contact with an underlying surface in a finite time. In thegerg work we consider another situation
in which, even in theory, contact occurs in a finite time, ngnwehen one of the surfaces is porous.
Motivated in part by the fact that classical results wereblm&o describe the engagement of wet porous
clutch plates, Wu (1970) considered the squeeze-film flowtbfralayer of fluid between two annular
discs, the upper disc being covered with a porous layer. Wd@Lused Reynolds’ lubrication theory
to describe the flow in the gap between the discs, and Daraywsd describe the flow in the porous
layer, and showed that the load-carrying capacity, i.e.nbinal force exerted on the discs due to
the fluid, is reduced in comparison with the case when botbsdise impermeable. Prakash & Vij
(1973) used a similar model to describe the squeeze-film fletwéen circular, annular, elliptic and
rectangular flat plates, the lower surface being covereld aiorous layer. They also used a lubrication
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Rigid Impermeable Surface

FIG. 1. The geometry of the problem.

approximation for the flow in the porous layer and obtainesliits similar to those of Wu (1970). In
the present work we consider the squeeze-film flow of a thierl@j Newtonian fluid filling the gap
between a flat impermeable surface moving under a presceitrestant load and a flat thin porous bed
coating a stationary flat impermeable surface. Using adakiin approximation an implicit expression
for the fluid layer thickness and an explicit expression far tontact time are obtained and analysed.
In addition, the fluid particle paths are calculated, andpteetration depths of fluid particles into the
porous bed are determined. In particular, the behaviourdrasymptotic limit of small permeability, in
which the contact time is large but finite, is investigateithally, the results are interpreted in the context
of lubrication in the human knee joint, and some conclusamesdrawn about the contact time of the
cartilage-coated femoral condyles and tibial plateau hagenetration of nutrients into the cartilage.

2. Problem Formulation
2.1 Problem Description

Consider, with reference to the cylindrical polar coordénsysten{r, 6,z) shown in Figure 1, the time-
dependent axisymmetric flow in the thin cylindrical gag 0@ < #, 0 < z< h between a vertically (i.e.
in the z-direction) moving circular flat rigid impermeable bearing h(t) of radius# and a stationary
circular flat rigid impermeable surface also of radidsitz= —Hp, wheret denotes time. The rigid im-
permeable surface is coated with a thin cylindrical rigidqus bed of constant permeabilkyporosity
¢ (0 < @ < 1), depthH,, and radiusZ that occupies & r < %, —Hp < z< 0. The gap between the
bearing and the porous bed is filled with, and the pores in tihheys bed are saturated with, an incom-
pressible Newtonian fluid with constant dengitynd viscosityu. We prescribe the load=L(t) >0
that acts vertically downwards through the bearing, pushitowards the porous bed.

The squeeze-film flow described here is axisymmetric, butdineesponding two-dimensional prob-
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lem is also of some interest and is treated in Appendix A. hig@aar, as we show in Appendix A, the
solutions for the fluid layer thickne$s= h(t) and the fluid particle paths, ) may be readily obtained
from the corresponding solutions in the axisymmetric case.

2.2 Governing Equations and Boundary Conditions

The axiymmetric flow in the fluid layer (& r < £, 0< z< h) is governed by the mass-conservation
and Navier—Stokes equations

d-v=0, p<g\t/+(v.D)v) = —Op+ uOd%v + pg, (2.2)

wherev = (v,0,Vv;) is the fluid velocity, with radial and vertical componerts= v;(r,z,t) andv, =
v;(r,z,t), respectivelyp = p(r, z t) is the fluid pressure, argl= (0,0, —g) denotes (constant) accelera-
tion due to gravity.

We assume that the axisymmetric flow in the porous bed (6< %, —Hp < z< 0) is governed by
the mass-conservation equation and Darcy'’s law,

k

Ju=0 u=- 0P 2.2)

)

whereu = (ur,0,u,) is the so-called Darcy velocity (the fluid volume flux per waméa), with radial and
vertical components, = u,(r,zt) andu, = u,(r,z,t), respectively, an® = P(r, z;t) is the pore pressure.
Combining (2.2) shows th& is harmonic, i.e.

0P =0. (2.3)

Assuming that the inertia of the bearing is negligible, thguirement that the prescribed loag-
L(t) is equal to the net force exerted on the bearing by the fluiche&eat

z ovy
L—27T/O (p—zuaz> r

On the interface between the bearing and the fluid layer-ath the no-slip and no-penetration
conditions require that

dr. (2.4)

z=h

dh
Vi =0, vw,=— on z=h (2.5)
dt
On the interface between the fluid layer and the porous bed-dt mass conservation requires that
V,=U, on z=0, (2.6)
while continuity of normal stress requires that

ov,
—p+2uE_—P on z=0. (2.7)

In addition, we impose the Beavers—Joseph condition

kY2 ov;
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wherea (> 0) is the dimensionless Beavers—Joseph constant (see theabvigrk by Beavers & Joseph
(1967), the historical and critical note by Nield (2009)dahe many papers using this condition, in-
cluding, for example, Sherwood (1990), Wu (1972), Prakashj&1974), Lin et al. (2001), and Nong
& Anderson (2010)). This condition allows for velocity skym the interface between the fluid layer and
the porous bed a= 0 with slip lengthls = k¥/2?/a. In the limit @ — o the slip lengtHs — 0 and (2.8)
reduces to

Vi=U on z=0, (2.9)
which corresponds to no slip relative to the fluid at the ffiatee. If we neglect the radial Darcy velocity
Ur in (2.9) then the condition becomes

vy =0 on z=0, (2.10)

which corresponds to no slip relative to the stationary psioed.
On the interface between the porous bed and the rigid impleesurface ar = —Hy the no-
penetration condition requires that
u;=0 on z=—Hp,. (2.11)

At r = Z continuity of normal stress requires that the normal straless its ambient value, which
we assume to be zero, i.e.

—p+2u%:0 at r=2, (2.12)

and, since the fluid pressure is axisymmetric and smoath=a0, we also require that

ap
o= 0 at r=0. (2.13)

Finally, we must also specify the initial thickness of thedllayer:
h(0) = H; (> 0). (2.14)

In general, solving (2.1), (2.3) and (2.4) would require specification of additional boundary and
initial conditions. However, as we shall show, when botHliie layer and the porous bed are thin, and a
lubrication approximation is used to describe the flow irhbuftthem, the leading order approximations
to these equations may, in fact, be solved without spedifgimy additional conditions.

2.3 Lubrication Approximation

We scale and non-dimensionalise the problem as follows:

HoV/
2.15)
HoV L% UV % N (
Ur:VL(q uzzyu;, = Hg p/7 P= Hg P/7 L= Hg L/’

where a primé denotes a dimensionless variable @agV, uV%’/Hg anduV%3/H§ are characteristic
scales for radial distance, radial fluid velocity, pressamd load, respectively.
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In dimensionless variables, with the primes omitted forthke of clarity, the mass-conservation
and Navier—Stokes equations (2.1) become

10 ov,
rorMt g =0 (210
L[ Ov avy ov\  dp 0% 5
R (0t+vr0r+vzaz> = “ar taz 1O @17
oV, oV, ov. ap
2~k z z z - _YF 2
&R (at LRI az> a7 ~GTOE), (2.18)

where the aspect ratio of both the fluid layer and the porodsehe H, /% < 1, the (reduced) Reynolds
number for the flow in the fluid layeR* = e2pV.%Z/u < 1, and the non-dimensional parameter that
measures the relative importance of gravitational effastsviscous effect = e3pg#?/uV < 1, are

all assumed to be small. At leading order in the limit> 0 equations (2.17) and (2.18) reduce to the
classical lubrication equations

ap 0%

FI (2-19)
op

5 = 0O (2.20)

Similarly, retaining higher order terms which will be regpd subsequently, Darcy’s law (2.2b) and
Laplace’s equation (2.3) become

oP _ 10P
u:(urao’uz):*k (0',3 ’5202) ) (221)
10 ([ 9P 1 9%P
T ar (rdr) 2072 (2.22)
At leading order in the limie — 0 the load condition (2.4) is simply
1
L= 27'[/ prr, (2.23)
0
and the boundary conditions (2.5)—(2.8) and (2.11)—(2a18)
Vi =0, v,= @ on z=h, (2.24)
dt
V,=U, on z=0, (2.25)
P=p on z=0, (2.26)
kY2 gv;
o 97 vi—ou on z=0, (2.27)
u=0 on z=-1, (2.28)

p=0 at r=1, (2.29)



6 of 34 D. J. Knoxet al.

op B
o 0 at r=0, (2.30)

respectively. Note that a new dimensionless parandetexs been introduced on the right-hand side of
(2.27) so that it can be reduced to the non-dimensionalisesion of (2.10), i.evy =0 onz=0, by
letting o — o and settingd = 0; otherwised = 1. The initial condition (2.14) becomes

h(0) =d, (2.31)

whered = H¢/H, is the appropriately non-dimensionalised versiomHaf For simplicity, in all of the
plots presented subsequently we tdke 1, corresponding to the initial thickness of the fluid layeiriy
the same as the thickness of the porous bed.

2.4 Unsteady Reynolds Equation

Equation (2.20) shows immediately that, since the fluid dagehin, the leading order fluid pressure
is independent of, i.e. p= p(r,t). Solving the leading order version of (2.22), naméiP/9z* = 0,
subject to the boundary conditions (2.26) and (2.28) usthgl) shows that the leading order pore
pressure is also independentzpi.e. P = P(r,t), and hence that at leading order (but not at higher order)
the two pressures are the same,R,t) = p(r,t). The variation oP with zappears at first order ie?,

and so seeking a solution to (2.22) in the form

P = p(r,t) + &2Py(r,z,t) + O(e*) (2.32)

and applying the no-penetration condition (2.28) yields

P (1+2) 0 ( dp
Substituting (2.32) and (2.33) into (2.21) yields
B B op . (1+2 0 [ dp
u(ur,O,uz)k<ar,O, ; c?r(rﬁr)>' (2.34)

Solving (2.16) and (2.19) fov;, andv, subject to the boundary conditions (2.24a), (2.25) and7{2.2
using (2.34) yields

(h—2) [(ah+KY2)z+KY2(h+ 25 akY/2)] dp

v - 2ah a7 3 (2.35)
. _ 2aht k!2)(6k— %) + 3a(h? — 25k)Z2 + 6k'/?h(h+ 25 ak¥?)z & (9P (2.36)
z = 12-(ah_|_kl/2) ar or ' '
Substituting (2.36) into (2.24b) we obtain the unsteadyri®&ys equation
@_ h2(ah2+4kl/2h+65ak)+12((Gh+kl/2)i r@ (2 37)
dt 12 (ah+Ki/2) or\ or)’ |

which, subject to the load condition (2.23), the pressurebary conditions (2.29) and (2.30), and the
initial condition (2.31), determines the presspre: p(r,t) and the fluid layer thickneds= h(t).
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2.5 Streamfunction
The streamfunctioy = ((r,zt) (non-dimensionalised witl. %ZH,) satisfies

1oy 10w

TTrer i (2.39)
in the fluid layer 0< z< h, and
1oy 1oy
= ter “Trar (2:39)
in the porous bed-1 < z< 0, and the boundary conditions
-0 ——1 i = i ) 2.40
V=0 on 2=t Jip =g v (240
Solving (2.38) and (2.39) fap subject to the boundary conditions (2.40) yields
_ r[2(ah+KY2)(6k—2%) 4 3a(h? — 25k)Z + 6kY/2h(h+ 25 akY/?)Z] 9p (2.41)
V= 12(ah+k2/2) or '
in the fluid layer 0< z< h, and
Y =kr(1+ z)% (2.42)

in the porous bed-1 < z<0.

2.6 Fluid Particle Paths

The path(r,z) = (r(t),z(t)) taken by a fluid particle, initially situated at the poim, zp) (where 0<
ro < 1and—1< 7y < d)is governed by the ordinary differential equations

dr dz

a = Vr, a == VZ (243)
in the fluid layer 0< z< h, and

a u dz u

— ==, — == 2.44

E- 0 d o (2.44)

in the porous bed-1 < z<0.

3. General Solution
3.1 Pressure and Velocities

Integrating the unsteady Reynolds equation (2.37) twidh waspect ta and applying the pressure

boundary conditions (2.29) and (2.30) we obtain

B 3(ah+kY2)(1-r?) dh
h2(ah? 4-4kY/2h+ 65 ak) + 12k(ah+kY/2) dt -

Applying the load condition (2.23) yields a separable fister ordinary differential equation for the
fluid layer thicknes$ = h(t):

p= (3.1

3n(ah+kY/?) dh

) dh 3.2
2 [n?(ah? + 4k1/2h+ 65 ak) + 12k(ah + KM/2)] ot oo

L(t) =
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Re-arranging (3.2) fort/dt and substituting into (3.1) reveals that the pressure islgimp

C2(1-r?)L(Y)
p="" (33)
showing that the pressure is parabolia iand independent d&f, and that its only temporal dependence

is via that of the load.(t). Substituting (3.3) into (2.34) shows that the Darcy velois given by

U= (Ur,0,up) = 4L (t)k

(r,0,—2(1+2)), (3.4)

which is independent of bottn andd, and so is the same for all three choices of the boundary tionsli
(2.8)—-(2.10). Substituting (3.3) into (2.35) and (2.36pwh that the fluid velocity is given by =
(vr,0,vz), where

_2L)(h—2)[(ah+K?)z4 K2 (h+25akM/?)] v
" m(ah+k/2) ’ (3.5)

2L(t) [2(ah+KY2)(6k — 2°) + 3 (h? — 26k)Z2 + 6kY/2h(h + 25 akl/2)Z]
v, = — . (3.6)
3m(ah+kL/2)

In particular, (3.4)—(3.6) show that both andv; are linear irr, but that bothu, andv, are independent
ofr.

3.2 Fluid Layer Thickness

Integrating (3.2) from 0 td and imposing the initial condition (2.31) yields an imptisolution for the
fluid layer thicknes$ = h(t):

/ L(t)dr = 2 as+ K2 3.7)
N 2 sZ(a52+4k1/Zs+65ak)+12<(as+k1/2) '

For simplicity in the remainder of the present work we conie on the case of constant (dimensional)
loadL =L > 0 and choose the characteristic radial fluid velocity scagzlin the non-dimensionalisation
(2.15) to bev = Lng/u,@3, corresponding to taking the constant (dimensionless) lode equal to
unity, i.e.Lo = 1, without loss of generality. We shall, however, retain¢bastant (dimensionless) load
Lo explicitly in what follows for clarity of presentation.

In the case of constant lodd= L, equation (3.7) yields an implicit expression for the fluigida
thicknessh = h(t) at timet in the form of an explicit expression for the tirhe- t(h) taken for the fluid
layer to reduce to a thickneks

as+ k2 ds
2L0 P(as? + 4kt/2s+ 65 ak) + 12k(as+ k1/2)

(3.8)
In the special case in which the bed is impermeable, i.e. Whef, the fluid layer thickneds= h(t)

is given explicitly by
3md? 12
B (3n+ 4d2Lot> ’ (39
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FiG. 2. (a) Plots of the fluid layer thicknebss a function of In given by (3.8) folk =0, 104, 1072, 101, 1 and 10 (solid lines),
the uniformly valid leading order smakl-asymptotic solution (4.33) fok = 10~ (dashed line) and the leading order laige-
asymptotic solution (B.7) fok = 10 (dashed line). (b) Plots of fpas a function of Itk given by (3.11) (solid line), the leading
order smallk asymptotic solution (4.32) (dashed line) and the leadingmoliargek asymptotic solution (B.9) (bold dashed line).
In all of the plotsa = 1.

so that

3\ V2 i
h~ <4Lot) —0" as t— oo, (3.10)
i.e. an infinite time is required to squeeze all of the fluid aluthe fluid layer (see, for example, Stone
(2005)).

In the general caske # 0 the integral in (3.8) was evaluated numerically usingithé tool (with
its default numerical method) in the computer algebra amdearical analysis package MAPLE. (Note
that the integral in (3.8) may, in principal, be evaluatedlgiically, though this involves the zeros of
the quartic expression appearing in the denominator ofrttegiiand. These zeros may, in principal, be
found using standard formulae; however, in practice, tmewary unwieldy and so we always evaluated
the integral numerically.)
Figure 2(a) shows plots d¢fas a function of In for different values of the permeability Figure 2(a)
shows that, as expected, increadirdpcreases the time taken for the fluid layer to reduce to krtbis
h. Figure 2(a) also shows that when the bed is permeable, henk#£ 0, the bearing always makes
contact with the porous bed in a finite time. This finite cohtane is denoted by., and is given by
settingh=0in (3.8) to yield

d 1/2
3n / 5 as+k ds. (3.11)
0

te=——
°7 2 as? + 4kY/2s+ 65 ak) + 12k(as+ k1/2)
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FIG. 3. (a) Plots of the fluid layer thicknebsas a function of given by (3.8) fora = 1072, a = 1 anda = 100 withk = 1072

(solid lines) and the uniformly valid leading order smiakisymptotic solution (4.33) witk = 10~2 (dashed line). (b) Plots d¢f
as a function of given by (3.8) fora = 102, a = 1 anda = 100 withk = 5 (solid lines) and the leading order largasymptotic
solution (B.7) withk = 5 (dashed line).

Figure 2(b) shows a plot of I as a function of lk. Figure 2(b) shows that, in agreement with Figure
2(a), increasings decreases the contact tifge (In fact, it will be shown irg4.1 thatt, = O(k‘2/3) >1
in the limitk — 0 and in Appendix B that, = O(k~!) < 1 in the limitk — co.)

While the effect of varying the permeabilikyis relatively straightforward to understand, the effect of
varying the Beavers—Joseph constanis more subtle. Figure 3 shows plots fofas a function ot
for different values ofx for two values ofk. In particular, Figure 3(a) shows that for a “small” value
of k (specificallyk = 10-2) asa increases the time taken for the fluid layer to reduce to &itigissh
increases, whereas Figure 3(b) shows that for a “large’evafi (specificallyk = 5) asa increases the
time taken for the fluid layer to reduce to a thicknbstecreases. This qualitative change in behaviour
is confirmed by the analysis of the asymptotic linkts» 0 andk — o given subsequently if4 and
Appendix B, respectively.

To understand the physical reason why varying the Beavaeseph constantr has a qualitatively
different effect for small and large values of the permegbkK it is instructive to examine the radial
fluid velocity v, and the radial Darcy velocity;. Figure 4 shows plots of; as a function ofz for
0 < z< hand ofu; as a function ofz for —1 < z < 0 for different values ofx for three values of the
permeabilityk. (Note that all of the plots shown in Figure 4, and also allafSe shown subsequently
in Figure 5, are for the same value of the fluid layer thickneamelyh = 1/2, and so are therefore not
at the same instamt) Figure 4(a) shows the flow in the special case in which thieib@npermeable,
i.e. whenk = 0 and hencé; = 0, in which case there is, of course, no flow in the porous bedarslip
between the fluid and the porous bed at the interfaee0. Figures 4(b) and 4(c) show the flow for
different values ofx for a “small” (specificallyk = 1072) and a “large” (specificallk = 10) value of
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FIG. 4. Plots of the radial fluid velocity; as a function of for 0 < z< hand of the radial Darcy velocity; as a function of for
—1<z<O0atr=1/4whenh=1/2fora =1, 25 and 100 with (ak= 0, (b)k = 102 and (c)k = 10.



12 of 34 D. J. Knoxet al.

the permeabilit, respectively. Note that, sineg is independent of bottr andz, there is only a single
uniform velocity profile in the porous bed in Figures 4(b) a&{d). These figures also clearly show the
effect of velocity slip at the interface= 0, and that the fastest flow is in the fluid layer for sniatiut

in the porous bed for large In particular, Figure 4(b) shows that whi&ns small increasingr (i.e.
decreasing the slip lengtk) decreaseg and hence decreases the fluid volume flux out of the fluid layer
into the region beyond= 1, denoted byQ,,: and given by

h 2Loh?(ah? + 4kY2h + 66 ak)
Since the fluid volume flux into the porous bed, denote®byy and given by
1
Qbed= 271 / Var|,_o dr = —8Lok, (3.13)
Jo

is constant and independentafthis decrease i@y,: causes the time taken for the fluid layer to reduce
to a thicknes# to increase, consistent with the behaviour for srkalhown in Figure 3(a). On the other
hand, Figure 4(c) shows that whkiis large increasing (i.e. decreasing the slip lengt}) increases;,

and hence increas€k,;, causing the time taken for the fluid layer to reduce to a théskh to decrease,
consistent with the behaviour for largeshown in Figure 3(b).

3.3 Instantaneous Streamlines

Figure 5 shows plots of the instantaneous streamlines feethalues of the permeability Figure
5(a) shows the streamlines in the special case in which tbddsbenpermeable, i.e. whek= 0, in
which case there is, of course, no flow in the porous bed. Efgbith) and 5(c) show the streamlines for
two non-zero values of the permeabilky In particular, they show that when the bed is permeable the
vertical fluid velocityv, on the interface = 0 (which is given byw;|,—0 = Uz|,—0 = —8Lok/m) is always
negative, and hence that fluid always flows from the fluid laytr the porous bed and never flows the
other way. They also show that ks$ncreases so dQq,: andQpeq, and hence that the contact tige
decreases, consistent with the behaviour shown in Figure 2.

3.4 Fluid Particle Paths and Penetration Depths

Using (3.2) to eliminate: from (2.43) and (2.44), the differential equations thategovthe path(r,z)
taken by a fluid particle are

1dr 3(h—2)[(ah+kY2)z4+KkY?(h+25akY/?)] (3.14)

rdh h2(ah? + 4kY/2h + 65 ak) + 12k(ah+k/2)’ '
dz  2(ah+kY?)(6k—Z) + 3a (h? — 25k)Z + 6kY/?h(h+ 25 ak'/?)z (3.15)

dh h2(ah? + 4kY/2h+ 66 ak) + 12k(ah+ k1/2) '

in the fluid layer 0< z< h, and

ldr 6k(arh 4 k'/2) (3.16)

rdn @[h2(ah?+4kY2h+65ak) + 12k(ah+kL/2)]’ '

1/2

1 dz _ 12&k(ah+k=) (3.17)

1+zdh @ [h2(ah? + 4k1/2h + 65 ak) + 12k(ah + kL/2)]
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FiG. 5. Plots of the instantaneous streamliges= constant= —j/4 x 1072 for j = 1, 2, ..., 10 withy given by (2.41) for
0< z<hand (2.42) for-1 < z< 0 whenh = 1/2 for (a)k=0, (b)k = 102 and (c)k = 1/2. In all of the plotsar = 1.
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in the porous bed-1 < z< 0, subject to the initial conditions
r=rp and z=2z when t=0, ie. when h=d. (3.18)

Integrating (3.16) and (3.17) subject to (3.18) shows thatarticle paths in the porous bed are given
by

2 1/2
r 1+ 29 12(/“ as+kY
) = — = d 3.19
(ro) 1+z exp[ @ Ja P(as?+4kY2s+6dak) + 12k(as+kY/2) ° (3.19)

and so, in particular, always satisf§(1+ z) = r3(1+ z) = constant.
Figure 6 shows the patlig z) taken by several fluid particles from their initial posit&ng, zp) att =0
for three values of the permeabiliky

In the special case in which the bed is impermeable, i.e. iherd, equations (3.14) and (3.15)
may be solved exactly subject to (3.18) to yield

_(4d(d-20)20+ (d - 220)°h\ *"*
- ro( d%h ) ’ (3.20)
h h 1/2
z = 2ll—(d—ZZo)<4d(d—zo)zo+(d_220)2h) ] (3.21)

for zg > 0. Figure 6(a) shows the paths of several fluid particlesimahse and, in particular, shows
how all of the fluid particles eventually flow out of the fluid/kr into the region beyond= 1.

In the general cade+# 0 the differential equations (3.14)—(3.17) were solved erically using the
dsol ve tool (with its default numerical method) in MAPLE subject(®18). Figures 6(b) and 6(c)
show the paths of several fluid particles for two non-zeroeslof the permeability. In particular, they
show that fluid particles initially in the fluid layer can eithflow out of the fluid layer into the region
beyondr = 1 or flow into the porous bed and then, in some cases, out ofatwup bed into the region
beyondr = 1. Since the vertical Darcy velocity, = —8Lok(1+ z)/mTis less than or equal to zero, fluid
particles that enter the porous bed never re-enter the fiyier| and fluid particles that are initially in
the porous bed never enter the fluid layer. Figures 6(b) acdaé§o show that ak increases thew,
increases relative t¢ so that the flow in the fluid layer is increasingly directed &ots the porous bed,
and consequently the fraction of the fluid particles iniyiah the fluid layer that flow into the porous
bed increases.

Fluid particles initially in the fluid layer that enter thernpas bed do so by crossing the interface
z=0 at some pointr*,0), wherer* =r*(rg,2), att =t* corresponding tt = h(t*) = h*, and so the
critical curve that divides the region of particles thatszrihe porous bed (with* < 1) from the region
of those that do not is given by = 1. The curve™ = 1 is found by solving (3.14) and (3.15) subject
tor =1 andz= 0 ath = h* backwards in time, i.e. frorh = h* to h = d. Evaluating the solution for
(r,z) whenh = d yields the initial position(rg,zy) of the fluid particle that passes through the point
(r,z) = (1,0) whenh = h*. Repeating this procedure forQh* < d yields the curve* = 1. Figures
6(b) and 6(c) include plots of the curvé= 1 calculated in this way and confirm that fluid particles that
initially lie to the left of r* = 1 flow from the fluid layer into the porous bed, and the fluid jstas that
initially lie to the right ofr* = 1 flow out of the fluid layer into the region beyond- 1. Figure 7 shows
plots of the curve* = 1 for different values of the permeabiliky In particular, Figure 7 shows that as
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FiG. 6. Plots of fluid particle path§,z) with r andz given by (a) (3.20) and (3.21) fdro,z) = (0.1,0.75), (0.2,0.75), ...,
(0.9,0.75), (b,c) (3.14)—(3.17) subject {wo, z0) = (0.1,0.75), (0.2,0.75), ..., (0.9,0.75) and(ro, o) = (0.1,—1/3), (0.2,—1/3),
...,(0.9,-1/3) for (b) k= 10"2 and (c)k = 10 (solid lines) and the leading order largasymptotic solutions (B.12), (B.16),
(B.17), (B.19) and (B.20) (dashed lines) for= 1 and¢ = 3/4. Parts (b) and (c) also include plots of the curie= 1 (dotted
lines).
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FiIG. 7. Plots of the critical curve* = 1 which divides the region of particles that enter the potwes (withr* < 1) from those
that do not (withr* > 1) fork =104, 102, 101, 1 and 10 (solid lines), the leading order snatisymptotic solution (4.44) for
k =10* (dashed line) and the leading order latgasymptotic solutiomy = 1 (dashed line). In all of the plots = 1.

k increases the curw& = 1 moves to the right, i.e. less fluid flows out of the fluid lay®oithe region
beyondr = 1 and more fluid flows into the porous bed.

Also of considerable practical interest are the depths ticlniuid particles (which may be initially
situated in either the fluid layer or the porous bed) pereirdab the porous bed, denoted 4, and
given byzpen= z(tc) < 0. Since botlv; andu, are independent af zyenis independent afy. However,
the value ofrg does affect whether or not a fluid particle flows into the ragi@yondr = 1. Figure
8(a) shows plots of Ifgyen as a function of Ik for “small” values of the permeabiliti for three fluid
particles initially situated in the fluid layer withy = O(k1/4). In particular, Figure 8(a) shows that
|zpen| decreases ds decreases and/ap increases. Moreover, the effect af on z,en becomes less
pronounced ak decreases. (In fact, it will be shown §4.2 that at leading order in the limit of small
permeabilityk — O the penetration deptthen = O(kY3) < 1 of a fluid particle initially situated in
the fluid layer withrg = O(k%/4) is small and independent @.) Figure 8(b) shows plots Wyen as
a function of Irk for “large” values of the permeabilitig for three fluid particles initially situated in
the fluid layer. In particular, Figure 8(b) shows that agaa, decreases as decreases and/ap
increases. However, in this case, the effeck @i zen becomes less pronouncedlasicreases. (In
fact, it will be shown in Appendix B that at leading order irethmit k — oo the penetration depth
Zpen= O(1) of a fluid particle initially situated in the fluid layer is iegendent ok and its magnitude
decreases monotonically agincreases.) Figure 8(c) shows plots ofdnn— 7| as a function of Ik
for “small” values of the permeabiliti for three fluid particles initially situated in the porousdbén
particular, Figure 8(c) shows thighen— 20| decreases dsdecreases and/ag decreases. (In fact, it will
be shown irg4.2 that at leading order in the linit— 0 the magnitude of the relative penetration depth
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Fic. 8. (a) Plots of Ifzen as a function of Itk given by (3.14)—(3.17) subject o, 20) = (0.5 x (12k)*/4,0.25), (0.5 x
(12k)%/4,0.5) and (0.5 x (12k)%/4,0.75) (solid lines) and the leading order smalasymptotic solution given by (4.49) (dashed
line). (b) Plots ofzpenas a function of Itk given by (3.14)—(3.17) subject {0, z0) = (0.5,0.25), (0.5,0.5) and(0.5,0.75) (solid
lines) and the leading order largreasymptotic solution given by (B.18) (dashed lines). (c) #ttin|zpen— 20| as a function of
Ink given by (3.16) and (3.17) subject (o, z) = (0.5,—0.25), (0.5, —0.5) and (0.5, —0.75) (solid lines) and the leading order
smallk asymptotic solution given by (4.54) (dashed lines). (d)$tdpen as a function of Ik given by (3.16) and (3.17) subject
to (ro,z0) = (0.5,—0.25),(0.5,—0.5) and (0.5,—0.75) (solid lines) and the leading order largeasymptotic solution given by
(B.21) (dashed lines). In all of the plots= 1 andp = 3/4.
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|Zpen— 20| = O(k1/3) < 1 of a fluid particle initially situated in the porous bed is $inamd decreases
monotonically agy decreases.) Figure 8(d) shows plotf,as a function of lik for “large” values of
the permeabilityk for three fluid particles initially situated in the porousdbén particular, Figure 8(d)
shows that, like in Figure 8(b)z.en| decreases dsdecreases and/ag increases. Moreover, the effect
of k on zyenbecomes less pronouncedkacreases. (In fact, it will be shown in Appendix B that, as fo
a fluid particle initially situated in the fluid layer, at Idad order in the limit of large permeability—
the penetration deptfpen= O(1) of a fluid particle initially situated in the porous bed is @p&ndent of
k and its magnitude decreases monotonicallgsdscreases.)

As we have already seen, there is qualitatively differehtal@ur for small and large values of the
permeabilityk, and so int4 we investigate the asymptotic behaviour of the solutiotihélimit k — 0,
while in Appendix B we investigate the asymptotic behaviotithe solution in the less physically
relevant limitk — oo.

4. Limit of Small Permeability k — 0

In this section asymptotic solutions for the fluid layer Kmiessh = h(t) (§4.1) and the fluid particle
paths(r,z) (§4.2) in the limit of small permeabilitk — O are obtained.

In the limit of small permeability it will transpire that thepntact timet. = O(k=%/3) > 1 is large,
and a regular perturbation solution for= h(t) in powers ofk’/2 < 1 turns out to be valid only for
“short” timest = O(1) (more precisely, fot = o(k~1/2)), and additional asymptotic solutions valid
for “intermediate” timeg = O(k~%/2) and “long” timest = O(k~%/3) are required in order to obtain a
complete description of the behaviour up to the contact.time

4.1 Asymptotic Solution for B h(t)

4.1.1 Solution for “Short” Times t= O(1) Seeking a regular perturbation solution to (3.2) with
L = Lg of the form

h(t) = ho(t) + kY2hy (t) + khp(t) + O(K¥?), (4.1)
atO(1), O(k2) andO(k) we have

dhy  2Lohd
& e 2

dy 3, 3
dT1o - hio 1= va (4-3)

dh, 3 3[ho(a?hZ + 2ah; +25a% — 1) + 4a?]

——hy = (4.4)

dno  ho azhd ’

respectively, wheré has been eliminated from (4.3) and (4.4) using (4.2). Sgl{ih2)—(4.4) subject
to the initial conditiongp(0) = d, h1(0) = 0 andhy(0) = 0 yields the solutions

37Td2 1/2
o= <?W4(M> ’ (45
d37h 3
hlz—%, (4.6)

_ 3[5hy” + (56 a2d? + 8ar2d — 10d2)hg® + 5(1 — 5 a2)dhy — 8ar2d]

hy = 4.7
2 1002dhy? “.7)
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The leading order solution fdiy given by (4.5) is simply the solution for an impermeable becbiy
by (3.9), i.e., as expected, the porous bed is effectivelyeirmeable at leading order. The effect of
permeability first appears at first order and, sihggiven by (4.6) is negative for al> 0, its effect is,
as expected, to decrease the tinteken for the fluid layer to reduce to a thicknés$lowever, since

3\ Y2 1 16Lot
hON<4L7(-)[t) — 0t hlﬂfg hy ~ — T?Hfoo as t— oo (4.8)

the expansion (4.1) is not uniformly valid for &allComparing the leading and first order terms suggests
that the expansion remains uniformly valid provided that

2

t< —
< Lok’

ie. t=o(k?). (4.9)
However, comparing the first and second order terms showatfeect the expansion remains uniformly
valid only provided that

t ie. t=ok?), (4.10)

< L()C(kl/27
and hence a second asymptotic solution valid for “interaeditimest = O(k*l/z) for whichh =
O(kY4) is necessary.

4.1.2 Solution for “Intermediate” Times t= O(k-¥/2) For “intermediate” timeg = O(k%/?) we
re-scaleé andh according to A
t=k Y% h=kY*h, (4.11)

wheref andh areO(1) in the limitk — 0. Seeking a regular perturbation solution to (3.2) itk Lo
of the form

h(f) = ho(f) + kY*hy (f) + O(KY?), (4.12)
atO(1) andO(kY*) we have i
dﬁo _ 2Lohg
= (4.13)
i 2
dhy 3 3(4a+f) 4.14)

dﬁo ﬁo 1 Gﬁg
respectively. Solving (4.13) and (4.14) subject to the appate matching conditions with the solution
at “short” times, namely

~ 3\ Y2 - 1 N
ho~ | —= — h) — —— — 4.1
o <4Lot) o, hy g as t-0 (4.15)
yields the solutions
) 377\ 12
- 12a 4 5h¢
hy =~ NG (4.17)

5ah?
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This solution for “intermediate” times is qualitativelynsilar to that for “short” times. However, since

’ am\Y? . . 16l .
h0_<4l_of> ~07, P~ Tl e as oo, (4.18)

now the expansion remains uniformly valid provided that

f e t (4.19)

< 71 < 71
L0k1/6’ L0k2/3’

and hence a third (and final) asymptotic solution valid famty” timest = O(k~%/3) for which h =
O(kY/3) is necessary.

4.1.3 Solution for “Long” Times t= O(k~%/3) For “long” timest = O(k~%/3) we re-scale andh
according to
t=(12k)"%°T, h=(12k)Y°H, (4.20)

whereT andH areO(1) in the limit k — 0 and the factor 12 has been introduced into the scalings for
convenience. Seeking a regular perturbation solution.®) (8ith L = Ly of the form
H(T) = Ho(T) 4 (12k)Y®Hy (T) + O(KY/3), (4.21)
atO(1) andO(kY/6) we have
dHo  2Lo(H3+1)
ar am
dHy  3H§ . VBHE
dHo HZ+1 ©° 2a(H3+1)
respectively. Solving (4.22) and (4.23) subject to the appate matching conditions with the solution
at “intermediate” times, namely

(4.22)

(4.23)

3\ Y2 1
Ho~ [ =) — Hy — ——— T-0 4.24
0 (4LOT> 00, 1 2\@0 as ) ( )

yields the solutions

T= 2Lq , (4.25)
Hy= - (4.26)
2\/3a
where the monotonically increasing functiér= f (Hp) is given by
f(Ho) = In (H°+1> ++V3tan? (ZHO _ 1) (4.27)
JHZ —Ho+1 V3

and satisfiesf (0) = —/3m/6 and f(«) = +/311/2. Unlike for the solutions for “short” and “inter-
mediate” times, the permeability now appears in the leadimtgr solution and the solution remains
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uniformly valid up to the contact time= t. given byt; = (12()*2/3Tc, whereT, satisfiesH (T;) = 0,
and has the asymptotic expansion

Te = Teo+ (12k) Y67 + O(KY3), (4.28)
where
_ ~ Hi(Teo)
Ho(Teo) =0, Te1= Ho(Teo)” (4.29)
so that
T T el (4.30)

 Ta=— .
Vil 4l

Expressed in terms of the original variables the asympwtjgansion for the contact time (4.28) is
therefore
™ m

tc= -
©T V3Lo(1)23  8Loakl/2
In particular, the leading order smadlsolution for the contact time given by

N
¢ V/3Lo(1)2/3

+0O(k™Y3). (4.31)

(4.32)

is independent of botlr andd, and so is the same for all three choices of boundary comd{i8)—
(2.10). Figure 2(b) compares the leading order stkallymptotic solution foi. given by (4.32) with the
exact solution given by (3.11). The Beavers—Joseph congtappears at first order in the asymptotic
expansion fot; given by (4.31), and inspection of the first order term revehht decreasing (i.e.
increasing the slip lengtlQ) decreases the contact timgeconsistent with the behaviour shown in Figure
3(a).

4.1.4 A Uniformly Valid Leading Order Composite Solution fnt A uniformly valid leading order
composite solution for=t(h) is

3

t0) = e,

+(120)2°T ((12?)1/3) , (4.33)

whereT is given by (4.25). Figures 2(a) and 3(a) compare the unifpralid leading order smalk
asymptotic solution for =t(h) given by (4.33) with the exact solution foe=t(h) given by (3.8). (Note
that settindh=d in (4.33) yield€(d) = O(k) ask — 0, so that (4.33) satisfies the initial condition (2.31)
at leading order in the limik — 0. Similarly, settingh = 0 in (4.33) yieldg(0) ~ 1/v/3Lo(12k)%/3 as

k — 0, so that (4.33) coincides with (4.32) at leading order &ltimit k — 0.)

4.2 Asymptotic Solution for the Fluid Particle Paths

4.2.1 Fluid Particles Initially Situated in the Fluid Layerpz> 0 The analysis ir§4.1 shows that
in the limit of small permeabilitk — 0 the porous bed is effectively impermeable for “short” and
“intermediate” times, i.e. fot = o(k-%/3), and so at leading order the paths of fluid particles injtiall
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situated in the fluid layer (i.e. witky > 0) are given by the solution for an impermeable bed given by
(3.20) and (3.21). When= O(k~%/3) andh = O(k/3) the solution for an impermeable bed yields

_ 3/4 _ 3/4
(M) :o<ro<<dlﬁ>20>>7 (439)
z ~ g:oa(l/i**), (4.35)

showing that only those fluid particles whose initial pasig are close to the axis= 0 (specifically,
those withro = O(k/#)) or are close to either the porous bed or the bearing (spaityfithose with
7o = O(kY3) or d — z = O(kY/3), respectively) have not flowed out of the fluid layer into tkegion
beyondr = 1 at “long” times.

In order to analyse the path of a fluid particle initially sited in the fluid layer close to the axis-0
with rg = O(k¥4) andzy > 0 whent = O(k-2/3) andh = O(k/3), we re-scaley, z t andh according
to

ro=(1&)Y4Ry, z=(124)Y3z, t=(120)"23T, h=(12k)3H, (4.36)
whereRy, Z, T andH areO(1) in the limit k — 0 and the factor 12 has again been introduced into the
scalings for convenience.

From (3.14) and (3.15) the leading order equations for thie pha fluid particle in the fluid layer
are

1dr 3H-2)Z

rdH T HAl (4:37)
dz —2734+3HZ7%+1

aH H3+1 ' (4.38)

The solutions to (4.37) and (4.38) must match with tthe> 0 limits of (3.20) and (3.21) all — oo,
namely

_ 3/4
o~ RO(“(" ZWO) 0 as H—w, (4.39)
dH
H
Z ~ §—>00 as H — oo (4.40)

The leading order vertical position of the fluid partidé€T), which is independent of the initial
height of the fluid particley, was obtained numerically by posing (4.38) as an initialiggiroblem by
shooting from the valu& = 0 at the unknown value of the fluid layer thickné$s= H* at which the
fluid particle crosses the interfaZe= 0 to Z = H.,/2 at some large valud = H, > 1 approximating
the matching condition (4.40) to within a prescribed tohee namely 10°. This procedure yielded
the solutionH* ~ 0.4958 corresponding 6 = T* = T(H*), which from (4.20) and (4.25) corresponds

to the time
N 0.6540

SR

The leading order radial position of the fluid parti¢RT) is calculated by integrating (4.37) from
H = H* to H to obtainr =r*g(H), wherer = r* is again the radial position at which the fluid particle
crosses the interfacé= 0 and the monotonically decreasing functipa: g(H) is defined by

H(s-2)z
H* S3+1 dS]

t=t" = (12k)"%/3T(H*) (4.41)

g(H) =exp [—3 (4.42)
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FiG. 9. Plots of Ig(H) as a function of I given by (4.42) (solid line) and its largd-asymptotic behaviouy ~ ZH-%/4 where
{ ~ 1.0708 (dashed line).

Figure 9 shows a plot of lg(H) as a function of Itd together with its largdd asymptotic behaviour
g~ {H~3/4 whereZ ~ 1.0708. Imposing the matching condition (4.39) yields

ﬁ?(“ﬁfmfh (4.43)
In particular, the leading order solution for the criticaleer* = 1 is therefore given by
d 3/4
ro={¢ (4(d20)20> (12Kk)Y/4, (4.44)

Figure 7 compares the leading order snkalisymptotic solution (4.44) with the exact solution for
r* =1 fork = 10"%. In particular, it shows that the asymptotic solution conegdavourably with the
exact solution wherzp = O(1). However, as Figure 7 also shows, the asymptotic solutids flar
20 = O(kY?) < 1 and ford — zo = O(k'/3) < 1, i.e. for fluid particles that are initially close to either
the porous bed or the bearing; for brevity these cases amonstdered further here.

From (3.16) and (3.17) the leading order equations for thie pia fluid particle after it has entered
the porous bed at=r* are

drR r
dH — 2¢H3+1) (4.45)
@ 1 (4.46)

dH P(H3+ 1)’
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Fic. 10. (a) Plots of the scaled fluid particle path) in the fluid layer, wher& = z/(12k)!/3, given by (3.14)—(3.17) subject to
(ro,20) = (0.5x (12k)1/4,0.25) for k= 103, 10-* and 10°8 (solid lines) and the leading order smilksymptotic solution given
by r =r*g(H) and the numerical solution of (4.38) fer > H* (dashed line). (b) Plots of the scaled fluid particle pdRZ) in
the porous bed, wheRR= (r —r*)/(12k)/3 andZ = z/(12k)*/3, given by (3.14)—(3.17) subject ty, ) = (0.5 x (12k)%/4,0.25)
fork =103, 104 and 108 and the leading order smallasymptotic solution given by (4.47) and (4.48) foc® < H* (dashed
line). In all of the plotso = 1 andgp = 3/4.

where we have written = r* + (12k)%/3R. Solving (4.45) and (4.46) subject to the initial condion
R=0andZ =0 atH = H* yields

C (H[f(H*)—fég)](lzol/S), (4.47)
G RE (GYEESES (4.48)

3¢

for 0 < H < H*, where the functiorf = f(H) is given by (4.27) and satisfidgH*) ~ 0.5381, showing
that the fluid particle remains closette= r* andz = 0. In particular, settingd = 0 in (4.48) shows that
the leading order asymptotic solution fpen is

[f(H") — f(0)A2Y3  1.102%K/3
3¢ - 0

which depends ok but is independent o). Figure 8(a) compares the leading order srkakymptotic
solution forzyen given by (4.49) with the exact solution.

Figure 10 compares the scaled fluid particle paths in (a) the fthyer and (b) the porous bed with the
leading order smalkkasymptotic solution given by=r*g(H) and the numerical solution of (4.38) for
H > H*, and by (4.47) and (4.48) forQ H < H*.

Zpen= — , (4.49)
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4.2.2 Fluid Particles Initially Situated in the Porous Beglz 0 As we have already seen, the analysis
in §4.1 shows that in the limit of small permeability— O the porous bed is effectively impermeable
for “short” and “intermediate” times, i.e. far= o(k-%/3), and so at leading order fluid particles initially
situated in the porous bed (i.e. with < 0) remain close to their initial positions, specifically

2_Rn2
- ro(1+3((jpd2r?2)k>, (4.50)
6(d? — h2)k

z = 2p—(1+2) (4.51)

@d2h2

For “long” times, i.e. fott = O(k‘2/3), a similar analysis to that described previouslg4m2.1 yields

ro= ro<1+ [f(w)_fé:)](m)l/‘g)’ (4.52)
z = Zo*(1+Zo)[f(o°)_f;H)](lz()mv (4.53)
¢
_ [f() — F(O)AA)Y° _ 2m(1+2)(12K)"/°
Zpen= 20— (1+ 20) 30 =2- V30 , (4.54)

which depends ok andz,. Figure 8(c) compares the leading order snkalsymptotic solution foryen
given by (4.54) with the exact solution.

5. Conclusions and Application to the Human Knee Joint

In the present work we considered the squeeze-film flow ofdalyier of Newtonian fluid filling the gap
between a flat impermeable surface moving under a prescritrestant load and a flat thin porous bed
coating a stationary flat impermeable surface. Using adabidn approximation an implicit expression
for the fluid layer thickness = h(t) and an explicit expression for the contact titpevere obtained
and analysed. In addition, the fluid particle paths wereutated, and the penetration depths of fluid
particles into the porous bed were determined. In particulee behaviour in the asymptotic limit
of small permeabilityk — 0, in which the contact tim& = O(k-%/3) > 1 is large but finite, was
investigated.

Our interest in porous squeeze-film flow was originally matixd by the desire for a better under-
standing of the lubrication of the human knee joint, and sthaaremainder of the present paper we
seek to interpret the results obtained in this context. A¥ asbeing of fundamental scientific and
medical interest in its own right, understanding the ludiiin of the knee is of crucial importance in
the development of total-knee-replacement technologies, for example, Walket al. (2010)).

Figure 11 shows sketches of the main anatomical featurdgedfuman knee joint. The knee is where
the largest bones in the human body, the femur and the titdaf.nSituated at the distal (furthest from
the torso) end of the femur are two rounded “knobs” which @ferred to as the femoral condyles.
When the knee is in flexion or extension the femoral condylésudate with the tibial plateau which is
situated at the proximal (closest to the torso) end of tha.tiBoth the femoral condyles and the tibial
plateau are coated with a thin layer of articular cartilaghich is a poroelastic material, and the gap
between the femoral condyles and the tibial plateau isdaked by a thin layer of synovial fluid. The
latter is a non-Newtonian shear-thinning fluid and has anvegite-like consistency (see, for example,
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(a) (b)

Femur Femur

Fibrous
Capsule

Femoral
Condyles

Patella Fibrous
Fibrous (Knee Cap) Capsule
Capsule ienls
Articular é;;lt(li;lgg Articular
Cartilage Cartilage
Meniscus Mensicus

Fat & Meniscus

Fibrous
Tibial Capsule
Synovial Plateau

Fluid Synovial

Tibia Fluid

FiIG. 11. Sketches of the main anatomical features of the human kirge A slice through (a) the front of the knee (behind the
patella) and (b) the side of the knee (through the patella).

Famet al. (2007) and Balazs (2009)). Two crescent-shaped wedgestdagea, the lateral and medial
menisci, are situated on the peripheral boundary of theltidateau. The menisci deepen the surface of
the tibial plateau, protecting the underlying articulartié@ge and stabilising the joint, and are attached
to the fibrous capsule, which is a collection of ligaments$ siaround the joint, connecting the tibia with
the femur, and the patella (knee cap) with both the tibia hedémur. The fibrous capsule prevents the
joint from undergoing any abnormal movements, and is linethb synovial membrane, which secretes
and absorbs the synovial fluid that lubricates the joint. THtest (40th) edition of Gray’s Anatomy
(Standring (2008)) contains an excellent overview of theekn

When a person walks or stands still the fokce- L(t) acting through the knee pushes the femoral
condyles and the tibial plateau together wher 0, creating a squeeze-film effect, and pulls them
apart wherlL < 0. The synovial fluid may be squeezed into or sucked out of éinillage. Cartilage is
avascular (i.e. it does not have a blood supply) and so thedf@ynovial fluid into the cartilage is one
of the ways that it receives nutrients (see, for example,aéét al. (1990)). It is believed that when
a person walks a thin layer of synovial fluid, reported to beaip x 10~/ m thick (see, for example,
Stewartet al. (1997)), can separate the tibial plateau and the femoradiydes. However, when a
person stands still for an extended period of time it is beliethat the synovial fluid will eventually be
squeezed out of the gap between the tibial plateau and theréoondyles, and so the cartilage-coated
surfaces will eventually come into contact (see, for exanBtewaret al. (1997)); this is undesirable
as it could result in cartilage degradation and promote tisebof osteoarthritis. The recent review
article by Ateshian (2009) and the references therein geaivery useful summary of recent thinking
on cartilage lubrication.

Various squeeze-film flows of various degrees of complexityilar to that studied in the present
work have been proposed as models for the lubrication ofuinggim knee joint (see, for example, Heiu

Femoral Condyle

Articular

Cartilage
Tibial Plateau
Tibia
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Parameter] Typical Size| Units Reference
u 0(107?) Pas | Stewartetal (1997)
7 0(107?) m Nufio & Ahmed (2003)
L 0(10°) N Stewartet al. (1997)
Hp 0(1073) m | Ateshian & Hung (2006)
k 0(107 1) m? | Ateshian & Hung (2006)

Table 1. Typical sizes of the dimensional parameters appgarihe model relevant to the human knee joint.

al (1992) and Skotheim & Mahadevan (2005)), and so it is nataratk what implications the present
results have in this context. Obviously modelling the tagié as a homogenous rigid porous bed (as we
do here) is a highly simplistic idealisation of a very coroptied biological material. In reality, articular
cartilage is a fibrillar matrix of collagen, large aggreggtproteoglycans, and chondrocytes (see, for
example, Mow & Ratcliffe (1997)) which exhibits strong coosgtional heterogeneity and sustains an
osmotic pressure higher than that of the external fluid feeexample, Maroudas (1976)). As a result
of the complexity and importance of cartilage, a number ofhmaatical models for various aspects
of it of varying degrees of sophistication, notably the &inkiphasic theory of Mowvet al. (1980) (see
the review article by Mow & Guo (2002) and the referencesdimgr have been proposed and analysed.
Nevertheless there is some value in using the present higbglised model to investigate some of
the fluid mechanical aspects of the problem, namely the cbtitae of the cartilage-coated femoral
condyles and tibial plateau and the penetration of nuiérto the cartilage. However, before doing
this, two further simplifications inherent in the presentdelarequire some further justification.

First, modelling the femoral condyles as a flat bearing apptabe overly simplistic. However,
Weekleyet al. (2006), who considered the approach of a parabolic sutfeeards a flat surface coated
with a thin elastic layer through a thin layer of Newtoniaridiufound that the elastic layer deforms
in such a way as to create a fluid layer of approximately unifdtrickness, with the consequence that
the approach is qualitatively the same as that of two flatl dgirfaces. Since the femoral condyles are
roughly parabolic and cartilage is poroelastic, we anéi@pmualitatively similar behaviour in the knee,
and thus modelling the femoral condyles as a flat bearingtiamoanreasonable first model.

Second, assuming that only the tibial plateau is coated wvatiilage also appears to be overly
simplistic. However, when the no-slip condition is used tisi mathematically equivalent to both the
femoral condyles and the tibial plateau being coated wittilage layers of half the thickness, and
should therefore also give the correct qualitative behavior the Beavers—Joseph condition.

As we have shown, as the impermeable bearing approachesrsged under a prescribed con-
stant load all of the fluid is squeezed out of the gap in a finitetact timet.. Typical sizes of the
dimensional parameters appearing in the model relevahetbuman knee joint are given in Tablé 1.
In particular, Table 1 shows that the non-dimensional pabiligy k = O(10-1?) is typically very small,
meaning that the limit of small permeabiliky— 0 is most relevant to the human knee. In this limit we
found that the leading order asymptotic solutiontfois given by (4.32), which is independent of the
choice of boundary condition (2.8)—(2.10) and is expregséerms of dimensional variables as

muz*

°Note that the porosity is not included in Table 1 as it is, by definition, dimensioslesdO(1). Ateshian & Hung (2006)
state that for the cartilage in an adult krgées typically between 0.68 and 0.85.
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Hence the present model predicts that when a person stalhdisrst short period of time their knees
may be fluid lubricated, but that when they stand still for ager period of time contact between the
cartilage-coated surfaces may occur. Of course, duringipalactivity such as walking or running a
person repeatedly loads and unloads their knees with a mthpwarying load. Since typically each
step or stride takes around 1 s, which is somewhat less tleatypical size oft; given by (5.1), the
present model also suggests that their knees may also rémditubricated during walking or running.
Moreover, the corresponding size lof= O((Hpk)/%) = O(107) m is consistent with the value of
5x 10~’ m quoted by Stewast al. (1997).

We also found that in the limit of small permeability the leagorder asymptotic solution for the
penetration depthyen of fluid particles initially situated in the fluid layer intbé porous bed is given by
(4.49) and is expressed in terms of dimensional variables as

1.1027Hpk) /3
Zpen= 7Epp) =0(10")m, (5.2)

which is much less thakl,. Hence the present model predicts that when a person stéifidmg
nutrients initially in the fluid layer penetrate only a rélety small distance into the cartilage. Moreover,
the relative penetration depien— 7o of fluid particles initially situated in the porous bed is givby
(4.54) and is expressed in dimensional variables as

21(Hp + 20) (12Hpk) /3
3V/3¢H,

Zoen— 20 = — =0(10 ")m, (5.3)

which is of approximately the same sizezgs, given by (5.2). Hence the present model also predicts that
when a person stands still any nutrients initially in theitzge penetrate only a relatively small distance
further into it. However, the cumulative effect of repealealding and unloading of the knees may alter
this conclusion. Assuming that a reasonably active perak@sO(10%) steps per day, the size of the
relative penetration depth given in (5.3) corresponds t@gimum cumulative vertical displacement of
O(10-3) m, which is comparable witHlp, i.e. the present model also suggests that the cumulatiset ef

of repeated loading and unloading of the knees during palativity such as walking or running may
be sufficient to carry nutrients deep into the cartilage.
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A. Two-Dimensional Problem

The main body of the present work concerns an axisymmettieesze-film flow. However, the corre-
sponding two-dimensional problem is also of some interedtraay be analysed in the same manner.
Accordingly, in this Appendix the main results for the twisrénsional problem shown in Figure 12 are
described and the key similarities to and differences flioacbrresponding results for the axisymmetric
problem are highlighted.

Consider, with reference to the two-dimensional Cartes@ordinate systenix,z) shown in Fig-
ure 12, the two-dimensional problem of a bearing of (dimemsi) semi-widthZ” with (dimensional)
loadL = L(t) per unit width. This problem is non-dimensionalised in thene way as the axisymmet-
ric problem (2.15) with¢ in place of% and uv.£?/HZ in place ofuV.%°3/H? as the characteristic
scales for horizontal distance and load, respectively.hiiizontal and vertical components of the fluid
velocity, v = W(X, z t) andv, = v;(x,z,t), are given by

(h—2) [(C{th |(l/2)ZJr kl/z(thZéakl/Z)} ap

Vy = — 2(ah+kl/2) &7 (Al)
v 2(ah+kY2)(6k — 2%) + 3ar (h? — 20k)Z + 6kY/?h(h+ 25 akY/2) 2 9%p A2)
£ 12(ah+k/2) ox2’ '

respectively, the horizontal and vertical components ef Brarcy velocity,ux = ux(X,zt) andu; =
Uz(x,zt), are given by

op 9%p
Ko uZ:k(1+Z)W7 (A.3)

respectively, and the unsteady Reynolds equation govg@th&pressure = p(x,t) is

UX:

dh  h?(ah®+4kY2h+ 65 ak) + 12k(ah+kY2) 9%p
& 12(ah+ ki/2) 0

(A.4)

Integrating (A.4) twice with respect t®, applying the boundary conditions= 0 atx = +1, and
imposing the load condition

1
L) =2 /o pdx (A.5)

yields the pressure
3L(t)(1—x?)

p= a ; (A.6)
and the differential equation governing the fluid layer kiniessh = h(t):
1/2
L(t) = — 8(ah+k+/<) dh A7)

h?(ah? + 4kY/2h+ 65 ak) + 12k(ah+ k/2) dt °

Equation (A.7) is very similar to the corresponding equa{i®.2) in the axisymmetric case. In partic-
ular, in the special case of constant Idaé Lo > 0 equation (3.2) can be recovered from (A.7) simply
by rescaling with 3mt/16, and hence the solutions for the fluid layer thicknessh(t) and the con-
tact timet; in the two-dimensional case may be readily obtained fronctveesponding results in the
axisymmetric case.
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L= L(t) g
Bearing
Fluid _
Layer : h = h{t)

Rigid Impermeable Surface

2L

FIG. 12. The geometry of the two-dimensional problem.

The path(x, z) taken by a fluid particle is governed by

1dx  6(h—2)[(ah+kY2)z4+KkY?(h+25akY/?)] (A8)

xdh — h2(ah?+4kY2h+65ak) + 12k(ah+k/2)’ '
dz  2(ah+kY?)(6k—2%) + 3a(h? — 25K)Z + 6kY/?h(h+ 25 ak"/?)z A.9)

dh h2(ah? + 4kY/2h + 65 ak) + 12k(ah+ k1/2) '

in the fluid layer 0< z< h, and

lox 12k(ah+ kY2 (A.10)

xdh —  @[h2(ah?+4kY/2h+ 66 ak) + 12k(ah+k1/2)]’ '
1 dz 12k(ah+kY?) (A11)

1+zdh @[h?(ah?+4kY2h+65ak) +12k(ah+k/2)] '

in the porous bed-1 < z< 0. Hence the particle paths in the porous bed are given by

X 14729 12(/“ as+ kY2
o = - d A.12
X 1+z eXpl 90 Jo (as 1 4kY2s 1 65ak) + 12k(ast K2) |’ (A12)

and so, in particular, always satisfyl + z) = xo(1+ zp) = constant. Equations (A.9) and (A.11), which
govern the vertical positiom = z(t) of a fluid particle, are identical to the corresponding eipunest
(3.15) and (3.17) in the axisymmetric case, and hence thaise$ forz = z(t) andzpen in the two-
dimensional case may be immediately obtained from the spomding solutions in the axisymmetric
case. Moreover, the right-hand sides of equations (A.8JArkD), which govern the horizontal position
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x = X(t) of a fluid particle, differ from the right-hand sides of theresponding equations (3.14) and
(3.16) forr =r(t) in the axisymmetric case by only a factor of 2, and so the &widor x = x(t) in the
two-dimensional case may be readily obtained from the mwidfor r = r(t) in the axisymmetric case
by using the simple relationshig'xo = (r /ro)>?.

B. Limit of Large Permeability k — o

In this section asymptotic solutions for the fluid layer Briessh = h(t) (§B.1) and the fluid particle
paths(r, z) (§B.2) in the limit of large permeabilitk — c are obtained.

In this limit it will transpire that the contact timg = O(k—%) < 1 is small, and, unlike in the limit
of small permeabilitk — O described irg4, a regular perturbation expansion fut) in powers of
k~1/2 <« 1 is uniformly valid up to the contact time, making this lirsiitmewhat easier to analyse.

B.1 Asymptotic Solution for k= h(t)
Since the contact timg = O(k—1) we re-scale time according to
t =k 1T, (B.1)

whereT is O(1) in the limitk — . Seeking a regular perturbation solution to (3.2) Witk Lo of the
form

h(T) = ho(T) +k Y?hy(T) +O(k 1), (B.2)
atO(1) andO(k~%/2) we have
dhp _ 8Lo
T (B:3)
dny  dah3
= 2 (B.4)

respectively. Solving (B.3) and (B.4) subject to the initianditionshp(0) = d andh; (0) = 0 yields the
solutions
ho=d - =07 (B.5)

hy = — (B.6)

Note that, unlike in the limit of small permeabiliy— 0, the effect of permeability appears at leading
order and the leading order solutibggiven by (B.5) becomes zero at the finite tifie= T, = rd/8L,.
Figures 2(a) and 3(b) compare the leading order l&rgsymptotic solution foh = h(t), i.e.

T

with the exact solution for=t(h) given by (3.8). The contact tinte= t; has the asymptotic expansion

_m  mead®
~ 8Lok  48Lgk3/2
Figure 2(b) compares the leading order lakgesymptotic solution fot, i.e.

_
~ 8Lok’

tc O(k™2). (B.8)

te (B.9)
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with the exact solution given by (3.11). As for the corresgiog result in the limit of small permeability

k — 0 given by (4.31), the Beavers—Joseph constaappears at first order in the largeasymptotic
expansion fott; given by (B.8), but inspection of the first order term revetlst increasing the slip
lengthls now increases (rather than decreases) the contactdjrmensistent with the behaviour shown
in Figure 3(b). However, unlike in the limit of small permdép k — 0, the asymptotic expansion for
tc given by (B.8) is not uniformly valid in the limitr — o (i.e. in the special case of zero slip length,
Is = 0) corresponding to the boundary condition (2.9), and sogpecial case is treated separately by
Knox (2013).

B.2 Asymptotic Solution for the Fluid Particle Paths

B.2.1 Fluid Particles Initially Situated in the Fluid Layepz> 0 From (3.14) and (3.15) the leading
order equations for the path of a fluid particle in the fluiddiagre simply

dr
ah = 0, (B.10)
dz
pr 1 (B.11)
Solving (B.10) and (B.11) subject to (3.18) yields
r=ro and z=h-h*, (B.12)

whereh* = d — zy, showing that (since, = O(k) > 1 is larger tharv; = O(k'/2) > 1) at leading order
the particle moves vertically downwards through the fluigtlareaching the interfa@= 0 whenh = h*
corresponding td = T* = 11zy/8L, which from (B.1) corresponds to the time

TiZo

(B.13)
In particular, this means that the leading order lakgesymptotic approximation to the curve= 1 is
simply the straight lineg = 1. Figure 7 compares the straight ling= 1 with the exact solution for
r*=1fork=10.

From (3.16) and (3.17) the leading order equations for tlie pia fluid particle after it has entered
the porous bed are

1ldr 1
rdh T 29 (B.14)
1 dz 1
Solving (B.14) and (B.15) subject to the initial conditians ro andz= 0 ath = h* yields
h*—h
r = roexp< 20 ) , (B.16)

z = —1+exp(—h(;h) (B.17)
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for 0 < h < h*. In particular, settindy = 0 in (B.17) shows that the leading order asymptotic solution
for Zpenis
h*
Zpen= _1+exp<—(p> : (B.18)

which, in contrast to the corresponding result in the linfisimall permeabilityk — 0 given by (4.49),
depends omp (via h*) but is independent df. Figure 6(c) compares the fluid particle pathg) with
the leading order largk-asymptotic solution given by (B.12), (B.16) and (B.17). Utig 8(b) compares
the leading order largk-asymptotic solution foryen given by (B.18) with the exact solution.

B.2.2 Fluid Particles Initially Situated in the Porous Beglz 0 A similar analysis for fluid particles
initially situated in the porous bed (i.e. with < 0) yields

ro= roexp<d2(ph>, (B.19)
d—h

z = —1+(1+zo)exp(—(p>, (B.20)

Zpen = —1+(l—|—20)eXp(—g). (B.21)

Figure 6(c) compares the fluid particle pathsz) with the leading order largk-asymptotic solution
given by (B.19) and (B.20). Figure 8(d) compares the leadmigr largek asymptotic solution fozyen
given by (B.21) with the exact solution.
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