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HIGHER RAMANUJAN EQUATIONS
AND PERIODS OF ABELIAN VARIETIES

TIAGO J. FONSECA

ABSTRACT. We describe higher dimensional generalizations of Ramanujan’s classical differential
relations satisfied by the Eisenstein series F2, F1, Fg. Such “higher Ramanujan equations” are
given geometrically in terms of vector fields living on certain moduli stacks classifying abelian
schemes equipped with suitable frames of their first de Rham cohomology. These vector fields
are canonically constructed by means of the Gauss-Manin connection and the Kodaira-Spencer
isomorphism. Using Mumford’s theory of degenerating families of abelian varieties, we construct
remarkable solutions of these differential equations generalizing (E2, Ea, Es), which are also shown
to be defined over Z.

This geometric framework taking account of integrality issues is mainly motivated by questions in
Transcendental Number Theory regarding an extension of Nesterenko’s celebrated theorem on the
algebraic independence of values of Eisenstein series. In this direction, we discuss the precise relation
between periods of abelian varieties and the values of the above referred solutions of the higher
Ramanujan equations, thereby linking the study of such differential equations to Grothendieck’s
Period Conjecture. Working in the complex analytic category, we prove “functional” transcendence
results, such as the Zariski-density of every leaf of the holomorphic foliation induced by the higher
Ramanujan equations.
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0. INTRODUCTION

0.1. Motivation. The higher Ramanujan equations are higher dimensional generalizations of the
classical Ramanujan differential relations between the Eisenstein series

o nq” 00 ngqn o n5qn
Ba@)=1-24) =5 B@=1+240) 1=, Bolg)=1-504) 7—.
n=1 n=1 n=l

In 1916 [69] Ramanujan proved that these formal series satisfy the system of algebraic differential
equations

E? - E, E2E4 — Eg EyEg¢ — E?

0Fy = —2 " QgF,=—""" "2 (Fg=-—<-°> "4

(R) 2 12 ; 4 3 ; 6 2 )
where 6 = qd%. The study of equivalent forms of such differential equations actually predates

Ramanujan. To the best of our knowledge, Jacobi [37] was the first to prove in 1848 that his
Thetanullwerte satisfy a third order algebraic differential equation. Equivalent differential equations
were also introduced by Darboux in 1878 and subsequently studied by Halphen and Brioschi; see
the introduction of [34] and the references therein.

Further, in 1911, Chazy [14] considered a differential equation! satisfied by the Eisenstein series
FE5 which plays an important role in his classification of differential equations of third order:

(®) 03By = E20°Ey — g(9E2)2.

We refer to [62] for a thorough study of Jacobi’s, Halphen’s, and Chazy’s equations, and the relations
between them. Note that Ramanujan’s and Chazy’s equations concern level 1 (quasi)modular forms,
whereas the equations of Jacobi and Halphen involve level 2 (quasi)modular forms.?

A higher dimensional generalization of Jacobi’s equation concerning Thetanullwerte of complex
abelian varieties of dimension 2 was first given by Ohyama [63] in 1996, and for any dimension

In Chazy’s original notation (cf. [14] (4)) the equation he considered is written as v/ = 2yy” — 3(y')%. If

derivatives in this equation are with respect to a variable ¢, equation (C) is obtained from this one by the change of

variables g = e?t.

3
2The reader might also be familiar with the fact that the j-invariant j = 1728% (as any other elliptic modular

4 6
function) satisfies an algebraic differential equation of the third order; this follows immediately from the Ramanujan

equations, which show that the ring of quasimodular forms Q[Es2, E4, E¢] is closed under 0 (cf. [80]).
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by Zudilin [81] in 2000; see also Bertrand-Zudilin [5]. In another direction, differential equations
related to Hilbert modular forms were studied by Resnikoff [71] in 1972, and by Pellarin [68] in
2005.

This paper grew out from our attempt to obtain a more conceptual understanding of the Ra-
manujan equations and of their higher dimensional extensions, aiming to shed some light on their
arithmetic and geometric properties. A key motivation for this program is the crucial role played by
the original Ramanujan equations (R) and by the integrality properties of the series Ea, Fy4, Eg in
Nesterenko’s celebrated result on the transcendence of their values, when regarded as holomorphic
functions on the complex unit disc D = {g € C | |¢| < 1}:

Theorem 0.1 (Nesterenko [60], 1996). For every g € D \ {0},
trdegqQ(q, E2(q), Ea(q), Es(q)) > 3.

Note that Zudilin’s work on Thetanullwerte [81] and Pellarin’s study of the differential properties
of Hilbert modular forms [68] were also motivated by this same algebraic independence result.

In contrast with the concrete methods of Ohyama, Resnikoff, Zudilin, Bertrand, and Pellarin,
relying on modular functions and their derivatives, we follow a geometric approach initially based
on Movasati’s reinterpretation of the Ramanujan equations as a vector field living on a suitable
moduli space of elliptic curves (see [53], [54]).% Namely, we construct by purely algebraic methods
some higher dimensional avatars of the system (R), involving suitable moduli spaces of abelian
varieties enjoying remarkable smoothness properties over Z. The definition of such moduli spaces
presupposes the choice of a PEL moduli problem of abelian varieties, and we work out this theory
in the Siegel and the Hilbert-Blumenthal cases.

Another distinguishing feature of our approach lies in our emphasis on integrality phenomena.
Accordingly, it is imperative to work in “level 1”7, although it should be clear that we can also include
higher level structures in the picture. This introduces certain representability issues, and naturally
leads to the use of (Deligne-Mumford) algebraic stacks. As we shall explain below, the appearance
of stacks is not a serious problem, since it is possible to recover a purely scheme-theoretic situation
(preserving integrality) if needed.

Besides the construction of the higher Ramanujan equations and the study of some of their
geometric properties, we take Nesterenko’s theorem as a guiding example to explore the deep
connections between such differential equations and the vast landscape of problems in the theory of
transcendental numbers pertaining to Grothendieck’s Period Conjecture, specially in relation with
periods of abelian varieties. We also discuss future directions, and speculate on possible applications
of our constructions to transcendental number theory, such as the algebraic independence of 7,
I'(1/5), and I'(2/5).

0.2. Higher Ramanujan equations over Z; Siegel case. We now explain our main results
regarding the construction of the higher Ramanujan equations attached to a Siegel moduli problem.
This suffices for the purposes of this introduction, since their Hilbert-Blumenthal counterparts are
obtained through a similar yoga.

30ne may argue that this point of view is already contained, although not explicitly in the form of a vector field
on a moduli space, in the concept of Serre derivative of modular forms ([74] 1.4) and in its geometric interpretation
in terms of the Gauss-Manin connection given by Deligne ([39] Al1.4).
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Fix an integer g > 1. Let k be a field, and (X, \) be a principally polarized abelian variety over
k of dimension g (here, A denotes a suitable isomorphism from X onto the dual abelian variety X?).
The first algebraic de Rham cohomology Hly(X/k) is a k-vector space of dimension 2g endowed
with a canonical subspace F1(X/k) = H°(X, Qﬁ(/k) of dimension g — the Hodge filtration — and

a non-degenerate alternating k-bilinear form
() )xt Hag(X/k) x Hap(X/k) — k

induced by the principal polarization A. By a symplectic-Hodge basis of (X, \), we mean a basis
b= (wi,...,wg,M,...,ng) of the k-vector space H(}R(X/k), such that

(1) each w; is in F'(X/k), and

(2) b is symplectic with respect to { , ), that is, (wi,w;j)x = (i, n;)x = 0 and (w;, nj)x = di;

for every 1 <i,5 <g.

The above notions generalize to abelian schemes over arbitrary base schemes (see Paragraph 2). We
may thus consider a moduli stack B, over Spec Z classifying principally polarized abelian varieties
of dimension g equipped with a symplectic-Hodge basis.

Let A, denote the moduli stack of g-dimensional principally polarized abelian varieties, and P,
denote the Siegel parabolic subgroup of Spy,. Then, the stack By can be regarded as a “principal
P,-bundle” over A, via the canonical forgetful map B, — A,;. We shall deduce from this that B,
is a smooth Deligne-Mumford stack over SpecZ of relative dimension 2¢g + g (Theorem .41).

The Deligne-Mumford stack By is not representable by a scheme, or even an algebraic space.
Nevertheless, we have the following representability theorem.

Theorem 0.2 (see Theorem .80). The Deligne-Mumford stack By ® Z[1/2] is representable by a
smooth quasi-affine scheme By over Z[1/2] of relative dimension 292+ g.

This also answers a question of Movasati (see Paragraph 0.6.1 below). The representability
of By ® Z[1/2] by a scheme relies essentially on a theorem of Oda ([61] Corollary 5.11) relating
H!: (X/k) to the Dieudonné module associated to the p-torsion subscheme X [p] when k is a perfect
field of characteristic p.

Next, we study the tangent bundle Tj ;7. We show that the Gauss-Manin connection induces
a canonical horizontal structure on Ty ;7 with respect to By — A,. Namely, if V denotes the
Gauss-Manin connection on the de Rham cohomology of the universal abelian scheme over B, and
b= (wi,...,wg,M,...,Ng) denotes the universal symplectic-Hodge basis over B, then we have the
following result.

Theorem 0.3 (see Theorem .50 and Definition .51). Let Ry be the subsheaf of T,/z given by the
vector fields v such that Vyn; = 0 for every 1 < j < g. Then Ry is an integrable subbundle of
Ts,/z such that

T4, P Rg =15,z

We then explain how the deformation theory of abelian schemes canonically yields a global trivi-
alization (vi;)1<i<j<g of Ry; these are the higher Ramanujan vector fields (see Section 5 for precise
statements). Alternatively, these vector fields may be characterized by the following formulas.

Proposition 0.4 (see Proposition .61 and Remark .62). For every 1 <i < j < g we have
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(1) V,wi = 05, Vo,,wj =i, and Voy,;we =0 for every k & {i,j},
(2) Voo =0 for every 1 < k < g,
and these equations completely determine v;;.

Next, we explain in Section 6 how to construct a particular integral solution of the higher Ra-
manujan equations. Namely, for 1 < i < j < g, let ¢;; be a formal variable, and consider the
ring

Z((gij) = Z]q11, - - -, qgq][(qr1 - - "Igg)il]-
We obtain from Mumford’s classical construction of degenerating families of abelian varieties [57],
a principally polarized abelian scheme (Xg, j\g) over Z((g;;)) which can be formally represented by
the quotient

Xg :Gfgn/<(q1j""7QQj) | 1<y §g>v

and admits a canonical trivialization of F'(X,/Z((qi;)) = H(X,, Q; /Z«q”») given by
g )
dt;
tj
where #1,...,t, denote the coordinates on Gf,.

Theorem 0.5 (see Theorem .71). Let V be the Gauss-Manin connection on Hlz(X,/Z(gi;)) and,
for 1 <k <g, define

=V, o W
Mk Gk g k

Then:
(1) the 2g-uple i)g = (@1,...,@g,M,...,7g) is a symplectic-Hodge basis of (Xg, 5\g), and
(2) the morphism
¢g : Spec Z((qi;)) — By,
associated to Bg by the universal property of By, satisfies the differential equations
Qij% = Vij 0 Py
8%’3’
forevery1 <i<j<g.

In spite of the above result being purely algebraic, we shall actually prove it via analytic methods
in Section 11.

At this point, let us briefly remark that it is possible to pass to a scheme-theoretic picture
by considering the ring of global sections I'(By, Op,). Namely, the higher Ramanujan vector fields
“extend” to derivations of I'(By, Op, ), so that the composition of $, with the canonical map By —
SpecI'(By, Op, ) still satisfies the higher Ramanujan equations. Since By ® Z[1/2] is representable
by a quasi-affine scheme, little information is lost when replacing B, by SpecI'(B,, O, ).

When g = 1, we shall recall how By may be identified, by means of the classical theory of elliptic
curves, with an open subscheme of A%[l o] = SpecZ[1/2,bo, bg, bg]. Under this isomorphism, the
vector field vy gets identified with
0

d d
2by—— + 3bg—— + (babg — bﬁ)a—b6

0bs 0by
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(which is, up to scaling, the vector field associated to Chazy’s equation (C)), and

R 1 1
Y1 = (EQ, §9E2, EHQEQ).

We also show that B;®Z[1/6] may be identified with the open subscheme Spec Z[1/6, e, e4, €6, (€3 —
e2)™1] of A%[l /6]’ and that, under this isomorphism, the vector field v1; gets identified with the
“original” vector field associated to the Ramanujan equations (R):

_6%—64 0 egeq —eg O ezeﬁ—ei 0

12 862 3 864 2 866 '

Naturally, under this identification, we have

Sbl = (E27 E47 EG)

(0.1)

Remark 0.6. One might remark that our theory in ¢ = 1 yields a curve ¢; with coefficients in
Z((q)), while Eisenstein series are actually regular at ¢ = 0, i.e., Eg € Z[q]. To remedy this (with
g arbitrary), one must work more generally with semi-abelian schemes, with logarithmic de Rham
cohomology, and with smooth toroidal compactifications of Ay, as developed in [24]. In this paper,
we shall not elaborate further on this point.

0.3. Interlude: Grothendieck’s Period Conjecture. As explained above, questions in Tran-
scendental Number Theory constitute our main source of motivation for the study of these higher
dimensional analogs of Ramanujan’s equations. In order to fully motivate the precise statements of
our next results, we now digress into a discussion of periods of abelian varieties and Grothendieck’s
conjecture on the algebraic relations between them.
Let X be an abelian variety defined over a subfield k¥ C C. By a period of X over k, we mean
any complex number of the form
[o
.

where « is an element of the first algebraic de Rham cohomology Hjg (X/k) and v € H1(X(C), Z)
is the class of a singular 1-cycle. We define the field of periods P(X/k) as the smallest subfield of
C containing k and all the periods of X over k. Equivalently, P(X/k) may be regarded as the field
of rationality of the comparison isomorphism

HIz(X/k) @, C = HY(X(C),C) = Hom(H(X(C),Z),C).

A central problem in the theory of transcendental numbers is to determine, or simply to estimate,
the transcendence degree over Q of the field of periods P(X/k).

In a first approach, one might observe that any algebraic cycle in some power X" = X Xp--- X X
of X induces an algebraic relation between its periods (cf. [22] Proposition I.1.6). Broadly speaking,
Grothendieck conjectured that every algebraic relation between periods of an abelian variety can
be “explained” through algebraic cycles on its powers.

A convenient way of giving a precise formulation for Grothendieck’s conjecture for abelian vari-
eties is by means of Mumford-Tate groups. Let X be a complex abelian variety, and denote by H the
Q-Hodge structure of weight 1 with underlying Q-vector space given by H'(X(C), Q), and Hodge



HIGHER RAMANUJAN EQUATIONS 7

filtration F'H given by H(X, Qﬁ(/c) C Hlz(X/C) 2 H'(X(C),Q) ®q C. The decomposition
Hc = F'H @ F'H corresponds to the morphism of real algebraic groups
h:C* — GL(HRg),

where h(z) acts on F'H by a homothety of ratio 2!, and on F''H by a homothety of ratio z~!. The
Mumford-Tate group MT(X) of X is defined as the smallest Q-algebraic subgroup of GL(H) such
that h factors through MT(X)gr. It can also be interpreted as the smallest Q-algebraic subgroup
of GL(H) x Gy, q fixing all Hodge classes in twisted mixed tensor powers of the Q-Hodge structure
H (cf. [22] 1.3).

The following formulation of Grothendieck’s Period Conjecture (GPC) for abelian varieties is a
specialization of the “Generalized Period Conjecture” proposed by André ([1] 23.4.1; see also [47]
Historical Note pp. 40-44 and [29] footnote 10).

Conjecture 0.7 (Grothendieck-André). For any abelian variety X over a subfield k C C, we have

2
trdegqP(X/k) > dim MT(X¢).
It follows from Deligne [20] (cf. [22] Corollary 1.6.4) that we always have the upper bound
trdegqP(X/k) < dim MT(Xc) + trdegqk.

In particular, if k is contained in the field of algebraic numbers Q C C — the case originally
considered by Grothendieck — the above conjectural inequality becomes the conjectural equality

trdegqP(X/k) = dim MT(Xc).

In the case dim X = 1, the Mumford-Tate group of a complex elliptic curve may be easily computed.
Its dimension only depends on the existence or not of complex multiplication, and GPC predicts
that

2 if X¢ has complex multiplication

?
trdegQP(X/ k) 2 { 4 otherwise.

Even in this minimal case, GPC is not yet established in full generality — only the complex
multiplication case is understood; see below. Nevertheless, an approach that has been proved
fruitful for obtaining non-trivial lower bounds in the direction of GPC relies on a modular description

of the fields of periods of elliptic curves, which we now recall.
Let E be a complex elliptic curve and let 7 € C be its j-invariant. Then E admits a model
E: y*=4a"— gz — g3
with g2, g3 € Q(j), and we can consider the algebraic differential forms defined over Q(7)
dx dx
wi=—, mn=zr—.
Y

They form a (symplectic-Hodge) basis of the first algebraic de Rham cohomology Hg (E/Q(j)). If
(7,9) is any basis of the first singular homology group Hy(E(C),Z), we may consider the periods

w1—/u), w2—/w, 771—/77, 772—/77~
¥ 6 ¥ 1
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We may assume moreover that the basis (7,0) is oriented, in the sense that their topological
intersection product v -9 = 1.
The field of periods of E is given by

P(E/Q>)) = Q(J, w1, wa,m1,12)-

Now, observe that w; # 0 and let

w2
T =
w1
As the basis (v,d) of Hi(E(C),Z) is oriented, the complex number 7 is in the Poincaré upper
half-plane H. By the classical theory of modular forms, we have

w1 m wi \4 wi \6
By(r) = 12 (—) <—)  Ey(r) =12 (—) . Eg(r) = —21 (—)
2(7) o) \5m 4(7) 92\ 5 6(7) 693 i

Here, we see the Eisenstein series Ey;. as analytic functions on H via the change of variables
2miT
q=e"".

Finally, Legendre’s period relation and the definition of j show that P(E/Q(j)) is a finite ex-
tension of the field Q(2ni, 7, Eo(7), E4(7), E6(7)), and we obtain in particular
(0.2) trdegqP(E/Q(j)) = trdegqQ(27i, 7, E2(7), E4(7), Es(T)).

In this way, the problem of estimating the transcendence degree of fields of periods of elliptic
curves translates into the problem of estimating the transcendence degree of values of some analytic
functions. Accordingly, the theorem of Nesterenko stated above asserts that, for any 7 € H,

trdegQQ(e%iT, Es(1), E4(1), Es(T)) > 3.
As an immediate consequence, we obtain
trdegqQ(27i, 7, Ea(7), E4(7), E6(7)) = trdegqQ(E2(7), Ea(7), Eo(1)) > 2

for any 7 € H. Equivalently, by equation (0.2), for any complex elliptic curve E, we obtain the
uniform bound

trdegqP(E/Q())) > 2.

which is sharp when F has complex multiplication. This last result had already been previously
established by Chudnovsky (cf. [15]) via elliptic methods.*

0.4. Analytic higher Ramanujan equations, periods of abelian varieties, and transcen-
dence. In this paper, we also generalize the modular description (0.2). For this, we consider a
complex analytic avatar of ¢4: an analytic map

Pg - Hg — Bg(c)v
parametrized in the Siegel upper half-space

— _ T _
Hy = {7 = (Th)1<ki<g € Mgxg(C) | 7" =7, Im7 > 0},
4We should also point out that the modular parameter e*™, ignored in our discussion, can also be seen as a
period. Namely, it is a period of a certain 1-motive naturally attached to E. We refer to [3] (cf. [1] 23.4.3) for further
discussion on these matters.
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which, loosely speaking, coincides with ¢, through the change of variables qi; = e?™kl . For
instance, under the above identification of By ® Z[1/6] with an open subscheme of A%[l /6]’ the
analytic map ¢1 : Hy = H — B;(C) is given by

T+ (Eo(7), Ea(T), E6(T)).

In other words, ¢, should be regarded as the “g-expansion” of .
Now, for any 7 € Hy, let X; be the complex abelian variety given by the (polarizable) complex
torus C9/(Z9+717Z9). It admits a canonical principal polarization A, induced by the Riemann form

CIxCI—R
(v,w) — Im(T" (Im 7) " tw).

Let k; be the field of definition of (X, A;); formally, &k, is the residue field of the point in the
(coarse) moduli space of principally polarized abelian varieties A, given by the isomorphism class
of (X, Ar).

Theorem 0.8 (see Theorem .149). For any 7 € Hy, the field of periods P(X:/k;) is a finite
extension of Q(2mi, T, 4(T)).

Here, Q(27i, T, pq4(7)) is defined as the residue field in A}Q xq Sym, g XQBy,q of the complex
point (2mi, T, pg(7)), where Sym,, denotes the group scheme of symmetric matrices of order g x g.
It follows from the above theorem that

trdegqP (X, /kr) = trdegqQ(2mi, 7, g (7).
This generalized modular description raises the question of whether it is possible to adapt Nesterenko’s
methods to this higher dimensional setting; see Paragraph 0.5 below. This problem leads us to the
study of the higher Ramanujan foliation, namely, the holomorphic foliation on B, (C) generated by
the higher Ramanujan vector fields. We prove the following result.

Theorem 0.9 (see Theorem .203). Every leaf of the higher Ramanujan foliation on Bg(C) is
Zariski-dense in By c.

This property of a foliation plays an important role, at least in the case in which leaves are one
dimensional (where it implies Nesterenko’s D-property), in the “multiplicity estimates” appearing
in applications of differential equations to transcendental number theory (cf. [6], [59], [60]).

The Zariski-density of the image of ¢, : Hy — By(C) in By ¢ also implies the a priori stronger
result that its graph

{(7,04(7)) € Sym,(C) x By(C) | 7 € Hy}

is Zariski-dense in Sym, ¢ XcBy,c. This can be interpreted as a “functional version” of GPC:
roughly, it says that there is no algebraic relation simultaneously satisfied by the periods of every
(principally polarized) abelian variety other than the relations given by the polarization data.’

We shall also use our Zariski-density result to establish a relation between our work and that of
Bertrand and Zudilin [5] concerning derivatives of Siegel modular functions.

5Such “functional version” is an example of a statement that must hold if GPC is true. This follows from the
existence of 7 € HY NSym,, (Q) such that dim MT(X,) = 2¢% + g+ 1 (or, equivalently, MT(X,) = GSp,, q); cf. [73].
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Proposition 0.10 (see Paragraph 15.4). The field of functions Q(By,q), identified with a field of
meromorphic functions on Hy via @4, is a finite extension of the differential field generated by the
Siegel modular functions defined over Q.

In particular, the generalization of Mahler’s result [49] on the algebraic independence of the
holomorphic functions 7, €?™7, Ey(7), E4(7), and Eg(7), of 7 € H, obtained by Bertrand and
Zudilin [4] in the context of Siegel modular functions, also holds in our context: the set

{(7.4(7),04(7)) € Symy(C) x Symy(C) x By(C) | 7 € Hy}

is Zariski-dense in Sym, ¢ x¢ Sym, ¢ XcBy,c, where (1) == (XML ) g 1<y

Our proof of Theorem .9 will rely on a characterization of the leaves of the higher Ramanujan
foliation in terms of an action by Sp2g(C). In fact, from the complex analytic viewpoint, the
complex manifold By(C) and the higher Ramanujan vector fields admit a simple description in
terms of Lie groups.

Namely, we shall explain in Section 14 how to realize B,(C) as a domain (in the analytic topology)
of the quotient manifold Sp,,(Z)\ Spy,(C).

Theorem 0.11 (see Theorem .179). Under this identification:

(1) The vector field vy is induced by the left invariant holomorphic vector field on Spy,(C)
associated to

1 0 Ekl
271

0 0 >€LieSp2g(C).

(2) The map ¢4 : Hy — By(C) is given by
1, 7
T — [( Og 1, >] € Spyy(Z)\Spyy(C).

In the above statement, EF is the symmetric matrix of order g x g whose entry in the kth row
and [th column (resp. Ith row and kth column) is 1, and whose all other entries are 0, and 1,
denotes the identity matrix of order g x g.

This result enables us to obtain every leaf of the higher Ramanujan foliation as the image of
a holomorphic map ¢s : Us — By(C) defined on some explicitly defined open subset Us C H,
obtained from ¢, via a “twist” by some element ¢ € Spy,(C).

In the case g = 1, the above twisting procedure may be illustrated as follows. Let

5:(‘; Z)ESLQ(C),

let Us = {T € H| cr + d # 0}, and define a holomorphic map ¢s : Us — B1(C) C C3 by

12
s(r) = (o7 + APB(r) + 32o(er ). fer + ) Ba(r), (o7 + AP Eu())
Then one may easily check that (s satisfy the differential equation
%?—(CT‘FCZ) VO Ys

where v is the classical Ramanujan vector field defined by (0.1).
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0.5. The Hilbert-Blumenthal case and an algebraic independence conjecture. Parallel to
the above geometric generalization of the Ramanujan equations in terms of a Siegel moduli problem,
we may develop similar theories concerning polarized abelian varieties with extra endomorphism
structure, which has the effect of producing moduli spaces with fewer dimensions. This might be
advantageous for applications to transcendental numbers, which should necessarily take “special
subvarieties” into account, as we shall explain below.

To illustrate this point, we consider abelian varieties with real multiplication. Namely, let F
be a totally real number field of degree g > 1, and denote by R its ring of integers. Then, an
R-multiplication (with Rapoport’s condition) on a principally polarized abelian variety (X, \) is
a morphism of rings m : R — Endi X invariant by the Rosatti involution defined by A, and
for which F'(X/k) becomes a free k ®z R-module of rank 1. The moduli problem of principally
polarized abelian varieties endowed with an R-multiplication is an example of a Hilbert-Blumenthal
moduli problem.

Accordingly, we shall also consider a smooth Deligne-Mumford moduli stack Br over Spec Z of
relative dimension 3¢, classifying principally polarized abelian varieties with an R-multiplication
and a symplectic-Hodge basis “compatible” with it. Here, we also have that Br ® Z[1/2] is repre-
sentable by a quasi-affine smooth scheme B over Z[1/2].

As in the Siegel case, we shall also construct a family of higher Ramanujan vector fields on Bp,
and a canonical analytic solution

(o) ol HY — B F(C)
with integral “g-expansion” @ (see Paragraphs 5.3, 5.7, 6.4, 11.5, and 11.6 for precise statements).
Moreover, we shall also establish a precise relation between the values of ¢ with fields of periods
of principally polarized abelian varieties with R-multiplication (Theorem .150).

Remark 0.12. The Siegel and Hilbert-Blumenthal higher Ramanujan equations are constructed
by a similar procedure, and satisfy various natural compatibilities (see Remarks .40, .67, and .146).
This observation hints to the existence of an underlying theory of higher Ramanujan equations
attached to more general Shimura varieties (cf. Section 14). We refer to Movasati [55] for a Hodge-
theoretic approach to these questions, which also allows to consider examples unrelated with abelian
varieties (cf. Scholium 0.6.1 below).

In the case of abelian surfaces, we formulate the following algebraic independence conjecture.

Conjecture 0.13. Let F be a real quadratic number field. Then, for every 7 € H2\ HZf, we have

trdegqQ(¢r(7)) ; 3.

Here, HZr is a countable union of certain special divisors of H?, first introduced and stud-
ied by Hirzebruch and Zagier (see Paragraph 13.1), classifying abelian surfaces with quaternionic
multiplication.

The above statement is a higher dimensional analog of the uniform bound

trdegQQ(E2(T)7 E4(T)7 EG(T)) =2

for 7 € H, which can be obtained, as explained above, as a corollary of Nesterenko’s theorem.
Correspondingly, we shall prove that Conjecture .13 implies Grothendieck’s Period Conjecture for
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complex multiplication abelian surfaces; for instance, by considering the Jacobian of the curve
y> = 1 — 2° we see that such conjecture for F = Q(+/5) contains the classical conjecture on the
algebraic independence of 7, I'(1/5), and I'(2/5) (see Paragraph 13.3).

A natural strategy to attack Conjecture .13 would consist in adapting Nesterenko’s method to
prove Theorem .1 to our geometric context, and in generalizing it in “two variables”. A first step
in this program was taken in [25], where we show that Nesterenko’s method, still in one variable,
can be cast in purely geometric terms, not relying on the Taylor expansion of explicitly defined
analytic functions.

0.6. Scholia.

0.6.1. As acknowledged above, our definition of the moduli stack B, was inspired by Movasati’s
point of view on the Ramanujan vector field in terms of the Gauss-Manin connection on the de
Rham cohomology of the universal elliptic curve (cf. [54] 4.2), which corresponds to the case g = 1
of our construction.

After I completed a first version this article, H. Movasati has kindly indicated to me that a
number of our results and constructions has some overlap with his article [55]. In this work, he
considers complex analytic spaces U classifying lattices in maximal totally real subspaces of some
given complex vector space Vj (i.e., subgroups of Vj generated by a C-basis of V})) satisfying suitable
compatibility conditions with a fixed Hodge filtration Fjj on Vj, and a fixed polarization 1g; these
spaces come equipped with a natural analytic right action of the complex algebraic group

Go = {g € GL(Vy) | gF¢ = F}, for every i, and g*1g = g}
For the particular case where V = C29,
F =(F)=VyD F} =C9x {0} > F}=0),

and 1o is the standard (complex) symplectic form ([55] 5.1), the space U becomes the analytic
moduli space By(C), investigated in the present article. Of course, the algebraic group Gy coincides
with our P,, and the action of Gg on U gets identified with the action of P, on By(C) under
U = By(C).

In [55] 3.2, Movasati also describes U as a quotient I'z\ P, where P is the space of “period
matrices” and I'z is some explicitly defined discrete group. In our particular case, P may be
identified with our B, (cf. Proposition .176) and I'z = Spy,(Z). Moreover, the map H; — P
defined in [55] p. 584 coincides with our ¢, : H; — By(C) constructed via the universal property
of B4(C).

In his article, Movasati explicitly states the problem of algebraizing U — i.e., of finding the
algebraic variety T over Q, in his notation — and the action of G. This is solved “by definition”
in our construction, where T is here called B 0.Q Note that our methods also yield that B 2.Q

is quasi-affine, which was previously conjectured by Movasati. On his web page®, Movasati also
indicates a construction of what we call “higher Ramanujan vector fields” with slightly different
normalizations.

6See “What is a Siegel quasi-modular form?” in http://w3.impa.br/~hossein/WikiHossein/WikiHossein.html.
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0.6.2. The moduli stacks B, or variants of it, have also appeared elsewhere in the literature in
different contexts, most notably in relation with sheaf theoretic reformulations of Shimura’s theory
of nearly holomorphic modular forms, as in Urban [78] and Liu [48].

For instance, in [48], Paragraph 2.1, the parabolic subgroup Q of GSpy,, and the Q-torsor
T ﬁ, used in the definition of automorphic sheaves are “up to similitude” versions of our P, and
Bgy. Moreover, the definition of the polynomial g-expansions in [48], Paragraph 2.6, involves the
construction of (Wean, dcan ), which coincides with our Bg (see Theorem .5 above). In [48], it is stated
that (wean, dcan) belongs to Ty, and that this can be checked analytically; this is proved in details
in Section 11 below.

The connections between the present work and the theory of nearly holomorphic modular forms
should come as no surprise. Indeed, in the case g = 1, recall that the differential ring of quasimod-
ular forms is isomorphic to the differential ring of nearly holomorphic modular forms endowed with
the Maass-Shimura differential operator (cf. [80] 5). Using the results of [78], this can be explained
geometrically as follows.

To fix ideas, we ignore the “condition at infinity”, i.e., we work with “weakly holomorphic
forms”, although [78] does consider it; otherwise, see Remark .6 above. Let H be the first de Rham
cohomology of the universal elliptic curve over A; ¢, and let F be its Hodge subbundle. It is shown
in [78] that the ring of nearly holomorphic modular forms is isomorphic to H%(A; ¢, Sym H), and
that the Maass-Shimura operator corresponds to the C-derivation 9 on this ring induced by Gauss-
Manin connection on H together with the Kodaira-Spencer isomorphism th’c /C ~ Sym? F. On

the other hand, H%(A; ¢, Sym ) can be shown to be isomorphic to H%(B ¢, OB, ¢), With 0 being
induced by the Ramanujan vector field vi; on Bj ¢ (see also [54] Sections 6 and 7).

0.7. Acknowledgments. This work started as part of my PhD thesis under the supervision of
Jean-Benoit Bost, at Université Paris-Sud, Orsay, and was supported by a public grant as part of
the FMJH project. It was completed during a postdoctoral stay at the Max-Planck-Institut fiir
Mathematik, Bonn.

I am grateful to Jean-Benoit Bost for introducing me to Nesterenko’s theorem and its related
open problems, for his encouragement, and for his crucial comments and suggestions on this paper.
I thank Hossein Movasati for his kind remarks on the historical development of this subject, and
for making me better acquainted with his work. I am greatly indebted to Daniel Bertrand for his
interest and for clarifying some aspects related to derivatives of modular functions. It is a pleasure
to acknowledge that I have also benefited from remarks of Yves André, Emmanuel Ullmo, and
Javier Fresan.

TERMINOLOGY AND CONVENTIONS

0.8. By a wvector bundle over a scheme U we mean a locally free sheaf £ over U of finite rank. A
line bundle is a vector bundle of rank 1. A subbundle of £ is a subsheaf F of £ such that F and
E/F are also vector bundles, that is, F is locally a direct factor of £. If £ has constant rank r, by
a basis of £ over U we mean an ordered family of r global sections of £ that generate this sheaf as
an Op-module. The dual of a vector bundle £ is the vector bundle £V := Homo,, (€, O).
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0.9. Let U be a scheme. By an abelian scheme over U, we mean a proper and smooth group
scheme p : X — U over U with geometrically connected fibers. The group law of X over U is
commutative (cf. [58] Corollary 6.5) and will be denoted additively. A morphism of abelian schemes
over U is a morphism of U-group schemes.

When p is projective, the relative Picard functor Picx/y is representable by a group scheme
over U ([9] Chapter 8). Then, the open group subscheme X* of Picy,;;, whose geometric points
correspond to line bundles some power of which are algebraically equivalent to zero, is a projective
abelian scheme over U, called the dual abelian scheme; we denote its structural morphism by
p': Xt — U. There is a canonical biduality isomorphism X — X% (cf. [9] 8.4 Theorem 5). The
formation of both the dual abelian scheme and the biduality isomorphism is compatible with every
base change in U. The universal line bundle over X xy X!, the so-called Poincaré line bundle, will
be denoted by Px /.

A principal polarization on a projective abelian scheme X over U is an isomorphism of U-group
schemes X : X — X' satisfying the equivalent conditions (cf. [58] 6.2 and [23] 1.4)

(1) X is symmetric (i.e. A = A" under the biduality isomorphism X = X') and (idx, \)*Px,u
is relatively ample over U.

(2) Etale locally over U, X is induced by a line bundle on X (cf. [58] Definition 6.2) relatively
ample over U.

A principally polarized abelian scheme over U is a couple (X, \), where X is a projective abelian
scheme over U and ) is a principal polarization on X.

0.10. If X — S is a smooth morphism of schemes, the dual Ox-module of the sheaf of relative
differentials Q}(/S (i.e. the sheaf of Og-derivations of Ox) is denoted by T'x/g. It is a vector bundle
over X whose rank is given by the relative dimension of X — S. If S = Spec R is affine, we denote
Tx/s =Tx/g-
The Lie bracket [, | : Tx;sxTx/s — Tx/s is defined on derivations by [0, 0] = 61 002 —0200;.
If S is a scheme, and f : X — Y is a morphism of smooth S-schemes, then there is a canonical
morphism of Ox-modules f*Q%,/S — Qﬁ(/s. Further, as Y — S is smooth, the canonical

morphism of Ox-modules f*Ty,g — (f*Q, y g)" is an isomorphism. We denote by

Df:Tx/g — f"Ty/s
the dual Ox-morphism of f*Q%,/S — Q}(/S after the identification (f*Q%,/S)V = f*Tys. If fis
smooth, we have an exact sequence of vector bundles over X

Df s
0— TX/Y — TX/S — f TY/S — 0.

0.11. If U is any scheme, the category of U-schemes (resp. U-group schemes) is denoted by Sch
(resp. GpSch /U). The category of sets is denoted by Set. If C is any category, its opposite category
is denoted by C°P.

0.12.  We shall use the language of categories fibered in groupoids and the elements of the theory
of Deligne-Mumford stacks ([21] Paragraph 4). We follow the same conventions and terminology of
[65]. In particular, if S is a scheme, whenever we talk about a stack over the category of S-schemes
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Sch/g (cf. [65] Definition 4.6.1), or simply a stack over S (or an S-stack), we shall always assume
that Sch /g is endowed with the étale topology.

In view of [65] Corollary 8.3.5, by an algebraic space over a scheme S we mean a Deligne-
Mumford stack X over S such that for any S-scheme U the fiber category X' (U) is discrete (i.e.
any automorphism is the identity).

The étale site of a Deligne-Mumford stack X is denoted by Et(X) (cf. [65] Paragraph 9.1). We
recall that the objects of the underlying category of Et(X ) are étale schemes over X, that is, pairs
(U,u) where U is an S-scheme and u : U — X is an étale S-morphism; morphisms are given by
couples (f, f*) : (U',u') — (U,u), where f : U' — U is an S-morphism and f° : v’ — uo f
is an isomorphism of functors U’ — X. Coverings in Et(X ) are given by families of morphisms
{(fi,fib) s (Ui, ui) — (U, u)}ier such that {f; : Uy — U}cr is an étale covering of U.

The structural sheaf on Et(X), which to any (U,u) associates the ring T'(U, Oy ), is denoted by
Ox,,. We recall that an Oy, -module F is said to be quasi-coherent if u*F is a quasi-coherent
Op-module for any object (U, u) of Et(X).

By a wector bundle over a Deligne-Mumford stack X', we mean a locally free Ox,,-module of
finite rank. We define subbundles, bases, and duals as in 0.8.

0.13. Sheaves of differentials and tangent sheaves can also be defined for Deligne-Mumford stacks.
If X is a Deligne-Mumford stack over S, we define a presheaf of Oy, -modules Q}Y /5 on Et(X) by

F((U7 u)? Q}Y/S) =I(U, QlU/S)
for any étale scheme (U,u) over X; restriction maps are defined in the obvious way. Since, for
any étale morphism of S-schemes f : U’ — U, the induced morphism f*Q%] /s QlU, /s is an
isomorphism of Op/-modules, and for any S-scheme U the sheaf QlU /s is a quasi-coherent Op-
module, we see that /s is in fact a quasi-coherent sheaf over X (cf. [65] Lemma 4.3.3). Note
that U*Q}Y/S = Q%]/S for any étale scheme (U, u) over X.

Let ¢ : X — Y be a morphism of Deligne-Mumford stacks over S. If ¢ is representable by
schemes, then there exists a unique morphism of Oy-modules Qij /s T QO*Q},( /s inducing, for

any étale scheme (V,v) over Y, the canonical morphism Q%//S — £LO /50 Where (U,u) (resp.
¢+ U — V) denotes the étale scheme over X' (resp. the morphism of S-schemes) obtained
from (V,v) (resp. ¢) by base change. If, moreover, ¢ is quasi-compact and quasi-separated, by
adjointness (cf. [65] Proposition 9.3.6), we obtain a morphism of O, -modules
(0.3) " 0s — Qs
We then define a quasi-coherent Ox,,-module
Q}\,/y = coker(cp*Q%,/S — Q}v/s)-

Recall that a Deligne-Mumford stack X over S is smooth if there exists a surjective étale S-
morphism u : U — X such that U is smooth over S (see [21] page 100). In this case, Qﬁ(/s is
a vector bundle over X. We define Ty /g as the dual Oy, -module of Q}/S. fp: X —YVisa

morphism of smooth Deligne-Mumford stacks over S representable by smooth schemes, then Q},( /v
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is a vector bundle over X, and its dual is denoted by Ty /). Moreover, in this case, the morphism
in (0.3) is injective and induces a surjective morphism of Ox,,-modules Dy : Ty /s — ¢*Ty))5. We
thus obtain an exact sequence of quasi-coherent O x,,-modules

0— TX/y — TX/S % (,D*Ty/s — 0.

0.14. Let M be a complex manifold. Every holomorphic vector bundle 7w : V' — M may be seen
as a (commutative) relative complex Lie group over M. We shall occasionally identify V with its
corresponding locally free sheaf of Op;-modules of holomorphic sections of .

0.15. If R is any ring, we denote the constant sheaf with values in R over some complex manifold
M by Rpr. A local system of R-modules over M is a locally constant sheaf L of R-modules over
M. The dual of L is denoted by LY :== Homp(L, Rar).

The étalé space of a local system of R-modules L over M will be denoted by E(L); this is a
topological covering space over M whose fiber at each p € M is naturally identified to L.

0.16. Let m,n > 1 be integers. The set of matrices of order m X n over a ring R is denoted by
M sn(R). We shall frequently adopt a block notation for elements in Moy, xon(R):
A B
where A, B,C, D € Myxn(R).
The transpose of a matrix M € M,,x,(R) is denoted by M"T € M, x,,(R). For 1 < i < n,
e; € M, x1(R) denotes for the column vector whose entry in the ith line is 1, and all the others are
0. The identity matrix in M, x,(R) is denoted by 1,,. For every 1 < i < j < n, we denote by EY

the unique symmetric matrix (E}))1<gi<n € Mpxn(R) such that
o J1 D) = (i) or (kD) = ()
M 0 otherwise.

The symmetric group Sym,, is the subgroup scheme of M,,«,, consisting of symmetric matrices.
The symplectic group Sps,, is defined as the subgroup scheme of GLy, such that for every affine
scheme V = Spec R

Spag(V) = {M € GLoy(R) | MIM" = J}

0o 1,
().

Remark 0.14. As J? = —1,,, the condition MJMT = J is equivalent to M~' = —JMT.J; thus
MJMT = J if and only if MTJM = J. In particular, if we write

where

A B
M = ( C D > S M2n><2n(R)

for some A, B,C,D € My,x,(R), then M is in Sp,,(R) if and only if one of the following two
conditions is satisfied
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(1) ABT = BAT, CD" = DCT, and AD" — BCT =1,,.
(2) ATC=CTA,B'"D=D"B,and ATD-C"B =1,,.

Finally, the Siegel parabolic subgroup P, of Sps, consists of matrices (A B ; C' D) in Spsy,, such
that C' = 0.

0.17. Let K be a subfield of C and X be an algebraic variety over K (i.e. a reduced separated
scheme of finite type over K). For any complex point T : Spec C — X, if x € X denotes the point
in the image of Z, and k(x) denotes its residue field, we put

K(@) = h(x),
and we call it the field of definition of T in X. Let us remark that
trdegy K () = min{dimY | Y is an integral closed K-subscheme of X such that 7 € Y(C)}.
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LI1ST OF FREQUENTLY USED NOTATION

The following list describes several symbols that will be later used within the body of the article,
as well as their first page of occurrence.

<7>/\

ar(X/M)
Hr

symplectic form on H éR(X /U) induced by a principal polarization A : X — X of
an abelian scheme X over U, page 23

moduli stack over Spec Z of principally polarized abelian schemes with R-multiplication,
page 28

moduli stack over Spec Z of principally polarized abelian schemes of relative dimen-
sion g, page 28

coarse moduli scheme over SpecZ of principally polarized abelian varieties with
R-multiplication, page 91

coarse moduli scheme over SpecZ of principally polarized abelian varieties of di-
mension g, page 91

moduli stack over Spec Z of principally polarized abelian schemes with R-multiplication
endowed with a symplectic-Hodge basis (see Definition .34), page 30

moduli stack over Spec Z of principally polarized abelian schemes of relative dimen-
sion g endowed with a symplectic-Hodge basis (see Definition .28), page 29
smooth quasi-affine scheme over Spec Z[1/2] representing Br ® Z[1/2], page 50
universal symplectic-Hodge basis over Bp, page 43

smooth quasi-affine scheme over Spec Z[1/2] representing B, ® Z[1/2], page 50
universal symplectic-Hodge basis over By, page 41

comparison isomorphism between de Rham and Betti cohomology, page 67
different ideal of a totally real number field F' of degree g over Q, page 25

Hodge subbundle of H, page 40

Hodge subbundle of H,, page 40

totally real number field of degree g over Q, page 25

Hodge subbundle of Hlz (X/U) for an abelian scheme X over U, page 23

solution of the higher Ramanujan equations over Br defined on SpecZ((¢")), page
49

solution of the higher Ramanujan equations over B, defined on Spec Z((¢;;)), page
46

analytic solution of the higher Ramanujan equations over Bp(C) defined on HY,
page 88

analytic solution of the higher Ramanujan equations over By(C) defined on Hyg,
page 81

gth Cartesian power of the Poincaré upper half-plane H, page 70

Siegel upper half-space, page 64

ith analytic de Rham cohomology sheaf of a complex torus X over M, page 66
vector bundle over Ap given by the first de Rham cohomology of the “universal
abelian scheme” over Ap, page 36
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vector bundle over 4, given by the first de Rham cohomology of the “universal
abelian scheme” over Ay, page 34

ith algebraic de Rham cohomology sheaf of an abelian scheme X over U, page 22
“uniformization map” from HY to Ap(C), page 91

“uniformization map” from Hy to A4(C), page 91

field of periods of an abelian variety X over k C C, page 90

parabolic subgroup scheme of Resg,z Aut(ysg) fixing the Lagrangian R ® 0 C M
(see Paragraph 3.3), page 32

parabolic Siegel subgroup of the symplectic group Spy,, page 17

forgetful functor Bp — Ap, page 30

forgetful functor B, — Ay, page 30

Oy ® R-bilinear form on Hy (X/U) with values in Oy @ D! satisfying Tr ¥ =
< ) >)\7 page 27

Ramanujan subbundle of Tj,, /7, page 37

Ramanujan subbundle of T /7, page 35

ring of integers of a totally real number field F' of degree g over Q, page 25

dual of the local system of abelian groups R'm,.Zx over M, where 7 : X — M is
a complex torus over a complex manifold M, page 63

symplectic group scheme of order 2¢g over SpecZ, page 16

additive group scheme over SpecZ of symmetric matrices of orger g, page 16

trace map Trp/q : F' — Q, page 25

either the derivation ¢" a(‘?ri of the ring Z((¢"")) or the holomorphic vector field

1
27

either the derivation g;; %ij of the ring Z((¢;;)) or the holomorphic vector field

?:1 g (zi)% over HY, pages 47 and 88

1.9
2mi 0745

over Hy, pages 45 and 81

vector field vp(1 ® ;) over Bp, page 88

higher Ramanujan vector field over B, page 43

higher Ramanujan vector field over By, page 41

principally polarized abelian scheme with R-multiplication over Spec Z((¢"")) given
by Mumford’s construction, page 49

principally polarized abelian scheme of relative dimension g over Spec Z((¢;;)) given
by Mumford’s construction, page 46

“universal” principally polarized complex torus with R-multiplication over HY, page
71

“universal” principally polarized complex torus of relative dimension g over Hy,
page 65

ring of formal Laurent power series over Z in the variables ¢, ..., q"9, page 47
ring of formal Laurent power series over Z in the variables g;;, for 1 <1i < j < g,
page 44
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Part 1. The arithmetic theory of the higher Ramanujan equations
1. SYMPLECTIC VECTOR BUNDLES OVER SCHEMES

In this section we develop (or recall) some preliminary general material on vector bundles over
schemes endowed with a symplectic bilinear form with values in some line bundle.
We fix once and for all a scheme U, and a line bundle £ over U.

1.1. Symplectic vector bundles. Let £ be a vector bundle over U. An Oy-bilinear form with
values in £

(,): ERo, E—L

is said to be

(1) perfect if the Oy-morphism e — ( ,e) from € to L ®p,, £" is an isomorphism,
(2) alternating if ( , ) factors through € ®p, & — N*&, ie., if (e,e) = 0 for every section e
of £.

Definition 1.1. An L-valued symplectic form over £ is a perfect alternating Oy -bilinear form over
& with values in L. An L-symplectic vector bundle over U is a couple (&, (, )), where & is a vector
bundle over U and ( , ) is an L-valued symplectic form over £.

When £ = Oy, we write simply symplectic form and symplectic vector bundle.
By considering Op-linear morphisms preserving the L-valued symplectic forms, we obtain a
category of L-symplectic vector bundles over U.

1.2. Lagrangian subbundles. Let (£, (, )) be an £L-valued symplectic vector bundle over U and
F be a subbundle of £. We denote by F the subsheaf of £ consisting of those sections e of £ such
that (f,e) = 0 for every section f of F.

Lemma 1.2. We have an ezxact sequence of Oy-modules
0—F+F—&— Lo, F' —0
e—( ,e)|r
In particular, F* is a subbundle of € of rank rank(€) — rank(F).

Proof. The sequence 0 — FX — & — L ®p, F" is exact by definition. To see that & —
L ®p, FY defined above is surjective, one may work locally. In this case, F is a direct factor of
&, and thus any Op-linear map F — L can be extended to £; we conclude by using that (, ) is
perfect. u

Definition 1.3. A subbundle F of £ is said to be isotropic with respect to (, ) if F ¢ F+. An
isotropic subbundle of £ such that F = F= is said to be a Lagrangian subbundle.

The next result easily follows from Lemma .16.

Corollary 1.4. Let F be an isotropic subbundle of £. Then 2rank(F) < rank(E). Moreover, F is
Lagrangian if and only if 2 rank(F) = rank(E). |
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The next lemma shows that Lagrangian subbundles exist locally for the Zariski topology over
U. This implies in particular that the rank of every symplectic vector bundle is even.

Lemma 1.5. Let (€,(, )) be an L-valued symplectic vector bundle over U, and assume that U is
the spectrum of a local ring. Then there exists a Lagrangian subbundle of £.

Proof. Let S be the set of isotropic subbundles of £ ordered by inclusion. It is sufficient to prove
that every maximal element in S is Lagrangian (maximal elements always exist: consider the rank).

We proceed by contraposition. Let F be an element of S that is not Lagrangian. As U is local,
and both F and F* are subbundles £ (cf. Lemma .16), there exists an integer & > 1 and global
sections eq, ..., e; of FL such that

Ft=FaO0pe @& Opey.
In particular, F & Ope; is an element of .S strictly containing F; thus, F is not maximal. [ |
Remark 1.6. The same statement (and the same proof) holds for every scheme U over which any

vector bundle is trivializable, e.g., U the spectrum of a principal ideal domain or of a polynomial
ring over a field.

1.3. Symplectic bases. In what follows, we take £L = Op. Let (£,(, )) be a symplectic vector
bundle of constant rank 2n over U.

Definition 1.7. A symplectic basis of (£,( , )) over U is a basis of £ over U of the form
(1, en, fi,..., fn) with (e;,e;) = (fi, f;) =0 and (e;, fj) = 6;5 for all 1 <i,j < mn.

Remark 1.8. Equivalently, if the trivial vector bundle (’)12]” is given the standard symplectic form

0 1
(28 )

then a symplectic basis of (£, (, )) can be regarded as an isomorphism of symplectic vector bundles

(027 ([ Vga) — (€,(, ). This point of view turns out to be useful when dealing with symplectic
vector bundles with real multiplication; see Section 3 below.

As Lagrangian subbundles exist locally by Lemma .19, the next proposition implies in particular
that symplectic bases also exist locally.

Proposition 1.9. Let U be an affine scheme, (€,(, )) be a symplectic vector bundle over U, and
& be a Lagrangian subbundle of £. Then

(1) Every basis (e1,...,ey) of & over U can be completed to a symplectic basis (e, ..., en, f1,..., fn)
of €& over U.

(2) If F is a Lagrangian subbundle of £ such that EgdF = &, and (f1,..., fn) is a basis of F over
U, then there exists a unique basis (e1,...,en) of &y over U such that (e1,...,en, f1,.-., fn)
is a symplectic basis of € over U.

Proof. Consider the surjective morphism of Op-modules (cf. Lemma .16)
E— &

e— ( ,e)lg-



22 TIAGO J. FONSECA

Since U is affine, there exists a sequence (f7, ..., f},) of global sections of £ lifting the dual basis of
(€1,...,€en) in &, so that (e, f;) = ;5 for every 1 <¢,5 < n. As & is an isotropic subbundle of &,
to prove (1) it is sufficient to show the existence of global sections g; of & such that
fi=1fi+g

satisfy (fi, f;) = 0 for every 1 <i,j <mn.

Since the bilinear form ( , ) is alternating, A = ((f], f}))1<ij<n is an antisymmetric matrix
in Myxn(Op(U)). Thus, there exists a matrix B = (bj;)i<ij<g it Myxn(Oy(U)) such that A =
B — BT. We put

n
gi =Y _bijej,
Jj=1

hence
(fis £3) = (fi, £3) 4+ C9is £7) — {95, fi) = (f1, fi) 4 bij — bji = 0.

We now proceed to the proof of (2). As F is an isotropic subbundle of £ satisfying &y & F = &,
and since ( , ) is perfect, the morphism of Op-modules

F—&
f’—>< 7f>‘50

is injective, thus an isomorphism since F and &; have equal rank. The existence and unicity of
(e1,...,ey) follows from remarking that (ey,...,en, f1,..., fn) is a symplectic basis of £ over U
if and only if (e1,...,ey,) is the basis of & over U dual to the basis ({ , fi)lgy,.--5{ , fu)le,) of
&y [

2. SYMPLECTIC-HODGE BASES OF PRINCIPALLY POLARIZED ABELIAN SCHEMES

We start this section by recalling the definition of the de Rham cohomology of an abelian scheme
and its main properties. We next recall how to associate to a principal polarization on an abelian
scheme a symplectic form, as defined in Section 1, on its first de Rham cohomology. This leads us
to the definition of symplectic-Hodge bases.

2.1. De Rham cohomology of abelian schemes. Let p : X — U be an abelian scheme of
relative dimension g.

Recall that, for any integer ¢ > 0, the i-th de Rham cohomology sheaf of Oy-modules associated to
p is defined as the i-th left hyperderived functor of p, applied to the complex of relative differential
forms Q5 Nk

Hig(X/U) = R'p.Q% -

If o : X — Y is a morphism of abelian schemes over U, we denote by ¢* : Hiz(Y/U) —
H!z(X/U) the induced Oy-morphism on de Rham cohomology.
One can prove that there is a canonical isomorphism given by cup product

N Hip(X/U) <5 Hig(X/U),
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and that Hlp (X/U) is a vector bundle over U of rank 2g. Moreover, the canonical Oy-morphism
p*Qﬁ(/U — H}x(X/U) induces an isomorphism of p*Qﬁ(/U with a rank g subbundle of Hly (X/U),

its Hodge subbundle F'(X/U). It fits into a canonical exact sequence of Oy-modules:
(2.1) 0 — FYX/U) — HIz(X/U) — R'p.Ox — 0.

The formation of Hjy (X/U), F'(X/U), R'p.Ox, and the above exact sequence is compatible with
every base change in U.
For a proof of all these facts, the reader may consult [2] 2.5.

2.2. Symplectic form associated to a principal polarization. Let p: X — U be a projective
abelian scheme of relative dimension g, and A : X — X' be a principal polarization. In this
paragraph, we recall how to associate to A a canonical symplectic Oy-bilinear form

() x: Hin(X/U) ®0, Hig(X/U) — Op.

Recall that to any line bundle £ on X we can associate its first Chern class in de Rham coho-
mology c1 ar (L), namely the global section of HgR(X /U) given by the image of the class of the line
bundle £ under the morphism of Op-modules

R1p.0% — Rip. 0% 1] = By (X/0)
induced by dlog : 0% — Q%

1].7
Soul

We apply the above construction to the Poincaré line bundle Py, on the projective abelian
scheme X xy X! over U. Let

dxu: Hig(X/U)Y — Hig(X'/U)
be the morphism of Op-modules given by the image of c1 qr(Px/) in the Kiinneth component

Hip(X/U) ®o, Hig(X'/U) of Hiz(X/U). By [2] 5.1.3.1, ¢xy is in fact an isomorphism.

Remark 2.1 (cf. [2] (5.1.3.3)). The isomorphisms ¢y, are natural in the following sense. If
@ : X — Y is a morphism of projective abelian schemes over U, then the diagram of Oy-modules

dx/U
Hip (X/U)Y —— Hip(X'/U)

| [

Hig (Y/U)Y —— Hig(Y'/U)

Y /U
commutes.

Consider the isomorphism of Op-modules

N Hig(X'/U) — Hag(X/U)

"We adopt the same sign conventions of [2] 0.3 for the differentials of the shifted complex Q% 1] and for the
isomorphism Rlp*Q;(/U[l] ~ H3.(X/U).
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induced by the principal polarization A : X — X*. For any sections v and § of Hiz (X/U)V, we
set

EfR(y,8) =00 X o ¢x/u(7).

It is clear that E{R defines an Oy-bilinear form over Hl, (X/U)V. Since ¢x /v is an isomorphism,
ESR is perfect. By duality, we can thus define a perfect bilinear form (, )y over Hlp (X/U) via

(SR (y, ), ESY(8, ) = B3 (7, 6),
where we identified H s (X/U)YV with H}z (X/U).
Lemma 2.2. The perfect bilinear form ( , )\ is alternating, thus symplectic.

Proof. 1t suffices to prove that ESR is alternating. Since A is a polarization, it is étale locally over
U induced by a line bundle £ over X relatively ample over U. We consider the first Chern class
crar(£) in H3, (X/U) = N> H:(X/U). Then, one can verify that ES® defined above coincides
with the alternating form

(7,6) — v Ad(crar(L)).
We refer to [23], Section 1, for further details. [

Thus we obtain a symplectic vector bundle (Hlz (X/U), (, )») over U in the sense of Definition
15.

Lemma 2.3. F}(X/U) is a Lagrangian subbundle of Hs(X/U) with respect to the symplectic
form < ’ >/\'

Proof. Since the rank of H)(X/U) is 2¢g, and F!'(X/U) is a rank g subbundle of Hl,(X/U),
it suffices to prove that F'(X/U) is isotropic with respect to { , )x (cf. Corollary .18). This
follows immediately from the compatibility of ¢,y with the exact sequence (2.1), that is, from the
existence of canonical morphisms gbg( U and gbﬁ( U making the diagram

0 — (R'p.Ox)Y —— Hi}x(X/U)V —— FY{(X/U)Y —— 0
y&w l%{/u l‘ﬁﬁc/U

0 —— FYX!/U) —— Hip(X*/U) —— RYPL.Oxi —— 0

commute ([2] Lemme 5.1.4; the morphisms qzﬁg( U and d)ﬁ( Ju are uniquely determined by this com-
mutative diagram, and are isomorphisms). |

Remark 2.4. It is clear from the above construction that the formation of the symplectic form
(, )a is compatible with base change. Namely, if f : U’ — U is a morphism of schemes, and
(X', \') denotes the principally polarized abelian scheme over U’ obtained by base change via f, then
f*(, ) coincides with ( , ), under the base change isomorphism f*HJ (X/U) — Hig(X'/U").



HIGHER RAMANUJAN EQUATIONS 25

2.3. Symplectic-Hodge bases of H;(X/U). Let U be a scheme and (X, ) be a principally
polarized abelian scheme over U of relative dimension g.

Definition 2.5. A symplectic-Hodge basis of (X, \) iy is a 2g-uple b = (w1, ..., wg, M1, - - -, 7g) global
sections of H}p (X/U) such that:

(1) wi,...,w, are sections of F*(X/U), and
(2) b is a symplectic basis of (Hiz(X/U),(, )») (Definition .21).

Note that symplectic-Hodge bases may not exist globally, but such bases always exist locally for
the Zariski topology over U by Proposition .23.

3. ABELIAN SCHEMES WITH REAL MULTIPLICATION

In this section, we introduce notation and analogs of the above basic notions for principally
polarized abelian schemes with real multiplication.

From now on, we fix a totally real number field F' of degree g over Q, and we denote its ring of
integers by R. Recall that the inverse different ideal D~! C F is a fractional ideal of F' which can
be identified with the Z-dual of R via the trace form.

Tensor products without subscripts are taken over Z.

3.1. Symplectic vector bundles with real multiplication. Let U be a scheme and M be a
quasi-coherent Op-module. An R-multiplication on M is a ring morphism R — Endp, (M);
giving such a ring morphism amounts to giving M the structure of an Oy ® R-module compatible
with its structure of Oy-module via Oy — Oy ® R.

Remark 3.1. Consider the natural projection f : Ur := U ®z R — U. Observe that f.Opy, =
Oy ® R. Since f is finite, thus affine, the functor

F— fuF

induces an equivalence between the category of quasi-coherent Or,-modules and the category of
quasi-coherent Op-modules with R-multiplication (i.e., quasi-coherent Oy ® R-modules; cf. [30]
Proposition 1.4.3).

Following [70] and [23], we denote the Oy ® R-dual of a quasi-coherent Op-module with R-
multiplication M by

M* = H0m0U®R(M, Oy ® R).

The trace map Tr := Trp/q : F' — Q induces an isomorphism of quasi-coherent Oy-modules with
R-multiplication

(3.1) Tr: M*®r D' 5 MY,
Remark 3.2. The above duality relation comes from the following general fact (cf. [23] 2.11). Let

A be a commutative ring, M be an A ® R-module, and N be an A-module. Then the trace map
induces an A ® R-isomorphism

Tr : Homagr(M, N ® D7) =5 Hom (M, N).
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Remark 3.3. In the light of Remark .29, we may interpret (3.1) as a version of the Serre-
Grothendieck duality for the finite morphism f. For a quasi-coherent Op-module G, we define
a quasi-coherent Orr,-module f!g by f*f!Q = Homo,(Oy ® R,G) = G ® Homz(R,Z). We then
have natural isomorphisms f*HomoUR (F, f ’g) = Homo,, (f+F,G) for any quasi-coherent sheaves
F on Ugr and G on U.

By a wvector bundle with R-multiplication over U, we mean a quasi-coherent sheaf with R-
multiplication £ over U which is, locally over U, a free Oy ® R-module of finite rank. Equivalently,
under the notation of Remark .29, £ is given by the direct image of a vector bundle over Ug.
Clearly, £ is also a vector bundle over U and we have

rankop, & = g - ranko,orE.

By the rank of a symplectic vector bundle with R-multiplication, we mean its rank as a locally free
Oy ® R-module.

We say that an Op-bilinear form ( , ) on the vector bundle with R-multiplication £ over U is
compatible with the R-multiplication if it factors through

& ®OU®R E— OU-
In this case, it follows from (3.1) that there exists a unique Oy ® R-bilinear form
U:E€®oygrE — Oy @D ?

such that
(,)=Trv.

If, moreover, ( , ) is symplectic, then W is perfect and alternating — that is, if £ = f,F under the
notation of Remark .29, then W is given by the direct image of a Oy, ®r D~'-valued symplectic
form on F. The couple (£, V) is then said to be a symplectic vector bundle with R-multiplication
over U.

3.2. Principally polarized abelian schemes with real multiplication. Let (X, \) be a prin-
cipally polarized abelian scheme over some scheme U. Then A defines a Rosatti involution ¢ ——
A~lop! o\ on the ring of abelian scheme endomorphisms Endy(X). We denote by Endy(X)* the
subset of Endy(X) of elements fixed by the Rosatti involution.

Definition 3.4. A principally polarized abelian scheme with R-multiplication over U is a triple
(X, A, m), where (X, \) is a principally polarized abelian scheme over U, and m : R — Endy (X)
is a ring morphism such that:

(1) m(R) C Endy(X)?, and

(2) m gives F1(X/U) the structure of a vector bundle with R-multiplication of rank 1 over U.
A morphism of principally polarized abelian schemes with R-multiplication is a morphism of prin-
cipally polarized abelian schemes commuting with the R-multiplications.

The condition (2) above, which implies in particular that X is of relative dimension g over U, is
due to Rapoport (cf. [70] Definition 1.1); it is automatically satisfied whenever the discriminant of
R is invertible in U ([23] Corollaire 2.9).
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Remark 3.5. For any non-zero r € R, the endomorphism m(r) : X — X is an isogeny over U,
i.e., surjective and quasi-finite — which, in this case, is equivalent to finite and locally free. Indeed,
if N(r) € Z\ {0} denotes the norm of r € R, then there exists s € R such that rs = N(r). Thus,
that m(r) is an isogeny follows easily from the fact that and the composition m(r)om(s) : X — X
is the multiplication by N(r), which is an isogeny itself. In particular, m is always injective.

For a principally polarized abelian scheme with R-multiplication (X, A\, m) over U, it follows from
[70], Lemme 1.3, that H1; (X/U) is a rank 2 vector bundle with R-multiplication over U. Since the
image of m lies in Endy(X)* € Endy(X), we may check using the explicit construction given in
Paragraph 2.2 that the symplectic form (, ), is compatible with the R-multiplication. We denote
by

Uy Hip(X/U) ®@oyer Hip(X/U) — Oy @ D™
the unique (perfect alternating) Oy ® R-bilinear form for which
Tr \I])\ = < ) >)\7

so that (Hlz(X/U), ¥,) is a rank 2 symplectic vector bundle with R-multiplication over U.
Note that any rank 1 subbundle with R-multiplication of H}g(X/U) is isotropic for Wy; this
applies in particular to F1(X/U).

3.3. Symplectic-Hodge bases. Consider the rank 2 projective R-module M = R®D~' endowed
with the standard D~ !-valued symplectic form
U:MxM-— D?
((r,z), ("', 2")) — ra’ —r'x.
For any scheme U, we obtain a rank 2 symplectic vector bundle with R-multiplication
(Oy @ M,1® V)
over U.

Definition 3.6. Let U be a scheme and (X, \,m) be a principally polarized abelian scheme with
R-multiplication over U. A symplectic-Hodge basis of (X, A\, m)y is an isomorphism of symplectic
vector bundles with R-multiplication over U

b: (Op @ M,1@V) = (Hig(X/U), )
sending Oy ® (R®0) C Oy ® M to FY(X/U) C Hiz(X/U).
Note that 1 ® ¥ induces an Oy ® R-isomorphism
2 ~ -1
Noyorlv &M = Oy @D

trivializing the Oy ® R-module of alternating Oy ® R-bilinear forms over Oy ® M with values in
Oy ® D1

~ 2
(+) Oy ® R 5 Homoysr (/\OU®R

A symplectic-Hodge basis b of (X, A\, m),;y may be seen as an Oy ® R-isomorphism
b=(w,n): Oy @M= (Oy@R)®(Oy ® D™") = Hir(X/U)

Oy ® M, Oy ®D—1) .
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such that
(1) w: Oy @ R — H(X/U) factors through F'(X/U) C Hiz(X/U), and
(2) Ua(w,n) =1.
Here, U)(w,n) is regarded as the element of Oy ® R mapping to b*W) via (x).
Equivalently, if we regard ¥, as an alternating Oy ® R-bilinear form

Uy Hig(X/U) ®oyeor Hig(X/U)®r D — Oy @ R,

then a symplectic-Hodge basis of (X, \,m),y is a couple b = (w,n), where w is a global section of
FY(X/U) C Hiz(X/U) generating it as an Oy ® R-module, 7 is a global section of Hl (X/U)®gD
whose image in (HJg (X/U)/F'(X/U)) @g D generates it as an Oy @ R-module, and ¥ (w,n) = 1.

Remark 3.7. Since W), is perfect, if w is an Oy ® R-trivialization of F'(X/U), and 7 is any global
section of Hjp (X/U) ®g D satisfying ¥y (w,n) = 1, then b = (w,7n) is a symplectic-Hodge basis.

Remark 3.8. If 7 is a global section of H) (X/U)®g D whose image in (Hlz (X/U)/FY(X/U))®r
D generates it as an Oy ® R-module, then there exists a unique Oy ® R-trivialization w of F1(X/U)
such that (w,n) is a symplectic-Hodge basis.

4. THE MODULI STACKS B, AND Bp

In this section we define for every integer g > 1 (resp. for every totally real number field
F) a category By (resp. Br) fibered in groupoids over the category of schemes Sch 7 classifying
principally polarized abelian schemes of relative dimension g (resp. principally polarized abelian
schemes with R-multiplication) endowed with a symplectic-Hodge basis.

Using classical results on moduli stacks of abelian schemes, we then prove that B; — SpecZ
(resp. Br — Spec Z) is a smooth Deligne-Mumford stack over Spec Z of relative dimension 2¢%+g

(resp. 3g).

4.1. The moduli stacks A; and Ap. Let g > 1 be an integer (resp. F' be a totally real number
field of degree g with ring of integers R). To fix ideas and notation we recall the definition of the
moduli stack of principally polarized abelian schemes of relative dimension g (resp. principally
polarized abelian schemes with R-multiplication).

For any scheme S, we define a category fibered in groupoids Ay s — Sch/g (resp. Aps —
Sch/g) as follows.

(i) An object of Ay g (resp. Apg) is given by an S-scheme U and a principally polarized abelian
scheme (X, \) of relative dimension g (resp. a principally polarized abelian scheme with R-
multiplication (X, A\, m)) over U; when U is not clear in the context, we shall incorporate it in
the notation by writing (X, A),y. A morphism (X, \) i — (Y, p) ;v (vesp. (X, \,m),y —
(Y, p,n) v) in Ag s (resp. Ars), denoted ¢4, is given by a Cartesian diagram of S-schemes

X 2.y

.



HIGHER RAMANUJAN EQUATIONS 29

preserving the identity sections of the abelian schemes and identifying A with the pullback
of wby f: U — V (and satisfying n(r) o ¢ = ¢ o m(r) for every r € R, in the case of R-
multiplication). We shall occasionally denote ¢,; simply by ¢ when there will be no danger
of confusion. We may also denote (X, \) = (Y, u) Xy V (resp. (X,A,m) = (Y, u,n) xyg V).
(ii) The structural functor A, s — Sch/g (resp. Aps — Sch/g) is given by sending an object
(X, A)ju of Ay s (vesp. (X, A\, m) of Af,s) to the S-scheme U, and a morphism ¢, to f.

If S = SpecA is affine, then we denote A, 5 =: Aga (resp. Arps =: Apa). When A = Z, we
simply drop it from notation.

Recall that the category of S-schemes can be seen as a subcategory of the 2-category of categories
fibered in groupoids over Sch,g by sending each S-scheme U to the category Sch,;; endowed with
its natural functor Sch,;; — Sch/g. In the sequel, we shall adopt the standard convention of
denoting Sch ; simply by U when working in the context of categories fibered in groupoids. Then
Ag s (resp. Apg) is canonically equivalent to Ay xz S (resp. Ap Xz S) as categories fibered in
groupoids over S.

Theorem 4.1. For any scheme S, Ay s (resp. Ar,s) is a smooth Deligne-Mumford stack over S
of relative dimension g(g+1)/2 (resp. g).

A proof that A, s is a Deligne-Mumford stack over S is essentially contained in [58] Theorem
7.9 (cf. [64] Theorem 2.1.11). Smoothness and relative dimension are obtained by a theorem of
Grothendieck (cf. [66] Proposition 2.4.1). The case of real multiplication is treated in [70] Théoréme
1.20; in Rapoport’s notation, our Ag corresponds to M% with L = R.

Remark 4.2. The stack A, is often called a Siegel moduli stack, whereas Ap is known as a
Hilbert- Blumenthal moduli stack.

Remark 4.3. Beware that there is a fundamental difference between the moduli stack A, and
the coarse moduli scheme A, (see page 91), often referred in the literature simply as “the moduli
space of principally polarized abelian varieties of dimension ¢” (and similarly for the case of real
multiplication). Even over C, the moduli stack A, c is not representable by a scheme (or an
algebraic space). Let us also remark that, while A, c is smooth over Spec C in the sense of
Deligne-Mumford stacks for every g > 1 ,the coarse moduli scheme A, ¢ is not a smooth scheme
over Spec C for g > 3 (see [67]).

4.2. Definition of the moduli stacks B; and Bp. We first treat the Siegel case. Let ¢,f :
(X, ) — (Y, p) jv be amorphism in A,. By the compatibility with base change of the symplectic
forms induced by principal polarizations (Remark .27), the pullback ¢*b of every symplectic-Hodge
basis b of (Y, u) 1 is a symplectic-Hodge basis of (X, A) /7. We can thus define a functor

B, AP — Set

that sends every object (X, \) iy of Ay to the set of symplectic-Hodge bases of (X, A) /7, and whose
action on morphisms is given by pullbacks as above.
From the functor B, we form a category fibered in groupoids

B, — SpecZ

as follows.
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(i) An object of By is a “triple” (X, A, b), where (X, A) i is an object of Ay and b € B (X, \).
An arrow (X, A, ) i — (Y, i, ¢) v is given by a morphism ¢ /; : (X, \) )y — (Y, 1) v in Ay
such that b = ¢*c. We denote by

g By — Ay

the forgetful functor (X, A, b) iy — (X, A) 17
(ii) The structural functor B, — Spec Z is defined as the composition of 7, with the structural
functor A, — Spec Z.

Analogously, in the Hilbert-Blumenthal case, we consider a functor

sending a principally polarized abelian scheme with R-multiplication to the set of its symplectic-
Hodge basis (Definition .34), and we derive from it a category fibered in groupoids

Br — SpecZ

whose objects over a scheme U are given by “quadruples” (X, A, m,b) ju- We denote by
mr B — Ap

the natural forgetful functor.

Remark 4.4 (Relating Br with Bg). Consider the canonical morphism of stacks f : Ap —
A, given by the forgetful functor. Let (x1,...,z,) be a Z-basis of D1, and (ry,...,74) be the
corresponding dual Z-basis of R, so that

ti= (1, mgy @1,y 2g) t (Z29,(, Vi) — (M = R® D1, Tr )

is an isomorphism of symplectic Z-modules (notation as in Paragraph 3.3). Then it is easy to check
that ¢ induces a morphism of stacks

ft : BF — Bg
(Xa)‘7m7 b)/U — (X7 )‘aber)/U

making the diagram

By — B,

(4.1) ng [=
Ap — A,y
commute.
The rest of this section is devoted to the proof of the next theorem.

Theorem 4.5. The category fibered in groupoids By — SpecZ (resp. Bp — SpecZ) is a smooth
Deligne-Mumford stack over SpecZ of relative dimension 29> + g (resp. 3g).
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4.3. Siegel parabolic subgroup and proof of Theorem .41 for B,. Fix a scheme U and an
object (X, ) of Ay lying over U. Then we can define a functor

E(X,)\) . SCh?g — Set
that sends a U-scheme U’ to the set B, ((X,A) xy U’). It is clear that this functor defines a sheaf
for the Zariski topology over Sch ;.

Let us now consider the symplectic group Spy,, namely the smooth affine group scheme over

Spec Z of relative dimension 2¢? + g such that for every affine scheme V = Spec A

A,B,C,D € Myy4(A) satisty

Spay (V) = {( o > € Magx2g(A) ’ T T T QXTy T T :
¢ D AB" =BA", CD" = DC", and AD" - BCT =1,

The Siegel parabolic subgroup Py of Spy, is defined as the subgroup scheme of Spy, such that, for
every affine scheme V = Spec A,

R ={(5 P ) € Maand)

Note that Py is a smooth affine group scheme over SpecZ of relative dimension g(3g +1)/2.
Let (X, A, b) be an object of B, lying over V' = Spec A and consider b = (w 7 ) as a row vector
of order 2¢g with coefficients in the R-module H'(X/V). For any

r=(5 ) enm)

A € GLy(A) and B € My (M) satisfy ABT = BAT} .

it easy to check that
b-pi=(wA wB+nA")™1)

is a symplectic-Hodge basis of (X, A) . This defines a right action of P;(V') on B, (X, \):
Bg(X7 )‘) X Pg(v) — Eg(X7 )\)

Moreover, it is clear that if V/ C V is an affine open subscheme of V', then the natural diagram

By (X, 0) x By(V) ——— By(X, )

J J

B, (X', N) x Py(V') —— B (X", X)

commutes, where (X', \) = (X, \) xy V.
Thus, for any scheme U, and any object (X, \) of A, lying over U, we obtain a right action of
the U-group scheme Py = Py xz U on By ).

Lemma 4.6. The Zariski sheaf B(x yy over Schy is a right Zariski Pgy-torsor for the above
action.

Proof. It V' is any affine scheme over U such that B, )\)(V) is non-empty, a routine computation
shows that the action of Py(V) on B(x (V) is free and transitive. Moreover, it was already
remarked above that symplectic-Hodge bases exist locally for the Zariski topology. |
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Since P,y is affine, smooth, and of relative dimension g(3g+1)/2 over U, Lemma, .42 immediately
implies the following.

Corollary 4.7. For every scheme U, and every object (X, \) of Ay lying over U, the functor Bx
is representable by a smooth affine U-scheme B(X, \) of relative dimension g(3g + 1)/2. |

Remark 4.8. With the notation of the above corollary, recall that the principally polarized abelian
scheme (X, \) over U corresponds to a morphism U — Ay, so that B(X, \) is a scheme representing
Bg X Ag U.

Proof of Theorem .41 for By. Recall that for any scheme U and any abelian scheme X over U,
H}:(X/U) is a quasi-coherent sheaf over U, and that any quasi-coherent sheaf over U induces a
sheaf over Sch,;; endowed with the fppf topology ([65] Lemma 4.3.3). Since the étale topology
is coarser than the fppf topology, this shows in particular that H}g(X/U) induces a sheaf over
Sch iy endowed with the étale topology; this immediately implies that B, — Spec Z is a stack over
Spec Z.

It follows in particular from Corollary .43 that the morphism 7, : By — A, is representable by
smooth schemes (Remark .44). Hence, as A; — SpecZ is a Deligne-Mumford stack over SpecZ,
the same holds for B, — SpecZ ([65] Proposition 10.2.2). The smoothness of B, — SpecZ
follows by composition from that of A, — SpecZ and that of m,. Finally, we can compute the
relative dimension of By — Spec Z as the sum of that of A; — SpecZ and that of m,:

glg+1) N g(3g+1)

=2¢° +g.
5 5 9°+g

4.4. Proof of Theorem .41 for Br. Let M and ¥ be as in Paragraph 3.3, and consider the affine
group scheme Aut(ys ) over Spec R of R-automorphisms of M preserving W. It contains a (Borel)
subgroup scheme Autys,w pgo) of those automorphisms fixing the Lagrangian R&0 C M = RoDL.
We set

PF = ReSR/ZAUt(M,\II,R@O)-

This is a smooth affine group scheme of relative dimension 2g over SpecZ. If V' = SpecA is an
affine scheme, then

Pr(V) = { ( o0 ) € SLo(A® F)

where D C R denotes the different ideal.
Arguing as above, for an object (X, A\,m); of Br, we see that the Zariski sheaf

aE(A@R)X,bEA@)D}

E(X,)\,m) : SCh/U — Set

sending an U-scheme U’ to Bp((X,\,m) xy U') is a right Zariski P -torsor. This implies that
wp : Bp — Ap is relatively representable by smooth affine schemes of relative dimension 2g. We
conclude, as in the proof for By, with an application of Theorem .37. |
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5. THE TANGENT BUNDLES OF Bg AND Bp; HIGHER RAMANUJAN VECTOR FIELDS

This section is devoted the study of the tangent bundles T ;7 and T, /7.
We shall first explain how the Gauss-Manin connection on the first de Rham cohomology of
abelian schemes induces a canonical decomposition

T,z = Tp,/4, D Ry (vesp. Tp,/z = Tpp/a, O RF);

Ry C1p,/z and Rp C 1p,./z are called Ramanujan subbundles.

Then, we show that the deformation theory of abelian varieties, in the guise of the Kodaira-
Spencer morphism, allows us to canonically trivialize the Ramanujan subbundles. These trivializa-
tions are the higher Ramanujan vector fields.

5.1. Horizontal subbundles and linear connections. We briefly review Ehresmann’s point of
view on connections over vector bundles. In the context of differential geometry, this is standard
material; for a more general discussion in the algebraic setting, we refer to [10] 6.1.

Let S be a scheme, X be a smooth S-scheme, and 7 : E — X be a smooth scheme over X.

Definition 5.1. A subbundle F of Tf/g is said to be horizontal (with respect to 7 : B — X) if
Tgs=Tg/x ®F.

As Tg/x = ker(T't : Tgygs — 7*Tx;g), a horizontal subbundle is a splitting of the exact
sequence

0 — Tg/x — Trg — 7°Tx)5 — 0.

In particular, T'm restricts to an isomorphism F — 7Ty /S
Assume now that £ is a vector bundle over X, and that 7 : E = V(£Y) — X is its associated
space over X. Then, to any Og-linear connection on &

V:€—E®oy Vs

there is attached a canonical horizontal subbundle of T%/g.
Indeed, observe first that there is a canonical identification

given by the dual of 7*&Y = Q}E /X0 defined locally (on X) by 1 ® f —— df (cf. [32] Corollaire
16.4.9).

Lemma 5.2. Let e € I'(E,7*E) be the “universal section” of n*E, and w*V be the pullback of V
to w*E. The Og-morphism

Py : TE/S — 7€
0 — (7"V)ge
restricts to the isomorphism (5.1) on Tg/x C Tgys- [ |

It follows that the subbundle ker Py C Tf/g is horizontal: under the identification (5.1), Py
becomes a projection of T, onto the subbundle T, x. This is the horizontal subbundle attached
to V.
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Remark 5.3. If V is integrable, then ker Py is an integrable subbundle of Tf/g.

It is not difficult to transpose the above considerations to the case of smooth Deligne-Mumford
stacks (cf. 0.13).

5.2. The Ramanujan subbundle R, C T /7.

5.2.1. Fix a base scheme S and let p : X — U be a projective abelian scheme, with U a smooth
S-scheme. Then there is defined an integrable S-connection over the de Rham cohomology sheaves
([41]; see also [38]), the Gauss-Manin connection

(5.2) V: Hig(X/U) — Hig(X/U) ®@o, Qs

whose formation is compatible with every base change U’ — U, where U’ is a smooth S-scheme.
We next construct a “universal” version of Gauss-Manin connection over A,. Consider the

presheaf 7, of O 4, ,,-modules on Et(A,) defined as follows. Let (U, u) be an étale scheme over A,

and (X, A) be the principally polarized abelian scheme over U corresponding to u : U — A,. We
put

D((U,u), Hy) = T(U, Hap(X/U))
If (f,f?) : (U ,u/) — (U,u) is a morphism in Et(A,), the restriction map is given by the base
change morphism f*H}p(X/U) — HJz(X'/U’), where (X',X) = (X,\) xy U’. As the base
change morphism is actually an isomorphism (i.e., the formation of H, éR(X /U) is compatible with

base change), and H} (X/U) is quasi-coherent, H,, is a quasi-coherent sheaf over A, (cf. 0.12 and
[65] Lemma 4.3.3). We finally remark that H, is actually a vector bundle of rank 2g over A,.

Remark 5.4. The sheaf H, should be thought as the first de Rham cohomology of the “universal
abelian scheme” over A,.

For any scheme S, let H,4 g be the vector bundle over A4, ¢ obtained from #H, by the base change
Ay s — Ay. Since the formation of the Gauss-Manin connection is compatible with base change,
we have an S-connection on H, g

: 1
ViHgs — Hos®ou, ¢, Pa,s/s
defined by (5.2) over every étale S-scheme (U, u) over A, s as above.

5.2.2.  Consider the morphism of coherent Op, . -modules

(53) W;H?}ag — MQXQ(OBg,éc)
given on an étale scheme (U, u) over B, corresponding to (X, A, 0) i, b = (W1, ., wg, M1, -+, 7g),
by

Hgg(X/U)® — My g(Ou)
(a1, ag) = ({Qis mj)r)1<ij<g:
and let §; be the subbundle of FZHEBg defined as the inverse image of the subbundle of symmetric

matrices Sym,(Op, ..) C Myx4(Op, ..) by (5.3).

g,6ét
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Remark 5.5. Note that (5.3) is surjective: for a given matrix (aij)i<ij<g in Myxq(Ov), take
;= Z?:l a;jwj. In particular, Sy is a subbundle of 71';7'[399 of rank g%+ g(g+1)/2 = g(3g+1)/2.
Theorem 5.6. Consider the morphism of quasi-coherent Op, , -modules
P: TBQ/Z — W;H?g
defined by
Tz — Hig(X/U)®
0 r— (V@Ul, . ,VQT]Q)

for every étale scheme (U,u) over By corresponding to the object (X, \,b),y of By(U), where
b= (wi,...,wg,M,...,ng), and V denotes the Gauss-Manin connection on HéR(X/U). Then
the morphism P

(1) factors through Sy C W;H?g, and
(2) restricts to an isomorphism P : Tg 4, — Sg.

Definition 5.7. With the above notation, the Ramanujan subbundle of Tp /7 is the horizontal
subbundle with respect to m, : B, — A, defined by R, := ker P.
We now proceed to the proof of Theorem .50.

5.2.3. Consider the associated space of the vector bundle Hg? (cf. [65] 10.2)
Vy = V((H?g)v) = SpecAgSym((H;eg)v).
This is a Deligne-Mumford stack over SpecZ whose objects lying over a scheme U are given by
“(g + 2)-uples”
(X, A\ a1, 09) 0,

where (X, \) i is an object of Ay (U), and «; is a global section of HL(X/U) for every 1 < i < g.
Note that the forgetful functor

defines a morphism of stacks representable by smooth affine schemes.
We define a morphism of stacks

ig 1 By — Vg

as follows. Let (X, A, b) 7 be an object of B, and denote b = (w1, ...,wg, M, -..,M). Then i, sends
(X, A,b) i to the object

(X7 )\7 Ny --- 777!]>/U
of V,. The action of ¢, on morphisms is evident. Note that the diagram of morphisms of stacks

B, —2 VY

9 9
N L
Ag
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is (strictly) commutative.
Lemma 5.8. The morphism i4 : By — V, is an immersion of stacks.

Proof. Let U be a scheme and U — V), be a morphism corresponding to the object (X, A, o, . .. ,ag)/U
of V4(U). Then the fiber product B, xy, U can be naturally identified with the locally closed sub-
scheme of U defined by the equations
TN ATy #0
(OLi,Oéj>)\ = 07 V’L,]
where @; denotes the image of a; in Hjy(X/U)/F*(X/U) (cf. Proposition .23 (2)). [
Proof of Theorem .50. To prove (1), let (U,u) be an étale scheme over B, corresponding to the

object (X,)\,b)/U of By(U), with b = (w1,...,wg,M,...,7g), and let § be a section of Ty/z. As
(ni,n;j)x = 0, we obtain

0= Vomi,ni)x = (Vomi,ni)x + (i Voni)x = (Vemis mj)x — (Venj, mi)a-
We now prove (2). Observe that H?g is endowed with an integrable connection V given by the

sum of the “universal” Gauss-Manin connection on each factor. As 7, : V, — A, is the space
associated to ’H;eg , we obtain from Lemma .46 a morphism of Oy, , -modules

PV N Tvg/z — 7};7_[399

inducing an isomorphism
Ty, a, — ToHY.
The morphism P is simply the restriction of Py to T,z via the immersion i, : By — V4. In

particular, as T', identifies Tp_, 4, with a subbundle of igTy, ; 4,, the induced the morphism

Py =P: TBg/.Ag —>Sg
is injective; since both vector bundles have the same rank (cf. Remark .49), this must be an
isomorphism. |
Remark 5.9. It follows from the above proof and from Remark .47 that the Ramanujan subbundle
Ry C1p,/z is integrable.

5.3. The Ramanujan subbundle Rp C Tp, /7. Let S be a scheme, U be a smooth S-scheme,
and (X, \,m) be a principally polarized abelian scheme with R-multiplication over U.

Since, for every r € R, the endomorphism m(r) : X — X is an isogeny (Remark .33), the
action of R on H}(X/U) induced by m is horizontal for the Gauss-Manin connection V (cf. [52]
Proposition 2.2). In particular, by linearity, V induces a connection on H}g (X/U)®pg D; by abuse,
we denote it by the same symbol:

Vi Hig(X/U) ®r D — (Hgr(X/U) ®r D) ®0, Qs-

By the same reasoning of (5.2.1), we define a universal first de Rham cohomology Hpr over Af.
For any scheme S, we denote by Hr g the vector bundle over Agg obtained from Ar by base
change. We also have a universal Gauss-Manin connection

1
ViHps — Hrs BOAps QAF,S/S’
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Note that the vector bundle Hr g over Afg g is endowed with a canonical R-multiplication which is
horizontal for the universal Gauss-Manin connection above. In particular, we also have a connection

V:Hps®rD — (Hrs ®r D) ®OAF,S,ét Q}‘\F,s/s‘
Theorem 5.10. Consider the morphism of quasi-coherent Opy, .. -modules
P: Ty, z — 7pHr @r D
defined by
Ty iz — Hip(X/U) ®r D
0 — Von
for every étale scheme (U,u) over Br corresponding to the object (X, \,m,b),; of Br(U), where

b= (w,n), and V denotes the Gauss-Manin connection on Hip(X/U) @g D. Then the morphism
P restricts to an isomorphism

(5.4) P:TBF/AF ;>7T}}’HF Rr D.
The proof below is analogous to the case g = 1 of Theorem .50.

Proof. Consider the stack

Vi = V((Hr ®@r D)"),
and denote by 7rp : Vp —> Ap the natural projection. Let V be the universal Gauss-Manin
connection on Hr Qg D, and let

Py Ty, /7 — TpHr @r D
be defined as in Lemma .46, so that it induces an isomorphism
Typjap — TpHr Or D.
It follows from Remark .36 that the morphism
irp: B — Vg

over Ap given by (X, \,m,b = (w,n)),uv = (X, A\, m,n), is an open immersion of stacks. We
conclude by remarking that the morphism P is simply the restriction of the above Py to T, /7 via
iFp.

Definition 5.11. With the above notation, the Ramanujan subbundle of Tp, /7 is the horizontal
subbundle with respect to np : Bp — Ap defined by Ry = ker P.

Observe that the Ramanujan subbundle Ry C Tj,, /7 is integrable by Remark .47.

Remark 5.12. The morphism f; : Bp — B, defined in Remark .40 preserves the decomposition
of the tangent bundles of Br and B, induced by the Ramanujan subbundles. Observe first that
the commutativity of the diagram (4.1) implies that T'f; : Tp,. /7 — [t 15,z preserves the vertical
subbundles:

THi(Tsrjap) C i 1B,/4,
Now, it follows from the definition of the Ramanujan subbundles that R, (resp. Rp) is given by
the equations V,n; = 0 (resp. Vynp(1®xz;) =0), for 1 <i < g, where (wi,...,wq,n1,...,14) (resp.
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(wp,nr)) denotes the “universal” symplectic Hodge basis over By (resp. Br). Since, by definition
of fi, we have fn;, = nr(1®x;), and since the formation of the Gauss-Manin connection commutes
with base change, we deduce that

Tft (RF) C ft* Rg .

5.4. Recollections on the Kodaira-Spencer morphism.

5.4.1. Fix a base scheme S and let p : X — U be a projective abelian scheme, with U a smooth
S-scheme. The Gauss-Manin connection on HJ (X/U) induces a morphism
Tyjs — Homog(Hig(X/U), Hig(X/U))
0 — Vo( ).

Restricting to F1(X/U) and passing to the quotient (cf. exact sequence (2.1)), we obtain an
Oy-morphism

Tyss —Homo, (F1(X/U), R'p,Ox) = FY(X/U)" ®0, R'p.Ox.

Applying the inverse of the canonical isomorphism ¢§(t/U : FL(XT/U)Y = R'p.Ox (cf. proof of
Lemma .26, where we identified X with X® via the canonical biduality isomorphism), we obtain
an Oy-morphism

§: Tyys — FHX/U)Y @0, F(X'/U)Y.
This is, possibly up to a sign, the dual of p defined in [24] 111.9.

5.4.2.  With the same notation as above, let A : X — X' be a principal polarization. The Gauss-
Manin connection V on HJp (X/U) is compatible with the symplectic form ( , )y in the following
sense. For every sections 0 of Ty;/g, and « and 3 of Hl: (X/U), we have

(5.5) O{c, B)x = (Voar, B)x + (o, Vo) a.

This can be deduced from the fact that the first Chern class in H3z (X xy X'/U) of the Poincaré
line bundle Py is horizontal for the Gauss-Manin connection, since it actually comes from a class
in Hiz (X xy X'/9).

By composing § with (\*))~!: FY(X?/U)Y =5 FY(X/U)Y, we obtain a morphism

(5.6) K Tys — FHX/U)Y @0, FH(X/U)Y.
This is the Kodaira-Spencer morphism associated to (X, \) iy over S. It follows from the compati-

bility (5.5) that & factors through the second divided power I'?(F1(X/U)V), i.e., the submodule of
symmetric tensors in FY(X/U)Y ®0, F1(X/U)V.

8With notation as in the proof of Lemma .26, there are two natural ways of identifying R'p.Ox with F*(X*/U)V:
one by (¢§(/U)V, and another by qbi(t/U. These produce the same isomorphisms up to a sign. In [24] this choice is

not specified.
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Remark 5.13. As ¢}, )y = —¢x/u under the canonical biduality isomorphism X = X i (cf. [2]
Lemme 5.1.5), one may verify that the composition

(¢1 t -t *\VY—
R'p.Ox % prxt/ryY (U prxgoy

considered above is given by the isomorphism of vector bundles H} (X/U)/FY(X/U) — FY(X/U)V
induced by (cf. Lemma .16)
Hap(X/U) — Hip(X/U)"
a— ( ,a).

Thus, if (w1,...,w,) is a trivialization of F1(X/U), x admits the following explicit description:
g
K(0) =D w ®( , Vowia.
i=1

Finally, we observe that the Kodaira-Spencer morphism is natural in the following sense. Let U’
be a smooth scheme over S and let F; : (X', \') ;r — (X, A) i be a morphism in A, 5. Denote
by # (resp. «') the Kodaira-Spencer morphism associated to (X, ),y (vesp. (X', X),pr) over S.
Then the diagram
Dy

ar [Tys

Y I
FZ(Fl(X//U/)V) W Fz(f*Fl(X/U)V)

commutes.

5.4.3. We keep the above notation and we further assume that (X, ) is endowed with an R-

multiplication m : R — Endy(X)*.
Since the action of R on HJ;(X/U) is horizontal for the Gauss-Manin connection, we obtain an
Oy-morphism

Ty s — Homoyer(F'(X/U), R'p,.Ox)
0+ Vo( ) mod F'(X/U).
By combining this with the Oy ® R-isomorphism induced by Wy
R'p,Ox = Hi\(X/U)/FY(X/U) = FYX/U)* @z D!
a mod FYX/U) — Uy( ,a)

we obtain a Kodaira-Spencer morphism (of Op-modules)

k: Tyys — To,er(FH(X/U)") @p D™
associated to (X, \,m),y over S.
Remark 5.14. If w is an Oy ® R-trivialization of F'*(X/U), then

K(l) =w* @ WU)(,Vew) = ¥y (w, Vow) w* @ w*.
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Remark 5.15. By the natural duality between second divided powers I'> and second symmetric
powers S2, we get the following canonical isomorphisms (cf. Remark .30)

Tr
Touor(FH(X/U)) @r D712 84 op(FH(X/U))* @r D71 2 85, o p(FH(X/U))Y.
Under these identifications, the Op-dual of k is given explicitly by
KV Sp,er(FH(X/U)) — QlU/s
w®wr— (w, Vw)y.
5.5. The Kodaira-Spencer isomorphism for A4, and Ap.
5.5.1.  Just like we defined a universal first de Rham cohomology H, over A,, we may define a
universal Hodge subbundle Fy: for any étale scheme (U, u) over A, corresponding to the object
(X, A) v of Ay(U) we have u*F, = FY(X/U).
Let S be a scheme, and denote by F, g the rank g vector bundle over A4 5 obtained from F, by

base change. The naturality of the Kodaira-Spencer morphism permits us to construct a “universal”
Kodaira-Spencer morphism

kT, s — T2(F)s).

We remark that « is actually an isomorphism of O 4, 4 ,,-modules by [24] Theorem 5.7.(3) (cf. [46]
2.3.5).

Let U be a smooth Deligne-Mumford stack over S and v : U — Ay s be a quasi-compact
and quasi-separated morphism of S-stacks representable by schemes. Then, the Gauss-Manin
connection over (U, u), or simply over U if u is implicit,

1
ViuHys — uHys ®oy, Qs

is defined by pulling back the universal Gauss-Manin connection on A, g. Further, we may define
a Kodaira-Spencer morphism over (U, u) as the composition

Tu UK 112
Kot Tyyys —> u'Ty, g5 — T (u*F)ls).

5.5.2.  Analogously, we define a Hodge subbundle Fr C Hr endowed with a canonical R-multiplication.
For any scheme S, we also have a “universal” Kodaira-Spencer isomorphism (cf. [70] 1.5 and [46]
2.3.5)

. ~ 2 % —1
ki Taps — Lo, er(Frs) @R D™

For a smooth Deligne-Mumford stack U over S endowed with a quasi-compact and quasi-
separated morphism of S-stacks representable by schemes u : Y — Ap g, we can also associate a
Gauss-Manin connection

ViutHps — v Hrs Qo Yys
and a Kodaira-Spencer morphism

ku: Tups — Loy, wr(W Fig) ©r D™
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5.6. The higher Ramanujan vector fields on B,. Recall that the Ramanujan subbundle R, C
1,/z is a horizontal subbundle with respect to 7, : B; — Ag. In particular, the tangent map

Trg: Ry — W;TAg/Z

is an isomorphism. By composing it with (the pullback by 7, of) the Kodaira-Spencer isomorphism
for A,, we obtain an isomorphism

(5.7) bimy : Rg — T*(m3 F)).
Consider the “universal” symplectic-Hodge basis over By
by = (Wi, ... ,Wg, My .-+, Mg);

that is, the basis of the vector bundle 7;H, such that for every étale scheme (U, u) over B, corre-
sponding to the object (X, A, b) /iy of By(U) we have u*by = b. In particular, (w,...,w,) trivializes
myFy, and its dual basis induces an isomorphism

I2(miF)) — r2(o;‘§jét) = Og, ,, ®?%(29).

9,6t

By composing the above isomorphism with (5.7), we obtain
~ D

(5.8) Ry —T*(0g’,) = Os,, @ T*(Z).

Definition 5.16. For every 1 < i < j < g, we define the higher Ramanujan vector field v;; as
being the unique global section of Ry C T, /7 such that

e ®e; 1=
Vij — . .
e e +e; e 1<)
under the isomorphism (5.8).
Alternatively, let
(,): w;Hg X W;Hg — OB, .,

be the symplectic Op_ ,-bilinear form given, for each étale scheme (U, u) over B, corresponding to
the object (X, A, ), of By(U), by

w ()=, ) Hig(X/U) x Hig(X/U) — Ou.
This is well-defined by Remark .27. Then the higher Ramanujan vector fields satisfy
Ko, (Vig) = A ‘ A N
Com)@C,m)+(om) e n) 1<

The next proposition characterizes the higher Ramanujan vector fields in terms of the “universal”
Gauss-Manin connection over By (cf. Paragraph 5.5):

R * 1
VimgHg — mH, ®OBg,ét QBg/Z‘
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Proposition 5.17. Let us regard by as a row vector of order 2g. Then, the higher Ramanujan
vector fields are the unique global sections vij of Tp, 7 such that

0 O
Vb9 = by < EJ 0 >

Remark 5.18. The matricial equation above is equivalent to conditions (1) and (2) below
(1) Vi, wi = nj, Vy,,wj =n;, and Vy, wy, =0 for k ¢ {i,j}.

Vij

(2) Vi, me =0, for every 1 <k < g.

foreveryl <i<j<g.

Proof of Proposition .61. The vector fields v;; satisfy (2) in the above remark by definition of R,.
Moreover, using the explicit expression of the Kodaira-Spencer morphism in Remark .57, we see
that

(5.9) zg] )@ ( ,V ..wk>_{< J70) ® (5 mi) i=j
| | o (Com) @ omy) +( m) @ m) i<

k=1
in F2<7TZ.F;/) for every 1 < i < j < g. As b, is symplectic with respect to ( , ), by evaluating
the second factors at n; for every 1 <1 < g in the above equation, we see that V,, wy lies in the
subbundle of 73 H, generated by n1,...,ng, forevery 1 <i:<j<gand 1<k <g.
Thus, to prove that the vector fields v;; satisfy (1), it is sufficient to prove that
(5.10) (Wi, Vi, jwi) = 05, (Wi, Vip,wj) = 03, and (wy, Vi, wi) = 0 for k & {7, 5}

for every 1 <[ < g. This in turn follows immediately from (5.9) by evaluating the second factors
at wy.

To prove unicity, let (w;;)i<i<j<g be a family of vector fields on By satisfying (1) and (2). It
follows immediately from (2) that each w;; is a section of R,4. Moreover, by the explicit expression
of the Kodaira-Spencer morphism in Remark .57, the equations in (1) imply that

v JCm) e m) =7
Rrg (wz]) = . .
Since Kry t Rg —> FQ(TF;]:;/ ) is an isomorphism, we must have Wij = Vjj. |
Lemma 5.19. Let S be a scheme, and 6 be a section of T, ¢/5 such that Vew; = Vgn; = 0 for
every 1 <i<g. Then 6 =0.

Proof. Let 6 be as in the statement. Note that ¢ is in the subbundle Ry g of T, /g; thus, there
exist sections (fij)i1<i<j<g of Op, g, such that

0= Z fijvij.
1<i<j<g
We prove that each f;; = 0 by induction on . For i = 1, we have by Proposition .61
g

0 =Vow = Z fijvfuijwl = Zfljnj;

1<i<j<g J=1
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thus f1; = 0 for every 1 < j < g. Let 2 < iy < g, and assume that f;; = 0 for every 7 < iy and
1< j <g. From

g
0=Vyw;, = Z Jij Vo, wiq = Z iojn;
1p<i<j<g J=to
we conclude that f; ; = 0 for every ig < j <g. |
Let [, | denote the Lie bracket in T ;7.
Corollary 5.20. The higher Ramanujan vector fields commute. That is,
[vig, virjr] = 0

forany1<i<j<gandl1 < <j <g.

Proof. We already remarked that R is integrable (Remark .53). In particular, forany 1 <i < j <g
and any 1 < i < j' < g, the vector field 6 := [v;j, vy ;] is a section of Ry. By Lemma .63, to prove
that 8 = 0, it is sufficient to prove that Vywy = 0 for every 1 < k < g.

We have
V@Wk = Vvij (Vvi’j/wk") - Vv,i/j/ (Vvijwk)'
It follows from Proposition .61 that VWi (resp. Vy,;wy) is an element of {0,71,...,7,}; hence
Vi (Vo wi) = 0 (resp. Vo, , (Vo wi) = 0). [

5.7. The higher Ramanujan vector fields on Br. We argue as in the Siegel case: since the
Ramanujan subbundle Rr C Tj,. /7 is horizontal with respect to mp : B — A, the tangent map

Tﬂ'F : RF — ﬂ-;TAp/Z

is an isomorphism. By composing it with the Kodaira-Spencer isomorphism for Ag, we obtain an
isomorphism

. ~ 2 * Tk -1
K’WF RF —)FOAFét®R(7TFFF) ®RD .

Let bp := (wp,nF) be the “universal” symplectic-Hodge basis over Br. By duality, the trivial-
ization of 7}, Fr as a (rank 1) (’)Bp’ét ® R-module given by wr induces a trivialization of 75 Fp.
As the Z-module I'?(Z) may be canonically identified with Z, we then obtain an isomorphism (of
OBy ¢,-modules)

(5.11) Rp — Og,, ® D™

Definition 5.21. The higher Ramanugjan vector field over Bp is the Op,, . -isomorphism
vE - OBF,ét D' 5 Re

given by the inverse of (5.11).
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Strictly speaking, vp is not a vector field on B, but for any fixed choice of Z-basis of D~! it
determines g bona fide vector fields trivializing R .

If we endow the tangent bundle Ty, 7z = Tp,. /.4, ®RF with the R-multiplication induced by the
isomorphisms (5.4) and (5.11), then vr is Op,, ., ® R-linear, and can be thought as a global section
of TBF/Z ®pr D.

As the Gauss-Manin connection on 7 Hp is R-linear, it induces, for any fractional ideal I C F,
an Op,, ® R-morphism

T3z @r I — Homp(npHr, mpHr @r I).
We omit the proof of the analogous of Proposition .61.

Proposition 5.22. The higher Ramanugjan vector field vp is the unique global section of T, jzQr D
such that Vy,,w =n and V,,n = 0. [

Remark 5.23. As an application of Propositions .61 and .66, we can compute the effect of the
morphism f; : Bp — By of Remark .40 on the higher Ramanujan vector fields. Namely, one may
check that the following diagram commutes

Tf *
Tg,jz ———— [iTp,/z
UFT Tft* (vij)1<i<i<g

OB, ® D1 —— ft*(OBg ® Symg(Z))

where the bottom arrow is induced by the morphism of abelian groups
D™!' —; Sym,(Z)

xTr — (Tr(mrja:))lgi’jgg.

6. INTEGRAL SOLUTION OF THE HIGHER RAMANUJAN EQUATIONS

In this section, we define the higher Ramanujan equations over B, and Br, and we construct
particular solutions of such differential equations defined over Z. The definition of these solutions
is based on Mumford’s construction of degenerating families of abelian varieties, which we shall not
recall in detail. Besides Mumford’s original paper [57], the reader may consult [11] 2.3 and [24] III
as general references.

Our main theorems here, whose statement are purely algebraic, are immediate corollaries of their
analytic counterparts to be proved in Section 11.

6.1. Higher Ramanujan equations over B,;. Let 1 < i < j < g, and ¢;; be formal variables.
For any commutative ring A, we denote the ring of formal power series in the variables ¢;; with
coefficients in A by

Algi] == Algi; s 1<i<j<g]
We set
Aaig) = AlagllC TT @)1

1<i<j<g
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Recall that every A-derivation of A[g;;] is continuous for the linear topology given by the ideal
generated by the ¢;;, and that Ders (A[g;;]) is freely generated by %. In particular, as each g;; is
invertible in A((gi;)), the derivations

0 ..
Gijizqz‘j@, 1<i<j<yg

of A((¢gij)) form a basis of the A((g;;))-module Dera(A((gs5)))-

Definition 6.1. A solution of the higher Ramanujan equations over By defined over A is a A-
morphism (of Deligne-Mumford stacks over A)

¢ : Spec A((gij) — Bg,a
such that
Te(0;) = ¢ vy, 1<i<j<y.

A morphism ¢ : Spec A((¢ij)) — Bg.a as above corresponds to a principally polarized abelian
scheme (X, \) over A((¢;j)) endowed with a symplectic-Hodge basis b. Let V be the Gauss-Manin
connection over Hlg (X/A((gij))-

Proposition 6.2. With the above notation, ¢ : Spec A((gi;)) — Bga is a solution of the higher
Ramanujan equations over By defined over A if and only if

0 O
v9¢jb:b( EJ 0 )

Proof. For any (formally) smooth scheme U over A and any object (X, \,b),; of By(U), with
b= (wi,...,Wg,M,.-.,Ng), we may consider the Oy-morphism
p:Tyn — DHFYX/U)Y) @ Hig(X/U)®
0 — (k(0), Vonr, ..., Vang).

This construction is compatible with base change in U; in particular, if u : U — By a is the
morphism associated to (X, A, b) /U, We get a commutative diagram

for every 1 <1< j<g.

Tu

Ty u*TBg,A/A
/| |
T2(FY(X/U)Y) ® Hig(X/U)E — u* (T2 (x \Fop) @ sy HES )
where the arrow on the right is the pullback by u of the morphism
(Rrgs P) = T,y ja — D2y 0 Fgin) @ mo AH Y

which identifies Tj5, , /o with the subbundle F2(7T;‘7A]-";/7A) ® Sya of FQ(”;,Ang,A) @ ﬂ;,AH?% by
Theorem .50 (cf. Paragraph 5.6).
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By taking u = ¢ : Spec A((¢;j)) — By, in the above construction, we observe that ¢ is a solution
of the higher Ramanujan equations if and only if

p(0i5) = ¢* (K, (vij), P(vij))
for every 1 <4 < j < g. By the definition of p, our statement now follows from Proposition .61. B

6.2. Integral solution of the higher Ramanujan equations; Siegel case. Let K := Frac Z[q;].
Consider the “period subgroup”

Vo= ((q15:- -5 495) | 1 <5 < g) € GIL(K),
and let
¢:Y — Zg(g HomGpsch(G%, Gm))
be the unique group isomorphism such that

Plarj,---ra9) = €5, 1<j<g.
Then, Mumford’s construction [57] (cf. [11] 2.3, [24] V.1) canonically attaches to (G#,,Y, ) a
principally polarized semi-abelian scheme (G, A) over Z[g;;] of relative dimension g. The restriction
of (G, \) to Z((gi;)) is a principally polarized abelian scheme that we denote by (Xg, ;\g).
If we denote G¥, = Spec Z[t!, . .. ,t;tl], then the Hodge subbundle F*(X,/Z((gi;))) is canonically
trivialized by

Remark 6.3. For ¢ = 1, X, is known as the Tate elliptic curve over Z((q)), and & = dt/t is its
“canonical differential form”. See [19], Paragraph 8, for an explicit algebraic equation of Xj.

Theorem 6.4. Let V be the Gauss-Manin connection on HcllR(Xg/Z((qij))) and, for 1 < k < g,
define )
e = Vo € Hir(Xg/Z((i5)-
Then:
(1) The 2g-uple l;g = (W1,...,Wg,M,...,7g) is a symplectic-Hodge basis of (Xg, Xg)/Z((qij))-
(2) The morphism of Deligne-Mumford stacks

$g : Spec Z((qi5)) — By

given by (Xg, Ags 89)/2((%']')) is a solution of the higher Ramanujan equations over By defined
over 7.

This result follows directly from its complex analytic counterpart (Theorem .134); see Paragraph
11.4.

Remark 6.5. For concreteness, we have chosen to work with the “coordinates” ¢;; as above. We
refer to [24], p. 138-139, for a discussion on how to generalize some of the above constructions to
more general coordinate rings Z[S?(Z9) N oV] associated to a rational polyhedral cone o in the
cone of positive definite symmetric bilinear forms on R9Y.
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Remark 6.6. Note that Mumford’s construction yields a semi-abelian scheme over Spec Z[g;;]
which only becomes an abelian scheme (so that it fits into our framework) after inverting g;;. This
explains why our solution ¢, of the higher Ramanujan equations is only defined over Spec Z((g;;)).
See also Remark .6.

6.3. Higher Ramanujan equations over Bp. From now on, for simplicity, we fix a Z-basis
(z1,...,74) of D7! with each z; totally positive — that is, o;(z;) > 0 for every 1 <i,j < g —,
and we let (rq,...,74) be its dual Z-basis of R with respect to the trace form.

Let ¢"',...,q"9 be formal variables. For any commutative ring A, we set

Alq"] = Alq"™,...,q"]

and .
A(g™) = Ala™ - a1 o))
For every r € R, we denote -
g
¢ = [Ta)™*) € A(q™)
As in the Siegel case, note that -
0" = q”aqan, 1<i<g

form a basis of the A((¢"#))-module Derp (A((¢"*))). We consider the following isomorphism of A((¢"*))-
modules:

0r : A(¢") ® D™' — Derp(A((¢"))
l®xr— Zg: Tr(r;z)0".
=1

Definition 6.7. A solution of the higher Ramanujan equations over Br defined over A is a A-
morphism of (Deligne-Mumford stacks over A)

¢ : Spec A((¢"")) — Bra
such that
Tpolr = o v,
that is, such that the diagram

A(g) © D71 —% Dery (A(q™))

.| Jrs

Q*(OBF,A ® D_l) vE @*TBF,A/A

commutes.



48 TIAGO J. FONSECA
More concretely, if we denote vp(1 ® x;) =: v"* € I'(Bp,Tp,,/z) for every 1 <i < g, then ¢ is a
solution of the higher Ramanujan equations over B if and only if it satisfies
Te (™) = g, 1<i<g.

A morphism ¢ : Spec A((¢"")) — Bra as above corresponds to a principally polarized abelian
scheme with R-multiplication (X, A, m) over A((¢"*)) endowed with a symplectic-Hodge basis b. Let
V be the Gauss-Manin connection over Hlp (X/A((q"))).

Proposition 6.8 (cf. Proposition .69). With the above notation, ¢ : Spec A((¢")) — Bpa is a
solution of the higher Ramanujan equations over Br defined over A if and only if

0 0
Vgpb=b<1 O).

By considering the Op,, , . -isomorphism (cf. Theorem .54 and Paragraph 5.5)
(K, P) : Ty — (F%BF,A’ét@)R(W;‘,A‘F},A) ®r D) & (TpAHEA ®R D)
the proof of the above proposition is analogous to that of Proposition .69.

6.4. Integral solution of the higher Ramanujan equations; Hilbert-Blumenthal case.
Let K = Frac Z[q"i]. Consider the split torus G,, ® D~! over SpecZ defined by

(G, @ D7Y)(A) = AX @z D71

for any commutative ring A. Note that the Z-basis (z1,...,x,) of D7! induces an isomorphism of
group schemes
(6.1) G,®D 1 = GY,
given on points by
t@a —s (¢ Trrg))
To define the period subgroup, consider the morphism of abelian groups
R— K*
r—q .

By Remark .30, there exists a unique R-linear morphism
w:R— K*®D™*
such that Tr(w(r)) = ¢" for every r € R. Set
Y =@ (R) C (Gp, ® D )(K).
Observe that, since w is injective, it induces an isomorphism of R onto Y. We let
¢:=w 'Y 5 R (2 Homgpsch(Gm @ D71, Gpy))

Then Mumford’s construction [57] canonically attaches to (G, ® D™1,Y, ¢) a principally polarized
semi-abelian scheme (G, \) over Z[¢"] of relative dimension g. The restriction of (G, A) to Z((¢"*)) is
a principally polarized abelian scheme that we denote by (Xg, Ar). Moreover, the canonical action
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of R on G,,, ® D™!, which preserves the period subgroup Y and is compatible with the polarization
¢, induces an R-multiplication g : R — Endz4m) (X ) ; we thus obtain a principally polarized
abelian scheme with R-multiplication (Xr, Ap, ) over Z((q")).
Since Lie Xp is canonically isomorphic to Lie(G,, z(gm) ® D™') = Z((¢")) ® D™, we obtain by
duality a canonical isomorphism of Z((¢"")) ® R-modules
Z(q") © R= F'(Xr/Z(q"));
we let Wp be the Z((¢"#)) ® R-generator of F1(Xp/Z((¢"#))) corresponding to the above trivialization.

Remark 6.9. If we identify G,,,® D™! =+ Spec Z[(t")*!, ... (¢"7)*!] via (6.1), then the canonical
Z((q")) ® R-trivialization of F1(Xr/Z((q"")) is given by
Z(¢") ® R — F'(Xr/Z(d")
g .
dt"i
1 T i)—,
®rb—>; r(rz;) i
so that
g )
. dt"

Theorem 6.10. Let V be the Gauss-Manin connection on HéR(XF/Z((q”))) and denote
ip = Vopor € Hip(Xr/Z(q")) ® D.
Then:
(1) The couple bp = (Wp,7r) is a symplectic-Hodge basis of (Xp,j\p,mF)/z((qri)).
(2) The morphism of Deligne-Mumford stacks
o : Spec Z((q"") — B
given by (XF, g, T, Z;F)/Z((qri)) s a solution of the higher Ramanujan equations over Bp
defined over 7.
[

As in the Siegel case, this result follows directly from its complex analytic counterpart (Theorem
.145)); see Paragraph 11.6.

Remark 6.11. Here again, we have chosen to work with explicit “coordinates” ¢"* induced by a
fixed Z-basis of D! (cf. Remark .72). We refer to [27] 5.2 for an exposition on how to work with
more general coordinate rings.

Remark 6.12. We have the following compatibility between ¢ and ¢q. Let (x1,...,24) be as
above, and f; : B — By be the corresponding morphism as defined in Remark .40. Define a
morphism

hy - Spec Z((¢"")) — Spec Z((gi5))
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by
hi (qig) = 4"
Then, the diagram

Spec Z(q")) —* Br

}A'Ltl th
Spec Z((qij)) —5— By
commutes. This can be checked directly using the above constructions; it also follows from the
corresponding complex analytic statement (see Remark .146).

7. REPRESENTABILITY OF By, AND Br BY A SCHEME

It is easy to see that if S is a scheme over Fa, then By Xz S — S is not representable. Indeed,
if (X, A,b) 7 is an object of By lying over a scheme U over Fy, then the involution [~1] : P +—— —P
on X defines a non-trivial automorphism [—1] 4, : (X, ),y — (X, A),y in Ay(U) such that

[~1]*b= —b =1,

thus a non-trivial automorphism of (X, A, b) i in By(U). This same argument applies to Bp.
For any commutative ring A, let us denote By a = By @z A (resp. Bra = Br ®z A). In this
section we prove the following theorem.

Theorem 7.1. The stack By zp1/2) — SpecZ[1/2] (resp. Brzp — SpecZ[l/2]) is repre-
sentable by a smooth quasi-affine scheme By (resp. Br) over Z[1/2] of relative dimension 2g* + g
(resp. 3g).

For the sake of concision, we shall only treat in detail the case of By; there should be no difficulty
in translating our arguments to obtain the analogous statement for Br (see Remark .90).

7.1. Representability by an algebraic space. Let A be a commutative ring. The following
terminology has been borrowed from [40] 4.4.

Definition 7.2. We say that the functor B, (cf. Paragraph 4.2) is rigid over A if, for every A-
scheme U, and every object (X, ) of Ay lying over U, the action of Auty (X, A) on B, ((X,\),v)
is free.

Note that B, is rigid over A if and only if the fiber categories of By x — Spec A are discrete.
As B, is a Deligne-Mumford stack over Spec Z, this amounts to saying that B, » — Spec A is an
algebraic space over Spec A (cf. 0.12).

Lemma 7.3. Let k be a field of characteristic 0. Then B, is rigid over k.

Proof. Let (X, A, b) be an object of By lying over k and ¢ : X — X be a k-automorphism of (X, \)
such that ¢*b = b; we must show that ¢ = idx.

We claim that it is sufficient to treat the case £k = C. In fact, as X is of finite type over k,
by “elimination of Noetherian hypothesis” (cf. [31] 8.8, 8.9, 8.10, 12.2.1, and [32] 17.7.9), there
exists a subfield kg of k, of finite type over Q, and a principally polarized abelian variety (Xo, \o)
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over ko endowed with a symplectic-Hodge basis by and a kg-automorphism ¢g of (Xo, Ag) satisfying
whbo = bo, such that (X, A, b) (resp. ¢) is obtained from (X, Ao, bg) (resp. o) by the base change
Speck — Speckp. After fixing an embedding of ky in C, we finally remark that if ¢g ¢ is the
identity over Xy ®, C, then the same holds for ¢¢, and thus also for .

Let then k& = C. It is sufficient to prove that the induced automorphism of complex Lie groups
@ X3 — X ig the identity. As X®" is a complex torus, the exponential exp : Lie X — X"
is a surjective morphism of complex Lie groups. Therefore, it follows from the commutative diagram

Lie X —2°? | Tie X

expl lexp

Xan — Xal’l

that it sufficient to prove that Lie p = idp;e x. Now, if ¢ preserves symplectic-Hodge basis of (X, \),
then in particular the C-linear map ¢* : H°(X, Qﬁ(/c) — HY(X, Q%(/C) is the identity, and thus
its dual Lie ¢ : Lie X — Lie X is also the identity. |

We now treat the case of positive characteristic. Let us briefly recall some notions in Dieudonné
theory and its relation with abelian varieties.

Let k be a perfect field of characteristic p > 0. We denote by W (k) the ring of Witt vectors over
k, and by o the unique ring automorphism of W (k) lifting the absolute Frobenius x —— zP of k.
We can then define a W (k)-algebra D(k) generated by elements F' and V' subject to the relations

FV=VF=p, Fx=o)F, 2V=Vo(zx)

for any x € W (k).
The theory of Dieudonné (cf. [61] Definition 3.12) provides an additive contravariant functor

(7.1) G — M(G)

from the category of commutative finite k-group schemes of p-power order to the category of left
D(k)-modules. This functor is shown to be faithful and its essential image is given by the category
of left D(k)-modules of finite W (k)-length: M (G) is of W (k)-length r if and only if G is of order
p" ([61] Corollary 3.16).

Let X be an abelian variety over k and consider the k-vector space HJg (X/k) as a W (k)-module
via the canonical map W (k) —> k. Then one can endow HJp(X/k) with the structure of a D(k)-
module, the action of F' (resp. V') being induced by the relative Frobenius on X (resp. the Cartier
operator in degree 1); we refer to [61] Definition 5.3 and Definition 5.6 for further details. This
construction is functorial in the sense that for any morphism ¢ : X — Y of abelian varieties
over k, if we endow Hlp (X/k) and H}g(Y/k) with the preceding D(k)-module structure, then the
induced morphism on de Rham cohomology ¢* : Hip (Y/k) — Hz(X/k) is D(k)-linear.

In the next statement, for any abelian variety X over k, we regard H}g(X/k) with the above
D(k)-module structure, and we denote its p-torsion subscheme by X|[p]. Note that X|[p] is a
commutative finite k-group scheme of order p?dimX,
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Theorem 7.4 (Oda, [61] Corollary 5.11°%). The contravariant functors X — M(X[p]) and X —
Hl: (X/k) from the category of abelian varieties over k to the category of (p-torsion) D(k)-modules
of finite W (k)-length are naturally equivalent.

Lemma 7.5. Let k be a perfect field of characteristic p > 2. Then B, is rigid over k.

Proof. Let (X, A) be a principally polarized abelian variety over k of dimension g and ¢ : X — X
be a k-automorphism of (X, \).

If ¢ preserves a symplectic-Hodge basis of (X, )/, then in particular ¢* : Hl (X/k) —
H}:(X/k) is the identity; a fortiori, ¢ induces the identity on H}z(X/k) regarded as a D(k)-
module. Then, by Theorem .83, ¢ induces the identity on the D(k)-module M (X|[p]). As the
functor G — M(G) in (7.1) is faithful, ¢ restricts to the identity on the p-torsion subscheme
X|[p] of X. As ¢ preserves, in addition, the polarization A on X, and since p > 3, then necessarily
¢ =idx by a lemma of Serre (cf. [56] IV.21, Theorem 5). |

Recall the following version of the classical “rigidity lemma” for abelian schemes which follows
from the arguments in the proof of Proposition 6.1 in [58].

Lemma 7.6. Let A be a local Artinian ring, and X be an abelian scheme over Spec A. If an abelian
scheme endomorphism ¢ € Enda(X) restricts to the identity on the closed fiber of X — Spec A,
then ¢ = idx. |

Proposition 7.7. The functor B, is rigid over Z[1/2].

Proof. Let U be a Z[1/2]-scheme, (X, X) be an object of A, lying over U, and ¢ be an automorphism
of (X, ) in the fiber category Ay(U) preserving an element b of B (X, ). We must show that
@ = idx. This being a local property over U, we can assume that U is affine.

Suppose that U is Noetherian. By Lemmas .82 and .84, for every geometric point @ of U, we
have px_, = idx,. Let Z be the closed subscheme of U where ¢ = id. Then Z contains every closed
point of U. By Lemma .85, and Krull’s intersection theorem, Z is also an open subscheme of U;
hence Z = U, which amounts to saying that ¢ = idy.

In general, by “elimination of Noetherian hypothesis” (cf. [31], 8.8, 8.9, 8.10, 12.2.1, and [32],
17.7.9), there exists an affine Noetherian scheme Uy under U, and a principally polarized abelian
scheme (X, A\g) over Uy endowed with a symplectic-Hodge basis by, and with an Up-automorphism
o, such that p§by = bp, and (X, \) (resp. b, resp. ¢) is deduced from (Xo, Ag) (resp. bo, resp. ¢o)
by the base change U — Uy. The preceding paragraph shows that ¢y = idx,, hence p =idyx. W

7.2. Representability of B, 719 by a quasi-projective scheme B,;. We briefly recollect some
facts on quotients of schemes by actions of finite groups.

Let S be a scheme and I' be a finite constant group scheme over S, that is, an S-group scheme
associated to a finite abstract group |T'|.

For any S-scheme X, an S-action of I' on X is equivalent to a morphism of groups |I'| —
Autg(X). If X is an S-scheme, we say that an action of I' on X is free if the action of I'(U) on
X (U) is free for any S-scheme U.

90da’s theorem can be seen nowadays as part of the much more general Grothendieck-Messing theory; see for
instance the introduction of B. Mazur, W. Messing, Universal Extensions and One Dimensional Crystalline Coho-
mology, Lecture Notes in Mathematics 370, Springer-Verlag.
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The next lemma easily follows from [33] V and [44] IV.1.

Lemma 7.8. Let S be an affine Noetherian scheme and X be a quasi-projective S-scheme equipped
with an S-action of a finite constant group scheme I' over S. Then

(1) Up to isomorphism, there exists a unique quasi-projective S-scheme Y together with a T'-
mwvariant finite surjective morphism p : X — Y such that the natural morphism of sheaves
of rings over'Y

Oy — (p.Ox)IT!

is an isomorphism. If X is affine (resp. quasi-affine) over S, soisY . We denoteY =: X/T".
(2) If moreover the action of I' on X is free, then p is étale and

I'xg X — X xy X
(v, 2) — (2,7 - x)
s an isomorphism.

Remark 7.9. Part (2) in the above lemma implies that, when the action of I" on X is free, then
the stacky quotient [X/T'] (cf. [65] Example 8.1.12) is representable by the scheme X/T'.

For clarity, we split the proof of Theorem .80 for B, in two parts; see Remark .90 for Bp.

Proof of Theorem .80, part 1. Recall from [58] Theorem 7.9 (cf. [64] proof of Theorem 2.1.11) that
there exists a quasi-projective scheme A over Z[1/2] endowed with an action by the constant finite
group scheme I' over Z[1/2] given by |I'| = GL4(Z/4Z), and with a surjective étale morphism
A — A, z1/2) inducing an isomorphism of the stacky quotient [A/T'] with Ay 7 /2); namely, A
is the fine moduli scheme classifying of principally polarized abelian schemes with a full level 4
structure.

As the morphism of Deligne-Mumford stacks over Spec Z

g By — Ay
is representable by smooth affine schemes (Remark .123), the fiber product
A XA g1/ Bozjg — A

is representable by a smooth affine scheme B over A. In particular, B is affine and of finite type over
A. Since A is quasi-projective over Z[1/2], it follows that B is a quasi-projective Z[1/2]-scheme.
The action of T on A naturally induces an action of I' on the fiber product B; as By 71 /9 is
an algebraic space by Proposition .86 (cf. remark following Definition .81), this action is free.
Moreover, by the compatibility of quotients of stacks by group actions with base change (cf. [72]
Proposition 2.6), the second projection B — B, 79 induces an isomorphism of the stacky
quotient [B/I'] with By 7|1 /9). Finally, by Lemma .87 and Remark .88, we conclude that By 7 /9] is
representable by the quasi-projective Z[1/2]-scheme B/T". |
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7.3. B, is quasi-affine over Z[1/2]. Our proof that B, is quasi-affine over Z[1/2] is based on the
following elementary fact from algebraic geometry.

Lemma 7.10. Let S be an affine Noetherian scheme, X be a separated S-scheme of finite type,
and L be an ample or anti-ample (i.e., the dual LY is ample) line bundle over X. Let T(L) — X
be the Gy, g-torsor associated to L. Then T(L) is a quasi-affine S-scheme.

Proof. Assume first that £V is very ample over S. Then there exists n € N and an S-immersion
i: X — P = ProjOs(5)[Xo, ..., X,] such that LY = i*Opn(1). Let ¢’ =i*X; € T(X, L) for
0 < j < n, and denote by p: T(L) — X the canonical projection. The morphism of S-schemes

i T(C) — AT\ {0} = T(Ops (~1))
C— (o) (0); - Py (€))

is an immersion, since it fits into the Cartesian square

T(C£) 5 AL\ {0}
p O

X —F PY
Thus T'(£) is a quasi-affine S-scheme.

If £V is only ample, then we consider some very ample tensor power (LY)®F = (L)Y of LV,
Since the k-th power map T(L£) — T(L®) is a finite morphism of S-schemes, and T(L%F) is
quasi-affine over S by the above reasoning, T'(£) is also quasi-affine over S.

If £ is ample, then T'(L") is a quasi-affine S-scheme. By duality, T'(£) is isomorphic to T'(LY)
as an S-scheme, thus T'(£) is quasi-affine over S. [

To conclude, we apply the above lemma and the fact that the determinant of the Hodge bundle
on a fine moduli space of principally polarized abelian varieties with level structure is ample (see
[24] or [46]):

Proof of Theorem .80, part 2. Let T'(det F,) be the category fibered in groupoids over Spec Z whose
objects over a scheme U are triples (X, A, t), where (X, \) is a principally polarized abelian scheme
over U of relative dimension g, and ¢ is a trivialization of the line bundle det F'*(X/U) over U —
in other words, T'(det F,) is the G,-torsor associated to the determinant of the universal Hodge
bundle F; over A,. Then m, : B, — A, factors through the forgetful functor T'(det ;) — Ay
via

f: By — T(det F,),

given by (X, A, (w1, .., wg, M-+ -,Mg)) o > (X, A w1 A Awg) .

We keep the notation of the first part of this proof. Let (X, \) the principally polarized abelian
scheme over A corresponding to the finite étale covering A — Ay 7)1 9] = [A/I], then it follows
from [24] Theorem V.2.5 (cf. [46] Theorem 7.2.4.1 (2)) that det F1(X/A) is an ample line bundle
over A. By the above lemma, T'(det F'*(X/A)) is a quasi-affine Z[1/2]-scheme.
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Consider now the following commutative diagram

B B,

J I

T(det F1(X/A)) —————— T(det Fg)zp 9

J J

A Agz11/2]

in which every square is Cartesian. As f is relatively representable by affine schemes, B is affine
over T'(det F'(X/A)), thus quasi-affine over Z[1/2]. Since B, = B/I', we conclude by the part (1)
of Lemma .87. [}

Remark 7.11. By considering level structures on principally polarized abelian schemes with R-
multiplication and the ampleness of the determinant of the Hodge bundle ([46] Theorem 7.2.4.1
(2)), virtually the same proof can be applied to the case of Bp.

8. THE CASE OF ELLIPTIC CURVES: EXPLICIT EQUATIONS

When g =1 (or, equivalently, F' = Q), we can compute explicit equations for By = Bq, for the
Ramanujan vector field, and for the integral solution ¢; of the Ramanujan equation.

8.1. Explicit equation for the universal elliptic curve X; over B; and its universal
symplectic-Hodge basis. Fix a scheme U. Let us recall that every elliptic curve E over U
(namely, an abelian scheme of relative dimension 1) has a canonical unique principal polarization
A\g : E — E? given, for any U-scheme V and any point P € E(V), by

Ap(P) = Ogp([P] - [O])

where O € E(V) denotes the identity section and Og([P] — [O]) denotes the class in E*(V) of the
inverse of the ideal sheaf defined by the relative Cartier divisor [P] — [O].
Therefore, the functor

E+— (E, )\E)

defines an equivalence between the category of elliptic curves over U and that of principally polarized
elliptic curves over U. We can thus “forget” the principal polarization: an elliptic curve £ will
always be assumed to be endowed with its canonical principal polarization Ag. In particular, an
object of By will be denoted simply by a “couple” (E,b) .

Remark 8.1. The symplectic form induced by Ag coincides with the composition of the cup
product in de Rham cohomology Hlg(E/U) x Hii(E/U) — H3z(E/U) with the trace map
H3n (E/U) — Oyp.

Theorem 8.2. Let
By = Spec Z[1/2, by, by, bg, A
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where
b2(b? — bob b b b
A::QLL—3Q—8@—2%3+%ﬂ@W:M&w B2 D),
4 4 2 4
and let X1 be the elliptic curve over By given by the equation
b b b
2_,3,9%2 2, %M %
y—x+4m+2x+4.
Then by = (w1,m1) defined by
o = e
1= 2y} m = 2y

is a symplectic-Hodge basis of X1,p, and the morphism By — By corresponding to (X1,b1)/p,
induces an isomorphism of By with the Z[1/2]-stack By g 2]-

In other words, if (X1,b1),p, is defined as above, then for any Z[1/2]-scheme U, and any elliptic
curve E over U endowed with a symplectic-Hodge basis b, there exists a unique morphism Fy; :
E/U — X1/31 in AI,Z[1/2} such that F*b; = b.

Proof. It is classical that wy so defined is in F*(X;/Bj). To prove that (wi,m)x, = 1 one can,
for instance, use the compatibility with base change to reduce this statement to an analogous
statement concerning an elliptic curve over C, and then apply the classical residue formula (cf. [22]
pp. 23-25).

Let U be a Z[1/2]-scheme and (E,b),; be an object of Bi(U), with b = (w,n). It is sufficient
to prove that, locally for the Zariski topology over U, there exists a unique morphism (FE, b) JU —
(X1,b1) /B, in By z[1/9-

We follow essentially the same steps in [40] 2.2 to find a Weierstrass equation for an elliptic
curve. Let us denote by O : U — E the identity section of the elliptic curve E over U and by
p: E — U its structural morphism. Locally for the Zariski topology on U we can find a formal
parameter t in the neighborhood of O such that w has a formal expansion in ¢ of the form

w=(1+O0())dt,

where O(t) stands for a formal power series in ¢ of order > 1. Up to replacing U by an open
subscheme, we can and shall assume from now on that ¢ exists globally over U.
There exist bases (1, ) of p.Og(2[0]), and (1, z,y) of p.Ogr(3[0]), such that

1 1
(8.1) x = t—2(1+0(t)) and y= t—3(1—|—0(t)).
Then the rational functions x and y necessarily satisfy an equation of the form

y2 +a1xy +azy = 3+ a2x2 + aqx + ag,

where a; are uniquely defined global sections of Oy . Since 2 is invertible in U, the above equation
is equivalent to

2 2
ay @)2_ 3 ay + 4aq 9 arag + 2a4 a3 + 4ag
(y+2x+2 =z +<4 =+ — 5 m+74 .
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Therefore, after the change of coordinates (z,y) — (z,y + %2 + %), we can assume that x and
y satisfy

b b b
2 _ .3 ,Y2 2 Y4 6
Y —x+4x +2x+4,
where b; are global sections of Oy. Put differently, we obtain a morphism F); : E/;y — X1/p, in

Avz1/2)-
By considering formal expansions in ¢, we see that F*w; = w. In particular,

(w, F*?’]l) = F*bl

is a symplectic-Hodge basis of E,;;, and there exists a section s of Oy such that n = F*n + sw.
Thus, after the change of coordinates (z,y) — (z + s,y), we have F*b; = b. Therefore, we have
constructed a morphism Fy; : (E,b) iy — (X1,b1)/p, in By z[1/9)-

We now prove that the morphism Fy; is unique. Let F;f, : (B,b)y — (X1,b1)/p, be any
morphism in By z1/9. If f' = (b5, ), b5) are the coordinates of f, then F” is given by a basis
(1,2,y) of p.Og(3[0]) satistying

/ / /
® W) = @) + 2+ Dl 428,
Asboth (1,z,y) and (1,2',y') (resp. (1,z) and (1,2’)) are a basis of p.Og(3[0]) (resp. p.Or(2(0)])),
then there exists global sections ¢y, ca, c3 of Oy (resp. u, v of Oé) such that

¥ =u(r+c)
Y =v(y + cor + c3).

Note that equation (x) implies that u? = v2.

Now, as (F')*w; = F*w1, we obtain

de’ dz u dx dx

7:—{:}——:—7
2y 2y v2(y+cor+e3) 2y

thus cox 4+ c3 = 0 and v = v. Since u® = v?, we obtain v = v = 1 and (2/,9') = (z + ¢1,%). Finally,

as (F")*n; = F*n1, we have

x/d—x/—d—x <~ :cd—x+c d—x—xd—x
2y 2y 2y 2y 2y
hence ¢; = 0. Thus (2/,y') = (z,y) and this also implies that f = f'. [ |
Remark 8.3. By considering the change of variables
by = e9 e = by
b4 = (6% — 64)/24 <~ €4 = b% — 24b4
b = (46% — 12e9e4 + 866)/1728 e = bg — 36boby + 216bg

we see that By ®g)/9) Z[1/6] is isomorphic to

Spec Z[1/6, €2, e4, g, (€} — €g) ]
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Under this identification, the universal elliptic curve X is given by the equation
3 €4 €9
=i(e+ ) ~m e B) o
At n) ety +216
and the universal symplectic-Hodge basis by by (dz/y, zdz/y).

8.2. Explicit formulas for the Ramanujan vector field. It is also possible to give an explicit
formula for the Ramanujan vector field vy over B;. Indeed, consider the global section of T, /7[1 /2]
given by

9 P P
=2
vi=2bage 4 306 5 Dbg”

One may easily verify using the expression for the Gauss-Manin connection on H}g (X1/Bj) given
in A.3 that

+ (bobs — b3)=—

Vo(wr m)=(w 771)<(1) 8)

By Proposition .61, v is the Ramanujan vector field v1; over Bj.

Remark 8.4. Under the isomorphism By ®gz;y o) Z[1/6] = Z[1/6, €2, €4, €6, (] — €§) '] of Remark
.93, v gets identified with the vector field associated to the classical Ramanujan equations:

_e%fe4i 6264*€6i ege(;feii
12 Oes 3 Oey 2 Oeg
8.3. Explicit formulas for ¢;. We now explicitly describe the integral solution

1 : SpecZ((q)) — By

constructed in Section 6.
Recall that we denote 6 := 011 = qd%, and

7

Proposition 8.5. We have:
(1) under the identification By = Spec Z[1/2,bs, by, bs, A~1] of Theorem .92,

Ak 1 1
@1 72112 (b2, ba, b) = <E2(Q)729E2(Q)»692E2(Q)> € (Z((q) ® Z[1/2))*;
(2) under the identification By g1 /) = Spec Z[1/6, €2, e4, €6, (e —eg) '] of Remark .93, we have
&1 2 /6 (€2, €a, e6) = (Ba(q), Ea(q), Es(q)) € (Z((q) ® Z[1/6])".

Proof. By the change-of-coordinates formulas in Remark .93, it is sufficient to prove (2).
It is classical that the Tate curve X 71 /6 over Z((¢)) ® Z[1/6] is given by the equation
E Eg
)2 = da® — 4(q) 6(2)

12 “ T 216
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with canonical differential @ = %m. This can be deduced from its analytic counterpart (see Para-
graph 11.4), which implies moreover that

. . Ealqg) .
n = Vowi = w1 — 1(2)w1;

cf. equation (A.1) in Appendix A.
Let ¢ : Z((q)) ® Z[1/6] — By zj1/6) be defined by

90*(627 €4, 66) = (EQ(Q)’ E4(Q)a Eﬁ(‘]))'

Observe that we have a morphism in A; 7 /6]

Xl,Z[l/G] — X1,z[1/6]

J J

Spec Z((q)) © Z[1/6] —— Bi,zj1/q)

where the top arrow is defined by

e - (o= B0.,)

By the universal property of By z[ /5, to prove that ¢ zj1/6) = ¢, it is sufficient to prove that
®*by = by, i.e., that

®*wy =@ and Py = 7.
This, in turn, is a simple computation using the explicit formulas for ® and @, 71 above, and the
formulas for w; and 7; in Remark .93. [ |

Note that, by the explicit formulas given at the beginning of this paragraph, we know beforehand
that the coefficients of Fs, Ey, Eg (and of %GEQ and %HQEQ as well) are integral, but our explicit
expression for ¢ in terms of Eisenstein series relies on a base change to Z[1/2] or Z[1/6] (so that
B1 becomes representable).

As hinted in Paragraph 0.2 of our introductory section, in order to remain in a purely integral
situation, we should consider the ring of global sections I'(B1, Op, ., ). Let E/y be an elliptic curve
endowed with a symplectic-Hodge basis b = (w,n). Arguing as in the proof of Theorem .92, we see
that locally over U the elliptic curve E admits a Weierstrass equation

y2 +a1xy + azy = 3+ a2x2 + aqx + ag

with w = %x and n = xdf. If we set, as in Tate’s classical formulas (cf. [19] 1.4),

by = a% + 4as, by = ajas + 2a4, bg = ag + 4ag, bg ‘= —ajazay — aZ + a%aﬁ + a2a§ + 4asag,

then we check that b3 — bobg + 4bg = 0, and that by, by, bg, and bg do not depend on the choice
of the particular Weierstrass equation for which w = 2 and n = x%x. In particular, they define

global sections of Op, ,,. In this sense, Theorem .92 simply says that the morphism

(52,54,56) : Bl — A%
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induces, after base change to Z[1/2], an isomorphism of B, z; ) with the open affine subscheme of
A%[l Jg) defined by A # 0, and it follows from Proposition .95 (1) that

il basbo) = (a0 30E2(0) §°Ea(0)) € 2(0)

Analogously, the formulas for e, e4, and eg in Remark .93 also define global sections of Op, ,,, so
that the components of ¢} in the “coordinates” (ez, e4, e), namely Es(q), F4(q), and Eg(q), are in

Z((q)-
Remark 8.6. The ring I'(B1, Op, ,, ), which can be shown to be isomorphic to
Z[b2, ba, bg, bg, A7)/ (b7 — babs + 4bs)

by arguments similar to [19], Paragraph 6, can be thought as the ring of “integral weakly holomor-
phic quasimodular forms”, i.e., integral quasimodular forms which are only meromorphic at infinity
(cf. 0.6.2).

A. GAUSS-MANIN CONNECTION ON SOME ELLIPTIC CURVES
A.1. The Weierstrass elliptic curve. Let

W = Spec C[ga, g3, A1
where
A = g3 — 27g3.
Then we can define an elliptic curve E over W by the classical Weierstrass equation
y* = 42’ — goxw — g3.

Further, we define a symplectic-Hodge basis (w,7) of £y by the formulas

dx dx
wi=—, ni=zr—.
Y
Lemma A.l. With the above notations, the Gauss-Manin connection V on Hig(E/W) is given
by
- T Qu Q2
V(w n)=(w n)®A<921 Qo
where

1 9
Q= —193 dgs + 5 g3 dgs

3 1
Qo = 39293 dgo — ZQ% dgs

9
Qo1 = —593 dga + 392 dgs
Qg = — Q1.
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Let us briefly explain how these expressions follow from the description given in [39] A1.3 of
the Gauss-Manin connection on the relative first de Rham cohomology of the universal elliptic
curve E over the Poincaré half-plane H (whose fiber at each 7 € H is given by the complex torus
E, = C/(Z + Z7); in the notation of Example .105, we have E = X;).1°

We first remark that for any u € C* we can define an automorphism My, : E/w — E;y in
the category A; ¢ by

pu(g2,93) = (g2, u™0g3),  Mu(z,y) = (u "z, u""y).

Using that the Gauss-Manin connection commutes with base change and admits regular singulari-
ties, we deduce by homogeneity that there exists constants cy,...,cs in C such that

Qi1 = c195 dga + cag3 dgs, Q2 = c39293 dga + cags dgs,
Q21 = 593 dga + cegadgs, Qoo = c7g5 dga + csgs dgs.

To determine these constants, we consider the Cartesian diagram in the category of complex analytic
spaces

E —Y E(C)
| = |
H — W(C)
given by the classical Weierstrass theory:

() = (92(7), g3(7)),  Wr(2) = (pr(2), 97 (2))

Finally, we apply once again that that the formation of the Gauss-Manin connection (now in the
complex analytic category) commutes with base change, and we use the formulas in [39] A1.3:

(A.1)

V(dz pr(z)dz ) = (dz p:(2)dz ) ® 2% ( _(zmy?m/m _((22;?))355((:))//11514 )dT

A.2. The elliptic curve X, over Z[1/6]. Let
B = SpecZ[1/6, es, e4, €5, A71]
where
A= e} — ek

We define an elliptic curve X over B by

ea\3 e e e
y2=4(:v+—2> i(x+—2)+—6.

12/ 12 12/ " 216
We define a symplectic-Hodge basis (w,n) of X, by the formulas
dx dx
wi=—, n=z—.
Y Y

10A direct algebraic approach is also possible. See for instance [41] 3, [42] 3.4, and [54] 3.4.
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Note that there is a morphism F); : (X¢)/p, — E/w in A c given by
€4 €6

f(ea,eq,e6) = (ﬁ’ —m> , F(x,y) = (x + %,y) .

By pulling back the Gauss-Manin connection on H)y (E/W) described in Lemma .97 by the mor-
phism F ¢, we obtain that the Gauss-Manin connection V on Hjy (X/B) over Z[1/6] is given by

- 179 Qe
V(e m)=te nex(ay op)

_ 2 _
O = <€266 64) des + <66 6264) deg

where

4 6

A eqe6 — 2626?1 + e%eg e?l — 2eqeg + 6%64
Oy = ——dey — d d
12 12%¢2 < 18 €4 + 7 €6

le = 3€6d64 — 264d€6
Q29 = =1
A.3. The universal elliptic curve X;,5, over Z[1/2]. Consider the elliptic curve X; over By

defined in Theorem .92 and let @, : (X7 z[1/¢]) — X/p be the isomorphism in A; 7 /g
given by

/B1,z[1/6]

©(b2, by, bg) = (bg, b3 — 24by, by — 36boby + 216bg),  ®(z,y) = (z,2y).

If (w1,m) denotes de symplectic-Hodge basis of X;,p, defined in Theorem .92, then by pulling
back the Gauss-Manin connection on Hgp(X/B) described in A.2 by the isomorphism ., we
obtain that the Gauss-Manin connection V on HJg (X1/Bi) over Z[1/2] is given by

1 /9 Q
V(wr m)=(w 771)®A<Q; Qg)

where
b2 — 6bybg — bob? 4b2 — 3bob 18bg — bob
Oy = 22 626 24 dby + — 2326db6+7864 2= db
9 3 2_2 2 _ 2 4 2 _
0y b4+9b64 bababe db2+be6 5234 6b4bg b+ b2 43b2b6 b
bobg — 4b2 boby — 18b 24b, — b2
Qg = Sb2bo =403, baba . 896 b + 44 2 Ibe

Qog = —Qy1.
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Part 2. The analytic higher Ramanujan equations and periods of abelian varieties
9. ANALYTIC FAMILIES OF COMPLEX TORI, ABELIAN VARIETIES, AND THEIR UNIFORMIZATION

In this section we briefly transpose some of the standard theory of complex tori to a relative
situation, that is, we shall consider analytic families of complex tori. To both simplify and shorten
our exposition, we shall assume that the parameter space is smooth (i.e., a complex manifold); this
largely suffices for our needs.

Most of the material included in here, and in the following section, is well known to experts —
and may be even considered as “classical” — but we could not find a convenient reference in the
literature.

9.1. Relative complex tori. Let M be a complex manifold.

Definition 9.1. A (relative) complex torus over M is a relative complex Lie group m: X — M
over M such that 7 is proper with connected fibers. A morphism of complex tori over M is a
morphism of relative complex Lie groups over M.

As any compact connected complex Lie group is a complex torus, every fiber of 7 in the above
definition is a complex torus.

In general, for any relative complex Lie group 7 : X — M over M, we may consider its relative
Lie algebra Lieps X; this is a holomorphic vector bundle over M whose fiber at each p € M is the
Lie algebra Lie X, of the Lie group X, := 71 (p). Moreover, there exists a canonical morphism of
complex manifolds over M

exp : Lieyy X — X
restricting to the usual exponential map of complex Lie groups at each fiber.

Lemma 9.2. Let m : X — M be a complex torus over M. Then exp : Lieyy X — X is a
surjective and submersive morphism of relative complex Lie groups over M. Moreover, the sheaf of
sections of the relative complex Lie group ker(exp) over M is canonically isomorphic to

R17T*ZX = (Rlﬂ’*ZX)v.
|

This follows from the classical case where M is a point via a fiber-by-fiber consideration (cf. [56]
I.1). Note that Rym.Zx is a local system of free abelian groups over M whose fiber at p € M is
given by the first singular homology group Hi(X,,Z).

Definition 9.3. Let V' be a holomorphic vector bundle of rank g over M. By a lattice in V, we
mean a subsheaf of abelian groups L of O/(V) such that

(1) L is a local system of free abelian groups of rank 2g,
(2) for each p € M, the quotient V,,/L,, is compact.

It follows from Lemma .99 that, for any complex torus m : X — M of relative dimension g,
Rym.Zx may be canonically identified to a lattice in Lieys X.

Conversely, if V' is a holomorphic vector bundle of rank g over M and L is a lattice in V, then
the étalé space E(L) of L is a relative complex Lie subgroup of V over M and X := V/E(L) is a
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complex torus over M of relative dimension g. Furthermore, the relative Lie algebra Liey; X gets
canonically identified with V' and, under this identification, E(L) is the kernel of the exponential
map exp : Lieys X — X.

Remark 9.4. The above reasoning actually proves that the category of complex tori over M of
relative dimension g is equivalent to the category of couples (V, L) where V is a holomorphic vector
bundle of rank g over M and L is a lattice in V; a morphism (V, L) — (V’, L’) in this category is
given by a morphism of holomorphic vector bundles ¢ : V. — V' such that ¢(E(L)) C E(L’).

In what follows, we shall drop the notation E(L) and identify a local system with its étalé space.

9.2. Riemann forms and principally polarized complex tori. Let M be a complex manifold
and 7 : X — M be a complex torus over M.

Definition 9.5. A Riemann form over X is a C° Hermitian metric'! H on the vector bundle
Lieps X over M such that

E=ImH
takes integral values on Rym.Zx.

Observe that E is an alternating R-bilinear form. We also remark that the Hermitian metric H
is completely determined by E: for any sections v and w of Liey; X we have H (v, w) = E(v,iw) +
iE(v,w). In particular, by abuse, we may also say that E is Riemann form over X.

Definition 9.6. With the above notation, we say that the Riemann form E is principal if the
induced morphism of local systems

Rim.Zx — (Rim.Zx)" = R'n,Zx
v— E(v, )
is an isomorphism.

Definition 9.7. Let M be a complex manifold. A principally polarized complex torus over M of
relative dimension g is a couple (X, E'), where X is a complex torus over M of relative dimension
g and F is a principal Riemann form over X.

Example 9.8. Let g > 1 and consider the Siegel upper half-space
H, = {7 € Myx,(C) |7 =7", Im7 > 0}.

If ¢ = 1, we denote H := Hj; this is the Poincaré upper half-plane. Let us consider the trivial
vector bundle V' := CY x H, over H, and let L be the subsheaf of Og, (V) given by the image of
the morphism of sheaves of abelian groups

(Z° ® Z%)u, — Om, (V) = O

(m,n) — m+1n

HOur convention is that Hermitian forms are anti-linear on the first coordinate and linear on the second.
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where m and n are considered as column vectors of order g. Then L is a lattice in V' and we denote
by

Py Xy — Hy
the corresponding complex torus over Hy of relative dimension g (cf. Remark .101). Let E, be

imaginary part of the Hermitian metric over V' given by

(v,w) — T (Im 7) " Lw.

One may easily verify that E, takes integral values on L and that v —— FE4(v, ) induces an

isomorphism L — LY. We thus obtain a principally polarized complex torus (Xy, Eq) over Hy of
relative dimension g.

9.3. The category AJ" of principally polarized complex tori of relative dimension g. Let
Man ¢ denote the category of complex manifolds. We define a category A" fibered in groupoids
over Man ¢ as follows.
(1) An object of the category AZ" consists in a complex manifold M and a principally polarized
complex torus (X, ) over M of relative dimension g; we denote such an object by (X, E) /5.
(2) Let (X, E)p and (X', E') 5 be objects of AZ". A morphism

o p (XL E) o — (X, E) yu

in A" is a Cartesian diagram of complex manifolds

X %, X

| s |
MI T) M
preserving the identity sections of the complex tori and such that E' = f*F under the
isomorphism of holomorphic vector bundles Liey; X’ — f* Liepys X induced by ¢. We
may also denote (X', E') = (X, E) x M.
(3) The structural functor AZ" — Man ¢ sends an object (X, E)/y; of AZ" to the complex
manifold M, and a morphism ¢, as above to f.

Example 9.9. We define an action of Sp,,(Z) on the object (Xg, Ey) p, of AJ"
Spoy(Z) — Aut gan ((Xg, Eg)/Hg)

T Py,
as follows. Recall that an element v = (A B ; C' D) € Spy,(R) acts on Hy by
fy:Hy — H,

T+ y-7:= (A7 4+ B)(Ct+ D)~ L.
For v as above, consider the holomorphic map
oy C? xHy — CY x Hy
(zm) — (G 2y 7)
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where
Jj(v,7) = C1+ D € GL4(C).
If v € Spyy(Z), then for every 7 € Hy we have

Oy (29 +7129) =129 + (v - 7)27,

so that ¢, induces a holomorphic map ¢, : Xy, — X,. One easily verifies that
Py
Xy > Xy

| |7

H, — H,
Y

is a Cartesian diagram of complex manifolds preserving the identity sections and the Riemann
forms E,, i.e., it defines a morphism Py, (Xgs Eg)yu, — (Xg, Eg)/n, in AZ". Finally, the
formula

2, 7) = 3,72 7)j(02, 7)
implies that ¢, It is in fact an automorphism of (Xg, Ey) /|, in AT and that v — ¢, /5 is a

morphism of groups.!?

9.4. De Rham cohomology of complex tori. Let M be a complex manifold and 7 : X — M
be a complex torus over M of relative dimension g.

9.4.1. For any integer ¢ > 0, we define the ith analytic de Rham cohomology sheaf of Ojs-modules
by

HéR(X/M> = Ri”*QB(/M
where 2% M is the complex of relative holomorphic differential forms. If M is a point, we denote
éR(X) = fiR(X/M).

Remark 9.10. If M is a point, then the analytic de Rham cohomology H)g(X) is canonically
isomorphic to the quotient of the complex vector space of C*° closed i-forms over X with values in
C by the subspace of exact i-forms (cf. [22] I.1 p. 16).

The arguments in [2] 2.5 prove, mutatis mutandis, that there is a canonical isomorphism of
Onr-modules given by cup product

N\ Hir(X/M) = Hag(X/M),

and that Hlp(X/M) is (the sheaf of sections of) a holomorphic vector bundle over M of rank
2g. Moreover, the canonical Oys-morphism , Q7% N1V S HAp (X/M) induces an isomorphism of

W*Qﬁ(/M onto a rank g subbundle of H} (X/M) that we denote by F'(X/M).

12Ac‘cually, it follows from Proposition .119 below (see also Remark .120) that v — Dv/p, is an isomorphism of
groups.
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Analogously, it follows from the arguments of [41] that Hlg (X/M) is equipped with a canonical
integrable holomorphic connection
Vi HcliR(X/M) - HéR(X/M) X0 Q]1\/[7

the Gauss-Manin connection.
Furthermore, the formation of H} (X/M) (resp. F'(X/M), resp. V) is compatible with every
base change in M.

9.4.2. There is a canonical comparison isomorphism of holomorphic vector bundles
(9.1) comp : Hig(X/M) = Homz(Rim.Zx,On) = Oy @z R'mZx

identifying the subsheaf of Hlr (X/M) consisting of horizontal sections for the Gauss-Manin connec-
tion with the local system of C-vector spaces Homz(RimZx,Cyr) = R'm.Cx ([17] I Proposition
2.28 and II 7.6-7.7). The induced pairing

HAR(X/M) ®z RimZx — Oy
a® v — comp(a)(y) =: /a
g

is given at each fiber by “integration of differential forms” (cf. Remark .107).

Remark 9.11. In particular, for any section v of Rym.Zx, any C'** section « of the vector bundle
HIr(X/M), and any holomorphic vector field 6 on M, we have

9<La>:[yV9a.

Remark 9.12. In the absolute case (where M is a point), the comparison isomorphism can be
written

comp : Hir(X) = C oz H'(X,Z)
where X is a complex torus. If X is now an abelian variety over a subfield k of C, then the associated
analytic space X&' is a complex torus and we have a canonical isomorphism C ®j, H, jR(X /k) =
HLR (X&), In this case, we also write

comp : C @y, Hiz(X/k) = C oz H'(X,Z)
for the composition of comp with the above canonical identification.

Recall that Rym.Zx may be naturally identified with a lattice in the holomorphic vector bundle
Lieps X, Accordingly, the dual bundle (Lieys X)Y gets naturally identified with a holomorphic
subbundle of Homz(RimZx,Oxy).

Lemma 9.13. With notation as above, the comparison isomorphism (9.1) induces an isomorphism
of the holomorphic vector bundle F*(X/M) onto (Lieps X)V. [

This also follows from a fiber-by-fiber argument: if M is a point, by identifying H} (X) with
the C*° de Rham cohomology with values in C (Remark .107), the subspace F'(X) gets identified
with the space of (1,0)-forms in H}z(X), and these correspond to Home(Lie X, C) under the de
Rham isomorphism (cf. [7] Theorem 1.4.1).
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9.4.3. If X admits a principal Riemann form F, then, by linearity, we may define a holomorphic
symplectic form (, )g on the holomorphic vector bundle Hy (X/M) over M by

(B(3, ), BG, g = 5B (1,0)

for any sections v and & of Rym.Zx, where E(v, ) and E(6, ) are regarded as sections of Hlg (X/M)
via the comparison isomorphism (9.1).

Since every section of R'm,Zx is horizontal for the Gauss-Manin connection V on Hlg (X/M)
under the comparison isomorphism (9.1), the symplectic form ( , )g is compatible with V: for
every sections a, 3 of HéR(X /M), and every holomorphic vector field # on M, we have

(9.2) 0(a, B)E = (Vya, B)E + (o, Vo B)E.

9.5. Relative uniformization of complex abelian schemes. Let U be a smooth separated
C-scheme of finite type and (X, \) be a principally polarized abelian scheme over U of relative
dimension g. Denote by p : X — U its structural morphism. Then the associated analytic space
U?" is a complex manifold, and the analytification p?* : X?" — U?" of p is a complex torus over
U?" of relative dimension g.

Since the analytification of the coherent Oy-module Hz(X/U) is canonically isomorphic to
HLg (X2 /U™™), the symplectic form (, )) on H}(X/U) induces a symplectic form (, )3® on the
holomorphic vector bundle Hig (X" /U™) over U™,

Lemma 9.14. Lety and § be sections of Rip™Zxan, and let o and B be sections of Hig (X /U™)
such that v = ( ,)§" and 6 = ( ,B)3" under (the dual of) the comparison isomorphism (9.1).
Then
(1) The formula
1 an
Ex(v,0) = %@évﬁh

defines a Riemann form over Xa",
(2) The holomorphic symplectic forms (, Yg, and { , )3 over Hix(X®™/U™) coincide.

Proof. We can assume U = Spec C, so that (X, \) is a principally polarized complex abelian variety.
Recall from Paragraph 2.2 that we have constructed an alternating bilinear form Ef\lR on Hi (X/C)Y,

and that the bilinear form ( , ) over Hl;(X/C) is obtained from E{® by duality. Therefore, to

prove (1), it is sufficient to prove that, under the identification of Hi(X?®" Z) with an abelian sub-

group of Hly(X/C)V via (the dual of) the comparison isomorphism (9.1), for any elements ~ and

§ of Hy(X™,Z),

1
E = — iR
A(7,0) 57 A (7, 6)
is in Z, and that the induced morphism
(%) H{(X*,Z) — Hom(H,(X*",Z),Z)
v Ex(v, )

is an isomorphism of abelian groups.
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Note that, with this definition, (2) is automatic, since for any ~,d € H1(X?*",Z) we have

(B, ). A6 e = 5 Br008) = g BN 3:0) = g (B ). (6 )57
= (5B, )

2mi

S B  = (EA, ), B,

where we identified the vector space H}g(X/C) with H}p (X?") via the canonical analytification
isomorphism.

Now, the topological Chern class ¢1 top : Pic(X) — H?(X?,Z), defined via the exponential
sequence

0— ZXan — OXan — O;zan — 0
f— exp(2mif)

and the de Rham Chern class ¢; gr : Pic(X) — H3;(X/C) (cf. Paragraph 2.2) are related by the
following commutative diagram (cf. [18] 2.2.5.2)

Pic(X) —, H2,(X/C)

Cl,topl l

H2(X™ Z) —— H(X™,C)

—274

where the arrow H2;(X/C) — H?(X™,C) = Hom(H,(X*",Z),C) is given by the comparison
isomorphism.

If £ is an ample line bundle on X inducing A, then E;\iR = ¢14r(£) under the identification
H?2: (X/C) with the vector space of alternating bilinear forms on H}y (X/C)V (cf. proof of Lemma
.25). By the commutativity of the above diagram, we see that E) = —cj top(£) under the identifi-
cation of H2(X?®", Z) with the module of alternating (integral) bilinear forms on H;(X®",Z). This
proves that E) takes integral values.

To prove that (x) is an isomorphism, we simply use the fact that A*" is an isomorphism of X2

onto its dual torus, hence the determinant of the bilinear form on H;(X®",Z) induced by ¢ top (L)
is 1 (cf. [7] 2.4.9). m

Thus, for any smooth separated C-scheme of finite type U and any principally polarized abelian
scheme (X, \) over U of relative dimension g, the above construction gives a principally polarized
complex torus (X", Ey) over U*" of relative dimension g.

Let SmVar,c be the full subcategory of Sch ¢ consisting of smooth separated C-schemes of finite
type, and AJ’¢ be the full subcategory of Ay ¢ consisting of objects (X, A) iy of Ay c such that U
is an object of SmVar c.
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We can summarize this paragraph by remarking that we have constructed a “relative uniformiza-
tion functor” AP’ — A" making the diagram

sm an
9,C 'Ag

J l

SmVar,c —— Man ¢

(strictly) commutative, where SmVar,c — Man ¢ is the classical analytification functor U +—
uar.

Remark 9.15. One can prove that the above diagram is “Cartesian” in the sense that it induces an
equivalence of categories between AZ{% and the full subcategory of AZ" formed by the objects lying
above the essential image of the analytification functor SmVar,c — Man ¢ (cf. [18] Rappel 4.4.3
and [8] Theorem 3.10). In particular, for any object U of SmVar,c and any principally polarized
complex torus (X', E) over U*" of relative dimension g, there exists up to isomorphism a unique
principally polarized abelian scheme (X, \) over U of relative dimension g such that (X', E) jyan
is isomorphic to (X", E)) yan in Agn(Uan). In this paper, we shall only need this algebraization
result when U = Spec C, which is classical (cf. [56] Corollary p. 35).

9.6. Principally polarized complex tori with real multiplication. Recall that F' denotes a
totally real number field of degree g with ring of integers R and inverse different ideal D!,

For a complex manifold M, we may also consider principally polarized complex tori with R-
multiplication over M. By this we mean a triple (X, ', m) /5, where (X, E) is a principally polarized
complex torus of relative dimension g over M, and m : R — Endj;(X) is a ring morphism such
that, for every r € R, and every sections v, w of Lieps X,

E(Liem(r)(v),w) = E(v, Liem(r)(w)).

Example 9.16. Consider the complex manifold
HI ={r=(r,...,7y) €C" |Im7; >0,1<j<g}

Let V = C9 x HY be the trivial vector bundle over HY, and L be the subsheaf of Ops (V') given
by the image of the morphism of sheaves of abelian groups

(D' @ R)ygs — Oma(V) = O
(z,y) — z + 71y = (05(2) + 750;(y))1<i<g
where o1, ...,04 are the field embeddings of F' into C. Then L is a lattice in V' and we denote by
pr: Xp — HY

the corresponding complex torus over HY of relative dimension g. Let Er be the imaginary part
of the Hermitian metric over V' given by
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Then EF defines a principal Riemann form on Xp. The action of R on L given by its natural
action on D~ @ R via the above isomorphism induces an R-multiplication mz on the principally
polarized complex torus (Xg, Er). We thus obtain a principally polarized complex torus with
R-multiplication (X, Ep,mp) /He-

Let (X, E,m) /M be a principally polarized complex torus with R-multiplication, with structural
morphism 7 : X — M. Then m induces an action of R on the holomorphic vector bundle Liey; X
making its sheaf of holomorphic sections a locally free Op; ® R-module of rank 1 (that is, Rapoport’s
condition is automatically satisfied; see the remark following Definition .32). We denote by

Op : Liey X x Lieyy X — Ry @ D!

the unique Rjps-bilinear form such that Tr®p = E (cf. Remark .30). We also have a compatible
action of R on the lattice Rim.Zx, making it a locally free Rj/-module of rank 2g; the restriction
of Pp to RymyZx is a D]Tj—valued integral Rj;-bilinear symplectic form.

Let ¥g be the unique D~'-valued Op; ® R-bilinear symplectic form on H}p (X/M) satisfying
TrWgr = (, )p. By unicity, U satisfies

p(®s(, ), 25(5, ) = 5~ @r(7.0)

for every sections 7, d of Rim.Zx; here, we use that the comparison isomorphism (9.1) is R-linear,
and we regard ®g(v, ), Pg(d, ) as sections of Hig (X/M).

The category fibered in groupoids over Man,c of principally polarized complex tori with R-
multiplication, defined in an obvious way, is denoted by A%".

Example 9.17. Let
SL(D™' @ R) = {< .« ) € SLy(F)

Alternatively, SL(D~! & R) can be defined as Resp/z Aut(p-1gRr,3)(Z), where ® denotes the stan-
dard D~!'-valued R-bilinear symplectic form on D~! @ R. As in Example .106, we may define a
group action

a,dGR,bEDl,CED}.

SL(D™' ® R) — Auta (Xp, Ep, mp) /o)
vy — SO’Y/'y
by the following explicit formulas: the left action of SL(D~! @ R) on HY is given by

( a b ) . (Ul(a)ﬁ + o1(b) og(a)Tg + Jg(b)>
c d S \a(e)r +oi(d)’ T oy(e)Ty + og(d)
where o071, ...,04 denote the field embeddings of F' into C, and, for 7 € HY, the isomorphism

SOF%T : XF7T % XF:’Y'T
is induced by
Py CI— CY

L P < 21 2Zg )
er+d " \ole)n +o1(d) " oyle)ry +oy(d))
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Finally, to a principally polarized abelian scheme with R-multiplication (X, \,m), with U a
smooth separated C-scheme of finite type, we may functorially associate the object (X2, Ey, m*") JUan
of A3, We remark that by Lemma .111, and by the unicity of the D~!-valued Opan ® R-bilinear
symplectic forms, we have

Vg, =¥l

10. ANALYTIC MODULI SPACES OF COMPLEX ABELIAN VARIETIES WITH A SYMPLECTIC-HODGE
BASIS

In this section we consider some moduli problems of principally polarized complex tori, regarded
as functors

(AG")°P — Set (resp. (AF')P — Set)

where AJ" (resp. A%') is the category fibered in groupoids over the category of complex manifolds
Man ¢ defined in Paragraph 9.3 (resp. 9.6). As usual, we provide a detailed account for the Siegel
case AZ", and merely indicate the necessary modifications to treat the Hilbert-Blumenthal case
AP
10.1. Descent of principally polarized complex tori. Let M be a complex manifold and
(X, E) be a principally polarized complex torus over M of relative dimension g.

If My is another complex manifold and M — M is a holomorphic map, we say that (X, F) de-
scends to My if there exists a principally polarized complex torus (Xg, Ep) over My and a morphism
(X, E)/M — (Xo, EO)/MO in .Azn.

Lemma 10.1. With the above notation, suppose that there exists a proper and free left action of a
discrete group I' on M. If the action of T' on M lifts to an action of T' on (X, E) ys in the category
AZ", then (X, E)/m descends to a principally polarized complex torus over the quotient '\ M.

Sketch of the proof. Consider X as a pair (V, L), where V is a holomorphic vector bundle over M
of rank g, and L is a lattice in V' (cf. Remark .101). Then, to every v € I' there is associated a
holomorphic map ¢, : V' — V making the diagram

vV 2Ly

L]

commute, and compatible with the vector bundle structures. It follows from the commutativity of
this diagram that the action of I' on V is also proper and free. Thus, there exists a unique holo-
morphic vector bundle structure on the complex manifold I'\V over I'\ M such that the canonical
holomorphic map V' — T'\V induces a vector bundle isomorphism of V' onto the pullback to M
of the vector bundle I'\V over T'\ M.

Analogously, one descends the lattice L to a lattice in '\ V' (consider the étalé space, for instance),
and the bilinear form F on V to a bilinear form on I'\ V', which is seen to be a principal polarization
a postertorsi. [
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Remark 10.2. It is not difficult to check that an analogous statement holds for principally polarized
complex tori with R-multiplication: if a proper and free action of a discrete group I' on a com-
plex manifold M lifts to an action on a principally polarized complex torus with R-multiplication
(X, E,m) over M, then (X, E,m) s descends to a principally polarized complex torus with R-
multiplication over I'\ M.

10.2. Integral symplectic bases over principally polarized complex tori. Let M be a com-
plex manifold and (X, F) be a principally polarized complex torus over M of relative dimension g.
We denote by 7 : X — M its structural morphism.

Definition 10.3. An integral symplectic basis of (X, E) /5 is a trivializing 2g-uple (71, . .., 7,61, - - -, d)

of global sections of Rym.Zx which is symplectic with respect to the Riemann form FE, that is,
E(’}/l',’}/j) = E(él,éj) =0 and E('yl,éj) = 52’]’

for any 1 <i,5 <g.

Example 10.4. Consider the principally polarized complex torus (Xg4, Ey) over H, of Example

105 and recall that a section of R1p, Zx, is given by a column vector of holomorphic functions

on Hy of the form 7 +—— m + 7n, for some sections (m,n) of (Z9 © Z9)p,. We can thus define an
integral symplectic basis

Bg= (V1527 01,...,04)
of (Xg,Eg)/Hg by
vi(T) =e; and 6;(7) =Te;
for any 7 € H,.
Let (X', E) /pp and (X

T X — M. If g0 (X'
vector bundles

(10.1) Liepy X' — f*Lieys X

E)/m be objects of AZ" with structural morphisms 7' : X' — M’ and
,E") e — (X, E)/p is a morphism in A3", then the isomorphism of

induced by ¢ identifies the lattice Ryw,Zys with f*Rim.Zx. If v is a section of Rym.Zx, we
denote by ¢*v the section of Ry7,Z x mapping to f*vy under (10.1). As the isomorphism (10.1) also
preserves the corresponding Riemann forms, for any integral symplectic basis (y1,...,7g,01,...,0dg)
of (X, E)/ps, the 2g-uple of global sections of Ry, Zy: given by

e B = (0", 0 g, 0 01, ., 97 0g)
is an integral symplectic basis of (X', E’) e
Proposition 10.5 (cf. [7] Proposition 8.1.2). The functor (A3")°P — Set sending an object

(X, E)/ar of AG® to the set of integral symplectic bases of (X, E)n; is representable by (Xg, Eg) /1,
with universal integral symplectic basis B3, defined in Example .118.

Proof. Let (X, E)/y; be an object of A%" with structural morphism 7 : X — M, and let 8 =
(715579501, ---,94) be an integral symplectic basis of (X, E) /. Let W be the real subbundle
of Lieps X generated by 71,...,7,. Since E is the imaginary part of a Hermitian metric, for any
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nontrivial section v of W, we have E(v,iy) # 0. As W is isotropic with respect to E, it follows
that Lieps X = W @ iW as a real vector bundle. In particular, v := (y1,...,7,) trivializes Lieps X
as a holomorphic vector bundle. Hence, if § := (61,...,d,), then there exists a unique holomorphic
map 7 : M — GL4(C) such that 6 = y7, where v and ¢ are regarded as row vectors of global
holomorphic sections of Lieys X.

Let A= (E(vk,im))1<ki<g € Mgxy(C). Since

0 =vRer +iyImr,
the matrix of E in the basis  is given by

0 AlmT
—(AIm7)T (Re7)TAIm7 — (Im7)TATReT )~

Using that g is symplectic with respect to E, and that A is symmetric and positive-definite (recall
that F is the imaginary part of a Hermitian metric), we conclude that 7 factors through Hy C
GL4(C).

Finally, writing X as the quotient of Liey;s X by Rim.Zx, we see that 7 lifts to a unique morphism
in A"

P/ (X7 E)/M — (Xg7Eg)/Hg

satisfying p* 8, = (. |
Remark 10.6. We may define a left action of the group Spy,(Z) on the functor (A5")°P — Set
of integral symplectic bases, considered in the above proposition, as follows. Let (X, E) Ju be an
object of AS" and 8 be an integral symplectic basis of (X, E) /. Let v = (A B; C D) € Spy,(Z),
and consider S = (y1,...,7g,01,...,04) as a row vector of order 2g; then we define

vhmtn o n e s (2T
The morphism
Pyf, (XgaEg)/Hg — (XgaEg)/Hg
defined in Example .106 is the unique morphism in A%" satisfying
©3Bg =7 By
10.3. Principal (symplectic) level structures.

10.3.1. Let U be a scheme, and X be an abelian scheme over U. Recall that, for any integer
n > 1, we may define a natural pairing, the so-called Weil pairing,

X[n] x X'[n] — v,
where p, 7 denotes the U-group scheme of nth roots of unity (cf. [56] IV.20).

Fix an integer n > 1, and let (, € C be the nth root of unity e’ For any scheme U over
Z[1/n, (], and any principally polarized abelian scheme (X, A) over U of relative dimension g, by
identifying X*[n] with X [n] via A, and p, v with (Z/nZ)y via ¢,, we obtain a pairing

e} X[n] x X[n] — (Z/nZ)y.

n
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A

7 is skew-symmetric

The formation of e is compatible with every base change in U. Moreover, e
and non-degenerate (cf. [56] IV.23).

Since, for any integer n > 3, there exists a fine moduli space Ay 1, over Z[1/n] for principally
polarized abelian varieties of dimension g endowed with a full level n-structure (see [58] Theorem
7.9, and the following remark; see also [51] Théoreme VII.3.2), there also exists a fine moduli space
Ay, over Z[1/n,(,] for principally polarized abelian varieties (X, A) of dimension g endowed with
a symplectic basis of X[n] for the pairing e}y (cf. [24] IV.6). The scheme A, is quasi-projective
and smooth over Z[1/n, (,], with connected fibers.

In the sequel, we denote the universal principally polarized abelian scheme over Ay ,, by (Xg.n, Agn),
and the universal symplectic basis of X, ,[n] by agn,.

10.3.2.  Let (X, E)/p be an object of AJ™ with structural morphism 7 : X — M. For any integer
n > 1, by an integral symplectic basis modulo n of (X, E)pr, we mean a 2g-uple of global sections
of the local system of Z/nZ-modules

Rimi(Z/nZ)x = RimiZx /nRym.Zx

which is symplectic with respect to the alternating Z/nZ-linear form on Rym.(Z/nZ)x induced by
E.

Remark 10.7. Every integral symplectic basis of (X, E) ), induces an integral symplectic basis
modulo n of (X, E) ;. Conversely, since the natural map Spy,(Z) — Spy,(Z/nZ) is surjective,
locally on M, every integral symplectic basis modulo n of (X, E) /m can be lifted to an integral
symplectic basis of (X, E) .

The notion of integral symplectic bases modulo n is compatible with the notion of principal level
n structures of 10.3.1 in the following sense. Let (X, ),y be an object of A7 (see Paragraph
9.5) with structural morphism p : X — U. The étalé space of the local system Rip?"(Z/nZ) xan
is canonically isomorphic to the n-torsion Lie subgroup X*"[n] of X®". Under this identification,
the pairing e} on X[n] coincides, up to a sign, with the reduction modulo n of the Riemann form

Ey (cf. [56] 1V.23 and IV.24), and thus an integral symplectic basis modulo n of (X", E)) yan
A

canonically corresponds to a symplectic trivialization of X®"[n| with respect to e;,.

10.3.3.  Let I'(n) the kernel of the natural map Spy,(Z) — Spo,(Z/nZ). Recall that for any n > 3
the induced action of I'(n) on Hy is free ([56] IV.21 Theorem 5) and proper.

Proposition 10.8 (cf. [7] Theorem 8.3.2). For any integer n > 3, the complex manifold Ay, (C) =
AT, ¢ is canonically biholomorphic to the quotient of Hy by I'(n), and the functor (AZ")°P — Set
sending an object (X, E) nr of A3 to the set of integral symplectic bases modulo n of (X, E) s is
representable by (X;”;z c Exgn)jam o

tael I g,n,

Proof. As the action of I'(n) on Hy is proper and free, the quotient
Ay, =T(n)\Hy

is a complex manifold, and the canonical holomorphic map H, — A, is a covering map with Ga-
lois group I'(n). Moreover, since the action of I'(n) on Hy lifts to an action of I'(n) on (X, Ey) /u,
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in the category A%", the principally polarized complex torus (Xg, Ey) over Hy descends to a prin-
cipally polarized complex torus (Xg,, Egr) over Ay, (Lemma .115).

Let Bg be the integral symplectic basis modulo n of (X, Ey) /p, obtained from f; by reduction
modulo n. Then Bg is invariant under the action of I'(n), and thus it descends to an integral
symplectic basis modulo n of (Xgn, Egn)/a,.,.> 58y Bgn-

The object (Xg.n, Egn)/a,,, of A3" so constructed represents the functor in the statement with
Bg.n serving as universal symplectic basis modulo n. Indeed, let (X, E) /u be an object of AZ", and
B be an integral symplectic basis modulo n of (X, E) /m- By Remark .121, there exists an open
covering M = J,¢; U’ and, for each i € I, an integral symplectic basis 8¢ of (X, E)/Ui lifting .
By Proposition .119, we obtain for each ¢ € I a morphism goéfi (X E) i — (X, By) jm, in A
satisfying (goi)*ﬁg = f3*. Finally, by construction, for any i, j € I, the compositions of gp’)fi and (’O;'fj
with the projection (X, Eg)/Hg — (Xgm, Eg,n)/Ag,n agree over the intersection U’ N U7; hence
they glue to a morphism

Pfe (X, E)/M — (Xg,mEg,n)/Ag,n
satisfying ¢* By, = 5, and uniquely determined by this property.

To finish the proof, it is sufficient to show that (X7, o, E)‘gvn)/A‘;?n,c is isomorphic to (Xgn, Egn)/a,.,
in the category AJ". By the compatibility of principal level n structures with integral symplectic
bases modulo n, there exists a unique morphism in AZ"

e/ (Xgmcr Exg ) jam o — (Xgm, Egn)/a,.,

such that ¢*8,, is the integral symplectic basis modulo n of (X;‘;L’C, EAgvn)/AZf’n,c associated to

g,n (the universal principal level n structure of (Xg 5, Agn)/a, ., ). Since complex tori (over a point)
endowed with a principal Riemann form are algebraizable (cf. Remark .112), the holomorphic map

[ Agn(C)=AT c — Agn

N

is bijective. As the complex manifolds A,, and A,,(C) have same dimension, f is necessarily a
biholomorphism ([28] p. 19). [

10.4. Symplectic-Hodge bases over complex tori.

10.4.1. Let M be a complex manifold and (X, E') be a principally polarized complex torus over M
of relative dimension g. As in Definition .28, by a symplectic-Hodge basis of (X, E) pr, we mean a
2g-uple b = (w1, ..., wq, M, ...,7y) of global sections of the holomorphic vector bundle H}y (X/M)
such that wi,...,w, are sections of the subbundle F'(X/M), and b is symplectic with respect to
the holomorphic symplectic form (, )g.

It follows from Lemma .111 that this notion of symplectic-Hodge basis is compatible with its
algebraic counterpart via the “relative uniformization functor” in Paragraph 9.5.

10.4.2.  Consider Siegel parabolic subgroup of Spy,(C)

P,(C) = {( 61 (A%_l ) € Mayx24(C) ‘ A € GL,(C) and B € M,y ,(C) satisfy ABT = BAT} .

Note that Py(C) is a complex Lie group of dimension g(3g + 1)/2.
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Let (X, E) be a principally polarized complex torus of dimension g. If b = (w 1) is a symplectic-
Hodge basis of (X, E), seen as a row vector of order 2g with coefficients in Hlz(X), and p =
(AB; 0(AT)™1) € P,(C), then we put

b-p=(wA wB+n(AT)"1).

It is easy to check that b - p is a symplectic-Hodge basis of (X, E), and that the above formula
defines a free and transitive action of P;(C) on the set of symplectic-Hodge bases of (X, E) (cf.
Lemma .42).

10.4.3.  For a complex manifold M, let us denote by Man ; the category of complex manifolds
endowed with a holomorphic map to M.

Lemma 10.9 (cf. Corollary .43). Let M be a complex manifold and (X, E) be a principally polarized
complex torus over M of relative dimension g. The functor

Man%’/[ — Set

M’ — {symplectic-Hodge bases of (X, E) xr M'}
is representable by a principal Py(C)-bundle B(X, E) over M.

Proof. Let us denote by 7 : V. — M the holomorphic vector bundle H} (X/M)®9 over M. For any
p € M, the fiber 7~1(p) =V, is the vector space of g-uples (a1, .., ag), with each a; € Hl(X,).
Let B be the locally closed analytic subspace of V' consisting of points v = (a1, ..., aq) of V such
that

L:=Caj+ -+ Caoy
is a Lagrangian subspace of HéR(Xw(v)) with respect to (, )g_ (v Satisfying
fl (Xﬂ‘(’l))) ®L= H(liR(Xw(v))

By Proposition .23 (2), a symplectic-Hodge basis (w1, ... ,wq, N1, . .., ny) of a principally polarized
complex torus is uniquely determined by (71,...,n4). In particular, for each p € M, the fiber
B, = BNV, may be naturally identified with the set of symplectic-Hodge bases of (X, E,).

Thus, it follows from 10.4.2 that B is a principal P;(C)-bundle over M; in particular, it is a
complex manifold. We also conclude from the above paragraph that B represents the functor in
the statement. |

Remark 10.10. The above construction is compatible, under analytification, with its algebraic
counterpart. Namely, let U be a smooth separated C-scheme of finite type, and (X, \) be a prin-
cipally polarized abelian scheme over U. The complex manifold B(X?", E\) over U?" constructed
in Lemma .123 is canonically isomorphic to the analytification of the scheme B(X,\) over U con-
structed in Corollary .43.

Recall that we denote by (X4, Ag) the universal principally polarized abelian scheme over By,
and by b, the universal symplectic-Hodge basis of (X, Ag)/p, -

Proposition 10.11. The functor (A3")°P — Set sending an object (X, E) n; of AG" to the set of

symplectic-Hodge bases of (X, E) /y is representable by (X;mc, E)\g)/BanC, with universal symplectic-
’ 9,

Hodge basis b.
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Proof. By Lemma .123, there exists a complex manifold B, := B(Xy, E,) over Hy representing the
functor

Man®®
/Hg

M +—— {symplectic-Hodge bases of (Xg, Ey) xw, M}

— Set

Let (XB,, EB,) = (Xy, Ey) xu, By. Note that the principally polarized complex torus (Xg,, £, )
over B is equipped with a universal symplectic-Hodge basis bp,, and with an integral symplectic
basis 8, obtained by pullback from 3, via the canonical morphism (Xg,, EB, ) /By — (Xq, Ey) /H,
in A2",

W% now remark that (Xg,, EB,) B, represents the functor (AJ")°P — Set sending an object
(X, E)ar of AZ" to the Cartesian product of the set of symplectic-Hodge bases of (X, E)/y; with
the set of integral symplectic bases of (X, E) /M with (bB,,BB,) serving as a universal object.
Thus, for any element v € Spy,(Z), there exists a unique automorphism ., Jibn of (XB,, EB,)/B,
in A%" such that V2bg, = bp, and ¥} B, = 7 BB, (Where the left action of Sp,,(Z) on integral
symplectic bases is defined as in Remark .120).

As the functor B, : Ag” — Set is rigid over C (Lemma .82), we see that

(1) v+— Wy, I8 in fact an action of Spy,(Z) on (XB,, EB,) B, in the category AZ", and

(2) the action vy —— 1 of Spgg(Z) on the complex manifold By is free; it is also proper since
it lifts the action on H,,.

Let M be the quotient manifold Spy,(Z)\By and descend (Xg,, EB,) to a principally polarized
complex torus (X, £) over M. Since b, is invariant under the action of Spgg(Z), we can descend it
to a symplectic-Hodge basis b of (X, E) /5;. As in the proof of Proposition .122, we may check that
(X, E)/u represents the functor in the statement, with b serving as universal symplectic-Hodge
basis.

To finish the proof, we must prove that (X, F) is isomorphic to (X el Ey,)/ Ban, in AZ". For

’ 9,
this, it is sufficient to remark that, by the universal property of (X, E),y, there exists a unique
morphism in AZ"
v/ (Xgio Bx,)ypan, — (X, E)
satisfying ¢*b = by, and that the holomorphic map
f:By(C)=Bjlc — M

is bijective since principally polarized complex tori (over a point) are algebraizable (cf. Remark
.112); then f is necessarily a biholomorphism ([28] p. 19). |

10.5. The Hilbert-Blumenthal case. In this paragraph we state without proof the R-multiplication
counterparts of the above results.

10.5.1.  Let M be a complex manifold, (X, E/,m) s be a principally polarized complex torus with
R-multiplication over M, and denote by 7 : X — M the structural morphism.

Consider the local system of abelian groups (D! @ R) ) :== Zy ® (D71 @ R) over M, endowed
with its natural R-multiplication, and with the standard D~!-valued R-bilinear symplectic form ®.
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Definition 10.12. An integral symplectic basis of (X, E,m) /s is an R-linear isomorphism
B:(D'® Ry, ®) > (RimZx, Pp).

Equivalently, we may think of an integral symplectic basis as a couple § = (7, ¢), where 7 (resp.
9) is a global section of RimZyx ® D (resp. Rym.Zx), satisfying ®g(~,d) = 1. Here, we see @ as
an R-bilinear map

g : (RlTr*ZX ® D) X RimeZix — Ryy.

Example 10.13. The principally polarized complex torus with R-multiplication (Xr, Er, mr) o
constructed in Example .113 is equipped with a canonical integral symplectic basis 8r given by the
defining isomorphism (D~ @ R)gs —» L and the natural identification L & Ripp,Zx ..

We then have the analogous of Proposition .119.

Proposition 10.14. The functor (A%')°P — Set sending an object (X, E,m); of A% to the
set of integral symplectic bases of (X, E,m) s is representable by (Xp, Er, mp) /ie, with universal
integral symplectic basis Bp. |

Remark 10.15. As in Remark .120, we define a left action of SL(D~! @ R) (cf. Example .114) on
the functor (A%)°P — Set considered in the above proposition: if v = (a b; ¢ d) € SL(D~! & R),
and = (1 d1 ) is an integral symplectic basis, then

’Y'ﬁiz(’h 51)-<Ccl Z)z(d7+06 b’y—i—aé).

The morphism
@y/y 0 (Xp, Epymp) me — (Xp, Ep,mp) mo
defined in Example .114 is the unique morphism in A% satisfying
O BF =7 - Br-

Remark 10.16. Let t : (Z%9,(, )sq) — (R®D~!, Tr ¥) be the trivialization of the symplectic Z-
module (R D!, Tr ¥) as defined in Remark .40, so that (tV)~! is a trivialization of (D~'@®R, Tr ®).
Then we can use Propositions .119 and .128 to see that ¢ induces a holomorphic map

hy : HY — H,
given, under the moduli theoretic interpretation, by
(X,E,m,B) — (X, E,Bo (V).
It follows from the construction in the proof of Proposition .119 that h; is given in coordinates by
(71, Tg) — (0i(4))12; < diag(m1, - -, 79) (0i(7)1<i j<g
Note that h; actually lifts to a morphism in A"
(XrF, Er)ms — (Xg, Eg) /n,

given on the fiber of 7 € HY by

Xpr — Xgn(r)

2 (Ui(ﬂfj))fgli,jﬁg e
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Finally, let us remark that, by definition of r; and z;, we have

(0i(2)) 121 j<g = (05 (r)1<ij<g = (0i(r)))1<i j<g-
10.5.2. Let n > 1 be an integer, and (X, A\,m), be a principally polarized abelian scheme with
R-multiplication. Clearly, the action of R on X preserves the n-torsion subscheme X[n|. If U is a
Z[1/n,(y]-scheme, then there exists a perfect alternating R-bilinear pairing (see Remark .30)
e): X[n] x X[n] — (D~ Y/nD™ Yy

n
such that
Tr 62 =e)

o
If n > 3, then there exists a fine moduli scheme Ap,, over Z[1/n,(,] classifying principally
polarized abelian schemes with R-multiplication (X, \,m),;; equipped with an R-trivialization of
(X[n],€)), i.e., an R-isomorphism
(D7!/nD™") @ (R/nR))u, ®p) — (X[n], ),

r n

where ®,, denotes the standard symplectic form modulo n. We denote the universal principally
polarized abelian scheme with R-multiplication over Ar,, by (Xpn, Arn, mry), and its universal
symplectic R-trivialization by ap,.

In the analytic category A%', we may consider the notion of an “integral symplectic basis modulo
n” of a principally polarized complex torus with R-multiplication (X, E, m) /s namely, an R-linear
isomorphism

(D7'/nD ™Y @ (R/nR))y, ®y) — (RimiZx /nRimZx, Pp ),

where ®g ,, denotes the reduction modulo n of R-bilinear symplectic form ®g. This notion co-
incides with its algebraic counterpart, since for a principally polarized abelian scheme with R-
multiplication (X, A\, m) s With U a smooth separated C-scheme of finite type, the R-symplectic
modules (Rp*Zxan /nR1p*Zxan, ®p, ») and (X2%[n],€)) are naturally isomorphic.

For any integer n > 1, let 'z (n) be the kernel of the “reduction modulo n” map SL(D~'@®R) —
SL((D~'/nD~1Y) @ (R/nR)). If n > 3, then I'p(n) acts properly and freely on HY.

Proposition 10.17 (cf. Proposition .122). For any integer n > 3, the complex manifold Ap,(C) =
AR, ¢ is canonically biholomorphic to the quotient of HY by I'r(n), and the functor (A%)°P — Set
sending an object (X, E,m) nr of AF to the set of integral symplectic bases modulo n of (X, E, m)/M

is representable by (X%I,ln,cv EF,n7mF,n)/A‘;;‘n o [ |

10.5.3. Finally, we define symplectic-Hodge bases of principally polarized complex tori as in Para-
graph 3.3 (cf. 10.4.1).

Let (Xp,A\p,mp) be the universal principally polarized abelian scheme with R-multiplication
over Bp, and let bg be its universal symplectic-Hodge basis.

Proposition 10.18. The functor (A3)°P — Set sending an object (X, E,m) p; of A% to the set
of symplectic-Hodge bases of (X, E,m) y is representable by (X, EAF,m%n)/B%nC, with universal
symplectic-Hodge basis bp. ’ |
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11. THE ANALYTIC HIGHER RAMANUJAN EQUATIONS

In this section we consider the complex analytic avatars of the higher Ramanujan equations
introduced in Section 6.

We shall then construct particular solutions ¢, and ¢r of these differential equations, defined
on Hy in the Siegel case, and on HY in the Hilbert-Blumenthal case. The “g-expansions” of these
solutions coincide with the previously defined integral solutions ¢, and ¢p.

11.1. Definition of ¢, and statement of our main theorem in the Siegel case. Let us
first define the analytic higher Ramanujan equations. Consider the holomorphic coordinate system
(Thi)1<k<i<g on the complex manifold Hy, where 7, : H; — C associates to any 7 € H its entry

in the kth row and /th column. To this system of coordinates is attached a family (0)1<x<i<g Of

holomorphic vector fields on Hy, defined by
1 0
O = — —.
M 271 0Ty

Let (vk1)i<k<i<g be the family of holomorphic vector fields on By(C) induced by the higher

Ramanujan vector fields on B, defined in Section 5.

Definition 11.1. Let U be an open subset of H,. We say that a holomorphic map u : U — By(C)
is an analytic solution of the higher Ramanujan equations over By if

Tu(Or) = u* g
forevery 1 <k <[l <g.
We now construct a global holomorphic solution
pg : Hyg — B,4(C)

of the higher Ramanujan equations. In view of the universal property of the moduli space By(C)
(Proposition .125), the holomorphic map ¢, will be induced by a certain symplectic-Hodge basis
of the principally polarized complex torus (Xg, E,) over Hy.

Recall that the comparison isomorphism (9.1) identifies the holomorphic vector bundle (Liey, Xg4)"
over Hy with 72(X,/H,) (Lemma .110). Moreover, it follows from the construction of X, in Ex-
ample .105 that Lieg, X, is canonically isomorphic to the trivial vector bundle C9 x H, over H,.
Under this isomorphism, we define the holomorphic frame

(dz1,...,dzg)
of F1(X,/H,) as the dual of the canonical holomorphic frame of CY x H,,.
Theorem 11.2. For each 1 < k < g, consider the global sections of Hig(Xy/Hyg)
wy = 2midz, Ny = Ve, Wk,

where V denotes the Gauss-Manin connection on Hig(Xg/Hy). Then,
(1) The 2g-uple

bg = (wl,...,Wg;nla"'vng)
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of holomorphic global sections OfHéR(Xg/Hg) s a symplectic-Hodge basis of the principally
polarized complez torus (Xg, Eyg) /1, -
(2) The holomorphic map

@y : Hy — By(C)
corresponding to by by the universal property of B4(C) is a solution of the higher Ramanujan
equations (Definition .133).

The main idea in our proof is to compute with a C* trivialization of the vector bundle H} (X,/Hy);
in the next subsection we develop some preliminary background.

11.2. Preliminary results. Consider the complexr conjugation, seen as a C'°° morphism of real
vector bundles over H,

HtliR(Xg/Hg) — HcliR(Xg/Hg)
ar—
induced by the comparison isomorphism (9.1), and denote dzj = dz, for every 1 < k < g. We may
check fiber by fiber that the 2g-uple of C*° global sections of ”HéR(Xg /Hy)
(dz, . .. ydzg,dzq, ... ,dfg)

trivializes Hip (Xy/H,) as a C™ complex vector bundle over H,.
For1<i<j<gand1l<k<yg,let us define

o
N, — Vaijwka

so that
kk
N =Ny -
Proposition 11.3. Consider the notations in 0.16. For every 1 <i < j<gand1 <k < g, we
have

g
772] — Z egEU(Im T)flel Im dz

=1
as a C™ section of Hig(Xy/Hy), where Imdz; = (dz — dz)/2i.

Proof. For 1 <i<j<gand 1<k l<g,let )\Z and uz be the C* functions on H, with values
in C defined by the equation

g
ny =Y (\jdz + pdz).
=1
We must prove that /\Z + /‘z = 0 and that )\Z — QiieZEij (Im7) ey

Let us consider the integral symplectic basis 8y = (71,...,7¢,01,...,d4) of Rip,, Zx, defined in
Example .118. For every 1 <i < j < gand 1 <k, < g, we have (cf. Remark .108)

g D) D)
/772]— Vadzk_/dzk_(skl_o
ol v 9T O7ij ol I7ij
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and

0 0 ij
’I’] = el de: /dzk:Tkl:E].
/51 g 9%’ I7ij Js, ITij M

Thus, by definition of )\ , and ukl, we obtain

/ nk = <)\Z,Jm/ dzm—kugn/ dzm> = )\Z +M§gl
M o Y

EY _/ nk — ()\;’ij/é dzm—l—,uzn/a d2m> Z)ka Tl — Tml) —212)\ (Im 7),,
l l

In matricial notation, if we put A% := (Az)lgk,lgg € Mgy g(C), then we have shown that

2i\Y Im = E¥

m=1

The assertion follows. |
Specializing to the case ¢ = j = k in the above proposition, we obtain the following formulas.

Corollary 11.4. For any 1 < k < g, we have
g

N, = Z((Im ) Im dz.
=1

In particular, my, is the unique global section of Higr(Xe/Hy) satisfying

/T]k:O G/nd /lr]k:&kl
" i

for every 1 < 1 < g. In other words, m, may be identified with E4(yy, ) under the comparison
isomorphism (9.1).

Since every section of Rlpg*ZXg = (Rip,,Zx,)", seen as a section of Hip(Xy/Hy) via the
comparison isomorphism (9.1), is horizontal for the Gauss-Manin connection, we obtain the next
corollary.

Corollary 11.5. For any 1 < k < g, the global section m;, of Hix(Xy/Hy) is horizontal for the
Gauss-Manin connection:

Our next goal is to use the duality given by the Riemann form £, to express dz; in terms of C'*°
sections of Lieg, X,.

Lemma 11.6. Let 1 <k < g, and denote by 73, the k-th column of 7 € Hy. Then
dz = —Eg(iImTk, ) +iEg(ImTk, )

as a C™ section of iz (Xe/Hy) under the comparison isomorphism (9.1).
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Proof. Note that Im 7, = (Im7)ey. Let v be a section of Ripy Zx,. As Im7 is symmetric and
v = Revy + iIm~, we have

—Ey(iImy,y) + iEy(Im 7, v) = —Im(i Im TkT(Im 7)) + i Im(Tm TkT(Im 1)

= Im(z’eg(lm 7)(Im T)_l’y) + iIm(ez(Im 7)(Im T)_l’)/)
— Re(e]) + iTm(e] )

=epy = dz (7).

11.3. Proof of Theorem .134. We prove parts (1) and (2) separately.

Proof of Theorem .13/ (1). As each wy, is by definition a section of F1(X,/H,), to prove that by, is
a symplectic-Hodge basis of (X, E,) /H, 1t is sufficient to show that it is a symplectic trivialization
of Hir(Xy/Hy) with respect to the holomorphic symplectic form ( , )g ,- For this, we claim that
it is enough to prove that

(%) (wi,n;)E, = dij
for every 1 < i < j < g. Indeed, by Corollary .137 and by the compatibility (9.2), equation (x)
implies that (n;,m,)r, = 0 (apply Vy,,). Since we already know that FY(X,/H,) is Lagrangian,
this proves indeed that by is a symplectic trivialization of H}r (X,/Hy).

Fix 1 <1¢ < j < g. By Corollary .136, we have

g
n; = Z((ImT)_l)jl Imdz,
=1
thus
(wisn;)e, = 2%12 ((Im7)~ ﬂ (dzi, Imdz) g,

Now, using Lemma .138, we obtain
<dzi,Imdzl>Eg = <—Eg(’i1m7'i, )+iEg(ImTi, ),Eg(ImTl, ))Eg
= —<Eg(’iImTZ‘, ),EQ(IHIT[, )>Eg +i<Eg(ImTi, ),EQ(IHIT[, )>E
1

= % (—Eg(Z ImTi,ImTl) + iEg(ImTi,ImTl))

g

= — Im(iIm7 (Im7) "' Im7)
2me

1
=—e; (I e I .

7% (mr)er = 5o (Im )y
Therefore, since Im 7 is symmetric,

g
(wi,n,)E Z ((Im7)~ ]l (Im 7)3; = d45.
=1
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Part (2) in Theorem .134 will be an easy consequence of the following analytic analog of Propo-
sition .69.

Proposition 11.7. Let U C Hy be an open subset and u : U — By(C) be the holomorphic map
corresponding to a principally polarized complex torus (X, E) over U endowed with some symplectic-
Hodge basis b = (wi,...,wg,N1,...,1g). Then the following are equivalent:

(1) uw is a solution of the higher Ramanujan equations.
(2) For every 1 <i < j <g, we have

0 0
that 1is,

(i) Vo, wi =nj, Vo, wj =mn;, and Vg, wy =0, for k ¢ {i,j}
(i) Vo, mk =0, for 1 <k <g.

Proof of Theorem .134 (2). By Proposition .139, it is sufficient to prove that, for every 1 <i < j <
g, we have

(1) Vg, wi =n;, Vo,wj =mn;, and Vg, wi =0, for k ¢ {i,j}

(it) Vo, mp =0, for 1 <k <g.
Now, (i) follows directly from Proposition .135, and (7) is the content of Corollary .137. n

11.4. Compatibility of ¢, with ¢,. Recall that we have constructed in Section 6 a morphism

of stacks ¢4 : Spec Z((gi;)) — By. Let us briefly explain how Theorem .71, which claims that ¢, is

an integral solution of the higher Ramanujan equations on B, follows from Theorem .134 above.
Recall that the group of g X g integral symmetric matrices Symg(Z) is isomorphic to the subgroup

{( s ﬁ > e ngg(Z)‘N e Symg(Z)}

of Spy,(Z), so that it acts on the object (Xg, Ey)/m, of AJ" by Example .106; its action on the
base manifold Hy is given by translations:

N-T=7+N,
hence it is proper and free.

By Lemma .115, the principally polarized complex torus (X, Ey) /H, descends to a principally
polarized complex torus (X, E) over the quotient Sym,(Z)\Hy. Moreover, since the symplectic-
Hodge basis by is easily checked to be invariant under the action of Sym,(Z), it also descends to a
symplectic-Hodge basis b on (X, E) /sym, (Z)\H,- 1t follows that the holomorphic map ¢, : Hy —
By(C) defined in Theorem .134 factors through a map

¢ : Symy(Z)\Hy — B,4(C)

associated to the principally polarized complex torus with symplectic-Hodge basis (X, E,b) over
Symg(Z)\Hg.
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Observe that
H, — Sym,(C)

T q(7) = (qri(7))1<ki<g = (€77H)

1<k,I<g

induces a biholomorphism of the quotient Sym,(Z)\H, onto an open submanifold Dy of Sym,(C).

Under this identification, we have %% = qkl%, and one may check that (X, F,b) corresponds

formally to (Xg,j\g,f)g) defined in Paragraph 6.2 (that is, (X, E) is obtained by the Mumford
construction performed in the analytic category, and b is defined as by). For instance, for ¢ =
(¢ij)1<ij<g € Dy, we have

X = (Cx>g/<(q1j""7quj) ‘ 1<y< g>7

and the isomorphism X, , —» Xg(r) is induced by

z2=(21,...,2¢) —> (t1(2),...,t4(2)) = (e2mzl, .. .,62””9)
so that
or — dty,

It follows that ¢, is the “Taylor expansion” of 1 in the variables g;. In particular, Theorem .71
is an immediate corollary of Theorem .134.

Remark 11.8. A rigorous construction of such correspondence requires the theory of toroidal
compactification and completion at components at infinity; we refer to [24] p. 141-142 for further
details.

11.5. Analytic Higher Ramanujan equations over Br. Let (X, Er, mp) be the principally
polarized complex torus with R-multiplication over HY constructed in Example .113. As Liegs Xp
is canonically isomorphic to the trivial vector bundle C9 x HY over HY, we may define a global
section of F}(Xp/HY) = (Liegs Xz)V by the formula

g
Wp = 27l Zdzj.

j=1
It is easy to check that wp trivializes F1(Xr/HY) as a Oy ® R-module.
Proposition 11.9. The dual of the Kodaira-Spencer morphism

kY 5(29H9®R(—7:1(XF/HQ)) — th
is an isomorphism of Opgs-modules satisfying
g
(11.1) kY (wp) = 2mi Y dr;.
j=1

Proof. Recall from Remark .59 that

Hv(wp) = (wF, VwF>EF
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where V denotes the Gauss-Manin connection on Hlg (Xp/HY). Thus, (11.1) is equivalent to
(11.2) (wF,ViaiwﬂEF:l, 1§j§g.
27 Tj
To prove this, we may argue as in Paragraph 11.2, to which we refer for further details on the
computations:

(1) we have, for any 1 <1i,5 < g,

0 1#£ ]
V_ o dz = {Imdz]' . #J.

o Im7; =

as C* global sections of Hig (Xr/HY);
(2) under the comparison isomorphism (9.1), we may write

dzj = —EF(iImTjej, ) + iEF(ImTjej, ),
and we deduce from the definition of (, )g, (9.4.3) that

I .
<d2:j, Im de)EF = mT]

omi

The equation (11.2) now easily follows from (1) and (2) above.

If we endow Q4y, with the unique R-multiplication satisfying r-dr; = o;(r)dr; for every 1 < j < g,
then k" becomes Oy ® R-linear. Since 2mi Z?:l drj trivializes Q, as an Ogs ® R-module, we
conclude from (11.1) that " is an isomorphism.!3 |

By composing the Kodaira-Spencer isomorphism
kT — To op(F (Xp/HY)) @p D'
with the trivialization of F%Hg or(FH(Xp/HY)) induced by wp, we obtain an isomorphism
Tas — Ope @ D1
We denote the inverse of this isomorphism by
Op : One @ D™ 5 Ty
Remark 11.10. Explicitly, we deduce from Proposition .141 that, for any = € D!,

1 < 0
Or(l®x) = i ZUJ'(UC)E-

J]=

Definition 11.11. Let U C HY be an open subset, and v : U — Bp(C) be a holomorphic map.
We say that u is an analytic solution of the higher Ramanujan equations over Bp if

(11.3) Tuofp =u*vp,

13Alterna‘cively, we might deduce that x" is an isomorphism from the corresponding fact on the universal Kodaira-
Spencer morphism over Ap (cf. Paragraph 5.5 and Proposition .131).
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that is, if the diagram

Ope @ D' — " Ty,

| lTu

u*(Opp(c) ® D7) —= w'Tpy(c)

cominutes.
Let (z1,...,74) be a Z-basis of D™!, and let (r1,...,7,) be the dual Z-basis of R. If we denote

0" = 0p(1 @ ;) (resp. v"7 = vp(1 ® x;)), then the higher Ramanujan equations acquire the more
concrete form

Tu(0) =u™v"7, 1<j<g.
To construct an analytic solution of the higher Ramanujan equations over Br defined on HY, we
proceed as in the Siegel case. The proof of the next result is analogous to its Siegel counterpart.

Proposition 11.12 (cf. Proposition .139). Let U C HY be an open subset and v : U — Bp(C) be
the holomorphic map corresponding to a principally polarized complex torus with R-multiplication
(X, E,m) over U endowed with some symplectic-Hodge basis b = (w,n). Then the following are
equivalent:

(1) w is an analytic solution of the higher Ramanujan equations over Bp.

(2) We have
0 0
v(,Fb_b< ; 0>.

Theorem 11.13. Let
Np = Vo,wr € T(HY, Hig (Xr/HY) @r D).
Then:

(1) The couple br := (wr,np) is a symplectic-Hodge basis of (Xr, Er, mr) /ps-
(2) The holomorphic map

YR : H — BF(C)

induced by br is an analytic solution of the higher Ramanujan equations over Bp.

Proof. In view of Remark .35, to prove (1) it suffices to prove that Vg, (wr,np) = 1, i.e., that the
O11s ® R-linear morphism

Ons ® Dl — Ons ® D!

1@z — Vi, (wr, Vo, (100)wF)
is the identity. By Remark .30, this is yet equivalent to proving that, for every z € D™1,

(wr, Vo, enwr) Br = Tr(z).
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This follows immediately from Remark .142 and from formula (11.2) in the proof of Proposition
.141:

g g9
(wr, Vo, (102 wr)Er = Zaj(if)(va Vi s wp)p, =) o) =Ti(2).

To prove (2), we apply Proposition .144: the equation Vy,wp = np holds by definition, whereas
Vo.nr = 0 is equivalent to asserting that

QF(l ®l’)0F(1 ®y)/wp =0

for every x,y € D™ and v local section of Ripp,Zx,; this, in turn, is an easy consequence of
Remark .142 and of the explicit definition of wp. |

Remark 11.14. Consider the morphism of stacks f; : Br — By of Remark .40, and the holomor-
phic map h; : HY — H, of Remark .130. One may check using the characterization in Corollary
.136 that the following diagram is commutative:

HY 2 Bp(C)

S

HQ ©g BQ(C)

11.6. Compatibility of or and ¢pr. Analogously to the Siegel case, ¢r and ¢ are compatible.

To see this, we first recall that the abelian group D! can be seen as a subgroup of SL(D~! @ R)
via z = (1 z ; 0 1), so that it acts on the object (Xr, Er, mr) /s of AF' by Example .114. The
action of D™! on the base manifold HY is given by translations:

r-7 =17+ (0())1<i<g;

so that it is proper and free.

Therefore, by Lemma .115 and Remark .116, (X, Er, mF) /is descends to a principally polarized
complex torus with R-multiplication (X, E,m) over the quotient D~1\HY. Since by is invariant
under the action of D!, it also descends to a symplectic-Hodge basis b of (X, E, m)/Dfl\Hg, SO
that ¢ : HY — Bp(C) factors through an analytic map

Y : D"N\HY — Bp(C).

To check that ¢p is the formal version of ¢, we let (z1,...,2,) be the same Z-basis of D~ con-
sidered in Paragraph 6.3, and we observe that D'\ HY can be identified with an open submanifold
Dy of CY via

T—q(1)=(q"(7),...,4" (7)) = (eQmTr(”T), e eQmTr(rgT)) e CY,

where, for r € R, we denote Tr(r7) := >2%_; 0;(r)7;.
If we identify C¢ with C @ D! via the field embeddings o; : F — C, then

Xp,=C®D /(D! +7R)
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and the natural isomorphism

XFvT ; X‘](T)
is induced by z ® z — €>™* ® . We deduce from this that, for ¢ = (¢",...,q"9) € D, we have
X,=C*®D'/Y,

where Y is the image of the unique R-linear map R — C* ® D~ whose trace R — C* is given
by 1 — ¢" (1) = 2™ T07) (¢f. Remark .30). This shows that X is the formal analog of X, and
we may argue similarly for the principal polarization and the R-multiplication.

To see that bp coincides with b, we consider the identification of C* @ D! with C¥ given by
(z1,...,24), so that Xp, — Yy(r) is induced by

T (t7(2),...,179(2)) = (2T T nmz) - 2miTr(rgz))

where, for r € R, we define Tr(rz) = Z?:1 rjz;. Thus (cf. Remark .76)

a a dt"i
wp = 2772'Zdzj = ZTr(xl)tT
j=1 i=1

Also, if ¢"i : H9 — C is defined as above, a computation shows that, for z € D™, the vector field
0r(1 ® x) defined in Paragraph 11.5 (cf. Remark .142) is given by

g
Or(l®x) = Z Tr(r;x)q"

i=1

oq"i’

It follows from these formulas that Theorem .77 is an immediate corollary of Theorem .145 (see
also Remark .140).

12. VALUES OF ¢4 AND @p; PERIODS OF ABELIAN VARIETIES

In this section we show that the values of the analytic maps ¢, : Hy — By(C) (resp. ¢p :
HY — Bp(C)) defined in Theorem .134 (resp. Theorem .145) can be used to “compute”, up to a
finite extension, the fields generated by the periods of principally polarized abelian varieties (resp.
principally polarized abelian varieties with real multiplication). In particular, the transcendence
degree of such fields of periods can be read from the analytic maps ¢4 and @p.

12.1. Fields of periods of abelian varieties and statement of our main theorems. Let X
be a complex abelian variety (resp. a complex torus). A field of definition of X is a subfield k of
C for which there exists an abelian variety Xy over k such that X is isomorphic to Xg ®; C as
a complex abelian variety (resp. isomorphic to Xo(C) as a complex torus); we say that Xy is a
k-model of X.

Definition 12.1. Let X be a complex abelian variety, k£ be a field of definition of X, and fix a
k-model X of X. The field of periods P(X/k) of X over k is defined as the smallest subfield of C
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containing k and the image of pairing
H g (Xo/k) ® Hi(Xo(C),Z) — C

a®w—>/a
Y

given by “integration of differential forms” (cf. 9.4.2).
The field P(X/k) does not depend on the choice of Xj.
Remark 12.2. Alternatively, the field of periods P(X/k) can be regarded as the “field of ratio-

nality” of the comparison isomorphism (see Remark .109)
comp : C ®; Hig(X/k) = C@q H'(X(C),Q),
that is, the field of definition (cf. 0.17) of the complex point comp of the k-variety
Tsom(Hjg (X/k), k ©q H'(X(C), Q).

Let A, be the coarse moduli space associated to the Deligne-Mumford stack A, — SpecZ
(which exists as an algebraic space by the Keel-Mori theorem, cf. [65] Theorem 11.1.2). We recall
that A, is a quasi-projective scheme over SpecZ (cf. [51] VII Théoreme 4.2) endowed with a
canonical morphism A, — A, inducing, for every algebraically closed field &, a bijection of A, (k)
with the set of isomorphism classes of principally polarized abelian varieties over k.

Since any principally polarized complex torus (X, E) of dimension g is algebraizable, (X, E)
defines an isomorphism class in the category A,4(C) that we shall denote [(X, E)]. Let

Jg : Hg — Ag4(C)
T — [(Xg,r, Eg.r))-

Observe that, for any 7 € Hy, the field Q(j4(7)) C C (see 0.17) is a field of definition of X, ;.
This section is devoted to the proof of the following theorem.

Theorem 12.3. With notation as in Example .105 and Theorem .134, for every T € Hy the field
of periods P(Xy +/Q(jg(7))) is a finite field extension of Q(2mi, T, 4(T)). In particular,

trdegqQ(27i, 7, ¢4 (7)) = trdegqP(Xy -/ Q(jg(7)))-

Here, we see (27i,7,p4(7)) as a complex point of the Q-variety A}Q XqQ Sym, q X By q, and
Q(27i, 7, ¢4(7)) denotes its field of definition; see 0.17.

The above result also admits a Hilbert-Blumenthal analog, and we indicate at the end of this
section, without proofs, how to obtain it. As above, we denote by Ap the coarse moduli space
associated to Ap, and we consider a map

jr:HI — AF(C)
7+ [(Xpr Epr, mpg)]-
Theorem 12.4. With notation as in Example .118 and Theorem .145, for every 7 € HY the field
of periods P(Xp./Q(jr(7))) is a finite field extension of Q(2mi, T, or(T)). In particular,

trdegqQ(2mi, 7, o1 (7)) = trdegqP(Xrr/Q(jr(1)))-
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12.2. Period matrices. Let us consider the general symplectic group (or the group of “symplectic
similitudes” ); namely, the subgroup scheme GSp,, of GLag over Spec Z such that, for every affine
scheme V = Spec A, we have

GSpy, (V) = {( ab ) € Magrzg(A) ‘

Then we have the canonical character

A,B,C,D € Mgy 4(A) satisfy
AB" = BAT, CD" = DCT, and ADT — BCT € A*1,

|78 GSp29 — G’m

defined as follows: if s = (A B ; C' D) € GSpy,(V), then v(s) € R* satisfies ADT—BCT =u(s)1,.
Note that Spy, is the kernel of v.

We denote by GSp3, the open subscheme of GSp,, defined by the condition A € GL4(A) in the
above notation.

Let (X, E) be a principally polarized complex torus of dimension g, and b = (w1, ...,wq, N1, ..., MNg)
(resp. 8= (71,---,7%9:01,.-.,04)) be a symplectic-Hodge basis (resp. an integral symplectic basis)
of (X, E).

Definition 12.5. The period matriz of (X, E) with respect to b and § is defined by

Q) N
P(X7E7b75) = ( Q; N; > € M2g><2g(C)a

(Q)ij = A wj  (N1)ij = / N
(Q2)ij = /5 wj  (N2)ij = /5 ;-

3 3

where

Note that P(X, E, b, 8) is simply the matrix of the comparison isomorphism (9.1) with respect
to the bases b of Hln (X) and (E( ,61),...,E( ,04),E(v1, ),...,E(yg, ))of Hom(H,(X,Z),C).

Remark 12.6. In particular, let (X, \) be a principally polarized complex abelian variety, k be
a field of definition of X, and Xy be a k-model of X. Assume moreover that A descends to a
principal polarization Ao on Xy. Then, if b is any symplectic-Hodge basis of (Xo, \o), and f is any
integral symplectic basis of (X?", F)), the field of periods P(X/k) of X is generated over k by the
coefficients of the period matrix P(X?", E\,b, 3) (cf. Remark .148).

Lemma 12.7. For any (X, E,b, 3) as above, we have
(1) P(X,E,b,B) € GSpy,(C) and v(P(X, E,b, B)) = 2,
(2) Q' € GLy(C) (i.e., P(X,E,b,B) € GSp3,(C)) and Q7" € Hy.

Observe that QQQII is the point of H, corresponding to (X, E, ) via Proposition .119.

Proof. Knowing that P(X, E, b, 3) is a base change matrix with respect to symplectic bases, (1) is
simply a reformulation of Lemma .111; (2) is a particular case of the classical Riemann relations
(cf. proof of Proposition .119). |
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12.3. Auxiliary lemmas. We shall need the following auxiliary results.
Lemma 12.8. The morphism of schemes
GSp3, — G xz Sym, xz P,
s (v(s),7(s),p(5))

A B\ . .1 A B\ (A1t -BT
T<0D>.—CA and p<CD>._<O AT>

s an isomorphism.

where

Proof. We simply remark that

(2 (0 o )= (2 o, 2w )

is an inverse to the morphism defined in the statement. |
A straightforward computation yields the following result.

Lemma 12.9. Let ¢ : (X, E) — (X', E') be an isomorphism of principally polarized complex
tori of dimension g, B = (71,...,7¢,01,...,0q) be an integral symplectic basis of (X, E) and V' be
a symplectic-Hodge basis of (X', E'). We denote by @i the integral symplectic basis of (X', E")
given by pushforward in singular homology. Then the symplectic-Hodge basis

1
b= (wl)~ -y Wey M, - '5779) = QO*b, D <P(X/5E/’b,’90*ﬁ)>

21

/szO, /"7j=5ij
Vi d;

7

of (X, E) satisfies

for every 1 <i,j <g. |

12.4. Proof of Theorem .149. Let w, : B;q — Ag,q be the map obtained by composition of
g : Bgq = Bgq — Ayq with the natural map Ay q — Ay q; for a field £ D Q, it acts on
k-points by sending the isomorphism class [(X, A, b)] of a principally polarized abelian variety with
symplectic-Hodge basis (X, A, b) /, to the isomorphism class [(X, A)].

Note that w, is invariant under the right action of P, q on B, q and that each fiber of w, is a
P, q-homogeneous space.

Lemma 12.10. Let k D Q be a field, y € By q(k), and denote x = wy(y) € Agq(k). Then the
orbit map Py — w;l(x) = B, q Xq = associated to y is a finite and surjective morphism of
k-schemes.

Proof. Let G be the stabilizer of y, seen as a k-subgroup scheme of P, ;; it is sufficient to prove
that G is a finite k-group scheme.
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Let (X, \,b)

be a principally polarized abelian variety with symplectic-Hodge basis over k for
which y = [(X, A

,b)]. For any k-algebra A, we may define a antihomomorphism of groups
h: Aut((X,\) @k A) — Py i(A)

by sending o to the unique element p € P, ;,(A) such that ¢*b = b-p. By definition of G, the image
of h is precisely G(A).

Now, if A is a field, then Aut((X,\) ®; A) is finite ([56] IV.21 Theorem 5). Since G is an (affine)
algebraic group over k, this implies that G is finite. |

Proof of Theorem .149. Fix 7 € Hy, let k = Q(jy(7)), and let (X, ) /1, be a k-model of (X -, Ey ).
Fix an isomorphism

F i (Xgqr, Egr) — (X(C), By,

and a symplectic-Hodge basis b of (X, A) /.
We set

1
s = —P(X(C),E\,b F.Bgr) € GSpgg(C).

271'@

If f: Py — @, ' ([(X,\)]) denotes the orbit map associated to [(X,),b)] € Byq(k), then it
follows from Lemma .155 and Corollary .136 that

F(5)) = [(Xes A, b-p(s))] = [(Xg,r, Egry F70 - p(5))] = [(Xg,r, Egry bg,r)] = g (7).

Thus, by Lemma .156, k(p(s)) is a finite field extension of k(pg4(7)). But k(pg(7)) = Q(p4(T)),
since Q(pq(7)) is the field of definition of ¢4(7) in By q, which maps to j,(7) via wj.

By Lemma .153, we have v(s) = 55, and 7(s) = 7. Thus, it follows from Remark .152 and
Lemma .154 that

P(Xgr/k) = k(s) = k(2mi, 7,p(s)).
Finally, we conclude from the last paragraph that P(X, -/k) is a finite field extension of
k(27”'7 7, ng(’r)) = Q(27”7 T, 909(7—))
[

Remark 12.11. For latter use, let us remark that with notation as in the above proof, if we denote

. Ql Ny
S\ Ny )7
then we have actually showed that

Q(g(7), 21, N1) D Qg (7))

is a finite field extension.
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12.5. Periods of abelian varieties with real multiplication. As in Paragraph 3.3, consider
the R-module M := R @® D! endowed with its standard D~!-valued R-bilinear symplectic form
U. The Z-dual of M is given by MY = D~! @ R, and we denote by ® its standard D~ !-valued
R-bilinear symplectic form (cf. Example .114).

Let (X, E,m) be a principally polarized complex torus with R-multiplication (over a point). In
order to define period matrices for (X, E/,m), it is convenient to adopt the following slightly more
abstract approach.

Recall that a symplectic-Hodge basis b of (X, E,m) is a C ® R-linear isomorphism

b:Co®M = Hip(X)

such that b*¥p = 1 ® ¥ and b(C ® (R® 0)) = F(X); an integral symplectic basis of (X, E,m) is
an R-linear isomorphism
B:MY = Hi(X,Z)

satisfying 8*®p = ®, so that § induces a C ® R-linear isomorphism

(B&) ' C® M = Homg(H,(X,Z),C).
Since the comparison isomorphism

comp : Hig(X) = Homgz(H,(X,Z),C)
is C ® R-bilinear, we obtain a C ® R-linear isomorphism

comp o (BL) 7 Co M " Hig(X).
Definition 12.12. The period matriz of (X, E, m) with respect to b and f is defined as the unique
element P(X, E,m,b, 3) of Autcgr(C @ M) = (Resg/z Autys)(C) such that

comp Lo (&) o P(X,E, m,b,[) =b.

Remark 12.13. It follows from Remark .148 that, if £ C C is a subfield, (X, A, m) ;, is a principally
polarized abelian variety with R-multiplication over k, b is a symplectic-Hodge basis of (X, A\, m) ,
and f is an integral symplectic basis of (X (C), Ey, m®"), then

P(X/k) = k(P(X(C), Ex,m™,b, B)),

where k(P (X (C), Ex\,m*", b, 3)) is the field of definition of the complex point P(X(C), Ex, m¢,b, 3)
of the k-variety k ® Resg/z Autys (cf. 0.17).

In order to realize P(X, E,m,b,3) as an actual matrix we remark that, for every commutative
ring A, if V = Spec A, then we have the natural identification

(Resg/zAuty)(V) = {( ‘Z Z ) € GLy(A ® R)

a,dEA@R,bEA@D,cEA@D‘l},
so that we can write

P(X,E,m,b,j3) = ( Z; Z; ) € (Resg/zAuty)(C).
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Remark 12.14. The coefficients of P(X, E,;m,b,3) in the above presentation can be understood
as follows. With the above notation, since the comparison isomorphism is C ® R-linear, and since
the trace form induces a natural identification (C® H;(X,Z))* ®gr D! = Homgz(H;(X,Z),C), we
obtain an R-bilinear pairing
HIn(X) x Hi(X,Z) — C® D!
(a, ’y) — Lya

Tr o = /a.
7y

Then, if we write b = (w,n), and 8 = (y,6), we have

satisfying

Iw Iyn

P(X,E,m,b,p) = < L L

) € (Resg/zAutp)(C).

Consider the subgroup scheme Gr of Resg,zAutys defined, for every affine scheme V' = Spec A,
by

Gr(V) = {s: < “! ) € (ResR/ZAutM)(V)‘det(s) —ad—bee A* C (A®R)X}.

We denote by G7 the open subscheme of G given by the condition a € (A ® R)*.

In the next lemma we see HY inside the C-vector space C® D~ via the identification C® D! =
CY given by 1 ® x — (01(x),...,04(2)).

Lemma 12.15 (cf. Lemma .153). For any (X, E,m,b,3) as above, we have
(1) P(X,E,m,b,p) € Gp(C) and det P(X, E,m,b, ) = 27,
(2) Iw € (C® R)* (i.e., P(X,E,m,b, ) € G%(C)) and (Isw)(I,w) ! € HI. |

Next, we state the analogous auxiliary lemmas.
Lemma 12.16 (cf. Lemma .154). The morphism of schemes

Gp — G, xz Resg zAR Xz P
s — (det(s), 7(s), p(s))

a b\ 4 d a b\ _ [(at —b
. g )= and p|\ . o |= 0 a

18 an isomorphism. [

where

Lemma 12.17 (cf. Lemma .155). Let ¢ : (X, E,m) — (X', E',m') be an isomorphism of prin-
cipally polarized complex tori with R-multiplication, 8 = (v,0) be an integral symplectic basis of
(X, E,m) and V' be a symplectic-Hodge basis of (X', E',m’). We denote by ¢.53 the integral sym-
plectic basis of (X', E',m') given by pushforward in singular homology. Then the symplectic-Hodge
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basis

N 1
b = (OJ,T]) = b/ P <27m.P(X/7E/7b/7m/7§0*B)>

of (X, E,m) satisfies (cf. Remark .160)
I,n=0, Isn=1.
|

Using the above preliminary results, the proof of Theorem .150 is completely analogous to that
of Theorem .149.

13. AN ALGEBRAIC INDEPENDENCE CONJECTURE ON THE VALUES OF YR

In this paragraph, we use the analytic maps ¢p, for F real quadratic, to formulate a transcen-
dence conjecture containing Grothendieck’s Period Conjecture (GPC) for abelian surfaces with
complex multiplication, much like Nesterenko’s theorem on ¢q = (Es, E4, Eg) allows to recover
GPC for complex multiplication elliptic curves.

In such higher dimensional versions of Nesterenko-type statements, it is necessary to take into
account the presence of “special subvarieties” of positive dimension of the corresponding moduli
problem of abelian varieties. In the case of Ap, for F' quadratic, these are given by the Hirzebruch-
Zagier divisors.

13.1. Hirzebruch-Zagier divisors and statement of the conjecture. Let F' be a real qua-
dratic number field, and let o the non-trivial element of Gal(F/Q). The next definition is due to
Kudla and Rapoport [45] (cf. [35] Chapter 3).

Definition 13.1. A special endomorphism of a principally polarized abelian scheme with R-
multiplication (X, A\, m)y is an element j € Endy (X)? such that

(13.1) jom(r) =m(r?)oj
for every r € R.

For every integer N > 1, let Tr(NN) be the moduli stack classifying principally polarized abelian
schemes with R-multiplication endowed with a special endomorphism j satisfying j2 = N. These
are Deligne-Mumford stacks over Spec Z; moreover, as shown in [35] Paragraph 3.3, the forgetful
functor Tp(NN) — Ap is finite and unramified, and its image defines an effective Cartier divisor
in the stack Ap.

For every N > 1, we denote by T (V) the divisor on the C-scheme A ¢ induced by Tp(N)c —
Apc. These are known as Hirzebruch-Zagier divisors, or “modular curves” (cf. [26] Chapter V),
on the Hilbert modular surface Arc.

Recall that Nesterenko’s theorem [60] states that, for every 7 € H, we have

trdegQQ(e%”, Es(1), E4(1), E(T)) > 3.

As a corollary, we get

trdegqQ(pa()) > 2.
We next state the conjectural analog of the above lower bound for a real quadratic number field F'.
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Conjecture 13.2. Let F be a real quadratic number field. Then, for every r € H*\Uxn_; j;l(TF(N)),
we have

trdegqQ(pr(r)) > 3.

In the following paragraphs, we explain the precise relation between the above conjecture and
Grothendieck’s Period Conjecture for abelian surfaces.

13.2. Periods in the presence of complex multiplication. In this paragraph, we let F' be
a totally real number field of any degree g > 1. Recall that we denote by o1,...,0, the field
embeddings of F' into C.

Let k be an algebraically closed subfield of C, and (X, A\, m) be a principally polarized abelian
variety with R-multiplication over k. We have already remarked that m : R — End(X)? is injec-
tive, and that each element in its image is an isogeny (Remark .33); we thus obtain an embedding
of Q-algebras m : F — End®(X) := Q ®z End(X).

Definition 13.3. We say that (X, A\, m) has complex multiplication, or that it is CM, if there exists
a totally imaginary quadratic extension E of F, and an embedding of Q-algebras £ — EndO(X )
extending m.

If X is a simple abelian variety, then EndO(X ) is a division algebra acting faithfully on the
Q-vector space Hi(X(C),Q), so that dimqg End’(X) divides 2g; in particular, the map £ —
End’(X) in the above definition is necessarily an isomorphism of Q-algebras.

We say that a point 7 € HY is CM if (Xfg, Epr, mp,) is CM. We shall need the following well
known fact.

Lemma 13.4. If 7 € HY is CM, then 7 € (QNH)Y and jr(1) € Ap(Q). [

The classical proof for the case F' = Q (see, for instance, [76] 4.4-4.6) generalizes to any totally
real F'. Here, as in the case of elliptic curves, if F' is seen as a subring of CY via (o1,...,04), then
T € HY C CY satisfies a quadratic equation with coefficients in F.

Although not necessary for the sequel, let us mention that the converse of the above result is
also true, thus providing a characterization of CM points by a “bi-algebraicity” property. This
characterization actually holds in a much broader framework (see [75] and [16]).

Proposition 13.5. Let (X, A\,m) be a simple CM principally polarized abelian variety with R-
multiplication over Q, b = (w,n) be a symplectic-Hodge basis of (X, /\,m)/a, and B = (v,0) be an
integral symplectic basis of (X (C), Ex,m*"). Then

P(X/Q) = Q(va’ Lyn).

The notation I,(-) was introduced in Remark .160. Concretely, by identifying C ® F' with C9
via (01,...,04), the element I,w € C® R (resp. I,n € C® D) defines g complex numbers; the
field Q(I,w, Iyn) is obtained from Q by adjoining these 2g numbers.

Proof. Let ¢ be any element of End®(X)\m(F). Since the right R-module of symmetric morphisms
p: X — Xt satisfying m(r)topu = pom(r) for every r € R is projective of rank 1 (see, for instance,
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[70] Proposition 1.17), and since ¢ commutes with every element of m(F'), there exists u € F'*
such that
wlodogw = Xom(u).
It follows that ¢ induces an automorphism of Q ® F-modules
¢* : Hig(X/Q) — Hir(X/Q)

preserving F'1(X/Q), and satisfying

Ur(p a, " B) = ul (e, B)
for every «, 8 € HéR(X/Q). In particular, there exists a Q ® F-automorphism of Q® (R® D~!) =
(Q ® F)®? of the form

A= <6 i) € Myy2(Q® F)

with rt = u such that
©*b="b-A.
Analogously, ¢ induces an automorphism of F-vector spaces
¢« 1 H1(X(C), Q) — Hi1(X(C),Q)
such that
D, (047, 20) = uPp, (7,6)
for every v,0 € H1(X(C), Q). Thus, there exists a F-automorphism of Q ® (D! @ R) = F®2 of

the form
B = ( ¢
c

o8 =p"B.
It follows from the commutativity of the diagram of C® F-isomorphisms (given by the naturality
of the comparison isomorphism)

) € Mayo(F)

QU o

with ad — be = u such that

comp

C® Hip(X/Q) — Homgq(H:1(X(C),Q).C)

o | }ox

C @ Hyp(X/Q) —omp Homq(H1(X(C),Q),C)

comp
and from the definition of the period matrix P = P(X(C), Ey,m®*",b, 3) (Definition .158) that
B"P = PA,

that is,
alyw+clsw alyn+clsn \ [ rlyw slyw+tlyn
< bl,w+ dlsw blyn+dlsn ) o ( rlsw slsw + tlsn > )
We claim that ¢ # 0. By contradiction, if ¢ = 0, then by comparing the (1, 1) entries, we obtain a = r
(recall that I,w € (C® R)* by Lemma .161). This also implies that d = ¢, since ad = v = rt. Now,
by comparing (2, 1) entries, we obtain bl,w = (a — d)Isw; since (Isw)(I,w)™' €e HY C Co D! =
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C®F (cf. Lemma .161), this is only possible if a —d = b = 0. In particular, ¢, = m(a),, but since
X is simple, the action of End’(X) on H;(X(C), Q) is faithful, so that ¢ = m(a). This contradicts
the fact that ¢ ¢ m(F).
By comparing (1,2) entries, we obtain the linear equation in C ® F
Iyn = sc ' Lw+ (t —a)c 'Ly,

so that Iyn € Q(Iyw, I,n). As (X,\,m) is CM, we have 7 = (I;w)(I,w)™! € Q ® F by Lemma
167 thus Isw € Q(I,w, I,n). To conclude, it is enough to recall that P(X/Q) = Q(I,w, Isw, I,n, Isn)
(Remarks .159 and .160). [ ]

Corollary 13.6. Let 7 € HY be a CM point, and assume that Xg, is simple. Then
trdegqQ (27, 7, (7)) = trdegqQ(wr (7))

Proof. Let (X,\,m) be a model of (Xp,, Ep,,mp,) over Q, b be a symplectic-Hodge basis of
(X, \,m) Q and § be an integral symplectic basis of (Xp,, Er,, mp,). Our statement follows
immediately from the diagram of field extensions

Q(27Ti’ T, I’yw’ 1777) = P(XF,T/Q)

Q(I’wi IWU)
<o Q(2mi, 7, F (7))
Q(pr(7))
where the finiteness of Q(Iw, I,n) D Q(pr(7)) derives from a Hilbert-Blumenthal analog of Re-
mark .157. n

13.3. Grothendieck’s Period Conjecture for abelian surfaces with real multiplication.
In this paragraph we assume that F' is a real quadratic number field.

Lemma 13.7 (cf. [13] Lemma 6, [26] Proposition IX.1.2). Let k be an algebraically closed field of
characteristic 0, and (X, \,m) be a principally polarized abelian variety with R-multiplication over
k. If X is simple, then EndO(X) s a division algebra over Q isomorphic to one of the following:

(51) F,

(S2) E D F totally imaginary quadratic extension (CM case),

(S3) B D F indefinite quaternion algebra over Q.
If X is not simple, then X 1is necessarily isogenous to Y X Y for some elliptic curve Y over k,
and End®(X) = My (End®(Y)); in particular, End®(X) is a Q-algebra isomorphic to

(N1) Ms2y2(Q), if Y is not CM,

(N2) Moyo(K), where K = End’(Y) is an imaginary quadratic field if Y is CM. [

14Actually, the quadratic equation satisfied by 7 (see the remark following Lemma .167) is obtained by dividing
the (2, 1) entries by the (1,1) entries.
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Proposition 13.8. Let k be an algebraically closed field of characteristic 0, and (X, A, m) be a prin-
cipally polarized abelian variety with R-multiplication over k. The Q-algebra End®(X) is isomorphic
to a (commutative) field if and only if X does not admit a non-trivial special endomorphism.

Proof. If End®(X) is commutative, then the condition (13.1) in the definition of special endo-
morphisms is clearly only satisfied by j = 0. Conversely, let us prove that, if End(X) is not
commutative, i.e., cases (S3), (N1), and (N2) in Lemma .170, then X admits a non-trivial special
endomorphism.

Let us identify F with a subalgebra of End®(X) via m, and denote by ¢ — ¢! the Rosatti
involution on End’(X) defined by A. By hypothesis, for every 2 € F, we have 2f = z. Up to
multiplication by a convenient integer, it is sufficient to prove the existence of j € End’(X) \ {0}
such that j¥ = j, and

jr=a%j
for every x € F. If we write F' = Q(p), for some p € F satisfying p?> € Q~q, then it is enough to
check that jT = j and jp = —pj.

(1) Let us assume that End’(X) = B is a quaternion algebra over Q (cases (S3) and (N1)).
Since B is indefinite, the positive involution b — b! cannot coincide with the canonical
involution b — b of B. By [43] Proposition 2.21, there exists u € B* such that @ = —u
and

b = u'bu
for every b € B. Note that b — b restricts to o on F, so that p = —p and the condition
p! = p means that pu = —up. Thus, we can take j = pu.

(2) Suppose that End®(X) = May(K), where K = Q(f), with 6% € Q¢ (case (N2)). Since
T is positive, it must restrict to the unique non-trivial automorphism of K (embedded
diagonally in Maya(K)), ie., 81 = —6. By [43] Proposition 2.22, there exists a unique
quaternion Q-subalgebra B C May2(K) such that B ®q K = Mayo(K) and

(b (s+t0) =b® (s —th)

for every b € B, s,t € Q, where b — b denotes the canonical involution of B. Write
p=b®1+c®0. Using that pf = p and p? € Q, we get b = 0 and ¢ = —c. By the
Skolem-Noether theorem (cf. [43] Theorem 1.4), there exists d € B* such that dc = —cd;
in particular, the reduced trace of d is zero, so that d> € Q. Thus, we can take j = d ® 6.

Since any special endomorphism j of an abelian surface with R-multiplication necessarily satisfies
42 = N for some integer N > 0 (see [35] Corollary 3.1.4), we obtain the following corollary.

Corollary 13.9. Let 7 € H?. If jp(1) ¢ UN—, Tr(N), then Xp, is simple and the Q-division
algebra End®(X ) is isomorphic to

(1) E D F a totally imaginary quadratic extension of F, if T is CM;

(2) F otherwise. [

We are now in position to relate Conjecture .165 with Grothendieck’s Period Conjecture.
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Let 7 € H2\ UX_, jp (TF(N)). Set d == dimMT(Xf,), and t := trdegqP (X £,/ Q(jr(7)))-
It follows from the above corollary, and from the list of possible Mumford-Tate groups of abelian
surfaces (see [50] 2.2), that d = 3 if 7 is CM and d = 7 otherwise.

Recall from the introduction that the generalized Grothendieck’s Period Conjecture asserts
that ¢ > d, i.e., that ¢t > 3 if 7 is CM and t > 7 otherwise. By Theorem .150, we have
t = trdegqQ(2mi, 7, or(7)). Thus, when 7 is CM, it follows from Corollary .169 that Conjec-
ture .165 is equivalent to Grothendieck’s Period Conjecture for the abelian variety Xz ,. If 7 is not
CM, then, since

trdegQ(@F(T))Q(Qm, T, QOF(T)) S 3,
Corollary .169 is simply a weaker (but still non-trivial) statement than Grothendieck’s Period
conjecture for Xz ;.

Despite being generally weaker than Grothendieck’s Period Conjecture, our statement in Con-
jecture .165 already contains some classical transcendence problems, such as the algebraic indepen-
dence of 7, I'(1/5), and T'(2/5), if F = Q(+/5). Indeed, it is classical (see [79] Paragraph 4, and
references therein) that m, I'(1/5), and I'(2/5), are generators of the field of periods over Q of the
Jacobian J(C') of the hyperelliptic curve C over Q given by the affine equation

C:y?=1-2"
observe that us = {¢ € C | ¢® =1} acts on C via
C ’ (x7y) = (Cm7y)7

so that J(C'), with its canonical principal polarization, admits a real multiplication by R = Z[(1 +
v/5)/2] and is actually CM, with CM field Q(pus).

14. GROUP-THEORETIC DESCRIPTION OF THE HIGHER RAMANUJAN VECTOR FIELDS

This section is devoted to an alternative description of the complex manifold By(C) (resp.
Br(C)) as a domain in the quotient of some Lie group by a discrete subgroup. Under this ana-
lytic description, we also give explicit formulas for the higher Ramanujan vector fields and for the
solution ¢g : Hy — By(C) (resp. ¢r : H9 — Bp(C)) of the higher Ramanujan equations.

These results will be applied in Section 15 to obtain explicit parametrization of every analytic
leaf of the Ramanujan foliation R3" on By(C) (resp. R on Br(C)).

14.1. Realization of B, (C) as an open submanifold of Sp,,(Z)\ Spy,(C). Let By = B(Xy, E,)
be the principal Py(C)-bundle over Hy associated to the principally polarized complex torus
(Xg, Ey) 1, as defined in Lemma .123, so that the fiber of B, — H, over 7 € Hy is given
by the set of symplectic-Hodge bases of (Xg.7, Eg 7).

We shall first realize By as a “period domain” in Spy,(C). For this, let us introduce the following
convenient modification of period matrices (Definition .151).

Definition 14.1. Let (X, E) be a principally polarized complex torus of dimension g, and b (resp.
B) be a symplectic-Hodge basis (resp. an integral symplectic basis) of (X, E). Let

0 N
PEEDS) = (g N ) €CSmy(©
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be the period matrix of (X, E') with respect to b and 5. We define

(X, E, b, §) Mool ) g (C)
y 5 Uy = P2
N1 =y I

Observe that this matrix is indeed symplectic by Lemma .153.

We define a holomorphic map II: B; — Sp,,(C) as follows. Let ¢ be a point in By lying above
7 € Hy, and corresponding to a symplectic-Hodge basis b of (X, 7, Ey ), then

(q) == 1(Xg,r, Egr, b, By,r)

where f; is the integral symplectic basis of (Xg, Fy) /g, defined in Example .118.

Remark 14.2. Alternatively, recall that Hy may be regarded as the moduli space for principally
polarized complex tori of dimension g endowed with an integral symplectic basis (Proposition .119).
In particular, as already remarked in the proof of Proposition .125, points in B, correspond to
isomorphism classes [(X, E, b, §)] of quadruples (X, E, b, 3), where (X, E) is a principally polarized
complex torus of dimension g, and b (resp. () is a symplectic-Hodge basis (resp. integral symplectic
basis) of (X, E'). Under this identification, the map I : By — Sp,,(C) is given by [(X, E, b, 8)] —
H(X7 Ea ba 5) .

Let us consider the moduli-theoretic interpretation of By of the above remark, and recall that
By is endowed with a natural left action of the discrete group Spo,(Z) given by

(4 8) wsan=[(xeas (% )

(cf. Remark .120), and a right action of the Siegel parabolic subgroup Py(C) < Spy,(C) given by
[(Xa E7 b7 6)] p= [(Xa E7b p?/B)L

where both 8 and b are regarded as row vectors of order 2g.
Let us denote by Pg’ the subgroup scheme of Sp,, consisting of matrices (A B ;C D) such that
B = 0. A simple computation proves the following equivariance properties of II : B, — SpQQ(C).

Lemma 14.3. Consider the isomorphism of groups

Py(C) — P4(C)

b= (4 o)t 4)

Then, for any q € By, v € Spyy(Z), and p € Py(C), we have
I(y-q) =9Il(g) and Ti(q-p)=T(q)p
in Spay(C).

Let us now consider the Lagrangian Grassmannian, namely the smooth and quasi-projective
C-scheme of dimension g(g + 1)/2 obtained as the quotient of complex affine algebraic groups

Ly = Spy, ¢/ Py c
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The complex manifold Ly(C) = Sp,,(C)/P,(C) may be naturally identified with the quotient of
M = {(Z1,Z5) € Myxy(C) x Myyy(C) | Z{ Zo = Z3 Z, vank(Zy Zo) = g}
by the right action of GL4(C) defined by matrix multiplication:
(Z1,%Z2) - 8 = (215, Z>29).
We denote the class in Ly(C) of a point (Z1,Z2) € M by (Z; : Z3). The canonical map

T Spoyc — Ly

w<é g>:(B:D).

Proposition 14.4. Let « : H; — Ly(C) be the open embedding given by v(7) = (17 : 14). Then
the diagram of complex manifolds

is then given on complex points by

By —— Spy,(C)

| |-

H, —— Ly(C)

is Cartesian. That is, 11 : By — SpQQ(C) induces a biholomorphism of By onto the open subman-
ifold

1 (((Hy)) = { < é ZB; ) € SpQQ(C)‘ D € GL,(C), BD™' ¢ Hg}
of Spey(C), and makes the above diagram commute.

Proof. The commutativity of the diagram in the statement is easy (cf. proof of Proposition .119).
In particular, if ¢,¢" € By, satisfy II(q) = II(¢’), then they lie above the same point 7 € Hy. Let b
(resp. V') be the symplectic-Hodge basis of (X, 7, Ey ;) corresponding to ¢ (resp. ¢'). Since period
matrices are base change matrices for the comparison isomorphism, and

H(Xg,ﬁ Eg,ﬁ b, 59,7) = H(Xg,ﬁ Eg,ﬁ b/7 59,7),

it is clear that b = b’. This proves that II is injective.

Observe that By and Sp,,(C) are complex manifolds of same dimension. Thus, to finish our
proof, it suffices to check that II(B,) = 7 (c(Hy)) ([28] p. 19). Let s € 7 (:(Hy)), and let
7 € Hy be such that «(7) = m(s). Fix any ¢ € B, lying above 7 € Hy. Then, there exists a unique
P’ € P,(C) such that s = II(q)p". Hence, by Lemma .175, s = TI(q - p) € II(By). [ ]

Remark 14.5. In other words, through period matrices, one can realize the moduli space B as an
open submanifold of Sp,,(C) given by some positivity condition. For a more direct Hodge-theoretic
approach, we refer to [55] Section 4.1.
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Recall from Proposition .125 that the canonical map
B, — B,(C
" ) — By(C)
(X, E,b,8)] — [(X, E, )]

induces a biholomorphism
Sp2g(z)\Bg — Bg(C)-

Furthermore, note that Lemma .175 implies that the action of Spy,(Z) on Spy,(C) by left multi-
plication preserves the open subset II(By).

Corollary 14.6. The map I1: By — Spy,(C) induces a biholomorphism of By(C) onto the open
submanifold of Spay(Z)\ Spe,(C)

SPag(Z) \II(By) = {Spyy(Z)s € Spyy(Z)\Spy,(C) | 7(s) € t(Hy)}.
|

14.2. Explicit analytic description of the higher Ramanujan vector fields v;; and of ¢,.
Recall that the Lie algebra of Spy,(C) is given by

Lie Spy, (C) = { ( é, g ) € Mzgng(C)' B'=B,Cc"=C,D= —AT}.

For 1 < k <1 < g, let us consider the left invariant holomorphic vector field Vi, on SpQQ(C)
corresponding to

1 (0 EF .
5 ( 0 0 ) € Lie Spy,(C);
it descends to a holomorphic vector field Vj; on the quotient Spy,(Z)\ Spy,(C).

Theorem 14.7. Let (viy)i<k<i<g be the higher Ramanujan vector fields on By(C). Under the

identification of By(C) with an open submanifold of Spa,(Z)\ Spy,(C) of Corollary .178, we have:
(1) For every 1 <k <I[<g,

vkl = Viilg,(c)-
(2) The analytic solution of the higher Ramanujan equations ¢y : Hy — By(C) is given by

1 T

o) =0,(2) (1) € S0, (20153, (©).

As an example of application, we can prove the following easy consequence of the above theorem.

Corollary 14.8. The image of ¢4 : Hy — By(C) is closed for the analytic topology.
Proof. Consider the subgroup

0= {( ) € Mapa©)| 27 = 2} <5 0.
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The statement is equivalent to asserting that the image of Uy(C) C Spy,(C) in the quotient
SPag(Z)\ Spe,(C) is closed, or, equivalently, that Spoy,(Z) - Ug(C) C Spy,(C) is closed. Let us
consider the (holomorphic) map

[ 1 8pgg(C) — Mgy g(C) x Mgx4(C)

(é g>%>(A,C).

Now, one simply remarks that

SPag(Z) - Ug(C) = f71(f(Spey(2)))-

Since f(Spyy(Z)) C Myxy(Z) x Myxy(Z), and My(Z) x My(Z) is a closed discrete subset of
My g(C) X Myxy4(C) for the analytic topology, we conclude that Spy,(Z) - Uy(C) is closed in
SpQQ(C). [ |

We prove parts (1) and (2) of Theorem .179 separately.

Proof of Theorem .179 (1). 1t is sufficient to prove that the solutions of the differential equations
defined by vy; and by Vj; coincide. More precisely, let U be a simply connected open subset of Hy,
and u : U — B,4(C) be a solution of the higher Ramanujan equations (Definition .133); we shall

prove that, for any lifting
/ g
(
)

U —— By(C)
of u, the holomorphic map h:=1Ilou: U — SpQQ(C is a solution of the differential equations

(14.2) Opih = Viqoh, 1<k<Ii<gy.
where 0 = ﬁ%

By the universal property of By, the holomorphic map % corresponds to a principally polarized
complex torus (X, E) over U, of relative dimension g, endowed with a symplectic-Hodge basis
b= (wi,...,wg,M,-..,"Ng) and an integral symplectic basis § = (y1,...,7g,01,...,d4). For 7 € U,
let us write

L T
hir) = ( AT

NI(T) L91(7')

211

> € Sp2g(C)

where Q1,Q9, N1, Ny : U — Mgy 4(C) are holomorphic.
Now, since u is a solution of the higher Ramanujan equations, it follows from Proposition .139
(3) that, for every 1 <i < j <g,
(1) Gile = NlEij, QijQQ = NQEij
(11) Oile = O, OijNQ = 0.
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As U is connected, (ii) implies that Ny and Ny are constant. Thus, (i) implies that 5= — Ny7
1

and 529 — No7 are also constant. In other words, there exists a unique element s € Sp,,(C) such

211
_ 1, 7
h(t)=s ( 0 1, )

that
for every 7 € U. Finally, since each Vj; is left invariant, it is easy to see that h is a solution of the
differential equations (14.2). [

Lemma 14.9. For any 7 € H,, we have

1 T
H(Xg,nEg,Tabg,-ra/Bg,T) = < Og 1g > .

Proof. Let us write
NQ(T) ﬁQQ(T)
H(Xg,ﬂ Eg,Tv bg,‘rv Bg,r) = 1 .
Ni(1)  558(7)

By definition of 5, and of b, it is clear that (1) = 2mil, and that Q9(7) = 27i7. That Ni(7) =0

and Na(7) = 1, is a reformulation of Corollary .136. [ |
Proof of Theorem .179 (2). By definition, ¢, is given by the composition of
H, — B,
T [(Xg;r, Eg,ﬂ bg,7'7 ﬁg,r)]
with the canonical map By — By(C). The result now follows from Lemma .181. [

14.3. Group-theoretic description of Br, vr, and @p. In this paragraph, we consider the
Hilbert-Blumenthal analogs of the above results. As usual, most proofs here are omitted due to
their similarity to those concerning the Siegel case.

Recall that we have defined in Paragraph 12.5 a subgroup scheme G of Resp,zAuty;, where
M =R® D™ We set

Sp = ker(det : Gr — Gy,) = Resg/zAut(y,v),
where U is the standard D~!-valued R-bilinear symplectic form on M. Observe that
Pp = Resg/zAut (1,9, re0)

defined in Paragraph 4.4 is a parabolic subgroup of Sp.
We shall also need the dual counterparts of Sp and Pr. Namely, consider the Z-dual MY =
D~! @ R, with its standard D~!-valued R-bilinear symplectic form ®, and set

S}w = RGSR/zAUt(M\/A)), P}ly‘ = ReSR/ZAUt(M,¢,0®R)'
For a commutative ring A, if V' = SpecA, and Sg(V), Pr(V), S%(V), Pr(V) are regarded as sub-
groups of GLa(A ® F), then S%(V) (resp. Pp(V)) is simply the image of Sp(V) (resp. Pr(V))
under the operation of matrix transposition s — s'.

Also, observe that S%(Z) is the group SL(D~! & R) considered in Example .114 and Remark
.129.
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Definition 14.10. Let (X, E, m) be a principally polarized complex torus with R-multiplication,
and b (resp. ) be a symplectic-Hodge basis (resp. an integral symplectic basis) of (X, E,m). Let

w2 12

be the period matrix of (X, E, m) with respect to b and 3, as defined in Paragraph 12.5. We set

2 ﬁ T W2
H(XaEvmvbuB) = I GSSV(C)

m g5 W
Observe that II(X, E, m, b, 3) indeed belongs to S%(C) by Lemma .161.

Let B = B(Xp, Ep,mp) be the principal Pr-bundle over HY associated to the principally
polarized torus with R-multiplication (Xr, Er, mp) /19 The manifold Bp can also be regarded
as the moduli space of principally polarized complex tori with R-multiplication equipped with a
symplectic-Hodge basis and an integral symplectic basis, so that we have a holomorphic map

(X, E,m,b,5)] — II(X, E,m,b, ).
The space Bp is endowed with a left action of S%.(Z) given by

(1 4) wmsmun=[(xsmes (2 )

and a right action of Pp(C) given by
(X, E,m,b,8)]-p=[(X,E,m,b-p,p)].
Lemma 14.11 (cf. Lemma .175). Consider the isomorphism of groups
Pp(C) — Pp(C)

[ a b ) al 0
P=10 o P=\onib a)"

Then, for any q € Br, v € S5(Z), and p € Pp(C), we have
I(y-q) =91l(q) and (g p)=1(q)p’
in S (C). m

Consider the smooth quasi-projective C-scheme of dimension g obtained as the quotient of com-
plex affine algebraic groups

P(X,E,m,b,f) = < WL ) € Gp(C)

Lp = Spc/Prc-
Observe that for any fractional ideal I of F' we have C® I = C® R = C ®q F. In particular,
S7.(C) = SLy(C ® R), and Lp(C) may be identified with P!(C @ R); the quotient map

7:Spc — Lr

n<f3‘ Z):(b:d).

is then given at complex points by
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In the next proposition, we identify HY with an open submanifold of C ® D™! = C ® R via
(01,...,04) : C® R — CY.

Proposition 14.12 (cf. Proposition .176). Let ¢ : HY — Lp(C) be the open embedding given by
t(t) = (7 :1). Then the diagram of complex manifolds

Br —— Si(C)
is Cartesian. That is, I : Bp — S%(C) induces a biholomorphism of Br onto the open subman-

ifold

d

of S%(C), and makes the above diagram commute. [

A ((HY)) = { < “! ) c S};(C)‘d € (CoR)*, bd ' c Hg}

Since the canonical map
BF — BF(C)
(X, E,m,b, B)] — [(X, E,m,b)]

induces a biholomorphism
St(Z)\Br — Bp(C),
we obtain the next corollary.

Corollary 14.13 (cf. Corollary .178). The map II : Bp — S%(C) induces a biholomorphism of
Br(C) onto the open submanifold of Sp.(Z)\S(C)

Sp(Z)\T(Br) = {Sk(Z)s € Sp(Z)\Sr(C) | 7(s) € (H)}.

The Lie algebra of S%(C) = SL2(C ® R) is given by

a b

Liesg(C):{( . ) € May2(C ® R) a—i—d:O}.

Let .
Vr: Ogi0) @ D7 — Ty o)

be the unique (’)S%(C)—morphism such that, for every x € D!, Vp(l ® x) is the left invariant
holomorphic vector field over T (c) corresponding to

1 0 1®z ,
2m,<0 0 >€SF(C).

Note that Vi descends to a Og.(z)\s1,(c)-morphism

Vr : Ogr (zp\s1,(0) © D1 — T zy\s,(0)-
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Theorem 14.14 (cf. Theorem .179). Let vp : Opg,(c) ® D' — T, (c) be the higher Ra-
manugjan vector field on Brp(C). Under the identification of Bp(C) with an open submanifold of
SH(Z)\S%(C) of Corollary .185:

(1) We have
VFp = VF‘BF(C)
(2) The analytic solution of the higher Ramanujan equations op : H9 — Bp(C) is given by

or()=57(2) (| ) € SH@\SHO).

The proof of this theorem is, as usual, similar to that of the analogous Theorem .179, but it
deserves some comments. To prove (1), it is enough to show that, for any analytic solution of the
higher Ramanujan equations over Br (Definition .143) defined on a connected open subset U C HY,
say u: U — Bp(C), and any lifting @ : U — Bp of u, the composition h :=Ilow : U — S5 (C)
satisfies

(14.3) Thobp|ly =h*Vp,

where 0p : Oge ® D' — Thyo is the Opg-morphism defined in Paragraph 11.5.
For any € D!, we may extend the derivation 8(1®z) of Ogs to a derivation of Opy @ D™ =
Ons ® R by requiring that 0p(1 ® 2)(1 ®@ r) = 0 for every r € R.

Lemma 14.15. Let us regard the standard coordinate T = (71,...,74) of HY as a global section of
Owus ® D™ via the identification (o1, ...,04) : Oge ® D71 = Oggg. Then, for every x € D1,
1
Or(1 = — :
r(l®@x)(r) 5t R

Proof. Follows immediately from Remark .142. |

We deduce from the above lemma and from the left invariance of Vi (1 ® z) that equation (14.3)
is equivalent to asserting the existence of s € S7:(C) such that

1 7
hZS(O 0)653:(0U(U)).
For this, we write
1
m g5 w2 !
h = 27 € Sp(Oy(U
(= ) e o)

and we remark that, as in the proof of Theorem .179, it suffices to prove that n; and ﬁwj — ;T
are constant for j = 1,2; equivalently, we must prove that, for any x € D!, 0p(1®@z)(n;) = 0 and
(by Lemma .187) 0p(1 ® x)(w;) = n;1 ® x. This, in turn, is a simple consequence of Proposition
.144 and of the next lemma.
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Lemma 14.16. Let M be a complex manifold, and (7w : X — M, E,;m) be a principally polarized
complex torus with R-multiplication over M. Consider the F-linear pairing

HIg(X/M) x Rim.Qx — Oy @ F
(a,v) — Ly

defined as in Remark .160. Then, for any section v of Rim.Qx, o of Hig(X/M), and any holo-
morphic vector field 0 on M, we have

0(1,o) = I,(Vpa).
Proof. Use the corresponding result result for | and apply Remark .30. |

This concludes the proof of (1). The proof of (2) is a simple computation using Lemma .187.
The proof of the next corollary is completely analogous to that of Corollary .180.

Corollary 14.17 (cf. Corollary .180). The image of or : H9 — Bp(C) is closed for the analytic
topology. |

15. ZARISKI-DENSITY OF LEAVES OF THE HIGHER RAMANUJAN FOLIATION

Let Ry" be the integrable subbundle of the holomorphic tangent bundle T's,(c) induced by
the Ramanujan subbundle Ry C T, /7 introduced in Section 5. By the holomorphic Frobenius
Theorem, R" induces a holomorphic foliation on By(C); we call it the higher Ramanujan foliation.

In this section, we prove that every leaf of the higher Ramanujan foliation is Zariski-dense in
B, c. In particular, we obtain that the image of the solution of the higher Ramanujan equations
g + Hy — By4(C) defined in Section 11 is Zariski-dense in B, c. We can actually derive from
this the a priori stronger result that the graph {(7,¢,(7)) € Sym,(C) x By(C) | 7 € Hy} is
Zariski-dense in Sym, ¢ Xc By c-

We apply our Zariski-density results to relate our work to that of Bertrand and Zudilin [5].
Namely, using ¢4, we prove that the function field of B, q is a finite extension of the field generated
by derivatives of Siegel modular functions defined over Q.

Using what has been developed so far in paragraphs 12.5 and 14.3, the above results can be
easily carried over to the Hilbert-Blumenthal case. We provide precise statements below, but we
omit proofs.

15.1. Characterization of the leaves of the higher Ramanujan foliation.

15.1.1.  Let Uy be the unipotent subgroup scheme of Spy, defined by

Uy(R) = { ( 109 1Zg ) c MQQXQQ(R)’ AR Z}

for any ring R.
The Lie algebra of Uy(C) is given by

Liety(©) = { (1§ § ) € Mapnas(C) 27 = 2.
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and admit as a basis the vectors
1 (0 EM .
_ < k<[<
2m’<0 0 >€L1eUg(C), 1<k<li<y,

inducing the higher Ramanujan vector fields on the quotient Spy,(Z)\ Spy,(C) (Section 14). In
particular, under the realization of By(C) as an open submanifold of Spy,(Z)\ Spy,(C) of Corollary
178, the higher Ramanujan foliation on B, (C) is induced by the foliation on Sp,,(C) defined by
Uy(C), i.e. the foliation whose leaves are left cosets of U, (C) in Spy,(C).

It follows from the above discussion that, under the identification of B, (resp. B,(C)) with an
open submanifold of Sp,,(C) (resp. Spy,(Z)\ Spy,(C)) via II (cf. Proposition .176 and Corollary
178), for any leaf L of the higher Ramanujan foliation on By(C), there exists § € Spy,(C) such
that L is a connected component of the image of §U,(C) N By in By(C) under the quotient map
SPag(C) — Spay(Z)\ Spe, (C). We shall provide a more precise result in Proposition .193.

15.1.2. We may also obtain an explicit parametrization of every leaf. For this, let us consider
Sym,(C) = {Z € My»4(C) | ZT = Z} as an open subset of the Lagrangian Grassmannian Ly(C)
(cf. discussion preceding Proposition .176) via

Symy,(C) — Ly(C)
Z— (Z:1y),

so that the embedding ¢ : Hy — L4(C) defined in Proposition .176 is given by the restriction of
Symy(C) — Ly(C) to Hy. Furthermore, let

¢ 2 Sym,(C) — Spyy(C)

1, Z
Z —> < 0 1, >
Remark 15.1. Under the obvious identification of Sym,(C) with Lie U, (C), the map 1 is simply

the exponential exp : Lie Uy(C) — Uy(C) C Spy,(C).

Now, the action of Spy,(C) on itself by left multiplication descends to a left action of Spy,(C)
on L,(C) given explicitly by

C D
For any ¢ € Spy,(C), let us define
P51 07 Symy(C) C Ly(C) — Spy,(C)
pr— " 1(8 - p).

Then vs induces a biholomorphism of §~! - Sym/(C) onto the closed submanifold 6~'U,(C) C

SPQQ(C)'
We put

( 4 B > (Z1:2Zy) = (AZ1+ BZy: CZy + DZy).

Us={reHy|d (1:1) € Symg(C) C Ly(C)} = (5_1 : Symg(c)) NH,.
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Equivalently, if 6 = (A B ; C' D), then
Us={reHy|Cr+ D e GL,(C)}.

Definition 15.2. For any J € Spy,(C), we define a holomorphic map @5 : Us — By(C) C
Spay(Z)\ Spa,(C) by

©5(7) = Spoy(Z)s(T)
for any 7 € Us.

Note that 15(Us) = 6 'Uy(C) N By C Spy,(C) by Proposition .176. In particular, the image of
s is indeed in By(C) . Moreover, if § € Uy(C), then Us = Hy and 5 = ¢4 (cf. Theorem .179 (2)).

Lemma 15.3. For any 6 € Spy,(C), Us is a dense connected open subset of Hy.

Proof. Let 6 = (A B ; C D) € Spy,(C). By definition, Us is the complement in H, of the
codimension 1 analytic subset {7 € H, | det(C1 + D) = 0}. It is thus a dense open subset of
H,. Since H, is a connected open subset of an affine space, it follows from Riemann’s extension
theorem (cf. [36] Proposition 1.1.7) that Us is connected. [

Proposition 15.4. For every § € Spy,(C), the image of the map @5 : Us — By(C) is a leaf of the
higher Ramanujan foliation on By(C), and coincides with the image of 6 1U,(C) N By in By(C)
under the quotient map Spy,(C) — Spy,(Z)\ Spyy(C). Moreover, every leaf is of this form.

Proof. Let 0 € Spy,(C). It was already remarked above that ¢5(Us) = 61U, (C)NBy; by definition,
¢5(Us) is the image of 15(Us) under the quotient map Spy,(C) — Spa,(Z)\ Spa,(C). In particular,
since the higher Ramanujan foliation on B,(C) is induced by the foliation on Sp,,(C) defined by
Uy(C) (cf. 15.1.1), to prove that ¢5(Us) is a leaf of the higher Ramanujan foliation it is sufficient
to prove that it is connected. This is an immediate consequence Lemma .192.

Conversely, if L C By(C) is a leaf of the higher Ramanujan foliation, then it follows from 15.1.1
that there exists § € Spy,(C) such that L is a connected component of the image of 61U, (C) N
By in By(C) under the quotient map Spe,(C) — Spy,(Z)\ Spe,(C). By the last paragraph,
6~ 1U,(C) N B, = 5(Us) is connected, and we conclude that L = ¢s(Us). [

Remark 15.5. The holomorphic maps @5 : Us — By(C) are immersive but not injective in
general. For instance, if § = 1g4, then one easily verifies that ¢g(7) = @4(7’) if and only if
7' € Uy(Z) - 7. Thus ¢, induces a biholomorphism of the quotient U,(Z)\H, onto the closed
submanifold ¢4(Hg) of By(C).

Remark 15.6. There exist non-closed leaves of the higher Ramanujan foliation on B, (C). Take

for instance
_( *ly 1
= (0 %7)

where 2 € R\ Q. Using the classical fact that the orbit of (x,1) in R? under the obvious left
action of SLy(Z) is dense in R?, one may easily deduce that the leaf L C By(C) given by the
image of 6Uy(C) N By under the quotient map Spy,(C) — Spy,(Z)\ Spy,(C) has a limit point in
By(C) ~\ L. In particular, the “space of leaves” of the higher Ramanujan foliation on B,(C), which
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may be identified with Spy,(Z)\ Spy,(C)/U,(C) by Proposition .193, is not a Hausdorff topological
space.

The dynamics of the higher Ramanujan foliation in the case ¢ = 1 was thoroughly studied by
Movasati in [53].

15.1.3. In the sequel, it will be useful to obtain a description of s purely in terms of the universal
property of By(C). Let 6 = (A B ; C D) € Spy,(C) and define a holomorphic map ps : Us —
P g(C) by
Ccr+D)yt - LcT
( ) 2 € P,(C).
0 (Cr+D)T

The proof of the next lemma is a straightforward computation using the equations defining the

symplectic group (cf. Remark .14).

ps(T) = por = <

Lemma 15.7. For every 7 € Us C Hy, we have

¢6(7) = ¢(T)pf$,7
in Spy,(C), where pgﬁ denotes the image of ps, in Py(C) under the isomorphism defined in Lemma
L175. [ |

In particular, by Lemma .175 and Lemma, .181, if B, is regarded as the moduli space of principally
polarized complex tori of dimension ¢ equipped with a symplectic-Hodge basis and an integral
symplectic basis, we have

(15~1) %(T) = [(Xg,Ta Eg,Ta bg,r *Ps,s Bg,’r)] € Bg
for every 7 € Us. Composing with the canonical map B, — B,(C), we obtain
(15.2) 0s(1) = [(Xg,rs Eg.r bgr - ps.r)] € By(C)

for every 7 € Us.

15.2. Auxiliary results. Our next objective is to prove that the leaves of the higher Ramanujan
foliation on By(C) are Zariski-dense in By c. We collect in this subsection some auxiliary results.
In the last analysis, our proof is a reduction to the fact that Sp, (Z) is Zariski-dense in Spy
(Lemma .199).

Recall that for every 7 € H; and

A B
5:<C D)ESPQQ(C)
we put
Jj(6,7) = C1+ D € Myyy(C),

so that Us = {T € Hy | j(6,7) € GLy(C)}.
The proof of the next lemma, is a simple computation.

Lemma 15.8. For 1,02 € Spy,(C), we have j(6162,7) = j(61,02 - 7)j(d2,7). In particular, if
T € Us, and d3 - 7 € Us,, then 7 € Us,s,. [
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Lemma 15.9. Let 0 € Spy,(C), v € Spyy(Z), and 7 € Usy C Hy. Then v-7 € Us and s, (1) =
ps(v 7).

Proof. That -7 € Us is a direct consequence of Lemma .197 and the fact that j(v,7) € GL4(C)
(this is true for any v € Spy,(R) and 7 € Hy). Under the group-theoretic interpretation, we have

Q3 (T) = SPay(Z)hs (T) = Spay (Z)(67) ~p((67) - 7)
= Spoy(Z)6 (8- (- 7)) = Spay (Z)hs(v - 7) = s(7 - 7).

Lemma 15.10. The set Spy,(Z) C Spa,(C) is Zariski-dense in Spy, ¢-

Proof. Let Sp3, be the open subscheme of Spy, defined by Sp3,(R) = {(A B ; C D) € Spy,(R) | A €
GLy4(R)} for any ring R. We may define an isomorphism of schemes Sp3, = Sym, Xz Sym, Xz GLg
by

A B 1 4 pT
<c D>I—>(C’A JABT A).

Since Sym, Xz Sym, Xz GL, may be identified to an open subscheme of the affine space A%gug ,
we see that Sym(Z) x Sym,(Z) x GLy4(Z) is Zariski-dense in Sym, ¢ X ¢ Sym, ¢ Xc GLy,c. Thus
Sp’gg(Z) is Zariski-dense in SpSg,c- Finally, since Spy, ¢ is an irreducible scheme, we conclude that
Spay(Z) is Zariski-dense in Spy, - [ |

Lemma 15.11. Let 7 € Hy and p € Py(C). Then there exists § € Spy,(C) such that T € Us and
b =Dsr-
Proof. Let A € GLy(C) and B € Mgy 4(C) such that

p:<§ <A%—1>'

One easily verifies, using the equation ABT = BAT, that

AT —ATT
0= < “9mi BT Al 42qiBTr ) € Meox2g(C)
is in Sp,,(C) and satisfies the required conditions in the statement. [

Lemma 15.12. For every 6 € Spy,(C) and 7 € Hy, the subset
Ssr = {Psyr € Py(C) | v € Spey(Z) such that j(0y,7) € GLy(C)}
of Py(C) is Zariski-dense in Py c.
Proof. Let V' be the unique open subscheme of Spy, ¢ such that
V(C) = {7 € Spyy(C) | (67, 7) € GLy(C)}
and let h : V — P, c be the morphism of C-schemes given on complex points by h(y) = psy.r

(note that V' and P, c are reduced separated C-schemes of finite type). It follows from Lemma
.200 that h is surjective on complex points, thus a dominant morphism of schemes.
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Now, we remark that S5, = h(Spey(Z) N'V'). Since Spy, ¢ is irreducible and Spy,(Z) is Zariski-
dense in Spy, ¢ by Lemma .199, SpQQ(Z)ﬂV is also Zariski-dense in Spy, . Hence, as h is dominant
and continuous for the Zariski topology, Ss . is Zariski-dense in P, c. [

15.3. Statement and proof of our Zariski-density results. Recall that we denote the coarse
moduli scheme of A, by A,, and that we have a canonical map j, : Hy — A4(C) associating to
each 7 € H, the isomorphism class of the principally polarized complex torus (Xg.-, Eg 7).

The proof of our Zariski-density results will rely on the following elementary lemma.

Lemma 15.13 (Fibration method). Let p : X — S be a morphism of separated C-schemes of
finite type and let E C X(C) be a subset. If, for every s € p(E), the set EN X, is Zariski-dense in
X, = p~Y(s), and one of the following conditions is satisfied,

(1) p(E) = 5(C),

(ii) p is open (in the Zariski topology) and p(E) is Zariski-dense in S,
then E s Zariski-dense in X.

Proof. Let U be a non-empty Zariski open subset of X; we must show that £ N U is non-empty.
In both cases (i) and (ii) above, there exists a closed point s € p(E) N p(U). Since E N X is
Zariski-dense in Xz and U N X, is a non-empty open subset of X, there exists a closed point
reENUNX;, CENU. |

Theorem 15.14. Every leaf L C By(C) of the higher Ramanujan foliation is Zariski-dense in
By c, that is, for every closed subscheme Y of By c, if Y(C) contains L, then Y (C) = By(C).

Proof. By Proposition .193, we must prove that, for every § € Spgg(C), the image of s : Us —
By(C) is Zariski-dense in By c.

Let wy : Byc — Ag,c be as in Paragraph 12.4. By Lemma .202, we are reduced to proving
that, for every z € A4(C), the set

0s(Us) Ny ! ()

is Zariski-dense in w;l(x) C By,c. Indeed, by surjectivity of w, on the level of complex points,
this proves in particular that wg(¢s(Us)) = A4(C) (cf. condition (i) in Lemma .202).

Let (X, A) be a representative of the isomorphism class x. Recall that the set of complex points
of the C-scheme w;l(x) can be identified with the set of isomorphism classes of objects of the
category By(C) lying over (X, \) — we denote these isomorphism classes by [(X, \,b)] —, and that

the C-group scheme P, ¢ acts transitively on wg_l(a:) by
(X, A,0)] - p = [(X, A0 p)].

Thus, if 7 € Hy satisfies j,(7) = x, we can define a surjective morphism of C-schemes (cf. Lemma
.156)

fr:Pyc — wg_l(:c)
P <pg(7') - p.
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Now, let v € Spy,(Z) be such that j(d7v,7) € GLy(C). By Lemma .198, we have v - 7 € Us and
©5+(T) = @s(y - 7). Thus, by formula (15.2), we obtain

fr(Psy,r) = @g(T) - Poy,r = oy (T) = @5(7 - 7).
This proves that
Ssr = {Psy,r € Py(C) | v € Spa,(Z) such that j(6v,7) € GLy(C)} C f7 ' (s(Us) N, " (2)).

By Lemma .201, Sj, is Zariski-dense in P, c. Hence, as f. is surjective and continuous for the

Zariski topology, we conclude that ¢s(Us) N wg_l(a:) is Zariski-dense in wg_l(x). [

Corollary 15.15. The set {(7,¢4(7)) € Sym,(C)xBy(C) | 7 € Hy} is Zariski-dense in Sym, ¢ xcBy,c-

Proof. Tt is clear that Sym(Z) is Zariski-dense in Sym, . Thus, by Theorem .203 and Lemma
.202 (ii) applied to the projection on the second factor

Symg ¢ Xc By,c — By,c;

it suffices to prove that for every N € Sym (Z) and 7 € Hy we have ¢4(7 + N) = p4(7). This was
already observed in Remark .194. |

We now state the analogous results for the Hilbert-Blumenthal case, which can be proved mutatis
mutandis by the same method.

Theorem 15.16. Every leaf L C Bp(C) of the higher Ramanugjan foliation (i.e., the holomorphic
foliation given by the integrable subbundle Ry of Tp,(c) generated by the image of vr : Op.(c) ®
D~ — TB.(c)) is Zariski-dense in B c. |

Corollary 15.17. The set {(7,0r(7)) € (Resgyz AR)(C) x Bp(C) | 7 € HY} is Zariski-dense in
(ReSR/Z A}Q)C XC BF,C~ [ |

15.4. Derivatives of modular functions and B,. We next explain how the moduli space B,
and the holomorphic map ¢4 : H; — B, (C) relate with derivatives of Siegel modular functions
and the work of Bertrand-Zudilin [5].

Recall that a (level 1) Siegel modular function of genus g is a meromorphic function on H,
which is invariant under the action of Spy,(Z) on Hy. In particular, a Siegel modular function f is
invariant under Uy(Z), so that it admits a Laurent expansion

f@O =3 ca [ @™,

a  1<i<j<g

where ¢;;(7) = €?™7ii (cf. Paragraph 11.4). Here, we denote @ = (5)1<i<j<g With a;; € Z for
every 1 < i < j <g. We say that f is defined over a subfield k of C if each ¢, is in k.

From now on, let us fix a subfield & of C, and let us denote by K the field of modular functions
of genus g defined over k. It is classical that j, : Hy — A4(C) identifies the K, with k(A ), the
function field of A,y (see, for instance, [77] VI.25).

Since the image of ¢, : Hy — By(C) is Zariski-dense by Theorem .203, the function field
k(Bg ) can be identified with a subfield, say Ly, of the field of meromorphic functions on H,.
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From the commutativity of the diagram

it follows that K is a subfield of L,.

Lemma 15.18. The field Ly is stable under the derivations 0;; = L0 1<i< 71<g.

211 aﬂ'j ’

Proof. This follows from the fact that ¢, is a solution of the higher Ramanujan equations (Theorem
.134): if f is a rational function on By, then

0i5(pgf) = pg(vij(f))-
[

It follows from the above lemma that, if M, denotes the differential field generated by K, and
t;j, 1 <i<j <g, then L, contains M,.

Theorem 15.19 (Bertrand-Zudilin, [5]). The field M, has transcendence degree 2g* + g over k.

Now, L4 being isomorphic to the function field of the k-variety By, it is a finitely generated
extension of k of transcendence degree dim By, = 2g%> + g. We conclude that L, is a finite field
extension of M.

Remark 15.20. When g = 1, we have K; = k(j) and L1 = k(E», E4, Es) (cf. Proposition .95).
The explicit formulas
625 0j 0j 65)? 65)3
E2:64—4*.j—3.7]7 E4:..(+), EG:—..L
07 J j— 1728 j(j —1728) J2(j — 1728)
actually show that M; = Li. We do not know whether M, should be equal to L, for g > 2.

Remark 15.21. Note that the methods of Bertrand and Zudilin can be adapted to deal with
the case of Hilbert-Blumenthal modular functions (see [4] Remark 3; see also [68] 6.5). Working
as above, we can prove that k(Bpy) is a finite extension of the differential field generated by the
Hilbert-Blumenthal modular functions defined over k for the group SL(D~! @ R).
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