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Abstract

We investigate learning models for implementing arbitrary unitary op-
erations and perform quantum machine learning tasks. First, we dis-
cuss efficient constructions for building unitary transformations in U(d),
thus providing upper bounds on the minimum time required to imple-
ment them. Second, we study the hardness of learning unitary opera-
tions in U(d) via gradient descent on the time parameters of an alter-
nating operator sequence, and numerically find that, despite the non-
convexity of the loss landscape, gradient descent always converges to
the target unitary when the sequence contains d? or more parameters.
Third, we introduce the first quantum boosting algorithm for convert-
ing a weak quantum learner into a strong accurate quantum learner
for a Boolean concept class C; thereby achieving a quadratic quantum

improvement over classical AdaBoost in terms of VC(C).



Contents

1__Introductionl
(1.1 Summary of our contributions| . . . . ... ... ... o000
(I.1.1 Constructive methods to implement a unitary transformation|
[1.1.2 Learning unitary operations using gradient descent| . . . . .
[1.1.3 Boosting weak quantum learners| . . . . . ... .. ... ...
(I.1.4 Statement of authorship| . . . ... ... ... ....... ...
2 Preliminarics
2.1 Notation| . . ... ... . . ..
[2.2 Learningtheory| . .. ... ... ... ... ... . . L.
[2.2.1 PACLearning| . .. ... ... .. ... ... ... ... .
2.3 bBoosting| . ... ... .. .. o o
2.4 Gradientdescent|. . . ... ... ... oo oo
241 Adaml. ... .. ... ... e
(2.5 Quantum computation| . . . . . ... o000 00000
[2.5.1 Universal quantum gates|. . . . . . ... ... ... ... ...
[2.5.2  Solovay-Kitaev theorem| . .. ... ... ... .........
[2.5.3 Quantum subroutines| . ... ... ... ... ... ......
2.6 Quantum controll . . . . . . . ... .

[3 A bound on implementing unitary transformations|

|3‘1 Q!elyie!! £2f QuI Iesultsl --------------------------
3.2 Relatedworksl . . ... .. . . . . . .
3.3 Lie-Trotter-Suzuki Formulasl . . . . ... ... ... ... .. .....
3.4 General Approach|. . . . . . . . ...
PP

n 10Nn; n-Infinitesimal Case|. . . . . . . .. ... ... ...

[3.5.1 Learning unitaries from training data|] . ... ... ... ...

3.6 _Construction: Infinitesimal Casel. . . . . .. . ... ... .. .....

AN U o W N -

10
12
14
16
17
18
19
21
22



[3.7 Applications| . . . . . ...

4 Learning unitary operations using gradient descent optimization|

[4.3 Experiments for learning an arbitrary unitary| . . . . . ... ... ..

[4.4 Learning shallow-depth unitaries| . . . . .. .... .. ... ... ..

[4.5 A greedy algorithm| . . . .. ... ... oo o000

[5> Boosting quantum machine learning algorithms|

[5.2.1 Why a quantum speedup to AdaBoost is not trivial 7 . . . . .

[5.2.2  Quantum boosting algorithm| . . . ... ... ... ... ...

[5.4.2 Boosting quantum machine learners| . . . . . ... ... ...

[0.5 Quantum Boosting| . . . ... ... .. .. 000 0000

[5.5.1 Reducing the training error| . . . ... .. ... ... .....

[5.5.2  Quantum boosting algorithm for reducing training error|

[5.5.5 Complexity of the algorithm|. . . . ... ... ... ... ...

[5.5.6 Reducing generalizationerror| . . . . . . ... ... ... ...

A Free Lie Algebra|

B__PLI Nested Commutators|

|C Experiments using Adam optimizer|

[C.1 Critical points in the under-parameterized models| . . . . . . .. ..

[Bibliography|

ii

44
45
47
49
56
58

100
102
105

106

109

110
111

113



Chapter 1

Introduction

In recent years, machine learning has been applied in a wide range of areas includ-
ing the fields of quantum computation and quantum control. Machine learning al-
gorithms have been used to classify the phases of quantum matter [CM17], predict
the energies and properties of molecules and solids in chemistry [BDC™18]], char-
acterize the landscape of string theories [CHKN17], and learn about the underly-
ing waveform from a gravitational wave observed by LIGO [SGHZ19]. For a more
comprehensive discussion on the exciting results of studying physics using ma-
chine learning, we recommend the review article by Carleo et al. [CCC"19]. Some
of these works provide heuristic approaches to achieve an exponential speedup
over classical machine learning algorithms. Indeed, one has to be careful about the
assumptions required to develop efficient quantum machine learning algorithms.
A brief but concise explanation of the potential issues has been provided by Aaron-
son [Aarl5]. This encourages a thorough understanding of the advantages and
limitations of learning models in quantum computation and quantum control. An
interesting starting point for investigating the applications of learning models in
tackling problems in physics is statistical learning theory. The techniques devel-
oped by statistical learning theory [FHTOI1]] provides a mathematically rigorous
definition of what it means to efficiently learn a desired function from labelled
examples. In other words, what is the computational complexity of the learning
model? How much data is required to learn the target function with a desired
accuracy? Understanding these questions will be the central subject of interest of
this thesis.

It is well known that quantum mechanics can produce unusual patterns in

data [HGOI1]. An interesting property of classical machine learning models is they



can realize statistical patterns in data and generate new data which have the same
statistical properties. This suggests if a quantum device can produce statistical
patterns that are computationally difficult to be produced by a classical computer,
then it can also realize patterns in data that might not be efficiently possible us-
ing classical algorithms. Furthermore, learning models that use data provided by
a coherent quantum process can promise to efficiently solve computational tasks
which might not be possible using classical resources. Building on these observa-
tions, the goal of this thesis is to advance our understanding of learning models

for studying quantum physical systems by opening three directions of research:

1. A constructive and efficient method for building any unitary transformation
using sequences of elementary quantum logic operations (continuous) or ap-

plications of control fields.

2. The study of the hardness of learning unitary transformations by performing
gradient descent on the time parameters of sequences of alternating opera-

tors.

3. The design of a quantum boosting algorithm that can convert a weak and

inaccurate quantum learner into a strong accurate quantum learner.

We discuss the main contributions of the thesis below.

1.1 Summary of our contributions

In Chapter |2, we present a brief but concise review of the basic concepts from
learning theory, quantum computation and quantum control. In Chapter 3, we
provide upper bounds on the minimum time required to implement a desired uni-
tary transformation when applying sequences of Hamiltonian transformations. In
Chapter |4, we discuss a simple algorithm for learning unitary transformations.
Here we numerically analyze the hardness of obtaining the optimal control pa-
rameters in an alternating operator sequence for learning arbitrary unitary op-
erations using gradient descent optimization. Furthermore, we also numerically
investigate the learnability of low depth unitaries. In Chapter |5, we introduce a
quantum boosting algorithm that achieves a quadratic improvement over classical
AdaBoost in terms of an important combinatorial parameter. The main results of
these chapters are summarised in Section Section and Section [1.1.3]
In Section we provide a statement of authorship. Finally, in Chapter [6, we



discuss the future directions of research based on this thesis and remark about the

outlook of learning models to study problems in physics.

1.1.1 Constructive methods to implement a unitary transforma-
tion

One of the central tasks of quantum information processing is to implement a
desired unitary operation for performing a quantum computation. A necessary
and sufficient condition to build any unitary operation is that the algebra gener-
ated by a set of Hamiltonians via commutation is complete in the Lie algebra. In
the gate based quantum computation model, this translates to the fact that the
elementary gates from a universal gate set can build an arbitrary unitary oper-
ation. The Solovay-Kitaev theorem [Kit97] says that a sequence of one and two
qubit gates from a universal discrete gate set can efficiently approximate any uni-
tary operation. In particular, it shows that an approximating sequence of length

O(d? - polylog(1/¢)) can reach any unitary in the manifold U(d) with accuracy e.

In Chapter 3, we provide upper bounds on the optimal time required to im-
plement an arbitrary unitary operation in U(d). Additionally, we also solve the
problem of whether one can find the correct sequence of logic gates (continuous)
or control fields which can be applied to build the desired unitary operation. Our
work can be understood as a continuous version of the Solovay-Kitaev algorithm
where we are interested in the continuous gate based model of quantum computa-
tion. In contrast to the Solovay-Kitaev algorithm, our approach can be applied to

construct arbitrary unitaries in any dimension.

We present two methods — the non-infinitesimal and infinitesimal construc-
tions — for building a desired unitary transformation. The infinitesimal construc-
tion employs nested commutators to build a unitary transformation in the vicinity
of the identity. We avail a different strategy for the non-infinitesimal approach.
In the non-infinitesimal method, we first move away from the identity unitary,
perform a set of operations and then return in the vicinity of the identity. This se-
quence of steps allow us to move along any direction in the unitary manifold and
hence approximate any unitary transformation with a desired accuracy ¢. The time
complexity of the non-infinitesimal construction is O(d?/¢) while it is O(d?logd/¢)
for the infinitesimal approach. We present numerical evidence that supports the
conjecture that one can construct a desired unitary operation in d-dimensions by

appropriately choosing O(d?) parameters in an alternating operator sequence.



1.1.2 Learning unitary operations using gradient descent

In quantum information processing, a comprehensively studied topic is the con-
trollability of quantum systems where mathematically rigorous conditions for con-
trollability have been established [RHR04, KRK™05,[RHR05, RHH"06,/(CR07, MHRO08|,
HDRO09]. In Section we mentioned two approaches for constructing an arbi-
trary unitary with sequences of the optimal length.

In Chapter |4, we aim to solve the hardness of learning the desired quan-
tum controls in an alternating operator sequence that is necessary to perform
an arbitrary unitary operation in d dimensions. The task is to find the optimal
set of quantum controls in an alternating operator sequence using gradient de-
scent optimization on the parameter space. Due to the complexity of the na-
ture of the parameter landscape, analytical solutions for the control parameters
can be very difficult to obtain: this is true even for simple cases where there are
only a few parameters in the landscape. While multiple theoretical results about
the necessary and sufficient conditions for controllability have been established
[RHR04, KRK"05,[RHRO05, RHH06]], the parameter landscape is still not well un-

derstood.

First, we consider the under-parameterized case (i.e., less than d? parameters)
where the learning process is not expected to converge to the target unitary op-
erator and investigate the rate of convergence of the learning process to the sub-
optimal unitary via gradient descent. Next, we study the over-parameterized se-
quences where the number of control parameters is greater than d2. Similar to
the under-parameterized case, we ask how hard it is to obtain the learning se-
quences. In particular, we are interested in the existence of local traps and saddle
points in the parameter landscape where the gradient descent based learning pro-
cess can get stuck with a high probability and thus it fails to obtain the correct
sequence of controls to learn the target unitary. The existence of such local traps
have been observed in studies where the control problem contains a drift Hamil-
tonian [RHRO5]. In the absence of a drift term, we find that, surprisingly, gradient
descent exponentially converges to the optimal solution in the control landscape
when the alternating operator sequence is over-parameterized. When the number
of control parameters is exactly d?, gradient descent converges to the solution fol-
lowing a power law rate of convergence. In comparison to the results of Chapter 3}

the results of Chapter [4/indicate that the number of parameters required to attain



any unitary in U(d) using an alternating operator sequence is not only O(d?), it is

exactly d>.

Due to the complex and multifaceted nature of the control landscape, we em-
phasize that the above problem is very difficult to prove analytically in general.
However, we have attacked the problem numerically and obtained novel and un-
expected results (which would not be possible to find analytically). We believe

that our numerical results will foster further research and discussions.

1.1.3 Boosting weak quantum learners

A fundamental problem in the PAC learning model is whether a weak learning
algorithm can be converted into a strong learning algorithm. A weak learner is
one which performs slightly better than random guessing while a strong learner
performs well on almost every inputs. This problem was conclusively settled by
the AdaBoost algorithm of Freund and Schapire [FS97]]. The AdaBoost algorithm
is one of the few classical machine learning algorithms that was simple enough
to have a profound impact in both theory and practice, with applications ranging
from statistics, game theory, optimization, computer vision and speech recognition
[SF12]]. Freund and Schapire’s boosting algorithm efficiently solves the following:
suppose we are given a weak learner as a black-box, then the AdaBoost algorithm

can boost the performance of the black-box such that it acts as a strong learner.

In the past decade, the field of quantum machine learning (QML) has seen a lot
of progress by developing algorithms for various classical and quantum learning
tasks. QML has given us quantum improvements to machine learning tasks such
as support vector machines [RML14]], linear algebra [Pral4], clustering [ABGO07,
KLLP19]. Several quantum algorithms have been developed for learning quan-
tum states in various settings [Aar07)[Aar18|,[Roc18],[Yog19] and learning Boolean-
valued concept classes [BV93}, B]99, [ASO5|, IACL"19|]. We remark that all of the
above QML algorithms promise to perform well on an ideal quantum computer.
To be precise, suppose a QML algorithm is designed to theoretically perform well
on a fault tolerant quantum computer. However, the performance of the algorithm
can be weak when implemented on a noisy quantum computer. We ask, can the
performance of a weak quantum learner be improved such that it performs well

on more than 2/3 of the inputs?



In Chapter |5, we provide a positive answer to the above question. We intro-
duce a quantum boosting algorithm that can convert a weak QML algorithm into
a strong and accurate quantum learning algorithm. Our quantum boosting algo-
rithm performs quadratically better than AdaBoost in terms of the VC dimension
of the concept class. Furthermore, we discuss a robust AdaBoost algorithm which
can be faster than standard AdaBoost or the multiplicative weight update method.

1.1.4 Statement of authorship
This thesis builds on the following papers:

1. [LM19]| Efficient implementation of unitary transformations, arXiv preprint
arXiv:1901.03431 (2019). With S. Lloyd.

2. [KLM20|| Learning Unitaries by Gradient Descent, arXiv preprint arXiv:2001.11897v3
(2020). With B. T. Kiani and S. Lloyd.

3. [qua)] Quantum Boosting, arXiv preprint arXiv:2002.05056 (2020). With S.
Arunachalam (Accepted for publication in ICML 2020).

I have also co-authored the following articles during my D.Phil. which are not

included in this thesis :

1. [ZYH"17| Detecting metrologically useful asymmetry and entanglement by a few
local measurements, Physical Review A. Vol. 96, No. 4 (2017). With C. Zhang,
B. Yadin, Z.-B. Hou and others.

2. [MRS17] Black hole phase transitions and the chemical potential, Physics Letters
B, Vol. 765 (2017). With P. Roy and T. Sarkar.



Chapter 2

Preliminaries

In this chapter, we review some standard concepts from the theory of learning
and the theory of quantum computation. We discuss here some notions that are
relevant for a general presentation and defer the introduction of specific topics in

the background section of a particular chapter.

The reader who is familiar with the basic concepts of machine learning theory,
quantum mechanics, and quantum algorithms can proceed directly to the relevant
chapters, referring back to this chapter as required to review the background con-
cepts. A comprehensive discussion on quantum computation can be found in the
books by Nielsen and Chuang [NC16]] and Wolf [Wol19]. The interested reader is
referred to the book by Kearns and Vazirani [KV94] for a detailed introduction to

learning theory.

Throughout this thesis, we will make use of standard definitions and results
from group theory and classical machine learning. The relevant topics from group
theory have been discussed in Appendix[A}

2.1 Notation

Let [b] denote the set {1,...,b} for an integer b. We use the lower-case letter with an

arrow @ to represent a vector in IR”. The i-th element of the vector @’is denoted by

a;. The standard norms will be used in this thesis. For convenience of the reader,

we mention the norms that are used frequently in the thesis. Let ¥ = {xy,...,x,]}.
. . . 2

The ¢; norm is defined as || ¥'|l; = ¥;cplxil, the £, norm is || X[l = (/¥ e[, *; and

the ., norm is || X||o, = max;ep,lx;l-



Given a set S, the indicator function [-]: S — {0, 1} satisfies the following. The
function outputs [x] = 0if x ¢ S and [x] = 1 if x € S. We use the notation Pr to
denote probability. Let E be an event. The probability of occurrence of an event E
is given by Pr[E]. Let D be a distribution over all elements of the set S such that
Y es Dx = 1. The notation x ~ D implies that the element x is sampled from the

distribution D over the set S.

It is often useful to understand the asymptotic behaviour of a function, i.e.,
how does a function behave as its argument increases or decreases. Let x € R,
p:R— R"and g: R — R*. The O(-) notation specifies that the asymptotic scaling
of the function p(x) is upper bounded by g(x) up to a constant factor and it is
denoted by p(x) = O(q(x)). If the bound is not tight and p(x) < gq(x) for every x € R,
then the asymptotic scaling is denoted by p(x) = o(q(x)). In a similar vein, the
notation p(x) = ((g(x)) denotes that the asymptotic scaling of the function p is
strictly lower bounded by g. As before, if the bound is not tight, then we use
p(x) = w(g(x)). When the upper and lower bounds on the asymptotic scaling of p is
the same and is given by g, then the notation f(x) = ©(g(x)) is used. Furthermore,

the notations O(-) and (~2(-) hide poly-logarithmic factors.

2.2 Learning theory

In this section, we review the standard literature on statistical learning in order
to provide the background necessary for Chapter[5| Let X denote the input space
and ) denote the output space. Let D denote a probability distribution over the
space X' x V. In this thesis, we restrict ourselves to binary classification where the
set Y = {-1,1}. We assume that the examples (x,y) € X x ) are drawn from an
unknown probability distribution D. Let 7 be a training set which is a sequence

T ={(x1,v1)s---» (X4, ¥)} of mii.d. pairs sampled from the distribution D.

There are many frameworks of learning; the simplest of which is supervised
learning where a learning algorithm A is trained on labelled examples in the set
7 and returns a hypothesis function h. The set of functions H = {h; : X — V};
that can be returned by the learning algorithm A is termed as the hypothesis space.
The task of the learning algorithm is to output a hypothesis h that performs well
on the labelled examples in & x ) outside the training set. In other words, the
hypothesis h predicts the label y € V of an example x ¢ 7 by optimizing a given

loss function £ : Y x) — IR that measures the distance of /i(x) from the true label y.



The goal of finding the best hypothesis h when the labels in ) are discrete is known
as classification. Similarly, when the label space ) is continuous, the task is called
regression. For a Boolean label space ), a standard loss function is the 0-1 loss given
by L(h(x),y) = [h(x) # y] (Note that [-] is the indicator function). When the label
space Y € R as in regression tasks, a quadratic loss function £(h(x),y) = (h(x) —v)?
is the most conventional. In order to find the optimal hypothesis & (for simplicity,
we consider the 0-1 loss), the learning algorithm .4 aims to optimize the true risk
or generalization error given by
R(h)= Pr [h(x)=y] (2.1)
(x,9)~D
Since the distribution D is unknown to the learner, it is not possible to directly
measure the true generalisation error. One widely accepted resolution for optimiz-
ing the generalization error (which works quite well under some computational
complexity assumptions) is to optimize an empirical estimate called the empirical
error or training error: R(h) = (1/m)- Y (xy)er L(h(x),y) = (1/m) - ¥y pyer [h(x) = v].
We now review some common strategies to optimize both the empirical and
generalisation errors. The first strategy is a learning model known as empirical risk
minimization (ERM) where the goal of the learner is to output a hypothesis h, that

—_

optimizes the empirical error R(h)

—

. .1
hy = arg r;g‘l R(h) = arg I‘}{él%ll p (X;Tﬁ(h(x),y). (2.2)

A fundamental result in statistical learning theory by Vapnik and Chervonenkis
[VC15] states that for a sufficiently large size of the training set m, it is possible

to show that the empirical risk minimization will output a hypothesis hg that also

minimizes the true risk or the generalization error.

One immediate issue with this line of approach is when the hypothesis space
H is large, it is likely that ERM outputs a hypothesis that performs well on the
training set but has poor generalization error. This phenomenon is known as over-
fitting by the hypothesis /. A potential resolution to this issue is to restrict the size
of the hypothesis space H and a common practice in statistical learning theory is
to measure the complexity of a Boolean hypothesis space H by a combinatorial
parameter called the VC dimension. To be precise, with high probability, the ERM
analysis bounds the difference between the empirical error and the generalization
error given by |R(hy) — R(hg)|< O(VVC/m). Thus, when the size of the training

9



set m = O(VC) and R(hg) = 0, then with high probability, we have the true error
R(ho) ~ O(1).

Another strategy to prevent overfitting is called regularization. In this learning
approach, the trick is to select a large hypothesis space H (the size of the hypothesis
space can be infinite for continuous functions) and introduce a regularizer, which

is usually the norm || ki ||. Then the regularized empirical error is optimized to obtain
hg = arg min R(h)+ A|| k||, (2.3)
heH

Here A is a free parameter called the regularization parameter which balances the
trade-off between the computational complexity and the fit. In general, finding

the appropriate A is a difficult problem and it can vary with different data sets.

2.2.1 PAC Learning

The quantum AdaBoost algorithm presented in Chapter [5|is based on the clas-
sical technique of Probably Approximately Correct learning. The Probably Ap-
proximately Correct (PAC) model of learning was introduced by Valiant [Val84]]
in 1984. A concept class C is a collection of concepts. Often, C is composed of a
subclass of functions {C,},>1, i.e., C = U,51C,,, where C,, is a collection of Boolean
functions ¢ : {0,1}" — {-1,1}, which are often referred to as concepts. In the PAC
learning model, a learner A is given n > 1 and access to labelled examples (x,c(x))
where (x,c(x)) is drawn according to the unknown distribution D : {0,1}" — [0,1]
and c € C,, is the unknown target concept (which the learner is trying to learn). The
goal of A is to output a hypothesis /: {0,1}" — {-1,1} that is #-close to c under D.
We say that A is an (77, 9)-PAC learner for a concept class C if it satisfies:

for every n > 1, c € C,, and distributions D, A takes as input 7,9, and
labelled examples (x,c(x)) and with probability > 1 -6, A outputs a
hypothesis h such that

xlirp[h(x) =c(x)] <n.

The sample complexity and time complexity of a learner is the number of labelled
examples and number of bit-wise operations (i.e., time taken) that suffices to learn
C (under the hardest concept ¢ € C and distribution D).

10



We assume that all concept classes C are defined as C = U,»1C,, where C,, C {c:
{0,1}" — {-1,1}} (in fact from here onwards, we will assume that C, is always a

subset of {c:{0,1}" — {-1,1}} and do not explicitly mention it).

In the quantum PAC model, a learner is a quantum algorithm given access to
the quantum examples ) . /D,|x,c(x)). The quantum sample complexity is the
number of quantum examples used by the quantum learner to learn C (on the
hardest ¢ € C and distribution D) and the time complexity of a quantum algorithm is
the total number of gates involved (i.e., the number of gates it takes to implement
various unitaries during the quantum algorithm) as well as the number of gates
it takes to prepare quantum states. The remaining aspects of the quantum PAC
learner is defined analogous to the classical PAC model. For more on this subject,
the interested reader is referred to [AW17]]. We now define what it means for an

algorithm A to be a strong and weak learner for a concept class C.

Definition 2.2.1 (Weak learner) Let C = U,51C,, be a concept class. We say A is a
weak (quantum) learner for C if it satisfies the following: there exists a polynomial p
such that for all n > 1, for all ¢ € C,, and distributions D : {0,1}" — [0, 1], algorithm A,
given n and (quantum) query access to ¢, with probability > 2/3, outputs a hypothesis
h:{0,1}"* — {0, 1} satisfying
1

M.
Definition 2.2.2 (Strong learner) Let C = U,»,C, be a concept class. We say A is a

Pr [h(x) = ¢(x)] > %+ (2.4)

x~D

strong (quantum) learner for C if it satisfies the following: for alln > 1, c € C,, and
distributions D : {0,1}" — [0, 1], algorithm A, given n and (quantum) query access to
¢, with probability > 2/3, outputs a hypothesis h : {0,1}" — {0, 1} satisfying

2

Pr [h(x) = > —. 2.5
Pr [(x) = ()] 2 = (25

In this thesis, we will assume that we have classical or quantum query access
to the output hypothesis h. Similarly, we say h is a weak hypothesis (resp. strong
hypothesis) under D if h satisfies Eq. (2.4) (resp. Eq. (2.5)). We now define the

Vapnik-Chervonenkis dimension (also referred to as VC dimension) [VC71]].

Definition 2.2.3 (VC dimension [VC71l]) Fix a concept class C over {0,1}". A set S =
{s1,...,5¢} € {0,1}" is said to be shattered by a concept class C if {(c(s1)---c(sy)) : ¢ €
C} ={-1,1}". In other words, for every labeling € € {—1,1}!, there exists a c € C such that
(c(s1)---c(sy)) = €. The VC dimension of C (denoted by VC(C)) is the size of the largest
S €{0,1}" that is shattered by C.

11



We again define two important misclassification errors (introduced in the pre-
vious section) which we will encounter often in Chapter [5| Suppose an algorithm
A is given a set of labelled examples S = {(x1,v1),...,(xp, vM)} Where (x;,9;) €
{0,1}" x {~1,1} is drawn from a joint distribution D : {0,1}" x {-1,1} — [0,1] and
suppose A outputs a hypothesis h : {0,1}" — {-1,1}. The training error of h is de-
fined as the error of h on the training set S, i.e.,

M
.. 1
training error of h = " ;[h(xi) % 9;.
1=

Ultimately, the goal of A should be to do well on labelled examples (x,y) ¢ S where
(x,) is sampled from the same distribution D: {0,1}" x {-1,1} — [0, 1] that gener-
ated the training set S. In order to quantify the goodness of the hypothesis h, the
true error or the generalization error is defined as

generalization error of h = ( P)r D[h(x) =7
x,9)~

2.3 Boosting

In the early 1990s, Freund and Schapire [Sch90) [Fre95, [FS99] came up with a
boosting algorithm called AdaBoost that efficiently solves the following problem:
suppose we are given a weak learner as a black-box, can we use this black-box to
obtain a strong learner? The AdaBoost algorithm by Freund and Schapire was one
of the few theoretical boosting algorithms that were simple enough to be extremely
useful and successful in practice, with applications ranging from game theory,
statistics, optimization, biology, vision and speech recognition [SF12]. Given the
success of AdaBoost in theory and practice, Freund and Schapire won the Godel

prize in 2003.

AdaBoost algorithm. We now give a sketch of the classical AdaBoost algorithm
and provide more details in Section Let A be a weak PAC learner for C =
U,>1C, that runs in time R(C) and has bias y > 0, i.e., A does slightly better than
random guessing (think of y as inverse-polynomial in n). The goal of boosting
is the following: for every n > 1, unknown distribution D : {0,1}" — [0,1] and
unknown concept c € C,, construct a hypothesis H : {0,1}" — {0, 1} that satisfies

in%[H(x) =c(x)] > % (2.6)

12



where [-] is the indicator function which outputs 1 if H(x) = ¢(x) and outputs 0
otherwise. AdaBoost algorithm by Freund and Schapire produces such an H by
invoking A polynomially many times. The algorithm works as follows: it first ob-
tains M different labelled examples S = {(x;,c(x;)) : i € [M]} where x; ~ D and then
AdaBoost is an iterative algorithm that runs for T steps (for some M, T which we
specify later). Let D! be the uniform distribution on S. At the tth step, AdaBoost
defines a distribution D' depending on D'~! and invokes A on the training set S
and distribution D’. Using the output hypothesis h; of .A, AdaBoost computes the
weighted error

& = Plgt[ht(x) % c(x)], (2.7)

which is the probability of #; misclassifying a randomly selected training example
drawn from the distribution D’. The algorithm then uses ¢; to compute a weight
) and updates the distribution D’ to D'*! as follows

]‘_St
&t

at:%ln<

t+1 _
D, =

Di {e‘“f if Iy (x) = c(x) 28)

Z; et otherwise ,

where Z, = Y ¢ DL exp(—c(x)atht(x))ﬂ After T iterations, the algorithm outputs

the hypothesis H
T

H(x)= sign( Zatht(x)),

t=1

where a; is the weight and h; is the weak hypothesis computed in the tth iterationﬂ

It remains to answer three important questions: (1) What is T, (2) What is M,
(3) Why does H satisfy Eq. (2.6)? The punchline of AdaBoost is the following: by
selecting the number of iterations T = O(log M), the hypothesis H satisfies H(x) =
c(x) for every x € S. However, note that this does not imply that H is a strong
hypothesis, i.e., it is not clear if H satisfies Eq. . Freund and Schapire showed
that, if the number of labelled examples M is at least O(VC(C)) (where VC(C) is
a combinatorial dimension that can be associated with the concept class C), then

IThis distribution update rule is also referred to as the Multiplicative Weights Update Method
(MMUW). See [AHK12, Section 3.6] on how one can cast AdaBoost into the standard MMUW
framework.

2Note that without loss of generality, we can assume ) , @; = 1 since renormalizing a;s will not
change H.
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with high probability (where the probability is taken over the randomness of the
algorithm and the training set S), the final hypothesis H satisfies

xlz%[H(x) =c(x)] > 2/3.

In other words, by picking M large enough, not only perfectly classifies every x € S,
but is also 2/3-close to ¢ under D. Hence H is a strong hypothesis for the target
concept ¢ under the unknown distribution D which had support on {0,1}". The
overall time complexity of AdaBoost is O(n - R(C)-VC(C)): the algorithm runs for
T =logM =1ogVC(C) rounds, and in each round we run a weak learner with time
complexity R(C), compute the weighted error ¢; which takes time O(M) = O(VC(C))

and then update the distributions using arithmetic operations in time O(n).

2.4 Gradient descent

In Chapter[4, we use gradient descent to find a sequence of N unitaries that repro-
duces a target unitary on a d-dimensional space. We obtain the surprising result
that the gradient descent algorithm finds the correct sequence using exactly N = d*?
unitaries in the sequence. In this section, we provide a sketch of the gradient de-
scent algorithm for optimizing a convex function and briefly mention its conver-
gence properties. Furthermore, we discuss Adam which is an improved version of

gradient descent.

The central idea of any convex optimization algorithm is to find a stationary
point. In the literature, several optimization techniques and heuristics have been
introduced to find a stationary point in a convex manifold. The most popular
approach — gradient descent — is to start from an arbitrary point in the manifold
and move along a gradient at that point to decrease the cost function. The hope is

to repeat this procedure until the procedure converges to the stationary point.

In gradient descent, there are two key components for searching a stationary
point in a convex manifold f(X) where X is a vector of parameters: the learning
rate or step size and the gradient. The learning rate determines how far do we
need to move in one direction and the gradient decides which direction should
we search in the next step to minimize the cost function. To be more precise,
gradient descent starts from an arbitrary point X, where ¥ is in general a vector of
parameters in the convex manifold. Gradient descent is an iterative method where

at each iteration t > 0, the algorithm moves in the direction of the gradients AX;
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by the step size 7; to reach the next point X;,; = X; + ;AX;. The gradients AX; are
given by the negative of the gradients of the cost function, i.e., Ax; = =V f(x;). We

have the following recursive relation due to gradient descent,
Xpr1 =X =1V (%). (2.9)

In the majority of the applications of gradient descent, the learning rate #; is
fixed to a value 71 during all the iterations. We now describe the gradient descent

algorithm below.

Algorithm 1 Gradient Descent
Input: Cost function f(X) and the parameters in X.

Initialize: ¥ = X, t=0.
1: while || Vf(¥) ]| > ¢ do
2 X =X -nVf(x).
3: t—t+1.
4: end while

Output: ¥,.

The condition || Vf(X;) || > € is called the stopping criterion. Note that this
condition does not a priori guarantee that gradient descent will reach a point that
is e-close to the stationary point. However, since we are searching for the optimal
parameters in a convex manifold, one can show that the relation f(¥;)—mingf (¥) <

¢ follows as a consequence of the convexity of the domain of interest.

We now mention the convergence guarantees of the gradient descent algo-
rithm. Given a convex, twice differentiable function f with domain(f) = IR” and a

constant L > 0. Then for a fixed step size 11 < 1/L, gradient descent satisfies

> %2
fla)-fe) s e,

where X" is the stationary point. The above equation implies that gradient descent

has a convergence rate O(1/t). In other words, we need O(1/¢) iterations to achieve

fE)-f(X) <e.
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2.4.1 Adam

In recent years, neural networks have gained prominence as one of the main tools
for machine learning. It is well known that the parameter landscape of neural net-
works can be highly non-convex. Additionally, the landscape can posses multiple
saddle points. However, these bottlenecks have not deterred the machine learning
community from applying the gradient descent algorithm or its advanced versions

to find a stationary point in the neural network landscape.

Gradient descent or vanilla gradient descent does not always guarantee con-
vergence in non-convex spaces. One major issue is to choose the appropriate value
of the learning rate or step size. If the learning rate is very small, then gradi-
ent descent can converge very slowly to the stationary point. Alternatively, if the
learning rate is too large, then gradient descent may not converge and the cost
function can oscillate around the stationary point or even diverge. Another issue
is conventional gradient descent applies the same learning rate to all parameter
updates. The features of data can have different frequencies and it is not pru-
dent to apply the same learning rate to all of them, instead apply larger learning
rates to the rarer features. The most prominent challenge for gradient descent is
to avoid saddle points in neural network landscapes. Saddle points typically lie in
a plateau of the same error which is hard for gradient descent to escape since the

gradient is almost zero in all directions.

In the following, we provide a sketch of the Adam or Adaptive Moment Esti-
mation algorithm [KB15]. We do not delve into the details of the algorithm but
mention only the necessary details. For further details, the interested reader can
refer to the review [Rud16]. Adam overcomes the problem of assigning the cor-
rect learning rate to each parameter by computing an adaptive learning rate that
can vary during the course of gradient descent. The trick employed by Adam is
to store the exponentially decaying averages of both the past gradients m; as well
as the second moments v; of the past gradients. The intuition here is to think of a
heavy ball running down a hill but there is friction on the surface of the hill. As
the ball reaches a local minimum, the friction on the surface enables it to stop at
the local minimum. The decaying averages of the past gradients and past squared
gradients are computed as follows

mb = pymit + (1 - 1)V f (%),
vh = Brvit + (1 - B1)(Vaf ()% (2.10)
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where x is an element of the parameter vector ¥ and (1 — f81),(1 — B,) are the decay

rates close to zero.

In Adam, the vectors ni, and 7. are initialized to zero. This means the vec-
tors are biased to zero during the initial stages of gradient descent. In order to

overcome the biases of the first and second moments, they are normalized as

L T S (2.11)
-5 1=p;
The final update rule of Adam is then given by
it
iy =3~ (2.12)

The default values of the hyper-parameters 81, 8,, ¢ are set equal to 0.9, 0.999 and
107° respectively.

2.5 Quantum computation

We assume that the reader is familiar with the following notation in quantum in-
formation. Throughout this thesis, we let [n] ={1,...,n} and C denote the complex

space. A qubit, which is the quantum equivalent of a bit, lives in the Hilbert space

0
i.e., the qubit can be in a superposition of the states |0) and |1). The basis states

C2. The space C? is spanned by the standard basis states: [0) = (1) and [1) = ((1)),

for multi-qubit systems can be obtained by performing a tensor product of the
basis states of single qubit systems. For example, a basis state for a two-qubit sys-
tem is |[1) ® |0) € C* where |1) and |0) are the states of the first and second qubits
respectively. We use the shorthand |a;...a,) for a n-qubit tensor product state
la;)®---®la,). For every i € [n], let a; € C and 4; € {0,1}. A pure quantum state
i) composed of n qubits is expressed as [() = }_;c[,) @ila;) where the as satisfy the
condition Zie[n]|ai|2= 1. The complex conjugate of the state |i) is a row vector de-
noted by (|. Alternatively, a quantum state can be also represented by a positive
semi-definite matrix or a density matrix p with trace 1. Similar to the state vec-
tor [i), the density matrix p encodes all accessible information about a quantum
state. Additionally, it also characterizes quantum states p = )_; p;|¢; }{¢;| which are
statistical mixtures of the pure states {|¢);)};. We remark that mixed states which
are statistical ensembles of pure states encoded by p are more prevalent in the

environment than their pure counterparts.
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A quantum operation is represented by a unitary matrix U which acts on a

pure quantum state |¢) as Uli) and the action of U on a density matrix p is given

by UpU~L. For example, let x € {0, 1}" and the Hadamard gate H = % (1 _11 ) The

quantum Fourier transform over ZJ is given by H®"|x) = 27"/2 Y efo,1yr (1) a).
Let c:{0,1}" — {-1,1} be a Boolean valued function. We say an oracle A is given
query access to c if, A can query c, i.e., A can obtain c(x) for x of its choice. Similar,
we say A has quantum query access to c, if A can query c in a superposition, i.e., A

can perform the map
O, : |x,b) — |x,c(x)- ),

for every x € {0,1}" and b € {-1,1}.

A quantum measurement on a quantum state p is a procedure to obtain clas-
sical information from p. A POVM or a positive operator valued measure is a
k-outcome measurement which is characterized by a set of positive semi-definite
matrices {M;};e[x) which satisfy }_; M; = I. When performing a measurement on the
quantum state p with the POVM {M,} (1), the probability of obtaining the outcome
j is given by Tr(M;p).

2.5.1 Universal quantum gates

A finite set of gates is universal for quantum computation if any unitary transfor-
mation can be approximated to a desired accuracy with a finite sequence of gates
from the set. Note that the number of possible quantum gates is uncountable
while the number of finite sequences that can be constructed from a finite gate
set is countable. This signals a contradiction in the construction of an arbitrary
unitary operation. However, we are only interested in approximating a unitary
transformation by a sequence of gates from a finite set instead of building them

exactly.

We mention the main ideas required for universality constructions in quantum
computation. First, it can be shown that any unitary operation can be decomposed
exactly into a product of 2-qubit unitary matrices, i.e., unitary matrices that act
non-trivially on one or two qubit systems. This result can be fine-tuned to show
that single qubit and CNOT gates can be used to construct any n-qubit unitary op-
eration. Thus single qubit gates and CNOT gates are universal for quantum com-

putation. Second, any single qubit gate can be approximated to a desired accuracy
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by the Hadamard H, phase S and T gates where S = ((1) (z)) and T = (1) eig/4).

Putting these results together, we find that a sequence of CNOT, Hadamard, phase

and T gates can approximate any unitary operation to an arbitrary precision.

Note that the above universal gate set is not unique. In fact, there can be
infinite sets of gates that can be universal. The gate set comprising of XOR and
single qubit gates is also universal. An example of a 2-qubit continuous gate is
the XX(¢) gate where —1t/2 < ¢p < 1t/2. The XX(¢) gate coupled with single qubit
gates can perform universal quantum computation. The XX(¢) gate is defined by

the unitary matrix:

cos(¢) 0 0 —isin(¢)
0 cos(¢p) —isin(¢p) 0
0 —isin(¢) cos(¢) 0
—isin(¢) 0 0 cos(¢)

2.5.2 Solovay-Kitaev theorem

As seen in the previous section, a universal gate set can perform any unitary op-
eration to a desired accuracy. However, this does not address the question of how
efficiently can a sequence from a discrete gate set approximate a unitary transfor-

mation in U(d) with precision ¢.

The Solovay-Kitaev theorem [Kit97] is a fundamental result in quantum com-
putation theory. Roughly speaking, the theorem says if G is a universal gate set
for SU(d) (i.e., given any unitary U € SU(d) and precision ¢ > 0, there exists a
sequence S = gj...g, of gates from G that can approximate U with accuracy ¢),
then it is possible to approximate any unitary in SU(d) using remarkably short
sequences of gates drawn from G. To be precise, the Solovay-Kitaev theorem says
that a sequence S of depth O(d?log®(1/¢)) is sufficient to e-approximate any uni-
tary U where ¢ > 0 is a constant. In other words, a discrete gate set of CNOT, H, S

and T gates can be used to construct any unitary in time O(polylog(1/¢)).

We provide a brief overview of the Solovay-Kitaev algorithm as discussed in
[DNO5]. A simplified version of the algorithm for qubits is presented here. The
algorithm can be extended for constructing any d-dimensional unitary transfor-
mation using techniques discussed in [DNO5]. The pseudocode for constructing

an arbitrary unitary in U(2) is described below.
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Algorithm 2 Solovay-Kitaev algorithm

Input: An arbitrary unitary U € U(2) and circuit depth ¢.

1: function Sorovay-Kitaev(U, )

2: if £ =0 then
Uy = approx(U)

else
U,_; = Solovay-Kitaev(U,{ 1)
Vie_1, We_1 = Group_Commutator(U, Usq)
Vo_q = Solovay-Kitaev(V,_1,{—1)
@_1 = Solovay-Kitaev(W,_,£ - 1)
Up = Ver Wer Vi, W2, U

10: end if

11: end function

Output: The final approximating sequence Up.

The Solovay-Kitaev theorem is a recursive algorithm that takes the target uni-
tary U and the desired depth ¢ as input and returns a unitary Uy that approximates
U with a desired accuracy ¢. The unitary Uy is a sequence of gates drawn from a
universal gate set. The first step which is the preprocessing step involves gen-
erating the best approximating sequence Uy for the target unitary U (Dawson et
al. [DNO5] discuss how to generate the initial sequence Up). At each iteration or
layer ¢ > 0, the algorithm invokes itself to obtain a coarser approximating unitary
Uy_; of depth £ —1. The next step involves a group commutator decomposition
subroutine to obtain V,_;, Wy_; € SU(2) such that,

Ufj;—l = Vea W Vg+_1 Wg_l- (213)

The matrices Vy_1, Wy_; are called the group commutators which are unitaries

close to the identity where
6 =max{|| I = Ve [LIIT=Wey I} (2.14)

The algorithm then approximates the group commutators by invoking itself at the

(€ —1)-th layer. Let V;_1, Wy_; be the unitaries approximating V,_;, Wy_; such that,
A = max{l| Voy = Veoy LI Wy = Wey I (2.15)

At the end of the (-th iteration, the algorithm returns the unitary U, where U,
= %-1%-1 %+_1W;r_l [75_1. The crucial idea of the Solovay-Kitaev theorem is that

the {-th iteration produces a better approximation Uy than the one in the previous
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iteration. This is due to the following relationship between the approximate and

exact group commutators given by,

| VW, VWS - VoW, VEWE || < O(A2 + A9). (2.16)

2.5.3 Quantum subroutines

The most famous quantum algorithm to date is Shor’s algorithm discovered in
1994 [Sho94]. Shor’s algorithm is a quantum algorithm that can compute the
prime factors of integers in polynomial time. This is exponentially faster than
the best known classical algorithm for prime factorization of integers. The sec-
ond most important quantum algorithm is Grover’s quantum search problem dis-
covered in 1996 [Gro96]. Grover’s algorithm tackles the search problem with a
quadratic improvement over its classical counterpart. Let N = 2". Suppose we
have an arbitrary string x € {0,1}. The goal of the search problem is to find the
position i such that x; = 1 and output ‘no’ if there is no such i. This problem is
basically a simplified version of searching an N-element unstructured database.
A classical randomized algorithm requires ©(N) queries to solve the search prob-
lem. Remarkably, Grover’s algorithm can solve it with only O(\/N ) queries and in
time O(VN1logN). Grover’s algorithm can be applied more generally to problems
which require the correct solution with a high probability of success. One such

problem is amplitude amplification which we describe below.

In this thesis, we will use three quantum subroutines to prove our main re-
sults in Chapter[5] The first quantum subroutine is amplitude amplification, a well-
known quantum algorithm which performs the following task: suppose we have
a (classical) algorithm A that outputs 1 with probability p and 0 otherwise, then
classically we need to repeat A ©(1/p) many times before one of the repetitions
of A outputs the number 1. Quantumly, amplitude amplification is a procedure
that invokes A and the inverse of A (denoted A™') O(1/4/p) many times before
outputting 1 with high probability, hence providing a quadratic quantum speedup

over classical randomized algorithms.

Theorem 2.5.1 (Amplitude Amplification [BHMTO02)]) Let p,a,a’ > 0. There is a

quantum algorithm A that satisfies the following: given access to a unitary U such that

Ul0) = [¢p) where [1) = /plio) + V1 —pli1) for an unknown p > a and [ipy), |1p1) are
orthogonal quantum states, A makes an expected number of © (\a’/a) queries to U, U~

and outputs |y) with probability a’ > 0.
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The second quantum algorithm estimates the mean of numbers quadratically
faster on a quantum computer than classical algorithms for mean estimation. Given
a black-box for the function F : {1,...,N} — [0,1], there exists a quantum algo-
rithm that with probability at least 2/3 computes an additive e-approximation of
ﬁzg\il F(i) using O(1/¢) evaluations of F. Observe that classically estimating the
mean % Zﬁl F(i) up to additive precision ¢ would take ®(1/¢2) many evaluations

of the function F.

Theorem 2.5.2 (Amplitude Estimation [BHMTO02]) There is a quantum algorithm
A that satisfies the following: given access to a unitary U such that U|0) = |¢p) where

[) = Valo) + V1 —aly) and |ig), 1) are orthogonal quantum states, A makes M
queries to U and U~! and with probability > 2/3, outputs @ such that

a(l—a) 12

T-al<ony—— 4 —
|a—al<2m i e

(2.17)

The third quantum algorithm is a modified version of amplitude estimation
where the goal is estimate the probability a with a better precision than the addi-
tive error €. This algorithm provides a technique to achieve a multiplicative error,

i.e., |a—4d|< ea using O(1/¢) queries to U and U~!.

Theorem 2.5.3 (Multiplicative amplitude estimation [Amb10]) Letc € (0,1]. There
is a quantum algorithm A that satisfies the following: given a state |¢) and access to

a unitary U such that U|0) = |) where ) = valpg) + \/mli,lq) and (o), |Pq) are
orthogonal quantum states and promised that either a = 0 or a > p, with probability

> 1-9, the algorithm A outputs an estimate a satisfying la—al<c-aifa>p,anda=0
if a = 0. The total number of queries made by Ato U, U! is

log(1/9) 1 1

2.6 Quantum control

Quantum control is the study of active manipulation of physical and chemical
processes in quantum systems. One of the main interests of quantum physicists
and chemists is to control the dynamics of quantum systems with a desired pre-
cision. This subject has recently received a lot of attention mainly because of the
need to build quantum information processing devices [BCR10, RTB" 15, RWSR17,
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RRW17]. The central issue with controlling a quantum system is whether it is pos-

sible to achieve a desired precision in the control objective.

A practical task in quantum control for manipulating quantum systems is to
find the optimal solutions of the control parameters in the control landscape . Sev-
eral studies have established the conditions which the landscape should satisfy for
the optimal solutions to exist [DR93]]. A necessary and sufficient condition for the
controllability of a quantum system in d dimensions is that the Lie group gener-
ated by the control Hamiltonians should be complete in u(d). A mathematically
rigorous analysis of the quantum control landscape can characterize the nature of
the critical points of the landscape: whether the critical point is a global minimum,
a local minimum or a saddle point. Furthermore, it can also establish necessary
conditions for an optimization algorithm to converge to a global solution in the
control landscape. Consider a target unitary transformation W in d dimensions.
Let U(f, 7) be the unitary for approximating the target W where £, T are the control

parameters. The control landscape is described by the objective function

CO=IW-UzD"

The optimal control problem is concerned with an unconstrained search for

Linin = min L(t £,7). (2.19)

tT

A critical point of the control landscape is indicated by the control parameters
at which the first order derivative of the landscape L(f, 7) with respect to all the
parameters is zero, i.e., JL(t t,7)/0t = IL(t,7)/dt = 0 for all ts and 7s. A necessary
condition for the optimality of a critical point is that the first order derivatives are
zero at that point. For sufficiency, one needs to check the negative definiteness
of the Hessian of the objective function L(f,7) at the critical point. It has been
shown that the presence or absence of local critical points including saddle points
can influence the convergence properties of search algorithms such as gradient
descent optimisation [CR07||. For more details about the field of quantum control,

the interested reader is referred to the recent review [KLS19].
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Chapter 3

A bound on implementing unitary
transformations

One of the most important applications of a quantum computer is to simulate the
time evolution of a quantum system [Fey82]. It is well known that under rea-
sonable complexity theoretic assumptions, the state-of-the-art classical algorithms
(i.e., algorithms that run on traditional computers) can solve this problem in ex-
ponential time. In contrast, it was known from the early days of quantum comput-
ing [Fey82, [L1096] that quantum computers take polynomial time to simulate the

quantum dynamics.

The dynamics of quantum systems are described by unitary transformations,
which are implemented by applying sequences of elementary quantum logic op-
erations or control fields. One can build any desired unitary operation U from a
sequence {Uj,..., Uy} of elementary quantum logic gates given by U = Uy ... U;.
In quantum computation, the logic gates that we apply are either discrete such as
CNOT, Hadarmard and phase gate or continuous of the form U; = e Hili where H f
is a local Hamiltonian acting on the physical system for time ¢;. In quantum con-
trol, the desired unitary operation U is implemented by a time dependent Hamil-
tonian of the form H(t) = Z]‘ g;i(t)H;. Here g;(t) corresponds to a time-dependent

control field.

A vast amount of literature in quantum computation has been devoted to the
study of quantifying the resources, i.e., gate complexity and time complexity re-
quired to simulate the dynamics of a quantum physical system. This task is known
in the literature as Hamiltonian simulation or quantum simulation and for a n-qubit

system, a quantum algorithm can perform the task in time O(poly(n)) [Fey82)
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Llo96]. Recent works improve on the scaling of the precision of the quantum al-
gorithm designed to mimic a physical process [BCC*14, BCC"15,[LC17,[LCT9].

In this chapter, we discuss the problem of providing upper bounds on the min-
imum time required to implement an arbitrary unitary transformation in U(d) on
a d-dimensional Hilbert space when applying sequences of Hamiltonian transfor-
mations. The previous paragraph discusses the problem of simulating the dynam-
ics governed by a local Hamiltonian. Here we shift our focus towards providing an
algorithm that can construct any unitary transformation in U(d) with a desired ac-
curacy. A necessary and sufficient condition for constructing an arbitrary unitary
in both quantum computation and quantum control is that the algebra generated
by the Hamiltonians {Hj,..., Hy} via commutation should be complete in the Lie
algebra u(d). Because we are not concerned about an overall global phase, in the
rest of this chapter we will restrict our study to traceless Hamiltonians {Hy, ..., Hy}
in the Lie algebra su(d).

3.1 Overview of our results

The Trotter-Suzuki decomposition or Trotterization is a technique that addresses
the problem of efficient approximation of matrix exponentiation [Tro59, [Suz90),
Suz91l]. This technique transforms the time evolution operator into a product of
simpler operations that can be implemented on a quantum computer while incur-

ring an error, namely the Trotter error.

We consider the simplest case where we have access to a pair of d-dimensional
non-commuting traceless Hamiltonians A and B. Our results can be generalized
to the case of three or more traceless Hamiltonians in a straightforward manner.
Following the seminal works of Suzuki [Suz90, [Suz91]], we construct unitaries of
the form

U(E:,f*) — e—iBTN e—iAtN . e—iBTl e—iAtI, (3'1)

via the Trotter-Suzuki decomposition. The parameters f, 7 represent the times for
which the Hamiltonians A, B are applied. We make three assumptions here in
order to facilitate our study in a controlled setting. The first assumption is that
the operators A,B € H,; are bounded such that ||A||; =||B|l; = 1. The second
assumption is that the operators A and B are sampled from the Gaussian Unitary

Ensemble in d-dimensions so that the algebra generated by A, B via commutation is
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with probability one complete in su(d) [RHR04, KRK™05, RHRO05, RHH" 06, [CR07),
MHRO08), HDR09, BCR10, RTB*15, RWSR17, RRW17]. The third assumption is
that the operators +A,+B can be implemented; equivalently, we can consider f,7

to be positive or negative.

The time parameters #,7 can be large in the quantum logic gate construction
of unitary operators. In continuous time quantum optimal control, the dynamics
is governed by a time dependent control Hamiltonian H(t) = f1(t)A + f,(t)B where
f1(t), f(t) are time-dependent control fields. It has been shown that the continuous
time Hamiltonian dynamics can be implemented in the small time f, T and large
N limit of Eq. by the well-known technique of Trotterization [Llo96), LV01),
WBHS10, NC16]. Here we represent the time dependent dynamics as a sequence

of infinitesimal unitary transformations.

In this chapter, we address the general problem of providing upper bounds on
the optimal time required to implement an arbitrary unitary operator in d dimen-
sions. It is evident that d?> — 1 parameters are required to specify an arbitrary uni-
tary matrix in SU(d). We further ask whether one can find the correct sequence of
logic gates or control fields that can be applied in order to build the desired unitary
matrix. We discuss two methods, namely the non-infinitesimal and infinitesimal
constructions for building a desired unitary transformation in SU(d). In the in-
finitesimal approach, we build unitary transformations in the vicinity of the iden-
tity using nested commutation relations. The non-infinitesimal approach employs
a different strategy. In this approach, we first move away from the identity unitary,
perform a set of operations and then return in the vicinity of the identity. The time
complexity of the non-infinitesimal construction is O(d?) and it is O(d*logd) for
the infinitesimal approach. Our first result conjectures that under certain assump-
tions, one can construct a desired unitary operation in the neighbourhood of the
identity in time O(d?) by appropriately choosing a sequence of parameters f, 7 in
Eq. (3.1). This can be achieved either by a direct method when we have access to
the target unitary or by optimizing a cost function when the unitary is described

by a training set of input and output pairs.

In quantum control, a remarkable result by Rabitz et al. [RHRO04, [HDROY]]
demonstrates that when the control fields {f;(¢)}; are neither power nor band lim-
ited, the optimal control sequence for constructing a desired unitary can be achieved
by using gradient descent optimization. In practice, however, control fields are

power and band limited. Our second result conjectures that even with power and
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band limited controls, one can construct a desired unitary near identity in time
O(d?) using gradient descent. We emphasize that the main differences between
the infinitesimal and non-infinitesimal constructions is the infinitesimal technique
cannot build an arbitrary unitary and the process of finding the optimal path to
construct the unitary using an optimization technique such as gradient descent

involves a search through multiple saddle points.

3.2 Related works

It is important to note that the majority of studies in the field of quantum compu-
tation have focused on the efficient simulation of the dynamics of local Hamiltoni-
ans. The early works on Hamiltonian simulation showed that quantum computers
can simulate the dynamics of any local quantum system (the Hamiltonian of the
physical system is characterized by a tensor product structure of smaller subsys-
tems) comprising of n qubits in time poly(n) [Fey82, L1o96]. In particular, Lloyd
demonstrated that by Trotterizing the local quantum dynamics, a quantum com-
puter can simulate the dynamics of a physical system by implementing a sequence

of elementary logic operations.

Aharonov and Ta-Shma [AT03]] extended the result of Lloyd by showing that
a more general class of Hamiltonians of n qubit systems can be efficiently simu-
lated (in time poly(n)). In particular, they considered sparse Hamiltonians which
cannot be expressed as a tensor product structure of smaller subsystems. They
proved that there exists an efficient quantum algorithm for computing the non-
zero entries in a particular column of such Hamiltonians. Sparse Hamiltonians
are common in quantum walk simulations [Chil0] and adiabatic quantum com-
putation [FGGSO00].

Subsequent works on sparse Hamiltonian simulation based on high-order prod-
uct formulas, namely the Lie-Trotter-Suzuki formulas improved the complexity of
the precision ¢ of the quantum algorithm from O(1/¢) to O(1/¢P) where p < 1
[BACS07, WBHS10, WBHS11]]. These works further showed that higher order
product formulas can upper bound the number of exponentials required in the
simulating sequence by a term that depends linearly on both the norm of the
sparse Hamiltonian and the evolution time ¢. Berry and Childs [BC12] leveraged
the computing power of quantum walks to present a general method for simu-

lating black-box sparse Hamiltonians. Their quantum simulation algorithm made
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a substantial progress in the complexity of the sparsity (i.e., the maximum num-
ber of non-zero elements in a column) of the Hamiltonian matrix from polyno-
mial to linear. The scaling of the algorithmic precision was further improved by
Childs and Wiebe [CW12|] using a novel technique based on implementing lin-
ear combinations of unitary operations instead of higher order product formulas.
Building on the linear combination of unitaries framework, Berry et al. and Low
and Chuang [BCC™14} BCC"15, [LC17, LW18bl] showed that there exist quantum
algorithms that can achieve exponentially better performance in the accuracy of
simulating sparse Hamiltonian dynamics. Their results were further improved
by Haah et al. [HHKLI18] by presenting a quantum algorithm for simulating a
time-dependent Hamiltonian on a lattice of n qubits that satisfies an optimal lower

bound on the gate complexity for simulating the time evolution operator.

We also mention a modified version of the Hamiltonian simulation problem
which is termed as sample-based Hamiltonian simulation. Given one copy of an
unknown state p and multiple copies of an unknown state o, the task is to imple-
ment the time evolution of the state p under the dynamics governed by the state
o. Note that the state o performs the function of a Hamiltonian. This problem
was first studied by [LMR14]] where the authors provide a simple protocol to im-
plement the exponential of the state o using multiple copies of o. A remarkable

feature of their work is that the protocol is agnostic with respect to the state o.

There has been numerous studies on the optimal construction of an arbitrary
unitary transformation using quantum logic gates [MVBS04} SBM06, PISR06]. In
particular, the authors proved a lower bound on the number of two-qubit logic
gates required to prepare an arbitrary n-qubit quantum state using matrix de-
composition techniques. There has also been a spate of activities in the fields of
trapped ions and superconducting quantum computing to optimize the gate errors
in implementing two-qubit logic gates [HH] ™10, WD13|,IGAN14}, ZLW*17,|GCS17,
SBT*13].

One of the most fundamental results of quantum computation is the Solovay-
Kitaev theorem [Kit97, [DNO05, NC16] which shows that a finite set of universal
quantum gates can efficiently approximate an arbitrary unitary transformation.
Roughly speaking, the theorem says that if a set of single and two-qubit gates is
dense in SU(d), then it is possible to approximate any unitary operation in SU(d)
using short sequences of gates from the universal set. A detailed presentation

of the algorithm is discussed in Chapter 2| A series of works by Selinger et al.
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and Kliuchnikov et al. [Sell2|, RS16, KMM16] leveraged techniques from number
theory to obtain a polynomial improvement in the construction of single-qubit
gates using a Clifford+T basis. Kliuchnikov [Klil3]] further extended the number
theoretic gate decomposition ideas to show that any n-qubit unitary operation can
be approximated with precision ¢ using O(4"nlog(1/¢)) Clifford and T gates. Note
that Kliuchnikov’s approach achieves a polynomial improvement over the Solovay-
Kitaev theorem (with gate complexity O(polylog(1/¢))) in the complexity of the
precision €. However, it is not evident how can the efficient unitary constructions

using number theory be extended to odd dimensions or qudits.

In this chapter, we study the continuous version of the Solovay-Kitaev theo-
rem for building arbitrary unitary matrices using sequences of non-commuting
Hamiltonian operations. Under certain assumptions, we introduce a construc-
tive method to build any unitary transformation in SU(d) with accuracy ¢ using
a sequence of O(d?/¢) continuous operations. In contrast to Kliuchnikov’s results

[K1i13], our constructive approach can build unitaries in arbitrary dimensions.

3.3 Lie-Trotter-Suzuki Formulas

Product formula approximations have been widely popular in studying quantum
simulations due to their accurate approximation of an operator exponential as a
product of operator exponentials which can be easily implemented in the labora-
tory. These formulas can provide a high degree of precision in approximating a
desired unitary since they can approximate a unitary operation with a sequence of
simpler unitary operations. This particular feature makes them an ideal candidate

for quantum computing applications.

The Lie-Trotter-Suzuki (LTS) formula is the most accurate known product for-
mula approximation. The LTS formula approximates the unitary e *f! for H =
Z;”:l H; as a sequence of simpler unitaries of the form {e_int}]-. Consider the fol-

lowing sequence,
Si(t) = ]_[e—"Hff. (3.2)

The Lie-Trotter method provides the following approximation

e HE ~ (S (7)), (3.3)
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where the equality holds in the limit of r — co. The approximation error for a
finite value of r is || e *Ht =Sy (t/r)" || = O((mt)?/r) where m denotes the number of
local Hamiltonians H; that generates the dynamics of the quantum system. Since
S; is accurate to first order in t, the Lie-Trotter method is a first-order formula. The
goal of approximating a unitary operation is to make the value of r large enough
to achieve a desired accuracy.

In order to obtain more accurate error bounds by improving the scaling of the
time parameter f, we avail higher order product formulas namely the LTS formula.

The 2k-th order LTS formula [Suz90, Suz91] provides a sequence that achieves an

error of O(t**1) for k > 1. The systematic construction of 2k-th order formulas is
as follows
m 1
Sz(t) — ]_[e—iH]-t/Z I_[e—iHjt/Z,
j=1 j=m
Sak(t) = Sap-2(pit)*Sak-2((1 = 4pi)t)Sax—2 (pxt)?, (3.4)

where p; = (4 — 4/21))=1 Rigorous error analysis indicates that to approximate
the local Hamiltonian dynamics governed by H = Z;”:l H; with a desired accuracy
¢, the first-order formula requires r = O((mt)?/€) while the 2k-th order formula

requires 1o = O((mt)!+1/(2K)/¢1/(2k)),

The main advantage of the product formulas is they can provide a very high
degree of accuracy and approximate a unitary operation U(t) = e"*H* with a prod-
uct of simple unitary operations which can be easily implemented using a quan-
tum computer. The disadvantage is that the product formulas require O(5) expo-

nentials to build an O(tZk”)

approximation. Thus the number of constituent oper-
ations in the approximating sequence exponentially increases with the order k of
the LTS formula. A significant improvement over existing product formula based
quantum simulation algorithms would be to develop a product formula based al-
gorithm which requires substantially fewer exponentials in the approximating se-

quence.

3.4 General Approach

We begin this section by defining the Gaussian unitary ensemble. Consider the
complex dxd Hermitian matrix H where the elements H,, are sampled from Gaus-
sian distributions, i.e., Hpq ~ N(O,%) + iN(O,%) and pr ~N(0,1) for 1 <p,g <d.
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Definition 3.4.1 The Gaussian unitary ensemble (GUE) on the space of d x d Hermi-
tian matrices H is defined by the Gaussian measure with probability density
1 _1 2
P(H)= -2 "1,
(H)= 5
Here Z; is a normalization factor such that the integral of the probability density
P(H) in the space of Hermitian matrices is equal to one. Note that for the rest of

the chapter, we would be working with Hermitian matrices A, B that are sampled

from the Gaussian unitary ensemble.

Figure 3.1: a) Largest ¢-ball around the identity unitary 1 in the space of polynomial time
reachable unitaries U, (d) in time At. b) Several e-balls covering a path of finite length L
in U, (d) from the identity unitary 1 to the final unitary U(At).

In this section, we provide a sketch of our constructive approach for building
an arbitrary unitary operation. Recall that we are building unitaries of the form

U(t,7) by alternating applications of the exponentials of the matrices A, B given by
U(t—j'f)) — e—iB’l’N e—iAtN . e—iBTl e—iAtl ) (35)

Our results indicate that when N = O(d?), there exists an open ball of radius ¢ > 0
in the vicinity of the identity operator in the manifold SU(d) such that one can
construct a desired unitary e where | H ||;=1 and t < ¢, by a suitable choice
of the parameters ,7 in Eq. (3.5). The size of the ¢-ball depends on the non-
commuting control Hamiltonians A, B that can be implemented using a quantum

computer and the target Hamiltonian H. The essential point here is that the radius
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of the e-ball should be strictly bounded away from zero. In practice, because of
the finite precision achievable in the parameters f, T, we can only reach the desired
unitary approximately. The size of the ¢-ball and the effects of such finite precision

will be addressed below.

To be precise, we conjecture that it is possible to advance a non-zero distance
along any direction in the algebra of Hamiltonians in su(d). The target unitary that
we aim to implement is given by U = e *H! for [t|< 7t. We discuss two approaches
for constructing an arbitrary unitary transformation, namely the non-infinitesimal
construction and the infinitesimal construction. In order to approximate the target
unitary U € U(d), we first find a sequence of gates or control parameters to realize
H

e "¢ using either the non-infinitesimal construction or the infinitesimal construc-

tion. We demonstrate how to construct e”*H¢ when there is an explicit represen-
tation of the unitary U. Let U, (d) be the set of polynomial time (i.e., polynomial
in the dimension d) reachable unitaries in SU(d) starting from the identity. For
elements belonging to the subgroup U, (d), there exists a path of finite length that
connects the initial and final unitaries in finite time [LM14]. We can then sim-
ply repeat the sequence t/e times to implement e~'!. In Fig. , we illustrate
our general method applicable to both the non-infinitesimal and infinitesimal ap-

proaches to construct a desired unitary operation in the SU(d) manifold.

In the non-infinitesimal method, as will be seen, we typically require 2d?
terms in the sequence in Eq. to reach any unitary transformation in SU(d)
within a distance O(¢) of the identity. In the infinitesimal case, we can build a spe-
cific set of unitaries (the infinitesimal approach does not enable to build any uni-
tary transformation in time O(d?)) in SU(d) within O(e/logd) of the identity using
N = O(d?) terms. Note that ¢ is independent of the dimension d. Consequently,
the non-infinitesimal method requires N = O(d?/¢) exponentials to construct a de-
sired unitary U while in the infinitesimal case, we need N = O(d’logd/¢). Note
that the non-infinitesimal method achieves the best possible scaling of the time

complexity in the dimension d for constructing an arbitrary unitary operation.

3.5 Construction: Non-Infinitesimal Case

We begin this section by stating the assumptions required for constructing an ar-
bitrary unitary transformation in SU(d) via the non-infinitesimal method. The as-

sumptions are the following: (1) we consider operators A, B € H, that are bounded
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such that || A|l; = || Bll; = 1; (2) the operators A, B are drawn from the Gaussian
Unitary Ensemble (GUE) so that the algebra generated by A, B via commutation is
with probability one complete in su(d) [RHR04, KRK*05, RHR05, RHH"06,/CR07,
MHRO08|, HDR09, BCR10, RTB*15, RWSR17, RRW17]; (3) the operators +A,+B can
be implemented; equivalently, we can consider the parameters ,7 (in Eq. to

be positive or negative.

We aim to build an arbitrary unitary transformation in SU(d) by a sequential
application of the exponentials of the matrices A, B as in Eq. (3.1). The initial uni-
tary can be determined by the identity transformation (where the parameters f, 7
are set to zero in U(f,7)) or a random point in the unitary manifold (for a ran-
dom choice of the parameters #,7in U(, 7)). Note that in order to reach the target
unitary transformation, one should be able to explore all linearly independent di-
rections in the SU(d) manifold.

We now state a conjecture for constructing a set of linearly independent basis

elements in the Lie algebra su(d) using d? parameters in the sequence U(f £,7) in
Eq.3.1}

Conjecture 3.5.1 Let N = d?/2 and k = {1,2,...,N}. Let A and B be matrices in H,
drawn from GUE(d) and U(£,7) = e B e~ AIN | ¢=1BT1e=IAL  Then the set of elements
({UtoU/oty, U+8U/8Tk}-> > are linearly independent and forms a basis in su(d) for
almost any U(t,T) in the unitary manifold.

We make the following remark regarding the above conjecture. A random selec-
tion of the parameters f, 7 for constructing the unitary U(f,7) (as in Eq. (3.1)) fol-
lowed by a derivative with respect to one the parameters and then performing the
inverse transformation allows us to move along any direction in the vicinity of
the identity. However, there exists a set of parameters f, 7 for which the sequence
U(fi’f’) lives in a submanifold of dimension less than d2. Such unitaries have less
than d? independent parameters and the above conjecture cannot guarantee to

build an arbitrary unitary via the sequence U(, ) with less than d? parameters.

We have numerically verified Conjecture for matrices A and B drawn
from the Gaussian Unitary Ensemble (Definition ind =2,3,4,5 dimensions.
We discuss Conjecture in the simplest case of d = 2 here. The numerical ob-
servations can be easily extended to higher dimensions. In d = 2, first we obtain

the matrices A, B from the GUE(2) (such matrices can be obtained using in-built
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commands in Mathematica to sample from the GUE distribution for arbitrary di-
mensions). Since d? = 4 parameters are required to describe any unitary matrix in
U(2), we select a random choice of the parameters t;,7,t,,7, € [-7,7t]. The uni-
tary U(f, T) = e 'B2¢7"4%271BT1¢=1At j5 then constructed using the matrices A, B and
the parameters t1, 1y, t;, 7,. Using the sequence U(t f,7), we can construct the basis

elements of the Lie algebra su(2) which are given by

ezAtl .B. e—zAtl ezAtl ezBrl CA- e—zBrl e—zAt1 , ezAt1 ezBrl ezAtz .B. e—lAtze—lBT1 e—zAtl'

(3.6)

’

We have numerically verified the linear independence of the above basis elements
in su(2) for GUE matrices A, B. Further experiments were performed in higher
dimensions to verify Conjecture for constructing a spanning set of basis ele-
ments. We have been unable to numerically check the conjecture for dimensions
d > 6 due to computer memory issues. However, we believe that Conjecture [3.5.1]

holds true for dimensions d > 6.

One can also construct a spanning set of linearly independent elements in
su(d) using the partial derivatives of the sequence U(f, ) with respect to the pa-
rameters t,7. For matrices A, B drawn from the GUE(d) and k = {1, ,...,d2/2},
the set of all partial derivatives {JU(f,7)/dty, AU (t ’?)/c%k 7
directions in the manifold of unitaries SU(d) at the point t’, 7. We have

-, spans the space of

_(?,?) = e_iBTNe_iAtN...(—iA) e Ak g BTpmiAl (3.7)
oty

A similar expression can be obtained for dU(f, T)/dt;. Thus, we can explore any
direction in the space of unitaries in the neighbourhood of U(f,7) and hence in
the neighbourhood of the identity after mapping back by exploiting the first order
variation of U(f, ) with respect to £, . If we have access to an explicit representa-
tion of a desired unitary U, this technique allows us to move in the right direction
towards the target unitary U. However, because the gradients of U(f,7) form a
spanning set in su(d), we can also proceed along the right direction using gradient
descent on the weight space f, T to reduce the error function defined by the train-
ing set. This will be discussed in more details where the task is to learn a target

unitary operator from a training set of input-output pairs.

Motivated by Conjecture we ask how many linearly independent direc-
tions in the algebra of Hamiltonians in H; can be explored when the matrices A

and B correspond to nearest neighbour random local interactions. Specifically, for

34



a n-qubit physical system on a 1-dimensional lattice, we consider the following

pair of Hamiltonians,

A=A1,8L3.,+1170A340 5.+ + L1y 2®Ay_1 (3.8a)
B=1;® 32’3 Ly +1L123® B4}5 Lo pn+-+L1.3® Bn—Z,n—l ®7L,, (3.8b)

where A; .1, Bj i+ are two-qubit random traceless Hamiltonians sampled from the
GUE and Z is the identity matrix. Similar to the global random matrices discussed
in Conjecture local random matrices of the form A and 5 enables one to
move along all d% —1 linearly independent directions in the unitary manifold. We

state the following conjecture regarding the local matrices A and 5.

Conjecture 3.5.2 Let d = 2", N =d?/2 and k = {1,2,...,N}. Let A;;,, and Bj i1 be
matrices drawn from GUE(4) for 1 <i,j<n. Let A=Y "' A;; .1, B= Z;-:zz Bj .1 and
U(t,7) = e Bine Aty | e7BT1e7 1A Then the set of elements {UToU /oty U*(?U/(?Tk};,,;,
are linearly independent and forms a basis in su(d) for almost any U(#,7’) in the uni-

tary manifold.

The above conjecture has been numerically verified for n = 2,3,4 qubits. We be-
lieve Conjecture [3.5.2|will also hold true for n > 4 qubits. We further remark that
Conjecture[3.5.2]remains valid even when A and B are composed of local homoge-
neous Hamiltonians. By homogeneity, we mean that all local Hamiltonians A; ;,;

and all B; ;,| represent one and the same two-qubit random local transformation.

We now elucidate the non-infinitesimal method for constructing an arbitrary
unitary in SU(d). Recall that we have access to a pair of non-commuting traceless
Hamiltonians that can be implemented using a quantum computer. We then con-
struct unitaries U(f,7) of the form in Eq. by alternating applications of the
Hamiltonians A, B. The key point of our argument is, generically U(f, 7) explores a
2N dimensional manifold in the space of all unitaries for 2N < d?. When 2N > d?,

there exists an ¢-ball of reachable unitaries around a typical point in the manifold.

We conjecture that under certain assumptions, a random selection of the pa-
rameters f, T can create any unitary within a distance ¢ of the identity using N =
O(d?) steps. If an accidental choice of #,7 gives a lower dimensional manifold of
transformations in the vicinity of U(z ), then we discard this selection and per-
form a random selection of the parameters again. An ideal selection would be the
parameters £, 7 that maximizes the radius of the e-ball of attainable transforma-

tions in the neighbourhood of the identity. In general, it is a hard problem to find
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Figure 3.2: Non-infinitesimal case: Any unitary can be reached within an e-ball around
the identity where ¢ = O(1). First, we prefer a generic U(f, 7). For a random choice of the
parameters f, 7, the gradient of /(f, 7) is typically non-zero in all directions.
Consequently, we can reach an e-ball of size O(1) in the vicinity of the unitary U(f, 7).
Mapping the ball back to the origin which is the identity unitary 1 allows us to attain any
point within a distance ¢ = O(1) from the origin. The manifold U, (d) is the group of
polynomial time reachable unitaries starting from the identity unitary 1.

the optimal choice of parameters #, 7. However, a random choice of the parameters
f,7 is adequate to move away from the origin. Now we move a distance A = O(1)
along the direction of either A or B in the unitary manifold. In the final step,

we map the reachable e-ball back to the origin using the inverse transformation
UN(F7) = U(=F,-7) = et ¢iBn_oidAtn piBuy

Conjecture 3.5.3 Let N = d?/2. Let A and B be matrices drawn from the GUE(d)
and U(F,7) = e BN e IAIN | o~iBT1o~iAl  Eyrthermore, assume that we have access to a
matrix B such that the spectrum of B is proportional to the logarithm of the spectrum of
a desired unitary transformation. Then the sequence exp(~ild*(£,7)- B-U(F,T)A) can

realize any unitary at a non-zero distance A from the identity.

The non-infinitesimal method enables us to realize an arbitrary unitary trans-

formation C by implementing the following sequence

C = (ezAt1 eiBu ezAtN elBTN) . (e—zBTNe—zAtN . e—zB(Tk+A)e—1Atk e7i1Bn e—zAtl ) (3.9a)

_ elAtl eiBT1 L. elAtk 'e—l'BA' e—iAtk L. e_iBT1 e—iAtl (3'9b)
Ut UED)
= ¢ BA where B=UT(£,7)-B-U(L, 7). (3.9¢)
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The non-infinitesimal method assumes that the we have access to a matrix with a
spectrum that is a constant times the logarithm of the spectrum of the target uni-
tary dynamics. The unitary C can reach any point in the unitary manifold within
a distance A = O(1) of the identity using 2N = d? exponentials in the sequence
U(t,7) of Eq. (3.1). The parameter A need not be small and can be less than or
equal to 7. This is because the generator B in Eq. can be expressed as a
combination of d? — 1 linearly independent elements of the Lie algebra su(d). In
contrast to higher order product formulas or Trotterization, the non-infinitesimal
method can explore all possible directions in the space of unitaries within the first
order of the parameter A. Thus, by a suitable choice of the parameters £, T in the
sequence L{(Z 7), the non-infinitesimal method allows us to move along any di-
rection in the SU(d) manifold towards the desired unitary. In Fig. (3.2), we have

illustrated the details of each step in the non-infinitesimal technique.

An interesting feature of the unitary C in Eq. is its resemblance with a
physical quantity termed as the out-of-time-ordered correlator (OTOC). For her-
mitian or unitary operators V and W, the OTOC is defined as the the correlation
function F, = (W Vtw,v) = Tr(wvt W,V p) where p is the state of the physical
system, W, = U'WU and U is the time evolution operator. OTOCs have been
used to characterize the delocalization or scrambling of quantum information in
strongly interacting many-body quantum systems via the exponential growth of
the local Heisenberg operators. The ability to move along any direction in the Lie
algebra su(d) is equivalent to the ability in using our controls to perform scram-

bling or effective randomization of the many-body dynamics.

3.5.1 Learning unitaries from training data

In general, we do not have access to an explicit representation of the target uni-
tary U that is approximated using a sequence U(f,7) as in Eq. (3.1). Instead, we
have access to a training set of input and output quantum states {|¢,), [7|gbg)}f€vi1
and the arbitrary target unitary U is considered as a black box. In such cases, one
can perform gradient descent with the parameters f, 7 to optimize the error func-
tion E(£,7) = 1 — (1/M)Z€(1,bg|[7+U(f;’?)|gbg>, where M is the number of training
samples. Marvian and Lloyd [ML16] provides a general criterion for when such a
training set can learn the target unitary U exactly. We emphasize that when there
are N = O(d?) parameters in the sequence U(f,7), then we can explore the full

neighborhood of the identity to reduce the cost function E(%, 7).
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Our aim is to minimize the cost function E(f, ¥) by moving along the right di-
rection towards the target unitary U such that || U|1,b> Ul(t f’)ll,b) || << 1. The first
step is to randomly initialize the parameters f,7 in the sequence U(,7) and per-
form gradient descent to optimize the error function E(f, 7). This method allows
us to move a distance O(e) closer to the target unitary U. There can be situations
when for a given initial parameter choice, gradient descent optimization may not
converge to the target unitary U because of the existence of saddle points in the
weight space f, T of the error function E(f, 7). Having advanced as far as we can in
the direction of U via the first sequence, we add another sequence U(t, 7) of depth
2N = O(d?) by assigning a different initialization of the parameters and perform
gradient descent again. Since we can explore any direction in the vicinity of the
identity using the gradients {dU(f, ©)/dty, JU(F, D)/ I} Jzz (which forms a basis in
the Lie algebra su(d) for random matrices A, B in the sequence U(( £,7))), this en-
sures that we can learn the target unitary U in O(d?/¢) time using gradient descent

optimization.

3.6 Construction: Infinitesimal Case

The non-infinitesimal method elucidated in the previous section scales optimally
with N = O(d?) exponentials required in the sequence U(f, 7). Traditional meth-
ods for building unitaries (for example, higher order product formulas) rely on
infinitesimal methods using nested commutators [LB99, SL11},[CW13]]. Moreover,
as noted before, the infinitesimal approach allows us to address the problem of
power and band width limits in quantum control via the process of Trotterization.
In this section, we demonstrate that such methods scale only slightly worse than
the optimal which is O(d?). To be precise, the number of exponentials required
in the sequence U(f,7) to realize a unitary transformation near identity scales as
N = O(d?logd).

Our assumptions for constructing unitary transformations using the infinites-
imal method are similar to the non-infinitesimal method. For the clarity of the
discussion, we restate the assumptions required for the infinitesimal method: (1)
we consider operators A,B € H,; that are bounded such that ||Al; = ||B]l; = 1;
(2) the operators A, B are drawn from the Gaussian Unitary Ensemble (GUE) so
that the algebra generated by A, B via commutation is with probability one com-
plete in su(d) [RHR04, KRK™05,RHR05, RHH*06,/(CR07, MHR08, HDR09, BCR10,
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RTB™15, RWSR17, RRW17]; (3) the operators +A, +B can be implemented; equiva-
lently, we can consider the parameters , 7 (in Eq. to be positive or negative.

The basic method for constructing unitary transformations close to the iden-

tity is motivated by the Baker-Campbell-Hausdorff relation
ol Bt piAt p=iBt p—iAt _ e[A,B]t2 n O(t3). (3.10)

Repeated application of the above method enables the implementation of effective
Hamiltonians which take the form of nested commutators of the operators A and

B. For example, the kth order nested commutator is
[A,[A[B,[A[B[...[A B]]...], (3.11)

where k is the number of commutators in the above (k + 1)th degree homogeneous
polynomial. The number of exponentials required in the sequence U (£, 7) to imple-
ment a kth degree nested commutator is N = O(2*). Additionally, there are a total
of O(2%) nested commutators till order k. Thus, when 2% = O(d?) for k = 2logd + ¢
and ¢ = O(1), there are potentially d?> — 1 linearly independent nested commuta-
tors to span all directions in the su(d) algebra in the neighbourhood of the identity
operator. The coefficient of the kth order nested commutator is t* and the norm of
the higher order terms determines the error in approximating the target unitary

operator. In the rest of the chapter, the base of the logarithm is set to 2.

It is important to note that not all of the nested commutators are linearly inde-
pendent. For example, we have the relation [A, [B,[A, B]]] = —[B,[A, [A, B]]]. There
are two sources of redundancies (or linear dependence) in the kth order nested
commutators. First, the redundancies that are due to the nested commutators of
lower degrees. Second, there can be internal redundancies in between nested com-
mutator of a certain order. An example of a internal redundancy at sixth order is
[BIA[A[BIA, BIJ]]] = ~[A[BIA[BIB, All]]] + 4(IALA[B[B[B, Alll]l + [BIB[ALA[A, BI]]]}),
which is independent of redundancies due to nested commutators of lower orders.
Further examples of higher order linearly independent nested commutators have

been provided in Appendix

In light of the redundancies occurring at a certain degree, we are interested in
finding the actual number of linearly independent nested commutators at order k.

To this end, we use a theorem due to Witt.
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Theorem 3.6.1 ([Wit56]]) Suppose L(X) is a free Lie algebra on a q element set X
and ay be the dimension of the homogeneous part of degree k of L(X). Then ay =

T ok p(k/) (" = 1).

The important point here is, a; is the number of potentially linearly indepen-
dent nested commutators of order k. Here p is the Mobius function, g is the car-
dinal number of the generating set X, b is the mth divisor of k and the summation
is over all divisors b of k. The interested reader can learn more about a free Lie
algebra in Appendix |Al A standard reference for free Lie algebras is the work of
Reutenauer [Reu01), BacO1l]. Although the expression in Witt’s theorem is rather

complicated, it immediately implies the following simple result.

Corollary 3.6.2 Suppose L(X) is a free Lie algebra on a q element set X. The cardinality
of the spanning set of nested commutators of degree k of the free Lie algebra L(X) scales
as O(q").

Consequently, the total number of potentially linearly independent nested
commutators till order k that can be constructed from the random matrices A, B
scales as O(2¥). We conjecture that for operators A, Bsampled from the GUE(d), the
nested commutators till degree k = O(logd) which forms the basis elements of the
free Lie algebra L are actually linearly independent in the Lie algebra su(d). Thus
for random operators A and B, we can obtain all 4> -1 basis elements in su(d) from
the spanning set of the first kth degree nested commutators where k = 2logd + ¢

and ¢ = O(1). We state the following conjecture below.

Conjecture 3.6.3 Suppose A and B are matrices in Hy drawn from the GUE(d). Then
the set of all linearly independent nested commutators in the free Lie algebra of A and B

are linearly independent in su(d).

We have verified the above conjecture numerically for dimensions up to 20
and order k up to 11. The number of linearly independent nested commutators
can be further reduced if the operators A and B have a specific form. For example,
the operators A and B can be lower order polynomials of the Pauli operators. In all
the cases that we have investigated, however, the number of linearly independent
nested commutators of degree k scales as O(2%). Additional lack of linear indepen-
dence simply increases the constant c. We have not come across an example of a

set of matrices that generates the full Lie algebra by commutation but that fails to
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generate a linearly independent spanning set of operators via nested commutators
within order k = O(logd).

The constructive infinitesimal procedure for implementing a desired unitary
is as follows. We choose the order k satisfying 25 = O(d?) such that a spanning
set for the Lie algebra su(d) is generated by commutators within order k of the
sequence U(t, 7). It takes N = O(2¥) transformations to enact nested commutators
till order k = O(logd). Recall that the number of exponentials required in the se-
quence U(f, 7) to implement a kth degree nested commutator is N = O(2F). The
nested commutators at order k occur with coefficients which scales as O(tk). The
higher order terms beyond order k generate transformations that are spanned by
the lower order nested commutators. That is, using the infinitesimal method, we
can generate a specific set of unitaries in the vicinity of the identity. Accordingly,
there exists an ¢-ball in the neighbourhood of identity where a specific set of uni-

taries within the ball can be implemented using N = O(d?) transformations.

Note that the obtainable e-ball is larger than t* but the constructive method
only allows us to build a particular unitary transformation explicitly with coeffi-
cient t*. The size of the actual e-ball reachable at order k = O(logd) is given by
&f = k. We rescale the size of the e-ball by & = [loge| such that ¢ is small. This
gives the following relation & = &/logd which implies that a minimum time of
O(d?log d/&f) is required to implement a finite unitary transformation. Thus we
are able to build a subset of all possible unitaries in SU(d). It would be inter-
esting to quantify how does the measure of the space of unitaries generated via
the infinitesimal approach in time O(d?log d/&y) scales with the dimension of the
Hilbert space H,.

3.7 Applications

In quantum control, one considers a time-dependent Hamiltonian of the form H =
Hy + y(t)H, where Hy and H, are the drift and control Hamiltonians, and y(t) is
a time-dependent control field [LM14]]. The objective is to implement unitaries in
SU(d) via the non-infinitesimal method using bounded Hamiltonians of the form
Hy+y(t)H, and Hy+y(t)H,. We make the following assumptions. First, the inverse
transformation of the drift Hamiltonian H, (i.e., the inverse unitary e'f0f) cannot
be implemented. Second, [Hy, H,| # 0, [Hy, H,] # 0 and [H,, H,| # 0. Third, the
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Figure 3.3: Unitary evolutions that can be realized in the presence of a drift Hamiltonian
Hy.

control field parameter y(t) is fixed when the parameters £, 7 are small. Fourth,

the algebra generated by H, and H; via commutation is complete in su(d).

We implement unitary transformations generated by the Hamiltonians Hj +
y(t)H, and Hj + y(t)H, according to Eq. (3.9a). This technique generates d* — 1
directions in the first order such as
el (HotrvoHa)t pi(Hot+yoHp)tr ei(H0+7/0Ha)tNHbe_i(HO+7/0Ha)tN ... e {HotyoHy) T o=i(HotyoHa)ts

(3.12)
where for simplicity, we have set y(t) = y, for small times. The parameters #, 7 need
to be small for bounding the error terms such as [Hy, H,], [Hy, H] and their higher
order counterparts. Since the parameters f, T are small, we can reach a specific set
of unitaries in the vicinity of the identity in O(d?) steps. It would be interesting
to classify the unitaries that are constructed by the Hamiltonians with a drift term
Hy in time O(d?). If the assumptions [Hy, H,] # 0 and [Hy, Hp] # 0 are relaxed such
that the drift term Hy, commutes with the control fields H, and Hj, then we can
explore any direction in SU(d) in the vicinity of the point A as illustrated in Figure
Note that when the parameters £, 7 are not small, we need to implement the

time ordered exponential

m

t=T
Texp{if (Ho + y(t)Ha)dt} = I_[exp{i(Ho + y]-Ha)At}, (3.13)
t

-0 s
j=1
where 7 is the time-ordering operator and T = mAt. Similarly for Hy + y(t)Hp.

The number of steps now would scale as O(md?) to construct any unitary near the
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identity. Since the SU(d) group is compact, any desired unitary can be constructed

using the non-infinitesimal approach.
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Chapter 4

Learning unitary operations using
gradient descent optimization

The efficient implementation of unitary operations discussed in Chapter (3| pro-
vides upper bounds on the minimum time required to implement a desired uni-
tary transformation on a 4 dimensional Hilbert space when applying sequences of
Hamiltonian transformations. The previous chapter discusses strategies of build-
ing a desired unitary operation from a sequence using the non-infinitesimal and
infinitesimal approaches, or equivalently, using power and band limited controls,
can yield the best possible scaling in time O(d?). However, it does not address the
problem of finding the optimal controllable parameters in a non-infinitesimal or
infinitesimal sequence to approximate the target unitary. The task of finding effi-
cient optimization strategies to obtain the optimal parameters in alternating op-
erator sequences such as the non-infinitesimal and infinitesimal approaches can
pave the way for implementing a desired unitary operation using near term quan-

tum computers.

A promising and widely studied optimization strategy is the gradient descent
method. Gradient descent algorithms are first order optimization methods and
they are of particular interest to the machine learning community. The primary
reason for their prevalence is greater computational efficiency of gradient descent
over second order techniques such as L-BFGS in achieving convergence in convex
spaces. Gradient descent techniques have found numerous applications in the ma-
chine learning community to optimize a cost function by finding the optimal set
of parameters using an iterative procedure. In quantum computation and quan-

tum control, gradient descent optimization has been employed to find the optimal
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control parameters in a sequence of simple parameterized unitaries that can ap-

proximate a desired unitary transformation.

A fundamental task in both quantum computation and quantum control is
to determine the minimum amount of resources required to implement a desired
unitary transformation. In this chapter, we present a simple model that allows
us to analyze some of the key aspects of implementing unitaries in the context
of both quantum circuits and quantum control. In particular, we implement uni-
taries using alternating operator sequences of the form e *Afke=Bt  p=iAti g=iBT
A sequence is parameterized by the times {t{,7y,..., tx, Tx} which need not be small.
The approach of considering sequences of parameterized unitaries to approximate
a target unitary forms the basis of the quantum approximate optimization algo-
rithm (QAOA) [FGG14a|, FGG14b]. It represents one of the simplest possible set-

tings for investigating problems of controllability using a quantum computer.

In the literature, the acronym QAOA is also used to refer to the phrase Quan-
tum Alternating Operator Ansatz. Farhi and Harrow have demonstrated the quan-
tum supremacy of constant depth QAOA unitaries [FH16|] by arguing that the out-
put distribution of even the simplest version of the QAOA cannot be efficiently
simulated on a classical computer. Recently, it has been shown that quantum alter-
nating operator unitaries can perform universal quantum computation [Llo18]. In
the infinitesimal time setting, QAOA also encompasses the more general problem
of the application of time varying quantum controls [RHR04, KRK*05, RHRO05)
RHH™ 06, (CR07, MHRO08|, HDR09, BCR10, RTB*15, RWSR17, RRW17]. The above
results inspire the study of the quantum alternating operator formalism as a gen-

eral framework for performing arbitrary unitary transformations.

4.1 Overview of our results

We study the hardness of learning unitary transformations in U(d) by performing
gradient descent on the time parameters of sequences of alternating operators.
In general, the loss function landscape of alternating operator sequences in U(d)
is highly non-convex, and standard gradient descent can fail to converge to the
global minimum in such spaces. We find that unsurprisingly, when the number
of parameters in the sequence is less than d?, gradient descent fails to learn an
arbitrary unitary operation. Initially, we had expected that because of the highly

non-convex nature of the loss landscape, when the number of parameters in the
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sequence was greater than or equal to d?> — the minimum number of parameters
required to specify a d x d unitary matrix — gradient descent would sometimes
fail to learn the target unitary. However, our numerical experiments reveal the

opposite.

In this chapter, we provide numerical evidence that — despite the highly non-
convex nature of the control landscape — when the alternating operator sequence
contains d? or more parameters, gradient descent always converges to the target
unitary. The rates of convergence provide evidence for a computational phase tran-
sition at the critical point (where the number of parameters in the sequence equals
d?) between the under-parameterized and over-parameterized domains. When the
number of parameters is less than d?, gradient descent converges to a sub-optimal
solution. When the number of parameters is greater than d?, gradient descent
converges rapidly and exponentially to an optimal solution. At the computational
critical point where the number of parameters in the alternating operator sequence
equals d?, the rate of convergence is polynomial with a critical exponent of approx-

imately 1.25.

The learning paradigm for building a desired unitary is as follows. Suppose
we have knowledge of the entries of a unitary ¢/ € U(d) and access to the Hamil-
tonians +A and +B. Recent work has provided a constructive approach to build
a learning sequence V(£,7) = e ke BT o741 18T that can perform any tar-
get unitary I/ where K = O(d?) [LM19]. In this chapter, we ask whether opti-
mal learning sequences for performing the target unitary U/ can be obtained by
using gradient descent optimization on the parameters £ 7 of V(Z 7). The ma-
trices A, B are sampled from the Gaussian Unitary Ensemble (GUE) so that the
algebra generated by A,B via commutation is with probability one complete in
u(d), i.e., the system is controllable [RHR04, KRK™05, RHRO05, RHH"06, [CR07,
MHRO08), HDR0Y, BCR10, RTB*15, RWSR17, RRW17]. The parameters f, T repre-
sent the times for which the generators of V(f, T) are applied. We assume the oper-
ators +A, =B can be implemented; equivalently, we can consider f,7 to be positive
or negative. Note that this problem formulation lies in the domain of quantum
optimization algorithms such as the Quantum Approximate Optimization Algo-
rithm [FHI6, JRW17, ZWC"18, [GAW19]], the Variational Quantum Eigensolver
[MRBA16, PMS*14a, KLP*19, SKCC19]], and the Variational Quantum Unsam-
pling [CMO™20] where one varies the classical parameters in a quantum circuit

to minimize an objective function.
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In general, the control landscape for learning the target unitary ¢/ is highly
non-convex [RHR04, KRK*05, RHRO05, RHH*06, [CR07, MHRO08|, HDR09, BCR10),
RTB"15, RWSR17, RRW17]. Gradient descent algorithms do not necessarily con-
verge to a globally optimal solution in the parameters of a non-convex space [ZRS™18]].
In non-convex loss landscapes, gradient descent frequently converges to some un-
desired critical point. We study how hard it is to learn an arbitrary unitary with
the quantum alternating operator formalism via gradient descent. We quantify the
hardness of learning a unitary with the minimum number of parameters required
in the sequence V(f,7) to perform the unitary ¢. Since & has d? independent pa-
rameters, in general, at least d> parameters in the sequence V(f, 7) are required to
learn a unitary U/ € U(d) within a desired error. Nevertheless, the non-convex loss
landscape suggests that it might not be possible to learn an arbitrary ¢/ with gra-
dient descent using O(d?) parameters. Our work numerically shows that exactly
d? parameters in the sequence V(f,7) suffice to learn an arbitrary unitary  to a

desired accuracy.

We also study the case of learning shallow target unitaries of the form (%, 7) =
e~ AN gTiBIn | o=iAh e=iBT where the number of parameters in the target unitary
is 2N < d?. For example, the simplest such target unitary is a depth-1 sequence
U(t,t)= ¢~iAte=1BT GQych unitaries are, by definition, attainable via a shallow depth
alternating operator sequence, and we look to see if it is possible to use gradient
descent to obtain a learning sequence V(£, 7) of the same depth that approximates
the target unitary U(f,7). That is, we study the alternating operator version of
whether it is possible to learn the unitaries generated by shallow quantum circuits.
We find that gradient descent typically requires d? parameters in the sequence
V(£,7) to learn even a depth-1 unitary. This result suggests that gradient descent

is not an efficient method to learn low depth unitaries.

4.2 Related works

Methods for parameterizing and learning unitary matrices have found applica-
tions in the deep learning literature. Unitary matrices have been proposed as
a natural solution to a common challenge in deep neural networks associated
with vanishing or exploding gradients, which arise when large or small eigen-
values of the matrices grow or diminish exponentially with increasing powers of
the matrices. This problem is most notable in the case of recurrent neural net-

works where outputs are fed back into neurons as input [PMB13]]. Recent studies
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have introduced methods to parameterize and integrate unitary matrices in neu-
ral networks to more naturally avoid the issue of vanishing or exploding gradients
[ASB16)JSD"17].

In quantum computation, the Quantum Approximate Optimization Algorithm
(QAOA) [FGG14a, FGG14b] has sparked a wave of interest in developing quantum-
classical algorithms to solve combinatorial problems in time that is polynomially
better (might be exponentially better in some instances) than their classical coun-
terparts. The goal of QAOA is to alternatingly apply a pair of non-commuting
Hamiltonians on a quantum system and drive the system of interest to the ground
state of one of the Hamiltonians by varying the associated parameters with each
of the Hamiltonians. In other words, a depth-p QAOA consists of 2p interleaved
unitary operations generated by a pair of non-commuting Hamiltonians. The opti-
mal set of parameters is determined by a classical optimization algorithm such as
gradient descent. It is interesting to note that the output of QAOA is not efficiently
classically simulatable even for the lowest circuit depth with p =1 [FHI16].

A recent study by Zhou et al. [ZWC™18] considers the applicability of depth-p
QAOA (1 < p < o0) on near-term quantum machines to solve the MaxCut prob-
lem. The main hurdle in analyzing intermediate depth QAOA circuits lies in the
difficulty to efficiently optimize in the non-convex and high dimensional loss land-
scape. The authors developed heuristic approaches to efficiently optimize the vari-
ational parameters of QAOA. Furthermore, they found that the heuristic optimiza-
tion strategies can find the global optimal solution in the parameter landscape in
time O(polyp) which cannot be efficiently surpassed by the best known classical

techniques.

In quantum control, Rabitz et al. considered the case of controllable quantum
systems with time varying controls, including systems with drift (i.e., the Hamil-
tonian driving the system dynamics consists of a drift term), and show that when
the controls are unconstrained (the space of controls is essentially infinite dimen-
sional), there are no sub-optimal local minima even for non-convex loss landscapes
[RHRO04, RHRO5, RRW17]. For example, it has been shown by Ho et al. [HDR09]
that non-convexity in the loss landscape of fully controllable quantum systems
with infinite dimensional control fields is due to the presence of non-trapping
saddle points in the loss landscape. When the sequence of controls is finite di-

mensional, prior studies involving systems with drift sometimes find traps in the
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control landscape [MHRO08|, RTB*15, RWSR17]]. Here, we look at the simplest pos-
sible case where the system does not have drift and the space of controls is finite
dimensional. Our numerical results show that even in non-convex spaces where
the dimension of the system (and the dimension of the loss landscape) is the min-
imum it can be to attain the desired unitary, the control landscape still contains
no sub-optimal local minima and gradient descent obtains the global optimal so-

lution.

4.3 Experiments for learning an arbitrary unitary

In this section, we are interested in the hardness of learnability of an arbitrary
unitary with the quantum alternating operator formalism via gradient descent op-
timization. Before delving into the details of learning a general unitary transfor-
mation U € U(d), we first define what does it mean to learn the target unitary U

using a quantum alternating operator sequence.

Definition 4.3.1 (Learnability of unitaries) Fix d > 0. Let {t;, 7, -, tg, 7k} € R
and M(d) be the set of d xd complex valued matrices. Let U be a unitary in the manifold

U(d) and V(t,7) = e Atk e BT =AM =BT pe g sequence generated by the matrices
A,Be M(d). We say the sequence V(,7) learns the unitary U with a desired accuracy &

if the optimal parameters £, 7 can be obtained by gradient descent such that

- -

1U-VE,D) | <e. (4.1)

We present numerical experiments that aim to learn an arbitrary unitary U/ €
U(d) by constructing a sequence V(f,7) = e *Atke BT ¢714t =BT and perform-
ing gradient descent on all 2K parameters to minimize the loss function L(f,7) =
U - V(& 7T) || Here || - || denotes the Frobenius norm which will be used in the
rest of the chapter. Given access to the entries of a Haar random target unitary i/,
we fix the number of parameters 2K and ask how many gradient descent steps S
are required to construct the sequence V(f,7) = e *Afke= BTk 1At ¢=BT1 that can

learn the target unitary U/ to a desired accuracy or loss.

Initially, we had expected that learning an arbitrary unitary in U(d) with an
alternating operator sequence V(f,7) would require K = O(d®) parameters where
s > 2. However, we present numerical evidence that with d?> parameters in the
sequence V(f,7), any selected Haar random unitary I € U(d) can be learned using

(vanilla) gradient descent. We emphasize this is not an obvious result since the loss
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Figure 4.1: Gradient descent experiments for a Haar random target unitary U/ of
dimension 32. The logarithm of the loss function L(f, ¥) with increasing gradient descent
steps for learning sequences V(f, T) with 2K parameters.

landscape over the control parameters can be highly non-convex and the ratio of
saddle points to local minima increases exponentially with the dimension 4. The

details of the numerical analysis are provided below.

We ran experiments for a Haar random target unitary ¢/ of dimension 32 while
varying the number of parameters 2K in V(f,7). At each step, we compute the
gradients V,L, VL with respect to the 2K parameters in #,7 and perform simple
(or vanilla) gradient descent with a fixed learning rate of 0.001. Note that we use
simple gradient descent optimization instead of the more sophisticated versions
of gradient descent (which includes a momentum term). This is because we are
interested in understanding the hardness of learning unitaries using the simplest

form of first order optimization which is devoid of any hyperparameter.

In Fig. ( , we plot the loss L(fif’) as a function of the number of gradient de-
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Figure 4.2: Gradient descent experiments for a Haar random target unitary U/ of
dimension 32 exhibit a power law convergence in the first 1,000 gradient descent steps
(best fit line shown in dashed red in the plot). In the critical case, 2K = d?, the power law
persists throughout the gradient descent providing further evidence for a computational
phase transition.

scent steps S for learning sequences V(f, 7) of varying depth K. When the sequence
V(t,7) is under-parameterized with 2K < d2 parameters, we find that the loss func-
tion L(f, T) initially decreases but then plateaus. Thus, in the under-parameterized
loss landscape, we find that as expected, with high probability, the gradient de-
scent algorithm reaches a sub-optimal value of the loss which cannot be decreased
by further increasing the number of gradient descent steps.

When the number of parameters 2K in V(£, 7) is equal to d* or more, we find
that gradient descent always converges to the target unitary. This provides sup-
port to the claim that there are apparently no sub-optimal local minima in the
loss landscape L(f, 7) with more than d? parameters. As noted above, this result
was unexpected given the non-convex nature of the loss landscape. We also find
that the rate of convergence increases with the degree of over-parameterization as
shown in Fig. (4.1). At the critical point where the number of parameters 2K = d?,
we note the existence of a computational phase transition. When 2K = d?, the learn-
ing process converges to the desired target unitary, but the rate of convergence

becomes very slow. For each parameter manifold of dimension 0.1d? < 2K < 2d?,
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Figure 4.3: Gradient descent experiments for a Haar random target unitary ¢/ of
dimension 32 exhibit a power law convergence in the first 1,000 gradient descent steps
(best fit line shown in dashed red in the plot). In the under-parameterized case, at a
certain point, the gradient descent plateaus at a sub-optimal local minimum. In the
over-parameterized case, after the power law regime, the gradient descent enters an
exponential regime consistent with a quadratic form for the loss function in the vicinity
of the global minimum (best fit line shown i5r12dashed blue in the plot).
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Figure 4.4: The power law rate of gradient descent a for the initial 1000 gradient descent
steps grows linearly with the number of parameters (2K). The first 50 steps have been
excluded in the fit. The slope of the best fit line is 1.9. The computational phase
transition takes place at a value of a ~ 1.25.

we performed ten experiments and each experiment has been plotted in Fig. (4.1).

In Fig. (4.2), we fit the loss L(f, T) over the first 1000 gradient descent steps (the

first 50 steps are excluded) to a power law
L= COS_O‘+C1, (4:2)

where Cy and C; are constants, L = L(Z?) and S is the number of gradient descent
steps. As shown in Fig. (4.2), the data for the initial 1000 gradient descent steps
fits closely to the power law in Eq. (4.2). However, with the exception of the critical
learning sequence with 2K = d? parameters, the performance of gradient descent
deviates from a power law fit at later steps. For the under-parameterized case,
the gradient descent plateaus at a sub-optimal value of the loss. For the over-

parameterized case, the power law transitions to an exponential as the gradient
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descent approaches the global minimum, which is consistent with the expected

quadratic form of the loss function in the vicinity of the global minimum.

In Fig. (4.3), the exponential fit for the later stages of gradient descent in the

over-parameterized setting is plotted. The exponential fit takes the form
L=Cye 5% 1y, (4.3)

where Cy, Cy, r, and S are constants (optimized during the fit), L = L(£,7) and S
is the number of gradient descent steps. The critical case of the sequence V(£,7)
with exactly d? parameters is consistent with a power law rate of convergence to

the target unitary I/ during the entire gradient descent process.

The initial power law form of the gradient descent is consistent with a loss
landscape that obeys the relation AL/AS o —§~(a+1) and @ > 0. For example, the
case a = 1 corresponds to a power law of the form AL/AS « —S~2. The final ex-
ponential form of convergence corresponds to the case @ — oo, and to a quadratic
landscape where AL/AS « —e~ o« —L. The fitted value of « in the initial power law
regime is plotted as a function of the number of parameters in Fig. (4.4). Here, we
observe a linear relationship between the power law exponent « in Eq. (4.2) and
the number of parameters 2K in V(7). This indicates the following. The larger
the degree of over-parameterization, the faster the rate of convergence, and the

larger the exponent in the power law.

We make a remark here regarding the computational phase transition. Let
y =logL and x =logS. Beyond the first 1000 gradient descent steps in Fig. (4.3),
observe that the sign of the second derivative, sign(d*y/dx?) = +1 for the under-
parameterized sequences while sign(9%y/dx?) = —1 for the over-parameterized mod-
els. The learning sequence with exactly d? parameters grazes along the power law
curve where sign(d?y/dx?) = 0. This signals the onset of a phase transition from the
under-parameterized to the over-parameterized sequences in learning an arbitrary

d x d-dimensional unitary U.

Note that the non-positive eigenvalues of the Hessian matrix (the elements of
the Hessian are 9*L/0t?, 82L/81]-2 and 9°L/0dt;dt; for 1 <i,j <K and L = L(t £,7)) at
loss L correspond to directions in the landscape along which gradient descent can
further decrease the loss function. Let y = 2K/d?. We assume that the gradients
of the loss function L(#,7) at the the value L is proportional to the fraction (y,L)
of non-positive eigenvalues of the Hessian at L, i.e., we have 4 E —B(y,L)L or

L o —B(y,L)L. We make the following conjecture,
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Figure 4.5: Loss function landscape when the target unitary is e=*4* ¢7"B7 where
t*=-1.59 and 7* = 4.08. The landscape is highly non-convex with many local minima,
indicating that it is difficult to learn the target unitary with first order optimization
methods such as gradient descent unless the starting point of optimization lies in the
neighbourhood of the global minimum.

Conjecture 4.3.2 Let a,b,c>0and y = 2K/d?. Let L denote the loss function. In the

limit of L — 0, the fraction p(y,L) of non-positive eigenvalues of the Hessian of the loss
landscape is

(y=-1/y ify>1
B(y,L)={0 ify<1 (4.4)
al +bL? +cL?® otherwise.

Observe that from the empirical results in Fig. (4.1)), in the the under-parameterized

domain, we have B(y, L) = 0 when L(,7) < Lo(y) where Ly(y) is the attainable loss
by an under-parameterized model with yd? parameters.
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Figure 4.6: Gradient descent experiments for a low-depth unitary (], 7], 5, 7;) of
dimension 32 with 4 parameters (N=2) where t],t}, 1], 7, € [-2,2].

4.4 Learning shallow-depth unitaries

In this section, we study the learnability of low-depth alternating operator uni-
taries U(f,7) = e AN BN | ¢~iAh =BT where 2N < d?. Such unitaries are the
alternating operator analogue of shallow depth quantum circuits. As noted above,
unitaries of this form are by definition, obtainable by a learning sequence V(f,7)
with depth K > N. We wish to investigate for which values of K, it is possible to
learn the target unitary U(f,7) of depth N < d?. We could reasonably hope that
such a shallow depth unitary could be learned by performing gradient descent
over sequences V(f,T) of depth K = N. We find that this is not the case. Indeed,
we find that even to learn a unitary (f, 7) of depth N = 1, with high probability,
we require a full depth learmng sequence V(t,7) of depth K > d?/2 or 2K > d?

parameters in the sequence V(£, 7).
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The target unitaries with depth N = 1 take the form U(t*,7*) = e74* ¢7'B7", In
Fig. , we present the landscape of the loss function L(t, T) = || e *A* ¢71BT — g=iAt =BT ||2
which is a two dimensional parametric manifold. Here we attempt to learn the tar-
get unitary U(t*, %) via a sequence V(t, ) also with two parameters. The loss func-
tion landscape is highly non-convex and contains many local sub-optimal traps.
Learning the target unitary with much less than d? parameters using gradient de-
scent is guaranteed only when the initial values of the parameters t,7 lie in the
neighbourhood of the global minimum at * = -1.59 and 7* = 4.08. In unbounded
parametric manifolds, such an optimal initialization is generally hard to achieve.

Next, we consider a target unitary U(t*,7*) with four parameters (N = 2). In
Fig. , we find that when the sequence V(£,7) has 2K < d? parameters, the loss
function plateaus with increasing gradient descent steps. This indicates that gra-
dient descent halts at a local minimum of the loss function landscape. The rate of
learning improves when 2K = d? or 2K > d? as in the over-parameterized domain.
In this setting, the loss function rapidly converges towards the global minimum of
the landscape, and the rate of convergence to the target unitary U(#*,7*) is similar
to the over-parameterized case shown in Fig. (4.3).

Surjectivity in the map from the control parameters to the tangent space of the
unitary manifold has been shown to be a sufficient condition for constructing loss
landscapes with no poor local minima in the quantum control settings [RRW17]).
This criteria implies that complete freedom of movement at any point in the uni-
tary manifold is sufficient to guarantee convergence to a global minimum. The
under-parameterized setting does not meet this criteria of surjectivity, since in-
finitesimal variations in the 2K < d? parameters {t;,Ty,...,tx, T} are not sufficient
to generate any local infinitesimal change in the unitary manifold of dimension d2.
When the number of control parameters is d2 or greater, the map from the controls
to unitaries is locally surjective at almost every point in the control space, which
implies that any direction in the space of unitaries can be explored. Our numeri-
cal results suggest that when there are a sufficient number of control parameters
to render the system controllable, the control map is locally surjective along the

entire path of gradient descent all the way to the global optimum.
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4.5 A greedy algorithm

As noted above, we find that gradient descent algorithms require d? parameters in
the sequence V(£, ?) to learn a low-depth unitary U(#, 7*) = e At e 1B | e71At ¢~1BTI
where N < d?. This suggests that such low-depth unitaries are intrinsically hard
to learn with less than d? parameters using gradient descent. We also considered
a simple greedy algorithm for performing a low-depth target unitary U(t*, 7*). Let
V,(57) = e Alae7 Bl 714t e7iBT - The first step of the greedy algorithm begins
with g = 1 and uses gradient descent to optimize the parameters #; and 7;. The
next step of the algorithm at g = 2 performs gradient descent starting from the
initial values t, = 7, = 0 and t;, 7y which are the optimal values obtained in the
previous step. The greedy algorithm then continues, and at each step, g is incre-
mented by 1. At the gth step, the initial starting points for gradient descent are
t, = 1, = 0 and the remaining parameters {t;, 7;}1<j<,-1 are the optimal values ob-
tained at the end of the previous step. We present the pseudocode of the greedy

algorithm below.

Algorithm 3 Greedy Algorithm

- o
%

Input: Low-depth target unitary U(t*,t*) € U(d) and GUE matrices +A, +B.
Initialize: Parameters t;,7; = 0. Vo(£,T) = I. Loss = ag = || U(F*,T*) - I ||2

1: while g <d?/2 do
iA

2: Construct the unitary V,_je™ e~ 1B% with parameters t,,7,. Loss = a,; =
—i —i 2
| U(E, )= Vyye Hae P

3: Perform gradient descent on {t;, 7;};<i<;, to minimize 4, starting from

{tf' Ti’}lsiSq—l in Vq_l and tq =7, = 0.

4: Let {t/,7/}i<i<; be the optimal parameters. ~Updated loss = a; =
U, 7) - Al BN . giAt] piB] |

5: if a; < ¢, the sequence Vq(?, 7) converges to U(t*,7*) and let Q = q.

6: else continue.

7: end while
Output: Vy (P, 7) such that || U(F, 7*) - Vo(F, ) I° <e.

We investigated the performance of the greedy algorithm for systems of up
to five qubits in a restricted space of the loss function landscape. In particular,
we considered the parameters F, T € [-2,2] in a low-depth target unitary Z/l(?*, 7).

In this setting, we find that with a probability that decreases as a function of the
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number of qubits, the greedy algorithm can construct a sequence VQ(Z?) where
Q < d?/2. In contrast, gradient descent experiments require d> parameters in
V(t,7) to learn U(t*,7*). That is, the greedy algorithm does indeed sometimes ap-
proximate low-depth target unitaries even in cases where simple (or vanilla) gra-
dient descent on under-parameterized sequences fails. For a system of five qubits,
the success probability of the greedy algorithm to learn a target unitary U(#*, 7*) of
depth N = 2 (i.e., with 4 parameters) using less than 50 parameters in VQ(t_j’f’) is

around 0.1.
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Chapter 5

Boosting quantum machine learning
algorithms

In the previous chapters, we studied the learnability of unitary transformations
using quantum alternating operator sequences. In this chapter, we will study the
learnability of functions with quantum algorithms under the assumption that a
quantum computer has access to a uniform superposition of the training samples.
The primary interest lies in determining the tasks which can be learned by quan-
tum computers operating on quantum data faster than their classical counterparts.
To be precise, the goal is to develop quantum algorithms that can provide a poly-
nomial or exponential speedup in learning certain concept classes. We do not dis-
cuss here the broader practical question of whether quantum algorithms can more
efficiently solve learning problems for which there already exists polynomial time

classical algorithms.

In the past decade, Machine Learning (ML) has received a tremendous surge
of interest due to its success in solving problems of practical interest. Given the
broad applications of ML, there has been a lot of interest in understanding what
are the learning tasks for which quantum computers could provide a speedup.
In this direction, there has been a spate of quantum algorithms for practically
relevant machine learning tasks that theoretically promise either exponential or
polynomial quantum speedups over classical computers. In the past, theoretical
works on quantum machine learning (QML) have focused on developing efficient
quantum algorithms with favourable quantum complexities to solve interesting
learning problems. More recently, there have been efforts in understanding the in-

terplay between quantum machine learning algorithms and small noisy quantum
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devices.

The field of QML has given us algorithms for various quantum and classi-
cal learning tasks such as (i) quantum improvements to classical algorithms for
practically-motivated machine learning tasks such as support vector machines [RML14],
linear algebra [Pral4l], perceptron learning [KWS16], kernel-based classifiers [HCT™19),
LCW19], algorithms to compute gradients [RSW*19,[GAW19], clustering [ABGO07,
KLLP19J; (ii) arbitrary quantum states in the PAC setting [Aar07], shadow tomog-
raphy of quantum states [Aar18|, [AG19], learnability of quantum objects such as
the class of stabilizer states [Roc18], low-entanglement states [Yog19]; (iii) a quan-
tum framework for learning Boolean-valued concept classes [BV93] [B]99, [AS05,
ACL™19]; (iv) quantum algorithms for optimization [HHLO09,/ICCLW 20, AGGW20I;
(v) quantum algorithms for machine learning based on generative models [GZD17,
LW18al.

While these results seem promising and establish that quantum computers
can indeed provide an improvement for interesting machine learning tasks, there
are still several practically motivated challenges that remain to be addressed. One
important question is whether the assumptions made in some quantum machine
learning algorithms are practically feasible? Recently, a couple of works [CGL"19),
JGS19] demonstrated that under certain assumptions QML algorithms can be de-
quantized. In other words, they showed the existence of efficient classical algo-
rithms for machine learning tasks which were previously believed to provide ex-
ponential quantum speedups. In this chapter, we address another important ques-

tion which is motivated by practical implementation of QML algorithms:

Suppose A is a QML algorithm that is theoretically designed to perform
very well. However, when implemented on a noisy quantum computer,
the performance of A is weak, i.e., the output of A is correct on a slightly
better-than-half fraction of the inputs. Can we boost the performance

of A so that A’s output is correct on 2/3 of the inputs?

The classical Adaptive Boosting algorithm (also referred to as AdaBoost) due to
Freund and Schapire [FS99] can be immediately used to convert a weak quantum
learning algorithm to a strong algorithm. We provide a quantum boosting algo-
rithm that quadratically improves upon the classical AdaBoost algorithm. Using
our quantum boosting algorithm, not only can we convert a weak and inaccurate

QML algorithm into a strong accurate algorithm, but we can do it in time that
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is quadratically faster than classical boosting techniques in terms of some of the

parameters of the algorithm.

5.1 Overview of our results

Our main contribution is a quantum boosting algorithm that quadratically im-

proves upon AdaBoost in the VC dimension VC(C) of a concept class C.

Theorem 5.1.1 (Informal) For n>1,letC,, C{c:{0,1}" — {-1,1}} and C = J,5, Cy.
Let A be a y-weak quantum PAC learner for C that takes time Q(C). Then the quantum
time complexity of converting A to a strong PAC learner is
_ 2
To = O|VC(C) - Q(C)*2 - % .

The classical complexity of AdaBoost scales as O(VC(C)-R(C)- n/y*) where R(C) is
the time complexity of a classical PAC learner. Comparing this bound with our
main result, we get a quadratic improvement in terms of VC(C) and also observe
that the time complexity of quantum PAC learning Q(C) could be polynomially or

even exponentially smaller than classical PAC learning time complexity R(C )

There have been a few prior works [NDRM12, [SP18, WMHY19] which touch
upon AdaBoost but none of them rigorously prove that quantum techniques can
improve boosting. As far as we are aware, ours is the first work that proves quan-
tum algorithms can quadratically improve the complexity of classical AdaBoost.
Given the importance of AdaBoost in classical machine learning, our quadratic
quantum improvement could potentially have various applications in QML. We
believe that the (1/y)-dependence on our complexity can be further improved us-
ing quantum techniques (and we leave it as an open question). Although our com-
plexity is weaker than the classical complexity in terms of 1/y = poly(n), observe
that many concept classes have VC(C) that scales exponentially with n, in which
case our quadratic improvement in terms of VC(C) beats the polynomial loss (in

terms of 1/y) in the complexity of our quantum boosting algorithm.

'In [AW18], the authors prove that the sample complexity of classical and quantum PAC learning
is the same up to constant factors, but there exist concept classes demonstrated by [SG04] for which
there could be exponential separations in time complexity between quantum and classical learning
(under complexity theoretic assumptions).

62



Applications to NISQ algorithms. We now consider the scenario where QML
algorithms are implemented on a noisy-intermediate scale quantum computer (often
referred to as NISQ [Prel8])). Suppose A is a quantum learner for the following
well-known classification problem: given a set S of training points x € R labelled
as either 0 or 1, decide if the label of an x ¢ S is 0 or 1. Let us assume A is designed
to be a strong learner, i.e., A outputs a separating hyperplane H : R? — {0, 1} for
the classification problem such that, at most a constant < 1/3-fraction of the points
in R? are misclassified by H. However when implementing .4 on a NISQ machine,
suppose the errors in the quantum device can only guarantee that H classifies a
(1/2+ y)-fraction of the points correctly (think of y = 1/poly(d), i.e., H does barely
better than random guessing). Then how do we use the NISQ machine to produce
a hyperplane that correctly classifies a 2/3-fraction of the inputs? Our quantum
boosting algorithm can be used here to find a good hyperplane using multiple
invocations of the NISQ device. Although our quantum boosting algorithm uses
quantum phase estimation as a subroutine, which isn’t a NISQ-friendly quantum
algorithm, we leave it as an open question if one could use variational techniques
as proposed by Peruzzo et al. [PMS™14b] to replace the quantum phase estimation
step.

We now provide more details. Let N be a power of 2, n = log, N and & C
{0,1}N. Let x € X be an unknown string, which can be thought of as a set of
N points labelled 0 or 1. Furthermore, let us make the assumption that for a
set of M uniformly random iy,...,iy; € [N], our algorithm has knowledge of S =
{(i1,xi,),- .., (im, x4y, )}. We believe that this is a realistic assumption, since in most
learning algorithms we often have prior knowledge of the unknown string x at
uniformly random coordinates {ij,...,iy;}. Let A be a quantum algorithm that,
on input a training sample S drawn from a distribution D : [N] — [0,1], takes
time at most Q to output a string y € {0,1}" that satisfies Pr;_p[y; = x;] > L + .

Our quantum boosting algorithm can be used to perform the following: suppose
|S|> ﬁ(VC(X)/yZ), then in time

Q3/2

2
711 N7,

5( VC(X)

our quantum algorithm can produce a string v such that Pr[y; = x;] > 2/3 (i.e., the

Hamming distance between y and x is at most N/3), where the probability is taken
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over uniformly random i € [N ]E| Classically, one could have used the AdaBoost
algorithm to perform the same task, which would have taken time that depends
linearly on VC(&).

5.2 Proof sketch

We now give a sketch of our quantum boosting algorithm. The quantum algorithm
follows the structure of the classical AdaBoost algorithm. On a very high level,
our quantum speedup is obtained by using quantum techniques to estimate the
quantity

er= Pr [h(x)#c(x)] = ) Di-[hy(x) = c(x)],

~Dt
X x€S

quadratically faster than classical methods. In order to do so, we use the quan-
tum algorithm for mean estimation, which given a set of numbers ay,...,a) €
[0,1], produces an approximation of ﬁ Y_ic[m] @i up to an additive error ¢ in time
O(VM/s) [NW99, BDGTll] whereas classical methods take time ©(M).

5.2.1 Why a quantum speedup to AdaBoost is not trivial ?

At first glance, our quantum speedup might seem like an immediate application
of the quantum mean estimation algorithm. However, as we discuss below, using
the mean estimation subroutine to improve classical AdaBoost comes with various

issues.

1. Errors while computing ¢;s: Quantumly, the mean estimation subroutine
approximates &, up to an additive error & in time O(VM/5). Suppose we obtain
¢; satisfying |e; — &;|< 0. Recall that the distribution update in the tth step of
AdaBoost is given by

Dy _Je™ if hy(x) = c(x)

D t+1 _
X - .
Z; et otherwise ,

(5.1)

where Z; = ) ¢ DLexp(—c(x)a;h;(x)) and a; = %ln((l —¢;)/€;). Given an ad-

ditive approximation ¢; of ¢, first note that the approximate weights a; =

2Note that we use the uniform distribution here because we started with the assumption that S =
{(i1, xi,), -+, (im, x;,, )} was obtained by uniformly sampling iy,...,iy € [N]. Our quantum boosting
algorithm works equally well in case obtain indices iy,...,7); from an arbitrary (possibly unknown)
distribution D instead of the uniform distribution, in which case we obtain a y such that Pr; _p[y; =
Xi] >2/3.

3In this section we omit poly-logarithmic factors in the complexity for simplicity.
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%ln((l — ¢7)/¢€{) could be very far from a;. Moreover, it is not clear why Dt
defined as

~ 1
D! = - - Diexplaje(x) - hy(x)
t

is even close to a distribution. Another possible way to update our distribu-
tion would be
~ 1
Dy = =7 Dyexp(=aje(x) - h(x)), (5.2)
t
where Z] = ¥ s Diexp(—c(x)a/h(x)), so by definition D'*! in Eq. (5.2) is
a distribution. However, in this case note that a quantum learner cannot
exactly compute Z; in time O(VM) but instead can approximate Z; and we

face the same issue as mentioned above

2. Strong approximation of ¢;: One possible way to get around this would be
to estimate &, very well so that one could potentially show that D**! is close to
a distribution. However, it is not too hard to see that if D'*! should be close
to a distribution, then we require a 6 = 1/VM-approximation of ¢,. Such a
strong approximation increases the complexity from O(VM) to O(M) which

removes the entire quantum speedup.

3. Noisy inputs to a quantum learner: Let us further assume that we could
spend time O(M) as mentioned above to estimate ¢, very well (instead of
using classical techniques to compute ¢;). Suppose we obtain D'*! which is
close to a distribution. Recall that the input to a quantum learner should be
copies of a quantum state [{;) =) s \/D—fclx, c(x)). However, we only have ac-
cess to a quantum state |¢;) =) s \/ﬁ_fclx, c(x))+|x:), where |x;) is orthogonal
to the first part of |¢;) (note that |¢;) is no longer a quantum state without the
additional quantum register |x;)). Now it is unclear what will be the output

of a quantum learner on input |¢;) instead of |¢);).

4. Why is the final hypothesis good: Assume for now that we are able to show
that the learner on input copies of |¢;) produces a weak hypothesis h; for
the target concept c. Then, after T steps of the quantum boosting algorithm,
the final hypothesis would be H(x) = sign(thzl at’ht(x)). It is not at all clear
why H should satisfy H(x) = c¢(x) for even a constant fraction of the xs in S.

“Note that computing Z,; would take time O(M) classically (to be precise, the time taken to
compute Z/ classically would be M where M is the size of the training set) even though we have
knowledge of a, since Z; involves a summation of M terms. Hence, we need to approximate Z,
again using a mean estimation algorithm.
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Observe that the analysis of classical AdaBoost crucially used that H(x) = ¢(x)
for almost every x € S in order to conclude that the generalization error is
small, i.e., Pr,_p[H(x) # ¢(x)] < 1/3 where D is an unknown distribution over
{0, 1}

Our main contribution is a quantum boosting algorithm that overcomes all the

issues mentioned above.

5.2.2 Quantum boosting algorithm

We now give more details of our quantum boosting algorithm. In order to avoid
the issues mentioned in the previous section, our main technical contribution is
the following: we provide a quantum algorithm that modifies the standard distri-
bution update rule of classical AdaBoost in order to take care of the approximations
of ¢;5. We show that the output of our modified quantum boosting algorithm has

the same guarantees as classical AdaBoost.

Before we elaborate more on the quantum boosting algorithm, we remark that
the modified distribution update rule is also applicable in classical AdaBoost. Sup-
pose in classical AdaBoost, we obtain the approximations ¢;s instead of the exact
weighted errors &;s in time P. Then our robust classical AdaBoost algorithm (i.e.,
AdaBoost with modified distribution update) can still produce a hypothesis H that
has small training error and the complexity of such a robust classical AdaBoost al-
gorithm will be O(P). Clearly, it is possible that P could be much smaller than M
(which is the time taken by classical AdaBoost to compute ¢; exactly) in which
case the robust classical AdaBoost algorithm is faster than standard classical Ad-
aBoost (in fact we are not aware if the classical AdaBoost or the MMUW algorithm

is robust to errors).

We now discuss the important modification in our quantum boosting algo-
rithm: the distribution update step. As mentioned before, classically one can
compute the quantity ¢ = Pr,_p[h(x) # ¢(x)] in time O(M). Recall that Q is the
time complexity of a weak quantum learner to learn the concept class C and T
is the number of iterations in the quantum boosting algorithm. Quantumly, we
describe a subroutine that for a fixed 9, performs the following: outputs ‘yes’ if
e > Q((1-6)/(QT?)) and ‘no’ otherwise. In the ‘yes’ instance when ¢ is large, the
algorithm also outputs an approximation ¢’ that satisfies [¢’—¢|< 0¢” and in the ‘no’

instance, the algorithm outputs an ¢’ that satisfies |¢’ — ¢|< 1/(QT?). The essential
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point here is the subroutine takes time O(VM ) The subroutine crucially uses the
fact that in the ‘yes’ instance, the complexity of the standard quantum mean esti-
mation algorithm scales as O(VM). However, in the ‘no’ instance when ¢ is “small",
obtaining a good multiplicative approximation of ¢’ using the quantum mean es-
timation algorithm could potentially take time O(M). In this case, we observe that
we do not need a good approximation of ¢ and instead we set ¢’ =7 = 1/(QT?). We

justify this shortly.

Depending on whether we are in the ‘yes’ instance or ‘no’ instance of the sub-
routine, we update the distribution differently. In the ‘yes’ instance, we make a
distribution update that resembles the standard AdaBoost update using the ap-

. . s . _ 7 7 r _ 1 1-¢;
proximation ¢; instead of ¢;. We let Z; = 24/¢/(1 — &), a; = zln( ) and update

7
&

D! as follows:

(5.3)

= , '
et otherwise .

sea_ DL feif (0 =c()
x (1+268)Z,

However, in the ‘no’ instance when ¢; is small, we cannot hope to get a good mul-

tiplicative approximation in time O(VM). In this case, we crucially observe that
1-¢
Et :

ap = %ln( ) is large, hence with a worse approximation &; and the correspond-

ing af = %ln(%), we can still show that the hypothesis H(x) = Sign(ZtT:1 a;ht(x))
t
has small training error. As a result, in the ‘no’ instance, we simply let ¢; = T,

Z;=2+/t(1-7)and af = %ln(l%) and update D! as follows:

preio D Je-1@re ifhG)=cx) g
YT (1+2/(QT2)Z, T | (1/(QT?))e otherwise . '

Note that the distribution update in Eq. is not the standard boosting dis-
tribution update and differs from it by assigning higher weights to the correctly
classified training examples and lower weights to the misclassified ones. In both
cases of the distribution update in Eq. , , observe that D need not be a
true distribution. However, we are able to show that D is very close to a distribu-

tion, i.e., we argue that Y ¢ D, € [1 —306,1]. This aspect is very crucial because,

>We remark that the subroutine outputs ‘yes’ or ‘no’ with high probability (here, for simplicity
in exposition, we assume that the subroutine always correctly outputs ‘yes’ or ‘no’).
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in every iteration of the quantum boosting algorithm, we will pass copies of

@)=Y Bu o)+ |x>H

x€S

to the quantum learner instead of the ideal quantum state

[©)=) VD c(x)).

x€S

A priori it is not clear, what will be the output of the weak quantum learner on
the input |®’). However, we show that the state |®’) is close to |®), in particular
we show that [(D’|D)|> 1 — 0. Suppose a weak quantum learner outputs a weak
hypothesis 1 when given copies of |®) (with probability at least 1 —1/T). Using the
properties of D and the lower bound on [(®’|®)|, we show that the same quantum
learner will output a weak hypothesis & when given copies of the state |®’), with
probability at least 1 —2/T. A union bound over the T iterations of the algorithm
shows that with probability at least 2/3, we obtain a strong hypothesis H after the
T iterations. Finally, after T rounds, our quantum boosting algorithm outputs the
hypothesis H(x) = sign(thzl a,_fht(x)) for all x € {0,1}".

It remains to show that the final hypothesis H has small training error. We re-
mark that the calculations to prove this are mathematically technical and are the
non-trivial aspects of our quantum algorithm. Crucially, we use the structure of
the modified distribution updates to show that H has small training error. In order
to go from small training error to small generalization error, we use the same ideas
as in classical AdaBoost to show that, if the number of classical labelled exam-
ples M is at least O(VC(C)), then H has generalization error at most 1/3. The overall
time complexity of our quantum boosting algorithm is dominated by the subrou-
tine for estimating ¢ in every iteration, which scales as O(VM). The remaining
part of the quantum boosting algorithm invokes the weak quantum learner which
takes time Q(C) and performs arithmetic operations in the distribution update
state which takes time O(n?). So the overall complexity of our quantum boosting
algorithm scales as On?- \/\T(C) Q(C)¥?), which is quadratically better than the
classical AdaBoost complexity in terms of VC(C).

5We need |x) because D is not a distribution, and Y xes \/ Dylx, ¢(x)) need not be a valid quan-
tum state.
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5.3 Related works

As we mentioned earlier, there are only a few works that consider boosting in the
quantum setting. Neven et al. [NDRM12|] considered a heuristic variant of the
AdaBoost algorithm and showed how to implement it using the adiabatic quan-
tum hardware on a D-Wave machine. They give numerical evidence that quan-
tum computers should give a speedup to AdaBoost. In particular, the authors
considered the framework of adiabatic quantum optimization to boost the perfor-
mance of large scale binary classifiers. They were able to cast the training of the
weak classifiers into a structure that is compatible with existing adiabatic quan-
tum architecture. They proposed an iterative training quantum algorithm, named
QBoost where a set of weak classifiers is sampled by solving a hard optimization
problem in each iteration. Finally, a strong classifier is constructed from the sam-
ple of weak classifiers using the standard AdaBoost distribution update rule. The
study provided numerical results which indicated that QBoost might gain advan-
tage over AdaBoost by achieving smaller generalization error and requiring fewer

weak classifiers than AdaBoost.

Schuld and Petruccione [SP18] studied the problem of boosting the perfor-
mance of quantum classifiers and use AdaBoost as a subroutine. The aim of their
work was to construct an ensemble of quantum classifiers that can enhance the
predictive power of a single quantum classifier. The standard approach to con-
structing a strong classifier is to perform an optimization in a convex parameter
space. In order to avoid the problem of optimization in a large parameter space,
the authors discuss how techniques from non-parametric Bayesian learning theory
can aid in building a strong quantum classifier from an ensemble of weak quantum
classifiers. They further emphasize that the Bayesian learning framework for con-
structing a strong classifier can be applied to an exponentially large weak quantum

ensemble which cannot otherwise be performed with standard AdaBoost.

Finally, in a recent work Wang et al. [WMHY19]] proposed a quantum algo-
rithm to improve the performance of weak learning algorithms Their quantum
algorithm departs from standard boosting algorithms in several ways since they
make various assumptions in their work. With reference to Section (1) they
assume knowledge of ¢;s exactly: note that this is not possible in o(M) time and

standard quantum mean estimation takes time O(VM) in order to approximate the

’In their work, they consider the setting where the learners are probabilistic. We do not discuss
that setting here, but our analysis works exactly the same in case the learners are probabilistic.
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mean; (2) their quantum algorithm only approximates ay,...,ar additively; (3)
given such additive approximations, it is not clear why the final output hypoth-
esis H has small training error. We believe that in order to prove their quantum
algorithm outputs a strong hypothesis, the time complexity should be O(M - T?)
instead of the claimed O(VM - T?). However using our techniques, we can im-
prove their complexity to O(VMT?). Although this complexity might seem worse
than the classical AdaBoost complexity of O(MT), note that we set T = O(logM)
in AdaBoost for the convergence analysis. Hence, the overall quantum complexity
is quadratically better than classical AdaBoost in terms of M, which is fixed to be

VC(C) in order to have small generalization error.

5.4 Classically boosting quantum machine learning
algorithms

In this section, we describe the classical AdaBoost algorithm and explain how one

can use AdaBoost to improve a weak quantum learner to a strong quantum learner.

5.4.1 Classical AdaBoost

We begin with presenting the classical AdaBoost algorithm. AdaBoost achieves the
following goal: suppose A is a y-weak PAC learner for a concept class C (think of
y = 1/poly(n)). Then, for a fixed unknown distribution D, can we use A multiple
times to output a hypothesis H such that Pr, p[H(x) = c¢(x)] = 2/3? Freund and
Schapire [FS99] provided a simple algorithm that outputs such a strong hypothe-

S1S.

We do not prove why the output hypothesis H is a strong hypothesis and
simply state the main result of Freund and Schapire [FS99, [SF12]. Suppose T >
(logM)/y?, then the output H of Algorithm |4 with high probability (over the
randomness of the algorithm and the training set S) has zero training error (i.e.,
H(x;) = c(x;) for every i € [M]). A priori, it might seem that this task is easy to
achieve, since we could simply construct a function g that satisfies g(x;) = ¢(x;) for
every i € [M] given explicit access to S = {(x;, c(x;))}ieqm]- However, recall that the
goal of AdaBoost is to output a strong hypothesis H that satisfies Pr,_p[H(x) =
c(x)] = 2/3 (where D is the unknown distribution according to which S is gener-
ated in Algorithm [4) and it is not clear whether g satisfies this condition. Freund
and Schapire [FS99] showed the surprising property that the output of classical
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Algorithm 4 Classical AdaBoost

Input: Classical weak learner A, query access to training samples S =
{(x1,¢(x1)),-.., (xp1,c(xp1))}, where x; ~ D and D : {0,1}" — [0,1] is an unknown dis-
tribution.

Initialize: Let D' be the uniform distribution over S.
1: fort=1toT do
2: Train a weak learner A on the distribution D’ using the labelled examples
S. Suppose we obtain a hypothesis h;.
Compute the weighted error ¢ = Y ,.¢DL[h(x) = c(x)], and let o, =
bin(25)

4: Update the distribution DL as follows:

@

Dt+1 _ D_Jtc % e_at lf ht(x) = C(X)
* Zy  |e*  otherwise
_ Dy exp (—c(x)arhy(x))

Z; ’
where Z, = Y. Dl exp (- c(x)a;hy (x)).
Output: Hypothesis H defined as H(x) = sign( Zthl atht(x)) for all x € {0,1}".

AdaBoost H (i.e., a weighted combination of the hypotheses generated in each it-
eration) is in fact a strong hypothesis, provided M is sufficiently large. In particular,
Freund and Schapire [FS99]] proved the following theorem.

Theorem 5.4.1 ([SF12, Theorems 4.3 and 4.6] ) Fix 11, > 0. Let C = U,5,C,, be a
concept class and A be a y-weak PAC learner for C that takes time R(C). Let n > 1,
D :{0,1}* — [0,1] be an unknown distribution, c € C,, be the unknown target concept
and
VC(C) log(VC(C)/y?)
M = 5 5 .
Y U
Suppose we run Algorithm for T > ((logM) - log(1/5))/(2y?) rounds, then with

probability > 1 — 6 (over the randomness of the algorithm and the random examples

{(xi, c(xi))}iepm) where (x;, ¢(x;)) ~ D), we obtain a hypothesis H that has zero training

errmﬂ and small generalization error

in%[H(x) =c(x)]>1-n.

8Suppose H has training error §, then the generalization error becomes Pr,_p[H(x) = c(x)] >
1-6-1.
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Moreover the time complexity of the classical AdaBoost algorithm is

O(R(C)- TMn) = O v1c7(20)

-R(C)-%-log(l/é) .

5.4.2 Boosting quantum machine learners

We now describe how classical AdaBoost can improve the performance of quantum
machine learning algorithms. Suppose A is a quantum PAC learner that learns a
concept class C in time Q(C). Can we use A multiple times to construct a strong
quantum learner? Indeed, this is possible using classical AdaBoost which we de-

scribe below.

Algorithm 5 Classical boosting of weak quantum learners

Input: Quantum weak learner A, quantum query access to training samples S =
{(x1,¢(x1)),---, (xp,c(xp1))} where x; ~ D and D : {0,1}" — [0,1] is an unknown dis-
tribution.

Initialize: Let D! be the uniform distribution over S.

1: for t =1 to T (assume classical query access to hy,...,h;_; and knowledge of
D',...,D'1). do

2. Prepare Q(C) copies of ;) = Y ..s VDil|x).

3: For every |¢;), make a quantum query to S to produce [¢]) =
Y xes VDxlx, c(x)).

Pass [);)®2C) to A and suppose A produces a hypothesis ;.
5: Compute the weighted error ¢, = Y . ¢DL - [h(x) # c(x)], and let a; =

%ln(l;e‘).

6: Update the distribution D! as follows:

e Db [e iy =c(x)
x Z; et otherwise
_ Dy exp (= c(x)ashy(x))
Z, ’

where Z; = ¥ g Dy exp (- c(x)a;h(x)).
Output: Hypothesis H defined as H(x) = sign( Zthl atht(x)) for all x € {0,1}".

The correctness of this algorithm follows from the classical AdaBoost algo-
rithm, since at each iteration, the output h; of the quantum learner is the same as
classical AdaBoost. We simply analyze the time complexity of the algorithm here:

in the worst-case, step 2 takes time O(n?MQ(C)) (note that one could potentially
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use tricks by Grover-Rudolph [GR02], Kaye-Mosca [KMO1]] to prepare ;) more ef-
ficiently), step 3 takes Q(C) quantum queries and time O(nlogMQ(C)) (assuming
we have an efficiently implementable quantum random-access-memory (QRAM))
for each state [¢);), step 4 takes time Q(C) (by assumption of A), step 5 involves
making M queries to h; and O(n) operations to compute ¢;, a; and step 6 takes
time O(nM) in order to update the distribution. Overall Algorithm (5| takes time
O(n?-MQ(C)- T) time. Crucially, in Algorithm [5/a quantum computer is required
only to prepare the state |¢);) in every step and run the weak quantum learner. The
remaining computation can be done on a classical device. Putting everything to-
gether, we obtain the following theorem whose proof follows from Theorem

Theorem 5.4.2 Fix 1, > 0. Let C = U,»1C,, be a concept class and A be a y-weak
quantum PAC learner for C that takes time Q(C). Let n > 1 and c € C,, be the unknown
target concept. Then the time complexity of Algorithm |5|to produce a strong hypothe-

~(VC(C n?

O( (2 ) : Q(C) ° _4)1
Ul 4

Moreover, Algorithm 5 uses the quantum computer only for state preparation (in Step 2)

Sis is

and to run the weak-quantum PAC learning algorithm A (in Step 4) and the remaining

operations can be performed on a classical device.

5.5 Quantum Boosting

In the previous section, we used classical ML techniques to boost a weak quantum
learner to a strong quantum learner. In this section, we use quantum techniques in
order to improve the time complexity of AdaBoost. Like in classical AdaBoost, we
break the analysis into two stages. Stage (1) is a quantum algorithm that reduces
training error: produces a hypothesis that does well on the training set and Stage
(2) reduces generalization error: we show that for a sufficiently large training set,
not only does the hypothesis output in Stage (1) performs well on the training
set, but also has a small generalization error. In Section we first present a
quantum algorithm for boosting and in Section we show why the hypothesis
generated in Section is a strong hypothesis.

5.5.1 Reducing the training error

The bulk of the technical work in our quantum boosting algorithm lies in reducing

the training error and we devote this entire section to proving it. We now state the
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main theorem for Stage (1) of our quantum boosting algorithm.

Theorem 5.5.1 Let y > 0. Let C = U,»1C,, be a concept class and A be a y-weak
quantum PAC learner for C that takes time Q(C). Let n > 1, D : {0,1}" — [0,1] be
an unknown distribution, c € C,, be the unknown target concept and M be sufficiently
large.ﬂ Given a training set S = {(x;, c(x;))}ieqm) where x; ~ D and ¢ € C,, our quantum
boosting algorithm takes time O(n2VM-Q(C)*2) [ and with probability > 2/3, outputs
a hypothesis H that has training error at most 1/10.

Since our quantum algorithm is fairly involved to describe and analyze, we break
down this section into four subsections, in order to separate the technicalities from
our quantum algorithm. In Section we describe our quantum boosting algo-
rithm. In Section we prove a few claims which are unproven in Section|5.5.2}
In Section we analyze the correctness of the algorithm and finally in Sec-
tion we analyze the time complexity of our quantum boosting algorithm.
Putting together these four subsections gives a proof of Theorem [5.5.1}

5.5.2 Quantum boosting algorithm for reducing training error

We begin by presenting our quantum algorithm. For simplicity in notation, we
first denote Q(C) as Q and secondly we assume that Q is the time it takes for A to
output a weak hypothesis with probability at least 1 — O(1/T) (note that this only
increases the complexity by a multiplicative O(logT)-factor). Since the sample
complexity of A is at most the time complexity, we will assume that it suffices
to provide A with Q quantum examples. Our quantum algorithm is a T-round
iterative algorithm similar to classical AdaBoost and in each round, our quantum
algorithm produces a distribution D. In the tth round, our quantum algorithm

follows a three-step process:

1. Invoke the weak quantum learner A to produce a weak hypothesis h; under

an approximate distribution D! over the training set S.

2. By making quantum queries to h;, our algorithm computes ¢;, an approxi-
mation to & =Pr,_5:[h(x) # c(x)]. We then use ¢; to update the distribution
D! to D'*!. In this step, we depart from standard AdaBoost.

We quantify what we mean by sufficiently large in the next section, in particular in Theo-
rem
10Here O(-) hides poly-logarithmic factors in M.
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3. Using ¢; compute a weight a;. After T steps, output a hypothesis H(x) =
sign ( iy ajhy(x))

Before we describe our quantum algorithm, we first describe a subroutine which
will be useful in performing step (2) in the 3-step procedure above. This subrou-
tine uses ideas developed by Ambainis [Amb10] and the proof uses ideas required
to prove Theorem Ambainis proposed a modified version (Theorem
of the quantum amplitude estimation algorithm where the aim is to estimate the
probability up to a multiplicative error instead of an additive error as is the case

in standard amplitude estimation.

Let €, M > 0. We describe the modified amplitude estimation below.

Algorithm 6 Modified Amplitude Estimation
Input: The state ) = Ve/M|p1)|1) + V1 —€/M|p()|0) and the unitary U such that

Ulo) =[¢).
1: for ] = an/ﬁ to 16ﬁ6"m~\/QT210g(MT/5) do
2: Let ¢’/M be the output after performing amplitude estimation (in Theo-

rem i to estimate /M using ] queries to U and U™,

3: Check if MRIT ‘(Nll_é)gl ’;—22 < %. If yes, then output ¢” and quit the loop.

Else,let ] =2-].
Output: {¢, yes} if there exists ¢’ in step (3), else output {¢’ = 1/(QT?), no}.

Lemma 5.5.2 Let 6 =1/(10QT?). Algorithm @satisﬁes the following: with probability
> 1-100/T, if the output is {&’, yes}, then | — &'|< o¢’; and if the output is {¢’ =
1/(QT?), no}, then [€—¢’|< 1/(QT?). The total number queries to U and U~! used by
Algorithm@is O(VMQ¥2T3).

Proof. We first consider the case when Algorithm [6|outputs {¢’, yes}. In this case,
there exists a | and ¢’ which satisfies the relation in step (3) of the algorithm. First

observe that, since ¢’/M was obtained by amplitude amplification in step (2), we

have
¢ F|_|e (1_5)§<2m/(1—5)'5 7{_2<2\/§Tu/(1—5)€’ n? 55
M M||M M - ]\/M +]2— ]\/M +]2’ (5.5)

where the second inequality used Eq. (2.17) in Theorem and the third in-

. , . . — 2m\(1-0)ME ;2
equality used the first and second inequalities to conclude [e-¢’|< = ( 7 e n}ﬁ\/f_
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This implies

e<e’+ 2n(1 - 9)Me + M <2¢,
J J?
where we used ] > (2tVM)/6. Putting together the upper bound in Eq. along
with the upper bound in Step (3) of the algorithm, we get [e—¢’|< 6¢’. Furthermore,
we also show that &> (1 —26)/(64QT?). Recall that J,¢’ satisfies step (3) of the

algorithm. In particular, this implies that

2V2r\[(1=08)  n? /
V21A /(1 - 6)e N 7;( < 5_3’
]max\/M ]max M
since | < J,,ux- Substituting the value of J,,,, in the inequality above gives ” (1;;)? +

% < ¢’. Solving for the above equation, we obtain ¢’ > 1/(64QT?)- (1 - 9) (we
ignore the other solution for ¢" since ¢’ > 0). Using [e—¢’|< 6¢’, we get € > (1-9)e’ >
(1-20)/(64QT?).

Now we consider the case when Algorithm @ outputs {¢’ = 1/(QT?), no}, and
we argue that [€—¢’|< 1/(QT?). In order to see this, first observe that

B 22\ [(1=08)e’ 12 - oV2e' 52 _10d

STVM T TM st M

g €

M M

(5.6)

where the first inequality used Eq. (5.5), the second inequality used ] > (2VM)/6
and the third inequality used ¢’ < 1. Using 6 = 1/(10QT?), we obtain [¢ - ¢’|<
1/(QT?). Furthermore, we show that in the ‘no’ instance, we have €< 1/(QT?). We
prove this by a contrapositive argument: suppose € > 1/(QT?), there exists a ]’ €
[]*,]max], where J* = %} for which the inequality in step (3) of Algorithmﬁ
is satisfied with probability at least 1 — 105/TE In order to see this, first observe
that

2V2mA /(1= 6)¢’ 7(_2<47Z (1-0)g n_2<5(1—5)g~ 52(1—5)§< 5(1-0)
TVM T VM RS M e S M
(5.7)

where the second inequality used ] > J* and the remaining inequalities are straight-
forward. Using Eq. and Eq. , we have |¢’ —€[< 6(1 — 0)€. Moreover, using
|€—€’|< 6(1 — 6)€, we can further upper bound Eq. by o¢’/M, which implies
step (3) of Algorithm [6]is satisfied, in which case the algorithm would have output

"Note that J* < J,,ux follows immediately by using the lower bound > 1/QT?2.
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‘yves’ with probability > 1-106/T. Hence, by the contrapositive argument, if Algo-
rithm @outputs ‘no’ with probability at least 1 —105/T, then we have €< 1/QT?>.

Finally, we bound the total number of queries made to U and U~! in Algo-
rithm @ Given that ] is doubled in every round and | < J,,,., = O(vMQT?/6), the

total number of queries is

o L D 200 2Jmax—0(d QT2/6) VMQ¥2T%) (5.8)

2 4

using 6 = O(1/QT?) (for simplicity, we assume that all these terms are powers of
2). This concludes the proof of the lemma. O

We are now ready to describe our quantum boosting algorithm. Before de-
scribing the state of the quantum boosting algorithm in every step, we make a
couple of remarks. We use the notation D! in the quantum boosting algorithm
because {D }x is not a true distribution since it satisfies ) ,.g D <1 (this is also the
reason for incorporating the state |x;) in step (4)). In addition to ch, we also define
the true updated distribution D! as follows

et Db {e—a; if By(x) = c(x)

) 5.9
Z; et otherwise , (5-9)

where a = ln( (1- e{)/e{) and ¢}, €; are defined in step (8) of Algorithm and

M
Z,=) Dix)exp(-ajhy(x)e(x))= Y Dyx;)-e®+ ) Dylx;)-e®
i=1 izhy(x;)=c(x;) i:hy(x;)zc(x;)
:(1—gt).e t’+a.eat
(5.10)

Note that ¥, Di*! = 1 and observe that our quantum boosting algorithm cannot
make the distribution update Eq. (5.9) since the value of &; in Eq. (5.10)) is unknown
to the quantum algorithm. Let ¢; be the weighted error given by ¢; = Pr,_pt[h;(x) #
¢(x)] corresponding to the true distribution {DL},.

This is one of the main differences between standard AdaBoost and our quan-
tum boosting Algorithm [7| In standard AdaBoost, one assumes that the es can
be computed exactly by spending time O(M). However, a quantum algorithm
can only approximate the es in time O(VM). Hence the distribution update from

D! — D™ in classical AdaBoost might result in a sub-normalized distribution
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Algorithm 7 Quantum boosting algorithm

Input: Quantum weak learner A with time complexity Q, a training sample S =
{(xi, c(x;))}ieqm), where x; is sampled from an unknonwn distribution D.

Initialize: Let D! = D! be the uniform distribution on S. Let h, be the constant
function T = O((logM)/y?) and 6 = 1/(10QT?). &) = 1/2.

1: fort =1 to T (assume quantum query access to hy,...,h; 1 and knowledge of
€., €_.) do

2: Prepare Q + 1 many copies of |¢;) = ﬁ Y seslx c(x), 5;) Let |D1) = [ihy).
Phase (1): Obtaining hypothesis h;,

3: Using quantum queries to {hy,...,h;_1} and knowledge of {e},...,¢;_,}, pre-
pare the state
1 _
@3y =(—= ) |xc(x)DL).
\/M x€S

4: Apply amplitude amplification to prepare |Dg) = (ers VD x, c(x)) + I)(t>).
5: Pass |Dg)®< to the quantum learner A to obtain a hypothesis 4.

Phase (2): Estimating weighted errors &,

6: Using quantum queries to h;, prepare |is) = \/Lﬁzxeslx,c(x), D! - [hy(x) =
c(x)])-
7. Let =Pr_g[hy(x) = c(x)]. Prepare [56) = VI —5/MIpo)I0)+ VE/MIp1)I1).
8: Invoke subroutine [6]to estimate €; with ¢.
Phase (3): Updating distributions
9: If subroutine@outputs ‘ves: let Z; = 24Je;(1 —¢)), a; = ln( (1- 62)/5{) and
update DL:

—_~ Dt —0({ 1 =
w1 D! X{e if By (x) = c(x) 5.11)

¥ (14+28)Z; " e*  otherwise.

10: If subroutine @ outputs ‘no let Z; = (2 QTZ—l)/(QTZ), a; =

ln(\/QT2 — 1) and update D::

Fei___ DL {(2—1/<QT2>>e-at’ if Iy () = ()

¥ (1+2/(QT2)Z, " | (1/(QT?))e otherwise .

(5.12)

Output: Hypothesis H defined as H(x) = sign( Zthl at’ht(x)) for all x € {0,1}".

12To be precise, we let the query operation Oy, corresponding to /1y be the identity map.
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D*! in the quantum case. Moreover even if a learner could produce a hypothesis
h, that is (1/2 + y)-close to the target concept ¢ under D'*!, it is not clear if the
final hypothesis H has small training error. In order to overcome this, we split the
distribution update step into two cases (steps (9,10) in Algorithm |7) depending
on whether ¢ is large or small. Using the structure of the distribution update we
show that the resulting hypothesis H has small training error. Before we proceed
with the proof of the main theorem, we state the following properties about the

distributions Ds.

Claim 5.5.3 Let t > 1, D' : {0,1}"" — [0,1] be defined as in Eq. (5.11), (5.12). Then
Y s DL e[1-306,1].

Claim 5.5.4 Let t > 1, & = Pr,_5:[hi(x) # c(x)] be the weighted error corresponding
to the approximate distribution D! and e; = Pry_pt[h(x) = c(x)] correspond to the true
distribution D*. Then |g; — &,|< 500.

We prove these claims later. Observe that our quantum boosting algorithm
will run on the sub-normalized distribution D! instead of the ideal distribution D?,
since we do not have knowledge of €; in Eq. and instead have an estimate
e/ of . We now describe the unitary operation that updates D; (in step (2)) to
D; (in step (3)). For t € {1,...,T}, let G; be the quantum circuit that makes the
distribution update from D! - D'. Given access to hy,...,h;_1,¢: {0,1)" — {-1,1}

and knowledge of ¢},...,¢;_;, define G; as the map:

1 —
Gii 7= le,c(x» ®[Dy) @1 (x) % c(x)],..., [y (x) # e(x)])
1 N .
i le,C(x» ®|Dy) ®|[hy (x) # c(x)),..., [y (x) = c(x)]).
Details of Algorithm We are now ready to describe our quantum boosting
algorithm in more details. In the tth step, we have quantum query access to
the hypotheses {hy,...,h;_1} and knowledge of the approximate weighted errors
{e],...,€;_1}. Let Uy, U, be unitaries that satisfy U; : |0) — [ip1) and U, : [0) — |Dy),

where

0 =( = Y epelBhen™ ) (o) =(= Y kenelBhelo® ]

\/M x€S \/M x€S

Recall that D! is the uniform distribution over the training set S. We assume that

theoretically one could use a quantum random access memory (QRAM) to prepare
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the state [ig) = \/Lﬁzxeslx,c(x» in time O(logM). By use a QRAM to prepare we
mean, we can perform the operation that takes the training set S = {(x;, c(x;))}ie[m]
stored in a classical data structure and prepare the uniform quantum state |¢y) in
time O(log M).

We digress briefly to discuss about the QRAM. A QRAM is a quantum de-
vice that encodes classical data {i,z;};c[,) and allows one to perform queries of
the form [i,0) — [i,z;) to be made in superposition into polylog(n) qubits in time
O(polylog(n)). More specifically, the action of a QRAM on a state ) [, a;li, 0) is

QRAM: ) ali,0)— ) ajli,z).
i€[n] i€[n]
Since a QRAM can encode classical data in poly-logarithmic time, it is possible
to construct a superposition of quantum states which encodes a Boolean function
in polynomial time. Note that, in the absence of a QRAM, queries of the form
li,0) — |i,z;) can be made efficiently only if z; = f(i) and there exists a quantum
circuit of depth poly-logarithmic in #n that can compute z; for all i € [n]. A QRAM
can provide the advantage of performing the oracle for arbitrary data. A potential
implementation of a QRAM has been discussed in [GLMO08|]. However, the expo-
nential scaling in terms of the physical resources required to build a QRAM has

raised doubts regarding its practical applications in quantum computing [Aar15].

Given the QRAM assumption has been debatable and seems strong in quan-
tum machine learning, we make a couple of remarks: (i) our quantum boosting
algorithm only requires a QRAM to prepare the uniform superposition over clas-
sical data S. Also, our quantum algorithm does not use QRAM as an oracle for
Grover-like algorithms, so the negative results of [AGJO™15] do not apply to our al-
gorithm; (ii) we use the QRAM at the beginning of T = O(log M) iterations of our
algorithm to prepare the uniform superposition |¢)y), so even if the quantum time
complexity of preparing [1y) is O(VM), then our complexity increases by an ad-
ditive O(VMlog M) term and we still do not lose our quantum speedup; (iii) of
course if QRAM is infeasible then we can also assume that a quantum learner has
access to uniform quantum examples |py) or has quantum query access to the train-
ing examples in S (i.e., can perform the map |x,b) — |x,b - c(x)) for x € S). In both
cases we do not need a QRAM.

We now describe the quantum boosting algorithm. The algorithm begins by
first preparing U;|0)® U?Q|O> = |11 )®|D; Y®2. We then apply (Q+1)(t—1) quantum
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queries to the oracles {Oy,,..., Oy,  }to obtainm

1 _
92) ®10,)°C = (— b, c(x)) @ D2 @ [y (x) % c(x)),..., [y (3) c<x>1>|o>2)
2 2 \/M; 1 1
®Q
( Y b copIDin (x) = <>1,...,[ht_1<x>¢c<x>],o>) .

xeS

(5.14)

We then apply the unitary G, on [, and each of the Q copies of |®,) to update D'.

The resulting state is

|¢3>®|®3>®Q:(viﬁﬁx,c(x»@@b@uhl(>¢c< oo [y () 2 <x>]>|o>2)

1xeS 80
N D! h ooy Byl ,0 .
®(m;'” WDy () = ()]s gy () = ()] >)
(5.15)

We now break down the algorithm into two steps, the first phase uses |[®3)®9 to

obtain h; and the second phase uses h; and [i3) to compute ;.

Phase (1): Obtaining hypothesis /i;. Let V :|p)|0)|0) — |p>(\/1 —p|0)+\'/;7|1>)|sin‘1 (vVP)-
For each of the Q copies of |®3), append an auxiliary |0) and apply V to obtain

02) = <= Y el MBI () ). s 3 OD(yB0) + 1 - BE1Y)

xES
(5.16)

Let W; be the unitary that performs W; : |®;) — |®,) and W, = W, U, be the map
W, :0) = |@,). Let Y, be the unitary that uses an expected O \/_log T)invocations
of W, and W, ! to perform amplitude amplification (in Theorem on the state
|®4) and with probability at least 1 — O(1/T) produce the state |Ds)

D5y = Visy = Y DL, DB (1) = () 1 (3) # ()], 0) + [9),

x€S

(5.17)

13To be precise, we obtain the tth indicator function [h;(x) # c(x)] as follows: first use Oy, to
perform the map \/Lﬁzxeslx,c(x))lﬁi Y0) = \/LM):xe5|x,c(x))|5;)|ht(x)>, next apply the CNOT gate
between the second and fourth register to produce \/LM Y reslx c(x))lﬁ,%)lht(x) -c(x))
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where |W) is orthogonal to the first register. Observe that without |W), the state

|®s5) is no longer a quantum state because {D }x is a sub-normalized distribution

and note that the complexity of amplitude amplification is @(w/M/ Y xes D,tc) =
(VM) using Clai Moreover, using Claim we have

II¥)]I< 1 —Zﬁ,ﬁs 300. (5.18)
x€S
Observe that if we had run the boosting algorithm with the ideal distribution D?,

we would have obtained the state

[©3) = > VDL, cCoNDOIl (x) = c(x)] ., [y (x) = e(x)],0), (5.19)

x€S

instead of |®5). We now uncompute the auxiliary registers |5fc>|[h1( ) = c(x)],..., [hi—q (
c(x)],0) in |®s) as follows: let G;! be the unitary which maps IDLy — D) and let
Op,,---,Op,_, be the query operations that uncompute the {[h;(x) # c(x)]};¢[s-1) reg-
isters. Applying G;! on the actual state |D5) (instead of the ideal state |D.)) gives

G;'10s) = Y /Bt clDOMIIy (3) # ). 1 () = (), 00+ G 1),

x€S

and then performing O_ll, oo O;tl_l gives us

@y =) D, c(x)I0)0)’ + Oy, - Op, - G; ' 1W). (5.20)
x€S
By performing the operations Qt_l, Oﬁll,..., O;il on the ideal state |(1)§), we would

have

[©4) = ) _V/Dilx,e(x)]0)l0)", (5.21)

x€S

Ideally, our goal would be to pass Q copies of [P/) to a quantum learner in order
to obtain a hypothesis i;. Although, we do not have access to |D;), we continue
our quantum boosting algorithm by passing Q copies of |D¢) to a quantum learner
(instead of Q copies of |®;)). A priori, it is not clear what will be the output of
the quantum learner on input |®¢)®2. In order to understand this, we first show
that [Dg) and |P/) are close. Using this, it is not hard to see that a quantum learner
would behave similarly when given |®4)®? instead of |CDé)®Q. In order to formalize

this, we first state the following claim which we prove later.
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Claim 5.5.5 Let |Dg) and D) be as defined in Eq. (5.20), (5.21). Then we have
KDgl|DLH|> 1 -500.

Recall that |®;) is the ideal state that satisfies the following: suppose Q copies of
|D;) are given to a weak quantum learner, then with probability at least 1 —1/T,
the learner outputs a weak hypothesis h;. We now show that the same learner,
when fed Q copies of |D4) (instead of |®;)) will output h; with probability at least
1-17/T. In order to see this, let p’ = Pr[A outputs h; given |®/)®?] > 1-1/T
and p = Pr[A outputs h, given |®¢)®?]. Let H be the hypothesis class and suppose
{En Yn,en (satisfying 3, 4 Ep, = I) is the final POVM performed by A. Then we

have the following,

Ip’ = pl = [Tr(E, |DLHDEIZL) — Tr(Ep, |96 )P [*2)|

< )T (B, IPEH@IE?) — Tr(E), [0 YD)
hieH

< 2| (I (D) *2 = (D6 (D) ],
= 4(1 —(@4|g)*2) 2
<4(1-(1-508)*912 < 4(1-(1-50Q6)*)"? < 16/T,

(5.22)

where we have used the definition of trace distance in the second equality, Claim
in the third inequality, Bernoulli’s inequality (1 —x)’ > 1 —xt (for x < 1 and t > 0)
in the penultimate inequality and 6 = 1/(10QT?) in the final inequality. Addition-
ally, the second inequality follows from the definition of the trace distance between

quantum states

1
lp =0l =max3 ;lTrwm(p—om.

In particular, suppose we have a weak learner A that outputs h; with probability

at least p’, then for every t € [T], we have
p = Pr[A outputs h, given [Dg)®?]>p’-16/T >1-1/T-16/T =1-17/T. (5.23)

Hence, on passing |®)®< to a quantum learner .4, it outputs a weak hypothesis h,
with probability at least 1 —17/T using Eq. (5.22). We assume that the output A,
is presented in terms of an oracle Oy, (which on query |x, b) outputs |x, b - h(x)) for
all b e {-1,1},x €{0,1}").
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Phase (2): Computing ¢;. Using the oracle Oj, produced in Phase (1), we now
perform the query operation Oy, on |¢3) (defined in Eq. (5.15)) and obtain

1) = O, lips) = Z'x’ %)) ®|D}) @ [y (x) = e(x)].., [ly(x) = c(x)],0). (5.24)
xeS
Using arithmetic operations, one can additionally produce the following state

Ps5) = —= lec x)) ® Dy - [hy(x) # c(x)]) ® [l (x) # c(x)], .., [y (x) # c(x)], 0)-

xeS

(5.25)
We now apply the controlled reflection operator V : |p)|0)[0) — |p>(\/l —-pl0) +

\/;_Jll))lsin_1 (+/p)) (Where we store sin~!(-) up to n bits of accuracy) to |1bs) to obtain

1 .
7 L cNeIBISI ()2 o) ) = 9D 1 - B0} D i N/

where L = DL[h,(x) # c(x)]. We can rewrite the above equation as

p6) = VE/MIp1)I1) + V1 —&/Ml0)|0), (5.26)

where & = Y oo BL = Y cs DL[hi(x) # c(x)] and |¢g), |1 ) are defined as

[e) =

b0} = Z Wlx,c(x» @181 (x) = c(x)]..... [y(x) = c()) @lsin~ (L),
(5.27a)
f1) = Z vt/—'“ DI @[y (x) % clx)],..., [y (x) = c(x)]) @ Isin™ (y/BL).

(5.27b)

Let F; be the unitary given by the map F; : [{;) — [ig) and F, = F,U; be the map
F, :10) — |ihg). Let P, be the unitary that implements amplitude estimation us-
ing J, invocations of F; and F,!. In order to approximate &;, we run Algorithm @
on the state |¢) assuming unitary access to F,. Depending on the output &/ of

1—¢; .
g,’). Using ¢; and «a;, we now update the
t

Algorithm@ we compute @; = %ln(

distribution from D! to D'*1,

5.5.3 Proof of claims

In this section, we state and prove a few claims from the previous section. We

restate these claims for convenience of the reader. Additionally, we will crucially
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use the following relations multiple times in this section: for every ¢ > 1, let D' be
the sub-normalized distribution defined in Algorithm [7] (in particular Eq. (5.11))
when Algorithm [6|outputs ‘yes’, then

Y Diexp(-afe(x)h(x)= ) = D'(x)-e®+ ) D'(xi)-e

x€S ihy(x;)=c(x;) ithy(x;)2c(x;) (5.28)

=(1-8) e "+ e,
where €, = Pr,_gi[hi(x) # c(x)]. Also let D! be the sub-normalized distribution
defined in Algorithm [7] (in particular Eq. (5.12)) when Algorithm [6] outputs ‘no’,
then
ZD exp(—a/c(x)hy(x) + Kp, (x)2c(x)]) = Z D(x;)- e %o 4 Z ﬁt(xi)-e“;“‘l
xes ithy (x;)=c(x;) ithy (x;)7c(x;)
— (1 _a).e—a[ﬂq) +£~t.ea;+1<1'
(5.29)

Claim 4.3 Let t > 1, D! : {0,1}* — [0,1] be as defined in Eq. (5.11)), (5.12). Then
Y s DL e[1-305,1].

Proof. We divide the proof of the claim into two cases. Recall 6 = 1/(10QT?).

Case I: Suppose Algorithm [6|outputs ‘yes’ in the tth iteration. Recall the defi-

nition of D*1,

el _ D! > {e-af if By(x) = c(x) (5.30)
—-¢

2(1+206) %t otherwise,

1—¢; ~ .
where a; = %ln(Tf) and [¢; — €/|< d¢;. In order to prove the lower bound, observe
t

that

Nt t
Z 2(1+268)\Je/(1—¢]) ZD xp(-aic(x)h(x)

xe$ xeS
_ Y ves Di eXp( (c(x )ht(x))' (1 —8)e ™ + &
(1-%¢)e “t+€te”‘t 2(1+20)4/er(1—¢7)

B (1 —§)e " + E e

(using E
2(1+20)4/¢ (1—8 & =4 -

_gt
(1+25) (1_5 L-&)

(using the deﬁnltlon of ;)

1 1-¢ &
= N vl
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where the second equality used } . 5; exp(—ajc(x)hs(x)) = (1-2,)e" % +5,e% (which
follows from Eq. (5.10)). Since [€; — €;|< ¢, we have
5 el1-9)
& &

=1-6. (5.31)

Additionally,
1—'5t>1—5(1+5) .
1-¢ 1-¢ 1-¢,

6 ’
0% 512, (5.32)

where the second inequality uses E; < 2/3 (since we assume ¢; < 1/2). Putting
together Eq. (5.31)) and Eq. - 5.32) into the expression for Y s DI+, we get
DIl > ———— >1-456>1-300.

YD g 2140

x€S

Next, we prove the upper bound. Note that
& < ef(1 :l-é)

5 < =1+, (5.33)
€t €t
and
1-8 1-¢/(1-96 o€,
“ < 5“, ):1+—ﬁ%s1+2a (5.34)
where the second inequality uses ¢; < 2/3. Using Eq. (5.33), (5.34), we have

1-%, F 1 2445
D+ = e ) e ((1428)+(148) < —20 1,
) 1+2@(1—g+e;—2u+2& ((1+26)+(1+ »—2u+2@

xeS

Case II: Suppose Algorithm [6loutputs ‘no’ in the tth iteration. The distribution
D'*! is then updated according to

7

sei_ DL J2-1/QT)eif hy(x) =c(x)
T (1+2/(QT2)Z: T | (1/(QT?))e otherwise ,

where we use ¢, = 1/(QT?), a; = In+/(1—¢])/e] and Z; = 2+/e](1 —¢]). Let xy =
In(2-1/(QT?)) and x; = In(1/(QT?)). In order to prove the upper and lower bounds

of the claim, we first observe that

~t+1 Nt
Dy exp (—ac(x)hy(x) +x 4
E (11 2/Q72). E p( ()B4 (x) + K[h, (1) 2¢(x))

xeS xeS

(5.35)

_ (1—& ) - +1<0+(€ ea,+1<1
2(1+2/(QT?))/ei(1—¢€;)

(2= 1/(QT?)(1 —F)e ™ + (1/(QT?))ge

- 2(1+2/(QT)) e (1—¢))

(using Eq. (5:29))

[e2]

) 1 1 \1-&. 1 &
T (1+2/(QT?)) 207T2) 1=¢ 2072 &/
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where the second equality used & =} ., ( ~;t<: third equality follows by the

definition of x(, x; and the final equality used a) =1 ln( ) We now prove the

t
lower bound in the claim:

S+l 1 _ 1 .1_5 1 %_vt
) DX _(1+2/(QT2))((1 2QT2) 1—¢ " 2QT2 sz)

x€S
e o S
> 1 -5 = 1-305, (sincea‘:mlg—w)

where we used €; < ¢; in the penultimate inequality because we are in the ‘no’
instance of Lemma in Case II of our proof. We finally get the desired upper

bound in the claim as follows

o 1 1 \1-§ 1 &
ZD —[[1- S L
(1+2/(QT2)) 2QT2) 1-¢, 2QT? ¢

x€S (
1 1 1-F, 1 )
1 +2/0m)\" " 2072) 1=1/QT?) ' 2012

(using & < €] = 1/(QT2))
1 1 1 1

=@\ 201 '1—1/(QT2)+2QT2) (using 1 =& < 1)

1 1
1- <1.

2 1
=ar2@Qm)\| 207 '(”QT2)+2QT2) .

Claim 4.4 Let t > 1, & = Pr,_p:i[h(x) # c(x)] be the weighted error corresponding to
the sub-normalized distribution D' and &, = Pr,._pt[hi(x) # c(x)] correspond to the true
distribution D'. Then |¢; — &,|< 500.

Proof. We break down the proof of the claim into two cases.

Case I: Algorithm [6] outputs ‘yes’ in the tth iteration. Recall the definition of
the sub-normalized distribution D! in Eq. (5.11)) and the true distribution D’ in
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Eq. (5.9). We then have

€1 — €1l = ZDHl[hHl #c(x ZDHl hiy1(x) # c(x)]

xe$S xeS

<) |DE =D [l () # ()]
x€S

< Z'ﬁfcﬂ —foll (since [h,q(x) = c(x)] < 1)
x€S

= Zﬁt exp(—ajc(x)h (x))' ! - !

x P t 20 +28)ej(1—¢) (1-F)-e % +7-e

x€S

_ Yres Diexp(-aje(x)h(x))
(1-&)eai + Een

(1-F,)e % +&,e
2(1+20)+/ei(1—¢7)

1 1-g &

= 1+20 ing Eq. (5.28
20+20)|1—¢ & 2(1+20) (using Eq. (5.28))
1 . —¢ = _
2(1+26) it_ :;t EtE;Et + 45) (using triangle inequality)
0 el o ’
2(1+29) ‘1 —tet * 5) (using |&; — &;|< 0¢y)
< 76 <46 (using ¢, < 2/3)
T 201428 sing &; <

Case II: Algorithm [6] outputs ‘no’ in the tth iteration. Recall the definition
of the sub-normalized distribution D’ in Eq. (5.12). Let ko = In(2—1/(QT?)) and
k1 = In(1/(QT?)). We have

|a+1 _5t+1|

=) Di e (x) = (0] = ) DE M hy (x) = ()]

x€S x€S

<) By - Dy

x€S

1 1

—ZDtexp —ac(x)hy(X) + K, (x )n(x)ﬂ"

x€S

2(1+2/(QT2)\ell—e)) (1 —F)e 0o + g et
_ Lxes D! exp(—a;c(x)h(x) + K[p, (x)2c(x)]) . ' (1 —§,)e +Ko 4 g,e+K1

’ ’ - 1‘
(1= )eh0 + Eeaiv 2(1+2/(QT)Vel(1—¢))

B 1 1 .1—€t 1 & 2 .
2(1+2/(QT?)) (2 QT2) QT2 e 2(1+QT2) (using Eq. (5.29))
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aly, 4
/W

&
(using triangle inequality)

1 ‘1—£t ' 1 'l—et
+ —" 5
21+ 2(QT2)\ " |1-¢] oT?2 \|1-¥¢

1 2 1 1 1 AT
2(1+ 2/(QT2))(QT2 \1- 1/(QT2))+ QT2 \1-1/(QT?) )T o
< % =500, (using 6 = 1/(10QT?))

where the second last inequality used 0 <& < ¢, = 1/(QT?) and |¢; — ¢/|< 1/(QT?).
O

Claim 4.5 Let t > 1, |Dg) =) e VDEx, ¢(x))0)]0) + Oht Oy -GW) and D) =

Y ves VDxlx, c(x))|0)]0) be defined as in Eq. (5.20), (5.21)) respectively. Then we have
(DglD,)> 1 = 50.

Proof. We break down the proof into two cases.

Case I: Algorithm [6]outputs ‘yes’ in the tth iteration. We now lower bound the

inner product between

@6y = Y Bl cl)ION0Y +Oy, O, -G 1W), (0= Y VDIl clx))I0M0Y.

x€S x€S
=)

In order to do so, we first lower bound the following quantity

Y \Beoit =Y [ Drexpl ( () [Dlexp(-aje(x)h(x)
x€S =\ 2(1+29) IWer(l—¢€7) (1 —¢;)e % + €%

! Y Dexp(-afe(x)h(x)

1/2
21+20)\el(1—e)) (1-F)e “f+ete“f) =
(1-)e % +Fe ) 2 ¥ s Dlexp(-ajc(x)hy(x))
2(1+20)+/e(1—¢y) (1 -F})e ™ + Eet

1 (1-§ &\
—ct t
= +— -1>1-29,
2(1+26)(1—€; 52)) B

(5.36)

where the first equality used Eq. (5.11) and (5.9), the final equality used Eq. (5.28),
and the final inequality used Eq. and Eq. to conclude

1 l—et S 1—40.
Et

20+20)\1—¢,
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We are now ready to prove the claim

(Del0gl=| Y DD+ (W'log)| 2

x€S x€S

DLDE| - (W'|ds)|

(by reverse triangle inequality)

>| ) \/DLDY| - [(W'|)]

x€eS$
> 1- 26— [(P'|g))| (using Eq.(5-36))
>1-26 26— ||lwy|| = 1-5006

(using Eq. (518))

where the penultimate inequality used (W’'|®g) <|||W’)||< 306 from Eq. (5.18).

Case II: Algorithm [6| outputs ‘no’ in the tth iteration. Recall that xy = In(2 -
1/(QT?)) and x; = In(1/(QT?)). Using Eq. (5.12) and 0 <& < ] = 1/(QT?), we have

Z ’5};“]_)};“

x€S

Z Diexp(—ajc(x)h;(x )+K[h( )ic(x)])_ Diexp(—a,c(x)h(x) + ki, (x)ec(x)])

2(1+2/(QT2) /e l( (1 —F;)e ko 4 etk
1 1 1/2 _
= : . . -} Dlexp(—ajc(x)h(x)+x
2(1+2/(QT2)\el(1 - ¢)) <1—’e:>e—af+xo+aeat+m) ZS P K aet)
(@ —E't)e_“;ﬁ”fo +ae“;+’<1 )1/2 . Y oxes 5; exp(—ajc(x)hy(x) + K[ht(x):tc(x)])
2(1+2/(QT2)) el (1 —¢]) (1—F)e %0 + e tr

(2-1/(QT?)- (1 -&)e % + (1/(QT?)) - Fe% )“2
2(1 +2/(QT2)\e (1 —¢))

x€S

™ | ™M

~ 1 1) 1-g (1 ) N3
“\+2/1Q12)° _2QT2)'1—6£+(2QT2 7)) - 2QT?”
(5.37)

The first equality used Eq. (5.12) and Eq. (5.29), the fourth equality used the mod-
ified distribution update in Eq. (5.12) to conclude

) Diexp(-ajc(x)h(x)+ Kippwep) = ) Diexp(—aj+xp)+ ) Diexp(aj+ixo)
xe$ x:hy(x)=c(x) x:hy(x)#c(x)
=(1-5) . e~ tKo +fé-t_eat’+1<1_

and the last inequality used the lower bound on Y ¢ D% in Claim 4.3 (Case II). We
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are now ready to prove the claim

(@el0) > | \/DEDE| - [(w'lg)|

xeS
3 , .
> 1= 557~ [(v109)] (using Eq.(5.37))
3 :
>1- W - |||\Il )
3 3

5 ]
>1— — 2 >1-—— =1-500.
= 72072 QTZT QT2

(using Eq. and 6 = 1/(10QT?))

This concludes the proof of the claim. O

The proofs of these three claims conclude the description of the quantum

boosting algorithm. It remains to prove the correctness of the algorithm.

5.5.4 Proof of correctness

Output of quantum algorithm. After T rounds, the algorithm computes si, et 6}
and outputs a hypothesis H which is a weighted combination of the weak hypothe-
ses {hy,---,h7} obtained after T rounds of boosting. The final hypotheses H is then
given by

MH

H(x) =sign( ) ajhy(x)),
t=1
1-¢;
e

where a; = %ln(

) is the weight obtained in the tth iteration.

Probability of outputting H. We now bound the probability of failure of the
quantum boosting algorithm in obtaining the strong hypothesis H. The first source
of error is due to amplitude amplification in step (4) of the boosting algorithm,
which fails with probability < % The second error is due to the quantum weak
learner failing to output a weak hypothesis in step (5), whose probability is < %
The third source of error is in estimating €; in step (8), the probability of failure in
estimating &; is < 106/T = O(1/(QT?)) (since we set 6 = 1/(10QT?)). By applying
a union bound over the T iterations and all three failure events, we ensure that
the overall failure probability of outputting H at the end of our quantum boosting
algorithm is an arbitrary constant at most 1/3 (with a constant overhead in the

complexity).
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It remains to argue that the training error of H is < 1/10, i.e., H(x) = c(x) for
9/10 of the (x,¢c(x))s in S. To prove this, we analyze the training error of H with re-
spect to the uniform distribution D' as follows. We break the proof of correctness
into two cases and argue separately. In fact in the first case we will argue that H
has zero training error and in the second case we will show the training error of H
is at most 1/10.

Case I: Suppose Algorithm [6| outputs ‘yes’ for every t € [T]. This case corre-
sponds to the setting where each weighted error &; is estimated by an ¢; such that

le; — €/|< d¢; for every iteration of the quantum boosting algorithm. In this case

Bty 2 D) [e it =) D'Wexp(—ectoaihl) o s
Z; e  otherwise Z;
where Z/ = 2(1 + 20)+/¢;(1 — €;). By definition, we obtain
T ) )
DT (x) = D! (x)- l_[ exp (— C(X,)Oltht(x)) _ D!(x)exp (- C(Tx) : ’Zthl atht(x))’
t=1 Zi 112,
(5.39)

where the second equality used D' = D! which is the uniform distribution. We

now upper bound the training error under the distribution D'

T
xflgl[H(x) = c(x)] = xggl [sign( ;at'ht(x)) # c(x)]
T
< ngl [exp( - ;a{ht(x) : c(x))]
M T M
= ) D'(xiexp(—c(x) ) _ah(x))=) D" (x)IL z/<T], 7,
io1 =1 i=1

(5.40)

where the first equality used the definition of H(x) = sign(ZtT:1 ajhy(x)), the first
inequality used [sign(z) # y] < e7*? for z € R,y € {-1,1}, the final equality used
Eq. (5.39) and the final inequality used the fact that DT*! is a sub-normalized

distribution (¥ . DI*! < 1). We are now in a stage to analyze the training error
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of H on D!,

T T
Pr [H(x) # c(x)] < ]_[z; =(1+26)7 ]_[ 2.Jel(l—¢))

t=1 t=1
(using Eq. (5.40) and definition of Z/)

} €. & . ~ , ,
< 2T 2\/1:5.<1_1+t5) (since [&; — &;|< O¢y)

|~

= I
T

<e®T[ J2vEM+28)1-5,(1-0))

|~ I
I

< e®T[ T2ve, + 40)(1 + 20)(1 — (&, — 45)(1 - 5))

(using [&; — /< 45)

T
<e®T| [24/e,(1-¢,) + 756
t=1
T
< 20T 2\/1/4_7t2+755 (since &; < 1/2-7)
t=1
T
_ 20T \/1 _ —756)
t=1
T
< o20T \/1 _ —750) (since Y <V for all t)

T
<exp (25T ~2 Z(yz - 755))
t=1

(since 1 +x < e* for x € R)
<exp(-2Ty?+16/(QT)), (since & = 1/(10QT?))

where we used Claim [4.4](Case I) in the third inequality to conclude |&; — &< 46.

In order to conclude the proof-of-correctness, note that for T = O((log M)/y?)
and for a sufficiently large constant in the O(-), the final upper bound on the ex-
pression is

P}gl[H(x) = c(x)] < 1/M.

Since D! is the uniform distribution over S, i.e., DI = 1/M for (x,c(x)) € S, this

implies that Pr,_pi1[H(x) = c(x)] = 0. Hence H has zero training error.

Case II: In this case, we assume that Algorithm[6loutputs ‘no’ in the first £ € [T
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rounds of the quantum boosting Algorithm We additionally assume that £ <
T/log(2VQT)-1, which is standard in AdaBoost for the following reason: suppose
the weighted errors of each of the first t € [¢] hypotheses satisfies ¢, < 1/QT? <
1/3 (which is the ‘no’ instance of Algorithm [6]), then observe that the resulting
learner is strong and we need not do boosting in the first place. Moreover, suppose
¢ > T/log(2VQT), then observe that the final hypothesis after the T rounds of

AdaBoost has training error at most 1/10 and we are again done:

~

T T

Pr [H(x) #c(x)] = Pr [sign( Zatht(x)) # c(x)] < ]_[Zt = HZ\/et(l — &)

~D1 ~D1
x~D x~D t=1 t=1 t=1

where the last equality used ¢ > T/log(2VQT) and T > log M.

So from here onwards we will assume ¢ < T/log(2v/QT) and still show that the
training error is at most 1/10. Note that for the first £ iterations, the distribution
follows the update rule, which defers from the standard AdaBoost update: for
every k € [{],

5§+1 —

Dy L @=1AQT2)eif hy(x) = e(x)
21+ 2/(QT2) Jel(1—ef)  |(1/QT?)e otherwise

D¥(x)exp (= a; - ()l (%) + K{py () c(x)

= - ,
Zy

(5.41)

where ¢, = 1/(QT?) and Z,=2(1+ 2/(QT?)) e (1 —¢;). Let kg =1In(2~ 1/(QT?))

and «; = In(1/(QT?)). In particular, observe that for every £ > 1, we have

. Dl ¢
(+1 _ X ’
D TN -exp( Z“h )-exp ;K[himmxn)- (5.42)
We bound the training error as follows:
T
1
Pr [H # el )_Diexp(—ctx))_aihu()
x€S =1
¢
ZDlexp —c(x Z ath (x) exp Z ahy(x
x€e$ =1 t=0+1

14Qur analysis also works when Algorithm@outputs ‘no’ for arbitrary ¢ rounds of the quantum
boosting algorithm instead of the first £ rounds.
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N

T

=[]z B exp(~cx) ) aihy(x))-exp( -

x€S t=0+1

4
= Z/ Zﬁxﬂl exp ( - ZK[hi(x):tC(X)])
=1

t=1 x€S§ j=

K[hi(X)#(X)])

|V[\’1c\
M

5
i

T T
<[ |zi-er*-) B <] |z @1,
t=1 x€eS t=1
where the second equality uses Eq. (5.42) (i.e., distribution update for ‘no’ in-
stances) and third equality uses Eq. (5.39) (i.e., distribution update for the ‘yes’

instances), the penultimate inequality uses exp(—x() < exp(—«;) < QT? (we re-

mark that this bound is very loose, since exp(xg) = O(1)) and the final inequality
uses the fact that D is a sub-normalized distribution by Claim Continuing to

upper bound the above expression, we get

Pr [H(x)=c(x)] < (QT*)| |2

x~D!

t=0+1

4
((QT2>"<1 +2/QT) [ 2y1@Qr2)-(1 - 1/<QT2>>)
t=1

T
-((1+25)T—" [ ]2 e;(1—e;))

t=0+1

9 T
S((QT2)€(1+2/(QT2))€]_[2/\/QT2)-((1+26)T‘€ [ ]2 e;(l—e;))
t=1

t=C+1
((2\/6T)f exp ((25)/(QT2)) —2(T-0)y?*+ (16T - 165)/(QT2))
(2v/QT) exp(-2(T - 0)y* +16/(QT))
<exp(26(In(2y/QT) + %) - 2Ty? +1),
where the second equality used

g 2(1+2/(QT?*)\/1/(QT?)- (1-1/(QT?)) fort<¢
2(1+26) e (1—¢f) fort>¢+1,

IA

IA

=
the third inequality used 1 + x < ¢* for x € R and the second factor
exp(—2(T -€)y* + (16T —16()/(QT?)),
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came from the upper bound of the training error derived in Case I with T replaced
by T—{ (recall that we had showed Pr,_p1[H(x) = c(x)] <1, Z/ < exp (- 2Ty +16/(QT))).
Finally, using £ < T/In(2v/QT) —1, we have

Pr [H(x) = c(x)] < exp(2€(In(2y/QT) + %) - 2Ty + 1)

x~D!
2T ). [T+ 2)— 2T
Sexp((ln(2 o7) 2) (In(2y/QT)+y°)-2Ty +1)
B ) 2Ty? 5 e 1
= exp(ZT — 2')/ — 21n(2VQT) + m — 2T7/ + 1) < 4QT2 < E,

where the final inequality used that Q, T = O(log M) are sufficiently large. Hence,

we have shown that H has training error at most 1/10.

5.5.5 Complexity of the algorithm

First we analyze the query complexity of the quantum boosting algorithm (where
the query complexity refers to the total number of queries made to the hypothesis-
oracles {Oy,..., Oy, }). We consider the complexity of the tth iteration: in phase 1,
the number of queries made to {h,...,h;_1} in order for the quantum weak learner
A to output the hypothesis &, is at most VMQ - t: the VM-factor comes from am-
plitude amplification and the application of the unitary W, : |0) — |®4) involves
Q(t — 1) queries for the Q copies of the input to the weak learner. An additional
Q(t - 1) queries to {hy,...,h;_;} are required while applying Oy, ,..., Oy, , to un-
compute the queries. In phase 2, the number of queries made during multiplicative
amplitude estimation in order to compute ¢, is VMQ¥?T3-t: the VM Q%2 T3-factor
is due to multiplicative amplitude estimation (in Lemma|5.5.2). Furthermore, each
application of F, : |0) — [1b¢) involves making t queries. Putting together the con-
tribution from both phases, the total query complexity of the quantum boosting

algorithm is

VMQ(t-1)+Q(t-1)+ VM Q¥?T3t = O(VMQ¥?T°> + VM QT?) = O(NMQ*?T?).

WMH
_

We now discuss the time complexity of the quantum boosting algorithm. We
begin by analyzing the time complexity of the tth iteration. Assuming that a quan-

tum RAM can prepare a uniform superposition \/Lﬁzxeﬂx,c(x)) using O(nlogM)
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gates, the time complexity of preparing the initial state ;) ® |P;)®€ is O(nQ)
In the second step, in order to prepare |,) ® |®,)®2, our quantum algorithm uses
O(Qt) quantum queries to {hy,...,h;_1} and this can be performed in time O(Qt).
The third step involves updating the registers from D' to D! which requires Q + 1
applications of the control unitary G;. Since there are t — 1 control qubits and
updating the distribution register is an arithmetic operation, the third step for

implementing O(Q) operations of G, can be performed in O(n>Qt) timem

In phase 1 of the quantum algorithm, we perform amplitude amplification
with the unitary Y2 2 which makes O(VMQ) calls to W; and W, !. This takes time
O(n*VMQt). Next, in order to uncompute the t — 1 quantum queries in the Q
copies, our algorithm uses O(nQt) time. The weak learner A takes as input Q
samples and outputs a hypothesis 4; in time O(n?Q). Note that we require the
quantum learner to output an oracle for h; instead of explicitly outputting a circuit
for h;.

In phase 2, the algorithm initially performs an arithmetic operation Y |x)|DL)|[,(x) =
c(x)]) — Zx€5|x)|5fc[ht(x) = c(x))I[hs(x) = ¢(x)]) using O(n) gates. Then a controlled
reflection operator V : [p)|0)|0) — |p)(ﬂ|0)+\/ﬁll))|sin_l (y/p)) is applied where
the operation [p)|0)|0) — |p)|0)|sin~! (v/p)) is an arithmetic process and uses O(n)
gates while the operation |p)|0)|sin~! (vp) — |p>(ﬂ|0)+ \/;_7|1))|sin_1 (+/P)) uses
one controlled rotation gate. The next step is phase estimation which involves ap-
plying QFT using O(n - logn) gates. The time required for amplitude estimation
in order to compute ¢ is O(VMQ¥?T3 . tn?): the VMQ¥?T3 calls are made to the
unitaries F;, I?t_l and each application of F, :]0) — ey requires O(n? - t) time. The

overall time complexity of the quantum algorithm is

T
Zo(nZ\/MQ”T% +n*VMQt +n?Qt) = O(n> VM Q¥ T?).

t=1

5.5.6 Reducing generalization error

In the previous section, we showed that our quantum boosting algorithm produces

a hypothesis H that has training error 1/10 over the training set {(x;, c(x;))}ic[m),

15As we mentioned earlier, we could also assume that a quantum learner has access to the uni-
form quantum examples VLMZXGSL’X,C(X)), in which case we do not need to assume a quantum
RAM.

16 A quantum circuit can perform arithmetic operations with the same time complexity as a
Boolean circuit [Kit95].
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where (x;, c(x;)) was sampled according to the unknown distribution D. Now we
consider Stage (2) of the algorithm. Recall that the goal of our quantum boosting
algorithm is to output a hypothesis H : {0,1}" — {-1,1} that satisfies

lzrD[H(x) =c(x)]>1-1. (5.43)

A priori, it is unclear if the output of the quantum boosting algorithm H satis-
fies Eq. (5.43). However, we saw in Theorem [5.4.1]that as long as M, i.e., the num-
ber of training examples (given as input to the quantum boosting algorithm) is
large enough, then not only does H has zero training error, but it also ensures small
generalization error, i.e., H also satisfies Eq. (5.43)). In particular, Stage (2) of classi-
cal AdaBoost simply uses Theorem to argue that: suppose the training error
of H is 0, then the generalization error of H is at most 1 as long as M > O(VC(C)/n?).
Using Theorem we can now prove our main theorem:

Theorem 5.5.6 (Complexity of Quantum Boosting algorithm) Fix n > 0 and y >
0. Let C = U,>1C,, be a concept class and A be a y-weak quantum PAC algorithm for
C that takes time Q(C). Let n > 1, D :{0,1}* — [0,1] be an unknown distribution and

c €C,, be the unknown target concept. Let
_[vee) log(ve(e)/y?)
r? n’ '
Suppose we run Algorithm @for T > ((logM)-log(1/5))/(2y?) rounds, then with prob-
ability > 1 — 6 (over the randomness of the algorithm), we obtain a hypothesis H that

M

has training error 1/10 and generalization error

Iz%[H(x) #=c(x)] <1/10 + 4.

Moreover, the time complexity of the quantum boosting algorithm is

To = O(n*VMQ(C)¥?T®) = G(L(C)

2
.Q(C)¥? % -polylog(l/é)). (5.44)

Picking 1 = 1/10 we get that H has generalization error at most 1/5. Recall that
the complexity of classical AdaBoost using Theorem is

Te = 6( VO Ry %1og(1/5)).

2 Y
In comparison, T, is quadratically better than T¢ in terms of the VC dimension of
the concept class C and 1/#. Additionally, we could potentially have Q(C) < R(C)

98



since the the quantum time complexity of a weak learner can be much less than
the classical time complexity of learning a concept class as exhibited by [SG04]

(under computational assumptions).
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Chapter 6

Conclusions

We have studied three questions that are important for understanding the advan-
tages and limitations of learning models in quantum computation and quantum
control. First, in Chapter 3} we have investigated the problem of finding the opti-
mal time required to implement an arbitrary unitary transformation, and provided
a constructive approach for building a general unitary operation. The ability to
build low-depth unitary operations in polynomial time can be a stepping stone
towards developing NISQ devices [Prel8]]. We have demonstrated two distinct ap-
proaches based on a sequential application of Hamiltonian operations for realiz-
ing unitary transformations in SU(d). In the non-infinitesimal method under cer-
tain assumptions, the evolution times of the Hamiltonians are systematically con-
trolled in order to reach any unitary with a desired accuracy in time O(d?/¢) while
the complexity is slightly worse for the infinitesimal approach. The Solovay-Kitaev
theorem shows that any unitary in SU(d) can be approximated to a desired accu-
racy € with O(d? - polylog(1/¢)) elementary one and two qubit gates [DN05]. We
have demonstrated that the non-infinitesimal technique achieves the same time
complexity O(d?) as the Solovay-Kitaev algorithm to construct an arbitrary uni-
tary operation. We remark there is no relation in between ¢ and &. The primary
difference between the infinitesimal and non-infinitesimal approaches is that the
infinitesimal method requires the construction of higher-order nested commuta-
tors to build a unitary operation in SU(d). In contrast, the non-infinitesimal ap-
proach generates all basis elements in the Lie algebra su(d) within the first order.
This implies we can follow any direction in the space of unitaries by varying the
parameters £, 7 to the first order. A drawback of the infinitesimal approach is one

needs to escape higher-order saddle points of a complex landscape to achieve a de-
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sired unitary transformation. In contrast, the non-infinitesimal method provides
a direct way for finding optimal solutions in the vicinity of the identity transfor-
mation. A further remark is the non-infinitesimal method can build any unitary

in SU(d) which is not possible with the infinitesimal approach.

Second, in Chapter |4} we follow up on the results of Chapter 3| by applying
methods of gradient descent to learn the optimal alternating operator sequences
required to implement a given unitary. Where in Chapter 3| we argued that the
number of required terms in that sequence was O(d?), in Chapter |4, our numerical
results indicate that the number of terms required is exactly d2. We have investi-
gated the difficulty of learning Haar random unitaries in U(d) using parameterized
alternating operator sequences. We have provided a detailed numerical analysis
of the hardness of obtaining the optimal control parameters in an alternating op-
erator sequence for learning both arbitrary unitaries and shallow depth unitaries
using gradient descent optimization. For learning a Haar random target unitary in
d dimensions to a desired accuracy, we find that gradient descent requires at least
d? parameters in an alternating operator sequence. When there are fewer than
d? parameters in the sequence, gradient descent converges to an undesirable lo-
cal minimum of the loss function landscape which cannot be escaped with further
gradient descent steps. This is true even for learning shallow-depth alternating
operator target unitaries which are the alternating operator analogue of shallow
depth quantum circuits. Gradient descent methods generally guarantee conver-
gence only in convex spaces. The loss function landscape for unitaries is highly
non-convex, and when we began this investigation, we did not know whether gra-
dient descent on 2K > d? parameters in the landscape would succeed in the search
for a global minimum. Indeed, we expected that gradient descent would not al-
ways converge. However, in contrast to our initial expectations, we find that when
the number of parameters in the loss function landscape is 2K > d?, gradient de-
scent always converges to an optimal global minimum in the landscape. At the
critical value of 2K = d? parameters, we observe a computational phase transition

characterized by a power law convergence to the global optimum.

In Chapter |5, we asked whether a quantum computer can convert a weak
learning quantum algorithm into a strong learning quantum algorithm, and showed
that a quantum computer can perform quadratically better (in some parameters
of the algorithm including the VC dimension) than classical AdaBoost. We re-

mark that the VC dimension could potentially be exponential in n for some concept
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classes whereas 1/y is poly(n) in AdaBoost. Additionally, our quantum boosting
algorithm provides a quadratic improvement in the parameter 1 which is the gen-
eralization error of the final strong hypothesis. We have introduced a classical
robust boosting algorithm which can be faster than AdaBoost. To the best of our
knowledge, our robust boosting framework is the first boosting algorithm that can
beat the time complexity of AdaBoost. We conclude by providing a discussion on
future work in Section and discuss the outlook of learning models in paving
the way for new directions in the interface of physics and computer science in
Section

6.1 Future Work

A general future goal would be to use the techniques introduced in the above three
chapters and develop quantum learning algorithms for a noisy quantum computer
that can accurately compute a physical quantity, with high probability, from the
training data. For example, can a quantum computer be trained to classify differ-
ent topological phases of quantum matter? Can a quantum learner be trained with
input data corrupted with noise and still perform well on test data? In order to ad-
dress these questions, we need to focus on resolving the issues which can provide

insights about problems of more general interest.

* We found that both the infinitesimal and non-infinitesimal methods can gen-
erate directions in the unitary manifold that are either nested commutators
or their linear combinations which is a Lie polynomial. An interesting ques-
tion in this direction is to determine the hardness of building unitary oper-
ations generated by the polynomials A"B" + B"A"™ where A, B are bounded
hermitian matrices and m,n > 0. This is intrinsically related to the question
of Hamiltonian complexity for simulating time-evolution of physical systems
where the dynamics is governed by the operator A”B" + B"A™. We have also
left open the analysis of the sensitivity of our constructive approaches in the
presence of experimental noise. This is important since we can implement
the Hamiltonians A, B and their time evolutions £, 7 with a finite precision
in the laboratory. A more ambitious project is to develop a constructive ap-
proach (using a sequential application of non-commuting Hamiltonians) to
build any unitary in time O(d? - polylog(1/¢)). Can we improve the complex-

ity of the accuracy ¢ in the infinitesimal or non-infinitesimal approach?
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* Near-term quantum devices can perform computations using shallow depth
quantum circuits. This stimulates the study of learning shallow depth tar-
get unitaries with parameterized circuits composed of local operations using
gradient descent. A quantum circuit composed of Clifford (CNOT, Hadamard
and phase gates) and T gates can perform an arbitrary unitary operation. It
would be interesting to study the hardness of the learnability of target uni-
taries consisting of Clifford gates and a small number of T gates with an alter-
nating operator sequence using gradient descent. Another promising avenue
is to investigate the distribution of local critical points and saddle points in

the landscape of the loss function of unitary manifolds [CHM™15].

* Recently, there has been a lot of interest in understanding the time complex-
ity or the circuit depth (where the circuit is composed of a pair of quantum
alternating operators applied sequentially) of simulating physical states such
as ground states of a Hamiltonian [WMS20]. A comprehensive study of sim-
ulating symmetry constrained physical states using low depth circuits is of
central interest to the quantum information community. For example, in-
stead of considering the learnability of a Haar random target unitary as dis-
cussed in the thesis, the goal is to study the learnability of matrix product
states or tensor network states (such states have entanglement constraints
and symmetry constraints as well) [Oral9l]. The immediate question that
arises is, what is the minimum number of parameters required in an alternat-
ing operator sequence for learning matrix product states or tensor network
states? Can we learn local unitaries using poly-logarithmic number of pa-
rameters in an alternating operator sequence where the generators A, B com-
prises of one and two-qubit local Hamiltonians? In particular, can we drive
an initial state to a desired physical state using alternating applications of

the Ising and single qubit Pauli o, Hamiltonians?

* There are a few interesting questions that need to be addressed to improve
the performance of our quantum boosting algorithm. We believe that there
should be a Q(VVC) lower bound on the time complexity of quantum boost-
ing. We have left open the search for a lower bound on the quantum time
complexity in this thesis and further work is required to prove that Q(vVVC)is
the optimal lower bound. Furthermore, it would be interesting to find the op-
timal lower bound on the time complexity in terms of the factor 1/y. The de-

pendence on 1/y in the quantum time complexity is not favorable. Although,
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this is a shortcoming of our techniques, we strongly believe (like many other
optimization algorithms in quantum computing) that future works can im-
prove the dependence and maybe even improve upon the 1/y* classical com-
plexity. There is indeed a large body of work left to be done in this direction
since it would be interesting to see if recent results of Alon et al. [AGHM20]]
can be used to improve the 1/y dependence. This stimulates the question,
can we improve the polynomial dependence on 1/y in the quantum time
complexity of boosting? Can we use the quantum boosting algorithm to
improve the complexities of various quantum algorithms that use classical
AdaBoost to amplify the performance of a weak quantum algorithm? Is
it possible to find practically relevant concept classes which have large VC
dimension for which our quantum boosting algorithm gives a large quan-
tum speedup? Since near term quantum computers would be noisy and er-
ror prone, is it possible to replace the quantum phase estimation step in our
quantum boosting algorithm by variational techniques developed by Peruzzo
et al. [PMS™14Db]? Is there an application to bandit optimization [SIi19] using

our techniques? Our work is the first step in this direction.

Our quantum boosting algorithm is designed to learn a concept class com-
prising of Boolean valued functions, i.e., our work shows how to convert a
weak Boolean learner into a strong Boolean learner. In future works, we
aim to extend our quantum boosting algorithm to quantize real AdaBoost
[ES97), Kég03]], multi-class AdaBoost [DB95| [FS97] and probabilistic Aba-
boost [Gro06]. Suppose the goal is to learn the expectation values of mea-
surements performed on a quantum state, such as in quantum state tomog-
raphy. The problem is to show that the real quantum boosting algorithm
(or quantum real AbaBoost) can improve the time complexity of learning a
quantum state in Aaronson’s state tomography setting [Aar07]. Another in-
teresting avenue to explore is when the training examples in AdaBoost are
corrupted with classification noise. A no-go theorem in machine learning
states that a weak learner cannot be boosted to a strong learner using noisy
training data [LS08]]. In the quantum setting, the task would be to show that,
given noisy quantum examples, one can still convert a quantum weak learner

into a strong learner.
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6.2 Outlook

Learning models in computer science have enjoyed tremendous success in the past
couple of decades. The PAC learning framework of Valiant [Val84] conclusively
settled the question, “what does it mean for a machine to learn?”. Further progress
in machine learning such as Empirical Risk Minimization (ERM) and Structural
Risk Minimization (SRM) provided a thorough understanding of the question,
“how can a machine learn?”. The task of a learning model or a learning algo-
rithm is to enable a machine detect interesting patterns in data. In the real world,
we often have to extract information from large data sets which might not be fea-
sible for a human programmer. It is important to note that the patterns in large
data sets can be extremely complicated and a human or a traditional computer
would require enormous amounts of resources (which is impractical) to accom-
plish the tasks. However, the works of Valiant and other researchers have shown
that machine learning techniques can equip computer programs with the ability
to learn and adapt and adapt and learn with favorable amount of resources. In this
age, our lives are deeply associated with machine learning based technology: our
smartphones are endowed with face detection tools and intelligent personal as-
sistance applications, cars are facilitated with safe driving machine learning soft-
wares, credit cards are enabled with algorithms that learn to detect fraudulent

activities and many more.

The work of Bshouty and Jackson [BJ99] commenced the study of learning
models in the context of a quantum advantage. Their work sparked a lot of interest
in how quantum principles can be utilized to obtain a speedup over classical ma-
chine learning models. Recent results in machine learning have been promising to
understand the properties of quantum many-body systems [GPA"18], analyze data
in particle physics [Boul9]] and astronomy [Bar19]]. The union of computer science
and physics has opened new directions of research and it is important to develop a
rigorous understanding of the advantages and limitations of various quantum and
classical learning models. In the near future, machine learning techniques will

have a deeper impact in how we study basic sciences, either theoretical or applied.
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Appendix A

Free Lie Algebra

The contents of this appendix is standard literature [Reu01), Bac01}, BP07, GK17].
For the sake of completeness, we define a free Lie algebra that has been previously

studied in the literature in the context of out-of-time-ordered correlators (OTOCs)
[HLNR17] and in relation to Maxwell algebra [GK17].

A free Lie algebra L(X) is the maximal Lie algebra that can be constructed over
a generating set {X,} where a = 1,2,..,g such that skew symmetry and Jacobi iden-
tity holds. Since the generators do not satisfy any additional imposed relations, the
free Lie algebra is infinite dimensional and it is the linear space spanned by nested
commutators of the form [X,, [Xa],, [...[X4,Xg,]]...]. The homogeneous part of de-
gree k of the free Lie algebra refers to a free Lie subalgebra that is spanned by k-th
degree nested commutators. For example, the free Lie subalgebra spanned by all

commutators of the form [X,, X, ] is a space of dimension g(g—1)/2.

Definition. A free Lie algebra L on a set X is a Lie algebra with a mappingi: X — L
that satisfies the following universal property. For every Lie algebra M with the
mapping g : X — M, there exists a unique Lie algebra homomorphism G: L - M
such that g=Goi.

A general property of the map G when |X| = dim(M), G is surjective. One
can prove that there exists a unique free Lie algebra L generated by a set X. The
basis elements of a free Lie algebra L can be constructed in terms of Lyndon words
which gives the Lyndon basis. Lyndon words have wide ranging applications in

algebra and combinatorics.
Definition. A Lyndon word is a primitive word which is strictly smaller than all
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its non trivial cyclic rotations.

For example, the Lyndon words for the two-symbol binary alphabet {a,b} sorted

by length and then lexicographically forms an infinite sequence given by,

{a,b},{ab},{aab,abb},{aaab,aabb,abbb},{aaaab, aaabb,aabab,aabbb,ababb, abbbb},...
(A.1)

The number of Lyndon words of length k on g symbols is given by the Witt
formula. A Lyndon word u that is not a letter has the following property of being
expressed as u = vw where v,w are Lyndon words with v < w lexicographically.
In general, this is not a unique factorisation since, for example, (a)(abb) = (aab)(b).
However there is a unique factorisation of a Lyndon word u as a product of two
Lyndon words v, w with v < w termed as the standard factorisation. An important

theorem in this context is given below.

Theorem.(Chen-Fox-Lyndon) If w is lexicographically the smallest proper suffix

of a Lyndon word u = vw, then v and w are also Lyndon words such that v < w.

The standard factorisation of a Lyndon word is obtained by selecting w to be the
lexicographically least proper suffix of u which is also the longest proper suffix of u
that is a Lyndon word. In the above example, (a)(abb) is the standard factorisation

of u = aabb.

There exists a bijection M from the set of Lyndon words to the basis elements
of a free Lie algebra. M is defined as follows. If the word u is a letter, then
M(u) = u. When the length of u is greater than or equal to two, then by standard
factorisation, u = vw for Lyndon words v,w and w being the longest possible suffix.
Thus M(u) = [M(v), M(w)]. For example, the standard factorisation (a)(ababb) of
the Lyndon word aababb can be mapped to the commutator [a,[[a, b],[[a, 1], b]]].

It is evident that the basis elements of free Lie algebra L are homogeneous
polynomials in the elements of the generating set X. The free Lie algebra vector
space can be expressed as a direct sum of graded Lie algebras given by,

L:@Lk:Ll@Lz@... (A.2)

k>0
where L, is a g-dimensional vector space spanned by the elements of X with |X|=4.
The vector space L, is spanned by commutators of the form [X,, X, | with the cor-
responding dimension equals g(q —1)/2. L, can also be expressed as [L1,L;]. Tech-

nically, L, is referred to as the exterior square of L;. Notice that this holds true for
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any arbitrary k > 0,
Lir1 =Ly, Ly ] (A.3)

By the definition of graded Lie algebras, we have the following relation [Ly,L;/] C
Ly,’- An important property of any subalgebra of a free Lie algebra is due to
Shirsov and Witt.

Theorem.(Shirshov-Witt) Any Lie subalgebra of a free Lie algebra is a free Lie
algebra.

This is an analogue of the Nielsen-Schreier theorem in group theory which states

that every subgroup of a free group is free.
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Appendix B

PLI Nested Commutators

In this appendix, we have tabulated the linearly independent nested commu-

tators for random matrices A and B in su(d).

Order Commutators Linearly Independent Noin
1 A, B A,B
2 [A,B] [A,B] 4
3 [A,[A,B]], [B,[AB]] [A,[A,B]], [B,[A,B]] 8
1 [A[A[AB]]], [B,[B,[A,B]]], [A[A[AB]]], [B,[B,[A,B]]], 12
[A,[B,[AB]]], [B,[A,[A,B]] [A,[B,[AB]]]
[A[A[A[A,B]]]], [B,[B,[B,[A,B]]]],
[A,[B,[A,[A,B]]]], [B,[A,[B,[AB]]]], | [A[A,[A[A,B]]]], [B,[B,[B,[A,B]]]],
5 [A[A[B,[AB]]]], [B,[B,[A[AB]]]], | [A[A,[B,[AB]]]], [B,[B,[A,[AB]]]], | ~18
[B,[A[A[AB]]]], [A[B,[B,[AB]]]], | [B.[A,[A,[AB]]]], [A,[B,[B,[A,B]]]]
[[A,BLIA,[A,B]]], [[A,BL[B,[A,B]]]

Table B.1: The first column represents the order of the Taylor expansion of Eq. (3.1), the
second column includes all possible commutators for a given order k, the third column
indicates the linearly independent commutators and the fourth column specifies the
minimum number of parameters N,,;,, required to exponentiate a k-th degree nested
commutator.
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Appendix C

Experiments using Adam optimizer
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Figure C.1: a) Experiments using Adam gradient descent for a Haar random target
unitary U. b) Experiments using the Adam optimizer for a low-depth target unitary ¢/ of
dimension 32 with 8 parameters (N=4).

In addition to performing optimization using simple (vanilla) gradient de-
scent, we performed optimization using the Adam optimizer [KB15], a common
optimization method used in deep learning. Adaptive Moment Estimation or
Adam is an upgrade of the simple gradient descent algorithm where parameters
are assigned different learning rate which are adaptively computed in every itera-
tion of the algorithm. These updates are solely computed from first order gradi-
ents. In contrast, the learning rate is fixed for each parameter in simple gradient
descent. For more on the Adam optimizer, the reader is referred to [KB15]]. The
final loss obtained for learning unitary matrices using the Adam optimizer was

consistent with those obtained from simple gradient descent. However, the Adam
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Figure C.2: a) Simple gradient descent experiments for a target unitary ¢/ of dimension
32 with 8 parameters (N=4). b) Value of the loss function after convergence with 10,000
steps of simple gradient descent. Experiments were performed for ¢/ of dimension 32
with various number of parameters.

optimizer appears to converge to a final outcome in far fewer steps. The results
of our experiments are provided in Fig. (C.1). A comparison between the perfor-
mance of simple and Adam gradient descent can be observed from Fig. (C.1) and

Fig. (C.2).

C.1 Ciritical points in the under-parameterized mod-
els

When learning target unitaries using alternating operator sequences with d?
parameters or more, gradient descent converges to a global minimum of the loss
function landscape. When learning with under-parameterized models, we find
that gradient descent plateaus at a non-zero loss function value. In the under-
parameterized setting, we further explore how the loss function changes over the
course of gradient descent by investigating the magnitude of the gradients. In the
under-parameterized setting, we find that the magnitude of the gradients can both
increase and decrease over the course of gradient descent, suggesting that the path
of gradient descent passes in the vicinity of saddle points in the loss landscape.
In the over-parameterized setting, the magnitudes of the gradients monotonically
decrease with increasing gradient descent steps, suggesting that in this case, the
path of gradient descent does not explore saddle points. The results of our findings

are presented in Fig. (C.3).
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parameter setting, a single experiment was performed which has been plotted here.
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