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Abstract

Auctions are a major field of interest in game theory and in the wider mi-

croeconomics area, reflected by recognitions such as Nobel prizes to William

Vickrey and Paul Milgrom. The algorithmic game theory literature too pro-

vides discussion of a wide range of different auction settings. But real-life

markets are rarely comprised of a single monopolist facing buyers without

alternative. We therefore explore market intermediation, in which we aim

to match buyers and sellers to achieve some objective. While auctions have

been well-explored in manifold variations, intermediation has received less

attention in the literature.

We aim to move beyond the independent, single-unit case and explore the

limits of what can be achieved in more complex scenarios. In the first part,

we look at a correlated-priors setting. We show that the revenue-optimal

mechanism for this can be computed using a polynomial-time algorithm for

one buyer and one seller. For two or more buyers we show that this problem

is NP-hard, in contrast, but that truthful-in-expectation mechanisms can be

computed using an LP in polynomial time for fixed number of buyers and

sellers. In this setting we further discuss how market intermediation relates

to classical auctions, as well as reverse auctions. Further motivating our

results, we show that our discussion of market intermediation can lead back

to useful results for both of these settings, giving an improved algorithm for

the optimal two-bidder auction, and showing for the first time that a reverse

auction behaves differently than an auction.

In the second part, we consider an online intermediation setting, in which



the market maker encounters an unknown sequence of buyers and sellers one

at a time, with knowledge of their independent priors. We explore this from

the point of view of online algorithms and competitive analysis, comparing

against an offline adversary who knows the buyer-seller sequence in advance.

For the general case, we show that the competitive ratio of the intermediary’s

revenue grows as the square root of the number of buyers and sellers. In

contrast, we consider two settings with natural restrictions; one in which the

sequence is balanced, and one in which there is an upper limit on the number

of items the intermediary is allowed to hold at any one time. For both these

settings we show that the competitive ratio is constant.

Finally, in the third part we explore multi-unit intermediation. In this,

we consider one seller and one buyer each having concave valuation of a

number of items. The intermediary’s aim will be to maximise welfare, while

maintaining budget balance. This setting has been explored for the single-

item case, along with simple reductions for divisible goods to that case. We

will give a strong characterisation result as well as approximation guarantees

for the multi-unit case.
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Part 1

Introduction

1.1 Introduction

Auctions are a major field of interest in game theory and in the wider mi-

croeconomics area, reflected by recognitions such as Nobel prizes to William

Vickrey and Paul Milgrom. With an increasing focus on decentralised sys-

tems, auctions and broader mechanism design questions have increasingly

been of interest in Computer Science as well. The algorithmic game theory

literature provides discussion of a wide range of different auction settings,

with sponsored search auctions perhaps one of the most prominent exam-

ples. Mobile spectrum auctions as well have been studied in much detail,

and more recently attention has been given to a variety of mechanism design

problems related to cloud computing, shared economy settings, electronic

commerce, and many others.

But the reality is rarely as one-sided as the plain auction model assumes.

Few settings are imaginable where an auctioneer is naturally endowed with
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an item to begin with — usually, they have to acquire it themselves first. And

even in situations where that is sometimes the case things don’t always end

there: In the aforementioned case of spectrum auctions, for instance, recent

developments have moved toward reallocating spectrum from one licensee to

another.

The aim of this thesis is therefore to explore a more general, two-sided

market intermediation model, in which an auctioneer faces both buyers and

sellers, and aims to facilitate trade. Examples of such settings are ample in

the real world, with a wide range of subtly different variations. Consider an

electronic marketplace such as eBay, or an online retailer such as Amazon.

Both ultimately intermediate between suppliers and customers, though the

mechanisms they employ are rather different, and our exposition will aim

to capture several different aspects of intermediation. Amazon in particular

is a curious case: It is both a classical online shop, buying stock and then

later acting as seller toward its customers, as well as a market maker in

its “Marketplace” incarnation, where it provides a platform for third-party

sellers to interact with buyers. But both of these are intermediation: The

difference merely being whether Amazon take ownership of the item first to

sell on later, or whether supplier and customer are matched directly.

The simplest setting we will consider is the intermediation analogue of

a single-item auction. This has been studied for independent priors [99],

and we therefore focus on the correlated case. In this model, a market maker

brings seller and buyer together, and runs a simultaneous double auction with

both. We will later link this setting to the well-explored single-item auction,

before we move on to more complex models. We then consider an online
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variant, where an intermediary faces a sequence of sellers and buyers, and

must decide when to buy and sell items, and at which prices, not knowing

the future sequence. Lastly we focus on a multi-unit setting, and welfare

maximisation.

Together these will help to illuminate some of the key facets of market

intermediation, as well as pose questions of broad relevance to the mechanism

design field.

1.2 Background and General Literature Re-

view

Background & Context

The rise of the Internet and the development of the World Wide Web have

gone hand in hand with a fundamental transformation of computer science

research in the past two decades. The most dramatic paradigm shift is that

from monolithic systems designed, operated and controlled by single organi-

sations to decentralised systems shared by many self-interested participants.

This change has given rise to the field of Algorithmic Game Theory, the study

of decision-making of strategic agents from a computational point of view.

Applications of computer science arguments to game theoretic problems have

led to a number of novel strands of research in this area, from questions of

computational tractability to worst-case performance guarantees of equilibria

concepts.

Within game theory, mechanism design is one of the most actively re-
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searched areas of enquiry, underscored by the award of the 2007 Nobel prize

in economics to pioneers Myerson, Maskin and Hurwicz. Mechanism de-

sign deals with the development of robust social choice protocols involving

strategic participants. In an era of decentralised routing, cloud computing

and peer to peer systems, applications of algorithmic mechanism design re-

sults feature in many essential computing technologies. Relevant settings

are manifold within modern society, and increasingly common in areas of

inquest within computer science. They share in common a requirement for

the establishment of a protocol of conduct that incentivises self-interested

participants to act in a fashion that leads to a socially desirable outcome.

Applications of algorithmic game theory and mechanism design are di-

verse, and central to many novel developments underpinning the internet

era. As one of the most famous examples, Google’s rise to be one of the

most popular search engines might have been based on the efficacy of their

PageRank algorithm. However, the core of their business model of selling

advertisement space is based on the Generalised Second-Price auction. This

mechanism is unusual in that it is not truthful [53], and encourages bidders

to strategise.

Auctions in general are a main theme within mechanism design, and a

wealth of results in this area has focused for instance on approximately opti-

mal mechanisms for combinatorial auctions. A major real-world application

of these are allocations of wireless spectrum, as exemplified by frequency

auctions for 3G and more recently 4G LTE mobile phone spectrum licenses

[40, 72, 73]. The radio frequency spectrum is becoming increasingly con-

tested, and efficient allocation of licenses will be a major mathematical chal-
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lenge in the coming decades. More recent work [58, 59, 126, 127] has focused

on dynamic spectrum auctions, a novel approach that would allow spectrum

to be allocated as it was needed rather than ahead of time.

Another factor compounding the increased interest in algorithmic mecha-

nism design is the shift from brick-and-mortar operations to electronic com-

merce in many industries as well as the rise in online social networking as a

tool in everyday interaction. This has led to the creation of electronic mar-

kets in novel settings and is a major driver behind data-driven mechanism

design.

Nisan et al. [105] provide a thorough introduction to a wide variety of

applications of this field.

Algorithmic Game Theory

The increased interest in game theory within the computer science commu-

nity led to a focus on algorithmic aspects of the field. A number of notable

advances have been made using computer science techniques [105].

Firstly, a great deal of attention has been given to the computational

complexity of equilibrium concepts. Nash’s famous result [101, 100] is purely

non-constructive - it guarantees the existence of Nash equilibria, but does

not show how to reach or compute them. Daskalakis et al. [44] and Chen

and Deng [28] have shown that indeed even computing a Nash equilibrium

is computationally hard (it is PPAD-complete).

Secondly, in the spirit of traditional analysis of the performance of algo-

rithms, Koutsoupias and Papadimitriou [76, 77] have introduced the concept
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now known as the price of anarchy, a worst-case performance guarantee of

Nash equilibria solutions of games. This type of analysis has been particu-

larly successful in its application to routing games such as in [113] and many

others.

Thirdly, Nisan and Ronen [103, 104] have laid the foundations for algo-

rithmic mechanism design.

Algorithmic Mechanism Design

The general problem in mechanism design is as follows: We are faced with

a number of players, each of which has a piece of private information. As

a mechanism designer, we want to pick one of several potential outcomes

based on players’ private information. For instance, we may wish to allocate

items to those who value them most. However, players are self-interested,

and prefer some outcomes over others. They may thus misrepresent their

private information to us, in order to influence our decision making. (For

instance, they may claim they value an item more than they do.)

In algorithmic mechanism design, we view the decision making process as

an algorithm. We thus want to find an algorithm that takes as input the de-

clared private information from participants and computes an outcome or an

allocation x(.), usually together with an algorithm that computes payments

for each player pi(.). We may only care about the allocation, using payments

to implement incentives for players. Or vice versa; In the theory of optimal

auctions we are concerned with revenue maximisation, and use allocations

purely to incentivise bidders.
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One of the most important results in this context is the revelation prin-

ciple, which shows that arbitrary dominant-strategy mechanisms can be re-

duced to truthful ones via a black-box construction [64] [105, chapter 9].

Hence we need only consider truthful mechanisms, that is mechanisms in

which telling the truth is a dominant strategy for players. This greatly sim-

plifies our task by narrowing down our search space; Truthful mechanisms

furthermore are often desirable in practice, as they do not require players to

strategise. There is several different angles from which this problem can be

approached:

Firstly, given a social choice function or objective function, can we imple-

ment it in a (truthful) mechanism? If not, how close can we get? The major

result in auction theory is that of the VCG mechanism developed by Vickrey,

Clarke and Groves [119, 33, 66]. This mechanism allocates items to bidders

who value them most, i.e. it implements the objective of social surplus (or

welfare) maximisation. Affine maximisers are a generalisation of this and

allow us to implement affine functions of bidders’ valuations. In general, an

exact implementation will not always be possible - in some settings we will

loose some efficiency compared to the optimal solution if we knew players

private information a priori. For truthful mechanisms, this leads to the ques-

tion of an approximation ratio, that is the ratio of the value of the outcome

achieved by a mechanism in the worst case to that of the optimal outcome.

The very question that started interest in algorithmic mechanism design,

the approximation ratio of scheduling unrelated machines, remains largely

unsolved to this day. This strategic version of the classical computer science

problem was first posed by Nisan and Ronen [103, 104], who showed that
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the standard VCG mechanism could achieve an approximation ratio of n

for n machines, and gave a lower bound of 2. A large body of research

has since focussed on the deterministic [31, 80, 4, 5, 82, 83, 6], randomised

[97, 90, 89, 88, 29] and fractional [31] cases, but a linear gap between upper

and lower bounds on the approximation ratio remains.

Secondly, in a given domain, since we know we need only consider truthful

mechanisms, a question of great interest is that of a characterisation of the

class of truthful mechanisms. In other words, what do the truthful mech-

anisms in a given setting look like? For the unrestricted domain, that is,

without any further structure on the space of outcomes, this has been an-

swered: Roberts [108] gave a characterisation via a global condition, and

showed that the implementable social choice rules are precisely the affine

maximisers: That is, functions of the form f(v) = argmaxj
∑

i λivij + βj.

This is a generalisation of the VCG mechanism, where we weight each of the

players with a positive multiplier λi and add a constant βj to each of the

outcomes.

Myerson’s [98] celebrated result showed that in single-parameter domains

an allocation rule is implementable if and only if it is monotone, i.e. an

agent’s allocation can only increase if they increase their bid. Saks and Yu

[115] later extended this result to any convex domain. Rochet [109] has gen-

eralised this further to a cyclic monotonicity condition. For cycles of length

two this reduces to the previous result. However, all of these conditions are

local to each of the players; Few results are known in terms of global char-

acterisations similar to Roberts’ result [108]. One notable exception worth

mentioning is the work of Vidali who gave a characterisation of the geometry

8



of truthful mechanisms [120] as well as some results on the aforementioned

hierarchy of domains and the extension of truthful mechanisms from domain

to superdomain [121]. In the case of scheduling, some progress has been

made for the case of two machines [32, 51].

Lastly, how do we compute an optimal mechanism for a specific instance?

In this view, we regard the mechanism design problem as a computational

one. The difference for us as the algorithm designer, compared to classical

algorithms questions, is that we do not know a priori the input. Again, we

do not need to reason about agent’s strategies, if we restrict ourselves to

truthful mechanisms. In doing so, truthfulness becomes an additional con-

straint in the optimisation problem we are facing. This is similar to issues

of computational complexity: There, polynomial runtime is often required

as an additional constraint; here, it is truthfulness, or often both. Hence

also the previous discussion on approximation ratio can be seen as a contin-

uation of the traditional inquiry into the approximation ratio of polynomial

time (or similar) algorithms. That computing the optimal mechanism in an

unrestricted setting is NP-complete was first shown by Conitzer and Sand-

holm [36]. Much research has since focused on understanding the complexity

of the optimal mechanism problem in more specified settings, for instance

single-parameter domains [47, 48]. Myerson’s result gives a computationally

easy way of computing the optimal single-bidder auction for independent

priors. More recent work has focused on more complex settings including

multiple-goods auctions [44, 43, 61, 62] as well as correlated priors [106, 50].
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Auctions and Markets

The concept of trade is one of the centrepieces of economic theory. From

the perspective of a seller (or buyer) this has been treated extensively in

auction theory, including the aforementioned seminal results by Myerson [98],

Vickery, Clarke and Groves [119, 33, 66], and others. The study of trade

from the perspective of the market perhaps goes back even further, with

results such as those of Walras’ tâtonnement process (or Walrasian auction)

for price-finding in perfect competition markets [122, 123]. Modern game-

theoretic research into this area started with Myerson and Satterthwaite [99],

who give both a strong negative result – no truthful, individually rational

mechanism can be both efficient and (even weakly) budget balanced – as

well as positive results extending Myerson’s result on auctions [98] to give a

revenue-optimal double auction for independent priors.

Given their negative result on social welfare, research in this area has

thus focused on mechanisms that satisfy some of the conditions above but

not others, or make further assumptions. Rustichini et al. [114] show that

the inefficiency disappears for many bidders. Cramton et al. [39] for instance

have shown a positive result when initial endowments are symmetric. One

of the key results on analysing market intermediation is by McAfee [92], who

gives an approximately efficient truthful mechanism for many traders. This

is further strengthened to a 2-approximation to the optimal gain from trade

in the Bayesian setting in [93].

The importance of this setting is further underlined when looking at it in

the larger context of market design. Research on supply chains [11, 12, 15,
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16, 124] or spatially distributed markets [13, 14], for instance, use bilateral

trade as a building block for more complex market design and analysis.

Our aim will be to investigate further several aspects of the market inter-

mediation setting. We will discuss further literature relevant to those specific

questions in the respective chapters of this thesis.

1.3 Preliminaries

With this background in mind, we now formally introduce game theory and

mechanism design, and then the specific setting we are interested in.

Introduction & Basics of Game Theory

A general game theory setting has two basic ingredients: One, a set of out-

comes ω ∈ Ω. Two, one or more strategic, self-interested agents i ∈ I.

That is, each agent has a preference over the outcomes, and a set of avail-

able strategies or actions. Players each choose a strategy si ∈ Si, and

an outcome ω occurs as a function of the chosen strategies, i.e. ω = ω(s).

(Throughout this thesis a boldface variable a shall denote a vector made of

components ai.) A set of actions might be “rock, paper, scissors” for each

of two players, and the set of outcomes could be “Player 1 wins”, “Draw”,

“Player 2 wins”. In this classic example, players’ preference is simply to

win. The rules of the game - paper beats rock, rock beats scissors, scissors

beat paper - define a mapping from a pair of chosen actions to the space

of outcomes. A pure strategy is simply a choice of one action; a mixed

or randomised strategy is a probability distribution over the set of actions
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for a player. By abuse of notation we will write si for both pure and mixed

strategies, unless the distinction is relevant. We will write s for the vector

or profile of all players’ strategies, and s−i for the strategies of all players

except i.

Preferences over outcomes could take several forms. In the most general,

an ordering over the space of outcomes would be enough to formalise the

notion of preference. This is generally thought to be the domain of social

choice. In contrast, in game theory we will take preferences to be cardinal.

That is, we assume if a particular outcome ω is realised, a player i will derive

a real-valued utility, value or payoff ui(ω). In words, we assume that agents

not only know “Do I prefer outcome ω1 over outcome ω2?”, but also “How

much do I prefer outcome ω1 over outcome ω2?” This allows us to capture, for

instance, the difference between a player who really wants to win, but doesn’t

mind too much between a draw and a loss; and one who really wants to avoid

a loss, but cares less about winning or a draw. When mixed strategies or other

sources of randomness are involved, we will generally assume players seek to

maximise their expected utility. We will sometimes omit the expectation

both in text and in formulas, when our intended meaning is clear.

The difficulty for players lies in choosing a strategy with the goal of achiev-

ing a preferred outcome (in expectation, in the worst case, etc.), knowing that

their opponent(s) will do the same. This has given rise to a multitude of so-

lution concepts for games. The most basic is that of dominant strategies.

For our purposes, we define this as follows: A strategy si for player i is said to

(weakly) dominate strategy s′i, if for any choice of strategies of the remain-

ing players s−i, si gives a better or equal outcome to player i than strategy s′i:
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ui(ω(si, s−i)) ≥ ui(ω(s′i, s−i)) ∀s−i. A strategy si is said to be a dominant

strategy if it dominates all other strategies of player i. A strategy profile s

is a dominant strategy equilibrium if all players’ strategies are dominant

strategies.

Definition 1 (Dominant strategies). A strategy si is called a dominant

strategy for player i, if for any choice of s−i,

ui(ω(si, s−i)) = max
s′i

ui(ω(s′i, s−i))

A strategy profile s is called a dominant strategy equilibrium, if for every

player i the strategy si is a dominant strategy for player i.

A dominant strategy equilibrium is by far the strongest solution concept

we will discuss. It has the clear advantage that it requires no counterfactual

reasoning about other players’ behaviour. But, it may not always be achiev-

able. Not all games have a dominant strategy equilibrium. The most widely

known, more general, solution concept is that of the Nash equilibrium.

A strategy profile s is called a Nash equilibrium if for every player i, their

strategy si is the best they could do given all other players’ strategies s−i; i.e.

if for every player i and every alternative strategy s′i, ui(si, s−i) ≥ ui(s
′
i, s−i).

Where the strategies are randomised, the same inequality shall hold in ex-

pectation. We will also say that si is a best response for player i given s−i.

For mixed strategies, this should hold for the respective expected utilities.

Notice that unlike in the dominant strategy equilibrium the other players’

strategies do matter in the Nash equilibrium. An advantage of the (possibly

mixed) Nash equilibrium is that for a significant class of games it is guaran-
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teed to exist - Nash’s famous result [101]. A disadvantage is that more than

one may exist. Further relaxations of this equilibrium concept are common

in the literature, such as correlated and coarse correlated equilibria, but of

less relevance for our purposes.

Definition 2 (Nash equilibrium). A strategy si is called a best response

strategy for player i given s−i, if

ui(ω(si, s−i)) = max
s′i

ui(ω(s′i, s−i))

A strategy profile s is called a Nash equilibrium, if for every player i the

strategy si is a best response strategy for player i given s−i.

If all of the information is public and known to all players, we have a

so-called complete information game. More commonly we will encounter an

incomplete information setting. In this, we assume players possess some

private information, their type ti. For instance, this may be their utility

function. Players’ strategies will now depend on their type: A player will

play differently depending on which outcome they prefer.

In the most extreme case, we may know nothing about the players’ private

information. A middle ground is Bayesian games, in which we assume play-

ers’ types are drawn from a known prior distribution. For our purposes,

we will assume that this prior information is common knowledge. This gives

rise to a new solution concept, the Bayesian Nash equilibrium (BNE).

A strategy profile s(t) together with a prior distribution ψ is a Bayesian

Nash equilibrium, if for every player i, their strategy si(ti) maximises their

expected utility with regard to other players’ types drawn from the prior
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distribution.

Definition 3 (BNE). A strategy profile s is called a Bayesian Nash equi-

librium (in a game with prior distribution ψ), if for every player i the strat-

egy si maximises the expected utility for player i given t−i is drawn from

ψ:

Et−i∼ψ−i [ui(ω(si(ti), s−i(t−i))] = max
s′i

Et−i∼ψ−i [ui(ω(s′i, s−i(t−i)))]

Important Concepts in Mechanism Design & Auction

Theory

In classical game theory, the focus is on reasoning about players’ strategies s,

and what equilibria might arise as a result. A typical question one might ask

is, for instance, “Given that everyone else will be acting strategically, which

of my own strategies will achieve the outcome most desirable to me?”. Or,

“If all players behave strategically, what is the most likely outcome?”

In contrast, in mechanism design, we are concerned with the opposite

question: “Given that players will act strategically, how can we design the

rules of the game (the mapping from actions to outcomes), so that strategic

behaviour will lead to an outcome that is optimal in some sense?” Generally,

the difficulty for us as the mechanism designer will be that we do not know

a priori the players’ types, but want to optimise the outcome depending on

that private information. Formally, we define a mechanism design problem

as follows:

Definition 4 (Mechanism Design). Players each have a type ti ∈ Ti as before.
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This is private information of each player. As their action, players each send

a message θi ∈ Θi to the mechanism. The mechanism then selects an outcome

ω ∈ Ω as a function of the received messages θ. This function ω(θ) is known

to players before they send their messages. Generally, the mechanism will

want to pick an outcome that optimises some function f(ω, t) that depends

on the players’ unknown types.

One important first distinction to make is the shape of the message space

Θi. A priori messages could be of any form. A special case is if message and

type space are identical, Ti = Θi. In this case, players communicate a type

to the mechanism directly. We call such a mechanism a direct revelation

mechanism. Most of the mechanisms we will consider will be direct, but not

all. As an example, if a player’s type is how much they value an item for sale,

then a direct revelation mechanism would ask them to submit a monetary

bid for the item. Notice that that alone does not mean that they have to

reveal their actual type — they are free to over- or underbid as they please.

Direct revelation only means that messages and types come from the same

space. An indirect mechanism in this example could be, for instance, to ask

the player “Are you willing to buy the item for 10 pounds?” Their message

would be a single-bit Yes or No answer, as opposed to their full type.

Definition 5 (Direct Revelation Mechanism). A mechanism in which type

and message spaces are identical is called a direct revelation mechanism.

Otherwise, a mechanism is called indirect.

We have so far talked about players’ types only as an abstract concept.

In concrete terms, we will work in a private-values model, in which players’
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types are their valuation functions, ti = vi ∈ RΩ. In words, each player

knows how much they value each outcome, but the mechanism and other

players do not. Other models exist; for instance, in a common value model

it is assumed the value of outcomes are common to all players, but players

only have partial information on these values (expressed in their type).

Definition 6 (Private Values). In the private values model, player’s types

are their valuation functions: ti = vi ∈ RΩ

Implementability

Just as game theory considers several different solution concepts, mechanism

design considers several different ways of implementing a particular objective

or social choice function. The most important implementation is that in

dominant strategies. That is, we aim to construct an outcome function ω(θ),

so that each player has a dominant strategy for which message θ to send

as a function of their type. This has the advantage that it is simple for

players, who do not need to reason about other players’ types or strategies.

What is more, a key result in mechanism design tells us that if we restrict

ourselves to mechanisms that have a dominant strategy equilibrium, we may

as well restrict ourselves to only those mechanisms in which truth-telling

is the dominant strategy for all players. This revelation principle is an

incredibly powerful result:

Theorem 1 (Revelation Principle). For every mechanism in which all play-

ers have a dominant strategy, there is an equivalent direct-revelation mecha-

nism in which truth-telling is a dominant strategy for all players.
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The proof of this well-known theorem is surprisingly easy: For an arbi-

trary dominant-strategy mechanism M , construct a direct revelation mech-

anism M ′ as follows: M ′ collects type messages θ from players. For each

player i, M ′ computes what their optimal (dominant) strategy in M would

be, if their type was indeed θi. M
′ then proceeds to feed those strategies into

M ; and picks whichever outcome M returned. Now, it is easy to see that it

is indeed optimal for players to reveal their true type to M ′ constructed in

this way; and indeed when players do so, M ′ will by definition always choose

the same outcome that M would, thus showing the claim. See for instance

[105] for more background information.

This result simplifies our task as a mechanism designer significantly, as

we may restrict ourselves to mechanisms in which truth-telling is a dominant

strategy. We also call such mechanisms truthful, or dominant-strategy

incentive compatible (DSIC).

Definition 7 (Truthfulness). A mechanism in which truth-telling is a domi-

nant strategy for all players is called a truthful or dominant-strategy incentive

compatible mechanism.

This leads directly to one of the central questions in mechanism design:

Which mechanisms have this property? And, which social choice functions

(functions that map players’ types to an outcome) can be implemented in

this way? We call a social choice function implementable if it can be

implemented in a DSIC mechanism. In the very general setting we have dis-

cussed so far, very few (interesting) social choice functions are implementable

[64, 65, 116, 2, 3]; which is why we will discuss more restricted domains in
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the next subsection.

Other implementation concepts exist. The most important for us deal

with randomness in the mechanism itself. So far we have assumed the

function ω was deterministic, but this need not always be the case. In a

randomised mechanism, the outcome function may depend not only on

players’ types but also on one or more random bits r coming from a known

distribution. (Equivalently, it maps players’ types to a probability distribu-

tion over outcomes.) There is two notions of truthfulness in this context.

Firstly, in a universally truthful mechanism truth-telling is a dominant

strategies for players ex post, or even if the random bits r were already

known. This is only marginally more general than DSIC mechanisms, as it is

easy to see that any such mechanism simply randomises between DSIC mech-

anisms. Secondly, in truthful-in-expectation mechanisms, truth-telling is

a dominant strategy for players before the random coin tosses are known.

This is strictly more powerful than deterministic DSIC mechanisms in some

settings, and is usually what we are interested in in randomised mechanisms.

Definition 8 (Randomised Truthfulness). For a randomised mechanism, we

define truthfulness as follows:

1. A randomised mechanism is called universally truthful if truth-telling

is a dominant strategy for players ex post.

2. It is called truthful-in-expectation if truth-telling is a dominant strat-

egy ex ante, i.e. if truth-telling maximises the expected utility of each

player, independent of other players’ strategies.

Relaxations from dominant-strategy implementations are known. In an
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incomplete information setting as mechanism design usually is, Nash equilib-

ria do not make sense. The most widely adopted solution concept outside of

dominant strategies is thus that of Bayes-Nash incentive compatibility

(BIC or BNIC). In this, truth-telling is a Bayesian Nash equilibrium, given

the common prior information on players’ types.

In addition to incentive compatibility, one usually needs to require a few

more conditions. One is individual rationality (IR), requiring that players

never have negative utility from participating in a mechanism. As in most

settings a mechanism could not force players to participate, this is already

required for pragmatic reasons alone.

Definition 9 (Individual Rationality). A mechanism is called individually

rational if player’s utility is always nonnegative.

Domains

With only definition 4 above, mechanism design is hard. Several impossibility

results are known for the most general case [64, 65, 116, 2, 3]. While most of

these deal with ordinal preferences, Gibbard’s theorem [64, 65] also applies

to cardinal preferences as we assume, and limits what is possible in this

setting. Mechanism design therefore almost universally gives the mechanism

additional power in the form of payments. That is, not only does the

mechanism pick an outcome ω(θ) ∈ Ω, it also computes payments pi(θ) that it

charges (or pays) each player. This will be used to incentivise players, usually

to reveal their type truthfully. That of course works only if players care about

payments. We will, as is standard in the literature, assume that players have

quasilinear utility functions: If a player’s utility for the original outcome
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ω is vi(ω), then their utility for the outcome, but when they are charged a

payment pi, will be ui = vi(ω) − pi. We will call the utility vi(ω) for the

original outcome (without a payment involved) the player’s valuation.

Definition 10 (Quasilinear Utility). A quasilinear utility function is of the

form ui(ω, pi) = vi(ω)− pi.

Definition 11 (Mechanism Design with Money). Players each have a type

vi, which is private information of each player. As their action, players each

send a message θi ∈ Θi to the mechanism. The mechanism then picks an

outcome ω ∈ Ω, and a vector of payments p, as functions of the received

messages θ. Each player i derives utility ui(θ) = vi(ω(θ)) − pi(θ). The

functions ω : Θ → Ω and p : Θ → Rn are known to players before they

submit their messages.

In essence, we transform the original mechanism design problem without

money into one with money, by defining a new outcome space Ω̂ = Ω × Rn

where n is the number of players; and by specifying player’s utility function

in the amended game. In theory, any mechanism design problem can be

transformed in this way. Whether it makes sense depends, among other

things, on whether quasilinear utility and monetary transfer are a sensible

approach in a particular setting in practice. Most of mechanism design is

with money, but there are some exceptions, see for instance kidney exchanges

[1, 112].

It is important to note that usually we will only seek to optimise either

the outcome or the payments, using the other purely as an incentive for

players. It is precisely this relaxation that gives the mechanism extra power.
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The chief example of a mechanism design problem is an auction. In an

auction, the mechanism - now also called the auctioneer - wants to allocate

one or more items to one or more bidders. The main difference compared

to a more general mechanism design problem is that the outcome now takes

the form of an allocation of available items to players; and that players only

care about their own allocation, rather than the entire outcome space.

Definition 12 (Auction). In an auction with k items, players each have a

private valuation vi ∈ R2k , i.e. a function from binary k-vectors to the real

numbers. This is private information of each player. They each submit a

message, often a bid bi ∈ R2k , to the mechanism. The mechanism computes

for each player an allocation vector xi(b) ∈ {0, 1}k and a payment pi(b) ∈ R.

Player i receives utility ui(b) = vi(xi(b)) − pi(b). Allocations must satisfy

that
∑

i xij ≤ 1 ∀j, i.e. that no item is allocated multiple times.

If we are dealing with k distinct, different items, we call the auction a

multi-item auction. If there is k identical copies of the same item, we call

the setting a multi-unit auction, and simply write the allocation to each

player as the number of units they receive. If there is a single item, we call

it a single-item auction. Here, allocations to each player are a single bit,

and valuations a real number indicating the value of the item to the player.

For multi-unit and multi-item settings, a further distinction is on the

type of the valuation functions vi: In one of the simplest cases, valuations

are additive: The valuation for the union of two disjoint sets of items is

the sum of the valuations for both sets, i.e. vi(X ∪ Y ) = vi(X) + vi(Y )

∀X∩Y = ∅. In the multi-unit case this simplifies to a simple linear valuation,
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v1(m) = m · vi(1). A generalisation of this is submodular valuations, which

have the property that the marginal increase in value of adding more items to

a players’ allocation decreases the larger the allocation already is. Formally,

if X ⊆ Y and y /∈ Y , then vi(X ∪ y) − vi(X) ≥ vi(Y ∪ y) − vi(Y ), or one

of a number of equivalent conditions. For multi-unit settings this simplifies

to concave valuation functions. One further generalisation is subadditive

valuations, which have the property that the value of the union of two sets

is at most the sum of the values of the two sets: vi(X ∪ Y ) ≤ vi(X) + vi(Y ).

With all of these, it is usually also assumed that the valuation functions

are monotone increasing (though this does not follow from submodularity or

subadditivity). A further generalisation is then that we do not assume even

subadditivity, but still assume that valuations are monotone increasing:

vi(X ∪ Y ) ≥ vi(X). In the most extreme case, we assume no knowledge at

all about vi. In the multi-item setting, this most general case is also called a

combinatorial auction.

Definition 13 (Valuation Functions). A valuation function v is called

1. additive, if for all X, Y with X ∩ Y = ∅, vi(X ∪ Y ) = vi(X) + vi(Y )

2. submodular, if the following equivalent conditions hold:

(a) for all X ⊆ Y and y /∈ Y , vi(X ∪ y)− vi(X) ≥ vi(Y ∪ y)− vi(Y )

(b) for all X, Y , vi(X ∪ Y ) ≤ vi(X) + vi(Y )− vi(X ∩ Y )

3. subadditive, if for all X, Y , vi(X ∪ Y ) ≤ vi(X) + vi(Y )

4. monotone increasing, if for all X, Y , vi(X ∪ Y ) ≥ vi(X)
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5. a general or unrestricted valuation function otherwise.

All of the above types of valuations are commonly used in the litera-

ture. If monotonicity is assumed for additive, submodular and subadditive

valuations, they form a hierarchy — every additive increasing function is an

increasing submodular function; any such function is an increasing subaddi-

tive function in turn, etc. Subadditive and submodular valuations capture

a situation where there is decreasing marginal returns, or where items are

substitutes - players desire one or the other, but don’t need both. The

opposite is also possible, where items are complements, and neither one or

the other are very useful on their own, but the bundle is. An extreme case of

marginal returns is unit-demand, in which buyers only desire a single unit

of the item, no more. (But the auctioneer may still have more than one unit

for sale, making this different from the single-item case.)

Objective Functions

The final ingredient to our prototype mechanism design problem as outlined

in definition 4 is that of the objective function the mechanism seeks to opti-

mise or implement. Generally, we refer to a function ω : T → Ω that maps

types to outcomes as a social choice function. Some social choice functions

can be implemented directly in a DSIC mechanism, usually with payments.

Others, we cannot implement exactly. In those cases, we usually seek to

approximate them, aiming to minimise the relative difference in performance

either in the worst case, or – in the Bayesian setting – the expectation.

One of the main objectives studied, and perhaps the most straightforward,

is that of (utilitarian) social welfare maximisation. Social welfare is the sum
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of the players’ individual welfare, usually taken to be how much they value

their allocation (or the outcome). Generally, players’ payments are not taken

to factor into their welfare.

Definition 14 (Social Welfare). The social welfare of an outcome ω or an

allocation x is defined as the sum of players’ individual valuations: SW(ω) =∑
i vi(ω) and SW(x) =

∑
i vi(xi)

Social welfare is special because it can be implemented even in the most

general setting of general valuation functions, and is essentially the only

social choice function with that property [108]. The mechanism that achieves

this is the VCG mechanism, named after its authors Vickrey, Clarke and

Groves [119, 33, 66] This mechanism chooses the outcome that maximises

social welfare, and charges each player i the externality they caused on the

others; that is, the difference in utility that other players derive with i present

compared to if i had not taken part.

Definition 15 (VCG mechanism). The VCG mechanism implements the

(or an) outcome ω that maximises social welfare ω(v) = argmaxω
∑

i vi(ω).

Player i is charged their externality, so their payment is pi = −
∑

j 6=i vj(ω)+

maxω̂
∑

j 6=i vj(ω̂).

For the case of single-item auctions, this mechanism simplifies to the

well-established format of a second-price or Vickrey auction.

Definition 16 (Second-Price Auction). In a second-price auction, the high-

est bidder is awarded the item, and pays the second-highest bid.
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A key insight is that the VCG mechanism is truthful or DSIC, even for

general valuation functions, and even without any structure on the outcome

space.

Theorem 2 (VCG mechanism). The VCG mechanism is truthful / dominant

strategy incentive compatible. [119, 33, 66]

The second widely studied objective, generally in the context of auctions

only, is that of revenue maximisation. In this, we seek to maximise the

sum of the payments made by players, and use the allocation only as a means

to incentivise players. Most often, we will still want this to be implemented

in dominant strategies, and thus as a DSIC mechanism. Unlike for welfare

maximisation, for revenue maximisation there is little we can do in terms of

worst-case guarantees, or without any information on players’ valuations. We

therefore usually approach revenue in a Bayesian setting, assuming players’

valuations v are drawn from a prior distribution ψ. We then seek to optimise

the expected revenue.

Definition 17 (Revenue). The expected revenue of a DSIC mechanism given

prior distribution ψ is Ev∼ψ
∑

i pi(v).

A further implication is that we generally use a different benchmark for

revenue than for welfare or other objectives: In revenue, we compare the

performance of a candidate mechanism to that of the best possible truthful

mechanism. In welfare, on the other hand, we compare against the best

possible outcome, without any game theoretic or strategic considerations.

One of the most important results in auction theory is that of Myerson

[98], which resolves this problem for single-item auctions with independent
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priors. The theorem – in a nutshell – gives a transformation from valuations

and priors to “virtual valuations”, and shows that a Vickrey auction run on

these virtual valuations is revenue-optimal. Assuming a reasonable “regular-

ity” condition on the priors, the result is relatively straightforward; for the

general case “ironing” is required.

Theorem 3 (Myerson Auction, part 1). For a single-item auction where

players valuations are drawn from independent regular distributions, the ex-

pected revenue is equal to its expected virtual welfare surplus, where players’

virtual valuation are defined as r(vi) = vi− 1−Ψi(vi)
ψi(vi)

for prior distributions ψi.

The expected revenue is thus maximised by awarding the item to the bidder

with the highest nonnegative virtual valuation. A regular distribution is one

for which the virtual valuation function r(v) as just defined is nondecreasing.

For irregular distributions a similar result holds.

Where the prior distributions are identical (and thus i.i.d., as we assume

independence to begin with), the virtual valuation function is also identical

for all bidders, and monotone. The highest bidder will therefore also have

the highest virtual valuation. The optimal auction is thus simply the Vickrey

or VCG auction, but with a suitable minimum bid or reserve price, to avoid

awarding the item if all bidders have negative virtual valuation.

But Myerson’s result does much more than solve the optimal auction

problem. It also gives a full characterisation of the class of DSIC mecha-

nisms in this setting, showing that this is exactly the class of monotone

allocations. It also shows that for every implementable social choice func-

tion, DSIC payments are uniquely determined. In deterministic mechanisms,
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a winning bidder will pay their critical bid.

Theorem 4 (Myerson Auction, part 2). In single-parameter (for our pur-

poses: single-item) domains, DSIC-implementable social choice functions are

exactly those that are monotone. Monotone allocation means that for bi ≤ b′i

and any choice of b−i, xi(bi,b−i) ≤ xi(b
′
i,b−i). Furthermore, there is a

unique payment function that makes (x,p) a DSIC mechanism, which is

pi(b) =
∫ bi

0
z · d

dz
xi(z,b−i)dz. For 0− 1-allocations, this simplifies to a play-

ers’ payment equalling their critical bid, that is the lowest bid for which they

would still have won the item keeping b−i constant.

This is one of the key results in mechanism design, as it greatly aides

mechanism design in any single-item or single-parameter setting, even for

aims other than revenue maximisation, or for settings other than single-item

auctions. For instance, it is easy to see that the welfare-maximising social

choice function is monotone, and that VCG payments coincide precisely with

critical bids; truthfulness of the Vickrey auction therefore already follows

from Myerson’s result.

Notice that for deterministic single-item domains, the allocation function

is binary. Monotonicity therefore means that for any choice of v−i, there is

a single jump from 0 to 1 in the output of xi(vi,v−i) as vi increases, and

that the location of this jump – the critical bid – determines i’s payment

if they do get allocated the item. Deterministic single-item mechanisms are

therefore entirely determined by the critical bids; and DSIC on this domain

is equivalent to i’s critical bids depending only on v−i, not vi. For single-

bidder “auctions”, this simplifies further, and tells us that the only truthful
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mechanisms are posted-price.

Myerson’s result is also remarkable as monotone allocations on single-

parameter domains, and the VCG mechanism / affine maximisers on the

unrestricted domain, are two of very few complete characterisations of truth-

fulness that are known.

Some other objective functions have been discussed. Of particular inter-

est is for instance the makespan, which is the maximum allocation to any

one bidder. This is usually discussed in the setting of scheduling tasks to

machines or workers, where the aim is to minimise the time until the last

task is finished. This is closely related to the concept of maximin fairness,

in which one seeks to maximise the minimum allocation that any player

receives. (This could be seen as an egalitarian version of welfare maximi-

sation.) While some of these – in particular makespan minimisation – have

been studied extensively, relatively little is known about optimal mechanism

design for objectives beyond welfare and revenue maximisation.

Market Intermediation

Most of classical mechanism design, and indeed auction theory, assumes a

one-sided setting, in which there is one mechanism or auctioneer facing a set

of relatively homogeneous bidders. Those bidders may differ in some way, for

instance their types might be drawn from different priors, but the semantics

of interaction tend to be uniform. The main aim of this thesis is to explore a

more general setting of market intermediation, where the mechanism or

auctioneer faces two or more classes of bidders, usually one or more sellers
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and one or more buyers, and aims to facilitate trade between them.

This setting is similar to an auction, in that the outcome consists of

an allocation and a payment vector, and bidders only care about their own

allocation and payment. For sellers, a positive allocation indicates that we

buy an item from them, and the corresponding payment would be made to

them. Myerson’s monotonicity result still extends to this case, but care must

be taken to interpret it correctly for sellers: The function xi(vi,v−i) now

starts at 0 for a high value of vi, and has a single jump to 1 as vi decreases.

Seller i will sell their item if their bid is below that critical bid.

We will consider several variations of this setting. One distinction is

whether the auctioneer faces players one after another, or all simultaneously.

The latter is called offline market intermediation, or sometimes also a dou-

ble auction. The auctioneer collects bids from all buyers and sellers at the

same time, and computes an allocation (which goods to transfer from which

sellers to which buyers) and payments. On the other hand, if the auctioneer

faces players one at a time, the setting is called online market intermedi-

ation. In this, the auctioneer trades which each trader separately; effectively

conducting a sequence of single-bidder mechanisms, which are thus posted-

price. The auctioneer may buy from a seller, and then later sell to a buyer.

Definition 18 (Market Intermediation). In market intermediation, a mecha-

nism faces one or more sellers, and one or more buyers, and aims to facilitate

trade.

1. If the intermediary faces all bidders at once, the setting is called a

double auction.
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2. If the intermediary faces them one at a time, it is called online market

intermediation.

In the auction setting, we usually have a straightforward feasibility con-

straint: The auctioneer can only allocate as much as they have. In market

intermediation, we will generally require a similar condition, that the inter-

mediary may only sell what they buy. This constraint is meaningful in both

the offline and online versions. In the offline case, it is a restriction on the

allocation vector. In the online version, it means that the intermediary must

first buy an item, for them to be able to sell it later. In some cases, a stronger

constraint is more appropriate, stating that the intermediary themselves may

never own the item. This implies that they must sell exactly as many units of

the item as they buy. This constraint is particularly justified in the context

of welfare optimisation, as all items should be allocated in this case. We will

only use this constraint in the offline version, as it does not make much sense

in the online setting.

Definition 19 (Intermediation Feasibility Constraints).

1. An offline intermediation mechanism is said to be feasible or no-short-

selling, if
∑

i∈S xi ≥
∑

j∈B xj (ex post), where S denotes the set of

sellers and B denotes the set of buyers.

2. An online intermediation mechanism is feasible if the intermediary’s

stock level is always nonnegative.

3. An offline intermediation mechanism is said to be inventory-balanced

if
∑

i∈S xi =
∑

j∈B xj (ex post).
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As in the auction setting, the auctioneer may care about social welfare

maximisation, or revenue maximisation. The former goal at first might seem

already solved, as clearly this setting is within the realm of the VCG mech-

anism. However, there is two twists specific to the intermediation domain:

Firstly, in a one-sided auction setting, payments only flow from buyers

to the auctioneer. In the intermediation setting this is not true, as the in-

termediary will pay the seller(s). Crucially, VCG does not guarantee that

the payment to the sellers be at most the payment from the buyers. The

intermediary thus might have to subsidise trade with their own or outside

money. Indeed, Myerson and Satterthwaite [99] showed that indeed the op-

timal social welfare cannot always be achieved even for a single buyer and

single seller, without outside subsidies. But such subsidy may not always be

feasible. It is thus customary in the intermediation setting to impose a bud-

get balance constraint on the mechanism, requiring that revenue always be

nonnegative. In some cases, an even stricter version is assumed, requiring

that the intermediary always end up with no change in money at the end of

trade.

Definition 20 (Budget Balance).

1. An intermediation mechanism is said to be (weakly) budget balanced if

the intermediary never loses money:
∑

i∈S pi ≤
∑

j∈B pj.

2. An intermediation mechanism is said to be strongly budget balanced if

the intermediary never loses nor gains money:
∑

i∈S pi =
∑

j∈B pj.

Both of these conditions are usually taken to require their respective

condition ex post.
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Secondly, notice that since in our model sellers have a nonnegative valu-

ation (and an endowment of items), social welfare is already nonzero before

trade happens. It is therefore also common to focus not on the social wel-

fare post trade, but on the increase in social welfare, also called gain from

trade. This only makes sense in light of the previous comment; if we were to

implement social welfare exactly, we would also implement gain from trade

exactly. The distinction is thus in which of the two quantities we compare

to its respective optimum when we reason about approximation mechanisms

that also satisfy, e.g., budget balance.

For revenue maximisation, Myerson and Satterthwaite [99] give a direct

extension of Myerson’s single-item auction result (theorem 3). They show

that for the setting with one seller, one buyer, a single item and independent

priors, an approach based on virtual valuations gives the optimal double

auction.

1.4 Outlook

Our main aim is to explore several open questions in this market intermedia-

tion setting further, as well as links to neighbouring fields. The remainder of

this thesis will be structured into four main parts, each dealing with different

questions. We will introduce the concepts and previous literature relevant to

each of these topics separately in the corresponding chapter, where they go

beyond the general literature review given in this introduction.

Firstly, we will focus on revenue optimisation in offline intermediation,

when bidders’ valuations are drawn from a correlated prior. This has not
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been looked at before for market intermediation. We show a polynomial-time

algorithm for computing the optimal double auction with a single buyer and

single seller. For two or more buyers, we show NP-hardness.

Secondly, our work on correlated priors links directly with previous re-

sults in auction theory, as well as to the less explored field of reverse auctions.

Chapter 3 will detail these connections, and for the first time show an asym-

metry between auctions and reverse auctions.

In Chapter 4 we will explore revenue-maximisation in an online inter-

mediation setting. This is quite different in flavour from pure mechanism

design results, and strongly connected to research on online algorithms. We

give both upper and lower bounds on what is possible in this setting when

competing against an offline adversary.

Lastly, we extend research on welfare maximisation with strong budget

balance to a multi-unit setting. We give a full characterisation of the class

of truthful strongly budget balanced mechanisms, and show several bounds

on the approximation ratio.
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Part 2

Single-item Double Auctions

with Correlated Priors

2.1 Introduction

We first consider an offline double auction scenario, where the intermediary

collects bids from one or more sellers and buyers and determines payments

and allocations. Real-world instances of this are manifold, including in elec-

tronic markets. Companies such as eBay or Amazon (Marketplace) match

sellers and buyers, and charge a fee for each successful transaction. Our aim

is to maximize the intermediary’s profit in such settings.

There is an extensive literature on this challenge, some of which is dis-

cussed below, but it mostly considers the case of many buyers and/or sellers

with independent priors. Our interest here is different, in that we assume

only a constant number of buyers and sellers (in the simplest version, just

one of each), and the complexity arises from their joint probability distribu-
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tion of valuations for the item. In the simplest version of this, where there

is just one buyer and one seller, the intermediary can profit from buying the

item from the seller and selling at a higher price to the buyer. We assume

their valuations for the item come from a known joint distribution, which is

the input to the problem. We consider two versions: the “no short selling”

version, with the natural constraint that we cannot sell more items than we

buy; and the more restrictive “balanced inventory” version, where in addi-

tion we must sell all the items we buy. For multiple buyers and sellers, we

assume that the intermediary can buy and sell multiple items (but that each

buyer/seller has unit demand/supply).

Related Work

The problem of optimal mechanisms in a market intermediation setting was

first studied by Myerson and Satterthwaite [99]. In addition to an impos-

sibility result for ex-post efficiency in a bilateral trade setting without an

intermediary, they show optimal intermediation mechanisms for both social

welfare as well as the intermediary’s revenue in the case of one buyer and one

seller, whose valuations are independent. Their revenue-maximization result

is similar to Myerson’s seminal single auction result [98] in that it, too, uses

virtual valuation functions, for both buyer and seller. Welfare maximiza-

tion for multiple buyers and sellers has been further studied for instance by

McAfee [92] or more recently by [52, 57, 34].

Our own interest is chiefly in the complexity of computing optimal – that

is, revenue-maximizing – or near-optimal mechanisms in the market interme-
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diation setting. Prior work in this area has focused on the case where sellers’

and buyers’ valuations are independent. Deng et al. [45] show optimal and

near-optimal mechanisms that can be computed in polynomial time for sev-

eral variations of this setting, including continuous or discrete distributions

and arbitrary or unlimited supply and demand. Niazadeh et al. [102] as well

as Loertscher and Niedermayer [86, 87, 85] study a class of mechanisms called

respectively fee-setting mechanisms or affine fee schedules in the independent

setting. These are shown by Niazadeh et al. [102] to be able to extract a

constant fraction of the optimum revenue in the worst case, under certain

assumptions on the buyer’s and seller’s distribution. Deshmukh et al. [46]

compare double auctions to a type of unlimited-supply, unit-demand auction,

and give bounds on the worst-case revenue achievable by the intermediary.

Here we are interested in potentially correlated distribution over buy-

ers’ and sellers’ valuations. The complexity of this has been studied for

(non-double) auctions. Papadimitriou and Pierrakos [106] show that for two

buyers, an optimal mechanism (for a discrete joint distribution) can be found

in polynomial time via a reduction to finding a maximum-weight indepen-

dent set on a bipartite graph. For continuous distributions they give a FP-

TAS. For the case of three buyers, in contrast, they show that it is NP-hard

to approximate the optimal auction to within a certain constant fraction.

Dobzinski et al. [50] show a polynomial-time algorithm for the two-buyer

auction through derandomization and give polynomial-time approximation

mechanisms for the many-buyers correlated single auction problem, building

on previous work by Ronen [110].
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2.2 Preliminaries

Definitions, Notation

We consider m buyers indexed by j, and k sellers indexed by i (where m, k are

constants), each offering (respectively seeking) a single unit of an indivisible

good. For fixed m, k, we use “m×k” as shorthand for the m buyers, k sellers

case. They cannot trade with each other directly, and can only trade with

the intermediary. We assume each seller i has some valuation si and each

buyer j has some valuation bj for an item, and that these are drawn from a

given joint probability distribution ψ. We focus on discrete distributions. For

simplicity, we assume that the support of ψ is a grid of size nk+m, with each

player having possible valuations {i : 1 ≤ i ≤ n} (as shown in Figure 2.1).

The distribution ψ is assumed to be given explicitly as a n × n probability

matrix.

In this chapter we focus on individually rational and incentive compatible

mechanisms. Let b and s denote the vector of buyers’ and sellers’ bids

received by the mechanism, and let b−j and s−i be (respectively) the bids of

buyers other than j, and sellers other than i. Analogous to auctions, there

are two equivalent ways in which we can define a deterministic, incentive

compatible mechanism in this setting. Firstly, we can focus on allocations.

For each seller / buyer we define a set Si / Bj (⊆ supp(ψ)) of bid vectors

in which we buy an item from seller i / sell an item to buyer j. Incentive

compatibility means monotonicity of allocations, meaning for each seller i,

if (s, b) ∈ Si, and s′i < si, then (s′i, s−i, b) ∈ Si. In words, if given everyone

else’s bids s−i, b, seller i’s item would be bought by the intermediary if i bid
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si, then it would also be bought for any lower bid s′i. For short we will say

that Si is “downward-closed” in the direction of si. Similarly for each buyer

j, Bj needs to be upward-closed in the direction of bj.

Equivalently, we may think of a mechanism in terms of critical bids.

Myerson tells us that the unique payments that make a monotone allocation

rule (as just defined via the regions Si and Bj) are precisely the critical bids.

That is, the lowest (highest) bid for which a buyer (seller) would still be

allocated the item (the sale of their item) if everyone else’s bids remained

fixed. We write σi(b, s−i) (respectively, βj(b−j, s)) for these critical bids. For

simplicity sometimes just βj(b, s) and σi(b, s). If si ≤ σi(b, s−i) we buy an

item from seller i (paying σi(b, s−i)), and similarly if bj ≥ βj(b−j, s) we sell

an item to buyer j (charging βj(b−j, s)). We write βj(b−j, s) = n + 1 to

indicate that a mechanism does not sell to buyer j at all for this combination

of others’ bids, independently of j’s bid. Similarly σi(b, s−i) = 0 to indicate

not buying from seller i.

It is easy to see that these two yield equivalent definitions. Clearly Si is

simply the region “above” σi in the direction of si, (the graph of) which in

turn is the boundary of Si. Similarly Bj is the region below βj in direction bj.

This is a slight generalization of the conceptually simpler picture in auctions,

which was described in this geometric form by Papadimitriou and Pierrakos

[106]. Here we have for each bidder a region Bj where they win the item, and

a critical bid function βj that gives their payment. If there is a single item to

be sold, no two of the Bj may overlap. This constraint too generalizes to the

market intermediation setting. Consider Figure 2.2 in contrast with Figure

2.1 to illustrate the difference. We will further discuss the auction setting in
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Chapter 3, and direct the interested reader to Section 3.2 already for a more

detailed description of the auction setting. As mentioned above, we consider

two variants. In the “no short-selling” setting, we must buy at least as many

items from sellers as we sell to buyers; in the “balanced inventory” variant

we must buy exactly as many as we sell. Formally in terms of critical bids:

(Again these can be expressed equivalently in terms of Si and Bj.)

No Short-Selling:

∀(b, s), |{j : bj ≥ βj(b, s)}| ≤ |{i : si ≤ σi(b, s)}|
(2.1a)

Balanced Inventory:

∀(b, s), |{j : bj ≥ βj(b, s)}| = |{i : si ≤ σi(b, s)}|
(2.1b)

The Geometry of Deterministic 1×1 Market Intermedi-

ation

If there is only a single buyer and a single seller, the constraints simplify

significantly, most easily expressed in terms of now simply S and B. In the

balanced-inventory case, constraint (2.1b) simplifies to B = S. That is, a

mechanism in this setting, with only one buyer and seller each, is determined

only by a single region of bid-combinations that yields a successful transac-

tion. In the no-short-selling case, constraint (2.1a) simplifies to B ⊆ S. That

is, S can potentially extend beyond B. However, we can say more, assuming

optimality of the mechanism. Recall that by truthfulness, S is down-closed in

the seller’s direction and B is up-closed in the buyer’s direction. If a mech-

anism is optimal, S must exactly be the down-closure (still in the seller’s
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direction) of B. Firstly, it is easy ot see that the down-closure of B must

be contained in S: B is contained in S, and S is down-closed. Secondly,

if S extended beyond the down-closure of B, we could strictly improve our

revenue by removing this protruding part of S. On the other hand, we may

not elect to remove the part of S − B that lies below any point in B due to

truthfulness, i.e. down-closedness of S. Figures 2.1 and 2.3 illustrate this.

More formally:

Lemma 1. In the 1×1 market intermediation setting, an optimal mechanism

will only buy the item from the seller if required to do so by the no-short-

selling constraint, or monotonicity.

Note the contrast with a standard 2-bidder auction, where the shape of

the region in which we sell to one buyer does not fully determine the region

in which we sell to the other. In a way, in the 1 × 1 market intermediation

setting, we have fewer degrees of freedom to consider than in a two-buyer

auction setting.

2.3 The Deterministic One Seller, One Buyer

Case

For the case of one seller and one buyer, we show how to compute an optimal

deterministic solution using a dynamic programming approach. In section

2.4 we show how to achieve this via modifications to known 2-bidder auc-

tions in this setting, but the runtime guarantee of that approach, while still

polynomial, is substantially worse. We represent a mechanism using values
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b

s

b =
s

B

S

Figure 2.1: Example mechanism in the 1× 1 case. Note that S contains B, to avoid short-selling. (In a
balanced-inventory auction, B and S should coincide.) B and S lie below the diagonal b = s: any point
above the diagonal is one where the buyer’s bid is less than the seller’s. The auction shown is suboptimal:
in most of the S region, the item is being bought without being sold. Note that we draw the outline of
the regions slightly away from the points on the prior support for easier readability.

b1

b2

B1

B2

Figure 2.2: Compare this to a two-bidder auction. Here B1 and B2 indicate where we sell to each of the
two buyers. In the two-bidder auction B1 and B2 must be disjoint, as we cannot sell the item twice. In
the market intermediation setting, B must be contained in S. Note also that in this setting both B1 and
B2 are upward-closed in the direction of the respective buyer’s bid.
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b

s

b =
s

Figure 2.3: Removing the indicated area from S as in figure 1, the expected revenue of the mechanism
cannot decrease. Below red line: Remaining region S, right of blue line: Region B. For the remaining
part of S that is not also in B, we still buy but not sell the item. This can be optimal, e.g. if there is
very high probability weight on the two points indicated. Crucially, if at a point (b, s) ∈ S−B an optimal
mechanism buys but not sells, then there must exist a point (b, s′) ∈ S ∩B with s′ > s where it buys and
sells. Truthfulness then dictates that it also needs to buy at (b, s).

β
(`

)

β
(`
−

1)

β
(`
−

2)

σ(β(`))

σ(β(`) + 1)

σ(β(`)− 1)

m`

Cost of buying from seller
due to choice of β(`).

Revenue of selling to buyer
due to choice of β(`).

β and σ as defined.

Figure 2.4: For fixed m` and β(1), · · · , β(`− 1), the choice of a particular β(`) influences the expected
revenue in two ways: On the one hand, the revenue from selling to the buyer at all points to the right of
β(`) in row `. On the other hand, the cost of buying from the seller for all points below σ(β(`)) = ` in
rows β(`) ≤ b < m`.
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β = (β(1), ..., β(n)) for β(s) ∈ {1, . . . , n + 1}, where β(s) signifies the left-

most point in row s that is a member of B. If β(s) = 1 then the entire row

s is in B. We set β(s) = n + 1 to signify that none of the points in row s

are in B. We begin by noting that the contribution to the expected revenue

that arises from the choice of one particular β(s) does not depend on all the

other β−s simultaneously. Consider the expected revenue R for a given B,

which is given by:

E[R(β)] =
n∑
s=1

β(s)
∑
b≥β(s)

ψbs −
n∑
b=1

σ(b)
∑
s≤σ(b)

ψbs (2.2)

That is, the first sum gives the expected profit from selling at points to the

right of each (β(s), s), while the second sum gives the cost of buying points

that are below each (b, σ(b)). The contribution of a particular choice for one

single β(s) to the first of these sums is easily seen to be simply the profit of

selling the points in row s to the right of and including β(s). The impact of

a particular β(s) on the second of the sums is slightly more intricate. There

are two ways in which the choice of β(s) impacts the cost of buying. Firstly,

we may have to buy the item at some points in row s, where we would not

buy the item otherwise. Consider the minimum of β(s+1), ..., β(n), say β(t).

We know that in row t, we buy and sell at points (β(t), t),...,(n, t). So by

truthfulness, we must also buy at points (β(t), s),...,(n, s). This is regardless

of our choice of β(s). For points to the left of (β(t), s), whether we buy the

item or not does depend on β(s). Secondly, in all those columns in which we

buy due to β(s), also affect the rows below s. We may increase the buying

price from a lower value to s at those points, and we may have to buy the
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item (due to truthfulness) at points at which we would not otherwise buy

it. The magnitude of this effect depends on all the β(1), ..., β(s − 1). This

suggests a bottom-up dynamic programming approach, which we develop in

this section.

Algorithm for the No Short-Selling Case

We next describe our dynamic programming algorithm first for the no short-

selling setting. The idea is as follows: because the optimal choice of β(1), ...,

β(`) depends only on the minimum of the β(` + 1), ..., β(n), we can iter-

atively compute all the potential optimal values for row 1 given values of

min{β(2), ..., β(n)}; then all optimal values of β(1), β(2) given all possible

values of min{β(3), ..., β(n)}. We do not need to consider all n2 combina-

tions of β(2) and β(1). Since given β(2) and min{β(3), ..., β(n)}, we can

immediately look up the best β(1) using the information computed in the

first step. We then proceed iteratively up the rows until we have computed

tohe optimal values for β.

Let us start by defining R(n, β(`),m`) to be the expected revenue of the

best deterministic mechanism that takes points (β(`), `) and rightward in row

`, no points in rows `+ 1 and above, and does not have to pay for points in

columns m` to n. We set R(0, ., .) = 0. The idea is that we want to capture

the best possible revenue extractable from rows 1 to ` for a particular choice

of β(`), disregarding the cost of buying in columns m` to n. We can take

R(n, β(`), n+1) to denote the optimal revenue among mechanisms that have
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to pay for all rows. More precisely,

R(`, β(`),m`) = max
β(1),...,β(`−1)

∑̀
s=1

β(s)
∑
b≥β(s)

ψbs −
m`−1∑
b=1

σ(b)
∑
s≤σ(b)

ψbs (2.3)

It is easy to see that maxβ(n)R(n, β(n), n + 1) gives the revenue of the op-

timal auction. Indeed, by definition this is the maximum expected revenue

extractable from all rows, if we have to pay in all columns. We can then

show how to recursively compute the values of R, laying the groundwork for

our dynamic programming algorithm.

Theorem 5 (Recursion for the no short-selling case). The R(`, β(`),m`) as

defined above satisfy the following recursion:

R(`, β(`),m`) = max
β(`−1)

R
(
`− 1, β(`− 1),min{β(`),m`}

)
+

β(`)
∑
b≥β(`)

ψb` − `
∑

β(`)≤b<m`

∑
s≤`

ψbs (2.4)

Proof. We can check this by splitting up the explicit formula forR(`, β(`),m`)

into terms for rows below ` and row `, and columns to the left of min(β(`),m`)

and those between the two.

R(`, β(`),m`) =
`−1∑
s=1

β(s)
∑
b≥β(s)

ψbs + β(`)
∑
b≥β(`)

ψb`−

min(β(`),m`)−1∑
b=1

σ(b)
∑
s≤σ(b)

ψbs −
m`−1∑
b=β(`)

σ(b)
∑
s≤σ(b)

ψbs

Observe that for b ≥ β(`), σ(b) will be equal to ` (in the (`, β(`))-auction),

so the last term in the above sum is precisely `
∑m`−1

b=β(`)

∑
s≤` ψbs. Similarly,
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min(β(`),m`) is precisely the m`−1 we used in the recursion, and therefore

the first and third term are precisely R(`− 1, β(`− 1),m`−1). Putting these

together, we get that:

R(`, β(`),m`) = R(`− 1, β(`− 1),m`−1) + β(`)
∑
b≥β(`)

ψb` − `
m`−1∑
b=β(`)

∑
s≤`

ψbs

(2.5)

i.e. precisely our claimed recursion. (The max follows from optimality of the

auction.) The second term on the right hand side is the revenue from selling

at points due to the choice of β(`), while the third term accounts for the cost

of buying at points due to this choice. Figure 2.4 illustrates these two terms.

Note that if ` = 1 then the first term vanishes since we defined R(0, ., .) = 0,

and we are left with the explicit formula for R(1, ., .).

We can therefore compute the R(`, β(`),m`) recursively, as claimed. This

suggests the following algorithm, listed below as Algorithm 1. This can easily

be augmented to keep track of the values used for the β(s), and to return the

optimal β together with its expected revenue. Therefore, we can compute the

optimal region B and thereby the optimal mechanism in the no short-selling

setting in time O(n3).1

We can easily modify this algorithm to return the optimal mechanism that

satisfies the balanced inventory property. We show the details in section 2.5.

This modified algorithm also runs in time O(n3), but with slightly better

constant factors.

1Careful analysis of the algorithm presented shows that the last summand in the re-
cursion for R() has (m` − β(`)) · ` summands. It is easy to see however that we need not
recompute the inner sum from scratch in each iteration. We can thus easily make the
computation of the recursion run in linear time, giving the overall running time stated.
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Algorithm 1 Optimal revenue in the no short-selling setting

1: for ` = 1, ..., n do
2: for β(`) = 1, .., n do
3: for m` = 1, ..., n+ 1 do
4: if ` = 1 then
5: R(1, β(1),m1)← β(1)

∑
b≥β(1) ψb1 −

∑
β(1)≤b<m1

ψb1
6: else
7: Compute R(`, β(`),m`) using the recursion in theorem 5.

return maxβ(n) R(n, β(n), n+ 1).

2.4 Reducing the 1 × 1 Case to a 2-bidder

Auction

For the two bidder single auction setting, Papadimitriou and Pierrakos [106]

take a different approach. They reduce the problem of the optimal 2-bidder

optimal auction to that of finding a maximum-weight independent set on a

bipartite graph. We can similarly reduce the no short-selling market inter-

mediation problem to this, with only a few steps, but at the cost of a larger

polynomial runtime bound. Firstly, in the single item auction setting we have

a strong exclusivity constraint: We cannot allocate the item to both bidders

at the same time, so any valid mechanisms must satisfy A1 ∩A2 = ∅. In the

intermediation setting we do not have such a constraint directly; rather we

must have B contained in S. However, we can consider S the complement of

S, and indeed have the same constraint S ∩B = ∅. In an analogous fashion

to their construction we can define marginal revenue contributions fb for the

buyer and fs for the seller, the latter in our setting referring to the marginal

profit contribution of not buying at point (i, j). It is easy to see that the

maximum-weight independent set on the so constructed bipartite graph will
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give the optimal mechanism in the no short-selling setting. This approach

runs in time O(n6) for a support size of n2.

It is furthermore possible to obtain an optimal deterministic mechanism

via the derandomization approach described in Dobzinski et al. [50]. It

is easy to see that the optimal truthful-in-expectation mechanism can be

computed through an LP in either market intermediation setting. The de-

randomization applies to both without modification. A cursory analysis of

this approach gives a runtime of O(n7) for a support size of n2. (The LP

involves 2n2 variables. The exact time complexity depends on the LP solver

chosen; Karmarkar’s algorithm runs in time O(n3.5) for n variables.)

2.5 DP for the Balanced Inventory Case

For completeness, we show how to modify the dynamic programming ap-

proach for the balanced inventory setting, which we omitted in section 2.3.

Let R′(`, β(`), β(`+ 1)) be the revenue of the optimal mechanism that satis-

fies the balanced inventory property, sells at points (β(`), `) and rightward,

and does not have to pay for columns β(`+ 1) to n. Then the value of R′ is

given by the following explicit formula analogous to the no short-selling case.

R′(`, β(`), β(`+ 1)) =

max
β(1)≤...≤β(`−1)

∑̀
s=1

β(s)
∑
b≥β(s)

ψbs −
β(`+1)−1∑

b=1

σ(b)
∑
s≤σ(b)

ψbs (2.6)

And we can prove a very similar recursion.
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Theorem 6 (Recursion for the balanced inventory setting).

The R′(`, β(`), β(`+ 1)) as defined above satisfy the following recursion:

R′(`, β(`), β(`+ 1)) = max
β(`−1)≤β(`)

R′(`− 1, β(`− 1), β(`))+

β(`)
∑
b≥β(`)

ψb` − `
∑

β(`)≤b<β(`+1)

∑
s≤`

ψbs (2.7)

Proof. The proof of theorem 5 applies mutatis mutandis.

This suggests a slight modification of the no short-selling algorithm, listed

as algorithm 2.

Algorithm 2 Optimal revenue in the balanced inventory setting

1: for ` = 1, ..., n do
2: for β(`) = 1, .., n do
3: for β(`+ 1) = β(`), ..., n+ 1 do
4: if ` = 1 then
5: R′(1, β(1), β(2))← β(1)

∑
b≥β(1) ψb1 −

∑
β(1)≤b<β(2) ψb1

6: else
7: Compute R′(`, β(`), β(`+ 1)) using the recursion in theo-

rem 6.
return maxβ(n) R(n, β(n), n+ 1).

This algorithm obviously has slightly lower runtime than the one in the

no short-selling setting, since we only need to loop through values β(`+ 1) ≥

β(`), and only consider values β(`− 1) ≤ β(`) in the maximum in the recur-

sion. This gives a constant-factor improvement in runtime.
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2.6 Strong NP-hardness of the Multiple Buy-

ers Case

For three or more buyers, it follows from Papadimitriou and Pierrakos [106]

that computing the optimal mechanism is NP-hard. We show that this is

also true for the 2 × 1 case (i.e. two buyers, one seller) in the no-short-

selling setting by reducing from Maximum Independent Set. The idea here

is to place high probability weight on high-revenue points along a diagonal

in the s = 1 plane for each vertex of a given instance of Independent Set.

We then use appropriately placed high-probability points for each of the

edges to “force” a higher buying price for (at least) one of any two points

corresponding to adjacent vertices. We can do this in a way that ensures that

in the optimal mechanism the number of vertex points with a low buying price

is maximized and corresponds to the maximum independent set.

Theorem 7 (NP-hardness). It is strongly NP-hard to compute the optimal

mechanism in the 1 seller, 2 buyers setting with no short selling.

Proof. In the following we construct a prior distribution in (b1, b2, s)-space.

We will “choose” points, and place equal probability mass 1
|V |+|E| on all of

these chosen points. In the analysis we will omit these weights to simplify

the algebra. We place probability 0 on all other points in the prior support.

We use K1 and K2 as constants whose values we define at the end of the

proof.
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The Construction

Given a graph (V,E) with |V | = n, pick any order of vertices and begin by

placing probability weight 1
|V |+|E| on point (K1 + bn

2
c− i,K1−bn2 c+ i, 1) for

each vertex 0 ≤ i < n. Next, enumerate the edges ej, 0 ≤ j < |E|. We will

write each edge as ej = (ej1, ej2), where ej1 < ej2 in the order of vertices just

picked. For each edge put probability weight 1
|V |+|E| on point (K1 + bn

2
c −

ej2, K1−bn2 c+ ej1, K2 + j). That is, we put probability weight for each edge

on a point that has the same b1-coordinate as the vertex point for its lower-

numbered vertex and the same b2-coordinate as its higher vertex. We choose

these edge points with a different s-coordinate each, and all of them with a

higher s-coordinate than the vertex points. It is clear that if the mechanism

wants to buy and sell at an edge point (K1 +bn
2
c−ej2, K1−bn2 c+ej1, K2 +j),

it will also need to sell (and therefore buy by truthfulness) at one of the points

(K1+bn
2
c−ej2, K1−bn2 c+ej2, K2+j) or (K1+bn

2
c−ej1, K1−bn2 c+ej1, K2+j),

when it sells to buyer 1 or buyer 2, respectively. But by truthfulness this

entails a raised purchase price of K2 + j at the corresponding vertex points

directly below ((K1+bn
2
c−ej2, K1−bn2 c+ej2, 1) or (K1+bn

2
c−ej1, K1−bn2 c+

ej1, 1)) where it had otherwise been 1. Figure 2.5 illustrates this construction.

Reducing from Maximum Independent Set

Now, in order to ensure that the optimal mechanism raises the purchasing

price at all vertex points except those that are in an independent set of

maximum size, we need to pick constants K1, K2 in a way that ensures that:

1. The optimal mechanism always buys and sells at all the edge points.
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2. The optimal mechanism raises the purchasing price at as few vertex

points as possible.

From condition 1: The worst possible selling price at any edge point is given

by K1 − bn2 c, and the highest possible purchase price is K2 + |E| ≤ K2 + n2,

for a revenue that is at least K1−bn2 c−K2−n2. On the other hand, buying

and selling at an edge point could necessitate a higher purchasing price at

a vertex point, raising it by an amount that is bounded above by K2 + n2

as well. The profit obtained from the edge point must outweigh this. So

in order to ensure that the optimal mechanisms buys and sells at all edge

points, we need to ensure:

K1 −
⌊n

2

⌋
− 2K2 − 2n2 > 0

From condition 2: We need to ensure that if for an edge point (K1 + bn
2
c −

ej2, K1−bn2 c+ ej1), K2 + j), only one of the two corresponding vertex points

already has a purchase price of at least K2 due to another edge, but the other

is still 1, the optimal mechanism will always prefer to sell to the buyer whose

corresponding vertex point already has a high price. In other words, we need

to ensure that the potential difference in revenue from selling to one buyer

over the other is outweighed by the required raise in the purchase price by

(at least) K2− 1. But the highest difference in selling price is bounded by n,

and so we required that K2 > n+ 1.

Combining the two we get our desired result: Set K2 = 2n and K1 = 4n2

in the above construction for a given instance of Maximum Independent Set.

Since the optimal mechanism will buy and sell at all the edge points, it is
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b1

b2

s

e1

e3 e2

Vertex points in layer s = 1.
Edge points in layers s = K2 + i.
Raised purchase price.
B2 in layer s = K2 + 1.
B1 in layer s = K2 + 2.
B2 in layer s = K2 + 3.
S raised above vertex points.
(S not explicitly shown elsewhere.)
(b1 + b2 = K1)-diagonal (s = 1)

Figure 2.5: The construction for the reduction from Maximum Independent Set.

clear that at most one vertex point corresponding to two adjacent vertices

can have a purchase price of 1. On the other hand, in the optimal mechanism

the number of vertex points with a raised purchase price will be minimized.

Therefore, the vertex points with purchase price 1 in the optimal mechanism

correspond to the vertices of a maximum independent set in the graph.

2.7 Truthful-in-expectation Mechanisms

While in the preceding section we have shown that we cannot compute an

optimal deterministic mechanism for the general case, we can however com-

pute the optimal truthful-in-expectation mechanism for a fixed number of

buyers and sellers. In single-item auctions a randomized mechanism is easily

described by allocation probabilities xi(v) and expected payments pi(v) for

all players for each possible bid vector. In the market intermediation setting

with multiple buyers and sellers this is not obviously the case. For instance,

there are many ways in which to make allocation probabilities of 1
2

for each

of two buyers and two sellers into a randomization over valid outcomes. The
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mechanism could flip a coin and buy from seller 1 and sell to buyer 1 on

heads, seller 2 and buyer 2 on tails. It could not, however, independently

flip four coins if we want to fulfill condition (2.1a) respectively (2.1b) ex-

post. In the following we will consider the balanced inventory case. Our

arguments easily extend to the no short-selling case. We first show that for

our purposes, it is indeed sufficient to consider only the marginal allocation

probabilities xi, yj and expected payments pi, qj. First, observe that any

two randomized mechanisms that have the same marginal probabilities and

expected payments will lead to identical expected utilities for players and

expected revenue. It remains to show that any sensible vector of marginal

allocation probabilities can be made into a probability distribution over valid

outcomes (i.e. allocations which buy exactly as many items as they sell).

Theorem 8. Let x, y be k-dimensional vectors of probabilities, i.e. 0 ≤

xi, yi ≤ 1, with
∑

i xi =
∑

i yi. Then there exists a joint probability distri-

bution over two k-dimensional 0/1 vectors {a,b ∈ {0, 1}k|
∑

i ai =
∑

i bi}

which satisfies Pr(ai = 1) = xi and Pr(bi = 1) = yi.

Proof. Let H2k = [0, 1]2k be the 2k-dimensional hypercube, and H∗2k =

{0, 1}2k its vertices. Let D2k = {(x, y) ∈ H2k|
∑
xi =

∑
yi} be the “general-

ized diagonal” of the hypercube. Let D∗2k = {(x, y) ∈ {0, 1}2k|
∑
xi =

∑
yi}

be the vertices of H2k with as many x-coordinates set to 1 as y-coordinates.

That is, this is the set of valid (deterministic) allocation vectors for k buy-

ers and sellers. Then our claim is equivalent to saying that D2k is (in) the

convex hull of D∗2k. By the Krein-Milman theorem a convex set S is exactly

the convex hull of its extreme points. An extreme point s ∈ S is any point

55



in S which can not be written as a convex combination of points in S \ s.

Clearly D2k is convex. It remains to show that the extreme points of D2k are

precisely D∗2k. Clearly D∗2k ⊆ D2k. So let (x,y) ∈ D2k \ D∗2k be a point in

D2k that does not have all elements equal to 0 or 1. We show that (x,y) is

not an extreme point of D2k.

If there is exactly one xi with 0 < xi < 1, then there must be at least

one yj with 0 < yj < 1. (Otherwise
∑
xi /∈ N, but

∑
yj ∈ N, which

contradicts the assumption that
∑
xi =

∑
yj.) Then for 0 < ε < min{xi, 1−

xi, yj, 1 − yj}, we have that (xi + ε, yj + ε,x−i,y−j) ∈ D2k, and also (xi −

ε, yj − ε,x−i,y−j) ∈ D2k. Clearly (x,y) is a convex combination of these

two. If there is at least two distinct 0 < xi, x` < 1, i 6= `, then for 0 < ε <

min{xi, 1−xi, x`, 1−x`}, we have that (xi+ ε, x`− ε,x−i`,y) ∈ D2k, and also

(xi − ε, x` + ε,x−i`,y) ∈ D2k. Again, clearly (x,y) is a convex combination

of these two. Similarly, if there is no 0 < xi < 1 there is at least two such

yj, y`. So D2k is the convex hull of D∗2k. This shows our claim.

From this it follows immediately that we need only concern ourselves with

the marginal allocation probabilities in computing an optimal randomized

mechanism. Therefore we can write this as an LP following the approach of

Dobzinski et al. [50] for auctions. We state the theorem for the balanced

inventory case. The no-short-selling case follows immediately.

Theorem 9 (The optimal randomized mechanism as an LP).

For a fixed number of buyers and sellers, we can compute the optimal truthful-

in-expectation mechanism in the balanced inventory setting using a linear

program that is polynomial in the size of the prior.
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Proof. Consider the following LP, where ψb,s denotes the prior probability

of bid vectors (b, s).

min
∑
b,s

ψb,s

(∑
i

−pi(b, s) +
∑
j

qj(b, s)
)

s.t. (2.8a)

∑
i

xi(b, s) =
∑
j

yj(b, s) ∀b, s (2.8b)

pi(b, s) ≥ 0, 0 ≤ xi(b, s) ≤ 1 ∀i,b, s (2.8c)

qj(b, s) ≥ 0, 0 ≤ yj(b, s) ≤ 1 ∀j,b, s (2.8d)

xi(b, s
′
i, s−i)si + pi(b, s

′
i, s−i) ≤

≤ −xi(b, s)si+pi(b, s) ∀i, s′i,b, s (2.8e)

yj(bj,b−j, s)bj + pi(bj,b−j, s) ≤

≤ yj(b, s)bj−qj(b, s) ∀j, b′j,b, s (2.8f)

xi(b, smax, s−i) = 0 ∀i, s−i,b (2.8g)

qj(0,b−j, s) = 0 ∀j,b, s−j (2.8h)

Here, conditions (b)-(d) ensure feasibility of the (class of) mechanisms. (e)

and (f) ensure truthfulness on the sellers’ and buyers’ side, respectively. To-

gether with (g) and (h) they give IR. The proof is the same as in Dobzinski

et al. [50] for auctions. This gives us a non-empty class of valid mechanisms,

all of which are optimal and have the same expected utilities for the players.

Finding an arbitrary member of this class is easy.2

2It is equivalent to finding for a given point in (x,y) ∈ D2k coefficients for a convex
combination of vertices in D∗

2k. While the number of extreme points is exponential in k,
by Carathéodory’s theorem only 2k+ 1 of the vertices are needed. To find them, we could
simply pick any 2k vertices of D∗

2k to partition D2k into two sets. Discard all the vertices
not contained in the same partition as (x,y), and repeat with the remaining vertices.
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2.8 Prior-independent Mechanisms with Ap-

proximation Guarantees

In the previous sections we have considered optimal mechanisms that take

into account full information on the joint prior. An immediate follow-up ques-

tion is what approximations are possible with less knowledge of the prior. In

the following, we consider simple mechanisms that do not use any knowledge

of the prior, other than that all prices lie in [0, 1]. We will show that while

additive approximations are possible, essentially no multiplicative approxi-

mation of the optimal revenue can be guaranteed without knowledge of the

prior.

Let Dx be the diagonal b = s + x, and let My be the mechanism that

buys and sells iff the valuations are to the right of Dy, i.e. b ≥ s + y. It is

easy to see that for x > y, and any point on Dx, the revenue obtained by My

is 2y − x. (For point (s, s + x), My buys from the seller for (s + x)− y and

sells to the buyer for y + s.)

Theorem 10 (Prior-independent mechanism for the 1 × 1 case). There is

a prior-independent deterministic mechanism that extracts revenue at least

OPT − 2
3
n in the single seller, single buyer setting with valuations on the

unit interval (with valuations taking values i
n

). Furthermore, this is optimal

among prior-independent mechanisms in this setting.

Proof. Consider the mechanism M2n/3 that buys and sells iff b ≥ s+ 2n
3

. This

achieves expected revenue of at least OPT− 2n
3

for any point (b, s): Clearly

for any b and s, the optimal revenue will be at most n. On the other hand,
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if s > b− 2n
3

, then the revenue is bounded by 2n
3

. M2n/3 will extract revenue

at least n
3

for s ≤ b− 2n
3

and 0 otherwise.

Moreover, this is optimal among prior-independent mechanisms. Con-

sider the points (b, s) = (2n
3
, 0), (n, n

3
) and (n, 0). If a mechanism does not

buy and sell at (2n
3
, 0), then for the instance that has all the probability

concentrated at this point, it generates revenue 0, while the optimal revenue

would clearly be 2n
3

. Similarly for (n, n
3
). Thus, we have to buy and sell at

both those points if we want to generate profit at least OPT − 2n
3

in the

worst case. On the other hand, if we buy and sell at both those points, it

follows that by truthfulness we cannot charge more than 2n
3

to the buyer nor

offer less than n
3

to the seller at (n, 0) either. Therefore we generate profit

n
3

at (n, 0), as opposed to a maximum revenue of n. Thus no deterministic

prior-independent mechanisms can generate revenue greater than OPT− 2n
3

for all instances.

By allowing randomization we can do even better.

Theorem 11 (Prior-independent randomized mechanism for the 1×1 case).

There is a prior-independent mechanism that extracts revenue at least OPT−
n
2

in the single seller, single buyer setting with valuations on the unit interval.

Proof. Take the mechanism M that randomizes uniformly amongst {My :

n
2
≤ y ≤ n}. Then for any point on a diagonal Dn

2
+x, the expected revenue

in M is given by
∫ x

0
2
n
· [2(n

2
+ t)− (n

2
+ x)]dt = x. But the optimal revenue

for any point on Dn
2

+x is n
2

+ x. Clearly, for any diagonal to the left of Dn
2
,

the revenue is bounded by n
2
. Thus, M gives expected revenue of at least

OPT− n
2
.
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On the other hand, for multiplicative guarantees knowledge of the prior is

essential, as it is easy to see that we can give at best a 1
n

worst-case guarantee,

dependent on the granularity of the prior. We give a (weak) guarantee that

depends on the granularity of the prior support, and show that this is the best

we can do. It immediately follows that for arbitrary continuous distributions

we could not give any guarantee.

Theorem 12 (Prior-independent randomized mechanism for the 1× 1 case,

multiplicative). There is a prior-independent mechanism that extracts rev-

enue at least 1
n
·OPT in the single seller, single buyer setting with valuations

on {i : 0 ≤ i ≤ n}. Furthermore, this is optimal among prior-independent

mechanisms in this setting.

Proof. As before letDi be the diagonal s = b+i, and letMj be the mechanism

the buys iff the valuations are to the right of Dj, i.e. s ≥ b+ j. It is easy to

see that for i > j, and any point on Dj, the revenue obtained by Mi is 2j− i.

Take the mechanism M that randomizes uniformly amongst {Mj : 1 ≤

j ≤ n}. Then for any point on a diagonal Di it is easy to see that the

expected revenue arising from the M1,...,Mi−1 equals 0. With probability

1
n

the mechanism selects Mi, giving optimal revenue for any point on this

diagonal. In expectation the mechanism thus generates revenue 1
n
·OPT.

To see that this is tight, suppose we want to extract a c-fraction of the

optimal revenue. In order to generate a c-fraction of the optimal revenue for

any point on D1, we need to place at least c probability mass there. It is

easy to see that this gives net revenue 0 for any point on D2, so we need
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to place an additional c probability, for a total allocation probability of 2c.

By induction it follows that we need to buy and sell with probability nc at

(n, 0), and thus c ≤ 1
n
.

2.9 Discussion and Further Work

One question raised by our results is that of the relation between single seller,

single buyer market intermediation and two-bidder auctions. As discussed in

section 2.4 the graph algorithm of Papadimitriou and Pierrakos [106] can be

used to solve the no short-selling 1× 1 market intermediation case, and the

derandomization in Dobzinski et al. [50] applies immediately to both this

and the 1× 1 balanced inventory setting. These give running times of O(n6)

and O(n7) in contrast to a running time of O(n3) for our approach in the

market intermediation setting. In the next chapter we show that with some

additional work, this approach can also be made to work for 2-bidder auc-

tions, although a constant-factor gap in complexity remains. What’s more,

we will show that the insights into the structure of the market intermediation

setting we have gained here have direct implications for reverse or procure-

ment auctions too. This is not entirely surprising if one thinks of market

intermediation as a combination of auction and reverse auction into one set-

ting; but it also shows that this line of inquiry has important theoretical

implications, even in addition to direct applications.

An immediate question that follows from our hardness results is whether

we can give good approximations in polynomial time. As we have shown
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in section 2.8, essentially nothing is possible without regard for the prior

at all; but this does not preclude a middle ground that does take the prior

into account, but does not give the exact optimal revenue. The approach in

Dobzinski et al. [50] for n bidder auctions hinges on discarding all but the

highest two bids. In a k×k market intermediation setting this can obviously

guarantee at best a 1
k

fraction of the optimal revenue in the worst case, as

it is easy to construct instances in which the optimal mechanism conducts k

transactions. For welfare maximization Dütting et al. [52] rank and pair the

buyers and sellers; however to ensure truthfulness they need to charge the

Vickrey price, giving no guarantee for revenue.
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Part 3

Correlated Auctions and

Reverse Auctions

3.1 Introduction

While market intermediation in itself is thoroughly motivated by its real-

world applications already, this setting also stands out due to its close con-

nection to more classical auction theory. In this chapter, we will explore this

connection further, and present several novel results on auctions that follow

directly from our investigation of intermediation.

Within mechanism design, auctions are a major field of interest [74, 72,

81]. In this, we consider a single auctioneer who wants to sell a single item

to one of several bidders, each of whom has a private valuation for the item

which the auctioneer does not know. The challenge is to allocate the item

according to some measure of optimality based on the private valuations. In

addition to social welfare optimisation, in which we aim to allocate the item
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to the bidder who values it most, revenue maximisation (where we aim to

maximise the auctioneer’s expected profit) has received major attention. My-

erson’s seminal result [98] showed that with independent priors, (revenue-)

optimal single-item auctions have a closed-form solution: In the determinis-

tic case, in which we are solely interested here, the item is sold to the bidder

with the highest “virtual valuation” and their payment is their critical bid.

This also gives the more general theory: For a specific kind of “truthful” al-

location functions together with uniquely determined payments, bidders are

incentivised to reveal their true valuations to the auctioneer. We may there-

fore regard the problem as one of finding allocation functions that satisfy this

truthfulness constraint. For correlated priors, in contrast to the aforemen-

tioned independent-priors setting, this is an intricate computational problem.

The case with three or more bidders has been shown to be intractable by Pa-

padimitriou and Pierrakos [106]; but on the other hand both [106] as well

as Dobzinski et al. [50] show that the optimal auction for two bidders can

be computed in polynomial time; both approaches reduce the problem to

generic known-polynomial problems.

In addition to selling an item, auctions may also be used by the auction-

eer to buy an item or service from one of multiple sellers. These “reverse” or

“procurement” auctions are widely used for instance to solicit bids for public

projects. Many results from auctions carry over directly to the reverse auc-

tion case. For instance, the VCG mechanism for optimising social welfare

works in a reverse auction, as do many other auction formats. So much do

these cases appear to be mirror images of one another, that simple reverse

counterparts of single-item auctions are rarely discussed explicitly in the lit-
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erature; most of the published results on reverse auctions investigate more

complex scenarios such as differing quality or service levels from different

sellers, as in e.g. [91]. To our knowledge, a significant distinction between

an auction and its direct reverse counterpart has not been discussed in the

literature before.

Our main interest is in exploring the structural properties of correlated

auctions further. For the two-bidder auction, this allows us to construct a

O(n3) algorithm, which improves on O(n6) of previous approaches. Ours is

the first algorithm to exploit directly structural properties of the problem.

This algorithm is a direct extension of the dynamic programming approach

of Section 2.3. For reverse auctions, we show that these behave differently

than auctions, for any number of bidders; this raises interesting questions

about their complexity.

Previous Work

Several variations of optimal correlated auctions have been investigated.

Most relevant to our discussion is again the literature on the complexity

of optimal correlated auctions in which the joint prior is given explicitly or

as an oracle. Papadimitriou and Pierrakos [106] show that for two bidders,

a (revenue-) optimal auction can be found in polynomial time. Their algo-

rithm reduces the problem to finding a maximum-weight independent set on

a bipartite graph, with edges encoding allocation constraints of the auction.

This yields an algorithm that runs in time O(n6) for prior support size n2

(each bidder’s valuation taking one of n discrete values). For three or more
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bidders they show that it is NP-hard to approximate the optimal auction to

within a factor of 1.0005. Dobzinski et al. [50] independently also give a poly-

nomial algorithm for the two-bidder auction. They show that a truthful-in-

expectation mechanism found via an LP can be derandomised. The runtime

of this approach depends on the LP-solver chosen; standard interior point

methods give O(n7). Furthermore they investigate k-lookahead auctions, in

which an optimal auction is run on the highest k bidders’ conditional distri-

bution. They show that a polynomial-time algorithm for two bidders extends

to a polynomial-time approximation algorithm for many bidders through the

2-lookahead auction. This builds on previous work by Ronen [110] and Ronen

and Saberi [111]. Chen et al. [30] investigate the approximation ratio of the

k-lookahead auction further. Caragiannis et al. [26] improve results by [50]

on separation between deterministic vs. randomised expected revenue, and

on the lower bound on the approximation ratio for the three-bidder auction

by [106]. Diakonikolas et al. [49] show that an approximate trade-off between

revenue and social welfare can be computed efficiently for two bidders. Esö

[54] investigate optimal auctions for risk-averse buyers and sellers. A related

setting with interdependent values has been investigated by several authors,

see for instance [38, 84, 94]. Crémer and McLean [41, 42] discuss conditions

for full surplus extraction with interim individual rationality.

Most of the literature on reverse or procurement auctions specifically seem

to focus on more complex settings than the ones we are interested in. One

major area of research is when sellers offer goods of differing qualities, see

for instance Manelli and Vincent [91]. Chapter 13.5 by Hartline and Karlin

[69] in Nisan et al. [105] discuss feasibility constraints in reverse auctions.
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Several chapters in the same book briefly mention that they consider reverse

auctions to be covered by the model they use or similar, e.g. pages 220, 269,

332 therein [105]. To the best of our knowledge, almost no literature looks

specifically at the simple reverse auction setting we are interested in. The

main exception to this we are aware of is a paper by Minooei and Swamy

[95, 96], who discuss the more general setting of mechanism design for cov-

ering (as opposed to packing) problems. Conitzer and Sandholm [37] discuss

collusion in combinatorial auctions and reverse auctions. They take the re-

verse setting to be a simple parallel of the forward case (as we do here),

except for an explicit constraint on allowed allocations (in their case, for

the VCG mechanism) which we also assume in this chapter. They consider

among other results the complexity of computing whether collusion is possi-

ble in a (forward or reverse) auction, showing that this is NP-hard even for

2 colluders.

3.2 Preliminaries

We consider a single-item auction, in which an auctioneer wishes to sell one

item to one of several bidders, numbered 1, . . . , k. We assume each bidder

i has valuation vi, which can take one of several discrete values. For ease of

notation we take vi ∈ {1, . . . , n} = [n]; it is easily checked that none of our

results depend on this. Let F denote the (joint) prior probability distribution

over v = (v1, . . . , vk). Our interest is only in deterministic mechanisms, which

consist of allocation functions xi(v) together with payment functions pi(v)

for each bidder. Let xi(v) = 1 if bidder i wins the item given bid vector v,
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and xi(v) = 0 otherwise. Given that we assume the auctioneer only has a

single copy of the item to sell, we require
∑

i xi(v) ≤ 1 for all v. We assume

quasilinear utilities, and require the usual notions of truthfulness / DSIC and

individual rationality, as defined formally below. We therefore can assume

that players’ bids are equal to their valuations. The auctioneer’s aim will be

to maximise their expected revenue E [pi(v)].

(Utilities) ui(v) = vixi(v)− pi(v) (3.1a)

(DSIC) vixi(v)− pi(v) ≥ vixi(v
′
i,v−i)− pi(v′i,v−i) ∀i,v, v′i (3.1b)

(IR) ui(v) ≥ 0 ∀i,v (3.1c)

(1-item)
∑
i

xi(v) ≤ 1 ∀v (3.1d)

By Myerson [98], truthfulness in this domain for deterministic mechanisms

is equivalent to monotone allocations, and the corresponding uniquely de-

termined payments - the winner’s critical bid. That is, if bidder i wins the

auction given bid profile v, then they also win the auction for bid profile

(v′i,v−i), for any v′i > vi; and their payment will be the smallest v′i ≤ vi such

that they would still win the auction given bid profile (v′i,v−i). If bidder i

does not win they pay nothing (by IR (3.1c)).

xi(v) = 1⇒ ∀v′i ≥ vi : xi(v
′
i,v−i) = 1 (3.2a)

pi(v) = min {v′i : xi(v
′
i,v−i) = 1} if xi(v) = 1, else pi(v) = 0 (3.2b)

Papadimitriou and Pierrakos [106] give a very elegant geometric represen-

tation of this condition: For each bidder i, their critical bid is given by a
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function αi(v−i) of the other bidders’ bids; where xi(v) = 1 iff vi ≥ αi(v−i).

Consider now for each bidder i the region Ai = {v : vi ≥ αi(v−i)} of all bid

vectors for which i wins the item. Clearly this is bordered by αi(v−i). Fur-

thermore, if (vi,v−i) ∈ Ai, then also (v′i,v−i) ∈ Ai for all v′i ≥ vi. This follows

both from the definition of Ai as the region bounded below by the graph of a

function of v−i, as well as directly from monotonicity. We will also say that

Ai is “upward-closed in direction vi” for this. The 1-item constraint (3.1d)

entails that any two Ai must be disjoint. In summary, the picture we get is

that looking for the optimal k-bidder auction is looking for a partition of the

space of possible bid combinations into k + 1 regions: k regions where the

item is sold to each of the buyers (each upward-closed in the corresponding

direction), and one where the item is not sold. Figure 3.1 shows this picture

for the two-bidder case. Taking bidder 1’s bid to be on the x-axis and bidder

2’s on the y-axis, we are looking for A1 to be rightward-closed, and A2 to

be upward-closed. There is a two-fold tradeoff: smaller αi(u) means higher

probability of drawing vi ≥ αi(u), but selling at a lower price if so; smaller

αi(u) also means “blocking” more bid vectors for the other bidder. We will

often identify a mechanism through either the regions Ai or the functions

αi; we will write αi(v−i) = n + 1, if none of the bid vectors (vi,v−i) are in

Ai. When defining a mechanism through the αi, DSIC and IR are automatic.

The 1-item constraint (3.1d) for two bidders can be restated as a non-crossing

property (3.3) [106]. The expected revenue has a simple closed form in terms

of αi given as equation (3.4) for two bidders.

(Non-Crossing Property) v1 ≥ α1(v2)⇒ v2 < α2(v1) ∀v1, v2 (3.3)
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v1

v2

A2: Sell
item to
buyer 2.

α2: Criti-
cal bid for
buyer 2.

Do not sell item.

α1: Criti-
cal bid for
buyer 1.

A1: Sell
item to
buyer 1.

If this bid combination
is realised, the mech-
anism sells to buyer 1
. . .. . . for the price given by the critical

bid = border of the region A1.

If this bid vector was added to A1, some
extra expected revenue from it would be
achieved, but at the expense of lowering the
price at all bid vectors to the right of it.

Figure 3.1: A mechanism as a partition of the bid space into regions of allocation, and the corresponding
critical bid functions. Discrete prior support shown dotted, with critical bid functions and allocation
regions drawn slightly larger for easier readability. (We are being slightly imprecise here: The graph of α1

is the vertical part of the dashed blue line; The graph of α2 is the horizontal part of the dashed red line.)
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R =
n∑
j=1

α1(j) ·
n∑

`=α1(j)

F (`, j)

+
n∑
`=1

α2(`) ·
n∑

j=α2(`)

F (`, j)

 (3.4)

In a reverse auction, again a single auctioneer faces k bidders having their

valuations drawn from a joint distribution F supported on [n]k. We assume

that each bidder holds one copy of a single type of item, each bidder’s copy

identical to all others’, and that the auctioneer wishes to procure one copy.

For simplicity we now write xi(v) = −1 if the mechanism buys a copy of

the item from bidder i. This allows us to leave the definitions of utilities,

DSIC and IR in equations (3.1a)-(3.1c) unchanged.1 It is easy to see that

in this context it makes little sense to require that the mechanism buys at

most one copy of the item. Instead we require the mechanism to always buy

at least one copy of the item, i.e. we require that
∑

i xi(v) ≤ −1, replacing

the corresponding constraint (3.1d).

Geometrically, we get a very similar picture of regions Ai in which the

mechanism buys from bidder i. However, they now need to be downward-

closed in direction of vi. In the two-bidder case, A1 ought to be leftward-

closed, and A2 downward-closed. Secondly, two or more of the Ai may now

overlap (when the mechanism buys two or more copies); the constraint that∑
i xi(v) ≤ −1 means that the union of all Ai must cover all of the bid space.

1Taking instead vi to be nonpositive, or adjusting equations (3.1a)-(3.1c) is equivalent.
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3.3 The O(n3) Algorithm for the Two-Bidder

Auction

We now show how to compute the optimal two-bidder auction in time O(n3).

This immediately gives an O(n3) 5
3
-approximation algorithm for many bid-

ders, as detailed in Dobzinski et al. [50]. We do this in three steps. First,

we show that we only need to find the optimal allocation function for one of

the bidders; finding the second bidder’s allocation function is then very easy.

Indeed, pre-computing all possible optimal allocations for the second bidder

is easy. Second, we show that the optimal critical bid for bidder 1 in each

v2 = c “row” only depends in a limited way on the critical bids in other rows.

Third, we use these results to construct a very simple bottom-up dynamic

programming algorithm.

Step 1: Disentangling the Two Bidders from One An-

other

One source of complexity in finding the optimal auction with correlated priors

is that the two bidders’ allocations interact: taking still v1 to be the horizontal

axis and v2 the vertical one; if at a bid vector w we allocate the item to bidder

1 (i.e. w ∈ A1), then by monotonicity we also do so at all bid vectors to its

right. In turn, this means that we cannot sell to bidder 2 at any of the bid

vectors u : u1 ≥ w1 ∧ u2 ≤ w2 to the bottom right of w. Vice versa, if

at w we sell to bidder 2, we cannot sell to bidder 1 at any of the points

to its top left. This argument applies repeatedly: Allocation to bidder 1

72



influences potential (and thus also optimal) allocation to bidder 2, which in

turn influences potential & optimal allocation to bidder 1. A simple lemma

shows how to disentangle the two bidders’ allocation: Suppose (say) bidder

1’s allocation is fixed. How does the choice of a value α2(`) now influence

the optimal choices of all other values of α2? Simple: It does not. While the

inclusion or exclusion of (`, v2) in A2 influences other points (`, v′2) in the same

“column” through monotonicity for bidder 2; the only way it could influence a

point (`′, v′2), `′ 6= `, in another “column” is through monotonicity for bidder

1. But by assumption bidder 1’s allocation is already fixed. Therefore, each

choice of α2(`) is independent of all the others. Furthermore, clearly in

column v1 = ` the optimal thing to do is to run an optimal single-bidder

auction for bidder 2 on all the bid vectors not inside or below A1. This

principle holds for many bidders; We state it rigorously for two bidders:

Lemma 2. In the optimal mechanism the following holds.

α2(`) = argmax
α2(`)>u(`)

α2(`) ·
n∑

j=α2(`)

F (`, j)

u(`) = max {u : α1(u) ≤ `}

Proof. Let α1 be fixed. Our aim is to find the α2 so as to maximise the

expected revenue (3.4) while maintaining the 1-item constraint (3.1d), which

by Papadimitriou and Pierrakos [106] is equivalent to a non-crossing property

of critical bid functions (3.3). Now, clearly the first sum in equation (3.4) is
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constant for fixed α1. So, we are looking to solve

R2 = max
α2

n∑
`=1

α2(`) ·
n∑

j=α2(`)

F (`, j)

 (3.5)

Furthermore, from (3.3) it follows that we require

α2(`) > max {u : α1(u) ≤ `} =: u(`) (3.6)

Since this is the only constraint on α2, it follows that we may interchange

the maximum and sum:

R2 =
n∑
`=1

 max
α2(`)>u(`)

α2(`) ·
n∑

j=α2(`)

F (`, j)

 (3.7)

And therefore, α2(`) is as claimed.

α2(`) = argmax
α2(`)>u(`)

α2(`) ·
n∑

j=α2(`)

F (`, j) (3.8)

Figure 3.2 illustrates this lemma. This result tells us that if we already

knew one player’s allocation & critical bid function, it would be easy to

calculate the optimal allocation & critical bids for the second player. In fact,

we can calculate all possible ones: Notice that the optimal α2(`) depends

only on u(`), and no other information on α1 or α2. We can iterate through

all (n2) possible values of ` and u, and calculate (in linear time each) the

optimal a2(`, u) = argmaxm>um ·
∑n

j=m F (`, j), taking time O(n3) total.
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v1

v2

A1

v1 v1

Blocked.

Run optimal 1-
bidder auction
here.

Figure 3.2: Finding the optimal allocation to bidder 2, given fixed allocation to bidder 1.
From left to right: (a) For a given fixed allocation to bidder 1 ...
(b) ... look at each v1 = c-“column” separately ...
(c) ... and run the optimal single-bidder auction for bidder 2, on the part that is not blocked by allocation
to buyer 1.

Step 2: Disentangling the Remaining Bidder’s Alloca-

tion

Relying on the previous subsection, we can now extend an argument and

algorithm that was first discussed by Gerstgrasser et al. [60]. Let us consider

how the optimal choice for each α1(j) depends on the value of α1 in other

rows. Let us assume that for some j the values of α1(j + 1), . . . , α1(n) - i.e.

the allocation to bidder 1 in rows above j - are fixed. A particular choice of

α1(j) contributes to the expected revenue of the mechanism in three ways:

• The contribution to expected revenue from the optimal α1(1), . . . ,

α1(j − 1), which may depend on α1(j).

• In row j, the expected revenue from selling at points (α1(j), j), . . . ,

(n, j) at price α1(j).

• For some columns, the choice of α1(j) may entail that the mechanism

may only sell to buyer 2 at points “above” row j. In particular, consider

column v1 = `. If α1(j) ≤ `, then point (`, j) ∈ A1, and thus (`, j) and
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v1

v2
Revenue from optimal auc-
tions to buyer 2. (In columns
α1(j),. . . ,minm>j α1(m)− 1.)

Revenue from selling to buyer
1.

Revenue from choices of
α1(1), . . . , α1(j − 1).

α1 (j)

Figure 3.3: The contribution to the auctioneer’s expected revenue due to the choice of α (j) as in Lemma
3. The blue area shows the bid profiles where we sell to buyer 1 due to this choice, the green area shows
the bid profiles where we may sell to buyer 2 due to it (using the respective optimal single-bidder auctions,
exemplified in red dotted lines).

all points directly below cannot allocate to buyer 2. On the other hand,

this is not necessarily influenced by the choice of α1(j): If for some m >

j, (`,m) is in A1, i.e. α1(m) ≤ ` (which is assumed to be fixed), then

(`,m),. . . , (`, j),. . . , (`, 1) could not allocate to bidder 2 irrespective

of the choice of α1(j). This means that this contribution to expected

revenue occurs exactly for columns ` with α1(j) ≤ ` < minm>j α1(m).

Figure 3.3 illustrates these three contributions. The crucial point here is in

the last item, which we restate as a lemma due to its importance:

Lemma 3. The optimal choice of α1(1), . . . , α1(j) depends only on the

minimum of α1(j + 1), . . . , α1(n), not all individual values.

Step 3: The Dynamic Programming Algorithm

Using these two results, calculating the optimal auction is easy. First, let

r2(`, u) = maxm>u(m ·
∑n

j=m F (`, j)) be the expected revenue that can be
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obtained from bidder 2 on bid vectors (`, u+ 1) and those directly above (cf.

Lemma 2 and after). As discussed we can compute these in time O(n3), which

our algorithm does as a first step. Now, by the discussion in the previous

subsection, and Lemma 3, we only need to consider the minimum of α1 in the

top n−j rows in order to calculate the optimal α1 in the first j rows. We will

write α1(j) = n+ 1 if none of the points in row j are in A1. Our algorithm is

as follows: for each possible value of min {α1(2), . . . , α1(n)} we calculate the

optimal value of α1(1) and the associated expected revenue arising from this

choice. We save these values as a1(1,m) and r1(1,m) for m = 1, . . . , n + 1.

Then, we proceed upwards and for j = 2, . . . , n calculate the optimal values

of α1(j) for each possible value of m = min {α1(j + 1), . . . , α1(n)} using the

already stored values of r1(j − 1, .). In recursion form:

a1(j,m) = argmax
1≤q≤n+1

{
q

n∑
`=q

F (`, j) +
m−1∑
`=q

r2(`, j) + r1(j − 1,min {q,m})

}
(3.9)

and r1(j,m) is the maximum attained by this expression. The first term is the

expected revenue from selling to bidder 1 in this row (blue in Figure 3.3); the

second is the revenue from auctioning to bidder 2 in the appropriate columns

(green); the third is the expected revenue from rows below j (yellow). In the

third summand we use min {xj, . . . , xn} = min {xj,min {xj+1, . . . , xn}}. It is

easy to see that we do not need to calculate the sums inside the argmax from

scratch for each value of q we consider; By memoising the partial sums we

can evaluate the term inside the argmax in constant time. That then makes

it possible to calculate all the a1 and r1 in time O(n3). r1(n, n+ 1) will then

give the optimal expected revenue, and α1 can be found by backtracking from
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a1(n, n + 1). See Algorithm 3 for the non-memoised version. Furthermore,

this extends also to a 5
3

approximation for many bidders: Dobzinski et al. [50]

give this bound for the 2-lookahead auction, which runs the optimal auction

for the two highest bidders, with their priors conditioned on the remaining

k− 2 bidders’ bids. Thus, any algorithm for the two-bidder auction also can

be used to solve the 2-lookahead auction for many bidders, if given access

to the conditional prior. The improvement our algorithm gives over existing

approaches thus transfers immediately also to approximation algorithms for

many bidders.

Algorithm 3 Optimal auction with two correlated bidders.

1: for ` = 1, . . . , n do
2: for u = 0, . . . , n do
3: r2(`, u) = maxm>u(m ·

∑n
r=m F (`, r))

4: for m = 1, . . . , n+ 1 do
5: r1(0,m) =

∑m−1
q=1 r2(0, q)

6: for j = 1, . . . , n do
7: for m = 1, . . . , n+ 1 do
8: a1(j,m) = argmax1≤q≤n+1{

q
∑n

`=q F (`, j) +
∑m−1

`=q r2(`, j) + r1(j − 1,min {q,m})
}

9: r1(j,m) = max1≤q≤n+1{
q
∑n

`=q F (`, j) +
∑m−1

`=q r2(`, j) + r1(j − 1,min {q,m})
}

return r1(n, n+ 1)

Theorem 13. It is possible to calculate the optimal two-bidder auction with

correlated priors in time O(n3), where the prior support is of size n2. This

also gives a O(n3) 5
3
-approximation algorithm for many bidders.

Proof. The memoised O(n3) algorithm follows easily from the conceptual

prototype presented in Algorithm 3, by incrementally computing the sums
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inside the max and argmax. To verify that the algorithm returns the correct

value, consider that we can write the expected revenue as follows:

R =
n∑
j=1

α1(j) ·
n∑

`=α1(j)

F (`, j)

+
n∑
`=1

α2(`) ·
n∑

j=α2(`)

F (`, j)

 (3.10)

Here the first term gives the expected revenue from selling to bidder 1, the

second term gives the expected revenue from selling to bidder 2: for v2 = j we

sell to bidder 1 at price α1(j) for bid combinations v = (α1(j), j) , . . . , (n, j),

giving probability
∑n

`=α1(j) F (`, j).

Now, as a first step we partition the range of the outer sum in the second

term along those indices for which ` = α1(j) for an α1(j) with α1(j) <

min {α1(j + 1), . . . , α1(n)}.

R =
n∑
j=0

α1(j)
n∑

`=α1(j)

F (`, j) +

min{α1(j+1),...}−1∑
`=α1(j)

α2(`) ·
n∑

j=α2(`)

F (`, j)


(3.11)

Note that
∑min{α1(j+1),...,α1(n)}−1

`=α1(j) [. . .] is indexing over the empty set and we

take it to equal 0, if α1(j) ≥ min {α1(j + 1), . . . , α1(n)}. We also take

α1(0) = 1 and F (., 0) = 0. The outer sum now iterates over all the “rows”

v2 = 1, . . . , n. Let now r2(`, u) be defined as before; r2(`, u) = maxm>u(m ·∑n
r=m F (`, r)), and a2(`, u) = argmaxm>u(m ·

∑n
r=m F (`, r)). By the discus-

sion in Step 1 of this section, in the optimal auction α2(`) = a2(`, u(`)) where

u(`) = max {u : ` ≤ α1(u)} is the topmost point in column j that is in A1.

And similarly r2(`, u(`)) is precisely the contribution to expected revenue

from bidder 2 in column `. It is easy to see that each column ` is counted in
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the outer sum precisely in the summand j = u(`). We can therefore rewrite

the expected revenue in terms of r2 instead of α2.

R =
n∑
j=0

α1(j)
n∑

`=α1(j)

F (`, j) +

min{α1(j+1),...,α1(n)}−1∑
`=α1(j)

r2(`, j)

 (3.12)

Let now r′1(j,m, q) be the j-th summand of this, with two free parameters:

r′1(j,m, q) = q

n∑
`=q

F (`, j) +
m−1∑
`=q

r2(`, j) (3.13)

Then taking min ∅ = n+ 1, we can write the optimal revenue using r′1.

R =
n∑
j=0

[
r′1

(
j,min {α1(j + 1), . . . , α1(n)} , α1(j)

)]
(3.14)

So far we have only reasoned about the revenue given fixed α1 and α2, which

when introducing r2 we assumed to be optimal. Clearly for the optimal

mechanism it holds, by definition, that that is optimal over all possibilities

for α1:

R = max
1≤a1(j)≤n+1;

a1(0)=0

n∑
j=0

[
r′1

(
j,min {a1(j + 1), . . . , a1(n)} , a1(j)

)]
(3.15)

Since not all of the summands depend on all of the a1(j), and since they are all
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non-negative, we can interchange summation and the maximum operators.2

R = max
a1(n)

[
r′1
(
n,min ∅, a1(n)

)
+

max
a1(n−1)

[
r′1
(
n− 1,min{a1(n)}, a1(n− 1)

)
+

max
a1(n−2)

[
r′1
(
n− 2,min {a1(n), a1(n− 1)} , a1(n− 2)

)
+ · · ·

]]]
(3.16)

Now we can write R as a recursion in r1. The following coincides with the

definition of r1 in equation (3.9):

r1(j,m) = max
q

[
r′1
(
j,m, q

)
+ r1

(
j − 1,min

{
q,m

})]
= max

q

[
q

n∑
`=q

F (`, j) +
m−1∑
`=q

r2(`, j) + r1

(
j − 1,min

{
q,m

})] (3.17)

It is easy to check that (for the optimal value of m), r1(j,m) is exactly

the sum of the first j summands in the expression for the optimal revenue

(equations (3.14), (3.15)).

r1

(
j,min

{
α1(j + 1), . . . , α1(n)

})
=

j∑
s=0

[
r′1

(
s,min

{
α1(s+ 1), . . . , α1(n)

}
, α1(s)

)] (3.18)

From this it follows immediately that R = r1(n, n+1), as desired. Algorithm

2More generally, it is easy to check that for fi(xi, . . . , xn) ≥ 0 the following holds.

max
x

[ n∑
i=1

fi

]
= max

xn

[
fn(xn) + max

xn−1

[
fn−1(xn−1, xn) +

[
· · ·+ max

x1

f1(x) · · ·
]]]
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3 calculates this value R = r1(n, n + 1) by construction. The algorithm

also keeps track of the associated α1. This can be retraced as α1(n) =

a1(n, n+1), and α1(j) = a1

(
j,min {α1(j + 1), . . . , α1(n)}

)
. We can calculate

α2 as α2(`) = a2(`,max {j : α1(j) ≤ `}).

3.4 The Reverse Auction Case

We now turn to the reverse auction case. This is in many settings equiva-

lent to the auction case; However with correlated priors unexpected things

happen. Recall that here we are looking for regions Ai which are downward-

closed in direction vi, may overlap, and must cover all of the bid space. In

an auction, a large part of the auctioneer’s power comes from the option of

not selling the item; Indeed, reserve prices below which the item is not sold

are at the heart of Myerson’s seminal result [98]. For a single bidder, not

selling is even all the power the auctioneer has to achieve any revenue. In a

reverse auction, the equivalent of this is to buy multiple copies of the item

from multiple sellers. In a way, both of these cases are suboptimal locally,

but allow for higher expected revenue globally: If for a given bid vector v

the auctioneer does not sell in the auction this clearly foregoes some poten-

tial contribution to expected revenue arising from selling at v; but, it may

allow the auctioneer to generate a higher contribution to expected revenue

(through higher prices) at some other bid vectors. Similarly in the reverse

auction, buying from multiple bidders at a bid vector v clearly incurs a dou-

ble or multiple contribution to expected cost arising from v; but, it may

allow the auctioneer to achieve a lower expected cost elsewhere in the bid
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space as a result.

It is easy to see that the possibility of buying from multiple bidders gener-

ates a much richer space of potential outcomes than in the auction. Whereas

in the auction there is k + 1 possible allocations for each bid vector (selling

to each of the bidders, plus selling to none of them), in the reverse auction

we potentially have to deal with 2k − 1 possible allocation (buying from any

combination of bidders, except from none of them). The question we deal

with in this section is whether all of these are actually relevant to the prob-

lem of finding the optimal reverse auction; that is, will all of these occur in

an optimal mechanism? The answer is surprising: “Yes”, for k ≥ 3 bidders,

so the reverse auction in these cases is clearly structurally different than the

corresponding auction; but “No” for 2 bidders. The latter is surprising in

itself, as a priori both the 2-bidder auction as well as the 2-bidder reverse

auction potentially have three valid allocations. As it turns out, not even

these two cases are structurally the same.

Theorem 14. In the single-item reverse auction with two correlated sellers,

the optimal mechanism will never buy from both bidders.

Proof. Suppose for bid vector x we buy from both sellers. We consider two

cases. Firstly, suppose there exists an i such that for no point x′ = (x′i, x−i)

with x′i > xi we buy only from seller i. Then we could strictly improve our

cost if we did not buy from i at x and all those bid vectors x′ = (x′i, x−i)

with x′i > xi. Thus the mechanism was not optimal. See Figure 3.4 (a) for

an illustration.

So assume that for both i, there exists a bid vector x(i) = (x′i, x−i), with
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x

Buying from seller 2

Buying from seller 1

No need to
buy from
bidder 1
here.

By assumption, not buying
from bidder 1 at x(2), so by
truthfulness neither at x′.

By assumption, not buying
from bidder 2 at x(1), so by
truthfulness neither at x′.

So cannot buy from either at
x′, which is a contradiction.

x

x(2)

x(1)

x′

Buying from seller 2

Buying from seller 1

Figure 3.4: From left to right:
(a) In the first case of Theorem 14, if there is no point to the right of x in which we buy only from seller
1, we can improve our cost by not buying from seller 1 in the shaded region, i.e. moving the blue line so
it coincides with the red one.
(b) Buying from either seller is blocked at x′ due to truthfulness, in the second case of Theorem 14. By
assumption we do not buy from seller 1 at x(2), and thus by truthfulness cannot buy from seller 1 at x′.
Vice versa we assume we do not buy from seller 2 at x(1), and so cannot buy from them at x′ either. That
leaves us with noone to buy the item from at x′, violating our feasibility constraint.

x′i > xi, so that we buy only from seller i at x(i). But then by truthfulness

it follows that at x′ = (x′1, x
′
2) we cannot buy from either of the sellers. If

we bought from seller 1 at x′, we would also buy from seller 1 at x(2) by

truthfulness, but that contradicts our assumption. Vice versa for seller 2.

But not buying at all at x′ is not a valid mechanism by definition. Figure

3.4 (b) shows this case.

Thus, the optimal (valid) reverse auction can never buy from both bidders

at once.

An immediate consequence of this result is that the optimal mechanism

design problem in this setting is simpler than in the auction setting: We

are now only looking for a partition of the bid space into two regions A1

and A2 = Ac1. It is easy to check that this allows us to reduce the runtime

of our two-bidder auction algorithm by a constant multiplicative factor, as
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we have fewer potential solutions to consider. We list this as Algorithm 4,

again in non-memoised form for conciseness. To our knowledge this is the

first algorithm specific to the reverse auction setting, exploiting structural

arguments of this problem, and therefore also the first to show a lower runtime

of this problem compared to the optimal correlated auction.

Algorithm 4 Optimal reverse auction with two correlated bidders.

1: c1(0, .) = 0
2: for j = 1, . . . , n do
3: for m = 1, . . . , n+ 1 do
4: a1(j,m) = argmin1≤q≤m{

q
∑q

`=1 F (`, j) + j
∑m−1

`=q

∑j
s=1 F (`, s) + c1(j − 1, q)

}
5: c1(j,m) = min1≤q≤m{

q
∑q

`=1 F (`, j) + j
∑m−1

`=q

∑j
s=1 F (`, s) + c1(j − 1, q)

}
return c1(n, n+ 1)

Surprisingly, for k ≥ 3 bidders the opposite holds: It is possible to con-

struct instances in which it is optimal to buy all k copies of the item.

Theorem 15. For three or more bidders, the optimal reverse auction may

buy from all sellers.

Proof. To show this, we will construct an instance. Our main gadget will be

of the following form: Consider points p1 = (cL, cM, cH) and p2 = (cM, cC, cH)

with high probability weight, and a third point q = (cM, cM, cH) with very

low probability weight, for some constants cL << cM << cH. We will want

to make this so that the optimal mechanism will want to buy at the point

p1 cheaply from seller 1 - and thus cannot buy at point q from seller 1, as

by monotonicity that would also raise the purchase price at p1. Similarly for

seller 2 and points p2 and q. As a consequence, it will want to buy at q from
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Do not want to buy
from bidder 1 at q,
as that would raise
purchase price at p1.

Do not want to buy
from bidder 2 at q,
as that would raise
purchase price at p2.

That only leaves bid-
der 3 to buy from at
q.

v1

v2

v3

qp1

p2

Figure 3.5: The gadget we will use in the proof of Theorem 15. High probability weight on points p1

and p2 makes it optimal to buy from seller 3 (in green) at point q. Buying from either of the other sellers
at q would raise the purchase price at either p1 or p2, thus raising the expected cost. By monotonicity,
the mechanism then must also buy from seller 3 at all points behind q in this view.

seller 3. This will be at a very high purchase price, but if the probability

weight on q is small enough, this will still be optimal in expectation. Figure

3.5 illustrates this construction. By monotonicity it follows that if the mech-

anism buys from seller 3 at q = (cM, cM, cH), it must also buy from seller 3

at all points (cM, cM, v3), v3 ≤ cH.

By creating three such gadgets in the right places and rotated appro-

priately, we can then make it optimal to buy from all three sellers at the

intersection of these q-segments. Consider the construction in Figure 3.6. In

this we have one gadget consisting of p12 = (cH, cL, cM), p13 = (cH, cM, cL)

and q1 = (cH, cM, cM) with the auctioneer buying from bidder 1 in the q1-

segment; and similarly one gadget consisting of p21, p23 and q2 for bidder 2;

and a third one comprising p31, p32 and q3 for bidder 3. Again let there be
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v1

v2

v3

x

q3p31

p32

q2p21

p23

q1

p12

p13

Figure 3.6: Three gadgets make up the construction used in the proof of Theorem 15. Notice that for
bid vector x (in the centre at the intersection of the three qi-segments), the mechanism will buy from all
three sellers, due to monotonicity and the allocation at the points qi.

very high probability weight on the pij, and very small probability weight ε

on the qi (and everywhere else). The qi are placed such that the qi-segments

intersect at the point x = (cM, cM, cM). It is easy to check that the optimal

mechanism will indeed buy from bidder i in each qi-segment, for ε small

enough; it will thus buy from all three bidders at x.

To show this formally, wlog we take the prior support to be [3]3, and

cL = 1, cM = 2, cH = 3; it is easy to see that the following arguments work

for any other choice of these constants. Let there be probability weight 1−ε
6
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on points p12 = (3, 1, 2), p13 = (3, 2, 1), p21 = (1, 3, 2), p23 = (2, 3, 1),

p31 = (1, 2, 3), p32 = (2, 1, 3), and probability weight ε
21

on each of the

remaining 21 points of the prior support. We will denote by q1 = (3, 2, 2),

q2 = (2, 3, 2), q3 = (2, 2, 3) among these. Notice how for i = 1, 2, 3 each of

these sets of two pij and one qi forms one of the gadgets discussed in the

main text. To show this we will proceed as follows. First, we show that

the optimal mechanism has the property that the auctioneer buys each of

the points pij for price 1 from seller j (and only seller j). There are two

things to check here; step 1(a), we show that a valid allocation exists that

has this property. Step 1(b), we show that any allocation with this property

has lower expected cost than any allocation without this property. Step 2,

we deduce from this that the optimal mechanism buys from all three sellers

at point x = (2, 2, 2).

Step 1(a): There is a valid mechanism that buys from seller j (and only

seller j) at each point pij, for price 1: This is easy to see. We show one

such mechanism in Figure 3.7. Each cell lists the bidder(s) that the item is

bought from for this given bid vector; with the high probability bid vectors

shown in bold face.

Step 1(b): Any mechanism that allocates at the points pij in this manner

has lower expected cost than any mechanism that does not. We show this

by giving first an upper bound on the expected cost of any mechanism with

this property. This consists of an exact expression for the contribution to

expected cost incurred at the pij, plus an upper bound on the contribution

at all the other points. Second, we give a lower bound of the expected cost

of any mechanism which does not have this property; for this it suffices to
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v3 = 1 v1 = 1 v1 = 2 v1 = 3
v2 = 3 1 3 3
v2 = 2 3 3 3
v2 = 1 2 2 2

v3 = 2 v1 = 1 v1 = 2 v1 = 3
v2 = 3 1 2 3
v2 = 2 1 1,2,3 1
v2 = 1 2 2 2

v3 = 3 v1 = 1 v1 = 2 v1 = 3
v2 = 3 1 1 3
v2 = 2 1 3 2
v2 = 1 2 2 2

Figure 3.7: The full allocation for the instance in Theorem 15. Each cell shows the bidder(s) the
mechanism buys from at the given bid vector. High probability points are shown in bold face.

lower bound the expected cost incurred at the pij.

So, assume a mechanism allocates at the pij in the manner claimed; then

the expected cost can be (very crudely) bounded above by 6 · 1 · 1 · (1−ε
6

) +

21 · 3 · 3 · ( ε
21

) = 1 + 8ε. The first term is the contribution from the 6 points

pij where we buy at price 1 from exactly 1 seller with probability 1−ε
6

each,

the second term a bound from the 21 remaining points, where we buy from

at most from 3 sellers, for at most a price of 3, with probability ( ε
21

) each.

On the other hand, if a mechanism allocated at any of the pij differently

(while maintaining monotonicity), that would mean either raising the pur-

chase price to at least 2 at a pij (either due to buying from the same bidder

at a higher price, or buying from a different bidder at price ≥ 2), or buying

from more than one buyer at a pij. Either way we would incur at least an

extra (1−ε
6

) expected cost at one of the pij. The resulting total expected cost

of the mechanism would thus also be at least 7 · (1−ε
6

).

It is easy to check that 1 + 8ε is less than 7(1−ε
6

) if ε < 1
55

. So, for any

such ε the optimal mechanism will have the property that the auctioneer

buys each of the points pij for price 1 from seller j (and only seller j).
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Step 2: Since the optimal mechanism buys from seller j for price 1 at

each pij, it follows that it buys from bidder i at each qi, as buying from

either of the other bidders would contradict the low buying price at a pij.

Therefore by monotonicity, it will buy from all three sellers at x = (2, 2, 2).

For k bidders, this construction easily generalises. Use k gadgets, each with

k − 1 points pij forcing the mechanism to buy point qi from the remaining

bidder.

A “May-Buy” Variant of the Reverse Auction Setting

As we discuss in section 3.2, in the reverse auction setting it makes little sense

to require the mechanism to buy at most one copy of the item, i.e. to require

∀v :
∑

i xi(v) ≥ −1: even for the simple goal of maximising the social welfare∑
i vixi(v) it would be optimal to simply set x ≡ 0; that is, to not buy the

item at all. For cost minimisation, obviously the same holds - if allowed, it

would be optimal to never buy the item, and thus incur cost 0. We therefore

require that the mechanism always buys at least one copy of the item. We

see no reason to prohibit it from buying more than one copy and discarding

the extra copies; indeed requiring exactly one copy to be bought seems very

restrictive. Hence, we require that ∀v :
∑

i xi(v) ≤ −1 as mentioned in the

main text. This requirement of buying at least one copy isn’t often discussed

explicitly in the literature, but it is strictly needed. Conitzer and Sandholm

[37] is the only paper we are aware of that mentions this specifically (and

they use the same requirement we do). We believe that this definition of the

90



reverse auction is most relevant and appropriate, as it most closely mirrors

the auction setting.

However, we briefly mention one conceivable alternative to this, and show

that this too is distinct from the auction setting. That is, our claim that

reverse auctions behave differently than auctions is not an artefact of our

definition of the reverse auction. Consider the following reverse auction vari-

ant: Instead of requiring the mechanism must buy the item, require that it

may buy a copy of the item, and derive some fixed utility u∗ from it if they

do. Showing that this is different from the auction is easy. For instance, even

for two bidders, it is possible for the optimal mechanism to buy from both or

neither of the bidders. We only give a sketch proof; it can be made rigorous

in the same manner as the proof of Theorem 15.

Theorem 16 (In the may-buy setting we may buy from all sellers.). In the

may-buy setting, it is possible to construct an instance in which it is optimal

to buy from all sellers for some bid combinations.

Proof. We assume u∗ to be large relative to all coordinates of all points in

the discussion below. For three or more bidders, an instance like the one

used in the “must-buy” setting (Theorem 15 and figure 3.6) works in the

may-buy setting, with some extra probability on the qi. For two bidders, a

similar construction works. Consider figure 3.8. Sufficiently high probability

weight on bid profile p1 means the optimal mechanism will want to buy from

seller 2 there for as low a prices as possible. This in turn means that it will

not want to buy from seller 2 at any of the bid profiles (v1, v
′
2) with v′2 ≥ v2.

In particular it will want to avoid buying from seller 2 at bid profile q1.
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v1

v2

q2

q1x

yp2

p1

Buying from seller 2

Buying from seller 1

Figure 3.8: The two-bidder case in Theorem 16. In the optimal mechanism, we want to ensure a low
price for (high-probability) bid vector p1 by buying from seller 2. We also want to ensure we get positive
utility from bid vector q1, thus buying from seller 1. Vice verse for points p2 and q2. As a result, we may
buy from both sellers at (very low probability) point x. Note that in the may-buy setting, we can choose
not to buy at all for bid vector y.

However, it will still want to buy from seller 1 at q1, to get (lower) revenue

u∗ − (q1)1. A similar reasoning shows that it will want to buy from seller 2

at q2. By truthfulness it follows that the optimal mechanism will then have

to buy from both sellers at bid profile x = ((q2)1, (q1)2). (If the probability

weight on x is small enough this will still be optimal.)

On the other hand, there are situations in which the optimal mechanism

will want to forego buying at a particular bid profile. For instance, in figure

3.8 if there is sufficiently little prior probability at bid profile y, it will be

optimal to not buy there at all, to avoid raising the purchase price at q1 or

q2. That is to say, in the may-buy setting all 2k valid outcomes may occur

in an optimal mechanism.
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3.5 Auctions, Reverse Auctions, and Double

Auctions

One way to visualise the relation of the discussed reverse auction setting

to forward auctions is by looking at the allowed allocations in each setting.

We begin with the two-bidder case. For a two-bidder auction, the allowed

allocations are (0, 0), (1, 0) and (0, 1) in the deterministic case, and any point

in the triangle created by taking the convex hull of these in the randomised

case. Three constraints work together to create this feasible region: Firstly

for the two bidders, 0 ≤ x1 ≤ 1 and 0 ≤ x2 ≤ 1, i.e. each bidder may not

receive the item, or receive one copy, or in the randomised case any expected

fraction in between. In other words, they do not want less than 0 (i.e. they

won’t sell a copy of the item), and they do not want to buy more than 1

copy. The third constraint comes from the auctioneer, stating that at most

one copy of the item may be allocated: 0 ≤ x1 + x2 ≤ 1. Figure 3.9 (a) and

(b) show this.

Correspondingly in a reverse auction, the allowed allocations are (−1, 0),

(0,−1) and (−1,−1), or their convex hull in the randomised case, as in

figure 3.9 (c). It is worth pointing out that a market intermediation setting

as discussed in Gerstgrasser et al.[60] also fits into this picture, with allowable

allocations (0, 0) (neither buy nor sell the item), (0,−1) (buy the item but

do not sell it), and (1,−1) (buy and sell the item). This is with bidder 1

being the buyer and bidder 2 being the seller, but here the opposite case is

indeed entirely symmetric. Figure 3.9 (d) shows this case.

In this framework, it is also easy to visualise the meaning of lemma 14: It
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0
≤
x
2
≤

1

0 ≤ x1 ≤ 1

0 ≤ x1 + x2 ≤ 1

x1

x2

x1

x2

x1

x2

Figure 3.9: From left to right:
(a) The constraints in the two-bidder auction, with the intersection shaded in red.
(b) The resulting allowed allocations, with integer allocations shown bold.
(c) The corresponding picture in the reverse auctions setting.
(d) The feasible allocations in a market intermediation setting. (Top left quadrant would be the symmetric
case with the roles of buyer and seller reversed.)

says that an optimal mechanism will never use allocations in the region greyed

out in figure 3.10 (a), but rather will only use allocations shown in bold red

points (in the deterministic case) respectively bold red line (in the randomised

case).3 A very similar result holds in the case of market intermediation, as

detailed in Chapter 2. In this setting, the corresponding region shown in pale

red in figure 3.10 (b) may be utilised by an optimal mechanism, but only

when this is required due to truthfulness. This is essentially lemma 1: In

one-seller-one-buyer market intermediation the region where the auctioneer

buys the item from the seller is the smallest region which contains the region

where the item is sold to the buyer and is closed under decreasing seller’s

bid.

For three or more bidders, the picture gets more complex, and again serves

to visualise the difference between auctions and reverse auctions. In this case,

it is stark. Geometrically, in both settings the auctioneer’s feasibility con-

straint slices through a cube induced by the bidder’s feasibility constraint,

but in different parallel planes. In the case of the three-bidder auction it

3Notice that the proof of lemma 14 extends immediately to the truthful-in-expectation
case.
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x1

x2

x1

x2

Figure 3.10: From left to right:
(a) Lemma 14 states that an optimal reverse auction will never utilise any allocation vector within the
greyed-out region.
(b) The corresponding result for market intermediation states that the shaded red region will only be used
when required by monotonicity.

gives the pyramid spanned by the origin and the unit vectors. In the three-

bidder reverse auction the feasible region extends “one layer further”, being

spanned by the point (−1,−1,−1) where the auctioneer buys from all three

sellers, similar to the origin in the forward auction case; a “first layer up”

similarly to an auction, consisting of the three points (0,−1,−1), (−1, 0,−1)

and (−1,−1, 0) where they buy from two of them; and “second layer up”

comprising the three points (0, 0,−1), (−1, 0, 0, ) and (0,−1, 0) where they

buy from one seller. Figure 3.11 shows these two cases. Similarly to Theo-

rem 14 for the two bidders, a more general statement holds here stating that

in the optimal mechanism the allocations below the “top”
∑
xi = −1 layer

will only occur if needed due to truthfulness.

For the two possible market intermediation scenarios with three bidders

we get similar pictures. Interestingly, the one-seller-two-buyers case is close

to the auction, while the two-sellers-one-buyer case is closer to the reverse

auction. In the 1 × 2 case, taking bidder 1 to be the seller, we get allowed

allocations (−1, 0, 0) - buy, but don’t sell; (0, 0, 0) - neither buy nor sell; and

(−1, 1, 0) and (−1, 0, 1) - buy and sell to either buyer. Similarly to the auction
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x1

x2

x3

x1

x2

x3

Figure 3.11: From left to right:
(a) The allowed allocations in a three-bidder auction. Integer allocations shown as bold dots, randomised
allocations in outline.
(b) The corresponding allowed allocations in a three-bidder reverse auction.

case, this forms a pyramid, in one of the adjacent octants with one negative

coordinate. In the 2 × 1 case we get a “pyramid plus extra layer” shape,

similar to the reverse auction case but in one of the octants with two negative

coordinates. It is worth noting that Papadimitriou and Pierrakos [106] show

that the three-bidder auction is NP-hard, while Gerstgrasser et al. [60] show

the same for the one-seller-two-buyers market intermediation. In other words,

the two “pyramid shaped” cases are resolved. On the other hand, both

“pyramid plus extra layer” cases are still open. It is unclear whether the

larger space of allocations adds extra complexity to these problems, or if the

additional degrees of freedom might make them easier.

It is also easy to see how this would generalise further to more complex

cases. E.g. imagine an auction, with the following twist: Not only does the

auctioneer have a copy of the item, some or all of the bidders also already have

a copy. They still each have demand for an additional copy, so the auctioneer

could just consider this a plain single-item auction. Or, the auctioneer could
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sell their copy, but also buy another copy from one bidder, and sell that

to another bidder at a profit. In other words, an auction with potential for

intermediation. Or, market intermediation where the intermediary starts out

with a copy of the item.

The obvious question here is if there is a more comprehensive theory uni-

fying these different cases. Or indeed, covering also more complex scenarios

within this framework of a “general single-item market model”. Notice for in-

stance that a three-bidder unit-demand auction with two copies of the item

for sale would also lead to a “pyramid plus extra layer” shape of allowed

allocations, similar to the reverse auction.

3.6 Discussion and Future Work

Our O(n3) algorithm for the two-bidder auction is interesting not only in its

own right - presenting a substantial improvement of the previously known

O(n6) approaches, both for the exact solution for two bidders but also for a

5
3
-approximation for many bidders; but it is significant also because of the

techniques used in arriving at it. Our algorithm is the first to exploit struc-

tural properties of the 2-bidder auction design problem, whereas previous

approaches reduce the problem to a generic graph algorithm respectively a

derandomised LP. In contrast, structural insights allow us to decompose the

problem into a simple recursion. Generalised versions of these observations

hold for many settings, and could potentially be useful there.

Lemma 2 gives a useful characterisation of the optimal two-bidder auc-

tion, and indeed this generalises to virtually all correlated mechanism design
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settings we can think of. For two-bidder settings, this gives a useful decompo-

sition into optimal single-bidder mechanisms, that may be tractable in many

cases. For more general cases, an analogue of Lemma 2 states — informally

— that in an optimal mechanism, for any partition of bidders into two sets

S1, S2, for a fixed bid vector v1 of bidders in S1, the allocation to bidders in

S2 is simply that of the optimal |S2|-bidder mechanism taking into account

the (fixed) allocations to bidders in S1. This may be a useful aid in exploring

multi-bidder settings.

It is interesting to consider why this generalisation cannot be used to show

a polynomial-time algorithm for the three-bidder auction. For this setting,

we get two characterisations depending on whether we partition into |S1| = 2,

|S2| = 1, or vice versa. If we take S1 = {b1, b2}, S2 = {b3}, we get that for any

fixed v1, v2, the allocation to bidder 3 in the induced affine linear v3-subspace

(i.e. in each “vertical line” in the bid space) is that of the optimal single-

bidder auction to bidder 3 on all bid vectors that are above any allocated to

bidders 1 and 2 (i.e. on those not blocked by the allocation to bidders 1 and

2). Vice versa, if we take S1 = {b3}, S2 = {b1, b2}, we get that for fixed v3, the

allocation to bidders 1 and 2 on the induced v1, v2-subspace (each horizontal

plane in the bid space) is that of the optimal two-bidder mechanism on all bid

vectors not blocked by the allocation to bidder 3. While these are interesting

properties, what is missing is an analogue of Lemma 3, which allows us to

rewrite the optimal revenue as a tractable recursion. In the three-bidder

case, we do not have an efficient way of computing the optimal allocation

to two or even one bidder. Even in such settings where this result does not

lead to an efficient algorithm, it may still be useful in characterising the
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optimal mechanism. One open question that is of particular interest here

is whether Lemma 2 and its generalisation also hold as an “if and only if”

statement. That is, it would be nice if they would give sufficient conditions

for a mechanism to be optimal.

Our results on correlated reverse auctions for the first time (to our knowl-

edge) show an asymmetry between auctions and reverse auctions. For two

bidders, a further structural analysis allows us to show a small reduction in

complexity compared to the auction, and to devise the first algorithm spe-

cific to the correlated reverse auction setting. Our result for three or more

bidders is surprising, as it shows a much higher dimensional space of possible

outcomes - exponential (in the number of bidders) compared to linear in an

auction. We take this as evidence that the reverse auction case is interesting

to consider as a separate problem from the standard auction model.
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Part 4

Online Market Intermediation

4.1 Introduction

We next focus on a setting similar to the offline double auction, but in which

buyers and sellers appear one-by-one. As buyers and sellers interact with the

intermediary one-on-one, the intermediary is essentially limited to posted-

price mechanisms. It is therefore not so much the individual interaction

(and each trader’s valuation and prior distribution) that is challenging, but

rather the sequence in which they appear. We therefore analyse this setting

in the tradition of worst-case analysis online algorithms, in which we assume

a candidate online algorithm does not know the sequence of buyers and sellers

in advance, and compare its performance against an offline adversary (which

knows the sequence of traders, but not the draws from the prior, in advance).

A similar setting to ours has been studied before by Blum et al. [20].

They consider multiple buyers and sellers trading identical copies of an item.

Arrivals and departures of traders are revealed to the intermediary as they
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happen, and may overlap. Most relevant for us, they give results on the

intermediary’s revenue compared to that of an offline adversary. The key

difference to our work is the overlapping of traders. This gives rise to an

analysis based on online weighted matchings, as the intermediary themselves

never holds on to copies of the item, which are traded directly between seller

and buyer. In contrast, in our work the intermediary must make purchasing

decisions without knowledge of possible future buyers, and maintains a stock

of items themselves. We consider both settings to capture different scenar-

ios: Compare eBay, where seller and buyer are matched directly, to Amazon,

where the intermediary themselves maintains a stock of items. Clearly the

challenges that both face are very different from one another. In the over-

lapping setting, the aim is to match buyers and sellers. In the one-by-one

setting, particular matchings are not important (except as a proof technique,

as we shall see), but great difficulty arises from the unknown future arrivals.

Our interest is in studying this online intermediation setting, in which the

intermediary encounters buyers and sellers as a one-by-one sequence. The

intermediary’s aim will be to maximise their revenue, by purchasing from

sellers and selling on to buyers at a profit. Our analysis will be two-fold:

As regards the utilities and traders’ valuations, we treat them in a Bayesian

fashion, assuming they are drawn from (independent) priors. In contrast,

we will analyse the sequence of arrivals using competitive analysis, where

arrivals are chosen adversarially, and are unknown to the online intermediary

a priori. We study the case of arbitrary sequences of buyers and sellers and

show that the competitive ratio – the ratio of the optimal offline profit over

the profit obtained by the online algorithm – is Θ(n), where n is the number
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of buyers and sellers. The Θ-notation hides important factors that measure

how much the probability distributions differ from the uniform distribution.

The upper bound is obtained by detail-free mechanism: only very simple

nuggets of information are required from those valuations, in order to produce

asymptotically optimal algorithm. This pessimistic analysis is matched by

two positive results. First, when the intermediary can hold only up to k

items for some fixed k, the competitive ratio is constant; the explanation is

that the restriction of the k items reduces significantly the freedom of the

offline algorithm. Second, when we consider balanced sequences of buyers and

sellers— in particular, when there is equal number of buyers and sellers and

the i-th buyer is preceded by at least i sellers—the competitive ratio drops

to a small constant. In all these cases, we study truthful mechanisms, which

are posted price mechanisms, interesting in their own right, due to achieving

respectable performance and robust simplicity in a variety of auctions, despite

their constrained nature.

Prior Work

Our line of inquiry relates to a number of active research areas within mech-

anism design. Most obvious is the connection to the already discussed liter-

ature on (offline) market intermediation and double auctions. Myerson and

Sattherthwaite [99] laid the groundwork for this, later extended to many

bidders by Deng et al. [45], and to budget constraints by Blumrosen and

Dobzinski [21]. The assumptions we make in this chapter are essentially in

line with this tradition of research.
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In sequential auctions, a first step was a comparison of simple posted-

price mechanisms to (revenue-) optimal mechanisms, including a proof of

equivalence under some assumptions [27, 22, 125]. An approach based on

no-regret learning was adopted by [19, 20] in the setting of digital goods

auctions, in which the supply is unlimited. Online mechanism design is

also intimately connected to secretary problems, which has been explored in

several publications [68, 67, 10]. For a general review of online mechanisms,

we refer the reader to [107].

A slightly different line of research has been pursued on prior-free online

auctions. In this, the exact prior distribution is not known, but some larger

class of distributions that restricts the prior is known, e.g. MHR or regular

distributions. A single-item independent-priors setting was explored in [7]

and extended to multiple items in [9]. Digital goods auctions in this anal-

ysis have also received some attention in the literature [71, 78, 79], as have

procurement auctions [17].

4.2 Preliminaries

We consider the problem faced by a broker who faces a sequence σ =

(a1, . . . , an) of buyers and sellers, each trading a single item. Each trader

ai can be either a seller or a buyer that has a valuation for the item vi. A

seller is willing to sell the item at any price higher than vi and a buyer is

willing to buy at any price lower than vi. We assume that the valuation vi

of every seller is drawn independently from a known probability distribution

with probability density function (pdf) and cumulative density function (cdf)
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s(.) and S(.) respectively; similarly, there are pdf and cdf b(.) and B(.) for

every buyer. We make the simplifying assumptions that the distributions

are continuous and regular with support [0, 1] (although our results hold by

a simple scaling argument for [0, D], for any D > 0). Regularity means

that their virtual values v + S(v)
s(v)

for selling and v + 1−B(v)
b(v)

for buying are

strictly increasing; this restriction can be removed if we allow randomized

algorithms. We also require the standard assumption that s(.) and b(.) are

strictly positive in their domain.

The intermediary interacts with the buyers and sellers by posting prices

in the following online manner: when agent ai arrives, the intermediary posts

a price depending only on the previous observations: aj for 1 ≤ j ≤ i, the

previous prices set pj for 1 ≤ j < i as well as the history of the intermediary’s

internal state (the stock level) up to that point. If the trader is a seller and

the posted price is higher than his valuation, he sells the item and the inter-

mediary pays the posted price. If the trader is a buyer and the intermediary

has at least one item in stock, one item is transferred to the buyer who pays

the intermediary the posted price. This asymmetry between the buyers and

sellers is crucial in designing competitive online algorithms.

Our goal is, given the distributions S(∆) andB(∆), to maximise the profit

of the intermediary, relative to that achieved by the optimal offline algorithm

which knows the sequence (but not the realizations of the valuations) in

advance. We use a standard metric from online algorithms, the competitive

ratio. An algorithm A is c-competitive if for any input σ:

c(Rσ(A) + α) ≥ Rσ(OPT) (4.1)
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where Rσ(A) and Rσ(OPT) are the expected revenue achieved by algorithms

A and the optimal offline algorithm OPT for the sequence σ of buyers and

sellers. The additive constant α is necessary as we have to allow the online

algorithm at least a constant loss margin in the worst case.

We study three variations of our setting. The first and most natural is

the general case, where the sequence of buyers and sellers is unrestricted.

In this case, the adversary – who designs the worst-case sequence – is really

powerful and there is not much to do. For example, how can any online

algorithm do well against both sequences Sn and SnBn when it has to be

the same in the common prefix? However, it is possible to find reasonable

bounds on the competitive ratio when we restrict the class of the probability

distributions.

In Section 4.3, we consider the classes of distributions parametrised by two

parameters: M and N . Specifically, we will assume that these parameters

bound the density from above, and the rate of vanishing near zero from

below:

b(v), s(v) ≤M (4.2)

lim
v→0

S(v)

v
≥ N (4.3)

On the other hand, we consider (later in the same section) the case in

which the intermediary can only hold up to K items, where K is a constant.

This curtails so much the power of the offline algorithm that the competitive

ratio drops to a constant, which depends on the probability distributions.

In the second variation (Section 4.4), we consider the natural restriction

in which the sequences of buyers and sellers are balanced, i.e., they contain
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the same number of buyers and sellers and, for every i, buyer i is preceded by

at least i sellers. In this case we analyse the profit obtained by the optimal

offline algorithm and design a simple competitive online algorithm.

4.3 General Setting

In this section we study the simplest setting with arbitrary sequences of

buyers and sellers. When we impose conditions on the distributions, we

construct a lower bound which outlines the nature of the uncertainty in this

problem. This is complemented by designing a natural algorithm avoiding

those pitfalls.

For the presentation of the lower bound we make the simplifying assump-

tion that the distributions S and B for the sellers and buyers are the same,

whose cdf and pdf we denote by F and f . This can only strengthen the lower

bound.

The two conditions on the distributions 4.2, 4.3 will be used and war-

rant a short discussion to provide intuition. Without loss of generality we

will assume that M ≥ 1 (otherwise just take max{1,M}). One immediate

consequence is that for all v ∈ [0, 1]

F (v) =

∫ v

0

f(t)dt ≤
∫ v

0

Mdt = M · v (4.4)

For example, the uniform distribution satisfies this property with M = 1 and

the truncated exponential over the unit interval with M = e
e−1
' 1.582. We

mention that it is inequality (4.4) that we need in the following and not the
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supremum norm bound per se. Also, all the results in this section can be

adapted to discrete distributions; although there is no density in this case,

we can just use 4.4 as Pr[X ≤ t] ≤ M · t for all t ∈ [0, 1], where X is the

random variable of an item value.

Lower Bound

This lower bound quantifies the notion that due to uncertainty, one cannot

be too aggressive in buying many items as there is no guarantee that enough

buyers will appear later. It does so by considering long sequences of sellers,

where the online algorithm does not know if they’ll be followed by equally

long segments of buyers.

Theorem 17. For any continuous distribution of item values, no (even ran-

domised) online market intermediator can achieve a competitive ratio better

than Ω(
√
n), where n is the length of the sequence.

Proof. Let Xi denote the value agent i has for the item, and assume these

values are i.i.d. from a continuous distribution over [0, 1] with cdf F , for both

buyers and sellers. First consider a sequence of of n consecutive sellers Sn.

Let Pi be the random variable of the price that the online algorithm posts to

the i-th seller. Notice that this may include any dependence on the previous

values X1, . . . , Xi−1 that we have observed in the past, as well as any internal

randomisation of the algorithm itself. Also, let Yi be an indicator variable
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denoting whether we bought an item at step i, i.e.

Yi =


1, Xi ≤ Pi

0, otherwise.

Then, the expected total number of items bought Y is

E[Y ] =
n∑
i=1

E[Yi] =
n∑
i=1

EPi [EYi [Yi|Pi]]

=
n∑
i=1

EPi [Pr[Xi ≤ Pi]]

=
n∑
i=1

E[F (Pi)].

Also, if we define Ri to be the random variable representing the amount the

online algorithm pays to the i-th seller, then the expected total expenses R

of the algorithm are

E[R] =
n∑
i=1

E[Ri] =
n∑
i=1

EPi [ERi [Ri|Pi]]

=
n∑
i=1

EPi [Pi Pr[Xi ≤ Pi]]

=
n∑
i=1

E[PiF (Pi)].

Now notice that, since the algorithm has only a constant available loss margin

(see 4.1), there must be a constant α such that that

E[R] ≤ α. (4.5)
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Next, by applying repeatedly Jensen’s inequality for the convex function

t 7→ t2 we can get that

E[Y ]2 =

(
E

[
n∑
i=1

F (Pi)

])2

≤

E

[
n∑
i=1

F (Pi)

]2
 ≤ n · E

[
n∑
i=1

F (Pi)
2

]
.

But from (4.4), for all i = 1, 2, . . . , n it is

F (Pi)
2 ≤M · Pi · F (Pi)

so from the above chain of inequalities we have

E[Y ]2 ≤ nME

[
n∑
i=1

PiF (Pi)

]
= nME[R].

Combining this with 4.5 finally gives

E[Y ] ≤
√
αM ·

√
n. (4.6)

Now consider the addition of n consecutive buyers, that is the sequence

SnBn. By the previous analysis, even if the online algorithm manages to sell

all the items acquired during the initial stage Sn, by 4.6 its expected total

profit cannot exceed

E[Y ] · 1 =
√
αM ·

√
n = O(

√
n).

On the other hand, consider the offline algorithm that posts a fixed price

of q = 1
8M

to all sellers and a price of p = 1
2M

to all buyers. Then, if Ns is
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the random variable representing the number of items the offline algorithm

bought during the initial Sn part of the input, it is E[Ns] = nF (q). Further-

more, by assuming that the offline algorithm will only try to sell items to

the first Ns buyers, that is buyers i = n+ 1, n+ 2, . . . , n+Ns, the expected

number of items sold is E[Ns](1− F (p)) ≥ E[Ns](1−Mq) = 1
2
nF (q). Thus,

the offline profit is lower-bounded by

1

2
nF (q) · p− nF (q) · q = nF (q)(

p

2
− q)− nF

(
1

8M

)(
1

4M
− 1

8M

)
= Ω(n).

This shows us that candidate algorithms should, if they encounter a long

sequence of sellers, buy a superconstant number of items for at most a con-

stant price. We will leverage this in the following subsection.

Upper Bound

The structure of the lower bound can serve as a guide to a simple algorithm,

with a competitive ratio containing
√
n times a factor dependent on the

constants N,M .

Algorithm for the general case: The algorithm contains just two rules for

posting prices to sellers and buyers:

• The price posted to the i-th seller encountered so far (which is not

the same as the seller encountered at step i) is q(i) = 1
i1/2+ε

for ε > 0

arbitrarily small.
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• For any buyer the posted price is p = 1
2M

(if the intermediary has items

available for sale).

Note that only M needs to be known instead of the actual distribution,

making this mechanism mostly detail-free. Its analysis can be broken down

in three parts. We show that there is an upper bound on the amount of

money the algorithm can spend, which is absorbed by the additive constant

in 4.1. Afterwards, we study a mechanism that is more restricted, but easier

to analyse, to bound the probability that the online algorithm will succeed

at each the offline adversary attempts to trade. Combining this with a lower

bound on the income attained from each sale, we get competitiveness of the

online algorithm.

In this section we use the extra assumption on the distributions of item

values: we want the ratio S(v)
v

not to vanish to zero as v becomes arbitrarily

small. Essentially, we want to ensure that the agents’ valuations span the

support of the distribution: any posted price has a positive probability of

leading to a successful trade. Formally, we assume that there is a universal

constant N > 0 (not controlled by the adversary) such that

lim
v→0

S(v)

v
≥ N (4.7)

Various stronger conditions exist that ensure that 4.7 holds, for example

that the density function is non-zero on the left boundary, s(0) ≥ N , or

even that s(v) ≥ N for all v ∈ [0, 1]. Notice for example that the uniform

distribution satisfies (4.7) with N = 1. and so does the exponential, while

for the truncated exponential over [0, 1], N = e
e−1
' 1.582.
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Theorem 18. The above algorithm is O(M
N
n1/2+ε)-competitive, where ε > 0

is arbitrarily small.

Proof. First notice that for any input sequence, the expected total amount

spent by the algorithm is upper-bounded by

∞∑
i=1

S(q(i))q(i)
(4.4)

≤ M ·
∞∑
i=1

q2(i) = M

∞∑
i=1

(
1

i1/2+ε

)2

≤M

∞∑
i=1

1

i1+2ε
≡ c <∞

since the exponent of the denominator in the series is greater than 1. It

follows that the profit is at least k
2M
− c, where k is the number of items sold.

Thus, when analysing the expected profit of this algorithm asymptotically as

k →∞, we can get a lower bound by focusing just on the term involving k,

and absorbing the rest with the additive term in (4.1). In order to simplify

the analysis, we will consider a more restricted algorithm that ignores most

of the potential trades it could attempt.

We start by bounding the profit that the optimal offline algorithm could

achieve. Imagine for a moment the offline algorithm could ignore the drawn

valuations, and always buy for free and sell at a maximum price of 1. The

profit achievable in this way depends only on the maximum number of trades

m(σ) possible for a sequence σ of sellers and buyers (and it clearly up-

per bounds the optimal offline profit.) The maximum number of trades

is equivalent to the size of a maximum matching in the bipartite graph

G(σ) = G(σ,E) defined as follows: the vertices are the sellers and the buyers,

and there is an edge (s, b) ∈ E if and only of it is possible to sell an item

bought from seller s to buyer b or, equivalently, if s appears before b in σ.

Then, clearly E[ROPT] ≤ m(σ).
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It is possible to compute a maximum matching online: keep track of sellers

encountered in a FIFO queue. Whenever a buyer is encountered, match it to

the oldest seller in the queue and remove that seller from the queue. (Do not

match a buyer if the queue is empty.) This computes the lexicographically

first maximum matching (this is Lemma 4, page 118, for K →∞). It is clear

that exactly the first m(σ) sellers will be included in this matching. On the

buyers side, the first m(σ) “feasible” buyers will be included. The edges of

this matching are “ordered”: if (s, b) and (s′, b′) are both in the matching

and s <σ s
′, then b <σ b

′.

Next we move on into lower-bounding the expected online profit. Our

restricted algorithm is as follows: post price q(i) as above to sellers. If buyer j

is matched to seller i (in the offline lexicographically first maximum matching

described above), and the algorithm has successfully bought an item from i,

then post price p to j. If the sale is unsuccessful, throw away the item bought

from seller i and move on. The algorithm will never have spare items to sell

to unmatched buyers. It will throw away items from unmatched sellers at

the end. It is clear that for the matched first m(σ) sellers, this algorithm will

buy an item with probability S(q(i)) from the i-th seller and, in the event of

succeeding, sell the same item to the matched buyer µ(i) with probability

1−B(p)
4.2

≥
(

1−M 1

2M

)
=

1

2
.

Thus, for each of these sellers, the probability of a successful transaction

(purchase and sale) occurring is at least S(q(i)) · (1 − B(p)) ≥ S(q(i))
2

. This
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gives us an expected income of at least

m(σ)∑
i=1

S(q(i))

2
· p =

p

2

m(σ)∑
i=1

S(q(i)) (4.8)

≥
1

2M

2
·m(σ) · min

i=1,...,m(σ)
S(q(i)) (4.9)

≥ m(σ)

4M
S

(
1

m(σ)1/2+ε

)
(4.10)

since prices Q(i) decrease as i increases. But 1
m(σ)1/2+ε

→ 0 as m(σ) → ∞,

and so by property 4.7 we can ensure that for long enough sequences

S(q(m(σ))) ≥ N

2
q(m(σ)) =

N

2

1

m(σ)1/2+ε
.

So, using 4.10 and the fact that the algorithm’s losses are a constant c, the

expected online profit is lower bounded by

N

4M
m(σ)1/2−ε − c = Ω(

N

M
m(σ)1/2−ε).

This results in a competitive ratio of

O(
M

N
m(σ)1/2+ε)

since the size of the maximum matching can be at most m(σ) ≤ n
2
. This

shows our claim.
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Limiting the Number of Unsold Items

Taking a closer look, the root of inefficiency seems to be the long sequences

of sellers the online algorithm faces. Limiting the number of unsold goods to

be less than or equal to K at any given time, imposes a similar constraint

to having a full warehouse, while at the same time limiting the profit the

offline algorithm can generate from those long sequences. Essentially, this

constraint restricts the adversary far more than the online algorithm.

Algorithm for K items: The algorithm consists of two prices q and p, one

for sellers and one for buyers, and attempts to buy items only if the current

stock is ki < K for a constant K. Prices are selected so as to maximise the

profit for the “sequence” SB. Formally, select q, p that maximize: −qS(q) +

p(1−B(p))S(q).

Theorem 19. This algorithm is (−qS(q) + p(1−B(p))S(q))-competitive for

any fixed K.

Proof. Similarly to the unrestricted case, we begin by bounding the profit

achievable by the offline optimal. This is again bounded by the maximum

number of possible transactions given the buyer-seller sequence. Construct a

directed bipartite graph as before. The maximum number mK(σ) of possible

transaction holding up to K items corresponds to the size of a maximum

matching with no “temporal” cut of size greater than K. Here, we define

“temporal” cut to mean any cut in the graph that separates earlier vertices

(buyers and sellers) 1, . . . , i from later vertices i+ 1, . . .. This is precisely the

condition that we cannot hold more than K items at a time, corresponding

to matching more than K sellers from an initial segment to buyers later in
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the sequence.

Again, we can compute one such matching online, using a FIFO queue of

length K, adding sellers to the queue while it is not full and match buyers

greedily as before. Consider again a restricted algorithm that posts prices

q to those sellers that can be added to the queue. To bound our cost, we

need to avoid buying from sellers we already know cannot be matched to

buyers due to the K-limit. When a buyer is encountered and is matched to

a seller, post price p if an item was successfully bought from the matched

seller. Attempt no other sales. As before, we use µ(i) to denote the buyer

matched to seller i.

Using a similar method to the analysis of the offline algorithm at the

end of Theorem 17, we show that the online algorithm generates a constant

amount of profit for any matching attempted by the offline. Observe that for

any pair of seller i and buyer µ(i)in the maximum matching, we extract an

expected profit of −qS(q) + p(1 − B(p))S(q). We will also buy items from

sellers that go unmatched. However, by the construction of the matching,

there will be at most K of these, leading to losses of at most Kq, which can

be captured by the additive constant. (To see this: We only buy from sellers

that entered the FIFO queue. If a seller enters the queue, the only way it

will not be matched to a buyer is if it is in the queue when we reach the end

of the sequence. There can be at most K sellers in the queue at any time,

and in particular then.)

Therefore, our online algorithm’s profit is at least

mK(σ) (−qS(q) + p(1−B(p))S(q))−Kq,
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while the optimal offline algorithm can achieve at most mK(σ). This shows

our claim.

To conclude the analysis, we present a lemma showing that the match-

ing of possible trades computed by the restricted online algorithm is indeed

maximum, thus upper bounding the offline profit.

Lemma 4 (FIFO Maximum Matching). The matching computed using a

FIFO queue of size K as in the preceding proof is a maximum matching.

Proof. We show this for the K-items case. The general case works similarly,

or follows by setting K large enough. Let F be the matching computed

by our FIFO algorithm, and let M be any arbitrary maximum matching in

G(σ). We will show that we can transform M into F using a series of changes

that do not reduce its size.

Let i be the index of the first vertex that is not matched in the same way

in F and M . That is, all edges in F and M that are either between vertices

before i, or originate at a vertex before i, are identical in both matchings.

(There cannot be any matchings that terminate in a vertex smaller than i but

originate after i due to the construction of the graph.) We will show using

a case-by-case analysis that we can change M into M ′ so that i is matched

the same way as in F , without changing any edges originating before i, and

with |M | = |M ′|. It follows that we can repeat this procedure until M is

transformed into F , and thus |M | = |F |, i.e. F is a maximum matching.

1. If i is a buyer: This is not possible. If i is matched in either matching,
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the edge is originating from a vertex before i, and thus must be the

same in both matchings by our hypothesis.

2. So i is a seller.

(a) If i is matched in both matchings. Let jF be its match in F , and

jM in M .

i. jF < jM

A. jF unmatched in M . Make edge ijM into ijF . Can’t

violate K-limit this way, as we’re making the edge shorter.

B. jF matched in M . Make edge ijM into ijF , and match the

seller originally matched to jF in M with jM . We can’t

violate the K-limit this way.

ii. jM < jF - This is not possible.

A. It is not possible that jM is unmatched in F , as we en-

counter it before jF , and would have matched i to it.

B. It is not possible that jM is matched to a seller other than

i in F . Not to one before i by hypothesis, and not to one

after i by construction of the FIFO algorithm.

(b) If i is matched in F but not in M . Let jF be i’s match in M .

i. jF unmatched in M . This cannot happen. Notice that we

cannot have any buyers between i and jF that are unmatched

in F , nor can we have any that are matched to sellers after

i. Thus, all buyers between i and jF are matched to sellers

before i in both F and M . There can be at most K − 1 of
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them, as there is one more edge originating from i in F , and a

cut between i and i+1 has size at most K in F . Therefore, we

could add the edge ijF to M without violating the K-limit.

Thus M was not maximum, contradicting out assumption.

ii. jF matched in M . Let sM be the seller matched to jF in

M . Again, all buyers between i and jF are matched to sellers

before i in both matchings. So we can replace sMjF with sjF

without violating the K- limit.

(c) If i is matched in M but not in F . Let jM be its match in M .

i. jM is matched in F . This cannot happen due to the FIFO

construction.

ii. jM is unmatched in F . This cannot happen. If i were to

enter the FIFO queue, it would be matched to jM (or an

earlier available buyer) in F . If i does not enter the FIFO

queue this can only be because the queue was full. But if

the queue was full, this means that K sellers before i were

matched to buyers between i and jM (otherwise jM would be

matched to one of them if F ). So there is K edges going from

sellers before i to buyers between i and jM in F . So there is

also K edges going that way in M , as they are identical on

vertices before i. So there is K + 1 edges going from nodes

before and including i to vertices after i in M , violating the

K- limit.
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4.4 Balanced Sequences

In this section we analyze the optimal profit obtained by offline and online

algorithms on balanced sequences.

Definition 21. A sequence of buyers and sellers is called balanced if it con-

tains the same number of buyers and sellers and, for every i, the i-th buyer

is preceded by at least i sellers.

For example, the sequence SBSSBSBB is balanced, but the sequence

SBBSSB is not.

Since the buyers and sellers appear one-by-one, the only truthful mech-

anisms are those that post a price (or a distribution/menu of prices) and

the trader decides whether to accept it or not. We make here a distinction

between two types of mechanisms:

• Non-adaptive mechanisms compute all buying and selling (posted) prices

in advance.

• Adaptive mechanisms may compute a price at step i based on the pre-

vious history of interaction with agents 1, . . . , i− 1. In particular, they

may take into account how many items have been bought and sold

before.

The optimal profit and the posted prices of an adaptive mechanism can be

calculated by a simple dynamic programming approach. Let Rk(a1, . . . , an)

denote the optimal profit when the intermediary starts with k items and

faces a sequence a1, . . . , an of traders, where a ∈ {S,B}. Optimal revenue
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and prices can be calculated (at each step) by the following recurrence in

polynomial time:

R0(ε) = 0 (4.11)

R0(B, σ) = R0(σ) (4.12)

Rk(B, σ) = max
p

{(
p+Rk−1(σ)

)
(1− F (p)) +Rk(σ)F (p)

}
(4.13)

Rk(S, σ) = max
p

{(
Rk−1(σ)− p

)
(1− F (p)) +Rk(σ)F (p)

}
(4.14)

In this section, we show that the optimal online mechanism for balanced

sequences has constant competitive ratio. In our analysis, we will employ a

(fictional) class of fractional mechanisms. We allow these to buy fractions

of items, and assume that a posted price of p would buy a S(p)-fraction of

an item respectively sell B(p) of an item. This simplifies our analysis: in a

fractional mechanism, we know in advance the exact quantity of stock held

at any point, rather than merely an expected number of items. In particular,

we will know whether the intermediary has sufficient stock levels for a sale at

any point. A consequence of this is that adaptive and non-adaptive fractional

mechanisms are identical.

The remainder of this chapter establishes the following relations of opti-

mal revenue for balanced 2n-sequences:

adaptive(σ) ≤ fractional(σ)

≤ fractional(SnBn)

' non-adaptive(σ)
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≤ 2 · non-adaptive online(σ)

It follows that, since even a non-adaptive online mechanism is 2-competitive,

for balanced sequences the competitive ratio of the optimal online mechanism

is constant.

Theorem 20. The per-item revenue of an optimal fractional mechanism on

the sequence SnBn is given by the following optimisation problem:

max p(1−B(p))− qS(q) (4.15)

s.t. 1−B(p) = S(q) (4.16)

p, q ∈ [0, 1] (4.17)

Proof. It is easy to see that the optimal posted prices are given by the fol-

lowing optimisation problem:

max
n∑
1

pi(1−B(pi))− qiS(qi) (4.18)

s.t.
n∑
1

(1−B(pi)) ≤
n∑
1

S(qi) (4.19)

pi, qi ∈ [0, 1] (4.20)

Here, qi and pi are the posted prices for sellers and buyers, respectively. It is

easy to see that these are indeed the optimal posted prices, by definition – the

constraints are exactly the constraints on feasibility (buying at most as much

as selling), and the objective function gives the mechanism’s revenue. The

first constraint must be tight at the (an) optimum, as otherwise the mech-
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anism is paying more than necessary to the sellers. (This follows since we

are dealing with fractions, not expectations.) We can solve this optimisation

through Lagrangian methods, where the Lagrangian is as follows:

L =

(
n∑
1

pi(1−B(pi))− qiS(qi)

)
− λ ·

(
n∑
1

(1−B(pi))−
n∑
1

S(qi)

)

We are interested in the points where its derivatives with respect to pi vanish:

(1−B(pi))− pib(pi) = −λb(pi) ⇔ pi −
1−B(pi)

b(pi)
= λ

This has at most one solution for λ fixed by regularity of the distribution.

Similarly the qi will have a unique solution. Therefore all pi = p and all

qi = q for global prices p, q. Dividing the objective by n gives us the stated

result.

The following lemma allows us to relate this to arbitrary sequences of n

sellers and n buyers.

Lemma 5. Amongst all sequences with n sellers and n buyers, SnBn obtains

the maximum optimal profit with fractional mechanisms.

Proof. Let σ be an arbitrary sequence with n buyers and n sellers, and let qi,

pi be the posted prices of an optimal fractional mechanism for this sequence.

We have that the pi and qi have to satisfy the following condition:

n∑
1

(1−B(pi)) ≤
n∑
1

S(qi)

Otherwise, the mechanism would sell more than it buys. So the pi, qi satisfy
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the constraints on the prices given in the optimisation problem in 4.18 -

4.20. Since they are a therefore a feasible solution to that optimisation

problem, the mechanism’s revenue can clearly be at most as the solution to

that optimisation problem, which is precisely our claim.

Theorem 21. For any sequence σ, the profit obtained by any adaptive posted

price mechanism is at most as much as the profit of the optimal fractional

mechanism.

Proof. We will show that the revenue of an optimal adaptive mechanism is

bounded from above by the revenue of the optimal fractional adaptive profit.

Since in fractional mechanisms there is no difference between adaptive and

non-adaptive, our claim follows.

We begin by analysing a fixed adaptive mechanism. For seller i, let Qi

denote the price posted to seller i, and Q̃i be the probability of a purchase

happening at that price. In an adaptive mechanism, Qi and Q̃i are random

variables, depending on the previous history of trades. We do the same for

Pj and P̃j for buyer j. We have the following (assuming strictly monotone

cdf):

E[QiS(Qi)] = E[S−1(Q̃i)Q̃i]

E[Pj(1−B(Pj))] = E[B−1(1− P̃j)P̃j]

Let Xi and Yj be the payment given to or received by seller i or buyer j. The
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profit of the mechanism is
∑

j Yj −
∑

iXi. Thus, we have:

E

[
n∑
j=1

Yj −
n∑
i=1

Xi

]
=
∑
j

E [E [Yj|Pj]]−
∑
i

E [E [Xi|Qi]] (4.21)

=
∑
j

E [Pj (1−B(Pj))]−
∑
i

E [QiS(Qi)] (4.22)

=
∑
j

E[B−1(1− P̃j)P̃j]−
∑
i

E[S−1(Q̃i)Q̃i] (4.23)

≤
∑
j

E[P̃j]B
−1(1− E[P̃j])−

∑
i

E[Q̃i]S
−1(E[Q̃i]),

(4.24)

where the last inequality follows from the assumption that both distributions

are regular. Observe that in the last line, E[P̃j] and E[Q̃i] give the expected

number of items bought, which would translate into fractions in a fractional

mechanism; and B−1(1−E[P̃j]) and S−1(E[Q̃i]) could be interpreted as prices

in a fractional mechanism.

So, this is essentially the objective of the fractional mechanism optimisa-

tion problem. Next, we show that the constraints translate as well. Let St

be the (indices of the) sellers in the initial t-segment of the sequence, and

similarly Bt the buyers. Let Zt be the fraction if items bought from or sold to

the trader at step t. The the current stock level of the intermediary is given

by
∑

i∈St E[Zi]−
∑

j∈Bt E[Zj], and is non-negative by the constraint that the

intermediary cannot sell what they do not possess. Therefore, for any t, the

following holds:

0 ≤
∑
i∈St

E[Zi]−
∑
j∈Bt

E[Zj] (4.25)
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=
∑
i∈St

E[E[Zi|Q̃i]]−
∑
j∈Bt

E[E[Zj|P̃j]] (4.26)

=
∑
i∈St

E[Q̃i]−
∑
j∈Bt

E[P̃j] (4.27)

But this is again precisely the constraint 4.19, and so together with 4.24 we

get the optimisation problem for the optimal fractional mechanism, which

shows our claim.

To complete the analysis, we will provide matching lower bounds from

non-adaptive posted prices mechanisms that asymptotically obtain the same

profit as the fractional mechanisms for balanced sequences of the form SnBn.

Having that, we will show that posted price mechanisms can obtain a con-

stant fraction of SnBn’s profit from any balanced sequence containing n

buyers and sellers.

Fortunately, there is a simple non-adaptive posted-price mechanism which

achieves asymptotically the same profit as the optimal fractional mechanism.

As we will show, just setting the prices q and p to sellers and buyers respec-

tively as computed in Theorem 20 is good enough.

Theorem 22. The mechanism that buys and sells with the prices q and p as

computed in Theorem 20 achieves profit asymptotically equal to the optimal

fractional mechanism for the sequence SnBn.

Proof. Let Y ∼ Bin(n, S(q)) be the number of items bought from Sn and

let X be the number of items sold to Bn. The number of items sold is

not a simple binomial distribution, but rather the minimum of two random

variables: the number if items bought, and the number of items that could

127



be sold if there was enough stock. That is, X ∼ min{Y,X ′}, where X ′ ∼

Bin(n, 1 − B(p)) = Bin(n, S(q)). (Due to the condition on p, q in Theorem

20.) The expected value of Y is easy enough to compute, however X is more

tricky. A simple solution is to consider

Pr

[(
1

n
|Y − E[Y ]| ≥ ε

)
∧
(

1

n
|X ′ − E[X ′]| ≥ ε

)]
≤ 2 Pr

[
1

n
|Y − E[Y ]| ≥ ε

]
(4.28)

≤ 4e−2nε2 (4.29)

from a Hoeffding bound. Thus with probability at least 1− 4e−2nε2 we have

that Y ≤ nS(q) + nε and both X ′ and X ≥ nS(q)− nε. Taking a worst case

approach, for the remaining 4e−2nε2 we can lose at most n. So the expected

profit is at least:

E[X · p− Y · q] ≥
(

1− 4e−2nε2
)
· n ((S(q)− ε)p− (S(q) + ε)q)− 4ne−2nε2

(4.30)

This holds for any ε > 0. Setting ε = 1
logn

, as n→∞ the profit converges to

p(1−B(p))− qS(q) +O(
n

log n
) = p(1−B(p))− qS(q) + o(n).

This is asymptotically the same as the optimal fractional mechanism.

The following trivial claim (for balanced sequences) allows us to com-

pare online non-adaptive and, therefore, offline non-adaptive mechanisms to

adaptive mechanisms.

Lemma 6. Every balanced sequence with n buyers and n sellers contains a
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(non-contiguous) subsequence of the form SkBk for some k ≥ dn
2
e.

Proof. There are at least dn
2
e sellers before the dn

2
eth buyer, and exactly dn

2
e

buyers after them (including the dn
2
eth buyer themselves).

We are now ready to define the online non-adaptive algorithm.

Online non-adaptive algorithm: The algorithm buys only from the first

dn
2
e buyers at price q and sells at price p to the first dn

2
e buyers which have a

matching number of sellers before them , where p and q are again as defined

in in Theorem 20 for balanced sequences of n sellers and n buyers.

Theorem 23. For every balanced sequence σ containing n buyers and n

sellers, the above online non-adaptive algorithm obtains at least half the profit

of the optimal adaptive offline algorithm.

Proof. The proof is immediate: The profit of the online algorithm is at least

half the optimal fractional profit of SnBn, which is at least equal to the

optimal adaptive profit for any balanced sequence σ containing n buyers and

n sellers.

Note that the algorithm must know in advance the number n of buyers

and sellers. If the number n of sellers and buyers is not known, the risk is

that the algorithm will buy more items than it will manage to sell. Compare,

for example, the sequences (SB)n and SnBn; the probability that a buyer

will appear when there are no available items to be sold is higher in the

first sequence than the second. An immediate follow-up question then is if

the mechanism can be adapted to unknown n. From our analysis, it seems

plausible that we could aim for a weaker version of Theorem 22, by ignoring
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a fraction of sellers to guarantee that there will be no large surplus of items

at the end of the sequence. Indeed, Giannakopoulos et al. [63] show this for

a more general setting.

Note also that we could use the same idea to improve the competitive

ratio of the online algorithm but, in order to keep the presentation clear, we

made no effort to optimize the ratios.

One final comment on the profit of adaptive mechanisms: Among all

balanced sequences, the sequence that gives the maximum profit is not the

sequence SnBn; intuitively, by moving some buyers earlier in the sequence,

we obtain an improved profit by adapting the remaining buying prices to

the outcome of these potential trades. For example, it should be intuitively

clear that the sequence Sn/2BSn/2Bn−1 has (slightly) better adaptive profit

than the sequence SnBn for large n. Our work above shows that the differ-

ence is asymptotically insignificant, but it remains an intriguing question to

determine the balanced sequence with the maximum profit.

4.5 Discussion

We have shown that even in a simple online intermediation setting, we cannot

hope to achieve a constant competitive ratio against an offline adversary.

On the other hand, we show that our
√
n bound is tight, and a matching

online algorithm that achieves this approximation ratio. More importantly,

even for very mild, natural restrictions of either limited stock or balanced

sequences, we can indeed achieve a constant approximation ratio with an

online mechanism.
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This illuminates a more general question inherent in any online interme-

diation setting: How much stock do you buy, not knowing future sales levels?

Our results suggest that this question is answerable even in the worst-case.

The proof techniques employed also highlight a fundamental distinction of

the online setting compared to its offline counterpart, or indeed to overlap-

ping arrivals and departures: We employ techniques from online algorithms

rather than matchings (online or offline).

Many interesting open questions remain. First and foremost, we make

relatively strong assumptions on the prior distributions. The eventually pub-

lished paper [63], which contains significantly reworked but similar results to

those in this chapter, gives some bounds for more general classes of distri-

butions. A follow-up paper [75] considers the setting where the sequence is

drawn from a distribution, but valuations are chosen adversarially.

A more general question would be to compare our results, which are

developed within the tradition of competitive analysis, to bounds on the

worst-case regret of an online (learning or adaptive) mechanism for such an

intermediation setting.
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Part 5

Multi-Unit Intermediation

5.1 Introduction

In the previous chapters, we have focused on the intermediary’s revenue.

In this final part, we will discuss social welfare, and return again to the

offline setting. Welfare in the context of intermediation mechanisms is a

very different beast from welfare in auctions. In the latter, we generally

employ the VCG mechanism to pick the optimal outcome or allocation, and

don’t concern ourselves too much with the payments which are used only

to implement the social choice function truthfully - that the auctioneer ends

up with a sum of money at the end is either irrelevant or a nice bonus. In

two-sided mechanisms, we cannot afford ourselves this luxury: Notice that

payments are made from the buyer(s) to the intermediary, but from the

intermediary to the seller(s). If we do not take care, those payments may

easily exceed those from the buyers, meaning the intermediary will be left

with a net loss. In many settings, that is infeasible or undesirable.
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For this reason in the context of welfare maximisation with intermediation

mechanisms, it is usually assumed that an additional budget balance con-

straint is imposed on the mechanism. In its less stringent form, weak budget

balance requires that the intermediary never (ex post) is left with a monetary

deficit, meaning that payments to sellers may never exceed payments from

buyers. A more restrictive version, strong budget balance requires that the

intermediary never ends up with any non-zero amount of money, or that the

total net flow of payments is always zero. The latter condition is also moti-

vated partly by practical concerns. For instance, a mechanism may leave the

intermediary with payments equalling the entire increase in welfare. Clearly,

this is not ideal, as it means that the net utility of players (other than the

intermediary) has not changed at all.

In this chapter, then, we will require our usual notions of truthfulness

and individual rationality, and in addition strong budget balance:

• Incentive Compatibility ((DS)IC): It must be a dominant strategy for

the agents (buyers and sellers) to behave truthfully, hence not “lie”

about their valuations for the items in the market. This enables the

market mechanism to make an informed decision about the trades to

be made.

• Individual Rationality (IR): It must not harm the utility of an agent to

participate in the mechanism.

• Strong Budget Balance (SBB): All monetary transfers that the mecha-

nism executes are among participating agents only. That is, no money

is injected into the market, and no money is burnt or transferred to
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any agent outside of the market.

Such mechanisms were first studied in the seminal paper by Myerson and

Satterthwaite [99] and since then in various other publications in the eco-

nomics literature. Unfortunately, this first foray into this area immediately

delivered a strong impossibility result: No mechanism that satisfies the above

conditions can implement the optimal social welfare exactly. (In fact, not

even a weakly budget balanced mechanism could.)

This chapter studies a generalisation of the classical bilateral trade setting

by allowing the seller to hold multiple units initially. These units are assumed

to be of a single resource, so that agents only express valuations in terms of

how many units they have in possession. The final utility of an agent (buyer

or seller) is then determined by their valuation and the payment they paid

or received. We focus our study on characterising which mechanisms satisfy

the above three properties and which of these feasible mechanisms achieve a

good social welfare (i.e., total utility of buyer and seller combined).

Due to its simplicity, our setting is fundamental to any strategic setting

where items are to be redistributed or reallocated. Our characterisation

efforts show that all feasible mechanisms must belong to a very restricted

class, already for this very simple setting with one buyer, one seller, and a

relatively simple valuation structure. The specific mechanisms we develop are

very simple, and suitable for implementation with very little communication

complexity.
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Our Contribution

Our first main contribution is a full characterisation of the class of truth-

ful, individually rational and strongly budget balanced mechanisms in this

setting. We do this separately for two classes of valuation functions: submod-

ular valuations and general non-decreasing valuations. Section 5.3 presents

a high-level argument for the submodular case. A full and rigorous formal

proof for both settings is given in Appendix 5.4. Essentially, for the general

case, any mechanism that aims to be truthful, strongly budget balanced and

individually rational can only allow the agents to trade a single quantity of

items at a predetermined price. The trade then only occurs if both the seller

and buyer agree to it. This leads to a very clean characterization and has

the added benefit of giving a robust, simple to understand mechanism: the

agents do not have to disclose their entire valuation to the mechanism, and

only have to communicate whether they agree to trade one specific quantity

at one specific price.

Secondly, we give approximation mechanisms for the social welfare ob-

jective in the Bayesian setting in Section 5.5, for the case of submodular

valuations. Theorem 29 presents a 2-approximate deterministic mechanism.

For randomised mechanisms, we show a e/(e−1)-approximation in Theorem

30.

Prior Work

The first approximation result for bilateral trade was presented in McAfee

[93], where for the Bayesian single-item case the author proves that the op-
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timal gain from trade can be 2-approximated by the median mechanism,

which is a mechanism that sets the seller’s median valuation as a fixed price

for the item, and trade occurs if and only if p lies in between the buyer’s

and seller’s valuation and the buyer’s valuation exceeds p. The analysis in

[93] is done under the assumption that the seller’s median valuation does not

exceed the median valuation of the buyer. The gain from trade is defined as

the increase in social welfare as a result of trading the item. Blumrosen and

Dobzinski [21] extended the analysis of this mechanism by showing that it

also 2-approximates the social welfare without the latter assumption on the

medians.

Blumrosen and Dobzinski [21] furthermore consider the classical bilateral

trade setting (with a single item) and present various mechanisms for it that

approximate the optimal social welfare. Their best mechanism achieves an

approximation factor of e/(e− 1). As in the present chapter, there are prior

distributions on the traders’ valuations, and the quantity being approximated

is the expectation over the priors, of the optimal allocation of the item.

The weaker notion of Bayesian incentive compatibility is considered by

Blumrosen and Mizrahi [23], who propose a mechanism in which the seller

offers a take-it-or-leave-it price to the buyer. They prove that this mechanism

approximates the harder gain from trade objective within a factor of 1/e

under a technical albeit often reasonable monotone hazard rate condition on

the buyer’s distribution.

The class of DSIC, IR, and SBB mechanisms for bilateral trade was char-

acterised by Colini et al. [34] to be the class of fixed price mechanisms. In

the present work, we characterise this set of mechanisms for the more general
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multi-unit bilateral trade setting, thereby extending their result.

Various recent papers analyse more general two-sided markets, where

there are multiple buyers and sellers, who hold possibly complex valuations

over the items in the market. Colini et al. [35] analyse a more general sce-

nario with multiple buyers, sellers, and multiple distinct items, and use the

same feasibility requirements as ours (DSIC, IR, and SBB). Segal-Halevi at

al. [117] have considered a similar setting but focus on gains from trade

(GFT) (i.e., the increase in social welfare resulting from reallocation of the

items) instead of welfare. They initially considered a multi-unit setting like

ours (albeit with multiple buyers and sellers), and they extend their work in

[118] to allow multiple types of goods. They present a mechanism that ap-

proximates the optimal GFT asymptotically in large markets. Balseiro et al.

[18] design two-sided market mechanisms for one seller and multiple buyers

with a temporal component, where valuations are correlated between buyers

but independent across time steps. A good approximation (of factor 1/2)

of the social welfare using the more permissive notion of Bayesian Incentive

Compatibility (BIC) was achieved by Brustle et al. [25]. Their optimality

benchmark is different from the one we consider as they compare their mech-

anism to the best possible BIC, IR, and SBB mechanism. A very recent

work by Babaioff et al. [8], proposes mechanisms that achieve social welfare

guarantees for both optimality benchmarks. Feldman and Gonen [56] con-

sider optimizing the gains from trade in a two-sided market setting tailored

to online advertising platforms, and the authors extend this idea further in

[55] by considering two-sided markets in an online setting.
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5.2 Preliminaries

In a multi-unit bilateral trade instance there is a buyer and seller, where the

seller holds a number of units of an item. This number will be denoted by

k. The buyer and seller each have a valuation function representing how

much they value having any number of units in possession. These valuation

functions are denoted by v and w, respectively. Precisely stated, a valuation

function is a function v : [k] ∪ {0} → R≥0 where v(0) = 0. Note that we

use the standard notation [a], for a natural number a, to denote the set

{1, . . . , a}. We denote by v the valuation function of the buyer, drawn from

f , and we denote by w the valuation function of the seller, drawn from g. For

q ∈ [k], the valuation v(q) or w(q) of an agent (i.e., buyer or seller) expresses

in the form of a number the extent to which he would like to have q units in

his possession.

A mechanism M interacts with the buyer and the seller and decides, based

on this interaction, on an outcome. An outcome is defined as a quadruple

(qB, qS, pB, pS), where qB and qS denote the numbers of items allocated to

the buyer and the seller respectively, such that qB + qS = k. Moreover, pB

and pS denote the payments that the mechanism charges to the buyer and

seller respectively. Note that typically the payment of the seller is negative

since he will get money in return for losing some items, while the payment

of the buyer is positive since he will pay money in return for obtaining some

items. Let Ω be the set of all outcomes. For brevity we will often refer to

an outcome simply by the number of units traded qB; and by slight abuse of

notation we will sometimes use p to donate a constant per-unit price.
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Formally, a mechanism is a function M : ΣB × ΣS → Ω, where ΣB

and ΣS denote strategy sets for the buyer and seller. A direct revelation

mechanism is a mechanism for which ΣB and ΣS consists of the class of

valuation functions that we want to consider. That is, in such mechanisms,

the buyer and seller directly report their valuation function to the mechanism,

and the mechanism decides an outcome based on these reports. We want to

define our mechanism in such a way that there is a dominant strategy for the

buyer and seller, under the assumption that their valuation functions are in

a given class V . It is well known (see e.g. [24]) that then we may restrict our

attention to direct revelation mechanisms in which the dominant strategy for

the buyer and seller is to report the valuation functions that they hold. Such

mechanisms are called dominant strategy incentive compatible (DSIC) for V .

We will assume from now on that M is a direct revelation mechanism. In

this chapter, we consider for V two natural classes of valuation functions:

• Monotonically increasing submodular functions, i.e., valuation func-

tions v such that for all x, y ∈ [k] where x < y it holds that v(x) −

v(x − 1) ≥ v(y) − v(y − 1) and v(x) ≤ v(y). This reflects a common

phenomenon observed in many economic settings involving identical

goods: Possessing more of a good is never undesirable, but the increase

in valuation still goes down as the held amount increases. For a mono-

tonically increasing submodular function v and number of units x ∈ [k],

we denote by ṽ(x) the marginal valuation v(x) − v(x − 1). Thus, it

holds that ṽ(x) ≥ ṽ(y) when x < y.

• Monotonically increasing functions, i.e., valuation functions v such that
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v(x) < v(y) for all x < y, where x, y ∈ [k].

Besides the DSIC requirement, there are various additional properties

that we would like our mechanism to satisfy.

• Ideally, our mechanism should be strongly budget balanced (SBB), which

means that for any outcome (qB, qS, pB, pS) that the mechanism may

output it holds that pB = −pS. This requirement essentially states

that all money transferred is between the buyer and the seller only.

• Additionally, we want that running the mechanism never harms the

buyer and the seller. This requirement is known as (ex-post) individual

rationality (IR). Note that when v and w are the valuation functions

of the buyer and the seller, then the initial utility of the buyer is 0

and the initial utility of the seller is w(k). Thus, a mechanism M is

individually rational if for the outcome M(v, w) = (qB, qS, pB, pS) it

always holds that v(qB)− pB ≥ 0 and w(qS)− pS ≥ w(k).

• We would like the mechanism to return an outcome for which the total

utility is high. That is, we want the mechanism to maximise the sum

of the buyer’s and seller’s utility, which is equivalent to maximizing the

sum of valuations v + w when strong budget balance holds.

We characterise in Section 5.3 the class of DSIC, SBB, IR mechanisms

for both valuation classes. In Section 5.5, we subsequently provide various

approximation results on the quality of the solution output by some of these

mechanisms. For these results, we assume the standard Bayesian setting :

The mechanism has no knowledge of the buyer’s and seller’s precise valu-

ation, but knows that these valuations are drawn from known probability
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distributions over valuation functions. Our approximation results provide

mechanisms that guarantee a certain outcome quality (which is measured in

terms of social welfare, defined in Section 5.5) for arbitrary distributions on

the valuation functions.

Formally, in the Bayesian setting, a multi-unit bilateral trade instance

is a pair (f, g, k), where k ∈ N is the total number of units that the seller

initially has in his possession, and f and g are probability distributions over

valuation functions of the buyer and the seller respectively. Note that we do

not impose any further assumptions on these probability distributions.

5.3 Characterisation

In [34] the authors prove that every DSIC, IR, SBB mechanism for classical

bilateral trade (i.e. the case where k = 1) is a fixed price mechanism: That

is, the mechanism is parametrised by a price p ∈ R≥0 such that the buyer and

seller trade if and only if the buyer’s valuation exceeds the price and the price

exceeds the seller’s valuation. Moreover, in case trade happens, the buyer

pays p to the seller. In this chapter we characterise the set of DSIC, IR, and

SBB mechanisms for multi-unit bilateral trade, and we thereby generalise

the characterisation of [34].

Definition 22. A multi-unit fixed price mechanism is a sequential posted

price mechanism with a fixed per-unit price p, potentially with bundling. Such

a mechanism iteratively proposes a quantity q of units to both the buyer and

seller simultaneously, which the seller and buyer can choose to either accept

or reject. If both agents accept, q additional units are reallocated from the
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seller to the buyer, the buyer pays pq to the seller, and the mechanism may

then either proceed to the next iteration or terminate. If one of the two agents

rejects, the mechanism terminates. Quantity q may vary among iterations,

but must be pre-determined prior to execution of the mechanism.

Theorem 24. Any mechanism that satisfies DSIC, IR and SBB must be

(equivalent to) a multi-unit fixed price mechanism.

For increasing submodular valuations, any number of iterations is allowed.

For general increasing valuations, the mechanism is further restricted to ex-

ecute only one iteration (or equivalently, it may only offer one bundle for a

fixed price).

In simple terms, our result states that for the submodular valuations case,

the only thing to be done truthfully in this setting is to set a fixed per-unit

price p, and ask the buyer and seller if they want to trade one or several

units of the good at per-unit price p. This repeats until one agent rejects. In

the general monotone case this is further restricted to a single such proposed

trade. The following is a high-level argument of the proof of Theorem 24

for the submodular setting. We refer the reader to Appendix 5.4 for a full

formal proof, which also includes the general case.

Lemma 7. All prices must be fixed in advance, and cannot depend on the

bid / valuation of neither the seller nor the buyer.

Proof. This follows immediately from DSIC and SBB: By DSIC, for any

outcome, the price charged to the buyer can’t depend on the buyer’s bid,

otherwise one can construct scenarios in which the price charged to the buyer

could be manipulated to the buyer’s benefit by misreporting the bid. The
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same holds for the seller. By SBB the payment of the buyer completely

determines the payment of the seller (the payment is simply negated) so

neither payment can depend on either’s bid.

Theorem 25. Suppose in a DSIC, SBB, IR mechanism the price for the

outcome in which q units are traded is qp for a fixed per-unit price for all

potential outcomes. Then the allocation chosen for a given pair of valuation

functions is the one arising when asking bidders sequentially if they want to

trade one unit (or a bundle of units), until one rejects.

Proof. To see this, consider the seller’s utility function us(q) = q ·p+w(k−q)

and the buyer’s utility function ub(q) = v(q)−q ·p, if q units would be traded

at unit price p. Since both valuation functions are concave, it is easy to see

that both utility functions are concave, and each has a single peak (one

or more equal adjacent maxima, and no further local maxima). Further-

more they both start at 0, and once either of them becomes negative, it

stays negative. Suppose we sequentially ask both bidders if they want to

trade one unit for price p, until one rejects. Then the quantity traded is

min(argmax(us), argmax (ub)), i.e. the first of the two peaks. If the mecha-

nism iteratively proposes them bundles q1, q2, . . ., then the same expression

on the traded quantity would apply, but with the utility functions restricted

to the domain {0, q1, q1 + q2, . . .}. If we ask them about the big all-k-item

bundle, we would choose the bundle outcome iff u(k) > u(0), for both, and

0 if for either of them u(0) > u(k), i.e. if one (the first) of the peaks of the

two utility functions restricted to {0, k} is at 0.

Now, DSIC means that for any bid of the opposing agent, the agent cannot
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get anything better than what she gets by telling the truth. If the quantity

traded by the mechanism would be larger than min(argmax(us), argmax (ub)),

then the bidder with the lowest peak could improve her utility by claiming

that all outcomes higher than her peak are wholly unacceptable (utility less

than 0) to them; by IR, the mechanism would then be limited to trading

the quantity at the first peak. If, on the other hand, the traded quantity

would be less than the quantity of the first peak, then both players would

gain by lying, in order to make the mechanism choose to trade a higher quan-

tity (if such a quantity is at all present in the mechanism’s set of tradeable

quantities.)

Theorem 26. In a DSIC, SBB, IR mechanism, all potential outcomes, i.e.,

(quantity,price)-pairs, must have the same per-unit price.

Proof. Suppose two outcomes have different per-unit prices. W.l.o.g. sup-

pose for q1 < q2, p1/q1 < p2/q2, i.e. the per-unit price is higher in the

larger allocation. Then there exists a valuation function vs1 for the seller

in which the seller prefers outcome q2 over q1, but both give positive util-

ity; and there exists another valuation function vs2 that gives negative util-

ity for q1, but the same utility for q2. I.e. 0 < us1(q1) < us2(q2) but

us2(q1) < 0 < us2(q2) = us1(q2). Now if for a given buyer’s valuation, the

chosen outcome given vs1 is q1, then the seller would have an incentive to

misreport vs2, making outcome q1 unavailable to the mechanism due to IR,

thus making it choose q2. Vice versa, if per-unit prices are decreasing, the

same argument works for the buyer.

Together, these three results give a full characterisation of the class of
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DSIC, IR, SBB mechanisms in this setting. We give a full proof in the

following section, including also the case of general monotone valuations.

5.4 Detailed Proof of Theorem 24

We denote the class of monotonically increasing submodular functions with

domain [k] by Sk. We denote the class of monotonically increasing functions

with domain [k] by Ik.

The definition below defines multi-unit fixed price mechanisms as a di-

rect revelation mechanism. From the point of view of providing a rigorous

proof, this is more convenient to work with than the sequential posted price

definition given in the shorter version.

Definition 23. Let p ∈ R≥0, let S ⊆ [k], and let τ = (τB, τS, τ∩) be a vec-

tor of three tie-breaking functions specified below. The multi-unit fixed price

mechanism Mp,S,τ is the direct revelation mechanism that returns for a multi-

unit bilateral trade instance (f, g, k) an outcome Mp,S,τ (v, w) = (qB, qS, pB, pS)

on reported valuation functions v and w, where

• τB(v) ⊆ argq max{v(q)− qp : q ∈ S ∪ {0}} and τB(v) 6= ∅,

• τS(w) ⊆ argq max{w(k − q) + qp : q ∈ S ∪ {0}} and τS(w) 6= ∅,

• τ∩(v, w) is a tie-breaking function that selects an element in τB(v) ∩

τS(w) in case this intersection is non-empty,

• qB = k − qS =


min{max τB(v),max τS(w)} if dB ∩ dS = ∅,

τ∩(v, w) otherwise.

,
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• pB = −pS = qBp.

Informally stated, the mechanism offers the buyer and seller a fixed unit price

p and a set of quantities S. It then asks the buyer and seller which quantity

in S ∪ {0} they would like to trade when for each unit the buyer would pay

p to the seller. The mechanism then makes the buyer and seller trade the

minimum of these two demanded numbers at a unit price of p. Typically

the preferred quantity is unique for both the buyer and the seller, but in case

of indifferences the buyer and seller will specify a set of multiple preferred

quantities. In such cases, the tie-breaking functions τB, τS determine which

quantities among the sets of indifferences are considered for trade, and the

tie-breaking function τ∩ is finally used to determine the traded quantity in

case the sets selected by τB and τS intersect. Otherwise, the minimum of the

maximum quantities of τB and τS is traded.

It turns out that multi-unit fixed price mechanisms characterise the set of

all DSIC, IR, and SBB mechanisms with respect to monotonically increasing

submodular valuation functions. Moreover, with the additional restriction

that S is a singleton set, they characterise the set of all DSIC, IR, and SBB

mechanisms with respect to monotonically valuation functions.

We first prove sufficiency.

Theorem 27. For all p ∈ R≥0 and S ⊆ [k], the mechanism is IR, SBB,

and DSIC with respect to the class of monotonically increasing submodular

valuation functions. Moreover, if |S| = 1, then Mp,S,τ is IR, SBB, and DSIC

with respect to the class of monotonically increasing valuation functions.
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Proof. First we prove the statement for the class of monotonically increas-

ing submodular valuation functions. The SBB property holds trivially by

definition of the mechanism, pB = −pS.

Let v and w be increasing submodular valuation functions of the buyer

and seller. Let qB and pB be the quantity given to the buyer and payment

made by the buyer under the outcome Mp,S,τ (v, w). If τB(v) ∩ τS(w) is non-

empty, then the function τ∩ selects a utility maximizing quantity for both

the buyer and seller, so IR obviously holds in that case. If τB(v) ∩ τS(w) =

∅, the mechanism Mp,S,τ is IR for the buyer: his utility is v(qB) − pB =

v(qB)−qBp = v(min{max τB(v),max τS(w)})−min{max τB(v),max τS(w)}p.

The value max τB(v) is defined as a utility-maximizing quantity in S for the

buyer, given that the buyer pays p for each unit. If the buyer’s valuation

function v is submodular, getting any quantity less than max τB(v) at a

price of p per unit will yield the buyer a non-negative utility. Therefore, the

buyer’s utility is non-negative. For the seller, the argument to establish the

IR property is similar: His utility is w(k − qB) + pB = w(k − qB) + qBp =

w(k−min{max τB(v),max τS(w)})+min{max τB(v),max τS(w)}p. The value

max τS(w) is defined as a utility maximizing quantity in S for the seller to

give to the buyer, given that the seller receives a payment of p for each unit.

As the buyer’s valuation function v is submodular, giving any quantity less

than max τS(w) to the buyer at a price of p per unit will yield the seller a

non-negative increase utility. Therefore, the seller’s utility increase is non-

negative.

For the DSIC property, observe that if the mechanism sets qB ∈ τS(w),

then the mechanism chooses the outcome that is the utility-maximizing one
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for the seller among all outcomes in the range of the mechanism. On the

other hand, if qB ∈ τB(v) \ τS(w) then the seller can only manipulate the

outcome by misreporting a valuation that causes qB to attain a smaller value,

and hence in this case the mechanism will select an outcome where a smaller

quantity is traded against a price of p per unit. By increasingness and sub-

modularity of the seller’s valuation function, this will result in a lower utility

for the seller. Hence, it is a dominant strategy for the seller to not misreport

his valuation function. For the buyer, the argument is similar: If the mech-

anism sets qB ∈ τB(v), then the mechanism chooses the outcome that is the

utility-maximizing one for the buyer among all outcomes in the range of the

mechanism. On the other hand, if qB ∈ τS(w) \ τB(v) then the buyer can

only manipulate the outcome by misreporting a valuation that causes qB to

attain a smaller value, and hence in this case the mechanism will select an

outcome where a smaller quantity is traded against a price of p per unit. By

increasingness and submodularity of the buyer’s valuation function, this will

result in a lower utility for the buyer. Hence, it is a dominant strategy for

the buyer to not misreport his valuation function.

Next, we prove the statement for the larger class of monotonically in-

creasing valuation functions. Again, the SBB property holds trivially.

As we now work under the assumption that |S| = 1, let q be the quantity

such that S = {q}. Let v and w be increasing valuation functions for the

buyer and seller respectively. By definition of the mechanism and the increas-

ingness of the valuation functions, it holds that τB(v) ∈ {{q}, {0}, {q, 0}}.

Likewise, τS(w) ∈ {{q}, {0}, {q, 0}}. Therefore, for both the buyer and seller,

the traded quantity is 0 or the unique positive quantity q in case he prefers

149



trading q units at least as much as trading 0 units. Hence the buyer and

seller both experience a non-negative increase in utility for the outcome de-

cided by the mechanism. This establishes IR. For DSIC, observe that if a

positive quantity is traded in the selected outcome under truthful reporting,

then the only effect that misreporting can achieve is that a quantity of 0

at a price of 0 is traded instead, which would leave both the buyer and the

seller with a 0 increase in utility, hence this will not increase either player’s

utility. If on the other hand a quantity of 0 is traded at a price of 0, then

{0} = τB(v), 0 6∈ τS(w) or {0} = τS(w), 0 6∈ τB(v) or 0 ∈ τB(v), 0 ∈ τS(w). In

the first case, clearly the buyer is not incentivised to manipulate the mech-

anism into producing the alternative outcome where q units are traded, and

the seller is unable to manipulate the mechanism into producing that out-

come as it selects the minimum of τS(w) and τB(w), where the latter equals

{0} regardless of the sellers report. For the second case, symmetric reasoning

can be applied to conclude that none of the two agents are incentivised to

misreport. For the third case, it trivially holds that none of the agents are

incentivised to manipulate the mechanism into trading q instead of 0 units.

This establishes DSIC.

Next, we show necessity, i.e., all DSIC, IR, and SBB direct revelation

mechanisms are multi-unit fixed price mechanisms.

Theorem 28. Let M be a multi-unit bilateral trade mechanism that is IR,

SBB, and DSIC with respect to the class of monotonically increasing submod-

ular valuation functions. Then, there exist p ∈ R≥0, S ⊆ [k], and τ such that

M = Mp,S,τ . Moreover, if M is also IR, SBB, and DSIC with respect to the
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bigger class of monotonically increasing valuation functions, then |S| = 1.

We divide this proof up into several lemmas. We start by proving the

theorem for the smaller class of monotonically increasing submodular valua-

tion functions. First, we show that whenever M trades the same number of

items for two distinct pairs of valuation functions, then it must charge the

same payments. Second, we extend this by showing that whenever the mech-

anism trades distinct numbers of items for any two distinct pairs of valuation

functions, then the mechanism must charge the same price proportional to

the number of items traded. It follows that we may associate to M a unit

price p such that the payment from the buyer to the seller is always qBp,

where qB is the traded quantity. Lastly, we show that there is a set S such

that the range of quantities that the seller may let the mechanism trade from

(by means of reporting a valuation function to the mechanism), is equal to

(S∪{0})∩ [argq max{v(q)−pq : q ∈ S∪{0}}]. By the fact that the valuation

functions are increasing and submodular, and by the fact that M is DSIC,

it follows that truthful reporting of the seller will result in the mechanism

trading

argq max{w(k− q) + pq : q ∈ (S ∪{0})∩ [argq max{v(q)− pq : q ∈ S ∪{0}}]}

units. This expression is equal to min{max dB,max dS} if dB ∩ dS = ∅

(where dB and dS are defined as in Definition 23) , and otherwise it is a set

from which an arbitrary quantity τ(v, w) may selected. This implies that

M = Mp,S,τ for the appropriate choices of p, S, and τ .

With respect to the larger class of monotonically increasing valuation
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functions, the set of DSIC, IR, and SBB mechanisms must be smaller. We

prove for this class that whenever the set S consists of more than one quantity,

then there must be a pair of valuation functions in which either the buyer or

seller is better off by not truthfully reporting his valuation function.

We now proceed by stating and proving formally the claims sketched

above. In the proofs of the claims below, we use the following terminology

and notation. For ease of exposition, we denote from now on an outcome by

a pair (q, p) where q is the traded number of units (i.e., the quantity that

the buyer gets assigned) and p is the payment of the buyer, which is equal

to the negated payment of the seller by the SBB property. For a reported

valuation v of the buyer, let Mv = {ω ∈ Ω | ∃w : M(v, w) = ω} be the menu

of outcomes offered to the seller when the buyer reports v. That is, when

the buyer reports v, the seller can select one of the outcomes ω in Mv by

reporting (not necessarily truthfully) some valuation in reply to v. Likewise,

we let Nw = {ω ∈ Ω | ∃v : M(v, w) = ω} be the menu of outcomes offered

to the buyer when the seller reports v. We let M =
⋃
vMv =

⋃
wNw be

the set of all outcomes that the mechanism can produce, and we let S be

the projection of M on the quantity obtainable by the buyer (i.e., the set S

consists of all quantities that the mechanism can possibly trade).

The next lemma shows that there is a unique payment that the mechanism

charges for every quantity in S, which implies that M consists of at most k

outcomes.

Lemma 8. Let M be IR, SBB, and DSIC with respect to the class of valu-

ation functions C, where C is either Sk or Ik. Let (v, w) and (v′, w′) be two

pairs in C2. Let M(v, w) = (qB, pB) and M(v′, w′) = (q′B, p
′
B). If qB = q′B,
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then pB = p′B.

Proof. As M is DSIC, it is immediate that for every v′′ and for every quantity

q it holds that there are no two distinct payments p, p′ such that (q, p) and

(q, p′) are both in Mv′′ . Also, let (q, p) and (q′, p′) be in Mv′′ , where q < q′.

Then p ≤ p′, as otherwise there are valuations of the seller where misreporting

results in trading less items at a higher price, which would violate the DSIC

property.

Let (v, w) and (v′, w′) be as in the statement of the lemma, i.e., such that

qB = q′B. When the buyer reports v and the seller reports w, by assumption

(qB, pB) is the outcome, so (qB, pB) ∈ Mv. Define the valuation function

w∗ as the function that grows linearly, extremely steeply up to the quantity

k − qB = k − q′B, and grows extremely slowly at a rate of ε > 0 from k − qB

onward. We define the function v∗ similarly: It grows at an extremely high

rate up to the quantity qB = q′B and grows at extremely slow rate ε from q′B

onward.

We first consider a deviation by the seller from (v, w) to (v, w∗). Let

(q, p) ∈Mv be the outcome of the mechanism on report (v, w∗). As we have

chosen the valuation w∗ to be sufficiently steep up to k− qB items, IR would

be violated for a seller with valuation w∗ if more than qB items are traded.

Suppose now that upon report (v, w∗) the mechanism trades strictly less

than qB items. i.e., q < qB. We prove that then, p = pB: If we would assume

p < pB, then a seller with valuation w∗ would misreport w, as in terms of

valuation he is practically indifferent between trading q and qB items (ε needs

to be chosen small enough for this), and his received payment would increase

from p to pB. If on the other hand we would assume that p > pB, then a
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seller with valuation w would misreport w∗ as he would retain more items,

and receive a higher payment. Thus p = pB.

By entirely analogous reasoning, when (v′, w∗) is reported to the mecha-

nism, the mechanism also trades q′B = qB items or less. Let q′ < qB be the

number of traded items under (v′, w∗). The payment is equal to p′B, and if

less than qB items are traded, then w′(k − q′) = w′(k − qB).

Next, we define from w∗ a valuation function w∗∗ for which it holds that

under (v, w∗∗) and (v′, w∗∗) the same number of items is traded at prices pB

and p′B respectively. We do this as follows: If q′ = q then we simply let w∗∗ be

w∗. Otherwise, if q′ 6= q, assume without loss of generality that q′ > q and let

w̄∗ be the valuation function that grows extremely steeply up to k − q units

and increases extremely slowly after k−q units. By considering the deviation

by the seller from profile (v, w∗) to profile (v, w̄∗), we see that under (v, w̄∗)

at most q′ units are traded and the payment is still equal to qB. Likewise,

under (v′, w̄∗) at most q′ items are traded and the payment is q′B. Thus, the

minimum number of traded items among the pair of strategy profiles (v, w̄∗)

and (v′, w̄∗) is larger than the minimum number of traded items among the

pair (v, w̄∗) and (v′, w̄∗). Repeating this operation will thus eventually yield

a strategy profile w∗∗ such that under (v, w∗∗) and (v′, w∗∗) the same number

of items is traded at prices pB and p′B respectively.

Now, if we would suppose for contradiction that pB 6= p′B, then we may

assume without loss of generality that pB < p′B. When the seller reports w∗∗,

a buyer with valuation function v would now be incentivised to report the

valuation function v′ instead of v, since then his payment decreases, and he

still receives the same number of items. This is a contradiction to the DSIC
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property. Therefore, pB = p′B which proves our claim.

By Lemma 8 there is a unique payment for each quantity q ∈ S, and we

denote this payment by p(q). The next lemma extends the previous lemma

by stating essentially that payments must grow linearly with the number of

allocated items, when one of the players changes his reported valuation.

Lemma 9. Let M be IR, SBB, and DSIC with respect to the class C, where

C is either Sk or Ik. Let (v, w) and (v′, w′) be two pairs in C2. Let M(v, w) =

(qB, qS, pB, pS) and M(v′, w′) = (q′B, q
′
S, p

′
B, p

′
S). If qB > 0, then p′B =

(q′B/qB)pB.

Proof. First we show that p(·) is a non-decreasing function. Suppose that

this is not true, and assume that (q, p(q)) and (q′, p(q)) is the pair of outcomes

in M such that (i) q′ > q and p(q) > p(q′), (ii) there is no q′′ ∈ S such that

q′ > q′′ > q and (iii) q is minimal. Let (v, w) and (v′, w′) be two valuation

profiles that result in these two respective outcomes (q, p(q)) and (q′, p(q)).

Let w∗ be a valuation function that increases linearly at an extremely high

rate up to k − q′ and increses extremely slowly afterward. We now see that

when (v, w∗) is reported, q′ units or less are traded due to IR, and in fact at

most q units are traded due to DSIC (because, if q′ units were traded, a seller

with valuation w∗ would misreport w to trade less units for more money),

and no less than q′′ units are traded due to DSIC, where q′′ ≤ q is the least

quantity such that p(q′′) = p(q). (Otherwise the seller with valuation w∗

could misreport w and trade more units at almost the same valuation, for

significantly less money. We use here that w∗ increases sufficiently slowly

on the interval [k − q′, k]). We also observe that when (v′, w∗) is reported,
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(i) q′ units or less are traded due to IR, (ii) the traded quantity cannot

be any quantity with a higher payment than p(q′) since otherwise a seller

with valuation w′ would misreport w∗ if the buyer reports v′, and (iii) the

traded quantity cannot be any quantity with a lower payment than p(q′)

since otherwise a seller with valuation w∗ would misreport w′. Thus, exactly

q′ units are traded when (v′, w∗) is reported. We conclude that (q, p(q))

and (q′, p(q′)) are both in Nw∗ , and therefore a buyer with valuation v would

have an incentive to misreport v′ if the seller reports w∗, which violates DSIC

and yields a contradiction. We conclude that the payment function p(·) is

non-decreasing.

Also, note that 0 ∈ S and p(0) = 0 as otherwise the IR property would

be violated for a buyer whose valuation is identically 0 and a seller whose

valuation is strictly increasing: When such a valuation profile is reported, the

seller’s valuation implies that no positive number of items can be traded for

payment 0; the buyer’s valuation implies that no positive number of items can

be traded for a positive payment; so 0 items must be traded for a payment

that is not positive (due to IR of the buyer) and not negative (due to IR of

the seller).

The claim of this lemma is equivalent to the claim that there exists a

unique value p such that p(q) = pq for all q ∈ S. We will demonstrate this

by means of contradiction: Suppose that there is no such value p. Let q be

the lowest quantity in S such that p(q′′) 6= p(q)q′′/q for all q′′ ∈ S, q′′ < q.

Let q′ be the highest quantity in S such that p(q′′) = p(q′)q′′/q′ for all q′′ ∈

S, q′′ < q′. Note that there is no q′′ ∈ S such that q′ < q′′ < q, and that p(·)

behaves linearly up to q′, and that q essentially serves as the least witness
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for the non-linearity of p(·).

We distinguish two cases: The case where p(q)q′/q > p(q′), and the case

where p(q)q′/q < p(q′). First let us assume that p(q)q′/q > p(q′). We will

derive a contradiction by constructing valuation functions (v∗, w∗) for the

buyer and seller such that the following properties are satisfied: (i) outcomes

(q, p(q)) and (q′, p(q′)) are in Mv∗ and Nw∗ ; (ii) the buyer with valuation

v∗ strictly prefers outcome (q′, p(q′)) over all outcomes in Nw∗ \ {(q′, p(q′))};

and (iii) the seller with valuation w∗ strictly prefers outcome (q, p(q)) over

all outcomes in Mv∗ \{(q, p(q))}. This is a contradiction because (ii) requires

that the mechanism outputs (q′, p(q′)) (otherwise the buyer with valuation

v∗ would be incentivised to misreport so that (q′, p(q′)) is output) and (iii)

requires that the mechanism outputs (q, p(q)) (otherwise the seller with val-

uation w∗ would be incentivised to misreport so that (q, p(q)) is output).

Therefore, we will now define the appropriate valuations v∗ and w∗. Let

v∗ be a valuation function that grows linearly at an extremely high rate

up to quantity q′ and increases extremely slowly afterward. This causes

all outcomes where a positive quantity is traded a positive utility for the

buyer with valuation v∗, moreover, the maximum utility for such a buyer is

achieved at outcome (q′, p(q′)). This already establishes property (ii). To see

that property (i) holds, let w be any seller’s valuation so that (q′, p(q′)) ∈ Nw

(which must exist because q′ ∈ S). By the definition of v∗, the mechanism

selects outcome (q′, p(q′)) on report (v∗, w) and therefore (q′, p(q′)) ∈ Mv∗ .

Now, consider any valuation profile (v, w) that results in outcome (q, p(q)),

so that (q, p(q)) ∈ Mv. Let w′ be the valuation function that grows linearly

at an extremely high rate up to quantity k − q and after that point grows

157



linearly at a rate of p(q)/q − ε/q up to quantity k. The initial increase up

to point k− q is so steep that the seller can never experience a utility above

w′(k) when any quantity higher than q is traded. The value ε > 0 is chosen

to be so small that the only outcome at which a seller with valuation w′ has

a positive utility is (q, p(q)). Therefore, upon report (v, w′) the mechanism

outputs (q, p(q)) and we may infer that Nw′ = {(q, p(q)), (0, 0)}, from which

it follows that (q, p(q)) ∈Mv∗ , as (q, p(q)) must be the selected outcome upon

report (v∗, w) (by the DSIC property). This establishes property (i) for v∗.

For valuation function w∗, let w∗ increase linearly at an extremely high

rate up to quantity k− q, and increase extremely slowly afterwards. Clearly,

the seller with valuation w∗ prefers the outcome (q, p(q)) among all outcomes

in M , which establishes property (iii). Let (v, w) be any report upon which

the mechanism outputs (q, p(q)), so that (q, p(q)) ∈Mv. Then (q, p(q)) is also

output upon report (v, w∗) which establishes that (q, p(q)) ∈ Nw∗ . Next, let

(v, w) be any report upon which the mechanism outputs (q′, p(q′)), so that

(q′, p(q′)) ∈ Nw. Let v′ be a function that increases at rate p(q′)/q′+ ε/q′ for

sufficiently small ε > 0 up to quantity q′, and increases extremely slowly after-

ward. Then (q′, p(q′)) is output when (v′, w) is reported, so that (q′, p(q′)) ∈

Mv′ . Moreover, trading any quantity higher than q′ would yield a negative

utility for a buyer with valuation v′ (because ε is extremely small). Therefore,

for q′′ > q′ it holds that (q′′, p(q′′)) 6∈ Mv′ and in particular (q, p(q)) 6∈ Mv′ .

Thus, when (v′, w∗) is reported, the outcome (q′, p(q′)) is output by the mech-

anism, and this establishes that (q′, p(q′)) ∈ Nw∗ . Note that here we need

that p(q′) > 0, which is the case as the outcome the mechanism returns on

(v′, w′) is IR by assumption and the valuation functions are monotonically
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increasing. This completes the proof for the case where p(q)q′/q > p(q′).

For the case where p(q)q′/q < p(q′) we proceed in a similar fashion: Again,

we will derive a contradiction by constructing valuation functions (v∗, w∗) for

the buyer and seller such that (i) outcomes (q, p(q)) and (q′, p(q′)) are in Mv∗

and Nw∗ ; (ii) the buyer with valuation v∗ strictly prefers outcome (q, p(q))

over all options in Nw∗ \ {(q, p(q))}; and (iii) the seller with valuation w∗

strictly prefers outcome (q′, p(q′)) over all options in Mv∗ \ {(q, p(q))}. This

is a contradiction because (ii) requires that the mechanism outputs (q, p(q))

(otherwise the buyer with valuation v∗ would be incentivised to misreport

so that (q, p(q)) is output) and (iii) requires that the mechanism outputs

(q′, p(q′)) (otherwise the seller with valuation w∗ would be incentivised to

misreport so that (q′, p(q′)) is output). Note that the difference with the

previous case is that here we construct v∗ such that the higher of the two

quantities q and q′ is preferred, instead of the lower one. Likewise, w∗ is now

constructed such that the lower of the two quantities is preferred instead of

the higher one.

We start in this case with the construction of w∗. Let w∗ be a valuation

function that increases linearly at an extremely high rate up to quantity k−q.

From k− q to k− q′, valuation w∗ increases by an amount of p(q)− p(q′) + ε,

where ε > 0 is sufficiently small, and w∗ increases extremely slowly from k−q′

onward. The increase in valuation from quantities k − q to k − q′ is slightly

higher than the amount by which the payment changes among the quantities

q and q′, this causes the seller with valuation w∗ to encounter a slightly lower

(but positive) increase in utility when quantity q is traded instead of quantity

q′. Moreover, among all quantities in S up to q′, the maximum utility for a
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seller with valuation w∗ is achieved at quantity q′, which already establishes

property (iii). Lastly, note that due to the extreme steepness of w∗ up to k−q,

the utility of the seller is lower than w∗(k) when any quantity higher than q is

traded, so the mechanism will never do so by the IR constraint. It remains to

establish property (i). Let (v, w) be any report where the mechanism selects

outcome (q′, p(q′)). It follows by DSIC that outcome (q′, p(q′)) will also be

selected on report (v, w∗), so that (q′, p(q′)) ∈ Nw∗ . Next, let (v, w) be any

report where the mechanism selects outcome (q, p(q)). Let w′ be a valuation

function that increases extremely steeply up to k−q and increases extremely

slowly afterwards, so that the report (v, w′) results in (q, p(q)) and hence

(q, p(q)) ∈ Nw′ , and because of IR we also infer that (q′′, p(q′′)) 6∈ Mw′ when

q′′ > q. Let v′ be a valuation function that increases linearly up to quantity q

and increases extremely slowly afterwards, where v(q) = p(q) + ε, and ε > 0

is sufficiently small. Note that trading a positive quantity lower than q would

result in a negative utility for a buyer with valuation v′, so that such outcomes

are not in Mv′ . Therefore, when (v′, w′) is reported the outcome selected by

the mechanism must be (q, p(q)), which shows that (q, p(q)) ∈Mv′ . It follows

now that the selected outcome upon report (v′, w∗) must be (q, p(q)) which

yields (q, p(q)) ∈ Nw∗ and establishes property (i) for w∗.

Lastly, we design v∗. Let v∗ simply increase extremely steeply up to

the quantity q, and increase extremely slowly afterwards, so that a buyer

with valuation v∗ experiences positive utility for all outcomes in M , and

maximum utility when outcome (q, p(q)) is selected. This straightforwardly

establishes property (ii). For property (i), let (v, w) be any profile where

outcome (q, p(q)) results, so that (q, p(q)) ∈ Nw. By DSIC, outcome (q, p(q))

160



is also selected when (v∗, w) is reported, so (q, p(q)) ∈ Mv∗ . Next, let (v, w)

be any profile where outcome (q′, p(q′)) results, so (q′, p(q′)) ∈ Mv. Let w′

be a function that increases extremely steeply up to quantity k − q′, and

increases extremely slowly afterwards, so that trading any quantity higher

than q′ would result in a decrease in utility for a seller with valuation w′

(hence the mechanism cannot trade such quantities when w′ is reported,

by the IR property), and the maximum increase in utility is achieved when

(q′, p(q′)) is chosen. Therefore reporting (v, w′) results in outcome (q′, p(q′)),

thus (q′, p(q′)) ∈ Nw′ and (q′′, p(q′′)) 6∈ Nw′ for all q′′ > q′. Therefore, when

(v∗, w′) is reported, outcome (q′, p(q′)) is selected, which establishes property

(i) for v∗ and completes the proof for the case p(q)q′/q > p(q′).

Let M be IR, SBB, and DSIC with respect to the class of monotonically

increasing submodular valuation functions. From the above it follows that for

a mechanism that is IR, SBB, and DSIC with respect to Sk or Ik, there exists

a price p ∈ R≥0 such that for all pairs (v, w) of monotonically increasing

submodular valuation functions, the payment charged to the buyer is qBp

(and the payment charged to the seller is −qBm by SBB). We will refer to p

as the unit price.

The above corollary establishes the needed properties on the payments of

the mechanism. The remaining lemmas use Lemma 9 by implicitly assuming

the existence of the unit price p in their statement, and they characterise the

quantities S tradable by the mechanism and the quantities that appear in

the menus Mv and Nw. The next lemma states that the utility maximizing
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outcome in S for a buyer with any valuation function v is always in Mv.

Lemma 10. If M is SBB, IR, and DSIC with respect to Sk, and suppose

that unit price p is positive. Then, for all v ∈ Sk it holds that (q, p(q)) ∈Mv

for the lowest q in the set argq max{v(q)− p(q) : q ∈ S}.

Proof. Let q be the lowest quantity in argq max{v(q) − p(q) : q ∈ S}. Let

(v′, w′) be any report that results in outcome (q, p(q)), so that (q, p(q)) ∈ Nv′ .

Let w∗ be a valuation function that increases extremely steeply up to the

quantity k−q and increases extremely slowly afterwards. Observe that by our

assumption that p > 0, a seller with valuation w∗ strongly prefers outcome

(q, p(q)) over all other outcomes in S, and trading any quantity larger than

q would violate IR. by DSIC, outcome (q, p(q)) is thus selected when (v′, w∗)

is reported, hence (q, p(q)) ∈ Nw∗ and (q′, p(q′)) 6∈ Nw∗ for all q′ > q. So

when (v, w∗) is reported, an outcome is selected from Nw∗ that maximises

the utility of the buyer with valuation v, and this outcome is (q, p(q)).

The following lemma strengthens the previous.

Lemma 11. Suppose M is SBB, IR, and DSIC with respect to Sk and sup-

pose that unit price p is positive. Let v ∈ Sk and let q ≤ min argq′ max{v(q′)−

p(q′) : q′ ∈ S} be a quantity not exceeding the least utility-maximizing quan-

tity for a buyer with valuation v. It holds that argq′ max{v(q′) − p(q′) : q′ ∈

S, q′ ≤ q} is the singleton set containing the quantity q′ = maxS ∩ [q], and

that q ∈Mv.

Proof. Note that the existence of the unit price p implies that the utility func-

tion of the buyer is a submodular function of the traded quantity. Therefore,
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the utility function for a buyer with valuation v is increasing up to the least

utility-maximizing outcome in S, after which it stays constant up to the high-

est utility-maximizing outcome in S, after which it starts decreasing. Let q be

any quantity less than or equal to the least utility-maximizing quantity, i.e.,

less than min arg max{v(q′) − p(q′) : q′ ∈ S}. Then, the utility-maximizing

quantity q′ in S ∩ [q] for a buyer with valuation v is maxS ∩ [q]. It remains

to prove that (q′, p(q′)) is in Mv. Let (v′, w′) be any report resulting in out-

come (q′, p(q′)), so that (q′, p(q′)) ∈ Nv′ . Let w′′ be any function increasing

extremely steeply up to quantity k − q′, after which it increases extremely

slowly. Then (q′, p(q′)) is the result of report (v′, w′′), and note that it is not

IR to trade a quantity exceeding q′ when w′′ is reported, so (q′′, p(q′′)) 6∈ Nw′′

for q′′ > q′, and (q′, p(q′)) ∈ Nw′′ . Therefore, when (v, w′′) is reported, a

quantity of q′ is traded, and no higher quantity. (Note that we use positivity

of p here.) Thus, (q′, p(q′)) is in Mv, which proves the claim.

The above lemma shows that for a mechanism M that is SBB, IR, and

DSIC with respect to Sk, if p > 0, then for any v ∈ Sk, the menu Mv that

the buyer presents to the seller includes the outcomes (q, p(q)) such that q

is in the subset of S obtained by truncating S at the buyer’s least-quantity

utility-maximizing outcome.

We can prove the following symmetric lemma for the seller.

Lemma 12. Suppose a mechanism M is SBB, IR, and DSIC with respect

to Sk and suppose that the unit price p is positive. Let w ∈ Sk and let

q ≤ min argq′ max{w(k − q′) + p(q′) : q′ ∈ S} be a quantity not exceeding the

least utility-maximizing quantity for a seller with valuation w. It holds that
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argq′ max{w(k − q′) + p(q′) : q′ ∈ S, q′ ≤ q} is the singleton set containing

quantity q′ = maxS ∩ [q], and that q ∈ Nw.

Proof. Note that the existence of the unit price p implies that the increase

in utility of the seller is a submodular function of the traded quantity q.

Therefore, the function for a buyer with valuation v is increasing up to the

least utility-maximizing outcome in S, after which it stays constant up to

the highest utility-maximizing outcome in S, after which it starts decreasing.

Let q be any quantity less than or equal to the least utility-maximizing

quantity, i.e., less than min arg max{w(k − q′) + p(q′) : q′ ∈ S}. Then,

the utility-maximizing quantity q′ in S ∩ [q] for a seller with valuation w is

maxS ∩ [q]. It remains to prove that (q′, p(q′)) is in Nw. Let (v′, w′) be any

report resulting in outcome (q′, p(q′)), so that (q′, p(q′)) ∈ Nw′ . Let v′′ be any

function increasing at a rate p + ε up to quantity q′, for a sufficiently small

ε > 0, after which it increases extremely slowly. Then (q′, p(q′)) is the result

of report (v′′, w′), and note that it is not IR to trade a quantity exceeding q′

when v′′ is reported, so (q′′, p(q′′)) 6∈ Mv′′ for q′′ > q′, and (q′, p(q′)) ∈ Nv′′ .

Therefore, when (v′′, w) is reported, a quantity of q′ is traded, and no higher

quantity. Thus, (q′, p(q′)) is in Mw, which proves the claim.

The above lemma shows that for any unit price mechanism M that is

SBB, IR, and DSIC with respect to Sk, for any w ∈ Sk, the menu Mw that

the seller presents to the buyer includes the outcomes (q, p(q)) such that q

is in the subset of S obtained by truncating S at the buyer’s least-quantity

utility-maximizing outcome.

The last two lemmas combined imply that the menu of buyer consist of
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the outcomes (q, p(q)) in S where the quantity does not exceed the least

utility-maximizing outcome, plus an additional arbitrary subset of utility-

maximizing outcomes; and the same holds for the seller. We will show that

next.

Lemma 13. Suppose a mechanism M is SBB, IR, and DSIC with respect

to Sk and suppose that the unit price p is positive. Let v, w ∈ Sk. Let

q = min argq′′ max{v(q′′) − p(q′′) : q′′ ∈ S} be the least utility maximizing

quantity for the buyer with valuation v, then Mv = {(q′′, p(q′′)) : q′′ ∈ S ∩

[q]} ∪ T where T ⊆ argq′′ max{v(q′′) − p(q′′) : q′′ ∈ S}. Similarly let q′ =

min argq′′ max{w(k − q′′) + p(q′′) : q′′ ∈ S} be the least utility maximizing

quantity for the seller with valuation w, then Nw = {(q′′, p(q′′)) : q′′ ∈ S ∩

[q′]} ∪ T ′ where T ′ ⊆ argq′′ max{w(k − q′′) + p(q′′) : q′′ ∈ S}.

Proof. Lemma 11 and 12 show that Mv ⊇ {(q′′, p(q′′)) : q′′ ∈ S ∩ [q]} and

Nw ⊇ {(q′′, p(q′′)) : q′′ ∈ S∩[q′]}. Let q̂ ∈ S such that q̂ > max argq′′ max{v(q′′)−

p(q′′) : q′′ ∈ S} and let q̌ ∈ S such that q̌ > max argq′′ max{w(k−q′′)+p(q′′) :

q′′ ∈ S}. It suffices to show that (q̂, p(q̂)) 6∈Mv and that (q̌, p(q̌)) 6∈ Nw.

Suppose (q̂, p(q̂)) ∈ Mv. Let w∗ be a valuation function increasing ex-

tremely steeply up to quantity k − q̂, and increases extremely slowly after-

wards. By DSIC, the outcome (q̂, p(q̂)) is selected on report (v, w∗), where we

use that p > 0. However, by Lemma 12 it holds that (q, p(q)) ∈ Nw∗ , so that

it also must hold by the DSIC property that outcome (q, p(q)) is selected,

which is a contradiction.

Suppose (q̌, p(q̌)) ∈ Nw. Let v∗ be a valuation increasing at extremely

high rate up to quantity q̌, that increases extremely slowly afterwards. By
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DSIC, the outcome (q̌, p(q̌)) is selected on report (v∗, w). However, by Lemma

11 it holds that (q′, p(q′)) ∈ Nv∗ , so that it also must hold by the DSIC

property that outcome (q, p(q)) is selected, which is a contradiction.

We are now finally ready to prove the necessity-part of our characterisa-

tion of IR, DSIC, SBB multi-unit bilateral trade mechanisms.

Proof of Theorem 24. By Lemma 8, for all q ∈ S there is a price p(q) such

that a payment of p(q) is charged whenever q units are traded. By Lemma

9, there is a unit price p such that p(q) = p · q for all q ∈ S. This establishes

already that the payment function of any IR, DSIC, and SBB mechanism

is in accordance with Definition 23, hence it remains to establish that the

traded quantity is also prescribed by Definition 23.

First we consider the special case p = 0. By increasingness of the valu-

ation function of the seller, it follows that the mechanism can only trade a

quantity of 0 units in order to satisfy IR. Subsequently it follows by IR and

SBB that the mechanism is required to charge a payment of 0. A mechanism

that always trades 0 units at price 0 is by definition equal to a mechanism

M0,∅,τ , where τ is arbitrary and irrelevant as there is only a single outcome

that the mechanism outputs.

Next, assume that p > 0. We prove the claim separately for Sk and Ik,

and we start with Sk. By Lemma 13, for every pair of valuations (v, w) it

holds that Mv = {q ∈ S : q ≤ min arg′q max{v(q′) +p(q′)}}∪T where T is an

arbitrary set of utility-maximizing quantities in S for a buyer with valuation

v, and Nw = {q ∈ S : q ≤ min argq′ max{w(k − q′) + w(q)}} ∪ T ′ where

T ′ is an arbitrary set of utility maximizing quantities in S for a seller with
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valuation w. Let τS(w) be the seller’s utility maximizing quantities in Nw

and let τB(v) be the buyer’s utility-maximizing quantities in Mv. If τS(w)

and τB(v) intersect, then by DSIC, mechanism must output any quantity in

τS(w) ∩ τB(v): call this quantity τ∩(v, w). Otherwise, if τS(w) ∩ τB(v) = ∅,

the mechanism must output min{max τS(w),max τB(v)}, in order to satisfy

the DSIC property: Assume that and max τB(v) > max τS(w) (the other

case is symmetric) and suppose that the mechanism trades any quantity

q 6= max τS(w). Since the traded quantity q must lie in the intersection of

Mv and Nv and since τB(v) and τS(w) are sets of highest quantities in Mv

and Nw respectively, we have q < max τS(w). Hence, among the quantities in

Nw a quantity less than max τS(w) is traded, but the buyer prefers quantity

max τS(w) because max τS(w) is closer to the buyer’s set max τB(v) of utility-

maximizing quantities in Mv, which would give the buyer a higher utility

due to submodularity. The buyer would thus misreport such that max τS(w)

is output instead. Note the tie-breaking functions τ = (τB, τS, τ∩) we just

established, as well as the derived traded quantity q given to the buyer, agree

precisely with those of Definition 23. We complete the equivalence by noting

that 0 ∈ S as we can define a seller’s utility function that grows extremely

steeply up to quantity k, so that (0, 0) is the only IR outcome. This implies

that M = Mp,S\{0},τ .

It remains to prove the claim for I. Suppose for contradiction that there

are at least two positive quantities q, q′ in S, where 0 < q < q′. We apply the

same technique as in Lemma 9. Let (v, w) be a valuation profile such that

the mechanism selects (q, p(q)) when (v, w) is reported, and let (v′, w′) be a

valuation profile such that the mechanism selects (q′, p(q′)) when (v′, w′) is
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reported.

Let v∗ be a valuation function that increases extremely slowly up to quan-

tity q− 1, then jumps to a value of pq+ 2ε at quantity q and proceeds again

to grow extremely slowly up to quantity q′ − 1, and finally jumps to a value

of pq′ + ε at quantity q′ after which it grows extremely slowly onward. The

only IR quantities that the mechanism can trade when a buyer reports v∗

are 0, q, and q′. As (q, p(q)) ∈ Nw, the mechanism must select the outcome

(q, p(q)) when (v∗, w) is reported, because of DSIC. So, (q, p(q)) ∈ Mv∗ .

Next, we construct a function w′′ for which it holds that (q, p(q)) 6∈ Nw′′ and

(q′, p(q′)) ∈ Nw′′ : Valuation w′′ is defined such that it increases extremely

steeply up to the quantity k− q′. Subsequently it increases by an amount of

p+(q′+1)ε to quantity k−q′+1, and it increases at a rate of p−ε afterward.

Note that the only IR quantities that can be traded under w′′ are 0 and q′.

We thus have that (q, p(q)) 6∈ Nw′′ and (q′, p(q′)) ∈ Nw′′ because (q′, p(q′))

in Mv′ and by DSIC the mechanism must select (q′, p(q′)) when (v′, w′′) is

reported. Therefore, when (v∗, w′) is reported, (q′, p(q′)) is selected so we see

that (q′, p(q′)) ∈Mv∗ .

Let w∗ be a valuation function defined as follows. Let ε > 0 be sufficiently

small. We let w∗(k) = kp, and for all q′′ > 0 not equal to q or q′, We let

w∗(k− q′′) = p · (k− q′′)− ε, so that the seller’s increase in utility for trading

q′′ units is pq′′ − (w∗(k)− w∗(k − q′′)) = pq′′ − (pk − p(k − q′′) + ε) = −ε, so

when w∗ is the valuation of the seller, the mechanism cannot trade q′′ items

as that would violate IR. Moreover, we define w∗(k− q) = p · (k− q) + ε and

w∗(k− q′) = p · (k− q′) + 2ε, so that trading q or q′ units leads to an increase

in utility for a seller with valuation w∗ and so that trading q′′ units is the
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preferred quantity to trade for a seller with valuation w∗. We now see that

(q′, p(q′)) ∈ Nw∗ , because (q′, p(q′)) is in Mv′ so that by DSIC the mechanism

outputs (q′, p(q′)) on report (v′, w∗). Next, we construct a function v′′ for

which it holds that (q′, p(q′)) 6∈ Mv′′ and (q, p(q)) ∈ Mv′′ . This function is

defined as follows: v(q′′) = pq′′ − ε for all q′′ except q, where v(q) = pq + ε.

When a buyer reports v′′, by IR the mechanism can either trade 0 or q units

and no other quantity. On report (v′′, w) the mechanism must output (q, p(q))

due to DSIC and because (q, p(q)) ∈ Nw by assumption. Thus (q, p(q)) ∈ Nv′′

and (q′, p(q′)) 6∈Mv′′ , hence when (w∗, v′) is reported the mechanism outputs

(q, p(q)) because of DSIC. This establishes (p, p(q)) ∈ Nw∗ .

We thus have constructed two functions v∗ and w∗ for which it holds

that both (q, p(q)) and (q′, p(q′)) are in both Mv∗ and Nw∗ . Moreover, a

buyer with valuation v∗ strictly prefers (q, p(q)) over (q′, p(q′)), so by DSIC

the mechanism must output the outcome (q, p(q)) when (v∗, w∗) is reported.

However, a seller with valuation w∗ strictly prefers (q′, p(q′)) over (q, p(q)), so

by DSIC the mechanism must output the outcome (q′, p(q′)) when (v∗, w∗) is

reported, which is a contradiction. So, we must refute the assumption that

there are at least 2 quantities that the mechanism can trade.

Hence, either (0, 0) is always output, in which case the claim is trivial

(the mechanism is equal to M0,∅,τ , where τ is not relevant), or there is a

unique positive quantity q such that the mechanism selects either (q, p(q))

or (0, 0) and outputs (q, p(q)) on at least one valuation profile (v, w). It

now suffices to prove, by definition of the mechanism (Definition 23), that

outcome (q, p(q)) is selected if both players experience an increase in utility

from this outcome. Let (v′, w′) be an arbitrary valuation profile for which
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the latter holds. As (q, p(q)) ∈Mv, we infer that (q, p(q)) is output on report

(v, w′) so that (p, p(q)) ∈ M ′
w. Thus, by DSIC, the mechanism must select

(q, p(q)) on report (v′, w′) as otherwise a buyer with valuation v′ would report

v instead. This proves that the mechanism equals Mp,{(q,p(q))},τ .

5.5 Approximation Mechanisms

In this section we study the design of DSIC, IR, SBB mechanisms that op-

timise the social welfare, i.e., the sum of the buyer’s and seller’s valuation.

From Theorem 24, our characterization states that such a mechanism needs

to be a multi-unit fixed price mechanism, so that the design challenge lies in

an appropriate choice of unit-price p and quantities offered at each iteration

of the mechanism.

We focus on the case of increasing submodular valuations. Obviously,

every item traded can only increase the social welfare. Therefore, given that

the objective is to maximise it, we repeatedly offer a single item for trade.1

The challenge lies thus in determining the right unit price p. It is easy to

see that no sensible analysis can be done if absolutely nothing is known

about the valuation functions of the buyer and seller. Therefore, we assume

a Bayesian setting, as introduced in Section 5.2 in order to model that the

mechanism designer has statistical knowledge about the valuations of the two

agents: The buyer’s (and seller’s) valuation is assumed to be unknown to the

mechanism, but is assumed to be drawn from a probability distribution f

1Also, with respect to our tie-breaking rule mentioned at the end of the last section:
We simply employ the tie breaking rule that favours the highest quantity to trade, which
is the dominant choice when it comes to maximising social welfare.
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(and g) which is public knowledge. We show that we can now determine a

unit price that leads to a good social welfare in expectation.

For a valuation function v of the buyer, we write v̂ to denote the marginal

increase function of v: v̂(q) = v(q) − v(q − 1) for q ∈ [k]. Thus, v̂ is a non-

increasing function. Similarly, for a valuation function w of the seller, we

write w̌ to denote the marginal decrease function of w: w̌(q) = w(k − q +

1)−w(k−q), for q ∈ [k], so that w̌ is a non-decreasing function. Thus, for all

q ∈ [k], the increase in social welfare as a result of trading q items as opposed

to q − 1 items is v̂(q) − w̌(q). Note that therefore if v and w are increasing

submodular valuation functions of the buyer and seller respectively, then the

social welfare is maximised by trading the maximum number of units q such

that v̂(q) > w̌(q). We measure the quality of a mechanism on a bilateral

trade instance (f, g, k) as the factor by which its expected social welfare is

removed from the expected optimal social welfare OPT (f, g, k) that would be

attained if the buyer and seller would always trade the maximum profitable

amount:

OPT (f, g, k) =

= E
v∼f,w∼g

w(k) +

max{q′:v̂(q′)>w̌(q′)}∑
q=1

(v̂(q)− w̌(q))


= E

v∼f,w∼g

 k∑
q=1

w̌(q) +

max{q′:v̂(q′)≥w̌(q′)}∑
q=1

(v̂(q)− w̌(q))


For q ∈ [k] and a buyer’s valuation function w, we denote by GFT (v, w, q)
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the value max{0, v̂(q)− w̌(q)} (where “GFT” is intended to stand for “Gain

From Trade”). Note that GFT (v, w, q) is non-increasing in q and that

OPT (f, g, k) can be written as

OPT (f, g, k) =
k∑
q=1

Ew∼g[w̌(q) +GFT (v, w, q)].

Note that a social welfare as high as OPT (f, g, k) can typically not be

attained by any DSIC, IR, SBB mechanism. However, it is still a natural

benchmark for measuring the performance of such a mechanism, and we will

see next that there exists such a mechanism that achieves a social welfare

that is guaranteed to approximate OPT (f, g, k) to within a constant factor.

In particular, for a mechanism M , let qM(v, w) be the number of items that

M trades on reported valuation profiles (v, w), and define

SW (M,(f, g, k)) = Ev∼f,w∼g[v(qM(v, w)) + w(k − qM(v,w))]

as the expected social welfare of mechanism M . We say that the mechanism

M achieves an α-approximation to the optimal social welfare, for α > 1, iff

OPT (f, g, k)/SW (M, (f, g, k)) < α.

We show next that the multi-unit fixed price mechanism where p is set so

that
∑k

q=1 Prw∼g[w̌(q) ≤ p] = k/2 achieves a 2-approximation to the optimal

social welfare.

Theorem 29. Let (f, g, k) be a multi-unit bilateral trade instance where the

supports of f and g contain only increasing submodular functions. Let M be

the multi-unit bilateral trade mechanism where at each step one item is offered
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for trade at price p until either agent reject the offer, where p is chosen so

that
∑k

q=1 Prw∼g[w̌(q) ≤ p] = k/2. (Informally: p is the price such that the

seller is expected to accept to trade half of his units at price p.) Mechanism

M achieves a 2-approximation to the optimal social welfare.

Proof. Let v be an arbitrary buyer’s valuation function. We show that the

mechanism achieves a 2-approximation if f is the distribution having only

v in its support, and hence v is the buyer’s valuation with probability 1.

It suffices to prove the claim under this assumption, because the unit-price

p depends on distribution g only. Hence, if M achieves the claimed social

welfare guarantee for every fixed buyer’s valuation function, then it also

achieves this guarantee for every distribution on the buyer’s valuation. For

ease of notation, we will abbreviate SW (M, (f, g, k)) to simply SW and we

let ` = max{q : v̂k(q) ≥ p} be the highest quantity that the buyer would

like to trade at unit-price p. In the remainder of the proof, we will omit the

subscript w ∼ g from the expected value operator.

We first observe that SW can be written as follows, where we write 1[·]

to denote the indicator function and Eq for the event that v̂(q) ≥ p ≥ w̌(q).

SW = E

[
k∑
q=1

(w̌(q) + 1[Eq]GFT (v, w, q))

]

= E

[∑̀
q=1

(w̌(q) + 1[Eq]GFT (v, w, q))

]
+ E

[
k∑

q=`+1

w̌(q)

]
(5.1)

We will bound these last two expected values separately in terms of

OPT (f, g, k), and subsequently we will combine the two bounds to obtain

the desired approximation factor.
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We start with the quantities up to `, for which first rewrite the expression

as follows.

E

[∑̀
q=1

(w̌(q) + 1[Eq]GFT (v, w, q))

]

=
∑̀
q=1

E[w̌(q)] +
∑̀
q=1

Pr[Eq]E[GFT (v, w, q)) | Eq]

=
∑̀
q=1

E[w̌(q)] +
∑̀
q=1

Pr[Eq]E[GFT (v, w, q)) | Eq].

Now, observe that Pr[Eq] = Pr[p ≥ w̌(q)] for quantities q ≤ `. Since∑k
q=1 Pr[p ≥ w̌(q)] = k/2 and Pr[p ≥ w̌(q)] is decreasing in q, this implies

that
∑`

q=1 Pr[Eq] =
∑`

q=1 Pr[p ≥ w̌(q)] ≥ `/2. Using additionally the fact

that E[GFT (v, w, q)) | Eq] is also non-increasing in q, we obtain the following

bound.

E

[∑̀
q=1

(w̌(q) + 1[Eq]GFT (v, w, q))

]
(5.2)

≥
∑̀
q=1

E[w̌(q)] +

∑`
q=1 Pr[Eq]

`

∑̀
q=1

E[GFT (v, w, q)) | Eq]

≥
∑̀
q=1

E[w̌(q)] +
1

2

∑̀
q=1

E[GFT (v, w, q)) | Eq]

≥
∑̀
q=1

E[w̌(q)] +
1

2

∑̀
q=1

E[GFT (v, w, q))]

≥ 1

2

∑̀
q=1

E[w̌(q) +GFT (v, w, q)] (5.3)

For the quantities higher than `, we first observe that non-increasingness

of Pr[w̌(q) < p] in the quantity q implies that Pr[w̌(q) > p] is non-decreasing
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in q. Moreover,
∑k

q=1 Pr[w̌(q) ≤ p] = k/2 means that
∑k

q=1 Pr[w̌(q) >

p] =
∑k

q=1 Pr[w̌(q) ≤ p], hence it holds that
∑k

q=`+1 Pr[w̌(q) > p] ≥∑k
q=1 Pr[w̌(q) ≤ p]. Therefore, we derive

E

[
k∑

q=`+1

w̌(q)

]
=

1

2

k∑
q=`+1

E[w̌(q)] +
1

2

k∑
q=`+1

E[w̌(q)]

≥ 1

2

k∑
q=`+1

E[w̌(q)] +
1

2

k∑
q=`+1

E[w̌(q) | w̌(q) > p]Pr[w̌(q) > p]

≥ 1

2

k∑
q=`+1

E[w̌(q)] +
1

2

k∑
q=`+1

v̂(q)Pr[w̌(q) > p]

≥ 1

2

k∑
q=`+1

E[w̌(q)] +
1

2

k∑
q=`+1

E[GFT (v, w, q)]

≥ 1

2

k∑
q=`+1

E[w̌(q) +GFT (v, w, q)], (5.4)

where the second inequality holds because w̌(q) conditioned on w̌(q) > p

is always higher than v̂(q) which does not exceed p. Moreover, the third in-

equality follows because E[GFT (v, w, q)] = E[(v̂(q)−w̌(q))1(v̂(q) > w̌(q))] ≤

E[v̂(q)1(v̂(q) > w̌(q))] ≤ E[v̂(q)1(p > w̌(q))] = v̂(q)Pr[p > w̌(q)].

We now use (5.3) and (5.4) to bound (5.1) and obtain the desired inequal-

ity

SW ≥ 1

2

k∑
q=1

E[w̌(q) +GFT (v, w, q)] =
OPT (f, g, k)

2
,

which proves the claim.

The above 2-approximation mechanism is deterministic. We show next

that we can do better if we allow randomisation: Consider the General-

ized Random Quantile Mechanism, or MG, which draws a number x in the
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interval [1/e, 1] where the CDF is ln(ex) for x ∈ [1/e, 1]. The mecha-

nism then sets a unit price p(x) such that Ew[max{q : w(q) ≥ qp(x)}] =∑k
q=1 Prw[w̌(q) ≤ p(x)] = xk, repeatedly offering single item trades as be-

fore. In words, the price is set such that the expected number of units that

the seller is willing to sell, is an x fraction of the total supply, where x is

randomly drawn according to the probability distribution just defined. This

randomised mechanism satisfies DSIC, IR, and SBB, because it is simply a

distribution over multi-unit fixed price mechanisms. Note that this mecha-

nism is also a generalisation of a previously proposed mechanism: In [21], the

authors define the special case of this mechanism for a single item, and call

it the Random Quantile Mechanism. They show that it achieves a e/(e− 1)-

approximation to the social welfare, and we will prove next that this general-

isation preserves the approximation factor, although the proof we provide for

it is substantially more complicated and requires various additional technical

insights.

Theorem 30. Let (f, g, k) be a multi-unit bilateral trade instance where the

supports of f and g contain only increasing submodular functions. The Gen-

eralised Random Quantile Mechanism MG achieves a e/(e−1)-approximation

to the optimal social welfare.

Proof. As in the proof of Theorem 29, we fix a valuation function v for the

buyer. It suffices to prove the claim under this assumption, because the unit-

price p depends on distribution g only. For ease of notation, we will again

abbreviate SW (MG, (f, g, k)) to simply SW .
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We first rewrite OPT (f, g, k) as follows:

OPT (f, g, k) =
k∑
q=1

Ew[max{v̂(q), w̌(q)}]

=
k∑
q=1

Ew[v̂(q)] +
k∑
q=1

Ew[(w̌(q)− v̂(q))1[w̌(q) ≥ v̂(q)]]

=
k∑
q=1

v̂(q) +
k∑
q=1

Ew[w̌(q)− v̂(q) | w̌(q) ≥ v̂(q)]

·Prw[w̌(q) ≥ v̂(q)]

=
k∑
q=1

v̂(q) +
k∑
q=1

(Ew[w̌(q) | w̌(q) ≥ v̂(q)]− v̂(q))

·Prw[w̌(q) ≥ v̂(b)]. (5.5)

In the remainder of the proof, we will derive a lower bound of (1 − 1/e)

times the expression (5.5) on SW , which implies our claim. We first observe

that SW can be bounded and rewritten as follows.

SW =
k∑
q=1

Ew[w̌(q)1[w̌(q) ≥ v̂(q)]]

+
k∑
q=1

Prw[w̌(q) < v̂(q)]Ew,x[v̂(q)1[p(x) ∈ [w̌(q), v̂(q)]]

+ w̌(q)1[p(x) 6∈ [w̌(q), v̂(q)]] | w̌(q) < v̂(q)]

≥
k∑
q=1

Ew[v̂(q)1[w̌(q) ≥ v̂(q)] + (w̌(q)− v̂(q))1[w̌(q) ≥ v̂(q)]]

+
k∑
q=1

Ew,x[v̂(q)1[p(x) ∈ [w̌(q), v̂(q)]] | w̌(q) < v̂(q)]]

·Prw[w̌(q) < v̂(q)]
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=
k∑
q=1

v̂(q)Prw[w̌(q) ≥ v̂(q)]

+
k∑
q=1

(Ew[w̌(q) | w̌(q) ≥ v̂(q)]− v̂(q))Pr[w̌(q) ≥ v̂(q)]

+
k∑
q=1

Ew,x[v̂(q)1[p(x) ∈ [w̌(q), v̂(q)] | w̌(q) < v̂(q)]]

·Prw[w̌(q) < v̂(q)]

=
k∑
q=1

v̂(q)Prw[w̌(q) ≥ v̂(q)]

+
k∑
q=1

v̂(q)Prw,x[p(x) ∈ [w̌(q), v̂(q)] | w̌(q) < v̂(q)]]

·Prw[w̌(q) < v̂(q)] (5.6)

+
k∑
q=1

(Ew[w̌(q) | w̌(q) ≥ v̂(q)]− v̂(q))Pr[w̌(q) ≥ v̂(q)].

Next, we bound the first part (5.6) of the last expression, i.e., excluding

the last summation.

(6) ≤
k∑
q=1

v̂(q)Prw[w̌(q) ≥ v̂(q)] +
k∑
q=1

v̂(q)Prw[w̌(q) < v̂(q)]

·

∫ z:p(z)=v̂(q)

1/e
Prw[w̌(q) ≤ p(x)] 1

x
dx

Prw[w̌(q) < v̂(q)]

=
k∑
q=1

v̂(q)Prw[w̌(q) ≥ v̂(q)]

+

∫ z:p(z)=v̂(q)

1/e

(
k∑
q=1

v̂(q)Prw[w̌(q) ≤ p(x)]

)
1

x
dx

≥
k∑
q=1

v̂(q)Prw[w̌(q) ≥ v̂(q)] +

∫ z:p(z)=v̂(q)

1/e

k∑
q=1

v̂(q)
kx

k

1

x
dx

178



=
k∑
q=1

v̂(q)Prw[w̌(q) ≥ v̂(q)] +
k∑
q=1

v̂(q)

∫ z:p(z)=v̂(q)

1/e

1dx

=
k∑
q=1

v̂(q)Prw[w̌(q) ≥ v̂(q)] +
k∑
q=1

v̂(q)(Pr[w̌(q) < v̂(q)]− 1

e
)

= (1− 1/e)
k∑
q=1

v̂(q), (5.7)

where for the inequality we used that both v̂(q) and Prw[w̌(q) < v̂(q)]

are non-increasing in q, so that replacing all the probabilities by the average

probability xk/k yields a lower value. Substituting (5.6) by (5.7) and using

the expression (5.5) for OPT then yields the desired bound.

SW ≥ (1− 1/e)
( k∑
q=1

v̂(q) +
k∑
q=1

(Ew[w̌(q) | w̌(q) ≥ v̂(q)]−

v̂(q))Prw[w̌(q) ≥ v̂(q)]
)

= (1− 1/e)OPT (f, g, k).

Currently we have no non-trivial lower bound on the best approximation

factor achievable by a DSIC, IR, SBB mechanism, and we believe that the

approximation factor of e/(e − 1) achieved by our second mechanism is not

the best possible. For our first mechanism, it is rather easy to see that the

analysis of the approximation factor of our first mechanism is tight, and that

it is a direct extension of the median mechanism of [93], for which it was

already shown in [21] that it does not achieve an approximation factor better

than 2: The authors show that 2 is the best approximation factor possible
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for any deterministic mechanism for which the choice of p does not depend

on the buyer’s distribution.

For the more general class of increasing valuation functions, an approx-

imation factor of (2e − 1)/(e − 1) ≈ 2.582 to the optimal social welfare is

achieved by a mechanism of [21]: They use a e/(e− 1)-approximation mech-

anism for the single-item setting, which yields a (2e − 1)/(e − 1) approxi-

mation mechanism for the multi-unit setting through a conversion theorem

which they prove. We note that their conversion theorem is more precisely

presented for the setting with a buyer and a seller who holds one divisible

item. However, their proof straightforwardly carries over to the multi-unit

setting. It would be an interesting open challenge to improve this currently

best-known bound of (2e− 1)/(e− 1) for general increasing valuations.

5.6 Discussion

Our results give a full characterisation of truthful mechanisms for the multi-

unit bilateral trade setting. This is of importance not only for theoretical

considerations, but also due to its practical consequences: We have shown

that the class of truthful mechanisms in this setting consists only of very sim-

ple constant unit-price, sequential posted price mechanisms. These are not

only obviously truthful, but also very easy to implement. They require little

computation on the participants side, and the communication complexity of

such a protocol is minimal.

Many interesting open questions remain in this area. In the simple set-

ting we consider, we do not know matching upper and lower bounds on the
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approximation ratio. For the multi-unit setting studied here, the next step

would be to generalize first to markets with multiple buyers and sellers and

then to indistinguishable agents, each entering the market with an endow-

ment of items. In an orthogonal direction, it is interesting to consider the

case with a single pair of a seller and a buyer, but multiple item types that are

substitutes of each other, with more complex valuation functions as described

in e.g. [70].
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Part 6

Conclusion

In this thesis, we have investigated several different key aspects of market in-

termediation. Firstly, we showed how a simple unit-supply, unit-demand off-

line setting differs from a common auction setting (and how they are similar),

once one looks at correlated priors. We made explicit several implications our

research has on the theory of auctions and reverse auctions, showing for the

first time an asymmetry between the two. Next, we looked at the challenges

that appear when moving to an online setting, and gave tight bounds on the

approximation ratio. Lastly, we considered welfare in a multi-unit setting,

and gave both a complete characterisation of the design space of truthful

strongly budget balanced mechanisms, as well as strong approximation re-

sults.

Several common threads have run through our treatment of these differ-

ent facets of the intermediation setting. The most important one is that of

prior information: In all of our results, our mechanisms hinge on some par-

tial knowledge of bidders’ valuations. Indeed, for none of the questions we
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discussed, one could hope for meaningful worst-case results. At the end of

Section 2.8 we explicitly discussed this for the correlated priors case, but it

is easy to see for our aims in later chapters as well.

Second, we care about the computational tractability of the mechanisms

we propose. We make this most explicit in the earlier chapters, but also

in the online setting many of the mechanisms discussed are carefully stated

as simple optimisation problems. In multi-unit intermediation, one of the

main points of our characterisation result is the low computational and com-

munications complexity of the resulting class of truthful budget balanced

mechanisms.

Third, the concept of truthfulness has been a major theme in our in-

quiries. In the context of correlated priors, we derived powerful results on

revenue optimal mechanisms through a geometric characterisation of truth-

fulness. We further explored the implications of feasibility constraints in

auctions and reverse auctions, when coupled with the usual truthfulness re-

quirement. In multi-unit intermediation, we gave a complete characterisation

of all truthful budget balanced mechanisms. Such a full description of that

class of mechanism greatly aids any further questions one might ask about

them, and indeed is not known in many settings.

These lines of inquiry have led us to a number of meaningful discoveries

about the market intermediation problem, as well as about its relation to

classical auction settings. One of the key insights perhaps is that sellers are

different than buyers. We have discussed this in most detail in the context

of auctions and reverse auctions, but the implications are clear also for inter-

mediation: Two-sided does not imply symmetric! It is perhaps impossible to
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consider market intermediation without also thinking about auctions and re-

verse auctions, given their close connection. Some recent work [52] has tried

to decompose intermediation into mechanisms for each side and a ranking for

matching buyers and sellers; our discussion suggests that such an approach

ought to take into account differences between buying and selling sides in its

design.

Indeed, we propose that this relationship goes both ways: Our research

into market intermediation has led us directly to novel and surprising re-

sults about auctions and reverse auctions. Intermediation is thus not only a

worthwhile field in itself, but also for its implications to already well studied

one-sided auction settings.

Our results also yield interesting insight in how intermediation differs

from classical auction theory. One distinction that stands out throughout

our endeavours is the close relation that intermediation bears to matching

algorithms. In some cases, this is an implicit constraint, when the mar-

ket maker is not allowed to own items themselves; while our discussion on

multi-unit intermediation in Chapter 5 restricted itself to single-seller and

single-buyer cases, even the multi-unit aspect already exhibited this. Our

characterisation result crucially hinges on matching units bought and units

sold (and payments). But even where matching transactions is not a re-

quirement for the intermediary, our discussion in Chapter 4 has shown that

the theory of matchings may be indispensable as a tool for the analysis of

(non-matching) mechanisms!

Many exciting open problems remain in this area, and we believe we have

shown not only our hard results, but also that these further questions are
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worth investigating. Each of the particular areas we looked at has direct

follow-ups open. In Chapter 2, the complexity of the two-sellers, one-buyer

case is still unclear, and correspondingly in Chapter 3 that of the three-bidder

reverse auction. In Chapter 4, many more complex settings immediately fol-

low from the groundwork of our simple distilled-to-its-core model, as does

regret-minimisation analysis of the problem. Chapter 5 similarly has a mul-

titude of more complex settings one is left wondering about: What about

dropping the predetermined distinction between buyer and seller, instead

giving non-zero initial endowment to both? What about many traders in-

stead of two? Multiple types of items?

Beyond that, our results and the immediate connections to other mecha-

nism design settings pose more general questions: How does intermediation

relate to auctions and reverse auctions, beyond the correlated priors aspect?

We discussed briefly in section 3.5 some initial thoughts on a more compre-

hensive framework. This could clearly be extended even further, for instance

to include general reallocation mechanisms. Should there be another, or-

thogonal, dimension along which we classify mechanism design problems, in

addition to the traditional hierarchy (see section 1.3) increasingly complex

valuation functions? These questions touch the very core of how we think

about mechanism design, and again underline the importance of intermedi-

ation and more general market models as an area of study within the field.
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