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Abstract

We give a bounded runtime solution to the homeomorphism problem for
closed hyperbolic 3-manifolds. This is an algorithm which, given two
triangulations of hyperbolic 3-manifolds by at most ¢ tetrahedra, decides

if they represent the same hyperbolic 3-manifold with runtime bounded
by

22t0<t)

Along the way we prove two supplementary results, both of which we
also prove in higher dimensions. First, we prove that one can compare

geometric triangulations of hyperbolic n-manifolds in time bounded by

o(nt3)

o)
, n>4 ¢

22" .2 p=3.
Second, we show that the length R of a systole of a closed or finite hyper-
bolic n-manifold (n > 3) admitting a triangulation by ¢ n-simplices can
be bounded below by a function of n and ¢, namely

1
~ 9mt)otn”
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Chapter 1

Introduction

1.1 Introduction

A natural question in the study of manifolds is whether two manifolds from a given
class C are homeomorphic. More precisely, we ask whether an algorithm exists which,
given two triangulations and the promise that the triangulations are manifolds in C,
can decide whether or not they are homeomorphic. This is called the homeomorphism
problem for C.

In this thesis we shall focus on classes of orientable manifolds and from now all
manifolds are assumed to be orientable without comment.

In dimensions 1 and 2, the homeomorphism problem for closed connected mani-
folds is solved quite simply, as there is only one such 1-manifold and closed connected
2-manifolds are classified by their Euler characteristic and their orientability. In di-
mensions 4 or above, a result of Markov [Mar58] states that the homeomorphism
problem, even for closed connected manifolds, is unsolvable.

In dimension 3 the problem hits a sweet spot of being tractable while still being
quite difficult. For example all known solutions to the homeomorphism problem
for 3-manifolds use Thurston’s Geometrisation Conjecture [Thu82], and thus require
Perelman’s resolution of the conjecture [Per02][Per03b][Per03a].

In [Sel95] a solution to the homeomorphism problem for closed connected oriented
3-manifolds is given as a corollary of Thurston’s Geometrisation before Pereleman
had proved it. A more accessible description of this algorithm is given in the book of
Bessieres et al. [BBB+10|, citing both a series of lectures by Jaco and Sela’s work.
In these algorithms, hyperbolic manifolds are dealt with using Sela’s solution to the
isomorphism problem for torsion free hyperbolic groups. Scott and Short also provide

an alternative algorithm [SS14] which avoids Sela’s work.



With the decidability of the homeomorphism problem settled, the next question
is naturally whether we can give bounds on runtime. Partial results for certain sub-
classes of 3-manifolds had previously been given by Mijatovic [Mij03][Mij04] [Mij05a]
[MijO5b]. Currently, the best known result is given by Kuperberg [Kup19] in which
he proves that the homeomorphism problem for closed oriented 3-manifolds admits
a bounded runtime solution, though the bound is partially unknown. That is, Ku-
perberg’s solution has runtime bounded by a tower of exponentials in the number of
tetrahedra, but the height of this tower is unknown. The question asked at the end
of Kuperberg’s paper is what height might such a tower have, whether for his or an
improved algorithm?

A common thread in all the above approaches is that they deal with hyperbolic
3-manifolds using a bespoke algorithm. In Kuperberg’s case for example, he algorith-
mically finds the geometric decomposition of the 3-manifold and then compares the
(Seifert fibred or hyperbolic) pieces. Thus a solution to the homeomorphism problem
for all closed 3-manifolds seems destined to require one for hyperbolic 3-manifolds.

In the following paper we present a solution to the homeomorphism problem for
closed hyperbolic 3-manifolds with runtime bounded by a tower of exponentials of
height 4.

Theorem 1.1.1. If My and M, are triangulated closed hyperbolic 3-manifolds, each

triangulated by less than t tetrahedra, then we can decide in time bounded by

2t0(t)

whether or not they are homeomorphic.

Note here that the algorithm which decides whether the manifolds are homeomor-
phic takes as input solely the combinatorial data of the triangulations. In particular
it requires no information regarding the hyperbolic structure. This means that the
algorithm we create here needs to be capable of finding hyperbolic structures as well
as comparing them.

As part of the proof of Theorem for example we prove the following result,
adapted from Theorem which gives a bounded runtime algorithm for finding
the hyperbolic structure of a given hyperbolic 3-manifold M, in the form of a geomet-
ric triangulation of M. Finding the hyperbolic structure of a hyperbolic 3-manifold
was already proven to be algorithmically possible by Manning [Man01] (Scott and
Short’s Paper also touches on this [SS14]) and of course Kuperberg’s paper [Kupl9]
provides a bounded runtime algorithm. The following provides the best known bound

on runtime for such an algorithm.



Theorem 1.1.2. Given a triangulation of a closed hyperbolic 3-manifold M byt tetra-
hedra, there is an algorithm which produces a geometric triangulation of M consisting
of less than

2tO(t)

tetrahedra in time bounded by
22t0<t>

Furthermore, this geometric triangulation has the property that all edges have length

less than the injectivity radius of the manifold.

Theorem [1.1.2] requires the following two results which may be of independent

interest.

Theorem 1.1.3. Given a triangulation of a closed hyperbolic 3-manifold M by t
tetrahedra, M admits a geometric triangulation where the number of tetrahedra in the

geometric triangulation is bounded by
2t0(t)

Furthermore there is some subdivision of the triangulation of M and a surjective
degree one simplicial map from this subdivision to our geometric triangulation. The

size of the subdivision is bounded similarly.

Theorem [I.1.3]is adapted from Corollary [5.1.12| which proves a more general result
for closed hyperbolic n-manifolds, and in it we show that the geometric triangulation is
in fact a simplicial quotient of a subdivision of M. We shall define simplicial quotients
later, but in particular the simplicial map mentioned in the above is non-degenerate
on all simplices.

Finally, to find a simplicial quotient of a certain subdivision, we first need to be
able to find this subdivision in bounded runtime. Such an algorithm exists in the
works of Kuperberg [Kup19] and Kalelkar and Phanse [KP21].

The following is adapted from Theorem [3.1.14

Theorem 1.1.4. Suppose we have a closed 3-manifold with a triangulation Ty by t
tetrahedra and a subdivision Ty of Ty by T tetrahedra. Then T and Ty are related by

a sequence of Pachner moves of length bounded by

O(tT).



In fact, we define composite moves (combinations of Pachner moves) which pre-
serve subdivisions, and so we can list all subdivisions of a certain complexity by
performing all sequences of these composite moves with the length of the sequence
bounded as above.

On route to proving Theorem [1.1.1] we need some auxiliary results which are
themselves of independent interest. Our overall algorithm takes a pair of triangula-
tions, finds a geometric structure on each and then uses bounds on the geometry of
those structures to compare them. Much of our work (see Chapter [5) is in finding a
geometric triangulation, but we also need to be able to compare geometric triangula-
tions and understand their geometry. These results, along with Theorem make
up our Chapters [3] and

In fact, we can prove these auxiliary results in higher dimensions and do so. In
Chapter [3, we improve upon the results of Kalelkar and Phanse to compare geo-
metric triangulations of hyperbolic n-manifolds, recreating their results in dimension
3. We show that it is no longer necessary to know geometric information about the

triangulations in advance.

Theorem 1.1.5. Let M be a closed hyperbolic n-manifold, n > 3 and let T1, T3 be two
geometric simplicial triangulations of M, consisting of t1,ty tetrahedra respectively.
Then, taking t to be the maximum of ty,ts, there is a function f(t,n) which bounds
the number of Pachner moves necessary to take Ty to Ts.

In particular

f(t’ 3) S 220(,52)
and

O(tn3)

Flt,n) <22

forn > 4.

The other major result that we prove in higher dimensions but use only in 3
dimensions, and the focus of Chapter [4] is on the injectivity radius of hyperbolic
manifolds. In fact, the proof we use for the n-dimensional finite volume result here
is overpowered for use in the closed 3-dimensional case, and a slightly better bound

can be found in dimension 3 using simpler methods.



Theorem 1.1.6. Given a finite volume hyperbolic n-manifold (n > 3) with a simpli-
cial triangulation by t semi-ideal n-simplices, let R be the length of a systole in M,
then

1
= 2(nt)Onin ”

We prove the results of chapters 3 and 4 in higher dimensions, mostly to show
that it’s possible and because these results are of independent interest. However, as
the following subsection suggests, there may well be a future use for having these

auxiliary results in the strength they are here.

1.2 Future Work

One obvious next step for this work would be to extend this to an algorithm for the
general case of closed 3-manifolds. Kuperberg already lays out methods which one
might be able to refine and find explicit bounds for, just like how we have in this
thesis for the closed hyperbolic case.

On one hand there is no reason to believe any of our results would be useful to the
case of Seifert fibred spaces. On the other, the first obvious question would be the
case of finite volume hyperbolic 3-manifolds, as these arise naturally in Thurston’s
geometric decomposition. When we prove results in this thesis on injectivity radius,
we in fact prove results about systole length in order to extend them to the finite
volume case. Furthermore, the generality of the methods used in this work suggest
that the case of n-dimensional hyperbolic manifolds (either closed or finite volume)
may be tractable. Again, if we don’t require bounded runtime, the homeomorphism
problem is already known to be decidable for this class of manifolds, via an application
of a solution to the isomorphism problem for their fundamental groups [DGr08]. The
author believes these methods could well be used to prove a similar result for higher
dimensional manifolds, and those of finite volume. In particular, we claim that there
are very few parts of our proof in which new techniques would be necessary to upgrade
them to higher dimensions and cusped manifolds.

However, that does not mean that upgrading would be a simple task. As we
demonstrate throughout this thesis, a lot of the work of using our methods is in the
meticulous description of systems of polynomials. As one increases dimensions or
adds the complexity of cusps, we lose some of the shortcuts we’'ve used in the closed
3-dimensional case. This means that not only do the systems themselves get much

bigger, but so does the work of describing them.



One example of a shortcut we’ve used which means extra work required in higher
dimensions is that higher dimensions introduce the possibility of orbifolds. In higher
dimensions Poincaré’s Polyhedron Theorem (Section doesn’t guarantee a hyper-
bolic manifold in the same way it does in 3 dimensions, providing only a hyperbolic
orbifold. This clearly presents problems as orbifolds are much harder to work with
combinatorially. We believe these problems are assailable but do require a good
amount of work.

It is because of this possible future work that we sometimes prove or cite results
in more generality than is necessary, to pave the way for future work. The hope is
that the reader can view this paper as a blueprint for how one might go on to solve

the finite volume problem in all dimensions.



Chapter 2

Background

2.1 Triangulations

2.1.1 Simplicial Complexes

We start here with a definition due to Thurston [Thu97], who calls this concept a

gluing, which is a generalisation of a triangulation.

Definition 2.1.1 (Gluing). An n-dimensional (rectilinear) gluing consists of a finite
set of m-simplices, a choice of pairs of codimension one faces such that each face
appears in exactly one of the pairs and an affine identification map between the faces
of each pair. We also sometimes call the quotient space derived from this process a

gluing as well.

Definition 2.1.2 (Simplicial Complex). A simplicial complex K is a locally finite

collection of simplices satisfying the following two conditions:

e Any face (subsimplex) of a simplex in K is itself in K.

e The intersection of two simplices in K is either empty or a common face of both.
The union of all the simplices is called the realisation of K and is denoted by |K].

Note that taking the double barycentric subdivision of a gluing gives a simplicial
complex.

This means that if we are happy to do a double barycentric subdivision, we can
simply assume that we are always given a manifold in the form of a finite simplicial
complex. We now define some basic terms for dealing with simplicial complexes in

the context of 3-manifolds.



Definition 2.1.3 (Star and Link). The star st(A) of a simplex A in a simplicial
complex K is the smallest subcomplex of K containing all simplices which have A
as a face. The link lk(A) of a simplex A in a simplicial complex K consists of all

simplices in st(A) which do not contain A.

Definition 2.1.4 (Subdivision). A subdivision of a simplicial complex K is a sim-
plicial complex K’ such that |K| = |K'| and each simplex of K’ is contained within

a simplex of K.

Definition 2.1.5 (Simplicial Isomorphism). Let f : |K| — |L| be a map, we say
that f is simplicial if for all simplices A of K, f |a is affine and f(A) is a simplex
in L. A homeomorphism which is simplicial will be called a simplicial isomorphism
and similarly we say two simplicial complexes are simplicially isomorphic if such a

homeomorphism exists.

Definition 2.1.6 (Simplicial Quotient). Given an n-dimensional gluing M, and a
collection of simplicial identifications A — A’ for A, A’ n-simplices in M, consider
the quotient space () of all these identifications. If () is itself an n-dimensional gluing

then we call it a simplicial quotient of M.

Remark 2.1.7. We won’t talk about simplicial quotients for a while, but will later
need to be able to list degree one simplicial quotients of certain subdivisions of tri-
angulations. Here degree one simply means that the signed number of preimages of
any given simplex is exactly 1. This presupposes an orientation on both the quotient

and original triangulation.

Definition 2.1.8 (Combinatorial Equivalence). We declare two simplicial complexes
to be combinatorially equivalent if there exist subdivisions of each which are simpli-

cially isomorphic.

Definition 2.1.9 (Combinatorial n-Manifold). A combinatorial n-manifold is a sim-
plicial complex such that the link of every vertex is combinatorially equivalent to the

boundary of the standard n-simplex.

Definition 2.1.10 (Triangulation). A triangulation of an n-manifold M is simply a
gluing paired with a homeomorphism to M. If the gluing is a simplicial complex we
call the triangulation simplicial. If the gluing is a combinatorial manifold, then we

call the triangulation combinatorial.



Definition 2.1.11 (Piecewise Linear). A manifold equipped with a homeomorphism
to a combinatorial manifold is called a PL manifold. A PL (or Piecewise Linear)
homeomorphism is a homeomorphism between combinatorial n-manifolds which is
simplicial with respect to some subdivision of each. We call two such manifolds PL

equivalent, and sometimes call this homeomorphism a PL equivalence

Note that it is possible to define PL manifolds similarly to smooth manifolds - via
a system of charts where the transition maps are in some sense piecewise linear. It
turns out that this chart based definition is equivalent to the definition above so we
omit it here (shown in chapter 3 of [HSoM67]).

With the above definition of a PL manifold in mind, we now state a theorem which
will inspire a lot of what is to come in this thesis. A Pachner move is a combinatorial
move that changes one simplicial complex to another, we shall see a formal definition

in the next subsection.

Theorem 2.1.12 (Theorem 5.5 [Pac91]). Two closed combinatorial n-manifolds are
PL homeomorphic if and only if they are related by a sequence of Pachner moves and

simplicial isomorphisms.

This statement is exciting as it allows us to change from a manifold perspec-
tive (a system of charts to R™) to a combinatorial perspective (performing moves on
simplicial complexes). However, it would appear to pose an immediate problem by
introducing the requirement of a PL equivalence rather than simply a homeomor-
phism. Fortunately this can be solved in two different ways. Firstly, in 3 dimensions

the concepts can be proven to be completely indistinguishable.

Theorem 2.1.13 (Theorems 1, 3 and 4 [Moi52]). Every closed 3-manifold is trian-
gulable, every simplicial triangulation of a closed 3-manifold is combinatorial and any

two triangulations of a closed 3-manifold are PL homeomorphic.

Thus, when talking about triangulated 3-manifolds, we only need to be able to
discern whether triangulations are equivalent, a much easier task than searching for an
explicit homeomorphism. Alternatively, as we will be dealing mostly with hyperbolic
manifolds, we can take another route to deal with the fact that Pachner’s theorem only
applies to PL. homeomorphic manifolds. Fortunately, all hyperbolic manifolds admit
geometric triangulations (see section for a precise definition) and any geometric
triangulation is combinatorially equivalent to any other (see[2.1.20)). We will see later
(Chapter [5)) that when given a non-geometric triangulation of a hyperbolic manifold
we can find a geometric one and so we can apply Pachner’s theorem to these geometric

triangulations instead.



2.1.2 Pachner Moves

Pachner’s methods are more geometric than combinatorial, so we won’t use his meth-
ods explicitly in what follows, but his theorem points us towards the strategy of trying

to find sequences of Pachner moves between manifolds.

Definition 2.1.14 (Pachner Move). Given a combinatorial n-manifold K, and some
combinatorial n-disc D which is a subcomplex both of K and of the boundary of the

n + 1-simplex A, then a Pachner move consists of replacing D by 0A — D.

A Pachner move is defined by the number of simplices which make up D, and so
it makes sense to refer to a (1-4) move for example which replaces one 3-simplex with

four 3-simplices.

Leisfped

Figure 2.1: All four 3-dimensional Pachner moves

We shall return later to an interesting paper of Kalelkar and Phanse [KP21], but a
major insight in that paper is the application of Theorem[2.1.17], due to Adiprasito and
Benedetti [AB17] in conjunction with Theorem due to Lickorish [Lic99]. This
canny combination of ensuring shellability by using subdivisions and then working
with a shellable n-simplex allows us to describe sequences of Pachner moves without
really knowing much about the starting triangulations.

This single idea is very powerful, and Kalelkar and co-authors ([KP21], [KP20]
and [KR20]) have used this and similar techniques to great effect in the past couple

of years.

Definition 2.1.15 (Polytopal Subdivision). A polytope P in R" is the convex hull
of finitely many points. A face F' of P is either P itself or P N H where H is some
hyperplane such that it intersects P non-trivially and P lies entirely in one of the half
spaces defined by H. A polytopal complex is a collection of polytopes in R™ which
is closed under taking faces and such that two polytopes intersect in a common face

or not at all. A polytopal subdivision C” of a polytopal complex C' is a polytopal

10



complex which has the same underlying space as C' and such that every face of C’

lies in some face of C.

Definition 2.1.16 (Shellability). A combinatorial n-ball is shellable if there exists
an ordering of the n-simplices such that we can remove all but the final n-simplex in

order, at each stage being left with a connected combinatorial n-ball.

Theorem 2.1.17 (Theorem A - [ABI17]). If C is any (polytopal) subdivision of a
convez polytope, the second barycentric subdivision of C'is shellable. If dim(C) = 3,

already the first barycentric subdivision of C'is shellable.

On its face, it may not be clear why shellability is desirable, and hence why
Adiprasito and Benedetti’s theorem is so interesting. A simple lemma due to Lickorish
provides a reason to search for shellability: shellable n-simplices are a small number

of Pachner moves away from a much simpler subdivision, the cone.

Theorem 2.1.18 (Lemma 5.7 [Lic99]). If X is a shellable combinatorial n-ball made
up of k n-simplices, then X can be transformed into a cone on its boundary by a

sequence of k Pachner moves.

Proof. We use induction on k. If & = 1 then the (1-(n + 1)) Pachner move suffices.
Suppose the statement is true for all balls with fewer than k n-simplices, then number
the n-simplices of X according to some shelling and consider the k£ — 1 simplices
labelled 2, ..., k. By shellability, these form a combinatorial n-ball themselves and so
by induction we can perform k£ — 1 Pachner moves converting this ball to a cone on
its boundary. At this point, the simplex labelled 1 shares a face with j < n simplices
of this ball, and performing a ((j + 1) - (n + 1 — j)) move respectively leaves us with
a cone on 0.X. O]

—> —>
ﬁ Induction (2-2)

Figure 2.2: A particularly simple example of coning a shelling.

A combination of the above two results presents a strategy of coning off simplices to
produce “coned subdivisions”. Details, including a definition of a coned subdivision

can be found in Section [3.1] The key is that moving between coned subdivisions

11



is substantially easier as a coned subdivision of an n-simplex is determined by the
subdivision of its boundary, and so we can reduce the dimension of the problem and
care only about subdivisions of 2-complexes, more on this later.

Another noted use of this strategy of coning simplices in order to perform Pachner
Moves was in the work of Mijatovic. He proved in a series of papers that one could
bound the number of Pachner moves between triangulations of certain subclasses of
3-manifolds. In particular his papers dealt with the 3-sphere [Mij03], Seifert-fibred
spaces [Mij04] and knot complements [Mij05a] [MijO5b]. In these he used this idea of
coning simplices and a process he called “the changing of cones” which is similar to
the “coned subdivision” techniques we define in Definition [3.1.7]

The following lemma demonstrates how we link this bound on combinatorial com-
plexity back to our search for algorithms. In fact it is a general theme that bounding

combinatorial complexity allows for an algorithmic approach.

Lemma 2.1.19. If there is a computable function f(t) > t which bounds the number
of Pachner moves required between two triangulations of a 3-manifold by at most t
tetrahedra, then there is an algorithm which solves the homeomorphism problem and
has runtime bounded on the order of f(t)7®).

Proof. Performing a Pachner move on a simplicial 3-complex introduces at most 3
new tetrahedra, hence the number of tetrahedra in a complex after f(¢) moves is
at most t + 3f(t). Furthermore, note the number of ((5 — k)-k) moves possible at
any stage is dependent on the number of (k — 1)-simplices in the complex satisfying
certain conditions. For example, a (3-2) move is possible only when there is an edge
(a 1-simplex) such that its star consists of 3 tetrahedra. Thus the number of possible
moves at any point is bounded by the sum of the number of k-simplices for all £,
which is bounded by some constant multiple of the number of tetrahedra. Thus the

number of possible sequences of Pachner moves is bounded by
O ((t+3f(1)") = O(f ()"
m

Clearly, this idea that a bound on combinatorial distance implies a bound on
runtime of a comparison algorithm can be proven in more generality. One can also
imagine similar statements and proofs regarding Tietze transformations of hyperbolic
group presentations or Reidemeister moves for knot projections.

Hence, in some cases, instead of searching for an algorithm explicitly, we search

for a bound on Pachner moves and then implicitly use the above algorithm. In fact,

12



our final algorithm will use a combination of the above idea and a less combinatorial
approach.

A notable use of this approach, and especially relevant to our study are the previ-
ously mentioned results of Kalelkar and his coauthors Phanse and Raghunath. Note
their result holds for spherical and Euclidean manifolds though we shall only use the

hyperbolic result.

Theorem 2.1.20 (Kalelkar Phanse [KP21]). Let M be a compact spherical, Euclidean
or hyperbolic n-manifold with geometric simplicial triangulations T; and Ty with t; and
to m-simplices respectively with lengths of edges bounded above by L and let inj(M) be
the injectivity radius of M. When M is spherical, we insist that L < 7. Then Ty and To

are related by c(m,n)tity(t) +ts) Pachner moves where c(m,n) = (2n+2)1?(n+1)13m

2L
inj(M)

and m is an integer greater than plog( ) where u is as follows:

1. When M is Euclidean, p =n + 1
2. When M 1is spherical, u = 2n + 1

3. When M is hyperbolic, u = ncosh™ (L) + 1

We will later prove our own even more restricted version of Kalelkar and Phanse’s
result which improves our final algorithm in the 3-dimensional case. We also cite
some other major results of theirs as, though we wont use their results explicitly, the
work in their papers serves as inspiration for many of the ideas in this thesis.

A question one might ask when presented with such a result relating geometric
triangulations, is whether all the Pachner moves preserve the geometric triangulation.
If you follow the proof given in this thesis or in Kalelkar and Phanse’s original paper,
the Pachner moves necessarily distort the geometric structure, a hint at which can
be seen in Figure [3.3] However, Kalelkar and Phanse followed their paper up with a

short paper addressing this question.

Theorem 2.1.21 ([KP20]). Let M be a closed hyperbolic 3-manifold with geometric
simplicial triangulations T; and Ty with t1 and ty tetrahedra respectively. Then Ti and

T2 are related by a sequence of geometric Pachner moves.

Kalelkar also extends his work to the 3-dimensional cusped case in his paper with
Raghunath.
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Theorem 2.1.22 ([KR20]). Let M be a complete orientable cusped hyperbolic 3-
manifold. Let Ti, To be geometric ideal triangulations of M with at most t1, ty tetra-
hedra respectively and all dihedral angles at least 6. Let t =t + to, then the number

of Pachner moves needed to relate T, and Ty is less than

#1172

12
2.8 x 10 sin(fo)12m+27/2

Before we move on, the following is a fun observation for which the author has
found no practical use, we’ll first state the fact and prove it and then talk about what

pathology this perhaps strange lemma points at.

Lemma 2.1.23. The number of k-simplices in a simplicial n-manifold M made up

of t n-simplices 1s bounded below by a function of n which is independent of t. That

n+ 2
k+1

Proof. A given n-simplex A in M has n+1 adjacent n-simplices along its codimension

function is

one faces. Each of these intersect with A only in this face by definition of a simplicial
complex, and thus they are all distinct. Thus there are at least n 4+ 2 n-simplices in
any such triangulation. The simplest thing for these remaining n + 1 n-simplices is
for them all to be glued to one another, which is in fact what occurs in the standard
triangulation of the n-sphere coming from the boundary of the (n+ 1)-simplex. Thus
we see that the minimal number of k-simplices in a simplicial n-manifold is the number
of k-simplices in this canonical triangulation of the n-sphere or equivalently in the

(n + 1)-simplex, which is simply (Zﬁ) ]

This silly little result masks the fact that clearly the number of k-simplices is not
independent of ¢, it’s just that t itself is bounded below by this function of n. This
is really a demonstration of the well understood idea that simplicial complexes can’t

be “too small”.

2.1.3 Semi-Ideal Triangulations

We will also want to talk about triangulations of cusped (that is finite volume) hy-
perbolic manifolds. This is often done through the use of ideal triangulations, though
whether it is possible to use Pachner moves to traverse between ideal triangulations
remains an open problem. For this thesis, we instead use semi-ideal triangulations

which were suggested for this purpose by Kuperberg [Kup19]. We'll see throughout
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their many advantages, including that they allow barycentric subdivisions and have

concrete vertices whose positions can be modelled.

Definition 2.1.24 (Semi-ideal n-simplex). A semi-ideal n-simplex is one which has
had exactly one of its vertices removed. We call this vertex the ideal vertex. Any

simplex which has not had any of its vertices removed shall be called non-ideal.

Definition 2.1.25 (Semi-Ideal Triangulation). Let M be a finite volume hyperbolic
n-manifold, then a semi-ideal triangulation of M is a simplicial complex where we
remove some of the vertices before defining a homeomorphism to M such that each
simplex has at most one ideal vertex. Note that semi-ideal triangulations may include

semi-ideal simplices, non-ideal simplices or both.

2.1.4 Cocycles and Representations

One way in which we shall be finding bounds on the geometry of our triangulated
manifolds is by finding bounded representations of their fundamental groups. In
fact it will be much easier to work with a slightly more general definition than a
representation, the cocycle. Cocycles induce representations and so can give us all
the information of a representation but also relate more directly to the triangulations

on which they are defined.

Definition 2.1.26 (Simplicial Path). A sequence of oriented 1-simplices in a trian-
gulation such that the end vertex of each simplex is the start vertex of the next is

called a simplicial path.

Definition 2.1.27. Let M be a triangulated n-manifold and A a group. A cocycle
a € CY(M,A) is a map from the oriented 1-simplices of M to A which satisfies the

following conditions

e For each 2-simplex of M, let a, b, c be the three edges of the simplex oriented
such that a and c start at the same vertex, and b and ¢ end at the same vertex,
then a(a)a(b) = a(c) .

1 —

e if a is the same edge as a with the opposite orientation then «a(a)™' = «(a).

Remark 2.1.28. We can extend o to a map on all simplicial paths vy =e¢;...¢e, in
M by defining

aly) =aler)...ale,).
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Because a homotopy of simplicial paths can be realised as a sequence of homotopies
across 2-simplices, then by the first bullet point above, « is invariant under homotopy
fixing end points. This means that if we pick some vertex x, as our basepoint, then

« induces a homomorphism «, : w1 (M, xg) — A.

Convention. In the case of a semi-ideal triangulation of a manifold M, a cocycle
a € CY(M,A) shall take as inputs only the non-ideal edges of the triangulation.
This is justified as the semi-ideal triangulation deformation retracts to its non-ideal

simplices.

Remark 2.1.29. Let M be a closed hyperbolic manifold, p : M — M its universal
cover, xo some lift of a vertex xo in M and 1, some chosen basepoint in H"™. Note that
if we are given a cocycle a € C*(M, A) where A =Isom(H"), then we can uniquely
define a map F from M to H" by for each vertex & in M simply selecting a simplicial

path 4; from 2 to  and defining

F(7) = a(p(3z))(yo)

then defining F' on each simplex to be geodesic interpolation between the values of
F' at its vertices.

In this way it makes sense to say that a cocycle induces both a representation on
the fundamental group and a map on the triangulation. In fact these are respectively
the holonomy and developing map as defined in [Thu97]. Note that by definition the
map restricts to at least a geodesic immersion on each simplex and sometimes even
a geodesic embedding of each simplex. We will see later how this definition can be

extended to semi-ideal triangulations.

2.2 Hyperbolic Geometry

2.2.1 The Models of Hyperbolic Geometry

The following basic information about the different models of hyperbolic space is com-
piled from notes by Marc Lackenby [Lac00] and Benedetti and Petronio’s book [BP92],
though these facts might be more easily referenced by careful use of Wikipedia.

2.2.1.1 Riemannian Metrics

Definition 2.2.1 (Hyperboloid Model). In R"*! consider the bilinear form of signa-
ture (n,1) defined by q(x1,...,2p11) =27+ ...+ a2 —22,,. Let

I, ={z e R"" | q(z) = -1, 2,41 > 0}
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The restriction of ¢ to the tangent space of is positive definite, so induces a metric.

This gives us a Riemannian manifold /,, which happens to be isometric to H".

Definition 2.2.2 (The Poincaré Disc Model). Let D™ denote the ball of (Euclidean)

radius 1 in R™. Define a Riemannian metric (v, w) on the tangent space at each point

x € D" by
< > < > & 2
v, W) = (U, W) pn —E

Definition 2.2.3 (Upper Half Plane Model). Consider U", the upper half space of
R™ (all points with z,, > 0.) Define a metric (v, w) on the tangent space at a point
x € U™ by

(v, w) = v, )

)

There is also the Klein Model of hyperbolic space which is a certain metric on the
Euclidean 1-ball. We shall not make use of its metric, nor shall we ever be taking
isometries between the Klein model and other models but we will need to understand
its distance function and so will define this later. We will also make use of the

following fact.
Lemma 2.2.4. All geodesics in the Klein model are Euclidean.

This means that we can isometrically embed any given n-simplex in the Klein
model and it will be Euclidean. We use this later to define a grid of boxes which cut
up an n-simplex, this is usually quite a tricky thing to do as hyperbolic space doesn’t

decompose into a grid in the same way Euclidean space does.

2.2.1.2 Isometries between Models

Lemma 2.2.5 (Hyperboloid and Disc). An isometry from the hyperboloid to the disc
15 given by
(X1, ..., 2p)
e Ty
(‘1.17 » L +1> 1+xn+1

Its inverse is given by
(2yi, 1 + Xy} +1%)
1—Xy?—¢2

(yi t) =

Lemma 2.2.6 (Disc and Upper Half Plane). The disc and upper half plane are related
by the self-inverse map I : R™ — R™ define which gives the desired isometry when
restricted to either D™ or U".

T+ e,

r—2—= ¢
|z + e, "
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Corollary 2.2.7 (Upper Half Plane and Hyperboloid). Composing the above two

isometries gives an isometry from the hyperboloid to the upper half plane as follows

(Tnt1 + D) (@1, T + Tngr + 1)
(2 + .. 22+ 22,Tpp + 22, + 22041 + 1)

($1,...,$n+1) — 2

2.2.1.3 Distance Functions for the Models

We already have a definition of the Riemannian metric, but below we give a function

which determines the distance between points.

Lemma 2.2.8 (Hyperboloid Model). The distance between two points x,y denoted
by (x1,...,Tpy1) and (Y1, ..., Yns1) TEspectively is given by arcosh(Q(z,y)) where @

1s the bilinear map induced by the bilinear form q defined above.

Q(ma Z/) =T1Y1+ - Tu¥Yn — Tpy1Ynil

Note that cosh is injective on the positive reals so d(x,y) = d(z,w) if and only if
Qz,y) = Q(z,w).

Lemma 2.2.9 (Upper Half Space). Let x := (z1,...,%,),y := (Y1, .,Yn) lie in the
upper half space model of hyperbolic space, then

d(z,y) = arcosh (1 i > i (@i — yi)z)

22,Yn

VI = ul + (05 @ = 92 + (@ + 1)?
2\/Tnn

Lemma 2.2.10 (Klein Model). If the Euclidean distance to the origin of a point x

in the Klein model is r, then the hyperbolic distance is

1 1
§log ( + T) = arctanh(r)

Alternatively d(z,y) = 2In

1—r
Note that this means that radial segments of equal Euclidean length have greater

hyperbolic length the further from the origin they lie.

Corollary 2.2.11. The distance from a point to the vertical axis in upper half space

arcosh (M)
Tn
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Proof. Let x := (x1,...x,) be a point in the upper half space model and note that
the closest point projection of z to the vertical axis is y := (0,...,0, ||z| pua) as both
points lie on a half circle with centre on the boundary at infinity which intersects the
vertical axis at a right angle.

Now a formula for distance in the upper half space model is given by

d(z,y) = arcosh (1 YT y>>

22,Yn

So substituting in our values gives us

d(z,y) = arcosh <1 +

2||z||? — 2z,
= arcosh (1 + ] x H£H> = arcosh <M)

22, ||z || T

(X (@)?) + (wn — ||£||)2)

2 |||

2.2.2 Thick-Thin Decomposition

We present here some standard results on the thick-thin decomposition, following the
textbooks of Purcell and Benedetti-Petronio [Pur20] [BP92].

Remark 2.2.12. We note that the model of hyperbolic space we use will vary be-
tween sections. For the purpose of understanding cocycles and defining a system of
polynomials, we will use the hyperboloid model because its isometry group is easily
described using polynomials, in comparison with PSL(2,C) which is defined as a
quotient. In this section, and later sections we will use the Euclidean structure of
horospheres and so we use the upper half space model because any given horosphere

can be taken to a horizontal Euclidean plane by an isometry of H".

Definition 2.2.13 (Injectivity Radius). We define the injectivity radius at a point
x in a hyperbolic manifold M to be

injrad(x) = sup{r | B(x,r) is an embedded r-ball in M}.
The injectivity radius of a manifold is then given by
injrad(M) = inf{injrad(z) | x € M}.

Remark 2.2.14. Note that in the case where M is closed, there is some x € M such
that injrad(z) = injrad(M).
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We give the following simple compactness proof for completeness but we’ll be

leaving this style of proof to the reader in future.

Proof of Remark|[2.2.1]]. Let I be the injectivity radius of M. The set A, of points
with injectivity radius > I + % is an open set. Thus the set of all such A,, for n € N is
an open cover and as M is compact, it has a finite subcover. But this would mean that
actually the injectivity radius of M is at least I + % for some n but gives I > I + %,

a contradiction. O

Definition 2.2.15. A systole of a hyperbolic manifold M is a closed geodesic v in
M of shortest length.

Definition 2.2.16. We define the e-thin part My of a hyperbolic manifold M to
be
M,y = {x € M | injrad(z) < %}

Similarly the e-thick part is defined to be

Mooy = {z € M | injrad(z) > -}.

Theorem 2.2.17 (Margulis’ Lemma, D3.3 in Benedetti and Petronio [BP92]). There

exists a universal constant €, for each n > 3 such that the following holds.

N ™

Let M be a complete oriented hyperbolic n-manifold (not necessarily compact or
finite volume). The thin part M., is the union of pieces homeomorphic to one of

the following types:
1. D1 x St

2. Vx(0,00) where V is a differentiable oriented (n—1)-manifold without boundary

supporting a Fuclidean structure.

Furthermore,
e The pieces are a positive distance from one another.
e The second case occurs only when the manifold is non-compact.

o When M 1is finite volume non-compact, the second case occurs and the manifolds

V' are closed.

From now on, if we say thin part, rather than e-thin part, then we mean the

€,-thin part.
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Remark 2.2.18 ([BP92]). For each component of the thin part there is a subgroup
H of the fundamental group G of M and a representation p : G — Isom(H") such
that either:

e In case 1 of Theorem [2.2.17, p(H) is generated by a single loxodromic element

whose axis projects down to the core curve {0} x S?.

e In case 2 of Theorem [2.2.17| p(H) consists entirely of parabolic isometries fixing
oo and such that V' is homeomorphic to ({0} x R"™1)/p(H).

Furthermore, the injectivity radius of a point p in a given component of the thin
part is the same as the injectivity radius of any point in H"/p(H) which is both a lift
of p and lies in the thin part of H"/p(H).

Definition 2.2.19. We shall refer to the two types of component of the thin part as

tubes (also called Margulis tubes) and cusp neighbourhoods.

As it stands, Margulis’ Lemma presents an algorithmic problem. If we ever want
to use €, in an algorithm then we will have a constant which varies with n in a way
we don’t fully understand. Fortunately, this is an area of much research and lower
bounds are known. Robert Meyerhoff gives a bound on €3 [Mey87]. For general n, a
result of Ruth Kellerhals [Kel04] gives a lower bound for e,.

Theorem 2.2.20 (Meyerhoff [Mey87]). With the definition of the thick-thin decom-
position given in Theorem the value of €5 is at least 0.052 .

Theorem 2.2.21 (Kellerhalls [Kel04]). The value of €, is bounded below by @.

In fact Kellerhals” paper gives a tighter and more technical lower bound than this.
We shall use this coarser bound for simplicity of expression as doing so has no impact

on our final bounds.

2.2.3 Mostow and Other Rigidities

Underlying everything we shall be working on in this thesis are the many theorems
which establish the rigidity of hyperbolic manifolds. First among these of course is
Mostow-Prasad Rigidity.

Theorem 2.2.22 (Mostow-Prasad Rigidity [Pra73|]). Let I',T” be two lattices in
Isom(H") (where n > 3) and ¢ : I' — I” a group isomorphism. Then there ex-

ists an isometry g in Isom(H™) such that
979~  =d(y) VyeTr
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We state this here in the language of conjugate lattices for later use, but the
more frequent formulation essentially states that hyperbolic manifolds are uniquely
determined by their fundamental groups. This means that to check homeomorphism
between two hyperbolic manifolds is equivalent to checking isomorphism between their
fundamental groups. Note that the requirement that n > 3 is certainly necessary as
there are many non-isometric hyperbolic structures on the genus 2 surface. This is

explained in any introduction to Teichmuller space such as [Mar16] [FM11].

Remark 2.2.23. An interesting consequence of this is that we may have a sequence
of hyperbolic manifolds where there is at first glance no reason that they should
be homeomorphic. However, if the process used to get from one to other preserves
fundamental group, then they must be homeomorphic. This will be relevant later
when we build new manifolds from old in various ways, but can prove that their

fundamental groups are the same such as in Theorem [5.2.11

Remark 2.2.24. A further corollary of this rigidity is not only that group isomor-
phisms imply homeomorphisms, but also that homeomorphisms imply isometries.
The first implication is false in the case of spherical manifolds, where there are lens
spaces of the same fundamental group which are not homeomorphic.

This second implication is not true for example in Euclidean manifolds for many
reasons. Firstly one can scale a Euclidean manifold without changing its curvature
due to the sectional curvature of a Euclidean manifold being 0, whereas if one simply
applies a scalar to a hyperbolic metric it ceases to have curvature —1 as the curvature
scales as well and thus ceases to be hyperbolic.

Even if we account for scaling by normalising the volume of Euclidean manifolds
to be 1 problems persist. For example, one can create infinitely many distinct unit
volume Euclidean structures on the 3-torus by identifying the sides of various different
shapes of unit volume cuboids.

Where this is useful is that if we have a triangulation and find multiple ways of
giving it a hyperbolic structure, then we know that the resulting hyperbolic manifolds

are isometric.

Mostow-Prasad rigidity is particularly useful when we are finding hyperbolic struc-
tures for triangulations. This is not the only way we shall be finding hyperbolic struc-

tures. Another way we will be finding them is by looking for lattice representations.

Definition 2.2.25 (Lattice Representation). We call a representation
p: G — Isom(H")
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a lattice representation if its image is a lattice (a discrete co-finite volume subgroup).

We shall see how to find a collection of representations which includes a repre-
sentation from each component of the variety of representations. In this context the
following rigidity theorems are immensely useful as they guarantee that one of our

representations is indeed a faithful lattice representation.

Definition 2.2.26. Let G be a group, A = Isom(H") and let H := {H;,...H,} be

a collection of subgroups of GG. Define
Homy,o, (G, H; A) := {p € Hom(G, A) | p(7) is parabolic Vy € H;,VH; € H}
If G is a subgroup of A, then we define
Homy,, (G; A) := Homyp, (G, Hpax; A)

where H,.. is a collection of representatives of the conjugacy classes of maximal
parabolic subgroups of G. Note that if G is a uniform lattice, then Hom,,, (G;A) =
Hom(G; A).

Theorem 2.2.27 (Calabi-Weil Rigidity, Thms. 4.19 and 8.55 in [Kap00] ). Let G be a
lattice in Isom(H"™) where n > 3. The identity representation py : G — Isom(H") =:

A lies in a connected component of Homy,.(G;A) made up entirely of conjugates of

Po-

Note that there is a somewhat hidden requirement in this theorem, that is that in
the finite volume case where parabolics can exist, it is required that we consider only
representations which send parabolics to parabolics. The following remark details

why this presents difficulties.

Remark 2.2.28. Given a representation of the fundamental group of a finite volume
hyperbolic manifold into its group of isometries and trying to understand whether
a given subgroup maps entirely onto parabolic elements varies in difficulty based on
dimension.

For dimension 3, note that the only orientation preserving isometries of R? with no
fixed points are translations. Thus any parabolic isometry of H? which appears in an
orientation preserving lattice restricts to a translation on each horosphere based at its
fixed point. Thus in this dimension, the product of any two parabolic isometries with
the same fixed point at infinity restricts to the product of their translations on the

same horospheres and is thus either trivial or again a parabolic isometry. This means
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that if we know the generators of a subgroup map to parabolics with the same fixed
point, then so does the whole subgroup, making it quite easy to check parabolicity in
dimension 3.

In higher dimensions, unfortunately, as R™ admits more complicated isometries,
a phenomenon can occur in which we have two isometries of R” with no fixed points,
but whose product is both non-trivial and has a fixed point. For example in R? one
can imagine one isometry which translates in one axis and rotates in the other 2, and
another which simply inverts the translation. Together, these isometries combine to
give a rotation and thus their corresponding parabolics would combine to give a ellip-
tic isometry. Hence, in higher dimensions, knowing that the generators of a subgroup
are parabolic is insufficient to know that the whole subgroup is parabolic and so algo-
rithmically deciding whether a representation preserves parabolics is difficult. Note
that Fuclidean subgroups do have finite index translation subgroups, even effectively
so (see [Oli&0]). Nevertheless, finding such translation subgroups still presents quite

a problem.

As dispiriting as the above remark may seem, there is a result due to Garland
and Raghunathan which removes the requirement of preserving parabolicity exactly

in the dimensions in which it poses problems.

Theorem 2.2.29 (Theorem 7.2 in [GRT70]). Let G be a lattice in Isom(H") forn > 4.
The identity representation py : G — Isom(H"™) =: A lies in a connected component

of Hom(G; A) made up entirely of conjugates of po.

2.2.4 Geometric Inequalities and Dimensional Differences

We want to bound runtime as a function of combinatorial data (number of n-simplices
for example). We do this by relating both concepts to geometrical ones. However, we
have no guarantee that the geometric property relating to runtime is the same as that
coming from the combinatorics. Thus we will often need to relate different aspects of
the geometry of a manifold. Even if one doesn’t care about the combinatorics, this
is already a major tool for understanding Riemannian manifolds and thus an active
area of research. In this section we talk about some historic results in this area, and
also outline how and why these results can vary with dimension.

Before we get into the meat of the chapter, we first quote an interesting result
which will pop up a couple of times in this thesis, concerning the volume of the

n-sphere.
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Theorem 2.2.30 ([Hub82]). The volume of the n-sphere achieves a mazimal value

atn = 6.

This remarkable little theorem means that whenever we're talking about volumes
of spheres, if we only care about bounding from above, then we can replace a function
which varies with n by the constant vol(S®). With this little aside complete, we return
to the study of hyperbolic manifolds.

Two key geometric properties, especially for understanding injectivity radius, are
volume and diameter. In a 1978 paper, Gromov proves a fundamental result relating
the two.

Theorem 2.2.31 (Gromov [Gro78|). Let M be a closed n-manifold of negative cur-
vature in the interval [—1,0), for n > 8. Then there is some constant C,, dependent

only on dimension such that the following inequality relating volume and diameter
holds.

vol(M) > Cy, (1 + diam(M))

For n > 4 he proves a weaker result where diameter is replaces by its cube root.

Here we see the first point at which hyperbolic 3-manifolds distinguish themselves
from their higher dimensional kin. Not only did Gromov not prove such a theorem
for n = 3, it is in fact not possible. To see why we first recall Thurston’s hyperbolic

Dehn surgery theorem.

Theorem 2.2.32 (Hyperbolic Dehn Surgery [Thu78|). Let K be a hyperbolic knot,
with hyperbolic complement in the 3-sphere My . For all but finitely many boundary
slopes, Dehn filling along a given slope yields a closed hyperbolic 3-manifold. Further-
more, the volume of these manifolds is bounded above by the volume of My and there

are slopes which give manifolds of arbitrarily small injectivity radius.

From this we can clearly see that we have many infinite families of hyperbolic 3-
manifolds with arbitrarily small injectivity radius but with volume uniformly bounded
above. Yet again, we encounter a situation where we need to translate between
different geometric properties, here between injectivity radius and diameter. There’s
certainly reason to hope that injectivity radius and diameter should be related in 3
dimensions. Firstly, they are related in higher dimensions, as the following theorem

shall imply.
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Theorem 2.2.33 ([Rez95]). Let M be a compact Riemannian manifold of constant
curvature —1. If n = dim(M) > 4, then

injrad(M) > C,(Vol(M))~(1+4/(n=3)
where C,, is a constant dependent on n.

Combining Reznikov’s work with the more general formulation of Gromov’s theo-
rem mentioned above gives the desired relation between injectivity radius and diam-
eter for hyperbolic manifolds of dimension 4 and above. Fortunately, the injectivity
radius of a closed hyperbolic 3-manifold is also correlated with its diameter. In fact,
the diameter of a tube in the thin part of a hyperbolic manifold is inversely related
to the length of its core curve, from this the relation follows. This relationship is
surely known to experts, for example it is used in recent work of Futer, Purcell and
Schleimer ([FPS19]), and follows from Margulis’ Lemma. This statement about tubes
actually holds in all dimensions greater than 2 and in this thesis we shall give a more
explicit version of the following lemma, which relates the length of a systole (shortest

closed geodesic) in a hyperbolic n-manifold to its diameter.

Lemma 2.2.34 (Theorem [4.2.5). The smaller the length of the core curve of a Mar-
gulis tube in a finite volume hyperbolic n-manifold (n > 3), the greater the diameter
of the tube.

The above lemma or variations on it are known as the collar lemma, see for
example 7?7, ??7. You can also prove this in dimension 2 but as our thesis focuses
exclusively on dimensions 3 and above, so shall our collar lemmas. From this we can
see that both Gromov’s and Reznikov’s inequalities can’t hold in 3 dimensions as the

following corollary demonstrates.

Corollary 2.2.35. Let V' be some constant such that there is a hyperbolic knot whose
complement has volume V', then there is no bound on the diameters of closed hyperbolic

3-manifolds of volume V.

Proof. Hyperbolic Dehn surgery gives us an infinite family of closed 3-manifolds with
volume bounded above by V' and with arbitrarily small injectivity radius. Now in a
closed hyperbolic 3-manifold, the injectivity radius is realised by a ball based on a
systole, that is the length of a systole is always twice the injectivity radius. Thus the
length of the systoles in our infinite family are also arbitrarily small. Thus by the
above lemma, the diameters of their Margulis tubes are arbitrarily large and hence

the diameters of the manifolds containing them are arbitrarily large also. m
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While we're noting the differences between the dimensions, let us ask the same
question about how volume and diameter are related in 2 dimensions as another
example of how dimension 2 acts very differently than the others. In this case there
is once again no relation between diameter and volume, but it is much easier to show.
The hyperbolic structure on a surface can be built up by gluing together hyperbolic
pairs of pants along their boundaries (again see [Marl6] or [FMI11]. However, there
are hyperbolic structures on the pair of pants with arbitrary diameter and thus the
same is true for any hyperbolic surface.

The area(or volume) of a hyperbolic surface on the other hand is uniquely deter-
mined by its Euler characteristic (this is the Gauss-Bonnet Theorem) and thus again
is unrelated to diameter though for a completely different reason than in dimension
3.

This difference in dimension poses an important question. If we see that in certain
dimensions there are no ways to relate different geometric properties, one might worry
whether or not we can relate combinatorial data to geometric data. Fortunately we
can relate the two and in one direction, there is an almost tautological argument for

why the relationship exists.

Lemma 2.2.36. For any constant T, any dimension n and any finite geometric
property G(M) of a hyperbolic n-manifold M triangulated by less than T n-simplices
(such as the volume of a finite volume hyperbolic manifold or the injectivity radius of a
closed hyperbolic manifold), there are functions f, F' such that f(T) < G(M) < F(T).

Proof. As there are only finitely many simplicial complexes with less than T n-
simplices, there are only finitely many such manifolds and so f can be taken to
be simply

min{G(M) | M is triangulated by < T n-simplices}

and F' is defined similarly as the maximum over the same set.
O

This tells us that it is not whether, but rather how we can bound geometry as a
function of combinatorics that is interesting. Just because the functions f, F' described
above exist, doesn’t mean we know what they are or that they’re even computable.
What we shall be finding throughout this thesis are actual computable bounds on
these kinds of relationships that help us understand how 7T, F, and f all interact.

While limiting our view to a finite collection of manifolds clearly bounds the

geometry of those manifolds, this statement can more surprisingly be reversed. The
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following states that if we consider only manifolds with certain geometry bounds, then
there are only finitely many manifolds which meet these restrictions, this is known as

Cheeger finiteness (see [Che70] or a more modern treatment in [Cha95]).

Theorem 2.2.37 (Cheeger Finiteness). Given real numbers n,d,V,A > 0, let K
denote sectional curvature, then there exist only finite many diffeomorphism classes

of compact n-dimensional Riemannian manifolds satisfying
diam(M) < d, Vol(M) >V, K| <A.

The above examples demonstrate at least that this line of reasoning, the compar-
ison of many different geometric and combinatorial properties is one which has seen
much success in the past. Throughout this thesis we will build on these inequali-
ties and find our own to allow us to understand the geometry and combinatorics of

hyperbolic manifolds.

2.3 3-Manifolds

2.3.1 Geometric Decomposition

We assume a good amount of knowledge of the basics of 3-manifolds in this chapter.
For a recap of the definitions of terms, one can read any introduction to 3-manifolds
such as [Hem76].

Thurston’s Geometrisation is the third in a trio of developments in the theory of 3-
manifolds from the 20th century which together describe a very useful decomposition
of closed orientable 3-manifolds.

The first of the three is the prime decomposition theorem, the existence and

uniqueness of which were proven respectively by Kneser and Milnor.

Theorem 2.3.1 (Prime Decomposition, Kneser-Milnor [Kne29| Mil62]). Let M be a
closed, oriented 3-manifold which is not S®, then M admits a unique finite connected
sum decomposition up to reordering. The summands are closed oriented prime 3-
manifolds and are unique up to oriented homeomorphism. Note that for uniqueness,

summands are not allowed to be homeomorphic to S3.

The second result in our trio is due to Jaco, Shalen and Johannson, which shows
how to take the prime pieces we have produced above and decompose them along

tori.
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Theorem 2.3.2 (JSJ Decomposition, Jaco-Shalen, Johannson [JS79, [Joh79]). Given
a closed, prime, orientable 3-manifold M, there exists a (possibly empty) minimal
collection of incompressible tori embedded in M such that when we cut along these
tori, the resulting components are either Seifert fibred or atoroidal. This collection is

unique up to isotopy.

The first two results give us a way of cutting up 3-manifolds into simpler pieces.
Our next step is trying to impose some structure on those simple pieces. The JSJ
decomposition gives us a useful Seifert fibred structure on some of the pieces, but we

need Thurston’s Geometrisation to understand the remaining atoroidal pieces.

Theorem 2.3.3 (Thurston’s Geometrisation Conjecture or Perelman’s Theorem,
[Thu82, Per02, Per03al [Per03b]). Let M be a compact orientable prime 3-manifold
with boundary, such that the boundary consists entirely of tori or is empty. If M 1is
atoroidal then M is either Seifert fibred or its interior admits a finite volume hyper-

bolic structure.

The consequence is thus that we can decompose a given compact orientable 3-
manifold into pieces which are either Seifert fibred or hyperbolic. Thus one can gain
an understanding of 3-manifolds by first understanding hyperbolic or Seifert fibred 3-
manifolds, and then considering how they glue together. In this thesis we will mostly
focus on hyperbolic 3-manifolds, using tools of hyperbolic geometry which continue
to be useful in higher dimensions. First, let’s look at how dimension 3 is special from

an algorithmic perspective, and what results already exist for 3-manifolds.

2.3.2 Algorithms for 3-manifolds

First we give a definition of our core concern, the homeomorphism problem.

Definition 2.3.4 (Homeomorphism Problem). We define the homeomorphism prob-

lem for a class of manifolds M to be the following question:

Is there an algorithm which takes as input two triangulations of manifolds in M

and outputs whether or not they are homeomorphic?

We define the oriented homeomorphism problem on oriented manifolds similarly ex-
cept we ask whether two oriented manifolds admit an orientation preserving homeo-

morphism.
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Definition 2.3.5 (Recognition Problem). We can also define a similar but slightly
easier problem by fixing one of the manifolds in the homeomorphism problem. For a
fixed manifold M we call this the M-recognition problem. Similar to above, we can

consider the M-recognition problem for manifolds in M.

Remark 2.3.6. Note that the algorithms we are talking about here when we specify
a class of manifolds are something called promise problems or promise algorithms.
These take as input a triangulation of the manifold, and they assume that the manifold
belongs to the class M. The fact that the manifolds are in M is not something we

have to prove to the algorithm as part of the input.

It is well known that for n less than 3, the homeomorphism problem for closed
n-manifolds is solved. For 2-manifolds, one need only check whether a triangulation
is orientable or not, and then its Euler characteristic determines it.

In higher dimensions however, the problem quickly becomes intractable. Here are
a few results that demonstrate this.

First, a result due to Markov. This is shown by a demonstration that the trivial-
ity problem for finitely presented groups (already known to be undecidable) can be

reduced to the M"™-recognition problem for a particular simply n-manifold M".

Theorem 2.3.7 ([Mar58|). For every natural number n > 3 one can create a closed
n-manifold M™ such that the M™-recognition problem is undecidable. Hence the home-

omorphism problem for closed n-manifolds is undecidable.

Corollary 2.3.8. The homeomorphism problem for (not necessarily closed) n-manifolds

15 undecidable.
In fact, for dimensions > 4, the manifold M™ can be taken to be the n-sphere.

Theorem 2.3.9 (A Theorem of S. P. Novikov in [Vol74]). The n-sphere recognition

problem for n > 4 s undecidable.

Remark 2.3.10. We have seen that 2-sphere recognition is very simple and that
5-sphere recognition is impossible. Thus the interesting dimensions would appear to
be 3 and 4. In fact this holds true as 4-sphere recognition remains an open problem
while 3-sphere recognition is decidable, as we shall soon see, but requires a great deal
of effort.

Theorem 2.3.11. There s no algorithm which decides whether a given simplicial

n-complex s a combinatorial manifold for n > 5.
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Proof. This follows simply from the fact that to tell whether a simplicial complex is
a combinatorial manifold requires that we be able to tell whether the links of all its
vertices are spheres. However, given a simplicial n-complex one can easily construct
a simplicial (n + 1)-complex which has a vertex whose link is the chosen n-complex,

for example, this is true in the suspension of the n-complex. O

This isn’t the end of the woes for higher dimensional combinatorial manifolds. One
might guess that the problem described in the above proof comes from the seemingly
pathological step of taking a suspension in order to complicate a link, and that by
restricting to the world of manifolds we might avoid such pathologies. Unfortunately
this is not the case. The following is a well known example of a triangulation of the

5-sphere which we shall see is non-combinatorial.

Theorem 2.3.12 ([Edw06]). There exists a homology 3-sphere M with M 2 S3 such

that the double suspension L2M is homeomorphic to S°.

To see that this gives a non-combinatorial triangulation of S° consider the sim-
plicial complex K given by taking the double suspension of any triangulation of the
homology sphere M. The suspension points of K each have as their link a triangu-
lation of the single suspension M. Thus all we need to show is that XM is not a
4-sphere. This follows from the fact that if XM were a 4-sphere, then removing two
points would leave a simply connected manifold, but removing the suspension points
from our suspensions leaves us with a space which is homotopy equivalent to M, and
by the Poincare conjecture, M cannot be simply connected. This is thus an example
of a triangulated manifold where the triangulation is simplicial but not combinatorial.

The above serves to warn us that, especially in higher dimensions, there are many
traps we could fall into. Our algorithms need to specifically use the properties of our
manifolds, whether that be using their dimension or their geometry, a more general
algorithm which ignores these properties is guaranteed to fail.

Fortunately, as we saw in Theorem [2.1.13] the 3-dimensional case is simpler from
a simplicial viewpoint, and in fact many algorithms already exist to solve the home-

omorphism problem for 3-manifolds.

2.3.3 The Work of Kuperberg

The work of this thesis is so influenced by the work of Kuperberg in his paper “Algo-
rithmic Homeomorphism of 3-Manifolds as a Corollary of Geometrization” [Kupl9]

that it is important to give a short overview of the results of that paper. This has
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many aims beyond the very necessary recognition of such a direct influence. Firstly,
we hope that a reiteration of Kuperberg’s work can help to illuminate the specific
ways in which this thesis contributes to the field, by demonstrating where it is we
improve upon or stray from the ideas Kuperberg lays out. Furthermore, Kuperberg’s
work lays out a path forward for the ideas discussed in this thesis, he opens the way
to a project of finding an algorithm for the homeomorphism problem for closed 3-
manifolds which has explicitly bounded runtime. This thesis hopes to make a major
contribution to this project.

Kuperberg’s paper achieves two goals, firstly he establishes that Perelman’s proof
of the Poincaré conjecture and of the wider Geometrisation conjecture was the final
step necessary to prove the decidability of the homeomorphism problem. He does this
by providing an algorithm using only mathematics that would have been available
in the 70s when Thurston made his conjecture. Secondly he provides a modern
algorithm, using technology developed in the intervening 40-50 years, which can solve
the homeomorphism problem in bounded time.

In particular he proves the algorithm lies in the complexity class ER, or Elemen-

tary Recursive.

Definition 2.3.13. An algorithm is elementary recursive, or ER, if it runs in time

o <22A.‘n>

where n is the size of the input and the ellipsis denotes a tower of 2s of bounded
height.

Remark 2.3.14. One could instead consider fixing the height of the tower in advance,

for example considering algorithms which have runtime and solution size bounded by

20(71) )

Note, however, that if you have two such algorithms but we compose them (the
output of one is the input of the other) then the complexity of this combined algorithm

could end up having runtime as great as

220(n)

For example, if an algorithm has runtime bounded by 2™ and its output is a tri-
angulation, this output could have size 2°™ also, and then plugging this into a new

algorithm gives doubly exponential runtime.
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Continuing these kinds of compositions causes the height of the tower in the
runtime bound to multiply exponentially and thus any fixed bound can be easily
outrun. However, this composition of algorithms doesn’t pose any problems if we

only care that there is some finite tower of exponentials bounding our runtime.

Kuperberg makes use of the feature of ER described in the above remark in his
paper, for example one might have a situation in which one uses a solution to a
system of polynomials to build another system of polynomials. If all you need to do
is show that the overall algorithm is in ER, then you just need to know that both
systems of polynomials can be constructed. If you need to know the height of the
tower, then you need to understand the complexity of the first system of polynomials
as well as exactly how the complexity of its solution affects the construction of the
second system. This allows the following wide reaching results without requiring the
technical detailed description of polynomial systems present in some sections of this

thesis.

Theorem 2.3.15 (Theorem 8.1 in [Kupl9]). It is in ER to find and triangulate the
prime summands of a closed, oriented 3-manifold M, to find and triangulate the JSJ
components within each prime summand, to find their JSJ graph, and to recognize
which JSJ components are Seifert-fibered and find their fibrations.

Theorem 2.3.16 (Theorem 8.3 in [Kupl9]). If a compact, oriented 3-manifold N
has a closed or cusped hyperbolic structure, then it is in ER to find a geometric
triangulation and specify its geometric data with algebraic numbers. The isomorphism

and automorphism problems are also both in ER.

Core to Kuperberg’s algorithm is that it finds a prime and JSJ decomposition
of the given manifold as well as identifying the structures on the pieces, before then
applying algorithms which are tailored to the Seifert fibred or hyperbolic cases com-
ponentwise. This is in contrast to the algorithms of Scott and Short [SST14] and
Bessiéres et al [BBB+10] which avoid the JSJ decomposition entirely by appealing
to results on Haken manifolds whenever the JSJ decomposition is non trivial. In this
way Kuperberg’s algorithm performs something quite satisfying in that it actually
uses algorithmic versions of the decomposition theorems that we use theoretically all

the time.
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2.4 Systems of Polynomials

2.4.1 An Algorithm for Finding Solutions

What we present here is adapted from [Gri86] (which is a survey of results including
those of [GV85], see also [GV88]) with a few corollaries which show how to adapt
the theorem to our situation. This section shows how given a system of polynomial
inequalities, one can find solutions which are bounded in terms of the size of the
system.

Let a system of polynomial inequalities

fl>O7"'7fm>07fm+1ZO?"WfHZO

be given, where the polynomials f; € Q[X7, ..., Xy]| satisfy the bounds
degx, .. xy(fi) <d, I(f:) < M, 1 <i<k.

Here degx, . x,(fi) is the maximum degree of a monomial in f;, where the degree of
a monomial is the sum of the exponents of the monomial. The length, or complexity [
is defined on rational numbers by I(2) = log(|pg| +2) where p, ¢ are coprime integers
and on polynomials it is defined as the maximum complexity among its coefficients.
Let o = (v, ..., an) be a solution to the system of inequalities where each «; is
an algebraic number. Then we can represent each «; in terms of a primitive element,
0, of the field Q(ay,...,an) = Q(f). We represent 6 by providing an irreducible
polynomial ®(X) € Q(X) of which € is a root and an interval (5, 52) € R with
endpoints in Q which determines # among the roots of ®. With 6 defined, one has
= agj)ﬁj for agj) € Q. Using this notation we can now state the theorem of
Grigoriev.
Theorem 2.4.1 (Grigoriev and Vorobjov [Gri86]). For a given system of inequalities
such as those above, in each connected component of the set of real solutions to this
system, there ezists an algebraic solution o = (ayq,...,ay) represented as above for

which the following are true:
deg(®) < (kd)OM); 1@, 1(a{),1(B1), () < M(kd)O™).

Furthermore, an algorithm exists which finds such a solution for each connected

component in time polynomial in M (rd)N”.

The following corollary follows the same method of proof as that of Lemma 8.9 in

[Kup19], but for self-containedness, we provide it here.
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Corollary 2.4.2. ﬁ <0 < QM (rd)O )

M (rd)©

Proof. Note that we can scale ® so that it is an integer polynomial without negating
the statement that [(®) < M (kd)°™). So we may assume that the coefficients, 7;
of ® are integers, and hence the 7; have size bounded by 2/®) — 2 Now note that as
®(0) = 0 we get that

_,ydeg(cp)edeg(@) =v%+...+ fydeg(q))_ledeg(é)—l

and so either |#| < 1 and the upper bound holds automatically or

Vo + -+ Vaeg(@)—1079 )7

0| =

| | edeg((p)_lvdeg(fb)
deg(®)—1 "‘)/‘ deg(®)—1

; 09917 [ Yaeg (@) ;

The final inequality holds as |0| and |V4eq(a)| are greater than or equal to 1. Note that

0~ is a root of
\I/(l') _ xdeg(fb),yO + ..+ Vdeg(®) = xdeg(’ﬁ)q)(xfl).

Thus once again either |#~!| <1 and the lower bound holds automatically or

deg(®)—1
671 < Z il
i=0
Applying the bounds on the ~; gives
deg(®)—1 deg(®)—1
o< Y < > 2™ < deg(@)2'®
i=0 i=0

and similarly,
1

0| > ——.
61 2 deg(®)2H(®)
Finally, Theorem tells us that

deg(CI))Ql(q)) < (lid)O(N)QM(“d)OW) < oM (kd) O

and the statement follows. O]

From this, we can derive a statement about the size of the solutions themselves.
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Corollary 2.4.3. Let a be as in Theorem [2.4.1], then for each i, if a; # 0

1

rkd)O V)
M ((k+2N)d)ON) < |ay| < 2M DO

Proof. First see that we can achieve an upper bound on |o;| by applying the triangle
inequality in the following manner:

deg( deg(

o)
il <Y o8] <
j=0

< ((/{d)O(N) + 1)2M(Hd)O<N)2M(nd)O(N) < oM (k)N

deg(

®) )
aD[§7] < 3 MO g
0 0

J= J=

Note that a lower bound on |a;] is equivalent to an upper bound on |o; |, so we can
modify our system of polynomial inequalities by adding some (; such that «;3; = 1
for all 4. This is represented by two inequalities and one new variable for each of
the original variables. Now applying the theorem to this new system of inequalities
gives an upper bound for |f3;| as above except & is replaced by k42N, as O(2N) and
O(N) are the same. Taking reciprocals of both sides gives us the lower bound in the

statement. O

We should note that the theorem requires that the system be given as polynomial
inequalities. When we create our system, we shall allow for equalities as well, which
can be replaced by a pair of inequalities. Because of big O notation, doubling the
number of polynomials will not affect the final bound and so we shall ignore this
distinction from here on.

An obvious question in response to such a theorem is whether it is sharp. In the
context of hyperbolic manifolds, we do not make any claims that taking the informa-
tion of a hyperbolic manifold and transforming it into a system of polynomials should
give sharp results, as in some sense the transformation “forgets” the hyperbolicity of
the input. However, Corollary is sharp as theorem about polynomial systems,
the following remark demonstrates that 22" can be very easily attained as the size of

a solution.
Remark 2.4.4. Consider the following system of polynomials:
X =4,Xo =X Xy =X2 .. . Xy=X3_,

Then there is only one solution given by X; = 22 Thus we see that it is not possible
to improve the bound in Corollary to anything better than doubly exponential in
N. As one might guess, this dependence on N is exactly where the worst algorithmic
bounds come from and so for our purposes the bound of this corollary is the best we

can do.
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2.4.2 Poincare’s Polyhedron Theorem

In this section we shall first state Poincaré’s Polyhedron Theorem and then show how
it gives us a means of checking whether an assignment of hyperbolic structure to the
n-simplices of a gluing induces a hyperbolic structure on the gluing itself.

Though we shall not state the theorem in full generality, it is possible to state this
for different geometries, types of building block and with different resulting objects.
For the full statement, as well as a brief history of the Poincaré Polyhedron theorem,

the reader is directed to [EP94], from which this entire section is adapted.

Definition 2.4.5 (Model n-Simplices). Let M be a triangulated n-manifold consist-
ing of ¢ n-simplices. Let M be a set of ¢ geodesic n-simplices in the upper half space
model of H"” such that each is identified with a distinct simplex in M by a simplicial

map. We call such a collection a set of model n-simplices for the triangulation of M.

Definition 2.4.6 (Dual Graph of a Triangulation). We define the dual graph A(M) of
a triangulation to be the graph whose vertices are the n-simplices of the triangulation,

and whose edges are codimension one faces along which two simplices meet.

Definition 2.4.7. Consider some spanning tree A’ of A(M) and suppose M is such
that the face pairings in M can be realised by isometries. Then define a polyhedron Y
by gluing the n-simplices in M only along faces corresponding to the edges of A’. If we
also pick some base n-simplex Ag in A(M) then we can define a map D : Y — H" by
first defining D to be the identity on the tetrahedron Ay and then using A’ to define
inductively on the other tetrahedra. That is to say that an edge of A’ connecting A,
to some A; defines a unique embedding of A; into H" by choosing the embedding
which agrees with that of Ay on the shared face and which ensure the interiors of
their embeddings don’t overlap, repeating this over all edges defines the map D. We
will see that D(Y') becomes a fundamental polyhedron for a lattice in Isom(H") after

applying the Poincaré Polyhedron Theorem.

Theorem 2.4.8 (Poincaré Polyhedron Theorem). Let M, M, A(M) be as in Defini-
tions|2.4.5 and [2.4.6] and suppose the following hold:

e (Edge Equations) For any two n-simplices in M which intersect in an edge, the

corresponding edges in M are of equal length.

e (Angle Equations) For any co-dimension 2 face of the triangulation, let oy, ... auy,
be the dihedral angles at the corresponding face in each of the n-simplices of M.
Then > o = 2.
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e (Orientation) There is an orientation of H" with respect to which all the iden-

tifications in M are orientation preserving.

Then M admits a hyperbolic structure such that when we restrict to any specific
n-simplex the structure is isometric to that given in M. Furthermore, M can be
described as the quotient of the action of some uniform lattice T' < Isom™ (H") where

I' has the following properties.

e [f we pick some spanning tree N' of A(M) and define Y, D as in Definition
then D s injective on the interior of Y and has image a fundamental

domain for the lattice T.

e For each edge e of A(M) not in A’ there are two faces Fy, Fy in'Y corresponding
to this edge, and there is a unique orientation preserving isometry g. (possibly
ge = id.) of H® which takes D(F}) to D(F,). The set of all the g. generates the
lattice T'.

Definition 2.4.9. If a triangulation admits a set of model n-simplices satsifying the
hypotheses of the above theorem, we say this triangulation admits the structure of a

geometric triangulation, or simply admits a geometric/hyperbolic structure.

Remark 2.4.10. Suppose M satisfy the hypotheses of the above theorem. If we
consider the n-simplices in M all embedded in H", then we can define a unique
orientation preserving isometry hgp of H" for each oriented edge E of A(M) (also
thought of as an ordered pair of faces (F' C A, F" C A’)) by requiring that it takes F’
to F’. Note that as our tetrahedra satisfy the orientation requirement, this isometry
will have the property that hg(A) and A" have disjoint interiors.

The face pairings g. of the polyhedron D(Y') defined above can then be described
as a product of the face pairings hg, where the E; make up a loop in A(M) consisting

of e and the unique path in A’ between its endpoints.

Remark 2.4.11. The above theorem also holds in more generality serving as a means
of constructing geometric orbifolds from geometric building blocks of many sorts. For
our purposes however, we want the result to be a hyperbolic manifold rather than
an orbifold, this is equivalent to requiring the lattice be torsion free. Fortunately, in
dimension 3 we get the extra information that the lattice is torsion free as torsion
elements are ruled out by a combination of the angle and orientation equations. In-
deed, the orientation restriction ensures that all elements of the lattice are orientation

preserving, ensuring that the faces cannot contain the singular points that a reflection

38



would create. Furthermore, the angle equations ensure that interior points of edges
cannot be singular points, thus the only points that could be singular are vertices.
However, orientation preserving point stabilisers in Isom™ (H?)(elements of SO(3))
are rotations about some axis, and so this axis has to form part of the singular locus
of the manifold thus guaranteeing that the singular set cannot be 0-dimensional, if it
exists. Thus the only conclusion is that the singular locus is empty and the geometric
orbifold is in fact a geometric manifold, as desired.

In this thesis whenever we apply Poincaré’s Polyhedron Theorem we will either
work with 3-manifolds, where the above discussion already confirms that the trian-
gulation is a hyperbolic manifold, or we will deal with higher dimensional manifolds
where the triangulation is already confirmed to admit the structure of a geometric tri-
angulation of a hyperbolic manifold. Thus, we will not consider further the possibility
of orbifolds in this thesis.

We finish by linking this result back into the results on systems of polynomials..
Define X to be a system of equations where the variables are given by the vertices of
the tetrahedra in M and the equations are the edge equations, angle equations and
equations which are equivalent to the orientation hypothesis. We will soon construct
such a Y more explicitly and ensure the equations are represented by polynomials but

for now we simply state the following less precise corollary.

Corollary 2.4.12. The triangulation of M admits a hyperbolic structure if and only
if X admits a solution. Furthermore, each solution to 3 encodes a hyperbolic structure

of the triangulation M.

It’s worthwhile here to reiterate that all different hyperbolic structures on a trian-
gulation coming from all these different solutions give the same hyperbolic structure

on the manifold, this follows from Mostow Rigidity.
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Chapter 3

An Algorithm for Geometric
Triangulations

3.1 Kalelkar and Phanse’s Work in a Simple Case

This section attempts to demonstrate what kind of techniques one might use to prove
the results that we shall later simply cite from Kalelkar and Phanse’s paper. We do
this by restricting our scope dramatically in comparison to their work, and focusing
solely on the hyperbolic 3-dimensional case. We use slightly different techniques to
theirs though very much inspired by their work, our focus on 3 dimensions is mostly
for ease of reading but we also later in this section achieve a small improvement on
the bounds in the 3-dimensional case when compared to [KP21].

For now, however, we shall simply be attempting to show that if one can control
the geometry of geometric triangulations, then one can find a sequence of Pachner
moves relating two geometric triangulations of the same hyperbolic 3-manifold. Fur-
thermore, that sequence has length which only grows polynomially in the number of
tetrahedra in each triangulation.

A key idea both here and in Kalelkar and his coauthors’ work [KP21] [KP20]
[KR20] is that generically, two tetrahedra embedded geodesically in a 3-manifold
don’t intersect one another too many times. It is only when the geodesic tetrahedra
are embedded so as to be long, thin and in such a way that they “wrap around”
the manifold multiple times, that they are able to intersect one another in ways that
cause problems. We can counteract this by preventing such pathological tetrahedra
from being included in our triangulations.

We also acknowledge the work of Mijatovic, [Mij03] [Mi;03] [Mijo4] [Mij05a] [Mijo5b]
whose descriptions of simple methods for changing triangulations via Pachner moves

are the building blocks of our method here.
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Theorem 3.1.1. Let M be a closed hyperbolic 3-manifold and let Ty , To be two
geometric simplicial triangulations of M, consisting of t1 , to tetrahedra respectively.

Then there is a function
f(ti,te, L, V) = 1000(¢] +t3) - v(2L)/V

which bounds the number of Pachner moves necessary to take T; to Ty . Here L is the
maximum length of an edge in either triangulation, V is the minimum volume of a
tetrahedron in either triangulations, and v(r) represents the volume of a ball of radius

r in hyperbolic 3-space.

We prove this at the end of this section. The idea is that we simply provide a
method for constructing a sequence of Pachner moves between two given triangula-
tions of the same manifold. We take a common subdivision of both triangulations, call
it 73 and construct a sequence of Pachner moves from 7; to 73. That the two trian-
gulations have a common subdivision is provided by the fact that, by Theorem [2.1.13
([Moi52]), the two triangulations are PL equivalent and thus combinatorially equiva-
lent. However, we want a bounded sequence of moves and thus require a “bounded”
subdivision. For this purpose we utilise that the triangulations are geometric.

We fix a copy of the hyperbolic manifold M which they triangulate and embed
both triangulations at once. If we then intersect these triangulations, in most sit-
uations we get a polytopal subdivision. This only fails when two tetrahedra fail to
intersect in a polyhedron but have non-trivial intersection, such as when two faces
overlap but the interiors are disjoint. Cases such as these can however be managed by
simply moving the vertices some infinitesimal amount, and thus we may assume that
after some wiggling of vertices, our triangulations intersect in a polytopal complex
which is then a polytopal subdivision of each of 77 and 75. We then use Adiprasito
and Benedetti’s Theorem to see that the first barycentric subdivision of this
polytopal subdivision is a simplicial subdivision of each triangulation which has the
property that it induces a shellable subdivision on each of the original tetrahedra in
our triangulations. We name this triangulation 73 and set about bounding its size.
Once the size is bounded, we shall then find a path from 7; to T3using the shellability
provided by Theorem 2.1.17]

As a first step in understanding the size of 73, we consider that it is made by
barycentric subdivision of a polytopal subdivision, so we need to know how complex

these polytopes (or polyhedra) can be.
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Lemma 3.1.2. The triangulated polyhedron formed by taking the intersection of two
hyperbolic tetrahedra whose interiors intersect in H? and then taking its barycentric

subdivision is made up of < 112 tetrahedra.

Proof. Each face, F', of the polyhedron is formed by the intersection of one of the
tetrahedra, 17, with a face, F5 C T5, of the other tetrahedron. The intersection of T}
with the plane containing F3; is either a triangle or a square, depending on how the
plane separates the vertices of T7. So F'is the intersection of the triangle F5 with either
a triangle or a square. In particular as each edge of F' comes from a unique edge of
the two polygons that form it, F' has at most 7 edges. Similarly, as each tetrahedron
has 4 faces, the polyhedron can only have at most 8 faces. Now, the barycentric
subdivision of a polygon with 7 sides has 14 simplices, and so the number of simplices

in the barycentric subdivision of our polyhedron is at most 8 - 14 = 112. O]

Lemma 3.1.3. The mazimum number of polyhedra formed by intersecting a single
3-simplex Ty of Ty with the triangulation Ty is bounded by v(2L)/V where L, v(2L),V
are as defined in Theorem [3.1.1].

Proof. Let T} be a simplex in 7;. We want to bound the number of components
of Ty N T;. Let T} be any lift of T}, then we only need to bound the number of
lifts of tetrahedra in 7 which intersect T} as each such lift intersects in exactly one
component as both tetrahedra are convex. Let p be some point in the interior of T} and
let T2 be a lift of some tetrahedron 75 € 75 which intersects T~1, then the distance from
p to Ty is bounded by the diameter of T} and so T lies in B(p, diam(T) + diam(Ts)).
Both these diameters are certainly less than L and so every such T lies in the ball
B(p,2L) and so in particular, the volume taken up by all these lifts must not exceed
the volume of the ball. Thus the number of lifts of T, which intersect T} is bounded
by
v(2L)/V.

Combining these two lemmas allows us to find a bound on the size of 73.

Corollary 3.1.4. Let M be a closed hyperbolic 3-manifold and let Ty , To be two
geometric simplicial triangulations of M, consisting of t, , to tetrahedra respectively.
Let L,V,v(2L) be the length and volume bounds defined in Theorem then the

following is a bound on the size (number of tetrahedra) of the common subdivision T
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formed by intersecting the two triangulations and taking the barycentric subdivision

of the resulting polytopal complex:
112 - ty0(2L)/V.

Proof. The number of polyhedra in the polytopal complex formed by intersecting the
two triangulations is bounded by t;v(2L)/V, this can be seen by applying Lemma
to each of the ¢; tetrahedra. Lemma then tells us that each polyhedron
barycentrically subdivided contributes less than 112 tetrahedra, as required. O]

With the size of T3 bounded we now begin to describe a sequence of moves which
allow one to traverse from a given triangulation to its subdivision. Our first step is
to change to a simpler subdivision, which we call 7{. The subdivision 73 induces a
subdivision on each tetrahedron A of 7;. We now take the induced subdivision on 0A
and simply cone to this boundary and use that instead of the original subdivision,
repeating this for each tetrahedron in 7; gives a subdivision of 77, and it is this
subdivision which we call 7{. This subdivision is quite close to 73 in terms of Pachner

moves, as Lemma shows.

Remark 3.1.5. 73 is defined such that it induces shellable subdivisions on each
tetrahedron of 7;. This is a necessary condition for the use of our coning arguments.

However, if a subdivision doesn’t satisfy this, then its barycentric subdivision does.

Lemma 3.1.6. Let B be a bound on the number of tetrahedra in Tz. Then B is also

a bound on the number of moves from T3 to the subdivision T, defined above.

Proof. This is simply an application of Lickorish’s lemma, our Theorem The
triangulations induced on a single tetrahedron of 7; by 73 and 7] are a shellable
triangulation and a cone respectively. This is because by construction 73 satisfies
the premises of Adiprasito and Benedetti’s Theorem Thus if the triangulation
induced by T3 comprises k tetrahedra, then it takes k£ moves to make it agree with
T/. As the sum of all these ks is by definition bounded by B, the result follows. [

Clearly, the fact that this subdivision is composed of cones is instrumental in the

ease of the above proof. We formalise this concept now.

Definition 3.1.7 (Coned Subdivisions and Preserving the Cone Structure). Coned
subdivisions are defined to be those subdivisions of a simplicial n-complex which are
formed by subdividing the (n — 1)-skeleton and then taking the subdivision on each
n-simplex to be a cone to its boundary. Moves which preserve the property of being

a coned subdivision shall be said to preserve the cone structure.
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Remark 3.1.8. A coned subdivision of a triangulated 3-manifold is uniquely deter-
mined by the subdivision it induces on the 2-skeleton of the original triangulation.
Thus it makes sense to refer to the coned subdivision which induces a certain subdi-

vision of the 2-skeleton.

Definition 3.1.9. Note that we can get from 77 to a very simple coned subdivision
by performing ¢; (1-4) Pachner moves, one for each tetrahedron of 7;. We shall call
this the first coned subdivision of 7;.

Thus we have two coned subdivisions of 7Ti, its first coned subdivision and 7.
That we should be able to traverse between these two coned subdivisions is not a
given, but we should be encouraged by the following observations. Firstly, as coned
subdivisions are defined by their subdivision on the 2-skeleton, we have in some sense
restricted our problem from a 3-dimensional object to a 2-dimensional one. Secondly,
note that for any 2-simplex in 77 its subdivision induced by 7{ is “suspended”, which
is to say that the suspension of the simplicial 2-complex embeds in our subdivision.
This is because, being a coned subdivision, the subdivided 2-simplex has cones on

either side. The following shows why this is so important.

Lemma 3.1.10. Let Ay, ... Ay be 2-simplices arranged so that it is possible to perform
a 2-dimensional Pachner move, (k= 1, 2 or 3 depending on the move). Then this move
can be realised in the suspension S(A1 U ... U Ay) by performing two 3-dimensional

Pachner moves. We shall refer to these composite moves as two-dimensional moves.

Proof.

The (1-3) Move

Perform a (1-4) move on one of the tetrahedra, and then perform a (2-3) move incor-
porating the other tetrahedron.

The (2-2) Move

Perform a (2-3) move on the tetrahedra on one side of the suspension, then a (3-2)
move incorporating the tetrahedra on the other side.

The (3-1) Move

Perform a (3-2) move on the tetrahedra on one side of the suspension, then a (4-1)
move incorporating the tetrahedra on the other side. Note that this is simply the

reverse of the (1-3) case.
[
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Figure 3.1: Performing the (2-2) move in suspension.

Figure 3.2: Performing the (1-3) move in suspension. Note the (3-1) move can be
done by simply performing these moves in reverse.
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This allows us to take the subdivisions of 2-simplices of 7; and apply 2-dimensional
Pachner moves to them, this is almost enough to completely change the subdivision
of the 2-skeleton, in fact we can use these two-dimensional moves to change the
subdivision of each 2-simplex so that it too is a cone. We call the resulting subdivision

a twice coned subdivision.

Definition 3.1.11 (k-Times Coned Subdivision). A k-times coned subdivisions are
defined to be those subdivisions of a simplicial n-complex which are formed by subdi-
viding the (n — k)-skeleton and inductively taking the subdivision on each (n—k+1)-
simplex to be a cone to its boundary. Again if a sequence of Pachner moves takes
one k-times coned subdivision to another, we say that sequence preserves the cone

structure.

The only problem is that Pachner moves on a subdivided 2-simplex cannot change
the subdivision of the boundary. Fortunately, changing the subdivision of a 1-complex

simply consists of inserting vertices into edges.

Lemma 3.1.12. Let T be any twice coned subdivision of Ti, and e an edge of T
which lies in the 1-skeleton of Ty, then we can insert a vertex into e while preserving
the cone structure. Let k be the number of tetrahedra in the star of e, then this process

takes k Pachner mouves.

45



Proof. Consider the star of a given edge e, st(e) is made up of k tetrahedra labelled
Ti,...Ty arranged anticlockwise around e.

Let us also label the vertices of e (which are shared by all the 7;) by v and v and
label by w; the vertex shared by T; and T;y; (mod k). Performing a (1-4) move on
T: creates a new vertex, x, and 4 tetrahedra, only one of which shares a face with
T5 - the tetrahedron with vertices (u, v, z,w;). The goal is to make = the new vertex
bisecting e.

We can now perform a (2-3) move on the pair formed by 75 and the tetrahedron
(u,v,x,w;), which gives us 3 tetrahedra, each containing x, one of which shares a
face with T3. We can keep performing (2-3) moves like this, each time connecting
x to a new w; until x is connected in this way to wg_;1. At this point, the vertex x
is connected to all the vertices of st(e) but we still have the original edge e, which
we want to eliminate. The three tetrahedra Ty, (u,v,z,wx_1) and (u, v, wr_1,wy)
surround e and a (3-2) move on these three removes e. Thus we are finished after k
Pachner moves.

Note that the w; are coning vertices making 7 a coned subdivision, and the process
described above ensures exactly that each of these vertices now also connects to the
new vertex x, thus this entire composite move preserves the cone structure of this
twice coned subdivision. Note also that the new edges we have created have the same
number of tetrahedra in their stars as the original edge did, because their stars are

isomorphic. O

We have now established both two-dimensional moves and vertex adding moves,
and described them as combinations of Pachner moves. It is now relatively simple to
describe the path from the first coned subdivision to the 77.

Lemma 3.1.13. Let Ty be a triangulation consisting of t tetrahedra, and let T be
a coned subdivision of Ty consisting of T tetrahedra and such that the subdivision
induced by T on any 2-simplex of Ty is shellable. Note that this last requirement
is always met if we construct T by taking the barycentric subdivision of a polytopal
subdivision and then converting to a cone structure.

We can get from this first coned subdivision of Ty to T through a sequence of
combinatorial moves which preserve the cone structure. The number of vertex adding
moves required is bounded by 3T and the number of two-dimensional moves is bounded
above by T + 2t.

Proof. As vertex adding moves and two-dimensional Pachner moves preserve the cone

structure, and coned subdivisions are uniquely determined by their restriction to the
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Figure 3.3: A sequence of Pachner moves inserting a vertex into an edge of our
triangulation.

2-skeleton of 77, we only need to show that we can change subdivision on the 2-skeleton
of 71 to that of T using only vertex adding moves and two-dimensional moves. Firstly,
we extend the first coned subdivision of 7; to a twice coned subdivision. This consists
entirely of performing exactly 2¢ two-dimensional (1-3) moves on the 2-simplices of
Ti. We then perform vertex adding moves until the triangulation agrees with 7 on
the 1-skeleton using Lemma [3.1.12] The number of necessary vertex adding moves is
bounded above by the number of vertices in 7 which lie in the 1-skeleton of 7;. As
each 3-simplex has at least one vertex on a cone point, this is bounded above by 37"

We then have a triangulation which agrees on the 1-skeleton with 7, and in fact
when we restrict to the 2-skeleton of 77, our triangulation is a coned subdivision of
the 2-skeleton of 7.

This means that if we look at the subdivision of each 2-simplex of 7; induced by
our subdivision so far, compared to the subdivision induced by 7 the first is a cone
to its boundary, and the second is a shellable triangulation of the 2-simplex which
agrees with the first on its boundary. Thus using Lemma [2.1.18 we can perform
two-dimensional Pachner moves after which the triangulation agrees with 7' on this
2-simplex. Now the total number of such moves we need to make over all 2-simplices
is bounded above by the total number of 2-simplices in 7 which lie in the 2-skeleton

of T1, as T is a coned subdivision, each 3-simplex of 7 has exactly one such face and
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so we perform at most 7" such moves.
Thus, after performing the above process on each 2-simplex, we have transformed
the first coned subdivision of 7; to 7 in < 47T vertex adding moves and < T + 2t

two-dimensional moves. O

The results of this section so far have proven an underlying fact, that a subdi-
vision of a triangulation satisfying the simple condition that it induces a shellable
triangulation on each simplex is related to the original triangulation by a sequence
of Pachner moves. In fact the length of this sequence is almost linear in the number
of tetrahedra in the subdivision. While we seek to use this fact to prove the relation

between two geometric triangulations, it is useful on its own.

Theorem 3.1.14. Given a triangulation Ty of a closed 3-manifold consisting of t,
tetrahedra, and T3 a subdivision consisting of T tetrahedra. The number of Pachner

moves required to change Ty to Tz is bounded by

61t + 9t + 2T

Proof. Our first step is to move to the twice coned subdivision of 77, which takes 5¢;
moves, t; to cone the 3-simplices and 2 moves to cone each of the 2t; 2-simplices.
We can then apply Lemma [3.1.13] This gives that we need to perform 37T vertex
adding moves and T + 2t; two-dimensional moves. Each of these vertex adding moves
consists of, by Lemma [3.1.12] at most 2¢; Pachner moves, as the star of any edge
in the simple twice coned subdivision of 7; contains at most 2¢; simplices, as the
original edge contained only ¢; at most and the coning process splits each of these in
half. Thus the total Pachner move contribution from vertex adding moves is 67;.
Each two-dimensional move contributes 2 Pachner moves and so the total number
contributed by such moves is 27" + 4¢;. Combining the three numbers gives a bound

on the total sequence length of
5ty + 6Tt + 2T + 4t = 6Tt; + 9t + 2T

Note that for constant ¢; this depends linearly on T O

We now have all the tools we need to prove our version of Kalelkar and Phanse’s

result.

Proof of Theorem |3.1.1. We simply use the bound on the length of the sequence of

Pachner moves taking 7; to 73 and then by symmetry we have a sequence from 75 to
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T3 and thus a sequence all the way from 7; to 75. Firstly, the number of tetrahedra
in 71,73 is t1, 2 respectively, and the number in 73 is 112 - tyv(2L)/V.

Thus using Theorem we see that the number of Pachner moves required to
get from 7y to T3 is bounded by

6 - 112t20(2L)/V + 9t + 2112 - t,u(2L)/V < 1000t30(2L)/V

Repeating this for 75 and adding them together gives the result.

3.2 Bounding Simplex Volume

In the section after this one, we shall be constructing a system of polynomials with
solutions which, by Poincare’s Polyhedron Theorem, correspond to a geometric struc-
ture on a triangulation. Through this we shall be able to bound geometric properties
of the triangulation and use those bounds to replace the constants L and V used in
the previous section. We will do this by expressing the geometric properties of the
simplices involved as polynomial functions of the positions of the vertices of these
simplices.

Simplex volume is not a polynomial function of its vertices. We will see later
that this simple fact doesn’t always stop us. Edge length is not polynomial in the
positions of the edge’s vertices either, and yet Theorem provides a system of
polynomials which gives us a variable corresponding to edge length. To do this we
bound the exponential of the length, hence its presence in the following lemma, but
more on this in the next section.

However, in the case of volume, the function is simply too complex for the cheap
tricks we use in the edge length case. Because of this, we opt for a coarser lower
bound by measuring the volume of a subset of the simplex. To do this we shall
use bounds on some obscure geometric properties of the simplex, relating to how
they are embedded in the Poincare ball model of hyperbolic space. These properties
are chosen, not because they are relevant in general, but because they are easy to
find bounds on using polynomial systems and because they allow us to bound simplex
volume specifically. Note also that though we only need this relationship in dimension
3, the argument works in n dimensions, and so we prove the more general case.

This process of turning bounds on obscure but easy to measure geometric proper-
ties into bounds on relevant but hard to measure geometric properties is key through-
out this thesis.
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As we have done before (see Lemma [2.2.36)), we shall start with a somewhat
tautological bound which we will later show has a well understood relationship to

t,n.

Lemma 3.2.1. There exists a function B(t,n) such that for any geodesic triangu-
lation, S, of a closed hyperbolic n-manifold by t n-simplices, there exists a geodesic
triangulation, T such that the following hold:

e S and T are simplicially isomorphic

e Let [ be the length of an edge of T, then the following inequality holds.

1

B(t,n)>e >1>
N T

e Pick any vertex vy of an n-simplex of T and isometrically embed the n-simplex

in the Poincaré ball model such that the chosen vertex is at the origin. Now

measure the Fuclidean distance from each other vertex vy, ..., v, in this embed-
ding to its opposing face, label these distances hy, ..., h, respectively, then we
have
h; > ! Vi.
‘= B(t,n)’

Proof. For each t,n there are only finitely many simplicial complexes made up of
t n-simplices, and hence only finitely many homeomorphism classes of n-manifolds
triangulable by ¢ n-simplices up to simplicial isomorphism. Only finitely many of these
admit a hyperbolic structure, so if we fix one structure for each such triangulation,
then we have a finite number of hyperbolic structures, we can thus take minima and
maxima over these and define B(t,n) accordingly.

Note that when one embeds an n-simplex in the Poincaré ball model such that
a certain vertex v; is at the origin, the distance h; is invariant under all isometries
which fix v;. This is because they are elliptics fixing the origin and thus elements of

SO(n), and thus they preserve Euclidean distances. ]

In what follows T will be a geometric triangulation satisfying the bounds in the
above lemma, and 7" will be an n-simplex in 7. Our plan is to use the above to bound
the volume of T" from below. We consider T" as embedded in the Poincaré ball model
of hyperbolic space, with one of its vertices vy at the origin. We then take a ball B
around vy with radius equal to the distance between vy and its opposing face such

that the interior of the ball doesn’t intersect the opposing face of T'. By the above
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lemma, this means that the Euclidean radius of the ball (corresponding to hg in the
above theorem) is at least 1/B(t,n) and as hyperbolic distance from the origin in the
Poincaré ball model is always greater than Euclidean distance, the ball has hyperbolic
radius r also bounded below by 1/B(t,n). Thus the volume of T" is bounded below
by

Vol(BNT)=Vol(B)-Vol(BNT)/Vol(B).

Remark 3.2.2. As the interior of B doesn’t touch the opposing face of T" the fraction
of the ball which lies in T, Vol(BNT)/Vol(B), is the same as the fraction of the
boundary of B which lies in T', Volgpg(0BNT)/Volgs(0B). Here Volgg is the volume
induced by considering 0B as a subspace of R". This measuring of what fraction of
the ball lies in the n-simplex is a parallel of measuring the angle at a certain vertex
in a triangle in 2 dimensions. Unfortunately, in higher dimensions the relationship

between angles and volumes is much more complicated.

Lemma 3.2.3. The value of Volagg(0BNT)/Volsp(0B) is bounded below by

1 1 1
n! B(t,n)?" Vol(S%)

Proof. By convexity 0 BNT forms a spherical (n— 1)-simplex in dB. Projection onto
the Euclidean (n—1)-simplex A spanned by the same vertices is a distance-decreasing
map and hence reduces volume. Furthermore, the volume of 0B is bounded above.
Indeed, B is a ball of radius at most 1, so 0B has smaller volume than the n-sphere,
which has its volume bounded above by the 6-sphere, as we saw in Theorem [2.2.30]

Thus we get that the following inequality holds:

Volog(0BNT)/Volyg(0B) > Vol(A)/Vol(S%).

Now note that a standard formula for the volume of a Euclidean n-simplex is given
by Lh\h, ... hl where, in the case of A, b} is the distance between a given vertex,
w; of A to the opposing face F/ of A. Now w; is a point on 0B and B has radius
bounded below by 1/B(t,n) , furthermore the point v; lies at euclidean distance < 1
from vy as the Poincare ball has euclidean radius 1. Thus, the point (1/B(t, n))v;
lies inside B and thus lies between vy and w; on the edge connecting them. At the
same time F lies in the face of T opposite v;, which lies in some plane P;, and clearly

1/B(t,n) is closer to this plane than w; is, and so

hi = d(w;, F}) > d(w;, P;) > d((1/B(t,n))vi, P;) = (1/B(t,n))d(vi, P;) = (1/B(t,n)) h;.
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Thus we get a relationship between h; and h;, but we know h; to bounded below by
1/B(t,n) itself, and thus h; > 1/B(t,n)? and so plugging this into the above formula
gives that
1 o\
Vol(A) > mfmcl(B(t,n) )"

Combining this bound with the earlier inequality gives the stated result. O]

0 F; F! F;

1

Figure 3.4: A 2-dimensional representation of the distances described above

We now have a lower bound on what fraction of the ball intersects the n-simplex

T, so we only need to bound the volume of the ball itself.

Lemma 3.2.4. The volume of a hyperbolic ball of radius r is bounded below by the

volume of a Fuclidean ball of radius r.

Proof. One can calculate the volume of an n-ball in either geometry by integrating
the surface area of the concentric (n—1)-spheres that make up the ball. The formulae

for the surface areas Sy (r), Sg(r) of hyperbolic and Euclidean (n — 1)-spheres are:
Sy = Qusinh™1(r), Sp=Q.,"',  where Q, is a function of n.

Thus, that the volume of a hyperbolic ball is bigger than that of a Euclidean ball

is a consequence of the fact that sinh(z) > . O
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Proposition 3.2.5. The volume of an n-simplex in T is bounded below by

11 1 /2 1S 1
n! B(t,n)?" Vol(S%) I'(n/2+1) B(t,n)” = (nB(t,n))3"

Proof. The volume of BNT is just the product of the volume of B and the proportion

of B lying in T'. [Theorem 3.2.3| gives us the latter, and [Theorem 3.2.4] gives us that a

lower bound on the former is the volume a Euclidean n-ball, which we know to have
radius bounded below by 1/B(t,n). Thus using the formula %r" for the volume
of a ball of radius r and noting that both n! and I'(§ + 1) are bounded above by n"
we get the above bound. Here I'(n/2 + 1) is the Gamma function (a relative of the

factorial function) evaluated at n/2 + 1. O

3.3 A Combinatorial Bound for Geometric Trian-
gulations

With a lower bound on the volume of a simplex in our geometric triangulation comes
a lower bound on the volume of the manifold, simply by multiplying by ¢. From this
and the “tautological bound” found in Lemma [3.2.1 we can replace the result of
Theorem [3.1.1f with one which depends entirely on t,n where ¢ is the maximum of the
number of n-simplices in either triangulation.

However, this requires the use of the function B(t¢,n) defined in the previous
section, and we have no understanding of how this function behaves. Thus the aim
of the section is to find an easily understood bound on B(¢,n) and through that get
not only a bounded runtime algorithm for comparing geometric triangulations but a
bounded runtime algorithm for finding such a geometric structure on a triangulation
in the first place.

In our discussion of the Poincaré Polyhedron Theorem (Section [2.4.2)), we saw
that when given the hyperbolic structure of the n-simplices involved in the triangu-
lation, we only need to check that the gluing satisfies the edge, angle and orientation
equations and then we know that the manifold admits a hyperbolic structure. We
shall now construct a system of polynomials which encode these equations. To do
this we start with variables coming from the vertices of model simplices. Consider
each n-simplex as embedded in the upper half space model of hyperbolic space, then
the hyperbolic structure of each n-simplex is determined by the coordinates of its
vertices. Thus the n values which make up the position vector of a given vertex are

the n variables corresponding to that vertex. As we are looking to find a bound on
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edge length as well as the “heights” h; defined in Lemma|[3.2.1], we shall also introduce
variables corresponding to their values.

Our reason for constructing such a system of polynomials whose variables include
the edge lengths and the h;’s is that we can then apply the theorem of Grigoriev and
Vorobjov from Section to get quantifiable bounds both on the runtime of the

algorithm finding a solution and on the size of the variables themselves.

Remark 3.3.1. Throughout this section we summarise the contribution of each
lemma to the complexity of our system of polynomials at the end of each proof

for use later. Recall that these measures of complexity are as follows

N = number of variables
x = number of polynomials
d = maximum degree of polynomials

M = maximum complexity of coefficients

Furthermore, note that with the variables and polynomials, we are counting, and
so each new contribution increases the count. However, with degree and coefficients
we are taking a maximum, so only contributions that increase the maximum affect

the overall complexity.

Readers may be questioning at this point how we are going to express the edge
and angle equations in a system of polynomials with rational coefficients. Indeed the
length of an edge as a function of its vertices involves both a logarithm and a quotient.
Furthermore the angles need to sum up to 27 which is a transcendental number and
hence presents an immediate problem. Much of this section is focused on solving this
problem of translating these non-polynomial equations into polynomial equivalents.
Once these are sorted out, all that is left is a simple counting exercise. We start by

noting that we can clean up our equations to separate out quotients and square roots.

Remark 3.3.2. Note that if we pay attention to how it affects numbers of polynomi-
als/variables we can accept equations which involve both quotients and square roots

of polynomials. For example if P, () are polynomials, then the formula
P
V@

would appear to cause us some problems. However this can be fixed by introducing

=1

a new variable (/o) such that
(U\/@)2 - Qv U\/@ Z 0.
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We also fix the fact that it is a quotient by multiplying through by the denominator

to get that the original equation is equivalent to the polynomial

P—U\/QZO.

Remark 3.3.3. Sometimes, there are problems that cannot be solved with a single
system of polynomials. When we are defining our system of polynomials, we may need
to make an arbitrary choice from a possibility space of bounded size. For example it
might be useful for our algorithm to know in which quadrant of the complex plane
a complex number lies. Our response to a situation like this is to “make a guess”,
and encode a new system for each possible choice in which the variable must satisfy
polynomials corresponding to the choice we made. In this case this is a complex
number x + iy satisfying something like x > 0,y > 0. In this example, this guess
would lead to four new systems, one for each possible quadrant. Note that if the
system without the guess had a solution then, at least one of our new systems must
do too and any solution to any of the four new systems corresponds to a solution
of the old one. At this point we can just run our algorithm as many times as there
are possible choices (in this example four) and guarantee that we find a solution in
one of the runs. Thus there are two factors in determining the complexity of our
algorithm, the first is how long Grigoriev and Vorobjov’s algorithm takes to run,
which is determined by the size of our polynomial systems, the second is how many
times we run it, which is determined by how many guesses we have made, and how
many choices there are in each guess. We shall attempt to keep track of both these

complexities throughout the section.

Remark 3.3.4. The first and most important place that this technique comes in is
when we express the angle equations. As noted above, the angle equations naturally
introduce a transcendental number, which poses algorithmic problems and certainly
doesn’t fit into our system of polynomials with rational coefficients. To solve this, we
borrow an idea from Thurston’s gluing equations (see [Thu78Jor [Thu97]). We ask
not that the sum of the angles 6; add up to 2w, but rather that the product of the
exponentials e comes to 1. These are not equivalent requirements, however, as the
product coming to 1 is realised whenever the ¢; sum to any multiple of 27 including
0. This is where the need for a choice comes in. Before we can describe this choice,
we note that we don’t yet have a way of expressing the ¢; in terms of our existing
variables, the position vectors of the vertices of our n-simplices. We shall show later

how to define a variable which corresponds to cos(6;), and in doing so, also one which
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corresponds to sin(f;). We thus have a pair of variables which denotes the position
in the complex plane of each €. It is using these variables that we can make guesses

which control which multiple of 27 we are dealing with.

Remark 3.3.5. The following is not the exact method we follow, ours will be an
approximation, however it is hopefully an easier to follow approach which is evocative
of the true method detailed in the proof of Lemma [3.3.6|

Suppose the number of angles round a given codimension 2 face is k, then we pick
some margin of error € so that ke is less than 27. We then split the circle S' C C
into equal segments of length < € and for each angle 6; round the given codimension
2 face, we choose a segment in which it lies. These segments each have minima and
maxima, which means that the total angle sum also has a minimum and a maximum.
We only consider segment choices that are such that the minimum angle sum is less
than 27 and the maximum angle sum is greater than 27. Note that because of our
choice of €, the only multiple of 27 which lies in the range of our minimum /maximum
angle sum is 27 itself. Thus, the combination of this choice of segments and the

equation [] e = 1 guarantees that the angles have to sum exactly to 27.

——

6\ \

Figure 3.5: We can restrict the value of 6 by requiring that the corresponding point
on S! lies in a certain grid square.

So now we need to convert this idea into something which is actually encodable
as polynomials. Remember again that we are assuming that we have a system of
polynomials containing variables which correspond to the values cos(0;), sin(6;), for

every dihedral angle at every codimension 2 face of every n-simplex.

Lemma 3.3.6. Let M be a hyperbolic n-manifold triangulated by t n-simplices mod-
elled in the upper half space model of H™ and suppose we have variables which we know
correspond to cos(0) and sin(0), for each 0 a dihedral angle of our model n-simplices.

For each codimension 2 face of the triangulation, we can list a finite set of choices
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of restrictions on the angles round that edge, and having made such a choice we can
encode the angle equations as polynomials. At least one sequence of such choices for
all codimension 2 faces of the triangulation corresponds to the actual angles one could

measure in some hyperbolic structure on the manifold.

Proof. Firstly, we reiterate that half of the job shall be ensuring that the angle sum
is some multiple of 27, this is achieved by asking that I1e?® = 1. This is polynomial
in cos(), sin(0) as € = cos(0) + isin(f). In fact as Ile? = 1 is actually a statement

about complex numbers, we get two polynomials, one setting the real part equal to 1,

n—l—l)7

the other setting the imaginary part equal to 0, both have degree bounded by t( N

as this is the total number of dihedral angles.

The choice of restrictions we now make is that for each 6, we set the pair (cos(f),
sin(#)) to lie in a box of the form [je/18, (5 + 1)e/18] x [7'€/18, (j' + 1)e/18] where
e = 1/t("}") and j,j' are integers in [—18/¢, 18/¢). Knowing these bounds tells us
that e lies in a square in C of edge length €/18 and thus on a subarc of the circle of
length < €¢/6 < 2me. Thus, by the remark above, we know that for any given choice
of these boxes, the total angle sum lies in a window of size less than 27. Thus if we
pick our choices so that 27 lies in the window of possible angle sums then it is the
only possible multiple of 27 which can be in the window, and the product equations
in the first paragraph give us that the angle sum must be a product of 27, and so
together we recreate the equation ) 60 = 27.

As noted in Remark [3.3.3] we have had to introduce an element of choice here to
recreate the angle equations. We now track how many possible choices, and hence how
many parallel systems of polynomials we now have to work with. The total number of
possible boxes is (36/€)? = 64¢*(("}"))? and we have to pick one for each of the ¢("}")
angles, so the possible number of distinct choices is at most (64t2((";1))2)t<n;1>. Note
that this number is certainly not optimised, but we shall see that it doesn’t affect
the runtime of an algorithm for deciding whether a triangulation admits a geometric
structure. Furthermore, many of these choices may be nonsensical, for example angles
can’t be negative, and must be smaller than 7 and so we only consider choices where
the boxes result in angles which lie in (0, 7). This reduces our total number of choices
and thus reduces our eventual runtime.

For use later we note that the total number of polynomials we would need here
would be the 2 product equations per codimension 2 face of the triangulation and
the 4 equations per dihedral angle, defining the box in which it lies. In total, this

is less than 6t ("'QH) polynomials, and no new variables. The degree of each is less
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18/e—1
18/€

< logo((18t("11))? + 1) < 36t(n + 1)% 0

than t(";l), and the most complex coefficient would be which has complexity

From this point on we assume when making our system of polynomials that we
have already made one such choice of squares in which all our angles lie.

Thus, to complete the angle equations, all that remains is to define variables
corresponding to the sin() cos() used above and to define polynomials which relate
them to the vertices so that they truly are the angles to which they correspond.

Unfortunately, though our embedding in the upper half space model will be useful
for our edge equations later and for many of the proofs in this thesis, one thing
which is quite difficult in the upper half space model is understanding angles. This is
because most hyperbolic geodesics and geodesic planes in the upper half space model
are (from a Euclidean perspective) curved and so aren’t easily described using linear
equations. Fortunately, the Poincaré ball model is such that any two hyperplanes
through the origin are subsets of Euclidean planes through the origin and thus we
can easily find the angle between them by comparing the defining equations of each
plane or equivalently by comparing normal vectors to each plane. Let’s first show
that we can add polynomials and variables that correspond to taking our n-simplices
from one model to the other, in fact as we only need this to measure angles we need

only introduce variables for the normal vectors to the faces of our n-simplex.

Lemma 3.3.7. For each n-simplex in the upper half space model and each vertex of
the n-simplex, we can embed the n-simplex in the Poincaré ball model such that that
vertex is at the origin and then take unit normal vectors to each of the faces of the
simplex which contain the chosen vertex. We can introduce variables corresponding to

these normal vectors while contributing the following to the complexity of our system
N < 3tn*(n+1)
K < 3tn*(n+1)

d<n+3
M <3

Proof. Suppose the n-simplex is given by the vertices vy, . .., v, with v; = (v;,, ..., v;,).
First we take vo to (0,...,0,1). The isometry ¢ defined by

(X1, @) — %(a:l — U0y, Tl — Vo, 1> Tn)

n
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takes v to (0,...,0,1). We then map to the Poincaré ball model. The upper half
space and Poincaré ball models are related by the following isometry, I, which is in
fact an involution of R™U{oo} which takes the subspace corresponding to each model

isometrically onto the other:

($1>---al’n):X'—>2%—€n where e, = (0,...,0,1)

Let us introduce new variables and polynomials which correspond to the images of

/
TR

these vectors, [ o ¢(v;) = vl = (v -v;,). The equation v, = (I o ¢(v;)); is not yet
polynomial, but can be made so by multiplying through by the denominators present
in the formulae for both I and ¢, doing so yields a polynomial with degree at most 4
and with largest coefficient 4.

If we reorder the vertices of each n-simplex so that a different vertex becomes vy
then we can define ¢ exactly as above but on the new reordered simplex. If for each
vertex we pick a reordering which labels that vertex as vo and then define such a ¢
for each reordering, then as each new vertex in the image is made up of n variables
we are introducing tn?(n + 1) new polynomials defining as many new variables.

Because ¢ maps vg to e, and I maps e, to the origin in the Poincaré ball model, all
geodesics through v are mapped to straight lines by /o ¢. So all faces which contain
v{, lie in Euclidean hyperplanes and so it makes sense to calculate normal vectors for
them. A codimension one face is defined by which vertex it doesn’t contain, without
loss of generality we shall consider the faces not containing v and v/, respectively.

A normal vector to the planes containing these codimension 1 faces can be derived

by considering the (n — 1) x n matrices

We define normal vectors a = (ay,...a,),b = (b1,...,b,) by defining a; (resp. b;) to
be the (n — 1) x (n — 1) minor of A (resp. B) formed by removing the ith column.
Then a, b are orthogonal to their respective planes. Defining a normal vector consists
of n new variables for each of the n faces of each of the 3t embeddings of n-simplices,
and thus introduces tn?(n+ 1) new variables and polynomials. As they are defined as
determinants of an (n— 1) x (n — 1) matrix, the degree of the polynomials is bounded
by n — 1 and the coefficients are all 1.

Now we can define a’ := a/(a - a) a unit vector in the same direction as a, and
by multiplying through by a - a the defining equations become polynomial of degree
3 and coefficients all 1. Again to do this we need tn*(n + 1) new polynomials and

variables. O
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Lemma 3.3.8. Adding the angle equations to our system of equations contributes the

following to our system of polynomaials

N§3t(n+1>
9
K< 10t<";1)

1
d§2n+t<n; )

M < 36t(n + 1)?

Proof. Given any pair of codimension 1 faces of one of our simplices, choose some
embedding of our simplex such that both lie in Euclidean planes. At this point we
have unit normal vectors to both and so the angle between the planes is given by

0 = cos™'(a’ - b'). Thus cos(f) = a’ - b’ and sin(f) = /1 — (a - b})2. Combining

these means that for each 6; round an angle
e = aj - bl +iy /1 —(a) - b)2

As noted in Remark we can introduce new variables to deal with the square
root. Indeed if §; is one of the angles round some codimension 2 face of the triangu-

lation, then we can define the following variables and polynomials
C; = a) - b, D?zl—(a;-b;)z, D; > 0.

And so the angle equation can be expressed as

k
[ +iDj) =1
j=1
In the above, k corresponds to the number of n-simplices meeting at a codimension-
2 face. Separating the real and imaginary parts of the equation above gives us a pair
of polynomials with maximum coefficient equal to 1 and with degree equal to k, which
is bounded above by t(";rl). We have one such polynomial for each codimension 2
face of the triangulation, thus the number of polynomials contributed by just the
angle equations themselves is at most t(”;rl).
We also introduced the new variables and polynomials to define C;, D;, which adds
2t (”;1) new variables and 3¢ (";1) new polynomials of degree 2n and with coefficients
at most 2.
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As noted earlier, the contribution of requiring the angles lie within their chosen

n+1
2

given angle lie in the square is given by linear polynomials so their degree contribution

squares is at most 675( ) polynomials, no new variables. The requirement that a

is 1 with coefficients of complexity at most 36¢(n + 1)2. O

We now move on to the edge equations, which are slightly simpler in that they
don’t require us to make any choices in advance. However, we do still have the problem
that the equations are not polynomial in the vertices, measuring the distance between
two points remains a logarithm. This is solved however by introducing a new variable
corresponding not the edge length itself, but to the exponential of the edge length.
This is because if one bounds e! above, then the logarithm of this bound is a bound
on [ itself. Furthermore, if we can bound below the variable ! — 1, then we have a

lower bound on [ as either 1 < or 1/2(e! — 1) < .

Lemma 3.3.9. Given a simplicial triangulation T of a closed hyperbolic n-manifold
by t n-simplices, the edge equations can be expressed as a system of polynomials which

introduces the following to the complexity of the system of equation

N < 4t(""2”)
K < (t(n;1>)2+7t(g)

d<?2

<3

Proof. As noted in Section [2.2.1] in the upper half plane model of hyperbolic space,
the distance function is defined by

dgn (21, .. 20), (Y1, Yn) =

l \/(yl _x1)2+---+(yn—1_In—1)2+(yn_xn)2+\/(yl _xl)2+~--+(yn—1_xn—1)2+(yn+xn)2
o9 2 /Untn

So then setting variables D, D’ equal to ¢! — 1,e! — 1 the edge equation | = I’ is
equivalent to D = D’. We do that in the following way, defining for each length [ 4
variables, A, B,C, D as follows:
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A= =2+ (Yaor = 2am1)? (Yo — )%, A>0,
B?=(yn—21)° + .. 4 (Yoot — Tn1)” 4 (U + 20)%, B >0,
C? = 4y, x,, C>0.

CD=A+B-C

If we define A’, B’,C’, D’ similarly for I/, then D represents e/ — 1 and we can express

!
el = e as

D=D

So, to express the edge equations as polynomials, we introduce 4 new variables
and 7 new polynomials for each edge of each model n-simplex, which amounts to
4t (”;1) new variables and 7t (”;1) new polynomials. Add to this the number of edge
equations, which is bounded above by (number of edges in the model)?, which amounts
to (t (”;1))2 . As we can see above, the maximum degree among these polynomials is
2 and the biggest coefficient is 4 which has complexity 3. [

Now with the edge equations and the angle equations dealt with, we simply need
to ensure that all n-simplices are similarly oriented in the upper half space. This is
because once we know where an isometry sends a codimension 1 face, there are only
two options for that isometry, one of which is orientation reversing. Thus because
the edge equations holding tells us we can glue two n-simplices along their faces, the
orientation equation determines uniquely the isometry gluing one n-simplex to the
other.

Lemma 3.3.10. The orientation equations can be included in our system of polyno-

mials and contribute the following:

N < (n+1)%
k< 2(n+1)%
d<?2
M <1

In the process we also define variables which correspond to the Euclidean distances
hi,...,hy, defined earlier. We do this for all possible choices of which vertex vy is sent

to the origin. We shall later use these to bound hy as well.
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Proof. For every face of every n-simplex we have n 4+ 1 embeddings, the polynomials
and variables for which we defined earlier when calculating angles. In n of these
embeddings the image of the face is Euclidean, so to calculate the distance from this
face to its opposing vertex, we define a new variable which is just the dot product of
the unit normal vector of the face and the vertex. The modulus of this variable is
the Euclidean distance between the vertex and the plane containing the face, which
is a lower bound on the Euclidean distance between the vertex and the face. Once
we have these variables, a polynomial of the form A > 0 or A < 0 for each variable
according to the desired orientation of the n-simplex guarantees that our simplices
are correctly oriented and nondegenerate.

This corresponds to two equations and one polynomial per embedding of each face
of each n-simplex, so 2(n+ 1)%*t polynomials and (n+ 1)?¢ variables. The polynomials

defining them have degree 2 and coefficient complexity 1. O

In the above proofs we have built up a system of polynomials, the complexity of
which he have tracked, where a solution corresponds to a geometric structure on the
n-simplices of M which all satisfy the edge, angle and orientation equations. We now

summarise the size of that system of polynomials.

Lemma 3.3.11. For each choice described in Lemma|3.3.6, we can build a system of
polynomials which encodes the edge equations, the angle equations and the orientation
hypotheses for a given triangulation consisting of t n-simplices. This system also has
variables corresponding to exponentials of edge lengths and to a generating set for the
lattice described in Theorem |2.4.8. The complexity of this system is defined by the

following for some universal constant C:

k< Ct*nt
N < Ctn?
d < C'tn?
M < Ctn?

Proof. Simply adding or taking maxima of the complexity numbers in the lemmas of

this section gives the following bounds on complexity.
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K < (t(n ; 1))2 + 7t(Z> +3tn2(n+ 1) + 8t<" ; 1) Yo+ 1% (3.1)

N < 4t<";1> + 3tn2(n+ 1) +3t(”;1) +(n+1)% (3.2)
d§2n+t(n;1) (3.3)
M < logs((4t (” ;L 1) )2) + 2 (3.4)

(3.5)

We then note that there is some (not particularly large) constant C' such that

each of these is bounded as required. O

We can now find a more explicit bound to replace B(t,n) in Lemma [3.2.1] This
improved version of that lemma follows from combining the two main results of Sec-
tion [2.4] Poincaré’s Polyhedron theorem and Grigoriev and Vorobjov’s algorithm for
solutions of systems of polynomials and applying them to the system of polynomials

developed in this section.

Theorem 3.3.12. For any geodesic triangulation, S, of a closed hyperbolic n-manifold

by t n-simplices, there exists a geodesic triangulation, T such that the following hold:

e S and T are simplicially isomorphic

o Letl be the length of an edge of T, then the following inequality holds.

90(t2n%)

220(t2n4) > 2(tn)0(tn3) > Gl >1> 2—(tn)o(t"3> > 0"

e Pick any vertex vy of an n-simplex of T and isometrically embed the n-simplex
in the Poincaré ball model such that the chosen vertex is at the origin. Now
measure the Fuclidean distance from each vertex vy, ..., v, in this embedding to
its opposing face, label these distances hy, . .., h, respectively, then the following

inequality holds for any choice of n-simplex in T and any choice of embedding.
hz Z 2_(tn)0(tn3) Z 2_20(t2n4)
Proof. We start with any triangulation 7 simplicially isomorphic to & and attempt

to impose a geometric structure on it. Given some choice of squares in which our

angles lie, we can set up a system of polynomials which has a solution if and only
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if the n-manifold defined by the triangulation 7 admits a hyperbolic structure such
that the dihedral angles satisfy the constraints imposed by the choice of squares. This

system satisfies the following bounds on its complexity:

1 1
N§4t<n; ) +?nm?(n+1)+3t(n;r ) +(n+1)%

K < (t(n; 1))2+7t(g> +3tn2(n + 1) +8t(n;1) +2(n+1)%

1
d§2n+t(n—2i_ )

M < logy((4t <" ;L 1) )?) + 2

We know that the triangulation admits a geometric structure because S is a geodesic
triangulation, so we know there is some choice of squares which yields a solution,
consider the system of polynomials resulting from one such choice of squares. If we
then apply Corollary 2.4.3] we see that as solution(s) @ = (a,...a,) to the system

exists, then there is a solution which satisfies the following bounds on «;

1

kd)O(N)
oM ((rt2n)d)O™) < |ay| < 2M=D

so substituting in our values for N, x,d, M and simplifying big O notation gives:

2_20<t2n4> < 2—(tn)o<tn3) < || < 2(m)O<m3> < 220<t2n4>

Now, as we have variables representing e/ — 1 for every edge length so using the
fact that min{1, e’ — 1} <1 < €' and that multiplying by one half and adding one
are actions that disappear after simplifying big O notation, we get the following

2—(tn)0(tn3) S mln{l, %el _ 1} S l S 6l S 2(tn)0(tn3)

The same argument holds for the h;, for ¢ > 1, except that as the h; are themselves
variables, we don’t need to translate to or from exponentials.

This leaves only the case of hy. Note that we have bounds on the Euclidean
distance between each vertex and its opposing face in all embeddings except when
the vertex is sent to the origin. Note further that in the ball model, hyperbolic
distance is always greater than Euclidean distance. So there is a ball of hyperbolic
radius r > 2_20“2"4) at the origin which doesn’t touch the face opposite the origin.
Now this ball has Euclidean radius R = tanh(3r) > min{3, ir} > 2*(t")o(m3), and

thus we have our lower bound for hy. O
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If we instead apply Theorem to the system of polynomials built up in this
chapter, in particular that there is an algorithm to find a solution in bounded runtime,
we see that if there is a hyperbolic structure making a certain triangulation geometric,
then we can find one in bounded runtime. Because the runtime of the algorithm to
find a positive result is bounded, we also get an algorithm for the negative result,
either a triangulation admits a hyperbolic structure and we find it within the allotted

runtime, or we run out of time and can conclude that no such structure exists.

Theorem 3.3.13. Let M be a 3-manifold triangulated by T tetrahedra. Then if M
admits the structure of geometric triangulation of a hyperbolic 3-manifold as described

in Section |2.4.2, we can find such a structure in time bounded by

7O

Hence, we can decide whether or not a triangulation admits such a structure in

the same runtime.

Proof. 1f we run the algorithm of Theorem [2.4.1} on all the systems corresponding to
all the choices described in Lemma [3.3.6] then we get a solution for at least one of
the choices if and only if M is a hyperbolic manifold and the triangulation admits
a geometric structure. This follows from Corollary and the fact that the list
of choices exhausts all possibilities for the dihedral angles of the tetrahedra. The
runtime of each algorithm and the number of times we must run it are both bounded
by
(T)°T),

This follows from applying Theorem to the polynomial system constructed in
this section, using the bounds on the size of the system given in Lemma [3.3.11 and
from the count of choices in the proof of Lemma [3.3.6, Thus this is also a bound for
the runtime of running Grigoriev’s algorithm over all choices, after simplifying big O
notation.

That we can then decide whether or not a triangulation admits a hyperbolic
structure follows from the fact that if a structure exists it will be found by the
algorithm within the given runtime bound, and thus if the algorithm reaches its

runtime bound without finding a solution, then none exist. O]

Before we use this to prove the main result of this chapter, we first prove some
simple corollaries which will be of great use to us later.
Firstly we can simply apply this recognition algorithm to simplicial quotients of

a triangulation also.
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Corollary 3.3.14. Given a triangulated 3-manifold M (by T tetrahedra) and a col-
lection of simplicial identifications of the form A — A’ for A, A’ tetrahedra in M, we
can decide whether those identifications define a simplicial quotient (), whether that

quotient is indeed a manifold and whether it admaits a hyperbolic structure, all in time

bounded by
7o),

Proof. That we can find a hyperbolic structure for a triangulated 3-manifold in time
bounded as above is given by Corollary That we can check in polynomial
time whether a 3-dimensional gluing is a 3-manifold is one of the ‘simple algorithms’
described in [FM97]. Thus it only remains to show that we can check whether a
collection of identifications defines a simplicial quotient and that we can do so in time
bounded as above.

This can indeed be done. Note that the number of possible identifications between
two tetrahedra is |A4| = 12 and the number of possible pairs of tetrahedra is (g) and
the number of possible equivalence classes of tetrahedra after identification is < T
and so the size of the data defining the quotient is polynomial in T'. First we check,
for each equivalence class, whether the identifications induce any self identifications
of tetrahedra in the quotient and then check that no three tetrahedra now meet at a
face in the quotient. Both these steps are polynomial in the size of the data defining

the quotient and hence polynomial in 7. O

The obvious next step is then to consider the situation where you know that a
triangulation admits a simplicial quotient which has a hyperbolic structure. Can you

find this hyperbolic structure? The answer is another simple corollary.

Corollary 3.3.15. We can list all possible oriented geometrically triangulated simpli-
cial quotients of a given triangulation of a closed 3-manifold consisting of T' tetrahedra

in time bounded by
7o),

Proof. As shown above, the number of possible identifications between two tetrahedra
is |A4] = 12 and the number of possible pairs of tetrahedra is (g) Thus there are

less than
212(5)
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possible combinations of identifications. For each we use Corollary [3.3.15] to check

whether it gives a geometrically triangulated simplicial quotient in time bounded by
7o),

Thus the time taken to run this algorithm for all of the possible combinations of all

the possible identifications is

212@) O(T?)

which simplifies to

7o),

At this point, as checking whether a triangulated manifold is oriented is decidable
in polynomial time [FM97], we can also find the oriented sublist in the same time

bound. O

As mentioned earlier, we will later also need to understand not just simplicial
quotients but those which are degree one (the total signed number of preimages of

each tetrahedron is 1).

> y

D d D D

Figure 3.6: An example of a degree one simplicial quotient map from the torus to
itself. The faces labelled with letters indicate how faces are identified to make the
letters line up.

Lemma 3.3.16. Given a simplicial quotient ¢ : M — @) of oriented manifolds, we

can find the degree of ¢ in polynomial time.
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Proof. As shown above, a simplicial quotient M — ) can be defined by a collection
of simplicial identifications between tetrahedra in M. Also note that these collec-
tions are such that any induced self identifications are trivial. Thus if we have an
orientation on M, and we pick some tetrahedron A in M, then we can consider the
collection of tetrahedra which are identified with A and ask whether that identifi-
cation is orientation preserving or reversing in each case. The degree of the map is
then the number of tetrahedra glued in an orientation preserving manner (including
A itself) minus the number glued in an orientation reversing manner. This can be

checked in time polynomial in the number of tetrahedra in M. O
We summarise these corollaries in the following theorem.

Theorem 3.3.17. Given a closed 3-manifold M triangulated by t tetrahedra and a
bound T on the size of the subdivisions (number of tetrahedra) we are considering,
we can list all oriented geometrically triangulated simplicial quotients of subdivisions
of M where the quotient map is degree one and the subdivision consists of at most

T >>t tetrahedra in time bounded by

70T,

Proof. Note that by Theorem [3.1.14] we can get from our triangulation of M to any
subdivision of size bounded by T' using composite moves consisting of O(7?) Pachner
moves. We noted in the proof of Lemma that the number of possible Pachner
moves at any stage with this setup is linear in 7', and so the total number of sequences
and hence of subdivisions is at most 707, Applying the listing process of Corollary
3.3.15, gives us a list of geometric simplicial quotients in time 79 and then refining
this list to one consisting of only degree one quotients is polynomial in 7" for each

quotient. Hence, the result follows by simplifying big O notation. O

Theorem 3.3.18. Let M be a closed hyperbolic n-manifold, n > 3 and let Ty, T3 be two
geometric simplicial triangulations of M, consisting of ti,ts tetrahedra respectively.
Then, taking t to be the maximum of ti,ts, there is a function f(t,n) which bounds
the number of Pachner moves necessary to take Ty to Ts.

In particular

f(t’ 3) S 220(t2)

and
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o(tn3)

f(t,n) <22

forn > 4.

Proof. The idea of this proof is to plug our geometry bounds into Kalelkar and
Phanse’s Theorem. In dimension three however, we instead use Theorem which
improves slightly on the final result. Starting with the 3D case, f(t,3) is bounded
above by

2000(t?) - v(2L)/V

Recall that L, V are the edge length upper bound and tetrahedron volume lower
bounds respectively.
Firstly, using the bound from Theorem [3.3.12in Proposition tells us that V'

is at least
/220"

Furthermore, the volume of a ball in hyperbolic space is bounded above by e’ up

to multiplying by constants. This we showed to also be bounded above by

20(t%)

Thus substituting these bounds into the bound from Theorem [3.1.1f and simplify-

ing big O notation gives the following bound on Pachner moves in the 3D case
220(t2>

Now, moving up to n dimensions. It is possible to prove this relation using some
complicated conversions between injectivity radius, volume and diameter. However,
for brevity of proof we quote our bound on injectivity radius from the next section
and plug that into Kalelkar and Phanse’s result along with the bounds again from

Theorem [3.3.12] This gives the following bound on the integer m in Theorem [2.1.20

m < (ncosh™ (L) + 1)log(2L/inj(M) < ne"®Plog(2L /inj(M))
Now, by Theorem and Theorem [3.3.12] we get both

2L < tnO(tnS)’
inj(M) —

Combining these gives the following bound on m

o(tn3)

enO(L) < (B(L))O (TL) < 2tn
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Otn3
m < 2t

Substituting this into the main bound on Pachner Moves from Theorem [2.1.20

gives

lzmoani”) 22m0(m3)

(2n+2)!(n+1)

as required. O
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Chapter 4

Injectivity Radius

4.1 Introduction

Our next step, having established how to traverse between geometric triangulations
will be to work out how to find a geometric triangulation when given a non-geometric
one. This, however, requires an understanding of the relationship between the number
of tetrahedra in a simplicial triangulation of a hyperbolic manifold (a combinatorial
property) and the geometric complexity of a possible geometric triangulation (a ge-
ometric property). The way we’ll do this is by first attempting to understand the
geometry of the manifold, which we can then use to construct bounded complexity
geometric triangulations.

This chapter therefore shall focus on the injectivity radius of a hyperbolic man-
ifold, how this relates to diameter, and how we can relate diameter to simplicial

complexity.

Remark 4.1.1. The methods we use are very similar to the previous chapter, we
use systems of polynomials to find bounds on variables which eventually correspond
to geometric properties of the manifold. The difference, however, is that instead of
searching for a geometric structure on the triangulation using the equations from
Poincaré’s Polyhedron theorem, we’ll be searching for a hyperbolic structure for the
manifold which comes from a representation of the fundamental group into the isome-
tries of H™. This representation is induced by a cocycle, and that cocycle will be found
as variables in our system of polynomials. In this sense, though the same tool pro-
vides the bound, the geometry involved is quite different and requires quite some

explanation.

This chapter will consist of two major results, firstly we relate diameter to injec-

tivity radius, then we relate diameter to combinatorial complexity. In this chapter
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we actually focus on systole length over injectivity radius. This is because in fi-
nite volume hyperbolic manifolds, the injectivity radius of a point can be arbitrarily
small as one travels further towards a cusp. However, the length of a smallest closed
geodesic exists and is positive for both closed and finite volume hyperbolic manifolds
of dimension > 3.

For hyperbolic manifolds of dimension > 3, Margulis’ Lemma and the resulting
thick-thin decomposition tell us that having a sufficiently short systole is indicative
of the existence of Margulis tubes, whose diameters grow as the length of their core
curves decrease. In this chapter we give an explicit lower bound on how the diameter
of these tubes relate to the length of the core curve, and further show how this depends

on n.

Theorem 4.2.5. Suppose that M is a finite volume hyperbolic n-manifold (n > 3)
with systole(s) of length R < 2¢,, where €, is the Margulis constant in dimension n.
Then the distance from a systole to the boundary of the Margulis tube containing it is

bounded below by
1 1
— — — 4).
nlog (R) + log(€,) — log(4)

A less explicit version of this theorem is surely known to experts. In dimensions
> 4 Theorem which we cited earlier due to Reznikov |[Rez95] shows that for
a closed hyperbolic manifold a small injectivity radius implies that the manifold has
both a large diameter and volume, but how this depends on dimension isn’t known
and the theorem doesn’t hold in dimension 3. Note that one can reprove this relation
for n > 8 using the above Theorem and Gromov’s result relating diameter and
volume (Theorem [2.2.31)).

Belolipetsky and Thomson [BTI1I] also prove a similar result for some infinite
families of hyperbolic manifolds whose injectivity radii tend to 0. It is worth noting
that their result, which builds on earlier work of Agol [Ago06], demonstrates the
existence of hyperbolic manifolds with arbitrarily small systoles and thus proves that

there can be no universal lower bound on systole length.

Remark 4.1.2. In this chapter will need that the edges in our triangulations are
not loops, that is their vertices are distinct. As has been noted before in this thesis,
if we are given a non-simplicial triangulation we can barycentrically subdivide to
make our triangulations simplicial. In particular if a triangulation is simplicial, its
edges aren’t loops. Unfortunately this barycentric subdivision increases the size of

the triangulation from ¢ n-simplices to roughly tn" simplices. However, triangulations
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often naturally occur which already meet this requirement. Because of this, we will
sometimes provide two bounds in our theorem, one for triangulations which have no

loops, and one for triangulations which may have loops.

In the second main theorem of this chapter we indeed show that triangulation

complexity can be used to bound from below the length of a systole.

Theorem 4.1.3. Given a closed (or finite volume) hyperbolic n-manifold (n > 3)
triangulated by t n-simplices (possibly semi-ideal), the length R of a systole of M is
bounded below by a function of t and n, in particular

1

- Q(nt)o(n"+5t> ’

This improves if we can assume the triangulation has no loop edges (all edges have

distinct vertices) to

> _ 1
GO
Remark 4.1.4. Note that for a non-orientable hyperbolic n-manifold, we can apply
Theorem to its orientable double cover and use that to bound the length of
systoles in the original manifold. In doing so we double the number of tetrahedra and
halve the bound on systole length. This difference disappears when we simplify big
O notation however.
Because of this, we shall from this point on assume all our manifolds to be ori-

entable, and thus all our lattices shall lie in Isom™ (H").

Remark 4.1.5. Another thing to note is that the definition of semi-ideal used here
and defined in Section is non-standard (here semi-ideal simplices are required to
have exactly one ideal vertex and no more). Semi-ideal simplices can be defined more
generally to have possibly more than one ideal vertex, but throughout this paper
we shall deal only with semi-ideal simplices with exactly one ideal vertex. This is
because a geodesic semi-ideal simplex with only one ideal vertex can be modelled in
the upper half space model of hyperbolic space so that the ideal vertex is at the point
at infinity. This has the benefit that all semi-ideal faces are then vertical, and so can
be easily understood simply by knowing their non-ideal vertices.

We don’t lose much generality by making this restriction either, as if we are given
an ideal triangulation or a semi-ideal triangulation using the more general definition,
its barycentric subdivision is a semi-ideal triangulation using the more restrictive

definition we have given.
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We’ve spoken already about how these statements interact with the higher di-
mensional results of Reznikov and Gromov, but if we restrict to 3 dimensions, more
again is known. Futer, Purcell and Schleimer [FPS19] prove a 3-dimensional version
of Theorem which they prove to be sharp up to the additive constants and which
is still linear in log(1/R). Kalelkar and Raghunath [KR20] also provide a result link-
ing the number of tetrahedra in a triangulation of a cusped hyperbolic 3-manifold M
to systole length. Their result gives much better bounds in terms of ¢ but requires
that the original triangulation be geometric and also depends on the geometry of the
triangulation, which we’ve already seen is quite a restriction. A closed 3-dimensional
version of Theorem follows from a combination of Theorem [£.2.5] (or indeed
[EPS19]) and another result relating combinatorial and geometric properties of hy-
perbolic 3-manifolds, due to Matthew White [Whi0Oa| (see also [Whi00Ob] [Whi02]).
White’s work was never published, but a stronger version of his theorem was proven
by Agol and Liu [ALI0].

Theorem (Theorem 5.9, [WhiO0b)). There is an explicit constant K > 0 such that

if M is a closed, connected, hyperbolic 3-manifold, and
P={(xy,...,zn |71, ., Tm)

is a presentation of its fundamental group, then diam(M) < K -1(P), where

m

(P) = Zl(ri)

=1

and l(r;) is the word length of a given relator.

The 3-dimensional version of Theorem that follows from this combination
has a tighter bound on systole length of the form
1

R> oo

We give a proof of this in the final chapter, Corollary [5.1.4}

4.2 Diameter of Margulis Tubes

In this section we shall describe how to bound the length of a systole from below as
a function of the diameter of the Margulis tube containing it.

The tool we will use to do this is the thick-thin decomposition, which we described

in Section 2.2.21
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Remark 4.2.1. The model of hyperbolic space we shall use in this section is different
from that which we will use in the next. For the purpose of understanding cocycles
and defining a system of polynomials, we will use the hyperboloid model because its
isometry group is simply described by polynomials. In this section, we will use the
Euclidean structure of horospheres and so we use the upper half space model where
any given horosphere can be taken to a horizontal Euclidean plane by an isometry of
H™.

We begin by recalling a quick lemma about closest point projection to the vertical

axis in the upper half space model.

Theorem 2.2.11. The distance from a point x to the vertical axis through the origin

in the upper half space model is given by

arcosh (M)
Ty,

where ||z|| is the standard Euclidean norm.

Statements about the geodesic between 0 and oo are not as specific as they may
seem. In fact, they allow us to understand Margulis tubes because the action of
the isometry group of hyperbolic n-space on the boundary of hyperbolic space is
2-transitive and hence we may assume that our systole lifts to any geodesic of our
choosing.

Recall that the translation length of a loxodromic isometry is precisely the distance

it moves any point which lies on its invariant geodesic axis.

Remark 4.2.2. When considering the injectivity radius of a point p in H"/(¢) for
¢ a loxodromic isometry with axis 0,00, it is not sufficient to consider simply the
distance between p and ¢(p). Though these two numbers do coincide for p on the
axis consider ¢ to be the isometry of H? of the form z + (1 + ) - Az where A is a
rotation by 7 in the x, y coordinates. Consider the point p to be (D, 0,1), for D >> 0
then its image under ¢ is (—(1 4+ 9)D,0, (1 + ¢)) and the distance between the two
is greater than the distance from p to (0,0, 1) which is approximately 2log(D) >> 0.
However, if we apply ¢ twice, its image is ((1 + §)2D, 0, (1 + 6)?) which has a much
smaller distance to p, in particular as J tends to 0, so does distance to p whereas
2log(D) is independent of 9.

In a more general setting, A may not be of order 2, it may be infinite order for all
we know and so we will have to work out how many times we need to apply ¢ until

we can see this dependence on 9, but the same trick can be applied. Note that J here
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is intrinsically linked to the translation length of ¢ along its axis, and hence to the
length of the systole in H"/(¢).

Definition 4.2.3. Note that up to swapping 0 and oo, all loxodromics fixing the
(0, 00) axis are of the form (1 + §)Az where 6 > 0 and A only acts on the first n — 1

coordinates as an orthogonal map. Call this A the orthogonal map.

In the following we generalise the above example by finding a power k such that
when the orthogonal map is taken to this power, it is very close to the identity, and
thus when the loxodromic is taken to this power, the distance it translates a given

point is predominantly dependent on the translation distance of ¢ and the power k.

Lemma 4.2.4. Let ¢ be a lozodromic isometry in Isom™(H") acting on the upper
half space model with fized points at 0 and oo. Suppose the translation length of ¢

along its axis is R. If x is such that @ < eP, then for each 1 > a > 0, we can find

an integer 0 < k < (%)nl s.t. d <¢k($)’ek3(£)) <.

Proof. A loxodromic isometry ¢ of translation length R acting on the upper half space
model of hyperbolic space fixing 0 and oo is a composition of a scaling x + effz and
an orthogonal map A € SO(n — 1) acting only on the first n — 1 variables. Thus if

z = (x1,...2,) then
d(¢* (), e"'z) = d(A" - " (z), e 'x) = d(Az, )

We can apply a further isometry such that z, A*z both lie on the plane z,, = 1 and

by Lemma [2.2.11]it is still true that ”x%” < eP and hence if we let 7 be the projection

map onto the first n — 1 factors we get

e’ >zl = x(@)I*+1  andso Ve’ -1 |ln(z)].

In particular, if we restrict to the hyperplane R"™! x {1} the 5-ball around each
of the translates A*z lies within the 2e”-ball in R"~! x {1}. Indeed, let 2’ lie in such

an %-ball, then (£)? < a < 1 and A being orthogonal gives ||m(A*z)|| = ||« ()| and

thus the following inequlalities hold:
N k a\? 2 a\?
Ir@)I? < (I )l +35) < Im@)I + alln(@)] + (5 )

2
<P —1+ave2D —1+1 < 2%P.

Thus ||7(2')]| < v2eP < 2eP.

7



Now let vol(B(r)) denote the volume of the r-ball in Euclidean (n — 1)-space and

define
_ wol(B(2eP))

0= orm@)
If k > f(a) then there must be some pair of points A'z, A7z with i < j such that
their g-balls overlap, otherwise all the balls are disjoint but the sum of their volumes
is greater than the volume of the 2eP-ball containing them.

Thus the result follows as

vol(B(2¢P)) _ (2¢P)" ' wol(B(1)) _ ((4617))"1

a

vol(B(%)) (%)”_1 vol(B(1))

and if the neighbouring balls of A’x, A’z overlap then so do the balls round z, A7~z
and so A’z is within Euclidean (and hence also hyperbolic) distance a of z as

required. O]

This understanding of the distance that a given isometry translates points in its
neighbourhood is directly related to the injectivity radius of points in the neighbour-
hood of a systole. If we can use this to show that all points a certain distance away
from the systole have injectivity radius bounded above by the Margulis constant,
then we have shown that this neighbourhood is part of the Margulis tube and hence

isometrically embeds into the original manifold. We formalise this below.

Theorem 4.2.5. Suppose that M is a finite volume hyperbolic n-manifold (n > 3)
with systole(s) of length R < 2e¢,, where €, is the Margulis constant in dimension n.
Then the distance from a systole to the boundary of the Margulis tube containing it is

bounded below by
1 1
ﬁlog (E) + log(e,) — log(4).

Proof. Let v be a systole of M. We consider N = N (v, D) in an attempt to bound
below the maximum value of D such that this neighbourhood lies in the thin part of
M.

By definition v is a geodesic and so the corresponding isometry of hyperbolic space
in the deck group of M is a loxodromic with geodesic axis 4 which projects down to
~ under the covering map. By conjugation this can be modelled in the upper half

space model of hyperbolic space by the isometry

d:v— A-efty
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with geodesic axis the geodesic from 0 to oo where R is the translation length of ¢
and A is an orthogonal map on the first n — 1 variables.

Now let x := (z1,...,,) be a point in the upper half space model for H" within
distance D from the axis of ¢, so in particular % < cosh(D) < eP and let 2/ :=

(x1,..., 70 1,€"2,) be the vertical translate of 2 by hyperbolic distance kR. Then
d(z, ¢*(x)) < d(z,2') + d(2’, ") + d(e* 'z, 0" ().

Now d(z,z') is just the length of the vertical geodesic from x to z/. This is
log(e*®z,) — log(x,) = log(e*R) = kR.

Furthermore, the distance from 2’ to e*®

x is bounded above by their distance in
the horosphere, which is Euclidean up to scaling. So if 7(x) represents the projection
to the first n — 1 factors, the following holds

ekR — (X
||€kR7T(J}) _7_‘_(1,)” — ( 1)” ( )H < (ekR _ 1)(6D).

d(z', e (z)) < T

chRy

So by Lemma
d(z,¢(x)) < kR + (" —1)e” +a.

At this point we note that the following statement follows by simple rearrangment

and taking logarithms

D< %log (}%) +loglen) —log(4) & R (4€D>n <1 (4.1)

€n

Thus, if we set a = ¢, and require
D < 1log ! + log(en) — log(4)
n R o

n—1
then for k < (%) it is both true that
4 D n—1 4 D\ "™
kRgR(e) <R<6) <1
€n €n

D\ n—1 D\ 7
kR(2eP + 1) < (46 ) R(4eP) < R (46 ) €n < €n

and

€n €n

Combining this with the fact that e* — 1 < 2z on the interval (0, 1) gives that

d(z,d(z)) < kR+ (" —1)e” +a < (1 +2")kR + ¢, < 2¢,
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and hence if z is within distance D of the axis of ¢ then x maps to the thin part
of M. Thus the thick-thin decomposition implies that the diameter of the Margulis

tube is at least

%log (}%) +log(en) — log(4).

4.3 Bounded Cocycles

With a link between diameter and injectivity radius established, we now search for a
way to bound the diameter of a hyperbolic manifold as a function of its number of
simplices. We will do this by finding an edge length bound as we did when we were
searching for a geometric triangulation.

However, in this case the edge length bound we will find will not be for a geometric
triangulation, in fact it won’t be for a triangulation at all. In this section we take
our topological triangulation and pull each simplex in turn into a straight or geodesic
simplex, meaning that a lot of the structure is preserved, all our simplices are still
paired along their faces as they were before, but we introduce degeneracy. It is not
hard to find an example of two topologically embedded 2-simplices in R? for example
where if one keeps the vertices fixed and straightens the edges, the resulting triangles
overlap. This overlapping means that we no longer have a triangulation, and lose
much of the structure that this provides.

However, it can be made clear that this straightening process is also homotopic
to doing nothing at all and so we know that the natural map from this original
triangulation to the straightened ‘triangulation’ is a homotopy equivalence. We can
use this to show that the map is also surjective, and hence we have created for
ourselves a cover of our manifold by geometric pieces, whose geometry and number
we can control. With this information in hand, bounding the geometry of the entire
manifold is simple. All we need to show therefore, is how the geometry of the pieces
relates to the number of simplices in the starting triangulation.

We note that this process of straightening was used quite notably by Gromov. See
chapter C' of [BP92] for a description of its application in Gromov’s alternate proof
of Mostow Rigidity.

We will start by defining and bounding this straightening homotopy equivalence,
but first some notation.

Let M be an n-manifold admitting a finite volume hyperbolic structure equipped
with a triangulation (semi-ideal if the manifold is not closed) and let X = G\H"
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be a hyperbolic n-manifold homeomorphic to M, so G < Isom™(H"). Let f be
a homeomorphism f : M — X, then f induces a G-equivariant homeomorphism
f : M — H" because the action of G on M is defined by following the chain of

isomorphisms

G = m(X) & m (M) = Deck(M).

Definition 4.3.1. Let M be the universal cover of M and let ¢ be the isomorphism

m(M,x9) — Deck(M) corresponding to some lift ©y of xy, then for each [y] €
71 (M, 30) we define g, = (1))

Lemma 4.3.2. Let M, X,G be as in the preceeding paragraph, xo a vertex. In
particular M is a triangulated n-manifold. Let o be a cocycle such that o induces
a, : m(M,x) — Isom™(H"), a representation of m (M) with Im(a.) = G. Then
we can define a map F : M — H" such that for each (possibly semi-ideal) n-simplex
A in M, F(A) is a geodesic n-simplex (it is the convex hull of its vertices) and F
induces a homotopy equivalence F': M — X . Furthermore, the map which F induces

on fundamental groups is exactly c.

Proof. Let £, € M be some lift of 2 and take F (7)) = g, some arbitrary point in H".
Now let # be any other non-ideal vertex in the 0-skeleton of M and v a simplicial path
from & to &. Let « be the projection of 5 to M, then define F'(&) = a(~)-jo. For now,
assume that F is defined and G-equivariant on the vertices (including the non-ideal
ones), we shall define F on the rest of the simplices dimension by dimension using
induction. For each dimension k, starting from dimension 1, pick one representative
of each G-orbit, and define a homeomorphism on the representative k-simplex by
picking some homeomorphism which extends the homeomorphism on its boundary.
We then define F' on all the translates of our simplex by F(g(x)) = a.(g)F(z) for
all z in our chosen representative. Once we've defined F on all G-translates of all
k-simplices, we increment dimension and do the same again.

First consider the closed case, F is already defined on the O-skeleton, so we just
need to show that it is G-equivariant. By construction, F is G-equivariant if and only
if the map on the O-skeleton is. Let Z be as above, then & = g,(2)). Take g, some

other element of Deck(M ), then

F(gy (%)) = F(gy9,(%0)) = a(y)a(7)F (o) = a(v) F (g (7)) = (v ) F(%).

Hence, F is G-equivariant.
Note here that if we take some homeomorphism F’ from M to X, then this lifts

to a map F’ from M to X and by point-pushing G-equivariantly, we can assume that
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this map agrees with F' on the vertices. Because of this we can define a straight line
homotopy on each simplex of M which commutes with the G-action and takes F' to
F'. Thus F and F’ are homotopic, and as F’ is a homeomorphism, F must be a
homotopy equivalence.

In the cusped case, we can use the same argument but we first have to define Fon
the ideal vertices in M and show it to be G-equivariant on them too. Note here that
we are in fact defining F by defining a map from M U {ideal vertices} to H" U 9H"
and then taking its restriction to M. However, we will abuse notation to refer to
both maps as F throughout. We number the cusps and take a spanning tree of the
1-skeleton of the link of the ideal vertex v; corresponding to the ¢th cusp and add
some edge which ends at v;. We also choose a path ¢ in the 1-skeleton of M from our
basepoint to this tree such that the union is still a tree, call this union I';. Any edge
in the link of the ideal vertex which is outside of the spanning tree gives a loop o by
adjoining the unique geodesic in I'; linking its endpoints. We can make o be based
at xo by adjoining our path ¢ at both ends. As ¢ is homotopic into the ideal vertex,
a(o) is thus a parabolic element of G, fixing some point p in OH".

If 5, is the lift of v; which lies in the same lift of I'; as 7, then we define F (0;) = p.
Each lift v; of v; lies in a lift of I'; so if we take some path v from zj to this new lift of
Ty, then we define F(4;) = a(7)p. From here, we only need to check two things, first
that F is well defined, and second that it is G-equivariant. For the well definedness,
note that for a lift v;, there are many lifts of I'; to which it might belong and thus
distinct choices, «y,~’ for the path defined above. However all such pairs of lifts of I';
can be connected by a path which lies entirely in the link of the lift and maps down
to some loop § which is homotopic into v;. Thus «(d) corresponds to a parabolic

element fixing p and so as v/ = vJ, we get that

a(y)p = a(y)a(d)p = a(y)p

so F' is well defined. For the G-equivariance, note that if ¢ is some deck transforma-
tion, Zy and g(Zy) are linked by a path v with a(vy) = g. Now, as g(¢;) lies in the

same lift of I" as g(2y) we have that
F(gi;) = a()p = a()F(0;) = gF(3;)
and hence for any h € G and any ideal vertex o = g0; € M, the following holds

F(ht) = F(hgt;) = hgF(v;) = hF(9).
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For most of this section we will restrict to the closed case and deal with the
cusped case separately in the following section. In this proof, however, we dealt with
the cusped case as well to avoid too much restatement of notation and ideas. We
now bring in the fact that this homotopy equivalence is necessarily a surjection. This
fact is surely well known, but the author couldn’t find a reference. The proof below

mimics many similar proofs in Chapter 3 of [Hat01].

Lemma 4.3.3. A homotopy equivalence f : M — N between closed orientable n-

manifolds is a surjection.

Proof. Note that as f is a homotopy equivalence, it induces an isomorphism on nth
homology groups, sending a fundamental class [M] to a fundamental class [N].

Now suppose f is not surjective, and let y € N be outside the image of f. Then
consider the natural isomorphism H, (N) = H, (N, N —y) then for any representative
of [M], f[M] lies entirely in N —y and so f[M] is trivial in H, (N, N —y) and thus
trivial in H,(N) contradicting that f is a homotopy equivalence. O

Remark 4.3.4. It is also possible (see Lemma to prove that the homotopy
equivalence defined in Lemma is surjective in the non-compact case. That
requires a more nuanced argument as homotopy equivalences between non-compact
manifolds can easily not be surjections, for example consider a standard map from

R" to itself which maps everything to the point.

We have now seen how we can describe a homotopy equivalence when given a
cocycle, and even hinted at how we can use the image of this homotopy equivalence
to understand the geometry of the manifold. However, when we find cocycles as the
solutions of a system of polynomials, these cocycles could be trivial or induce non
faithful representations, so to use the results of Section [2.4.1| we need some connected
component of the solution set to consist of cocycles which all induce faithful lattice
representations (see Definition [2.2.25]). We shall prove the existence of this connected
component in the closed case using Calabi-Weil Rigidity (Theorem .

Lemma 4.3.5. Let M be a closed hyperbolic n-manifold (where n > 3) with a trian-
gulation by t n-simplices, such that each edge has distinct vertices. There is a system
of polynomial inequalities as in Theorem such that the following all hold:

e The solution set consists of cocycles in C*(M,SO(n,1)).

e The solution set has a component consisting entirely of cocycles each of which

induces a faithful lattice representation.
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o The system consists of < (n + 1)°t polynomials, in < (n + 1) variables with
degree < 2 and coefficients all +1.

Proof. For each edge e of the triangulation of M (of which there are less than ("gl)t),
define two sets of (n+1)? variables corresponding to the entries of a matrix in SO(n, 1),
these variables correspond to the images of both orientations of e under some cocycle
«. Then, for each dimension 2 face of the triangulation (of which there are less
than ("1')t) we get a relation which can be expressed as (n -+ 1)? polynomials (for
the (n + 1)? variables defining the matrix) which are satisfied if and only if the
matrices corresponding to the first two edges of the face multiply to give the matrix
corresponding to the third edge, these being the face relations of the cocycle. We
also include polynomials which ensure that opposite orientations of an edge are sent
to inverse elements, this consists of (n + 1)® polynomials for each edge, and these
polynomials have coefficients +1 and are quadratic.

Thus we have a system of < (n + 1)5¢ polynomials in < (n + 1)*t variables with
coefficients always 1 or -1 and which are at most quadratic. Furthermore, solutions
to this system correspond to maps from the oriented 1-simplices of M to SO(n,1)
which satisfy the face relations and orientation reversing relations, thus by definition
solutions correspond to 1-cocycles.

As our manifold M admits a hyperbolic structure, we know that it admits a
faithful lattice representation and thus there exists a cocycle which induces such a
representation. Now any continuous deformation of this cocycle induces a continuous
deformation of the induced representation. Thus Calabi-Weil Rigidity implies that
any component containing a cocycle which induces a faithful lattice representation

consists entirely of such cocycles. O

At this point we could immediately apply the results of Section and get
bounds on the size of the matrices in our cocycle and attempt to use that to find
bounds on the geometry of M. Instead, we're going to continue to employ the trick
of expanding the system of polynomials so that the geometric quantities we want to
bound appear among the variables and thus the results of Section immediately
give us the desired bounds. Note that when we do this expansion, we don’t materially
change what cocycles can be in the solution set.

It is in the following lemma that it is necessary that our triangulation has no
loops (edges where both vertices are the same). This is so that any cocycle can be
altered (by multiplying wherever necessary the value on all edges round a vertex by

a sufficiently small isometry) to take non-zero values on every edge while inducing
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the same representation. Because of this, we don’t miss any representations by only

considering those cocycles which take non-identity values on all edges.

Lemma 4.3.6. We can expand the system of polynomials above to include variables
corresponding to the lengths of the edges in the image of the homotopy equivalence
F defined in Lemmal[{.3.34 We also add the requirement that each edge be non-zero
length.

The solutions of this new system are in one to one correspondence with the subset
of the old solution set consisting of all cocycles which take non-zero values on all

edges.

Proof. In the proof of Lemma [4.3.2] we didn’t specify a model for the universal cover
of either manifold, though both have universal cover H". Here we shall take the
hyperboloid model as our model and we shall take (0, ...,0,1) as our basepoint. Now
SO(n, 1) acts on the hyperboloid by matrix multiplication. Thus the map on universal
covers F : (M, %) — (H",(0,...,0,1)) is defined by sending the point at the end of
the path 7 in M to the point A,(0,...,0,1)” where a(y) =: A, € SO(n, 1). Thus the
vertices of the triangulation of the universal cover are given by A(0,...,0,1)T where
Ais A, for some 7.

”;l)t edges in M we can find a lift € of each edge e of M
"3)

As there are at most (

such that both vertices z, y of € lie within ( t edges of the basepoint. Picking paths

n+1
2

be expressed as (n+1)? polynomials of degree at most (

1, V2 of length < ( )t to each vertex of €, yields group elements A, , A,, which can

n+1
2

(each A, is a product of A., with e; edges of the triangulation).

)t in the original variables

We build this up edge by edge, at each point we define at most one new vertex for

n+1
2

variables and polynomials defining these vertices. The length of the edge between

each new edge as a set of n + 1 new variables. In total we need < (n + 1)( )t new
two such vertices z and y where x = (2,...,7,) and y = (yo,...,%,) can then be

calculated as

l(e) = d(£> y) = arCOSh(—iono — . T Tp-1Yn—-1 + mnyn)

This is not a polynomial and so we instead define a variable for each edge as
C = cosh(l(e)) — 1 = cosh(d(z,y)) — 1

which is certainly a polynomial, the number of variables C' is the number of edges
which is < ("7')¢. We then require that C' > 0, and thus that I(e) > 0.
In total we have added less than (n + 2)("}')¢ new variables and (n + 2)("$')t
n—i—l)
2

polynomials with degree bounded by ( t and coefficient complexity still at 1. [
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Combining the above two proofs gives a polynomial system which has size de-
scribed (in the language of Section [2.4.1)) by

o N<(n+ 1%+ (n+2)("tHt < (n+2)%
o k< (n+1°t+ (n+2)("INt < (n+2)%
o d< ("It < (n+1)%

o M <2

Thus, as the results of Section bound the size of non-zero entries of solutions

the following theorem is a simple corollary of Corollary and Lemmas 4.3.5],
and [4.3.6]

Theorem 4.3.7. Let M be a closed hyperbolic n-manifold triangulated such that
each edge has distinct vertices, there exists a homotopy equivalence F' as described in
Lemma such that the image of each edge has length l(e) bounded in the following
way:
COSh(l(e)) 1 S 22((n+2)7t2)0((n+2)4t)
This can be simplified, due to big O notation to the following bound:
ntt

cosh(l(e)) < 2(n) 20

Which can be used to show that

0 < l(e) < (nt)°"™),

Proof. Lemmas [4.3.5[ and |4.3.6| provide us with a system of polynomials, the solution

set of which has a connected component, all elements of which induce faithful lattice
representations. Mostow Rigidity tells us each of these lattices defines a hyperbolic
manifold X as in the setup of Lemma [4.3.2] Thus taking a bounded solution given
by Corollary means that all the non-zero entries of this solution are bounded
as in the statement of the Theorem. In particular, the entries C' = cosh(l(e) — 1)
corresponding to edge lengths are required to be greater than zero and so the upper
bounds on cosh(l(e) and hence on [(e) follow. Furthermore as cosh(l(e)) is then

greater than 1, and [(e) is non-negative, it must be positive. []

Theorem 4.3.8. Given a closed hyperbolic n-manifold (n > 3) triangulated by t
n-simplices such that each edge has distinct vertices, let R be the length of a systole
m M, then

1
Rzmm%%'
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Proof. Let X be the hyperbolic manifold defined in Lemma [4.3.2] then by Theorem
we know that X admits a cover by ¢ immersed hyperbolic n-simplices with edge
lengths bounded above by some bound B(t) with

B(t) < (nt)°®"),

Pick some € > W so that M satisfies the conclusion of Theorem [2.2.17, This is

possible as the bound in Theorem [2.2.21] is not strict.

If the thin part M) is empty, then R > ﬁ and so the conclusion holds.

Suppose the thin part is non empty, then Theorem [4.2.5 applies. Consider a systole

. This curve has length R and lies in the centre of one of the tubes of the thin part.

We know from the above that the diameter of this tube is at least

%log(l/R) + log(%).

However, we know that M is covered by t n-simplices of bounded edge length,

and thus of bounded diameter, and so the diameter of M is at most
tB(t) < t(nt)°"™

and hence

1 n
~log(1/R) + log(%) < t(nt)0""0).
n
Simplifying big O notation further and applying Theorem [2.2.21

log <}%> < (nt)°™") 4 nlog(4(6m)").

Taking exponentials on both sides gives
}% < e("t)o("4t)(247r)"2

which simplifies, after rearrangement, to

1
Rzmmw%'

The following is then a direct corollary of Theorem [£.3.§ and Remark [£.1.2]

Theorem 4.3.9. Given a closed hyperbolic n-manifold (n > 3) triangulated by t
n-simplices such that each edge has distinct vertices, let R be the length of a systole

m M, then
1

= 9(nt)Omm N
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4.4 The Cusped Case

With some small but technical adaptations, the arguments from the closed case hold
in the cusped (finite volume) case where M is given by a finite semi-ideal triangulation

and M admits a finite volume hyperbolic structure.

Lemma 4.4.1. The homotopy equivalence F defined in Lemma is surjective

also in the finite-volume case.

Proof. In the proof of Lemma we showed that the homotopy equivalence F' :
M — X is homotopic to a homeomorphism F’, and in fact the homotopy fixes
ideal vertices, so the entire homotopy extends to the space we get when we add
the ideal vertices back in (replace all ideal simplices with non-ideal ones). Call these
pseudomanifolds M’ X’. Then the nth homology of each of M’ is Z with fundamental
class [M’] given by the triangulation formed by replacing the ideal vertices with
concrete ones. First note that as the homotopy to F” fixes ideal vertices and F’ is
a homeomorphism, F' has to surject onto the ideal vertices. Thus, we only need to
show it is surjective on non-ideal vertices x in X', whose neighbourhoods are balls
which thus have H, (X', X’ — z) = Z. Now note that [M'] generates both H, (M’)
and H,(M',M' — z) for z a non-ideal point, and so, as F[M’] is homotopic and
thus homologous to F'[M’'], we know the same is true for F[M'] in H,(X’) and
H, (X', X" — x) for x non-ideal point. Thus, if F misses a non-ideal point z, then
F[M'] lies in X' — x and so is trivial in H, (X', X’ — ), which is a contradiction as F’

and F’ are homotopic but F'[M'] generates H, (X', X' —x) = Z so is non-trivial. [

In order to use Calabi-Weil in the finite volume case we need control over parabolic
isometries which can be tricky, especially in higher dimensions where parabolic sub-
groups are not necessarily translation groups. We solve this problem in higher di-
mensions by using a stronger statement of rigidity, due to Garland and Raghunathan

instead, which we repeat here.

Theorem 2.2.29. Let G be a lattice in [som(H") for n > 4. The identity represen-
tation po : G — Isom(H™) =: A lies in a connected component of Hom(G;A) made
up entirely of conjugates of py.

Lemma 4.4.2. Let M be a finite volume hyperbolic n-manifold with a semi-ideal
triangulation such that all non-ideal edges have distinct vertices, n > 4. There is a

system of polynomial inequalities as in Theorem[2.4.1] such that the following all hold:
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e The solution set consists of cocycles in C*(M,SO(n,1)).

e The solution set has a component consisting entirely of cocycles which induce

faithful lattice representations.

o The system consists of < (n + 1)°t polynomials in < (n + 1)* variables, with
degree bounded by (n + 1)?t and all coefficients +1.

Furthermore, this systems contains variables for the lengths of all non-ideal edges.

Proof. The statements and proofs of Lemmas 4.3.5/ and [4.3.6| hold in the cusped case

(for n > 4) if we replace mention of edges and simplices by non-ideal edges and non-

ideal simplices. The only other difference being that instead of applying Calabi-Weil
Rigidity, we apply Theorem [2.2.29] [

In the 3-dimensional case, Garland and Raghunathan’s result no longer holds, and
Calabi-Weil rigidity requires that we have control over where parabolics are sent. For
this we consider Isom™(H?) = PSL(2,C) instead, while sticking with the hyperboloid
model. Note that PSL(2,C) is not usually the group of isometries of this model, but
it can be made to act on the hyperboloid model with an action that we describe
in the proof of Lemma [4.4.5] The reason behind this is that PSL(2,C) offers a
remarkably easy method of verifying parabolicity, namely, an element g in PSL(2,C)
is parabolic if and only if for A € SL(2,C) a matrix representative of g, trace(A) 42,
or equivalently, its trace squares to 4.

There is one small hitch with looking at representations into PSL(2,C). To apply
the results of section [2.4.1| we need to be looking at elements of a variety. Fortunately,

the following tells us we can equivalently look at representations into SL(2,C).

Theorem 4.4.3 (Corollary 2.3 [Cul86] ). If a discrete subgroup G of PSL(2,C) has
no 2-torsion then it lifts to SL(2,C). That is there is a homomorphism

G — SL(2,C)
such that the composition with the natural projection
SL(2,C) — PSL(2,C)

is the identity on G.
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Combining this with the fact that connected components of Hom(G,SL(2,C))
map down to connected components of Hom(G, PSL(2,C)) tells us that if we apply
the results of Section to a system such as those created so far but with images in
SL(2,C), then we can find a connected component of the solution set which contains
a solution inducing a faithful lattice representation, and thus by Theorem the
whole component consists of such representations.

Because of the focus on parabolic elements, which correspond to loops which
are freely homotopic to ideal vertices, it will be useful to be able to talk about the

parabolics corresponding to each individual ideal vertex with the following definition.

Definition 4.4.4 (Cusp Fundamental Group). We define the fundamental group of
a given cusp in M to be fundamental group of the star of a chosen ideal vertex. Note
that choosing a path from our chosen basepoint for M to our chosen basepoint for
the star of an ideal vertex defines an embedding of the cusp fundamental group into

the fundamental group of M. All such choices define conjugate embeddings.

We can now develop a system of polynomials which suits the final case of cusped

hyperbolic 3-manifolds.

Lemma 4.4.5. Let M be a finite volume hyperbolic 3-manifold triangulated by t
tetrahedra with fundamental group G, such that all non-ideal edges have distinct ver-
tices. There is a system of polynomial inequalities as in Theorem such that the
following all hold:

e The solution set consists of cocycles in C*(M, SL(2,C)) which induce represen-
tations in Homy,, (G, SL(2,C)).

e The solution set has a component consisting entirely of cocycles each of which

induces a faithful lattice representation.

e The system has each of its measures of complexity N,k,d, M (as in Section
bounded above by a constant multiple of t.

Furthermore, this systems contains variables for the lengths of all non-ideal edges in
the image of the homotopy equivalence defined in Lemma[].3.9

Proof. Outside of the handling of parabolics, the proofs here are very similar to the

SO(n, 1) case, so we will only outline where the proofs differ from those given for

Lemmas [£.3.5] and [4.3.6]
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To get a system of polynomials which has cocycles in C'(M,SL(2,C)) as its
solutions (not yet including variables for edge lengths and not necessarily inducing
representations in Hom,,, (G, SL(2,C)), the same proof as for SO(n, 1) holds. We get
some constant multiple of ¢ as a bound for the number of polynomials and variables,
and the polynomials have degree at most quadratic with coefficients +1.

For edge lengths, we can again define variables for the end points of lifts of edges
as well as their lengths in the hyperboloid model. The numbers of polynomials and
variables added is bounded by a multiple of ¢t and the degree and coefficient complexity
of the polynomials are both bounded by a constant. This uses the following action of
SL(2,C) on the hyperboloid model.

One can represent the point (z,v, z,t) in the hyperboloid model by the matrix

¥ — ( t+z z- z’y)
r+wy t—2z
and then A € SL(2,C) acts as follows (A* denotes conjugate transpose)

X — AXA*.

Note that taking the determinant gives the standard quadratic form used to define
the hyperboloid and the action preserves determinant.

Finally the big difference in the cusped case is that we need to check that parabolic
subgroups of 7 (M) are indeed sent to parabolics in PSL(2,C) for each representa-
tion induced by a cocycle solution to our system. In three dimensions it is enough to
check that generators of the cusp fundamental group are sent to parabolics which fix
the same point at infinity, as parabolics in Isom™ (H?) restrict to translations on horo-
spheres about their fixed point, and so products of such parabolics are also parabolics,
as non-trivial products of translations are non-trivial translations. Note this is not
true in higher dimensions where parabolics don’t have to restrict to translations and
so two parabolics with the same fixed point at infinity can have a non-trivial elliptic
as their product.

To do this we take generating sets of each cusp fundamental group as described
in the proof of Lemma [4.3.2l That is we pick a spanning tree of the link of each
ideal vertex, then the remaining edges define loops in the link, each of which can be
homotoped arbitrarily close to the ideal vertex and thus maps to a parabolic, and
which together generate the fundamental group of the cusp. As there are less than 6¢
total edges, we see that there are less than 6t such generating curves, each of which

is a product of less than 6¢ edges. So for each curve we define polynomials which
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require that the square of the trace of the matrix associated to each such curve be 4.
As this matrix is a product, the degree of these polynomials could be as much as 6.
We also introduce new variables which correspond to the shared fixed points of the
generating set of a cusp, and polynomials requiring that they be fixed.

At all times however, all measures of complexity of this system are bounded by a
multiple of £.

Thus we have a system of polynomials whose solutions correspond to cocycles
in C'(M,SL(2,C)) and also to the lengths of edges in the image of the homotopy
equivalence. We also know that parabolic generators (and hence the entirety of each
parabolic subgroup) are mapped to parabolic elements in the induced representation
into PSL(2,C). We know that there is a solution to this system inducing a faithful
lattice representation and the entire connected component of the solution set con-
taining this solution induces representations into PSL(2,C) which all lie in the same
component of Homy,, (71 (M), PSL(2,C)) and hence, by Calabi-Weil Rigidity these

representations are all themselves faithful lattices. O

As in the closed case, the following lemma follows by applying Theorem to
the systems of polynomials defined in Lemmas |4.4.2| and [4.4.5] and simplifying big O

notation.

Lemma 4.4.6. Let M be a finite volume hyperbolic manifold equipped with a semi-
1deal triangulation by t semi-ideal n-simplices such that all non-ideal edges have dis-
tinct vertices. Then there exists a homotopy equivalence F' as described in Lemma
4.3.9 such that the image of each non-ideal edge has length l(e) bounded in the fol-

lowing way:

0 < l(e) < (nt)°™,

Theorem 4.4.7. Given a finite volume hyperbolic n-manifold (n > 3) triangulated
by t semi-ideal n-simplices such that all non-ideal edges have distinct vertices , let R
be the length of a systole in M, then

1

R Z 2(7115)0("4” ’

Proof. Throughout, we let B(t) be a bound on the edge length of the image of non-
ideal edges under the homotopy equivalence F. Let X be the image in X under F of
the non-ideal simplices in M. For each simplex in M, the diameter of the image of

its non-ideal part is bounded by the maximum length of its non-ideal edges, hence by
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B(t), and thus the diameter of X is bounded by tB(t). Note also that, as the links
of ideal vertices consist entirely of non-ideal simplices, the images of links of ideal
vertices lie in X.

We aim to show that points in X either lie in a bounded neighbourhood of X, or
they lie in the subset of the thin part made up of cusp neighbourhoods.

Note that the complement of X is covered by the images of the stars of the ideal
vertices of M. Consider one such vertex v;, and its star st(v;), let S; denote the
image of st(v;) in X and L; denote the image of lk(v;). Then S; is a union of geodesic
semi-ideal n-simplices. Take a collection of lifts (one per simplex) of these semi-ideal
n-simplices in H" (the upper half space model) such that the collection is connected,
and shares the same point on the boundary. We can perform an isometry of H" taking
this shared point to the point at infinity. We shall call this collection T}, and note
that we still have a canonical map from 7} into X.

Consider the map ¢4 which takes each point p in the upper half space model and
translates it a hyperbolic distance d along the unique (vertical) geodesic through p

and the point at infinity. Then this map scales distances in H" by
ed
Let ¢4 be the map on S; which is induced by ¢4

length scaled by the scale factor above. Now as L; C X, its diameter is bounded by
tB(t). Thus setting

1, then any edge L; has its

tB(t
dy = log—( ),
€n
we know that for all d > dy, the image of L; under ¢4 has diameter bounded above

in the following way

Diam(iq(L;)) < W“B(t)) = €.
Thus as the union of all 14(L;) covers S;, every point p € S; lies in some 4(L;).
If d < dy, then p lies in a dy neighbourhood of X. If d > dj, then there is some curve
of length < 2¢, based at p which lies entirely in v¢4(L;), and hence p , and in fact all
of 14(5;) lies in the thin part of X. As 14(S;) is a neighbourhood of an ideal vertex,
it must lie in one of the cusp neighbourhoods of the thin part.
The thin part of a manifold decomposes as a disjoint union of cusp neighbour-
hoods and tubes which are disjoint. Furthermore, there are no geodesics in the cusp

neighbourhoods as translation towards the end of the cusp decreases the length of a

93



curve. Thus either all systoles lie in the thick part and have length bounded below
by 2¢,, or they lie in the thin part and are disjoint from all the cusp neighbourhoods.
Each systole must then lie in the dy-neighbourhood of X. This means that the

entire 1-skeleton of X lies within distance

_ B
diam(X) 4+ dy < tB(t) + logm

€n

of each systole. By using Theorem as a bound for B(t), using Theorem [2.2.21

as a bound for ¢, and simplifying big O notation, we get that X lies within distance
(nt)O(n‘*t)'

of the systole. This is therefore also an upper bound for the distance from each
systole to the boundary of the tube containing it. Indeed if X lies in this tube, then
a generating set for m1(X) lies in this subspace which has fundamental group Z, and
so m1(X) is a subgroup of Z, a contradiction as 7;(X) is the fundamental group of a
finite volume hyperbolic manifold and so cannot be Z.

Thus by Theorem [4.2.5

1 1 O(n*
— —_ _ 4 (n®t)
nlog (R) + log(en) — log(4) < (nt)

and hence we can rearrange this (simplifying big O notation) to

log (}%) < (nt)o("4t) + nlog(n(6m)")

and thus simplifying again
1

= 9ot
O

Theorem 4.4.8. Given a finite volume hyperbolic n-manifold (n > 3) triangulated
by t semi-ideal n-simplices, let R be the length of a systole in M, then

1
- 2(nt)0(n”+5t) ’
Proof. It again follows from Remark [£.1.2] that the requirement that all non-ideal
edges have distinct vertices is satisfied when the triangulation is simplicial, and thus

performing a barycentric subdivision allows us to remove that requirement from The-
orem [4.4.8| at the cost of increasing the size of the triangulation from ¢ to O(n"t). O
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Chapter 5

The Main Algorithm

5.1 Finding a Geometric Quotient

We shall recall the results of Chapter [4]in a form which will be useful for this section.
Here we shall start our description of the algorithm which shall solve the homeomor-
phism problem. This section demonstrates the theoretical existence of a geometric
triangulation which we find as a quotient of a subdivision of a given topological tri-
angulation. We do this by non-algorithmically constructing such a triangulation. It
is the nature of the construction that allows us to bound the complexity (in terms of
both geometry and combinatorics) of the triangulation. Having this bound will later
allow us to find this triangulation again using an algorithm which we will describe in
the later sections of this chapter.

Throughout this section, as elsewhere in the thesis, we prove results in as general
a case as doesn’t make substantial changes to the proofs. In this section our proofs

extend naturally to n-dimensional closed hyperbolic manifolds.

Theorem 5.1.1 (Lemmas [£.3.2] [£.3.3 [1.4.1] and Theorem [4.3.7]). Let M be a closed
hyperbolic n-manifold (n > 3) triangulated by t n-simplices such that all edges have

distinct vertices. Let X be a hyperbolic manifold homeomorphic to M, then there is
a homotopy equivalence

F:M-—=X

such that the image of each n-simplex in M is a geodesically immersed hyperbolic
n-simplex in X. Furthermore F' is surjective and the length l(e) of an edge in the

image of F' is bounded as follows.



Recall also the following two theorems which give control over the length of systoles

and hence over the injectivity radius in closed hyperbolic n-manifolds.

Theorem 4.1.3. Given a closed hyperbolic n-manifold (n > 3) triangulated by t
n-simplices such that all non-ideal edges have distinct vertices. The length R of a
systole (shortest closed geodesic) of M is bounded below by a function of t and n, in

particular
1

= 2(nt)0nte) !

Theorem 4.2.5. Suppose that M is a finite volume hyperbolic n-manifold (n > 3)
with systole(s) of length R < 2e¢,, where €, is the Margulis constant in dimension n.
Then the distance from a systole to the boundary of the Margulis tube containing it is

bounded below by
1 1
ﬁlog (E) + log(e,) — log(4).

The first theorem tells us that our original triangulation of M admits a degree
one map M — M (in fact a homotopy equivalence) such that its image consists of
geodesic n-simplices which cover the manifold. We now attempt to use what the
second and third theorems tell us about the injectivity radius of the manifold to form
a subdivision of each of these geodesic simplices so that the subdivided cover has the
property that any two simplices can only intersect in one convex component.

For closed hyperbolic manifolds, this is as simple as subdividing so that the n-
simplices have diameter less than the injectivity radius of the manifold. For this we
use the above bound on injectivity radius. However, in three dimensions, a better
bound exists by a combination of the following theorem of White (see also the stronger
result of Agol and Liu [AL10]) and Theorem [£.2.5]

Theorem 5.1.2 (Theorem 5.9, White [Whi00al). There is an explicit constant K > 0
such that if M is a closed, connected, hyperbolic 3-manifold, and

P={(xy,....,zn |71, Tm)

is a presentation of its fundamental group, then diam(M) < K(I(P)), where

m

Z(P) = Zl(ﬂ‘)

=1

and [(r;) is the word length of a given relator.
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Now, given a simplicial complex, we can pick some spanning tree of its 1-skeleton,
then a generator set is given by the remaining edges of the 1-skeleton, and a relator
set, each of which is a word of length at most 3, is given by the 2-simplices. This

leads to the following corollary.

Corollary 5.1.3. Let M be a closed, connected, hyperbolic 3-manifold triangulated
by t tetrahedra. The number of 2-simplices is exactly 2t and so I(P) < 6t where P is
the presentation described above. Hence, diam(M) < 6Kt < O(t).

Corollary 5.1.4. Let M be a closed, connected, hyperbolic 3-manifold triangulated
by t tetrahedra. The injectivity radius of M is bounded below by

e—O(t)
Proof. Either the injectivity radius of M is bigger than e3 in which case the result
follows, or Theorem applies and by Corollary

log() < O(1)

from which the statement follows. OJ

Remark 5.1.5. Let F: A — X be a geodesic immersion of a hyperbolic tetrahedron
A and F : A — H" be a lift of F. We note that for such a geodesic immersion to self
intersect, the diameter of the lift of the tetrahedron must be greater than the length

of a systole, or twice the injectivity radius of the hyperbolic manifold X.

Our first step is to use this remark to find a subdivision of each simplex in M
(subdivisions may not agree on the boundary and so this might not be a subdivision
of the whole triangulation) such that each of the new simplices embeds into X. The

next two lemmas describe how to perform this subdivision.

Lemma 5.1.6. Let A be a hyperbolic k-simplex with k < n and edge lengths bounded
above by L > 0. Suppose we have a subdivision of one of its faces ' into K hyperbolic
polyhedra, each of which has diameter bounded above by %D for some D > 0 and
has at most 2(k — 1) faces. Then we can subdivide the k-simplez itself into K%

polyhedra, each of diameter bounded above by %D with at most 2k faces.

Proof. Take an embedding of A in the Klein model of hyperbolic k-space such that
the vertex v opposite F' is at the origin. Next, cone the polyhedral decomposition of

F' to the vertex wv.
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Now, we insert parallel scaled copies of F' throughout the k-simplex such that
each lies in the %—neighbourhood of the last. We do this by ensuring that, for every
vertex of F', and each corresponding edge coning to v, the length of the edge segment
e; between two copies F; and F; along this (hyperbolic geodesic) edge is less than
%. This ensures that every point on F} is with a %—neighbourhood of Fy as for any
point the radial arc from F) to F3 is both shorter in Euclidean length and has its
vertices closer to the origin than the maximal length e;, thus its hyperbolic length is
also less than that of e;, due to how the metric in the Klein model scales down as we
go further from the origin.

This gives us a polyhedral subdivision into K % polyhedra each within at most
2k faces (each of which has (2k—2) faces and so on). To see that the diameter of
each polyhedron is bounded above by %, note that any two points in the polyhedron
can be connected by a radial arc, followed by a path in a scaled copy of one of the
polyhedra in F', thus this path has total length bounded above by the lengths of the

two subpaths
D N (k—1)D kD
n n n

]

Lemma 5.1.7. The number of n-simplices required to triangulate a convex polyhedron
formed by the intersection of J halfspaces bounded by hyperplanes in R™ is bounded
above by the following

(2J)n+1
In particular if J = 2(n + 1), then the number of n-simplices required is bounded

by

(22n+2)n+1 < 27n2

Proof. We can triangulate the polyhedron by barycentrically subdividing it. Note
that each n-simplex A of the barycentric subdivision is uniquely determined by a
sequence oy C 07 C ... 0, where each o; is some i-dimensional face of the polyhedron
where A is the unique m-simplex which intersects the interior of each face of the
sequence. The number of faces of a given dimension is certainly less than 27 as this
is the size of the power set of the hyperplanes and every face is an intersection of

hyperplanes. Thus the total number of sequences of faces is bounded above by by
(2 J)n-i-l
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Figure 5.1: Let a be a radial segment between two translates F, F» of F' and let ¢;
denote the segment of the edge v-v; lying between Fi, F5 for v; the vertices of F. If
v; is the further vertex from v, then the angle made by e; with the translates Fi, Fy
is further from perpendicular than the angle made by a, thus it has has both greater
Euclidean length and is further from the origin than a. Hence the hyperbolic length of
e; is greater than the hyperbolic length of a, so if both segments have length bounded
above by D/n, that is also a bound for the length of a.

]

We now combine the above two lemmas to see how it relates to our original

triangulation.

Lemma 5.1.8. Given (M,T) a triangulated n-manifold homeomorphic to a hyper-
bolic n-manifold X, F' : M — X the homotopy equivalence defined in Theorem |5.1.1
and some desired bound D < % on the diameter of n-simplices, we can find a subdi-
vision of each simplex of (M,T) such that F restricted to each simplex has image a
geodesically immersed hyperbolic n-simplex of diameter less than D.
Furthermore, the union of these subdivisions consists of less than the following
number of n-simplices: .
,n4
(nt)°! t)ﬁ.
Proof. For each hyperbolic n-simplex with edge lengths bounded by L > 0, we first
inductively perform the process described in Lemma starting with the base case
of a hyperbolic 1-simplex. Clearly we can get a subdivision of a 1-simplex of length at

most L into “polyhedra” of diameter less than % which consists of % polyhedra. Thus
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Figure 5.2: Note that the radial segments lie a similar euclidean distance apart, while
the translates of the exterior face bunch up as we go further from the origin. This is
because in the Klein model, as distance from the origin increases smaller and smaller
euclidean segments can measure the same hyperbolic distance.

inductive application of Lemma, [5.1.6| gives that the n-simplex admits a polyhedral
decomposition into (%)n polyhedra each bounded by at most 2n hyperplanes. By
Lemma [5.1.7] this means each polyhedron can be triangulated by at most 22n°+2n
hyperbolic n-simplices. Hence the total number of hyperbolic n-simplices required to
triangulate a hyperbolic n-simplex of edge length less than L > 0 into n-simplices of

diameter less than D is bounded above by

2 Ln "
22n +2n [ 77 )
(%)

Thus, for F' as in Theorem we can subdivide a lift of F/(A) as in Lemma
for each A in the triangulation of M and the preimage of this subdivision is a
subdivision of A with the required property. Thus substituting in our known bounds
on the edge lengths of the lift of F/(A), summing over all ¢ n-simplices and simplifying
big O notation gives the desired bound:

O(n* "
(92 +2n ((”t)l; t)n> < (nt)O(n‘*t)L.

[]

This theorem then combines with our bound on injectivity radius to give the

following corollary.
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Corollary 5.1.9. Given (M,T) a triangulated n-manifold homeomorphic to a hy-
perbolic n-manifold X, F : M — X the homotopy equivalence defined in Theorem
we can find a subdivision of each simplex of (M, T) such that F restricted to
each simplex has image a geodesically embedded hyperbolic tetrahedron of diameter
less than half the injectivity radius of the manifold or even 1/c times the injectivity
radius for some integer ¢ > 1.

Furthermore, in the n-dimensional case, the union of these subdivisions consists

of less than the following number of n-simplices:

Cn2(nt)0(n4t)
In the 3-dimensional case, the bound improves to

Proof. This is a simple corollary of Theorem [4.1.3| and Lemma [5.1.8| if we set D =
R/2c and simplify big O notation. In the 3-dimensional case, we instead apply Corol-
lary That the n-simplices are embedded follows from Remark

m

So if we set ¢ = 2 in the above we now have a collection of embedded hyperbolic
n-simplices which cover our hyperbolic manifold X and can intersect pairwise in at
most one component because their diameter is bounded by half the injectivity radius
of the manifold. There are at most T such n-simplices with T" < 2"to(n4t> ifn>4or
T <90 if p = 3.

Our next task is to triangulate the intersections of these tetrahedra to give a true
geometric triangulation of X, the preimage of this triangulation is then a triangulation

of M which has the geometric triangulation of X as its simplicial quotient.

Lemma 5.1.10. Suppose we are givenT" geodesic n-simplices cover a closed hyperbolic
n-manifold X such that the n-simplices have diameter bounded by half the injectivity
radius of the manifold. Then there is a geometric triangulation of X such that the
interior of each geometric n-simplex of the triangulation is either contained within or

disjoint from the interior of each simplex of the cover. This triangulation has size
bounded by
22—12Tan2

for some constant a.
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Proof. We build up this triangulation starting with a single geometric n-simplex
and by adding one of our T' geometric n-simplices (which we shall call the “old”
n-simplices) at a time and subdividing so that the union so far is geometrically trian-
gulated. Consider the first two n-simplices, they intersect in one component due to
the requirement on injectivity radius. Now consider this pair in the universal cover of
hyperbolic space and extend each of their faces to the hyperbolic hyperplanes which
contain them, then we have 2n + 2 such hyperplanes, and choosing half spaces and
taking their intersection yields at most 22"*2 convex polyhedra, a subset of which
tiles the union of two n-simplices. In the Klein ball model for the universal cover
these polyhedra are indeed Euclidean and so we can geometrically triangulate each

polyhedron by at most
27n2

n-simplices by Lemma [5.1.7] and thus we get a geometric triangulation of the union

of the two n-simplices by
22n+227n2 < 2a(n2)

for some constant a. If we then add a third tetrahedron, we need to intersect it

with all these 29("*) tetrahedra and each intersection yields at most 24(n*) tetrahedra
2

itself, making < (2“(”2)> n-simplices so far. In the end we are left with a geometric

triangulation of X by at most
(Qa(n2)>T _ 2Tan2

tetrahedra.

Because new tetrahedra either lie entirely in old tetrahedra or their complements
this triangulation is such that the preimage of it under F' is a subdivision of the
original triangulation of M, and the map F' is simplicial when considered as a map
from this subdivision to the newly subdivided X. Each of the 2Tan® pew n-simplices
can lie in at most T" old n-simplices and so has at most T" preimages in M, hence the

subdivision of M is by at most T27a* p-simplices.
[

Remark 5.1.11. Note that by Corollary the edge lengths of the tetrahedra in

this final geometric triangulation are less than the injectivity radius of the manifold.

The following summarises the results of the section.
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Figure 5.3: The intersection of two simplices can create non-convex (and hence hard
to triangulate) polyhedra. Intersecting half spaces instead unfortunately creates more
polyhedra, but ensures they are all convex (and thus easier to triangulate).

Corollary 5.1.12. Suppose we are given a manifold M triangulated by t n-simplices
such that M admits a hyperbolic structure. Then M admits a geometric triangulation

where the number of tetrahedra in the geometric triangulation is bounded by

2(m)0<n4t>

and furthermore this triangulation is a degree one simplicial quotient of some subdi-
viston of the triangulation of M where the subdivision has its number of tetrahedra
bounded by the same bound.

In dimension 3, the bound can be improved to

tO(t)

2

Proof. This follows from using the value of T" from Corollary (setting ¢ = 2) in
Lemma to get a geometric triangulation of X and simplifying big O notation.
The subdivisions of M then comes from taking the preimage of this geometric trian-
gulation under the homotopy equivalence F' from Corollary [5.1.9, This is a degree

one simplicial quotient as F' is a homotopy equivalence with image a triangulation of
X. m

We now have bounds on both the combinatorial complexity (number of tetrahedra
in the subdivision of which our manifold is a simplicial quotient) and the geometric
complexity (edge lengths are bounded above by half the injectivity radius). We shall
use the first bound in Section to build a list on which our manifold must appear.
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In Section the bound on geometric complexity will allow us to navigate from one

geometric triangulation to another in bounded time.

Remark 5.1.13. The results of this section have been to take a topological trian-
gulation and find from it a geometric triangulation. Not only that, we have found a
geometric triangulation with complexity bounded in multiple ways, and have given a
step by step guide to finding it and finding how it relates to our original triangula-
tion. One could be forgiven for thinking that the next step here is simply to describe
how an algorithm performs these steps in bounded time. However, the steps we've
described in this section are not immediately computable, and our algorithm shall
take a different path.

We will instead attempt to use the combinatorial and geometric bounds on the
complexity of the geometric triangulation which we have just shown to exist. These
bounds allow us to formulate a finite list of possible triangulations, by listing all
simplicial quotients of all subdivisions of our original triangulation within a certain
complexity range. We will then try to find geometric triangulation from among that

list, and find at least one which is a geometric triangulation of the original manifold.

Remark 5.1.14. On the topic of whether the steps in this section are algorithmic,
we note that we use the existence of a homeomorphism from our triangulation to
a geometric manifold. Even describing such a homeomorphism is computationally
complicated, but note that if we were able to find such a homeomorphism and prove
that it was indeed a homeomorphism in bounded time, then we’d have an algorithm
to detect whether any given triangulation was a hyperbolic manifold, we spoke earlier
about how such an algorithm would allow us to detect spheres of all dimensions, which
is known to be undecidable (see Theorem [2.3.9)).

However, it might be possible to produce an algorithm which takes as input a
triangulation, and returns as output a map to a geometric manifold such that the map
is guaranteed to be a homeomorphism if the original triangulation is homeomorphic
to a hyperbolic manifold. In this case the algorithm doesn’t provide proof that the
map is a homeomorphism and thus doesn’t provide proof that the original manifold

is hyperbolic so doesn’t run into undecidability problems.

5.2 Finding the Geometric Triangulation

We now return to the 3-dimensional case. So far we have seen that Grigoriev’s

Theorem (Theorem 2.4.1) gives a “bounded” solution for every component of the
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solution set and that one of the components contains a faithful lattice representation.
Together these imply the existence of a “bounded” faithful discrete representation.
However, a subtle point that we have thus far obscured is that we gave (and know of)
no general method for finding which of the solutions provided by Grigoriev’s algorithm
was our desired faithful discrete representation. This poses yet another road block to
the idea of forming an algorithm from the steps of the proof in Section [5.1

Thus we need another route to get to the geometric triangulation, and we will
use the bounds on its complexity that we found in earlier sections. First for ease of
reading we shall recap the major results of our previous sections that culminate in
our algorithm. These are summarised in Theorem [5.2.1]

In Section 5.1 we saw that given a manifold M triangulated by ¢ tetrahedra, there
exists a geometric triangulation of M which is a degree one simplicial quotient of a

subdivision of the original triangulation of M consisting of at most

2tO(t)

tetrahedra. This is exactly Corollary [5.1.12]
The results of Section [3.1, in particular Theorem then tell us that we can

perform a sequence of composite moves consisting of at most

2tO(t)

Pachner moves to take us from the original triangulation of M to the subdivision
which admits the geometric quotient described above. All sequences of the form
described in Section [3.1] end in subdivisions of the original triangulation of M. So if
we perform all such sequences of composite moves which have their length in Pachner
moves bounded in this way we get a list of subdivisions, at least one of which admits a
geometric triangulation as a simplicial quotient. We can even discard any subdivisions
whose size is bigger than our subdivision size bound. As the number of possible moves

at each step is on the order of at most

2tO(t)

the total length of the list as well as the runtime of an algorithm producing it is
bounded by

+O(t)
2%

Given one subdivision N of the original triangulation of M from the list described
above, we showed in Theorem [3.3.17|that we can list all oriented gluings which can be
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found as a simplicial quotient (where the quotient map is degree one) of N and which
admit a structure of a geometric triangulation. In fact, for each such item of the list,
the information of a geometric triangulation includes the vertices of a triangulation of
a fundamental polyhedron in H? and matrices in PSL(2,C) which perform the face
pairings. This list is found in time exponential in the number of tetrahedra in the

subdivision :
22t0<t>

These gluings may or not be homeomorphic to the original manifold M but they do
admit degree one maps from N and thus from M. Now performing this for each

subdivision on the list has run time bounded by
(22to(t) > 2

2tO(t)

but this once again simplifies to

The above is thus a bound on the number of possible candidates in our list as well as
a bound on the runtime of the algorithm creating the list.

We summarise this in the following Theorem.

Theorem 5.2.1. Given an oriented closed hyperbolic 3-manifold M triangulated by
t tetrahedra, we can construct a list of geometrically triangulated oriented closed hy-
perbolic 3-manifolds X; paired with degree one simplicial maps from some subdivision
of the original triangulation of M to X;.

This list is constructed in time bounded by

2,50(75)

and this is also a bound on the length of the list. Each triangulation has its number
of tetrahedra bounded by

2toos)

Furthermore, the list contains a geometric triangulation which is simplicially 1so-
morphic to the geometric triangulation defined in Corollary|5.1.12

Definition 5.2.2 (Candidate Manifolds). We shall call the manifolds in the list cre-
ated in the above theorem candidate manifolds, as they are so far the best candidates
to be a true geometric triangulation of our original manifold M and at least one of

them actually is such a triangulation.
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As we know that all these manifolds are degree one simplicial quotients of sub-
divisions of M, all their fundamental groups admit surjections from m;(M). Note
that as hyperbolic 3-manifold groups are residually finite, they are Hopfian, that is
they don’t admit self-surjections with non-trivial kernel (see [Mal40] or chapter 4 of
ILS77]). Thus, if some Y in our list also admits m; surjections to the rest of the list

and some X in our list is homeomorphic to M, then there exists a chain of surjections:

m(M) —» m(Y) - m(X) = m(M).

The induced surjection m (M) — m (M) is an isomorphism because (M) is
Hopfian and hence 71 (M) = m(Y'). Thus, by Mostow Rigidity, M and Y are homeo-
morphic. This surjection property characterises which candidates are true geometric
triangulations of M.

Our plan moving forward is to identify such surjections by understanding the
images of a given simplicial generating set of m(M). For each candidate manifold
X in our list the quotient map M — X is simplicial on some subdivision, so a
simplicial generating set of 71 (M) maps via this subdivision to a generating set of
m1(X), each element of which is simplicial. However the algorithm which provides us
with the hyperbolic structures on our list entries doesn’t provide us with a simplicial
generating set, it provides us with a set of generators for a lattice in Isom™(H?) or
equivalently a generating set for the deck group of M.

We now show how to relate these two notions algorithmically, for this we slip back
into the n-dimensional setting.

First, we recall some notions from Section In that section we worked with
a model for the geometry of the tetrahedra in a 3-dimensional triangulation but here
we shall work purely with the combinatorial data of the n-dimensional triangulation

of a hyperbolic manifold X.

Definition 5.2.3 (Face Pairings). Recall that given some spanning tree A’ of the
dual graph A(X) to a triangulation of a hyperbolic n-manifold X, we can define
a polyhedron Y formed by ungluing the n-simplices which triangulate X and then
regluing only along the (codimension one) faces which correspond to edges of A’.
There is then a natural quotient map my : Y — X which reglues along all faces
to recover X. As Y is simply connected, given some choice of basepoint, 7y lifts to
a map 7y : Y — X with image a fundamental domain containing this basepoint for

the deck group action on X.
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As X is a manifold, any translate of my(Y) can be reached by a path through
codimension one faces and thus the deck group is generated by deck transformations
which identify the faces of 7y (Y'), we call these generators the face pairing generators
or simply the face pairings of Y.

Note that these face pairings correspond to edges of the dual graph A(X) which
are not in A’. Indeed, if 7 is a loop in A(X) which consist of a path in A’ and an edge
e ¢ N such that e connects the faces F' and F’, then ~ lifts to a path which connects

7y (Y') to its translate under the deck transformation which identifies F' with F.

&

(a) A certain choice of spanning tree (b) The polyhedron Y associated to
A’ of the dual graph A(X) where X the spanning tree A’ defined in the
is the genus 2 surface. first figure.

Figure 5.4

We now seek to relate the face pairings to the simplicial loops in X. We do this
by taking a subdivision of X which contains both the original triangulation and its

dual graph.

Definition 5.2.4 (Coning to the Boundary). Given a k-simplex A, a subdivision of

its boundary and a point p in its interior, we can naturally associate A with
C(OA) = 0 x [0,1]/(, 1) ~ (y, )Va, y

by identifying each line segment between p and some boundary point z with the
interval = x [0,1]. C'(OA) has a natural structure as a triangulation, and we call this

the triangulation formed by coning to the boundary of A.

Definition 5.2.5 (X' - a Partial Barycenteric Subdivision). Define the subdivision X’

of X as the triangulation formed by coning all (n — 1)-simplices to their boundaries
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and then coning all n-simplices to their now subdivided boundaries. This can be
thought of as a partial barycentric subdivision. Note that the number of n-simplices
in this subdivision is on the order of n*T, where T is the number of n-simplices in

the triangulation of X.

Note that A(X) doesn’t simplicially embed in X', but its barycentric subdivision
naturally embeds as the graph spanned by the coning vertices. From this point on,
we shall abuse notation to ignore this subdividing step and simply say that a loop or

subgraph in A(X) embeds if its barycentric subdivision does.

Definition 5.2.6 (I" - a Spanning Tree for the 1-skeleton of X’). A spanning tree
A of A(X) also embeds in X’ and we can extend this to a spanning tree I' of the
entire 1-skeleton of X’ by adding only edges which contain the coning vertices of
the n-simplices. We can perform this subdivision also on the polyhedron Y to get a

polyhedron Y’ and the quotient map my defined above induces a simplicial quotient

map 7ys : Y’ — X'. Note that by construction, the preimages A}, C I'ys of A’ C T
in Y’ are both still trees.

€&

o
€&
(a) The spanning tree I' extends A/, (b) The face pairing loop associated
note that it embeds also in Y with- to the “single arrowhead” face pair-
out being disconnected. ing.
Figure 5.5

Remark 5.2.7. Note that the face pairing loop 7 corresponding to a given face
pairing of Y defined in Definition [5.2.3] embeds in X’ as the concatenation of an
embedded path in I and one edge not in I'. The set of all simplicial loops meeting this

description (an embedded path in T and an edge e not in I" connecting its endpoints)
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shall be called the simplicial generating set, and such a curve is called the simplicial
generator associated to e. By construction the face pairing loops corresponding to

the face pairings of Y form a subset of the simplicial generating set of X'.

Lemma 5.2.8. These face pairing loops generate the fundamental group of X and
in fact the other generators can be expressed as at most T'-fold products of these face
pairings where T is the number of n-simplices in the given triangulation of X. We

can find these products algorithmically in time bounded by
(nT)O(nT)

Proof. Let e be some edge in Y/ not in I'y+, but with at least one endpoint w in 'y,
note that all edges of X’ not in I" lift to such an edge. Let v denote the other endpoint
of e and let u be the unique vertex of I'y: such that my/(u) = my/(v) in X’. The path
~ formed by concatenating a path in 'y, from u to w with e projects to the loop
my/(y) in X" which is exactly the simplicial generator associated to the edge 7y (e).

If X’ denotes the universal cover of X’, then recall that 7y : Y’ — X’ is the lift of
the quotient map my- : Y/ — X’ and it maps Y’ to a fundamental polyhedron for the
deck group action on X’. Consider i, 9 = 7y (u), Tys(v) respectively, then the deck
transformation mapping u to v is exactly the deck transformation corresponding to
the loop my/(7). Thus understanding how 7y (7y) can be expressed as a product of
face pairing loops is equivalent to understanding what sequence of face pairings maps
u to v.

Now as X is a manifold, there is a sequence of distinct translates 7y (Y) =
Yi,..., Y, of Ty (Y), all of which contain 0, each of which intersects the next along a
codimension one face such that the deck transformation taking Y; to Y, maps @ to v.
Define F; to be the face of Y] such that its translate in Y; connects Y; to Y;.1. Denote
by E; the face of Y; to which each F; is paired and let g, denote the face pairing
deck transformation which maps E; to F;. The deck transformation taking Y7 to Yj

is then exactly

gr - - gRy,

Note that as there are < (n + 1)T translates of Y] around any one vertex, k <
(n+1)T.

Now as each translate contains v

NS gr - ngﬂ(Yrﬁ = Yk*i
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for all 7, and so we can see that
-1 —1imy .
9re . IR, (D) = wy;

is a vertex of Y;. Furthermore as

we can see that

w; = g;kl_i . -g;ll(ﬁ) N (1)

Thus if we set wg = u, then each w; is a vertex of Y] related to the next in the
sequence by a face pairing deck transformation. Thus to find a sequence of deck
transformations taking @ to © we can simply consider all sequences of < (n+1)T face

pairings, and build up a sequence of vertices of Y;

w; = ng7i+1 et ng(a)

for each and search for such sequences which take @ to ©. Note that as X is in fact
a hyperbolic manifold, there is no deck transformation which fixes a point, and thus
the fact that a deck transformation takes @ to © uniquely determines it, so any such
sequence of face pairings must give the chosen deck transformation.

As both the total length of the sequence of pairings and the number of choices of
pairing at each stage is bounded above by (n + 1)T', and we know such a sequence
always exists, we can find one in time (nT)°""). We do so for each of the edges
not in Aps and thus we do this on the order of n?T times, and the result follows by

simplifying big O notation. [
We remark here some technicalities concerning the above proof.

Remark 5.2.9. There are two natural ways of thinking of fundamental polyhedra.
Often with a geometric manifold M which admits a triangulation, we consider a
fundamental polyhedron P of its associated lattice action such that P is triangulated
by lifts of the n-simplices in M. In this case we have a triangulation of P and can
represent M as P glued along some face pairings as we do in Figure 5.4(a). In this
case you have many faces of n-simplices which are interior to the polyhedron and thus
are paired by the identity map. Furthermore, the face pairings of exterior faces of the

polyhedron correspond to non-trivial lattice elements.
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> P
F
W3
W,
F, <
&K
Wy V=W,

Figure 5.6: The simplicial loop corresponding to the edge €’ is not a face pairing
loop and its corresponding deck transformation can be written as the product of face

pairings g gr,gr, gr;. (Here gr maps F; onto F} and gp, = gj)).

However, if we only have the combinatorial data, we don’t know which faces will
be interior and exterior to our polyhedron once its embedded. Once we have chosen a
spanning tree for the dual graph to our triangulation, only those faces corresponding
to edges of the spanning tree can be known in advance to be identified by the identity

map. We see this combinatorial polyhedron in figure 5.4(b).

Remark 5.2.10. If we only know the combinatorial data, then we are actually work-
ing with the face pairings of Y rather than the exterior face pairings of its image Y;
under the map 7y which maps it into H". Thus we only actually know where gp,_,
sends the vertices of E; and no further information, so if at any point gg,_, is not
defined on w;, we simply discard that sequence. A further technical quirk is that as
we only know the combinatorial data coming from Y, there are some face pairings of
Y which are not face pairings of its image Y; (because they occur on the interior of
Y1), but will still occur in our sequences, this occurs when the map 7y identifies a pair

of faces F, I’ by simply embedding each in the same place as the other, in this case

112



the corresponding deck transformation taking E to F' would simply be the identity.
These technicalities do not preclude the following two facts. Firstly, the existence
of a sequence of face pairing deck transformations as defined above implies the ex-
istence of a sequence (still of length bounded above by (n + 1)T") of face pairings of
Y which eventually relates u to v. Furthermore, given a sequence of face pairings of
Y relating u to v, the corresponding sequence of face pairing deck transformations
(some of which may be the identity) translates @ to ©. This means that whether we
have any geometric info or not, we can still generate the entire simplicial generating

set using only face pairings.

We now return to the 3-dimensional case. Looking for surjections between groups
is not in general a simple task. It is certainly not a good idea to check through all
possible maps from one group to the other and check whether they are surjective
homomorphisms. We circumnavigate this by picking a specific ‘homomorphism’ in
advance to check. Let X7, X, be candidate manifolds. If X; is indeed homeomorphic
to M and fyx, : M — X; is the quotient map then fy,, : m (M) — m(Xy), the
induced map on fundamental groups, is an isomorphism and so admits an inverse
and 50 fx,, o fx,. " : m1(X1) = m(Xy) is a surjective homomorphism. Thus to find
an X; which is homeomorphic to M we don’t need to check over all possible maps,
we only need to check whether the above map exists and is a surjection for all targets
m(X;). Existence is important here as when fy,, is not an isomorphism then the

above need not even be a well defined map.

Theorem 5.2.11. Let X1, X5 be a pair of candidate manifolds for M. Suppose X1, X5
are triangulated by at most
T <2

then there is an algorithm which searches for a surjective homomorphism from m(X;)
to m(Xs). If Xy is homeomorphic to M, then it is gquaranteed to find such a homo-
morphism, and the homomorphism is indeed the F defined above. Otherwise, the
algorithm may or may not find a surjective homomorphism, even when one does ex-
15t.

The runtime of this algorithm is bounded above by
7o),
Proof. Let S := {g1,...gn} be a simplicial generating set for m (M) as in definition

for some spanning tree of the 1-skeleton of M. Each g; then consists of at most

6t edges. As each X; is a quotient of a subdivision by at most 7" simplices, the image
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(X)) - sL2,0)

7T1(M
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m(X) —2 SL(2,C)

(a)
P1
7T1(X1) E— SL(Q, C)

7T1(M F:fXQ*of)zll*

<
ZANIINNC

(X)) —2 SL(2,C)

(b)

Figure 5.7: Figure a shows the setup before we know anything about X;,X5 other than
that they are each candidate manifolds. Figure b shows that if X; is homeomorphic
to M then F' is a well defined surjective homomorphism.

of each g; in m(X;) can be expressed as a simplicial loop with at most 36¢7" edges,
thus it is at most a 36¢7-fold product of the simplicial generators of each m(X;). If
X is indeed homeomorphic to M then F'is a well defined surjective homomorphism,
and it takes the image fx,,(g:) to fx,,(g:)-

We take as a starting point the very same system of polynomials that we used as
input for the algorithm which found us the geometric structure on X,.

To this system we add polynomials with variables the real and imaginary parts
of entries of complex matrices Hy,... Hy corresponding to the simplicial generators
of m(X1). As m(X;) admits a presentation m1(Xy) = (hy,...,hy | 71,...7), We also
add polynomials corresponding to these relations, so for example, if 7, = hghoh]*,
then we’'d add polynomials which encode the requirement that HsHoH; ' = Id.

Then if we also require that these matrices satisfy that their determinants be 1,
we know that a solution to a system gives both a geometric structure on X, and a
representation of m(X7) into SL(2,C).

114
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m1(X2) <p2T Im(p2) € SL(2,C)

(a)

Figure 5.8: This shows how we get a surjective homomorphism whenever there is a
solution to the combined system of polynomials.

If for a faithful representation py of m1(X3) into SL(2,C), there is a representation
p1 of m(X;) where the image of each fx,,(g;) is p2(fx,,(g;)), then this encodes a
surjective homomorphism p; ' op; : 11 (X1) — m1(X5). Thus by combining the system
of polynomials which we used to find a hyperbolic structure on X, (and which has
variables corresponding to the lattice generators) with the system for representations
of m1(X1) as we did above, we can then add polynomials which relate the two systems.
As noted above, both p1 fx,,(g;) and pa2(fx,,(g;)) are at most 36t7-fold products of
the images of the simplicial generators which are themselves at most T-fold products of
the lattice generators, so the eight (two per complex variable of the complex matrices)

polynomials required to encode the equation

p1(fx1.(95)) = pa(fx,.(95))

are of degree 36t72. Adding these polynomials makes a system that has a solution if
and only if X5 has a hyperbolic structure (which we already know it to have) such
that 7 (X;) admits a representation which surjects onto po(m(X3)).

Thus running the algorithm from Theorem [2.4.1] gives us a solution every time
when X; = M and any time it gives a solution, we know at least that 7 (X;) surjects
onto 7 (X3). To find the runtime we just need to understand the complexity of the

system of polynomials. The original system for finding the hyperbolic structure on
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X5 has complexity described as below, for some constant C"

Kk < CT?
N <CT
d<CT
M < CT

The new system adds variables corresponding to the entries of matrices correspond-
ing to each oriented 1-simplex in the triangulation of X, hence the number of new
variables is bounded by some constant multiple of 7. We add polynomials for the re-
lations, which come from the 2-simplices of X5 and thus have their number bounded
by a constant multiple of T. The other polynomials come from the generators of
71 (M) and thus have their number bounded by a constant multiple of ¢t << T. The
complexity of coefficients in the added polynomials is +1 and the degree of the poly-
nomials is bounded by 36¢T" which is on the order of T'. Thus adding the new variables
and polynomials has no impact on the complexity of the system up to altering the
constant C'. Thus an algorithm can find whether F' exists and is surjective in time

bounded by
TO(T?)

just as in Corollary |3.3.13| ]

Corollary 5.2.12. We can check whether a manifold X1 in our list of candidate

manifolds is homeomorphic to M in time bounded by

+O(t)
22

Proof. As noted above, running the algorithm of Theorem [5.2.11] gives us a solution
every time when X; = M, regardless of what X, is, and any time it gives us a
solution, we know at least that m(X;) surjects onto m1(X3). Thus, we know that
running the algorithm above on each pair will return at least one candidate manifold

which 7i-surjects onto all the others in time bounded by

7T,

Substituting the known bound on 7" given by Corollary |5.1.12] gives that for each pair

this algorithm has a runtime bound of the form

o(t)
2t o(t)
O(t) ot
<2t ) ~ 2 .
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Now we saw above that the list of candidates has size bounded by the same bound.

Thus we can check for all such surjections in time bounded by

O 2 L0(t)
(22 ) ~ 22 .

We now repeat why it is that if all the above surjections exist this X; is homeo-
morphic to M. First note that on account of being hyperbolic manifolds, each element
of the list is residually finite and hence Hopfian, this means that if two manifolds are
such that the fundamental group of each admits a surjection onto the other, then
these surjections are isomorphisms. We also know that the fundamental group of
every manifold in the list admits a surjection from 7 (M) and that one element of the
list is homeomorphic to M and thus that element, call it Y;, has this same property.
Thus X; and Y are both such that their fundamental groups surject onto one another
and are thus isomorphic. Now given that the manifolds are both hyperbolic, this iso-
morphism induces a homeomorphism by Mostow Rigidity. Thus X; is homeomorphic
to M, as required.

O

We are now ready to bring all of this together into an algorithm which lists ge-
ometric triangulations of M. However, in Section [5.1, we showed the existence of
not only a geometric triangulation, but one with edge lengths bounded by injectivity
radius, the following lemma will allow us to recover this property in our geometric

triangulations also.

Lemma 5.2.13. Let M be a 3-manifold triangulated by t tetrahedra and let T be
an alternative triangulation by T < 21°Y tetrahedra. We can check if T admits the
structure of a geometric triangulation of a hyperbolic 3-manifold with edge lengths
bounded above by half of the injectivity radius. If it does admit such a structure we

can find it in time bounded by
IO

Proof. Note that we are simply reproving Corollary|3.3.13] with the extra requirement
of this injectivity radius bound and with a better knowledge of how 7" and ¢ interact.
Note that as M admits a triangulation by ¢ tetrahedra, then if it admits a hyper-

bolic structure, its injectivity radius will be bounded below by

1

$+0(®)
by Corollary Thus, all we need to do is add equations into the system of
polynomials of Lemma |3.3.11| which require that all the edge length variables be less
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than half our known lower bound on injectivity radius. This introduces less than 67
new polynomials with coefficients of complexity bounded by lOgg(tO(t)). Thus the new

system has size bounded as follows for some universal constant C’ (compare with the

size of the system in Lemma [3.3.11]).

k< C'T?
N<CT
d<cC'T
M <C'T
and thus it follows by the same proof as Corollary [3.3.13| and our known bounds on

T that the runtime of the algorithm is
C'T(C'T2C'T)CT? < 7O < 927
O

Remark 5.2.14. Note that here we could just as easily have ensured edge length
was less than any multiple 1/c of injectivity radius, for some integer ¢ > 1, as we did

in Corollary [5.1.9] The runtime here would be bounded by

LO(t)
c2?

as ¢ would only affect the complexity M of the coefficients.
We can now prove the following theorem.

Theorem 5.2.15. Given a triangulation of a hyperbolic 3-manifold M byt tetrahedra,
then there is an algorithm which produces a geometric triangulations of M consisting

of less than
2to(t)

tetrahedra in time bounded by
IO

Furthermore, this geometric triangulation is simplicially isomorphic to the triangula-
tion defined in Lemma |5.1.10, Hence, this geometric triangulation has the property

that all edge lengths are bounded above by the injectivity radius of the manifold.
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Proof. An algorithm producing triangulation first simply produces the list of candi-
date manifolds as described at the start of this section. It then performs the algorithm
of Corollary for each candidate manifold. The runtime of this algorithm and
the length of the list of candidate manifolds is bounded by
22t0(t>
and thus this is a bound for the whole algorithm after simplifying big O notation.
The reason that we know one of our list must be simplicially isomorphic to the
triangulation of Lemma [5.1.10]is that we have listed all possible subdivisions and all
possible simplicial quotients within the given complexity bound, and have only dis-
carded elements of the list if they don’t admit geometric structures or aren’t homeo-
morphic to M. Thus we know that for at least one element of the list, the algorithm
of Lemma|5.2.13|returns a positive result, a geometric triangulation with edge lengths

bounded by the injectivity radius of the manifold. O

As an aside, it is interesting to note here that though the above theorem provides a
geometric triangulation which is simplicially isomorphic to the one derived in Lemma
5.1.10| and which shares the same property of edge lengths being less than injectivity
radius, the geometric structures may still be different between the two. In this way,

the geometric triangulation of Section [5.1] remains entirely theoretical.

Remark 5.2.16. Note that we have a bounded runtime algorithm to find a hyper-
bolic structure on a hyperbolic 3-manifold, given as a geometric triangulation. This
doesn’t however lead to an algorithm for recognising whether or not a 3-manifold
admits a hyperbolic structure. This is because if we handed our algorithm a non-
hyperbolic 3-manifold, then it may well return a geometric triangulation which is
some degree one simplicial quotient of some subdivision of our manifold, but as the
manifold is not hyperbolic, we can’t use Mostow Rigidity to prove the two trian-
gulations are homeomorphic. For example, in higher dimensions one could take a
hyperbolic manifold and connect sum it with a homotopy n-sphere. This resulting
manifold is not hyperbolic but admits a degree one map onto the original hyperbolic
manifold so our algorithm could produce a geometric triangulation of the original
hyperbolic manifold as a quotient of our new non-hyperbolic manifold. If this occurs,
then it can’t differentiate between the original hyperbolic manifold and the one with
the homotopy sphere attached and would say they were the same manifold. In this
way, the algorithm is capable of providing false positives when fed non hyperbolic
manifolds and thus can’t be used to recognise hyperbolicity. Hence, this safeguards

against one of the bigger worries about generalising these proofs to higher dimensions.
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5.3 Comparing Geometric Triangulations

Given two closed hyperbolic 3-manifolds M, N we have so far managed to produce
bounded complexity geometric triangulations of these manifolds. One might think
that we would now apply the results of Chapter 3 to compare them. However, as
noted in that chapter, the advantages of our methods are that they don’t require any
further knowledge about the geometry of the triangulations involved. This is indeed
true, and makes the results of Chapter 3 much easier to apply in general. Quite
remarkably, however, we find ourselves in a situation where we know almost excessive
amounts about the geometry of the triangulations we are comparing, and so here we
can use the fact that Kalelkar and Phanse’s result has a faster runtime in terms of
the number of tetrahedra. This is precisely because the results of Chapter 4 tell us
that the both of our geometric triangulations satisfy the condition that their edges
are all shorter than the injectivity radius of the manifolds they triangulate. We now

restate Kalelkar and Phanse’s theorem and show why this relation is important.

Theorem 5.3.1 (Kalelkar Phanse ‘21 [KP21)). Let M be a closed hyperbolic 3-
manifold with geometric triangulations T1 and Ty by t1,ts tetrahedra respectively. Let
L be an upper bound on edge length and inj(M) be the injectivity radius of M.

Ti and Ty are related by < f(t1,ts, L, inj(M)) Pachner moves which do not remove

common vertices. The function f is defined as follows

f(t1,to, L, ing(M)) = 32(24* 3™Vt 1ty (¢, + t3)

where m is defined as a natural number greater than

(2cosh?(L) + 1)In(L/inj(M))

Corollary 5.3.2. Let M be a closed hyperbolic 3-manifold with geometric triangu-
lations T1 and Ty by < T tetrahedra each and such that the lengths of the edges
of tetrahedra in each triangulation are strictly less than the injectivity radius of the
manifold. Then the number of Pachner moves required to get from one to the other

15 bounded by
O(T?).

Proof. Note that when L < inj(M), the lower bound on m becomes negative, as In(zx)

is negative for all z < 1. Thus m can be taken to be 0 and so the result follows. [
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Theorem 1.1.1. If My and My are triangulated closed hyperbolic 3-manifolds, each

triangulated by less than t tetrahedra, then we can decide in time bounded by

2t0(t)

whether or not they are homeomorphic.

Proof. Theorem [5.2.15| provides for each manifold M;, Ms a geometric triangulation

with edge lengths bounded by the injectivity radius, doing so in time bounded by

1O(t)
2%

We also know that the number of tetrahedra in each of the triangulations is
bounded above by
tO®)

2

Thus by Corollary the number of Pachner moves required to take 7; to 73 is
bounded above by

<2t0(t)>3 ~ 9100

As the number of moves at each stage is polynomial in the number of tetrahedra, the

number of possible sequences of this length is bounded by

2,50(75)

thus it is also a bound for the runtime of the algorithm which checks the output of
all the sequences to see if any of them is simplicially isomorphic to 7.

There are two possibilities, either the algorithm returns a match, in which case
the manifolds are homeomorphic or it doesn’t. If there is no match then there is
no sequence of Pachner moves of length less than the given bound relating the two
geometric triangulations of M; and M; which contradicts Corollary and thus

the two manifolds must be distinct. O
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