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Abstract

We construct the configuration space of points in a smooth manifold with
twisted noncommutative partial summable labels. The theory of twisted
operads is developed to encode twisted noncommutative summations. We
also define a diffeomorphism-equivariant scanning map from the configu-
ration space to a section space and show that it is a weak equivalence. To
achieve the equivariance the configuration space is mapped to a section

space over the space of all disks in the ambient manifold.
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Chapter 1

Introduction

1.1 Motivation and results

Gather various settings to get the most general one The aim of this project
is to construct the diffeomorphism-equivariant scanning map associated to the con-
figuration spaces of manifolds with twisted partial summable labels. Our choice of
generalised configuration spaces includes the generalisations studied in the following
papers. Non-summable untwisted label was studied by Bédigheimer in [2]. Non-
summable twisted label was studied by Hesselholt in [4], and by Manthorpe and
Tillmann in [7]. Partial summable untwisted label was studied by Salvatore in [10].
We follow Salvatore’s idea of noncommutative summation using F,-algebra labels
for n-dimensional ambient manifolds. Note that a non-summable label is a partial
summable label with summation allowed to a minimum.

It is [7] that introduced the equivariance of scanning maps with respect to the
diffeomorphism group of the ambient manifold. Since the smooth structure provides
with “a scaffolding for scanning”, the diffeomorphism-equivariance arises naturally,
once we make the formula of the scanning map explicit. In particular our scanning
map and that of [7] do not involve a choice of a metric for the ambient manifold. In
fact the diffeomorphism-equivariance is a special case of the naturality of the scan-
ning maps with respect to embeddings of manifolds of the same dimension preserving
boundary. We will describe the naturality as a natural isomorphism between a non-
commutative twisted homology theory for n-manifolds and corresponding cohomology
theory. For the construction of configuration spaces with twisted partial summable
labels, we have more general functoriality with respect to embeddings of manifolds of
any dimensions and mapping between labels. We check for the configuration spaces

axioms analogous to that for factorization homology introduced in [1]. As Salvatore’s



work [10] provides a concrete prototype for factorization homology and Lurie’s “non-
commutative Poincaré duality”, we hope our generalisation to be a setting to ask

concrete questions about homology theories of manifolds.

Concept of Configuration spaces First let us review the basic constructions of
configuration spaces. For a given space M and non-negative integer k, the configura-
tion space of ordered k-points of M, denoted by ék(M ), is defined by

Cr(M) = { (z:)i, € M* | z; all distinct. }.

Similarly the configuration space of unordered k-points of M, denoted by Cy (M), is
defined by

Co(M) = { {z;}t, € M | z; all distinct. } = Cy(M)/Z;.

In general the physical intuition of configuration spaces is that each point of a
configuration space of M represents a finite number of certain objects lying in M,
distinct one another in some way. The most studied is when the objects are points
or disks.

The condition that objects are distinct can take various formulations. For example
Manthorpe and Tillmann in [7] required that a finite number of tubular neighbour-
hoods of points are chosen to be disjoint. We can also introduce labels to decorate
particles with subordinate data. Let m : E — M be a map. The configuration space
of unordered k-points of M with labels in E, denoted by Cj(7), is the subspace of
E* /%), consisting of k-points in £ with distinct 7-values. A point of Cj(7) can be
written as {(m;, e;)}r_,, where {m;}f_, € Cy(M) and 7(e;) = m;. We say that the
particle m; is labelled with e;.

Another important type of variations is to allow fusions of objects when they
collide. Let N be a closed subspace of M. The configuration space of points of M
vanishing at N, denoted by C'(M, N), consists of such choices that we choose N as a
whole by default and pick a finite number of distinct particles in M \ N:

c(M,N) = [] (M) / ~

where a ~ b if and only if aUN = bUN. C(M, N) encodes the idea that N subsumes
particles colliding with N. Note that we automatically allow new particles to be

generated near V.



The infinite symmetric product SP, (M) of a based space (M, %) is another exam-
ple of configuration spaces allowing collisions. A point of SP. (M) is represented by
a finite number of distinct particles in M each of which is paired with a non-negative
integer, and we forget particles at x and perform a summation of labels whenever

particles collide. More precisely SP,, (M) is the quotient

SPoo (M) = (]O_O[Mk/zk>/~

modulo the equivalence relation ~ generated by (my, ..., my) ~ (my, ..., myg, *). Note
that each point of SP., (M) can be rewritten as a finite number of distinct particles
labelled with non-negative integers. The infinite symmetric product is the starting

point of the idea of configuration spaces with summable labels.

Application of summable labels Configuration spaces with summable labels
provide continuous models of algebraic operations. The Dold-Thom theorem asserts
that m ( SPo(M)) = Hi(M;7Z) for a connected CW-complex M. Using summable
labels Segal constructed a model of K-theory in [12] and the space of based rational

maps of the Riemann sphere in [13].

Twisted noncommutative summable labels A noncommutative summable la-
bel is a non-trivial system to track collisions and decode them into ways of sum-
mations. Thus it involves the local structure of an ambient space M. As Salvatore
considered in [10], if M is an n-dimensional smooth manifold, which is locally diffeo-
morphic to R™ by definition, the n-dimensional Fulton-MacPherson operad F,, and
its action on an E,-algebra X exemplifies a noncommutative summable label.

For twisted generalisation we replace F,, with a bundle /), associated to T'M with
the typical fibre F,, and X with a fibre bundle n over M with the typical fibre X,
and let F); act on n fibrewise. We call n a twisted summable label over M.

To make the idea of twisted summable labels precise, we define the notion of
twisted operads. A twisted operad over M is a sequence of bundles over M, (E (k))

keN’
with a system of composition (bundle) maps

E(k) xp (B(ir) Xar -+ xar E(ig)) = Eiy + -+ + ix)

covering the identity map of M, that can be locally identified with a fixed topological

operad ( o(k))keN.



Equivariant scanning maps It is well known that there exist weak homotopy
equivalences, so called scanning maps, between configuration spaces and mapping
spaces. For example, for a parallelizable connected closed smooth n-dimensional

manifold M with basepoint x,
SPoo(M) 22, Map ( M\ x, B™(Z) ),

where B (Z) denotes the n-fold classifying space of Z and is homotopy equivalent
to SP(S™).

Taking m; on both sides, and using the Dold-Thom theorem on the left hand
side and the Mayer-Vietoris sequence on the right hand side, we obtain the Poincaré
duality for M. In this way scanning maps can be interpreted as continuous Poincaré
dualities. We generalise the duality to the case of non-parallelizable manifolds and
twisted noncommutative partial summable labels, and also obtain the diffeomorphism
equivariance of scanning maps.

The equivariant scanning map is constructed by considering the space of all tubu-
lar neighbourhoods of points of M and let those neighbourhoods restrict a given
configuration. The space of all tubular neighbourhoods of points plays a similar role
with that of the fundamental class in the ordinary Poincaré duality. As the natural-
ity of the Poincaré duality holds only with respect to maps preserving fundamental
classes, the naturality of the scanning map holds only for maps preserving the spaces

of tubular neighbourhoods.

1.2 Content

Chapter 2 reviews basic definitions of ordinary configuration spaces.

Chapter 3 explains the twisted operad theory. Section 3.1 reviews the operad the-
ory. Section 3.2 constructs the tubular configuration spaces with untwisted summable
labels. Section 3.3 defines the twisted operads. Section 3.4 constructs the twisted lit-
tle disks operads and the configuration spaces with twisted m-fold loop space labels.

Chapter 4 studies the configuration spaces with twisted summable labels. Section
4.1 constructs the twisted Fulton-MacPherson operads and the configuration spaces
with twisted summable labels. Section 4.2 solves a technical problem relating to the
diffeomorphism-equivariance. Section 4.3 formulates the configuration spaces with
twisted summable labels as a functor and checks properties. Section 4.4 constructs
the diffeomorphism-equivariant scanning map for configuration spaces with twisted

summable labels and shows that it is a weak equivalence.



1.3 Conventions

1.

A space means a compactly generated Hausdorff topological space. Every con-
struction of spaces is assumed to be performed in a fixed category of compactly

generated Hausdorff spaces: products, compact open topology, etc..

. Every based space is well-pointed.

Every map is continuous.

A manifold is assumed to be second-countable, smooth, and possibly with
boundary. A topological manifold which is not necessarily smooth will always

be called a topological manifold.

. An embedding means a smooth embedding. A topological embedding which is

not necessarily smooth will always be called a topological embedding.

1.4 Notations and symbols

1.

10

Formaps f: X — Zandg:Y — Z, f Xz9: X xXzY — Z denotes the
fibre product of X and Y over Z. f(xz2)n . X(x2)n 5 7 denotes the n-fold
fibre product of X over Z. For maps f; : X; = Z, j =1,...,k; (xz)é?:lfj :
(Xz)5_,X; = Z denotes the fibre product of X; over B.

~

(my, ..., M4, ..., my) denotes (m;)¥_, with m; deleted.

. n in n-manifolds and n-submanifolds denotes the dimension of manifolds.

dim M denotes the dimension of M.

. X denotes the closure of X.

int X denotes the topological interior of X.

. 1dx denotes the identity map of X. The subscript X is omitted when convenient

and clear.

im(f) denotes the image of f.

. A basepoint is denoted generically as .

A C X* denotes the diagonal: {(z;)"_, € X*| 2y ="+ =z;.}.



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

For a homotopy H : X x I — Y, H; : X — Y denotes the map at t-level.

Diff(X) denotes the space of self-diffecomorphisms of X with the Whitney C*
topology.

Emb(X,Y) denotes the space of embeddings from X to Y with the Whitney
C™ topology.

Emby,,(X,Y) denotes the space of topological embeddings from X to Y with
the compact open topology.

For a based space X, Homeog(X) denotes the space of basepoint preserving

self-homeomorphisms of X with the compact open topology.

Map(X,Y’) denotes the space of maps from X to Y with the compact open
topology.

For a based space Y, Map,(X,Y) = {f € Map(X,Y) | f~1(Y \ ) is compact. }.
['(vy) denotes the space of sections of v with the compact open topology.

~ ~, stand for a homotopy equivalence, a weak equivalence respectively. =
stands for a homeomorphism, diffeomorphism, or other isomorphisms depending

on context.
GL(n) denotes the general linear group of degree n over R.

D" denotes the closed n-dimensional disk. D™ denotes the open n-dimensional

disk. S™ denotes the n-dimensional sphere.

TM denotes the fibrewise one-point compactification of the tangent bundle
TM of M. T\p]\/[ denotes the fibre of TM over . R" denotes the one-point

compactification of R™.

Fn denotes the n-dimensional Fulton-MacPherson operad. JF); denotes the

twisted Fulton-MacPherson operad over M.
SP. (M) denotes the infinite symmetric product of M.
ék(]\/[ ) denotes the configuration space of ordered k-points of M.

Crx(M) denotes the configuration space of unordered k-points of M.



27.

28.

29.

30.

31.

32.

5k(M ;Y') denotes the configuration space of ordered k-points of M with labels
inY.

Crx(M;Y) denotes the configuration space of unordered k-points of M with
labels in Y.

C(M, N;Y) denotes the configuration space of ordered points of M vanishing
at N with labels in Y.

C(M, N;Y) denotes the configuration space of unordered points of M vanishing
at N with labels in Y.

Cy [M] denotes the compactified configuration space of ordered k-points of M.

Cx, [M ,N; 77] denotes the configuration space of M vanishing at N with twisted

summable label 7.



Chapter 2

Basic Examples of Configuration
Spaces

The goal of this chapter is to introduce the basic variations of the concept of a
configuration space, and to motivate the twisted Fulton-MacPherson operads as a

tool to construct configuration spaces with twisted noncommutative summable labels.

2.1 Conventions for symmetric groups

Symmetric groups act naturally on configuration spaces. We need to fix conventions
and notations for symmetric groups.

Notation 2.1.

o N denotes the set of all non-negative integers and Nso denotes the set of all

positive integers.

Formn € Ny, [n] ={1,...,n}. [0] =0.

Forn € Nyg, X, is a symmetric group permuting [n|. For o, p € ¥, the group

product oy is understood to be o o as a composite of functions.

Y is the trivial group.

2.2 Configuration spaces of i-points

For a space M and a non-negative integer ¢, the degree-: Cartesian product of
M, denoted by M?, will be understood as follows:

e M° is a one-point space. In particular, when M comes with a basepoint ,
MO = {x}. ¥y acts on the left of M? trivially.

8



e For i € Ny, M is the space of all functions from [i] to M with the product
topology, and Y; acts on the left of M* by precomposition:

For o € ¥, and m: [i] = M, om=moo: [i] > M.

The configuration space of ordered i-points of M, denoted by @(M ), is the
subspace of M* defined as
o Co(M) = MO.

e For i € Ny,

Cis(M) = {m € M"|m is one-to-one. }.
e The action of &; on M’ restricts to C;(M).

The configuration space of unordered i-points of M, denoted by C;(M), is
the quotient

Notation 2.2.
We will use the coordinate notation m = (my,...,m;) not only for the element
(mj)ézl € GZ(M) but also for its orbit in C;(M). An element of various configu-

ration spaces will be called a configuration.

2.3 Configuration spaces with space labels

For spaces M and Y, and a non-negative integer ¢, the configuration space of
ordered i-points of M with labels in Y, denoted by @(M;Y), is the X;-space
defined as

o Ci(M:Y)=Ci(M) x Y,

e ¥; acts diagonally on the left of C;(M;Y).

The configuration space of unordered i¢-points of M with labels in Y,
denoted by C;(M;Y), is defined to be the quotient

Ci(M;Y) = Ci(M;Y)/%;.



Notation 2.3.
We will use the coordinate notation
(m;y) = (ma, .o omisyn, - y) = ((mas ), (ms ) = ((mg)izss (7))

or the summation notation

(m;y) = ZE:ZUTnj
j=1

to refer to an element (m;y) of 5Z(M, Y) orits orbit.

2.4 Relative configuration spaces

We define new configuration spaces from configuration spaces by forgetting points

lying inside a closed subspace N C M.

Definition 2.1.
For a space M, a closed subspace N C M, and a based space (Y, 1), the (relative)

configuration space of ordered points of M vanishing at N with labels in
(Y, yo), denoted by 5(M, N;Y), is the quotient

(LI, Y))/~
i€N
modulo the equivalence relation ~ generated by

~

(mla"'ami-i-l; y17"'7y’i+1) ~ (mlv"'7mj7-"7m’i+1; ylv"'ayja"'ayi-‘rl)

for (my;y;) € (N X Y)U(M x {yo}). We base C(M,N;Y) at the empty configuration
x represented by the unique element of 50(]\/[; Y).

Note that if (M, N) is an NDR pair, 6’(M, N;Y) has a filtration by closed sub-

spaces
k
( (H@(M;Y)) N) .
i=0 keN
Definition 2.2.

For a space M, a closed subspace N C M, and a based space (Y, 1), the (relative)
configuration space (of unordered points) of M vanishing at N with labels
in (Y, ), denoted by C(M, N;Y), is the quotient

(gCi(M; Y))/N

10



modulo the equivalence relation ~ generated by
(Mas o Mgt Y1y Yipr) ~ (M, oM Y1, Y0)

for (miy1;viv1) € (N XY)U (M x {yo}). We base C(M,N;Y) at the empty configu-
ration % represented by the unique element of Co(M;Y).

Note that if (M, N) is an NDR pair, C'(M, N;Y) has a filtration by closed sub-

(a0 /).,

1=0
Example 2.1.
C(M,0; 5%) = [T,en Co(M) and C(M, 0; 5°) = [T,y Co(M).

Remark 2.1.
If (M,N) orY is connected, then C(M,N:Y) and C(M,N;Y) are connected.

2.5 Partial abelian monoids

We review the concept of partial abelian monoids, a simple example of summable
labels.

Definition 2.3 (partial monoid).
A partial semigroup is a triple (P,Comp, X) such that

1. P is a space and (P%* Comp) is an NDR pair.

2. X 1s a map
x : Comp — P, (z,y) — zy.

3. For (z,y,z) € P3, if (z,y),(xy,z) € Comp, then (y,z),(x,yz) € Comp and
w(yz) = (zy)z.

The k-composable set of P, denoted by Compy, is the set of all k-tuples (pj)é?:l of P
such that the word py - - - px 1s defined. In particular Compy = Comp and Comp; = P.
A partial semigroup (P,Comp, X) is called a partial monoid, if there exists an
element ep of P, called an identity, such that (z,ep),(ep,z) € Comp and xep =
epr = x for every x € P. A partial semigroup (P, Comp, X) is called abelian if the
following hold:

If (x,y) € Comp, then (y,x) € Comp and xy = yx.

11



A partial semigroup (P,Comp, x) will be simply referred to as P and be based at ep

if exists.

Example 2.2.
The morphism set of a small category is a partial semigroup with X the morphism
composition. A wvector bundle is a partial abelian semigroup with X the addition of

vectors.

Example 2.3.
Let (Y, ) be a based space. The trivial partial monoid of Y is a partial abelian
monoid (Y,Comp, X) with
Xx:Comp=Y VY =Y,
(%) =y, (x,9) = y.

€y = *.

2.6 Configuration spaces with labels in partial abelian
monoids

We construct the configuration spaces with summable labels such that each particle

comes with a label in a partial abelian monoid.

Definition 2.4.

For a space M, a closed subspace N C M, and a partial abelian monoid P, the con-
figuration space (of unordered points) of M vanishing at N with summable
labels in P, denoted by Cs(M, N; P), is constructed as follows:

1. For each 1 € Ny, there exists a map

L+ Ci(M; H Compy,) — H M" xy, P,

ICGN>(] HEN
(ml, e G (p})?lzl, e (p;)f;l) >

2. Cy(M,N; P) = (]_LEN>0 im(1;))/ ~, where the equivalence relation ~ is gener-
ated by the following two relations:

(a)

(M, ..., Mig1; D1y - Pig1) ~ (M, oo, mgs Py, ;)

for (mis1;piv1) € (N x P)U (M x {ep}).

12



(b)

(m1>---,mz’+1; pl>--'api+l) ~ (mla <o My Pry - >pi—1apipi+1)

for m; =m;q;.
3. Form € M, (m;ep) represents the basepoint x € C's,(M, N; P).

Remark 2.2.
In Cs;(M, N; P) a collision of labelled particles is allowed to occur with the addition
of the labels.

The ordered case can be constructed by the same procedure, but the coordinates

are ordered and P need not be abelian.

Definition 2.5.
For a space M, a closed subspace N C M, and a partial monoid P, the configuration

space of ordered points of M vanishing at N with summable labels in P,
denoted by 6’2(]\/[, N; P), is constructed as follows:

1. For each v € Ny, there exists a map

L 5Z(M, H Compy,) — H]\/[” x P",
k€N>0 HEN
(s s (B ()5, o

2. Cs,(M,N; P) = (]_[Z.GN>O im(1;))/ ~, where the equivalence relation ~ is gener-

ated by the following two relations:
(a)

(m17"'7mj7"'7mi+1; p17"'7pj7"'7pi+1) ~

(ml,...,m]‘,...,mi+1; pl,...,ﬁj,...,pi_,_l)
for (mj;p;) € (N x P)U (M x {ep}).
(b)

<m17 sy My, Mgy e oo M1 P1y - -5 Pjy Pty - - - in+1) ~

(mh ey M1y - oo, Myg15 P1y -5 Pj—15 PiPj+15 Pj+25 - - - >Pz‘+1)

formj = mj.

13



3. Form € M , (m;ep) represents the basepoint * € 52(]\/[, N; P).

Remark 2.3.
Each non-basepoint configuration in 52(]\/[, N; P) is uniquely written as Zézl pimy;,
where my, ...,m; are all distinct and contained in M \ N, and py,...,p; # ep. A

similar uniqueness, up to order, holds for Cs,(M, N; P).

Example 2.4.
For a based space (M, %), the infinite symmetric product SP..(M) is homeomorphic to
Cs(M, {x};N), and the James construction J(M) is homeomorphic to Cs,(M, {x};N).

Proposition 2.1.
Let M be a space, N C M be a closed subspace, and (Y, yo) be a based space. Regard

Y as a trivial partial monoid. Then

Cs(M,N;Y) = C(M,N;Y).

Example 2.5.
Cs([0,1], {1};N) and C([0,1],{1};N) are not homeomorphic. In Cx([0,1],{1};N),
lin {(=51), (=5 1)} = (052)

n—oo N n—l—l’

but not in C([0,1],{1}; N).

We mainly study configuration spaces of unordered points of manifolds with
summable labels. The definition of Cx (M, N; P) assumes that P is commutative.
The commutative summation is the trivial way to translate collisions into summa-
tions.

If M is a parallelizable n-manifold, the n-dimensional Fulton-MacPherson op-
erad F, can encode both collisions of particles in M and noncommutative sum-
mations. Thus F, provides a way to translate collisions into summations and to
construct configuration spaces of M with noncommutative summable labels. For
a general n-manifold M, we are motivated to define the bundle of n-dimensional

Fulton-MacPherson operads associated to the frame bundle of M.

14



Chapter 3

Twisted Operads

In this chapter we first review basic definitions in operad theory. As an application
of operads to configuration spaces we construct tubular configuration spaces of topo-
logical m-manifolds with m-fold loop space labels. Then we introduce the notion of
a twisted operad, which is a bundle of operads. The twisted little disks operad over
a manifold is presented as an example. As an application to configuration spaces, we

construct configuration spaces of m-manifolds with twisted m-fold loop space labels.

3.1 Operads

We refer to [8] for the detail of basic operad theory. We only define the terminology.

First we introduce some notations for Y,,.

Notation 3.1.

Let k € Nug, ny,...,n € N, and n = Z§:1 nj. [n] admits an ordered partition x
into [na], ..., [ngl:
k-1
k= (fnal,na + [na], ) ng + ).
j=1

Each %, acts on the right of [n] by permuting the j-th block of k. This induces a

group homomorphism
H?:lznj = Yy, (Mj)?ﬂ = (@§:1ﬂj)-

Yk acts on the right of [n] by permuting k blockwise and it induces a group homo-
morphism

Se = By o o((ny)iy).

15



Definition 3.1 (topological operad).
A (topological) operad is a sequence of left ¥, -spaces o = (o(n))neN with a col-

lection of continuous maps, called composition maps:
o(k) x IT¥_o(n;) — o(35_n;), (k,n; € N)
(5 (adjm) = F o (fi)jm
such that the following hold:
1. 0(0) = {*} is a one-point space. If f =, fo (f;)i_, means .

2. o(1) contains an element 1 called the unit such that
lof=f fo()j,=F (keN, feolk))

3. Composition maps are associative and compatible with Y, -actions

(Fo(f)in) o ((gD)iy)s = fo(fiolghih)i_,,
(af)o(f])] 1= (( ) )(fC’(fU 13) )
fO(M f])] 1= ( = 1#3)( (f]) 1)

where (1) k € N, f € o(k), 0 € X, (2) n; €N, f; € o(n;), p; € Xy,, and (3)
each g belongs to a component of o, o(ny), dependent to g.

A suboperad of o is an operad u = (u(n))neN such that u(n) C o(n) forn € N, and

the composition maps and %, -actions of u are restrictions of those of o on u.

Definition 3.2 (Little X operad).

Let X be a space. We give an operad structure to the sequence

Iy = (Ux(n) = Map(H?ZIX,X))neN
such that
1. TIx(0) is the one-point space containing the unique inclusion ) < X.

2. Forn € N, 3, acts on the left of llx(n) by permuting n of X ’s in the domain.

3. The composition maps are defined by arranging compositions of maps as follows:

Iy (k) x (IIF_; Iy (ny)) — Lx(Z5_yny),
(f =¥, (f; - X = X); (gj)j:1> — 15, fi9;-

16



4. idx = 1.
We call the operad Il x the little X operad.

Definition 3.3 (operad morphism).
An operad morphism between two operads o = (o(n))neN and p = (p(n))nGN,

denoted by ¢ : 0 — p, is a sequence of ¥, -equivariant maps

p(n):o(n) = p(n) (neN)

such that p(1) : 1 — 1 and satisfies

k

p(Z5o1ny) « f o (fi)j=r = w(k)(f) o (e(ny)(f)))
for (1) ke N, f € o(k), and (2) n; € N, f; € o(n;).

Example 3.1.

For an operad o, there is an obvious operad morphism, id, : 0 — o, called the identity
map of o, defined by (id(n) : o(n) = o(n))neN. For two operad morphisms, ¢ : 0 — p,
Y 1 p — q, the composition oy is defined by ((@Z)ocp)(n) = @Z)(n)oap(n))neN. Obuiously
Yo w:o— qis an operad morphism. Thus we can form the category of operads.

As a monoid acting on a space X encodes endomorphisms of X , an operad acting
on X encodes a composable system of n-ary operations, X” — X (n € N). To make
this idea precise, and introduce the actions of operads only partially defined, we define

a partial left algebra over an operad.

Definition 3.4 (partial left algebra over an operad).

A partial left algebra over an operad o = (o(n)) is a based space (X, *) with

neN
a partially-defined left action of o, which is a sequence of maps from Comp(n) C

o(n) x X™ to X forn € N, denoted as
Comp(n) = X, (f; (zr)i=y) = f o (zx)io
satisfying the following:
1. (o(n) x X™,Comp(n)) is an NDR pair for n € N.

2. o(n) x {()fr} € Comp(n), and f o ($Yfy = % for n € N and f € o(n). In
particular, Comp(0) = 0(0) x X% = {(*;%)}, and xox = x € X.

3. {1} x X € Comp(1), and lox =z forxz € X.
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4. The following two terms:

i k

A= (f © (fj)?:l) © ((mg)?il)j:p
i\ k
B = f o (f] © (xg>i:1)j:1
are both defined and coincide whenever either A or B is defined, where (1)
keN, feolk), (2) nj eN, f; € o(n;), and (3) each x belongs to X.
5. ForneN, feo(n), c € ¥, and (x)}_, € X", the following two terms
C = (af)o (@)=,
D= fo(x,-11)py

are both defined and coincide whenever either C' or D is defined.

If Comp(n) = o(n) x X™ for n € N, X is called a left algebra over o, or we
simply say that X is not partial.

Example 3.2 (trivial summable label).
Let (X, ) be a based space and o be an operad. X is a partial left algebra over o with

the following action:

Comp(n) = o(n) x \/ X = X,
k=1

(£ ()t () ) o
We will call X with this action a trivial summable label (with respect to o).

Definition 3.5 (partial left algebra morphism).

Let ¢ : 0 — p be an operad morphism, and (X,*) be a partial left algebra over o
and (Y,*) be a partial left algebra over p. A based map B : X — Y s called a
p-equivariant partial left algebra morphism, if the following hold:

o ForneN, feo(n), and (vg)p_, € X", if fo(xk)i_, is defined, then p(n)(f)o

(ﬁ(xk))zzl is also defined and

n

B fo(xp)izy = @(n)(f)o (ﬁ(xk))kzl

When ¢ 1s the identity map of o, we say that 3 is o-equivariant.

18



Example 3.3.

Let (X, %) be a partial left algebra over an operad o. Then idx is o-equivariant.
Assume that ¢ : 0 — o and ¢' : o/ — " are operad morphisms, f : X — X' is
w-equivariant, and ' X' — X" is ¢'-equivariant. Then ' o B is ¢’ o p-equivariant.
Thus we can form the category of pairs (0, X) of an operad and its partial left
algebra such that morphisms from (o, X) to (o', X’) are pairs (yp, ) of an operad
morphism ¢ : 0 — o' and a p-equivariant partial left algebra morphism : X — X'.
If (p,8) : (0, X) = (', X") is an isomorphism in the category, we also say that ( is

a p-equivariant isomorphism.
Now we define a right module over an operad.

Definition 3.6 (right module over an operad).

A right module over an operad o = (o(n))

C=(C(k)

wen 1S a sequence of left ¥p-spaces,

e With a right action of o, which is a collection of maps

C(k) x H?Zlo(nj) — C’(E?:lnj), (k,n; € N)
(C; (fj)§:1) = co (fj)§:1

such that the following hold:
1. C(0) = {x} is a one-point space. If ¢ =x, co (f;)¥_, means x.

2. For k€ N and c € C(k),

co (1)?:1 =c.

3. The action of o on C' is compatible with composition maps of o, ¥,-actions on

0, and X-actions on C

k

(co () o ((G)ih)), = o (fio (g)iy)) s
(oc)o (fj);?:l = U((”j)?:l) (C o (fa—lj)§:1)7
co (Mjfj)?:l = <@§=1ﬂj>(c © (fj)?:l)

where (1) k € N, c€ C(k), 0 € Xy, (2) nj €N, f; € o(n;), p; € By, , and (3)

each g belongs to a component of o, o(n,), dependent to g.

Example 3.4.

An operad o is a right module over o itself.
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Remark 3.1.
We can grade a left algebra to obtain a left module as we define a right module. A
left module over an operad o is a sequence of based ¥j-spaces, X = (X(k:)) with

keN’
a left action of the form

In particular X (0) need not be a one-point space, and a left algebra X is a left module
concentrated on the 0-th component, X = (X(0),0,0,...). Partial modules can also

be defined. However, we only use right modules and partial left algebras.

Definition 3.7 (right module morphism).

Let ¢ : 0 — p be an operad morphism, and C' = (C’(k))keN be a right module over o,
and D = (D(/{:))keN be a right module over p. A sequence of ¥p-equivariant maps,
o= (a(k) : C(k) — D(k))keN
morphism, if the following hold:

: C'— D, is called a p-equivariant right module

o ForkeN, ce C(k), and f; € o(n;),

a(Sh_imy) o (Fi)hoy = alk)(e) o (w(ny)(£))_,-

When ¢ s the identity map of o, we say that a is o-equivariant.

Example 3.5.
Let C = (C(k))ren be a right module over an operad o. Then the identity map of C
ide = (z’dc(k) L O(k) — C(k)> L0 C
keN
is o-equivariant. Assume that @ : 0 — o' and ¢’ : o' — 0" are operad morphisms, « :
C — C" is p-equivariant, and o : C" — C" is ¢'-equivariant. Then the composition
o oa= (o/(k:) o a(k)) O — "
keN

is @' op-equivariant. Thus we can form the category of pairs (C,0) of an operad o
and its right module C such that morphisms from (C, o) to (C',0') are pairs (o, ¢)
of a p-equivariant right module morphism « : C — C’ and an operad morphism
p:0—=0. If (a, ) : (C,0) — (C',0) is an isomorphism in the category, we also say

that « is a p-equivariant isomorphism.

We define a tensor product of a right module and a partial left algebra over an
operad. This will be used later as an operation of decorating configurations with

summable labels.

20



Definition 3.8 (tensor product over an operad).
Let o = (o(n))neN be an operad, C = (C(k))keN be a right module over o, and (X, *)
be a partial left algebra over o.

The tensor product of C' and X over o is the quotient

C®,X = H(C@oX)(k)/N

keN

where

(C ®, X)(0) =C(0) x X,
(Co, X)k) =TT (Cth)x (Wio(ny) x XZi=m)  (k #0)

n1,...,ng EN

modulo the equivalence relation ~ generated by the following relations.

Assume k # 0. Write an element of (C ®, X)(k) as (c; (07);; (z:);)-

1.
(C; (*)55 *) ~ (*,*) € (C®, X)(0),
(c; (1) (*)j) ~ (*’*> € (€ X)(0)
2. For (1) 0 € Sy, c € C(k), (x;); € XZ9=1"; (2) Hj € By, 05 € 0(ny),

(e5 (@)1 (i) ~ (oe3 (o) o ((ny)fma) (@)

(e5 )35 @) ~ (5 (05 (@5m)(w)).
3. Ifn; # 0 for some j,

(e3 (05 (@) ~ (eo (o)) (Wi (@)
4. If ni # 0 and the action oy o ()™ is defined
(c5 @i (@) ~ (e3 1 o)koas or0 )ity ) ZY),
Ifny =0, and n; # 0 for some j,
(cs (04)55 (%)i)) = (C; %, (05)} a5 (fvi)z') ~ <C; 1,(0;)f s *7(%)1)-
The unique point in (C' ®, X)(0) represents the basepoint of C @, X .
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The construction of a tensor product over an operad is functorial in the following
sense. Let ¢ : 0 — p be an operad morphism, a : C' — D be a p-equivariant morphism
between right modules, and 8 : X — Y be a yp-equivariant morphism between partial

left algebras. Then we have an induced based map between tensor products

(,0,8) : C®, X = D®,Y,
(5 (01)ss @i) = (al0): (9l0); 5 (Ba)),).

Notation 3.2.
In the formula of (o, @, B). above, the grading of ¢ and « are omitted. We will use

this abuse of notation whenever convenient.

Proposition 3.1.

Let C be the category of triples (C, 0, X) such that o is an operad, C is a right module
over o, X is a partial left algebra over o. The morphisms from (C, o0, X) to (C', 0", X’)
are triples («, @, B) of a @-equivariant morphism o« : C'— C" between right modules,
an operad morphism @ : 0 — o', and a p-equivariant morphism  : X — X' between
partial left algebras. The composition (¢, ¢, 5")o(a, @, B) is defined by componentwise

compositions. Then there is a functor from C to the category of based spaces defined

by
(C,0,X)— C®, X,
(057907ﬁ) = (OC,QD,B>*.

Example 3.6 (infinite symmetric product).

Let o = ({*"})neN be the operad such that o(n) is a one-point space for n € N.
There exists an obvious left action of o on N such that x, encodes summations of n
integers. Let (X, %) and (Y, %) be based spaces. The sequence of Cartesian products

C = (X*)ren forms a right module over o such that

()52 0 Gon, ooy = ((2)12) -

Similarly D = (Y*)ren is a right module over o. Then C @, N = SP(X), D ®,
N = SP(Y), and a based map f : X — Y induces a map between tensor products
SPoo(X) — SPo(Y) defined by

(@) Cea)lis (0)5) = ()i ()i o)),
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3.2 Little disks operads and tubular configuration
spaces with summable lables

We define the embedded m-dimensional open little disks operad and construct tubular
configuration spaces with m-fold loop space labels by taking a tensor product over

the operad.

Definition 3.9 (embedded open little disks operad ).
The embedded m-dimensional open little disks operad D™ s the suboperad
of Up. such that

D" = (f)m(n) = Emby,, (] D™, z"ym)) :
neN

k=1

We define a left algebra and right module over D™ to be used for the construction

of tubular configuration spaces with summable labels.

Definition 3.10 (m-fold loop space).
We formulate the m-fold loop space of a based space (Y, %), denoted by Q™Y , as
the mapping space

Q™Y = Map, (D™,Y)

based at the constant map * sending D™ to . Q™Y is a left algebra over D™ with
the action

D™ (n) x (Q"Y)" — QY

(f = (fr: D™ — bm)ﬁ:ﬁ (9k>2=1) = f o (gr)r=1
where f o (gr)i_y : D™ — Y s the union of the following (n + 1)-maps:

Fo(D™) B D By k=1, n)

D™\ im(f) — {*} = V.
Definition 3.11 (open little disks in M).
For a topological m-manifold M, the open little disks in M denoted by Dy is a

right module over Dm

Dy = (zSM(n) = Emby,, ([ D™ M))
neN

k=1

such that
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1. ZO)M(O) is the one-point space containing the unique inclusion () < M.
2. Forn € N, X, acts on the left of DM(n) by permuting the disks in the domain.
3. The right action of D™ is defined as

Du(k) x T, D™ (n;) — Du(S5_m,),

(f = (f;: D™= M)h_; (%)?:1) = fo (g =10, (fi95).

Definition 3.12 (tubular configuration space with summable label).
Let M be a topological m-manifold, N C M be a codimension-0 topological submani-
fold such that M \ N is an open manifold, and (Y, *) be a based space. The tubular
configuration space of M vanishing at N with summable label Q™Y is the
quotient
Ex(M,N;Q"Y) = (Dy ®pn OY) / ~

modulo the equivalence relation ~ generated by the following relation:

o For f = (f;)5_, € Du(k), and (hy)5_, € ((Y))", if im(f1) C N,

((fj);?:l; (1)§=1§ (hj)?zl) ~ ((fj)?zﬁ (1)?=2; (hj)§=2)-
An element of Ex (M, N;Q™"Y)
(f3 (g7)i3 (ha)s)

is determined by a finite number of disks fo(g;); in M labelled with m-fold loops (h;);.
Thus each element of Ex,(M, N; Q™Y) can be represented as ((f;)5_;; ()%, 5 (hy)k)).
If some of those disks are placed near together and identified as an element of Dm
embedded in M, the labels of the disks are summed into a loop labelling a single
larger disk. Thus the labels in Q™Y are actually summable in Ex,(M, N;Q™Y).

Each element of Ex (M, N;Q™Y') induces a map from M\ N to Y by taking union
of pullbacks of loops.

h
Tt
()

()

Figure 3.1: Ex(M,N;Q™Y)
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Proposition 3.2.

1. There exists a map
s: Ex(M,N;Q™Y) — Map(M \ N,Y)
defined as

r=(f; Wi (hy)j) € Be(M, N;Q"Y),
f=(f;: D™= M), € Dy(k), h; € QmY,
s(x): M\ N =Y,

. * if p & im(f)
@ {1y oy ey

2. Let Homeo(M; M \ N, N) denote the group of self-homeomorphisms of M send-
ing M\ N to M\ N and sending N to N. The map s is Homeo(M; M \ N, N)-
equivariant with respect to the following actions:

¢ € Homeo(M; M \ N,N), a € Map(M \ N,Y),
e (f5 (9955 (Ra)i) = (of 5 (95)55 (ha)i),

@-a:aogo_l.

Proof.

1. Check that s is continuous. It is equivalent to check that the map
Ex(M,N;Q"Y) x (M\N) =Y, (z,p) = (s(z))(p)

1s continuous.

The number of disks induces an open filtration of Fx(M, N;Q™Y)
*=FExC Ey C-+ C Eg(M,N;Q™Y),

= I @Mﬁx@%mexﬁ%wWQ”ﬂ”ﬂ/”

1<ji<k
MLy n; €N

It is clear that small variations of p, k-disks and loops induce small variations
in Y. The relation forgetting disks contained in N does not affect s(x) defined
on M\ N.
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2. To prove the equivariance is a straightforward computation.

€ (f J 13 1)?:15 (hj)§:1>a
((@fj j=1>5 ] 15 (hj)§:1)a
if im
e o oy sDOfa ) ity e (e gy
{ if ¢~ (p) & im(f)
]f] e (p) if o (p) €im(f))
s(x) (¢ (p)) = (¢ (s(2))) ().

Remark 3.2.
Note that a reparametrization of Dm by a self-homeomorphism g of D™ does not
yield a different element of Ex (M, N;Q™Y). More precisely consider the following
diagram:
M~<~—Dr =Y

i

Dm
(fgi 1;hg) = (fogilig™ oh) = (figo g~ h) = (f;1;h) in Dy @pn Q™Y , where o

denotes actions of the operad.

Remark 3.3.

We conjecture that the map s is a weak equivalence for compact M if Y is m-
connected, or (M, N) is connected and Y is (m — 1)-connected. The first approach to
try is to adjust the proof in [9] to tubular configurations.

3.3 Twisted operads

We develop the basic theory of twisted operads. A twisted operad over a space B is
a sequence of fibre bundles over B such that the sequence of fibres over each b € B is

isomorphic to a fixed operad in a locally trivial manner.

Notation 3.3.
To refer to a fibre bundle (F — E TN B), we will briefly write E for convenience as
long as it is clear. For b € B the fibre of E over b is denoted by Fy. For b € B and
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a bundle map
E—2-F

N

B—-p
oy denotes a restriction of ¢ over b, ¢y : Ep — E;(b). For U C B, E|y denotes the
restricted bundle of E over U.

Definition 3.13 (twisted operad).
Let B be a space and o = (o(n))nEN be an operad. A twisted operad over B with
the typical fibre o is a sequence of fibre bundles over B

E= (0(n) = Emn) 2 B) .

together with (1) fibre-preserving actions of 3, on the left of E(n) forn € N, (2) a

collection of bundle maps covering idg, called composition maps,

E(k) x5 (xB)i_1E(n;)) = E(X¢_n;), (k,n; € N)
<f§ (fj)?:l) = fo (fj)?:l

and (3) a section of E(1), called the unit,
1:B—= E(1), b—1,
such that the following local triviality conditions hold:

1. For each b € B, if we restrict the X,,-actions and composition maps of E to the

fibres of E over b and write those fibres as a sequence
Eb = (E(n)b)nEN
then Ey, forms an operad with the unit 1,.

2. There exists an open cover {U} of B and for each U a sequence of local trivial-

1zations covering idy
t,: U xo(n) — En)|y (n € N)
such that for each w € U the restriction of (tn)nen

(tn(u, —):o(n) — E(")U)

neN

gives an isomorphism of operads between o and F,.
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Remark 3.4.
Let GG be the topological group of operad isomorphisms of an operad o. The definition

of a twisted operad

E= (O(n) — Emn) 2 B)

neN
is equivalent to saying that (x ) E(n) is a fibre bundle over B with the typical fibre

IT,0(n) and the structure group G.

Example 3.7.
For an operad o and a space B, the trivial twisted operad over B with the

typical fibre o, denoted by o X B, is the twisted operad defined by

ox B= (0(n)—>0(n)xBﬂB>
neN
where each component of the sequence is the trivial bundle over B with the typical

fibre o(n). The actions of ¥,, and composition maps are the fibrewise copies of those
of o(n).

Example 3.8 (fibre product of twisted operads).

For two twisted operads over B

B = (o(n) > B) %5 B) = (dn) = B 25 B)

neN
the sequence of fibre products
’r / / p(n)xBp'(n)
ExpE' = (o(n) xd(n)— E(n) xg E'(n) ————— B
neN
forms a twisted operad over B with diagonal X,,-actions and composition maps induced
componentwise from E and E'. If E and E" are locally trivial over open covers {U}

and {U'} respectively, then E x g E' is locally trivial over the open cover {U NU'}.

Example 3.9 (associated twisted operad to a fibre bundle).

Let (F — E — B) be a fibre bundle with structure group G, and o = (o(n))neN be

an operad with G-equivariant composition maps and G-equivariant 3, -actions in the

sense that o(n) for n € N is a left G-space with the properties
(g-f)olg fu)ies =9 (fo(fi)izn),
g-1=1,
g-(of)=0olg-f)

forge G; f €o(n), o € ¥,; fr € o(ng). In other words there exists a homomorphsm
from G to the group of operad isomorphisms of o. Let {U,}o be an open cover of B
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such that E is locally trivial over U,. Then we can form a twisted operad over B by

taking the associated bundle to E with the typical fibre ][], yo(n). It is constructed

{Ua X H o(n)}a

neN

by gluing

with respect to transition maps extracted from E. We call the twisted operad the

associated twisted operad to F with the typical fibre o.

Definition 3.14 (twisted operad morphism).

A twisted operad morphism between two twisted operads

E= <0(n) = E(n) 2 B) B = (o'(n) = E'(n) 2 B')

neN neN

denoted by (¢,q9) : E — E', consists of a map g : B — B’ and a sequence of ¥, -

equivariant bundle maps covering g

o = (p(n): B(n) - E'(n))

neN

such that the restriction of ¢ over each b € B gives an operad morphism oy @ E —

Ew)

0y = (w(n)b tE(n)y, — E'(”)gw))neN-

Example 3.10 (pullback of twisted operads).

p(n)

For a twisted operad E = (o(n) — E(n) — B and a map g : B' — B, we can

)nEN
define a pullback twisted operad consisting of pullback bundles g*E(n):

/

g'E = <O(n) — g"E(n) LAGN B’)
neN

with twisted operad structures induced from E in an obvious way. The sequence of

pullback squares gives a twisted operad morphism (g, q) : ¢*FE — E:

g"E(n) * E(n)
(9,9) = ﬁmd lmm
B—Y2 .pB

neN

If g : B' — B is an inclusion, g*E is also denoted as E|p and called a restriction of
E on B'.

Example 3.11.

For a twisted operad E = (o(n) — E(n) LGN B)neN there is an obvious twisted
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operad morphism, idg = (p,g) : B — E, called the identity map of E, such that
g =1idg and p(n) = idgw) for n € N.
We can compose two twisted operad morphisms (¢, g) : E — E' and (¢',¢') : E' —
E" to obtain
(', 9") o (e, 9) = (¢ op,g'0g): E— E,
(¢ op)(n) =¢'(n)op(n). (neN)

Thus we can form the category of twisted operads.
We define the twisted analogue of partial left algebras.

Definition 3.15 (twisted partial left algebra over a twisted operad).
Let E = (o(n) — E(n) LGN B)neN be a twisted operad, and (X, *) be a partial left
algebra over the operad o = (o(n))neN. Recall that the action of o on X is written as

a sequence of maps from Comp(n) C o(n) x X" to X:
Comp(n) — X. (n € N)

A twisted partial left algebra over E with the typical fibre X is a fibre bundle

over B with a basepoint section

n= <(X,>k) — (n,1) —>B>

together with a partially-defined left action of E on n, which is a sequence of bundle

maps from a subbundle Comp"(n) C E(n) x5 n>8)" ton covering idp

<E(n) X B n(XB)" D Comp"(n) — n)

neN

such that the following local triviality conditions hold:

1. For each b € B the based space (my, 1) is a partial left algebra over the operad
E, whose action

Comp"(n)y, = my (n € N)

is the restriction of that of E on 1.

2. There ezists an open cover {U} of B and for each U local trivializations

s:U X (X, %) = (v, tlv),
tw:Uxo(n) = E(n)|ly  (neN)
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such that for each u € U the restriction of s over u
s(u,—) : X = 1,

is an isomorphism of partial left algebras between X and n, equivariant with
respect to the operad isomorphism between o and E,

(tn(u, —):o(n) — E(n)u>

nEN‘
In particular the restriction of t, xgy sv)m

tn XU s(xy)n

U x Comp(n) — U x o(n) x X" (E(n) X 5 77(XB)n)|U

gwes a local trivialization U x Comp(n) = Comp™(n)|y covering idy.

If X is not partial, n is called a twisted left algebra over E, or we simply say
that 1 is not partial.

Remark 3.5.

Let o be an operad and (X, *) be a partial left algebra over o. Let G be the topological
group consisting of pairs (p,3) of an operad isomorphism ¢ : 0o — o and an p-
equivariant isomorphism 3 : X — X. The definition of a twisted partial left algebra
n=((X,*) = (n,¢) = B) over a twisted operad E = (o(n) — E(n) LN B)%N is
equivalent to saying that ((x p);ZoE(n)) x g1 is a fibre bundle over B with the typical
fibre I1,,0(n) x X and the structure group G.

Remark 3.6.

The local triviality conditions of twisted operads and twisted partial left algebras are
chosen to suit our purpose proving the weak equivalence of scanning maps. In other
contexts it might be natural to drop the conditions so that a twisted operad means
a sequence of bundles with composition maps given as bundle maps, and a twisted
partial left algebra is a bundle on the left of which a twisted operad acts by bundle

maps.

Example 3.12.

Let o x B be a trivial twisted operad over B with the typical fibre o, and (X, *) be a
partial left algebra over o. Then the trivial bundle ((X, %) = (X,%) x B — B) S a
twisted partial left algebra over o X B whose action is the fibrewise copies of the action
of o on X.
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Definition 3.16 (twisted partial left algebra morphism).
Let (¢,g) : E — E' be a twisted operad morphism written as

E(n) 2" E'(n)
(0, 9) = p<n>l lp%n)
B—Y% .p

neN

between two twisted operads

E= <0(n) = E(n) 2 B)

neN

B = (o’(n) - E'(n) 22 B’)

neN

Let n be a twisted partial left algebra over E with the typical fibre X :
n= <(X, x) — (n,1) — B)
and 1’ be a twisted partial left algebra over E' with the typical fibre X':
o= (X5 = 6/.) > B)

Then a bundle map 3 : (n,t) — (n',1") covering g

(1,0) == (o, 1)

L,

B—Y% .p

is called a (p,g)-equivariant twisted partial left algebra morphism, if the

restriction of B over each b € B
Byt (s t6) = (M) Ly(ey)
1s a partial left algebra morphism equivariant with respect to the operad morphism
gﬁb . Eb — E;(b)
When (v, g) is the identity map of E, we say that « is E-equivariant.

Example 3.13 (pullback twisted partial left algebra).

Let ((X, %) = (n,0) — B) be a twisted partial left algebra over a twisted operad
E = (o(n) —» Em) ™5 B) _,
bundle ((X, x) = (g*n, g*1) — B’) is a twisted partial left algebra over g*E with the
action induced from that of E onn. Let (g,9) : ¢*E — E and g : g*n — n be the
pullback maps. Then § is a (g, g)-equivariant twisted partial left algebra morphism.

and g : B — B be a map. Then the pullback

If g : B — B is an inclusion, g*n is also denoted as n|g and called a restriction of

n on B'.
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Example 3.14.

For a twisted partial left algebra n over a twisted operad E, the identity map of n is
E-equivariant. Let (¢,g) : E — E' and (¢',¢') : E' — E" be twisted operad mor-
phisms, and :n — n' be a (v, g)-equivariant twisted partial left algebra morphism,
and B’ ' — 0" be a (¢, ¢')-equivariant twisted partial left algebra morphism. Then
the composition 3o : n — 1" is equivariant with respect to (¢',¢')o(¢,q9) : E — E".
Thus we can form the category of pairs (FE,n) of a twisted operad and its
twisted partial left algebra such that morphisms from (E,n) to (E',n') are pairs
((gp,g),ﬁ) of a twisted operad morphism (p,g) : E — E' and a (p,g)-equivariant
twisted partial left algebra morphism B :n — n'. If ((gp,g),ﬁ) (E,n) — (E')7) is
an isomorphism in the category, we also say that § is a (¢, g)-equivariant isomor-

phism.

It is a more difficult problem to find a right definition of twisted right modules than
to define twisted operads and twisted partial left algebras. The motivating example of
a twisted right module is a compactified configuration space of a manifold M where
collisions of some particles in a configuration can occur, a collision of particles is
represented by a single particle decorated with collision data and the decoration is
encoded by the action of a twisted operad over M. Thus we define a twisted right

module as right modules parametrized by (M*).en.

Definition 3.17 (twisted right module over a twisted operad).
Let E = (o(n) — E(n) LGN B)neN be a twisted operad. A twisted right module

over E is a sequence of left Yy-spaces parametrized Y-equivariantly by (B*)pen

€= <e(k) AGN Bk>kEN

together with a right action of E on €, which is a collection of maps

e(k) xpe I  E(nyj) — e(35_1n;),  (k,n; €N)
(& (fi)j=1) = e (fi)fo

such that the following diagram commutes:

E(k) X Bk H;“:lE(nJ)

l lT(Zle nj)

Bk BY—1m
A ((%’)?:1)
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where A((nj)¥_,) is the diagonal map

A((ng)j) = (by)f=1 = ((bj>;z1)5:1'

A((0)5_,) is understood to be the unique map from B* to B°, and if (n;)i_, # (0)h_,
and n; = 0 for some j, the coordinate (b;);2, is ignored.
In addition € is required to satisfy the following:

1. €(0) = ( 7o), B°) is a one-point space over B°. If e = x, e o (f;)h_, means x.

2. If (k)(e) = (b;)%_,, then

=1
eo (11,].)?:1 =e.

3. The right action is compatible with composition maps of E and the actions of

symmetric groups. More precisely,

k

(6 © (fj)_];zl) © ((95)21);3:1 = €0 (fJ © (gg>?i1)j:17
(oe) o (fj)?:l = U((”j)?:l) (6 o (fo*lj)§:1);
eo (puif)hy = (@) (eo (fi)hy)-

where (1) k € N, e € e(k), 0 € 5, (2) n; €N, f; € E(n;), pj € 3y, (3) each
g belongs to some component of E, E(ng), dependent to g, and (4) every o in

the equations is defined.

Example 3.15.
Let E = (o(n) — E(n) LN B)neN be a twisted operad. Then the sequence

(E(k) o, p A0, B’“)
keN

1s a twisted right module over E with the action induced from the composition maps
of E.

Remark 3.7.
Note that we do not impose any local triviality condition for €. In some contexts, for
example, we may impose a condition for € that the restriction of € on diagonals

(T(m—l(A) A B)

k€N>0

with (B x x — B) for the 0-th component forms a bundle of right modules over B on
which E acts by bundle maps in a locally trivial way.
Since we focus on a few examples of twisted right modules, we are not motivated

to tailor the definition in a more particular way.
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Remark 3.8.
If € satisfies

(7)€ () (Cu(B)).

we can interpret each point over diagonals as a collision of k-particles in B.

Definition 3.18 (morphism between twisted right modules).
7(k)

— Bk)keN be a twisted

right module over E, and ¢ = (e’(k) ﬂ B’k)keN be a twisted right module over E’.

Let (¢,9) : E — E' be a twisted operad morphism, € = (e(k)

Then a sequence of Yj-equivariant maps covering g~

o= (a(k) (k) — e’(k;))

keN

is called a (¢, g)-equivariant twisted right module morphism if the following
hold:

o ForkeN, ece(k), and f; € E(n;),

k
a(Zj_iny) s eo (fi)ioy = alk)(e) o (¢(n)(fi),_,
whenever the o in the left hand side is defined. When (¢, g) is the identity map
of E, we say that o is F-equivariant.
Example 3.16.
Let € = (e(k) ),
of € defined by

Bk)keN be a twisted right module over E. Then the identity map

ide = (zde(k) ce(k) — e(k))keN LE—€

is E-equivariant. Assume that (p,q) : E — E' and (¢',¢') : E' — E" are twisted
operad morphisms, o : € — € is a (¢, g)-equivariant twisted right module morphism,
and o 1 € — € is a (¢, g)-equivariant twisted right module morphism. Then the
composition

o oa= (o/(k) oalk):e(k) — e”(k‘)>k€N ce— €’

is (¢',g") o (p, g)-equivariant. Thus we can form the category of pairs (e, E) of a
twisted operad E and its twisted right module € such that morphisms from
(e, E) to (¢, E') are pairs (a, (i, 9)) of a (¢, g)-equivariant twisted right module mor-
phism « : € — € and a twisted operad morphism (p,g) : E — E'. If (a, (go,g)) is
an isomorphism in the category, we also say that « is a (¢, g)-equivariant isomor-

phism.
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We define the twisted analogue of a tensor product over an operad. This will be

used to construct configuration spaces with twisted summable labels.

Definition 3.19 (tensor product over a twisted operad).

Let E = (o(n) — E(n) — B)neN be a twisted operad, n = ((X,*) — (n,.) — B)

(k)

be a tuisted partial left algebra over E, and € = (e(k) — Bk)keN be a twisted right

module over E.
For 0 <k, let (e @ n)(k; (n;)h_,) denote the pullback

e(k) X gk <H§:1 (E(nj) X B n(XB)"j)).
The tensor product of ¢ and n over E is the quotient
€ER®en= < H (e ®E U)(lﬁ (%‘)?:1) ) il 5(0)/N )
k, n; € N
k#0

modulo the equivalence relation ~ generated by the following relations.

Assume 0 < k. Write an element of (e ®g n)(k; (n;)_,) simply as

(6; (f3)i; (gi)i)
so that e € €(k), f; € E(n;), and g; €n. Let 7(k)(e) = (b;)*

j=1-

1.

(e; (,); *) ~ % € €(0), (4, € E(0),)
(e (1))s5 (b)) ~ * € €(0).

2. For (1) 0 € Xy, and (2) p; € X,

<€; (f3)5 s (9¢)i> ~ (Ue; Uoidin: 0((nj)§:1)(gi)i>7
<€; (f3)i (gi)i) ~ (e; (k35)i (@jﬂj)(gz')i>-

3. ]fm 7£ 0,

(5 ()5 (90i) ~ (€0 (i (W )ma) s ()i (F)i0) 5 (90)1).
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4. If ny # 0 and the action fy 0 (g;)it, is defined,
k ni Z?:l nj
(e; (fi)i (91)1) ~ (e; Ly, (fj)j=2§ fro(gi)idy, (gi)i:'nlﬂ )
Ifny =0, and n; # 0 for some j,
(e (s (999) = (e5 s (F)es (90)s) ~ (€5 Lo (f)ias 1) (00):).
The unique point in €(0) represents the basepoint of € g 1.

The construction of a tensor product over a twisted operad is functorial in the
following sense. Let (¢, g) : E — E’ be a twisted operad morphism, o : € — € be
a (¢, g)-equivariant morphism between twisted right modules, and S : n — 1’ be a
(, g)-equivariant morphism between twisted partial left algebras. Then we have an

induced based map between tensor products defined by:

(a; (¢, 9).8), :e®@pn— € Qp 1,
(e is (9) = (ale)s (p(1),: (Bl9)),).
Thus we obtain the following proposition.

Proposition 3.3.

Let B be the category of triples (e, E,n) such that E is a twisted operad, € is a twisted
right module over E, n is a twisted partial left algebra over E. The morphisms from
(e, E,m) to (¢,FE 1) are triples (oz7 (gp,g),ﬁ) of a (p,g)-equivariant twisted right
module morphism « : € — €, a twisted operad morphism (p,g) : E — FE’, and a
(i, g)-equivariant twisted partial left algebra morphism [ : n — n'. The composition
(a’, (gp’,g’),ﬁ’) o (a7 (v, 9), B) is defined by componentwise compositions. Then there
1s a functor from B to the category of based spaces defined by

(e, E,n) — e®pmn,
(@, (,9),8) = (@, (,9), 8),.

3.4 Configuration spaces with twisted m-fold loop
space labels

In this section we give an example of a twisted operad. We define the twisted little
disks operad &y, over a manifold M as the bundle of little disks operads associated to
TM. By taking a tensor product over £, we obtain configuration spaces of M with

summable labels in a twisted m-fold loop space.
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Twisted embedded little disks operad over manifold Let M be an m-manifold,
and v = ((F, x) = (v,0) — M) be a fibre bundle with the structure group G =
Homeog(F).

We construct a twisted operad over M such that a fibre over p € M is an operad
consisting of embeddings LI} _,T,M — T,M. We first define the typical fibre.
Definition 3.20 (Embedded little R™ operad).

R™ is the operad such that
R™(n) = Emb(][R™ R™).  (n€N)
k=1
The composition maps and X, -actions are induced from the operad gm.

GL(m) acts on R™ by reparametrization.
Proposition 3.4 (GL(m)-equivariance of R™).
The action of GL(m) on R™
GL(m) x R™(n) — R™(n),
(A, f) HA-f:Aofo(A_IH-;HA_I)
n times

induces a homomorphism from GL(m) to the group of operad isomorphisms of R™.

Proof. The equivariance of ¥,,-actions is obvious. It suffices to check the equivariance

of composition maps. We show that

(A-fo((A-gr)... . (A-gp)) =A-(folgr--- gr))
for A € GL(m), f € R™(k), g; € R™(n;). Write f = (f; : R™ = R™)h_,.

(A-flo((A-g1),.. s (Agr) = ((A- fi)o(A-g)) - 1L ((A- fr) o (A- gx))
= (Aofiogio(A L HA D)) (Aofrogo(@ 1. TTAY))

n1 times n, times
:AO((f1091>H"'H(fk09k))O(ﬁflﬂ“'ﬂf‘rl})

-~

>k n; times

=A- (fo(gla--wgk»'

Thus we can associate R™ fibrewise to T'M.

Definition 3.21 (twisted embedded little disks operad over M).
Let &y denote the associated twisted operad to T M with the typical fibre R™ and the
structure group GL(m).

The fibre of £y/(n) over p can be identified with Emb(II}_, T, M, T,M).
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M

Figure 3.2: &y

Twisted loop space of 7 over M We construct the twisted left algebra €2,,(7)
over &y with the typical fibre Map,.(R™, F') such that the fibre over p € M is
Map,(T,M,~,). Map (R™, F') is based at the constant map * : R™ — x € F.

GL(m) x G acts on the left of Map.(R™, F') by

GL(m) x G x Map,.(R™, F') — Map.(R™, F),

(A,a,7) — aowoA™l

(MapC(Rm, F), *) has a left algebra structure over R™ equivariant with respect
to GL(m) x G. as follows.

Proposition 3.5.

1. (Mapc(Rm, F), *) is a left algebra over R™ with the action defined by

R™(n) x Map,.(R™, F)"* — Map,.(R™, F),
(f=(fe :R" > R™P_1;21,...,2,) — fol(xy,...,z,),

where f o (x1,...,x,) : R™ — F is the union of the following (n + 1)-maps

fe(R™) @Rmi’sm (k=1,...,n)
R™\im(f) = {*} — F.

2. The action of R™ is ( GL(m) x G)-equivariant:
(A,a) - (Fo (w1 smn) = (A fo ((Aa) - or,. o, (Aa) ),

Proof.

39



1. This is the same as the standard proof that an m-fold loop space is an algebra

over the little disks operad of dimension m.

2. This is a straightforward computation.

Definition 3.22 (Twisted loop space of v over M).

Let Qur(7y) be the associated bundle to TM Xy v with the typical fibre Map, (R™, F)
and the structure group GL(m) x G. Since the basepoint x € Map.(R™, F') is fized by
the action of GL(m) x G, Qu(y) has the basepoint section x. We call the bundle

Qu(y) = ((Mapc(Rm,F)y*) — (Qu(7),%) — M)

the twisted loop space of v over M.

Figure 3.3: = € Qp ()

Proposition 3.6.
Qun(7y) is a twisted left algebra over Ey; with the action locally defined by

U x R™(n) x Map,.(R™, F)" — U x Map,.(R™, F), (n€N)
(u7 f? (wk)Z:l) = (u7 f o (xk)Z:l)

Proof. Choose an open cover {U} of M and local trivializations of TM X, v over

{U}
tr:Ux (R™ X F)— (TM %y 7).

A transition between {ty} transforms f to A - f, and zj to (A,a) - z; for some
(A,a) € GL(m) x G. By the equivariance

(A,a)- (folmr)iey) =(A-f)o((Aa) =),

the two local representaions of the action are compatible. O
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Right action of £,; We define a twisted right module over &£,; consisting of finite

number of particles in M with mutually disjoint labels in Ey/(1).

Definition 3.23 (ordered tangential configuration space of M).
Let E(M) = (ﬁk(M) ﬂ M’“)keN be the sequence of spaces parametrized by M*
such that

1. Dy(M) C Ey(1)F.

2. For (fj : Tp,M — T,, M)k, € Ex(1)*, (f;)5, € Dp(M) if and only if im(f;)

are mutually disjoint.
3. The parametrization is given by (fj);‘?:l > (pj);?:l.
We call ﬁ(M ) the ordered tangential configuration space of M.
The composition maps of £y, induce a right action on lN?(M )
Dy (M) x e T Enr(ny) — EZLIW(M),
(U (D)) = (o i)y

With this action D(M) is a twisted right module over &y.

Configuration space with twisted m-fold loop space labels We can take a
tensor product D(M) ®¢,, Qur(7).

Definition 3.24.
Let N C M be a closed subspace. The configuration space of M vanishing at N

with summable labels in Q,,(v) is the quotient

D(M,N;Qu (7)) = DM) @¢,, (1) [~

modulo the equivalence relation ~ generated by

(Uas (i )is i) ~ (Ui (et (@3)fss)
for T(1)(f1) € N.
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Diffeomorphism-equivariance of E(M,N; QM(’Y)) For i = 1,2, let M; be an
m-manifold, N; C M; be a closed subspace, and ((Fl, x) = (i, %) — MZ) be a fibre
bundle with the basepoint section. Let ¢ : v — 72 be a basepoint preserving bundle
map covering an embedding ¢ : M; — Ms such that ¢(Ny) C No.

Then (@, ) induces a twisted operad morphism (E,,¢) @ Ev, — Enm,, Whose

restriction to the fibre over p is given by

Es(n)p : Emb (1I}_, T,My, T,My) — Emb ( L}_, Ty Ma, Ty M),
_1\k
(fj: LM — T,M)_y = (D(p) o fj o Do(p) ™),

and an (&, p)-equivariant twisted left algebra morphism Q(¢) : Qar, (71) = Qan (72),

whose restriction to the fibre over p is

Q(p), : Map, (Tle, (71>p) — Map, (T<p(p)M2= (72)s0(p))7
T Qpoxo Dgp(p)_l,

and an (&,, p)-equivariant twisted right module morphism 5(@) : 15(M1) — 5(M2),
whose k-th component D(¢)(k) : Dy(M;) — Dy(My) is a restriction of

(En () 2 (£4,))"

Thus (@, ¢) induces a map between configuration spaces

(D(gp), (530790)7 Q(SD))* . ﬁ(MlaNl;QM1(71)) — 5(M27N2§QM2(72))'
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Chapter 4

Configuration Spaces with Twisted
Summable Labels

In this chapter we study configuration spaces of manifolds with twisted summable
labels. We first define the twisted Fulton-MacPherson operad over a manifold and
construct configuration spaces as a tensor product over the twisted operad. Some
properties of the configuration spaces are checked comparable to Eilenberg-Steenrod
axioms for singular homology. In particular we obtain the Mayer-Vietoris sequence for
two manifolds glued along common boundaries. We also define the diffeomorphism-

equivariant scanning map and show that it is a weak equivalence.

4.1 Construction and the twisted Fulton-MacPherson
operads

In this section we observe a bundle of the Fulton-MacPherson operads in the com-
pactification of configuration spaces of manifolds introduced in [14], and formulate it
as a twisted operad. By taking a tensor product over the twisted Fulton-MacPherson
operad we construct configuration spaces with twisted summable labels. We examine
the functoriality of the twisted Fulton-MacPherson operads with respect to immer-
sions, and the functoriality of configuration spaces with twisted summable labels with
respect to embeddings. We also define the compactification of configuration spaces
determined by an immersion so that an immersion induces a map between configura-

tion spaces.

Compactification of configuration spaces We follow the compactification tech-
nique introduced in [14]. Let p : M < RY be an n-manifold embedded in R".
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Consider the embedding of C,(M)
I: ék(M) — Mk X (SN_1)2(’2€) X [07 00]6(5)7
ok
=" (i) ety % (5h03) (g
K my — m; k [ — m|

Thi (M) i Shij * ()71
T

[mp, —m [mp — my||

7 measures relative directions between particles in (m;)%_;, and s measures ratios of

=1
distances between particles in (mj);?:l. By taking the closure of the image of I, new

points are added to 5k(M ) representing infinitesimal data of collisions of particles.

Definition 4.1 (compactified configuration space, [14]).
The closure of the image of I is called the compactified configuration space of
ordered k-points in M and denoted by Cy[M].

The topology of Cj, [M] is thoroughly studied in [14]. We quote the part of the
results in [14] relevant to our goal to construct the diffeomorphism-equivariant con-

figuration spaces with twisted summable labels.
Theorem 4.1 ([14]).
1. If M is compact, @;[M] is compact.

2. Cy[M] is a manifold with corners whose interior is Cy(M), and its diffeomor-

phism type is independent to choices of p : M — R,

3. The inclusion 5k(M) — ék[]\/[] induced by I is a homotopy equivalence, the
Sp-action on Cy(M) extends to a free action on Cy[M], and Ci(M) — M*
extends to a surjective map by, : Cx[M] — M* sending C,[M]\ Cr(M) onto the

union of all diagonals of M*.

In [5] Kontsevich gives a nice representation of Cy[M] as a set using a collection
of trees. Different formulations of the same idea are also found in [10] and [14]. We

first fix the terminology for trees.

Definition 4.2 (tree).

A tree is a finite connected acyclic graph such that

1. Each edge e is directed. We say that e is directed from its initial vertex v to

terminal vertex w, and e is an incoming edge of w and an outgoing edge

of v.
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2. The valence of a vertex v is the number of incoming edges of v.

3. A wvertex with valence 0 1s called a leaf.

4. Bvery nonempty tree has a unique vertex with no outgoing edge. We call the

vertex the root.
5. A wvertex which is neither the root nor a leaf is called an internal vertex.
6. Fvery vertex but the root has exactly one outgoing edge.
7. There is no vertexr with valence 1.

8. The incoming edges of each vertex are ordered.

Remark 4.1.

The trees as above are planar. We allow the empty tree. The smallest nonempty tree

1s the tree consisting of a single vertex which is the root and a leaf at the same time.

There is no tree with only one edge.

leaf leaf leaf

root

Figure 4.1: a tree

Theorem 4.2 (tree representation of C,[M], [5], [10], [14]).

Let M be an n-manifold. Ch [M] as a set has a bijective representation such that each
element corresponds to a finite collection of trees with vertices labelled with additional
data as follows. A representation of an element of 6k[M] consists of a finite number

of trees t = {ti}gzl for some 7 € N and labels on the vertices of t such that

1. The set of leaves of trees in t are ordered by [k]. In particular it has the cardi-

nality k. The Xj-action on Ch [M] permutes the order of leaves.
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2. Each root of trees in t is labelled with a point in M, and the labels are mutually
distinct. We call such labels the macroscopic locations of the configura-

tion.

3. If v 1s a vertex of t; with valence h > 1 and the root of t; is labelled with m,

then v s labelled with an element of

Cn(TnM) / Aft, (1)

where Aff  (n) is the subgroup of the affine transformation group of R gener-
ated by translations and positive scalar multiplications. We call such labels the

collision data of the configuration.

Figure 4.2: C7[M]

Remark 4.2.

A root can have two labels, the macroscopic location and collision data, or the macro-
scopic location and order. The macroscopic location of a root of a tree can be inter-
preted as the location of the collision that the tree represents. Let (wy, ..., wy) be the
collision data of a vertex v. Recall that the incoming edges of v come with an order.
wy can be interpreted as the direction of what is represented by the g-th incoming
edge of v when the collision represented by v occurs. The direction is measured by
the m and s-component of I. If the g-th incoming edge of v is the outgoing edge of
the l-th leaf for some | € [k], we can imagine that the l-th particle in a configuration
participates in the collision that v represents. As the existence of internal vertices

indicates, some collisions are subordinate to some other collisions and always to the
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collision represented by the root. Such hierarchies are measured by the value O and oo
of the s-component of I.

A point in ék(M) 1s represented by k of single vertex trees. The unique point of
Co[M)] is represented by the empty tree.

The tree representation reacts to embeddings by transforming its labels.

Theorem 4.3 ([14]).
The construction M +— 5’k[M] is functorial to embeddings of manifolds so that an

embedding between manifolds p : M — N corresponds to a map
Cilg] : Ch[M] — Ci[N]

transforming trees by applying (1) ¢ to macroscopic locations and (2) Dy to collision
data:

m e M — p(m), (1)
(01,...,0p) € 5h(TmM)/Aff+(n) — (Dgp(vl), . Dgp(vh)>. 2)

Twisted Fulton-MacPherson operads We define the Fulton-MacPherson op-
erads and its twisted analogue. Let by : Ci,[M] — MP* be the map extending
C(M) < MF. Let Ay, : M — M* be the diagonal map. Consider the pullback

Fu(k) —=Ci[M] .

P(k)l jbk
A

M—=F o M

In particular Fj,(0) is a bundle (x — M x {x} LON M). Note that each element of

Fu (k) is represented by a single tree with k-leaves.

Proposition 4.1 (n-dimensional Fulton-MacPherson operad, [10]).
Let M = R™. Then the sequence of the inverse images of 0 along p(k)
Fo = (Falk) = p(k)1(0) € Fien (k)

keN

forms an operad with composition maps given by tree merging. The composition t o
(tj)?zl is obtained by gluing the root of t; with the j-th leaf of t for each j. In particular
to (tj)é?:l inherits collision data and orders of incoming edges from t,t1,...,tx. In
addition the order of leaves of to (tj);?:l 15 given by reading lexicographically the order

of edges in the unique path from the root to each leaf.
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We clarify the effect of merging the empty tree x. * merged to a single vertex
tree yields x. Suppose that x is merged to a leaf v and the outgoing edge of v is the
i-th incoming edge of v'. If the valence of v' is 2, then the effect is to delete all the
incoming edges of v' and make v a new leaf. Otherwise, delete the i-th incoming edge
of v and the i-th coordinate of the collision data labelling v'.

Yk acts on F, (k) by permuting the order of leaves. The single vertex tree represents
the unit of F,,. We call F,, the n-dimensional Fulton-MacPherson operad.

Proposition 4.2 (twisted Fulton-MacPherson operad).
The sequence

Far = (Falk) = Farlk) 2 1)

keN
forms a twisted operad over M with composition maps given by tree merging. We call
Fur the twisted Fulton-MacPherson operad over M.

Proof. First note that Fgn(k) is a trivial bundle over R™ with fibre F,, (k). This can

be checked by observing the translation map
R™ xR" (r,s) = r+s
induces the map
R™ x C[R"] = Ci[R"]
translating the roots.
Due to the fact that the compactification 5k[] is functorial to embeddings and

the nature of the functoriality represented by trees, each local parametrization ¢ :

R"™ < M induces local trivializations

Frn (k) —= Fu (k)

l l (k € N)
R"—F = M
preserving tree merging operations. 0

Remark 4.3.
GL(n) acts on F,, by transforming collision data. Fy; can be defined alternatively as
the associated twisted operad to a frame bundle of M with the typical fibre F,. The

alternative definition reduces the structure group of Fay.

We examine the naturality of F),.

48



Proposition 4.3.

An immersion ¢ : M — M’ induces a twisted operad morphism

Folk
Fulk) 229 700 (k)

(}L,,go): l l
M—"—s M

keN

applying ¢ to macroscopic locations and Dy to collision data.

Proof. Tt is obvious that F, is compatible with tree merging. We check the continuity
of F,(k). Note that ¢ is a local embedding. For m € M, let U be an open neigh-
bourhood of m such that ¢|y is an embedding. The value of F,, (k) over U coincides
with Ci[p|s]. Thus F,(k) is continuous. O

Configuration spaces with twisted summable labels

Proposition 4.4.

The sequence of spaces parametrized by MF*

C[M] = (@[M] LN Mk)

keN

15 a twisted right module over Fy; with the action given by tree merging.

Proof. 1t suffices to show the continuity of the action. Let m € ék[M ]. m has a tree
representation ¢ = {¢;};. There is an open neighbourhood of m homeomorphic to the
product Hiéhi [R"] where h; is the number of leaves of t;. Thus we only need to check

the continuity of the action of the form

Ci[R") x T_ Fo(l;) — (jz]k.:lzj[R"]a
(m, (fj)§:1> = mo (fj)?:l

at a point m € F,(k) C C,[R"]. Suppose that a sequence (ma), in Ci(R™) converges
to the collision m, and a sequence (ff), in J5,(l;) converges to f; for each j. Then
the sequence of trees (mq o (f]a)f:l)a converges to the tree m o (f;)¥_,. This can be
seen by checking the convergence of the values of the embedding I. For the more
detailed description of the local topology of Cy[R™] we refer to [14].
Since both Cj[R"] x I%_, Fa(l;) and 52?:111, [R"] are metric spaces and Cj(R") C
Ck[R"] is dense, the sequence argument shows that the action is continuous at m.
[
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We examine the naturality of the construction C[M].

Proposition 4.5.
Let ¢ + M — M’ be an embedding and F, : Fy — Far be the twisted operad

morphism induced by

Folk
Fuk) 22 7o k)

(For p) = l l

¥ /
M——— M kEN

The sequence of maps 5[(,0] defined by

Cliel = (Gelpr) 2455 Gupar)

is a (Fy, @)-equivariant twisted right module morphism from C[M] to C[M").

Proof. We only need to check the equivariance. Let m € Cj [M], and f; € Fu(ny)
for j =1,...,k such that m o (f;)}_, is defined. We need to show the equality

k

Oss_,lel(mo (i) = (Giledm)) o (Fom(1))
Both hand sides have the same macroscopic locations given by ¢ of roots of m, and

the same collision data given by D¢ of collision data of m and ( fj)?:r O

Now we construct configuration spaces with twisted summable labels by taking a

tensor product over Fj;.

Definition 4.3 (configuration spaces with twisted summable labels).
Let M be an n-manifold, N C M be a closed subspace, and ((X, x) — (n,1) — M) be
a twisted partial left algebra over Fy;. The configuration space of M vanishing

at N with twisted summable labels in 7, denoted as Cx, [M, N; 77], 18 the quotient

ClM] @ry i/~

modulo the equivalence relation ~ generated by
i\ \k ) . i\ \k
(miss (s (D)) ~ (e (F)es ((6DE2)),)

fOT (1) k7nj € N; (2) (mj)é?:l € 6’43(M)) mp € N;. (3) fj € FM(”j)mj; (4> gzj S Mm; -
The relation deletes trees rooted in N.
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The tree representation of C [M] induces the tree representation of Cy, [M , N 77].

Proposition 4.6 (tree representation of Cs, [M, N; 77] ).

Cx [M, N; 77] as a set has a bijective representation such that each element corresponds
to a finite collection of trees with vertices labelled with additional data as follows. A
representation of an element of Cy [M,N;n} consists of trees t = {ti}gzl for some

J € N and labels on the vertices of t such that

1. Each root of trees in t is labelled with a point in M \ N, and the labels are
mutually distinct. We call such labels the macroscopic locations of the

configuration.

2. If v is a vertex of t; with valence h > 1 and the root of t; is labelled with m,

then v is labelled with an element of

Ch(TM) [ Aff(n) .
We call such labels the collision data of the configuration.

3. If v is a leaf of t; and the root of t; is labelled with m, then v is labelled with
an element e of My \ tm. We call such labels the summable labels of the

configuration. We also say that v is a particle located at m labelled with e.

4. Fach tree is required to be not reducible by computing an operad action repre-

sented by a subtree and replacing the subtree with the value of the operad action.

Figure 4.3: C[M, N;7]

From the functoriality of C [M], Fu, and ®g,,, the construction of configuration
spaces with twisted summable labels can be formulated as a functor. Let U denote

the category of based spaces.
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Proposition 4.7.

We define the category M whose objects are triples (M,N; (n, L)) of a manifold M,
a closed subspace N C M, and a twisted partial left algebra over Fyr, (n,t). The
morphism set from (M, N; (n, L)) to (M’,N’; (n, L’)) is the collection of pairs (@, ¢)
such that

1. ¢ : (M,N) — (M',N'") is a map that restricts to an embedding
o {(M'\ N') — M.

2. 0 (0, 0)|prunny = (0, 1) is a (Fyy, po)-equivariant morphism between twisted
partial left algebra.

(1,0l vy ——— (', ¢)
M (M \ NY) 2 AT
We have the functor
Cy M —U

giwen by the correspondence

(M,N;(n,1)) +— Cs[M,N;n],

(Z0) — Cu(@,0),

where CL(@, ) is defined as follows:

1. Let F be the forgetting map induced by idy : (M, N) — (M, go_l(N/)):

C[M] ®-7:]W n C[M] ®]:M n

/~l L/N

Cs [M, N;n] —E= Os[M, o= (N"); 7]

2. Let G : Cx [M, cp*l(N’);n} — Cx, [M’,N’;n’] be the map sending * to *, and for
other configurations applying ¢ to macroscopic locations, Dy to collision data,
and ¢ to summable labels.

3. CL(p,0)=GoF.
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Remark 4.4.

Let M be an n-manifold, N C M be a closed subspace, andn = ((X, x) — (1,1) — M)
be a bundle over M such that nyp\n is a twisted partial left algebra over Fypn. We
can still define Cx, [M, N; n} as follows. First treat (X, *) as a trivial summable label
over F, as we defined in Example 3.2. Then we can regard n as a twisted partial left
algebra ny over Fyr with the trivial action, and take the tensor product é[M] ®Fr Mo-
Define Cs, [M, N; 77] to be the quotient

Cy [M7N777] = 6[M] ®Fu 770/N

modulo the equivalence relation ~ generated by relations: (1) forgetting trees rooted in

N, and (2) reducing trees representing the actions of Faypn. The similar functoriality

with CY holds.
We check two basic properties of Cy.

Proposition 4.8 (product).
Let (M, N, (n, L)) be an object of M. Let My, My be codimension-0 submanifolds of
M such that My U My = M, and My N My C N. Then we have a decomposition

Cz[M,N,T]} = CE[Ml,Ml ﬂN,?ﬂMJ X Cz[MQ,MgmN,T]|M2]

Proof. Since M; C M has codimension-0, F)y, is the restriction of Fj; on M;. Thus
we have the decomposition given by sorting trees by macroscopic locations into M
or M, . Those falling into M; N M, vanish. ]

Proposition 4.9 (excision).
Let (M, N; (n, L)) be an object of M, and K C int N. Assume that

1s an object of M. Then

Proof. The homeomorphism is given by reading tree representations from the domain
as trees in the range. The condition K C int /N guarantees that a tree vanishing at
N also vanishes at N \ K. O
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Map between configuration spaces induced by an immersion Let (Z\/[ N; (n, L)),
(M',N";(n/,/)) be objects of M with M, M’ compact, and (@,¢) be an (F,, ¢)-

equivariant twisted partial left algebra morphism

(777 L) T (77/7 L/)
J\l4 —r J\l4 /
such that ¢ is an immersion satisfying

p(N)C N', o' (¢(N)) = N.

Since ¢ is not necessarily injective, we cannot define Cj [o] : Cl (M] — o [M'] as we
did for an embedding. ¢ fails to determine collision data for the roots of trees in
Cx[M] possibly sent to the same macroscopic location in M'.

We obtain a map between configuration spaces induced from (@, ¢) by considering
compactifications of configuration spaces dependent to .

Let 5,f (M) C ék[M ] be the subspace consisting of configurations whose macro-

scopic locations have mutually distinct images along ¢. There exists a map
Cilp] : CE(M) = Cr[M]

applying ¢ to macroscopic locations and Dy to collision data.
Let Ay : 6,‘5(]\4 ) < Cy,[M] denote the inclusion. We have the following commuta-

tive diagram:

élf M Ck[‘p] /]

A Cho[M] X e Cu[M b,
T

Cy[M] — 2 M* LA

where the right lower triangle is a pullback diagram, and b, bj are extensions of
Cr(M) < M*, C(M') — M'* respectively.

Definition 4.4 (p-compactified configuration space).
Let 5,f[M] be the closure of the image of

(M, Cilip]) = C2(M) — Ci[M] x Ci[M).

We call 5}:[M | the p-compactified configuration space of ordered k-points in
M.

o4



RESR2 abesc
Figure 4.4: C{[R]
Proposition 4.10.
CEIM] € Cr[M] X yym Ci[M).
Proof. The image of (A, Ci[g]) is contained in Cy[M] X yn Ci[M’]. Thus it suffices
to show that Cj,[M] Xy Ci[M'] is closed in Cy[M] x Cp[M]. Ci[M] X pon Ci[M"] is
the inverse image of the diagonal along the map
(Pbi) x b« Cp[M] x CL[M'] — (M™)2.

Thus Ci[M] X pm Ce[M'] is closed. O

Remark 4.5.
Fach element of 6,‘5[]\/[] is represented by a finite number of trees t = {t;}_, for some
7 € N and labels on the vertices of t such that

1. Each root of trees in t is labelled with a point in @(M), and the labels are
mutually distinct. We call such labels the macroscopic locations of the

configuration.

2. If v is a leaf of t; and the root of t; is labelled with m/, then v is labelled with an

element m € o~ (m/). We call such labels the origins of the configuration.

3. If v is a vertex of t; with valence h > 1, the root of t; is labelled with m/,
and the leaves whose unique path to the root passes through v have origins in

A, C o Y (m), then v is labelled with an element of
[wi, ..., wy] € Ch(Tow M) / Aff, (dim M) .

such that wy, ..., wy, can be chosen to be vectors generated by Uzea, Dp(T,M).

We call such labels the collision data of the configuration.
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4. The leaves of t are ordered by [k].

However, it is not obvious whether every representative is realized by an element of

5,‘5[M] It is a research project to investigate the topology of 5’,‘:[1\/[]

The twisted operad morphism (F,, ¢) : Fa — Far induces an diagonal action of

.FM on (5143[]\/[] X prrk 6}€[M/] M Mk)keN.

Proposition 4.11.

The diagonal action of Fp on (6’k[M] X ok 5k[M’] — M’“)k restricts to an action
eN

of Fa on C?[M] = <5,f[M] — Mk> . Thus C*[M] is a twisted right module over

keN
Fur-

Proof. Let (m,m') € CZ[M], m € Ci[M], and m' € Ci[M’]. Let t = (t;)k_, €
I Fa(ng). Let t' = (f¢(nj)(tj))j:1. Let n = Zle nj. Suppose that m ot is
defined. Then m’ o’ is defined, and (m,m’) ot = (mot,m' ot').

Let (mq4)a be a sequence in af(M) such that (ma)s converges to m in Cj, [M],
and (ék [¢] (ma))CY converges to m’ in Cy,[M’]. We may assume that for each j every
Jj-th particle in the sequence (mg,), is contained in a neighbourhood where Fj;(n;)
is locally trivial. Thus we can choose local trivializations of Fj;(n;) over such neigh-
bourhoods and translate ¢ to m,, according to those local trivializations. (mg ot), is
a sequence in C?(M) converging to m ot in C,[M], and its image along C,[]

Calp](ma ot) = 61%[%0](7”&) ot/
converges to m’ ot in C,[M’]. Thus (m,m’) ot € C¥[M]. O

Definition 4.5 (¢-immersed configuration space with twisted summable labels).

Since CZ[M] C Cy[M] x Ci[M"], we can regard C?[M] ®zx,, 1 as a subset of

Cs [0, 0] x (T Gelar).

keN

Then each element of 6’9"[M] @, N 1s represented by a pair of tree representations
(t,t'). Let CE[M,N;n| be the quotient

(Cmni @z, ) [~

modulo the equivalence relation ~ forgetting the trees in t rooted in N and the trees
in t' rooted in p(N). Since ¢ 1 (p(N)) = N by assumption, the new representative
obtained from each (t,t') by forgetting trees actually belongs to 5‘P[M] QFy, -

We call CE [M , N; 77] the p-immersed configuration space of M vanishing

at N with twisted summable labels in 7.
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Let
(p(kf)>Q(k)) : 51?[M} - 5k[M] X Mk 5k[M/]

denote the inclusion extending (Ag, Ci[¢]).

Proposition 4.12.

The sequence of maps q = (6’;:[]\/[] KON Cy [M/]>k is an (Fy, ¢)-equivariant twisted
€N

right module morphism q : C?[M] — C[M'].

Proof. We need to check the equivariance. Let (m,m’) € C¥[M], m € Cy[M], and

m' € Cy[M']. Let t = (t;)h_, € I5_, Far(ng). Suppose that m ot is defined. Let
k

t' = (Fo(ny)(t)) .

Zn] m,m’) ot) Zn] (mot,m ot') =

m' ot = (q(k)(m,m/)) ot'.

Thus (@, ¢) induces a map
(Q7 (‘Fsmgp)? 55)* : 590[M] QFy, N — 5[M/] ®}—M’ 77/,
(¢. (Fs.9), @), descends to a map

Cs(@, ) : CE[M,N;n] — Cs[M',N';1].

One example of summable labels without local triviality condition We
finish this section with an example of configuration spaces whose summable labels
are not locally trivial. The example gives a model for summing configurations from
two manifolds in an A,, way when the two manifolds have common boundaries.

Let M be an n-manifold obtained by gluing two manifolds along the collars of

common boundaries:

M = (M4 T (Mo x [-1,1]) 1M, ) [~
3M,1 = a/M,1 H@”M,l, 8’]\/[,1 = MO X {—1},
aMl = 3’M1 H@"Ml, 8’M1 = MO X {1}

Let f be the smooth height map defined by
fM—=[-1,1, M.~ —1, Myx {t} —t, M~ 1.
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Figure 4.5: M

Let N C M be a closed submanifold such that N N (MO x [—1, 1]) = Np x [—1,1] for

a closed submanifold Ny C My, and (n,¢) be a twisted partial left algebra over Fy,.
We consider the subspace C’g of Cy, [M , N n] consisting of configurations each of

which is represented by a finite number of trees whose roots have the same f-value.

Let fo be the map taking the f-value of roots
fo: CL—[-1,1].

Cg is not necessarily a bundle over [—1, 1], but we can treat it as a partial summable
label over [—1,1] with special behaviour at the boundary {—1,1}. We define the
action of Fj_11 = F1 x [~1,1] on C’L’é as the following three maps. Let —1 <t < 1.
The maps

Fik) < (f' @) = 0, (9, (h)ho) = go (hy)hoy,

R (DX (1O)T) = D (9 ) o g o ()l
Fm) < () < M) = R (0 ) e ()i

define g o (h;)h_; to be the collision of (h;)h_, along g. More precisely g o (h;)k_; is
obtained by the following process:

1. Plant g all over My, where My x {t} is identified with M, for the first map,
J'M_; is identified with M for the second map, and &’ M; is identified with M,
for the third map.

2. Regard configurations in f; *(0) as configurations rooted in M, for the second
and third map. For a tree in hj, say its root is labelled with m. If m & M, just
plant it over m. If m € My, plant it over the j-th leaf of the g rooted over m.
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3. Label the remaining leaves of g’s with ¢, and perform the action of Fy,.

O as a partial summable label over [—1,1] is partial since the action of Fi_11) are
only partially defined at —1 and 1.

We define the configuration space A as the subspace
AcC[-11]] ®F_,, CL

consisting of configurations each of which is represented by a finite number of single
vertex trees rooted over [—1,1]. In other words we exclude configurations coming
with an undefined action of F_; ;) on Cé. A tree containing an undefined action is
rooted at —1 or 1. ® here is abuse of notation since CY, is not a twisted partial left
algebra over F_y 1.

Suppose that two trees a,b in Cf, [M , N ;77} approach towards one macroscopic
location in a slice My x {t} along directions asymptotically parallel to My. a,b cannot
collide when they are regarded as a configuration in A. However, if they approach

each other along directions asymptotically parallel to [—1, 1], they can collide.

4.2 Spaces of local trivializations over tubular neigh-
bourhoods of points

This section deals with a technical problem relating to the diffeomorphism-equivariance
of twisted summable labels. Let W be an n-manifold without boundary and ((X, *) —
(n,0) — W) be a twisted partial left algebra over Fy,. We define and study the space
of local trivializations of 7 over tubular neighbourhoods of points in W, denoted by
Tub”(W). The range of diffeomorphism-equivariant scanning maps will be a sec-
tion space over Tub”(W) instead of W. The goal of this section is to show that
Tub” (W) ~,, W.

Additional assumption for twisted partial summable label We first intro-

duce a condition for a partial left algebra over F,.

Definition 4.6 (framed partial left algebra over F,,).
Let (X, *) be a partial left algebra over F,,. We say that X is framed if it is equipped
with an action of GL(n) on X



such that A- : X — X, x — A - x is a partial left algebra morphism equivariant with
respect to Fa @ Fn — Fn for every A € GL(n).

If (X, %) is a framed partial left algebra over F,, and ¢ : R" — R™ is an embedding,
then the map

o R"xXX ->R"x X, (rz)— (go(r),Dgo(r)-x)
is an (F,, ¢)-equivariant twisted partial left algebra morphism. It induces a map
Cy(@,¢) : Cs[R™, 0;R" x X] — Cx[R™, 0;R" x X].

Proposition 4.13.
Let X be a framed partial left algebra over F,. Let G denote the topological group
such that

(91,92) € G C GL(n) x Homeog(X)

if and only if g1 X g2 is an (Fy,, g1)-equivariant twisted partial left algebra isomorphism

R x (X, %) — 252 R x (X, )

l |

R" 9 R™

Let Iso(X) denote the topological group of idx, -equivariant isomorphisms of X. Then

we have an isomorphism of topological groups
G = GL(n) x Iso(X).
Proof. The isomorphism is given by

G — GL(n) x Iso(X), (g1,92) = (e1,€2) = (g1, (1) " 92),
GL(n) x Iso(X) = G,  (e1,e2) — (g1, 92) = (e, (e1-)ea).

Now we define a special class of twisted partial left algebras over Fy.

Definition 4.7 (twisted partial summable labels over W ).
Let W be an n-manifold without boundary. Let ((X, *) — (1) — W) be a twisted
partial left algebra over Fy.

n 1s called a twisted partial summable label over W, if the following hold:
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1. X is framed.

2. TW Xw n has a structure group G where G' acts on the typical fibre R™ x X as

(91,92) € G C GL(n) x Homeoy(X), (r,z) € R" x X,
(91.92) - (r,2) = ((91(r), g2(2)).

Proposition 4.14.

Let o : Wy — Wy be an embedding between n-manifolds without boundary, and
((XZ-, %) — (Miy i) — WZ) be a twisted partial summable label for i = 1,2. Assume that
there exists a GL(n)-equivariant map o : X; — Xy which is also an F,-equivariant
partial left algebra morphism. Then there exists a twisted partial left algebra morphism

© 11— 12 equivariant with respect to (Fy, ).
Proof. Gather local representations
R" x X7 = R" x Xy, (r,z)— (¢(r), Do(r) - a(x)).
O

We will mainly work for twisted partial summable labels in the rest of the paper

rather than general twisted partial left algebras.

Remark 4.6.

If ((X, *) — (1,1) — W) 1s a bundle of spaces, n can be regarded as a twisted partial
summable label over W with the trivial action of GL(n) on X and the action of F,
on X defined as

k
Comp(k) = Fo(k) x \/ X > X, (k€N)

j=1
(£ (22, () ) v
Space of local trivializations We define Tub”(W).

Definition 4.8 (space of local trivializations of 7).
Let W be an n-manifold without boundary and ((X,*) — (n,t) — W) be a twisted

partial summable label over Fyy.
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1. Let Emb"(R™, W) be the space such that
(f.f) € Emb"(R™, W) C Map(R" x X,7) x Emb(R", W)

if and only if the following diagram commutes and gives a (Fy, f)-equivariant

twisted partial left algebra isomorphism

n f
R"™ X (X, %) = (1lim(s)> tlim(p)

| |

R" L im(f)

Emb"(R™, W) is nonempty by the stronger local triviality condition for n as-
sumed in Definition 4.7. In fact every contractible open subspace of W can be
covered by an element of Emb"(R™, W).

2. GL(n) acts on Emb(R"™, W) by precomposition. Let Tub(W) denote the quotient

Emb(R", W)/ GL(n).

3. G acts on Emb"(R™ W) by precomposition:

(91,92) € G C GL(n) x Homeoy(X),
(f,f) € Emb"(R*, W),
(F. ) (g1,92) = (F(91 % g2), fan).

Let Tub"(W) be the quotient
Emb"(R", W)/G.

We have a useful representation of Tub” (V) relating it to tubular neighbourhoods

of points in W. A tubular neighbourhood of a point m in W means an embedding
h:T,W —W

such that Dh(0) = idr,,»r. By the correspondence

~ n f
TroW x (nj0), 170) <o R x (X ) == (1,1)
T lW = RL" ! Vj[/
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(F.0) = by = ()0 (DFO) % 0., D5(0))

we can think of (f, f) as a tubular neighbourhood h of f(0) in W and an (Fy, h)-

equivariant isomorphism A normalized as h(0,-) = id,, .

Proposition 4.15.
(f. f) — (h,h) is the one-to-one correspondence.

Proof. For (h,h), choose (g, g) € Tub?(W) such that im(g) = im(h) and g(0) = h(0)

T W X (1, tm) (1, 1) T R" x (X, %)
T, W h 0% g R"

This choice exists since im(h) is contractible. Take (f,f) = (h,h) o (Dg(0) x

Proposition 4.16.
The map
7 : Tub" (W) — Tub(W), (h,h) = h

18 surjective.

Proof. For a tubular neighbourhood h, choose (g, g) € Tub?(W) such that im(g) =
im(h) and g(0) = h(0)

(n,¢) IR x (X, )
o !
T.W w R

g

Let = (g'h) o Dg(0) : R® — R™. Then the map:

F:R"xX >R'xX, (r,z)— (F(r),DF(r)-z)

is an (Fp, F')-equivariant isomorphism.

R™ x X £ R™ x X§—>n
Rtn Dyg(0) T M g 'h Rtn g I/i/
If we take (f, f)=1(g,9)0 (F, F), it corresponds to (ﬁ, h) € Tub™(W). ]
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Proposition 4.17.

m and woy are fibre bundles with contractible fibres

Tub”(W)
Tub(W) 22— W
s (F, ) = £0), w2 £ £(0).
Thus they allow global sections.
Proof.

1. We first show that they are fibre bundles. Let m be a point in W. Choose
(é,e) € Tub"(W)
R" x X —%—1p
I
such that e(0) = m. Let By, By, denote the open balls in R" around 0 with
radii 1,1/2 respectively. Choose a map

k- Bl/2 — DIH(RH), b— kb

such that k; sends 0 to b and fixes points outside Bj.
Let Eb be the map

kiR x X - R" x X, (r,z) = (ky(r), Dky(r) - (z)).

Then k; is an (Fk,, kp)-equivariant isomorphism

R" x X "o R x X

L.

R™ R"

Since Eb fixes points outside B; x X, we can glue the map (é o%b o é_l) lim(e) and
vy, ’n\é( B, xx), and obtain a continuous family of bundle isomorphisms parametrized
by B /2

b
nN———=0n

o
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such that ¢y is an (F,,, p)-equivariant isomorphism. Note that ¢,(m) = e(b).

Now we obtain a local trivialization of 7 over e(B/2)

t1: By X T H(m) — Wfl(e(BuQ))’ (b, (fa f)) = (@bofa opo f)

Byjs x my H(m) —"> 77 (e(Byj2))

]

31/2 6(31/2)

with an inverse

(3.9) ~ (b= (900). (& 09,977 09)).

Since G acts by precomposition, the formula for ¢; gives the same value for
representatives from the same orbit. The same holds for the inverse of t;. The
second coordinate of ¢; gives a local trivialization t5 : (b, f) — ¢y o f of my and

the following diagram commutes:

Byja x my H(m) —= 71" (e(Biy2))

Bl/g X 7T2_1(m) %‘7’1’2—1 (6(31/2))

. It is a classical result that the space of tubular neighbourhoods of m, 7, ! (m), is
contractible. We show that 7, !(m) is contractible. Choose a smooth shrinking

homotopy through embeddings
H:R"xI—R"

such that Hy = idgn, Hy : R" = D™ < R, DH,(0) = idg», and H,(0) = 0.

Fix a linear isomorphism A : R® = T,, M and an (F4, A)-equivariant isomor-

phism B : (X, *) 2 (), tm). 7; '(m) is homeomorphic to the space
tub”(m) = {(f, f) € Emb"(R", W) | £(0) = m, Df(0) = A, f(0,-) = B}

and 7, '(m) is homeomorphic to the space

~

tub(m) = {f € Emb(R", W)

Jf) € tub"(m)}
= {f € EmbR",W) )

| (
| f(0) =m, Df(0) :A}.
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Let
p : tub”(m) — tub(m), (f, f) — f.

Let dub’(m) C tub’(m) be the subspace such that
(f, f) € dub”(m) C tub”(m)
if and only if im(f) is contained in a closed disk in W. Let dub(m) = p( dub”(m)).

Consider a weak deformation retract K of tub”(m) to dub”(m)

K :tub”(m) x I — tub’(m),
Ky« tub(m) — tub”(m),  (f, f) = (f, f) o (Hy, Hy),
H, : (r,x) — (Ht(r), DH,(r) - x),

R x X 2o rex x Loy

Lo,

R" R" w

H;

Since DHy(0) = idgn, DH(0) - & = idgn - * = z, and H;(0) = 0, we actually
have (f, f) o (Hy, H,) € tub”(m). Thus

tub”(m) ~ dub”’(m).

K, descends along p to a weak deformation retract of tub(m) to dub(m), f +—
f o Hy. Thus dub(m) is contractible.

Now it suffices to show that dub”(m) £ dub(m) is a fibre bundle with a con-
tractible fibre. Let f € dub(m). Choose (¢,¢) € dub’(m) such that im(c)
contains a closed disk containing im(f). Consider an open neighbourhood U of
f in dub(m) such that

d € U C dub(m)

if and only if im(d) is contained in a closed disk in im(c). Then each d determines

a canonical restriction d. of (¢, c):
d d. = (¢,¢) 0 (d,cd)
d:R*"x X 5 R"x X, (r,z)— (cld(r), D(ctd)(r) - z)

R™ x X —o R x X —& »p

A

R4 Rn_ ¢ W
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We have a local trivialization of dub”(m) 2 dub(m) over U

U x Map ((R”,O), (Iso(X),id)) S YU,
(d, a: R" = Iso(X)) + (da, d),
do :R"x X =, (r,z) do(r,o(r)(z)).

Map ((R”, 0), (Iso(X), zd)) is contractible by the deformation retract J

(Je(@)) (r) = a((1 = t)r).

O]
Proposition 4.18.
Tub”(W) =5 W is a weak equivalence.
Proof. Tub”(W) is a fibre bundle over W with contractible fibre. O

4.3 Homology theoretic properties of configura-
tion spaces

Factorization algebra in the sense of John Francis and David Ayala conceptualized in
[1] is designed to be a homology theory defined on topological n-manifolds and topo-
logical embeddings rather than general spaces and maps. On the other hand config-
uration spaces have been known to satisfy properties similar with singular homology.
The infinite symmetric products inducing singular homology theory is an example
of the connection between configuration spaces and homology theory. Configuration
spaces with summable labels by Salvatore in [10] can be viewed as a generalisation of
infinite symmetric products making sense only for smooth manifolds and functorial
only to smooth embeddings. Thus it is worth revisiting the construction of configu-
ration spaces with twisted summable labels in the perspective of a homology theory
for manifolds.

In this section we formulate the construction of configuration spaces with twisted
summable labels as a functor from the category of m-manifolds with labels, and we
verify properties of the functor that can be compared to the Eilenberg-Steenrod ax-

ioms for singular homology theory.
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Configuration spaces as a functor We first define the domain.

Definition 4.9 (category of n-manifolds with twisted partial summable labels).
We define the category of n-manifolds with twisted partial summable labels
denoted by (M"™, II). M" is the symmetric monoidal category whose tensor product
18 disjoint union 11, and objects are generated by triples (M, N; (n, L)) such that

1. M 1is a connected n-manifold.
2. N C M is a closed codimension-0 submanifold. We allow the case N = ().
3. If OM =0, (n,1) is a twisted partial summable label over M.

4. If OM # 0, let Wy = M Ugpy OM x [0,1) be an open manifold containing M

obtained by extending OM. (n,t) is a twisted partial summable label over Wy;.
Thus an object of M™ is written as
Hé:l (M’L7 Nla (7727 L’L)) .

The morphism set from (M, N;(n, L)) to (M’,N’; (n’,L’)) is the collection of pairs
(@, ) such that

1. ¢ : (M,N)— (M',N'") is an embedding.

2. ¢9:(n,0) = (1, ) is a (F,, p)-equivariant twisted partial left algebra morphism.

(777 L) — (77/7 ['I)

| |

M i M’

The morphism set from 0y (M, Ni; (i, ) to Ty (Mj, Nji (n],15)) is an I-tuple
(@,%)2:1 such that

1. (@i, ;) is a morphism from (M;, Ni; (ni,1;)) to the j(i)-th component of the
range, (M]/'(i)a N],'(i); (n;‘(iy L;(i))) :

2. The map Ul_,; is injective.

The composition is defined to be the ordinary composition of maps.
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Let (U, x) denote the symmetric monoidal category of based spaces with tensor
product x, and (G, x) denote the symmetric monoidal category of groups with tensor
product Xx.

We have the functor from M™ to U taking configuration spaces

C%: (M) — U, %),
Hizl(MiaNi;(niaLi)) = HézlcE[MiaNi;m]

such that a morphism between generators
(@.0) : (M, N3 (n,0)) = (M, N'; (/1))
is sent to the map
C3(2,¢) = Cs(p,¢) : Cs[M,N;n] = Cs[M',N';1/']

applying ¢ to macroscopic locations, Dy to collision data, ¢ to summable labels.

Consequently the morphism
(@i 901')2-:1 : Hézl(Mz» Ni; (i, Lz)) — Hé':l(M]’-, NJ/~§ (77;'7 L;))
is sent to the map
C%((@, %’)é:l) . Hi:lcE [Mi, Ni; 771‘] — Hé’:lcE [M]/7 N]/‘S 773}

l/
(mi)i_y (Uj(i):j C%(%%)(mi))

j=1
whose j-th summand is given by the union of configurations mapped into Cy, [M NG nﬂ .

We also have the functor H; from M™ to G composing 7, with C3

%k : (MnaH) - (gv X)’
H§:1(MiaNi; (%Li)) = 7T1<;<H£:102 [MiaNi§77i]> = Hé:ﬂkoz [Mi,Ni;m]-

Filtration We first describe the filtration topology of Cs[M, N;n].

Proposition 4.19 (filtration).

Let (M, N;(n,t)) be an object of M™ with one component. For k € N, let C} C
Cs[M, N;n| be the subspace consisting of configurations with at most k-leaves each of
which is rooted outside N and not labelled with v. Cs[M, N;n| has the weak topology
with respect to the filtration {Cj}ren.
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Proof. For the untwisted case, refer to proposition 4.13 and 5.5 in [10].

Let D;, denote (5k [M] X e nk) / Yk, where X, acts diagonally. Regard each el-
ement of D, as a representative of (%, in other words, as a finite number of trees
with macroscopic locations, collision data and summable labels. Let R, C Dj be
the subspace consisting of those representing configurations in Cj_;. Let hy be the

quotient map sending representatives to configurations:
hk : (Dk,Rk) — (Ck,Ck_l).

Then
hk . Dk \ Rk = Ck\C’k_l.

We will show that (Dg, Ry) is an NDR pair. This implies that (Cy, Ck_1) is an
NDR pair by 8.4 in [15]. Consequently, by 9.2 and 9.4 in [15], we can conclude that
Cx, [M , N 77] is compactly generated. In particular C's[M, N; 7| has the weak topology
with respect to the filtration {Cf}ren.

Recall that Comp"(j) C Far(4) xar n*M7 is a subbundle and the domain of
partially defined action of Fps(j). Consider Sk, S; C Ry such that Sy is the space of
Y-orbits in Dy, of the elements of the following set:

@[M] X (Comp(k — j+1) x ™),
and S, is the space of ¥X-orbits in Dy, of the elements of the following set:
Cr[M] X (1 x 1),

Then T, = Ry \ (S U S}) consists of configurations containing a tree rooted in
N. By definition of partial left algebras (Fa(j) xar n*, Comp(j)) is an NDR
pair for all j, and (7, () is also an NDR pair. Thus it suffices to show that (Dg, T}) is
an NDR pair. We find an open neighbourhood of V}, of T} in D; and a deformation
retract of V, to T}.

Let &’ N denote the topological boundary of N. First choose some settings.

e Choose local trivializations of n around each m € &N in a continuously varying
way. The choice can be made by restricting a section of Tub”(M) if M = (), or
Tub”(Wyy) if OM # 0. Let v, denote the open neighbourhood of m over which

the trivialization chosen at m is defined.

e Choose an open collared neighbourhood U of N in M such that
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1. U= NU (N x (—1,1)), where &N x (—1,0] is an inner collar of &N in
N.

2. For m € 0'N, the ray m x (—1,1) is contained in v,,.
e Choose a smooth isotopy f : (M, N) x [0,1] — (M, N) such that

L fo=idy. fi(NU(@Nx[0,1/2))) € N.
2. f; fixes points outside 'N x (—1,1).
3. Form € N, fi(mx (—1,1)) C m x (—1,1). If m is fixed and ¢ increases,

the (—1, 1)-coordinate decreases.

Let Vi, C Dy be the subspace consisting of configurations containing a tree rooted
in NUJ'N x [0,1/2). We have a deformation retract of Vj, to T}, moving trees along
f+ until the trees represent a configuration in Cj_;.

The only potential problem is to determine the variations of summable labels of
trees moving on ' N x (—1,1) along f;. Note that f; preserves each ray m x (—1,1)
and the ray is contained in the domain v,, of a trivialization. Thus we can set the
summable labels of trees moving on m x (—1,1) to be constant according to the
trivialization chosen at m.

m
Additivity, excision, dimension properties By definition CZ and H;, are sym-
metric monoidal. Thus we can say that the additivity axiom holds.

Proposition 4.20 (additivity).

C2 and Hy, are symmetric monoidal.

In section 4.1 we checked the excision property for CL. We adjust the statement
to C%.

Proposition 4.21 (excision).
Let A = Hizl(Mi,Ni; (m,Li)) be an object of M™, and K; C int N;. Assume that
B=1I_, (]\4Z \ K, Ny \ K5 (il an ks Li|M\KZ.)) s an object of M™ after rewriting it as

a disjoint union of components. Then
C%(A) = C4(B).

We also verify what can be compared to the dimension axiom.
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Proposition 4.22 (dimension).
Let ((X, x) — (n,1) — D”) be a twisted partial summable label over D™. Then we

have the homotopy equivalence
Cs [D™,0;n] ~ F, @, X.
In particular if X is not partial we have
Co[D", 0n] ~ X, Hi(D",0; (n,1)) = mr(X).

Proof. Since D" is contractible, Fp» = D" X F,, and n = D™ x X. For the homotopy
equivalence, take the deformation retract forcing particles collide at the center along

radial directions. OJ

Quasifibration The quasifibrations between configuration spaces induce long exact
sequences of homotopy groups. It corresponds to sequences of pairs in the singular
homology theory. The quasifibration also plays the central role in the proof of the
weak equivalence of scanning maps.

We first introduce the notion of homotopy inverse of a partial left algebra over
Fa.

Definition 4.10 (homotopy inverse).
Let (X, %) be a partial left algebra over F,,. X is said to have a homotopy inverse

if there exists a map
Cx[R™,0; X] = Cs[R™",0; X], m— m™
such that
1. m and m~"' have distinct macroscopic locations.

2. The map taking union of m and m™!
Cs[R™,0; X] = Ce[R",0; X], m—muUm™*
18 null-homotopic.

The following proposition is the twisted version of lemma 6.1 in [10].
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Theorem 4.4 (quasifibration).
Let (M,N; (n, L)) be an object of M™ with one component. Let (X, *) be the typical
fibre of n. Let M" C M be a closed codimension-0 submanifold such that

(M,NUM’; (7’],L)), and (M’,NﬂM';(n|M/,L|M/))

are objects of M™ after rewriting the latter as a disjoint union of components if
necessary.
Suppose that either (M', N N M') is connected, or X has a homotopy inverse.

Then the following inclusions:
(M'NOM') = (M,N)% (M,NuUM)
mduce a quasifibration
Cs[M',N 0 M'snl] = Cs[M,N;n] % Cs[M, N UM 7).

Proof. The proof is a modification of lemma 6.1 in [10], which following the proof of
proposition 3.2 in [9]. For convenience we will omit 7 in the notation of configuration

spaces. We first do some preparations:

e Let ' M’ denote the topological boundary of M’. Choose local trivializations
of n around each m € &M’ in a continuously varying way. The choice can be
made by restricting a section of Tub”(M) if OM = (), or Tub”(Wy,) if OM # 0.
Let v,, denote the open neighbourhood of m over which the trivialization chosen

at m is defined.
e Choose an open collared neighbourhood U of M’ in M such that

1. U= MU(IM x(—1,1)), where & M’ x (—1,0] is an inner collar of &' M’
in M’
2. For m € 'M’, the ray m x (—1,1) is contained in vy,.

3. If (m,t) € N and s < t, (m,s) € N.
e Choose a smooth isotopy f : (M, M') x [0,1] — (M, M’) such that
1. fo=idy. fi <M’U (0 M % [0,1/2))) c M.
2. f; fixes points outside ' M’ x (—1,1).
3. Form e M, fy(mx(=1,1)) C mx(—1,1). If m is fixed and ¢ increases,

the (—1, 1)-coordinate decreases.
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e Let {Cy}x be a filtration of Cs;[M, N U M’] such that C comprises those con-
figurations with at most k-leaves each of which is rooted outside N U M’ and
not labelled with . We can choose an open neighbourhood Vj. of C} in Cjiq
and a deformation retract h; of Vj to Cy such that trees rooted in ' M’ x [0, 1)

moves along f;.
Now we show the following two statements:
1. @ is a quasifibration over Cy.; \ Cy and (Ck+1 \ C’k) N V.
2. If ) is a quasifibration over C}, then () is a quasifibration over V.

By the property of quasifibrations, if @) is a quasifibration over Cyyq \ Ck, Vi, and
(C’kﬂ \ Ck) N Vi, then it is a quasifibration over (C’kﬂ \ C’k) UVe=Cryr. fQisa
quasifibration over Cj for k € N| then it is a quasifibration over UgenCy. ([3]) Thus

the proof of the proposition follows from the two statements by induction.
e The first statement is clear from the homeomorphism
Q N (Cry1 — Cy) = (Cyyq — Cy) x Cs [M', N N M']
sorting trees by macroscopic locations.

e For the second statement, it suffices to find a weak deformation retract H; of
Q71 (Vi) to Q7(C%) covering hy

Q' (Vi) —=Q7(Cy)

J |o

Vi

t

such that the map between fibres

H1|Q*1(a) : Q_l(a) — Q_l (hl(a)) (CL € Vk)

is a weak equivalence. h; can be lifted to H; by letting trees rooted inside M’
move along f; and letting trees entering into M’ along f; keep moving along f;.
The only potential problem is to determine the variations of summable labels
of trees moving on &' M’ x (—1,0] along f;. Note that f, preserves each ray
m x (—1,1) and the ray is contained in the domain v, of a trivialization. Thus
we can set the summable labels of trees moving on m x (—1, 1) to be determined

by the action of D f; when observed according to the trivialization chosen at m.
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e The last thing to show is that Hi|g-1(, is a weak equivalence. We can identify
both Q~!(a) and Q7 (hi(a)) with Cs[M', NN M']. Hi|g-1(s) is the map

Hilg-1() : Cs[M', NN M']| = Cs[M',NNM'], b p(b)Uag

pushing the input configuration b away from &'M’ to obtain p(b), and add
a foreign configuration ag, which is the part of a pushed into M’ reaching
somewhere in the inner collar of &’ M’. Thus we only need to push back p(b)

and get rid of ay.

o If (M', NN M') is connected, we can push back p(b) and at the same time lead
ag to N N M’ to vanish. If X has a homotopy inverse, then we can define a
homotopy inverse of Hi|g-1(q) as follows. Let ¢ € Q@ '(hi(a)). Push c slightly
away from 0'M’ so that there is no tree rooted in 0’ M’ and for each tree ¢ in
ag, say rooted in the ray m x (—1,0], obtain ¢~! according to the trivialization
over v,,, let t~1 collide into a single tree along radial directions, and root it at
(m, 0).

]

Mayer-Vietoris sequence The quasifibration property induces a long exact se-
quence of Hj, for two manifolds glued along common boundaries. It can be compared
to the Mayer-Vietoris sequence. Our formulation of gluing is a modification of 3.13
in [1].

Let (M, N; (n, L)) be an object of M™ with one component. Let

f:M—[-1,1]

be a map. Denote f~!(J) as M; and M; N N as N; for an interval J, and denote
f74(j) as Mj and M; N N as N; for j € [—1,1]. In particular M = M_; ). Suppose
the following:

1. M; and M; are submanifolds of M for all J and j.
2. N is a closed submanifold of M; and N; is a closed submanifold of M;.

3. M_; and M; are connected n-manifolds.
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4. (M(Z1,1y, N(~1,1y) is a manifold bundle over (—1, 1) with the typical fibre (M, Ny)

(M(7171)7 N(flvl))

P

(Mo, No) x (—=1,1) —=(—=1,1)

1R

5. Np is nonempty, or N_; and N; are nonempty, or the typical fibre X of n has

a homotopy inverse.

Proposition 4.23.
Let A be the pullback of the following digram:

A [ My 1y, M_y TNy i)

|

Cs[Mioy, 4 Nia gy TMysm) — Cs [M1_g 3, M_y TNy 4 T My51)

where the two maps to the lower right corner are the map forgetting particles outside
M;_1 1y. Then
[ 272}

A= CE[M,N,’I]]
Proof. 1t suffices to prove that Cf, [M ,IN; 77] has the universal property indicated by
the diagram. Note that the diagram commutes if we put Cyx [M , N n] in the place of
A and define all the new maps to be particle forgetting maps. We only need to find

a unique map

The map is given by gluing configurations from
Cx[M_y 13, Ny yy DMy, Cs[M_yy, My LNy ]
along a configuration from
Cs[M_y 1, M_3s TEN_y 1y TT M),

1
2

Proposition 4.24 (Mayer-Vietoris sequence for configuration spaces).

Denote the pullback diagram above as

—_°. B

~— =

f g

L

Q
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Then we have the long exact sequence
.= (D) = 1 (A) = m(B) X 1, (C) = 11 (QD) — -+ = mo(B) X mo(C).

Proof. First we observe that the particle forgetting maps e, f, g, h are all quasifibra-
tions by Theorem 4.4:

Cs[M,Nin] = Cs[M_y, M_ TN 1 y51],
Co[M Nin] L Co[M{y 2, Ny 1T M),
Os M1, M_s TNt 5] & Cs[Mi_y y, M_y TEN s 1 1T M5 77],
171

— Cx [M[_;%],M_% HN[_%,%] HM%;T]].
We check for e. e is the same map as the following particle forgetting map:
Csx[M,N;n] = Cx[M,N U My _y; 7]

Since M[—L—%] is connected, if N_; or Ny is nonempty, (M[—L—%}’M[—l,—%] N N) is
connected. Otherwise X was assumed to have a homotopy inverse. e is a quasifibra-
tion.

Now we show the exactness by diagram chasing. Denote the four long exact se-

quences of homotopy groups induced by the four quasifibrations f, g, h, ¢ using reduced

notations as follows:

F, F,
il i
ifb €n
Gn An Bn Gn—l
Lg fn gn jg
aZ+1 it hn
Dn+ 1 Gn Cn Dn Gn— 1
o} o

anl > anl
f

An—l

where the subscripts n of spaces stand for 7, of the spaces, and F' and G are homotopy

fibres. We show that the following sequence is exact up to By x C

if 009

i€ 0o ( _
n°0n 11 €n,fn) gnP1—hnp2 n—1°
Dn+1 > An o Bn X Cn = = Dn Anfl

where p; is the projection to the i-th coordinate.
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1. Check the exactness at A, forn > 1. e, (i¢0", ) = (e,i)0h,, = 0. f (iS00, ) =
itdh,, = 0. Let x € ker (en, f,). Then i(y) = x for some y € G,. i(y)

n

fol®)=0. y €imd" ;. v € imi¢ oI ;.

2. Check the exactness at B, xC,, for n > 2. (g,p1—hnp2)o(€n, frn) = gnen—hnfn =
0. Let (z,y) € B, x Cy, and g,(x) — h,(y) = 0. 9/ (y) = 09h,(y) = 89g,(x) = 0.
y = fa(a) for some a € A,. gn(en(a) —z) = 0. ey(a) —x = 9 (b) for some
b€ Fu. (e, fu)(a—if (b)) = (z,y).

3. Check the exactness at D,, for n > 2. Let (z,y) € B, x C,. ((iiflag)gn)(:c) =
(in-1(9%gn)) (2) = 0. ((-102)hn) (4) = 15,10 (y) = 0. Thus (i},_10%) © (gnp1 —
haps) = 0 Let d € D, and i/ _,09(d) = 0. 89(d) € keri!_,. 99(d) = d/(c)

for some ¢ € C,. d— hy(c) € kerd?. d — hy(c) = g,(b) for some b € B,.
d= (gnpl - hnp2)(b7 _C)'

Note that the arrows are functions between sets from B; x C] on:

il 89 e
0%, Ay =012 By x Gy =0

e . 1
A, (e1,f1) B, x C, (g1p1)-(h1p2) D,

By similar argument the sequence is exact also at the tail. O]

4.4 Diffeomorphism-equivariant scanning maps

In this section we give a functorial construction of scanning maps for configuration
spaces with twisted partial summable labels. In particular the scanning maps are
diffeomorphism-equivariant. We show that the scanning map is a weak equivalence.

The weak equivalence holds for two types of (M , N (n, L)) Thus we define a
category for each type.

Definition 4.11 (category of closed n-manifolds for scanning maps).
We define the category MY as follows. The objects consist of triples (M, N (n, L))
such that

1. M s a closed n-manifold.

2. (n,1) is a twisted partial summable label over M whose typical fibre (X, *) has

a homotopy inverse.

3. N=10.
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The morphism set from (M, N;(n, L)) to (M’,N’; (ﬁ/,bl)) is the collection of pairs
(@, ) such that

1. ¢ : M — M’ is an embedding.

2. 9:(n,0) = (N lime, U limy) 15 an (F,, ©)-equivariant isomorphism between twisted

partial left algebras.
The composition is defined to be the ordinary composition of maps.

Definition 4.12 (category of compact n-manifolds with boundary for scanning maps).
We define the category MY as follows. The objects consist of triples (M, N; (n, L))
such that

1. M is a compact n-manifold with nonempty boundary.

2. Let Wy = M Ugpy OM x [0,1) be an open manifold containing M obtained by

extending OM. (n,1) is a twisted partial summable label over Wyy.
3. N C M is a closed codimension-0 submanifold such that (M, N) is connected.

The morphism set from (M, N; (n, L)) to (M',N’; (n',L’)) is the collection of pairs
(@, ) such that

1. ¢ : (Wy, N) = (Wyp, N') is an embedding such that

o(M)C M', oWy \ M) C Wy \ M', o(M\ N) C M'\ N'.

2. 9:(n,0) = (N lime, U limy) 15 an (F,, ©)-equivariant isomorphism between twisted
partial left algebras.

The composition is defined to be the ordinary composition of maps.

For both M7 and M35, as before, we can construct a functor to the category of

based spaces
CZ : M? —)M, (Man (UM)) = CE[MaNan}v (SAO/’()O) = CE(&aSD)

taking configuration spaces. We do not repeat the detail.
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Formula of the scanning map Let (M, N; (n, L)) be an object of M?. For i =1,
let Wy, denote M. Let My denote Wy, \ N. In particular, if i = 1, My = M.
As standard we want a so-called scanning map s from the configuration space

Cs[M, N;n| to a section space
S : C’E[M, N;n] — Iy(a).

Recall that we defined in Definition 4.8 a bundle of local trivializations of 7 over

tubular neighbourhoods of points in M,
w1 Tub”(My) ~, M.

a is a fibre bundle over Tub”(M,) such that the fibre over (f, f) is the restriction
of Cx[M, N;n| into the closure of the image of f:

Fj (@) = Cs [War, War \ im(f); 7).

We will use the notation F; , (a) = Cs[f,0;n]. The topology of a will be later
defined.

Definition 4.13 (scanning map).
Ty(a) denotes the subspace of T'(a) consisting of those sections sending (f, f) to the
basepoint if im(f) C Wy \ M. The scanning map s is defined by

s:Cs[M,N;n] = To(a), s:m = (sp: (f. f) — m|m)
where m\m denotes the image of m along the forgetting map
Cs. [M,N;n] — Cx; [WM,WM\im(f);n] = Oy, [7,8;77} )

Since m lies inside M, the section s, actually belongs to I'g(«).

ol
Figure 4.6: s, : (f, f) — m\m
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Topology of @ We give a commutative diagram displaying the whole process of

the construction:

[ICs [ f,0:n] %HCE [’meo,*;nm} _Q>HCE [meo,*;nm} = CY[T My, *; p*1]

(@) ﬂ(ﬁ)l w(w)l

Tub”(Mp) =———— Tub" (M)

1.

My

The disjoint unions in the first row are taken over the corresponding spaces in
the second row. m(«), w(8), 7(7y) are obvious projections. The right square is a

pullback diagram.

. T\mMO denotes the fibre over m of T\MO, the fibrewise one-point compactification

of T'My. * denotes points at infinity. 7, in Cx, [T\ mMo, *; nm] denotes the trivial
bundle Th, Mo X 1 — Tin M.

F' is a one-to-one correspondence gathering the fibrewise defined maps:

CL(f~1 1)
| —

Cs[War, War \ im(f); 7 Cs [ff(O)Mm *; 77f(0)}

where f~! by abuse of notation denotes the map combining the inverse of f :

TroyMo — im(f) and Wy, \ im(f) — {x}. f~1 denotes the inverse of f :

Ty Mo X 1p0) — im(f). F will be forced to be a homeomorphism.
CY [fMO, *; p*n] is the configuration space of TM, vanishing at the set of points
at infinity with the label p*n, where p is the projection TA’MO — My, such that

the summations are allowed only for vertical collisions. The detail will follow.

The topology of a will be induced in the following order. Define the topology of

v, let B be the pullback of v along 7, and identify  with 8. Thus what it remains

to do is to define the following inclusion precisely:

H Cs, [meoa*;Um] - C’g[fMo,*;p*ﬁ]-

me Mo

Vertical Collision First we clarify what a vertical collision means. The subbundle

of the double tangent bundle T'T' M, consisting of vertical vectors is the kernel of the

following vector bundle map:

TT My 22~ T M,

L,k

TM(] L‘ MO
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The kernel is decomposed as
ker(Dp) = [ [ T.T.Mo.
r€Moy v €T Mo

Gathering the canonical isomorphisms D(—wv,) : T,, T, My = T,M, induced by the
affine map
—vy Ty My — T My, v— v — v,

we obtain the following pullback diagram:

ker Dp ——= T M,
Ll
T My —2— M,

Now we can define CY% [fMO, *; p*n] by specifying the necessary and sufficient condition
for summations to occur.
Let

t € Fras (k) <oty ((0"0)rae) 740",

Consider the tree representation of t. We perform the summation represented by ¢ if

and only if the following hold:
1. All the collision data in t consist of vertical vectors.

2. Let v, € T, M be the macroscopic location of t. If ¢ has collision data all vertical,

they can be read as an element of

Aff(n)

and t can be regarded as a tree t’ with macroscopic location x. We require that

the summation represented by t’ is defined in Cfy, [M L0 77].

Thus we obtain the following inclusion

H Ck, [meo,*;nm] - Cg[fMo,*;p*n]-

me Mo

Proposition 4.25.
7(Y) : Imens, Cs [T\mMO, *;nm} — My is a fibre bundle.
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Proof. Let G denote the topological group such that
(91,92) € G C GL(n) x Homeoy(X)

if and only if g1 x g2 : R" x X — R™ x X is an (Fy,, ¢1)-equivariant twisted partial
left algebra morphism. 7 is the associated bundle to 7'M x 5z, 7 with the typical fibre
Cx [@, x; X } and the structure group G. O]

~ induces the bundle a.

Continuity of the scanning map To check the continuity, write the scanning

map as

Tub”(W) x Csx; [M,N;n] Sa B N v C C’g[fMO,*;p*n],
((F.5), m) = QF (su(f, ).

We can observe that the output configuration in C¥ [fMO, *; p*n] varies continu-

ously with ((f, ), m)

Diffeomorphism-equivariance By the construction of the scanning map, the

equivariance directly follows. We define the contravariant functor
Ly : M — U, (M,N; (n, L)) — La(B)
such that a morphism
(Z.0) : (M, N:(n,0)) = (M',N";(n',1"))

is sent to a map I'y(p, ¢) defined as follows. Write Ty : (M, N’; (1, ")) — Ta(3).
Let M} = Wy \ N'. The map

F8(57 90) : F8(5/> - Fa(ﬁ)a o — F8(¢7 90)(0)

takes the pullback of section o along the following bundle map (R, L):

Tub” (Mf) ———= ' = [T Cs [Ty My, 5 1 o)

: e

Lo (3.9)(0) =
Tub™(Mo) —22227 8 = 11 O[T 0) Mo, *; 150))

such that
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1. L sends (f, f) to the horizontal compositions from left to right of the following
diagram:

o~ f 7
T 10) Mo X 0, 50 pors LroyMo X 15() U] '

| | |,

f
Ty0) Mo My —2= M},

1R

Tsﬂf (0) Mé

Dy

Note that by our assumption ¢y is an isomorphism. We denote the map as
L:(f,f) = @uf, puf):
2. R is the map whose restriction on each fibre ( 1, f) is the map:
Cs|T, f(O)MO;*an(O)} =0y [fwf(O)M(g?*;nfpf(O)]
induced by the left square of the diagram above.

Check that I's(@, ¢) is well-defined. Since R is a homeomorphism on each fibre,
o can be pulled back. If im(f) C Wy, \ M, then im(p,f) € Wy \ M’ and

(0o 0)@))(F.1) = R 0B foipul) = =

Thus Ta(, ) (0) € Ta(6).
Since both L and R are functorial to (@, ¢), I's is a contravariant functor.

Proposition 4.26 (naturality of scanning maps).

Write the scanning maps as
Cs[M,N;n] = Ta(B),

Cs[M' N';if] 5 To(B).
The diagram commutes

Cs[M,N;n] ——Ty(8)

Cg([ﬁ,tp)l ]Fa(fﬁ,@)

Cu[M', N'y/] = To(8)
Proof. We rewrite the diagram as

Tub”(M,) x Cs[M,N;n| ——«

|

Tub” (M) x Cs[M', N';n/] —= o
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The right vertical arrow is the bundle map defined fibrewise as
Cs(@,¢) « Ce [War, War \im(f); 1] — Cs [War, War \ im(of); n'].

The diagram gives the following elementwise correspondence:

(F. f).m miy € Cs [1n(7), 0 ny0

|

(Bf,0uf), C(B, ) (m) —= Cs(, 9) () gz € C [im(so*f), 0; n;fm)]

The commutativity is clear. We check the right vertical arrow.

Cs(@, ) (M) gy = Cs(@, ©) (M) ey = Os(@, ©) (mlggy) = mlg7

]

Weak equivalence of scanning maps We show that the scanning map s is a weak
equivalence. The proof follows the standard method comparing the quasifibration
sequence ? configuration spaces and the fibration sequence of section spaces.([2], [4],
[9], [10])

First consider the following pullback:

H Cs [T\f(o)Moy *; 77f(0)] - H Cx [meoy *; nm]

Lw(ﬁ) lw(v)

Tub" (M) My

Fix a section p : My ~,, Tub”(M;). We choose u such that each m in OM x[1/2,1)
is sent to (f, f) with im(f) € Wy \M. pinduces Ty(8) ~ Ty(7), where Ty(v) denotes
the space of sections of y vanishing at OM x [1/2,1). The composition

S : CE |:M, N; 77] i> Fa(Oé) &= Fa(ﬁ) ~ Fa(’y)
coincides with the construction of scanning maps in [10] if 7 is a trivial bundle.

Theorem 4.5 (Weak equivalence of scanning maps).
For an object (M, N;(n, L)) of M2,

s: Cs[M, N;n| ~, Fs(a).

85



Proof. We omit 7 in the notation of configuration spaces. Let [ = [0, 1]. If (M, N) =
(1", 0), or (M,N) = (I",0(I¥) x ") for k = 1,...,n, then n is a trivial bundle over
M. The proof for those cases is done in proposition 6.2 in [10]. Thus we have the weak
equivalences for handles of any index. Let H denote a handle. For a submanifold

K C My, let T'g(cr)|x denote the space of sections of the restriction of a over

{(f, f) € Tub"(My) | im(f) C (K U ((K naM) x [0, 1))) }

vanishing at
{(f, f) € Tub"(Mo) | im(f) € Wi\ M}_

We proved the quasifibration property only for the case that all the manifolds have
the same dimension. Thus some manifolds below should be understood after being
thickened to obtain quasifibrations. We also assume that all the corners of manifolds

below are smoothified.

1. First, let (M, N; (n, L)) be either an object of M7, or an object of M% such
that N is an inner collar of M. Choose a handle decomposition of M and use
induction. Assume that M, is obtained by attaching H to M;. Consider the

following three rows induced by the formula of s.

Cs[H,0H \ M;] — La(o)| i ammar;

| |

Cz [MZ U H, a(M, U H)] S Fa(Oz)’MiH\aMi_,_l

| |

C, [M;, OM;] =~ Cg[M;UH, (0M;)UH)] —=>To(a)|apom

Cyx [Mz'+1, aMi—i—l}

IR

R

The middle column is a quasifibration induced by inclusions of manifolds and
the right column is a fibration induced by restrictions of sections. By induction
the second row is a weak equivalence. By the isotopy invariance, Cy, [M ,OM } =

Cx [M , N } Thus the second row at the final step gives the desired equivalence.

2. For the remaining cases, remove an open set V' of N so that N' = N\ V is a
codimension-0 submanifold of (M \V'). Let M’ = M\V. Choose a submanifold
L C OM’ such that LUN'=0M' and LN N'=0L =0N’. Let L x I, N' x I
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be the thickenings of L, N' in M respectively.

Cs|L x I,0L x I| ———To(a)|(p\or)xr

| |

CZ I:M,,N, X Ii| —>Fa(0¢)‘M/\(N/X1)

| |

Cg[M,aM X I] = CZ[M/,(N/UL) X I] i—ra(OKNM/\(aM/XI)

R

Cs[M,N]

R

The =’s in the second and third row are by the isotopy invariance and excision
property. The ~, in the third row follows from the first case. The middle
column is a quasifibration and the right column is a fibration. We only need to

show that the first row is a weak equivalence.

Cs;[L x 1,0L x I Lo(a)|(mor)x1

x =~ Cg [L x [0,2], (0L x [0,2]) U (L x {2})] — To()|(zx2m\(@Lx 0 2)u(Lx{2})

Cs, [L x [1,2],0(L x [1, 2])} = Lo mxanawx(.2)

The spaces in the second row are contractible. The ~,, in the third row follows
from the first case. The middle column is a quasifibration and the right column
is a fibration. The first row is a weak equivalence and this finishes the proof of

the theorem.
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